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Preface

Measure Theory and Integration contains a detailed introduction to 
advanced real analysis. The work is expected to serve as an aid to 
advanced graduate and postgraduate students studying these topics as 
the measurable ideas dealt with here can be enjoyed with an elementary 
knowledge of advanced real analysis and probability theory. The proofs 
of theorems are separated from their formulations and are appended 
at the end of each chapter. This makes it look like a problem book and 
encourages the reader to think about each formulation. 

uncountable sets, ordered pairs, ordinal numbers, Cantor’s theorem and 
Continuum hypothesis.

Chapter 2 deals with the length of a set, measure, Borel set, s -sets, 
zs -sets, Boolean ring, Boolean algebra, s -Ring, Lebesgue measure, outer 

fundamental theorem, Cantor’s ternary set and non-measurable set.
Chapter 3 discusses the measurable function, Borel measurability, 

F. Riesz theorem, Egoroff’s theorem and Lusin’s theorem. 
Chapter 4 deals with Riemann theory of integral, Lebesgue integral, 

Lebesgue dominated convergence theorem, Beppo-Levi’s theorem and 
Fatou’s lemma.

Chapter 5 deals with the function of bounded variation, Lipschitz 
condition, cover in the sense of Vitali, Vitali’s Lemma, Lebesgue point 
and Lebesgue set and fundamental theorem of integral calculus.

Chapter 6 discusses the Lp, conjugate number, convergent sequence, 
Cauchy sequence, metric and normed space, Lp-space with properties, 
Riesz Holder inequalities, Minkowski’s inequality and Schwarz’s 
inequality.
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Chapter 7 deals with product measures and signed measures, Fubini’s 
theorem, Tonelli’s theorem, Hahn decomposition theorem, Radon-
Nikodym theorem and Lebesgue decomposition theorem.

Any comments from students and teachers are welcome. Their 
comments will naturally contribute to the improvement of the further 
edition of the book.
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Countability of Sets

Set theory has a great importance in the study of mathematics and 
computer sciences. German mathematician Georg Cantor (1845-1918) 
introduced the idea of set theory. The concept of set theory has a great 
contribution in analysis. In 1874, George Cantor discussed the term 
countable set. Countable sets have an important place in the branch of 
mathematics known as real and discrete mathematics. 

In this chapter we shall discuss some introductory concepts of 
analysis such as Sets, Relations, Equivalence relation, Well ordering, 
Partial ordered relation, Zorn’ Lemma, Axiom of choice, Schr der-
Bernstein’s equivalence theorem functions, Open and closed sets, 
Bolzano-Weierstrass theorem, Finite and infinite set, Cardinal number 
and cardinality of a set, Countable and uncountable sets, Ordered pairs, 
Ordinal numbers, Cantor’s theorem, Continuum hypothesis, Algebraic 
number and Transcendental number.

Before discussing the countable and cardinal number of sets, we shall 
discuss certain necessary preliminaries.

A set is a well defined collection of objects. The objects in a set are known 
as members or elements or points. Suppose A is a set and a is an element 
of A, then we write a Œ A (a belongs to A). If a is not an element of A, then 
we write a œA (a does not belongs to A). Let A be the set A = {1, 3, 5, 7, 9}. 
Here 1 Œ A, 3 Œ A, 5 Œ A, 7 Œ A, 9 Œ A but 2 œ A. The form of presentation 
of above set A is known as tabular method or roster method. Also A can be 
written as A = {x Ô x is an odd positive integer and x < 11}. It means that 
A is the set of all odd positive integers which are less than 11. This form 
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of presentation of set A is known as set-builder method or rule method. 
For example, the set consisting of all the letters in the word “DELHI” can be 
written as {D, E, L, H, I} or {x | x is a letter in the word “DELHI”}. 

A multi set is an unordered collection of objects in which an object can 
appear more than once. For example, B = {a, a, b, b, b, c}. Here a appears 
two times, b appears three times and c appear one time. A set is said to 
be empty set or null set or void set if it contains no element. It is denoted 
by f or {}. For example, P = {x | x is a real number and x2 = – 1}, Q = {x | x 
< x} and R = {x | x ŒI and 1 < x < 2}. Here P, Q and R are empty set. A 
set is said to be singleton set or unit set if it contains only one element. 
For example, S = {x Ô x is a positive integer and x2 = 4} and T = {0}. Here 
S and T are singleton set. Let A and B be any two sets. If all the element 
of A belongs to B, then A is said to be subset of B. It is denoted as A Ã  B, 
read as “A is a subset of B” or “A contained in B”. For example, A =
{a, b, c}. Then f, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c} are all subset of A. 
Let A and B be any two sets. Then A and B are said to be disjoint sets if 
they have no common elements. For example, A = {1, 3, 5, 7} and B = 
{2, 4, 6, 8}. Here A and B have no common elements. Therefore A and 
B are disjoint sets. Let A and B be any two sets. If all the elements of 
A belongs to B and all the elements of B belongs to A, (i.e., A Õ B and 
B Õ A) then A and B are said to be equal set and written as A = B. For 
example, A = {N, I, R, A, N, J, A, N} and B = {N, I, R, A, J}. Here A and 
B are equal set, i.e., A = B. 

Let A and B be any two sets. Then A and B are said to be comparable 
if all the elements of A belongs to B or all the elements of B belongs to 
A (i.e., A Õ B or B Õ A). But if A B or B A, then A and B are known 
as non-comparable set. For example, A = {1, 2, 3, 4, 5, 6, 7, 8}, B = {1, 3, 
5, 7} and C = {2, 5, 6, 7, 9}. Here A and B are comparable set; A and C, 
and B and C are non-comparable set. A set under consideration in the 
problem is a fixed set in which includes each given set known as universal 
set. For the sets of numbers, the set of complex number (C) will be the 
universal set. It is denoted by U. If a set contains a number of sets as 
its elements then it is known as set of sets or family of sets or class of sets. 
For example, A = {{a}, {a, b}, {a, b, c}, {a, b, c, d}, {a, b, c, d, e}} and B = {{0}, 
{0, 1}, {0, 1, 2}}. Here A and B are set of sets. Let A be any set. The power 
set of A is the set of all subsets of A. It is denoted by P(A). For example, 
A = {a, b, c} be the set. Then P(A) = {f, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},
{a, b, c}}. The number of elements in a P(A) is 2 raised to the cardinality 
of A i.e., Number of P(A) = 2n(A). If A = {a, b, c}, then number of P(A) = 
23 = 8. Index set is a set whose elements are used as names. It is usually 
denoted by L. An index set may be finite or infinite. For example, {a, b, 
c,…..}, {a, b, g , …..} are index sets.

Let U be the universal set. The complement of a set A with respect to 
U is the set of elements which belong to U but do not belong to A. It is 
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A multi set is an unordered collection of objects in which an object can 
appear more than once. For example, B = {a, a, b, b, b, c}. Here a appears 
two times, b appears three times and c appear one time. A set is said to 
be empty set or null set or void set if it contains no element. It is denoted 
by f or {}. For example, P = {x | x is a real number and x2 = – 1}, Q = {x | x 
< x} and R = {x | x ŒI and 1 < x < 2}. Here P, Q and R are empty set. A 
set is said to be singleton set or unit set if it contains only one element. 
For example, S = {x Ô x is a positive integer and x2 = 4} and T = {0}. Here 
S and T are singleton set. Let A and B be any two sets. If all the element 
of A belongs to B, then A is said to be subset of B. It is denoted as A Ã  B, 
read as “A is a subset of B” or “A contained in B”. For example, A =
{a, b, c}. Then f, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c} are all subset of A. 
Let A and B be any two sets. Then A and B are said to be disjoint sets if 
they have no common elements. For example, A = {1, 3, 5, 7} and B = 
{2, 4, 6, 8}. Here A and B have no common elements. Therefore A and 
B are disjoint sets. Let A and B be any two sets. If all the elements of 
A belongs to B and all the elements of B belongs to A, (i.e., A Õ B and 
B Õ A) then A and B are said to be equal set and written as A = B. For 
example, A = {N, I, R, A, N, J, A, N} and B = {N, I, R, A, J}. Here A and 
B are equal set, i.e., A = B. 

Let A and B be any two sets. Then A and B are said to be comparable 
if all the elements of A belongs to B or all the elements of B belongs to 
A (i.e., A Õ B or B Õ A). But if A B or B A, then A and B are known 
as non-comparable set. For example, A = {1, 2, 3, 4, 5, 6, 7, 8}, B = {1, 3, 
5, 7} and C = {2, 5, 6, 7, 9}. Here A and B are comparable set; A and C, 
and B and C are non-comparable set. A set under consideration in the 
problem is a fixed set in which includes each given set known as universal 
set. For the sets of numbers, the set of complex number (C) will be the 
universal set. It is denoted by U. If a set contains a number of sets as 
its elements then it is known as set of sets or family of sets or class of sets. 
For example, A = {{a}, {a, b}, {a, b, c}, {a, b, c, d}, {a, b, c, d, e}} and B = {{0}, 
{0, 1}, {0, 1, 2}}. Here A and B are set of sets. Let A be any set. The power 
set of A is the set of all subsets of A. It is denoted by P(A). For example, 
A = {a, b, c} be the set. Then P(A) = {f, {a}, {b}, {c}, {a, b}, {a, c}, {b, c},
{a, b, c}}. The number of elements in a P(A) is 2 raised to the cardinality 
of A i.e., Number of P(A) = 2n(A). If A = {a, b, c}, then number of P(A) = 
23 = 8. Index set is a set whose elements are used as names. It is usually 
denoted by L. An index set may be finite or infinite. For example, {a, b, 
c,…..}, {a, b, g , …..} are index sets.

Let U be the universal set. The complement of a set A with respect to 
U is the set of elements which belong to U but do not belong to A. It is 
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denoted by U – A or A Aor ¢ or Ac and is defined as A = {x: x Œ U and x 
œ A}. For example, U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {1, 3, 5, 7, 9}. Then 

A = {2, 4, 6, 8}. Another example, U = {x: x is a letter in English alphabet} 

and A = {x: x is a vowel}. Then A = {x: x is a consonant}.
Let A and B be any two sets. The union of A and B is the set of all 

elements which belong to A or to B. It is denoted by A » B = {x: x Œ A 
or x Œ B}. For example, A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}. Then
A » B = {1, 2, 3, 4, 5, 6, 8, 10}. Let A and B be any two sets. The intersection 
of A and B is the set of elements which belong to both A and B. It is 
denoted by A « B = {x: x Œ A and x Œ B}. For example, A = {1, 2, 3, 4, 5} 
and B = {2, 4, 6, 8, 10}, then A « B = {2, 4}. Let A and B be any two sets. 
The difference of A and B is the set of elements which belong to A but do 
not belong to B. It is denoted by A – B or A ~ B or A/B = {x: x Œ A and
x œ B}. For example, A = {1, 2, 3, 4, 5, 6} and B = {3, 4, 5, 6, 7, 8}. Then A – 
B = {1, 2} and B – A = {7, 8}. Let A and B be any two sets. The symmetric 
difference of A and B is the set of elements which belong to A or B but 
do not belong to A and B. It is denoted by A ≈ B and defined as A ≈ B 
= {x: (x Œ A and x œ B) or (x œ A and x Œ B)} or A ≈ B = (A – B) » (B – A). 
For example, A = {1, 2, 3, 4, 5} and B = {1, 3, 5, 7}. Then A ≈ B = {2, 4, 7}.

An ordered pair is represented by (a, b) in which a is first element and 
b is second element. Let (a, b) and (x, y) are two ordered pairs. Then we 
have (a, b) = (x, y) if a = x and b = y. Let A and B be any two sets. The 
Cartesian products of A and B is the set of all ordered pairs (a, b) such 
that a Œ A and b Œ B i.e., A ¥ B ={(a, b) : a Œ A, b Œ B} and B ¥ A = {(b, a) : b 
Œ B, a Œ A}. For example, Let A = {a, b}, B = {1, 2, 3}. Then A ¥ B = {(a,  1),
(a, 2), (a, 3), (b, 1), (b, 2), (b, 3)} and A ¥ A = {(a, a), (a, b), (b, a), (b, b)}. 

In general, if A1, A2, A3, … An are n sets then the product set of all 
these sets is A1 ¥ A2 ¥ A3 ¥ … ¥ An = {a1, a2, a3 …, an) : a1 Œ A1, a2 Œ A2, a3 
Œ A3, …., an Œ An}.

Note:
 1. If one of the two sets is infinite and the other is non-empty then 

the Cartesian product of two set is also infinite set.
 2. Cartesian product of two set is not commutative.

In our day to life, a word used relation means something like as marriage 
and friendship, etc. “Is the mother of”, “is the father of”, “is the sister 
of”, “is the brother of”, “is the friend of”, are all relations over the set 
of men. Similarly, “is equal to”, “is less than”, “is greater than”, “is the 
divisor of” are relations on the set of numbers. In this book we study 
binary relations. A binary relation is the relation between two objects. For 
example, “is the son of” is a relation between two men a and b. Therefore 

 Countability of Sets 

denoted by U – A or A Aor ¢ or Ac and is defined as A = {x: x Œ U and x 
œ A}. For example, U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {1, 3, 5, 7, 9}. Then 

A = {2, 4, 6, 8}. Another example, U = {x: x is a letter in English alphabet} 

and A = {x: x is a vowel}. Then A = {x: x is a consonant}.
Let A and B be any two sets. The union of A and B is the set of all 

elements which belong to A or to B. It is denoted by A » B = {x: x Œ A 
or x Œ B}. For example, A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}. Then
A » B = {1, 2, 3, 4, 5, 6, 8, 10}. Let A and B be any two sets. The intersection 
of A and B is the set of elements which belong to both A and B. It is 
denoted by A « B = {x: x Œ A and x Œ B}. For example, A = {1, 2, 3, 4, 5} 
and B = {2, 4, 6, 8, 10}, then A « B = {2, 4}. Let A and B be any two sets. 
The difference of A and B is the set of elements which belong to A but do 
not belong to B. It is denoted by A – B or A ~ B or A/B = {x: x Œ A and
x œ B}. For example, A = {1, 2, 3, 4, 5, 6} and B = {3, 4, 5, 6, 7, 8}. Then A – 
B = {1, 2} and B – A = {7, 8}. Let A and B be any two sets. The symmetric 
difference of A and B is the set of elements which belong to A or B but 
do not belong to A and B. It is denoted by A ≈ B and defined as A ≈ B 
= {x: (x Œ A and x œ B) or (x œ A and x Œ B)} or A ≈ B = (A – B) » (B – A). 
For example, A = {1, 2, 3, 4, 5} and B = {1, 3, 5, 7}. Then A ≈ B = {2, 4, 7}.

An ordered pair is represented by (a, b) in which a is first element and 
b is second element. Let (a, b) and (x, y) are two ordered pairs. Then we 
have (a, b) = (x, y) if a = x and b = y. Let A and B be any two sets. The 
Cartesian products of A and B is the set of all ordered pairs (a, b) such 
that a Œ A and b Œ B i.e., A ¥ B ={(a, b) : a Œ A, b Œ B} and B ¥ A = {(b, a) : b 
Œ B, a Œ A}. For example, Let A = {a, b}, B = {1, 2, 3}. Then A ¥ B = {(a,  1),
(a, 2), (a, 3), (b, 1), (b, 2), (b, 3)} and A ¥ A = {(a, a), (a, b), (b, a), (b, b)}. 

In general, if A1, A2, A3, … An are n sets then the product set of all 
these sets is A1 ¥ A2 ¥ A3 ¥ … ¥ An = {a1, a2, a3 …, an) : a1 Œ A1, a2 Œ A2, a3 
Œ A3, …., an Œ An}.

Note:
 1. If one of the two sets is infinite and the other is non-empty then 

the Cartesian product of two set is also infinite set.
 2. Cartesian product of two set is not commutative.

In our day to life, a word used relation means something like as marriage 
and friendship, etc. “Is the mother of”, “is the father of”, “is the sister 
of”, “is the brother of”, “is the friend of”, are all relations over the set 
of men. Similarly, “is equal to”, “is less than”, “is greater than”, “is the 
divisor of” are relations on the set of numbers. In this book we study 
binary relations. A binary relation is the relation between two objects. For 
example, “is the son of” is a relation between two men a and b. Therefore 

 Countability of Sets 

denoted by U – A or A Aor ¢ or Ac and is defined as A = {x: x Œ U and x 
œ A}. For example, U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {1, 3, 5, 7, 9}. Then 

A = {2, 4, 6, 8}. Another example, U = {x: x is a letter in English alphabet} 

and A = {x: x is a vowel}. Then A = {x: x is a consonant}.
Let A and B be any two sets. The union of A and B is the set of all 

elements which belong to A or to B. It is denoted by A » B = {x: x Œ A 
or x Œ B}. For example, A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}. Then
A » B = {1, 2, 3, 4, 5, 6, 8, 10}. Let A and B be any two sets. The intersection 
of A and B is the set of elements which belong to both A and B. It is 
denoted by A « B = {x: x Œ A and x Œ B}. For example, A = {1, 2, 3, 4, 5} 
and B = {2, 4, 6, 8, 10}, then A « B = {2, 4}. Let A and B be any two sets. 
The difference of A and B is the set of elements which belong to A but do 
not belong to B. It is denoted by A – B or A ~ B or A/B = {x: x Œ A and
x œ B}. For example, A = {1, 2, 3, 4, 5, 6} and B = {3, 4, 5, 6, 7, 8}. Then A – 
B = {1, 2} and B – A = {7, 8}. Let A and B be any two sets. The symmetric 
difference of A and B is the set of elements which belong to A or B but 
do not belong to A and B. It is denoted by A ≈ B and defined as A ≈ B 
= {x: (x Œ A and x œ B) or (x œ A and x Œ B)} or A ≈ B = (A – B) » (B – A). 
For example, A = {1, 2, 3, 4, 5} and B = {1, 3, 5, 7}. Then A ≈ B = {2, 4, 7}.

An ordered pair is represented by (a, b) in which a is first element and 
b is second element. Let (a, b) and (x, y) are two ordered pairs. Then we 
have (a, b) = (x, y) if a = x and b = y. Let A and B be any two sets. The 
Cartesian products of A and B is the set of all ordered pairs (a, b) such 
that a Œ A and b Œ B i.e., A ¥ B ={(a, b) : a Œ A, b Œ B} and B ¥ A = {(b, a) : b 
Œ B, a Œ A}. For example, Let A = {a, b}, B = {1, 2, 3}. Then A ¥ B = {(a,  1),
(a, 2), (a, 3), (b, 1), (b, 2), (b, 3)} and A ¥ A = {(a, a), (a, b), (b, a), (b, b)}. 

In general, if A1, A2, A3, … An are n sets then the product set of all 
these sets is A1 ¥ A2 ¥ A3 ¥ … ¥ An = {a1, a2, a3 …, an) : a1 Œ A1, a2 Œ A2, a3 
Œ A3, …., an Œ An}.

Note:
 1. If one of the two sets is infinite and the other is non-empty then 

the Cartesian product of two set is also infinite set.
 2. Cartesian product of two set is not commutative.

In our day to life, a word used relation means something like as marriage 
and friendship, etc. “Is the mother of”, “is the father of”, “is the sister 
of”, “is the brother of”, “is the friend of”, are all relations over the set 
of men. Similarly, “is equal to”, “is less than”, “is greater than”, “is the 
divisor of” are relations on the set of numbers. In this book we study 
binary relations. A binary relation is the relation between two objects. For 
example, “is the son of” is a relation between two men a and b. Therefore 

 Countability of Sets 

denoted by U – A or A Aor ¢ or Ac and is defined as A = {x: x Œ U and x 
œ A}. For example, U = {1, 2, 3, 4, 5, 6, 7, 8, 9} and A = {1, 3, 5, 7, 9}. Then 

A = {2, 4, 6, 8}. Another example, U = {x: x is a letter in English alphabet} 

and A = {x: x is a vowel}. Then A = {x: x is a consonant}.
Let A and B be any two sets. The union of A and B is the set of all 

elements which belong to A or to B. It is denoted by A » B = {x: x Œ A 
or x Œ B}. For example, A = {1, 2, 3, 4, 5} and B = {2, 4, 6, 8, 10}. Then
A » B = {1, 2, 3, 4, 5, 6, 8, 10}. Let A and B be any two sets. The intersection 
of A and B is the set of elements which belong to both A and B. It is 
denoted by A « B = {x: x Œ A and x Œ B}. For example, A = {1, 2, 3, 4, 5} 
and B = {2, 4, 6, 8, 10}, then A « B = {2, 4}. Let A and B be any two sets. 
The difference of A and B is the set of elements which belong to A but do 
not belong to B. It is denoted by A – B or A ~ B or A/B = {x: x Œ A and
x œ B}. For example, A = {1, 2, 3, 4, 5, 6} and B = {3, 4, 5, 6, 7, 8}. Then A – 
B = {1, 2} and B – A = {7, 8}. Let A and B be any two sets. The symmetric 
difference of A and B is the set of elements which belong to A or B but 
do not belong to A and B. It is denoted by A ≈ B and defined as A ≈ B 
= {x: (x Œ A and x œ B) or (x œ A and x Œ B)} or A ≈ B = (A – B) » (B – A). 
For example, A = {1, 2, 3, 4, 5} and B = {1, 3, 5, 7}. Then A ≈ B = {2, 4, 7}.

An ordered pair is represented by (a, b) in which a is first element and 
b is second element. Let (a, b) and (x, y) are two ordered pairs. Then we 
have (a, b) = (x, y) if a = x and b = y. Let A and B be any two sets. The 
Cartesian products of A and B is the set of all ordered pairs (a, b) such 
that a Œ A and b Œ B i.e., A ¥ B ={(a, b) : a Œ A, b Œ B} and B ¥ A = {(b, a) : b 
Œ B, a Œ A}. For example, Let A = {a, b}, B = {1, 2, 3}. Then A ¥ B = {(a,  1),
(a, 2), (a, 3), (b, 1), (b, 2), (b, 3)} and A ¥ A = {(a, a), (a, b), (b, a), (b, b)}. 

In general, if A1, A2, A3, … An are n sets then the product set of all 
these sets is A1 ¥ A2 ¥ A3 ¥ … ¥ An = {a1, a2, a3 …, an) : a1 Œ A1, a2 Œ A2, a3 
Œ A3, …., an Œ An}.

Note:
 1. If one of the two sets is infinite and the other is non-empty then 

the Cartesian product of two set is also infinite set.
 2. Cartesian product of two set is not commutative.

In our day to life, a word used relation means something like as marriage 
and friendship, etc. “Is the mother of”, “is the father of”, “is the sister 
of”, “is the brother of”, “is the friend of”, are all relations over the set 
of men. Similarly, “is equal to”, “is less than”, “is greater than”, “is the 
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the binary relation involves certain ordered pair (a, b) in which the first 
element a is related to the second element b. Let A and B be any two sets. 
A relation R from a set A to set B is a subset of A ¥ B and defined as x R y 
if and only if (x, y) ŒR, x Œ A and y Œ B or x R y ¤ (x, y) Œ R and x – y ¤ 
(x, y) œR, x R y reads “x is R-related to y”. For example: Let A = {a, b, c} and 
B = {1, 2, 3}. Then R = {(a, 1), (a, 2), (b, 2), (c, 3)} is a relation from A to B. 

Let R be a relation from a set A to a set B. Then R–1 from B to A is 
known as the inverse relation of R if and only if R−1 = {(y, x) : (x, y) ŒR}. 
For example: Let A = {1, 2, 3} and B = {2, 4, 6}. Then R = {(1, 2), (1, 4), (2, 
4), (3, 6)} is a relation from A to B and R–1 = {(2, 1), (4, 1), (4, 2), (6,  3)} 
is a inverse relation from B to A. Let A = {a, b, c} be any set. Then a 
relation R on a set A is known as an identity relation if R = {(a, a) : a Œ A}. 
For example: Let A = {a, b, c, d}. Then R = {(a, a), (b, b), (c, c), (d, d)} is an 
identity relation on A. Let A = {a, b, c} be any set. Then a relation R on 
a set A is known as universal relation if R = A ¥ A or R = {(a, a), (a, b), (a, 
b), (b, a), (b, b), (b, c), (c, a), (c, b), (c, c)} is a universal relation on A. For 
example: Let A = {a, b}. Then R = {(a, a), (a, b), (b, a), (b, b)} is a universal 
relation on A. 

A relation R on a set A is known as reflexive relation if and only if 
a R a, " a Œ A. A relation R on a set A is known as symmetric relation if 
and only if a R b fi b R a "(a, b) ŒR. A relation R on a set A is known as 
anti-symmetric relation if and only if a R b, b R  a fi a = b " (a, b) Œ R. A 
relation R on a set A is known as transitive relation if and only if a R b, 
b R c fi a R c, (a, b, c Œ A). For example: (i) In R, the relation “is equal to” 
is reflexive, symmetric and transitive. (ii) In R, the relation “less than” 
is anti-symmetric and transitive. (iii) The relation “is the friend of” on 
the set of all human beings is reflexive. (iv) the relation “less than”, 
“greater than”, “is the father of”, “is the wife of” on the set of people are 
not reflexive. (v) The relation “a divides b” on set of natural numbers is 
anti-symmetric for a divides b and b divides a if and only if a = b. (vi) 
The relation “is the brother of” on any set of men is transitive for a is 
brother of b, b is brother of c then a is brother of c. (vii) The relation “is 
the father of” is not transitive. 

A relation R on a set A is known as an equivalence relation if and only if 
it is reflexive, symmetric and transitive. Equivalence relation is denoted 
by ~. For examples: the relation “is the brother of”. On any set of men, 
“is equal to” on the set of numbers are all equivalence relation. Let R be 
an equivalence relation on a set A. Let a be any arbitrary element of A. 
The set of all element x Œ A such that x R a constitute a subset of A (say 
[a]). Thus subset [a] is known as equivalence class of a with respect to R, 
denoted as [a] = {x : x Œ A and x R a}. 
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Let R be a relation from a set A to a set B. Then R–1 from B to A is 
known as the inverse relation of R if and only if R−1 = {(y, x) : (x, y) ŒR}. 
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example: Let A = {a, b}. Then R = {(a, a), (a, b), (b, a), (b, b)} is a universal 
relation on A. 

A relation R on a set A is known as reflexive relation if and only if 
a R a, " a Œ A. A relation R on a set A is known as symmetric relation if 
and only if a R b fi b R a "(a, b) ŒR. A relation R on a set A is known as 
anti-symmetric relation if and only if a R b, b R  a fi a = b " (a, b) Œ R. A 
relation R on a set A is known as transitive relation if and only if a R b, 
b R c fi a R c, (a, b, c Œ A). For example: (i) In R, the relation “is equal to” 
is reflexive, symmetric and transitive. (ii) In R, the relation “less than” 
is anti-symmetric and transitive. (iii) The relation “is the friend of” on 
the set of all human beings is reflexive. (iv) the relation “less than”, 
“greater than”, “is the father of”, “is the wife of” on the set of people are 
not reflexive. (v) The relation “a divides b” on set of natural numbers is 
anti-symmetric for a divides b and b divides a if and only if a = b. (vi) 
The relation “is the brother of” on any set of men is transitive for a is 
brother of b, b is brother of c then a is brother of c. (vii) The relation “is 
the father of” is not transitive. 

A relation R on a set A is known as an equivalence relation if and only if 
it is reflexive, symmetric and transitive. Equivalence relation is denoted 
by ~. For examples: the relation “is the brother of”. On any set of men, 
“is equal to” on the set of numbers are all equivalence relation. Let R be 
an equivalence relation on a set A. Let a be any arbitrary element of A. 
The set of all element x Œ A such that x R a constitute a subset of A (say 
[a]). Thus subset [a] is known as equivalence class of a with respect to R, 
denoted as [a] = {x : x Œ A and x R a}. 
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 Countability of Sets 

A relation which is transitive but not an equivalence relation is known 
as an order relation. If R is an order relation on a set X, then x R y and y R z 
fi x R z, " x, y, z ŒX. A relation R on a set X is said to be a partial order 
relation if it is at the same time (i) Reflexive (ii) Anti-symmetric and (iii) 
Transitive. It is denoted by the symbol £. A set X together with a partial 
order relation defined on it, i.e., (X, £) is known as a partial ordered set. 
For example, the relation “x divides y” on the set of natural numbers is a 
partial order relation. The relation “sub-set of” on the set of all sub-sets 
of a set is a partial order relation. 

A partial ordered set is said to be well ordered and its ordering is known 
as a well ordering if every non-empty subset of it has a smallest element. 
For example, every finite set is well ordered but the set {…, 5, 4, 3, 2, 1} 
is not well ordered because it has no first element. Well ordering theorem 
state that every set can be well ordered. For example, the empty set is 
well ordered.

Let (X, £) be a partially ordered set. An element p in X is said to be the 
largest element of X if x £ p for every x in X. An element p in X is said to 
be the maximal element of X if p £ x fi p = x for some x Œ X. Similarly 
an element q Œ X is said to be the smallest element of X if q £ x for every 
x in X. An element q Œ X is said to be the minimal element of X if x £ q 
fi x = q for some x in X. Let (X, £) be a partially ordered set and let A 
be any non-empty subset of X. An element l Œ X is said to be a lower 
bound of A if l £ x for every x in A. Similarly, an element u Œ x is said to 
be an upper bound of A if x £ u for every x in A. For example, Let N be a 
set of all natural numbers and let A = {5, 10, 15, 20, 25}. Obviously, 5 is 
a lower bound of A for 5 £ x, x Œ A. Also 25 is an upper bound of A for 
25 ≥ x,  x Œ A. Hence, 5 is the greatest lower bound and 25 is the least 
upper bound of A. 

According to Zorn’s lemma, if X is a partially ordered set such that 
every totally ordered set in X has an upper bound, then X contains a 
maximal element. 

Note:
 1. If R is a relation from A to A then R is known as relation on A. 
 2. A binary relation on a set A is a subset of A ¥ A. 
 3. Every relation has an inverse relation. 
 4. Let A = {1, 2, 3, 4} and R be the relation > (is greater than). Then 

we have,
R = {(2, 1), (3, 2), (3, 1), (4, 3), (4, 2), (4, 1)}. 
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 Measure Theory and Integration

Suppose { : }Aa a ŒŸ  is a non-empty family of non-empty subsets 
of a  set P. A function f : { : }A Pa a ŒŸ Æ  is called a choice function, if 
f A a A( )a a a= Œ for everya ŒŸ . 

The axiom of choice is equal to the following postulate know as 
Zermelo’s postulate:

Consider { : }Aa a ŒŸ  is any non-empty family of disjoint non-empty 
sets. Then there exists a subset S of » ŒŸ{ : }Aa a  such that the intersection 
of S and each set Aa  consists of exactly one element.

