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Preface to the Second Edition

We explain the aims and range of this book in Chapter 1, which we strongly urge you to
read before any of the subsequent chapters.

This second edition is a considerably expanded version of the first edition, originally pub-
lished in 1991. It has 100% more authors, and correspondingly more material. Nonetheless,
it does not cover the whole of the subject, and the coverage of the topics that are included
is not comprehensive. Our choice of topics has mainly been determined by personal taste,
but the emphasis is on counting problems, that is, questions about how many different
arrangements there are of a particular type. We will not have fully succeeded in our aim of
providing an attractive introduction to these topics if the book does not leave you wanting
more. To this end we have added a list of suggestions for further reading.

The first edition was based on a course of 22 lectures given to students at the University
of Leeds. We think the material included in this expanded edition could be covered in
around 40 lectures. We emphasize, however, that it is our hope that the book can be read
independently by anyone wishing for an accessible introduction to the topics that it covers.
To this end, and unlike most other texts, we have, as far as possible, set exercises in pairs
and provided an extensive answer section in which a complete solution is given to one exer-
cise in each pair. Of course, diligent readers will tackle the exercises before looking to the
answer section (this being an essential part of the learning process), but, if they are really
stuck, the full solution should prove to be of value.

R.B.].T Allenby
Alan Slomson
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CHAPTER 1

What’s It All About?

1.1 WHAT IS COMBINATORICS?

Mathematics is a problem-solving activity, and the ultimate source of most mathemat-
ics is the external, nonmathematical world. Mathematical concepts are developed to help
us tackle problems arising in this way. The abstract mathematical ideas that we use soon
assume a life of their own and generate further problems, but these are more technical
problems whose connection with the external world is more remote.

Since the time of Isaac Newton and until quite recently, almost the entire emphasis of
applied mathematics has been on continuously varying processes, modeled by the mathe-
matical continuum and using methods derived from the differential and integral calculus.
In contrast, combinatorics concerns itself mainly with finite collections of discrete objects.
With the growth of digital devices, especially computers, discrete mathematics has become
more and more important.

The way mathematics has developed creates a difficulty when it comes to teaching and
learning the subject. It is generally thought best to begin with the most basic ideas and then
gradually work your way up to more and more complicated mathematics. This seems more
sensible than being thrown in at the deep end and hoping you will learn to swim before you
drown. However, this logical approach often obscures the historical reasons why a particu-
lar mathematical idea was developed. This means that it can be difficult for the student to
understand the real point of the subject.

Fortunately, combinatorics is different. The starting point usually consists of problems
that are easy to understand even if finding their solutions is not straightforward. They tend
to be concrete problems that can be understood by those who do not know any technical
mathematics. In this chapter we list a number of these problems that gave rise to much of
the mathematics explained in the remainder of this book.

So what sorts of problems does combinatorics address? As combinatorics finds its ori-
gins in statistical, gambling, and recreational problems, a rough answer is: anywhere where
knowing “How many?” (the answer to which may be “zero”) is of interest. So, for example, the
techniques we describe (or generalized versions of them) have been used in design of experi-
ments, for example, the testing of crops (statistics), design of traffic routes (graph theory),

1
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construction of codes, arrangements of meetings (permutations and combinations), placing
of people in jobs (rook polynomials), determination of certain chemical compounds (graph
theory), production and school teaching schedules, as well as increasingly in mathematical
biology in relation to the DNA code. There are also applications within mathematics, espe-
cially in the theory of numbers, and within computing, where questions of speed and com-
plexity of working are important. Among recreational puzzles with a combinatorial flavor
are the well-known Rubik’s Cube, “magic” squares, Lucas’s Tower of Hanoi, and the famous
problem that was the origin of graph theory, that of crossing the bridges of Kénigsberg.

In many problems, not only a solution but an “optimal” solution is sought. For example,
it would seem desirable to seek to maximize factory output or traffic flow or to minimize
factory or computing costs or travel cost (by choosing the shortest route when visiting a
succession of towns; this is the well-known traveling salesman problem). These aspects
indicate the three basic problems of combinatorics: counting the number of solutions,
checking existence (is there even one solution?), and searching for an optimal solution.

In this general introductory book we are not able to go into any of these topics in any
great depth. Our aim is to give the reader the flavor of a broad range of interesting combi-
natorial ideas. At the end of the book we make suggestions for further reading where many
of these ideas can be followed up.

1.2 CLASSIC PROBLEMS

In this section we list a number of classic and other interesting combinatorial problems

that, later in the book, we show you how to solve. Many of these problems have been around
for a long time. Accordingly, in most cases we have not tried to attribute the problems to
their authors. Nevertheless, the present authors would be grateful for any enlightenment
readers wish to provide in this regard.

We have selected at least one problem for all but one of the subsequent chapters, and our
numbering of them matches the chapter numbers. So our first problem is called “Problem 2A”
to indicate that it relates to Chapter 2 and is the first problem listed here from that chapter.

Many combinatorial problems arise from questions about probabilities. For, if a cer-
tain event can produce a finite set of equally likely different outcomes, of which some are
deemed favorable, then we say that the probability of a favorable outcome is the fraction

the number of favorable outcomes

the total number of all outcomes

So we can work out probabilities by counting the number of outcomes in the two sets
occurring in this fraction. This sort of counting is mostly what this book is about. For exam-
ple, consider the probability problem: “When throwing two standard dice, what is the proba-
bility that the total shown on the dice is 62” The total number of outcomes when two dice are
thrown is 36 as each face 1,2,3,4,5,6 on one die* can appear partnered by each one of the faces

* Being mathematicians, naturally we are pedantic. Although dice is often used as the singular term, strictly speak-
ing, it is one die and two or more dice. Remember Julius Caesar’s remark as he crossed the Rubicon, “The die is
cast” (“Iacta alea est”).
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1,2,3,4,5,6 on the other die. The outcome 6 can be achieved in five different ways, namely,
1+5,2+4,3+3,4+2,and 5+ 1. So the answer to the probability problem is 5/36.

The first problem we list is rather more complicated but one of direct interest to anyone
who “invests” their money in a lottery.

PROBLEM 2A

What Is the Chance of a Jackpot?

The operators of “Lotto,” the British National Lottery, advertize that each ticket has
a 1 in 13,983,816 chance of winning a share of the jackpot. How is this probability
calculated?

Next we have an old classic, whose answer usually comes as a surprise.

PROBLEM 2B

The Birthdays Problem

How many people do you need to have in a room before there is a better than 50%
chance that at least two people share a birthday?

While solving Problems 2A and 2B is fairly straightforward, some counting prob-
lems are a bit more perplexing. Let us have a look at two involving food and money, the
second being of rather more general interest than the first!

PROBLEM 3A

Hot Chocolates

A manufacturer of high-quality (and therefore high-priced) chocolates makes just six
different flavors of chocolate and sells them in boxes of 10. He claims he can offer over
3000 different “selection boxes.” If he is wrong, he will fall foul of the advertizing laws.
Should he fear prosecution?

PROBLEM 3B

A Common Opinion

There is a widely held view that, in a truly random selection of six distinct numbers
from among the numbers 1 to 49 (as in the British lottery), the chance that two con-
secutive numbers will be chosen is extremely small. Has this opinion any credibility?

The solution to both of these problems relies on the same general principles used to
solve the following purely arithmetic problem. Notice how much less “cluttered” and
more transparent the arithmetic problem is without the “real-life” trimmings!

PROBLEM 3C

Counting Solutions

How many solutions does the equation x + y + z + t = 60 have where x, y, z, and ¢ are
positive integers?

If, in this problem, there were only, say, three unknowns x, y, and z and the 60 were
replaced by a 6, there would be little difficulty, as we could easily list all the solutions
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systematically, that s, (1,1,4), (1,2,3), (1,3,2), (1,4,1), (2,1,3), (2,2,2), (2,3,1), (3,1,2), (3,2,1),
and (4,1,1). So, there are exactly 10 of them.

That was easy. But what if we return to four unknowns and reintroduce the 60
or change it to 600? How many solutions then? It is clear that the same technique of
listing all possible answers could be tried; the difficulty would seem to be in making
sure you count all the solutions once and once only. To be sure, in the case where
there are only three unknowns, it is not too difficult, even by the above method, to
determine the number of solutions of each equation x + y + z + = n without actually
listing any of them. But with more variables we surely need some new ideas. And
after these new ideas are introduced in Chapter 3 you will be able to write down the
answer to every problem of this sort (that is, with any number of variables and any n
on the right-hand side) immediately.

In Chapter 3 we shall also see how Problem 3A can be reinterpreted as a problem of
placing identical marbles in distinguishable boxes. This new point of view then gener-
ates a host of fascinating problems known as occupancy problems, one slight variant of
which is the intriguing but very difficult problem involving the partitions of an integer
(see Problem 6 and Chapters 6 and 8).

Here is a probability problem whose answer would confound most people’s
intuition.

PROBLEM 4

Snap!

Two fully shuffled standard packs of 52 cards are placed face down and side by side.
One after another, pairs of cards, one from each pack, are turned over. What is the
probability that, as all 52 pairs are turned over, at least one pair of cards will be
identical?

If you have not seen this problem before, you will surely be intrigued by the answer.
And for those who are happy to engage in a little gambling (neither of the authors does)
there is a chance for readers with no conscience to use the counterintuitive result to make
a little money on the side from their more susceptible friends! In Chapter 4 we introduce
the inclusion-exclusion principle and show how it may be used to solve this problem.

Certain numbers arise in combinatorics so frequently that they often bear the names
of their originators. The numbers that arise on putting distinct balls into identical cells,
with no cell left empty, are named after James Stirling, who defined the Stirling numbers
in a completely different context. Here is a problem from calculus (don’t worry if you
haven’t yet met the ideas involved) to which the Stirling numbers provide an answer.
We let 0 be the operator x(d/dx). Thus 0y = x(dy/dx), and

2 2
62y=xd(xdy)=x xd y+d)/j=x2d}/+xdy,
dx\  dx dx*  dx dx?>  dx

and you can check that, similarly,

3 2
63y2x3 dJ+3x2 dJ+xdl
dx? dx? dx
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PROBLEM 5A
Differential Operators
Find a formula for the coeflicient of the term x*(d*y/dx*) in 0 "y, for 1 < k < n.

In Chapter 5 we also introduce the Catalan numbers, which arise in very many
seemingly unrelated problems.

PROBLEM 5B

Walking East and North!

Suppose we have an n X n grid. How many paths are there, following edges of the grid,
from the bottom left corner to the top right corner that may touch, but not go above,
the diagonal shown in Figure 1.12

Here is a problem that engaged the Swiss mathematician Leonhard Euler* By a tri-
angulation of a polygon, we mean a way of dividing the polygon in triangles by non-
intersecting diagonals, that is, lines joining two vertices. For example, Figure 1.2 is an
example of a triangulation of a regular hexagon.

FIGURE 1.1

FIGURE 1.2

* See Chapter 8, Section 8.2, for a brief biography of Euler.
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PROBLEM 5C
Chopping Up a Hexagon
How many different triangulations are there of a regular hexagon?

A classic combinatorial problem is that of counting partitions. Here is a problem of
this type.

PROBLEM 6

Partitions

In how many different ways can the number 100 be expressed as the sum of positive
integers?

To make this question precise we explain that we are here interested only in which
numbers make up the sum and not the order in which they are written. So, for example,
we regard the sum 50 + 24 + 13 + 13 as representing the same way of expressing 100 as
a sum of positive integers as does 13 + 24 + 50 + 13. We call 50 + 24 + 13 + 13 a parti-
tion of 100, and we let p(n) be the number of different partitions of n. When # is small,
the value of p(n) can be calculated by listing all the possibilities. For example, we can
see that p(6) = 11, from the list

6,5+1,4+2,4+1+1,3+3,3+2+1,3+1+1+1,2+2+2,2+2+1+1,

2+1+1+1+1L,1+1+1+1+1+1

of all the different ways of writing 6 as the sum of positive integers. Of course, to evalu-
ate p(6) in this way, we need to be satisfied that we have included all the possibilities.
And while it is feasible to evaluate p(6) in this way, it is hardly practicable for p(100).

All this raises the question of finding a formula for p(n). This problem was solved by
two giants of mathematics, the Indian Srinivasa Ramanujan and the Englishman G. H.
Hardy. Their proof is far too involved to reproduce in this book, but, in Chapters 6 and 8,
we can experience a more modest sense of achievement by using some elementary cal-
culus, believe it or not, to obtain fairly reasonable upper and lower bounds for p(n) and
related functions. We shall also prove a lovely theorem that will enable you to calculate
quite a large number of the smaller p(n) fairly quickly by hand and avoiding brute force!

Almost every mathematically inclined student will have heard of Fibonacci and his
rabbits. At the heart of the story is the Fibonacci sequence 1, 1,2, 3,5, 8,13, 21, 34, ... in
which each integer after the first two is the sum of the previous two. If we let f, be the
nth term of this sequence, we can describe the sequence by saying that

fi=f,=1and, generally, forn 23, f,=f,, +f,..

The Fibonacci sequence has so many wonderful properties that a quarterly journal
is produced to publicize them. One famous application is the test devised by Lucas* to

* Francois-Edouard-Anatole Lucas was born in Amiens on April 4, 1842, and died in Paris on October 3, 1891. He
introduced the recreational game The Tower of Hanoi, which we discuss in Chapter 7. He died of an infection after
being hit by a flying shard of a broken dinner plate.
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check whether or not a number of the form 2" - 1 is a prime. In 1876 he proved, with
only pencil and paper but lots of patience, that the 39-digit number

2127-1 =170,141,183,460,469,231,731,687,303,715,884,105,727

is prime. This number stood as the largest prime known to anyone until the 1950s when
electronic calculators were applied to the task!

PROBLEM 7
The Fibonacci Numbers
Is there a formula explicitly giving the values of the Fibonacci numbers?

The Fibonacci numbers are defined by the recurrence relation f,=f,_, + f,.,, which
relates later numbers in the sequence to earlier numbers in the sequence. We study recur-
rence relations systematically in Chapter 7. One technique that is useful here is that of
generating functions, which we describe in Chapter 8. This technique is particularly use-
ful with some intriguing problems that arise if we place restrictions on the numbers that
are allowed in a partition. Here is one suggested by experiments with small numbers.

PROBLEM 8

Special Partitions

Is it true that for each integer n the number of ways of writing # as the sum of odd
positive integers is the same as the number of ways of writing » as the sum of positive
integers that are all different?

In the following table we have listed the partitions of 12 into odd numbers and into
different numbers.

11+1 12
9+3 11+1
9+1+1+1 10+2
7+5 9+3
7+3+1+1 9+2+1
7+1+1+1+1+1 8+4
5+5+1+1 8+3+1
5+3+3+1 7+5
5+3+1+1+1+1 7+4+1
5+1+1+1+1+1+1+1 7+3+2
3+3+3+3 6+5+1
3+3+3+1+1+1 6+4+2
34+3+1+1+1+1+1+1 6+3+2+1
3+1+1+1+1+1+1+1+1+1 5+4+3

1+1+1+1+14+1+1+1+1+1+1+1 5+4+2+1
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Not many partitions occur in both lists, but both lists contain the same number of
partitions. Is this a coincidence? It comes as a surprise that the answer is “no” and that
the proof uses only rather simple manipulations of power series.

We now come to one of the best known of all combinatorial problems. The river
Pregel flows through Konigsberg* and divides the town, flowing around an island
called the Kneiphof (“Beer Garden”). The city was connected by seven bridges as shown
in the sketch map in Figure 1.3. It is said that the residents considered the following
problem during their Sunday stroll.

PROBLEM 9A

The Bridges of Konigsberg

Is there a route that would have taken the burghers of Konigsberg over each of the
bridges exactly once?

This problem was solved by Leonhard Euler in 1735. Euler’s solution of this problem
is regarded as the origin of the branch of mathematics known as graph theory. The
“graphs” of graph theory are rather different from the “graphs” of functions you will be
familiar with, but in both cases, graph abbreviates graphical representation. In the case
of the Konigsberg bridges problem, all that really matters is how the different parts of
the city are connected by the bridges. So we can replace Figure 1.3 with the representa-
tion of the same situation shown in Figure 1.4, where the dots represent the land areas
and the lines represent the bridges.

m
Kneiphof .

River Pregel

FIGURE 1.3

FIGURE 1.4

* Originally a medieval city, Konigsberg became the capital of East Prussia in the fifteenth century. In 1945 it was
ceded by Germany to the Soviet Union and was renamed Kaliningrad. It remains part of modern-day Russia.
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Another classic problem of graph theory is the utilities problem. We state it in a
slightly modernized form.

PROBLEM 9B

The Utilities Problem

Is it possible to connect up a house, a cottage, and a bungalow to supplies of electric-
ity, gas, and cable television so that the pipes, wires, and cables do not cross each
other?

In Figure 1.5 we show a failed attempt to solve this problem. But one failure does not
prove that the problem does not have a solution. The issue is whether the graph consist-
ing of two sets of three dots, where each dot in the first set is joined to each dot in the
second graph, can be drawn in the plane so that the lines meet only at dots.

An even more famous problem in this area is whether when drawing maps we always
need only four colors to ensure that countries with a common boundary can be colored
differently. The question was first asked in 1852, but it took 124 years for a solution to
emerge—although a “proof” proposed in 1879 stood for 11 years before a flaw in it was
found.

PROBLEM 9C

The Four-Color Problem

Is it possible to color every map drawn in the plane with at most four colors so that
adjacent countries are colored differently?

We show in Chapter 9 how this problem may be reworded as a problem about color-
ing the vertices of a graph. The four-color theorem says that the answer to this question
is “yes.” It was proved to most people’s satisfaction by Kenneth Appel and Wolfgang
Haken in 1977. Their proof involved a considerable use of computer time to check a
large number of cases and so has not been accepted as a “mathematical proof” by every-
one. We are not able to go into the technicalities in this book, but we are able to give
a proof of the less ambitious claim that every map may be colored using at most five
colors.

Graphs can also be used to represent chemical molecules, with the vertices repre-
senting atoms and the edges representing valency bonds. Two examples are shown in
Figure 1.6.

House Cottage Bungalow
q p

o >
Electricity Gas Cable TV

FIGURE 1.5
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FIGURE 1.6

The graphs used to represent these molecules are of a special kind called trees. These
graphs have lots of applications, and we study these in Chapter 10. The classic problem
in this area is the following.

PROBLEM 10

Labeled Trees

How many different trees are there with n vertices labeled with the numbers
L,2,..,n?

In Chapter 10 we give the answer originally found by the English mathematician
Arthur Cayley.

Much of mathematics is about finding patterns. In order to prepare for our study
of patterns, we look at symmetries of geometric figures. Symmetries give rise to math-
ematical structures called groups. You may already have met this concept, but in case
not, we introduce groups from scratch in Chapter 11. Ideas from group theory can be
used to solve a large range of problems. Here is one example.

PROBLEM 11
Shuffling Cards
What is the most effective way to shuflle a pack of cards?

We next look at the relationship between the coloring of figures and the symme-
tries of these figures. We prove an important theorem, the orbit-stabilizer theorem, in
Chapter 12, but we find we have to develop the theory further in Chapter 13 in order to
answer questions such as the next three.

PROBLEM 13A

Coloring a Chessboard

How many different ways are there to color the squares of a chessboard using two
colors?

On a standard 8 x 8 chessboard, the squares are colored alternately black and
white as shown in Figure 1.7i, but clearly they could be colored in many other ways.
Alternative colorings are shown in Figure 1.7ii and iii. The problem is to decide exactly
how many different colorings are possible.
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(i) (ii) (iii)

FIGURE 1.7
e e e
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FIGURE 1.8
PROBLEM 13B

Varieties of Colored Cubes
In how many different ways can you color a cube using three colors?

Before we can answer this question we need to make clear what “different” means.
The cube on the right in Figure 1.8 looks different from the one on the left. But perhaps
they could be made to look the same by rotating the cube on the right about an appro-
priate axis. This is where the symmetries of a geometric figure come in.

This eventually leads us to a very powerful technique due to George Pélya for answer-
ing more complicated questions, such as the following.

PROBLEM 14

Counting Patterns Again

In how many different ways can you color a cube using one red, two white, and three
blue faces?

We also show in Chapter 14 that Pdlya’s Counting Theorem enables us to count fairly
readily the number of different simple graphs with a given number of vertices. Our next
combinatorial principle arises in the context of number theory where it was used by
Dirichlet to solve the following problem.
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PROBLEM 15A
Rational Approximations to Irrational Numbers
Show that for each irrational number a, there exists a rational number p/g such that

P
q

<72.
q

a—

The principle used to solve this problem is called Dirichlet’s pigeonhole principle,
which is of deceptive simplicity but has surprising consequences. Here is one of a more
recreational kind.

It is obvious that, using 18 dominoes, each of size 1 by 2, we can “cover” a 6 by 6
(square) board completely and without any two dominoes overlapping. An example is
given in Figure 1.9.

Note that, in the figure, the two leftmost columns of dominoes are separated from
the other four columns by a “fault line.” That is, a knife could be dragged down the
board cutting it in two without having to cut through any domino. At the same time,
the board cannot be similarly split along any other row or column. So, the problem is:

PROBLEM 15B
Placing Dominoes “Faultlessly”
Can 18 dominoes be placed on a 6 by 6 board “faultlessly”?

We next come to another existence problem that is the starting point for a large area
of study called Ramsey theory and that can also be reinterpreted in terms of graphs:

PROBLEM 16A
Friends at a Party
There are six people at a party. Each pair are either friends or strangers. We claim that,
among the six, there are (at least) three people who are either all friends or all strangers.
Are we correct?

A nice way to picture this problem is by using graphs, this time with colored edges.
If we ask each pair of friends to hold opposite ends of a red string and each pair of

FIGURE 1.9
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strangers (if they would be so kind) to hold opposite ends of a blue string, the problem
becomes: Is it true that if the 15 edges of a graph with six vertices are colored either
red or blue, then there is always either a red “triangle,” that is, three edges forming a
triangle that are all red, or a blue “triangle”? In brief, must there always exist a mono-
chromatic triangle?

There are many other fascinating problems that are concerned with coloring (even
infinitely many) points. For example:

PROBLEM 16B

Plane Colors

Let us be given a red/blue coloring of the points of the plane. That is, imagine that with
each point of the plane there is associated one of those two colors. Suppose that some-
one now draws a particular triangle T in the plane. Is it always possible to move T to
a position in the plane so that its vertices lie over three points all of the same color? In
other words, can we find, in the plane, a monochromatic triangle congruent to T? If not,
can we find one similar to T? We attempt no picture here, for obvious reasons!

In the final chapter of this book we deal with questions of the following kind.

PROBLEM 17A
Nonattacking rooks
Given the 5 X 5 board in Figure 1.10, in how many ways can 0, 1, 2, 3, 4, 5, or more
nonattacking rooks (that is, no two rooks in the same row or column) be placed on the
board so that none of them lies on a black square?

At first sight this seems rather a frivolous problem, but actually it is one with many
practical applications. As you can see from Figure 1.11, it is equivalent to asking in how

FIGURE 1.10

Job 1 Job 2 Job 3 Job 4 Job 5

Employee A

Employee B

Employee C

Employee D

Employee E

FIGURE 1.11
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many ways the five people A, B, C, D, and E can each be allocated one of the jobs 1 to 5,
where a black square indicates that the person named in its row is unable to do the job
named in its column.

Finding the answer leads to the introduction of rook polynomials. In most cases the
key question is whether there is any solution at all rather than the number of solutions.
One particularly intriguing version of this problem is the following, whose answer is
certainly not obvious one way or the other.

PROBLEM 17B

Selecting Cards

Let 40 cards—10 red, 10 blue, 10 green, and 10 yellow, each set being numbered 1 to
10—be well shuftled and then dealt out into 10 groups of four. Is it always possible to
pick one card from each group so that the 10 cards chosen will include exactly one of
each number 1,2,...,10? (Obviously we do not insist that all the chosen cards are also
of the same color.)

This problem is solved using Hall’s marriage theorem with which we end
Chapter 17.

1.3 WHAT YOU NEED TO KNOW

One of the advantages of following a course in combinatorics is that only a modest math-
ematical background is necessary in order to get started. This modest amount includes
some basic set theory, which we remind you of below, a bit of elementary algebra, and,
perhaps surprisingly (to help with two or three estimation problems), some calculus. In
Chapter 11 we use groups, but we assume no previous knowledge of group theory, which
we introduce as we need it.

Suppose A and B are sets. The union of A and B, written as A U B, is the set of elements
that are in A or B or both. The intersection of A and B, written as A N B, is the set of ele-
ments that are both in A and in B. The difference, written A \ B, is the set of elements in A
but not in B. Thatis, A\ B= {x:x € A and x ¢ B}. This may be represented pictorially as in
Figure 1.12, where the shading represents the set A \ B.

There is, unfortunately, no standard notation for the number of elements in a set, X. The
notations X , | X |, and card(X) are all used. However, our preferred notation is #(X).

We use the symbols N, N*, Z, Q, R, and C for the following sets of numbers:

N is the set of natural numbers, that is, N = {0,1,2,...}. N"is the set of positive integers,
that is, N = {1,2,3,...}. Z is the set of integers, that is, Z = {...-2,-1,0,1,2,..}. Q is the set of
rational numbers, R is the set of real numbers, and C is the set of complex numbers. We use
R? for the points of the plane.

We use the “arrow” notation for functions. For example, the function that squares each
number will be written asx — x?2 . If the function f maps elements of the set D to the set C,
we write f:D — C and call the set D the domain of f, and the set C the codomain of f.

We say that a function f:D — C isinjective if f does not repeat values, that is, if for all x,
y € D, x # yimplies that f(x) # f(y). We say that fis surjective if each element of C is a value
of f, that is, if for each y € C, there is some x € D such that f(x) = y. We say that fis bijective
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A/B

FIGURE 1.12

if it is both injective and surjective. (The alternative nomenclature that you may have met
is one-one for injective, onto for surjective, and one-one correspondence for bijective.)

We assume that you are already familiar with the “sigma” notation for sums. For exam-
ple, ¥ a, represents the sum a, + a, + ... + a,. On occasion we also, in a similar way, use
the “pi” notation for products. So []_, a; represents the product a, X a, X ... X a,, or, omit-
ting the multiplication signs, a,4,...a,,.

Although we approach most of the topics discussed in this book through concrete
problems, a strong aim of this book is to emphasize the importance of proof in mathematics.
While this is a book that focuses on combinatorial methods, these are worthless if we
are unable to prove that employing them will give the correct answer. Mathematics is in
the very privileged position of being the only area of human knowledge where assertions
made have the chance of being verified by unassailable proof - or shot down by counterex-
ample! A course in combinatorics provides an ideal opportunity for paying special atten-
tion to methods of proof since, often, the reader will not have to make a huge mental effort
to understand the meaning of the statements themselves. Accordingly, we offer no apology
for paying careful attention to the majority of proofs themselves, the odd exceptions being
proofs that are beyond the scope of this book or where even the most fastidious mathemati-
cian might say, “Clearly, this very same proof goes over to the general case.”

We therefore largely assume that the reader is already familiar with the standard meth-
ods of proof. In particular, as we are frequently concerned with results that hold for all
natural numbers, or for all positive integers, proof by mathematical induction is used a
good deal. If you need an introduction to this topic, or a reminder about it, please consult
one of the many books that cover this topic.*

1.4 ARE YOU SITTING COMFORTABLY?

Once upon a time there was a program on the radio called Listen with Mother. (In those

days it was assumed that it would be the mother who would be at home with young chil-
dren.) In the first program in 1950 the storyteller, Julia Lang, introduced the story she was
about to tell by saying, “Are you sitting comfortably? Then we’ll begin.” Apparently this
introduction was not planned, but it caught on and was used regularly until the program
came to an end in 1982.F

* We mention just two, R. B. J. T. Allenby, Numbers and Proofs, Arnold, London, 1997, and Kevin Houston, How to
Think like a Mathematician, Cambridge University Press, Cambridge, 2009.
+ See Nigel Rees, Sayings of the Century, Allen & Unwin, London, 1984.
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When it comes to reading mathematics, however, this is not an appropriate beginning.
A mathematics book cannot be read like a novel, sitting in a comfortable chair, with a glass
at your side. Reading mathematics requires you to be active. You need to be sitting at a
table or a desk, with pencil and paper, both to work through the theory and to tackle the
problems. A good guide is the amount of time it takes you to read the book. A novel can
be read at a rate of about 60 pages an hour, whereas with most mathematics books you are
doing well if you can read 5 pages an hour. (It follows that, even at 12 times the price, a
mathematics book is good value for the money!)

Since the approach the book takes is to begin with problems and usually to use them to
lead into the theory, we have posed a good number of problems in the text. The bth prob-
lem in Chapter a is labeled Problem a.b. These problems are immediately followed by their
solutions, but you are strongly encouraged to try the problems for yourself before reading
our solution.

At the end of most of the chapter sections, there are exercises. Some of these are routine
problems to help consolidate your understanding, and some take the theory a bit further
or are designed to challenge you. In most cases these problems occur in pairs, labeled A
and B. Usually the B question is quite similar to the A question. The difference is that we
have included solutions for the A questions at the back of the book but not for the B ques-
tions. The solutions to the A questions are usually written out in detail. This is intended
to be helpful, but it will not achieve their purpose of helping you to learn the subject, if
you give in to the temptation to read the solutions before making your own attempt at the
exercises. The B questions, with no solutions, are there for those who cannot resist this
temptation!



CHAPTER 2

Permutations and
Combinations

2.1 THE COMBINATORIAL APPROACH

In Chapter 1 we gave examples of counting problems that we hope convinced you of their
interest and importance. In this chapter we introduce two of the most basic ideas, counting
permutations and counting combinations. These occur over and over again throughout this
book. You may have already met these ideas in algebra in connection with the binomial
theorem, but the combinatorial approach may be new to you. It can be hard to relearn a
topic you are already familiar with but using a different approach. However, we encourage
you to adopt the combinatorial approach, which gives more importance to counting meth-
ods than to algebraic manipulation, as this is the key to much of the rest of this book.

2.2 PERMUTATIONS

We begin with some problems that are very simple, but the ideas behind their solutions are
of fundamental importance in many counting problems.

PROBLEM 2.1
Cayley’s Café has the following menu:

Cayley’s Café
Starters
Tomato Soup
Fruit Juice
Mains
Lamb Chops
Battered Cod
Nut Bake
Desserts
Apple Pie
Strawberry Ice

How many different three-course meals could you have?
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Solution

You have two choices for your starter, and, whichever choice you make, you have three
choices for your main course. This makes 2 x 3 = 6 choices for the first two courses.

Soup Soup Soup Juice Juice Juice

| | | | | |
Chops Cod Bake Chops Cod Bake

In each of these six cases you have two choices for your dessert, making 6 x 2 =12
possibilities altogether. We can set them out in Figure 2.1, which makes it clear why the
number of cases multiplies at each stage and why the final answer is the product of the
number of choices at each stage.

So we obtain 2 X 3 X 2 = 12 as the total number of possible meals.

PROBLEM 2.2

In a race with 20 horses, in how many ways can the first three places be filled? (For
simplicity, assume that there cannot be a dead heat.)

Solution

There are 20 horses, each of which could come first. Whichever horse comes first, there
are 19 other horses that can come second. So there are 20 X 19 = 380 ways in which the
first two places can be filled. In each of these 380 cases, there are 18 remaining horses
that can come third. So there are 380 X 18 = 20 x 19 X 18 = 6840 ways in which the first
three places can be filled.

We now consider the way in which these two problems are different and the way in
which they are similar. In Problem 2.1 your choice of a starter did not affect the choice
of the main course. Whether you chose the tomato soup or the fruit juice, you still have
the choice of lamb chops, battered cod, or nut bake for your main course. And whatever
your choices of starter and main course, you still have the same choices, apple pie or
strawberry ice, for your dessert.

In Problem 2.2, the horse that wins the race cannot also come in second. So the
possibilities for which horse comes in second vary according to which horse wins the
race. However, the number of possibilities remains the same. Whichever horse wins
the race, there are 19 horses that can come second, though which 19 horses these
are varies according to which the winner is. Likewise, the possibilities for the third
horse vary according to which two horses come in first and second, but, whichever
these horses are, there always remain 18 horses each of which can come in third. It is

Soup Juice
Chops Cod Bake Chops Cod Bake
Pie Ice Pie Ice Pie Ice Pie Ice Pie Ice Pie Ice

FIGURE 2.1
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because the number of choices at each stage does not depend on the particular choices
made earlier that we could use the same multiplication method to solve Problem 2.2
as we used to solve Problem 2.1, and thus 20 x 19 x 18 does indeed give the number of
ways in which the first three positions in the race can be filled.

The multiplication principle we have used in these two problems is sufficiently
important to be worth stating explicitly.

THE PRINCIPLE OF MULTIPLICATION OF CHOICES

If there are r successive choices to be made, and for 1 < <r, the ith choice can
be made in n; ways, then the total number of ways of making these choices is
nyXn,X...xn,.

Note that we can use the “pi” notation to write the product in the box as [T} _, ;.

Although the principle of multiplication of choices applies equally to Problems 2.1
and 2.2, Problem 2.2 has an additional feature that frequently occurs in problems of
this type. The successive choices were all being made from the set of 20 horses taking
part in the race. So the number of horses left to choose from goes down by one at each
successive stage. That is, in the notation we are using,

ny=n~1, forl<i<r
In such a case, if n, = n, then for 2 <i <, n,= n—i + 1, so that the product [T;_, n, is

n(n=1)(n=2)...(n—r + 1). We can express this product more succinctly by making use of
factorial notation. We have that

nin—-1)(n-2)..(n—r+1)(n—r)(n—-r—1)...x2x1_ nl
(n—r)(n—r—1)..x2x1 _(n—r)!'

nin—-1)(n-2)..(n—r+1)=

Since this situation occurs very frequently, we introduce some special terminology
and notation to describe it. We call a choice of 7 objects from a set of n objects in which
the order of choice is to be taken into account, a permutation of r objects from n. We
let P(n,r) be the number of different permutations of r objects from n. Of course, this
makes sense only in the case where r and n are nonnegative integers with r < n. The
above remarks yield the general formula for P(n,7).

THEOREM 2.1

For all nonnegative integers r, n with » < n, P(n,r) = n!/(n—r)!

It is important to remember that P(n,r) counts the number of ways of choosing r
objects in order from a set of n objects. If the order does not matter, the number of
choices is smaller, as we shall see in the next section.

In Problem 2.2 we considered only the number of different ways in which the
first three positions could be filled. Suppose now we are interested in the number of
different ways all 20 horses can finish in order (again, assuming no dead heats). We
can see that this number is 20 X 19 X 18 X ... X 2 X 1, that is, 20! Note that this is the
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same as the number of ways of choosing 20 horses in order from a set of 20 horses,
and so we could have obtained this by using Theorem 2.1, which tells us that this
number is P(20,20) = 20!/0! = 20! (Recall the standard convention that 0! = 1.) Thus
we have:

THEOREM 2.2

The number of different permutations of n objects is !

The values of n! grow very rapidly. Even for quite small values of n, the factorial n! is
very large. For example, 10! = 3,628,800 and 100! is larger than 10'".

PROBLEM 2.3

In how many ways can eight counters be placed on a square 8 X 8 chessboard in such
a way that no two counters lie either in the same row or in the same column? Note
that we can reword this problem as: In how many ways can eight rooks be placed on
a chessboard so that no two rooks are “attacking” each other? This latter problem is
generalized in Chapter 17.

Solution

Let us place one counter in each row in turn. For the first row there are eight columns
in which the counter may be put. Having placed this counter, when it comes to the
second row, there are just seven columns where we may place a counter, as it must not
be in the same column as the counter in the first row. As we place counters in suc-
cessive rows, the number of possible columns where the next counter may be placed
goes down by one at each stage. So the total number of permissible arrangements of
the counters is 8 X 7 X ... X 2 X 1, that is, 8!( = 40,320). One of these arrangements is
shown in Figure 2.2.

