THISTLETON A



Objectives

» Infroduce Yule — Walker equations

» Obtain ACF of AR processes using Yule — Walker
equations



Procedure

We assume stationarity in advance (a priori assumption)
Take product of the AR model with X,,_;

Take expectation of both sides

Use the definition of covariance, and divide by y(0) = o5
Get difference equation for p(k), ACF of the process

This set of equations is called Yule-Walker equations
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Solve the difference equation



Example

We have an AR(2) process

1 1
Xt = §Xt—1 ~+ EXL-_Z + Zt (*)

Polynomial

(B) =1 13 132
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has real roots both of which has magnitude greater than 1, so roofts

6
are outside of the unit circle in R?. Thus, this AR(2) process is a stationary
pProcess.



Example cont.

Note that if E(X;) = u, then

1 1
E(X:) = §E(Xt—1) + EE(Xt—Z) + E(Z;)
1 1
H=ghtoH
u=20

Multiply both side of (x) with X;_,, and take expectation

1 1
E(Xe—1Xe) = §E(Xt—kXt—1) i EE(Xt—kXt—Z) + E(X¢—xZt)



Example cont.

Since u =0, and assume E(X;_.Z;) = 0,

1 1
v(=k) =zy(=k+ 1D +75v(=k+2)

Since y(k) = y(=k) for any k,

1 1
y(k) = gy(k — NP Ey(k i)
Divide by y(0) = o2

1 1
p(k) = §,0(k - 1)+ E’O(k —2)

This set of equations is called Yule-Walker equation:s.



Solve the difference equation

We look for a solution in the format of p(k) = A*.

1 1

2 __ )y __ =
A 3/1 > 0
Roots are A; = 2476 4ng S 2_\/7_6,thus

12 12

2+\/7_6>k+c (2—x/7_6>k

p(k)zcl( 12 12



FInding ¢y, ¢,

Use constraints to obt

Andfork =p —



Solve the sys

Then,



ACF of the

Foranyk = 0,

And



Simulation

ACF of a simulation of the AR(2) model

rho(k) plot




What We've Learned

» Yule- Walker equations is set of difference
equations governing ACF of the underlying AR
Process

» How to find the ACF of an AR process using Yule-
Walker equations