If A and B are two sets such that A £ B and B £ A, then A ~ B. OR
If A1 Ã B Ã A and if A ~ A1 then A ~ B.

Proof: Suppose if A is equivalent to A1, then there exists a one-one onto 
function f from A Æ A1. Also it is given B Ã A, so f to B is also one-one. 
This means that the B is equivalent to a subset B1 of A1. Therefore the 
function f : B Æ B1 is one-one and onto, and so B ~ B1. Continuing in this 
way we get the equivalent sets A, A1, A2, … and B, B1, B2, … such that 

A B A1 B1 A2 B2 A3 …

Suppose T = A « B « A1 « B1 « A2 « B2 « A3 …
Thus we have A = (A – B) » (B – A1) » (A1 – B1) » (B1 – A2) » … » T
B = (B – A1) » (A1 – B1) » (B1 – A2) » … » T
Now define a mapping g: A Æ B such that

  g (A – B) = A1 – B1

  g (A1 – B1) = A2 – B2

  g (A2 – B2) = A3 – B3

  …. …..
  …. …..
  g (B – A1) = B – A1

  g (B1 – A2) = B1 – A2

  …. …..
  …. …..
  g (T) = T.

Thus the mapping g is one-one and onto. Hence A ~ B.

Let A and B be any two non-empty sets. If there exists a rule or a 
correspondence f which associate each element of A has a unique image 
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in B then f is a function or mapping from A to B. This mapping is denoted 
by f : A Æ B or A 

fæ Ææ B. Here the set A is known as domain and the set 
B is known as co-domain of the function f. For example, Let A = {1, 2, 3}, 
B = {2, 4, 6, 8} and f : A Æ B is defined as 

Here range is {2, 4, 6}. Range is a subset of co-domain. 
A function f: A Æ B is called one-one if x1, x2 Œ A, we have x1 = x2 fi 

f (x1) = f (x2) or x1 π x2 fi f (x1) π f (x2). For example, Let A = {1, 2, 3}, B = 
{a, b, c, d} and f : A Æ B is defined as 

Here f is known as one-one function and range of f is {a, b, c}. 
A function f : A Æ B is said to be many-one if at least one element of 

B has two or more than two pre-image in A. For example, Let A = {1, 2, 
3,  4}, B = {a, b, c, d} and f : A Æ B is defined as 
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Here one element d of the set B has no pre-image in the set A. Then f 
is known as into function and range of f is {a, b, c}. 

A function f : A Æ B is said to be onto if there is no element of B, which 
is not an image of some element of A. For example, Let A {1, 2, 3}, B = {a, 
b, c} and f : A Æ B is defined as 

Here f is known as onto function and range of f is {a, b, c}. 
Let f : X Æ Y be a one-one onto mapping and f (x) = y, x Œ X, y Œ Y. 

Now we define a mapping f −1 : y Æ X such that f −1 (y) = x, x Œ X, 
y Œ Y, where f –1 is called the inverse of f. Here f is invertible mapping 
because inverse of f is exists. Let X be any subset of Y.

Then the mapping f  : X Æ Y is said to be inclusion mapping if f (x) = x, 
" x Œ X. f  :  A Æ B is defined as 

Let f : X Æ X be a mapping. Then f is said to be identity mapping if f (x) 
= x, " x Œ X. A mapping f : X Æ R, where R is the set of real numbers, 
is known as real valued mapping. Let f  : X Æ Y be a function. Then f is 
said to be constant function if f (x) = a, " x Œ X i.e., a function f  : X Æ Y is 
known as constant function if each element of X is mapped onto a single 
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element of Y. The function f : X Æ Y is known as zero function if the image 
of each element of X under f is zero i.e., f (x) = 0. 

A mapping f is said to be injective (or injection) which is either one-
one into or one-one onto. A mapping f is said to be bijective (or bijection) 
which is both one-one and onto. Let f : X Æ and g : X Æ Y be two 
mapping. Then the mapping f and g are said to be equal mapping if and 
only if f (x) = g(x) " x Œ X. In case of equal mappings, the domains of 
mappings must be the same. 

Let f : X Æ Y and g : Y Æ Z be any two functions. Then a function 
gof  : X Æ Z is defined as gof = g [f (x)], "x Œ X is known as composition of 
functions. For example, Let f(x) = x2, g(x) = x + 3, "x Œ R. Here gof = g [ f (x)] 
= g(x2) = x2 + 3 and fog = f [g (x)] = f (x + 3) = (x + 3)2 = x2 + 6x + 9.

Theorem 1.1: Let f : X Æ Y be a one-one and onto mapping, then f –1: Y 
Æ X is also a one-one and onto mapping.

Proof: Suppose f : X Æ Y is a one-one and onto mapping. To show that 
f –1  : Y Æ X is a one-one and onto mapping.

Let x1, x2 Œ X and y1, y2 Œ Y such that

       f (x1) = y1 
and  f (x2) = y2

If f –1 denotes the inverse of f, we have

   f –1(y1) = x1 and f –1(y2) = x2

Now we have
  f –1(y1) = f –1(y2)

fi  x1 = x2 

fi  f (x1) = f(x2)  (because f is one-one) 

fi   y1 = y2.

Therefore f –1 is a one-one mapping. Again f –1 is also an onto mapping 
for each element x Œ X is the inverse image of the element y Œ Y, where 
y = f (x). 

Hence, the mapping f –1  : Y Æ X is always a bijective mapping.

Theorem 1.2: Let f : X Æ Y and, A, B Ã X then

 (i) f [A » B] = f (A) » f (B)
 (ii) f [A « B] Ã f (A) « f (B) But f [A « B] π f (A) « f (B).

Proof:

 (i) Suppose y Œ f [A » B] 

fi y = f (x) for some x Œ A » B

i.e.,       y = f (x) for some x Œ A or x Œ B
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  Now                        x Œ A fi y Œ f (A) 
  And                         x Œ B fi y Œ f (B)
  Hence, y Œ f [A » B]
  fi y Œ f (A) » f (B)
  \          f [(A » B] Õ f (A) » f (B) (1.1)
  Now, if y Œ f (A) » f (B) 
  fi either y Œ f (A) or y Œ f (B)
  If y Œ f (A)
  fi         there is an x Œ A such that y = f (x)
  \ y Œ f (A » B)
  If y Œ f (B)
  fi         there is an x Œ B such that y Œ f (x)
  \ y Œ f (A » B).
  Hence, y Œ f (A) » f (B)
  fi y Œ f [A » B]
  \     f (A) » f (B) Õ f [A » B] (1.2)
  Using Eqns. (1.1) and (1.2), we get 
  f  [A » B] = f (A) » f (B).
 (ii) Suppose y Œ f [A « B]
  fi y = f (x) for some x Œ A « B
  Since, x Œ A fi f (x) Œ f (A) and x Œ B 
  fi f (x) Œ f (B)
  Hence, x Œ A « B 
  fi x Œ A and x Œ B
  fi         f (x) Œ f (A) and f (x) Œ f (B)
  fi f (x) Œ f (A) « f (B)
  \  f (A « B] Ã f (A) « f (B)
  Now to show that
  f [A « B] π f (A) « f (B)

  Consider a mapping f : R Æ R such that

  f (x) = x2

  Let A = [−1, 0] and B = [0, 1]
  Then A « B = {0} so that f [A « B] = f (0) = {0}
  But f (A) = [0, 1]; f (B) = [0, 1]
  \ f (A) « f (B) = [0, 1]
  Hence, f (A « B] π f (A) « f (B).
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Theorem 1.3: To show that composite of mappings is associative

Proof: Consider the functions f : X Æ Y, g : Y Æ Z and h : Z Æ W.
To show that ho(gof) = (hog)of
Suppose x Œ X, then we have
  [ho(gof )](x) = h[(gof )(x)]
    = h[g( f (x)] (if f (x) = y)
    = h[g(y)]    (if g(y) = z)
    = h(z) (1.3)
Now we have 
  [(hog)of ](x) = (hog)[ f (x)]
    = (hog)(y) (if f(x) = y)
    = h[g(y)]   (if g(y) = z)
    = h(z) (1.4)
Using Eqns. (1.3) and (1.4), we have 
  ho(gof ) = (hog)of
Hence, the composite of mappings is associative.

Theorem 1.4: If f : X Æ Y and g : Y Æ Z be one-one and onto mappings 
then gof is invertible mapping and (gof )−1 = f −1og−1.

Proof: Consider f : X Æ Y and g : Y Æ Z both are the one-one onto 
mapping. First we show that got is invertible, i.e., gof is one-one onto 
mapping because a one-one onto mapping is always invertible.

Let x1, x2 Œ X, we have (gof )(x1) = (gof )(x2)

fi g( f (x1) = g( f (x2))

fi f (x1) = f (x2),   for g is one-one

fi x1 = x2,       for f is one-one.

Hence, (gof )(x1) = (gof )(x2)

fi x1 = x2 which show that gof is one-one.
Now let z Œ Z. Since g is one-one onto mapping and therefore exist 

one and only one element y Œ Y
such that g(y) = z. 
Again f is one-one onto, there exist a unique element x Œ X such that 

f(x) = y, 
  (gof )(x) = g( f (x)) 
    = g( y)
    = z
i.e., g of is an onto mapping.
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Now we show that 

(gof)–1 = f–1 og–1.

Given that 

  f : X Æ Y,  g : Y Æ Z

  gof : X Æ Z,    (gof )−1 : Z Æ X

∵ f −1 : Y Æ X,       g−1 : Z Æ Y

\ f −1og−1 : Z Æ X.

We have (gof )(x) = z fi x = (gof)–1 z (∵ got is one one-one onto)

                    f (x) = y fi x = f –1(y)     (∵ f is one-one onto)

                    g(y) = z fi y = g−1(z)     (∵ g is one-one onto)

  ( f −1og−1)(z) = f −1(g−1)(z)

    = f −1(y)

    = x

    = (gof )−1(z)

Hence,                ( f −1 og−1)(z) = (gof )−1(z) " z Œ Z

Here f –1og–1 and (gof)–1 both the mapping have the same domain z. 
Using definition of equal mapping, we have

(gof )−1 = f −1og−1.

A subset of real numbers of the form {t Œ R: a < t < b} where a, b Œ R 
and a < b, is known as open interval. It is denoted as (a, b) or [a, b]. A 
subset of real numbers of the form {t Œ R: a £ t £ b} where a, b Œ R and 
a < b, is known as a closed interval. It is denoted as [a, b]. A subset of 
real numbers of the form {t Œ R: a £ t < b} where a, b Œ R and a < b, is 
known as a closed-open interval. It is denoted as [a, b] or [a, b]. A subset X 
of R is said to be U-open (or open) set if (i) X = f or (ii) if X π f then for 
each x Œ X there exists an open interval I such that x Œ I and I Œ X. For 
example, every open interval is an open set. A finite set is not an open 
set. Suppose x is a real number. A subset N of R containing x, is said 
to be a neighbourhood of x if N contains an open interval containing x. 
Hence, N Œ R is a neighbourhood of x if and only if there exists an open 
interval (a, b) such that x Œ(a, b) Œ N. For example, every open interval is a 
neighbourhood of each of its point. Let A be a subset of R. A point x Œ R 
is known as limit point of A if and only if every open set X containing x 
contains at least one point of A other than x, i.e., X is open, x Œ X fi A 
« [X − {x}] π f. The set of all limit point of a set A is said to be derived 
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set of A. It is denoted by A¢. A subset A of real number R is known as a 
closed set if and only if complement of A is an open set. 

Let A be a subset of R. A point x Œ A is known as adherent point of A if 
and only if every neighbourhood of x contains at least one point of A. A 
point x Œ A is known as isolated point of A if an only if it is not an limit 
point of A. A set A is known as discrete set if each point A is an isolated 
point of A. Let A be a subset of R. A is known as dense-in-itself if and 
only if every point of A is a limit point of A. A subset A of R is known 
as perfect set if and only if A = A¢. Let A be a subset of R. Then the set of 
all adherent points of a given subset A of R is known as closure of A. It 
is denoted by A . Hence, A = A » A¢. Let A be a subset of R. A point x 
Œ R is known as interior point of A if A is a neighbourhood of x. A is the 
neighbourhood of x if and only if there exist an open interval (a, b) such 
that x Œ (a, b) Ã A. Therefore, an interior point of a set A belongs to A. 
The set of all interior point of A is known as interior of A. It is denoted 
by A°. Let A be a subset of R. A point x is known as an exterior point of 
a subset A if x has a neighbourhood N such that N Ã R – A. Hence, if x 
is an exterior point of A then x is an interior point of R – A. The set of all 
exterior point of a set A of R is known as exterior of A and denoted by 
e (A). Let A be a subset of R. A point x is known as a frontier point of A 
if every neighbourhood of x contains at least one point of A and at least 
one point of R – A. The set of all frontier points of A is known as frontier 
of A. It is denoted by F(A). An exterior point of A which is also belongs 
to A, i.e., x Œ A « e (A) is known as a boundary point of A. 

Every bounded infinite set of real numbers has at least one accumula-
tion point.

Proof: Consider A is a bounded infinite set of real numbers R. To show 
that A contains at least one limit point of A. It is given that A is a bounded 
subset of R, so it may be contained in a closed interval [a, b] i.e., A Ã 

[a, b] = I1 (say). Now suppose I1 divided into two intervals, a
a b

,
+È

ÎÍ
˘
˚̇2

and 
a b

b
+È

ÎÍ
˘
˚̇2

, . Since A is finite therefore I1 if infinite and also one of the 

closed intervals a
a b

,
+È

ÎÍ
˘
˚̇2
 and 

a b
b

+È
ÎÍ

˘
˚̇2

, is infinite. 

Suppose [a1, b1] be one of the above two intervals which contains 
infinite number of elements of A. Continuing this process, we get a 
sequence of closed intervals I1, I2, I3, … such that I1 I2 I3 … and each 

interval In contains infinite number of points of A. Clearly the length of 
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interval I
a b

n n= -
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. Thus lim .In = 0
 
Using the nested interval property of 

the real numbers there exist a point l in each interval In. Here we prove 
that l is a limit point of A. Suppose (p, q) be an open interval containing 
the point l. since lim In = 0  there exists a positive integer r such that 
I rr <  in (l – p, q – l), then the interval Ir is a subset of the open interval 

(p, q), since Ir contains an infinite number of points of A. Hence, each 
open interval containing l contains points of A other than l and so l is a 
limit point of A.

Finite sets are very important for the study of combinatory theory of 
counting. A set is said to be finite set if it contains finite number of elements, 
otherwise it is infinite. Let A be the set of all students of an engineering 
college, B is the set of vowels and N is the set of natural numbers. Here 
A and B are finite set and N is infinite set.  

The cardinal number of a finite set is the number of elements contains 
in it. For any set A the cardinal number is denoted as #(A). Hence, the 
cardinal number of the null set is zero and the cardinal number of a 
100-elementic set is 100. Every cardinal number of a set is sometime 
called its power. If P is any finite set consisting of p element then its 
cardinal number is defined as p. The cardinal number of f is defined as  0. 
A cardinal number corresponding to a finite set is called a finite cardinal 
number. A cardinal number corresponding to an infinite set is called a 
transfinite cardinal number. 

Let P and Q be any two sets with cardinality p and q. Such that their 
intersection is empty i.e., P p Q q P Q= = « =, , .f  

Then the sum of and 

is defined as p q P Q+ = » .
For Example, If A B= ={ , }, { , , , },1 2 4 5 6 7  then A B= =2 4,  and 

A B« = f  so that A B A B» = + = + =2 4 6.
 
Also A B» = { , , , , , }1 2 4 5 6 7

and A B» = 6. For Example, Let A a b c B a b q r s= ={ , , }, { , , , , }.  Then 
A B a b c p q r s i e» = { , , , , , , }, . .,  A B» = 7.

 Evidently A B= =3 5,  and A B« π f.  By definition, we have 
A B A B» π +

 
fi

 
7 3 5π + .  This example show that A B« = f  is a 

necessary condition for defining the rule A B A B» = + .
 The product of cardinal number p and q as p q P Q¥ = ¥ . For Example, 

Let P a b Q= ={ , }, { , , , }.0 1 2 3  Then P Q P Q Q= = « π2 4, , .
 
By definition, 

we have P Q¥ = ¥ =2 4 8.
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Let A be any finite set. The number of distinct elements contained 
in A is known as cardinality of the set A. It is denoted by n(A) or A . 
For Example, Let A be the set A= {1, 2, 3, 4, 5, 6, 7}. Then n(A) = 7. For a 
empty set, n(f) = 0. 

Note: Every property of additional and multiplication of natural 
numbers is not true for cardinal numbers in general. For example, 
a  +  a  =  a does not imply a = 0; a ◊ a = a = 1. a does not imply a = 1. This 
proves that cancellation law is not true for the operations of addition 
and multiplication of cardinal numbers. In a finite set, the number of 
elements is a natural numbers and known as cardinality of a set.

A set which is either finite or denumerable is called a countable set. An 
infinite set is said to be denumerable or enumerable if it equivalent to 
the set N, the set of all natural number. For example, Let A = {1, 2, 3, 4, 
5, 6, 7}. Then A is finite so that by definition A is countable. A set A is 
called on uncountable set if A is an infinite set and A is not cardinally 
equivalent to N. For example, R and C are uncountable sets. Here we 
state the following theorem without proof:

 1. Every infinite set contains an enumerable set.
 2. The open interval (0, 1) is not an enumerable.
 3. The set of all irrational numbers is uncountable.

A set X is said to be an ordered set if any order relation exist between 
every pair of distinct elements of set, i.e., for any two elements a and 
b such that (i) a < b or b < a if a π b and (ii) a < b or b < c fi a < c . For 
example, the set of natural numbers and the set of integers are ordered 
sets, according to increasing or decreasing their magnitude.

Georg Cantor discussed the Ordinals numbers in 1883. Ordinal 
numbers are the extension of the natural numbers which is different 
from integers and cardinals numbers. Ordinal numbers can be added, 
multiplied, and exponentiated. An order type which is represented by 
well ordered set is known as ordinal number. The ordinal number of 
singleton set is 1. An ordinal number is a special type of well ordered set.

Note:
 1. Subset of an ordered set are ordered set.
 2. An empty set is an ordered set.
 3. A singleton set is an ordered set.
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To prove that A P A< ( ) for any set A.

Proof: Let A be any set. 
To prove that A P A< ( )

Write B x x A1 = Œ{{ } : }

Then (i) B P A1 Ã ( )  and (ii) B A1 ~ under the map { }x xÆ

 (i) fi £B P A1 ( )  (1.5)
 (ii) fi = fi £B A A P A1 ( ) , 

  on using (1.5) remains to prove that 

             A P Aπ ( )  (1.6)
Suppose not, then A P A= ( )  which fi A P A~ ( ) so that $ one-one 

map 

                     f A onto P A: ( )� ����   (1.7)

Take B x A x f x= Œ œ{ : ( )}   (1.8)

If x AŒ fi Œf x P A( ) ( ) by Eqn. (1.7)

fi              f x A( ) Ã  since P A( ) is the family of all subsets of A. 

Also B AÃ  according to Eqn. (1.8).

Thus we have B AÃ , f x A( ) Ã  for any x AŒ .

This implies there exists a ŒA  such that f B( ) .a =

a aŒ fi ŒA B  or a œB.

Consider the case in which a ŒB  (1.9)

Now a aŒ fi ŒA B

fi                      a bœ f ( )  according to Eqn. (1.8)

fi                      a œB  contrary to Eqn. (1.9)   [∵ f B( )a = ]

\ The possibility a ŒB is ruled out. 

Consider the second possibility in which a œB (1.10)

Now a aŒ fi œA B

fi œ =a a af f B( ) { ( ) }∵

fi    a ŒB  according to Eqn. (1.8) contrary to Eqn. (1.10).
\ The possibility a œB is also ruled out it among to saying. 
a ŒA  does not imply a ŒB or a œB. Again we get a contradiction. 
It means that our initial assumption is wrong. This means that Eqn. 

(1.6) is true.
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 Countability of Sets 

It is guessed that there is no cardinal number between a and c. Hence c 
is supposed to be the second transfinite cardinal number. But, there are 
other cardinal number bigger than c. Such as card P(R) > c.

A real number is said to be an algebraic number if it is a solution of a 
polynomial equation p x a a x a x a x an

n
n( ) ,= + + + º = π0 1 2

2 0 0 with 
integral coefficients. The set of al algebraic numbers is enumerable.

A real number which is not “algebraic” is called a transcendental number. 
The number e and p are the best know transcendental numbers. The 
number e and p were proved to be transcendental, respectively by 
Hermite in 1873 and by Lindemann in 1892.

Note:

 1. The set of all transcendental numbers is non-enumerable. 
 2. Every transcendental number is irrational but the converse is not 

true.

Theorem 1.5: To prove that A B B B B A¥ = + + º to  terms.

Proof: Let A and B be any two sets. We have
                    A B x y x A y B¥ = Œ Œ{( , ) : , }

                            = Œ
Œ
∪

x A
x y y B{ , } :

Then           A B x y y B
x A

¥ = Œ
Œ
∪ {( , ) : }   (1.11)

For a fixed x AŒ , consider the mapping 

f B x y y B: {( , ) : }Æ Œ  

 given by f y x y y B( ) ( , ),= " Œ

Evidently f is one-one onto. Then B x y y B~ {( , ) : }Œ

This fi = ŒB x y y B( , ) :

In this event Eqn. (1.11), show that 

A B B B A¥ = + + º to  terms.
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 Measure Theory and Integration

Let A B= ={ , }, { , , }.1 2 1 2 3

Then A B= = fi2 3,
  

A B¥ = ◊ =2 3 6

A B¥ = {( , ), ( , ), ( , ), ( , ), ( , ), ( , )}1 1 1 2 1 3 2 1 2 2 2 3

If we take A1 1 1 1 2 1 3= {( , ), ( , ), ( , )}  and B1 2 1 2 2 2 3= {( , ), ( , ), ( , )}

Then A B A B A B¥ = » « =1 1 1 1, .f

Thus A B A B¥ = »1 1  
i.e., 2 ◊ 3 = 3 + 3. 

Theorem 1.6: If a  by any cardinal number, then a a a£ £ fi =A A .

Solution: Let a  be any cardinal number.
Let a a£ £A .

To prove that A = a.

Let a = B . Then we have to prove A B=  which is equivalent to 
proving that A ~ B. 

          a £ fi £A B A

fi B ~  to a subset of A 
or    B ~ A  (1.12)
So we have,
       A A B£ fi £a
fi     A ~ to a subset of B
or     A ~ B  (1.13)
Using Eqns. (1.12) and (1.13), we have 

         A B= = a.

Theorem 1.7: Every subset of a countable set is countable. 

Proof: Let A be a countable set.
Then A is either finite or enumerable. 

 (i) When A is finite. Then every subset of A is also finite and so is 
countable. 

 (ii) When A is enumerable. Then A can be written as 

  A x x= º{ , , }1 2  (1.14)

Let B be a subset of A

 (i) If B = f  then evidently B is countable. 
 (ii) If B π f  then B is expressible as B x xn n= º{ , , }1 2 where x Ani Œ .

Evidently A is enumerable by Eqn. (1.14).
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 Countability of Sets 

Theorem 1.8: The set of all real numbers in the closed interval [0, 1] is 
not denumerable. 

Proof: Let A denote the set of all real numbers in the closed interval 
[0,  1]. So we have

A x R x= Œ £ £ ={ : } [ , ].0 1 0 1

To prove that A is uncountable. Suppose not. Then A is countable.
fievery element of A must appear in the sequence x x x xn1 2 3, , ,º º

of distinct element, i.e., 

                              A x x x= º{ , , , }1 2 3   (1.15)

Write decimal expansion of those ¢xj as follows: 

x x x x x x m1 11 12 13 14 10= º º.

 x x x x x x m2 21 22 23 24 20= º º.

   x x x x x xm m m m m mn= º º0 1 2 3 4.

Where x iij Œ "{ , , , , , , , , , } ,0 1 2 3 4 5 6 7 8 9  and j  and each decimal con-
tains an infinite number of non-zero elements. We can write 1 and 1/2 
in two ways as given below: 

                                   

1 1 0000
1
2

0 5000

= º

= º

Ï
Ì
Ô

ÓÔ

.

.

and                                 
1 0 99999 0 9

1
2

0 49999 0 49

= º =

= º =

Ï
Ì
Ô

ÓÔ

¸
˝
Ô

Ǫ̂

. .

. .
 (1.16)

But in the present case we shall write the decimal representation of 
the elements A in the from (1.16).

Construct a real number x x x x x= 0 1 2 3. ......... n  such that 
If x11 5= , write x1 4=
And if x11 5π , write x1 5=
In general if xmm = 5, write x m = 4

And if xmm π 5, write x m = 5

In either case, it is clear that x mmm mπ "x ,  (1.17)
Since, x m = 4  or 5, "m

\ Œx [ , ]0 1  i.e., x ŒA   (1.18)

x x x xm m m m= fi - =x x x x0 0
1 2 3 1 2 3. , .

fi = "x mmm mx
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                              A x x x= º{ , , , }1 2 3   (1.15)

Write decimal expansion of those ¢xj as follows: 

x x x x x x m1 11 12 13 14 10= º º.

 x x x x x x m2 21 22 23 24 20= º º.

   x x x x x xm m m m m mn= º º0 1 2 3 4.

Where x iij Œ "{ , , , , , , , , , } ,0 1 2 3 4 5 6 7 8 9  and j  and each decimal con-
tains an infinite number of non-zero elements. We can write 1 and 1/2 
in two ways as given below: 

                                   

1 1 0000
1
2

0 5000

= º

= º

Ï
Ì
Ô

ÓÔ

.

.

and                                 
1 0 99999 0 9

1
2

0 49999 0 49

= º =

= º =

Ï
Ì
Ô

ÓÔ

¸
˝
Ô

Ǫ̂

. .

. .
 (1.16)

But in the present case we shall write the decimal representation of 
the elements A in the from (1.16).

Construct a real number x x x x x= 0 1 2 3. ......... n  such that 
If x11 5= , write x1 4=
And if x11 5π , write x1 5=
In general if xmm = 5, write x m = 4

And if xmm π 5, write x m = 5

In either case, it is clear that x mmm mπ "x ,  (1.17)
Since, x m = 4  or 5, "m

\ Œx [ , ]0 1  i.e., x ŒA   (1.18)

x x x xm m m m= fi - =x x x x0 0
1 2 3 1 2 3. , .

fi = "x mmm mx
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Contrary to Eqn. (1.17), we have
∵ x mm π "x ,

In this event Eqn. (1.15) show that x œAcontrary Eqn. (1.18). Hence 
the required result follows. 

Theorem 1.9:

 (i) If Ai  is countable infinite set then Ai
i

n

= 1
∪  is countable infinite and 

hence deduce that na a= .

 (ii) If Ai  is countable infinite set for i = 1, 2, 3… then A
i

n

= 1
∪  is countable 

infinite and hence deduce that a a a+ + +º +  to terms = a 
or

  Union of countable collection of countable set is countable 

Solution:

 (i) Let Ai  be a countable infinite set. Let A Ai
i

n

=
= 1
∪ .

 
To prove that A is 

countable infinite. 
  Let the elements of Ai  be displayed as 

  A a a a a n1 11 12 13 1: , , , , ,º º

  A a a a a n2 21 22 23 2: , , , , ,º º

  A a a a a n3 31 32 33 3: , , , , ,º º

  Write B a a a a a a an n n= º º º º{ , , , ; , , , , }11 12 1 21 22 1 2

  The set B considered as the set of distinct element is countably 
infinite 

  \ =B a  (1.19)

  If A Ai j« = f  for i jπ then evidently A B a= = .

  If A Ai j« π f  for i jπ , then A is equipollent with some subset of B. 

  This fi £ =A B a  or A a£  (1.20)

  But A A1 Ã and A a1 =

  \ = £a A A1  or a A£  (1.21)

  Combining Eqns. (1.20) and (1.21), we get

  a A a£ £   which  fi =A a.

  \ In either case A a= . This proves the required result.

  Deduction. Further assume that A Ai j« = f  for i jπ  and i, j = 1, 2, 
3, … n. Then by what we have established it follows that A a= .
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  or A ai
i

n

=
=

1
∪  or A ai

i

n

=
Â =

1

  or a = a = � + to n terms = a 
  or na = a

 (ii) Let Aj be a countable infinite set, and A Ai
j

=
=

•

1
∪  to prove that A is 

countably infinite. 
  Let the elements of Ai be displayed as follows:

  

A a a a a

A a a a a

A a a

n

n

n n n

1 11 12 13 1

2 21 22 23 2

1

: , , , , ,

: , , , , ,

: ,

º º

º º
º º º º º

22 3, , , ,a an nnº º

º º º º º

  First we shall assume that A Ai j« = f  for i jπ .
  Divide the elements of A into blocks such that mth block contain 

m elements and aij  will be in mth block iff i j m+ = + 1 within the 
mth block the second suffix j of aij  increases from 1 to m. 

  Thus A can be expressed as
A a a a a a a a an n= º º º{ ; , ; , ; ; , , , }11 21 12 31 22 13 1 1

  Clearly A is expressible in the form of a sequence of distinct 
elements and hence denumerable 

  So that A a= .
  Secondly we assume that A Aj j« π f  for i jπ
  In this case A is equipollent with some subset of N so that 

                              A N£  or A a£   (1.22)
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Theorem 1.10:

 (i) If Ai  is non-enumerable set " Œi N  then Ai
i =

•

1
∪  is non enumerable 

and hence deduce that C C C+ + +º  to a terms = C. 

 (ii) If Ai  is non-enumerable set for 1
1

£ £
=

i n Ai
i

n

∪ is non-enumerable 

and hence deduce that C C C+ + +º  to n terms = C. 

Solution:
 (i) Let Ai  be a non-enumerable set " Œi N  so that we can write 

A C i Ni = " Œ, .

  Let A Ai
i

n

=
= 1
∪ .

 
To prove that A is non-enumerable. 

  For proving this we must show that A C= . A Ci =  show that the 
set A1 is numerically equivalent to the set of real numbers in the 

interval 0
1
2

,È
ÎÍ

ˆ
¯̃ , i.e,. to say, A1 0

1
2

~ ,È
ÎÍ

ˆ
¯̃

  Similarly, we have

  A2 2
1
2

1
2

1
2

~ , +È
ÎÍ

ˆ
¯̃

  
A3 2 2 3

1
2

1
2

1
2

1
2

1
2

~ + + + +È
ÎÍ

ˆ
¯̃

  
… … … …

  … … … …

  An n n~ ,
1
2

1
2

1
2

1
2

1
2

1
22 1 2+ +º + º + ºÈ

ÎÍ
ˆ
¯̃-

  
… … … …

  … … … …

 i.e., A A A1 2 30
1
2

1
2

3
4

3
4

7
8

~ , , ~ , , ~ , , ,È
ÎÍ

ˆ
¯̃ +È

ÎÍ
ˆ
¯̃

È
ÎÍ

ˆ
¯̃ º An n n~ ,1

1
2

1
1

21- -È
ÎÍ

ˆ
¯̃-

  If we assume that A Ai j« = f  for i jπ  then above results taken 

together imply that Ai
i

i i
i=

•

-
=

•
- -È

ÎÍ
ˆ
¯̃

1
1

1

1
1

2
1

1
2

∪ ∪~ ,
 

  
or A ~ ,0 1ÈÎ ) or A C= ÈÎ ) =0 1, .
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 Measure Theory and Integration
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  By Eqns. (1.24) and (1.25), we get
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  Deduction:
 (i) Further assume that 

  A Ai j« π f  for i jπ
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  fi + + º + + ºC C C  to n terms = C.