Clearly there are, more generally, n! different ways to place n counters on the squares
of an n X n chessboard so that there are neither two counters in the same row nor in the
same column. In Exercise 2.2.4A you are asked to generalize this to the case of placing
any number of counters on rectangular boards of any size.

@

@

FIGURE 2.2
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Exercises

2.2.1A Currently a €10 note has a “serial number” of the form X19298164502, that
is, a letter followed by 11 digits. How many different serial numbers of this
form are there? A Bank of England £10 note has a serial number of the form
CD49000372, that is, two letters followed by eight digits. Are there more of
these serial numbers than there are for a €10 note?

2.2.1B A personal identification number (PIN) consists of a sequence of four dig-
its, each drawn from the set {0,1,2,3,4,5,6,7,8,9}, except that the first digit of
a PIN cannot be 0. How many different PINs are there? How many different
PINSs are there in which no digit is repeated?

2.2.2A How many different sequences of length 10 are there in which each of the
digits 0,1,2,3,4,5,6,7,8,9 is used once? How long would it take you to list
them all if each sequence took one second to write down?

2.2.2B i. How many sequences are there of »n digits in which all the digits are

different?
ii. How many sequences are there of n digits in which no two consecutive
digits are the same?

2.2.3A In three races there are 10, 8, and 6 horses running, respectively. You win
a jackpot prize if you correctly predict the first 3 horses, in the right order
(assuming no dead heats), in each race. How many different predictions
can be made?

2.2.3B A password is a sequence of six characters, the first three being either an
upper or a lowercase letter, the next being a digit, and the final two com-
ing from the set {1,£,$,%,A,&%(),_, +, =,LLL] @#7} of 19 other symbols
occurring on a standard keyboard. How many different passwords are
there? How many are there if consecutive characters must be different?
How many are there if all the characters must be different?

2.2.4A Let k, m, and n be positive integers with k< m, k<n, and m<n. In
how many different ways may k counters be placed on the squares of an
m X n grid so that no two counters are in the same row or in the same
column?

2.2.4B In how many different ways may eight red and eight green counters be
placed on the squares of an 8 x 8 chessboard so that there are not two coun-
ters on any one square and there is one red counter and one green counter
in each row and column?

2.3 COMBINATIONS

Let us now count the number of ways of choosing a specified number of objects from a
set when the order of selection does not matter. We tackle this problem by relating it to
the problem of counting permutations, which we have already solved. (Reducing a new
problem to a case that has already been solved is a common mathematical technique. It is
said that many a mathematician who has learned how to make a cup of tea starting with an
empty kettle will, when given a full kettle and asked to make tea, first empty the kettle to
reduce the problem to one that they already know how to solve.) A couple of examples will
make the line of approach clear.
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PROBLEM 2.4

A team of three bowls players is to be selected from a squad of six players. How many
different teams can be selected?

Solution

We have seen that we can choose three players, in order, from a squad of six players in
P(6,3) = 6 X 5 x 4 =120 ways. But, and this is the key point, there are not 120 different
teams of three players. This is because the order in which we pick the members of the
team does not matter. For example, choosing first Pat, then Chris, and then Sam leads
to the same team as first choosing Chris, then Sam, and then Pat. Thus, each team can
be chosen in more than one way. The number of ways in which three given players can
be chosen in order is 3!, that is, 6. Since we get 120 when we count each team six times,
the number of different teams is 120/6 = 20. Put another way, the number of different
ways to pick three bowls players from six is P(6,3)/3!

The technique that we have used in this problem is used again, not only in the next
problem, but in many other counting problems. We count the number of arrange-
ments of a particular kind by counting them in such a way that each arrangement
is counted more than once. We then adjust our answer to allow for the duplicate
counting.

PROBLEM 2.5

How many different hands of 5 cards can be chosen from a pack of 52 cards?

Solution

We can choose 5 cards, in order, from a pack of 52 cards, in P(52,5) different ways. But
the order in which the cards are chosen does not affect the hand we end up with. The
same hand of 5 cards can be arranged in order in 5! ways and so can be chosen, in order,
in 5! ways. Thus P(52,5) gives the number of 5-card hands when each hand is counted
5! times. Hence the number of different 5-card hands is

P(52,5) (521/47!) 52! 52x51x50x49x48
5! 51 5147! 5x4x3x2x1

=2,598,960.

We can now generalize the method used in these last two problems. We call a selec-
tion of r objects chosen from n objects, when the order in which they are chosen does not
matter, a combination of r objects from n. We use the notation C(n,r) for the number of
different combinations of r objects from n. (Notice that the mathematical usage of per-
mutation, where the order matters, and combination, where it does not, does not cor-
respond to all the uses of these words in everyday life. In football pools permutations
or “perms” are selections of football (otherwise known as "soccer") matches where the
order does not matter. In a combination lock, the order of the numbers is important.)

The method that we used to solve Problems 2.4 and 2.5 leads us to the general for-
mula for C(n,7).
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THEOREM 2.3

For all nonnegative integers r, n with r < n,

n!
Clmr)= ri(n—r)"

Proof

By Theorem 2.2, we know that a set of r objects can be ordered in r! ways. Thus P(n,r),
the number of ways in which r objects can be chosen in order from a set of n objects,
counts each set of r objects chosen from the given set of n objects r! times. Hence,
C(n,r) = P(n,1)/r], and therefore, by Theorem 2.1, C(n,r) = n!/[rl(n—r)!].

The numbers C(n,r) are the well-known binomial coefficients that occur in the binomial
theorem that we give as Theorem 2.6. There are several common alternative notations for
these binomial coeflicients. The number for which we have used the notation C(n,r) is
often written as (n)’ or ,C, or C". We have chosen C(n,r) because it is less cuambersome to
print than (;? ) and, unlike ,C, and C”, it makes the numbers #n and r easier to read. It also
fits in with the standard mathematical notation, f (x,), for a function of two variables and
also with the notation for two-dimensional arrays in many programming languages. Its
disadvantage is that it ties the letter C to a particular meaning. To avoid this, the alterna-
tive notation (n!r) was once suggested.*

It is worth noting that since C(n,r) is the number of ways of choosing r objects
from n, we must have 0 < r < n. We allow the case r = n. In this case the formula gives
C(n,n) = n!/(0!n!) = 1. This corresponds to the fact that an n-element set A has just one
n-element subset, namely, the set A itself. We also have C(1n,0) = n!/(0!n!) = 1, corre-
sponding to the fact that there is just one subset of A that has zero elements, namely,
the empty set &.

The formula for C(n,r) given by Theorem 2.3 can be used to give algebraic proofs
of many properties of the binomial coefficients. We prefer, however, to emphasize the
combinatorial meaning of these numbers and to give combinatorial proofs whenever
this is convenient. In line with this approach, we have given a combinatorial definition
of the number C(n,r). The alternative would have been to define C(n,r) by the formula of
Theorem 2.3. It would then have been necessary to prove that the number of r-element
subsets of an n-element set is indeed C(n,r). Our combinatorial approach is illustrated
by our proofs of the next four theorems.

THEOREM 2.4

For all positive integers r, n with r < n, rC(n,r) = nC(n—1,r-1).

Proof

Let X be an n-element set. We evaluate the sum of the numbers of elements in all the
r-element subsets of X in two different ways.

* In The Printing of Mathematics, by T. W. Chaundy, P. R. Barrett, and Charles Batey, Oxford University Press,
London, 1954. This book is out of date technologically as it was written in the days of hot-metal typesetting, but
its advice to mathematical authors is still valuable.
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First,as there are C(n,r) subsets of X, each containing r elements, this sumis C(n,7) X 1,
that is, rC(n,r). Second, consider one particular object, say a, from the n-element set
X. To obtain an r-element subset of X containing a we need to choose a further r-1
elements from the remaining n—1 elements of X. This can be done in C(n—1,r—1) ways.
Therefore, each of the n elements of X occurs in C(n—1,r—1) different r-element subsets
of X. Consequently, the sum of the numbers of elements in these sets is #n X C(n—1,r—1).
As these two different ways of obtaining this sum must lead to the same answer, it fol-
lows that rC(n,r) = nC(n—1,r—1).

Note that we can deduce from Theorem 2.4 that C(n,r) = (n/r)[C(n—1,r—1)]. This
enables us to give a direct, combinatorial proof that C(n, r) = n!/[r!(n—r)!] without the
need to consider permutations.

THEOREM 2.5

For all nonnegative integers r, n with r < n, C(n,r) = C(n,n—r).

Proof

Deciding which r objects to select from a set of n objects amounts to exactly the same

thing as deciding which n—r objects not to select. Hence the number of ways of choos-

ing r objects from n is the same as the number of ways of choosing n—r objects from n.
The next theorem explains how the binomial coefficients get their name.

THEOREM 2.6
The Binomial Theorem

For all variables a, b, and each positive integer n,

(@+br=a"+Cnla"b+Cn2a2b*+ ... +b",

that is,
(a+b)y = ZC(n,r)a”*’b', as C(n,0)=C(m,n)=1.
r=0
Proof
Consider the product

(a+b)a+b)...(a+b)

with n pairs of brackets. When we multiply out this product, each separate term that
arises comes from choosing either a or b from each pair of brackets and then multiply-
ing these a’s and b’s together. We obtain the term a"7 b" each time we choose b from
r of these pairs of brackets and a from the remaining n—r pairs. Thus the number of
terms of the form a""br that we obtain equals the number of ways of choosing r pairs of
brackets from which to pick b, and this number is C(n,r). Hence when we gather similar
terms together, the coefficient of a"" b is C(n,r).

Of course, selecting r b’s forces us to select n—r a’s. Repeating the argument with a
and b interchanged shows that the coefficient of 4" b" is also C(n,n—r), as Theorem 2.5
tells us it should be.
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The idea that we have used in this combinatorial proof of the binomial theorem
will play an important role later in this book (in Chapter 7). The algebraic expression
(a + b)" is called a binomial (from the Latin binomius meaning “having two names”),
and this is why the binomial coefficients were given their name. The binomial theo-
rem is sometimes attributed to Isaac Newton, though the binomial coefficients were
known and tabulated long before Newton’s time. His main contribution in this area
was to prove the form of this theorem that applies when the exponent 7 is not a posi-
tive integer.

Our next theorem about binomial coeflicients leads to a very well-known method
for calculating their values. We again emphasize that we give a combinatorial proof of
this theorem. An algebraic proof, using the formula for C(n,r), is very straightforward
but hides the combinatorial meaning of the result.

THEOREM 2.7

For all positive integers r, n with r < n,
Cn+1,r=C(nr—1)+C (nr).

Proof

Let X be a set containing n + 1 objects, and let a be one of the objects in the set X. We
count the number of subsets of X containing r elements by separating them into the set,
say Y, of those r-element subsets that include a and the set, say Z, of those r-element
subsets that do not include a.

A subset of X in Y contains r elements one of which is a and a further r—1 elements
chosen from the n-element set X \{a}. Thus, there are C(n,r—1) subsets in Y.

A subset of X in Z contains r elements none of which is a, and hence consists of r
elements chosen from X \{a} and hence there are C(n,7) of these.

Each r-element subset of X is either in Y or in Z, and none of them is in both. Hence
the number of r-element subsets of X is the sum of the number of subsets in Y and the
number in Z, that is, C(n + 1,r) = C(n,r—1) + C(n,r).

The numbers C(n,r), for 0 < r < n, are often displayed in a triangle formation, as in
Figure 2.3. It then follows from Theorem 2.7 that each number in the (n + 1)th row
(apart from those at the ends) is the sum of the two adjacent numbers in the row above.
For example, the number 21 in the eighth row is the sum of 6 and 15 from the row
above. This triangle is usually called Pascal’s triangle, after the seventeenth-century
French mathematician Blaise Pascal, although it was not originated by him.* The first
11 rows of Pascal’s triangle are shown in Figure 2.3.

* We quote the following account of the matter from The Backbone of Pascal’s Triangle by Martin Griffiths, United
Kingdom Mathematics Trust (UKMT), Leeds, 2008 p. 10: “Pascal himself called it ‘the arithmetical triangle’,
but after the mathematicians Pierre Rémond de Montmort and Abraham de Moivre referred to it in writing as
‘the combinatorial triangle of Mr. Pascal’ (in 1708) and ‘Pascal’s arithmetical triangle’ (in 1730) respectively,
the name stuck. However the Italian mathematician Nicolo Tartaglia actually published these numbers in
1556, and there is evidence that the Chinese mathematician Yang Hui was working with these numbers in the
thirteenth-century (the Chinese do indeed use the term ‘Yang Hui’s triangle’).”
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1 9 36 84 126 126 84 36 9 1
1 10 45 120 210 252 210 120 45 10 1

FIGURE 2.3

There are innumerable relationships between the binomial coefficients that corre-
spond to patterns that can be found within Pascal’s triangle. For example, it follows
from Theorem 2.5 that Pascal’s triangle is symmetrical about its central vertical axis.
Some other relationships are given in the next theorem and in the exercises at the end
of this section.

THEOREM 2.8

For all positive integers k, n with k < n,
Cn+ Lk+1)=Cnk) + Cn—1Lk) + ... + C(k,k).

Proof

Let X = {x,,%5,...,X,, X, }- C(n+ Lk + 1) is the number of subsets of X that contain
k + 1 of the elements of X. We can also count the number of these subsets in the fol-
lowing way. For k + 1 < r < n + 1 we let X, be the set of all those (k + 1)-element subsets,
Y, of X such that r is the largest integer for which x,e€Y. Thus, if YeX,, then x,€Y but
Xpy oo Xy EY.

Clearly, the sets X, ;,..., X,, X, ., are pairwise disjoint. Also, between them they
include all the (k + 1)-element subsets of X, as each subset of X containing k + 1 ele-
ments must include at least one of the elements {x,_ ,,..., x ,, ;}. Hence

#(X)= Z#(X,). @1

r=k+1

The sets in X, contain x, and k elements chosen from the set {x,,...,x,_;}. Therefore,
#(X,) = C(r—L,k). We can therefore deduce from Equation 2.1 that C(n+ Lk+ 1) =
" C(r—1,k), which, when we rewrite the terms on the right-hand side in reverse
order, gives C(n + L,k + 1) = C(n,k) + C(n—1,k) + ... + C(k,k).
We conclude this section with a simple but intriguing application of Theorem 2.3 to

number theory.
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THEOREM 2.9

For each positive integer 7, the product of any r consecutive positive integers is divis-
ible by r!

Proof

We need to prove that for all positive integers k, r the product of the r consecutive inte-
gersk, k+1,k+2,..., k+ r—1 is divisible by . Now,

k(k+1)(k+2)..(k+r-1)
r!

=C(k+r-1,r),

by Theorem 2.3. Since this binomial coefficient gives the number of r-element subsets
of a set of k + r—1 elements, it must be an integer. So k(k + 1)(k + 2)...(k + r-1) is divis-
ible by !

Exercises

2.3.1A A mathematics course offers students the choice of three options from
12 courses in pure mathematics, two options from 10 courses in applied
mathematics, two options from 6 courses in statistics, and one option
from 4 courses in computing. In how many different ways can the students
choose their eight options?

2.3.1B A cricket squad consists of six batsmen, eight bowlers, three wicketkeepers,
and four all-rounders. The selectors wish to pick a team made up of four
batsmen, four bowlers, one wicketkeeper, and two all-rounders. How many
different teams can they pick?

The next three pairs of questions can all be answered by using the bino-
mial theorem. However, you are encouraged to give combinatorial proofs
in the style of those we have given for the theorems in this section.

2.3.2A Prove that a set of n elements has 2" different subsets, and deduce that for
each positive integer n, 2)_,C(n,r) = 2".

2.3.2B Prove that, for each positive integer n, >"_,C(n,r)> = C(2n,n).

2.3.3A Provethat, forall positive integers n, k, s with s < k < n, C(n,k) C(k,s) = C(n,s)
C(n—s,k—s).

2.3.3B Let X be a finite set. Prove that the number of subsets of X that contain an
even number of elements is equal to the number of subsets of X that con-
tain an odd number of elements. Deduce that for each positive integer #,
(-1 Cln) = 0.

2.3.4A Prove that, for each positive integer n, >_;vC(n,r) = n2".
[Hint: Let X be an n-element set. Note that as X has C(n, r) subsets contain-
ing r elements, 2)_7C(n,r) = X,_x#(A). Also, we can calculate 3, _ #(A) by
pairing off each subset A of X with its complement X\A. How many pairs
are there, and what is #(A) + # (X\A)?]

2.3.4B Prove that for each positive integer n, 2}_r*C(n,r) = n(n + 1)2"2.
(Hint: First find 2_r(r—1)C(n,r) by counting the ordered pairs (a, b), where
a and b are chosen from an n-element set, in two ways. Then use the result
of Exercise 2.3.4A.)
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2.4 APPLICATIONS TO PROBABILITY PROBLEMS

We begin with a very simple problem.

PROBLEM 2.6
A fair coin is tossed 10 times. What is the probability of getting four heads?

Solution

Each toss can have one of two results, either a head or a tail. Thus there are altogether
210=1024 equally likely outcomes for a sequence of ten tosses. The number of these
sequences that consist of four heads and six tails is the number of ways in which four of
the ten tosses can be heads, that is, C(10,4) = 210. Hence the probability of getting four
heads is 210/1024, which is 0.205 to three decimal places.

This calculation is straightforward enough, but what does it mean? And how do
we know that we have solved the problem correctly? Fortunately, from the point of
view of combinatorics we do not have to answer the difficult philosophical question
as to what is meant by probability. Our work on this and similar probability prob-
lems begins after any philosophical work has been done, and the precise mathematical
problem has been formulated. These problems will involve a set of events E, taken to
be equally likely, together with a subset E,. The probability of an event falling into the
subset E, is defined to be ratio of the number of events in E, to the number of events
in E, that is,

Thus our task will be to calculate the numbers in this ratio, and we will not need to
concern ourselves with its philosophical significance.

However, there remains the question of how we knew, from the formulation of the
problem, which the sets E and E, of events were in this particular case. You may have
noticed that the problem refers to a fair coin. This is intended to indicate that on any
one throw of the coin the probability (whatever this means) of getting a head is exactly
the same as the probability of getting a tail and that the outcome of any one toss is inde-
pendent of what happens in earlier or later tosses. This means that any one sequence of
outcomes is as likely as any other sequence. This is reflected in our solution, where we
took the set of events, E, to be the set of all 1024 sequences of 10 results of a toss, each
toss resulting in either a head or a tail.

For us, doing combinatorics, that is the end of the matter. If you wish to apply the
answer to Problem 2.6 and similar calculations to practical situations, you need to
know how realistic the assumption of a fair coin is and how statements of probability
are to be interpreted. These are not easy questions, and so it is fortunate that, in this
book, we can largely avoid answering them.

In general, the statement of a probability problem should indicate which set is to be
taken as the set, E, of events. Thus the events in E are events that are to be regarded as
equally likely. This indication is often done in a coded way. For example, some of these
problems concern packs of cards dealt at random. This is intended to mean that any
of the 52! ways in which the pack of 52 cards can be arranged is as likely as any other.



Permutations and Combinations = 29

Hence the set E will consist of these 52! arrangements or will be derived from it in some
straightforward way.

The codes used in this way to set up probability problems are analogous to the coded
way of describing problems in mechanics, where such phrases as a light string or a
frictionless pulley are intended to indicate what assumptions can be made in devising
the mathematical model.

We are now in a position to answer Problem 2A from Chapter 1.

PROBLEM 2.7
In the British national lottery, 6 balls are drawn at random from a set of 49 balls,
numbered 1, 2, ..., 49. To play, you need to buy one or more tickets. Each player selects

six numbers from 1 to 49 on each of his or her tickets. You win the jackpot if on one of
your tickets you have chosen the six numbers on the balls that are drawn. What is the
probability that a particular ticket wins the jackpot in the national lottery?

Solution

Here, the set E consists of all possible ways of drawing 6 balls from 49. Thus
#(E) = C(49, 6) = 13,983,816, since the order in which the balls are drawn is irrelevant.
The set E, consists of just the one case where the six numbers selected by the player
correspond to the numbers on the six balls that are drawn. So #(E,) = 1. Thus the prob-
ability of a ticket winning the jackpot is 1/13,983,816.

PROBLEM 2.8

You win a prize of £10 in the national lottery if precisely three of the six numbers that
you select are included among the six numbers on the balls that are drawn. What is the
probability that you win a prize of £10?

Solution

Here, E is again the set of all possible ways that 6 balls can be drawn from 49, so, as
before, #(E) = C(49,6). E, is the number of ways that 6 balls can be drawn so that the
numbers on 3 of them are included among your 6 numbers, and the numbers on the
other 3 are included among the 43 numbers that you did not select. So to get a set of 6
numbers that is in E; we first need to choose 3 numbers from the 6 numbers on the cho-
sen balls and then 3 numbers from the other 43 numbers. Thus #(E,) = C(6,3) x C(43,3),
and hence the required probability is [C(6,3) % C (43,3)]/C(49,6) = 8,815/499,422. This
is approximately a 1 in 56.7 chance, or 0.01765 to five decimal places.

Card games are a rich source of probability problems of this type. To understand the
examples that follow, you do not need to know the rules of the card games that are men-
tioned. All you need to know is that a standard pack contains 52 cards, divided up into
4 suits: spades (for which the symbol & is used), hearts (v), diamonds (#), and clubs ().
There are 13 cards in each suit. The ranks of the cards in each suit are 2,3,4,5,6,7,8,9,10,
jack (often denoted by J), queen (Q), king (K), and ace (A).

In games such as bridge and whist there are four players, often called North, South,
East, and West. In the initial deal, each player is dealt a hand of 13 cards. Thus the
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number of different hands a player may receive is the number of ways of choosing 13
cards from 52, that is, C(52,13) = 635,013,559,600. In bridge and whist the distribution
of the cards between the different suits is important.

PROBLEM 2.9

How many different bridge hands are there with

i. Four spades, four hearts, four diamonds, and one club?
ii. Four spades, four hearts, three diamonds, and two clubs?

Solution

i. We can easily solve this problem by using the methods of this chapter. To choose
a hand of the kind described, we first choose 4 spades from the 13 spades in the
pack, which we can do in C(13,4) ways, then 4 hearts, which can also be done in
C(13,4) ways, then 4 diamonds, also in C(13,4) ways, and finally 1 club, which
can be chosen in C(13,1) ways. Hence using the principle of multiplication of
choices, the total number of hands with 4 spades, 4 hearts, 4 diamonds, and
1 club is C(13,4) x C(13,4) x C(13,4) x C(13,1) = 4, 751,836,375.

ii. Similarly, the answer here is C(13,4) x C(13,4) x C(13,3) x C(13,2) = 11,404,407, 300.

A hand with four cards in each of three suits and one card in the fourth suit is said
to have a 4—4—4-1 suit distribution. In general, a hand with an a—b—c—d suit distribu-
tion, with a > b > ¢ > d, is one with a cards in one suit, b cards in a second suit, ¢ cards
in a third suit, and d cards in the fourth suit, irrespective of which suits these are. Of
course, for a bridge or whist hand of 13 cards, we require thata+ b+ c+d = 13.

PROBLEM 2.10

What is the probability that a bridge hand dealt at random has the following suit
distributions?

Solution

i. Wehave calculated in Problem 2.9(i) the number of bridge hands with four cards
in each of three specified suits and one card in a fourth suit. To get the number
of all hands with a 4—4—4-1 suit distribution we need to multiply the answer
to that problem by the number of ways in which we can specify the three suits
with four cards each and the one suit with just one card. We can choose the
three 4-card suits in C(4,3) = 4 ways, and having chosen these, the suit with
one card is automatically determined. (Equivalently, the one suit containing
one card may be chosen in C(4,1) = 4 ways, and the three suits each containing
three cards are then automatically determined.) So there are 4 x 4,751,836,375 =
19,007,345,500 hands with a 4—4—4—1 suit distribution. To get the probability
that a hand dealt at random has this suit distribution, we need to divide this
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number by the total number of bridge hands. Thus the required probability
is 19,007,345,500/635,013,559,600. This probability is 0.030 to three decimal
places.

ii. We need to multiply the answer to Problem 2.9(ii) by the number of ways of
choosing the two suits with four cards each and the one suit with three cards,
after which the suit with two cards is automatically determined. This multiplier is
C(4,2) x C(2,1) = 12. So the total number of such hands is 12 x 11,404,407,300 =
136,852,887,600, and hence the probability of dealing such a hand at random is
136,852,887,600/635,013,559,600, which is 0.216 to three decimal places.

PROBLEM 2.11

How many poker hands of five cards are there in which there is at least one suit with
no cards in it?

Solution

We list the suit distributions with at least one suit with zero cards in it, and then use the
method of Problem 2.10 to work out the total number of hands with these suit distribu-
tions, as follows:

Suit Number
Distribution  of Hands
5—0—0—0 5,148
4-1-0-0 111,540
3—2-0-0 267,696
3—1-1-0 580,008
2—-2-1-0 949,104

Total 1,913,496

You might think that there is a quicker way to solve Problem 2.11. It is easy to count
the number of 5-card poker hands with, for example, no spades. Such a hand is obtained
by choosing 5 cards from the 39 cards in the pack that are not spades. So there are
C(39,5) = 575, 757 poker hands with no spades. There is a similar number of hands with
no hearts, with no diamonds, and with no clubs, respectively. So it seems that the total
number of 5-card hands with a missing suit is 4 x 575,757 = 2,303,028. Unfortunately
this quick solution gives an answer that is different from that we obtained in our solu-
tion to Problem 2.11. Where have we gone wrong?

It is not difficult to see where our mistake lies. Let V be the set of poker hands with
at least one missing suit, and let Vi, V,, V,, V. be those hands with no spades, hearts,
diamonds, and clubs, respectively. Clearly, V=V U V,; U V,, U V.. Our second cal-
culation assumed that #(V) = #(V,) + #(Vy) + #(Vp) + #(V,), but this overlooks the
fact that some of the hands in V are in more than one of the sets Vg, V, Vp, V¢
For example, a hand made up of three diamonds and two clubs but no spades and
no hearts is in both Vj and V. Thus the sum #(V) + #(Vy) + #V, + #(V) counts
some of the hands with a missing suit more than once. Thus it is no wonder that our
“quick answer” is higher than the correct answer that we obtained in the solution to
Problem 2.11.
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To sum up this point, it is correct that if we have a collection of sets X,..., X, that are
pairwise disjoint, that is, X; N X; = for 1 <i<j<k, then

#[Uxi}i#(x,.), 2.2)

but this is not true if the sets, X;, are not pairwise disjoint. We discuss in Chapter 4 the
modification that we need to make to Equation 2.2 in the cases where these sets are not
pairwise disjoint.

Exercises

2.4.1A A ticket wins a fourth prize in the national lottery if precisely four of the
six numbers selected on it are included among the six numbers on the balls
that are drawn. What is the probability that a ticket wins a fourth prize?

2.4.1B In his autobiography, What I Remember, Adolphus Trollope* describes the
Italian lottery as follows:

Ninety numbers, 1-90, are always put into the wheel. Five only of these
are drawn out. The player bets that a number named by him shall be one
of these (semplice estratto); or that it shall be the first drawn (estratto
determinato); or that two numbers named by him shall be two of the
five drawn (ambo); or that three so named shall be drawn (terno). It will
be seen, therefore, that the winner of an estratto determinato, ought, if
the play were quite even, to receive ninety times his stake. But, in fact,
such a player would receive only 75 times his stake, the profit of the
Government consisting of this pull of 15 per 90 against the player. Of
course, what he ought to receive in any of the other cases is easily (not
by me, but by experts) calculable.

What would be fair odds for the semplice estratto, ambo, and terno bets?

2.4.2A Abag contains 50 red balls and 50 blue balls. Ten balls are drawn at random
from the bag and not replaced. What is the probability that this sample will
contain five red balls and five blue balls? (This question is connected with
the reliability of opinion polls. See the solution for more about this.)

2.4.2B A bag contains 2x red balls and 2# blue balls. What is the probability that
if 2n balls are drawn at random, the sample will consist of # red balls and n
blue balls?

2.4.3A (This is Problem 2B from Chapter 1.) If there are n people in a room, what
is the probability that at least two of them share a birthday? How large does
n have to be before this probability becomes more than a half? (By “shar-
ing a birthday” we mean that two people were born in the same month
and on the same day in that month but not necessarily in the same year.
For the purpose of this problem you should ignore leap years, so that there
are 365 possible birthdays for each person. You should also assume that all
365 birthdays are equally likely. In fact, as the answer to Exercise 2.4.3B

* Thomas Adolphus Trollope, What I Remember, abridged by Herbert van Thal, William Kimber, London, 1973,
pp- 189-190 (originally published in three volumes by R. Bentley & Son, London, 1887-1889).
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indicates, if, as is actually the case, some birthdays are more likely than
others, the probability of a coincidence increases.)

2.4.3B Suppose there are 2n balls in a bag of which a are red and b are blue,
where a + b = 2n. One ball is removed at random from the bag and then
replaced. Then a second ball is drawn at random from the bag and then
replaced. Calculate the probability that either a red ball is drawn twice or
a blue ball is drawn twice. Show that this probability is a minimum when
a=b=n.

2.4.4A What is the probability that a bridge hand dealt at random has the follow-
ing suit distributions?

i. 5—4-3-1 ii. 5-4-4-0 iii. 4-3-3-3

2.4.4B Suppose that in a given bridge deal North and South between them have
nine spades. What is the probability that the remaining four spades in the
other two hands are divided two-two?
2.4.5A Poker Hands. Poker hands, which in standard poker games consist of
5 cards drawn from the full pack of 52 cards, are classified as follows:
i. Flush: five cards all of the same suit but not forming a sequence of
consecutive ranks.
For example, 5&, 7%, J&, Q&, K is a flush.
ii. Four of a kind: four cards of one rank and one other card, for example,
34,39,34,3%, ).
iii. Full house: three cards of one rank and two cards of another rank, for
example, 74, 79, 7%, 104, 10.
iv. One pair: two cards of one rank and three cards of three different
ranks, for example, J#, J&, 44, 79, Ka.
v. Straight: five cards of consecutive ranks but not all in the same suit
(note that for this purpose an ace may count either low or high, so that
both A, 2, 3, 4, 5 and 10, J, Q, K, A count as consecutive ranks), for
example, 76, 8¢,9%, 104, Jv.
vi. Straight flush: five cards of consecutive ranks (again, an ace may count
either low or high) and in the same suit, for example, 4%, 5, 6%, 79, 8%.
vii. Three of a kind: three cards of one rank and two cards of two different
ranks, for example, 99, 9%, 9¢, 49, Q.
viii. Two pairs: two cards of one rank, two cards of another rank, and a
fifth card of a third rank, for example, 54, 5%, 8%, 8¢, J¢.
ix. Other hands: all other hands that do not fall into any of the preceding
categories.
Calculate how many poker hands there are in each of the categories
(a) to (e) above. Hence work out the probability that a poker hand
dealt at random falls into each of the these categories.
2.4.5B Complete the calculation of Exercise 2.4.5A by working out how many
poker hands there are that fall into the categories (f) to (i) above. Also work
out the probability that a poker hand dealt at random falls into each of
these categories.
2.4.6A Wesee, from the solution to Problem 2.6, that if a fair coin is tossed 10 times,
then the probability of getting four heads is C(10,4)/2'°. More generally, if a
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fair coin is tossed # times, the probability of getting r heads, for 0 <r < n is
C(n,r)/2". We note that the different probabilities, as k ranges from 0 to n,
add up to 1, as we expect. This follows from the result of Exercise 2.3.2A, as
we can deduce from this result that

zC(nr) ZCnr —X2"—

r=

It can be shown that if the coin is not necessarily fair, so that the prob-
ability of getting a head is p and hence the probability of getting a tail is
1-p, where p need not be equal to 1, then the probability of getting r heads
is C(n,r)p" (1=p)"~. Show that these probabilities also add to 1, that is, show
that for all values of p, >_,C(n,1)p"(1-p)"" = 1.
2.4.6B A coin is biased so that the probability of getting a head is 0.6. If the coin is
tossed five times, what is the probability of getting three heads?

2.5 THE MULTINOMIAL THEOREM

The multinomial theorem is a generalization of the binomial theorem, and, as with the bino-
mial theorem, it can be approached either algebraically or combinatorially. We will look at it
from a combinatorial viewpoint. We begin with the following, which generalizes Problem 2.6.

PROBLEM 2.12

A football team plays 38 games in a season. It has equal probabilities of winning, draw-
ing, or losing each game. What is the probability that the team wins 20 games, draws
11, and loses only seven games?

Solution

The results obtained by the team can be regarded as a sequence of 38 symbols, each of
which is either W, D, or L, indicating a win, a draw, and a loss, respectively. As the team
has equal probabilities of achieving each of the three possible results, each sequence of 38
Ws, Ds, and Ls is equally likely. Hence, the required probability is the number of these
sequences made up of 20 Ws, 11 Ds, and 7 Ls divided by the total number of sequences of
38 symbols. The second number is the easier to calculate. Since there are 3 choices for each
symbol, there are altogether 3% sequences of 38 symbols each of which is W, D, or L.

Next we count the number of these sequences in which there are 20 Ws, 11 Ds, and
7 Ls. We can construct such a sequence by first choosing the 20 positions in which the
symbol W occurs. This involves choosing 20 positions from 38 and so may be done in
C(38,20) ways. This leaves 18 positions for the 11 Ds, which may therefore be chosen in
C(18,11) ways, and the remaining seven positions are then automatically filled by the
Ls, that is, in just one way. Hence the total number of sequences is

38 181 _ 38!
20'18' 11170 2011117

C(38,20)x C(18,11)=

and the required probability is [38!/(20!11!71)]/3%, which is 0.0008 to four decimal places.
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We see from the form, 38!/(20!11!7), of our final expression for the number of
sequences made up of 20, 11, and 7, respectively, of the three symbols that we would
also obtain this answer if we had, for example, first placed the 11 Ds, then the 7 Ls, and
finally the 20 Ws. It also suggests the general result, given as Theorem 2.10.

First, we generalize Problem 2.12. As we know, if we have k different objects, they
can be arranged in order in k! ways. However, if all the k objects are indistinguish-
able, all these arrangements look the same, and, from this point of view there is just
one way to arrange the objects in order. In general, whenever we have a set com-
prising both distinguishable and indistinguishable objects, by “different” arrange-
ments, we mean arrangements of those objects that can be distinguished from one
another. For example, the letters A,B,C,D, and E may be arranged in order in 5!
different ways. However, if all we are interested in is whether a letter is a vowel (V)
or a consonant (C), then the sequences A,B,C,D,E and E,B,C,D,A would both be
recorded as V,C,C,C,V. Regarding the two vowels as indistinguishable and the three
consonants as indistinguishable, there are just 10, that is, C(5,2), different ways of
arranging these five letters, corresponding to the number of ways of choosing the
positions of the two Vs.

THEOREM 2.10

Suppose that for 1 < r < k, we have n, objects of type T,, where the objects of any given
type are indistinguishable but may be distinguished from the objects of any other type.
Suppose also that we have n objects in total, so that X*_n, = n. Then the number of
different ways of arranging the n objects in order is n!/(n,!n,!...n,!).

Proof

We have n positions to fill. We can choose #, of these for the objects of type T in C(n,n,)
ways. When these positions have been chosen, there remain n—n, positions to be filled,
and hence positions for the #, objects of type T, may be chosen in C(n—n,,n,) ways.
Then the positions for the n, objects of type T; may be chosen in C(n—n,—n,,n;) ways,
and so on. Therefore, the total number of different ways of choosing positions for the
n objects is

C(n,n,) X C(n—ny,n,) X C(n—n—n,,ns) X ... X Clh—n,—n,— ... —n;_,n;)
_ n! (n—n,)! (n—n,—n,)! (n—n—n,—..—n_)!
ml(n—-n)! nln—n-n) nl(n—n—n,—n,)! n, 10!
n!
B ninyln!

after a lot of canceling. Having obtained the simplified formula by an algebraic argu-
ment, we should look for a combinatorial argument that shows why it is correct and
that gives us a better understanding of why it is true.

