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Preface

Measure Theory and Integration contains a detailed introduction to
advanced real analysis. The work is expected to serve as an aid to
advanced graduate and postgraduate students studying these topics as
the measurable ideas dealt with here can be enjoyed with an elementary
knowledge of advanced real analysis and probability theory. The proofs
of theorems are separated from their formulations and are appended
at the end of each chapter. This makes it look like a problem book and
encourages the reader to think about each formulation.

In Chapter 1 we have introduced the concepts of sets theory, finite
and infinite set, cardinal number and cardinality of a set, countable and
uncountable sets, ordered pairs, ordinal numbers, Cantor’s theorem and
Continuum hypothesis.

Chapter 2 deals with the length of a set, measure, Borel set, ,-sets,
Co-sets, Boolean ring, Boolean algebra, o-Ring, Lebesgue measure, outer
measure, exterior and interior measure of a set, measurable set, first
fundamental theorem, Cantor’s ternary set and non-measurable set.

Chapter 3 discusses the measurable function, Borel measurability,
F. Riesz theorem, Egoroff’s theorem and Lusin’s theorem.

Chapter 4 deals with Riemann theory of integral, Lebesgue integral,
first mean value theorem, Lebesgue bounded convergence theorem,
Lebesgue dominated convergence theorem, Beppo-Levi’s theorem and
Fatou’s lemma.

Chapter 5 deals with the function of bounded variation, Lipschitz
condition, cover in the sense of Vitali, Vitali’s Lemma, Lebesgue point
and Lebesgue set and fundamental theorem of integral calculus.

Chapter 6 discusses the L?, conjugate number, convergent sequence,
Cauchy sequence, metric and normed space, LP-space with properties,
Riesz Holder inequalities, Minkowski’s inequality and Schwarz’s
inequality.
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Chapter 7 deals with product measures and signed measures, Fubini’s
theorem, Tonelli’s theorem, Hahn decomposition theorem, Radon-
Nikodym theorem and Lebesgue decomposition theorem.

Any comments from students and teachers are welcome. Their
comments will naturally contribute to the improvement of the further
edition of the book.

Authors



Acknowledgements

Weare greatly thankful to Dr. P.S. Bhatnagar, Director, B. K. Birla Institute
of Engineering & Technology, Pilani (Rajasthan) for providing motivation,
encouragement and support in completing this book. The guidance
we received from Late. (Dr.) V. K. Arora, Professor of Mathematics,
Gurukula Kangri Vishwavidyalaya, Haridwar, Uttarakhand has also
proved most useful in the writing of this book. We highly appreciate
the most valuable guidance we received from Dr. S. R. Yadav and Prof.
A.P.Girdhar, retired Professors, BKBIET, Pilani. We have freely consulted
books of many authors on the subject, we acknowledge all of them with
gratitude. Last but not the least we are very much thankful to our family
members for their moral support without which it would not have been
possible for us to complete this project in time.

Authors






The Authors

Dr. A. K. Malik, Associate Professor of Mathematics,
B. K. Birla Institute of Engineering & Technology,
Pilani (Rajasthan), has experience of more than
ten years in academics and research. His area of
specialization is Operations Research, Inventory
Control, Supply Chain Management, and Soft
Computing Techniques. He has published more
than 30 papers in reputed national and international
journals. He is author/co-author of 17 books: Operations Research
(Oxford University Press), Engineering Mathematics-I & II, Mathematics-
III, Advanced Engineering Mathematics (New Age International Pvt.
Ltd., New Delhi), Optimization Techniques & Topology (I K International
Pvt. Ltd., New Delhi).

Dr. Satish Kumar Gupta, Associate Professor of

- Mathematics, D.N. College, Meerut (U.P.) has more

!L’:; than twenty years of experience in academics and

@ research work. He obtained his PhD Degree from CCS

University, Meerut. He has published a number of

research papers in reputed national and international

journals. His areas of specialization are Operations

Research, and Reliability Theory. He has authored

several books for U.G. and P.G. students of Indian universities. He is an
active member of Ramanujan Mathematical Society.

Dr. S. R. Singh is Associate Professor of Department
of Mathematics at CCS University Meerut, Uttar
Pradesh, India. He obtained his PhD in Mathematics
from CCS University, Meerut. His research interests
include Inventory Management, Production Systems,
Supply Chain Management and Fuzzy Systems. He
was awarded Swarn Jayanti Puraskar for best research
paper in Physical Sciences at National Academy of
Sciences. He is President of the Operational Research




X The Authors

Society of India, Meerut Chapter. He has published 10 books and more
than 165 papers in various international and national journals and 60
full length papers in international and national conference proceedings.
He has guided 12 students for their PhD program.

Dr. S. C. Malik is Professor in the Department of
Statistics, M.D. University, Rohtak (Haryana). His fields
of research specializations are Reliability Theory and
Applied Statistics. He has published three books and
more than 150 research papers are to his credit. He has
supervised 29 PhD and 23 MPhil students in the subject
of Statistics. Dr. Malik has been invited by various
academic institutions to deliver talks and present
research papers at various conferences /workshops held
in India and abroad including the USA, the UK, Portugal, Singapore,
Germany, Hong Kong, France, Netherlands, Belgium, Austria, Italy
and Switzerland. He is the founder President of Indian Association for
Reliability and Statistics (IARS). He has recently been elected member
of the section of Mathematical Sciences of ISCA.




Preface

Contents

Acknowledgements
The Authors

1. Countability of Sets

1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9
1.10

2. Lebesgue Measure

2.1
2.2
23
2.4
2.5
2.6
2.7
2.8

Introduction

Important Terminology

Finite and Infinite Sets

Cardinal Number and Its Arithmetic with
Cardinality of a Set

Countable and Uncountable Sets
Ordered Sets and Ordinal Numbers
Cantor’s Theorem

Continuum Hypothesis

Algebraic Numbers

Transcendental Numbers

Solved Problems

Recapitulation

Exercises

Introduction

Important Terminology

Measure (m)

Outer Measure

Caratheodory’s Postulates for Outer Measure
Measurable Set

Exterior Measure of a Set

Interior Measure of a Set

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

14
15
15
16
17
17
17
26
29
33

39
39
42
43
43
44
44
44



Xii Contents

2.9 Measurable Space 44
2.10 First Fundamental Theorem 56
211 Cantor’s Ternary Set 58
2.12 Non-measurable Set 58

Recapitulation 59
Exercises 60
3. Measurable FUNCHONS ......cccveierercreecrnnensnnescnscsenesesecsassssasssnsosnns 63

3.1 Introduction 63

3.2 Important Terminology 63

3.3 Measurable Function 64

3.4 Measurable Function as a Random Variable 65

3.5 Littlewood’s Three Principles 65

3.6 Borel Measurability 66

3.7 Point-wise Convergence 75

3.8 Convergence in Measure 76

3.9 Uniform Convergence 76
3.10 Convergence in Mean 76
3.11 F. Riesz Theorem 76
3.12 Egoroff’s Theorem 77
3.13 Lusin’s Theorem 78

Solved Problem 8o
Recapitulation 8o
Exercises 81
4. Lebesgue Integral.........coeeerernenrereennninneesesnsnsseseesnssssesesenens 84

4.1 Introduction 84

4.2 Important Terminology 84

4.3 Riemann Theory of Integral 86

4.4 Lebesgue Integral 87

4.5 First Mean Value Theorem 88

4.6 Lebesgue Bounded Convergence Theorem 89

4.7 Lebesgue Dominated Convergence Theorem 91

4.8 Lebesgue Monotonic Convergence Theorem or

Beppo Levi’s Theorem 93

4.9 Fatou’s Lemma 95

Solved Problems 97
Recapitulation 103
Exercises 104



5. Differentiation and Integration

5.1
52
53
5.4

7. Product and Signed Measures

7.1
7.2
7.3
7.4
7.5
7.6
77
7.8

79
7.10
7.11

Appendix: Sets

References

Contents  Xiii

Introduction

Important Terminology

Lebesgue Point and Lebesgue Set
Fundamental Theorem of Integral Calculus
Recapitulation

Exercises

Introduction

Important Terminology
M-space

Riesz Holder Inequalities
Minkowski’s Inequality
Schwarz’s Inequality
Solved Problems
Recapitulation

Exercises

Introduction

Important Terminology

Product Measure

Tonelli’s Theorem

Fubini’s Theorem

Signed Measure

Positive, Negative, Null Sets and a Set of Measure Zero
Singular Measures, Jordan Decomposition and
Absolutely Continuous Measurable Function
Hahn Decomposition Theorem
Radon-Nikodym Theorem

Lebesgue Decomposition Theorem

Solved Problems

Recapitulation

Exercises

107
107
109
110
116
117

119
119
122
127
129
131
133

135
136

138
138
139
140
140
142
142

143
144
145
148
149

149
151






1

CHAPTER

Countability of Sets

1.1 INTRODUCTION

Set theory has a great importance in the study of mathematics and
computer sciences. German mathematician Georg Cantor (1845-1918)
introduced the idea of set theory. The concept of set theory has a great
contribution in analysis. In 1874, George Cantor discussed the term
countable set. Countable sets have an important place in the branch of
mathematics known as real and discrete mathematics.

In this chapter we shall discuss some introductory concepts of
analysis such as Sets, Relations, Equivalence relation, Well ordering,
Partial ordered relation, Zorn” Lemma, Axiom of choice, Schréder-
Bernstein’s equivalence theorem functions, Open and closed sets,
Bolzano-Weierstrass theorem, Finite and infinite set, Cardinal number
and cardinality of a set, Countable and uncountable sets, Ordered pairs,
Ordinal numbers, Cantor’s theorem, Continuum hypothesis, Algebraic
number and Transcendental number.

1.2 IMPORTANT TERMINOLOGY

Before discussing the countable and cardinal number of sets, we shall
discuss certain necessary preliminaries.

1.2.1 Sets

A set is a well defined collection of objects. The objects in a set are known
as members or elements or points. Suppose A is a set and 4 is an element
of A, then we write a € A (a belongs to A). If 2 is not an element of A, then
we write a ¢ A (a2 does not belongs to A). Let A be the set A={1,3,5,7,9}.
Herele A,3€A,5€A,7€A,9e Abut2¢ A. The form of presentation
of above set A is known as tabular method or roster method. Also A can be
written as A = {x | x is an odd positive integer and x < 11}. It means that
A is the set of all odd positive integers which are less than 11. This form
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of presentation of set A is known as set-builder method or rule method.
For example, the set consisting of all the letters in the word “DELHI" can be
written as {D, E, L, H, I} or {x |x is a letter in the word “DELHI"}.

A multi set is an unordered collection of objects in which an object can
appear more than once. For example, B = {a, a, b, b, b, c}. Here a appears
two times, b appears three times and c appear one time. A set is said to
be empty set or null set or void set if it contains no element. It is denoted
by ¢ or {}. For example, P = {x|x is a real number and x>=-1},Q = {x|x
<xjand R = {x|x el and 1 < x < 2}. Here P, Q and R are empty set. A
set is said to be singleton set or unit set if it contains only one element.
For example, S = {xﬁ x is a positive integer and x* =4} and T = {0}. Here
S and T are singleton set. Let A and B be any two sets. If all the element
of A belongs to B, then A is said to be subset of B. It is denoted as Ac B,
read as “A is a subset of B” or “A contained in B”. For example, A =
{a, b, c}. Then ¢, {a}, {b}, {c}, {a, b}, {a, ¢}, {b, c}, {a, b, c} are all subset of A.
Let A and B be any two sets. Then A and B are said to be disjoint sets if
they have no common elements. For example, A = {1, 3, 5, 7} and B =
{2, 4, 6, 8}. Here A and B have no common elements. Therefore A and
B are disjoint sets. Let A and B be any two sets. If all the elements of
A belongs to B and all the elements of B belongs to A, (i.e., A < B and
B c A) then A and B are said to be equal set and written as A = B. For
example, A ={N,, R, A,N,J,A, Nyand B={N, I, R, A, J}. Here A and
B are equal set, i.e., A = B.

Let A and B be any two sets. Then A and B are said to be comparable
if all the elements of A belongs to B or all the elements of B belongs to
A (ie, AcBorBc A).Butif Az Bor B¢ A, then A and B are known
as non-comparable set. For example, A = {1, 2,3,4,5,6,7,8}, B=1{1, 3,
5 7band C=1{2,5,6,7, 9}). Here A and B are comparable set; A and C,
and B and C are non-comparable set. A set under consideration in the
problem is a fixed set in which includes each given set known as universal
set. For the sets of numbers, the set of complex number (C) will be the
universal set. It is denoted by U. If a set contains a number of sets as
its elements then it is known as set of sets or family of sets or class of sets.
For example, A = {{a}, {a, b}, {a, b, c}, {a, b, ¢, d}, {a, b, c, d, e}} and B = {{0},
{0, 1}, {0, 1, 2}}. Here A and B are set of sets. Let A be any set. The power
set of A is the set of all subsets of A. It is denoted by P(A). For example,
A =1{a, b, c} be the set. Then P(A) = {¢, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},
{a, b, c}}. The number of elements in a P(A) is 2 raised to the cardinality
of A i.e., Number of P(A) = 22 1f A = {a, b, ¢}, then number of P(A) =
2% = 8. Index set is a set whose elements are used as names. It is usually
denoted by A. An index set may be finite or infinite. For example, {a, b,
¢.....;, {a, B, 7, .....} are index sets.

Let U be the universal set. The complement of a set A with respect to
U is the set of elements which belong to U but do not belong to A. It is
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denoted by U — A or Aor A’or A° and is defined as A = {x: x € U and x
¢ A}. For example, U=1{1,2,3,4,5,6,7,8,9}and A={1, 3,5, 7, 9}. Then

A=1{2,4,6,8}]. Another example, U = {x: x is a letter in English alphabet}

and A = {x: x is a vowel}. Then A = {x: x is a consonant]}.

Let A and B be any two sets. The union of A and B is the set of all
elements which belong to A or to B. It is denoted by A UB = {x:x € A
or x € B}. For example, A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}. Then
AuB=11,23,4,5,6,8,10}. Let A and B be any two sets. The intersection
of A and B is the set of elements which belong to both A and B. It is
denoted by A N B = {x: x € A and x € B}. For example, A = {1, 2, 3, 4, 5}
and B = {2, 4, 6, 8, 10}, then A N B = {2, 4}. Let A and B be any two sets.
The difference of A and B is the set of elements which belong to A but do
not belong to B. It is denoted by A-Bor A~ Bor A/B = {x: x € A and
x ¢ B}. For example, A=1{1,2,3,4,5,6}and B=1{3,4,5,6,7,8}. Then A -
B={1,2}and B-A = {7, 8}. Let A and B be any two sets. The symmetric
difference of A and B is the set of elements which belong to A or B but
do not belong to A and B. It is denoted by A @ B and defined as A © B
={x:(xeAandx¢B)or(xgAandxeB)lorA®B=(A-B)u (B-A).
For example, A=1{1,2,3,4,5}and B={1,3,5,7). Then A® B = (2,4, 7}.

An ordered pair is represented by (a, b) in which a is first element and
b is second element. Let (a, b) and (x, y) are two ordered pairs. Then we
have (a, b) = (x, y) if a = x and b = y. Let A and B be any two sets. The
Cartesian products of A and B is the set of all ordered pairs (a, b) such
thatae Aandbe Bie, AxB={(a,b):acA,beBland BxA={(b,a):b
€ B, a € A}. For example, Let A= {a, b}, B={1,2, 3}. Then AX B = {(a, 1),
(a,2),(a,3), (b, 1), (0, 2), O 3)}and Ax A ={(a, a), (a, b), (b, a), (b, b)}.

In general, if A;, Ay, As, ... A, are n sets then the product set of all
these setsis Ay X Ay X A3 X ... X A, ={ay, a5, a5 ..., a,) : a1 € Ay, a,€ Ay, a3
€A ....,a,€ A,

Note:
1. If one of the two sets is infinite and the other is non-empty then
the Cartesian product of two set is also infinite set.
2. Cartesian product of two set is not commutative.

1.2.2 Relations

In our day to life, a word used relation means something like as marriage
and friendship, etc. “Is the mother of”, “is the father of”, “is the sister
of”, “is the brother of”, “is the friend of”, are all relations over the set
of men. Similarly, “is equal to”, “is less than”, “is greater than”, “is the
divisor of” are relations on the set of numbers. In this book we study
binary relations. A binary relation is the relation between two objects. For

example, “is the son of” is a relation between two men a and b. Therefore
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the binary relation involves certain ordered pair (a, b) in which the first
element 7 is related to the second element b. Let A and B be any two sets.
A relation R from a set A to set B is a subset of A x B and defined as xRy
if and only if (x, y) eR,xe Aandye Bor xRy & (v, y) e Rand x-y <
(x,y) R, xRy reads “x is R-related to y”. For example: Let A = {a, b, c} and
B=1{1,2,3}. Then R ={(a, 1), (a, 2), (b, 2), (c, 3)} is a relation from A to B.

Let R be a relation from a set A to a set B. Then R from B to A is
known as the inverse relation of R if and only if R™! = {(y, x) : (x, y) eR}.
For example: Let A = {1, 2, 3} and B = {2, 4, 6}. Then R ={(1, 2), (1, 4), (2,
4), (3, 6)} is a relation from A to B and R™! = {(2, 1), (4, 1), (4, 2), (6, 3)}
is a inverse relation from B to A. Let A = {a, b, ¢} be any set. Then a
relation R on a set A is known as an identity relation if R = {(a, a) : a € A}.
For example: Let A = {a, b, ¢, d}. Then R = {(a, a), (b, b), (¢, ¢), (d, d)} is an
identity relation on A. Let A = {a, b, c} be any set. Then a relation R on
a set A is known as universal relation if R = A X A or R = {(a, a), (a, b), (a,
b), (b, a), (b, b), (b, ¢), (c, a), (¢, b), (¢, c)} is a universal relation on A. For
example: Let A = {a, b}. Then R = {(a, a), (a, b), (b, a), (b, b)} is a universal
relation on A.

A relation R on a set A is known as reflexive relation if and only if
aRa, Va € A. A relation R on a set A is known as symmetric relation if
and only if aRb = bRa V(a, b)eR. A relation R on a set A is known as
anti-symmetric relation if and only if aRb, bRa = a =b V(a, b) e R. A
relation R on a set A is known as transitive relation if and only if aRb,
bRc = aRc, (a, b, ce A). For example: (i) In R, the relation “is equal to”
is reflexive, symmetric and transitive. (ii) In R, the relation “less than”
is anti-symmetric and transitive. (iii) The relation “is the friend of” on
the set of all human beings is reflexive. (iv) the relation “less than”,
“greater than”, “is the father of”, “is the wife of” on the set of people are
not reflexive. (v) The relation “a divides b” on set of natural numbers is
anti-symmetric for a divides b and b divides a if and only if a = b. (vi)
The relation “is the brother of” on any set of men is transitive for a is
brother of b, b is brother of ¢ then a is brother of c. (vii) The relation “is
the father of” is not transitive.

1.2.3. Equivalence Relation

A relation R on a set A is known as an equivalence relation if and only if
it is reflexive, symmetric and transitive. Equivalence relation is denoted
by ~. For examples: the relation “is the brother of”. On any set of men,
“is equal to” on the set of numbers are all equivalence relation. Let R be
an equivalence relation on a set A. Let a be any arbitrary element of A.
The set of all element x € A such that x Ra constitute a subset of A (say
[a]). Thus subset [a] is known as equivalence class of a with respect to R,
denoted as [a] = {x : x € A and xRa}.
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Arelation which is transitive but not an equivalence relation is known
as an order relation. If R is an order relation on a set X, then xRy and yRz
= xRz, V x,y, z € X. Arelation R on a set X is said to be a partial order
relation if it is at the same time (i) Reflexive (ii) Anti-symmetric and (iii)
Transitive. It is denoted by the symbol <. A set X together with a partial
order relation defined on it, i.e., (X, <) is known as a partial ordered set.
For example, the relation “x divides y” on the set of natural numbers is a
partial order relation. The relation “sub-set of” on the set of all sub-sets
of a set is a partial order relation.

1.2.4. Well Ordering, Partial Ordered Relation and
Zorn Lemma

A partial ordered set is said to be well ordered and its ordering is known
as a well ordering if every non-empty subset of it has a smallest element.
For example, every finite set is well ordered but the set {..., 5, 4, 3, 2, 1}
is not well ordered because it has no first element. Well ordering theorem
state that every set can be well ordered. For example, the empty set is
well ordered.

Let (X, <) be a partially ordered set. An element p in X is said to be the
largest element of X if x <p for every x in X. An element p in X is said to
be the maximal element of X if p < x = p = x for some x € X. Similarly
an element g € X is said to be the smallest element of X if g < x for every
x in X. An element g € X is said to be the minimal element of X if x < g
= x = g for some x in X. Let (X, <) be a partially ordered set and let A
be any non-empty subset of X. An element / € X is said to be a lower
bound of A if I < x for every x in A. Similarly, an element u € x is said to
be an upper bound of A if x < u for every x in A. For example, Let N be a
set of all natural numbers and let A = {5, 10, 15, 20, 25}. Obviously, 5 is
a lower bound of A for 5 <x, V x € A. Also 25 is an upper bound of A for
25> x, V x € A. Hence, 5 is the greatest lower bound and 25 is the least
upper bound of A.

According to Zorn’s lemma, if X is a partially ordered set such that
every totally ordered set in X has an upper bound, then X contains a
maximal element.

Note:
1. If R is a relation from A to A then R is known as relation on A.
2. A binary relation on a set A is a subset of A x A.
3. Every relation has an inverse relation.
4. Let A=1{1, 2, 3, 4} and R be the relation > (is greater than). Then
we have,
R = {(2/ 1)/ (3, 2), (3/ 1)/ (4r 3)/ (4/ 2)/ 4, 1)}
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1.2.5 Axiom of Choice

Suppose {A,:0e A} is a non-empty family of non-empty subsets
of aset P. A function f: {A, :axe A} —> P is called a choice function, if
f(Ay)=a, €A, for everyae A.

The axiom of choice is equal to the following postulate know as
Zermelo’s postulate:

Consider {A, :a €A} is any non-empty family of disjoint non-empty
sets. Then there exists a subset S of U {A, : @ € A} such that the intersection
of S and each set A, consists of exactly one element.

1.2.6 Schrioder-Bernstein’'s Equivalence Theorem

If A and B are two sets such that A< B and B< A, then A ~ B. OR
IfAjcBcAandif A ~ A; then A~B.

Proof: Suppose if A is equivalent to A;, then there exists a one-one onto
function f from A — A;. Also it is given B c A, so f to B is also one-one.
This means that the B is equivalent to a subset B; of A;. Therefore the
function f: B — B is one-one and onto, and so B~ B;. Continuing in this
way we get the equivalent sets A, Ay, Ay, ... and B, By, B, ... such that

A>DB>A|DBiDADB,DA; ...

Suppose T=ANBNA NBNA,NB,NA; ...
Thus wehave A=(A-B)u(B-A) U (A;-B)uBi-Ay)u..uT
B = (B—Al) |\ (Al_Bl) |\ (Bl—Az) U...uT
Now define a mapping g: A — B such that
g(A-B) =A;-B;
g(A1—-By) =A,- B,
§(Ay—By) = A3—Bs

gB-A) =B-4A
§(B1—-Ay) =B1- A

g =T.
Thus the mapping ¢ is one-one and onto. Hence A ~ B.

1.2.7 Functions

Let A and B be any two non-empty sets. If there exists a rule or a
correspondence f which associate each element of A has a unique image
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in B then fis a function or mapping from A to B. This mapping is denoted

byf:A—BorA —L 5 B. Here the set A is known as domain and the set
B is known as co-domain of the function f. For example, Let A = {1, 2, 3},
B=1{2,4,6,8 and f: A — B is defined as

A B
f
1 2
2 \' ( 4
3 6
8
Domain Co-domain

Here range is {2, 4, 6}. Range is a subset of co-domain.

A function f: A — B is called one-one if x;, x, € A, we have x; = x, =
f(x1) =f (xp) or x1 # x, = f(x1) #f (xp). For example, Let A = {1, 2, 3}, B =
{a,b,c,d} and f: A — B is defined as

A B
f
1 a
2 b
3 l l c
d
Domain Co-domain

Here f is known as one-one function and range of f is {a, b, c}.

A function f: A — B is said to be many-one if at least one element of
B has two or more than two pre-image in A. For example, Let A = {1, 2,
3,4}, B=1{a, b,c,d} and f: A — B is defined as

A B

Domain Co-domain

Here f is known as many-one function and range of fis {a, b, c}.

A function f: A — B is said to be into if there is at least one element
of B, has no pre-image in A. For example, Let A =1{1, 2,3}, B={a, b, ¢, d}
and f: A — B is defined as
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A B
f
1 a
2 b
3] | ~c
d
Domain Co-domain

Here one element d of the set B has no pre-image in the set A. Then f
is known as into function and range of fis {a, b, c}.

A function f: A — B is said to be onto if there is no element of B, which
is not an image of some element of A. For example, Let A {1,2,3}, B = {a,
b, c} and f: A — B is defined as

A B
f
1 a
2| [ b
3—] | ~c
Domain Co-domain

Here f is known as onto function and range of fis {a, b, c}.

Let f: X = Y be a one-one onto mapping and f (x) =y, Vxe X, VyeY.
Now we define a mapping f':y — X such that f ' (y) =x, Vx e X, V
y € Y, where f™ is called the inverse of f. Here f is invertible mapping
because inverse of f is exists. Let X be any subset of Y.

A B
f

1 1

2 \' ( 2

3 3

4

% y

Then the mapping f : X — Y is said to be inclusion mapping if f(x) = x,
VxeX. f: A— Bis defined as

Let f: X — X be a mapping. Then fis said to be identity mapping if f (x)
=x, V x € X. Amapping f: X — R, where R is the set of real numbers,
is known as real valued mapping. Let f : X — Y be a function. Then f is
said to be constant function if f (x) =a, V x € X i.e., a functionf : X - Y'is
known as constant function if each element of X is mapped onto a single
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element of Y. The function f: X — Y'is known as zero function if the image
of each element of X under fis zero i.e., f(x) = 0.

A mapping f is said to be injective (or injection) which is either one-
one into or one-one onto. A mapping f is said to be bijective (or bijection)
which is both one-one and onto. Let f: X — and g : X — Y be two
mapping. Then the mapping f and g are said to be equal mapping if and
only if f (x) = g(x) V x € X. In case of equal mappings, the domains of
mappings must be the same.

Letf: X - Yand g: Y — Z be any two functions. Then a function
gof : X — Z is defined as gof = g[f(x)], Vx € X is known as composition of
functions. For example, Let f(x) = x*, g(x) = x + 3, Vx € R. Here gof = ¢[f(x)]
=g(x*) =x* + 3 and fog = flg ()] = f(x + 3) = (x + 3)* = x* + 6x + 9.

Theorem 1.1: Let f: X — Y be a one-one and onto mapping, then f: Y
— X is also a one-one and onto mapping.

Proof: Suppose f: X — Y is a one-one and onto mapping. To show that
f':Y — X is a one-one and onto mapping.
Let x;, x, € X and ¥, y, € Y such that

fx) =w
and f(x2) = y2
If f! denotes the inverse of f, we have

f 1) =xand () = x,

Now we have

) =)

= X1 =Xy
= f(x1) = f(xo) (because f is one-one)
= Y1 =Ya

Therefore f ' is a one-one mapping. Again ! is also an onto mapping
for each element x € X is the inverse image of the element y € Y, where

y=f(x).

Hence, the mapping f! : Y — X is always a bijective mapping.

Theorem 1.2: Let f: X — Y and, A, B c X then

() FIA U Bl =f(A) Uf(B)

(i) fIA " Bl <f(A) A f(B) But fIA " B] % (A) N f (B).
Proof:

(i) Suppose y € f[A U B]

= y = f(x) for some x € AU B

Le., y =f(x) for somex e Aor x € B
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(ii)

Now xeA = yef(Ah)
And xeB = yef(B)
Hence, y € f[A U B]
= yef(A) v f(B)
fI(A U Bl < f(A) L £(B) (1.1)
Now, if y € f (A) U f(B)
=  eithery e f(A) or y € f(B)
Ify e f(A)
= there is an x € A such that y = f(x)
yef(AuB)
Ity € f(B)
= there is an x € B such that y € f(x)
yef(Au B).
Hence, ye f(A) U f(B)
= y ef[AuU B]
f(A) Uf(B) cfIA L B (1.2)
Using Eqns. (1.1) and (1.2), we get
FIA U B = f(A) U (B).
Suppose y € f[A N B]
= y=f(x) forsomex e ANB
Since, xe A = f(x)ef(A)andxeB
= f(x) ef(B)
Hence, x e AnB
= xeAandxeB
= f()ef(A) and f(x) e f(B)
= f(x) € f(A) N f(B)
- f(An Bl cf(A) N f(B)
Now to show that
fIA A Bl % f(A) A f(B)
Consider a mapping f : R — R such that
fx) =
Let A=[-1,0]and B = [0, 1]
Then A N B = {0} so that f [A n B] = f(0) = {0}
But f(A) = [0, 1]; f(B) = [0, 1]
- fA)nfB)=10,1]
Hence, f(A n B] # f(A) N f(B).
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Theorem 1.3: To show that composite of mappings is associative

Proof: Consider the functions f: X - Y, ¢:Y > Zand h:Z — W.
To show that ho(gof) = (hog)of
Suppose x € X, then we have
[ho(gof )I(x) = hl(gof)(x)]
= hlg(f(0)] G f(x) = y)
=hlgw)] (@) =2)
= h(z) (1.3)
Now we have
[(hog)of 1(x) = (hog)L f ()]
= (hog)(y) (if flx) =y)
=hlgy)] (fg(y) = 2)
= h(z) (1.4)
Using Eqns. (1.3) and (1.4), we have
ho(gof) = (og)of

Hence, the composite of mappings is associative.

Theorem 1.4:If f: X — Y and g : Y — Z be one-one and onto mappings
then gof is invertible mapping and (gof )™ = flog™".
Proof: Consider f: X — Y and g : Y — Z both are the one-one onto

mapping. First we show that got is invertible, i.e., gof is one-one onto
mapping because a one-one onto mapping is always invertible.

Let x1, x, € X, we have (gof)(x1) = (g0of)(x2)

= 8(f(x1) = g(f(x2))
= f(x1) = f(x2), for g is one-one
= X1 = X, for f is one-one.

Hence, (g0f)(x1) = (gof)(x2)
= X1 = X, which show that gof is one-one.

Now let z € Z. Since g is one-one onto mapping and therefore exist
one and only one element y € Y

such that g(y) = z.

Again f is one-one onto, there exist a unique element x € X such that

f) =y,

(80f)(x) = &(f(x))
=38(y)
=z

i.e., g of is an onto mapping.
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Now we show that
(gof =f"og™"
Given that
f:X->Y, g:YZ
gof : X =7, (gof)':Z—>X
fliy X, g¢gliZ->y
flogt:Z - X
We have (gof)(x) =z = x=(gof)'z (- got is one one-one onto)
fx)=y = x=fy) (- fis one-one onto)
¢gy)=z = y=g'(z) (- gisone-one onto)
(flog™@ =f7)@)
=W

=X

= (g0f)7'(2)
Hence, (f Yog™)(z) = (gof ) }(z) Vz € Z

Here fog™! and (gof)™ both the mapping have the same domain z.
Using definition of equal mapping, we have

(gof)™ =flog™".

