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Preface

As we live in a three-dimensional world, it is surprising how little
emphasis this aspect of our lives gets into the typical school curricu-
lum. Although we are taught how to find the volume of a box or to
measure three-dimensional objects, there is precious little attention
given to the fact that we live on a sphere, namely, the Earth. When
traveling by plane and tracking the flightpath on a video screen,
people often wonder why a flight from New York to Vienna would be
traveling along a curved path nearly touching Greenland when on a
plane map that would seem not to be the shortest path. Or when
asked which state of the continental United States is closest to the
African continent, people are often shocked to learn that it is the State
of Maine. These kinds of voids in our knowledge partly motivated this
group of seven mathematicians and mathematics educators to collec-
tively share their expertise to enlighten and enrich the general read-
ership with a wide variety of aspects beyond plane geometry typically
presented through secondary school.

Since ancient times, geometry has fascinated civilizations.
Whether it was the famous artists such as Leonardo da Vinci or scien-
tists such as Archimedes, the subject of geometry has always domi-
nated human thinking. Therefore, it is no surprise that geometry
has had a permanent place in academic education throughout the
millennia. In fact, the word geometry is of Greek origin, “geo” meaning
Earth and “metron” meaning measurement. The study of geometry in
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school has largely focused on plane geometry, namely, that which can
be drawn on a piece of paper.

However, geometry unfolds its true usefulness largely through
the knowledge that it provides for the three-dimensional world in
which we live. Recently, much effort has been made to modernize
geometry teaching by adding concepts of spatial geometry and
virtual, computer generated reality. This recognizes the importance of
points, lines, circles and polygons, as the tools by which to enrich our
understanding of three-dimensional figures and their positional
relationships.

One of the aims of this book is to raise awareness of the fascinat-
ing experiences of three-dimensional geometry. The book is intended
for the general readership as it presents a broad overview of many
different aspects of three-dimensional geometry in an intelligible
fashion to motivate readers to investigate further topics of interest.
Some readers will be amazed at the many aspects of three-
dimensional geometry that are experienced on a daily basis, taken for
granted, and that expose incredible nuances that can enrich our lives.

The first chapter contains a brief introduction to the concept of
“dimension” and spatial coordinates, and also introduces some obser-
vations of everyday life in connection with spatial geometry that are
often taken for granted. This also includes optical illusions that play
tricks with our spatial perception.

Spatial understanding, visual perception and spatial skills, which
are increasingly important in many professional areas, are the subject
of Chapter 2. This aspect of human intelligence allows us to perceive
our environment, understand shapes and sizes, estimate distances
and be aware of our position in space and of its relationship to sur-
rounding objects. With a consideration of some relevant aspects of
psychological research, which explain how we see three-dimensional
objects, we present some exercises that can be used to train one’s
spatial abilities — a skill which everyone should possess.

The third chapter is devoted to the question of how best to
represent three-dimensional scenes in a two-dimensional graphic.
We describe in some detail, how the art of perspective drawing has
historically developed over time. You will learn how to create
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perspectivity with one or more vanishing points in order to create the
illusion of space or distance. Taking this one step further to an inves-
tigation of projections — mapping points in three dimensions onto a
plane — leads us to consider the principles of camera obscura and
photography.

Although it is not part of our constant awareness, we do need to
acknowledge that we live on the surface of a sphere. What appears to
us to be a flat plane is, in fact, a small section of the spherical surface
of the Earth when seen in three dimensions. This leads us in the
fourth chapter to some interesting observations and modifications to
two-dimensional school geometry. For example, it is well-known that
in plane geometry a triangle has an angle sum is 180°, however, on a
sphere the angle sum of a triangle ranges from 180° to 540°. One of
the most important theorems of spherical geometry, which relates
the angle sum of a spherical triangle to its area, will be presented
with the expectation to provide unexpected amazement for the
reader. Additionally, a discussion will follow about how a spherical
surface can be mapped onto a plane. This leads us to the various
methods that cartographers use to produce maps of the Earth that we
typically see in geographical atlases. One of these methods is the
Mercator projection, which is historically significant and has been
brought back to new importance through the maps used in satellite
navigation.

With the rapidly advancing technology and the activities in space
exploration there are many aspects of three-dimensional observa-
tions, such as lunar phases, solar and lunar eclipses, and the various
lengths of a day at various locations on Earth that can be explained
with the geometric configurations of Earth, Sun, and Moon. Chapter 4
will also address the phenomena that convinced the ancient Greeks
more than 2,000 years ago that the Earth was indeed spherical.

In Chapter 6, we enter the fascinating world of Platonic and
Archimedean solids. These polyhedra are spatial equivalents of plane
figures such as triangles, squares, and higher degree polygons. The
five Platonic solids — whose faces are identical regular triangles,
squares, or pentagons — will be presented and have their existence
justified. These are merely the beginning aspects of a large number of
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increasingly complex bodies that have fascinating relationships with
one another and yet prove to be quite aesthetically pleasing.

We tend to take the shapes of various sports’ balls for granted. We
show that these geometric shapes have come about through some
curious geometric relationships which are presented in Chapter 7.
The reader will subsequently look critically upon the various soccer
balls, or basketballs, just to mention a few.

Chapter 8 describes some principles of arranging geometrical
forms in two- and three-dimensional patterns. A first example is the
regular pattern of a honeycomb in a beehive. Irregular patterns can
also be analyzed mathematically. The typical structure created by a
pile of soap bubbles can be described as a so-called Voronoi diagram.
In this chapter, we describe the principles of Voronoi diagrams, some
methods used to create them, and their application to economic ques-
tions, public health, art and architecture.

The honeycomb pattern shows how bee larvae can be accommo-
dated in an optimal space-saving setting. This leads to a special case
of so-called “packing problems,” which are discussed more generally
in Chapter 9. Packing problems are a class of optimization problems
in mathematics that involve maximizing the density of packing vari-
ously shaped objects. Optimum packing problems continue to be rel-
evant in a number of scientific disciplines and continue to receive
significant attention. Interestingly, as early as the 16™ century, the
famous German mathematician Johannes Kepler postulated a solu-
tion for packing spheres, which then hundreds of years later was
proved to be truly optimal.

Topology, a branch of geometry that deals with properties of sur-
faces that remain unchanged when the surfaces get bent or stretched
without tearing is introduced in Chapter 10. This fascinating aspect of
geometry considers, for example the single-sided surface of a Mobius
strip and some of the spectacular unexpected results when the strip
is cut in various ways. This and variants of this question put a signifi-
cant strain to our spatial imagination and lead to some unexpected
findings. We also discuss various realizations of the Klein bottle and
other one-sided surfaces that, in three dimensions, can only be imple-
mented with self-intersections.
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The popular art of folding paper, referred to as origami, enables
the creation of unexpected three-dimensional objects. In Chapter 11,
we explore some fascinating three-dimensional tessellations and
polyhedral, which can be crafted from paper or other two-
dimensional materials with advanced origami techniques for purely
aesthetic purposes. There are also numerous technological applica-
tions of these methods. Satellite technology, which is dependent on
the transport of large flat or curved surfaces with minimal mass into
space (think of such things as solar panel arrays or parabolic anten-
nae) uses complex folding methods to pack and unpack such materi-
als into deployable configurations. In medicine, stents can be folded
by the methods of advanced origami to make them very small for
human implantation, but at the same time stable and durable enough
for long-term use.

The art of creating knots in three dimensions is the topic of
Chapter 12. While inspired by knots which appear in everyday life,
a mathematical knot differs from common knots in that the ends are
joined together so that it cannot be undone. The simplest type of such
knots is a ring. In this chapter, we show how to draw and classify
knots. Any given knot can be represented in many different ways by
knot diagrams. The fundamental problems in knot theory are deter-
mining when two descriptions represent the same knot and classify-
ing the many different types of knots.

In Chapter 13, we take three-dimensional geometry one step fur-
ther by considering the movement of mechanical machines. We dis-
cuss mechanisms, their degrees of freedom and geometric constraints,
and look into advanced applications, such as robot arms, the Stewart
platform, over-constrained mechanisms, as well as the Turbula®
mixer. This leads to a consideration of various gears and how they
can be made to transfer a twisting motion into another direction

Planning and designing mechanism requires engineers to use
techniques called geometrical modeling, which is presented in
Chapter 14. Mathematical principles underlying computer-aided
design are presented along with the processes necessary to create
virtual models, which then can be realized using three-dimensional
printers. The construction of some fascinating examples will be
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described in some detail, such as the ambiguous cylinder and the
Klein bottle.

To better understand aspects of three-dimensional geometry, we
explore an outlook to topics involving four dimensions. This is not
merely a topic of science fiction, since for example, machines with
more than three degrees of freedom have to be described with higher-
dimensional mathematics. In the fourth dimension, we look at the
aspects of the assumption that we have one additional direction
that is perpendicular to all previous spatial directions of three-
dimensional space. This provides the stage for fascinating objects like
the hypercube, which is the four-dimensional analog of the cube. As a
conclusion, a discussion of the hypersphere in mathematics, physics,
and art is presented.

The authors hope that through this book the reader will gain an
understanding of geometrical principles that are helpful in a world in
which computer-generated visualizations are becoming more ubiqui-
tous and where good spatial awareness becomes important in more
and more areas of everyday private and professional life.
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Chapter 1

Our World is Three-Dimensional

When we speak of geometry, we typically think of the geometric
figures that we can draw on a piece of paper, like triangles, squares,
and circles. This is two-dimensional geometry and has for a long-time
dominated school mathematics, and indeed many were fascinated
by the intriguing wonders revealed in the relationships of two-
dimensional figures. However, we live in a world with three spatial
dimensions — length, width, depth — that is even richer in intricate
geometric facts and relations. Sometimes, in everyday life, we encoun-
ter phenomena that are hard to explain unless one has a good under-
standing of the three-dimensional nature of the world in which we
live. One example, where one is easily fooled by a two-dimensional
world view, is the following phenomenon, which we call the flight-
path reality.

1.1 Shortest Distance on the Globe

One of the authors recently took a flight from Frankfurt, Germany to
Vancouver in western Canada, which are two cities approximately on
same latitude. Vancouver is even a bit further south than Frankfurt.
So, you might expect the plane to fly west from Frankfurt, until it
eventually reaches Vancouver. To the surprise of many on board the
flight, the aircraft flew from Frankfurt straight to the north. It swerved
slightly to the west via Denmark, and then flew, further north, across

1
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Fig. 1.1. Path of flight LH492 from Frankfurt to Vancouver (generated using data
from flightradar24.com and maps.google.com).

Greenland and the northern part of Canada, finally approaching
Vancouver from the north-east. Figure 1.1 shows the aircraft’s route
generated by the actual flight data as shown on a flat screen.

If the map depicted in Figure 1.1 were a true image of the world,
this would seem to be a very remarkable detour. One would think that
the pilot is trying to avoid something, since he is not traveling in a
straight line as envisioned on the two-dimensional world map (or on
the video screen in the plane). Yet in fact, the pilot chooses a path that
is rather close to the actual shortest possible path in three dimensions
(see Figure 1.2).

What makes this unexpected is that we are dealing with geometry
on a sphere, in this case the Earth’s surface, which very easily explains
this aspect of our three-dimensional world. If you happen to own a
globe — in fact a scale model of our planet — you can easily deter-
mine the shortest path between two points on Earth’s surface by
stretching a rubber band between these two points on the globe.
As the elastic band contracts, it automatically determines the shortest
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Fig. 1.2. Shortest flight path between Frankfurt and Vancouver.

path between its endpoints. This shortest path is actually a part of a
so-called great circle — which is a circle placed on the surface of the
sphere in such a way that the center of the circle coincides with the
center of the sphere. The most prominent great circle on Earth’s sur-
face is the Equator — the plane of this special circle is perpendicular
to the Earth’s axis of rotation.