Ignoring first the fact that the objects of each type are indistinguishable, we see
that the n objects may be arranged in order in n! different ways. However, since the n,
objects of type T, are indistinguishable, we need to divide by ! to allow for the fact



36 m How to Count: An Introduction to Combinatorics, Second Edition

that, once the positions of these objects have been chosen, the order in which each
object of type T; is chosen does not matter. Likewise, we need also to divide by #,!,
nsl,....n! and hence the number of indistinguishable arrangements is n!/(n,!n,! ... n!).

THEOREM 2.11
The Multinomial Theorem

The coeflicient of the term a,"a,”...a," in the expansion of (a, + a, + ... + a,)", where
n+n,+...+n.=n,isnl/(n'n!. . .nt).

Proof

Each term in the expansion of (a, + a, + ... + a;)" has the form t,t,...t,, where each ¢, for
1 <r < n, is one of the symbols a,,a,,...,q;. The coeflicient of a,"a,™...a," is the num-
ber of such sequences in which, for 1 < r < n, there are n, occurrences of the symbol a,.
By Theorem 2.10 there are n!/(n,!n,!...n,!) such sequences. This completes the proof.

Exercises

2.5.1A If 12 dice are thrown simultaneously, what is the probability that each of
the faces from one to six comes up twice?

2.5.1B If 21 dice are thrown simultaneously, what is the probability that 1 comes
up once, 2 comes up twice, 3 comes up three times, 4 comes up four times,
5 comes up five times, and 6 comes up six times?

2.5.2A In how many different ways can one arrange the sequence of letters in the
word ABRACADABRA?

2.5.2B In how many different ways can one arrange the sequence of letters in the
word PROPERISPOMENON ?

2.6 PERMUTATIONS AND CYCLES

In the final section of the chapter, we look at permutations in a new way that will turn out to be
very fruitful later on. We have defined a permutation of n objects to be a way of choosing these
objects in order. For example, one permutation of the set {1,2,3,4,5,6} is the choice of these
numbers in the order 6,1,3,5,4,2. We can think of this permutation as a reordering of the set.

In this way, we regard this permutation as a bijection (a one-one onto function) map-
ping the set {1,2,3,4,5,6} to itself. In general, for any set X, by a permutation of X, we mean
a bijection f: X — X. Usually, however, we will be considering permutations of the set
{1,2,3,...,n} consisting of the first n positive integers.

There are two commonly used notations for permutations. The first is a minor variant
of the diagram of Figure 2.4. We drop the arrows and put the numbers inside brackets. So
the permutation above would, in this notation, be written as

NN

FIGURE 2.4
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LICO

FIGURE 2.5

We call this the bracket notation for permutations. It is a rather cumbersome notation,
and it is not very helpful when it comes to answering questions about permutations. For
example, the bracket notation does not make it very clear how many times we need to
repeat a permutation to get each number back to its starting point. So we introduce a sec-
ond, more useful notation.

Since the domain and codomain of a permutation are the same set, we can represent
them in a single diagram showing how the elements of the set are mapped by the per-
mutation. For example, the above permutation may be represented by the diagram in
Figure 2.5.

We can see from this diagram that the effect of the permutation is to cycle the numbers
1, 6, 2 in this order, to leave 3 fixed, and to cycle (or interchange) 4 and 5. Thus, the permu-
tation is made up of three parts, namely, cycles of lengths 2 and 3 and one fixed point. We
can represent this using a notation in which we write the numbers in three separate pairs
of brackets, showing which cycle they are in, with the order of the numbers in each bracket
showing how they are mapped. Thus in cycle notation we can write the permutation as

1 6 2)(3)4 5).

This is sometimes called the disjoint cycle form of the permutation because the numbers
making up the different cycles form disjoint sets.

From the disjoint cycle form we see that the numbers 1, 6, and 2 are in a cycle of length
3 and so return to their initial position after we have carried out the permutation 3, 6,9 ...
times and, in general, any multiple of three times. Likewise, the numbers 4 and 5 form
a cycle of length 2 and so return to their original position after we have carried out the
permutation a multiple of two times. The number 3 is not moved, but we can think of it as
forming a cycle of length 1. Thus, all the numbers are returned to their original positions
for the first time after we have carried out the permutation six times.

Although the cycle notation for permutations makes it easy to answer such questions, we
need to be careful with it. We are using a linear notation to represent cycles. For example,
the bracket (1 6 2) represents the first cycle in Figure 2.5. We need to remember that it
means that 2 is mapped back to 1, as this is not immediately obvious from the notation.
Also, there is some arbitrariness in this notation. We could equally well have written it
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as (6 2 1) or (2 1 6), as these both represent the same cycle. Likewise, the cycle (4 5) of
length 2 could also be written as (5 4). Although it is conventional to have first in each
bracket the lowest number in the cycle, this is not essential. Furthermore, we could also
have written the disjoint cycles in a different order, for example, as (4 5)(1 6 2)(3). We will
need to remember this when counting permutations.

There is another notational point. The cycle (3), of length 1, that occurs in our permu-
tation tells us that it maps 3 to itself. It is usual to omit cycles of length 1 when writing
permutations in cycle notation. So normally we would write the above permutation as
(1 6 2) (4 5). Although it is convenient to omit cycles of length 1, this does introduce
another ambiguity. Thus, (1 6 2)(4 5) could be a permutation of the set {1,2,3,4,5,6} that
fixes 3, but it could also be, for example, a permutation of {1,2,3,4,5,6,7,8} that fixes 3, 7, and
8. So it is really safe to omit cycles of length 1 only if it is clear from the context which set
of numbers we are permuting.

We will make good use of the cycle notation for permutations later in the book, espe-
cially in Chapters 11, 12, 13, and 14.

Exercises

2.6.1A Write the following permutation in cycle notation:

2.6.2A How many different permutations are there of the numbers
{1,2,3,4,5,6,7,8,9,10} made up of
i. Three disjoint cycles of lengths 2, 3, and 5?
ii. Three disjoint cycles of which two are of length 3 and one is of length 4?
2.6.2B How many different permutations are there of the numbers
{1,2,3,4,5,6,7,8,9,10} made up of
i. Four disjoint cycles of lengths 1, 2, 3, and 4?
ii. Four disjoint cycles of which three are of length 2 and one is of length 4?
2.6.3A If a permutation of the set {1,2,3,...,n} is chosen at random, what is the
probability that it consists of a single cycle of length n?
2.6.3B If a permutation of the set {1,2,3,...,n} is chosen at random, what is the
probability that it includes exactly one cycle of length 1?



CHAPTER 3

Occupancy Problems

3.1 COUNTING THE SOLUTIONS OF EQUATIONS

When we discussed Problem 3C in Chapter 1 we noted that attempting to determine even
the number of solutions in nonnegative integers of an equation of the form x+ y+z=n
by listing them would become impractical if the number of variables were substantially
increased. Here, we first show how a simple reinterpretation of the problem allows us to
solve all such problems instantly: Indeed we can simply write down the answer! To help
you follow the method we begin by solving the problem in a particular case, “large” enough
to make the listing method at best tiresome but “small” enough to fit the reinterpretation
easily on the page. It should be fairly clear that the method employed is perfectly general,*
that is, applicable in all circumstances.

PROBLEM 3.1

How many solutions are there in nonnegative integers of the equation
X+y+tz+w+t=147

Solution

It is easy to write down many solutions (x, y, z, w, t) of this equation, for example,
(1,2,2,7,2) or (2,0,6,5,1) or ( 2,6,5,0,1) or (0,3,0,3,8). With each of these solutions we can
associate a diagram of dots () and lines (|) , as follows:

With (1,2,2,7,2) associate the diagram e |ee|ee|eeececee oo,
With (2,0,6,5,1) associate the diagram eeo||eeeooe|ocecoe|o.
With (2,6,5,0,1) associate the diagram oo |eeeeoo|oocee||o.

With (0,3,0,3,8) associate the diagram |eee||eee|eeecccce.

In the first diagram the four lines split the 14 dots into five groups of sizes 1, 2, 2, 7,
and 2. In the second diagram the four lines split the 14 dots into five groups of sizes 2, 0,

* We commented on this attitude in Chapter 1, Section 1.3.
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6, 5, and 1. In the third diagram the four lines split the 14 dots into five groups of sizes
2,6,5,0,and 1. In the fourth diagram the four lines split the 14 dots into five groups of
sizes 0, 3, 0, 3, and 8.

We readily see that each diagram faithfully represents the solution associated with it.
It is equally clear that, conversely, any such diagram comprising four lines and 14 dots
gives rise to a unique solution of the given equation; for example, the diagram

corresponds to the solution (0,0,10,0,4). In this way we clearly obtain a matching of the
set of solutions of the given equation with the set of all diagrams comprising four lines
and 14 dots. So to solve Problem 3.1 we only need to work out how many diagrams of
this type there are.

Now each diagram has 18 “places” each to be filled with a line or a dot. So the total
number of diagrams is just the number of ways of choosing (out of 18 places) the
4 places in which to put a line, the remaining 14 places being filled automatically with
dots. It follows that the number of different solutions, in nonnegative integers, of the
given equation is just the binomial coeflicient C(18,4). Perhaps you are thinking that
we could, instead, have put 14 dots in the 18 places, filling the remaining 4 places with
lines. Then the number of solutions of our equation would, by the same argument, be
C(18,14). Fortunately, by Theorem 2.5, C(18,4) = C(18,14).

Despite our general wish to impress on you that checking one example doesn’t pro-
vide a general proof, we claim here that the method applied to our particular example
is, transparently, just as valid when applied generally. We can therefore give a brief
proof of the general result.

THEOREM 3.1

For each positive integer k and each nonnegative integer n, the number of nonnegative
integer solutions, (x,, x,,..., x), of the equation x, + x, + ... + x, =nis C(n + (k—1),k—1)
or, equivalently, C(n + (k—1),n).

Proof

As we have seen from the example above, the nonnegative integer solutions of the
equation x, + x, + ... + x, = n are in one-one correspondence with sequences made up
of n dots and k—1 lines, and there are C(n + (k—1),k—1) such sequences.

We are now able to solve the following two problems from Chapter 1.

PROBLEM 3.2

(This is Problem 3A of Chapter 1.) A manufacturer of high-quality (and therefore high-
priced!) chocolates makes just six different flavors of chocolate and sells them in boxes
of 10. He claims he can offer more than 3000 different “selection boxes.” If he is wrong,
he will fall foul of the advertizing laws. Should he fear prosecution?

Solution

To make up a box of 10 chocolates the manufacturer has to decide how many chocolates
of each of the six flavors to include. So the number of different selections is the number
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of nonnegative integer solutions of the equation x; +x, + x; + x, + x5 + x, = 10. By
Theorem 3.1, this is C(15,5), which is equal to 3003. The manufacturer can therefore
sleep soundly.

To solve the next problem we need a slight modification of Theorem 3.1 to cover the
case where we consider only positive integer solutions.

THEOREM 3.2

Let k, n be positive integers with n > k. Then the number of positive integer solutions,
(), X%55..., Xp), of the equation x, +x,+ ... + x, =n is C(n—1,k—1), or, equivalently,
Cln—1,n-k).

Proof

Let X;=x,—1 for 1<i<k. Then, X, + X, +... + X, =x,+x,+ ... + x,—k and, for
1<i<k, x;21 e X, 20. Therefore, (x,, x,,..., X;) is a solution in positive integers of
the equation

X +x,+ ... +tx=n (3.1
if and only if (X, X,,..., X}) is a solution in nonnegative integers of the equation
X+ X+ ...+ X, =n—k (3.2)

So the number of positive integer solutions of Equation 3.1 is the same as the
number of nonnegative integer solutions of Equation 3.2. Hence, by Theorem 3.1, the
number of positive integer solutions of Equation 3.1 is C((n—k) + (k—1),k—1), that is,
Cn—1,k-1).

PROBLEM 3.3

(This is Problem 3B of Chapter 1.) There is a widely held view that, in a truly random
selection of six distinct numbers from among the numbers 1 to 49 (as in the British
national lottery), the chance that two consecutive numbers will be chosen is extremely
small. Has this opinion any validity?

Solution

The total number of ways of choosing six distinct numbers from the numbers 1 to 49
is, of course, C(49,6). Rather than count the number of selections in which consecutive
numbers occur, we count those in which consecutive numbers do not occur. Thus, we
count the number of sextuples of positive integers, (t,,,,t5,t L5, L), satisfying

0<t,<t,<t,<t,<t;<t;<50
and
t,—t, t;—t,, t,—t;, t;—t,, and t,—t; are all greater than 1. (3.3)

We see that the number of such sextuples is the same as the number of sextuples
satisfying—1 < t, <t, <ty <t, <t; <t <51, where each of the numbers t,—(-1), t,—¢,
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ty—t,, t,—ts, ts—t,, ts—15, and 51 —t, is at least 2. (All the differences now being on equal
footing, namely, “greater than or equal to 2,” makes life a little easier!) Now, putting
T,=t,—(-1), T,=t,—t, Ty =t,—t,, T, = t,—t;, T, = t,—t,, T, = t,—t., and T, = 51— t,, we
see that T, + T, + ... + T, = 52. Hence the number of sextuples (t,,t,,t5,t,t5,t¢) satisfying
Equation 3.3 is the same as the number of positive integer solutions, (T,,1,,T5, T}, 15,15, T),
of the equation T, + T, + ... + T, =52 with T;2>2 for 1 <i<7 Copying the method
used in the proof of Theorem 3.2, by putting S, = T;—2, for 1 <i <7, this is the same as
the number of nonnegative integer solutions of §; + S, + ... +§,=52—(7 x 2) = 38. By
Theorem 3.1, this number is C(38 + (7—1),7—1), that is, C(44,6).

Hence the probability that a lottery draw (of 6 balls from 49) will contain no pair of
successively numbered balls is

C(44,6) 44! / 49! _44><43><42><41><40><3)9_22,919_0505
C(49,6) 6!38!/ 6!43! 49x48X47 x46Xx45X44 45,402

to three decimal places. So the probability of a pair of consecutive numbers appear-
ing when six (different) numbers are drawn from numbers 1 to 49 is, approximately,
1-0.505 = 0.495. In other words, it is only slightly less likely than not!

Another variation on Problem 3.1 is the following.

PROBLEM 3.4

How many nonnegative integer solutions are there of the inequality x + y + z +w + t < 14?

Solution

An unthinking attempt at this problem might say: “Let us find the number of solutions
to each of the equations x + y+z+w+t=n for n=0,1,2,...,13 and then add up the
answers.” There is nothing actually wrong with this approach, and, by Theorem 3.1, this
gives the answer as C(4,4) + C(5,4) + ... + C(17,4).

However, the problem can be answered more briefly as follows. To each solution,
say (a,b,c,d,e), of the equation x + y + z + w + t = n, with 0 < n < 13, there is a solution,
(a,b,c.d,e,f), oftheequationx + y + z + w + t + u = 13 with f= 13—n,and vice versa, with
the newly introduced term, f, taking up the slack. Hence the number of nonnegative
integer solutions of x + y +z+ w4+t < 14 is the same as the number of nonnegative
solutions of x +y +z+ w+ t+ u = 13. It follows immediately from Theorem 3.1 that
this number is C(18,5).

The reader who wonders if (or, perhaps better, why) these answers are the same
should reread Theorem 2.8.

The second method used in the solution of Problem 3.4 clearly leads to the following
further generalization of Theorem 3.1.

THEOREM 3.3

Let k, n be positive integers. Then the number of nonnegative integer solutions of the
inequality x; + x, + ... + x; < nis C(n + k—1,k) or, equivalently, C(n + k—1,n—1).
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Exercises

3.1.1A How many solutions are there in nonnegative integers of the inequality
x+y+z+t<20?
3.1.1B How many solutions are there in nonnegative integers of the inequality
xX+y+z+t<207?
3.1.2A How many integer solutions are there of the equationx + y +z+ t+ w=14
withx25,y>-3,z22,t>-7,and w > 4?
3.1.2B How many integer solutions are there to the equation x + y + z =20 with
x>—4,y>1,and z > 4?
3.1.3A A manufacturer makes marbles that are identical except for their color,
which can be red, blue, green, or yellow. In how many different ways can
the manufacturer make up a pack of 50 marbles?
3.1.3B i. Each soccer team in the English Premier League plays 38 matches during
the season. At the end of the season, the league table shows how many of
these matches each team has won, drawn, and lost. How many combina-
tions of these results are possible for any one team?
ii. What is the answer to the above question if the league table shows the
results of the 19 matches that the team played at home separately from the
19 matches that it played away?
3.1.4A Ina certain cricket match the 11 batsmen of one team between them scored
200 runs. In how many different ways could these runs be distributed
between the batsmen?
3.1.4B How many different boxes can our chocolate manufacturer of Problem 3.2
supply if he guarantees that there is at least one chocolate of each flavor in
each box?
3.1.5A In how many ways can 20 identical balls be placed in four distinct cups
such that each cup has an even number of balls? (Count 0 as even.)
3.1.5B In how many ways can 20 identical balls be placed in four distinct cups
such that each cup has an odd number of balls?
3.1.6A In the Everwin lottery, 10 numbers are drawn at random from the set
{1,2,..,100}. What is the probability that at least two consecutive numbers
are drawn?
3.1.6B  What is the smallest positive integer k such that if k numbers are drawn at
random from the set {1,2,...,100}, it is more likely than not that at least two
of the numbers drawn are consecutive?

3.2 NEW PROBLEMS FROM OLD

The diagrams we drew in connection with Problem 3.1 were very helpful. But the solu-
tion to Problem 3.2 suggests a reinterpretation that leads to host of related and intriguing
questions, several of which might have remained hidden, and some of which are a little
more tricky to answer!

Toreinterpret Problem 3.1 in thelight of the solution to Problem 3.2, imagine five (distinct)
boxes labeled x, y, z, w, and ¢. The solution (4,0,1,3,6) of the equation x+ y+z+w+t=14
corresponds to placing 14 (identical) balls in the five boxes so that there are 4 balls in box x,
0 balls in box y, 1 ball in box z, 3 balls in box w, and 6 balls in box t. See Figure 3.1.
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FIGURE 3.1

Consequently, Problem 3.1 can be recast as: In how many ways can 14 identical balls be
placed in five distinct boxes?

In calling the balls “identical” and the boxes “distinct” we mean that we are interested
only in how many balls there are in each box, but we want to distinguish, for example,
having four balls in box x and zero in box y, from having zero balls in box x and four balls
in box y. This problem has a number of variations according to whether we regard the balls
as being identical or distinct and whether we regard the boxes as identical or distinct. We
can also vary the problem by deciding whether we wish to include cases where some of
the boxes may be empty. In this way we have eight different problems about placing balls
in boxes: In how many ways can # (identical or distinct) balls be placed in k (identical or
distinct) boxes with at least one ball in each box or with some boxes allowed to be empty?

We now give examples of all the eight possible cases of occupancy problems. It would be
nice if, in the following examples, we could use the same values of n and k throughout. But,
in order that our examples be neither too large to list easily nor too small to appear general
enough, we shall choose n and k suitably in each case.

1a. Placing three distinct balls in two distinct boxes

We use a, b, ¢ to represent the three distinct balls, and { }, [ ] to represent the two
distinct boxes. Since for each ball there are two choices of boxes, there are
2 X 2 x 2 =23 = 8 different ways to allocate the balls to the boxes:

{a,b,c}, [ 1; {a,b}, [c]; {a.c}, [B]; {b,ch, [al; {a}, [b,cl; (b}, [ascl; {c} [a,b]; { }, [a.b.c].

1b. Placing three distinct balls in two distinct boxes, with no box empty

We see from the above list that of the eight ways of assigning three distinct balls to
two distinct boxes, there are two where a box is empty, and hence there are six
cases with no empty boxes.

2a. Placing four distinct balls in two identical boxes

Here we use a, b, ¢, d for the distinct balls and { } for each of the identical boxes. We
see that there are eight ways the balls can be placed in the two boxes:

{a,b,c,d}{ }; {a,b.chid}; {a,b.d}{ck; {a.c,d}{D; {b.c.d}ial; {a,bh{c.d}; {a,chib.d}; {a,d}{b.cl.

2b. Placing four distinct balls in two identical boxes, with no box empty

We see from (2a) that we need to discard the case {a,b,c,d},{ }, leaving seven ways of
placing the balls.
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3b.

4a.
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Placing six identical balls in three distinct boxes

As the balls are identical, all that matters is the number of balls in each box. As we
have seen, the number of ways to do this is the same as the number of nonnegative
integer solutions of the equation x + y + z= 6. So Theorem 3.1 tells us that there
are C(8,2) = 28 ways to place the balls in the boxes.

Placing six identical balls in three distinct boxes, with no box empty

The number of ways to do this is the same as the number of positive integer solu-
tions of the equation x + y + z = 6. So by Theorem 3.2 there are C(5,2) = 10 ways
to place the balls in the boxes.

Placing six identical balls in three identical boxes

Because the balls are identical, we need only indicate the number of balls in each
box—and this we can do most conveniently via Figure 3.2. There are therefore
seven solutions to this problem.

Placing six identical balls in three identical boxes, with no box empty

We see from Figure 3.2 that there are just three solutions in this case.

It is convenient, at this point, to introduce some notation. As is standard, we use S(11,k)
for the number of (different) ways of placing » distinct balls in k identical boxes so that no
box is empty. We use p,(n) for the number of ways of placing » identical balls in k identical

boxes, where some boxes may be empty.* It would be more consistent to use, say, P(n,k), but
there are historical reasons why these notations follow different patterns.

The letter S used in the notation S(n,k) commemorates the Scottish mathematician
James Stirling who introduced these numbers in a different context, which is explained

in Chapter 5 where we give some biographical information about Stirling. So we call the
numbers S(n,k) Stirling numbers. We shall have to wait until Chapter 4 to determine an
explicit formula giving their values for all values of n and k.

We now present a summary of the eight cases.

NW W s s o
NN W =N = O
N = O = O O O

FIGURE 3.2

* Beware: Some authors use the same notation for the case where no box can be empty.
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TABLE 3.1

Case Balls Boxes Empty Boxes? Number of Arrangements
la Distinct Distinct Yes Kk

1b Distinct Distinct No k!S(n,k)

2a Distinct Identical Yes S(n,1) + S(n,2) + ... + S(n,k)
2b Distinct Identical No S(n,k)

3a Identical Distinct Yes Cn+k—-1k-1)

3b Identical Distinct No C(n—1,k—1)

4a Identical Identical Yes pi(n)

4b Identical Identical No Pi(n)=pe_(n)

We now explain where the entries in the last column of Table 3.1 come from.

Case la. With » distinct balls to be placed in k distinct boxes, there are k boxes in which
we could place each ball. Hence the total number of ways to place the # balls in the k boxes
is, using the principle of multiplication of choices, k X k X ... X k = k".

Case 1b. We can view the problem of finding the number of ways of placing » distinct balls
in k distinct boxes, with no box empty, in the following way. First, place n distinct balls
in k identical boxes, with no box empty. We have used S(n,k) for the number of ways of
doing this. Then, distinguish the boxes by placing k different labels on the boxes. There are
k choices of box for the first label, k—1 for the second label, and so on. So the k labels may
be placed on the boxes in k X (k—1) X ... = k! ways. Combining the S(n,k) choices with k!
choices, we see that the total number of choices is S(n,k) X k! Of course, it still remains to
find a formula for S(n,k).

Case 2a. If we have k identical boxes, some of which are allowed to be empty, then we
may place all balls in one box, or share them between two boxes, or three boxes, and so
on. (Since the boxes are identical, exactly which boxes we use or leave empty is irrelevant.)
Clearly, then, the total number of ways to do this S(n,1) + S(1,2) + ... + S(n,k).

Case 2b. This is just the notation we introduced above, with the formula for S(n,k) yet to
be determined.

Cases 3a and 3b. As we have already noted, these cases are covered by Theorems 3.1
and 3.2.

Case 4a. At this stage this is just a matter of notation, as introduced above. We shall discuss
the problem of counting the number of ways to place identical balls in identical boxes in
Chapter 6.

Case 4b. The number of ways of placing » identical balls in k identical boxes so that no box
is empty is clearly obtained by taking the total number of ways of placing the balls in the
k boxes and subtracting the number of cases where at most k—1 boxes are used. Thus the
number of such arrangements is therefore p,(n) —p,_,(n).

We have already observed that, if the balls are identical and the boxes are identical, all
that matters is how many balls there are in each box. So deciding how to place # balls in
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k boxes, with some boxes possibly empty, is the same as deciding how to write n as the
sum of k nonnegative integers. As the boxes are identical, the order in which we put these
k nonnegative integers is irrelevant. Thus we can view the seven rows in Figure 3.2 as
corresponding to the following seven ways of writing 6 as the sum of three nonnegative
integers, namely,6 +0+0,5+1+0,4+2+0,4+1+1,3+34+0,3+2+1,and2+2+2.
Since the zeros are somewhat redundant, we usually omit them. We view the problem in
this way in Chapter 6.

In Table 3.1 we have carefully distinguished the cases according to whether the balls are
regarded as distinct or identical and likewise for the boxes, and whether or not the boxes can
be empty. In counting problems arising from real situations, you may need to think carefully
about which category the situation falls into, and hence which line of Table 3.1 is relevant.

Exercises

3.2.1A A teacher has 30 identical chocolate bars and 30 nonidentical pupils. She
gives the pupils an algebra test each day for six school weeks, that is, for 30
days in all, and gives a chocolate bar to the pupil with the highest score in
each test. In how many different ways can the chocolate bars be distributed
between the pupils?

3.2.1B There were 20 different birds and animals in the Caucus race. When the
race had finished the Dodo said, “Everybody has won and all must have
prizes.” Alice had a box of 40 identical comfits in her pocket. In how many
ways could she distribute these to the birds and animals so that each of
them received at least one?*

3.2.2A Inhow many ways can we place four identical black marbles and six distinct
nonblack marbles in five distinct boxes, some of which might be empty?

3.2.2B In how many ways can eight identical black marbles and ten distinct non-
black marbles be placed in five distinct boxes if there is to be at least one
black and one nonblack marble in each box?

3.2.3A A manufacturer makes identical transparent marbles and also marbles in
20 different colors. In how many ways can he make up a bag of 20 marbles,
given that the bag may contain up to 20 transparent marbles but not two
nontransparent marbles that have the same color?

3.2.3B A manufacturer makes white chalk and also chalk in 12 other colors. In
how many ways can he make up a box containing 12 sticks of chalk of
which at least six must be white and in which there must not be two non-
white sticks of chalk with the same color?

3.3 A “REDUCTION” THEOREM FOR THE STIRLING NUMBERS

Before we obtain a general formula for the Stirling numbers, S(n,k), we can, at least, read-
ily find the values for small values of n and k, not by laboriously listing all the ways of
placing distinct balls in identical boxes, but by establishing a relationship between S(,k)

* Based on Alice’s Adventures in Wonderland by the mathematician Lewis Carroll (1832-1898). Comfit is an old-
fashioned term for what in England is now called a sweet and in the United States a piece of candy. Also, Carroll
used animals to mean “mammals.”
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and S(n—1,k—1) and S(n—1,k), which is analogous to the formula C(n,k) = C(n—1,k—1) +
C(n—1,k) for the binomial coeflicients.

Next, we have this theorem:

THEOREM 3.4
For all positive integers 1, k with 2 < k < n, S(n,k) = S(n—1L,k—1) + kS(n—1,k).

Proof

We divide the different ways of placing the n distinct balls b,,b,,...,b, into k identical
boxes, with no box empty, into two disjoint classes: (i) those where ball b, is in a box on
its own and (ii) those where it isn’t.

The number of placings of type (i) is the same as the number of ways of placing the
remaining n—1 balls into k—1 other boxes, with no box empty. (There is no need to
take into account which box ball b, is in since all the boxes are identical.) There are
S(n—1,k—1) such placings.

We now consider the placings of type (ii). Since the ball b, is not alone in its cell,
even when this ball is removed, all the boxes are nonempty. So a placing of this type
is obtained by first placing the n—1 balls b,,...,b,_; in k boxes so that no box is empty
and then deciding into which of the k boxes to place b,. Since the balls are distinct, we
obtain a different placing of the #n balls corresponding to each of the S(n—1,k) plac-
ings of the balls b,,...,b,_; and each of the k choices of box for ball b,. Hence, there are
S(n—1,k) X k, that is, kS(n—1,k), placings of this type.

Since each placing of the n balls into k boxes, with no box empty, is of one of these two
types, and no placing is of both types, it follows that S(#,k) = S(n—1,k—1) + kS(n—1,k).*

Using the above formula for S(n,k) we can determine (although for large values of
n and k it could be a very long job!) the value of any particular S(»,k) if only we know
the values of S(n’k”) for the relevant values of n’, k" with n” < n or kK’ < k. In particular,
we need some values to enable us to make a start. These are given by part (i) of the
next theorem.

THEOREM 3.5

i. For all positive integers n, S(n,1) = S(n,n) = 1.
ii. For all positive integers n, with n = 2,5(n,2) =2"1-1.

Proof

i. There is clearly only one way of placing » balls in one box. There is also only one
way of placing » distinct balls in # identical boxes, with no box empty, since the
only possible arrangement is to have each ball in a separate box.

ii. Suppose that we have a set X =1{b,,b,,...,b,} of n distinct balls to place in two
boxes so that neither box is empty. X has 2" subsets. So there are 2" possibilities
for the set of balls that could be placed in one box. If the balls making up the

* The reader with a good memory will recall not only that the formula of Theorem 3.4 is analogous to that of
Theorem 2.7 but also that the proofs follow the same strategy of partitioning the set to be counted into two disjoint
subsets, each of which is then counted separately.
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subset Y of X are placed in this box, then the set Z= X\Y consists of the balls
that have to go in the other box. Thus we get a different arrangement for each
pair {Y,Z} of subsets of X, where Z = X\Y. There are (2")=2"" such pairs. But
this includes the arrangement where one of the boxes is empty. Hence there are

2n—1_

Notes:

1 ways of placing the 7 balls in two boxes with neither box empty.

1. In the spirit of this book we have given a combinatorial proof of (ii). The reader
may be interested to check that this result may also be proved from Theorem 3.4
using mathematical induction.

2. Since, for each positive integer n, S(n,1) = 1, Theorem 3.4 would be true for k=1
and n =2, it S(n—1,0) =0, giving 1 = S(n,1) = S(n—1,0) + S(n—1,1) =0 + 1. So we
stipulate that, for each positive integer ¢, S(t,0) = 0

We now have sufficient information to continue, as far as we have the stamina and
patience, Table 3.2, showing the value of S(n,k) for small values of n and k. For example,
the value 966 for S(8,3) is obtained from the formula S(n,k) = S(n—1,k—1) + kS(n—1,k)
of Theorem 3.4. This gives S(8,3) = S(7,2) + 3 X S(7,3) = 63 + 3 x 301 = 966. The shaded
“triangle” should help you to remember the method of evaluation.

Exercises
3.3.1A Use Theorem 3.4 to complete Table 3.2 for n=9,10 and 1 <k < n.
3.3.1B Prove that, for all integers n > 1, n! < S(2n,n) < (2n)!
3.3.2A Show that, for all integers n > 2, S(n,1) + S(n,2) + ... + S(n,n) < n! (The left-
hand side is the number of ways of placing » distinct balls in any number
of identical boxes.)
(Hint: If, say, n = 10, one placement of 10 distinct objects, say the integers 1,
2,...,10, into four boxes would be [1 39 6 4], [2 10], [5], [8 7]. What has this
to do with 10!?)
3.3.2B Show, by means of a combinatorial argument, that
S(n + 1,k + 1) = C(n,k)S(k,k) + C(n,k + 1)S(k + 1,k) + ... + C(n,n)S(n,k).
3.3.3A Show that, for 1 <k <n, k"= C(k,1)1!S(1,1) + C(k,2)2!S(n,2) + ... + C(k,k)k!S(n,k).
TABLE 3.2
k
S(n,k) 1 2 3 4 5 6 7 8
1 1
2 1
3 1
4 1 6 1
n 5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
8 1 127 966 1701 1050 266 28 1
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3.3.3B

3.34A

3.3.4B

3.3.5A

3.3.5B

3.3.6A

3.3.6B

3.3.7A

3.3.7B

3.3.8A

3.3.8B

Prove that, for all positive integers #,

0!S(n,1)-1!S(n,2) + ... + (<1)*1(n-1)! S(n,n) = 0.

(Hint: Multiply through the equality in Theorem 3.4 by (k—1)! and do
a sum)

Let X =1{1,2,3,4,5,6,7,8,9,10} and let Y ={1,2,3,4,5}. How many surjective
(onto) functions, f: X — Y are there with domain X and codomain Y?
Which is the least positive integer k such that, with X ={1,2,3,...,k} and
Y ={1,2,3,4,5}, at least one-third of the functions f: X — Y are surjective?
Show that, for all positive integers n > 1, S(n + 1,n) = C(n + 1,2) = [n(n + 1)]/2.
(Hint for this and the next exercise: Either give a direct combinatorial proof
that S(n + 1,n) = C (n + 1,2) or use the reduction formula of Theorem 3.4 to
give a proof using mathematical induction that S(n + 1,n) = [n(n + 1)]/2.)

i. Show that, for all positive integers n > 1,

S(n+2,m)= n(n+1)(n+2)(3n+ 1).

4!
ii. Find and prove the analogous formula for S(n + 3,n).
Prove that, for all integers n > 3,

S(n,3)=%(3”*1 —2"+1).

Prove that, for all integers n > 4,

1 1 1 1
S(”A)—a(‘L )—g(3 )+Z(2 )—g-

Show that, for m > n—1, m 0s and n 1s may be arranged in a line so that no
two 1s are adjacent in C(m + 1,n) ways.

Show that the number of sets of r elements that can be chosen from the set
{1,2,...,n} and that contain no two consecutive numbers is C(n — r + 1,7).
(Hint: Reduce this to the previous problem.)

Let S be a bag containing balls numbered 1 to n. You are to select r of them
by choosing one at a time and returning it to the bag before making another
selection. If the order of your choice is not taken into consideration, in how
many ways can the r balls can be chosen? (For example, if n =2 and r =4,
there are five ways of making the choice—and these are 1,1,1,1; 1,1,1,2;
1,1,2,2;1,2,2,2;and 2,2,2,2.)

By a nondecreasing integer we mean one such as 1,123,555,699 where the
digits involved do not decrease as you read from left to right. Determine the
number of nondecreasing integers less than 1,000,000.



CHAPTER 4

The Inclusion—Exclusion
Principle

4.1 DOUBLE COUNTING

In this chapter we return to the difficulty that we met in Chapter 2, Section 2.4. We saw
there that the formula

#AUBUC...) =#(A) + #(B) + #(C) + ...

holds provided that the sets A,B,C, ... are disjoint but not if there is an overlap among them.
In this section we develop the formula that holds in the case where the sets are not disjoint.
The general formula is given in Theorem 4.2. Our main application of it will be to obtain a
formula for the Stirling numbers, S(n,k). We begin with the easiest situation to understand,
namely, where we have just two sets, say A and B.

In the sum #(A) + #(B) we count each member of A once and each member of B once.
So the members of the set AN B get counted twice, once through their membership of A
and once through their membership of B. To obtain the number of elements in AU B we
therefore need to subtract the number of elements that are counted twice, namely, those
that are both in A and in B. This is shown in Figure 4.1. Thus we obtain:

THEOREM 4.1
For all sets A and B,

#(AUB) =#(A) + #(B) — #(ANB).

The next problem illustrates the use of this theorem.
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FIGURE 4.1

PROBLEM 4.1

How many integers are there in the range from 1 to 1,000,000 that are divisible by 2 or
3 or both?

Solution

We let D, and D, be the sets of those integers in the range from 1 to 1,000,000 that
are divisible by 2 and by 3, respectively. By Theorem 4.1, #(D, U D;) = #(D,) + #(D;) —
#(D,N D). Clearly, #(D,) = 500,000 and #(D,) = 333,333. Now, an integer is divisible by
both 2 and 3 if and only if it is divisible by 6. Hence #(D, " D;) = 166,666. Therefore
#(D, U D;) = 500,000 + 333,333 — 166,666 = 666,667.