1.2.8 Open and Closed Sets

A subset of real numbers of the form {t € R: a < t < b} where a, b € R
and a < b, is known as open interval. It is denoted as (a, b) or [a, b]. A
subset of real numbers of the form {t € R: a <t < b} where a, b € R and
a < b, is known as a closed interval. It is denoted as [a, b]. A subset of
real numbers of the form {f e R: a <t < b} wherea,beRand a < b, is
known as a closed-open interval. It is denoted as [a, b] or [a, b]. A subset X
of R is said to be U-open (or open) set if (i) X = ¢ or (ii) if X # ¢ then for
each x € X there exists an open interval I such that x e I and I € X. For
example, every open interval is an open set. A finite set is not an open
set. Suppose x is a real number. A subset N of R containing x, is said
to be a neighbourhood of x if N contains an open interval containing x.
Hence, N € R is a neighbourhood of x if and only if there exists an open
interval (4, b) such that x € (4, b) € N. For example, every open interval is a
neighbourhood of each of its point. Let A be a subset of R. A point x € R
is known as limit point of A if and only if every open set X containing x
contains at least one point of A other than x, i.e,, X is open, x e X = A
N [X — {x}] # ¢. The set of all limit point of a set A is said to be derived
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set of A. It is denoted by A’. A subset A of real number R is known as a
closed set if and only if complement of A is an open set.

Let A be a subset of R. A point x € A is known as adherent point of A if
and only if every neighbourhood of x contains at least one point of A. A
point x € A is known as isolated point of A if an only if it is not an limit
point of A. A set A is known as discrete set if each point A is an isolated
point of A. Let A be a subset of R. A is known as dense-in-itself if and
only if every point of A is a limit point of A. A subset A of R is known
as perfect set if and only if A = A”. Let A be a subset of R. Then the set of
all adherent points of a given subset A of R is known as closure of A. It
is denoted by A.Hence, A= AU A’. Let A be a subset of R. A point x
€ R is known as interior point of A if A is a neighbourhood of x. A is the
neighbourhood of x if and only if there exist an open interval (4, b) such
that x € (a, b) c A. Therefore, an interior point of a set A belongs to A.
The set of all interior point of A is known as interior of A. It is denoted
by A°. Let A be a subset of R. A point x is known as an exterior point of
a subset A if x has a neighbourhood N such that N c R — A. Hence, if x
is an exterior point of A then x is an interior point of R — A. The set of all
exterior point of a set A of R is known as exterior of A and denoted by
e(A). Let A be a subset of R. A point x is known as a frontier point of A
if every neighbourhood of x contains at least one point of A and at least
one point of R — A. The set of all frontier points of A is known as frontier
of A. It is denoted by F(A). An exterior point of A which is also belongs
to A, ie., x e Ane(A) is known as a boundary point of A.

1.2.9 Bolzano-Weierstrass Theorem

Every bounded infinite set of real numbers has at least one accumula-
tion point.

Proof: Consider A is a bounded infinite set of real numbers R. To show
that A contains at least one limit point of A. Itis given that A is a bounded
subset of R, so it may be contained in a closed interval [a, b] i.e., A C

+b
[a, b] = I; (say). Now suppose I; divided into two intervals, [a, QT}

and [%, b}. Since A is finite therefore I; if infinite and also one of the

2 2

Suppose [a;, b;] be one of the above two intervals which contains
infinite number of elements of A. Continuing this process, we get a
sequence of closed intervals I}, I, I, ... such that ; o [, > I35 ... and each

b b
closed intervals [a, ax } and [a+ , b} is infinite.

interval I,, contains infinite number of points of A. Clearly the length of
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a->b

o

interval I, = Thus lim|I,| = 0. Using the nested interval property of

the real numbers there exist a point [ in each interval I,,. Here we prove
that [ is a limit point of A. Suppose (p, ) be an open interval containing
the point I. since lim|[,|=0 there exists a positive integer r such that
II,|<7 in (I - p, g - 1), then the interval I, is a subset of the open interval
(p, q), since I, contains an infinite number of points of A. Hence, each
open interval containing / contains points of A other than / and so [ is a
limit point of A.

1.3 FINITE AND INFINITE SETS

Finite sets are very important for the study of combinatory theory of
counting. Asetis said to be finite set if it contains finite number of elements,
otherwise it is infinite. Let A be the set of all students of an engineering
college, B is the set of vowels and N is the set of natural numbers. Here
A and B are finite set and N is infinite set.

1.4 CARDINAL NUMBERS AND ITS ARITHMETIC WITH
CARDINALITY OF A SET

The cardinal number of a finite set is the number of elements contains
in it. For any set A the cardinal number is denoted as #(A). Hence, the
cardinal number of the null set is zero and the cardinal number of a
100-elementic set is 100. Every cardinal number of a set is sometime
called its power. If P is any finite set consisting of p element then its
cardinal number is defined as p. The cardinal number of ¢ is defined as 0.
A cardinal number corresponding to a finite set is called a finite cardinal
number. A cardinal number corresponding to an infinite set is called a
transfinite cardinal number.

Let P and Q be any two sets with cardinality p and g. Such that their
intersection is empty i.e., |P|=p, |Q|=¢, P Q= ¢. Then the sum of and
is defined as p+g=|PuUQ|.

For Example, If A={1,2},B=14,5,6,7}, then |A|=2, [B|=4 and
ANB=¢ sothat|[AUB|=|A|+|B|=2+4=6. Also AUB={1,2,4,5,6,7)
and |AUB|=6. For Example, Let A={a,b,c},B={a,b,q,7,s}. Then
AUB=la,b,c,p,q,r1,8}ie, |AUB|=7.

Evidently | A| =3, |B| =5 and AnB#¢. By definition, we have
|AUB|#|A|+|B| = 7#3+5. This example show that AnB=¢ is a
necessary condition for defining the rule |A U B|=|A|+|B|.

The product of cardinal number p and g as p X q=|P xQ|. For Example,
LetP={a, b}, Q=1{0,1,2,3}.Then |P|=2,|Q|=4, PnQ # Q. Bydefinition,
we have |P><Q|=2><4=8.
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Now |PxQ|=]i(a,0),(a,1),(a,2),(a,3),(b,0),(b,1),b,2), b, 3)).

Let A be any finite set. The number of distinct elements contained
in A is known as cardinality of the set A. It is denoted by n(A) or |A].
For Example, Let A be the set A={1, 2, 3,4,5,6,7}. Then n(A) =7. For a
empty set, n(¢) = 0.

Note: Every property of additional and multiplication of natural
numbers is not true for cardinal numbers in general. For example,
a+a=a does notimply a =0;a-a=a=1.a does not imply a = 1. This
proves that cancellation law is not true for the operations of addition
and multiplication of cardinal numbers. In a finite set, the number of
elements is a natural numbers and known as cardinality of a set.

1.5 COUNTABLE AND UNCOUNTABLE SETS

A set which is either finite or denumerable is called a countable set. An
infinite set is said to be denumerable or enumerable if it equivalent to
the set N, the set of all natural number. For example, Let A = {1, 2, 3, 4,
5, 6, 7}. Then A is finite so that by definition A is countable. A set A is
called on uncountable set if A is an infinite set and A is not cardinally
equivalent to N. For example, R and C are uncountable sets. Here we
state the following theorem without proof:

1. Every infinite set contains an enumerable set.
2. The open interval (0, 1) is not an enumerable.
3. The set of all irrational numbers is uncountable.

1.6 ORDERED SETS AND ORDINAL NUMBERS

A set X is said to be an ordered set if any order relation exist between
every pair of distinct elements of set, i.e., for any two elements a and
bsuchthat (()a<borb<aifa#band (ii)a<borb<c=a<c.For
example, the set of natural numbers and the set of integers are ordered
sets, according to increasing or decreasing their magnitude.

Georg Cantor discussed the Ordinals numbers in 1883. Ordinal
numbers are the extension of the natural numbers which is different
from integers and cardinals numbers. Ordinal numbers can be added,
multiplied, and exponentiated. An order type which is represented by
well ordered set is known as ordinal number. The ordinal number of
singleton set is 1. An ordinal number is a special type of well ordered set.

Note:
1. Subset of an ordered set are ordered set.
2. An empty set is an ordered set.
3. A singleton set is an ordered set.



16 Measure Theory and Integration

1.7 CANTOR’S THEOREM
To prove that |A| <|P(A)|for any set A.
Proof: Let A be any set.
To prove that |A|<|P(A)|
Write B; ={{x}:x e A}
Then (i) B; € P(A) and (ii) B; ~ Aunder the map {x}— x

By| <|P(A)| (1.5)
B|=|A|=|A|<|P(A),

i =
(i) =

on using (1.5) remains to prove that
|Al=|P(A)] (L.6)

Suppose not, then |A|=|P(A)| which = A~ P(A) so that 3 one-one
map

FiA onto P(A) (1.7)
Take B={xe A:x¢ f(x)} (1.8)
If xe A= f(x)eP(A) by Eqn. (1.7)

= f(x) c A since P(A)is the family of all subsets of A.

Also Bc A according to Eqn. (1.8).
Thus we have BC A, f(x)c A for any x € A.
This implies there exists a€ A such that f(a)=B.
oeA = oeB or oeB.
Consider the case in which a€B (1.9)
Now e A = oaeB
= o ¢ f(B) according to Eqn. (1.8)
= o¢gB contrary to Eqn. (1.9) [ f(e)=B]
. The possibility o€ B is ruled out.
Consider the second possibility in which o ¢ B (1.10)
NowoeA = oaeB
= o¢f(o) {* f(ox)=B}
= o €B according to Eqn. (1.8) contrary to Eqn. (1.10).

. The possibility a¢ B is also ruled out it among to saying.

a€ A does not imply oce B or or¢ B. Again we get a contradiction.
It means that our initial assumption is wrong. This means that Eqn.
(1.6) is true.
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1.8 CONTINUUM HYPOTHESIS

It is guessed that there is no cardinal number between a and c. Hence ¢
is supposed to be the second transfinite cardinal number. But, there are
other cardinal number bigger than c. Such as card P(R) > c.

1.9 ALGEBRAIC NUMBERS

A real number is said to be an algebraic number if it is a solution of a

polynomial equation p(x)=a,+a;x+ a,x*+...a,x"=0,a,#0 with
integral coefficients. The set of al algebraic numbers is enumerable.

1.10 TRANSCENDENTAL NUMBERS

A real number which is not “algebraic” is called a transcendental number.
The number ¢ and 7 are the best know transcendental numbers. The
number e and 7 were proved to be transcendental, respectively by
Hermite in 1873 and by Lindemann in 1892.

Note:

1. The set of all transcendental numbers is non-enumerable.
2. Every transcendental number is irrational but the converse is not
true.

Theorem 1.5: To prove that |Ax B|=|B|+|B|+|B|... to |A| terms.

Proof: Let A and B be any two sets. We have
AxB={(x,y):xe A, yeB}

= Ul{x,y}:yeB
xeA
Then |AxB|= UA{(x,y):yeB} (1.11)

For a fixed x € A, consider the mapping
f:B={(x,y):yeB}

given by f(y)=(x,y),VyeB

Evidently f is one-one onto. Then B~ {(x,y):y € B}

This = |B|=|(x, y):y € B|

In this event Eqn. (1.11), show that

|AxB|=|B|+|B|+...to|A| terms.
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Verification of the Theorem
Let A={L 2}, B={1,2,3}
Then |A|=2, |B|=3 =  |AxB|=2-3=6
AxB={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3)}
If we take A; ={(1,1),(1,2),(1,3)} and B, =1{(2,1),(2,2),(2,3)}
Then AxB=A,UB,, A{NnB;=¢.
Thus |AxB|=|A; UB,| ie., 2-3 =3+ 3.

Theorem 1.6: If & by any cardinal number, then a<|A|<a = |Al=a

Solution: Let & be any cardinal number.
Let a<|A|< e

To prove that |A| =«

Let a=|B|. Then we have to prove |A|=|B| which is equivalent to
proving that A ~ B.

a<ldl = |B</4

= B~ toasubsetof A

or B~A (1.12)

So we have,

Al<a = |Al<|B]
= A ~to asubset of B

or A~B (1.13)
Using Eqns. (1.12) and (1.13), we have
A =[B| = o

Theorem 1.7: Every subset of a countable set is countable.

Proof: Let A be a countable set.
Then A is either finite or enumerable.

(i) When A is finite. Then every subset of A is also finite and so is
countable.
(ii)) When A is enumerable. Then A can be written as

A={xy,xy,...} (1.14)

Let B be a subset of A

(i) If B=¢ then evidently B is countable.
(ii) If B#¢then B is expressible as B={x,;,%,,, ...} where x,, € A.

Evidently A is enumerable by Eqn. (1.14).
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Theorem 1.8: The set of all real numbers in the closed interval [0, 1] is
not denumerable.

Proof: Let A denote the set of all real numbers in the closed interval
[0, 1]. So we have
A={xeR:0sx<1}=[0,1].

To prove that A is uncountable. Suppose not. Then A is countable.
=every element of A must appear in the sequence x;, x,, X3..., x
of distinct element, i.e.,

A={x1, xZ, .X3,} (115)

neer

Write decimal expansion of those x;] as follows:

xl = 0.x11 x12 x13 x14 xlm
x2 = O.le x22 x23 x24 xzm
X = 0.X,0 X0 X3 Xopd oo Xy«
Where X € {0,1,2,3,4,5,6,7,8,9},Vi and j and each decimal con-
tains an infinite number of non-zero elements. We can write 1 and 1/2
in two ways as given below:

1=1.0000...
l=0.5000...
2

1=0.99999...=0.9
and 1 (1.16)
5= 0.49999...=0.49

But in the present case we shall write the decimal representation of
the elements A in the from (1.16).

Construct a real number & =0.5,6,&5......... &, such that
If x;; =5, write &, =4

And if xy; #5, write £, =5

In general if X, =5, write §,, =4

And if x,,, #5, write £, =5

In either case, it is clear that x,,, # &,,, Ym (1.17)
Since, &,, =4 or 5, Vm
Eel0,1] ie, €A (1.18)

Xm = 5 = O'xml’ me xm3 = 0'61‘52‘53

= X, =&, Vm
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Contrary to Eqn. (1.17), we have
X, =&, Vm
In this event Eqn. (1.15) show that & ¢ Acontrary Eqn. (1.18). Hence
the required result follows.

Theorem 1.9:
(i) If A; is countable infinite set then UA is countable infinite and
hence deduce that na=a. i=1

(ii) If A; is countable infinite set for i =1, 2, 3... then | J A is countable
i=1
infinite and hence deduce that a+a+a+...+ to terms =a
or
Union of countable collection of countable set is countable

Solution:

(i) Let A; be a countable infinite set. Let A=|JA;. To prove that A is
countable infinite. i=1
Let the elements of A; be displayed as

Ay, ap, Mg, 0y
Ay iy, 0y, 003, .y Oy, e
Az iy, 05,055, ..., 03,, ..
Write B={a11,{112,...a1n,...;1121, Ayoy eyt anz,...}

The set B considered as the set of distinct element is countably
infinite

|B|=a (1.19)

If A;nA;j=¢ for i# jthen evidently |A|=|B|=a
If A;nA;#¢ for i# ], then A is equipollent with some subset of B.

This =|A|<|B|=4a or |A|<a (1.20)
But Ay c Aand Ay =4
=|Ay|<|A] or a<|A| (1.21)

Combining Eqns. (1.20) and (1.21), we get
a<|Al<a which =|A|=
. In either case |A|=a. This proves the required result.

Deduction. Further assume that A, A;=¢ fori#jandij=1,2,
3, ... n. Then by what we have estabhshed it follows that |A|=a
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OAiZﬂ or X |Al=a
i=1 i

or a=a=--+tonterms=a
or na=a

Let A; be a countable infinite set, and A= U A; to prove that A is
countably infinite. j=1
Let the elements of A; be displayed as follows:

Aliay, 00,003 e, Ay e

Ay i1y, 000,003, 0ny s -

Ay, 0,0,8,5 ey Oy e

First we shall assume that A;NA; =¢ for i#].

Divide the elements of A into blocks such that m™ block contain
m elements and a; will be in m™ block iff i+j=m+1 within the
m™ block the second suffix j of a;; increases from 1 to m.

Thus A can be expressed as

A={a11; 0y, 8105 037, Op0 A155 - 5001, e /Ay -

Clearly A is expressible in the form of a sequence of distinct
elements and hence denumerable

So that |A|=a.

Secondly we assume that A;NA;#¢ for i#]

In this case A is equipollent with some subset of N so that

|AISN or |A<a (1.22)
But A; € A and |A;| =4 so that
a=|A|<|Al or a<l|4 (1.23)
By Eqns. (1.22) and (1.23), we have |A|=
Deduction. Further assume that

AinAj#¢ for i#]
Then from what has been done it follows that

aDA = = 2|Ai|=a
i=1 i

= a+a+ ...+ toaterms =a.

A=
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Theorem 1.10:

(i) If A; is non-enumerable set Vie N then U4 is non enumerable
i=1

and hence deduce that C+C+C+... to a terms = C.

n
(ii) If A; is non-enumerable set for 1SiSnUAi is non-enumerable
i=1

and hence deduce that C+C+C+... ton terms = C.

Solution:

(i) Let A; be a non-enumerable set Vie N so that we can write
|A|=C, VieN.

n
Let A= U A;. To prove that A is non-enumerable.
i=1
For proving this we must show that |A]=C. |A;|=C show that the
set A; is numerically equivalent to the set of real numbers in the

1
interval [O, l), ie,. tosay, 4 ~{0, —)
2 2
Similarly, we have
11 1
A~z =+
’ [2 2 22)
1 1 1 1 1
Ay~ =+ =S+—-+—+—
3 [2 22 2 22 23)

A 1 1 1 1 1 1
n = E+2—2+F,E+2—2+2—n

1 1 3 37 1 1
e, A ~0,= |, Ay~ =,2], A, ~| 2,2, A ~[1-—,1-—)
her [ 2) 2 [2 4) 3 [4 8) N TR T

If we assume that A;NA;=¢ for i#] then above results taken

together imply that | JA; ~ [ J [1_%, 1_%)
i=1 =1

or A~[0,1)or |A|=[0,1)|=C.



Countability of Sets 23

If we assume that A; " A; # ¢ for i # j then U A, is equivalent with
some subset of [0, 1). i=1

Ua
i=1
But A; < Aand |A|=C.

<C or |Al<C.

. C=|A4|<l4] or |A2C
|AlzC, |AlsC = Cs<|AlsC = |Al=C.
= In either case |A|=C.

Deduction: Further assume that A;NA; #¢ for i# j.
We have seen that

oo

UAi‘=C

i=1

This implies Z|A,-| =C.
i=1
or C+C+C+...+toaterms =C.
Let A; be a non-enumerable set for 1<i<n. Then we can write

n
|A;| = C for 1<i<n. To prove that UAi is non-enumerable |4;| = C
i=1
implies that A; is cardinally equivalent with the set of real numbers
in the semi-open interval [4;,4,) where 4,4, €R and a; <a,.
This is expressed by writing A; ~[a;,4,).
Here we shall suppose that a4, < fry1

Where a,,a,.; €R for r=1,2,3...,n

Thus we have
Al N[alra2)/ AZ ~[L12,L13), An N[anlanﬂ)'

If we assume that A, A; #¢ for i # ] then the above statements

taken together imply that UAi ~lay,a,,1)
i=1

n
This implies UAI-‘ =|la,,a,,,)|=C
i1

= =C

n
Ua
i=1
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n
If we assume that A; N A; # ¢ for i # ] then UA,» is equivalent with
; =1
U4,

i=1

some subset of [41, 4,41) so that <C (1.24)

n
But 4 CUA,- and |4;|=C
i=1

s C=lA<1

i=1

Uq (1.25)
i=1

By Eqns. (1.24) and (1.25), we get

n
Ua
i=1

OAI“

or C<

=C

n

Uakc

i=1

In this case

Deduction:
(i) Further assume that
AiNA;#¢ fori#]

n

i=1

Then

= =C

n
Ua
i=1

= C+C+...+C+... tonterms =C.

(ii) To prove that a+a=a for every infinite cardinal 4 let A and B be
two disjoint infinite sets such that |A]=a=|B|.
Then we have

ANnB=¢
= |AUB|=|A|+|B]
= a+a=a.

Note: If |A| =1 (finite cardinal number)
Then by Cantor’s theorem |A| <|P(A)|

= n<2"
o Py =24 =2m,



Countability of Sets 25

Theorem 1.11: Prove a4+ = @, o being any transfinite cardinal number.
or
If an enumerable set is add to an infinite set, the power of the infinite
set is unaffected.
Proof: Let A be any infinite set with cardinality o so that |A|=a.
Let AN =¢.
We have to prove that |[AUN|=|A].
If we show that a+ o = ¢, the result will follow:
A is an infinite set =3 Bc A such that |B|=a.
We have AUN=(A-B)UBUN
=(A-B)U(BUN)
or (AUN)=(A-B)U(BUN) (1.26)
BUN, being a finite union of countably infinite sets, is countably
infinite.
BUN~N but B~N.
B is enumerable.

The relation M ~ N, where M and N are any two sets, is an equivalence
relation in the family of sets.

B~N=N~B (by symmetry)
BUN~N, N~B=BUN~B (by transitivity)

Now BUN ~Band A—-B~A-B (by reflexivity)
Combining these two, we have,
(A-B)U(BUN)~(A-B)UB
Using Eqn. (1.26), we get
AUN~A
This implies |AU N|=|A]

Hence, a+a=o.

Theorem 1.12: If ¢, § and v are cardinal number and if a<fBand f<y
then a<y.

Proof: Let A, B and C be the sets having cardinal number ¢, Band y
respectively.
Since B < B, the set A ~ B, a proper subset of B (1.27)
Similarly, we have,
B<y, theset B~C,a proper subset of C (1.28)
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From Eqns. (1.27) and (1.28), we have
o<fB and PB<y

= a<y
or A~B" and B<C
=A~ Ct a subset of C*
Hence B< .

Theorem 1.13: For any cardinal number &, 8, y prove that Lot =l

Proof: Let Ot=z=4, ﬁ=1=3 and y =(=f, where BN C = ¢, then
BuC=B+y

So, we have
oP" =(BUC), of=(AP) and o =(AC)
Since of o = AE X AE.

We are left to prove that ABYC L AB » AC,

Suppose f GABuccorresponds to ordered pair of functions(fiz, fic),
where fipis the restriction of f to B and fic is the restriction of f to C.

Evidently (fip fic) belongs to A® x A°. Now we define a mapping
y: AP — AP XACgiven by V(f)=(fi,fic)clearly yis one to one
between AP“C and A® x A©.

Hence, we have, APC ~ A% x A€.

Solved Problems

Problem 1.1: To prove that the set R is uncountable.

Proof: Firstly we shall show that |R|=c.
We know that cardinality of the set of real numbers in the open
interval (a, b) is ¢, so that (a,b)| =c¢ Va,be Rsuch that a < b.

(43

The set R is the set of all red numbers lying in the open interval
(=00, 00) , i.e., R(—eo, 00).
Now define a mapping

This implies

f: (—E, E) — (=0, 00) by the formula
22
f(x)=tanx.
Evidently f is well defined. Also it is easy to verify that f is one-one
onto
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This implies = |(=o0, )|

(44

ie., c=|R|, in accordance.
This implies R is uncountable.

Problem 1.2: To prove that N x N is infinite countable.
Proof: Here we have to prove [N x N|=|N].
The element of N X N may be displayed as follows:
11 12 @13) ... Q,m)
2,1) (2,2) (2,3) ... 2,m) ...
n,1) n,2) n,3) ... (n,m) ...
If we write,
A;=1(,1),3,2),173),...}

Then (i) NxN =4
j=1

(iii) A; is a countably infinite Vi.

These facts lead to the conclusion that UAi is countably infinite.

i=1
i.e., NXNis countably infinite and hence

NxN~N
This [N x N|=|N].

Problem 1.3: Prove |P(A)| = 24 if A is any finite set.

27

Solution: Let A by any finite set with cardinality n. P(A) is the family

of all subsets of A.
|P(A)| = nco + ncl + 1’1C2 + cee . ncn
=(1+1)"
="
— ol

Hence, |P(A)| = A,
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Problem 1.4: If o is any transfinite cardinal number, then a < .

Solution: Let A be any infinite set with cardinality @, i.e. |A|=c.
To prove that a< o
A is infinite set = 3 B < A such that |B|=a.

Bc A
N IB|<|4]
= a< o

Problem 1.5: Prove that the set of all rational is enumerable.

Solution: A rational number is a real number expressible in the from

(%] where m and 7 are integer and n # 0. We claim Q is countable.
Define a map f: Q" — N x N by the formula f (%) =(m, n).

where m and n are positive integers prime to each other. Evidently f is
one = one. Q" is equipollent with some subset of N x N.

Hence ‘Q+‘ <INxN|=|N|=a

or ‘Q+‘ <a (1.29)
SinceNcQ*, .. |N|< ‘QJ", or a< ‘Q+‘ (1.30)
From Eqns. (1.29) and (1.30), we have
a<|Qf(<a,
which is = |Q+| =a, Q" is cardinally equivalent to Q” under the map
AN
q q
oo
Now we have |Q|= ‘Q+ uQ U {O}‘
=a+a+1
=(@+a)+1 (associative law)
=a+1=a

. |Q|=a, which = Q is enumerable and hence countable.
Problem 1.6: Prove that a < c.
Solution: We know |[N|=a, |R|=c, NcR.
NcR=|N|<|R|=a<c.

N is not cardinally equivalent to R under any mapping
Soa#cC.
Nowa#c,as<c = a<ec.
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Problem 1.7: Find the power of an aggregate of numbers given by M
M and m being positive and integral.

Proof: Let A = {ZM’”:M’ meN}

To determined the power of A.

Write Ay = {ZMm:meN}, VmeN

Elements of Ay, can be displayed as follows:

1 1 1 1
ST
2 2 2 2
Ly Ty

n n n
b ZE P Ty

Obviously,

(i) A, is enumerable Vr e N
(i) A,NA/=¢

(i) A= CJ A,

r=1

Being an enumerable union of enumerable sets, A is enumerable and
hence its cardinal number is 4, i.e., the power of the given set is a.

RECAPITULATION

A set is a well defined collection of objects. The objects in a set are
known as members or elements or points.

A multi set is an unordered collection of objects in which an object
can appear more than once.

A set is said to be empty set or null set or void set if it contains no
element. It is denoted by ¢ or {}.

Let A and B be any two sets. If all the element of A belongs to B,
then A is said to be subset of B.

If a set contains a number of sets as its elements then it is known
as set of sets or family of sets or class of sets.
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Two sets A and B are said to be disjoint sets if they have no
common elements.

A set is said to be finite set if it contains finite number of elements,
otherwise it is infinite.

Let A be any set. The power set of A is the set of all subsets of A.
Index set is a set whose elements are used as names.

The difference of A and B is the set of elements which belong to A
but do not belong to B.

The symmetric difference of A and B is the set of elements which
belong to A or B but do not belong to A and B.

The Cartesian products of A and B is the set of all ordered pairs
(a, b) such thataeAand beBie, AXxB={@a,b):aeA,beB}and
BxA={(0b,a):beB,acAl.

Let R be a relation from a set A to a set B. Then R™! from B to A is
known as the inverse relation of R if and only if R™! = {(y, x) : (x,
y) € R}

Let A = {a, b, c} be any set. Then a relation R on a set A is known
as an identity relation if R ={(a, a) : a € A}.

A relation R on a set A is known as reflexive relation if and only if
aRa, Va € A.

A relation R on a set A is known as symmetric relation if and only
if aRb = bRa V(a, b) eR.

A relation R on a set A is known as anti-symmetric relation if and
only if aRb, bRa = a = b V(a, b) eR.

A relation R on a set A is known as transitive relation if and only
if aRb, bRc = aRc, (a, b, c € A).

A relation R on a set A is known as an equivalence relation if and
only if it is reflexive, symmetric and transitive.

A relation which is transitive but not an equivalence relation is
known as an order relation. If R is an order relation on a set X,
then xRy and yRz = xRz, V x, y, z € X.

Acrelation R on a set X is said to be a partial order relation if it is at
the same time (i) Reflexive (ii) Anti-symmetric and (ii) Transitive.
A set X together with a partial order relation defined on it, i.e., (X,
<) is known as a partial ordered set.

Let (X, <) be a partially ordered set and let A be any non-empty
subset of X. An element / € X is said to be a lower bound of A if
I < x for every x in A. Similarly, an element u € x is said to be an
upper bound of A if x < u for every x in A.

If A and B are two sets such that A< B and B < A, then A ~ B.
Let A and B be any two non-empty sets. If there exists a rule or a
correspondence f which associate each element of A has a unique
image in B then f is a function or mapping from A to B.
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A function f: A — B is called one-one if x1, x, € A, we have x; = x;
=>f)=f)orx=x, = f(x)=*f(x)

A function f: A — B is said to be many-one if at least one element
of B has two or more than two pre-image in A.

A function f: A — B is said to be many-one if at least one element
of B has two or more than two pre-image in A.

A function f: A — B is said to be into if there is at least one element
of B, has no pre-image in A.

A function f: A — B is said to be onto if there is no element of B,
which is not an image of some element of A.

Let f: X — Y be a one-one onto mapping and f (x) =y, Vx € X, Vy
€ Y. Now we define a mapping f ' : y — X such that f~! (y) = x, Vx
€X, Vy € Y, where f is called the inverse of f.

Let f: X — X be a mapping. Then f is said to be identity mapping
if f(x) = x, Vx e X.

A mapping f: X — R, where R is the set of real numbers, is known
as real valued mapping.

Let f: X — Y be a function. Then f is said to be constant function
if f(x) = a, Vx €X i.e., a function f: X — Y is known as constant
function if each element of X is mapped onto a single element of
Y.

The function f: X — Y is known as zero function if the image of
each element of X under fis zero i.e., f(x) = 0.

A mapping f is said to be injective (or injection) which is either
one-one into or one-one onto.

A mapping f is said to be bijective (or bijection) which is both one-
one and onto.

Letf: X — and g: X — Y be two mapping. Then the mapping f and
g are said to be equal mapping if and only if f(x) = g(x) Vx € X.
Letf: X - Yand g: Y — Z be any two functions. Then a function
gof: X — Zis defined as gof = g[f(x)], Vx € X is known as composition
of functions.

Suppose x is a real number. A subset N of R containing x, is said to
be a neighbourhood of x if N contains an open interval containing
x.

Let A be a subset of R. A point x € R is known as limit point of A
if and only if every open set X containing x contains at least one
point of A other than x, i.e., X is open, x e X = A N [X —{x}] # ¢.
The set of all limit point of a set A is said to be derived set of A.

A subset A of real number R is known as a closed set if and only if
complement of A is an open set.

Let A be a subset of R. A point x € A is known as adherent point of A
if and only if every neighbourhood of x contains at least one point
of A.
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A point x € A is known as isolated point of A if an only if it is not
an limit point of A.

A set A is known as discrete set if each point A is an isolated point
of A.

Let A be a subset of R. A is known as dense-in-itself if and only if
every point of A is a limit point of A.

A subset A of R is known as perfect set if and only if A = A”.

Let A be a subset of R. Then the set of all adherent points of a given
subset A of R is known as closure of A. It is denoted by A .

Let A be a subset of R. A point x eR is known as interior point of
A if A is a neighbourhood of x. A is the neighbourhood of x if and
only if there exist an open interval (4, b) such that x (g, b) c A.
The set of all interior point of A is known as interior of A.

Let A be a subset of R. A point x is known as an exterior point of
a subset A if x has a neighbourhood N such that N c R - A.

The set of all exterior point of a set A of R is known as exterior of
A and denoted by e(A).

Let A be a subset of R. A point x is known as a frontier point of A
if every neighbourhood of x contains at least one point of A and
at least one point of R — A.

The set of all frontier points of A is known as frontier of A.

