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Preface to the Second Edition

We explain the aims and range of this book in Chapter 1, which we strongly urge you to 
read before any of the subsequent chapters.

This second edition is a considerably expanded version of the first edition, originally pub-
lished in 1991. It has 100% more authors, and correspondingly more material. Nonetheless, 
it does not cover the whole of the subject, and the coverage of the topics that are included 
is not comprehensive. Our choice of topics has mainly been determined by personal taste, 
but the emphasis is on counting problems, that is, questions about how many different 
arrangements there are of a particular type. We will not have fully succeeded in our aim of 
providing an attractive introduction to these topics if the book does not leave you wanting 
more. To this end we have added a list of suggestions for further reading.

The first edition was based on a course of 22 lectures given to students at the University 
of Leeds. We think the material included in this expanded edition could be covered in 
around 40 lectures. We emphasize, however, that it is our hope that the book can be read 
independently by anyone wishing for an accessible introduction to the topics that it covers. 
To this end, and unlike most other texts, we have, as far as possible, set exercises in pairs 
and provided an extensive answer section in which a complete solution is given to one exer-
cise in each pair. Of course, diligent readers will tackle the exercises before looking to the 
answer section (this being an essential part of the learning process), but, if they are really 
stuck, the full solution should prove to be of value.

R.B.J.T Allenby
Alan Slomson 
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1

1C h a p t e r  

What’s It All About?

1.1  What Is Combinatorics?
Mathematics is a problem-solving activity, and the ultimate source of most mathemat-
ics is the external, nonmathematical world. Mathematical concepts are developed to help 
us tackle problems arising in this way. The abstract mathematical ideas that we use soon 
assume a life of their own and generate further problems, but these are more technical 
problems whose connection with the external world is more remote.

Since the time of Isaac Newton and until quite recently, almost the entire emphasis of 
applied mathematics has been on continuously varying processes, modeled by the mathe-
matical continuum and using methods derived from the differential and integral calculus. 
In contrast, combinatorics concerns itself mainly with finite collections of discrete objects. 
With the growth of digital devices, especially computers, discrete mathematics has become 
more and more important.

The way mathematics has developed creates a difficulty when it comes to teaching and 
learning the subject. It is generally thought best to begin with the most basic ideas and then 
gradually work your way up to more and more complicated mathematics. This seems more 
sensible than being thrown in at the deep end and hoping you will learn to swim before you 
drown. However, this logical approach often obscures the historical reasons why a particu-
lar mathematical idea was developed. This means that it can be difficult for the student to 
understand the real point of the subject.

Fortunately, combinatorics is different. The starting point usually consists of problems 
that are easy to understand even if finding their solutions is not straightforward. They tend 
to be concrete problems that can be understood by those who do not know any technical 
mathematics. In this chapter we list a number of these problems that gave rise to much of 
the mathematics explained in the remainder of this book.

So what sorts of problems does combinatorics address? As combinatorics finds its ori-
gins in statistical, gambling, and recreational problems, a rough answer is: anywhere where 
knowing “How many?” (the answer to which may be “zero”) is of interest. So, for example, the 
techniques we describe (or generalized versions of them) have been used in design of experi-
ments, for example, the testing of crops (statistics), design of traffic routes (graph theory), 



2    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

construction of codes, arrangements of meetings (permutations and combinations), placing 
of people in jobs (rook polynomials), determination of certain chemical compounds (graph 
theory), production and school teaching schedules, as well as increasingly in mathematical 
biology in relation to the DNA code. There are also applications within mathematics, espe-
cially in the theory of numbers, and within computing, where questions of speed and com-
plexity of working are important. Among recreational puzzles with a combinatorial flavor 
are the well-known Rubik’s Cube, “magic” squares, Lucas’s Tower of Hanoi, and the famous 
problem that was the origin of graph theory, that of crossing the bridges of Königsberg.

In many problems, not only a solution but an “optimal” solution is sought. For example, 
it would seem desirable to seek to maximize factory output or traffic flow or to minimize 
factory or computing costs or travel cost (by choosing the shortest route when visiting a 
succession of towns; this is the well-known traveling salesman problem). These aspects 
indicate the three basic problems of combinatorics: counting the number of solutions, 
checking existence (is there even one solution?), and searching for an optimal solution.

In this general introductory book we are not able to go into any of these topics in any 
great depth. Our aim is to give the reader the flavor of a broad range of interesting combi-
natorial ideas. At the end of the book we make suggestions for further reading where many 
of these ideas can be followed up.

1.2  Classic Problems
In this section we list a number of classic and other interesting combinatorial problems 
that, later in the book, we show you how to solve. Many of these problems have been around 
for a long time. Accordingly, in most cases we have not tried to attribute the problems to 
their authors. Nevertheless, the present authors would be grateful for any enlightenment 
readers wish to provide in this regard.

We have selected at least one problem for all but one of the subsequent chapters, and our 
numbering of them matches the chapter numbers. So our first problem is called “Problem 2A” 
to indicate that it relates to Chapter 2 and is the first problem listed here from that chapter.

Many combinatorial problems arise from questions about probabilities. For, if a cer-
tain event can produce a finite set of equally likely different outcomes, of which some are 
deemed favorable, then we say that the probability of a favorable outcome is the fraction

	 the number of favorable outcomes
the total nnumber of all outcomes

.

So we can work out probabilities by counting the number of outcomes in the two sets 
occurring in this fraction. This sort of counting is mostly what this book is about. For exam-
ple, consider the probability problem: “When throwing two standard dice, what is the proba-
bility that the total shown on the dice is 6?” The total number of outcomes when two dice are 
thrown is 36 as each face 1,2,3,4,5,6 on one die* can appear partnered by each one of the faces 

*	 Being mathematicians, naturally we are pedantic. Although dice is often used as the singular term, strictly speak-
ing, it is one die and two or more dice. Remember Julius Caesar’s remark as he crossed the Rubicon, “The die is 
cast” (“Iacta alea est”). 



What’s It All About?    ◾    3

1,2,3,4,5,6 on the other die. The outcome 6 can be achieved in five different ways, namely, 
1 + 5, 2 + 4, 3 + 3, 4 + 2, and 5 + 1. So the answer to the probability problem is 5/36.

The first problem we list is rather more complicated but one of direct interest to anyone 
who “invests” their money in a lottery.

Problem 2A
What Is the Chance of a Jackpot?
The operators of “Lotto,” the British National Lottery, advertize that each ticket has 
a 1 in 13,983,816 chance of winning a share of the jackpot. How is this probability 
calculated?

Next we have an old classic, whose answer usually comes as a surprise.

Problem 2B
The Birthdays Problem
How many people do you need to have in a room before there is a better than 50% 
chance that at least two people share a birthday?

While solving Problems 2A and 2B is fairly straightforward, some counting prob-
lems are a bit more perplexing. Let us have a look at two involving food and money, the 
second being of rather more general interest than the first!

Problem 3A
Hot Chocolates
A manufacturer of high-quality (and therefore high-priced) chocolates makes just six 
different flavors of chocolate and sells them in boxes of 10. He claims he can offer over 
3000 different “selection boxes.” If he is wrong, he will fall foul of the advertizing laws. 
Should he fear prosecution?

Problem 3B
A Common Opinion
There is a widely held view that, in a truly random selection of six distinct numbers 
from among the numbers 1 to 49 (as in the British lottery), the chance that two con-
secutive numbers will be chosen is extremely small. Has this opinion any credibility? 

The solution to both of these problems relies on the same general principles used to 
solve the following purely arithmetic problem. Notice how much less “cluttered” and 
more transparent the arithmetic problem is without the “real-life” trimmings!

Problem 3C
Counting Solutions
How many solutions does the equation x + y + z + t = 60 have where x, y, z, and t are 
positive integers?

If, in this problem, there were only, say, three unknowns x, y, and z and the 60 were 
replaced by a 6, there would be little difficulty, as we could easily list all the solutions 
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systematically, that is, (1,1,4), (1,2,3), (1,3,2), (1,4,1), (2,1,3), (2,2,2), (2,3,1), (3,1,2), (3,2,1), 
and (4,1,1). So, there are exactly 10 of them.

That was easy. But what if we return to four unknowns and reintroduce the 60 
or change it to 600? How many solutions then? It is clear that the same technique of 
listing all possible answers could be tried; the difficulty would seem to be in making 
sure you count all the solutions once and once only. To be sure, in the case where 
there are only three unknowns, it is not too difficult, even by the above method, to 
determine the number of solutions of each equation x + y + z + = n without actually 
listing any of them. But with more variables we surely need some new ideas. And 
after these new ideas are introduced in Chapter 3 you will be able to write down the 
answer to every problem of this sort (that is, with any number of variables and any n 
on the right-hand side) immediately.

In Chapter 3 we shall also see how Problem 3A can be reinterpreted as a problem of 
placing identical marbles in distinguishable boxes. This new point of view then gener-
ates a host of fascinating problems known as occupancy problems, one slight variant of 
which is the intriguing but very difficult problem involving the partitions of an integer 
(see Problem 6 and Chapters 6 and 8).

Here is a probability problem whose answer would confound most people’s 
intuition. 

Problem 4
Snap!
Two fully shuffled standard packs of 52 cards are placed face down and side by side. 
One after another, pairs of cards, one from each pack, are turned over. What is the 
probability that, as all 52 pairs are turned over, at least one pair of cards will be 
identical?

If you have not seen this problem before, you will surely be intrigued by the answer. 
And for those who are happy to engage in a little gambling (neither of the authors does) 
there is a chance for readers with no conscience to use the counterintuitive result to make 
a little money on the side from their more susceptible friends! In Chapter 4 we introduce 
the inclusion-exclusion principle and show how it may be used to solve this problem. 

Certain numbers arise in combinatorics so frequently that they often bear the names 
of their originators. The numbers that arise on putting distinct balls into identical cells, 
with no cell left empty, are named after James Stirling, who defined the Stirling numbers 
in a completely different context. Here is a problem from calculus (don’t worry if you 
haven’t yet met the ideas involved) to which the Stirling numbers provide an answer. 
We let θ be the operator x(d/dx). Thus θy = x(dy/dx), and 

	 θ2
2

2
2y x d

dx
x dy

dx
x x d y

dx
dy
dx

x d= 





= +





=
22

2

y
dx

x dy
dx

+ ,

and you can check that, similarly, 

	 θ3 3
3

3
2

2

2
3y x d y

dx
x d y

dx
x dy

dx
= + + .
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Problem 5A
Differential Operators
Find a formula for the coefficient of the term xk(dky/dxk) in θ ny, for 1 ≤ k ≤ n.

In Chapter 5 we also introduce the Catalan numbers, which arise in very many 
seemingly unrelated problems. 

Problem 5B
Walking East and North!
Suppose we have an n × n grid. How many paths are there, following edges of the grid, 
from the bottom left corner to the top right corner that may touch, but not go above, 
the diagonal shown in Figure 1.1? 

Here is a problem that engaged the Swiss mathematician Leonhard Euler.* By a tri-
angulation of a polygon, we mean a way of dividing the polygon in triangles by non-
intersecting diagonals, that is, lines joining two vertices. For example, Figure 1.2 is an 
example of a triangulation of a regular hexagon. 

*	 See Chapter 8, Section 8.2, for a brief biography of Euler.

Figure 1.1 

Figure 1.2 
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Problem 5C
Chopping Up a Hexagon
How many different triangulations are there of a regular hexagon?

A classic combinatorial problem is that of counting partitions. Here is a problem of 
this type.

Problem 6
Partitions
In how many different ways can the number 100 be expressed as the sum of positive 
integers?

To make this question precise we explain that we are here interested only in which 
numbers make up the sum and not the order in which they are written. So, for example, 
we regard the sum 50 + 24 + 13 + 13 as representing the same way of expressing 100 as 
a sum of positive integers as does 13 + 24 + 50 + 13. We call 50 + 24 + 13 + 13 a parti-
tion of 100, and we let p(n) be the number of different partitions of n. When n is small, 
the value of p(n) can be calculated by listing all the possibilities. For example, we can 
see that p(6) = 11, from the list 

	 6,5 + 1, 4 + 2, 4 + 1 + 1, 3 + 3, 3 + 2 + 1, 3 + 1 + 1 + 1, 2 + 2 + 2, 2 + 2 + 1 + 1, 

	 2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1

of all the different ways of writing 6 as the sum of positive integers. Of course, to evalu-
ate p(6) in this way, we need to be satisfied that we have included all the possibilities. 
And while it is feasible to evaluate p(6) in this way, it is hardly practicable for p(100).

All this raises the question of finding a formula for p(n). This problem was solved by 
two giants of mathematics, the Indian Srinivasa Ramanujan and the Englishman G. H. 
Hardy. Their proof is far too involved to reproduce in this book, but, in Chapters 6 and 8, 
we can experience a more modest sense of achievement by using some elementary cal-
culus, believe it or not, to obtain fairly reasonable upper and lower bounds for p(n) and 
related functions. We shall also prove a lovely theorem that will enable you to calculate 
quite a large number of the smaller p(n) fairly quickly by hand and avoiding brute force!

Almost every mathematically inclined student will have heard of Fibonacci and his 
rabbits. At the heart of the story is the Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, 34, … in 
which each integer after the first two is the sum of the previous two. If we let fn be the 
nth term of this sequence, we can describe the sequence by saying that

	 f1 = f2 = 1 and, generally, for n ≥ 3, fn = fn–2 + fn–1.

The Fibonacci sequence has so many wonderful properties that a quarterly journal 
is produced to publicize them. One famous application is the test devised by Lucas* to 

*	 Francois-Edouard-Anatole Lucas was born in Amiens on April 4, 1842, and died in Paris on October 3, 1891. He 
introduced the recreational game The Tower of Hanoi, which we discuss in Chapter 7. He died of an infection after 
being hit by a flying shard of a broken dinner plate. 
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check whether or not a number of the form 2n – 1 is a prime. In 1876 he proved, with 
only pencil and paper but lots of patience, that the 39-digit number 

	 2127–1   = 170,141,183,460,469,231,731,687,303,715,884,105,727

is prime. This number stood as the largest prime known to anyone until the 1950s when 
electronic calculators were applied to the task! 

Problem 7
The Fibonacci Numbers 
Is there a formula explicitly giving the values of the Fibonacci numbers?

The Fibonacci numbers are defined by the recurrence relation fn = fn–2 + fn–1, which 
relates later numbers in the sequence to earlier numbers in the sequence. We study recur-
rence relations systematically in Chapter 7. One technique that is useful here is that of 
generating functions, which we describe in Chapter 8. This technique is particularly use-
ful with some intriguing problems that arise if we place restrictions on the numbers that 
are allowed in a partition. Here is one suggested by experiments with small numbers.

Problem 8
Special Partitions
Is it true that for each integer n the number of ways of writing n as the sum of odd 
positive integers is the same as the number of ways of writing n as the sum of positive 
integers that are all different?

 In the following table we have listed the partitions of 12 into odd numbers and into 
different numbers.

	  

11 1

9 3

9 1 1 1

7 5

7 3 1 1

7 1 1 1 1 1

5 5 1 1

5

+

+

+ + +

+

+ + +

+ + + + +

+ + +

++ + +

+ + + + +

+ + + + + + +

+ + +

+

3 3 1

5 3 1 1 1 1

5 1 1 1 1 1 1 1

3 3 3 3

3 3++ + + +

+ + + + + + +

+ + + + + + + + +

3 1 1 1

3 3 1 1 1 1 1 1

3 1 1 1 1 1 1 1 1 1

11 1 1 1 1 1 1 1 1 1 1 1+ + + + + + + + + + +

  

12

11 1

10 2

9 3

9 2 1

8 4

8 3 1

7 5

7 4 1

7 3 2

6 5

+

+

+

+ +

+

+ +

+

+ +

+ +

+ +11

6 4 2

6 3 2 1

5 4 3

5 4 2 1

+ +

+ + +

+ +

+ + +
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Not many partitions occur in both lists, but both lists contain the same number of 
partitions. Is this a coincidence? It comes as a surprise that the answer is “no” and that 
the proof uses only rather simple manipulations of power series.

We now come to one of the best known of all combinatorial problems. The river 
Pregel flows through Königsberg* and divides the town, flowing around an island 
called the Kneiphof (“Beer Garden”). The city was connected by seven bridges as shown 
in the sketch map in Figure 1.3. It is said that the residents considered the following 
problem during their Sunday stroll. 

Problem 9A
The Bridges of Königsberg
Is there a route that would have taken the burghers of Königsberg over each of the 
bridges exactly once?

This problem was solved by Leonhard Euler in 1735. Euler’s solution of this problem 
is regarded as the origin of the branch of mathematics known as graph theory. The 
“graphs” of graph theory are rather different from the “graphs” of functions you will be 
familiar with, but in both cases, graph abbreviates graphical representation. In the case 
of the Königsberg bridges problem, all that really matters is how the different parts of 
the city are connected by the bridges. So we can replace Figure 1.3 with the representa-
tion of the same situation shown in Figure 1.4, where the dots represent the land areas 
and the lines represent the bridges. 

*	 Originally a medieval city, Königsberg became the capital of East Prussia in the fifteenth century. In 1945 it was 
ceded by Germany to the Soviet Union and was renamed Kaliningrad. It remains part of modern-day Russia.

Kneiphof
River Pregel

Figure 1.3 

Figure 1.4 
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Another classic problem of graph theory is the utilities problem. We state it in a 
slightly modernized form.

Problem 9B
The Utilities Problem
Is it possible to connect up a house, a cottage, and a bungalow to supplies of electric-
ity, gas, and cable television so that the pipes, wires, and cables do not cross each 
other?

In Figure 1.5 we show a failed attempt to solve this problem. But one failure does not 
prove that the problem does not have a solution. The issue is whether the graph consist-
ing of two sets of three dots, where each dot in the first set is joined to each dot in the 
second graph, can be drawn in the plane so that the lines meet only at dots.

An even more famous problem in this area is whether when drawing maps we always 
need only four colors to ensure that countries with a common boundary can be colored 
differently. The question was first asked in 1852, but it took 124 years for a solution to 
emerge—although a “proof” proposed in 1879 stood for 11 years before a flaw in it was 
found.

Problem 9C
The Four-Color Problem
Is it possible to color every map drawn in the plane with at most four colors so that 
adjacent countries are colored differently?

We show in Chapter 9 how this problem may be reworded as a problem about color-
ing the vertices of a graph. The four-color theorem says that the answer to this question 
is “yes.” It was proved to most people’s satisfaction by Kenneth Appel and Wolfgang 
Haken in 1977. Their proof involved a considerable use of computer time to check a 
large number of cases and so has not been accepted as a “mathematical proof” by every-
one. We are not able to go into the technicalities in this book, but we are able to give 
a proof of the less ambitious claim that every map may be colored using at most five 
colors.

Graphs can also be used to represent chemical molecules, with the vertices repre-
senting atoms and the edges representing valency bonds. Two examples are shown in 
Figure 1.6.

Electricity Gas Cable TV

House Cottage Bungalow

Figure 1.5 
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The graphs used to represent these molecules are of a special kind called trees. These 
graphs have lots of applications, and we study these in Chapter 10. The classic problem 
in this area is the following.

Problem 10
Labeled Trees
How many different trees are there with n vertices labeled with the numbers 
1,2,...,n?

In Chapter 10 we give the answer originally found by the English mathematician 
Arthur Cayley.

Much of mathematics is about finding patterns. In order to prepare for our study 
of patterns, we look at symmetries of geometric figures. Symmetries give rise to math-
ematical structures called groups. You may already have met this concept, but in case 
not, we introduce groups from scratch in Chapter 11. Ideas from group theory can be 
used to solve a large range of problems. Here is one example.

Problem 11
Shuffling Cards
What is the most effective way to shuffle a pack of cards?

We next look at the relationship between the coloring of figures and the symme-
tries of these figures. We prove an important theorem, the orbit-stabilizer theorem, in 
Chapter 12, but we find we have to develop the theory further in Chapter 13 in order to 
answer questions such as the next three.

Problem 13A
Coloring a Chessboard
How many different ways are there to color the squares of a chessboard using two 
colors?

On a standard 8 × 8 chessboard, the squares are colored alternately black and 
white as shown in Figure 1.7i, but clearly they could be colored in many other ways. 
Alternative colorings are shown in Figure 1.7ii and iii. The problem is to decide exactly 
how many different colorings are possible.

H H H H H H

H C C C H H C C C O H

H O H H H H

H

Figure 1.6 
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Problem 13B
Varieties of Colored Cubes
In how many different ways can you color a cube using three colors? 

Before we can answer this question we need to make clear what “different” means. 
The cube on the right in Figure 1.8 looks different from the one on the left. But perhaps 
they could be made to look the same by rotating the cube on the right about an appro-
priate axis. This is where the symmetries of a geometric figure come in.

This eventually leads us to a very powerful technique due to George Pólya for answer-
ing more complicated questions, such as the following.

Problem 14
Counting Patterns Again
In how many different ways can you color a cube using one red, two white, and three 
blue faces?

We also show in Chapter 14 that Pólya’s Counting Theorem enables us to count fairly 
readily the number of different simple graphs with a given number of vertices. Our next 
combinatorial principle arises in the context of number theory where it was used by 
Dirichlet to solve the following problem.

(i) (ii) (iii)

Figure 1.7 

Figure 1.8 
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Problem 15A
Rational Approximations to Irrational Numbers
Show that for each irrational number a, there exists a rational number p/q such that 

	 a p
q q

− < 1
2

.

The principle used to solve this problem is called Dirichlet’s pigeonhole principle, 
which is of deceptive simplicity but has surprising consequences. Here is one of a more 
recreational kind.

It is obvious that, using 18 dominoes, each of size 1 by 2, we can “cover” a 6 by 6 
(square) board completely and without any two dominoes overlapping. An example is 
given in Figure 1.9.

Note that, in the figure, the two leftmost columns of dominoes are separated from 
the other four columns by a “fault line.” That is, a knife could be dragged down the 
board cutting it in two without having to cut through any domino. At the same time, 
the board cannot be similarly split along any other row or column. So, the problem is:

Problem 15B
Placing Dominoes “Faultlessly”
Can 18 dominoes be placed on a 6 by 6 board “faultlessly”?

We next come to another existence problem that is the starting point for a large area 
of study called Ramsey theory and that can also be reinterpreted in terms of graphs:

Problem 16A
Friends at a Party
There are six people at a party. Each pair are either friends or strangers. We claim that, 
among the six, there are (at least) three people who are either all friends or all strangers. 
Are we correct? 

A nice way to picture this problem is by using graphs, this time with colored edges. 
If we ask each pair of friends to hold opposite ends of a red string and each pair of 

Figure 1.9 
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strangers (if they would be so kind) to hold opposite ends of a blue string, the problem 
becomes: Is it true that if the 15 edges of a graph with six vertices are colored either 
red or blue, then there is always either a red “triangle,” that is, three edges forming a 
triangle that are all red, or a blue “triangle”? In brief, must there always exist a mono-
chromatic triangle? 

There are many other fascinating problems that are concerned with coloring (even 
infinitely many) points. For example:

Problem 16B
Plane Colors
Let us be given a red/blue coloring of the points of the plane. That is, imagine that with 
each point of the plane there is associated one of those two colors. Suppose that some-
one now draws a particular triangle T in the plane. Is it always possible to move T to 
a position in the plane so that its vertices lie over three points all of the same color? In 
other words, can we find, in the plane, a monochromatic triangle congruent to T? If not, 
can we find one similar to T? We attempt no picture here, for obvious reasons! 

In the final chapter of this book we deal with questions of the following kind.

Problem 17A
Nonattacking rooks
Given the 5 × 5 board in Figure 1.10, in how many ways can 0, 1, 2, 3, 4, 5, or more 
nonattacking rooks (that is, no two rooks in the same row or column) be placed on the 
board so that none of them lies on a black square?

At first sight this seems rather a frivolous problem, but actually it is one with many 
practical applications. As you can see from Figure 1.11, it is equivalent to asking in how 

Figure 1.10 

Employee E
Employee D
Employee C
Employee B
Employee A

Job 1 Job 2 Job 3 Job 4 Job 5

Figure 1.11 
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many ways the five people A, B, C, D, and E can each be allocated one of the jobs 1 to 5, 
where a black square indicates that the person named in its row is unable to do the job 
named in its column. 
Finding the answer leads to the introduction of rook polynomials. In most cases the 
key question is whether there is any solution at all rather than the number of solutions. 
One particularly intriguing version of this problem is the following, whose answer is 
certainly not obvious one way or the other. 

Problem 17B
Selecting Cards
Let 40 cards—10 red, 10 blue, 10 green, and 10 yellow, each set being numbered 1 to 
10—be well shuffled and then dealt out into 10 groups of four. Is it always possible to 
pick one card from each group so that the 10 cards chosen will include exactly one of 
each number 1,2,…,10? (Obviously we do not insist that all the chosen cards are also 
of the same color.)

This problem is solved using Hall’s marriage theorem with which we end 
Chapter 17. 

1.3  What You Need to Know
One of the advantages of following a course in combinatorics is that only a modest math-
ematical background is necessary in order to get started. This modest amount includes 
some basic set theory, which we remind you of below, a bit of elementary algebra, and, 
perhaps surprisingly (to help with two or three estimation problems), some calculus. In 
Chapter 11 we use groups, but we assume no previous knowledge of group theory, which 
we introduce as we need it.

Suppose A and B are sets. The union of A and B, written as A ∪ B, is the set of elements 
that are in A or B or both. The intersection of A and B, written as A ∩ B, is the set of ele-
ments that are both in A and in B. The difference, written A \ B, is the set of elements in A 
but not in B. That is, A \ B = {x:x ∈ A and x ∉ B}. This may be represented pictorially as in 
Figure 1.12, where the shading represents the set A \ B.

There is, unfortunately, no standard notation for the number of elements in a set, X. The 
notations X , | X |, and card(X) are all used. However, our preferred notation is #(X). 

We use the symbols N, N+, Z, Q, R, and C for the following sets of numbers:
N is the set of natural numbers, that is, N = {0,1,2,...}. N + is the set of positive integers, 

that is, N = {1,2,3,...}. Z is the set of integers, that is, Z = {...–2,–1,0,1,2,...}. Q is the set of 
rational numbers, R is the set of real numbers, and C is the set of complex numbers. We use 
R2 for the points of the plane.

We use the “arrow” notation for functions. For example, the function that squares each 
number will be written as x x 2 . If the function f maps elements of the set D to the set C, 
we write f D C: →  and call the set D the domain of f, and the set C the codomain of f. 

We say that a function f D C: →  is injective if f does not repeat values, that is, if for all x, 
y ∈ D, x ≠ y implies that f(x) ≠ f(y). We say that f is surjective if each element of C is a value 
of f, that is, if for each y ∈ C, there is some x ∈ D such that f (x) = y. We say that f is bijective 
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if it is both injective and surjective. (The alternative nomenclature that you may have met 
is one-one for injective, onto for surjective, and one-one correspondence for bijective.)

We assume that you are already familiar with the “sigma” notation for sums. For exam-
ple, i

n
ia=∑ 1 represents the sum a1 + a2 + … + an. On occasion we also, in a similar way, use 

the “pi” notation for products. So i
n

ia=∏ 1  represents the product a1 × a2 × … × an, or, omit-
ting the multiplication signs, a1a2…an.

Although we approach most of the topics discussed in this book through concrete 
problems, a strong aim of this book is to emphasize the importance of proof in mathematics. 
While this is a book that focuses on combinatorial methods, these are worthless if we 
are unable to prove that employing them will give the correct answer. Mathematics is in 
the very privileged position of being the only area of human knowledge where assertions 
made have the chance of being verified by unassailable proof – or shot down by counterex-
ample! A course in combinatorics provides an ideal opportunity for paying special atten-
tion to methods of proof since, often, the reader will not have to make a huge mental effort 
to understand the meaning of the statements themselves. Accordingly, we offer no apology 
for paying careful attention to the majority of proofs themselves, the odd exceptions being 
proofs that are beyond the scope of this book or where even the most fastidious mathemati-
cian might say, “Clearly, this very same proof goes over to the general case.” 

We therefore largely assume that the reader is already familiar with the standard meth-
ods of proof. In particular, as we are frequently concerned with results that hold for all 
natural numbers, or for all positive integers, proof by mathematical induction is used a 
good deal. If you need an introduction to this topic, or a reminder about it, please consult 
one of the many books that cover this topic.*

1.4  Are You Sitting Comfortably?
Once upon a time there was a program on the radio called Listen with Mother. (In those 
days it was assumed that it would be the mother who would be at home with young chil-
dren.) In the first program in 1950 the storyteller, Julia Lang, introduced the story she was 
about to tell by saying, “Are you sitting comfortably? Then we’ll begin.” Apparently this 
introduction was not planned, but it caught on and was used regularly until the program 
came to an end in 1982.†

*	 We mention just two, R. B. J. T. Allenby, Numbers and Proofs, Arnold, London, 1997, and Kevin Houston, How to 
Think like a Mathematician, Cambridge University Press, Cambridge, 2009.

†	See Nigel Rees, Sayings of the Century, Allen & Unwin, London, 1984.

BA

A/B

Figure 1.12 
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When it comes to reading mathematics, however, this is not an appropriate beginning. 
A mathematics book cannot be read like a novel, sitting in a comfortable chair, with a glass 
at your side. Reading mathematics requires you to be active. You need to be sitting at a 
table or a desk, with pencil and paper, both to work through the theory and to tackle the 
problems. A good guide is the amount of time it takes you to read the book. A novel can 
be read at a rate of about 60 pages an hour, whereas with most mathematics books you are 
doing well if you can read 5 pages an hour. (It follows that, even at 12 times the price, a 
mathematics book is good value for the money!)

Since the approach the book takes is to begin with problems and usually to use them to 
lead into the theory, we have posed a good number of problems in the text. The bth prob-
lem in Chapter a is labeled Problem a.b. These problems are immediately followed by their 
solutions, but you are strongly encouraged to try the problems for yourself before reading 
our solution. 

At the end of most of the chapter sections, there are exercises. Some of these are routine 
problems to help consolidate your understanding, and some take the theory a bit further 
or are designed to challenge you. In most cases these problems occur in pairs, labeled A 
and B. Usually the B question is quite similar to the A question. The difference is that we 
have included solutions for the A questions at the back of the book but not for the B ques-
tions. The solutions to the A questions are usually written out in detail. This is intended 
to be helpful, but it will not achieve their purpose of helping you to learn the subject, if 
you give in to the temptation to read the solutions before making your own attempt at the 
exercises. The B questions, with no solutions, are there for those who cannot resist this 
temptation!
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2C h a p t e r  

Permutations and 
Combinations

2.1 T he Combinatorial Approach
In Chapter 1 we gave examples of counting problems that we hope convinced you of their 
interest and importance. In this chapter we introduce two of the most basic ideas, counting 
permutations and counting combinations. These occur over and over again throughout this 
book. You may have already met these ideas in algebra in connection with the binomial 
theorem, but the combinatorial approach may be new to you. It can be hard to relearn a 
topic you are already familiar with but using a different approach. However, we encourage 
you to adopt the combinatorial approach, which gives more importance to counting meth-
ods than to algebraic manipulation, as this is the key to much of the rest of this book.

2.2  Permutations
We begin with some problems that are very simple, but the ideas behind their solutions are 
of fundamental importance in many counting problems.

Problem 2.1
Cayley’s Café has the following menu:

Cayley’s Café
Starters

Tomato Soup
Fruit Juice

Mains
Lamb Chops
Battered Cod

Nut Bake
Desserts
Apple Pie

Strawberry Ice

How many different three-course meals could you have?
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Solution
You have two choices for your starter, and, whichever choice you make, you have three 
choices for your main course. This makes 2 × 3 = 6 choices for the first two courses.

	 Soup	 Soup	 Soup	 Juice	 Juice	 Juice
	 |	 |	 |	 |	 |	 |

	 Chops	 Cod	 Bake	 Chops	 Cod	 Bake

In each of these six cases you have two choices for your dessert, making 6 × 2 = 12 
possibilities altogether. We can set them out in Figure 2.1, which makes it clear why the 
number of cases multiplies at each stage and why the final answer is the product of the 
number of choices at each stage.

So we obtain 2 × 3 × 2 = 12 as the total number of possible meals.

Problem 2.2
In a race with 20 horses, in how many ways can the first three places be filled? (For 
simplicity, assume that there cannot be a dead heat.)

Solution
There are 20 horses, each of which could come first. Whichever horse comes first, there 
are 19 other horses that can come second. So there are 20 × 19 = 380 ways in which the 
first two places can be filled. In each of these 380 cases, there are 18 remaining horses 
that can come third. So there are 380 × 18 = 20 × 19 × 18 = 6840 ways in which the first 
three places can be filled.

We now consider the way in which these two problems are different and the way in 
which they are similar. In Problem 2.1 your choice of a starter did not affect the choice 
of the main course. Whether you chose the tomato soup or the fruit juice, you still have 
the choice of lamb chops, battered cod, or nut bake for your main course. And whatever 
your choices of starter and main course, you still have the same choices, apple pie or 
strawberry ice, for your dessert.

In Problem 2.2, the horse that wins the race cannot also come in second. So the 
possibilities for which horse comes in second vary according to which horse wins the 
race. However, the number of possibilities remains the same. Whichever horse wins 
the race, there are 19 horses that can come second, though which 19 horses these 
are varies according to which the winner is. Likewise, the possibilities for the third 
horse vary according to which two horses come in first and second, but, whichever 
these horses are, there always remain 18 horses each of which can come in third. It is 

Soup Juice

Chops Cod Bake Chops Cod Bake

Pie Ice Pie Ice Pie Ice Pie Ice Pie Ice Pie Ice

Figure 2.1
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because the number of choices at each stage does not depend on the particular choices 
made earlier that we could use the same multiplication method to solve Problem 2.2 
as we used to solve Problem 2.1, and thus 20 × 19 × 18 does indeed give the number of 
ways in which the first three positions in the race can be filled.

The multiplication principle we have used in these two problems is sufficiently 
important to be worth stating explicitly.

The Principle of Multiplication of Choices

If there are r successive choices to be made, and for 1 ≤ i ≤ r, the ith choice can 
be made in ni ways, then the total number of ways of making these choices is 
n1 × n2 × … × nr .

Note that we can use the “pi” notation to write the product in the box as ∏r
i = 1 ni.

Although the principle of multiplication of choices applies equally to Problems 2.1 
and 2.2, Problem 2.2 has an additional feature that frequently occurs in problems of 
this type. The successive choices were all being made from the set of 20 horses taking 
part in the race. So the number of horses left to choose from goes down by one at each 
successive stage. That is, in the notation we are using,

	 ni+1 = ni−1,  for 1 ≤ i < r.

In such a case, if n1 = n, then for 2 ≤ i ≤ r, ni = n−i + 1, so that the product ∏r
i = 1 ni is 

n(n−1)(n−2)…(n−r + 1). We can express this product more succinctly by making use of 
factorial notation. We have that

n n n n r n n n n r( )( )...( ) ( )( )...( )− − − + = − − − +1 2 1 1 2 1 (( )( ).....
( )( )...

n r n r
n r n r

n− − − × ×
− − − × ×

=1 2 1
1 2 1

!!
( )!

.
n r−

Since this situation occurs very frequently, we introduce some special terminology 
and notation to describe it. We call a choice of r objects from a set of n objects in which 
the order of choice is to be taken into account, a permutation of r objects from n. We 
let P(n,r) be the number of different permutations of r objects from n. Of course, this 
makes sense only in the case where r and n are nonnegative integers with r ≤ n. The 
above remarks yield the general formula for P(n,r).

Theorem 2.1
For all nonnegative integers r, n with r ≤ n, P(n,r) = n!/(n−r)!

It is important to remember that P(n,r) counts the number of ways of choosing r 
objects in order from a set of n objects. If the order does not matter, the number of 
choices is smaller, as we shall see in the next section.

In Problem 2.2 we considered only the number of different ways in which the 
first three positions could be filled. Suppose now we are interested in the number of 
different ways all 20 horses can finish in order (again, assuming no dead heats). We 
can see that this number is 20 × 19 × 18 × … × 2 × 1, that is, 20! Note that this is the 
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same as the number of ways of choosing 20 horses in order from a set of 20 horses, 
and so we could have obtained this by using Theorem 2.1, which tells us that this 
number is P(20,20) = 20!/0! = 20! (Recall the standard convention that 0! = 1.) Thus 
we have:

Theorem 2.2
The number of different permutations of n objects is n!

The values of n! grow very rapidly. Even for quite small values of n, the factorial n! is 
very large. For example, 10! = 3,628,800 and 100! is larger than 10157.

Problem 2.3
In how many ways can eight counters be placed on a square 8 × 8 chessboard in such 
a way that no two counters lie either in the same row or in the same column? Note 
that we can reword this problem as: In how many ways can eight rooks be placed on 
a chessboard so that no two rooks are “attacking” each other? This latter problem is 
generalized in Chapter 17.

Solution
Let us place one counter in each row in turn. For the first row there are eight columns 
in which the counter may be put. Having placed this counter, when it comes to the 
second row, there are just seven columns where we may place a counter, as it must not 
be in the same column as the counter in the first row. As we place counters in suc-
cessive rows, the number of possible columns where the next counter may be placed 
goes down by one at each stage. So the total number of permissible arrangements of 
the counters is 8 × 7 × … × 2 × 1, that is, 8!( = 40,320). One of these arrangements is 
shown in Figure 2.2.

Clearly there are, more generally, n! different ways to place n counters on the squares 
of an n × n chessboard so that there are neither two counters in the same row nor in the 
same column. In Exercise 2.2.4A you are asked to generalize this to the case of placing 
any number of counters on rectangular boards of any size.

Figure 2.2
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Exercises
	 2.2.1A	� Currently a €10 note has a “serial number” of the form X19298164502, that 

is, a letter followed by 11 digits. How many different serial numbers of this 
form are there? A Bank of England £10 note has a serial number of the form 
CD49000372, that is, two letters followed by eight digits. Are there more of 
these serial numbers than there are for a €10 note?

	 2.2.1B	� A personal identification number (PIN) consists of a sequence of four dig-
its, each drawn from the set {0,1,2,3,4,5,6,7,8,9}, except that the first digit of 
a PIN cannot be 0. How many different PINs are there? How many different 
PINs are there in which no digit is repeated?

	 2.2.2A	� How many different sequences of length 10 are there in which each of the 
digits 0,1,2,3,4,5,6,7,8,9 is used once? How long would it take you to list 
them all if each sequence took one second to write down?

	 2.2.2B	 i.	� How many sequences are there of n digits in which all the digits are 
different?

		  ii.	� How many sequences are there of n digits in which no two consecutive 
digits are the same?

	 2.2.3A	� In three races there are 10, 8, and 6 horses running, respectively. You win 
a jackpot prize if you correctly predict the first 3 horses, in the right order 
(assuming no dead heats), in each race. How many different predictions 
can be made?

	 2.2.3B	� A password is a sequence of six characters, the first three being either an 
upper or a lowercase letter, the next being a digit, and the final two com-
ing from the set {!,£,$,%,^,&,*,(,),_, + , = ,{,},[,], @,#,?} of 19 other symbols 
occurring on a standard keyboard. How many different passwords are 
there? How many are there if consecutive characters must be different? 
How many are there if all the characters must be different?

	 2.2.4A	� Let k, m, and n be positive integers with k ≤ m, k ≤ n, and m ≤ n. In 
how many different ways may k counters be placed on the squares of an 
m × n grid so that no two counters are in the same row or in the same 
column?

	 2.2.4B	� In how many different ways may eight red and eight green counters be 
placed on the squares of an 8 × 8 chessboard so that there are not two coun-
ters on any one square and there is one red counter and one green counter 
in each row and column?

2.3  Combinations
Let us now count the number of ways of choosing a specified number of objects from a 
set when the order of selection does not matter. We tackle this problem by relating it to 
the problem of counting permutations, which we have already solved. (Reducing a new 
problem to a case that has already been solved is a common mathematical technique. It is 
said that many a mathematician who has learned how to make a cup of tea starting with an 
empty kettle will, when given a full kettle and asked to make tea, first empty the kettle to 
reduce the problem to one that they already know how to solve.) A couple of examples will 
make the line of approach clear.
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Problem 2.4
A team of three bowls players is to be selected from a squad of six players. How many 
different teams can be selected?

Solution
We have seen that we can choose three players, in order, from a squad of six players in 
P(6,3) = 6 × 5 × 4 = 120 ways. But, and this is the key point, there are not 120 different 
teams of three players. This is because the order in which we pick the members of the 
team does not matter. For example, choosing first Pat, then Chris, and then Sam leads 
to the same team as first choosing Chris, then Sam, and then Pat. Thus, each team can 
be chosen in more than one way. The number of ways in which three given players can 
be chosen in order is 3!, that is, 6. Since we get 120 when we count each team six times, 
the number of different teams is 120/6 = 20. Put another way, the number of different 
ways to pick three bowls players from six is P(6,3)/3!

The technique that we have used in this problem is used again, not only in the next 
problem, but in many other counting problems. We count the number of arrange-
ments of a particular kind by counting them in such a way that each arrangement 
is counted more than once. We then adjust our answer to allow for the duplicate 
counting.

Problem 2.5
How many different hands of 5 cards can be chosen from a pack of 52 cards?

Solution
We can choose 5 cards, in order, from a pack of 52 cards, in P(52,5) different ways. But 
the order in which the cards are chosen does not affect the hand we end up with. The 
same hand of 5 cards can be arranged in order in 5! ways and so can be chosen, in order, 
in 5! ways. Thus P(52,5) gives the number of 5-card hands when each hand is counted 
5! times. Hence the number of different 5-card hands is

	 P( , )
!

! !
!

!
! !

52 5
5

52 47
5

52
5 47

52 51 50 49 4= ( ) = = × × × × 88
5 4 3 2 1

2 598 960
× × × ×

= , , .

We can now generalize the method used in these last two problems. We call a selec-
tion of r objects chosen from n objects, when the order in which they are chosen does not 
matter, a combination of r objects from n. We use the notation C(n,r) for the number of 
different combinations of r objects from n. (Notice that the mathematical usage of per-
mutation, where the order matters, and combination, where it does not, does not cor-
respond to all the uses of these words in everyday life. In football pools permutations 
or “perms” are selections of football (otherwise known as "soccer") matches where the 
order does not matter. In a combination lock, the order of the numbers is important.)

The method that we used to solve Problems 2.4 and 2.5 leads us to the general for-
mula for C(n,r).
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Theorem 2.3
For all nonnegative integers r, n with r ≤ n,

	 C n r n
r n r

( , ) !
!( )!

.=
−

Proof
By Theorem 2.2, we know that a set of r objects can be ordered in r! ways. Thus P(n,r), 
the number of ways in which r objects can be chosen in order from a set of n objects, 
counts each set of r objects chosen from the given set of n objects r! times. Hence, 
C(n,r) = P(n,r)/r!, and therefore, by Theorem 2.1, C(n,r) = n!/[r!(n−r)!].

The numbers C(n,r) are the well-known binomial coefficients that occur in the binomial 
theorem that we give as Theorem 2.6. There are several common alternative notations for 
these binomial coefficients. The number for which we have used the notation C(n,r) is 
often written as n

r( ), or nCr or Cn
r . We have chosen C(n,r) because it is less cumbersome to 

print than n
r( ) and, unlike nCr and Cn

r , it makes the numbers n and r easier to read. It also 
fits in with the standard mathematical notation, f (x,y), for a function of two variables and 
also with the notation for two-dimensional arrays in many programming languages. Its 
disadvantage is that it ties the letter C to a particular meaning. To avoid this, the alterna-
tive notation (n!r) was once suggested.*

It is worth noting that since C(n,r) is the number of ways of choosing r objects 
from n, we must have 0 ≤ r ≤ n. We allow the case r = n. In this case the formula gives 
C(n,n) = n!/(0!n!) = 1. This corresponds to the fact that an n-element set A has just one 
n-element subset, namely, the set A itself. We also have C(n,0) = n!/(0!n!) = 1, corre-
sponding to the fact that there is just one subset of A that has zero elements, namely, 
the empty set ∅.

The formula for C(n,r) given by Theorem 2.3 can be used to give algebraic proofs 
of many properties of the binomial coefficients. We prefer, however, to emphasize the 
combinatorial meaning of these numbers and to give combinatorial proofs whenever 
this is convenient. In line with this approach, we have given a combinatorial definition 
of the number C(n,r). The alternative would have been to define C(n,r) by the formula of 
Theorem 2.3. It would then have been necessary to prove that the number of r-element 
subsets of an n-element set is indeed C(n,r). Our combinatorial approach is illustrated 
by our proofs of the next four theorems.

Theorem 2.4
For all positive integers r, n with r ≤ n, rC(n,r) = nC(n−1,r−1).

Proof
Let X be an n-element set. We evaluate the sum of the numbers of elements in all the 
r-element subsets of X in two different ways. 

*	 In The Printing of Mathematics, by T. W. Chaundy, P. R. Barrett, and Charles Batey, Oxford University Press, 
London, 1954. This book is out of date technologically as it was written in the days of hot-metal typesetting, but 
its advice to mathematical authors is still valuable.
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First, as there are C(n,r) subsets of X, each containing r elements, this sum is C(n,r) × r, 
that is, rC(n,r). Second, consider one particular object, say a, from the n-element set 
X. To obtain an r-element subset of X containing a we need to choose a further r−1 
elements from the remaining n−1 elements of X. This can be done in C(n−1,r−1) ways. 
Therefore, each of the n elements of X occurs in C(n−1,r−1) different r-element subsets 
of X. Consequently, the sum of the numbers of elements in these sets is n × C(n−1,r−1). 
As these two different ways of obtaining this sum must lead to the same answer, it fol-
lows that rC(n,r) = nC(n−1,r−1).

Note that we can deduce from Theorem 2.4 that C(n,r) = (n/r)[C(n−1,r−1)]. This 
enables us to give a direct, combinatorial proof that C(n, r) = n!/[r!(n−r)!] without the 
need to consider permutations.

Theorem 2.5
For all nonnegative integers r, n with r ≤ n, C(n,r) = C(n,n−r).

Proof
Deciding which r objects to select from a set of n objects amounts to exactly the same 
thing as deciding which n−r objects not to select. Hence the number of ways of choos-
ing r objects from n is the same as the number of ways of choosing n−r objects from n.

The next theorem explains how the binomial coefficients get their name.

Theorem 2.6
The Binomial Theorem

For all variables a, b, and each positive integer n,

	 (a + b)n = an + C(n,1)an−1 b + C(n,2)an−2 b2 + … + bn,

that is,

	 ( ) ( , ) ( , ) ( , )a b C n r a b C n C n nn n r r

r

n

+ = = =−

=
∑

0

0, as 11.

Proof
Consider the product

	 (a + b)(a + b) … (a + b)

with n pairs of brackets. When we multiply out this product, each separate term that 
arises comes from choosing either a or b from each pair of brackets and then multiply-
ing these a’s and b’s together. We obtain the term an−r br each time we choose b from 
r of these pairs of brackets and a from the remaining n−r pairs. Thus the number of 
terms of the form an−r br that we obtain equals the number of ways of choosing r pairs of 
brackets from which to pick b, and this number is C(n,r). Hence when we gather similar 
terms together, the coefficient of an−r br is C(n,r).

Of course, selecting r b’s forces us to select n−r a’s. Repeating the argument with a 
and b interchanged shows that the coefficient of an−r br is also C(n,n−r), as Theorem 2.5 
tells us it should be.
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The idea that we have used in this combinatorial proof of the binomial theorem 
will play an important role later in this book (in Chapter 7). The algebraic expression 
(a + b)n is called a binomial (from the Latin binomius meaning “having two names”), 
and this is why the binomial coefficients were given their name. The binomial theo-
rem is sometimes attributed to Isaac Newton, though the binomial coefficients were 
known and tabulated long before Newton’s time. His main contribution in this area 
was to prove the form of this theorem that applies when the exponent n is not a posi-
tive integer.

Our next theorem about binomial coefficients leads to a very well-known method 
for calculating their values. We again emphasize that we give a combinatorial proof of 
this theorem. An algebraic proof, using the formula for C(n,r), is very straightforward 
but hides the combinatorial meaning of the result.

Theorem 2.7
For all positive integers r, n with r ≤ n,

	 C (n + 1,r) = C (n,r − 1) + C (n,r).

Proof
Let X be a set containing n + 1 objects, and let a be one of the objects in the set X. We 
count the number of subsets of X containing r elements by separating them into the set, 
say Y, of those r-element subsets that include a and the set, say Z, of those r-element 
subsets that do not include a.

A subset of X in Y contains r elements one of which is a and a further r−1 elements 
chosen from the n-element set X \{a}. Thus, there are C(n,r−1) subsets in Y.

A subset of X in Z contains r elements none of which is a, and hence consists of r 
elements chosen from X \{a} and hence there are C(n,r) of these.

Each r-element subset of X is either in Y or in Z, and none of them is in both. Hence 
the number of r-element subsets of X is the sum of the number of subsets in Y and the 
number in Z, that is, C(n + 1,r) = C(n,r−1) + C(n,r).

The numbers C(n,r), for 0 ≤ r ≤ n, are often displayed in a triangle formation, as in 
Figure 2.3. It then follows from Theorem 2.7 that each number in the (n + 1)th row 
(apart from those at the ends) is the sum of the two adjacent numbers in the row above. 
For example, the number 21 in the eighth row is the sum of 6 and 15 from the row 
above. This triangle is usually called Pascal’s triangle, after the seventeenth-century 
French mathematician Blaise Pascal, although it was not originated by him.* The first 
11 rows of Pascal’s triangle are shown in Figure 2.3.

*	 We quote the following account of the matter from The Backbone of Pascal’s Triangle by Martin Griffiths, United 
Kingdom Mathematics Trust (UKMT), Leeds, 2008 p. 10: “Pascal himself called it ‘the arithmetical triangle’, 
but after the mathematicians Pierre Rémond de Montmort and Abraham de Moivre referred to it in writing as 
‘the  combinatorial triangle of Mr. Pascal’ (in 1708) and ‘Pascal’s arithmetical triangle’ (in 1730) respectively, 
the name stuck. However the Italian mathematician Nicolo Tartaglia actually published these numbers in 
1556, and there is evidence that the Chinese mathematician Yang Hui was working with these numbers in the 
thirteenth-century (the Chinese do indeed use the term ‘Yang Hui’s triangle’).”
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There are innumerable relationships between the binomial coefficients that corre-
spond to patterns that can be found within Pascal’s triangle. For example, it follows 
from Theorem 2.5 that Pascal’s triangle is symmetrical about its central vertical axis. 
Some other relationships are given in the next theorem and in the exercises at the end 
of this section.

Theorem 2.8
For all positive integers k, n with k ≤ n,

	 C(n + 1,k + 1) = C(n,k) + C(n−1,k) + … + C(k,k).

Proof
Let X = {x1,x2,…,xn, xn + 1}. C(n + 1,k + 1) is the number of subsets of X that contain 
k + 1 of the elements of X. We can also count the number of these subsets in the fol-
lowing way. For k + 1 ≤ r ≤ n + 1 we let Xr be the set of all those (k + 1)-element subsets, 
Y, of X such that r is the largest integer for which xr ∈Y. Thus, if Y ∈Xr , then xr ∈Y but 
xr + 1,…, xn + 1 ∉Y.

Clearly, the sets Xk + 1,…, Xn, Xn + 1 are pairwise disjoint. Also, between them they 
include all the (k + 1)-element subsets of X, as each subset of X containing k + 1 ele-
ments must include at least one of the elements {xk + 1,…, x n + 1}. Hence

	 #( ) #( ).X X r
r k

n

=
= +

+

∑
1

1

	 (2.1)

The sets in Xr contain xr and k elements chosen from the set {x1,…,xr−1}. Therefore, 
#(Xr) = C(r−1,k). We can therefore deduce from Equation 2.1 that C(n + 1,k + 1) = 
∑ −= +

+
r k
n C r k1

1 1( , ), which, when we rewrite the terms on the right-hand side in reverse 
order, gives C(n + 1,k + 1) = C(n,k) + C(n−1,k) + … + C(k,k).

We conclude this section with a simple but intriguing application of Theorem 2.3 to 
number theory.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1

1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10 1

Figure 2.3
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Theorem 2.9
For each positive integer r, the product of any r consecutive positive integers is divis-
ible by r!

Proof
We need to prove that for all positive integers k, r the product of the r consecutive inte-
gers k, k + 1, k + 2,…, k + r−1 is divisible by r. Now,

	 k k k k r
r

C k r r( )( )...( )
!

( , ),+ + + − = + −1 2 1 1

by Theorem 2.3. Since this binomial coefficient gives the number of r-element subsets 
of a set of k + r−1 elements, it must be an integer. So k(k + 1)(k + 2)…(k + r−1) is divis-
ible by r!

Exercises
	 2.3.1A	� A mathematics course offers students the choice of three options from 

12 courses in pure mathematics, two options from 10 courses in applied 
mathematics, two options from 6 courses in statistics, and one option 
from 4 courses in computing. In how many different ways can the students 
choose their eight options?

	 2.3.1B	� A cricket squad consists of six batsmen, eight bowlers, three wicketkeepers, 
and four all-rounders. The selectors wish to pick a team made up of four 
batsmen, four bowlers, one wicketkeeper, and two all-rounders. How many 
different teams can they pick?

	   The next three pairs of questions can all be answered by using the bino-
mial theorem. However, you are encouraged to give combinatorial proofs 
in the style of those we have given for the theorems in this section.

	 2.3.2A	� Prove that a set of n elements has 2n different subsets, and deduce that for 
each positive integer n, ∑n

r=0C(n,r) = 2n.
	 2.3.2B	 Prove that, for each positive integer n, ∑n

r=0C(n,r)2 = C(2n,n).
	 2.3.3A	� Prove that, for all positive integers n, k, s with s ≤ k ≤ n, C(n,k) C(k,s) = C(n,s) 

C(n−s,k−s).
	 2.3.3B	� Let X be a finite set. Prove that the number of subsets of X that contain an 

even number of elements is equal to the number of subsets of X that con-
tain an odd number of elements. Deduce that for each positive integer n, 
∑n

r=0(−1)rC(n,r) = 0.
	 2.3.4A	 Prove that, for each positive integer n, ∑n

r=0rC(n,r) = n2n−1.
	 [Hint: Let X be an n-element set. Note that as X has C(n, r) subsets contain-

ing r elements, ∑n
r=0rC(n,r) = ∑A⊆ X #(A). Also, we can calculate ∑A⊆ X #(A) by 

pairing off each subset A of X with its complement X\A. How many pairs 
are there, and what is #(A) + # (X\A)?]

	 2.3.4B	 Prove that for each positive integer n, ∑n
r=0r2C(n,r) = n(n + 1)2n−2.

	 (Hint: First find ∑n
r=0r(r−1)C(n,r) by counting the ordered pairs (a, b), where 

a and b are chosen from an n-element set, in two ways. Then use the result 
of Exercise 2.3.4A.)
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2.4  Applications to Probability Problems
We begin with a very simple problem.

Problem 2.6
A fair coin is tossed 10 times. What is the probability of getting four heads?

Solution
Each toss can have one of two results, either a head or a tail. Thus there are altogether 
210 = 1024 equally likely outcomes for a sequence of ten tosses. The number of these 
sequences that consist of four heads and six tails is the number of ways in which four of 
the ten tosses can be heads, that is, C(10,4) = 210. Hence the probability of getting four 
heads is 210/1024, which is 0.205 to three decimal places.

This calculation is straightforward enough, but what does it mean? And how do 
we know that we have solved the problem correctly? Fortunately, from the point of 
view of combinatorics we do not have to answer the difficult philosophical question 
as to what is meant by probability. Our work on this and similar probability prob-
lems begins after any philosophical work has been done, and the precise mathematical 
problem has been formulated. These problems will involve a set of events E, taken to 
be equally likely, together with a subset E1. The probability of an event falling into the 
subset E1 is defined to be ratio of the number of events in E1 to the number of events 
in E, that is,

	 #( )
#( )

.E
E

1

Thus our task will be to calculate the numbers in this ratio, and we will not need to 
concern ourselves with its philosophical significance.

However, there remains the question of how we knew, from the formulation of the 
problem, which the sets E and E1 of events were in this particular case. You may have 
noticed that the problem refers to a fair coin. This is intended to indicate that on any 
one throw of the coin the probability (whatever this means) of getting a head is exactly 
the same as the probability of getting a tail and that the outcome of any one toss is inde-
pendent of what happens in earlier or later tosses. This means that any one sequence of 
outcomes is as likely as any other sequence. This is reflected in our solution, where we 
took the set of events, E, to be the set of all 1024 sequences of 10 results of a toss, each 
toss resulting in either a head or a tail.

For us, doing combinatorics, that is the end of the matter. If you wish to apply the 
answer to Problem 2.6 and similar calculations to practical situations, you need to 
know how realistic the assumption of a fair coin is and how statements of probability 
are to be interpreted. These are not easy questions, and so it is fortunate that, in this 
book, we can largely avoid answering them.

In general, the statement of a probability problem should indicate which set is to be 
taken as the set, E, of events. Thus the events in E are events that are to be regarded as 
equally likely. This indication is often done in a coded way. For example, some of these 
problems concern packs of cards dealt at random. This is intended to mean that any 
of the 52! ways in which the pack of 52 cards can be arranged is as likely as any other. 
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Hence the set E will consist of these 52! arrangements or will be derived from it in some 
straightforward way.

The codes used in this way to set up probability problems are analogous to the coded 
way of describing problems in mechanics, where such phrases as a light string or a 
frictionless pulley are intended to indicate what assumptions can be made in devising 
the mathematical model.

We are now in a position to answer Problem 2A from Chapter 1.

Problem 2.7
In the British national lottery, 6 balls are drawn at random from a set of 49 balls, 
numbered 1, 2, …, 49. To play, you need to buy one or more tickets. Each player selects 
six numbers from 1 to 49 on each of his or her tickets. You win the jackpot if on one of 
your tickets you have chosen the six numbers on the balls that are drawn. What is the 
probability that a particular ticket wins the jackpot in the national lottery?

Solution
Here, the set E consists of all possible ways of drawing 6 balls from 49. Thus 
#(E) = C(49, 6) = 13,983,816, since the order in which the balls are drawn is irrelevant. 
The set E1 consists of just the one case where the six numbers selected by the player 
correspond to the numbers on the six balls that are drawn. So #(E1) = 1. Thus the prob-
ability of a ticket winning the jackpot is 1/13,983,816.

Problem 2.8
You win a prize of £10 in the national lottery if precisely three of the six numbers that 
you select are included among the six numbers on the balls that are drawn. What is the 
probability that you win a prize of £10?

Solution
Here, E is again the set of all possible ways that 6 balls can be drawn from 49, so, as 
before, #(E) = C(49,6). E1 is the number of ways that 6 balls can be drawn so that the 
numbers on 3 of them are included among your 6 numbers, and the numbers on the 
other 3 are included among the 43 numbers that you did not select. So to get a set of 6 
numbers that is in E1 we first need to choose 3 numbers from the 6 numbers on the cho-
sen balls and then 3 numbers from the other 43 numbers. Thus #(E1) = C(6,3) × C(43,3), 
and hence the required probability is [C(6,3) × C (43,3)]/C(49,6) = 8,815/499,422. This 
is approximately a 1 in 56.7 chance, or 0.01765 to five decimal places.

Card games are a rich source of probability problems of this type. To understand the 
examples that follow, you do not need to know the rules of the card games that are men-
tioned. All you need to know is that a standard pack contains 52 cards, divided up into 
4 suits: spades (for which the symbol ♠ is used), hearts (♥), diamonds (♦), and clubs (♣). 
There are 13 cards in each suit. The ranks of the cards in each suit are 2,3,4,5,6,7,8,9,10, 
jack (often denoted by J), queen (Q), king (K), and ace (A).

In games such as bridge and whist there are four players, often called North, South, 
East, and West. In the initial deal, each player is dealt a hand of 13 cards. Thus the 
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number of different hands a player may receive is the number of ways of choosing 13 
cards from 52, that is, C(52,13) = 635,013,559,600. In bridge and whist the distribution 
of the cards between the different suits is important.

Problem 2.9
How many different bridge hands are there with

	 i.	 Four spades, four hearts, four diamonds, and one club?
	 ii.	 Four spades, four hearts, three diamonds, and two clubs?

Solution
	 i.	 We can easily solve this problem by using the methods of this chapter. To choose 

a hand of the kind described, we first choose 4 spades from the 13 spades in the 
pack, which we can do in C(13,4) ways, then 4 hearts, which can also be done in 
C(13,4) ways, then 4 diamonds, also in C(13,4) ways, and finally 1 club, which 
can be chosen in C(13,1) ways. Hence using the principle of multiplication of 
choices, the total number of hands with 4 spades, 4 hearts, 4 diamonds, and 
1 club is C(13,4) × C(13,4) × C(13,4) × C(13,1) = 4, 751,836,375.

	 ii.	 Similarly, the answer here is C(13,4) × C(13,4) × C(13,3) × C(13,2) = 11,404,407, 300.

A hand with four cards in each of three suits and one card in the fourth suit is said 
to have a 4−4−4−1 suit distribution. In general, a hand with an a−b−c−d suit distribu-
tion, with a ≥ b ≥ c ≥ d, is one with a cards in one suit, b cards in a second suit, c cards 
in a third suit, and d cards in the fourth suit, irrespective of which suits these are. Of 
course, for a bridge or whist hand of 13 cards, we require that a + b + c + d = 13.

Problem 2.10
What is the probability that a bridge hand dealt at random has the following suit 
distributions?

	 i.	 4−4−4−1
	 ii.	 4−4−3−2

Solution
	 i.	 We have calculated in Problem 2.9(i) the number of bridge hands with four cards 

in each of three specified suits and one card in a fourth suit. To get the number 
of all hands with a 4−4−4−1 suit distribution we need to multiply the answer 
to that problem by the number of ways in which we can specify the three suits 
with four cards each and the one suit with just one card. We can choose the 
three 4-card suits in C(4,3) = 4 ways, and having chosen these, the suit with 
one card is automatically determined. (Equivalently, the one suit containing 
one card may be chosen in C(4,1) = 4 ways, and the three suits each containing 
three cards are then automatically determined.) So there are 4 × 4,751,836,375 = 
19,007,345,500 hands with a 4−4−4−1 suit distribution. To get the probability 
that a hand dealt at random has this suit distribution, we need to divide this 
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number by the total number of bridge hands. Thus the required  probability 
is 19,007,345,500/635,013,559,600. This probability is 0.030 to three decimal 
places.

	 ii.	 We need to multiply the answer to Problem 2.9(ii) by the number of ways of 
choosing the two suits with four cards each and the one suit with three cards, 
after which the suit with two cards is automatically determined. This multiplier is 
C(4,2) × C(2,1) = 12. So the total number of such hands is 12 × 11,404,407,300 = 
136,852,887,600, and hence the probability of dealing such a hand at random is 
136,852,887,600/635,013,559,600, which is 0.216 to three decimal places.

Problem 2.11
How many poker hands of five cards are there in which there is at least one suit with 
no cards in it?

Solution
We list the suit distributions with at least one suit with zero cards in it, and then use the 
method of Problem 2.10 to work out the total number of hands with these suit distribu-
tions, as follows:

Suit
Distribution

Number
of Hands

5−0−0−0 5,148
4−1−0−0 111,540
3−2−0−0 267,696
3−1−1−0 580,008
2−2−1−0 949,104

Total 1,913,496

You might think that there is a quicker way to solve Problem 2.11. It is easy to count 
the number of 5-card poker hands with, for example, no spades. Such a hand is obtained 
by choosing 5 cards from the 39 cards in the pack that are not spades. So there are 
C(39,5) = 575, 757 poker hands with no spades. There is a similar number of hands with 
no hearts, with no diamonds, and with no clubs, respectively. So it seems that the total 
number of 5-card hands with a missing suit is 4 × 575,757 = 2,303,028. Unfortunately 
this quick solution gives an answer that is different from that we obtained in our solu-
tion to Problem 2.11. Where have we gone wrong?

It is not difficult to see where our mistake lies. Let V be the set of poker hands with 
at least one missing suit, and let VS, VH, VD, VC be those hands with no spades, hearts, 
diamonds, and clubs, respectively. Clearly, V = VS ∪ VH ∪ VD ∪ VC. Our second cal-
culation assumed that #(V) = #(VS) + #(VH) + #(VD) + #(VC), but this overlooks the 
fact that some of the hands in V are in more than one of the sets VS, VH, VD, VC 
For example, a hand made up of three diamonds and two clubs but no spades and 
no hearts is in both VS and VH. Thus the sum #(VS) + #(VH) + #VD + #(VC) counts 
some of the hands with a missing suit more than once. Thus it is no wonder that our 
“quick answer” is higher than the correct answer that we obtained in the solution to 
Problem 2.11.
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To sum up this point, it is correct that if we have a collection of sets X1,…, Xk that are 
pairwise disjoint, that is, Xi ∩ Xj = ∅ for 1 ≤ i < j ≤ k, then

	 # #( ),X Xi
i

k

i
i

k

= =









 =∑

1 1
∪ 	 (2.2)

but this is not true if the sets, Xi, are not pairwise disjoint. We discuss in Chapter 4 the 
modification that we need to make to Equation 2.2 in the cases where these sets are not 
pairwise disjoint.

Exercises
	 2.4.1A	� A ticket wins a fourth prize in the national lottery if precisely four of the 

six numbers selected on it are included among the six numbers on the balls 
that are drawn. What is the probability that a ticket wins a fourth prize?

	 2.4.1B	� In his autobiography, What I Remember, Adolphus Trollope* describes the 
Italian lottery as follows:

Ninety numbers, 1–90, are always put into the wheel. Five only of these 
are drawn out. The player bets that a number named by him shall be one 
of these (semplice estratto); or that it shall be the first drawn (estratto 
determinato); or that two numbers named by him shall be two of the 
five drawn (ambo); or that three so named shall be drawn (terno). It will 
be seen, therefore, that the winner of an estratto determinato, ought, if 
the play were quite even, to receive ninety times his stake. But, in fact, 
such a player would receive only 75 times his stake, the profit of the 
Government consisting of this pull of 15 per 90 against the player. Of 
course, what he ought to receive in any of the other cases is easily (not 
by me, but by experts) calculable.

	 What would be fair odds for the semplice estratto, ambo, and terno bets?
	 2.4.2A	� A bag contains 50 red balls and 50 blue balls. Ten balls are drawn at random 

from the bag and not replaced. What is the probability that this sample will 
contain five red balls and five blue balls? (This question is connected with 
the reliability of opinion polls. See the solution for more about this.)

	 2.4.2B	� A bag contains 2n red balls and 2n blue balls. What is the probability that 
if 2n balls are drawn at random, the sample will consist of n red balls and n 
blue balls?

	 2.4.3A	� (This is Problem 2B from Chapter 1.) If there are n people in a room, what 
is the probability that at least two of them share a birthday? How large does 
n have to be before this probability becomes more than a half? (By “shar-
ing a birthday” we mean that two people were born in the same month 
and on the same day in that month but not necessarily in the same year. 
For the purpose of this problem you should ignore leap years, so that there 
are 365 possible birthdays for each person. You should also assume that all 
365 birthdays are equally likely. In fact, as the answer to Exercise 2.4.3B 

*	 Thomas Adolphus Trollope, What I Remember, abridged by Herbert van Thal, William Kimber, London, 1973, 
pp. 189–190  (originally published in three volumes by R. Bentley & Son, London, 1887–1889).
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indicates, if, as is actually the case, some birthdays are more likely than 
others, the probability of a coincidence increases.)

	 2.4.3B	� Suppose there are 2n balls in a bag of which a are red and b are blue, 
where a + b = 2n. One ball is removed at random from the bag and then 
replaced. Then a second ball is drawn at random from the bag and then 
replaced. Calculate the probability that either a red ball is drawn twice or 
a blue ball is drawn twice. Show that this probability is a minimum when 
a = b = n.

	 2.4.4A	� What is the probability that a bridge hand dealt at random has the follow-
ing suit distributions?

	 i. 5−4−3−1	 ii. 5−4−4−0	 iii. 4−3−3−3

	 2.4.4B	� Suppose that in a given bridge deal North and South between them have 
nine spades. What is the probability that the remaining four spades in the 
other two hands are divided two-two?

	 2.4.5A	� Poker Hands. Poker hands, which in standard poker games consist of 
5 cards drawn from the full pack of 52 cards, are classified as follows:

		  i.	� Flush: five cards all of the same suit but not forming a sequence of 
consecutive ranks.

	 For example, 5♣, 7♣, J♣, Q♣, K♣ is a flush.
		  ii.	� Four of a kind: four cards of one rank and one other card, for example, 

3♠, 3♥, 3♦, 3♣, J♠.
		  iii.	� Full house: three cards of one rank and two cards of another rank, for 

example, 7♠, 7♥, 7♣, 10♦, 10♣.
	 	 iv.	� One pair: two cards of one rank and three cards of three different 

ranks, for example, J♦, J♣, 4♠, 7♥, K♠.
	 	 v.	� Straight: five cards of consecutive ranks but not all in the same suit 

(note that for this purpose an ace may count either low or high, so that 
both A, 2, 3, 4, 5 and 10, J, Q, K, A count as consecutive ranks), for 
example, 7♦, 8♦, 9♥, 10♠, J♥.

		  vi.	� Straight flush: five cards of consecutive ranks (again, an ace may count 
either low or high) and in the same suit, for example, 4♥, 5♥, 6♥, 7♥, 8♥.

		  vii. Three of a kind: three cards of one rank and two cards of two different 
ranks, for example, 9♥, 9♣, 9♦, 4♥, Q♣.

		  viii.	� Two pairs: two cards of one rank, two cards of another rank, and a 
fifth card of a third rank, for example, 5♦, 5♣, 8♥, 8♦, J♦.

		  ix.	� Other hands: all other hands that do not fall into any of the preceding 
categories.

	 Calculate how many poker hands there are in each of the categories 
(a) to (e) above. Hence work out the probability that a poker hand 
dealt at random falls into each of the these categories.

	 2.4.5B	� Complete the calculation of Exercise 2.4.5A by working out how many 
poker hands there are that fall into the categories (f) to (i) above. Also work 
out the probability that a poker hand dealt at random falls into each of 
these categories.

	 2.4.6A	� We see, from the solution to Problem 2.6, that if a fair coin is tossed 10 times, 
then the probability of getting four heads is C(10,4)/210. More generally, if a 
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fair coin is tossed n times, the probability of getting r heads, for 0 ≤ r ≤ n is 
C(n,r)/2n. We note that the different probabilities, as k ranges from 0 to n, 
add up to 1, as we expect. This follows from the result of Exercise 2.3.2A, as 
we can deduce from this result that

	 C n r C n r
n

r

n

n
r

n

n
n( , ) ( , ) .

2
1
2

1
2

2 1
0 0= =

∑ ∑= = × =

		  It can be shown that if the coin is not necessarily fair, so that the prob-
ability of getting a head is p and hence the probability of getting a tail is 
1− p, where p need not be equal to 1

2 , then the probability of getting r heads 
is C(n,r)pr (1−p)n−r. Show that these probabilities also add to 1, that is, show 
that for all values of p, ∑n

r=0C(n,r)pr(1− p)n−r = 1.
	 2.4.6B	� A coin is biased so that the probability of getting a head is 0.6. If the coin is 

tossed five times, what is the probability of getting three heads?

2.5 T he Multinomial Theorem
The multinomial theorem is a generalization of the binomial theorem, and, as with the bino-
mial theorem, it can be approached either algebraically or combinatorially. We will look at it 
from a combinatorial viewpoint. We begin with the following, which generalizes Problem 2.6.

Problem 2.12
A football team plays 38 games in a season. It has equal probabilities of winning, draw-
ing, or losing each game. What is the probability that the team wins 20 games, draws 
11, and loses only seven games?

Solution
The results obtained by the team can be regarded as a sequence of 38 symbols, each of 
which is either W, D, or L, indicating a win, a draw, and a loss, respectively. As the team 
has equal probabilities of achieving each of the three possible results, each sequence of 38 
Ws, Ds, and Ls is equally likely. Hence, the required probability is the number of these 
sequences made up of 20 Ws, 11 Ds, and 7 Ls divided by the total number of sequences of 
38 symbols. The second number is the easier to calculate. Since there are 3 choices for each 
symbol, there are altogether 338 sequences of 38 symbols each of which is W, D, or L.

Next we count the number of these sequences in which there are 20 Ws, 11 Ds, and 
7 Ls. We can construct such a sequence by first choosing the 20 positions in which the 
symbol W occurs. This involves choosing 20 positions from 38 and so may be done in 
C(38,20) ways. This leaves 18 positions for the 11 Ds, which may therefore be chosen in 
C(18,11) ways, and the remaining seven positions are then automatically filled by the 
Ls, that is, in just one way. Hence the total number of sequences is

	 C C( , ) ( , ) !
! !

!
! !

!
!

38 20 18 11 38
20 18

18
11 7

38
20

× = × =
111 7! !

,

and the required probability is [38!/(20!11!7!)]/338, which is 0.0008 to four decimal places.
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We see from the form, 38!/(20!11!7), of our final expression for the number of 
sequences made up of 20, 11, and 7, respectively, of the three symbols that we would 
also obtain this answer if we had, for example, first placed the 11 Ds, then the 7 Ls, and 
finally the 20 Ws. It also suggests the general result, given as Theorem 2.10.

First, we generalize Problem 2.12. As we know, if we have k different objects, they 
can be arranged in order in k! ways. However, if all the k objects are indistinguish-
able, all these arrangements look the same, and, from this point of view there is just 
one way to arrange the objects in order. In general, whenever we have a set com-
prising both distinguishable and indistinguishable objects, by “different” arrange-
ments, we mean arrangements of those objects that can be distinguished from one 
another. For example, the letters A,B,C,D, and E may be arranged in order in 5! 
different ways. However, if all we are interested in is whether a letter is a vowel (V) 
or a consonant (C), then the sequences A,B,C,D,E and E,B,C,D,A would both be 
recorded as V,C,C,C,V. Regarding the two vowels as indistinguishable and the three 
consonants as indistinguishable, there are just 10, that is, C(5,2), different ways of 
arranging these five letters, corresponding to the number of ways of choosing the 
positions of the two Vs.

Theorem 2.10
Suppose that for 1 ≤ r ≤ k, we have nr objects of type Tr , where the objects of any given 
type are indistinguishable but may be distinguished from the objects of any other type. 
Suppose also that we have n objects in total, so that ∑k

r=1nr = n. Then the number of 
different ways of arranging the n objects in order is n!/(n1!n2!…nk!).

Proof
We have n positions to fill. We can choose n1 of these for the objects of type T1 in C(n,n1) 
ways. When these positions have been chosen, there remain n−n1 positions to be filled, 
and hence positions for the n2 objects of type T2 may be chosen in C(n−n1,n2) ways. 
Then the positions for the n3 objects of type T3 may be chosen in C(n−n1−n2,n3) ways, 
and so on. Therefore, the total number of different ways of choosing positions for the 
n objects is

	 C(n,n1) × C(n−n1,n2) × C(n−n1−n2,n3) × … × C(n−n1−n2− … −nk−1,nk)
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after a lot of canceling. Having obtained the simplified formula by an algebraic argu-
ment, we should look for a combinatorial argument that shows why it is correct and 
that gives us a better understanding of why it is true.

Ignoring first the fact that the objects of each type are indistinguishable, we see 
that the n objects may be arranged in order in n! different ways. However, since the n1 
objects of type T1 are indistinguishable, we need to divide by n1! to allow for the fact 
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that, once the positions of these objects have been chosen, the order in which each 
object of type T1 is chosen does not matter. Likewise, we need also to divide by n2!, 
n3!,…,nk! and hence the number of indistinguishable arrangements is n!/(n1!n2! … nk!).

Theorem 2.11
The Multinomial Theorem

The coefficient of the term a a an n
k

nk1 2 2 …  in the expansion of (a1 + a2 + … + ak)n, where 
n1 + n2 + … + nk = n, is n!/(n1!n2!…nk!).

Proof
Each term in the expansion of (a1 + a2 + … + ak)n has the form t1t2…tn, where each tr, for 
1 ≤ r ≤ n, is one of the symbols a1,a2,…,ak. The coefficient of a a an n

k
nk1 21 2 …  is the num-

ber of such sequences in which, for 1 ≤ r ≤ n, there are nr occurrences of the symbol ar. 
By Theorem 2.10 there are n!/(n1!n2!…nk!) such sequences. This completes the proof.

Exercises
	 2.5.1A	� If 12 dice are thrown simultaneously, what is the probability that each of 

the faces from one to six comes up twice?
	 2.5.1B	� If 21 dice are thrown simultaneously, what is the probability that 1 comes 

up once, 2 comes up twice, 3 comes up three times, 4 comes up four times, 
5 comes up five times, and 6 comes up six times?

	 2.5.2A	� In how many different ways can one arrange the sequence of letters in the 
word ABRACADABRA?

	 2.5.2B	� In how many different ways can one arrange the sequence of letters in the 
word PROPERISPOMENON ?

2.6  Permutations and Cycles
In the final section of the chapter, we look at permutations in a new way that will turn out to be 
very fruitful later on. We have defined a permutation of n objects to be a way of choosing these 
objects in order. For example, one permutation of the set {1,2,3,4,5,6} is the choice of these 
numbers in the order 6,1,3,5,4,2. We can think of this permutation as a reordering of the set.

In this way, we regard this permutation as a bijection (a one-one onto function) map-
ping the set {1,2,3,4,5,6} to itself. In general, for any set X, by a permutation of X, we mean 
a bijection f : X → X. Usually, however, we will be considering permutations of the set 
{1,2,3,…,n} consisting of the first n positive integers.

There are two commonly used notations for permutations. The first is a minor variant 
of the diagram of Figure 2.4. We drop the arrows and put the numbers inside brackets. So 
the permutation above would, in this notation, be written as

1 2 3 4 5 6

6 1 3 5 4 2

Figure 2.4
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1 2 3 4 5 6
6 1 3 5 4 2







.

We call this the bracket notation for permutations. It is a rather cumbersome notation, 
and it is not very helpful when it comes to answering questions about permutations. For 
example, the bracket notation does not make it very clear how many times we need to 
repeat a permutation to get each number back to its starting point. So we introduce a sec-
ond, more useful notation.

Since the domain and codomain of a permutation are the same set, we can represent 
them in a single diagram showing how the elements of the set are mapped by the per-
mutation. For example, the above permutation may be represented by the diagram in 
Figure 2.5.

We can see from this diagram that the effect of the permutation is to cycle the numbers 
1, 6, 2 in this order, to leave 3 fixed, and to cycle (or interchange) 4 and 5. Thus, the permu-
tation is made up of three parts, namely, cycles of lengths 2 and 3 and one fixed point. We 
can represent this using a notation in which we write the numbers in three separate pairs 
of brackets, showing which cycle they are in, with the order of the numbers in each bracket 
showing how they are mapped. Thus in cycle notation we can write the permutation as

	 (1  6  2)(3)(4  5).

This is sometimes called the disjoint cycle form of the permutation because the numbers 
making up the different cycles form disjoint sets.

From the disjoint cycle form we see that the numbers 1, 6, and 2 are in a cycle of length 
3 and so return to their initial position after we have carried out the permutation 3, 6, 9 … 
times and, in general, any multiple of three times. Likewise, the numbers 4 and 5 form 
a cycle of length 2 and so return to their original position after we have carried out the 
permutation a multiple of two times. The number 3 is not moved, but we can think of it as 
forming a cycle of length 1. Thus, all the numbers are returned to their original positions 
for the first time after we have carried out the permutation six times.

Although the cycle notation for permutations makes it easy to answer such questions, we 
need to be careful with it. We are using a linear notation to represent cycles. For example, 
the bracket (1  6  2) represents the first cycle in Figure 2.5. We need to remember that it 
means that 2 is mapped back to 1, as this is not immediately obvious from the notation. 
Also, there is some arbitrariness in this notation. We could equally well have written it 

1 6 3 4

52

Figure 2.5
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as (6  2  1) or (2  1  6), as these both represent the same cycle. Likewise, the cycle (4  5) of 
length 2 could also be written as (5  4). Although it is conventional to have first in each 
bracket the lowest number in the cycle, this is not essential. Furthermore, we could also 
have written the disjoint cycles in a different order, for example, as (4  5)(1  6  2)(3). We will 
need to remember this when counting permutations.

There is another notational point. The cycle (3), of length 1, that occurs in our permu-
tation tells us that it maps 3 to itself. It is usual to omit cycles of length 1 when writing 
permutations in cycle notation. So normally we would write the above permutation as 
(1  6  2)  (4  5). Although it is convenient to omit cycles of length 1, this does introduce 
another ambiguity. Thus, (1  6  2)(4  5) could be a permutation of the set {1,2,3,4,5,6} that 
fixes 3, but it could also be, for example, a permutation of {1,2,3,4,5,6,7,8} that fixes 3, 7, and 
8. So it is really safe to omit cycles of length 1 only if it is clear from the context which set 
of numbers we are permuting.

We will make good use of the cycle notation for permutations later in the book, espe-
cially in Chapters 11, 12, 13, and 14.

Exercises
	 2.6.1A	 Write the following permutation in cycle notation:

	 1 2 3 4 5 6 7 8 9 10
3 1 8 9 7 4 10 2 6 5







.

	 2.6.1B	 Write the following permutation in cycle notation:

	 1 2 3 4 5 6 7 8 9 10
5 2 8 10 7 6 4 9 3 1







.

	 2.6.2A	� How many different permutations are there of the numbers 
{1,2,3,4,5,6,7,8,9,10} made up of 

	 i.	 Three disjoint cycles of lengths 2, 3, and 5?
	 ii.	 Three disjoint cycles of which two are of length 3 and one is of length 4?

	 2.6.2B	� How many different permutations are there of the numbers 
{1,2,3,4,5,6,7,8,9,10} made up of 

	 i.	 Four disjoint cycles of lengths 1, 2, 3, and 4?
	 ii.	 Four disjoint cycles of which three are of length 2 and one is of length 4?

	 2.6.3A	� If a permutation of the set {1,2,3,…,n} is chosen at random, what is the 
probability that it consists of a single cycle of length n?

	 2.6.3B	� If a permutation of the set {1,2,3,…,n} is chosen at random, what is the 
probability that it includes exactly one cycle of length 1?
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3C h a p t e r  

Occupancy Problems

3.1  Counting the Solutions of Equations
When we discussed Problem 3C in Chapter 1 we noted that attempting to determine even 
the number of solutions in nonnegative integers of an equation of the form x + y + z = n 
by listing them would become impractical if the number of variables were substantially 
increased. Here, we first show how a simple reinterpretation of the problem allows us to 
solve all such problems instantly: Indeed we can simply write down the answer! To help 
you follow the method we begin by solving the problem in a particular case, “large” enough 
to make the listing method at best tiresome but “small” enough to fit the reinterpretation 
easily on the page. It should be fairly clear that the method employed is perfectly general,* 
that is, applicable in all circumstances.

Problem 3.1
How many solutions are there in nonnegative integers of the equation 
x + y + z + w + t = 14?

Solution
It is easy to write down many solutions (x, y, z, w, t) of this equation, for example, 
(1,2,2,7,2) or (2,0,6,5,1) or ( 2,6,5,0,1) or (0,3,0,3,8). With each of these solutions we can 
associate a diagram of dots (•) and lines ( | ) , as follows:

	 With (1,2,2,7,2) associate the diagram  • | • • | • • | • • • • • • • | • • .

	 With (2,0,6,5,1) associate the diagram  • • | | • • • • • • | • • • • • | • .

	 With (2,6,5,0,1) associate the diagram  • • | • • • • • • | • • • • • | | • .

	 With (0,3,0,3,8) associate the diagram  | • • • | | • • • | • • • • • • • • .

In the first diagram the four lines split the 14 dots into five groups of sizes 1, 2, 2, 7, 
and 2. In the second diagram the four lines split the 14 dots into five groups of sizes 2, 0, 

*	 We commented on this attitude in Chapter 1, Section 1.3.



40    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

6, 5, and 1. In the third diagram the four lines split the 14 dots into five groups of sizes 
2, 6, 5, 0, and 1. In the fourth diagram the four lines split the 14 dots into five groups of 
sizes 0, 3, 0, 3, and 8.

We readily see that each diagram faithfully represents the solution associated with it. 
It is equally clear that, conversely, any such diagram comprising four lines and 14 dots 
gives rise to a unique solution of the given equation; for example, the diagram

	 | | • • • • • • • • • • | | • • • •

corresponds to the solution (0,0,10,0,4). In this way we clearly obtain a matching of the 
set of solutions of the given equation with the set of all diagrams comprising four lines 
and 14 dots. So to solve Problem 3.1 we only need to work out how many diagrams of 
this type there are.

Now each diagram has 18 “places” each to be filled with a line or a dot. So the total 
number of diagrams is just the number of ways of choosing (out of 18 places) the 
4 places in which to put a line, the remaining 14 places being filled automatically with 
dots. It follows that the number of different solutions, in nonnegative integers, of the 
given equation is just the binomial coefficient C(18,4). Perhaps you are thinking that 
we could, instead, have put 14 dots in the 18 places, filling the remaining 4 places with 
lines. Then the number of solutions of our equation would, by the same argument, be 
C(18,14). Fortunately, by Theorem 2.5, C(18,4) = C(18,14).

Despite our general wish to impress on you that checking one example doesn’t pro-
vide a general proof, we claim here that the method applied to our particular example 
is, transparently, just as valid when applied generally. We can therefore give a brief 
proof of the general result.

Theorem 3.1
For each positive integer k and each nonnegative integer n, the number of nonnegative 
integer solutions, (x1, x2,…, xk), of the equation x1 + x2 + … + xk = n is C(n + (k − 1),k − 1) 
or, equivalently, C(n + (k − 1),n).

Proof
As we have seen from the example above, the nonnegative integer solutions of the 
equation x1 + x2 + … + xk = n are in one–one correspondence with sequences made up 
of n dots and k − 1 lines, and there are C(n + (k − 1),k − 1) such sequences.

We are now able to solve the following two problems from Chapter 1.

Problem 3.2
(This is Problem 3A of Chapter 1.) A manufacturer of high-quality (and therefore high-
priced!) chocolates makes just six different flavors of chocolate and sells them in boxes 
of 10. He claims he can offer more than 3000 different “selection boxes.” If he is wrong, 
he will fall foul of the advertizing laws. Should he fear prosecution?

Solution
To make up a box of 10 chocolates the manufacturer has to decide how many chocolates 
of each of the six flavors to include. So the number of different selections is the number 
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of nonnegative integer solutions of the equation x1 + x2 + x3 + x4 + x5 + x6 = 10. By 
Theorem 3.1, this is C(15,5), which is equal to 3003. The manufacturer can therefore 
sleep soundly.

To solve the next problem we need a slight modification of Theorem 3.1 to cover the 
case where we consider only positive integer solutions.

Theorem 3.2
Let k, n be positive integers with n ≥ k. Then the number of positive integer solutions, 
(x1, x2,…, xk), of the equation x1 + x2 + … + xk = n is C(n − 1,k − 1), or, equivalently, 
C(n − 1,n − k).

Proof
Let Xi = xi − 1 for 1 ≤ i ≤ k. Then, X1 + X2 + … + Xk = x1 + x2 + … + xk − k and, for 
1 ≤ i ≤ k, xi ≥ 1 ⇔ Xi ≥ 0. Therefore, (x1, x2,…, xk) is a solution in positive integers of 
the equation

	 x1 + x2 + … + xk = n	 (3.1)

if and only if (X1, X2,…, Xk) is a solution in nonnegative integers of the equation 

	 X1 + X2 + … + Xk = n − k.	 (3.2)

So the number of positive integer solutions of Equation 3.1 is the same as the 
number of nonnegative integer solutions of Equation 3.2. Hence, by Theorem 3.1, the 
number of positive integer solutions of Equation 3.1 is C((n − k) + (k − 1),k − 1), that is, 
C(n − 1,k − 1).

Problem 3.3
(This is Problem 3B of Chapter 1.) There is a widely held view that, in a truly random 
selection of six distinct numbers from among the numbers 1 to 49 (as in the British 
national lottery), the chance that two consecutive numbers will be chosen is extremely 
small. Has this opinion any validity?

Solution
The total number of ways of choosing six distinct numbers from the numbers 1 to 49 
is, of course, C(49,6). Rather than count the number of selections in which consecutive 
numbers occur, we count those in which consecutive numbers do not occur. Thus, we 
count the number of sextuples of positive integers, (t1,t2,t3,t4,t5,t6), satisfying

	 0 < t1 < t2 < t3 < t4 < t5 < t6 < 50
and

	 t2 − t1, t3 − t2, t4 − t3, t5 − t4, and t6 − t5 are all greater than 1.	 (3.3)

We see that the number of such sextuples is the same as the number of sextuples 
satisfying − 1 < t1 < t2 < t3 < t4 < t5 < t6 < 51, where each of the numbers t1 − (−1), t2 − t1, 
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t3 − t2, t4 − t3, t5 − t4, t6 − t5, and 51 − t6 is at least 2. (All the differences now being on equal 
footing, namely, “greater than or equal to 2,” makes life a little easier!) Now, putting 
T1 = t1 − (−1), T2 = t2 − t1, T3 = t3 − t2, T4 = t4 − t3, T5 = t5 − t4 , T6 = t6 − t5, and T7 = 51 − t6, we 
see that T1 + T2 + … + T7 = 52. Hence the number of sextuples (t1,t2,t3,t4,t5,t6) satisfying 
Equation 3.3 is the same as the number of positive integer solutions, (T1,T2,T3,T4,T5,T6,T7), 
of the equation T1 + T2 + … + T7 = 52 with Ti ≥ 2 for 1 ≤ i ≤ 7. Copying the method 
used in the proof of Theorem 3.2, by putting Si = Ti − 2, for 1 ≤ i ≤ 7, this is the same as 
the number of nonnegative integer solutions of S1 + S2 + … + S7 = 52 − (7 × 2) = 38. By 
Theorem 3.1, this number is C(38 + (7 − 1),7 − 1), that is, C(44,6).

Hence the probability that a lottery draw (of 6 balls from 49) will contain no pair of 
successively numbered balls is

	 C
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to three decimal places. So the probability of a pair of consecutive numbers appear-
ing when six (different) numbers are drawn from numbers 1 to 49 is, approximately, 
1 − 0.505 = 0.495. In other words, it is only slightly less likely than not!

Another variation on Problem 3.1 is the following.

Problem 3.4
How many nonnegative integer solutions are there of the inequality x + y + z +w + t < 14?

Solution
An unthinking attempt at this problem might say: “Let us find the number of solutions 
to each of the equations x + y + z + w + t = n for n = 0,1,2,…,13 and then add up the 
answers.” There is nothing actually wrong with this approach, and, by Theorem 3.1, this 
gives the answer as C(4,4) + C(5,4) + … + C(17,4).

However, the problem can be answered more briefly as follows. To each solution, 
say (a,b,c,d,e), of the equation x + y + z + w + t = n, with 0 ≤ n ≤ 13, there is a solution, 
(a,b,c,d,e,f), of the equation x + y + z + w + t + u = 13 with f = 13 − n, and vice versa, with 
the newly introduced term, f, taking up the slack. Hence the number of nonnegative 
integer solutions of x + y + z + w + t < 14 is the same as the number of nonnegative 
solutions of x + y + z + w + t + u = 13. It follows immediately from Theorem 3.1 that 
this number is C(18,5).

The reader who wonders if (or, perhaps better, why) these answers are the same 
should reread Theorem 2.8.

The second method used in the solution of Problem 3.4 clearly leads to the following 
further generalization of Theorem 3.1.

Theorem 3.3
Let k, n be positive integers. Then the number of nonnegative integer solutions of the 
inequality x1 + x2 + … + xk < n is C(n + k − 1,k) or, equivalently, C(n + k − 1,n − 1).
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Exercises
	 3.1.1A	� How many solutions are there in nonnegative integers of the inequality 

x + y + z + t ≤ 20?
	 3.1.1B	� How many solutions are there in nonnegative integers of the inequality 

x + y + z + t < 20 ?
	 3.1.2A	� How many integer solutions are there of the equation x + y + z + t + w = 14 

with x ≥ 5, y ≥ −3, z ≥ 2, t ≥ −7, and w ≥ 4?
	 3.1.2B	� How many integer solutions are there to the equation x + y + z = 20 with 

x > −4, y > 1, and z > 4?
	 3.1.3A	� A manufacturer makes marbles that are identical except for their color, 

which can be red, blue, green, or yellow. In how many different ways can 
the manufacturer make up a pack of 50 marbles?

	 3.1.3B	 i. �Each soccer team in the English Premier League plays 38 matches during 
the season. At the end of the season, the league table shows how many of 
these matches each team has won, drawn, and lost. How many combina-
tions of these results are possible for any one team?

	 ii.	What is the answer to the above question if the league table shows the 
results of the 19 matches that the team played at home separately from the 
19 matches that it played away?

	 3.1.4A	� In a certain cricket match the 11 batsmen of one team between them scored 
200 runs. In how many different ways could these runs be distributed 
between the batsmen?

	 3.1.4B	� How many different boxes can our chocolate manufacturer of Problem 3.2 
supply if he guarantees that there is at least one chocolate of each flavor in 
each box?

	 3.1.5A	� In how many ways can 20 identical balls be placed in four distinct cups 
such that each cup has an even number of balls? (Count 0 as even.)

	 3.1.5B	� In how many ways can 20 identical balls be placed in four distinct cups 
such that each cup has an odd number of balls?

	 3.1.6A	� In the Everwin lottery, 10 numbers are drawn at random from the set 
{1,2,...,100}. What is the probability that at least two consecutive numbers 
are drawn?

	 3.1.6B	� What is the smallest positive integer k such that if k numbers are drawn at 
random from the set {1,2,…,100}, it is more likely than not that at least two 
of the numbers drawn are consecutive?

3.2 N ew Problems from Old
The diagrams we drew in connection with Problem 3.1 were very helpful. But the solu-
tion to Problem 3.2 suggests a reinterpretation that leads to host of related and intriguing 
questions, several of which might have remained hidden, and some of which are a little 
more tricky to answer!

To reinterpret Problem 3.1 in the light of the solution to Problem 3.2, imagine five (distinct) 
boxes labeled x, y, z, w, and t. The solution (4,0,1,3,6) of the equation x + y + z + w + t = 14 
corresponds to placing 14 (identical) balls in the five boxes so that there are 4 balls in box x, 
0 balls in box y, 1 ball in box z, 3 balls in box w, and 6 balls in box t. See Figure 3.1.
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Consequently, Problem 3.1 can be recast as: In how many ways can 14 identical balls be 
placed in five distinct boxes?

In calling the balls “identical” and the boxes “distinct” we mean that we are interested 
only in how many balls there are in each box, but we want to distinguish, for example, 
having four balls in box x and zero in box y, from having zero balls in box x and four balls 
in box y. This problem has a number of variations according to whether we regard the balls 
as being identical or distinct and whether we regard the boxes as identical or distinct. We 
can also vary the problem by deciding whether we wish to include cases where some of 
the boxes may be empty. In this way we have eight different problems about placing balls 
in boxes: In how many ways can n (identical or distinct) balls be placed in k (identical or 
distinct) boxes with at least one ball in each box or with some boxes allowed to be empty?

We now give examples of all the eight possible cases of occupancy problems. It would be 
nice if, in the following examples, we could use the same values of n and k throughout. But, 
in order that our examples be neither too large to list easily nor too small to appear general 
enough, we shall choose n and k suitably in each case.

	 1a.	Placing three distinct balls in two distinct boxes

We use a, b, c to represent the three distinct balls, and { }, [ ] to represent the two 
distinct boxes. Since for each ball there are two choices of boxes, there are 
2 × 2 × 2 = 23 = 8 different ways to allocate the balls to the boxes:

	 {a,b,c}, [ ]; {a,b}, [c]; {a,c}, [b]; {b,c}, [a]; {a}, [b,c]; {b}, [a,c]; {c}, [a,b]; { }, [a,b,c].

	 1b.	Placing three distinct balls in two distinct boxes, with no box empty

We see from the above list that of the eight ways of assigning three distinct balls to 
two distinct boxes, there are two where a box is empty, and hence there are six 
cases with no empty boxes.

	 2a.	Placing four distinct balls in two identical boxes

Here we use a, b, c, d for the distinct balls and { } for each of the identical boxes. We 
see that there are eight ways the balls can be placed in the two boxes:

	 {a,b,c,d},{ }; {a,b,c},{d}; {a,b,d},{c}; {a,c,d},{b}; {b,c,d},{a}; {a,b},{c,d}; {a,c},{b,d}; {a,d},{b,c}.

	 2b.	Placing four distinct balls in two identical boxes, with no box empty

We see from (2a) that we need to discard the case {a,b,c,d},{ }, leaving seven ways of 
placing the balls.

o
o o o o o o o

o o o
o o o

x y z w t

Figure 3.1
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	 3a.	Placing six identical balls in three distinct boxes

As the balls are identical, all that matters is the number of balls in each box. As we 
have seen, the number of ways to do this is the same as the number of nonnegative 
integer solutions of the equation x + y + z = 6. So Theorem 3.1 tells us that there 
are C(8,2) = 28 ways to place the balls in the boxes.

	 3b.	Placing six identical balls in three distinct boxes, with no box empty

The number of ways to do this is the same as the number of positive integer solu-
tions of the equation x + y + z = 6. So by Theorem 3.2 there are C(5,2) = 10 ways 
to place the balls in the boxes.

	 4a.	Placing six identical balls in three identical boxes

Because the balls are identical, we need only indicate the number of balls in each 
box—and this we can do most conveniently via Figure 3.2. There are therefore 
seven solutions to this problem.

	 4b.	Placing six identical balls in three identical boxes, with no box empty

We see from Figure 3.2 that there are just three solutions in this case.

It is convenient, at this point, to introduce some notation. As is standard, we use S(n,k) 
for the number of (different) ways of placing n distinct balls in k identical boxes so that no 
box is empty. We use pk(n) for the number of ways of placing n identical balls in k identical 
boxes, where some boxes may be empty.* It would be more consistent to use, say, P(n,k), but 
there are historical reasons why these notations follow different patterns.

The letter S used in the notation S(n,k) commemorates the Scottish mathematician 
James Stirling who introduced these numbers in a different context, which is explained 
in Chapter 5 where we give some biographical information about Stirling. So we call the 
numbers S(n,k) Stirling numbers. We shall have to wait until Chapter 4 to determine an 
explicit formula giving their values for all values of n and k.

We now present a summary of the eight cases.

*	 Beware: Some authors use the same notation for the case where no box can be empty.

[   ][   ][   ]

6 0 0
5 1 0
4 2 0
4 1 1
3 3 0
3 2 1
2 2 2

Figure 3.2
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We now explain where the entries in the last column of Table 3.1 come from.

Case 1a. With n distinct balls to be placed in k distinct boxes, there are k boxes in which 
we could place each ball. Hence the total number of ways to place the n balls in the k boxes 
is, using the principle of multiplication of choices, k × k × … × k = kn.

Case 1b. We can view the problem of finding the number of ways of placing n distinct balls 
in k distinct boxes, with no box empty, in the following way. First, place n distinct balls 
in k identical boxes, with no box empty. We have used S(n,k) for the number of ways of 
doing this. Then, distinguish the boxes by placing k different labels on the boxes. There are 
k choices of box for the first label, k−1 for the second label, and so on. So the k labels may 
be placed on the boxes in k × (k−1) × … = k! ways. Combining the S(n,k) choices with k! 
choices, we see that the total number of choices is S(n,k) × k! Of course, it still remains to 
find a formula for S(n,k).

Case 2a. If we have k identical boxes, some of which are allowed to be empty, then we 
may place all balls in one box, or share them between two boxes, or three boxes, and so 
on. (Since the boxes are identical, exactly which boxes we use or leave empty is irrelevant.) 
Clearly, then, the total number of ways to do this S(n,1) + S(n,2) + … + S(n,k).

Case 2b. This is just the notation we introduced above, with the formula for S(n,k) yet to 
be determined.

Cases 3a and 3b. As we have already noted, these cases are covered by Theorems 3.1 
and 3.2.

Case 4a. At this stage this is just a matter of notation, as introduced above. We shall discuss 
the problem of counting the number of ways to place identical balls in identical boxes in 
Chapter 6.

Case 4b. The number of ways of placing n identical balls in k identical boxes so that no box 
is empty is clearly obtained by taking the total number of ways of placing the balls in the 
k boxes and subtracting the number of cases where at most k − 1 boxes are used. Thus the 
number of such arrangements is therefore pk(n) − pk − 1(n).

We have already observed that, if the balls are identical and the boxes are identical, all 
that matters is how many balls there are in each box. So deciding how to place n balls in 

Table 3.1

Case Balls Boxes Empty Boxes? Number of Arrangements
1a Distinct Distinct Yes kn

1b Distinct Distinct No k!S(n,k)
2a Distinct Identical Yes S(n,1) + S(n,2) + … + S(n,k)
2b Distinct Identical No S(n,k)
3a Identical Distinct Yes C(n + k − 1,k − 1)
3b Identical Distinct No C(n − 1,k − 1)
4a Identical Identical Yes pk(n)
4b Identical Identical No pk(n) − pk − 1(n)
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k boxes, with some boxes possibly empty, is the same as deciding how to write n as the 
sum of k nonnegative integers. As the boxes are identical, the order in which we put these 
k nonnegative integers is irrelevant. Thus we can view the seven rows in Figure 3.2 as 
corresponding to the following seven ways of writing 6 as the sum of three nonnegative 
integers, namely, 6 + 0 + 0, 5 + 1 + 0, 4 + 2 + 0, 4 + 1 + 1, 3 + 3 + 0, 3 + 2 + 1, and 2 + 2 + 2. 
Since the zeros are somewhat redundant, we usually omit them. We view the problem in 
this way in Chapter 6.

In Table 3.1 we have carefully distinguished the cases according to whether the balls are 
regarded as distinct or identical and likewise for the boxes, and whether or not the boxes can 
be empty. In counting problems arising from real situations, you may need to think carefully 
about which category the situation falls into, and hence which line of Table 3.1 is relevant.

Exercises
	 3.2.1A	� A teacher has 30 identical chocolate bars and 30 nonidentical pupils. She 

gives the pupils an algebra test each day for six school weeks, that is, for 30 
days in all, and gives a chocolate bar to the pupil with the highest score in 
each test. In how many different ways can the chocolate bars be distributed 
between the pupils?

	 3.2.1B	� There were 20 different birds and animals in the Caucus race. When the 
race had finished the Dodo said, “Everybody has won and all must have 
prizes.” Alice had a box of 40 identical comfits in her pocket. In how many 
ways could she distribute these to the birds and animals so that each of 
them received at least one?*

	 3.2.2A	� In how many ways can we place four identical black marbles and six distinct 
nonblack marbles in five distinct boxes, some of which might be empty?

	 3.2.2B	� In how many ways can eight identical black marbles and ten distinct non-
black marbles be placed in five distinct boxes if there is to be at least one 
black and one nonblack marble in each box?

	 3.2.3A	� A manufacturer makes identical transparent marbles and also marbles in 
20 different colors. In how many ways can he make up a bag of 20 marbles, 
given that the bag may contain up to 20 transparent marbles but not two 
nontransparent marbles that have the same color?

	 3.2.3B	� A manufacturer makes white chalk and also chalk in 12 other colors. In 
how many ways can he make up a box containing 12 sticks of chalk of 
which at least six must be white and in which there must not be two non-
white sticks of chalk with the same color?

3.3  A “Reduction” Theorem for the Stirling Numbers
Before we obtain a general formula for the Stirling numbers, S(n,k), we can, at least, read-
ily find the values for small values of n and k, not by laboriously listing all the ways of 
placing distinct balls in identical boxes, but by establishing a relationship between S(n,k) 

*	 Based on Alice’s Adventures in Wonderland by the mathematician Lewis Carroll (1832–1898). Comfit is an old-
fashioned term for what in England is now called a sweet and in the United States a piece of candy. Also, Carroll 
used animals to mean “mammals.”
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and S(n − 1,k − 1) and S(n − 1,k), which is analogous to the formula C(n,k) = C(n − 1,k − 1) + 
C(n − 1,k) for the binomial coefficients.

Next, we have this theorem:

Theorem 3.4
For all positive integers n, k with 2 ≤ k < n, S(n,k) = S(n − 1,k − 1) + kS(n − 1,k).

Proof
We divide the different ways of placing the n distinct balls b1,b2,…,bn into k identical 
boxes, with no box empty, into two disjoint classes: (i) those where ball bn is in a box on 
its own and (ii) those where it isn’t.

The number of placings of type (i) is the same as the number of ways of placing the 
remaining n − 1 balls into k − 1 other boxes, with no box empty. (There is no need to 
take into account which box ball bn is in since all the boxes are identical.) There are 
S(n − 1,k − 1) such placings.

We now consider the placings of type (ii). Since the ball bn is not alone in its cell, 
even when this ball is removed, all the boxes are nonempty. So a placing of this type 
is obtained by first placing the n − 1 balls b1,…,bn−1 in k boxes so that no box is empty 
and then deciding into which of the k boxes to place bn. Since the balls are distinct, we 
obtain a different placing of the n balls corresponding to each of the S(n − 1,k) plac-
ings of the balls b1,…,bn−1 and each of the k choices of box for ball bn. Hence, there are 
S(n − 1,k) × k, that is, kS(n − 1,k), placings of this type.

Since each placing of the n balls into k boxes, with no box empty, is of one of these two 
types, and no placing is of both types, it follows that S(n,k) = S(n − 1,k − 1) + kS(n − 1,k).*

Using the above formula for S(n,k) we can determine (although for large values of 
n and k it could be a very long job!) the value of any particular S(n,k) if only we know 
the values of S(n′,k′) for the relevant values of n′, k′ with n′ < n or k′ < k. In particular, 
we need some values to enable us to make a start. These are given by part (i) of the 
next theorem.

Theorem 3.5
	 i.	 For all positive integers n, S(n,1) = S(n,n) = 1.
	 ii.	 For all positive integers n, with n ≥ 2,S(n,2) = 2n−1 − 1.

Proof
	 i.	 There is clearly only one way of placing n balls in one box. There is also only one 

way of placing n distinct balls in n identical boxes, with no box empty, since the 
only possible arrangement is to have each ball in a separate box.

	 ii.	 Suppose that we have a set X = {b1,b2,…,bn} of n distinct balls to place in two 
boxes so that neither box is empty. X has 2n subsets. So there are 2n possibilities 
for the set of balls that could be placed in one box. If the balls making up the 

*	 The reader with a good memory will recall not only that the formula of Theorem 3.4 is analogous to that of 
Theorem 2.7 but also that the proofs follow the same strategy of partitioning the set to be counted into two disjoint 
subsets, each of which is then counted separately.
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subset Y of X are placed in this box, then the set Z = X\Y consists of the balls 
that have to go in the other box. Thus we get a different arrangement for each 
pair {Y,Z} of subsets of X, where Z = X\Y. There are 1

2
12 2( )n n= −  such pairs. But 

this includes the arrangement where one of the boxes is empty. Hence there are 
2n−1 − 1 ways of placing the n balls in two boxes with neither box empty.

Notes:
	 1.	 In the spirit of this book we have given a combinatorial proof of (ii). The reader 

may be interested to check that this result may also be proved from Theorem 3.4 
using mathematical induction.

	 2.	 Since, for each positive integer n, S(n,1) = 1, Theorem 3.4 would be true for k = 1 
and n ≥ 2, if S(n − 1,0) = 0, giving 1 = S(n,1) = S(n − 1,0) + S(n − 1,1) = 0 + 1. So we 
stipulate that, for each positive integer t, S(t,0) = 0

We now have sufficient information to continue, as far as we have the stamina and 
patience, Table 3.2, showing the value of S(n,k) for small values of n and k. For example, 
the value 966 for S(8,3) is obtained from the formula S(n,k) = S(n − 1,k−1) + kS(n − 1,k) 
of Theorem 3.4. This gives S(8,3) = S(7,2) + 3 × S(7,3) = 63 + 3 × 301 = 966. The shaded 
“triangle” should help you to remember the method of evaluation.

Exercises
	 3.3.1A	 Use Theorem 3.4 to complete Table 3.2 for n = 9,10 and 1 ≤ k ≤ n.
	 3.3.1B	 Prove that, for all integers n > 1, n! < S(2n,n) < (2n)!
	 3.3.2A	� Show that, for all integers n > 2, S(n,1) + S(n,2) + … + S(n,n) < n! (The left-

hand side is the number of ways of placing n distinct balls in any number 
of identical boxes.)

		  (Hint: If, say, n = 10, one placement of 10 distinct objects, say the integers 1, 
2,…,10, into four boxes would be [1 3 9 6 4], [2 10], [5], [8 7]. What has this 
to do with 10!?)

	 3.3.2B	 Show, by means of a combinatorial argument, that

	 S(n + 1,k + 1) = C(n,k)S(k,k) + C(n,k + 1)S(k + 1,k) + … + C(n,n)S(n,k).

	 3.3.3A	� Show that, for 1 ≤ k ≤ n, kn = C(k,1)1!S(n,1) + C(k,2)2!S(n,2) + … + C(k,k)k!S(n,k).

Table 3.2

S(n,k)

k

1 2 3 4 5 6 7 8
1 1
2 1 1
3 1 3 1
4 1 7 6 1

n 5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
8 1 127 966 1701 1050 266 28 1
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	 3.3.3B	� Prove that, for all positive integers n,
				    0!S(n,1)−1!S(n,2) + … + (−1)n−1(n–1)! S(n,n) = 0.

		  (Hint: Multiply through the equality in Theorem 3.4 by (k − 1)! and do 
a sum)

	 3.3.4A	� Let X = {1,2,3,4,5,6,7,8,9,10} and let Y = {1,2,3,4,5}. How many surjective 
(onto) functions, f : X → Y are there with domain X and codomain Y?

	 3.3.4B	� Which is the least positive integer k such that, with X = {1,2,3,…,k} and 
Y = {1,2,3,4,5}, at least one-third of the functions f : X → Y are surjective?

	 3.3.5A	 Show that, for all positive integers n ≥ 1, S(n + 1,n) = C(n + 1,2) = [n(n + 1)]/2.
		  (Hint for this and the next exercise: Either give a direct combinatorial proof 

that S(n + 1,n) = C (n + 1,2) or use the reduction formula of Theorem 3.4 to 
give a proof using mathematical induction that S(n + 1,n) = [n(n + 1)]/2.)

	 3.3.5B	 i. Show that, for all positive integers n ≥ 1,

	 S n n n n n n( , ) ( )( )( )
!

.+ = + + +2 1 2 3 1
4

	 ii. Find and prove the analogous formula for S(n + 3,n).
	 3.3.6A	 Prove that, for all integers n ≥ 3,

	 S n n n( , ) .3 1
2

3 2 11= − +( )−

	 3.3.6B	 Prove that, for all integers n ≥ 4,

	 S n n n n( , ) ( ) ( ) ( ) .4 1
24

4 1
6

3 1
4

2 1
6

= − + −

	 3.3.7A	� Show that, for m ≥ n−1, m 0s and n 1s may be arranged in a line so that no 
two 1s are adjacent in C(m + 1,n) ways.

	 3.3.7B	� Show that the number of sets of r elements that can be chosen from the set 
{1,2,…,n} and that contain no two consecutive numbers is C(n − r + 1,r). 
(Hint: Reduce this to the previous problem.)

	 3.3.8A	� Let S be a bag containing balls numbered 1 to n. You are to select r of them 
by choosing one at a time and returning it to the bag before making another 
selection. If the order of your choice is not taken into consideration, in how 
many ways can the r balls can be chosen? (For example, if n = 2 and r = 4, 
there are five ways of making the choice—and these are 1,1,1,1; 1,1,1,2; 
1,1,2,2; 1,2,2,2; and 2,2,2,2.)

	 3.3.8B	� By a nondecreasing integer we mean one such as 1,123,555,699 where the 
digits involved do not decrease as you read from left to right. Determine the 
number of nondecreasing integers less than 1,000,000.
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4C h a p t e r  

The Inclusion–Exclusion 
Principle

4.1 D ouble Counting
In this chapter we return to the difficulty that we met in Chapter 2, Section 2.4. We saw 
there that the formula

	 #(A ∪ B ∪ C …) = #(A) + #(B) + #(C) + …

holds provided that the sets A,B,C, … are disjoint but not if there is an overlap among them. 
In this section we develop the formula that holds in the case where the sets are not disjoint. 
The general formula is given in Theorem 4.2. Our main application of it will be to obtain a 
formula for the Stirling numbers, S(n,k). We begin with the easiest situation to understand, 
namely, where we have just two sets, say A and B.

In the sum #(A) + #(B) we count each member of A once and each member of B once. 
So the members of the set A ∩ B get counted twice, once through their membership of A 
and once through their membership of B. To obtain the number of elements in A ∪ B we 
therefore need to subtract the number of elements that are counted twice, namely, those 
that are both in A and in B. This is shown in Figure 4.1. Thus we obtain:

Theorem 4.1
For all sets A and B,

	 #(A ∪ B) = #(A) + #(B) − #(A ∩ B).

The next problem illustrates the use of this theorem.
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Problem 4.1
How many integers are there in the range from 1 to 1,000,000 that are divisible by 2 or 
3 or both?

Solution
We let D2 and D3 be the sets of those integers in the range from 1 to 1,000,000 that 
are divisible by 2 and by 3, respectively. By Theorem 4.1, #(D2 ∪ D3) = #(D2) + #(D3) − 
#(D2 ∩ D3). Clearly, #(D2) = 500,000 and #(D3 ) = 333,333. Now, an integer is divisible by 
both 2 and 3 if and only if it is divisible by 6. Hence #(D2 ∩ D3) = 166,666. Therefore 
#(D2 ∪ D3) = 500,000 + 333,333 − 166,666 = 666,667.

