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Maxwell’'s equations

V- E = —p0 * Charges are sources of the electric field
€0
V -B =0 * The magnetic field as no sources (no monopoles)
0B _ - -
V X E = — a_ * Time-dependent magnetic fields generate electric fields
t
. JE .
V X B = Ho€o g + HoJ  Time-dependent electric fields and currents generate magnetic fields

o )

A
Vacuum permeability 1o = 471 - 10~ E Vacuum permittivity €9 = 8.854... - 10_12—8
A? Vm



Maxwell’'s equations

[V -B = O] w Like in maguetostatics V X E = _%_If] differeut
Vectorpotential A V x E(r) =0
5 E(r) = =Vo(r)
[B:VXA] ------------ > V><E+§(V><A):0
V X E+EA =0
o)
| . d
Electrostatic potewtial ¢ E + EA = —-Vo
0

Four-potential



Maxwell's equations

0
ot
. JoE .
. _ — B: At
[v E=_ ] VX ”0608t+”°]]
10 0
5 1 = F3 (~3A~ |
0
Tdentity ¥V x (VxA)=-AA+V(V-A
_EV'A_AQDZLP entity V x (V x A) + V( )
ot €0 1 92 I ;
C_ZWA—[AA—V(V-A)]Jreng:#oJ
New operator D:li—A
c2 ot2
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Maxwell's equations

- : N p .
v E:e_o D(p—%(clz%_f VA>:€lop
V-B=0 B=VxA
VXE:_%_I: ------------ » E:—%A_vq)
VXB:VO%?)—erﬂoj DA+V(C12%_(5+V.A — 110j
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Maxwell's equations

- : N p .
v E:e_o D(p—%(clz%_f VA>:€lop
V-B=0 B=VxA
VXE:_%_I: ------------ » E:—%A_vq)
VXB:VO%?)—erﬂoj DA+V(C12%_(5+V.A — 110j




Lorentz gauge

0|/ 10d¢ 1 1d¢ o
V-B=0

* Both potentials are no observables (can be gauged)

[18@

B =V x A wotuvigue

25 +V A= O] Lorenz gaunge




Lorenfz gauge

d|/1dg 1 dg o
He - at[(cz ot TV A) e SATY (_25 v A) —
* Both potentials are no observables (can be gauged) A — A/ _ A—I—v?(
1 dg ! o
-~ 7Y CA=01|L — Q¢ =¢—=;
[ . +V-A O] oreve. gange ¢ BYIAS
0 / !
19¢/ 1 9¢ E'=—2A -V B=voed
+VxA = VXA ot
2 ot (@a i ) 3, 2 ] =V XxA+V xVy
+(28V7c+V><V7c) J
t
— atA Vo

=0 if X chosen accordivgly E —F



Maxwell’'s equations

1 92
4 N\ e N\ 4 )
1 o0 (10dg 1 1
VelE=— D¢_§(?§+V'A>_e_op Hp = —p
V-B=0 B=V x A B=VxA
e <1 T B >
oB p 0
VXE=—— __ 94 _ E=——"A-YV
ataE ’ atA o Lore L !
. orenz .,
V X B = o€ = + Jlo] DA+V(%B—¢+V-A) o LA = poj
c? ot @ﬁ(/l@@
_ J \ J \_ /
10
L v.A=0
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Maxwell’'s equations

1 92
4 N\ e N\ 4 )
1 o0 (10dg 1 1
VelE=— D¢_§(?§+V'A>_e_op Hp = —p
V-B=0 B=V x A B=VxA
e <1 T B >
oB p 0
VXE=—— __ 94 _ E=——"A-YV
ataE ’ atA o Lore L !
. orenz .,
V X B = o€ = + Jlo] DA+V(%B—¢+V-A) o LA = poj
c? ot @ﬁ(/l@@
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Retarded potentials

1 1 0° | Agp — 1 | Blectrostartics
Ap = TP e [T P ol
d E=-Vg
E=——A-V
ot v
ANA = I=F L o A ' ‘
- TR aet AA = —poj | (V-A=0)
_B=VvV x4 y - B=V XA | Waguetostatics
e ,
1 p(f’,t— C ) / r 1) = 1 p(r’t)d /
_ 1) = 1%4
qo(rrt) _ 471'60 / |1,._1,./| dVv QD( ) 47(60 ’T—T‘”
. T/,t— lr—1'| .y
A(r,t) = 0 /] ( : ) dV’ | Retarded A(r,t) = Ho [J(r ’tl) dv’
4m v — 1/ potentials ar ) [r—1|




Retarded potentials

1 /P (”/It - ‘r_cr

4te lr —7/|

Verify p(rt) =

Vo =

1 o(r',t —R/c) )
47‘[60 /v ( R ) dv

_ 1 / _p(r’,t—R/c)VR_|_Vp(r’,t—R/c) 4V’
47‘[60 R?