An exterior point of A which is also belongs to A, i.e., x e A N e(A)
is known as a boundary point of A.

Every bounded infinite set of real numbers has at least one
accumulation point.

Every bounded infinite set of real numbers has at least one
accumulation point.

A set containing only a finite number of elements is known as finite
set.

The cardinal number of a finite set is the number of elements
contains in it.

A cardinal number corresponding to an infinite set is called a
transfinite cardinal number.

A set which is either finite or denumerable is called a countable
set.

Every subset of a countable set is countable.

An order type which is represented by well ordered set is known
as ordinal number.

An ordinal number is a special type of well ordered set.

A real number which is not “algebraic” is called a transcendental
number.
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EXERCISES

Multiple-choice Questions

1.1 Every subset of a countable set is
(a) Countable
(b) Uncountable
(c) Superset
(d) None of these.
1.2 If o, B and r are cardinal number and if o < fand < ¥ then
(@) a<y
(b) o>y
() a=vy
(d) None of these.
1.3 A relation R on a set X is said to be a partial order relation if it is
at the same time
(a) Reflexive and symmetric
(b) Anti-symmetric and transitive
(c) Reflexive, anti-symmetric and transitive
(d) None of these.
14 Let A=1{1,2,3,4 5 and B = {1, 3, 5, 7}. Then A®B is equal to
(a) {1 2 3,4,5,7}
(b) {
() { 2 4 7}
(d) None of these.

State True or False

1.1 A real number which is not “algebraic” is called a transcendental
number.

1.2 The union of countable collection of countable set is countable.

1.3 Amapping f: X — R, where R is the set of real numbers, is known
as complex valued mapping.

1.4 A partial ordered set is said to be well ordered and its ordering
is known as a well ordering if every non-empty subset of it has a
greatest element.

Fill in the Blanks

1.1 The relation A~B in the family of sets is an relation.

1.2 A set which is either finite or denumerable is called a

1.3 The set of all rational is

1.4 Arelation R on a set A is known as an if and only if
it is reflexive, symmetric and transitive.
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Exercises

1.1 List of elements of the following sets:
@) {x:xel x*<11}
(b) {x:xe N, xiseven and x < 17}
(c) {x:x e N, xis prime and x < 21}
(d) {x:xis a solution of x* + 3x + 2 = 0}
(e) {x:xel x<3}
{x
{x
u

(f) {x:xeN,x+5=3}

(g) {x:xis a month with exactly 30 days}

12 LetU=1{1,2,3, ....,9, 10} be the universal set and A = {1, 2, 3, 4},
B=1{3,4,7,9},C=1{2,5,6,8}. Find
(@) A, B, C

(b) AuUB,BuC,and AuC
(c AnB,BNnC,AnC
(d A-B,B-A,B-C,C-B,A-Cand C-A.
(e) AGB,BPC,andAPC
1.3 Which of the sets are equal?
(a) {x:xis a letter in the word ‘wolf’}
(b) {x:xis a letter in the word “follow’}
(c) The letters f, I, o, w.
(d) The letters which appear in the word “flow’.

1.4 Is a set A comparable with itself?

1.5 Find the power set of {1, 2}

1.6 Let A={a,b,c}and B={c, d, ¢, f}. Find the A-B, B— A and ADB.

1.7 Provethat An(B-C)=(AnNB)-(AnC)

1.8 If A= {a, b, c}. Find all the subsets of A.

1.9 Let A={1, 2} and B = {3, 4}. Find A x B and B x A.
1.10 Provethat Ac Band Cc D = (AxC)c (BxD)
1.11 Prove that AX (BN C)=(AXB)n (AxC)

1.12 Provethat AU B=(A® B) ® (An B)

1.13 Provethat AC ¢ => A= ¢

1.14 Prove that (AXB)n (CxD)=(AnNC)x (BN D)

115 If A={a, b, ¢, d} and R = {(a, a), {b, D), (c, ¢), (d, d)}. Prove that R is
reflexive.

1.16 Give an example of a relation which is symmetric and transitive
but not reflexive.

1.17 Give an example of a relation that is reflexive but neither symmetric
nor transitive.



1.18

1.19

1.20

1.21

1.22

1.23
1.24
1.25

1.26
1.27
1.28

1.29

1.30

1.31

1.32

1.33

1.34

1.35

1.36
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Give an example of a relation which is transitive but not reflexive
or symmetric.

Iflthe function f : R — R be defined by f(x) = %, find f(g) and
9.

If the function f: R — R be defined by f(x) = x* — 1 then find f™!(-2)
and f! {8, 15}.

If X = {x1, xp, x3} and v = {1, y», y3}. To show that f = {(xy, y1), (x,
Y2), (x3, y3)} is an into mapping.

If X ={x1, xp, x3, x4} and Y = {yy, y», y3}. To show that f = {{x, y1),
{x2, ¥2), {x3, ¥2), {x4, y3)) is only mapping.

Define function with examples.

Give four type of function with examples.

Define identity, constant, zero, real valued and characteristic
functions with examples.

Define injective and bijective mappings with examples.

Define composition of functions with examples.

If f(x) = x> and g(x) = x + 5, x € R. Then find the composition fog
and gof.

Iff: X —>Y,g:Y — Zsuch that f(x) = log (1 + x), g(x) = €%, then
find (gof) (x).

Iff: R— Rand g: R — R be functions such that f(x) = x> and g(x)
= 2%, find (gof) (x) and (gof) (3).

If f: R > R and g : R — R be mappings such that f(x) = tan x, g(x)
= 2%, find (fog) (x) and (gof) (x).

Prove that the function f: R — R given by f(x) = — sin x is neither
one-one nor onto.

Let f: R — R be a function on R defined by f(x) = x* + 9x + 3, find
£ ().
If f: R — R is defined by f(x) = x* + 1. Find:
@ f(-3)
(b) f(17) and
(c) £110,37)
Prove thatiff: X — Y and g: Y = Z be two one-one onto functions

then gof is also one-one onto function.

If f: R — R be defined by f(x) = x* - 3, where R is the set of all real
numbers, then find

(a) 1/3
(b) f(2) and
(© f(=8)
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1.37

1.38
1.39
1.40
1.41
1.42
1.43
1.44
1.45

1.46

1.47

1.48
1.49
1.50

1.51

1.52

1.53

1.54
1.55
1.56
1.57
1.58

If f: R = R, ¢: R — R be mappings such that f(x) = x* + 2, g(x) =
2x + 1 then find (fog) (x) and (gof) (x).

Definite finite and infinite sets.

Define countable and uncountable sets.

Define order relation and partial order relation.

Define upper and lower bounds.

State the Zorn’s Lemma and Cantor’s theorem.

State the Schroder-Bernstein’s theorem.

Prove that if P and Q are enumerable than P x Q is also enumerable.

Prove that the set of real numbers in the closed interval [0, 1] is
uncountable.

Prove that the set of points in a plane, both of whose co-ordinates
are rational, is enumerable.

Prove that the set of real numbers cannot be enumerable although
the set of such of them as are rationals is enumerable.

Is the set {1, 2, 3 ...} a well ordered set? Give reason.

To show that the set {x e R : 0 < x > 2} is closed.

Let A and B be subsets of R, then

(@) AcB=>A'cB

(b) AuBY=A"UB

() AnBYcA NP

Let A be any subset of R, then

(a) A°is an U-open subset of R.

(b) A° is the largest U-open set contained in A.

(c) Ais U-open if an only if A° = A.

If A denoted the derived set of A, then find the sets:

(a) AcA’

(b) AAc A

(c) A=A

To show that a subset A of real numbers is closed if and only if all
the limit points of A are contained in A.

To show that A=A U A"

If A is a finite subset of R, then proves that the set A’ is empty.
What do you understand by an algebraical number?

To show that the set of all algebraic number is countable.
Prove that the set of transcendental numbers is not countable.
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ANSWERS

Multiple-choice Questions

1 (a) 1.2 (a) 1.3 (o) 1.4 (d)
State True or False
11 T 12T 13 F 14 F
Fill in the Blanks
1.1 Equivalence 1.2 Countable set
1.3 Countable 1.4 Equivalence relation

Exercises

) {_3/ _2/ 1/ 0/

1,2, 3)
( ) 12,4,6,8,10, 12, 14, 16}
11, 13,

(©) }2, 3,5,7,11, 13, 17, 19}
(d) {-1, -2}

@ {..—-3,-1,0,1,2)

(f) ¢or{}

(g) {April, June, September, November}.
12 (@) A’=1{5,6,7,8,9,10}, B =1{1,2,5,6,8,10},C" =11, 3,4, 7,9, 10}
(b) AuB=1{1,2,3,4,7,9},BuC=1{2,3,4,5,6,7,8,9tand AU C
=1{1,2,3,4,5,6, 8}
(¢ AnB={3,4,BnC=¢pand An C = {2}.
(d) A-B={1,2},B-A=1{7,9},B-C=1{3,4,7,9},C-B={2,5,6,8},
A-C={1,3,4and C-A={5,6,8}.
(e A®B={1,2,7,9,B®H C=12,3,4,5,6,7,8,9% and AP C =
{1,3,4,5,6, 8}.
1.3 All the given sets are equal.
1.4 Yes
1.5 ¢, {1}, {2}, {1, 2}.
1.6 {a, b}, (d, e fland {a, b, d, ¢, f}
1.8 A, ¢, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, {a, b, c}
1.9 AxB=1{(1,3},(1,4), 2 3),(2,4)
BxA={31),1{3 2}, 4 1), 4 2)}
116 A={a, b, c} and R = {(a, a), {b, b), (a, b), {b, a)}.
117 A={a, b, c} and R = {(a, a), (b, b), (c, ¢), (a, b), (b, ¢)}.
118 A={a, b, c,d} and R = {(a, b), (b, ¢), (a, )}
1.19 {3,-3}, ¢
1.20 ¢, {3, -3, 4, — 4}.
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1.28 x% + 5, x* + 10x + 25.

129 1 + x.

1.30 «°, 3°.

1.31 tan 2, tan® x.

1.33 (-2, -7).

1.34 (a) ¢ (b) {4, - 4) (c) {3, -3, 6, -6}
1.36 (a) -80/27 (b) 5 (c) -732.

1.37 4x* + 12x + 10 and 4x? + 4x + 3, 2x% + 5.

1.48 Yes, because it has first element.

1.52 (a) Let A=(a, b), then A’=1[a, bland A c A"
(b) Let A= {0, 1, 1, i, i, } then A" = {0} and A" c A.
2°227 27

(c) Let A=1[1,2]then A’ =[1,2]and A= A".
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CHAPTER

Lebesgue Measure

2.1 INTRODUCTION

Measure theory and integration is the study of lengths, surface area, and
volumes in the general spaces. Lebesgue measure has a great importance
in the study of real and complex analysis, Fourier series and integrals.
The development of measure in the late 19th century, measure is an
extension of the length, area or volume. It is a part of real analysis and
is used in many areas of mathematics like, for geometry, probability
theory, dynamical systems, functional analysis, etc. In this chapter,
we shall discuss the Length of a set, measure, Borel set, 3 -sets, (-
sets, Boolean ring, Boolean algebra, o-ring, Lebesgue measure, Outer
measure, exterior and interior measure of a set, Measurable set, First
fundamental theorem, Cantor’s ternary set and Non-measurable set.

2.2 IMPORTANT TERMINOLOGY

Before discussing the Lebesgue measure, we shall discuss certain
necessary preliminaries.

2.2.1 Length of an Interval

We know that the length of an interval is defined to be the difference
between two end points.

2.2.2 Measure of Interval, Rectangle and Parallelepiped

The length of any open interval H is defined as its length denoted by
m(H).

For example:

(i) m(H)=m[(3,9)]=9-3=6.

(i) m[(a,b)]l=b-a = m(H)>0.
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Now let [a, b] be the smallest closed interval containing a closed set
F, then we have

b—a-m
=b—-a-m(9) [if F'=¢]
b-a-0

For rectangle, the area of an open rectangle R(a<x<b,c<y<d), ie,
(b—a)(d —c) is defined as the measure of R, thus m(R)=(b—a)(d—c). The
area of a closed rectangle R(a<x<b,c<y<d),ie, m(R)=(b—a)(d—-c).
The volume of an open parallelepiped V(a<x<b,c<y<d,I<z<m)is
defined as the measure of V, thus m(V)=(b—a)(d—c)(m—1). Similarly,
for closed parallelepiped, we have m(V)=(b—a)(d—c)(m—I).

2.2.3 Borel Set

In this section, we study one of the most important o-algebras, the Borel
sets in R". The set which may be obtain from closed and open countable
set by repeatedly applying union and intersection operation to them
are called Borel set. A bonded Borel set is said to be Borel measurable.
For example, the set of type 3, and £ are Borel set. A set which is a
countable (finite or infinite) union of closed set is called an Ss-set, i.e.,

E= U( ;). A set which is a countable intersection of open set is & -set,
i=1

ie,E=(G/]
i=1

Note:
1. The complement of a 3, set is a &, set and conversely.
2. Each of the classes 3, and & of sets is wider than the classes of
open and closed sets.

2.2.4 Boolean Ring

A non-empty class R of sets is known as Boolean ring (or ring of sets)
if A, BeR = A-B eR and AUB €R. Hence a Boolean ring is a non-
empty family of sets which is closed under the formation of unions and
differences. For example, the set ¢ containing the empty set only is the
smallest possible ring of sets; the class of all finite unions of bounded
closed-open intervals of real line.

Theorem 2.1: A non-empty collection of sets is a Boolean ring if it is
closed under the formulation of intersections and symmetric differences.
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Proof: Suppose R is a non-empty collection of sets and A, B e K.
It is given that the A, BeR = AAB e R and AnBe®R.
We have
A, AnBeR = AA (AnB) eR

= A-BeR (2.1)

Now we have
ANB, AABER = (ANB)A(AAB)eR

= AUBeR (2.2)

From Eqgns. (2.1) and (2.2), we have
A, BER=>A-BeRand AUBeNR.

Hence, R is a Boolean ring.

Theorem 2.2: Intersection of two Boolean rings is a Boolean ring.

Proof: Suppose R, and R, are any two Boolean rings. Suppose A and B
are any two members of R; NNR,.

To show that the R; "R, is a Boolean ring, i.e., A - Be R;NR, and
AUB e RN R,.

Since A and B are any two members of R;"R,, then we have

AeR NR, > AeR, and AeR, (2.3)
BeR NR, = BeR; and BeR, (2.4)
From Eqns. (2.3) and (2.4), we have
AeR, and BeR,
= A-BeR,and AUBeR, (Since R, is a Boolean rings) (2.5)
AeR, and BeR,
=>A-BeR,and AUB eR, (Since R, is a Boolean rings)  (2.6)
Using Eqns. (2.5) and (2.6), we have
A-BeRiNnR, and AUBeR MR,
Hence, R; "R, is a Boolean ring.

2.2.5 Algebra of Sets (Boolean Algebra)

A non-empty class R of sets is known as algebra (or Boolean algebra) if

(i) A, BER = AUBeNR and
(ii) AeR=> A'eR.

Theorem 2.3: Every algebra is a ring.

Proof: Suppose R is an algebra.
Using the definition of Boolean algebra, we have
A, BER = AUBeR (2.7)
and AeR = A'eR. (2.8)
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Now we have

A'eR,BeR

= A’UB eR {Using Eqn. (2.7)}
= (A’UB)Y eR  {Using Eqn. (2.8)}
= ANB eR

= A-BeR

Therefore A, BeR = AUB eR, A-Be®R, i.e, R is a Boolean ring.
Hence every algebra is a Boolean ring.

2.2.6 o-Ring
A non-empty class R of sets is known as o-ring (or ring of sets) if
(i) A, BER = A-BeRand

(i) A;eR,i=1,2,3, ..., then [ JA e R
i=1
Hence a ring of sets is a o-ring if it is closed under the formation of
countable unions.

Note:
1. The member of a o-ring R are known as Borel sets.
2. Every o-algebra is a ring, and every ring is a semi ring.

2.3 MEASURE (m)

Measure theory initially was proposed to provide an analysis and notions
such as length, area and volume of subsets of Euclidean spaces. The
approach to measure and integration is axiomatic, i.e., a measure is any
function m defined on subsets which satisfy a certain list of properties.
Suppose m is a function which assign to each set E in R a non-negative
extended real number denoted by m(E) called the measure of E and
satisfying the following properties:

m

(i) m(E) is defined for all sets E € P(R)
(i) m(I)=¢(I)for an interval I.
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(iii) If {E;} is a sequence of disjoint sets, then m(U EZ) = m(E;)
i=1 i=1
This property is known as countable additivity.
(iv) m(E+y)=m(E), where y is any fixed number. This property is
known as translation invariance.

2.4 OUTER MEASURE

Let E be a set of real numbers. Then outer measure of set E is defined

inf ) I(I;)
0, fE=¢

collection {I;} of open interval such that EcU{[;}.
Some important properties of outer Measure are as follows:

(i) m*(A)=0 for all sets A.
(i) m*(¢)=0.
(iii) Inf of m*(E) is the least length to cover the set E,
m*(E)< Y I(I).

(iv) If A and B are two sets with AcB then
m*(A)<m*(B) {monotonicity property}

as m*(E)= where the infimum is taken over all countable

(v) m*(A)=0 for every singleton set A.

(vi) The function m, is translation invariant, i.e., m* (A +x)=m*(A) for
every set A and for everyx € R.

(vii) For every €>0, there exist one countable family of open intervals
such that 21(11‘) <m*(E)+e.

2.5 CARATHEODORY’S POSTULATES FOR OUTER MEASURE

An extended real valued set function m* defined on a o-ring R said to
be an outer measure if the following postulates are satisfied:

(i) m*(A;)=0 for all sets A; e R.
(i) m*(¢)=0 iff ¢ eR.
(iii) If A, B €eR and AcB then we have m*(A)<m*(B).
(iv) If A and B are two disjoint set of &K, then we have m*(A) + m*(B)
=m*(AUB).
(v) For every E >0, there exist one countable family of open intervals
such that m*(U{4; :ie A}) < Zm *(A)).

[ISIN
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These above five postulates are called as Caratheodory’s Postulates
for Outer Measure.

2.6 MEASURABLE SET

Aset Eis said to be measurable with respect to the given outer measurable
if for each set A, m*(A)=m*(ANnE)+m*(ANE’).

Note:

1. Any set E is said to be measurable with respect to the given outer
measure function m* if m*(A)=m*(ANE)+m*(ANE’),VAeE

or m*(A)2m*(ANE)+m*(ANE’).

If we say that the set E is measurable then we write m *(E) = m(E).
If E is a measurable set then E’ is also measurable.
The set ¢ and R are measurable set.
Every countable set is measurable and its measure is zero.
The contour set C and all its subsets are measurable and each of
them has measure zero.

SRR SN

2.7 EXTERIOR MEASURE OF A SET

It is defined by m,(A) =Inf {m(G):G > A.G is open} = m(G)=m,(A). For
any given € >0, there exists an open set G © A such that m(G) <m,(A) +€.
Some important properties of exterior measure are as follows:

(i) m,(9)=0.
(ii) If A c B, then we have m,(A) < m,(B).
(iii) If Ac(a,b) then we have 0<m,(A)<b-a.

2.8 INTERIOR MEASURE OF A SET

It is defined by m;(A)=sup{m(F):F c A, F is closed}.
Some important properties of interior measure are as follows:
i) m;(¢)=0.
(i) If A c B then we have m;(A) < m;(B).
(iii) If Ac(a,b)or Ac(b—a)then we have m;(A)=(b—a)—m,(A").
Note:
1. A set A is said to be measurable set if m,;(A)=m,(A)=m(A).

2.9 MEASURABLE SPACE

Let E be a 6-algebra of subset of X and let m be a measure defined on E
then (X, E, m) is known as a measurable space.
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Note:
1. If (X, E, m) is a measurable space then
(i) for Ey, E;eE and E\cE, = m(E;)<m(E,)
(ii) if E,, E,, E3, ... Are the member of E then we have

m, (G Eij < im(Ei).
i=1 i=1

Theorem 2.4: If A B then show that m*(A)<m*(B).

Proof: By definition, we have

m*(B)= Y I(1,) (2.9)
where {I,} is a countable family of open intervals such that
BcU{l,} (2.10)
It is given that AcB = AcU {L,}
= m*(A)< D I,
From Eqn. (2.9) and (2.10), we have
m*(A)<m*(B).

Theorem 2.5: If A is countable then show that m*(A)=0.

Proof: Let A={ay,a,,...,a,}is a countable set.
Then we have A=U(a;) (i.e., countable union of singleton set).
By definition, we have

m*(A)<m*U{a;} SZm*{ui}

Since we know that the measure of singleton set is zero therefore we

have
m*(A)<0.
Also we know that length is never negative, i.e., m*(A)=0.

Theorem 2.6: A set is outer measurable if A’ is outer measurable.

Proof: Let a set A be outer measurable so that for any set T.
m*(M=m*(TNA)+m*(TNA)
=m*(TNA)+m*(TNA)
=m*(TNA)+m*(Tn(A)) {(A7)Y =A)
= A’is outer measurable
Conversely, Suppose the A’ is outer measurable so that for any set T,

m*(T)=m*(TNA)+m*{T (A"}
=m*(TNA)+m*(TNA)

=m*(TNA)+m*(TNA")
This implies A is outer measurable.
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Theorem 2.7: The union of two outer measurable sets is outer measurable.

Proof: Let S; and S, be any two outer measurable sets and T any set.
To show that S; US, is outer measurable, i.e.,

m*(T)=m*[T N (S, US,)]|+m*[TN(S;US,)]
For applying the criteria of measurable of S;, we have
m*(T)=m*(TNS))+m*=[TNS[] (2.11)

Now taking T NS{,for the set T and applying the criteria of
measurability of S,, we get

m*(TNS))=m*[(TNS)NS,]+m*[(TNS])NS5]
=m*(TNS{NSy))+m*(TNSNS,)
Using (S, NS,) =S uUS;and S{NS;=(S{US;), we get
m*(TNS)=m*(TNS{NS)+m*[TN(5US,)] (2.12)
Again taking T N (5, US,) for the set T and applying the criteria of
measurability of S;, we get
m*[TN(S;US)]=m*[TN(S;US)NS ]+m* [T (S US,)NS(]
We know that (S; US,)NS; =5
= (55US5)NS =(5,NS)U(S, NS))
=9V (5,1 5)
=5nNS]

We have m* [T N (5, US)]=m*[TnS]=m*[T NS, "5]] (2.13)
By Eqn. (2.12), we have

m*(TNS{NS)=m*(TNS))—-m*[TN(S;US,) ]

Putting in Eqn. (2.13), we get
m*[TN(S;uS)]=m*(TNS)+m*(TNS))-m*[TN(S;US,)] (2.14)

From Eqns. (2.11) and (2.14), we have

m* [T A (S;USy)]=m* (T)=m*[T (S US,)]

ie, m*(T)=m*[TN(S;US)]+m*[TN(5US,)]

This implies S; U S, is outer measurable.

Hence, the union of two outer measurable sets is outer measurable.
Theorem 2.8: The intersection of two outer measurable sets is outer
measurable.

Proof: Let A; and A, be two any outer measurable sets.
To show that A; N A, is outer measurable.
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Since, A; and A, are outer measurable sets = Ajand A; are outer
measurable sets.

= A] UA; is an outer measurable set

(because we know that the union of two outer measurable set is outer
measurable)

= (A] U Aj) is an outer measurable set
= (A{) n(A}) is an outer measurable.
This implies A; N A, is outer measurable.

Hence, the intersection of two outer measurable sets is outer
measurable.

Theorem 2.9: If S;, S, are outer measurable sets and S, c S, then show
that S; - S, is outer measurable set.

Proof: Suppose S;, S, is outer measurable sets and S, c S;.

To show that S, -5, is outer measurable.

Given S;, S, are outer measurable sets. We know that if S} is outer
measurable then S, is also outer measurable. This implies S;,S; are
outer measurable.

We also know that the intersection of two outer measurable sets is
outer measurable.

= S5, N S;is outer measurable.

. §,—5, is outer measurable set.

Hence, if S;, S, are outer measurable sets and S, = S; then S, -5, is
outer measurable set.

Theorem 2.10: If S; and S, are measurable sets and ifS, " S; =¢, then
m(S; U S;)=m(S;)+m(S,).
Proof: Let S;, S, be measurable sets and S, N S; = ¢.
This implies m*(S;)=m (S;), m*(S,) =m (S,) and
m*(S;uS,)=m(5,US,).
To show that m (5, US,)=m(S;)+m(S,)

Taking S,, S, for the set T and applying the criteria of measurability
of S;, we get

m(S; U Sy)=m[(S;US,NS;)+my((S; U S,)NS)]
= (Sy)+m (S, NS (S, NS
We know that if S S, =¢
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= S,cX-8,
ﬁszﬁ(X—51)=52

Now we have m*(S;US,)=m*(S;)+m*[p U (S, NS])]

=m*(S)+m*(S;NnX-5;)
=m*(5;)+m*(S;)

According with initial hypothesis this takes the form, we have

m (S Sy) =1 (5y) +m(Sy).

To show that A is outer measurable.
For any set T, we have T=ANT+A'NT
By Caratheodory postulates for outer measure.

or

m*(T)=m*(AnT+A'NT)
<Sm*(AnT)+m*(A'NT)
m*(M<m*(AnT)+m*(TNA")

Since, (TN A)=A

=
=

m*(TNA)<m*(A)=0
m*(TNA)<0

But m*(TnA)=0

S 0sm*(TNA)<0

Consequently, m* (T A)=0

Again TNA'cT

= m*(TnA)Y<m*(T)

Using Eqn. (2.16), we have
m*(TNA)+m*(TNA)<m*(T)+0
or m*(TNA)+m*(TnA)<m*(T)
By Eqns. (2.15) and (2.17), we get

m*(T)=m*(T A A)+m*(T A"

This implies A is outer measurable.
Hence, if the outer measure of a set is zero, then the set is outer

measurable.

Theorem 2.12: Let A be a measurable set if B is any set then

m*(AUB)+m*(AnB)=m*(A)+m*(B).

Theorem 2.11: If the outer measure of a set is zero, then the set is outer
measurable.

Proof: Let A be any set such that m*(A)=0

(2.15)

(2.16)

(2.17)
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Proof: Let A is measurable set so that
m*(M=m*(TNA)+m*(TNA")
Taking one by one T=Band T=AUB, we get
m*(B)=m*(BNnA)+m*(BNA") (2.18)
and m*(AuB)=m*[(AUB)NA]l+m*[(AUB)N A’] (2.19)
We know that (AUB)n A=A and
(AUB)NA’'=(ANnA)YUBNA)
=9puU(BNA)
=BNnA’
By Eqn. (2.19), we have
m*(AuB)=m*(A)+m*(BN A’) (2.20)
Subtracting Eqn. (2.18) to (2.20), we get
m*(B)—-m*(AuB)=m*(BN A)—m*(A)
= m*(B)+m*(A)=m*(AUB)+m* (BN A)
Hence, m*(AuUB)+m*(AnB)=m*(A)+m*(B).

Theorem 2.13: The intersection of a finite number of measurable sets is
measurable.

Proof: Let E;, E,, ..., E, be measurable sets.

n
To prove that n E, is measurable.
k=1
We know that union of finite number of measurable set is measurable.
Letall the set E;be contained in aninterval [, b]. Then E; = complement
of E, with respect to [a, b].
Using De-Morgen law, we have

UE: = {ﬂ Ek} (2.21)
k=1 k=1

E, is measurable.
= its complement E; is measurable.

n
= U E; is measurable
k=1

= {ﬂ Ek} is measurable [Using Eqn. (2.21)]
k=1

= ﬂEk is measurable.
k=1
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Theorem 2.14: The difference of two measurable sets is measurable.

Proof: Let E; and E, be measurable sets.
To show that E; — E, is a measurable set.
We haveE, —-E, =E; N Ej.
Since E, is measurable.
= Ejis measurable.
= E;n E;is measurable.
= E,—E, is measurable.
Hence, the difference of two measurable sets is measurable.

Theorem 2.15: Prove that m;(A)<m,(A)for AcR.

Proof: Let H be a closed set such that Hc A (by definition of interior
measure) and G is a open set such that G > A (by definition of exterior

measure).
= HcAcG
= HcG
= I(H)cl(G)
Taking infimum all over G such that
= I(H) £infl(G) such that Ac G
= I(H)<m,(A) (by definition)

Now taking supremum all over H, we have
Sup I(H) < m,(A) such that HC A
m;(A)<m,(A) (by definition)
Hence, m;(A)<m,(A)for AcR.
Theorem 2.16. Prove that a set is said to be measurable if and only if its
complement is measurable.

Proof: Let A be a given set which is contained in the interval[a, b], then
we have

m;(A)=0b-a)—m,(A") (2.22)
Let A is measurable, i.e., = m;(A)=m,(A)=m(A) (2.23)
To show A’ is measurable, i.e., = m;(A")=m,(A")=m(A") (2.24)
By Eqns. (2.22) and (2.23), we get
m(A)=({b—-a)—-m,(A")
= m,(A")=(b—a)—m(A) (2.25)
Now put A=A"in Eqn. (2.22), we get
m;(A")=(b—a)—m,(A")
=(b—a)-m,(A)
By Eqn. (2.23), we have
m;(A")=(b—a)—m(A) (2.26)
From Eqns. (2.25) and (2.26), we have
m,(A)=m;(A)=m(A’) = Ais measurable.



Lebesgue Measure 51

Conversely, let A’is measurable
ie., m,(A")=m;(A")=m(A’) (2.27)
To show A is measurable, i.e.,

my(A) = m;(A) = m(A)
By Eqn. (2.22), we have

m;(A)=(b—a)—m,(A’)

=(b—a)-m(A’) {Using Eqn. (2.27)} (2.28)

Put A=A’in Eqn. (2.22), we get

m;(A”)=(b—a)—m,(A")
or m;(A")=(b—-a)—m,(A)
= m,(A)=({b—a)—m(A)
= m,(A)={b-a)-m(A") {Using Eqn. (2.27)} (2.29)

From Eqns. (2.28) and (2.29), we get
m;(A)=m,(A)=m(A) = A is measurable.

Hence, a set is said to be measurable if and only if its complement is
measurable.

Theorem 2.17: If E; and E, are subset of [a, b] then show that
m,(E;)+m,(Ey)=2m,(E; WE,)+m,(E; nE,) and
m;(Ey) +m;(E,) < my(E; VE,) +m;(E; N Ey).