Theorem 4.1 can easily be extended to deal with the case of three sets. All we need

do is to write AUBU Cas (AU B) U C and then apply Theorem 4.1, making use of some
elementary set algebra. This gives

#(AUBUC)=#((AuUB)UC)

#(AUB)+#(C)-#((AUB)NC)
(#(A)+#(B)—#(ANB))+#(C)-#((AUB)NC),

using Theorem 4.1 twice. Now, by the distributive law for unions and intersections of
sets, (AUB)NC= (AN C)uU(BNC). Hence, using Theorem 4.1 again,

#(AUB)NC) =#(ANC)+#BNC) —#(ANC)N (BN Q)),
and therefore, as (ANB)N (BN C) = ANBNC, we deduce that
#AUBUC) = (#(A) + #(B) + #(C)) — #H(ANB) + #(ANC) + # BN C)) + #ANBNC).

Now let us see what this formula means. The three terms in the first pair of brack-
ets count the members of A, B, and C separately. Thus, when we add them up, we have
counted elements that are in two of the sets twice, and those in all three are counted
three times. We take account of this double counting by subtracting the terms in the
second pair of brackets. However, when we do this, an element that is in all three of the
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(#(A)+#(B)+#(C)) —(#ANB)+#AN C)+#(BN C)) +#ANBNC)

FIGURE 4.2

sets is discounted three times. To compensate for this we have to add on the final term
#(ANBNC). We can illustrate the stages of this process by the diagrams in Figure 4.2.

We see from Figure 4.2 that our formula does indeed count each element of AUBUC
exactly once. Notice that this is accomplished by alternately including elements in the
count and excluding them.

It is now not difficult to see how to extend this formula to deal with the general
case of the number of elements in a union of # sets. The only complication is with the
notation needed to deal with this general situation. The theorem gets its name from the
inclusion and exclusion processes corresponding to the alternate + and — signs.

THEOREM 4.2
The Inclusion-Exclusion Theorem

Forallsets A, A,,..., A,,

#(A VA, ULUA)=(#(A)+#(A,)+..+#(A,))
—(#(A,PA)+#(A N A)+..+#(A, NA,))

H(#(A N A NA)+H#(A NA NA)+. +#(A, ,NA, NA,))

(-1)"1#(A, NA,N..NA,).

Comment

A word about the notation is necessary before we give a proof of this theorem. The
notation above is intended to indicate that the second pair of large brackets on the
right-hand side contains terms corresponding to each pair of sets, the third pair of
large brackets contains terms corresponding to each triple of sets, and so on. If we want
to be more explicit about this, at the price of complicating our formula, we can write
the equation in Theorem 4.2 as follows:

#[UAijzi(_l)k+l[ Z #(A, NA, m...r\Aik)]. (4.1)
i=1 k=1 1< <..<ig<n

Here the inequalities 1 < i, < ... <, < n under the summation symbol are intended
to indicate that the sum is taken over all choices of integers ii,,...,i satisfying
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these inequalities. In other words, we sum over all the k-element subsets of the set
{1,2,...,n}.
We are now ready for the proof.

Proof

Take an element xeA, U...UA,. We calculate how many times x is included by the
formula on the right-hand side of Equation 4.1.

Suppose that x is an element of exactly m of the given sets, say A, ,..,A; . Then
x€ A, N..N4; ifand only if {ij,....i, } S {j, .. j, ;- This can happen only if 1 <k <m,
in which case the set {j,...,j,} has C(m,k) subsets of size k. Thus x is counted C(m,k)
times in the sum X, . . ., #(A, N..N A, ) that occurs on the right-hand side of
our equation. Thus, taking account of the alternating signs, x is altogether counted
D (1)1 C(m,k) times. Now 27, (—1)*C(m,k) =0 (see Exercise 2.3.3B).

It follows that X7, (=1)*1C(m,k) = C(m,0)=1, and thus each element of A, U ... UA,
is counted just once by the formula, which therefore gives the correct value for
#A,U...UA).

We can now use the inclusion-exclusion theorem to modify our calculation in
Chapter 2 of the number of five-card hands with at least one suit with no cards in it
(Problem 2.11).

PROBLEM 4.2

How many hands of five cards are there in which there is at least one suit with no
cards in it?

Solution

We let Vy, Vi, V), and V. be those five-card hands with no spades, hearts, diamonds,
or clubs, respectively. We wish to calculate #(Vyu VU V,0U V). By the inclusion—
exclusion theorem this is equal to

(#(Ve)+#(Vi) +#(Vp) +#(Ve)) = (#(Vs A Vi) + ) H(# (Vs NV AV )+
- #(VonVy VN Ve).

A hand in V{ contains 5 cards drawn from the 39 cards that are not spades. Thus
#(Vy) = C(39,5), and similarly for each of the terms in the first pair of large brackets of
the above expression. A hand in VNV, consists of 5 cards drawn from the 26 cards
that are neither spades nor hearts. Thus #(Vyn V) = C(26,5), and similarly for the
other terms in the second pair of brackets. These terms correspond to all the ways
of choosing two suits from the four suits in the pack, so there are C(4,2) terms in the
second pair of brackets. In the same way we see that there are C(4,1) terms in the third
pair of brackets, each of them equal to C(13,5). Finally, of course, there are no five-card
hands that contain no card of any suit and so #(Vsn VNV, V) = 0. Therefore

# VoLV UV,UV)=C(4,1)C(39,5)—C(4,2)C(26,5)+C(4,3)C(13,5)
=4x575,757-6x65,780+4%1,287=1,913,496,

which agrees with our earlier solution to Problem 2.11 in Chapter 2.
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If you compare the solutions to Problems 2.11 and 4.2, you will see that, in this case,
the use of the inclusion—exclusion theorem does not save a lot of work, as in the solution
to Problem 2.11 we needed to consider only five different suit distributions. However,
with larger hands, where there are many more possible suit distributions, the use of
inclusion-exclusion theorem saves a lot of work. This is illustrated by Exercise 4.1.3A.

The next problem involves an application of the inclusion-exclusion theorem of a
different kind.

PROBLEM 4.3

A set of n objects is sampled at random with replacement. What is the probability that,
after s samples have been drawn, each object has been sampled at least once?

Solution

“Sampling with replacement” means that the set from which the samples are drawn
remains the same throughout. It occurs in many different contexts. For example, both
bird watchers and train spotters can be thought of as sampling with replacement.
Also, when you throw dice, you are sampling the numbers on the dice with replace-
ment, since the set of numbers that can come up on each throw stays the same. Likewise,
tossing a coin can be thought of as sampling with replacement the two sides of the
coin. These cases are different from problems involving, for example, hands of cards,
where, when a card has been drawn from the pack, it cannot be selected again.

Sampling at random is intended to mean that any sequence of s samples is as likely
to be drawn as any other. So the required probability in Problem 4.3 is just the ratio

#(Sequences of s samples in which each object occurs)

“.2)
#(All sequences of s samples)

We will use 6(1,5) for this ratio. The number in the denominator of Equation 4.2 is very
easy to calculate. As we are sampling with replacement, each time we draw a sample, we
have n objects to choose from. Hence a sequence of s samples can be selected in #* ways.

To calculate the number in the numerator of Equation 4.2, it is easier first to cal-
culate the number of sequences of s samples in which at least one of the objects does
not occur. We let A, be the set of those sequences of s samples in which the ith object is
missing. The number in the numerator of Equation 4.2 is therefore n* — #(U™, A;). Now,
by the inclusion-exclusion theorem,

#[UAi]zi(—l)kﬂ z #A, N4 |
i=1 k=1

1< <...<ix <n

Here A; M...N A, is the set of those sequences of s samples in which k of the objects
do not occur, and hence in which each sample may be chosen in (n—k) ways. It follows
that #(A; N...NA; )=(n—k)*. Now, there are C(n,k) ways of choosing the k numbers
ij,...i, from the set {1,2,...,n}. Consequently, the numerator of Equation 4.2 is equal



56 m How to Count: An Introduction to Combinatorics, Second Edition

to n* =X 7_ (=1)¥'C(n,k)(n—k)*. We can rewrite this as >.;_,(~1)¥*C(n,k)(n—k)*. So the
required probability is given by

G(n,s)znls;(—l)kC(n,k)(n—k)f.

PROBLEM 4.4

How many times do you need to toss a fair coin to have a probability greater than 0.99
of throwing at least one head and at least one tail?

Solution

As we noted above, tossing a coin can be viewed as sampling with replacement from the
two-element set {H,T}, where H = head and T = tail. So, it is the case of Problem 4.3 with
n = 2. Consequently, the probability that both a head and a tail are thrown in s tosses is

1 o 1 1
6(2,5)—P;(—l)kC(z,k)(z—k) = @-9=1-_.

(Note that in this particularly simple case, we didn’t really need to use the general
formula. With s tosses, there are 2¢ sequences of possible outcomes, of which just two,
HH...Hand TT... T, do not include at least one head and at least one tail.)

We therefore seek the least s such that 1 —(1/2571) > 0.99. This inequality is equivalent
to 25> 200. The smallest integer s satisfying this last inequality is s = 8.

There is no straightforward way to simplify the formula for 6(n,s) in general.
However, in two special cases we can do this.

THEOREM 4.3

a. For all positive integers n, s, if s < n, then
0(n,5) = 3" (~-DFClmk)(n~ k) =0. 4.3)
ary
b. For all positive integers #,

0(n,n)= %2(—1)"C(ﬂ,k)(n— Ky = ;i' (4.4)
k=0

Proof

a. When s < n there cannot be a sequence of s samples that includes all the 7 objects.
So in this case 0(n,s) = 0.

b. When s = n, a sequence of s samples containing each of the n objects must contain
each of them just once, and hence is just a permutation of those objects. Now
there are n! permutations of 7 objects, and so 0(n,n) = n!/n".
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Exercises

4.1.1A How many integers are there in the range from 1 to 1,000,000 that are
either perfect squares or perfect cubes or both?

4.1.1B  How many integers are there in the range from 1 to 1,000,000 that are
divisible by 7 or 11 or both?

4.1.2A How many integers are there in the range from 1 to 1,000,000 that are
divisible by none of 2, 3, 5, and 7?

4.1.2B How many integers are there in the range from 1 to 1,000,000 that are not
powers, that is, not of the form »n* where k, n are positive integers with k > 2?

4.1.3A How many bridge hands (hands of 13 cards drawn from the standard pack
of 52 cards) are there that include at least one void suit?

4.1.3B If a pack consists of cards from p suits with # cards in each suit, find a for-
mula for the probability that a hand of n cards from this pack includes at
least one card from each suit.

4.1.4A Euler’s ¢-function plays an important role in number theory. For each
positive integer n, ¢(n) is the number of integers in the range from 1 to n
that have no prime factors in common with #n. For example, ¢(12) = 4 since
there are four positive integers in the range from 1 to 12 that have no prime
factors in common with 12, namely, 1, 5, 7, and 11.

Use the inclusion-exclusion theorem to show that, if the distinct prime

factors of n are p, p,,...,ps then

worfog ot Ho3)

4.1.4B Calculate the values of (a) ¢(1,000,000) and (b) ¢(7!), that is, (p(5040).

4.1.5A How many times do you need to throw a standard die so that there is a
probability greater than 0.5 that each of the numbers 1, 2, 3, 4, 5, and 6 is
thrown at least once?

4.1.5B If two coins are tossed, there are four equally likely outcomes, HH, HT,
TH, and TT. How many times do you need to toss two coins so that there
is a probability greater than 0.9 that each of these outcomes occurs at
least once?

4.1.6A Suppose that the sets X; for 1 < i < n are pairwise disjoint, and each contains
p elements. Let X =, X,. Show that if X is sampled with replacement at
random, the probability that a sequence of s samples contains at least one
element from each of the sets X; is 0(n,s); that is, it is independent of p.

4.1.6B A bag contains equal numbers of red, green, blue, and yellow balls. One
ball is drawn at random from the bag and then replaced. If this is done
eight times, what is the probability that at least one ball of each color is
drawn from the bag?

4.1.7A Cards are drawn at random from a standard pack and then replaced. How
many times do you need to do this to have a probability of more than 0.99
that you have drawn at least one card of each rank?

4.1.7B  Cards are drawn at random from a standard pack and then replaced. How
many times do you need to do this to have a probability of more than 0.99
that you have drawn at least one card of each suit?
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4.2 DERANGEMENTS

We now come to the “Snap” problem from Chapter 1, there called Problem 4. As we said,
the answer may come as a surprise.

PROBLEM 4.5

Two fully shuftled standard packs of 52 cards are placed face down and side by side.
One after another, pairs of cards, one from each pack, are turned over. What is
the probability that, as all 52 pairs are turned over, at least one pair of cards will be
the same?

Comment

Before reading the solution below, try to estimate this probability or, better still, solve
the problem for yourself.

Solution

We can calculate the required probability, say p.,, by assuming that the order of the
cards in one of the packs is fixed and then counting the number of arrangements of the
second pack where there is at least one coincidence with the first pack. Then ps, is this
number divided by the total number of arrangements of the cards in the second pack,
which is, of course, 52!

For 1 <i <52 welet A, be the set of those arrangements of the second pack in which
the ith card coincides with the ith card of the first pack. Then

52
#| A
AU
2 521

Given 1<i <...<i <52, A,N..NA, is the set of those arrangements of the
second pack in which the card in each position i,,..., i, is identical to the card in the
same position in the first pack. The other (52—k) cards can be arranged in any order
in the remaining (52—k) positions. Therefore #(A; N...NA; )=(52—k)! Hence, by the
inclusion-exclusion theorem,

#[DAiJ:i(—l)k“ 2 #A, MO A)

i=1 k=1 1< <...<i <52

ZZ(—l)k+1c(52,k)(52—k)!

k=1
The good thing is that this last expression simplifies because

52! 52!
C(52,k)(52—k)!'=—————x(52-k)!=",
G2RE2=I= 6 P
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and therefore

# A, o
p52=£g J 12 22 2( D 4.5)

520 52!

Of course, for a pack of  cards, all we would need to do is to substitute 7 for 52 through-
out the solution. Hence the probability, p,, for packs of n cards is given by Equation 4.5
with 52 replaced by n.

We can easily relate the number given by Equation 4.5 to the number e. Using the
series for e* in the case where x = —1, we have e™! = Zfzo[(—l)"/k!], and hence

l—el= 2% (4.6)

k=1

Comparing Equations 4.5 and 4.6, we see that p., is given by the first 52 terms of the
infinite series in Equation 4.6. This series converges so rapidly that 1 —e™ provides a very
good approximation to the value of p,. More generally, as we have already noted, if p,, is
the probability of a coincidence with two packs of  cards, p, is given by the first n terms
of the series for 1 —e™. The rapid convergence of this series means that once we have six
cards in the pack, the probability of at least one coincidence does not change appreciably
as the number of cards in the pack increases. This is shown by Table 4.1, which gives the
values of p, for 1 < n < 13 and also the value of 1—e7, all to nine decimal places.

So, the remarkable, almost unbelievable, truth is that a coincidence of at least one
pair of identical cards occurs in almost two cases in every three and that once we have
at least six cards, the number of cards in the pack hardly affects this probability.

An arrangement of n objects in which no object occupies its original position is
called a derangement of those objects. Problem 4.5 involves counting the number of

TABLE 4.1
n Py
1 1.000000000
2 0.500000000
3 0.666666667
4 0.625000000
5 0.633333333
6 0.631944444
7 0.632142857
8 0.632118056
9 0.632120811
10 0.632120536
11 0.632120561
12 0.632120559
13 0.632120559
1-e! 0.632120559
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arrangements of the second pack that are not derangements of the first pack. Using the
method of that problem we can easily arrive at the following result.

THEOREM 4.4

The number of derangements of a set of n objects is

n

n!z (_kl!)k.

k=0

The series in Theorem 4.4 consists of the first n + 1 terms of the infinite series for e,
hence the number of derangements of a set of 1 objects is approximately nle™!, and this
approximation is very accurate for n > 6.

Exercises

4.2.1A If letters to 10 different people are placed, at random, in 10 envelopes
addressed to the same people, what is the probability that every letter is put
into the wrong envelope?
4.2.1B In our village we have a baker, a grocer, a publican, and a policeman. They
are called Mr. Bun, Mr. Sugar, Mr. Pale-Ale, and Mr. Copper, but Mr. Bun is
not the baker, Mr. Sugar is not the grocer, Mr. Pale-Ale is not the publican,
and Mr. Copper is not the policeman. How many possibilities remain for
the last names of the baker, grocer, publican, and policeman?
4.2.2A For the purpose of this and the next question, by an anagram of a given
word (or, more generally, a string of letters), we mean a rearrangement of
the letters so that in each position there is a change of letter. Thus when
all the letters of a word are different, an anagram is just the same as a
derangement of its letters, but when some letters are repeated, not all the
derangements are anagrams. For example, the word NOON has just the
one anagram ONNO, and the word BALL has the two anagrams LLAB and
LLBA, whereas TEE has no anagrams at all. (Of course, we do not insist
that an anagram of a word must be another word of our language.)
How many anagrams do each of the following words have?
i. ROBOT ii. ANAGRAM iii. TENNESSEE
4.2.2B i. How many anagrams does AABBCC have?
ii. How many anagrams does a string of letters made up of r As, s Bs, and
t Cs have?

4.3 A FORMULA FOR THE STIRLING NUMBERS

The Stirling numbers, S(n,k), were introduced in Chapter 3. They give the number of
ways of placing n distinct balls in k identical boxes, so that no box is empty. Theorem 3.4
gives a recurrence relation* satisfied by these numbers. We can now use the argument of
Problem 4.3 to obtain an explicit formula for them.

* See Chapter 7, Section 7.3, for a discussion of what is meant by a “recurrence relation.”
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THEOREM 4.5

For all integers n,k with 1 <k <n,
=
S(n,k)= EZ(—I)SC(k,s)(k—s)". 4.7)
s=0

Proof

We have noted in Chapter 3 that k!S(n,k) is the number of different ways of placing n
distinct balls in k distinct boxes so that no box is empty and that this is the same as the
number of surjective functions from a set with # elements to a set with k elements. So
we can obtain a formula for S(,k) by calculating this number and then dividing by k!
We can take A = {l1,..., n} to be our set of n elements, and we let B={1,..., k} be our
set of k elements. There are altogether k" different mappings from A to B. We count the
number of these mappings that are not surjective. For 1 <i <k, we let X; be the set of
those mappings f: A — B that do not take the value i. So we are aiming to calculate the
value of #(UL, X;). Naturally, we do this by using the inclusion-exclusion theorem,
which tells us that
k k
#[UX,}: 2{(—1)5+1 2 #(X, NN X,), 4.8)
i=1 1

5= 1<i; <..<ig<k
The argument we now use is one that we have seen before. There are C(k,s) ways
to choose the numbers i,,...,i, in the range from 1 to k. For each of these choices,
X; M...N X, is the set of those functions f:A — B that do not take any of the values

iy,..., i, So for each function fin this set, and for each integer j with 1 < j < n, there are
(k—s) choices for f(j). Hence #(X; N...N X;;)=(k—s)". Therefore, by Equation 4.8,

#[Uxij:i(_l)mc(k,s)(k_s)n’

and hence the number of surjective functions f: A — B is

k k
kn —2(—1)S+1C(k,s)(k—s)" = 2(—1)$C(k,s)(k—s)".
s=1 s=0
It therefore follows that
L
S(n,k)=EZ(—1)SC(k,s)(k—s)".
5= (4.9)
When s=k, (k—s)"=0, the last term of the sum in Equation 4.9 is 0, and so

Equation 4.9 is equivalent to Equation 4.7 that we were aiming to prove. So this com-
pletes the proof.
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Exercises

4.3.1A Use the formula in Equation 4.7 to calculate the values of S(4,2) and S(8,4),
and check that the values you get agree with those given in Table 3.2.

4.3.1B Usethe formulain Equation 4.7 to calculate the values of S(7,k) for 1 < k < 7,
and check that the values you get agree with those given in Table 3.2.

4.3.2A Use the recurrence relation S(n,k) = S(n—1,k—1) + kS(n—1,k) of Theorem
3.4, and the fact that S(n,1) = 1 for each positive integer, to give a proof of

Theorem 4.5 by mathematical induction.

(Use induction on n to prove that for every positive integer n > 1, for
integers k with 1 < k < n, the formula in Equation 4.7 of Theorem 4.5 holds.
This is a good example of a case where once you know which formula it is
you want to prove, proof by mathematical induction is a useful tool. As you
will see, it enables us to prove Equation 4.7 just by algebraic manipulations.
However, it wouldn’t be much use if all we had was the recurrence relation,

and we didn’t have any idea what the correct formula was.)

4.3.2B Verify that Theorem 4.5 gives the same answers as does Theorem 3.5 of
Chapter 3; namely, that for all positive integers n, S(n,1) = S(n,n) = 1, and

forn>2,8(n,2) =2"1-1.



CHAPTER 5

Stirling and Catalan Numbers

5.1 STIRLING NUMBERS

One of the pleasures of studying mathematics lies in discovering how the same ideas,
numbers, and so on keep cropping up in different settings. In the case of (collections of)
numbers, in particular, many are named after famous mathematicians, often their origi-

nators or principal investigators. Apart from the well-known Fibonacci numbers, there
are numbers named after Fermat, Bernoulli, Euler, Mersenne, Lucas, Carmichael, Ramsey
(Whom we meet in Chapter 16), and many more.*

In this chapter we consider just two classes of numbers, one named after the Scottish
mathematician Stirling, the other after the French/Belgian mathematician Catalan. The
former class was, indeed, introduced by Stirling, while the latter class was essentially intro-
duced by Euler, with other mathematicians studying them before Catalan’s time. So, what
problems gave rise to these numbers?

In his book Methodus Differentialis (1730; following a paper of the same name in 1719)
James Stirling® introduced methods by which he could quickly determine, accurate to
many decimal places, the approximate value of various slowly converging series. For exam-
ple, he was able to calculate ¥~ (1/n2)to 17 places of decimals. (Proceeding naively would
require, approximately, adding the first 1,000,000,000 terms!) To do this Stirling needed
to determine the coefficients a,, arising when the so-called falling factorial polynomial
x(x-1)(x-2)...(x-[n-1]) is written in the form a,, ,x" - a,, ,_,x"' + ... + (-1)""a, ,x (the minus
signs being chosen so that all the terms a,,, are positive) as well as the converse problem

* Not forgetting Erdés! Paul Erdés, who was born in Budapest on March 26, 1913, was a prolific and towering figure
in combinatorics. He wrote 1475 research papers, mostly in collaboration. Altogether he had some 485 coauthors.
He died in Warsaw on September 20, 1996. Your Erdés number, if it exists, is the least integer n such that there is a
sequence of people E,E,,...,E, where E is Erdos, E,, is you, and for each k, 0 < k < n, E; has coauthored a published
research paper with E,,,. There is an excellent biography of Erdés, The Man Who Loved Only Numbers, by Paul
Hoffman, Fourth Estate, London, 1998.

James Stirling was born in Scotland in 1692. He was a student in Glasgow and Oxford, and then went to Venice.
He settled in London in 1724. In his later life Stirling turned his attention to engineering. He was employed by
the Scottish Mining Company and moved back to Scotland in 1735 to Leadhills, Lanarkshire, a village near the
company’s lead mines. He died in Edinburgh on December 5, 1770.

-
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of finding the coefficients b, ; arising when x" is expressed in terms of the falling factorial
polynomials, so that

x"=b, x(x-1)..(x-[n-1]) + b, ,_x(x-1)...(x=[n-2]) + ... + b, ,x(x-1) + b, | x.

The definition of falling factorial polynomials given above is fairly easy to grasp, but
clearly a succinct notation would be a help. So for each integer k >0 we use [x], for the
falling factorial polynomial x(x-1)...(x—-[k-1]). Note that the suffix k indicates the degree
of the polynomial.

PROBLEM 5.1

Calculate the values of the numbers g, forI<n<5and 1 <k <n.

Solution
[x], =x
[x], = x(x-1) = x?-—x
[x]; = x(x-1)(x-2) = x3-3x% + 2x
[x], = x(x-1)(x-2)(x-3) = x*-6x° + 11x>-6x
[x]5 = x(x-1)(x-2)(x-3)(x—4) = x°-10x* + 35x3-50x2 + 24x

Therefore we have Table 5.1 giving the numbers a,,;, for1<n<5and 1 <k <n.

PROBLEM 5.2

Calculate the numbers b, ;, for I <n<4and1<k<n.

Solution

[x], = x, and hence b, = 1.

[x], = x*-x, and hence x? = [x], + x = [x], + [x],. Therefore b,,=1and b,, = 1.

[x];=x%-3x2+2x, and hence x3=[x];+ 3x?-2x = [x]; + 3([x], + [x])-2[x], = [x]5
+ 3[x], + [x],. Therefore b, =1, b,,=3,and b,, = 1.

[x], = x*-6x° + 11x?-6x, and hence x* = [x], + 6x°-11x% + 6x =
], + 6([x]; + 3[x], + [x])-11([x], + [x],) + 6[x], = [x], + 6[x]; + 7[x], + [x],.
Therefore b, ,=1,b,,=6,b,,=7and b,, = 1.

TABLE 5.1
k

a, 1 2 3 4 5
n 1 1

2 1 1

3 2 3 1

4 6 11 6 1

5 24 50 35 10 1
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TABLE 5.2
k

b, 1 2 3 4 5
n 1 1

2 1

3 1 1

4 1 6 1

5 1 15 25 10 1

Using the same method you should find that x° = [x]; + 10[x], + 25[x]; + 15[x], + [x],.
Hence we have Table 5.2.

The above coefficients cry out for investigation. Do any of them ring any bells?
Table 5.1 may not be familiar, but look at the entries in Table 5.2. Yes, they are the
same as the numbers in Table 3.2 giving the values of S(n,k). Recall that S(n,k) is the
number of ways of placing # distinct balls in k identical boxes, so that no box is empty.
Comparing the two tables we see that for 1 <n<5and 1 <k<n, b, = S(n,k). Is this
just a coincidence? As we now show, we can prove, using mathematical induction, that
this equality is always true.

THEOREM 5.1

For each integer n > 1, we have
x"=S(n,n)[x], + S(n,n-1)[x],_, + ... + S(n,1)[x],,

that is,

X = ZS(n,k)[x]k.
k=1

Proof

Base. As S(1,1) = 1, and [x] = x, we have that x = S(1,1)[x];, and so the result holds for
n=1.
Induction step. Suppose the result holds for n = t, that is, that

t
X' = ZS(t,k)[x]k. (.1)
k=1
It follows from Equation 5.1 that

Xt = x(xt)= xz S(t,K)[x], = ZS(t,k)[x]kx - ZS(t,k)[x]k((x— 0+k). (5.2
k=1 k=1 k=1



66 m How to Count: An Introduction to Combinatorics, Second Edition

Now [x]; (x=k) = x(x-1)(x-2)...(x-[k-1])(x-k) = [x],,» and hence it follows from
Equation 5.2 that

x4 = Y SR x), + Y KSR,
= k=1 (5.3)

=S(t,1)[x], +Z(k8(t,k)+ S(t,k—=1))[x], + S(t,1)[x],,-
k=2

Now, S(t,1) =1=S8(t + 1,1), S(t,t) =1 =S(t + 1,t + 1), and, by Theorem 3.4, kS(t,k)
+8(t,k-1) = S(t + 1,k). Hence, it follows from Equation 5.3 that x**! = 3"\S(¢ +1,k)[x],.
Therefore the results hold also for n =t + 1. It follows, by mathematical induction, that
the result is true for all integers n > 1.

Problem 5.A is another instance where the numbers S(n,k) arise. In calculus the
operator 0 = xD = x(x/dx) occurs frequently. We let, as usual, 6” and D" be these
operators repeated n times, so that, in particular, D" is the operator d"/dx". Then,
if fis a function that can be differentiated as often as required, and as 6f = xDf, we
see that 0 2f = xD(xDf) = x(Df + xD*) = xDf + x*D?f. (Note that D(xDf) = Df + xD*f
is obtained by applying the product rule to differentiate the product xDf.) Thus the
operators 02 and xD + x2D? are identical.

PROBLEM 5.3

Show that 6° = xD + 3x2D? + x°D?, and find a similar expression for 6*.

Solution
We have that 6°=0(0?) =xD(xD + x2D?) = x([D + xD?] + [2xD? + x*D?]) = xD + 3x*D?
+ x°D3.

Similarly, 0*=0 (0°) = xD(xD + 3x2D? + x°D?) = x([D + xD?] + [6xD? + 3x2D?]
+ [3x2D? + x°D¥]) = xD + 7x2D? + 6x°D? + x*D*.

At this stage, you will notice that the coefficients 1, 7, 6, 1 that occur in this last
expression are the values of the Stirling numbers, S(4,k), for k = 1,2,3,4. We ask you to
prove that this generalizes in Exercise 5.1.7B.

The numbers S(n,k) are usually called Stirling numbers of the second kind. The num-
bers a, , were also introduced by Stirling and are usually called Stirling numbers of the
first kind. We shall use the notation s(n,k) for these numbers. As the names “Stirling
numbers of the second kind” and “Stirling numbers of the first kind” are rather cum-
bersome, we shall follow the notation S(#,k) and s(n,k) and call these numbers Stirling
numbers and stirling numbers, respectively.

Therefore, we define the stirling number, s(n,k), as follows.
DEFINITION 5.1

For each pair of integers k, n such that 1 < k < n we define the stirling number, s(n,k), to
be the modulus of the coefficient of x* in the expansion of [x],. That is, s(n,k) = a,, .
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Because [x], = x(x-1)(x-2)...(x—[n-1]), the coefficient of x* in [x], is positive or nega-
tive according to whether n - k is even or odd. Thus s(n,k) = (-1)"-* X the coefficient of
x*in [x],, and, conversely, the coefficient of x* in [x], is (-1)"*s(n,k).

Table 5.1 gives the values of s(n,k) for 1 < k < n <5. To extend this table it would be
useful to have a recurrence relation for the numbers s(n,k), analogous to that one we
have already given for S(#,k) in Theorem 3.4. And, indeed, we have:

THEOREM 5.2

For all integers k, n such that 2 < k < n, we have
s(n,k) = s(n-1,k-1) + (n-1)s(n-1,k).

Proof
We have that [x], = x(x-1)(x-2)...(x-[n-2])(x-[n-1]) = [x],_,(x—[n-1]). Thus

(x], = x[x],_,-(n-D[x],_,. (5.4)

Now the coefficient of x* in x[x],_, is the same as the coefficient of x*! in [x],_;, and the
coefficient of x*in —(n-1)[x],,_, is —(n-1) X the coefficient of x* in [x],,_,. Hence (-1)"*s(n,k) =
(-D)-D-k-Dg(3-1,k-1) — (n-1)(-1)"Dks(n-1,k) = (<1)"*[s(n-1,k-1) + (n-1) s(n-1,k)]. Hence
s(n,k) = s(n-1,k-1) + (n-1)s(n-1,k).

PROBLEM 5.4

Use Theorem 5.2 to calculate the values of s(n,k) for n=6,7 and 1 < k <#, and thus
extend Table 5.1, to give the values of s(n,k) for L <k<n<7.

Solution

We have, for example, that, by Theorem 5.2, s(6,4) = s(5,3) + 5s(5,4) = 35 + 5 x 10 = 85.
In a similar way we obtain the other values shown in Table 5.3.

From the very idea of writing the polynomials [x], in terms of the polynomials x*,
using the coefficients (-1)"*s(n,k) and the polynomials x" in terms of the polynomi-
als [x], using the coeflicients S(n,k), it is not surprising that the stirling and Stirling
numbers are kinds of “inverses” of each other. In fact, if, for some #, you take the n X n
matrices ((—1)"+fs(i,j)) and (S(i,j)) and multiply these matrices together, you should
obtain something that might surprise you (see Exercises 5.1.2A and 5.1.2B). Of course,
it shouldn’t be so surprising when you recall that, given the two pairs of equations
u = ax + by, v =cx + dy, then if these can be solved to give x = pu + qv, y = ru + sv,

b
the matrices (a d) and (‘D q) are inverses of each other.
c r s

TABLE 5.3

s(n,k) 1 2 3 4 5 6 7

n 6 120 274 225 85 15 1
7 720 1764 1624 735 175 21 1
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But is that all these stirling numbers are good for? By no means! Although the stirling
numbers, s(1,k), do not seem to occur as prominently in combinatorics as do the Stirling
numbers, S(n,k), they have some intimate connections with permutations, as shown below.

Exercises

5.1.1A Write [x], as a polynomial in x.

5.1.1B  Write [x], as a polynomial in x.

5.1.2A For each n we let P, be the matrix ((—1)i+fs(i, j))lSiSn’lngn made up of the
coefficients in the polynomials [x], for 1 <k<wn, and let Q, be the matrix
(86, /) <i<ni<j<n of Stirling numbers. Thus from Tables 5.1 and 5.2 we see that

1 0 0 1 0 0
1 0 1 0
B=|_ pBE|71 1 0hQ= Q=T 1o
2 -3 1 1 3 1

Check that Q, is the inverse of P, and that Q, is the inverse of P;.

5.1.2B Using the same notation as in Exercise 5.1.2A, check that the matrix Q, is
the inverse of the matrix P,.

5.1.3A Show that, for each integer n = 1, s(n,1) = (n-1)!

5.1.3B  Show that, for each integer n = 1, S(n,n-1) = [n(n-1)}/2 = s(n,n-1).

5.1.4A Show that, for each integer n = 1, s(n,1) + s(n,2) + ... + s(n,n) = n!

5.1.4B Show that, for each integer n > 1, s(n,1)-s(n,2) + ... + (-1)"!s(n,n) = 0.

5.1.5A  Show that, for all positive integers k, n, Y.n_ s(n,r)k" =n!C(k+n—1,n).

5.1.5B  Show that, for all positive integers k, n, ¥ (—1)*r!S(n,r)C(k+r—1,r)=k".

5.1.6A Show, directly from the definition, that, for all integers k, n, with 1 <k < n,
s(n,k) is the sum of all the products of n — k different integers taken from the
set {1,2,...,n—-1}.

5.1.6B Show by mathematical induction that for all integers k, n, with 1 <k <n,
S(n,k) is the sum of all products of n — k integers taken from the set {1,2,...,k}
with repetitions allowed.

5.1.7A Let 6 be the operator of Problem 5.3. Find 6° in terms of the expressions
x*DFfor 1 < k < 5, and verify that the coefficient of x*DF is the Stirling num-
ber S(5,k).

5.1.7B  Let 6 be the operator of Problem 5.3. Prove that, for each positive integer #,

6"=)" Sn,k)x*D*.
k=1

5.2 PERMUTATIONS AND STIRLING NUMBERS

Recalling, from Chapter 2, how we expressed permutations as products of disjoint cycles,
we begin with a simple definition.

DEFINITION 5.2

For all integers k, n with 1 < k < n, we let Perm(n,k) be the set of permutations of the
set {1,2,3,..,n} made up of exactly k disjoint cycles, and we let p(n,k) be the number of
permutations in Perm (n,k), that is, p(n,k) = #(Perm(n,k)).
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Note that in counting the number of disjoint cycles, we include the cycles of length 1,
so that, for example, the permutation (1 6 2)(3)(4 5) is in the set Perm(6,3).

PROBLEM 5.5
Show that, for all positive integers n, p(n,n) = 1 and p(n,1) = (n-1)!

Solution

A permutation in Perm(n,n) is a permutation of {1,2,3,...,n} made up of exactly n dis-
joint cycles. Such a permutation must be made up entirely of cycles of length 1, and so
must be the identity permutation that fixes each member of the set. Thus there is just
one such permutation. That is, p(n,n) = 1. We have shown that p(n,1) = (n-1)! in the
solution to Exercise 2.6.3A.

PROBLEM 5.6

Find a formula for p(n,n-1).

