1 Recursive Least Squares Estimation

We have seen how to calculate an estimate of a constant with the least squares solution.
We build up a model matrix H from the different measurements and solve a matrix
equation. This requires all the measurements to be available at the time we calculate
the solution, what happens if we want to update the estimate as the measurements
become available? Do we keep storing all the past measurements and add new rows
to the H matrix? A better way is to recursive update the estimate every time a new
measurement is available, doing it this way would mean that we don’t have to keep a
history of all the previous measurements, we would only have to keep the best estimate
from last time.

Suppose Zj is the estimated constant m-dimensional vector that includes all the
measurement information for all the measurements up to and including the k-th mea-
surement. Let y; be the k-th noisy measurement vector that is a linear combination of
x via the model matrix H; and is corrupted with some random additive measurement
noise vy.

We can form a linear recursive estimator with the form:

yr = Hyx + vy (1)
T = Tp—1 + Kp(yp — Hpdp—1) (2)

We compute the latest estimate for Z; based on the previous estimate Z;_1 and the new
measurement y;. The amount that the estimate & changes from the previous estimate is
based on the error between the current measurement y; and the estimate measurement
calculated from HypZr_1. The error is multiplied by an gain matrix Kj to calculate the
amount to update the estimate. This gain matrix Kj will be selected to be a matrix
which is optimum, to make the solution minimize a least squares cost function.

Lets have a look at the estimation error ¢, = x — & and write it out in a recursive
form:
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So the latest estimation error is a function of the previous estimation error and the
current measurement noise. Lets define a estimation error covariance matrix P, which
is a measure of the error in the estimation:

P, = ekef (8)



Now lets expand the covariance matrix Pi into a recursive form:

P, = ekez (9)
=[(I — K Hp)ep—1 — Kpvp][... 1% (10)
=(I — KpHp)ep_16t (I — KpHy)' + Kpopol K (11)
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Now we know P,_1 = fk—lez_l is the estimation error covariance matrix for the previous
estimate and the measurement noise covariance is Ry = Ukva from the noise properties
of the measurement. We also know that the estimation error for &k — 1 is independent
of the noise on measurement k, so that E(ek,lvg) = E(vkeg_l) = 0, therefore we can
simplify the recursive covariance matrix equation to:

P, = (I — K Hy)Pe1(I — KpHy)' + KR KL (12)

So now lets define a cost function J; to minimize the sum of all the estimation errors:

Jp= (21— 21)* + (22 — 22) + - + (xp — &) (13)
=+t te (14)
= €p ek (15)

So we can use the relationship Tr(Py) = egek, so that minimizing the cost function Jg
is the same as minimizing the trace of the estimation error covariance matrix P.

We have the cost function J that we would like to minimize, so we can simply follow
the method we have used in the past, but this time instead of calculating Z to minimize
the solution, we will calculate the optimum gain matrix K which will minimize the
estimation error and hence drive Z; towards x.

The derivative of the cost function is:
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Setting the derivative of the cost function to zero and solving for K} gives:

KiRy, = (I — K Hy,) P HF (17)
Ky (Ry, + H,Py_1H!) = P, H{ (18)
Ky = Po_1H! (H P HF + R;)™" (19)

So to use the recursive least squares you first initialize the estimator:
zo = E(x) (20)

Po = E[(JI — .%0)(.% — :i’o)T] (21)

So that Zg is the best estimate or initial guess and Py is the current uncertainty of the
estimate.



Next every time a new measurement y; is made then you update the solution using:

Ky = Pe 1 HI (H.P._1HY + Ry)™! (22)
Tk = Tp—1 + Kp(yr — HpZr—1) (23)
Py = (I — KHy)Po_1(I — KpH)T + Ky R KT (24)