Another example, where our intuition about distances on the sur-
face of a sphere can go wrong is the following: Of the 48 contiguous
United States, which state is closest to the African continent? We typi-
cally think that the southern coast of Florida is closest to Africa, how-
ever, in actual fact, the tip of Maine is considerably closer to the coast
of Africa: The closest distance (along a great circle) between the coast
of West Sahara to Maine is about 5,100 km, the closest distance from
Africa to Florida is about 6,400 km.

1.2 The Wrong Tilt of the Moon

Another, albeit related, phenomenon concerning straight lines on a
spherical surface is called the wrong-tilt-of-the-Moon puzzle.

This photo (Figure 1.3) of the Waxing Moon was taken in
New York City shortly after sunset. Among the people watching this
beautiful scene, a discussion arose about why the Moon (a globe illu-
minated by the Sun) appeared to be illuminated from slightly above,
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Fig. 1.3. The wrong-tilt of the Moon puzzle.

although the Sun was much lower in the sky at that time — in fact it
was already below the horizon. Should not the Moon rather appear
illuminated from diagonally below?

A similar effect occurs with the Waning Moon in the morning.
The photo in Figure 1.4 was taken during sunrise. It is a cylindrical
panorama composed of several shots. The large field of vision makes
it possible to see the rising Sun and the still-visible Waning Moon on
the same image, although both appear as very small dots. The
enlarged detail clearly shows that the Moon is illuminated from
above. How can that be when the Sun is still on the horizon and is,
therefore, much lower in the sky than the Moon?

The angle between the Sun and the Moon is 180° for the Full
Moon and 90° for the Half Moon. As shown in Figure 1.4 it is at about
140°. In this extremely wide-angle photo, straight lines necessarily
appear as curved, only straight lines through the center of the image
appear as straight lines (horizon). Included in the picture is also a
vapor trail of a plane — a straight line that appears curved, because it
is near the border of the image. A light-ray between Sun and Moon is
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Fig. 1.4. Bastei-Bridge, Germany, at sunrise (cylindrical panorama).

a straight line connecting the Sun and the Moon, but — similar to the
vapor trail — it would appear as a curved line in the wide-angle
panorama.

The phenomenon of the “wrong” tilt of the Moon is related to how
we perceive straight lines on a spherical surface. In this case, the
sphere is the celestial sphere and the straight lines are the rays of light
from the Sun to the Moon. The straight connections between two dis-
tant points in the sky are no longer perceived as straight lines, but as
curves that follow the curvature of the sky. This happens, in particular,
when the two points are so far apart that one has to turn one’s head
to look from one point to the other. In the situation depicted in
Figure 1.4, most people would imagine the straight line between the
Moon and the Sun as an oblique line that gradually approaches the
horizon, and not as a great circle that runs high across the celestial
sphere.

The aspect of geometry, which deals with lines and figures on a
spherical surface, is called spherical geometry, which will be discussed
further on. The spherical surface is embedded in a three-dimensional
space, yet its geometry is still very similar to the geometry of two-
dimensional plane — in particular, if the sphere is very large.
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1.3 Coordinates, Dimension, and Space

What do mathematicians actually mean when they speak of “dimen-
sion”? In colloquial language, the word “dimension” usually means the
extent or size of a particular object or building. In physics, the “dimen-
sion” of a physical quantity describes the basic quantities (and, there-
fore, the appropriate units) that are necessary for its measurement.
The dimension of “velocity” is, for example, “distance per time”. That
means, that in every system of units, the unit of speed is the unit of
distance divided by the unit of time (e.g., miles per hour or meters per
second). These uses of the word “dimension” are very different from
its use in geometry.

In geometry, the dimension of a mathematical space or an object
is always the number of independent coordinates that are required to
describe its position in it. For example, a line has dimension 1 because
a single coordinate is required to describe a position on the line.
A coordinate is just a number (more precisely, a real number), but one
has to specify a coordinate origin and a unit of length (i.e., a “coordi-
nate system”) in order to interpret the coordinate (see Figure 1.5).
One often denotes the coordinate of an arbitrary point by the letter x,
which stands for any real number (positive or negative), and gives the
position of a point on the line with respect to a chosen coordinate
system, as shown in Figure 1.5 for the coordinate value x = 2.5.

A plane has the dimension 2. In order to specify a location in a
plane, one has to choose a coordinate system with two perpendicular
“coordinate axes”, as shown in Figure 1.6. Now we need two numbers,
x and y, to describe the location of a point, and we usually write them
as a pair in parenthesis, (x, y). The interpretation is as follows: In your
chosen coordinate system, start at the origin, move horizontally to the

the position x = 2.5
origin X
\' unil ol length .

-1 0 1 2 3
a coordinate system

o 4 line

Fig. 1.5. A coordinate system on a one-dimensional line.
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Fig. 1.6. A coordinate system on a two-dimensional plane.

Fig. 1.7. While the pages in a book are two-dimensional, our world has three
dimensions.

point on the x-axis with coordinate x, then move vertically on a line
parallel to the y-axis until you reach the position y.

The page of the book you are reading is an example of a two-
dimensional object. You can move left or right along the x-axis (paral-
lel to the lines), or up or down along the y-axis. In order to specify an
arbitrary point on the page one would need two coordinates. The third
dimension is entered by leaving the book page and moving vertically
away from the page along the z-axis (see Figure 1.7).
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In three-dimensional space, a position has to be described by
three coordinates, x, y, and z. To locate a point using its three coordi-
nates, we first need to select some point in space as the coordinate
origin, which receives the coordinates (0,0,0). Next, we have to specify
the coordinate axes. For this purpose, we can choose any three
mutually-perpendicular lines through the origin, and designate them
as the x, y, and z axes. Finally, we need to know the unit of length (e.g.,
inch or cm) so that we can measure distances along the coordinate
axes. As with the choice of the origin, the choice of the directions of
coordinate axes and the choice of the unit of length are arbitrary. In
most cases, the choice is made for purely practical reasons. For exam-
ple, in a rectangular room one might want to put the coordinate origin
in one of the corners of the room and define the coordinate axes along
the edges of the room. Figure 1.8 shows a common method of display-
ing a coordinate system, with the x-axis pointing forward, the y-axis
pointing to the right, and the z-axis pointing up. It is often convenient
to add arrowheads to the coordinate axes, in order to visualize the

‘ Z
the point (x,y,z) =
(3.4.5)
e 5 units in
origin z-direction
(0,0,0)
————
3 units along ' ; "
x-axis &7 Te— ;
X 4 units in y-direction

Fig. 1.8. A coordinate system and instructions to find the point (3,4,5).
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positive direction (the direction, in which the coordinate-value
increases). With respect to the selected coordinate system, each point
in space is uniquely given by a triple of coordinates (x, y, z), which are
three real numbers x, y, and z. Figure 1.8 shows how to locate a par-
ticular point with coordinates (3,4,5). It is easy: Starting from the
coordinate origin, one goes three units along the x-axis, then 4 units
in the direction parallel to the y-axis, and finally 5 units in the
z-direction, then one arrives at the point with the coordinates (3,4,5).
If one of the coordinates happens to be negative, one just counts the
corresponding number of units in the opposite direction. In fact, the
position of any point in three-dimensional space can be described in
this way by specifying three real numbers. In mathematics, three-
dimensional space is therefore identified with the set of all possible
coordinate triples (x,y,z), where x, y, and z are arbitrary real
numbers.

The concept of coordinates dates back to the French mathemati-
cian René Descartes (1596-1650). At that time, it was a rather revo-
lutionary idea that made it possible to use the methods of arithmetic
and algebra for investigations in geometry. Later, this idea also made
it possible to generalize geometry to higher dimensions — to mathe-
matical spaces in which we need four, five, or more coordinates to
indicate a location. A four-dimensional space can thus be described as
the set of all “points” of the form (x,y,z,w), where the four letters rep-
resent arbitrary numbers that are interpreted as coordinates. While
this book is primarily devoted to a study of geometry of
three-dimensional space, the last chapter of this book will take us
on a brief excursion into the fascinating realm of higher-dimensional
mathematics.

1.4 Philosophy of Space

While the definition of “dimension” as the minimum number of coor-
dinates that are required to indicate a position is from modern times,
the concept of space as a geometrical object is much older. Ancient
Greek geometers introduced the mathematical concept of space as a
model of the cosmos. It is in the books of Euclid of Alexandria, who
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Fig. 1.9. The Tetractys, the ancient Greek symbol for the hierarchical dimensionality
of the cosmos.

lived around the year 300 BCE, where the fundamental properties of
space are described in terms of a small set of axioms or postulates.
Even today, the mathematical space that serves to describe the space
of our intuition is called Euclidean space. Still earlier than Euclid,
Pythagoras and his followers had ideas relating to a structure of the
cosmos hierarchically organized by dimensions. This structure was
symbolized by the tetractys, one of the mystical symbols of the
Pythagoreans. The tetractys is a triangular figure composed of 10
points in a regular array, as shown in Figure 1.9.

This arrangement of points is nothing less than a symbol of the
cosmos. The 10 points are arranged in four rows. The first row con-
tains just one point. A point, according to Euclid, is an object that has
no parts — an object of zero dimensions. The second row contains
two points. Two points in space can be used to represent a straight
line, which is a one-dimensional object. The line through the given
points is even uniquely defined, provided that the two points do not
coincide.

The next stage of the dimensional hierarchy is in the third row,
containing three points. Three points are always in a plane, as long
as they are not collinear, that is, if they are not on the same line.
A plane is a two-dimensional object. Finally, with the four points in
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the fourth row we enter the world of three dimensions, the world we
live in. If the four points are not coplanar (that is, if they are not in the
same plane), they form the vertices of a three-sided pyramid — a
three-dimensional object. This completes the hierarchical description
of the cosmos and classifies the basic elements of Euclidean geometry
according to their dimension: point — line — plane — space.

1.5 Optical Illusions and the Limits
of Spatial Imagination

Three-dimensional geometry is an inexhaustible source of interest-
ing effects and amazing surprises. The Dutch artist M.C. Escher
(1898-1972) is famous for his naturalistic drawings of apparently
impossible objects and irregular perspectives. In some of his draw-
ings he made artistic use of the fascinating optical illusions shown in
Figure 1.10, which are known as the Penrose triangle and the Penrose
staircase, respectively.

The personal irritation felt by considering these images shows
that our brain automatically tries to construct a three-dimensional
impression even from two-dimensional images. It is a result of our
evolution, where we perceive our environment as three-dimensional
and try to interpret visual impressions as generated by a three-
dimensional scene. Our brain’s adaption to three dimensions and our
ability to accurately assess one’s own position in space in relation to
other objects has always been of importance for survival. We need

Fig. 1.10. Penrose triangle and Penrose staircase.
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to be able to sense depth and distance in order to behave accordingly
and to avert damage. The importance of depth perception is probably
the main reason for having two eyes. The sensory input from two eyes
capturing a scene from two different angles allows our brain to create
a three-dimensional impression of the environment. In the following
chapters, we will deal with the psychological mechanisms of spatial
perception and with the methods of representing three-dimensional
scenes in two-dimensional images.