Solution

A permutation in Perm(n,n-1) is a permutation of {1,2,3,..,n} made up of n-1 dis-
joint cycles. Such a permutation must consist of n-2 cycles of length 1 and one
cycle of length 2, and is thus entirely determined by the two numbers that occur
in the cycle of length 2. These two numbers may be chosen in C(n,2) ways. Hence
pn,n-1) = C(n,2) = [n(n-1)]/2.

PROBLEM 5.7
Prove that
< . .
nly —— where n is odd, with n=2m+1,
- kin—-k)
P(”:Z) - .
n! L +Z L ,  where n is even, with n=2m.
2m? = k(n—k)
Solution

A permutation in Perm(n,2) consists of two disjoint cycles, of lengths, say, k and [,
where k + [ = n. There are C(n,k) ways to choose the numbers making up the cycle of
length k. For any k of these numbers there are (k-1)! different cycles of length k made
up from them, and (n-k-1)! different cycles of length n-k made up from the remaining
numbers. So, for k # [, there are

(k=Di(n—k-1)!  n!
kl(n—k)! ~ k(n—k)

Clmk) < (k=1)x (n—k—1)1 ="

permutations of {1,2,3,...,n} made up of a cycle of length k and a cycle of length n-k. In
the case where n = 2m is even, and k = [ = m, we need to divide this number by 2, as the
order in which the two permutations of length m are written is immaterial. So in this
case there are
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1

n! _ nl
2((2m—m)(2m—m))_ 2m?

permutations made up of two cycles each of length m. Thus the formula of the problem
is correct.

We now show that the numbers p(n,k) are the stirling numbers, s(n,k), in disguise.
We first show that they satisfy the same recurrence relation as given in Theorem 5.2,
namely,

s(n,k) = s(n-1,k-1) + (n-1)s(n-1,k).

THEOREM 5.3
For all integers k, , such that 2 < k < n,

p(,k) = pn-1,k-1) + (n-1)p(n-1,k).

Proof

Suppose 2 < k < n. The permutations in Perm(n,k) are the permutations of {1,2,3,...,n}
made up of exactly k cycles. This set can be partitioned into two disjoint subsets, say X,
and X,, where X, consists of those permutations in Perm(n,k) in which 7 is in a cycle by
itself, and X, consists of all the other permutations in Perm(n,k).

If we have a permutation in X, and delete the cycle (1) we are left with a permuta-
tion of {1,2,3,..,n-1} made up of k-1 cycles, that is, a permutation in Perm(n-1,k-1).
Conversely, given a permutation in Perm(n-1,k-1), by adding the cycle (1) we obtain
a permutation in X,. This gives a one—one correspondence between X, and Perm(n—
1,k-1). Hence #(X,) = #(Perm(n-1,k-1)) = p(n-1,k-1).

Now consider a permutation in X,, namely, a permutation of {1,2,3,...,n} made up of
k cycles, and in which 7 is not in a cycle by itself. If we remove n from the cycle in which
it occurs, then we are left with a permutation of {1,2,3,...,n-1} that is still made up of k
cycles, that is, a permutation in Perm(n-1,k). We note that in this process different per-
mutations in X, give rise to the same permutation in Perm(n-1,k). For example, when 6
is deleted from each of the permutations

16 2)(3)45), 1260)4 5,026 6)45), (1 2)03)456),1203)4 6 5),

we are left with the same permutation, namely, (1 2)(3)(4 5) from Perm(5,3).

Going the reverse direction, given a permutation (a, 4, ... )@, ; ... a)..(a, ., ; ... a,.,) in
Perm(n-1,k), we can obtain n-1 different permutations in X, by inserting n before each a;,
for 1 <j < n-1in this permutation. Hence #(X,) = (n-1)# (Perm(n-1,k)) = (n-1)p(n-1,k).

Now Perm(n,k) =X, UX,, and the sets X;, X, are disjoint. It follows that
P(n,k) = #(Perm(n,k)) = #(X)) + #(X,) = p(n-1,k-1) + (n-1)p(n-1,k)).

THEOREM 5.4
For all integers k, n with 1 <k < n, p(n,k) = s(n,k).
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Proof

We have seen that for all n > 1, p(n,1) = (n-1)! = s(n,1). (See Exercise 5.1.3A and Problem
5.5.) Also, by Theorems 5.2 and 5.3, the numbers s(n,k), p(n,k) satisfy the same recurrence
relation. It follows that for all integers k, n with 1 < k < n, p(n,k) = s(n,k). Finally, for each
positive integer n, p(n,n) = 1 = s(n,n). Hence for all integers k, n, 1 < k < n, p(n,k) = s(n,k).

If you compare the entries in Tables 5.1 and 5.2 you will find that we always have
S(n,k) < s(n,k). Does this state of affairs persist? Theorem 5.5 shows that the answer is
in the affirmative.

THEOREM 5.5
For all integers k, n, such that 1 < k < n, we have S(n,k) < s(n,k).

Proof

S(n,k) is the number of partitions of the integers {1,2,3,...,n} into k disjoint, nonempty
subsets. To each such partition P = {a,,a,,....a,}U{b,,b,,....b} ... U{z,,2,,....2,}, we associ-
ate the permutation P* written in cycle notation as (4, a, ... a)(b, b, ... b)...(z, 2, ... 2). P”
is a permutation of {1,2,3,...,n} made up of exactly k cycles, that is, P € Perm(n,k). The
mapping P—P" is injective. It follows that S(n,k) < #(Perm(n,k)) = s(n,k).

Exercises

5.2.1A Find a general formula for p(n,n-2), with n > 4.

5.2.1B Find general formulas for p(n,n-3).

5.2.2A Show that, for each integer n > 1, 0!S(1,1)-1!S(n,2) + ... + (-1)" Y (n-1)!S(n,n)
=0.

5.2.2B Show that, for all positive integers k, n, with k < n, k* = C(k,1)S(n,1)1! +
C(k,2)S(n,2)2! + ... + C(k,k)S(n,k)k!

5.2.3A Show that, for all positive integers k, n, with k<n, X7_,C(n,nS(rk)
=S(n+ Lk+1).

5.2.3B Show that, for all positive integers k, n, with k<n, X7_,C(rk)S(n,r)
=s(n+ Lk+1).

5.3 CATALAN NUMBERS

Applying hindsight, we begin with a definition “out of the blue.”

DEFINITION 5.3

For each integer, n > 0, we define the nth Catalan number C, by

C, =LC(2n,n).
n+l

These numbers are singled out because they occur in a large number of combinato-
rial problems. It is not immediately obvious that C(2n,n) must be divisible by n + 1.
However, this follows from the alternative formula for C, given at the end of the proof
of Theorem 5.6, and also from the result of Exercise 5.3.1A.
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The Catalan numbers first came to prominence in the work of Euler in the late 1750s
when he determined the number of ways that the area of a convex polygon could be
split into triangles when joining vertices by “diagonals” no two of which intersect,
except at a vertex. We discuss this problem below (see Theorem 5.9). They had previ-
ously appeared in the work of the Mongolian astronomer and mathematician Ming
Antu (called Myangat in Mongolian) circa 1730. Euler’s problem was fully solved, in
1758, by J. A. von Segner (1704-1777), who used a recurrence relation* of the form
T,.,=TT,+TT,  +..+T,_T,+ T,T (see Theorem 5.8). Catalan first came across
the numbers (subsequently named after him by Netto in 1901) in 1838 in a paper ask-
ing, “In how many ways can one evaluate the product of n different factors?” (See the
discussion after Problem 5.8.) He solved the problem by use of the above recurrence
relation.” (We shall solve it by a different method here.) As happens from time to time
in mathematics, the name of the first investigator is not always that which is attached
to a concept!

As we have already said, there are very many ways in which the Catalan numbers
arise.” We shall start with a curious problem involving sequences of 1s and -1s since the
proof we offer is especially pretty and rather clever, and several other problems involv-
ing Catalan numbers can be easily reduced to it.

THEOREM 5.6

The number of sequences 4,,a,,...,4,, that can be formed using # 1s and n -1s for which
each partial sum s, = a, + a, + ... + a; satisfies 5, > 0 is the nth Catalan number, C,.

Proof

Using one ploy (but not yet the clever one!) we shall head toward the desired result by
first counting the total number of sequences in the set, A, comprising # 1s and n-1s and
then subtract the number of sequences in the subset, say F, of those that are “forbidden”
by the conditions of the theorem.

The number of sequences of n 1s and n -1s is the number of ways of selecting the n
positions in a sequence of 2x 1s in which to insert a minus sign. Thus #(A) = C(2n,n).
So, now, how do we calculate #(F)?

LetS = a,,a,,...,a,,beasequencein F. By thedefinition of F,atleast one of the partial sums
of this sequence is negative. Let r be the least integer such thats,=a, + a, + ...+ a,<0. It
must then be thata, = -1,and, if r > 1,5, ; = 0 and so -1 must be even. Suppose r-1 = 2k.

* See Chapter 7, Section 7.3, for a discussion of what is meant by a “recurrence relation.”

+ Eugene Catalan was born in Bruges on March 30, 1814. At this time Bruges, which is now in Belgium, was part
of the French empire and Catalan considered himself to be French. Like several mathematicians, he initially
intended to follow his father’s profession and become an architect. But he soon found that his forte was math-
ematics. As in the famous case of Evariste Galois, Catalan’s political convictions interfered greatly with his career
both as a student and as a teacher, but, aged 51, he secured a professorship at the University of Liege, retiring 19
years later. He published much on the theory of numbers, including a famous conjecture that the numbers 8 and 9
provide the only example of a cube being 1 more than a square, a conjecture that was proved correct by Mihailescu
only in 2003. Catalan died in Liége on February 14, 1894.

* R. P. Stanley has collected over 150 problems whose solution yields the Catalan numbers.
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The sequence a,,a,,...,a, ; includes equal numbers of 1s and -1s. Now comes the clever
idea, a “reflection” method due, in the form we present it, to D. Miriamoff (1923).*

We produce, from S, a new sequence, S’ =b,,b,,....b,,, by changing the sign of
each of the first r terms of S. We then count the number of 1s and -1s in this new
sequence. In the subsequence a,,a,,...,a, there are k 1s and k + 1 -1s, and hence in the
subsequence a, , ,...,d,, there are n—k 1s and n—(k + 1) -1s. Thus in the new sequence S’
there are (k+ 1) + (n-k) = n+ 1 1s and n-1 -1s.

Conversely, suppose that we have a sequence S’ = b,,b,,...,b,, made up of n+1 1s
and n-1 -1s. Then there is a least integer, t < 2n, such b, + b, + ... + b,= 1. We let S” be
the sequence obtained from S’ by changing the signs of the first  terms. Then §” is a
sequence in F. Furthermore, it is easy to see that for each sequence S in F, §” = S. Thus
the mapping S—S” is a bijection from F to the set G of sequences made up of n+ 1 1s
and n-1 -1s. Thus #(F) = #(G) = C(2n,n + 1) = C(2n,n-1).

We can now deduce that #(A) - #(F) = C(2n,n) - C(2n,n + 1). Finally, we have that

2n)! (2n)! _ (2n)

nlnl (n+D(n—1)! - nl(n+1)!

!
= 1 ((211). ! C(2n,n)=C,.
n+1kn!n! n+1

C(2n,n)—C(2n,n+1)=

2n)!
((n+ - n)= n!inii-)l)!

Because of this theorem we will call a sequence of 1s and -1s that meets the condi-
tions of Theorem 5.6 a Catalan sequence of 1s and -1s. Note also that we have shown
in the last line of the above proof that C, = C(2n,n)-C(2n,n + 1). It follows that C, is an
integer.

We can picture Catalan sequences in the way shown in the next problem, which is
Problem 5B of Chapter 1.

PROBLEM 5.8

Suppose we have an n X n grid. How many paths are there, following edges of the grid,
from the bottom left corner to the top right corner that may touch, but not go above,
the diagonal shown in Figure 5.1? (Here by “path” we mean any route from the bottom
left-hand corner to the top right corner that always moves along the lines of the grid
either upward or to the right.)

Solution

We can describe each path in a grid by a sequence of 1s and -1s, with 1 corresponding to
a horizontal segment and -1 to a vertical segment. For example, the path shown above
in a 10 x 10 grid is described by the sequence 1,1,1,-1,-1,1,1,1,-1,-1,-1,-1,1,-1,1,1,-1,1,-
1,-1 0f 10 1s and 10 -1s. More generally, every path in an n X n grid may be represented
by a sequence of n 1s and # -1s. The condition that the path does not go above the diag-
onal is exactly the condition that all the partial sums of the corresponding sequence

* The reflection principle is often attributed to Désiré André (1887). A paper Lost (and Found) in Translation: André’s
Actual Method and Its Application to the Generalized Ballot Problem, Marc Renault, American Mathematical
Monthly, 115, 2008, pp. 358-363, explains why this is incorrect and how the misattribution came about.
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FIGURE 5.1

are nonnegative, that is, the condition that it is a Catalan sequence. Thus, by Theorem
5.6, the number of paths with the given property is the nth Catalan number C,.

We now come to the problem that engaged Catalan. Suppose that we have three
square matrices,* A,B,C, all of the same size. If we wish to multiply them together in this
order, we could either first evaluate AB and then postmultiply the resulting matrix by
C, or first evaluate BC and then premultiply the resulting matrix by A. That is, we could
either calculate the product as ((AB)C) or as (A(BC)). If you are familiar with matrix
multiplication, you will know that ((AB)C) = (A(BC)). With four matrices A,B,C,D,
there are five ways of multiplying them together in this order, given by (((AB)C)D),
((AB)(CD)), ((A(BC))D), (A((BC)D)), and (A(B(CD))). This raises the question of how
many different ways a product of n matrices may be evaluated.

We have seen that a given way of evaluating the product of matrices in a given order can
be described by expressions of the kind used above. To tackle this matrix problem it is help-
ful to give a careful definition of these expressions. Although we have used A, B, C, and D
above, to indicate that the matrices we are multiplying might be different, this is not relevant
when it comes to counting the number of ways the product of #» matrices may be evaluated.
So in counting the number of different expressions, it makes no difference if we replace A, B,
C, D, ... by a single letter that might as well be X. This leads us to the following definition.

DEFINITION 5.4

We define the set of expressions built up from the letter X , the left parenthesis, (, and
the right parenthesis, ), as follows.

a. The letter X by itself is an expression.
b. If I,A are expressions, then so also is (I'A).
c. Nothing is an expression unless this can be deduced from (a) and (b).

* Do not worry if you have not met matrices before. The combinatorial problem is the same if we regard A,B,C as,
for example, real numbers.
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The next problem shows how Definition 5.4 can be used to prove facts about
expressions.

PROBLEM 5.9

Prove that in any expression containing # letters, there are n-1 left-hand parentheses
and n-1 right-hand parentheses.

Solution

We prove this by mathematical induction. An expression containing just one letter
must be X by itself. So it contains one letter and zero parentheses. Hence the result is
true in the case n = 1. Now suppose that the result is true for all expressions with fewer
than n letters, and let . be an expression containing »n letters. By Definition 5.4, 3.
must be of the form (I'A)where I" and A are expressions. Suppose I" contains c letters.
Then A contains n—c letters. As ¢,n—c < n, it follows from the induction hypothesis that
I' contains c-1 pairs of parentheses and A contains (n-c)-1 pairs of parentheses. Thus
(TA)contains (c-1) + ((n-c)-1) + 1 = n-1 pairs of parentheses. So the result holds also
for expressions containing n letters. Hence, by mathematical induction, the result is
true for all expressions.

THEOREM 5.7

For each integer n > 1, there are C,_, expressions containing n Xs.

Comment

The idea behind the proof is to find a one-one correspondence between the set of
expressions and the set of Catalan sequences of 1s and -1s. The first idea that comes
to mind is to associate 1 with a left-hand parenthesis, (, and -1 with a right-hand
parenthesis, ). However, this natural idea doesn't work, as, for example, the different
expressions ((XX)X) and (X(XX)) both correspond in this way to the same Catalan
sequence 1,1,-1,-1.

Another idea would be to associate 1 with a left-hand parenthesis and -1 with an
X. At first glance it seems that this is no good either since, for example, the expres-
sion ((XX)(XX)) corresponds to the sequence 1,1,-1,-1,1,-1,-1, which is not a Catalan
sequence, as it consists of one more -1 than + 1. What can we do? In fact, we can “for-
get” the last X. For, in each expression, as we read from left to right, there must be at
least one X after the final left-hand parenthesis, (, and hence the associated sequence of
Is and -1s must end with a -1. (Why is this true? It can be proved using mathematical
induction, in a similar way to Problem 5.9 - see Exercise 5.3.4A.)

Proof

We associate with each expression, say I, a sequence, I'", of 1s and -1s obtained by
replacing each left-hand parenthesis by 1 and each letter, except the final letter, with a
-1. T will be a Catalan sequence. (See Exercise 5.3 4A.)

We need to show that the mapping I=I"" is a bijection between the set of expressions
containing # letters and the set of Catalan sequences of length 2n-2. We tackle this by
dealing with the following issue. Given a Catalan sequence, say C, can we find a unique
expression I, such that I'" = C?
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We describe a general process for doing this, but to help fix ideas, we explain this with
reference to the following the Catalan sequence made up of seven 1s and seven -1s.

c=111,-1,-1,1,1,-1,1,-1,1,-1,-1,-1 (5.5
We first replace each term 1 in C by a left-hand parenthesis, and each of the -1 terms

by the letter X, with an additional X at the end. In this way the Catalan sequence C
becomes the sequence C*

(XX((X(X(XXXX. (5.6)

As Cis a Catalan sequence, the sequence C* includes one more letter than “(.” Since
the sequence must start with a “(;” at some point there are three successive symbols con-
sisting of “(” followed by two letters. We consider the first place where this occurs. In C*
these symbols are (XX. Welet I', be this sequence followed by “)” and we replace the given
three successive symbols by I'. So I} = (XX), and the new sequence is, say X, where

T, = (T((X(X(XXXX. (5.7)
In going from Equation 5.6 through Equation 5.7 we have replaced the two letters
XX by the single symbol I'};, and we have deleted one left-hand parenthesis, “(.” So if we
count I} as a letter, we still have a sequence beginning with “(” and with one more letter
than “(” Therefore, continuing to use letter in an extended sense to include symbols of
the form I';, where i is an integer, there is again a first place from the left in Equation 5.7
where the symbol “(” is followed by two letters. We let T, be the sequence consisting of
“(” and the two letters followed by “)” and substitute I, for them in Equation 5.7. In this
way we obtain:
IL=(XX) and ZX,=(T(XXLXX.
We can now continue in this way, as follows:
I=XI,) and Z,=(T (XXX,
I=(XTI3) and X,=(T(XX,
I=(I,X) and X;=(TIX
I,=(I, and X,=(I(X, and

I=(TX) and X =T,

Since there are seven 1s in the Catalan sequence C, this process ends after seven
steps, and substituting backwards we see that

%, = (XX)(XX(XX)))X))X).
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It should be clear that this process converts a Catalan sequence, C, into a uniquely
determined expression, say C*. Furthermore, if we start with an expression I, then
I'"+=T. We leave it to you to check this.

Thus there is a one-one correspondence between the set of expressions containing
n Xs and the set of Catalan sequences made up of # 1s and n -1s. Since there are C,_,
such sequences, Theorem 5.7 is proved. It is convenient to specify that C, =1, so that
the result of Theorem 5.7 holds also for the case where n = 1.

We can use Theorem 5.7 to prove the following relationship between the Catalan
numbers.
THEOREM 5.8
For each integern>1,C,,, =>"_C,C, ;.
Proof

By Theorem 5.7 there are C, , , expressions involving n + 2 letters. Suppose that X is one
such expression. It follows from Exercise 5.3.4B that there are unique expressions X, %,
such that X is the expression (X,X,). Then X, contains k + 1 Xs for some integer k, where
0 < k < n. Therefore X, contains (n+2) - (k+1)=(m - k) + 1 Xs. Thus, for 0<k<n
there are C, choices for X, and there are C,_; choices for Z,, and hence C,C,_, choices
for the pair X, %,. It follows that, by taking together all the cases as k runs from 0 to #,
Co =210 CCoie

In Chapter 7, Section 7.8, we show how the recurrence relation of Theorem 5.8 may
be used to find the formula for C, as given in Definition 5.3.

We now look at Problem 5C, first considered by Euler, to which the answer is
given by the Catalan numbers. By a triangulation of a polygon we mean a way of
dividing the polygon into triangles by nonintersecting diagonals, that is, lines join-
ing two vertices. For example, Figure 5.2 shows two different triangulations of a
square.

Note that we count the two triangulations of the square as different even though one
can be obtained from the other by a rotation or reflection of the square. In fact, a square
has just two different triangulations, namely, the two shown in Figure 5.2.

For each integer n > 1, we let T, be the number of different triangulations of a poly-
gon with n + 2 edges. Note that n-1 diagonals are needed to triangulate a polygon with
n+ 2 edges. Thus T, = 1 and T, = 2. It turns out to be a useful convention to put T, = 1,
as this simplifies some of the formulas.

FIGURE 5.2
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PROBLEM 5.10

How many different triangulations does a pentagon have?

Solution

There are five different triangulations, as shown in Figure 5.3, and thus T; = 5.
You may have noticed that for 1 <# < 3, T, = C,. The next result shows that this is
not a coincidence.

THEOREM 5.9

For each integer n > 1, T, = C,.

Proof

Suppose n = 1, and consider the triangulations of the polygon with #n + 3 vertices labeled
1,2,..., n + 3. We denote the edge joining the vertices labeled i and j by (i, j).

In each triangulation the edge (n + 2, n + 3) will be an edge of just one triangle (see
Figure 5.4). We classify the triangulations according to the third vertex, say k + 1, of
this triangle, where 0 < k < n. The complete triangulation will include a triangulation
of the polygon, say P, with the k + 2 vertices 1, 2, ..., k + 1, n + 3, and a triangulation of
the polygon, say Q, with the n—k + 2 vertices k+ 1, ..., n, n + 1, n + 2. These triangula-
tions of Pand Q can be chosen in T, and T,,_, ways. Thus there are T,T,_, triangulations
of which the vertices n + 2, n + 3, and k+ 1 form a triangle. Hence the total number
of triangulations of the given polygon is ¥»_ T,T, ,. That is, T,,, =X}, T,T, . Thus,
we see from Theorem 5.8 that the numbers, T, , satisfy the same relationship as do the
Catalan numbers. Hence, as T, = C,, we deduce that for all integers n >0, T,, = C,.

INAZZANVAYANAYS

FIGURE 5.3

n+3

n+2

T+ 1
n+1

FIGURE 5.4
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Exercises

5.3.1A i. Prove that for each positive integer n, C, = C(2n-1,n-1) - C(2n-1,n + 1).
ii. Deduce that each Catalan number is an integer.

5.3.1B Calculate the value of C,, for 1 <n <8.

5.3.2A Prove that the Catalan number C, is odd if and only if n is one less than a
power of 2, that is, for some positive integer k, n = 2k-1.

5.3.2B We have that C, =2 and C, = 5. Prove that these are the only Catalan num-
bers that are prime numbers.

5.3.3A Show that in the situation described in Problem 5.8, the number of paths
from the bottom left corner to the top right corner that, except for the end-
points, are always below the diagonal, is C,_,.

5.3.3B Show that in the situation described in Problem 5.8, but with a p X g grid,
where p > g (that is, with p columns and g rows), the number of paths from
the bottom left corner to the top right corner that do not go above the diag-
onal sloping at 45° from the bottom left hand corner

p—q+1
7})“ C(p+q,p).

5.3.4A i. Prove that in any expression (see Definition 5.4) there must be at least
one X after the final left-hand parenthesis (counting from left to right).
ii. Prove that, if we associate with each expression, I, a sequence, I', of 1s
and -1s obtained by replacing each ( by 1 and each X, except the final X,
with a -1, then I'" will be a Catalan sequence.
5.3.4B Suppose that the brackets in an expression are assigned numbers according
to the following rule. The first left-hand bracket is assigned the number 1.
Each subsequent left-hand bracket is assigned the number that is 1 more
than the number of the previous bracket. Each subsequent right-hand
bracket is assigned the number that is one less than the number of the pre-
vious bracket. For example the numbers assigned to the brackets in the
expression ((XX)(X(X(XX)))X))X) are as shown:

(XX ) ( (X (X (XX )))X))X)
123 234 5 6 543 21 0
i. Assign numbers according to the above rule to the brackets in the
expression ((XX)X)(X(XX))).

ii. Prove that for every expression the numbers assigned to the brackets
according to the above rule satisfy the following property: All the num-
bers are positive, except the number associated with the final bracket,
which is zero.

iii. Prove that, for every expression, there are at most two right-hand brack-
ets that are assigned the number 1.
iv. Deduce that, given any expression, X, containing more than one let-

ter, there are uniquely determined expressions X, X, such that X is the
expression (X,%,).
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FIGURE 5.5

5.3.5A

5.3.5B

5.3.6A

5.3.6B

5.3.7A

5.3.7B

5.3.8A

5.3.8B

Prove that there are C, sequences of n nonnegative integers a,, d,, ...,
a, such that a, +a,+ ... +a,=n and for all integers k, with 1 <k <n,
a+a,+...+a.<k

Consider those sequences, a,,a,,...,a, of n integers such that
1<ag,<a,<...<a, and for 1 <k <n, g, <k Determine the number of
such sequences. (Note that for n=3 we have five sequences 1,1,1; 1,1,2;
1,1,3; 1,2,2; and 1,2,3.)

Look at the picture in Figure 5.5 of a “mountain path,” where each step is
either up or down by the same distance, and the path ends at the same level
as the starting position.

Show that there are C, such “mountain paths” made up of n up-sloping
arrows and n down-sloping arrows.

Consider the number of sequences a,,a,,...,a,,,, of 2n+ 1 nonnegative
integers such that a, = a,,,, = 0 and for all integers k, with 1 <k <2n, we
have |a, - a;, ;| = 1. Show that there are C, such sequences.

The sequence HHTHHTTTHT represents a sequence of 10 tosses of a coin,
using “H” for head and “T” for tail, in which there are equal numbers of
heads and tails, and at each stage, the number of heads is at least as large as
the number of tails. How many sequences of 10 tosses are there with this
property?

Suppose that we toss a fair coin. What is the probability that we obtain an
equal number of heads and tails for the first time after 2n tosses?

In an election between two candidates, A and B, the votes are counted one
by one. Show that if both candidates end up with a votes, the probability
that at no stage of the count B is ahead of A is 1/(a + 1).

In an election between two candidates, A and B, the votes are counted
one by one. Show that if A ends up with a votes, and B with b votes,
where a 2 b, the probability that at no stage of the count B is ahead of A is
(a-b+ D)/(a+1).



CHAPTER 6

Partitions and Dot Diagrams

6.1 PARTITIONS

In Section 3.3 of Chapter 3 we saw how the problem of placing n identical balls in k identical
boxes could be looked at in a different way by thinking of it as being about expressing # as the
sum of at most k positive integers, when the order of the terms does not matter. For example,
we wrote 6 as the sum of at most three positive integers in the following seven ways:

6,5+1,4+2,4+1+1,3+3,3+2+1,2+2+2,

and this corresponds to the fact that six identical balls may be placed in three identical
boxes, with some of these boxes possibly remaining empty, in seven ways. Note that we
count 6, by itself, as one way of writing 6 as the sum of positive integers.

We have introduced the notation p,(n) for the number of ways expressing n as the
sum of at most k positive integers. Using this notation, we have that p,(6) = 7. We call
the above representations of the number 6 partitions of n into at most three parts. The
functions p, are not too difficult to deal with. However, much more attention has been
paid to the function p, where p(n) is the total number of ways of expressing # as the sum
of any number of positive integers. For example, p(6) = 11, since if we drop the restric-
tion of having at most three parts, we obtain the following four other partitions of 6,

3414+14+0L,2424+1+1,2414+1+14+L14+14+14+1+1+1,

making 11 partitions altogether. The problem of finding a succinct formula for p(n) is very
hard, but in this chapter we shall be able to use some nice theorems about the p, functions
to get some kind of grip on the values of p(n). We now record the definitions of the func-
tions p, and p formally.

DEFINITION 6.1

For each positive integer n, p(n) is the number of ways in which n can be expressed as a sum
of positive integers, with the order not counting. Each such sum is called a partition of n. For
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all positive integers k, 1, p;(n) is the number of ways in which 7 can be expressed as the sum
of at most k positive integers. By convention (and for reasons that emerge later), we specify
that, for all integers n > 0, p,(1) = 0 and, for all integers k = 0, p,(0) = 1 and p(0) = 1.

We emphasize that in these definitions the order of the positive integers in the sum
is not relevant. For example, 2+ 1+ 3 and 3 + 1 + 2 count as the same partition of 6.
The numbers that occur in these partitions are called parts. The standard convention is
to write the parts in decreasing order. So the standard way to write this partition of 6
is 3+ 2 + 1. Partitions, as well as being interesting in their own right, have a number of
applications to other problems. We hope you will read far enough to see that we make
a good deal of use of them in Chapters 13 and 14.

PROBLEM 6.1
Find the value of p(5).

Solution

We have the following seven partitions of 5, and hence p(5) = 7.
54+1,3+2,3+1+1,2+2+1,2+1+1+1L,1+1+14+1+1.

PROBLEM 6.2
Find the values of p,(6) for all integers k > 1.

Solution

From the partitions of 6 given above, we see that p,(6) = 1, p,(6) =4, p;(6) =7, p,(6) =9,
ps(6) =10, and p4(6) = 11 (and, of course, p;(6) = 11 for all integers k > 6).

As well as considering partitions in which the number of parts is limited, it is also
natural, interesting, and useful to consider partitions in which we limit the size of the
individual parts.

DEFINITION 6.2

For all positive integers k and #, g,(#) is the number of partitions of n in which no part
is greater than k.

PROBLEM 6.3
Find the values of g,(6) for all integers k > 1.

Solution

From the partitions of 6 given above, we see that q,(6) = 1, g,(6) = 4, q;(6) =7, q,(6) =9,
q5(6) = 10, and q4(6) = 11. In any partition of 6, the largest part must be at most 6 and
hence, for all integers k > 6, g,(6) = g4(6) = 11.

You may have noticed that with # = 6, we have that, for all integers k > 1, p,(n) = q,(n).
Is this a mere fluke? Theorem 6.1 gives the answer: “No.” But not only that. The ability
to swap between p,(n) and g, (n) proves to be rather useful. So we should waste no time
in proving that equality.
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THEOREM 6.1

For all positive integers k and n, p,(n) = q,(n).

We can offer a very convincing pictorial “proof” of Theorem 6.1, via a specific exam-
ple, if we use a clever pictorial idea ascribed to Norman Macleod Ferrers (1829-1903).*
Not only can the pictures help us see immediately why Theorem 6.1 is true, but this par-
ticular (re)interpretation also suggests methods of finding other interesting relationships
between certain restricted partitions of any given integer n that are not immediately
apparent from the basic definition (Definition 6.1). These pictorial representations are var-
iously called Ferrers diagrams (or shapes or graphs). We shall call them dot diagrams.

6.2 DOT DIAGRAMS

Since “a picture is worth a thousand words™ we begin with two pictures.

The dot diagram of the partition 18 =7 + 4 + 3 + 3 + 1 is that drawn in Figure 6.1, com-
prising five rows of dots containing seven, four, three, three, and one dot, respectively.
When we interchange the rows and columns, we obtain the so-called dual dot diagram
(Figure 6.2), from which we obtain the dual partition 18 =5+4+4+2+1+1+ 1.

FIGURE 6.1
FIGURE 6.2

* Norman Macleod Ferrers was educated at Eton and at Gonville and Caius College, Cambridge. He was senior
wrangler in 1851 and became a fellow of his college in 1852 and its master in 1880. He was the author of Trilinear
Coordinates and Spherical Harmonics. After his death he was described as follows: “As a lecturer he was extremely
successful. He was probably the best lecturer, in his subject, in the university of his days; besides great natural
powers in mathematics, he possessed an unusual capacity for vivid exposition.” It is interesting that this comment,
quoted from the Dictionary of National Biography, Oxford University Press, Oxford, 2004, Vol. 14, pp. 430-431,
was written by another mathematician who is remembered for a method of representing a mathematical idea by a
diagram, namely, John Venn.

T We quote from Brewer’s Quotations by Nigel Rees, Cassell, London, 1994, p.23: “This famous saying which occurs,
for example, in the song ‘If” popularized by Bread in 1971, is sometimes said to be a Chinese proverb. Bartlett’s
Familiar Quotations (15th ed, 1980) listed it as such in the form ‘One picture is worth more than ten thousand
words’ and compared what Turgenev says in Father and Sons: ‘A picture shows me at a glance what it takes doz-
ens of pages of a book to expound.” But the Concise Oxford Dictionary of Proverbs, second edition, edited by
John Simpson, Oxford University Press, Oxford, 1992, p. 201. points out that it originated in an American paper
Printer’s Ink (8 December 1921) in the form ‘One look is worth a thousand words.” It was later reprinted in the
same paper (10 March 1927) and there ascribed by its actual author, Frederick R. Barnard, to a Chinese source (‘so
that people would take it seriously’, he told Burton Stevenson in 1948).”
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Given any dot diagram D, we use D" for its dual dot diagram formed from D by writ-
ing the rows (columns) of dots in D as the corresponding columns (rows) of D". Similarly,
for each partition w of n, we let T be its dual. In transposing the rows and columns, the
number of dots does not change, so 7' is also a partition of n. Usually, but not always, 7'
will be different from 7. Note also that, for each partition =, the partition ©t”, that is, the
dual of its dual, is identical with 7.

PROOF OF THEOREM 6.1

Let S be the set of all partitions of n into at most k parts, and let T be the set of all
partitions of n into parts with size at most k. Now suppose T is a partition in S.
Since w is a partition of # into at most k parts, there are at most k rows in its dot
diagram, D. Hence in the dual dot diagram, D", each row contains at most k dots.
Therefore the dual partition & is a partition of n into parts of size at most k. Thus
mw'eT. Clearly, the converse also holds, so neS§ if and only if w'eT. Thus w— " is
a mapping from S to T. This mapping is surjective (onto), since for neT, we have
n'eS and " =m. Also, it is injective (one-one) as @ = p" implies ©™° = p", that is,
that © = p. Therefore, the mapping m+— =" is a bijection between S and T. Hence
#(S) = #(T), that is, p,(n) = q,(n).

The next result, making typical use of the dot diagram method, plays a role in
eventually suggesting a rough lower bound for the size of p,(n). Note that conventions
that p,(n) = 0 and p,(0) = 1 mean that we do not need to exclude the cases where k=1
and k= n.

THEOREM 6.2

If k, n are positive integers with k < 1, then p.(n) = p,_,(n) + p,(n—k).
The proof can be followed without the need of a diagram. Nevertheless, there is no
harm in offering a helpful picture, so we have included Figure 6.3.

Proof

We divide the set, say S, of those partitions of n that have at most k parts into two sub-
sets. We let S, be the set of partitions of n into fewer than k parts, and we let S, be the set
of the partitions of # into exactly k parts. Clearly, each partition in Sis in either S, or S,
but not both. Therefore, #(S) = #(S,) + #(S,). Now, S, is the set of partitions of # into at
most k—1 parts. Hence #(S,) = p,_,(n).

Each partition in S, has a dot diagram with at least one dot in each of the k rows.
So if we remove one dot from each row, we obtain the dot diagram corresponding to a
partition of n—k into at most k parts. Conversely, suppose we are given a dot diagram
for a partition of n—k into at most k parts, then, by placing a column of k dots on the
left, we obtain a partition of n into exactly k parts. This is illustrated in Figure 6.3. It
follows that #(S,) = p,(n—k).

We therefore have that p,(n) = #(S) = #(S)) + #(S,) = pi,(n) + pi(n—k).