R

1 0 R R ,
47t€0 f (c RZ +‘0R3> dv

Vo =

solves @ = €P Czat2€0
R=vr—7 Ap =V Vg
VR=V[(x—22+@y—y)+(z-2)"
. . x—x'
1 y— J
YT T e 72— 2
r—r R
VR_‘r—r’_E

v aP . (—=1) 0 R
/ — . — — —— — — — —



Retarded potentials

1 0 (r',t — ) _
Verify @(r,t) = 4teg / dv’ solves A9 = €op " 2or?
R=r—r  Ap=V Vg

o 1 0 R R /
V= 47T€0f<cR2+‘0R3> av

1 PR PR /
Aoy — PR
4 4%60/(CV RZ T v RS)dV
'R R R 1R R R
Ev F]){Z V.p _—pv —+—_ Vp+pV- _+_ L

1P 1 1 1 . P 1
= 4oV R+ va 7+ Rz Vot 4 VR+RPV TRys VP



Retarded potentials

r—|
e (re=r) 1 1P
Ver ort) = | / solve Ap=——p+ 555
fy ) 4711€) ¥ — 7| dv OVes 14 60‘0+028t2¢
R=r—7 Ap =V -V
Ap=— / Lg. B2 v 2% avr
47eg C R2 R3
R R 1
_v p p _
1y . ro3lf P i
c R? - cR? 5V R= 3R3
1, o1 1, (=2 1. 1R ' —3 —
(RO Vs = (RO VR=20Rb: 5 = 20 RP'VE:RP'ﬁVR:RP'R—f% 3%
1.1 1.1 —pR y
P P 1 1 —pR_ p

"R -Vp=-R— - L= =_1_
-Vp=R—

c R2 c R? ¢ R c2R 3 —
R R3 ¢ R cR2



Retarded potentials

i

lr—r )
1 pe(re=t) _ 1 1@
Verify plr,t) = 47te)) / ¥ — 7| v solves AP = eo’ MEFTA

1 (1 PR o pRY ., () ) S
Aq)__4m—:o/(5v'ﬁ+v'ﬁ) v MRV T er TORAO
_ 1 P qv
Ay = 47‘[60/C2R avie.
2 _
Ap = 12 82 ( 1 /p(r,t R/c) dV) .
c% dt* \ 4rmeg R Our derivation is ouly
) valid for
10
¢ = C—zﬁqo(frt) to R#0 r # v

w Good. But where is —=—p 7



Retarded potentials

[r—7/| -
1 % (T,t T ) _ _i la_
Verify plr,t) = 471€() / lr — 7| dv’ olves A 60'0 " 2o ?
1 pR pR /
A _= — ——— dV
v 471€q / (cv R v R3)
lg MR, g R 1o R IR, R R
CV R2 +V =5 = P oV - — + Vo +HpV R3+R3 Vo

Ganss'’s

!/
theorem /V —dV dS
av

, R T
— lim % e eRR281n9d9dg0 — lim / /sm@d@dq) — 27{[— COSQ]Z)T — 477

R—c0 R—e0
d(sphere)g 0=0 ¢=0



Retarded potentials

lr—7'| 2
e (=) Y
Verify p(r,t) = 47T€0/ P dv’ solves Ap = €0P+C2 52%
R=r—7r Ap=V-Vygp

1 PR PR ,

A _= — ——— dV
v 4ne0/(cv R v R3)
g R g PR _1, 5 15 Rl R
CV R2 +V =5 = P oV - — + Vo +HpV I E Vo

1
}ﬂ/ /Q/VAR—;nL R Vp+£ "R+ Rp_ ﬁJrﬁﬁ/{p 1P e

/v Rav' = /4m5(R)dv — 4

R
V- ﬁ—47r5( ) =|47é(r — 1)




Retarded potentials

lr—7'| 2
1 ope(rt =) 1,19
Verify gp(r,t)_47t60/ P dv’ solves Ap = 60‘0+c28t2q0
R=r—7 Ap =V -V

1 PR PRY o

Ap = — ) dV
v 4ne0/(cv R v R3)
'R R R R
EV ?{2 +v- 22 :E oV - 5+15 Vo+pV - 5+ o5 Vo

J//V/R%ﬁ "R, Vp+);—;y/R+%—f+£ﬁ/{ 475(R) p

/v Rav' = /4m5(R)dv — 47

R
V- ﬁ—47r5( ) =476 (r — 1)




Delta distribution

* Continuous version d(x —xg) = lim ! e_(x_axo )2 ot the strict definition
a—0 |al\/m
o0 il a=1M1
* Acts in integrals / dxf(x)&(x — xo) — f(xo) %
o
o0 |
Al
Here /V —5dV’ = f47r(5(R)dV =47 1t
0 /\
V-%:llncS(R):éLmS(r—r’) T o 1 2

https://upload.wikimedia.org/wikipedia/commons
/b/b4/Dirac_function_approximation.gif