Theorem 4.1 can easily be extended to deal with the case of three sets. All we need 
do is to write A ∪ B ∪ C as (A ∪ B) ∪ C and then apply Theorem 4.1, making use of some 
elementary set algebra. This gives

	

#( ) #(( ) )

#( ) #( ) #(( ) )

A B C A B C

A B C A B C

∪ ∪ = ∪ ∪

= ∪ + − ∪ ∩

= ##( ) #( ) #( ) #( ) #(( ) ),A B A B C A B C+ − ∩( )+ − ∪ ∩

using Theorem 4.1 twice. Now, by the distributive law for unions and intersections of 
sets, (A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C). Hence, using Theorem 4.1 again,

	 #((A ∪ B) ∩ C) = #(A ∩ C) + #(B ∩ C) − #((A ∩ C) ∩ (B ∩ C)),

and therefore, as (A ∩ B) ∩ (B ∩ C) = A ∩ B ∩ C, we deduce that

	#(A ∪ B ∪ C) = (#(A) + #(B) + #(C)) − (#(A ∩ B) + #(A ∩ C) + #(B ∩ C)) + #(A ∩ B ∩ C).

Now let us see what this formula means. The three terms in the first pair of brack-
ets count the members of A, B, and C separately. Thus, when we add them up, we have 
counted elements that are in two of the sets twice, and those in all three are counted 
three times. We take account of this double counting by subtracting the terms in the 
second pair of brackets. However, when we do this, an element that is in all three of the 

A

A ∩ B

B

Figure 4.1



The Inclusion–Exclusion Principle    ◾    53

sets is discounted three times. To compensate for this we have to add on the final term 
#(A ∩ B ∩ C). We can illustrate the stages of this process by the diagrams in Figure 4.2.

We see from Figure 4.2 that our formula does indeed count each element of A ∪ B ∪ C 
exactly once. Notice that this is accomplished by alternately including elements in the 
count and excluding them.

It is now not difficult to see how to extend this formula to deal with the general 
case of the number of elements in a union of n sets. The only complication is with the 
notation needed to deal with this general situation. The theorem gets its name from the 
inclusion and exclusion processes corresponding to the alternate + and − signs.

Theorem 4.2
The Inclusion–Exclusion Theorem

For all sets A1, A2,…, An,

	

#( ... ) #( ) #( ) ... #( )

#(

A A A A A A

A

n n1 2 1 2∪ ∪ ∪ = + + +( )
− 11 2 1 3 1

1 2 3

∩ + ∩ + + ∩( )
+ ∩ ∩

−A A A A A

A A A

n n) #( ) ... #( )

#( )) #( ) ... #( )

( )

+ ∩ ∩ + + ∩ ∩( )

−

− −

+

A A A A A An n n

n

1 2 4 2 1

1



11
1 2#( ... ).A A An∩ ∩ ∩

Comment
A word about the notation is necessary before we give a proof of this theorem. The 
notation above is intended to indicate that the second pair of large brackets on the 
right-hand side contains terms corresponding to each pair of sets, the third pair of 
large brackets contains terms corresponding to each triple of sets, and so on. If we want 
to be more explicit about this, at the price of complicating our formula, we can write 
the equation in Theorem 4.2 as follows:

	 # ( ) #( ... )A A A Ai
i

n
k

i i i
i

k

=

+

≤









 = − ∩ ∩ ∩

1

1

1

1
1 2∪

111 < < ≤=
∑∑











...

.
i nk

n

k

	 (4.1)

Here the inequalities 1 ≤ i1 < … < ik ≤ n under the summation symbol are intended 
to indicate that the sum is taken over all choices of integers i1,i2, … ,ik satisfying 

A B A B A B
1 2 1 1 1 1 1 1 1

2
3

2 1 0 1 1 1 1

1

(#(A)+#(B)+#(C)) – (#(A ∩ B)+#(A ∩ C)+#(B ∩ C)) + #(A ∩ B ∩ C)

1 1

Figure 4.2
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these inequalities. In other words, we sum over all the k-element subsets of the set 
{1,2,…,n}.

We are now ready for the proof.

Proof
Take an element x ∈A1 ∪ … ∪ An. We calculate how many times x is included by the 
formula on the right-hand side of Equation 4.1.

Suppose that x is an element of exactly m of the given sets, say A Aj jm1
,..., . Then 

x A Ai i k
∈ ∩ ∩

1
...  if and only if {i1,…,ik } ⊆ { j1,…, jm }. This can happen only if 1 ≤ k ≤ m, 

in which case the set {j1,…,jm} has C(m,k) subsets of size k. Thus x is counted C(m,k) 
times in the sum ∑ ∩ ∩≤ < < ≤1 1 1i i n i ik k

A A... #( ... ) that occurs on the right-hand side of 
our equation. Thus, taking account of the alternating signs, x is altogether counted 
∑ −=

+
k
m k C m k1

11( ) ( , ) times. Now ∑ − ==k
m kC m k0 1 0( ) ( , )  (see Exercise 2.3.3B).

It follows that ∑ − = ==
+

k
m k C m k C m1

11 0 1( ) ( , ) ( , ) , and thus each element of A1 ∪ … ∪ An 
is counted just once by the formula, which therefore gives the correct value for 
#(A1 ∪ … ∪ An).

We can now use the inclusion–exclusion theorem to modify our calculation in 
Chapter 2 of the number of five-card hands with at least one suit with no cards in it 
(Problem 2.11).

Problem 4.2
How many hands of five cards are there in which there is at least one suit with no 
cards in it?

Solution
We let VS, VH, VD, and VC be those five-card hands with no spades, hearts, diamonds, 
or clubs, respectively. We wish to calculate #(VS ∪ VH ∪ VD ∪ VC). By the inclusion–
exclusion theorem this is equal to

	
#( ) #( ) #( ) #( ) #( ) ... #(V V V V V VS H D C S H+ + +( )− ∩ +( )+ VV V V

V V V V

S H D

S H D C

∩ ∩ +( )
− ∩ ∩ ∩

) ...

#( ).

A hand in VS contains 5 cards drawn from the 39 cards that are not spades. Thus 
#(VS) = C(39,5), and similarly for each of the terms in the first pair of large brackets of 
the above expression. A hand in VS ∩ VH consists of 5 cards drawn from the 26 cards 
that are neither spades nor hearts. Thus #(VS ∩ VH) = C(26,5), and similarly for the 
other terms in the second pair of brackets. These terms correspond to all the ways 
of choosing two suits from the four suits in the pack, so there are C(4,2) terms in the 
second pair of brackets. In the same way we see that there are C(4,1) terms in the third 
pair of brackets, each of them equal to C(13,5). Finally, of course, there are no five-card 
hands that contain no card of any suit and so #(VS ∩ VH ∩ VD ∩ VC) = 0. Therefore

	
#( ) ( , ) ( , ) ( , ) ( , )V V V V C C C CS H D c∪ ∪ ∪ = − +4 1 39 5 4 2 26 5 CC C( , ) ( , )

, , ,

4 3 13 5

4 575 757 6 65 780 4 1 287 1= × − × + × = ,, , ,913 496

which agrees with our earlier solution to Problem 2.11 in Chapter 2.
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If you compare the solutions to Problems 2.11 and 4.2, you will see that, in this case, 
the use of the inclusion–exclusion theorem does not save a lot of work, as in the solution 
to Problem 2.11 we needed to consider only five different suit distributions. However, 
with larger hands, where there are many more possible suit distributions, the use of 
inclusion–exclusion theorem saves a lot of work. This is illustrated by Exercise 4.1.3A.

The next problem involves an application of the inclusion–exclusion theorem of a 
different kind.

Problem 4.3
A set of n objects is sampled at random with replacement. What is the probability that, 
after s samples have been drawn, each object has been sampled at least once?

Solution
“Sampling with replacement” means that the set from which the samples are drawn 
remains the same throughout. It occurs in many different contexts. For example, both 
bird watchers and train spotters can be thought of as sampling with replacement. 
Also, when you throw dice, you are sampling the numbers on the dice with replace-
ment, since the set of numbers that can come up on each throw stays the same. Likewise, 
tossing a coin can be thought of as sampling with replacement the two sides of the 
coin. These cases are different from problems involving, for example, hands of cards, 
where, when a card has been drawn from the pack, it cannot be selected again.

Sampling at random is intended to mean that any sequence of s samples is as likely 
to be drawn as any other. So the required probability in Problem 4.3 is just the ratio

	 #(Sequences of samples in which each objes cct occurs)
All sequences of samples)#(

.
s

	 (4.2)

We will use θ(n,s) for this ratio. The number in the denominator of Equation 4.2 is very 
easy to calculate. As we are sampling with replacement, each time we draw a sample, we 
have n objects to choose from. Hence a sequence of s samples can be selected in ns ways.

To calculate the number in the numerator of Equation 4.2, it is easier first to cal-
culate the number of sequences of s samples in which at least one of the objects does 
not occur. We let Ai be the set of those sequences of s samples in which the ith object is 
missing. The number in the numerator of Equation 4.2 is therefore n As

i
n

i− =#( )∪ 1 . Now, 
by the inclusion–exclusion theorem,

	 # ( ) #( ... )
..

A A Ai
i

n
k

i i
i

k

=

+

≤ <









 = − ∩ ∩

1

1

1

1
1

1

∪
..

.
< ≤=

∑∑










i nk

n

k1

Here A Ai ik1
∩ ∩...  is the set of those sequences of s samples in which k of the objects 

do not occur, and hence in which each sample may be chosen in (n−k) ways. It follows 
that #( ... ) ( )A A n ki i

s
k1

∩ ∩ = − . Now, there are C(n,k) ways of choosing the k numbers 
i1,…,ik from the set {1,2,…,n}. Consequently, the numerator of Equation 4.2 is equal 
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to n C n k n ks
k
n k s− ∑ − −=

+
1

11( ) ( , )( ) . We can rewrite this as ∑ − −=k
n k sC n k n k0 1( ) ( , )( ) . So the 

required probability is given by

	 θ( , ) ( ) ( , )( ) .n s
n

C n k n k
s

k s

k

n

= − −
=

∑1 1
0

Problem 4.4
How many times do you need to toss a fair coin to have a probability greater than 0.99 
of throwing at least one head and at least one tail?

Solution
As we noted above, tossing a coin can be viewed as sampling with replacement from the 
two-element set {H,T}, where H = head and T = tail. So, it is the case of Problem 4.3 with 
n = 2. Consequently, the probability that both a head and a tail are thrown in s tosses is

	 θ( , ) ( ) ( , )( ) ( )2 1
2

1 2 2 1
2

2 2
0

2

s C k k
s

k s

k
s

s= − − = − =
=

∑ 11 1
2 1

−
−s

.

(Note that in this particularly simple case, we didn’t really need to use the general 
formula. With s tosses, there are 2s sequences of possible outcomes, of which just two, 
HH … H and TT … T, do not include at least one head and at least one tail.)

We therefore seek the least s such that 1 −(1/2s − 1) > 0.99. This inequality is equivalent 
to 2s > 200. The smallest integer s satisfying this last inequality is s = 8.

There is no straightforward way to simplify the formula for θ(n,s) in general. 
However, in two special cases we can do this.

Theorem 4.3
	 a.	 For all positive integers n, s, if s < n, then

	 θ( , ) ( ) ( , )( ) .n s
n

C n k n k
s

k s

k

n

= − − =
=

∑1 1 0
0

	 (4.3)

	 b.	 For all positive integers n,

	 θ( , ) ( ) ( , )( ) ! .n n
n

C n k n k n
nn

k n

k

n

n
= − − =

=
∑1 1

0

	 (4.4)

Proof
	 a.	 When s < n there cannot be a sequence of s samples that includes all the n objects. 

So in this case θ(n,s) = 0.
	 b.	 When s = n, a sequence of s samples containing each of the n objects must contain 

each of them just once, and hence is just a permutation of those objects. Now 
there are n! permutations of n objects, and so θ(n,n) = n!/nn.
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Exercises
	 4.1.1A	� How many integers are there in the range from 1 to 1,000,000 that are 

either perfect squares or perfect cubes or both?
	 4.1.1B	� How many integers are there in the range from 1 to 1,000,000 that are 

divisible by 7 or 11 or both?
	 4.1.2A	� How many integers are there in the range from 1 to 1,000,000 that are 

divisible by none of 2, 3, 5, and 7?
	 4.1.2B	� How many integers are there in the range from 1 to 1,000,000 that are not 

powers, that is, not of the form nk where k, n are positive integers with k ≥ 2?
	 4.1.3A	� How many bridge hands (hands of 13 cards drawn from the standard pack 

of 52 cards) are there that include at least one void suit?
	 4.1.3B	� If a pack consists of cards from p suits with n cards in each suit, find a for-

mula for the probability that a hand of n cards from this pack includes at 
least one card from each suit.

	 4.1.4A	� Euler’s ϕ-function plays an important role in number theory. For each 
positive integer n, ϕ(n) is the number of integers in the range from 1 to n 
that have no prime factors in common with n. For example, ϕ(12) = 4 since 
there are four positive integers in the range from 1 to 12 that have no prime 
factors in common with 12, namely, 1, 5, 7, and 11.

	   Use the inclusion–exclusion theorem to show that, if the distinct prime 
factors of n are p1, p2,…,pk, then

	 φ( ) ... .n n
p p pk

= −





−





−





1 1 1 1 1 1
1 2

	 4.1.4B	 Calculate the values of (a) ϕ(1,000,000) and (b) ϕ(7!), that is, ϕ(5040).
	 4.1.5A	� How many times do you need to throw a standard die so that there is a 

probability greater than 0.5 that each of the numbers 1, 2, 3, 4, 5, and 6 is 
thrown at least once?

	 4.1.5B	� If two coins are tossed, there are four equally likely outcomes, HH, HT, 
TH, and TT. How many times do you need to toss two coins so that there 
is a probability greater than 0.9 that each of these outcomes occurs at 
least once?

	 4.1.6A	� Suppose that the sets Xi for 1 ≤ i ≤ n are pairwise disjoint, and each contains 
p elements. Let X Xi

n
i= =∪ 1 . Show that if X is sampled with replacement at 

random, the probability that a sequence of s samples contains at least one 
element from each of the sets Xi is θ(n,s); that is, it is independent of p.

	 4.1.6B	� A bag contains equal numbers of red, green, blue, and yellow balls. One 
ball is drawn at random from the bag and then replaced. If this is done 
eight times, what is the probability that at least one ball of each color is 
drawn from the bag?

	 4.1.7A	� Cards are drawn at random from a standard pack and then replaced. How 
many times do you need to do this to have a probability of more than 0.99 
that you have drawn at least one card of each rank?

	 4.1.7B	� Cards are drawn at random from a standard pack and then replaced. How 
many times do you need to do this to have a probability of more than 0.99 
that you have drawn at least one card of each suit?
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4.2 D erangements
We now come to the “Snap” problem from Chapter 1, there called Problem 4. As we said, 
the answer may come as a surprise.

Problem 4.5
Two fully shuffled standard packs of 52 cards are placed face down and side by side. 
One after another, pairs of cards, one from each pack, are turned over. What is 
the probability that, as all 52 pairs are turned over, at least one pair of cards will be 
the same?

Comment
Before reading the solution below, try to estimate this probability or, better still, solve 
the problem for yourself.

Solution
We can calculate the required probability, say p52, by assuming that the order of the 
cards in one of the packs is fixed and then counting the number of arrangements of the 
second pack where there is at least one coincidence with the first pack. Then p52 is this 
number divided by the total number of arrangements of the cards in the second pack, 
which is, of course, 52!

For 1 ≤ i ≤ 52 we let Ai be the set of those arrangements of the second pack in which 
the ith card coincides with the ith card of the first pack. Then
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Given 1 ≤ i1 < … < ik ≤ 52, A Ai ik1
∩ ∩...  is the set of those arrangements of the 

second pack in which the card in each position i1,…, ik is identical to the card in the 
same position in the first pack. The other (52 − k) cards can be arranged in any order 
in the remaining (52 − k) positions. Therefore #( ... ) ( )!A A ki ik1

52∩ ∩ = −  Hence, by the 
inclusion–exclusion theorem,
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The good thing is that this last expression simplifies because
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and therefore
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	 (4.5)

Of course, for a pack of n cards, all we would need to do is to substitute n for 52 through-
out the solution. Hence the probability, pn, for packs of n cards is given by Equation 4.5 
with 52 replaced by n.

We can easily relate the number given by Equation 4.5 to the number e. Using the 
series for ex in the case where x = −1, we have e kk

k−
=

∞= ∑ −1
0 1[( ) !], and hence

	 1 11
1

1

− = −−
+

=

∞

∑e
k

k

k

( )
!

. 	 (4.6)

Comparing Equations 4.5 and 4.6, we see that p52 is given by the first 52 terms of the 
infinite series in Equation 4.6. This series converges so rapidly that 1 − e−1 provides a very 
good approximation to the value of p52. More generally, as we have already noted, if pn is 
the probability of a coincidence with two packs of n cards, pn is given by the first n terms 
of the series for 1 − e−1. The rapid convergence of this series means that once we have six 
cards in the pack, the probability of at least one coincidence does not change appreciably 
as the number of cards in the pack increases. This is shown by Table 4.1, which gives the 
values of pn for 1 ≤ n ≤ 13 and also the value of 1 − e−1, all to nine decimal places.

So, the remarkable, almost unbelievable, truth is that a coincidence of at least one 
pair of identical cards occurs in almost two cases in every three and that once we have 
at least six cards, the number of cards in the pack hardly affects this probability.

An arrangement of n objects in which no object occupies its original position is 
called a derangement of those objects. Problem 4.5 involves counting the number of 

Table 4.1

n pn

1 1.000000000
2 0.500000000
3 0.666666667
4 0.625000000
5 0.633333333
6 0.631944444
7 0.632142857
8 0.632118056
9 0.632120811

10 0.632120536
11 0.632120561
12 0.632120559
13 0.632120559

1 − e−1 0.632120559
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arrangements of the second pack that are not derangements of the first pack. Using the 
method of that problem we can easily arrive at the following result.

Theorem 4.4
The number of derangements of a set of n objects is

	 n
k

k

k

n

! ( )
!

.−

=
∑ 1

0

The series in Theorem 4.4 consists of the first n + 1 terms of the infinite series for e−1, 
hence the number of derangements of a set of n objects is approximately n!e−1, and this 
approximation is very accurate for n ≥ 6.

Exercises
	 4.2.1A	� If letters to 10 different people are placed, at random, in 10 envelopes 

addressed to the same people, what is the probability that every letter is put 
into the wrong envelope?

	 4.2.1B	� In our village we have a baker, a grocer, a publican, and a policeman. They 
are called Mr. Bun, Mr. Sugar, Mr. Pale-Ale, and Mr. Copper, but Mr. Bun is 
not the baker, Mr. Sugar is not the grocer, Mr. Pale-Ale is not the publican, 
and Mr. Copper is not the policeman. How many possibilities remain for 
the last names of the baker, grocer, publican, and policeman?

	 4.2.2A	� For the purpose of this and the next question, by an anagram of a given 
word (or, more generally, a string of letters), we mean a rearrangement of 
the letters so that in each position there is a change of letter. Thus when 
all the letters of a word are different, an anagram is just the same as a 
derangement of its letters, but when some letters are repeated, not all the 
derangements are anagrams. For example, the word NOON has just the 
one anagram ONNO, and the word BALL has the two anagrams LLAB and 
LLBA, whereas TEE has no anagrams at all. (Of course, we do not insist 
that an anagram of a word must be another word of our language.)

	   How many anagrams do each of the following words have?
	 i. ROBOT	 ii. ANAGRAM	 iii. TENNESSEE

	 4.2.2B	 i. How many anagrams does AABBCC have?
	 ii.	How many anagrams does a string of letters made up of r As, s Bs, and 

t Cs have?

4.3  A Formula for the Stirling Numbers
The Stirling numbers, S(n,k), were introduced in Chapter 3. They give the number of 
ways of placing n distinct balls in k identical boxes, so that no box is empty. Theorem 3.4 
gives a recurrence relation* satisfied by these numbers. We can now use the argument of 
Problem 4.3 to obtain an explicit formula for them.

*	 See Chapter 7, Section 7.3, for a discussion of what is meant by a “recurrence relation.”
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Theorem 4.5
For all integers n,k with 1 ≤ k ≤ n,

	 S n k
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∑1 1
0

1

	 (4.7)

Proof
We have noted in Chapter 3 that k!S(n,k) is the number of different ways of placing n 
distinct balls in k distinct boxes so that no box is empty and that this is the same as the 
number of surjective functions from a set with n elements to a set with k elements. So 
we can obtain a formula for S(n,k) by calculating this number and then dividing by k!

We can take A = {1,…, n} to be our set of n elements, and we let B = {1,…, k} be our 
set of k elements. There are altogether kn different mappings from A to B. We count the 
number of these mappings that are not surjective. For 1 ≤ i ≤ k, we let Xi be the set of 
those mappings f : A → B that do not take the value i. So we are aiming to calculate the 
value of # ∪ i

k
iX=( )1 . Naturally, we do this by using the inclusion–exclusion theorem, 

which tells us that
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The argument we now use is one that we have seen before. There are C(k,s) ways 
to choose the numbers i1,…,is in the range from 1 to k. For each of these choices, 
X Xi is1

∩ ∩...  is the set of those functions f : A → B that do not take any of the values 
i1,…, is. So for each function f in this set, and for each integer j with 1 ≤ j ≤ n, there are 
(k − s) choices for f( j ). Hence #( ... ) ( )X X k si is

n
1
∩ ∩ = − . Therefore, by Equation 4.8,
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and hence the number of surjective functions f : A → B is
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It therefore follows that
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When s = k, (k − s)n = 0, the last term of the sum in Equation 4.9 is 0, and so 
Equation 4.9 is equivalent to Equation 4.7 that we were aiming to prove. So this com-
pletes the proof.
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Exercises
	 4.3.1A	� Use the formula in Equation 4.7 to calculate the values of S(4,2) and S(8,4), 

and check that the values you get agree with those given in Table 3.2.
	 4.3.1B	� Use the formula in Equation 4.7 to calculate the values of S(7, k) for 1 ≤ k ≤ 7, 

and check that the values you get agree with those given in Table 3.2.
	 4.3.2A	� Use the recurrence relation S(n,k) = S(n − 1,k − 1) + kS(n − 1,k) of Theorem 

3.4, and the fact that S(n,1) = 1 for each positive integer, to give a proof of 
Theorem 4.5 by mathematical induction.

	   (Use induction on n to prove that for every positive integer n ≥ 1, for 
integers k with 1 ≤ k ≤ n, the formula in Equation 4.7 of Theorem 4.5 holds. 
This is a good example of a case where once you know which formula it is 
you want to prove, proof by mathematical induction is a useful tool. As you 
will see, it enables us to prove Equation 4.7 just by algebraic manipulations. 
However, it wouldn’t be much use if all we had was the recurrence relation, 
and we didn’t have any idea what the correct formula was.)

	 4.3.2B	� Verify that Theorem 4.5 gives the same answers as does Theorem 3.5 of 
Chapter 3; namely, that for all positive integers n, S(n,1) = S(n,n) = 1, and 
for n ≥ 2, S(n,2) = 2n−1 − 1.
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5C h a p t e r  

Stirling and Catalan Numbers

5.1 S tirling Numbers
One of the pleasures of studying mathematics lies in discovering how the same ideas, 
numbers, and so on keep cropping up in different settings. In the case of (collections of) 
numbers, in particular, many are named after famous mathematicians, often their origi-
nators or principal investigators. Apart from the well-known Fibonacci numbers, there 
are numbers named after Fermat, Bernoulli, Euler, Mersenne, Lucas, Carmichael, Ramsey 
(whom we meet in Chapter 16), and many more.*

In this chapter we consider just two classes of numbers, one named after the Scottish 
mathematician Stirling, the other after the French/Belgian mathematician Catalan. The 
former class was, indeed, introduced by Stirling, while the latter class was essentially intro-
duced by Euler, with other mathematicians studying them before Catalan’s time. So, what 
problems gave rise to these numbers?

In his book Methodus Differentialis (1730; following a paper of the same name in 1719) 
James Stirling† introduced methods by which he could quickly determine, accurate to 
many decimal places, the approximate value of various slowly converging series. For exam-
ple, he was able to calculate n n=

∞∑ 1
21( ) to 17 places of decimals. (Proceeding naively would 

require, approximately, adding the first 1,000,000,000 terms!) To do this Stirling needed 
to determine the coefficients an,k arising when the so-called falling factorial polynomial 
x(x–1)(x–2)…(x–[n–1]) is written in the form an,nxn – an,n–1xn–1 + … + (–1)n–1an,1x (the minus 
signs being chosen so that all the terms an,k are positive) as well as the converse problem 

*	 Not forgetting Erdös! Paul Erdös, who was born in Budapest on March 26, 1913, was a prolific and towering figure 
in combinatorics. He wrote 1475 research papers, mostly in collaboration. Altogether he had some 485 coauthors. 
He died in Warsaw on September 20, 1996. Your Erdös number, if it exists, is the least integer n such that there is a 
sequence of people E0,E1,...,En where E0 is Erdos, En is you, and for each k, 0 ≤ k < n, Ek has coauthored a published 
research paper with Ek+1. There is an excellent biography of Erdös, The Man Who Loved Only Numbers, by Paul 
Hoffman, Fourth Estate, London, 1998.

†	 James Stirling was born in Scotland in 1692. He was a student in Glasgow and Oxford, and then went to Venice. 
He settled in London in 1724. In his later life Stirling turned his attention to engineering. He was employed by 
the Scottish Mining Company and moved back to Scotland in 1735 to Leadhills, Lanarkshire, a village near the 
company’s lead mines. He died in Edinburgh on December 5, 1770.
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of finding the coefficients bn,k arising when xn is expressed in terms of the falling factorial 
polynomials, so that

	 xn = bn,nx(x–1)..(x–[n–1]) + bn,n–1x(x–1)…(x–[n–2]) + … + bn,2x(x–1) + bn,1x.

The definition of falling factorial polynomials given above is fairly easy to grasp, but 
clearly a succinct notation would be a help. So for each integer k > 0 we use [x]k for the 
falling factorial polynomial x(x–1)…(x–[k–1]). Note that the suffix k indicates the degree 
of the polynomial.

Problem 5.1
Calculate the values of the numbers an,k for 1 ≤ n ≤ 5 and 1 ≤ k ≤ n.

Solution
[x]1 = x
[x]2 = x(x–1) = x2–x
[x]3 = x(x–1)(x–2) = x3–3x2 + 2x
[x]4 = x(x–1)(x–2)(x–3) = x4–6x3 + 11x2–6x 
[x]5 = x(x–1)(x–2)(x–3)(x–4) = x5–10x4 + 35x3–50x2 + 24x

Therefore we have Table 5.1 giving the numbers an,k, for 1 ≤ n ≤ 5 and 1 ≤ k ≤ n.

Problem 5.2
Calculate the numbers bn,k, for 1 ≤ n ≤ 4 and 1 ≤ k ≤ n.

Solution
[x]1 = x, and hence b1,1 = 1.
[x]2 = x2–x, and hence x2 = [x]2 + x = [x]2 + [x]1. Therefore b2,2 = 1 and b2,1 = 1.
[x]3 = x3–3x2 + 2x, and hence x3 = [x]3 + 3x2–2x = [x]3 + 3([x]2 + [x]1)–2[x]1 = [x]3 

+ 3[x]2 + [x]1. Therefore b3,3 = 1, b3,2 = 3, and b3,1 = 1.
[x]4 = x4–6x3 + 11x2–6x, and hence x4 = [x]4 + 6x3–11x2 + 6x = 
		  [x]4 + 6([x]3 + 3[x]2 + [x]1)–11([x]2 + [x]1) + 6[x]1 = [x]4 + 6[x]3 + 7[x]2 + [x]1. 

Therefore b4,4 = 1, b4,3 = 6, b4,2 = 7, and b4,1 = 1.

Table 5.1 

an,k

k

1 2 3 4 5

n 1 1
2 1 1
3 2 3 1
4 6 11 6 1
5 24 50 35 10 1
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Using the same method you should find that x5 = [x]5 + 10[x]4 + 25[x]3 + 15[x]2 + [x]1. 
Hence we have Table 5.2.

The above coefficients cry out for investigation. Do any of them ring any bells? 
Table  5.1 may not be familiar, but look at the entries in Table 5.2. Yes, they are the 
same as the numbers in Table 3.2 giving the values of S(n,k). Recall that S(n,k) is the 
number of ways of placing n distinct balls in k identical boxes, so that no box is empty. 
Comparing the two tables we see that for 1 ≤ n ≤ 5 and 1 ≤ k ≤ n, bn,k = S(n,k). Is this 
just a coincidence? As we now show, we can prove, using mathematical induction, that 
this equality is always true.

Theorem 5.1 
For each integer n ≥ 1, we have 

	 xn = S(n,n)[x]n + S(n,n–1)[x]n–1 + … + S(n,1)[x]1, 

that is, 

	 x S n k xn
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Proof
Base. As S(1,1) = 1, and [x] = x, we have that x = S(1,1)[x]1, and so the result holds for 
n = 1. 

Induction step. Suppose the result holds for n = t, that is, that
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It follows from Equation 5.1 that 
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Table 5.2

bn,k

k

1 2 3 4 5

n 1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
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Now [x]k (x–k) = x(x–1)(x–2)…(x–[k–1])(x–k) = [x]k + 1, and hence it follows from 
Equation 5.2 that 

x S t k x kS t k x
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k
k

t
+

+
= =
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1
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2k
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=
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Now, S(t,1) = 1 = S(t + 1,1), S(t,t) = 1 = S(t + 1,t + 1), and, by Theorem 3.4, kS(t,k) 
+ S(t,k–1) = S(t + 1,k). Hence, it follows from Equation 5.3 that x S t k xt

k
t

k
+

=
+= ∑ +1

1
1 1( , )[ ] . 

Therefore the results hold also for n = t + 1. It follows, by mathematical induction, that 
the result is true for all integers n ≥ 1.

Problem 5.A is another instance where the numbers S(n,k) arise. In calculus the 
operator θ = xD = x(x/dx) occurs frequently. We let, as usual, θn and Dn be these 
operators repeated n times, so that, in particular, Dn is the operator dn/dxn. Then, 
if f is a function that can be differentiated as often as required, and as θf = xDf, we 
see that θ 2f = xD(xDf ) = x(Df + xD2f ) = xDf + x2D2f. (Note that D(xDf ) = Df + xD2f 
is obtained by applying the product rule to differentiate the product xDf.) Thus the 
operators θ 2 and xD + x2D2 are identical.

Problem 5.3 
Show that θ3 = xD + 3x2D2 + x3D3, and find a similar expression for θ4. 

Solution
We have that θ3 = θ(θ2) = xD(xD + x2D2) = x([D + xD2] + [2xD2 + x2D3]) = xD + 3x2D2 
+  x3D3.

Similarly, θ4 = θ (θ3) = xD(xD + 3x2D2 + x3D3) = x([D + xD2] + [6xD2 + 3x2D3] 
+ [3x2 D3 + x3D4]) = xD + 7x2D2 + 6x3D3 + x4D4. 

At this stage, you will notice that the coefficients 1, 7, 6, 1 that occur in this last 
expression are the values of the Stirling numbers, S(4,k), for k = 1,2,3,4. We ask you to 
prove that this generalizes in Exercise 5.1.7B.

The numbers S(n,k) are usually called Stirling numbers of the second kind. The num-
bers an,k were also introduced by Stirling and are usually called Stirling numbers of the 
first kind. We shall use the notation s(n,k) for these numbers. As the names “Stirling 
numbers of the second kind” and “Stirling numbers of the first kind” are rather cum-
bersome, we shall follow the notation S(n,k) and s(n,k) and call these numbers Stirling 
numbers and stirling numbers, respectively.

Therefore, we define the stirling number, s(n,k), as follows.
Definition 5.1
For each pair of integers k, n such that 1 ≤ k ≤ n we define the stirling number, s(n,k), to 
be the modulus of the coefficient of xk in the expansion of [x]n. That is, s(n,k) = an,k.
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Because [x]n = x(x–1)(x–2)…(x–[n–1]), the coefficient of xk in [x]n is positive or nega-
tive according to whether n – k is even or odd. Thus s(n,k) = (–1)n–k × the coefficient of 
xk in [x]n, and, conversely, the coefficient of xk in [x]n is (–1)n–ks(n,k). 

Table 5.1 gives the values of s(n,k) for 1 ≤ k ≤ n ≤ 5. To extend this table it would be 
useful to have a recurrence relation for the numbers s(n,k), analogous to that one we 
have already given for S(n,k) in Theorem 3.4. And, indeed, we have:

Theorem 5.2
For all integers k, n such that 2 ≤ k < n, we have 

	 s(n,k) = s(n–1,k–1) + (n–1)s(n–1,k).

Proof
We have that [x]n = x(x–1)(x–2)…(x–[n–2])(x–[n–1]) = [x]n–1(x–[n–1]). Thus

	 [x]n = x[x]n–1–(n–1)[x]n–1.	 (5.4)

Now the coefficient of xk in x[x]n–1 is the same as the coefficient of xk–1 in [x]n–1, and the 
coefficient of xk in –(n–1)[x]n–1 is –(n–1) × the coefficient of xk in [x]n–1. Hence (–1)n–ks(n,k) = 
(–1)(n–1)–(k–1)s(n–1,k–1) – (n–1)(–1)(n–1)–ks(n–1,k) = (–1)n–k[s(n–1,k–1) + (n–1) s(n–1,k)]. Hence 
s(n,k) = s(n–1,k–1) + (n–1)s(n–1,k).

Problem 5.4
Use Theorem 5.2 to calculate the values of s(n,k) for n = 6,7 and 1 ≤ k ≤ n, and thus 
extend Table 5.1, to give the values of s(n,k) for 1 ≤ k ≤ n ≤ 7.

Solution
We have, for example, that, by Theorem 5.2, s(6,4) = s(5,3) + 5s(5,4) = 35 + 5 × 10 = 85. 
In a similar way we obtain the other values shown in Table 5.3.

From the very idea of writing the polynomials [x]n in terms of the polynomials xk, 
using the coefficients (–1)n–ks(n,k) and the polynomials xn in terms of the polynomi-
als [x]k using the coefficients S(n,k), it is not surprising that the stirling and Stirling 
numbers are kinds of “inverses” of each other. In fact, if, for some n, you take the n × n 
matrices ( ) ( , )−( )+1 i j s i j  and S i j( , )( )  and multiply these matrices together, you should 
obtain something that might surprise you (see Exercises 5.1.2A and 5.1.2B). Of course, 
it shouldn’t be so surprising when you recall that, given the two pairs of equations 
u = ax + by, v = cx + dy, then if these can be solved to give x = pu + qv, y = ru + sv,

the matrices 
a b
c d







  and  p q
r s







are inverses of each other.

Table 5.3

s(n,k)

k

1 2 3 4 5 6 7

n 6 120 274 225 85 15 1
7 720 1764 1624 735 175 21 1
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But is that all these stirling numbers are good for? By no means! Although the stirling 
numbers, s(n,k), do not seem to occur as prominently in combinatorics as do the Stirling 
numbers, S(n,k), they have some intimate connections with permutations, as shown below.

Exercises
	 5.1.1A	 Write [x]6 as a polynomial in x. 
	 5.1.1B	 Write [x]7 as a polynomial in x.
	 5.1.2A	� For each n we let Pn be the matrix ( ) ( , ) ,−( )+

≤ ≤ ≤ ≤1 1 1
i j

i n j ns i j  made up of the 
coefficients in the polynomials [x]k for 1 ≤ k ≤ n, and let Qn be the matrix 

S i j i n j n( , ) ,( ) ≤ ≤ ≤ ≤1 1  of Stirling numbers. Thus from Tables 5.1 and 5.2 we see that 

	 P P Q2 3 2
1 0
1 1

1 0 0
1 1 0

2 3 1

1 0
=

−






= −
−













 =, ,

11 1

1 0 0
1 1 0
1 3 1

3






=












, .Q

Check that Q2 is the inverse of P2 and that Q3 is the inverse of P3.
	 5.1.2B	� Using the same notation as in Exercise 5.1.2A, check that the matrix Q4 is 

the inverse of the matrix P4.
	 5.1.3A	 Show that, for each integer n ≥ 1, s(n,1) = (n–1)! 
	 5.1.3B	 Show that, for each integer n ≥ 1, S(n,n–1) = [n(n–1)]/2 = s(n,n–1).
	 5.1.4A	 Show that, for each integer n ≥ 1, s(n,1) + s(n,2) + ... + s(n,n) = n!
	 5.1.4B	 Show that, for each integer n > 1, s(n,1)–s(n,2) + ... + (–1)n–1s(n,n) = 0.
	 5.1.5A	 Show that, for all positive integers k, n, ∑ = + −=r

n rs n r k n C k n n1 1( , ) ! ( , ).
	 5.1.5B	� Show that, for all positive integers k, n, ∑ − + − ==

+
r
n n r nr S n r C k r r k1 1 1( ) ! ( , ) ( , ) .

	 5.1.6A	� Show, directly from the definition, that, for all integers k, n, with 1 ≤ k ≤ n, 
s(n,k) is the sum of all the products of n – k different integers taken from the 
set {1,2,...,n–1}.

	 5.1.6B	� Show by mathematical induction that for all integers k, n, with 1 ≤ k < n, 
S(n,k) is the sum of all products of n – k integers taken from the set {1,2,...,k} 
with repetitions allowed.

	 5.1.7A	� Let θ be the operator of Problem 5.3. Find θ5 in terms of the expressions 
xkDk for 1 ≤ k ≤ 5, and verify that the coefficient of xkDk is the Stirling num-
ber S(5,k).

	 5.1.7B	� Let θ be the operator of Problem 5.3. Prove that, for each positive integer n, 

	 θn k k

k

n

S n k x D=
=

∑ ( , ) .
1

5.2  Permutations and Stirling Numbers
Recalling, from Chapter 2, how we expressed permutations as products of disjoint cycles, 
we begin with a simple definition.

Definition 5.2
For all integers k, n with 1 ≤ k ≤ n, we let Perm(n,k) be the set of permutations of the 
set {1,2,3,...,n} made up of exactly k disjoint cycles, and we let p(n,k) be the number of 
permutations in Perm (n,k), that is, p(n,k) = #(Perm(n,k)). 
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Note that in counting the number of disjoint cycles, we include the cycles of length 1, 
so that, for example, the permutation (1 6 2)(3)(4 5) is in the set Perm(6,3). 

Problem 5.5
Show that, for all positive integers n, p(n,n) = 1 and p(n,1) = (n–1)! 

Solution
A permutation in Perm(n,n) is a permutation of {1,2,3,...,n} made up of exactly n dis-
joint cycles. Such a permutation must be made up entirely of cycles of length 1, and so 
must be the identity permutation that fixes each member of the set. Thus there is just 
one such permutation. That is, p(n,n) = 1. We have shown that p(n,1) = (n–1)! in the 
solution to Exercise 2.6.3A.

Problem 5.6
Find a formula for p(n,n–1).

Solution
A permutation in Perm(n,n–1) is a permutation of {1,2,3,...,n} made up of n–1 dis-
joint cycles. Such a permutation must consist of n–2 cycles of length 1 and one 
cycle of length 2, and is thus entirely determined by the two numbers that occur 
in the cycle of length 2. These two numbers may be chosen in C(n,2) ways. Hence 
p(n,n–1) = C(n,2) = [n(n–1)]/2.

Problem 5.7
Prove that

	 p n

n
k n k

k

m

( , )

!
( )

,

2

1

1
=

−
=

∑ wherre is odd, withn n m

n
m k n k

k

= +

+
−

=

2 1

1
2

1
2

1

,

!
( )

mm

n n m
−

∑







 =

1

2, where is even, with ..














Solution
A permutation in Perm(n,2) consists of two disjoint cycles, of lengths, say, k and l, 
where k + l = n. There are C(n,k) ways to choose the numbers making up the cycle of 
length k. For any k of these numbers there are (k–1)! different cycles of length k made 
up from them, and (n–k–1)! different cycles of length n–k made up from the remaining 
numbers. So, for k ≠ l, there are 

	 C n k k n k n k n k
k n

( , ) ( )! ( )! !( )!( )!
!(

× − × − − = − − −1 1 1 1
−−

=
−k

n
k n k)!

!
( )

permutations of {1,2,3,...,n} made up of a cycle of length k and a cycle of length n–k. In 
the case where n = 2m is even, and k = l = m, we need to divide this number by 2, as the 
order in which the two permutations of length m are written is immaterial. So in this 
case there are 
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	 1
2 2 2 2 2

n
m m m m

n
m

!
( )( )

!
− −







=

permutations made up of two cycles each of length m. Thus the formula of the problem 
is correct.

We now show that the numbers p(n,k) are the stirling numbers, s(n,k), in disguise. 
We first show that they satisfy the same recurrence relation as given in Theorem 5.2, 
namely,

	 s(n,k) = s(n–1,k–1) + (n–1)s(n–1,k).

Theorem 5.3
For all integers k, n, such that 2 ≤ k < n,

	 p(n,k) = p(n–1,k–1) + (n–1)p(n–1,k).

Proof
Suppose 2 ≤ k < n. The permutations in Perm(n,k) are the permutations of {1,2,3,...,n} 
made up of exactly k cycles. This set can be partitioned into two disjoint subsets, say X1 
and X2, where X1 consists of those permutations in Perm(n,k) in which n is in a cycle by 
itself, and X2 consists of all the other permutations in Perm(n,k). 

If we have a permutation in X1 and delete the cycle (n) we are left with a permuta-
tion of {1,2,3,...,n–1} made up of k–1 cycles, that is, a permutation in Perm(n–1,k–1). 
Conversely, given a permutation in Perm(n–1,k–1), by adding the cycle (n) we obtain 
a permutation in X1. This gives a one–one correspondence between X1 and Perm(n–
1,k–1). Hence #(X1) = #(Perm(n–1,k–1)) = p(n–1,k–1).

Now consider a permutation in X2, namely, a permutation of {1,2,3,...,n} made up of 
k cycles, and in which n is not in a cycle by itself. If we remove n from the cycle in which 
it occurs, then we are left with a permutation of {1,2,3,...,n–1} that is still made up of k 
cycles, that is, a permutation in Perm(n–1,k). We note that in this process different per-
mutations in X2 give rise to the same permutation in Perm(n–1,k). For example, when 6 
is deleted from each of the permutations

	 (1  6  2)(3)(4  5),  (1  2  6)(3)(4  5), (1  2)(3  6)(4  5),  (1  2)(3)(4  5  6), (1  2)(3)(4  6  5),

we are left with the same permutation, namely, (1  2)(3)(4  5) from Perm(5,3). 
Going the reverse direction, given a permutation (a1 a2 ... ar)(ar + 1 ... as)...(ay + 1 ... an–1) in 

Perm(n–1,k), we can obtain n–1 different permutations in X2 by inserting n before each aj, 
for 1 ≤ j ≤ n–1 in this permutation. Hence #(X2) = (n–1)# (Perm(n–1,k)) = (n–1)p(n–1,k).

Now Perm(n,k) = X1∪X2, and the sets X1, X2 are disjoint. It follows that 
P(n,k) = #(Perm(n,k)) = #(X1) + #(X2) = p(n–1,k–1) + (n–1)p(n–1,k)).

Theorem 5.4
For all integers k, n with 1 ≤ k ≤ n, p(n,k) = s(n,k).
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Proof
We have seen that for all n ≥ 1, p(n,1) = (n–1)! = s(n,1). (See Exercise 5.1.3A and Problem 
5.5.) Also, by Theorems 5.2 and 5.3, the numbers s(n,k), p(n,k) satisfy the same recurrence 
relation. It follows that for all integers k, n with 1 ≤ k < n, p(n,k) = s(n,k). Finally, for each 
positive integer n, p(n,n) = 1 = s(n,n). Hence for all integers k, n, 1 ≤ k ≤ n, p(n,k) = s(n,k).

If you compare the entries in Tables 5.1 and 5.2 you will find that we always have 
S(n,k) ≤ s(n,k). Does this state of affairs persist? Theorem 5.5 shows that the answer is 
in the affirmative.

Theorem 5.5
For all integers k, n, such that 1 ≤ k ≤ n, we have S(n,k) ≤ s(n,k).

Proof
S(n,k) is the number of partitions of the integers {1,2,3,...,n} into k disjoint, nonempty 
subsets. To each such partition P = {a1,a2,...,ak}∪{b1,b2,...,bl}∪...∪{z1,z2,...,zt}, we associ-
ate the permutation P* written in cycle notation as (a1 a2 ... ak)(b1 b2 ... bl)...(z1 z2 ... zt). P* 
is a permutation of {1,2,3,...,n} made up of exactly k cycles, that is, P* ∈ Perm(n,k). The 
mapping P→P* is injective. It follows that S(n,k) ≤ #(Perm(n,k)) = s(n,k). 

Exercises
	 5.2.1A	 Find a general formula for p(n,n–2), with n ≥ 4.
	 5.2.1B	 Find general formulas for p(n,n–3). 
	 5.2.2A	� Show that, for each integer n > 1, 0!S(n,1)–1!S(n,2) + ... + (–1)n–1(n–1)!S(n,n) 

= 0.
	 5.2.2B	� Show that, for all positive integers k, n, with k ≤ n, kn = C(k,1)S(n,1)1! + 

C(k,2)S(n,2)2! + ... + C(k,k)S(n,k)k!
	 5.2.3A	� Show that, for all positive integers k, n, with k ≤ n, ∑n

r = kC(n,r)S(r,k) 
= S(n + 1,k + 1).

	 5.2.3B	� Show that, for all positive integers k, n, with k ≤ n, ∑n
r = kC(r,k)S(n,r) 

= s(n + 1,k + 1).

5.3  Catalan Numbers
Applying hindsight, we begin with a definition “out of the blue.”

Definition 5.3
For each integer, n ≥ 0, we define the nth Catalan number Cn by 

	 C
n

C n nn =
+
1

1
2( , ).

These numbers are singled out because they occur in a large number of combinato-
rial problems. It is not immediately obvious that C(2n,n) must be divisible by n + 1. 
However, this follows from the alternative formula for Cn given at the end of the proof 
of Theorem 5.6, and also from the result of Exercise 5.3.1A.
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The Catalan numbers first came to prominence in the work of Euler in the late 1750s 
when he determined the number of ways that the area of a convex polygon could be 
split into triangles when joining vertices by “diagonals” no two of which intersect, 
except at a vertex. We discuss this problem below (see Theorem 5.9). They had previ-
ously appeared in the work of the Mongolian astronomer and mathematician Ming 
Antu (called Myangat in Mongolian) circa 1730. Euler’s problem was fully solved, in 
1758, by J. A. von Segner (1704–1777), who used a recurrence relation* of the form 
Tn + 1 = T1Tn + T2Tn–1 + ... + Tn–1T2 + TnT1 (see Theorem 5.8). Catalan first came across 
the numbers (subsequently named after him by Netto in 1901) in 1838 in a paper ask-
ing, “In how many ways can one evaluate the product of n different factors?” (See the 
discussion after Problem 5.8.) He solved the problem by use of the above recurrence 
relation.† (We shall solve it by a different method here.) As happens from time to time 
in mathematics, the name of the first investigator is not always that which is attached 
to a concept! 

As we have already said, there are very many ways in which the Catalan numbers 
arise.‡ We shall start with a curious problem involving sequences of 1s and –1s since the 
proof we offer is especially pretty and rather clever, and several other problems involv-
ing Catalan numbers can be easily reduced to it.

Theorem 5.6 
The number of sequences a1,a2,...,a2n that can be formed using n 1s and n –1s for which 
each partial sum sk = a1 + a2 + ... + ak satisfies sk ≥ 0 is the nth Catalan number, Cn.

Proof 
Using one ploy (but not yet the clever one!) we shall head toward the desired result by 
first counting the total number of sequences in the set, A, comprising n 1s and n–1s and 
then subtract the number of sequences in the subset, say F, of those that are “forbidden” 
by the conditions of the theorem.

The number of sequences of n 1s and n –1s is the number of ways of selecting the n 
positions in a sequence of 2n 1s in which to insert a minus sign. Thus #(A) = C(2n,n). 
So, now, how do we calculate #(F)?

Let S = a1,a2,...,a2n be a sequence in F. By the definition of F, at least one of the partial sums 
of this sequence is negative. Let r be the least integer such that sr = a1 + a2 + ... + ar < 0. It 
must then be that ar = –1, and, if r > 1, sr–1 = 0 and so r–1 must be even. Suppose r–1 = 2k. 

*	 See Chapter 7, Section 7.3, for a discussion of what is meant by a “recurrence relation.”
†	Eugene Catalan was born in Bruges on March 30, 1814. At this time Bruges, which is now in Belgium, was part 

of the French empire and Catalan considered himself to be French. Like several mathematicians, he initially 
intended to follow his father’s profession and become an architect. But he soon found that his forte was math-
ematics. As in the famous case of Evariste Galois, Catalan’s political convictions interfered greatly with his career 
both as a student and as a teacher, but, aged 51, he secured a professorship at the University of Liège, retiring 19 
years later. He published much on the theory of numbers, including a famous conjecture that the numbers 8 and 9 
provide the only example of a cube being 1 more than a square, a conjecture that was proved correct by Mihailescu 
only in 2003. Catalan died in Liège on February 14, 1894.

‡	 R. P. Stanley has collected over 150 problems whose solution yields the Catalan numbers.
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The sequence a1,a2,...,ar–1 includes equal numbers of 1s and –1s. Now comes the clever 
idea, a “reflection” method due, in the form we present it, to D. Miriamoff (1923).*

We produce, from S, a new sequence, S′ = b1,b2,...,b2n, by changing the sign of 
each of the first r terms of S. We then count the number of 1s and –1s in this new 
sequence. In the subsequence a1,a2,...,ar there are k 1s and k + 1 –1s, and hence in the 
subsequence ar + 1,...,a2n there are n–k 1s and n–(k + 1) –1s. Thus in the new sequence S′ 
there are (k + 1) + (n–k) = n + 1 1s and n–1 –1s.

Conversely, suppose that we have a sequence S′ = b1,b2,...,b2n made up of n + 1 1s 
and n–1 –1s. Then there is a least integer, t ≤ 2n, such b1 + b2 + ... + bt = 1. We let S′′ be 
the sequence obtained from S′ by changing the signs of the first t terms. Then S′′ is a 
sequence in F. Furthermore, it is easy to see that for each sequence S in F, S′′ = S. Thus 
the mapping S→S′ is a bijection from F to the set G of sequences made up of n + 1 1s 
and n–1 –1s. Thus #(F) = #(G) = C(2n,n + 1) = C(2n,n–1).

We can now deduce that #(A) – #(F) = C(2n,n) – C(2n,n + 1). Finally, we have that
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Because of this theorem we will call a sequence of 1s and –1s that meets the condi-
tions of Theorem 5.6 a Catalan sequence of 1s and –1s. Note also that we have shown 
in the last line of the above proof that Cn = C(2n,n)–C(2n,n + 1). It follows that Cn is an 
integer.

We can picture Catalan sequences in the way shown in the next problem, which is 
Problem 5B of Chapter 1.

Problem 5.8
Suppose we have an n × n grid. How many paths are there, following edges of the grid, 
from the bottom left corner to the top right corner that may touch, but not go above, 
the diagonal shown in Figure 5.1? (Here by “path” we mean any route from the bottom 
left-hand corner to the top right corner that always moves along the lines of the grid 
either upward or to the right.) 

Solution
We can describe each path in a grid by a sequence of 1s and –1s, with 1 corresponding to 
a horizontal segment and –1 to a vertical segment. For example, the path shown above 
in a 10 × 10 grid is described by the sequence 1,1,1,–1,–1,1,1,1,–1,–1,–1,–1,1,–1,1,1,–1,1,–
1,–1 of 10 1s and 10 –1s. More generally, every path in an n × n grid may be represented 
by a sequence of n 1s and n –1s. The condition that the path does not go above the diag-
onal is exactly the condition that all the partial sums of the corresponding sequence 

*	 The reflection principle is often attributed to Désiré André (1887). A paper Lost (and Found) in Translation: André’s 
Actual Method and Its Application to the Generalized Ballot Problem, Marc Renault, American Mathematical 
Monthly, 115, 2008, pp. 358–363, explains why this is incorrect and how the misattribution came about.
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are nonnegative, that is, the condition that it is a Catalan sequence. Thus, by Theorem 
5.6, the number of paths with the given property is the nth Catalan number Cn.

We now come to the problem that engaged Catalan. Suppose that we have three 
square matrices,* A,B,C, all of the same size. If we wish to multiply them together in this 
order, we could either first evaluate AB and then postmultiply the resulting matrix by 
C, or first evaluate BC and then premultiply the resulting matrix by A. That is, we could 
either calculate the product as ((AB)C) or as (A(BC)). If you are familiar with matrix 
multiplication, you will know that ((AB)C) = (A(BC)). With four matrices  A,B,C,D, 
there are five ways of multiplying them together in this order, given by (((AB)C)D), 
((AB)(CD)), ((A(BC))D), (A((BC)D)), and (A(B(CD))). This raises the question of how 
many different ways a product of n matrices may be evaluated.

We have seen that a given way of evaluating the product of matrices in a given order can 
be described by expressions of the kind used above. To tackle this matrix problem it is help-
ful to give a careful definition of these expressions. Although we have used A, B, C, and D 
above, to indicate that the matrices we are multiplying might be different, this is not relevant 
when it comes to counting the number of ways the product of n matrices may be evaluated. 
So in counting the number of different expressions, it makes no difference if we replace A, B, 
C, D, … by a single letter that might as well be X. This leads us to the following definition.

Definition 5.4
We define the set of expressions built up from the letter X , the left parenthesis, (, and 
the right parenthesis, ), as follows.

	 a.	 The letter X by itself is an expression.
	 b.	 If Γ,Δ are expressions, then so also is (ΓΔ).
	 c.	 Nothing is an expression unless this can be deduced from (a) and (b).

*	 Do not worry if you have not met matrices before. The combinatorial problem is the same if we regard A,B,C as, 
for example, real numbers.

Figure 5.1
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The next problem shows how Definition 5.4 can be used to prove facts about 
expressions.

Problem 5.9
Prove that in any expression containing n letters, there are n–1 left-hand parentheses 
and n–1 right-hand parentheses.

Solution
We prove this by mathematical induction. An expression containing just one letter 
must be X by itself. So it contains one letter and zero parentheses. Hence the result is 
true in the case n = 1. Now suppose that the result is true for all expressions with fewer 
than n letters, and let ∑ be an expression containing n letters. By Definition 5.4, ∑ 
must be of the form (ΓΔ)where Γ and Δ are expressions. Suppose Γ contains c letters. 
Then Δ contains n–c letters. As c,n–c < n, it follows from the induction hypothesis that 
Γ contains c–1 pairs of parentheses and Δ contains (n–c)–1 pairs of parentheses. Thus 
(ΓΔ)contains (c–1) + ((n–c)–1) + 1 = n–1 pairs of parentheses. So the result holds also 
for expressions containing n letters. Hence, by mathematical induction, the result is 
true for all expressions.

Theorem 5.7
For each integer n > 1, there are Cn–1 expressions containing n Xs. 

Comment
The idea behind the proof is to find a one–one correspondence between the set of 
expressions and the set of Catalan sequences of 1s and –1s. The first idea that comes 
to mind is to associate 1 with a left-hand parenthesis, ( , and –1 with a right-hand 
parenthesis, ). However, this natural idea doesn’t work, as, for example, the different 
expressions ((XX)X) and (X(XX)) both correspond in this way to the same Catalan 
sequence 1,1,–1,–1.

Another idea would be to associate 1 with a left-hand parenthesis and –1 with an 
X. At first glance it seems that this is no good either since, for example, the expres-
sion ((XX)(XX)) corresponds to the sequence 1,1,–1,–1,1,–1,–1, which is not a Catalan 
sequence, as it consists of one more –1 than + 1. What can we do? In fact, we can “for-
get” the last X. For, in each expression, as we read from left to right, there must be at 
least one X after the final left-hand parenthesis, (, and hence the associated sequence of 
1s and –1s must end with a –1. (Why is this true? It can be proved using mathematical 
induction, in a similar way to Problem 5.9 – see Exercise 5.3.4A.)

Proof
We associate with each expression, say Γ, a sequence, Γ *, of 1s and –1s obtained by 
replacing each left-hand parenthesis by 1 and each letter, except the final letter, with a 
–1. Γ * will be a Catalan sequence. (See Exercise 5.3 4A.)

We need to show that the mapping Γ→Γ * is a bijection between the set of expressions 
containing n letters and the set of Catalan sequences of length 2n–2. We tackle this by 
dealing with the following issue. Given a Catalan sequence, say C, can we find a unique 
expression Γ, such that Γ* = C? 
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We describe a general process for doing this, but to help fix ideas, we explain this with 
reference to the following the Catalan sequence made up of seven 1s and seven –1s.

	 C = 1,1,1,–1,–1,1,1,–1,1,–1,1,–1,–1,–1	 (5.5) 

We first replace each term 1 in C by a left-hand parenthesis, and each of the –1 terms 
by the letter X, with an additional X at the end. In this way the Catalan sequence C 
becomes the sequence C + 

	 (((XX((X(X(XXXX.	 (5.6) 

As C is a Catalan sequence, the sequence C + includes one more letter than “(.” Since 
the sequence must start with a “(,” at some point there are three successive symbols con-
sisting of “(” followed by two letters. We consider the first place where this occurs. In C + 

these symbols are (XX. We let Γ1 be this sequence followed by “)” and we replace the given 
three successive symbols by Γ1. So Γ1 = (XX), and the new sequence is, say Σ1, where

	 Σ1 = ((Γ1((X(X(XXXX.	 (5.7)

In going from Equation 5.6 through Equation 5.7 we have replaced the two letters 
XX by the single symbol Γ1, and we have deleted one left-hand parenthesis, “(.” So if we 
count Γ1 as a letter, we still have a sequence beginning with “(” and with one more letter 
than “(.” Therefore, continuing to use letter in an extended sense to include symbols of 
the form Γi, where i is an integer, there is again a first place from the left in Equation 5.7 
where the symbol “(” is followed by two letters. We let Γ2 be the sequence consisting of 
“(” and the two letters followed by “)” and substitute Γ2 for them in Equation 5.7. In this 
way we obtain:

	 Γ2 = (XX)  and  Σ2 = ((Γ1((X(XΓ2XX.

We can now continue in this way, as follows:

	 Γ3 = (XΓ2)  and  Σ3 = ((Γ1((XΓ3XX,

	 Γ4 = (XΓ3)  and  Σ4 = ((Γ1(Γ4XX,

	 Γ5 = (Γ4X)  and  Σ5 = ((Γ1Γ5X,

	 Γ6 = (Γ1Γ5)  and  Σ6 = (Γ6X, and

	 Γ7 = (Γ6X)  and  Σ7 = Γ7.

Since there are seven 1s in the Catalan sequence C, this process ends after seven 
steps, and substituting backwards we see that

	 Σ7 = (((XX)((X(X(XX)))X))X).
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It should be clear that this process converts a Catalan sequence, C, into a uniquely 
determined expression, say C + . Furthermore, if we start with an expression Γ, then 
Γ * + = Γ. We leave it to you to check this.

Thus there is a one–one correspondence between the set of expressions containing 
n Xs and the set of Catalan sequences made up of n 1s and n –1s. Since there are Cn–1 
such sequences, Theorem 5.7 is proved. It is convenient to specify that C0 = 1, so that 
the result of Theorem 5.7 holds also for the case where n = 1.

We can use Theorem 5.7 to prove the following relationship between the Catalan 
numbers.
Theorem 5.8
For each integern C C Cn k

n
k n k≥ = ∑+ = −1 1 0, .

Proof
By Theorem 5.7 there are Cn + 1 expressions involving n + 2 letters. Suppose that Σ is one 
such expression. It follows from Exercise 5.3.4B that there are unique expressions Σ1, Σ2 
such that Σ is the expression (Σ1Σ2). Then Σ1 contains k + 1 Xs for some integer k, where 
0 ≤ k ≤ n. Therefore Σ2 contains (n + 2) – (k + 1) = (n – k) + 1 Xs. Thus, for 0 ≤ k ≤ n 
there are Ck choices for Σ1 and there are Cn–k choices for Σ2, and hence CkCn–k choices 
for the pair Σ1, Σ2. It follows that, by taking together all the cases as k runs from 0 to n, 
C C Cn k

n
k n k+ = −= ∑1 0 .

In Chapter 7, Section 7.8, we show how the recurrence relation of Theorem 5.8 may 
be used to find the formula for Cn as given in Definition 5.3.

We now look at Problem 5C, first considered by Euler, to which the answer is 
given by the Catalan numbers. By a triangulation of a polygon we mean a way of 
dividing the polygon into triangles by nonintersecting diagonals, that is, lines join-
ing two vertices. For example, Figure 5.2 shows two different triangulations of a 
square.

Note that we count the two triangulations of the square as different even though one 
can be obtained from the other by a rotation or reflection of the square. In fact, a square 
has just two different triangulations, namely, the two shown in Figure 5.2.

For each integer n ≥ 1, we let Tn be the number of different triangulations of a poly-
gon with n + 2 edges. Note that n–1 diagonals are needed to triangulate a polygon with 
n + 2 edges. Thus T1 = 1 and T2 = 2. It turns out to be a useful convention to put T0 = 1, 
as this simplifies some of the formulas.

1 2 1 2

4 3 4 3

Figure 5.2
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Problem 5.10
How many different triangulations does a pentagon have?

Solution
There are five different triangulations, as shown in Figure 5.3, and thus T3 = 5. 

You may have noticed that for 1 ≤ n ≤ 3, Tn = Cn. The next result shows that this is 
not a coincidence.

Theorem 5.9
For each integer n ≥ 1, Tn = Cn.

Proof
Suppose n ≥ 1, and consider the triangulations of the polygon with n + 3 vertices labeled 
1,2,…, n + 3. We denote the edge joining the vertices labeled i and j by (i, j).

In each triangulation the edge (n + 2, n + 3) will be an edge of just one triangle (see 
Figure 5.4). We classify the triangulations according to the third vertex, say k + 1, of 
this triangle, where 0 ≤ k ≤ n. The complete triangulation will include a triangulation 
of the polygon, say P, with the k + 2 vertices 1, 2, …, k + 1, n + 3, and a triangulation of 
the polygon, say Q, with the n−k + 2 vertices k + 1, …, n, n + 1, n + 2. These triangula-
tions of P and Q can be chosen in Tk and Tn−k ways. Thus there are TkTn–k triangulations 
of which the vertices n + 2, n + 3, and k + 1 form a triangle. Hence the total number 
of triangulations of the given polygon is ∑ = −k

n
k n kT T0 . That is, T T Tn k

n
k n k+ = −= ∑1 0 . Thus, 

we see from Theorem 5.8 that the numbers, Tn , satisfy the same relationship as do the 
Catalan numbers. Hence, as T0 = C0, we deduce that for all integers n ≥ 0, Tn = Cn.

Figure 5.3

2

1

P

Q
n + 1

k + 1

n + 2

n + 3

Figure 5.4
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Exercises
	 5.3.1A	  i.  Prove that for each positive integer n, Cn = C(2n–1,n–1) – C(2n–1,n + 1).

	 ii.	 Deduce that each Catalan number is an integer. 
	 5.3.1B	 Calculate the value of Cn, for 1 ≤ n ≤ 8.
	 5.3.2A	� Prove that the Catalan number Cn is odd if and only if n is one less than a 

power of 2, that is, for some positive integer k, n = 2k–1. 
	 5.3.2B	� We have that C2 = 2 and C3 = 5. Prove that these are the only Catalan num-

bers that are prime numbers.
	 5.3.3A	� Show that in the situation described in Problem 5.8, the number of paths 

from the bottom left corner to the top right corner that, except for the end-
points, are always below the diagonal, is Cn–1.

	 5.3.3B	� Show that in the situation described in Problem 5.8, but with a p × q grid, 
where p ≥ q (that is, with p columns and q rows), the number of paths from 
the bottom left corner to the top right corner that do not go above the diag-
onal sloping at 45° from the bottom left hand corner

	 p q
p

C p q p− +
+

+1
1

( , ).

	 5.3.4A	  i. � Prove that in any expression (see Definition 5.4) there must be at least 
one X after the final left-hand parenthesis (counting from left to right).

	 ii.	 Prove that, if we associate with each expression, Γ, a sequence, Γ *, of 1s 
and –1s obtained by replacing each ( by 1 and each X, except the final X, 
with a –1, then Γ * will be a Catalan sequence.

	 5.3.4B	� Suppose that the brackets in an expression are assigned numbers according 
to the following rule. The first left-hand bracket is assigned the number 1. 
Each subsequent left-hand bracket is assigned the number that is 1 more 
than the number of the previous bracket. Each subsequent right-hand 
bracket is assigned the number that is one less than the number of the pre-
vious bracket. For example the numbers assigned to the brackets in the 
expression (((XX)((X(X(XX)))X))X) are as shown:

	 ( ( ( ) ( ( ( ( ) ) ) ) ) )
.

X X X X X X X X
1 2 3 2 3 4 5 6 5 4 3 2 1 0

	 i.	 Assign numbers according to the above rule to the brackets in the 
expression (((XX)X)(X(XX))).

	 ii.	 Prove that for every expression the numbers assigned to the brackets 
according to the above rule satisfy the following property: All the num-
bers are positive, except the number associated with the final bracket, 
which is zero.

	 iii.	 Prove that, for every expression, there are at most two right-hand brack-
ets that are assigned the number 1.

	 iv.	 Deduce that, given any expression, Σ, containing more than one let-
ter, there are uniquely determined expressions Σ1, Σ2 such that Σ is the 
expression (Σ1Σ2).
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	 5.3.5A	� Prove that there are Cn sequences of n nonnegative integers a1, a2, …, 
an such that a1 + a2 + … + an = n and for all integers k, with 1 ≤ k < n, 
a1 + a2 + … + ak ≤ k.

	 5.3.5B	� Consider those sequences, a1,a2,…,an of n integers such that 
1 ≤ a1 ≤ a2 ≤ … ≤ an, and for 1 ≤ k ≤ n, ak ≤ k. Determine the number of 
such sequences. (Note that for n = 3 we have five sequences 1,1,1; 1,1,2; 
1,1,3; 1,2,2; and 1,2,3.)

	 5.3.6A	� Look at the picture in Figure 5.5 of a “mountain path,” where each step is 
either up or down by the same distance, and the path ends at the same level 
as the starting position. 
Show that there are Cn such “mountain paths” made up of n up-sloping 
arrows and n down-sloping arrows.

	 5.3.6B	� Consider the number of sequences a1,a2,…,a2n + 1 of 2n + 1 nonnegative 
integers such that a1 = a2n + 1 = 0 and for all integers k, with 1 ≤ k ≤ 2n, we 
have |ak – ak + 1| = 1. Show that there are Cn such sequences. 

	 5.3.7A	� The sequence HHTHHTTTHT represents a sequence of 10 tosses of a coin, 
using “H” for head and “T” for tail, in which there are equal numbers of 
heads and tails, and at each stage, the number of heads is at least as large as 
the number of tails. How many sequences of 10 tosses are there with this 
property?

	 5.3.7B	� Suppose that we toss a fair coin. What is the probability that we obtain an 
equal number of heads and tails for the first time after 2n tosses?

	 5.3.8A	� In an election between two candidates, A and B, the votes are counted one 
by one. Show that if both candidates end up with a votes, the probability 
that at no stage of the count B is ahead of A is 1/(a + 1).

	 5.3.8B	� In an election between two candidates, A and B, the votes are counted 
one by one. Show that if A ends up with a votes, and B with b votes, 
where a ≥ b, the probability that at no stage of the count B is ahead of A is 
(a–b + 1)/(a + 1).

Figure 5.5
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6C h a p t e r  

Partitions and Dot Diagrams

6.1  Partitions
In Section 3.3 of Chapter 3 we saw how the problem of placing n identical balls in k identical 
boxes could be looked at in a different way by thinking of it as being about expressing n as the 
sum of at most k positive integers, when the order of the terms does not matter. For example, 
we wrote 6 as the sum of at most three positive integers in the following seven ways:

	 6, 5 + 1, 4 + 2, 4 + 1 + 1, 3 + 3, 3 + 2 + 1, 2 + 2 + 2,

and this corresponds to the fact that six identical balls may be placed in three identical 
boxes, with some of these boxes possibly remaining empty, in seven ways. Note that we 
count 6, by itself, as one way of writing 6 as the sum of positive integers.

We have introduced the notation pk(n) for the number of ways expressing n as the 
sum of at most k positive integers. Using this notation, we have that p3(6) = 7. We call 
the above representations of the number 6 partitions of n into at most three parts. The 
functions pk are not too difficult to deal with. However, much more attention has been 
paid to the function p, where p(n) is the total number of ways of expressing n as the sum 
of any number of positive integers. For example, p(6) = 11, since if we drop the restric-
tion of having at most three parts, we obtain the following four other partitions of 6,

	 3 + 1 + 1 + 1, 2 + 2 + 1 + 1, 2 + 1 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 + 1,

making 11 partitions altogether. The problem of finding a succinct formula for p(n) is very 
hard, but in this chapter we shall be able to use some nice theorems about the pk functions 
to get some kind of grip on the values of p(n). We now record the definitions of the func-
tions pk and p formally.

Definition 6.1
For each positive integer n, p(n) is the number of ways in which n can be expressed as a sum 
of positive integers, with the order not counting. Each such sum is called a partition of n. For 
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all positive integers k, n, pk(n) is the number of ways in which n can be expressed as the sum 
of at most k positive integers. By convention (and for reasons that emerge later), we specify 
that, for all integers n > 0, p0(n) = 0 and, for all integers k ≥ 0, pk(0) = 1 and p(0) = 1.

We emphasize that in these definitions the order of the positive integers in the sum 
is not relevant. For example, 2 + 1 + 3 and 3 + 1 + 2 count as the same partition of 6. 
The numbers that occur in these partitions are called parts. The standard convention is 
to write the parts in decreasing order. So the standard way to write this partition of 6 
is 3 + 2 + 1. Partitions, as well as being interesting in their own right, have a number of 
applications to other problems. We hope you will read far enough to see that we make 
a good deal of use of them in Chapters 13 and 14.

Problem 6.1
Find the value of p(5).

Solution
We have the following seven partitions of 5, and hence p(5) = 7.

	 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1.

Problem 6.2
Find the values of pk(6) for all integers k ≥ 1.

Solution
From the partitions of 6 given above, we see that p1(6) = 1, p2(6) = 4, p3(6) = 7, p4(6) = 9, 
p5(6) = 10, and p6(6) = 11 (and, of course, pk(6) = 11 for all integers k ≥ 6).

As well as considering partitions in which the number of parts is limited, it is also 
natural, interesting, and useful to consider partitions in which we limit the size of the 
individual parts.

Definition 6.2
For all positive integers k and n, qk(n) is the number of partitions of n in which no part 
is greater than k.

Problem 6.3
Find the values of qk(6) for all integers k ≥ 1.

Solution
From the partitions of 6 given above, we see that q1(6) = 1, q2(6) = 4, q3(6) = 7, q4(6) = 9, 
q5(6) = 10, and q6(6) = 11. In any partition of 6, the largest part must be at most 6 and 
hence, for all integers k ≥ 6, qk(6) = q6(6) = 11.

You may have noticed that with n = 6, we have that, for all integers k ≥ 1, pk(n) = qk(n). 
Is this a mere fluke? Theorem 6.1 gives the answer: “No.” But not only that. The ability 
to swap between pk(n) and qk(n) proves to be rather useful. So we should waste no time 
in proving that equality.
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Theorem 6.1
For all positive integers k and n, pk(n) = qk(n).

We can offer a very convincing pictorial “proof” of Theorem 6.1, via a specific exam-
ple, if we use a clever pictorial idea ascribed to Norman Macleod Ferrers (1829–1903).* 
Not only can the pictures help us see immediately why Theorem 6.1 is true, but this par-
ticular (re)interpretation also suggests methods of finding other interesting relationships 
between certain restricted partitions of any given integer n that are not immediately 
apparent from the basic definition (Definition 6.1). These pictorial representations are var-
iously called Ferrers diagrams (or shapes or graphs). We shall call them dot diagrams.

6.2 D ot Diagrams
Since “a picture is worth a thousand words”† we begin with two pictures.

The dot diagram of the partition 18 = 7 + 4 + 3 + 3 + 1 is that drawn in Figure 6.1, com-
prising five rows of dots containing seven, four, three, three, and one dot, respectively. 
When we interchange the rows and columns, we obtain the so-called dual dot diagram 
(Figure 6.2), from which we obtain the dual partition 18 = 5 + 4 + 4 + 2 + 1 + 1 + 1.

*	 Norman Macleod Ferrers was educated at Eton and at Gonville and Caius College, Cambridge. He was senior 
wrangler in 1851 and became a fellow of his college in 1852 and its master in 1880. He was the author of Trilinear 
Coordinates and Spherical Harmonics. After his death he was described as follows: “As a lecturer he was extremely 
successful. He was probably the best lecturer, in his subject, in the university of his days; besides great natural 
powers in mathematics, he possessed an unusual capacity for vivid exposition.” It is interesting that this comment, 
quoted from the Dictionary of National Biography, Oxford University Press, Oxford, 2004, Vol. 14, pp. 430–431, 
was written by another mathematician who is remembered for a method of representing a mathematical idea by a 
diagram, namely, John Venn.

†	 We quote from Brewer’s Quotations by Nigel Rees, Cassell, London, 1994, p.23: “This famous saying which occurs, 
for example, in the song ‘If ’ popularized by Bread in 1971, is sometimes said to be a Chinese proverb. Bartlett’s 
Familiar Quotations (15th ed, 1980) listed it as such in the form ‘One picture is worth more than ten thousand 
words’ and compared what Turgenev says in Father and Sons: ‘A picture shows me at a glance what it takes doz-
ens of pages of a book to expound.’ But the Concise Oxford Dictionary of Proverbs, second edition, edited by 
John Simpson, Oxford University Press, Oxford, 1992, p. 201. points out that it originated in an American paper 
Printer’s Ink (8 December 1921) in the form ‘One look is worth a thousand words.’ It was later reprinted in the 
same paper (10 March 1927) and there ascribed by its actual author, Frederick R. Barnard, to a Chinese source (‘so 
that people would take it seriously’, he told Burton Stevenson in 1948).” 

Figure 6.2

Figure 6.1
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Given any dot diagram D, we use D* for its dual dot diagram formed from D by writ-
ing the rows (columns) of dots in D as the corresponding columns (rows) of D*. Similarly, 
for each partition π of n, we let π* be its dual. In transposing the rows and columns, the 
number of dots does not change, so π* is also a partition of n. Usually, but not always, π* 
will be different from π. Note also that, for each partition π, the partition π**, that is, the 
dual of its dual, is identical with π.

Proof of Theorem 6.1
Let S be the set of all partitions of n into at most k parts, and let T be the set of all 
partitions of n into parts with size at most k. Now suppose π is a partition in S. 
Since π is a partition of n into at most k parts, there are at most k rows in its dot 
diagram, D. Hence in the dual dot diagram, D*, each row contains at most k dots. 
Therefore the dual partition π* is a partition of n into parts of size at most k. Thus 
π*∈T. Clearly, the converse also holds, so π∈S if and only if π*∈T. Thus π π * is 
a mapping from S to T. This mapping is surjective (onto), since for π∈T, we have 
π*∈S and π** = π. Also, it is injective (one–one) as π* = ρ* implies π** = ρ**, that is, 
that π = ρ. Therefore, the mapping π π * is a bijection between S and T. Hence 
#(S) = #(T), that is, pk(n) = qk(n).

The next result, making typical use of the dot diagram method, plays a role in 
eventually suggesting a rough lower bound for the size of pk(n). Note that conventions 
that p0(n) = 0 and pk(0) = 1 mean that we do not need to exclude the cases where k = 1 
and k = n.

Theorem 6.2
If k, n are positive integers with k ≤ 1, then pk(n) = pk−1(n) + pk(n−k).

The proof can be followed without the need of a diagram. Nevertheless, there is no 
harm in offering a helpful picture, so we have included Figure 6.3.

Proof
We divide the set, say S, of those partitions of n that have at most k parts into two sub-
sets. We let S1 be the set of partitions of n into fewer than k parts, and we let S2 be the set 
of the partitions of n into exactly k parts. Clearly, each partition in S is in either S1 or S2 
but not both. Therefore, #(S) = #(S1) + #(S2). Now, S1 is the set of partitions of n into at 
most k−1 parts. Hence #(S1) = pk−1(n).

Each partition in S2 has a dot diagram with at least one dot in each of the k rows. 
So if we remove one dot from each row, we obtain the dot diagram corresponding to a 
partition of n−k into at most k parts. Conversely, suppose we are given a dot diagram 
for a partition of n−k into at most k parts, then, by placing a column of k dots on the 
left, we obtain a partition of n into exactly k parts. This is illustrated in Figure 6.3. It 
follows that #(S2) = pk`(n−k).

We therefore have that pk(n) = #(S) = #(S1) + #(S2) = pk−1(n) + pk(n−k).

We can extend Theorem 6.2 in the following way.
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Theorem 6.3
If k, n are integers with 1 ≤ k ≤ n, then

	 pk(n) = pk−1(n) + pk−1(n−k) + pk−1(n−2k) + … + pk−1(n−[s−1]k) + pk(n−sk),	 (6.1)

where s = ⎣ n/k ⎦ (this notation means that s is the integer part of n/k).
[Note that, as n−sk < k, we have that pk(n − sk) = pk−1(n − sk), and we could have replaced 
pk(n − sk) by pk−1(n − sk) in this theorem.]

Proof
A very formal proof might proceed by induction. A somewhat more informal (and 
understandable) one can go as follows.

We use Theorem 6.2 repeatedly. First, we obtain

	 pk(n) = pk−1(n) + pk(n−k).	 (6.2)

Then, replacing n by n−k in Theorem 6.2,

	 pk(n−k) = pk−1(n−k) + pk(n−2k).	 (6.3)

Next, replacing n by n−2k in Theorem 6.2,

	 pk(n−2k) = pk−1(n−2k) + pk(n−3k),	 (6.4)

and so on.
Then, substituting from Equation 6.4 into Equation 6.3 and then from Equation 6.3 

into Equation 6.2, we deduce that

	 pk (n) = pk − 1(n) + pk − 1(n − k) + pk − 1(n − 2k) + pk(n − 3k).

In this way we obtain pk (n) as the sum of pk − 1 (n), pk − 1 (n − k), pk − 1(n − 2k), pk (n − 3k), 
… Where do we stop? We stop when we arrive at pk (n − sk), where s is an integer such 
that 0 ≤ n − sk < k so that we cannot pass on to pk (n − [s + 1] k). Now, n − sk < k when 
(n/k) − s < 1. And the largest s for which this holds is given by s = ⎣ n/k ⎦. It follows that 
Equation 6.1 is correct.

Comment
There is a small point we have skated over. We mention it to satisfy those who have spot-
ted it and to remind those who haven’t of the care that is often taken in mathematics, 

The whole diagram
corresponds to a
partition of 18 into
six parts.

To the right of the line
we have a partition of
12 into four parts.

Figure 6.3



86    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

which adds to its reputation as an excellent subject to study if you are keen to develop 
your logical thinking powers.

The “small” point is what happens if k is a divisor of n and hence n − ks = 0. In this case 
pk (0) occurs in the formula of Theorem 6.3. We have said that “by convention” pk (0) = 1, but 
does this value for pk (0) make sense? We could argue that you can draw a dot diagram 
of the integer 0 using at most k rows in just one way, namely, by doing nothing! This gives 
pk (0) = 1. This agrees nicely with Theorem 6.2, as by this theorem, pk(k) − pk −1(k) = pk (0). 
There is just one partition of k into at most k parts that is not a partition of k into at most 
k − 1 parts (namely, 1 + 1 + 1 + … + 1 with k parts), and this gives pk(k) − pk−1(k) = 1. So 
our convention that, for all integers k ≥ 0, pk (0) = 1 makes good sense.

Theorem 6.2 can be used to calculate the value of pk (n) for small values of n pro-
vided we have some “starting” values, just as we were able to calculate values of S(n,k) 
in Chapter 3. The following result gives us some starting values.

Theorem 6.4 
The Values of pk(n), for k = 1,2,3

For all positive integers n,
i.  p1 (n) = 1;	 ii.  p n n n2

1
2

1
21 1( ) = +  =   + ;	 iii.  p n n n3

1
12

2 1
2 1( ) .= + + 

Proof
	 i.	 This is obvious, as there is just one partition of n into at most one part, namely, n 

by itself.
	 ii.	 The partitions of n into at most two parts are shown in Figure 6.4. We need to 

consider separately the case where n is even, say n = 2q for some integer q, and the 
case where n is odd, say n = 2r + 1, where r is an integer.

			   We see that when n = 2q, p n q n2
1
21 1( ) = + = + , and when n = 2r + 1, 

p n r n2
1
2

1
21( ) .= + = +  As these values are integers, the formula p n n2

1
2 1( ) = +  

holds in both cases.
	 iii.	 Careful analysis of the cases n = 1,2,3,4,5,6,7,8,… leads to the suggestion* that

	

p n n n t t3
1

12
2 6( ) ( ),= + + =where 5,8,9,8,5,12,

acccording to whether 1,2,3,4,5,0(mod6).n ≡ 	 (6.5)

*	 You should not regard this as being wise after the event. Not infrequently in mathematics a theorem emerges only 
after sufficient (numerical) evidence has accumulated to make an attempt to find a proof worthwhile.

 

n even, n = 2q

2q

(2q – 1) + 1

(2q – 2) + 2

q + q

(2r + 1)

(2r) + 1

(2r – 1) + 2

(r + 1) + r

n odd, n = 2r + 1

Figure 6.4
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We prove Equation 6.5 by mathematical induction.

Base. We will suppose that you can confirm that Equation 6.5 holds by direct calcula-
tion, for n = 1,2,3,4,5,6 (see Exercise 6.2.1A).
Induction step. We assume that n ≥ 6 and that Equation 6.5 is true for all positive inte-
gers k < n. Using Theorem 6.2 twice, we have that p3(n) = p2(n) + p3(n − 3) = p2(n) + 
p2  (n − 3) + p3(n − 6). Hence, by (ii), p n n n p n3

1
2

1
2 31 3 1 6( ) ( ) ( )= +  + − +  + − . Now, 

it can be shown that 1
2

1
21 3 1n n n+  + − +  =( )  (we ask you check this in Exercise 

6.2.6A), and hence, using the induction hypothesis,

	 p n n n n t n n t3
2 21

12
6 6 6 1

12
6( ) (( ) ( ) ) ( ),= + − + − + = + +

where t = 5,8,9,8,5,12 according to whether n−6 ≡ 1,2,3,4,5,0(mod6). Since 
n ≡ n−6(mod6), it follows that the result is also true for n.

This completes the proof, by mathematical induction, that Equation 6.5 is true for 
all positive integers n.

We now need to show that it follows that the formula given in (iii) is correct. To 
do this, we first note that if n = 6m + r, then 1

12
2 26 3 3( )n n t m mr m+ + = + + + 

1
12

2 1
2

1
12r r t+ + , whereas 1

12
2 1

2 1n n+ +  =  3 3 12 1
12

2 1
2m mr m r r+ + + + +  =

3 3 12 1
12

2 1
2m mr m r r+ + + + +  ,  as 3m2 + mr + 3m is an integer. So we need only 

check that 1
12

2 1
2

1
12

1
12

2 1
2 1r r t r r+ + = + +  for the cases where (r,t) = (1,5), (2,8), (3,9), 

(4,8), (5,5), and (6,12). This you can do easily.

Theorems 6.2, 6.3, and 6.4 are useful in determining the values of pk(n) for small values 
of k and n. We offer some of these values in Table 6.1. Because p(n) = pn(n) the table also 
gives us the values of p(n) for small values of n. These are, of course, the diagonal entries 1, 
2,3,5,7,11,15,… in the table.

You may notice that, in each column, the numbers immediately below this diagonal are 
equal to the numbers on the diagonal. (Why?) Now, to find the values in any new column 
you can use the formula pk(n) = pk − 1(n) + pk(n − k), remembering to take pk(0) = 1 for each 
k. So, for example, p10(10) = p9(10) + p10(0) = 41 + 1 = 42.

It was not too hard to find p(n) for n = 1,2,…,10. However you can see that something 
better will be needed if we are to find the value of p(n) for all values of n up to, say, 200—as 
was accomplished (using only pencil and paper) by Major Percy MacMahon*—(obviously!) 
without the need for listing all the partitions for each n, which, as you will see from the 
size of the numbers, would be an impossible task. Table 6.2 gives some of the values of p(n) 
beyond those given in Table 6.1.

*	 Percy Alexander Macmahon (1854–1929) was born in Malta. He became a cadet at the Royal Military College 
in 1871 and subsequently served in the army in Malta and India, becoming a major in 1889. He taught at the 
Royal Military College, ultimately becoming professor of physics. Despite this title his main work was in com-
binatorics. He published Combinatory Analysis, Cambridge University Press, Cambridge, in two volumes in 
1915 and 1916.
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A remarkable result giving superb approximations for the values of p(n) for all n was 
given in 1918 by two of the most powerful mathematicians of the first half of the twentieth 
century, G. H. Hardy and Srinavasa Ramanujan. We describe their work in Chapter 8.

Exercises
	 6.2.1A	� For 1 ≤ n ≤ 8, list the partitions of n into at most three parts, and hence 

verify that the values of p3(n) given in Equation 6.5 of Theorem 6.4 and in 
Table 6.1 are correct.

	 6.2.1B	� Verify that for 1 ≤ n ≤ 8, q3(n) = p3(n), by listing the partitions of n into 
parts of size at most three.

	 6.2.2A	 Write down all the partitions of 7. Hence confirm that p4(7) = q4(7).
	 6.2.2B	� Write down all the partitions of 8 that involve only odd parts and those that 

involve only distinct parts. How many are there of each?
	 6.2.3A	� Find the number of partitions of n into k parts in which order matters. (So, 

for example, there are six such partitions of 5 into three parts, namely, 
3 + 1 + 1, 1 + 3 + 1, 1 + 1 + 3, 2 + 2 + 1, 2 + 1 + 2, 1 + 2 + 2.)

Table 6.1 

k

n

pk(n) 1 2 3 4 5 6 7 8 9 10
1 1 1 1 1 1 1 1 1 1 1
2 1 2 2 3 3 4 4 5 5 6
3 1 2 3 4 5 7 8 10 12 14
4 1 2 3 5 6 9 11 15 18 23
5 1 2 3 5 7 10 13 18 23 30
6 1 2 3 5 7 11 14 20 26 35
7 1 2 3 5 7 11 15 21 28 38
8 1 2 3 5 7 11 15 22 29 40
9 1 2 3 5 7 11 15 22 30 41

10 1 2 3 5 7 11 15 22 30 42

Table 6.2 

n p(n)
  20 627
  30 5,604
  40 37,338
  50 204,226
  60 966,467
  70 4,087,968
  80 15,796,476
  90 56,634,173
100 190,569,292
200 3,972,999,029,388
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	 6.2.3B	� Show that the number of partitions of n into exactly k parts is at least 
(1/k!) C(n − 1,k − 1).

	 6.2.4A	� Let uk(n) be the number of ways that the integer n can be expressed as a 
sum of distinct positive integers of unequal size whose size is at most k. 
Prove that, for all positive integers k, n with k < n, we have uk(n) = uk − 1(n) + 
uk −1(n − k).

	 6.2.4B	� Let sk(n) be the number of partitions of n into distinct parts of which the 
smallest is of size k. Prove that, for all positive integers k, n with k < n, we 
have sk(n) = sk + 1(n + 1) + sk(n−k). [Hint: Split the partitions of n according 
to whether they (i) do have or (ii) do not have just one part of size k. For 
partitions of type (i) form a partition of n + 1 by adding one dot to the 
smallest part.]

	 6.2.5A	 Show, using Theorem 6.4(iii) that p3(n) is the integer nearest to 1
12

23( )n + .
	 6.2.5B	 Use Theorem 6.4(iii) to show that

	 i.	 For all positive integers n, 1
12

2
3n p n< ( ) , and

	 ii.	 There is an integer n0 such that for all integers n ≥ n0, p n n3
1

11
2( ) ≤ .

	 6.2.6A	� Show that, for all integers n ≥ 3, 1
2

1
21 3 1n n n+  + − +  =( ) . (Hint: Treat 

the cases where n is even and n is odd separately.)
	 6.2.6B	 Show that, for all positive integers m, 1

3
1
3

1
31 2m m m m  + +  + +  =( ) ( ) .

6.3  A Bit of Speculation
It follows from Theorem 6.4(ii) and (iii) that p2(n) ≥ n/2 = n/(1!2!) and p3(n) ≥ n2/12 = 
n2/(2!3!). This is scant basis for making a conjecture, but we shall be bold!

Conjecture
For all positive integers n, k with k ≤ n, we have

	 p n n
k kk

k
( )

( )! !
.≥

−

−1

1

Comment
It is a consequence of the logical order of presentation of mathematical arguments that 
the lemma must be presented before it can be used in the following theorem. However, 
let no one persuade you that some clever person thought up the lemma and then, hey 
presto!, found a theorem needing precisely that lemma. No! The main aim is to prove 
the conjecture, and the proof needs a bit of technical argument in the middle, which 
we have extracted as a lemma so that the proof of the theorem doesn’t get clogged up 
with technicalities.

Lemma 6.5
Let t, r, and n be real numbers such that t ≥ 2, r ≥ 0, and (r + 1)t ≥ n. Then,

	 ( ) ( ) ( ( ) )
( )

n rt n rt n r t
t t

t
t t

− > − − − +
−




−
− −

2
1 11

1 
. 	 (6.6)
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Proof
Suppose 0 < a < b, and k is an integer with k ≥ 1, then

	
b a b a b ab a b a

b a

k k k k k k− = − + + + +

< −

− − − −( )( ... )

(

1 2 2 1

))( ... ) ( ) ,b bb b b b k b a bk k k k k− − − − −+ + + + = −1 2 2 1 1

and hence, as b − a > 0, we can deduce that

	 kb b a
b a

k
k k

− > −
−

1 . 	 (6.7)

We now put k = t − 1, b = n − rt, a = n − (r + 1)t in inequality 6.7. This gives

	 ( )( ) ( ) ( ( ) ) ,t n rt n rt n r t
t

t
t t

− − > − − − +−
− −

1 12
1 1

and, as t − 1 > 0, the inequality 6.6 follows.
We can now establish the conjecture.

Proof of the Conjecture
We prove that our conjecture holds for all integers k ≥ 1 using mathematical induc-
tion. The base of the induction is the case k = 1. In this case we have that, for all n ≥ 1, 
pk(n) = p1(n) = 1 = n0/(0!1!), and so the conjecture is true in this case.

For the induction step we assume that the result holds for k = t − 1. That is, we 
assume that

	 for all n t p n n
t tt

t
≥ − ≥

− −−

−
1

2 11

2
, ( )

( )!( )!
. 	 (6.8)

By Theorem 6.3, pt(n) = pt − 1(n) + pt − 1(n − t) + … + pt − 1(n − st), where s = ⎣ n/t ⎦. Hence 
by our induction assumption (inequality 6.8),

	 p n
t t

n n t n st
t t( )

( )!( )!
( ) ... ( (≥

− −
+ − + + − −− −1

1 2
2 2 11 2 2) ) ( ) .t n stt t− −+ −[ ]

Using Lemma 6.5 on the first s terms on the right-hand side above, we obtain

p n
t t

n n t
t t

n

t

t t

( )
( )!( )!

( )
( )

(

≥
− −

× − −
−

+ −− −

1
2 1

1

1 1 tt n t
t t

n s t nt t t) ( )
( )

... ( ( ) ) (− − −− −
−

+ + − − −1 1 12
1

1 −−
−

+ −





−
−st

t t
n st

t
t)

( )
( ) .

1
2

1



Partitions and Dot Diagrams    ◾    91

Most of the terms cancel, leaving just

	

p n
t t

n
t t

n st
t tt

t t
( )

( )!( )! ( )
( )

(
≥

− − −
− −

−

− −1
2 1 1

1 1

11

1
2 1 1

2

1

)
( )

( )!( )! ( )

+ −





=
− − −

−

−

n st

t t
n

t t

t

t
++ − − −

−












−( ) ( )
( )

.n st n st
t t

t 2 1
1

	 (6.9)

Since s = ⎣ n/t ⎦, n − st ≥ 0, and hence (n − st)t − 2 ≥ 0. Also, n − st < t, and t − 1 ≥ 1, and 
hence (n − st)/[t(t − 1)] < 1, so that 1− (n − st)/t(t − 1) > 0. Consequently, it follows from 
inequality 6.9 that

	 p n
t t

n
t t

n
tt

t t
( )

( )!( )! ( ) (
≥

− − −






=
−

− −1
2 1 1

1 1

11)! !t

and therefore the conjecture holds also for k = t.
This completes the proof by mathematical induction that the conjecture holds for 

all integers k ≥ 1.

Since we have proved the conjecture, we can now dignify it by calling it a theorem, 
which we restate for the record.

Theorem 6.6
For all positive integers n, k with k ≤ n, we have

	 p n n
k kk

k
( )

( )! !
.≥

−

−1

1

We can deduce from this that the values of the function p grow faster than any poly-
nomial function, in the sense given by our next result.

Theorem 6.7
For all positive integers k and all positive constants A, there is a positive integer n0 such 
that for all integers n > n0, p(n) > Ank.

Proof
Suppose k is a positive integer and A is a positive constant. We let n0 be the larger of 
k + 2 and A(k + 1)! (k + 2)! [Of course, unless A were very small, A(k + 1)! (k + 2)! would 
be much the larger of the two, but we need to cover all possible cases.] Replacing k by 
k + 2 in Theorem 6.6, we deduce that, if n ≥ k + 2, then

	 n
k k

p n p n
k

k

+

++ +
≤ ≤

1

21 2( )!( )!
( ) ( ). 	 (6.10)
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Hence, if n > n0, n ≥ k + 2, and so inequality 6.10 holds, and also n > A(k + 1)! (k + 2)!, 
and so

	 n
k k

A k k n
k k

k k+

+ +
> + +

+ +

1

1 2
1 2

1 2( )!( )!
( )!( )!

( )!( )!!
.





= Ank 	 (6.11)

It follows from inequalities 6.10 and 6.11 that if n > n0, then p(n) > Ank. This completes 
the proof.

Theorem 6.7 tells us that the values of p must grow very rapidly. For example, it tells 
us that there are infinitely many values of n for which

	  p(n) > n1,000,000,

and we could replace the right-hand side of this inequality by any power of n we choose. 
In Chapter 8, we say more about how the values of p grow.

6.4 M ore Proofs Using Dot Diagrams
We have claimed that dot diagrams are very useful for suggesting relationships between dif-
ferent sets of partitions that would not be apparent from the basic definition. Here, to whet 
your appetite, we present just four somewhat simpler ones, leaving some to the exercises.

Problem 6.4
Show that, for each positive integer n, the number of partitions of n into three nonzero 
parts is equal to the number of partitions of 2n into three parts each no larger than 
n − 1.

Solution
We illustrate the general solution by looking at a particular example. Consider the dot 
diagram in Figure 6.5, which corresponds to the partition 6 + 3 + 2 of 11, to which we 
have added squares so that there are 11 symbols in each row.

The squares make up the partition 5 + 8 + 9 of 22 into three parts. Because there is 
at least one dot in each row, there are at most 10 squares in each row.

In general, we can, in this way, establish a one–one correspondence between the 
partitions of 11 into three nonzero parts and partitions of 22 into three nonzero parts 
of size at most 10. The same method defines a one–one correspondence between parti-
tions of n into three nonzero parts and partitions of 2n into three nonzero parts of size 
at most n − 1. Hence there are equal numbers of partitions of the two types.

Another pretty result coming readily from dot diagrams is:

Figure 6.5
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Theorem 6.8
For all positive integers n, p(2n) > p(1) + p(2) + … + p(n).

Proof
Clearly, if k ≤ n, none of the dot diagrams for partitions of k can have a row of dots 
with more than n dots in it. Also, 2n − k ≥ n, and so, if we take 2n − k more dots, 
we can form a dot diagram for 2n by placing a row of 2n − k dots above the top row 
of the original dot diagram for k. This procedure associates, with each dot diagram 
for each k, where k ≤ n, a dot diagram for 2n. It is not difficult to check that all dot 
diagrams for 2n so obtained are different from one another, and we therefore see 
that there are at least p(1) + p(2) + … + p(n) of them. In addition, we have a dot dia-
gram that consists of a single row of 2n dots that does not arise in this way. Hence 
p(2n) > p(1) + p(2) + … + p(n).

As a variant of Theorem 6.8, you might speculate from Tables 6.1 and 6.2 that, for 
all positive integers n, we have (i) p(2n) ≥ 2p(n) and (ii) p(n + 2) ≤ p(n + 1) + p(n). You 
are asked to show this in Exercise 6.4.4A. Furthermore, (ii) follows immediately from 
Theorem 8.6. Nevertheless, a simpler proof of a lesser result is often of interest in math-
ematics, and here we can give such a proof using dot diagrams and a bit of ingenuity 
(which some might call “fiddling”). We have:

Theorem 6.9
For each positive integer n, p(n + 2) ≤ p(n + 1) + p(n).

Proof
Let D be the dot diagram for the partition P of n + 2. We consider three distinct cases.

	 a.	 D contains at least one row containing just one dot. In this case we let D′ be the 
dot diagram obtained by deleting the bottom row of D containing just one dot. 
Then D′ corresponds to a partition of n + 1.

	 b.	 D contains no rows containing just one dot but at least one row containing two 
dots. Suppose that the next smallest row contains k dots, so that k ≥ 2. We let D′ 
be the dot diagram obtained from D by deleting the bottom row containing two 
dots and replacing the lowest row of k dots by k rows each containing one dot. 
Since k ≥ 2, D′ corresponds to a partition of n with more than one part of size 1.

	 c.	 The smallest row of D contains at least three dots. In this case we let D′ be the 
partition obtained from D by deleting two dots from the bottom row of D. Then 
D′ corresponds to a partition of n with at most one part of size 1.

Thus, in each case D′ corresponds to either a partition of n + 1 or of n. Also, if 
D1 ≠ D2, then D1′ ≠ D2′. This shows that there is a one–one correspondence between 
the partitions of n + 2 and some of the partitions of either n or n + 1. Hence 
p(n + 2) ≤ p(n) + p(n + 1).

Note: Exercise 6.4.5B asks you to obtain, for all positive n, the lower bound 
p(n + 2) ≥ p(n + 1) + p(n) − p(n−1). This and the intriguing “averaging” result in Exercise 
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6.4.5A, namely, p n p n p n( ) ( ( ) ( ))≤ + + −1
2 1 1 , can be established using the following 

theorem.

Theorem 6.10
The number of partitions of n which have no parts of size 1 is p(n) − p(n−1).

Proof
Given a dot diagram, say D, corresponding to a partition of n that has at least one part 
of size 1, we let D′ be the dot diagram obtained by removing the bottom row consisting 
of a single dot. So D′ corresponds to a partition of n−1. Conversely, given a dot diagram 
corresponding to a partition of n−1, by adding one row of just a single dot, we obtain a 
partition of n with at least one part of size 1. This shows that the partitions of n−1 can 
be put in a one–one correspondence with the partitions of n that have at least one part 
of size 1. Thus, p(n) − p(n−1) is the number of partitions of n with no parts of size 1.

As announced above, we shall return to partitions in Chapter 8 where we shall also 
describe a diagram-free way of discovering relationships between various partitions of 
integers.

Exercises
	 6.4.1A	� Prove that for all positive integers k and n with 1 < k ≤ n, p(n) − p(n − 1) ≤ 

pk(n) + p(n − k).
	 6.4.1B	� Prove that for n ≥ 2, p(n) − p(n−2) is the number of partitions of n with at 

most one part of size 1. How may this result be generalized?
	 6.4.2A	� Prove that the number of partitions of n into exactly k parts is equal to the 

number of partitions of n whose maximum part has size exactly k.
	 6.4.2B	� Prove that the number of partitions of n into exactly k parts is equal to the 

number of partitions of n + C(k,2) into k distinct parts.
	 6.4.3A	� Show that the number of partitions of n into at most k parts is equal to the 

number of partitions of n + k into exactly k parts.
	 6.4.3B	� Show that, for all positive integers n, k, the number of partitions of 2n + k 

into exactly n + k parts is the same for each k, namely, p(n).
	 6.4.4A	� Prove that, for every integer n ≥ 2, p(2n) > 2p(n).
	 6.4.4B	� Is p(3n) > 3p(n) for all n > 1?
	 6.4.5A	� Use Theorem 6.10 to prove that, for every positive integer n,

p n p n p n( ) ( ( ) ( ))≤ + + −1
2 1 1 .

	 6.4.5B	� From numerical evidence it appears that, for all n ≥ 2, p(n + 2) ≥ p(n + 1) + 
p(n) − p(n − 1). Use Theorem 6.10 to confirm this.

	 6.4.6A	� Prove that, for n ≥ 2, p(n) − p(n − 1) is the number of partitions of n whose 
two largest parts are equal.

	 6.4.6B	� Find (and prove) a similar formula for the number of partitions whose 
three largest parts are equal.
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7C h a p t e r  

Generating Functions and 
Recurrence Relations

7.1 F unctions and Power Series
In this chapter we describe a powerful algebraic technique that can be used to solve many 
combinatorial problems. We apply this technique to the solution of recurrence relations 
and especially to finding a succinct formula for the Fibonacci numbers (see Problem 7 of 
Chapter 1). In Chapter 8 this same technique is applied to investigate partitions of n.

We saw a connection between algebra and counting in Chapter 2, where we gave a com-
binatorial proof of the binomial theorem. Recall that we did this by considering the terms 
that are obtained when the product

	 (a + b) (a + b)…(a + b)

with n terms is multiplied out in full. We can apply a similar idea in other contexts, as is 
shown by the following problem, which, though rather simple, will set us off in the right 
direction.

Problem 7.1
Consider the following product:

	 (1 + x + x2 + x3 + …)(1 + x2 + x4 + x6 + …).	 (7.1)

What is the coefficient of x7 in this product?

Solution
The coefficient of x7 is 4 because when the terms in the first bracket are multiplied by 
those in the second bracket we obtain just four terms of degree seven, namely, x ⋅ x6, 
x3 ⋅ x4, x5 ⋅ x2, and x7 ⋅ 1, or, as we now prefer to write them,

	 x ⋅ x6, x3 ⋅ x4, x5 ⋅ x2, x7 ⋅ x0.
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These four terms correspond to the four different ways of writing 7 as the sum of two 
nonnegative integers, where the second is a multiple of 2, namely, 1 + 6, 3 + 4, 5 + 2, and 
7 + 0. We can see, in general, that the coefficient of xn in the product 7.1 is the number 
of ways of representing n as the sum of two nonnegative integers of which the second 
is even. Thus the coefficients give us an answer to a combinatorial problem. In fact, this 
problem is similar to the partition problems we have already discussed in Chapter 6. We 
return to this type of problem in Chapter 8. Meanwhile, the interest for us is the way we 
can use an infinite series to represent a sequence of numbers.

The above solution indicates that if an is the number of ways of writing n as the sum 
of two nonnegative integers of which the second is even, then

	 ( ...)( ...) .1 12 3 2 4 6

0

+ + + + + + + + =
=

∞

∑x x x x x x a xn
n

n

	 (7.2)

Equation 7.2 involves the sums of infinite series, and we have not yet said how these 
are to be interpreted. In fact, we can view the matter in two ways, algebraically and 
functionally. We could regard equations such as Equation 7.2 as dealing with formal 
algebraic expressions. The awkwardness of this approach arises when it comes to say-
ing exactly what we mean by a formal algebraic expression. The coefficients in the series 
look like numbers, but what sort of animal is x?

It is tempting to say that x is a symbol, but then how can we combine a symbol 
with an abstract object like a number to form such things as 3x? In earlier days writers 
used to talk about “an indeterminate x” without ever really saying what this means. 
The modern approach, which aims to explain all mathematical concepts ultimately in 
terms of set theory, is to regard an algebraic expression such as

	 a0 + a1x + a2x + …

as simply a convenient way of representing the sequence of numbers

	 (a0, a1, a2,…),

which is to be manipulated according to certain rules that arise from the algebraic 
background to this approach. The sequences are infinite if we are dealing with power 
series and finite if we are dealing with polynomials. There is, of course, no difficulty in 
defining what we mean by an infinite sequence in terms of sets. If X is a set, an infinite 
sequence of elements of X can be regarded as a function f : N → X.

In this approach the rule for addition of sequences of numbers becomes

	 (a0, a1, a2,…) + (b0, b1, b2,…) = (a0 + b0, a1 + b1, a2 + b2,…),	 (7.3)

corresponding exactly to term-by-term addition of power series and polynomials. The 
multiplication rule for sequences is a little more complicated. If we multiply the terms 
in the series a0 + a1x + a2x2 + … by those in the series b0 + b1x + b2x2 + … and gather 
together terms of the same degree, we see that the coefficient of xn is

	 a0bn + a1bn–1 + … + anb0,
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which we can write as 

	 a bi n i
i

n

−
=
∑

0

.

Thus the multiplication rule is

	 ( , , ,…) ( , , ,…) ( , , ,…), wher0 1 2 0 1 2 0 1 2a a a b b b c c c× = ee c a bn i n i
i

n

= −
=
∑

0

. 	 (7.4)

The Equations 7.3 and 7.4 define the algebra of formal power series without any 
need to mention x. Nonetheless, we shall continue to manipulate power series using 
the traditional notation involving powers of x, as this is more convenient, and certainly 
more familiar.

The second approach to Equation 7.2 is to regard it as an equation between func-
tions. From this point of view it says that for a certain range of values of x, the function 
defined by the formula on the left-hand side of the equation has the same values as the 
function defined by the formula on the right-hand side. Since, in the cases of equations 
such as Equation 7.2, the functions are defined by infinite series, this approach involves 
knowing something about their convergence.* Fortunately, it is usually not important 
for us to know the exact range of values of x for which the series converge. What mat-
ters is that they should converge for at least some nonzero values of x. We will use 
standard theorems that provide us with this information.

There is no difficulty with the particular series in Equation 7.2. The series on the 
left-hand side are geometric series, and standard theorems tell us that they converge for 
|x|<1, and hence that the series on the right-hand side also converges in this range.

These two approaches, algebraic and functional, are closely related. A standard the-
orem tells us that if the series ∑ =

∞
n n

na x0  and ∑ =
∞
n n

nb x0  both converge for |x|<R, for some 
R > 0, then

	 for all , with fox x R a x b xn
n

n
n

n

n

| | ,< = ⇔
=

∞

=

∞

∑ ∑
0 0

rr all N, .n a bn n∈ = 	 (7.5)

This tells us that an equation such as Equation 7.2 is true when regarded as a functional 
equation if and only if it is also true when regarded as an algebraic equation between 
formal power series. It is this interplay that enables us to use both algebraic and ana-
lytic methods as appropriate and that turns out to be so fruitful. For example, we often 
use Equation 7.5 to argue that if two functions are the same, then the coefficients in the 

*	 If you have not yet met convergence of series, don’t worry if you don’t fully understand these remarks. It will be 
sufficient to interpret “the series converges” as meaning “the series defines a specific number.” If you have strug-
gled with the ε − n definition of convergence in an analysis course, we hope that you now appreciate how it relates 
to some fairly concrete mathematical problems.
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power series that represent the functions must match exactly. We call this the method 
of equating coefficients.

You may think that rather too much fuss has been made about the two different 
interpretations of Equation 7.2, especially now that we have seen that they are equiva-
lent. However, it is important to be aware that the equivalence in Equation 7.5 does 
depend on both series converging for some positive values of x. It also depends on 
properties of the field of real numbers. In other cases the analogous result need not 
be true. For example, if you are familiar with the field Z3 made up of the numbers 
0, 1, and 2 with addition and multiplication modulo 3, you will be able to check that 
although 1 + x2 + x3 and 1 + x + x2 are distinct as polynomials, they define exactly the 
same functions on this field Z3.

It is convenient at this point to introduce some abbreviated notation for sequences. 
We write {an} to represent the infinite sequence (a0,a1,a2,…). In some cases the infinite 
sequences we are considering will begin with a1 rather than a0. Normally this will be clear 
from the context, and so we sometimes write {an} for the infinite sequence (a1,a2,a3,…). 

Exercises
	 7.1.1A	 Find the coefficient of xn in the series

	 (1 + x + x2 + x3 + …)2.

	 7.1.1B	 Find the coefficient of xn in the series

	 (1 + x + x2 + x3 + …)3.

	 7.1.2A	� Use the method of equating coefficients to find the terms of the sequence 
{an} such that

	 (a0 + a1x + a2x2 + a2x3 + …)(1 + x3 + x6 + x9 + …) = (1 + x + x2 + x3 + …).

	 7.1.2B	 Find a polynomial p(x) such that

	 p(x)(x + 4x2 + 9x3 + … + n2xn + …) = x(1 + x).

7.2 G enerating Functions
We begin with a definition.

Definition 7.1
The generating function of the sequence {an} is the function 

	 x a xn
n

n


=

∞

∑
0

.

We should use this terminology only when the power series has a positive radius 
of convergence, so that the method of equating coefficients is applicable. In the 
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combinatorial applications that we consider, {an} will almost always be a sequence of 
natural numbers, since an will be the number of arrangements of some kind, but the 
notion of a generating function has wider applications. We could equally consider gen-
erating functions corresponding to sequences of real numbers or complex numbers.

We begin our discussion of generating functions by giving some standard 
examples.

Problem 7.2
Find the generating function of the sequence { ( , )} .C n r r

n
=0

Solution
By the binomial theorem, ∑ = +=r

n r nC n r x x0 1( , ) ( ) . Hence x x n ( )1+  is the generat-
ing function of the sequence { ( , )} .C n r r

n
=0 Since the sequence is finite, the question of 

convergence does not arise.

Problem 7.3
	 a.	 Show that the function x  1/(1 – x) is the generating function for the constant 

sequence {1}.
	 b.	 Determine the generating function for the sequence {n}.

Solution
	 a.	 The geometric series 1 + x + x2 + x3 + … , that is, the series ∑ =

∞
n

nx0 ,  all of 
whose coefficients equal 1, converges for |x|<1, and for this range of values of x, 
∑ = −=

∞
n

nx x0 1 1( ). Thus x  1/(1 – x) is the generating function for the sequence 
{1} all of whose terms are equal to 1.

	 b.	 A theorem of analysis tells us that a power series may be differentiated term by 
term within the range of values of x for which it converges. Thus, as

	 1
1

1
0

−
= <

=

∞

∑x
x xn

n

for | | , 	 (7.6)

	 we deduce by differentiating both sides of Equation 7.6 that 1 1 2
0

1( )− = ∑ =
∞ −x nxn

n  
and hence

	 x
x

nx xn

n
( )

, | | .
1

1
2

0
−

= <
=

∞

∑ for 	 (7.7)

	 Therefore x  x/(1 – x)2 is the generating function for the sequence {n}.

		  In Exercise 7.2.1A you are asked to find the generating function for the 
sequence {n2}. This, together with the sequence for {n} that we have just found, 
enables us to write down the generating function for the sequence { ( )}1

2 1n n +  
by using the fact that it can be obtained by adding the generating functions for 
the sequences {n2} and {n} and then dividing by 2. You are asked to do this in 
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Exercise 7.2.1A, but there is also a more direct method that exploits the fact 
that 1

2 1n n( )+  is the sum of the first n natural numbers. That is, the sequence 
{ ( )}1

2 1n n +  is the sequence {an} that is given by a0 = 0, and 

	 an + 1 = an + n + 1.	 (7.8)

		  Let f be the generating function for this sequence. Thus,

	 f x a xn
n

n

( ) .=
=

∞

∑
0

	 (7.9)

	 If we multiply Equation 7.8 by xn and sum the resulting terms, we obtain

	 a x a x nx xn
n

n
n

n

n

n

n

n

n
+

=

∞

=

∞

=

∞

=

∞

∑ ∑ ∑ ∑= + +1
0 0 0 0

. 	 (7.10)

	 Now 

	 a x
x

a xn
n

n
n

n

n
+

=

∞

+
+

=

∞

∑ ∑=1
0

1
1

0

1
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∞

∑1 0
0

0x
a x an

n

n

, ,because

	 = 1
x

f x( ) 	 (7.11)

	 Hence, from Equations 7.7, 7.9, 7.10, and 7.11, we deduce that

	  1
1

1
12x

f x f x x
x x

( ) ( )
( )

= +
−

+
−

	  = +
−

f x
x

( )
( )

,1
1 2

	 from which it follows that

	 f x x
x

( )
( )

.=
−1 3

	 (7.12)

	 Thus Equation 7.12 gives the generating function for the sequence { ( )}.1
2 1n n +
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Exercises
	 7.2.1A	 i.  Find the generating functions for the following sequences.

	 a.  {n(n – 1)}    b.  {n2}    c.  {n3}
	 ii.	 Deduce the generating function for the sequence { ( )},1

2 1n n +  and verify 
that your answer agrees with Equation 7.12.

	 7.2.1B	� For each positive integer k, let x F xk ( )  be the generating function for the 
sequence {nk}.

	 i.	 Prove that, for each positive integer k, F x xF xk k+ = ′
1( ) ( ), where F xk

′( )  is 
the derivative of F xk( )  with respect to x.

	 ii.	 Hence deduce that, for each positive integer k, 

	 F x P x
xk

k
k

( ) ( )
( )

,=
− +1 1

where Pk(x) is a polynomial of degree k in which the coefficient of xk is 1.
	 7.2.2A	� Find the generating function for the sequence {an}, where an is the sum 

of the first n squares. That is, the sequence {an} is defined by a0 = 0, and 
an + 1 = an + (n + 1)2.

	 7.2.2B	� Find the generating function for the sequence {an}, where an is the sum of 
the first n cubes. 

7.3  What Is a Recurrence Relation?
We have seen in the previous section that the sequence {an}, where an is the sum of the 
first n natural numbers, can be defined by a0 = 0 and an + 1 = an + n + 1. Thus the sequence 
is specified by giving the value of the first term in the sequence, and a formula telling us 
how to calculate each subsequent term from the previous term. This is an example of what 
is called a recurrence relation. Before explaining exactly what we mean by this, we give 
another example of a combinatorial problem that gives rise to a relation of this form.

Problem 7.4
How many strings are there made up of 10 of the digits 0 and 1, in which there are no 
two successive 0s?