Proof: Suppose E; and E, be subset of [a, b]. For a given €>0, we can

find open set G; and G, such that G;oE;and G,>E, (2.30)
By definition of exterior measure on a set G; and G,, we have
m(Gy)<m,(E;)+€/2 (2.31)
m(G,)<m,(E,)+€/2 (2.32)
Adding Eqns. (2.31) and (2.32), we get
m(Gy) <m(Gy)<m,(E;)+m,(Ey)+€ (2.33)

Since G; and G, are open set then G; U G, is also open set from (2.30),
G, UG, and G; N G,set containing E; U E,and E; N E, respectively, then
we know by definition

m(Gyu G,)>m,(E,UE,) (2.34)
m(G,NGy)>m,(E;NE,)

We know by a theorem,
m(Gy W G,)+m(G;NG,)=m(Gy)+m(G,) (2.35)

By Eqn. (2.33) and (2.35), we have
m(G, UGy)+m(Gy NG,) <m,(E))+m,(E))+€ (2.36)

From Eqn. (2.34) and (2.36), we have
m,(E)+m,(Ey) +€>m,(E, U Ey)+m,(E;NEy)
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or m,(E; U Ey))+m,(E;NEy) <m,(E))+m,(E,) (2.37)
We know that

mi(A)=(b—a)—m,(A")
= m,(A")=(b—a)—m;(A) (2.38)
Since, Eqn. (2.37) is true for every E;, E, subset of [a, D]
= m,(E;© Ey)+m,(E[ N Ey) < m, (E)+m.(E;)
=m,(ENE) +m,(E,VE,) <m,(E)+m.(E)) {By De-Morgen law}
Using Eqn. (2.38), we get
(b-a)-m(E;NEy))+(b—-a)—-m;(E;UE,)
<(b-a)—m(E)+(b—a)—m(E)
= —m;(E; N Ey) —my(Ey U Ey) < — my(Ey) — m;(Ey)
= m;(Ey)+m;(Ey) <my(Ey U Ey)+m;(E; N Ey).
Hence, if E; and E, are subset of [a, b] then
m,(E;)+m,(E,)=2m,(E; v Ey)+m,(E;NE,)and
m;(Ey)+m;(Ey) <my(Ey U Ey) +my(Ey N Ey).
Theorem 2.18: If E; and E, are measurable set of a closed interval [a, b]
then prove that m(E;)+m(E,)=m(E,UE,)+m(E;NE,).
Proof: 1t is given E; and E, are measurable set, then we have
m,(Ey) =m;(E;) = m(El)}
m,(Ey) =m;(E,)=m(E,)

Also we know that union of two measurable set is measurable and
intersection is also.

(2.39)

ie, EUE, and E,NE, is measurable

= m,(E; U Ey) = m;(Ey O Ey) =m(E; U Ey)
my(Ey N Ey) = m;(Ey N Ey) =m(E; N Ey)

Also we know that

m,(E;)+m,(Ey)2m,(E; U E,)+m,(E;NE,) (2.40)
and m; (Ey)+m;(Ey) <m;(E;w Ey)+m;(E;N Ey) (2.41)
Using equation (2.39), we have

m(E,)+m(Ey))2m(E, UE,)+m,(E,NE,) (2.42)

m(E;)+m(E))<m(E;UEy))+m(E;NE,) (2.43)

From Eqns. (2.42) and (2.43), we get
m(E;)+m(Ey)=m(E, U Ey)+m(E;NEy)
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Theorem 2.19: Let <E; > be a sequence of measurable sets. Then prove
that m[UEl} < Zm(Ei).
i=1 i=1

Proof: Let <E,> be a sequence of sets in E and we have write

n-1
Pn = En - U Ei'
i=1
This shows that P,n P; =¢ for i#j (2.44)
UE =P (2.45)
i=1 i=1
P,cE,,Vn (2.46)

From Eqn. (2.44), we have m[UPZ] = Zm(R)

i=1

= m[OElJ Zm(P) [using Eqn. (2.45)]
i= i=1

<

ool

Theorem 2.20: If <E, > is monotonic non-increasing sequence of

m(E;)  [using Eqn. (2.46)]

I

1l
—

Mx

measurable sets (outer measurable sets), then the limit set E= ﬂEk
k=1
is a measurable (outer measurable) set and for every T of finite outer
measure, m*(T NE)=1lim m*(T nE,).
n—o0

Proof: Let <E, > is monotonic non-increasing sequence of measurable
sets.
First we prove that lim my (T NE,)exists and
n—oo
limm*(TNE,))=m*(T NE)
n—oo
Let T be a set of finite measure.
Since, E;D E,DE;D...
TNESDTNE,oTNE;>...
Therefore, we have

m*(TAE)2m*(TAE)2m*(TE})=>...
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Consequently <my(TE,):ne N> is monotonic non-increasing
sequence in brief we shall denote A NA,NA;N...by A} A, A;...
similarly the set AU B U Cis denoted by A+ B+ C. Also every member
of <m*(TE,), ne N >is non-negative.

Hence, this sequence has a limit so that lim m *(TE,) exists.

n—yoco

E=()\E,cE,=EcE,>TNEcTNE,
n=1
TECTE,
m*(TE) < m*(TE,)
lim m * (TE) < lim m* (TE,,)
Nn—yoco

Nn—oo

LUl

Taking lim m *(TE,)) = A, we get
Nn—vo0

m*(TE)< A (2.47)
The set T can be broken as
T=TE+TE +ETE; +E,TE; +...+E, | TE}, (2.48)

Making use of Caratheodory postulates for outer measure, we have
m*(T)<m*(TE)+m*(TE{)+ m*(E,TE})+...+m*(E,4TE,) (2.49)
Since each E,is outer measurable, so we have
m*(I)=m*(TE,)+m*(TE))
m*(T)=m*(TE;)+m*(TE]) (2.50)
Taking E,_; T for the set T and applying the condition of measurability
of E,, we get
m*(Ey 1 T)=m* (E, 4 TE,)+m*(E, ; TE})
or m*(E,_;T)=m*(E,T)+m*(E,,TE,)
or m*(E,TE,)=m*(TE,_;)-m*(TE,) (2.51)
By Eqns. (2.49), (2.50) and (2.51), we get
m*(T)=m*(TE)+[m*(T)—m*(TE}))|+[m* (TE)— m* (TE,)] +...
=[m*(TE,)-m*(TE,)]
=m*(TE)+m*(T)-m*(TE,)
Taking limit asn — oo, we have
m*(T)<Sm*(TE)+m*(T)- A
A<m*(TE) (2.52)
By Eqns. (2.47) and (2.52), we get
A=m*(TE)
ie, lim m*(TE,)=m*(TE)

n—>oc0
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Now we show that E = ﬂ E, is measurable.
n=i

For any set T c X, we have

T=TE+TE’ (2.53)
From which we get
m*(T)<Sm*(TE)+m*(TE’) (2.54)
By Eqn. (2.53), we get
TE'=T-TE

Putting in (2.48), we get

TE'=TE{+ETE;+E,TE; +...+E,_, TE,
m*(TE")<m*(TE{)+m*(E, TE})+...+ m*(E,_; TE)

Using Eqns. (2.50) and (2.51), we have

m* (TE') < [m* (T) ~ m* (TE,)] + [m * (TEy) — m * (TE,)]
+[m*(TEy) —=m*(TE3)]+...+[m*(TE,_;)—m*(TE,)]
=m*(T)-m*(TE,)

Making 1 — <, we get

m*(TE’) < m*(T)— lim m*(TE,)
Nn—>oo

or m*(TE’)=m*(TE’)+ lim m*(TE,)

But lim m*(TE,,) = m*(TE)
= m*(T)2m*(TE")+m*(TE) (2.55)
By Eqns. (2.54) and (2.55), we get

m*(T)=m*(TE")+m*(TE)

Hence, E is outer measurable.

Theorem 2.21: If <E, > be a sequence of disjoint measurable sets then
for any set A,

m*
i=1 i=1

n n
Am[UEiﬂz Y m*(ANE)
Proof: Let <E, > be a sequence of outer measurable set and A= UE,-,
n i=1
B, = JE.
i=1

Then we have

A:Og:@g:m
i=1 i=1

n
= m*(TAB,)=Y m*(TNA,)
r=1
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n oo n
- m*(T AB,)=Y m*(TNE,), where A=| JE;,, B, = JE

r=1 i=1 i=1
Now we have

m’{Tﬁ(OEi =im*(TmEi)

i=1 /] =1

Replacing T by A, we get

Am(UEi =Y m*(ANE).
=

i=1

m*

Theorem 2.22: Prove that every Borel set is Lebesgue measurable.

Proof: Since we know that open and closed sets are measurable therefore
countable union and intersection of measurable set is measurable.
This implies Borel sets are measurable.

Another Proof:
Let a set E be Borel measurable so that E is a bounded Borel set.
To show that E is Lebesgue measurable.

E is expressible as E = {UG,{} N {ﬂ Fk}
k k

Where Gy is an open set and Fy is a closed set.
E is bounded = all G, and all F; are bounded.
Also Gy is open and Fy is closed = G and F; both are Lebesgue

measurable sets. This implies UGk , ﬂPk are Lebesgue measurable sets.
k k

For a countable union or intersection of measurable sets is measurable.

= {U Gy } ;N {ﬂ Pk} is also Lebesgue measurable by same reasoning.
k k

= Eis Lebesgue measurable.
Hence, every Borel set is Lebesgue measurable.

2.10 FIRST FUNDAMENTAL THEOREM

If E,, E,, ... are disjoint measurable sets and E = E; + E, + ... then E is

measurable and m(E)= 2 m(Ey).
k=1
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Proof: Let E;, E,, ... be disjoint measurable [a, b] then
m, (Ey ) =m;(Ey) =m(E), Vk
It is given that E;NE; =¢fori#j

Also E=E +E, +...+= Y E

k=1
Suppose all the sets is contained in an [a, b], then we have

m(E)< S my(E) =S m(Ey)
k=1 k=1

=

57

or m,(E)< Y m(Ey) (2.56)

k=1
Let S, =2Ek , then m(Sn)=2m(E,) for E.NE;=¢ for r#s.

r=1 r=1

Then S, c Y E,=E
r=1

ie, S,cE sothat E'cS,

E'cS, = m,(E)<m,(S,)=m(S;)
= m,(E") <m(S},).
Since S, is measurable = S;, is measurable.
= m,(E")<m(S),)

=(b-a)-m(S,)

—(b-0)-Ym(E)
r=1
= m(E)<b-a)- 3 m(E,)
r=1
= im(Er)S (b—a)—m,(E") = m;(E)

r=1

- mi(E)zim(Er).
r=1

Making n — e, we obtain m;(E) > Zm(Er)

r=1
By Eqn. (2.56), we have
m;(E) 2 im(Er) >m,(E) (2.57)
r=1
= m;(E) 2 m,(E).

But m;(E) < m,(E) is always true.
M, (E) 2 m; (E)
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This implies E is measurable

and m(E)= im(Ek) >m(E) [Using Eqn. (2.57)]
k=1

oo

Hence, m(E)2> Zm(Ek).
k=1

2.11 CANTOR’S TERNARY SET

This section we discuss a compact (and hence, a Borel) uncountable set
of real numbers with measure zero. This set is known as the Cantor set
after Georg Cantor (1845-1918) who constructed the set in 1883. Let the
closed interval I = [0, 1] and suppose H;. Now divide H; in three equal
parts and remove the middle part, i.e., the open interval (1/3, 2/3).
Now suppose H, be the remaining closed set, i.e., H,=(0,1/3)U(2/3, 1).

Repeating this process infinitely, we get a closed set H={H,, }. This set
n

is called the Cantor’s ternary set. The cantor’s ternary set H contains the
end points of the closed interval which make up each set H,,.

Note:
1. The Cantor’s ternary set is measurable and its measure is zero.
2. The Cantor’s set F is uncountable.
3. The Cantor’s ternary set is a perfect set.

2.12 NON-MEASURABLE SET

First we define the equivalence relation on the set of real numbers.
Consider two real number p and g is called to equivalentif and only if p — ¢
is a rational number. This equivalence relation is partition the whole set
into disjoint equivalence classes such that any two elements of one class
differ by a rational number while any two elements of different classes
differ by an irrational number. Using the axiom of choice that there exist
a set S such that S contains exactly one element from each equivalence
class. Since the set of all rational numbers in [0, 1) is enumerable, the

members can be arranged in the form of a sequence. Suppose {x; };.X;O be

an enumeration of the rational numbers in [0, 1), where x, = 0. Consider
S; =5®ux;, where S5y = S and if r€S5; NS, then we have r = p; + x; = p; +
xj, where x;, x;€S. But p; - p; = x; - x; is a rational number and so p; ~ p;.
Since S contains only one element from each class p; ~ p; = i =]. It follows
that if i # j then S; and S; are disjoint. It means that {S;} is a sequence of
pairwise disjoint sets. Again, since each real number p€[0,1) belongs
to some equivalence class and so is equivalent to some element in S.
But if p differs from an element in S by a rational number x; then p € S§,.
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Therefore, we have U{S;} =[0, 1). Since each §; is translation modulo 1 of
S, every S; will be measurable if S is measurable and then m{S;}=m(S).

But then we have m[0,1)= Zm(Si) =Zm(5). Now the right hand side
i=1 i=1

is either zero {when m(S) = 0} or <o {m (S) is positive}. This contradicts
the fact that m [0, 1) = 1. Hence S is non-measurable.

RECAPITULATION

The set which may be obtain from closed and open countable set
by repeatedly applying union and intersection operation to them
are called Borel set.

A non-empty class R of sets is known as Boolean ring (or ring of
sets) if A, BeR = A-BeqR and AUBeR.

A non-empty class R of sets is known as algebra (or Boolean
algebra) if

(i) A, BER = AUBeR and (ii)) AeR = A’eR.

¢ A non-empty class R of sets is known as o-ring (or ring of sets) if

(i) A, BeR = A-BeR and (ii) A;,eR,i=1,2,3, ..., then [ JA eR.
i=1
The outer measure or the Lebesgue outer measure of an arbitrary

inf Y I(I;)
0, ifE=¢

set E is given by m*(E) = where the infimum is taken

over all countable collection {I;} of open interval such that E c U{I;}.
A set E is said to be measurable with respect to the given outer
measurable if for each set A, m*(A)=m*(AnE)+m*(AnE’).
Every countable set is measurable and its measure is zero.

The union of two outer measurable set is outer measurable. The
intersection of two outer measurable set is outer measurable.

If S, and S, are measurable sets and if S,nS;=¢, then
m(S; 0 Sy) =m(S;)+m(S,).

The exterior measure of a set m,(A)=Inf {m(G):G > A.Gis open}
= m(G) 2 m,(A). For any given € > 0, there exists an openset G5 A
such that m(G)<m,(A)+e.

The interior measure of a set m;(A) =sup {m(F): F c A, F is closed}.

e If Ac B, then = m,(A)<m,(B) and If A c B then m;(A) < m;(B).

If E; and E, are subset of [a, b] then
my(Ey)+m,(Ey) 2 m,(E; U Ey)+m,(E,NEy)

and m;(E;)+m;(E,)) <m;(E; U Ey)+m;(E; N E,).

The union of two measurable sets is measurable.
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e The difference of two measurable sets is measurable.
¢ First Fundamental Theorem: If E;, E,, ... are disjoint measurable

setsand E =E; + E; + ... then E is measurable and m(E) = Zm(Ek ).
k=1

EXERCISES

Multiple-choice Questions

2.1 If A and B are two sets with A — B then
(a) m*(A)<m*(B)
(b) m*(A)=m*(B)
() m*(A)=m*(B)
(d) None of these.
2.2 IfS;and S, are measurable sets and if S, N S; = ¢, then m(5, U S,) =
(@) m(5;)+m(S,)
(b) m(S;)—m(S,)
(c) m(Sy)-m(S;)
(d) None of these.
2.3 Which statement is wrong?
(a) If AcB then m*(A)<m*(B)
(b) If AcB, then m,(A)<m,(B)
(c) If AcB then m;(A)<m;(B)
(d) None of these.
2.4 If A and B are any two subsets then, m*(A — B) =
(@) m*(A)-m*(B)
(b) m*(A)+m*(B)
(c) m*(A)—-m*(B)
(d) None of these.
2.5 If E; and E, are subset of [a, b] then
(a) me(El) + me(E2) 2 me(El Y EZ) + me(El N EZ)
(b) m;(Ey)+my(Ey) < my(Ey U Ey)+m;(E; N Ey)
(c) m(E;)+m(Ey)=m(E;UE,)+m(E;NE,)
(d) All above.
2.6 The Cantor’s ternary set is measurable and its measure is equal to
(@) 0
(b) 1
(c) oo
(d) None of these.
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State True or False

2.1 The measure of singleton set is zero.

2.2 Every countable set is measurable and its measure is zero.

2.3 Theintersection of two outer measurable setisnot outer measurable.

2.4 A set is said to be measurable if and only if its complement is
measurable.

2.5 Borel measurable set is not Lebesgue measurable.

Fill in the Blanks
2.1 If E is a measurable set then is also measurable.
2.2 The union of two outer measurable set is measurable.
2.3 Let A be a measurable set and if B is any set then
m*(AuB)+m*(ANB) m*(A)+m*(B).
2.4 If two sets are measurable then there intersection is
measurable.
2.5 The Cantor’s ternary set is a set.
Exercises

2.1 What is Measure?
2.2 What do you mean by Lebesgue measure?
2.3 Discuss about the Exterior and Interior measure of a set.
2.4 State and prove first fundamental theorem.
2.5 What is Measurable set?
2.6 Prove that m*(AUB) < m*(A) + m*(B).
2.7 Prove that a singleton subset is a measurable set with a measure
Zero.
2.8 Prove that the difference of two measurable sets is measurable.
2.9 Prove that the outer measure of an interval is its length.
2.10 If A and B are any two subsets then show that m* (A - B) =m*(A) -
m*(B).
2.11 Prove that the symmetric difference of two measurable sets is also
measurable.
2.12 Prove that
(1) me(El) + me(E2) 2 me(El v EZ) + me(El M EZ)
(i) m;(Ey)+my(Ey) < my(Ey O Ey) +my(Ey N Ey).
2.13 Construct a set which is not measurable in the sense of Lebesgue.
2.14 Define Lebesgue measure of a set. Construct a non-dense perfect
set in the interval (0, 1) whose measure is 1/2.
2.15 Write a short note on Cantor’s ternary set.
2.16 To show that a Borel measurable set is Lebesgue measurable but
not conversely.
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2.17 Prove that the intersection of any collection of Boolean rings is

again a Boolean ring.

2.18 Prove that the Lebesgue exterior measure is a Caratheodory outer

measure.

2.19 Prove that the intersection of two rings is a ring.
2.20 Prove that open sets and closed sets are measurable.
2.21 Prove that a singleton set is measurable.

2.22 State Caratheodory’s criterian for measurability and prove that the
union of two measurable sets is measurable.
2.23 Write a short note on non-measurable set.

ANSWERS
Multiple-choice Questions
2.1 (a) 2.2 (a) 2.3 (d) 24 (o)
25 (d) 2.6 (a)
State True or False
21 T 22 T 23 F 24 T
Fill in the Blanks
2.1 E’ 2.2 outer
23 = 2.4 also

2.5 perfect.

25 F
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CHAPTER

Measurable Functions

3.1 INTRODUCTION

The concept of a measurable function on an abstract measurable space
is the almost identical with that for real valued functions. However,
measure-theoretic ideas are essential for a deep understanding of
the probability, because probability is itself a measure. A measurable
function is one whose pre-images are measurable sets and functions in
the Lebesgue world are not “measured” but integrated. In this chapter
we shall discuss the step function, Real valued function, Characteristic
function, Simple function, Equivalent functions, Sequences of functions,
Measurable function, Measurable function as a random variable, Little-
wood’s three principles, Borel measurability, Point-wise convergence,
Convergence in measure, Uniform convergence, Convergence in mean,
F. Riesz theorem, Egoroft’s theorem and Lusin’s theorem.

3.2 IMPORTANT TERMINOLOGY

Before discussing the measurable functions, we shall discuss certain
necessary preliminaries.

3.2.1 Step Function

A real valued function ¢ defined over on a closed interval [g, b] is called
a step function if there exists is partition {a# = x; < x; < x,<...< x,, =b} such
that function takes one and only one value of each interval.

3.2.2 Real Valued Function, Characteristic Function and
Simple Function

A function fis said to be a real valued function if domain is a family of sets
and its co-domain is a set of real numbers. For examples, trigonometric
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functions, exponential functions and polynomials functions are real
valued functions.

Let U be the universal set and X be a subset of U. Then the real valued
function ¢y :u — {0, 1} is known as characteristic function of X and it is

1 ifxeX
0 ifxeX

An extended real valued function f is known as simple function if it
is measurable and its range is finite. A characteristic function is a simple
function.

defined by ¢y ={

3.2.3 Equivalent Functions

Let the two functions f; and f, are defined on the same set X, then they
are said to be equivalent function if m({x e X: f;(x) # f,(x)})=0.

3.2.4 Sequences of Functions

If {f,(x)} is a sequence of sets, then the supremum of {f,(x)} is the set

G {f,(x)} and the supremum limit of is denoted by lim f, (x) and defined
n=1

by lim sup (£, (x) =Iim £,()= N N (£, (x)

If {f,(x)} is a sequence of sets, then the infimum of {f,(x)} is the

set N{ f,(x)} and the infimum limit of is denoted by lim f, (x) and
n=1 o oo

defined by lim inf{f,(x)}=lLm f, (x)= U N {f,,(x)}. If the supremum
n—oo n=1 m=n

and infimum limits are equal, i.e., lim f, (x) = lim fu(x) = lim f,(x), then
we say that the limit of sequence is exist.

3.3 MEASURABLE FUNCTION

In this section we study the concept of measurability. We shall see that
measurable functions are basically very strong or durable continuous-
like functions. The class of measurable function has an important role in
Lebesgue theory of integers. It takes a place comparable to that of class
of function which are bounded and continuous in Riemann theory of
integer and function of bounded variation. Let f is extended real valued
function whose domain is measurable then following statement are
equivalent:

(i) For each real number a collection of all x set {x:f(x)<a} or

E(f(x)<a)={xeE: f(x)<a}
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Note:
1. Any continuous function of the sets on which function is defined
is measurable.
2. Continuous function with measurable domain is measurable.

3.4 MEASURABLE FUNCTION AS A RANDOM VARIABLE

Suppose f is a function from a measurable space (Q, F) into the real
numbers R. We state that the function is measurable if for each Borel set
By € B, the set {w; f(w) € By} € F. A random variable X is a measurable
function from a probability space (Q, F, P) into the real numbers R.

3.5 LITTLEWOOD’S THREE PRINCIPLES

J. Littlewood give the three principles for the theory of functions of real
variables, are follows:

1. Every (measurable) set is nearly a finite union of intervals.

2. Every (measurable) function is nearly continuous.

3. Every convergent sequence of (measurable) functions is nearly
uniformly continuous.

Theorem 3.1: Prove that the conditions involved in the definition for a
measure function are equivalent to each other.

Proof: Let f be an extended real valued function defined over a
measurable set E. Then f is Lebesgue measurable function if and only if
any one of the following is measurable:

E(f>a) (i) E(f=a) (iii) E(f <a) (iv) E(f<a)

(i) Let {x: f(x)=a}is measurable.
To show {x: f(x)>a}is measurable.

Now we have E(f >a)={x: f(x)>a} 0{ f()>a+:l}

n=1
We know that the union of measurable is measurable. Hence
{x: f(x)>a}=E(f >a) is measurable.
(ii) Let {x: f(x)>a}is measurable.
To show {x: f(x)>a}is measurable.

Now we have E(fza)z{x:f(x)Za}zﬁ {x:f(x)>a—%}
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We know that the intersection of measurable is measurable. Hence
{x: f(x)>a}=E(f 2a) is measurable.
(iii) Let {x: f(x)=>a}is measurable.
To show {x: f(x) < a}is measurable.
Now we have E(f <a)={x: f(x)<a}={x: f(x)>a}
We know that complement of measurable set is measurable. Hence
{x: f(x)<a}=E(f <a)is measurable.
(iv) Let {x: f(x)>a}is measurable.
To show {x: f(x)<a}is measurable.

Now we have E(f <a)={x:f(x)<a}= {x:f(x)>a}'
We know that complement of measurable set is measurable. Hence
{x: f(x)<a}=E(f <a) is measurable.

3.6 BOREL MEASURABILITY

Afunction fis known as Borel measurable if for each g, the set {x: f(x) > a}
is a Borel set.

Note:

1. The product of two Borel measurable functions is a Borel measurable
function.

Theorem 3.2: Let f be a function defined over a measurable set E then
show that f is measurable if and only if for any open set G R, f™(G)
is measurable.
Proof: Let f be defined over a measurable set E and G c R, where R is
the set of real number and G and an open set.

To show that f 1 (G) is measurable.

E R
f
1 In
f~1(G) GcR

Since we know that any subset G of R can be expressed as a countable

union of disjoint open intervals, therefore we have G = U {L,}, where I,
is open interval then n=1
f‘1 (G)=ulxeE: f(x)el,}=uf{xeE: f(x)e(a,, b,)}
=uf{xeE:a, < f(x)<b,}
=U[{xeE: f(x)>a,}n{xeE: f(x)<b,}]
=U{E(f >a,)NE(f <b,)}
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Since E(f >a,)and E(f <b,) is measurable.
=E(f>a,)NE(f<D,) is measurable.

=>f 1(G) is measurable.

Conversely, let f (G) is measurable.
To show f is also measurable.
Let G=(a, ), where a>0.

Then f™(G)={xeE: f(x)e(a,))
={xeE:a< f(x)< oo}
={xeE: f(x)>a}
=E(f>a)

Give f “1(G) is measurable. Hence E( f >a)is measurable.
Thus f is measurable on E.

Theorem 3.3: Prove that a constant function over a measurable set E is
measurable.
E ifa<c

Proof: Let f(x)=c. Then we have E(f>a)={¢ o>

}. Since, E is
measurable and ¢ is measurable. Hence, f is measurable function over
a measurable set E. Hence, a constant function over a measurable set E
is measurable.

Theorem 3.4: Every bounded open set and bounded closed set are
measurable.

Proof: Let G be a bounded open set. From G by means of a finite number
of disjoint closed interval. Then the sum of the lengths of their intervals
is equal to the length (measure) of G. Therefore we have m,(G)=m(G).
Then G can be obtained in an open set consisting of G itself and contains
a closed set such that difference of measures of closed set and open set is
arbitrarily small. Consequently m,(G) = m(G) = m;(G) = Gis measurable.

Since complement of a measurable set is measurable. Also complement
of open set is closed set. This implies G’ is measurable and G’ is closed.

Theorem 3.5: Let f and g are real valued measurable function over a
measurable set E show that f U g, f N g are measurable function.

Proof: Let c is any real number. It is given f and g are measurable
functions.

= E(f >c) and E(g >c) are measurable.
To show that E{(f U g) >c}is measurable.
=E{(fug)>cl=E(f>c)UE(g>c)
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Since E(f>c)and E(g>c) are measurable = E(f >c)UE(g>c) is
measurable.

Hence, f U g is measurable over a measurable set.

Now to show that f N g is measurable.

=E[(fng)>c]=E(f>c)NnE(g>c)

Since E(f >c) and E(g>c) are measurable = E(f >c)nE(g>c¢) is
measurable.
Hence, f N g is measurable over a measurable set.

Theorem 3.6: If f and ¢ are measurable function defined over a
measurable set E then the set E(f > g) is measurable.

Proof: Let f and g are measurable function over E.
= Ja rational number r such that f >r > g. Therefore we have

E(f>g)=VIE(f>r)nE(g<7r)]
Since it is given f and g are measurable function = E(f>r) and
E(g <r)are measurable set. We know that intersection of measurable
set is measurable. Therefore E(f >r)nE(g<r)is measurable. Also we
know that union of measurable functions (sets) is measurable. Therefore
UI{E(f >r)n(g <r)} is measurable.
Hence, E(f > g) is measurable.

Theorem 3.7: Let f be a sequence function defined over a measurable set

E,,VkeNand E= U E;. Then f is measurable over E.
k=1

Proof: Letabe any realnumber. Sinceitis given E = | J E, i.e., enumerable

union of measurable set. k=1
= E is measurable.
= {xeE: f(x)>a}
= E(f>a)=JE (f>a)
k=1

or U [E.(f>a)]=E (f >a)UE,(f >a)u...
k=1
Since each function f defined on each measurable set Ey, E,, ..., Ey and
we know that union of measurable set is measurable. Therefore we have
E, (f >a)is measurable = E(f >a) is measurable.

Hence, f is measurable over E.

Theorem 3.8: Prove that if f is measurable over a measurable set E then
f is also measurable over any subset E.
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Proof: Let A be subset of E, where E is measurable set. To show that fis
also measurable over a set A.
We have A(f>a)={E(f>a)n A}
Given E(f >a) and A is measurable = E(f >a) N A is measurable.
Hence, f is measurable over a set A.

Theorem 3.9: Let f be a measurable function defined over a measurable

fl, f2and 1/f

set E and Let c be any real number. Show that cf, f +¢,
are measurable where f #0.

Proof:

(i) To show cf is measurable function over measurable set E.

E( f> Ej, if c is positive real number.

We have E(cf >a)= ¢

E ( f< f), if c is negative real number.
c

Since a, ¢ are real number = a/c is a real number.
Since the both R.H.S. is measurable therefore cf is measurable.

If c=0 = ¢f=0,VxeE = cfis a constant function.

We know that constant function is always measurable.
Hence, cf is measurable.

(ii) To show that f +c is a measurable function over E.
We have E(f+c>a)={E(f>a—-c)}
Since a, ¢ are real number = a-—cis a real number.
Therefore E(f +c > a)is measurable.
Hence, f +c is measurable function over E.

(iii)) To show that | f | is measurable function over the measurable set E.

E(f<a)UE(f>-a) ifa>0
E =
(fl<a) { 0 if 2 <0
By definition we know that E(f <a), E(f >—a)and ¢ are measu-
rable.

Therefore E(f <a)u E(f >a)is measurable.

Thus E(| f | < a) is measurable, i.e.,
a measurable over E.

f | is measurable function over

(iv) To prove that f?is measurable function over the measurable set E.

We have E(f* <a)=E(|f|<+a) if a=0 (3.1)
But E(|f|<\/2)=[E(f<\/E)UE(f>—\/E)], where a is any real
number.

From Eqn. (3.1), we have E(f2 <a)=E(f<\/E)uE(f>—\/E)
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By definition of measurable = E(f<\/E) and E(f>\/5) is
measurable.

=  E(f <Ja)UE(f >—+/a) is measurable.
= E(f2 < a) is measurable.

Hence, f? is measurable function over a measurable set E.

1. )
To show that — is measurable function over the measurable set E.

Let f is vanish nowhere on E that f(x)#0, Vx € E. Therefore 1/f
exist.
Now we observe for any real number a, we have

E(f>0) ifa=0

E(—>aj= E(f>0)mE(f<%) ifa>0

E(f<0)mE(f<%)uE(f>O) ifa<0

By definition of measurable function, we have E(f>0) is

measurable and E(f < 1) is measurable = E(f >0)n E(f < 1) is
also measurable. a a

Now again E(f <0) is measurable and E ( f <1) is measurable
a

this implies E(f <0)n E(f < 1) UE(f >0) is also measurable, i.e.,
a

we know that union and intersection of two measurable set is

measurable = E (l > 0] is measurable.

1. .
Hence, — is measurable function over the measurable set E.

Theorem 3.10: Let f and g are measurable function defined over a
measurable set E such that f+g, f—g, f¢and f /g (where ¢ vanishes
nowhere on the set E) are measurable function over E.

Proof: Let f and g are measurable function defined over a measurable

set E.

First we will prove that E(f > g) is measurable.



(i)

(iii)
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Now to show that f + g is measurable.
First we will prove c— f is measurable.
We know that it is given that ¢ is measurable = cg is measurable.

= a+cgis measurable {Let a be any real number}
= a-gis measurable {put c = -1}

Now we have E(f+g>a)=E(f>a-g)

We know that f and a — g are both measurable functions over E.
Thus E(f + g >a)is a measurable set.

Hence, f + g is measurable function over E.

Given g is measurable = —g is measurable.

= c¢(-g) is measurable.

= a+c(—g) is measurable.

= a—(-g) is measurable {put c = -1}

Now we have E[f +(-g)>a]=E[f >a—-(-g)]

We know that fand a—(—g) are both measurable functions over E
Thus E[f +(-g)]=E[f — g]is a measurable

Hence, f — g is measurable function over E.

To show that fg is measurable function over E.

First we prove f + ¢ and f — g are measurable functions over E.
Since f and g are measurable function over E = f + g is measurable
function over E.

Also (f +g)* is measurable function over E.