Spatial perception and spatial understanding are certainly funda-
mental components of human intelligence. Yet, spatial thinking is
challenging for various people in different ways. The ability in three-
dimensional thinking involving a variety of exercises can vary with
the individual. Some examples of difficult tasks engaging different
components of spatial intelligence can be found in Chapter 2.

In this context, it is interesting (and also fun) to explore the limits
of our spatial imagination. There are many examples on the Internet
that show how easily our spatial perception can be fooled. The Neural
Correlate Society hosts an annual competition, the Best Illusion of the
Year Contest (see http://illusionoftheyear.com), which has produced
several great examples of misguided spatial perception. The ambigu-
ous objects with seemingly impossible mirror images by Kokichi
Sugihara are particularly striking (see Figure 1.11). In Chapter 14, we
will explore the ambiguous cylinder illusion (Figure 1.11(b)) in more
detail.

We have seen some examples showing the importance of three-
dimensional geometry for interpreting our perception of the world.

Fig. 1.11. Ambiguous objects by Kokichi Sugihara.
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With virtual reality beginning to enter our consciousness, we are all
the more exposed to looking at our environment more critically. This
book is intended to help you to see the world in three dimensions and
to discover some of the fascinating relationships that are the subject
of higher-dimensional geometry.
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Chapter 2

The Eight Basic Elements
of Spatial Thinking

The talent of spatial understanding is a prerequisite for developing
and understanding spatial geometry. It is, therefore, worthwhile to
analyze in more detail this ability, which is partly innate and partly
acquired. Extensive psychological research in recent years has shown
that visual perception and spatial awareness consist of several com-
ponents, each of which represents a very specialized skill. This chap-
ter describes the components of spatial thinking in detail and
illustrates them with a collection of sample problems that readers can
use to test their own skills.

2.1 Spatial Skills — How Can They Help Us?

Among the most significant developments that will affect our lives in
the future is the increasing digitalization of all areas of life, such as the
use of big data and artificial intelligence to analyze and influence our
behavior, and the growing importance of visualizations that permeate
all types of communication. All of these trends will certainly acceler-
ate in the next few years. While digitalization and big data often make
the headlines, the trend of visualizing our world is a rather gradual
process and often goes unnoticed. Nevertheless, this trend plays a
growing role in our private and professional lives and we are

15
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increasingly confronted with the task of correctly interpreting a
visual representation and drawing the right conclusions from it. In
this chapter, we will consider which special skills and which compo-
nents of our intelligence can help us process visual information, and,
furthermore, how these skills can be trained.

A well-developed visual perception and a good ability to capture
and process spatial information is certainly useful for many everyday
tasks. These include refilling a refrigerator, driving and parking a car,
and estimating distances between objects as well as the speed of
vehicles. We need to think spatially whenever we read a map or use a
compass. At first glance, navigation systems seem to make it very
easy to find the way from point A to point B. But in many situations it
is not always that easy to translate the information of the moving
map on the screen of the navigation system into the real world (see
Figure 2.1) and thereupon make correct decisions as a driver.

First we need to check our speed and then check to make sure
that the navigation system actually shows our current position on the
right street and that it really makes sense to turn right when our navi-
gation system indicates to make a right turn. If it were very easy to
follow the information from modern navigation systems, we never

Fig. 2.1. Navigation system.
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Fig. 2.2. Car accident caused by misinterpretation of a navigation system.

would see pictures of accidents like the one in Figure 2.2, where a
driver thought that the next turn to the right would lead to a street.
Instead it ended in a flight of stairs.

Here is another example. We need increasingly more spatial skills
to use modern technical tools such as a three-dimensional printer.
When using a traditional two-dimensional printer, we usually just
have to push the print button and (in most cases) the sheet of paper
will be printed correctly. Printing a three-dimensional object on a
three-dimensional printer requires spatial skills and numerous prep-
arations. First, the three-dimensional object must be moved (trans-
lated and rotated) in a way that a flat side surface of the object is
correctly positioned on the base plate of the printer.

In Figure 2.3, we see that the three-dimensional object is not yet
properly aligned with the base plate of the three-dimensional printer.
Once the virtual three-dimensional object is correctly positioned, one
has to scale the object and check whether it is properly placed on the
three-dimensional-printer surface so that all parts of the surfaces will
be printed in acceptable positions. A position is not acceptable if one
or more surfaces would be floating in space unsupported. In this case,
the three-dimensional object must either be repositioned, or the
three-dimensional printer must receive the information that it has to
print a so-called support structure. Support structures are additional
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Fig.2.3. Preparing a three-dimensional model for printing with a three-dimensional
printer (screenshot).

three-dimensional objects that are automatically generated by the
three-dimensional printer and enable printing of the originally not-
acceptable floating surfaces and that can be removed very easily after
printing from the three-dimensional object.

Another example of our modern, visual world, that is, flying a
drone (see Figure 2.4) appears to be a fairly simple activity at first.
However, let’s compare the following situations: When a drone flies
away from the pilot, and he steers it to the right, the drone will turn
to the right as seen from the pilot’s vantage point. However, if the
drone flies directly towards the pilot, the drone would turn to his left
if he steered it to the right as before. The pilot must, therefore, always
think of himself as a virtual pilot who flies with drone. This is not an
easy task, and we see that flying a drone requires well-developed
spatial thinking.

In addition, many modern-day professions require good visual
perception and spatial ability. For example, a taxi driver uses these
skills to find the best route from points A to point B. A crane operator
also has well-developed spatial skills when he places a load gently
and precisely on a construction site. A doctor must have excellent
spatial imagination when she works with medical devices in a
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Fig. 2.4. Drone (Image: Sven Teschke; Licence: CC BY-SA 3.0-de via Wikimedia
Commons).

patient’s body laparoscopically and controls the movements of the
devices on a screen. And an architect needs these skills when con-
structing three-dimensional objects such as houses or bridges while
working on a flat screen.

In a world where technological achievements play an increasingly
important role, increasingly more professional careers are based on
the fields of science, technology, engineering, and mathematics, which
are known as STEM fields. All these subjects have in common that one
needs very well-trained spatial skills to be successful. In 2009,
American researcher Jonathan Wai and his colleagues compared the
results of several long-term research projects from the past 50 years
and found consistent evidence that people with successful careers
in STEM fields already displayed high spatial abilities as adolescents.
For example, in the late 1950s in a project called “TALENT”, about
400,000 randomly selected high-school students were tested for their
spatial skills and were then tracked for over 11 years through their
subsequent professional careers. Almost all of those who earned a
Ph.D. degree in a STEM field were among the top performers on the
spatial ability test at school. As students 45% of these people even
were among the best 4% in the spatial abilities test. These results
demonstrate, in a very convincing way, that especially for all who
want to work in one of the STEM fields, it is of significant importance
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to have well-developed spatial skills. The training and improvement
of spatial skills is an essential prerequisite for STEM jobs, and thus,
an excellent pathway to science, technology, engineering, and
mathematics.

This leads to the question of whether spatial skills can be trained,
and how that training should be designed to improve these important
skills. There is, indeed, evidence that the ability of spatial thinking is
not only a genetic predisposition but can also be trained and
improved.

In the past, some folks had the notion that traits, which are geneti-
cally determined, are necessarily immutable, and that because some
traits are modifiable, they must be caused by experiences after birth.
None of these complementary positions are true. Today, we know that
some have a better genetic predisposition than others. But everyone
can train and improve their spatial skills enormously. The ability to
think spatially comprises several components, each of which must be
developed individually. We will first discuss the following two parts of
spatial thinking that are commonly called “visual perception” and
“spatial ability”.

2.2 Visual System

Visual perception is the ability to recognize and identify spatial objects
in the visual field. A necessary prerequisite is the processing of visual
information through the brain’s visual system. Visual information
enters the brain through the eyes and is then processed by neural
structures collectively referred to as the visual pathway. A schematic
representation of the brain’s visual pathway is shown in Figure 2.5.
Each eye casts a two-dimensional image of a scene onto the retina.
These images are, in fact, upside-down and show the viewed scene
from slightly shifted angles, which ultimately enables stereoscopic
viewing. The retina is a layer of tissue on the back of the eye contain-
ing light sensitive cells. These cells are named rods and cones. Rods
are only able the see black and white but no colors. The 120 million
rods in our eye are very light sensitive, which means that we see
contours of objects (in black/white) even when it is quite dark.



The Eight Basic Elements of Spatial Thinking 21

Left visua Right visual
field field

Nasal retina
—~ —~<——— Optical lens

Temporal Eye
retina

Temporal
retina

Optic nerve

Optic chiasma

Lateral geniculate
nucleus (LGN)

Primary visual cortex

Fig. 2.5. Anatomy of the optical pathway in the brain (Miquel Perello Nieto/CC
BY-SA) (https://creativecommons.org/licenses/by-sa/4.0).

To complement the vision that the rods provide, the cones are able to
see colors. We have about 6 million cones in each eye. Most of them
are located in the Fovea (centralis), which is a small area in our eyes
where we have the best vision. When illuminated with light, these
photoreceptor cells send out neuronal signals. As there are several
layers of interconnected neuronal cells in the retina, some important
steps of information processing already take place here, for example,
enhancement of contrast and detection of color and motion.

The nerve fibers, or axons, carrying the neural signals from the
retina are bundled in the optic nerve, which covers the eye’s backside.
The optic nerve transmits electrical signals from the retina into the
brain for further processing. The two optic nerves from each eye cross
each other only a few centimeters behind the eyes at the optic chi-
asma. As shown in Figure 2.5, each optic nerve is sub-divided in such
a way that the axons carrying information from the left visual field of
each eye are collected on the right side of the brain and forwarded to
the right geniculate nucleus. All nerve fibers coming from the right
visual field of each eye are collected after the optic chiasma on the left
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side and lead to the left geniculate nucleus. In the geniculate nuclei,
which are relay systems located in the thalamus, several filtering and
interpretation processes take place. After that, the optical nerves with
about 1.5 million nerve fibers are routed directly to the primary
visual cortex or visual area 1 (V1), which is an area on the back of the
brain. After V1, the visual information is being distributed to many
other visual areas of the brain, called V2, V3, V4, V5, IT (inferotempo-
ral cortex), etc., and all of these anatomical areas have specialized
functions in visual processing.

According to a well-known hypothesis, the visual information is
processed further on two neural pathways. Information relating to
shape and identity (object recognition) is processed along the so-
called What pathway (or ventral stream), which comprises the visual
areas V1, V2, V4, and IT. Information processing regarding questions
of where and when (location of objects, spatial vision, direction and
speed of motion) follow the Where/When pathway or dorsal stream
(V1, V2, V3, V5, etc.). However, much research has yet to be done to
learn more about what exactly happens after visual information
enters the brain via the primary visual cortex.

2.3 Visual Perception

With the processing of information along the visual system, there is
an increasing abstraction of the properties of what is seen. On the
other hand, numerous connections are made with other informa-
tion processing sub-networks of the brain. This enables us, when
the information finally reaches our consciousness, to correctly
interpret visual information, such as recognizing objects. The abil-
ity to recognize and identify spatial objects in one’s field of vision
is called “visual perception” which is a very complex process involv-
ing large parts of the brain and is still not fully understood on the
level of neural processes. Psychological and behavioral research
can still give us an idea of which functions and processes have to be
performed by the information processing system so that visual
perception can work.
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The Austrian social worker, educator and psychologist Marianne
Frostig (1906-1985) has dealt extensively with visual perception and
examined it in detail. In her Developmental Program in Visual
Perception, Frostig distinguishes five areas of visual perception: (1)
eye-motor coordination — the coordinated control of eye movement
and body movement (e.g., eye-hand coordination when one reaches
for something), (2) perception of figure-background — the ability to
distinguish a shape from the background, (3) perception of form con-
stancy — knowing that a shape remains the same, even if it is moved
or rotated, (4) perception of position in space — recognizing an
object’s position in its surroundings and the direction in which it is
turned, and (5) perception of spatial relationships — perceiving the
position of several objects in relation to each other (e.g., person A is
to the left of person B).

