B A RGE
GmBEL

Electrodynamics Electrostatics

Maxwell's equations




Maxwell’'s equations

V- E = —p0 * Charges are sources of the electric field
€0
V -B =0 * The magnetic field as no sources (no monopoles)
0B _ - -
V X E = — a_ * Time-dependent magnetic fields generate electric fields
t
. JE .
V X B = Ho€o g + HoJ  Time-dependent electric fields and currents generate magnetic fields

o )

A
Vacuum permeability 1o = 471 - 10~ E Vacuum permittivity €9 = 8.854... - 10_12—8
A? Vm



Maxwell’s equations

Differential formulation Tutegral formulation
4 N\ N
€0

: f - /z?
— _ E -dl = - dS
V x E A
\
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Poisson equation

e Maxwell V X E(T) =0

* We can introduce the electrostatic potential E(r) = —Vgo(r)
r
o(r) — p(ro) = — [ E(r)-dr r
1o

* Like in classical mechanics ~ F(r) = —VV (r) 7/—\/
ro
r

V() — V(rg) = — /P(r’) dr’

e Maxwell v E(T) _ elp(r) Ago(r) — —e—p(r) Polssow @dMﬂl‘HOVI
0 0
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Poisson equation

e Maxwell V X E(T) =0

* We can introduce the electrostatic potential E(r) = —Vgo(r)
r
o(r) — p(ro) = — [ E(r)-dr r
1o

* Like in classical mechanics ~ F(r) = —VV (r) 7/—\/
ro
r

V() — V(rg) = — /P(r’) dr’

e Maxwell v E(T) _ elp(r) Ago(r) — —e—p(r) Polssow @dMﬂl‘HOVI
0 0




Coulomb’s law

 Maxwell EO%E -dS = /PdV = Qv
aV %4

E(r) = E(r)e E| dS

eoE(r) ¢ dS = Qy
!

eoE(7) 47tr? = Q,
I Qo

471€ 12

E(T) €y

 47eg 12




Electrostatic potential

Ap(r) = —;Op(r) } Solve Poisson equation”?
" s
1 Qy
E(r) = 47teg 12 ér

If we have E(r) it is easy

r v
o(r) = ¢p(ro) = — [ E(F)-ar

{w) : Qv}

- dmey r

1o Owvly differevces mat+ter!
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Electrostatic potential

1
Ago(r) — _G_OP(”) Polsson equation oV
* Point charge {QD(T) — 4;6 |1,er |
o|r —ri
* Multiple point charges QD(T') _ 24 1 ’ Qi |
T aTteQ |[¥ — T

* General charge distribution

_ [ 1 el B o
[q)(r)/élﬂeo r_r,dr} Q—/p(r)dr
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Exercise

1. Calculate the electric field E(r) of a homogeneously charged sphere
(distinguish inside and outside).

Hint: Use rotational symmetry to simplify the problem.
Hint: “Homogeneously charged” means that p = const.

2. Calculate the electrostatic potential ¢(r).

- -~



Coulomb’s law

 Maxwell EO%E -dS = /PdV = Qv
E(r) = E(r)e, E H dsS

eoE(r) j{dS = Qo what about inside
of the sphere?
eoE(r) 4mr* = Q,

1 Qo

47teq 12

1Qv

471€) 72 ©

E(r) = E(r) =




Charged sphere

« Maxwell GO%E -dS§ = /PdV [E(T) =
oV %

* Outsider>R .
4 VYA
eoE(7) %dS = §7IR3,0 = Qy u
)% .
eoE(r) 4rtr? = é7IR3 =Q l“‘ / eoE(r) 4mr? = ém,sp
0 3P T e \ / 3

3 \\\\\ ~~~~~~~ ’,’/,aV
[E(r) RPp 1T O [E(r)zir]

-~ 3egr? 4reg 12 3e0




Charged sphere

- -~

VA
1. Calculate the electric field E(r) of a homogeneously charged sphere

(distinguish inside and outside).

T — "oV
= R
360 i

 Insider<R E(r) = E(r)e, e OQutsider>R
o 5 Rp 1 Q
E(r) = —r i E = — = =
(r) 3€g - r (r) 3ep 1> 4mey r?




Charged sphere

2. Calculate the electrostatic potential ¢(r).

* Insider<R e Qutsider>R
P e electrostatic potential 2
E(r) = ——r _Rp 1 0O
3€g E(r) = —Vo(r) E(r) = 3ep 12 Armey 12

R3g) 1 Q,
3egr  Aitey v

p(r) =
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Spherical capacitor

W N e

Calculate the electric field E(r) of the following capacitor for all regions.
Calculate the electrostatic potential ¢(r) for all regions.

Calculate the voltage between the two metals U = @(r = a) — o (r = b).
Calculate the capacitance C=Q/U.

« Maxwell eoj{E-dS = /pdV
AV |4

E(r) = E(r)e,
E| dS




Spherical capacitor

1. Calculate the electric field E(r) of the following capacitor for all regions.

* Insider<a: [E(r) — 0]
No enclosed charge P(T) =0 €0 j{ E-dS§ = deV metal 2

1% |74
e Betweena<r<b:
_ I Q
GO%EdS = [E(r) " 4mey 12 E(r) =
oV
eodnr’E = Q E

. Outsider>b:[E(1’) = 0]

No enclosedcharge Q,=Q—-0Q =0

O~ e



Spherical capacitor

electrostatic potential
2. Calculate the electrostatic potential ¢@(r).

E(r) = =Vo(r)
* Insider<a: E(r) — () r
o(r) = p(ro) = — [ E(r)-ar
@(r) = const. o
E(r) = Lo
e Betweena<r<b: E(r)= ey 12 E(r) = E(r)e,
_ 1@ P
o(r) = ey 1 + const.