Again if f —gis measurable function over E = (f-g)* is
measurable function over E.

We know that difference of two measurable functions is also
measurable.

= (f+ 8)2 -(f- 8)2 is measurable.
= fr+g*+2fg—f*—¢*+2fg is measurable.
= 4 fg is measurable.

We know that for any real number c,
A functioncf is also measurable.

= (4 fg) is measurable over E. {put c = 1/4}

= %(4 fg) is measurable over E.

= fg is measurable over measurable set E.

Let g vanish nowhere on E so that g(x) #0 Vx € E. Therefore 1/g
exists.
Give f and g are measurable function over E.

= f+g, f -8, fg are measurable function over E.
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Now to show that (1/g) is measurable over E
Let a be any real number, we have

E(g>0) ifa=0

E[l>aj= E(g>0)mE(g<l) ifa>0
a

[E(g>0)]u[E(g<0)]m[E(g<%ﬂ ifa<0

Since E(g>0) and E ( g< 1) are measurable function over E. We
a
know that finite intersection of measurable is also measurable
function. Thus E(g>0)NE ( g< 1) is also measurable.
a

Now E(g<0) is measurable. We know that finite union and
intersection of measurable function is measurable function.

= [E(g>0)]u HE(g <0)n E(g < %)H is measurable.

1
= E(— > a] is measurable in every case.
8

= 1/g is measurable over E.

Now to prove f/g is measurable over E.

We know f/g:f{é)

Since we know that the product of two measurable functions is
measurable function.
Hence f/g is measurable function over E.

Theorem 3.11: A function f is measurable if and only if the set
{x = f(x) <r}is measurable for every rational number .

Proof: Suppose a function f is measurable over E.
To show {x: f(x)<r}is measurable.
Let r be a rational number. Let c be any real number.
Since f is measurable = E(f <c) is measurable Vce R

= E(f <c) is measurable ce Q for Qc R.
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= E(f <r)is measurable, VreQ.
= {x:f(x)<r}={xeE: f(x)<r} is measurable.

Conversely, suppose {x: f(x) < r}is measurable.

We have E(f <c)={xeE: f(x)<c}=ulxeE=f(x)<r<c},
=ulxeE: f(x)<r,reQ}
= enumerable union of measurable set.
= Measurable set.

Hence, f is measurable function over E.

Theorem 3.12: Prove that a continuous function f defined over a
measurable set E is measurable.

Proof: Let fis the continuous function defined over a measurable set E.
To show that f is measurable function over the set A.
Let a be any real number then we have

A=E(fza)={xeE: f(x)=a} (3.2)

To show that f is measurable function then prove A is closed because
we know that every closed set is measurable. Let x; be the limit point
of A.

To show that x,€ A = 3 a sequence {x,} of A such that

lim x, = x, (by definition) (3.3)

Since it is given f is continuous, so we have

X, = %= f(x,) = f(x)
=x,€A= f(x,)=2a {From Eqn. (3.2)}

= lim f(x,)=a
Nn—yo0

=>f[lim xn:|2a

= f(xg)2a {From Eqn. (3.3)}
=xeA

Thus A is closed. Since we know that every closed set is measurable.
Hence, f is measurable function over the measurable set E.

Theorem 3.13: Let < f, > be a sequence of measurable function defined
over a measurable set E show that sup{f;, f,,... f,},inf {fi, fo,... fu},
lim f,,lim f, are measurable over E. Hence, show that lim f, is
measurable over E if lim f, exists.

Proof: Let < f, >be a sequence of measurable functions defined over a
measurable set E.

Step I: To prove that sup {f,:1<r <n} and inf {f, :1<r < n} are measur-
able over E.
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Define M(x)=sup {f,(x):1<r<n}= Of,(x)
r=1

and M(x)=inf {f,(x):1<r<n}

:—sup{fr(x):1£TSH}=Lanr(x)
r=1

If we show that M(x) is measurable over E, the result will follows.
For proving this, it is enough to prove that E(M > a) is a measurable set
over E, a being any real number.

Since f, is a measurable function over E = E(f, >a) is a measurable
set Vn.

We have E(M>a)=LnJE[fr>a]

r=1

= a finite union of measurable set
= a measurable set.

This prove that E(M >a) is measurable set.

Step II: To show that lim f, and lim f, are measurable function over
the set E.

. sup
Define M, (x)= 0>k {f,(x)}

inf
and mk(x):nzk{f”(x)}

_ inf
Then lim f,(x)= >1 {M (x)}

. sup
and Lim £,(x)= " {m(x))

By case (i) My (x), m;(x) both are measurable defined over E, Vk e N
and again by case (i).

inf su
v

P
(1 {M(x)} (1 {M(x)} are measurable over E.

ie, lim f, and lim f, both are measurable over E.
Step III: Let lim f, exist.
To show that lim f, is measurable over E

By case (ii), lim f,- lim f, both are measurable over E.
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By hypothesis, we have lim f, = lim f, = lim f,.
From what has been done, it follows that lim f, is measurable over E.

Theorem 3.14: If < f, > is a sequence of measurable functions then show
that lim f,is measurable.

Proof: Let < f, > be a sequence of measurable functions.
To show that lim f, is measurable.

. < f, > is a monotonic sequence and hence it is either monotonic
increasing or monotonic decreasing.
If < f, > is a monotonic increasing sequence, then we have

lim £, = " (£,)

If < f, >is monotonic decreasing sequence, then we have

. inf
lim f,= " {f,]

If prove that sup{f;, f,,... f,} and inf{f, f,,... f,} are measurable
then the problem will be solved.

Let g(x)=sup{fi, fo, .-, fu}
and f,(x)=inf{f}, fo,..., f,}.

Then E(¢>a)= O [E(f >a)]

n=1
= an enumerable union of measurable sets.

Hence, E(g >a) is measurable and so g is measurable.
Now we have

h(x)=—-sup{-f,(x):n=1,2,..}

= h(x) is also measurable as g is measurable.
Hence, the limit of a convergent sequence of measurable function is
measurable.

3.7 POINT-WISE CONVERGENCE

Let {f,}is the sequence of measurable function on a measurable set E
then this sequence {f,} is said to converge point-wise on a set E if J a
measurable function f on E such that f,(x)— f,, Vxe€E, where n — oo,
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3.8 CONVERGENCE IN MEASURE

Let {f,} is a sequence of measurable functions defined over a measurable
set E then {f,}is said to converge in measure to a function f if the
following conditions are satisfied:

(i) fis a measurable function on a set E such that f(x)<eo, Vx €E.

i) m{E(f, - f]z€)}=0, Ve>o.

3.9 UNIFORM CONVERGENCE

Let {f,} is a sequence of measurable functions defined over a measurable
set E then {f,} is said to converge uniformly almost everywhere to a
function f if there exists a set E, such that (i) m(E,)=0 and (ii) {f,}
converges uniformly to a function f on the set E - E,.

Note:

1. Areal valued function f is said to be continuous at the point x, if

given € >0 36 >0 such that |f(x)— f(xg)< e| wherever |x - x0| <é.
If a function is continuous at each point for which it is defined,
then it is called a continuous functions.

2. The main difference between continuity and uniformly continuity,
in continuity f(x)depend upon € and 6 but in case of uniformly
continuity f(x) depend upon only e.

3.10 CONVERGENCE IN MEAN

A sequence {f,} of a Lebesgue integrable function is said to converge in
mean to a function fif lim JE |fu— fldx=0.
Nn—>oc

3.11 F RIESZ THEOREM

If {f,} be a sequence of measurable functions which converges in
measure to f, then there exists a sub-sequence {f,, } which also converges
to f almost everywhere.

Proof: Let {6,} be a monotonic decreasing sequence of positive terms

such that lim §, =0. Suppose 20} is a convergent series of positive
terms. Consider we choose a monotonic sequence {c; :i € N} of positive

integers such that m({x eA: |fn(x) - f(x)| >0, }) <oy for each keN.

Since the sequence {f,} converges is measure to f

= lim m({x e A:|f,(x)- f(x)]28,})=0.

n—yo0
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Now we have to show that the sequence {f, } also converges is

measure to f almost everywhere on A, ie., lim f, (x)=f(x) almost
everywhere on A. ke

Let S ({x eA:
k=i

fu )= f@)28.}) =4 and (4} =B

Then obviously, {A;}is a monotonic decreasing sequence of measu-
rable sets, i.e., AiD A, DA;D....

=

Thus lim m(A,)=m(B) and also m(A,)< Zak
n—o0 k=n
Hence, lim m(A,)) =0=m(B).
n—>c0

Let y be any element of (A — B). Then y ¢ B implies that y ¢ A, for
some positive integer 7, such that

ye{reAdlf, - f[28,} Vizn
= Fu - fW[2 8 Vk=n
= lim £, ()=f(y) VyeA-B
= %13)10 fu,(y) = f almost everywhere on A.

3.12 EGOROFF’'S THEOREM

If a sequence of measurable functions is convergent almost everywhere
on a measurable set A, of finite measure then for every € >0 there exists
a measurable set Bc A such that

(i) m(B) < €;and (ii) the sequence is uniformly convergent on (A - B).

Proof: Let {f,} be a sequence of measurable functions defined on A.
Suppose this sequence converges almost everywhere on A to a finite
measurable function f. Then the function f is measurable. For if B is the

set on which lim f,(x)= f(x)then m (A - B) = 0. Hence, f is measurable
Nn—>c0

on B. Since on a set of measure zero every function is measurable, f is
measurable on (A - B). It follows that f is measurable on A also. If we

set E) = r; {x |fi(0) - f(x)] < 1/m} then the set E), for fixed m and n are
the sets of those points x for which |fi(x)—f(x)| <1/m for all i > n. Let
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Then obviously, for fixed m, we have E{' D E;' DE3 O.... Since the
sequence {f,} converges to f on A, we have lir{}c (E;)> A for every m
=1, 2,3, ..; for given €>0. Thus liHolo m(A —HE;”)=O and so for given
€>0 there exists a positive integer n’:dependent on m and €, such that
m(A-E;')<e/2",e>0. Let B= O [A-E, ]. Then B is a subset of A

m=1
and being the union of measurable sets, B is a measurable set.

Also m(B)zm( :;1 [A-E] ])

<Y (A-Ep)<e
m=1
Again we have

A-B=A-m U [A-E]
m=1
—Anm U Ey {Using De-Morgen law}
m=1
Thus for every n 2 ngand xe A-B = x€E

fi(x)— f(x)| <1/m for every xe A-B.
Hence, {f,} is uniformly converges on A — B.

Therefore,

3.13 LUSIN’S THEOREM

Let f be a measurable function defined on a finite interval [a, b]. For
every pair 6, € > 0 there exists a continuous function ¥ on [, b] such that

m({x:|f(0) - w(x) 2 5}) <e.

Proof: Let the function f is finite almost everywhere on [a, b].

First we shall prove that when fis bounded. If f is bounded then there
exists a number A such that | f (x)| < A for Vx el:a, b]

If 9, € are arbitrary positive real numbers then for their fixed values
let m be a positive integer such that 4 /m <é.

Now we have

Ar:(x:{r—_l/lﬁf(x)<1}t}j, r=1-m,2-m,3-m,..., m
m m

and Amz(x:{m—_l/lsf(x)<l})

m
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Then AimAj=¢ if i#j for i,j=1-m,2-m,3-m,...,m
m

and U A,=[a,0b]
r=1-m

Let B; be a closed interval contained in A; such that

m(A)=m(B,)+—— and B= U B
2M =1-

m

r
r

Then we have m([a, b])-m(B)<e
Now we define a function ¢ on B given by

o(x)=rA/m VYxeB,, r=1-m,2-m,3-m,...,m

Evidently, ¢ is constant on each closed set B,. Also B, "B, =¢if r # 1.
Hence, ¢ is continuous on B.

Now we have

rA

m

o (x)| =

Then we have

<6 VxeB.

We know that if B is a closed set contained in [a, b] and ¢ is defined
and is continuous on B then there exists a function ¥ on [a, b] such that

(i) ¥ is continuous,
(i) ¥Y(x) = ¢(x), VxeB and
(iii) max|l//(x)| = max|¢(x)|.

Now we can find a function ¥ defined on [a, b] which has the above
the three properties.

Furthermore {x : |f(x) - l//(x)| > 5} c[a, b]-B.
Thus we have m({x : |f(x) - y/(x)| > 5}) <m([a,b])<e.
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This prove that the theorem for a bounded function f. Now if
f is unbounded, then there exists a bounded function g such that

m({x:|g(x)—1//(x)| > 5})< €/2.
It follows that
m({x :|f(x)—!//(x)| > 5}) < m({x flx)#g(x)2 6})+m({x :|g(x)—1//(x)| > 6})
<e/2+e/2=€.

Solved Problem
Problem 3.1: Show that the function f defined on R by

x+5 x<-1
fx)=|2 —-1<x<0 is a measurable function.

x? x>0

Solution: Let a be any real number. Then a<0 and R(f<a)
=>x+5<a = x<a-5

o R(f <a)=[-e,a-5], we get

(—e0,a—5) ifa<0
(=o0, = 5)U {0} ifa=0
R(f £a)=4(=o,a-5)U]0, 5a] if0<a<?2
(=, a—5)U[-1, 54] if2<a<4
(oo, —5a) if4<a

Since each set on R.H.S. is measurable.
- R(f < a) is measurable for every real value of a. Hence, f is measurable.

RECAPITULATION

e A real valued function ¢ defined over on a closed interval
[a, b] is called a step function if there exists is partition
{a=xy<x;<x,<...<x,=0b} such that function takes one and only
one value of each interval.

e A function f is said to be a real valued function if domain is a
family of sets and its co-domain is a set of real numbers.

e Let U be the universal set and X be a subset of U. Then the real
valued function ¢y :u — {0, 1} is known as characteristic function of

1 ifxeX

X and it is defined by ¢y ={0 freX
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¢ An extended real valued function f is known as simple function if
it is measurable and its range is finite. A characteristic function is
a simple function.

o Let the two functions f; and f, are defined on the same set X, then
they are said to be equivalent functionif m({x € X : f;(x) # f,(x)}) =0.

o If the supremum and infimum limits are equal, i.e., lim f, (x) =
lim f.(x)= lim f,(x), then we say that the limit of sequence is
exist.

e A function f is known as Borel measurable if for each 4, the set
{x: f(x)>a} is a Borel set.

e Let {f,}is a sequence of measurable functions defined over a
measurable set E then {f,} is said to converge uniformly almost
everywhere to a function fif 3 a set E; such that (i) m(E;)=0
(ii) { f,,} converges uniformly to a function f on the set E—E,.

o Letfbe an extended real valued function defined over a measurable
set E. Then f is Lebesgue measurable function if and only if one of
the following is measurable:

i) E(f>a) () E(f2a) (i) E(f<a) (v) E(f<a)

EXERCISES

Multiple-choice Questions

3.1 Let fand g are measurable function defined over a measurable set
E such that the following function is measurable over E

(@) f+gand f-g¢
(b) fg

() f/g (where g vanishes nowhere on the set E)
(d) All above.

3.2 Letf be an extended real valued function defined over a measurable
set E. Then f is Lebesgue measurable function if the following is
measurable:

(@) E(f>a) or E(f<a)
(b) E(f=a) orE(f <a)
(©) E(f=a)

(d) Any one of all above.

3.3 Two functions f; and f, are defined on the same set X, then they
are said to be equivalent function if

(@) m(fxeX: f1(x)# f,(x)})=0
(b) m({fxeX: fi(x)= f,(x)})=0
(@ m(fxeX: fi(x)# f(x)}) =0
(d) None of these.
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State True or False

3.1
3.2

3.3

34

A constant function over a measurable set E is measurable.

Let f and g are real valued measurable function over a measurable
set E than fu g, f N g are measurable function.

If f is measurable over a measurable set E then f is not measurable
over any subset E.

The limit of a convergent sequence of measurable function is
measurable.

Fill in the Blanks

3.1
3.2

3.3

Every bounded open set bounded closed set is measurable.
If f and g are measurable function defined over a measurable set E
then the set E(f >g) is

A continuous function defined in a internal is measurable.

Exercises

3.1
3.2

3.3
34

3.5

3.6

3.7

3.8
3.9

3.10
3.11
3.12
3.13
3.14

3.15

What is real valued function?

What do you mean by measurable function? Show that the
characteristic function of a measurable set is a measurable function.
Discuss about the Step Function.

Prove that the limit of a convergent sequence of measurable
function is measurable.

Prove that if the functions f and g are finite and measurable then
f+ g f—-gand fg are measurable.

Prove that the sum, difference and product of two simple functions
is simple.

If fis a Borel measurable function and A is a Borel set then proves
that f 1(A) is a Borel set.

Explain the Borel measurability.

If f and g are two measurable functions and ¢ be a constant then
prove that the function cf and f + g are measure.

Prove that a real function which is continuous in an open interval
is measurable.

State and Prove F. Riesz Theorem.

State and Prove Egoroff’s Theorem.

State and Prove Lusin’s Theorem.

Show that a continuous function defined in a closed internal is
measurable.

To prove that the limit of a convergent sequence of measurable
function is measurable.
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ANSWERS
Multiple-choice Questions
3.1 (d) 3.2 (d) 3.3 (a)
State True or False
31T 32T 33 F 34T

Fill in the Blanks

3.1 and 3.2 measurable
3.3 closed
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CHAPTER

Lebesgue Integral

4.1 INTRODUCTION

Lebesgue integration theory is one of the most attainments of modern
mathematics. It has a great importance in real analysis and in many
other fields of the mathematical sciences, and is named after the Henri
Lebesgue who introduced this integral in 1904. The term “Lebesgue
integration” introduced by Lebesgue for the specific case of integration
of a function defined on a sub-domain of the real line with respect
to Lebesgue measure. In Riemann integral usually proved that if the
sequence of integrable functions is uniformly convergent, then its limit
function is integrable and the integral of this limit function is equal to the
limit of the integrals. Otherwise, a sequence of functions integrable in the
Riemann sense that is not uniformly convergent may have a limit function
that is not integrable in the Riemann sense, even if the functions are
uniformly bounded. In the theory of the Lebesgue integral, the theorem
on the integration of sequences permits of expression in a much stronger
form, simpler and more suitable in applications, and furthermore it
has a fundamental theoretical significance. Lebesgue integration is the
superior to Riemann integration. It does not require the functions to be
bounded with bounded support, it ignores “local nonsense” on sets of
measure 0, and it is better behaved with respect to limits. This chapter
discusses the definite Riemann theory of integral, Lebesgue integral,
First mean value theorem, Lebesgue bounded convergence theorem,
Lebesgue dominated convergence theorem, Beppo Levi’s theorem and
Fatou’s Lemma.

4.2 IMPORTANT TERMINOLOGY

Before discussing the Lebesgue integrals in details, we shall discuss
certain necessary preliminaries.



Lebesgue Integral 85

4.2.1 Partition

By a partition of [2, b] we mean a finite set of points x;, xy, x,,...X,,
where a=x;<x;<x,<...<x,=b. The partition P consists of n + 1
points clearly any number of partitions of [a, b] can be considered
[xg, %11 [x1, x51...[x;.1, x;]...[x,_1, x,,] are the sub-interval of [a, b]. We
shall use the same symbol Ax; to denote the i sub interval [x,_;, x;]as
also its length x;,—x; ;. Thus Ax=x;,—x,; (i=1,2,...,n).

4.4.2 Refinement of a Portion

Let P is a measurable partition of [4, b] and p; is any other measurable
partition of [a, b] such that every component of partition p; is contained

in same components of P then P is called Refinement of Pi- Let
P is the subset of [, b] and f is a bounded function on [a, b] then
M(f :E)=sup {f(x): x € E}. Similarly, we have m(f : E) =inf {f(x): x € E}.

4.2.3 Definition (Darboux’s Condition of Integrability)

b b b
When the two integrals are equal, i.e., Jf(x)dx = jf(x)dx = _[f(x)dx. We

say the f is Riemann integrable (or simply inteérable) over [a, b] and
the common value of these integrals is called the Riemann integral of f
over [a, b]. This implies f is integrable over [a, b] we express by writing

f eRla,blor R simply, m, (b-a)< || fdx<M(b-a), b2a.
Obviously, w(f, P)=U(f, P)-L(f, P) = Y,(M,-m,)S,
Hence, U(L, P)<U(f, P).

Note:
(1) If f; and f, are two bounded and integrable function on [a, b] then

f = fi+ f, is also integrable on [4, b] and J.ub fdx= J: f1dx +Lb fo dx.
(2) If f; and f, are two bounded and integrable function on [4, b] then
f = fi— f, is also integrable on [a, b] and Jj fdx= Lb frdx - Lb fodx.
(3) (i) If a bounded function f is integrable on [a, b] then it is also

integrable on [a,b] and [c, b], where cisa point of [4, D]. (ii) Conversely
if fis bounded and integrable on [a, c], [c, D] then it is also integrable

b c b
on [a, b]. (iii) Also in either case _[ fdx= J fdx+ L fdx,a<c<b.

(4) The oscillation of a bounded function f on an interval [a, b] is the
supremum of the set {| flx)—f (x2)| 1Xq, Xy €la, b]} of numbers.
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(5) If fi, f, are two bounded and integrable function on [a, b] and there
exists a number A >0 such that | fo(x)=A|, for all x in [a, b] then
fi1/f> is bounded and integrable on [a, b].

6) If fis integrable on [a, b] then f 2 is also integrable on [g, b].

7) Every continuous function is integrable.

8

9

) If a function f is monotonic on [4, b] then it is integrable on [, b].

) A bounded function f, having a finite number of point of
discontinuity on [a, b] is integrable on [a, b].

(10) A bounded function f is integrable on [a, D] if the set of its points

of discontinuity has only a finite number of limit points.

(
(
(
(

4.3 RIEMANN THEORY OF INTEGRAL

The classical definition of an integral, given first by Cauchy and later
developed by Riemann, runs as follows:

Let F be a bounded real valued function defined on the interval [a, b]
and let P={a=x,<x;<x,<...<x,=b}be a partition (or Subdivision)
of [a, b], where f is bounded on each subinterval corresponding to each
partition P.

Let M;, m; be the bounds (supremum and infimum) of fin Ax;.

From the two sums, we have
n

n
SP)=U(D, f)= ZMz’ Axi:Z(xi_ Xi_1)M;
i=1 i=1
=M1Axl+M2Ax2+...+MnAxn

and S(P)=L(P, f)= zn:miAxi = zn:(xi —X;_)m;
i=1 i=1

=mAx;+myAx, +...+m,Ax,

respectively called the upper and the lower (Darboux) sums of f
corresponding to the partition P.
where M;=sup {f(x): xe€]x,_;,x;]} and m;=inf {f(x): xe€]x;,_;, x;]} for
i=1,2,...,n

If M, m are the bounds of fin [a, b], we have m <m; < M;<M

= mAx;<mAx; < M;Ax; < MAx;
Putting i=1,2,...n and adding all the inequalities, we get
n n
m(x, —xg) < ZmiAxiS le-Axi <M(x,—x,)
i=1 i=1
= m(b—-a)<LP, f)<U(p, f)<M(b-a), b=a 4.1)

Now each partition gives rise to a pair of sums the upper and the
lower sums by considering all portions of [a, b], we get a set U of upper
sums and a set L of lower sums Eqn. (4.1) show that the both of these
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sets are bounded and so each set has the supremum and the infimum.
The infimum of the set of upper sums is called the upper integral and
the supremum of the set of lower sums is called the lower integral of f
over [a, b]. Thus the upper Riemann integral of f over [a, b] is defined by

b
R[ f(x)dx=infS(P) or infl
or inf {U(P, f): P is a partition of [a, b]}
and the lower — Riemann integral of f over [g, D] is defined by

Rj_baf(x)dx =sup(P) or suplL
or sup {L(P, f): P is a partition of [a, b]}

b
Thus the two intervals may or may not be equal if Rj f(x)dx =
be f(x)dx, then we say that the Riemann integral of f — over [a, b] exists
b
and denote it by RJ.H f(x)dx . It may be noted that in order that the
function f be Riemann integrable it is necessary for it to be bounded, i.e.,

fis Riemann integrable if RLb f(x)dx = RJ.:J f(x)dx = RJj f(x)dx.

Note:
1. For the shape of convenience, whenever the scope for confusion is
not there we shall omit the limits of integration and write simply

[fxydx, [fdx, |fdx.

4.4 LEBESGUE INTEGRAL
Let f is a bounded function defined on [, b] then sup of lower sum, i.e.,
sup L(f :P)= Lb f, where sup is taken over all measurable partition of
ala, b]. 7 7

Similarly, we have inf U(f :P)=J.: f, where in f is taken over all

measurable partition of [a, b].

If J: f= Lb f then it is called Lebesgue integral and it is denoted as I; f.

Note: .
1. jb fs j:’ I3

2. We abbreviate Riemann integrable as R-integrable and Lebesgue
integrable as L-integrable.
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Theorem 4.1: If f is a bounded function defined on [4, b] and f is a
Riemann-integrable on [a, b] then to show that fis also Lebesgue integral

onla, bl ie, L[ f=R]'f.

Proof: Let P is the measurable function of [a, b] in the sense of
Lebesgue and o is subdivision of [4, b] in the sense of Riemann, i.e.,
P={S,5,,...,5,} ando ={xy, x5, ..., x,,}.

Since the set of number of U(f : P) is a super set of the set of number

of U(f:0)

= U(f:P)<sU(f:0)
= infU(f:P)<infU(f:0)
By definition, we have Ljf f< RJj f (4.2)

Similarly, we have L(f:P)=U(f :0)
= sup L(f:P)=supU(f :0)
By definition, we have ij f=R J ' f (4.3)

We know that j:fgjff or L(f:P)<U(f:P)
By Eqns. (4.2) and (4.3), we have

Rj:fSijfSLjffSijf (4.4)
It is given that )

RJ, f=R[,f=R[ 1 43)

By Eqns. (4.4) and (4.5), we have

R[f=L[f=L]r=r[s
- L f=Lf f=L)s

Hence f, which is Riemann integral, is Lebesgue integral.

4.5 FIRST MEAN VALUE THEOREM

If f is a bounded measurable real valued function such that f(x)e[a, b]
over a measurable set E then a-m(E) < IE f(x)dx <b-m(E).
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Proof: Since a< f(x)<b = (u—l)sf(x)s(b+l)

n n

when n— o, VxeE
= asf(x)<p
Now [, B] divide in finite points, =y, <y;<...<y,=p

Ey={xeE:yp< f(x)<y1)
and E.={xeE:y, <f(x)<y,4,vr=12,..}

= E=JE, where E,NE,=¢,7#s
Since f is a measurable function over a set E.
n-1
= m(E)= Y m(E,) (4.6)
r=0

Let P be the measurable partition P=[E,, E;, E,, ..., E,]
Since <y, <f
Multiply by m(E, ), we haveam(E,)<y, m(E,)< fm(E,)

N a Y mE)< Yy, mE)< By mE,)
By Eqn. (4.6), we have
o-m(E)< Yy, m(E,)< - m(E) (4.7)

If we take max. y,,; —y, = 0 and define jEf = Zyr m(E,)

By Eqn. (4.7), we have am(E)< jE f(x)dx < B-m(E)

= (a—%)m(E)SjEf(x)de(b+%)m(E)

Taking n — o, we have a-m( j f(x)dx <bm(E).

Now we shall see four theorems about how the Lebesgue integral
behaves with respect to limit operations. The properties revealed in these
theorems are what distinguish the Lebesgue integral from competitor
integrals.

4.6 LEBESGUE BOUNDED CONVERGENCE THEOREM

Let {f,}is a sequence of bounded measurable functions defined
on a set E of a finite measure if 3 a real number M such that
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| fu (x)| <M VneN,VxeE. Let {f,} converges in measure to a measurable
function f on the set E then show that

lim jE £, (x)dx = jE lim £, (x)dx = jE F(x)dx

Proof: Since f, is bounded and measurable function on a set E
= it is integrable on a set E.
Also it is given {f,} converges in measure

= m[E|f, - f|26]=0, where §>0 (4.8)
= |fu|<M, VxeN

= |fn(x)|SM, VxeE

= f(x) is bounded and measurable on a set E therefore it

is integrable on E.
Let o =0. Now we make two set

E,=E(f, - f|24)

and E,=E(f, - fl<2)
= E,NnE,=¢ and E=E,UE,
From Eqn. (4.8), we have m(E,)=0 (4.9)

Then we come to the property by countable additive property of the
integral

J.E|fn_f|:J.En|f”_f|+J-E;1|fn_f| (4.10)

|fn—f|<), VxeE,

Then by mean value theorem, we have

[ M= fl<am(E})

N jE, |f, — fl< Am(E) (4.11)
Choose A in such a way such that

Am(E)<e/2
= [ \fu-fl<er2 (4.12)

Also | fo—f | < | fn| +f <M+M (because each function is bounded)
= |f,-fls2Mm

By mean value theorem on the set E,

[, £ = fl<2Mm(E,)
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From Eqn. (4.9), we have

= |m(E,)-0|<e/4M
S
= IE|fn—f|<2Mxm
= [ 1fu=fler2 (4.13)
From Eqns. (4.10), (4.12) and (4.13), we have
= [ \fu=fl=er2+er2
= I, Gu-f) <], 1 fl<e
= lim [ |f, - f|=0
= lim IE fn(x)dx—_[Ef(x)dx =0
= lim jEfn(x)dx = JE f(x)dx

4.7 LEBESGUE DOMINATED CONVERGENCE THEOREM

Let {f,} is a sequence of measurable functions defined over a measurable
set E such that |fn (x)| <w(x) VxeE, VneN
where y is integrable over E and the sequence {f, } converges in measure

to a measurable function f on E then prove that JE f(x)dx =1lim J.E fu(x)dx
Nn—so0

Proof: 1t is given {f,}be a sequence of measurable function over a
measurable set E. Let y be integrable over E such that

|fn(x)| <y(x) VxeE andneN (4.14)
= fu(x) is bounded Vn

Also f,(x) is given to be measurable. Therefore {f,} is a sequence of
bounded measurable function over E = ({f,} is Lebesgue integrable
over E.

Also it is given {f,} is converge in measure to a measurable function
f over E such that

lim m|E(|f, - f|2E)]=0,V e>0 (4.15)
Now to show that lim jE £, (x)dx = jE f(x)dx

From Eqns. (4.14) and (4.15), we have |f(x) | <y(x) (4.16)
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= v (x) is integrable over E.

Using Eqn. (4.16), we have f(x) is integrable over E = (f,— f) is

integrable over E.
Let 0 >0 be an arbitrary and suppose that

E,=E(f,- f|28) and E,=E(f,- f|<9)
Then E=E,UE},E

n’s

NE,=¢

n

= lim m(E,)=0
n—>c0

By countable additively property of the integral

[olf = fldxe= [, £ = flax+ [, |, = fldx
We have |f, - f|<§, VxeE},
Using first mean value theorem, we get
[} [fu = fldx < 8- m(E;) < 5m(E)
ie., [ 1= fldx<8-m(E)
Take €50 and choose & such that 6- m(E)<e/2
Eqn. (4.19) becomes th £, — fldx <e/2

Now § is fixed, so we have

[fu= fl<Iful #1£]
<y +y =2y
= |f.— fl<2y, VxeE

On integrating, we get
jEn |f, — fldx <2 jEn w(x)dx

|fu|<w, VxeE

Also it is given y(x)=20 = U v (x)dx

n

:hwmw

From Eqn. (4.21), we have
jEn|f,, ~ fldx <2

Using Eqn. (4.18), given n>0,3n, € N such that

'[En v (x)dx

4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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= m(E,)<n

. m(E,)=0 = ‘jE v (x)dx

n

<e/d (4.23)

Because we know that by absolute continuity of the integral which is
as if f be integrable over a measurable set E and let {E,}be a sequence
of subset of E such that

lim m(E,)=0 then lim [ f(x)dx=0
Nn—oo En

Nn—yo0
or JE f(x)dx| <€, n=nywhenever m(E,)<d
Now from Eqns. (4.22) and (4.23), we have

[ 1fu= fldx<er2 (4.24)
From Eqn. (4.18), using Eqns. (4.20) and (4.24), we have

JEvh—fMX<e/2+e/2=e

or _[E|fn—f|dx<efor n=n

[ D <[ |f,~ fldx<e
or J(fu-fra<e, vnzn,
= lim [ (f,~ f)dx=0
or lim jE fn(x)dx—_[E f(x)dx=0.