These five areas are the key components of visual perception and are
also particularly important for children’s general learning ability
(e.g., writing and reading). They are shown in Figure 2.6 as an overview.

2.4 Spatial Ability

The optical stimuli received by the brain are evaluated and processed
in numerous brain areas entrusted with specific tasks. The recogni-
tion of spatial objects in the visual field in relation to their
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O Perception of Figure-Ground
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Fig. 2.6. The five components of visual perception according to Marianne Frostig.
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surroundings is part of the visual perception. One usually considers
this as a prerequisite for the next step, which is about the ability to
keep objects in one’s mind and perform operations with them in one’s
imagination. This is called “spatial ability” and can be defined as
follows:

“Spatial ability” is the ability to create and transform spatial objects
in one’s imagination, to recognize and to establish relations between
several of these mental objects, and to mentally put oneself in different
spatial positions.

Currently, numerous research projects are based on a psychologi-
cal model where spatial ability is assumed to consist of the following
four components or “sub-skills”: (1) Spatial Visualization — the abil-
ity to create and hold a mental representation of an object or scene
in one’s mind, (2) Spatial Relation — the ability to mentally set
objects into a spatial relation to each other, (3) Mental Rotation —
the ability to mentally manipulate and rotate objects, and (4) Spatial
Orientation — the ability to mentally put oneself in different spatial
positions (see Figure 2.7).

Of concern is that the two component models just presented
(Figures 2.6 and 2.7) do not take into account the many possible rela-
tionships between the sub-components of visual perception and spa-
tial ability. A weakness in a component of visual perception is very
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Fig. 2.7. The four components of spatial ability.
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likely to affect one or more components of spatial ability. These two
areas are very closely related and should, therefore, be considered
together in the diagnosis and training of spatial skills.

To overcome these current challenges, one of the authors (Guenter
Maresch) developed a new structured model of spatial thinking that
combines into a single model the two areas of visual perception and
spatial ability. This model, which will be described in detail in the fol-
lowing section, is intended to clarify open scientific questions and to
enable everyone (especially educators at all levels) to comprehen-
sively diagnose, train, and foster one’s visual perception and spatial
abilities.

2.5 The Eight Basic Elements of Spatial Thinking

In this chapter, we present our model of spatial thinking. It combines
and rearranges the sub-skills of visual perception and spatial ability
into eight new basic elements, as shown in Figure 2.8. Each of the
eight elements will be described in detail and will be accompanied by
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Fig. 2.8. A model with eight elements describing the ability of spatial thinking.
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some examples of typical tasks along with training items that illus-
trate the special skills related to each element. We believe that these
new items are to a higher degree independent of each other than the
classical components of visual perception and spatial ability. Moreover,
it should be easier to test (or improve) them individually without
interference from other elements.

The elements 1-5 of the model shown in Figure 2.8, Visualization,
Form Constancy, Position in Space, Transformation in Space, and
Object Combination, are successive steps that build on one another,
the most basic one being Visualization. Figure 2.7 shows them in
ascending order. In general, children and students gradually develop
these five spatial skills. The other three basic components, which are
Dynamics, Fine Motor Skills, and Spatial Orientation, are mostly
independent of the first five levels, and therefore, develop at an indi-
vidual pace.

The first years of life bear the highest potential for the develop-
ment of all basic skills. Up to the age of 13 or 14 years, the basic ele-
ments 3, 4, and 5 are developed on average up to about 80%. Results
from current research show that the ability of Spatial Orientation
grows slower than the elements 3, 4, and 5. In Figure 2.9, we show the
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Fig. 2.9. The development of Spatial Orientation and other elements of spatial thinking.
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development of the ability of Spatial Orientation in comparison to
three other elements of spatial thinking.

We now describe the special skills by which each of the eight
basic elements of spatial thinking are defined. This is best under-
stood by considering some typical geometrical problems whose solu-
tions require these special skills. The selection of problems presented
below constitutes just a few representative examples, which by no
means cover the entire area of competence of the respective element,
which would require at least 20 different problems for each
element.

Currently, further test items and training units are being devel-
oped, which should enable educators in all educational areas to
diagnose and train the skills of students of all ages in the area of
spatial thinking. All eight areas of competence can be addressed
specifically and individually, using test items, tasks and problems
similar to those presented below. The best success is guaranteed
if this training is carried out continuously throughout the K-12
school years.

2.6 Element 1: Visualization

The most basic element in the model is here called Visualization,
which is the ability to recognize and focus attention on relevant
aspects of a presented image. Spatial objects can be recognized
within a pictorial scene by their contours, colors and specific pat-
terns. At this stage, individuals master the separation of background
and shape and are able to separate relevant from irrelevant infor-
mation. Spatial objects can be recognized in different forms of rep-
resentation and from different vantage points. The element
Visualization is related to Frostig’s figure-background component of
visual perception. At this first stage, neither objects nor viewers are
in motion. The ability of Visualization can be tested with tasks simi-
lar to those presented in Figures 2.10-2.13. Solutions are given in
Section A.1.
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Where is the monkey hidden in this picture? Paint the monkey brown.
Where are the two boats in this picture? Paint the two boats blue.

Fig. 2.10. Problem 1 illustrating the ability Visualization.

2.7 Element 2: Form Constancy

The ability Form Constancy means that simple planar and spatial
objects (e.g. triangles, circles or spheres) can be identified by their
characteristics and can be reliably recognized in different forms of
representation, different views and variations, and in different
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Visualization - Problem 2:

How many edges does the solid have?
How many corners does the solid have?

How many side surfaces does the solid have?

Fig. 2.11. Problem 2 illustrating the ability Visualization.

environments. Different forms of presentation, for example, are free-
hand sketches, ruler and compass designs, photos, computer images,
or real models, but may also differ in brightness or with a different
background from one another. Views may differ in the viewing angle
from which an object is viewed (e.g., top/bottom, side, closer/
further). Different variations of an object can, for example, be charac-
terized by different sizes, colors and patterns. The ability Form
Constancy means that one can not only recognize similar objects, but
can also draw and describe them verbally. This element builds on the
visualization ability and is similar to the corresponding component of
Frostig’s five-level model of visual perception. Some tasks for testing
the ability Form Constancy are shown in Figures 2.14-2.16. Solutions
are given in Section A.2.
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Visualization - Problem 3:
Color all the top sides with blue color.
Color all the front sides with red color,
Color all the right sides with green color.

Fig. 2.12. Problem 3 illustrating the ability Visualization.

2.8 Element 3: Position in Space

The ability to identify different positions in space is the third basic
element. Positions of objects relative to each other (such as top/
bottom, front/back, left/right, or horizontal /vertical) can be detected.
In addition, the positioning of objects with given spatial relationships
is considered mastered, if one can position objects in different views
and in different forms of presentation at appropriate positions, or to
generate them in one or more view(s), or to transfer a specific posi-
tion of a spatial object to another view. The objects that may be fully
or partially visible at position-in-space problems may not be moving
and usually must not even be moved mentally by the viewer. The abil-
ity Position in Space is illustrated in Figures 2.17 and 2.18. Solutions
are given in Section A.3.
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Visualization - Problem 4:

How many spheres are there?
How many cubes are there?
How many cones are there?

How many prisms are there?

Fig. 2.13. Problem 4 illustrating the ability Visualization.

2.9 Element 4: Transformation in Space

Mastering different basic Transformations in Space is characteristic of
the fourth basic element of spatial thinking. References between the
source object and the target object (before and after spatial transfor-
mations) can be detected. The basic spatial transformations of this
routine include rotation, translation, mirroring, and scaling of two-
dimensional and three-dimensional objects. Problem solvers and
objects are — as in the examples before — at rest and not moving. But
in contrast to the three examples before, here the problem solver
must mentally move the given objects. The objects are either com-
pletely or partially visible in the start and end positions. This fourth
basic element has references to Frostig’s factor position in space and
to the factors of visualization, mental rotation, and spatial relation of
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Label all cylinders in each of the images with “17.

Label all spheres with "2”, all cubes with "3", and all pyramids with "4".
Do you know the name of the solids which are still not labeled?
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Fig. 2.14. Problem 1 illustrating the ability Form Constancy.

the spatial ability factors. In particular, it focuses on the ability to
understand and then physically and mentally perform fundamental
spatial transformations. Some tasks illustrating the ability to perform
transformations in space are illustrated in Figures 2.19-2.21. Solutions
are given in Section A.4.

2.10 Element 5: Object Combination

The fifth basic element Object Combination describes people’s ability
to mentally recognize and create cuts of two or more spatial objects,
and mentally recognize and create supplementary parts of given
objects and Boolean operations (difference, union, and intersection).
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Form Constancy - Problem 2:
Each row presents four figures. One of the figures is slightly different from the

others. Can you find the one in each row, that differs from the others?

() G Y Gl
@/ K| R
LL4L 40

Xy Y

USINES I SIS

Fig. 2.15. Problem 2 illustrating the ability Form Constancy.

It is not about how the individual parts can be transformed in order
to be combined into a total object, but about recognizing spatial
objects even if they are cut off or show further combinations (inter-
section, differences, union) with other objects. The basic routine
transformation in space is primarily concerned with the recognition
and control of spatial transformations, whereby, this component iden-
tifies an at-least mental dynamic facet. In the basic element Object
Combinations, the analysis and consideration of spatial objects are in
the foreground, which are cut off, or penetrate, and can, therefore, be
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Label all objects that are similar to each other with the same number.

Start labeling all spheres with 1, all cylinders with 2, etc.

3

Fig. 2.16. Problem 3 illustrating the ability Form Constancy.

Complete the f a
-The spherais to the ............... (leftiright) of the cone.

- The cylinderis ......... (in front offbehind) the cone.
- The cone is to the . . (leftiright) of the sphere.

- The cylinderistothe ............... (left/right) of the sphere.

Fig. 2.17. Problem 1 illustrating the ability Position in Space.
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Position in Space - Problem 2.

Color all the sides of the given object in the center of the image with different colors,
Color the front view (the object as seen from the front) in the coordinate system (y", 2").
Then color the side view (the object as seen from the right side) in the coordinate system

Finally, color the top view (the object as seen from the top) in the coordinate system
(', y') in the lower part of the figure.

z / bz Front ‘
we‘ﬂ /|f Y A2 ~— Vlew
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Fig. 2.18. Problem 2 illustrating the ability Position in Space.

regarded as a predominantly static aspect. The considered objects are
mostly only partly present or visible. Tasks illustrating this ability are
presented in Figures 2.22 and 2.23. Solutions are given in Section A.5.

2.11 Element 6: Dynamics

The first five basic elements mentioned above (Visualization, Form
Constancy, Position in Space, Transformation in Space, and Object
Combination) tend to develop sequentially in humans. Only mastering
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Transformation in Space - Problem 1:

A white die on a quadratic grid is given. The die is a classic die, with one to six
dots on each of its sides. All the sides are arranged in such a way that the sum
of the dots on opposite sides of the die is always seven.