We can extend Theorem 6.2 in the following way.
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- e o o o Totheright of the line

The whole diagram e :
corresponds to a ) we have a partition of
partition of 18 into o i o » 12 into four parts.
six parts. oie
FIGURE 6.3
THEOREM 6.3

If k, n are integers with 1 < k < n, then
() = piy(n) + pry(n=k) + p,(n=2k) + ... + p,(n—[s—11k) + pi(n—sk),  (6.1)

where s = | n/k ] (this notation means that s is the integer part of n/k).
[Note that, as n—sk < k, we have that p,(n — sk) = p,_,(n — sk), and we could have replaced
pi(n —sk) by p,_,(n — sk) in this theorem.]

Proof

A very formal proof might proceed by induction. A somewhat more informal (and
understandable) one can go as follows.
We use Theorem 6.2 repeatedly. First, we obtain

Piln) = pra(n) + py(n—k). 62)
Then, replacing n by n—k in Theorem 6.2,
Pn=k) = pyi(n=k) + pi(n—=2k). (6.3)
Next, replacing n by n—2k in Theorem 6.2,
pi(n=2k) = p,_,(n-2k) + p;(n-3k), (6.4)

and so on.
Then, substituting from Equation 6.4 into Equation 6.3 and then from Equation 6.3
into Equation 6.2, we deduce that

P (1) = (1) + P (11— k) + py_ (1 — 2K) + py(n — 3K).

In this way we obtain p, (n) as the sum of p,_, (n), px_, (n = k), p._,(n—2k), p, (n—3k),
... Where do we stop? We stop when we arrive at p; (n — sk), where s is an integer such
that 0 < n — sk < k so that we cannot pass on to p; (n — [s + 1] k). Now, n — sk < k when
(n/k) — s < 1. And the largest s for which this holds is given by s = | n/k J. It follows that
Equation 6.1 is correct.

Comment

There is a small point we have skated over. We mention it to satisfy those who have spot-
ted it and to remind those who haven’t of the care that is often taken in mathematics,
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which adds to its reputation as an excellent subject to study if you are keen to develop
your logical thinking powers.

The “small” point is what happens if k is a divisor of n and hence n — ks = 0. In this case
Py (0) occurs in the formula of Theorem 6.3. We have said that “by convention” p, (0) = 1, but
does this value for p, (0) make sense? We could argue that you can draw a dot diagram
of the integer 0 using at most k rows in just one way, namely, by doing nothing! This gives
Py (0) = 1. This agrees nicely with Theorem 6.2, as by this theorem, p,(k) — p,_,(k) = p, (0).
There is just one partition of k into at most k parts that is not a partition of k into at most
k—1 parts (namely, 1 + 1 + 1+ ... + 1 with k parts), and this gives p,(k) — p,_,(k) = 1. So
our convention that, for all integers k = 0, p, (0) = 1 makes good sense.

Theorem 6.2 can be used to calculate the value of p, (n) for small values of n pro-
vided we have some “starting” values, just as we were able to calculate values of S(n,k)
in Chapter 3. The following result gives us some starting values.

THEOREM 6.4
The Values of p,(n), for k= 1,2,3

For all positive integers #,
i ppm=1; ii. pz(n):Bn+1J:|jnJ+l; iii. p3(n):Lﬁn2+§n+lJ.

Proof

i. This is obvious, as there is just one partition of n into at most one part, namely, n
by itself.

ii. The partitions of # into at most two parts are shown in Figure 6.4. We need to
consider separately the case where # is even, say n = 2¢ for some integer ¢, and the
case where 7 is odd, say n = 2r + 1, where r is an integer.

We see that when n=2q, p,(n)=q+1=7n+1, and when n=2r+1,
p,(n)=r+1=1n+1. As these values are integers, the formula p,(n)= L%n + IJ
holds in both cases.

iii. Careful analysis of the cases n = 1,2,3,4,5,6,7,8,... leads to the suggestion* that

ps(n)=-%(n* +6n+t), where t =5,8,9,8,5,12,

according to whether n = 1,2,3,4,5,0(mods6). (6.5)
2q 2r+1)
(2g-1)+1 2r) +1
(2g-2)+2 2r-1)+2
q+q (r+1)+r
neven, n = 2q nodd, m=2r+1

FIGURE 6.4

* You should not regard this as being wise after the event. Not infrequently in mathematics a theorem emerges only
after sufficient (numerical) evidence has accumulated to make an attempt to find a proof worthwhile.
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We prove Equation 6.5 by mathematical induction.

Base. We will suppose that you can confirm that Equation 6.5 holds by direct calcula-
tion, for n = 1,2,3,4,5,6 (see Exercise 6.2.1A).

Induction step. We assume that n > 6 and that Equation 6.5 is true for all positive inte-
gers k < n. Using Theorem 6.2 twice, we have that p;(n) = p,(n) + p;(n — 3) =p,(n) +
P, (n — 3)+ ps(n — 6). Hence, by (i), p;(n)=|in+1|+|L(n—3)+1]+ps(n—6). Now,
it can be shown that L%n+1J+|_§(n—3)+lJ=n (we ask you check this in Exercise
6.2.6A), and hence, using the induction hypothesis,

1 2 _ 1.,
p3(n)—n+E((n—6) +6(n 6)+t)—12(n +6n+t),

where t=5,8,9,8,512 according to whether n—6=1,2,3,4,50(mod6). Since
n = n—6(mod6), it follows that the result is also true for n.

This completes the proof, by mathematical induction, that Equation 6.5 is true for
all positive integers n.

We now need to show that it follows that the formula given in (iii) is correct. To
do this, we first note that if n=6m+r, then 5 (n*+6n+t)=3m?+mr+3m+
Sri+lr+Lt,  whereas Lﬁnz +%n+1J= |_3m2 +mr+3m+Lr2 +%7’+1J:
3m? +mr+3m+|_ir2 +%r+1J, as 3m? + mr + 3m is an integer. So we need only

check that Lr?+2r+5t= Lirz +ir+ IJ for the cases where (1,t) = (1,5), (2,8), (3,9),

(4,8), (5,5), and (6,12). This you can do easily.

Theorems 6.2, 6.3, and 6.4 are useful in determining the values of p,(n) for small values
of k and n. We offer some of these values in Table 6.1. Because p(n) = p,(n) the table also
gives us the values of p(n) for small values of #n. These are, of course, the diagonal entries 1,
2,3,5,7,11,15,... in the table.

You may notice that, in each column, the numbers immediately below this diagonal are
equal to the numbers on the diagonal. (Why?) Now, to find the values in any new column
you can use the formula p,(n) = p, _,(n) + p,(n — k), remembering to take p,(0) = 1 for each
k. So, for example, p,,(10) = p,(10) + p,,(0) =41 + 1 = 42.

It was not too hard to find p(n) for n = 1,2,...,10. However you can see that something
better will be needed if we are to find the value of p(n) for all values of n up to, say, 200—as
was accomplished (using only pencil and paper) by Major Percy MacMahon*— (obviously!)
without the need for listing all the partitions for each », which, as you will see from the
size of the numbers, would be an impossible task. Table 6.2 gives some of the values of p(n)
beyond those given in Table 6.1.

* Percy Alexander Macmahon (1854-1929) was born in Malta. He became a cadet at the Royal Military College
in 1871 and subsequently served in the army in Malta and India, becoming a major in 1889. He taught at the
Royal Military College, ultimately becoming professor of physics. Despite this title his main work was in com-
binatorics. He published Combinatory Analysis, Cambridge University Press, Cambridge, in two volumes in
1915 and 1916.
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TABLE 6.1
n
pi(n) 1 2 3 4 5 6 7 8 9 10
1 1 1 1 1 1 1 1 1 1
2 1 2 2 3 3 4 4 5 5 6
3 1 2 3 4 5 7 8 10 12 14
k 4 1 2 3 5 6 9 11 15 18 23
5 1 2 3 5 7 10 13 18 23 30
6 1 2 3 5 7 11 14 20 26 35
7 1 2 3 5 7 11 15 21 28 38
8 1 2 3 5 7 11 15 22 29 40
9 1 2 3 5 7 11 15 22 30 41
10 1 2 3 5 7 11 15 22 30 42
TABLE 6.2
n p(n)
20 627
30 5,604
40 37,338
50 204,226
60 966,467
70 4,087,968
80 15,796,476
90 56,634,173
100 190,569,292

200 3,972,999,029,388

A remarkable result giving superb approximations for the values of p(n) for all n was
given in 1918 by two of the most powerful mathematicians of the first half of the twentieth
century, G. H. Hardy and Srinavasa Ramanujan. We describe their work in Chapter 8.

Exercises

6.2.1A For 1 <n <8, list the partitions of n into at most three parts, and hence
verify that the values of p;(n) given in Equation 6.5 of Theorem 6.4 and in
Table 6.1 are correct.

6.2.1B Verify that for 1 <n <8, g,(n) = p,(n), by listing the partitions of n into
parts of size at most three.

6.2.2A Write down all the partitions of 7. Hence confirm that p,(7) = q,(7).

6.2.2B Write down all the partitions of 8 that involve only odd parts and those that
involve only distinct parts. How many are there of each?

6.2.3A Find the number of partitions of n into k parts in which order matters. (So,
for example, there are six such partitions of 5 into three parts, namely,
341+1L,14+3+1L,14+1+3,2+2+1,2+1+2,1+2+2)
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6.2.3B Show that the number of partitions of # into exactly k parts is at least
(1/k!) C(n — Lk —1).

6.2.4A Let u,(n) be the number of ways that the integer n can be expressed as a
sum of distinct positive integers of unequal size whose size is at most k.
Prove that, for all positive integers k, n with k < n, we have u,(n) = u,_,(n) +
U (n—k).

6.2.4B Let s.(n) be the number of partitions of # into distinct parts of which the
smallest is of size k. Prove that, for all positive integers k, n with k < n, we
have s;(n) = s, ,(n + 1) + s,(n—k). [Hint: Split the partitions of n according
to whether they (i) do have or (ii) do not have just one part of size k. For
partitions of type (i) form a partition of n+ 1 by adding one dot to the
smallest part.]

6.2.5A Show, using Theorem 6.4(iii) that p,(n) is the integer nearest to -} (n+3).

6.2.5B Use Theorem 6.4(iii) to show that
i. For all positive integers n, --n? < py(n), and
ii. There is an integer n, such that for all integers n > n,, p;(n) < {;n*.

6.2.6A Show that, for all integers »n >3, |_§H+1J+|_%(n—3)+1j=n . (Hint: Treat
the cases where 7 is even and # is odd separately.)

6.2.6B Show that, for all positive integers m, L%mJ + L%(m + 1)J + L%(m + Z)J =m.

6.3 A BIT OF SPECULATION
It follows from Theorem 6.4(ii) and (iii) that p,(n) = n/2 = n/(112!) and p,(n) = n?*/12 =
n?/(2!3!). This is scant basis for making a conjecture, but we shall be bold!

Conjecture

For all positive integers n, k with k < n, we have

n k-1

P20

Comment

It is a consequence of the logical order of presentation of mathematical arguments that
the lemma must be presented before it can be used in the following theorem. However,
let no one persuade you that some clever person thought up the lemma and then, hey
presto!, found a theorem needing precisely that lemma. No! The main aim is to prove
the conjecture, and the proof needs a bit of technical argument in the middle, which
we have extracted as a lemma so that the proof of the theorem doesn’t get clogged up
with technicalities.

Lemma 6.5

Let t, , and n be real numbers such that t > 2, r> 0, and (r + 1)t > n. Then,

6.6)

(n=rt)-2> [(n_rt)tl ~(n=(r+ 10 }

tt—1)
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Proof

Suppose 0 < a < b, and k is an integer with k > 1, then
bk —ak=(b—a)(b*'+ab*2+..+a*2b+ak")
<(b—a)(b*'+bb*2 +.. .+ b 2b+ b1 )= k(b—a)b* !,
and hence, as b — a > 0, we can deduce that

bk — gk
b—a

kb*1 > 6.7)

Wenowputk=t—1,b=n—rt,a=n—(r+ 1)t in inequality 6.7. This gives

S (n=rt)'=(n—(r+1)t)!

t-1)(n—rt)y—2 .

>

and, as t — 1 > 0, the inequality 6.6 follows.
We can now establish the conjecture.

Proof of the Conjecture

We prove that our conjecture holds for all integers k > 1 using mathematical induc-
tion. The base of the induction is the case k = 1. In this case we have that, for all n > 1,
pi(n) = p,(n) =1=n"(0'1!), and so the conjecture is true in this case.

For the induction step we assume that the result holds for k=t — 1. That is, we
assume that

t=2

n
forall n>t-1, Pt—1(”)2m'

(6.8)

By Theorem 6.3, p,(n) = p,_,(n) + p,_(n—t) + ... + p,_,(n — st), where s = | n/t ]. Hence
by our induction assumption (inequality 6.8),

pi(n)= [n 2+ (n—t) 2+t (n—(s— 1)) 2+ (n—st)2].

(E=-DE-2)
Using Lemma 6.5 on the first s terms on the right-hand side above, we obtain

1

P2 T

[ ntt—m—-t)y1 (m-t)'—(mn-2t)1 (n=(s=1)t) 1 —(n—st)

+(n—st)”}.
tH(t-1) tHt-1) t(t-1)



Partitions and Dot Diagrams = 91

Most of the terms cancel, leaving just

p.(n)> 1 [ nt-! (n—st)!

- +(n—st)"2}
(t=2)0@-D! t(t—1) t(t-1)

(6.9)
1 |' nt-1

= +(n—st)"2(1—(n_5t)ﬂ.
t-2)t—1)!| tHt-1) t(t—1)

Since s=Ln/t], n—st>0, and hence (n — st)'~2>0. Also, n — st <t,and t — 1 > 1, and
hence (n —st)/[t(t — 1)] < 1, so that 1- (n — st)/t(t — 1) > 0. Consequently, it follows from
inequality 6.9 that

1 nt*] nt*]
p(m)2 (t—z)z(t—n![t(t—n} (t—1)it!

and therefore the conjecture holds also for k = ¢.
This completes the proof by mathematical induction that the conjecture holds for
all integers k > 1.

Since we have proved the conjecture, we can now dignify it by calling it a theorem,
which we restate for the record.

THEOREM 6.6

For all positive integers n, k with k < n, we have

T’lk71
>
P2 T

We can deduce from this that the values of the function p grow faster than any poly-
nomial function, in the sense given by our next result.

THEOREM 6.7

For all positive integers k and all positive constants A, there is a positive integer n, such
that for all integers n > n,, p(n) > Ank.

Proof

Suppose k is a positive integer and A is a positive constant. We let n, be the larger of
k +2and A(k + 1)! (k + 2)! [Of course, unless A were very small, A(k + 1)! (k + 2)! would
be much the larger of the two, but we need to cover all possible cases.] Replacing k by
k + 2 in Theorem 6.6, we deduce that, if n > k + 2, then

nk+1

k+1)i(k+2) < Pra(n) < pln). (6.10)
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Hence, if n > ny, n 2 k + 2, and so inequality 6.10 holds, and also n > A(k + 1)! (k +2)!,
and so

n k+1

MM>A(k+1)!(k+2)!(”k)=Ank' 6.11)

(k+1D!(k+2)!

It follows from inequalities 6.10 and 6.11 that if n > n, then p(n) > An*. This completes
the proof.

Theorem 6.7 tells us that the values of p must grow very rapidly. For example, it tells
us that there are infinitely many values of n for which

p(n) > nl,OO0,000)

and we could replace the right-hand side of this inequality by any power of n we choose.
In Chapter 8, we say more about how the values of p grow.

6.4 MORE PROOFS USING DOT DIAGRAMS

We have claimed that dot diagrams are very useful for suggesting relationships between dif-
ferent sets of partitions that would not be apparent from the basic definition. Here, to whet
your appetite, we present just four somewhat simpler ones, leaving some to the exercises.

PROBLEM 6.4

Show that, for each positive integer 1, the number of partitions of # into three nonzero
parts is equal to the number of partitions of 2x into three parts each no larger than
n—1.

Solution

We illustrate the general solution by looking at a particular example. Consider the dot
diagram in Figure 6.5, which corresponds to the partition 6 + 3 + 2 of 11, to which we
have added squares so that there are 11 symbols in each row.

The squares make up the partition 5 + 8 + 9 of 22 into three parts. Because there is
at least one dot in each row, there are at most 10 squares in each row.

In general, we can, in this way, establish a one-one correspondence between the
partitions of 11 into three nonzero parts and partitions of 22 into three nonzero parts
of size at most 10. The same method defines a one-one correspondence between parti-
tions of n into three nonzero parts and partitions of 2n into three nonzero parts of size
at most n — 1. Hence there are equal numbers of partitions of the two types.

Another pretty result coming readily from dot diagrams is:

FIGURE 6.5
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THEOREM 6.8
For all positive integers n, p(2n) > p(1) + p(2) + ... + p(n).

Proof

Clearly, if k <, none of the dot diagrams for partitions of k can have a row of dots
with more than n dots in it. Also, 2n — k > n, and so, if we take 2n — k more dots,
we can form a dot diagram for 2n by placing a row of 2n — k dots above the top row
of the original dot diagram for k. This procedure associates, with each dot diagram
for each k, where k <, a dot diagram for 2n. It is not difficult to check that all dot
diagrams for 2n so obtained are different from one another, and we therefore see
that there are at least p(1) + p(2) + ... + p(n) of them. In addition, we have a dot dia-
gram that consists of a single row of 2n dots that does not arise in this way. Hence

pQ@2n) >p1) +p2) + ... + p(n).

As a variant of Theorem 6.8, you might speculate from Tables 6.1 and 6.2 that, for
all positive integers n, we have (i) p(2n) = 2p(n) and (ii) p(n +2) < p(n + 1) + p(n). You
are asked to show this in Exercise 6.4.4A. Furthermore, (ii) follows immediately from
Theorem 8.6. Nevertheless, a simpler proof of a lesser result is often of interest in math-
ematics, and here we can give such a proof using dot diagrams and a bit of ingenuity
(which some might call “fiddling”). We have:

THEOREM 6.9
For each positive integer n, p(n + 2) < p(n + 1) + p(n).

Proof
Let D be the dot diagram for the partition P of n + 2. We consider three distinct cases.

a. D contains at least one row containing just one dot. In this case we let D" be the
dot diagram obtained by deleting the bottom row of D containing just one dot.
Then D’ corresponds to a partition of n + 1.

b. D contains no rows containing just one dot but at least one row containing two
dots. Suppose that the next smallest row contains k dots, so that k > 2. We let D’
be the dot diagram obtained from D by deleting the bottom row containing two
dots and replacing the lowest row of k dots by k rows each containing one dot.
Since k > 2, D’ corresponds to a partition of n with more than one part of size 1.

c. The smallest row of D contains at least three dots. In this case we let D’ be the
partition obtained from D by deleting two dots from the bottom row of D. Then
D’ corresponds to a partition of n with at most one part of size 1.

Thus, in each case D’ corresponds to either a partition of n+ 1 or of n. Also, if
D, # D,, then D/ # D,’. This shows that there is a one-one correspondence between
the partitions of n+2 and some of the partitions of either n or n+ 1. Hence

pn+2)<pn) +p(n+1).

Note: Exercise 6.4.5B asks you to obtain, for all positive n, the lower bound
p(n+2)=p(n+ 1)+ p(n) — p(n-1). This and the intriguing “averaging” result in Exercise
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6.4.5A, namely, p(n)<J(p(n+1)+p(n—1)), can be established using the following
theorem.

THEOREM 6.10

The number of partitions of #n which have no parts of size 1 is p(n) — p(n—1).

Proof

Given a dot diagram, say D, corresponding to a partition of # that has at least one part
of size 1, we let D’ be the dot diagram obtained by removing the bottom row consisting
of a single dot. So D’ corresponds to a partition of n—1. Conversely, given a dot diagram
corresponding to a partition of #—1, by adding one row of just a single dot, we obtain a
partition of n with at least one part of size 1. This shows that the partitions of n—1 can
be put in a one-one correspondence with the partitions of n that have at least one part
of size 1. Thus, p(n) — p(n—1) is the number of partitions of #n with no parts of size 1.

As announced above, we shall return to partitions in Chapter 8 where we shall also
describe a diagram-free way of discovering relationships between various partitions of
integers.

Exercises

6.4.1A Prove that for all positive integers k and n with 1 <k <#, p(n) —p(n—1) <
pi(n) + p(n—k).

6.4.1B  Prove that for n > 2, p(n) — p(n—2) is the number of partitions of n with at
most one part of size 1. How may this result be generalized?

6.4.2A Prove that the number of partitions of n into exactly k parts is equal to the
number of partitions of # whose maximum part has size exactly k.

6.4.2B Prove that the number of partitions of n into exactly k parts is equal to the
number of partitions of n + C(k,2) into k distinct parts.

6.4.3A Show that the number of partitions of # into at most k parts is equal to the
number of partitions of n + k into exactly k parts.

6.4.3B Show that, for all positive integers #, k, the number of partitions of 2n + k
into exactly n + k parts is the same for each k, namely, p(n).

6.4.4A Prove that, for every integer n > 2, p(2n) > 2p(n).

6.4.4B Isp(3n) > 3p(n) forall n > 1?

6.4.5A Use Theorem 6.10 to prove that, for every positive integer n,
pm) <L(pn+1)+ p(n—1)).

6.4.5B From numerical evidence it appears that, foralln 22, p(n +2) 2 p(n + 1) +
p(n) — p(n — 1). Use Theorem 6.10 to confirm this.

6.4.6A Prove that, for n > 2, p(n) — p(n — 1) is the number of partitions of n whose
two largest parts are equal.

6.4.6B Find (and prove) a similar formula for the number of partitions whose
three largest parts are equal.



CHAPTER 7

Generating Functions and
Recurrence Relations

7.1 FUNCTIONS AND POWER SERIES

In this chapter we describe a powerful algebraic technique that can be used to solve many
combinatorial problems. We apply this technique to the solution of recurrence relations
and especially to finding a succinct formula for the Fibonacci numbers (see Problem 7 of
Chapter 1). In Chapter 8 this same technique is applied to investigate partitions of .

We saw a connection between algebra and counting in Chapter 2, where we gave a com-
binatorial proof of the binomial theorem. Recall that we did this by considering the terms
that are obtained when the product

(a+b)(@a+b)...(a+b)

with n terms is multiplied out in full. We can apply a similar idea in other contexts, as is
shown by the following problem, which, though rather simple, will set us off in the right
direction.

PROBLEM 7.1
Consider the following product:

IT+x+x22+x3+..)A+x2+x*+x4+..). (7.1)

What is the coefficient of x7 in this product?

Solution

The coeflicient of x7 is 4 because when the terms in the first bracket are multiplied by
those in the second bracket we obtain just four terms of degree seven, namely, x- x°,
x3-x* x° %, and x7- 1, or, as we now prefer to write them,

x-x0 x3 x4 x°-x2, x7- xO.
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These four terms correspond to the four different ways of writing 7 as the sum of two
nonnegative integers, where the second is a multiple of 2, namely, 1 + 6,3 + 4,5+ 2,and
7 + 0. We can see, in general, that the coefficient of x” in the product 7.1 is the number
of ways of representing # as the sum of two nonnegative integers of which the second
is even. Thus the coefficients give us an answer to a combinatorial problem. In fact, this
problem is similar to the partition problems we have already discussed in Chapter 6. We
return to this type of problem in Chapter 8. Meanwhile, the interest for us is the way we
can use an infinite series to represent a sequence of numbers.

The above solution indicates that if a,, is the number of ways of writing # as the sum
of two nonnegative integers of which the second is even, then

(I+x+x2+x3+.)0+x2+x4+x0+..)= Zanx”. (7.2)
n=0

Equation 7.2 involves the sums of infinite series, and we have not yet said how these
are to be interpreted. In fact, we can view the matter in two ways, algebraically and
functionally. We could regard equations such as Equation 7.2 as dealing with formal
algebraic expressions. The awkwardness of this approach arises when it comes to say-
ing exactly what we mean by a formal algebraic expression. The coeflicients in the series
look like numbers, but what sort of animal is x?

It is tempting to say that x is a symbol, but then how can we combine a symbol
with an abstract object like a number to form such things as 3x? In earlier days writers
used to talk about “an indeterminate x” without ever really saying what this means.
The modern approach, which aims to explain all mathematical concepts ultimately in
terms of set theory, is to regard an algebraic expression such as

g+ ax+ax+...

as simply a convenient way of representing the sequence of numbers
(ag> ap, ay...),

which is to be manipulated according to certain rules that arise from the algebraic
background to this approach. The sequences are infinite if we are dealing with power
series and finite if we are dealing with polynomials. There is, of course, no difficulty in
defining what we mean by an infinite sequence in terms of sets. If X is a set, an infinite
sequence of elements of X can be regarded as a function f: N—X.

In this approach the rule for addition of sequences of numbers becomes

(ap> ap, ay,...) + (by, by, by,...) = (ag+ by, a, + by, a, + by,..), (7.3)

corresponding exactly to term-by-term addition of power series and polynomials. The
multiplication rule for sequences is a little more complicated. If we multiply the terms
in the series a, + a,x + a,x* + ... by those in the series b, + b,x + b,x* + ... and gather
together terms of the same degree, we see that the coeflicient of x" is

agb,+ab,  +...+a,b,
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which we can write as

Thus the multiplication rule is

n

(ag,0,,8,,...) X (by,by,b,,...)=(cy5615C55---), Where cn=2aibn_i. (7.4)

i=0

The Equations 7.3 and 7.4 define the algebra of formal power series without any
need to mention x. Nonetheless, we shall continue to manipulate power series using
the traditional notation involving powers of x, as this is more convenient, and certainly
more familiar.

The second approach to Equation 7.2 is to regard it as an equation between func-
tions. From this point of view it says that for a certain range of values of x, the function
defined by the formula on the left-hand side of the equation has the same values as the
function defined by the formula on the right-hand side. Since, in the cases of equations
such as Equation 7.2, the functions are defined by infinite series, this approach involves
knowing something about their convergence.* Fortunately, it is usually not important
for us to know the exact range of values of x for which the series converge. What mat-
ters is that they should converge for at least some nonzero values of x. We will use
standard theorems that provide us with this information.

There is no difficulty with the particular series in Equation 7.2. The series on the
left-hand side are geometric series, and standard theorems tell us that they converge for
|¢|<1, and hence that the series on the right-hand side also converges in this range.

These two approaches, algebraic and functional, are closely related. A standard the-
orem tells us that if the series 2.2 a,x" and X7 b,x" both converge for |x|<R, for some
R >0, then

for all x, with | x|< R,Zanx” =anxn oforallneN,a, =b,. (7.5)

n=0 n=0

This tells us that an equation such as Equation 7.2 is true when regarded as a functional
equation if and only if it is also true when regarded as an algebraic equation between
formal power series. It is this interplay that enables us to use both algebraic and ana-
lytic methods as appropriate and that turns out to be so fruitful. For example, we often
use Equation 7.5 to argue that if two functions are the same, then the coefficients in the

* If you have not yet met convergence of series, don’t worry if you don’t fully understand these remarks. It will be
sufficient to interpret “the series converges” as meaning “the series defines a specific number.” If you have strug-
gled with the e —n definition of convergence in an analysis course, we hope that you now appreciate how it relates
to some fairly concrete mathematical problems.
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power series that represent the functions must match exactly. We call this the method
of equating coefficients.

You may think that rather too much fuss has been made about the two different
interpretations of Equation 7.2, especially now that we have seen that they are equiva-
lent. However, it is important to be aware that the equivalence in Equation 7.5 does
depend on both series converging for some positive values of x. It also depends on
properties of the field of real numbers. In other cases the analogous result need not
be true. For example, if you are familiar with the field Z; made up of the numbers
0, 1, and 2 with addition and multiplication modulo 3, you will be able to check that
although 1+ x2 4+ x* and 1 + x + x? are distinct as polynomials, they define exactly the
same functions on this field Z,.

It is convenient at this point to introduce some abbreviated notation for sequences.
We write {a,} to represent the infinite sequence (d,,d,,4,,...). In some cases the infinite
sequences we are considering will begin with a, rather than a,. Normally this will be clear
from the context, and so we sometimes write {a,} for the infinite sequence (a,,a,,a,...).

Exercises
7.1.1A Find the coeflicient of x" in the series

A+x+x2+x3+..)%
7.1.1B  Find the coeflicient of x" in the series
Q+x+x2+x3+..)%

7.1.2A  Use the method of equating coefficients to find the terms of the sequence
{a,} such that

(@p+ax+ax*+a,x°+ .. )1+ +x04+x°+..)=1+x+x2+x3+..).
7.1.2B  Find a polynomial p(x) such that

pX)(x+4x? +9x° + ...+ n2x" + ..) = x(1 + x).

7.2 GENERATING FUNCTIONS

We begin with a definition.

DEFINITION 7.1

The generating function of the sequence {a,} is the function

X E a,x".
n=0

We should use this terminology only when the power series has a positive radius
of convergence, so that the method of equating coefficients is applicable. In the



Generating Functions and Recurrence Relations m 99

combinatorial applications that we consider, {a,} will almost always be a sequence of
natural numbers, since a, will be the number of arrangements of some kind, but the
notion of a generating function has wider applications. We could equally consider gen-
erating functions corresponding to sequences of real numbers or complex numbers.

We begin our discussion of generating functions by giving some standard
examples.

PROBLEM 7.2

Find the generating function of the sequence {C(n,r)}",.

Solution

By the binomial theorem, 7 C(n,r)x" =(1+x)". Hence x— (1+x)" is the generat-
ing function of the sequence {C(n,r)}"_,. Since the sequence is finite, the question of
convergence does not arise.

PROBLEM 7.3

a. Show that the function x — 1/(1 - x) is the generating function for the constant
sequence {1}.
b. Determine the generating function for the sequence {n}.

Solution

a. The geometric series 1+x+ x>+ x>+ ... , that is, the series X ,x", all of
whose coeflicients equal 1, converges for |x|<1, and for this range of values of x,
Y, x"=1/(1—x). Thus x — 1/(1 - x) is the generating function for the sequence
{1} all of whose terms are equal to 1.

b. A theorem of analysis tells us that a power series may be differentiated term by
term within the range of values of x for which it converges. Thus, as

) o
—sz” for|x|<1, (7.6)
1-x

n=0

we deduce by differentiating both sides of Equation 7.6 that 1/(1—x)? = ¥ nx!
and hence

oo

a * v :znx",for |x]<1. (7.7)
—x

n=0
Therefore x — x/(1 - x)? is the generating function for the sequence {n}.

In Exercise 7.2.1A you are asked to find the generating function for the
sequence {n?}. This, together with the sequence for {n} that we have just found,
enables us to write down the generating function for the sequence {Jn(n+1)}
by using the fact that it can be obtained by adding the generating functions for
the sequences {#?} and {n} and then dividing by 2. You are asked to do this in
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Exercise 7.2.1A, but there is also a more direct method that exploits the fact
that 2n(n+1) is the sum of the first # natural numbers. That is, the sequence
{in(n+1)} is the sequence {a,} that is given by a, =0, and

a,,,=a,+n+1 (7.8)

Let f be the generating function for this sequence. Thus,

oo

f@)= ax. (7.9)

n=0

If we multiply Equation 7.8 by x"and sum the resulting terms, we obtain

Zanﬂx” =Zanx" +an” +2x”. (7.10)
n=0 n=0 n=0 n=0

Now

oo 1 oo
— n+l
E an+1x” - x E Ay X

n=0 n=0
1
=— ) a,x",becausea, =0,
X
n=0

-~ ) (1)

Hence, from Equations 7.7, 7.9, 7.10, and 7.11, we deduce that

Lo x 1
PRARNCN (I—x) 1-x
1
_f(x)+ (1—X)2 >
from which it follows that
X
flx)= 1—x) (7.12)

Thus Equation 7.12 gives the generating function for the sequence {1n(n+1)}.
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Exercises
7.2.1A i. Find the generating functions for the following sequences.
a. {n(n-1)} b. {n?} c. {n?}
ii. Deduce the generating function for the sequence {Jn(n+1)}, and verify
that your answer agrees with Equation 7.12.
7.2.1B  For each positive integer k, let x — F (x) be the generating function for the
sequence {n}.
i. Prove that, for each positive integer k, F,,(x)= ka’(x), where Fk,(x) is
the derivative of F (x) with respect to x.
ii. Hence deduce that, for each positive integer k,

__hk)
E(x)= (1—x)k1’

where P,(x) is a polynomial of degree k in which the coefficient of x* is 1.
7.2.2A Find the generating function for the sequence {a,}, where a, is the sum
of the first n squares. That is, the sequence {a,} is defined by a,=0, and
a,,.,=a,+n+1)>~
7.2.2B Find the generating function for the sequence {a,}, where a,, is the sum of
the first n cubes.

7.3 WHAT IS A RECURRENCE RELATION?

We have seen in the previous section that the sequence {a,}, where a, is the sum of the
first n natural numbers, can be defined by a,=0and a, ., = a, + n + 1. Thus the sequence
is specified by giving the value of the first term in the sequence, and a formula telling us
how to calculate each subsequent term from the previous term. This is an example of what
is called a recurrence relation. Before explaining exactly what we mean by this, we give
another example of a combinatorial problem that gives rise to a relation of this form.

PROBLEM 7.4

How many strings are there made up of 10 of the digits 0 and 1, in which there are no
two successive 0s?

Solution
We let A, be the set of strings made up of # of the digits 0 and 1 that do not contain
consecutive 0s. We put a, = #(A,). We are asked to find the value of a,,, and we can do
this by obtaining a general method for generating the numbers in the sequence {a,} by
considering how strings in A, can be built up from shorter strings that do not contain
consecutive zeros.

Clearly each of the two strings consisting of just one digit meets the required condi-
tion. The two-digit strings 11, 10, and 01, but not 00, meet this condition. Hence

a,=2anda,=3. (7.13)



102 m How to Count: An Introduction to Combinatorics, Second Edition

Now suppose n=3. The strings in A, can be divided into those that begin with a 0
and those that begin with 1. Those that begin with 0 must have 1 as their second digit
and so must have the form 01$, where $ is a string of n - 2 digits that do not contain
consecutive zeros, that is, a string in A, ,. So there are a,_, strings of this form. The
strings in A, that begin with 1 must have the form 1$, where $ is a string in A,_;, and
hence, there are a,,_, strings of this form. It therefore follows that for each integer n>3,

a,=a,,+a,,. (7.14)

It is straightforward, using Equations 7.13 and 7.14, to calculate a, for any particular
value of n. For example, we have thata, =a,+a,=2+3=5andsoa,=a,+a;=3+5
= 8 and so on. In this way you can check that a,, = 144.

Although these calculations could be extended as far as we like, this provides a
rather long-winded method for calculating the values of a, for large values of n. In
later sections of this chapter we discuss ways of converting Equations 7.13 and 7.14 into
a succinct formula that enables us to calculate values of a, very quickly. Before we do
this, we want to use this example to help us to make clear what, in general, is meant by
a recurrence relation for the terms of a sequence {a,,}.

It is characteristic of a recurrence relation that it enables us to calculate each term of
a sequence from the values of earlier terms in the sequence. As a first shot we could say
that a recurrence relation has the form

a,=f (@, a,5--.) (7.15)

where f is a given function. In our Equation 7.14, f is the function given by
f:(x,y)—x+y. In order to make the definition as general as possible, our notation
in Equation 7.15 avoids specifying how many of the preceding terms are needed to
calculate a,. Nonetheless, Equation 7.15 is not general enough, as it does not even cover
Equation 7.8 of the previous section. We repeat this for convenience, but, to fit in with
Equation 7.15, we rewrite it to give a,, in terms of a,,_,, as follows:

a,=a,  +n. (7.16)

Notice that the definition of a, in Equation 7.16 involves, on the right-hand side, not
only the preceding term in the sequence, a,,_;, but also the number # itself. So we need
to revise Equation 7.15 so as to include cases where the value of # enters explicitly into
the formula for a,. Thus a general recurrence relation has the form

a,=fn,a, ,a,...), (7.17)

where fis some given function. Again, our notation is deliberately vague about exactly
which terms of the sequence are involved on the right-hand side of Equation 7.17 as we
wish to allow for such cases as

n—1

n = E Ay

k=1
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where the number of terms of the sequence that are involved in the definition of a, can
vary with the value of n.