Solution
We let An be the set of strings made up of n of the digits 0 and 1 that do not contain 
consecutive 0s. We put an = #(An). We are asked to find the value of a10, and we can do 
this by obtaining a general method for generating the numbers in the sequence {an} by 
considering how strings in An can be built up from shorter strings that do not contain 
consecutive zeros.

Clearly each of the two strings consisting of just one digit meets the required condi-
tion. The two-digit strings 11, 10, and 01, but not 00, meet this condition. Hence

	 a1 = 2 and a2 = 3.	 (7.13)
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Now suppose n ≥ 3.  The strings in An can be divided into those that begin with a 0 
and those that begin with 1. Those that begin with 0 must have 1 as their second digit 
and so must have the form 01$, where $ is a string of n – 2 digits that do not contain 
consecutive zeros, that is, a string in An–2. So there are an–2 strings of this form. The 
strings in An that begin with 1 must have the form 1$, where $ is a string in An–1, and 
hence, there are an–1 strings of this form. It therefore follows that for each integer n ≥ 3,

	 an = an–2 + an–1.	 (7.14)

It is straightforward, using Equations 7.13 and 7.14, to calculate an for any particular 
value of n. For example, we have that a3 = a1 + a2 = 2 + 3 = 5 and so a4 = a2 + a3 = 3 + 5 
= 8 and so on. In this way you can check that a10 = 144.

Although these calculations could be extended as far as we like, this provides a 
rather long-winded method for calculating the values of an for large values of n. In 
later sections of this chapter we discuss ways of converting Equations 7.13 and 7.14 into 
a succinct formula that enables us to calculate values of an very quickly. Before we do 
this, we want to use this example to help us to make clear what, in general, is meant by 
a recurrence relation for the terms of a sequence {an}.

It is characteristic of a recurrence relation that it enables us to calculate each term of 
a sequence from the values of earlier terms in the sequence. As a first shot we could say 
that a recurrence relation has the form

	 an = f (an–1, an–2,…),	 (7.15)

where f is a given function. In our Equation 7.14, f is the function given by 
f x y x y: ( , ) . +  In order to make the definition as general as possible, our notation 

in Equation 7.15 avoids specifying how many of the preceding terms are needed to 
calculate an. Nonetheless, Equation 7.15 is not general enough, as it does not even cover 
Equation 7.8 of the previous section. We repeat this for convenience, but, to fit in with 
Equation 7.15, we rewrite it to give an in terms of an–1, as follows:

	 an = an–1 + n. 	 (7.16)

Notice that the definition of an in Equation 7.16 involves, on the right-hand side, not 
only the preceding term in the sequence, an–1, but also the number n itself. So we need 
to revise Equation 7.15 so as to include cases where the value of n enters explicitly into 
the formula for an. Thus a general recurrence relation has the form

	 an = f(n,an–1,an–2,…),	 (7.17)

where f is some given function. Again, our notation is deliberately vague about exactly 
which terms of the sequence are involved on the right-hand side of Equation 7.17 as we 
wish to allow for such cases as

	 a an k
k

n

=
=

−

∑
1

1

,
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where the number of terms of the sequence that are involved in the definition of an can 
vary with the value of n.

The recurrence relation does not, by itself, define the sequence. For example, 
Equation 7.14 does not enable us to calculate the terms of the sequence unless we are 
also given the values of a1 and a2 to start with. In general, a recurrence relation needs to 
be accompanied by one or more initial conditions that specify the first few terms of the 
sequence. A recurrence relation together with the appropriate initial conditions enables 
us to calculate all the terms of the sequence, assuming, of course, that we have a way to 
calculate the values of the function f that enters into the recurrence relation. By solving 
a recurrence relation we mean finding an explicit formula for an. 

It is worth remarking here that what we have called a recurrence relation is, in other 
contexts, called a recursive definition. Recursive definitions are usually thought of as 
defining functions rather than sequences, but as we have noted earlier, a sequence {an} 
is really a function n an  in disguise. Recursive functions are studied in the branch 
of mathematical logic known as recursive function theory or computability theory. 
Recursive definitions are also allowed in several programming languages.

Recurrence relations are classified according to the form of the function f that occurs 
in the relation. In this chapter we discuss recurrence relations that can be solved using 
the device of generating functions.

Exercises
	 7.3.1A	� Find a recurrence relation and initial conditions for the sequence {an}, 

where an is the number of strings of n digits (that is, 0, 1, 2, 3, 4, 5, 6, 7, 8, 
9) that do not contain consecutive even digits (where 0 counts as an even 
digit).

	 7.3.1B	� Find a recurrence relation and initial conditions for the sequence {an}, 
where n is the number of strings of n digits that contain no consecutive 0s, 
no consecutive 1s, and no consecutive 2s.

7.4 Fi bonacci Numbers
We have already seen in Section 7.2 how to work out the generating function of the sequence 
defined by the recurrence relation given by Equation 7.8. We are now going to take this 
idea further. If we have an explicit formula for the generating function, we may be able to 
use this to derive a formula for the coefficients in its power series. These coefficients are, 
of course, just the terms of the sequence in which we are interested. Before discussing the 
general method we give another illustration in relation to, perhaps, the best known of all 
sequences defined by a recurrence relation, namely, the Fibonacci numbers. These numbers 
are named after the Italian mathematician Leonardo of Pisa,* who introduced them in 
connection with the following problem. 

*	 Leonardo of Pisa lived during the late twelfth and early thirteenth century. His alternative name Fibonacci comes 
from filius Bonacci, meaning “the son of Bonacci.” His biggest contribution to mathematics was his book Liber 
Abaci, in which, among other things, he advocated the use of the Indian place-value system for numbers, which 
we now regard as standard. He also described the problem about rabbits that gives rise to what we now call 
Fibonacci numbers.
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Rabbits take one month to reach maturity. A mature pair of rabbits produces another 
pair of rabbits each month. If you start with one pair of newly born rabbits, how many 
pairs will you have after n months?

We let fn, for n ≥ 1, be the number of pairs of rabbits alive after n months. Thus fn is the 
number of pairs of rabbits, fn–2, born to the rabbits who have reached maturity, plus the 
number, fn–1, who were alive the previous month. Thus, for n ≥ 1,

	 fn = fn–2 + fn–1. 	 (7.18)

We obtain the Fibonacci numbers when we solve this recurrence relation subject to the 
initial conditions

	 f1 = 1 and f2 = 1. 	 (7.19)

Note that, except for a change of notation, the recurrence relation in Equation 7.18 is the 
same as in Equation 7.14. The only difference is that the initial conditions given by Equation 
7.19 are different from those given by Equation 7.13. 

The numbers in the sequence defined by Equations 7.18 and 7.19 are the Fibonacci num-
bers. It is easy to calculate the first few terms in the sequence:

	 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, … ,	

but can we find a simple formula for the numbers in this sequence? This was Problem 7 of 
Chapter 1. We now show how we can answer this question by finding the generating func-
tion for the sequence. 

We let F be the generating function for this sequence. Thus, F x f xn n
n( ) .= ∑ =

∞
1 If we mul-

tiply both sides of the recurrence relation in Equation 7.18 by xn and sum for all integers 
n ≥ 3,  we obtain
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The sum on the left-hand side of Equation 7.20 is just the series for F(x) without the 
first two terms, that is, ∑ = − − = − −=

∞
n n

nf x F x f x f x F x x x3 1 2
2 2( ) ( ) . In a similar way, 
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3 2
2 2 ( ). Therefore, it 

follows from Equation 7.20 that

	 F(x) – x – x2 = x(F(x) – x) + x2 F(x). 	 (7.21)

Equation 7.21 can be rearranged to give

	 F x x
x x

( ) .=
− −1 2

	 (7.22)
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We have now achieved the first stage of our objective. We have obtained an explicit 
formula for the generating function of the sequence {fn}. More than one method can now 
be used to derive from Equation 7.22 a formula for the coefficients in the power series for 
F(x). One method is to rewrite the formula for F(x) using the technique of partial fractions* 
and then using the standard power series for 1/(1 – x), namely, 1/(1 – x) = 1 + x + x2 + … , 
which generalizes to give

	 1
1

1
1

1
1

0 0
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=
− −

= −
=

∞
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∞∞
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The first move is to factorize the denominator 1 – x – x2 in the form (1 – αx)(1 – βx). If 
1 – x – x2 = (1 – αx)(1 – βx), then equating the coefficients of x and x2 gives α + β = 1 and 
αβ = –1. Hence α(1 – α) = –1, and so α2 – α – 1 = 0. It is readily seen that β satisfies the 
same quadratic equation. Thus α, β are the roots of x2 – x –1 = 0, so 

	 α β, ( ).= ±1
2

1 5 	 (7.23)

We now use partial fractions. The process is in principle straightforward, but the calcula-
tions are a little messy because α and β are the irrational numbers given by Equation 7.23. 
This gives you, the reader, three choices. If you are already familiar with the technique of 
partial fractions, you can take the details of our calculations on trust, and skip directly 
to Equation 7.26 or even Equation 7.28. If you would like to see an example that, though 
more artificial, is numerically easier, look ahead to Problem 7.5, and then come back to the 
Fibonacci numbers. The third choice is to work through the following calculations with us.

We have that 

	 1
1

1
1 12− −

=
− −x x x x( )( )

.
α β

We now seek to find constants A and B so that

	 x
x x

A
x

B
x( )( )

.
1 1 1 1− −

≡
−

+
−α β α β

	 (7.24)

The symbol ≡ in Equation 7.24 is intended to mean that it is an identity, that is, that the 
left-hand side is equal to the right-hand side for all values of x for which they are defined. We 
first multiply both sides of Equation 7.24 by (1 – αx)(1 – βx) to give

	 x ≡ A(1 – βx) + (1 – αx).	 (7.25)

*	 You will probably have used the method of partial fractions for evaluating integrals of rational functions. We hope 
that our methods for solving problems using this method will explain it to those who have not seen it before.
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Because Equation 7.25 is an identity we can now find the constants A and B either by 
equating the constant terms and the coefficients of x, or by substituting particular values 
for x. The second method is more straightforward here. If we put x = 1/α in Equation 7.25, 
we obtain 1/α = A(1 –(β/α)), from which it follows that A = 1/(α – β). Similarly, putting 
x = 1/β in Equation 7.25 gives B = 1/(β – α). Using the values of α and β given by Equation 
7.23, we thus see that 

	 A B= = −1
5

1
5

and . 	 (7.26)

Hence, from Equations 7.22 and 7.24,

	 F x x
x x x

( ) =
− −

= 
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If we now substitute in the values of α and β as given in Equation 7.23, we obtain

	 F x x
n n

n

n
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and, as fn is the coefficient of xn in the power series in Equation 7.27, we can deduce that

	 fn

n n

= +





− −



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









1
5

1 5
2

1 5
2

. 	 (7.28)

Here, at last, we have our formula for the Fibonacci numbers. Since these numbers are 
all integers, it is rather surprising to find the irrational number 5  in the formula for 
them. However, if in the formula in Equation 7.28 we expand ( )1 5+ n  and ( ) ,1 5− n  we 
find that all the terms involving 5  cancel, and we are left with an expression in which 
irrational numbers do not occur, albeit a rather more complicated expression than that 
given in Equation 7.28. 

The next problem can be solved using a similar method, but there are no irrational num-
bers involved in the calculations, which are therefore less complicated.

Problem 7.5
Sequences are formed using the letters A,B,C and the digits 1,2,3,4. Find a formula for 
the number of sequences made up of n of these symbols in which there are not two let-
ters in succession.
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Solution
We let An, for n ≥ 1, be the set of sequences made up of n of the symbols A,B,C,1,2,3,4 
in which there are not two successive letters, and we put an = #(An). It is easy to see that 
a1 = 7 and a2 = 40. Now suppose n ≥ 3. A sequence in An begins with either a letter or a 
digit. If a sequence in An begins with a letter, the second symbol must be a digit and so 
the sequence must have the form Ld$, where L A B C∈{ , , },  d ∈{ , , , },1 2 3 4  and $ .∈ −An 2  
Hence there are 3 × 4 × an–2 = 12an–2 sequences beginning with a letter. A sequence in 
An that begins with a digit has the form d$, where d ∈{ , , , }1 2 3 4  and $ ,∈ −An 1  and hence 
there are 4 1an−  sequences beginning with a digit. It follows that, for n ≥ 3,

	 an = 12an–2 + 4an–1, with a1 = 7 and a2 = 40.	 (7.29)

We now let A x a xn n
n( ) .= ∑ =

∞
1  Now, by multiplying Equation 7.29 by xn and summing, 

we obtain

	 a x a x a xn
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that is,

	 a x x a x x a xn
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12 4 ,,

and thus

	 A(x) – 7x – 40x2 = 12x2 A(x) + 4x(A(x) – 7x),

from which it follows that

	 A x x x
x x

( ) .= +
− −
7 12

1 4 12

2

2
	 (7.30)

Since 1– 4x – 12x2 = (1 – 6x)(1 + 2x), irrational numbers are not involved in the 
partial-fraction calculation that now ensues. The other difference from the case of the 
Fibonacci numbers is that in the quotient on the right-hand side of Equation 7.30, both 
the numerator and the denominator are polynomials of the same degree. So we first 
divide the denominator into the numerator to obtain

	 A x x x
x x

x
x x

( ) = +
− −

= − + +
− −

= − +7 12
1 4 12

1 3 1
1 4 12

1 32

2 2

xx
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. 	 (7.31)

We now seek to find constants B and C such that

	 3 1
1 6 1 2 1 6 1 2

x
x x

B
x

C
x

+
− +

≡
−

+
+( )( )

. 	 (7.32)
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Multiplying both sides of Equation 7.32 by (1 – 6x)(1 + 2x), we obtain

	 3x + 1 ≡ B(1 + 2x) + C(1 – 6x). 	 (7.33)

Putting, successively, x = 1
6 and x = − 1

2  in Equation 7.33, we obtain 3
2

4
3= B  and 

− =1
2 4C,  from which it follows that B = 9

8  and C = − 1
8 .  It follows from Equations 7.31 

and 7.32 that

	 A x
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Consequently, an
n n= − −9

8
1
86 2( ) .

We have solved Problem 7.5 by first finding the generating function for the sequence 
{an} and then using the generating function to find a formula for an. You may think that 
this is rather a cumbersome method as it involves first finding the generating function, 
and only then a formula for an. There is a more direct method for solving simple recur-
rence relations, which we describe in the next section. We can get a clue to this method 
by looking at the solutions to the two recurrence relations we have solved, namely, that 
for the Fibonacci numbers and that of Problem 7.5. We encourage you to think about 
what these have in common before you begin reading the next section.

There are lots of well-known relationships between the Fibonacci numbers. We 
deduce one of them by rewriting the generating function as follows. We have that

	 F x x
x x

x
x x

x x x k

k

( )
( )

( ( )) ,=
− −

=
− +

= +
=

∞

∑1 1 1
1

2
0

and it follows that fn equals the coefficient of xn–1 in ∑ +=
∞
k

kx x0 1( ( )) .  The product 
(x(1 + x)) k = xk (1 + x)k includes a term xr for all integers r such that k r k≤ ≤ 2 ,  and hence 
includes a term involving xn–1, provided that k n k≤ − ≤1 2 ,  that is, for 1

2 1 1( ) ,n k n− ≤ ≤ −  
when the coefficient is the same as the coefficient of xn–1–k in (1 + x)k, that is, C(k,n – 1 – k). 
It follows that f C k n kn n k n= ∑ − −− ≤ ≤ −( )( ) ( , ).1 2 1 1 1

The numbers C(k,n – 1 – k) for 1
2 1 1( )n k n− ≤ ≤ −  occur on the diagonals of Pascal’s 

triangle, such as the one shown by the large bold numbers in Figure 7.1, corresponding 
to the case n = 8, when our formula gives 
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Figure 7.1
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	 f C k k C C C C
k

8
7 2 7

7 4 3 5 2 6 1= − = + + +
≤ ≤

∑ ( , ) ( , ) ( , ) ( , )
( )

(( , ) .7 0 4 10 6 1 21= + + + =

For other relationships involving the Fibonacci numbers, see Exercise 7.4.3B.

Exercises
7.4.1A	 Find the generating function for the sequence {an} defined by

	 a1 = 2, a2 = 16, and, for n ≥ 3,  an = 8an–1 – 15an–2.

Hence find a formula for an.
7.4.1B	 Find the generating function for the sequence {an} defined by

	 a1 = 5, a2 = 15, and, for n ≥ 3,  an = 3an–1 + 4an–2.

Hence find a formula for an.
	 7.4.2A	� We have seen that the solution to Problem 7.4 is given by the recurrence 

relation an = an–2 + an – 1, for n ≥ 3,  with a1 = 2 and a2 = 3. Find the generat-
ing function for the sequence {an}.

	 7.4.2B	� Find the generating function for the sequence defined by the same recur-
rence relation as arises in Problem 7.5, namely, an = 12an–1 + 4an–2, for 
n ≥ 3,  but with the general initial conditions, a1 = α, a2 = β.

	 7.4.3A	� Consider the sequence {gn}, which is defined by the same recurrence rela-
tion as the Fibonacci numbers, that is, gn = gn–2 + gn–1, but with the initial 
conditions g1 = α and g2 = β. Show that for n ≥ 3,  gn = αfn–2 + βfn–1, where fn 
is the nth Fibonacci number.

	 7.4.3B	 Prove that the Fibonacci numbers, fn, have the following properties.
	 i.	 For all n ≥ 3,  fn  fn–2– fn–1

2 = (–1)n–1.
	 ii.	 For all n ≥1,  f f f f fn n n1

2
2

2 2
1+ + + = +... .

	 iii.	 For all m n, ,≥1  fm + n = fm–1 fn + fm fn + 1.
	 iv.	 For all m n, ,≥1  if n is divisible by m, then fn is divisible by fm.

7.5 S olving Homogeneous Linear Recurrence Relations
In this section, we describe a more practical method for solving the type of recurrence 
relation that we looked at in the previous section. We postpone the theory that justifies 
this method until later. We need first to be precise about the type of recurrence relations to 
which our method applies.

Definition 7.2
A linear function is a function of the form

	 f:(x1,x2,…xk) → b1x1 + b2x2 + … + bkxk,

where b1,b2,…,bk are constants. (To be really precise we should specify the domain of 
the function and the possible values of the constants. In combinatorial applications, 
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x1,x2,…,xk will usually be natural numbers, and the constants will normally be rational 
numbers. However, to allow for all possibilities, we could say that they are all real num-
bers, or even complex numbers, so that the domain of f is Rn or Cn.)

A homogeneous linear recurrence relation is a recurrence relation of the form

	 an = f(an–1,an–2,…,an–k), 	 (7.35)

where f is a linear function, with 1 ≤ <k n.
The Equation 7.35 brings out the fact that we can use it to calculate an in terms of 

the previous k terms of the sequence, but in some ways it is more natural to write the 
equation in the form

	 an – f(an–1,an-2,…,an-k) = 0, 	 (7.36)

and thus we can give the following alternative definition.

Definition 7.2
A homogeneous linear recurrence relation is a recurrence relation of the form

	 c0an + c1an–1 + … + ckan–k = 0	 (7.37)

for some integer k, where 1 ≤ <k n,  and where c0,c1,…,ck are constants with ck ≠ 0.  (Of 
course, if Equation 7.37 is identical with Equation 7.36, c0 is 1, but we allow for other 
values of c0.)

The term homogeneous is rather a mouthful. It is used to indicate that the right-hand 
side of Equation 7.36 is 0. We leave the more complicated case of nonhomogeneous lin-
ear recurrence relations until later. It will be readily seen that the Fibonacci sequence is 
defined by a homogeneous linear recurrence relation and that Problem 7.5 also leads to 
a homogeneous linear recurrence relation. 

We illustrate our direct method by returning to this example. We begin by rewriting 
Equation 7.29 as

	 an – 4an–1 – 12an–2 = 0, 	 (7.38)

	 with a1 = 7 and a2 = 40.	 (7.39)

The idea of the method is to try to find a solution of Equation 7.38 of the form 
an = xn. This may seem a bold idea, but it does not come completely out of the blue, 
as we have seen that the formula for the Fibonacci numbers involves expressions of 
the form xn with x = ±1

2 1 5( ),  and that the solution of Equation 7.38 involves 6n and 
(–2)n. However, it remains to see whether it works.

If we put an = xn in Equation 7.38, we obtain 

	 xn – 4xn–1 – 12xn–2 = 0, 	 (7.40)
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which, if we divide by xn–2 (we hope you will pause to satisfy yourself that we can assume 
that xn− ≠2 0  before dividing by it), becomes

	 x2 – 4x – 12 = 0.	 (7.41)

Since x2 – 4x – 12 = (x – 6)(x – 2), the solutions of Equation 7.41 are x = 6,–2. We thus 
obtain two different solutions of the recurrence relation in Equation 7.38, that is, an = 6n 
and an = (–2)n. As the subsequent theory will show, it follows that the general solution 
of Equation 7.38 is given by 

	 an = A6n + B(–2)n,	 (7.42)

where A and B are constants that we now choose so that the initial conditions in 
Equation 7.39 are satisfied. If we successively put n = 1 and n = 2 in Equation 7.42, we 
see that for the initial conditions in Equation 7.39 to hold, we need to have

	 6A – 2B = 7 and 36A + 4B = 40.	 (7.43)

We can solve this pair of simultaneous equations to give A = 9
8 ,  B = − 1

8 ,  giving 
an

n n= − −9
8

1
86 2( ) ,  which agrees with the solution to Problem 7.5 that we found in the 

previous section. (Just as well – because if our new “method” did not give the correct 
answer we would have been wasting our time.)

Looking back at the above solution we see that we can cut out one step, as we can go 
directly from the recurrence relation in Equation 7.38 to the quadratic Equation 7.41. 
Note that the coefficients in Equations 7.38 and 7.41 are the same. We adopt this short-
cut in tackling the next problem, which we encourage you to try before reading our 
solution. It does not arise from a natural combinatorial problem but has been chosen to 
illustrate the method, with numbers chosen to make the calculation straightforward.

Problem 7.6
Find the solution of the recurrence relation 

	 an – 10an–1 + 21an–2 = 0,  for  n ≥ 3,	 (7.44)

subject to the initial conditions

	 a1 = 2 and a2 = 146.	 (7.45)

Solution
The quadratic equation associated with the recurrence relation given by Equation 
7.44 is x2 – 10x + 21 = 0, which has the solutions x = 3,7. So the general solution of 
Equation 7.44 is an = A3n + B7n. The initial conditions in Equation 7.45 give 3A + 7B = 2 
and 9A + 49B = 146. These equations have the solution A = –11 and B = 5. Hence the 
solution is an = –11(3n) + 5(7n).
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The quadratic equation corresponding to the recurrence relation is called the 
auxiliary equation associated with the recurrence relation. For example, in Problem 7.6 
the auxiliary equation is the quadratic equation x2 – 10x + 21.

The same method also works for homogeneous linear recurrence relations where the 
formula for an involves more than the two previous terms of the sequence. However, 
these cases are a little more complicated as the auxiliary equation will not be a quad-
ratic equation but, instead, a polynomial equation of higher degree. This is illustrated 
by the next problem.

Problem 7.7
Find the solution of the recurrence relation

	 an – 4an–1 – 11an–2 + 30an–3 = 0,  for  n ≥ 4,	 (7.46)

subject to the initial conditions

	 a1 = 5, a2 = – 5, and a3 = 155.	 (7.47)

Solution 
The auxiliary equation associated with the recurrence relation in Equation 7.46 is the 
cubic equation x3 – 4x2 – 11x + 30 = 0, that is, (x – 5)(x + 3)(x – 2) = 0, with solutions 
x = 5,–3,2. Hence the general solution of Equation 7.46 is an = A5n + B(–3)n + C2n = 0, 
where A, B, and C are constants. The initial conditions give

	 5A – 3B + 2C = 5, 25A + 9B + 4C = –5, 125A – 27B + 8C = 155,

with the solution A = 1, B = –2, C = –3 (of course, the recurrence relation and the 
initial conditions have been carefully chosen to give these integer values). Hence 
an = 5n –2(–3)n –3(2n). 

We can sum up the method we have used as follows:

Solving Homogeneous Linear Recurrence Relations

To solve the homogeneous linear recurrence relation

	 c0an + c1an–1 + … + ckan–k = 0

subject to the initial conditions

	 a1 = α1, a2 = α2,…,ak = αk,

	 1.	Write down the auxiliary equation associated with the recurrence relation. 
This is the polynomial equation of degree k

	 c0xk + c1xk–1 + … + ck = 0.
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	 2.	Solve the auxiliary equation.
	 3.	If the auxiliary equation has distinct roots x1,…,xk, then the general solution 

of the recurrence relation is 

	 an = A1xn + A2x2
n + … + Akxk

n.

	 4.	Find the constants A1,A2,…Ak by solving the system of linear equations 

	 x1A1 + x2A2 + … + xkAk = α1

	 

	 x1
k A1 + x2

k A2 + … + xk
k Ak = αk

given by the initial conditions.

The case where the auxiliary equation has repeated roots is a little more com-
plicated. We explain what to do in this case in Section 7.7 where we give the theo-
retical justification of the method. If you have already met the “try y = emx” method 
for solving linear differential equations with constant coefficients, that is, equations 
such as

	 d y
dx

dy
dx

y
2

2
4 12 0− − = , 	 (7.48)

you will notice a resemblance with the method we have just used to solve linear recur-
rence relations. Indeed, the two theories are almost exactly parallel, as they both 
concern linear operators on vector spaces. (The general solution of the differential 
equation in Equation 7.48 is y = Ae6x + Be–2x, which you should compare with the 
general solution an = A6n + B(–2)n of Equation 7.40.) Although it is not necessary to 
know about vector spaces in order to understand the piece of theory that is needed 
to justify the method we have just used, we discuss the vector space approach briefly 
in Section 7.7.

Exercises
	 7.5.1A	� Solve the recurrence relation an – 3an–1 – 4an–2 = 0, for n ≥ 3,  subject to the 

initial conditions a1 = 1 and a2 = 3.
	 7.5.1B	� Solve the recurrence relation an – an–1 – 6an–2 = 0, for n ≥ 3,  subject to the 

initial conditions a1 = 9 and a2 = 57.
	 7.5.2A	� Let an be the number of sequences of 0s, 1s, and 2s of length n in which a 

0 may only be followed by a 1. Find a recurrence relation satisfied by the 
sequence {an} and hence find a formula for an.

	 7.5.2B	� Let an be the number of sequences of n letters of the alphabet in which a 
vowel may only be followed by a consonant. Find a recurrence relation sat-
isfied by the sequence {an}, and hence find a formula for an.
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	 7.5.3A	� Let An be the n × n matrix that has 1s on the leading diagonal, and on the 
diagonals above and below the leading diagonal, and 0s everywhere else. 
Thus An is the n × n matrix (aij) where

	

a
i j

ij =
− ≤






1 1

0

, if

otherwise.
. F

| | ,

,
oor example, A5

1 1 0 0 0
1 1 1 0 0
0 1 1 1 0
0 0 1 1 1
0 0 0 1 1

=























.

Let dn = det(An). Find a recurrence relation for the sequence {dn} and hence 
find a formula for dn.

	 7.5.3B	� Richard Richardson,* known to his friends as “Rich-Rich,” opens a sav-
ings account with his bank by paying in £1000. At the end of the year he 
pays a further £2000, and in general, at the end of n years he pays in an 
additional amount of £1000(n + 1). At the end of each year the bank adds 
to his account 4% of everything in his account at the start of the year, with 
an additional 2% of everything that has been in his account for at least two 
years. How much money does he have in his account after n years? How 
long does it take Rich-Rich to accumulate £100,000 in his savings account?

7.6 N onhomogeneous Linear Recurrence Relations
To illustrate what we mean by an nonhomogeneous linear recurrence relation we begin 
with a problem that leads to a recurrence relation of this type. The problem concerns the 
evaluation of determinants. If this is something you are not familiar with, you should skip 
the discussion of the problem, and go straight to Equation 7.49 at the end of the solution, 
where the recurrence relation is given.

Problem 7.8
Find a formula for the number, rn, of arithmetic operations that are needed to evaluate 
the determinant of an n × n matrix, by row-reducing the matrix to upper triangular 
form, and then multiplying together the diagonal entries.

Solution
The first stage of the row-reduction process applied to an n × n matrix, as shown on the 
left below, is to row-reduce it to the form shown on the right by subtracting multiples of 
the top row from the remaining rows.
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a a
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*	 Not, we hasten to add, the West Indian cricketer Richard Benjamin Richardson.
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(This assumes that a11 ≠ 0. If a11 = 0, we need first to put a nonzero number in the first 
row and first column by interchanging the top row with the ith row, for some i for 
which a1i ≠ 0. Of course, if all the entries in the first column are 0, the determinant of 
the matrix is 0, and no arithmetic is needed to calculate it.) 

The reduction process involves the following steps. First, for 2 ≤ ≤i n,  we calculate 
the appropriate multiple of the first row that we need to subtract from the ith row. This 
means that we need to calculate, for 2 ≤ ≤i n,

	 c a
ai

i= 1

11
.

Thus, this involves n – 1 divisions. Then, for 2 ≤ ≤i n,  we subtract ci times row 1 from 
row i. Thus, for 2 ≤ ≤i n  and 2 ≤ ≤j n,  we need to calculate 

	 ′ = − ×a a c aij ij i j1 .

It takes one multiplication and one subtraction to calculate each a′ij , and hence 2(n – 1)2 
arithmetic operations altogether. 

Having carried out all these row operations, we then need to calculate the determi-
nant of the (n – 1) × (n –1) matrix

	

′ ′a a n22 2.........
 



.........


′ ′

















a an nn2

and then multiply this determinant by a11.
It follows that 

	 rn = (n–1) + 2(n–1)2 + rn–1 + 1.

Clearly, the initial condition is r1 = 0, as no arithmetic is needed to calculate the deter-
minant of a 1 × 1 matrix. Thus, rn is given by

	 rn – rn–1 = 2n2 – 3n + 2,  for   n ≥ 2  with r1 = 0.	 (7.49)

The recurrence relation in Equation 7.49 is linear, but it is not homogeneous because 
the right-hand side is not zero but is instead a function of n. The general definition is 
as follows.

Definition 7.4
A nonhomogeneous linear recurrence relation is a recurrence relation of the form

	 c0an + c1an–1 + … + ckan–k = f(n) 	 (7.50)

for some integer k ≥1,  where c0,c1,…,ck are constants, and f is some non-zero function.
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Our method for solving such nonhomogeneous recurrence relations is as follows. 
The theoretical justification for this method is given in Section 7.7.

Solving Nonhomogeneous Recurrence Relations

To solve the nonhomogeneous recurrence relation

	 c0an + c1an–1 + … + ckan–k = f(n),	 (7.51)

	 1.	Find the general solution, say {yn}, of the associated homogeneous recur-
rence relation

	 c0an + c1an–1 + … + ckan–k = 0.	 (7.52)

	 2.	Find any particular solution, say {zn}, of the nonhomogeneous recurrence 
relation in Equation 7.51.

	 3.	Then the general solution of Equation 7.51 is given by

	 an = yn + zn, 

and the constants occurring in this solution can be found so as to satisfy any 
given initial conditions.

As we already know how to solve homogeneous recurrence relations, all we need to 
be able to solve nonhomogeneous equations is to find some way to come across a par-
ticular solution {zn}. We illustrate one way this can be done by returning to the recur-
rence relation given in Equation 7.49, which we repeat for convenience:

	 rn – rn–1 = 2n2 – 3n + 2 for n ≥ 2  with r1 = 0.	 [(7.49)]

We first need to solve the associated homogenous recurrence relation

	 rn – rn–1 = 0.	 (7.53)

We couldn’t ask for anything easier! By Equation 7.53 all the terms, rn, are the same, so 
the general solution of Equation 7.53 is given by 

	 rn = A,	 (7.54)

where A is a constant.

Next, we seek a particular solution of Equation 7.49. The idea here is that if the dif-
ference between rn and rn–1 is a polynomial of degree 2, we should look for a polynomial 
of degree 3 for rn. The reason will emerge from the solution. (However, this is a special 
case because of the particular form of the left-hand side of Equation 7.49. In general, 
with a polynomial of degree k on the right-hand side, we try to find a particular solu-
tion that is also a polynomial of degree k; see also Exercise 7.6.5A.) So we put

	 r n n nn = + + +α β γ δ3 2 . 	 (7.55)
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and aim to find values of α,β,γ, and δ that satisfy Equation 7.49.
Substituting from Equation 7.55 into Equation 7.49 gives

	 α β γ δ α β γ δn n n n n n3 2 3 21 1 1 2+ + +( )− − + − + − +( ) =( ) ( ) ( ) nn n2 3 2− + ,

that is,

	 3 3 2 2 3 22 2α α β α β γn n n n+ − + + − + = − +( ) ( ) . 	 (7.56)

The polynomials on the left- and right-hand sides of Equation 7.56 must be equal for 
all integers n ≥ 2 , and hence their coefficients must be equal. This gives

	 3α = 2, –3α + 2β = –3, α – β + γ = 2,	 (7.57)

from which it follows that α = 2
3 ,  β = − 1

2 ,  and γ = 5
6 .  We cannot determine the value 

of δ from Equation 7.56, but this should not be a surprise because our general solution, 
Equation 7.54, of the associated homogeneous recurrence relation already involves an 
undetermined constant.

The general solution of the recurrence relation is the sum of the right hand sides of 
Equations 7.54 and 7.55, giving

	 r A n n n Cn = + − + +





2
3

1
2

5
6

3 2 .

From the initial condition that r1 = 0, we deduce that A + 1 + C = 0, giving A + C = –1. 
Hence the solution of Equation 7.49 is

	 r n n nn = − + −2
3

1
2

5
6

13 2 . 	  (7.58)

This result shows that although the determinant of an n × n matrix involves n! terms 
when expanded in full, and n! increases extremely rapidly, the number of arithmetic 
operations needed to evaluate it by the row-reduction method only grows in proportion 
to n3. This makes it possible to carry out calculations in linear algebra with very large 
matrices in a feasible amount of time.

As it happens, because the recurrence relation in Equation 7.49 is particularly sim-
ple, there is a more direct way to find this solution (see Exercise 7.6.6A). The next prob-
lem covers a more typical case.

Problem 7.9
Solve the recurrence relation an – 5an–1 + 6an–2 = 2n2, subject to the initial conditions 
a1 = 28 and a2 = 34.

Solution
The auxiliary equation is x2 –5x + 6 = 0 with solutions x = 2 and x = 3. So the general 
solution of the associated homogeneous equation is an = A2n + B3n. Because n2 is a 
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polynomial of degree 2 we try to find a particular solution of the same form, that is, 
with an = αn2 + βn + γ . Substituting this into the recurrence relation gives

	 (αn2 + βn + γ) –5(α(n–1)2 + β(n–1) + γ) + 6(α(n–2)2 + β(n–2) + γ) = n2 .

That is,

	 2αn2 + (–14α + 2β)n + (19α –7β + 2γ) = 2n2.

Equating the coefficients of n2 and n and the constant terms gives 2α = 2, –14α + 2β = 0, 
and 19α – 7β + 2γ = 0. Hence α = 1, β = 7, and γ = 15. Therefore, the general solution of 
the nonhomogeneous recurrence relation is given by

	 an = A2n + B3n + n2 + 7n + 15.

The initial conditions give 2A + 3B + 23 = 28 and 4A + 9B + 33 = 34, that is, 2A + 3B = 5 
and 4A + 9B = 1. Hence A = 7 and B = –3. Therefore the solution is

	 an = 7(2n) – 3(3n) + n2 + 7n + 15.

Exercises
	 7.6.1A	� Find a formula for an given that an – 2an–1 – 8an–2 = 18–9n, with a1 = 1 and 

a2 = 3.
	 7.6.1B	� Find a formula for an given that an + 5an–1 + 6an–2 = 2n3 – 21n2 + 57n – 43 for 

n ≥ 3  with a1 = 1 and a2 = 14.
	 7.6.2A	� Let an be the number of sequences of length n of letters of the English 

alphabet in which between them the five vowels, A, E, I, O, U, occur an 
even number of times.

	 i.	 Show that a1 = 21 and that, for n ≥ 2,  an = 16an–1 + 5(26n–1).
	 ii.	 Find a formula for an.

	 7.6.2B	� Let an be the number of n-digit sequences formed using only the digits 0, 1, 
2, and 3 in which 0 occurs an odd number of times.

	 i.	 Show that an = 2an–1 + 4n–1.
	 ii.	 Find a formula for an.

	 7.6.3A	� Let m and n be positive integers with m < n. How many arithmetic opera-
tions are needed to row-reduce an m × n matrix to echelon form?

	 7.6.3B	� Let A be an invertible (that is, nonsingular) n × n matrix. The inverse of A 
may be calculated by forming the n × 2n matrix (AIn) by writing the n × n 
identity matrix In alongside A and then row-reducing this matrix to ech-
elon form, thus obtaining a matrix of the form (InB), where B is the inverse 
of A. How many arithmetic operations are needed to calculate the inverse 
of A by this method?

	 7.6.4A	 The Tower of Hanoi
Suppose that we have three pegs. On one of these pegs there are n disks of 
different sizes arranged in order of size with the largest disk at the bottom. 
The task is to transfer these n disks to the third peg, by moving one disk at 
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a time to another peg, subject to the rule that no disk may ever be placed 
on top of a smaller disk.

(This is an old toy known, for no good reason as the Tower of Hanoi.) If, as 
the legend says,* in the great temple of Benares, the priests of Bramah are 
carrying out this task with 64 disks, and they move one disk each second, 
without making any mistakes, how long will it take before all the disks 
have been transferred and “tower, temple and Brahmins alike will crumble 
into dust, and with a thunder clap the world will vanish”?

	 7.6.4B	� In this exercise we generalize the Tower of Hanoi problem to one with n 
disks and r (> 3) pegs. 

	 We let T (n,r) denote the minimum number of moves needed to transfer 
the n disks from one peg to another with, as usual, the restriction that 
no disk is can be placed above a smaller one on the same peg. The Frame 
Stewart algorithm is as follows.

	 For each k, 1 ≤ k ≤ n–1:
	 i.	 Move the top k disks (legally) to another peg;
	 ii.	 Move the remaining n–k disks (legally) to one of the remaining pegs; 
	 iii.	 Move the k disks (legally) to the peg containing the n–k disks.

Deduce that, for 1 ≤ k ≤ n–1, we have T (n,r) ≤2T(k,r) + T(n–k,r–1). Using 
this inequality find upper bounds for the values of T(n,4) for 1 ≤ n ≤ 8.

	 7.6.5A	 Show that
	 i.	� It is not possible to find a particular solution of Equation 7.49 of the 

form rn = En2 + Dn + C, where C, D, and E are constants.
	 ii.	� The recurrence relation rn – 2rn–1 = 2n2 –3n + 2 has a solution of the form 

rn = En2 + Dn + C, where C, D, and E are constants.
	 7.6.5B	� Show that the recurrence relation rn – rn–1 = n3 has solutions of the form 

rn = Gn4 + Fn3 + En2 + Dn + C.
	 7.6.6A	 i.  Show that the solution of the recurrence relation

	 rn – rn–1 = f(n)

	 is given by r r f kn k
n= + ∑ =1 2 ( ),  for n ≥ 2.

*	 This is quoted in Mathematical Recreations and Essays by W. Rouse Ball, Macmillan & Co., London, 1892, but is 
almost certainly a modern invention.
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	 ii.	 Use the formula of (i) to solve the recurrence relation in Equation 7.49 of 
Problem 7.8.

	 7.6.6B	 Show that the solution of the recurrence relation

	 rn – rn–1 – rn–2 = g(n)

is given by r f r f r f g kn n n k
n

n k= + + ∑− − = + −1 1 2 2 3 1 ( ), where fn is the nth Fibonacci 
number.

7.7 T he Theory of Linear Recurrence Relations
In this section we describe briefly the theory that underlies the methods for solving 
homogeneous and nonhomogeneous recurrence relations covered in the previous two 
sections.

Throughout the first part of this discussion, we assume that we are dealing with the 
recurrence relation

	 c0an + c1an–1 + … + ck an–k = 0, where ck ≠ 0	 (7.59)

subject to the initial conditions

	 a1 = α1, a2 = α2,…, ak = αk.	 (7.60)

The first theorem justifies our use of a solution of the form an = xn.

Theorem 7.1
A solution of the recurrence relation corresponding to Equation 7.59 is given by an = xn 
if and only if either x = 0 or x is a solution of the polynomial equation

	 c0xk + c1xk–1 + … + ck–1x + ck = 0.	 (7.61)

Proof
The sequence {xn} is a solution of the recurrence relation corresponding to Equation 
7.59 if and only if 

	 c x c x c x c x x cn n
k

n k
k

n k n k
0 1

1
1

1 0+ + + + = ⇔−
−

− + − −.... ( 00 1
1

1 0x c x c x ck k
k k+ + + + =−

−.... )

	 ⇔ = + + + + =−
−x c x c x c x ck k

k k0 00 1
1

1or ... .

Of course, x = 0 leads to a “trivial” solution in which {xn} is the constant sequence all 
of whose terms are 0. 

The next theorem shows how we may combine solutions of the recurrence relation cor-
responding to Equation 7.59 to obtain other solutions of the same recurrence relation. 
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Theorem 7.2
If the sequences {xn} and {yn} are both solutions of the recurrence relation in Equation 
7.59, then for all choices of the constants A and B the sequence

	 {Axn + Byn} 	 (7.62)

is also a solution.

Proof
If the sequences {xn}, {yn} are solutions of Equation 7.59, we have that

	 c0xn + c1xn–1 + … + ck xn–k = 0.	 (7.63)

and

	 c0yn + c1yn–1 + … + ck yn–k = 0.	 (7.64)

Multiplying Equation 7.63 by A and adding this to Equation 7.64 multiplied by B, we 
deduce that

	 c0 (Axn + Byn) + c1 (Axn–1 + Byn–1) + … + ck (Axn–k + Byn–k) = 0, 	 (7.65)

which shows that the sequence {Axn + Byn} is also a solution of Equation (7.59).

In the language of vector spaces we have shown that the solution set of Equation 7.59 
is closed under linear combinations; that is, it is a linear subspace of the vector space of 
all sequences.

Theorems 7.1 and 7.2 show us how to obtain some of the solutions of the recurrence 
relation in Equation 7.59, but does this method yield all the solutions, and will this 
method enable us to find a solution compatible with whatever initial conditions are 
specified?

The easiest case to deal with is where the polynomial equation in Equation 7.61 of 
Theorem 7.1 has k distinct solutions. Our assumption that ck ≠ 0 implies that these 
must be nonzero solutions. Suppose that these k distinct solutions of Equation 7.61 are 
x1,x2,…,xk. Then, for each choice of constants, A1,A2,…,Ak, the sequence 

	 {A1x1
n + A2x2

n + … + Akxk
n} 	 (7.66)

provides a solution of Equation 7.59. It is then straightforward to check that, what-
ever initial conditions are specified, there are always uniquely determined values of 
the constants A1,A2,…,Ak so that the sequence in expression 7.66 is a solution of the 
recurrence relation satisfying the specified initial conditions. In terms of vector spaces, 
this amounts to saying that the solution space of Equation 7.59 has k dimensions, and 
the sequences {xi

n}, for 1 ≤ i ≤ k, form a basis for the solution space (see Exercises 7.7.1A 
for the details). Notice that in this discussion we have not assumed that x1,x2,…,xk are 
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real numbers, so it also covers the case where some or all of the roots of the polynomial 
equation in Equation 7.61 are complex numbers. 

We now come to the theory of nonhomogeneous linear recurrence relations, namely, 
recurrence relations of the form 

	 c0an + c1an–1 + … + ck an–k = f(n),	 (7.67)

where c0,c1,…,ck are constants, with ck ≠ 0, and where f is some function. The associated 
homogeneous recurrence relation is 

	 c0an + c1an–1 + … + ck an–k = 0.	 (7.68)

The method we described and used in Section 7.6 can now be justified.

Theorem 7.3
The general solution of the nonhomogeneous linear recurrence relation in Equation 
7.67 has the form

	 {an + bn
0},

where {bn
0} is one particular solution of Equation 7.67 and {an} is any solution of the 

associated homogeneous recurrence relation in Equation 7.68.

Proof
Let {bn

0} be one particular solution of Equation 7.67, and let {an} be any solution of 
Equation 7.68. Thus,

	 c b c b c b f nn n k n k0
0

1 1
0 0+ + + =− −... ( ) 	 (7.69)

and

	 c0an + c1an–1 + … + ck an–k = 0. 	 (7.70)

Adding Equations 7.69 and 7.70 gives 

	 c a b c a b c a bn n n n n n k n k0
0

1 1 1
0( ) ( ) ... (+ + + + + +− − − − − nn k f n− =0 ) ( ).

It follows that { }a bn n+ 0  is a solution of the recurrence relation in Equation 7.67.
Conversely, suppose that {dn} is a solution of Equation 7.67. Then,

	 c0dn + c1dn–1 + … + ck dn–k = f(n).	 (7.71)

Subtracting Equation 7.69 from Equation 7.71 gives

	 c d b c d b c d bn n n n k n k n k0
0

1 1 1
0 0( ) ( ) ... (− + − + + −− − − − )) ,= 0
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from which it follows that the sequence { }d bn n− 0  is a solution of the homogeneous 
Equation 7.70. Since d d b bn n n n= − +( ) ,0 0  this shows that every solution of Equation 7.67 
has the form stated in the theorem.

The case where Equation 7.61 has multiple roots is only a little more complicated. 
It can be shown (see Exercise 7.7.1B) that if x0 is a root of Equation 7.61 of multiplicity 
r, then the sequences { }x n

0 , { }nx n
0 , … , { }n xr n−1

0 form a set of r linearly independent 
solutions of Equation 7.59. This is illustrated by the solution to the following problem. 

Problem 7.10
Find the solution to the recurrence relation

	 an – 6an–1 + 9an = 0

subject to the initial conditions a1 = 9 and a2 = 9.

Solution
The auxiliary equation is x2 – 6x + 9 = 0, that is, (x–3)2 = 0. Hence x = 3 is a root 
of multiplicity 2. It follows that the general solution of the recurrence relation is 
an = A3n + Bn3n, where A and B are constants. The initial conditions give 3A + 3B = 9 
and 9A + 18B = 9. Hence A = 5 and B = –2, and hence the solution is an = 5(3n) 
– 2n3n = (5–2n)3n.

Exercises
	 7.7.1A	 Vector spaces and recurrence relations

We let R∞ be the set of all infinite sequences, {un}, of real numbers. This set 
becomes a vector space if we define vector addition by {un} + {vn} = {un + vn} 
and scalar multiplication by c{un} = {cun}. Theorem 7.2 shows that the solu-
tion set, S, of the linear recurrence relation

	 α0an + α1an–1 + … + αk an–k = 0	 (7.72)

is a subspace of R∞. The aim of this exercise is to show that if the polyno-
mial equation 

	 α0xk + α1xk–1 + … + αk–1x + αk = 0

has the k distinct roots, x1,x2,…,xk, then the general solution of Equation 
7.72 is given by 

	 an = A1x1
n + A2x2

n + … + Akxk
n,

where A1,A2,…,Ak are constants.
	 i.	 Prove that if the real numbers r1,r2,…,rk are all different, then the 

sequences {r1
n}, {r2

n},…, {rk
n} form a linearly independent subset of R∞.
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	 ii.	 For1 ≤ ≤i k , let {y(i)n} be the solution of the above recurrence relation 
that satisfies the initial conditions

	 y i
n i

n( )
,

,
=

=





1

0

, if

otherwise.

Prove that the set of sequences {y(1)n}, {y(2)n} ,…, {y(k)n} forms a spanning 
set for the solution space, S, of the recurrence relation in Equation 7.72.

	 iii.	 Prove that, if x1,x2,…,xk are k distinct solutions of the polynomial 
equation

	 α0xk + α1xk–1 + … + αk–1x + αk = 0,

then every solution of the above recurrence relation has the form 

	 {A1x1
n + A2x2

n + … + Akxk
n}

for some appropriate choice of the constants A1,A2,…,Ak.
	 7.7.1B	 Repeated roots of the auxiliary equation

Prove that if x0 is a nonzero solution of the polynomial equation b0xk + b1xk–1 
+ … + bk–1x + bk = 0 of multiplicity r, then the sequences { }x n

0 , { }nx n
0 , … , 

{ }n xr n−1
0  form a set of r linearly independent solutions of the recurrence 

relation b0an + b1an–1 + … + bk an–k = 0.
	 7.7.2A	 Find the solution of the following recurrence relations.

	 i.	 an – 10an–1 + 25an–2 = 0, subject to the initial conditions a1 = 15 and 
a2 = 325.

	 ii.	 an + 4an–1 + 4an–2 = 0, subject to the initial conditions a1 = 4 and a2 = 4.
	 iii.	 an – 7an–1 + 16an–2 – 12an–3 = 0, subject to the initial conditions a1 = 8, 

a2 = 42, and a3 = 142.
	 iv.	 an – 6an–1 + 12an–2 – 8an–3 = 0, subject to the initial conditions a1 = 0, 

a2 = 8, and a3 = 16.
	 7.7.2B	 Find the solution of the following recurrence relations.

	 i.	 an + 10an–1 + 25an–2 = 0, subject to the initial conditions a1 = 15 and 
a2 = 325.

	 ii.	 an – 4an–1 + 4an–2 = 0, subject to the initial conditions a1 = 0 and a2 = 4.
	 iii.	 an – 9an–1 + 27an–2 – 27an–3 = 0, subject to the initial conditions a1 = 0, 

a2 = 0, and a3 = 54.
	 iv.	 an – 4an–1 – 3an–2 + 18an–3 = 0, subject to the initial conditions a1 = 4, 

a2 = –29, and a3 = 40.

7.8 S ome Nonlinear Recurrence Relations
When it comes to nonlinear recurrence relations, life becomes much more difficult. In this 
section we consider nonlinear recurrence relations of just one type. This type has been 
chosen because it occurs naturally in some counting problems and, by good fortune, also 
succumbs to the generating function method.
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We illustrate this idea by finding the formula for the generating function for the Catalan 
numbers, Cn, as described in Chapter 5. Recall that we have specified that C0 = 1 and that, 
by Theorem 5.8, we have that for each integer n ≥1,  C C Cn k

n
k n k+ = −= ∑1 0 .  This formula should 

remind you of the formula in Equation 7.4 for multiplying power series. If we let C be the 
generating function for the Catalan numbers, that is, C x C xn n

n( ) ,= ∑ =
∞

0 then, by Equation 
7.4, ( ( )) ,C x d xn n

n2
0= ∑ =

∞ where d C Cn i
n

i n i= ∑ = −0  and thus d Cn n= +1.  Hence ( ( )) .C x C xn n
n2

0 1= ∑ =
∞

+  
Therefore x C x C x C xn n

n( ( )) ( ) .2
0 1

1 1= ∑ = −=
∞

+
+  Therefore, writing C for C(x) we have that

	 xC2 – C + 1 = 0.	 (7.73)

Solving Equation 7.73 by the standard formula, we have that, for x ≠ 0,

	 C x
x

= ± −1 1 4
2

. 	 (7.74)

Using the power series expansion for 1 4− x ,  Equation 7.74 may be used to derive the formula 
Cn = [1/(n + 1)]C(2n,n) for the Catalan numbers. You are asked to do this in Exercise 7.8.1A.

Another example of this type is given in Exercise 7.8.1B.

Exercises
	 7.8.1A	� Deduce from Equation 7.73 that, for all positive integers n,
				    Cn = [1/(n + 1)]C(2n,n).

Hint: The power series expansion for 1 4− x ,  that is, (1 – 4x)1/2 may be 
derived either from the general binomial theorem 

	 ( ) ( )
!

( )( )
!

...1 1 1
2

1 2
3

2 3+ = + + − + − − +x x x xα α α α α α α

in the case where x is replaced by −4x  and α  by 1
2 , or from Taylor’s theo-

rem, namely, that, for an infinitely differentiable function f, 

	 f x f f x f x f x( ) ( ) ( ) ( )
!

( )
!

...= + ′ + ′′ + ′′′ +0 0 0
2

0
3

2 3 ..

	 7.8.1B	� Find a formula for the generating function of the sequence {an} defined by 
a0 = a1 = 1, and for n ≥ 2, a a a an n i

n
i n i= + ∑− =

−
− −1 0

2
2 .
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8C h a p t e r  

Partitions and 
Generating Functions

8.1 T he Generating Function for the Partition Numbers
Chapter 7 showed the usefulness of using a generating function to determine an explicit 
formula for the nth term of the Fibonacci sequence. This chapter further demonstrates that 
usefulness in establishing results about partitions. In Chapter 1 we raised the following 
question.

Problem 8
Is it true that for each integer n the number of ways of writing n as the sum of odd 
positive integers is the same as the number of ways of writing n as the sum of positive 
integers that are all different?

In this chapter we show how this and similar questions can be answered.

Problem 8.1
Check that the number of ways of writing 7 as the sum of odd positive numbers is the 
same as the number of ways of writing 7 as the sum of different positive integers.

Solution
There are five partitions of 7 into parts that are all odd, as follows:

	 7,  5 + 1 + 1,  3 + 3 + 1,  3 + 1 + 1 + 1 + 1,  1 + 1 + 1 + 1 + 1 + 1 + 1.

There are also five partitions of 7 into distinct parts:

	 7,  6 + 1,  5 + 2,  4 + 3,  4 + 2 + 1.

We will solve Problem 8 by showing that the generating functions for the sequences 
of these two types of numbers are identical. Furthermore, by tampering only slightly 
with this particular generating function, we can obtain a recurrence relation for the 
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number, p(n), of partitions of n that enabled Major P.A. MacMahon, using pencil and 
paper before the days of electronic computers, to determine the exact value of p(n) for 
each n ≤ 200 without having to obtain a precise list of partitions in each case. [When 
you see the size of p(200) you should be mightily impressed—especially if you have 
already tried to find, for example, the value of p(20) by listing the partitions of 20.]

The following simple problem leads us in the right direction.

Problem 8.2
What is the coefficient of x89 in the following product?

	 ( ....)( ....).1 13 6 9 8 16 24+ + + + + + + +x x x x x x 	 (8.1)

Solution
It is fairly readily seen that when terms in the first paranthesis are multiplied by terms 
in the second bracket we obtain the term x89 in just four ways:

	 x x x x x x x x9 80 33 56 57 32 81 8⋅ ⋅ ⋅ ⋅, , , ,and

and hence the coefficient of x89 in the product is 4.
We have seen a problem of this type before—Problem 7.1 in Chapter 7. Looking at 

the solution of Problem 7.1, we can see that the coefficient of xn in the product in expres-
sion 8.1 is the same as the number of ways of writing 89 in the form 3m1 + 8m2, where 
m1 and m2 are nonnegative integers. In other words, the coefficient of xn in the product 
of expression 8.1 is the number of partitions of n using only parts of sizes 3 and 8.

We can readily generalize this. Since a partition of the integer n may use parts of any 
size (≤ n), to obtain a series whose coefficients count all the partitions of n, we will have 
to multiply together (infinitely many) infinite series corresponding to parts of size 1, 2, 
3, … . Indeed, we have the following result, which gives us the generating function for 
the sequence { p(n)} of partition numbers.

Theorem 8.1
( ...)( ...)( ...)...1 1 1 12 2 4 3 6+ + + + + + + + + =x x x x x x ++ + + +p x p x p x( ) ( ) ( ) ....1 2 32 3

In other words, if P is the generating function for the sequence { p(n)}, then

	 P x x x xk k k

k

( ) ( ...).= + + + +
=

∏ 1 2 3

1

∞

	 (8.2)

Since, for |x| < 1, 1 + xk + x2k + x3k + … = 1/(1 − xk), we may write this last equation 
even more succinctly as

	 P x
x k

k

( ) .=
−

=

∞

∏ 1
1

1

	 (8.3)



Partitions and Generating Functions    ◾    129

Proof
The terms in the infinite product in Equation 8.2 are obtained by taking, in all possible 
ways, terms of positive degree from a finite number of the infinite series and multiply-
ing these together (see Problem 8.3). Clearly, in seeking the coefficient xn, we need not 
consider terms 1 + xk + x2k + …, of the product in Equation 8.2, where k > n. Thus the 
terms of degree n have the form

	 [ ] [ ] ... [ ] ,x x xm m k mk1 21 2× × ×

where k is a positive integer and m1, m2,…, mk are nonnegative integers such that

	 m m m k nk1 21 2. . .... . .+ + + = 	 (8.4)

As we have seen, Equation 8.4 corresponds to a partition of n. Thus the coefficient of 
xn in the product of Equation 8.2 counts the number of partitions of n.

Problem 8.3
Use the generating function, P, to evaluate p(n) for 1 ≤ n ≤ 5.

Solution
Since we are counting the partitions of the positive integers ≤ 5, we may restrict our 
attention to the terms in Equation 8.2 of degree at most 5, that is, to the product:

	 ( )( )( )( )(1 1 1 1 12 3 4 5 2 4 3 4 5+ + + + + + + + + +x x x x x x x x x x )).

The first six terms of this product are 1 + x + 2x2 + 3x3 + 5x4 + 7x5, giving p(1) = 1, 
p(2) = 2, p(3) = 3, p(4) = 5, and p(5) = 7.

We are now ready to tackle Problem 8 using generating functions. We let po(n) 
be the number of partitions n into odd parts and pd(n) be the number of parti-
tions of n into distinct parts. We let Po and Pd be the generating functions for the 
sequences {po(n)} and {pd(n)}, respectively. The proof of the following lemma is 
straightforward:

Lemma 8.2

	 a.	 P x
x x x x xo( )

( )( )( )( )( )...
,=

− − − − −
1

1 1 1 1 13 5 7 9
 that is, P x

xo t
t

( ) .=
− −

=

∞

∏ 1
1 2 1

1

	 b.	 P x x x x x xd ( ) ( )( )( )( )( )...,= + + + + +1 1 1 1 12 3 4 5  that is, P x xd
k

k

( ) ( ).= +
=

∞

∏ 1
1

Proof
Since po(n) counts the partitions of n into odd parts, the generating function for the 
sequence {po(n)} is obtained by just taking the terms in the product in Equation 8.3 
corresponding to parts of odd size. Since pd(n) counts the partitions of n into distinct 
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parts, that is, partitions of n in which there is at most one part of any given size, the 
generating function for the sequence {pd(n)} is obtained by just taking, from each 
bracket (1 + xk + x2k + x3k + …) of Equation 8.2, the terms 1 and xk, that is, those that 
correspond to having either no part of size k or just one part of size k.

So to solve Problem 8 we only have to prove that the two generating functions of 
Lemma 8.2 are identical. Can that really be true? Yes! And the proof is as follows.

Theorem 8.3
For all positive integers n, pd(n) = po(n).

Proof
Since (1 − x2k) = (1 + xk)(1 − xk), it follows that (1 + xk) = (1 − x2k)/(1 − xk). Hence

	
P x x x x x x

x

d ( ) ( )( )( )( )( )...

(

= + + + + +

= −

1 1 1 1 1

1

2 3 4 5

22 4 6 8 10

2

1 1 1 1
1 1

)( )( )( )( )...
( )( )(

− − − −
− −

x x x x
x x 11 1 13 4 5− − −x x x)( )( )...

.

Now, canceling each term in the numerator of this last expression with the iden-
tical term in the denominator leaves us just the terms (1 − x), (1 − x3), (1 − x5), … 
in the denominator, that is, the terms of the form (1 − x2t−1), where t is a positive 
integer t. Thus

	 P x
x x x xd t

t

( )
( )( )( ).... ( )

=
− − −

=
− −

=

∞1
1 1 1

1
13 5 2 1

1
∏∏ = P xo( ). 	 (8.5)

Since the generating functions for the two sequences {pd(n)} and {po(n)} are iden-
tical, their coefficients must be equal. That is, for each positive integer n, we have 
pd(n) = po(n).

Note that we have proved Theorem 8.3 by establishing the algebraic identity given in 
Equation 8.5, which could be written as

	 ( )( )( )...
( )( )( )...

.1 1 1 1
1 1 1

2 3
3 5

+ + + =
− − −

x x x
x x x

In the next section we come to a work saver!

Exercises
	 8.1.1A	 Find the coefficient of x100 in the following products.

	 i.	 (1 + x7 + x14 + x21 + …)(1 + x11 + x22 + x33 + …)
	 ii.	 (1 + x3 + x6 + x9 + …)(1 + x14 + x28 + x42 + …)

	 8.1.1B	 What is the coefficient of x24 in the product

	 (1 + x2)(1 + x3)(1 + x5)(1 + x7)(1 + x11)(1 + x13)(1 + x17)(1 + x19)?

	 Interpret the answer in terms of the partitions of 24.
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	 8.1.2A	� Write down the generating function for the sequence {a(n)}, where, 
	 i.	 For each positive integer n, a(n) is the number of partitions of n in which 

no even part occurs more than once, and
	 ii.	 For each positive integer n, a(n) is the number of partitions of n in which 

no odd part occurs more than once.
	 8.1.2B	� For each positive integer k, let qk,e(n) be the number of partitions of n into 

even parts, all of size at most k. Write down the generating function, say 
Qk,e, for the sequence {qk,e(n)}.

	 8.1.3A	 Let pd,o(n) be the number of partitions of n into distinct odd parts.
	 i.	 Calculate pd,o(n) for 1 ≤ n ≤ 10.
	 ii.	 Write down the generating function for the sequence {pd,o(n)}.

	 8.1.3B	� Let a(n) be the number of partitions of n into parts that are not multiples of 
3, and let b(n) be the number of partitions of n in which there are not more 
than two parts of the same size.

	 i.	 Calculate the values of a(n) and b(n) for 1 ≤ n ≤ 8.
	 ii.	 Find the generating functions for the sequences {a(n)} and {b(n)}.
	 iii.	 Prove, by the method of Theorem 8.3, that for each positive integer n, 

a(n) = b(n).
	 iv.	 How may the result of (c) be generalized?

	 8.1.4A	� Let t(n) be the total number of partitions of all integers from 1 to n. Show 
that the generating function for the sequence {t(n)} is x P x x ( ) 1−( )  
(where P is the generating function for the sequence {p(n)}).

	 8.1.4B	� Prove that p2(n) = ⎣ 1
2 n ⎦ + 1 [this is the result of Theorem 6.4(ii)] by using 

the identity

	 1
1 1

1
2

1
1

1
2

1
12 2 2( )( ) ( )

.
− −

=
−







+
−





x x x x

	 8.1.5A	� Let a(n) be the number of partitions of n in which only even parts can be 
repeated, and let b(n) be the number of partitions of n in which the only 
even parts are multiples of 4. Use the generating function method to show 
that, for all positive integers n, a(n) = b(n).

	 8.1.5B	� Show that the number of partitions of n in which only odd parts may be 
repeated is equal to the number of partitions of n in which no part occurs 
more than three times.

	 8.1.6A	 i. Show that, for each positive integer n,

	 ( )( )( )...( ) .1 1 1 1 120 21 22 2 2 3+ + + + = + + + +x x x x x x xn ... ,+ + −x n2 1 1

		  that is, that

	 1 2

0 0

2 11

+ =
= =

−

∏ ∑
+

x xt

t

n
s

s

n

.
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	 ii.	 Deduce that

	 1 1
1 1 120 21 2

− =
+ + +

x
x x x( )( )( )...

.2

	 iii.	 Comparing the expression in (ii) with the generating function for the 
sequence {c(n)}, where c(n) is the number of ways of expressing n as a 
sum of powers of 2, prove that, for n ≥ 2, the number of ways of express-
ing n as a sum of an even number of powers of 2 is equal to the number 
of ways of expressing n as an odd number of powers of 2.

	 8.1.6B	� Use the generating function method to show that the number of partitions 
of n into even parts is equal to the number of partitions of n with each part 
occurring an even number of times.

8.2  A Quick(ish) Way of Finding p(n)
The following is a little involved but, like much good mathematics, a huge labor-saving 
idea in the long run, the pièce de résistance being the formula that is given in Theorem 8.6. 
We establish the formula via some calculations with generating functions and a wonderful 
idea, due to Fabian Franklin* (see Theorem 8.5), who described an ingenious way of redis-
tributing the dots in each dot diagram that, initially, has unequal parts.

We begin with some generating function calculations and see how our interest in parti-
tions into distinct parts arises. To ease the way, we look, first, at a particular example.

We have seen that Pd(x) = (1 + x)(1 + x2)(1 + x3)… is the generating function for the 
sequence {pd(n)}. Now consider the series

	 P a x ax ax axd ( , ) ( )( )( )...,= + + +1 1 12 3

which we may think of as a power series in a and so write as 1 + u1(x)a + u2(x)a2 + …, where 
the coefficients, ui(x), are functions of x, also given as power series. For example, u3(x), the 
coefficient of a3, is the sum of all those powers of x that can be obtained by multiplying 
together exactly three of the powers x, x2, x3,… . Hence, in expanding Pd(a, x), the coeffi-
cients of (for example) those powers of x of degree at most 10 that are involved in u3(x) arise 
from the individual contributions as follows:

	 x1 + 2 + 3 + x1 + 2 + 4 + x1 + 2 + 5 + x1 + 2 + 6 + x1 + 2 + 7 + x1 + 3 + 4 + x1 + 3 + 5 + x1 + 3 + 6		
	 + x1 + 4 + 5 + x2 + 3 + 4 + x2 + 3 + 5

*	 Fabian Franklin was born in Hungary in 1853 and emigrated to the United States in 1855. He was trained as a civil 
engineer but achieved a PhD in mathematics in 1880. He taught at Johns Hopkins University until 1895, when 
he was appointed editor of the New York Evening Post. In 1882 he married Christine Ladd, who was also a strong 
mathematician but who had to struggle in an era that did not give the same opportunities to women as to men. 
In 1869, she graduated from Vassar, a women’s college where there was little mathematics in the curriculum. She 
sought admission to Johns Hopkins, then an all-male university, in 1878. She had the support of James Sylvester, 
but although she was allowed to attend his lectures, she was not granted formal admission to the university. 
Franklin died in 1939. 
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so that u3(x) = x6 + x7 + 2x8 + 3x9 + 4x10 + … .
Clearly, the coefficient of xn in u3(x) gives us the number of partitions of n into three dis-

tinct, that is, unequal, parts. In particular, the number of partitions of 10 into three distinct 
parts is the coefficient, namely 4, of x10 corresponding to the four partitions

	 10 = 1 + 2 + 7 = 1 + 3 + 6 = 1 + 4 + 5 = 2 + 3 + 5.

Even more generally, the number of partitions of n into any number of distinct parts 
is the coefficient of xn in the infinite sum u1(x) + u2(x) + u3(x) + …, which we may write as 
(u1(x) + u3(x) + u5(x) + …) + (u2(x) + u4(x) + u6(x) + …), where the coefficient of xn in the 
first paranthesis counts the number of partitions of n into an odd number of distinct parts 
and that in the second bracket the number of partitions of n into an even number of dis-
tinct parts.

If we now put a = −1 in Pd(a, x), we obtain

	
( )( )( )... ( ) ( ) ( ) ..1 1 1 12 3

1 2 3− − − = − + − +x x x u x u x u x ..

( ( ) ( ) ( ) ...) ( ( ) ( )1 2 4 6 1 3 5+ + + + − + +u x u x u x u x u x u (( ) ...).x +
	 (8.6)

This shows us that the coefficient of xn in Equation 8.6 is the coefficient of xn in 
1 + (u2(x) + u4(x) + u6(x) + …) minus the coefficient of xn in (u1(x) + u3(x) + u5(x) + …). So, 
if we let ue, d(n) be the number of partitions of n into an even number of distinct parts (“u” 
for “unequal”) and uo, d(n) be the number of partitions of n into odd number of distinct 
parts, we have just proved the following theorem.

Theorem 8.4
The coefficient of xn in the infinite product (1 − x)(1 − x2) (1 − x3)…. is ue, d(n) − uo, d(n).

Our next task is to try to get more to grips with this quantity ue, d(n) − uo, d(n). This 
clearly requires that we look at decompositions of n into distinct parts. We shall see that 
the above quantity is, quite often, zero!
Theorem 8.5
For all positive integers n, ue, d(n) − uo, d(n) = 0 except when n is of the form 1

2
23( )k k± , 

in which case ue, d(n) − uo, d(n) = (−1)k.

Top diagonalTop diagonal

Base

Figure 8.1
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Setting the scene. To introduce the proof gently, we begin with an example that indi-
cates the general method. Consider, then, a typical partition into distinct parts, say 
27 = 8 + 7 + 6 + 4 + 2, whose dot diagram is shown on the left-hand side of Figure 8.1. 
This has five distinct parts, the smallest of which, 2, we call the base.

Notice that the final dots in the first three (but not four) rows lie on a line at 45° to 
the horizontal. Such a line of maximal length, and starting on the top row, is called the 
top diagonal. To change the given partition into one with four distinct parts, we move 
the dots of the base, adding one dot to the end of each of the first two original rows, 
both of which end with a dot on the top diagonal. The new partition, 27 = 9 + 8 + 6 + 4, 
is shown on the right-hand side of Figure 8.1.

This process converts one partition into distinct parts into another partition of the 
same number into distinct parts, but with one fewer part. The process can be reversed 
by taking the two dots that form the top diagonal in the new partition and returning 
them to their former base position. Since the first partition has one more part than the 
second, it has an even number of parts if and only if the second partition has an odd 
number of parts.

At first sight this process sets up a one–one correspondence between the partitions 
of n into an even number of distinct parts, and the partitions of n into an odd number 
of distinct parts. If this always worked, we would have a proof that ue,d(n) − uo,d(n) = 0, 
for all positive integers n.

But does this argument ever break down? Well, yes! For example, the (forward) pro-
cess breaks down when the number of dots in the base exceeds the number of dots 
in the top diagonal! Fortunately, this situation can be kept under control. Here is the 
proof.

Proof of Theorem 8.5
Let D be any dot diagram corresponding to a partition of n into distinct parts and let 
b, t be the number of dots in the base and the top diagonal of D, respectively. We deal 
with the three cases (i) b < t, (ii) b = t, and (iii) b > t separately.

Case (i), b < t. Here the b dots of the base are moved to sit at the right-hand end of 
the first b rows of the dot diagram, as described above. In this way, a diagram with an 
even number of distinct parts has associated with it a diagram with an odd number of 
distinct parts, and vice versa.

Case (ii), b = t. Here the same argument applies except where the final dot of the base 
is also the lowest dot of the top diagonal, so that removing all of the base would, at the 
same time, also remove the last element of the top diagonal—as in Figure 8.2, which 
corresponds to the partition 22 = 7 + 6 + 5 + 4.

Figure 8.2
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In general (with b = t), this case can arise only when we have a partition in which the 
number of parts equals the number of dots in the base, and each part has one fewer dot 
than the part above it. Thus it occurs only when we have a partition of the form

	 n = (2b − 1) + (2b − 2) + … + (b + 1) + b

with b dots in the base and b parts. Consequently, in this case we have that
n b b b b= − = −1

2
1
2

23 1 3( ) ( ).
Thus this case can arise only when n has the form 1

2
23( )b b− , and in this case there is 

just one partition of n that cannot be matched with another partition in the above man-
ner. In our example b is even, and the partition that is the only one we cannot match up 
in the above manner has an even number of parts. All the other partitions of 22 into an 
even number of distinct parts can be matched one–one with the partitions of 22 into a 
distinct number of odd parts. Thus ue,d(22) − uo,d(22) = 1.

Generally, when we have the case of b = t with b even, then ue,d(n) − uo,d(n) = 1. 
Likewise, if b had been odd, then the unmatchable partition would have been one into an 
odd number of distinct parts so that ud,e(n) − ud,o(n) = −1. We can thus summarize these 
two cases by saying that when n has the form 1

2
23( )b b− , then ue,d(n) − uo,d(n) = (−1)b.

Finally, case (iii), b > t. This time the matching between partitions into an even 
and an odd number of distinct parts is achieved by removing the dots from the top 
diagonal and forming a new base with them. This could fail only when there is a dot 
that is both in the base and on the top diagonal. However, where t ≤ b − 2, the former 
base still has b − 1 dots when the final dot, which forms part of the top diagonal, is 
removed from it, whereas the new base has b − 2 dots in it. This case is illustrated in 
Figure 8.3, where the partition 34 = 10 + 9 + 8 + 7 of 34 into four distinct parts on the 
left is converted into the partition 34 = 9 + 8 + 7 + 6 + 4 of 34 into five distinct parts 
on the right.

However, a transformation of this kind is not possible in the case where t = b − 1, 
and we have a partition into t parts. This is illustrated in Figure 8.4, which corresponds 
to the partition 15 = 6 + 5 + 4.

Figure 8.3

Figure 8.4
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In general, this case arises only when we have a partition of the form

	 n = 2t + (2t − 1) + (2t − 2) + … + (t + 2) + (t + 1),

and so n t t t t= + = +1
2

1
2

23 1 3( ) ( ). Further, if t is even, then the unmatched partition has 
an even number of parts, and if t is odd, it has an odd number of parts. Therefore, in 
these cases ue,d(n) − uo,d(n) = (−1)t.

This completes the proof of Theorem 8.5.
Now we employ Theorem 8.5 to find our long-awaited recurrence relation for p(n). 

Theorem 8.6
For any positive integer n, we have

	

p n = p n 1 + p n 2 p n 5 p n 7 + ...

k

( ( ) ( ) ( ) ( ))

( )

− − − − − −

+ − +1 11 1
2

2 1 1
2

23 1 3p n k k p n k kk( ( )) ( ) ( ( )) ...,− − + − − + ++ 	 (8.7)

where the expression on the right-hand side is continued until we reach a value of k for 
which either n k k− −1

2
23( ) or n k k− +1

2
23( ) is negative.

Proof of Theorem 8.6: Finale
Theorem 8.5 shows that ue,d(n) − uo,d(n) has the value 0 if n is not of the form 1

2
23( )k k±  

and the value (−1)k if n k k= ±1
2

23( ), for some positive integer k. It follows that

	 u n u n

n

e d o d, ,( ) ( )− =

− =1, for 1, 2, 12, 15, 35, 40, ... ;

1, for 5, 7, 22, 26,+ =n 51, 57, ... ;

0, otherwise.










Hence, from Theorem 8.4 it follows that

	 ( )( )( )...1 1 1 12 3 2 5 7 12 15− − − = − − + + − − +x x x x x x x x x x 222 26+ −x ... , 	 (8.8)

an identity due to Euler.*
Finally, by Theorem 8.1 we have that

*	 Leonhard Euler, born in Basel on April 15, 1707, was a powerful and prolific mathematician who made valuable 
contributions to most areas of mathematics, far too many to list here. We owe the symbols π, e, and i to Euler, as 
well as the remarkable formula eiπ = −1 that relates them. In 1766 he was called to St. Petersburg by the Empress 
Catherine to become director of the Academy of Sciences. Despite losing his sight he continued to carry out his 
duties and to contribute to mathematics until his death on September 18, 1783. 
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	 1 1 2 3 1
1 1 1

2 3
2

+ + + + =
− − −

p x p x p x
x x x

( ) ( ) ( ) ....
( )( )( 33)...

. 	 (8.9)

It follows from Equation 8.9 that

	 ( ( ) ( ) ( ) ...)( )( )(1 1 2 3 1 1 12 3 2 3+ + + + − − −p x p x p x x x x ))... .=1

And hence, by Equation 8.8,

	 ( ( ) ( ) ( ) ...)(1 1 2 3 12 3 2 5 7 1+ + + + − − + + −p x p x p x x x x x x 22 15 22 26 1− + + − =x x x ...) . 		
		  (8.10)

Now, equating the coefficients of xn in Equation 8.10, we have

	
p n p n p n p n p n p n p( ) ( ) ( ) ( ) ( ) ( ) (− − − − + − + − − − −1 2 5 7 12 nn

p n p n

−

+ − + − − =

15

22 26 0

)

( ) ( ) ... ,

and hence we obtain the formula of Theorem 8.6.

The recurrence relation given by Theorem 8.6 can be used to determine, reason-
ably quickly and by pencil and paper, the values of p(n), at least for modest-sized 
values of n.

Problem 8.4
In Chapter 6, we obtained the values of p(n) for 0 ≤ n ≤ 10 as given in Table 8.1.*

Use Theorem 8.6 to evaluate p(n) for 11 ≤ n ≤ 15.

*	 The comment after Theorem 6.3 explains why we take the value of p(0) to be 1. The other values are taken from 
Table 6.1.

Table 8.1 

n p(n)
  0 1
  1 1
  2 2
  3 3
  4 5
  5 7
  6 11
  7 15
  8 22
  9 30
10 42
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Solution
By the formula in Equation 8.7 of Theorem 8.6, we have

	

p p p p p

p

( ) ( ) ( ) ( ) ( ) ,

(

11 10 9 6 4 42 30 11 5 56= + − − = + − − =

112 11 10 7 5 0 56 42 15 7) ( ) ( ) ( ) ( ) ( )= + − − + = + − − +p p p p p 11 77

13 12 11 8 6 1 77 5

=

= + − − + = +

,

( ) ( ) ( ) ( ) ( ) ( )p p p p p p 66 22 11 1 101

14 13 12 9 7

− − + =

= + − − +

,

( ) ( ) ( ) ( ) ( )p p p p p pp

p p p

( ) ,

( ) ( ) ( )

2 101 77 30 15 2 135

15 14 13

= + − − + =

= + − pp p p p( ) ( ) ( ) ( )10 8 3 0 135 101 42 22 3 1 176− + + = + − − + + = ..

We next give another demonstration of the power (no pun intended!) of generating 
functions to prove results quickly. We present it in a manner commonly used in math-
ematics in which the requirements of logical order transcend any thought of detailed 
explanation to the reader as to how the proof was discovered. It may look like magic!

We let pe,e(n) be the number of partitions of n in which there is an even number of 
even parts, and po,e(n) be the number of partitions of n in which there is an odd number 
of even parts. As in Exercise 8.1.3A, pd,o(n) is the number of partitions of n into distinct 
odd parts.

Problem 8.5
Evaluate pe,e(n), po,e(n), and pd,o(n) for n = 5 and 6.

Solution
There are seven partitions of 5, namely, 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 
and 1 + 1 + 1 + 1 + 1. Of these, 5, 3 + 1 + 1, 2 + 2 + 1, and 1 + 1 + 1 + 1 + 1 have an 
even number of even parts (we include those partitions with zero even parts), and 
so pe,e(5) = 4. The other three partitions have an odd number of even parts, and so 
po,e(5) = 3. The only partition of 5 into distinct odd parts is 5. Hence pd,o(5) = 1.

The partitions of 6 in which there is an even number of even parts are 5 + 1, 4 + 2, 3 + 3, 
3 + 1 + 1 + 1, 2 + 2 + 1 + 1, and 1 + 1 + 1 + 1 + 1 + 1. Hence pe,e(6) = 6. The partitions of 
6 in which there is an odd number of even parts are 6, 4 + 1 + 1, 3 + 2 + 1, 2 + 2 + 2, and 
2 + 1 + 1 + 1 + 1. Hence po,e(6) = 5. There is just one partition of 6 into distinct odd parts, 
namely, 5 + 1. Hence pd,0(6) = 1.

Note that in both these cases pe,e(n) − po,e(n) = pd,o(n). It would be very bold to con-
jecture, on the basis of just these two cases, that this is always true. But this is just what 
Derrick Henry Lehmer* proved.

Theorem 8.7
For each positive integer n, pe,e(n) − po,e(n) = pd,o(n).

*	 Derrick (Dick) Henry Lehmer was born in Berkeley, California, on February 23, 1905, and died there on May 
22, 1991. His father, Derrick Norman Lehmer, was also a mathematician. In 1928 Dick Lehmer married Emma 
Markovna Trotskaia, who was also a distinguished mathematician and who lived to be 100. Dick Lehmer was a 
pioneer of the application of mechanical devices and, later, electronic computers to problems in number theory, 
and he wrote papers on a wide range of topics in number theory and combinatorics.
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We promised you a bit of magic, but we offer a hint now to help you see what is afoot. 
The move we describe is quite clever!

As we have seen, the total number, p(n), of partitions of n is the coefficient of xn in

	

( ...)( ...)( ...)...1 1 12 4 4 8 6 12+ + + + + + + + +x x x x x x

×× + + + + + + + + +( ...)( ...)( ...)..1 1 12 3 6 5 10x x x x x x .., 	 (8.11)

where, in the expression 8.11, we have now put the terms corresponding to the even parts 
of a partition in the first line and the terms corresponding to the odd parts in the second 
line.

We now consider a particular partition of n, which for 1 ≤ i ≤ s has mi parts of size 
2ki, where k1 < k2 < … < ks, and whose odd parts add up to q. Thus

	 n m k m k m m qs s= + + + +1 1 2 22 2 2( ) ( ) ... ( ) . 	 (8.12)

The even parts of this partition are obtained by multiplying together the terms x k m2 1 1, 
x k m2 2 2, …, x k ms s2  from the first line of expression 8.11.

Now consider the same terms in the expression

	

( ...)( ...)( ...)...1 1 12 4 4 8 6 12− + − − + − − + −x x x x x x

×× + + + + + + + + +( ...)( ...)( ...)..1 1 12 3 6 5 10x x x x x x ..,
	 (8.13)

which is the same as expression 8.11 except for the alternating + and − signs in the 
first line of expression 8.13. It follows that the multiplier associated with the expres-
sion x k m k m k ms s2 21 1 2 2+ + +...  in expression 8.13 is ( ) ...− + + +1 1 2m m ms, which is +1 or −1 according as 
whether m1 + m2 + … + ms is even or odd.

Thus, if in the partition in Equation 8.12 there is an even number of even parts, the 
multiplier associated with the term x k m k m k m qs s2 2 21 1 2 2+ + + +...  is + 1, and if there is an odd 
number of even parts, the multiplier is −1. It follows that the coefficient of xn in expres-
sion 8.13 counts

	 the number of partitions of n with an even number of even parts
	 —the number of partitions of n with an odd number of even parts;

that is, the coefficient of xn in expression 8.13 is pe,e(n) − po,e(n).
We can rewrite the product in expression 8.13 as

	 1
1 1 1 1 1 12 4 6 3 5( )( )( )...( )( )( )...+ + + − − −x x x x x x

.. 	 (8.14)

Thus to prove Theorem 8.7 it is sufficient to prove that the generating function in 
expression 8.14 for the sequence {pe,e(n) − po,e(n)} is identical to the generating function 
for the sequence {pd,o(n)}, which by Exercise 8.1.3A is

	 ( )( )( )...1 1 13 5+ + +x x x . 	 (8.15)

So, here we go!



140    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

Proof of Theorem 8.7
It follows from Theorem 8.3 that

	 ( )( )( )...
( )( )( )...

.1 1 1 1
1 1 1

2 3
3 5

+ + + =
− − −

x x x
x x x

Hence

	

1
1 1 1 1 1 12 4 6 3 5( )( )( )...( )( )( )...+ + + − − −

=

x x x x x x

11
1 1 1

1 1 1
2 4 6

2 3

( )( )( )...
( )( )( )..

+ + +
× + + +

x x x
x x x ..

( )( )( )...= + + +1 1 13 5x x x ,

which is the desired result.

We conclude this section with an identity due to Euler, who gave an algebraic proof 
of Theorem 8.8, for which we give a combinatorial proof. Exercise 8.1.3A(ii) shows that 
the generating function for the sequence {pd, o(n)} giving the number of partitions of 
n into distinct odd parts is (1 + x)(1 + x3)(1 + x5)… . We can obtain another expres-
sion for this generating function by analyzing the dot diagram for a partition of n into 
distinct odd parts. We illustrate this by looking at the partition 26 = 13 + 7 + 5 + 1. 
We represent this partition by a dot diagram where, instead of using rows of dots to 
represent the parts, we use symmetrical L-shaped arrays of dots, as shown on the left of 
Figure 8.5. The L shapes appear because we are considering partitions into odd parts.

We can split up the dot diagram on the left in the way shown in the middle diagram. 
In the bottom left-hand corner there is a 4 × 4 array of dots. The dots to the right of 
this square, read in columns, form a partition of 5 into parts of size at most 4. The dots 
above the square, read in rows, form an identical partition, because of the symmetry. If 
we put these two identical partitions of 5 alongside one another, we get a partition of 10 
into even parts of size at most 8, as shown on the right of Figure 8.5.

We now generalize this. Suppose we are given a partition of n into unequal odd 
parts. We can represent this by an L-shaped array of dots. The bottom left-hand corner 
will form a square array of dots. If k is the largest integer for which there is a square 

Figure 8.5
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k × k array of dots in the dot diagram, then clearly we have 1 ≤ k2 ≤ n, and so k n≤  . 
There will be n − k2 dots that are not in this square, and these may be arranged to form 
a partition of n − k2 into parts that are even and of size at most 2k.

In this way we obtain a one–one correspondence between the partitions of n into 
unequal odd parts and partitions of n − k2 into even parts of size at most 2k, for some 
integer k with1 1 ≤ ≤  k n . Thus, if q2k,e(n) is the number of partitions of n into even 
parts of size at most 2k, we have that

	 p n q n kd o k e
k

n

, ,( ) ( ).= −
=

 

∑ 2
2

0

	 (8.16)

It follows from Equation 8.16 that the generating function Pd,o for the sequence {pd,o (n)} 
is given by

	 P x q n k xd o k e
k

n

n

n
, ,( ) ( )= −













=

 

=

∞

∑∑ 2
2

00

.. 	 (8.17)

For a given value of k, the sum in Equation 8.17 includes a term q2k,e (n − k2) xn, provided 
that k2 ≤ n. Hence, when we change the order of summation we get

	 P x q n k xd o k e
n

n kk
, ,( ) ( ) .= −











=

∞

=

∞

∑∑ 2
2

0 2

	 (8.18)

Now we let Q2k,e be the generating function for the sequence {q2k,e (n)}. Thus,

	 Q x q n xk e k e
n

n
2 2

0
, ,( ) ( )=

=

∞

∑
and hence multiplying through by xk2 and then replacing n by n–k2 throughout, we have

	 x Q x q n x q n k xk
k e k e

n k

n
k e

2
2 2

2

0
2

2
, , ,( ) ( ) ( )= = −+

=

∞

∑ nn

n k=

∞

∑
2

. 	 (8.19)

It follows from Equations 8.18 and 8.19 that

	 P x x Q xd o
k

k e
k

, ,( ) ( ).=
=

∞

∑ 2
2

0

	 (8.20)

Hence, using the result of Exercises 8.1.2B and 8.1.3A, we can deduce from Equation 
8.20 the following result.

Theorem 8.8

( )( )( )...
( )( )

1 1 1 1
1 1 1

3 5
2

4

2 4
+ + + = +

−
+

− −
x x x x

x
x

x x
++

− − −
+x

x x x

9

2 4 61 1 1( )( )( )
... 	 (8.21)
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Note that the identity in Equation 8.21 could also be written more economically as

	 ( ) .1 1 1
1

2 1

0

2

1
2

1

+ = +
−

+

=

∞

=

∞

=
∏ ∑ ∏x x

x
k

k

n

n
k

k

n

Exercises
	 8.2.1A	 Use Theorem 8.6 to calculate p(n) for 16 ≤ n ≤ 20.
	 8.2.1B	 Use Theorem 8.6 to calculate p(25).
	 8.2.2A	� Find the values of ue, d(n) and uo, d for 1 ≤ n ≤ 10. Hence, verify that the for-

mula of Theorem 8.5 holds for this range of values of n.
	 8.2.2B	 Prove the following analogue of Theorem 8.8:

	 ( )( )( )...
( ) ( )(

1 1 1 1
1 1

2 4 6
2

2

6

2
+ + + = +

−
+

−
x x x x

x
x

x 11 1 1 14

12

2 4 6−
+

− − −
+

x
x

x x x) ( )( )( )
...,

that is,

	 ( ) .( )1 1 1
1

2

1

1

1
2

1

+ = +
−

=

∞
+

=

∞

=
∏ ∑ ∏x x

x
n

n

n n

n
k

k

n

This is another result due to Euler.

8.3  An Upper Bound for the Partition Numbers
In this section we show how the generating function for the partition numbers, p(n), may 
be used to obtain an upper bound for them. More precisely, we show that p(n) does not 
grow as fast as the exponential function, en. We use only elementary methods, and, as a 
result, our upper bound is very crude. In the next section we discuss a method that is too 
sophisticated to be given in this book but provides an asymptotic estimate for p(n).

We have seen in Section 8.1 that the generating function, P, for the sequence {p(n)} of 
partition numbers is given by the formula in Equation 8.3, which we repeat for convenience:

	 P x
x k

k

( ) .=
−

=

∞

∏ 1
1

1

	 [(8.3)]

It can be shown that the product on the right-hand side of Equation 8.3 converges for 
0 < x < 1.

From Equation 8.3, by taking the natural logarithm of each side,* we have that

	 log( ( )) log .P x
x k

k

=
−







=

∞

∑ 1
1

1

	 (8.22)

*	 We use here the “logarithm of a product is the sum of the logarithms” formula, that is, log(ab) = log(a) + log(b), 
extended to infinite products. This requires that we are dealing with convergent products of positive numbers. The 
proof uses the fact that the natural logarithm function is continuous.
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We have the standard series log(1 − x) = − x − (x2/2) − (x3/3)− …,  that is, log (1 – x) = 
−∑ =

∞
m

mx m1( ) , which is valid for 0 < x < 1, and so, substituting xk for x,

	 log log( ) ( ) ,1
1

1
1

−






= − − =
=

∞

∑x
x x

mk
k

k m

m

	 (8.23)

and hence, by Equations 8.22 and 8.23,

	 log( ( )) .P x x
m

km

mk

=
=

∞

=

∞

∑∑
11

	 (8.24)

All the terms in the double series in Equation 8.24 are positive. Hence we can inter-
change the order of summation to give

	

log( ( ))

( ) .

P x x
m

m
x

km

km

m k

km

=

=

=

∞

=

∞

=

∞

=

∞

∑∑

∑∑
11

11

1
	 (8.25)

Now, ∑ =
∞
k

m kx1( )  is a geometric series with common ratio xm that for 0 ≤ x ≤ 1 converges 
with sum xm/(1 − xm). Thus we can deduce from Equation 8.25 that

	 log( ( )) .P x
m

x
x

m

m
m

=
−







=

∞

∑ 1
1

1

	 (8.26)

Now, because 0 < x < 1,

	 1
1

1 2 1 1−
−

= + + + + >− −x
x

x x x mx
m

m m... ,

and hence

	 x
x m

x
x

m

m1
1

1−
<

−






.

Therefore it follows from Equation 8.26 that

	

log( ( ))

,

P x x
x m

x
x

m

<
−







=
−







=

∞

∑1
1

6 1

2
1

2π 	 (8.27)

using the well-known fact that the series ∑ =
∞
m m1

21( ) converges with sum π2/6.
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Each term in the series for P(x) is positive. Hence P(x) is larger than any single term in 
the series. That is, for each positive integer n,

	 p n x P xn( ) ( ),<

and hence

	 p n
x

P x
n

( ) ( ).< 1
	 (8.28)

It follows that

	 log( ( )) log log( ( )).p n n
x

P x< 





+1
	 (8.29)

It is a standard inequality that, for 0 < h, log(1 + h) < h. Putting h = (1/x) − 1 in this 
inequality gives

	 log .1 1
x x







< −1
	 (8.30)

By Equations 8.27, 8.29, and 8.30,

	 log( ( )) .p n n
x

x
x

< −



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+
−







1 1
6 1

2π
	 (8.31)

We now apply calculus to find the minimum value of the right-hand side of inequality 
8.31. We put

	 f x n
x

x
x

( ) .= −



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+
−





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1 1
6 1

2π

Then

	 ′ = − +
−

′′ = +
−

f x n
x x

f x n
x x

( )
( )

( )
(2

2

2 3

2

6 1
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3 1
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3

Thus

	 ′ = ⇔ − = ⇔ − = ± ⇔ =
±

f x n x x n x x x n
n

( ) ( ) ( ) .0 6 1 6 1 6
6

2 2 2π π
π

It follows that when x n n= +6 6( )π , we have 0 < x < 1, f′(x) = 0, and f′′(x) > 0. Thus 
x n n= +6 6( )π  gives the minimum value of f(x), for 0 < x < 1, namely,

	 f n
n

n6
6

2
3+







=
π

π .
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Hence, from inequality 8.31 we can deduce that log( ( ))p n n< π 2 3 and therefore that

	 p n e n( ) .< π 2 3

Thus, we have proven the following theorem.

Theorem 8.9
For each positive integer n,

	 p n e n( ) .< π 2 3 	 (8.32)

The upper bound given for p(n) in Theorem 8.9 is very crude. For example, it gives

	 p( ) .100 1 4 1011< × ,

whereas in fact

	 p( )100 =190,569,292.

This is only to be expected because the inequality p(n) < (1/xn)P(x), used in the proof, 
came from neglecting all but one of the terms in the series for P(x). Also, we have used 
only elementary methods. However, Theorem 8.9 is good enough to show that p(n) 
does not grow as fast as the exponential function. Indeed, for n > 2π2/3, e en nπ 2 3 < . 
This should be contrasted with Theorem 6.7, which shows that p(n) grows faster than 
any power of n.

In the next section we describe the Hardy–Ramanujan formula, which approximates 
p(n) very accurately and enables us to provide an asymptotic formula that describes 
how fast p(n) grows.

8.4 T he Hardy–Ramanujan Formula
Most of the applications of generating functions in this chapter have used algebraic or 
combinatorial methods. The Hardy–Ramanujan asymptotic formula for p(n), which we 
alluded to in Chapter 6, arises from a sophisticated use of complex analysis. We give a brief 
sketch of this work without going into any of the technical details.

So far we have thought of generating functions as having as their domains intervals of 
real numbers. Since these functions are defined by power series, we can equally well regard 
them as functions defined for complex numbers. In this way the powerful methods of 
complex analysis become available. For example, the generating function for the sequence 
{p(n)} of partition numbers, regarded as a complex function, is the function given by

	 P z
z

z z
k

k

( ) | | ,=
−

∈ <
=

∞

∏ 1
1

1
1

for C with
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since the infinite product converges for |z|<1. The coefficients in the power series ∑ =
∞
n n

na z0  
for a complex function, f, are given by Cauchy’s formula

	 a
i

f z
z

dzn nC
=

+∫1
2 1π

( ) ,

where C is a suitably chosen contour. Since p(n) is the coefficient of zn in the power series 
for the generating function P, it is given by

	 p n
i

P z
z

dz
nC

( ) ( ) ,=
+∫1

2 1π 	 (8.33)

where C is any simple closed contour that surrounds the origin and is wholly inside the 
unit disk, D1 = {z∈C: |z|<1}.

It follows from this that the values of p(n) can be approximated by estimating the con-
tour integral in Equation 8.33. This is, however, more easily said than done. The biggest 
contributions to the values of the integral arise from parts of the contour nearest to the 
singularities of the integrand. The function P has a singularity at each point z ∈ C, where 
zk = 1 for some positive integer k. Thus P has singularities at all the complex roots of 1, 
and these are distributed densely on the boundary of the unit disk, D1. Thus every point 
of D1 is an essential singularity of P. This leads to tremendous technical difficulties.

In a celebrated paper published in 1918, G.H. Hardy and S. Ramanujan* overcame these 
difficulties and derived a remarkable formula that approximates p(n) very accurately. It is 
not possible to describe their method here. However, it is possible to give some idea of the 
formula that they derived.

The first two terms of their formula are

	 1
2 2 1 24

1
2

1 3 2 1 24

π

πd
dn

e
n

n n( ) ( ( ))

( )
( )−

−


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+ −
ππ
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( )
.

1 6 2 1 24

1 24

−

−




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	 (8.34)

Here d/dn denotes differentiation with respect to n. We use HR2(n) for the formula in 
expression 8.34. Hardy and Ramanujan were able to use the first term of their series to 
derive the following asymptotic formula for p(n):

	 p n
n

e n( )~ .( )1
4 3

2 3π 	 (8.35)

*	 G.H. Hardy and S. Ramanujan, Asymptotic Formulae in Combinatory Analysis, Proceedings of the London 
Mathematical Society, (2), 17 (1918), pp 75–115.
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The great accuracy of the Hardy–Ramanujan formula can be seen from the values in 
Table 8.2. The values of p(n) in this table have been calculated using Theorem 8.6.

8.5 T he Story of Hardy and Ramanujan
The story of Hardy and Ramanujan has often been told, but it is well worth retelling. Hardy 
was christened Godfrey Harold, but he was known to most people by his initials G.H. He 
was born in Cranleigh, Surrey, in England on February 7, 1877. His father was art master 
and bursar at Cranleigh School. After attending this school, Hardy went as a scholar to 
Winchester and then to Trinity College, Cambridge. Although his family was not wealthy, 
they had good connections in the English educational world, and after Hardy’s mathemati-
cal talent had been noticed at an early age, there was no difficulty in obtaining for him the 
best mathematical education then available in England.

In fact, this was not at a very high level. When Hardy arrived at Trinity College in 
1896, pure mathematics at Cambridge was rather in the doldrums. Although England 
had produced some good mathematicians during the nineteenth century, they were cut 
off from continental European developments in mathematics, particularly developments 
in analysis associated with such mathematicians as Cauchy, Dedekind, and Weierstrass, 
among others. The reason for this isolation goes back to the seventeenth century, when a 
dispute broke out between English and continental mathematicians as to whether Newton 
or Leibniz should be given the credit for having been the first to develop the basic ideas of 

Table 8.2

n p(n) HR2(n)
1 1 1.04038
2 2 2.06478
3 3 2.93888
4 5 5.02656
5 7 7.02937
6 11 10.93145
7 15 15.04265
8 22 22.05504
9 30 29.86557
10 42 42.06952
20 627 627.05738
30 5,604 5,603.54788
40 37,338 37,338.04032
50 204,226 204,226.7970
60 966,467 966,464.8362
70 4,087,968 4,087,969.043
80 15,796,476 15,796,477.76
90 56,634,173 56,634,167.93
100 190,569,292 190,569,293.7
200 3,972,999,029,388 3.97300 × 1012

300 9,253,082,936,723,602 9.25308 × 1015

400 6,727,090,051,741,041,926 6.72708 × 1018
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differential and integral calculus. To demonstrate their loyalty, English mathematicians 
continued to use Newton’s notation, instead of the superior notation due to Leibniz—the 
dy/dx notation that is still common today.

Hardy’s introduction to modern mathematical analysis came from the applied math-
ematician A.E.H. Love,* who advised him to read Jordan’s Course d’Analyse. Hardy’s first 
book, A Course of Pure Mathematics, first published in 1908, was one of the earliest books 
published in England to give a rigorous presentation of the basic concepts of mathemati-
cal analysis in the modern style. Unusually for a text at this level, Hardy’s book was still in 
print 100 years after it was first published.

Hardy remained as a lecturer in Cambridge until 1919, when he succeeded to the 
Savilian Chair of geometry in Oxford. He returned to Cambridge in 1931, when he became 
the Sadlerian professor of pure mathematics. He retired from this Chair in 1942 and died 
in 1947.

Hardy’s mathematical work is remarkable for two great collaborations. In 1912 he wrote 
the first of a large number of papers with J.E. Littlewood. Altogether Hardy and Littlewood 
published 93 joint papers (as well as two papers written together with G. Pólya and one 
with E. Landau). Hardy, Littlewood, and Pólya also jointly wrote the book Inequalities.† 
Hardy and Littlewood’s collaboration continued for the rest of Hardy’s life, with their final 
joint paper being published in 1948 after Hardy’s death. In the long history of mathematics 
there is no other example of such a fruitful partnership lasting so long.

Early in 1913, while Hardy was still in Cambridge, he received a letter from India. Thus 
began his association with the Indian mathematician Srinivasa Ramanujan Aiyangar.‡ 
Ramanujan was born to a poor Brahmin family in Erode, a town 175 km south of Bangalore, 
in southern India, on December 22, 1887. His mathematical ability appeared early. After 
leaving school he entered the Government College at Kumbakonam in 1904 with a schol-
arship. Due to his neglect of nonmathematical subjects he failed an examination and lost 
his scholarship. For the same reason he failed another examination in 1907 and had to 
abandon the hope of further education, but he continued to work at mathematics. In 1909 
he married and needed to obtain a job to support his wife, Janaki. Eventually in 1912 he 
became a clerk with the Madras Port Trust.

In his search for employment in 1909, Ramanujan visited V. Ramaswamy Iyer, the 
founder of the Indian Mathematical Society. With the encouragement of Ramasawamy 
Iyer and Sheshu Aiyar, one of his professors at the Government College, Ramanujan wrote 
on January 16, 1913, to Hardy, enclosing over 100 mathematical formulas that he had 
obtained. Hardy recognized some of Ramanujan’s formulas. Of others he wrote,

*	 Augustus Edward Hough Love was born in 1863. He became Sedleian professor of natural philosophy at the 
University of Oxford in 1899, where he remained until his death in 1940. He is renowned especially for his books 
on the mathematical theory of elasticity and on geodynamics.

†	 G.H. Hardy, A Course of Pure Mathematics, Cambridge University Press, Cambridge, first edition 1908.
‡	 There is an excellent biography of Ramanujan: Robert Kangel, The Man Who Knew Infinity, Scribners, New York 

and London, 1991. This biography also includes a good deal of information about Hardy.
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The formulae (1.10)–(1.13) are on a different level and obviously both difficult and 
deep. An expert in elliptic functions can see at once that (1.13) is derived some-
how from the theory of “complex multiplication”, but (1.10)–(1.12) defeated me 
completely; I had never seen anything the least like them before. A single look at 
them is enough to show that they could only be written down by a mathematician of 
the highest class. They must be true because, if they were not true, no one would have 
the imagination to invent them. Finally (you must remember that I knew nothing 
of Ramanujan, and had to think of every possibility), the writer must be completely 
honest, because great mathematicians are commoner than thieves or humbugs of 
such incredible skill.*

Hardy made strenuous efforts to bring Ramanujan to England, initially against 
Ramanujan’s own wishes. However, by April 1914 Ramanujan was in Cambridge, with finan-
cial support from the Government of Madras and Trinity College. Although Ramanujan 
was now free from financial worries and could devote himself full-time to mathematics, 
his health soon deteriorated. He was elected as fellow of the Royal Society and a fellow of 
Trinity College in 1918. In 1919 his health had sufficiently recovered to enable him to travel 
home to India, but his health again failed and he died at a tragically early age on April 26, 
1920, in Madras.

Hardy and Ramanujan are associated not only by their mathematical work but also in 
one of the most often told stories about mathematicians. The story merits repetition, since, 
apart from anything else, it is marked out from many of the anecdotes that litter the his-
tory of mathematics by being directly attested by one of the participants. We tell the story 
in Hardy’s own words:

I remember once going to see him when he was lying ill at Putney. I had ridden in 
taxi-cab No. 1729, and remarked that the number (7⋅13⋅19) seemed to me rather a 
dull one, and I hoped it was not an unfavourable omen. “No”, he replied “it is a very 
interesting number; it is the smallest number expressible as a sum of two cubes in 
two different ways.”†

Hardy summed up Ramanujan’s mathematical achievement as follows:

It was his insight into algebraic formulae, transformations of infinite series, and 
so forth, that was most amazing. On this side most certainly I have never met his 
equal, and I can compare him only with Euler or Jacobi. He worked, far more than 
the majority of modern mathematicians, by induction from numerical examples; all 
of his congruence properties of partitions, for example, were discovered in this way. 
But with his memory, his patience, and his power of calculation, he combined the 
power of generalization, a feeling for form, and a capacity for rapid modification of 

*	 G.H. Hardy, Ramanujan, Twelve Lectures on Subjects Suggested by His Life and Work, Cambridge University 
Press, Cambridge, 1940, p. 9.

†	 G.H. Hardy, P. V. Seshu Aiyar, and B. M. Wilson (editors), Collected Papers of Srinivasa Ramanujan, Cambridge 
University Press, Cambridge, 1927, p. xxxv. Note that 1729 = 13 + 123 = 93 + 103.



150    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

his hypotheses, that were often really startling, and made him, in his own peculiar 
field, without a rival in his day.

It is often said that it is much more difficult now for a mathematician to be 
original than it was in the great days when the foundation of modern analysis was 
laid; and no doubt in a measure it is true. Opinions may differ as to the importance 
of Ramanujan’s work, the kind of standard by which it should be judged, and the 
influence which it is likely to have on the mathematics of the future. It has not the 
simplicity and the inevitableness of the very greatest work; it would be greater if it 
were less strange. One gift it has which no one can deny, profound and invincible 
originality. He would probably have been a greater mathematician if he had been 
caught and tamed a little in his youth; he would have discovered more that was new, 
and that, no doubt, of greater importance. On the other hand he would have been 
less of a Ramanujan, and more of a European professor, and the loss might have been 
greater than the gain.*

Writing 13 years later, Hardy endorsed this judgment except for the last sentence, which 
he described as “ridiculous sentimentalism.”

*	 Hardy et al., Collected Papers of Ramanujan, pp. xxxv–xxxvi.
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9C h a p t e r  

Introduction to Graphs

9.1 G raphs and Pictures
As we remarked in Chapter 1, graphs (which comprise points—usually called vertices—some 
pairs of which are joined by arcs—usually called edges) occur in many practical situations, for 
example, in representing, constructing, and improving on road, rail, electrical, and oil-pipeline 
networks and in scheduling problems, to name but a few. In some situations (for example, in 
one-way streets on a road map) a direction may also be indicated; in the theory of directed 
graphs, also called digraphs, some, maybe all, edges have an associated direction—indicated 
by an arrow. (In that case there could well be an edge from vertex a to vertex b and a distinct 
edge from b to a.) We shall, however, have no occasion to consider digraphs in this book.

Graphs also feature in recreational problems, as Problems 9A and 9B from Chapter 1 
indicate. We discuss the bridges of Königsberg in Section 9.6 and the utilities problem in 
Section 9.5. The four-color Problem is discussed in Section 9.8.

Labeling vertices with letters or numbers, which is just another form of “coloring” them, 
is also employed in the determination of the number of different isomers of various chemi-
cal compounds, as we shall see in the next chapter.

While it is more natural, convenient, instructive, and entertaining to study graphs by 
using pictures, these pictures should be regarded as only informal representations. Pictures 
can give rise to ambiguities, even to false assumptions, since it is not always obvious to the 
eye that different pictures represent the same graph. Indeed, we have not yet even made 
precise what we mean by this. Roughly speaking, we mean that the two pictures show that 
the vertices are joined by edges in the same way. We make this more precise when we give 
the definition of an isomorphism between graphs in Section 9.3.

It turns out that the pictures in Figure 9.1 all represent the same graph called the Petersen 
graph,* as we (and you!) will confirm in Exercise 9.3.1B. The vertices are labeled for later 
convenience.

*	 This graph is named after Julius Peter Christian Petersen (born June 16, 1839; died August 5, 1910). He did not intro-
duce the graph merely because it looks so pretty. Indeed it was invented to show that several plausible conjectures 
about certain types of graphs were actually false. Furthermore Alfred Bray Kempe seems to have beaten Petersen to 
it. He studied the same graph in 1886. There is more information about Kempe in a footnote in Section 9.8.
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In these pictures the vertices are indicated by the solid dots (•). One point to notice is 
that we have allowed edges to cross each other at points that are not vertices. In general this 
is unavoidable. Indeed it turns out that only relatively few graphs, naturally called planar 
graphs (see Definition 9.8), can be exhibited in two dimensions without having to draw 
edges crossing other than at a vertex.

Sometimes a graph that is drawn so that two edges cross at a point that is not a vertex 
can be redrawn so as to avoid this. You can see an example of this in Figure 9.2.

You will naturally now ask if the Petersen graph is planar. That is, is there yet another 
way to draw the graph shown in Figure 9.1 so that the edges cross only at vertices? This is a 
good question that we ask you to answer in Exercises 9.5.2B and 9.5.3A.

Exercises
	 9.1.1A	� Try to formulate a precise definition of what is meant by two pictures repre-

sent the same graph.
	 9.1.1B	 Redraw the graph shown in Figure 9.3 so that edges meet only at vertices.

9.2 G raphs: A Picture-Free Definition
Since, in all but the study of planar graphs, the only purpose of drawing an edge is to indi-
cate that its endpoints are joined, it is immaterial how the edges are drawn. The following 
formal picture-free definition seems to capture our ideas.
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Figure 9.1

Figure 9.2
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Definition 9.1
A graph G is a set V of elements, called vertices (or nodes or points), together with a set E of 
pairs of distinct elements of V, called the edges (or arcs) of G. We write this as G = (V,E).

For example, we first consider the graph G = (V,E), where V = {a,b,c,d) and
E a b a c a d= { }{ , },{ , },{ , } . We see that G has four vertices, one of which is joined by an 
edge to the other three. We can picture this graph as in Figure 9.4.

It is rather cumbersome to write an edge as a set, say {x, y}, of two vertices. So, where 
it is unlikely to lead to confusion or ambiguity, we will instead write xy for the edge 
joining the vertex x to the vertex y.

Problem 9.1
Draw pictures for each of the following graphs:

i.	 V = {e, f, g, h}, E = {ef, fg, fh}	 ii.	 V = {i, j, k, l}, E = {ij, jk, kl}
iii.	 V = {m, n, p, q}, E = {mp, mq, np}	 iv.	 V = {r, s, t, u}, E = {rs, ru, st, su}
v.	 V = {v, w, x, y}, E = {vw, vx, vy, wx, wy, xy}

Solution
The solution is given in Figure 9.5. (Of course, there are alternative ways of drawing 
these pictures.)

Figure 9.3

b

a

c d

Figure 9.4

e f i j m n r s v w

h g l k q p u t y x

(i) (ii) (iii) (iv) (v)

Figure 9.5



154    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

There are several consequences of Definition 9.1 that we need to note. Because edges 
are defined as sets of pairs of vertices, we can have at most one edge joining any pair of 
vertices. This rules out, for example, the diagram that Euler used in 1736 to represent 
the Königsberg bridges problem, which was the origin of graph theory and which we 
discuss in Section 9.6. We could modify our definition to allow for more than one edge 
to join two vertices. Sometimes multigraph is used to describe such “graphs.” Also, 
because an edge is defined as a pair of distinct vertices, we have ruled out loops, that is, 
edges that join a vertex to itself.

In the multigraph shown in Figure 9.6, the vertices a and b are joined by three edges, 
and there is a loop joining a to itself.

Those people who allow graphs to have multiple edges and loops then call those 
graphs with no multiple edges and no loops simple graphs. Except for the Königsberg 
“graph,” just about all of our graphs will be simple graphs in this sense, and yet many of 
our theorems will be applicable to multigraphs. In what follows the reader should take 
“graphs” in the statement of theorems to include the case of multigraphs unless we add 
something to exclude this.

Note also that in Definition 9.1 we have not said that V must be a finite set, so, in 
general, infinite graphs are allowed, but in this book all the graphs we consider will be 
finite; that is, both the set of vertices and the set of edges will be finite. At the other 
extreme, we have not said that V must be nonempty, so the empty graph, ( , )∅ ∅ , is 
covered by the definition. The empty graph is not very interesting; however, it is more 
pertinent that we allow graphs where V is not empty, but E = ∅ , that is, there are no 
edges. In the solution to Problem 9.5 below, graph (i) is a graph of this type. It has 
four vertices and no edges.

9.3  Isomorphism of Graphs
We have reached the stage where we need to be more precise about the relationship 
between a graph, as defined abstractly in Definition 9.1, and the pictures we have used to 
illustrate them. We also need to specify exactly what we mean by two graphs “being the 
same.”

It is not difficult to explain what we mean by a “picture” of a graph, or, to use more math-
ematical language, a representation of a graph in the plane, R2.

Definition 9.2
Given a graph G = (V, E), a representation of G in the plane consists of

	 i.	 An injection (one–one mapping) φ : V → R2 that associates with each vertex a 
distinct point in the plane

	 ii.	 A mapping Γ that associates with each edge {a, b} a curve in the plane from ϕ(a) to 
ϕ(b) that, for each vertex v, other than a and b, does not go through the point ϕ(v)

a b

Figure 9.6
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To make this definition even more precise, we should really say what we mean by a 
“curve in the plane from ϕ(a) to ϕ(b)” rather than just relying on geometric intuition. 
For those with a taste for this level of precision, we could add that, by a curve in the 
plane from a point p to a point q, we mean a continuous injective (one–one) function
γ :[ , ]0 1 2→ R , such that γ (0) = p and γ (1) = q. Note the requirement that these curves 
should not go through (the point corresponding to) any other vertex, but we do allow 
curves to cross.*

In most of the pictures we have drawn above, the curves joining the points are all 
straight lines. However, our definition allows for edges to be represented by curves of 
any shape. For example, Figure 9.7 is a second representation in the plane of the graph 
that is represented by Figure 9.4.

We are now ready to give the definition of two graphs “being the same.” If we look at 
the graphs represented by the pictures (ii) and (iii) in Figure 9.5 we see that each graph 
consists of four vertices connected, as it were, in a string, so we can redraw the pictures 
so that they look the same, as shown in Figure 9.8.

In other words, we can match up the vertices of the graphs in such a way that two 
vertices of the first graph are connected by an edge if and only if the corresponding ver-
tices of the second graph are also connected by an edge. Here is the formal definition.

Definition 9.3 
Isomorphism of Graphs

The two graphs G1 = (V1, E1) and G2 = (V2, E2) are said to be isomorphic† if there is a 
bijection φ :V V1 2→  such that for all a, b∈V1, { , } { ( ), ( )}a b E a b E∈ ⇔ ∈1 2φ φ . Such a map-
ping ϕ is said to be an isomorphism between the two graphs.

*	 For gluttons for formality, we require that there is mapping, say Γ, such that for each edge {a, b} ∈ E, Γ({a, b}) = γ 
is a curve with the property that γ (0) = a, γ (1) = b, and for each vertex v ∉ {a, b}, and all t ∈ R with 0 ≤ t ≤ 1, γ (t) 
≠ ϕ (v).

†	From the Greek ισοσ µορφη+  (isos-morphe), meaning “same form.” Isomorphic is used throughout mathemat-
ics to mean “having the same structure,” the exact definition depending on which mathematical structures are 
being considered. 
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For example, with V1 = {i, j, k, l} and V2 = {m, n, p, q}, the mapping φ :V V1 2→  
defined by ϕ(i) = q, ϕ(j) = m, ϕ(k) = p, and ϕ(l) = n is an isomorphism between the 
graphs shown in Figure 9.8.