Retarded potentials

r—| 2
e (=) Y
q7(r,t)—4n€0/ r— 7| 4V oives Aot aar? v
R=r—7+ Ap =V -Vo
_ 1 1o PR PR o Ig PR o PR __ P
b= [ (27 R+ ) v VR T T TR AR
1 o(r',t —R/c) 1 [r — 7|
Ag(r,t) = / ’ av’ — /4 . 5(r — ) AV’
plr,t) 471€) 2R d7ey S C (r=7)
1 92 1

Ag(r,t) = C—zﬁ(P(ﬂf) — —OP(”rf)

€ . r—r'
. P[O ] (T’,t o T|) / . .
. vector potential A(r,t) = M/ P dv’' very similar
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Electric and magnetic dipole

| 3(m-r)r — mr? | 1 3(p-r)r— pr?
\/VWI@VIG‘HO B(r) — Ho ( ) electric E(T) — (p )5 p
47t 7o 47Teg r
m——Ijl(rxdr)—I An [p:Qa]
loop
A
ZooWn -
@ W
lr—1'|>a \
https://upload.wikimedia.org/wikipedia/commons/7/76/VFPt_dipoles_magnetic.svg https://upload.wikimedia.org/wikipedia/commons/

a/aa/VFPt_dipole_animation_electric.gif



Hertzian dipole

Tiny segment of an antevna

* Electric dipole moment & current density

j(r,t) = Qad(r)
j(r,t) = po(r)

[ ponav = [jirt)av
p=J(t)

https://upload.wikimedia.org/wikipedia
/commons/c/c5/Felder_um_Dipol.svg



Hertzian dipole

j(r,t) = po(r)

e current density

: [ [r—7']
Mo ](r’t_ ¢ ) /
Alr,t) = 4%] ¥ — 7| dv
, lr—7'|
B 1o p (t— T) 5(1") ,
A(f‘,t) — 47_[/ |1‘—1’I‘ dVv
. t— K
Ay = B2 J}

+V-A=0 ] Lorenz gange

1d¢
c? ot




Hertzian dipole

( 1 r [1./ ry 1 r .
P = Trer [a” (=) +r(t- c)” E=-A-Vg
i 0 (+_ T _
A(T,t):yop( C)] B_VXA
47 r
B_@pr(t_z)
47t r
N R AT AR AT S _
B0 | oxp(t-0) - p (- 1) x V] Vxga=¢Vxa—axVe
o (Lo Yy ED g, ()
b= rp(t c)x c vr p(t c)xr?’] -
{BI‘OX[””] }
ﬂl (_1)f_ —r rr S O P
B= 7P 7 pxr?’]tr




Hertzian dipole

( 1 r [1 r 1 y B=V xA
Pt) = e [a” (=) +r(t- c)” |
o P (t—¢)
A(r,t ., .
\ (r,1) AT 7 A:yop(t—g): 1 [p
a4t 7 4rteor [ %, +
1 r 1. 1 :
V= e ¥ {; | (a" * 72”)],:_{
1 [1_r-p r-
V(P:4n€0 _E T—Z—i_vr—?’]t_z Via-b)=(a-V)b+(b-V)a+ax(Vxb)+bx(V xa)
1 , r r A : . Y
Vq):4m_:06 (p-V)r—2+(r—2 V)err—2><(V><p)+p><(er—z)_tZ
1 r r r '\
T ey (P'V)r—3+(r—3 V)p+r—3x(pr)+px(er—3)_t£ Let us calculate these terms




Hertzian dipole

Vo = _(P V) - + (— ' V) p+—5x(Vxp)+px (V X —>_ Let us calcunlate these terms

z/1?
r rsz x( 1) 2xpx (T)Zypy_|_x-(—ri)-22pz
(p.v)r_z — ,,zPy+y( 1)2xpx+y( 1)2ypy+y( 1)-2z “ 5,
rsz—i-Z( 1)2xpx‘|'2(,,1)2ypy+ z-(— 1)2ZPZ

. X . .
Z



Hertzian dipole

1 1 r T _ r , _ 7\
V= e (P-V) 5+ (1,—2 ' V) pt g x(Vxp)+px (V X r_z)-t; Let us caleulate these +erms
1 7 r r r 7\ a 1 9 1 %)
+4n€0 _(p-V)r—3+(r_3-V)p+r—3x(pr)+p><(er—e’)_t_z Vi=era et rein8%ag
:; . spherical coordinates
r p r
(P-V) 5 =5 -2(rp)g
r 10 . 1
(2 V) en) = abien = 5P
LX[VX }—lrx r><i ——irx[rx | = 1r(r ) + !
72 P(e-0)] = 13 P (1) crd pl=—cprrpP)+ P
" ro  r ax(bxc)=0bla-c)—c(a-b)
pX(VXr—Z) px(;gxr—z)—o ax(axc)=ala-c)—ca*