Hence, lim jE £, (x)dx = jE f(x)dx.

4.8 LEBESGUE MONOTONIC CONVERGENCE THEOREM OR
BEPPO LEVI'S THEOREM

Let {f,}be a non-decreasing sequence of integrable functions defined
over a measurable set E and lim f, = f(x)is integrable over E then
n—o0

lim jE £ (x)dx = jE lim f,(x)dx = jE F(x)dx.

n—>oc0

Proof: Let {f,}be a non-decreasing sequence of integrable functions
defined over a measurable set E.

= A< Hh<fi< Sf, <.
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Let f,— fi=v, = y,20 VneN
= {y,} is a sequence of non-negative value function.

Also {f,— fi} is a sequence of integrable function = {y,}is the
sequence of integrable function.

Case 1: Let y, is a bounded measurable function then we know by
Lebesgue bounded convergence theorem lim JE fu(x)= _[E f(x).
Nn—>o0

Case 2: If {y,}is unbounded = {y,}is bounded measurable function.
Then by bounded convergence theorem, we have

lim [ (v, (), dx= [ lim (y,,(),

Let n— eothen (y,(x)),, = v,(x)

= lim jE v, (x)dx = jE lim v, (x)
= lim [ (£, = fi)dx = [lim (f, - f,)
= lim jEfn(x)dx—jEf1 dx = lim f, (x)dx - [ f, dx

Hence lim JEfn(x)dx = J. lim f, (x)dx
Nn—oo N—>oo

Another Proof: Let < f, > be a non-decreasing sequence of integrable
defined over a measurable set E.
Let lim f, be integrable over E. To prove that
n—o0

lim jE £ (x)dx = jE lim £, (x)dx.

Since < f,, >a non decreasing sequence and hence f;< f,< f3<....

This implies f;<f,,Vn = f,—f,20 = y,20, Vn on taking
V= fn - fl

Moreover < f, >is a sequence of integrable functions implies that
<y, > is a sequence of integrable function. Finally <, >is a sequence
of non-negative integrable function. Applying this to the Lebesgue

bounded convergence theorem, we have lim j v, dx =j lim y,, dx
n—e0 YE E 1—00

or lim [ (f, ~ fi)dx = [, lim (f, - fy)dx
or lim [ f,dx—[ fidx=[ lim f,dx—[ f,dx
or lim [, fudx=] lim £, (x)dx

Hence, theorem is also known as Lebesgue’s monotonic convergence
theorem.
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4.9 FATOU’S LEMMA
Let {f,} be a sequence of non-negative integrable functions defined over
a measurable set E such that (i) ylgrolc inf f, = f almost everywhere on E
(ii) lim inf [ f,(x)dx <e. Then jE f(x)dx < lim inf jE £, (x)dx

Proof: Let {f,} be a sequence of non-negative integrable function defined
over a measurable set E such that

(i) f=1lim inf f, almost everywhere on E (4.25)
(i) lim inf jE £, (x)dx < oo (4.26)
To show that J f(x)dx < lim inff fu(x)dx
E fi—30 E
) inf
Define g, (x)= 0> k{f”(x)} =inf {f,(x):n 2>k} (4.27)

= 8, f,(x) VneN = [ g,()dx< | f,(xdx

Consequently, lim JE gu(x)dx < lim inf IE fu(x)dx (4.28)

n—>oco

Since {g,} is an increasing sequence of non-negative integrable
functions and hence by Lebesgue monotonic converges theorem, we
have

lim [, g,()= [, lim g, (x)dx
= jE lim inf f, (x)dx [from Eqn. (4.27)]
= jE f(x)dx [from Eqn. (4.25)]
ie. lim jE g, (x)dx = jE f(x)dx

Using Eqn. (4.25), we get
jE f(x)dx < lim inf jE £, (x)dx

Theorem 4.2: Let {f,} is a sequence of integrable functions which
converges in mean to a function f then show that {f,} converges to f in
measure.

Proof: Let {f,} is a sequence of integrable function which converges in
mean to a function f then E,=E (| fu—flz 5)
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= |f.— f|=8, VxeE,

Then by first mean value theorem, we have
[ 1fi=flz8m(E) (4.29)

Also it is given {f,}converges to f in mean to function f if

lim an |f,— fldx=0 (4.30)

From Eqns. (4.29) and (4.30), we have
lim 6 -m(E,)=0 since 6 >0

n—oo

= lim -m(E,)=0

n—>oc0

Hence, {f,} converges to f in measure.

Theorem 4.3: Suppose f is measurable on a measurable set E. To prove
that f is integrable if | f | is integrable that UE f ‘ < _[E | f |

Proof:
(I) Let f be a measurable function on a measurable set E. Suppose f is
Lebesgue integrable over E. Then its positive and negative parts
fr.and f_are also Lebesgue integrable over E.

But | f | = f, + f_, this means that | f | is Lebesgue integrable over E.

(I) Let f be a measurable function on a measurable set E such that | f |
is Lebesgue integrable over E. Then JE |f| <o

Since 0Sf+(x)S|f(x), VxeE

Hence, jE fo(x)dx < jE |f(x)|dx < oo

[ fiodx <o

= f, is Lebesgue integrable.
Similarly, we can prove that f_ is Lebesgue integrable. But
|f | =fit [
Hence, |f | is Lebesgue integrable on E.
(II) Let f(x)=0on E; and f(x)<0on E,.
Then E,NE,=¢and E=E, UE,.
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By countable property of the integrable

jE |f|dx=IEl|f|dx+jE2|f|dx
and jEfdxszldejEzfdx = jE1|f|dx—jE2|f|dx

+

= UEfdx‘S jE1|f|dx
= [ IAl+], 1/
= [.Ifl

Hence, ‘IEf‘ < jE|f|

[ 1 Alax

Solved Problems

Problem 4.1: Shown example that a function which Lebesgue integrable
is not necessary Riemann integrable.
or

) ) 1, if xisirrational
Let the given function h(x)= o .
0, if xisrational

Prove that this function is a Lebesgue integrable.

Solution: Let A is the set of all points of irrational number in [0, 1] and
B is the set of all points of rational number in [0, 1].

= AuB=][0,1] and AnB=¢.

We know that measure of null set is null.
i.e., m(AnB)=0 because AnB=¢.

Then P ={A, B}

Since the value of / is identically 1 on the set A and zero on the set B
= Ml[h:Al=1

= ml[h:A]=1

Similarly, M[h:B]=0=ml[h:B]

2
Hence, U(h:P)=Y MI[h:S,]xm(S,) S,={A,B}

r=1
= M[h: Alx m[A]+ M[h: B] x m(B)
=m(A)=1
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Similarly,
2
L[h:P]= Zm[h S, Ixm(S,)

r=1
=mlh: A]x m[A]+m[h:B]x m(B)
=1xm(A)+0xm(B)
=m(A)=1
Hence, U(h:P)=1=L(h:P), i.e., h is Lebesgue integrable.
= hel[0,1]

Converse, let h(x) is discontinuous and point of discontinuous for a
measure set since

= M,=1,m,=0 like this.
Riemann lower sum = Zm, S,
=>01=0

Riemann upper sum = ZMV S,
=>11=1

b 1
Sup (lower sum) = RL f= Jo h=0

Inf (upper sum) = RLE f= R'[Oih =1
= R[‘h=R[ h=R[

= he,R[0,1]
Hence, h is not Riemann integrable.

Problem 4.2: If the function f is constant on the measurable set E say
f(x)=e then jE f(x)dx =e - m(E).

Solution: Let f be real valued function defined over a measurable set E
such that
f(x)=e(constant) Vx eE

To prove that jEf(x)dx =e¢-m(E)
We have f(x)=e VxeE

= es<f(x)<e VxeE
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Using first mean value theorem
em(E) < jE f(x)dx <e-m(E)

- jE f(x)dx = e - m(E)
Problem 4.3: Using Lebesgue dominated convergence theorem to evalu-
1 3/2
ate the following integral: lim j fu(x)dx, where f,(x) = n—“, 0<x<1,
n—ee 70 1+n°x

n=12,3, ..
3/2

Solution: Given that f,(x) = " n

——,0<5x<1, n=1,2,3,...
+n2x?

1 n3/2x2 1
It can be written as f,(x)=— > <—=vy(x) (say)
X1+n"x

= fu() s (x).
Also y(x) is integrable in [4, b]. Hence by Lebesgue dominated
convergence theorem, we have

. 1 1 .
lim [ £, (x)dx = [ lim £, (x)dx

n
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= J' 0. (l) dx
0 x
1
= J 0-dx
0
=0
Hence, lim Jlfn (x)dx=0
n—o0 ¥0
Problem 4.4: Show that the theorem of bounded convergence is

applicable to f,(x)= %, for0<x<1.
1+n"x

Solution: Given that f,(x)= %, for0<x<1
1+n°x

nx
nx nx 1
2.2 221
1+n°x 1+nx = oty
nx  nx nx

It can be written as f,(x) =

1
fu(x)= <—=M (say)
1 2
(&
Then | fn(x)| < M. Hence, by Lebesgue convergence theorem, we have

. 1 _ 1 .

lim jo £, (x)dx = jo lim f, (x)dx (4.31)
L.H.S. of Eqn. (4.31), we have

nx

— o
fim [ o =lim [0

dx

Put 1+n’x’>=t = 2n’xdx=dt = dx=dt/2n’x

) 1 nx .
lim — dx =1lim

j1+n2 nx dt
n—ev0 1 +n°x N—>oo

1 T 21°x
. 1412 1 dt

= 1mJ- ——
n—e sl 2n t
n—eo 21191 t

=lim [i (log t)%mz}
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= lim [i (log (1+n*) - log(l))}

n—e | 21

=lim 1 log(1+ n%) [ form i}
n—oeo 1 [
=0
By using L. Hospital rule, we have {.'log oo = oo, log —co =0}
Now we have

1 1
lim —2 gy = [ lim —— "™ gy
0 ne 14 nx On—e 2 2( 1 j
1+ 5
n’x
1
= lim;dx
0n_mnx(1+1 )
n’x?
1
=IO-dx
0
=0
Thus, hmj —dx 0= 11m%dx
oo 90 1+ 1% x 0n—e 14+ nx
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Hence, the theorem of bounded convergence is applicable to f, (x)

Problem 4.5: Show that if o >1, then show that

Jl xsin() dx=0(n"),if n—> co.

0 1+ (nx)*
Solution: Suppose the sequence < f,(x)>defined by
xsin(x)
ful)= —(a
1(nx)
Then |fn(x)| <1 as |sin x| <land a.>1
Take g(x)=1, Vx
Then |fn(x)|Sg(x), Vx
Using dominated convergence theorem, we have

hmj n- f,(x)dx = f hmnfn(x

Nn—oo

for n=1,2,3

1., nxsin(x)
hm S

0 n—ee 1+ (nx)*

! lim xsin(x)

0 n—eo _ 1
n* 1(a+xaj
n
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- lim o sin (x) -dx
01— 00 (0 + x%)

=j010.dx=0 if a>1

1
or il_r)r; -[o nf,(x)dx=0
1 1
or Jofn(x)dx=0~(n )
Hence, Jol %dx =0(n")
nx

n
Problem 4.6: If >0, prove that lim J: (1_ f) 2% 4y = Jo e x? gy,
n

n—>oc0

where the integral are taken in the Lebesgue sense.

n
Solution: Let f,(x)= (1 - f) X a0
n

Then f,(x)<w,(x), Vi, where y(x)=e "x*"!
Also y(x)eL(0, ) = y(x) is Lebesgue integrable.
The by Lebesgue dominated convergence theorem, we have

lim [ £, (x)dx = [ "lim £, (x)dx
= lim Jn(l—fj x*1 dsz‘oolim (1—2) x*dx
n—eo ¥0 n 0 n—oe n

= jme_x x* dx [ lim (1 - E] = ex]
0 Nn—yoo n

n
Hence, lim Jon(l - fj x*dx = .[o e x%dx

Nn—yoo n

Problem 4.7: Prove that the function s
over [0, o]. *

is not Lebesgue integrable

sinx

Solution: To show that the function is not L-integrable if we show

X
sin x

that is not summable over [0,«]we can conclude the result. For

x i
|sin x|
ju——

this we must show that J:
X
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n71:|Sll’1X| |s1nx|

Consider the integral J. x=y+(r-r

dx _ZJ.(r O
_ ZJ. |sm{y+ n}|

= y+(r-Irm

o (7 smydy
g{-[ (r-rm

X

- 1 7. o 2
ZZ{EIJsmyMy:Z—

r=1 rm
. nr |Sin x 2 1 2
Now we have .. lim u,dyz— —="Xoo=00
n—es0  x T r T
. |smx|
ie., J dx = oo,
0 x

. sinx
Hence, the function
X

RECAPITULATION

e Henri Lebesgue introduced the Lebesgue integral in 1904.
¢ Every continuous function is integrable.
e If f is a bounded measurable real valued function such that

f(x)€[a, bloverameasurableset Ethena - m(E) < IE f(x)dx <b-m(E).

is not Lebesgue integrable over [0, o].

e If fis a bounded function defined on [a, b] and f is a Riemann-

b b
integrable on [a, b] then LL f= RL f.

o Lebesguebounded convergence theorem: Let {f,}isasequence of
bounded measurable functions defined on a set E of a finite mea-
sure if 3 a real number M such that |fn (x)| <M VneN, VxeE.
Let {f,}converges in measure to a measurable function f on the

set E then lim jE £, (x)dx = jE lim f, (x)dx = jE f(x)dx

¢ Lebesgue dominated convergence theorem: Let {f, }is a sequence
of measurable functions defined over a measurable set E such that
|f,(x)|<w(x) VxeE, VneNwhere y is integrable over E and
the sequence {f,} converges in measure to a measurable function

fon E then jE f(x)dx = lim jE £, (x)dx
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e Lebesgue monotonic convergence theorem or Beppo Levi’'s
theorem: Let {f,}be a non-decreasing sequence of integrable
functions defined over a measurable set E and lim f, = f(x)is

integrable over E then lim J fu(x)dx =I lim fn(x)§;2J f(x)dx.
n—oo vE Ej—eo E

e Fatou’s Lemma: Let {f,}be a sequence of non-negative
integrable functions defined over a measurable set E such that

(i) lim inf f, = f almost everywhere on E (ii) lim inf j fu(x)dx < co.
Nn—oo N—>c0
Then jE f(x)dx < lim inf jE £, (x)dx

e If the function f is constant on the measurable set E say f(x)=C
then jE f(x)dx =C - m(E).

EXERCISES

Multiple-choice Questions

41 If f is a bounded measurable real valued function such that
f(x)ela, b]over a measurable set E then

(a) a-m(E)sjE f(x)dx<b-m(E)
(b) a.m(E)<jEf(x)dx<b.m(E)
(©) a-m(E)= [, f(x)dx=b-m(E)
(d) None of these.

4.2 If f is a bounded function defined on [4, b] and f is a Riemann-
integrable on [a, b] then

@ L] f=R['f
®) L[ f>R[ f
@ L[’ fF<R['f

(d) None of these.

4.3 Let < f, >be a non-decreasing sequence of integrable functions
defined over a measurable set E. Let lim f, be integrable over E.
n—oo

Then lim J fu(x)dx =J lim f, (x)dx. This is known as
n—o0 E E Nn—>o0

(a) Lebesgue convergence theorem
(b) Beppo Levi’s theorem
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(c) First fundamental theorem
(d) None of these.

State True or False

41 Let {f,}be a sequence of non-negative integrable functions
defined over a measurable set E such that (i) lim inf f, = f almost

n—eo

every where on E (ii) lim inf J. fn(x)dx < eo. Then JE f(x)dx < 1i_r>n inf

[, fa@)dx

4.2 If the function f is constant on the measurable set E say f(x)=C
then jE f(x)dx =C/m(E).

4.3 Every continuous function is integrable.

Fill in the Blanks

4.1 Henri Lebesgue introduced the Lebesgue integral in

42 Let {f,}is a sequence of bounded measurable functions defined
on a set E of a finite measure if 3 a real number M such that
|fy(x))<SM VneN, VxeE. Let {f,}converges in measure to a
measurable function f on the set E then

43 If f; and f, are two bounded and integrable function
on [a,b] then f=f+f, is also integrable on [4, b] and

[[fax_ [ fiax+[ fdx.

Exercises

4.1 What do you mean by Lebesgue integral?

4.2 Explain Riemann theory of integral.

4.3 State and prove Lebesgue bounded convergence theorem.

4.4 State and prove Lebesgue dominated convergence theorem.

4.5 State and prove Lebesgue monotonic convergence theorem or
Beppo Levi’s theorem.

4.6 State and prove First mean value theorem.

4.7 State and prove Fatou’s Lemma.

4.8 If f, g are non-negative measurable function defined on E, then

-[E(f+g):-’-E f+ng'
49 Iff, geL [a, b] and if f(x) < g (x) almost everywhere on [g, b], then
b b

show that J.f < J.g.

a a



106 Measure Theory and Integration

410 If JE f(x)dx =0 for every measurable subset E of a measurable set

A, show that f(x) = 0 almost everywhere on A.

4.11 Show that a function which is Lebesgue integrable is not necessarily
to Riemann integrable.

4.12 Let f be a function defined on the interval [a, b] such that

( 1, if xisrational

fx)= 0, if xisirrational

Is f integrable in Riemann sense? Is f integrable in the Lebesgue
sense?

4.13 Give an example of a function which is not integrable in the sense
of lebesgue.

ANSWERS
Multiple-choice Questions
4.1 (a) 4.2 (a) 4.3 (b)
State True or False
41 T 42 F 43 T
Fill in the Blanks
4.1 1904

42 lim jE £, (x)dx = jE lim fn(x)dxz_[E F(x)dx
43 =
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CHAPTER

Differentiation and
Integration

5.1 INTRODUCTION

In this chapter we shall discuss the Lebesgue theorem on differentiability
of monotonic functions to a larger class of functions (class of functions
of bounded variation), integration and differentiation functions of the
finite variation. Functions of bounded variation are important not only
in differentiation but also the in the study of function analysis, Fourier
series, complex analysis, etc.

The chapter begins with a preliminary discussion of continuous
functions, absolute continuous function, differentiable, monotonic
function, function of bounded variation, Lipschitz condition, cover in
the sense of Vitali, Vitali’'s Lemma, Lebesgue point and Lebesgue set and
Fundamental Theorem of Integral Calculus.

5.2 IMPORTANT TERMINOLOGY

Before discussing the differentiation and integration, we shall discuss
certain necessary preliminaries.

5.2.1 Continuous Function

A'real valued function f(x) is said to be continuous at x if given €>0,
there exists § >0 such that |f(x)— f(xy)|< e whenever |x—x;|<§.

5.2.2 Absolute Continuous Function

Let f be a finite real valued function defined over a closed interval [a, b]

S [£0,)- f@a,)]

r=1

such that given €>0,36 >0 such that <ewhenever
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2 (b,—a,)<d,where a,<b;<a,<b,<...<a,<b, without altering the
r=1

S fb,) - f(a,)]

r=1

sense of definition, we replace the condition <€ by the

stronger condition Z | fb,)-f (a,)| < €. Then the function f(x)is said to
r=1
be absolutely continuous in the interval [a, b].

5.2.3 Differentiable

If f(x) be a continuous function, then F(x)= jx f(t)dt + F(a)is said to be

differentiable, where F(a) being any finite constant.

5.2.4 Monotonic Functions

Let f be a real valued function defined on [a, b]. Then f is monotonic
increasing on [a, b], if x<y = f(x)<f(y). Also f is monotonic
decreasing on [a, b], if x>y = f(x)= f(y).

Increasing and decreasing function are known as monotonic functions.

5.2.5 Function of Bounded Variation

A real valued function f: [4, b] — R is said to be of bounded variation if

there is a constant ¢ such that Z | flx)—f (xk,1)| < c hold for any position
k=1

b
a=2xy<X;<X,...<x,=Db.The total variation V of fon [a, b] is
a

b n
V(f)=sup{z |f(xk)—f(xk_1)|:a=x0<x1<x2...<xn:b}
a k=1

where the supremum is taken over all partitions of [a, b].

Note:

1. A real valued function f is said to be of bounded variation
in a closed interval [a, b] if and only if it can be expressed as
f(x)=¢(x)—y(x), Vxe[a, b] where ¢(x)and w(x)are monotonic
functions.

2. If f is a monotonic function on [a, b], then f is bounded variation

and V(H)=|f0)- £(0).
3. If P; and P, are two part1t10n and ,cP, = V (f:p)< V( f:B)
4. If a<b<c then Vf<Vf
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5.2.6 Lipschitz Condition

A function f is said to satisfy Lipschitz condition if there exists a positive
constant M such that |f(x)— f(y)|< M|x-y].

5.2.7 Cover in the Sense of Vitali

Let E be a set and C be the collection of intervals. The set E is known
as covered by C in the sense of Vitali if for every € >0 and any x€E there
exists an interval I in C such that xel and m(I)<e.

5.2.8 Vitali’s Lemma

If E is a set of finite measure and C is a collection of intervals which cover
E in the sense of Vitali, then for a given € >0 there exists a finite, pairwise-

disjoint subclass {C;,C,,...,C, } of C such that m (E - 81 CH) <e.

7 >=ngy

5.3 LEBESGUE POINT AND LEBESGUE SET

h
If lirré % J:+ |f(t)—f(x)| dt =0, then x is said to be a Lebesgue point of

the function f(t). The set of all lebesgue point in [a, b] of f is called the
lebesgue set of the function f.

Theorem 5.1: A monotonic function on [4, b] has finite variation on [a, b].
or
A monotonic function defined on closed interval [a, b] is of bounded
variation.

Proof: Let fbe an increasing function defined on the interval [g, b] so that
f(x,)< f(x,4q) for x,<x,,4
= fxpq) = f(x,)20 (5.1)
Now divide the closed interval [a, b] by means of points
A=X)< X <Xp<...<X,=Db
From Eqn. (1), we have |f(x,+1) —f(x,)| 20
or |f (i) = f(x)] = f(xa) = f(x,) (5.2)
VX > X

n-1
Now we have V = 2 |f(xr+1)—f(xr)|
r=0

n-1
=Y {f(x,1)— f(x,)}
r=0



110 Measure Theory and Integration

:f(xn)_f(xo)
V = f(b) - f(a) = finite number

Since f is monotonic = f(b), f(a) are finite number.
=V is a finite number independent of mode of subdivision.
Hence fis bounded variation or V is finite or total variation is constant.

5.4 FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

If f(x) is continuous and if f(x)=.[b f(t)dt+ F(a). Then the theorem
a

states that F’(x)= f(x) i.e., to say differentiation and integration are
reverse processes.

Proof: Let f(x)is continuous and f(x)= jbf(t)dt + F(a) (5.3)
To show that F’(x)= f(x). !
We prove this theorem by using elementary theory of integral calculus.
From Eqn. (5.3), we have

F(x)= j f(t)dt+F(a) and F(x+h)= ju“h F(t)dt + F(a)

Now we have
F(x+h)— F(x) = jh ftydt+F@)- [ f(t)dt ~ F(a)

- LM F(t)dt + j: F(t)dt

= [ fwyar
w_ )= % [ ftyde~ f)
1 px+h x+h x+h
== [ e poo [ ar [ ; dtzl}

- % j;”h F(bd - j;”h Flo)dt

== [ - f
Now we have

F(x+h)-F(x)
h

=l 0~ reonal

f(x)‘

<l o - g (54
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Since f(x) is continuous and therefore given €>0, there exists 6 >0
such that

|f(t) - f(x)|<e whenever |t—x|<§

From Eqn. (3), we have

flx+h)-F(x) 1 e
e f(x)‘< m [ eat, n| <&
or ‘w— f|<e, |H<s

Making h — 0 and consequently € — 0, we have

lim M — f(x)=0 is almost everywhere.

n—0 h

or lim w = f(x)
n—0 h

or T f

Hence, F’(x)= f(x) is almost everywhere.

Theorem 5.2: Prove that every absolutely continuous function is of
bounded variation.

Proof: Since f is absolutely continuous function on a closed interval
[a, b] = 3, § >0 such that

2 1f)- fa)|<e (5.5)
r=1
Whenever i(br -a,)<6
r=1

For all numbers ay,b;,4a,,b,,...,a,b,

Where a=a,<bj<a,<b,<...<a,<b,=b

Consider another subdivision of a close interval [a, b] [or refinement
of b by adjoining same addition point of p (partition) in such a way such
that all the intervals can be divided into r parts of total length <.

Let r subinterval [cy, ¢], [¢, ], ..., [c,_1, c,] such that

a=cy<cy,...<c,=b
and c,,;—c,<9.
From Eqn. (5.5), we have

= z |f(xi+l) - f(xz)| <€ where Xiy1,X; € [Cr 4 Cr+1]

Cr+1
The total variation V f<e
Cr



112 Measure Theory and Integration

b c1 (%) Cr
. VD=V T+t V()
<et+e+...+e
=re

b
ie, V(f)<r-e (which is finite)
a
Hence, f is of bounded variation.

Theorem 5.3: Let f and g be integrable functions over [a, b]. Suppose
F(x)=[ f(t)dt+F(a), G(x)= j g(Hdt+G(a), Vxela,bl.

Then LbP(t) g(t)dt+ jﬂb F(HG () dt = F(b)G(b) — F(a)G (a).

Proof: Since F(x) and G(x) are integrable functions = F, G are absolutely
continuous function on a closed interval [a, b] then we know that by a
theorem that F, G are also absolutely continuous.

Also we know that by a theorem if F is absolutely continuous on
[a, b] and F’ is integrable on a closed interval [a, b] then F’(x)= f(x)
almost everywhere or F is an indefinite integrable if its all derivative

then j:’ F(t)dt = F(x)— F(a)
Also j:(FG)'=(FG) (b) - (FG) (a) (5.6)
=F(b) G(b)— f(a) G(a)
Let F(x)= j F(t)dt +F(a)

Then F’(x)= f almost everywhere and
G’(x) = g almost everywhere in [a, b] (5.7)
Also (FG)Y=FG'+F'G

=F g+ f Galmost everywhere  {from Eqn. (5.7) in [a, b]}
From Eqns. (5.6) and (5.7), we have

jb F(t) g(t)dt + Lb F(HG(t)dt = F()G (b) - F(@)G(a)

Theorem 5.4: If f is bounded variation on [a, b] then V=P+N and
P-N=f(b)- f(a)

where V, P, N respectively denote total, positive and negative variation
of fon [a, b].

n-1

Proof: Consider V = 2 |f(x,+1) —f(x,)|
r=1
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Here the closed interval [a, b] is divided by means of points
a=xy<Xy,<Xy<..<Xx,=b.

Let p be the sum of those differences f(x,,;)— f(x,) which are positive
—n that the sum of those differences which are negative. Evidently,

v=p+n, f(b)-fla)=p-n
From which we get

v+ f(b)-fla)=2p

and v—f(b)+ f(a)=2n
ie., v=2p+ f(a)—- f(b) (5.8)
and v=2n+ f(b)— f(a) (5.9)

Now set P=supp, N=supn, V=supv where we take the
supremum over all possible.

Subdivision of [a, b] taking supremum in Eqns. (5.8) and (5.9), we
have

V=2P+ f(a)- f(b) (5.10)
V=2N+f(b)- f(a) (5.11)
Adding Eqns. (5.10) and (5.11), we get
2V =2P+2N
or V=P+N

Now subtracting Eqn. (5.10) to Eqn. (5.11), we get
0=2(P-N)+2[f(a)- f(b)]
Hence, f(b)- f(a)=P—-N

Theorem 5.5: Every point of continuity of a summable function f(t) is
a Lebesgue point of f(f).

Proof: Let f(t) be integrable (summable) over the closed interval [a, b].
Also let f(t) be continuous at t = x,,.
To prove that x, is Lebesgue point of the function f(t)

= f(t) is integrable over [a, b] if fb f(t)dt = a finite quantity

Since f(t) is continuous at t=x;, = given €>03 6 >0 such that
|f(t)—f(x0)| < ewhenever |t—x0| <d
From which are get

j:“h F(t)— flxo)|dt<e j;0+hdt —eh

0

or % j;‘o“h (8- f(xp)|dt < e (5.12)
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Making € -0, h -0 we get
lim = [ | £(5)— FO]de <0 (5.13)
h—0 h Jxo a ’

But lim ‘% th |f (&)= f(xo)|dt

Xo

<tim = [ |f0)- fxp)|dt <0

Xo

[Using Eqn. (5.13)]

or fim |- [ £~ f(xo)|de] <0 (5.14)
h—0 |l Y xo 0 B '
. 1 XO+I’I

But lim |— |f(t)—f(x0)|dt >0 (5.15)
h—0 | < xo

Using Eqns. (5.14) and (5.15), we have

. 1 pxo+
lim [ ")~ f(xy)|dt| =0

h—0

ie tim = [ | £(5)— F(xy)|dt =0
o h—0 h Jxo 0 B

Hence, x, is a Lebesgue point of f(t).

Theorem 5.6: If x be a Lebesgue point of the function f, then prove that

the indefinite integral F(x)= Jx f(t)dt + F(a) is differentiable at the point
x and F'(x)= f(x). !

Proof: Let x be a Lebesgue point of the function f(t) so that

tim - [ ) - fx)|de =0 (516
Also let F(x)= f(a)+ j F(t)dt (5.17)

To prove that  F’(x)= f(x)

Since F(x)=1lim Foe+ )= F(x)
n—0 h

Hence, if we show that lim w =0 the result will
follow. =0 h

From Eqn. (5.16), we have
F(x+ 1) — F(x) = jh ftyde~ [ ftyae

- f(®)

- j;”h fde+ [ foyar
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- j;”h f(t)dt
F(x+h)—-F(x) _ l x+h
— = j f(t)dt (5.18)
1 px+h 1 x+h
Also j ft)dt=— f(x) j dt
- F@
= f(x)
or % j;”h Feodt = f(x)
or  f(x)= % [ fooydr (5.19)

Subtracting Eqns. (5.19) from (5.18), we have

‘w_ f(x)‘ - ‘% s —f(x)]dt‘

1 px+
< 17 1o s

Making h — 0 and using Eqn. (5.16), we get

lin% w - f(x)|<0 (5.20)
But 1in% w— f(x)|=0 (5.21)

Since modulus of any quantity is always non-negative. Combining
Eqgns. (5.20) and (5.21), we have

i [FGH h}z ~F(x)

n—0

f|=0

or lim F(x+h)-F(x) _
n—0 h

f(®)

Hence, F'(x)= f(x).
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RECAPITULATION

o Areal valued function f(x) is said to be continuous at xif given
€>0, there exists 6 >0 such that | f(x)- f(x0)|<e whenever
|x — x| < 6.

e If f(x) be a continuous function, then F(x)= Jx f(t)dt + F(a)is said

to be differentiable, where F(a) being any finite constant.

e Let fbe a real valued function defined on [a, b]. Then fis monotonic
increasing on [a, b], if x<y = f(x)< f(y). Also f is monotonic
decreasing on [a, b], if x>y = f(x)= f(y).

e A real valued function f : [a, b] — R is said to be of bounded

n

variation if there is a constant ¢ such that Z | flx)—f (xk,1)| <c
k=1

hold for any position a=x;<x;<x,...<x,=b.

b
e The total variation V of f on [a, b] is
a

b n
V(f)=sup{z |f(xk)—f(xk_1)|:a=x0<x1<x2...<xnzb}
a k=1

where the supremum is taken over all partitions of [a, b].
e If fis a monotonic function on [a, b], then f is bounded variation

b
and V(f)=|f(b)- f(@)].
b b
e If P, and P, are two partition and P,c P, = V(f:P)<V(f:B).