Problem 9.2
	 a.	 Give another example of an isomorphism between the graphs shown in Figure 9.8.
	 b.	 Explain why the mapping θ :V V1 2→ , where θ (i) = m, θ (j) = n, θ (k) = p, and 

θ (l) = q, is not an isomorphism between the graphs shown in Figure 9.8.

Solution
	 a.	 The only other isomorphism between these graphs is the mapping ψ :V V1 2→ , 

where ψ(i) = n, ψ(j) = p, ψ(k) = m, and ψ(l) = q.
	 b.	 For example, {i, j} is an edge of the first graph, but {θ (i), θ (j)} = {m, n} is not an 

edge of the second graph.

We shall normally not operate at this level of formality, and we shall be content to say 
that two graphs are isomorphic if they can be represented by pictures that can be seen 
to be the same.

Problem 9.3
Which pairs of the six graphs pictured in Figures 9.4 and 9.5 are isomorphic?

Solution
We have already seen that the graphs (ii) and (iii) of Figure 9.5 are isomorphic. You can 
easily see that the graph of Figure 9.4 is isomorphic to graph (i) of Figure 9.5. However, 
(i) is not isomorphic to (ii). (Why not? See a precise answer below.) It should also be 
fairly clear that graphs (iv) and (v) of Figure 9.5 are not isomorphic, nor are they iso-
morphic to any of the other graphs. Indeed, the graph (iv) is the only one with four 
edges, and (v) is the only graph with six edges.

We can prove that two graphs are isomorphic by giving an isomorphism between 
them. To prove that two graphs are not isomorphic, we need to show that no isomor-
phism between them can exist. Merely being unable to find an isomorphism between 
them is not enough. If two graphs each have n vertices, there are n! bijections between 
their vertex sets, and thus even for quite small values of n it is not practical to list them 
all and check that none of them is an isomorphism. So normally when we are trying 
to show that two graphs are not isomorphic we seek a property that one graph has but 
the other does not.

We adopted this strategy in our solution to Problem 9.3 when, for example, we said 
that graph (v) of Figure 9.5 is not isomorphic to the other graphs as it is the only graph 
with six edges. We now need to justify this strategy. Our first theorem is an immedi-
ate consequence of Definition 9.1, which says that when we have a pair of isomorphic 
graphs there is a bijection between their sets of vertices and a bijection between their 
sets of edges.
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Theorem 9.1
If the graph G1 = (V1, E1) is isomorphic to the graph G2 = (V2, E2), then #(V1) = #(V2) and 
#(E1) = #(E2).

We have already used Theorem 9.1 in Problem 9.3 to show that graphs with different 
numbers of edges are not isomorphic. Of course, the converse of Theorem 9.1 is not 
true. For example, the graphs (i) and (ii) of Figure 9.5 are not isomorphic even though 
they are both graphs with four vertices and three edges.

Up to now we have relied on geometric pictures to justify this last statement, but we 
now introduce an important idea that enables us to make the argument more precise.

Definition 9.4
We say that the edge {a, b} of a graph is adjacent to the vertex v if either v = a or v = b. The 
degree of a vertex v is the number of edges that are adjacent to v. We use δ(v) for the degree 
of the vertex v. We also say that the vertices a and b are adjacent if {a, b} is an edge.

In terms of pictures, the degree of a vertex is just the number of edges that meet at 
the vertex. If a graph has n vertices, each vertex can be joined to all, some, or none of 
the other n – 1 vertices, so the degree of a vertex v in a graph with n vertices is an inte-
ger, δ (v), in the range 0 ≤ δ (v) ≤ n–1. (In a multigraph where multiple edges and loops 
are allowed there are no restrictions on the degrees of individual vertices.) Note that a 
minority of authors uses valence instead of degree.

Problem 9.4
Calculate the degrees of the vertices of the graphs pictured in Figure 9.5.

Solution
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Because of the way an isomorphism between graphs matches the vertices and the 
edges of two graphs, in the following theorem the first statement is evident, and the 
second is an immediate consequence.

Theorem 9.2
	 a.	 If φ :V V1 2→  is an isomorphism between the graphs G1 = (V1, E1) and G2 = (V2, E2), 

then for each v∈V1, δ (v) = δ (ϕ(v)).
	 b.	 If two graphs are isomorphic, they have the same number of vertices of each 

degree.
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It is immediate from Theorem 9.2 that the graphs (i) and (ii) in Figure 9.5 are not 
isomorphic even though they both have four vertices and three edges. We see from 
the tables in the solution to Problem 9.4 that graph (i) has three vertices of degree 1, 
and one vertex of degree 3, whereas graph (ii) has two vertices of degree 1 and two of 
degree 2. So, by Theorem 9.2, these graphs are not isomorphic.

Unfortunately, the converse of Theorem 9.2(b) is not true. We ask you to find a coun-
terexample in Exercise 9.3.2A. So although Theorem 9.2 can often be used to prove 
that two graphs are not isomorphic, it cannot be used to determine in general whether 
or not two graphs are isomorphic. Of course, in principle, the question can always be 
answered by trying each potential isomorphism in turn. However, in practice this is 
not feasible for graphs with more than a small number of vertices.

Problem 9.5
Give a full list of all the different graphs with four vertices. (Note that by “different” we 
mean that no two of the graphs should be isomorphic, and by “full list” we mean that 
every graph with four vertices should be isomorphic to one of the graphs in the list.)

Solution
There are 11 different graphs with four vertices, as shown in Figure 9.9.

Here we can be fairly sure that we have included all the graphs with four vertices. 
But what if we were to want to know how many different graphs there are with, say, 
10 or 20 vertices? Could we be confident we could draw them all—and repeat none? 
Pólya’s theorem, in Chapter 14, provides a method for calculating, for each positive 
integer n, how many different graphs there are with n vertices.

We have seen that we can associate with each graph a sequence of nonnegative inte-
gers giving the degrees of its vertices. We now turn this around and ask how we can 
decide, given a finite sequence of nonnegative integers, whether there is a simple graph 
whose vertices have these numbers as its degrees. We emphasize that we are consider-
ing only simple graphs at this stage, as the corresponding problem for multigraphs has 
a rather different solution.

It is convenient to assume the list of degrees are arranged in nondecreasing order. 
Thus we frame the following definition.

(i) (ii) (iii) (iv) (v) (vi)

(vii) (viii) (ix) (x) (xi)

Figure 9.9
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Definition 9.5
A sequence d1,d2,…,dn of nonnegative integers is said to be a simple graph degree 
sequence if d1 ≤ d2 ≤ … ≤ dn and there is a simple graph with n vertices v1, v2, …, vn 
such that for 1 ≤ i ≤ n, δ (vi) = di.

For example, from the graph in Figure 9.2 we see that 3,3,3,3 is a simple graph degree 
sequence, and from the graph in Figure 9.4 so also is 1,1,1,3. In contrast, 1,1,3,3 is not 
a simple graph degree sequence because if we had a graph with four vertices, two of 
which had degree 3, these two vertices would have to be joined by edges to both the 
other two vertices, which would therefore have degrees at least 2. In these cases it was 
easy to tell whether or not the sequence was a simple graph degree sequence, but what 
about, for example, the sequence

	 1,2,3,4,5,7,8,9,9,9,9 ?

It would take rather a lot of work to try to find a graph with 11 vertices having these 
degrees. However, the next theorem provides a straightforward way to answer the 
question.

Theorem 9.3 
The Havel–Hakimi Theorem*

The sequence d1, d2,…, dn is a simple graph degree sequence if and only if so also is the 
sequence d1,…, dn–k–1, dn–k –1, dn–(k–1) –1,…, dn–1 –1 (reordered if necessary), where k = dn.

Comment
We illustrate what this theorem says in the examples given after the proof. Note that the 
second sequence is obtained from the first by deleting the final term dn and subtracting 
1 from the preceding dn numbers. Of course this will be possible only if dn < n. If dn ≥ n, 
there cannot be a simple graph with only n vertices but a vertex of degree dn. In sub-
tracting 1 from the preceding terms we may end up with a sequence that is no longer 
nondecreasing, which is why we have added “reordered if necessary.” Also, some of 
the numbers may become 0. These are usually dropped from the sequence. The second 
sequence contains one fewer term than the first sequence. The original sequence will be 
a simple graph degree sequence if and only if it reduces to a sequence of 0s (which is the 
degree sequence of a graph with no edges).

Proof
We deal with the easier “if” part of the theorem first. So suppose

	 d1,d2,…, dn–k–1, dn–k –1,…, dn–1 –1

*	 A proof of this theorem was first published by Václav Havel, Poznáma o existenci konečných grafů, Časopis pro 
pěstování matematiky, 80, 1955, pp. 477–480. It seems that this paper, published in Czech with a German sum-
mary, was not widely read, as in 1963 another proof was published independently by S. L. Hakimi, On Realizability 
of a Set of Integers as Degrees of the Vertices of a Linear Graph I, Journal of the Society for Industrial and Applied 
Mathematics, 10, 1962, pp. 496–506.
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is a simple graph degree sequence, and dn = k. Then there is a simple graph, say G, with 
n–1 vertices, say v1,…,vn–1, with degrees d1, …, dn–k–1, dn–k –1,…, dn–1–1, respectively.

We obtain a new simple graph, G′, by adding a vertex, vn, and joining it by an edge 
to the vertices vn–k, …, vn–1. The degrees of the vertices v1, …, vn in G′ are then d1,…, 
dn–k–1, dn–k, …, dn–1, dn, respectively, and therefore this latter sequence is a simple graph 
degree sequence.

For the “only if” converse we suppose that d1, …, dn is a simple graph degree sequence, 
with d1 ≤ d2 ≤ … ≤ dn = k. It follows that there is at least one simple graph whose n ver-
tices, v1, v2, …, vn, have these degrees. Among all such graphs let G be one in which the 
sum of the degrees of the k vertices adjacent to vn is as large as possible. We show that, 
in this case, the degrees of the vertices adjacent to vn are dn–k, …, dn–1.

Suppose not. That is, suppose that vn is not adjacent to k vertices whose degrees are 
dn–k, …, dn–1. Then, since vn is adjacent to k vertices, there must be vertices vr, vs such 
that

	 i.	 The vertex vr is adjacent to vn and δ (vr) < dn–k, and
	 ii.	 The vertex vs is not adjacent to vn and δ (vs) ≥ dn–k.

Now, since δ (vr) < δ (vs), there must be a vertex, say vt, that is adjacent to vs but that is 
not adjacent to vr. We now change G to a new graph G′ by replacing the edges {vr, vn} 
and {vs, vt} by edges {vr, vt} and {vn, vs} (see Figure 9.10).

The degrees of the vertices vn, vr, vs, vt are unchanged, and so G′ has the same degree 
sequence as G. However, as in G′ the vertex vn is adjacent to vs rather than vr and 
δ(vs) > δ(vr), we see that the sum of the degrees of the vertices of G′ to which vn is adja-
cent is greater than the sum of the degrees of the vertices of G to which vn is adjacent. 
This contradicts our choice of G.

We can therefore deduce that the k vertices to which vn is adjacent in G have degrees 
dn–k,…,dn–1. Thus if we delete the vertex vn and the edges joining it to these k vertices, 
the result will be a graph with n–1 vertices with degrees d1,…, dn–k–1, dn–k –1,…, dn–1 –1, 
and so this sequence of degrees, reordered if necessary, is also a degree sequence. This 
completes the proof.

We can illustrate this by the examples we have previously mentioned. We use S S⇒ ′  
to indicate the transition from the sequence d1,…,dn to the sequence d1,…,  dn–k–1, 
dn–k –1,…, dn–1 –1 and S′ ~ S″ to indicate that S″ is obtained from the sequence S′ by 
reordering where necessary.

G G´
νr νt

νsνn νn νs

νtνr

Figure 9.10
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We have seen that 3,3,3,3 is a simple graph degree sequence. We can confirm this 
using the reductions the Havel–Hakimi theorem. We have

	 3 3 3 3 2 2 2 1 1 0, , , , , , .⇒ ⇒ ⇒

Now, 0 is the degree sequence of the simple graph with one vertex. So from the Havel–
Hakimi theorem, we know that 3,3,3,3 is a simple graph degree sequence.

We also saw that 1,1,3,3 is not a simple graph degree sequence. Here the Havel–
Hakimi method gives

	 1 1 3 3 0 0 2, , , , , ,⇒

and no further reduction is possible. Indeed, it is easy to see that we cannot have a sim-
ple graph with one vertex that has degree 2 and two with degree 0. Hence 0,0,2 is not a 
simple graph degree sequence. Consequently by the Havel–Hakimi theorem we deduce 
that 1,1,3,3 is not a simple graph degree sequence.

The next problem deals with a more complicated example in which we show how to 
construct a graph corresponding to any given simple graph degree sequence.

Problem 9.6
Determine whether the following are simple graph degree sequences. In the case of 
simple graph degree sequences, construct a simple graph with the degree sequence.

	 a.	 1, 3, 3, 3, 4, 4
	 b.	 1, 2, 3, 4, 5, 7, 8, 9, 9, 9, 9

Solution
	 a.	 1 3 3 3 4 4 1 2 2 2 3 1 1 1 1 1 1 0 0 1 1 0, , , , , , , , , , , , , , ~ , ,⇒ ⇒ ⇒ ⇒ ,,0 . As 0,0 is the degree 

sequence of a graph with two vertices of degree 0, it follows that 1,3,3,3,4,4 is 
a simple graph degree sequence. Starting with the graph with two vertices of 
degree 0, we can construct a graph following the method of the “if” part of the 
Havel–Hakimi theorem, adding one vertex at a time; see Figure 9.11.

	 b.	 1 2 3 4 5 7 8 9 9 9 9 1 1 2 3 4 6 7 8 8 8 1, , , , , , , , , , , , , , , , , , ,⇒ ⇒ ,, , , , , , , , ~ , , , , , , , ,0 1 2 3 5 6 7 7 0 1 1 2 3 5 6 7 7
  ⇒ 0 0 0 1 2 4 5 6, , , , , , , , and no further reduction is possible, as 6 is larger than the 

number of nonzero terms in the sequence. Consequently, 0,0,0,1,2,4,5,6 is not a 
simple graph degree sequence and hence neither is the original sequence.

0,0 0,1,1 1,1,1,1 1,2,2,2,3 1,3,3,3,4,4

Figure 9.11
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Exercises
	 9.3.1A 	� Determine which pairs of the graphs in Figure 9.12 are isomorphic. We 

have, for convenience, in each case labeled the vertices of the graphs. Where 
a pair of graphs is isomorphic you should indicate, using these labels, a 
bijection between the vertices of the two graphs, which is an isomorphism 
between them. Where the graphs are not isomorphic, you should give a 
reason why no such isomorphism exists.

	 9.3.1B	� Show that each pair of the graphs in Figure 9.1 is isomorphic.
	 9.3.2A	� Give an example of two graphs with the same number of vertices of each 

degree, but that are not isomorphic. Aim to find an example of a pair of 
such graphs with the smallest possible number of vertices and edges.

	 9.3.2B	� The dual of a graph G = (V, E) is defined to be the graph G* = (V, E*), where 
for all u,v ∈ V, we have { , } { , }*u v E u v E∈ ⇔ ∉ . Thus G* has the same set of 
vertices as G, and two vertices are joined by an edge in G* if and only if they 
are not joined by an edge in G. G is said to be self-dual if it is isomorphic to 
G*. For example, in Figure 9.13, graph (ii) is the dual of graph (i). Since these 
graphs are isomorphic, each graph is self-dual.

	 i.	 Find all the graphs with four vertices that are self-dual.
	 ii.	 Give an example of a graph with five vertices that is self-dual.
	 iii.	 Show that there is no graph with six vertices that is self-dual.
	 9.3.3A	� Determine whether the following are simple graph degree sequences. Where 

they are, construct a simple graph whose vertices have these degrees.

	 i.    2, 2, 2, 3, 3, 4           ii. 1, 1, 3, 3, 5, 5            iii. 3, 3, 3, 3, 3, 3, 3, 3

a a a a a

e b e b e b e b e b

d c d c d c d c d c

(i) (ii) (iii) (iv) (v)

a b c a b a b a

f c f c d f e b
f e d

e d e d c

(ix)(viii)(vii)(vi)

a

b

c

d e

f

(x)

Figure 9.12
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	 9.3.3B	 i.   �Determine whether the following are simple graph degree sequences. 
Where they are construct a simple graph whose vertices have these 
degrees.

	 a. 1, 1, 3, 3, 5, 5, 7, 7             b. 0, 1, 2, 3, 4, 5, 6

	 ii.	� Is it possible to have, for any positive integer n, a simple graph with n ver-
tices with degrees 0, 1, 2, …, n–1? [Hint: Part (b) of (i) provides a clue.]

	 9.3.4A	� Prove that, for each positive integer n, two simple graphs with n vertices 
and 1

2 1n n( )−  edges are isomorphic.
	 9.3.4B	 i.   �Let G1 and G2 be two graphs with 10 vertices of which eight have degree 

9 and two have degree 8. Prove that these graphs must be isomorphic.
		  ii.   Generalize this result.
	 9.3.5A	� We say that a nondecreasing sequence d1,…,dn of positive integers is a mul-

tigraph degree sequence if there is a graph that may have multiple edges, but 
not loops, and that has n vertices with degrees d1,…,dn, respectively. Which 
of the following is a multigraph degree sequence?

	 i. 1, 2, 3, 4, 5           ii. 1, 2, 2, 3, 5, 5         iii. 2, 2, 2, 8

	 9.3.5B	� Prove that a nondecreasing sequence of nonnegative integers d1,…,dn is a mul-
tigraph degree sequence if and only if (i)

 
∑ =i

n
id1 is even, and (ii) d dn i

n
i≤ ∑ =

−
1
1 . 

		�  This result is also given in the paper by Hakimi cited in the footnote to 
Theorem 9.3.

9.4  Paths and Connected Graphs
Since this is a book on counting, we begin with an amusing—and not completely obvious— 
result that introduces a simple but typical graph theoretical procedure.

Problem 9.7
You hold a party at your house with 20 guests. Those pairs of guests who know each 
other shake hands (once!), those who do not … don’t! Show that when all this bonhomie 
is completed, the number of guests who have shaken hands an odd number of times 
must be even.

a
(ii)(i)

b a b

d c d c

Figure 9.13
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Solution
Consider a graph with vertices g1,g2,…,g20 representing the 20 guests, with an edge 
connecting gi and gj if and only if the corresponding guests shook hands. Then the 
degree, δ(gi), of gi is just the number of people with whom gi shook hands. Since each 
handshake involves two people, the sum

	 D = δ (g1) + δ (g2) + … + δ (g20),	 (9.1)

is twice the number of handshakes (or, equivalently, twice the number of edges in the 
graph). So D is an even number. Hence the number of terms on the right-hand side of 
Equation 9.1 that are odd numbers must itself be even.

Note that the argument used in the above solution applies to all graphs (and also 
multigraphs), as it always true that each edge contributes one to the degree of each of 
the two vertices that it joins (and in a multigraph a loop contributes two to the degree 
of its vertex). Thus we have the following result.

Theorem 9.4 
The Handshaking Lemma*

In each graph the sum of the degrees of the vertices is twice the number of edges.
[If you like equations, you can express this by saying that, given a graph G = (V, E), 

we have

	 δ( ) #( ),v E
v V∈
∑ = 2 	 (9.2)

where, you will recall, #(E) is the number of elements in the set E.]
Although this is a very simple result, it turns out to be extremely useful. For exam-

ple, it immediately tells us that we cannot have a graph with seven vertices each with 
degree 3, as this would imply that the sum of the vertex degrees is the odd number 21.

When a graph is used to represent a road map, and in many other applications, 
it is natural to consider the ways you can travel from one vertex to another by going 
along the edges, and other related problems. To discuss these problems it is helpful to 
introduce some more definitions, and to make some subtle distinctions. There is no 
absolutely standard terminology in this part of graph theory. So if you look at books by 
other authors (which we are not completely against!) you need to check this. Our own 
review of a good number of books of graph theory suggests our terminology mostly 
follows that of the majority.

*	 The term lemma is usually used in mathematics for a subsidiary result, used to prove a “theorem” that is of greater 
significance. By historical accidents a number of results significant enough to count as theorems have lemma as 
part of their standard names. The “handshaking lemma” is a theorem of this kind. The definitive discussion of the 
difference between what a thing is and what it is called is to be found in Chapter 8 of Through the Looking Glass by 
Lewis Carroll, Macmillan, London, 1871.
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Definition 9.6
Let G be a graph.

	 i.	 A sequence v0,v1,…,vk–1,vk of vertices, not necessarily distinct, of G such that for 
0 ≤ i ≤ k, {vi,vi + 1} is an edge of G, is called a walk. The length of the walk is the 
number, k, of edges in it. We will often use the suggestive notation:

	 v v v vk k0 1 1→ → → →−... 	 (9.3)

		  to indicate a walk. Not surprisingly, v0, vk are called the ends of the walk, with v0 
being called the start of the walk and vk the finish.

	 ii.	 If the edges {vi,vi + 1} are all different, the walk is called a trail.
	 iii.	 If the vertices are all different, the walk is called a path. (Thus a path is necessarily 

a trail.)
	 iv.	 If v0 = vk the walk given by the expression 9.3 is said to be closed. Likewise a closed 

trail is a trail in which the start is the same as the finish.
	 v.	 We have to be rather more careful with what we mean by a closed path, as we have 

said that in a path all the vertices are distinct, and this rules out the case v0 = vk. 
So we can’t just say that a closed path is a path in which the start is the same as the 
finish. Instead, we define a closed path to be a trail (so the edges are all distinct) 
and v0 = vk, but otherwise all the vertices are distinct.

Notes:  Many authors use circuit to mean a closed trail, and cycle to mean a closed path, 
but we will avoid introducing these additional terms. Definition 9.6 can be extended 
to multigraphs, in a fairly obvious way. However, since given two vertices vi, vi + 1 there 
may be more than one edge joining them, to specify a walk (or trail or path) in a mul-
tigraph we need to list not just the vertices in a specified order but also which edge is 
used to get from one vertex to the next.

Problem 9.8
Let G be the graph illustrated in Figure 9.14. (This is the Petersen graph, which first 
appeared in Figure 9.1 and which we have repeated here for convenience.)

a

f

e b
j g

i h

d c

Figure 9.14
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For each of the following sequence of vertices, determine whether it is (i) a walk, 
(ii) a trail, and/or (iii) a path. In each case where the sequence is a walk, determine 
whether it is closed, and also its length.

	 a.	 a b g j e a f h c→ → → → → → → →
	 b.	 a b c h i d e a→ → → → → → →
	 c.	 a b g j e d c b a→ → → → → → → →
	 d.	 a f i d e a→ → → → →
	 e.	 a e j h c→ → → →
	 f.	 a b g j e d c b g i f a→ → → → → → → → → → →

Solution
	 a.	 This is a walk and a trail but not a path, as the vertex a occurs twice. Since a ≠ c, 

it is not closed. It has length 8.
	 b.	 This is not even a walk, because hi is not an edge. Hence it is neither a trail nor a 

path.
	 c.	 This is a walk but not a trail, as the edge ab occurs twice, and hence it is not a 

path. It is closed and has length 8.
	 d.	 This is a walk, a trail, and a path. It is closed and has length 5.
	 e.	 This is a walk, a trail, and a path. It is not closed and has length 4.
	 f.	 This is a walk but not a trail, as the edge bg occurs twice. So it is also not a path. 

It is closed and has length 11.

The following useful result gives a sufficient condition for a graph (or multigraph) to 
have a closed path.

Theorem 9.5
If in a graph (or a multigraph), G, each vertex has degree at least 2, then there is a closed 
path in G.

Proof
If in the graph there is a loop, that is, an edge joining a vertex v to itself, then v v→  is 
a closed path and the result holds. If there are vertices v and w joined by more than one 
edge, then by following one edge from v to w and a second edge from w to v we obtain 
a closed path in G. So from now on we assume G is a simple graph.

Select some vertex v0 of G. Since v0 has degree at least 2, there is some vertex v1 
different from v0 that is joined to v0 by an edge. Now suppose we have constructed 
a path v v v vk k0 1 1→ → → →−...  in G, where all the vertices, other than possibly v0 
and vk, are different. If vk = v0 we have a closed path. Otherwise, as vk has degree at 
least 2, there is a vertex, say vk + 1, which is different from vk–1 and joined to vk by an 
edge. If vk + 1 is different from all of v0,v1,…,vk–2, then v v v v vk k k0 1 1 1→ → → → →− +...  
is also a path. However, as there is only a finite number of vertices, we must eventually 
reach a stage where for some j, 0 ≤ j ≤ k–2, vk + 1 = vj. But then, when this first occurs, 
v v v vj j k k→ → → →+ +1 1... is a closed path in G and our theorem is proved.
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Definition 9.7
	 i.	 Two vertices in a graph are said to be connected if there is a walk in the graph with 

the given vertices as its ends.
	 ii.	 A graph is said to be connected if each pair of vertices is connected.
	 iii.	 If a graph is not connected it can be split up into separate connected parts, which 

are called the connected components of the graph.

For example, in the graph of Figure 9.15, the pairs of vertices a and b; a and c; b and c; 
and d and e are connected, but none of a, b, and c is connected to either d or e. Since not 
all the pairs of vertices are connected, the graph is not connected. It has two connected 
components, one with vertex set {a,b,c} and edges ab and bc; and the other with vertex 
set {d,e} and edge de.

Problem 9.9
How many of the graphs with four vertices, as shown in Figure 9.9, are connected?

Solution
Six of these graphs are connected, namely, (v), (vi), (viii), (ix), (x), and (xi).

Exercises
	 9.4.1A	� Prove that if G is a connected graph with n vertices and no closed paths, 

then G has n–1 edges.
	 9.4.1B	� Prove that if G is a simple graph with n vertices such that, for all pairs 

of vertices u, v that are not joined by an edge, δ(u) + δ(v) ≥ n–1, then G is 
connected.

	 9.4.2A	� Prove that, given a connected graph G, the removal of a particular edge 
results in a graph that is still connected if and only if the edge that is 
removed occurs in a closed path in G.

	 9.4.2B	� Suppose that G is a connected graph with 16 edges in which each vertex has 
degree at least three. Find the maximum number of vertices it can have. 
Draw a picture of such a graph.

	 9.4.3A	� Show that the Petersen graph has a closed path of length 6 but no closed 
path of length 7.

	 9.4.3B	� Does that the Petersen graph have a closed path of length 9? Does it have a 
closed path of length 8?

a d

b c e

Figure 9.15
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	 9.4.4A	� Show that a simple graph with n vertices and 1
2 1 2 1( )( )n n− − +  edges is 

connected.
	 9.4.4B	� Show that for all integers n ≥ 2, there is a simple graph with n vertices and 

1
2 1 2( )( )n n− −  edges that is not connected.

	 9.4.5A	  i.  �Devise an algorithm for determining whether a graph given by listings 
of its vertices and edges is connected.

	 ii.	� Apply the algorithm of part (i) to determine whether the following 
graphs are connected:

	 a.	� G = (V, E), where V = {a, b, c, d, e, f, g, h} and E = {ad, ae, af, bc, bg, 
bh, cg, de, ef, gh}

	 b.	� G = (V, E), where V = {a, b, c, d, e, f, g, h} and E = {ab, ac, ad, ae, af, 
bf, cg, ch, ef, gh}

	 c.	� G = (V, E), where V = {a, b, c, d, e, f, g, h} and E = {ae, af, bc, ce, ch, 
de, gh, hj}

	 9.4.5B	  i.  �Devise an algorithm for deciding whether a closed path can be formed 
from the edges in a given list.

	 ii.	 Apply the algorithm in the following cases.
	 a.	 The list of edges is ac,ag,ai,bd,be,bh,cf.
	 b.	 The list of edges is ae,ag,bk,ce,dk,eh,fg,gj,hj,ik.

9.5  Planar Graphs
Do you recognize the graph in Figure 9.12vi? It would be the graph to solve the utilities 
problem stated in Chapter 1—if only it could be redrawn in the plane without any of the 
edges crossing one another! Well, can it? Let us now turn our attention to that problem.

We have already seen one example of a graph with edges crossing at a nonvertex that can 
be redrawn to get rid of this property. In Figure 9.2, the graph on the right is a redrawing of 
the one on the left, arranged so that edges meet only at vertices. We have already used the 
term planar for graphs that can be redrawn in such a way. It is appropriate now to intro-
duce this term in a formal definition.

Definition 9.8
Any graph that can be represented in the plane without any pair of edges meeting, 
except at a vertex, is called a planar graph—and any representation of it in the plane a 
plane graph.

There are some topological aspects of this definition that we mention briefly but do 
not pursue here because our chief focus is on the combinatorial aspects of graphs. What 
happens if instead of considering representing graphs in the plane, R2, we consider 
representations of graphs in other spaces, S? We can explain what this means by tak-
ing Definition 9.2 and replacing the reference to the plane by a reference to the space S. 
It is not too difficult to see that every graph can be represented in R3. The vertices can 
be represented by distinct points on, say, the x-axis. The edges joining the vertices can 
then be represented by arcs, for example, semicircles, in planes each making a different 
angle with the xy-plane. In fact, with a little more care, we can show that every simple 
graph can be represented in R3 with the edges represented by straight line segments 
(see Exercise 9.5.8A).
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However, there is some interest in considering which graphs can be represented 
in two-dimensional surfaces other than R2. Because the surface of a sphere, with one 
point deleted, is topologically equivalent to the plane R2 (the stereographic projection 
of a sphere with one point deleted onto the plane shows this), any graph that can be 
represented in the plane can also be represented on the surface of a sphere and vice 
versa. However, there are some nonplanar graphs that can be represented on two-di-
mensional surfaces that are not topologically equivalent to R2. For example, we will see 
that the graph, called K5, consisting of five vertices, each joined to each of the other four 
vertices, is not planar. However it can be represented on a torus. For this see Exercise 
9.5.6A.

It is also interesting to note that each planar graph can be represented in the plane 
in such a way that the curve corresponding to each edge is a straight line segment. We 
prove this result in Section 9.8, as Theorem 9.13, after we have established some relevant 
facts about planar graphs. Note that this result clearly does not hold for multigraphs, 
as we cannot connect two points in the plane by two straight line segments having no 
points, except their endpoints, in common.

We let Kn be the simple graph with n vertices in which each vertex is joined to each 
other vertex by an edge. We call Kn the complete graph with n vertices. These graphs, for 
1 ≤ n ≤ 5, are shown in Figure 9.16.

It can be seen from Figure 9.16 that K1, K2, K3, and K4 are all planar graphs, but what 
about K5? We have not succeeded in drawing it in the plane with edges meeting only 
at vertices, but maybe that is just a sign of our incompetence, and with more skill we 
could represent this graph in the plane.

To get useful information about all planar multigraphs that enables us to deal with 
this problem, we begin with a lovely result due to Euler. [It is lovely because (i) the result 
is a nice surprise, being far from obvious, and yet (ii) the proof is not hard.] Euler’s for-
mula, discovered by him in around 1750 and proved by Legendre in 1794, establishes 
a relationship between the number of regions (or faces), edges, and vertices in a planar 
graph. To avoid an overlengthy (and possibly boring!) discussion we shall show you, by 
means of the diagram in Figure 9.17, what is meant by the term region.

It is easily seen that in the graph represented in Figure 9.17 there are 13 vertices and 
17 edges. These edges divide the plane into six regions, which we have labeled A, B, C, 
D, E, and F. Note that we have included in this count the unbounded region F that sur-
rounds the figure in the diagram. Note also that the region E is bounded by two curves 
that represent edges joining the same pair of vertices. Thus the diagram represents a 
multigraph.

K1 K2 K3 K4 K5

Figure 9.16
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Theorem 9.6 
Euler’s Formula for Planar Graphs

Let G be a connected plane graph with v vertices and e edges and drawn so as to divide 
the plane into f regions. Then v – e + f = 2.

Comment on the notation
We have used “ f ” for the number of regions for historical reasons. The problem Euler 
considered was the relationship between the number of vertices, edges, and faces of a 
polyhedron. For example a cube has 8 vertices, 12 edges, and 6 faces, as shown on the 
left in Figure 9.18.

Imagine the cube sitting on a plane, and squashing the cube onto this plane, while 
slightly reducing the size of the top face. We would end up with a plane graph as shown 
on the right of Figure 9.18. This graph also has 8 vertices and 12 edges, and it divides the 
plane into 6 regions. Thus the formula v – e + f = 2 holds both for the cube and for the 
plane graph resulting from it. So a standard way to prove Euler’s formula for polyhedra 
is to reduce it to the case of plane graphs in the way we have indicated. So “ f ” comes 
from “face.”

Proof
We give a proof by mathematical induction on the number of edges in the graph. The 
base case is that of a connected graph with zero edges. Such a graph must have only one 
vertex, and so when drawn in the plane it consists of a single point. Consequently, there 
is just one region in this graph. So we have v = 1, e = 0, and f = 1 and hence in this case 
the formula v – e + f = 2 certainly holds.

We now come to the induction step. We assume, as our induction hypothesis, that 
the formula of the theorem holds for all connected plane graphs with k edges. Let G be 
a connected plane graph with k + 1 edges.

We now consider two separate cases. The first case is where G has a vertex of degree 
one, say a. In this case we let b be the one vertex joined to a by an edge.

Let G′ be the graph that results from G by deleting the vertex a and the edge joining it 
to b. As G is connected, any two vertices of G′are joined by a path in G. Because such a path 
cannot include the edge joining a to b, this path is also a path in G′. Hence G′ is also con-
nected. Since G′ has k edges, by the induction hypothesis, Euler’s formula holds for G′.

Since a has degree 1, the edge from a to b lies in the boundary of just one region 
(either a bounded region, as shown on the left in Figure 9.19, or the unbounded region, as 
shown on the right). Thus the removal of the edge from a to b does not affect the number 
of regions. However, G′ has one fewer edge and one fewer vertex than G. Thus the value 
of “v – e + f ” is the same for G as for G′. Hence Euler’s formula holds also for G.

E
A D

B C F

Figure 9.17
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The second case is when each vertex of G has degree at least 2. Then, by Theorem 9.5, 
there is a closed path in G. Let a and b be vertices of G such that an edge from a to b 
occurs in a closed path in G, and let G′ be the graph that results when this edge (but 
neither of the vertices a and b) is deleted. (Note that we have said “an edge” as we want 
our argument to cover a multigraph with more than one edge from a to b. In addition, 
note that the subsequent argument works also in the case where a = b so that the edge 
from a to b is a loop.)

G′ is also a connected graph (by Exercise 9.4.2A) with one fewer edge than G and so, 
by the induction hypothesis, Euler’s formula holds for G′.

Since the edge ab is part of a closed path in G, it forms part of the boundary between 
two regions (see Figure 9.20). These two regions become one region when the edge is 
deleted. Hence G′ has one fewer face than does G. It has the same number of vertices as 
G but one fewer edge. So “v – e + f ” is the same for G′ as for G. Therefore Euler’s formula 
holds also for G.

These two cases cover all the possibilities. Therefore, this completes the proof by 
mathematical induction that Euler’s formula holds for all connected plane graphs.

One consequence of this theorem is that although a planar graph may, in general, 
be drawn in the plane in more than one way (compare, for example, the two graphs in 
Figure 9.19), whenever it is drawn as a plane graph the number of regions is always the 
same, as this number is determined by the number of vertices and edges of the graph 
using the formula f = e – v + 2.

Theorem 9.6, and a little bit of thought, lead immediately to some nontrivial infor-
mation about planar maps in general. When a graph is drawn in the plane, each region 
is surrounded by a closed walk of edges. The edges in this walk form the boundary of 
the region. For example, in the graph of Figure 9.17, the region A has a boundary made 
up of three edges, region C has a boundary with five edges, and region E has a boundary 
made up of two edges. In the case of region A the boundary makes up a closed path (that 
is, a closed walk in which there are no repeated vertices other than the endpoints), but 

Figure 9.18

abba

Figure 9.19
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this not the case for region C. Because the graph of Figure 9.17 has two vertices joined 
by two edges, there is one region, namely E, which has a boundary made up of just two 
edges. This cannot happen in a simple graph, where the boundary of a region must be 
made up of at least three edges. This simple observation has a useful consequence.

Theorem 9.7
If G is a connected planar simple graph with v vertices and e edges, then e ≤ 3v – 6.

Proof
Suppose that G is drawn in the plane with f regions. Then, by Euler’s formula,

	 f = e – v + 2.	 (9.4)

Since each region has a boundary made up of at least three edges, and each edge can be 
part of the boundary of at most two regions, we have

	 3f ≤ 2e.	 (9.5)

From Equation 9.4 and inequality 9.5 we obtain

	 3(e – v + 2) ≤ 2e,

from which it immediately follows that

	 e ≤ 3v – 6.

This inequality enables us to answer the question as to whether the complete graph K5 is 
planar. In this graph there are five vertices, and, as each pair of vertices is joined by an edge, 
there are 10 edges. Thus e( = 10) > 3v–6( = 9), and hence, by Theorem 9.7, K5 is not planar.

And now, what about our utilities problem? This was Problem 9B of Chapter 1. 
Recall that the problem is whether the graph shown in Figure 9.21 in nonplanar form 
is in fact planar.

We now reveal that the utilities problem cannot be solved; that is, the graph of 
Figure 9.21 is not planar. We don’t mean that, so far, no one has been clever enough to 
find a way to do it. We do mean that someone has been clever enough to prove that no 
one will ever be able to do it because it can’t be done!

a

b

Figure 9.20
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In this graph v = 6 and e = 9 and thus e < 3v−6. It follows that we cannot use 
Theorem 9.7 to show that this graph is not planar. However, by noting that in this 
graph all the closed paths have length at least 4, we can derive a sharper inequality, 
namely, e ≤ 2(v – 2), that the graph does not satisfy, and in this way show that it is not 
planar. This is Exercise 9.5.2A. Note that, as this graph satisfies e ≤ 3v – 6 but is not a 
planar graph, the condition e ≤ 3v – 6 is a necessary but not a sufficient condition for 
a graph to be planar.

In the utilities graph, the vertices can be divided into two sets of three {house, cot-
tage, bungalow} and {electricity, gas, cable TV} such that no two vertices in the same set 
are joined by an edge, but every vertex in one set is joined to every vertex in the other. 
We use the notation K3,3 for this graph.

In general, if the vertices of a graph G can be divided into disjoint sets V1 and V2 
in such a way that edges only join a vertex in V1 to a vertex in V2 (but not vertices 
that are both in V1 or both in V2), then we say that G is a bipartite graph. For all 
positive integers m, n, Km,n is the bipartite graph with m + n vertices that can be 
partitioned into two sets V1,V2 containing m and n vertices, respectively, such that 
each vertex in V1 is joined by an edge to each vertex in V2, but with no edges joining 
two vertices both from V1 or both from V2. For example, the graph K2,4 is shown in 
Figure 9.22.

Of course, the solution to the utilities problem is of no practical consequence what-
soever since the various utility pipelines can be laid under or over each other in the 
ground. However, planarity is not without significance in the production of printed cir-
cuits where the thickness (or, rather, the thinness!) is improved if no conducting parts of 
the circuit are forced to bridge over one another.

Figure 9.22

House Cottage Bungalow

Electricity Gas Cable TV

Figure 9.21
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The graphs K5 and K3,3 play a very special role in the theory of planar graphs because 
in 1930 the Polish mathematician Kazimierz Kuratowski* proved that a graph is not 
planar if and only if it “contains” either K5 or K3,3. We need first to explain what “con-
tains” means in this context.

By a subgraph of a graph, G, we mean a graph obtained from G by deleting vertices 
and edges. Of course, if we delete a vertex, we must delete all the edges adjacent to it, but 
we can obtain a subgraph by deleting edges but no vertices. By the usual slight abuse of 
language in mathematics, a graph counts as a subgraph of itself. More formally, we have:

Definition 9.9
Let G = (V, E) be a graph. A subgraph of G is a graph G′ = (V′, E′) such that V′ ⊆ V and 
E′ ⊆ E.

For example, in Figure 9.23, graph (ii) is a subgraph of graph (i).
We say that a graph G′ has been obtain from a graph G by dropping vertices of degree 

2 if we obtain G′ by carrying out the following process a finite number of times. Let v 
be a vertex of degree 2, joined to the vertices u and w. Then we delete v and the edges 
joining it to u and w and add an edge joining u and w.

For example, in the graph, G′, of Figure 9.23(ii), the vertices c, d, and e have degree 
2. If we drop these vertices we obtain the graph shown in Figure 9.24.

Note that although the graph we started with was a simple graph, by dropping the ver-
tices c and e and adding an edge from b to g, we have ended up with a multigraph.

We say that the graph G contains the graph G′ if G′ is isomorphic to a graph obtained 
from a subgraph of G by dropping vertices of degree 2. For example, the graph in 
Figure 9.24 is contained in the graph of Figure 9.23(i).

It is clear that if G is a planar graph, then so also is any graph that it contains. Hence 
if a graph contains either K5 or K3,3, then it cannot be planar. This gives a sufficient con-
dition for a graph not being planar. Kuratowski’s theorem, whose topological proof is 
beyond the scope of this book, asserts that this condition is also necessary.

Theorem 9.8
Kuratowski’s Theorem
A graph is planar if and only if it does not contain either K5 or K3,3.

In Exercise 9.5.3A we ask you to show that the Petersen graph is not planar by show-
ing that it contains K3,3.

*	 Kazimierz (Casimir) Kuratowski was born in Warsaw on February 2, 1896, and died there on June 18, 1980. In 
1896 Poland was occupied by Russia, and it was not possible to proceed to university in Poland without passing 
an examination in Russian. For this reason many Poles went abroad for their university education. Kuratowski 
entered the University of Glasgow in 1913 as an engineering student, but his studies were interrupted by World 
War I. In the course of this war, the Russians withdrew from Poland, and the University of Warsaw became a 
Polish university, where Kuratowski enrolled as one of the first mathematics students. He had a distinguished 
career and became one of the founders of a very strong Polish school of mathematicians. His paper in which his 
theorem was first published is Sur le problème des courbes gauches en Topologie, Fundamenta Mathematicae, 15, 
1930, pp. 271–283. In this paper the graph K3,3 (not so called) is drawn to look like graph (x) in Figure 9.12.
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We end this section with an old problem to which Euler’s formula provides a ready 
answer.

Problem 9.10
If n points are placed on the circumference of a circle in such way that when all the lines 
joining them are drawn, no three lines meet at a point inside the circle, into how many 
regions do these lines divide the circle?

Solution
In Figure 9.25 we have pictured the cases for n = 1,2,3,4, and 5. You can check that in 
these cases the circle is divided into 1,2,4,8, and 16 regions, respectively. This suggests 
an obvious conjecture, namely, that with n points there are 2n–1 regions. This problem 
is famous* because appearances here are very deceptive, as this formula breaks down 
for n = 6, in which case there are only 31 regions.

Euler’s formula for planar graphs, v – e + f = 2, readily yields the correct result. 
To use this formula we need to add vertices at the points where the lines meet inside 
the circle so that the graph is planar. Each such, new, vertex inside the circle lies at 
the intersection of two chords and so corresponds to a choice of four points on the 
circumference of the circle. So, including the n points on the circle, we have that

	 v = C(n,4) + n.

As we don’t count the region outside the circle, the number, say r, of regions inside 
the circle is related to the number of faces of the graph by the equation r = f – 1 and so

	 r = (e – v + 2) – 1 = e – v + 1.

We need to use the handshaking lemma to work out the number of edges. Each of 
the vertices on the circle has n – 1 straight lines coming from it, but also two curved 
arcs joining it to the adjacent vertices on the circle. So each vertex on the circle has 
degree n + 1. Since only two lines meet at each point inside the circle, regarded as verti-
ces of the graph, each of these points has degree 4, and we have already seen that there 
are C(n,4) of these points. So by the handshaking lemma, 2e = n × (n + 1) + C(n,4) × 4, 
and therefore

	 e n n C n= + +( ) ( , ).1
2

2 4

It follows that

	 r n n C n n C n= + +





− +( )+( ) ( , ) ( , ) ,1
2

2 4 4 1

and therefore

*	 We do not know the origin of this problem. It was attributed to Leo Moser by Martin Gardner in his Mathematical 
Games article, Scientific American, Vol. 221, No. 2, August 1969, p. 121. Torsten Sillke cites Puzzles and Curious 
Problems by Henry Dudeney, T. Nelson & Sons, London, 1931, as the earliest reference to a closely related problem.
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	 r n n n C n= + + − +1 1
2

4( ) ( , ).

As

	 n n n n n C n C n n n n( ) ( ) ( , ), ( , ) ( )(+ − = − = = −1
2

1
2

2 4 1and −− −2 3
4

)( )
!

,n

we can rewrite this in these equivalent ways:

	
r C n C n n n n n n n= + + = + − + − − −1 2 4 1 1

2
1 2( , ) ( , ) ( )

!
( )( )( 33

4

1
24

1
4

23
24

3
4

14 3 2

)
!

.= − + − +n n n n

Note that C(n,2) is the number of straight lines joining the points on the circle. So 
the formula for the number of regions can be expressed as

Number of regions = 1 + Number of lines + Number of crossing points inside the 
circle, and this suggests an alternative proof, which we leave to the reader.

Figure 9.25
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Figure 9.23

a b

f g

Figure 9.24
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Exercises
	 9.5.1A	 Check that Euler’s formula holds for the graphs in Figure 9.23.
	 9.5.1B	� Check that Euler’s formula holds for the octahedron graph, that is, the pla-

nar graph obtained from a regular octahedron in the same way that the 
graph on the right of Figure 9.18 is obtained from a cube. This graph is 
shown in Figure 9.26.

	 9.5.2A	  i.  �Let G be a connected planar graph with v vertices and e edges, in which 
each closed path contains at least four edges. Show that e ≤ 2v – 4.

	 ii.	� Deduce that the graph K3,3 is not planar.
	 iii.	� Show that if any edge is removed from K3,3, then the resulting graph is 

planar.
	 9.5.2B	  i.  �Find an inequality of the kind e ≤ av – b, where a,b are constants, which 

holds for all connected planar graphs with v vertices and e edges, with 
v ≥ 6, and in which all closed paths contain at least five edges.

	 ii.	 Deduce that the Petersen graph (see Figure 9.14) is not planar.
	 9.5.3A	� Prove that the Petersen graph (see Figure 9.14) contains the graph K3,3 and 

hence is not planar.
	 9.5.3B	 Determine whether the graph in Figure 9.27 is planar.
	 9.5.4A	� Prove that a connected graph is bipartite if and only if all the closed paths 

in the graph have even length.
	 9.5.4B	 For which values of m and n is the bipartite graph Km,n planar?
	 9.5.5A	 Determine whether the graph shown in Figure 9.28(i) is planar.
	 9.5.5B	 Determine whether the graph shown in Figure 9.28(ii) is planar.

Figure 9.26

Figure 9.27



178    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

	 9.5.6A	� Show that the complete graph K7 may be drawn on a torus, so that edges 
meet only at vertices. It follows that K5 and K6 can also be drawn on a torus 
in a similar way.

	 9.5.6B	� Show that the bipartite graph K3,3 may be drawn on a torus, so that edges 
meet only at vertices.

Note:  If you don’t have a convenient torus to hand, you can make one from a rectangu-
lar piece of paper ABCD, as in Figure 9.29, by first gluing together the edges AB and CD 
to make a tube and then gluing the resulting circular edges. Of course, you can draw 
the figures on the rectangle, and just imagine the gluing.

	 9.5.7A	� Show that if six points, A, B, C, D, E, and F, are placed around a circle in this 
order in such a way that the lines AD, BE, and CF meet at a single point inside 
the circle, and all the other lines joining these points are drawn, then the cir-
cle is divided into only 30 regions. (This could be done by drawing a picture, 
but we encourage you to answer this question by using Euler’s formula.)

	 9.5.7B	  i.   �Show that in Problem 9.10, in the case where n = 10, the number of 
regions is a power of 2.

	 ii.	� Does this ever happen for n > 10? (This question is, we believe, unsolved 
and is probably very hard.)

	 9.5.8A	� Show that, for all positive integers n, it is possible to find a sequence of 
points P1, P2,…, Pn on the surface of the sphere, such that for 4 ≤ m ≤ n, 
the point Pm is not in the plane defined by any three points Pi, Pj, Pk with 
1 ≤ i < j < k < m. Deduce that every simple graph can be drawn in R3 with 
the edges represented by straight line segments.

	 9.5.8B	� What is the maximum number of points that you can place on the edges of 
a tetrahedron so that the line segments joining these points in pairs meet 
only at their endpoints?

9.6 E ulerian Graphs
We now return to the classic problem of the Königsberg bridges that we mentioned as 
Problem 9A in Chapter 1.

In Figure 9.30 we have reproduced from Chapter 1 a schematic map of Königsberg in the 
eighteenth century, showing the seven bridges over the river Pregel. The problem for the 
citizens of Königsberg was:

a a b

d f c

e f

c b e d

(i) (ii)

Figure 9.28
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Problem 9.11 
The Bridges of Königsberg

Is there a route that would have taken the burghers of Königsberg over each of the 
bridges exactly once?

In Figure 9.31 we have represented this map by a graph in which the vertices 
correspond to the land areas and the bridges are represented by edges. It is a multi-
graph. Since there are two bridges between areas a and b, in the graph there are two 
edges joining the vertices a and b. Similarly, there are two edges joining the vertices 
b and d.

Solution
In terms of the graph this problem is equivalent to that of finding a trail that contains 
each edge of the graph. Recall that, in a trail, no edge occurs more than once, so the 
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Figure 9.29
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problem is to find a trail using each edge exactly once. Euler noted that in following 
such a trail, for each vertex other than the first and last vertices, we would have to reach 
the vertex along one edge and leave along another. Hence such a trail would use an even 
number of edges adjacent to each of these vertices. Therefore, as it would use each edge 
exactly once, the degrees of these vertices much be even numbers. However, we see in the 
graph of Figure 9.31 that there are more than two vertices with odd degrees. So the graph 
has no trail containing each edge exactly once. Hence the answer to Problem 9.11 is no.

Euler’s argument, as applied to the particular graph of Figure 9.31, is not difficult, 
and it is hard to believe that it had not previously occurred to some smart citizen of 
Königsberg. Euler’s real contribution was to realize that his argument applied in gen-
eral, and also that his necessary condition for the existence of a trail using each edge 
once is also sufficient. This we now explain.

We first introduce some terminology, for graphs where there is a closed trail using 
each edge once, and for those where there is such a trail that need not be closed. These 
graphs are named in honor of Euler. We again remind you that here by “graph” we 
mean both simple graphs and multigraphs.

Definition 9.10
A graph that is connected and has a trail that includes each of its edges is said to be 
semi-Eulerian. It is said to be Eulerian if it is connected and has a closed trail including 
each edge. We specify that the graph consisting of just one vertex and no edges is not 
Eulerian.

Theorem 9.9
(Euler 1735*)

	 a.	 If G is a graph with more than one vertex, then G is Eulerian if and only if G is a 
connected graph in which the degree of each vertex is an even number.

	 b.	 If G is a graph with more than one vertex, then G is semi-Eulerian if and only if 
G is a connected graph in which there are at most two vertices whose degrees are 
odd numbers.

Proof
As we have already seen, the “only if” parts of this theorem are straightforward.

	 a.	 If G is Eulerian there is a closed trail containing each edge exactly once, and 
hence in which each vertex occurs. So there is a trail and hence a path connecting 
each pair of vertices. So G is connected. If a vertex, say a, occurs k times in the 
closed trail, there must be 2k edges adjacent to a (namely, k “in” edges and k “out” 
edges) and so a has even degree.

*	 Euler stated only the “if” part of his theorem. The first published proof is attributed to C. Hierholzer, Über die 
Möglichkeit einen Linienzug ohne Wiederholung und ohne Unterbrechnung zu umfahren, Mathematische 
Annalen, 6, 1873, pp. 30–32. Hierholzer, who lived a short life (1840–1871), died before his paper was published.
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	 b.	 Similarly, if G is semi-Eulerian, it has a trail that includes each edge exactly once. 
It follows that G is connected, and every vertex, except possibly the first and last 
vertices in the trail, has even degree.

We now come to the harder “if ” part of the theorem. We prove by mathematical 
induction on the number of edges that if G is a connected graph with more than one 
vertex in which each vertex has even degree, then G is Eulerian. Such a graph must 
have at least two edges if it is a multigraph and at least three edges if it is simple graph. 
It is easy to see that a connected multigraph with two edges and a connected simple 
graph with three edges must both be Eulerian. This provides the base for the proof by 
induction.

Now suppose that the result is true for all graphs with fewer than k edges and 
that G is a connected graph with k edges, with k ≥ 3, in which each vertex has even 
degree. So each vertex has degree at least 2 and hence, by Theorem 9.5, G has a closed 
path, say C.

If C includes all the edges of G, our proof is complete. If not, then we continue the 
proof by first removing from G the edges (but none of the vertices) included in C. This 
produces a new graph, which may not be connected but in which each vertex still has 
even degree, since by deleting the edges in C we remove two edges adjacent to each 
vertex that occurs in C. The new graph has fewer than k edges, and so by our induction 
hypothesis each connected part of this graph has a closed trail involving all its edges. Let 
these closed trails be T1,T2,…,Tn. Thus between them these closed trails together with the 
closed path C include all the edges of G. Since G is connected, each of the closed trails 
has at least one vertex that also occurs in C. It follows that we can obtain a closed trail 
that includes all the edges of G by following the closed path C and, for 1 ≤ i ≤ n, the first 
time we come to a vertex that also occurs in Ti, going round this trail before continuing 
around G.

This completes the proof of the “if” part of (a). The “if” part of (b) can easily be 
deduced from this. We ask you to do this in Exercise 9.6.2A. We have deliberately not 
included a diagram to illustrate this proof, but you are strongly encouraged to draw 
your own diagrams to help you to understand the proof.

Euler’s paper also contains some useful mathematical advice. He observes that one 
could solve the Königsberg problem merely by trying all cases. He dismisses this as 
“too difficult and laborious.” (And, he might have added, such a trial by cases would not 
expose the real reason why the same result is true in general.) He also says (essentially), 
“Before I attempt to solve the problem I shall try to determine if it can be solved, for if 
it can’t, then attempts to find a solution would be a waste of time.”

Euler’s theorem could be of some interest to people who deliver the mail, or news-
papers, and to street cleaners, indeed everyone whose job requires them to visit a 
number of streets in a certain area. It can tell them, in advance, if it is possible to 
avoid traveling down any street more than once before returning to base: Namely, if 
there is a point at which an odd number of streets meet, then Euler’s theorem tells 
you that they will be wasting their time trying to discover such a route. If you are 
delivering the mail or newspapers, you may need to deliver to both sides of a street, 
and this involves walking along the street twice. This corresponds to connecting the 
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points where streets meet by two edges, and, if this is the case for every street, the 
resulting graph must be Eulerian.

We have seen that we can tell, by looking at the degrees of its vertices, whether a 
connected graph has a closed trail including each edge exactly once. It is natural to ask 
a related question: When will a graph have a closed trail that includes each vertex once 
and once only? To achieve this we do not insist that we use all the edges, and since 
the required closed trail does not visit any vertex more than once, it will be a closed 
path. This question does not yet have as satisfactory an answer as the analogous question 
about Eulerian graphs. We discuss this problem in the next section.

Exercises
	 9.6.1A	� Determine which of the graphs in Figure 9.32 are Eulerian and which are 

semi-Eulerian. Where the graph is semi-Eulerian, find a trail that includes 
all its edges. Where it is Eulerian, find a closed trail that includes all its 
edges.

	 9.6.1B	� For which positive integers n is the complete graph with n vertices, Kn, 
Eulerian?

	 9.6.2A	� Show that if G is a connected graph in which there are exactly two vertices 
whose degrees are odd numbers, then G is semi-Eulerian. (In proving this 
result you will be completing the proof of Theorem 9.9.)

	 9.6.2B	� For which values of m, n is Km,n semi-Eulerian, and for which values of m, 
n is it Eulerian?

	 9.6.3A	� What is the least number of bridges that needed to be built in Königsberg 
so that burghers could have walked around their city crossing each bridge 
once and ending up where they had started?

	 9.6.3B	� How many of the simple graphs with four vertices (see Problem 9.5) are 
Eulerian?

9.7 Ha miltonian Graphs
In an Eulerian graph there is a trail that uses each edge exactly once. It is natural also to 
consider the related question as to whether in a given graph there is a path that includes 
each vertex exactly once. This question came to attention in 1856 when the distinguished 

a a b c

a b
e b

d c
f e d

d c

(i) (ii) (iii)

Figure 9.32
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mathematician William Rowan Hamilton* invented a game, the object of which was to 
take a dodecahedron, choose one of its 20 vertices, and then try to trace a path around 
(some of) the edges of the dodecahedron, visit every vertex once, and finish up at the origi-
nal vertex. The 20 vertices and 30 edges of the dodecahedron may be represented by a 
graph, as shown in Figure 9.33.

We leave you the pleasure of showing that this graph is Hamiltonian according to the 
following definition.

Definition 9.11
A graph is said to be Hamiltonian if it has a closed path in which each vertex occurs. 
Such a path is called a Hamiltonian path. A graph is said to be semi-Hamiltonian if it 
has a path in which each vertex occurs. We specify that the graph consisting of just one 
vertex and no edges is not Hamiltonian.

Since each vertex can occur just once in a path, in a Hamiltonian path each vertex 
of the graph occurs exactly once. It follows that a Hamiltonian path cannot involve 
more than one edge between any pair of vertices. Thus the problem of the existence 
of Hamiltonian paths in multigraphs is essentially the same as for simple graphs. 
Consequently, in this section, we assume that all the graphs we are dealing with are 
simple graphs.

Hamilton’s name is used for these graphs because he promoted the dodecahedron 
problem. However, other mathematicians had discussed similar problems earlier than 
Hamilton. Indeed, Euler gave his attention in the middle of the eighteenth century to 
the related problem of finding a knight’s tour on a chessboard.

On a chessboard, a knight can move to the opposite corner of any 2 × 3 rectan-
gle of which the square it is on forms one corner. Thus a knight near the middle of a 

*	 Hamilton was born in Dublin in 1805. He was a child prodigy, who at the age of only 22 was appointed professor of 
astronomy at Trinity College, Dublin, where he had been an undergraduate. However, Hamilton devoted himself 
to mathematics rather than astronomy. In his lifetime Hamilton was best known for his invention of quaternions. 
These form a four-dimensional number system, extending the complex numbers, but where multiplication is not 
commutative. In the end quaternions did not play the important role in physics that Hamiltonian had hoped, as 
they have been superseded by vectors. Hamilton is today best remembered for Hamilton’s principle (of least action) 
and for Hamiltonian operators, which are used in quantum mechanics. Hamilton died of gout, it is said, in 1865.

Figure 9.33
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chessboard has eight possible moves, but it has fewer moves the nearer it is to a corner 
of the board. Some of the possibilities are shown in Figure 9.34. A knight’s tour is a 
sequence of 64 moves by a knight in which it visits each square of the board once and 
returns to its original square. One example of a knight’s tour is shown in Figure 9.35. It 
is not quite trivial to find a knight’s tour, but equally there are known to be a large num-
ber of them. Euler studied heuristic methods for finding them, and using his methods, 
which essentially give a way to include squares that have been left out, it is not difficult 
to find them.* The method used in the proof of Theorem 9.10 to turn a semi-Hamilto-
nian path into a Hamiltonian path is the same as one that Euler used.

But what has this to do with Hamiltonian graphs? The graph corresponding to the 
problem of a knight’s tour has the 64 squares of the chessboard as its vertices, with 
two vertices being joined by an edge if a knight can go from one square to the other 
in one move. A knight’s tour then corresponds to a Hamiltonian path in this graph.

So far, our examples of Hamiltonian paths have been drawn from recreational prob-
lems. They are, however, also related to some practical problems. If you need to visit 
a number of different towns, it would seem most efficient not to have to return to the 
same town. Thus it seems best to follow a Hamiltonian path in the graph, which has 
the towns as the vertices and the connecting roads as its edges. In this practical prob-
lem, you may need to take account of the distances between the towns, or the time or 
cost involved in traveling between them. This kind of problem is modeled by a graph 
in which we assign a number (distance, time, cost, etc.) to each edge. In general these 
numbers are called weights, and the resulting structure is called a weighted graph. The 

*	 There is a good discussion of this problem in Mathematical Recreations and Problems by W. W. Rouse Ball. First 
published in 1892 by Macmillan, London, this book has gone through many editions, with a revised edition  with 
the title Mathematical Recreations and Essays by H. S. M. Coxeter in 1939 by Macmillan, London. According to 
David Hooper and Ken Whyld, The Oxford Companion to Chess, new edition, 1984, Oxford University Press, 
Oxford, there are more than 122,000,000 knight’s tours, and “almost an infinity” (!) if you drop the restriction 
that the path is closed. 

A knight’s move

Figure 9.34
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problem is then to find a Hamiltonian path with minimal total weight. Because of 
its origins this problem is often called the traveling salesman problem. This is a hard 
problem since at present no better method for finding its best solution is known other 
than to enumerate all possible Hamiltonian paths in the graph in question. There are, 
however, efficient methods for obtaining “good” solutions, which are not necessarily 
the best possible.

A detailed discussion of the traveling salesman problem and related problems is 
beyond the scope of this book. We just consider the problem of deciding whether or not 
a graph has a Hamiltonian path. We have already asked you to consider this problem 
for the dodecahedron graph of Figure 9.33. You may also like to consider whether the 
Petersen graph shown in Figure 9.14 is Hamiltonian. This may help you to appreciate 
the nature of this problem.

Of course, in principle, it is a straightforward question to answer. Given a graph with 
n vertices, just list all possible ways of arranging these vertices in order and for any given 
ordering, say v1,v2,…,vn, check whether all of {v1, v2}, {v2, v3},…,{vn–1, vn} and {vn, v1} are 
edges of the graph. If they are, you have found a Hamiltonian path. If you don’t find 
a Hamiltonian path in this way, you can be sure that the graph is not Hamiltonian. 
However, this is not a practical method for graphs with more than a small number of 
vertices. With n vertices they can be ordered in n! ways, and this number grows very 
rapidly with n. For example, if a computer could check 1012 arrangements in one second, 
it would still take more than a year to check all possible orderings of the vertices of a 
graph with 21 vertices.

Thus it would be good if we had a simple criterion for whether or not a graph is 
Hamiltonian, analogous to the criterion given by Theorem 9.9 for Eulerian graphs. 
Unfortunately, no such criterion is known. There are a number of theorems that 
give either a necessary or a sufficient condition, but so far no one has found a simple 
condition that is both necessary and sufficient. It is easily seen that for a graph to be 
Hamiltonian each vertex must have degree at least 2. A connected graph in which each 

A knight’s tour

Figure 9.35
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vertex has degree 2 must be Hamiltonian as it must consist of n vertices in a single path. 
For each n ≥ 3 there is a Hamiltonian graph with n vertices and only n edges. At the 
other extreme, for n ≥ 3 the complete graph , Kn, is Hamiltonian as we can follow a path 
through each vertex in any order we like. These examples indicate that there cannot 
be a straightforward condition in terms of the number of edges or the degrees of the 
vertices for a graph to be Hamiltonian.

Also, there is no relationship between a graph being Eulerian and its being 
Hamiltonian, as the following problem shows.

Problem 9.12
Give examples of simple graphs that are

a. Eulerian and Hamiltonian	 b. Eulerian but not Hamiltonian
c. Hamiltonian but not Eulerian	 d. �Neither Eulerian nor Hamiltonian 

but with more than one vetex

Solution
See Figure 9.36. There are, of course, lots of possible solutions. We have given exam-
ples with the smallest possible number of vertices and, for this number of vertices, the 
smallest number of edges.

We content ourselves with just one theorem, which gives a straightforward sufficient 
condition for a graph to be Hamiltonian.

Theorem 9.10
(Ore 1960*)
If G is a simple graph with n vertices with n ≥ 3, such that for each pair of vertices u, v 
not joined by an edge, δ(u) + δ(v) ≥ n, then G is Hamiltonian.

Proof
Suppose that G satisfies the condition of the theorem but is not Hamiltonian. Since the 
complete graph Kn is Hamiltonian, we may assume that G is not complete. However, 
adding to G one “missing” edge at a time, we shall eventually reach a graph, G1, say, 
such that G1 is not Hamiltonian and yet adding one more edge, say {x, y}, to G1 makes 

*	 O. Ore, Note on Hamiltonian Circuits, American Mathematical Monthly, 67, 1960, p. 55.

(a) (b) (c) (d)

Figure 9.36
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the new graph, which we will write as G1 + {x, y}, Hamiltonian. Since G1 is obtained 
from G by adding edges, it also satisfies the condition that for each pair of vertices u,v 
not joined by an edge, δ(u) + δ(v) ≥ n.

As G1 is not Hamiltonian but G1 + {x, y} is Hamiltonian, each Hamiltonian path in 
G1 + {x, y} must include the edge {x, y}. If we delete this edge from one such Hamiltonian 
path, we obtain a path from x to y that includes every vertex of G1. Let

	 x v v v yn= → → → =1 2 ...

be such a path.
The vertices v1 and vn are not joined by an edge in G1, and hence δ(v1) + δ(vn) ≥ n. 

Suppose δ(v1) = k and that v1 is joined by an edge to the vertices v vi ik1
,..., . Then 

δ(vn) ≥ n–k, and hence vn must be joined by an edge to at least one of the vertices 
v vi ik1 1 1− −,...,  since otherwise there would be at most n – k – 1 vertices it could be joined 
to. Thus for some i, both {v1, vi} and {vi–1, vn} are edges of G1. Here 3 ≤ i ≤ n–1, as v1 is 
not joined to vn.

	
x v v v v v yi i n= → → → → → → =−1 2 1... ...

It follows that

	 v v v v v v v vi i n i i1 1 1 2 2 1→ → → → → → → → →+ − −... ...

is a Hamiltonian path in G1, contradicting our assumption that G is not Hamiltonian. 
Hence G1 is also not Hamiltonian. This contradiction shows that G is Hamiltonian, 
thus completing the proof.

Exercises
	 9.7.1A	 Determine whether the graphs in Figure 9.37 are Hamiltonian.
	 9.7.1B	 Determine whether the graphs in Figure 9.38 are Hamiltonian.
	 9.7.2A	� Determine whether the Petersen graph (as shown in Figure 9.14) is 

Hamiltonian.
	 9.7.2B	 For which values of m and n is the bipartite graph Km,n Hamiltonian?

(i) (ii)

Figure 9.37
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	 9.7.3A	� Prove that for n ≥ 3 a graph with n vertices and 1
2 1 2 2( )( )n n− − +  

edges must be Hamiltonian, but that for each integer n ≥ 3, there is a 
simple graph with n vertices and 1

2 1 2 1( )( )n n− − +  vertices that is not 
Hamiltonian.

	 9.7.3B	� Prove that if G is a simple graph with n vertices, with n ≥ 3, in which each 
vertex has degree at least 1

2 n , then G is Hamiltonian.
	 9.7.4A	� Determine whether the graph shown in Figure 9.39 is Eulerian, and whether 

it is Hamiltonian.
	 9.7.4B	  i.   Determine whether the graph in Figure 9.40 is Hamiltonian.
	 ii.	� Generalize (ii) by determining whether the graph with 1

2 1n n( )+  verti-
ces arranged in triangular array analogous to the graph in Figure 9.40 
(which is the case where n = 6) is Hamiltonian.

9.8 T he Four-Color Theorem
We now give a brief discussion of the famous four-color theorem.* The question was first raised 
in terms of coloring a map showing different countries. Can the countries always be colored 
using just four colors, so that countries with common boundaries are colored differently?

Although this question is described as being about maps, it seems never to have been of 
interest to cartographers. It was first posed in 1852 by a student, Francis Guthrie,† eventu-
ally reaching Augustus De Morgan.‡ We can turn the problem into one about graphs in the 
way indicated in Figure 9.41. We represent each country by a vertex, with an edge between 
a pair of vertices if they correspond to countries with a common boundary. As shown in 
Figure 9.41, this means a common boundary of nonzero length. Just having a point in com-
mon doesn’t count. So, for example, there is no edge joining b and d. Likewise, there is no 
edge joining a and e.

*	 A good popular account may be found in Robin J.Wilson, Four Colours Suffice, Allen Lane, The Penguin Press, 
London, 2002. There is more technical coverage in Rudolf Fritsch and Gerda Fritsch, The Four-Color Theorem, 
Springer, New York, Berlin, Heidelberg, 1998 (a translation into English by Julie Peschke of a book first published 
as Der Vierfarbensatz in 1994).

†	 Francis Guthrie (1831–1899) was a mathematics student at University College, London, who became a professor 
of mathematics in South Africa, where he died.

‡	 Augustus De Morgan (1806–1871) was the first professor of mathematics at University College, London, and is best 
remembered for De Morgan’s laws in logic. He was a founder and the first president of the London Mathematical 
Society, whose headquarters are named De Morgan House in his memory.

(i) (ii)

Figure 9.38
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In this way, provided we put some restrictions on what counts as a “country,” we end up 
with a planar graph. For example, we need to avoid countries whose territory is made up 
of disconnected regions (as, for example, Russia, which today includes the region round 
Königsberg, now called Kaliningrad, which is cut off from the rest of the country by 
Poland, Belarus, and Lithuania). We won’t bother to specify exactly what sort of regions 
can count as countries, other than to say that the resulting graph must be planar. In terms 
of the resulting graph the question becomes: Can we assign four colors to the vertices of 
the graph so that vertices joined by an edge are assigned different colors? This question 
makes sense even for graphs that are not planar. So we adopt the following definition.

Figure 9.39

Figure 9.40

a a
b b

c d c d
e e

f f
g g

h h

Figure 9.41
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Definition 9.12
A graph, G = (V, E), is said to be k-colorable if there is a mapping f V C: → , where 
C is a set of k colors, such that whenever {u, v} is an edge, f(u) ≠ f(v). The chro-
matic number of the graph is the least number k such that G is k-colorable but not 
(k – 1)-colorable.

We call such a mapping f a coloring of the graph. We say that f is a k-coloring of G if 
#(C) = k, that is, if f uses at most k colors.

Problem 9.13
What is the chromatic number of the graph shown in Figure 9.41?

Solution
Since each pair of the vertices b, c, and e is joined by an edge, they must be assigned 
different colors. So the graph is not two-colorable. However, it is three-colorable since, 
for example, we could color a, c, and f red; b, d, and g green; and e and h yellow. So the 
chromatic number of the graph is 3.

Problem 9.14
What is the chromatic number of the graph shown in Figure 9.42?

Solution
The vertices a, b, and f must be assigned different colors. Suppose, say, that we color 
a red, b green, and f yellow. Then, if we wish to avoid a fourth color we would need 
to color c red and e green. But then, as d is joined to c, e, and f, and these vertices are 
colored with three different colors, we are forced to use a fourth color for d. Thus the 
graph is four-colorable but not three-colorable. So its chromatic number is 4.

The question that Guthrie asked can now be formulated as: Is every planar graph 
four-colorable? This question turned out to be much harder to answer than most math-
ematicians thought when they first heard the question. There is an easy trap to fall 
into. The chromatic number of the complete graph K5 is 5 since each pair of vertices is 
joined by an edge. We have proved that K5 is not planar, and hence neither is any graph 
with a subgraph that is isomorphic to K5. It is tempting to believe that this is enough to 

a b

f

e c

d

Figure 9.42
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prove that every planar graph is four-colorable, but examples such as that of the graph 
in Figure 9.42 show that planar graphs can fail to be three-colorable even though they 
have no subgraphs isomorphic to K4, and this immediately raises the possibility that 
there is a planar graph that is not four-colorable even though it has no subgraph iso-
morphic to K5.

In 1879 Alfred Kempe published an argument that claimed to prove that every map 
can be colored with at most four colors.* His argument was built on a clever idea but 
included a subtle mistake that was not noticed for 11 years. It then took a further 87 
years before the problem was solved, though as the solution involved a large amount of 
computer checking, not every mathematician accepts that it has been finally resolved. 
Although Kempe’s argument did not establish that every planar graph is four-colorable, 
it does establish the next best result, namely, that every planar graph is five-colorable. 
We now explain the proof of this, the five-color theorem.

Definition 9.13
We say that a plane graph is triangulated if every face, including the unbounded face, 
contains just three edges.

It is easily seen that if we have a plane graph that is not triangulated, we can extend 
it to a triangulated graph by adding edges, as is illustrated in Figure 9.43.

As we have illustrated, we may need to join vertices by curves that are not segments 
of straight lines. However by Wagner’s theorem, which we prove at the end of this sec-
tion, the resulting plane graph can always be redrawn so that the edges are segments 
of straight lines.

Since, when we triangulate a graph, we add edges but not vertices, it follows that, if 
the triangulated graph is k-colorable, so too will be the original graph. Thus, to prove the 
five-color theorem, it is enough to prove this theorem for connected triangulated plane 
graphs. It is clear that, in such a graph with more than three vertices, there are no vertices 

*	 Alfred Bray Kempe, On the Geographical Problem of Four Colours, American Journal of Mathematics, 2, 1879, 
pp. 193–200. Alfred Kempe was born in London in 1831. After obtaining a mathematics degree at Trinity College, 
Cambridge, he turned his attention to law and had a successful career as a barrister. He maintained his interest in 
mathematics, publishing work on linkages and becoming a fellow of the Royal Society of London in 1881. He died 
in London in 1922. 

(i) (ii)

Figure 9.43
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of degrees 1 and 2. A key idea behind the proof is that, however, such a graph must con-
tain some vertices whose degrees are quite low, in the sense given by our next result.

Theorem 9.11
A connected triangulated plane graph has at least four vertices whose degrees are at 
most 5.

Proof
Let G = (V, E) be a connected triangulated plane graph with v vertices and e edges. By 
Theorem 9.7 we have that e ≤ 3v – 6. This is good enough for our purposes, but it is 
worth noting that, as G is triangulated, each face is bounded by exactly three edges, and 
so the inequality 3f ≤ 2e in the proof of Theorem 9.7 may be replaced by the equation 
3f = 2e, and hence in this case we can deduce that

	 e = 3v – 6.	 (9.6)

Now suppose that the highest degree of any vertex of G is r and that for k = 3,4,5,…,r, 
the graph G has ak vertices of degree k. Then

	 v = a3 + a4 + … + ar	 (9.7)

and

	 δ( ) ... .x a a a ra
x V

r
∈

∑ = + + + +3 4 53 4 5 	 (9.8)

Hence, by the handshaking lemma,

	 2e = 3a3 + 4a4 + 5a5 + … + rar.	 (9.9)

From Equations 9.6, 9.7, and 9.9 it follows that

	 3a3 + 4a4 + 5a5 + 6a6 + … + rar = 6(a3 + a4 + a5 + a6 + … + ar)–12

and hence that

	 3a3 + 2a4 + a5 = a7 + 2a8 + … + (r – 6)ar + 12.	 (9.10)

It follows that

	 3(a3 + a4 + a5) ≥ 3a3 + 2a4 + a5 ≥ 12

and hence that

	 a3 + a4 + a5 ≥ 4.	 (9.11)

The inequality 9.11 is what we were aiming to prove.



Introduction to Graphs    ◾    193

Note:  The inequality 9.11 plays an important role in the proof of the four-color theo-
rem as it imposes a significant constraint on the graphs that need to be considered. 
We hope it is clear that we didn’t really need to include the condition that the graph be 
triangulated in the statement of this theorem.

We are now ready to give Kempe’s proof of the five-color theorem.

Theorem 9.12 
The Five-Color Theorem

Every planar graph is five-colorable.

Proof
As we have already noted, it is sufficient to prove the result for triangulated graphs. 
Thus we prove, by induction on the number, v, of vertices that for v ≥ 3 a triangu-
lated planar graph with v vertices is five-colorable. The result is obvious for v = 3 (and, 
indeed, for v = 4 and v = 5). Suppose that the result holds for v = k, k ≥ 3, and that G is 
a triangulated planar graph with k + 1 vertices.

By Theorem 9.11, G has a vertex, say v0, whose degree, say d, is at most 5. Let v1,v2,…
,vd be the vertices to which v0 is joined by an edge. Now let G′ be the graph obtained 
from G by deleting the vertex v0 and the edges adjacent to it. If we triangulate G′, then 
by our induction hypothesis the resulting graph is five-colorable and hence G′ itself is 
five-colorable. Let f be a five-coloring of G′. If f uses at most four colors for the vertices 
v1,v2,…,vd, then there is at least one color available for v0, and hence f can be extended to 
a five-coloring of G.

Thus the only case that gives us trouble is where d = 5 and the coloring f of G′uses all 
five colors for the vertices v1,…,v5. This is where Kempe’s idea can be used to show that 
nonetheless f can be extended to v0 without the need for a sixth color.

In Figures 9.44 and 9.45, we have indicated the coloring of the other vertices by shad-
ing. Since G′ is planar it does not have a subgraph that is isomorphic to K5. Therefore 
at least two of the vertices v1,…,v5 are not joined by an edge. Suppose, for example, it is 
v1 and v3 that are not joined. We suppose that the colors assigned to v1, v2, v3, v4, and v5 
are red, blue, green, yellow, and purple, respectively. We now consider the subgraph, say 
H, of G′ consisting of the vertices that are colored red or green, and the edges joining 
them.

There are two cases. The easier one is where v1 and v3 are in different connected com-
ponents of H. This case is illustrated in Figure 9.44. In this case we can swap round the 
colors red and green just in the component of H to which v1 belongs. In particular, v1 is 
now colored green. It is still the case that joined vertices are assigned different colors, 
but now there is no vertex joined to v0 that is colored red. So we can color v0 red, and we 
have found a five-coloring of G.

The second case is where v1 and v3 are in the same connected component of H, as 
shown in Figure 9.45. In this case there is a path from v1 to v3 made up of vertices that 
are colored red and green. (Such a path is shown by dashed edges in Figure 9.45.) Either 
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this path together with the edges {v1, v2} and {v2, v3} forms a closed path that surrounds 
the vertices v4 and v5, or this path together with the edges {v1, v5}, {v5, v4}, and {v4, v3} 
forms a closed path that surrounds the vertex v2. In Figure 9.45 the first of these cases 
is illustrated. In this case v2 and v4 must be in different connected components of the 
subgraph, say K, made up of the vertices with the same colors as v2 and v4, that is, blue 
and yellow, and the edges joining them. So we can interchange the colors blue and yel-
low assigned to the vertices in, say, the connected component of K that includes v2. So 
v2 becomes yellow, and this frees up blue as a color, which we can now assign to v0. So 
we have again found a five-coloring of G. The second case is similar.

Thus in any case G is five-colorable, and this completes the proof by induction that 
all planar graphs are five-colorable.

The argument used in the above proof is often called a Kempe chain argument. 
Kempe’s error was to suppose that he could carry out two of these arguments simul-
taneously, and thus, given a five-coloring of G, produce a coloring of G′ that used only 
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three colors for the vertices v1,…, v5. However, in 1890 Percy John Heawood* published 
an example that showed that one color interchange could interfere with the other, and 
thus where Kempe’s argument for the four-color theorem did not work.

It took until 1977 before a proof of the four-color theorem was published by Kenneth 
Appel and Wolfgang Haken.† Their proof made a great deal of use of a computer program 
to generate and check a large number of cases. For the details see the first footnote in 
Section 9.8. A proof that could be completely checked by a single person is still awaited.

Graphs that are not planar need not be four-colorable. Indeed, the complete graph 
Kn has the chromatic number n, and so there are graphs with chromatic numbers as 
large as we like. We will not discuss colorings of nonplanar graphs in any detail. We 
just point out that they have a practical application in scheduling, as shown by the fol-
lowing problem.

Problem 9.15
Twelve students are studying the subjects shown in the following table. Their college 
wants to arrange tutorials for them , so that each student can attend all the tutorials 
for their subjects. How many different timetable slots are needed so that tutorials for 
subjects taken by the same student are at different times?

Amrit History, Italian, Mathematics
Ben Knitting, Latin, Mathematics
Chris Geography, Knitting, Mathematics
David Japanese, Latin, Mathematics
Eion Geography, Latin, Mathematics
Fahana History, Latin, Mathematics
Graham French, Japanese, Latin
Hussain History, Latin, Mathematics
Indira French, Geography, Mathematics
Jon French, Latin, Mathematics
Kieran French, Japanese, Mathematics
Linda History, Italian, Mathematics
Mary French, Geography, Mathematics

Solution
We can represent the situation with a graph where the vertices f,g,h,i,j,k,l,m correspond 
to the subjects French, Geography, History, Italian, Japanese, Knitting, Latin, and 
Mathematics. Two vertices are joined by an edge if at least one student is studying both 
of them. This results in the graph in Figure 9.46.

From Figure 9.26, we see that this graph requires at least five colors, as we need 
five different timetable slots for French, Geography, Knitting, Latin, and Mathematics. 
However, History and Japanese can be in, for example, the same slot as Geography, and 

*	 P. J. Heawood, Map Colour Theorem, Quarterly Journal of Mathematics, 24, 1890, pp. 332–338. Heawood was born 
in Shropshire in 1861 and studied mathematics at Exeter College, Oxford. He became a lecturer in mathematics 
and, subsequently, professor at the University of Durham. He was vice chancellor of the university from 1926 to 
1928, and he died in Durham in 1955. He had a lifelong interest in the four-color problem.

†	 Kenneth Appel and Wolfgang Haken, Every Planar Map Is Four Colorable, Illinois Journal of Mathematics, 21, 
1977, pp. 429–490.
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Italian in the same slot as Latin. Thus five timetable slots, but no more, are needed. 
Another way to put this is that the graph in Figure 9.46 has the chromatic number 5.

You may have noticed that in proving the five-color theorem we did not make use of 
the full force of Theorem 9.11, as we used only the fact that a planar graph has one ver-
tex of degree at most 5. However, we need the full result of Theorem 9.11 for the proof 
that planar graphs can always be drawn with straight line edges.

Theorem 9.13 
Wagner’s Theorem*

Every planar simple graph can be drawn in the plane with the edges represented by 
straight lines.

Proof
We prove this by mathematical induction on the number of vertices in the graph. 
Clearly the result holds for a graph with one, two, or three vertices. Now suppose the 
result holds for all graphs with k vertices, k ≥ 3, and that G is a planar graph with k + 1 
vertices. Extend G to a triangulated graph G*. Clearly if G* can be drawn in the plane 
with only straight line edges, so too can G. By Theorem 9.11, G* has at least four vertices 
with degrees at most 5. Since the boundary of the external face of G* contains just three 
edges and hence three vertices, there is a vertex, say v0, that is not part of this bound-
ary and that has degree at most 5. Let G′ be the graph obtained from G* by deleting the 
vertex v0 and the edges adjacent to it. As G′ has k vertices, by our induction hypothesis 
it can be drawn in the plane using only straight line edges. The points representing the 
vertices adjacent to v0, and the lines representing the edges joining them, will form a 
polygon that is either a triangle, a quadrilateral, or a pentagon, according to the degree 
of v0. As shown in Figure 9.47, even where the quadrilateral or pentagon has a reflex 
angle, we can find a point inside the polygon that can be joined to all its vertices by 
straight line edges. Thus we can extend the drawing of G′ with only straight line edges 
to a drawing of G* and hence of G with just straight line edges.

This completes the proof by mathematical induction of the theorem.

Exercises
	 9.8.1A	 Determine the chromatic number of the graph shown in Figure 9.48.
	 9.8.1B	 Determine the chromatic number of the graph shown in Figure 9.49.
	 9.8.2A	  i.   �Prove that a connected simple planar graph with no vertices of degree 

less than 5 must have at least 12 vertices with degree 5.
	 ii.	� Give an example to show that there is a connected simple planar graph 

with exactly 12 vertices all with degree 5.
	 9.8.2B	  i.   �Prove that a connected simple planar graph with no vertices of degree 

less than 4, and no vertices of degree 5, must have at least six vertices of 
degree 4.

*	 K. Wagner, Bemerkungen zum Vierfarbenproblem, Jahrberichte der Deutsche Mathematiker-Vereinigung, 46, 
1936, pp. 26–32.
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	 ii.	�Give an example to show that there is a connected planar graph with 
exactly six vertices all of degree 4.

	 9.8.3A	� Students have to take one-hour exams in different mathematical topics as 
shown in the following table. How many different hours are needed for the 
exams, so that no student has two exams in the same hour?

Michael Arithmetic, binomial theorem
Nadia Determinants, ellipses, functions
Oliver Binomial theorem, calculus, ellipses
Payam Arithmetic, determinants
Qin Determinants, functions, hyperbolas
Rachel Functions, graphs, hyperbolas
Satnam Binomial theorem, calculus
Thornton Calculus, ellipses, graphs
Ushbah Ellipses, functions
Vanessa Binomial theorem, ellipses
Wendy Determinants, hyperbolas
Xiao Ellipses, graphs

	 9.8.3B	� A zoo has to transport seven animals. To prevent one animal fighting 
another animal, the aardvark must travel in a different van from the chee-
tah; the buffalo cannot travel with either the cheetah, the giraffe, or the 
dormouse; the cheetah must be apart from the elephant, the flamingo, and 
the dormouse; the elephant must be in a different van from the aardvark, 
the giraffe, and the buffalo; and the flamingo cannot go in the same van as 
either the elephant or the buffalo. What is the smallest number of vans that 
the zoo needs to transport all seven animals?

	 9.8.4A	� Show that the graph (ii) in Figure 9.43 may be drawn in the plane with all 
the edges represented by straight line segments.

	 9.8.4B	� Show how the graph in Figure 9.50 may be redrawn in the plane so that all 
the edges are represented by straight line segments.

Figure 9.50
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10 C h a p t e r  

Trees

10.1  What Is a Tree?
In this chapter we look at a special class of graphs. They are singled out for particular 
attention because they occur in a wide range of practical and mathematical contexts. These 
special graphs are called trees, for pictorial reasons. We begin with the definition, which at 
first sight may look as though it was plucked from thin air. However, after we have given 
some examples and some explanation of how trees arose and why they are of mathematical 
and practical interest, the importance of the idea should be clear.

Definition 10.1
A tree is a connected graph in which there are no closed paths.

A graph with no closed paths cannot have multiple edges or loops, so it must be a 
simple graph. Throughout this chapter we will use “graph” to mean “simple graph.” 
Figure 10.1 gives some examples of trees, some of which are making repeat appear-
ances, as they have already shown up in Chapter 9.

From Figure 10.1i we see that the graph consisting of a single isolated vertex counts as 
a tree. Graphs iv and v look more like trees in the botanical sense, though, of course, this 
is just because of the way we have chosen to represent them in the plane.

The Oxford English Dictionary* quotes Robert Southey as writing in 1807, “An 
English Esquire would as soon walk abroad in his grandfather’s wedding suit, as suffer 
the family Tree to be seen in his hall,”† so the use of tree in a metaphorical sense is older 
than its use by mathematicians. In Figure 10.2 we have given an example of part of a 
family tree, that of Charles Darwin. 

It should be noted that a family tree such as that shown in Figure 10.2 is more like 
a directed tree than a tree in which the edges have no direction. Also, a family tree 
need not be a tree in the mathematical sense at all, as it may contain closed paths. 

*	 The Oxford English Dictionary, Second Edition, prepared by J. A. Simpson and E. S. C. Weiner, Volume 5, Clarendon 
Press, Oxford, 1989, p. 708.

†	 Robert Southey (1774–1843) was an English poet. The quotation is from his Letters from England, Longman Hurst, 
London, 1807.
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For example, Charles Darwin married his cousin, Emma Wedgwood. Josiah and 
Sarah Wedgwood were grandparents of them both, so the family trees of Charles and 
Emma’s own children, taken back as far as their great-grandparents, include closed 
paths.

Another example of a “tree diagram,” as its author described it, is taken from lin-
guistics* and is shown in Figure 10.3. A sentence is analyzed with NP standing for 
“noun phrase,” VP for “verb phrase,” N for “noun,” V for “verb,” Aux for “auxiliary,” M 
for “modal,” and Det for “determiner.”

One of the earliest uses of treelike structures in science may be found in the work of 
Gustav Robert Kirchhoff,† when he was investigating the flow of electrical currents in 
networks. He introduced the concept of what is now called a spanning tree (see Section 
10.3) in order to determine the number of independent equations among the systems of 
equations derived for the circuit from Kirchhoff’s own laws.

*	 Adapted from Noam Chomsky, Aspects of the Theory of Syntax, The M.I.T. Press Cambridge, MA, 1965.
†	 Gustav Kirchhoff was a German physicist who was born on March 12, 1824, in Königsberg. We don’t know whether 

his birthplace contributed to his studying a graph-theoretic problem! He derived what are now called Kirchhoff’s 
laws, which specify the currents in an electrical network, while he was still a student. His other great contribu-
tions were the foundation of spectroscopy and its use to identify elements in the sun’s spectrum, Kirchhoff’s laws 
for radiating bodies, and the concept of a perfect black body. He died in Berlin on October 17, 1887.

Erasmus Darwin Mary Howard Josiah Wedgwood Sarah Wedgwood

Robert Darwin Susannah Wedgwood

Charles Darwin

Figure 10.2

(i) (ii) (iii) (iv) (v)

Figure 10.1
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Trees were first employed in a mathematical context, and the word tree was intro-
duced in 1857 by the English mathematician Arthur Cayley* in a paper called “On the 
Theory of the Analytical Forms Called Trees”† while researching some point in the dif-
ferential calculus. He, somewhat later, also used trees when he was trying to determine 
the number of possible chemical compounds with formulas of the form CkH2k + 2, the 
existence of some of which was only confirmed later. How trees arise in this context 
is described in Section 10.2, where we give Cayley’s formula for the number of labeled 
trees with a given number of vertices. Clearly, trees may be used to model a large num-
ber of different situations. We give some further applications later, after we have dis-
cussed some theoretical results about trees.

Our first result gives a number of properties that, though superficially different, all 
turn out to be equivalent to the defining property of a tree given in Definition 10.1, and 
to be very useful in later work.

Theorem 10.1
For each positive integer n, with n ≥ 3,  the following properties of a graph, G, with n 
vertices are equivalent.

	 a.	 G is a tree.
	 b.	 G is connected and has n – 1 edges.
	 c.	 G is connected, but the removal of any one edge disconnects G.
	 d.	 Each pair of vertices is connected by just one path. 
	 e.	 G has no closed paths but if any new edge is added, the resulting graph has just 

one closed path.
	 f.	 G has no closed paths and n – 1 edges.

*	 Arthur Cayley was one of the most distinguished English mathematicians of the nineteenth century. He was born in 
Richmond, Surrey, on August 16, 1821. He graduated in mathematics from the University of Cambridge but chose 
not to pursue an academic career there because of the then need to become an Anglican priest. Instead, he took up 
the law, but after religious tests at Cambridge were relaxed he returned there in 1863 to become the first Sadlerian 
professor of mathematics. He died on January 26, 1895, in Cambridge. He was a prolific mathematical author, with 
over 900 publications. He devoted a lot of his energy to the theory of invariants, but undoubtedly his work of great-
est and most long-lasting value was that on the theory of matrices, where he was a pioneer. His work on groups is 
mentioned in Chapter 11.

†	 A. Cayley, On the theory of Analytical Forms Called Trees, Philosophical Magazine, series 4, volume 13, 1857, 
pp. 172–176.

S

NP Aux
VP

V NP

N M Det N

sincerity may frighten the boy

Figure 10.3
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Proof
We prove that these six properties are equivalent by proving the chain of implications

	 (a) ⇒ (b) ⇒ (c) ⇒ (d) ⇒ (e) ⇒ (f) ⇒ (a).

(a) ⇒ (b). For a proof of this implication see the solution to Exercise 9.4.1A.
(b) ⇒ (c). We prove this by induction on n. The only connected graph with three 

vertices and two edges is that of Figure 10.1 (ii), and clearly the removal of any edge 
disconnects the graph. So the result is true for n = 3.

Now suppose that the result holds for n = k and that G is a connected graph with 
k + 1 vertices and k edges. By the handshaking lemma (Theorem 9.4) the sum of the 
degrees of the vertices of G is 2k, and hence G must have at least one vertex of degree 1. 
Suppose a is a vertex of degree 1 and that it is joined just to the vertex b. The removal 
of the edge {a,b} disconnects G. By the induction hypothesis the removal of any of the 
remaining k – 1 edges disconnects the graph G′ obtained from G by deleting the vertex 
a and the edge {a,b}. Thus, if any other edge is deleted, there is a pair of vertices, say c, 
d, in G′ not connected by a path in G′. As c ≠ a and d ≠ a, and a has degree 1, there is 
no path in G from c to d that includes the edge {a,b}. Thus c and d are not connected by 
a path in G. Hence the removal of any edge disconnects G. So (c) holds also for graphs 
with k + 1 vertices. This completes the proof by induction.

(c) ⇒ (d). Let a, b be any two vertices of G. Since G is connected, there is at least one 
path from a to b. If there were more than one path, the removal of an edge that was in 
one path but not the other would leave G connected. Hence there must be just one path 
from a to b.

(d) ⇒ (e). Suppose G is a graph in which each pair of vertices is joined by just one 
path. If there were a closed path, say v v v vn0 1 0→ → → =... ,  in G, then there would 
be two paths v v v v v vn n0 1 0 1 1→ = → → →−and ...  from v0 to v1 in G, contrary to the 
hypothesis. So there are no closed paths in G. However, if an edge, say {a,b}, were 
added, then as there is already a path from a to b, say a v v bn= → → =0 ... ,  in G, there is 
now a closed path a v v b an= → → = →0 ... .  If with the addition of this edge there were 
now two closed paths in G, these must both include the edge {a,b} (Why?). Suppose 
these paths are a v v b a a w w b am n→ → → → → → → → → →1 1... ... .and  Then 
a v v b w w am n→ → → → → → → →1 1... ...  is a closed walk in the original graph G, 
and hence there would a closed path in G. So the addition of the edge {a,b} creates just 
one closed path.

(e) ⇒ (f). We prove the result by induction. It is obvious for n = 3. Suppose it holds 
for graphs with k vertices and that G is a graph with k + 1 vertices with no closed paths, 
but the addition of any edge creates a closed path. Since G has no closed paths it has, 
by Theorem 9.5, a vertex, say a, of degree 1. Let b be the vertex to which a is joined by 
an edge, and let G′ be the graph obtained from G by deleting the vertex a and the edge 
{a,b}. G′ has k vertices and no closed paths. The addition of any edge to G′, and hence to 
G, creates a closed path in G, and as a closed path in G cannot include the edge {a,b}, this 
path must also be a closed path in G′. So, by the induction hypothesis, G′ has k – 1 edges. 
So G has k edges. This completes the proof by induction that (f) follows from (e).
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(f) ⇒(a). This implication can be proved by induction in a similar way. You are asked 
to do this in Exercise 10.1.4A.

Exercises
	 10.1.1A	� How many different (that is, nonisomorphic) trees are there with n vertices, 

for n = 2,3,4 and 5? In each case draw pictures of the different trees.
	 10.1.1B	� How many different (that is, nonisomorphic) trees are there with six verti-

ces? Draw pictures of the different trees.
	 10.1.2A	� Prove that a tree with at least two vertices has at least two vertices with 

degree 1.
	 10.1.2B	� Let T be a tree with k vertices of degree 1, where k ≥ 2,  and in which all the 

other vertices have degree 3. How many vertices of degree 3 does T have? 
	 10.1.3A	� Give an example of two trees with the same degree sequences that are not 

isomorphic.
	 10.1.3B	� Let T be a tree with no vertices of degree > k, and for 2 ≤ ≤d k  just one 

vertex of degree d. How many vertices of degree 1 does T have?
	 10.1.4A	� Prove that, for all positive integers n ≥ 3, if G is a graph with n vertices, n – 1 

edges, and no closed paths, then G is connected and hence is a tree. 
	 10.1.4B	� Let T be a tree. For each pair of vertices of T let d(x,y) be the number of 

edges in the one path from x to y. Prove that for all three vertices x, y, and 
z, d(x,y) + d(y,z) ≥ d(x,z). (If you have met the notion of a metric in the con-
text of topology, you should notice that the function d is a metric, and this 
gives rise to a topology on the tree.)

	 10.1.5A	� Prove that, for positive integers n ≥ 2, if a1,a2,…,an is a sequence of positive 
integers with a a an1 2≤ ≤ ≤... ,  then a1,a2,…,an is a degree sequence for a tree 
if and only if a1 + a2 + … + an = 2n – 2.

	 10.1.5B	� Prove that, for all integers n ≥ 2, there are at least p(n – 2) different (that is, 
nonisomorphic) trees with n vertices. [Here, p(n – 2) is the number of parti-
tions of n – 2, as defined in Chapter 6.]

	 10.1.6A	� Prove that if G is a tree with a vertex of degree k, with k ≥ 2, then G has at 
least k vertices with degree 1.

	 10.1.6B	� Prove that in a tree the number of vertices of degree 1 is 

	 2 2+ −
∈
∑( ( ) ),δ v
v W

	

		 where W is the set of vertices in the tree whose degree is at least 3.
	 10.1.7A	� Note that since a graph with n vertices is a tree if and only if it is a con-

nected graph with n – 1 vertices, the algorithm of Exercise 9.4.5A that 
tests whether a graph is connected may also be used to decide whether a 
graph is a tree. Apply this algorithm to decide whether the following are 
trees.

	 i.	 G = (V,E), where V = {a,b,c,d,e,f} and E = {af,bc,bf,df,ef}
	 ii.	 G = (V,E), where V = {a,b,c,d,e,f,g,h} and E = {ad,be,de,df,dg,eh}
	 10.1.7B	 Determine whether the following graphs are trees.
	 i.	  G = (V,E), where V = {a,b,c,d,e,f,g,h,i,j} and E = {aj,bf,bh,cd,ci,ei,fh,gj,ij}
	 ii.	 G = (V,E), where V = {a,b,c,d,e,f,g,h,i,j} and E = {ab,ac,af,cg,ci,df,dg,ef,fg,gh}
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10.2 La beled Trees
Labeled trees are a particular case of labeled graphs. To explain what these are, we go back 
to the early days of graph theory, and to the problems from which the subject got its name. 
Early in the nineteenth century it was realized that chemical molecules are made up of 
elements. The properties of different substances could largely be explained by the different 
proportions of the elements that made them up. But in a few cases it was known that mol-
ecules that were made up of the same elements in the same proportions nevertheless had 
different properties. These related molecules are known as isomers. From these examples, 
it became apparent that knowing the constituents of substances was not enough. It was 
necessary also to know how the elements were arranged within the molecules.

Various notations were devised to represent the arrangement of atoms in molecules. The 
system that led to the method in use today seems to have originated with Alexander Crum 
Brown, a professor of chemistry at the University of Edinburgh. He described his system as 
providing a “graphic notation”* for molecules. His graphic notation became our graphs. We 
have said that this notation “seems” to have originated with Crum Brown because ques-
tions of priority are notoriously difficult to settle, and views on who first had a particular 
idea often vary a good deal and especially from one country to another. Our information is 
based on a very useful and interesting anthology of historic papers on graph theory.†

Anyway, Figure 10.4 gives an example of Crum Brown’s graphic notation used to show 
two isomers with the same chemical formula C3H7OH. In his original notation, Crum 
Brown put circles around the letters denoting the atoms, but in line with modern notation, 
we have omitted them.

These diagrams are very much like those of trees. They consist of vertices joined by edges. 
The only real difference is that each vertex is associated with a letter that represents an element. 
In these diagrams the degree of each vertex has to be the same as the valency of the element 
associated with that vertex. Since hydrogen (H), oxygen (O), and carbon (C) have valencies 
one, two, and four, respectively, both diagrams in Figure 10.4 satisfy this condition.

Not every molecule can be represented by a tree. For example, in Friedrich Kekulé’s 
famous model of the benzene atom, which he published in 1865, there is a “ring” of carbon 

*	 A. Crum Brown, On the theory of isomeric compounds, Transactions of the Royal Society of Edinburgh, 23, 1864, 
pp. 707–719.

†	 Norman L. Biggs, E. Keith Lloyd, and Robin J. Wilson, Graph Theory 1736–1936, Clarendon Press, Oxford, 1976.

H H H H H H
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H O H H H H

H

Figure 10.4
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atoms and double bonds between some of the carbon atoms.* So the diagram representing 
the molecule shown in Figure 10.5 is that of a multigraph that has a closed path.

It is natural to ask how many different isomers there are with a particular chemical com-
position. In 1874 Cayley looked at this question in a paper “On the Mathematical Theory 
of Isomers.”† He looked in particular at the paraffins, which have the chemical formula 
CnH2n + 2. A graph corresponding to such a molecule has 3n + 2 vertices, of which the n ver-
tices corresponding to carbon must have degree 4, and the 2n + 2 vertices corresponding 
to hydrogen must have degree 1. The handshaking lemma implies that such a graph has 
1
2 4 2 2 3 1( ( ))n n n+ + = +  edges, and hence must be a tree. Counting the trees correspond-

ing to the paraffins turns out to be rather a hard problem. In 1889 Cayley first turned his 
attention to a somewhat easier problem, and we will follow in his footsteps. We begin by 
giving the formal definition.

Definition 10.2
A labeled graph consists of a triple, say G = (V,E,l), where (V,E) is a graph and l V L: →  is 
a bijection that associates with each vertex an element of the set L = {1,2,…,n}, where n 
is the number of vertices. A labeled tree is a labeled graph in which the graph is a tree.

The requirement that l should be a bijection means that, unlike chemical graphs, 
different vertices receive different labels. The following definition extends the notion 
of isomorphism for graphs (Definition 9.3) to labeled graphs. The idea is that labeled 
graphs are isomorphic if they “look the same” when we take into account the labeling 
of the vertices.

Definition 10.3
Two labeled graphs (V1,E1,l1) and (V2,E2,l2) are said to be isomorphic if the mapping 
θ : ,V V1 2→  which associates with each vertex x ∈ V1, the vertex y ∈ V2 with the same 
label, is an isomorphism between the graphs (V1,E1) and (V2,E2). Thus θ  is an isomor-
phism that satisfies the condition that for each x ∈ V1, l1 (x) = l2(θ (x)).

*	 F. A. Kekulé, Suela constitution des substances aromatiques, Bulletin de la Société Chimique de Paris, 3, 1865, 
pp.98–110.

†	 Philosophical Magazine (4), 47, 1874, pp. 444–446.
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Figure 10.5
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In Figure 10.6 the labeled graphs (i) and (ii) are isomorphic, but neither of them 
is isomorphic to (iii), even though the underlying graphs, without the labels, are 
isomorphic.

The definition means that two labelings of the same graph are regarded as the same 
if and only if the mapping that associates each vertex in the first labeling with the vertex 
that receives the same label in the second labeling is an isomorphism between the graph 
and itself. Thus the two labelings (i) and (ii) in Figure 10.6 are regarded as the same.

Problem 10.1
How many different labelings are there of the tree shown in Figure 10.7? 

Solution
The labels come from the set {1,2,3,4}. The label assigned to the vertex of degree 3 may 
be chosen in four ways, but then all the remaining ways of assigning labels to the verti-
ces of degree 1 are the same. So there are four different ways to label the graph.

Problem 10.2
How many different labelings are there of the tree shown in Figure 10.6? 

Solution
The labels come from the set {1,2,3,4,5,6}. We may choose the label for the vertex of 
degree 3 in six ways, and then the label of the only vertex of degree 1 joined to it in five 
ways. There are then C(4,2) = 6 ways of choosing the labels for the vertices of degree 2, 
and then two further choices for assigning the remaining two labels to the two other 
vertices of degree 1. This gives 6 × 5 × 6 × 2 = 360 different labelings.

Problem 10.3
Evaluate the number of different labeled trees with n vertices for n = 1,2,3,4.

Figure 10.7

311

2 3 4 5 6 6 5 4 3 2 6 5 4 1 2

(iii)(ii)(i)

Figure 10.6
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Solution
In Figure 10.8 we have shown all the trees with at most four vertices.

For n = 1,2 there is just one tree, which can be labeled in just one way. For n = 3, 
there is again just one tree, but it can be labeled in three different ways, corresponding 
to the three available choices for the label assigned to the vertex of degree 2.

For n = 4, there are two trees, shown as iv and v in Figure 10.8. In labeling the tree 
iv, there are C(4,2) = 6 ways to label the two vertices of degree 2, in each case leaving 
two choices for the labels assigned to the vertices of degree 1, making 6 × 2 = 12 differ-
ent labelings altogether. We have already seen in Problem 10.1 that the tree v has four 
labelings. Hence there are 12 + 4 = 16 different labeled trees with four vertices. Thus we 
obtain the following values:

Number of vertices 1 2 3 4
Number of labeled trees 1 1 3 16

Can you guess from this, admittedly rather scant, numerical evidence what the gen-
eral formula is? Well, 3 = 31 = 33–2 and 16 = 42 = 44–2, so maybe there are nn–2 labeled 
trees with n vertices. This formula also fits the cases n = 1 and n = 2, but only because of 
our conventions for the meaning of x–1 and x0. In fact, the formula nn–2 gives the correct 
value for all positive integers n. This result is due to Cayley in 1889.* We give an elegant 
proof due to the appropriately named Heinz Prüfer in 1918.†

Theorem 10.2 Cayley’s Theorem on Labeled Trees
For each positive integer n ≥ 2, there are nn–2 different labeled trees with n vertices.

Proof
There is just one labeled tree with two vertices, so the result holds for n = 2. Now sup-
pose n ≥ 3. We describe a one–one correspondence between labeled trees with n verti-
ces and sequences of n – 2 positive integers from the range from 1 to n. We first describe 
the general method and then illustrate it by an example.

Given a labeled tree, T, with n vertices, we define the sequence a1,a2,…,an as fol-
lows. As T is a tree it has vertices of degree 1. Choose, from among the vertices of 
degree 1, the vertex with the smallest number as its label. Let v be this vertex, and let 

*	 A. Cayley, A Theorem on Trees, Quarterly Journal of Pure and Applied Mathematics, 23, 1889, pp. 376–378; 
reprinted in his Mathematical Papers, Cambridge University Press, Cambridge, 13, 1897, pp. 26–28. Cayley did 
not give a complete proof but having dealt with the case n = 5 contented himself with saying, “It will be seen at 
once that the proof given for this particular case is applicable for any value whatever of n.”

†	 Prüfer’s proof was published in Neuer Beweiss eines Satzes über Permutationen, Archiv der Mathematik und 
Physik, (3) 27, 1918, pp. 142–144.

(i) (ii) (iii) (iv) (v)

Figure 10.8
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w be the one vertex to which it is joined. We let a1 be the label that is assigned to the 
vertex w.

Now we delete the vertex v and the edge vw, and let T′ be the resulting graph. 
T′ will also be a tree. We apply the same process to T′. That is, we pick the vertex 
of degree 1 in T′ with the lowest label, say v′, and let a2 be the label associated with 
the one vertex, say w′, to which v′ is joined by an edge. Then we obtain the tree T′′ 
by deleting the vertex v′ and the edge v′w′ from T′, and so on, until there are just 
two vertices left. The resulting sequence (a1,a2,…,an–2) is called the Prüfer code of the 
original tree T.

For example, we apply this process to the following labeled tree in Figure 10.9i. 

The vertex of degree 1 with the lowest label is the vertex labeled 3. It is joined to 
the vertex labeled 2. Thus a1 = 2. Deleting the vertex labeled 3 and its adjacent edge, 
we obtain the tree in Figure 10.9ii. In this tree the vertex of degree 1 with the lowest 
label is the vertex labeled 2. It is joined to the vertex labeled 4. So a2 = 4. We delete the 
vertex labeled 2 and its adjacent edge to obtain the tree in Figure 10.9iii. Now the vertex 
of degree 1 with the lowest label is the vertex labeled 5, and we see that it is joined to 
the vertex labeled 1. So a3 = 1. Proceeding this way we see that a4 = 4 and a5 = 1. So the 
Prüfer code of the original tree is (2,4,1,4,1).

To complete the proof we need to show that there is a one–one correspon-
dence between labeled trees and all possible Prüfer codes. We do this by showing 
how, given a Prüfer code, say (a1,a2,…,an–2), we can construct a tree to which it 
corresponds.

The procedure is as follows. Throughout, “number” means one of the integers 1,2,...,n. 
We join vertices labeled 1,2,…,n using the following process. First, find the least number, 
say b1, that does not occur in the sequence (a1,a2,…,an–2), and join the vertex labeled b1 to 
the vertex labeled a1. Next, find the least number, say b2, other than b1, that does not occur 
the sequence (a2,…,an–2), and join the vertex labeled b2 to the vertex labeled a2, and then 
find the least number, say b3, other than b1 and b2, that does not occur in the sequence 
(a3,…,an–2), and so on. Then when there are no numbers left in the sequence we join the 
two vertices not in the list b1,…,bn–2.

We illustrate this process by applying it to the Prüfer code (2,4,1,4,1) as shown in 
Figure 10.10.

5 2 3 5 2 5

1 4 1 4 1 4

7 6 7 6 7 6

(i) (ii) (iii)

Figure 10.9
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We see that this process ends up with the original tree. It is not difficult to prove, by 
induction on n, that this always happens. We ask you do this in Exercise 10.2.3A.

It follows that there is a one–one correspondence between the labeled trees with n 
vertices and the Prüfer codes. A Prüfer code for a tree with n vertices is a sequence of 
n –2 positive integers taken from the set {1,2,…, n}. So there are nn –2 different Prüfer 
codes, and hence there are nn –2 labeled trees with n vertices.

Exercises
	 10.2.1A	 Find the Prüfer codes for the labeled trees shown in Figure 10.11.
	 10.2.1B	 Find the Prüfer codes for the labeled trees shown in Figure 10.12.
	 10.2.2A	 Draw the trees whose Prüfer codes are (i) (1,2,1,2,1,2) and (ii) (1,2,3,1,2,3). 
	 10.2.2B	 Draw the trees whose Prüfer codes are (i) (1,2,2,3,3,3) and (ii) (3,3,3,2,2,1).
	 10.2.3A	� Let T be a tree. Prove that the labeled tree constructed from the Prüfer tree, 

P, of T using the method described in the proof of Theorem 10.2 is isomor-
phic to T.

sequence = (2,4,1,4,1); 
2 3

sequence = (4,1,4,1);
2 3

4

sequence = (1,4,1), b3 = 5, a3 = 1
5 2 3

1 4

sequence = (4,1), b4 = 6, a4 = 4
5 2 3

1 4

6

sequence = (1), b5 = 4, a5 = 1
5 2 3

1 4

6

This leaves the vertices labeled 1 and 7 to be joined.

5 2 3

1 4

7 6

b2 = 2, a2 = 4

b1 = 3, a1 = 2

Figure 10.10
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	 10.2.3B	 i. �Two labeled trees have Prüfer codes (a) (1,2,3,4,5,6) and (b) (1,4,2,5,3,6), 
respectively. Are their underlying (unlabeled) graphs isomorphic?

	 ii.	Prove that if, in a labeled graph, the vertex with label r has degree k, then 
the number r occurs k – 1 times in its Prüfer code.

	 10.2.4A	� We define an edge-labeled graph to be a triple (V,E,l), where (V,E) is a graph 
and l E n: { , ,..., }→ 1 2  is a bijection, where n is the number of edges. Two 
edge-labeled trees (V1,E1,l1) and (V2,E2,l2) are said to be isomorphic if there 
is bijection θ :V V1 2→  that is an isomorphism between the trees (V1,E1) and 
(V2,E2) and that matches edges with the same label. That is, for each edge, 
uv ∈ E1, l2 (θ (u)θ (v)) = l1 (uv). Show that there are mm–3 different (that is, 
nonisomorphic) edge-labeled trees with m vertices. 

	 10.2.4B	� Use Cayley’s Theorem to show that there are at least nn−3/(n − 1)! (unlabeled) 
trees with n vertices.

10.3 Spa nning Trees and Minimal Connectors
In this section we discuss some practical problems to which graph theory contributes solu-
tions. Suppose that you want to build bridges to connect four islands. If you want it to be 
possible to walk, or drive, directly from any one island to any other island, you would need 
to build six bridges altogether. Six bridges would be needed because this is the number of 
edges in the complete graph with four vertices. However, as bridges are expensive to build, 
it might be considered better just to build enough bridges to connect up all the islands. 
What is the smallest number of bridges that you would need to build? 

It is easily seen that only three bridges are needed. They can be chosen in more than one 
way. One possibility is shown in Figure 10.13. In the language of graph theory we have con-
structed a tree, and we can regard this tree as a subgraph of the complete graph, K4, with 
four vertices. We say that the tree spans K4 since each vertex is connected to each other 
vertex using only the edges of this tree. 

We are ready for a formal definition.

1 2

6
7

3

5 4

1

2 3

4 5 6 7

Figure 10.12

(i) (ii)
1 2

3 4
5 6

1 2 3 4 7
9 8

Figure 10.11
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Definition 10.4
Let G be a graph. We say that the subgraph G′ spans G if it has the same vertices as G. 
A spanning tree of G is a subgraph that spans G and that is a tree.

Which graphs have spanning trees? If G is not connected, then no subgraph with the 
same set of vertices can be connected, and so G does not have a spanning tree. On the 
other hand it is not difficult to show that every connected graph has a spanning tree. In 
particular, for large n, the complete graph Kn has lots of spanning trees. If we label the 
vertices of the complete graph, Kn, with n vertices with the numbers 1,2,…,n, then the 
spanning trees for Kn correspond to the labeled trees with n vertices, and so by Cayley’s 
theorem, Kn has nn–2 different spanning trees.

In many practical applications we seek more than just a spanning tree. We illustrate 
this with the following problem, before discussing the general case.
Problem 10.4
It is desired to connect five islands by tunnels. The graph in Figure 10.14 shows the cost 
(in suitable units, for example, 1 unit = £10,000,000) of building a tunnel between pairs 

a

5 3

7
e b

7
6 8 10

d 10 c

Figure 10.14

Figure 10.13
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of islands for which this is feasible. Which tunnels should be built so as to connect the 
islands for the smallest total cost?