* Outsider>b: E(r) = 0

¢(r) = const.

Q -
il T



Spherical capacitor

electrostatic potential

E(r) = —Veo(r)

2. Calculate the electrostatic potential ¢@(r).

* Insider<a: E(r) — ()

(1) = ¢p(r0) = — [ E(F)-ar
Q0 /1 1 v
[W) ~ o (o 5)] "
* Betweena<r<b: E(r)= 47;0% E(r) = E(r)e,
_Q (11 ¢
plr) = 47teg (; ; 5)]

* Outsider>b: E(r) = 0

o(r) =0

(S P o o o o o o o o e e



Spherical capacitor

3. Calculate the voltage between the two metals U = @(r = a) — @ (r = b).

* Insider<a: E(r) = 0 « Outsider>b: E(r) = 0
o(r) Q (1%) p(r) =

 4mey \ a

0 (1 1
u_47re0 (ab)]

4. Calculate the capacitance C=Q/U.
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Electric dipole

I Qi
* For multiple point charges go(r) — Z —
—~ 47€q |r — 11| p— Qa
1 1
* For electric dipole o(r) = 47(360 (; _ P a|) @_a>®
1 =1 1
Taylor expansion m = Zo al (a-V)" P
n—=
Q 1 1 1 1 r
For 1 >a q)(r):47T€0 ;—;—a-V; v;__T_S
1 2x
Vl =V +y?+20) 7 = ( 2) (2 +y?+ 2277 [ 29
' 2z
Q a-r 1 p-r
* Electrostatic potential (P(f) = deg 12 (p(r) = yr—




Electric dipole

* Electrostatic potential cp(r) — 4Q (1 _ | —Il— l)
Teg \ v |r+a
p = Qa
1 p-r
For 1> [go(r) 4rteg 13 ] O——90
* Electric field E(r)= —Vo(r) = _4716 vpr'sr
A
r o opxtpy+pz [P 1 o 1
Vr— =V r{” = | py/7° +(pxx+pyy+pzz)vr—3 Vig = %+p-rV—3
Pz/f’3 ¥ s r
1 3 [ 1 r
Vr_3 =V(x*+y*+22) 7 = (—§> (P +y*+22)"7 | 2y vr_3 = _3r_5
2z
B 1 _p-r 1 /p r 1 r*p—3r(p-7)
E(r) = 47teov 3 4meg (r?’ S ) 471€q 75



Electric dipole

o /1 1 p = Qa
Electrostatic potential @(r) = (_ — )
diteg \ v |r+ af @_a>@
1 p-r
For r>a [(P(T) — 4110 /3 ]
1 p—3r(p-r
* Electric field { E(r) — _47150 P 5 (P )]
1
B0~ sy



Electric dipole

&
7
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Electric dipole

p = Qa

* Electric field [ E(r) = }




Electric dipole in a homogeneous E field




Electric dipole in a homogeneous E field

Reorientation
No Wotiow



Electric dipole in a homogeneous E field

Force No motiou Torque Reorientation
@ M=rxF
F = QE(r+1/2a) — QE(r — 1/2a) ° M =1/2a x QE (r +1/2a) + 1/2a x QE (r — 1/2a)
— Q[E(r) + (/2a- V) E(r)] + ... =1/2a x Q{[E(r) + (1/2a - V) E(r)] + - --
— Q[E(r) — (1/2a-V)E(r)] + ... + [E(r) — (YV2a-V)E(r)] +...}
=Q(a-V)E(r)+... = Qa x E(r)+...
F=(p-V)E(r) M = p x E(r)

F=0 for E(r) = Ey = const.



Electric dipole in a homogeneous E field




Electric dipole in a homogeneous E field

Reorientation M = p x E(r)

No motiov F = (p : V)E(r)
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Boundary condifions

Ag(r) =~ (1)

Polsson edquation

( 1 /
* Special solution QDS(T) :/471'60 |f8‘) dr'}

r'|

* General solution o(r) = @s(r) + Solution of the Nomogeneous equation
Aq)h(r) =0
«. has o fulfill boundary conditions

sofar ¢ =0 for 7 — o0 on(r) =0



Boundary conditions

o(r) = @s(r) + . has to fulfill boundary conditions

so far =0 for r— o0 gOh(T) =0

* Charged wire or metal surface: constant potential




Boundary conditions

@(r) = @s(r) + . has to fulfill boundary conditions

S

E
¢ =0 Boundary condition @ =0




Boundary conditions

@(r) = @s(r) + . has to fulfill boundary conditions

S

E
¢ =0

Boundary condition ¢ = 0
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Fleld energy

0 E? 1 E x B
g2 e+Bz)+v.
J (02 20 Ho

d . | |
v=—w+V-S Covtinnity equation for eneray density

ot
4 _ . )
Power density V=—7p- E
(energy generation density) 5
E2 1
Energy density W = 607 + ﬂB
0

E x B
Poynting vector S =
(energy-current density) ‘uo




Electrostatic energy

1
Energy density w = 607 + ;7/
0

Energy [We = /we dV = /%Ez dV
€0
W, = — EE VedV E(r) = —Vo(r)
€0 €0 1
W, = — EV-(E(p)dVJr/?ch-EdV V-E(r) = Sp(n
0

We:—fezo(Eq))-dS—I—;/pqodV

[we = [ oo av

If vio surface charges




Electrostatic energy

If vio surface charges

W, = ! //p(r’)p(r) dvav’ general

87teg lr— 7
1 QiQ;
W, = \
e 87t€0 i#] "’i - 7’]” pont G\MW@GS
1
W, = Q1Q: 2 tharages

 47eg |1 — 1o
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Electrostatics

Boundary
condition