 (ii) To prove that a a a+ =  for every infinite cardinal a  let A and B be 
two disjoint infinite sets such that A a B= = .

  Then we have 
    A B« = f
  fi A B A B» = +
  fi  a a a+ = .

Note: If A n=  (finite cardinal number)
Then by Cantor’s theorem A P A< ( )
fi <n n2

∵ P A A n( ) .= =2 2
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 Countability of Sets 

Theorem 1.11: Prove a + =a a,  a  being any transfinite cardinal number. 
or

If an enumerable set is add to an infinite set, the power of the infinite 
set is unaffected. 

Proof: Let A be any infinite set with cardinality a  so that A = a.

Let A N« = f.

We have to prove that A N A» = .

If we show that a + =a a ,  the result will follow: 

A is an infinite set fi $ ÃB A  such that B a= .

We have A N A B B N» = - » »( )

                       = - » »( ) ( )A B B N

or            ( ) ( ) ( )A N A B B N» = - » »   (1.26)
B N» , being a finite union of countably infinite sets, is countably 

infinite. 
∵ B N N» ~  but B N~ . 

∵ B  is enumerable.
The relation M N~ , where M and N are any two sets, is an equivalence 

relation in the family of sets. 
∵ B N N B~ ~fi                      (by symmetry)

B N N N B B N B» fi »~ , ~ ~     (by transitivity)

Now B N B» ~ and A B A B- -~  (by reflexivity) 

Combining these two, we have, 

( ) ( ) ~ ( )A B B N A B B- » » - »

Using Eqn. (1.26), we get 
A N A» ~

This implies A N A» =

Hence, a + =a a.

Theorem 1.12: If a b,  and r  are cardinal number and if a b< and b g<  
then a g< .

Proof: Let A, B and C be the sets having cardinal number a b, and g 
respectively. 

Since b b< , the set A B~ *, a proper subset of B (1.27)
Similarly, we have,
b g< , the set B C~ *, a proper subset of C  (1.28)
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 Measure Theory and Integration

From Eqns. (1.27) and (1.28), we have
a b<  and  b g<

                                      fi <a g
or                                A B~ *  and B C< *  
fi A C~ *, a subset of C*

Hence b g< .

Theorem 1.13: For any cardinal number a b g, , prove that a a ab g b g= +

Proof: Let a b g= = =A B and C, ,  where B C« = f , then 

                           B C» = +b g
So, we have 

                           a ab g b+ = » =( ), ( )B C AB  and ag = ( )AC

Since a ab g◊ = ¥A AB C .

We are left to prove that A A AB C B C» ¥~ .
Suppose f AB CŒ » corresponds to ordered pair of functions ( , ),f fB C1 1  

where f B1  is the restriction of f to B and f C1  is the restriction of f to C. 
Evidently ( , )f fB C1 1  belongs to A AB C¥ . Now we define a mapping 
y : A A AB C B C» Æ ¥ given by y ( ) ( , )f f fB C= 1 1 clearly y  is one to one 
between AB C»  and A AB C¥ . 

Hence, we have, A A AB C B C» ¥~ .

Problem 1.1: To prove that the set R is uncountable. 

Proof: Firstly we shall show that R c= .
We know that cardinality of the set of real numbers in the open 

interval (a, b) is c, so that ( , ) ,a b c a b R= " Œ such that a < b. 

This implies -Ê
ËÁ

ˆ
¯̃

=p p
2 2

, .c

The set R is the set of all red numbers lying in the open interval
( , )-• • , i.e., R( , ).-• •

Now define a mapping 

f : , ,-Ê
ËÁ

ˆ
¯̃

Æ -• •( )p p
2 2

 by the formula 

f x x( ) = tan .

Evidently f is well defined. Also it is easy to verify that f is one-one 
onto 
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Problem 1.4: If a  is any transfinite cardinal number, then a £ a. 

Solution: Let A be any infinite set with cardinality a , i.e. A = a.
To prove that a £ a.
A is infinite set fi $ B  A such that B a= .

B  A
fi                                           B A£
fi                                             a £ a.

Problem 1.5: Prove that the set of all rational is enumerable. 

Solution: A rational number is a real number expressible in the from 
m
n

Ê
ËÁ

ˆ
¯̃  where m and n are integer and n π 0. We claim Q is countable. 

Define a map f : Q+ Æ N ¥ N by the formula f
m
n m nÊ

ËÁ
ˆ
¯̃

= ( , ).

where m and n are positive integers prime to each other. Evidently f is 
one = one. Q+ is equipollent with some subset of N ¥ N. 

Hence Q N N N a+ £ = =¥  

or                        Q a+ £   (1.29)

Since N Q N Q a QÃ \ £ £+ + +, , or   (1.30)

From Eqns. (1.29) and (1.30), we have

a Q a£ £+ ,  

which is fi =+ +Q a Q,  is cardinally equivalent to Q– under the map
p
q

p
q

Æ
-

 

\ Q Q a+ -= =

Now we have Q Q Q= » »+ - { }0

                           = a + a + 1

                            = (a + a) + 1  (associative law) 

                           = a + 1 = a 

\ Q a= ,  which fi Q is enumerable and hence countable. 

Problem 1.6: Prove that a < c.

Solution: We know N a R c N R= = Ã, , .

N R N R a cÃ fi £ fi £ .

N is not cardinally equivalent to R under any mapping 
\ a π c.
Now a π c, a £ c fi a < c.
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Problem 1.7: Find the power of an aggregate of numbers given by 
M

m2
,

M and m being positive and integral. 

Proof: Let A = 
M

M m Nm2
: , ŒÏ

Ì
Ó

¸
˝
˛

To determined the power of A.

Write AM = 
M

m N m Nm2
: ,ŒÏ

Ì
Ó

¸
˝
˛

" Œ   

Elements of AM can be displayed as follows: 
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A
n n n n
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n n
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Obviously, 

 (i) Ar is enumerable "r Œ N
 (ii) A Ar r« ¢ = f

 (iii) A Ar
r

=
=

•

1
∪

Being an enumerable union of enumerable sets, A is enumerable and 
hence its cardinal number is a, i.e., the power of the given set is a. 

 • A set is a well defined collection of objects. The objects in a set are 
known as members or elements or points.

 • A multi set is an unordered collection of objects in which an object 
can appear more than once. 

 • A set is said to be empty set or null set or void set if it contains no 
element. It is denoted by f or {}.

 • Let A and B be any two sets. If all the element of A belongs to B, 
then A is said to be subset of B.

 • If a set contains a number of sets as its elements then it is known 
as set of sets or family of sets or class of sets.
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 • Two sets A and B are said to be disjoint sets if they have no 
common elements.

 • A set is said to be finite set if it contains finite number of elements, 
otherwise it is infinite.

 • Let A be any set. The power set of A is the set of all subsets of A.
 • Index set is a set whose elements are used as names.
 • The difference of A and B is the set of elements which belong to A 

but do not belong to B.
 • The symmetric difference of A and B is the set of elements which 

belong to A or B but do not belong to A and B.
 • The Cartesian products of A and B is the set of all ordered pairs 

(a, b) such that a ŒA and b ŒB i.e., A ¥ B = {(a, b) : a ŒA, b ŒB} and 
B ¥ A = {(b, a) : b ŒB, a ŒA}.

 • Let R be a relation from a set A to a set B. Then R–1 from B to A is 
known as the inverse relation of R if and only if R−1 = {(y, x) : (x, 
y) Œ R}.

 • Let A = {a, b, c} be any set. Then a relation R on a set A is known 
as an identity relation if R ={(a, a) : a Œ A}.

 • A relation R on a set A is known as reflexive relation if and only if 
a R a, a Œ A. 

 • A relation R on a set A is known as symmetric relation if and only 
if a R b fi b R a (a, b) ŒR. 

 • A relation R on a set A is known as anti-symmetric relation if and 
only if aRb, bRa fi a = b (a, b) ŒR. 

 • A relation R on a set A is known as transitive relation if and only 
if aRb, bRc fi aRc, (a, b, c ŒA).

 • A relation R on a set A is known as an equivalence relation if and 
only if it is reflexive, symmetric and transitive.

 • A relation which is transitive but not an equivalence relation is 
known as an order relation. If R is an order relation on a set X, 
then xRy and yRz fi xRz,  x, y, z Œ X. 

 • A relation R on a set X is said to be a partial order relation if it is at 
the same time (i) Reflexive (ii) Anti-symmetric and (ii) Transitive. 

 • A set X together with a partial order relation defined on it, i.e., (X, 
£) is known as a partial ordered set.

 • Let (X, £) be a partially ordered set and let A be any non-empty 
subset of X. An element l Œ X is said to be a lower bound of A if 
l £ x for every x in A. Similarly, an element u Œ x is said to be an 
upper bound of A if x £ u for every x in A.

 • If A and B are two sets such that A £ B and B £ A, then A ~ B.
 • Let A and B be any two non-empty sets. If there exists a rule or a 

correspondence f which associate each element of A has a unique 
image in B then f is a function or mapping from A to B.
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 • Let (X, £) be a partially ordered set and let A be any non-empty 
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 • If A and B are two sets such that A £ B and B £ A, then A ~ B.
 • Let A and B be any two non-empty sets. If there exists a rule or a 

correspondence f which associate each element of A has a unique 
image in B then f is a function or mapping from A to B.
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 Countability of Sets 

 • A function f : A Æ B is called one-one if x1, x2 Œ A, we have x1 = x2 
fi f (x1) = f (x2) or x1 π x2 fi f (x1) π f (x2).

 • A function f : A Æ B is said to be many-one if at least one element 
of B has two or more than two pre-image in A.

 • A function f : A Æ B is said to be many-one if at least one element 
of B has two or more than two pre-image in A.

 • A function f : A Æ B is said to be into if there is at least one element 
of B, has no pre-image in A.

 • A function f : A Æ B is said to be onto if there is no element of B, 
which is not an image of some element of A.

 • Let f : X Æ Y be a one-one onto mapping and f (x) = y, x ŒX, y 
Œ Y. Now we define a mapping f −1 : y Æ X such that f −1 (y) = x, x 
ŒX, y Œ Y, where f –1 is called the inverse of f.

 • Let f : X Æ X be a mapping. Then f is said to be identity mapping 
if f (x) = x, x ŒX. 

 • A mapping f : X Æ R, where R is the set of real numbers, is known 
as real valued mapping. 

 • Let f: X Æ Y be a function. Then f is said to be constant function 
if f (x) = a, x ŒX i.e., a function f: X Æ Y is known as constant 
function if each element of X is mapped onto a single element of 
Y. 

 • The function f : X Æ Y is known as zero function if the image of 
each element of X under f is zero i.e., f (x) = 0. 

 • A mapping f is said to be injective (or injection) which is either 
one-one into or one-one onto. 

 • A mapping f is said to be bijective (or bijection) which is both one-
one and onto. 

 • Let f : X Æ and g : X Æ Y be two mapping. Then the mapping f and 
g are said to be equal mapping if and only if f (x) = g(x) x Œ X.

 • Let f : X Æ Y and g : Y Æ Z be any two functions. Then a function 
gof : X Æ Z is defined as gof = g[ f (x)], x ŒX is known as composition 
of functions.

 • Suppose x is a real number. A subset N of R containing x, is said to 
be a neighbourhood of x if N contains an open interval containing 
x.

 • Let A be a subset of R. A point x Œ R is known as limit point of A 
if and only if every open set X containing x contains at least one 
point of A other than x, i.e., X is open, x ŒX fi A « [X −{x}] π f.

 • The set of all limit point of a set A is said to be derived set of A. 
 • A subset A of real number R is known as a closed set if and only if 

complement of A is an open set. 
 • Let A be a subset of R. A point x ŒA is known as adherent point of A 

if and only if every neighbourhood of x contains at least one point 
of A. 
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 Measure Theory and Integration

 • A point x ŒA is known as isolated point of A if an only if it is not 
an limit point of A. 

 • A set A is known as discrete set if each point A is an isolated point 
of A. 

 • Let A be a subset of R. A is known as dense-in-itself if and only if 
every point of A is a limit point of A. 

 • A subset A of R is known as perfect set if and only if A = A¢. 
 • Let A be a subset of R. Then the set of all adherent points of a given 

subset A of R is known as closure of A. It is denoted by A . 
 • Let A be a subset of R. A point x ŒR is known as interior point of 

A if A is a neighbourhood of x. A is the neighbourhood of x if and 
only if there exist an open interval (a, b) such that x Œ(a, b) Ã A. 

 • The set of all interior point of A is known as interior of A. 
 • Let A be a subset of R. A point x is known as an exterior point of 

a subset A if x has a neighbourhood N such that N Ã R – A. 
 • The set of all exterior point of a set A of R is known as exterior of 

A and denoted by e(A). 
 • Let A be a subset of R. A point x is known as a frontier point of A 

if every neighbourhood of x contains at least one point of A and 
at least one point of R – A. 

 • The set of all frontier points of A is known as frontier of A. 
 • An exterior point of A which is also belongs to A, i.e., x ŒA « e(A) 

is known as a boundary point of A. 
 • Every bounded infinite set of real numbers has at least one 

accumulation point.
 • Every bounded infinite set of real numbers has at least one 

accumulation point.
 • A set containing only a finite number of elements is known as finite 

set. 
 • The cardinal number of a finite set is the number of elements 

contains in it.
 • A cardinal number corresponding to an infinite set is called a 

transfinite cardinal number. 
 • A set which is either finite or denumerable is called a countable 

set.
 • Every subset of a countable set is countable. 
 • An order type which is represented by well ordered set is known 

as ordinal number.
 • An ordinal number is a special type of well ordered set.
 • A real number which is not “algebraic” is called a transcendental 

number.
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 Countability of Sets 

 1.1 Every subset of a countable set is
 (a) Countable
 (b) Uncountable
 (c) Superset
 (d) None of these.
 1.2 If a , b and r are cardinal number and if a < b and b < g  then 
 (a) a < g
 (b) a > g
 (c) a = g
 (d) None of these.
 1.3 A relation R on a set X is said to be a partial order relation if it is 

at the same time
 (a) Reflexive and symmetric
 (b) Anti-symmetric and transitive
 (c) Reflexive, anti-symmetric and transitive
 (d) None of these.
 1.4 Let A = {1, 2, 3, 4, 5} and B = {1, 3, 5, 7}. Then A≈B is equal to 
 (a) {1, 2, 3, 4, 5, 7}
 (b) {3, 5} 
 (c) {2, 4, 7}
 (d) None of these.

 1.1 A real number which is not “algebraic” is called a transcendental 
number. 

 1.2 The union of countable collection of countable set is countable.
 1.3 A mapping f : X Æ R, where R is the set of real numbers, is known 

as complex valued mapping.
 1.4 A partial ordered set is said to be well ordered and its ordering 

is known as a well ordering if every non-empty subset of it has a 
greatest element.

 1.1 The relation A~B in the family of sets is an ____________ relation.
 1.2 A set which is either finite or denumerable is called a __________. 
 1.3 The set of all rational is ____________. 
 1.4 A relation R on a set A is known as an ____________ if and only if 

it is reflexive, symmetric and transitive.
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 Measure Theory and Integration

 1.1 List of elements of the following sets:
 (a) {x : x Œ I, x2 < 11}
 (b) {x : x Œ N, x is even and x < 17}
 (c) {x : x Œ N, x is prime and x < 21}
 (d) {x : x is a solution of x2 + 3x + 2 = 0}
 (e) {x : x Œ I, x < 3}
 (f) {x : x Œ N, x + 5 = 3}
 (g) {x : x is a month with exactly 30 days}
 1.2 Let U = {1, 2, 3, …., 9, 10} be the universal set and A = {1, 2, 3, 4}, 

B = {3, 4, 7, 9}, C = {2, 5, 6, 8}. Find
 (a) A¢, B¢, C¢
 (b) A » B, B » C, and A » C
 (c) A « B, B « C, A « C
 (d) A – B, B – A, B – C, C – B, A – C and C – A.
 (e) A  B, B C, and A C
 1.3 Which of the sets are equal?
 (a) {x : x is a letter in the word ‘wolf’}
 (b) {x : x is a letter in the word ‘follow’}
 (c) The letters f, l, o, w.
 (d) The letters which appear in the word ‘flow’.
 1.4 Is a set A comparable with itself?
 1.5 Find the power set of {1, 2}
 1.6 Let A = {a, b, c} and B = {c, d, e, f }. Find the A – B, B – A and A  B.
 1.7 Prove that A « (B − C) = (A « B) − (A « C)
 1.8 If A = {a, b, c}. Find all the subsets of A.
 1.9 Let A = {1, 2} and B = {3, 4}. Find A ¥ B and B ¥ A.
 1.10 Prove that A  B and C  D fi (A ¥ C)  (B ¥ D)
 1.11 Prove that A ¥ (B « C) = (A ¥ B) « (A ¥ C)
 1.12 Prove that A » B = (A  B) (A « B)
 1.13 Prove that A  f fi A = f
 1.14 Prove that (A ¥ B) « (C ¥ D) = (A « C) ¥ (B « D)
 1.15 If A = {a, b, c, d} and R = {(a, a), {b, b), (c, c), (d, d)}. Prove that R is 

reflexive.
 1.16 Give an example of a relation which is symmetric and transitive 

but not reflexive.
 1.17 Give an example of a relation that is reflexive but neither symmetric 

nor transitive.
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 Countability of Sets 

 1.18 Give an example of a relation which is transitive but not reflexive 
or symmetric.

 1.19 If the function f : R Æ R be defined by f(x) = x2, find f –1(g) and 
f –1(–g).

 1.20 If the function f : R Æ R be defined by f(x) = x2 – 1 then find f –1(–2) 
and f –1 {8, 15}.

 1.21 If X = {x1, x2, x3} and y = {y1, y2, y3}. To show that f = {(x1, y1), (x2, 
y2), (x3, y3)} is an into mapping.

 1.22 If X = {x1, x2, x3, x4} and Y = {y1, y2, y3}. To show that f = {{x1, y1), 
{x2, y2), {x3, y2), {x4, y3)) is only mapping.

 1.23 Define function with examples.
 1.24 Give four type of function with examples.
 1.25 Define identity, constant, zero, real valued and characteristic 

functions with examples.
 1.26 Define injective and bijective mappings with examples.
 1.27 Define composition of functions with examples.
 1.28 If f (x) = x2 and g(x) = x + 5, x Œ R. Then find the composition fog 

and gof.
 1.29 If f : X Æ Y, g : Y Æ Z such that f (x) = log (1 + x), g(x) = ex, then 

find (gof) (x).
 1.30 If f : R Æ R and g : R Æ R be functions such that f (x) = x2 and g(x) 

= x3, find (gof) (x) and (gof) (3).
 1.31 If f : R Æ R and g : R Æ R be mappings such that f (x) = tan x, g(x) 

= x3, find (fog) (x) and (gof) (x).
 1.32 Prove that the function f : R Æ R given by f (x) = – sin x is neither 

one-one nor onto.
 1.33 Let f : R Æ R be a function on R defined by f (x) = x2 + 9x + 3, find 

f –1 (11).
 1.34 If f : R Æ R is defined by f (x) = x2 + 1. Find:
 (a) f –1 (–3) 

 (b) f –1 (17) and

 (c) f –1 {10, 37}

 1.35 Prove that if f : X Æ Y and g : Y Æ Z be two one-one onto functions 
then gof is also one-one onto function.

 1.36 If f : R Æ R be defined by f (x) = x3 – 3, where R is the set of all real 
numbers, then find

 (a) 1/3
 (b) f (2) and
 (c) f (– g)
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 Measure Theory and Integration

 1.37 If f : R Æ R, g : R Æ R be mappings such that f (x) = x2 + 2, g(x) = 
2x + 1 then find (fog) (x) and (gof) (x).

 1.38 Definite finite and infinite sets.
 1.39 Define countable and uncountable sets.
 1.40 Define order relation and partial order relation.
 1.41 Define upper and lower bounds.
 1.42 State the Zorn’s Lemma and Cantor’s theorem.
 1.43 State the Schr der-Bernstein’s theorem.
 1.44 Prove that if P and Q are enumerable than P ¥ Q is also enumerable.
 1.45 Prove that the set of real numbers in the closed interval [0, 1] is 

uncountable.
 1.46 Prove that the set of points in a plane, both of whose co-ordinates 

are rational, is enumerable.
 1.47 Prove that the set of real numbers cannot be enumerable although 

the set of such of them as are rationals is enumerable.
 1.48 Is the set {1, 2, 3 ...} a well ordered set? Give reason.
 1.49 To show that the set {x Œ R : 0 £ x ≥ 2} is closed.
 1.50 Let A and B be subsets of R, then
 (a) A  B fi A¢  B¢
 (b) (A » B)¢ = A¢ » B¢ 
 (c) (A « B)¢  A¢ « B¢
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 Countability of Sets 

 1.1 (a) 1.2 (a) 1.3 (c) 1.4 (d) 

 1.1 T 1.2 T 1.3 F 1.4 F   

 1.1 Equivalence 1.2 Countable set
 1.3 Countable 1.4 Equivalence relation 

 1.1 {a) {–3, –2, –1, 0, 1, 2, 3}
  (b) {2, 4, 6, 8, 10, 12, 14, 16}
  (c)  {2, 3, 5, 7, 11, 13, 17, 19}
  (d) {–1, –2}
  (e) {... –, –3, –1, 0, 1, 2}
  (f)  f or { }
  (g) {April, June, September, November}.
 1.2 (a) A¢ = {5, 6, 7, 8, 9, 10}, B¢ = {1, 2, 5, 6, 8, 10}, C¢ = {1, 3, 4, 7, 9, 10}
  (b) A » B = {1, 2, 3, 4, 7, 9}, B » C = {2, 3, 4, 5, 6, 7, 8, 9} and A » C 

= {1, 2, 3, 4, 5, 6, 8}
  (c)  A « B = {3, 4}, B « C = j and A « C = {2}.
  (d) A – B = {1, 2}, B – A = {7, 9}, B – C = {3, 4, 7, 9}, C – B ={2, 5, 6, 8},
    A – C = {1, 3, 4} and C – A = {5, 6, 8}.
  (e) A  B = {1, 2, 7, 9}, B  C = {2, 3, 4, 5, 6, 7, 8, 9} and A C = 

{1, 3, 4, 5, 6, 8}.
 1.3 All the given sets are equal.
 1.4 Yes
 1.5 f, {1}, {2}, {1, 2}.
 1.6 {a, b}, (d, e, f } and {a, b, d, e, f }
 1.8 A, f, {a}, {b}, {c}, {a, b}, {b, c}, {a, c}, {a, b, c}
 1.9 A ¥ B = {(1, 3}, (1, 4), (2, 3), (2, 4)}
  B ¥ A = {(3, 1), {3, 2}, (4, 1), (4, 2)}
 1.16 A = {a, b, c} and R = {(a, a), {b, b), (a, b), {b, a)}.
 1.17 A = {a, b, c} and R = {(a, a), (b, b), (c, c), (a, b), (b, c)}.
 1.18 A = {a, b, c, d} and R = {(a, b), (b, c), (a, c)}
 1.19 {3, –3}, f
 1.20 f, {3, –3, 4, – 4}.
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 Measure Theory and Integration

 1.28 x2 + 5, x2 + 10x + 25.
 1.29 1 + x.
 1.30 x6, 36.
 1.31 tan x3, tan3 x.
 1.33 {–2, –7}.
 1.34 (a) f     (b) {4, – 4}  (c) {3, –3, 6, –6}
 1.36 (a) – 80/27    (b) 5     (c) – 732.
 1.37 4x2 + 12x + 10 and 4x2 + 4x + 3, 2x2 + 5.
 1.48 Yes, because it has first element.
 1.52 (a) Let A = (a, b), then A’ = [a, b] and A  A’.

  (b) Let A = ºÏ
Ì
Ó

¸
˝
˛

0 1
1
2

1
2

1
22 3, , , , ,  then A’ = {0} and A’  A.

  (c)  Let A = [1, 2] then A’ = [1, 2] and A = A’.
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Lebesgue Measure

Measure theory and integration is the study of lengths, surface area, and 
volumes in the general spaces. Lebesgue measure has a great importance 
in the study of real and complex analysis, Fourier series and integrals. 
The development of measure in the late 19th century, measure is an 
extension of the length, area or volume. It is a part of real analysis and 
is used in many areas of mathematics like, for geometry, probability 
theory, dynamical systems, functional analysis, etc. In this chapter, 
we shall discuss the Length of a set, measure, Borel set, ¡s -sets, zs-
sets, Boolean ring, Boolean algebra, s -ring, Lebesgue measure, Outer 
measure, exterior and interior measure of a set, Measurable set, First 
fundamental theorem, Cantor’s ternary set and Non-measurable set.

Before discussing the Lebesgue measure, we shall discuss certain 
necessary preliminaries.

We know that the length of an interval is defined to be the difference 
between two end points. 

The length of any open interval H is defined as its length denoted by 
m H( ).

 
For example:

 (i) m H m( ) [( , )] .= = - =3 9 9 3 6
 (ii) m a b b a[( , )] = -  fi m H( ) .> 0
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 Measure Theory and Integration

Now let [ , ]a b  be the smallest closed interval containing a closed set 
F, then we have

                      m F b a m F( ) ( )= - - ¢
                              = - -b a m( )f   [if ¢ =F f]
                              = - -b a 0
                 m a b b a([ , ]) = - .
For rectangle, the area of an open rectangle R a x b c y d( , )< < < < , i.e., 

( ) ( )b a d c- -  is defined as the measure of R, thus m R b a d c( ) ( ) ( ).= - - The 
area of a closed rectangle R a x b c y d( , )£ £ £ £ , i.e., m R b a d c( ) ( ) ( ).= - -
The volume of an open parallelepiped V a x b c y d l z m( , , )< < < < < < is 
defined as the measure of V, thus m V b a d c m l( ) ( ) ( ) ( ).= - - -  Similarly, 
for closed parallelepiped, we have m V b a d c m l( ) ( ) ( ) ( ).= - - -

In this section, we study one of the most important s-algebras, the Borel 
sets in Rn. The set which may be obtain from closed and open countable 
set by repeatedly applying union and intersection operation to them 
are called Borel set. A bonded Borel set is said to be Borel measurable. 
For example, the set of type ¡s  and xs are Borel set. A set which is a 
countable (finite or infinite) union of closed set is called an ¡s -set, i.e., 

E fi
i

=
=

•
( )

1
∪ . A set which is a countable intersection of open set is xs-set, 
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 Lebesgue Measure 

Proof: Suppose ¬ is a non-empty collection of sets and A, B Œ¬.
It is given that the A, B Œ¬ fi A D B Œ¬ and A « B Œ¬.  
We have 

A, A « B Œ¬ fi A D (A«B) Œ¬  
                                               fi A – B Œ¬ (2.1)
Now we have
                          A « B, A D B Œ¬ fi (A « B) D (A D B) Œ¬
                                                 fi A » B Œ¬ (2.2)
From Eqns. (2.1) and (2.2), we have
                                     A, B Œ¬ fi A – B Œ¬ and A » B Œ¬.  
Hence, ¬ is a Boolean ring.

Theorem 2.2: Intersection of two Boolean rings is a Boolean ring.

Proof: Suppose ¬1 and ¬2 are any two Boolean rings. Suppose A and B 
are any two members of ¬1 « ¬2. 

To show that the ¬1 « ¬2 is a Boolean ring, i.e., A – B Œ¬1 « ¬2 and 
A » B Œ¬1 « ¬2.  

Since A and B are any two members of ¬1 « ¬2, then we have 
                          A Œ¬1 « ¬2 fi A Œ¬1 and A Œ¬2 (2.3)
                          B Œ¬1 « ¬2 fi B Œ¬1 and B Œ¬2 (2.4)
From Eqns. (2.3) and (2.4), we have

A Œ¬1 and B Œ¬1  
fi A – B Œ¬1 and A » B Œ¬1  (Since ¬1 is a Boolean rings) (2.5)

A Œ¬2 and B Œ¬2  
fi A – B Œ¬2 and A » B Œ¬2  (Since ¬2 is a Boolean rings)  (2.6)
Using Eqns. (2.5) and (2.6), we have

A – B Œ¬1 « ¬2 and A » B Œ¬1 « ¬2  
Hence, ¬1 « ¬2 is a Boolean ring.

A non-empty class ¬ of sets is known as algebra (or Boolean algebra) if 
 (i) A, B Œ¬ fi  » B Œ¬ and 
 (ii) A Œ¬ fi ¢A Œ¬. 

Theorem 2.3: Every algebra is a ring.

Proof: Suppose ¬ is an algebra. 
Using the definition of Boolean algebra, we have
                        A, B Œ¬ fi A » B Œ¬   (2.7)
and                       A Œ¬ fi ¢A Œ¬.  (2.8)
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Now we have 
¢A Œ¬, B Œ¬

fi          ¢A » B Œ¬   {Using Eqn. (2.7)}
fi           ( )¢ » ¢A B Œ¬  {Using Eqn. (2.8)}
fi           A B« ¢ Œ¬
fi           A B- Œ¬

Therefore A, B Œ¬ fi A » B Œ¬, A B- Œ¬, i.e., ¬ is a Boolean ring.
Hence every algebra is a Boolean ring.

2.2.6 r-Ring
A non-empty class ¬ of sets is known as s-ring (or ring of sets) if 

 (i) A, B Œ¬ fi A – B Œ¬ and 

 (ii) Ai Œ¬, i = 1, 2, 3, …, then Ai
i=

•

1
∪ Œ ¬. 

Hence a ring of sets is a s-ring if it is closed under the formation of 
countable unions. 

Note:
 1. The member of a s-ring ¬ are known as Borel sets.
 2. Every s-algebra is a ring, and every ring is a semi ring.