Solution
Tunnels should be built corresponding to the edges ab, ae, de, and ce. This incurs a total 
cost of 3 + 5 + 6 + 8 = 22 units. 

Comment
For the time being we just assert that this is the minimal cost of a spanning tree, say T, 
for the graph shown in Figure 10.14. We know that a tree with five vertices will have four 
edges, and so the solution must involve four tunnels. In a case as small as this, it is pos-
sible to find these tunnels just by trying possibilities, but even in this case, the solution 
is not completely obvious, as our solution does not simply consist of the four cheapest 
tunnels. In fact there is an algorithm, that is, a systematic procedure, for finding an opti-
mal solution. (See Exercise 10.3.1A for the application of this algorithm to the solution 
to Problem 10.4.) Before we describe this, we need set up the theoretical framework for 
this and similar problems.

In the graph in Figure 10.14 each edge has associated with it a number. The magni-
tudes of these numbers are significant, unlike the case with labeled graphs where the 
numbers associated with the vertices serve merely as labels and so could be replaced by 
other symbols. In Figure 10.14 these numbers represent costs. In other cases they could 
represent distances or times. The general term for these numbers is weights, and a graph 
that has weights associated with its edges is called a weighted graph. In our example the 
weights are normally positive integers, but there is no need to impose this restriction. 
However, it is convenient to require that the weights are nonnegative numbers. Thus we 
phrase our definition as follows.

Definition 10.5
A weighted graph is a pair (G,µ), where G = (V,E) is a graph and μ : E→R is a mapping 
that associates with each edge, e, a nonnegative real number, µ(e). Given a weighted 
graph (G,µ), and a subgraph G′ = (V′,E′) of the graph G = (V,E), the weight of G′ is 
the sum of the weights of the edges in E’. We let µ(G′) be the weight of G′. Therefore, 
µ µ( ) ( ).′ = ∑ ∈ ′G ee E

Often, we represent a weighted graph by a picture of the graph with numbers along-
side the edges to indicate their weights. For example, we can regard Figure 10.14 as a 
picture of a weighted graph. The spanning tree T given in our solution to Problem 10.4 
has weight 22. Our claim in giving T as the solution to Problem 10.4 is that there is no 
other spanning tree with a lower weight. Since a spanning tree connects all the vertices 
of the original graph, we frame the following definition.

Definition 10.6
Given a weighted graph (G,µ) and a spanning tree, T of G, we say that T is a minimal 
connector of G if for every spanning tree T′ of G, µ µ( ) ( ).T T≤ ′

In general, a weighted connected graph will have more than one minimal connector. 
The extreme case is where all the edges have the same weight. Then all the spanning 
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trees have the same weight and so they are all minimal connectors. In Exercise 10.3.3A 
you are asked to prove that when the different edges all have different weights, there is 
just one minimal connector. 

We now describe an algorithm due to Joseph Kruskal* for finding a minimal con-
nector in a graph. 

We first show how this algorithm works in a particular example. Then we prove that 
it does construct a minimal connector. We end this section with some remarks about 
graph algorithms in general.

In our example the underlying graph will be K5, the complete graph with five ver-
tices. We suppose that these vertices are a, b, c, d, and e. It is convenient to give the 
weights of the edges in a table (Table 10.1), rather than indicate them on the graph 
itself. In this table we write xy rather than {x,y} for the edge joining the vertices x 
and y.

The algorithm requires us to choose at each stage an edge of smallest possible weight 
satisfying conditions (i) and (ii) of the algorithm. It is therefore convenient first to reor-
der the edges in order of increasing weight, and then to look at each edge in this order 

*	 Joseph B. Kruskal, Jr., On the Shortest Spanning Subtree of a Graph and the Traveling Salesman Problem, 
Proceedings of the American Mathematical Society, 7, 1956, pp. 48–50.

Kruskal’s Algorithm for Minimal Connectors

Suppose we have a weighted connected graph with n vertices. Then we obtain a 
minimal connector by carrying out the following process:

For k = 1,2,…, n–1 choose an edge ek of the smallest possible weight satisfying 
the two conditions:

	 i.	For k ≥ 2, ek is different from all of e1,…,ek–1.
	 ii.	Fork ≥ 3, there is no closed path using just some or all of the edges 

e1,…,ek.

Then the edges e1,…,en–1 form a minimal connector.

Table 10.1

Edge Weight

ab 1
ac 3
ad 5
ae 5
bc 2
bd 7
be 4
cd 8
ce 4
de 9
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to see if it meets the conditions of the algorithm for selecting it. Thus in Table 10.2 we 
have put a tick () if we can select that edge meeting conditions (i) and (ii), and a cross 
() if we cannot. We stop after we have chosen four edges, as this is the number needed 
for a tree spanning a graph with five vertices. A good way to keep track as to whether 
choosing an edge violates condition (ii) by creating a closed path is to mark in the edges 
you have chosen by a heavy line. We have done this in Figure 10.15, which shows the 
underlying graph by dotted lines.

It will be seen that we have found a spanning tree made up of the edges ab, bc, 
be, and ad with weight 1 + 2 + 4 + 5 = 12. In carrying out the algorithm we did not 
select the edge ac because we would then have chosen three edges that make up the 
closed path a b c a→ → → ,  and we did not select ce to avoid creating the closed path 
b c e b→ → → .  Note also that we could have listed the edges in a different order with 
ce before be and that if we had done this we would have ended up with a different span-
ning tree with weight 12. For practice using this algorithm see Exercises 10.3.1A and 
10.3.1B at the end of this section.

We now show that Kruskal’s algorithm does indeed produce a minimal connector.
Theorem 10.3
Kruskal’s algorithm when applied to a weighted connected graph produces a minimal 
connector.

a

e b

d c

Figure 10.15

Table 10.2

Edge Weight

ab 1 

bc 2 

ac 3 

be 4 

ce 4 

ad 5 

ae 5
bd 7
cd 8
de 9



Trees    ◾    215

Proof
Let (G,µ) be a weighted connected graph with n vertices, and suppose that Kruskal’s 
algorithm produces the subgraph T with edges e1,e2,…,en–1 chosen in this order. T is a 
graph with n – 1 edges and no closed paths, and therefore, by Theorem 10.1, T is a tree. 
Hence T is a spanning tree of G.

Now suppose T′ is some other spanning tree of G. We aim to show that µ µ( ) ( ),T T≤ ′  
from which it will follow that T is a minimal connector. The tree T′ also has n – 1 edges, 
but since it is different from T it does not include all the same edges as T. Let r be the 
least integer, 1 1≤ ≤ −r n ,such that er is not an edge of T′. Hence, by Theorem 10.1, 
the graph, say T*, obtained from T′ by adding the edge er has a closed path that must 
include the edge er . Since there are no closed paths in T, this closed path contains an 
edge , say e, that is not an edge of T, and so e ≠ er . Then the graph, say T″, obtained 
from T* by deleting the edge e is still a tree, and hence a spanning tree for G. Since 
e1,…,er–1 and e are all edges of T′ they do not include a closed path. Hence, as at stage 
r in Kruskal’s algorithm we chose the edge er and not e, it must be that µ µ( ) ( ),e er ≤  
and hence µ µ( ) ( ),′′ ≤ ′T T  where T″ includes one more edge of T than does T′. We can 
repeat this process, obtaining trees with more and more of the edges of T and with 
weights no larger than that of T′. Eventually we will have added all the edges of T, with-
out increasing the total weight. So µ µ( ) ( ).T T≤ ′  This completes the proof.

Note that we can use Kruskal’s algorithm to find spanning trees for a connected 
graph, even where its edges are not assigned weights. All we need to do is assign each 
edge the same weight, and then carry out the algorithm. In other words, when choos-
ing an edge ek, the condition that it be of minimal weight can be ignored. We just make 
sure we choose an edge that satisfies conditions (i) and (ii) given in the algorithm. Thus 
Theorem 10.3 implies that every connected graph has a spanning tree.

We end this section with some remarks about algorithms. By an algorithm we mean 
a mechanical computational process that produces an output after a finite number of 
steps. Thus it is precisely the sort of process that can be implemented by a digital com-
puter, subject to the idealization that there is no upper bound on the amount of storage 
space or time that may be used. To be more precise we would need to give a detailed 
specification of what we mean by a digital computer. This can be done, for example, in 
terms of Turing machines, but we do not go into the details here.

For a computer to find a minimal connector using Kruskal’s algorithm, or to carry out 
some other graph algorithm, we need to have some way of inputting data that describes 
a graph. How this can be done will depend on what sort of programming language is 
being used. If we have a list-processing language we can input a graph by inputting a list 
of the edges. If we are restricted to a programming language that can handle only num-
bers, then we can input the description of graph G with n vertices as an n × n matrix, say 
M = (aij), where aij is 1 if the vertices vi and vj are joined by an edge, and 0 otherwise. The 
matrix M is called the adjacency matrix of the graph G. 

Since we are dealing with graphs that are finite, in one sense it is immediate that 
given any definite question about graphs, there is an algorithm for answering it. A 
weighted graph has only a finite number of spanning trees, so to find a minimal con-
nector, we need only list these, calculate their weights, and select a spanning tree whose 
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weight is as small as possible. The practical snag with this approach is that, in general, 
the number of cases that need to be checked grows very rapidly as the number of ver-
tices increases. For example, we have seen that the complete graph with n vertices has 
nn–2 spanning trees. For n = 18, this is more than 1020, and to check this number of 
cases, even at the rate of 1012 a second, would take more than three years.

Thus, the point of Kruskal’s algorithm, and similar algorithms, is that it is very effi-
cient. As we have seen, for a graph with n vertices, the algorithm involves n – 1 steps. 
Of course, the efficiency of the algorithm depends on how many steps it takes to sort 
the vertices by weight, and on how many steps it takes to decide whether adding a 
particular edge creates a closed path. It is beyond the scope of this book to analyze the 
complexity of Kruskal’s algorithm as measured by the number of steps needed to carry 
it out. Suffice it to say that there are algorithms for finding a minimal connector for a 
weighted connected graph with n vertices, where the number of steps needed grows 
no faster than An2 for some constant A, and it is possible to do rather better.* Thus the 
algorithm can be implemented in a feasible time even for large graphs.

Exercises

	 10.3.1A	 a. Use Kruskal’s algorithm to solve Problem 10.4.
b. Find a minimal connector for the graph of Figure 10.16.

	 10.3.1B	 Find a minimal spanning tree for the graph of Figure 10.17.
	 10.3.2A	� Show that if a weighted connected graph has one edge with a lower weight 

than every other edge, then this edge occurs in every minimal connector. 
	 10.3.2B	� If a weighted connected graph has two edges that have a lower weight than 

all the other edges, must both these edges be included in every minimal 
connector?

	 10.3.3A	� Prove that if (G,µ) is a weighted connected graph in which each edge of G 
has a different weight, then G has just one minimal connector.†

	 10.3.3B	� Give an example of a weighted connected graph that has just one minimal 
connector, but in which there are two edges that have the same weight.

*	 These problems have generated a large technical literature because of their practical importance. See, for example, 
James A. McHugh, Algorithmic Graph Theory, Prentice Hall, Englewood Cliffs, New Jersey, 1990.

†	 In his paper cited in a footnote in Section 10.3, Kruskal attributes this result to Otakar Borůvka, On a Minimal 
Problem, Práce Moravské Pridovedecké Spolecnosti, 3, 1926.
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10.4 T he Shortest-Path Problem
A problem that is similar in spirit to that of finding a minimal connector for a graph is that 
of finding the path of least weight between two points in a graph. If we think of the weights 
as distance or times or costs, the corresponding problem is that of finding the shortest or 
quickest or cheapest route between two points. However, we will continue to talk in terms 
of distances or lengths. Thus in a weighted graph (G,µ), the length of the path 

	 v v v vn n1 2 1→ → → →−... 	 (P)

is the sum µ(v1v2) + µ(v2v3) + … + µ(vn–1vn). We use µ(P) for this sum. The distance between 
two vertices, x and y, is the length of the shortest path from x to y if there is one, and ∞ 
otherwise. We let d(x,y) be the distance from x to y.

The shortest-distance problem is rather more complicated than the minimal connector 
problem for the following reason. Notice that in carrying out Kruskal’s algorithm we do not 
need to look ahead. Provided we are careful not to create any closed paths, we are bound to 
create a spanning tree of minimal weight. The shortest-distance problem is rather different. 
This can be seen from as simple a situation case as that given by the graph in Figure 10.18.

It will be seen that a b c→ →  is the shortest path from a to c, and that although ad is the 
shortest edge, it is not included in this path. Setting off from a, it would be a mistake to 

a 7 b 5 c

6

1

3 4 2 8

d 4 e 6
f

4 5 3 8

g 3 h 6 i

Figure 10.17
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choose the edge ad. Thus the algorithm we are about to describe to find the shortest path 
from a vertex u to a vertex v is more complicated than Kruskal’s algorithm. It involves 
checking all possible paths from u to v. We follow the description of the algorithm with an 
example. You might find it helpful to consider the two together. 

We first outline the method used. It involves both temporary and permanent labels 
assigned to the vertices. The temporary label associated with a vertex, y, has the form  (x,l(y)), 
where x is either * or a vertex other than y and l(y) is a positive number or ∞. Starting with a 
temporary label attached to each vertex, at each stage one temporary label is made perma-
nent, and this is indicated by replacing the round brackets by square brackets.

When the algorithm terminates, l(v) is the length of the shortest path from u to v. Also, 
u y y y vn= → → → =1 2 ... is a path of this length where, for 2 ≤ ≤r n, the permanent label 
attached to the vertex yr is [yr–1, l(yr)].

Before discussing why this algorithm works, we illustrate it by applying it to the weighted 
graph shown in Figure 10.19.

We set out the working of the algorithm in Table 10.3. The explanation is given below the 
table. The meaning of a temporary label, (x, l(y)), assigned to a vertex y is that the shortest 
path from u to y found so far has length l(y) and x is the penultimate vertex in this path. The 
label becomes permanent when l(y) has been established to be the length of the shortest 
path from u to y. By a stage of the algorithm we mean one single cycle of the steps 1 to 4. 

Dijkstra’s Algorithm for Shortest Paths*

The algorithm is assumed to operate on a weighted graph (G,µ) of which u and 
v are vertices.
Step 1. �Initially label each vertex with the temporary label (*,∞), except that the 

starting vertex, u, is given the temporary label (*,0).
Step 2. �Find a vertex, x, with a temporary label for which l(x) is minimal, and 

make its label permanent. 
Step 3. �If x = v, stop. (If l(x) = ∞ there is no path from u to v.)
Step 4. �Otherwise, for each vertex y with a temporary label, say (w,l(y)), that is 

joined to x by an edge, xy, if l(x) + µ(xy) < l(y), replace the temporary label 
attached to y by the temporary label (x, l(x) + µ(xy)). Return to Step 2.

*	 E. Dijkstra, A Note on Two Problems in Connection with Graphs, Numerische Mathematik, 
1, 1959, pp. 269–271.

n 9 p 2 q

5 6

u 4 3 8 3 4 v

3 1

r 9 s 5 t

Figure 10.19
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We have used roman numerals for the stages to avoid confusion with the numbers used 
for the steps in the algorithm. At stage (i) we have assigned labels to the vertices in accor-
dance with step 1 of the algorithm. Now at stage (ii), we have y = u because in the label 
attached to u the distance is 0, whereas it is ∞ for all the other vertices with a temporary 
label. So the label attached to u is made permanent. Now u is joined by edges to the vertices 
n and r. We see that l(u) + µ(un) = 0 + 5 = 5, and so n is assigned the temporary label (u,5). 
And as l(u) + µ(ur) = 0 + 3 = 3, r is assigned the temporary label (u,3). 

Of the current temporary labels, (u,3) assigned to the vertex has the least second 
component. So at stage (iii) we assign the permanent label [u,3] to the vertex r. The 
vertex r is joined to the vertices n and s, which do not have permanent labels. The ver-
tex r has the permanent label [u,3]. The vertex n has the temporary label (u,5). Since 
l(r) + µ(rn) = 3 + 4 = 7 > 5, the temporary label attached to n is left unchanged. The vertex 
s has the temporary label (*,∞). Since l(r) + µ(rs) = 3 + 9 = 12 < ∞, the temporary  label 
attached to s is replaced by (r,12).

Now consider stage (vi). At this stage the vertices with temporary labels are (n,14) for p, 
(s,11) for q, (s,13) for t and (*,∞) for v. So the minimal value of l is associated with the vertex 
q. Therefore at step 2 in the algorithm we put x = q and make the label attached to q perma-
nent. The vertices with temporary labels that are joined to q by an edge are p, t, and v. The 
vertex p has a temporary label (n,14). Since l(q) + µ(qp) = 11 + 2 = 13 < 14, we replace the 
temporary label attached to p by (q,13). The vertex t has a temporary label (s,13). Since l(q) 
+ µ(qt) = 11 + 4 = 15 > 13, the temporary label attached to t is unchanged. The vertex v has 
a temporary label (*,∞). Since l(q) + µ(qv) = 11 + 6 = 17 < ∞, the temporary label attached 
to v is replaced by (q,17).

The algorithm terminates after stage (ix). From Table 10.3 we see that the shortest 
path from u to v has length 14. Also, we can trace the path back from v by following 
the vertex that forms the first part of the permanent label attached to v. In this way  we 
obtain the path

	 v t s n u← ← ← ← .

Table 10.3

Stage (i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix)

Vertex, x u r n s q p t v
u (*,0) [*,0]
n (*,∞) (u,5) [u,5]
p (*,∞) (n,14) (q,13) [q,13]
q (*,∞) (s,11) [s,11]
r (*,∞) (u,3) [u,3]
s (*,∞) (r,12) (n,8) [n,8]
t (*,∞) (s,13) [s,13]
v (*,∞) (q,17) (t,14) [t,14]
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You should consolidate your understanding of how this algorithm works by doing the 
exercises at the end of this section. We now give a proof to show that Dijkstra’s algorithm 
does produce a path from u to v, if there is one, of minimal length. 

Theorem 10.4 
Dijkstra’s algorithm applied to a weighted graph, with initial vertex u, determines 
whether there is a path from u to another vertex v and produces a path of minimal 
length from u to v when there is one.

Proof
Let (G,µ) be a weighted graph. We prove, by induction on the stage of Dijkstra’s algo-
rithm at which a vertex is assigned a permanent label, that if the algorithm ends with a 
vertex y assigned a permanent label [x,l(y)], where l(y) is finite, then there is a path from 
u to y in the graph and the shortest path has length l(y). 

This is certainly true at the first stage. Suppose that it is true at all stages before stage 
k and that at stage k a permanent label ,[x,l(y)], is assigned to the vertex y, where l(y) is 
finite. Then there is an edge from x to y and at an earlier stage, x was assigned a perma-
nent label, say [w,l(x)], where l(x) is finite and l(x) = d(u,x), that is, l(x) is the length of 
the shortest path from u to x. 

By the induction hypothesis there is a path from u to x . Hence, as xy is an edge, there 
is also a path from u to y, say

	 u x y→ → →... 	 (P),

where u x→ →...  is the shortest path from u to x. Since l(y) = l(x) + µ(xy), the path 
(P) has length l(y). We need to show that l(y) = d(u,y).

	 Let

	 u y y y yn= → → → =1 2 ... 	 (P′)

be some other path from u to y. Let r be the largest positive integer such that the 
vertex yr is assigned a permanent label, [yr–1, l(yr)], before stage k. If yr + 1 ≠ y, then at 
stage k, yr + 1 has assigned to it a temporary label, say (w,l(yr + 1)), where l y l yr( ) ( ),≤ +1  
since otherwise we would not have assigned a permanent label to y at this stage 
before assigning a permanent label to yr + 1. By the way temporary labels are assigned, 
l y l y y y Pr r r r( ) ( ) ( ) ( ).+ +≤ + ≤ ′1 1µ µ Hence l y P( ) ( ).≤ ′µ  So l(y) is the length of the short-
est path from u to y, that is, l(y) = d(u,y). The case where yr + 1 = y is similar. This com-
pletes the proof by induction.

Finally, we need to consider the case where v ends up with a permanent label [*,∞]. 
Clearly there are no edges from vertices with permanent labels of the form [x, l(y)] with 
l(y) finite to those with permanent labels of the form [*,∞]. Hence, if v ends up with a 
permanent label of this latter form, there is no path from u to v. This completes the 
proof of the theorem.
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If you look at Table 10.3 you will see that in carrying out Dijkstra’s algorithm for 
a graph with eight vertices, we need to calculate some of the entries in an 8 × 8 table. 
We hope that this makes it plausible that the number of steps needed to implement the 
algorithm grows proportionately to n2 where n is the number of vertices in the table. 
For a detailed justification of this see the book Algorithmic Graph Theory.*

*	 James A. McHugh, Algorithmic Graph Theory, Prentice Hall, Englewood Cliffs, New Jersey, 1990.
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Table 10.4

Edge Weight

ub 3
uc 4
ae 7
av 5
bd 7
bf 4
cd 2
cg 3
df 5
dg 7
ev 2
fg 6
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We do not have space to discuss other graph algorithms in detail. We only men-
tion briefly that for the traveling salesman problem, as described in Chapter 9, it is not 
known whether there is an efficient algorithm that gives the route with the least pos-
sible weight. Recall that this is the problem of finding a Hamiltonian path of minimal 
weight. However, a number of algorithms are known that run in feasible time and yield 
good approximations to the optimal solution.

Exercises
	 10.4.1A	� Use Dijkstra’s algorithm to find the shortest path from u to v in the weighted 

graph shown in Figure 10.20. 
	 10.4.1B	� Use Dijkstra’s algorithm to find the shortest path from u to v in the weighted 

graphs shown in Figure 10.21.
	 10.4.2A	� In Table 10.4, a weighted graph is described by listing its edges and their 

weights. Use Dijkstra’s algorithm to determine whether there is a path 
from u to v in this graph. If there is a path, find the shortest path from 
u to v. 

	 10.4.2B	� In Table 10.5 a weighted graph is described by listing its edges and their 
weights. Use Dijkstra’s algorithm to determine whether there is a path from 
u to v in this graph. If there is a path, find the shortest path from u to v. 

Table 10.5

Edge Weight

ua 3
ud 4
ab 6
ac 2
ad 4
bc 3
be 2
bv 7
cd 5
ce 4
de 7
ev 3
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11C h a p t e r  

Groups of Permutations

11.1  Permutations as Groups
In Problem 11 of Chapter 1 we asked, “What is the most effective way to shuffle a pack of 
cards?” To answer this question we need to return to the ideas about permutations that 
we introduced in Section 2.6 of Chapter 2 where we discussed permutations and cycles. 
We will see that permutations provide an example of a mathematical structure called a 
group. Groups play an important role in many areas of mathematics. Our interest in them 
is because of their relation to problems involving counting patterns. So the work in this 
chapter is also used later. In particular, we see that it underlies our answer to Problem 
13B about the number of ways to color a cube using three colors.  We expect that many 
readers will have met some group theory before. However, we will not assume any pre-
vious knowledge. All the ideas about groups that we use will be introduced as we need 
them.

You will recall from Chapter 2 that you may think of a permutation of a set, X, as a bijec-
tion σ: X → X . Usually X will be a set of the form {1, 2,…, n} for some positive integer n. 
We let Sn be the set of all permutations of the set {1, 2,…, n}. In Section 2.6 we introduced 
two notations for these permutations. In the bracket notation we describe a permutation by 
writing the numbers 1 to n in one row, with the numbers that σ maps them to in a second 
row, enclosing both rows in one pair of brackets. So, for example, if we write

	 σ =






1 2 3 4 5 6
4 6 1 3 5 2

,

this means that σ is the permutation of the set {1,2,3,4,5,6} such that σ(1) = 4, σ(2) = 6, 
σ(3) = 1, σ(4) = 3, σ(5) = 5, and σ(6) = 2. In the alternative, cycle notation, we write 
σ = (1 4 3)(2 6)(5) or, leaving out the cycle of length 1, just

	 σ = ( )( ).1 4 3 2 6
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Since permutations are functions, we can compose them in the usual way. If σ and τ are 
permutations of the same set we can define the composite permutation, σ • τ, by

	 σ τ σ τ ( ) ( ( )).x x=

Permutations that are given to us in cycle notation can be composed by working out 
what happens to each element in turn. When doing these calculations it is important to 
remember that the composite permutation σ • τ means first τ, then σ. Here is an example 
of how it works out in practice.

Let σ = (1 4 3)(2 6) and let τ = (1 5 2 4)(3 6) be two permutations from S6. We can calcu-
late the composite permutation σ • τ by the method illustrated in Table 11.1.

We work from right to left as σ • τ means carrying out the permutation τ first. For 
example, σ • τ(1) = σ(τ(1)) = σ(5) = 5 and σ • τ(4) = σ(τ(4)) = σ(1) = 4, as indicated in the 
table. Having worked out all the values of σ • τ, we can read off from this table the bracket 
notation for σ • τ, as

	 σ τ =






1 2 3 4 5 6
5 3 2 4 6 1

,

and we can then rewrite this in cycle notation as

	 σ τ = ( )( ).1 5 6 2 3

After a bit of practice you will not find it necessary to write out the calculation of a 
composite permutation in full. The arrow diagram shown in Table 11.1 can be worked out 
mentally, and it should be possible to write down the composite permutation in cycle nota-
tion without the need to write down any intermediate steps. If you think you need some 
practice with these calculations, attempt Exercises 11.1.1A and 11.1.1B, or swap examples 
with a colleague, if possible.

The operation of composition of permutations has a number of important algebraic 
properties that we now describe. Although we are mainly interested in permutations of 
sets of the form {1, 2,…, n}, these properties hold for arbitrary sets of permutations. So we 
give general proofs of these properties.

Table 11.1

(1  4  3) (2  6) (1  5  2  4) (3  6)
5 ← 5 ← 1
3 ← 4 ← 2
2 ← 6 ← 3
4 ← 1 ← 4
6 ← 2 ← 5
1 ← 3 ← 6
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First, we introduce some notation. We use S(X) for the set of all permutations of the set 
X. The identity map on X is the function ιX : X → X, given by

	 for all x ∈ X, ιX(x) = x.

It should be clear that ιX is a permutation of X; that is, it is a bijection. Since permutations 
are bijections, they have inverses. We use the standard notation σ–1 for the inverse of a 
permutation σ.

We usually omit the symbol • for composition and write σι for the composite permuta-
tion σ • τ.

Theorem 11.1
For each set X, the operation of composition on the set, S(X), of permutations of X has 
the following properties.

	 a.	 For all σ, τ ∈ S(X), στ ∈ S(X).
	 b.	 For all σ ∈ S(X), σιX = σ = ιXσ.
	 c.	 For all σ ∈ S(X), σσ–1 = ιX = σ–1σ.
	 d.	 For all σ, τ ,ρ ∈ S(X), (στ) ρ = σ (τρ).

Proof
	 a.	 Suppose σ, τ ∈ S(X). Let x, y ∈ X with x ≠ y. Then, as τ is injective, τ(x) ≠ τ(y), 

and hence, as σ is injective, σ(τ(x)) ≠ σ(τ(y)), that is, στ(x) ≠ στ(y). So στ is injec-
tive. Now suppose z ∈ X. Then, as σ is surjective, there is some y ∈ X such that 
σ(y) = z, and as τ is surjective, there is some x ∈ X such that τ(x) = y. Thus there 
is some x ∈ X such that στ(x) = σ(τ(x)) = σ(y) = z. So στ is surjective. We have 
therefore shown that στ is a bijection, and hence that στ ∈ S(X), as claimed.

	 b.	 For x ∈ X σιX(x) = σ(ιX (x)) = σ(x). Consequently, σιX = σ. Similarly, ιXσ = σ.
	 c.	 This follows immediately from the definition of σ–1.
	 d.	 Suppose σ, τ ,ρ ∈ S(X) and x ∈ X. Then ((στ)ρ)(x) = (στ)(ρ(x)) = (σ(τ(ρ(x))) = 

σ(τρ(x)) = (σ(τρ))(x). Since the composite permutations (στ)ρ and σ(τρ) have 
the same effect on each x ∈ X, we deduce that = (στ)ρ = σ(τρ).

We need to mention two more notational points. Expressed in terms of cycles the 
identity permutation ι ∈ Sn consists of n cycles of length 1. If we adopt our standard 
convention of not bothering to write down cycles of length 1, ι would simply be repre-
sented by an empty space! This is not always convenient, so usually we write either ι for 
the identity permutation, or often e (from the German einheit).

Because we usually omit the symbol • when we are writing composite permutations, 
there can be an ambiguity. For example, if we write

	 (1 2 4)(3 5)(1 4 3 5),
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this could mean

( )( ) ( ) ( ) ( )( )

((

1 2 4 35 1 4 35 1 2 4 3 5 1 4 3 5

1

 or or

22 4 3 5 1 4 3 5 1 2 4 3 5 1 4 3 5) ( )) ( ) ( ) (( ) ( )).   or

However, it follows from Theorem 11.1d, that these different expressions all repre-
sent the same permutation, and so this ambiguity of notation does not cause us any 
problems.

The properties of permutations given in Theorem 11.1 are so important that we give 
a special name to any collection of mathematical objects that can be combined in a way 
that satisfies them. This is embodied in the following definition.

Definition 11.1
A group is a pair (G, •), where G is a set and • is an operation defined on G that satisfies 
the following four properties.

The Group Properties

G1. Closure: For all x, y ∈ G, x • y ∈ G.
G2. Identity: There is an element e ∈ G, such that for all x ∈ G, x • e ∈ x and 
e • x = x.
G3. Inverses: For each x ∈ G, there is an element x–1 ∈ G, such that x • x–1 = e 
and x–1 • x = e.
G4. Associativity: For all x, y, z ∈ G, (x • y) • z = x • (y • z).

The notation e used in this definition carries with it an implication that there is just 
one element of G satisfying the identity property. It is not difficult to prove this. Indeed, 
suppose, to the contrary, that we have two elements e1, e2 in G with this property. Then 
for all x ∈ G, x • e2 = x and so, in particular, e1 • e2 = e1. Also, for all x ∈ G, e1 • x = x 
and so e1 • e2 = e2. Consequently e1 = e1 • e2 = e2. The unique element of G satisfying the 
identity property is called the identity element of the group. As shown in the definition, 
we often use e for the identity element of a group. If we need to emphasize that it is the 
identity element of G, we write this element as eG.

In a similar way the use of x–1 carries with it the implication that for each x ∈ G 
there is just one element satisfying the inverse property. This is also easy to prove, as 
if x1

–1 , x2
–1 were both inverses of x, we have x1

–1 , x1
–1 • e = x1

–1 • (x • x2
–1) = (x1

–1 • x) • 
x2

–1 = e • x2
–1 = x2

–1.

In cases where it is clear from the context which operation is involved in a particu-
lar group, we write xy instead of x • y. Similarly in such cases, we often talk about “the 
group G” rather than “the group (G, •).”

It follows from Theorem 11.1 that for each set X (S(X),•) forms a group. Permutation 
groups form a very important class of groups. Indeed, in a sense explained at the end 
of Section 11.2, all groups can be viewed as permutation groups. However, the richness 
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of the group concept arises from the many other examples of groups that occur in 
mathematics. We list some of these examples, though they will not be of great interest 
to us in this book.

Examples of Groups
	 1.	 (Z, + ), the set of integers with the operation of addition, forms a group. Likewise, 

(Q, + ), the rational numbers; (R, +), the real numbers; and (C, +), the complex 
numbers, all with the operation of addition, form groups. In each case the iden-
tity element is the number 0, and the inverse of x is –x. It is easy to check that all 
these examples satisfy the definition of a group.

	 2.	 The sets Z, Q, R, and C do not form groups when the operation is multiplication. 
They are all closed under this operation, that is, G1 holds. In each case the num-
ber 1 acts as an identity element. Also, multiplication satisfies the associativity 
property. However, there is a problem with the inverse property. When the opera-
tion is multiplication, the number 0 has no inverse, as, if there were any inverse, 
say z, it would have to satisfy 0 × z = 1, which is not possible. In the cases of Q, R, 
and C we can get around this difficulty by excluding 0. Thus, if we use Q*, R*, and 
C* for the nonzero rational numbers, nonzero real numbers, and nonzero com-
plex numbers, respectively, then (Q*, × ), (R*, × ), and (C*, × ) are all examples of 
groups, with 1 as the identity element and 1/x as the inverse of x. It is from these 
examples that we derive the general notation x–1 for the inverse of x. However, 
this does not work for the set, Z*, of nonzero integers, since only for x = 1 and 
x = –1 is 1/x also an integer.

		  The examples in the next category are much more important.
	 3.	 For each positive integer n, and each field* of numbers, F, let Mn(F) be the set 

of n × n invertible (also called nonsingular) matrices, with entries from F, and 
let × be the usual operation of matrix multiplication. Then (Mn(F), × ) is a 
group.

	 4.	 For each positive integer n, (Zn, + n) is a group where Zn is the set {0, 1, 2,…, n–1}, 
and +n is the operation of addition modulo n.

In these examples, the group elements are familiar mathematical objects, and the 
operations are natural ones for those particular objects. Although, in a philosophical 
sense, mathematical entities are abstract objects, they seem very real to the mathemati-
cians who work with them. Accordingly, groups of these kinds are sometimes referred 
to as concrete groups. In contrast, with abstract groups we do not specify what the group 
elements actually are, but only how they are combined. When the number of elements 
is small, this can be conveniently displayed by giving a multiplication table.

Here is an example of this type. The set G is {e, a, b, c, h, v, r, s}. The operation • is 
defined by Table 11.2. The value of x • y is found by looking at the entry in the x-row 
and y-column. For example, we can see from the table that v • c = s.

*	 A field of numbers is a set of numbers closed under the operations of addition and multiplication, and in which 
these operations have the standard properties. The rational numbers, Q; the real numbers, R; and the complex 
numbers, C, are all examples of fields. The integers, Z, do not form a field. For the details see, for example, R. B. J. 
T. Allenby, Rings, Fields and Groups, Arnold, London, 1983.
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A table of this kind is called either a group table or sometimes a Cayley table.* It is 
not difficult to see from this table that the first three of the group properties are satis-
fied. To check closure we need only check that each entry in the table is one of the ele-
ments of the set G. The convention of using e for the identity element and putting it first 
in the table makes it easy to confirm that e acts as the identity element, but even if some 
differently named element had been the identity, and it had been placed somewhere 
else in the list, it would not have been difficult to spot from the table that it satisfies the 
x • e = x = e • x property. To see that the inverse property x • x–1 = e = x–1 • x holds, we 
need only check that the identity element, e, occurs once in each row and column and 
in positions that are symmetrical about the leading diagonal from the top left to the 
bottom right of the table.

We see, for example, that a • c = e = c • a, so that a–1 = c and c–1 = a, and in fact all 
the other elements of this group are their own inverses.

To complete the check that Table 11.2 does indeed define a group, we need also to 
check that the operation • satisfies the associativity condition. Unfortunately, there is 
no very easy way to do this from the table, as this involves checking that (x • y) • z = 
x • (y • z) for all choices of x, y, and z. In fact, it is not necessary to check the cases where 
at least one of x, y, and z is e, but this still leaves 7 × 7 × 7 = 343 cases. If you are not 
willing to do all these calculations, we ask you take it on trust for the time being that the 
operation • is associative. We prove that it does have this property in the next section. 
Fortunately, as the proof of Theorem 11.1(d) shows, whenever the group elements are 
functions and the operation is composition, the associativity property always holds.

You may have noticed that in Table 11.2 each group element occurs exactly once 
in each row and each column. Tables of this kind are called Latin squares. In Exercise 
11.1.2A you are asked to prove that a group table is always a Latin square. Latin squares 
are interesting and important combinatorial objects, but because of shortage of space 
we are not able to discuss them in this book.

Exercises
	 11.1.1A	 Evaluate the following compositions of permutations.

	 i.	 (1 5 4)(3 6 7 2)•(4 6 2)(1 5)(3 7)
	 ii.	 (1 4 9 8 6)(2 3)•(1 5 6)•(7 1 3 2)

*	 After Arthur Cayley, whose biography is summarized in a footnote in Section 10.1.

Table 11.2

• e a b c h v r s

e e a b c h v r s
a a b c e r s v h
b b c e a v h s r
c c e a b s r h v
h h s v r e b c a
v v r h s b e a c
r r h s v a c e b
s s v r h c a b e
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	 11.1.1B	� Consider the permutations σ = (1  5  8  2)(3  7)(4  6), τ = (1  7  3  5  2  4  8  6), 
and ρ = (1  3  7)(4  6  8  2) from S8. Find the permutations σ • τ, τ • ρ, 
(σ • τ) ο ρ and σ • (τ • ρ) in cycle form, and hence verify that in this case 
(σ • τ) ο ρ = σ • (τ • ρ).

	 11.1.2A	 Prove that, if (G,•) is a group, then
	 i. For all x, y, z, ∈ G,
	 a.  x • y = x • z ⇒ y = z and
	 b.  y • x = z • x ⇒ y = z.
	 ii. For all x, y ∈ G, there exist w, z ∈ G such that x • w = y and z • x = y.
		  [Note that it follows from (i) that in a Cayley table there are no repetitions 

in any row or any column. Also it follows from (ii) that each group ele-
ment occurs at least once in each row and in each column. Thus together 
(i) and (ii) imply that each row and each column form a permutation of 
the elements of the group. Each Cayley table is, therefore, a Latin square. 
However, as Exercise 11.1.4B shows, the converse is not, in general, true.]

	 11.1.2B	� A group, (G,•), is said to be commutative (or Abelian) if for all x, y ∈ G, 
x • y = y • x. For which positive integers n is the group (Sn,•) commutative?

	 11.1.3A	 Find a permutation σ ∈ S5 such that (4 3 5 2 1) • σ = (1 4)(2 3).
	 11.1.3B	 Show that there is no permutation σ ∈ S3 such that (1 2 3) • σ = σ • (1 2).
	 11.1.4A	� Show that the following table can be completed in just one way so as to form 

a Latin square, and that when so completed, it is the Cayley table of a group.

	

e a b
e e a b
a a
b b

	 11.1.4B	� Give a multiplication table for the operation • on the set X = {e,a,b,c,d} that 
forms a Latin square in such a way that • satisfies the closure, identity, and 
inverse properties, with e as the identity element, but (X,•) is not a group.

11.2 Sy mmetry Groups
Groups are very useful when it comes to studying the symmetries of geometric figures. 
As we see in the next chapter, we need to take symmetries into account when it comes 
to counting different patterns. We explain the idea of geometric symmetry with a simple 
example, the symmetries of a square, shown in Figure 11.1.

A square is a symmetrical figure, but what exactly do we mean by this? One way of 
explaining symmetry is to say that the square occupies the same space and looks the same 
if we transform it in certain ways. For example, if we give the square a quarter turn clock-
wise (that is, if we rotate the square through an angle 1

2 π  clockwise about the axis through 
the center of the square, and perpendicular to the plane of the square),* it looks exactly the 
same as it did originally. We now need to make this idea more mathematically precise.

*	 We use radian measure for angles. So 1
2 π  radians = 90°.
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First, we need to be more precise about what transformations are allowed. If we want 
the figure to look the same after the transformation it must not distort either distances or 
angles. Since the angles in a triangle are determined once we know the lengths of its sides, a 
transformation that doesn’t change distances also leaves angles unchanged. So all we need 
to specify in our definition is that the transformation leaves distances unchanged. As we 
want to consider both two- and three-dimensional figures, we frame our definition in terms 
of a space that could be either two-dimensional Euclidean space, R2, or three-dimensional 
Euclidean space, R3. In both these spaces we use d(p,q) for the distance between two points 
p and q, measured in the standard way.* The figures that we mention in the following 
definition are subsets of either R2 or R3.

Definition 11.2
Let S be either R2 or R3. A mapping f : S → S is said to be an isometry if for all p,q ∈ S, 
d(f(p), f(q)) = d(p,q). A symmetry of a figure F in the space S is an isometry f : S → S 
such that f(F) = F.

It should be noted that an isometry is automatically injective, as we have that for any 
two points p, q, p ≠ q ⇒ d(p,q) > 0 ⇒ d(f(p), f(q)) = d(p,q) > 0 ⇒ f(p) ≠ f(q). It can be 
shown that the isometries of R2 are either rotations, reflections, translations, or glide 
reflections.† However, a bounded figure, such as a square, cannot be mapped to itself by 
a translation or glide reflection, and so we need only consider rotations and reflections 
of bounded figures in R2. In R3 we may also need to consider symmetries that are com-
positions of a reflection and a rotation. We should also not forget the identity mapping, 
e, which satisfies Definition 11.2 and so counts as a symmetry of every figure.

It is important to note that because we regard symmetries as functions, two transfor-
mations of a figure that are physically different but have the same effect on all the points 
are regarded as being the same symmetry. For example, rotating a figure through an 
angle 1

2 π  clockwise about an axis is physically different from rotating it through an 
angle 3

2 π  counterclockwise about the same axis. However, these different operations 
have the same effect on each point, so they will count as being the same symmetry. 

*	 That is, in R2 we measure distances by d x y x y x x y y(( , ),( , )) ( ) ( )1 1 2 2 1 2
2

1 2
2= − + −  and by the analogous formula 

in R3. In fact, the definition that we give applies more generally, but we do not need to consider the more general 
context here.

†	 See, for example, David A. Brannan, Matthew F. Esplen, and Jeremy J. Gray, Geometry, Cambridge University 
Press, Cambridge, 1999.

Figure 11.1
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This is nothing more than our usual stipulation that if f : D → C and g : D → C are both 
functions with the same domain and codomain and for all x ∈ D, f(x) = g(x) then we 
say that f = g.

Now that we have been careful to say what we mean by a symmetry of a figure we 
can see that a square has eight symmetries, as shown in Figure 11.2. The symbols used 
for these symmetries are somewhat arbitrary, but we will continue to use them.

We will use the notation S(◽) for the group of symmetries of a square. It is now 
quite straightforward to work out the Cayley table for this group. We encourage you to 
do this. You might find it helpful to have an actual square to manipulate. Don’t forget 
that in line with our usual convention for composing functions, when we compose two 
symmetries, say f and g, to obtain the composite fg this means first do g, then do f.

You should obtain exactly the same table as Table 11.2 in the previous section. Since 
the operation is composition of functions, we now know, without having to do lots 
of calculations, that the operation defined by Table 11.2 is associative. Hence it is the 
Cayley table of a group. In particular, we can also deduce that the symmetries of a 
square form a group. This is a special case of the more general result that the symme-
tries of any figure always form a group. This we now prove.

Theorem 11.2
The set, G, of the symmetries of a figure, F, with the operation, denoted by •, of com-
position, forms a group.

Proof
We need to check that the four group properties are satisfied by (G, •). Suppose that f 
and g are symmetries of F. Then as f and g are both isometries we have, for all points p 
and q (of the appropriate space),

	 d(fg(p), fg(q)) = d(f(g(p)), f(g(q))) = d(g(p), (g(q)) = d(p,q),

v

The symmetries of a square
e  Identity

a  Rotation through ½π clockwise

sr

b  Rotation through π clockwisea b
c  Rotation through ½π anticlockwise

h  Reflection in the horizontal axis
h

v  Reflection in the vertical axis shown
c

r  Reflection in the diagonal axis shown

s  Reflection in the diagonal axis shown

The rotations are about the axis through the
centre of the square and perpendicular to it.

Figure 11.2
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and hence fg is also an isometry. Since f (F) = F and g (F) = F, fg (F) = f(g(F)) = f(F) = F. 
It follows that fg is also a symmetry of F. Thus the closure condition holds.

It is straightforward to check that the identity map is a symmetry of F, and hence 
that G has an identity element. Each symmetry is a bijection and so has an inverse. We 
leave as an exercise (Exercise 11.2.1A) to check that if f is an isometry of F then so also is 
f–1, and hence that G satisfies the inverse condition. We already know that composition 
of symmetries is associative. Hence it follows that (G, ο) is a group.

Note that nothing in the above proof depended on the fact that we were dealing with 
figures in two- or three-dimensional space. The proof would work just as well in higher 
dimensional spaces. The only problem is that figures in four- and higher dimensional 
spaces are more difficult to picture!

We can relate groups of symmetries to permutation groups by adding numerical 
labels to the vertices or edges or, in three dimensions, the faces of a figure. For example, 
suppose we label the vertices of a square with 1, 2, 3, and 4 as shown in Figure 11.3i.

We can describe the symmetries of the square by specifying how the vertices move. 
For example, the symmetry h, which is the reflection in the horizontal axis of sym-
metry, moves the vertex in position 1 to position 4, the vertex in position 2 to position 
3, and so on (notice that we regard the numbers as labeling positions that are fixed in 
space). Thus the permutation h corresponds to the permutation (1 4)(2 3) in S4. You can 
readily see that each symmetry of the square corresponds to a permutation in S4. In this 
way the eight symmetries of the square correspond to the eight permutations

	 e, (1 2 3 4), (1 3)(2 4), (1 4 3 2), (1 4)(2 3), (1 2)(3 4), (1 3), (2 4)

from S4, which therefore, by themselves, form a group. This provides us with our first 
example of a subgroup, a concept that we describe in more detail in the next section. 
Notice that if we label the edges as shown in Figure 11.3ii, then we get a different corre-
spondence between the symmetries of the square and permutations in S4. For example, 
using the labeling of the edges, the symmetry h corresponds to the permutation (1 3).

In one sense the group of symmetries of a square is different from the group made up of 
the eight permutations listed above, since their elements are different, that is, symmetries 
in the first case and permutations in the second. However, in another sense they are differ-
ent manifestations of the same group. We now make more precise what we mean by this.

In Figure  11.4 we show three Cayley tables; (i) is that of the rotational symme-
tries of a square, (ii) is the group Z4 of the numbers 0, 1, 2, 3 with addition modulo 4, 

(i) (ii)
121

4 2

334

Figure 11.3
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and (iii) is the group of the corresponding permutations of the vertices of the square. 
Although the tables contain elements of different types, it is evident that the three tables 
display the same pattern. For example, the identity element occurs in the same positions 
in each table, and the element a occurs in the same position in the first Cayley table, as 
does the number 1 in the second table, and the permutation (1 2 3 4) in the third table.

We say that all three groups are isomorphic because they have the same structure in 
a sense that we now make precise. Note the similarities, and the differences, when this 
definition is compared with that of isomorphism of graphs (Definition 9.3).

Definition 11.3  Isomorphism of Groups
Let (G, •) and(H,*) be groups. We say that these groups are isomorphic if there is a bijec-
tion θ : G → H such that for all g1,g2 ∈ G, we have

	 θ (g1 • g2) = θ (g1) * θ (g2). 	 (11.1)

Such a mapping θ is called an isomorphism between the two groups.

For example, the mapping θ from the permutations corresponding to the rotations 
of a square and the numbers modulo 4 [given by iii and ii in Figure 11.4], namely,

	 θ(e) = 0, θ((1 2 3 4)) = 1, θ((1 3)(2 4)) = 2, and θ((1 4 3 2)) = 3,

is an isomorphism between the two groups. We check just one case of the Equation 
11.1. We have

	 θ((1 3)(2 4) • (1 4 3 2)) = θ((1 3)(2 4)) + 4 θ((1 4 3 2))

since the left-hand side is θ((1 2 3 4)) = 1 and the right-hand side is 2 + 4 3 = 1.
Note that in, Definition 11.3, the equation θ(g1 • g2) = θ(g1) * θ(g2) expresses the fact 

that combining elements in the group (G,•) and then mapping to (H,*) produces the 
same result as first mapping to (H,*) and then combining in (H,*). This condition implies 

(iii)
 e (1 2 3 4) (1 4 3 2)(1 3) (2 4)

ee (1 2 3 4) (1 4 3 2)(1 3) (2 4)

(1 4 3 2) (1 4 3 2) e (1 2 3 4) (1 3)(2 4)

e(1 2 3 4) (1 2 3 4) (1 4 3 2)(1 3) (2 4)

(1 3) (2 4) e (1 2 3 4)(1 4 3 2)(1 3) (2 4)

(ii)(i)
e a b c 0 1 2 3

0 1 2 3
1 2 3 0

2 3 0 1
3

0
1

2
3 0 1 2

ee
 +4

a b c
aa b c e

bb c e a
cc e a b

Figure 11.4
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that the Cayley tables of the two groups have the same pattern. As with isomorphisms 
between two graphs, an isomorphism between two groups is a structure-preserving cor-
respondence of their elements. We regard two isomorphic groups as being essentially the 
same. So, for example, if we are asked, “How many different groups with four elements 
are there?” we are being asked to find the largest set, say X, of groups with four elements 
such that no two of the groups in X are isomorphic, but each group with 4 elements is 
isomorphic to one of the groups in X. Since the groups whose Cayley tables are shown in 
Figure 11.4 are isomorphic, any such set X can include at most one of them.

We have seen that each row of a Cayley table corresponds to a permutation of the 
group elements. For example, if we look at table (i) in Figure 11.4 we see from the a-row 
that a corresponds to the permutation that in bracket notation we can write as

	
e a b c
a b c e







and in cycle notation as (e a b c). A theorem due to Cayley says that this correspondence 
is always an isomorphism between a group (G,•) and the associated group of permuta-
tions of its elements. This is not difficult to prove once we notice that the permutation 
of G that corresponds to the element g ∈ G is the permutation, θg, of G defined by 
θg(x) = g • x. Here is the proof.

Theorem 11.3
Cayley’s Theorem for Groups

Each group (G,•) is isomorphic to a group of permutations of its elements, with the 
operation of composition.

Proof
For each g ∈ G, we let θg : G → G be the mapping defined by:

	 for each x ∈ G, θg(x) = g • x.

By Exercise 11.1.2A, each mapping θg is a permutation of the set G. We let G* be the set 
of all these permutations, and we let Θ : G → G* be the mapping defined by Θ(g) = θg. 
Since Θ(g)(e) = θg(e) = g • e = g, it follows that if g ≠ g′, then Θ(g)(e) ≠ Θ(g′)(e) and hence 
that Θ(g) ≠ Θ(g′). Consequently, Θ is injective. By the definition of G*, Θ is surjective, 
and hence Θ is a bijection.

We also have that, for all g1, g2 ∈ G, and all x ∈ G,

	 Θ( )( ) ( ) ( ) ( )g g x x g g x g g xg g1 2 1 2 1 21 2
• = = • • = • • =•θ θgg g g gx x

1 2 1 2
( ( )) ( ),θ θ θ= 

and therefore

	 Θ(g1 • g2) = θg1 • θg2 = Θ(g1) • Θ(g2).

Hence Θ is an isomorphism between the group (G,•) and the group (G*, •). This com-
pletes the proof.
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In this sense every group may be viewed as a group of permutations. However, expe-
rience shows that this is not always a helpful way to think about groups. Note also that 
the group (G*,ο) is generally forms only a small subset of the group (S(G), •) of all per-
mutations of the set G. For, if G is a group of n elements, there are n! elements in S(G).

Exercises
	 11.2.1A	� Prove that if f is a symmetry of the figure F, then the inverse, f −1, of f is also 

a symmetry of f.
	 11.2.1B	 Prove that if f : R2 → R2 is an isometry, then f is surjective.
	 11.2.2A	 i. How many symmetries does an equilateral triangle have?

	 ii. Introduce some symbols for the symmetries of an equilateral triangle, 
and draw up the Cayley table for the group of these symmetries.

	 iii. Express the symmetries of an equilateral triangle as elements of S3 by 
using the numbers 1, 2, and 3 to label its vertices.

	 11.2.2B	 i. How many symmetries does a regular pentagon have?
	 ii. How many symmetries does a regular n-gon (that is, a polygon with n 

sides, with all the sides equal and all the internal angles equal) have?
	 11.2.3A	 How many rotational symmetries does a cube have? Describe them.
	 11.2.3B	 Investigate the rotational symmetries of a regular tetrahedron.
	 11.2.4A	� Show that the group of rotational symmetries of an equilateral triangle is 

isomorphic to the group Z3 of the integers 0, 1, 2 with addition modulo 3.
	 11.2.4B	� Show that every group with two elements is isomorphic to the group Z2 and 

that every group with three elements is isomorphic to the group Z3.
	 11.2.5A	 i. �Show that each rectangle has four symmetries (note that we are taking 

“rectangle” to imply “not a square”) and that the groups of symmetries of 
any two rectangles are isomorphic. It follows that we can talk about “the 
group of symmetries of a rectangle.”

	 ii. Show that the group of isometries of a rectangle is not isomorphic to the 
group Z4.

	 11.2.5B	� Prove that every group with four elements is isomorphic to either the group 
Z4 or to the group of symmetries of a rectangle.

11.3 S ubgroups and Lagrange’s Theorem
Group theory is a large subject with an enormous literature. We are going to confine our-
selves to those aspects of the subject that are relevant to the combinatorial problems we are 
interested in. The following definition is important.

Definition 11.4
Suppose that G is a group. A subset H of G is said to be subgroup of G, if H itself forms 
a group with respect to the same operation that makes G a group.

Note:  Here it is very convenient to be able to suppress mention of the group operation. 
If we were being really pedantic, we would have distinguish between the group opera-
tion for G, say •, which, strictly speaking, is a mapping • : G × G → G, and the operation 
on H, which is the restriction of • to the set H.
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Since H is a subset of G and we are using the same operation as for the group G, it 
automatically follows that H satisfies the associativity property. Thus, for H to be a sub-
group of G, H must be a subset of G that satisfies the following properties, labeled “SG” 
for “subgroup.”*

The Subgroup Properties

SG1. H itself is closed under the operation •; that is, for all x, y ∈ H, x • y ∈ H.
SG2. H contains the identity element, eG, of G.
SG3. H contains inverses of all its elements; that is, for each x∈H, also x−1∈H.

We now present some examples of subgroups.

Examples of Subgroups
	 1.	 We have seen that Z, Q, R, and C are all examples of groups, with the operation 

of addition in each case. Since Z ⊆ Q ⊆ R ⊆ C, it follows that Z is a subgroup of 
Q, Q is a subgroup of R, and R is a subgroup of C.

	 2.	 Each group, G, with more than one element has two trivial subgroups. The set 
{eG} containing just the identity element of G can easily be seen to satisfy the sub-
group conditions. At the other extreme, the whole group G also counts as being a 
subgroup of itself.

	 3.	 The eight permutations from S4 corresponding to the symmetries of a square 
form a subgroup of S4.

	 4.	 We consider the group, S3, of all the six permutations of the set {1, 2, 3}. Rather 
than write out these permutations in cycle form, we introduce the following sym-
bols for them. We put p = (1 2 3), q = (1 3 2), r = (1 2), s = (2 3), t = (1 3), and e is the 
identity element, as usual. The Cayley table for this group is shown in Table 11.3.

It can be seen that the top left-hand corner of the table, taken by itself, is also the Cayley 
table of a group. In other words the subset {e, p, q} forms a subgroup of S3. In this case it is 
rather easy to spot this. In general, it is rather difficult to find subgroups just by examin-
ing Cayley tables. Can you find any more subgroups from this Cayley table? In fact, apart 
from the two trivial subgroups, and the subgroup {e, p, q}, there are just three other sub-
groups, each containing just the identity and one other element.

*	 See, for example, Allenby, Rings, Fields and Groups, Theorem 5.6.5, for a proof that H is a subgroup if and only if 
it satisfies these subgroup properties.

Table 11.3

e p q r s t

e e p q r s t
p p q e t r s
q q e p s t r
r r s t e p q
s s t r q e p
t t r s p q e
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Some theory comes to our aid when it comes to finding subgroups. This has to do 
with the number of elements in a subgroup compared with the number of elements in 
the group. Group theorists have special terminology for the number of elements in a 
group or a subgroup.

Definition 11.5
The order of a group, or a subgroup, is the number of elements in it.

For example, the order of S3 is 6, and the group of symmetries of a square has order 
8. Group theorists often use the notation o(G) for the order of a group, but we have 
already introduced the notation #(G) for the number of elements in any set G, and so 
we will keep to this notation.

The key idea in what follows is that given a group G and a subgroup H we can use H 
to partition G into sets, called, in this context, cosets, all having the same number of ele-
ments as does H. They are defined as follows. To make the general idea more concrete, 
we use the group S3 as our example.

Definition 11.6
Let G be a group and let H be a subgroup of G. For each g ∈ G, the coset gH is defined to 
be the set {gh : h ∈ H}.

We use the notation gH for the coset, as it is obtained by combining the fixed ele-
ment g of G with all the elements of H in turn, and so the notation gH is rather sugges-
tive and a good aid to memory. We now look at the specific example of the group S3 to 
make these ideas more concrete.

Problem 11.1
Find the cosets of the subgroup {e, r} of the group S3. (Recall that the Cayley table of S3 
is given in Table 11.3.)

Solution
We calculate the cosets as follows:

	
eH ee er e r qH qe qr q s sH se sr= = = = ={ , } { , }, { , } { , }, { , }} { , },

{ , } { , }, { , } { , },

=

= = = =

s q

pH pe pr p t rH re rr r e ttH te tr t p= ={ , } { , }.

We see that the cosets of different elements can turn out to be the same set. For exam-
ple, the cosets pH and tH both consist of the set {p, t}. Note that as we are dealing with 
sets, the order in which their elements are listed in our calculation does not matter. In 
other cases the cosets are completely different. For example, there is no element that is 
in both pH and rH. Thus the different cosets partition G into three disjoint sets, namely, 
G = {e, r} ∪ {p, t} ∪ {q, s}. Furthermore each coset contains the same number of elements 
as the subgroup H. Thus #(G) = 3 × # (H), and it follows that # (H) is a divisor of # (G). 
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Of course, we do not need group theory to work out that 2 is a divisor of 6. However, the 
point of this example is that we can prove that the facts we have noticed about the cosets 
of H are true for all subgroups of all groups. This we now prove.

It is convenient first to prove a lemma that gives a useful criterion for when two 
cosets, g1H and g2H, are identical.

Lemma 11.4
If G is a group, H is a subgroup of G, and g1, g2 ∈ G, then

	 g H g H g g H1 2 2
1

1= ⇔ ∈− . 	 (11.2)

Proof
First, suppose g1H = g2H. Since H is a subgroup, e ∈ H, and hence g1 = g1e ∈ g1H. Hence, 
as g1H = g2H, we deduce that g1 ∈ g2H, and so there is some h′∈ H such that g1 = g2h′. 
Therefore g2 

–1 g1 = g2 
–1 g2h′ = h′ and hence g2 

–1 g1 ∈ H.
Second, suppose g2 

–1 g1 ∈ H. Let h = g2 
–1 g1. Then g1 = g2 h . Now assume x ∈ g1 H. Then 

for some h′∈ H, x = g1 h′ = g2 hh′. As H is a subgroup of G, we have hh′∈ H, and hence 
x ∈ g2 H. The argument to show that if x ∈ g2 H, then x ∈ g1 H is similar. Therefore, 
x ∈ g1 H ⇔ x ∈ g2 H, and hence g1 H = g2 H.

We can now prove the main result of this section.

Theorem 11.5
If G is a finite group and H is a subgroup of G, then the different cosets of H partition G 
into disjoint sets each containing the same number of elements as does H.

Proof
If x∈G, then as e∈H, x = xe∈xH. Thus each element of G is in at least one coset of H. 
Now suppose x is in two cosets, say x ∈ g1 H and x ∈ g2 H. Then for some h1, h2 ∈ H, we 
have x = g1h1 = g2h2. It follows that g2 

–1 g1 = h2 h1 
–1. Now as h1, h2 ∈ H, and H is a subgroup 

of G, it follows that h2h1
–1

 ∈ H, and therefore g2 
–1g1 ∈ H. It then follows from Lemma 11.4 

that g1 H = g2 H. Therefore each element of G is in exactly one of the different cosets of H. 
Suppose #( H ) = n. Say that H = {h1,…, hn}, where the elements hi are all different. Then 
for each g ∈ G, gH = {gh1,…, ghn}. Since ghi = ghj implies hi = hj (see Exercise 11.1.2A), 
the elements ghi are all different. Therefore #(gH ) = n = #( H ). Our key theorem is now 
an almost immediate consequence of Theorem 11.5.

Theorem 11.6
Lagrange’s Theorem*

If H is a subgroup of the finite group G, then the order of H is a divisor of the order of G.

*	 This theorem is named after Joseph Louis Lagrange (1736–1813), who was born in Turin in Italy. His mother was 
French and his father Italian. Eventually he moved to Paris, and in 1797 he became professor of mathematics at the 
École Polytechnique. Although Lagrange’s theorem is now regarded as a fundamental result about finite groups, it 
was proved by Lagrange before the concept of a group had been isolated. Lagrange proved his theorem in a more spe-
cial case dealing with the number of different polynomials that are obtained when its variables are permuted. For a 
good account of Lagrange’s work, and the history of algebra more generally, see John Derbyshire, Unknown Quantity, 
A Real and Imaginary History of Algebra, John Henry Press, Washington DC, 2006, and Atlantic, London, 2007.
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Proof
By Theorem 11.5, the different cosets of H completely partition G into disjoint sets each 
containing #( H ) elements. So if there are k different cosets of H, we have that

	 k × #( H ) = #(G),	  (11.3)

and it follows immediately that #( H ) is a divisor of #(G).

Although we have stated Lagrange’s theorem for finite groups, it can be extended 
to the cases where the group G is infinite and H is either finite or infinite. The proof 
that the cosets of H partition G is just the same in this case. It is possible to interpret 
Equation 11.3 in these cases using Cantor’s theory of infinite sets, but this does not lead 
to any very interesting conclusions.

Note also that in the finite case Lagrange’s theorem tells us only about the possible 
orders of the subgroups of a given group, G. They must be divisors of the order of G. 
However, not all these possible orders need be realized. There are cases where n is a 
divisor of the order of a group G, but G has no subgroup of order n. An example of 
this kind may be found in Exercise 11.3.2B. There is an extensive theory originated by 
the Norwegian mathematician Ludwig Sylow (1832–1918), which specifies cases where a 
group does have subgroups of certain orders, but this is beyond the scope of thisbook.*

Exercises
	 11.3.1A	� Determine which of the following sets form subgroups of the group, S(◽), 

of symmetries of a square (whose Cayley table is given in Table 11.2).

	i. ii.{ , , , }        { , , , , , }       e a b c e a b c h v iiii. iv.{ , , , }        { , }h v r s e r

	 11.3.1B	� Which is the smallest subgroup of S(◽) that contains both the symmetries 
b and h?

	 11.3.2A	� We have already noted that the set, Z, of integers forms a group with the oper-
ation of addition. Show that the subset, H, consisting of all integers that are 
multiples of 5, is a subgroup of Z. How many different cosets does H have?

	 11.3.2B	 Consider the following set, G, of 12 permutations from S4:

	
{ , ( )( ), ( )( ) ( )( ) ( )e , ,1 2 3 4 1 3 2 4 1 4 2 3 1 2 3 ,, ,

(1 2 4), (1 4 2), ,

( )

( ) ( ), (

1 3 2

1 3 4 1 4 3 22 3 4) ., (2 4 3)}

G forms a subgroup of S4. This can be seen most easily by noticing that the permuta-
tions in G correspond to the rotational symmetries of a regular tetrahedron with its 
vertices labeled 1, 2, 3, and 4. Show that although G has order 12 and 6 is a divisor of 
12, G does not have a subgroup of order 6. (You might find this easier after reading 
Section 11.4.)

*	 See, for example, Allenby, Rings, Fields and Groups, Chapter 6.
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11.4 O rders of Group Elements
Let G be a group, and let g be an element of G. Since G satisfies the closure condition, gg 
is also in G, and hence also g(gg), and hence g(g(gg)), and so on. Because G satisfies the 
associativity condition, we can leave out the brackets, and write ggg and gggg for these last 
two elements of G. At this point it is convenient to introduce the notation gn for gg gg

n

... ,
  

 
that is, for the result of combining n g’s together. Thus g2 is gg, g3 is ggg, and so on. We also 
use g1 for g, and it will sometimes be convenient to write g0 for the identity element e. It is 
immediately apparent that, when m and n are positive integers, gm gn = gm + n, as both sides 
of this equation result from combining m + n g’s (but note that this index law depends on 
the associativity property). Also, if gm = gn with m > n, then gm–n gn = gn, and hence gm–n

 = e. 
This observation will be useful in the sequel.

Now if G is a finite group, the elements gn for n = 0,1,2,… cannot all be different. Suppose 
that gm = gn with m > n. Then, as we have just noted, gm–n = e, where m – n is a positive inte-
ger. It follows that there is a smallest positive integer k, such that gk = e. This integer k is 
given a special name.

Definition 11.7
The least positive integer, k, if there is one, such that gk = e, is called the order of the 
group element g, and is written o(g). If there is no such k, we say that g is an element of 
infinite order.

Problem 11.2
Calculate the orders of the elements of the group S3, whose Cayley table is given in 
Table 11.3.

Solution
In each group e1 = e, and so the identity element has order 1. It is, clearly, the only ele-
ment of order 1. We see from the table that r2 = s2 = t2 = e, and hence r, s, and t have 
order 2. We also have that p2 = q , and hence p3 = p(p2 ) = pq = e. Thus p ≠ e, p2 ≠ e, but 
p3 = e, and so p has order 3. Similarly you can check that q has order 3.

We are now ready to explain the relationship between the meanings of order as used 
in Definitions 11.5 and 11.7. We first need a technical lemma.

Lemma 11.7
Let G be a group and let g be an element of G of (finite) order k. Then for all integers m, 
n, we have

	 gm = gn ⇔ m ≡ n(mod k) 	 (11.4)

and, in particular,

	 gn = e ⇔ n ≡ 0(mod k); that is, k is a divisor of n.	 (11.5)
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Proof
We first prove the equivalence 11.5. Then we show that we can deduce the equivalence 
in Equation 11.4.

Since g has order k, gk = e, and hence, for each integer m, gmk = (gk)m = em = e. So if n 
is a multiple of k, gn = e. Conversely, suppose that gn = e. Let r be the remainder when n is 
divided by k. Hence 0 ≤ r < k and for some positive integer m, n = mk + r. Then gmk + r = e 
and hence gr = gmk gr = gmk + r = gn = e. Since 0 ≤ r < k and k is the least positive integer 
such that gk = e, it follows that r = 0. So n = mk and so k is a divisor of n. This proves the 
equivalence 11.5.

Now suppose m, n are positive integers with, say, m ≥ n. Then using the equivalence 
11.5, we have that gm = gn ⇔ gm–n = e ⇔ k is a divisor of m – n ⇔ m ≡ n(mod k). This 
proves the equivalence 11.4.

It follows from this lemma that if g is an element of order k in a group G, there are only 
k different elements of the form gn in G, namely, e,g,g2,…,gk–1. It is not difficult to show that 
these elements form a subgroup of G (see Exercise 11.4.3A). This subgroup has order k.

In particular, in the case where G is finite, by Lagrange’s theorem, k is a divisor of the 
order of G. We have thus proved the following useful consequence of Lagrange’s theorem.

Corollary 11.8
Lagrange’s Corollary

If G is a finite group, and g ∈ G, then the order of g is a divisor of the order of G.

As with Lagrange’s theorem itself, this corollary only tells us about the possible 
orders of group elements. For example, you will see from the solution to Exercise 11.4.4B 
that in the group S4, which has order 24, there are no elements of orders 6, 8, 12, or 24, 
even though these are all divisors of 24. We are now ready to give the first application 
of group theory to a combinatorial problem. We do this in the next section.

Exercises
	 11.4.1A	 Calculate the orders of the elements of

	 i. The group of symmetries of a square,
	 ii. The group of rotational symmetries of a cube.

	 11.4.1B	 Calculate the orders of the symmetries of a regular tetrahedron.
	 11.4.2A	� Calculate the orders of the elements of the group Z12 of the integers 

{0,1,…, 11} with addition modulo 12.
	 11.4.2B	� Show that in the group of rotational symmetries of a circle, for each posi-

tive integer k, there is a symmetry of order k, and also that this group con-
tains elements of infinite order.

	 11.4.3A	� Show that if g is an element of (finite) order k in a group G, then the subset 
H = {e,g,g2,…,gk–1} is a subgroup of G.

	 11.4.3B	� Suppose that g is an element of order 5 in a group G. Draw up the Cayley 
table for the subgroup {e,g,g2,g3,g4}. Is this group isomorphic to another 
group you have already met? (It might help to write e as g0 and g as g1.)

	 11.4.4A	� Find all the subgroups of the group of symmetries of a square. (You may 
find it useful to use the Cayley table of this group as given in Table 11.2.)

	 11.4.4B	 Find as many subgroups of S4 as you can.
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11.5 T he Orders of Permutations
Shuffling a pack of cards amounts to permuting the cards. Generally the method is roughly 
to divide the pack into two piles and then more or less interleave the cards in one pile with 
those in the other pile. With very great skill, a standard pack of 52 cards can be shuffled by 
dividing the pack into two equal piles of 26 cards, and then alternating the cards from the 
two piles. This can be done in two ways depending on whether the card that is originally 
on top stays on top or ends up as the second card in the permuted pack. These two shuffles 
are called a top riffle shuffle and a bottom riffle shuffle, respectively, or, alternatively, an out 
shuffle and an in shuffle, respectively. These two shuffles are illustrated in Figure 11.5.

How many of these shuffles must take place before all the cards are restored to their 
original positions? It helps to answer this question if we write the relevant permutations in 
cycle notation. For example, we see that in the top riffle shuffle, the card originally in posi-
tion 1 stays in position 1, the card originally in position 2 moves to position 3, ... the card 
in position 27 ends up in position 2, and so on. Thus this shuffle, which we denote by σ T, 
corresponds to the permutation that is, in bracket notation,

	
1 2 3 24 25 26 27 28 29 50 51 52
1 3 5 47 49 51 2 4 6 48

. . . .

. . . . 550 52






.

In cycle notation this is

(1)(2 3 5 9 17 33 14 27)(4 7 13 25 49 46 40 28)(6 11 21 41 30 8 15 29)
(10 19 37 22 43 34 16 31) (12 23 45 38 24 47 42 32)(18 35)(20 39 26 51 50 48 44 36)(52).

We can now easily calculate the order of this permutation from its expression in cycle 
notation. We have already seen in Chapter 2, Section 2.6, that if we have a cycle of length n, 
then the numbers in the cycle are returned to their original positions after the permutation 

1 27
27 1

2 28
28 2

3 29
29 3

: :
: :

: :
: :

24 50
50 24

25 51
51 25

26 52
52 26

Top riffle or out shuffle Bottom riffle or in shuffle

Figure 11.5
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has been carried out n times. We see that σ T is made up of six cycles each of length 8, one 
cycle of length 2, and two cycles of length 1.

Thus we need to carry out this permutation only eight times before each card is returned 
to its original position. In the language of group theory, we say that σ T has order 8. Thus, 
if you could carry out a perfect riffle shuffle eight times in succession (a very big “if”!), you 
could give the appearance of having shuffled the pack very well, while returning all the 
cards to their original positions. A very useful skill to have. The bottom riffle shuffle is 
rather different. We ask you to calculate its order in Exercise 11.5.4A.

Here is another example. Consider the permutation σ = (1 2)(3 4 5)(6 7 8 9) from S9. 
Consider the effect of σ k, that is, carrying out the permutation k times. The numbers 1 and 2 
are returned to their original positions if k is a multiple of 2. To return 3, 4, and 5 to their 
original positions, k needs to be a multiple of 3, and to return 6, 7, 8, and 9 to their original 
positions, k must be a multiple of 4. So the least positive number k such that σ 

k returns all 
of 1, 2, ..., 8, and 9 to their original positions is the least k that is a multiple of 2, 3, and 4. 
That is, the order of σ is the least common multiple of 2, 3, and 4, namely 12. It is easy to see 
how this generalizes. If a permutation in disjoint cycle form is made up of cycles of lengths 
k1,k2,…,ks, then the order of the permutation is the least common multiple of k1,k2,…,ks. We 
write this least common multiple as lcm(k1,…,ks).

Since the order of a permutation is determined by the structure of its disjoint cycle rep-
resentation, it is useful to introduce some terminology and notation for this. We call this 
structure the cycle type of the permutation. We represent cycles of lengths 1, 2, 3, and so on, 
by the algebraic symbols x1,x2,x3, and so on. We represent the number of cycles of a given 
length by writing these symbols with the appropriate exponents. So, for example, the cycle 
type of the permutation σ = (1 2)(3 4)(5 6)(7 8 9 10 11) is x2

3x5
1, indicating that σ is made 

up of three cycles of length 2 and one cycle of length 5. Often the exponent 1 is omitted, so 
that the cycle type of σ could be written as x2

3x5.
In general, a permutation has cycle type x x xk

r
k

r
k

r
s

s
1

1
2

2 ... , where k1,k2,…,ks is an increasing 
sequence of positive integers, and r1,…,rs are positive integers, if in disjoint cycle form it is 
made up of rt cycles of length kt, for 1 ≤ t ≤ s. The usefulness of this notation will become 
apparent in Chapter 14.

Suppose σ is a permutation from Sn with cycle type x xk
r

k
r

s
s

1
1 ... . Then the total number of 

the positive integers in the cycles that make up σ is n. Hence we must have

	 r1k1 + … + rsks = n.	 (11.6)

If we rewrite Equation 11.6 as

	 k k k k
r r

1 1 2 2

1 2

+ + + + + +... ... .
     

... ... ,+ + + =k k ns s

rs  
	 (11.7)

we see that Equation 11.6 corresponds to a partition of n, as described in Chapter 6. Thus 
the different cycle types of permutations in Sn correspond to the partitions of n. Since two 
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permutations that have the same cycle structure have the same order, if we want to find the 
orders of the elements of Sn, all we need do is list the partitions of n. So, for example, the 
orders of the elements of S4 are as given in Table 11.4.

Thus, as we remarked in the previous section, S4 is a group of order 24 in which there are 
no elements of orders 6, 8, 12, and 24 even though these are divisors of 24.

Exercises
	 11.5.1A	 Find the orders of the following permutations.

	 a. (1 2)(3 4 5)(6 7 8 9)(10 11 12 13 14)
	 b. (1 2 3)(4 5 6 7)(8 9 10 11 12 13)

	 11.5.1B	 Find the order of the permutation σ ∈S20, which in bracket notation is

	

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
7 8 14 1 2 6 11 16 100 17 4 15 20 9 12 18 13 5 3 19







.

	 11.5.2A	 i. Find a permutation in S15 that has order 105.
	 ii. Show that for n < 15 there is no permutation in Sn of order 105.

	 11.5.2B	 i. Find a permutation in S31 that has order 1001.
	 ii. Show that for n < 31 there is no permutation in Sn of order 1001.

	 11.5.3A	 For n = 4,5,6, find the orders of the permutations in Sn.
	 11.5.3B	 For 1 ≤ n ≤ 10 find the largest order of the permutations in Sn.
	 11.5.4A	� Express the permutation corresponding to a bottom riffle shuffle of 52 

cards in disjoint cycle form, and use this to calculate its order.
	 11.5.4B	� Express the permutations corresponding to a bottom riffle shuffle and a top 

riffle shuffle of a pack of 40 cards, and calculate their orders.
	 11.5.5A	� Find the largest order of the permutations in S52. (There are 281,589 parti-

tions of 52, so that, without a computer, it is hardly practicable to answer 
this question by listing all the partitions and then calculating their least 
common multiples. Your search for a partition that corresponds to a per-
mutation of the largest possible order should be guided by the fact that 
since for distinct primes p, q and positive integers k, l, pk + pl < pkpl, it is 
only necessary to consider partitions in which the parts are either powers 
of primes, or 1. We can regard the permutation of largest order in S52 as giv-
ing rise to the most effective way of shuffling a standard pack of 52 cards. 
Thus the answer to this exercise could be regarded as providing us with an 
answer to Problem 11 of Chapter 1.)

	 11.5.5B	 Find the largest order of the permutations in S50.

Table 11.4

Partition Order

4 4
3+1 3
2+2 2
2+1+1 2
1+1+1+1+1 1
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12C h a p t e r  

Group Actions

12.1  Colorings
In Chapter 1 we mentioned the following two problems.

Problem 13A
Coloring a Chessboard
How many different ways are there to color the squares of a chessboard using 
two colors?

On a standard 8 × 8 chessboard, the squares are colored alternately black and white as 
shown in Figure 12.1i, but clearly they could be colored in many other ways. Alternative 
colorings are shown in Figure 12.1ii and iii. The problem is to decide exactly how many 
different colorings are possible.

Problem 13B
Coloring a Cube
In how many different ways can you color a cube using three colors? One such coloring 
is shown in Figure 12.2.

These problems have a similar character. One difference is that the first problem is 
about a two-dimensional figure, and the second problem is about a three-dimensional 
figure. In this chapter we discuss only the first problem, as it is rather easier to work 
in two dimensions than in three. The solutions to both problems are given in the next 
chapter after we have described the ideas needed to solve them.

To make things as simple as possible for us, we begin by dealing with the case of a 
2 × 2 chessboard; the case of a 1 × 1 chessboard is too simple for us to learn anything 
useful from it. A 2 × 2 chessboard has four squares, so with two choices of color for each 
square, there are altogether 24 = 16 ways it can be colored. These 16 colorings are shown 
in Figure 12.3, where we have labeled them C1, C2, …, C16, for future reference.

Are these colorings really all different? This depends on what we mean by “different.” 
It seems reasonable to say that some of these colorings really are the same, and that they 
only look different because the chessboard has been rotated or reflected. For example, if 
we give the coloring C2 a quarter turn clockwise, it looks like C3. Also, the reflection in 
the vertical axis converts C2 into C3. From this point of view C2 and C3 are the same. 
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Indeed, in this light there are only six different patterns among these colorings. That is, 
we can put the colorings into the following six sets, with all the colorings in the same 
set having the same pattern.

	 {C1}, {C2, C3, C4, C5}, {C6, C7, C8, C9}, {C10, C11}, {C12, C13, C14, C15}, {C16}

Lurking in the background are the symmetries of the square. We have put two 
colorings in the same set if we can obtain one from the other by applying one of the 
symmetries of a square. As it happens, the case of a coloring of a 2 × 2 chessboard 
with two colors is so simple that it makes no difference whether we take into account 
reflections or not. In each case, whenever there is a reflectional symmetry taking one 
coloring to another coloring, there is also a rotational symmetry that does the same 
job. However, there is a difference as soon as we consider 3 × 3 and larger chessboards. 
Consider the two colorings in Figure 12.4. There is a reflectional symmetry that takes 
coloring (i) to coloring (ii), but no rotation of (i) produces coloring (ii).

We are free to choose whether we wish to regard these colorings as having the same 
pattern or not. This amounts to deciding which group of symmetries we are going to use, 
either the full group of all eight symmetries of the square, or just the subgroup consisting 
of only the identity and the rotational symmetries. The underlying theory turns out to be 
the same whichever group of symmetries we choose. The theory we are speaking about 
here deals with the interaction between a group and the members of some set. In the cases 
of interest to us the group will always be a group of symmetries of some figure, and the set 
will be a set of colorings of the same figure.

Exercises
	 12.1.1A	 How many colorings are there of
	 i.  A standard 8 × 8 chessboard, using two colors

	 ii.  The faces of a cube using three colors
	 12.1.1B	 How many colorings are there of an n × n chessboard using k colors?
	 12.1.2A	� Give an example of two colorings of a 2 × 2 chessboard, using three colors, such 

that one can be obtained from the other by a reflection but not by a rotation.
	 12.1.2B	� Are there two colorings of the faces of a cube using two colors such that 

one can be obtained from the other by a reflection but not by a rotation?

(i) (ii) (iii)

Figure 12.1

Figure 12.2
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12.2 T he Axioms for Group Actions
We wish to describe the general situation where we have an interaction between a group, 
say G, and a set, say X. In this abstract discussion you may find it helpful to keep in mind the 
particular example of the symmetries of a square and the colorings of a 2 × 2 chessboard, 
described in the previous section. We will often refer to this example.

The symmetries of a square in our example interact with each coloring to produce a 
(possibly) different coloring. For example, the quarter turn clockwise, for which we have 
used the symbol a, interacts with the coloring C2 to produce the coloring C3. We express 
this by writing a ▷ C2 = C3, and in general, we use g ▷ x for the result of g acting on x. In 
order to develop a general theory we require that this interaction satisfies a couple of simple 
and natural properties, as given in the following definition.

Definition 12.1
Let (G,•) be a group and let X be a set. We say that G acts on X if for each g ∈ G and 
each x ∈ X, there is defined an element g ▷ x ∈ X, in such a way that the following 
properties hold:

The Group Action Conditions

GA1. For each x ∈ X, eG ▷ x = x, where eG is the identity element of G.
GA2. For all g1,g2 ∈ G, and each x ∈ X, g1 ▷ (g2 ▷ x) = (g1 • g2) ▷ x.

Whenever a group acts on a set we say that we have a group action.

C1

C5

C9

C13

C2

C6

C10

C14

C3

C7

C11

C15

C4

C8

C12

C16

Figure 12.3

(i) (ii)

Figure 12.4
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We stress that, in a group action, the elements of G are usually completely different 
from the elements of X. Thus the action of g on x to yield g ▷ x is very different from, for 
example, the combination of two group elements, which are objects of the same kind, 
to produce another group element. So, although we often omit the symbol for a group 
operation and write gh instead of g • h, the symbol ▷ should never be left out. It helps to 
remind us of the disparity between g and x. [In those cases where the elements of the 
group G are functions with domain X, it may sometimes be appropriate to write g(x) 
in place of g ▷ x.]

It is not difficult to see that if G is a group of symmetries of a figure, and if X is the 
set of all colorings of the figure, then the action defined as in the previous section sat-
isfies properties GA1 and GA2. In this case GA1 amounts to the fact that the identity 
element of G is the identity map, ι, and for each coloring x, ι ▷ x = ι(x) = x, and GA2 to 
g1 ▷ (g2 ▷ x) = g1(g2(x)) = g1 • g2(x) = (g1 • g2) ▷ x. Thus the examples of the previous sec-
tion are group actions. For some examples of a different kind, see the exercises at the 
end of this section.

We conclude this section with a simple technical lemma about group actions that 
we need later on.

Lemma 12.1
Let G be a group that acts on a set X. Then for each g ∈ G, and all x,y ∈ X,

	 g ▷ x = y ⇔ g−1 ▷ y = x.

Proof
Suppose that g ▷ x = y. Then, g−1 ▷ y = g−1 ▷ (g ▷ x) = (g−1 • g) ▷ x, by (GA2), = e ▷ x = x, 
by GA1.

The converse implication, g−1 ▷ y = x ⇒ g ▷ x = y, is proved similarly.

Exercises
	 12.2.1A	� Let G be the group, (R, + ), of real numbers with the operation of addition, 

and let X be the set, R2, of points in the plane. Suppose we define the action 
of R on R2 by specifying that for each θ ∈ R and all x ∈ R2, θ ▷ x = the point 
to which x is moved by a rotation through an angle θ counterclockwise 
about the origin. [Thus, θ ▷ (x,y) = (x cosθ − y sinθ, x sinθ + y cosθ).] Show 
that this satisfies the group action conditions.

	 12.2.1B	� This question is about a more sophisticated example of a group action. Let 
G be any group. We define an action of the group G on G by: for g ∈ G and 
x ∈ G, g ▷ x = gxg−1. Show that this satisfies the group action conditions. The 
action in this case is called conjugation, and gxg−1 is called the conjugate of 
x by g. This plays an important role in the theory of groups, but it is not 
greatly important from the point of view of this book.

	 12.2.2A	� Let n be a positive integer. We define the action of the group, Sn, of all 
permutations of the set {1,2,…,n} on the set of edges of the complete 
graph, Kn = (Vn, En), with n vertices, say Vn = {v1,…, vn}, by: for σ ∈ Sn 
and {vi, vj}∈ En, σ ▷ {vi, vj} = {vσ(i), vσ(j)}. Show that this satisfies the group 
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action conditions. This example of a group action plays an important role 
when it comes to counting the number of different simple graphs, as we 
do in Chapter 14.

	 12.2.2B	� Let G be a group, and let g0 be a particular element of G. We define the 
action of the group, (Z, + ), of the integers with addition, on G, as follows: 
For n∈Z and g∈G, n ▷ g = g0

ng, where we interpret g0
0 as the identity element 

eG of G, and for n < 0, we interpret g0
n as (g0

− n)−1. Show that this satisfies the 
group action conditions.

	 12.2.3A	� Suppose that the group G acts on the set X. Show that for all g, h ∈ G and all 
x ∈ X, g ▷ x = h ▷ x ⇔ g−1h ▷ x = x.

	 12.2.3B	� Consider the group action of R on R2 as described in Exercise 12.2.1A. 
Determine the set

	 { : ( , ) ( , )}.θ θ π∈ =R  1 0
4

1 0

12.3 O rbits
We can now explain, in terms of group actions, what is meant by two colorings of some 
figure being regarded as “the same.” We regard two colorings as being the same if some 
symmetry of the figure maps one to the other. Consequently, whether or not two colorings 
of a figure are regarded as being the same will depend heavily on which symmetries of the 
figure are taken into account. We can now explain this situation in general terms by using 
the language of group actions and giving a definition in this general context.

Definition 12.2
Let G be a group that acts on a set X. We define the relation ~G on X as follows:

	 For all x,y ∈ X, x ~G y ⇔ there is some g ∈ G such that g ▷ x = y.

The notation suggests that ~G is an equivalence relation. We now prove that this is 
indeed the case. Recall that this means showing that the relation ~G is reflexive, sym-
metric, and transitive. The proof uses the group action conditions, and it is notable that 
the proof that ~G has these properties uses the identity, inverses, and closure properties 
of a group, respectively, to do this.

Lemma 12.2
The relation ~G is an equivalence relation on X.

Proof
We check that ~G has the three necessary properties to be an equivalence relation.

Reflexive: Suppose x ∈ X. Since G is a group, it has an identity element e, and by GA1 
e ▷ x = x. It follows that x ~G x. Therefore ~G is reflexive.

Symmetric: Suppose x,y ∈ G and x ~G y. Then there is some g ∈ G such that g ▷ x = y. 
As G is a group, g has an inverse, g−1, which is also in G. By Lemma 12.1, g−1 ▷ y = x. 
Hence y ~G x. Therefore ~G is symmetric.
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Transitive: Suppose x,y,z ∈ X and both x ~G y and y ~G z. Then there are g,h ∈ G 
such that g ▷ x = y and h ▷ y = z. As G is a group, hg ∈ G, and using GA2, we have 
that hg ▷ x = h ▷ (g ▷ x) = h ▷ y = z. Hence x ~G z. Therefore ~G is transitive.

Because ~G is an equivalence relation, it partitions X into disjoint equivalence classes. 
When G is a group of symmetries acting on a set of colorings, these equivalence classes 
are the colorings that we are regarding as being the same. Thus our question about 
how many different colorings there are may be restated as asking how many different 
equivalence classes there are. In this context the standard term for the equivalence 
classes is orbits. Here is the formal definition.

Definition 12.3
Let the group G act on a set X. The equivalence classes of the relation ~ G are called 
orbits. For each x ∈ X, we let Orb(x) be the orbit to which x belongs.

Since y ∈ Orb(x) ⇔ x ~ G y ⇔ for some g ∈ G, g ▷ x = y, it follows that 
Orb(x) = {g ▷ x: g ∈ X}. That is, the orbit of x consists of all the elements of X that 
we obtain from x by letting each element of G act on x.

So we are now interested in how to calculate the number of different orbits when a 
group acts on a set. Before we can give the theorem that answers this question we need 
to develop one more theoretical idea. We do this in the next section.

Exercises
	 12.3.1A	� Consider the group action described in Exercise 12.2.1A. Find the orbits of 

the points (1,0) and (0,0).
	 12.3.1B	 Find a group action on R2 whose orbits are ellipses.
	 12.3.2A	� Let G be the group, (R,+), of real numbers with addition, and let X = R2. The 

action of G of X is defined by: for t ∈ R, and (x,y) ∈ R2, t ▷ (x,y) = (x + t, y + 2t). 
Show that this satisfies the group action conditions. Find the orbits of the 
points (0,0), (0,1), and (1,2).

	 12.3.2B	� Let G be the group, S(), of symmetries of the square (recall that the Cayley 
table of this group is given in Table 11.2). Find the orbits of each element of 
G with respect to the group action of conjugation, as described in Exercise 
12.2.1B.

12.4 S tabilizers
Whenever a group G acts on a set X, each element of X is fixed by the identity element of 
G in the sense that e ▷ x = x. This is built into the definition of a group action as condition 
GA1. Other elements of G may fix certain elements of X. For example, in our standard 
example of colorings of a 2 × 2 chessboard, the diagonal reflection r fixes each of the color-
ings C1, C2, C4, C10, C11, C13, C15, and C16, as these are symmetrical about the relevant 
diagonal. The type of symmetry of a particular coloring is determined by those symmetries 
that leave it unchanged. We give this set a special name.
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Definition 12.4
Let the group G act on a set X. For each x ∈ X, the set of elements of G that fix x is called 
the stabilizer of x. We let Stab(x) be the stabilizer of x. Thus

	 Stab(x) = {g ∈ G: g ▷ x = x}.

It can be seen that with our example of the group, S(), of symmetries of a square 
acting on the colorings of a 2 × 2 chessboard, the stabilizer of C2 is {e,r}, and that of 
C10 is {e,b,r,s}. These are both subgroups of S(). The next result tells us that this is not 
an accident.

Lemma 12.3
If the group G acts on the set X, then for each x ∈ X, Stab(x) is a subgroup of G.

Proof
We check that Stab(x) satisfies the subgroup conditions.

Closure: Suppose g,h ∈ Stab(x), then g ▷ x = x and h ▷ x = x. Hence, by GA2, gh ▷ x = 
g ▷ (h ▷ x) = g ▷ x = x, and hence gh ∈ Stab(x). So the closure condition is satisfied.

Identity: By GA1, e ▷ x = x, and so e ∈ Stab(x).

Table 12.1

Coloring Orbit Stabilizer

C1 {C1}
C2

C3

C4

C5

{

{ , , , , , , , }e a b c h v r s













CC2, C3, C4, C5}

{ , }

{ , }

e r

e s

C6

C7

C8

C9

{ , }

{ , }

e r

e s



























{C6, C7, C8, C9}

{ , }

{

e v

e,, }

{ , }

{ , }

h

e v

e h
C10

C11




























{C10, C11}

C12

C13

C14

C15

{ , , , }e b r s





{C12, C13, C14, C15}

{ , }e s

{{ , }

{ , }

{ , }

e r

e s

e r
C16














{C16} { , , , , , , , }e a b c h v r s
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Inverses: Suppose g ∈ Stab(x). Then g ▷ x = x, and so, by Lemma 12.1, g−1 ▷ x = x. 
Hence g−1 ∈ Stab(x), and the inverses condition is satisfied.

This completes the proof.
We are interested in stabilizers because, as we will soon see, they help us to count orbits. 

Group theorists are interested in stabilizers for other reasons. As Lemma 12.3 shows, they 
are useful in identifying subgroups. For example, the subgroup {e,b,r,s} of S(∗) is not easy to 
find from the Cayley table (see Table 11.2), but can easily be identified as Stab(C10).

Once again, it is instructive to return to our example of the group S() acting on the 
colorings of a 2 × 2 chessboard. In Table 12.1 we have listed the orbits and the stabiliz-
ers of the colorings.

We see that the larger the orbit then the smaller is the stabilizer. Indeed, in each case 
#(Orb(x)) × #(Stab(x)) = 8, and 8 is the number of elements in the group S(). This is 
not a coincidence, but an important result that is true in every case of a group action.

Theorem 12.4
The Orbit-Stabilizer Theorem

If the group G acts on the set X, then for each x ∈ X,

	 #(Orb(x)) × #(Stab(x)) = #(G).	 (12.1)

Proof
By Lemma 12.3, Stab(x) is a subgroup of G. So Equation 12.1 is similar to the equation 
that occurs in our proof of Lagrange’s theorem (Theorem 11.6), namely,

	 k × #(H) = #(G),	 (12.2)

where k is the number of different cosets of H.

Comparing Equations 12.1 and 12.2 we see that to prove Equation 12.1 it will be 
enough to prove that

	 #(Orb(x)) = the number of different cosets of Stab(x).

Consequently, we need to show that there is a one–one correspondence between the 
elements of Orb(x) and the cosets of Stab(x). Now, Orb(x) = {g ▷ x: g ∈ G}, and the set of 
cosets of Stab(x) is {gStab(x): g ∈ G}. We now establish the required one–one correspon-
dence between these sets as follows:

For g1,g2 ∈ G, we have that

	 g1 ▷ x = g2 ▷ x ⇔ g2
−1g1 ▷ x = x, by the result of Exercise 12.2.3A,

	 ⇔ g2
−1g1 ∈ Stab(x), by the definition of Stab(x),

	 ⇔ g1Stab(x) = g2Stab(x), by Lemma 11.4.

This establishes the desired correspondence, and so completes the proof of Theorem 
12.4. We can immediately deduce the following corollary.
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Corollary 12.5
Let G be a finite group that acts on a set X. Then the number of elements in each orbit 
is a divisor of the order of G.

In particular, in the case of the group action of conjugation of a group on itself, 
the number of elements in each orbit, which in this context are also called conjugacy 
classes, is a divisor of the number of elements in the group. This is a very useful result 
when it comes to analyzing the structure of groups.

As we now see, we can easily deduce from the orbit-stabilizer theorem the following 
result, which gives a formula for the number of orbits.

Theorem 12.6
The Orbit-Counting Theorem

Let G be a finite group that acts on the set X. Then the number of different orbits is

	 1
#( )

#( ( )).
G

Stab x
x X∈
∑

Proof
Suppose that there are k different orbits, Orb(y1),Orb(y2),…,Orb(yk). For 1 ≤ r ≤ k and 
for each x ∈ Orb(yr), Orb(x) = Orb(yr). Hence, by the orbit-stabilizer theorem,

	 #( ( )) #( )
#( ( ))

#( )
#( ( ))

.Stab x G
Orb x

G
Orb yr

= =

Hence

	 #( ( )) #( )
#( ( ))

( ) (

Stab x G
Orb y

x Orb y rx Orb yr r∈ ∈
∑ =

))

.∑ 	 (12.3)

In Equation 12.3 each term in the sum on the right-hand side has the same value, and 
there are #(Orb(yr)) terms in this sum. We therefore deduce from Equation 12.3 that

	 #( ( )) #( ( )) #( )
#( (

( )

Stab x Orb y G
Orb

x Orb y
r

r∈
∑ = ×

yy
G

r ))
#( ).=

Therefore, as X Orb yr
k

r= =∪ 1 ( ), where for 1 ≤ r < s ≤ k the sets Orb(yr) and Orb(ys) 
are disjoint,

	 #( ( )) #( ( ))
( )

Stab x Stab x
x X x Orb yr r∈ ∈=
∑ ∑=











11 1

k

r

k

G k G∑ ∑= =
=

#( ) #( ).

It follows that

	 k
G

Stab x
x X

=
∈
∑1

#( )
#( ( )).

This completes the proof.
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Is the formula given by this theorem useful? It is easy to use it in our standard 
example of the group S() acting of the set of colorings of a 2 × 2 chessboard. From 
Table 12.1, we obtain Table 12.2 of values of #(Stab(x)).
We thus see that in this case ∑ =∈x X Stab x#( ( )) ,48  and hence, by the orbit-counting 
theorem, there are 1

8 48 6× =  different orbits, which agrees with the value we have 
already found.

The calculation in this example is deceptively simple. We were able to use the orbit-
counting theorem because we could easily list the 16 elements of X and work out the 
number of elements in their stabilizers. However, in the case we are really interested in, 
that of 8 × 8 chessboards, this method is completely impractical. There are 264 colorings 
of an 8 × 8 chessboard using two colors, and there is no practical way we could list them 
all. If we could fit 50 colorings to a page, then we would need just over 1015 volumes with 
360 pages each to list them all. However, although as we move from 2 × 2 chessboards 
to 8 × 8 chessboards the number of colorings becomes very large, the group of sym-
metries, S(), remains the same and still has just eight elements. In the next chapter we 
show how this can be exploited.

Exercises
Note: In these exercises we show how the theory of group actions can be used to 
derive some combinatorial theorems about groups. They are not relevant for the rest 
of this book. We give only two applications. You will need to consult a book about 
groups for more.

	 12.4.1A	� We say that two elements, x, y, of a group, (G,•), commute if x • y = y • x, and 
that a group is a commutative group if all pairs of its elements commute. 
The center of a group, written Z(G), is defined to be the set of all those 
elements of the group that commute with every element of the group. That 
is, Z(G) = {g ∈ G: for all x ∈ G, gx = xg}. Clearly, for every group G, we have 
eG ∈ Z(G). The example of the group of symmetries of an equilateral tri-
angle (as given by Table 11.3) shows that it is possible to have Z(G) = {e}. 
The purpose of this exercise is to show that if #(G) is the power of a prime 
number, p, there are at least p elements in Z(G).

	 a.	 Prove that Z(G) is a subgroup of G.
	 b.	� Prove that g ∈ Z(G) ⇔ the conjugacy class of g is {g}, that is, g is conjugate 

just to itself.
	 c.	� Prove that, if for some prime number p and some positive integer n, 

#(G) = pn, then #(Z(G)) ≥ p. (Hint: Make use of the remark after Corollary 
12.5 that the number of elements in a conjugacy class divides the order 
of the group.)

	 12.4.1B	� We have noted in exercise 11.3.2B that the converse of Lagrange’s theorem 
is not, in general, true. That is, if k divides the order of a group, there need 
not be an element of the group of order k (nor even a subgroup of order k). 
However, this converse is true when k is a prime number. In this exercise 

Table 12.2

x C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15 C16

#(Stab(x)) 8 2 2 2 2 2 2 2 2 4 4 2 2 2 2 8
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you are asked to prove this result, which is due to the French mathemati-
cian Cauchy.*

We start with a group G and suppose that p is a prime number that is a divisor of 
#(G). We let X be the set of all ordered p-tuples of elements of G whose product is the 
identity element, e, of G. Thus

	 X = {(g1, g2,…, gp): g1, g2,…, gp ∈ G and g1 g2…gp = e}.

Recall that Zp is the group of the integers {0,1,…, p−1} with addition modulo p. We 
define an action of this group on X by

	 k ▷ (g1, g2,…, gp) = (gk + 1, gk + 2,…, gk + p),	 (12.4)

where the addition in the suffices is carried out modulo p.

	 i.	 Given that #(G) = n, how many elements are there in X?
	 ii.	 Prove that Equation 12.4 defines an action that satisfies the group action 

conditions.
	 iii.	 Prove that

	 k ▷ (g1,…,gp) = (g1,…,gp), for all k ∈ Zp ⇔ g1 = g2 = … = gp.

It follows from (iii) that the only orbits containing just one element comprise 
those elements of X of the form (g, g,…,g). Such a p-tuple is in X, if and only if 
gp = 1, and hence either g = e, or g is an element of order p. Thus to prove that 
G contains at least one element of order p you need only show that:

	 iv.	 There is more than one orbit that consists of a single element of X.

*	Augustine-Louis Cauchy was born in Paris on August 21, 1789, and died at Sceaux, near Paris, on May 23, 1857. 
He was an extremely distinguished and prolific mathematician who made important contributions to both pure 
and applied mathematics. He is best remembered as the originator, along with Gauss, of complex analysis where 
many of the standard results, for example, the Cauchy–Riemann equations and Cauchy’s residue theorem, bear 
his name.





257

13C h a p t e r  

Counting Patterns

13.1 F robenius’s Counting Theorem
In this chapter we are able to give the solutions to Problems 13A and 13B about counting 
the different patterns we get by coloring a chessboard and a cube. The key step is turning 
the orbit-counting theorem (Theorem 12.6) into a form in which it is much easier to use. 
Recall that this theorem tells us that when the group G acts on the set X, then the number 
of different orbits is

	 1
#( )

#( ( )).
G

Stab x
x X∈
∑ 	 (13.1)

We noted that, in the case of coloring an n × n chessboard, this formula becomes 
impractical as n gets larger, as the number of colorings that make up the set X grows very 
rapidly. However, we also noticed that, in this case, the group G remains the same, as it is 
the group, S(), of symmetries of the square, however large the chessboard. So the key idea 
is to replace the sum in expression 13.1 by a sum over the group of symmetries. We can see 
how this works in general by considering, once again, the action of the group S() on the 
set of colorings of a 2 × 2 chessboard.

In Table 13.1 we have put a tick in the row corresponding to a group element g and 
the column corresponding to a coloring x if and only if g fixes x; that is, if and only if 
g ▷ x = x.

In Table 13.1 the ticks in each x column correspond to the group elements in Stab(x), 
and so the number of ticks is #(Stab(x)). Hence ∑ ∈x X Stab x#( ( )) is the total number of ticks 
in the table. We can count these ticks in another way. Instead of adding up the column 
totals, 8, 2, 2, 8, … , 2, 8, we can add up the row totals, 16, 2, 4, … , 8, 8. As we have already 
noted, the number of columns in the corresponding table of this kind grows very rapidly as 
the chessboard gets larger, but the number of rows stays the same. So this seemingly simple 
idea of counting the total number of ticks by adding the row totals turns out to have lots of 
advantages. To state the result we need some terminology for the row totals.



258    ◾    How to Count: An Introduction to Combinatorics, Second Edition﻿

Definition 13.1
Suppose that the group G acts on the set X. For each g ∈ G, the fixed set of g is the set of 
those elements of X that g fixes. Writing Fix(g) for the fixed set of g, we have

	 Fix(g) = {x ∈ X: g ▷ x = x}.

We usually refer to the fixed set of g as the fix of g.

It follows that the ticks in the g row correspond to the elements of Fix(g), and so 
#(Fix(g)) is the number of ticks in the g row. Since the sum of the row totals must be the 
same as the sum of the column totals, we have that

	 #( ( )) #( ( )),Fix g Stab x
g G x X∈ ∈
∑ ∑=

and we can use this to rewrite the orbit-counting theorem in the following much more 
useful form.

Theorem 13.1
Frobenius’s Counting Theorem*

If G is a finite group that acts on the set X, then the number of different orbits is

	 1
#( )

#( ( )).
G

Fix g
g G∈
∑

We see how useful this version of the theorem is in the next section.

*	Because of a historical accident, this result is often called “Burnside’s lemma.” William Burnside attributed the 
result to Frobenius in the first edition of his book Theory of Groups of Finite Order, Cambridge University Press, 
Cambridge, 1897, but Frobenius’s name was accidentally left out of the more widely read second edition of 1911. 
For the details of this history see P. M. Neumann, A Lemma That Is Not Burnside’s, Mathematics Scientist, 4, 1979, 
pp. 133–141, and E. M. Wright, Burnside’s Lemma: A Historical Note, Journal of Combinatorial Theory B, 25, 1981, 
pp. 89–90. Georg Ferdinand Frobenius was born in Berlin on October 26, 1849. He was the first to formulate the 
abstract concept of a group. He became professor of mathematics in Zurich in 1875, and he returned to Berlin as 
professor of mathematics at the university in 1892. He died in Charlottenberg on August 3, 1917.

Table 13.1

Colorings

Sy
m

m
et

rie
s

C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 C14 C15 C16 Total

e                 16

a   2

b     4

c   2

h     4

v     4

r         8

s         8

Total 8 2 2 2 2 2 2 2 2 4 4 2 2 2 2 8 48
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Exercises
	 13.1.1A	� An equilateral triangle may be divided into four smaller equilateral trian-

gles by the lines joining the midpoints of its edges, as shown in Figure 13.1.
	   Let X be the set of colorings of this figure in which each small triangle 

may be colored either black or white. Let the group, G, of symmetries of an 
equilateral triangle act on X in the standard way. For each g ∈ G find the 
value of #(Fix(g)) and hence work out the number of different orbits.

	 13.1.1B	� Let G be a group, and let G act on itself by conjugation. (Recall that this 
means that for all g ∈ G and all x ∈ G, g ▷ x = gxg−1.) Show that for all g ∈ G, 
Fix(g) = Stab(g).

13.2  Applications of Frobenius’s Counting Theorem
We can now, at last, solve Problem 13A about the number of different colorings of an 8 × 8 
chessboard that we introduced in Chapter 1. If we use Frobenius’s counting theorem all we 
need to do is count the number of colorings that are fixed by each symmetry of the square.

Solution to Problem 13A
In this problem, our underlying set, X, is the set of all 264 colorings of an 8 × 8 chess-
board using two colors. To apply Frobenius’s counting theorem (Theorem 13.1), we 
need to calculate #(Fix(g)) for each of the eight symmetries of a square (as given in 
Figure 11.2). Since the identity fixes every coloring, #(Fix(e)) = 264.

We next consider Fix(a), where a is the quarter-turn rotation clockwise. Which 
colorings are fixed by a; that is, which colorings look the same after the chessboard has 
been given a quarter turn?

The clockwise quarter turn moves the square labeled α to the square labeled β, β 
to γ, γ to δ, and δ to α (see Figure 13.2). So, if the coloring is to look the same after 
the rotation as it did before, all the four squares in this cycle must have the same 
color. More generally, once we have decided the colors of the 16 squares in the top 
left-hand quadrant of the board, then the colors of all the other squares are deter-
mined if the board is to look the same after the quarter-turn rotation. So #(Fix(a)) is 
the number of different ways of coloring the 16 squares in the top left-hand corner 
of the board, that is, 216.

Another way to look at this, and one that will be very fruitful in the next chapter, is 
that corresponding to the rotation, there is a permutation, say πa, of the 64 squares of 
the chessboard. This permutation is made up of 16 cycles each of length 4. For example, 
one of these cycles is (α β γ δ). A coloring looks the same after the quarter-turn rotation 
if and only if, for each of these cycles, all the squares in the cycle are the same color. 
Therefore, in choosing a coloring that is fixed by the symmetry a, we are free to assign 
a color to each of these 16 cycles, and then all the squares in a given cycle must have 
the color assigned to that cycle. Since there are 16 cycles and two possible colors for 
each cycle, there are 216 colorings that are fixed by the symmetry a. In other words, πa 

Figure 13.1
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has cycle type x4
16, showing that it is made up of 16 cycles, each of length 4, and hence 

#(Fix(a)) = 216.

We have stressed this point because it is crucial to using Frobenius’s counting theorem. 
You are therefore encouraged to pause in your reading and to calculate #(Fix(g)) for each 
g ∈ S(). Then check whether your answers agree with those in Table 13.2. You should 
tackle this problem by considering the permutation, πg, of the 64 squares of the chess-
board, corresponding to each symmetry, g. If the chessboard is to look the same after the 
symmetry has been carried out, all the squares in any given cycle of πg must be assigned 
the same color. So if πg has n cycles, #(Fix(g)) = 2n.

Let us look more closely at Fix(r) and Fix(s). The permutation, πr, of the 64 squares 
of the chessboard, corresponding to the diagonal reflection r, has cycle type x1

8 x2
28, as 

the 8 squares on the diagonal stay in their original positions and the other 56 squares 
are swapped round in pairs. This means that πr is made up 8 cycles of length 1 and 
28 cycles of length 2, making 36 cycles altogether. Hence #(Fix(r)) = 236. Similarly, 
#(Fix(s)) = 236.

We can now use Frobenius’s counting theorem to calculate the total number of 
different patterns. All we have to do is to add up the values of #(Fix(g)) and then divide 
by the total number of symmetries. So the total number of different patterns is

	 1
8

2 2 2 3 2 2 2 264 36 32 16( ( ) ( ) ( ))+ + + = ,305,843,028,0004,192,256.

Rather a large number!

Table 13.2

g e a b c h v r s
#(Fix(g)) 264 216 232 216 232 232 236 236

α β

γδ

Figure 13.2
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It is easy to see that if we have more than two colors, all we need to do is to replace 2 
in the above formula by the number of colors we are using. Thus the number of differ-
ent patterns that can be obtained by coloring the squares of an 8 × 8 chessboard using 
c different colors is

	 1
8

2 3 264 36 32 16( ).c c c c+ + +

We now look at two more examples where we can use Frobenius’s counting theorem. 
You are encouraged to try them for yourself before reading the solutions.

Problem 13.1
In how many ways can the vertices of a regular hexagon be colored using c different 
colors?

Note that this is the same problem as that of counting the number of patterns that 
can be formed by arranging six beads in a ring, using beads of c colors.

Solution
The relevant set, X, here is the set of all ways of choosing colors for the six vertices. 
Since there are c colors to choose from for each vertex, #(X) = c6. The relevant group, 
G, is the group of symmetries of a regular hexagon. You will recall from Chapter 11 
(see Exercise 11.2.2B) that there are 12 of these symmetries as follows:

e	 the identity,
rk, for 1 ≤ k ≤ 5	 rotation through an angle 2kπ/6 counterclockwise,
sk, for 1 ≤ k ≤ 3	 reflection in the axis joining the vertices k and k + 3, and
tk, for 1 ≤ k ≤ 3	� reflection in the axis, in the plane of the hexagon, perpendicular 

to the line joining the vertices k and k + 3.

We need to work out the number of colorings fixed by each symmetry. We 
can do this by considering the permutation of the vertices, say πg, correspond-
ing to each symmetry, g. If this permutation is made up of n disjoint cycles, then 
#(Fix(g)) = cn. We set this out in Table 13.3 using the labelings of the vertices shown 
in Figure 13.3.

Of course, it isn’t really necessary to work these all out individually, as clearly s1,s2, 
and s3 have the same cycle type, as also do t1,t2, and t3.

It now follows immediately from Frobenius’s counting theorem that the number of 
different patterns is 1

12
6 4 3 23 4 2 2( ).c c c c c+ + + +

Problem 13.2
How many different ways are there to color the faces of a regular tetrahedron using c 
colors? (Two colorings should be regarded as the same if one can be obtained from the 
other by a rotational symmetry.)
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Solution
Here we think of the faces of the tetrahedron as the objects being permuted, as they 
are the objects to be colored. A regular tetrahedron has 12 rotational symmetries, 
as follows:

	 a.	 The identity, e. This fixes every coloring. As the tetrahedron has four faces, the 
corresponding permutation of the faces has cycle type x1

4, and it follows that 
#(Fix(e)) = c4.

	 b.	 Rotations through two-thirds of a turn (that is, through an angle 2
3 π), clockwise and 

counterclockwise about axes joining a vertex to the midpoint of the opposite face, as 
shown in Figure 13.4i. There are eight of these rotations. Each of the corresponding 
permutations of the faces has cycle type x1x3, since it fixes one face and permutes the 
other three faces in a cycle of length 3. So each of them fixes c2 colorings.

	 c.	 Rotations through a half turn ( )1
2 π  through axes joining the midpoints of opposite 

edges, as shown in Figure 13.4ii. There are three of these rotations. Each of the 
corresponding permutations of the faces has cycle type x2

2, and so each of them 
fixes c2 colorings.

It therefore follows from Frobenius’s counting theorem that there are 1
12

4 211( )c c+  
different ways to color a regular tetrahedron using c colors.

Table 13.3

Symmetry
g

Permutation
πg

Cycle type of
πg #(Fix(g))

e (1)(2)(3)(4)(5)(6) x1
6 c6

r1 (1 2 3 4 5 6) x6 c
r2 (1 3 5)(2 4 6) x3

2 c2

r3 (1 4)(2 5)(3 5) x2
3 c3

r4 (1 5 3)(2 6 4) x3
2 c2

r5 (1 6 5 4 3 2) x6 c
s1 (1)(4)(2 6)(3 5) x1

2 x2
2 c4

s2 (2)(5)(1 3)(4 6) x1
2 x2

2 c4

s3 (3)(6)(1 5)(2 4) x1
2 x2

2 c4

t1 (1 4)(2 3)(5 6) x2
3 c3

t2 (1 6)(2 5)(3 4) x2
3 c3

t3 (1 2)(3 6)(4 5) x2
3 c3

1 6

2 5

3 4

Figure 13.3
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Frobenius’s counting theorem enables us to count the total number of different 
patterns in the kind of examples given above and in the following exercises. If we wish 
to answer more specific questions such as finding the number of different ways to color 
a chessboard so that half the squares are black and half are white, we need to extend the 
theory. This we do in the next chapter.

Exercises
	 13.2.1A	� How many different ways are there to color the edges of an equilateral 

triangle using four colors?
	 13.2.1B	� How many different patterns may be formed by coloring the vertices of a 

regular octagon using c colors?
	 13.2.2A	� How many different patterns can be formed by coloring the squares of a 

5 × 5 chessboard using three colors?
	 13.2.2B	� How many different patterns can be formed by coloring the small squares 

in Figure 13.5 using the colors red, white, and blue?
	 13.2.3A	� In how many different ways can you color the faces of a cube using the 

colors red, white, and blue? (Take into account just the rotational symme-
tries of a cube.)

(i) (ii)

Figure 13.4

Figure 13.5
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	 13.2.3B	� In how many different ways can the numbers 1 to 6 be placed on the 
faces of a cube? (Take into account just the rotational symmetries of 
a cube.)

	 13.2.4A	� There are five Platonic regular solids. In addition to the regular tetrahedron 
and the cube, which we have already considered, there are also the regular 
octahedron, dodecahedron, and icosahedron with 8, 12, and 20 faces, 
respectively. These are shown in Figure 13.6. For each of these three latter 
regular solids, calculate the number of different patterns that can be 
obtained by coloring their faces using c different colors. (Again, consider 

Regular octahedron Regular dodecahedron

Regular icosahedron

Figure 13.6

Figure 13.7
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only the rotational symmetries of these figures.) It might help if you have 
models of Platonic regular solids at hand.

	 13.2.4B	� Each face of a regular tetrahedron is divided into four smaller 
equilateral triangles as shown in Figure 13.7. How many different pat-
terns can be formed by coloring these small triangles using c colors? 
(Again, only take into account the rotational symmetries of a regular 
tetrahedron.)
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14C h a p t e r  

Pólya Counting

14.1  Colorings and Group Actions
We have now reached the stage where we can tackle Problem 14 of Chapter 1.

Problem 14
In how many different ways can you color a cube using one red, two white, and three 
blue faces?

Frobenius’s counting theorem, of Chapter 13, enables us to count the total number 
of different ways to color a cube, but it does not directly answer more delicate questions 
such as Problem 14.

A problem of a similar kind is that of counting the number of different positions that 
can arise in the game of noughts and crosses (also known as tic-tac-toe). This game is 
played on the grid in Figure 14.1.