¢ A function f is said to satisfy Lipschitz condition if there exists a
positive constant M such that | fx)-f (y)| < M|x - y|.

e Let E be a set and C be the collection of intervals. The set E is
known as covered by C in the sense of Vitali if for every € >0 and any
x € E there exists an interval I in C such that xel and m(I)<e.

o If E is a set of finite measure and C is a collection of intervals
which cover E in the sense of Vitali, then for a given € >0 there exists
a finite, pairwise-disjoint subclass {C;,C;, ..., C,,} of C such that

1

m[E - v C"J <e.

n=1

x+h
o If lirré%j ’ |f(t)—f(x)|dt=0, then x is said to be a Lebesgue

point of the function f(t). The set of all Lebesgue point in [a, b] of
fis called the Lebesgue set of the function f.
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¢ Fundamental theorem of integral calculus: If f(x)is continuous

andif f(x)= Ibf(t)dt + F(a). Thenthe theoremstates that F’(x) = f(x)

i.e., to say differentiation and integration are reverse processes.

EXERCISES

Multiple-choice Questions

5.1 Letfbe areal valued function defined on [a, b]. Then fis monotonic
increasing on [a, b], if x <y then

(@) f(x)<f(y)
(b) f(x)=f(y)
(© f(x)>f(y)
(d) None of these.

5.2 The total variation \b/ of fon [a, b] is
b n
(a) V(f)zinf{zv(xk)—f(xk1)|:a=x0<x1<x2...<xn=b}
a k=1
b n
(b) V(f)=sup{2|f(xk)—f(xk_1)|:a=x0<x1<x2...<xn=b}
a k=1

b n
(c) V(f)=sup{2 |f(xk)+f(xk—1)|3’1=x0<x1<x2-~<xn=b}
¢ k=1

(d) None of these.

5.3 A function f is said to satisfy Lipschitz condition if there exists a
positive constant M such that

@ |f(x)-fy)|<M|x-y]|
®) |fx)-fFW)|2M|x-y]

)
© [f@)-fw)]=Mlx-y]
(d) None of these.

True or False

5.1 Letfbe areal valued function defined on [a, b]. Then fis monotonic
decreasing on [a, b], if x>y = f(x)= f(y).

b b
5.2 If P; and P, are two partitionand PLcP, =V (f:P)2V (f:P5)
a a

5.3 Every absolutely continuous function is of bounded variation.
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Fill in the Blanks

51

52

5.3

54

If f(x)be a continuous function, then F(x)= fo(t)dt + F(a) is said

to be , where F(a) being any finite constant
Let fbe a real valued function defined on [g, b]. Then f is monotonic
on[a bl if x<y = f(x)<f(y).

Areal valued functionf: [a, b] — R is said to be of if there is

a constant c such that Z | flx)—f (xk_1)| <chold for any position
k=1

a=%Xy< X <X...<Xx,=b.

If f is a monotonic function on [a, b], then f is bounded variation

and Xb/(f)z

Exercises

51
52
53
5.4
55
5.6

5.7

5.8
59

5.10

What is an Absolute continuous function?

What do you mean by Monotonic functions?

Explain the Lebesgue point and Lebesgue set.

Write the Lipschitz condition.

State and prove Fundamental theorem of integral calculus.

To show that a monotonic function defined on closed interval
[a, b] is of bounded variation.

Prove that if f is absolutely function, then f’(x)exists almost
everywhere.

Prove thatamonotonic functionis differentiable almosteverywhere.
Let x be a Lebesgue point of a function f(t). Then show that the

indefinite integral F(x)= f (a)+J f(t)dt is differentiable at each
point x and F’(x)= f(x). a

Show that the indefinite integral is an absolutely continuous
function.

ANSWERS
Multiple-choice Questions
5.1 (a) 5.2 (b) 5.3 (a)
State True or False
51 T 52 F 53 T

Fill in the Blanks

5.1 differentiable 5.2 increasing
5.3 bounded variation 5.4 |f(b)—f(a)|



6

CHAPTER

I’ Spaces

6.1 INTRODUCTION

This chapter discussed the spaces of p-th power of integrable functions.
The class of measurable functions f(x) whose p-th power If(x)l, (p > 0)

is integrable on the interval (a, b) will be denoted by L’ (a, b). If the
interval of integration is known, we use briefly the symbol L’. It is

said that the sequence of functions f, of the class L' (a, b) is mean
convergent of order p to the function f if the distance between the
functions f, and f tends to zero, or if the sequence {f,} tends to f, in the
metric of the space under consideration. By the uniqueness of the limit
function, the uniqueness of the function f(x) can be understood as a point

in the space L’ functions differing only on a set of measure 0 and are
considered as the same point of the space. This chapter is devoted to the

study of L, conjugate number, convergent and Cauchy sequence. Metric

and Normed space, L’ -space with properties, Riesz Holder Inequalities,
Minkowski’s Inequality and Schwarz’s Inequality.

6.2 IMPORTANT TERMINOLOGY

Before discussing the L' -space, we shall discuss the certain necessary
preliminaries.

6.2.1 Conjugate Number
Let p, g € R such that (i) p > 1 (ii) l+1=1
P 4q

Then g is known as conjugate of p.

Note: If p=2theng=2 = 2 is self conjugate number.
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6.2.2 Convex Set and Convex Function

Suppose S is a subset of a complex vector space X, then S is called a
convex setif x, ye S = (1 - ) x + AyeS, V A€[0, 1]. Consider f: X - R
is a real valued function defined on a complex vector space X, then f is
known as convex function if f((1 — 4) x + Ay) < (1 - 2) f(x) + Af(y), Vx,
yeX, A€[0, 1]. In particular, if the equality holds if and only if x =y,
then f is said to be strictly convex. For example: exponential, (- log) and
p — p% with a2 1, etc.

6.2.3 Metric Space

Let X be a non-empty set and d(x, y), V(x, y)e X is a distance function.
A real valued function
d: X x X = R which satisfies the following axioms:
(i) dx,y) 20,V x,yeX.
(ii) d(x, y) =d(y, x), Vx, ye X. (Symmetric property)
(iii) d(x, y) <d(x, z), +d(z, y), Vx, y, ze X. (Triangular in equality)
(iv) fx=y = d(xy)=0.
v) Ifd(x,y) =0 = x=y.

Then d is said to be metric on X and the pair (X, d) is called a metric
space. The real number d(x, y) is called the distance of x to y. The first
axiom means that the distance between any two points x and y of X is
a non-negative real number. The second axiom means that the distance
does not depend on the order of the points x and y. The third axiom
means that in the triangle, the sum of the length of two sides is greater
than the length of the third side and equal sign shows that three points
are in a straight line. The fourth axiom means that if the two points x
and y are the same then the distance between x and y is equal to zero.
The fifth axiom means that if the distance between two points x and y
is equal to zero then the points x and y are the same.

6.2.4 Norm and Norm of an Element of [’ -space

The size of an element x is a real number denoted by || x || and is called
norm (which is distance d(x, 0)) if satisfies the following properties.

@ [[x[[ =0
(ii) ||x|| = 0 if and only if x =0
(iif) e[| = Tk -] x|l Cll=x [l =1l x|}
@) [fx+yl <l x|l +lyl
Now we define a metric d for a set X with the help of norm as follows:
div,y) =[x -yl VxyeX
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This metric is known as metric induced by the norm. Let f and g be
two real bounded functions defined on the closed interval [0, 1]. Define
the norms of f and g by

1 1
[£l1=Jf()]dx and [g]= [ g0)]dx
0 0

The induced metric is defined by

1
df, 9) = f- gl =[|f(x)-g(x)|dx
0

b 1/p
The norm of any f e IF[a, b] is defined by ||f||p = [L |f|P} :

If, p = 1 then ||f||1=||f||=Jb|f|dx, where (a, b) is finite or infinite
interval. ?
Let f(x), g(x)eL[a, b] be arbitrary, we define d(f, g)= ||f —g||p.

Then d is called distance function or metric on I [a, b], d (f, g) denoted
the distance between the functions f(x) and g(x).

6.2.5 Convergent Sequence

Let < f, > be a sequence of function belonging to a L’ -space. The
sequence is said to be a converge in mean with index p if given €>0,

there exists nyeN such that m,n=ny, = |f,(x)- fn(x)||p<e or if

j|fn(x)_fm(x)|pdxﬁoasm—)wandi’l—)oo,

6.2.6 Cauchy Sequence

Let < f,>be a sequence of function belonging to a I’ -space. This
sequence is said to be a fundamental sequence or Cauchy sequence if

given €>0,3 nyeN such that m,n2n0:||fm—fn||p<e.

Note: Every convergent sequence in an [/ -space is a Cauchy sequence.

6.2.7 Completeness of I/-space

An I7-space is said to be complete if every Cauchy sequence in the space
is convergent at some point of the space, i.e., for every Cauchy sequence
< f, >in the space, there is an element f in the space such that f, — f.
A complete normal linear space is called Banach space.
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6.2.8 Distance Function on 17 [g4, b]

Let f, geLp [a,b] then distance function d on I’[a,b] is defined as

a(f, 9=If -3

|p.

6.3 1’ -SPACE

The I spaces are the spaces of p-power integrable functions and form
an important class of examples of Banach spaces. Let E is measurable
subset of R and 1<p <. A measurable function x on E is said to be

p-integrable on E if the function |x|” is integrable on E.
In particular x is 1-integrable on E if and only if it is integrable on E.
A 2-integrable function is also called square integrable function.

The set I’ [E] of all equivalence class of p-integrable function on E
1/p
then we have || = (JE|x|’” ) , where I"[E] is the linear space and [, is

called the norm of 17 -space.
or

The family of all measurable function f(x) is L -space if | f |p is Lebesgue

b
integrable over [, b] for, i.e., J |f|p dx <o, (p>0)and is denoted by L
-space. ‘
Following are the properties of L/-space:

(1) aeRandfeLp[a,b] = afeLp[a,b].
(i) f,gel’la,b] = f+gel’[a,b] wherep>1.

Theorem 6.1: If fel”[a,bland g< fthen gel’[a,b].
Proof: Let « is any positive real number
= {xela, b]:g(x)>a}
={xela, bl:o< g(x)< f(x)}
It is given g(x) < f(x)
And also f el [a,b]

= f is measurable [a, b]

= {xe[a, b]: f(x)< o} is measurable

= {x e[a, b]: g(x) < a}is measurable {g < f}
= g(x) is measurable function over [a, b]

Also we have
g(x)< f(x), Vxela,b]
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= [lePaxs]|f] dx<es

[/]g]" dx <o Lol f e 21a, ]
= |3 e " [a, b]
Hence, g €1 [a, b]

Theorem 6.2: If f e I’ [a, 1], p>1lthen feLla,b].
Proof: Let fel[a,b].
To show f eLla,b]
A ={xela, b]:|f(x)|21}
Ay={xela, b]:|f(x)| <1}
= [a,b]=A;U A, and AjUA,=¢

Using countable additive property of the integral, we have

NG NGRS

Let

Since f(x)>1,Vxe A [from Eqn. (6.1)]
= |f|S|f|ponA,where p>1
= .[Al HE .[A1|f|p < (given)

> j, <=

On A,, we have
|f(x)| <1 from Eqn. (6.1) Vxe A,

Then by first mean value theorem, we have
jA2|f| <m(Ay)
From Eqns. (6.2), (6.3) and (6.4), we have

= Lb| f | = integrable and infinite <eo

= felLla,b]

Another Proof: Let fel[a,b],p>1.
To prove that feL(a-b) ie., to show that
(i) fis measurable over [a, b]

(ii) | f | is integrable over (a, b)

6.1)

(6.2)

(6.3)

(6.4)
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By hypothesis
(iii) fis measurable over (a, b)
(iv) | f |p is integrable over (a, b)
Let E=(a,b)
Clearly (iii) = (i)
Let A=E(/f|>1), B=E(|f|<1)
Then E=AUB, AnB=¢
By countable additively property of the integral, we have

[ Iflax=] |fldx+] |fldx (6.5)

= |f(x)<1, VxeB

Using first mean value theorem, we have
JB |f(x)| <m(B)=a finite quantity

This prove that |f(x)| is integrable over B. (6.6)
f(x)=1 VxeA

|f|S|f|p on the set A, for ¢>1.
Integrating, we get

JA |A|dx < JA |f|p dx<e  {according to (iv)}

ie., dx < oo
[, 1A

= | f | is integrable over A (6.7)
From Eqns. (6.5), (6.6) and (6.7) = | f | is integrable over (a, b)
Hence, f eL(a,b).

Theorem 6.3: If fel’[a, b], g’ [a, b], then f+ge 1" [a, b].

Proof: Given that f, g el [a, b]= f, g are measurable over (g, b).

= f + g is measurable over (g, b).
Let

Ar={xefa, b]:|f)]2|s)| 6.8)
Ay={xe[a,b]:]f()] <[g)
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Then by countable additive property, we have

Lb |f+g|p=,[A1 |f+gp+jA2|f+8|p

Again we have
£+l < (71 +1s)"
< (|g|+|g|)pon A and < (|f|+|f|)pon A,
Now [f+gf" s2/[gf"on 4,

<2F |f|p on A,
Integrating both sides, we get
fAl [f+gll<2r fAl g|" on A 6.9)
IA2|f+g|pS2” IAZIfI” on A, (6.10)

Given f, garel/[a, b]

= [l ], sl <
= IA1|f+g|p<°°’jA2|f+g|p<°°
From Eqns. (6.9) and (6.10), we have

f+gellla,b]
Note: Givenf, g are integrable. Since right hand sides of both relations are
integrable then left hand sides are also integrable. Hence, f+g €L [a, b].

Another Proof: Let f, g I’[a, b] so that

(i) f, g over measurable over (a, b)

i) [f],

g|P are integrable over (a, b)

i.e., J-: |f|pdx<oo, Jﬂb |g|pdx<oo

To prove that f+ g eI’ (a,b)it suffices to prove that
(i) f+ gis measurable over (a, b)

(ii) | f+ g|p is integrable over (a, b)

ie, ['|f+gldx<os
Evidently (i) = (iii),
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Let E=(a,b)
and A=E(f|<|g

) B=E(|f]>g])
By countable additive property of the integral, we have
Jlfraldx=] |f+al'dx+] |f+gl dx (6.11)
£ +3l"<(A+lsl)’
<(f+lgl)’

=2"g|" on the set A
Integrating, we get
J.A |f+g|pdxs2”jA |g|” dx
<2Vx o according to (ii)

ie., + ¢l dx <o (6.12
[ 1f+sl )

Again |f+8|pg(|f|+|g|)p

<2”|f|" on the set B
Consequently

J.B|f+g|pdx<2p'[3 |f]” dx
<2Px 0o =oo by (ii)

ie., [ If+alldx<e (6.13)
From Eqns. (6.11), (6.12) and (6.13), we have

[L1f+8l <o
or [[1f+gl dx<es

Hence, f+gel’(a,b).

Lemma: Let A and B are two positive real number and 0< A <1 then
A*B"™ <A A+(1-1)B with equality when A = B.
Proof:

Case 1: If either A is zero or B is zero lemma is obvious.
Case 2:Let A>0,B>0

Let ¢(x)=x*—-Ax, x>0, 0<A<1 (6.14)
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Now the function ¢(x) is maximum at x =1, i.e., ¢(1) maximum.
= ¢o(x)<o(1)
From Eqn. (6.14), we have

= x*-Ax<1* -1

Letx=A/B
A
= (é) —l(éjgl—l
B B
= APB A1)
B
= A*B™ < AA+B(1-2) (6.15)

Hence,if x=1and if A =B

A QA A=)
SAA+A-1A
<A
The equality sign will hold good then A = B

6.4 RIESZ HOLDER INEQUALITIES

Let p, g are conjugate numbers and f € 17[a, 1], g€ I’ [a, b], then show

that () fge L, b Gi) |fg]<[f],Is], = flrsi<([lP) " (Jlsl") " witn

equality only when ﬁ|f|p = ﬂ|g|q.
Proof:

Case 1: When p = 1, g = o the result is obvious.

Case2:Letl <p<oo,1<g<oo (1+1=1j
P4
Then /lzl,p>1 = A<l (6.16)
p
Also 1 1-2
q
Putting these value in Eqn. (6.15), we have
avrgrach B (6.17)
P9

It one of the f(x) are zero

= result is trivial
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= [71f" and ["lgl">0

= ||f|| >0, [g],>0

.+ AP =[F(0)| and B"I=|G(x)|

From Eqn. (6.17), we have
[F@[" | [G@[

[F(x)G ()| < , p
Integrating both sides between a and b, we get

jb IF()G)kx <~ jﬂb|F(x)|pdx <1 jb IG(0)|" dx

VD) P Wi (C]
j ||f||” J IIgll"

a Lleora s [l
_p J-ab|f|f7dx q J.: |g|‘7dx

Poq
b
- j [F(x)G(x)| <1

Putting the value of F(x) and G(x), we have
b
J, lFosz@lax

7T 1T,
= [/ g @ldr<|f] s,
= INERTNED
or I£sli<lf1,ls]l, (6.18)

Itis given fel’(a,b), gel’(a,b)
= f and g are integrable.

= [ 1F7 <o ] <o 6.19)

or [l <= g, < (6.20)
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Using Eqns. (6.18), (6.19) and (6.20), we have

Eqn. (6.18) = |||, < e
= fg-€L(a,b)
Also this result will be true that A = B
= IF(x)|" =[G (x)|"
P q
% = % [Norm is scalar quantity]
171, lsl;
= lsl; L= A1 lal’
or there exists two non zero constant o« and f such that
ol fI"= Blg["

6.5 MINKOWSKI'S INEQUALITY

If f,gell(a,b), p=1then(i)f+gel’(ab) (i) |f +g||ps||f||p+||g||p
Proof:

Case 1: If p = 1 or - then the result is trival.

Case 2: When p>1, if f, gell(a,b)

Then f+gel’(a,b) (6.21)
Also we know that lJrlz lwhere g is conjugate to p since
p
f, g€l (a,b).
= f+gell(a,b)
= (f+g)l el (a,b)

Applying holder inequality for f and (f + g)p/q, we have
’ P b V(o 1/q
J'g |f||f+g| dxs -[a |f|pdx) (Ja |f+g|p/q dx)

1/q

1/
= [U1fl | eglars (171 ) (11 + ) (6.22)

Since gel’(a,b) and therefore interchanging f and g in the last
inequality, we get

b p/q b Vp . 1/q
J lsllrvsl dxs([!let ax) ~([7)f + gl ) (6.23)
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Adding Eqn. (6.22) and (6.23), we get

b r/q b p/q
L |f||f+g| dx+_|"Z |g|~|f+g| dx <

1 1/ 1
[(Jb |f|pdx) " Ub |8|pdx] p} (Jb |f+g|’7dx) ! (6.24)

We know that

l+1:1 = p+g=pq = 1+E=p (625)
P q q
Weknowthat|f+g|p=|f+g|-|f+g|p_1 Lp—leJ
q

=|f+gl|f +g|p/q [Using Eqn. (6.25)]
<(Ifl+Ishls+st™

<|fl-1f+ s +lgl L fsl™

Integrating both sides from a to b, we get

b P b p/q b p/q
ju|f+g| dxsju|f||f+g| dx+L|g||f+g| dx (6.26)

From Eqns. (6.24) and (6.26), we get
b 1/p b 1/q
It |(1 1ol

1/p
Dividing by (Jb | f+ g|p dx) and observing that 1- 1_
! q

1/p
+

[ |f+g|pdxs“j|f|”dx

, we get

b _
e oo s
a g X i

B (J‘: |f . g|” dx)1—1/q g :(jab|f|p dx)l/p ) (Lblglp dx)l/p}

s (L] (] s a]

= If+&l,=<lf1, +lel,
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Let |f+ g”p is non zero finite.

If |f+ g||p =0 = also result trivial.

If "f+g"p=°° then either ||f||p=o<> or ||g||p=o<>.

6.6 SCHWARZ’S INEQUALITY

Let f and g be Lebesgue integrable, i.c., f, g € [*(a, b), then fgeL(a,b)
and [ fg[[<[f], sl

Proof: It is a particular case of Holder inequality.
Let x €(a, b) be arbitrary then [|f(x)| - |g(x)|:|2 >0

= 2[f()] e[| <|fI" +[g()*
On integrating, we get
2 jb |F(x)g(x)| dx < j:’ |F()[2dx + jb lg() [ dx (6.27)
Since f,gel?(a,b)= f-g are integrable over (a, b)
And [ |f(0f dxses, [ [g(@)] dx <oo (6.28)

Using Eqn. (6.27), we have
b
= L | f(x) g(x)]dx < oo

= fgeL(a,b)
We know that if | f(x)| 20 = j" F)|dx=0

Let a eR is arbitrary then (Oc|f(x)| + |g(x)|)2 20

= J} (e f|+ )= 0
= a? J: |f(x)|2 dx +20a Lb |f(x) g (x)| dx + J.: |g(x)|2 dx>0

Put A:j: 2 Bzzj: |f8]dx, c=jj 8] dx

= o> A+aB+C20 (6.29)

Case1:If A=0 = f(x)=0 are in (4, b) then L.H.S and R.H.S are zero
result is trivial.

Case 2:1f A#0. Let azi.
2A
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Using Eqn. (6.29), we have
2
= Al - B +B| - B +C=0
2A 2A
= B’<4AC (6.30)
Putting the value of A, B, C in Eqn. (6.30), we have

o[} fslax] <[ P ae][ [} sPa]

, \/2 5 \M2
o Jo1Fsldxs ([ Pax) ([ lgP ax)
- I£sl=l£1, 181,
1/2 1/2
Note: [[rs|<] Ifslaxs(]" fzdx) (thzdx)

Theorem 6.4: Show that (I, d) is a metric space.

Proof: To show that d is a metric, we will prove the following properties:

(i) d(f, )20

(i) d(f, §)=0=f=g¢

(i) d(f, g)=4d(g, f)

(v) d(f, Q)<d(f, h)+d(h, )V f, g hell, p=1.

From (i), we have Let f, g€l [a, b]

. b 1/p
: ||f—g||,,=(L |f—g|pdx) >0
. 105,917 -gl120
(i) d(f,8)=0e|f-g|p=0

b p
o L |f-g| dx=0

e |f-g'=0
& f=g
(iii) |f-g|=|g—f]

= |f-g'=lg-fI

1/p 1/p
= (jj|f—g|pdxj =U:|g—f|pdxj
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= [f-sl,=ls-1l,
= d(f, 9)=d(, f)
(iv) Let f,g, hel’[a,b]
Then d(f, 9)=|f -z,
~lf-n+m-g,
<|f- h||p +|n- g"p [using Minkowski property]
<d(f, h)y+d(h, g)
Hence, (I, d) is a metric space.

Theorem 6.5: An [’ space is a normed linear space.

Proof: Let f,gel’[a,b] and ceR
(i) f,gellla,b] = f+gellla,b]
(ii) feLp[a,b],ceR = cfeLp[a,b]
Since - f e = f is measurable over [a, b]

= cf is measurable over [a, b]
= [?is a linear space.

(iii) |f(x)| >0 Vxela,b]

/
= [Lb f(x)vul 505 I£],>0
(iv) Now [f[ 20 < f=0.
1/p 1/p
) ledl,=[ [ler x| =il([L1F dx) " =Jelsl,

(vi) || f+ g||p < || f ||p + || g ||p (using Minkowski properly)

Hence, I7is a normed linear space.

Solved Problems

Problem 6.1: If f and g are square integrable in the Lebesgue sense then
prove that f + g is also square integrable in the Lebesgue sense and

I +&l,=f1,+lll, -
Solution: Let f and g are square integrable in the Lebesgue sense so that

f, g€l*[a,b].
To prove (f+g)€L2 (a,b) and ||f+g||2S||f||2+||g||2-
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By Schwarz’s inequality, we have

f, gel?(a,b)= fgeL(a,b) (6.31)
Also f, gel?(a,b)= f*g*cL(a,b) (6.32)
From Eqns. (6.31) and (6.32), we have
= fP+¢*+2fgel(a,b) = (f+g)el(a,b)
= f+gel*(a,b)

We have
2
|f+ g <(If]+lgl)

<|fF+[f +21f-Is
<|f+lsf + 2158
Taking limit a to b and integrating both sides, we get
b 2 b b b
Jolr+gl <[ 1AF+ [ lsl+2 ], 1A

By Schwarz’s inequality, we have

2 ) ) 5 1/2 5 1/2
1resl < [ [lsPe2 1T | [116F)

()]

Taking positive square root, we have

(.[ab |f + g|2 )1/2 . (J.ab |f|2 )1/2 N (Lb |g|2 )1/2

f+gl=Ifl, + sl

Hence,

1/2
Problem 6.2: If feI?(0,1) show that s[ j01 f(x)dx} .

Solution: If f, geI?(0,1) then by Schwarz’s inequality, we get
I+l =<l lsl

1 1 V2 g 2
oo Jlrslavs (st as) [ Jlsf ax
Taking g(x)=1, Vx, we get

Jo fedx

1/2



I? Spaces 135

/
J01|f|deU01|f|2 dXT 2 (6.33)
or ﬁﬂwéﬁmwSmUﬁﬂm [Using Eqn. (6.33)]
Hence, (J. |f| dx)

RECAPITULATION

1/
The norm of any f eI’ [a, b] is defined by ||f ||p = [Lb |f|q '

Let < f, > be a sequence of function belonging to a L’ -space. This
sequence is said to be a Cauchy sequence if given €>0, 3 nyeN

such that m, n>ny=|f,, - fn|| <e.
A complete normal linear space is called Banach space.

Let f,gel”[a,b] then distance function d on I’ [a, b] is defined as

d(f, &)=|f -zl

The family of all measurable function f(x) is L -space if | f |p is

Lebesgue integrable over [a, b] for p > 0 i.e., L | f|P dx <o, (p>0)

and is denoted by I/ -space.
Let A and B are two positive real number and 0<A<1 then

A*B"™ <A A+(1-1)B with equality when A = B.
Letp, gareconjugatenumberand f € 1P [a, 1], g€ I’ [a, b], thenshow

1/ 1/
that )fge L@, b)) [71<11,lsl, = [151=(f1r7)” (ler)”
with equality only when B|f|"=Blg|".

If f,gel’ (a,b), p>1then(i) f + g eI’ (a,b) (ii ||f+g|| <||f|| ||g||
Let f and ¢ be Lebesgue integrable, i.e., f- geL a, b) then

fgeLia byand |fg|<[f,]sl,

EXERCISES

Multiple-choice Questions

6.1

Let p and g be any two real numbers, such thatp > 1, 1 + 1 1. Then
q is P 9

(a) called the conjugate of p.

(b) equal to p.
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(c) less then p.
(d) None of these.

6.2 Let A and B are two positive real numbers and 0< A <1then

6.3

A*B"* < 2 A+(1-A)B with equality when A = B.

(a) A*B"*<AA+(1-A)B with equality when A = B.
(b) A*B™>AA+(1-1)B with equality when A = B.
() A*B"™#21A+(1-1)B with equality when A = B.
(d) None of these.

If f,g el (a,b), p=1then(i) f+ge L’ @, b) (i) | f +g], <[f], +s],
This is known as

(a) Riesz Holder Inequality
(b) Minkowski’s inequality
(c) Schwarz’s inequality
(d) None of these.

True or False

6.1
6.2
6.3

The number 2 is self conjugate number.
If feLp[a,b], geLp[a,b], then f+gell[a,b].
If fe ’[a,b], p<lthen felL[a,b].

6.4 If fel’[a,b]and ¢> f then geI’[a,b].
Fill in the Blanks
6.1 An [ -space is said to be if every Cauchy sequence in the

6.2

space is convergent at some point of the space A.
Let f and ¢ be Lebesgue integrable, i.., f-gel?(a,b), then
fgeL(@b) and |fg]...|f],]s],

6.3 Let A and B are two positive real numbers and 0<A<1then
A*B"™ <A A+(1-1)B with equality when A B.
6.4 An I space is a linear space.
Exercises
6.1 Write a short note on Norm.

6.2
6.3
6.4
6.5
6.6
6.7

What do you mean by LF-space?

Explain the convergent and Cauchy sequence.

State and prove Riesz Holder inequality

State and prove Minkowski’s inequality

State and prove Schwarz’s inequality.

Define the space L?[a, b]. Prove that it is a complete metric space.
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6.8 If {f,} is a Cauchy sequence in LF-space then prove that it has a
limit.
6.9 Prove that a convergent sequence {f,} in an LF-space has a limit in
LP-space.
6.10 To show that [”-space are complete.

ANSWERS
Multiple-choice Questions
6.1 (a) 6.2 (a) 6.3 (b)
State True or False
61T 62 T 6.3 F 64 F

Fill in the Blanks

6.1 complete 6.2 <
63 = 6.4 normed
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CHAPTER

Product and Signed Measures

7.1 INTRODUCTION

The purpose of this chapter is to study the products of two measure
spaces: product measures and signed measures. The limit function of
a sequence of measurable functions that converges almost everywhere
is a measurable function. In the preceding chapters that a measure
is a non-negative function, if a measure is allowed to take both
positive and negative values, then this idea leads to the consideration
of signed measure. Fubini’s theorem and Tonelli’s theorem are also
being discussed in details. Fubini’s theorem has a great importance in
calculation of certain explicit integrals. Hahn Decomposition theorem,
Radon-Nikodym theorem and Lebesgue Decomposition theorem are
also be discussed in details.

7.2 IMPORTANT TERMINOLOGY

Before discussing the product and signed measure, we shall discuss
certain necessary preliminaries:

7.2.1 Cartesian Product of Sets

Let X and Y be any two sets. The Cartesian products of X and Y is the set
of all ordered pairs (x, y) such that xeX and yeY, ie, X XY = {(x, y):
xeX,yeYland Y x X ={(y, x): yeY, xe X}.

7.2.2 Rectangular

If A is a subset of X and B is a subset of Y then AXxBc X XY is known
as a rectangular and A and B is called its sides. A rectangle is empty if
and only if one of its sides is empty.

If (X, M) and (Y, N) beany twomeasurablespacesthen (X xY, M x N)
is the Cartesian product of the given spaces. If Ae M and Be N then the
rectangle A x B is known as measurable.
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7.2.3 Sections

Let (X, M)and (Y, N) be two measurable spaces and E be any subset of
the Cartesian product X x Yand x€ X, y € Y then the sets E, = {y : (x, y) € E}
and E, ={x:(x, y)eE}are called the section of E determined by x and
y respectively. Since this section is determined by an element x and
therefore E, is called X-section and similarly E, is called Y-section. Every
section of a measurable set is measurable. So E, and E, are measurable
sets.

Let f be measurable function on E. We write f,(y)= f(x, y) and
fy(x)=f(x,y). Then f,(x) and f,(y)are functions over the sets E and
E, respectively. f, and f, are knownas X and Y-section of frespectively.
Since every section of a measurable function is measurable and so f, and
f, are measurable function.