Measure theory initially was proposed to provide an analysis and notions 
such as length, area and volume of subsets of Euclidean spaces. The 
approach to measure and integration is axiomatic, i.e., a measure is any 
function m defined on subsets which satisfy a certain list of properties. 
Suppose m is a function which assign to each set E in R a non-negative 
extended real number denoted by m (E ) called the measure of E and 
satisfying the following properties: 

 (i) m (E) is defined for all sets E P RŒ ( )
 (ii) m I I( ) ( )= � for an interval I.
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 (iii) If { }Ei  is a sequence of disjoint sets, then  m E m Ei
i

i
i=

•

=

•Ê

ËÁ
ˆ

¯̃
= Â

1 1
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  This property is known as countable additivity.
 (iv) m E y m E( ) ( ),+ =  where y is any fixed number. This property is 

known as translation invariance. 

Let E be a set of real numbers. Then outer measure of set E is defined 

as m E
l I

if E

i
i* ( )

inf ( )

,
=

=

Ï
Ì
Ô

ÓÔ

Â
0 f   

where the infimum is taken over all countable 

collection { }Ii  of open interval such that E IiÃ ∪ { }.
Some important properties of outer Measure are as follows:

 (i) m A* ( ) ≥ 0 for all sets A.
 (ii) m * ( ) .f = 0

 (iii) Inf of m E* ( )  is the least length to cover the set E,  

m E l Ii* ( ) ( ).£ Â
 (iv) If A and B are two sets with AÃB then 

m A m B* ( ) * ( )£  {monotonicity property}
 (v) m A* ( ) = 0 for every singleton set A.
 (vi) The function mo  is translation invariant, i.e., m A x m A* ( ) * ( )+ =  for 

every set A and for everyx RŒ .
 (vii) For every Œ> 0, there exist one countable family of open intervals 

such that l I m Ei( ) * ( ) .Â < + Œ

An extended real valued set function m * defined on a s-ring ¬ said to 
be an outer measure if the following postulates are satisfied: 

 (i) m Ai* ( ) ≥ 0
 for all sets Ai Œ¬.

 (ii) m * ( )f = 0  iff f Œ¬.
 (iii) If A, B Œ¬ and AÃB then we have m A m B* ( ) * ( ).£
 (iv) If A and B are two disjoint set of ¬, then we have m* (A) + m* (B) 

= »m A B* ( ).  
 (v) For every E > 0,  there exist one countable family of open intervals 

such that
 
m A i m Ai i

i

* ( { : }) * ( ).» ŒŸ £
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 Measure Theory and Integration

These above five postulates are called as Caratheodory’s Postulates 
for Outer Measure.

A set E is said to be measurable with respect to the given outer measurable 
if for each set A, m A m A E m A E* ( ) * ( ) * ( ).= « + « ¢

Note:
 1. Any set E is said to be measurable with respect to the given outer 

measure function m if m A m A E m A E A E* *( ) *( ) * ( ),= « + « ¢ " Œ  
or m A m A E m A E*( ) *( ) * .≥ « + « ¢( )

 2. If we say that the set E is measurable then we write m E m E*( ) ( ).=
 3. If E is a measurable set then ¢E  is also measurable. 
 4. The set f  and R are measurable set. 
 5. Every countable set is measurable and its measure is zero.  
 6. The contour set C and all its subsets are measurable and each of 

them has measure zero. 

It is defined by m A m G G A Ge ( ) { ( ) : . }= …Inf is open  fi ≥m G m Ae( ) ( ).  For 
any given Œ> 0,there exists an open set G A…  such that m G m Ae( ) ( ) .< + Œ

Some important properties of exterior measure are as follows:

 (i) me ( ) .f = 0  
 (ii) If A Ã B, then we have m A m Be e( ) ( ).£
 (iii) If A a bÃ ( , ) then we have  0 £ £ -m A b ae ( ) .

It is defined by m A m F F A Fi ( ) sup{ ( ) : , }.= Ã is closed
Some important properties of interior measure are as follows:

 (i) mi ( ) .f = 0
 (ii) If A Ã B then we have m A m Bi i( ) ( ).£
 (iii) If A a b A b aÃ Ã -( , ) ( )or then we have m A b a m Ai e( ) ( ) ( ).= - - ¢

Note:
 1. A set A is said to be measurable set if m A m A m Ai e( ) ( ) ( ).= =

Let E be a r-algebra of subset of X and let m be a measure defined on E 
then (X, E, m) is known as a measurable space.
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 Lebesgue Measure 

Note:
 1. If (X, E, m) is a measurable space then 
 (i) for E1, E2 ŒE and E1 Ã E2 fi m E m E( ) ( )1 2£
 (ii) if E1, E2, E3, … Are the member of E then we have 

m E m Eo
i

i i
i

∪
=

•

=

•Ê
ËÁ

ˆ
¯̃

£ Â
1 1

( ).

Theorem 2.4: If A Ã B then show that m A m B* ( ) * ( ).£

Proof: By definition, we have
                                m B l Ip* ( ) ( )= Â    (2.9)

where { }Ip is a countable family of open intervals such that

                                     B IpÃ ∪ { }    (2.10)

It is given that A Ã B fi ÃA Ip∪ { }

fi                         m A l Ip* ( ) { }.£ Â
From Eqn. (2.9) and (2.10), we have 
                            m A m B* ( ) * ( ).£

Theorem 2.5: If A is countable then show that m A* ( ) .= 0

Proof: Let A a a an= º{ , , , }1 2 is a countable set. 
Then we have A ai= ∪( )  (i.e., countable union of singleton set). 
By definition, we have  

m A m ai* ( ) * { }£ ∪ £ Âm ai*{ }

Since we know that the measure of singleton set is zero therefore we 
have

m A* ( ) .£ 0
Also we know that length is never negative, i.e., m A* .( ) = 0

Theorem 2.6: A set is outer measurable if ¢A  is outer measurable. 

Proof: Let a set A be outer measurable so that for any set T.
                      m T m T A m T A* ( ) * ( ) * ( )= « + « ¢
                                = « ¢ + «m T A m T A* ( ) * ( )

                                = « ¢ + « ¢ ¢ ¢ ¢ =m T A m T A A A* ( ) * ( ( ) ) {( ) }

fi ¢A is outer measurable 
Conversely, Suppose the ¢A  is outer measurable so that for any set T, 

                      m T m T A m T A* ( ) * ( ) * { ( ) }= « ¢ + « ¢ ¢
                                = « ¢ + «m T A m T A* ( ) * ( )
                                = « + « ¢m T A m T A* ( ) * ( )
This implies A is outer measurable.

 Lebesgue Measure 

Note:
 1. If (X, E, m) is a measurable space then 
 (i) for E1, E2 ŒE and E1 Ã E2 fi m E m E( ) ( )1 2£
 (ii) if E1, E2, E3, … Are the member of E then we have 

m E m Eo
i

i i
i

∪
=

•

=

•Ê
ËÁ

ˆ
¯̃

£ Â
1 1

( ).

Theorem 2.4: If A Ã B then show that m A m B* ( ) * ( ).£

Proof: By definition, we have
                                m B l Ip* ( ) ( )= Â    (2.9)

where { }Ip is a countable family of open intervals such that

                                     B IpÃ ∪ { }    (2.10)

It is given that A Ã B fi ÃA Ip∪ { }

fi                         m A l Ip* ( ) { }.£ Â
From Eqn. (2.9) and (2.10), we have 
                            m A m B* ( ) * ( ).£

Theorem 2.5: If A is countable then show that m A* ( ) .= 0

Proof: Let A a a an= º{ , , , }1 2 is a countable set. 
Then we have A ai= ∪( )  (i.e., countable union of singleton set). 
By definition, we have  

m A m ai* ( ) * { }£ ∪ £ Âm ai*{ }

Since we know that the measure of singleton set is zero therefore we 
have

m A* ( ) .£ 0
Also we know that length is never negative, i.e., m A* .( ) = 0

Theorem 2.6: A set is outer measurable if ¢A  is outer measurable. 

Proof: Let a set A be outer measurable so that for any set T.
                      m T m T A m T A* ( ) * ( ) * ( )= « + « ¢
                                = « ¢ + «m T A m T A* ( ) * ( )

                                = « ¢ + « ¢ ¢ ¢ ¢ =m T A m T A A A* ( ) * ( ( ) ) {( ) }

fi ¢A is outer measurable 
Conversely, Suppose the ¢A  is outer measurable so that for any set T, 

                      m T m T A m T A* ( ) * ( ) * { ( ) }= « ¢ + « ¢ ¢
                                = « ¢ + «m T A m T A* ( ) * ( )
                                = « + « ¢m T A m T A* ( ) * ( )
This implies A is outer measurable.

 Lebesgue Measure 

Note:
 1. If (X, E, m) is a measurable space then 
 (i) for E1, E2 ŒE and E1 Ã E2 fi m E m E( ) ( )1 2£
 (ii) if E1, E2, E3, … Are the member of E then we have 

m E m Eo
i

i i
i

∪
=

•

=

•Ê
ËÁ

ˆ
¯̃

£ Â
1 1

( ).

Theorem 2.4: If A Ã B then show that m A m B* ( ) * ( ).£

Proof: By definition, we have
                                m B l Ip* ( ) ( )= Â    (2.9)

where { }Ip is a countable family of open intervals such that

                                     B IpÃ ∪ { }    (2.10)

It is given that A Ã B fi ÃA Ip∪ { }

fi                         m A l Ip* ( ) { }.£ Â
From Eqn. (2.9) and (2.10), we have 
                            m A m B* ( ) * ( ).£

Theorem 2.5: If A is countable then show that m A* ( ) .= 0

Proof: Let A a a an= º{ , , , }1 2 is a countable set. 
Then we have A ai= ∪( )  (i.e., countable union of singleton set). 
By definition, we have  

m A m ai* ( ) * { }£ ∪ £ Âm ai*{ }

Since we know that the measure of singleton set is zero therefore we 
have

m A* ( ) .£ 0
Also we know that length is never negative, i.e., m A* .( ) = 0

Theorem 2.6: A set is outer measurable if ¢A  is outer measurable. 

Proof: Let a set A be outer measurable so that for any set T.
                      m T m T A m T A* ( ) * ( ) * ( )= « + « ¢
                                = « ¢ + «m T A m T A* ( ) * ( )

                                = « ¢ + « ¢ ¢ ¢ ¢ =m T A m T A A A* ( ) * ( ( ) ) {( ) }

fi ¢A is outer measurable 
Conversely, Suppose the ¢A  is outer measurable so that for any set T, 

                      m T m T A m T A* ( ) * ( ) * { ( ) }= « ¢ + « ¢ ¢
                                = « ¢ + «m T A m T A* ( ) * ( )
                                = « + « ¢m T A m T A* ( ) * ( )
This implies A is outer measurable.

 Lebesgue Measure 

Note:
 1. If (X, E, m) is a measurable space then 
 (i) for E1, E2 ŒE and E1 Ã E2 fi m E m E( ) ( )1 2£
 (ii) if E1, E2, E3, … Are the member of E then we have 

m E m Eo
i

i i
i

∪
=

•

=

•Ê
ËÁ

ˆ
¯̃

£ Â
1 1

( ).

Theorem 2.4: If A Ã B then show that m A m B* ( ) * ( ).£

Proof: By definition, we have
                                m B l Ip* ( ) ( )= Â    (2.9)

where { }Ip is a countable family of open intervals such that

                                     B IpÃ ∪ { }    (2.10)

It is given that A Ã B fi ÃA Ip∪ { }

fi                         m A l Ip* ( ) { }.£ Â
From Eqn. (2.9) and (2.10), we have 
                            m A m B* ( ) * ( ).£

Theorem 2.5: If A is countable then show that m A* ( ) .= 0

Proof: Let A a a an= º{ , , , }1 2 is a countable set. 
Then we have A ai= ∪( )  (i.e., countable union of singleton set). 
By definition, we have  

m A m ai* ( ) * { }£ ∪ £ Âm ai*{ }

Since we know that the measure of singleton set is zero therefore we 
have

m A* ( ) .£ 0
Also we know that length is never negative, i.e., m A* .( ) = 0

Theorem 2.6: A set is outer measurable if ¢A  is outer measurable. 

Proof: Let a set A be outer measurable so that for any set T.
                      m T m T A m T A* ( ) * ( ) * ( )= « + « ¢
                                = « ¢ + «m T A m T A* ( ) * ( )

                                = « ¢ + « ¢ ¢ ¢ ¢ =m T A m T A A A* ( ) * ( ( ) ) {( ) }

fi ¢A is outer measurable 
Conversely, Suppose the ¢A  is outer measurable so that for any set T, 

                      m T m T A m T A* ( ) * ( ) * { ( ) }= « ¢ + « ¢ ¢
                                = « ¢ + «m T A m T A* ( ) * ( )
                                = « + « ¢m T A m T A* ( ) * ( )
This implies A is outer measurable.



 Measure Theory and Integration

Theorem 2.7: The union of two outer measurable sets is outer measurable. 

Proof: Let S1 and S2 be any two outer measurable sets and T any set. 
To show that S S1 2»  is outer measurable, i.e.,

m T m T S S m T S S* ( ) * [ ( )] * [ ( ) ]= « » + « » ¢1 2 1 2

For applying the criteria of measurable of S1, we have

                 m T m T S m T S* ( ) * ( ) * [ ]= « + = « ¢1 1   (2.11)

Now taking T S« ¢1 , for the set T and applying the criteria of 
measurability of S2 , we get 

  m T S m T S S m T S S* ( ) * [( ) ] * [( ) ]« ¢ = « ¢ « + « ¢ « ¢1 1 2 1 2

                   = « ¢ « + « ¢ « ¢m T S S m T S S* ( ) * ( )1 2 1 2

Using ( )S S S S1 2 1 2« ¢ = ¢ » ¢ and ¢ « ¢ = ¢ » ¢( )S S S S1 2 1 2 ,  we get

        m T S m T S S m T S S* ( ) * ( ) * [ ( ) ]« ¢ = « ¢ « + « » ¢1 1 2 1 2   (2.12)

Again taking T S S« »( )1 2 for the set T and applying the criteria of 
measurability of S1, we get

m T S S m T S S S m T S S S* [ ( )] * [ ( ) ] * [ ( ) ]« » = « » « + « » « ¢1 2 1 2 1 1 2 1

We know that ( )S S S S1 2 1 1» « =
fi ( ) ( ) ( )S S S S S S S1 2 1 1 1 2 1» « ¢ = « ¢ » « ¢
                          = » « ¢f ( )S S2 1

                         = « ¢S S2 1

We have m T S S m T S m T S S* [ ( )] * [ ] * [ ]« » = « = « « ¢1 2 1 2 1   (2.13)
By Eqn. (2.12), we have

m T S S m T S m T S S* ( ) * ( ) * [ ( ) ]« ¢ « = « ¢ - « » ¢1 2 1 1 2

Putting in Eqn. (2.13), we get

m T S S m T S m T S m T S S* [ ( )] * ( ) * ( ) * [ ( ) ]« » = « + « ¢ - « » ¢1 2 1 1 1 2  (2.14)

From Eqns. (2.11) and (2.14), we have

m T S S m T m T S S* [ ( )] * ( ) * [ ( ) ]« » = - « » ¢1 2 1 2

i.e., m T m T S S m T S S* ( ) * [ ( )] * [ ( ) ]= « » + « » ¢1 2 1 2

This implies S S1 2»  is outer measurable. 
Hence, the union of two outer measurable sets is outer measurable.

Theorem 2.8: The intersection of two outer measurable sets is outer 
measurable. 

Proof: Let A1 and A2 be two any outer measurable sets. 
To show that A A1 2« is outer measurable. 
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Since, A1  and A2  are outer measurable sets fi ¢A1 and ¢A2  are outer 
measurable sets. 

fi ¢ » ¢A A1 2  is an outer measurable set 
 (because we know that the union of two outer measurable set is outer 

measurable) 

fi ( )¢ » ¢ ¢A A1 2 is an outer measurable set 
fi ( ) ( )¢ ¢ « ¢ ¢A A1 2 is an outer measurable.  

This implies A A1 2« is outer measurable. 
Hence, the intersection of two outer measurable sets is outer 

measurable. 

Theorem 2.9: If S S1 2, are outer measurable sets and S S2 1Ã then show 
that S S1 2-  is outer measurable set. 

Proof: Suppose S S1 2,  is outer measurable sets and S S2 1Ã .
To show that S S1 2-  is outer measurable. 
Given S S1 2,  are outer measurable sets. We know that if ¢S2 is outer 

measurable then S2 is also outer measurable. This implies S S1 2, ¢  are 
outer measurable.

We also know that the intersection of two outer measurable sets is 
outer measurable. 

fi S S1 2« ¢ is outer measurable.

                              S S S X S1 2 1 2« ¢ = « ( ~ )
                                         = « - «S X S S1 1 2
                                         = -S S1 2   { }S S2 1Ã
\ S S1 2-  is outer measurable set.
Hence, if S S1 2, are outer measurable sets and S S2 1Ã  then S S1 2-  is 

outer measurable set.

Theorem 2.10: If S1  and S2 are measurable sets and if S S2 1« = f , then 
m S S m S m S( ) ( ) ( ).1 2 1 2» = +
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of S1, we get 
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fi S X S2 1Ã -
fi S X S S2 1 2« - =( )
fi S S S2 1 2« - ¢ =

Now we have m S S m S m S S* ( ) * ( ) * ( )1 2 1 2 1» = + » « ¢ÈÎ ˘̊f
                                        = + « -m S m S X S* ( ) * ( )1 2 1

                                        = +m S m S* ( ) * ( )1 2

According with initial hypothesis this takes the form, we have

                        m S S m S m S( ) ( ) ( ).1 2 1 2» = +

Theorem 2.11: If the outer measure of a set is zero, then the set is outer 
measurable. 

Proof: Let A be any set such that m A* ( ) = 0
To show that A is outer measurable. 
For any set T, we have T A T A T= « + ¢«
By Caratheodory postulates for outer measure.
                             m T m A T A T* ( ) * ( )= « + ¢«
                                       £ « + ¢ «m A T m A T* ( ) * ( )
or                          m T m A T m T A* ( ) * ( ) * ( )£ « + « ¢  (2.15)
Since, ( )T A A« =    
fi                   m T A m A* ( ) * ( )« £ = 0
fi                   m T A* ( )« £ 0
But m T A* ( )« ≥ 0
\ 0 0£ « £m T A* ( )
Consequently, m T A* ( )« = 0   (2.16)
Again T A T« ¢ Ã     
fi m T A m T* ( ) * ( )« ¢ £
Using Eqn. (2.16), we have
m T A m T A m T* ( ) * ( ) * ( )« ¢ + « £ + 0
or m T A m T A m T*( ) * ( ) * ( )« ¢ + « £   (2.17)
By Eqns. (2.15) and (2.17), we get

m T m T A m T A*( ) * ( ) * ( )= « + « ¢
This implies A is outer measurable.
Hence, if the outer measure of a set is zero, then the set is outer 

measurable.

Theorem 2.12: Let A be a measurable set if B is any set then 

m A B m A B m A m B* ( ) * ( ) * ( ) * ( ).» + « = +
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 Lebesgue Measure 

Proof: Let A is measurable set so that 
m T m T A m T A* ( ) * ( ) * ( )= « + « ¢

Taking one by one T B=  and T A B= » , we get 

                     m B m B A m B A* ( ) * ( ) * ( )= « + « ¢  (2.18)

and         m A B m A B A m A B A* ( ) * [( ) ] * [( ) ]» = » « + » « ¢  (2.19)

We know that ( )A B A A» « =   and 

                     ( ) ( ) ( )A B A A A B A» « ¢ = « ¢ » « ¢
                                       = » « ¢f ( )B A

                                       = « ¢B A
By Eqn. (2.19), we have

                      m A B m A m B A* ( ) * ( ) * ( )» = + « ¢  (2.20)

Subtracting Eqn. (2.18) to (2.20), we get 

           m B m A B m B A m A* ( ) * ( ) * ( ) * ( )- » = « -
fi             m B m A m A B m B A* ( ) * ( ) * ( ) * ( )+ = » + «

Hence, m A B m A B m A m B* ( ) * ( ) * ( ) * ( ).» + « = +

Theorem 2.13: The intersection of a finite number of measurable sets is 
measurable. 

Proof: Let E1, E2, …, En be measurable sets. 

To prove that Ek
k

n

=1
∩ is measurable. 

We know that union of finite number of measurable set is measurable. 
Let all the set Ek be contained in an interval [a, b]. Then ¢Ek = complement 

of Ek  with respect to [a, b].
Using De-Morgen law, we have

                                ¢ =
È

Î
Í

˘

˚
˙
¢

= =
E Ek

k

n

k
k

n

1 1
∪ ∩   (2.21)

Ek is measurable. 
fi  its complement ¢Ek is measurable. 

fi ¢
=

Ek
k

n

1
∪ is measurable 

fi Ek
k

n

=

È

Î
Í

˘

˚
˙
¢

1
∩ is measurable                  [Using Eqn. (2.21)]

fi Ek
k

n

=1
∩  is measurable. 
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 Measure Theory and Integration

Theorem 2.14: The difference of two measurable sets is measurable. 

Proof: Let E1 and E2 be measurable sets. 
To show that E1 – E2 is a measurable set. 
We have E E E E1 2 1 2- = « ¢ .
Since E2 is measurable.
fi ¢E2 is measurable. 
fi E E1 2« ¢ is measurable. 
fi E E1 2-  is measurable. 
Hence, the difference of two measurable sets is measurable. 

Theorem 2.15: Prove that m A m Ai e( ) ( )£ for A Ã R.
Proof: Let H be a closed set such that H Ã  A (by definition of interior 
measure) and G  is a open set such that G A… (by definition of exterior 
measure). 

fi                            H A GÃ Ã
fi                            H GÃ
fi                            l H l G( ) ( )Ã
Taking infimum all over G such that 
fi                            l H l G( ) inf ( )£  such that A GÃ
fi                            l H m Ae( ) ( )£     (by definition)
Now taking supremum all over H, we have
Sup l H m Ae( ) ( )£  such that H Ã A
                m A m Ai e( ) ( )£                       (by definition)
Hence, m A m Ai e( ) ( )£ for A Ã R.

Theorem 2.16. Prove that a set is said to be measurable if and only if its 
complement is measurable. 
Proof: Let A be a given set which is contained in the interval [ , ]a b , then 
we have

                                  m A b a m Ai e( ) ( ) ( )= - - ¢   (2.22)
Let A is measurable, i.e., fi m A m A m Ai e( ) ( ) ( )= =  (2.23)
To show ¢A  is measurable, i.e., fi m A m A m Ai e( ) ( ) ( )¢ = ¢ = ¢  (2.24)
By Eqns. (2.22) and (2.23), we get
                            m A b a m Ae( ) ( ) ( )= - - ¢
fi                      m A b a m Ae ( ) ( ) ( )¢ = - -   (2.25)
Now put A A= ¢ in Eqn. (2.22), we get
                          m A b a m Ai e( ) ( ) ( )¢ = - - ¢ ¢
                                    = - -( ) ( )b a m Ae
By Eqn. (2.23), we have
                          m A b a m Ai ( ) ( ) ( )¢ = - -   (2.26)
From Eqns. (2.25) and (2.26), we have
                         m A m A m Ae i( ) ( ) ( )¢ = ¢ = ¢  fi A is measurable.
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 Lebesgue Measure 

Conversely, let ¢A is measurable 
i.e.,                        m A m A m Ae i( ) ( ) ( )¢ = ¢ = ¢   (2.27)
To show A is measurable, i.e.,   
                              m A m A m Ae i( ) ( ) ( )= =  
By Eqn. (2.22), we have 
                              m A b a m Ai e( ) ( ) ( )= - - ¢
                                      = - - ¢( ) ( )b a m A  {Using Eqn. (2.27)} (2.28)
Put A A= ¢ in Eqn. (2.22), we get 
       m A b a m Ai e( ) ( ) ( )¢ = - - ¢ ¢
or   m A b a m Ai e( ) ( ) ( )¢ = - -
fi    m A b a m Ae i( ) ( ) ( )= - - ¢
fi    m A b a m Ae ( ) ( ) ( )= - - ¢  {Using Eqn. (2.27)} (2.29)
From Eqns. (2.28) and (2.29), we get 

m A m A m Ai e( ) ( ) ( )= =  fi A is measurable. 

Hence, a set is said to be measurable if and only if its complement is 
measurable.  

Theorem 2.17: If E1 and E2 are subset of [ , ]a b  then show that 
m E m E m E E m E Ee e e e( ) ( ) ( ) ( )1 2 1 2 1 2+ ≥ » + «  and
m E m E m E E m E Ei i i i( ) ( ) ( ) ( ).1 2 1 2 1 2+ £ » + «

Proof: Suppose E1 and E2 be subset of [a, b]. For a given Œ> 0, we can 
find open set G1 and G2 such that G E1 1…  and G E2 2…  (2.30)

By definition of exterior measure on a set G1 and G2, we have
                      m G m Ee( ) ( ) /1 1 2< + Œ   (2.31)
                      m G m Ee( ) ( ) /2 2 2< + Œ   (2.32)
Adding Eqns. (2.31) and (2.32), we get 
                      m G m G m E m Ee e( ) ( ) ( ) ( )1 2 1 2< < + + Œ (2.33)
Since G1 and G2 are open set then G G1 2» is also open set from (2.30), 

G G1 2»  and G G1 2« set containing E E1 2» and E E1 2« respectively, then 
we know by definition
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We know by a theorem,

                     m G G m G G m G m G( ) ( ) ( ) ( )1 2 1 2 1 2» + « = +  (2.35)

By Eqn. (2.33) and (2.35), we have

                     m G G m G G m E m Ee e( ) ( ) ( ) ( )1 2 1 2 1 2» + « < + + Œ (2.36)

From Eqn. (2.34) and (2.36), we have
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Consequently < Œ >m TE n Nn0( ) :  is monotonic non-increasing 
sequence in brief we shall denote A A A A A A1 2 3 1 2 3« « « º ºby
similarly the set A B C» » is denoted by A B C+ + . Also every member 
of < Œ >m TE n Nn* ( ), is non-negative. 

Hence, this sequence has a limit so that lim * ( )
n

nm TE
Æ•

exists. 

                   E E E E E T E T En
n

n n n= Ã fi Ã fi « Ã «
=

•

1
∩

fi                        TE TEnÃ
fi                 m TE m TEn* ( ) * ( )£
fi           lim * ( ) lim * ( )

n n
nm TE m TE

Æ• Æ•
£

Taking lim * ( )
n

nm TE
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= l , we get 

                m TE* ( ) £ l   (2.47)
The set T can be broken as

               T TE TE E TE E TE E TEn n= + ¢ + ¢ + ¢ +º+ ¢-1 1 2 2 3 1  (2.48)

Making use of Caratheodory postulates for outer measure, we have
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Theorem 2.22: Prove that every Borel set is Lebesgue measurable. 

Proof: Since we know that open and closed sets are measurable therefore 
countable union and intersection of measurable set is measurable. 

This implies Borel sets are measurable. 

Another Proof: 
Let a set E be Borel measurable so that E is a bounded Borel set. 
To show that E is Lebesgue measurable. 
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This section we discuss a compact (and hence, a Borel) uncountable set 
of real numbers with measure zero. This set is known as the Cantor set 
after Georg Cantor (1845–1918) who constructed the set in 1883. Let the 
closed interval I = [0, 1] and suppose H1. Now divide H1 in three equal 
parts and remove the middle part, i.e., the open interval (1/3, 2/3). 
Now suppose H2 be the remaining closed set, i.e., H2 = (0, 1/3) » (2/3,  1).  

Repeating this process infinitely, we get a closed set H H
n n= { }∩ . This set 

is called the Cantor’s ternary set. The cantor’s ternary set H contains the 
end points of the closed interval which make up each set Hn.

Note: 
 1. The Cantor’s ternary set is measurable and its measure is zero.
 2. The Cantor’s set F is uncountable.
 3. The Cantor’s ternary set is a perfect set.

First we define the equivalence relation on the set of real numbers. 
Consider two real number p and q is called to equivalent if and only if p  –  q 
is a rational number. This equivalence relation is partition the whole set 
into disjoint equivalence classes such that any two elements of one class 
differ by a rational number while any two elements of different classes 
differ by an irrational number. Using the axiom of choice that there exist 
a set S such that S contains exactly one element from each equivalence 
class. Since the set of all rational numbers in [0, 1) is enumerable, the 

members can be arranged in the form of a sequence. Suppose xi i{ } =
•

0  be 

an enumeration of the rational numbers in [0, 1), where xo = 0. Consider 
S S xi i= ƒ , where S0 = S and if r S Si jŒ «  then we have r = pi + xi = pj + 
xj, where xi, xj ŒS. But pi – pj = xi – xj is a rational number and so pi ~ pj. 
Since S contains only one element from each class pi ~ pj fi i = j. It follows 
that if i π j then Si and Sj are disjoint. It means that { }Si  is a sequence of 
pairwise disjoint sets. Again, since each real number p Œ[ , )0 1  belongs 
to some equivalence class and so is equivalent to some element in S. 
But if p differs from an element in S by a rational number xi then p SiŒ .  
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 Lebesgue Measure 

Therefore, we have » ={ } [ , ).Si 0 1  Since each Si is translation modulo l of 
S, every Si will be measurable if S is measurable and then m S m Si{ } ( ).=  
But then we have m m S m Si
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Â Â  Now the right hand side 

is either zero {when m(S) = 0} or  • {m (S) is positive}. This contradicts 
the fact that m [0, 1) = 1. Hence S is non-measurable.

 ∑ The set which may be obtain from closed and open countable set 
by repeatedly applying union and intersection operation to them 
are called Borel set.

 ∑ A non-empty class ¬ of sets is known as Boolean ring (or ring of 
sets) if A, B Œ¬ fi A – B Œ¬ and A » B Œ¬.

 ∑ A non-empty class ¬ of sets is known as algebra (or Boolean 
algebra) if 

 ∑ (i) A, B Œ¬ fi A » B Œ¬ and (ii) A Œ¬ fi ¢A  Œ¬. 
 ∑ A non-empty class ¬ of sets is known as s-ring (or ring of sets) if 

 ∑ (i) A, B Œ¬ fi A-B Œ¬ and (ii) Ai Œ¬, i = 1, 2, 3, …, then 
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iUA
=

•
Œ

1
¬.   