This game involves two players who move alternately, the first putting a nought (O) 
and the second a cross (X) in one of the nine squares making up the grid. You win if you 
achieve a row (horizontally, vertically, or diagonally) of three noughts, or three crosses, 
before your opponent. In counting the different positions that can occur in this game we 
need to take account of the symmetries of the grid, which correspond to the symmetries 
of a square. In any given position each square can be occupied by a nought or a cross, or 
it can be empty. The numbers of noughts and crosses that can occur are constrained by 
the rules of the game. The number of noughts must at each stage be either equal to the 
number of crosses, or be one more than the number of crosses. Hence the problem of 
counting the number of positions that can occur in this game is rather more complicated 
than the problem of simply counting the number of different colorings of a chessboard.

We are now going to describe the theory that enables us to handle problems of this 
kind. First, we need to be a little more precise about what we mean by a coloring, and 
how the group of symmetries of the underlying figure acts on the set of colorings.

It is again helpful to look at a particular case. We therefore return to our favorite 
example of a 2 × 2 chessboard (Figure 14.2).
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A coloring of this chessboard, using black and white, may be regarded as a mapping 
from the set of squares that make up the chessboard to the set of colors. Thus if we let 
{α,β,γ,δ} be the set of squares, then each coloring is a mapping

	 f : {α,β,γ,δ} → {black, white}.

Hence the 16 different colorings correspond to the 16 different mappings of this 
kind. For example, the coloring that we have called C6 shown in Figure 14.3 corre-
sponds to the mapping f6 shown below it.

Corresponding to each symmetry, g, of the square there is a permutation, πg, of the 
set of smaller squares. For example, the quarter-turn rotation of the square, a, corre-
sponds to the permutation

	 πa = (α  β  γ  δ).

How does it act on the set of colorings? We can see how the action is defined if we 
consider what happens when the permutation πa acts on the coloring f6 (Figure 14.4).

X

X O O

O

Figure 14.1

α β

δ γ

Figure 14.2

f6(α) = black,  f6(β) = black,  f6(γ) = white,  f6(δ) = white

Figure 14.3

a

C6 C7

Figure 14.4



Pólya Counting    ◾    269

We see, for example, that the color assigned to a square, say in position χ, after the 
rotation is the same as the color that f6 assigns to the square that the permutation that 
πa moves into the position χ, that is, the square that was previously in position πa

−1(χ). 
Thus the action of a on the coloring f6 is given by

	 a ▷ f6 = f6 ο πa
−1.

The analogous formula applies in the general case, which we now describe. Let D, 
C be two sets. We let X be the set of all mappings from D to C. Here “D” stands for 
“domain” and “C” for “codomain,” but you can also think of C as being a set of colors. 
We call the mappings in X colorings of D.

Now suppose that G is a group of permutations of D. Thus G will be a subgroup of 
the group, S(D), of all permutations of D. We define an action of G on the set of color-
ings X by

	 for π ∈ G, and f ∈ X (that is, f : D → C),    π ▷ f = f ο π	 (14.1)

We need to check that this does define a group action. To do this, we first require a 
simple result about groups.

Lemma 14.1
Let G be a group. Then for all g1,g2 ∈ G, (g1g2)−1 = g2

−1g1
−1.

Proof
We have that (g1 g2)g2

−1g1
−1 = g1(g2 g2

−1)g1
−1 = g1eg1

−1 = g1 g1
−1 = e. Similarly, it can be checked 

that g2
−1g1

−1(g1 g2) = e, and it follows that g2
−1g1

−1 is the inverse of g1 g2.

Theorem 14.2
Equation 14.1 defines a group action of G on X.

Proof
The identity element of G is the identity map ι : D → D. So, for each f ∈ X, we have that 
ι ▷ f = f • ι−1 = f • ι = f. It follows that condition GA1 is satisfied.

Now, suppose π1,π2 ∈ G and f ∈ X, then

	 π1 ▷ (π2 ▷ f )

	 = π1 ▷ (f • π2
−1) = (f • π2

−1) •π1
−1 = f •(π2

−1 • π1
−1) = f •((π1 • π2)−1) = (π1 • π2)▷f.	 (14.2)

This shows that GA2 also holds. (Note that in Equation 14.2 we have used the asso-
ciativity property for groups, Lemma 14.1, and the group action properties, as well as 
the definition in Equation 14.1 of the group action. In Exercise 14.1.2A you are asked to 
work out exactly which of these is used at each step.)

This completes the proof.
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Exercises
	 14.1.1A	� Suppose D = {1,2,3,4,5}, C = {0,1,2}. Let f : D→C be the mapping defined by 

f(n) = the remainder when n is divided by 3, and let π ∈ S5 be the permuta-
tion given by π = (1 4)(2 5 3). Find the mapping f ο π −1.

	 14.1.1B	� With D, C, and f as in Exercise 14.1.1A, find a permutation π ∈ S5 such that 
f • π −1 is the mapping defined by f • π −1(1) = 0, f • π −1(2) = 1, f • π −1(3) = 1, 
f • π −1(4) = 2, and f • π −1(5) = 2.

	 14.1.2A	� In Equation 14.2 there are five steps. Write down the justification for each 
step.

	 14.1.2B	 Write down the justification for each step in the proof of Lemma 14.1.

14.2  Pattern Inventories
In this section we explain an algebraic method for describing colorings. This leads us to an 
algebraic expression telling us how many patterns of each kind there are.

Coloring a 2 × 2 chessboard black and white involves choosing, for each of the four 
squares, whether it is to be black or white. If we expand the algebraic expression

	 (b + w)4 = (b + w)(b + w)(b + w)(b + w),

then we obtain each term by choosing from each bracket either b or w. Thus the choices 
are the same as when we are coloring the chessboard. So the terms obtained when we 
expand the above expression correspond to the different colorings of the chessboard. 
Since

	 (b + w)4 = b4 + 4b3w + 6b2w2 + 4bw3 + w4,	 (14.3)

we can deduce from the coefficients in the expression 14.3 that, for example, there are four 
of these colorings with one black and three white squares, and six colorings with two black 
and two white squares.

Thus we see that the algebraic expression in the expression 14.3 tells us how many 
colorings there are with a given number of black squares and a given number of white 
squares. However, the expression 14.3 does not tell us how many different patterns there 
are among these colorings. We are aiming toward a theorem that does provide a simi-
lar expression but where the coefficients count the different patterns rather than the 
colorings.

We first need to be more precise about what sort of expressions we are looking for. As 
usual, the abstract definition will be clearer if you keep in mind a particular example such 
as the one above. In that example the symbols b and w corresponded to the colors black and 
white. We will need to generalize this, and introduce some terminology for the resulting 
algebraic expressions.
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Definition 14.1
We suppose that X is the set of all mappings from a set D to a set C.

	 a.	 A weight function on C is a mapping w that assigns to each c ∈ C an algebraic 
symbol w(c).

	 b.	 The sum ∑ ∈c C w c( ) is called the store enumerator.
	 c.	 For each coloring f ∈ X, the weight of f, written W(  f  ), is the algebraic expression

	 w f d
d D

( ( ));
∈

∏
that is, W ( f ) is the product of algebraic symbols corresponding to the colors that 
f assigns to the elements of D.

	 d.	 If Y is a subset of X, the inventory of Y is the expression

	 W f
f Y

( ).
∈

∑
	 e.	 If Y is a subset of X that includes exactly one coloring of each pattern, then the 

inventory of Y is called the pattern inventory.

We now illustrate these definitions in the context of our standard example of the 
colorings of a 2 × 2 chessboard using the colors black and white. Here D = {α,β,γ,δ} 
and C = {black,white}.

	 a.	 The weight function w is defined by

	 w(black) = b and w(white) = w,

and hence
	 b.	 The store enumerator is w(black) + w(white) = b + w. (Note that we are using “w” 

both for the weight function and for the weight assigned to the color white. The 
different contexts should, we hope, prevent any confusion.)

	 c.	 Let f6 be the coloring given by

	 f6(α) = black, f6(β) = black, f6(γ) = white, f6(δ) = white.

Then

	 W f w f d w f w f w f
d D

( ) ( ( )) ( ( )) ( ( )) ( ( ))6 6 6 6 6= =
∈

∏ α β γ ww f( ( ))6 δ

	 = w(black)w(black)w(white)w(white) = bbww = b2w2.

	 d.	 The inventory of the set X of all the mappings from D to C is given by Equation 
14.3, and
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	 e.	 The pattern inventory is

	 b4 + b3w + 2b2w2 + bw3 + w4,

as there are six different colorings, one with four black squares, one with three black and 
one white square, two with two black and two white squares, one with one black and 
three white squares, and one with four white squares.

One of the uses of inventories is illustrated by the following problems.
Problem 14.1
An equilateral triangle is divided into three smaller congruent triangles labeled α, 
β, and γ in Figure 14.5. How many colorings are there using light red, dark red, 
and yellow paint (i) if light red and dark red are not both used, and (ii) if all three 
triangles are red?

Solution
Here D is the set of the three triangles labeled α, β, and γ, and C is the set of paints. Let 
w be the weight function that assigns the weights r1, r2, and y to the light red, dark red, 
and yellow paints, respectively. Thus the store enumerator is r1 + r2 + y, and the inven-
tory of the set of all the colorings is

	 (r1 + r2 + y)3 = r1
3 + r2

3 + y3 + 3r1r2
2 + 3r1

2r2 + 3r1y2 + 3r1
2y + 3r2y2 + 3r2

2y + 6r1r2y.

For example, the coefficient 3 in the term 3r1y2 tells us that there are three colorings 
with one light red and two yellow triangles. We can use the inventory to answer the 
above questions as follows.

	 i.	 The terms in the inventory that don’t contain both r1 and r2 are

	 r1
3 + r2

3 + y3 + 3r1y2 + 3r1
2y + 3r2y2 + 3r2

2y,

	 whose coefficients add up to 15. So there are 15 colorings in which light red and 
dark red are not both used.

	 ii.	 The terms in the inventory that do not include y are r1
3 + r2

3 + 3r1r2
2 + 3r1

2r2, 
whose coefficients add up to 8. So there are 8 colorings in which all three triangles 

α β

γ

Figure 14.5
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are red. An alternative approach to (ii) is to give both red paints the weight r. 
Then the store enumerator is r + r + y, that is, 2r + y. Hence the inventory is

	 (2r + y)3 = (2r)3 + 3(2r)2y + 3(2r)y2 + y3 = 8r3 + 12r2y + 6ry2 + y3,

from which we deduce that there are 8 colorings with three red triangles, 12 with two 
red and one yellow triangle, 6 with one red and two yellow triangles, and 1 with three 
yellow triangles.

Problem 14.2
Each of 10 mathematics students has to do a project. The choice of project for each 
student is from six projects in pure mathematics, four projects in applied mathematics, 
two projects in statistics, and two projects in computing.

Two or more students may choose the same project, but because of the staff available 
to supervise the projects, they must be chosen so that four students do a pure math-
ematics project, three students do an applied mathematics project, two students do a 
statistics project, and one student does a computer project.

In how many different ways can the students choose their projects?

Solution
Here D is the set of 10 students, and C is the set of 14 projects. We assign the weights 
p, a, s, and c to the projects in pure mathematics, applied mathematics, statistics, 
and computing, respectively. Thus the store enumerator is (6p + 4a + 2s + 2c), and 
the inventory of all the possible choices by the students, ignoring the constraints, is 
(6p + 4a + 2s + 2c)10. The constraint on the numbers of projects implies that the rel-
evant term in the expansion is the one involving p4 a3 s2 c. By the multinomial theorem 
(Theorem 2.11), this term is

	 10
4 3 2 1

6 4 2 2 84 3 2 1!
! ! ! !

( ) ( ) ( ) ( )p a s c = ,360,755,2000p a s c4 3 2 ,

and hence there are 8,360,755,200 ways in which the projects may be chosen.

Exercises
	 14.2.1A	� Write down the store enumerator and the inventory of the set of all map-

pings from D to C in the following case.
	   D = {α,β,γ,δ,ε}, C = {light blue, dark blue, navy blue, light red, crimson}, 

and the weight function w : C → {b,r} is defined by w(light blue) = b, 
w(dark blue) = b, w(navy blue) = b, w(light red) = r, and w(crimson) = r.

	 14.2.1B	� Six English-literature students have to choose a novel about which to write 
a dissertation. The novel must be by either Jane Austin, Charles Dickens, or 
Anthony Trollope. Two students may choose the same novel, but altogether 
they must be chosen so there are two by each author. Jane Austin published 
6 novels, Charles Dickens 14, and Anthony Trollope 47. In how many ways 
can the students make their choices?
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14.3 T he Cycle Index of a Group
We now begin our description of an algebraic method to calculate the pattern inventory 
in cases where a group acts on the set of colorings of a figure. Our starting point is the 
cycle type of a permutation, which we introduced in Chapter 11, Section 11.5. Recall that a 
permutation is said to have cycle type

	 x xk
r

k
r

s
s

1
1 ...

if, in its disjoint cycle form, it has rt cycles of length kt, for 1 ≤ t ≤ s, including cycles of 
length 1. We use ct(π) for the cycle type of a permutation π. Now comes a key definition.

Definition 14.2
Let G be a group of permutations. The cycle index of G, written CI(G), is defined to be 
the polynomial

	 1
#( )

( ).
G

ct
G

π
π∈
∑

Notice that the cycle index of a group of permutations is a polynomial in the 
unknowns x1,x2,x3,…, and that the sum of the coefficients in this polynomial is 1, 
because there are #(G) terms in the sum, ∑ ∈π πG ct( ), and we obtain the cycle index by 
dividing this sum by #(G).

We illustrate the above definition by calculating the cycle index of the groups Sn, for 
n = 2,3,4. (The case n = 1 is too simple to be of any interest.)

First consider the group S2 of all permutations of the set {1,2}. There are two permuta-
tions in S2: the identity, (1)(2), which has cycle type x1

2; and the permutation (1 2), which 
has cycle type x2. Hence the cycle index, CI(S2), of the group S2, is the polynomial

	 1
2

12
2( ).x x+

The six permutations in the group S3 and their cycle types are shown in Table 14.1.
It follows that the cycle index, CI(S3), of the group S3, is the polynomial

	 1
6

3 21
3

1 2 3( ).x x x x+ +

Table 14.1

Permutation Cycle Type

( )( )( )
(   )
(   )
(   )
(     )
(     )

1 2 3
1 2
1 3
2 3
1 2 3
1 3 2







}}

x1
3

x1x2

x3
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As n becomes larger it becomes more and more cumbersome to calculate the cycle 
index of the group of permutations Sn by listing all the n! permutations in the group. 
We have already seen in Chapter 11 that the different cycle types of the permutations 
in Sn correspond to the different partitions of n. So when it comes to the group S4 we 
calculate its cycle index by listing the partitions of 4, the corresponding cycle type, and 
the number of permutations of this type (Table 14.2).

It follows that the cycle index, CI(S4), of the group S4, is the polynomial

	 1
24

6 8 3 64 1 3 2
2

1
2

2 1
4( ).x x x x x x x+ + + +

In order to use this method we need to be able to calculate the number of permuta-
tions of a given cycle type. We first explain how to do this in some specific cases, and 
then we derive the general formula. We consider first the number of permutations in 
S4 of cycle type x4. A permutation of this cycle type has the form (a b c d), where a, b, c, 
and d are chosen from the set {1,2,3,4}. The numbers 1, 2, 3, and 4 can be arranged in 
order in 4! ways, but we need to remember that a permutation can be written in cycle 
form in more than one way. For example,

	 (1  2  3  4) = (2  3  4  1) = (3  4  1  2) = (4  1  2  3).

Each permutation of cycle type x4 may be written in cycle form in four ways, and 
so there are altogether 4!/4 = 3! = 6 permutations in S4 of cycle type x4. More generally, 
there are k!/k = (k − 1)! different permutations of k given objects that have cycle type xk.

Next we consider the number of permutations in S4 of cycle type x2
2. Such a per-

mutation has the form (a b)(c d). The pair of numbers a, b may be chosen from the 
set {1, 2, 3, 4} in C(4,2) = 6 ways. After a and b have been chosen, there is just one 
way they form a permutation, (a b), of cycle length 2. Also, having chosen a and b, 
there is no further choice for the second cycle (c d). However, before jumping to the 
conclusion that there are six permutations of cycle type x2

2, we need to remember 
that the order in which we write the two cycles of length 2 does not matter, so that, 
for example, (1 2)(3 4) = (3 4)(1 2). Since the two cycles of length 2 can be arranged 
in order in 2! ways, giving the same permutation in each case, there are only 6/2! = 3 
different permutations in S4 of cycle type x2

2.

We are now going to work out a general formula for the number of different 
permutations of a given cycle type. Before reading the following discussion, you might 

Table 14.2

Partition Cycle Type
Number of 

Permutations
4 x4 6
3 + 1 x1x3 8
2 + 2 x2

2 3
2 + 1 + 1 x1

2x2 6
1 + 1 + 1 + 1 x1

4 1
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find it helpful to pause and work out for yourself the cycle index of the group S5. You 
can check your answer in the solution to Exercise 14.3.3A, which is given at the end 
of the book.

We now calculate the number of permutations in Sn of cycle type

	 x xk
r

k
r

t
t

1
1 ... , 	 (14.4)

where

	 k1r1 + … + ktrt = n.	 (14.5)

We tackle this problem by counting the number of ways we can arrange the num-
bers from the set {1,2,…,n} to form different permutations of the cycle type given by 
the expression 14.4. Suppose we first choose the numbers to make up the r1 cycles 
of length k1. The k1 numbers that make up the first of these cycles can be chosen in 
C(n,k1) ways, and these k1 numbers may be arranged to form (k1 − 1)! different cycles 
of length k1. This leaves n − k1 numbers from which to choose another k1 numbers, 
and so these can be chosen in C(n − k1,k1) ways and arranged to form (k1 − 1)! dif-
ferent cycles of length k1. We continue in this way until we have chosen r1 cycles of 
length k1. These r1 cycles can be arranged in order in r1! ways, each arrangement cor-
responding to the same permutation. Hence the number of ways we can choose the r1 
cycles of length k1 so as to yield different permutations is:

	

1 1 1
1

1 1 1 1 1r
k C n k k C n k k k

!
( )! ( , ) ( )! ( , ) ... (− × − − × × 11 1 1 1

1

1

1

1 1

1 1

− − −( )

= −

)! ( ( ) , )

!
( )! !

!(
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−
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!
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−





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=

1 1

1 1 1

1 1

1

1 (( )!
,

n r k− 1 1

	

(14.6)

after a lot of tidying up.
Having chosen r1 cycles of length k1, we are left with n − r1k1 numbers from which to 

choose r2 cycles of length k2. The same reasoning that we used to obtain the formula in 
Equation 14.6 shows that we can do this in

	 ( )!
! ( )!

n r k
r k n r k r kr

−
− −

1 1

2 2 1 1 2 22

ways and so on.
It follows that the total number of permutations in Sn of the cycle type given by the 

expression 14.4 is

	 n
r k n r k

n r k
r k n r kr r

!
! ( )!

( )!
! (1 1 1 1

1 1

2 2 1 11 2−
× −

− − rr k
n r k r k r k

r k
t t

t2 2

1 1 2 2 1 1

)!
... ( ... )!

!
× × − − − − − −

tt
rt 0!

.

All the terms in the numerator in this expression, other than n!, cancel with terms 
in the denominator, and so we are left with the much simpler expression

	 n
r k r k r kr r

t t
rt

!
! ! ... !1 1 2 21 2

	 (14.7)
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as the number of permutations of the cycle type given by the expression 14.4 in Sn. Finally, 
the cycle index of Sn is obtained by multiplying the terms in Equation 14.7 by the corre-
sponding cycle types, adding up all these products, and then dividing the total by n!

Problem 14.3
Calculate the number of permutations of the following cycle types in the group S24.

	 i.	 x4
3 x6

2

	 ii.	 x1
3 x2

4 x4
2 x5

Solution
	 i.	 Using the notation of Equation 14.7, t = 2, r1 = 3, k1 = 4, r2 = 2, and k2 = 6, 

and so the number of different permutations is 24!/(3!432!62) = 24!/27,648 = 
22,440,986,752,504,320,000.

	 ii.	 Here t = 4, r1 = 3, k1 = 1, r2 = 4, k2 = 2, r3 = 2, k3 = 4, r4 = 1, and k4 = 5, and so 
the number of different permutations is 24!/(3!134!242!421!51) = 24!/368,640 = 
1,683,074,006,437,824,000.

Exercises
	 14.3.1A	� Find the cycle index of the subgroup of S4 consisting of the permutations of 

the vertices of a square corresponding to the group of eight symmetries of 
the square.

	 14.3.1B	� Find the cycle index of the subgroup of S6 consisting of the permutations of 
the vertices of a regular hexagon corresponding to the group of symmetries 
of the hexagon.

	 14.3.2A	� Find the cycle index of the subgroup of S6 consisting of the permutations of 
the faces of a cube corresponding to the group of 24 rotational symmetries 
of the cube.

	 14.3.2B	� Find the cycle index of the subgroup of S12 consisting of the permutations of 
the edges of a cube corresponding to the group of 24 rotational symmetries 
of the cube.

	 14.3.3A	 Find the cycle indexes of the groups S5 and S6.
	 14.3.3B	 Find the cycle index of the group S7.
	 14.3.4A	� How many different permutations are there in S12 with the following cycle 

types?
		  i. x2

3 x6	 ii. x1
4 x3x5	 iii. x1x2 2 x3x4

	 14.3.4B	� How many different permutations are there in S16 with the following cycle 
types?

		  i. x4
4	 ii. x2

3x5
2	 iii. x1

2x2
3x4

2

14.4  Pólya’s counting Theorem: Statement and Examples
We are now ready to state the theorem that tells us how to calculate pattern inventories. 
We then illustrate the theorem with some examples. The proof of the theorem is postponed 
until the next section. As we shall see, applying the following rather complicated-looking 
theorem is not too difficult.
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Theorem 14.3
Pólya’s Counting Theorem*

Let X be the set of all mappings from a set D to a set C, and let w be a weight function 
on C. Let G be a group of permutations of D whose action on X is given by:

	 for π ∈ G, and f ∈ X, π ▷ f = f • π −1.

Then the pattern inventory is obtained from the cycle index of G, by substituting 
∑ ∈c C

kw c( )  for xk, for k = 1,2,3, … . That is, if CI(G)(x1,x2,x3, …) is the cycle index of G, 
the pattern inventory is

	 CI G w c w c w c
c C c C c C

( ) ( ), ( ) , ( ) ,...
∈ ∈ ∈
∑ ∑ ∑





2 3 .. 	 (14.8)

The formula in the expression 14.8 means that we obtain the pattern inventory 
by taking the cycle index of G and replacing each occurrence of x1 by the sum of the 
weights, each occurrence of x2 by the sum of the squares of the weights, and so on. We 
now illustrate this with some examples.

We begin by returning again to our standard example of the colorings of a 2 × 2 
chessboard. Of course, we already know how many patterns there are in this case, 
but it will be very helpful to start with a simple example where the calculation is very 
straightforward, and reassuring when we obtain the answer we expect!

Problem 14.4
Use Pólya’s counting theorem to calculate the pattern inventory for the number of dif-
ferent ways of coloring the squares of a 2 × 2 chessboard, using black and white.
Solution
Here D = {α,β,γ,δ}, C = {black,white}, and the weight function is given by w(black) = b 
and w(white) = w. The group G is the group of permutations of D corresponding to the 
symmetries of a 2 × 2 chessboard with its squares labeled as shown in Figure 14.2. Thus

	 G = {e, (αβγδ), (αγ)(βδ), (αδγβ), (αδ)(βγ), (αβ)(γδ), (βδ), (αγ)},

and hence

	 CI G x x x x x( ) ( ).= + + +1
8

2 3 21
4

1
2

2 2
2

4 	 (14.9)

*	 George Pólya, Kombinatorische Anzahlbestimmungen für Gruppen, Graphen und chemische Verbindungen, Acta 
Mathematica, 68, 1937, pp. 145–254. An English translation is given in G. Pólya and R. C. Read, Combinatorial 
Enumeration of Groups, Graphs and Chemical Formulas, Springer, Berlin, 1987. This book includes a survey by R. 
C. Read of work in this area. It turns out that Pólya’s work was to some extent anticipated by a paper published by 
J. H. Redfield in 1927, which went unnoticed for many years. George Pólya was born in Budapest on December 13, 
1887, and died in Palo Alto on September 7, 1985. For a biography of George Pólya see Gerald L. Alexanderson, 
The Random Walks of George Pólya, Mathematical Association of America, Washington, DC, 2000.
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By Pólya’s enumeration theorem, we now obtain the pattern inventory by substitut-
ing b + w for x1, b2 + w2 for x2, and b4 + w4 for x4 in Equation 14.9. Thus the pattern 
inventory is

	
1
8

2 3 24 2 2 2 2 2 2 4 4( ) ( ) ( ) ( ) ( )b w b w b w b w b w+ + + + + + + +( ))

= + + + +b b w b w bw w4 3 2 2 3 42 .

From the terms in this pattern inventory we deduce that there is one pattern with 
four black squares, one pattern with three black and one white square, two different 
patterns with two black and two white squares, and so on.

If you do not have to hand a computer algebra package, you will need to calculate the 
pattern inventory by hand, using the binomial theorem and multiplying polynomials. 
A useful check is that the coefficients in the pattern inventory must be positive integers, 
as they count the numbers of different patterns. So if, after dividing by #(G), you are left 
with coefficients that are not positive integers, you know there must be slip somewhere. 
Unfortunately, the converse is not necessarily true!

The next problem is computationally more complicated.
Problem 14.5
How many different patterns can be obtained by coloring the squares of a 3 × 3 chess-
board with two red, three white, and four blue squares?

Solution
Here we take D = {1,2,3,…,9} and C = {red,white,blue}, with the elements of C 
assigned the weights r, w, and b, respectively. G is the group of permutations of D 
corresponding to the symmetries of a 3 × 3 board with its squares labeled as shown 
in Figure 14.6.

In Table 14.3, we have listed the symmetries of the square, using our standard 
notation introduced in Chapter 11, the corresponding permutations of D, and their 
cycle types.

We therefore see that the cycle index of G is

	 1
8

4 21
9

1 2
4

1
3

2
3

1 4
2x x x x x x x+ + +( ).

1 2 3

4 5 6

7 8 9

Figure 14.6
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Hence, by Pólya’s counting theorem, the pattern inventory is

	
1
8

4

9 2 2 2 4

3 2

(( ) ( )( )

( ) (

r w b r w b r w b

r w b r

+ + + + + + +

+ + + ++ + + + + + +w b r w b r w b2 2 3 4 4 4 22) ( )( ) ).

	

(14.10)

In order to answer the question about the number of patterns with two red, three 
white, and four blue squares, we need to know the coefficient of the term r2w3b4 in 
this pattern inventory. To calculate this coefficient by hand is feasible, but rather 
tedious, so we hope that you have available one of the many computer packages that 
do these calculations for us. Using one of these packages, we find that the relevant 
term in the above pattern inventory is 174r2w3b4. So there are 174 different patterns 
with two red, three white, and four blue squares. If you have to do the calculation by 
hand, one or two shortcuts are sometimes available. For example, in Equation 14.10 
we can see that the term 2(r + w + b)(r4 + w4 + b4)2 cannot include terms involving 
r2w3b4.

Exercises
	 14.4.1A	� How many different patterns can be formed by coloring the squares of a 

5 × 5 chessboard black and white, so that there are 15 black squares and 10 
white squares?

	 14.4.1B	� How many different patterns can be formed by coloring the squares of an 
8 × 8 chessboard black and white, so that half the squares are black and half 
are white?

	 14.4.2A	� How many different patterns can be formed by coloring the triangles into 
which the square shown in Figure 14.7 is divided so that there are two red 
triangles, two white triangles, and four blue triangles?

	 14.4.2B	� How many different patterns can be formed by coloring the faces of a 
cube so that there are three red faces, two white faces, and one blue face? 
(Consider just the group of 24 rotational symmetries of the cube.)

	 14.4.3A	� How many different patterns can be formed by coloring the faces of a regu-
lar octahedron so that there are four red faces, two white faces, and two 
blue faces? (Consider just the group of rotational symmetries of the regular 
octahedron.)

Table 14.3

Symmetry Permutation Cycle Type
e e x1

9

a (1 3 9 7)(2 6 8 4)(5) x1x4
2

b (1 9)(2 8)(3 7)(4 6)(5) x1x2
4

c (1 7 9 3)(2 4 8 6)(5) x1x4
2

h (1 7)(2 8)(3 9)(4)(5)(6) x1
3x2

3

v (1 3)(4 6)(7 9)(2)(5)(8) x1
3x2

3

r (2 4)(3 7)(6 8)(1)(5)(9) x1
3x2

3

s (1 9)(2 6)(4 8)(3)(5)(7) x1
3x2

3
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	 14.4.3B	� How many different positions can occur during a game of noughts and 
crosses? (Consider both the rotations and reflections of the noughts and 
crosses grid.)

14.5  Pólya’s counting Theorem: The Proof
We now set about giving a proof of Pólya’s counting theorem. Throughout this section we 
suppose that D and C are two sets, that w is a weight function on C, and that G is a group 
of permutations of D that acts on the set X of all mappings from D to C in the standard 
way; that is,

	 for π ∈ G, and f ∈ X,    π ▷ f = f • π −1.

The strategy of the proof is to partition X according to the weights of the mappings, to 
observe that G acts on each set of this partition separately, and to use Frobenius’s count-
ing theorem to count the number of different orbits in each case. Our proof proceeds by a 
series of lemmas.

In Chapter 13, when we calculated the values of #(Fix(g)), we used the idea that a 
coloring of a chessboard is fixed by a particular permutation of its squares if and only 
if all the squares in any one cycle of the permutation have the same color. In general, a 
coloring f is fixed by a permutation π if and only if f takes a constant value on each cycle 
of π. That is, for each cycle (d1 d2 … dk) of π, we must have f (d1) = f (d2) = … = f (dk). Note 
also that (d1 d2 … dk) is a cycle of π if and only if d2 = π(d1), d3 = π(d2), …, dk = π(dk−1), 
and d1 = π (dk). Thus each cycle of π has the form (d π(d) π(π(d)) …). It follows that f is 
constant on each cycle of π if and only if

	 for all d ∈ D,    f(d) = f(π(d)),	 (14.11)

since Equation 14.11 is equivalent to f(d) = f(π(d)) = f(π)(π(d))) = … .
We now give a general proof of this result.

Lemma 14.4
Let π be a permutation of D. Then for each f ∈ X,

	 f ∈ Fix(π) ⇔ f is constant on each cycle of π.

Figure 14.7
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Proof
We have that

	 f ∈ Fix(π) ⇔ π ▷ f = f

	 ⇔ f ο π −1 = f

	 ⇔ for all x ∈ D, f (π −1(x)) = f(x).	 (14.12)

Now, as π is a permutation of D, {π −1(x) : x ∈ D} = D, and hence, writing d for π −1(x), 
so that x = π(d), we have

	 for all x ∈ D, f(π −1(x)) = f (x) ⇔ for all d ∈ D, f (d) = f(π(d)),

and so by Equation 14.12,

	 f ∈ Fix(π) ⇔ for all d ∈ D, f(d) = f(π (d))

	 ⇔ f is constant on each cycle of π.

The next lemma leads us to a formula for the inventory of Fix(π). By Lemma 14.4 
this is the inventory of all functions that are constant on each cycle of π. The cycles of π 
partition D into disjoint sets. So we first consider the inventory of all functions that are 
constant on each set making up a partition of D.

Lemma 14.5
Let D1 ∪ D2 ∪ … ∪ Dk be a partition of D into disjoint sets. The inventory of those 
functions in X that are constant on each of the sets Di is

	 w c D w c D w c D

c C c C c
k( )#( ) ( )#( ) ... ( )#( )1 2

∈ ∈ ∈
∑ ∑× × ×

CC
∑ . 	 (14.13)

Proof
Choosing a function, say f, that is constant on each set Di is equivalent to choosing, 
for 1 ≤ i ≤ k, an element, say ci, from C to be the value of f(d) for all d ∈ Di. Since 
f then takes this value #(Di) times, such a choice of ci contributes w ci

Di( )#( ) to the 
weight of f . So the weight of f is obtained by choosing, for 1 ≤ i ≤ k, the appropriate 
term from the sum ∑ ∈c C w c Di( )#( ) and then multiplying all these terms together. So 
the inventory of all the functions in X that are constant on each set Di is the sum of 
all the terms obtained in this way. Hence this inventory is given by the product in 
the expression 14.13.

The formula 14.13 is beginning to look like the formula in Pólya’s theorem. The next 
lemma brings in the cycle types of the permutations. Recall that we use ct(π) for the 
cycle type of a permutation π.
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Lemma 14.6

If ct(π) =  x x xk
r

k
r

k
r

t
t

1
1

2
2 ... ,  then the inventory of Fix(π) is

	 w c w c wk

c C

r

k

c C

r

( ) ( ) ...1

1

2

2

∈ ∈
∑ ∑





×







× × (( )c k

c C

r

t

t

∈
∑





	 (14.14)

or, equivalently,

	 ct w c w c w c
c C c C c C

( ) ( ), ( ) , ( ) ,...π
∈ ∈ ∈
∑ ∑ ∑





2 3 .. 	 (14.15)

Proof
The cycles of π partition D into r1 sets of size k1, r2 sets of size k2, and so on. By 
Lemma 14.4, Fix(π) is the set of functions that are constant on all these sets, and 
hence, by Lemma 14.5, the inventory of Fix(π) is as given by the formula 14.14. This 
formula is obtained from the cycle type of π by replacing each occurrence of xk for 
k = 1,2,3… by ∑ ∈c C

kw c( ) . Hence we can rewrite this formula as given in the formula 
14.15. This completes the proof.

We now partition X into sets of functions with the same weight. Clearly, the rela-
tion ~ defined on X by

	 f ~ g ⇔ W(f) = W(g)

is an equivalence relation. We let X1,X2, …, Xs be the equivalence classes of this rela-
tion. So they form a partition of X. (For example, in our example of the colorings of 
a 2 × 2 chessboard, the set X of all 16 colorings is partitioned according to the num-
bers of black and white squares in a particular coloring. So one of the equivalence 
classes is the set of all colorings with two black squares and two white squares, namely, 
{C6,C7,C8,C9,C10,C11}. Note that within this equivalence class there are two different 
patterns. You will also note that all the colorings of any one particular pattern lie in the 
same equivalence class. Our next result generalizes this observation.)

The next lemma implies that G acts on each set of this partition separately.
Lemma 14.7
Suppose that f, g ∈ X have the same pattern; that is, they occur in the same orbit of the 
group action. Then W(f) = W(g).

Proof
Suppose f and g are in the same orbit of the group action. Then for some π ∈ G, π ▷ f = g, 
and thus f • π −1 = g, and hence

	 W g w g d w f d
d D d D

( ) ( ( )) ( ( ( )))= =
∈

−

∈
∏ ∏ π 1 	 (14.16)
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Since π is a permutation of D, the set of values taken by π −1(d) as d runs through D is 
just D itself. Hence the product in the right-hand term of Equation 14.16 is the same as 
∏ =∈d D w f d W f( ( )) ( ). Thus it follows that W(g) = W(f).

We have now seen that for each set Xi of the partition of X determined by the weight 
of the functions, if f ∈ Xi, then π ▷ f ∈ Xi. In this sense G acts separately on each set Xi. 
We use the notation πi to indicate that we are restricting our attention to the action of 
the permutation π on the set Xi. We can then apply Frobenius’s counting theorem to 
count the number of orbits of the action of G on each set Xi. This enables us to prove 
Pólya’s counting theorem, which, for convenience, we restate.

Theorem 14.3
Pólya’s Counting Theorem

Let X be the set of all mappings from a set D to a set C, and let w be a weight function 
on C. Let G be a group of permutations of D whose action on X is given by:

	 for π ∈ G, and f ∈ X,    π ▷ f = f • π −1.

Then the pattern inventory is obtained from the cycle index of G, by substituting 
∑ ∈c C

kw c( )  for xk, for k = 1,2,3,…. Thus if CI(G)(x1,x2,x3,…) is the cycle index of G, the 
pattern inventory is

	 CI G w c w c w c
c C c C c C

( ) ( ), ( ) , ( ) ,...
∈ ∈ ∈
∑ ∑ ∑





2 3 .. 	 (14.8)

Proof
We let PI be the pattern inventory. Suppose that Wi is the common weight of all 
the functions in the set Xi of the partition, and that there are mi different patterns 
represented by the functions in Xi. We have seen, from Lemma 14.7, that no pat-
tern is represented by functions in more than one of the sets of the partition. It 
follows that

	 PI mWi i
i

s

=
=

∑
1

.

By Frobenius’s counting theorem,

	 m
G

Fixi i
G

=
∈

∑1
#( )

#( ( )),π
π

and hence

	 PI
G

Fix Wi
G

i
i

s

=





∈=
∑∑1

1
#( )

#( ( )) .π
π

	 (14.17)
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Both the sums in Equation 14.17 are finite, and hence we can interchange the order 
of the summation to give

	 PI
G

Fix Wi i
i

s

G

=










=∈
∑∑1

1
#( )

#( ( )) .π
π

	 (14.18)

In Equation 14.18 the term inside the brackets is the inventory of Fix(π), and hence, 
by Lemma 14.6, it follows from Equation 14.18 that

	 PI
G

ct w c w c w c
c C c C c C

=
∈ ∈ ∈
∑ ∑ ∑1 2 3

#( )
( ) ( ), ( ) , ( ) ,.π ... .






∈
∑
π G

	 (14.19)

Now adding up the expressions ct(π) and then substituting ∑ ∈c C
kw c( )  for xk pro-

duces the same result as first making the substitutions and then adding up the resulting 
terms, as given by Equation 14.19. Thus Equation 14.19 may be rewritten as

	 PI
G

ct w c w c w
G c C c C

=





∈ ∈ ∈
∑ ∑ ∑1 2

#( )
( ) ( ), ( ) ,π

π

(( ) ,... .c
c C

3

∈
∑





	 (14.20)

Now ( / #( )) ( )1 G ctG∑ ∈π π  is the cycle index, CI(G), of the group G, and hence we can 
rewrite Equation 14.20 as

	 PI CI G w c w c w c
c C c C c C

=


 ∈ ∈ ∈
∑ ∑ ∑( ) ( ), ( ) , ( ) ,...2 3




, 	 (14.21)

and this completes the proof of the theorem.

14.6  Counting Simple Graphs
In this section we show how Pólya’s counting theorem may be used to count the number 
of simple graphs with a given number of vertices and edges. The computation, though 
in principle straightforward, can be rather long. Since our attention will be restricted to 
simple graphs, we will use “graph” to mean “simple graph” throughout this discussion. (If 
multiple edges were allowed, then even with just two vertices, there are infinitely many 
different graphs, as the two vertices could be joined by any number of edges.)

To bring Pólya’s counting theorem to bear we need to be able to view graphs in terms 
of colorings, that is, in terms of mappings from a set D to a set C. So we need to think 
about graphs slightly differently from when we viewed them as made up as a set of vertices 
together with a set of edges.

Consider, for example, the graph with five vertices in Figure 14.8.
It is convenient to suppose that the vertices are the first five positive integers. So 

V = {1,2,3,4,5}. The graph is determined by knowing for each two-element subset, say {i,j}, 
of V whether the vertices i and j are joined by an edge or not. So the graph is defined by a 
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function whose domain is the set of all two-element subsets of {1,2,3,4,5}. We let D5 be this 
set. Each graph with five vertices can then be described by a mapping

	 f : D5 → {0,1},

such that

	 f ({i, j}) = 1 ⇔ i and j are connected by an edge.	 (14.22)

For example, the graph shown in Figure 14.8 corresponds to the mapping f defined in 
Table 14.4.

In general, for each positive integer n, we let Dn be the set of all two-element subsets of 
{1,2,…,n}. We will call Dn the set of possible edges. A graph with n vertices then corresponds 
to a mapping

	 f : Dn → C,    where C = {0,1},

which specifies, through the condition in the equivalence 14.22, which pairs of vertices are 
joined by an edge. [In other words, we can think of the graph of Figure 14.8 as being derived 
from the complete graph K5 by coloring some of the edges black (1) and some white (0). So 
simple graphs with five vertices correspond to edge colorings of K5, using two colors.]

We will use the weight function w defined by

	 w(0) = 1 and w(1) = c

so that a graph with k edges corresponds to a function with weight ck.
Next we need to consider which is the relevant group of permutations of the set Dn 

of possible edges. Consider the straightforward example of a pair of isomorphic graphs 
shown in Figure 14.9.

These graphs correspond to the mappings f1,f2 : D3 → {0,1} as given in Table 14.5.

1 2

4 3

5

Figure 14.8

Table 14.4

{i, j} {1,2} {1,3} {1,4} {1,5} {2,3} {2,4} {2,5} {3,4} {3,5} {4,5}
f {i, j} 1 1 1 0 0 0 0 1 1 1
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The mapping π :{1,2,3} → {1,2,3} given by π(1) = 3, π(2) = 1, and π(3) = 2 is an isomorphism 
between these two graphs. Now π is a permutation of the set {1,2,3}, and corresponding to 
it there is a permutation, π*, of the set, D3, of possible edges given by π* ({i, j}) = {π(i), π(j)}. 
For example,π*({1,2}) = {π(1),π(2)} = {1,3}. Because π is an isomorphism between the two 
graphs, for each possible edge {i, j} we have that {i, j} is an edge of the first graph if and only 
if π* ({i, j}) is an edge of the second graph. That is, for each possible edge {i, j},

	 f2 (π*({i, j}) = f1({i, j}).

It follows that f2 • π* = f1, and hence f2 = f1 • π*−1. So the action of the permutation π* on 
the set of mappings f : D3 → {0,1} is defined in exactly the same way as the group actions 
involved when we were considering the colorings of chessboards and other figures.

We are now ready to deal with the general case. For each permutation π of the set 
{1,2,…,n}, that is, π ∈ Sn, there corresponds a permutation, π*, of Dn defined by

	 π*({i, j}) = {π(i), π(j)},    for {i, j} ∈ Dn.	 (14.23)

The collection of all these permutations, π*, forms a subgroup of the group of all 
permutations of the set Dn. We let Sn* be this subgroup. It acts on the set X of all the map-
pings f : Dn → {0,1} in the standard way. That is, for π* ∈ Sn* and f ∈ X,

	 π* ▷ f = f • π*−1.

We can now calculate the pattern inventory of the graphs with n vertices by working out 
the cycle index of the group Sn* and then using Pólya’s enumeration theorem. We need to 
be able to calculate for each permutation π ∈ Sn the cycle type of the corresponding per-
mutation π* ∈ Sn*. We do not need to do this for each permutation in Sn separately, because 
if two permutations π1, π2 ∈ S3 have the same cycle type, then, clearly, so too do the corre-
sponding permutations π1* and π2*. (Note the converse is not, in general, true. It is possible 
to have permutations π1, π2 that have different cycle types but where π1* and π2* have the 

1 1

2 3 2 3

(i) (ii)

Figure 14.9

Table 14.5

{i,j} {1,2} {1,3} {2,3} {i,j} {1,2} {1,3} {2,3}
f1({i,j}) 1 0 1 f2({i,j}) 1 1 0
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same cycle type. See Exercises 14.6.4A and 14.6.4B.) So we only need to work out the cycle 
type of π* in terms of the cycle type of π, a much smaller task!

The work in calculating the cycle type of π* is simplified by the following observation, 
which we can illustrate by looking at a particular example. Consider the permutation π = (1 
2 3 4)(5 6 7)(8 9) from S9. We need to work out the effect of the corresponding permutation 
π* on each possible edge {i, j}. Our observation is that there are only two essentially differ-
ent cases to consider. The first involves those possible edges, such as {1,4} and {5,7}, whose 
two vertices occur in the same cycle of π. The second case is that of possible edges such as 
{1,5} and {2,9}, whose vertices are in different cycles of π. We consider these cases in turn.

We first consider the case where the vertices of a possible edge occur in the same 
cycle. It helps to look at some simple particular example first. So we consider the case 
where π consists of a single cycle. As a specific example we let π ∈ S6 be the permutation 
(1 2 3 4 5 6), which has cycle type x6.

It is helpful to think of the numbers 1, 2, …, 6 as labeling six points on the circumference 
of a circle as shown in Figure 14.10, and the permutation π as moving these points through 
one-sixth of a turn clockwise around the circle. If we now consider, for example, the effect 
of the permutation π* on the possible edge {1,3}, we see that we need to apply the permuta-
tion π* six times before this possible edge is mapped back to itself. That is, {1,3} is in a cycle 
of length 6, corresponding to the fact that it takes a complete turn of the circle to move the 
black dots shown in Figure 14.10(i) back to their original position. This cycle is

	 {1,3}→{2,4}→{3,5}→{4,6}→{1,5}→{2,6}→{1,3}.

[Note that, for example, π* ({4,6}) = {π(4), π(6)} = {5,1} = {1,5}.] More generally, each pos-
sible edge, with just three exceptions, is in a cycle of length 6. The possible edge {1,4} is in 
a cycle of length 3,

	 {1,4}→{2,5}→{3,6}→{1,4},

because it takes only three-sixths (that is, one-half) of a complete turn to move the black 
dots to a position where they are occupying the same places as they did to begin with.

1 1

6 2 6 2

5 3 5 3

4 4

(i) (ii)

Figure 14.10
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There are C (6,2) = 15 possible edges with vertices taken from the set {1,2,…,6}. We see 
from the above calculation that the permutation π* is made up of one cycle of length 3 of 
these possible edges and two cycles of length 6. So π* has cycle type x3 x6

2. It is not difficult 
to generalize this. Suppose π ∈ Sn has cycle type xn. There are C n n n( , ) ( )2 11

2= −  possible 
edges with vertices taken from the set {1,2,…,n}.

In the case where n is even, 1
2 n of these edges are in a cycle of π* length 1

2 n, and the 
remaining 1

2
1
2

1
21 2n n n n n( ) ( )− − = −  possible edges form 1

2 2( )n −  cycles each of length n. So 
π* has cycle type x xn n

n
( )

( )( ) .1 2
1 2 2−

In the case where n is odd, with n ≥ 3, there are no exceptions and all the possible edges 
are in cycles of length n. Since there are J Gtqs = ,  possible edges, they make up 1

2 1( )n −  
cycles of length n. So in this case π* has cycle type xn

n( )( ) .1 2 1−

We next need to consider possible edges whose vertices come from two different cycles. 
So we look at the cases of permutations that do not consist of a single cycle. As an example 
we take the permutation π = (1 2 3 4)(5 6 7 8 9 10) from S10. We see from what we have 
already done that the possible edges whose vertices come from the cycle (1 2 3 4) contrib-
ute one cycle of length 2 and one cycle of length 4 to the cycle type of π*. Likewise, the 
possible edges whose vertices come from the cycle (5 6 7 8 9 10) contribute one cycle of 
length 3 and two cycles of length 6. We also need to consider possible edges where one 
vertex comes from the cycle (1 2 3 4) and one from the cycle (5 6 7 8 9 10). For such an edge, 
say {i, j}, with i ∈ {1,2,3,4} and j ∈ {5,6,7,8,9,10}, (π*)k ({i, j}) = {πk (i), πk (j)}. Therefore (π*)k 
({i, j}) = {i, j} ⇔ πk (i) = i and πk (j) = j. This occurs if and only if k is a multiple of 4 and k is 
a multiple of 6. Hence, the least k such that (π*)k ({i, j}) = {i, j} is the least common multiple 
of 4 and 6, that is, 12. So each edge {i, j} is in a cycle of length 12. Since there are 4 × 6 = 24 
possible edges of this type, they contribute two cycles of length 12 to π*. Putting all this 
together we see that the cycle type of π* is

	 x2x4 × x3x6
2 × x12

2 = x2x3x4x6
2

 x12
2.

This readily generalizes. If π is a product of two cycles, one of length r and the other of 
length s, then each of the rs possible edges, {i, j}, where i comes from the first cycle and j 
from the second, is in a cycle of π* of length equal to the least common multiple of r and s, 
which we write as lcm(r,s). Hence, the total number of these cycles is rs/lcm(r,s), and this is 
equal to the greatest common divisor of r and s, which we write as gcd(r, s).

We can now describe the general rule for calculating the cycle type of π* from the cycle 
type of π. As each possible edge has vertices that occur in just one or two cycles, all we 
need take into account when we calculate the cycle type of π* are the contributions made 
by single cycles, and pairs of cycles of π. We have calculated these above, and they are set 
out in Table 14.6.

Using the rules given by Table 14.6 it is now straightforward, though a little tedious, to 
calculate the cycle type of π* from that of π. Have a go at the examples in Problem 14.6 
before reading the solution.
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Problem 14.6
In each of the following cases calculate the cycle type of π*.

	 a.	π ∈ S6, and π has cycle type x1x2x3.
	 b.	π ∈ S10, and π has cycle type x2x4

2.
	 c.	π ∈ S25, and π has cycle type x3

3 x4x6
2.

Solution
	 a.	 We first consider the single cycles of π. These are shown in Table 14.7.

Next we consider the pairs of cycles of π. These are shown in Table 14.8.
	 We now obtain the cycle type of π* by multiplying all the terms in the second 

rows of these tables. This gives x1 × x3 × x2 × x3 × x6 = x1x2x3
2x6.

	   Note from this calculation that a single cycle of length 1 in π by itself contrib-
utes nothing to the cycle type of π*. This is because a possible edge has two verti-
ces, and these cannot come from the same cycle of length 1. Also, a cycle of length 
2 in π contributes just x1 to the cycle type of π*, since, although the cycle permutes 
two vertices, the possible edge with these vertices is mapped to itself by π*.

	 b.	 Here we abbreviate the table by presenting the single cycles and pairs of cycles on 
one line. Because the cycle type of π is x2x4

2, there are two cycles of type x4, and 
two pairs x2, x4.

	   We now obtain the cycle type of π* by multiplying together all the terms in the 
second row of Table 14.9. This gives x1x2

2 x4
10 as the cycle type of π*.

	 c.	 Here we abbreviate the table by just listing the different single cycles and the 
different pairs of cycles, with the number of each kind, instead of listing them 
all. For example, from the terms x3

3 and x6
2 we see that we have 3 × 2 = 6 pairs of 

cycle types x3,x6. See Table 14.10.

Table 14.6

Cycle Types in π
π* is the Product of 

These Terms
xr, where r is even x(1/2)r xr

(1/2)(r−2)

xr, where r is odd with r ≥ 3 xr
(1/2)(r−1)

the pair xr, xs xlcm(r,s)
gcd(r,s)

Table 14.7

Types of cycle in π x1 x2 x3

Contributionto cycle type of π* − x1x2
0 = x1 x3

1 = x3

Table 14.8

Paris of cycles of π x1,x2 x1,x3 x2,x3

Contributionto cycle type of π* x2
1 = x2 x3

1 = x3 x6
1 = x6

Table 14.9

π x2 x4 x4 x2,x4 x2,x4 x4,x4

π* x1 x2x4 x2x4 x4
2 x4

2 x4
4
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We now obtain the cycle type of π* by multiplying together the appropriate number 
of copies of the terms in the bottom line. That is, we multiply together these terms 
raised to the power given in the second line. This gives

	 (x3)3 × (x2x4)1 × (x3x6
2)2 × (x3

3)3 × (x12)3 × (x6
3)6 × (x12

2)2 × (x6
6)1 = x2x3

14 x4x6
28 x12

7

for the cycle type of π*.
Note that we have a check that may detect errors in these calculations. Since π ∈ S25, 

we are dealing with graphs with 25 vertices, and so there are C (25,2) = 300 possible 
edges. This should equal the total length of the cycles of π*. This check gives

	 (1 × 2) + (14 × 3) + (1 × 4) + (28 × 6) + (7 × 12) = 300.

This agreement doesn’t prove that our calculation is correct, but using this check 
will detect many blunders in calculations of this type.

We are now in a position to calculate the cycle indexes of the groups Sn*. We list the 
cycle types of the permutations in Sn and their number, and then using the technique 
we have described above, we calculate the cycle types of the corresponding permuta-
tions in Sn*. We illustrate this calculation in the case n = 5, leaving to you the easier 
case n = 4 and the harder case n = 6. The cycle index of S5 is given in the solution to 
Exercise 14.3.3A, and we use this to give the first two rows of Table 14.11. The cycle 
types of the permutations, π*, in the third row are calculated as described above, but 
we haven’t given the details.

It follows from Table 14.11 that the cycle index of S5* is

	 1
120

10 20 15 301
10

1
4

2
3

1 3
3

1
2

2
4

2 4
2x x x x x x x x x+ + + + + 220 241 3 6 5

2x x x x+( ).

Hence the pattern inventory for simple graphs with five vertices is

	

1
120

1 10 1 1 20 1 110 4 2 3 3 3[( ) ( ) ( ) ( )( )+ + + + + + +c c c c c ++ + +

+ + + + +

15 1 1

30 1 1 20 1 1

2 2 4

2 4 2

( ) ( )

( )( ) ( )(

c c

c c c ++ + + +

= + + + + + +

c c c

c c c c c

3 6 5 2

2 3 4 5

1 24 1

1 2 4 6 6

)( ) ( ) ]

66 4 26 7 8 9 10c c c c c+ + + + .

Table 14.10

π x3 x4 x6 x3,x3 x3,x4 x3,x6 x4,x6 x6,x6

Number 3 1 2 3 3 6 2 1
π* x3 x2x4 x3x6

2 x3
3 x12 x6

3 x12
2 x6

6

Table 14.11

Cycle type in S5 x1
5 x1

3x2 x1
2x3 x1,x2

2 x1,x4 x2,x3 x5

Number 1 10 20 15 30 20 24
Cycle type in S5* x1

10 x1
4x2

3 x1x3
3 x1

2x2
4 x2x4

2 x1x3x6 x5
2
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We can deduce from this how many different simple graphs there are with five 
vertices and a specified number of edges, as shown the Table 14.12.

Thus there are altogether 34 different graphs with five vertices. You are asked in 
Exercise 14.6.3A to draw all these graphs. We hope that this will convince you that Pólya’s 
Counting Theorem, despite all the calculations involved, provides a better method for 
working out the number of different graphs than simply trying to list them. You will 
note the symmetry in Table 14.12. This is not an accident! (See Exercise 14.6.5A.)

It should be clear that, in principle, this calculation can be repeated for graphs with 
any finite number of vertices. The number of cycle types increases very rapidly as the 
number of vertices increases, so it becomes less and less feasible to do the calculations 
by hand. You might like to think about how to write a computer program to do all the 
hard work for you.

Exercises
	 14.6.1A	� In each of the following cases of the cycle type of a permutation π ∈ S8, 

calculate the cycle type of the permutation π* ∈ S8*.
	 i. x1x2x5	 ii. x2

4	 iii. x2x6	 iv. x2
2x4

	 14.6.1B	� In each of the following cases of the cycle type of a permutation π ∈ S12, 
calculate the cycle type of the permutation π* ∈ S12*.

	 i. x2
2x4

2	 ii. x3
2x6	 iii. x4x8	 iv. x1

2x2
3x4

	 14.6.2A	 Calculate the pattern inventory for simple graphs with four vertices.
	 14.6.2B	 Calculate the pattern inventory for simple graphs with six vertices.
	 14.6.3A	 Draw all the 34 different simple graphs with five vertices.
	 14.6.3B	 Draw all the different simple graphs with six vertices and seven edges.
	 14.6.4A	� Let π1, π2 be permutations in Sn that have cycles types x1

n−2r x2
r and x1

n−2s x2
s, 

respectively, where 1 1
2≤ ≤r s n, . Determine the relationship between r and s 

if the permutations π1* and π2* have the same cycle types.
	 14.6.4B	� Let π1 and π2 be permutations from Sn with cycle types x1

n−2a−4b x2
a x4

b and 
x1

n−2c−4d x2
c x4

d, respectively, where a, b, c, and d are nonnegative integers 
with 2a + 4b ≤ n and 2c + 4d ≤ n. Find the condition on a, b, c, and d for the 
permutations π1* and π2* from Sn* to have the same cycle type.

	 14.6.5A	 i. �In Exercise 9.3.2B of Chapter 9 we defined the dual of a graph G = (V,E) 
to be the graph G* = (V,E*), where for all u,v ∈ V we have {u,v} ∈ E* ⇔ 
{u,v} ∉ E. (Thus G* has the same vertices as G, and two vertices are 
joined by an edge in G* if and only if they are not joined in G.) Prove 
that the graphs G1,G2 are isomorphic if and only if their duals G1*,G2* 
are isomorphic.

	 ii. �Deduce that for all positive integers n,e with e n n≤ −1
2 1( ), the number of 

different (nonisomorphic) graphs with n vertices and e edges is the same 
as the number of different graphs with 1

2 1n n e( )− −  edges.

Table 14.12

Edges 0 1 2 3 4 5 6 7 8 9 10
Number of grapha 1 1 2 4 6 6 6 4 2 1 1
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15C h a p t e r  

Dirichlet’s Pigeonhole 
Principle

15.1 T he Origin of the Principle
In this chapter we describe the counting technique known variously as the pigeonhole 
principle, the box principle, and the drawer principle, the last of these being a translation 
of the German term Schubfachprinzip. It was introduced by P. G. L. Dirichlet* in 1834 and 
used by him in his famous book on the theory of numbers in connection with rational 
approximations of irrational numbers. We mentioned this application in Chapter 1, where 
we stated the following problem.

Problem 15A
Rational Approximations to Irrational Numbers

Show that, for each irrational number a, there exists a rational number p/q such that

	 a p
q q

− < 1
2

.

Even in its most complicated form, the principle seems so obvious that you might 
well suspect it could have no value. However, we shall see some really clever and pretty 
proofs, often with surprising outcomes, which show that such an assessment is hope-
lessly wrong!

*	 Peter Gustav Lejeune Dirichlet was born in Düren, Germany, on February 13, 1805. He was appointed professor of 
mathematics at the University of Berlin when he was 27 years old, and moved to Göttingen in 1855, where he died 
in 1859. Dirichlet made many contributions to mathematics. He is remembered for his work in analytic number 
theory, and especially for his theorem that when a and b are coprime integers, the sequence {an+b} includes infi-
nitely many prime numbers.
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15.2 T he Pigeonhole Principle
We begin by stating one version of the principle:

Theorem 15.1
The Pigeonhole Principle (Version 1)

If n + 1 pigeons are placed in n pigeonholes then there must be at least one pigeonhole 
that contains at least two pigeons.

This seems so obvious as not really to require a proof. A trivial application is that 
among any 13 people there must be at least two who were born in the same month 
(though, of course, not necessarily in the same year). If this were challenged, we could 
argue as follows: “Take any 12 of the people (the pigeons!). If no 2 of these 12 were born 
in the same month of the year, then, between them, they account for (“occupy”) all 
12 months (the pigeonholes!) of the year. Since there are only 12 different months, the 
13th person must have been born in the same month as one of the original 12.” Clearly this 
argument could be generalized to give a proof of Theorem 15.1 if one were required.

As a first application of Theorem 15.1 we offer the following, possibly surprising 
theorem.
Theorem 15.2
In every simple graph there are two vertices that have the same degree.*

Proof
Let G be a simple graph and suppose that G has n vertices. The degree of each vertex is 
an integer from the set {0, 1, 2,…, n − 1}. It looks at first as though there are n possible 
values for the degrees of the vertices, and so it would be possible for the n vertices to 
have different degrees. In fact, however, it is not possible to have both a vertex of degree 
0 and a vertex of degree n − 1 in a graph with n vertices (why not?). Hence, as there are 
more vertices than possible degrees, by the pigeonhole principle, there must be at least 
two vertices with the same degree.

An amusing interpretation is that at a party, at which some pairs of guests shake 
hands, at any time there must be at least two people who have greeted the same number 
of the other guests with a handshake.

We have noticed that we need to have at least 13 people before we can be sure that 
there are least two people who were born in the same month. We can easily generalize 
this example. How many people must there be to ensure that at least four of them will 
share the same birth month? You might argue (this time concentrating more on the 
pigeonholes than on the pigeons) as follows.

If no month had more than three people born in it, there could be at most 12 × 3 = 36 
people. Thus, we will ensure that there are at least four people with the same birth 
month, if we have 37 people.

*	 Recall from Chapter 9 that the degree of a vertex v is the number of vertices to which v is joined by an edge.
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The principle behind this argument can be stated as follows (recall that if x is a 
real number, we use ⎣ x ⎦ to denote the integer part of x, that is, the greatest integer not 
exceeding x).
Theorem 15.3
Pigeonhole Principle (Version 2)

Suppose that n + 1 objects are placed in k boxes. Then there must be at least one box 
that contains at least ⎣n/k⎦ + 1 objects.

Proof
If no box contains more than ⎣n/k⎦ objects, there can be at most k× ⎣n/k⎦ objects in total. 
Now, ⎣n/k⎦ ≤ (n/k) and hence k× ⎣n/k⎦ ≤n, which contradicts the fact that there are n + 1 
objects. So at least one box must contain at least ⎣n/k⎦ +1 objects.

Problem 15.1
One hundred cards, numbered 1 to 100, are distributed among six people. Show that 
there must be at least one person on whose cards there appear at least four 3s.

Solution
On the one hundred cards there are, in total, twenty 3s (namely, one on each of the 
cards 3, 13, 23, 30, 31, 32, 34, 35, 36, 37, 38, 39, 43, 53, 63, 73, 83, and 93 and two on 33). 
So here n = 20 and k = 6 and ⎣n/k⎦ +1= ⎣20/6⎦ +1=4. Hence it follows, from version 2 of 
the pigeonhole principle, that some person must hold at least four 3s.

It is surprising that the “obvious” pigeonhole principle can be used to help prove 
some statements that are by no means obvious. One famous result, due to Erdös and 
Szekeres,* is as follows.
Theorem 15.4
Let n be a positive integer. Then each sequence of n2 + 1 distinct numbers, when read 
from left to right, contains either an increasing subsequence of length at least n + 1 or a 
decreasing subsequence of length at least n + 1.

Proof
Let a a an1 2 12, ,..., +  be a sequence of n2 + 1 distinct numbers. We shall assume that there is 
no increasing subsequence of length greater than n and show how to deduce that there 
must be a decreasing subsequence of length at least n + 1.

For each i, with 1 ≤ i ≤ n2 + 1, we let si be the length of the longest increasing subse-
quence that begins at ai. By our assumption, for each i, si ≤ n. So we can put the n2 + 1 
numbers, ai, in n numbered boxes, where ai is put in box k, if si = k. By the second ver-
sion of the pigeonhole principle, there must be at least one box containing at least n + 1 
terms. So, for some k, there are at least n + 1 numbers in the sequence, say a a ai i in1 2 1

, ,..., ,
+

*	 P. Erdös and G. Szekeres, A Combinatorial Problem in Geometry, Compositio Mathematicae, 2, 1935, 
pp. 463–470.
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with i1 < i2 < … < in + 1 and s s s ki i in1 2 1
= = = =

+
... . We show that the numbers a ai in1 1

,...,
+

 
form a decreasing sequence.

Suppose that 1 ≤ i < j ≤ n2 + 1, and that si = sj = k. Then there is an increasing sub-
sequence of length k starting with the term aj, say aj < … < az. If ai < aj, we would 
have an increasing sequence, ai < aj < … < az of length k + 1 starting with ai. But this 
would contradict the fact that si = k. We therefore deduce that ai < aj. Thus we have that 
a a ai i in1 2 1

> > >
+

... , and so there is a decreasing sequence of length n + 1.

Exercises
In Exercise 15.2.1A we have deliberately tried to make finding an increasing or decreas-
ing subsequence of length 5 a little bit harder by our choice of the numbers in the given 
sequence. Since it is only the relative size of the numbers that matters, the 17 different 
numbers might just as well have been replaced by the integers 1 to 17. Indeed, if you 
describe the numbers in Exercise 15.2.1A as the fourth smallest, third smallest, etc., you 
will probably find the desired subsequence more rapidly. You may also get a good clue as 
to how to solve Exercise 15.2.5A(ii). This asks you to first think about a generalization of 
Theorem 15.4 in which n2 + 1 is replaced by mn + 1 and then asks whether this could be 
replaced by mn. This exercise also answers the question as to whether we could replace 
n2 + 1 by n2 in Theorem 15.4, a question we hope that you have already asked yourself.

	 15.2.1A	� According to Theorem 15.4 the sequence 11, 8, 7, 3, 31, 27, 20, 15, 54, 43, 42, 
35, 83, 78, 84, 64, 61 of 17 distinct integers must contain either an increasing 
or a decreasing subsequence of five integers. Can you find at least one such?

	 15.2.1B	� Find the longest increasing subsequence and the longest decreasing subse-
quence of the sequence 74, 59, 79, 26, 62, 95, 98, 83, 17, 64, 77, 32, 68, 4, 10, 
38, 47, 23, 18, 35, 93, 29, 12, 21, 24, 92 of 26 integers. Hence verify that, in 
accordance with Theorem 15.4, there is either an increasing subsequence of 
length 6 or a decreasing subsequence of length 6.

	 15.2.2A	� In the large desert town of Sleed there are 777 people whose surname is 
Xerophyte. None of them has more than two forenames. Show that there 
must be at least two Xerophytes with the same initials.

	 15.2.2B	� Show that there is a positive integer k such that kπ differs from an integer 
by less than 1/1000. Then, just for fun, and with only pencil and paper, find 
an integer k such that kπ is within 1/1000 of some integer.

	 15.2.3A	� By a lattice point in two-dimensional space we mean a point whose coordi-
nates (x, y) are both integers. Show that if you are given five lattice points, 
the midpoint of at least one of the line segments joining pairs of these 
points is also a lattice point.

	 15.2.3B	� We now consider lattice points in three-dimensional space, that is, points 
(x, y, z), where x, y, and z are all integers. What is the least value of m that 
will guarantee that, given m lattice points in three-dimensional space, the 
midpoint of at least one of the C(m, 2) lines joining these points in pairs is 
also a lattice point? Prove that your suggestion is correct.

	 15.2.4A	� An organizer of a party, restricted to those aged between 18 and 30 (inclu-
sive), wanted to ensure that at least three were born in the same year. How 
many people must be invited to be sure this condition is fulfilled?
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	 15.2.4B	� Your company’s security officer wants you to invent a sequence of twenty 
0s and 1s in which no subsequence of four successive symbols is repeated. 
Show that this cannot be done. Can you find a sequence of nineteen 0s and 
1s in which no subsequence of four successive symbols is repeated?

	 15.2.5A	  �i. �Show that given any sequence of mn + 1 distinct integers there is either 
an increasing subsequence of length m + 1 or a decreasing subsequence 
of length n + 1.

	 ii.	Give an example of a sequence made up of the 15 integers 1,2,3,...,15 
that has no decreasing subsequence of length 6 and no increasing subse-
quence of length 4.

	 15.2.5B	� Show that given a sequence, a1 < a2 < … < amn + 1, of mn + 1 distinct posi-
tive integers, there is either a subsequence consisting of m + 1 integers none 
of which divides any other or a subsequence consisting of n + 1 integers 
each of which divides the following one.

15.3 M ore Applications of the Pigeonhole Principle
We now give some more applications of the pigeonhole principle, many of which lead to 
rather surprising conclusions.

Problem 15.2
Let a1, a2,…, a100 be any 100 integers (positive or zero or negative, distinct or not). Then 
there exist integers r, s with 0 < r < s ≤ 100 such that the sum ar + 1 + ar + 2 + … + as is an 
exact multiple of 100. (Of course, there is nothing magical about the number 100.)

Solution
For each integer t, with 1 ≤ t ≤ 100, let ut = a1 + a2 + … + at and let kt be the remain-
der when ut is divided by 100. If any of the kt is 0, then the sum a1 + a2 + … + at 
is a multiple of 100, and the desired result holds. Otherwise, for 1 ≤ t ≤ 100 we   
have 1 ≤ kt ≤ 99, and hence by the pigeonhole principle, at least two of the terms 
kt must be equal. That is, for some r, s with 1 ≤ r < s ≤ 100, we have kr = ks. Thus 
a1 + a2 + … + ar and a1 + a2 + … + as have the same remainder on division by 
100. Hence (a1 + a2 + … + as) − (a1 + a2 + … + ar) is a multiple of 100; that is, 
ar + 1 + ar + 2 + … + as is a multiple of 100, and so the result holds also in this case. 
Hence the result holds for all sets of 100 integers.

Just as surprising but slightly more tricky to (see how to) prove is the following, also 
due originally to Erdös and Szekeres.
Problem 15.3
Show that if we choose any 51 integers in the range from 1 to 100, there must be a pair 
of integers from those we have picked such that one of them is a multiple of the other.

Solution
Each integer, n, may be written uniquely in the form 2kr, where k is a nonnegative inte-
ger and r is a positive odd integer. If 1 ≤ n ≤ 100, r must take one of the values in the 
set {1, 3,…, 99} of the 50 odd integers in the range from 1 to 100. So given any set of 
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51 numbers in the range from 1 to 100, the pigeonhole principle shows that there must 
be at least two with the same odd factor, r, say n rk

1 2 1=  and n rk
2 2 2= , with n1 < n2. Then 

k1 < k2 and n nk k
2 12 2 1= − . Hence n2 is a multiple of n1.

Now for a geometric example.
Problem 15.4
Suppose that five points are chosen inside an equilateral triangle of side 2 cms. Show 
that there is (at least) one pair of points that lie within 1 cm of each other.

Solution
Split the given triangle into four equilateral triangles each of side 1 cm, as in 
Figure 15.1.

By the pigeonhole principle, at least one of the unit triangles must contain at least 
two points. For two points in the same small triangle to lie as much as one unit apart, 
each must be at a vertex of the triangle containing them. But that means that these two 
points lie on the perimeter of the large triangle, whereas we are told that all five points 
lie inside the large triangle.

Here is another example containing possibly helpful practical advice for any reader 
thinking of becoming an international chess grandmaster!
Problem 15.5
A chess player plans to train for his next match by playing at least one game each day 
for 90 days, but at most five games over any period of three consecutive days. Show that 
there must be some period of consecutive days during which he plays 29 games.

Solution
Let ci be the number of games completed by the end of the ith day of training. Since 
at least one game is played each day, and at most five games are played in any three 
consecutive days, we have that 0 < c1 < c2 < … < c90 ≤ 150. Now consider the increas-
ing sequences of positive integers c1 < c2 < … < c90 and c1 + 29 < c2 + 29 < … < c90 + 29. 
Between them they contain 180 numbers, all in the range from 1 to 179. Hence, by the 
pigeonhole principle, there are two of them that are equal. Since the numbers in each 
of the two sequences are all different, this pair must consist of one number from the 
first sequence and one number from the second sequence. That is, for some integers r, s 
in the range from 1 to 90, we have cr = cs + 29. It follows that cr − cs = 29. Consequently 
that s < r, as cs < cr. Hence in the period of consecutive days from day s + 1 to day r the 
chess player completes exactly 29 games.

Figure 15.1
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We now come to the problem due to Dirichlet, previously labeled Problem 15A, that 
we mentioned in Section 15.1.
Problem 15.6
Show that, for each irrational number a, there exists a rational number p/q such that

	 a p
q q

− < 1
2

.

Solution
First we establish some notation. For each real number x we write {x} for the number 
x–⎣x⎦. It follows that 0 ≤ {x} < 1 for each real number x. (For example, {π} = 0.14159… 
and {−8.7} = 0.3.)

For convenience we suppose that a is positive. The modification in the argu-
ment needed when a is negative is left to the reader. Now let t be any positive integer. 
Consider the t + 1 real numbers {a}, {2a},…, {ta}, {(t + 1)a}, which are all in the (half-
open, half-closed) interval [0, 1), and also the t subintervals [0, 1/t), [1/t, 2/t),...,[(t-1)/t, 1) 
of [0, 1). Since we have t + 1 numbers and only t intervals, by the pigeonhole principle, 
there are integers s, m, n with 0 ≤ s ≤ t and 1 ≤ m < n ≤ t + 1 such that both {ma} and 
{na} lie in the interval [s/t, (s+1)/t). It follows that ⎥{ma}–{na}⎥<1/t, that is (na–⎣na⎦)– 
(ma–⎣ma⎦)|<1/t. Thus, if we put q = n − m and p=⎣na⎦–⎣ma⎦, then p and q are integers 
and ⎥qa–p⎥<1/t. As 1 ≤ m < n ≤ t + 1, it follows that 0 < q ≤ t and hence, on dividing 
both sides of the inequality ⎥qa–p⎥<1/t by q, we deduce that

	 a p
q qt q

− < ≤1 1
2

.

Here is another example. Its conclusion seems almost unbelievable!

Problem 15.7
There are nine people, aged from 18 to 58, at a family reunion. Show that it is possible to 
choose two groups of these people in such a way that the sums of the ages of the people 
in each group are equal.

Solution
Each nine-element set has 29 = 512 subsets and hence 511 nonempty subsets. As every-
one is aged between 18 and 58, in any nonempty subset of the nine people, the sum of 
the ages of the members ranges between 1 × 18 and 9 × 58, that is, between 18 and 522. 
So there are at most 505 possible different values for the age totals as we range over all 
the nonempty subsets of people present. As there are 511 nonempty subsets, it follows 
from the pigeonhole principle that there are two distinct subsets with the same total 
age. Should any person be included in both of these two subsets, we remove this person 
from each subset. Since these two new subsets will, clearly, also have the same age sum 
as each other, we have produced two subsets of the desired kind.
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Finally we come to Problem 15B of Chapter 1, where we explained what we mean by 
“faultlessly.”
Problem 15.8
Can 18 dominoes be placed on a 6 × 6 board “faultlessly”?

Solution
Label the internal “struts,” that is, the short lines that a domino might cover, by the 
numbers 1 to 60, as indicated in Figure 15.2. If 18 (nonoverlapping) dominos are placed 
on the board, then 18 of these struts will be covered, leaving 42 exposed. These lie on 
the 10 lines of struts and so, by the pigeonhole principle, at least one of the 10 lines will 
contain at least 5 exposed struts.

If one of these lines has exactly five exposed struts, then the sixth must be crossed 
by a domino as in Figure 15.3.

Apart from that one domino, each other domino occupies either two of the squares 
we have labeled with an A, or two labeled with a B. The squares labeled A make up 
a whole number of columns less one square, and hence there is an odd number of 
squares labeled A. So these squares cannot be entirely covered by nonoverlapping 

1 2 3 4 5

6 7 8 9 10 11
12 13 14 15 16

17 18 19 20 21 22

23 24 25 26 27
28 29 30 31 32 33

34 35 36 37 38
39 40 41 42 43 44

45 46 47 48 49
50 51 52 53 54 55

56 57 58 59 60

Figure 15.2

A A B B B B

A B B B

A A B B B B

A A B B B B

A A B B B B

A A B B B B

Figure 15.3
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dominos. Hence, any row in which five struts are exposed must, in fact, have all six 
struts exposed. That is, the line is a fault line. This proves that a 6 × 6 board cannot be 
covered “faultlessly.”

Exercises
	 15.3.1A	� Let A be a set of n numbers, let k be a fixed positive integer, with k ≤ n, 

and let t be a fixed number. Suppose that the sum of the numbers in each 
k-element subset of A is at most t. Show that the sum of all the numbers in 
A is at most nt/k. Deduce that if the sum of the ages of the 85 residents of an 
old folks’ home is more than 7000, then there is at least one group of 13 of 
the residents whose ages add up to more than 1066.

	 15.3.1B	� A student works 193 hours in 24 days in a supermarket – so just over eight 
hours per day on average. Show that there must be two consecutive days 
during which he works more than 16 hours, and likewise that there are 
three and four consecutive days during which he works more than 24 and 
32 hours respectively. Show, however, that there may be no period of five 
consecutive days during which he works more than 40 hours.

	 15.3.2A	� Show that, given a set of n + 1 distinct integers, there are at least two inte-
gers in the set whose difference is divisible by n.

	 15.3.2B	� i. �Show that given any 32 distinct integers, there exist two whose sum, or 
whose difference, is divisible by 60.

	 ii.	Give an example of a set of 31 integers such that there are no two integers 
in the set whose sum or difference is divisible by 60.

	 15.3.3A	� Show that given 10 points inside an equilateral triangle of side 1 unit, there 
are two of these points whose distance apart is less than 1/3 of a unit.

	 15.3.3B	� A farmer has a field 100 m square. He wishes to plant 50 apple trees in the 
field, but bureaucratic regulations require that he plant no tree within 15 m 
of the edge of the field nor within 15 m of another tree. Show that there is 
no way he can plant all 50 trees without breaking the regulations.

	 15.3.4A	� Show that, if six points lie strictly inside a circle with radius 1 unit, then 
there is at least one pair of these points less than 1 unit apart. (Hint: Split 
the circle into six identical sectors. Then show that if no two points are 
within 1 unit of each other, then no point may lie at the center of C.)

	 15.3.4B	� Show that if there are nine points inside an equilateral triangle of side 
length 1 unit, then there are two of these points that lie within 1/3 of a unit 
of each other. (Hint: Split the triangle into 9 smaller equilateral triangles as 
in the solution to Problem 15.4. Consider the regular hexagon H resulting 
from cutting off the three corner equilateral triangles. Then use the result 
of Exercise 13.2.8A applied to the circle through all the vertices of H.)

	 15.3.5A	� A student has allocated 27 days to prepare for exams. He decides to study 
on each of these days for a whole number of hours, and for at least one hour 
on each day, but for not more than five hours in any period of three con-
secutive days. Show that there must be a period of successive days during 
which he will study for exactly eight hours.

	 15.3.5B	� A security guard watches his monitor for either 4, 5, 6, or 7 hours each day, 
but not more than 36 hours in any 7 consecutive days. He is to work 330 
days in his first year.
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				�    Show that he may arrange his working hours so that on no set of consecutive 
working days does he work 111 hours. Show that he may also arrange his 
hours (perhaps differently each time) so that on no set of consecutive working 
days does he work 222, nor 333, nor 444, nor 555, nor 666, nor 777 hours.

				�    Finally, show that no matter how his boss arranges his hours, there will be 
some period of consecutive days on which he works either 111 or 222 or … 
or 777 hours.

	 15.3.6A	� (This generalizes the result of Problem 15.6.) Show that given any irrational 
number, a, any real number, x, and any positive real number, h, there exist 
integers u, v such that |(va–u)–x|<h.

	 15.3.6B	� Use the result of Exercise 15.3.6A to show that for some positive integer k, 
the integer 2k begins with the digits 2009.

		  [Hint: You need to show that, for some integers k, t, we have 
2009 × 10t ≤ 2k < 2010 × 10t. These inequalities are equivalent to log2(2009) + 
t log210 ≤ k < log2(2010) + t log210, that is, 10.97226185… + 3.321928095…t 
≤ k 10.97297979… + 3.321928095…t.]

	 15.3.7A	� Show that if X is a set of nine distinct integers in the range from 1 to 60, 
there are two disjoint subsets, Y, Z, of X such that the sum of the integers in 
Y is equal to the sum of the integers in Z.

	 15.3.7B	� Let n be an even positive integer. You are given n boxes each containing 
between one and n chocolates, and between them a total of 2n chocolates. 
Show that it is always possible to divide the boxes between two piles so that 
the number of chocolates in each pile is n.
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16C h a p t e r  

Ramsey Theory

16.1  What Is Ramsey’s Theorem?
In chapter 1 we raised the following problem.

Problem 16A
Friends at a Party

There are six people at a party. The people in each pair are either friends or strangers. 
We claim that, among the six, there are (at least) three people who are all friends or all 
strangers. Are we correct?

Although this seems a fairly lighthearted problem it is related to other, much more 
significant questions. In 1930, Frank Ramsey,* in connection with a problem in math-
ematical logic, obtained the following very technical theorem. (Do not worry if it is a 
little bit tricky to grasp in full at the first—or even sixth!—reading. You won’t need to 
know it. It just helps with setting the scene.)

Ramsey’s Theorem
Let positive integers k, s, t1, t2,…, tk be given with s ≥ 2. Then there exists an integer,F, 
such that if the set, C, of all subsets containing s numbers from the set X = {1, 2,…, F} 
of the first F positive integers is partitioned into k disjoint sets C1, C2,…, Ck, in any man-
ner you please, then either there are t1 elements of X all of whose s-element subsets lie in 
C1, or there are t2 elements of X all of whose s-element subsets lie in C2, or … there are 
tk elements of X all of whose s-element subsets lie in Ck.

*	 F. P. Ramsey, On a Problem in Formal Logic, Proceedings of the London Mathematical Society, 30, 1930, pp. 264–286. 
Frank Plumpton Ramsey was born in Cambridge on January 23, 1903, into an academic family. His father was 
Arthur Ramsey, an applied mathematician who published standard textbooks of their day on statics and dynam-
ics, and who became president of Magdalene College, Cambridge. His younger brother, Michael, was Archbishop 
of Canterbury from 1961 to 1974. Frank Ramsey made distinguished contributions to economics, philosophy, and 
probability, as well as to mathematical logic. While an undergraduate he wrote a perceptive review of Wittgenstein’s 
Tractatus. His combinatorial theorem was a preliminary result to enable him to solve a particular case of the deci-
sion problem for quantifier logic, but has proved more interesting and fruitful than the problem from logic that 
motivated it. He died tragically young in Guy’s Hospital, London, on January 19, 1930, after an illness.
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What has this to do with Problem 16A? Ramsey’s theorem tells us that there is some 
number, say F, such that if we divided the two-element subsets of a set of F people into 
two classes (the pairs of friends and the pairs of strangers—let us call them red pairs 
and blue pairs!), then there will be either three people all of whose two-element sub-
sets are red or three people all of whose two-element subsets are blue. Problem 16A 
asks whether we can take F to be 6.

The introduction of the colors red and blue into this discussion suggests a connec-
tion with edge colorings of graphs. We can represent a set of people by the vertices of a 
complete graph, coloring an edge red if it joins two people who are friends, and blue if 
it joins two people who are strangers. In these terms, Problem 16A asks whether, given 
an edge coloring of the complete graph K6 using the two colors red and blue, there will 
always be either a red triangle or a blue triangle in the graph.

It is convenient to introduce some notation to help us to discuss problems of this kind.

Definition 16.1
Given positive integers k, s, t1, t2,…, tk with s ≥ 2, we use the notation F (s; t1, t2,…, tk) for 
the smallest integer F that has the property of Ramsey’s theorem. (Note that it was not 
obvious, before Ramsey’s proof, whether such a number F even existed!)

Using the notation introduced in this definition, we see that Problem 16A covers the 
case of Ramsey’s theorem where s = 2 and t1 = t2 = 3, and claims that F(2;3,3) may be 
taken to be 6. Whether or not F(2;3,3) can be taken to be 5 or less is dealt with below.

As we have seen, in the case where s = 2, it is quite easy to interpret Ramsey’s theorem 
geometrically, as the two-element subsets of X correspond to the edges of the complete 
graph whose vertices correspond to the elements of X, and the partition of X into the 
disjoint subsets C1, C2,…, Ck corresponds to a coloring of these edges. Any attempt to 
visualize Ramsey’s theorem for s = 3 will be tricky (since we should have to imagine 
every plane determined by three points as being colored) and for s > 3 impossible for 
ordinary mortals. On the other hand, working with k > 2 (at least in the case of s = 2) 
is not as much of a problem since it is not difficult to picture the edges of a (complete) 
graph as being adorned by any number of different colors. Nevertheless we will mainly 
concentrate on the case s = k = 2 so that we can continue to use the appealing graphical 
interpretation in which the edges of a graph are painted in just two colors.

The Solution of Problem 16A
We shall solve Problem 16A easily by making a trivial application of the pigeonhole prin-
ciple but will, simultaneously, stir up a bit of a hornets’ nest of more difficult problems.

A B

red string

blue or red string C

D

Figure 16.1
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First imagine that each pair of the six people is holding the ends of a string, which is 
red if they are friends and blue if they are strangers as in Figure 16.1. Select any one of the 
six people present, say A (or any one of the six vertices of the graph, etc.). This person is 
holding five strings, each of which is red or blue. So A must be holding either at least three 
red strings or at least three blue strings. Let us suppose A holds at least three red strings. 
If not, then repeat the argument below but with the words red and blue interchanged.

Now, suppose B, C, D are three of the people who share a red string with A. If any 
two of B, C, D also share a red string, then this string, together with the red strings 
these two share with A, form a red triangle. If this is not the case, then each of the 
strings that B, C, D share must be blue, which, of course, provides a blue triangle.

With the number of people, six, apparently being plucked from nowhere, you may 
suspect that, if we could have “got away” with using only five people, we would have 
said so. And you would be right, as we will show below. Do notice that we are not saying 
that you will never get a set of three mutual friends or a set of three mutual strangers at 
your party if you invite five people. What we are saying is that it would be possible for 
you to invite five people so that, among them, there is no group of three mutual friends 
and no group of three mutual strangers.

To confirm this we only need produce one suitable example. That is most easily done 
with a graph, as in Figure 16.2, where the vertices represent the five people, the solid 
lines represent red strings, and the dotted lines represent blue strings. It is easily seen 
that, in this diagram, there is no solid-line triangle and no dotted-line triangle; hence 
there is no trio of mutual friends and no trio of mutual strangers.

In graph-theoretic terms, a triangle is nothing other than the complete graph, K3, 
with three vertices. So we can summarize the conclusion of Problem 16A as follows: If 
the 15 edges of the complete graph, K6, are each colored either red or blue, then there is 
either a subgraph isomorphic to K3 all of whose edges are red, or a subgraph isomorphic 
to K3 all of whose edges are blue. We then showed by an example that the number 6 
could not be replaced by the number 5.

The significance of this way of formulating the result is that when we generalize it, as 
we are about to do, instead of going from triangles to quadrilaterals, pentagons, and so 
on, we generalize from K3 to the other complete graphs K4, K5, and so on. Do note that 
K4 does not have four edges but has six edges. Many a student has been caught out by 

Figure 16.2
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this after generalizing (wrongly) from “three vertices give a triangle” to “four vertices 
give an (ordinary) quadrilateral.” Rather K4 is what is called a “complete quadrilateral”: 
a quadrilateral together with its diagonals.

It is rather a mouthful to have to keep talking about, for example, “a subgraph iso-
morphic to K3 all of whose edges are red.” So we introduce some terminology that 
enables us to abbreviate our statements.
Definition 16.2
Suppose that the edges of the graph Kn are colored using red and blue and p is a positive 
integer. We say that Kn has a red Kp if there is a set, say P, of p vertices of Kn, such that 
all the edges joining pairs of vertices of P are red (that is, Kn has a subgraph isomorphic 
to Kp, all of whose edges are red). We say that Kn has a blue Kp if we can find a set P of p 
vertices such that all the edges joining them are blue.

In terms of this definition we can rephrase the result of Problem 16A by saying 
that if the edges of K6 are colored using red or blue, then K6 has either a red K3 or a 
blue K3.

We now introduce the following definition, which is the special case of the defini-
tion of F(s : t1, t2,…, tk) with s = k = 2, t1 = p, and t2 = q.
Definition 16.3
Let p,q be positive integers with p,q ≥ 2 such that there exists an integer n with the 
property that, however the edges of the complete graph, Kn, are colored red and blue, 
Kn will always have either a red Kp or a blue Kq. Then there will be a smallest integer, 
n, with this property. This smallest integer n is called the (p,q) Ramsey number and 
written as R(p,q).

For example, our discussion above shows that that R(3,3) = 6. Because of the sym-
metry between red and blue in Definition 16.3 the following result is obvious.
Theorem 16.1
For all positive integers p,q, if R(p,q) exists, then so also does R(q,p), and we have that 
R(p,q) = R(q,p).

We now face an infinity of questions! Does R(p,q) exist for each pair of integers p,q? 
If so, what is its value? For example, what (if they exist) are R(3,4) and R(4,4)?

Of course, Ramsey’s theorem implies that R(p,q) always exists, but we have not yet 
given a proof of this. We give a proof in the case p, q ≥ 3 in Theorem 16.3, but first we 
determine the exact value of R(2,q) for all q ≥ 2.

Theorem 16.2
For all p,q ≥ 2, R(p,2) = p and R(2,q) = q.
Proof
This is straightforward, since if each edge of the complete graph Kp is either red or 
blue, then either every edge is red, in which case we have p vertices joined by edges 
that are all red, or there is a blue edge, say {u, v}, in which case we have a set of two 



Ramsey Theory    ◾    307

vertices joined by blue edges (actually only one edge). This shows that R(p,2) ≤ p, but 
clearly it is not possible to have R(p,2) < p. So R(p,2) = p. Similarly, using Theorem 16.1, 
R(2,q) = q.

Before proceeding any further we show that R(p,q) is worth searching for. In other 
words, it always exists! Having shown that R(p,2) and R(2,q) exist for all p,q ≥ 2 we are 
only left with proving the next theorem.

Theorem 16.3
(Erdös/Szekeres*)

For all integers p,q ≥ 3, R(p,q) exists and

	 R p q R p q R p q( , ) ( , ) ( , ).≤ − + −1 1

Comments
	 i.	 The main body of the proof is almost a repeat of the solution to Problem 16A.
	 ii.	 We need (at this point) to ask that p,q ≥ 3 because of the quantities p − 1 and q − 1 

appearing on the right-hand side of the inequality.

Proof
We prove by mathematical induction that for all integers n ≥ 6 the result holds in the 
case that p + q = n.

First suppose that p + q = 6. Then since we are assuming that p,q ≥ 3, we must 
have p = q = 3. We have seen that R(3,3) exists, and R(3,3) = 6. Also, by Theorem 16.2, 
R(3,2) = R(2,3) = 3, and hence R(3,3) ≤ R(2,3) + R(3,2). Hence the result holds for n = 6.

We now assume, as our induction hypothesis, that the result holds whenever 
p + q ≤ k, where p,q are integers with p,q ≥ 3. Suppose p + q = k + 1. Using the induc-
tion hypothesis if p,q > 3, and Theorem 16.2 if either p = 3 or q = 3, we see that both 
R(p − 1,q) and R(p,q − 1) exist.

We now consider the complete graph, say G, with R(p − 1,q) + R(p,q − 1) vertices, and 
suppose that each edge of G is colored either red or blue. Choose a vertex, v, of G, and 
let R(v) be the set of vertices of G that are joined to v by a red edge, and B(v) be the set 
of vertices joined to v by a blue edge. Then #(R(v)) + #(B(v)) = R(p − 1,q) + R(p,q − 1) −1. 
Hence, by the pigeonhole principle, either #(R(v)) ≥ R(p − 1,q) or #(B(v)) ≥ R(p,q − 1).

We consider the case where #(B(v)) ≥ R(p,q − 1), the other case where #(R(v)) ≥ R(p − 1,q) 
being the same after interchanging “red” and “blue.” By the definition of R(p,q − 1), the 
complete subgraph, say GB(v), with B(v) as its set of vertices, has either a red Kp or a blue 
Kq − 1.

If GB(v) has a red Kp, then so, too, does G. If not, then GB(v) has a blue Kq − 1, and so 
there is a set, say X, of q − 1 vertices of G joined by edges all of which are blue. As 
v∉B(v), X ∪ {v} is a set of q vertices of G joined by edges all of which are blue, and so 
forms a blue Kq in G.

*	 P. Erdös and G. Szekeres, A Combinatorial Problem in Geometry, Compositio Mathematica, 2, 1935, 
pp. 463–470. 
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This shows that R(p,q) does indeed exist and that it is at most R(p − 1,q) + R(p,q − 1). 
Thus we have completed the proof of the theorem.

So, what about the actual values of the (p,q) Ramsey numbers? In particular, what is 
the value of R(3,4)? That is, what is the smallest positive integer n so that, however the 
edges of the complete graph Kn are colored red or blue, there must be either a red K3 or 
a blue K4?

It turns out that R(3,4) = 9, as proved below. This requires us first to show that 
R(3,4) > 8. You are asked to do this by checking that the coloring of K8 given in 
Figure 16.3 has neither a red K3 nor a blue K4.

Theorem 16.4*
	 R(3,4) = 9.

Proof
We have already seen that the example given in Figure 16.3 shows that R(3,4) > 8. Now 
suppose that the edges of K9 have been colored red and blue. We aim to show that K9 
has either a red K3 or a blue K4.

The first case we consider is where there is a vertex, say v, that is joined to four other 
vertices, say w, x, y, and z, by a red edge, as in Figure 16.4.

If any pair of the vertices w, x, y, and z is joined by a red edge, there would be a red 
K3 made up of this pair of vertices together with v. Otherwise, the edges joining w, x, y, 
and z are all blue, and then these six edges form a blue K4. So in this case K9 has either 
a red K3 or a blue K4.

The second case is where there is a vertex, say v, that is joined to six vertices by blue 
edges. Because R(3,3) = 6 the subgraph made up of these six vertices and all the edges 
joining them has either a red K3 or a blue K3. If there is a blue K3, its vertices together 
with v will form a blue K4. So also in this case K9 has either a red K3 or a blue K4.

Now each vertex is joined to eight other vertices. So, if there is no vertex joined 
to four other vertices by red edges, and no vertex is joined to six other vertices by 

*	 R. E. Greenwood and A. M. Gleason, Combinatorial Relations and Chromatic Graphs, Canadian Journal of 
Mathematics, 7, 1955, pp. 1–7.

red edge

blue edge

Figure 16.3
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blue edges, it must be that each vertex is joined to three vertices by red edges and five 
vertices by blue edges. But then the subgraph consisting of just the red edges would 
have nine vertices each of degree 3, which is impossible, as, by the handshaking lemma 
(Theorem 9.4), the sum of the degrees must be an even number.

So either the first case or the second case must apply. It follows that, however the 
edges of K9 are colored red and blue, there must be either a red K3 or a blue K4. Hence 
R(3,4) ≤ 9. Since R(3,4) > 8, we deduce that R(3,4) = 9. This completes the proof.

Very few other exact values of R(p,q) with p,q ≥ 3 are known. The known values are 
given in Table 16.1.*

Exercises
	 16.1.1A	� Show that, however the edges of K6 are colored red and blue, there must be 

at least two monochromatic triangles.
	 16.1.1B	� Show that, however the edges of K7 are colored red and blue, there must be 

at least three monochromatic triangles. [Hint: Find monochromatic trian-
gles using at most six of the seven vertices. Remove (a suitable) one of these 
vertices and find monochromatic triangles using the other six vertices.]

	 16.1.2A	� Mr. Friend invites six friends to tea. Show that, among all seven of them, 
there is either a group of four mutual friends or a group of three mutual 
strangers. (Assume that, given any two people, they are either friends or 
strangers.)

	 16.1.2B	� On another day Mr. Friend invites four friends to tea. Show that, among 
all five of them, there is either a group of three mutual friends or all four of 
Mr. Friend’s friends are mutual strangers.

*	 Taken from a survey article by Stanislaw Radziszowski on the Web site http://www.combinatorics.org/Surveys. 
This article also gives the known lower and upper bound for other values of R(p,q) where an exact value is not 
known, including the cases where there is a question mark in Table 16.1.

Table 16.1

R(p, q) 3 4 5 6 7 8 9
3 6 9 14 18 23 28 36
4 9 18 25 ? ? ? ?

v

red edge w

blue edge

x

y
z

Figure 16.4
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	 16.1.3A	 Show that, for every positive integer n, R(n + 1,3) ≥ 3n.
	 16.1.3B	� Show that the inequality in Theorem 16.3 is a strict inequality if R(p − 1,q) 

and R(p,q − 1) are both even.

16.2 T hree Lovely Theorems
We cannot show you here the methods that establish the most recent information, but 
three theorems that supply upper and lower bounds make for exciting reading and their 
proofs are well within our grasp. We present these now, starting with an upper bound that 
follows immediately from Theorem 16.3 and relates the Ramsey numbers to the binomial 
coefficients.

Theorem 16.5
For all p,q ≥ 2, we have that

	 a.	 R(p,q) ≤ C(p + q − 2,p − 1) or, equivalently, that
	 b.	 R(p,q) ≤ C(p + q − 2,q − 1).

Proof
For q = 2 the inequality amounts to R(p,2) ≤ C(p,1), and this follows from Theorem 16.2 
as C(p,1) = p. Likewise, the result holds for p = 2. We may therefore assume that p,q ≥ 3. 
Once again we use induction on the value of p + q. That is, we prove that, for all n ≥ 6, 
the result holds whenever p,q ≥ 3 and p + q = n.

Since, for p = q = 3, R(p,q) = R(3,3) = 6 and C(p + q − 2, p − 1) = C(4,2) = 6, the result 
holds for p + q = 6. Now assume that the desired result holds for all integers p,q such 
that p,q ≥ 3 and p + q = k, where k ≥ 6. Let p,q ≥ 3 be integers such that p + q = k + 1. By 
Theorem 16.3, and the induction hypothesis,

	 R(p,q) ≤ R(p − 1,q) + R(p,q − 1)
	  ≤ C((p − 1) + q − 2, (p − 1) − 1) + C(p + (q − 1) − 2, (q − 1)− 1)
	  = C(p + q − 3, p − 2) + C(p + q − 3, p − 1)
	  = C(p + q − 2, p − 1),

by Theorem 2.7.
Hence the result holds also in this case and this completes the proof of (a). Then (b) 

follows immediately as, by Theorem 2.5,

	 C(p + q − 2,p − 1) = C(p + q − 2,q − 1).

It follows from Theorem 16.5 that R(3,4) ≤ C(5,2) = 10. Quite close, but not exactly 
right! Also, by Theorem 16.5, R(3,9) ≤ C(10,2) = 45, whereas R(3,9) = 36. Not quite so 
close!

What about lower bounds? The following result (and its proof) is very satisfying.

Theorem 16.6
For all integers p,q ≥ 2, we have R(p,q) ≥ (p − 1)(q − 1) + 1 .
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Proof
In the case where q = 2 the inequality amounts to R(p,2) ≥ p, and the truth of this 
follows from Theorem 16.2. The case p = 2 is similar.

We now suppose that p,q ≥ 3. We let t = (p − 1)(q − 1). We have to show that the 
edges of Kt can be colored red or blue so that Kt has neither a red Kp nor a blue Kq. 
Such a coloring is most easily visualized by taking the t vertices in a rectangular block 
comprising p − 1 rows and q − 1 columns. We join two vertices by a blue edge if they 
lie on the same row. Otherwise we join two vertices by a red edge. By the pigeonhole 
principle, if p of the vertices are chosen, then (at least) two must lie in the same row and 
so these must therefore be joined by a blue edge. Hence with this coloring Kt has no red 
Kp. Likewise, if q vertices are chosen, there must be a pair lying in the same column, so 
these must be joined by a red edge. So Kt has no blue Kq. It follows that R(p,q) > t; that 
is, R(p,q) ≥ (p − 1)(q − 1) + 1.

The construction used to prove Theorem 16.6 is not complicated, and therefore it 
should not be a surprise that the lower bound it gives is not very good. For example, by 
Theorem 16.6, R(3,4) ≥ 7, whereas R(3,4) = 9. Also, this theorem implies that R(3,9) ≥ 17, 
compared with the actual value of 36.

The third theorem refers to diagonal Ramsey numbers, that is, numbers of the form 
R(p,p). Our reason for including this theorem is solely that we wish to show you the 
delightful proof.

There is a nice little story credited to Paul Erdös.* Regarding the relative difficulty, as 
he saw it, of evaluating R(5,5) and R(6,6), he made the following assessment. “If aliens 
offered earthlings the choice of (i) determine R(5,5) within one year or (ii) face interga-
lactic war, then we should make strenuous efforts to find R(5,5). If the condition (i) were 
altered to that of finding R(6,6) we should immediately prepare for war!”

One of Erdös’s early contributions to intergalactic peace came via Theorem 16.8. 
In fact, Erdös proved this result by introducing a new probabilistic technique involv-
ing random colorings of the edges of complete graphs. We have recast the proof 
(so it is really the same proof!) without the probabilistic element. We need first a 
useful inequality for the binomial coefficients that somehow did not get included in 
Chapter 2.

Lemma 16.7
Let t, p be positive integers with t ≥ p, then 2C(t,p) < (t/p)pe p.

Proof
We have

	 C t p t
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*	 See Section 5.1 of Chapter 5 for a brief biography of Erdös.
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Hence by Equation 16.1,
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A natural reaction to seeing Lemma 16.7 is “I’d never thought of an inequality like 
that!” Of course, results of this kind do not come out of the blue. Generally they arise 
when they are suggested by other results, or are needed to complete the proof of another 
theorem. We are now ready for Erdös’s theorem.

Theorem 16.8
(Erdös 1947*)

If p is an integer with p ≥ 2, then

	 R p p p
e

p
( , ) ( ) .≥

−2 1

Proof
We let t be a positive integer, and we seek an inequality for t that rules out the possibil-
ity that Kt has neither a red Kp nor a blue Kp. Note first that as Kt has C(t, 2) edges, it has 
2C(t,2) colorings of its edges using red and blue.

We first choose a specific set, say P, of p vertices from the t vertices of Kt. There are 
C(t, p) different ways of making this choice. We color all the edges joining two vertices 
from P red. Let s be the number of edges of Kt that do not join two vertices in P. Then 
s = C(t,2) − C(p,2). There are 2s different ways in which these edges can be colored using 
red and blue. So there are 2s ways of coloring the edges of Kt so that all the vertices in P 
are joined by red edges. Similarly, the number of ways of coloring the edges of Kt using 
red or blue so that all the edges with two vertices in P are blue is also 2s. Since there are 
C(t,p) ways to choose our set P, the total number of colorings of Kt so that there is either 
a red Kp or a blue Kp cannot exceed 2C(t,p)2s (and may well be less since the chosen set 

*	 P. Erdös, Some Remarks on the Theory of Graphs, Bulletin of the American Mathematical Society, 53, 1947, 
pp. 292–294.
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P may not be the only set of p vertices such that all the edges joining them are red, or 
all these edges are blue, and hence this estimate may involve some double counting). 
Hence, if the inequality

	 2 2 22C t sC t p( , ) ( , )> 	 (16.2)

holds, there must be at least one coloring of Kt without either a red Kp or a blue Kp.
Now,
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⇔ > pp). 	 (16.3)

It follows from Lemma 16.7 that,
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Now, as C(p, 2) = (p(p − 1))/ 2,
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So if t satisfies the inequality 16.5, it follows from the implication 16.4 that the 
inequality 16.3, and hence also the inequality 16.2 holds. That is, if t satisfies the 
inequality 16.5 there is a coloring of Kt with neither a red Kp nor a blue Kp. It follows 
thatR p p p ep( , ) ( ( ) )≥ −2 1 . This completes the proof.

As for upper bounds, we can easily derive an answer from Theorem 16.5.
Theorem 16.9
For all integers p ≥ 2, we have

	 R p p C p p p( , ) ( , ) .≤ − − ≤ −2 2 1 4 1

Proof
It follows immediately from Theorem 16.5 that R(p, p) ≤ C(2p − 2, p − 1). It is straightfor-
ward to prove, using mathematical induction, that for all positive integers n, C (2n, n) < 4n 
(you are asked to do this in Exercise 16.2.2A), and hence C (2p − 2, p −1) < 4p− 1.
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Exercises
	 16.2.1A	 i. � Use Theorems 16.6 and 16.8 to determine lower bounds for R(5,5) and 

R(6,6).
	 ii. � Explain how you can “see” that the lower bound for R(p,p) given by 

Theorem 16.6 will be less than the lower bound given by Theorem 
16.8, for all but finitely many values p (so that, for almost all integers p, 
Theorem 16.8 gives the better result).

	 16.2.1B	� Find the least value of p for which the lower bound for R(p,p) given by 
Theorem 16.8 is larger than the lower bound given by Theorem 16.6.

	 16.2.2A	� Prove, using mathematical induction, that for every integer n ≥ 2, 
2
3

3
83 2 4n nC n n≤ ≤( , ) .

	 16.2.2B	� Prove that for every ε, with 0 < ε < 4, and every positive constant K, there is 
a positive integer N such that for all integers n > N, K(4 − ε)n < C(2n,n) . [In 
fact, it can be shown that C(2n,n) is asymptotic to 4n n/ π , using Stirling’s 
formula* for n!]

16.3 G raphs of Many Colors
You will obviously be asking if similar results are available if we color complete graphs 
with more than two colors. Again Ramsey’s theorem says that there are. The next theorem, 
which is essentially Ramsey’s full theorem with s = 2, allows us to prove such results.

Theorem 16.10
Let m and n1, n2,…, nm be positive integers, and let C1, C2,…, Cm be m different colors. 
Then there is a positive integer M such that if the edges of the complete graph KM are 
painted using these colors, then for some integer i with 1 ≤ i ≤ m, KM has a Kni

 of color 
Ci (that is, there are ni vertices of KM such that all the edges joining them are have been 
painted the color Ci).

Proof
We call the argument we use here the tangerine argument.† We give a proof using math-
ematical induction. The result is obviously true for m = 1. Suppose now that it holds for 
m = k, and consider the case where m = k + 1. We suppose that Ck + 1 is tangerine and, 
for the time being, describe all the other colors as dull.

There are k dull colors, C1, C2,…, Ck. Hence, by the induction hypothesis, there is a 
positive integer L such that if the edges of KL are painted using these colors, then for 
some integer i with 1 ≤ i ≤ k, KL has a Kni

 of colors Ci.
Now let M = R(L, nk + 1). If the edges of the complete graph KM are painted either dull 

or tangerine, then KM has either a KL all of whose edges are dull or a tangerine Knk+1
. 

Now, by the choice of L, in the first case for some i, with 1 ≤ i ≤ k, KM has a Kni
 of color 

*	 Stirling’s formula says that n! is asymptotic to, that is, very closely approximated by, 2πn n e n( ) . For a proof of 
this, see the first edition of this book. We have not managed to find space for it in this expanded edition.

†	 Tangerine is the color of Blackpool Football Club, of which one of the authors is a very keen follower. For some 
unfathomable reason, the other author cannot abide soccer (footnote added by the Blackpool supporter).
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Ci. Thus for some i, with 1 ≤ i ≤ k + 1, KM has a Kni
 of color Ci. Thus the result holds also 

for m = k + 1. This completes the proof.
The least such number M that satisfies the conditions of Theorem 16.10 is usually 

denoted by R(n1, n2,…, nm) and is called the (n1, n2,…, nm) Ramsey number. The only 
Ramsey number with m ≥ 3 whose actual value is known is R(3,3,3), which is 17 (see 
Exercise 16.3.1B).

As we have already noted, we could also generalize the above result by replacing the 
two-element subsets, that is, graph edges, by three-, four-, and more-element subsets 
of a given set. If we go in the other direction and consider one-element subsets of a 
set, that is, we color the elements of a set (rather than pairs, triples, quadruples, etc., of 
elements), we obtain Theorem 15.3, one of the generalizations of the pigeonhole prin-
ciple. We therefore see that Ramsey theory is a vast generalization of Dirichlet’s pigeon-
hole principle.

Exercises
	 16.3.1A	 a. �Use the proof of Theorem 16.10 to show that for each positive integer k and 

all positive integers n1,…, nk, nk + 1, R(n1,…, nk, nk + 1) ≤ R(R(n1,…, nk), nk + 1), 
and deduce that for all positive integers p,q, and r,

	 R p q r R R p q r R R p r q R R q( , , ) min{ ( ( , ), ), ( ( , ), ), ( ( ,≤ rr p), )}.

	 b.	Prove that, for all positive integers p,q,r ≥ 2,

	 R p q r R p q r R p q r R p q r( , , ) ( , , ) ( , , ) ( , , )≤ − + − + − −1 1 1 1..

	 16.3.1B	� Suppose that the edges of K17 are colored using red, blue, or green. Let v be 
a vertex of K17. Show that

	 i.	� At least six of the edges with v as endpoint must be of the same color 
(say red).

	 ii.	 Consider the subgraph whose vertices are six vertices joined to v by red 
edges. Note that either this subgraph has at least one red edge, or all its 
edges are blue or green. Show that in the first case K17 has a red triangle, 
and in the second either a green or a blue triangle.

	 iii.	 Deduce that R(3,3,3) ≤ 17.

16.4 E uclidean Ramsey Theory
There are some fascinating Ramsey-type problems of a geometric nature. Here are some 
involving either coloring all points on the real line (or, if you prefer, the x-axis, or any other 
infinite straight line) or coloring all the points in the plane.

Problem 16.1
Suppose that, with each point on the real line, we associate either the color red or the 
color blue (loosely, “we color each point of the line red or blue”). Show that we can 
always find points A, B, C, on the line, all of the same color and with B the midpoint 
of AC.
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Solution
We can certainly find points X, Z of the same color, say red. If the midpoint of XZ, say Y, 
is also red, then we can put A = X, B = Y, and C = Z, and there is nothing left to prove.

So, let us suppose that Y is blue. Now choose points U, V as in Figure 16.5 so that the 
lengths of the line segments UX, XZ, and ZV are all equal.

Now, if U is red, then A = U, B = X, C = Z forms a red trio of the required kind. If V 
is red, then A = X, B = Z, C = V is a red trio of the required kind. If neither U nor V is 
red, then each is blue and A = U, B = Y, C = V is a blue trio of the required kind.

Another example of similar type is:
Problem 16.2
Prove that if every point of the plane is colored red or blue, the plane contains a mono-
chromatic rectangle, that is, a rectangle with all four vertices of the same color.

Solution
Draw any three (horizontal) parallel lines in the plane and, at right angles to those, 
seven vertical (and so mutually parallel) lines. (Do you wonder why seven? You’ll see!) 
In our example in Figure 16.6 we have numbered the vertical lines to make it easy to 
refer to them.

On each of these seven vertical lines we write three letters, for example r, r, b, indi-
cating the colors (in order from top to bottom) of the points of intersection of the 
line with the three horizontal lines. If two of these trios begin with r, r, then there is a 
rectangle with four red vertices. If two of these trios begin with b, b, there is a rectangle 
with four blue vertices. If neither of these cases occurs, at least five of these trios begin 
either r, b or b, r (on the vertical lines 2, 3, 4, 6, and 7 in our example). So there are 
either at least three lines where the trio begins b, r or at least three lines where the trio 
begins r, b. Without loss of generality we can assume there are three lines where the 
trio begins b, r (lines 2, 4, and 7 in our example). So the trios on these three lines are all 
either b, r, b or b, r, r, and hence at least two of these must be the same. If there are two 
lines with the trio b, r, b, there is a rectangle with all vertices blue (formed by the ver-
tices shown on lines 2 and 7 in our example), and if there are two lines with the trio b, 
r, r, there is a rectangle with all vertices red. So in each case there is a monochromatic 
rectangle.

You will note that the hypothesis that every point of the plane is colored red or 
blue is much, much stronger than is needed to draw the conclusion that there is a 
monochromatic rectangle. Our solution shows that we can deduce this conclusion 
from the much weaker hypothesis that we have a 3 × 7 rectangular array of points of 
the plane each of which is colored red or blue. This suggests that from the assumption 
that every point of the plane is colored red and blue, more interesting conclusions 
can be drawn than just the existence of the monochromatic rectangle. We give a few 
examples.

U X Y Z V
Red Blue Red

Figure 16.5
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Problem 16.3
Prove that if every point of the plane is colored red or blue, then there are lines of all 
possible lengths with monochromatic endpoints.

Solution
Suppose x > 0. Let ABC be an equilateral triangle in the plane with side length x. Two 
of the three points A, B, and C must be the same color, so there is a line of length x 
whose endpoints are the same color. In contrast, this result is not true if we restrict 
attention to points on a line.

Problem 16.4
Show that it is possible to color the points of the real line red and blue, so that there are 
no points of the same color distant 1 unit from each other.

Solution
For each integer n, color the points in the interval [ , )n n + 1

2  red, and those in the inter-
val [ , )n n+ +1

2 1  blue.

Exercise 16.4.3B asks you to prove that it is possible to color every point of the plane 
red or blue so that no equilateral triangle with sides of unit length 1 has vertices all of 
the same color. In contrast, we can always find a monochromatic equilateral triangle of 
some size, as shown in the next problem.

Problem 16.5
Prove that if every point of the plane is colored red or blue, then there is a monochro-
matic equilateral triangle.

Solution
Suppose every point of the plane is colored red or blue. Then by Problem 16.1, there are 
three points A, B, and C such that B is the midpoint of AC and such that the points A, 
B, and C are all the same color. Without loss of generality we can assume that they are 
all red.

Now let the point D be such that the triangle ACD is equilateral, let E be the mid-
point of AD, and let F be the midpoint of CD. (See Figure 16.7.)

If D is red, the equilateral triangle ACD is monochromatic. If E is red, the equi-
lateral triangle ABE is monochromatic. If F is red, the equilateral triangle BCF is 

r b r b b r b

r r b r b b r

b b b r r r b

1 2 3 4 5 6 7

Figure 16.6
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monochromatic. If none of D, E, and F is red, they are all blue, and so the equilateral 
triangle DEF is monochromatic. Thus, in every case there is a monochromatic equi-
lateral triangle.

As a partial response to Problem 16B we have shown that, given a colouring of the 
plane using two colours, and an equilateral triangle, there is a similar (and hence, 
equilateral) triangle which is monochromatic. There may not be a congruent equilat-
eral triangle as Problem 16.4.3B shows.

Given a non-equilateral triangle the same proof as for Problem 16.5 shows that 
there is a similar triangle which is monochromatic. That there is always a congruent 
monochromatic triangle is conjectured, but a proof is still awaited.

Exercises
	 16.4.1A	� Show that if all the points on a line are colored using red and blue, it will 

always be possible to find three points A, B, and C on the line that are given 
the same color, and such that the ratio of the lengths AB:BC is 1:2.

	 16.4.1B	� Show that if all the points on a line are colored using red and blue, then for 
each pair of positive integers m, n, it is possible to find three points A, B, 
and C on the line that are given the same color and such that the ratio of the 
lengths AB:BC is m:n.

	 16.4.2A	� Show that if all the points in the plane are colored using three colors, then 
there is a monochromatic rectangle (that is, a rectangle whose four vertices 
are all given the same color). 

	 16.4.2B	� Show that if all the points in three-dimensional space are colored using 
two colors, then there is a rectangular box (that is, a cuboid) whose eight 
corners lie at points of the same color.

	 16.4.3A	� Describe a way to color the points of the plane using two colors so that 
there is no square with side length 1 unit all of whose vertices are given the 
same color.

