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Objectives

 Learn invertibility of a stochastic process



Two MA(1) models

 Model 1

𝑋𝑡 = 𝑍𝑡 + 2𝑍𝑡−1

 Model 2

𝑋𝑡 = 𝑍𝑡 +
1

2
𝑍𝑡−1



Theoretical Auto Covariance 

Function of Model 1

𝛾 𝑘 = 𝐶𝑜𝑣 𝑋𝑡+𝑘, 𝑋𝑡 = 𝐶𝑜𝑣 𝑍𝑡+𝑘 + 2𝑍𝑡+𝑘−1, 𝑍𝑡 + 2𝑍𝑡−1

If 𝑘 > 1, then 𝑡 + 𝑘 − 1 > 𝑡, so all 𝑍’s are uncorrelated, thus 𝛾 𝑘 = 0.

If 𝑘 = 0, then 

𝛾 0 = 𝐶𝑜𝑣 𝑍𝑡 + 2𝑍𝑡−1, 𝑍𝑡 + 2𝑍𝑡−1 =

𝐶𝑜𝑣 𝑍𝑡, 𝑍𝑡 + 4𝐶𝑜𝑣 𝑍𝑡−1, 𝑍𝑡−1 = 𝜎𝑍
2 + 4𝜎𝑍

2 = 5𝜎𝑍
2.



If 𝑘 = 1, then

𝛾 1 = 𝐶𝑜𝑣 𝑍𝑡+1 + 2𝑍𝑡 , 𝑍𝑡 + 2𝑍𝑡−1 = 𝐶𝑜𝑣 2𝑍𝑡 , 𝑍𝑡 = 2𝜎𝑍
2

If 𝑘 < 0, then 

𝛾 𝑘 = 𝛾(−𝑘)



Auto Covariance Function and 

ACF of Model 1

𝛾 𝑘 =

0, 𝑘 > 1

2𝜎𝑍
2, 𝑘 = 1

5𝜎𝑍
2, 𝑘 = 0

𝛾 −𝑘 , 𝑘 < 0

Then, since 𝜌 𝑘 =
𝛾 𝑘

𝛾 0
,

𝜌 𝑘 =

0, 𝑘 > 1
2

5
, 𝑘 = 1

1, 𝑘 = 0
𝜌 −𝑘 , 𝑘 < 0



ACF 



ACF of Model 2

𝜌 1 =
𝛾 1

𝛾 0
=
𝐶𝑜𝑣 𝑍𝑡+1 +

1
2
𝑍𝑡 , 𝑍𝑡+

1
2
𝑍𝑡−1

𝐶𝑜𝑣[𝑍𝑡 +
1
2
𝑍𝑡−1, 𝑍𝑡 +

1
2
𝑍𝑡−1]
=

1
2

1 +
1
4

=
2

5
.

Thus we obtain the same ACF:

𝜌 𝑘 =

0, 𝑘 > 1
2

5
, 𝑘 = 1

1, 𝑘 = 0
𝜌 −𝑘 , 𝑘 < 0



ACFs are same!



Inverting through backward 

substitution

MA(1) process

𝑋𝑡 = 𝑍𝑡 + 𝛽𝑍𝑡−1,

𝑍𝑡 = 𝑋𝑡 − 𝛽𝑍𝑡−1 = 𝑋𝑡 − 𝛽 𝑋𝑡−1 − 𝛽𝑍𝑡−2 = 𝑋𝑡 − 𝛽𝑋𝑡−1 + 𝛽
2𝑍𝑡−2

In this manner, 

𝑍𝑡 = 𝑋𝑡 − 𝛽𝑋𝑡−1 + 𝛽
2𝑋𝑡−2 − 𝛽

3𝑋𝑡−3 +⋯

i.e., 

𝑋𝑡 = 𝑍𝑡 + 𝛽𝑋𝑡−1 − 𝛽
2𝑋𝑡−2 + 𝛽

3𝑋𝑡−3 −⋯

We ‘inverted’ MA(1) process to AR(∞). 



Inverting using Backward shift 

operator
𝑋𝑡 = 𝛽 𝐵 𝑍𝑡

where 

𝛽 𝐵 = 1 + 𝛽𝐵

Then, we find 𝑍𝑡 by inverting the polynomial operator 𝛽 𝐵 :

𝛽 𝐵 −1𝑋𝑡 = 𝑍𝑡



Inverse of 𝛽(𝐵)

𝛽 𝐵 −1 =
1

1 + 𝛽𝐵
= 1 − 𝛽𝐵 + 𝛽2𝐵2 − 𝛽3𝐵3 +⋯

Here we expand the inverse of the polynomial operator as a ‘rational 

function where 𝛽𝐵 is a complex number’. 

Thus we obtain, 

𝛽 𝐵 −1𝑋𝑡 = 1 − 𝛽𝑋𝑡−1 + 𝛽
2𝑋𝑡−2 − 𝛽

3𝑋𝑡−3 +⋯



𝑍𝑡 =  

𝑛=0

∞

−𝛽 𝑛𝑋𝑡−𝑛

In order to make sure that the sum on the right is convergent (in the 

mean-square sense), we need 𝛽 < 1.

There is an optional reading titled “Mean-square convergence” where 

we explain this result. 



Invertibility - Definition

Definition:

𝑋𝑡 is a stochastic process.

𝑍𝑡 is innovations, i.e., random disturbances or white noise. 

𝑋𝑡 is called invertible, if 𝑍𝑡 =  𝑘=0
∞ 𝜋𝑘𝑋𝑡−𝑘 where  𝑘=0

∞ 𝜋𝑘 is convergent.



Model 1 vs Model 2

 Model 1 is not invertible since 

 

𝑘=0

∞

|𝜋𝑘| =  

𝑘=0

∞

2𝑘 , 𝐷𝑖𝑣𝑒𝑟𝑔𝑒𝑛𝑡

 Model 2 is invertible since 

 

𝑘=0

∞

|𝜋𝑘| =  

𝑘=0

∞
1

2𝑘
, 𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑆𝑒𝑟𝑖𝑒𝑠, 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡



Model choice

 For ‘invertibility’ to hold, we choose Model 2, since 
1

2
< 1.

 This way, ACF uniquely determines the MA process.



What We’ve Learned

Definition of invertibility of a stochastic 
process

 Invertibility condition guarantees unique MA 
process corresponding to observed ACF