In this image, there are six different paths indicated. Each path starts at the
current position of the die. In your mind, “roll” the die along each path and
determine for each end position the number of dots on top side of the die.

Fig. 2.19. Problem 1 illustrating the ability Transformation in Space.

the abilities of one element, makes it possible and easier, to develop
and strengthen the skills of a subsequent element. The three other
basic elements (Dynamics, Fine Motor Skills, and Spatial Orientation)
are a bit more independent in terms of development, as they address
different continuing capabilities of spatial thinking.

The element Dynamics focuses on the recognition of movements
and speeds. The first five basic elements, without exception, deal
with abilities which presuppose resting problem solvers and station-
ary spatial objects. The basic element Dynamics describes the ability
of people to be able to follow moving objects while the problem
solver is at rest and to be able to anticipate different courses of
motion. Other aspects of the element Dynamics are, for example, the
ability to bring sequences of images of moving objects into the cor-
rect order (such as images of a spinning carousel), the ability of the
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Transformation in Space - Problem 2:

Draw a mirror image of a given object, as shown in this example.
Object: Solution:

Now try it yourself with the following objects. The cube grid helps you to

il

draw the mirrored object.

Fig. 2.20. Problem 2 illustrating the ability Transformation in Space.

recognition and appreciation of motion patterns with or without a
scenic background, and the ability to estimate, if and when two mov-
ing objects are colliding. It also includes the ability to move objects
so that they can reach a goal at a certain time. Some tasks for testing
the ability Dynamics are shown in Figures 2.24 and 2.25. Solutions
are given in Section A.6.
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Transformation in Space - Problem 3:

Draw a rotated image of a given object, as shown in this example.

Solution:

Now try it yourself with the following object. The cube grid helps you to draw

the rotated object.

Fig. 2.21. Problem 3 illustrating the ability Transformation in Space.

2.12 Element 7: Fine Motor SKkills

The Fine Motor Skills routine monitors whether the visual stimuli and
information after their processing in the brain are passed on to the
(fine) motor brain areas and lead to appropriate fine motor activities.
Many everyday activities require a well-developed visual perception,
which is the ability to be able to record and filter visual information
appropriately through our optical apparatus, and to be able to relay
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The object on top consists of 19 small cubes. Which of the six objects shown
below can be used to complete the object on top so that the result is a cube
made of 3 x 3 x 3 small cubes? At least one or more of the objects can
provide a correct solution. The objects can be moved and/or rotated as
needed.

~h~
] P

Fig. 2.22. Problem 1 illustrating the ability Object Combination.

it to the brain in a stable manner, and also to enable the recognition
of spatial objects. They also require well-trained spatial ability, which
is the ability to process spatial objects in a purely mental way and to
be able to imagine themselves in scenes from other perspectives.
Finally, a well-coordinated (fine) motor apparatus is needed that
enables us to realize mentally planned movements and to be able to
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Object Combination - Problem 2

A red pyramid and a blue cuboid are given. Using a pencil, draw freehand
(without a straightedge) the union of both solids for the top left figure. For the
top right figure draw the intersection of both solids. For the two bottom solids
draw the two possible results of the differences of both solids (pyramid
minus cuboid and cuboid minus pyramid).

Difference Difference

Pyramid minus Cuboid Cuboid minus Pyramid

Fig. 2.23. Problem 2 illustrating the ability Object Combination.

make drawings and constructions, as well as to be able to write or
hammer a nail into a wooden board. The basic routine of Fine Motor
Skills shows an affinity for the so-called eye-hand coordination of
Marianne Frostig, and therefore, observes the ability of humans to
match visual and (fine) motor stimuli and, thus, the ability to follow
certain visual information with appropriate real movements (such as
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Anne, who stands beside the platform, takes three consecutive pictures with
her camera from the same direction, while the platform with some people and
a dog on it is rotating around its center in a clockwise direction. Unfortunately,
the three pictures get mixed up and Anne wants to place them in the correct
order. Please help Anne place the pictures 1, 2, and 3 in the correct order by
keeping in mind that the platform was rotating in a clockwise direction, which is
indicated by the arrow in the first image.

Picture 1

Picture 3

Picture 2

Fig. 2.24. Problem 1 illustrating the ability Dynamics.

draw tracks with a pencil, draw with both hands and move real
objects to specific positions). This ability is illustrated by the tasks
shown in Figures 2.26 and 2.27. Solutions are given in Section A.7.

2.13 Element 8: Spatial Orientation

Finally, the ability Spatial Orientation is mainly aimed at being able to
mentally switch into other positions of a spatial scene. Spatial
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Dynamics - Problem 2

In this figure, part B that makes the other part move is called the driver. The
black circle in the center of part B represents the axle, which can turn but
cannot move from where it is shown. Part A can only move harizontally.

Now answer the questions below.

A
— B(@ —

1. If part B starts moving in the direction shown, which way will part A
move? In the direction 1 or 27

2. In which direction will part A be moving when part B has turned
halfway around from where it is now? 1 or 2?

Fig. 2.25. Problem 2 illustrating the ability Dynamics. Based on Figure 114 from Brown.'

Orientation is the ability to be able to imagine certain spatial scenes
from different perspectives, and then mentally move into other posi-
tions in a spatial scene. It is the only one of the eight basic elements of
spatial thinking in which the problem solver mentally moves in the
given spatial scene. The basic element of Spatial Orientation also
includes the ability to determine (after moving in a real scene) specific
distances and angles to other objects in the scene. The ability of Spatial
Orientation, which is processed neurologically in the hippocampus
and in the adjacent entorhinal cortex, is a decisive prerequisite for a
successful practical life-management. The ability Spatial Orientation is
needed to complete the tasks shown in Figures 2.28-2.30. Solutions
are given in Section A.8."

' Brown, Henry T. (1868). Five Hundred and Seven Mechanical Movements: Embracing
all those which are most important in dynamics, hydraulics, hydrostatics, pneumat-
ics, steam engines, mill and other gearing ... and including many movements never
before published, and several which have only recently come into use. New-York:
Coombs & Co.
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Do you see the car standing at the “Start” point of the street? A person who is
sitting in the car wants to drive home to the house, which is labeled with the
word “Finish™. The person wants to drive very carefully along the street, which
has red colored borders. Use a pencil to trace the path that the person in the
car drives right in the middle of the street to the house. Remain exactly in the
middle of the street with the pencil and do not touch the border lines of the
street. Try to draw the line without a break.

Fig. 2.26. Problem 1 illustrating Fine Motor Skills.

Wire loop game: Guide the metal loop carefully along the curved wire without
touching the wire. If you touch the wire with the loop, then a light will go on or
a sound will be heard.

https:/icommons. wikimedia.org/wiki/File: Wire_loop_game.jpg

Fig. 2.27. Problem 2 illustrating Fine Motor Skills.
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Eight pictures of five houses were taken from the various positions indicated
as numbers 1 to 8 in the top image. Two of these pictures are shown below.
Can you identify the positions from which the two pictures were taken?

Fig. 2.28. Problem 1 illustrating the ability Spatial Orientation.

2.14 Crosslinks to Mathematics and
Writing/Reading

The model of the eight basic elements of spatial thinking reflects the
present competence models of geometry, takes into account current
neurological findings, shows clear links to the five levels of visual per-
ception of Marianne Frostig, and integrates the relevant factor-related
results of spatial ability research. Cross connections of spatial ability
and visual perception to other abilities and skills, such as



The Eight Basic Elements of Spatial Thinking 45

Spatial Orientation - Problem 2

Imagine that you are flying in a helicopter once around a small village. Here
is a map of the village and the flight path of the helicopter around the village,
indicating the direction of the flight (clockwise) and the starting point.

Start

During the flight, a photographer in the helicopter takes three pictures of the
village. Unfortunately, the order of the pictures gets mixed up.
Your task is to arrange the pictures A, B, and C in chronological order

Fig. 2.29. Problem 2 illustrating the ability Spatial Orientation.

mathematical performance or the ability to write and read are
examined in various studies. In 2015, Zachary Hawes and colleagues
from the University of Toronto discovered that students with well-
developed spatial thinking are better in mathematics than others. This
fact is most evident on missing term problems, suchas 5+ __=7.1It
seems that if children are good in spatial thinking, they are also able
to approach this kind of mathematical problem through spatially reor-
ganizing the problems, for example, 5+ __ =7 becomes __ =7 - 5.
This - according to Hawes - is an important finding, as it is the first
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The image at the left shows the top view of a parking area where nine cars
are parked. In addition to the cars and the trees, there is a large orange ball
at the bottom of the image. A photographer takes two pictures of the parking
area. For each of the pictures at the right, he stands next to one of the nine
cars and focuses on the big sphere. Determine from which car the
photographer took the respective picture.

Fig. 2.30. Problem 3 illustrating the ability Spatial Orientation.

empirical study to demonstrate the potential of spatial training as a
means to facilitate calculation performance.’

Expected examples of the basic elements of spatial thinking
with writing and reading are formulated in Table 2.1. Here, we
exemplify the sometimes-complex and close links between spatial-
visual abilities and other basic abilities as well as the skills of
humans on the connections of spatial thinking to writing and
reading.

*Hawes, Z., Tepylo, D., & Moss, ]. (2015). Developing spatial thinking: Implications for
early mathematics education In B. Davis and Spatial Reasoning Study Group (Eds.),
Spatial Reasoning in the Early Years: Principles, Assertions and Speculations
(pp- 29-44). New York, NY: Routledge.
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Table 2.1. Relationships of the eight basic elements of spatial thinking with writing

and reading.

Basic elements

Exemplary relations to writing and reading

Visualization

Form constancy

Position in space

Transformation in space

Object combination

Dynamics

Fine motor skills

Spatial orientation

Recognize letters even if they are printed on colored
paper or paper with patterns (e.g., on posters,
or graph paper)

Among other things for recognizing letters in general and
letters in different styles and fonts

Recognize order of letters in words

Among other things important for the distinction
between the letters b and d, m and w, or p and q

Recognize word blocks (e.g., abbreviations, connections)

Read moving tickers (e.g., on screens of digital devices,
railway stations, cinema, public transport)

Basic precondition for the activity of writing

Read mirrored written words correctly

A. Appendix — Solutions of the Problems

A.1 Solution of the Visualization Problems

2

This solid has
30 edges

20 vertices

12 side surfaces

4

There are 2 spheres, 2 cubes,
1 cone, and 1 prism

Fig. A.1. Solution of the four problems illustrating the ability Visualization.
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A.2 Solution of the Form Constancy Problems

The solids, which are not labeled
by numbers are called

A: Dodecahedron, B: Torus,

C: Cone, and D: Ellipsoid

Fig. A.2. Solution of the three problems illustrating the ability Form Constancy.

A.3 Solution of the Position-in-Space Problems

1 2
Complete the following sentences:
- The sphere is to the left of the cone.
- The cylinder is in front of the cone.

- The cone is to the right of the sphere.
- The cylinder is to the right of the sphere.

Fig. A.3. Solution of the two problems illustrating the ability Position in Space.
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A.4 Solution of the Transformation-in-Space Problems

Fig. A.4. Solution of the three problems illustrating the ability Transformation in
Space.

A.5 Solution of the Object-Combination Problems

Problem 1: The parts that can be used to complete the cube are B
and D.