	 16.4.3B	� Show that there is a coloring of the plane using two colors in which there is 
no monochromatic equilateral triangle of side 1 unit.

D

E F

A B C
Red Red Red

Figure 16.7
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17C h a p t e r  

Rook Polynomials 
and Matchings

17.1 H ow Rook Polynomials Are Defined
In Chapter 1 we raised the following problem, which we pointed out is relevant to many 
scheduling problems.

Problem 17A
Nonattacking Rooks
Given the 5 × 5 board in Figure 17.1, in how many ways can 0, 1, 2, 3, 4, 5, or more 
nonattacking rooks (that is, no two rooks in the same row or column) be placed on the 
board so that none of them lies on a black square?

This is a generalization of Problem 2.3 of Chapter 2 where we determined the number 
of (different) ways that eight nonattacking rooks can be placed on an 8 × 8 chessboard. 
We will now look at the same problem for an m × n array of squares, but with the added 
restriction that some of the squares are “forbidden,” in that we are not allowed to place 
rooks on them, as in Problem 17A, where we have colored the forbidden squares black. In 
fact, we could restrict our attention to n × n arrays, since a rectangular array can always be 
turned into a square array by adding extra rows or columns of black (forbidden) squares.

It is convenient to use the term chessboard, and usually just board, to mean an array 
of this kind. The standard chessboard is an 8 × 8 array in which alternate squares are 
black. Since throughout this chapter we are concerned with questions about nonat-
tacking rooks, we shall sometimes omit the qualification “nonattacking” in discussing 
these questions.

A specific question of this type is: In how many ways can four rooks be placed on 
a standard chessboard so that (i) each rook is placed on a white square and (ii) no two 
rooks are attacking each other? We could answer the question merely by listing the 
possibilities. The trouble as usual with this sort of method is that in making the list 
we risk accidentally omitting some possible positions or, slightly less likely, counting 
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some positions twice. In fact, the methods we shall develop will allow us to determine, 
all at once, exactly how many ways there are of placing k rooks on such a board, for any 
(nonnegative) integer k.

A more practical problem of this type is that of allocating, say, five jobs to five dif-
ferent employees, given that each employee can only do some of the jobs. As we saw in 
Chapter 1, we can represent this problem by a grid in which the rows correspond to the 
employees and the columns correspond to the jobs, and where we shade a square in a 
particular row and column to indicate that the corresponding employee cannot do the 
corresponding job. Figure 17.2 shows an example of this type.

Clearly, apart from the fact that we have now labeled the rows and columns, Figure 17.2 
is essentially the same as Figure 17.1. The problem of placing nonattacking rooks in the 
white squares of Figure 17.1 is the same as that of putting ticks in the white squares of 
Figure 17.2 to indicate how the jobs are allocated, assuming that each employee is allo-
cated one job. In a practical problem often the key question is whether the jobs can be allo-
cated at all, rather than in how many different ways this can be done. This then becomes 
an existence question. We shall look at such questions in Section 17.2 of this chapter.

Given a board, B, we use the notation rk(B) for the number of ways we can place k 
nonattacking rooks on the white squares of B. Problem 2.3 in Chapter 2 shows that if 
B is an all white 8 × 8 board, r8(B) = 8! Clearly, for any board B, r1(B) is the number of 
white squares on the board. We also have that, for each board B, r0(B) = 1, since there 
is precisely one way of doing nothing! This may seem a little strange, but you will soon 
see why it is, in any case, helpful to define r0(B) to be 1. Our remark that there is just 
one way of doing nothing is equivalent to the fact that given a board B, there is just one 
diagram showing the board with no rooks on it.

A general method, often employed in mathematics, is to “reduce” a given problem 
to more manageable “smaller” ones. We follow this method to show how, if we wish 

Job 1 Job 2 Job 3 Job 4 Job 5

Employee E
Employee D
Employee C
Employee B
Employee A

Figure 17.2

Figure 17.1
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to find obtain rk(B) for “large” boards, it is useful to have some information available 
concerning “smaller” boards. This we can gain merely by inspection, and it is with this 
that we begin.
Problem 17.1
Consider the various boards in Figure 17.3. 

Calculate the values of rk(B) for 0 ≤ k ≤ 3, for each of these boards.

Solution
Most of the values in Table 17.1 are, we hope, obvious, so we confine ourselves to just a 
few words of explanation. The values in the first two rows arise from our observation 
above that for every board, B, r0(B) = 1, and r1(B) is the number of white squares on the 
board. We can place k nonattacking rooks on a board only if we have available squares 
in at least k rows and at least k columns. This explains the zeros in rows 3 and 4 of Table 
17.1. Since none of these boards has more than three rows, for each board rk(B) = 0 for 
k > 3. Column (vi) is the same as column (i) because the third row of black squares 
in (vi) has no effect on the values of rk(B). The only case where some care is needed is 
board (viii), where we have obtained the answers by carefully enumerating all the pos-
sibilities. We use the notation Srs for the square in row r and column s, with the rows 
and columns numbered so that the square in the bottom left-hand corner is S11. Then 
the seven ways we can place two nonattacking rooks on board (viii) are given by the 
following seven pairs of squares:

	 (S13,S22), (S13,S31), (S14,S22), (S14,S23), (S14,S31), (S22,S31), and (S23,S31).

(i) (ii) (iii) (iv)

(v) (vi) (vii) (viii)

Figure 17.3

Table 17.1

Boards
(i) (ii) (iii) (iv) (v) (vi) (vii) (viii)

k

0 1 1 1 1 1 1 1 1
1 3 2 4 2 1 3 3 5
2 1 0 2 0 0 1 2 7
3 0 0 0 0 0 0 0 3
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Even in a comparatively simple case like that of board (viii), listing all the possibilities 
is a little tedious, and it requires care, as it is quite easy to overlook some possibilities. So 
we now introduce a more systematic method. We work with the generating functions for 
the sequences {rk(B)}. Since rk(B) = 0 if the board has fewer than k rows or fewer than k 
columns, all but finitely many of the terms in these sequences will be 0. Thus in this con-
text all the generating functions are polynomials. We now give the formal definition.

Definition 17.1
For each board B, the rook polynomial, r(x, B), is the generating function of the sequence 
{rk(B)}, that is,

	 r(x,B) = r0(B) + r1(B)x + r2(B)x2 + ….

We note that, if B is an m × n board, then r(x, B) is a polynomial of degree at most 
the minimum of m and n.

Problem 17.2
Write down the rook polynomials of the boards in Problem 17.1.

Solution
From Table 17.1 we see that these polynomials are as follows.

a. 1 + 3x + x2	 b. 1 + 2x	 c. 1 + 4x + 2x2	 d. 1 + 2x
e. 1 + x	 f. 1 + 3x + x2	 g. 1 + 3x + 2x2	 h. 1 + 5x + 7x2 + 3x3

To prepare for our first reduction theorem, we need some definitions.

Definition 17.2
	 i.	 A subboard of a board B is a rectangular set of squares of B.
	 ii.	 Two subboards, X and Y, of a board, B, are said to be disjoint if no square of X is 

in the same row or column as any square of Y. More generally, k subboards are 
pairwise disjoint if no square of one subboard is in the same row or column as any 
square of the other subboards.

	 iii.	 We say that a board B can be split up into the subboards B1, B2,…, Bk if these sub-
boards are pairwise disjoint and all the squares of B that are not in any of these 
subboards are black.

For example, in Figure 17.4 the board B can be split up into the subboards B1 and B2 as 
shown. Some more examples of split boards may be found in the solution to Problem 17.3.

Theorem 17.1
The Disjoint Subboards Theorem

	 a.	 Suppose that a given board B can be split up into the subboards B1 and B2. Then the 
rook polynomial of B is the product of the rook polynomials of B1 and B2; that is,

	 r(x, B) = r(x, B1)r(x, B2).	 (17.1)
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	 b.	 Suppose that a given board B can be split up into the k subboards B1, B2, …, Bk, 
then

	 r(x, B) = r(x, B1)r(x, B2)...r(x, Bk).	 (17.2)

Comment
Before giving a general proof, we consider the particular case of the board in 
Figure 17.4. In how many ways can we place four nonattacking rooks on this board? 
Since the white squares of the subboard B1 are in different rows and columns from 
those of B2, the positions in which we put rooks on the board B1 has no effect on the 
squares where we can put rooks on B2 and vice versa. So, for example, if we choose to 
put three rooks on B1 and one rook on B2, the choices for B1 are independent of the 
choices for B2. You can check that there are 84 ways to place three rooks on B1 and 10 
ways to place one rook on B2. Thus there are 84 × 10 ways to place four nonattacking 
rooks on the board B with three rooks on B1 and one on B2. It is more illuminating to 
write this product as r3(B1)r1(B2).

In general, where the subboards B1 and B2 are disjoint, we can place i nonattacking 
rooks on B1 and j on B2 in ri(B1)rj(B2) ways. We can place four rooks on the board B by 
putting i on B1 and 4 − i on B2, for 0 ≤ i ≤ 4. Hence, for 0 ≤ i ≤ 4, provided that we give 
r0(B1) and r0(B2) the value 1, we can put i rooks on B1 and 4 − i on B2 in ri(B1)r4 − i(B2) ways. 
Since different choices of i give different ways of placing the rooks, the total number 
of ways of placing four nonattacking rooks on B is given by the sum of these products. 
That is, it is

	 r B r Bi i
i

( ) ( ).1 4 2
0

4

−
=
∑ 	 (17.3)

You will recognize the formula in Equation 17.3 as giving the coefficient of x4 in 
the product of the polynomials r0(B1) + r1(B1)x + r2(B1)x2 + … and r0(B2) + r1(B2)x + r2(B2)
x2 + … , that is, in the product r(x, B1)r(x, B2). (The formula corresponds to that in 
Equation 7.4 in Chapter 7.)

B1

B2

Figure 17.4
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The same argument applies if we consider, in general, the number of ways of placing 
n rooks on a board B that is split into disjoint subboards B1 and B2. So the coefficients in 
the rook polynomial r(x, B) are identical to those in the product r(x, B1)r(x, B2). Hence 
r(x, B) = r(x, B1)r(x, B2).

This discussion of a particular case generalizes. So we can now give a quick proof of 
the theorem.

Proof
	 a.	 Since the white squares of B1 are in different rows and columns from those of B2, 

nonattacking rooks may be placed on white squares of B1 independently of how 
they are placed on B2. Hence we may place i rooks on B1 and j on B2 in ri (B1)rj (B2) 
ways. We may place n rooks on B by choosing an integer i with 0 ≤ i ≤ n and placing 
i rooks on B1 and n − i on B2. Hence n nonattacking rooks may be placed on B in

	 r B r Bi n i
i

n

( ) ( )1 2
1

−
=

∑ 	 (17.4)

		  ways.
		    The formula 17.4 gives the coefficient of xn in the rook polynomial r(x, B). As it 

is the formula for the coefficient of xn in the product r(x, B1)r(x, B2), it follows that 
Equation 17.1 in the statement of the theorem holds.

	 b.	 This is an obvious generalization of (a).

Problem 17.3
Find the rook polynomials for the boards shown in Figure 17.5

Solution
We split the boards as shown in Figure 17.6.

	 i.	  The board has been split up into two subboards, which are the boards (a) and (b) 
of Figure 17.3. Hence by Theorem 17.1(a), and using the solution to Problem 17.2, 
we see that the rook polynomial of this board is (1 + 3x + x2)(1 + 2x).

	 ii.	 We see that the board can be split up into the boards (a), (e), and (g) of 
Figure 17.3. Hence, by Theorem 17.1(b), its rook polynomial is (1 + 3x + x2)(1 + x)
(1 + 3x + 2x2).

Now let us consider how we might find the rook polynomial for the board, say B, 
shown in Figure 17.1. This cannot be split up into subboards, so at first glance Theorem 
17.1 doesn’t appear to be any help at all. Theorem 17.2 will change that!

The key idea is that we can rearrange the rows and columns on the board shown in 
Figure 17.1 to get a board that can be split up into subboards. We illustrate this process 
in Figure 17.7.

We have numbered the rows and columns of the board to help you see the row and 
column permutations we have made. The middle diagram shows the effect of permut-
ing the rows, as indicated, and the diagram on the right shows the final configuration 
after we have also permuted the columns.
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Since entire rows and columns are permuted, two squares that are initially in differ-
ent rows and columns will end up in different rows and columns and vice versa. Thus 
there is a one–one correspondence between ways of placing a given number of nonat-
tacking rooks on the initial board and the ways of placing them on the final board. 
Hence both boards have the same rook polynomials. We record this fact formally as 
follows.

Theorem 17.2
Let B, B′ be m × n boards, such that there is a permutation, say π, of the set {1, 2,…, m} 
and a permutation, say σ, of the set {1, 2,…, n} with the property that, 

for 0 ≤ i ≤ m and 0 ≤ j ≤ n, the square in row i and column j of B is black 
if and only if the square in row π(i) and column σ(j) of B′ is black.

Then the boards B and B′ have the same rook polynomials.

As the board on the right-hand side of Figure 17.7 can be split up into the subboards 
B1 in the top left-hand corner and B2 in the bottom right-hand corner, it follows from 

(i) (ii)

Figure 17.6

(i) (ii)

Figure 17.5

5
4
3
2
1

1 2 3 4 5

5
2
4
3
1

1 2 3 4 5

5
2
4
3
1

1 5 2 3 4

Figure 17.7
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Theorems 17.1 and 17.2 that the rook polynomial of the original board B is the product 
of the rook polynomials of B1 and B2. Thus the problem of calculating the rook polyno-
mial of the given 5 × 5 board has been reduced to the problem of calculating the rook 
polynomial of two smaller boards.

Our second reduction theorem is not so obvious. It is based on the observation that 
the different ways of placing n nonattacking rooks on a board can be divided into those 
that include putting a rook on a particular square, and those that do not. It is helpful to 
introduce some notation.

We use “square (r, s)” to mean the square in row r and column s. Let B be an m × n 
board with the square (r, s) white. We will use the notation B—(r, s) for the board 
obtained from B by changing the color of this white square to black. The squares avail-
able to a rook on the board B—(r, s) are the same as those for B except that the square 
(r, s) can no longer be used. This explains the choice of notation.

We will use the notation B + (r, s) for the board obtained from B by coloring black all 
the squares that are in either column r or row s. This time the choice of notation may 
seem a little more mysterious. The squares available to a rook on the board B + (r, s) are 
all those available on the board B after a rook has been put on the square (r, s).

An example to illustrate this notation is given in Figure 17.8. For clarity we have 
marked the square (3,5) with a dot.

Theorem 17.3
The Delete-a-Square Theorem
Let B be a board where the square (r, s) is white. Then

	 a.	 For each positive integer k, rk(B) = rk(B − (r, s)) + rk − 1(B + (r, s)).
	 b.	 r(B, x) = r(B − (r, s), x) + xR(B + (r, s), x).

Proof
Let k be a positive integer. The set of all ways of placing k nonattacking rooks on the 
board B may be divided into two disjoint classes: (α) those in which a rook is not placed 
on the square (r, s), and (β) those in which a rook is placed on this square.

Clearly the number of placements in class (α) is the same as for the board obtained 
from B by coloring the square (r, s) black, which means that a rook cannot be placed 
on it. So there are rk(B − (r, s)) placements in this class. If a rook is placed on the square 

B B–(3,5) B+(3,5)

Figure 17.8
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(r, s), then we are left with k − 1 rooks to be placed on the board, with none of them in 
column r or row s. The number of ways of placing these rooks is the same as the number 
of ways of placing k − 1 rooks on the board obtained from B by blacking out the squares 
in column r and those in row s, that is, rk − 1(B + (r, s)). This proves (a).

From (a) we can immediately deduce (b), as, for k ≥ 1, the term involving xk in the 
polynomial r(B − (r, s), x) + xr(B + (r, s), x) is rk(B − (r, s))xk + x(rk − 1(B + (r, s))xk − 1), and hence 
the coefficient of xk is rk(B − (r, s)) + rk − 1(B + (r, s)) , which by (a) is rk(B). It is also straight-
forward to check that the constant term in the polynomial r(B − (r, s)) + xr(B + (r, s)) is 1. 
Thus the polynomials on the left- and right-hand sides of the equation in (b) have the 
same coefficients. So they are the same polynomial.

Problem 17.4
Calculate the rook polynomial for the board, B, shown in Figure 17.8.

Solution
By the disjoint subboards theorem the rook polynomial of the board B – (3,5) of 
Figure 17.8 is the product of the rook polynomials of the subboards shown in Figure 17.9. 
These are quite easy to calculate, and are given under the boards.

So the rook polynomial of the board B – (3,5) is (1 + 3x + x2)(1 + 4x + 2x2). It is 
straightforward to see that the rook polynomial of the board B + (3,5) is (1 + x)2. Hence 
by the delete-a-square theorem, the rook polynomial of the board B is (1 + 3x + x2)
(1 + 4x + 2x2) + x(1 + x)2, that is, 1 + 8x + 17x2 + 11x3 + 2x4.

We now come to a third method of evaluating rook polynomials that is of most use 
in a case, such as that of the board B shown in Figure 17.10i, where there are more white 
squares than black squares. In such a case the disjoint subboards method will prob-
ably not be readily applicable and using the delete-a-square theorem may well require 
several steps. Fortunately, our third method may come to the rescue here. It is called 
the method of the complementary board.

Definition 17.3
Given a board B, its complementary board is the board, BC, obtained from B by chang-
ing all black squares to white and all white squares to black. Figure 17.10 shows the 
board B and its complementary board.

1 + 3x + x2 1 + 4x + 2x2

Figure 17.9
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Here is the main theorem on complementary boards. We admit that its statement 
looks complicated, but the proof, if taken slowly, isn’t so difficult. It is a good example 
of the use of the inclusion–exclusion theorem (Theorem 4.2 of Chapter 4).

Theorem 17.4
The Complementary Board Theorem
Let B be an m × n board, with complementary board BC. Then for each nonnegative 
integer k,

	 r B C m j k j n j k j k j r Bk
j

j( ) ( ) ( , ) ( , )( )! ( )= − − − − − −1 C C

jj

k

=
∑

0

. 	 (17.5)

Proof
We need first some notation. We let P be the set of all the different ways of placing k non-
attacking rooks on an m × n board. Let S1,…, Sr be different squares on the board, with 
r ≤ k. We let P(S1,…, Sr) be the set of ways of placing the k nonattacking rooks on the board 
with a rook on each of the squares S1,…, Sr. Note that P S S P S P Sr r( ,..., ) ( ) ... ( )1 1= ∩ ∩  
and that if any two of the squares S1,…, Sr are in the same column or the same row, then 
P(S1,…, Sr) is empty. We let β (B) be the set of black squares on the board B.

By the result of Exercise 2.2.4A, there are C(m, k)C(n, k)k! ways to place k nonattack-
ing rooks on an m × n board. Those placings in which at least one rook is on a black 
square are those in the set

	 P S
S B

( ),
( )∈β

∪
and hence

	 r B C m k C n k k P Sk
S B

( ) ( , ) ( , ) ! # ( ) .
( )

= −










∈β
∪ 	 (17.6)

(i) (ii)

B BC

Figure 17.10



Rook Polynomials and Matchings    ◾    329

By the inclusion–exclusion theorem,

	

# ( ) ( ) #( ( ) (
( )

P S P S P S
S B

j

j

k

∈

+

=









 = − ∩∑

β
∪ 1 1

1
1 2 )) ... ( ))

( )

,..., ( )

∩ ∩












= −

∈

+

∑ P Sj
S S B

j

j1

1

β

11
1

1 1

#( ( ,..., )).
,..., ( )

P S Sj
S S Bj

k

j ∈=
∑∑

β

	

(17.7)

We now evaluate the sum

	 #( ( ,..., ))
,..., ( )

P S Sj
S S Bj

1

1 ∈
∑

β

	 (17.8)

that occurs in Equation 17.7.
As we have already observed, if any of the squares S1,…, Sr are in the same row or 

column, then #(P(S1,…, Sr)) = 0. Thus the number of nonzero terms in the sum 17.8 is 
the number of ways of placing j rooks on the black squares of B so that no two of them 
are in the same row or column. But this is just the number of ways of placing j nonat-
tacking rooks on the complementary board BC, that is, rj (BC).

Now suppose no two of the squares S1,…, Sj are in the same row or column. So 
between them they lie in j rows and j columns. P(S1,…, Sj) is the set of positions with j 
rooks on the squares S1,…, Sj and hence k – j nonattacking rooks in the remaining m – j 
columns and n – j rows in which none of these squares lie. Thus #(P(S1,…, Sj)) is the 
same as the number of ways of placing with k – j nonattacking rooks on an (m – j) × 
(n – j) board. So, by Exercise 2.2.4A, #(P(S1,…, Sj )) = C(m – j, k – j)C(n – j, k – j)(k – j)!

It follows that

	 #( ( ,..., )) ( , ) ( , )( )!P S S C m j k j C n j k j k j rj1 = − − − − − jj
S S

B
j B

( ).
,..., ( )

C

1 ∈

∑
β

	 (17.9)

Now, by Equations 17.6, 17.7, and 17.9, we have that

	 r B C m k C n k k C m j k j C n jk
j( ) ( , ) ( , ) ! ( ) ( , ) (= − − − − −+1 1 ,, )( )! ( ).k j k j r Bj

j

k

− −
=

∑ C

1

  (17.10)

and hence, as r0 (BC) = 1, we can rewrite Equation 17.10 as

	 r B C m j k j C n j k j k j r Bk
j

j( ) ( ) ( , ) ( , )( )! ( )= − − − − − −1 C

jj

k

=
∑

0

,

and this completes the proof.
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Problem 17.5
Calculate the rook polynomial for the board B of Figure 17.10.

Solution
Here, as we have said, it would appear that disjoint subboards theorem is not applicable 
while the delete-a-square theorem would take some while to implement. Do you agree? 
So let us try the complementary board method, and aim to calculate first the rook 
polynomial of the board BC. Even this isn’t completely straightforward. However, we 
can make progress by using the delete-a-square theorem and then permuting columns 
and rows, using Theorem 17.2 (Figure 17.11).

If we now take the board BC – (5,4) and apply the permutation (2 4) to the rows, and 
then the permutation (1 5 4 3 2) to the columns, we obtain the board in Figure 17.12.

We can apply the disjoint subboards theorem to the board in Figure 17.12. We have 
already seen in Problem 17.1(a) that the 2 × 2 board in the top right-hand corner has 
1 + 3x + x2 as its rook polynomial. You can check by a direct calculation that the 3 × 3 
board has rook polynomial 1 + 6x + 9x2

 + 2x3. It follows that the rook polynomial of the 
board in Figure 17.12, and hence of BC – (5,4), is (1 + 3x + x2)(1 + 6x + 9x2

 + 2x3).
If we interchange rows 2 and 3 of the board BC + (5,4), we obtain the board in 

Figure 17.13, from which we can deduce that the rook polynomial of the board BC + (5,4) 
is (1 + 2x)(1 + 4x + 3x2).

We can now deduce from the delete-a-square theorem that the rook polynomial of 
the board BC is

	
( )( ) ( )( )1 3 1 6 9 2 1 2 1 4 3

1

2 2 3 2+ + + + + + + + +

=

x x x x x x x x x

++ + + + +10 34 46 21 22 3 4 5x x x x x .
	

(17.11)

BC BC–(5,4) BC+(5,4)

Figure 17.11

BC–(5,4), as above, with its rows and columns permuted

Figure 17.12
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We can now use the complementary board theorem to calculate the coefficients in 
the rook polynomial of the board B. We calculate the coefficient of x4, that is, r4 (B), and 
leave the other coefficients to you as an exercise. Since we are dealing here with a 5 × 5 
board, we have m = n = 5. So, if we put k = 4 in Equation 17.5, we obtain

r B C j j C j j j r Bj
j4 1 5 4 5 4 4( ) ( ) ( , ) ( , )( )! ( )= − − − − − − C

jj

C r B C r B C

=
∑

= − +

0

4

2
0

2
15 4 4 4 3 3 3( , ) ! ( ) ( , ) ! ( ) ( ,C C 22 2 2 1 1 1 0 02

2
2

3
2

4) ! ( ) ( , ) ! ( ) ( , ) ! (r B C r B C r BC C C− + ))

( ) ( ) ( ) ( ) (= − + − +600 96 18 40 1 2 3 4r B r B r B r B r BC C C C CC ).

Now from Equation 17.11 we have that r0 (BC) = 1, r1 (BC) = 10, r2 (BC) = 34, r3(BC) = 46, 
and r4 (BC) = 21, and hence

	 r B4 600 1 96 10 18 34 4 46 21 89( ) .= × − × + × − × + =

Although this has been rather a long calculation, you will see that it is much quicker 
done this way than by simply trying to list all the 89 different ways of placing four non-
attacking rooks on the board B.

Exercises
	 17.1.1A	� Find, by a direct calculation, the rook polynomials of the boards shown in 

Figure 17.14.
	 17.1.1B	� Find the rook polynomial for the n × n board Bn on which all the squares 

are black other than those on the main diagonal. [The board B3 is shown in 
Figure 17.14(i).]

	 17.1.2A	� Find the rook polynomial for the 4 × 4 board in which all the squares are white.
	 17.1.2B	� Find the rook polynomial for the 3 × 5 board in which all the squares are white.
	 17.1.3A	� Complete the solution to Problem 17.5 by calculating the values of rk (B) for 

k = 0,1,2,3, and 5.
	 17.1.3B	� Find the rook polynomial of the boards whose complementary boards are 

those given in Problem 17.3.
	 17.1.4A	 Find the rook polynomials for the boards shown in Figure 17.15.
	 17.1.4B	 Find the rook polynomial for the board shown in Figure 17.16.
	 17.1.5A	� Your friendly combinatorics lecturer tells you that one of the 500 rook 

polynomials he set you to determine for homework is 1 + 4x + 7x2 + 2x3 + x4. 
Why must he must be wrong?

BC+ (5,4) with its rows 2 and 3 permuted

Figure 17.13
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	 17.1.5B	 Show that 1 + 4x + 6x2 + 15x3 cannot be a rook polynomial.
	 17.1.6A	� Show that, if two 2 × 2 boards have the same rook polynomial, then they are 

(perhaps after a rotation) identical.
	 17.1.6B	� We know that two boards have the same rook polynomial if one can be 

obtained from the other by permuting rows and columns. Show that the 
converse isn’t true. (Hint: There is a example with 2 × 3 boards.)

17.2 Ma tchings and Marriages
While the manager seeking to allocate the jobs described by Figure 17.2 would no doubt be 
amused that there are three ways of allocating the jobs to the employees, two more pressing 
problems for most managers would probably be:

	 i.	 Can all the posts be suitably filled at all?
	 ii.	 Assuming that there is more than one way of filling the posts, how can these 

posts be filled in a way most advantageous to the firm?

(i) (ii) (iii)

Figure 17.15

Figure 17.16

(i) (ii) (iii) (iv)

Figure 17.14
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The first question is an example of an existence problem: Does a solution to the problem 
at hand actually exist? The second question is an example of an optimization problem. We 
confine ourselves to the first question.

Fortunately, there are theorems that can help the manager decide. This chapter describes 
one such. (See Theorem 17.5.) Although identically the same problem as that of matching 
people to jobs, the problem of pairing off one set of things with another (disjoint) set is 
more clearly and amusingly described in terms of marriage, hence it is often known as the 
marriage problem.

Problem 17.6
Five men, Alan, Barry, Charlie, Dave, and Eric, and six women, Ursula, Vera, Wendy, 
Xena, Yolanda, and Zoe, (affectionately known, of course, as A, B, C, D, E, U, V, W, X, 
Y, and Z) enjoy the following friendships:

A is acquainted with U, Y, and Z; B is friendly with all the women; C 
with Y and Z; D with U, Y, and Z ; and E with Y and Z.

The question is whether it is possible—it is surely desirable(!)—that each of the men 
can be married to a woman with whom he is friendly. (We are assuming that a man can 
marry at most one woman, and a woman can marry at most one man.) Relationships 
such as friendships between men and women (between the elements of one set and 
those of a disjoint set) are sometimes conveniently (and clearly) expressed in terms of a 
bipartite graph. Figure 17.17 gives the bipartite graph corresponding to the friendships 
described above.

Solution
In fact, it is not possible for each man to marry a woman friend. This can be seen by 
observing that A, C, D, and E would need to have, between them, at least four friends, if 
each is to have a wife with whom he is friends. However, between them they know only 
three of the women, U, Y, and Z. It will follow from Theorem 17.5 that if only one of A, 
C, D, and E would get friendly with one of V, W, or X, then 5 happy(?) marriages (and 
one sad woman?) could result.

First, let us make a simple observation. That the four men require four wives empha-
sizes the fairly obvious remark that for a pairing of all the men with friendly women to 
exist, it must necessarily be the case that, for each subset of k men, there must be (at least) 
k of the women with whom these k men are, between them, friendly. This remark may 

A B C D E

U V W X Y Z

Figure 17.17
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seem unremarkable until you learn that this necessary condition is also, remarkably, 
sufficient. That is, we have:

Theorem 17.5
Hall’s Marriage Theorem
Suppose that we have a set of m men and a set of at least m women such that for each 
integer k, with 1 ≤ k ≤ m, each k men have between them at least k friends among 
the women. Then it is possible for each man to marry a woman with whom he is 
friendly.

Comment
We leave it to you, if you don’t like mixing mathematics with everyday life, to restate 
this result more abstractly in terms of bipartite graphs.

Proof*
We prove the result by mathematical induction. It is clearly true in the case where 
m = 1. Suppose it holds for all n < m, and we have a set of m men who satisfy the condi-
tion of the theorem. We consider two cases:

	 a.	 For each n < m, each set of n men has, between them, at least n + 1 women they are 
friendly with.

	 b.	 For some n < m, there is a set, say S, of n men who have between them exactly n 
women they are friendly with.

In case (a), we can marry one of the men to one of his women friends. Let us call 
her W(endy). We can then apply the induction hypothesis to the remaining set of m – 1 
men. Given any k of them, they have between them at least k + 1 women friends, and 
hence at least k women friends other than W. So the induction hypothesis implies that 
each of these m – 1 men may marry one of their women friends.

In case (b), it follows from the induction hypothesis that each man in the set S of 
n men, with n < m, can marry a woman with whom he is friendly. Suppose there is a 
set, say T, of l of the remaining m – n, as yet unmarried, men with fewer than l friends 
between them among the remaining unmarried women. Then S T∪  is a set of n + l 
men with between them fewer than n + l friends among all the women, contradicting 
our hypothesis that the men satisfy the condition of the theorem. It follows that, for 
l ≤ m – n, each l of the remaining as yet unmarried men have between them at least l 
friends among the remaining women who are not yet married. Hence, we can apply the 
induction hypothesis to marry each of these remaining men to one of the remaining 
women with whom he is friendly. So each man can be married to one of his women 
friends.

Hence the result holds also for a set of m men that satisfy the given condition. This 
completes the proof of the theorem.

*	 P. Halmos and H. Vaughan, The Marriage Problem, American Journal of Mathematics, 72, 1950, pp. 214–215. The 
history of the theorem is given in this paper.
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Let us go back to Problem 17.6 but now assume that A is also friendly with X. We can 
represent the position by the diagram in Figure 17.18, where a white square indicates 
that the man in the row is friendly with the woman in the column.

It is straightforward to check that the conditions of Hall’s marriage theorem are 
satisfied, and hence this theorem implies that each man can marry one of his women 
friends. However, some care needs to be taken. If A marries either Y or Z, C and D can-
not both marry a woman friend. However, the pairing of A with X, B with V, C with Y, 
D with U, and E with Z—leaving W unattached—works.

We can view this pairing in two other ways. First, as we have already noticed, it cor-
responds to placing five nonattacking rooks on the white squares of the board given in 
Figure 17.18. This is shown in Figure 17.19.

Another way to represent this situation is that we associate with each of the men 
with the set of women he is friendly with.

	

A U X Y Z

B U V W X Y Z

C Y Z

D U Y Z

E

↔

↔

↔

↔

{ , , , }

{ , , , , , }

{ , }

{ , , }

↔↔ { , }Y Z

The choice of U, V, X, Y, and Z, for the women, can be regarded as a selection of five 
letters, from the (union) of the above five sets, with one letter from each set and with 
no letter being repeated. Such a selection is called a system of distinct representatives or 

A

B
C

D

E

U V W X Y Z

Figure 17.18

A

B
C

D

E

U V W X Y Z

Figure 17.19
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transversal for the five sets. Theorem 17.5 was originally stated in terms of this nomen-
clature, as follows.

Theorem 17.6
Hall’s Transversal Theorem*
The finite sets S1,…,Sn have a transversal if and only if, for all positive integers k ≤ n, for 
each choice of k integers, n1, n2,…, nk with 1 ≤ n1 < n2 < … < nk ≤ n,

	 #( ... ) .S S kn nk1
∪ ∪ ≥

We can now show that Problem 17B has a positive answer. 
Let the 10 groups of four cards be C1,C2,…,C10. For 1 ≤ i < 10 we let Si be the set of 

those distinct integers which appear on the cards in Ci. We now show that for 1 ≤ k ≤ 10 
and each choice of k distinct integers, n1,…,nk chosen from the range from 1 to 10 we 
have that #( ... ) .S S kn nk1

∪ ∪ ≥
For suppose that for some choice of k and n1,…,nk, we have #( ... )S S kn nk1

∪ ∪ < . 
This means that there are at most k–1 distinct integers represented among the 4k cards 
in the union C C Cn n nk1 2

∪ ∪ ∪... .  But this would imply, by the pigeon-hole principle, 
that at least one of these integers occurs on at least 5 of the cards, contrary to what we 
are given.

Hence, by Theorem 17.6, the sets S1,…,S10 have a transversal, that is, we can pick 
one card from each of the groups C1,…,C10 so that the ten cards that we pick carry the 
numbers 1,2,...,10.

There is a lot more that could be said about these topics. The theory of transversals 
has a wide range of applications. We have shown how to calculate rook polynomials. 
This enables us to work out how many ways we can place non-attacking rooks, or equiv-
alently how many matchings or transversals there are in a given situation. We have also 
described Hall’s Marriage Theorem which gives a necessary and sufficient condition 
for the existence of a transversal or a matching or a placement of non-attacking rooks. 
We haven’t provided any efficient algorithms for finding transversals, nor have we con-
sidered how to find an optimal matching when, for example, there is a cost of assigning 
a particular job to a particular employee and we want to minimize the total cost. But all 
good things come to an end, and to avoid this book becoming too large, we end at this 
point. We have added some suggestions for further reading where you can read about 
topics we have not had space to cover.

Exercises
	 17.2.1A	� Show that in the situation described in Problem 17.6, if C is also friendly 

with X, then each man can marry a woman with whom he is friendly.
	 17.2.1B	� Show that in the situation described in Problem 17.6, if either D or E is 

also friendly with X, then each man can marry a women with whom he is 
friendly.

*	 P. Hall, On Representatives of Subsets, Journal of the London Mathematical Society, 10, 1935, pp. 26–30.
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	 17.2.2A	� Suppose that the women A to G are friendly with the men a to h as 
follows:

A is friendly with b, f, and h.
B is friendly with a, b, c, d, and g.
C is friendly with b, e, and f.
D is friendly with b and h.
E is friendly with c, d, e, f, and g.
F is friendly with e, f, and h.
G is friendly with b and h.

		   �Draw the bipartite graph representing this situation. Show that it is not 
possible for each woman to marry a man she is friendly with.

	 17.2.2B	� The women in Exercise 17.2.2A wish to go on a cycle ride each initially choos-
ing a partner who is a friend as follows:

A – b; B – d; C – e; D – h; E – g; F – f .

				�    By Exercise 17.2.2A, this means that G cannot cycle with a friend. She 
would really like to cycle with b. Show that if C makes friends with either 
a or c, then by choosing a new partner if necessary, all seven women can 
cycle with a friend.
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Solutions to the A Exercises

Chapter 2
2.2.1A  The initial letter can be chosen in 26 ways. Each of the subsequent digits may be 
chosen in 10 ways (this assumes that a string of 11 zeros is possible). So the total number of 
different serial numbers for a €10 note is 26 × 1011. Similarly, the number of different serial 
numbers for a £10 note is 26 × 26 × 108. Since 26 < 103, there are fewer of these than there 
are serial numbers for a €10 note.

2.2.2A  There are 10 digits, and so they can be arranged in order in 10! = 3,628,800 differ-
ent ways. There are 3600 seconds in an hour and 24 hours in a day. So 10! seconds amount 
to 3,628,800/(3600 × 24) = 42 days, that is, six weeks exactly.

2.2.3A  In the first race, with 10 horses, there are 10 × 9 × 8 = 720 ways in which the first 
three positions can be filled. For the races with 8 and 6 horses, these positions can be filled 
in 8 × 7 × 6 = 336 and 6 × 5 × 4 = 120 ways, respectively. So the total number of predictions 
that can be made is 720 × 336 × 120 = 29,030,400.

2.2.4A  We call the square in row r and column s square (r, s). The square, say (r1, s1), for the first 
counter may be chosen in m × n ways. Then the second square, say (r2, s2), may be chosen in 
(m – 1) × (n – 1) ways, and so on. This gives (mn)((m – 1)(n – 1))((m – 2)(n – 2))…((m – k + 1)
(n – k + 1)) = (m(m – 1)…(m – k + 1))(n(n – 1)…(n – k + 1)) = (m!n!)/((m – k)!(n – k)!) ways to 
choose the k squares for the counters. However, the order in which these squares are chosen does 
not matter. Since they can be chosen in order in k! ways, there are (1/k!)(m!n!/((m – k)!(n – k)!)) 
different ways in which the counters may be placed on the grid. [Note that as 
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the answer could be given in either of the forms (P(m, k)P(n, k))/k! or k!C(m, k)C(n, k).]

2.3.1A  A student can choose options from pure mathematics, applied mathematics, 
statistics, and computing in C(12,3), C(10,2), C(6,2), and C(4,1) ways, respectively. Hence, 
by the principle of multiplication of choices, the total number of ways in which students 
can choose their eight options is C(12,3) × C(10,2) × C(6,2) × C(4,1) = 220 × 45 × 15 × 4 
= 594,000.
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2.3.2A  Choosing a subset, S, of a set, X, with n elements involves deciding for each element 
of X whether or not to include it in S. So for each element of X you have a choice of two 
options. Thus the total number of ways of choosing a subset is 2 × 2 × … × 2 with n factors, 
that is, 2n. On the other hand, the total number of subsets of a set of n elements is the total 
of the number of subsets containing zero elements, plus the number of subsets containing 
one element, plus the number of subsets containing two elements, and so on. As C(n,r) is 
the number of subsets containing r elements, the total number of subsets of a set of n ele-
ments is ∑ =r

n C n r0 ( , ), and this sum must therefore be equal to 2n.

2.3.3A  Suppose we have a set X of n objects. The product C(n, k)C(k, s) counts the number of 
ways of first choosing a subset, say Y, of X containing k objects, and then choosing a subset, 
say Z, of Y containing s of these elements. We can represent this by the following picture.

X Y Z

We can obtain exactly the same result by first choosing the subset Z of s objects from the n 
objects in X and then k – s objects from the n – s objects in X \ Z to form the set Y \ Z. These 
choices can be made in C(n,s) and C(n – s, k – s) ways, respectively. So the total number of 
ways of making these choices is C(n,s)C(n – s, k – s). Since these two expressions count the 
number of ways of arriving at the same situation, they must be equal. That is, C(n,k)C(k,s) 
= C(n,s)C(n – s, k – s). 

2.3.4A  Let X be a set of n objects. For 0 ≤ r ≤ n, there are C(n,r) subsets of X containing r 
elements. Thus if Z is the set of all the subsets of X, the sum ∑ ∈A AZ #( ), which adds up the 
total of the numbers of elements in each subset of X, is equal to ∑ =r

n rC n r0 ( , ). 
We now evaluate this sum in a second way. Each subset Y of X can be paired up with 

its complement, X \ Y, consisting of all the elements of X that are not in Y. Between them, 
Y and X \ Y contain all the elements of X, and they have no elements in common. Thus 
#(Y) + #(X \ Y) = #(X) = n. The 2n subsets of X form 2n – 1 pairs each consisting of a set and 
its complement. Hence the sum of the numbers of elements in all these sets is n2n – 1. Thus
∑ =∈

−
A X

nA n#( ) 2 1. Therefore ∑ ==
−

r
n nrC n r n0

12( , ) .

2.4.1A  We need to count the number of ways six balls can be drawn with numbers that 
lead to your winning a fourth prize. For this to happen four of the balls must have num-
bers included among your six choices, and the remaining two must be among the 43 other 
numbers. So there are C(6,4)C(43,2) ways in which you win a fourth prize. Hence the prob-
ability of winning a fourth prize is 

	 C C
C

( , ) ( , )
( , ) , ,

6 4 43 2
49 6

15 903
13 983 816

645
66

= × =
55 896,

.

To five decimal places this is 0.00097, which is approximately a probability of 1 in 1032.
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2.4.2A  With 100 balls in the bag there are C(100,10) ways of selecting a sample of 10 balls. 
Five red and five blue balls can be chosen in C(50,5) × C(50,5) ways. So the required prob-
ability is 

	 C
C

( , )
( , )

, ,
, ,

.50 5
100 10

2 118 760
8 170 019

0 259
2

= = ((to three decimal places).

In this example there is only about a one in four chance that the sample reflects accurately 
the proportion of red and blue balls in the bag. In general, unless we look at every ball or 
they are all the same color, it is not likely that proportion of red balls in a sample will be the 
same as in the full bag of balls. If we think of the balls as people whose political opinions 
are being sampled, it follows that, even assuming that people are being asked sensible ques-
tions to which they are giving honest answers, it is unlikely that the results of an opinion 
poll reflect completely accurately the opinions of the electorate. Of course, providing that 
the sampling has been done carefully, the opinion polls are unlikely to be very far out. 
There is a whole branch of statistics that deals with the question of how accurate survey 
results are likely to be. The upshot of this theory is that for the sample sizes, usually around 
1000, used for most national opinion polls, we can be 90% confident that the results are 
accurate to within 2% or 3% (this is on the assumption that the sampling has been done 
carefully). Thus an opinion poll that shows that support for a party has risen by 2% is com-
patible with the hypothesis that support for that party has actually fallen. 

2.4.3A  Ignoring leap years, there are 365 possible dates for each person’s birthday. So there 
are 365n possible birthdays for a set of n people. To count the number of these cases where 
at least two people share a birthday, it is easiest to count first the number of cases in which 
their birthdays are all different. Of course, for n > 365, there is no way in which n people 
can have different birthdays. For n ≤ 365, there are 365 possibilities for the birthday of the 
first person. This leaves 364 possible dates for the birthday of the second person, and so on. 
So altogether there are P(365,n) = 365!/(365 – n)! ways in which n people can have different 
birthdays. Hence there are 365n – (365!/(365 – n)!) cases in which at least two people share 
a birthday. Hence the probability that at least two people share a birthday is 

	
365 365

365
365

1 365 364 3

n n

n
−

−






= − × ×

!
( )!

...( 665 1
365

1 365
365

364
365

365 1− − = − × × × − −( )) ... (n n
n

)) .
365

The smallest integer, n, for which this probability is greater than 0.5 is n = 23. Thus with 
23 people in a room, there is better than even chance that two of the people have the same 
birthday. 

2.4.4A  i. �To select a hand with a 5-4-3-1 suit distribution from a pack of 52 cards, we first 
need to decide which suits have five, four, three, and one card respectively. The 
five-card suit may be chosen in four ways, then the four-card suit in three ways, 
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and so on. So the suits may be chosen in 4! ways. Then the five cards from the 
given suit can be chosen in C(13,5) ways, and so on. Thus there are 4! × C(13,5) × 
C(13,4) × C(13,3) × C(13,1) bridge hands with a 5-4-3-1 suit distribution. Hence 
the probability that a bridge hand has the suit distribution 5-4-3-1 is 

	

4 13 5 13 4 13 3 13 1
52 13

! ( , ) ( , ) ( , ) ( , )
( , )

× × × × =C C C C
C

882 111 732 560
635 013 559 600

0 129

, , ,
, , ,

.= (to thrree decimal places).

	 ii.	The suit with five cards can be chosen in four ways and then the suit with zero 
cards in three ways. The two suits with four cards in them are then automatically 
determined. Thus the required probability is 

	 12 13 5 13 4
52 13

7 895 358 900
63

2× × =C C
C

( , ) ( , )
( , )

, , ,
55 013 559 600

0 012
, , ,

.= (to three decimal placees).

	 iii.	There are four ways to choose the four-card suit, and then the remaining suits 
must all have three cards in them. So the required probability is

	 4 13 4 13 3
52 13

66 905 856 160
63

3× × =C C
C

( , ) ( , )
( , )

, , ,
55 013 559 600

0 105
, , ,

.= (to three decimal placees).

2.4.5A  As can be seen from the answers below, because the different categories of hands 
are characterized in different ways, there is not a formula that covers all the cases. A good 
way to approach the question is to think about the choices involved in choosing a hand of 
the given type.

	 i.	Flush: To select a hand that forms a flush, we need first to choose the suit and then five 
cards from this suit. The suit can be chosen in four ways. Then there are C(13,5) = 1287 
ways to choose five cards from this suit. We need to subtract from 1287 the number 
of cases where the cards form a sequence (in which case the hand is a straight flush). 
Since an ace can count either high or low, there are 10 straight flushes in each suit with 
ranks A,2,3,4,5; 2,3,4,5,6; …; 10,J,Q,K,A, respectively. So there are 1277 hands in each 
suit that are flushes but not straight flushes. So the total number of flushes is 4 × 1277 
= 5108. Hence the probability that a hand dealt at random is a flush is 

	 5108
52 5

5108
2 598 960

0 00197
C( , ) , ,

.= = (to five ddecimal places).

	 ii.	Four of a kind: There are 13 ranks to choose from. Once the rank has been chosen, 
4 of the cards are determined, and there are 48 other cards to choose from. So there 
are 13 × 48 = 624 four of a kind hands. Hence the probability of getting such a hand is 
624/2,598,960 = 0.00024 (to five decimal places).
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	 iii.	Full house: The rank of the three cards can be chosen in 13 ways, and the three cards of 
this rank in C(4,3) = 4 ways, then the rank of the two cards in 12 ways, and the two cards 
of this rank in C(4,2) = 6 ways. So there are 13 × 4 × 12 × 6 = 3744 full houses, and the 
probability of getting such a hand is 3,744/2,598,960 = 0.00144 (to five decimal places).

	 iv.	One pair: The rank of the pair may be chosen in 13 ways, and we may then choose two 
cards of this rank in C(4,2) = 6 ways. The other cards must be of three other differ-
ent ranks, which may be chosen in C(12,3) = 220 ways, and one card of each of these 
ranks may then be chosen in 43 = 64 ways. Hence, the total number of one-pair hands 
is 13 × 6 × 220 × 64 = 1,098,240 and so the probability of being dealt such a hand is 
1,098,240/2,598,960 = 0.42257 (to five decimal places).

	 v.	Straight: We saw in (a) that, as an ace can count either high or low, there 10 differ-
ent sequences that the ranks of the cards in a straight may form. For any particu-
lar sequence, for example, 7,8,9,10,J, there are four choices for the suit of each card 
in the straight, giving 45 = 1024 different choices altogether. However, from this we 
need to subtract the four cases in which all five cards are all of the same suit, as in 
this case we get a straight flush. Hence the total number of hands that a straight is 
10 × 1020 = 10,200, and thus the probability that a hand dealt at random is a straight 
is 10,200/25,989,600 = 0.00392 (to five decimal places).

2.4.6A  The desired result is an immediate consequence of the binomial theorem. By this 
theorem, we have that ∑ = +=

−
r
n r n r nC n r a b a b0 ( , ) ( ) . Putting a = p and b = 1 – p, it follows that

∑ − = + − = ==
−

r
n r n r n nC n r p p p p0 1 1 1 1( , ) ( ) ( ( )) , as required.

2.5.1A  We can record each set of 12 faces that could come up as a sequence of numbers, 
with the first being the face that comes up on the first of the dice and so on. Since there are 
6 possible outcomes for each of the dice, there are 612 different possible sequences of out-
comes. We need to determine the number of these sequences made up of two each of the 
numbers 1 to 6. By Theorem 2.10 there are 12!/2!6 such sequences. Hence the required prob-
ability is (12!/2!6)/612. This is equal to 1,925/559,872, which is 0.0034 to four decimal places.

2.5.2A  ABRACADABRA has 11 letters, of which there are five As, two Bs, two Rs, one C, 
and one D. By Theorem 2.10, these letters may be arranged in 11!/(5!2!2!1!1!) = 83,160 ways.

2.6.1A  (1  3  8  2)(4  9  6)(5  7  10)

2.6.2A  i. �We can choose two numbers to make up the cycle of length 2 in C(10,2) ways. 
Given two numbers, they can be used to make up just one cycle of length 2. We 
can then choose three of the remaining eight numbers to make up the cycle of 
length 3 in C(8,3) ways. Given three numbers, they can be used to make up 2! 
different cycles of length 3. (If you are not sure why there are 2! different cycles, 
see the solution to Exercise 2.6.3A.) Once the cycles of lengths 2 and 3 have been 
chosen, the remaining five numbers can be used to make up 4! different cycles of 
length 5. So there are altogether C(10,2) × 1 × C(8,3) × 2! × 4!=120,960 permuta-
tions of {1,2,3,4,5,6,7,8,9,10} made up of disjoint cycles of lengths 2, 3, and 5.
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	 ii.	We can choose three numbers for the first cycle of length 3 in C(10,3) ways, and 
then arrange them to make 2! cycles of length 3. The second three numbers can 
then be chosen in C(7,3) ways, and they can be used to make 2! cycles of length 
3. Since the order in which the two disjoint cycles of length 3 is chosen does not 
matter, these cycles can be chosen in 1

2 10 3 2 7 3 2 8 400( ( , ) ( , ) ) ,C C× × × =  ways. This 
leaves four numbers to make up the cycle of length 4. They can be used to make 
up 3! different cycles of length 4. Hence there are altogether 8400 × 3! = 50,400 
permutations made of disjoint cycles of lengths 3, 3, and 4.

2.6.3A  We can write a permutation of the set {1,2,3,…,n} consisting of a single cycle in 
cycle notation beginning with 1, that is, in the form (1 a1 a2 … an – 1) where a1 a2 … an – 1 is 
a permutation of the numbers 2,3,…,n. Different permutations of these numbers give rise 
to different cycles of length n. So the number of permutations of {1,2,3,…,n} consisting of a 
single cycle of length n is the same as the number of permutations of the set {2,3,…,n}, that 
is, (n – 1)! Since there are altogether n! permutations of the set {1,2,…,n}, the probability 
that such a permutation chosen at random consists of just one cycle is 

	 ( )!
!

.n
n n
− =1 1 	

Chapter 3
3.1.1A  The number of solutions in nonnegative integers of the equation x + y + z + t ≤ 20 
is the same as the number of such solutions of x + y + z + t < 21. So, by Theorem 3.3, there 
are C(21 − 4 + 1, 21 − 1) = C(24,20) = C(24,4) = 10,626 solutions.

3.1.2A  We put x′ = x – 5, y′ = y + 3, z′ = z – 2, t′ = t + 7, and w′ = w – 4. Then x′ + y′ + z′ + 
t′ + w′ = x + y + z + t + w – 1. Thus x + y + z + t + w = 14 with x ≥ 5, y ≥ –3, z ≥ 2, t ≥ –7, and 
w ≥ 4 if and only if x′ + y′ + z′ + t′ + w′ = 13 with x′, y′, z′, t′, w′ ≥ 0. Therefore the number 
of solutions of x + y + z + t + w = 14 with x ≥ 5, y ≥ –3, z ≥ 2, t ≥ –7, and w ≥ 4 is the same as 
the number of nonnegative integer solutions of x′ + y′ + z′ + t′ + w′ = 13 By Theorem 3.1, 
this number is C(13 + (5 – 1),5 – 1) = C(17,4) = C(17,13) = 2380.

3.1.3A  If we let the number of red, blue, green, and yellow marbles in a pack be r, b, g, and 
y, respectively, we see that we need to count the number of nonnegative integer solutions of 
r + b + g + y = 50. By Theorem 3.1, this number is C(50 + (4 – 1),4 – 1) = C(53,3) = C(53,50) 
= 23,426.

3.1.4A  The number of ways of distributing 200 runs between the 11 batsmen is the same 
as the number of nonnegative integer solutions of the equation r1 + r2 +…+ r11 = 200. By 
Theorem 3.1, this number is C(210,10) = 36,976,937,738,226,486.

3.1.5A  The number of ways of placing 20 identical balls in four distinct cups so that each 
cup contains an even number of balls is the same as the number of ways of placing 10 iden-
tical balls in four distinct cups (if this is not clear, imagine that the balls are stuck together 
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to form 10 pairs). This is the number of nonnegative solutions of x + y + z + w = 10, and, by 
Theorem 3.1, this is C(13,3) = 283.

3.1.6A  By generalizing the solution of Problem 3.3 it can be seen that the number of ways 
of choosing k numbers from n so that no two numbers are consecutive is C(n + 1 – k,k). 
So there are C(91,10) ways of choosing 10 numbers from the set {1,2,...,100} so that no two 
numbers are consecutive. Since there are altogether C(100,10) ways of choosing 10 num-
bers from 100, the probability that no two numbers are consecutive is C(91,10)/ C(100,10). 
Therefore the probability that at least two numbers are consecutive is 1–[C(91,10) /C(100,10)] 
= 0.629 to three decimal places.

3.2.1A  We can think of the pupils (mouths) as being 30 distinct boxes into which the 30 
identical chocolate bars are to be placed. It is possible for some pupils not to get a chocolate 
bar. So, from Table 3.2, we see that the number of ways to do this is C(59,29). This is the 
rather large number 59,132,290,782,430,712.

3.2.2A  The four identical black marbles can be placed in the five distinct boxes in 
C(4+ 5–1,5–1) = C(8,4) ways. The six distinct nonblack marbles may be placed in five dis-
tinct boxes in 56 ways. The answer is therefore C(8,4) 56 = 70 × 15,625 = 1,093,750.

3.2.3A  We can categorize the possible ways the manufacturer can make up a bag of mar-
bles according to the number, k, of nontransparent marbles in the bag, where 0 ≤ k ≤ 20. 
Since these have different colors they may be chosen in C(20,k) ways. As the transparent 
marbles are identical these can be chosen in just one way. So the total number of ways of 
filling the bag of marbles is ∑ ==k C k0

20 2020 2( , ) .

3.3.1A  Using the triangle method we obtain the following values, beginning from line 7 
of the table.

k
n 1 2 3 4 5 6 7 8 9 10

7 1 63 301 350 140 21 1
8 1 127 966 1701 1050 266 28 1
9 1 255 3025 7770 6951 2646 462 36 1

10 1 511 9330 34105 42525 22827 5880 750 45 1

3.3.2A  Suppose we have partitioned the set {1,2,3,…,n} into k nonempty disjoint sets
{ , ,..., }a a an1 2 1

, { , ,..., }b b bn1 2 2
, …, where the notation is chosen so that a1 < a2 <…, b1 < b2 <…, 

etc. We can associate with this partition a permutation, p, of the set {1,2,…,n} given by
p a a p a a p a an( ) , ( ) ,.., ( )1 2 2 3 11

= = = , p(b1)=b2, etc.
Clearly, different partitions correspond to different permutations, and, for n > 2, not 

all permutations of {1,2,…,n} correspond to a partition in this way. Thus the number of 
partitions of {1,2,…,n} is less than the number of permutations of {1,2,…,n}. The number of 
partitions of {1,2,…,n} is the same as the number of ways of placing n distinct balls in any 
number of identical boxes, and this number is S(n,1) + S(n,2) +…+S(n,n). The number of 
permutations of n is n! Therefore S(n,1) + S(n,2) +…+S(n,n) < n!
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3.3.3A  Given k distinct boxes, if we place n distinct balls in some of them, there will be r 
boxes that are not empty with 1 ≤ r ≤ k. These r nonempty boxes can be chosen from the k 
distinct boxes in C(k,r) ways. From Table 3.1 the n balls may be placed in these r distinct 
boxes with no empty boxes in r!S(n,r) ways. So the n distinct balls may be placed in r of 
the k distinct boxes in C(n,r) × r!S(n,r) ways. Thus the total number of ways of placing n 
distinct balls in k distinct boxes is ∑ =r

k C n r r S n r1 ( , ) ! ( , ) ways. Since, from Table 3.1, there 
are kn ways to place n distinct balls in k distinct boxes, we deduce that kn = C(k,1)1!S(n,1) + 
C(k,2)2!S(n,2)+…+C(k,k)k!S(n,k).

3.3.4A  A function f : X → Y is determined by specifying for each element x of X = 
{1,2,3,4,5,6,7,8,9,10} one of the five numbers in Y for the value of f (x). This corresponds to 
deciding which of five boxes to put x in. So the number of surjective functions, f : X → Y, 
is the same as the number of ways of placing 10 distinct balls in five distinct boxes, with 
no box empty. From Table 3.1, this number is 5!S(10,5). The value of S(10,5) is given in the 
solution to Exercise 3.3.1A as 42,525. This gives 5!S(10,5) = 5,103,000.

3.3.5A  S(n + 1,n) is the number of ways of placing n + 1 distinct balls in n identical boxes, 
with no box empty. The only way this can be done is if one box contains two balls, and the 
other n – 1 boxes contain one ball each. Since the boxes are identical, all that distinguishes 
one placing from another is which two balls are together in the same box. We can choose 
two balls from n + 1 in C(n + 1,2) ways. So this is the number of ways to place the n + 1 
distinct balls in the n identical boxes.

An alternative solution, using mathematical induction, runs as follows:
Base. For n = 1, S(n + 1,n) = S(2,1) = 1 and [n(n + 1)]/2 = 1 so the result holds in this 

case.
Induction step. Suppose the result holds for n = k, that is, assume that S(k + 1,k) = [k(k + 1)]/2. 

By Theorem 3.4, S(k + 2,k +1) = S(k + 1,k) + (k + 1) S(k + 1,k +1) = {[k(k + 1)]/2} + (k + 1), by 
the induction hypothesis, and Theorem 3.5(i). Therefore S(k + 2,k +1) = [(k + 1)(k + 2)]/2, 
and hence the result holds also for n = k + 1.

Therefore, by mathematical induction, the result holds for all integers n ≥ 1.

3.3.6A  Here, as we are given the formula for S(n,3), a proof by mathematical induction, 
using Theorem 3.3, is straightforward. We indicate how the formula may be derived at the 
end of this answer.

Base. When n = 3, S(n,3)= S(3,3) = 1 and 1
2

1 1
23 2 1 9 8 1 1n n− − +( ) = − + =( ) , and hence the 

result is true in this case.
Induction step. Suppose the result holds for n = k with k ≥ 3, that is, 

S k k k( , ) .3 3 2 11
2

1= − +( )−

By Theorem 3.4, S(k+1,3) = S(k,2) + 3S(k,3) = ( ) ( ( )2 1 3 3 2 11 1
2

1k k k− −− + − +  = − ++1
2

13 2 1( ),k k  
and hence the result holds also for n = k + 1.

Therefore, by mathematical induction, the result holds for all integers n ≥ 3.
Finding the formula. If we put, say ak = S(k,3), then we can rewrite the equation S(k+1,3) 

= S(k,2) + 3S(k,3) as ak+1 – 3ak = S(k,2) and thus, ak+1 – 3ak = 2k–1 – 1. This is a linear recur-
rence relation of a type whose method of solution we describe in Chapter 7.
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3.3.7A  Arranging m 0s and n 1s in line so that no two 1s are adjacent, amounts to insert-
ing 1s in the gaps between the 0s, so that no two 1s are placed in the same gap, for example, 
with m = 8, n = 3:

	 1 0  0 1 0  0  0 1 0  0  0.

With m 0s there are m + 1 gaps, including the spaces before the first 0 and after the last 0. 
Therefore the number of arrangements is the same as the number of ways of choosing n of 
these gaps in which to put the 1s. So the number of arrangements is C(m + 1,n). 

3.3.8A  Since the order in which the balls are chosen is not taken into consideration, all 
that matters is how many times each ball is chosen. Thus, if we use bi for the number of 
times ball i is chosen, we are seeking the number of nonnegative integer solutions of the 
equation b1 +…+bn = r. By Theorem 3.1, this number is C(r + n –1,n –1).

Chapter 4
4.1.1A  We let Pk be the set of integers in the range from 1 to 1,000,000 that are perfect kth 
powers. We seek the value of #(P2 ∪ P3). By the inclusion–exclusion theorem, #(P2 ∪ P3) = 
#(P2) + #(P3) – #(P2 ∩ P3) = #(P2) + #(P3) – #(P6), since a number is both a perfect square and 
a perfect cube if and only if it is a perfect sixth power. The squares in the range 1–1,000,000 
are 12, 22,…,10002 and so #(P2) = 1000. Similarly #(P3) = 100 and #(P6) = 10. Hence

	 #( ) .P P2 3 1000 100 10 1090∪ = + − =

4.1.2A  We let Dk be the set of numbers in the range from 1 to 1,000,000 that are divisible 
by k. Then #(Dk) = ⎣1,000,000/k⎦. We seek that value of 1,000,000 – #(D2 ∪ D3 ∪ D5 ∪ D7). 
By the inclusion–exclusion theorem, 

	

#( ) #( ) #( ) #( ) #( )

#(

D D D D D D D D2 3 5 7 2 3 5 7∪ ∪ ∪ = + + +( )
− DD D D D D D D D D D2 3 2 5 2 7 3 5 3 7∩ + ∩ + ∩ + ∩ + ∩) #( ) #( ) #( ) #( )++ ∩( )
+ ∩ ∩ + ∩ ∩ + ∩

#( )

#( ) #( ) #(

D D

D D D D D D D D

5 7

2 3 5 2 3 7 2 55 7 3 5 7

2 3 5 7

2

∩ + ∩ ∩( )
− ∩ ∩ ∩

= +

D D D D

D D D D

D

) #( )

#( )

#( ) #(( ) #( ) #( ) #( ) #( ) #( ) #(D D D D D D D3 5 7 6 10 14+ +( )− + + + 115 21 35

30 42 70

) #( ) #( )

#( ) #( ) #( ) #

+ +( )
+ + + +

D D

D D D (( ) #( )

( , , ,

D D105 210

500 000 333 333 200 000

( )−

= + + +1142 857 166 666 100 000 71 428

66 666 47

, ) ( , , ,

,

− + +

+ + ,, , ) ( , , , , )619 28 571 33 333 23 809 14 285 9 523+ + + + + − 44761 771 429= , .
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Hence the number of integers in the range from 1 to 1,000,000 not divisible by any of 2,3, 
5, and 7 is 1,000,000 – 771,429 = 228,571.

4.1.3A  We let V1, V2, V3, and V4 be the sets of bridge hands with no spades, no hearts, no 
diamonds, and no clubs, respectively. We seek the value of #(V1 ∪ V2 ∪ V3 ∪ V4). By the 
inclusion–exclusion theorem, this is equal to

	 #( ) #( ) #( )V V V V V Vi
i

i j
i j

i j k
i1 4 1 4 1≤ ≤ ≤ < ≤ ≤

∑ ∑− ∩ + ∩ ∩
<< < ≤
∑ − ∩ ∩ ∩

j k

V V V V
4

1 2 3 4#( ). 	 (1)

For 1 ≤ i ≤ 4, a hand in Vi consists of 13 cards drawn from the 39 cards in the three suits that 
are not excluded. Therefore #(Vi) = C(39,13). For 1 ≤ i < j ≤ 4, a hand in Vi ∩ Vj consists of 13 
cards drawn from the 26 cards in the two suits that are not excluded. Therefore, #(Vi ∩ Vj) 
= C(26,13). Similarly, for 1 ≤ i < j < k ≤ 4, #(Vi ∩ Vj ∩ Vk) = C(13,13). There are no bridge 
hands with voids in all four suits, so #(V1 ∩ V2 ∩ V3 ∩ V4) = 0. Therefore, by Equation 1, 

	 #( ) ( , ) ( , ) (V V V V C C C1 2 3 4 4 39 13 6 26 13 4 13∪ ∪ ∪ = × − × + × ,, ) .13 0 32 427 298 180− = , , ,

4.1.4A  A positive integer less than or equal to n has a prime factor in common with n if 
and only if it is divisible by one of p1, p2,…, pk. We let Ei, for 1 ≤ i ≤ k, be the set of integers 
in the range from 1 to n that are divisible by pi. Thus φ( ) #n n Ei

k
i= − ( )=∪ 1 . By the inclusion–

exclusion theorem, 

	 # #( ) #( )E E E Ei
i

k

i
i k

i j
i j k= ≤ ≤ ≤ < ≤









 = − ∩∑ ∑

1 1 1
∪ ++ = − +

≤ ≤ ≤ < ≤
∑ ∑... ...n

p
n

p pii k i ji j k1 1

and hence

	 φ( ) ...n n n
p

n
p p

n
pii k i ji j k i

= − + − = −
≤ ≤ ≤ < ≤ ≤
∑ ∑
1 1 1

1 1

ii k i ji j k
p p

≤ ≤ < ≤
∑ ∑+ −











1

1

... .

Therefore, using the algebraic identity (1–x1) (1–x2) … (1–xk) = 1–Σ1≤i≤k xi + Σ1≤i<j≤k xixj–…, it 
follows that 

	 φ( ) ... .n n
p p pk

= −





−





−





1 1 1 1 1 1
1 2

4.1.5A  Throwing a die amounts to sampling with replacement the six numbers on the 
face of the die. Hence, we can use the formula given in the solution to Problem 4.3 for the 
probability, θ(n,s), that, after s samples have been drawn with replacement from n objects, 
each object has been sampled at least once. Putting n = 6 in this formula, we see that the 
probability that each of the numbers 1–6 occurs at least once in s throws is
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	 θ( , ) ( ) ( , )( )6 1
6

1 6 6 1 6 5
6

0

6

s C k k
s

k s

k

= − − = − 





=
∑  + 





− 





+ 





−
s s s s

15 4
6

20 3
6

15 2
6

6 1
6







s

.

We seek the least value of s such that θ(6,s) > 0.5. By trying s = 1,2,3,… we eventually find 
that θ(6,12) = 1,654,565/3,779,136 and θ(6,13) = 485,485/944,784, so θ(6,12) < 0.5 < θ(6,13) 
and hence the required value of s is 13.

4.1.6A  We let Ai be the set of those sequences of s samples that does not include any ele-
ments from Xi. There are np elements in the set ∪ i

n
iX=1 , and there are altogether (np)s 

sequences of s elements. Hence the probability, say P, that a sequence of s samples includes 
at least one element from each set Xi is 

	 1

1
( )

( ) # .
np

np A
s

s
i

i

n

−




















=
∪

By the inclusion–exclusion theorem,  

	 P
np

np A A A
s

s k
i i i

i
k

= − − ∩ ∩ ∩+

≤

1 1 1

1
1 2

1
( )

( ) ( ) #( ... )
<< < ≤=
∑∑











...

.
i nk

n

k1

For 1 ≤ i1 < i2 < … < ik ≤ n, the set A A Ai i ik1 2
∩ ∩ ∩...  consists of those sequences of s 

samples whose elements are drawn from the sets, Xi, other than X Xi ik1
,..., , that is, from 

n – k of these sets. Hence in which there are (n – k)p choices for each element. Thus
#( ... ) (( ) )A A A n k pi i i

s
k1 2

∩ ∩ ∩ = − . Hence 

	

P
np

np C n k n k p
s

s k s

k

n

= − − −



+

=
∑1 1 1

1
( )

( ) ( ) ( , )(( ) )



 = − −

= −

=
∑1 1

1 1

0
n p

C n k n k p

n

s s
k s s

k

n

s

( ) ( , )( )

( )kk s

k

n

C n k n k n s( , )( ) ( , ).− =
=

∑
0

θ

We therefore see that the probability is, indeed, independent of the value of p.

4.1.7A  By the result of Exercise 4.1.6A the probability that after s cards have been sam-
pled, at least one card of each of the 13 ranks has been drawn is θ(13,s), which is given by
θ( , ) ( ) ( , )( )13 1 13 131

13 0
13s C k ks k

k s= ∑ − −= . We seek the least value of s such that θ(13,s) > 0.99. 
A computer calculation shows that the required value is s = 90.

4.2.1A  The number of derangements of 10 objects is 

	 10 1

0

10

! ( )
!

,−

=
∑ k

k
k
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and hence the probability that all 10 letters are put in the wrong envelopes is 

	 ( )
!

,
,

~ . .− =
=

∑ 1 16 481
44 800

0 368
0

10 k

k
k

4.2.2A  i. �The two Os in ROBOT must replace two of the other three letters, and this pair 
may be chosen in three ways. Consider, for example, the case where they replace 
R and B, so that we have

	
R O B O T
O ? O ? ?







.

Then there are two choices for the position of T, and then the remaining letters R 
and B can be placed in two ways. Thus the permutation above may be completed 
in 2 × 2 = 4 ways. Hence there are altogether 3 × 4 = 12 anagrams of ROBOT.

	 ii.	 The three As must occupy the positions of three of the four letters G, M, N, and 
R. Thus these positions can be chosen in C(4,3) = 4 ways. The position for the let-
ter in the set {G,M,N,R} that is not replaced by an A can then be chosen in three 
ways, since it can occupy the position of any of the As. The remaining three let-
ters from this set can then be placed in 3! ways. So the total number of anagrams 
of ANAGRAM is 4 × 3 × 3! = 72.

	 iii.	 We consider the anagrams of TENNESSEE according to which letter replaces T.

	 a.	 T is replaced by one of the Ns. Then the four Es must replace the Ns and the 
Ss, and the remaining N, the Ss, and the T must replace the Es. There are 
four possible positions for the N, and then three choices for the T, so there 
are 4 × 3 = 12 anagrams of this type.

	 b.	 T is replaced by one of the Ss. Exactly as in case (a), there are 12 anagrams 
of this type.

	 c.	 T replaced by one of the Es. We divide this case into subcases according to 
which letter T now replaces. 

	 α.	 T replaces one of the Ns. This can happen in two ways. Then the other 
N and the two Ss must be replaced by the remaining Es. There are then 
C(4,2) = 6 ways in which the 2 Ns and 2 Ss can replace the Es. So there 
are 2 × 6 = 12 anagrams of this type.

	 β.	 T replaces one of the Ss. There are similarly 12 anagrams of this type.

	 γ.	 T replaces one of the Es. This can happen in four ways. Then there are 
four ways in which the remaining Es can replace Ns and Ss. If one S is 
not replaced by an E, it must then be replaced by an N, and then there 
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are three ways in which the remaining N and the two Ss can replace the 
remaining Es. Likewise, if one N is not replaced by an E, there are three 
ways in which the remaining letters can be replaced. So there are 4 × 12 
= 48 anagrams of this type.

Thus there are 12 + 12 + (12 + 12 + 48) = 96 different anagrams altogether.
Unfortunately, there does not appear to be a quicker method—but please let us know if 

you find one.

4.3.1A  The formula in Equation 4.7 of Theorem 4.5 gives

	 S C s s Cs

s

( , )
!

( ) ( , )( )
!

( , )4 2 1
2

1 2 2 1
2

2 0 24

0

1

= − − =
=

∑ 44 42 1 1 1
2

16 2 7−( ) = − =C( , )
!
( ) ,

and also

	
S C s s Cs

s

( , )
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( ) ( , )( )
!

( , )8 4 1
4

1 4 4 1
4

4 0 48

0

3

= − − =
=

∑ 88 8 8 84 1 3 4 2 2 4 3 1

1
4

65 536

− + −( )

= −

C C C( , ) ( , ) ( , )

!
( , 226 244 1 536 4 40 824

24
1 701, , ) , , ,+ − = =

both of which agree with the values given in Table 3.2.

4.3.2A  As S(1,1) = 1, the result is true for n = 1. Now assume, as our induction hypothesis, 
that it holds for n = m. Suppose 1 ≤ k ≤ m + 1. As S(m + 1,1) = 1, the formula holds when 
n = m + 1 and k = 1. So we need only consider the cases where 2 ≤ k ≤ m + 1. Then, using 
Theorem 3.4 and the induction hypothesis, we have that 

	

S m k S m k kS m k
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C ks
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	 (1)

Now
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−
−∑ 1 1 1 1 1

0

2
1s m

s

k
sC k s k s C k s −− −

=

−

∑ 1
1

1

)( ) .k s m

s

k

	 (2)

[Do not let this change in the range of the summation variable, s, throw you. To see that 
Equation 2 is true, just check that both the left- and right-hand sides of Equation 1 are dif-
ferent ways of writing the expression

	 C k k C k k Cm m k( , )( ) ( , )( ) ... ( ) (− − − − − + + − −1 0 1 1 1 2 1 2 kk k m− −1 2 1, ) .]
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Substituting from Equation 2 into Equation 1, we obtain
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Now by Theorems 2.7 and 2.4,

	 C k s C k s C k s k s
k

C k s( , ) ( , ) ( , ) ( , ).− − − = − − = −1 1 1 	 (4)

By Equations 3 and 4,
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Finally, (1/(k – 1)!)km = (1/k!)km+1, which is the same as (1/k!)(–1)s C(k,0)(k – s)m+1 when s = 0. 
So Equation 5 is equivalent to

	 S m k
k

C k s k ss m

s

k

( , )
!

( ) ( , )( ) ,+ = − − +

=

−

∑1 1 1 1

0

1

and hence the result holds also for n = m + 1. 
This completes the proof, by mathematical induction, that the result is true for all inte-

gers n ≥ 1.

Chapter 5
5.1.1A  [x]6 = x(x – 1)(x – 2)(x – 3)(x – 4)(x – 5) = x6 – 15x5 + 85x4 – 225x3 + 274x2 –120x 
(either by direct expansion, or by reading off the coefficients from Table 5.3).

5.1.2A  All we need do is multiply the relevant matrices, and check that we get the appro-
priate identity matrix in each case. Although matrix multiplication is not in general 
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commutative, the theory tells us that if P, Q are square matrices with PQ = I, then QP = I, 
so we need only check one product in each case. Here we have

	 P Q P2 2
1 0
1 1

1 0
1 1

1 0
0 1

=
−











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=




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and 33 3

1 0 0
1 1 0

2 3 1

1 0 0
1 1 0
1 3 1

1
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
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




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











 =

00 0
0 1 0
0 0 1













 .

5.1.3A  s(n,1) is the modulus of the coefficient of x in the polynomial x(x–1)(x–2)…(x–(n–1)). 
Thus s n n n( , ) ( )( )...( ( )) ( )!1 1 2 1 1= − − − − = −

5.1.4A  x(x–1)(x–2)…(x–(n–1)) = s(n,n)xn – s(n,n–1)xn–1+…+(–1)n–1s(n,1)x. Putting x = –1, 
this gives (–1)(–2)…(–n) = (–1)ns(n,n) + (–1)ns(n,n–1) +…+ (–1)ns(n,1). That is, (–1)nn! = 
(–1)n (s(n,n) + s(n,n–1) +…+ s(n,1)) and therefore s(n,1) +…+ s(n,n) = n!

5.1.5A  Again, we begin with the equation x(x–1)(x–2)…(x –(n–1)) = s(n,n)xn – s(n,n–1)xn–1-

+…+(–1)n–1s(n,1)x, but this time the answer we are seeking suggests that we put x = –k. This 
gives

	 − − + − + − + − = −k k k k n s n nn( ( ))( ( ))...( ( )) ( ) ( ( ,1 2 1 1 )) ( , ) ... ( , ) ).k s n n k s n kn n+ − + +−1 11
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1
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1
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1

1
)!

! ( , ).n C k n n

5.1.6A  s(n,k) is the modulus of the coefficient of xk in x(x–1)(x–2)…(x– (n–1)) . The terms 
involving xk in this product are obtained by choosing x from k of the brackets, and n–k 
of the constants {0,1,2,…,n–1} from the remaining brackets. If 0 is one of the chosen con-
stants, the product is 0. Thus s(n,k) is the sum of all the products of n–k different integers 
chosen from {1,2,…,n–1}.

5.1.7A  θ5 = θ(θ4) = xD(xD + 7x2D2 + 6x3D3 + x4D4) (using the solution to Problem 5.3) = 
x(D + xD2 + 14xD2 + 7x2D3 + 18x2D3 + 6x3D3 + 4x3D4 + x4D5) = xD +15x2D2 + 25x3D3 + 
10x4D4 + x5D5. Thus we see from Table 5.2 that the coefficients are the required Stirling 
numbers.

5.2.1A  A permutation of the set {1,2,…,n}, with n ≥ 4, made up of n – 2 cycles, must con-
sist of either (a) one cycle of length 3 and n – 3 cycles of length 1, or (b) two cycles of 
length 2 and n – 4 cycles of length 1. To get a permutation of type (a), we first choose the 
three numbers to make up a cycle of length 3. This can be done in C(n,3) ways. Each three 
numbers can be arranged to form two different cycles of length 3, and there is no further 
choice involved, as the remaining n – 3 numbers must all be in separate cycles of length 1. 
So there are 2C(n,3) = (n(n–1)(n–2))/3 permutations of this type. To get a permutation of 
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type (b), we first choose two numbers to make up the first cycle of length 2, and then two 
further numbers to make up the second cycle of length 2. The order in which we make 
these choices does not matter. So there are 

	 1
2

2 2 2 1
2 2 2

2
4

C n C n n
n

n
n

( , ) ( , ) !
( )! !

( )!
( )!

− = ×
−

× −
− 22

1 2 3
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( )( )( )= − − −n n n n

permutations of this type. Hence 

	 p n n n n n n n n n n n( , ) ( )( ) ( )( )( ) (− = − − + − − − =2 1 2
3

1 2 3
8

−− − −1 2 3 1
24

)( )( ) .n n

5.2.2A  We start from the identity of Theorem 5.1, x S n k xn
k
n

k= ∑ =1 ( , )[ ] , that is,
x S n k x x x kn

k
n= ∑ − − −=1 1 1( , ) ( )...( ( )). If we divide both sides by x, we obtain

x S n k x x kn
k
n−

== ∑ − − −1
1 1 1( , )( )...( ( )), and now, putting x = 0, we deduce that 

0 1 11
1= ∑ − −=

−
k
n k S n k k( ) ( , )( )!

5.2.3A  S(n+1, k+1) is the number of ways of placing n+1 distinct balls in k+1 identical 
boxes. Consider one particular ball, say b. We first choose r of the other n balls to go in dif-
ferent boxes from that in which we put b. Since there are k other boxes that all must have 
at least one ball in them, k ≤ r ≤ n. These r balls can be chosen in C(n,r) ways, and they can 
be placed in the remaining k boxes in S(r,k) ways. Thus, for k ≤ r ≤ n, we can place the n+1 
balls in k+1 boxes with r balls not in the same box as b, in C(n,r)S(r,k) ways. Hence 

	 S n k C n r S r k
r k
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	 ii.	As C(2n–1, n–1) and C(2n–1, n+1) are both integers, it follows from (i) that Cn is 
an integer.

5.3.2A  We prove this result by induction. Since C1 = 1, the result holds for n = 1. 
Now suppose that the result holds for all m ≤ n. By Theorem 5.8, C C Cn k

n
k n k+ = −= ∑1 0 . 

We first consider the case where n + 1 is even, say n+1 = 2s, so that n = 2s–1, and thus
C C C C Cn k

s
k s k k

s
k s k k+ =

−
− − =

−
− − == ∑ = ∑ + ∑1 0

2 1
2 1 0

1
2 1 ss

s
k s kC C2 1

2 1
−

− − . Now putting l = 2s – k – 1, we see that 
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∑ = ∑ = ∑=
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k s
s

k s k l
s

s l l k
sC C C C C2 1

2 1 0
1

2 1 0
1

kk s kC2 1− − , on replacing the “dummy variable” l by k. 
Hence C C Cn k

s
k s k+ =

−
− −= ∑1 0

1
2 12 , and consequently is even. Next, when n + 1 is odd, say n = 2s, 

we have similarly that C C C C Cn k
s

k s k s s+ =
−

−= ∑ +1 0
1

22 . It follows that Cn+1 is odd, if and only if 
n is even and C(1/2)n is odd. Thus, by the induction hypothesis, Cn+1 is odd if and only if, for 
some integer t, 1

2 2 1n t= − . Now, this holds if and only if n+1 = 2(2t–1) + 1 = 2t+1–1, for some 
integer t. Hence the result holds also for n+1. This completes the proof.

5.3.3A  We consider a path, joining the corners of a n × n grid, that apart from its end-
points lies below the diagonal. Such a path must never cross the “subdiagonal” marked by 
a dotted line in the diagram below. 

Thus the number of such paths is the same as the number of paths joining the corners of 
the shaded (n–1)×(n–1) grid that do not cross the diagonal; that is, 

	 C
n

C n nn− − −1
1 2 2 1= ( , ).

5.3.4A  We can prove these results using mathematical induction on the number of pairs 
of brackets in an expression.

	 i.	The result is clearly true for expressions with no brackets and hence consisting of a 
single X. Suppose the result holds for expressions with fewer than k pairs of brackets. 
An expression with k pairs of brackets will have the form (ΓΔ) where Γ and Δ are 
expressions with fewer than k pairs of brackets. Hence, by the induction hypothesis, 
there is an X in Δ after the last left-hand bracket. This X also occurs after the last left-
hand bracket in the expression (ΓΔ). So the result holds also for expressions with k 
pairs of brackets.

	 ii.	The sequence of 1s and –1s associated with a single X is an empty sequence that 
counts as a Catalan sequence, so the result is true for expressions with no brackets. 
Suppose the result holds for expressions with fewer than k pairs of brackets. We show 
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that the result holds also for an expression (ΓΔ) with k pairs of brackets, and hence 
in which Γ and Δ are expressions with fewer than k pairs of brackets. Let SΓ and SΔ 

be the sequences of 1s and –1s, associated with Γ and Δ, respectively. Since, by (i), the 
final X in Γ occurs after the final left-hand bracket, the sequences of 1s and –1s asso-
ciated with the expression (ΓΔ) is 1SΓ – 1SΔ, and it should be clear that as SΓ and SΔ 
satisfy the “sk ≥ 0” condition, so also does the sequence 1SΓ – 1SΔ. Hence, (ΓΔ) is also 
a Catalan sequence.

5.3.5A  Given  a sequence a1,…, an of n nonnegative integers we define a path of points on 
an n × n grid, by considering the elements of the sequence in turn as follows. We start at the 
point (0,0). Suppose the last point we have defined is (x,y) and the next term we consider is 
ak. If ak > 0, we add to our path the points (x+1,y) and(x+1, y+ak), while if ak = 0, we just add 
the point (x+1, y). For example, in the case n = 6, corresponding to the sequence 1,0,0,3,0,2, 
we obtain the sequence of points 

	 ( , ), ( , ), ( , ), ( , ), ( , ), ( ,0 0 1 0 1 1 2 1 3 1 4 11 4 4 5 4 6 4 6 6), ( , ), ( , ), ( , ), ( , ),

and hence the path shown in the diagram below.

The condition that a1 + a2+…+ an = n means that the path ends at the point (n,n), and the 
condition that a1 + a2+…+ ak = k ensures that the path does not go above the bottom-left 
to top-right diagonal. Hence, by the result of Problem 5.8, there are Cn sequences with the 
specified properties.

5.3.6A  If each up-sloping arrow is replaced by 1 and each down-sloping arrow by –1 we 
see that there is a one–one correspondence between “mountain paths” made up of 2n 
arrows, and Catalan sequences of length 2n So, by Theorem 5.6, there are Cn such moun-
tain paths.

5.3.7A  With H corresponding to 1 and T corresponding to –1, each sequence of five 
heads and five tails, with at least as many heads as tails at each stage, corresponds to 
a Catalan sequence of length 10 and vice versa. Thus, there are C C5

1
6 10 5 42= =( , )  such 

sequences.

5.3.8A  The votes, as they are counted, correspond to a sequence of a As and a Bs. The 
total number of these sequences is the number of ways of choosing the positions for the 
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As, that is, C(2a,a). We now consider the number of these sequences with at least as many 
As as Bs at each stage. These correspond to Catalan sequences of length 2a. Hence there 
are Ca = (1/(a+1)C(2a,a)) such sequences. Hence the required probability is Ca/C(2a,a) = 
1/(a+1).

Chapter 6
6.2.1A  The partitions of n into at most three parts, for 1 ≤ n ≤ 8, are given in the following 
table. The values of p3(n) are given by the number of partitions in each column. It will be 
seen these are the values given in Table 6.1.

	

n
p
a
r

1 2 3 4 5 6 7 8
1 2 3 4 5 6 7 8

1 1 2 1 3 1 4 1 5 1 6 1 7 1
1

+ + + + + + +
+11 1 2 2 3 2 4 2 5 2 6 2

2 1 1 3 1 1 4 1 1 5 1 1 6 1
+ + + + + +

+ + + + + + + + +t ++
+ + + + +

+ + + + + +
+ + +

1
2 2 1 3 3 4 3 5 3

3 2 1 4 2 1 5 2 1
2 2 2 3 3

i
t
i ++ +

+ + + +
+ +
+ +

1 4 4
3 2 2 4 3 1

4 2 2
3 3 2

1 2 3 4 5 7 8 103

o
n
s

p n( )

	

6.2.2A  The partitions of 7 are as follows:

	

At most Four Parts
not all of Size < 4

At most Four Parts
and Size at most 4

At least Fivee Parts
and Size at most 4

7 4 3 3 1 1 1 1
6 4

+ + + + +
+1 ++ + + + + +
+ + + + + + + + +

+ + +

2 1 2 2 1 1 1
4 1 1 1 2 1 1 1 1

3 3
5 2 1

5 1 1 ++ + + + + + +
+ +

+ + +
+ + +

1
3 2 2

3 2 1 1
2 2 2 1

1 1 1 1 1 1 1

From this table we see that p4(7) = q4(7) = 11.

6.2.3A  Partitioning n into k parts where the order matters corresponds to inserting k – 1 
plus symbols (+) into a string of n 1s. For example, the string of symbols

	 1 1 1 1 1 1 1 1 1 1+ + +
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corresponds to the partition 5+1+2+2 of 10. When we have n 1s, there are n – 1 gaps in 
which the k – 1 plus symbols may be inserted. So there are C(n – 1, k – 1) ways to do this.

6.2.4A  The partitions of n into unequal parts of size at most k may be divided into two 
disjoint classes.

	 i.	Those partitions not containing a part of size k. Each of these partitions is therefore a 
partition of n into unequal parts of size at most k – 1. So there are uk – 1(n) partitions 
of this type. 

	 ii.	Those partitions containing a part of size k. Each of these partitions consists of a part 
of size k and a partition of n – k into unequal parts of size at most k – 1. So there are 
uk – 1(n – k) partitions in this class.

It follows that uk(n) = uk – 1(n) + uk – 1(n – k).

6.2.5A  We use [x] for the integer nearest to x. Then, by Theorem 6.4(iii), we need to show 
that for each positive integer n, 

	 n n n2 2

12 2
1 3

12
+ +





= +





( ) .

We need to consider separately the cases n = 6s + r, where r, s are nonnegative integers, and 
r ≤ 5. We have that 

	 ( ) ( )6
12

6
2

1 3 3
12 2

2
2

2s r s r s r s r r+ + + +





= + + + + +11 3 3
12 2

12
2





= + + + + +





s r s r r( ) ,

and 

	 ( ) ( )6 3
12

3 3 6 9
12

2
2

2s r s r s r r+ +





= + + + + +





= + + + + +





3 3
12 2

3
4

2
2

s r s r r( ) .

Thus we need only show that for each integer r with 0 ≤ r ≤ 5, 

	

r r r r2 2

12 2
1

12 2
3
4

+ +





= + +




.

This is a matter of routine. For example, with r = 5, 

	 r r r r2 2

12 2
1 67

12
5

12 2
3+ +





= 





= + +, and
44

16
3

5





= 





= .

The other cases are left to the reader.
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6.2.6A  When n is even, for some integer k, n = 2k. Hence, in this case,
1
2

1
2

1
21 3 1 1n n k k k+  + − +  = +  + −  =( ) ( ++ + − = =1 1 2) ( )k k n. When n is odd, for some 

integer k, n = 2k + 1. So 1
2

1
2

3
21 3 1 1n n k k k+  + − +  = +  +   = +( ) ( ))+ = + =k k n2 1 .

6.4.1A  Let X be the set of those partitions of n with no parts of size 1. By Theorem 6.7 #(X) 
= p(n) – p(n–1). Let X1 be the set of those partitions in X that have at most k parts, and let 
X2 be the set of those partitions in X with more than k parts. Since pk(n) is the number of 
partitions of n into at most k parts, #(X1) ≤ pk(n). For each partition P in X2, we let P′ be the 
partition obtained from P by deleting 1 from the k smallest parts of P. Since each part of 
P is of size at least 2, the number of parts in P′ is the same as the number of parts in P. So 
P′ is a partition of n – k into more than k parts. Clearly, if P1 ≠ P2, then ′≠ ′P P1 2 . So #(X2) ≤ 
p(n – k). It follows that p(n) – p(n – 1) ≤ pk(n) + p(n – k).

6.4.2A  The proof is a variant of that of Theorem 6.1. If D is a dot diagram for a partition of 
n into exactly k parts, then its dual is a partition of n whose maximum part has size exactly 
k and vice versa. So there are equal numbers of partitions of each type.

6.4.3A  Consider a dot diagram, D, for a partition of n into l parts with l ≤ k. Add k dots, 
by adding one dot to each of the rows and, when l < k, k – l further rows each containing 
one dot, and let D′ be the resulting partition. The diagram illustrates this in the case n = 
13, k = 6, and l = 4.

D D́

In the case illustrated, D is a partition of 13 into at most six parts, and D′ is a partition of 19 
= 13 + 6 into exactly six parts. More generally, the mapping D D ′  is a bijection between 
the partitions of n into at most k parts, and the partitions of n + k into exactly k parts. So 
there are equal numbers of partitions of each type.

6.4.4A  Given a partition, 

	 a a a nk1 2+ + + =... , 	 (1)

we can construct the following two different partitions of 2n:

	 a a a a a a nk k1 1 2 2 2+ + + + + + =... 	 (2)
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and

	 2 2 2 21 2a a a nk+ + + =... . 	 (3)

Since, for n ≥ 2, we can easily find other partitions of 2n, we have p(2n) > 2p(n). 

6.4.5A  Given a dot diagram, D, for a partition of n in which all parts have size at least 2, let 
D′ be the dot diagram obtained by adding 1 to the longest row in D. Thus D′ corresponds 
to a partition of n + 1 in which all parts have size at least 2. Clearly, if D1 ≠ D2, then D1′ ≠ 
D2′. So the number of partitions of n + 1 with no parts of size 1 is at least as many as the 
number of partitions of n with no parts of size 1.  Hence, by Theorem 6.10, p(n) – p(n–1) ≤ 
p(n+1) – p(n) . This inequality can be rearranged to give p n p n p n( ) ( ( ) ( ))≤ + + −1

2 1 1 .

6.4.6A  By Theorem 6.10, p(n) – p(n–1) is the number of partitions of n in which there are 
no parts of size 1. If D is a dot diagram for such a partition, then each part has size at least 
2, and so its dual D* is the dot diagram of a partition where the two largest parts are equal, 
and vice versa.

D D*

It follows that there are equal numbers of partitions of each type, and hence there are p(n) 
– p(n–1) partitions of n in which the two largest parts are equal.

Chapter 7
7.1.1A  The terms involving xn in the product (1 + x + x2 + x3 +…)2 are the n + 1 terms 1.xn, 
x.xn–1, x2 xn–2,…,xn.1, and hence the coefficient of xn is n + 1.

7.1.2A  Consider the product

	 (a0 + a1x + a2x2 + a3x3 +…)(1 +x3 + x6 + x9 +…) = (1 + x + x2 + x3 + …). 

Equating the constant terms gives a0 = 1. Equating the coefficients of x gives a1 = 1, and 
equating the coefficients of x2 gives a2 = 1. For n ≥ 3, equating the coefficients of xn gives

	 an + an–3 + an–6 +…+an–3t = 1,	 (1)

where t = ⎣n/3⎦. We can now prove, using mathematical induction, that for all n ≥ 3, an = 0. 
By Equation 1, a3 + a0 = 1, and hence, as a0 = 1, it follows that a3 = 0. So the result is true for 
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n = 3. Now suppose that n > 3 and the result holds for all m, with 3 ≤ m < n. It follows from 
Equation 1 that an + ar = 1, where r is the remainder when n is divided by 3. Since a0 = a1 
= a2 = 1, it follows that an = 0. Therefore, by mathematical induction, for all n ≥ 3, an = 0.

7.2.1A	 i.  a. � We have that ∑ = −=
∞
n

nx x0 1 1( ). Hence, differentiating both sides we obtain 
∑ = −=

∞ −
n

nnx x0
1 21 1( )  and, differentiating again, ∑ − = −=

∞ −
n

nn n x x0
2 31 2 1( ) ( )  

consequently ∑ − = −=
∞
n

nn n x x x0
2 31 2 1( ) ( ) . Thus x x x 2 12 3( )−  is the gen-

erating function for the sequence {n(n –1)}.

	 b.	 Since ∑ = −=
∞ −
n

nnx x0
1 21 1( ) , it follows that ∑ = −=

∞
n

nnx x x0
21( ) , and dif-

ferentiating both sides gives ∑ = + −=
∞ −
n

nn x x x0
2 1 31 1( ) ( ) , and hence 

∑ = +[ ] −=
∞
n

nn x x x x0
2 31 1( ) ( ) , and so the generating function of the sequence 

{n2} is x   [x(1 + x)]/(1 – x)3.

	 c.	 From (b), ∑ = +[ ] −( )=
∞
n

nn x x x x0
2 31 1( ) . Differentiating both sides gives 

∑ = + +( ) −( )=
∞ −
n

nn x x x x0
3 1 2 41 4 1 , and hence the generating function of the 

sequence {n3} is x   [x(1 + 4x + x2)]/(1 – x)4.

	 ii.	 Since the generating functions, say f and g, for the sequences {n} and {n2}, respec-
tively, are given by f(x) = x/(1 – x)2 and g(x) = [x(1 + x)]/(1 – x)3, the generating 
function, say h, for the sequence { ( )},1

2 1n n +  that is, the sequence { ( )}1
2

2n n+  is 
given by

	 h x f x g x x x
x

x
x

( ) ( ) ( ) ( )
( ) ( )

= +( ) = +
−

+
−




1
2

1
2

1
1 13 2




= + + −
−







=
−

1
2

1 1
1 13 3

x x x x
x

x
x

( ) ( )
( ) ( )

,

		  which agrees with Equation 7.12.

7.2.2A  Let f be the generating function for the sequence {an} that is given by an = 0 and an+1 
= an + (n + 1)2. Thus an+1 = an + n2 + 2n + 1. Hence 

	 a x a x n x nx xn
n

n
n

n

n

n

n

n

n
+

=

∞

=

∞

=

∞

=

∞

∑ ∑ ∑ ∑= + + +1
0 0

2

0 0

2 nn

n=

∞

∑
0

. 	 (1)

Because a0 = 0, 

	 a x
x

a x
x

f xn
n

n
n

n

n
+

=

∞

+
+

=

∞

∑ ∑= =1
0

1
1

0

1 1 ( ).

Thus using our knowledge of the generating functions for the sequences {n2}, {n}, and {1}, it 
follows from Equation 1 that

	 1 1
1

2
1

1
13 2x

f x f x x x
x

x
x x

f( ) ( ) ( )
( ) ( ) ( )

(= + +
−

+
−

+
−

= xx x
x

)
( )

,+ +
−

1
1 3
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and hence f(x) = [x(1 + x)]/(1 – x)4. Note that, using this method, we have found the generat-
ing function without needing to use the formula for the sum of the first n squares. 

7.3.1A  We let Xn be the set of those sequences of n digits in which there are not consecutive 
even digits. Thus #(Xn) = an. A sequence in Xn has either the form x$, where x ∈ {1,3,5,7,9} 
and $ ∈ Xn–1, or the form yx$, where y ∈ {0,2,4,6,8}, x ∈ {1,3,5,7,9}, and $ ∈ Xn–2. There are 
5an–1 sequences of the first type and 25an–2 of the second type. Therefore the sequence {an}, 
satisfies the recurrence relation an = 5an–1 + 25an–2. The initial conditions are as follows. 
We have a0 = 1, because there is one sequence with zero digits in it, namely, the empty 
sequence, and this sequence does not include consecutive even digits. Also, a1 = 10, because 
each sequence consisting of a single digit does not include consecutive even digits.

7.4.1A  Let A be the generating function for the sequence {an}. Since an = 8an–1 + 15an–2, with 
a1 = 2 and a2 = 16, we have that ∑ = ∑ − ∑=

∞
=

∞
−

−
=

∞
−

−
n n

n
n n

n
n n

na x x a x x a x3 3 1
1 2

3 2
28 15 .. Therefore

A(x) – 2x – 16x2 = 8x(A(x) – 2x) – 15x2 A(x). Hence (1 – 8x + 15x2)A(x) = 2x. Therefore

	 A x x
x x

x
x x x

( )
( ) ( )( )

=
− +

=
− −

=
−

−
−

2
1 8 15

2
1 5 1 3

1
1 5

1
12 33

5 3
0 0

x
x xn

n

n

n

= −
=

∞

=

∞

∑ ∑( ) ( ) .

Hence, equating coefficients, we deduce that an = 5n – 3n.

7.4.2A  We let A x a xn n
n( ) .= ∑ =

∞
1  From the recurrence relation an = an-2 + an–1, which holds 

for n ≥ 3, we have that ∑ = ∑ + ∑=
∞

=
∞

− =
∞

−n n
n

n n
n

n n
na x a x a x3 3 2 3 1 . Therefore 

	 a x a x a x x a x x an
n

n
n

n

n=

∞

−
−

=

∞

∑ ∑







 − − = +

1
1 2

2 2
2

2

3
nn

n

n

x a x−
−

=

∞

∑







 −









1

1

2
1 .

That is, A(x) – 2x – 3x2 = x2 A(x) + x(A(x) – 2x). Hence A(x) = (x2 + 2x)/(1 – x – x2).

7.4.3A  We prove the result using mathematical induction. From the definition of gn, and the fact 
that f1 = f2 = 1, we have g3 = g1 + g2 = α + β = αf1 + βf2. So the result holds when n = 3. Now, suppose 
n > 3, and the result holds for all k < n. Then gk = gk–2 + gk–1 = (αfk–4 + βfk–3)+(αfk–3 + βfk–2), by the 
induction hypothesis. Hence gk = α(fk–4 + fk–3)+β(fk–3 + fk–2) = αfk–2 + βfk–1, using the definition of 
the Fibonacci numbers. Hence the result holds also for n = k. Therefore, by mathematical induc-
tion, the result holds for all n ≥ 3.

7.5.1A  The general solution has the form Aαn + Bβn, where α,β are the roots of the qua-
dratic equation x2 – 3x – 4 = 0, that is, (x + 1)(x – 4) = 0, giving α,β = –1,4. So the general 
solution is an = A(–1)n + B4n. Since a1 = 1 and a3 = 3, –A + 4B = 1 and A + 16B = 3, giving 
A B= − =1

5
1
5and .  Therefore an

n n= − ++1
5

11 4(( ) ).

7.5.2A  Let Xn be the set of sequences of 0s, 1s, and 2s of length n in which a 0 can only be 
followed by a 1. Such a sequence will have either the form x$, with x ∈ {1,2} and $ ∈ Xn–1, 
or the form 01$, with $ ∈ Xn–2. It follows that an = 2an–1 + an–2. Also, it can be seen that a1 = 
3 and a2 = 7. The general solution of the recurrence relation has the form Aαn + Bβn, where 
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α,β are the roots of the quadratic equation x2 – 2x – 1 = 0, from which it follows that α,β are 
1 2± .  Thus, the general solution of the recurrence relation is a A Bn

n n= + + −( ) ( ) .1 2 1 2  
Since a1 = 3, we have  

	 ( ) ( ) .1 2 1 2 3+ + − =A B  	 (1)

	 Since anda2
27 1 2 1 2 2 2 3 2 2= ± = ± + = ±( ) ,

	 ( ) ( ) .3 2 2 3 2 2 7+ + − =A B 	 (2)

Solving Equations 1 and 2 gives A B= + = −1
2

1
21 2 1 2( ) ( ).and  Hence an

n= + +1
2

11 2(( )  
+ − +( ) ).1 2 1n

7.5.3A By expanding the determinant down the first column, we see that

det( )An =

1 1 0 0 0 0 0
1 1 1 0 0 0 0
0 1 1 1 0 0 0







      

      











0 0 0 0 1 1 0
0 0 0 0 1 1 1
0 0 0 0 0 1 1

1 0 0 0 0 0 0
1 1 1 0 0

−

00 0
0 1 1 1 0 0 0

0 0 0 0 1 1 0
0 0 0 0 1 1 1
0 0 0



      

      



00 0 1 1
		  (1)

	 = −−det( )An 1

1 1 0 0 0 0
1 1 1 0 0 0

0 0 0 1 1





     

     

 00
0 0 0 1 1 1
0 0 0 0 1 1

1 2





= −− −det( ) det( ),A An n

on expanding the second determinant in Equation 1 along the top row. Hence, the required 
recurrence relation is 

	 d d d a an n n= − = = = =− −1 2 1 21 1
1 1
1 1

0, .with and 	 (2)

The auxiliary equation associated with Equation 2 is x2 –x + 1 = 0. This has the complex 
roots α β, ( ).= ±1

2 1 3i  Hence the general solution is a A i B in
n n

= +( ) + −( )1
2

1
21 3 1 3( ) ( )  for 
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some constants A, B. The initial conditions a1 = 1, a2 = 0 give 1
2

1
21 3 1 3 1( ) ( )+ + − =i A i B  

and 1
2

1
21 3 1 3 0( ) ( ) ,− + + − − =i A i B  from which it follows that A i= −( ) 1

2 1 1 3  and 
B i= +( ) 1

2 1 1 3 .  Using the fact that 1
2

3 1
2

31 3 1 3( ) ( ) ,+ = − = −i e i ei iπ πand  it can be 
shown that a n n an n= ( )+( ) ( )cos sin , , ,π π3 1 3 3 or equivalently == ( ) +2 3 11

3sin( ( ) ).n π

7.6.1A  We first need to solve the homogeneous recurrence relation

	 an – 2an–1 –8an–2 = 0.	 (1)

The quadratic equation x2 –2x –8 = 0 is equivalent to (x – 4)(x + 2) = 0 with solutions x = 4, 
–2. Hence the general solution of Equation 1 has the form A4n + B(–2)n, where A and B are 
constants. We next seek a particular solution of the recurrence relation 

	  an – 2an–1 –8an–2 = 18 – 9n	 (2)

of the form an = Cn + D, where C and D are constants. Substituting in Equation 2 gives

	 (Cn + D) – 2(C(n–1) + D) – 8(C(n – 2) + D) = 18 – 9n.	 (3)

Equating the coefficients of n in Equation 3 and equating the constants in Equation 3 gives 
–9C = –9 and –9D + 18C = 18. Hence C = 1 and D = 0. It follows that the general solution 
of Equation 2 is given by an = A4n + B(–2)n + n. Since a1 = 1 and a2 = 3, we have 4A –2B + 
1 = 1 and 16A + 4B + 2 = 3, which gives A B= =1

24
1

12and .  Hence the required solution is 
a nn

n n= + − +1
24

1
124 2( ) .

7.6.2A	  i. � A sequence of length 1 contains an even number of vowels if and only if it con-
tains zero vowels, and so just consists of a single consonant. So a1 = 21. Let En, 
On be the sets of sequences of n letters of the English alphabet containing an 
even and an odd number of vowels, respectively. Then # (En) = an, and as there 
are altogether 26n sequences of n letters, # (On) = 26n – an. A sequence in En is 
either of the form c$, where c is one of the 21 consonants and $ ∈ En–1, or of the 
form v$, where v is one of the five vowels and $ ∈ On–1. It follows that # (En) = 
21#(En–1) + 5#(On), and therefore an = 21an–1 + 5(26n–1 – an–1) = 16an–1 + 5(26n–1), 
as required.

	 ii.	 We need to solve the recurrence relation an –16an–1 = 5(26n–1) with a1 = 21. 
The general solution of the homogeneous recurrence relation an –16an–1 = 0 is 
given by A(16n), where A is some constant. We try to find a particular solu-
tion of the form an = α(26n). Substituting this into our recurrence relation 
gives α(26n) –16α(26n–1) = 5(26n–1). Canceling the common factor of 26n–1, 
we deduce that 26α –16α = 5, and so α = 1

2 .  Therefore the general solution is 
a An

n n= +( ) ( ).16 261
2  Since a1 = 21, we have 16A + 13 = 21, giving A = 1

2 .  Hence 
the solution is an

n n= +1
2

1
216 26( ) ( ).

7.6.3A  We let R(m,n) be the number of arithmetic operations needed to row-reduce an 
m × n matrix to echelon form, where m < n. Consider such a matrix:
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a a a
a a a

a a a

n

n

m m mn

11 12 1

21 22 2

1 2

...

...

...
  



















.

At the first stage we ensure, by interchanging rows if necessary, that a11 ≠ 0. (If all the 
entries in the first column are 0, we are really dealing with an m × (n –1) matrix, but we 
are aiming to calculate R(m,n) in the worst possible case.) This does not require any arith-
metic. We then divide the top row by a11 to get 1 in the first row and column. This takes n 
–1 divisions, as we do not need to do any arithmetic to work out that a11 divided by a11 is 1. 
Then, for 2 ≤ s ≤ m, we multiply the top row by as1 and subtract the result from the sth row. 
This makes the first entry in each of these rows 0. For each of the remaining n –1 entries in 
each row, this involves doing one multiplication and one subtraction, and so, altogether 
2(n –1)(m –1) arithmetic operations. So we have now carried out (n –1) + 2(n –1)(m –1) = 
(n –1)(2m –1) arithmetic operations and we have obtained a matrix in the form 

	

1
0

0

12 1

22 2

2

a a
a a

a a

n

n

m mn

' '

' '

' '

...

...

...
  



















.

At the second stage we ensure that a′
22 ≠ 0 by a row interchange if necessary. We then divide 

the second row by a′
22 and then subtract suitable multiples of the resulting second row 

from the remaining rows, so that all the entries in the second column other than a′
22 are 0. 

This takes the same amount of arithmetic as the first stage except that we can now ignore 
the first column, so that we are essentially dealing with an m × (n–1) matrix. Hence this 
requires (n –2)(2m –1) arithmetic operations. Assuming the worst case where the matrix 
has rank m, there are m stages in this process and so

	 R m n n m n m n m m( , ) ( )( ) ( )( ) ... ( )(= − − + − − + + −1 2 1 2 2 1 2 −− = − − −1 1
2

2 1 2 1) ( )( ).m n m m

7.6.4A The Tower of Hanoi
When there is just one disk, only one move is needed to transfer it to the third peg, so a1 = 
1. To move n disks to the third peg, we need first to transfer the top n –1 disks to the second 
peg, which takes an –1 steps. Then in one move we transfer the largest disk to the third peg. 
Finally we transfer the remaining n –1 disks from the second peg to the third peg, which 
takes a further an –1 moves. Hence an = an –1 + 1 + an –1, that is, 

	  an = 2an –1 + 1.	 (1)

The general solution of the associated homogeneous recurrence relation an –2an –1 = 0 is 
A(2n), where A is a constant. If we try a particular solution of Equation 1 of the form an = α, 
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we see that the constant α has to satisfy the equation α = 2α + 1 and hence α = –1. Thus 
the general solution of Equation 1 is an = A(2n) –1. Since a1 = 1, 2A –1 = 1, and hence A = 1. 
Therefore an = 2n –1. It follows that with 64 disks the process takes 264 –1 moves. You can 
check that 264 –1 seconds comes to about 5.8 × 1011 years.
7.6.5A i. Suppose the recurrence relation rn –rn–1 = 2n2 –3n + 2 has a solution of the form 
rn = En2 + Dn + C, where C, D, and E are constants. Substituting this into the recurrence 
relations gives that, for each positive integer n,

	 ( ) ( ( ) ( ) ) .En Dn C E n D n C n n2 2 21 1 2 3 2+ + − − + − + = − +

Therefore, for each positive integer n,

	 2En + D – E = 2n2 – 3n + 2.

This is clearly impossible as a linear polynomial cannot be identically equal to a quadratic 
polynomial. This shows that the recurrence relation has no solution of the given form.
ii. If we substitute rn = En2 + Dn + C in the recurrence relation rn – 2rn–1 = 2n2 – 3n + 2, we 
obtain 

	 ( ) ( ( ) ( ) ) .En Dn C E n D n C n n2 2 22 1 1 2 3 2+ + − − + − + = − +

This gives

	 − + − + − + − = − +En E D n E D C n n2 24 2 2 2 3 2( ) ( ) .

Equating the coefficients of n2 and n and the constant terms gives – E = 2, 4E – D = –3, 
and – 2E + 2D – C = 2, giving E = –2, D = –5, and C = –8. It follows that rn = –2n2 –5n –8 is 
a solution of the recurrence relation.

7.6.6A	 i. � We prove the result by mathematical induction. We have r2 – r1 = f(2). Hence r2 = 
r1 + f(2), and so the result is true for n = 2. Suppose that the result holds for n = m, 
so that r r f km k

m= + ∑ =1 2 ( ).  Then, as rm+1 – rm = f (m+1), we have

	 r r f m r f k f m r f km m
k

m

k
+

=

= + + = + + + = +∑1 1
2

11 1( ) ( ) ( ) ( )
==

+

∑
2

1m

.

Hence the result holds also for n = m + 1. Therefore, by mathematical induction, 
it holds for all n ≥ 2.

	 ii.	 It follows that the solution of Equation 7.49 is given by 

r k k n n n
n

k

n

= + − + = + + −





−
=

∑0 2 3 2 2 1 2 1
6

1 32

2

( )( ) nn n n( ) ( ),+ −





+ −1
2

1 2 1
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using the standard formulas for ∑ ∑= =k
n

k
nk k1

2
1and , adapted to the case where the sums 

begin with k = 2. It follows, after doing the algebra, that r n n nn = − + −2
3

3 1
2

2 5
6 1.  This agrees 

with the solution to Problem 7.8 that we have already given. 

7.7.1A	 i.  Suppose that β1,β2,…,βk are constants such that

	 β β β1 1 2 2 0{ } { } ... { } { }.r r rn n
k k

n+ + + = 	  (1)

It follows that all the terms of the sequence on the left-hand side of Equation 1 
are equal to 0. In particular, we have that

	

β β β
β β β

1 1 2 2

1 1
2

2 2
2 2

0
0

r r r
r r r

k k

k k

+ + + =
+ + + =

...
...



β β β1 1 2 2 0r r rk k
k k

k+ + + =...

.

It follows that 

	 Ak vk = 0,	 (2)

where 

	 Ak

k

k

k k
k

k

r r r
r r r

r r r

=








1 2

1
2

2
2 2

1 2

...

...

...
  












=



















and v k

k

β
β

β

1

2


.

It is straightforward to show (or a standard algebraic fact that you already know) 
that det( ) ... ( ),Ak k i j k j ir r r r r= ∏ −≤ < ≤1 2 1  and hence, if the numbers r1,r2,… ,rk are 
all different, det(Ak) ≠ 0. It follows that the matrix Ak is invertible. Hence by 
Equation 2, vk = Ak

–1 0 = 0. Therefore β1 = β2 =…=βk = 0. It follows that the vec-
tors {r1

n}, {r2
n},…,{rk

n} are linearly independent.

	 ii.	 Let {zn} be a solution of the recurrence relation α0an + α1an–1 +…+αkan–k = 0. 
Since the sequences {y(1)n},{y(2)n},…,{y(k)n} are solutions of this recurrence rela-
tion, so too is the sequence {wn}, where, for each positive integer n, wn = z1y(1)n + 
z2y(2)n +…+zky(k)n. Then, for 1 ≤ i ≤ k, wi = z1y(1)i + z2y(2)i +…+ziy(i)i +…+ zky(k)i = 
zi. Since subsequent terms of the sequences {wn} and {zn} are given by the same 
recurrence relation, the sequences {wn} and {zn} are identical. Therefore {zn} is 
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a linear combination of the sequences {y(1)n},{y(2)n},…,{y(k)n}. This shows that 
these sequences span S.

	 iii.	 From (i) and (ii) it follows that the dimension of S is k. From Theorem 7.1 and 
(a), it follows that the sequences {x1

n},{x2
n},…,{xk

n} form a linearly independent 
set of k sequences from S, and hence it is a basis for S. So each solution of the 
recurrence relation is a linear combination of these sequences, as claimed.

7.7.2A	 i. � The auxiliary equation is x2 – 10x + 25 = 0, that is (x – 5)2 = 0, with the repeated 
root x = 5. It follows that the general solution of the recurrence relation is an = 
A5n + Bn5n. The initial conditions a1 = 15, a2 = 325 give 5A + 5B = 15 and 25A + 
50B = 325. These equations have the solution A = –7, B = 10. Hence the solution 
of the recurrence relation is an = –7(5n) + 10n5n = (10n – 7)5n.

	 ii.	 The auxiliary equation is x2 + 4x + 4 = 0, that is, (x + 2)2 = 0, with the repeated 
root x = –2. Hence the general solution is an = A(–2)n + Bn(–2)n. The initial con-
ditions give –2A –2B = 4, 4A + 8B = 4, with the solution A = –5, B = 3. So the 
solution of the recurrence relation is an = –5(–2)n + 3n(–2)n = (3n –5)(–2)n.

	 iii.	 The auxiliary equation is x3 – 7x2 + 16x – 12 = 0, that is, (x – 3)(x – 2)2 = 0, with 
the root x = 3 and the repeated root x = 2. Hence the general solution is an = A3n + 
B2n + Cn2n. The initial conditions give 3A + 2B + 2C = 8, 9A + 4B + 8C = 42, and 
27A + 8B + 24C = 142. These equations may be solved to give A = 2, B = –4, and C = 
5. Hence the general solution is an = 2(3n) – 4(2n) + 5n(2n) = 2(3n) + (5n – 4)2n.

	 iv.	 The auxiliary equation is x3 – 6x2 +12x – 8 = 0, that is, (x – 2)3 = 0, with the triple 
root x = 2. Hence the general solution is an = A2n + Bn2n + Cn22n. The initial 
conditions give 2A + 2B + 2C = 0, 4A + 8B + 16C = 8, and 8A + 24B + 72C = 16. 
These equations have the solution A = –4, B = 5, C = –1. Hence the solution of 
the recurrence relation is an = –4(2n) + 5n(2n) – n2(2n) = (–4 + 5n – n2)2n.