 ∑ The outer measure or the Lebesgue outer measure of an arbitrary 

set E is given by m E
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where the infimum is taken 

over all countable collection { }Ii  of open interval such that E IiÃ ∪{ }.
 ∑ A set E is said to be measurable with respect to the given outer 

measurable if for each set A, m A m A E m A E* ( ) * ( ) * ( ).= « + « ¢   ∑ Every countable set is measurable and its measure is zero. 
 ∑ The union of two outer measurable set is outer measurable. The 

intersection of two outer measurable set is outer measurable.
 ∑ If S1 and S2 are measurable sets and if S S2 1« = f, then 

m S S m S m S( ) ( ) ( ).1 2 1 2» = +
 ∑ The exterior measure of a set m A m G G A Ge ( ) { ( ) : . }= …Inf is open

fi m G m Ae( ) ( ).≥ For any given Œ> 0, there exists an open set G A…  
such that m G m Ae( ) ( ) .< + Œ

 ∑ The interior measure of a set m A m F F A Fi ( ) sup { ( ) : , .= Ã is closed}   ∑ If A Ã B, then fi m A m Be e( ) ( )£  and  If A Ã B then m A m Bi i( ) ( ).£
 ∑ If E1 and E2 are subset of [ , ]a b  then
          m E m E m E E m E Ee e e e( ) ( ) ( ) ( )1 2 1 2 1 2+ ≥ » + «
  and m E m E m E E m E Ei i i i( ) ( ) ( ) ( ).1 2 1 2 1 2+ £ » + «
 ∑ The union of two measurable sets is measurable. 
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 ∑ The set which may be obtain from closed and open countable set 
by repeatedly applying union and intersection operation to them 
are called Borel set.

 ∑ A non-empty class ¬ of sets is known as Boolean ring (or ring of 
sets) if A, B Œ¬ fi A – B Œ¬ and A » B Œ¬.

 ∑ A non-empty class ¬ of sets is known as algebra (or Boolean 
algebra) if 

 ∑ (i) A, B Œ¬ fi A » B Œ¬ and (ii) A Œ¬ fi ¢A  Œ¬. 
 ∑ A non-empty class ¬ of sets is known as s-ring (or ring of sets) if 

 ∑ (i) A, B Œ¬ fi A-B Œ¬ and (ii) Ai Œ¬, i = 1, 2, 3, …, then 
i

iUA
=

•
Œ

1
¬.   

 ∑ The outer measure or the Lebesgue outer measure of an arbitrary 

set E is given by m E
l I

E

i
i* ( )

inf ( )

,
=

=

Ï
Ì
Ô

ÓÔ

Â
0 if f 

where the infimum is taken 

over all countable collection { }Ii  of open interval such that E IiÃ ∪{ }.
 ∑ A set E is said to be measurable with respect to the given outer 

measurable if for each set A, m A m A E m A E* ( ) * ( ) * ( ).= « + « ¢   ∑ Every countable set is measurable and its measure is zero. 
 ∑ The union of two outer measurable set is outer measurable. The 

intersection of two outer measurable set is outer measurable.
 ∑ If S1 and S2 are measurable sets and if S S2 1« = f, then 

m S S m S m S( ) ( ) ( ).1 2 1 2» = +
 ∑ The exterior measure of a set m A m G G A Ge ( ) { ( ) : . }= …Inf is open

fi m G m Ae( ) ( ).≥ For any given Œ> 0, there exists an open set G A…  
such that m G m Ae( ) ( ) .< + Œ

 ∑ The interior measure of a set m A m F F A Fi ( ) sup { ( ) : , .= Ã is closed}   ∑ If A Ã B, then fi m A m Be e( ) ( )£  and  If A Ã B then m A m Bi i( ) ( ).£
 ∑ If E1 and E2 are subset of [ , ]a b  then
          m E m E m E E m E Ee e e e( ) ( ) ( ) ( )1 2 1 2 1 2+ ≥ » + «
  and m E m E m E E m E Ei i i i( ) ( ) ( ) ( ).1 2 1 2 1 2+ £ » + «
 ∑ The union of two measurable sets is measurable. 
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 ∑ The difference of two measurable sets is measurable. 
 ∑ First Fundamental Theorem: If E1, E2, … are disjoint measurable 

sets and E = E1 + E2 + … then E is measurable and m E m Ek
k

( ) ( ).=
=

•

Â
1

 2.1 If A and B are two sets with A Ã B then

 (a) m A m B* ( ) * ( )£  
 (b) m A m B* ( ) * ( )≥
 (c) m A m B* ( ) * ( )=
 (d) None of these.
 2.2 If S1 and S2 are measurable sets and if S S2 1« = f, then m S S( )1 2» =
 (a) m S m S( ) ( )1 2+
 (b) m S m S( ) ( )1 2-
 (c) m S m S( ) ( )1 2◊

 (d) None of these.
 2.3 Which statement is wrong?
 (a) If AÃ B then m A m B* ( ) * ( )£
 (b) If A Ã B, then m A m Be e( ) ( )£  
 (c) If A Ã B then m A m Bi i( ) ( )£
 (d) None of these.
 2.4 If A and B are any two subsets then, m *(A – B) = 
 (a) m A m B* ( ) * ( )◊
 (b) m A m B* ( ) * ( )+
 (c) m A m B* ( ) * ( )-
 (d) None of these.
 2.5 If E1 and E2 are subset of [ , ]a b  then 
 (a) m E m E m E E m E Ee e e e( ) ( ) ( ) ( )1 2 1 2 1 2+ ≥ » + «
 (b) m E m E m E E m E Ei i i i( ) ( ) ( ) ( )1 2 1 2 1 2+ £ » + «
 (c) m E m E m E E m E E( ) ( ) ( ) ( )1 2 1 2 1 2+ = » + «
 (d) All above.
 2.6 The Cantor’s ternary set is measurable and its measure is equal to 
 (a) 0
 (b) 1 
 (c) •
 (d) None of these.
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 Lebesgue Measure 

 2.1 The measure of singleton set is zero.
 2.2 Every countable set is measurable and its measure is zero. 
 2.3 The intersection of two outer measurable set is not outer measurable.
 2.4 A set is said to be measurable if and only if its complement is 

measurable. 
 2.5 Borel measurable set is not Lebesgue measurable.

 2.1 If E is a measurable set then ______ is also measurable. 
 2.2 The union of two outer measurable set is ______ measurable. 
 2.3 Let A be a measurable set and if B is any set then 

m A B m A B m A m B* ( ) * ( ) _____ * ( ) * ( ).» + « +
 2.4 If two sets are measurable then there intersection is ______ 

measurable. 
 2.5 The Cantor’s ternary set is a ______ set.

 2.1 What is Measure?
 2.2 What do you mean by Lebesgue measure?
 2.3 Discuss about the Exterior and Interior measure of a set.
 2.4 State and prove first fundamental theorem. 
 2.5 What is Measurable set?
 2.6 Prove that m*(A » B) £ m * (A) + m * (B).
 2.7 Prove that a singleton subset is a measurable set with a measure 

zero.
 2.8 Prove that the difference of two measurable sets is measurable.
 2.9 Prove that the outer measure of an interval is its length.
 2.10 If A and B are any two subsets then show that m * (A – B) = m * (A)  – 

m * (B).
 2.11 Prove that the symmetric difference of two measurable sets is also 

measurable.
 2.12 Prove that 
        (i) m E m E m E E m E Ee e e e( ) ( ) ( ) ( )1 2 1 2 1 2+ ≥ » + «
        (ii) m E m E m E E m E Ei i i i( ) ( ) ( ) ( ).1 2 1 2 1 2+ £ » + «
 2.13 Construct a set which is not measurable in the sense of Lebesgue.
 2.14 Define Lebesgue measure of a set. Construct a non-dense perfect 

set in the interval (0, 1) whose measure is 1/2.
 2.15 Write a short note on Cantor’s ternary set.
 2.16 To show that a Borel measurable set is Lebesgue measurable but 

not conversely.
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 Measure Theory and Integration

 2.17 Prove that the intersection of any collection of Boolean rings is 
again a Boolean ring.

 2.18 Prove that the Lebesgue exterior measure is a Caratheodory outer 
measure.

 2.19 Prove that the intersection of two rings is a ring.
 2.20 Prove that open sets and closed sets are measurable.
 2.21 Prove that a singleton set is measurable.
 2.22 State Caratheodory’s criterian for measurability and prove that the 

union of two measurable sets is measurable.
 2.23 Write a short note on non-measurable set.

 2.1 (a) 2.2 (a) 2.3 (d) 2.4 (c)
 2.5 (d)             2.6 (a)

 2.1 T 2.2 T 2.3 F 2.4 T 2.5 F

 2.1 ¢E  2.2 outer
 2.3 = 2.4 also
 2.5 perfect.  
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Measurable Functions

The concept of a measurable function on an abstract measurable space 
is the almost identical with that for real valued functions. However, 
measure-theoretic ideas are essential for a deep understanding of 
the probability, because probability is itself a measure. A measurable 
function is one whose pre-images are measurable sets and functions in 
the Lebesgue world are not “measured” but integrated. In this chapter 
we shall discuss the step function, Real valued function, Characteristic 
function, Simple function, Equivalent functions, Sequences of functions, 
Measurable function, Measurable function as a random variable, Little- 
wood’s three principles, Borel measurability, Point-wise convergence, 
Convergence in measure, Uniform convergence, Convergence in mean, 
F. Riesz theorem, Egoroff’s theorem and Lusin’s theorem. 

Before discussing the measurable functions, we shall discuss certain 
necessary preliminaries.

A real valued function f defined over on a closed interval [a, b] is called 
a step function if there exists is partition { }a x x x x bn= < < < º < =0 1 2  such 
that function takes one and only one value of each interval. 

A function f is said to be a real valued function if domain is a family of sets 
and its co-domain is a set of real numbers. For examples, trigonometric 
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functions, exponential functions and polynomials functions are real 
valued functions.

Let U be the universal set and X be a subset of U. Then the real valued 
function fX u: { , }Æ 0 1  is known as characteristic function of X and it is 

defined by fX
x X

x X
=

Œ
œ

Ï
Ì
Ó

1
0

if
if

An extended real valued function f is known as simple function if it 
is measurable and its range is finite. A characteristic function is a simple 
function.

Let the two functions f1 and f2 are defined on the same set X, then they 
are said to be equivalent function if m x X f x f x({ : ( ) ( )})Œ π =1 2 0.

If { ( )}f xn  is a sequence of sets, then the supremum of { ( )}f xn  is the set 

∪
n

nf x
=

•

1
{ ( )}

 
and the supremum limit of is denoted by lim ( )f xn  and defined

by lim sup { } lim ( ) { ( )}.
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If { ( )}f xn  is a sequence of sets, then the infimum of { ( )}f xn  is the 

set ∩
n

nf x
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1
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and the infimum limit of is denoted by lim f xn ( )  and 

defined by lim inf { ( )} lim { ( )}.
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 Measurable Functions 

 (ii) E f x a x E f x a( ( ) ) { : ( ) }≥ = Œ ≥
 (iii) E f x a x E f x a( ( ) ) { : ( ) }> = Œ >
 (iv) E f x a x E f x a( ( ) ) { : ( ) }£ = Œ £

Note:
 1. Any continuous function of the sets on which function is defined 

is measurable. 
 2. Continuous function with measurable domain is measurable. 

Suppose f is a function from a measurable space (W, F ) into the real 
numbers R. We state that the function is measurable if for each Borel set 
B1 Œ B, the set {w; f (w) Œ B1} Œ F. A random variable X is a measurable 
function from a probability space (W, F, P) into the real numbers R.

J. Littlewood give the three principles for the theory of functions of real 
variables, are follows:

 1. Every (measurable) set is nearly a finite union of intervals.
 2. Every (measurable) function is nearly continuous.
 3. Every convergent sequence of (measurable) functions is nearly 

uniformly continuous. 

Theorem 3.1: Prove that the conditions involved in the definition for a 
measure function are equivalent to each other. 

Proof: Let f   be an extended real valued function defined over a 
measurable set E. Then f is Lebesgue measurable function if and only if 
any one of the following is measurable: 

 (i) E f a( )>  (ii) E f a( )≥  (iii) E f a( )<   (iv) E f a( )£

 (i) Let { : ( ) }x f x a≥ is measurable.
  To show { : ( ) }x f x a> is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )> = > = ≥ +Ï
Ì
Ó

¸
˝
˛=

• 1

1
∪

  We know that the union of measurable is measurable. Hence 
{ : ( ) } ( )x f x a E f a> = >  is measurable. 

 (ii) Let { : ( ) }x f x a> is measurable.
  To show { : ( ) }x f x a≥ is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )≥ = ≥ = > -Ï
Ì
Ó

¸
˝
˛=

• 1

1
∩

 Measurable Functions 

 (ii) E f x a x E f x a( ( ) ) { : ( ) }≥ = Œ ≥
 (iii) E f x a x E f x a( ( ) ) { : ( ) }> = Œ >
 (iv) E f x a x E f x a( ( ) ) { : ( ) }£ = Œ £

Note:
 1. Any continuous function of the sets on which function is defined 

is measurable. 
 2. Continuous function with measurable domain is measurable. 

Suppose f is a function from a measurable space (W, F ) into the real 
numbers R. We state that the function is measurable if for each Borel set 
B1 Œ B, the set {w; f (w) Œ B1} Œ F. A random variable X is a measurable 
function from a probability space (W, F, P) into the real numbers R.

J. Littlewood give the three principles for the theory of functions of real 
variables, are follows:

 1. Every (measurable) set is nearly a finite union of intervals.
 2. Every (measurable) function is nearly continuous.
 3. Every convergent sequence of (measurable) functions is nearly 

uniformly continuous. 

Theorem 3.1: Prove that the conditions involved in the definition for a 
measure function are equivalent to each other. 

Proof: Let f   be an extended real valued function defined over a 
measurable set E. Then f is Lebesgue measurable function if and only if 
any one of the following is measurable: 

 (i) E f a( )>  (ii) E f a( )≥  (iii) E f a( )<   (iv) E f a( )£

 (i) Let { : ( ) }x f x a≥ is measurable.
  To show { : ( ) }x f x a> is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )> = > = ≥ +Ï
Ì
Ó

¸
˝
˛=

• 1

1
∪

  We know that the union of measurable is measurable. Hence 
{ : ( ) } ( )x f x a E f a> = >  is measurable. 

 (ii) Let { : ( ) }x f x a> is measurable.
  To show { : ( ) }x f x a≥ is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )≥ = ≥ = > -Ï
Ì
Ó

¸
˝
˛=

• 1

1
∩

 Measurable Functions 

 (ii) E f x a x E f x a( ( ) ) { : ( ) }≥ = Œ ≥
 (iii) E f x a x E f x a( ( ) ) { : ( ) }> = Œ >
 (iv) E f x a x E f x a( ( ) ) { : ( ) }£ = Œ £

Note:
 1. Any continuous function of the sets on which function is defined 

is measurable. 
 2. Continuous function with measurable domain is measurable. 

Suppose f is a function from a measurable space (W, F ) into the real 
numbers R. We state that the function is measurable if for each Borel set 
B1 Œ B, the set {w; f (w) Œ B1} Œ F. A random variable X is a measurable 
function from a probability space (W, F, P) into the real numbers R.

J. Littlewood give the three principles for the theory of functions of real 
variables, are follows:

 1. Every (measurable) set is nearly a finite union of intervals.
 2. Every (measurable) function is nearly continuous.
 3. Every convergent sequence of (measurable) functions is nearly 

uniformly continuous. 

Theorem 3.1: Prove that the conditions involved in the definition for a 
measure function are equivalent to each other. 

Proof: Let f   be an extended real valued function defined over a 
measurable set E. Then f is Lebesgue measurable function if and only if 
any one of the following is measurable: 

 (i) E f a( )>  (ii) E f a( )≥  (iii) E f a( )<   (iv) E f a( )£

 (i) Let { : ( ) }x f x a≥ is measurable.
  To show { : ( ) }x f x a> is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )> = > = ≥ +Ï
Ì
Ó

¸
˝
˛=

• 1

1
∪

  We know that the union of measurable is measurable. Hence 
{ : ( ) } ( )x f x a E f a> = >  is measurable. 

 (ii) Let { : ( ) }x f x a> is measurable.
  To show { : ( ) }x f x a≥ is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )≥ = ≥ = > -Ï
Ì
Ó

¸
˝
˛=

• 1

1
∩

 Measurable Functions 

 (ii) E f x a x E f x a( ( ) ) { : ( ) }≥ = Œ ≥
 (iii) E f x a x E f x a( ( ) ) { : ( ) }> = Œ >
 (iv) E f x a x E f x a( ( ) ) { : ( ) }£ = Œ £

Note:
 1. Any continuous function of the sets on which function is defined 

is measurable. 
 2. Continuous function with measurable domain is measurable. 

Suppose f is a function from a measurable space (W, F ) into the real 
numbers R. We state that the function is measurable if for each Borel set 
B1 Œ B, the set {w; f (w) Œ B1} Œ F. A random variable X is a measurable 
function from a probability space (W, F, P) into the real numbers R.

J. Littlewood give the three principles for the theory of functions of real 
variables, are follows:

 1. Every (measurable) set is nearly a finite union of intervals.
 2. Every (measurable) function is nearly continuous.
 3. Every convergent sequence of (measurable) functions is nearly 

uniformly continuous. 

Theorem 3.1: Prove that the conditions involved in the definition for a 
measure function are equivalent to each other. 

Proof: Let f   be an extended real valued function defined over a 
measurable set E. Then f is Lebesgue measurable function if and only if 
any one of the following is measurable: 

 (i) E f a( )>  (ii) E f a( )≥  (iii) E f a( )<   (iv) E f a( )£

 (i) Let { : ( ) }x f x a≥ is measurable.
  To show { : ( ) }x f x a> is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )> = > = ≥ +Ï
Ì
Ó

¸
˝
˛=

• 1

1
∪

  We know that the union of measurable is measurable. Hence 
{ : ( ) } ( )x f x a E f a> = >  is measurable. 

 (ii) Let { : ( ) }x f x a> is measurable.
  To show { : ( ) }x f x a≥ is measurable. 

  Now we have E f a x f x a x f x a
nn

( ) { : ( ) } : ( )≥ = ≥ = > -Ï
Ì
Ó

¸
˝
˛=

• 1

1
∩



 Measure Theory and Integration

  We know that the intersection of measurable is measurable. Hence 
{ : ( ) } ( )x f x a E f a> = ≥  is measurable. 

 (iii) Let { : ( ) }x f x a≥ is measurable. 
  To show { : ( ) }x f x a< is measurable. 
  Now we have E f a x f x a x f x a( ) { : ( ) } { : ( ) }< = < = ≥ ¢
  We know that complement of measurable set is measurable. Hence 

{ : ( ) } ( )x f x a E f a< = < is measurable.
 (iv) Let { : ( ) }x f x a> is measurable. 
  To show { : ( ) }x f x a£ is measurable. 

  Now we have E f a x f x a x f x a( ) { : ( ) } { : ( ) }£ = £ = > ¢
  We know that complement of measurable set is measurable. Hence 

{ : ( ) } ( )x f x a E f a£ = £  is measurable. 

A function f is known as Borel measurable if for each a, the set { : ( ) }x f x a>  
is a Borel set.

Note:

 1. The product of two Borel measurable functions is a Borel measurable 
function.

Theorem 3.2: Let f be a function defined over a measurable set E then 
show that f is measurable if and only if for any open set G RÃ , f G-1 ( ) 
is measurable. 

Proof: Let f be defined over a measurable set E and G RÃ , where R is 
the set of real number and G and an open set. 

To show that f G-1 ( ) is measurable.

Since we know that any subset G of R can be expressed as a countable 

union of disjoint open intervals, therefore we have G In
n

=
=

•
{ }

1
∪ , where In 

is open interval then 
 f G x E f x I x E f x a bn n n

- = » Œ Œ = » Œ Œ1 ( ) { : ( ) } { : ( ) ( , )}
            = » Œ < <{ : ( ) }x E a f x bn n
            = » Œ > « Œ <[{ : ( ) } { : ( ) }]x E f x a x E f x bn n
            = » > « <{ ( ) ( )}E f a E f bn n
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 Measurable Functions 

Since E f an( )> and E f bn( )<  is measurable. 
= > « <E f a E f bn n( ) ( )  is measurable. 
fi f G-1 ( )  is measurable.
Conversely, let f G-1 ( ) is measurable. 
To show f is also measurable. 
Let G a= •( , ) , where a > 0. 

Then f G x E f x a- = Œ Œ •1 ( ) { : ( ) ( , )}
                   = Œ < < •{ : ( ) }x E a f x
                   = Œ >{ : ( ) }x E f x a
                   = >E f a( )

Give f G-1 ( ) is measurable. Hence E f a( )> is measurable. 
Thus f  is measurable on E. 

Theorem 3.3: Prove that a constant function over a measurable set E is 
measurable. 

Proof: Let f x c( ) .=  Then we have E f a
E a c

a c
( ) .> =

<
≥

Ï
Ì
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¸
˝
˛

if
iff

 Since, E is 

measurable and f is measurable. Hence, f is measurable function over 
a measurable set E. Hence, a constant function over a measurable set E 
is measurable.

Theorem 3.4: Every bounded open set and bounded closed set are 
measurable. 

Proof:  Let G be a bounded open set. From G by means of a finite number 
of disjoint closed interval. Then the sum of the lengths of their intervals 
is equal to the length (measure) of G. Therefore we have m G m Ge ( ) ( ).=  
Then G can be obtained in an open set consisting of G itself and contains 
a closed set such that difference of measures of closed set and open set is 
arbitrarily small. Consequently m G m G m Ge i( ) ( ) ( )= = fi  G is measurable. 

Since complement of a measurable set is measurable. Also complement 
of open set is closed set. This implies ¢G  is measurable and ¢G  is closed. 

Theorem 3.5: Let f and g are real valued measurable function over a 
measurable set E show that f g f g» «, are measurable function. 

Proof: Let c is any real number. It is given f and g are measurable 
functions. 

fi E f c( )>  and E g c( )>  are measurable. 

To show that E f g c{( ) }» > is measurable. 

fi E f g c E f c E g c{( ) } ( ) ( )» > = > » >
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Theorem 3.4: Every bounded open set and bounded closed set are 
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Proof:  Let G be a bounded open set. From G by means of a finite number 
of disjoint closed interval. Then the sum of the lengths of their intervals 
is equal to the length (measure) of G. Therefore we have m G m Ge ( ) ( ).=  
Then G can be obtained in an open set consisting of G itself and contains 
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Since E f c( )> and E g c( )>  are measurable fi E f c E g c( ) ( )> » >  is 
measurable. 

Hence, f g»  is measurable over a measurable set.
Now to show that f g«  is measurable. 

fi E f g c E f c E g c[( ) ] ( ) ( )« > = > « >

Since E f c( )>  and E g c( )>  are measurable fi E f c E g c( ) ( )> « >  is 
measurable. 

Hence, f g«  is measurable over a measurable set. 

Theorem 3.6: If f and g are measurable function defined over a 
measurable set E then the set E f g( )>  is measurable. 

Proof: Let f and g are measurable function over E.
fi $ a rational number r such that f r g> > . Therefore we have

E f g E f r E g r( ) [ ( ) ( )]> = » > « <

Since it is given f and g are measurable function fi E f r( )>  and 
E g r( )< are measurable set. We know that intersection of measurable 
set is measurable. Therefore E f r E g r( ) ( )> « < is measurable. Also we 
know that union of measurable functions (sets) is measurable. Therefore 
» > « <{ ( ) ( )}E f r g r  is measurable. 

Hence, E f g( )>  is measurable. 

Theorem 3.7: Let f be a sequence function defined over a measurable set 

E k Nk , " Œ  and E Ek
k

=
=

•

1
∪ . Then f is measurable over E. 

Proof:   Let a be any real number. Since it is given E Ek
k

=
=

•

1
∪ , i.e., enumerable 

union of measurable set. 

fi                  E  is measurable. 

fi                  { : ( ) }x E f x aŒ >

fi                  E f a E f ak
k

( ) ( )> = >
=

•

1
∪

or [ ( )] ( ) ( )E f a E f a E f ak
k

> = > » > » º
=

•

1
1 2∪

Since each function f defined on each measurable set E1, E2, …, Ek and 
we know that union of measurable set is measurable. Therefore we have 

E f ak ( )> is measurable  fi  E f a( )>  is measurable. 

Hence, f  is measurable over E.

Theorem 3.8: Prove that if f is measurable over a measurable set E then 
f is also measurable over any subset E. 
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 Measurable Functions 

Proof: Let A be subset of E, where E is measurable set. To show that f is 
also measurable over a set A. 

We have A f a E f a A( ) { ( ) }.> = > «
Given E f a( )>  and A is measurable fi E f a A( )> « is measurable.
Hence, f is measurable over a set A.

Theorem 3.9: Let f be a measurable function defined over a measurable 
set E and Let c be any real number. Show that cf f c f f, , ,+ 2 and 1/f
are measurable where f π 0.

Proof:

 (i) To show cf  is measurable function over measurable set E.

  We have E cf a
E f
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c
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E f
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f is positive real number

if cc is negative real number.
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  Since a c,  are real number fi a c/  is a real number.
  Since the both R.H.S. is measurable therefore cf  is measurable. 

  If c cf x E= fi = " Œ0 0, fi cf is a constant function.

  We know that constant function is always measurable. 
  Hence, cf  is measurable. 
 (ii) To show that f c+  is a measurable function over E.
  We have E f c a E f a c( ) { ( )}+ > = > -  
  Since a c,  are real number fi a c- is a real number.
  Therefore E f c a( )+ > is measurable. 
  Hence, f c+  is measurable function over E. 
 (iii) To show that f  is measurable function over the measurable set E.

  E f a
E f a E f a a

a
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Ì
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≥
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( ) ( )
f

if
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0

  

  By definition we know that E f a E f a( ), ( )< > - and f are measu-
rable. 

  Therefore E f a E f a( ) ( )< » > is measurable. 
  Thus E f a<( ) is measurable, i.e., f  is measurable function over 

a measurable over E. 
 (iv) To prove that f 2 is measurable function over the measurable set E. 
  We have E f a E f a( )2 < = <( )  if a ≥ 0  (3.1)

  But E f a E f a E f a<( ) = < » > -ÈÎ ˘̊( ) ( ) , where a is any real 
number. 

  From Eqn. (3.1), we have E f a E f a E f a( ) ( ) ( )2 < = < » > -
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  By definition of measurable fi E f a( )<  and E f a( )>  is 
measurable.

  fi E f a E f a( ) ( )< » > -  is measurable. 

  fi E f a( )2 <  is measurable. 

  Hence, f 2 is measurable function over a measurable set E.

 (v) To show that 
1
f

 is measurable function over the measurable set E. 

  Let f is vanish nowhere on E that f x x E( ) , .π " Œ0  Therefore 1/f  
exist. 

  Now we observe for any real number a, we have 
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this implies E f E f
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we know that union and intersection of two measurable set is 
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1
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is measurable.

Hence, 
1
f

 is measurable function over the measurable set E. 

Theorem 3.10: Let f and g are measurable function defined over a 
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 (i) Now to show that f g+  is measurable.
  First we will prove c f- is measurable. 
  We know that it is given that g is measurable fi cg is measurable.

  fi a cg+ is measurable {Let a be any real number}
  fi a g- is measurable {put c = –1}
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  fi c f g( )4  is measurable over E.  {put c = 1/4}

  fi 
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4( )f g  is measurable over E.

  fi f g  is measurable over measurable set E. 

 (iv) Let g  vanish nowhere on E so that g x x E( ) π " Œ0 . Therefore 1/g
exists. 

  Give f and g are measurable function over E.

  fi f g+ , f g f g- ,  are measurable function over E.
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  Since we know that the product of two measurable functions is 
measurable function. 

  Hence f/g is measurable function over E.
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 Measurable Functions 

fi E f r( )< is measurable, " Œr Q.
fi { : ( ) } { : ( ) }x f x r x E f x r< = Œ <  is measurable. 

Conversely, suppose { : ( ) }x f x r< is measurable.

We have E f c x E f x c x E f x r c( ) { : ( ) } { ( ) }< = Œ < = » Œ = < < , 
                          = » Œ < Œ{ : ( ) , }x E f x r r Q
                           = enumerable union of measurable set.
                           = Measurable set.

Hence, f is measurable function over E.

Theorem 3.12: Prove that a continuous function f defined over a 
measurable set E is measurable. 

Proof:  Let f is the continuous function defined over a measurable set E. 
To show that f is measurable function over the set A. 
Let a be any real number then we have

 A E f a x E f x a= ≥ = Œ ≥( ) { : ( ) }  (3.2)

To show that f is measurable function then prove A is closed because 
we know that every closed set is measurable. Let x0 be the limit point 
of A. 

To show that x A0 Œ  fi $ a sequence { }xn  of A such that
                     lim x xn = 0         (by definition) (3.3)

 Since it is given f is continuous, so we have 

 x xn Æ 0 fi f x f xn( ) ( )Æ  
                                    fi x A f x an nŒ fi ≥( )  {From Eqn. (3.2)}
                                    fi lim ( )

n
nf x a

Æ•
≥

 

                                    fi f x a
n

nlim
Æ•

È
ÎÍ

˘
˚̇

≥

                                    fi f x a( )0 ≥      {From Eqn. (3.3)}
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 Measure Theory and Integration

Define M x f x r n f xr r
r

n

( ) sup { ( ) : } ( )= £ £ =
=

1
1
∪

and     M x f x r nr( ) inf { ( ) : }= £ £1

                   = - £ £ =
=

sup { ( ) : } ( )f x r n f xr r
r

n

1
1
∪

If we show that M x( ) is measurable over E, the result will follows. 
For proving this, it is enough to prove that E M a( )> is a measurable set 
over E, a being any real number. 

Since fn is a measurable function over E fi E f an( )>  is a measurable 
set " n.

We have E M a E f ar
r

n

( ) [ ]> = >
=1
∪

                            = a finite union of measurable set
                            = a measurable set. 

This prove that E M a( )>  is measurable set.

Step II: To show that lim fn  and lim fn  are measurable function over 
the set E. 

Define    M x
n k

f xk n( )
sup

{ ( )}=
≥

 

and        m x
n k

f xk n( )
inf

{ ( )}=
≥

Then lim ( )
inf

{ ( )}f x
k

M xn k=
≥ 1

 

and   lim ( )
sup

{ ( )}.f x
k

m xn k=
≥ 1

By case (i) M x m xk k( ), ( ) both are measurable defined over E k N, " Œ
and again by case (i).

inf
{ ( )},

sup
{ ( )}

k
M x

k
M xk k≥ ≥1 1

 are measurable over E.

i.e., lim fn  and lim fn both are measurable over E. 

Step III: Let lim fn  exist.

To show that lim fn  is measurable over E

By case (ii), lim fn ◊ lim fn  both are measurable over E. 
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 Measurable Functions 

By hypothesis, we have lim fn  = lim fn = lim .fn

From what has been done, it follows that lim fn is measurable over E. 

Theorem 3.14: If < >fn  is a sequence of measurable functions then show 
that lim fn is measurable.

Proof: Let < >fn  be a sequence of measurable functions.
To show that lim fn  is measurable. 

\ < >fn  is a monotonic sequence and hence it is either monotonic 
increasing or monotonic decreasing. 