7.2.4 Double Integral

If ¢ is an integrable function on X x Y then the integral denoted by

Jg(x, y)dr(x,y) or _[g(x, y) d(AxB)(x, y)is known as double integral
of g, where m=uxA.

7.3 PRODUCT MEASURE

Consider (X, M, u) and (Y,N,A) are two o-finite measure spaces
and Ec X xy. A set function x, defined for every set E in M x N by

n(E)=[AE,)d p(x)=[u(E,)dA(y) is a o-finite measure such that

n(AxB)=u(A)- A(B) where Ae M, BeN.
Here 7 is a measure function which is referred to as product of y and
A e, T=UXA.

Theorem 7.1: Let E be a measurable subset of X x Y. Then E has a
measure zero if and only if almost every X-section (or Y-section) has
measure zero.

Proof: Consider (X, M, u) and (Y, N, A) are two o-finite measure spaces
and Ec X xY. If the function 7, defined by 7 =pux A2 than

n(E)= [A(E)d u(x)= [u(E,) d A(y) (7.1)

Suppose if E has a measure zero, i.e., 7(E)=0, than by equation (7.1),
integrals are finite in (7.1). Therefore non-negative integrals must be
zero almost everywhere A(E,)=0 and M(E,)=0. Thus the X-section or
Y-section has measure zero in almost everywhere.

Conversely, if the X-section or Y-section has measure zero in almost
everywhere, then by equation (7.1), we get m(E)=0 i.e., E has a measure
Zero.
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7.4 TONELLI'S THEOREM

Suppose (X,M,u)and (Y,N,A)are two o-finite measure
spaces. If ¢ is a non-negative measurable function on X x Y then

[gd(uxi)=[gdudr=gdrdy.

Proof: Consider (X, M, u)and (Y, N, A) are two o-finite measure spaces
and if g is a non-negative measurable function on X x Y then there exists
an increasing sequence {g,,} of non-negative simple function such that the
sequence {g,} converges to g everywhere.

Using the property of integrals, we have lim J. g dmr= J gdr=0.
n—o0

If f, (x)=J g, (x,y)dA (y), then using the properties of sequence {g,},

follows that the {f,} is also a n increasing sequence of non-negative
measurable functions which converges to f(x) for every x where

f0=[g(x,y)dAwy).

Therefore f is a non-negative measurable function and
lim an dr= _[fdﬂ: =0. Thus _[g d(uxA)= Jg dA du. Similarly, we also
show that J.gd(,uxl)zj.gdudl where T=puxA.

7.5 FUBINI'S THEOREM

Suppose (X, M, u) and (Y, N, A) are two o-finite measure spaces. If gisan
integrable function on X x Y then almost every section of ¢ is integrable. If

g1and g, are defined by g;(x) = J.g(x, y)dA(y) and g,(x)=| g(x, y)du(x)
then g; and g, are integrable and _[g d(uxA)= J.gl du=\g,dA.
Proof: Consider (X, M, u)and (Y, N, 1) are two o-finite measure spaces
and g is integrable function on X x Y if and only if positive and negative
parts of g are integrable.

Using Tonelli’s theorem, if g is a non-negative measurable function
than it is integrable. Therefore g; and g, are finite valued almost
everywhere so the sections of g have required properties. Hence,

[gduxi)=]g du=g,dr

Note: Other form of Fubini’s theorem, consider E =[a, b] X [c, d]. Let f be
Lebesgue integrable over E. Then we have

_[E '[f(x, y)dxdy = Lb Ucdf(x, y)dy} n

and

JE J.f(x’ y)dxdy = J.cd l:-'.abf(x, ]/)dle d]/ .
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Problem 7.1: Using Fubini’s theorem to show that

1 1 x2_y2 1 1 x2_y2
Jo {Jo (x2+y2)dx dy;tJ.O '[O(x2+y2)dy dx .
x2_y2

(xTyZ) , where (X, y) € [0, 1] .

Solution: Suppose f(x, y) =

1 1 xz_yz
e have [, 0,0y =,

Now we have
1 (el 1 dx
J.o {J.of(x’y)dy}dx:.’.o 1+ 2

=[tan™" x]\

== (7.2)

Again we have
2

1 1 xi-y
jof(x,y)dx= 0 (21 y)

= li X dx
_Oax x2+y2

1
_ —-X
L2 +y’ }o

1
1+y

2
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Now we have

1 (1 1 dy
RN y)dx}dy=fo—1+y2

=[-tan y]ly=O

T
=7 (7.3)

Therefore, from equations (7.2) and (7.3), we have
[ fe ydxldy = [ 1] fx, yydx dx
o [do/ Y Y#Jo oY

7.6 SIGNED MEASURE

Consider A is a o-algebra of sub-sets of X . An extended real valued set
functionv such that v: A —[—eo, o] is said to be a signed measure on a
measurable space (X, A), if the following conditions are satisfied:

(i) v takes almost one of the values —e or +co.

(i) v(¢)=0.
(iii) v is countable additive, i.e., v (U Alij = ZZJ(AH) for any sequence

i=1 i=1
{Ai} of disjoint measurable sets.

Note:
1. A signed measure v is said to be finite if v(A;) <o, VA, € A.

7.7 POSITIVE, NEGATIVE, NULL SETS AND A SET OF MEASURE
ZERO

A subset E of X is said to be positive relative (or negative relative) to a
signed measure v defined on a measurable space (X, A) if the following
conditions are satisfied:

(i) E is measurable and
(ii)) For all A;cE such that A; is measurable implies
v(A;)20{or (v(4;)<0)}.

Aset Ec X is said to be a null set relative to a signed measure v if E
is both positive and negative. It is noted that every measurable subset
of a positive set is a positive set.

A measurable set E is a set of measure zero if and only if every
measurable subset of it has v measure zero. The measure of every null
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set is zero. A set of measure zero may be a union of two measurable sets
whose measures are not zero but are negative of each other.

7.8 SINGULAR MEASURES, JORDAN DECOMPOSITION AND
ABSOLUTELY CONTINUOUS MEASURABLE FUNCTION

Two measures v; and v, are said to be mutually singular (v; Lv,) if
there exist a measurable set A c X such thatv, (A)=0=1v,(X - A).

Let v be a signed measure on a measurable space (X, A). As a result
of Jordan decomposition of v, we represent a pair (v;, v,) of mutually
singular measures v;and v, satisfying the condition v=1v,-v,. For

illustration, a pair of measures (v', v”) cleared as above, is a Jordan
decomposition of v.

Suppose vy and v, are two measure functions defined on a space (X, A) .
The measure v, is said to be an absolutely continuous with respect to v, if
and only if v, (4,)=0,VAj e A = ©v;(A;)=0.Itis denoted by v, << v;.

Theorem 7.2: A union of any countable collection of positive subsets of
X is positive.

Proof: Consider {A,} is a sequence of positive sets in X. Suppose

A= UAi and B is any measurable subset of A. Suppose we have written
i=1

B,=BNnA,NA,_Nn...NnA{,Vne N.Here dashes denote complement of

respective sets with respect to X,.ie., A, =X—-A,.

We recognize that if a set is measurable then its complement is also
measurable and also a countable intersection of measurable sets is
measurable. These details lead to the finish that B,is a measurable
subset of the positive set A, and thusv(B,,) >0, using the explanation of

the positive set. From the construction of B, it is clear that sets B, are

=

disjoint. Also B, = U B,. Hence, v(B)= U v(B,,)20. Therefore we have

n=1 n=1
exposed that (i) A is measurable set. For A, is a positive set = A, is a

measurable set = U A, is measurable = A is measurable. (ii) VBc A
n=

such that B is measulable set = v(B)20.

Using the definition of positive set, this confirms that A is a positive
set.

Here we state the following theorem without proof:

1. Every subset of a negative set is negative set and a countable union
of negative sets is a negative set.
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2. If E is a measurable set with finite negative measure, i.e., if
—o0 < v(E)<0, then E contains a negative set A with the property
v(A) > 0.

3. If E is a measurable set of finite positive measure, i.e., 0 <v(E) <o
then E contains a positive set A with v(A)>0.

7.9 HAHN DECOMPOSITION THEOREM

Let v be a signed measure on measurable space (X, A). Then there exists
a positive set P and a negative set Q such that PnQ=¢,PuQ=X.

Proof: Consider A is an o-algebra of subsets of X and v is a signed
measure on a measurable space (X, A). Since v consider almost one of the
values e and +ee. Without failure of simplification we can understand
that v does not take —oo. Consider the family B of all negative subsets
of X and let

A=inf {v(E): E € B} (7.4)

Then there exist a sequence {E,} in B such that lim v(E,)=A.
Nn—yoo

B is a family of negative sets = {E,} is a sequence of negative sets

= UEZ» is a negative set,
i=1
= Q is a negative set on taking Q = UEi.
i=1
Thus Q is negative subset of X. Then, according to equation (7.4),
v(Q) 2 A. Now we assume the subset Q—E, of Q.

- Q=(Q-E,)UE,
~ Q) =v(@Q-E,)+v(E,)<0v(E,)
or v(Q)<v(E,), VneN where E,eB, VneN.

In outlook of equation (7.4), these two particulars prove that v(Q) < A.

Therefore we have exposed that v(Q)<Aand v(Q)=A.

This implies v(Q)=A= A>—co.

Now we have to prove that P=X —Q is a positive subset of X.

Consider the opposing. Then P is not positive and therefore P is
negative. By the definition, for every measurable set E c P, v(E) < 0. Now
we have E is a measurable subset of X with negative measure. Making
use of result:

If E is a measurable set of finite negative measure, i.e., —c><v(E)<0,
then E contains a set A with v(A)<0, we obtain a negative set AcE
such that v(A)<0.

Since A and Q both are disjoint negative subsets of X and their union
AuUQ is also negative.
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We know that the every subset of a negative set is negative set and a
countable union of negative sets is a negative set.
Consequently, we have v(AuQ)> A, by asset of (7.4)

But A<(AuQ)=v(A)+2(Q)=v(A)+ 1.
or A<v(A)+ A

or v(A)=0.

Contrary to the fact that v(A)<0.

Hence, our assumption is wrong, i.e., “P — is not positive” is wrong.
So P is positive. Thus P =X —Q is positive and Q is negative.

L X=PuQ, PnQ=¢.

A decomposition of a measurable space X into two subsets P and Q
such that X=PuUQ, PnQ =¢, where P and Q are positive and negative
sets respectively relative to the signed measure v, is known as Hahn
decomposition for the signed measure v. Also P and Q are called positive
and negative components of X.

7.10 RADON-NIKODYM THEOREM

Let (X, A, 1) be a o-finite measure space. Let v be a measure defined on
Asuch that v is absolutely continuous with respect to p. Then there exists

a non-negative measurable function f such thatv(E) = jE fdu, VEeA.

The function f is unique in the sense that if ¢ is any measurable function
with this property, then g(x)= f(x) almost everywhere in X with respect
to u.

Proof: Suppose (X, A, u) is a o-finite measure space. To set up the
existence of the function f, suppose that u is finite. Since u is finite this
implies v—apu is a signed measure on A for each rational number «.
Suppose T denote the set of all non-negative rational numbers. For every
teT, consider (P, Q;)be a Hahn decomposition for the signed measure
v—tu. If a>t, then Q, is negative for v—o u. For if E is a measurable
subset of Q, then v(E)—au(E)<v(E)—t. For E is measurable subset
of Q,az2t =v(E)—au(E)<v(E)-tu(E)<0, Since we have —o <t
Sv(E)-oau(E)<0 = (v - Oc,u) (E)<0. Similarly P, is positive for each
signed measure v—ot if <t. Now we have write P=n{P:teT}.
Being an intersection of countable collection of measurable sets, P is
measurable. Suppose E is any measurable subset of P. Then we have

EcP=nP = EcnPcPh, Vtel = EcP,KVteT
= (v—-tu)E=0.

For P, is positive, this implies v(E)—tu(E)=0
= v(E)2tuw(E) = tu(E)<v(E),VteT
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= U(E)=0 or v(E)=-o.

Thus u(E)>0 = v(E)=-co.

Now define a non-negative function f:X —[—eo, «] by
fx)=inf{teT:xeQ,}, VxeX

Here we assume the normal convention that the infimum of any
empty collection of real numbers is . So we have f(x)=0,VxeP. To
show that f is measurable. Suppose r € R and ge€Q are arbitrary. Then
we have

5,=VU (Q,:Vt<g)= Union of measurable set = measurable set
Now using the definition of f states that

fxeX: f(x)<sr}=n{S,:qeQ such that 4> r}

= intersection of measurable sets = measurable set.

Thus {x e X: f(x) <r}is measurable and so f is measurable.

Next our intent is to demonstrate that v(E)= IE fdu, VEeA.
Consider uy(EnP)=0. If u(EnP)>0, then v(EnP)=0. Also
jE fdu> jw du=oo. This implies jE fdu=co. [For f(x)=0VxeP,
hence f:E — [—eo, ] is not integrable]. Hence, v(E)= IE fau.

This establishes the equality in case p(En P)>0. Absolute continuity

of v with respect to u implies that v(E " P)=0. Choose a positive integer

n and set E, = {x €eE: k-1 < f(x) k} . For each rational number g < K ,
n n n

we have E, c{xeX: f(x)<n} Cqum {Q,:Vt<g}. Also Q,is a negative

set for the signed measure v—guand E; is a subset of Q,. So E;is a
negative set. This implies

(0-qu) (NS0 = oE)<quE) = v(Ek>s§u<Ek> (7.5)

Alternatively, since E, C {x eX: f(x)> E} < Pcym
n

and hence [v p|(Ex)20. For Fy_y),, is positive,

This gives v(E;) (%) u(E) (7.6)
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From equations (7.5) and (7.6), we have

(= u@osoEsE ue 77)
n n

AsEisadisjointunionofsets En Pand E;. Thus u(ENnP)=0=0v(ENP).
It pursue from the countable additive property of integral that

[, fduzki jEkfdu, v(E)zkiv(Ek)
=1 =0

Using definition of E,, we have k-1 < f(x)< K on E..
n n

Using the first mean value theorem, we have
k-1 k
(s, feodus ue 79)
n k n

From equations (7.7) and (7.8), we have

. k
(55w, sau-uos ey

Summing this over k, we have
1 k
~~ u(E)< [ f@)dp—o(E) < u(E)
n n
Since n is arbitrary and hence making 1 — <, we have
0< jEf(x)du ~v(E)<0,

or jE f(x)du=0(E) (7.9)

Hence we complete the existence proof.
Now to prove that the almost uniqueness of the function f: X — [—eo, oo}.
Consider g:X —[—oo,00]is any measurable function satisfying the

conditionv(E) = ngdu VEe A.Foreach neN,suppose A, = {x e X: f(x)

-g(x)=21/n} e Aand B, ={xe X:g(x)— f(x)21/n} e A. Using definition
of A,, f(x)—g(x)=1/non A,. Using first mean value theorem, we get

J, (-8 duZ%u(An)

or J,, fau-[, gdu—ua,)

or v(A,)-v(A,)=21/n)u(A,) [Using equation (7.9)]
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or 1/n)u(A,)<0 or u(A,)<0
But u(A,)=0 is always true.

s u(A,)=0. Similarly we also have u(B,)=0.
Suppose C={xeX: f(x)=g(x)}=|J(4,UB,).

n=1

Then we have ,u(C)zz u(An)+Zy(Bn)=ZO+ZO=O.

Then we have u(C)=0.

This implies f =g almost everywhere on X with respect to u.

Precisely in a comparable way the theorem can be proved in case u
is o-infinite.

7.11 LEBESGUE DECOMPOSITION THEOREM

Suppose (X, A, i) is a o-finite measure space and v a o-finite measure
defined on A. Then there exists two uniquely determined measures v,
and v; such that v=0v,+7v;, vy L u, v, << .

Proof:Suppose (X, A, u) is a 6-finite measure space and assume A = i1 +v.
Since u and v are o-finite implies that A is o-finite. Obviously < A and
v << A,where u << A place for “uis absolutely continuous with respect to
A”. Using Radon-Nikodym theorem, we find the non-negative functions

f, 8:X > [-0,] such that u(E)=[ fd2, o(E)=] gdA, VE€A.

Consider A={xeX: f(x)>0], B={xeX: f(x)=0}.

Then we have X =AUB, AnB=¢. Also we have u(B):Idelzo.

Now, define two functions v, v;: A — [ee, o] by involving that
v9(E)=v(ENB),v;(E)=v(ENB), VEe€A

Then v, and v, are measures on A and satisfy the condition v =7, + v;.
vy(A)=v(ANB)=v(¢)=0, 0or vy(A)=0

Thus w(B)=0=19y(A)=1y(X - B)

ie. w(B)=0=19,(X-B)

This implies v, is mutually singular to 4 = v, L u.

Now to prove that v; < u. For this assume E € Ais arbitrary such that
M(E)=0.

Then | fdA=u(E)=0 or [ fdA=0.Also f(x)20, VxeE.
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This implies f =0 almost everywhere on E relative to 4.

Since f>0 on ANEand thus v;(E)=v(EnA) (by definition of v;)
SAMENA)=0

: v,(E)<0. But v,(E)=0.

Combmmg these two results, v;(E)=0.

Thus we have prove that u(E)=0 = ©v;(E)=0. This implies v, << 1.

Now we have to prove that the uniqueness of vy and v;.

To proving that v, and v, are unique, consider vy and v]are measures
such that v=1v) +v; and has the same property as that of the measure
vpand v, respectively. Then we have v=1v,+v, and v =0} +v]are the
two Lebesgue decomposition of v. So we have v, -7y =v] —v;. Again
v) —v; is absolutely continuous and v, — v is singular relative to v. We
have v=1v;,v;=0]. Hence v,and v, are unique.

Solved Problem

Problem 7.1: Let A and B be two measurable sets and v a signed measure
such that A c Band |v(B)| <o . Then prove that |Z)(A)| < oo,

Solution: It is given that A and B are two measurable set. So we assume
=(B-A)+A, (B-A)nA=¢. Thus v(B)=v(B—A)+v(A).

If v(B— A)and v(A)both are «, then v(B) is . If v(B—A) or v(A)
is o, then again v(B) is . Given that [v(B)|<<, ie, v(B)is finite.
Hence, v(B) will be finite if both v(B— A) or v(A) both are finite. Hence,
[o(A)] =

RECAPITULATION

o The Cartesian products of X and Y is the set of all ordered pairs (x,y)
such that xe X and yeY, ie, X XY = {(x, y): xe X, ye Y}.

e If Ais a subset of X and B is a subset of Y then AXBc X XY is
known as a rectangular and A and B is called its sides.

e Let (X, M) and (Y, N)be two measurable spaces and E be any
subset of the Cartesian product X x Y and xe X, ye Y then the sets
E.={y:(x,y)€E} and E ={x:(x, y) € E} are called the section of E
determined by x and y respectively.

e Every section of a measurable function is measurable.

e Consider (X, M, u)and (Y, N, 1) are two o-finite measure spaces
and Ec X xy. A set function 7, defined for every set E in M x N

by = (E) IA(E Y (x _[,LL(E )dA(y) is a o-finite measure such
that mw(AXB)=u(A)- /I(B) where Ae M, BeN.
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Let E be a measurable subset of X x Y. Then E has a measure zero
if and only if almost every X-section (or Y-section) has measure
Zero.

Suppose (X, M, u)and (Y,N,A)are two o-finite measure
spaces. If ¢ is a non-negative measurable function on X x Y then

[gd(uxA)=[gdudi={gdAdu.

Suppose (X, M, u) and (Y, N, 1) are two o — finite measure spaces.
If g is an integrable function on X x Y then almost every section of
g is integrable. If ¢; and g, are defined by g¢;(x)= I g(x, v)dA(y)
and g,(x) = _[ g(x,y)du(x) then g; and g, are integrable and

[gd(uxA)=[g du=[g,dAr

¢ A signed measure v is said to be finite if v(A;)<eo, VA; € A.

A measurable set E is a set of measure zero if and only if every
measurable subset of it has v measure zero. The measure of every
null set is zero.

A set of measure zero may be a union of two measurable sets
whose measures are not zero but are negative of each other.

Two measures v; and v, are said to be mutually singular (v; L v,)
if there exist a measurable set A c X such that v;(A)=0=1v,(X - A).
Countable union of positive sets is positive and the countable
union of negative sets is negative.

Every subset of a negative set is negative set and a countable union
of negative sets is a negative set.

If E is a measurable set with finite negative measure, i.e., if
- <0(E)<0, then E contains a negative set A with the property
v(A) < 0.

If E is a measurable set of finite positive measure, i.e., 0 <v(E) <o,
then E contains a positive set A with v(A)>0.

Let vbe a signed measure on measurable space (X, A). Then
there exists a positive set P and a negative set such that
PnQ=¢,PuQ=X.

Let (X, A, u) be a o-finite measure space. Let v be a measure
defined on A such that v is absolutely continuous with respect to
i . Then there exists a non-negative measurable function fsuch that

v(E)= JE fdu, VEe A.The function fis unique in the sense that if

g is any measurable function with this property, then g(x)= f(x)
almost everywhere in X with respect to u.

Suppose (X, A, i) is a o-finite measure space and v a o-finite
measure defined on A. Then there exists two uniquely determined
measures vy and v; such that v=vy+v;, v, L u, v; << .
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EXERCISES

Multiple-choice Questions

7.1 The measure of every null set is
(a) 1
(b) O
(c) oo
(d) None of these.
7.2 Countable union of positive sets is
(a) Positive
(b) Negative
(c) may be both (a) and (b)
(d) None of these.
7.3 Let vbe a signed measure on measurable space (X, A). Then
there exists a positive set P and a negative set Q such that
PnQ=¢,PuQ=X. This is known as

(a) Lebesgue decomposition theorem
(b) Hahn decomposition theorem

(c) Randon-Nikodym theorem

(d) None of these.

State True or False

7.1 If f is not integrable then Fubini’s theorem may be fail.

7.2 Signed measure is not a measure in universal.

7.3 Every subset of a negative set is negative set and a countable union
of negative sets is a negative set.

7.4 Countable union of negative sets is positive.

Fill in the Blanks
7.1 Every measurable subset of a positive set is a
7.2 If vis o-finite then it converse is finite.
7.3 The decomposition v =1, + v, is called of o-finite measure

v with respect to o-finite measure .

Exercises

7.1 What a short note on sections.

7.2 Define the product measure.

7.3 State and prove Tonelli’s theorem.

7.4 State and prove Fubini’s theorem.

7.5 State and prove Hahn decomposition theorem and the Jordan
decomposition theorem for signed measures.
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7.6 State and prove Lebesgue decomposition theorem.
7.7 State and prove Radon-Nikodym theorem.
7.8 State Fubini’s theorem. Discuss its applicability to the function

2 2

_ Y
f(x/y)_(x2+y2)

x2+y2¢0,xe[0,1],ye[0,1].
7.9 Using Fubini’s theorem explain the

Il{ﬁ(i:y) }y I{ngj:y >2dy}d

ANSWERS
Multiple-choice Questions
7.1 (b) 72 (a) 7.3 (b)
State True or False
71T 72 T 73 T 74 F

Fill in the Blanks

7.1 positive set 7.2 also
7.3 Lebesgue decomposition



Appendix: Sets

Some Important Theorems on Set Theory

In this section we discussed some important theorems on set theory,
which are following:

Theorem 1: Let A, B and C be any three sets, then

(i) AuBuC)=AuUB)UC

(i) AUBuUC)=(AuB)Nn(AUC)
(i) AnBuUQO)=(AnNBUANCQ
(iv) A-Bu(CO)=A-Bn@A-0
V) A—-BnCO)=A-B)uA-0)
vi) A-C)nB-C)=AnNnB)-C
(vii) Ax(BUC)=(AxB)U(AxCQ()

Proof:
(i) Let x be any element of A U (B U C). Then we have

xeAu (Bu()
xeAorxe(BuC()
xeAor (xeBorxe()
xeAorxeBorxeC
(xeAorxeB)orxeC
xe(AuB)orxeC

o xe[(Au B)u (]

Hence, Au(BuC)=(AuB)uC.
(ii) Let x be any element of A U (B n C). Then we have
xe[Avu (BN O)]

= xeAorxeBnC

tg80¢Q

S xeAor (xeB and xeC)
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(iii)

S (xeAorxeB)and (xe A or xeC)
S (xeAuB)and (xeA U C)
S xe[(AuB)n (Au Q)]

Hence, AU(BNC) = (AUB)N(AUC).
Let x be any element of An(B UC). Then we have

xeAn (Bu()

xeAand xeBu C

=
S xeA and (xeB or xeC)

S (xeA and xeB) or (xe A and xeC)
S xe(AnB)orxe(An C)

= xe[(An B)u (An O)]

Hence, An(BuC)=(AnB)uAnA ).
Let x be any element of A — (BUC). Then we have

xeA-(Bu(Q)

S xeA,xe(Bu ()

S xeA, (xeBore(C)

= (xeA, x¢B) and (xe A, x¢C)
o xe(A-B)and xe (A-C)
o xe[(A-B)n(A-0C)]

Thus, A-(BUC)S(A-B)n(A-C)
and (A-B)n(A-C)cA-(Bu(Q)
Hence, A-(BUC)=(A-B)n(A-2C).

(v) Let x be any element of A — (B N C). Then we have

xeA-(Bn Q)

xeA,x¢ (BN C)

xe A, x belongs either to B or to C’
xeA,xeB orxeA, xeC’
xeA-BorxeA-C

S xe(A-B)ux(A-0)

Thus, A-BNC) S (A-B)u(A-0C)

and (A-B)U(A-C)cA-(BnC(O)

Hence, A-(BNC)=(A-B)u (A-20C).

t 83
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(vi) Let x be any element of (A — C) N (B — C). Then we have
xe[(A -C)n\(B -C)]
xeA-CandxeB-C
xeA,xe¢Cand xeB,x ¢ C
xeA,and xeB, x ¢ C
xe(AnB),xeC
xe(AnB)-C

Hence, A-C)n(B-C)=(AnB)-C.
(vii) First we have to prove

AXBUC) c(AxXxB)uUAxQO)

Let (a, b) be any element of A x (B U C). Then we have
(a,b)e Ax(Bu(C)
aeAand beBu C
aeAand (beBorbeC)
(@aeAand beB)or(aeAand beC)
(a,b)e AxBor (a,b)eAxC
(a,b)e(AxB)uU (Ax Q)

Thus, AXx (BUC)c(AxB)uU (AxC)
Now we have to prove

(AXB)U(AxC)cAx(BuQ)
Let (x, y) be any element of (A x B) U (A x C). Then we have
(x, )e(AxB) U (AxC)
(x,y) eAxBor (x,y)eAxC
(xeAandyeB)or (xeAand yeC)
xeAand (yeBorye(C)
= (x,y) e Ax(BuUC)

Thus, AXB)U(AxC)cAx(Bu()
Hence, Ax (BuUC)=(AxB)uU (AxC().

t g 80¢Q

A

LU

Theorem 2: Let A and B be any two sets, then
i) A-B=AnPB
(i) A-B)u(B-A)=(AuB)-(AnB)
(iii) B-Ac A’

155
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(ivy B-A=Bn A
(v) A—-BcA
(vi) (A-B)nB=¢.
(vil) AUB)Y =A"NnPB
(viii) AnB)Y =A"UB
Proof:
(i) We have
A-B={x:xeA, x¢B}
={x:xeA, xeB’}
={x:xe(An B)}
Hence, A-B=AnNDPB
(ii) Let x be any element of (A — B) U (B — A). Then we have
xe(A-B)u (B -A)
xe(A-B)orxe(B-A)
(xeAorxegB)or (xeB, x¢gA)
(xe A or xeB) but x does not belong to both A and B
xe(A v B)butxe (AN B)
xe(AUB)-(AnB)
(A-B)u(B-A)<S(AuUB)-(AnB)
and (AUB)-(AnB)S(A-B)u(B-A4A)
Hence, (A-B) U (B-A)=(AuB)-(An B).
(iii) Let x be any element of B — A. Then we have

20000°0
&

xeB-A
= xeB, xgA
= xeB, xe A

i.e., each element of B — A belongs to A’
Hence, B-Ac A’.
(iv) Let x be any element of B — A". Then we have
B -A'={x:xeB,xgA’}
={x:xeB, xeA}
={x:xeBn A}
=BnA
Hence, B-A" =B N A.

(v) Using definition of difference, we know that the all the elements

of A — B are the elements of A. So, we have A — B c A.
Hence, A - B c A.
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(vi) Let x be any element of (A — B) N B. Then we have

(A-B)nB={x:xeA-Band xeB]}
={x:xe€A, xeB and x € B}

Here, there is no element in A which belongs to B and also does
not belong to B.
Hence, (A —B)nB= ¢.

(vii) Let x be any element of (A U B)". Then we have

xe(A v B)

x¢ AUB

x¢Aand x¢B

t ¢ ¢

xeA and xeB’
o xe(A"n B)

Thus, (AU B)Y € (A’ B)

and (A" " B) € (A v BY

Hence, (AU B)Y =A"n B
(viii) Let x be any element of (A N B)". Then we have
xe(A N BY
x¢ (AN B)
x¢gAorxeB
xeA'or xeB’
xe(A” U B)
Thus, (AN B)Y € (A’ v B) and (A" U B") € (AN BY
Hence, An B =A"UPB

tgte¢¢

Theorem 3: Let A and B be any two sets such that A € B. Then
i) AnB=A (i) AuB=B (iii) BB A

Proof:
(i) Itis given that A € B. Then we have,
ANnBCcA
Now if, xe A

= xeB
= xeA,xeB
= xeANB

ASANB
Hence, AnB=A
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(ii)) We have, BC AUB
Now we have,

xeAUB
= xeAorxeB
= xeB {~ A c B}

- AUBCSB
Hence, A U B = B.
(iii) Let x be any element of B". Then we have

xeB’
= xe¢B
= xgA {~ Ac B}
= xeA’
Hence, B" c A’.

Theorem 4: Let A and B be any two sets, then

() AUB) B =AiffAnB=9
(i) A~B=Aiff AnB=¢

(iii) A®A=9¢

(iv) A®g=A

(v) A®@B=¢iff A=B.
Proof:

(i) Using distributive law, we have

(AUB)NnB'=(AnB)U(BNB)
=(AnB)u ¢ {~"B N B = ¢}
=ANnPB

Now we have to prove, AnB=¢iff AnB =A
Let AnB =A
= ACPH
= AnB=¢
Again we have
AnB=2¢
= ACPH
= AnB =A
Hence, AUB)NB =Aiff AnB=¢.
(ii) We have
A-B={x:x€A, x¢B}
={x:xeA, xeB’}
={x:xeAnN B}

Thus, A-B=AnPB
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Now if, A — B = A then we have
A=AnNnPB

ACH

all elements of A belong to B’

none element of A belong to B
AN B=¢.

Conversely, if AN B = ¢.
Then we have

tuul

A-B =¢
= ACH
Now we have,

ANnB =A
= A - B=A.

(iii) We have
APA=(A-A)U(A-A)
=puU ¢
=A
(iv) We have
ADo=(A-9u(s-4)
=AU @
=A
(v) We have
A®B=A-B)u(B-A)
Let A @ B = ¢, then we have

=3 (A-B)U(B-A)=9¢
= A-B=¢and B-A=¢
= A=B

Hence, A@ B = ¢ iff A=B.

Theorem 5: If A — B, show that Ax A < (Ax B) n (B x A).
Proof: Let (a, b) be any two element of A X A. Then we have

aceAandbeA
Since AcB
= aeB,beB
Now we have aecA,beB
= (a,b) e AXB
and aeB,beA
= (a,b) eBx A

Therefore (a, b) belongs to A x B and B x A both.
ie, (a,b)e(AxB)n (BxA)
Hence, Ax A c (A B) n (B xA).
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