Problem 2: See Figure below.

vty

Union Intersection Difference Difference
Pyramid minus Cuboid Cuboid minus Pyramid

Fig. A.5. Solution of problem 2 illustrating the ability Object Combination.
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A.6 Solution of the Dynamics Problems
Problem 1: Anne took the photos in the following order: Picture 3 —

Picture 1 — Picture 2.

Problem 2: Answer to question 1: If B starts moving, A will move in
direction 1.

Answer to question 2: After a half-turn of B, A will move in
direction 2.

A.7 Solution of the Fine-Motor-Skills Problems
Problem 1: The solution is correct if a line is drawn between the

given red lines without touching them.

Problem 2: When performing this task with the actual device, any
error will be indicated by the light or by a noise.

A.8 Solution of the Spatial-Orientation Problems
Problem 1: Picture A was taken from position 2 and the picture B

was taken from position 7.

Problem 2: The photographer took the picture C first, then picture
A and finally picture B.

Problem 3: For picture A, the photographer was next to car 2, for the
picture B next to car 4.



Chapter 3

Spatial Representation

Now that we have seen how important spatial perception is for our
lives and how the brain processes spatial sensations, we will ask how
these spatial impressions can be conveyed from person to person.
One then can ask how a spatial scene can be represented on a piece of
paper so that the viewer can correctly interpret the scene. This ques-
tion has played an important role in art history, since it has long been
regarded as the task of a draftsman or painter to present on paper a
real or imagined scene in a realistic way. This is by no means an easy
task. After all, one has to convince the viewer to imagine a three-
dimensional scene by looking at a two-dimensional flat piece of paper
or canvas. An understanding of how this can be achieved has devel-
oped slowly and gradually over a period of several centuries.

3.1 Parallel Projection

The easiest way to obtain a two-dimensional representation of a
three-dimensional object is by a so-called parallel projection, which is
still used today in technical drawing. We illustrate this method in
Figure 3.1 using a wireframe model of a cube. Let us assume that the
model is illuminated by parallel light rays from a distant source such
as the Sun. The model casts an image onto the flat screen, this is the
projection plane (the vertical plane at the left in Figure 3.1, also called
image plane). The image is the two-dimensional picture of the cube.

51
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object
(a cube)

o/

parall

image
(parallel projection)

.'f,

(orthogonal projection)

Fig. 3.1. Parallel projection of a wire-frame model of a cube.

In the illustration, we indicated the parallel light rays with oblique
lines connecting the corners of the cube with the corresponding
points on the two-dimensional projection. Note that the appearance
of a cube in the projection can be very different, depending on the
angle of incidence of the light rays and the orientation of the cube in
space. For example, the projection onto the ground through vertical
light rays from above is simply a square, which is also shown
in Figure 3.1. A parallel projection, where the projecting rays are
perpendicular to the projection surface, is called an orthogonal
projection.

In Figure 3.2, we show the image of the cube on the projection
plane, which is how one would actually see this image when one looks
straight on the vertical projection plane in Figure 3.1. In this arrange-
ment, two sides of the cube are parallel to the projection plane, and
therefore, their shadow image, shown in Figure 3.2, is a square the
same size as the side of the cube.

Note that the perception of this image has a certain ambiguity.
One can see it in two ways, depending on which of the “interior
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projection plane

Fig. 3.2. Two-dimensional image of the cube on the projection plane.

Fig. 3.3. Two possible interpretations of Figure 3.2.

corners” in the image one perceives to be at the front. Figure 3.3
shows the two possible interpretations. Here we use dashed lines to
indicate the edges at the back, which are further away from the
viewer.

If you rotate the cube in space, eventually all sides in the parallel
projection get distorted into parallelograms. All the images of cubes
in Figure 3.4 can be interpreted as shadows of wire-frame models cast
onto a flat surface (projection plane). Depending on the angle between
the projection rays and the projection plane, some edges of the cube’s
image can become greatly elongated while others appear rather
short. Therefore, parallel projections do not always give realistically-
looking images.

While some of the views obtained via a parallel projection are
acceptable, one cannot claim that a parallel projection gives a realistic
impression of the three-dimensional world on a two-dimensional
surface. If the projection is made from the side and the rays hit the
projection plane at a very oblique angle, as in Figure 3.5, the image is
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projection plane

Fig. 3.5. Projection with very obliquely incident light.

drawn in a very elongated fashion and the object is difficult, if not
impossible, to recognize.

Figure 3.6(a) shows the result of the projection in Figure 3.5. The
result is barely recognizable as a silhouette of a cube. But if one looks
at the image from about the same direction from which the projection
was made (that is, obliquely from the top right), one can see a clear,
undistorted image again, as in Figure 3.6(b).
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projection plane

(a) (b) \

Fig. 3.6. Distorted image of a cube generated by an oblique parallel projection as in
Figure 3.5.

A distorted projection where the viewer is required to occupy a
specific vantage point in order to see the image undistorted, is called
anamorphosis. The German renaissance painter Hans Holbein the
Younger (ca. 1497-1543) demonstrated anamorphosis in his famous
image “Die Gesandten” (“The Ambassadors”), shown in Figure 3.7.
Among the many symbols contained in this image, the strange shape
in the foreground is particularly striking. It is a distorted image of a
skull, clearly a reference to mortality. Holbein created this distortion
by a sophisticated method of “oblique projection”, which is quite simi-
lar to the method used for Figure 3.6. We can also look at both images
from approximately the same direction to get a more realistic view of
the object. In Figure 3.8, we show Holbein’s image from the side (from
a vantage point to the right of the image and close to the image plane).
Here, we can recognize the nature of the object in the foreground,
further highlighted by the enlarged view in Figure 3.8.

The main problem that renders the method of parallel projection
unsuitable for realistic imaging is that distant objects are shown in
the same size as nearby ones. This makes it sometimes difficult to
interpret a scene. We illustrate this problem in Figure 3.9(a), where
the difference in height of the location of the two pawns cannot be
seen, which leads to profound irritation. The perspective illustration
on the right brings clarity as to how to interpret this scene.
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Fig. 3.7. “The Ambassadors” (1533) by Hans Holbein the Younger, The National
Gallery, London.

The same effect can be used to obtain three-dimensional interpre-
tations of the impossible triangle and the Penrose staircase shown
earlier (see Figure 1.10). The Dutch graphic artist Maurits Cornelis
Escher (1898-1972) made use of this illusion in several of his litho-
graphs, for example in Ascending and Descending (1960) or Waterfall
(1961).

3.2 Central Projection and Perspective

An important breakthrough in the art of creating realistic representa-
tions of three-dimensional objects and scenes was the invention of
perspectivity in medieval European art. This invention did not happen
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(b)

Fig. 3.9. Parallel projection of a scene (a) and perspective view from another van-
tage point (b).
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Fig. 3.10. Incorrect use of perspective. Codex 2537, ONB Vienna, fol.103 and 268,
early 15" century.

spontaneously, but took place in several incremental steps. The artists
understood very early on that objects farther away have to be drawn
smaller and closer objects have to be drawn larger. Our brain auto-
matically interprets the size reduction of an object as a greater dis-
tance in the third dimension. But from there, the way forward is less
clear. It is clear that horizontal lines leading away from the viewer
have to be somehow drawn obliquely, but to what extent, is not easy
to say. Figure 3.10 shows an example of book illustrations by an
unknown artist from the early 15" century, in which the artist tried to
place people in a three-dimensional environment. However, the use of
perspective appears inconsistent and does not really give the illusion
of spatial depth.

The basic idea of perspective drawing is easy to explain and easy
to use. Suppose we stand at arm’s length behind a window and look
through it at a three-dimensional scene. We should close one eye and
look at the scene with the other eye, and then draw with a (erasable)
marker pen on the window-pane exactly what we see behind it. It is
important that you do not move your head while you draw the scene,
as we have shown in Figure 3.11.

This method has already been widely used during the Renaissance.
Figure 3.12 shows an illustration by famous German artist Albrecht
Diirer (1471-1528), where the artist fixes the eye with a visor and
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Fig. 3.11. Drawing on a window. Mapping a three-dimensional scene onto a two-
dimensional surface.

paints an outline of the figure to be portrayed on a glass plate clamped
into a frame. The title of the illustration is “A draughtsman establishing
details for a portrait, using a perspective apparatus for drawing on glass”.

A schematic representation of this situation is shown in
Figure 3.13. Here, the “window” shown in Diirer’s illustration corre-
sponds to the xz-plane. The three-dimensional scene is represented
by a simple geometric object — a cube. The two-dimensional image of
the three-dimensional object is created in the xz-plane. Its points
on the projection plane are created by intersecting the lines of sight
from the eye to the points of the object.

Figure 3.14 shows the result, a two-dimensional view of the cube
obtained from the projection method described in Figure 3.13. It gives
a very realistic impression of the three-dimensional object, quite
similar to the impression that you get when you take a photograph of
the cube.
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Fig. 3.12. Illustration by Albrecht Diirer (1471-1528), for a “Course in the Art of
Drawing”, published in Nuremberg 1525.

image point

line of sight

eye

Fig. 3.13. Creating a two-dimensional image of a three-dimensional scene.

This method of creating a perspective view is called “central pro-
jection”. The idea behind this method is very old and had already been
described by the Greek mathematician Euclid, who lived around 300
BCE, and is famous for his monumental multi-volume work Elements,
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Fig. 3.14. Perspective image of a cube (as it appears in the projection plane of
Figure 3.13).

which is a comprehensive treatment of the mathematics of his time.
Euclid also wrote a book entitled Optics (Greek: ‘Ontika) that dealt
with the geometry of vision. He postulated that in order to see an
object, the eye sends out visual rays, which are straight lines connect-
ing the eye with points on the object, very much like the lines shown
in Figure 3.13. Indeed, there seem to have been systematic efforts to
develop a system of perspective in ancient Greek art, especially for the
purpose of designing a theater stage. The name “scenography”
denotes the art of scenic painting, especially for the purpose of creat-
ing the illusion of depth on a stage. This art had been developed to a
somewhat limited extent prior to Euclid’s work by Agatharchus of
Samos, who lived in the 5" century BCE, and is said to have used
graphical perspective in his work. Around 465 BCE, the tragedian
Aeschylus (525-456 BCE) commissioned Agatharchus to set the stage
for one of his dramatic works. The result was undoubtedly a great
success, because of the lifelike and convincing visual effect in the rep-
resentation of spatial depth, which had been given great praise. Some
later commentators and historians even regarded Agatharchus as the
inventor of central projection. However, very little of the visual art
from that time has been preserved (except for some vase paintings
and murals), and so we cannot really know which methods were used
in antiquity to achieve a spatial effect in painting.
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In any case, accurate perspective methods of drawing in the mod-
ern sense are an invention of the early Renaissance. Italian architect
Filippo Brunelleschi (1377-1446), who designed the magnificent
dome of the Florence cathedral, is usually credited to have developed
the first systematic and precise method of using perspective in
drawing — the well-known method of using one or more “vanishing
points”. This method helps us to create a correct perspective view,
even if there is no glass pane or similar device (as in Figure 3.12)
available to copy a three-dimensional scene.

3.3 Perspective Drawing Using Vanishing Points

We shall begin using the method with one vanishing point, which is
quite simple and works well for creating a perspective view of special
types of spatial scenes. Let us consider the image obtained by the
projection method shown in Figure 3.13, when applied to a model
room. The setup is shown in Figure 3.15, and the result in Figure 3.16
shows the image on the projection plane, that is, the view obtained
when looking straight into the room.