If < >fn  is a monotonic increasing sequence, then we have

 lim
sup

{ }f
n

fn n=
≥ 1

If < >fn is monotonic decreasing sequence, then we have

 lim
inf

{ }f
n

fn n=
≥ 1

If prove that sup { , , }f f fn1 2 º  and inf { , , }f f fn1 2 º  are measurable 
then the problem will be solved.

Let g x f f fn( ) sup { , , , }= º1 2  

and f x f f fn n( ) inf { , , , }.= º1 2

Then E g a E f a
n

( ) [ ( )]> = >
=

•

1
∪

                       
= an enumerable union of measurable sets. 

Hence, E g a( )>  is measurable and so g is measurable. 
Now we have 

h x f x nn( ) sup{ ( ) : , , }= - - = º1 2

fi h x( )  is also measurable as g is measurable. 
Hence, the limit of a convergent sequence of measurable function is 

measurable. 

Let { }fn is the sequence of measurable function on a measurable set E 
then this sequence { }fn  is said to converge point-wise on a set E if $ a 
measurable function f on E such that f x f x En n( ) ,Æ " Œ , where n Æ •.
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 Measure Theory and Integration

Let { }fn  is a sequence of measurable functions defined over a measurable 
set E then { }fn is said to converge in measure to a function f if the 
following conditions are satisfied: 

 (i)  f is a measurable function on a set E such that f x x E( ) , .< • " Œ  
 (ii) m E f fn - ≥ Œ( ){ } = " Œ>0 0, .

Let { }fn  is a sequence of measurable functions defined over a measurable 
set E then { }fn  is said to converge uniformly almost everywhere to a 
function f  if there exists a set E0 such that (i) m E( )0 0=  and (ii) { }fn  
converges uniformly to a function f on the set E E- 0 .

Note:

 1. A real valued function f is said to be continuous at the point x0  if 
given Œ> 0 $ >d 0  such that f x f x( ) ( )- < Œ0  

wherever x x- <0 d .
 If a function is continuous at each point for which it is defined, 

then it is called a continuous functions. 
 2. The main difference between continuity and uniformly continuity, 

in continuity f x( ) depend upon Œ and d but in case of uniformly 
continuity f x( )  depend upon only Œ.

A sequence { }fn  of a Lebesgue integrable function is said to converge in 
mean to a function f if lim .

n
nE

f f dx
Æ•

- =Ú 0

If { }fn  be a sequence of measurable functions which converges in 
measure to f, then there exists a sub-sequence { }fnk

 which also converges 
to f almost everywhere.

Proof: Let { }dn  be a monotonic decreasing sequence of positive terms 
such that lim .dn = 0  Suppose s iÂ  is a convergent series of positive 
terms. Consider we choose a monotonic sequence { : }s i i NŒ  of positive 
integers such that m x A f x f xn k kŒ - ≥{ }( ) <: ( ) ( ) d s  for each k NŒ .

Since the sequence { }fn  converges is measure to f 

fi lim : ( ) ( )
n

n km x A f x f x
Æ•

Œ - ≥{ }( ) =d 0 .
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sequence { }fn  converges to f on A, we have lim ( )
n
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mE A

Æ•
…  for every m 

= 1, 2, 3, …; for given Œ> 0. Thus lim ( )
n

n
mm A E
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- = 0 and so for given 

Œ> 0 there exists a positive integer n0, dependent on m and Œ, such that 

m A En
m m( ) / , .- < Œ Œ>2 0  Let B A E

m
n
m= » -

=
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1 0
[ ].

 
Then B is a subset of A 

and being the union of measurable sets, B is a measurable set.
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¯̃=

•

1 0

                                      £ - < Œ
=

•

Â ( )A En
m

m
0

1

Again we have 

                              A B A m A E
m

n
m- = - » -

=

•

1 0
[ ]

                = « »
=

•
A m E

m
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1 0
 {Using De-Morgen law}

Thus for every n ≥ n0 and x ŒA – B fi x En
mŒ

Therefore, f x f x mi ( ) ( ) /- < 1  for every x ŒA – B.
Hence, { }fn  is uniformly converges on A – B.

Let f be a measurable function defined on a finite interval [a, b]. For 
every pair d, e > 0 there exists a continuous function Y on [a, b] such that 
m x f x x: ( ) ( ) .- ≥{ }( ) < Œy d

Proof:  Let the function f is finite almost everywhere on [a, b]. 
First we shall prove that when f is bounded. If f is bounded then there 

exists a number l such that f x x a b( ) ,< " ŒÈÎ ˘̊l for
If d, e are arbitrary positive real numbers then for their fixed values 

let m be a positive integer such that l d/ .m <
Now we have
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m
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r m m m mr = - £ <Ï
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Then A A i j i j m m m mi j« = π = - - - ºf if for , , , , ,1 2 3

 and » =
= -r m

m

rA a b
1

[ , ].

Let Bi be a closed interval contained in Ai such that 

m A m B
Mr r( ) ( )= + Œ

2
 and B B

r m

m

r= »
= -1

Then we have m a b m B([ , ]) ( )- < Œ
Now we define a function f on B given by 

f l( ) / , , , , ,x r m x B r m m m mr= " Œ = - - - º1 2 3

Evidently,  f  is constant on each closed set Br . Also B B r rr r« = π ¢¢ f if .
Hence, f is continuous on B. 
Now we have

 f
l

( )x
r
m

=

                                                 =
r
m
l

                                                 £ l.
Then we have 

                                f x x
r
m

( ) ( )- = -f l
l

                                                 = -l
m

m r

                                                 £ l
m

                                                 < " Œd x B.

We know that if B is a closed set contained in [a, b] and f is defined 
and is continuous on B then there exists a function Y on [a, b] such that

 (i) Y is continuous, 
 (ii) Y(x) = f (x), "x ŒB and 

 (iii) max ( ) max ( ) .y fx x=

Now we can find a function Y defined on [a, b] which has the above 
the three properties.

Furthermore x f x x a b B: ( ) ( ) [ , ] .- ≥{ } Ã -y d

Thus we have m x f x x m a b: ( ) ( ) ([ , ]) .- ≥{ }( ) £ < Œy d
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Since each set on R.H.S. is measurable.
\ R f a( )£  is measurable for every real value of a. Hence, f is measurable. 

 ∑ A real valued function f  defined over on a closed interval 
[a, b] is called a step function if there exists is partition 
{ }a x x x x bn= < < < º < =0 1 2  such that function takes one and only 
one value of each interval. 

 ∑ A function f  is said to be a real valued function if domain is a 
family of sets and its co-domain is a set of real numbers.

 ∑ Let U be the universal set and X be a subset of U. Then the real 
valued function fX u: { , }Æ 0 1  is known as characteristic function of 
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 Measurable Functions 

 ∑ An extended real valued function f is known as simple function if 
it is measurable and its range is finite. A characteristic function is 
a simple function.

 ∑ Let the two functions f1 and f2 are defined on the same set X, then 
they are said to be equivalent function if m x X f x f x({ : ( ) ( )}) .Œ π =1 2 0

 ∑ If the supremum and infimum limits are equal, i.e., lim ( )f xn  =
lim ( )f xn = lim ( )f xn , then we say that the limit of sequence is 
exist.

 ∑ A function f is known as Borel measurable if for each a, the set 
{ : ( ) }x f x a>  is a Borel set.

 ∑ Let { }fn is a sequence of measurable functions defined over a 
measurable set E then { }fn  is said to converge uniformly almost 
everywhere to a function f if $ a set E0 such that (i) m E( )0 0=
(ii) { }fn converges uniformly to a function f on the set E E- 0 .

 ∑ Let f be an extended real valued function defined over a measurable 
set E. Then f  is Lebesgue measurable function if and only if one of 
the following is measurable: 

 (i) E f a( )>  (ii) E f a( )≥  (iii) E f a( )<  (iv) E f a( )£  

 3.1 Let f and g are measurable function defined over a measurable set 
E such that the following function is measurable over E

 (a) f g f g+ -and
 (b) f g
 (c) f g/  (where g vanishes nowhere on the set E)
 (d) All above.
 3.2 Let f  be an extended real valued function defined over a measurable 

set E. Then f is Lebesgue measurable function if the following is 
measurable:

 (a) E f a( )>  or E f a( )<
 (b) E f a( )≥  or E f a( )£
 (c) E f a( )=
 (d) Any one of all above.
 3.3 Two functions f1 and f2 are defined on the same set X, then they 

are said to be equivalent function if
 (a) m x X f x f x({ : ( ) ( )})Œ π =1 2 0
 (b) m x X f x f x({ : ( ) ( )})Œ = =1 2 0
 (c) m x X f x f x({ : ( ) ( )})Œ π π1 2 0
 (d) None of these.
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 Measure Theory and Integration

 3.1 A constant function over a measurable set E is measurable. 
 3.2 Let f and g are real valued measurable function over a measurable 

set E than f g f g» «,  are measurable function. 
 3.3 If f  is measurable over a measurable set E then f  is not measurable 

over any subset E. 
 3.4 The limit of a convergent sequence of measurable function is 

measurable. 

 3.1 Every bounded open set ______ bounded closed set is measurable. 
 3.2 If f and g are measurable function defined over a measurable set E 

then the set E f g( )>  is ______
 3.3 A continuous function defined in a ______ internal is measurable.

 3.1 What is ?
 3.2 What do you mean by measurable function? Show that the 

characteristic function of a measurable set is a measurable function.
 3.3 Discuss about the Step Function.
 3.4 Prove that the limit of a convergent sequence of measurable 

function is measurable.
 3.5 Prove that if the functions f and g are finite and measurable then

f + g, f – g and f g are measurable.
 3.6 Prove that the sum, difference and product of two simple functions 

is simple.
 3.7 If f is a Borel measurable function and A is a Borel set then proves 

that f –1(A) is a Borel set.
 3.8 Explain the Borel measurability.
 3.9 If f and g are two measurable functions and c be a constant then 

prove that the function c f and f + g are measure.
 3.10 Prove that a real function which is continuous in an open interval 

is measurable.
 3.11 State and Prove F. Riesz Theorem.
 3.12 State and Prove Egoroff’s Theorem.
 3.13 State and Prove Lusin’s Theorem.
 3.14 Show that a continuous function defined in a closed internal is 

measurable. 
 3.15 To prove that the limit of a convergent sequence of measurable 

function is measurable. 
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Lebesgue Integral

Lebesgue integration theory is one of the most attainments of modern 
mathematics. It has a great importance in real analysis and in many 
other fields of the mathematical sciences, and is named after the Henri 
Lebesgue who introduced this integral in 1904. The term “Lebesgue 
integration” introduced by Lebesgue for the specific case of integration 
of a function defined on a sub-domain of the real line with respect 
to Lebesgue measure. In Riemann integral usually proved that if the 
sequence of integrable functions is uniformly convergent, then its limit 
function is integrable and the integral of this limit function is equal to the 
limit of the integrals. Otherwise, a sequence of functions integrable in the 
Riemann sense that is not uniformly convergent may have a limit function 
that is not integrable in the Riemann sense, even if the functions are 
uniformly bounded. In the theory of the Lebesgue integral, the theorem 
on the integration of sequences permits of expression in a much stronger 
form, simpler and more suitable in applications, and furthermore it 
has a fundamental theoretical significance. Lebesgue integration is the 
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 Lebesgue Integral 

By a partition of [a, b] we mean a finite set of points x x x xn0 1 2, , , ,º  
where a x x x x bn= £ £ £ º £ =0 1 2 . The partition P consists of n + 1 
points clearly any number of partitions of [a, b] can be considered
[ , ], [ , ] [ , ] [ , ]x x x x x x x xi i n n0 1 1 2 1 1º º- - are the sub-interval of [a, b]. We 
shall use the same symbol D xi to denote the ith sub interval [ , ]x xi i-1 as 
also its length x xi i- -1. Thus D x x x i ni i= - = º-1 1 2( , , , ).

Let P is a measurable partition of [a, b] and p1 is any other measurable 
partition of [a, b] such that every component of partition p1  is contained 
in same components of P then P is called Refinement of p1.  Let 
P is the subset of [a, b] and f is a bounded function on [a, b] then 
M f E f x x E( : ) sup { ( ) : }.= Œ  Similarly, we have m f E f x x E( : ) inf { ( ) : }.= Œ

When the two integrals are equal, i.e., f x dx f x dx f x dx
a

b

a

b

a

b

( ) ( ) ( ) .= = ÚÚÚ
 

We 

say the f is Riemann integrable (or simply integrable) over [a, b] and 
the common value of these integrals is called the Riemann integral of f 
over [a, b]. This implies f  is integrable over [a, b] we express by writing 

f R a bŒ [ , ] or R simply, m b a f dx M b a b a
a

b
, ( ) ( ), .- £ £ - ≥Ú

Obviously, w f P U f P L f P( , ) ( , ) ( , )= -  = -Â( )M m Sr r r
Hence, U L P U f P( , ) ( , ).£

Note: 
 (1) If f1 and f2 are two bounded and integrable function on [a, b] then 

f f f= +1 2 is also integrable on [a, b] and f dx f dx f dx
a

b

a

b

a

b

Ú Ú Ú= +1 2 .

 (2) If f1 and f2 are two bounded and integrable function on [a, b] then 

f f f= -1 2  is also integrable on [a, b] and f dx f dx f dx
a

b

a

b

a

b
= -Ú ÚÚ 1 2 .

 (3) (i) If a bounded function f is integrable on [a, b] then it is also 
integrable on [a, b] and [c, b], where c is a point of [a, b]. (ii) Conversely 
if f is bounded and integrable on [a, c], [c, b] then it is also integrable 

on [a, b]. (iii) Also in either case f dx f dx f dx a c b
a

b

c

b

a

c
= + £ £Ú ÚÚ , .

 (4) The oscillation of a bounded function f on an interval [a, b] is the 
supremum of the set f x f x x x a b( ) ( ) : , [ , ]1 2 1 2- Œ{ } of numbers. 
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 Measure Theory and Integration

 (5) If f1, f2 are two bounded and integrable function on [a, b] and there 
exists a number l > 0 such that f x2( ) ≥ l , for all x  in [a, b] then 
f f1 2/  is bounded and integrable on [a, b]. 

 (6) If f is integrable on [a, b] then f 2 is also integrable on [a, b].
 (7) Every continuous function is integrable. 
 (8) If a function f is monotonic on [a, b] then it is integrable on [a, b].
 (9) A bounded function f, having a finite number of point of 

discontinuity on [a, b] is integrable on [a, b].
 (10) A bounded function f is integrable on [a, b] if the set of its points 

of discontinuity has only a finite number of limit points. 

The classical definition of an integral, given first by Cauchy and later 
developed by Riemann, runs as follows: 

Let F be a bounded real valued function defined on the interval [a,  b] 
and let P a x x x x bn= = < < < º < ={ }0 1 2 be a partition (or Subdivision) 
of [a, b], where f is bounded on each subinterval corresponding to each 
partition P. 

Let Mi, mi be the bounds (supremum and infimum) of f in D xi.
From the two sums, we have

S P U P f M x x x Mi i
i

n

i i
i

n

i( ) ( , ) ( )= = = -
=

-
=

Â ÂD
1

1
1

                     = + + º +M x M x M xn n1 1 2 2D D D

and S P L P f m x x x mi i
i

n

i i
i

n

i( ) ( , ) ( )= = = -
=

-
=

Â ÂD
1

1
1

                           = + + º +m x m x m xn n1 1 2 2D D D

respectively called the upper and the lower (Darboux) sums of f 
corresponding to the partition P. 
where M f x x x xi i i= Œ -sup { ( ) : ] , ]}1  and m f x x x xi i i= Œ -inf { ( ) : ] , ]}1 for 
i n= º1 2, , , .

If M, m are the bounds of f in [a, b], we have m m M Mi i£ £ £

fi m x m x M x M xi i i i i iD D D D£ £ £
Putting i n= º1 2, ,  and adding all the inequalities, we get

m x x m x M x M x xn i i
i

n

i i
i

n

n( ) ( )- £ £ £ -
= =
Â Â0

1 1
0D D  

fi            m b a L P f U p f M b a b a( ) ( , ) ( , ) ( ),- £ £ £ - ≥  (4.1)

Now each partition gives rise to a pair of sums the upper and the 
lower sums by considering all portions of [a, b], we get a set U of upper 
sums and a set L of lower sums Eqn. (4.1) show that the both of these 
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Now each partition gives rise to a pair of sums the upper and the 
lower sums by considering all portions of [a, b], we get a set U of upper 
sums and a set L of lower sums Eqn. (4.1) show that the both of these 
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Theorem 4.1: If f is a bounded function defined on [a, b] and f is a 
Riemann–integrable on [a, b] then to show that f is also Lebesgue integral 

on [a, b], i.e., L f R f
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Proof:  Let P is the measurable function of [a, b] in the sense of 
Lebesgue and s is subdivision of [a, b] in the sense of Riemann, i.e., 
P S S Sn= º{ , , , }1 2  ands = º{ , , , }.x x xn1 2

Since the set of number of U f P( : ) is a super set of the set of number 
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By Eqns. (4.2) and (4.3), we have
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By Eqns. (4.4) and (4.5), we have 
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Hence f, which is Riemann integral, is Lebesgue integral. 

If f is a bounded measurable real valued function such that f x a b( ) [ , ]Œ
over a measurable set E then a m E f x dx b m E

E
◊ £ £ ◊Ú( ) ( ) ( ).
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Let P be the measurable partition P E E E En= º[ , , , , ]0 1 2
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Now we shall see four theorems about how the Lebesgue integral 
behaves with respect to limit operations. The properties revealed in these 
theorems are what distinguish the Lebesgue integral from competitor 
integrals.

Let { }fn is a sequence of bounded measurable functions defined
on a set E of a finite measure if $ a real number M such that 
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f x M n N x En( ) , .£ " Œ " Œ  
Let { }fn  converges in measure to a measurable 

function f on the set E then show that 

lim ( ) lim ( ) ( )
n

nE n
nE E

f x dx f x dx f x dx
Æ• Æ•Ú Ú Ú= =

Proof:  Since fn is bounded and measurable function on a set E
fi  it is integrable on a set E.
Also it is given { }fn  converges in measure 

fi                m E f fn - ≥ÈÎ ˘̊ =d 0,  where d > 0  (4.8)

fi                 f M x Nn £ " Œ,

fi                 f x M x En( ) ,£ " Œ

fi                 f x( ) is bounded and measurable on a set E therefore it 
is integrable on E. 

Let a = 0. Now we make two set

E E f fn n= - ≥( )l

and                              ¢ = - <( )E E f fn n l

fi                         E En n« ¢ = f  and E E En n= » ¢

From Eqn. (4.8), we have m En( ) = 0   (4.9)
Then we come to the property by countable additive property of the 

integral 
  f f f f f fn nEE nEn n

- = - + -ÚÚ Ú ¢
 (4.10)

                        f f x En n- < " Œ ¢l

Then by mean value theorem, we have 

                   f f m EnE n
n

- < ¢
¢Ú l ( )

fi                f f m EnEn
- <

¢Ú l ( )   (4.11)

Choose l in such a way such that 

                       l m E( ) /< Œ 2

fi                 f fnE
- < ŒÚ /2   (4.12)

Also f f f fn n- £ + £ +M M      (because each function is bounded) 

fi     f f Mn - £ 2

By mean value theorem on the set En

   
E n nf f M m EÚ - < 2 ( )
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From Eqn. (4.9), we have

fi                          m E Mn( ) /- < Œ0 4

fi                          f f M
MnE

- < ¥ Œ
Ú 2

4

fi                           f fnE
- £ ŒÚ /2   (4.13)

From Eqns. (4.10), (4.12) and (4.13), we have

fi                          f fnE
- = Œ + ŒÚ / /2 2

fi                          f f f fnE nE
-( ) £ - < ŒÚ Ú

fi                         lim
n

nE
f f

Æ•
- =Ú 0

fi                         lim ( ) ( )
n

n EE
f x dx f x dx

Æ•
- =ÚÚ 0

fi                         lim ( ) ( )
n

n EE
f x dx f x dx

Æ•
= ÚÚ

Let { }fn is a sequence of measurable functions defined over a measurable 
set E such that f x x x E n Nn( ) ( ) ,< " Œ " Œy
where y is integrable over E and the sequence { }fn  converges in measure 
to a measurable function f on E then prove that f x dx f x dx

n
nEE

( ) lim ( )=
Æ• ÚÚ

Proof: It is given { }fn be a sequence of measurable function over a 
measurable set E. Let y be integrable over E such that 

  f x x x E n Nn( ) ( )< " Œ Œy and  (4.14)

fi                   f xn( )  is bounded " n

Also f xn( ) is given to be measurable. Therefore { }fn  is a sequence of 
bounded measurable function over E fi { }fn  is Lebesgue integrable 
over E.

Also it is given { }fn  is converge in measure to a measurable function 
f over E such that 

  lim
n

nm E f f E
Æ•

- ≥( )ÈÎ ˘̊ = 0, " Œ> 0  (4.15)

Now to show that lim ( ) ( )
n

n EE
f x dx f x dx

Æ•
= ÚÚ

From Eqns. (4.14) and (4.15), we have f x x( ) ( )< y  (4.16)
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fi                      y ( )x  is integrable over E.

Using Eqn. (4.16), we have f x( ) is integrable over E fi ( )f fn -  is 
integrable over E.

Let d > 0 be an arbitrary and suppose that 

           E E f fn n= - ≥( )d  and ¢ = - <( )E E f fn n d

Then E E E E En n n n= » ¢ « ¢ =, f

fi                   lim ( )
n

nm E
Æ•

= 0   (4.17)

By countable additively property of the integral 

  f f dx f f dx f f dxnE n nEE nn
- = - + -Ú ÚÚ ¢

 (4.18)

We have f fn - < d , " Œ ¢x En

Using first mean value theorem, we get 

f f dx m E m En nEn
- < ◊ ¢ £

¢Ú d d( ) ( )

i.e.,                     f f dx m EnEn
- < ◊

¢Ú d ( )   (4.19)

Take Œ> 0 and choose d  such that d ◊ < Œm E( ) /2

Eqn. (4.19) becomes f f dxnEn
- < Œ

¢Ú /2   (4.20)

Now d is fixed, so we have 

f f f fn n- £ +

                                               < + =y y y2

fi                                 f fn - < 2y , " Œx E

On integrating, we get 

                            
E n En n

f f dx x dxÚ Ú- < 2 y ( )  (4.21)

∵                                       f x En < " Œy ,

Also it is given y ( )x ≥ 0  fi y y( ) ( )x dx x dx
E En n

Ú Ú=

From Eqn. (4.21), we have 

  f f dx x dxn EE nn
- < ÚÚ 2 y ( )  (4.22)

Using Eqn. (4.18), given h > $ Œ0 0, n N such that
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fi m En( ) < h

\ m En( ) ≥ 0  fi y ( ) /x dx
En

Ú < Œ 4   (4.23)

Because we know that by absolute continuity of the integral which is 
as if f be integrable over a measurable set E and let { }En be a sequence 
of subset of E such that 

lim ( )
n

nm E
Æ•

= 0  then lim ( )
n E

f x dx
nÆ• Ú = 0

or                   f x dx
En

( )Ú < Œ, n n≥ 0 whenever m En( ) < d

Now from Eqns. (4.22) and (4.23), we have

  f f dxnEn
- < ŒÚ /2  (4.24)

From Eqn. (4.18), using Eqns. (4.20) and (4.24), we have

                            f f dxnE
- < Œ + Œ = ŒÚ / /2 2

or                          f f dxnE
- < ŒÚ  for n n≥ 0

                            ( )f f dx f f dxn nE
- £ - < ŒÚ Ú

or                         ( ) ,f f dxn - < ŒÚ  " ≥n n0

fi                        lim ( )
n

nE
f f dx

Æ•
- =Ú 0

or lim ( ) ( )
n

n EE
f x dx f x dx

Æ•
- =ÚÚ 0.

Hence, lim ( ) ( )
n

n EE
f x dx f x dx

Æ•
= ÚÚ .

Let { }fn be a non-decreasing sequence of integrable functions defined 
over a measurable set E and lim ( )

n
nf f x

Æ•
= is integrable over E then 

lim ( ) lim ( ) ( ) .
n

nE n
nE E

f x dx f x dx f x dx
Æ• Æ•Ú Ú Ú= =

Proof: Let { }fn be a non-decreasing sequence of integrable functions 
defined over a measurable set E.

fi                               f f f fn1 2 3£ £ £ º £ £ º

fi                               f fn - ≥1 0,  " Œn N
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Hence, theorem is also known as Lebesgue’s monotonic convergence 
theorem.
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Proof: Let { }fn  be a sequence of non-negative integrable function defined 
over a measurable set E such that 
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Theorem 4.2: Let { }fn  is a sequence of integrable functions which 
converges in mean to a function f then show that { }fn converges to f in 
measure. 
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fi                                f f x En n- ≥ " Œd ,

Then by first mean value theorem, we have 

                              f f m EnEn
- ≥Ú d ( )   (4.29)

Also it is given { }fn converges to f in mean to function f if

                              lim
n

nE
f f dx

nÆ•
- =Ú 0   (4.30)

From Eqns. (4.29) and (4.30), we have

                              lim ( )
n

nm E
Æ•

◊ =d 0   since d > 0

fi                             lim ( )
n

nm E
Æ•

◊ = 0

Hence, { }fn  converges to f in measure. 

Theorem 4.3: Suppose f is measurable on a measurable set E. To prove 

that f is integrable if f  is integrable that f f
E EÚ Ú£ .

Proof:
 (I) Let f be a measurable function on a measurable set E. Suppose f is 

Lebesgue integrable over E. Then its positive and negative parts 
f+ and f- are also Lebesgue integrable over E. 

  But f f f= ++ -, this means that f  is Lebesgue integrable over E. 

 (II) Let f be a measurable function on a measurable set E such that f
is Lebesgue integrable over E. Then f

EÚ < •

  Since 0 £ £ " Œ+f x f x x E( ) ( ) ,

  Hence, f x dx f x dx
EE + £ < •ÚÚ ( ) ( )

            f x dx
E +Ú < •( )

  fi f+  is Lebesgue integrable. 

  Similarly, we can prove that f-  is Lebesgue integrable. But 
f f f= ++ -

  Hence, f is Lebesgue integrable on E. 

 (III) Let f x( ) ≥ 0 on E1 and f x( ) < 0 on E2.

  Then E E1 2« = f and E E E= »1 2.
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Using first mean value theorem 

e m E f x dx e m E
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Problem 4.3: Using Lebesgue dominated convergence theorem to evalu-

ate the following integral: lim ( ) ,
n

nf x dx
Æ• Ú0

1
 where f x

n

n x
xn( ) , ,

/

=
+

£ £
3 2

2 21
0 1  

n = 1, 2, 3, ….

Solution: Given that f x
n

n x
x nn( ) , , , , ,

/

=
+

£ £ = º
3 2

2 21
0 1 1 2 3

It can be written as f x
x

n x

n x n
xn( ) ( )

/

=
+

£ =1
1

13 2 2

2 2 y  (say)

fi                          f x xn( ) ( ).£ y

Also y ( )x  is integrable in [a, b]. Hence by Lebesgue dominated 
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 = ◊ Ê
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Problem 4.4: Show that the theorem of bounded convergence is 
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 4.10 If f x dx
E

( ) =Ú 0 for every measurable subset E of a measurable set 

A, show that f (x) = 0 almost everywhere on A.
 4.11 Show that a function which is Lebesgue integrable is not necessarily 

to Riemann integrable.
 4.12 Let f be a function defined on the interval [a, b] such that

f x
x

x
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=
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if is rational
if is irrational

  Is f integrable in Riemann sense? Is f integrable in the Lebesgue 
sense? 

 4.13 Give an example of a function which is not integrable in the sense 
of lebesgue. 
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Differentiation and 
Integration

In this chapter we shall discuss the Lebesgue theorem on differentiability 
of monotonic functions to a larger class of functions (class of functions 
of bounded variation), integration and differentiation functions of the 
finite variation. Functions of bounded variation are important not only 
in differentiation but also the in the study of function analysis, Fourier 
series, complex analysis, etc. 

The chapter begins with a preliminary discussion of continuous 
functions, absolute continuous function, differentiable, monotonic 
function, function of bounded variation, Lipschitz condition, cover in 
the sense of Vitali, Vitali’s Lemma, Lebesgue point and Lebesgue set and 
Fundamental Theorem of Integral Calculus.

Before discussing the differentiation and integration, we shall discuss 
certain necessary preliminaries.

A real valued function f x( )  is said to be continuous at x0 if given Œ> 0,
there existsd > 0 such that f x f x( ) ( )- < Œ0  

whenever x x- <0 d .

Let f be a finite real valued function defined over a closed interval [a, b] 

such that given Œ> $ >0 0, d such that f b f ar r
r

n

( ) ( )-ÈÎ ˘̊ < Œ
=
Â

1
whenever 
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( ) ,b ar r
r

- <
=
Â

1

d where a b a b a bn n1 1 2 2< £ < £ º £ <  without altering the 

sense of definition, we replace the condition [ ( ) ( )]f b f ar r
r

n

- < Œ
=
Â

1  
by the 

stronger condition f b f ar r
r

n

( ) ( ) .- < Œ
=
Â

1

Then the function f x( ) is said to 

be absolutely continuous in the interval [a, b]. 

If f x( )  be a continuous function, then F x f t dt F a
a

x
( ) ( ) ( )= +Ú is said to be 

differentiable, where F a( ) being any finite constant. 

Let f be a real valued function defined on [a, b]. Then f is monotonic 
increasing on [a, b], if x y f x f y< fi £( ) ( ).  Also f is monotonic 
decreasing on [a, b], if x y f x f y> fi ≥( ) ( ).

Increasing and decreasing function are known as monotonic functions. 

A real valued function f : [a, b] Æ R is said to be of bounded variation if 

there is a constant c such that f x f x ck k
k

n

( ) ( )- £-
=
Â 1

1

hold for any position 

a x x x x bn= < < º < =0 1 2 . The total variation V
a

b

 of f on [a, b] is

 V f f x f x a x x x x b
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b

k k n
k

n

( ) sup ( ) ( ) := - = < < º < =
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Ì
Ô

ÓÔ

¸
˝
Ô
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-
=
Â 1 0 1 2

1

where the supremum is taken over all partitions of [a, b].

Note:
 1. A real valued function f is said to be of bounded variation 

in a closed interval [a, b] if and only if it can be expressed as 
f x x x x a b( ) ( ) ( ), [ , ]= - " Œf y  where f ( )x and y ( )x are monotonic 

functions. 
 2. If f is a monotonic function on [a, b], then f is bounded variation 

and V f f b f a
a

b
( ) ( ) ( ) .= -

 3. If P1 and P2 are two partition and P P1 2Ã  fi V f P V f P
a

b

a

b
( : ) ( : )1 2£

 4. If a b c< <  then V f V f
a

b

a

c
< .