The recurrence relation does not, by itself, define the sequence. For example,
Equation 7.14 does not enable us to calculate the terms of the sequence unless we are
also given the values of g, and a, to start with. In general, a recurrence relation needs to
be accompanied by one or more initial conditions that specify the first few terms of the
sequence. A recurrence relation together with the appropriate initial conditions enables
us to calculate all the terms of the sequence, assuming, of course, that we have a way to
calculate the values of the function fthat enters into the recurrence relation. By solving
a recurrence relation we mean finding an explicit formula for a,.

It is worth remarking here that what we have called a recurrence relation is, in other
contexts, called a recursive definition. Recursive definitions are usually thought of as
defining functions rather than sequences, but as we have noted earlier, a sequence {a,}
is really a function n+— a, in disguise. Recursive functions are studied in the branch
of mathematical logic known as recursive function theory or computability theory.
Recursive definitions are also allowed in several programming languages.

Recurrence relations are classified according to the form of the function fthat occurs
in the relation. In this chapter we discuss recurrence relations that can be solved using
the device of generating functions.

Exercises

7.3.1A Find a recurrence relation and initial conditions for the sequence {a,},
where a, is the number of strings of » digits (thatis, 0, 1, 2, 3,4, 5, 6, 7, 8,
9) that do not contain consecutive even digits (where 0 counts as an even
digit).

7.3.1B Find a recurrence relation and initial conditions for the sequence {a,},
where # is the number of strings of n digits that contain no consecutive Os,
no consecutive 1s, and no consecutive 2s.

74 FIBONACCI NUMBERS

We have already seen in Section 7.2 how to work out the generating function of the sequence
defined by the recurrence relation given by Equation 7.8. We are now going to take this
idea further. If we have an explicit formula for the generating function, we may be able to
use this to derive a formula for the coefficients in its power series. These coefficients are,

of course, just the terms of the sequence in which we are interested. Before discussing the
general method we give another illustration in relation to, perhaps, the best known of all
sequences defined by a recurrence relation, namely, the Fibonacci numbers. These numbers
are named after the Italian mathematician Leonardo of Pisa,* who introduced them in
connection with the following problem.

* Leonardo of Pisa lived during the late twelfth and early thirteenth century. His alternative name Fibonacci comes
from filius Bonacci, meaning “the son of Bonacci.” His biggest contribution to mathematics was his book Liber
Abaci, in which, among other things, he advocated the use of the Indian place-value system for numbers, which
we now regard as standard. He also described the problem about rabbits that gives rise to what we now call
Fibonacci numbers.
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Rabbits take one month to reach maturity. A mature pair of rabbits produces another
pair of rabbits each month. If you start with one pair of newly born rabbits, how many
pairs will you have after n months?

We let f,, for n>1, be the number of pairs of rabbits alive after n months. Thus f, is the
number of pairs of rabbits, f, ,, born to the rabbits who have reached maturity, plus the
number, f,_,, who were alive the previous month. Thus, for n>1,

Ju=toa+fur (7.18)

We obtain the Fibonacci numbers when we solve this recurrence relation subject to the
initial conditions

fi=landf,=1. (7.19)

Note that, except for a change of notation, the recurrence relation in Equation 7.18 is the
same as in Equation 7.14. The only difference is that the initial conditions given by Equation
7.19 are different from those given by Equation 7.13.

The numbers in the sequence defined by Equations 7.18 and 7.19 are the Fibonacci num-
bers. It is easy to calculate the first few terms in the sequence:

1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, ...,

but can we find a simple formula for the numbers in this sequence? This was Problem 7 of
Chapter 1. We now show how we can answer this question by finding the generating func-
tion for the sequence.

We let F be the generating function for this sequence. Thus, F(x)=2X:, f,x".If we mul-
tiply both sides of the recurrence relation in Equation 7.18 by x" and sum for all integers
n>3, we obtain

ifnx" :ifn—lxn"'ifn—zxn- (7.20)
=3 n=3 =3

The sum on the left-hand side of Equation 7.20 is just the series for F(x) without the
first two terms, that is, X, fx"=F(x)— fix— f,x2=F(x)—x—x2. In a similar way,
X fuax" =x X fx ' =x(F(x)—x) and X7, f,,x" = x> 275 f, ,x"? = x?F(x). Therefore, it
follows from Equation 7.20 that

F(x) - x - x* = x(F(x) - x) + x* F(x). (7.21)
Equation 7.21 can be rearranged to give

F(x)=— > (7.22)

1-x—x2"



Generating Functions and Recurrence Relations m 105

We have now achieved the first stage of our objective. We have obtained an explicit
formula for the generating function of the sequence {f,}. More than one method can now
be used to derive from Equation 7.22 a formula for the coefficients in the power series for
F(x). One method is to rewrite the formula for F(x) using the technique of partial fractions*
and then using the standard power series for 1/(1 - x), namely, 1/(1 - x) =1 +x+ x>+ ...,
which generalizes to give

1

oo 1 1 o
l_ax—;(ax) and HBx—l_(_Bx)—;(—Bx) .

The first move is to factorize the denominator 1 - x — x? in the form (1 - ox)(1 - Bx). If
1 -x-x2=(1 - ax)(1 - Bx), then equating the coefficients of x and x? gives o+ 3 = 1 and
off = -1. Hence o(1 - o) = -1, and so o2 - o — 1 =0. It is readily seen that [ satisfies the
same quadratic equation. Thus o, 3 are the roots of x> - x -1 =0, so

a,Bzé(lix/g ) (7.23)

We now use partial fractions. The process is in principle straightforward, but the calcula-
tions are a little messy because o and [ are the irrational numbers given by Equation 7.23.
This gives you, the reader, three choices. If you are already familiar with the technique of
partial fractions, you can take the details of our calculations on trust, and skip directly
to Equation 7.26 or even Equation 7.28. If you would like to see an example that, though
more artificial, is numerically easier, look ahead to Problem 7.5, and then come back to the
Fibonacci numbers. The third choice is to work through the following calculations with us.

We have that

1 1
l-x—x2 (1—ox)(1-Bx)

We now seek to find constants A and B so that

x _ A + B
(1-ox)1-Bx) 1—ox 1—Px’

(7.24)

The symbol = in Equation 7.24 is intended to mean that it is an identity, that is, that the
left-hand side is equal to the right-hand side for all values of x for which they are defined. We
first multiply both sides of Equation 7.24 by (1 - awx)(1 - Bx) to give

x=A( - Bx) + (1 - ow). (7.25)

* You will probably have used the method of partial fractions for evaluating integrals of rational functions. We hope
that our methods for solving problems using this method will explain it to those who have not seen it before.



106 m How to Count: An Introduction to Combinatorics, Second Edition

Because Equation 7.25 is an identity we can now find the constants A and B either by
equating the constant terms and the coefficients of x, or by substituting particular values
for x. The second method is more straightforward here. If we put x = 1/o. in Equation 7.25,
we obtain 1/ot= A(1 —(B/o), from which it follows that A = 1/(ct - B). Similarly, putting
x = 1/B in Equation 7.25 gives B = 1/(B - o). Using the values of o and [ given by Equation
7.23, we thus see that

-1

and B=—. (7.26)

1
A= N

Hence, from Equations 7.22 and 7.24,

F(x)=1_xx_xz=(£)(1_lax)+[_f;j(l—lﬁxj
=(\/l§jg((xx)” +(:/éjg(ﬁx)"-

If we now substitute in the values of o and [ as given in Equation 7.23, we obtain

1 (145 (1-+5Y
F(x)=—&% - ", .27
(%) J§Z[(2) [zjjx (7.27)
and, as f, is the coeflicient of x" in the power series in Equation 7.27, we can deduce that
1[(1+v5) (1-+5Y
=—F= —_ . .2
=557 2

Here, at last, we have our formula for the Fibonacci numbers. Since these numbers are
all integers, it is rather surprising to find the irrational number v5 in the formula for
them. However, if in the formula in Equation 7.28 we expand (1+~/5) and (1-+/5)", we
find that all the terms involving V5 cancel, and we are left with an expression in which
irrational numbers do not occur, albeit a rather more complicated expression than that
given in Equation 7.28.

The next problem can be solved using a similar method, but there are no irrational num-
bers involved in the calculations, which are therefore less complicated.
PROBLEM 7.5
Sequences are formed using the letters A,B,C and the digits 1,2,3,4. Find a formula for
the number of sequences made up of n of these symbols in which there are not two let-
ters in succession.



Generating Functions and Recurrence Relations m 107

Solution

We let A,, for n>1, be the set of sequences made up of n of the symbols A,B,C,1,2,3,4
in which there are not two successive letters, and we put a, = #(A,). It is easy to see that
a, =7 and a, = 40. Now suppose n=3. A sequence in A, begins with either a letter or a
digit. If a sequence in A, begins with a letter, the second symbol must be a digit and so
the sequence must have the form Ld$, where L€{A,B,C}, d<€{1,2,3,4}, and $€A4,._,.

Hence there are 3 X 4 X a,_, = 12a,,_, sequences beginning with a letter. A sequence in
A, that begins with a digit has the form d$, where d €{1,2,3,4} and $€4,_;, and hence
there are 4a,_; sequences beginning with a digit. It follows that, for n>3,

a,=12a, ,+ 4a, ;, with a, = 7 and a, = 40. (7.29)

We now let A(x)=X= a,x". Now, by multiplying Equation 7.29 by x" and summing,

n

we obtain
E a,x"=12 E a, ,x"+4 E a, x",
n=3 n=3 n=3
that is,
— 2 —2 -1
E a,x"=12x E a, X" *+4x E a, x"1,
n=3 n=3 n=3
and thus

A(x) — 7x — 40x% = 12x% A(x) + 4x(A(x) - 7x),
from which it follows that

2
Alx)= 7x+12x

C1—dx—12x2 (7.30

Since 1- 4x — 12x?> =(1 - 6x)(1 + 2x), irrational numbers are not involved in the
partial-fraction calculation that now ensues. The other difference from the case of the
Fibonacci numbers is that in the quotient on the right-hand side of Equation 7.30, both
the numerator and the denominator are polynomials of the same degree. So we first
divide the denominator into the numerator to obtain

2
Alx)= 7x+12x __ 3x+1 14 3x+1 ' (7.31)
1—-4x—12x2 1-4x—12x2 (1-6x)(1+2x)
We now seek to find constants B and C such that
3x+1 B C (7.32)

= + .
(I-6x)1+2x) 1-6x 1+2x
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Multiplying both sides of Equation 7.32 by (1 - 6x)(1 + 2x), we obtain

3x+1=B(1 +2x) + C(1 - 6x). (7.33)
Putting, successively, x=¢and x=-7 in Equation 7.33, we obtain 3=%B and
—1=4C, from which it follows that B=¢ and C=~1. It follows from Equations 7.31

and 7.32 that

L Y N e LN (e
Alx)= 1+8(1_6x) 8(1+2x)_ 1+8;(6x) 8;( ). (7.34)

Consequently, a,=36"—+(-2)".

We have solved Problem 7.5 by first finding the generating function for the sequence
{a,} and then using the generating function to find a formula for a,. You may think that
this is rather a cumbersome method as it involves first finding the generating function,
and only then a formula for a,. There is a more direct method for solving simple recur-
rence relations, which we describe in the next section. We can get a clue to this method
by looking at the solutions to the two recurrence relations we have solved, namely, that
for the Fibonacci numbers and that of Problem 7.5. We encourage you to think about
what these have in common before you begin reading the next section.

There are lots of well-known relationships between the Fibonacci numbers. We
deduce one of them by rewriting the generating function as follows. We have that

Fx)=— > - ;(xum)k,

x—x% 1-x(1+x)

and it follows that f, equals the coefficient of x*! in X7 (x(1+x))*. The product
(x(1 + x)) = xF (1 + x)* includes a term x” for all integers r such that k <r <2k, and hence
includes a term involving x", provided that k<n—1<2k, thatis, for J(n—1)<k<n-1,
when the coefficient is the same as the coefficient of x* ¥ in (1 + x)*, thatis, C(k,n - 1 - k).
It follows that f, =2 /2)n-1yekent Clksn=1=k).

The numbers C(k,n - 1 - k) for J(n—1)<k<n-1 occur on the diagonals of Pascal’s
triangle, such as the one shown by the large bold numbers in Figure 7.1, corresponding
to the case n =8, when our formula gives

1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1

FIGURE 7.1
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fi= Z C(k,7 — k)= C(4,3)+ C(5,2) + C(6,1)+ C(7,0) = 4+ 10+ 6 +1=21.

(7/2)<ks7
For other relationships involving the Fibonacci numbers, see Exercise 7.4.3B.

Exercises

7.4.1A Find the generating function for the sequence {a,} defined by
a,=2,a,=16,and, for n>3, a,=8a, , - 154, ,.

Hence find a formula for a,,.
7.4.1B  Find the generating function for the sequence {a,} defined by

a,=5,a,=15,and, for n=3, a,=3a, , +4a,.,.

Hence find a formula for a,,.

7.4.2A We have seen that the solution to Problem 7.4 is given by the recurrence
relationa,=a,_, +a,_,, for n=3, with a, = 2 and g, = 3. Find the generat-
ing function for the sequence {a,,}.

7.4.2B Find the generating function for the sequence defined by the same recur-
rence relation as arises in Problem 7.5, namely, a,=12a,_, +4a,_,, for
n =3, but with the general initial conditions, a, = 0, a, = P.

7.4.3A Consider the sequence {g,}, which is defined by the same recurrence rela-
tion as the Fibonacci numbers, that is, g, = g,, + £,_,, but with the initial
conditions g; = ovand g, = B. Show that for n>3, g, =of, , + ff,_,, wheref,
is the nth Fibonacci number.

7.4.3B Prove that the Fibonacci numbers, f,, have the following properties.
i. Forall n>3, f,f,,—f,.;2=(-1)".

ii. Forall n>1, f2+ f2+..+ f.2= f.fou-

iii. Forall m,n>1, f, ., =fuifu+fufuit:
iv. Forall m,n=1, if n is divisible by m, then f, is divisible by f,,.

7.5 SOLVING HOMOGENEOUS LINEAR RECURRENCE RELATIONS

In this section, we describe a more practical method for solving the type of recurrence
relation that we looked at in the previous section. We postpone the theory that justifies
this method until later. We need first to be precise about the type of recurrence relations to
which our method applies.

DEFINITION 7.2

A linear function is a function of the form
fi(xpX0,. . x0) > bixy + byx, + .+ bxg,

where b,,b,,...,b, are constants. (To be really precise we should specify the domain of
the function and the possible values of the constants. In combinatorial applications,
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X1Xy5. . X, Will usually be natural numbers, and the constants will normally be rational
numbers. However, to allow for all possibilities, we could say that they are all real num-
bers, or even complex numbers, so that the domain of fis R" or C.)

A homogeneous linear recurrence relation is a recurrence relation of the form

a,=fa,_1,0, 50,1 (7.35)

where fis a linear function, with 1<k<n.

The Equation 7.35 brings out the fact that we can use it to calculate a, in terms of
the previous k terms of the sequence, but in some ways it is more natural to write the
equation in the form

a, - fla, 8,50, =0, (7.36)
and thus we can give the following alternative definition.

DEFINITION 7.2

A homogeneous linear recurrence relation is a recurrence relation of the form
Coldy+ ¢, + ... +¢a, =0 (7.37)

for some integer k, where 1<k <n, and where c,c,,...,¢, are constants with ¢, #0. (Of
course, if Equation 7.37 is identical with Equation 7.36, ¢, is 1, but we allow for other
values of ¢,.)

The term homogeneous is rather a mouthful. It is used to indicate that the right-hand
side of Equation 7.36 is 0. We leave the more complicated case of nonhomogeneous lin-
ear recurrence relations until later. It will be readily seen that the Fibonacci sequence is
defined by a homogeneous linear recurrence relation and that Problem 7.5 also leads to
a homogeneous linear recurrence relation.

We illustrate our direct method by returning to this example. We begin by rewriting
Equation 7.29 as

a,-4a,,-12a, ,=0, (7.38)
with a, =7 and a, = 40. (7.39)

The idea of the method is to try to find a solution of Equation 7.38 of the form
a,=x". This may seem a bold idea, but it does not come completely out of the blue,
as we have seen that the formula for the Fibonacci numbers involves expressions of
the form x" with x zé(li\/g ), and that the solution of Equation 7.38 involves 6" and
(-2)". However, it remains to see whether it works.

If we put a, = x" in Equation 7.38, we obtain

X" —4x"1 - 12x"2 =0, (7.40)
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which, if we divide by x"-2 (we hope you will pause to satisty yourself that we can assume
that x"2#0 before dividing by it), becomes

x*-4x-12=0. (7.41)

Since x? — 4x - 12 = (x - 6)(x - 2), the solutions of Equation 7.41 are x = 6,-2. We thus
obtain two different solutions of the recurrence relation in Equation 7.38, that is, a, = 6"
and a, = (-2)". As the subsequent theory will show, it follows that the general solution
of Equation 7.38 is given by

a,=A6"+ B(-2)", (7.42)

where A and B are constants that we now choose so that the initial conditions in
Equation 7.39 are satisfied. If we successively put n =1 and n =2 in Equation 7.42, we
see that for the initial conditions in Equation 7.39 to hold, we need to have

6A - 2B=7and 36A + 4B = 40. (7.43)

We can solve this pair of simultaneous equations to give A=%, B=—{, giving
a,=56"—+(-2)", which agrees with the solution to Problem 7.5 that we found in the
previous section. (Just as well — because if our new “method” did not give the correct
answer we would have been wasting our time.)

Looking back at the above solution we see that we can cut out one step, as we can go
directly from the recurrence relation in Equation 7.38 to the quadratic Equation 7.41.
Note that the coefficients in Equations 7.38 and 7.41 are the same. We adopt this short-
cut in tackling the next problem, which we encourage you to try before reading our
solution. It does not arise from a natural combinatorial problem but has been chosen to
illustrate the method, with numbers chosen to make the calculation straightforward.

PROBLEM 7.6

Find the solution of the recurrence relation
a,-10a, ,+2la, ,=0, for n=3, (7.44)
subject to the initial conditions

a,=2and a, = 146. (7.45)

Solution

The quadratic equation associated with the recurrence relation given by Equation
744 is x* - 10x + 21 = 0, which has the solutions x = 3,7. So the general solution of
Equation 7.44 is a, = A3" + B7". The initial conditions in Equation 7.45 give 3A + 7B =2
and 9A + 49B = 146. These equations have the solution A =-11 and B = 5. Hence the
solution is a,, = -11(3") + 5(7").
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The quadratic equation corresponding to the recurrence relation is called the
auxiliary equation associated with the recurrence relation. For example, in Problem 7.6
the auxiliary equation is the quadratic equation x* — 10x + 21.

The same method also works for homogeneous linear recurrence relations where the
formula for a, involves more than the two previous terms of the sequence. However,
these cases are a little more complicated as the auxiliary equation will not be a quad-
ratic equation but, instead, a polynomial equation of higher degree. This is illustrated
by the next problem.

PROBLEM 7.7

Find the solution of the recurrence relation
a,-4a, - 1la, ,+30a,,=0, for n>4, (7.46)
subject to the initial conditions
a,=5,a,=-5,and a; = 155. (7.47)

Solution

The auxiliary equation associated with the recurrence relation in Equation 7.46 is the
cubic equation x* - 4x? - 11x + 30 =0, that is, (x - 5)(x + 3)(x — 2) = 0, with solutions
x =5,-3,2. Hence the general solution of Equation 7.46 is a, = A5" + B(-3)" + C2" =0,
where A, B, and C are constants. The initial conditions give

5A -3B+2C=5,25A+9B+4C=-5,125A - 27B+ 8C =155,

with the solution A =1, B=-2, C=-3 (of course, the recurrence relation and the
initial conditions have been carefully chosen to give these integer values). Hence
a,=5"-2(-3)" -3(2").

We can sum up the method we have used as follows:

SOLVING HOMOGENEOUS LINEAR RECURRENCE RELATIONS

To solve the homogeneous linear recurrence relation
Codp+ Ciap g +...+ca, =0
subject to the initial conditions
a; =00, ay=0,..., 2 = 0,

1. Write down the auxiliary equation associated with the recurrence relation.
This is the polynomial equation of degree k

CoXF+ X1+ ...+ ¢, =0.
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2. Solve the auxiliary equation.
3. If the auxiliary equation has distinct roots x;,...,x,, then the general solution
of the recurrence relation is

a,=AX"+ A"+ ...+ AX
4. Find the constants A;,A,,...A, by solving the system of linear equations

XA XA F L XA= Oy

X-IkA-I +X2kA2+ +X,<kAk=OC,<

given by the initial conditions.

The case where the auxiliary equation has repeated roots is a little more com-
plicated. We explain what to do in this case in Section 7.7 where we give the theo-
retical justification of the method. If you have already met the “try y = e™” method
for solving linear differential equations with constant coefficients, that is, equations
such as

d’y dy
24~ _12y=0, 7.48
dx? dx 4 (748)

you will notice a resemblance with the method we have just used to solve linear recur-
rence relations. Indeed, the two theories are almost exactly parallel, as they both
concern linear operators on vector spaces. (The general solution of the differential
equation in Equation 7.48 is y = Ae®* + Be %, which you should compare with the
general solution a, = A6" + B(-2)" of Equation 7.40.) Although it is not necessary to
know about vector spaces in order to understand the piece of theory that is needed
to justify the method we have just used, we discuss the vector space approach briefly
in Section 7.7.

Exercises

7.5.1A Solve the recurrence relation a, - 3a,_, - 4a,_, =0, for n=>3, subject to the
initial conditions a, = 1 and a, = 3.

7.5.1B Solve the recurrence relation a, - a,_, - 6a,_, =0, for n=3, subject to the
initial conditions a, =9 and a, = 57.

7.5.2A Let a, be the number of sequences of 0s, 1s, and 2s of length n in which a
0 may only be followed by a 1. Find a recurrence relation satisfied by the
sequence {a,} and hence find a formula for a,.

7.5.2B Let a, be the number of sequences of n letters of the alphabet in which a
vowel may only be followed by a consonant. Find a recurrence relation sat-
isfied by the sequence {a,}, and hence find a formula for a,.



114 m How to Count: An Introduction to Combinatorics, Second Edition

7.5.3A Let A, be the n X n matrix that has Is on the leading diagonal, and on the
diagonals above and below the leading diagonal, and Os everywhere else.
Thus A,, is the n X n matrix (a;) where

1 1 0 0 O
1, if i <1, bt 100
a; = . Forexample, A;=/0 1 1 1 O0f
0, otherwise. o 0o 1 1 1
0o 0 o0 1 1

Let d, = det(A,). Find a recurrence relation for the sequence {d,} and hence
find a formula for d,,.

7.5.3B Richard Richardson,* known to his friends as “Rich-Rich,” opens a sav-
ings account with his bank by paying in £1000. At the end of the year he
pays a further £2000, and in general, at the end of # years he pays in an
additional amount of £1000(n + 1). At the end of each year the bank adds
to his account 4% of everything in his account at the start of the year, with
an additional 2% of everything that has been in his account for at least two
years. How much money does he have in his account after n years? How
long does it take Rich-Rich to accumulate £100,000 in his savings account?

7.6 NONHOMOGENEOUS LINEAR RECURRENCE RELATIONS

To illustrate what we mean by an nonhomogeneous linear recurrence relation we begin
with a problem that leads to a recurrence relation of this type. The problem concerns the
evaluation of determinants. If this is something you are not familiar with, you should skip
the discussion of the problem, and go straight to Equation 7.49 at the end of the solution,
where the recurrence relation is given.

PROBLEM 7.8

Find a formula for the number, r,, of arithmetic operations that are needed to evaluate
the determinant of an n X n matrix, by row-reducing the matrix to upper triangular
form, and then multiplying together the diagonal entries.

Solution

The first stage of the row-reduction process applied to an # X n matrix, as shown on the
left below, is to row-reduce it to the form shown on the right by subtracting multiples of
the top row from the remaining rows.

Ay s a, 2 - a,
0 ay ... a,,
0

a,, a,, 0 a, ... a,,

* Not, we hasten to add, the West Indian cricketer Richard Benjamin Richardson.
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(This assumes that a,, # 0. If a;; = 0, we need first to put a nonzero number in the first
row and first column by interchanging the top row with the ith row, for some i for
which a,; # 0. Of course, if all the entries in the first column are 0, the determinant of
the matrix is 0, and no arithmetic is needed to calculate it.)

The reduction process involves the following steps. First, for 2<i<n, we calculate
the appropriate multiple of the first row that we need to subtract from the ith row. This
means that we need to calculate, for 2<i<n,

Thus, this involves n — 1 divisions. Then, for 2<i<n, we subtract ¢, times row 1 from
row i. Thus, for 2<i<n and 2< j<n, we need to calculate

,_
a;=a; —¢; Xay;.

It takes one multiplication and one subtraction to calculate each a, and hence 2(n - 1)*

arithmetic operations altogether.
Having carried out all these row operations, we then need to calculate the determi-

nant of the (n - 1) X (n -1) matrix

and then multiply this determinant by a,;.
It follows that

r,=n-1)+2n-1>+r,, + L

Clearly, the initial condition is 7, = 0, as no arithmetic is needed to calculate the deter-
minant of a 1 X 1 matrix. Thus, 7, is given by

r,—r,,=2n*-3n+2, for n=2 withr,=0. (7.49)

The recurrence relation in Equation 7.49 is linear, but it is not homogeneous because
the right-hand side is not zero but is instead a function of n. The general definition is
as follows.

DEFINITION 7.4

A nonhomogeneous linear recurrence relation is a recurrence relation of the form
Coly + €1, + ...+ ca, = f(n) (7.50)

for some integer k=1, where cy,c,,...,c; are constants, and fis some non-zero function.
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Our method for solving such nonhomogeneous recurrence relations is as follows.
The theoretical justification for this method is given in Section 7.7.

SOLVING NONHOMOGENEOUS RECURRENCE RELATIONS

To solve the nonhomogeneous recurrence relation
Cod, +Cia, 4+ ... +Ca, , =fn), (7.51)

1. Find the general solution, say {y,}, of the associated homogeneous recur-
rence relation

Cod,+Cia, 4 +...+ca,,=0. (7.52)

2. Find any particular solution, say {z,}, of the nonhomogeneous recurrence
relation in Equation 7.51.
3. Then the general solution of Equation 7.51 is given by

anzyn+zn/

and the constants occurring in this solution can be found so as to satisfy any
given initial conditions.

As we already know how to solve homogeneous recurrence relations, all we need to
be able to solve nonhomogeneous equations is to find some way to come across a par-
ticular solution {z,}. We illustrate one way this can be done by returning to the recur-
rence relation given in Equation 7.49, which we repeat for convenience:

r,—1,,=2n*-3n+2for n=2 withr, =0. [(7.49)]
We first need to solve the associated homogenous recurrence relation
r,—1,,=0. (7.53)

We couldn’t ask for anything easier! By Equation 7.53 all the terms, r,, are the same, so
the general solution of Equation 7.53 is given by

r = A, (7.54)

n

where A is a constant.

Next, we seek a particular solution of Equation 7.49. The idea here is that if the dif-
ference between r, and r,_, is a polynomial of degree 2, we should look for a polynomial
of degree 3 for r,. The reason will emerge from the solution. (However, this is a special
case because of the particular form of the left-hand side of Equation 7.49. In general,
with a polynomial of degree k on the right-hand side, we try to find a particular solu-
tion that is also a polynomial of degree k; see also Exercise 7.6.5A.) So we put

r,=on®+pn?+yn+0. (7.55)
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and aim to find values of o,3,y, and & that satisfy Equation 7.49.
Substituting from Equation 7.55 into Equation 7.49 gives

(on® +Bn2 +yn+8)—(oun—1° +P(n—1)> +y(n—1)+8)=2n>—3n+2,
that is,
3o0n? +(=300+2B)n+(a.—P+y)=2n2—3n+2. (7.56)

The polynomials on the left- and right-hand sides of Equation 7.56 must be equal for
all integersn>2 , and hence their coefficients must be equal. This gives

30=2,-300+2f=-3,0-B+y=2, (7.57)

from which it follows that a=2, B=-1, and y=2. We cannot determine the value
of § from Equation 7.56, but this should not be a surprise because our general solution,
Equation 7.54, of the associated homogeneous recurrence relation already involves an
undetermined constant.

The general solution of the recurrence relation is the sum of the right hand sides of

Equations 7.54 and 7.55, giving
2 1
r,=A+| —n*-—n’ +§n+C .
3 2 6

From theinitial condition thatr, = 0, wededucethatA + 1+ C=0,givingA + C=-1.
Hence the solution of Equation 7.49 is

rn=2n3—ln2+§n—l. (7.58)
3 2 6

This result shows that although the determinant of an # X n matrix involves n! terms
when expanded in full, and n! increases extremely rapidly, the number of arithmetic
operations needed to evaluate it by the row-reduction method only grows in proportion
to n3. This makes it possible to carry out calculations in linear algebra with very large
matrices in a feasible amount of time.

As it happens, because the recurrence relation in Equation 7.49 is particularly sim-
ple, there is a more direct way to find this solution (see Exercise 7.6.6A). The next prob-
lem covers a more typical case.

PROBLEM 7.9

Solve the recurrence relation a, - 5a,_; + 6a,_, = 2n?%, subject to the initial conditions
a, =28 and a, = 34.

Solution

The auxiliary equation is x* -5x 4+ 6 = 0 with solutions x =2 and x = 3. So the general
solution of the associated homogeneous equation is a, = A2" + B3". Because n? is a
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polynomial of degree 2 we try to find a particular solution of the same form, that is,
with a, = om? + Bn + 7. Substituting this into the recurrence relation gives

(on? + Pn + 7) -5(au(n-1)2 + B(n-1) + 7) + 6(cu(n-2)* + B(n-2) + ) = n>.

That is,

20m% + (140 + 2B)n + (1900 7P + 2y) = 2n2.

Equating the coefficients of n> and n and the constant terms gives 2o = 2, 140, + 2 = 0,
and 190 - 7 + 2y=0. Hence o. = 1, f = 7, and y = 15. Therefore, the general solution of
the nonhomogeneous recurrence relation is given by

a,=A2"+ B3"+ n>+7n + 15.

Theinitial conditions give 2A + 3B + 23 = 28 and 4A + 9B + 33 = 34, thatis,2A + 3B=5
and 4A + 9B = 1. Hence A = 7 and B = -3. Therefore the solution is

Exercises
7.6.1A

7.6.1B

7.6.2A

7.6.2B

7.6.3A

7.6.3B

7.6.4A

a,=7@2") - 3(3") +n>+7n+ 15.

Find a formula for a, given that a, - 24, , - 8a,_, = 18-9n, with g, = 1 and
a,=3.

Find a formula for a,, given that a,+ 5a,_, + 6a,_, = 2n> - 21n* + 57n - 43 for
n>3 witha, =1anda, = 14.

Let a, be the number of sequences of length n of letters of the English
alphabet in which between them the five vowels, A, E, I, O, U, occur an
even number of times.

i. Show that a; = 21 and that, for n>2, a,=16a,_, + 5(26"").

ii. Find a formula for a,,.

Let a, be the number of n-digit sequences formed using only the digits 0, 1,
2, and 3 in which 0 occurs an odd number of times.

i. Show thata,=2a,_ , +4".
ii. Find a formula for a,,.

Let m and n be positive integers with m < n. How many arithmetic opera-
tions are needed to row-reduce an m X n matrix to echelon form?

Let A be an invertible (that is, nonsingular) n X n matrix. The inverse of A
may be calculated by forming the n X 2n matrix (AI,) by writing the n X n
identity matrix I, alongside A and then row-reducing this matrix to ech-
elon form, thus obtaining a matrix of the form (I,B), where B is the inverse
of A. How many arithmetic operations are needed to calculate the inverse
of A by this method?

The Tower of Hanoi

Suppose that we have three pegs. On one of these pegs there are n disks of
different sizes arranged in order of size with the largest disk at the bottom.
The task is to transfer these n disks to the third peg, by moving one disk at
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a time to another peg, subject to the rule that no disk may ever be placed
on top of a smaller disk.

(This is an old toy known, for no good reason as the Tower of Hanoi.) If, as
the legend says,* in the great temple of Benares, the priests of Bramah are
carrying out this task with 64 disks, and they move one disk each second,
without making any mistakes, how long will it take before all the disks
have been transferred and “tower, temple and Brahmins alike will crumble
into dust, and with a thunder clap the world will vanish”?

7.6.4B In this exercise we generalize the Tower of Hanoi problem to one with n
disks and r (> 3) pegs.

We let T (n,r) denote the minimum number of moves needed to transfer
the n disks from one peg to another with, as usual, the restriction that
no disk is can be placed above a smaller one on the same peg. The Frame
Stewart algorithm is as follows.

For eachk,1 <k < n-1:

i. Move the top k disks (legally) to another peg;

ii. Move the remaining n-k disks (legally) to one of the remaining pegs;
iii. Move the k disks (legally) to the peg containing the n-k disks.

Deduce that, for 1 < k < n-1, we have T (n,r) <2T(k,r) + T(n-k,r-1). Using
this inequality find upper bounds for the values of T(n,4) for 1 <n < 8.
7.6.5A Show that
i. It is not possible to find a particular solution of Equation 7.49 of the
form r, = En* + Dn + C, where C, D, and E are constants.
ii. The recurrence relation r, — 2r, ; = 2n*> -3n + 2 has a solution of the form
r,=En?+ Dn + C, where C, D, and E are constants.
7.6.5B Show that the recurrence relation r, — r, ; = n* has solutions of the form
r,=Gn*+ Fn®+ En*+ Dn + C.
7.6.6A 1i. Show that the solution of the recurrence relation

=T :f(n)

is given by r =n + X7, f(k), for n=2.

* This is quoted in Mathematical Recreations and Essays by W. Rouse Ball, Macmillan & Co., London, 1892, but is
almost certainly a modern invention.
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ii. Use the formula of (i) to solve the recurrence relation in Equation 7.49 of
Problem 7.8.
7.6.6B Show that the solution of the recurrence relation

Ty =Ty~ Ty =g(n)

is given by r, = f, \r,+ f,_o1 + 24 fo1g(k), where f, is the nth Fibonacci
number.

7.7 THE THEORY OF LINEAR RECURRENCE RELATIONS

In this section we describe briefly the theory that underlies the methods for solving
homogeneous and nonhomogeneous recurrence relations covered in the previous two
sections.

Throughout the first part of this discussion, we assume that we are dealing with the

recurrence relation
Cod, +ia, 1+ ... +¢a, =0, where ¢, #0 (7.59)
subject to the initial conditions
a, =0y, a,=0,,..., a; = 0. (7.60)
The first theorem justifies our use of a solution of the form a, = x".

THEOREM 7.1

A solution of the recurrence relation corresponding to Equation 7.59 is given by a,, = x"
if and only if either x = 0 or x is a solution of the polynomial equation

X+ e X+ L+ x+ ¢ =0. (7.61)

Proof

The sequence {x"} is a solution of the recurrence relation corresponding to Equation
7.59 if and only if

CoX" X" o xR o xR =0 & xR (cpxF o o x 6 )=0
©x=0 or cxF+exf 4+ 4o x+c,=0.

Of course, x = 0 leads to a “trivial” solution in which {x"} is the constant sequence all
of whose terms are 0.

The next theorem shows how we may combine solutions of the recurrence relation cor-
responding to Equation 7.59 to obtain other solutions of the same recurrence relation.
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THEOREM 7.2

If the sequences {x,} and {y,} are both solutions of the recurrence relation in Equation
7.59, then for all choices of the constants A and B the sequence

{Ax, + By,} (7.62)
is also a solution.