Let us focus on the lines that are perpendicular to the image
plane (the long edges of the room). In the three-dimensional scene
(Figure 3.15), these are parallel lines leading away from the viewer.

3 jan
projection E’/7— model room
_,/

eye

Fig. 3.15. Applying a central projection to a wire-frame model of a room.
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vanishing

point
w horizon

Fig. 3.16. Perspective image of the room on the projection plane of Figure 3.15.

In the two-dimensional image, Figure 3.16, these lines are no longer
parallel, instead they appear to converge to a particular point in the
center of the image. This point is called the “vanishing point”. In
everyday life, the vanishing point is where parallel railroad tracks
seem to merge at an infinite distance on the horizon.

Among the most noteworthy pieces of art that use this method
are those by some of the famous Italian artists such as: Leonardo da
Vinci’s: (1452-1519) “The Last Supper” (Figure 3.18), and Raphael’s
(1483-1520) “The School of Athens” (Figure 3.20). In the case of da
Vinci’s “The Last Supper”, which is located on the wall of an empty
room in the former church Santa Maria delle Grazie in Milan, Italy,
the observer on the other side of the room would have the feeling
that the table actually exists with its characters as shown. The
vanishing point is just behind Jesus’ head, drawing the viewer’s
attention to the main character (Figure 3.19). It is the first time after
many renditions of Last Supper paintings in previous centuries that
true depth perception was achieved. One of these earlier versions of
the Last Supper is shown in Figure 3.17. About 14 years after
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Fig.3.17. The Last Supper (13" century CE) as a mosaic in the Basilica di San Marco,
Venice.

Fig. 3.18. Leonardo da Vinci, The Last Supper (1495-1498), fresco in the Santa
Maria delle Grazie, Milan, Italy.

Leonardo da Vinci, Raphael, in his “School of Athens” also uses the
method of placing the main characters Plato (left) and Aristotle
(right) together with the architecture’s vanishing point at the center
of the image (Figure 3.20).
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Fig. 3.20. Raphael (1483-1520), School of Athens (1509-1511), fresco in the
Apostolic Palace, Vatican.

3.4 Two-Point Perspective

Linear perspective becomes more complicated, when more groups of
parallel lines are involved.
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Fig. 3.21. Two-point perspective.
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Fig. 3.22. [Illusion of depth in a checkerboard pattern.

Figure 3.21 shows an example of a perspective image with two
vanishing points. The two sides of the building force us to consider
two groups of parallel lines, which converge to two different vanish-
ing points in the image plane. All vanishing points of the straight lines
that are parallel to the ground plane are situated at the horizon. In
this case, the horizon is determined by the horizontal line represent-
ing the eye-level of the observer.

A brilliant trick using the two-point perspective already enabled
Renaissance artists to position objects in a scene so as to provide the
convincing illusion of spatial depth. Consider Figure 3.22, showing an
image of a room created with the technique using a single vanishing
point, as described earlier and as illustrated in Figure 3.15.
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The special issue with this picture is that the floor of the room is
paved in a checkerboard pattern. In the final image, the horizontal
rows of this tiling must, of course, be drawn closer and closer together
in order to simulate the increasing distance from the viewer. In order
to determine the spacing of the horizontal lines in the checkerboard
pattern, one could use the following construction with two vanishing
points.

The artist starts by drawing the lines pointing away from the
observer using the vanishing point in the middle of the room. These
lines start at the horizontal front line of the image, which, for this
purpose, is subdivided into parts of equal length. Next the artist cre-
ates the first row of squares at the bottom of the image, by drawing
the first horizontal line at a position that looks as realistic as possible.
The artist proceeds with determining the vanishing point of the
diagonals of all the squares, which is shown in Figure 3.22, as the
second vanishing point to the right, and far outside the final image.
The diagonals will not appear in the final picture, they are just auxil-
iary lines in the construction. Of particular interest are the intersec-
tions of these diagonals with the lower right edge of the room. These
intersections are, of course, the corner points of the square tiles laid
along this edge. Therefore, they also mark the positions of the hori-
zontal lines that determine the horizontal rows of the checkerboard
pattern. The depth of the room is then determined by the number of
rows of the floor tiling, in this case, the room is nine rows deep. The
appearance of the picture depends on how wide the first row of floor
tiles was drawn at the beginning of the construction. If this were
drawn very narrowly, the room would appear as if photographed with
a telephoto lens, while a large width would give the impression of a
wide-angle lens.

3.5 The Pinhole Camera

In the mathematical theory of central projection, it is possible
to change the place between the “eye” and image plane, as in
Figure 3.23. This figure shows the principle of a “pinhole camera”.
A pinhole camera (or “camera obscura”) is a dark box with a little hole
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object

Fig. 3.23. Pinhole camera.

on one side. Light enters through this hole and creates an upside-
down image of the scene on the backside of the box. Using translucent
paper as a screen on the back of the box, one can easily view the pro-
jected image, provided that a bright light from outside is prevented
from shining onto the screen.

The pinhole camera creates a perspective image of the three-
dimensional scene in front of the hole. The image, which is upside-
down, has no distortion (straight lines are always mapped onto
straight lines) and everything is in focus (the depth of field extends
almost from the front of the camera to infinity). An example can be
seen in Figure 3.24, created with a modern camera, where the lens
has been replaced by a 0.2-mm hole in aluminum foil attached to the
camera body:.

The sharpness is not ideal. A point-like source of light illuminates
a small disc on the image plane that is slightly larger than the hole
itself (see Figure 3.25). Hence, every point of the real scene is mapped
onto a small “disk of confusion”, reducing the sharpness of the image.
The sharpness and resolution of the image is, therefore, determined
by the size of the hole. The image tends to get sharper as the hole gets
smaller, but when the hole becomes too small, the wave nature of light
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Fig. 3.24. Image of a pinhole camera.
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Fig. 3.25. Disk of confusion: Points have unsharp images.

causes diffraction, thus, blurring the image once again. Moreover, as
less light enters through a smaller hole, the picture will soon become
too dark, especially if one makes the hole far too small. While a circu-
lar hole provides the sharpest images, the shape of the hole is not that
critical. People have long been puzzled by the fact, that the image of
the Sun is still circular, even if it shines through a rectangular peep
hole. But the shape of the hole just influences the shape of the “area
of confusion,” and might thus, reduce the sharpness, but it does not
influence the shape of the Sun’s image.
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The pinhole-principle of creating images has been known for a
long time. People observed that in a dark room, where light enters
through a small hole in the wall, an upside-down picture of the out-
side world is cast on the wall opposite the hole, analogous to the pin-
hole camera in Figure 3.23. This was described by the Han Chinese
philosopher Mozi (%, ca. 470-391 BCE) and later by the Greek
philosopher Aristotle (384-322 BCE). The phenomenon of the camera
obscura was studied in a number of systematic experiments
and described mathematically by the Arab physicist Ibn al-Haitham
(965-1039 CE) in his book On the Shape of the Eclipse. He was the first
to explain that the crescent shape that appears in a camera obscura
during a partial solar eclipse was actually an image of the Sun, created
by light rays travelling along straight lines.

The first photograph ever taken was made with a pinhole
camera in 1826, by the French inventor Joseph Nicephore Niépce
(1765-1833), who created a method for coating a pewter plate to
make it photosensitive. He placed it in a pinhole camera and took a
photograph on his country estate in France with an exposure time of
8 hours.

3.6 Optical Distortions in Photography

Today’s cameras still use the pinhole principle to drop upside-down
images of a scene through a lens onto a sensor. Compared to a pinhole,
a lens collects much more light through a much larger hole and still
produces images with pinpoint sharpness. The refraction of light in
the lens also makes it possible to intervene in the light path in such a
way that certain optical distortions arise in the image. But why would
that be desirable?

Suppose we consider the following situation. Let’s say we are very
close to a large house and want to take a picture of it. If it does not fit
in the picture, we have to take several photos, as in Figure 3.26. These
pictures appear distortion-free through a good lens, and even if we
use a standard wide-angle lens, the pictures appear as if they were
taken with a pinhole camera. In the middle picture, the facade of the
building is parallel to the picture plane, and therefore, appears
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undistorted. One can see the effects of the perspective in the right and
left picture (central projection). The edges of the building converge to
a vanishing point at the horizon.

If we want to combine these three images into a single image, we
cannot just stitch them together, as this would cause corners to
appear on the edges of the house. A smooth transition between the
right and the left image of Figure 3.26 can only be achieved, if
the originally straight lines become curved, as shown in Figure 3.27.

Fig. 3.26. Several images of a house.
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Fig. 3.27. Cylindrical panorama of the house in Figure 3.26.
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This shows a so-called cylindrical panorama, where vertical lines
remain vertical, but horizontal lines appear curved (except for the
line chosen as the horizon).

A smaller section of the image still gives an approximately-correct
impression. In reality, one cannot see the whole building without
turning one’s head. If we were to extend the roof edge to infinity in
both directions, it would connect one vanishing point on the horizon
(the one to the right of the Sun) with the other vanishing point exactly
opposite it (that is, the one to the left of the Moon). If we look in both
directions at the same time, we would have to turn around. If we look
at the edge of the roof as we turn around, our brain recognizes it as a
straight line, although our eye follows a line that first moves away
from the horizon, and then lowers towards the horizon again. That is,
in reality, the eye sees a curved line, as in Figure 3.27, while our brain
lets us know that it is actually a straight line.

Cylindrical panoramas like the one in Figure 3.27 can be created
with a computer. An ultra-wide-angle lens, also called fisheye lens,
creates a different kind of distortion, because it would also bend verti-
cal lines. With a true fisheye lens, all straight lines that go through the
center of the image remain straight, while all peripheral straight lines
get curved (barrel distortion). This is the price for achieving viewing
angles of 180° or more, which would be impossible with a pinhole
camera.

Figures 3.26 and 3.27 also give us a better understanding of the
puzzle with the wrong tilt of the Moon mentioned in the first chapter
(see Section 1.2, Figure 1.4). A straight beam of light between the Sun
and the Moon would run along the edge of the roof, which is pointing
up from the Sun in the photograph to the right, and pointing down
towards the Moon on the other side (left photograph). Therefore, the
Moon appears in the left photograph as if it were illuminated from
above, although the Sun is, approximately, the same height in the sky
as the Moon.



Chapter 4

The Geometry on a Sphere

The geometry that can be done on the surface of the sphere is often
referred to as spherical geometry as opposed to the geometry in
a plane, which is called plane geometry, or Euclidean geometry.
Although there are some similarities between spherical and plane
geometry, there are also important differences as we will see as we
navigate this very interesting topic. Spherical geometry is a special
case of Riemannian geometry, named after the German mathematician
Bernhard Riemann (1826-1866) who departed from Euclidean geom-
etry to develop a geometry of various surfaces in higher dimensions.

4.1 History of Spherical Geometry

Earlier explorations in the field of non-Euclidean geometry should
be attributed to the Hungarian mathematician Farkas Bolyai
(1775-1856) and to the German mathematician Carl Friedrich Gauss
(1777-1855). In 1818, Gauss carried out a geodetic survey of the
Kingdom of Hanover, which aroused his interest in (non-Euclidean)
differential geometry and led him to investigate the curvature of sur-
faces. He lectured extensively on these topics as evidenced by an
announcement shown in Figure 4.1. In his Theorema Egregium (Latin
for “Remarkable Theorem”) he showed how a curvature can be deter-
mined just by measuring distances and angles on the surface. A spe-
cial case of this theorem will be presented later in this chapter.