7.8.1A Using the binomial theorem for (1 + x)α with x replaced by –4x and α by 1
2  gives

	 ( ) ( )
!

( )1 4 1 1
2

4
1 2 1 2

2
41 2 2− = + 





− +
( ) −( ) − +x x x

11 2 1 2 3 2
3

4 3( ) −( ) −( ) − +
!

( ) ... .x

The term involving xn for n ≥ 3 in this expansion is 

	
1 2 1 2 3 2 5 2 2 3 2

4
( ) −( ) −( ) −( ) − −( ) −

... ( )
!

( ) .
n

n
x n

Hence the coefficient of xn is

	 − − = − −( )( )( )...( )
!

( )!
( )( )

1 3 5 2 3 2
2

2 2 2
2 4
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nn

n

n

....( ) !
( )!

( )! !
(

2 2
2 2 2

2 1
2 2 2

1n n
n

n n
nn

n−
= − −

−
= − −

−

))!
( )! !

.
n n−1
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Thus to obtain positive coefficients in the generating function for the sequence {Cn} of 
Catalan numbers as given by the formula 1 1 4 2± −( )x x  given in Equation 7.67 we need 
to take the minus sign. This gives the series

	

1
2

1 1 4 1
2

1 1 2 2 2 2 2
1

1 2 2

x
x

x
x x n

n
− −( ) = − − − − −

−
( ) ( ( )!

( ))! !
) ( )!

( )! !n
x x n

n n
x

n

n n

=

∞
−∑







 = + + −

−
3

11 2 2
1

nn

n

n

x n
n n

x

=

∞

=

∞

∑

∑= + +
+

3

2

1 2
1

( )!
!( )!

.

So the coefficient of x is C1 and for n ≥ 2, the coefficient of xn is

	 ( )!
!( )!

( )!
! !

( ,2
1

1
1

2 1
1

2n
n n n

n
n n n

C n
+

=
+







=
+

nn Cn) .=

Chapter 8

8.1.1A	 i. � The coefficient of x100 in the product (1 + x7 + x14 + …)(1 + x11 + x22 +…) is the 
number of solutions of the equation 7a + 11b = 100, where a and b are nonnega-
tive integers. It can be checked that there is just the one solution a = 8, b = 44. So 
the coefficient of x100 is 1.

	 ii.	 In this case we seek the number of solutions of 3a + 14b = 100, where a and b are 
nonnegative integers. There are just two solutions: a = 10, b = 5 and a = 24, b = 
2. So the coefficient of x100 is 2.

8.1.2A	 i.  The generating function, say Q, is given by

	
Q x x x x x x x x( ) ( ...)( )( ...)(= + + + + + + + + +1 1 12 3 2 3 6 9 11

1
1

1 1
1

1 1

4

2
3

4

+

=
−

× + ×
−

× + × = +

x

x
x

x
x x

)...

( ) ( ) ... ( 22 4 6

3 5

1 1
1 1 1

)( )( )...
( )( )( )...

.+ +
− − −

x x
x x x

	 ii.	 Similarly, the generating function, say R, is given by

	 R x x x x
x x x

( ) ( )( )( )...
( )( )( )

= + + +
− − −

1 1 1
1 1 1

3 5

2 4 6 ....
.
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8.1.3A	 i. � The relevant partitions and the values of pd,o (n) for 1 ≤ n ≤ 10 are given in the 
following table.

n Partitions of n into distinct odd parts pd,o (n)

1 1 1
2 – 0
3 3 1
4 3 + 1 1
5 5 1
6 5 + 1 1
7 7 1
8 7 + 1, 5 + 3 2
9 9, 5 + 3 + 1 2
10 9 + 1, 7 + 3 2

	 b.	 The generating function is x   (1+x)(1+x3)(1+x5)…, that is, x xk
k ∏ +=

∞ +
0

2 11 .

8.1.4A  We have that P x p n x P x x P xn
n( ) ( ) , ( ) ( ) ( ) (= ∑ − = ×=

∞
1 1 1 1and hence −−[ ]=x)   

( ( ) ( ) ( ) ( ) ...)(p x p x p x p x x x1 2 3 4 12 3 4 2+ + + + + +  + +x3 ...).  The term involving xn in this 
product is p x x p x x p n xn n n( ) . ( ) . ... ( ) . ,1 2 11 2 2− −+ + +  and hence the coefficient of xn is p(1) 
+ p(2) +…+ p(n), that is, t(n). Hence x  P(x)/(1 – x) is the generating function for the 
sequence {t(n)}.

8.1.5A  We have seen from the solution to 8.1.2A(ii) that the generating function for the 
sequence {a(n)}, where a(n) is the number of partitions in which only the even parts can be 
repeated is given by

R x x x x
x x x

( ) ( )( )( )...
( )( )( )

= + + +
− − −

1 1 1
1 1 1

3 5

2 4 6 ....
...= +

−
×

−
× +

−
×

−
×

=
−

×

1
1

1
1

1
1

1
1

1
1

2 4

3

6 8

x
x x

x
x x

x
11

1
1

1
1

1
1

1 1 1 14 3 8 3 4−
×

−
×

−
× =

− − −x x x x x x
...

( )( )( )( −− − −x x x5 7 81 1)( )( )...
,

which is the generating function for the sequence {b(n)}, where b(n) is the number of parti-
tions in which the even parts must be multiples of 4. It follows that for all n, a(n) = b(n).

8.1.6A	 i.  �When the product ( )( )...( )1 1 12 2 20 1+ + +x x x n  is expanded, each term is 
obtained by multiplying 1s chosen from some of the brackets and terms x a2 ,  
with 0 ≤ a ≤ n, chosen from the remaining brackets. Thus the terms have the 
form xk, where k a a ar= + + +2 2 21 2 ... ,  with 0 ≤ a1 < a2 < …< ar ≤ n. Now every 
integer in the range from 1 to 2n+1 –1 has a unique representation of this form, 
and so the product is equal to the sum 1 2 3 2 11+ + + + + + −x x x x n... .

	 ii.	 By the obvious extension of (i), ( )( )( )...1 1 1 12 2 2 20 1 2+ + + = + +x x x x x  
+ = −... ( )1 1 x  and therefore
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	 1 1
1 1 12 2 20 1 2− =

+ + +
x

x x x( )( )( )...
.

	 c.	 Since 1 1 12 2 2 2 3 2 4 2( ) ...,. . .+ = − + − + −x x x x xk k k k k  we see that the positive terms 
correspond to choosing an even number of parts of size 2k and the negative 
terms correspond to choosing an odd number of parts of size 2k. Hence the 
coefficient of xn in the product 1 1 1 12 2 20 1 2( )( )( )...+ + + x x x  is the difference 
between the number of ways of writing n as the sum of an even number of pow-
ers of 2, and the number of ways of writing n as the sum of an odd number of 
powers of 2. By (b), for n ≥ 2, the coefficient of xn in this product is 0. So for n ≥ 
2 the number of ways of writing n as the sum of an even number of powers of 
2 is equal to the number of ways of writing it as an odd number of powers of 2. 

8.2.1A  Using Theorem 8.6, and the values of p(n) that we have already calculated (see 
Problem 8.3), we have

	

p p p p p p p( ) ( ) ( ) ( ) ( ) ( ) ( )16 15 14 11 9 4 1 176= + − − + + = +1135 56 30 5 1 231

17 16 15 12

− − + + =

= + − −

,

( ) ( ) ( ) ( )p p p p pp p p

p

( ) ( ) ( ) ,

(

10 5 2 231 176 77 42 7 2 297

18

+ + = + − − + + =

)) ( ) ( ) ( ) ( ) ( ) ( )= + − − + + = +p p p p p p17 16 13 11 6 3 297 2311 101 56 11 3 385

19 18 17 14

− − + + =

= = − −

,

( ) ( ) ( ) ( )p p p p pp p p( ) ( ) ( ) ,12 7 4 385 297 135 77 15 5 490+ + = + − − + + =

andd

p p p p p p p( ) ( ) ( ) ( ) ( ) ( ) ( )20 19 18 15 13 8 5 4= + − − + + = 990 385 176 101 22 7 627+ − − + + = .

8.2.2A  The relevant partitions and the corresponding values of ue,d (n) and uo,d (n) for 1 ≤ 
n ≤ 10 are given in the following table.

n
Partitions into an Even

Number of Distinct Parts ue,d (n)
Partitions into an Odd

Number of Distinct Parts uo,d (n)

  1 — 0 1 1
  2 — 0 2 1
  3 2 + 1 1 3 1
  4 3 + 1 1 4 1
  5 4 + 1, 3 + 2 2 5 1
  6 5 + 1, 4 + 2 2 6, 3 + 2 + 1 2
  7 6 + 1, 5 + 2, 4 + 3 3 7, 4 + 2 + 1 2
  8 7 + 1, 6 + 2, 5 + 3 3 8, 5 + 2 + 1, 4 + 3 + 1 3
  9 8 + 1, 7 + 2, 6 + 3, 5 + 4 4 9, 6 + 2 + 1, 5 + 3 + 1,4 + 3 + 2 4
10 9 + 1, 8 + 2, 7 + 3, 6 + 4, 

4 + 3 + 2 + 1
5 10, 7 + 2 + 1, 6 + 3 + 1, 

5 + 4 + 1, 5 + 3 + 2
5
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We see that ud,o(n) = ud,e(n) for n = 3,4,6,8,9,10, ud,o(1) – ud,e(1) = ud,o(2) – ud,e(2) = 1 = (–1)2, and 
ud,o(5) – ud,e(5) = ud,o(7) – ud,e(7) = –1 = (–1)3. Since 1 2 3 1 11

2
2, ( ( ) ),= ±  and 5 7 3 2 21

2
2, ( ( ) ),= ±  

these values correspond to those given by Theorem 8.5.

Chapter 9
9.1.1A  The pictures tell us which pairs of vertices are joined by an edge. Our precise defi-
nition of when two sets of vertices joined by edges are really the same is given by Definition 
9.3 of isomorphic graphs.

9.3.1A  The graphs (i) through (v) all have five vertices, and graphs (vi) through (x) have six 
vertices. So none of the first five graphs is isomorphic to any of the last five graphs. In the 
following table we show the number of vertices of each degree in these graphs.

degree (i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix) (x)
0 1 0 0 0 0 0 0 0 0 0
1 1 2 3 3 2 0 0 0 0 0
2 2 1 1 1 1 0 0 0 0 0
3 1 2 1 1 2 6 6 6 6 6

We see from this table that among the graphs with five vertices there are just two possible 
pairs of isomorphic graphs, namely, the pair (ii) and (v), and the pair (iii) and (iv).

	 (ii)	 and (v). The mapping θ given by θ(a) = b, θ(b) = c, θ(c) = e, θ(d) = d, and θ(e) = a is an 
isomorphism from graph (ii) to graph (v).

	(iii)	 and (iv). The mapping ϕ given by ϕ(a) = c, ϕ(b) = b, ϕ(c) = a, ϕ(d) = e, and ϕ(e) = d is an 
isomorphism from graph (iii) to graph (iv).

The case of the graphs (vi) to (x) with six vertices is more complicated, as in each of these 
graphs all the vertices have degree 3. However, they are not all isomorphic. In the graphs 
(vi), (vii), and (x), we can separate the vertices into two sets of three vertices with all the 
edges joining the vertices in one of these sets to all the vertices in the other. For graph (vi) 
these vertex sets are {a,b,c} and {d,e,f}; for graph (vii) they are {a,c,e} and {b,d,f}; and for 
graph (x) they are {a,d,f} and {b,c,e}. Any mapping that matches up the two sets of one 
graph with those of the second graph will be an isomorphism between the relevant pair of 
graphs. For example, the mapping θ defined by θ(a) = a, θ(b) = c, θ(c) = e, θ(d) = b, θ(e) = d, 
and θ(f) = f is an isomorphism between graphs (vi) and (vii). Similarly, the mapping ϕ 
defined by ϕ(a) = a, ϕ(b) = b, ϕ(c) = d, ϕ(d) = c, ϕ(e) = f, and ϕ(f) = e is an isomorphism 
between graphs (vii) and (x), and the mapping Ψ defined by Ψ(a) = a, Ψ(b) = d, Ψ(c) = f, 
Ψ(d) = b, Ψ(e) = c, and Ψ(f) = e is an isomorphism between graphs (vi) and (x). The graphs 
(viii) and (ix) each includes a triangle, that is, three vertices each joined by an edge to the 
other two. In graph (viii) one such triangle is {a,c,e} and in graph (ix) one triangle is {a,b,e}, 
whereas the other graphs with six vertices do not have triangles. So graphs (viii) and (ix) 
are not isomorphic to any of the graphs (vi), (vii), and (x). The graphs (viii) and (ix) are 
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isomorphic. For example, the mapping σ defined by σ(a) = a, σ(b) = d, σ(c) = b, σ(d) = c, 
σ(e) = e, and σ(f) = f is an isomorphism between these two graphs.

9.3.2A There are no examples with fewer than five vertices. The two graphs shown below 
have five vertices, of which two have degree 1 and three have degree 2, but they are (clearly) 
not isomorphic.

9.3.3A  i. �2,2,2,3,3,4 ⇒ 2,1,1,2,2 ~ 1,1,2,2,2 ⇒ 1,1,1,1 ⇒ 1,1,0 ~ 0,1,1 ⇒ 0,0. So 2,2,2,3,3,4 is 
the degree sequence of a graph. One such graph is shown below, on the left.

	 ii.	 1,1,3,3,5,5 ⇒ 0,0,2,2,4. Clearly 0,0,2,2,4 is not the degree sequence of a graph, 
and hence 1,1,3,3,5,5 is also not the degree sequence of a graph.

	 iii.	 3,3,3,3,3,3,3,3 ⇒ 3,3,3,3,2,2,2 ~ 2,2,2,3,3,3,3 ⇒ 2,2,2,2,2,2 ⇒ 2,2,2,1,1 ~ 1,1,2,2,2 
⇒ 1,1,1,1 ⇒ 1,1,0 ~ 0,1,1 ⇒ 0,0, and hence 3,3,3,3,3,3,3,3 is the degree sequence 
of a graph. One such graph is shown below, on the right.

9.3.4A  In a simple graph with n vertices and 1
2 1n n( )−  edges, each pair of vertices must be 

joined by an edge. So any bijection between the vertices of two such graphs is an isomor-
phism, and hence the graphs are isomorphic.

9.3.5A	  i. � The sequence 1, 2, 3, 4, 5 is not a multigraph degree sequence as 1+2+3+4+5 is 
odd, which, is not possible for the sum of the degrees of a graph. (Why? see the 
handshaking lemma in section 9.4.)

	 ii.	 The sequence 1, 2, 2, 3, 5, 5 is a multigraph degree sequence, as shown by the 
graph below. (You can check that it is not a simple graph degree sequence.)
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	 iii.	 The sequence 2, 2, 2, 8 is not a multigraph degree sequence, as the vertex of 
degree 8 needs to have eight edges joining it to three vertices each of degree 2, 
which is not possible.

9.4.1A  We prove, using mathematical induction, that for every positive integer n, a 
connected graph with n vertices and no closed paths has n – 1 edges. Clearly this holds 
when n = 1. Now suppose the result holds for n = k and that G is a connected graph with 
k + 1 vertices that has no closed paths. It follows from Theorem 9.5 that G has a vertex, 
say a, which has degree 1. The graph, say G′, that results from G by deleting the vertex a 
and the one edge adjacent to it is still connected and has k vertices. Hence, by the induc-
tion hypothesis, it has k – 1 edges. Hence the graph G has k edges. So the result holds 
also for v = k + 1. Therefore, by mathematical induction, the result is true for all positive 
integers n.

9.4.2A  Suppose first that the removal of the edge {u, v} results in a graph that is still 
connected. It follows that in G there is a path from u to v that does not use the edge {u, 
v}. Let this path be u = v1 → v2 →…→ vk–1 → vk = v. Then u → v2 →…→ vk–1 → v → u is a 
closed path in G in which the edge {u, v} occurs. Conversely, suppose that G is connected 
and that there is a closed path in G, say u → v2 →…→ vk–1 → v → u, which includes the 
edge {u, v}. Let G′ be the graph that results from G by deleting the edge {u, v}. Because G 
is connected, each pair of vertices a, b of G is connected by a path in G. If there is such a 
path that does not include the edge {u, v}, then there is a path in G′ that connects a and b. 
This must be the case. For suppose a → u2 →…→ u → v →…→ ul–1 → b is a path con-
necting a and b which includes the edge {u,v}. Then a → u2 →…→ u → v2 →…→ vk–1 → 
v →…→ ul–1 → b is a walk in G′ from a to b. It follows that there is a path in G′ from a 
to b. Hence G′ is connected.

9.4.3A  It can be seen, for example, that a→b→c→h→j→e→a is a closed path in the 
Petersen graph of length 6.

a a

f  f

e b e b
j g j g

i h i h

d c d c

A closed path of length 7 must include at least two vertices from each of the two sets of 
vertices {a,b,c,d,e} and {f,g,h,i,j}, and hence must include at least two of the edges leading 
from the first set to the second. Because of the symmetry of the graph, we can assume 
that such a path includes the edge {a,f}, and that the second edge adjacent to the vertex a 
that it includes is {a,b}, as shown in the above diagram on the right. If the closed path also 
includes the edge {b,g}, then there would need to be a path of length 4 from g to f . It is easy 
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to check that no such path of length 4 exists. Similarly, we can rule out the use of the edges 
{c,h}, {d,i}, and {e,j}. Therefore there is no closed path of length 7.

9.4.4A  Let G = (V,E) be a simple graph with n vertices that is not connected. Select a vertex 
v0 of G. Let V1 be the set of vertices consisting of v0 together with all the vertices connected 
to v0 by an edge, and let V2 = V\V1. Let #(V1) = r. Then #(V2) = n – r. Since G is not connected, 
1 ≤ r < n. There are no edges joining a vertex in V1 to a vertex in V2. So the maximum 
number edges G can have is the number of edges joining each pair of vertices in V1 plus 
the number of edges joining each pair of vertices in V2. So G has at most er edges, where 
er = 1

2
1
21 1r r n r n r( ) ( )( )− + − − −  edges. Now e n n r nr = − + −1

4
2 1

2
1
2

2( ) . It follows that for 1 ≤ r 
< n , er achieves a maximum value when | |r n− 1

2  is as large as possible, that is, for r = 1 and 
r = n–1. It follows that e n nr ≤ − −1

2 1 2( )( ). Therefore, if G has 1
2 1 2 1( )( )n n− − +  edges, then 

G must be connected.

9.4.5A  a. � The following algorithm applied to a graph G = (V,E) determines whether the 
graph is connected.

Algorithm for Deciding Whether a 
Graph G = (V,E) Is Connected

	 1.	Choose a vertex v ∈ V and put i = 0 and V0 = {v}
	 2.	Let Vi+1 be the set of those vertices in V Vs

i
s\∪ =0  that are joined to a 

vertex in Vi.
	 3.	If Vi+1 = ∅, stop. Otherwise replace i by i + 1, and return to step 1.

If, when the algorithm terminates, i = k and V Vs
k

s= =∪ 0 , the graph is con-
nected; otherwise, the graph is not connected.

		  It is easy to see that when the algorithm terminates, ∪ s
k

sV=0  is the set of vertices 
connected to v by a path, and hence the graph is connected if and only if ∪ s

k
sV=0  

is the set of all the vertices of G.

	 b.	 We apply the algorithm of (a) to each graph in turn.

	 i.	

i V
a

d e f

i

0
1
2

{ }
{ , , }

∅

	 V V V V1 2 3∪ ∪ ≠ , and so the graph is not connected.

	 ii.	

i V
a

b c d e f
g h

i

0
1
2
3

{ }
{ , , , , }

{ , }
∅

  V V V V V0 1 2 3∪ ∪ = = , and so the graph is connected.
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	 iii.	

i V
a

e f
c d
b h
g j

i

0
1
2
3
4
5

{ }
{ , }
{ , }
{ , }
{ , }

∅

	 V Vi
i=

=
0

5

∪ , and so the graph is connected.

9.5.1A  In Figure 9.23, graph (i), we have v = 8, e = 15, and f = 9. So v–e+f = 8–15+9 = 2; in 
graph (ii) we have v = 7, e = 9, and f = 4. So v–e+f = 7–9+4 = 2.

9.5.2A  i. � Suppose that G is drawn in the plane with f faces. Since each closed path of G con-
tains at least four edges, each face is bounded by at least four edges and, as each 
edge is a boundary of at most two faces, hence 4f ≤ 2e and so 2f ≤ e. By Euler’s 
formula f = e–v+2 , and hence 2(e–v+2) ≤ e; from it follows that e ≤ 2v–4.

	 ii.	 The graph K3,3 is bipartite, and hence each closed path must contain at least four 
edges. However for this graph v = 6 and e = 9, and so e > 2v–4. So, by (a), K3,3 is 
not planar.

	 iii.	 By the symmetry of the graph, it does not matter which edge is deleted. On the 
left below is K3,3 with the edge {b,e} deleted. In the middle this graph has been 
drawn to show that it is planar, and on the right it is redrawn with all the edges 
being straight line segments.

a b c a b c

d            e f d e f

d

b a e c

f

9.5.3A Consider the subgraph of the Petersen graph obtained by deleting the edges {c,d} 
and {g,j}, as shown below, on the left. If we now drop the vertices c, d, g, and j of degree 2, 
we obtain the graph on the right. It can be seen that this is isomorphic to K3,3.

f f
e e b

j g
b

a a

i
h i h

d c
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9.5.4A Suppose first that G is a connected bipartite graph whose vertex set can be partitioned 
into disjoint sets V1 and V2 in such a way that every edge joins a vertex in V1 to a vertex in V2. 
Then in any path the vertices must come alternately from V1 and V2, and so any closed path 
must have even length. Conversely, suppose that G is a connected graph in which each closed 
path has even length. Let v0 be one vertex of G. We let V1 be the set of vertices, v, such that 
there is a path from v0 to v of odd length, and let V2 be the set of vertices, v, such that there is 
a path from v0 to v of even length. Since G is connected, for each vertex v of G there is a path 
from v0 to v. Thus every vertex is in V V1 2∪ . (We can regard the vertex v0 by itself as forming 
a path of length 0 from v0 to v0, so that v0 ∈ V2.) We show that no vertex is in both V1 and V2. 
Let v0 → v1 →…→vk = v and v0 → u1 →…→ul = v be two paths from v0 to v of lengths k and 
l, respectively. These paths may have some edges in common, and, if they diverge, they must 
come back together again. Suppose that for some r, s we have vr = us, the paths diverge at this 
vertex, and rejoin at the vertex vr+t = us+u, for some t, u. We can picture this as follows:

vr+1→ →vr+t–1

→us+u–1

vr+t = us+uvr = us

us+1→

We thus have a closed path

	 v u u u u v vr s s s u s u r t r t= → → → → = → → →+ + − + + + −1 1 1... ... vv v ur r s+ → =1

in G of length t+u. Therefore t+u is even, and hence t ≡ u(mod2). Since this holds when-
ever the paths v0 → v1 →…→vk = v and v0 → u1 →…→u1 = v diverge and then rejoin, it 
follows that k ≡ l(mod2), so no vertex can be in both V1 and V2. Now suppose uv is an edge 
of G. Either there is a path from v0 to u that does not include v, or a path from v0 to u that 
goes through v, in which case there is a path from v0 to v that does not include u. Suppose 
v0 →…→ u is a path of length k that does not include v. Then v0 →…→ u → v is a path of 
length k+1. Now since one of k, k+1 must be odd and the other even, the edge uv joins a 
vertex in V1 to a vertex in V2. The same conclusion follows if there is a path from v0 to v that 
does not go through u. We deduce that G is a bipartite graph.

9.5.5A This graph is planar. It can be redrawn as shown below with the edges meeting only 
at vertices.

a

f 

d

e

c b
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9.5.6A

A b  c d e f B
a

E F

p p
K G

q q

r r

s
Hs J

t

a
I

t

a
C b c d e f D

This becomes a torus if the edge AB is glued to CD, and then AC to BD. In this way the 
points on AB labeled a, b, c, d, e, and f are identified with the points with the same label on 
CD, and the points on AC with labels p, q, r, s, and t are identified with the points with the 
same label on BD. Then the seven vertices E, F, G, H, I, J, and K are all joined to each other 
by edges represented on the torus by lines that meet only at these vertices.

9.5.7A  In this case we still have six points on the circumference of the circle each with 
degree 7, but instead of 15 points each of degree 4 inside the circle, we now have 12 of degree 
4 and 1 of degree 6. So the sum of the degrees is 6×7+12×4+1×6 = 96. So, by the handshak-
ing lemma there are 48 edges. Also, there are now 6+12+1 = 19 vertices. Hence, using the 
formula r = e–v+1, where r is the number of regions inside the circle, as in Problem 9.10, we 
have that r = 48–19+1 = 30. So in this case there are 30 regions.

9.5.8A  We prove the result by mathematical induction. We can let P1, P2, P3 be any three 
distinct points on the sphere. So the result is true for n ≤ 3. Now suppose the result is true 
for n = s and the sequence of points P1, P2,…, Ps satisfies the stated conditions. The planes 
through three of these points make at most C(s,3) different angles with the xy-plane. Hence 
there is a plane, say Π, distinct from all these planes and that meets the sphere. Let Ps+1 be 
any point where this plane meets the sphere. Then the points P1, P2,…, Ps, Ps+1 also satisfy 
the condition. So the result holds also for n = s+1. Therefore, by mathematical induction, 
it holds for all n. If the points P1, P2,…, Pn satisfy this condition, the straight line segments 
joining pairs of these points do not meet inside the sphere. So the complete graph, Kn, and 
hence every subgraph of it, may be drawn in R3 with the edges represented by straight line 
segments.

9.6.1A  i. � This graph has four vertices of degree 3, and so is neither Eulerian nor semi-
Eulerian.

	 ii.	 All the vertices have degree 4, so this graph is Eulerian. One example of a closed 
trail that includes all the edges is a→b→c→d→e→a→c→e→b→d→a.
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	 iii.	 This graph has two vertices of degree 3 (c and f) with all the other vertices having 
degree 4. So it is semi-Eulerian. One example of a trail that includes all the edges 
is c→d→e→f→a→b→c→e→a→d→b→f.

9.6.2A  Let G be a connected graph with just two vertices, say a and b, whose degrees are 
odd numbers. Let G′ be the graph obtained from G by adding an edge joining a and b. This 
increases the degrees of a and b by 1 so every vertex of G′ has even degree. Therefore, by 
Theorem 9.9(a), G′ is Eulerian and so has a closed trail that includes every edge of G′. If we 
delete the added edge joining a and b from this closed trail, we obtain a trail that includes 
every edge of G. Hence G is semi-Eulerian.

9.6.3A  The graph has four vertices whose degrees are odd. We need to increase each of 
their degrees by 1 to make the graph Eulerian. So two more bridges are needed. These 
could correspond to the edges ab and cd, or ac and bd, or ad and bc.

9.7.1A  i. � In the diagram below we have labeled the vertices so we can refer to them. This 
graph is Hamiltonian. For example, a→f→e→d→c→b→h→i→j→k→l→m→g→a 
is a Hamiltonian path in the graph (there are lots of others).

a

g

f b

l h

m

k i

e
j

c

d

	 ii.	 This graph is not Hamiltonian. An argument to show this is given below the 
diagram where we have labeled the vertices so that we can refer to them.

a

b c

d e f g h

i j

k
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The graph is bipartite with each edge joining a vertex in the set V1 = {a,e,f,g,k} to a vertex 
in the set V2 = {b,c,d,h,i,j}. A Hamiltonian path would have to alternate between a vertex in 
V1 and a vertex in V2. This is impossible as there are more vertices in V2 than in V1. Hence 
there is no Hamiltonian path in this graph.

9.7.2A  The Petersen graph is not Hamiltonian. In the following argument to prove 
this we use the labeling of the vertices given in Figure 9.14. Please draw your own 
diagram.

We note first that since a Hamiltonian path must visit each vertex, and each vertex of 
the Petersen graph has degree three, a Hamiltonian path must use exactly two of the edges 
adjacent to each vertex. We note next that a Hamiltonian path must include at least one 
edge between a vertex in the set {a,b,c,d,e} and a vertex in the set {f,g,h,i,j}. So, because of 
the symmetry of the graph, we may assume that any Hamiltonian path includes the edges 
af and ae. It follows that the edge ab is not included, and hence the edges bc and bg are used. 
We now consider which of the edges adjacent to d are used.

If de is used, then ej cannot be used, and hence the edge gj must be used. Since bg and gj 
are used, gi is not used, and so di and fi are used. This means that we already have a closed 
path a→f→i→d→e→a that does not include all the vertices. Thus a Hamiltonian path can-
not include the edge de. Similarly, the edge cd cannot be used. But this is impossible as two 
edges adjacent to d must be used. We deduce that there is no Hamiltonian path.

9.7.3A  Let G be a graph with n vertices and 1
2 1 2 2( )( )n n− − +  edges, where n ≥ 3. Suppose u 

and v are two vertices of G not joined by an edge, and that δ(u) + δ(v) = d. Then there are at 
most C(n–2,2) = 1

2 2 3( )( )n n− −  edges joining the n–2 vertices of G other than u and v, and 
there are d edges joining these n–2 vertices to u or v or both. So the total number of edges 
is at most 1

2 2 3( )( )n n d− − + . Therefore 1
2

1
21 2 2 2 3( )( ) ( )( )n n n n d− − + ≤ − − +  and hence n ≤ 

d. It therefore follows from Theorem 9.10 that G is Hamiltonian.
For each n let Gn be the graph obtained from the complete graph Kn–1 with n–1 vertices 
by adding one additional vertex v that is joined to just one vertex of Kn–1. Then Gn has 
1
2 1 2 1( )( )n n− − +  edges but is not Hamiltonian as v has degree 1.

9.7.4A  The graph is connected, and each vertex has an even degree. So, by Theorem 9.9, 
the graph is Eulerian. Any Hamiltonian path would have to include, for each vertex of 
degree 2, both edges adjacent to it. However, the six edges that are adjacent to the vertices 
of degree 2 form a closed path that does not go through all the other vertices. So there is 
not a Hamiltonian path. Hence the graph is not Hamiltonian.

9.8.1A  The graph can be colored using three colors. The vertices at the corners of the 
square can be colored using the first color, the vertex at the center with a second color, 
and the other four vertices with a third color. As the graph includes three vertices each 
joined to the other two, it cannot be colored with fewer than three colors. So its chromatic 
number is 3.

9.8.2A	  i. � Let G be a connected planar graph with v vertices and no vertices of degree less 
than 5. Suppose G has k vertices of degree 5, and hence v–k vertices of degree at 
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least 6, and that G has e edges. By Theorem 9.7, e ≤ 3v–6, and by the handshaking 
lemma, 2e ≥ 5k + 6(v–k) = 6v–k. Therefore 6v–k ≤ 2e ≤ 6v–12and hence 12 ≤ k.

	 ii.	 A regular icosahedron has 12 vertices each of degree 5, and hence when pro-
jected onto the plane provides a graph with the required properties. It can be 
drawn as shown in the diagram below.

9.8.3A  In the graph shown below the vertices represent the subjects. They are joined by an 
edge if at least one student takes both subjects.

a b

h c

g d

f e

Because the graph includes a triangle, at least three time slots are needed. If we assign a, 
c, and f to one hour; b, d, and g to a second hour; and e and h to a third hour, then vertices 
joined by an edge are assigned different hours. So three different hours are needed.

9.8.4A 

may be redrawn as

a

a b f
g

e 
d

c
g 

f e

c

d b
 a
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Chapter 10
10.1.1A  There is just one tree with two vertices, one with three vertices, two with four 
vertices, and three with five vertices, as shown below.

two vertices three vertices four vertices five vertices

10.1.2A  We prove this result by mathematical induction. It is clearly true for a tree with 
two vertices. Suppose it is true for trees with k vertices where k ≥ 2. Now let T be a tree 
with k + 1 vertices. T is therefore a connected graph. A connected graph in which each 
vertex has degree at least 2 must have a closed path, by Theorem 9.5. So T must contain 
at least one vertex, say v0, of degree 1. Let T′ be the graph obtained from T by deleting v0 
and the edge adjacent to it. T′will still be connected. Hence it is a tree with k vertices, so 
by the induction hypothesis, it has at least two vertices of degree 1. At least one of these 
must also have degree 1 in the graph T. So T has at least two vertices with degree 2. So the 
result holds also for trees with k + 1 vertices. So, by mathematical induction the result is 
true for all trees.

10.1.3A  The two trees below each have degree sequences 1, 1, 1, 2, 2, 3 but are clearly not 
isomorphic. (From the solution to Exercise 10.1.1A, we see that there are no examples with 
fewer than six vertices.)

10.1.4A  Let G be a graph with n vertices, n – 1 edges, and no closed paths, where n ≥ 3. 
Suppose that G has k components with n1,n2,…,nk vertices, respectively, with k ≥ 1. So 
n1 + n2 + … + nk = n. The connected components have no closed paths, and hence are 
themselves trees. So by Theorem 10.1(b), the components have n1–1, n2–1,…, nk–1 edges, 
respectively. So G has (n1–1) + (n2–1) + … + (nk–1) = n – k edges. Since G has n – 1 edges, 
k = 1, and hence G is connected.

10.1.5A  If a1,…, an is the degree sequence for a tree, this tree has n vertices, and so, by 
Theorem 10.1, it has n – 1 edges. Hence, by the handshaking lemma, a1 + … + an = 2(n–1) = 
2n–2. We prove the converse by mathematical induction. If a1 + a2 = 2, where a1, a2 are 
positive integers, a1 = a2 = 1. Then, as 1,1 is the degree sequence of a tree, the result holds 
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for n = 2. Suppose the result holds for all n ≤ k, and that a1,…, ak, ak + 1 is a sequence of posi-
tive integers where a1 ≤ … ≤ ak ≤ ak + 1 and a1 + … + ak + ak + 1 = 2k. It follows that a1 = 1, 
and for some r, with 2 ≤ r ≤ k + 1, ar ≥ 2. Let l be the least positive integer such that al ≥ 2. 
Now consider the sequence of k positive integers

	 a a a a a al l l k k2 1 1 11,..., , , ,..., ,− + +− , (that is,, 1 1 1 1 1,..., , , ,..., , ).a a a al l k k− + +

Then a2 ≤ … ≤ al–1 ≤ al–1 ≤ al + 1 ≤ … ≤ ak + 1 and a2 + … + al–1 + (al–1) + al + 1 + … + 
ak + 1 = 2(k–1). Therefore, by the induction hypothesis, a2,…, al–1, al–1, al + 1,…, ak + 1 is 
a degree sequence of a tree. Thus there is a tree, say T, with k vertices, v2,…, vl,…, vk + 1 
with degrees a2,…, al–1, al–1, al + 1,…, ak + 1, respectively. Let T′ be the tree obtained from 
T by adding one vertex, v1, which is joined by an edge just to the vertex vl. Then T′ is a 
tree with k + 1 vertices with degrees a1, a2,…, al–1, al, al + 1,…,ak + 1. So this is the degree 
sequence of a tree. Hence the result is also true for n = k + 1. This completes the proof by 
mathematical induction.

Let G be a tree with a vertex of degree k, and n vertices altogether. Suppose G has m vertices 
of degree 1. Then the other n – (m + 1) vertices have degrees ≥ 2. G has n – 1 edges, so by the 
handshaking lemma 2(n – 1) ≥ m + k + 2(n – (m + 1)). Hence m ≥ k, as requried.

10.1.7A  i. �This graph has six vertices and five edges and so could be a tree. Applying the 
algorithm for connectedness, we have:

	

i V
a
f

b d e
f

V a b c d e

i

s
s

0
1
2
3
4

0

4
{ }
{ }

{ , , }
{ }

{ , , , ,

∅

=
=
∪ ,, },f so the graph is connected and hence it is a tree.

	 ii.	This graph has eight vertices and six edges and so cannot be a tree.

10.2.1A  i. (2,3)    ii. (6,4,6,4,3,6,6)

10.2.2A  We use the method described in the proof of Theorem 10.2.

	 i.	Here n – 2 = 6. So n = 8, and we begin with eight isolated vertices, say v1,…, v8 
with labels 1, 2, ..., 8, respectively. By “number” we will mean one of the num-
bers 1, 2, ..., 8. The least number not in the sequence (1,2,1,2,1,2) is 3. So we begin 
by joining the vertex v3 to the vertex v1, and we delete 1 from the beginning of 
the sequence. The least number, other than 3, not in the remaining sequence 
(2,1,2,1,2) is 4, and so next we join v4 to v2 and delete 2 from the sequence. The 
least number, other than 3 and 4, not in the sequence (1,2,1,2) is 5, so we join 
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v5 to v1 and delete 1 from the sequence. The remaining sequence is now (2,1,2). 
Proceeding in this way we join v6 to v2 and v7 to v1. This leaves the sequence (2). 
The least number, other than 3,4,5,6,7, not in this sequence is 1, so now we join 
v1 to v2. The two numbers not in the list 3,4,5,6,7,1 are 2 and 8, so we end by join-
ing v2 to v8. The resulting labeled tree is shown below.

3 4

7 1 2 6

5 8

	 ii.	We set out the solution in the form of a table. At each stage the vertex labeled ak 
is joined to the vertex labeled bk.

k Sequence ak bk

1 (1,2,3,1,2,3) 1 4
2 (2,3,1,2,3) 2 5
3 (3,1,2,3) 3 6
4 (1,2,3) 1 7
5 (2,3) 2 1
6 (3) 3 2

		  The two numbers not in the sequence b1, b2,…, b6 are 3 and 8, so we end by join-
ing the vertices with these labels. This results in the following tree.

7

1 6

4 2
3

5 8

10.2.3A  We prove, using mathematical induction, that for all n ≥ 3, the result holds for 
all trees with n vertices. It is straightforward to check that the result holds for n = 3. Now 
suppose that the result holds for n = k, and let T be a labeled tree with k + 1 vertices. Let v0 
be the vertex of degree 1 in T with the lowest number, say r, as its label, and let v0 be joined 
to the vertex with label s. Let T′ be the tree that results from T by deleting v0 and the one 
edge adjacent to it. T′ does not quite meet our requirement for a labeled tree, because the 
numbers assigned to its vertices are 1,2,…, r–1, r + 1,…, k, k + 1 , with r omitted. We can 



Solutions to the A Exercises    ◾    385

rectify this situation by replacing the labels r + 1,…, k + 1 by the labels r,…, k, respectively. 
That is, we let

	 ′ =
≤ <

− < ≤ +
t

t t r

t r t k

, if

, if

1

1 1

,

.







and we replace each label t by t′. Then T′ is a labeled tree with k vertices. The Prüfer code 
for T is thus P = (s, t1, t2,…, tk–2), where T′ has Prüfer code (t1′,…, tk–2′).

Now consider the tree that we construct from the Prüfer code P. This consists of the 
vertex labeled s joined to the vertex whose label is the least number not included in the 
sequence P together with the tree constructed from the sequence (t1,…, tk–2). By the induc-
tion hypothesis, this is the tree T′ together with the edge joining v0 to the vertex with label 
s, that is, the tree T.

10.2.4A  Consider a tree, T, with m vertices. To each labeling of the vertices of T with the 
numbers 0, 1, …, m – 1, there corresponds a labeling of the edges of T with the numbers 
1, 2, ..., m – 1 as follows. For each vertex of T with label r ≠ 0, by Theorem 10.1d, there is a 
unique path from the vertex labeled 0 to the vertex labeled r. We assign the label r to the 
final edge in this path. This process is illustrated below with a tree with 11 vertices labeled 
0,1,...,10 on the left, with the corresponding edge labeling on the right.

3 4 5 5
3 4 7

1 2 0 7 8 1 2 8

9 6 10
9 6 10

It is easy to check that if the label 0 is switched with a label, say r, associated with a ver-
tex joined by an edge to the vertex labeled 0, the corresponding labeling of the edges is 
unchanged, but otherwise different vertex labelings corresponding to different edge labe-
lings. By switching the labels 0 and r in the way indicated, the label 0 can be associated with 
any of the m vertices without changing the edge labeling. It follows that the number of edge 
labelings is 1/m × the number of vertex labelings. Hence, by Cayley’s theorem (Theorem 
10.2), there are (1/m)(mm–2) = mm–3 different edge-labeled trees with m vertices.

10.3.1A

(i) a

5 3

e 7 b

7
6

8
10

d 10 c
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Edge Weight

ab 3 

ae 5 

de 6 

ad 7 

bd 7 

ce 8 

bc 10
cd 10

(ii) a b

c

d e f g

h i

j

Edge Weight
ad 2 

gj 3 

ae 4 

af 4 

ci 4 

de 4 

fj 4 

gi 4 

bf 5 

cg 5 

ab 6 

dh 6 

eh 6
fh 7
ij 7
fg 8
bg 9
hj 11
bc 12

10.3.2A  Let (G, µ) be a weighted connected graph with an edge e with lower weight than 
any other edge. Suppose T is a spanning tree for G that does not include the edge e. If T′ is 
the graph obtained from T by adding the edge e, then, by Theorem 10.1(e), T′ has a closed 
path. As T is a tree, this closed path must include the edge e. We let e′ be some other edge 
in this closed path, and let ′′T  be the graph obtained from T′ by deleting the edge e′. 
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′′T  will also be a spanning tree for G. Since µ(e) < µ(e′), and the edges of ′′T  are the same 
as those of T except that e′ has been replaced by e, µ µ( ) ( )′′ <T T . Hence T is not a minimal 
connector. So every minimal connector must include the edge e.

10.3.3A  Let (G, µ) be a weighted connected graph, with n vertices, in which each edge has 
a different weight. Let e1, e2,…, en–1 be the edges picked out by Kruskal’s algorithm in this 
order. So e1 is the edge of least weight and, for 2 ≤ k ≤ n–1, ek is the edge of least weight such 
that there is no closed path made up of edges from the set {e1, e2,…, ek}. We show that every 
minimal connector must include all the edges e1,…, en–1. By the result of Exercise 10.3.2A, 
the edge e1 is included in every minimal connector. Suppose now that k < n–1 and that all 
the edges e1,…, ek must be included in every minimal connector. We show that the same 
is also true for the edge ek+1. If not, there is a minimal connector T that does not include 
the edge ek + 1. If we add this edge to T to form the graph T′, T′ will have a closed path. By 
the choice of ek + 1 this closed path must include an edge e not in the set {e1,…,ek, ek + 1}. By 
deleting the edge, say e, in this closed path we obtain a spanning tree, say ′′T . So ′′T  is 
obtained from T by removing the edge e and replacing it with ek + 1. Also, by the choice of 
ek + 1, µ(ek + 1) < µ(e). Thus µ µ( ) ( )′′ <T T , which contradicts the fact that T is a minimal con-
nector. So every minimal connector also includes the edge ek + 1. We can therefore deduce 
that there is just one minimal connector, namely, the one made up of the edges e1,…, en–1.

10.4.1A  The stages of Dijkstra’s algorithm are set out in the table below. To save space the 
parentheses have been omitted from the labels. Instead, we have used bold type for perma-
nent labels.

i ii iii iv v vi vii viii ix x xi xii xiii xiv xv

x u a d g j b e h c i k f l v
u *,0 *,0
a *,∞ u,3 u,3
b *,∞ a,10 a,10
c *,∞ b,13 b,13
d *,∞ u,5 u,5
e *,∞ a,10 a,10
f *,∞ e,17 c,15 c,15
g *,∞ u,6 u,6
h *,∞ g,13 e,11 e,11
i *,∞ h,13 h,13
j *,∞ u,8 u,8
k *,∞ j,14 h,13 h,13
l *,∞ i,16 k,15 k,15
v *,∞ c,25 l,16 l,16

From this table we see that the shortest path from u to v has length 16. Tracing the path 
back from v we see that u→a→e→h→k→l→v is a path of length 16 from u to v.
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10.4.2A  As we see from the table below Dijkstra’s algorithm terminates after eight stages 
with x = a and l(a) = ∞. It follows that there is no path from u to v.

(i) (ii) (iii) (iv) (v) (vi) (vii) (viii)
x u b c d f g a
u (*,0) [*,0]
a (*,∞) [*,∞]
b (*,∞) (u,3) [u,3]
c (*,∞) (u,4) [u,4]
d (*,∞) (b,10) (c,6) [c,6]
e (*,∞)
f (*,∞) (b,7) [b,7]
g (*,∞) (c,7) [c,7]
v (*,∞)

Chapter 11

11.1.1A  i. �(1  4  7  6  3   2)(5) or, simply, (1  4  7  6  3  2). [Of course, this permutation can also 
be written as (4  7  6  3  2  1), or (7  6  3  2  1  4), etc. The permutations in subse-
quent solutions can also be written in different forms, so your solution may look 
different from those given here, yet still be correct.] 

	 ii.	(1  2  7  5)(3)(4  9  8  6) or (1  2  7  5)(4  9  8  6).

11.1.2A   i.  a.  Suppose that 

	 x y x z• = • . 	 (1)

Since G is a group, x has an inverse x–1 and it follows from Equation 1 that 

	 x x y x x z− −• • = • •1 1( ) ( ). 	 (2)

Using the associativity and identity properties, x–1•(x•y) = (x–1•x)•y = 
e•y = y. Similarly, x–1•(x•z) = z. Therefore from Equation 2, y = z.

	 b.	 Suppose that y•x = z•x. Then y = y•e = y•(x•x–1) = (y•x)•x–1 = (z•x)•x–1 = 
z•(x•x–1) = z•e = z.

	 ii.	� Since G is a group, x has an inverse x–1 in G. Since y is also in G, it follows from 
the closure property that the element w = x–1•y is in G. Then, x•w = x• (x–1•y) = 
(x•x–1)•y = e•y = y. Similarly, z = y•x–1 is in G and z•x = y.

11.1.3A  We see from the table below that σ = (1)(2 4)(3 5) or (2 4)(3 5).
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(4 3 5 2 1) σ
4 1 1
3 4 2
2 5 3
1 2 4
5 3 5

1 4 2 3

← ←
← ←
← ←
← ←
← ←
← ←( )( )

11.1.4A  In the table on the left, x cannot be a or b, and so the only choice is that x is e. It 
follows that w has to be b, and then y must be e and z has to be a. So the table can be com-
pleted to form a Latin square in just one way, as shown on the right. The table below is the 
Cayley table of the group of permutations {e,(1   2   3), (1   3   2)}. It has the same pattern as 
that of the second table, which we therefore deduce is the Cayley table of a group.

	
e a b

e e a b
a a w x
b b y z

e a b
e e a b
a a b e
b b e a

 

	
 e
e e

e

( ) ( )
( ) ( )

( ) ( ) ( )
(

1 2 3 1 3 2
1 2 3 1 3 2

1 2 3 1 2 3 1 3 2
1 3 22 1 3 2 1 2 3) ( ) ( )e

11.2.1A  If f is a symmetry of the figure F, f F F: → is a bijection, and hence f F F− →1 :  
is also a bijection. Also, f is an isometry. Hence for all points p q F, ∈ , d(f (f –1(p)), f (f –1(q)) = 
d(f –1(p), f –1(q)); that is, d(p, q) = d(f –1(p), f –1(q)), and so f −1  is an isometry. It follows that 
f −1  is also a symmetry of F.

11.2.2A

r

1

t s

b a

2 3
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	 i.	An equilateral triangle has six symmetries. These are the identity, rotations through 
one-third of a turn (that is, through 2

3 π radians, or 60°) counterclockwise and clock-
wise, and three reflections in axes through a vertex and the midpoint of the opposite 
side.

	 ii.	We let e be the identity, a be the counterclockwise rotation through 2
3 π , b the clock-

wise rotation through 2
3 π , and r, s, and t be the reflections shown in the diagram 

above. Using this notation, the Cayley table for this group of symmetries is as shown 
below.

	

e a b r s t
e e a b r s t
a a b e t r s
b b e a s t r
r r s t e a b
s s t r b e a
t t rr s a b e

	 iii.	With the vertices labeled as shown, a corresponds to the permutation (1 2 3), b to 
(1 3 2), r to (2 3), s to (1 3), and t to (1 2).

11.2.3A  A cube has three different types of axes of rotational symmetry.

	 i.	Axes joining the midpoint of opposite faces. There are three of these axes, and there 
are three rotational symmetries about each of them, namely, through 1

4 , 1
2 , and 3

4 of 
a full turn. So there are altogether nine rotational symmetries of this type.

	 ii.	Axes joining the midpoints of opposite edges. There are six of these axes, and there is 
just one rotational symmetry about each of them, namely, through 1

2  of a full turn. 
So there are six rotational symmetries of this type.

	 iii.	Axes joining opposite vertices. There are four of these axes and two rotational sym-
metries about each of them, namely, through 1

3  and 2
3  of a complete turn. So there 

are eight rotational symmetries of this type.

These rotations are illustrated by the following pictures.

(i) 9 rotations (ii) 6 rotations (iii) 8 rotations
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Hence, if we also include the identity, we see that a cube has 24 rotational symmetries.

11.2.4A  From the solution to Exercise 11.2.2A, we see that the Cayley table for the group 
of rotational symmetries of an equilateral triangle is as shown on the left below. The Cayley 
table for the group, Z3 , of integers 0, 1, 2 with addition modulo 3 is as shown on the right. 

	
 e a b
e e a b
a a b e
b b e a

+3 0 1 2
0 0 1 2
1 1 2 0
2 2 0 1

These Cayley tables have the same pattern, so the groups are isomorphic. More formally, 
the mapping θ , defined by θ( )e = 0 , θ( )a =1 , and θ( )b = 2 , is an isomorphism between the 
two groups.

11.2.5A	 i.	 A rectangle has four symmetries: the identity, e; a
half-turn rotation, a; a reflection, h, in the horizontal axis;
and a reflection, v, in the vertical axis of symmetry. The Cayley table for this 
group is shown below on the left. This is the same for all rectangles, and so all 
the groups arising in this way are isomorphic. So we can talk about “the group 
of symmetries of a rectangle.” We use the notation S( ) for this group.

	 ii.	 The Cayley tables for the group S( ) , and the group, Z4 , of the integers 0, 1, 
2, 3 with addition modulo 4, are shown below.

	

 e a h v
e e a h v
a a e v h
h h v e a
v v h a e

+4 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 33 0 1
3 3 0 1 2

4S( ) Z

These tables have different patterns. But we must not make the mistake of imme-
diately jumping to the conclusion that the groups are not isomorphic. We were 
not forced to list the symmetries of the rectangle in the order e, a, h, v. Perhaps 
if we had put them in the table in a different order the two tables would have the 
same pattern. To avoid checking all possible arrangements of the symmetries, we 
need an argument to rule out the possibility of ever getting the patterns to match. 
The key observation is that all the symmetries of the rectangle satisfy the equa-
tion x x e =  whereas only 0 and 2 in Z4 satisfy this equation. This means that, 
however its elements are arranged, in the Cayley table for S( ) the identity ele-
ment occurs four times on the main diagonal, whereas in the Cayley table for Z4, 
the identity element will occur only twice on the main diagonal. Therefore the 
tables cannot have the same pattern, and so the groups cannot be isomorphic. 

v

h a
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11.3.1A	 i. � The set { , , , }e a b c  is a subgroup. Its Cayley table forms the top left-hand quad-
rant of the Cayley table given in Table 11.2. From this it can be seen that the set 
{ , , , }e a b c  satisfies the subgroup properties.  

	 ii.	 The set {e, a, b, c, h, v} is not a subgroup. The symmetries a and h are in this set, 
but a h r = , which is not in this set. So the closure property does not hold.

	 iii.	 The set { , , , }h v r s  is not a subgroup as it does not include the identity element (it 
also fails to satisfy the closure property). 

	 iv.	 The set { , }e r  is a subgroup, as is shown by its Cayley table below, from which we 
can readily see that it satisfies the subgroup properties. 

	
e e r
e e r
r r e

11.3.2A	  Suppose m n H, ∈ . Then there are integers k, l such that m k= 5  and n l= 5 . Hence 
m + n = 5(k + l), and as k l+  is an integer, m n H+ ∈ . So H satisfies the closure property. 
The identity element, 0, of Z is in H.  Finally, − = −m k5( ) , and, as −k  is an integer, − ∈m H
. So H is a subgroup of Z. H has five cosets, consisting of H itself and, for1 4≤ ≤r , the set of 
integers that have remainder r when divided by 5.

11.4.1A	  To answer this question it is best to think geometrically. The order of a symmetry 
is the number of times you need to carry out the symmetry in order to return each point of 
the figure to its original position. For example, the identity symmetry has order 1 because 
it leaves every point in its original position. Also, each reflection has order 2 because if a 
figure is reflected twice in the same line, or plane, of symmetry, each point is returned to 
its original position. Similarly a rotation through 1 k th of a turn has order k.

	 i.	Using these facts, we can list the orders of the symmetries of a square as follows:

	 Symmetry e a b c h v r s
Order 1 4 2 4 2 2 2 2

	 ii.	The rotational symmetries of a cube are given in the solution to Exercise 11.2.3A. We 
set out the order of these symmetries in the following table:

Axis of Rotation Angle of Rotation
Number of these

Symmetries
Order of these

Symmetries
— Identity 1 1
Line joining midpoints of opposite faces ± 1

2 π 6 4
Line joining midpoints of opposite faces π 3 2
Line joining midpoints of opposite edges π 6 2
Line joining diagonally opposite vertices ± 2

3 π 8 3
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Thus, in addition to the identity, there are nine rotations of order 2, eight of order 3, and 
six of order 4.

11.4.2A	  The order of a number n in the group Z12  is the smallest number of n’s we need 
to add up modulo 12 to obtain 0. That is, it is the least k such that kn ≡ 0(mod12). It is not 
difficult to see that, for n ≠ 0 , k is equal to 12 divided by the greatest common divisor of n 
and 12. So the orders are as given in the following table.

	 Element
Order

0 1 2 3 4 5 6 7 8 9 10 11
1 12 6 4 3 12 2 12 3 4 6 12

Note that, in particular, the elements of order 12 correspond to the elements, n, such that 
1 11≤ ≤n  and the numbers n and 12 are coprime. The number of such elements is 4. Note 
that this is φ( )12 , where φ  is Euler’s φ -function, as described in Exercise 4.1.4.

11.4.3A	  We can represent e as g 0 , and g as g1 . Thus H = {gr : 0 ≤ r ≤ k – 1}. For 0 ≤ r, s ≤ k – 1, if 
r + s ≤ k – 1, we have g g gr s r s = + . Otherwise, k ≤ r + s ≤ 2k – 2, g g g g gr s r s k r s k = = =+ + −

e g gr s k r s k + − + −= , where 0 ≤ r + s – k < k – 1. So in either case g g Hr s ∈  and so the closure 
condition is satisfied. Indeed, this calculation shows that g gr s t+ = , where r + s ≡ t(modk) 
and 0 1≤ ≤ −t k . Hence the mapping θ : H Zk→  given by θ( )g kk =  is an isomorphism. It 
follows that H forms a subgroup that is isomorphic to the group Zk. 

11.4.4A	  Our search for all the subgroups of the group S() is guided by Lagrange’s theo-
rem and its corollary. Lagrange’s theorem tells us that the only possible orders of subgroups 
are the divisors of 8, that is, 1,2,4, and 8. The only subgroup of order 1 is the trivial sub-
group { }e , and the only subgroup of order 8 is the entire group itself. This leaves us looking 
for subgroups of orders 2 and 4.

Subgroups of order 2. Such a subgroup contains two elements, one of which must be the 
identity element and the other, by Lagrange’s corollary, must be of order 2. Conversely, if x 
has order 2, it can be seen from its Cayley table that { , }e x  is a subgroup. 

	
e x

e e x
x x e

Thus the subgroups of order 2 correspond to the elements of order 2. So, from the solution 
to Exercise 11.4.1A, we see that the subgroups of order 2 are { , }e b , { , }e h , { , }e v , { , }e r , and
{ , }e s .

Subgroups of order 4. From the solution to Exercise 11.4.3A, we see that if g is an element 
of order 4, then {e, g, g2, g3} is a subgroup of order 4. As there are two elements of order 4, 
it looks as though  there are two subgroups of order 4 of this form. However, {e, a, a2, a3} = 
{e, a, b, c} and {e, c, c2, c3} = {e, c, b, a}, so these two subgroups are the same. From the solu-
tion to Exercise 11.2.5A, we see that it is also possible to have a group of order 4 made up of 
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the identity and three elements each of order 2, say x, y, and z, such that when any two of 
these elements are combined, we obtain the third element. From the Cayley table for S() 
we see that the only cases where two elements of order 2 combine to give another element 
of order 2 are b h v h b = = , b v h v b = = , b r s r b = = , b s r s b = = , h v b v h = =  , 
and r s b s r = = . It follows that there are just two subgroups of order 4 of this form, 
{ , , , }e b h v and { , , , }e b r s . So there are altogether three different subgroups of order 4.

11.5.1A	  a. �The disjoint cycles making up the permutation have lengths 2, 3, 4, and 5. So its 
order is lcm(2,3,4,5) = 60.

	 b.	Similarly, here the order is lcm(3,4,6) = 12.

11.5.2A	  Since the lcm(3,5,7) = 105, any permutation in S15  made up of cycles of lengths 3, 
5, and 7 will have order 105. Since 3 + 5 + 7 = 15, it is possible to find permutations in S15  
of this order. For example, (1   2   3)(4   5   6   7   8)(9   10   11   12   13   14   15) is a permuta-
tion in S15  of order 105.

11.5.3A  The cycle types of the permutations in Sn  correspond to the partitions of n, 
and the orders of the permutations are determined by their cycle types. So in the tables 
below, we list the partitions of n, for n = 4 5 6, ,  and the orders of the corresponding 
permutations.

	 S4

4 4
3 1 3
2 2 2

2 1 1 2
1 1 1 1 1

Partition Order

+
+

+ +
+ + +

	 S5

5 5
4 1 4
3 2 6

3 1 1 3
2 2 1 2

2 1 1

Partition Order

+
+

+ +
+ +

+ + ++
+ + + +

1 2
1 1 1 1 1 1
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	 S6

6 6
5 1 5
4 2 4

4 1 1 4
3 3 3

3 2 1 6
3

Partition Order

+
+

+ +
+

+ +
++ + +
+ +

+ + +
+ + + +

+ + + + +

1 1 1 3
2 2 2 2

2 2 1 1 2
2 1 1 1 1 2

1 1 1 1 1 1 11

We thus see that the orders of the elements of these groups are as follows.

	 S4   1, 2, 3, and 4

	 S5   1, 2, 3, 4, 5, and 6

	 S6   1, 2, 3, 4, 5, and 6

11.5.4A	  In bracket notation the bottom riffle shuffle is

	
1 2 3 24 25 26 27 28 29 50 51 52
2 4 6 48 50 52 1 3 5 47

. . . .

. . . . 449 51






.

In cycle notation this is 

	 (1  2  4  8  16  32  11  22  44  35  17  34  15  30  7  14  28  3  6  12  24  48  43  33  13  26

	 52  51  49  45  37  21  42  31  9  18  36  19  38  23  46  39  25  50  47  29  5  10  20  40  27);

that is, it is made up of a single cycle of length 52, and hence has order 52.

11.5.5A  The largest order of a permutation in S52  is 180,180. This corresponds to the parti-
tion 13 + 11 + 9 + 7 + 5 + 4 + 1 + 1 + 1 of 52.
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Chapter 12

12.1.1A  i. �An 8 × 8 chessboard has 64 squares, and hence 264 colorings using two colors. 
[As 210 = 1024, which is approximately equal to 103, 264 = (210)6 × 24 is approxi-
mately equal to (103)6 × 24 = 1.6 × 1019.]

	 ii. A cube has six faces and hence 36 = 729 colorings using three colors.

12.1.2A  We indicate the three colors by using shading.

The coloring on the right may be obtained from the coloring on the left by reflecting the 
square in the vertical axis of symmetry but cannot be obtained from it by any rotation.

12.2.1A  It is clear that the identity element, 0, of the group (R, + ) satisfies GA1 as rotation 
through an angle 0 leaves each point in its original position. That is, for each point (x,y) 
∈ R2, 0  (x, y) = (x, y). A rotation through an angle θ followed by a rotation through an 
angle ϕ has the same effect as a rotation through an angle ϕ + θ. That is, ϕ  (θ  (x, y)) = 
(ϕ + θ)  (x, y). So GA2 is also satisfied.

12.2.2A  Let id be the identity element of Sn. Then for all vi, vj ∈ Vn, id  (vi,vj) = (vid(i), vid(j)) = 
(vi, vj). Thus GA1 holds. For all σ, τ, ∈ Sn and all vi, vj ∈ Vn we have

	 σ τ σ τ τ σ τ σ  ( ( , )) ( , ) ( ,( ) ( ) ( ( )) (v v v v v vi j i j i= = ττ σ τ σ τ σ τ( )) ( ) ( )) ( , ) ( ) ( , ).j i j i jv v v v= =   

So GA2 also holds.

12.2.3A  Suppose g  x = h  x. Then g –1  (g  x) = g–1  (h  x). Hence, by GA2 and 
GA1, (g–1h)  x = g –1  (h  x) = g–1  (g  x) = (g–1 g)  x = e  x = x. The converse is 
proved similarly.

12.3.1A  The points obtained by rotating the point (1,0) about the origin consist of all the 
points on the circle with center (0,0) and radius 1. So the orbit of (1,0) is this circle. A rota-
tion about the origin leaves the point (0,0) in its original position. So the orbit of this point 
is just the set {(0,0)} consisting of the point (0,0) by itself.

12.3.2A  For all points (x, y) ∈ R2, 0  (x, y) = (x + 0, y + 2(0)) = (x, y), so GA1 is satisfied. 
Also, for all t, u ∈ R, t  (u  (x, y) = t  (x + u, y + 2u) = ((x + u) + t,(y + 2u) + 2t)  = 
(x + (u + t), y + 2(u + t)) = (t + u)  (x, y), and hence GA2 is also satisfied.
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The orbit of the point (0,0) is the set of points

	 { ( , ) : } {( , ) : } {( , ) : }t t t t t R t t t 0 0 0 0 2 2∈ = + + ∈ = ∈R R ..

This set makes up the line with equation y = 2x. Similarly, Orb((0,1)) = {(0 + t,1 + 2t): 
t ∈ R} = {t,1 + 2t):t ∈ R}. This set makes up the line with equation y = 2x + 1. Also, Orb((1,2)) = 
{(1 + t,2 + 2t):t ∈ R}, and this set makes up the line y = 2x.

12.4.1A  Note that in this solution we omit the symbol, •, for the group operation.
	 i.	Suppose that g,h ∈ Z(G). Then for each x ∈ G, we have that gx = xg and hx = xh, 

and hence (gh)x = g(hx) = g(xh) = (gx)h = (xg)h = x(gh). Therefore gh ∈ Z(G). So Z(G) 
satisfies the closure property. We have already noted that e ∈ Z(G). Finally, suppose 
g ∈ Z(G), and x ∈ G. Then, gx = xg. Hence g–1gxg–1 = g–1 xgg–1, and hence xg–1 = g–1x. 
Therefore g–1 ∈ G. It follows that Z(G) is a subgroup of G.

	 ii.	Suppose g ∈ Z(G), then for each x ∈ G, xgx–1 = (xg)x–1 = (gx)x–1 = g(xx–1) = ge = g. So 
the conjugacy class of g, that is, {xgx–1 : x ∈ G}, is just {g}. Conversely, suppose that the 
conjugacy class of g is the set {g}. It follows that for each x ∈ G, xgx–1 = g and hence 
xgx–1x = gx, that is, xg = gx, and so g ∈ Z(G). 

	 iii.	We know that the conjugacy classes of G partition G, and that number of elements 
in each conjugacy class divides the order of G. Thus if #(G) = pn, where p is a prime 
number and n is some positive integer, the possibilities for the number of elements in a 
conjugacy class are 1,p,p2,…,pn–1. Consequently, if k is the number of conjugacy classes 
of size 1, and there are t other conjugacy classes with sizes k1,k2,…,kt we have that for 
1 ≤ s ≤ t, p is a divisor of ks, and pn = k + k1 + k2 + … + kt. Hence, k = pn – k1 – k2 –…–kt, 
and so p is also a divisor of k. By part (b), #(Z(G)) = k. We deduce that #(Z(G)) is a 
multiple of p and hence #(Z(G)) ≥ p.

Chapter 13
13.1.1A  We use the notation introduced in the solution to Exercise 11.2.2A for the six 
symmetries of an equilateral triangle. That is, e is the identity, a and b are the rotations 
through one-third of a turn, counterclockwise and clockwise, and r, s, and t are the reflec-
tions in axes joining one vertex to the midpoint of the opposite side.

A

B
C

D
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The large triangle is divided into four smaller triangles, labeled A, B, C, and D in the 
diagram. Hence there are 24 = 16 colorings in which each of these triangles is colored 
black or white. The identity fixes every coloring, so #(Fix (e)) = 16. The rotations fix a 
coloring if and only if the triangles A, B, and D have the same color. So for a coloring to 
be fixed by either a or b, there are two choices for the common color of these triangles 
and two choices for the color of the triangle C. Hence #(Fix (a)) = #(Fix (b)) = 22 = 4. The 
reflection, r, in the vertical axis fixes a coloring provided B and D are the same color. 
So to get a coloring that is fixed by r we have two choices for the color of B and D, two 
choices for the color of A, and two choices for the color of C. Therefore #(Fix (r)) = 23 = 8. 
Similarly #(Fix (s)) = #(Fix (t)) = 8. Therefore, by Frobenius’s counting theorem, there are 
1
6 16 4 4 8 8 8 8( )+ + + + + =  different orbits.

13.2.1A  We use the same notation for the symmetries of an equilateral triangle as in 
the solution to Exercise 13.1.1A. If we label the three edges of an equilateral triangle 
1, 2, and 3, as shown, we can represent the symmetries as permutations of these sides 
and hence calculate the number of colorings fixed by each of them. The identity, e, fixes 
every coloring, so #(Fix (e)) = 43. The rotation, a, corresponds to the permutation (1 2 3). 
As this consists of just one cycle #(Fix (a)) = 41. Similarly, #(Fix (b)) = 41. The reflection, 
r, 1 in the vertical axis, corresponds to the permutation (1)(2 3). This has two cycles. So 
#(Fix (r)) = 42.

3 2

1

Similarly, #(Fix (s)) = #(Fix (t)) = 42. Therefore, by Frobenius’s counting theorem, 
the number of different patterns, that is, the number of different orbits, is
1
6

3 1 1 2 2 24 4 4 4 4 4 20( )+ + + + + = .

13.2.2A  We label the squares of a 5 × 5 chessboard with the numbers 1 to 25, as shown 
below,

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

and we use the standard symbols, e, a, b, c, h, v, r and s, for the eight symmetries of 
the square. There are 325 colorings of the board using 3 colors, and the identity fixes 
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them all, so #(Fix(e)) = 325. The quarter-turn clockwise rotation corresponds to the 
permutation

	 (1 5 25 21)(2 10 24 16)(3 15 23 11)(4 20 22 6)(7 9 19 17)(8 14 18 12)(13)

of the squares. This permutation is made up of 7 cycles. Hence #(Fix(a)) = 37. Similarly, 
#(Fix)(c) = 37. The half-turn rotation, b, interchanges 12 pairs of squares and leaves square 
13 fixed. So the corresponding permutation has cycle type x x1 2

12. Since there are 13 cycles 
in this permutation, #(Fix(b)) = 313. The reflection h corresponds to a permutation of cycle 
type x x1

5
2

10, since it keeps the squares 11, 12, 13, 14, and 15 fixed and interchanges the 
other 20 squares in pairs. The reflections v, r, and s also correspond to permutations of 
the squares of cycle type x x1

5
2

10. So each of the reflections fixes 315 colorings. Hence, by 
Frobenius’s counting theorem, the number of different patterns, using three colors, is 
1
8

25 7 13 153 2 3 3 4 3( ( ) ( ))+ + + = 105,918,450,471.

13.2.3A  The rotations of a cube are given in the solution to Exercise 11.2.3A. There are 
24 rotations in all. We list them in the following table, together with the cycle types of the 
corresponding permutations of the faces of the cube, and the number of colorings fixed by 
each of them.

Type of Rotation
Number of
this Type Cycle Type #( (g))Fix

Identity
Rotations thr

1 31
6 6x

oough about
axes joining midpoints of

1
2± π

oopposite faces
Rotations through

6 312
4

3x x

about
axes joining midpoints of
o

π

ppposite faces
3

Rotations through

x x1
2

2
2 43

about
axes joining midpoints of
o

π

ppposite edges
6

Rotations through 1
3

x2
3 33

ππ about
axes joining opposite
vertices

8 xx3
2 23

It therefore follows from Frobenius’s counting theorem that the number of different ways 
of coloring the cube using the three colors red, white, and blue is

	 1
24

3 6 3 3 3 6 3 8 3 576 3 4 3 2( ( ) ( ) ( ) ( )) .+ + + + =
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13.2.4A For each of the Platonic regular solids we list the rotational symmetries, the cycle 
types of the corresponding permutations of the faces, and hence the number of colorings 
that they fix. 

First, the regular octahedron:

Type of Rotation
Number of
this Type Cycle Type #( ( ))Fix g

Identity 1
Rotation

x c1
8 8

ss through about
axes joining

2
3± π

the midpoints of
opposite faces

8 x x c1
2

3
2 4

RRotations through about
a

π
xxes joining the midpoints of

opposite eedges

6

Rotations through about1
2

x c2
4 4

± π
axes joining opposite

vertices

6 x c4
2 22

Rotations through aboutπ
aaxes joining opposite
vertices

3 x c2
4 4

It follows from Frobenius’s counting theorem that the number of different colorings is

	 1
24

8 6 6 3 1
24

17 68 4 4 2 4 8 4 2( ) ( ).c c c c c c c c+ + + + = + +

Next, the regular dodecahedron:

	

Type of Rotation
Number of
this Type Cycle Type #( ( ))Fix g

Identity 1
Rota

x c1
12 12

ttions through and
about axes

2
5

4
5± ±π π

joining the midpoints
of opposite facess

24

Rotations through about a

x x c1
2

5
2 4

π xxes
joining the midpoints of opposite
edgees

15

Rotations through about2
3

x c2
6 6

± π
axes joining opposite vertices

20 x c3
4 4

It follows from Frobenius’s counting theorem that the number of different 
colorings is

	 1
60

24 15 20 1
60

15 4412 4 6 4 12 6 4( ) ( ).c c c c c c c+ + + = + +
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Finally, the regular icosahedron:

Type of Rotation
Number of
this Rype Cycle Type #( ( ))Fix g

Identity 1
Rotation

x c1
20 20

ss through about
axes joinin

2
3± π

gg the midpoints of
opposite faces

20 x x1
2

33
6 8c

Rotations through aboutπ
axes joining the midpoints of

oppositte edges

15

Rotations through 2
5

x c2
10 10

± π and
about axes joining opposite
ve

4
5± π

rrtices

24 x c5
4 4

It follows from Frobenius’s counting theorem that the number of different colorings is

	 1
60

15 20 2420 10 8 4( ).c c c c+ + +

Chapter 14
14.1.1A  f f fπ π− −= = =1 11 1 4 1( ) ( ( )) ( ) ; f f fπ π− −= = =1 12 2 3 0( ) ( ( )) ( ) ; 

	 f f f f f π π π π− − − −= = = =1 1 1 13 3 5 2 4 4( ) ( ( )) ( ) ; ( ) ( ( ))) ( ) ;= =f 1 1 and  

	 f f fπ π− −= = =1 15 5 2 2( ) ( ( )) ( ) .

14.1.2A  We have that

	 π π π π1 2 1 2
1   ( ) ( )f f= − , by the definition of the group action,

	 = − −( ) ,f  π π2
1

1
1 by the definition of the grouup action,

	 = − −f   ( )π π2
1

1
1 , because the operation is asssociative,

	 = −f  (( ) )π π1 2
1 , by Lemma 14.1, and

	 = ( )π π1 2  f, by the definition of the group aaction.

14.2.1A  The store enumerator is ∑ = + + + + =∈c C w c b b b r r( ) 3 2b r+ . The inventory of all 
the mappings from D to C is (3b + 2r)5.
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14.3.1A  The symmetries of a square, the corresponding permutations
of the vertices, and their cycle types are listed in the table below.

	

e x
a x
b

( )( )( )( )
(
(

1 2 3 4 1
4

41 2 3 4)
1 3)(2 4))
1 4 3 2)
1 4)(2 3)
1 2)

x
c x
h x
v

2
2

4

2
2

(
(
( ((3 4)

(2 4)(3)
1 3)(2)(4)

x
r x x
s x

2
2

1
2

2

1

1( )
( 22

2x

We therefore see that the cycle index of this group of permutations is

	 1
8

2 3 21
4

1
2

2 2
2

4( ).x x x x x+ + +

14.3.2A  The rotations of a cube and the cycle types of the corresponding permutations of 
the faces of a cube are given in the solution to Exercise 13.2.3A. From this we see that the 
cycle index of this group of permutations is ( )( )1 24 6 3 6 816

1
2

4 1
2

2
2

2
3

3
2x x x x x x x+ + + + .

14.3.3A  In the tables below we have listed the partitions of 5 and 6, and the cycle types 
of the permutations they correspond to. In the third column we have given the number of 
permutations of each cycle type, as calculated from the formula the expression 14.7.

S5

Partition Cycle Type
Number of
this Type

5 24
4

5x
++
+
+ +
+ +

1 30
3 2 20
3 1 1 20
2 2 1 15
2

1 4

2 3

1
2

3

1 2
2

x x
x x
x x
x x

++ + +
+ + + +

1 1 1 10
1 1 1 1 1 1

13
2

1
5

x x
x

Therefore the cycle index of S6 is

	 1
120

10 15 20 20 301
5

1
3

2 1 2
2

1
2

3 2 3(x x x x x x x x x x+ + + + + 11 4 524x x+ ).

1 2

4 3



Solutions to the A Exercises    ◾    403

S6

Partition Cycle Type
Number of
this Type

6 6x 1120
5 1 144
4 2 90
4 1 1 90
3 3 40

1 5

2 4

1
2

4

3
2

+
+
+ +
+

x x
x x
x x
x

33 2 1 120
3 1 1 1 40
2 2 2 15
2 2

1 2 3

1
3

3

2
3

+ +
+ + +
+ +
+ +

x x x
x x
x

11 1 45
2 1 1 1 1 15
1 1 1 1 1 1 1

1
2

2
2

1
4

2

1
6

+
+ + + +
+ + + + +

x x
x x

x

Thus the cycle index of S6 is

	

1
720

15 45 15 40 1201
6

1
4

2 1
2

2
2

2
3

1
3

3(x x x x x x x x+ + + + + xx x x x

x x x x x x x

1 2 3 3
2

1
2

4 2 4 1 5 6

40

90 90 144 120

+

+ + + + )..

14.3.4A  In each case we use the formula in expression 14.7 for the number of permuta-
tions in Sn that have a specified cycle type.

	 i.	 x x2
3

6. Here, in the notation of expression 14.7, t = 2, k1 = 2, r1 = 3, k2 = 6, r2 = 1. So the 
number of permutation of this type is 12!/(3!231!61) = 1,663,200.

	 ii.	 x x x1
4

3 5. There are 12!/(4!141!311!51) = 1,330,560 permutations of this type.

	 iii.	 x x x x1 2
2

3 4. There are 12!/(1!112!221!311!41) = 4,989,600 permutations of this type.

14.4.1A  From the solution to Exercise 13.2.2A we see that the cycle index of the group of 
permutations of the 25 squares of a 5 × 5 chessboard corresponding to the symmetries of a 
square is 1

8 1
25

1 4
6

1 2
12

1
5

2
102 4( )x x x x x x x+ + + . Hence, by Pólya’s theorem, the pattern inven-

tory when the squares are colored using black and white is

	 1
8

2 425 4 4 6 2 2 12(( ) ( )( ) ( )( ) (b w b w b w b w b w+ + + + + + + + bb w b w+ +) ( ) ).5 2 2 10

We seek the coefficient of b15w10. We take the terms one by one. The coefficient of b15w10 
in (b + w)25 is C(25,15) = 3,268,760. There is no term involving b15w10 in (b + w)(b4 + w4)6. 
The term involving b15w10 in (b + w)(b2 + w2)12 comes from multiplying b from the first 
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bracket by b14w10 from the second, and, as b14w10 = (b2)7(w2)5, its coefficient is C(12,7) = 792. 
Terms involving b15w10 in (b + w)5 (b2 + w2)10 can arise in three ways by multiplying a term 
from (b + w)5 by a term from (b2 + w2)10 as set out in the following table,

Term From
( + )

Term From
( + ) Coefficien5 2 2 10b w b w tt

b b w C C
b w b w

5 10 10

3 2 12 8

5 5 10 5 1 252 252( , ) ( , )× = × =
CC C

bw b w C C
( , ) ( , )

( , )
5 3 10 6 10 210 2100

5 14 14 6

× = × =
× (( , )10 7 5 120 600= × =

from which it follows that the required coefficient is 252 + 2100 + 600 = 2952. It follows that 
the coefficient of b15w10 in the pattern inventory is 18 3 268 760 0 792 4 2952 410 170( , , ) , .+ + + × =
This is the number of different patterns with 15 black squares and 10 white squares.

14.4.2A  The cycle index of the group of permutations of the eight small triangles in the 
figure corresponding to the symmetries of the square is 1

8 1
8

4
2

2
42 5( )x x x+ + . Hence the 

pattern inventory for colorings using red, white, and blue, to which we assign the weights 
r, w, and b, respectively, is 1

8
8 4 4 4 2 2 2 2 42 5(( ) ( ) ( ) )r w b r w b r w b+ + + + + + + + . We seek the 

coefficient of r2w2b4 in this pattern inventory. This coefficient is

	 1
8

8
2 2 4

2 0 5 4
1 1 2

1
8

420 0 60!
! ! !

!
! ! !

(+ × + ×





= + + )) .= 60

Hence there are 60 patterns with two red, two white, and four blue triangles.

14.4.3A  From the solution to Exercise 13.2.4A we see that the cycle index for the group 
of permutations of the faces of a rectangular octahedron corresponding to the rotational 
symmetries of the octahedron is ( )( )1 24 8 9 61

8
1

2
3

2
2

4
4

2x x x x x+ + + . Hence the pattern 
inventory of the colorings using red, white, and blue is

	 1
24

8 98 2 3 3 3 2 2 2(( ) ( ) ( ) (r w b r w b r w b r w b+ + + + + + + + + + 22 4 4 4 4 26) ( ) ).+ + +r w b

It follows that the coefficient of r 4w2b2 is

	 1
24

8
4 2 2

8 0 9 4
2 1 1

6 0 1
24

42!
! ! !

!
! ! !

(+ × + × + ×





= 00 0 108 0 22+ + + =) .

Hence there are 22 patterns with four red, two white, and two blue faces.

14.6.1A  In each case we make use of the formula given by Table 14.6, setting out the 
answers in the way used in the solution to Problem 14.6(b) and (c).
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	 i.	π has cycle type x1x2x5.

π
π

x x x x x x x x x
x x x x x

1 2 5 1 2 1 5 2 5

1 5
2

2 5 10

, , ,
* −

Hence π* has cycle type x x x x1 2 5
3

10.

	 ii.	π has cycle type x2
4.

π

π

x x x
no

x x

2 2 2

1 2
2

4 6
,

*

Hence π* has cycle type ( ) ( )x x1
4

2
2 6× , that is, x x1

4
2

12.

	 iii.	π has cycle type x2x6.

π
π

x x x x
x x x x

2 6 2 6

1 3 6
2

6
2

,
*

Hence π* has cycle type x x x1 3 6
4.

	 iv.	π has cycle type x x2
2

4.

π

π

x x x x x x
no

x x x x x

2 4 2 2 2 4

1 2 4 2
2

4
2

2 1 1 2
, ,

*

Hence π  has cycle type ( ) ( ) ( ) ( )x x x x x1
2

2 4
1

2
2 1

4
2 2× × × , that is, x x x1

2
2

3
4

5.

14.6.2A  The cycle types of the permutations in S4 are given in Table 14.2. We now extend 
this table to include the cycles of the corresponding permutations in S4

*.

Cycle type in S x x x x x x x
Number

4 1
4

1
2

2 2
2

1 3 4

11 6 3 8 6

1
6

1
2

2
2

1
2

2
2

3Cycle type in S x x x x x x4
* 22

2 4x x

It follows that the cycle index of S4
* is

	 1
24

9 8 61
6

1
2

2
2 32

2 4( )x x x x x x+ + + .
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Hence the pattern inventory for simple graphs with four vertices is

	 1
24

1 9 1 1 8 1 6 16 2 2 2 3 2 2(( ) ( ) ( ) ( ) ( )(+ + + + + + + +c c c c c 11 4+ c )),

that is, 1 + c + 2c2 + 3c3 + 2c4 + c5 + c6.
We thus see that there is one graph with zero edges, one with one edge, two with two 

edges, three with three edges, two with four edges, one with five edges and one with six 
edges. Of course, we already know this from Problem 9.5 where all the different graphs 
with four vertices are listed.

14.6.3A  We list all the different simple graphs with five vertices according to their number 
of edges.

5 edges

3 edges

2 edges

1 edge

0 edges 10 edges

9 edges

8 edges

7 edges

6 edges4 edges
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Notice that the graphs in the right-hand column are the duals of the graphs in the left-hand 
column, in the sense explained in Problem 9.3.2B.

14.6.4A  We are given that π1 has cycle type x xn r r
1

2
2

− . We can calculate the cycle type of 
π1

* as follows:

π1 1 2 1 1 2 2 1 2
1
22 2

x x x x x x x x
Number n r r n r n

, , ,
( )(− − − 22 1 1 21

2

1 1 1 2
2

2

r r r n r r
x x x x

− − −
−

) ( ) ( )
*π

It follows that π1
* has cycle type x xr n r n r r r n r r

1
1 2 2 2 1

2
1 2+ − − − − + −( )( )( ) ( ) ( ) . Similarly π2

* has 
cycle type x xr n s n s s s n s s

1
1 2 2 2 1

2
1 2+ − − − − + −( )( )( ) ( ) ( ) . Therefore they have the same cycle type if and 

only if

	 r n r n r s n s n s+ − − − = + − − −1
2

2 2 1 1
2

2 2 1( )( ) ( )( ) 	 (1)

and

	 r r n r r s s n s s( ) ( ) ( ) ( ) .− + − = − + −1 2 1 2 	 (2)

If you do the algebra, you can check that both Equations 1 and 2 are equivalent to

	 ( )( ) .r s r s n− + + − =1 0 	 (3)

From Equation 3, either r = s or r + s = n – 1. Thus π1 and π2 have different cycle types, 
but π 1* and π 2* have the same cycle type if and only if r ≠ s and r + s = n – 1.

14.6.5A  i. �Suppose that the graphs G1 = (V1,E1) and G2 = (V2,E2) are isomorphic. It follows 
that there is an isomorphism, say ϕ, between them. Then ϕ : V1 → V2 is a bijection, 
and for each two-element subset {u,v} of V1, {u,v} ∈ V1 ⇔ {ϕ(u),ϕ(v)} ∈ V2. Hence, 
{u,v} ∉ E1 ⇔ {ϕ(u),ϕ(v)} ∉ E2, that is, { , } * *u v E E∈ ⇔ ∈1 2{ (u), (v)}φ φ . Hence ϕ 
is an isomorphism between the dual graphs G V E1 1 1

* *( , )=  and G V E2 2 2
* *( , )= , 

which are therefore isomorphic. Conversely, if G1
* and G2

* are isomorphic, then 
so also are G1 and G2.

	 ii. �If a graph has n vertices, there are 1
2 1n n( )−  pairs of vertices that may or may 

not be joined by an edge. So a graph G has e edges if and only if its dual, G*, has 
1
2 1n n e( )− −  edges. So, by (i), the number of different graphs with e is the same 
as the number of different graphs with 1

2 1n n e( )− −  edges.

Chapter 15
15.2.1A  For example, 11, 31, 54, 83, 84 is an increasing subsequence of length 5. There is 
no decreasing subsequence of length 5.
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15.2.2A  The people with surname Xerophyte have either one or two forenames. There are 26 
possible different initials for those with just one forename, and 262 = 676 possible initials for 
those with two forenames. So there are altogether 26 + 676 = 702 possible sets of initials for 
people with the surname Xerophyte. As there are 777 people with this surname, the pigeon-
hole principle tells us that there must certainly be a pair of Xerophytes with identical initials.

15.2.3A  The lattice points, (x, y), may be divided into four sets, namely, the sets of lattice 
points where (i) x and y are both even; (ii) x and y are both odd; (iii) x is even and y is odd; 
and (iv) x is odd and y is even, respectively. So given five lattice points, there must be two, 
say (x, y) and (u, v), from the same one of these sets. Thus x, u are both even or both odd, 
and in either case x + u is even. Similarly, y + v is even. Hence (x + u)/2 and (y + v)/2) are 
both integers. The midpoint, ((x + u)/2, (y + v)/2), of the line segment from (x, y) to (u, v) is 
therefore a lattice point.

15.2.4A  If there are k possible years in which the people can have been born, then we need 
to have 2k + 1 people to ensure that at least three were born in the same year. (With at most 
two people born in each of k years, there can be at most 2k people.) We just have to be a 
little careful about the number of possible birth years for people whose ages are between 18 
and 30 (inclusive). For example, someone whose age is 18 on June 1, 2009, must have been 
born between June 2, 1990, and June 1, 1991, and so has two possible birth years, 1990 and 
1991, and anyone whose age is 30 could have been born in either 1978 or 1979. Thus people 
whose ages are from 18 to 30 could have been born in any of the 14 years from 1978 to 1991 
inclusive. Thus k = 14, and thus we need to invite at least 29 people to ensure that there are 
at least three who were born in the same year.

15.2.5A  i. �This is a generalization of Theorem 15.4, and so we repeat the proof of this theo-
rem, but changing (with care) one of the n’s to an m. Let a1, a2,…, amn + 1 be a 
sequence of mn + 1 distinct numbers. We shall assume that there is no increas-
ing subsequence of length greater than m, and show how to deduce that there 
must be a decreasing subsequence of length at least n + 1.

	   For each i, with 1 ≤ i ≤ mn + 1, we let si be the length of the longest increas-
ing subsequence that begins at ai. By our assumption, for each i, si ≤ m. So we 
can put the mn + 1 numbers, ai, in m numbered boxes, where ai is put in box 
k, if si = k. By the second version of the pigeonhole principle, there must be at 
least one box containing at least n + 1 terms. So, for some k, there are at least 
n + 1 numbers in the sequence, say a a ai i in1 2 1

, ,..., ,
+

with i1 < i2 < … < in + 1 and
s s s ki i in1 2 1

= = = =
+

... . Then, just as in the proof of Theorem 15.4, we can show 
that the numbers a ai in1 1

,...,
+

 form a decreasing sequence. It follows that there is 
a decreasing subsequence of length n + 1.

	 ii. �The sequence 5, 4, 3, 2, 1, 10, 9, 8, 7, 6, 15, 14, 13, 12, 11 has no decreasing subse-
quence of length 6 and no increasing subsequence of length 4.

15.3.1A  Suppose that the numbers in A are a1,…,an, where a1 ≤ a2 ≤ … ≤ an. In particular, 
we have an – k + 1 ≤ an – k + 2 ≤ … ≤ an and, as the sum of these k numbers from A is at most t, 
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not all of these numbers are greater than t/k. Hence an – k + 1 ≤ t/k, and hence for i < n – k + 1, 
we also have ai ≤ t/k. Thus we have

	 a a a n k t
ki

i

n

i
i

n k

i
i n k

n

= =

−

= − +
∑ ∑ ∑= + ≤ − 





1 1 1

( ) ++ =t nt
k

.

Suppose that the sum of the ages of each group of 13 residents is at most 1066. Then, by what 
we have just shown, the total of all the ages of the residents is at most (85 × 1066)/13 = 6970, 
contradicting the fact that the sum of their ages is more than 7000. Therefore, there must 
be a group of 13 residents, the sum of whose ages is more than 1066.

15.3.2A  When an integer is divided by n, there are n possible values for the remainder, 
namely, 0, 1, …, n − 1. So, given a set of n + 1 distinct integers, by the pigeonhole principle 
there are at least two integers in the set, say a and b, that have the same remainder when 
they are divided by n. It follows that a − b is divisible by n.

15.3.3A  Let T be the equilateral triangle. Divide T into nine equilateral triangles each 
with side length 1

3  as shown.

Given 10 points inside T, by the pigeonhole principle one of the smaller triangles, say T0, 
contains two of these points. It cannot be that both of these points are vertices of T0, as in 
that case at least one of them would be on the boundary of T. Hence the distance between 
these points is less than one-third.

15.3.4A

P

A B C

DEF
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We note first that none of the six points lies on the circumference of the circle and that 
if there is a point at the center of the circle, its distance from all the other five points will 
be less than 1 unit. So from now on, we assume that none of the points is at the center. 
Divide the circle into six congruent sectors, A, B, C, D, E, and F, by diameters, one of which 
goes through one of the points, say P. Assuming A, B are the two sectors on either side of 
P, if there is any other point in either of the sectors A and B, it is distant less than one unit 
from P. Otherwise, five of the points are in the four regions C, D, E, and F. Hence, by the 
pigeonhole principle one of these sectors contains two of the points, and these two points 
will be less than one unit apart.

15.3.5A  Since the student works for at most five hours in any three consecutive days, he 
works at most (27/3) × 5 = 45 hours altogether. Let hi, for 1 ≤ i ≤ 27, be the total number 
of hours the student has worked after i days. We have that 1 ≤ h1 < h2 < … < h27 ≤ 45 
and hence that 9 ≤ h1 + 8 < h2 + 8 < … < h27 + 8 ≤ 53. Thus h1, h2,…, h27, h1 + 8, 
h2 + 8,…, h27 + 8 are 54 integers in the range from 1 to 53. Hence, by the pigeonhole 
principle, two of them must be equal. Consequently, for some s, r, we have hs + 8 = hr, 
so hr − hs = 8, and thus the student works for exactly eight days on the consecutive days 
s + 1, s + 2,…, r.

15.3.6A We suppose, for simplicity, that x > 0. We know that there are integers p, q such 
that |qa – p| < h. As a is irrational, a ≠ p/q and hence |qa – p| ≠ 0. We put r = |qa – p|. 
Let t be the least integer such that (t – 1)r < x ≤ tr. Therefore, 0 ≤ tr – x < r < h and, also, 
0 ≤ x – (t – 1)r < r < h.

If qa − p > 0, then r = qa − p, and, as 0 ≤ tr – x < h, we have 0 ≤ t(qa – p) – x < h. Thus, if 
we put u = tp and v = tq, we have | (va – u) – x | < h. If qa − p < 0, then r = p − qa and, as 0 ≤ 
x – (t – 1)r < h, we have 0 ≤ x – (t – 1)p + (t – 1)qa < h. It follows that if we put u = (t − 1)p and 
v = (t − 1)q, we have | (va – u) – x | < h.

15.3.7A  The integers in X have sum at most 52 + 53 + 54 + 55 + 56 + 57 + 58 + 59 + 60 = 
504, but X has 29 – 1 = 511 nonempty subsets. Hence there are two nonempty subsets of X, 
say Y′ and Z′, whose elements have the same sum. If Y′, Z′ are disjoint, we can take Y = Y′ 
and Z = Z′, and otherwise we remove the elements common to both sets; that is, we let 
Y = Y′ \ (Y′ ∩ Z′) and Z = Z′ \ (Y′ ∩ Z′).

Chapter 16
16.1.1A  Let the vertices of K6 be labeled a, b, c, d, e, and f. By the solution to Problem 
16A, there is a monochromatic triangle. We may assume, without any loss in general-
ity, that the edges ab, bc, and ca are all red. It may help to imagine the triangle abc 
lying below the triangle def and to call the nine edges joining d, e, and f to a, b, and c 
“struts.”
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d e

f

a b

c

There are three struts from d to the vertices a, b, and c. If any two of these struts 
are red, then we immediately have our two monochromatic triangles—both red. Similar 
remarks apply to the vertices e and f. Hence, the only case we have left to consider is when 
at most one strut from each of the vertices d, e, and f to the vertices a, b, and c is red, 
giving a total of at most three red struts. Now suppose that the vertex a is the end vertex 
of two (or more) red struts. Then at least one of b and c would have to be an end vertex 
for three blue struts. Without loss of generality we can assume that the struts bd, be, and 
bf are all blue. Then either one of the edges de, df, and ef is blue, in which case there is a 
blue triangle, or they are all red, so that we have a second red triangle. Similar remarks 
apply if b or c is the end vertex of two red struts. This leaves the case where there are at 
most three red struts and no two of these meet. By the symmetry of the figure we can 
therefore suppose that the three red struts are some the edges ad, be, and cf , with all the 
other struts being blue.

Now consider triangle def. Either this forms a red triangle, in which case we again have 
two monochromatic triangles, or one of its edges is blue. In the latter case, without loss 
of generality, we can suppose that the edge de is blue. Then since the struts cd and ce are 
blue, cde is a blue triangle. So in any case we have a second monochromatic triangle. This 
completes the proof.

16.1.2A  Suppose that among Mr. Friend’s six friends there are not three mutual strangers. 
Then, by the result of Problem 16A, there are three mutual friends. These friends together 
with Mr. Friend form a foursome of mutual friends.

16.1.3A  Consider the complete graph, K3n−1, with vertices 1, 2, 3, …, 3n – 2, 3n – 1. We 
color the edge ij red if | i – j | ≡ 1(mod3) and blue otherwise. Suppose that the edges ij and jk 
are both red. Then | i – j | ≡ 1(mod3) and | j – k | ≡ 1(mod3). It follows that either | i – k | ≡ 
0(mod3) or | i – k | ≡ 2(mod3), and so the edge ik is blue. So there is no red triangle, that is, 
no red K3.

Suppose we have a complete subgraph, say G, all of whose edges are blue. Because of 
the symmetry of the coloring, we can assume that this subgraph includes the vertex 1. 
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Hence it cannot include any of the vertices 2, 5, 8, …, 3n – 1, as the edge from 1 to any 
of these vertices is red. The edges joining the vertices in each of the n − 1 pairs, 3 and 4; 
6 and 7; 9 and 10; …; 3n–3 and 3n–2 are red. So G can include at most one vertex from 
each of these pairs. Consequently, the subgraph G has at most n vertices. So there is no 
blue Kn+1.

We have therefore seen that we can color the edges of K3n−1 red and blue so that there is 
no blue Kn+1 and no red K3. Hence R(n + 1,3) ≥ 3n.

16.2.1A  i. By Theorem 16.6, R(5,5)≥17 and R(6,6)≥26. Theorem 16.8 gives

	 R
e e

R( , ) ( ) . ... ( , )5 5 5 2 20 7 35 6 6
4

≥ = = and ≥≥ = =6 2 24 2 12 48
5( ) . ... .

e e

	 So in these cases Theorem 16.6 gives better lower bounds.

	 ii. �Theorem 16.8 gives the lower bound R(p, p) ≥ (p – 1)2 + 1. For all p ≥ 1, (p – 1)2 + 1 
≤ p2, whereas p ep( )2 1−  grows exponentially with p and so must eventually 
be larger than p2. We leave it to the reader to make this argument more precise. 
It is not difficult to prove that for every integer p ≥ 10,

	 ( ) ( ) .p p
e

p
− + <

−
1 1 22

1

16.2.2A  We prove by mathematical induction that, for each integer n ≥ 2,

	 2
3

3 2 3
8

4n nC n n≤ ≤( , ) . 	 (1)

For n = 2, the inequality 1 becomes 6 ≤ C(4,2) ≤ 6, which is true since C(4,2) = 6. Now 
suppose that the inequality 1 holds for n = k, with k ≥ 2, that is,

	 2
3

3 2 3
8

4k kC k k≤ ≤( , ) . 	 (2)

Now

	 C k k k
k k

k k( , ) ( )!
( )!( )!

( )(2 2 1 2 2
1 1

2 2 2 1+ + = +
+ +

= + + ))
( )( )

. ( )!
! !

( , ),
k k

k
k k

k
k

C k k
+ +

= +
+1 1

2 4 2
1

2 	 (3)

and hence it helps to estimate the value of (4k + 2)/(k + 1). For all k ≥ 1, 3k + 3 ≤ 4k + 2 ≤ 
4k + 4, and hence
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	 3 4 2
1

4≤ +
+

≤k
k

. 	 (4)

By Equations 3 and 4,

	 3 2 2 2 1 4 2C k k C k k C k k( , ) ( , ) ( , ),≤ + + ≤

and hence by Equation 2,

	 2
3

3 2 2 1 3
8

41 1k kC k k+ +≤ + + ≤( , ) ,

and so Equation 1 holds also for n = k + 1. Therefore, by mathematical induction, Equation 
1 holds for all positive integers n ≥ 2.

16.3.1A  i. �Let L = R(n1,…,nk) M = R(L,nk + 1), and suppose that the edges of the complete 
graph GM are colored using the k + 1 colors C1,C2,…,Ck,Ck + 1. Then either there 
is a complete subgraph with nk+1 vertices all of whose edges are colored Ck + 1 
or a complete subgraph, say G′, with L vertices each of whose edges is colored 
using one of the colors C1,…,Ck. Since L = R(n1,…,nk), it follows that for some 
i, 1 ≤ i ≤ k, G′, and hence GM has a complete subgraph with ni vertices all of 
whose edges are colored using Ci. It follows that R(n1,…,nk,nk + 1) ≤ R(L,nk + 1), 
as  required. In particular, R(p, q, r) ≤ R(R(p, q), r) and, similarly, R(p, q, r) ≤ 
R(R(p, r), q) and R(p, q, r) ≤ R(R(q, r), p). Hence R(p, q, r) ≤ min{R(R(p, q), r), 
R(R(p, r), q), R(R(q, r), p)}.

	 ii. �Let n = R(p – 1, q, r) + R(p, q – 1, r) + R(p, q, r – 1) – 1, and suppose that the 
edges of the complete graph, Gn, with n vertices are colored using three colors, 
say red, green, and blue. Let v0 be one vertex of Gn . This vertex is joined to n – 1 
= R(p – 1, q, r) + R(p, q – 1, r) + R(p, q, r – 1) – 2 other vertices. Hence it must 
either be joined to at least R(p – 1, q, r) vertices by red edges, or to at least R(p, 
q – 1, r) vertices by green edges, or to at least R(p, q, r – 1) vertices by blue edges. 
Suppose v0 is joined to at least R(p – 1, q, r) vertices by red edges. It follows that 
subgraph with these vertices had either a red Gp–1 or a green Gq or a blue Gr. The 
red Gp–1, together with the vertex v0, forms a red Gp. Similarly, in the other cases, 
it follows that Gn has either a red Gp or a green Gq or a blue Gr. It follows that R(p, 
q, r) ≤ n, as required.

16.4.1A  By the result of Problem 16.1 we can find three points, say P, Q, and R, all 
with the same color and where Q is the midpoint of PR. Without loss of generality, we 
can assume that P, Q, and R are all red. Let S, T, U, and V be points on the line so that 
PS = ST = TQ = QU = UV = VR, as shown.

P S T Q U V R

RedRedRed
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If S were red, then we would have PS : SQ = 1 : 2 with P, S, Q all red. If T were red, we 
would have PT : TR = 1 : 2 with P, T, R all red. If U were red, we would have QU : UR = 1 : 
2 with Q, U, and R all red. Otherwise, we have ST : TU = 1 : 2, where S, T, U are all blue. So 
in every case we have three points, A, B, C, having the same color with AB : BC = 1 : 2.

16.4.2A  Draw four parallel horizontal lines and 19 vertical lines crossing them. Each ver-
tical line meets the horizontal lines in four points, each of which is red, green, or blue. 
Consider the quadruplets, such as (red, green, blue, green), giving the colors of these points 
from top to bottom. At least one color must occur twice in each quadruplet. As there are 19 
quadruplets and 3 colors, at least one color, say red, must occur at least twice in at least 7 of 
these quadruplets. There are only C(4,2) = 6 different ways in which two ‘red’s can occur in 
a quadruplet. So at least two quadruplets must contain two ‘red’s in the same two positions. 
This gives a monochromatic rectangle.

16.4.3A  We color a point (x,y) red if the integer part of x is even, and green if the integer 
part of x is odd. We need to show that if a square of side length 1 is placed in the plane, not 
all its vertices can be the same color. Consider such a square that is placed

B

CA

D

θ

θ

so that AB makes an angle θ with the vertical, then the horizontal distance from 
A to C is | sin θ + cos θ | and the horizontal distance from B to D is | sin θ – cos θ |. 
Now | sin cos | |cos( )|θ θ θ π+ = −2 1

4  and | sin cos | |cos( )|θ θ θ π− = +2 1
4 . For 0 1

2≤ ≤θ π, 
− ≤ − ≤1

4
1
4

1
4π θ π π , and hence 2 11

4|cos( )|θ π− ≥ , and similarly for 1
2 π θ π< ≤ ,

2 11
4|cos( )|θ π+ ≥ . It follows that either A and C are different colors, or B and D have 

different colors. So there is not a monochromatic square.
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Chapter 17
17.1.1A   i. �One rook can be placed on any of the white squares, so there are C(3,1) = 3 

ways in which they can be placed. Two rooks can be placed on any two of the 
squares, so there are C(3,2) = 3 ways to place them. Three rooks can be placed 
in only one way, and, very obviously, we cannot place more than three rooks 
on the white squares. Hence the rook polynomial is 1 + 3x + 3x2 + x3, that is, 
(1 + x)3.

	 ii. A similar argument shows that this board also has rook polynomial (1 + x)3.

	 iii. �One rook may be placed on any of the five white squares. Two rooks may be 
placed on any two diagonally adjacent white squares, and so may be placed in 
four different ways. It is not possible to place three or more nonattacking rooks 
on the white squares. So the rook polynomial is 1 + 5x + 4x2.

	 iv. �One rook may be placed on any of the nine squares. To place two nonat-
tacking rooks we need to choose two of the three rows and two of the three 
columns, which may be done in nine ways, and then the rooks can be placed 
in these two rows and columns in two ways. So there are 18 ways to place two 
nonattacking rooks. To place three nonattacking rooks on the board we must 
put one in each row and each column. There are three choices for the column 
for the rook in the first row, leaving two choices for the rook in the second 
row, after which there position of the third rook is automatically determined. 
So three rooks may be placed in 3 × 2 × 1 = 6 ways. It is not possible to place 
more than three nonattacking rooks on the board. Hence the rook polynomial 
is 1 + 9x + 18x2 + 6x3.

17.1.2A  Here, instead of a direct calculation, we use the complementary board theo-
rem. In the notation of this theorem, m = n = 4. Let B be the all-white 4 × 4 board. 
Then BC is the all-black 4 × 4 board. Hence rk(BC) = 1 if k = 0, and rk(BC) = 0, for 
k > 0. Hence, by the complementary board theorem, we have rk (B) = C(4, k)C(4, k)k! 
It follows that

	 r0(B) = 1, r1(B) = 16, r2(B) = 72, r3(B) = 96, r4(B) = 24, and, for k > 4, rk(B) = 0.

So the rook polynomial for the all-white 4 × 4 board is 1 + 16x + 72x2 + 96x3 + 24x4.

17.1.3A  We are asked to calculate the values of rk(B), for k = 0,1,2,3, and 5, where, from the 
complementary board theorem, we have that

	 r B C j k j k j r Bk
j

j
C

j

k

( ) ( ) ( , ) ( )! ( ),= − − − −
=

∑ 1 5 2

0
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and we have calculated the values of rj(BC) to be as shown in the following table.

k
r Bk

C

0 1 2 3 4 5
1 10 34 46 21 2( )

This gives

	

r B C

r B C C

0
2

1
2 2

5 0 1

5 1 10 4 0 25

( ) ( , ) ,

( ) ( , ) ( , )

= =

= − = −110 15

5 2 2 10 4 1 34 3 02
2 2 2

=

= − + =

,

( ) ( , ) ! ( , ) ( , )r B C C C 2200 160 34 74

5 3 3 10 4 2 23
2 2

− + =

= − +

,

( ) ( , ) ! ( , ) !r B C C 334 3 1 46 2 0 600 360 306 46 5002 2C C( , ) ( , )− = − + − = , andd

r B C C C C5
2 2 25 5 5 10 4 4 4 34 3 3 46( ) ( , ) ! ( , ) ! ( , )= − + − (( , ) ! ! ( , ) ! ( , )2 2 2 2 1 1 2 0 0

120 240 204 92

2 2+ −

= − + −

C C

++ − =21 2 11.

,

17.1.4A  i. By the disjoint subboards theorem, the rook polynomial of this board is

	 R x B R x B( , ) ( , ),1 2

	 where B1 and B2 are the boards shown below.

	 By direct calculation, we have R(x, B1) = 1 + 6x + 6x2. From the answer to Exercise 
17.1.1A(a), we see that R(x, B2

C) = 1 + 3x + 3x2 + x3, and hence, using the com-
plementary board theorem, we can deduce that R(x, B2) = 1 + 9x + 21x2 + 11x3. 
It follows that the rook polynomial is (1 + 6x + 6x2)(1 + 9x + 21x2 + 11x3), that 
is, 1 + 15x + 81x2 + 191x3 + 192x4 + 66x5.

	 ii. �If we first carry out the permutation (2  5) on the rows of the board and then the 
permutation (2  4  6)(3  5) on the columns, the board becomes the following.

	 We then see, using Theorem 17.2 and the disjoint subboards theorem, that the 
given board has the same rook polynomial as in (i).

	 iii. �This board is the complement of the board of (ii), so we may calculate its rook 
polynomial using the complementary board theorem in the case m = n = 6. 
This gives
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	 r B C j k j k j r Bk
j

j
C

j

k

( ) ( ) ( , ) ( )! ( ),= − − − −
=

∑ 1 6 2

0

		  where the values of the coefficient, rj(BC), in the rook polynomial of the com-
plementary board are as given in the common solutions for parts (i) and (ii). 
This gives

	

r B

r B C C

r

0

1
2 2

2

1

6 1 15 5 0 36 15 21

( ) ,

( ) ( , ) ( , ) ,

=

= − = − =

(( ) ( , ) ! ( , ) ( , )B C C C= − + = − +6 2 2 15 5 1 81 4 0 450 3752 2 2 881 156

6 3 3 15 5 2 2 81 4 13
2 2

=

= − +

,

( ) ( , ) ! ( , ) ! ( ,r B C C C )) ( , )

,

( )

2 2

4

191 3 0

2400 3000 1296 191 505

−

= − + − =

C

r B == − + −C C C C( , ) ! ( , ) ! ( , ) ! ( ,6 4 4 15 5 3 3 81 4 2 2 191 32 2 2 11 192 2 0

5400 9000 5832 1719 192 705

2 2) ( , )+

= − + − + =

C

,,

( ) ( , ) ! ( , ) ! ( , ) !r B C C C5
2 2 26 5 5 15 5 4 4 81 4 3 3 1= − + − 991 3 2 2 192 2 1 66 1 0

4320 9000

2 2 2C C C( , ) ! ( , ) ( , )+ −

= − ++ − + − =7776 3438 768 66 360,

and

	

r B C C C6
2 2 26 6 6 15 5 5 5 81 4 4 4 191( ) ( , ) ! ( , ) ! ( , ) != − + − CC

C C C

( , ) !

( , ) ( , ) ( , )

3 3 3

192 2 2 66 1 1 0 0 0

72

2

2 2 2+ − +

= 00 1800 1944 1146 384 66 0 36− + − + − + = .

Hence the rook polynomial of the board is

	 1 21 156 505 705 360 362 3 4 5 6+ + + + + +x x x x x x .

17.1.5A  Suppose there is a board, B, whose rook polynomial is 1 + 4x + 7x2 + 2x3 + x4. 
Since r1(B) = 4, the board has four white squares. Hence there are C(4,2) = 6 ways in which 
two rooks can be put on the board, possibly including cases where they are in the same 
row or the same column. Hence, r2(B) ≤ 6. It follows that the term 7x2 cannot occur in the 
rook polynomial of B.

17.1.6A  We show that if one 2 × 2 board cannot be obtained from a second 2 × 2 board by 
a rotation, then the boards have different rook polynomials. We already know that there 
are six different 2 × 2 boards with black and white squares such that none of them can be 
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obtained from another by a rotation. These were listed in Chapter 12. All we need do is list 
these together with their rook polynomials.

4x + 2x2 1 + 3x + x2 1 + 2x

1 + 2x + x2 1 + x 1

It is readily seen that these boards have different rook polynomials.

17.2.1A  It can easily be seen that if C is also friendly with X, then A could marry U, B 
could marry V, C could marry X, D could marry Y, and E could marry Z, and then each 
man would be married to a woman he is friendly with. There are other solutions.

17.2.2A  The bipartite graph representing the given friendships may be drawn as follows.

A B C D E F G

a b c d e f g h

Between them the five women A, C, D, F, and G are friendly with just the four men b, e, 
f, and h. Hence it is not possible for each woman to marry a man she is friendly with.
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Books for Further Reading

We list here books from which we have learned a great deal, or which will enable the reader 
to pursue further the topics introduced in this book, or both. It is not intended to be a com-
prehensive bibliography of combinatorics, and many excellent books are not included.

The first two books cover (more than) the assumed mathematical background of our 
book. We have placed a lot of emphasis on proofs, and both these books cover reading and 
understanding proofs as well as writing them. 

Mathematical Background
	 1.	 R. B. J. T. Allenby, Numbers and Proofs, Arnold, London, 1997.
	 2.	 Kevin Houston, How to Think like a Mathematician, Cambridge University Press, Cambridge, 

2009.

Combinatorics in General
	 3.	 Victor Bryant, Aspects of Combinatorics, Cambridge U. P., Cambridge, 1993.
	 4.	 R. L. Graham, M. Grötschel, and L. Lovász (editors), Handbook of Combinatorics, North-

Holland, Amsterdam, 1995 (2 volumes).
	 5.	 Ralph P. Grimaldi, Discrete and Combinatorial Mathematics, Addison-Wesley, Reading, 

Massachussetts, 1999. 
	 6.	 L. Lovász, Combinatorial Problems and Exercises, AMS, Chelsea, Rhode Island, 2007.
	 7.	 Fred S. Roberts and Barry R. Tesman, Applied Combinatorics, 2nd edition, Pearson/Prentice 

Hall, Englewood Cliffs, New Jersey, 2005.
	 8.	 Ioan Tomescu, Problems in Combinatorics and Graph Theory, translated by Robert A. Melter, 

Wiley Interscience, New York, 1985.
	 9.	 Alan Tucker, Applied Combinatorics, 4th edition, John Wiley and Sons, New York, 2002.

Graph Theory
	 10.	 Norman L. Biggs, E. Keith Lloyd, and Robin J. Wilson, Graph Theory 1736–1936, Clarendon 

Press, Oxford, 1976.
	 11.	 Rudolf Fritsch and Gerda Fritsch, The Four-Color Theorem, Springer, New York, 1998.
	 12.	 Ronald Gould, Graph Theory, Benjamin/Cummings, Menlo Park, California, 1988.
	 13.	 Nora Hartsfield and Gerhard Ringel, Pearls in Graph Theory, Academic Press, San Diego, 

1990.
	 14.	 James A. McHugh, Algorithmic Graph Theory, Prentice-Hall, Englewood Cliffs, New Jersey, 

1990.
	 15. 	Robin J. Wilson, Introduction to Graph Theory, 4th edition, Longman, Harlow, Essex, 1996.
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Group Theory
	 16.	 R. B. J. T. Allenby, Rings, Fields and Groups, Arnold, London, 1983.

Pólya Counting
	 17. 	G. Pólya and R. C. Read, Combinatorial Enumeration of Groups, Graphs, and Chemical 

Compounds, Springer, New York, 1987.

Ramsey Theory
	 18.	 Ronald L. Graham, Bruce L. Rothschild, and Joel H. Spencer, Ramsey Theory, 2nd edition, 

Wiley, New York, 1990.
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Index of Notation

This list indicates the page(s) where the notation is explained. Generally, it does not include 
notation which is used only in the section where it is introduced. Since an alphabetical list 
is not possible, the list is in page order. 
p(n), 6, 81
A∪B, A∩B, A\B, 14
#(X), 14
N, N+, Z, Q, R, C, 14 
R2, 14
x x 2, 14
f : D → C, 14

aii
n
=∑ 1 , 15

aii
n
=∏ 1 , 15

P(n,r), 19
C(n,r), 22

1 2 3 4 5 6
6 1 3 5 4 2







, 37

(1 6 2)(3)(4 5), 37
S(n,k), 45
pk(n), 45, 81–2
θ(n,s), 56
ϕ(n), 57
[x]k, 64
s(n,k), 66
Perm(n,k), 68
p(n,k), 68
Cn, 71
qk(n), 82
⎣ x ⎦, 85
{an}, 98
ue,d(n), uo,d(n), 133
G = (V,E), 153
xy [ = {x,y}], 153
δ(v), 157
d d d d dk l1 2 1, ,..., ,...,' '⇒ , 160
d d d d dk l1 2 1, ,..., ~ ,...,' ', 160

v0 → v1 → v2 → … → vk, 165
Kn, 169
Km,n, 173 
d(x,y), 203, 217
μ(e), μ(G), 212
(G, μ), 212
μ(P), 217
Sn, 223
σ°τ, 224
S(X), 225
ιX, 225
Zn, 227
d(p,q), 230
S(), 231
gH, 237
o(g), 240
lcm(k1,…,ks), 243
x xk

r
k

r
s

s
1

1 .... , 243 
g  x, 247
~G, 249
Orb(x), 250
Stab(x), 251
Fix(g), 258
w(c), 271
W( f ), 271
ct(π), 274
CI(G), 274
Dn, 286
R(p,q), 306
rk(B), 320
r(x,B), 322
S( ), 391
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