Proof

If the sequences {x,}, {y,} are solutions of Equation 7.59, we have that

CoXy+ X, + ..+ X, =0. (7.63)
and

CVut CVu + oo Vi =0. (7.64)

Multiplying Equation 7.63 by A and adding this to Equation 7.64 multiplied by B, we
deduce that

¢y (Ax, + By,) + ¢, (Ax,_, + By,)) + ... + ¢, (Ax,_+ By,_,) =0, (7.65)

which shows that the sequence {Ax, + By,} is also a solution of Equation (7.59).

In the language of vector spaces we have shown that the solution set of Equation 7.59
is closed under linear combinations; that is, it is a linear subspace of the vector space of
all sequences.

Theorems 7.1 and 7.2 show us how to obtain some of the solutions of the recurrence
relation in Equation 7.59, but does this method yield all the solutions, and will this
method enable us to find a solution compatible with whatever initial conditions are
specified?

The easiest case to deal with is where the polynomial equation in Equation 7.61 of
Theorem 7.1 has k distinct solutions. Our assumption that ¢, # 0 implies that these
must be nonzero solutions. Suppose that these k distinct solutions of Equation 7.61 are
X1»X5,.. - X;. Then, for each choice of constants, A},A,,...,A,, the sequence

{Ax"+ A"+ .+ Ax (7.66)

provides a solution of Equation 7.59. It is then straightforward to check that, what-
ever initial conditions are specified, there are always uniquely determined values of
the constants A},A,,...,A, so that the sequence in expression 7.66 is a solution of the
recurrence relation satisfying the specified initial conditions. In terms of vector spaces,
this amounts to saying that the solution space of Equation 7.59 has k dimensions, and
the sequences {x;"}, for 1 < i < k, form a basis for the solution space (see Exercises 7.7.1A
for the details). Notice that in this discussion we have not assumed that x,,x,,...,x, are
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real numbers, so it also covers the case where some or all of the roots of the polynomial
equation in Equation 7.61 are complex numbers.

We now come to the theory of nonhomogeneous linear recurrence relations, namely,
recurrence relations of the form

Coly+ €A, + ... +cpa,  =f(n), (7.67)

where ¢y,cy,...,c, are constants, with ¢, # 0, and where fis some function. The associated
homogeneous recurrence relation is

Cod,+ ¢, + ... +¢a, =0 (7.68)
The method we described and used in Section 7.6 can now be justified.

THEOREM 7.3

The general solution of the nonhomogeneous linear recurrence relation in Equation
7.67 has the form

{a, +0,%,

where {b,°} is one particular solution of Equation 7.67 and {a,} is any solution of the
associated homogeneous recurrence relation in Equation 7.68.

Proof

Let {b,°} be one particular solution of Equation 7.67, and let {a,} be any solution of
Equation 7.68. Thus,

b+ b+ .+ bl = f(n) (7.69)
and

Cold,+ca,  + ... +¢a, ,=0. (7.70)
Adding Equations 7.69 and 7.70 gives
cola, +b0)+c, i (a,, +b2_ ) +...+c, i (a,_ +b2 )= f(n).

It follows that {a, +b?} is a solution of the recurrence relation in Equation 7.67.
Conversely, suppose that {d,} is a solution of Equation 7.67. Then,

cod,+cd,  + ...+ d,  =f(n). (7.71)

Subtracting Equation 7.69 from Equation 7.71 gives

co(d, =) +c,(d,, —b))+..+c.(d,_ . —b,)=0,
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from which it follows that the sequence {d,—b?} is a solution of the homogeneous
Equation 7.70. Since d, =(d, —b?)+b?, this shows that every solution of Equation 7.67
has the form stated in the theorem.

The case where Equation 7.61 has multiple roots is only a little more complicated.
It can be shown (see Exercise 7.7.1B) that if x, is a root of Equation 7.61 of multiplicity
1, then the sequences{x,"}, {nx,"}, ..., {n"1x,"} form a set of r linearly independent
solutions of Equation 7.59. This is illustrated by the solution to the following problem.

PROBLEM 7.10

Find the solution to the recurrence relation
a,-6a,,+9a,=0
subject to the initial conditions a, =9 and a, = 9.

Solution

The auxiliary equation is x2 - 6x+ 9 =0, that is, (x-3)>=0. Hence x=3 is a root
of multiplicity 2. It follows that the general solution of the recurrence relation is
a,=A3"+ Bn3", where A and B are constants. The initial conditions give 3A + 3B=9
and 9A+18B=9. Hence A=5 and B=-2, and hence the solution is a,=5(3")
- 2n3" = (5-2n)3".

Exercises

7.7.1A  Vector spaces and recurrence relations
We let R~ be the set of all infinite sequences, {u,}, of real numbers. This set
becomes a vector space if we define vector addition by {u,} + {v,} = {u, + v,}
and scalar multiplication by c{u,} = {cu,}. Theorem 7.2 shows that the solu-
tion set, S, of the linear recurrence relation

oya, +oua,  +...+0o,a,,=0 (7.72)

is a subspace of R~. The aim of this exercise is to show that if the polyno-
mial equation

Xk + o XK+ L+ oy x+ 0y =0

has the k distinct roots, x;,X,,...,x;, then the general solution of Equation
7.72 is given by

a,=Ax"+Ax"+ ... +Ax"
where A,A,,...,A, are constants.

i. Prove that if the real numbers r,r,,...,r, are all different, then the
sequences {r,"}, {r,"},..., {r,"} form a linearly independent subset of R~.
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ii. For1<i<k, let {y(i),} be the solution of the above recurrence relation
that satisfies the initial conditions

1, ifn=i,
y(i), =

0, otherwise.

Prove that the set of sequences {y(1),}, {y(2),} ,..., {y(k),} forms a spanning
set for the solution space, S, of the recurrence relation in Equation 7.72.
iii. Prove that, if x,x,,...,x, are k distinct solutions of the polynomial
equation

Ok + oy X+ L+ oy x + 0y =0,
then every solution of the above recurrence relation has the form
{Ax"+ Ax,"+ ...+ Ax

for some appropriate choice of the constants A},A,,...,A;.
7.7.1B  Repeated roots of the auxiliary equation
Prove that if x, is a nonzero solution of the polynomial equation byx* + b x*"!
+ ... + b, x + b, = 0 of multiplicity r, then the sequences {x,"} , {nx,"}, ...,
{n1x,"} form a set of r linearly independent solutions of the recurrence
relation bya, + bya, ,+ ...+ b, a, ,=0.
7.72A  Find the solution of the followmg recurrence relations.
i. a, - 10a,_, +25a, ,=0, subject to the initial conditions a, =15 and
a, = 325.
ii. a,+4a,_, + 4a,_, =0, subject to the initial conditions a, =4 and a, = 4.
iii. a, - 7a,_, + 16a,_, - 12a,_; =0, subject to the initial conditions a, =8,
a,=42,and a, = 142.
iv. a, - 6a,_,+12a,, - 8a,_;=0, subject to the initial conditions a, =0,
a,=38,and a, = 16.
7.7.2B  Find the solution of the following recurrence relations.
i. a,+10a,_, + 25a, ,=0, subject to the initial conditions a, =15 and
a,=325.
ii. a,-4a,_, +4a,_, =0, subject to the initial conditions a, = 0 and a, = 4.
iii. a, - 9a,_, +27a,_, - 27a,_5 =0, subject to the initial conditions a, =0,
a,=0,and a, = 54.
iv. a, - 4a,, - 3a,_,+ 18a, =0, subject to the initial conditions a, =4,
a, =-29, and a, = 40.

7.8 SOME NONLINEAR RECURRENCE RELATIONS

When it comes to nonlinear recurrence relations, life becomes much more difficult. In this
section we consider nonlinear recurrence relations of just one type. This type has been
chosen because it occurs naturally in some counting problems and, by good fortune, also
succumbs to the generating function method.
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We illustrate this idea by finding the formula for the generating function for the Catalan
numbers, C,, as described in Chapter 5. Recall that we have specified that C; = 1 and that,
by Theorem 5.8, we have that for each integer n>1, C,,, =¥, C,C, ,. This formula should
remind you of the formula in Equation 7.4 for multiplying power series. If we let C be the
generating function for the Catalan numbers, that is, C(x)=Y=,C x",then, by Equation
7.4, (C(x))*=2X5,d,x", where d, =3 ,CC,_ and thus d,=C,,,. Hence (C(x))?=3:,C,.,x".
Therefore x(C(x))>=%¥z,C,,,x™ =C(x)—1. Therefore, writing C for C(x) we have that

xC?-C+1=0. (7.73)

Solving Equation 7.73 by the standard formula, we have that, for x # 0,

_1£v1-4x
2x '

C (7.74)
Using the power series expansion for v1—4x, Equation 7.74 may be used to derive the formula
C, = [1/(n + 1)]C(2n,n) for the Catalan numbers. You are asked to do this in Exercise 7.8.1A.

Another example of this type is given in Exercise 7.8.1B.

Exercises
7.8.1A Deduce from Equation 7.73 that, for all positive integers n,
C,=[1/(n+ 1]C2n,n).
Hint: The power series expansion for v1—4x, that is, (1 - 4x)'? may be
derived either from the general binomial theorem

oa(oa—l)x2 + oc(oc—l)(oc—z)x3 .

I+x)*=1+ox+
2! 3!

in the case where x is replaced by —4x and o by 1, or from Taylor’s theo-
rem, namely, that, for an infinitely differentiable function f,

Fx)=F0)+ f'(o»w%xz +@xs+.".

7.8.1B Find a formula for the generating function of the sequence {a,} defined by
ay=a,=1,andfor n=2, a,=a,  +312aa, .






CHAPTER 8

Partitions and
Generating Functions

8.1 THE GENERATING FUNCTION FOR THE PARTITION NUMBERS

Chapter 7 showed the usefulness of using a generating function to determine an explicit
formula for the nth term of the Fibonacci sequence. This chapter further demonstrates that
usefulness in establishing results about partitions. In Chapter 1 we raised the following
question.

PROBLEM 8

Is it true that for each integer #n the number of ways of writing n as the sum of odd
positive integers is the same as the number of ways of writing # as the sum of positive
integers that are all different?

In this chapter we show how this and similar questions can be answered.

PROBLEM 8.1

Check that the number of ways of writing 7 as the sum of odd positive numbers is the
same as the number of ways of writing 7 as the sum of different positive integers.

Solution
There are five partitions of 7 into parts that are all odd, as follows:
7, 5+1+1, 3+3+1, 3+1+1+1+1, 1+1+1+1+1+1+1
There are also five partitions of 7 into distinct parts:
7, 6+1, 5+2, 4+3, 4+2+1.

We will solve Problem 8 by showing that the generating functions for the sequences
of these two types of numbers are identical. Furthermore, by tampering only slightly
with this particular generating function, we can obtain a recurrence relation for the

127
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number, p(n), of partitions of n that enabled Major P.A. MacMahon, using pencil and
paper before the days of electronic computers, to determine the exact value of p(n) for
each n <200 without having to obtain a precise list of partitions in each case. [When
you see the size of p(200) you should be mightily impressed—especially if you have
already tried to find, for example, the value of p(20) by listing the partitions of 20.]

The following simple problem leads us in the right direction.

PROBLEM 8.2

What is the coefficient of x* in the following product?

I+x3+x0+x2+..)A+x8+x10+x2 +..). 8.1)

Solution

It is fairly readily seen that when terms in the first paranthesis are multiplied by terms
in the second bracket we obtain the term x* in just four ways:

X0 x80, X33 x56, x7-x%2, and x8-x8,

and hence the coefficient of x* in the product is 4.

We have seen a problem of this type before—Problem 7.1 in Chapter 7. Looking at
the solution of Problem 7.1, we can see that the coefficient of x" in the product in expres-
sion 8.1 is the same as the number of ways of writing 89 in the form 3m;, + 8m,, where
m, and m, are nonnegative integers. In other words, the coefficient of x" in the product
of expression 8.1 is the number of partitions of n using only parts of sizes 3 and 8.

We can readily generalize this. Since a partition of the integer #n may use parts of any
size (< n), to obtain a series whose coefficients count all the partitions of n, we will have
to multiply together (infinitely many) infinite series corresponding to parts of size 1, 2,
3, ... . Indeed, we have the following result, which gives us the generating function for
the sequence { p(n)} of partition numbers.

THEOREM 8.1
A+x+x2+.)0+x2 +xt +.) 1+ x3 +x0 4+ =1+ p(Dx + p(2)x2 + p(3)x3 + ...

In other words, if P is the generating function for the sequence { p(n)}, then

P = [ Jasat+xsae), 8.2)
k=1
Since, for |x| < 1, 1+ x5+ 2% + x3 + ... = 1/(1 — x*), we may write this last equation

even more succinctly as

reo=[T = (8.3)
k=1



Partitions and Generating Functions = 129

Proof

The terms in the infinite product in Equation 8.2 are obtained by taking, in all possible
ways, terms of positive degree from a finite number of the infinite series and multiply-
ing these together (see Problem 8.3). Clearly, in seeking the coefficient x", we need not
consider terms 1 + x* + x?* + ..., of the product in Equation 8.2, where k > n. Thus the
terms of degree »n have the form

[t ] X [x2]e X .o [k ]k,
where k is a positive integer and m;,, m,,..., m, are nonnegative integers such that
m 1+my 24+ +m k=n. (8.4)

As we have seen, Equation 8.4 corresponds to a partition of n. Thus the coefficient of
x" in the product of Equation 8.2 counts the number of partitions of n.

PROBLEM 8.3

Use the generating function, P, to evaluate p(n) for 1 <n <5.

Solution

Since we are counting the partitions of the positive integers < 5, we may restrict our
attention to the terms in Equation 8.2 of degree at most 5, that is, to the product:

Q+x+x2+x3+xt +x°) A+ x2 +x)(14+23) 1+ x) 1+ x5).

The first six terms of this product are 1+ x + 2x?+ 3x® + 5x* + 7x°, giving p(1) =1,
p2)=2,p(3)=3,p4)=5,and p(5) =7.

We are now ready to tackle Problem 8 using generating functions. We let p,(n)
be the number of partitions #n into odd parts and p,(n) be the number of parti-
tions of n into distinct parts. We let P, and P, be the generating functions for the
sequences {p,(n)} and {p,(n)}, respectively. The proof of the following lemma is
straightforward:

LEMMA 8.2

1 . _TT1L
e e e e R ] § Fery

b. Pi(x)=(1+x)1+x2)A+x*)(1+x*)1+x°)..., thatis, Pd(x)=H(1+xk).
k=1

Proof
Since p,(n) counts the partitions of n into odd parts, the generating function for the

sequence {p,(n)} is obtained by just taking the terms in the product in Equation 8.3
corresponding to parts of odd size. Since p,(n) counts the partitions of # into distinct
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parts, that is, partitions of # in which there is at most one part of any given size, the
generating function for the sequence {p,(n)} is obtained by just taking, from each
bracket (1 + xF+ x?* + x3 + ...) of Equation 8.2, the terms 1 and x*, that is, those that
correspond to having either no part of size k or just one part of size k.

So to solve Problem 8 we only have to prove that the two generating functions of
Lemma 8.2 are identical. Can that really be true? Yes! And the proof is as follows.

THEOREM 8.3

For all positive integers n, p,(n) = p,(n).

Proof
Since (1 — x2) = (1 + x*)(1 — xb), it follows that (1 + x*) = (1 — x%)/(1 — x¥). Hence
P(x)=(1+x)1+x2)1+x3)A+x*)(1+x°)...

C(1=x2) A= x4)(1—x6)(1—x*)(1—x10)...
C (1-x)(1—-x2)(1—-x*)(1—x*)(1—x5)...

Now, canceling each term in the numerator of this last expression with the iden-
tical term in the denominator leaves us just the terms (1 — x), (1 — x%), (1 — x°), ...
in the denominator, that is, the terms of the form (1 — x?!), where ¢ is a positive
integer t. Thus

1 T !
Pi(x)= = —— =P (x). 8.5
= =2 )= 5 I:I(l—xz”) o) ®5)

Since the generating functions for the two sequences {p,(n)} and {p,(n)} are iden-
tical, their coefficients must be equal. That is, for each positive integer n, we have

pd(n) :po(n)'

Note that we have proved Theorem 8.3 by establishing the algebraic identity given in
Equation 8.5, which could be written as

1
1-x)1-x3)1-x5)..."

I+x)Q+x2)1+x3)...=

In the next section we come to a work saver!

Exercises

8.1.1A Find the coeflicient of x'°° in the following products.
Lo+ x7+xM 4+ 4+ )0+ + a2+ 53+ )
i, Q+X34+x0+0+ . )0 +x+x8+x2+ )
8.1.1B  What is the coeflicient of x?* in the product

(1+2)(1+ )1 + 231+ 27)(1 + 21+ x)(1+x7)(1 + x19)?

Interpret the answer in terms of the partitions of 24.
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8.1.2A Write down the generating function for the sequence {a(n)}, where,
i. For each positive integer n, a(n) is the number of partitions of # in which
no even part occurs more than once, and
ii. For each positive integer n, a(n) is the number of partitions of # in which
no odd part occurs more than once.
8.1.2B For each positive integer k, let g, .(n) be the number of partitions of » into
even parts, all of size at most k. Write down the generating function, say
Qy..» for the sequence {g; .(m)}.
8.1.3A Letp, (1) be the number of partitions of n into distinct odd parts.
i. Calculate p, (1) for 1 <n < 10.
ii. Write down the generating function for the sequence {p, ,(n)}.
8.1.3B Let a(n) be the number of partitions of n into parts that are not multiples of
3, and let b(n) be the number of partitions of n in which there are not more
than two parts of the same size.
i. Calculate the values of a(n) and b(n) for 1 <n < 8.
ii. Find the generating functions for the sequences {a(n)} and {b(n)}.
iii. Prove, by the method of Theorem 8.3, that for each positive integer #,
a(n) = b(n).
iv. How may the result of (c) be generalized?
8.1.4A Let t(n) be the total number of partitions of all integers from 1 to n. Show
that the generating function for the sequence {t(n)} is x+— P(x)/ (1 - x)
(where P is the generating function for the sequence {p(n)}).
8.1.4B Prove that p,(n) = L %n J+ 1 [this is the result of Theorem 6.4(ii)] by using
the identity

=i ) i)
(1-x)(1-x2) 2\(1-x)2) 2\1-x2)

8.1.5A Let a(n) be the number of partitions of # in which only even parts can be
repeated, and let b(n) be the number of partitions of # in which the only
even parts are multiples of 4. Use the generating function method to show
that, for all positive integers n, a(n) = b(n).

8.1.5B Show that the number of partitions of n in which only odd parts may be
repeated is equal to the number of partitions of # in which no part occurs
more than three times.

8.1.6A i. Show that, for each positive integer n,
A+ x)A+x2)A+x2) 1+ x7) =1+ x + x2 + x5+ 4+ 22"

that is, that

on+l_y

n
I |1+x2‘= sz.
t=0

s=0
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ii. Deduce that

1
T A A4 1 22

iii. Comparing the expression in (ii) with the generating function for the
sequence {c(n)}, where c(n) is the number of ways of expressing »n as a
sum of powers of 2, prove that, for n > 2, the number of ways of express-
ing n as a sum of an even number of powers of 2 is equal to the number
of ways of expressing # as an odd number of powers of 2.

8.1.6B Use the generating function method to show that the number of partitions
of n into even parts is equal to the number of partitions of n with each part
occurring an even number of times.

8.2 A QUICKI(ISH) WAY OF FINDING p(n)

The following is a little involved but, like much good mathematics, a huge labor-saving
idea in the long run, the piece de résistance being the formula that is given in Theorem 8.6.
We establish the formula via some calculations with generating functions and a wonderful
idea, due to Fabian Franklin* (see Theorem 8.5), who described an ingenious way of redis-
tributing the dots in each dot diagram that, initially, has unequal parts.

We begin with some generating function calculations and see how our interest in parti-
tions into distinct parts arises. To ease the way, we look, first, at a particular example.

We have seen that P,(x) = (1 + x)(1 + x?)(1 + x%)... is the generating function for the
sequence {p,(n)}. Now consider the series

Pi(a,x)=(14ax)(1+ax?)(1+ax3)...,

which we may think of as a power series in a and so write as 1 + u,(x)a + u,(x)a + ..., where
the coefficients, u,(x), are functions of x, also given as power series. For example, u;(x), the
coefficient of a2 is the sum of all those powers of x that can be obtained by multiplying
together exactly three of the powers x, x2, x°,... . Hence, in expanding P,(a, x), the coeffi-
cients of (for example) those powers of x of degree at most 10 that are involved in u,(x) arise
from the individual contributions as follows:

x1+2+3+x1+2+4+x1+2+5+x1+2+6+x1+2+7+x1+3+4+x1+3+5+x1+3+6

+x1+4+5+x2+3+4+x2+3+5

* Fabian Franklin was born in Hungary in 1853 and emigrated to the United States in 1855. He was trained as a civil
engineer but achieved a PhD in mathematics in 1880. He taught at Johns Hopkins University until 1895, when
he was appointed editor of the New York Evening Post. In 1882 he married Christine Ladd, who was also a strong
mathematician but who had to struggle in an era that did not give the same opportunities to women as to men.
In 1869, she graduated from Vassar, a women’s college where there was little mathematics in the curriculum. She
sought admission to Johns Hopkins, then an all-male university, in 1878. She had the support of James Sylvester,
but although she was allowed to attend his lectures, she was not granted formal admission to the university.
Franklin died in 1939.
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so that u;(x) = x° + x7 + 2x% + 3x% + 4x10+ ... .

Clearly, the coefficient of x" in u;(x) gives us the number of partitions of n into three dis-
tinct, that is, unequal, parts. In particular, the number of partitions of 10 into three distinct
parts is the coeflicient, namely 4, of x'° corresponding to the four partitions

10=1+2+7=14+3+6=1+4+5=2+3+5.

Even more generally, the number of partitions of #n into any number of distinct parts
is the coeflicient of x" in the infinite sum u,(x) + u,(x) + u;(x) + ..., which we may write as
(1, (x%) + uy(x) + us(x) +...) + (U, (x) + uy(x) + ug(x) + ...), where the coefficient of x" in the
first paranthesis counts the number of partitions of # into an odd number of distinct parts
and that in the second bracket the number of partitions of # into an even number of dis-
tinct parts.

If we now put a = -1 in P,(a, x), we obtain

1-x)1-x2)(A-x3)...=1—u (x)+u, (x)—us(x)+...

(8.6)
T+ (uy () + 1, () +ug () +..) — (g () +us () +us () +...).

This shows us that the coeflicient of x" in Equation 8.6 is the coefficient of x" in
1+ (uy(x) + uy(x) + ug(x) + ...) minus the coefficient of x" in (u,(x) + u5(x) + us(x) + ...). So,
if we let u, ,(n) be the number of partitions of n into an even number of distinct parts (“u”
for “unequal”) and u, ,(n) be the number of partitions of n into odd number of distinct
parts, we have just proved the following theorem.

THEOREM 8.4

The coefficient of x” in the infinite product (1 —x)(1 —x?) (1 —x%).... is u, 4(n) — u, 4(n).

Our next task is to try to get more to grips with this quantity u, ,(n) — u, 4(n). This
clearly requires that we look at decompositions of # into distinct parts. We shall see that
the above quantity is, quite often, zero!

THEOREM 8.5

For all positive integers n, u, ,(n) — u, 4(n) = 0 except when 7 is of the form 1(3k? + k),
in which case u, ,(n) — u, 4n) = (1)

e o 0 0 o ..Top diagonal ®© 6 6 06 06 0 O . .Top diagonal
e 0o oo oo e e 00 0o
e o oo e o oo

.... p——

FIGURE 8.1
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Setting the scene. To introduce the proof gently, we begin with an example that indi-
cates the general method. Consider, then, a typical partition into distinct parts, say
27=8+7+6+4+2, whose dot diagram is shown on the left-hand side of Figure 8.1.
This has five distinct parts, the smallest of which, 2, we call the base.

Notice that the final dots in the first three (but not four) rows lie on a line at 45° to
the horizontal. Such a line of maximal length, and starting on the top row, is called the
top diagonal. To change the given partition into one with four distinct parts, we move
the dots of the base, adding one dot to the end of each of the first two original rows,
both of which end with a dot on the top diagonal. The new partition, 27 =9+ 8+ 6 + 4,
is shown on the right-hand side of Figure 8.1.

This process converts one partition into distinct parts into another partition of the
same number into distinct parts, but with one fewer part. The process can be reversed
by taking the two dots that form the top diagonal in the new partition and returning
them to their former base position. Since the first partition has one more part than the
second, it has an even number of parts if and only if the second partition has an odd
number of parts.

At first sight this process sets up a one—one correspondence between the partitions
of n into an even number of distinct parts, and the partitions of # into an odd number
of distinct parts. If this always worked, we would have a proof that u, 4(1) — u, 4(n) =0,
for all positive integers n.

But does this argument ever break down? Well, yes! For example, the (forward) pro-
cess breaks down when the number of dots in the base exceeds the number of dots
in the top diagonal! Fortunately, this situation can be kept under control. Here is the
proof.

PROOF OF THEOREM 8.5

Let D be any dot diagram corresponding to a partition of # into distinct parts and let
b, t be the number of dots in the base and the top diagonal of D, respectively. We deal
with the three cases (i) b < t, (ii) b =t, and (iii) b > t separately.

Case (i), b < t. Here the b dots of the base are moved to sit at the right-hand end of
the first b rows of the dot diagram, as described above. In this way, a diagram with an
even number of distinct parts has associated with it a diagram with an odd number of
distinct parts, and vice versa.

Case (ii), b = t. Here the same argument applies except where the final dot of the base
is also the lowest dot of the top diagonal, so that removing all of the base would, at the
same time, also remove the last element of the top diagonal—as in Figure 8.2, which
corresponds to the partition 22 =7+ 6 + 5 + 4.

FIGURE 8.2
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In general (with b = £), this case can arise only when we have a partition in which the
number of parts equals the number of dots in the base, and each part has one fewer dot
than the part above it. Thus it occurs only when we have a partition of the form

n=2b-1)+2b-2)+...+(b+1)+b

with b dots in the base and b parts. Consequently, in this case we have that
n=1b(3b—1)=1(3b>-0b).

Thus this case can arise only when 7 has the form 1(3b? —b), and in this case there is
just one partition of n that cannot be matched with another partition in the above man-
ner. In our example b is even, and the partition that is the only one we cannot match up
in the above manner has an even number of parts. All the other partitions of 22 into an
even number of distinct parts can be matched one—one with the partitions of 22 into a
distinct number of odd parts. Thus u, 4(22) — u, ,(22) = 1.

Generally, when we have the case of b=t with b even, then u,,(n) — u,,(n) =1.
Likewise, if b had been odd, then the unmatchable partition would have been one into an
odd number of distinct parts so that u, (1) — u, (1) = —1. We can thus summarize these
two cases by saying that when # has the form 1(3b2 —b), then u, ,(n) — u, ,(n) = (-1)".

Finally, case (iii), b > t. This time the matching between partitions into an even
and an odd number of distinct parts is achieved by removing the dots from the top
diagonal and forming a new base with them. This could fail only when there is a dot
that is both in the base and on the top diagonal. However, where t < b — 2, the former
base still has b — 1 dots when the final dot, which forms part of the top diagonal, is
removed from it, whereas the new base has b — 2 dots in it. This case is illustrated in
Figure 8.3, where the partition 34 = 10 + 9 + 8 + 7 of 34 into four distinct parts on the
left is converted into the partition 34 =9 + 8 + 7 + 6 + 4 of 34 into five distinct parts
on the right.

However, a transformation of this kind is not possible in the case where t=b — 1,
and we have a partition into ¢ parts. This is illustrated in Figure 8.4, which corresponds
to the partition 15=6 + 5 + 4.

FIGURE 8.3

FIGURE 8.4
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In general, this case arises only when we have a partition of the form
n=2t+Qt—-1)+Qt—-2)+...+({t+2)+({t+1),

and so n=21t(3t+1)=1(3t*> +1t). Further, if ¢ is even, then the unmatched partition has
an even number of parts, and if ¢ is odd, it has an odd number of parts. Therefore, in
these cases u, 4(n) — u, 4(n) = (-1)".

This completes the proof of Theorem 8.5.

Now we employ Theorem 8.5 to find our long-awaited recurrence relation for p(n).

THEOREM 8.6

For any positive integer n, we have

pn)=pn—-1)+p(n—2)—p(n=5)—pn—-7)+..
+ (=D p(n—1(3k* = k))+ (=)' p(n— 1 (3k* + k)) + ..., (8.7)

where the expression on the right-hand side is continued until we reach a value of k for

which either n—1(3k? —k) or n—3(3k* + k) is negative.

PROOF OF THEOREM 8.6: FINALE

Theorem 8.5 shows that u, 4(n) — u, ,(n) has the value 0 if 7 is not of the form 1(3k2 + k)
and the value (-1)* if n=1(3k? £ k), for some positive integer k. It follows that

-1, forn=1,2, 12,15, 35,40,...;
u, 4(n)—u, ,(n)=<+1, forn= 5,7, 22,26, 51,57,...;

0, otherwise.

Hence, from Theorem 8.4 it follows that

(1I-x)0=-x2)Q=-x3)..=1—x—x2+x°+x7 —x2 —xVP+x2+x2—..., (8.8)

an identity due to Euler*
Finally, by Theorem 8.1 we have that

* Leonhard Euler, born in Basel on April 15, 1707, was a powerful and prolific mathematician who made valuable
contributions to most areas of mathematics, far too many to list here. We owe the symbols 7, e, and i to Euler, as
well as the remarkable formula e™ = —1 that relates them. In 1766 he was called to St. Petersburg by the Empress
Catherine to become director of the Academy of Sciences. Despite losing his sight he continued to carry out his
duties and to contribute to mathematics until his death on September 18, 1783.
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2 3 — 1
1+ p(D)x+ p(2)x2+ p(3)x3 +....= =) =) (8.9)

It follows from Equation 8.9 that
1+ pM)x+ p(2)x%+ p(3)x3 +...)A—x)1—x2)(1—x3)...=1.
And hence, by Equation 8.8,

1+ pM)x+p2)x2+ pB)x3+..)A—x—x2+x°+x7 —x2—xP +x2 +x% - )=1.
(8.10)

Now, equating the coeflicients of x" in Equation 8.10, we have

p(n)— pn—1)— p(n—2)+ p(n—5)+ p(n—7)— p(n—12)— p(n—15)
+p(n—22)+ p(n—26)—...=0,

and hence we obtain the formula of Theorem 8.6.

The recurrence relation given by Theorem 8.6 can be used to determine, reason-
ably quickly and by pencil and paper, the values of p(n), at least for modest-sized
values of n.

PROBLEM 8.4

In Chapter 6, we obtained the values of p(n) for 0 < n < 10 as given in Table 8.1.*
Use Theorem 8.6 to evaluate p(n) for 11 < n < 15.

TABLE 8.1

n p(n)
0 1
1 1
2 2
3 3
4 5
5 7
6 11
7 15
8 22
9 30
10 42

* The comment after Theorem 6.3 explains why we take the value of p(0) to be 1. The other values are taken from
Table 6.1.
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Solution

By the formula in Equation 8.7 of Theorem 8.6, we have

p(11)= p(10)+ p(9)— p(6)— p(4)=42+30—11-5=56,

p(12)= p(11)+ p(10)— p(7)— p(5)+ p(0) =56+ 42—-15—7 +1="77,

p(13)= p(12)+ p(11)— p(8)— p(6)+ p(1) =77 +56—22—11+1=101,

p(14) = p(13)+ p(12)— p(9)— p(7)+ p(2)=101+77 =30—15+2=135,

p(15)= p(14)+ p(13)— p(10)— p(8)+ p(3)+ p(0)=135+101— 42— 22+ 3+1=176.

We next give another demonstration of the power (no pun intended!) of generating
functions to prove results quickly. We present it in a manner commonly used in math-
ematics in which the requirements of logical order transcend any thought of detailed
explanation to the reader as to how the proof was discovered. It may look like magic!

We let p, (1) be the number of partitions of # in which there is an even number of
even parts, and p, (1) be the number of partitions of # in which there is an odd number
of even parts. As in Exercise 8.1.3A, p, ,(n) is the number of partitions of n into distinct
odd parts.

PROBLEM 8.5
Evaluate p, (1), p, (1), and p, ,(n) for n =5 and 6.

Solution

There are seven partitions of 5, namely, 5,4+ 1,3 +2,3+ 14+ 1,2+2+ 1,2+ 1+ 1+1,
and 1+1+1+1+1. Of these, 5,3+1+1,2+2+1,and 1+1+4+1+1+1 have an
even number of even parts (we include those partitions with zero even parts), and
so p,.(5) = 4. The other three partitions have an odd number of even parts, and so
Po.(5) = 3. The only partition of 5 into distinct odd parts is 5. Hence p, ,(5) = 1.

The partitions of 6 in which there is an even number of even partsare 5+ 1,4 + 2,3 + 3,
3+41+1+1,2+2+1+1,and1+1+1+1+1+1. Hencep,,(6)=6. The partitions of
6 in which there is an odd number of even partsare 6,4+ 1+1,3+2+1,2+2+2,and
2+1+1+1+ 1. Hencep, (6) =5. There is just one partition of 6 into distinct odd parts,
namely, 5+ 1. Hence p, ,(6) = 1.

Note that in both these cases p, (1) — p, (1) = p, ,(n). It would be very bold to con-
jecture, on the basis of just these two cases, that this is always true. But this is just what
Derrick Henry Lehmer* proved.

THEOREM 8.7
For each positive integer n, p, .(n) — p, .(n) = p, ,(1).

* Derrick (Dick) Henry Lehmer was born in Berkeley, California, on February 23, 1905, and died there on May
22, 1991. His father, Derrick Norman Lehmer, was also a mathematician. In 1928 Dick Lehmer married Emma
Markovna Trotskaia, who was also a distinguished mathematician and who lived to be 100. Dick Lehmer was a
pioneer of the application of mechanical devices and, later, electronic computers to problems in number theory,
and he wrote papers on a wide range of topics in number theory and combinatorics.
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We promised you a bit of magic, but we offer a hint now to help you see what is afoot.
The move we describe is quite clever!
As we have seen, the total number, p(n), of partitions of # is the coefficient of x" in

(T+x2+x4+.)0+x* +x8+ ) A+ x0 +x12+ ).

8.11
X(A+x+x2+.)0+x3+x0+.)0+ x> +x0+..)..., 8.1)

where, in the expression 8.11, we have now put the terms corresponding to the even parts
of a partition in the first line and the terms corresponding to the odd parts in the second
line.

We now consider a particular partition of n, which for 1 <i < s has m;, parts of size
2k,, where k, < k, < ... <k, and whose odd parts add up to q. Thus

n=m,(2k)+m,(2k,)+...+m,(2m,)+q. (8.12)

The even parts of this partition are obtained by multiplying together the terms x2km,
x2km,  x2kms from the first line of expression 8.11.
Now consider the same terms in the expression

(I=-x2+x4=.)A—-x*+x8=.)A—x0+x12—.)...
(8.13)
X(A+x+x2+.)A+x3+x0+..)A+ x> +x0+..)...,

which is the same as expression 8.11 except for the alternating + and — signs in the
first line of expression 8.13. It follows that the multiplier associated with the expres-
sion x2kim+2kmyt+kams in expression 8.13 is (—1)™*m*-+ms which is +1 or —1 according as
whether m, + m, + ... + m_ is even or odd.

Thus, if in the partition in Equation 8.12 there is an even number of even parts, the
multiplier associated with the term x2kmi+2km+.+2km+q jg 4 1, and if there is an odd
number of even parts, the multiplier is —1. It follows that the coefficient of x" in expres-
sion 8.13 counts

the number of partitions of # with an even number of even parts
—the number of partitions of # with an odd number of even parts;

that is, the coeflicient of x" in expression 8.13 is p, (1) — p,, .(1).
We can rewrite the product in expression 8.13 as

1
1+x2)A+xH)A+x6)...1-x)1-x3)(1—x5)...

(8.14)

Thus to prove Theorem 8.7 it is sufficient to prove that the generating function in
expression 8.14 for the sequ