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Objectives

 To fit an AR(p) model to recruitment (number of new fish) for a 

period of 453 months ranging over the years 1950-1987.

 Use Yule-Walker equations in matrix form to estimate parameters of 
the fitted model



rec {astsa}

 Recruitment (number of new fish) for a period of 453 months ranging 

over the years 1950-1987.

 Monthly time series

 Source: “astsa” package
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ACF and PACF



The parsimony principle

 Choose ‘simplest explanation that fits the evidence’

 Simplest of competing theories is to be preferred

 PACF ⟹ AR(2)

 Yule-Walker equations in matrix form



Code

 ar.process=rec-mean(rec)

𝑋𝑡 − 𝜇

 p=2

 Yule-Walker equations:  𝑅  𝜙 =  𝑏

 Sample autocorrelation coefficients, vector 𝑟

for(i in 1:p+1){

r[i-1]<-acf(ar.process, plot=F)$acf[i]

}



Matrix  𝑅
1 𝑟1 𝑟2
𝑟1 1 𝑟1
𝑟2 𝑟1 1

⋯

𝑟𝑝−1

𝑟𝑝−2

𝑟𝑝−3

⋮ ⋱ ⋮
𝑟𝑝−2 𝑟𝑝−3 𝑟𝑝−4

𝑟𝑝−1 𝑟𝑝−2 𝑟𝑝−3
⋯

𝑟1
1

Realize

 𝑅 𝑖, 𝑗 =  𝑅𝑖𝑗 = 𝑟 𝑖−𝑗



 R=matrix(1,p,p) # matrix of dimension p by p, with entries all 1's.

 for(i in 1:p){

for(j in 1:p){

if(i!=j)

R[i,j]=r[abs(i-j)]

}

}



 # b-column vector on the right

b=matrix(,p,1)# b- column vector with no entries

for(i in 1:p){

b[i,1]=r[i]

}

 # solve(R,b) solves Rx=b, and gives x=R^(-1)b vector

phi.hat=NULL

for(i in 1:p){

phi.hat[i]=solve(R,b)[i,1]

}



Model

𝑋𝑡 −  𝑥 =  𝜙1(𝑋𝑡−1−  𝑥) +  𝜙2(𝑋𝑡−2 −  𝑥) + ⋯+  𝜙𝑝(𝑋𝑡−𝑝−  𝑥) + 𝑍𝑡

Thus

𝑋𝑡 =  𝜙0 +  𝜙1𝑋𝑡−1 +  𝜙2𝑋𝑡−2 + ⋯+  𝜙𝑝𝑋𝑡−𝑝 + 𝑍𝑡

where 

 𝜙0 =  𝑥(1 −  

𝑖=1

𝑝

 𝜙𝑖)



𝑝 = 2

Fitted model is

𝑋𝑡 = 7.033036 + 1.331587 𝑋𝑡−1 − 0.4445447 𝑋𝑡−2 + 𝑍𝑡

𝑍𝑡 ~ 𝑁𝑜𝑟𝑚𝑎𝑙 (0,94.17131)



What We’ve Learned

Fitting an AR(p=2) model to Recruitment 

(number of new fish) from ‘astsa’ package

using Yule-Walker equations in matrix form