73
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Fig. 4.1. Announcement of a lecture of Gauss in his own handwriting.

Note: A translation of Figure 4.1 is as follows: Carl Friedrich Gauss: At 10 o’clock I will explain
the use of probability calculus in applied mathematics, especially astronomy, advanced geodesy,
and crystalometry.

[ will teach practical astronomy in most sessions.

The first lecture will be on October 28.

It was Gauss who urged his student Riemann in 1853 to write a
treatise on the foundations of (non-Euclidean) geometry. Riemann’s
paper, entitled “On the hypotheses which underlie geometry,” was
published posthumously in 1868, and is still regarded as one of the
most important contributions to geometry:.

Important practical applications of spherical geometry can be
found in geodesy, geography and navigation as well as in astronomy.
And it is its generalization, non-Euclidean geometry, that shapes our
physical picture of the space-time continuum and the large-scale geo-
metric structure of the universe.

4.2 Basic Properties of the Sphere:
Surface and Volume

We shall start with some important basic properties of the sphere.
These results were first published by the Greek mathematician and
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scientist Archimedes of Syracuse (approximately 287-212 BCE) using
ingenious methods that anticipated much of modern analysis. He
published his results in 225 BCE in a two-volume work entitled On the
Sphere and Cylinder.

The circumference of a sphere is typically measured along a “great
circle” on the sphere’s surface — which is a circle whose center coin-
cides with the center of the sphere and which has the same radius as
the sphere. Therefore, if r is the radius of the sphere, the circumfer-
ence of the sphere is 27r. The surface area of the sphere is, according
to Archimedes’ well-known formula, given by 4%, which equals the
area of four great circles of the sphere. We can also interpret this area
as the product of the diameter (or 2r) and the circumference of a
great circle. Symbolically, that would be: (2r) - (277) = 4nr”.

We also note that the surface of the sphere is the same as the sur-
face of a cylinder whose radius at the base and whose height are both
the same as the radius of the sphere (see Figure 4.2).

Similarly, the volume of the sphere is exactly 4 times the volume
of a cone whose radius at the base and whose height are both the
same as the radius of the sphere. Symbolically, the formula for the vol-
ume of a sphere is §r3. Archimedes was the first to compare the vol-
umes of a sphere, a cylinder, and a cone. Figure 4.3 shows a sphere, a
cylinder with diameter and height both given by the sphere’s diame-
ter 2r, and a double-cone with the same data, namely, the diameter
and height of the double-cone are equal to the diameter of the sphere.

Fig. 4.2. Sphere and cylinder with the same surface area 47r°.
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Fig. 4.3. Comparing cone, sphere, and cylinder.

Let’s recall how to compute the volumes of these shapes. The
volume of a cone is equal to the area of base (7r’) times one-third
the height, r, which in this case gives us %wr3, and for the double cone,
we need to take twice this quantity to get %wr3. The formula for the
volume of a sphere, as mentioned earlier, is §Wr3. And the volume of a
cylinder is equal to the area of the base (xr’) times the height 2r,
which is 271 =27 r’. This then provides a beautiful resulting rela-
tionship that the ratio between the volumes of these solids is:

volume (double-cone):volume (sphere):volume (cylinder) = 1:2:3.

Analogously, we have the relationship for the surfaces as follows:

surface (double-cone):surface (sphere):surface (cylinder) = J2:2:3.

Both the volume and the surface area of the sphere are each
exactly two-thirds of the volume and the surface of the circumscribed
cylinder, respectively. Archimedes must have been very proud of
these results, as he is said to have requested a sculptured sphere and
cylinder placed on his tomb.
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4.3 Great Circles

As we have seen, great circles are important for the interpretation of
the formulas for the surface and volume of a sphere. In fact, they form
the very foundation of spherical geometry, because a great circle
on the sphere is the analog of a straight line in plane geometry. In
other words, just as we work with straight lines on a plane, we work
with great circle lines on the surface of a sphere. Recall that a great
circle is defined as the intersection of a plane through the center of
the sphere with the sphere, as we show in Figure 4.4. It is essentially
a circle on the sphere whose center coincides with the center C of the
sphere. Among all circles that one can draw on the surface of the
sphere, a great circle is the largest and shares the radius of the sphere.
A natural example of a great circle on Earth is the equator. All merid-
ians (lines of longitude) are halves of great circles connecting the
North Pole and the South Pole. The circles of latitude other than the
equator are smaller circles, because they lie in planes that do not con-
tain the center of the Earth, and are not used in spherical geometry.
Every great circle cuts the sphere in two halves — for example,
the equator bisects Earth into a Northern Hemisphere and a Southern
Hemisphere. A great circle that contains a point P also contains the
antipodal point P’, which is exactly diametrically on other side of
the sphere, as we can see in Figure 4.4. Two points on the sphere are
antipodal, if they are the endpoints of a diameter of the sphere.

circle

great circle

Fig. 4.4. Greatcircle.
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4.4 Great Circles as Straight Lines on the Sphere

Remember, that any three non-collinear points determine a unique
plane. Given any two points on the sphere that are not the endpoints
of a diameter, a unique plane is defined by these two points and the
center of the sphere as a third point. The intersection of this plane
with the sphere is the unique great circle through the two given
points. We, therefore, conclude that through any two points on a
sphere (excluding the endpoints of a diameter) we can draw one and
only one great circle. This is analogous to two points in a plane deter-
mining a unique line.

Thus, two antipodal points divide this great circle into two arcs,
one is longer and one is shorter than a semi-circle of the great circle.
The shorter arc will be referred to as the spherical arc or great circle
arc joining these two points. The spherical arc is actually the shortest
distance between these two points on the sphere. This would make it
analogous to a segment of a straight line in a plane, which is also the
shortest distance between two points in a plane. In mathematics, the
curves that make the shortest connection between two points in a
surface are called the geodesics. Great circles are the geodesics of
spheres.

4.5 Measuring Distances and Angles

As we mentioned in Chapter 1, it is sometimes questioned why an
airplane flight from Europe to Canada typically goes north over
Greenland. In fact, this is the shortest distance — the great circle
route — following the circular arc joining starting point and destina-
tion (see Figure 4.5).

The distance between two points on the surface of the sphere can
be measured by the length of the spherical arc between the points. We
could also describe the distance between points on the sphere by the
angle between the two points, as seen from the center of the sphere.
In Figure 4.4, this would be the angle ZQCP between the dashed lines
with vertex at C.
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Fig. 4.5. Spherical arc between Frankfurt and Vancouver (red) and between
Frankfurt and New York (black).
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Fig. 4.6. Angle in degrees and as an arc length.
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In everyday life, we are accustomed to measure angles in degrees.
For example, the angle shown in Figure 4.6 has 45°. But going
forward, we shall use the scientific method of measuring angles in
terms of radians, which is sometimes more useful for the kinds
of measurements we will be doing. In particular, we will need to
understand radians, when we come to discuss the area of triangles on
the sphere.

In order to define radians as a measure for an angle, we need the
unit circle (a circle with a radius of one-unit length) drawn with its
center at the vertex of the angle. The given angle cuts an arc out of the
unit circle, as shown in Figure 4.6. The scientific measure of the angle
is just the length of this arc and it is called the radian of the angle. For
example, an angle of 45° cuts & out of the unit circle. Its arc length is,
therefore, < of the circumference (2r) of the unit circle, hence, the arc
length of 45° is &~ = Z. We then say that this angle has £ radians.

We notice that the full angle of 360° has 2x radians, because the
arc length of the full angle is the circumference of the unit circle.
Dividing 360° by 27 (x6.2832) gives the number of degrees per
radian, which is about 57.296°. This angle with a size of one radian,
together with a few other very common angles, is shown in Figure 4.7.

The big advantage of measuring angles in terms of radians is that
it is easy to determine the arc length that the angle cuts out of a circle
with an arbitrary radius. That is, to find the arc length joining two
points on the surface of a sphere (obviously, along a great circle
route), one just has to multiply the radians of the arc measure by
the radius length of the sphere. For example, if we know the angle
between two points on Earth’s surface, as seen from the center of
the Earth, we can compute the length of the great circle arc (which is
the shortest distance between these two points) by multiplying the
angle’s radian measure with Earth’s radius length, which is about
6,371 km or 3,958 miles.

As we live on the surface of the Earth, the distance between two
points seems to be more accessible than the corresponding angle
measure at the center of the sphere. If we measure the distance
between two points on the surface of the Earth, we can determine
the corresponding angle by dividing the measured distance by
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Fig. 4.7. Some common angles given in degrees and in radians (printed in bold
letters).

the Earth’s radius. For example, the shortest flight path between the
cities of Frankfurt and Vancouver has a length of about 8,073 km
(5,016 miles). Dividing this distance by the radius of the Earth
$973~1.267) provides an angular distance of about 1.267 radians
(72.6°). By the way, the east-west distance along the 50° parallel of
latitude is about 9,435 km (5,863 miles), considerably longer. The
route over Greenland is, therefore, more than 800 miles shorter than
the east-west route. The reason for the strange observation that the
east-west route usually appears as a shorter path on world maps will
be explained in more detail later.

4.6 Axis and Poles

The straight line through the center of a great circle and perpendicu-
lar to its plane is called the axis of the great circle (see Figure 4.8). The
axis of a great circle passes through the center of the sphere, which, of
course, coincides with the center of the great circle. The intersection
of the axis with the sphere are two points which are called the poles
of the great circle. These two poles are antipodal points.
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Fig. 4.8. Axis and poles of a great circle.

All great circles through the pole of a given great circle form right
angles with the given circle. Put differently, if the planes of two great
circles of the same sphere are perpendicular to each other, each of the
circles passes through the poles of the other. Figure 4.9 shows two
great circles, passing through the poles of each other and meeting at
right angles. The two points of intersection of the two great circles are
antipodal points, that is, they both lie on a straight line through the
center of the sphere.

In general, all great circles on a sphere are equal. On the Earth,
however, the equator is a very special great circle, because its axis
coincides with the Earth’s axis of rotation and its poles are, of course,
the North Pole and the South Pole.

4.7 Regular Digons on the Sphere

While the great circles on a sphere are the best analog of straight lines
in plane geometry (as the lines establishing the shortest connection
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Fig. 4.9. Great circles meeting at right angles.

between two points), they are quite different with respect to another
property. In plane geometry, we have the famous axiom that for every
given straight line and a point not on it, there is precisely one straight
line parallel to the given line through the given point. In the plane, two
parallel lines have no intersection. This is quite different from the
situation on the sphere.

Any two great circles of the same sphere bisect each other, and
there are precisely two points of intersection, which are antipodal
points. The resulting shape on the sphere is a sector on the sphere’s
surface, shown as the shaded area in Figure 4.10. It is a shape deter-
mined by two spherical arcs meeting at an angle in the two antipodal
vertex points. This geometric figure on the sphere is a regular
digon — which is a polygon with just two edges and two vertices —
and it is also called a spherical lune, not to be confused with a lune on
a plane which is created by two intersecting circles of unequal size.
The word “lune” has its origin in the Latin word Luna for the Moon.

We can interpret the two antipodal points of intersection of the
two great circles as the poles of another great circle, shown in
Figure 4.10. This new great circle intersects the given circles at the
points A and B and cuts the spherical lune into two symmetric halves.
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Fig. 4.10. A regular digon (or spherical lune) on a sphere.

We also notice in Figure 4.10, that the great circle through A and B and
the lune’s great circles meet at right angles (as do all great circles
through the poles of one another). The spherica