 Measure Theory and Integration

( ) ,b ar r
r

- <
=
Â

1

d where a b a b a bn n1 1 2 2< £ < £ º £ <  without altering the 

sense of definition, we replace the condition [ ( ) ( )]f b f ar r
r

n

- < Œ
=
Â

1  
by the 

stronger condition f b f ar r
r

n

( ) ( ) .- < Œ
=
Â

1

Then the function f x( ) is said to 

be absolutely continuous in the interval [a, b]. 

If f x( )  be a continuous function, then F x f t dt F a
a

x
( ) ( ) ( )= +Ú is said to be 

differentiable, where F a( ) being any finite constant. 

Let f be a real valued function defined on [a, b]. Then f is monotonic 
increasing on [a, b], if x y f x f y< fi £( ) ( ).  Also f is monotonic 
decreasing on [a, b], if x y f x f y> fi ≥( ) ( ).

Increasing and decreasing function are known as monotonic functions. 

A real valued function f : [a, b] Æ R is said to be of bounded variation if 

there is a constant c such that f x f x ck k
k

n

( ) ( )- £-
=
Â 1

1

hold for any position 

a x x x x bn= < < º < =0 1 2 . The total variation V
a

b

 of f on [a, b] is

 V f f x f x a x x x x b
a

b

k k n
k

n

( ) sup ( ) ( ) := - = < < º < =
Ï
Ì
Ô

ÓÔ

¸
˝
Ô
Ǫ̂

-
=
Â 1 0 1 2

1

where the supremum is taken over all partitions of [a, b].

Note:
 1. A real valued function f is said to be of bounded variation 

in a closed interval [a, b] if and only if it can be expressed as 
f x x x x a b( ) ( ) ( ), [ , ]= - " Œf y  where f ( )x and y ( )x are monotonic 

functions. 
 2. If f is a monotonic function on [a, b], then f is bounded variation 

and V f f b f a
a

b
( ) ( ) ( ) .= -

 3. If P1 and P2 are two partition and P P1 2Ã  fi V f P V f P
a

b

a

b
( : ) ( : )1 2£

 4. If a b c< <  then V f V f
a

b

a

c
< .

 Measure Theory and Integration

( ) ,b ar r
r

- <
=
Â

1

d where a b a b a bn n1 1 2 2< £ < £ º £ <  without altering the 

sense of definition, we replace the condition [ ( ) ( )]f b f ar r
r

n

- < Œ
=
Â

1  
by the 

stronger condition f b f ar r
r

n

( ) ( ) .- < Œ
=
Â

1

Then the function f x( ) is said to 

be absolutely continuous in the interval [a, b]. 

If f x( )  be a continuous function, then F x f t dt F a
a

x
( ) ( ) ( )= +Ú is said to be 

differentiable, where F a( ) being any finite constant. 

Let f be a real valued function defined on [a, b]. Then f is monotonic 
increasing on [a, b], if x y f x f y< fi £( ) ( ).  Also f is monotonic 
decreasing on [a, b], if x y f x f y> fi ≥( ) ( ).

Increasing and decreasing function are known as monotonic functions. 

A real valued function f : [a, b] Æ R is said to be of bounded variation if 

there is a constant c such that f x f x ck k
k

n

( ) ( )- £-
=
Â 1

1

hold for any position 

a x x x x bn= < < º < =0 1 2 . The total variation V
a

b

 of f on [a, b] is

 V f f x f x a x x x x b
a

b

k k n
k

n

( ) sup ( ) ( ) := - = < < º < =
Ï
Ì
Ô

ÓÔ

¸
˝
Ô
Ǫ̂

-
=
Â 1 0 1 2

1

where the supremum is taken over all partitions of [a, b].

Note:
 1. A real valued function f is said to be of bounded variation 

in a closed interval [a, b] if and only if it can be expressed as 
f x x x x a b( ) ( ) ( ), [ , ]= - " Œf y  where f ( )x and y ( )x are monotonic 

functions. 
 2. If f is a monotonic function on [a, b], then f is bounded variation 

and V f f b f a
a

b
( ) ( ) ( ) .= -

 3. If P1 and P2 are two partition and P P1 2Ã  fi V f P V f P
a

b

a

b
( : ) ( : )1 2£

 4. If a b c< <  then V f V f
a

b

a

c
< .

 Measure Theory and Integration

( ) ,b ar r
r

- <
=
Â

1

d where a b a b a bn n1 1 2 2< £ < £ º £ <  without altering the 

sense of definition, we replace the condition [ ( ) ( )]f b f ar r
r

n

- < Œ
=
Â

1  
by the 

stronger condition f b f ar r
r

n

( ) ( ) .- < Œ
=
Â

1

Then the function f x( ) is said to 

be absolutely continuous in the interval [a, b]. 

If f x( )  be a continuous function, then F x f t dt F a
a

x
( ) ( ) ( )= +Ú is said to be 

differentiable, where F a( ) being any finite constant. 

Let f be a real valued function defined on [a, b]. Then f is monotonic 
increasing on [a, b], if x y f x f y< fi £( ) ( ).  Also f is monotonic 
decreasing on [a, b], if x y f x f y> fi ≥( ) ( ).

Increasing and decreasing function are known as monotonic functions. 

A real valued function f : [a, b] Æ R is said to be of bounded variation if 

there is a constant c such that f x f x ck k
k

n

( ) ( )- £-
=
Â 1

1

hold for any position 

a x x x x bn= < < º < =0 1 2 . The total variation V
a

b

 of f on [a, b] is

 V f f x f x a x x x x b
a

b

k k n
k

n

( ) sup ( ) ( ) := - = < < º < =
Ï
Ì
Ô

ÓÔ

¸
˝
Ô
Ǫ̂

-
=
Â 1 0 1 2

1

where the supremum is taken over all partitions of [a, b].

Note:
 1. A real valued function f is said to be of bounded variation 

in a closed interval [a, b] if and only if it can be expressed as 
f x x x x a b( ) ( ) ( ), [ , ]= - " Œf y  where f ( )x and y ( )x are monotonic 

functions. 
 2. If f is a monotonic function on [a, b], then f is bounded variation 

and V f f b f a
a

b
( ) ( ) ( ) .= -

 3. If P1 and P2 are two partition and P P1 2Ã  fi V f P V f P
a

b

a

b
( : ) ( : )1 2£

 4. If a b c< <  then V f V f
a

b

a

c
< .



 Differentiation and Integration 

A function f is said to satisfy Lipschitz condition if there exists a positive 
constant M such that f x f y M x y( ) ( ) .- £ -

Let E be a set and C be the collection of intervals. The set E is known 
as covered by C in the sense of Vitali if for every Œ > 0 and any x ŒE there 
exists an interval I in C such that x ŒI and m (I ) < Œ.

If E is a set of finite measure and C is a collection of intervals which cover 
E in the sense of Vitali, then for a given Œ> 0 there exists a finite, pairwise-

disjoint subclass { , , , }C C Cn1 2 0
º  of C such that m E C

n

n

n- »
Ê
ËÁ

ˆ
¯̃

< Œ
=1

0
.

If lim ( ) ( )
n x

x h

h
f t f x dt

Æ

+
- =Ú0

1
0, then x  is said to be a Lebesgue point of 

the function f t( ). The set of all lebesgue point in [a, b] of f is called the 
lebesgue set of the function f.

Theorem 5.1: A monotonic function on [a, b] has finite variation on [a, b]. 
or

A monotonic function defined on closed interval [a, b] is of bounded 
variation. 

Proof: Let f be an increasing function defined on the interval [a, b] so that 

f x f xr r( ) ( )£ +1  for x xr r< +1  
fi                          f x f xr r( ) ( )+ - ≥1 0   (5.1)

Now divide the closed interval [a, b] by means of points

 a x x x x bn= < < < º < =0 1 2

From Eqn. (1), we have f x f xr r( ) ( )+ - ≥1 0

or                                 f x f x f x f xr r r r( ) ( ) ( ) ( )+ +- = -1 1  (5.2)

∵ x xr r+ >1

Now we have V f x f xr r
r

n

= -+
=

-

Â ( ) ( )1
0

1

                          
= -+

=

-

Â { ( ) ( )}f x f xr r
r

n

1
0

1
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                        = -f x f xn( ) ( )0

                      V f b f a= -( ) ( ) = finite number 

Since f is monotonic fi f b f a( ), ( )  are finite number. 
fiV is a finite number independent of mode of subdivision. 
Hence f is bounded variation or V is finite or total variation is constant.

If f x( ) is continuous and if f x f t dt F a
a

b
( ) ( ) ( ).= +Ú  Then the theorem 

states that ¢ =F x f x( ) ( ) i.e., to say differentiation and integration are 
reverse processes. 

Proof: Let f x( ) is continuous and f x f t dt F a
a

b
( ) ( ) ( )= +Ú  

(5.3)
To show that ¢ =F x f x( ) ( ).
We prove this theorem by using elementary theory of integral calculus. 
From Eqn. (5.3), we have 
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Theorem 5.2: Prove that every absolutely continuous function is of 
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Hence, f is of bounded variation. 
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Proof:  Since F x( ) and G x( ) are integrable functions fi F G,  are absolutely 
continuous function on a closed interval [a, b] then we know that by a 
theorem that F, G are also absolutely continuous. 
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Here the closed interval [a, b] is divided by means of points 
a x x x x bn= < < < º < =0 1 2, .
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Making ŒÆ Æ0 0, h  we get 
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Theorem 5.6: If x  be a Lebesgue point of the function f, then prove that 

the indefinite integral F x f t dt F a
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x
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is differentiable at the point 
x  and ¢ =F x f x( ) ( ).

Proof: Let x  be a Lebesgue point of the function f t( )  so that 
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to be differentiable, where F a( ) being any finite constant. 
 ∑ Let f be a real valued function defined on [a, b]. Then f is monotonic 
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 5.3 A function f is said to satisfy Lipschitz condition if there exists a 

positive constant M such that 
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 5.4 If f is a monotonic function on [a, b], then f is bounded variation 

and V f
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 5.1 What is an Absolute continuous function?
 5.2 What do you mean by Monotonic functions?
 5.3 Explain the Lebesgue point and Lebesgue set. 
 5.4 Write the Lipschitz condition.
 5.5 State and prove Fundamental theorem of integral calculus.
 5.6 To show that a monotonic function defined on closed interval

[a, b] is of bounded variation. 
 5.7 Prove that if f is absolutely function, then ¢f x( ) exists almost 
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 5.9 Let x be a Lebesgue point of a function f (t). Then show that the 
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 5.10 Show that the indefinite integral is an absolutely continuous 
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Lp
 Spaces

This chapter discussed the spaces of p-th power of integrable functions. 
The class of measurable functions f (x) whose p-th power |f (x)|p (p  >  0) 

is integrable on the interval (a, b) will be denoted by Lp (a, b). If the 

interval of integration is known, we use briefly the symbol Lp . It is 

said that the sequence of functions fn of the class Lp (a, b) is mean 
convergent of order p to the function f if the distance between the 
functions fn and f tends to zero, or if the sequence {fn} tends to f, in the 
metric of the space under consideration. By the uniqueness of the limit 
function, the uniqueness of the function f (x) can be understood as a point 

in the space Lp  functions differing only on a set of measure 0 and are 
considered as the same point of the space. This chapter is devoted to the 

study of Lp,  conjugate number, convergent and Cauchy sequence. Metric 

and Normed space, Lp -space with properties, Riesz Holder Inequalities, 
Minkowski’s Inequality and Schwarz’s Inequality.

Before discussing the Lp -space, we shall discuss the certain necessary 
preliminaries.

Let p, q Œ R such that (i) p > 1 (ii) 
1 1

1
p q

+ =

Then q is known as conjugate of p. 

Note: If p = 2 then q = 2 fi 2 is self conjugate number.
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 Measure Theory and Integration

Suppose S is a subset of a complex vector space X, then S is called a 
convex set if x, y ŒS fi (1 − l) x + l y ŒS, " l Œ[0, 1]. Consider f : X Æ  R 
is a real valued function defined on a complex vector space X, then f is 
known as convex function if f ((1 − l) x + l y) £ (1 − l) f (x) + l f (y), "x, 
y ŒX, l Œ[0, 1]. In particular, if the equality holds if and only if x = y, 
then f is said to be strictly convex. For example: exponential, (− log) and 
p Æ pa with a ≥ 1, etc.

Let X be a non-empty set and d (x, y), "(x, y) ŒX is a distance function. 
A real valued function

d: X ¥ X Æ R which satisfies the following axioms:
 (i) d (x, y) ≥ 0, " x, y ŒX.
 (ii) d (x, y) = d (y, x), "x, y ŒX. (Symmetric property)
 (iii) d (x, y) £ d (x, z), + d (z, y), "x, y, z ŒX. (Triangular in equality)
 (iv) If x = y fi d (x, y) = 0.
 (v) If d (x, y) = 0  x π y.

Then d is said to be metric on X and the pair (X, d) is called a metric 
space. The real number d (x, y) is called the distance of x to y. The first 
axiom means that the distance between any two points x and y of X is 
a non-negative real number. The second axiom means that the distance 
does not depend on the order of the points x and y. The third axiom 
means that in the triangle, the sum of the length of two sides is greater 
than the length of the third side and equal sign shows that three points 
are in a straight line. The fourth axiom means that if the two points x 
and y are the same then the distance between x and y is equal to zero. 
The fifth axiom means that if the distance between two points x and y 
is equal to zero then the points x and y are the same.

Lp

The size of an element x is a real number denoted by ÁÁ x ÁÁ and is called 
norm (which is distance d(x, 0)) if satisfies the following properties.
 (i) ÁÁ x ÁÁ ≥ 0
 (ii) ÁÁ x ÁÁ = 0 if and only if x = 0
 (iii) ÁÁ kx ÁÁ = | k| ◊ ÁÁ x ÁÁ {\ ÁÁ −x ÁÁ = ÁÁ x ÁÁ}
 (iv) ÁÁ x + y ÁÁ £ ÁÁ x ÁÁ + ÁÁ y ÁÁ

Now we define a metric d for a set X with the help of norm as follows:
                       d (x, y) = ÁÁ x − y ÁÁ " x, y ŒX
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 Lp Spaces 

This metric is known as metric induced by the norm. Let f and g be 
two real bounded functions defined on the closed interval [0, 1]. Define 
the norms of f and g by

 f f x dx= Ú ( )
0

1

 and g g x dx= Ú ( )
0

1

The induced metric is defined by

                 d(f, g) = ÁÁ f − g ÁÁ = -Ú f x g x dx( ) ( )
0

1

The norm of any f L a bpŒ [ , ] is defined by f f
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˘
˚̇Ú
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If, p = 1 then f f f dx
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b

1
= = Ú ,

 
where (a, b) is finite or infinite 

interval. 
Let f x g x L a bp( ), ( ) [ , ]Œ  be arbitrary, we define d f g f g

p
( , ) = - .

Then d is called distance function or metric on L a bp [ , ] , d ( f, g) denoted 
the distance between the functions f(x) and g(x). 

Let < >fn  be a sequence of function belonging to a Lp -space. The 
sequence is said to be a converge in mean with index p if given Œ> 0,  
there exists n N0 Œ  such that m n n f x f xm n p

, ( ) ( )≥ fi - < Œ0
 
or if 

f x f x dx m nn m
p

( ) ( ) .- Æ Æ • Æ •Ú 0 as and

Let < >fn be a sequence of function belonging to a Lp -space. This 
sequence is said to be a fundamental sequence or Cauchy sequence if 
given Œ> $ Œ0 0, n N  such that m n n f fm n p

, ≥ fi - < Œ0 .

Note: Every convergent sequence in an Lp -space is a Cauchy sequence.

Lp

An Lp-space is said to be complete if every Cauchy sequence in the space 
is convergent at some point of the space, i.e., for every Cauchy sequence 
< >fn in the space, there is an element f in the space such that f fn Æ .  
A complete normal linear space is called Banach space. 
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L a bp [ , ]

Let f g L a bp, [ , ]Œ  then distance function d on L a bp[ , ]  is defined as 
d f g f g

p
( , ) = - .

Lp

The Lp  spaces are the spaces of p-power integrable functions and form 
an important class of examples of Banach spaces. Let E is measurable 
subset of R and 1 £ £ •p . A measurable function x on E is said to be 

p-integrable on E if the function x p is integrable on E. 
In particular x is 1-integrable on E if and only if it is integrable on E. 

A 2-integrable function is also called square integrable function. 

The set L Ep [ ] of all equivalence class of p-integrable function on E 

then we have x xp
p
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The family of all measurable function f(x) is Lp -space if f
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integrable over [a, b] for, i.e., f dx p
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Following are the properties of Lp-space: 

 (i) a aŒ Œ fi ŒR f L a b f L a bp pand [ , ] [ , ] .

 (ii) f g L a b f g L a bp p, [ , ] [ , ]Œ fi + Œ  where p ≥ 1.

Theorem 6.1: If f L a bpŒ [ , ] and g f£ then g L a bpŒ [ , ] .

Proof: Let a  is any positive real number

fi                          { [ , ] : ( ) }x a b g xŒ > a

                          = Œ < £{ [ , ] : ( ) ( )}x a b g x f xa

It is given g(x) £ f (x)

And also f L a bpŒ [ , ]

fi         f is measurable [a, b]
fi         { [ , ] : ( ) }x a b f xŒ £ a  is measurable 
fi         { [ , ] : ( ) }x a b g xŒ £ a is measurable { }g f£
fi         g x( )  is measurable function over [a, b]

Also we have
g x f x x a b( ) ( ), [ , ]£ " Œ
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Using Eqns. (6.18), (6.19) and (6.20), we have
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Proof:

Case 1: If p = 1 or • then the result is trival. 

Case 2: When p f g L a bp> Œ1, , ( , )if

Then f g L a bp+ Œ ( , )   (6.21)

Also we know that 
1 1

1
p q

+ = where q is conjugate to p since 

f g L a bp, ( , )Œ .

fi                             f g L a bp+ Œ ( , )

fi                             ( ) ( , )/f g L a bp q p+ Œ

Applying holder inequality for f and ( ) /f g p q+ , we have 

     f f g dx f dx f g dx
a

b p q p

a

b p
p q

a

b q

◊ + £ ( ) +( )Ú Ú Ú
/ /

/
/1 1

fi f f g dx f dx f g dx
a

b p q p

a

b p
p

a

b q

◊ + £ ( ) +( )Ú Ú Ú
/ / /1 1

 (6.22)

Since g L a bpŒ ( , ) and therefore interchanging f and g in the last 
inequality, we get 
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Case 1: If A f x= fi =0 0( )  are in (a, b) then L.H.S and R.H.S are zero 
result is trivial. 

Case 2: If A π 0 . Let a = B
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.

 Lp Spaces 

Let f g
p

+ is non zero finite. 

If f g
p

+ = 0  fi also result trivial. 

If f g
p

+ = •  then either f
p

= •
 
or g

p
= •.

Let f and g be Lebesgue integrable, i.e., f g L a b, ( , )Œ 2 , then f g L a bŒ ( , )
and f g f g£

2 2
.

Proof: It is a particular case of Holder inequality. 

Let x a bŒ( , )  be arbitrary then f x g x( ) ( )-ÈÎ ˘̊ ≥
2

0

fi 2 2 2
f x g x f x g x( ) ( ) ( ) ( )£ +

On integrating, we get 

              2 2 2
f x g x dx f x dx g x dx

a

b

a

b

a

b
( ) ( ) ( ) ( )Ú Ú Ú£ +  (6.27)

Since f g L a b f g, ( , )Œ fi ◊2  are integrable over (a, b)

 And f x dx g x dx
a

b

a

b
( ) , ( )2 2Ú Ú£ • < •   (6.28)

Using Eqn. (6.27), we have

fi                                f x g x dx
a

b
( ) ( )Ú < •

fi                                f g L a bŒ ( , )

We know that if f x( ) ≥ 0  fi f x dx
a

b
( ) ≥Ú 0

Let a ŒR is arbitrary then a f x g x( ) ( )+( ) ≥
2

0

fi                   
a

b
f x g xÚ +( ) ≥a ( ) ( )

2
0

fi                   a a2 2 22 0f x dx f x g x dx g x dx
a

b

a

b

a

b
( ) ( ) ( ) ( )+ + ≥ÚÚÚ

Put A f dx
a

b
= Ú 2 ,

 
B f g dx

a

b
= Ú2 , C g dx

a

b
= Ú 2

fi                        a a2 0A B C+ + ≥   (6.29)

Case 1: If A f x= fi =0 0( )  are in (a, b) then L.H.S and R.H.S are zero 
result is trivial. 

Case 2: If A π 0 . Let a = B
A2

.

 Lp Spaces 

Let f g
p

+ is non zero finite. 

If f g
p

+ = 0  fi also result trivial. 

If f g
p

+ = •  then either f
p

= •
 
or g

p
= •.

Let f and g be Lebesgue integrable, i.e., f g L a b, ( , )Œ 2 , then f g L a bŒ ( , )
and f g f g£

2 2
.

Proof: It is a particular case of Holder inequality. 

Let x a bŒ( , )  be arbitrary then f x g x( ) ( )-ÈÎ ˘̊ ≥
2

0

fi 2 2 2
f x g x f x g x( ) ( ) ( ) ( )£ +

On integrating, we get 

              2 2 2
f x g x dx f x dx g x dx

a

b

a

b

a

b
( ) ( ) ( ) ( )Ú Ú Ú£ +  (6.27)

Since f g L a b f g, ( , )Œ fi ◊2  are integrable over (a, b)

 And f x dx g x dx
a

b

a

b
( ) , ( )2 2Ú Ú£ • < •   (6.28)

Using Eqn. (6.27), we have

fi                                f x g x dx
a

b
( ) ( )Ú < •

fi                                f g L a bŒ ( , )

We know that if f x( ) ≥ 0  fi f x dx
a

b
( ) ≥Ú 0

Let a ŒR is arbitrary then a f x g x( ) ( )+( ) ≥
2

0

fi                   
a

b
f x g xÚ +( ) ≥a ( ) ( )

2
0

fi                   a a2 2 22 0f x dx f x g x dx g x dx
a

b

a

b

a

b
( ) ( ) ( ) ( )+ + ≥ÚÚÚ

Put A f dx
a

b
= Ú 2 ,

 
B f g dx

a

b
= Ú2 , C g dx

a

b
= Ú 2

fi                        a a2 0A B C+ + ≥   (6.29)

Case 1: If A f x= fi =0 0( )  are in (a, b) then L.H.S and R.H.S are zero 
result is trivial. 

Case 2: If A π 0 . Let a = B
A2

.

 Lp Spaces 

Let f g
p

+ is non zero finite. 

If f g
p

+ = 0  fi also result trivial. 

If f g
p

+ = •  then either f
p

= •
 
or g

p
= •.

Let f and g be Lebesgue integrable, i.e., f g L a b, ( , )Œ 2 , then f g L a bŒ ( , )
and f g f g£

2 2
.

Proof: It is a particular case of Holder inequality. 

Let x a bŒ( , )  be arbitrary then f x g x( ) ( )-ÈÎ ˘̊ ≥
2

0

fi 2 2 2
f x g x f x g x( ) ( ) ( ) ( )£ +

On integrating, we get 

              2 2 2
f x g x dx f x dx g x dx

a

b

a

b

a

b
( ) ( ) ( ) ( )Ú Ú Ú£ +  (6.27)

Since f g L a b f g, ( , )Œ fi ◊2  are integrable over (a, b)

 And f x dx g x dx
a

b

a

b
( ) , ( )2 2Ú Ú£ • < •   (6.28)

Using Eqn. (6.27), we have

fi                                f x g x dx
a

b
( ) ( )Ú < •

fi                                f g L a bŒ ( , )

We know that if f x( ) ≥ 0  fi f x dx
a

b
( ) ≥Ú 0

Let a ŒR is arbitrary then a f x g x( ) ( )+( ) ≥
2

0

fi                   
a

b
f x g xÚ +( ) ≥a ( ) ( )

2
0

fi                   a a2 2 22 0f x dx f x g x dx g x dx
a

b

a

b

a

b
( ) ( ) ( ) ( )+ + ≥ÚÚÚ

Put A f dx
a

b
= Ú 2 ,

 
B f g dx

a

b
= Ú2 , C g dx

a

b
= Ú 2

fi                        a a2 0A B C+ + ≥   (6.29)

Case 1: If A f x= fi =0 0( )  are in (a, b) then L.H.S and R.H.S are zero 
result is trivial. 

Case 2: If A π 0 . Let a = B
A2

.



 Measure Theory and Integration

Using Eqn. (6.29), we have

fi                       A
B
A

B
B
A

C-
Ê
ËÁ

ˆ
¯̃

+ -
Ê
ËÁ

ˆ
¯̃

+ ≥
2 2

0
2

fi                       B AC2 4£   (6.30)

Putting the value of A, B, C in Eqn. (6.30), we have

              
4 4

2
2 2

f g dx f dx g dx
a

b

a

b

a

b

Ú Ú ÚÈ
ÎÍ

˘
˚̇

£ È
ÎÍ

˘
˚̇

È
ÎÍ

˘
˚̇

or                 f g dx f dx g dx
a

b

a

b

a

b

Ú Ú Ú£ ( ) ( )2
1 2

2
1 2/ /

fi                        f g f g£
2 2

Note:                    f g f g dx f dx g dx
a

b

a

b

a

b

a

b

Ú Ú Ú Ú£ £ ( ) ( )2
1 2

2
1 2/ /

Theorem 6.4: Show that ( , )L dp  is a metric space.

Proof: To show that d is a metric, we will prove the following properties: 
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  Hence, Lp is a normed linear space. 

Problem 6.1: If f and g are square integrable in the Lebesgue sense then 
prove that f + g is also square integrable in the Lebesgue sense and 
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.
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By Schwarz’s inequality, we have 
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 ∑ The norm of any f L a bpŒ [ , ]  is defined by f f
p

p
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.

 ∑ Let < >fn  be a sequence of function belonging to a Lp -space. This 
sequence is said to be a Cauchy sequence if given Œ> $ Œ0 0, n N
such that m n n f fm n p

, ≥ fi - < Œ0 .
 ∑ A complete normal linear space is called Banach space. 

 ∑ Let f g L a bp, [ , ]Œ  then distance function d on L a bp [ , ] is defined as 
d f g f g

p
( , ) = - .

 ∑ The family of all measurable function f (x) is Lp -space if f
p is 

Lebesgue integrable over [a, b] for p > 0 i.e., f dx p
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 Measure Theory and Integration

 (c) less then p.
 (d) None of these.
 6.2 Let A and B are two positive real numbers and 0 1< <l then 

A B A Bl l l l1 1- £ + -( )  with equality when A = B.

 (a) A B A Bl l l l1 1- £ + -( )  with equality when A = B.
 (b) A B A Bl l l l1 1- ≥ + -( )  with equality when A = B.
 (c) A B A Bl l l l1 1- π + -( )  with equality when A = B.

 (d)  None of these.

 6.3 If f g L a b pp, ( , ),Œ ≥ 1 then (i)  f + g Œ Lp (a, b)  (ii) f g f g
p p p

+ £ +  .
 This is known as

 (a) Riesz Holder Inequality
 (b) Minkowski’s inequality
 (c) Schwarz’s inequality
 (d) None of these.

 6.1 The number 2 is self conjugate number. 

 6.2 If f L a b g L a bp pŒ Œ[ , ], [ , ] , then f g L a bp+ Œ [ , ].

 6.3 If f L a b ppŒ <[ , ], 1 then f L a bŒ [ , ].
 6.4 If f L a bpŒ [ , ] and g f≥  then g L a bpŒ [ , ].

 6.1 An Lp -space is said to be _______ if every Cauchy sequence in the 
space is convergent at some point of the space A. 

 6.2 Let f and g be Lebesgue integrable, i.e., f g L a b◊ Œ 2 ( , ), then 
f g L a bŒ ( , )  and f g f gº

2 2
.

 6.3 Let A and B are two positive real numbers and 0 1< <l then 
A B A Bl l l l1 1- £ + -( )  with equality when A _______ B.

 6.4 An Lp space is a _______ linear space.

 6.1 Write a short note on Norm.
 6.2 What do you mean by Lp-space?
 6.3 Explain the convergent and Cauchy sequence.
 6.4 State and prove Riesz Holder inequality
 6.5 State and prove Minkowski’s inequality
 6.6 State and prove Schwarz’s inequality.
 6.7 Define the space L2 [a, b]. Prove that it is a complete metric space.
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 Lp Spaces 

 6.8 If {fn} is a Cauchy sequence in Lp-space then prove that it has a 
limit.

 6.9 Prove that a convergent sequence {fn} in an Lp-space has a limit in 
Lp-space.

 6.10 To show that Lp-space are complete.

 6.1 (a) 6.2 (a) 6.3 (b)

 6.1 T 6.2 T 6.3 F 6.4 F

 6.1 complete 6.2 £
 6.3 = 6.4 normed
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Product and Signed Measures

The purpose of this chapter is to study the products of two measure 
spaces: product measures and signed measures. The limit function of 
a sequence of measurable functions that converges almost everywhere 
is a measurable function. In the preceding chapters that a measure 
is a non-negative function, if a measure is allowed to take both 
positive and negative values, then this idea leads to the consideration 
of signed measure. Fubini’s theorem and Tonelli’s theorem are also 
being discussed in details. Fubini’s theorem has a great importance in 
calculation of certain explicit integrals. Hahn Decomposition theorem, 
Radon-Nikodym theorem and Lebesgue Decomposition theorem are 
also be discussed in details.

Before discussing the product and signed measure, we shall discuss 
certain necessary preliminaries:

Let X and Y be any two sets. The Cartesian products of X and Y is the set 
of all ordered pairs (x, y) such that x ŒX and y ŒY, i.e., X ¥ Y = {(x, y): 
x ŒX, y ŒY} and Y ¥ X = {(y, x): y ŒY, x ŒX }.

If A is a subset of X and B is a subset of Y then A B X Y¥ Ã ¥  is known 
as a rectangular and A and B is called its sides. A rectangle is empty if 
and only if one of its sides is empty. 

If ( , )X M  and ( , )Y N  be any two measurable spaces then ( , )X Y M N¥ ¥  
is the Cartesian product of the given spaces. If A ŒM and B ŒN then the 
rectangle A B¥  is known as measurable. 
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 Product and Signed Measures 

Let ( , )X M and ( , )Y N  be two measurable spaces and E be any subset of 
the Cartesian product X ¥ Y and x ŒX, y ŒY then the sets E y x y Ex = Œ{ : ( , ) }  
and E x x y Ey = Œ{ : ( , ) } are called the section of E determined by x and 
y respectively. Since this section is determined by an element x and 
therefore Ex is called X-section and similarly Ey  is called Y-section. Every 
section of a measurable set is measurable. So E Ex yand are measurable 
sets. 

