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Maxwell's equations




Maxwell’'s equations

V- E = —p0 * Charges are sources of the electric field
€0
V -B =0 * The magnetic field as no sources (no monopoles)
0B _ - -
V X E = — a_ * Time-dependent magnetic fields generate electric fields
t
. JE .
V X B = Ho€o g + HoJ  Time-dependent electric fields and currents generate magnetic fields

o )

A
Vacuum permeability 1o = 471 - 10~ E Vacuum permittivity €9 = 8.854... - 10_12—8
A? Vm



Magnetostatics

Differential formulation Tutegral formulation
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Magnetostatics

Differential formulation
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Comparison electrostatics
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Vector potential




Vector potential

Recap: electrostatic potential v electrostatics
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Maxwell V X E(T‘) =0 \\}6\60&{02‘)\0\‘0% . coNS T A
SN\
* We can introduce the electrostatic potential E(r) —= —Vq)(r) ve
Now: Maguetostatics yigred
ve ©
Kol 0oV VOV
e Maxwell v . B(r) — 0 \[@G’YO‘( ?o)((x@{j\v\)( D’? 0\%V\V\C’Y\O
\
. . oo ot O A+ VX
* We can introduce the vector potential B(r) =V X A(r) =

B=VxA=VxA+VxVy=B+0



Vector potential

* We can introduce the vector potential  B(7) = V X A(r)

« Maxwell V x B(r) = uoj(r)

V X (V x A(r)) = poj(r)

e Use identity Vx(VxA)=V(V-A)—AA W“VMO) A,\/VX
and choose a gauge Vx so that V - A(r) =0

similar +o

AA(T) — _ﬂoj(r) Poisson eduatiov
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Biot-Savart law




Biot-Savart law

. similar +o 1
[ AA(?) = —HoJ (1")] Poisson eduation Aq)(r) — _e_op(r)
Solve for all ¥hree components
/
Ho j(i"/) / — 1 / p(r ) dvl
_/ P dv #(r) 47‘[60 7 — 7/
r — 1" r — 1"
@)= /] — 7|3 & E(r) 47‘(6 /‘O )|r ’|3 4
Blot-Savart

B(r) =V x A(r) E(r) = —Vo(r)
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Charged wire

(1 I |
“Tufinitely” Hhin wire / / i) 4s'dr = / dr' =1 f dr’
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A(r) = —1I d 1 dI
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, Alr) = B0 14 /32 +12} e,
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e A(r) = @Iln—ez 0 11 e,
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Charged wire

“Infinitely” +hin wire “Iufinitely” long wire Ho L Ho L
A(r) = ——Iln—e; = —IIn e
r—7'| > VF L>s () 2 s T 2w\
B=VxA

27T \/W?’
s * B = Ho X2 +y* (=1/2)L I
_2n1 T 52X
/ \ 0 }
. —Y
r p— oy 1 X B
2 4+ y* \

https://upload.wikimedia.org/wikipedia
]“[0 I /commons/3/3e/Manoderecha.svg
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magnetic dipole




Current loop

- (=

https://upload.wikimedia.org/wikipedia/commons/
5/56/VFPt_dipole_magnetic3.svg




Current loop

L0
r __ Ko ](T) /
o [A(r)_E/\r—r’\dV
< - > Imﬁmﬁr@l\j thin wire A(T) _ @I f , ds’
r—v|> VF e J o fr =]
oop
« Truncated Taylor expansion Far away Ar) ~ Ho j£ F (¢ V) 1] 4y
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Magnetic dipole

A(r) = ilfrlr_i” jg (¥ - r) dr

9 loop
< - > }g(r'-r) dr’:%f[dr'(r-r’)—r’(r-dr’)} ax(bxc)=b(a-c)—c(a-b)
loop loop &
_|_% j{ [dv' (r-v") +7" (r-dr')] Product rule
loop
1
j£ (r' - r) dr’zi f rx (drf xv') = 5 j’é ¥ oxdr')| xr
loop loop | loop




Magnetic dipole

A(r) = ilfrlr_i” jg (¥ - r) dr

9 loop

< > j[(r’-r)dr’: 2jtgrxdr X ¥

loop loop

A(r):&1 —Ij{ (¥ xdr')| xr
loop

WMaguetic dipole momewt

[A(r)zrimr;(r} {m%[j((r’xdr’)

= - An .. for plavar loops

loop




Magnetic dipole

Hom Xt
A(r) =~ ] B(r) =V x A(r)
mxr 1 1
VX ——=2VX(mxr)—(mxr)x V= VXx@pA=¢V xA—AxVg
r r r
1 3r 1 3r
:r—3V><(m><r)—|—(m><r)><r—5 Vi=—75%
1 3(m-r)r 3r-r — (B. . . ' B) — (A. V).
= L (V1) = (m- )+ ( : )r - Vx(AxB)=(B-V)A—B(V-A)+A(V-B)—(A-V)-B
r r r (axb)xc=(a-c)b—(b-c)a
3mr?  mr?>  3(m-r)r 3mr? Vor=3 : : S /x T
— 7,5 - 7’5 + 7,5 o 7,5 (m-V)r = (nzv\-% +m‘[/;—v +111:%—) (}/) = (nzl/> =m
’ o o= Z m‘:




Magnetic dipole

3(m-r)r — mrz COW\PQHSOWI . 1 3(p . 1’)1‘ — prz
B(") 57(; ( 1),5 electric dipole [E(r)  47eg 5
:—Ifrxdr)—l An [p:Qa]
loop

>

https://upload.wikimedia.org/wikipedia/commons/7/76/VFPt_dipoles_magnetic.svg https://upload.wikimedia.org/wikipedia/commons/
a/aa/VFPt_dipole_animation_electric.gif
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Force and torque acting
on a magnetic dipole




Electric dipole in a homogeneous E field




Electric dipole in a homogeneous E field

Reorientation M = p x E(r)

No motiov F = (p : V)E(r)



Magnetic dipole iIn a homogeneous B field

1
mZEI j((r’xdr’) =1-An
loop

F Lorentz force
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Magnetic dipole iIn a homogeneous B field

p = Qa
Circulating
electrons
‘ n
Electrostatics
Reorientation M =m x B(r) M = p x E(r)

No motion F=(m-V)B(r) F=(p-V)E(r)
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Fleld energy

0 E? 1 E x B
g2 e+Bz)+v.
J (02 20 Ho

d . | |
v=—w+V-S Covtinnity equation for eneray density

ot
4 _ . )
Power density V=—7p- E
(energy generation density) 5
E2 1
Energy density W = 607 + ﬂB
0

E x B
Poynting vector S =
(energy-current density) ‘uo




Magnetostatic energy

Recap: electrostatics Now: magnetostatics
* Energy density W = €g— E* ~+ ;%/% W = //BZ + LBZ
2 2 2ug
* Energy { /wedV / Op23v { S /we dV = /2_14032 dV ]
E(r) = =Vo(r) B(r) = V x A(r)
V-E(r) = _p(r V x B(r) = poj(r)

[We—%/j(r) A(r)dV

no surface charges [ W, = % /p(r)q)(r) dV
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Comparison to
electrostatics




Electrostatics . Magnetostatics
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