Hertzian dipole

Ve = 47‘[160(3 :(;’7 V) riz i (r% ' V) p+r12 < (VX p) P X (V ) 7’12):1‘2 Let us caleulate these terms
+4;€O (P V) 5+ (3-V)p+5x(Vxp)+px(Vx r%):t_g V:er%Jrieg;JrrSilnee@aa@
(V)5 =5 —20r )5 PV =535
(2 V) by = =y (5 V) Py = b
T%x [VXp(t ,,)} = —C%r(r p)+%p rL?’X {V Xp(f—i)} = —%T(T'P)—F%P
pX(VX}%)ZO px(er—3)—O

. 1 . :
Vo = [‘75(19"‘)"——(17"’)”—W(P"‘)""‘r—g‘F@]




Hertzian dipole

N I PR A DL PR _ o p(t—%)
q)(r't)_élneor [crp (t c)+r2p(t c)] A(r,t)—4n ’
_ 1 3 3 . L. p P . mop(t—f) 1 [p
e B L I R AT T e |2,
E
B=VxA m%m
B:ﬂiX[B_B] } |
47trr C 1 s Ll
E=—-A-Vyg

|
: . D)) UL
1 p 3 . p 1. P
E — [r5 (p 0 1‘)1‘ - T A _|_ = (p . r)r - — = —l_ CZ? (p : r)r - —] t;] https://upload.wikimedia.org/wikipedia/

commons/c/c5/Felder_um_Dipol.svg
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Hertzian dipole

Tiny segment of an antewna

e Electric dipole moment & current density

jr,t) = Qad(r)

j(r.t) = po(r)
/ p6(r) AV = / i(r, ) dV
p=]J(t)

https://upload.wikimedia.org/wikipedia
/commons/c/c5/Felder_um_Dipol.svg

_ T |Pp_P _ 1 13 P 3 P 5. )y — P
B = x[ ]t_r E_47re0 LS(p r)r r3+cr4(p r)r +C2r3(p r)r



Hertzian dipole

* For time-independent dipole moments p =0

https://upload.wikimedia.org/wikipedia/commons/
a/aa/VFPt_dipole_animation_electric.gif




Hertzian dipole

p=poe
. . . . . . —1 t .
* Harmonically oscillating dipole p = —iwp,e 1“" = —iwp k=< k=21
p — _wzpoe—lwt — _wzp

4rtrr
2
Mo T (P P
B(r1) 47T7’1’><( c _er)t_r




Hertzian dipole

iwt

* Harmonically oscillating dipole P P(). it _ ‘ A
p = —iwp,e = —iwp A
. Ho l 7T i(kr—wt)
. ) 2 s =
p=-—wpye ' =-wp B(rt) 47Terx(r2 Ar)POe ]
1 [3 p 3, p 1 . p
E T,t = . — N . — . _
(r.t) 47eg [75(17 r)r 73 + cr4(p r)r cr? * c2r3 (p-r)r czr]
) a2 . 2 . 2
Er,t) = — (3penr=pr  ,Sp-nr=pr a(p-rir—pr
47€q ro 1o 1o ot
_ 1 [3(py-r)r—prt 2 2 (Po 1T = P r—at)
E(r,t) Iy 5 (1 —ikr) — k°r 5 e
1 [3(py-1)r — pyr? - 2 2 X (Po X 1) ] ilkr—cot
E(r,t) = Ireq 5 (1 — ikr) + k“r 5 plkr—wt)
1 [3(py-er)er — pg 3(py - er)er — pg 2er X (py X &) i(kr—wt)
E(r,t) e, { 3 271i Xy +4r 2 e




Hertzian dipole

. . . . . . ilwt
Harmonically oscillating dipole pP=poe | F_w
p=—iwpye ' = —iwp C
p=—wpe = —wp k=2
https://upload.wikimedia.org/wikipedia
/commons/c/c5/Felder_um_Dipol.svg
1 3 - er)e, — 3 ey)e, — e, X X e o
E(r,t) = (Po r; r — Po - (Po rz) r — Po 1 42e (Poz ) pi(kr—wt) E
47€)) r r=A rA 333 1 [((
Br,t:y—ex — — pllkr—w
(1) 4" (r2 /\r)po
Near field Far field qi {
B {1
* Electric field dominates * BLlE
* Similar to static dipole * Electric field largest near Xl plane
along e, near z axis (along ep )
along egnear XV plane * Magnetic field largest near Xy plane
) et o o (along €9 ) ))) \ &&&
ttps://upload.wikimedia.org/wikipedia/

commons/7/76/VFPt_dipoles_magnetic.svg