Let f be measurable function on E. We write f y f x yx ( ) ( , )= and
f x f x yy ( ) ( , )= . Then f xy ( ) and f yx ( ) are functions over the sets Ey and 
Ex  respectively. f fx yand

 
are known as X and Y-section of f respectively. 

Since every section of a measurable function is measurable and so fx and 
fy are measurable function. 

If g is an integrable function on X ¥ Y then the integral denoted by 
g x y d x y( , ) ( , )Ú p  or g x y d A B x y( , ) ( ) ( , )Ú ¥ is known as double integral 

of g, where p m l= ¥ . 

Consider ( , , )X M m  and ( , , )Y N l  are two s -finite measure spaces 
and E X yÃ ¥ . A set function p, defined for every set E in M ¥ N by 
p l m m l( ) ( ) ( ) ( ) ( )E E d x E d yx y= =Ú Ú  

is a s-finite measure such that 

p m l( ) ( ) ( )A B A B¥ = ◊  where A M B NŒ Œ, . 
Here p is a measure function which is referred to as product of m and 

l , i.e., p m l= ¥ .

Theorem 7.1: Let E be a measurable subset of X ¥ Y. Then E has a 
measure zero if and only if almost every X-section (or Y-section) has 
measure zero. 

Proof: Consider ( , , )X M m  and ( , , )Y N l  are two s-finite measure spaces 
and E X YÃ ¥ . If the function p, defined by p m l= ¥  than

                  p l m m l( ) ( ) ( ) ( ) ( )E E d x E d yx y= =Ú Ú  
(7.1)

Suppose if E has a measure zero, i.e., p ( )E = 0, than by equation (7.1), 
integrals are finite in (7.1). Therefore non-negative integrals must be 
zero almost everywhere l ( )Ex = 0  and m ( )Ey = 0 . Thus the X-section or 
Y-section has measure zero in almost everywhere. 

Conversely, if the X-section or Y-section has measure zero in almost 
everywhere, then by equation (7.1), we get p ( )E = 0  i.e., E has a measure 
zero.
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 Measure Theory and Integration

Suppose ( , , )X M m and ( , , )Y N l are two s-finite measure 
spaces. If g is a non-negative measurable function on X ¥ Y then 

g d g d d g d dÚ Ú Ú¥ = =( ) .m l m l l m

Proof: Consider ( , , )X M m and ( , , )Y N l are two s-finite measure spaces 
and if g is a non-negative measurable function on X ¥ Y then there exists 
an increasing sequence {gn} of non-negative simple function such that the 
sequence {gn} converges to g everywhere. 

Using the property of integrals, we have lim
n

ng d g d
Æ• Ú Ú= =p p 0. 

If f x g x y d yn n( ) ( , ) ( )= Ú l , then using the properties of sequence {gn}, 

follows that the {fn} is also a n increasing sequence of non-negative 
measurable functions which converges to f(x) for every x where 
f x g x y d y( ) ( , ) ( )= Ú l . 

Therefore f is a non-negative measurable function and 
lim
n

nf d f d
Æ• Ú Ú= =p p 0. Thus g d g d dÚ Ú¥ =( )m l l m. Similarly, we also 

show that g d g d dÚ Ú¥ =( )m l m l  where p m l= ¥ .

Suppose ( , , )X M m and ( , , )Y N l are two s-finite measure spaces. If g is an 
integrable function on X ¥ Y then almost every section of g is integrable. If 
g1 and g2 are defined by g x g x y d y1( ) ( , ) ( )= Ú l  and g x g x y d x2( ) ( , ) ( )= Ú m  
then g1 and g2 are integrable and g d g d g dÚ Ú Ú¥ = =( )m l m l1 2 .

Proof: Consider ( , , )X M m and ( , , )Y N l are two s-finite measure spaces 
and g is integrable function on X ¥ Y if and only if positive and negative 
parts of g are integrable. 

Using Tonelli’s theorem, if g is a non-negative measurable function 
than it is integrable. Therefore g1 and g2 are finite valued almost 
everywhere so the sections of g have required properties. Hence, 

g d g d g dÚ Ú Ú¥ = =( ) .m l m l1 2

Note: Other form of Fubini’s theorem, consider E a b c d= ¥[ , ] [ , ]. Let f be 
Lebesgue integrable over E. Then we have 

f x y dx dy f x y dy dx
E c

d

a

b
( , ) ( , )ÚÚ ÚÚ= È

ÎÍ
˘
˚̇

and

f x y dx dy f x y dx dy
E a

b

c

d
( , ) ( , )ÚÚ ÚÚ= È

ÎÍ
˘
˚̇
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Problem 7.1: Using Fubini’s theorem to show that 
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Now we have
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Therefore, from equations (7.2) and (7.3), we have 
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Consider A is a s-algebra of sub-sets of X . An extended real valued set 
function v  such that v A: [ , ]Æ - • •  is said to be a signed measure on a 
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set is zero. A set of measure zero may be a union of two measurable sets 
whose measures are not zero but are negative of each other. 

Two measures v1  and v2  are said to be mutually singular ( )v v1 2^  if 
there exist a measurable set A XÃ such that v A v X A1 20( ) ( )= = - .

Let v  be a signed measure on a measurable space ( , )X A . As a result 
of Jordan decomposition of v , we represent a pair ( , )v v1 2 of mutually 
singular measures v1 and v2 satisfying the condition v v v= -1 2 . For 
illustration, a pair of measures ( , )v v+ -

 cleared as above, is a Jordan 
decomposition of v. 

Suppose v1 and v2 are two measure functions defined on a space ( , )X A . 
The measure v1 is said to be an absolutely continuous with respect to v2 if 
and only if v A A A v A2 1 1 1 10 0( ) , ( ) .= " Œ fi =  It is denoted by v v2 1<< .  

Theorem 7.2: A union of any countable collection of positive subsets of 
X is positive. 

Proof: Consider { }An  is a sequence of positive sets in X. Suppose 

A Ai
i

=
=

•

1
∪ and B is any measurable subset of A. Suppose we have written 

B B A A A n Nn n n= « ¢ « ¢ « º « ¢ " Œ-1 1 , . Here dashes denote complement of 
respective sets with respect to X,. i.e., ¢ = -A X An n. 

We recognize that if a set is measurable then its complement is also 
measurable and also a countable intersection of measurable sets is 
measurable. These details lead to the finish that Bn is a measurable 
subset of the positive set An and thus v Bn( ) ≥ 0 , using the explanation of 
the positive set. From the construction of Bn  it is clear that sets Bn  are 

disjoint. Also B Bn n
n

=
=

•

1
∪ . Hence, v B v Bn

n

( ) ( )= ≥
=

•

1

0∪ . Therefore we have 

exposed that (i) A is measurable set. For An is a positive set fi An is a 

measurable set fi An
n=

•

1
∪ is measurable fi A  is measurable. (ii) " ÃB A  

such that B is measurable set fi ≥v B( ) 0 . 
Using the definition of positive set, this confirms that A is a positive 

set. 
Here we state the following theorem without proof:

 1. Every subset of a negative set is negative set and a countable union 
of negative sets is a negative set.
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 2. If E is a measurable set with finite negative measure, i.e., if 
- • < <v E( ) 0, then E contains a negative set A with the property 
v (A) > 0.

 3. If E is a measurable set of finite positive measure, i.e., 0 < < •v E( )  , 
then E contains a positive set A with v A( ) > 0.

Let v  be a signed measure on measurable space (X, A). Then there exists 
a positive set P and a negative set Q such that P Q P Q X« = » =f , .  

Proof: Consider A is an s-algebra of subsets of X and v is a signed 
measure on a measurable space (X, A). Since v consider almost one of the 
values •  and + •. Without failure of simplification we can understand 
that v does not take - •. Consider the family B of all negative subsets 
of X and let

  l = Œinf { ( ) : }v E E B  (7.4)
Then there exist a sequence { }En  in B such that lim ( )

n
nv E

Æ•
= l .

B is a family of negative sets fi { }En  is a sequence of negative sets

fi                  Ei
i=

•

1
∪  is a negative set, 

fi                  Q  is a negative set on taking Q = Ei
i=

•

1
∪ .

Thus Q is negative subset of X. Then, according to equation (7.4), 
v Q( ) .≥ l  Now we assume the subset Q En-  of Q .

\ Q Q E En n= - »( )
\ v Q v Q E v E v En n n( ) ( ) ( ) ( )= - + £

or v Q v E n Nn( ) ( ),£ " Œ  where E B n Nn Œ " Œ, .

In outlook of equation (7.4), these two particulars prove that v Q( ) £ l .
Therefore we have exposed that v Q( ) £ l and v Q( ) ≥ l .
This implies v Q( ) = l fi l > - •.
Now we have to prove that P X Q= -  is a positive subset of X. 
Consider the opposing. Then P is not positive and therefore P is 

negative. By the definition, for every measurable set E P v EÃ <, ( ) 0  . Now 
we have E is a measurable subset of X with negative measure. Making 
use of result: 

If E is a measurable set of finite negative measure, i.e., - • < <v E( ) 0  , 
then E contains a set A with v A( ) < 0, we obtain a negative set A EÃ
such that v A( ) < 0.

Since A and Q both are disjoint negative subsets of X and their union 
A Q»  is also negative. 
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We know that the every subset of a negative set is negative set and a 
countable union of negative sets is a negative set. 

Consequently, we have v A Q( )» ≥ l , by asset of (7.4)
But l l£ » = + = +( ) ( ) ( ) ( )A Q v A v Q v A .
or                  l l£ +v A( )
or             v A( ) ≥ 0.
Contrary to the fact that v A( ) < 0. 
Hence, our assumption is wrong, i.e., “P – is not positive” is wrong. 

So P is positive. Thus P X Q= -  is positive and Q is negative. 

\ X P Q P Q= » « =, f.

A decomposition of a measurable space X into two subsets P and Q 
such that X P Q P Q= » « =, ,f  where P and Q are positive and negative 
sets respectively relative to the signed measure v, is known as Hahn 
decomposition for the signed measure v. Also P and Q are called positive 
and negative components of X. 

Let ( , , )X A m  be a s-finite measure space. Let v  be a measure defined on 
A such that v  is absolutely continuous with respect to m . Then there exists 
a non-negative measurable function f such that v E f d E A

E
( ) ,= " ŒÚ m . 

The function f is unique in the sense that if g is any measurable function 
with this property, then g x f x( ) ( )=  almost everywhere in X with respect 
to m.

Proof: Suppose ( , , )X A m  is a s -finite measure space. To set up the 
existence of the function f, suppose that m  is finite. Since m  is finite this 
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 Measure Theory and Integration

fi m ( )E = 0  or v E( ) = • .

Thus m ( )E > 0  fi v E( ) = • .
Now define a non-negative function f X: [ , ]Æ - • •  by 

f x t T x Q x Xt( ) inf { : },= Œ Œ " Œ

Here we assume the normal convention that the infimum of any 
empty collection of real numbers is •. So we have f x x P( ) , .= " Œ0  To 
show that f is measurable. Suppose r RŒ  and q QŒ  are arbitrary. Then 
we have

S Q t qq t= » " <( : ) = Union of measurable set = measurable set 

Now using the definition of f states that 

{ : ( ) } { : }x X f x r S q Q q rqŒ £ = « Œ >such that

                 = intersection of measurable sets = measurable set. 
Thus { : ( ) }x X f x rŒ £ is measurable and so f is measurable. 
Next our intent is to demonstrate that v E f d E A

E
( ) ,= " ŒÚ m  . 

Consider m ( )E P« = 0. If m ( )E P« > 0, then v E P( )« = 0 . Also 
f d d

E PE
m m≥ = •

«ÚÚ . This implies f d
E

m = •Ú .  [For f x x P( ) = " Œ0 , 

hence f E: [ , ]Æ - • •  is not integrable]. Hence, v E f d
E

( ) .= Ú m

This establishes the equality in case m ( )E P« > 0 . Absolute continuity 
of v with respect to m  implies that v E P( )« = 0. Choose a positive integer 

n and set E x E
k

n
f x

k
nk = Œ - < £Ï

Ì
Ó

¸
˝
˛

: ( )
1

. For each rational number q
k
n

< , 

we have E x X f x n S Q t qk q tÃ Œ £ Ã = « " <{ : ( ) } { : } . Also Qt is a negative 

set for the signed measure v q- m and Ek  is a subset of Qt . So Ek is a 
negative set. This implies

     ( ) ( )v q Ek- £m 0  fi v E q Ek k( ) ( )£ m  fi v E
k
n

Ek k( ) ( )£ m  (7.5)

Alternatively, since E x X f x
k

n
Pk k nÃ Œ > -Ï

Ì
Ó

¸
˝
˛

Ã -: ( ) ( )/
1

1

and hence v
k

n
Ek- -Ê

ËÁ
ˆ
¯̃

È
ÎÍ

˘
˚̇

≥1
0m ( ) . For P k n( )/-1  is positive, 

This gives v E
k

n
Ek k( ) ( )≥ -Ê

ËÁ
ˆ
¯̃

1 m   (7.6)
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From equations (7.5) and (7.6), we have 
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As E is a disjoint union of sets E P« and Ek . Thus m ( ) ( )E P v E P« = = «0  .
It pursue from the countable additive property of integral that 
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Summing this over k, we have
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Since n is arbitrary and hence making n Æ • , we have
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E
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E
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Hence we complete the existence proof. 
Now to prove that the almost uniqueness of the function f : X Æ [–•, •}  .
Consider g X: [ , ]Æ - • • is any measurable function satisfying the 

condition v E g d E A
E

( ) = " ŒÚ m . For each n NŒ , suppose An = {x Œ X : f(x) 

– g(x) ≥ 1/n} Œ A and B x X g x f x n An = Œ - ≥ Œ{ : ( ) ( ) / }1  . Using definition 
of A f x g x n An n, ( ) ( ) /- ≥ 1 on . Using first mean value theorem, we get 
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or                    ( / ) ( )1 0n Anm £  or m ( )An £ 0

But m ( )An ≥ 0  is always true. 

\ m ( )An = 0 . Similarly we also have m ( )Bn = 0.

Suppose C x X f x g x A B
n

n n= Œ π = »
=

•
{ : ( ) ( )} ( )

1
∪ .

Then we have m m m( ) ( ) ( )C A Bn
n

n
n nn

= + = + =Â Â ÂÂ0 0 0 .

Then we have m ( )C = 0.
This implies f g=  almost everywhere on X with respect to m .
Precisely in a comparable way the theorem can be proved in case m

is s -infinite.

Suppose ( , , )X A m  is a s-finite measure space and v a s-finite measure 
defined on A. Then there exists two uniquely determined measures v0 
and v1 such that v v v v v= + ^ <<0 1 0 1, ,m m .

Proof: Suppose ( , , )X A m  is a s-finite measure space and assume l m= + v.
Since m  and v are s-finite implies that l  is s-finite. Obviously m l£ and 
v << l , where m l<<  place for “m is absolutely continuous with respect to 
l”. Using Radon-Nikodym theorem, we find the non-negative functions 
f g X, : [ , ]Æ - • •  such that m l l( ) , ( ) , .E f d v E g d E A

EE
= = " ŒÚÚ

Consider A x X f x B x X f x= Œ > = Œ ={ : ( ) ], { : ( ) }0 0 .

Then we have X A B A B= » « =, f . Also we have m l( )B f d
B

= =Ú 0 .

Now, define two functions v v A0 1, : [ , ]Æ • • by involving that 

      v E v E B v E v E B E A0 1( ) ( ), ( ) ( ),= « = « " Œ

Then v0 and v1 are measures on A and satisfy the condition v v v= +0 1.

v A v A B v v A0 00 0( ) ( ) ( ) , ( )= « = = =f or

Thus                 m ( ) ( ) ( )B = = = -0 0 0v A v X B

i.e.                    m ( ) ( )B v X B= = -0 0

This implies v0 is mutually singular to m  fi v0 ^ m .

Now to prove that v1 £ m. For this assume E AŒ is arbitrary such that 
m ( )E = 0.

Then f d E
E

l m= =Ú ( ) 0
 
or f d

E
l =Ú 0. Also f x x E( ) , .≥ " Œ0
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This implies f = 0  almost everywhere on E relative to l .
Since f > 0 on A E« and thus v E v E A1( ) ( )= «  (by definition of v1 )
                                         £ « =l ( )E A 0
\                                    v E1 0( ) £ . But v E1 0( ) ≥ .
Combining these two results, v E1 0( ) = .
Thus we have prove that m ( ) ( ) .E v E= fi =0 01  This implies v1 << m.
Now we have to prove that the uniqueness of v0 and v1. 
To proving that v0 and v1 are unique, consider ¢v0 and ¢v1 are measures 

such that v v v= ¢ + ¢0 1  and has the same property as that of the measure 
v0 and v1  respectively. Then we have v v v= +0 1  and v v v= ¢ + ¢0 1 are the 
two Lebesgue decomposition of v . So we have v v v v0 0 1 1- ¢ = ¢ - . Again 

¢ -v v0 1 is absolutely continuous and v v0 0- ¢  is singular relative to v. We 
have v v v v= ¢ = ¢0 1 1, . Hence v0 and v1 are unique. 

Problem 7.1: Let A and B be two measurable sets and v a signed measure 
such that A BÃ and v B( ) < • . Then prove that v A( ) < • .

Solution: It is given that A and B are two measurable set. So we assume
B B A A B A A= - + - « =( ) , ( ) .f  Thus v B v B A v A( ) ( ) ( )= - + .

If v B A( )- and v A( ) both are • , then v B( )  is • . If v B A( )-  or v A( )
is • , then again v B( )  is • . Given that v B( ) < • , i.e., v B( ) is finite. 
Hence, v B( ) will be finite if both v B A( )- or v A( ) both are finite. Hence, 
v A( ) = •. 

 ∑ The Cartesian products of X and Y is the set of all ordered pairs (x, y) 
such that x ŒX and y ŒY, i.e., X ¥ Y = {(x, y): x ŒX, y ŒY}.

 ∑ If A is a subset of X and B is a subset of Y then A B X Y¥ Ã ¥  is 
known as a rectangular and A and B is called its sides.

 ∑ Let ( , )X M  and ( , )Y N be two measurable spaces and E be any 
subset of the Cartesian product X ¥ Y and x ŒX, y ŒY then the sets 
E y x y Ex = Œ{ : ( , ) }  and E x x y Ey = Œ{ : ( , ) } are called the section of E 
determined by x and y respectively.

 ∑ Every section of a measurable function is measurable.
 ∑ Consider ( , , )X M m and ( , , )Y N l  are two s-finite measure spaces 

and E X yÃ ¥ .  A set function p, defined for every set E in M  ¥  N 

by p l m m l( ) ( ) ( ) ( ) ( )E E d x E d yx y= =Ú Ú  
is a s-finite measure such 

that  p m l( ) ( ) ( )A B A B¥ = ◊  where A M B NŒ Œ, . 
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 ∑ Let E be a measurable subset of X ¥ Y. Then E has a measure zero 
if and only if almost every X-section (or Y-section) has measure 
zero. 

 ∑ Suppose ( , , )X M m and ( , , )Y N l are two s-finite measure 
spaces. If g is a non-negative measurable function on X ¥ Y then 

g d g d d g d dÚ Ú Ú¥ = =( ) .m l m l l m

 ∑ Suppose ( , , )X M m and ( , , )Y N l are two s - finite measure spaces. 
If g is an integrable function on X ¥ Y then almost every section of 
g is integrable. If g1 and g2 are defined by g x g x y d y1( ) ( , ) ( )= Ú l  
and g x g x y d x2( ) ( , ) ( )= Ú m  then g1 and g2 are integrable and  

g d g d g dÚ Ú Ú¥ = =( ) .m l m l1 2

 ∑ A signed measure v is said to be finite if v A A A( ) , .1 1< • " Œ
 ∑ A measurable set E is a set of measure zero if and only if every 

measurable subset of it has v measure zero. The measure of every 
null set is zero.

 ∑ A set of measure zero may be a union of two measurable sets 
whose measures are not zero but are negative of each other. 

 ∑ Two measures v1  and v2  are said to be mutually singular ( )v v1 2^  
if there exist a measurable set A XÃ  such that v A v X A1 20( ) ( )= = -  . 

 ∑ Countable union of positive sets is positive and the countable 
union of negative sets is negative.

 ∑ Every subset of a negative set is negative set and a countable union 
of negative sets is a negative set.

 ∑ If E is a measurable set with finite negative measure, i.e., if 
- • < <v E( ) 0, then E contains a negative set A with the property 
v (A) < 0.

 ∑ If E is a measurable set of finite positive measure, i.e., 0 < < •v E( )  , 
then E contains a positive set A with v A( ) > 0.
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 7.1 The measure of every null set is 
 (a) 1
 (b) 0
 (c) •
 (d) None of these.
 7.2 Countable union of positive sets is  
 (a) Positive
 (b) Negative
 (c) may be both (a) and (b)
 (d) None of these.
 7.3 Let v be a signed measure on measurable space (X, A). Then 

there exists a positive set P and a negative set Q such that 
P Q P Q X« = » =f , .  This is known as 

 (a) Lebesgue decomposition theorem 
 (b) Hahn decomposition theorem
 (c) Randon-Nikodym theorem
 (d) None of these.

 7.1 If f is not integrable then Fubini’s theorem may be fail.
 7.2 Signed measure is not a measure in universal.
 7.3 Every subset of a negative set is negative set and a countable union 

of negative sets is a negative set.
 7.4 Countable union of negative sets is positive.

 7.1 Every measurable subset of a positive set is a _______ 
 7.2 If v is s -finite then it converse is _______ finite. 
 7.3 The decomposition v v v= +0 1  is called _______ of s -finite measure 

v with respect to s -finite measure m.

 7.1 What a short note on sections. 
 7.2 Define the product measure. 
 7.3 State and prove Tonelli’s theorem. 
 7.4 State and prove Fubini’s theorem. 
 7.5 State and prove Hahn decomposition theorem and the Jordan 

decomposition theorem for signed measures. 
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 7.6 State and prove Lebesgue decomposition theorem. 
 7.7 State and prove Radon-Nikodym theorem. 
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Sets

In this section we discussed some important theorems on set theory, 
which are following:

Theorem 1: Let A, B and C be any three sets, then

 (i) A (B C) = (A B) C
 (ii) A (B C) = (A B)  (A C)
 (iii) A  (B C) = (A  B) (A  C)
 (iv) A − (B C) = (A − B) (A − C) 
 (v) A − (B  C) = (A − B) (A − C)
 (vi) (A − C)  (B − C) = (A  B) − C
 (vii) A ¥ (B C) = (A ¥ B) (A ¥ C)

Proof:
 (i) Let x be any element of A (B C). Then we have

                    x ŒA (B C)

  ¤ x ŒA or x Œ(B C)

  ¤ x ŒA or (x ŒB or x ŒC)

  ¤ x ŒA or x ŒB or x ŒC

  ¤ (x ŒA or x ŒB) or x ŒC

  ¤ x Œ(A B) or x ŒC

  ¤ x Œ[(A B) C]

  Hence, A (B C) = (A B) C.
 (ii) Let x be any element of A (B C). Then we have
                                x Œ[A (B C)]

  ¤ x ŒA or x ŒB C

  ¤ x ŒA or (x ŒB and x ŒC)
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  ¤ (x ŒA or x ŒB) and (x ŒA or x ŒC)

  ¤ (x ŒA B) and (x ŒA C)

  ¤ x Œ[(A B) (A C)]

  Hence, A (B C) = (A B) (A C).
 (iii) Let x be any element of A (B C). Then we have

   x ŒA (B C)

 ¤ x ŒA and x ŒB C

 ¤ x ŒA and (x ŒB or x ŒC)

 ¤ (x ŒA and x ŒB) or (x ŒA and x ŒC)

 ¤ x Œ(A B) or x Œ(A C)

 ¤ x Œ[(A B) (A C)]

  Hence, A (B C) = (A B) (A C).
 (iv) Let x be any element of A − (B C). Then we have

                   x ŒA − (B C)

 ¤ x ŒA, x œ(B C)

 ¤ x ŒA, (x ŒB or Œ C)

 ¤ (x ŒA, x œB) and (x ŒA, x œC)

 ¤ x Œ(A − B) and x Œ (A − C)

 ¤ x Œ[(A − B) (A − C)]

  Thus, A − (B C) (A − B) (A − C) 
  and (A −B) (A − C) A − (B C)
  Hence, A − (B C) = (A − B) (A − C).
 (v) Let x be any element of A − (B C). Then we have

                   x ŒA − (B C)

 ¤ x ŒA, x œ (B C)

 ¤ x ŒA, x belongs either to B¢ or to C¢

 ¤ x ŒA, x ŒB¢ or x ŒA, x ŒC¢

 ¤ x ŒA − B or x ŒA − C

 ¤ x Œ(A − B) x (A − C)

  Thus, A − (B C)  (A − B) (A − C) 
  and (A − B) (A − C) A − (B C)
  Hence, A − (B C) = (A − B) (A − C).
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 ¤ x Œ(A B) − C

  Hence, (A − C) (B − C) = (A B) − C.

 (vii) First we have to prove 

  A ¥ (B C)  (A ¥ B) (A ¥ C)

  Let (a, b) be any element of A ¥ (B C). Then we have

   (a, b) A ¥ (B C)

 fi a A and b B C

 fi a A and (b B or b C)

 fi (a A and b B) or (a A and b C)

 fi (a, b) A ¥ B or (a, b) A ¥ C

 fi (a, b) (A ¥ B) (A ¥ C)

  Thus, A ¥ (B C) (A ¥ B) (A ¥ C) 
  Now we have to prove 

(A ¥ B) (A ¥ C)  A ¥ (B C)

Let (x, y) be any element of (A ¥ B) (A ¥ C). Then we have

  (x, y) (A ¥ B) (A ¥ C)

 fi (x, y) A ¥ B or (x, y) A ¥ C

 fi (x A and y B) or (x A and y C)

 fi  x A and ( y B or y C)

 fi (x, y) A ¥ (B C)

Thus, (A ¥ B) (A ¥ C) A ¥ (B C)
Hence, A ¥ (B C) = (A ¥ B) (A ¥ C).

Theorem 2: Let A and B be any two sets, then

 (i) A − B = A B¢

 (ii) (A − B) (B − A) = (A B) − (A B)

 (iii) B −A A¢
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 (iv) B − A¢= B A

 (v) A − B A

 (vi) (A − B) B = f. 

 (vii) (A B)¢ = A¢ B¢ 

 (viii) (A B)¢ = A¢ B¢

Proof: 
 (i) We have
     A − B = {x : x ŒA, x œB}
                                            = {x : x ŒA, x ŒB¢}
                                                   = {x : x Œ(A B¢)}
  Hence, A − B = A B¢
 (ii) Let x be any element of (A − B) (B − A). Then we have

   x Œ(A − B) (B − A)
  ¤ x Œ(A − B) or x Œ(B − A)
  ¤ (x ŒA or x œB) or (x ŒB, x œA)
  ¤ (x ŒA or x ŒB) but x does not belong to both A and B
  ¤ x Œ(A B) but x œ (A B)
  ¤ x Œ(A B) − (A B)
  Thus (A − B) (B − A) (A B) − (A B) 
  and  (A B) − (A B) (A − B) (B − A)
  Hence, (A − B) (B − A) = (A B) − (A B).
 (iii) Let x be any element of B – A. Then we have
               x ŒB – A
  fi  x ŒB, x œA
  fi  x ŒB, x Œ A’
  i.e., each element of B – A belongs to A’.
  Hence, B − A A¢.
 (iv) Let x be any element of B – A’. Then we have

                B −A¢= {x : x ŒB, x œA¢}

           = {x : x ŒB, x ŒA}

                  = {x : x ŒB  A}

           = B A

  Hence, B −A¢ = B A.

 (v) Using definition of difference, we know that the all the elements 
of A – B are the elements of A. So, we have A − B A.

  Hence, A − B A.
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 Appendix: Sets 

 (vi) Let x be any element of (A − B) B. Then we have

    (A − B) B = {x : x  ŒA − B and x  ŒB}
                                             = {x : x  ŒA, x  œB and x  ŒB}

  Here, there is no element in A which belongs to B and also does 
not belong to B.

  Hence, (A −B) B= .
 (vii) Let x be any element of (A B)¢. Then we have

             x  Œ(A B)¢

   ¤ x  œ A B

   ¤ x  œA and x  œB

   ¤ x  ŒA¢ and x ŒB¢

   ¤ x Œ(A¢ B¢)

  Thus, (A B)¢  (A¢ B¢)
   and (A¢ B¢) (A B)¢
  Hence, (A B)¢ = A¢ B¢.
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  ¤ x Œ(A¢ B¢)

  Thus, (A B)¢ (A¢ B¢) and (A¢ B¢) (A B)¢

  Hence, (A B)¢ = A¢ B¢

Theorem 3: Let A and B be any two sets such that A B. Then

 (i) A B = A (ii) A B = B (iii) B¢ A¢

Proof:
 (i) It is given that A B. Then we have, 
  A B A
  Now if, x ŒA  

  fi x ŒB

  fi x ŒA, x ŒB

  fi  x ŒA B

A A B
  Hence, A B = A
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 (ii) We have, B A B
  Now we have, 

    x ŒA B

  fi  x ŒA or x ŒB

  fi  x ŒB    { A B}

A B B
  Hence, A B = B.
 (iii) Let x be any element of B¢. Then we have

     x ŒB¢
  fi  x œB
  fi  x œA   {  A B}
  fi  x ŒA¢
  Hence, B¢ A¢.

Theorem 4: Let A and B be any two sets, then 

 (i) (A B) B¢ = A iff A B = f
 (ii) A − B = A iff A B = f
 (iii) A ≈ A = f 
 (iv) A ≈ f = A
 (v) A ≈ B = f iff A = B.

Proof:

 (i) Using distributive law, we have

  (A B) B¢ = (A B¢) (B  B¢)
                       = (A B¢) f  {∵B B¢ = f}
                       = A B¢

  Now we have to prove, A B = f iff A B¢ = A
  Let A B¢ = A 
  fi A B¢ 
  fi A B = f
  Again we have
         A B = f
  fi A B¢
  fi A B¢ = A
  Hence, (A B) B¢ = A iff A B = f.
 (ii) We have 
  A − B = {x : x ŒA, x œB}
            = {x : x ŒA, x ŒB¢}
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Theorem 5: If A B, show that A ¥ A (A ¥ B) (B ¥ A).
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a ŒA and b ŒA

Since          A  B 
fi                                 a ŒB, b ŒB
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fi                               (a, b) Œ A ¥ B
and                                 a ŒB, b ŒA 
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i.e.,  (a, b) Œ (A ¥ B) (B ¥ A)
Hence, A ¥ A  (A ¥ B) (B ¥ A).
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