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Objectives

 Examine ACF of a SARIMA model in 

simulation

 Examine ACF of a SARIMA model in 

theory



Example - 𝑆𝐴𝑅𝐼𝑀𝐴 0,0,1,0,0,1 12

𝑋𝑡 = 1 + Θ1𝐵
12 (1 + 𝜃1𝐵)𝑍𝑡

Thus

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13

Choose 𝜃1 = 0.7, Θ1 = 0.6, then

𝑋𝑡 = 𝑍𝑡 + 0.7 𝑍𝑡−1 + 0.6 𝑍𝑡−12 + 0.42 𝑍𝑡−13



Simulation





Example - 𝑆𝐴𝑅𝐼𝑀𝐴 0,0,1,0,0,1 12

𝑋𝑡 = 1 + Θ1𝐵
12 (1 + 𝜃1𝐵)𝑍𝑡

Thus

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13



Autocovariance function: 𝛾(𝑘)

𝛾 0 = 𝐶𝑜𝑣 𝑋𝑡 , 𝑋𝑡 = 𝑉𝑎𝑟(𝑋𝑡)

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13

𝑉𝑎𝑟 𝑋𝑡 = 𝜎𝑍
2 + 𝜃1

2𝜎𝑍
2 + Θ1

2𝜎𝑍
2 + 𝜃1

2Θ1
2𝜎𝑍

2

𝛾 0 = 1 + 𝜃1
2 1 + Θ1

2 𝜎𝑍
2



𝛾 1

𝛾 1 = 𝐶𝑜𝑣(𝑋𝑡, 𝑋𝑡−1)

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13

𝑋𝑡−1 = 𝑍𝑡−1 + 𝜃1𝑍𝑡−2 + Θ1𝑍𝑡−13 + 𝜃1Θ1𝑍𝑡−14

𝛾 1 = 𝜃1𝜎𝑍
2 + 𝜃1Θ1

2𝜎𝑍
2

𝛾 1 = 𝜃1 1 + Θ1
2 𝜎𝑍

2



ACF: 𝜌(1)

𝛾 1 = 𝜃1 1 + Θ1
2 𝜎𝑍

2

𝛾 0 = 1 + 𝜃1
2 1 + Θ1

2 𝜎𝑍
2

𝜌 1 =
𝛾 1

𝛾 0
=

𝜃1

1 + 𝜃1
2 ≤

1

2

Since 𝜃1 − 1 2 ≥ 0



𝛾(2)
𝛾 2 = 𝐶𝑜𝑣(𝑋𝑡, 𝑋𝑡−2)

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13

𝑋𝑡−2 = 𝑍𝑡−2 + 𝜃1𝑍𝑡−3 + Θ1𝑍𝑡−14 + 𝜃1Θ1𝑍𝑡−15

𝛾 2 = 0

since 𝑍𝑡
′𝑠 are independent. 

Thus 
𝜌 2 = 0



ACF

𝜌 𝑖 = 0

when 𝑖 = 2,3, … , 10.



𝛾 11 , 𝜌(11)
𝛾 11 = 𝐶𝑜𝑣(𝑋𝑡, 𝑋𝑡−11)

𝑋𝑡 = 𝑍𝑡 + 𝜃1𝑍𝑡−1 + Θ1𝑍𝑡−12 + 𝜃1Θ1𝑍𝑡−13

𝑋𝑡−11 = 𝑍𝑡−11 + 𝜃1𝑍𝑡−12 + Θ1𝑍𝑡−23 + 𝜃1Θ1𝑍𝑡−24

𝛾 11 = 𝜃1Θ1𝜎𝑍
2

𝜌 11 =
𝛾 11

𝛾 0
=

𝜃1Θ1

1 + 𝜃1
2 1 + Θ1

2 ≠ 0

But

0 < 𝜌 11 ≤
1

4





What We’ve Learned

ACF of a SARIMA model in simulation

ACF of a SARIMA model in theory


