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AUTHOR’S PREFACE

My book on Fourier series, which originally appeared in
Russian, has already been translated into Chinese,
German, Polish and Rumanian. I am very grateful to
Dr. R. A. Silverman and to the Prentice-Hall Publishing
Company for undertaking to prepare and publish an
English version of the second Russian edition. It would
be most gratifying to me if the book were to serve the
needs of American readers.

I would like to thank V. Y. Kozlov, L. A. Tumarkin and
A. L. Plesner for the helpful advice they gave me while I

was writing this book.
G. P. T.

TRANSLATOR’S PREFACE

The present volume is the second in a new series of
translations of outstanding Russian textbooks and
monographs in the fields of mathematics, physics and
engineering, under my editorship. It is hoped that
Professor Tolstov’s book will constitute a valuable addi-

tion to the English-language literature on Fourier series.
v



Vi TRANSLATOR'S PREFACE

The following two changes, made with Professor
Tolstov’s consent, are worth mentioning:

1. To enhance the value of the English-language
edition, a large number of extra problems have been
added by myself and Professor Allen L. Shields of the
University of Michigan. We have consulted a variety
of sources, in particular, A Collection of Problems in
Mathematical Physics by N. N. Lebedev, 1. P. Skals-
kaya, and Y. S. Uflyand (Moscow, 1957), from which
most of the problems appearing at the end of Chapter
9 have been taken.

2. To keep the number of cross references to a
minimum, four chapters (8 and 9, 10 and 11) of the
Russian original have been combined to make two
chapters (8 and 9) of the present edition.

I have also added a Bibliography, containing suggestions
for collateral and supplementary reading. Finally, it
should be noted that sections marked with asterisks
contain material of a more advanced nature, which can be
omitted without loss of continuity.

R. A. S.
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TRIGONOMETRIC
FOURIER SERIES

I. Periodic Functions

A function f(x) is called periodic if there exists a constant T > 0 for which

Jx+T) =/, (L.1)

for any x in the domain of definition of f(x). (It is understood that both x
and x + T lie in this domain.) Such a constant T is called a period of the
function f(x). The most familiar periodic functions are sin x, cos x, tan x,
etc. Periodic functions arise in many applications of mathematics to
problems of physics and engineering. It is clear that the sum, difference,
product, or quotient of two functions of period T is again a function of
period T.

If we plot a periodic function y = f(x) on any closed interval a < x <
a + T, we can obtain the entire graph of f(x) by periodic repetition of the
portion of the graph corresponding to a < x < a + T (see Fig. 1).

If T is a period of the function f(x), then the numbers 27, 3T, 4T, ...
are also periods. This follows immediately by inspecting the graph of a
periodic function or from the series of equalities!

fX)=fx+T)=fx+2T) = f(x + 3T) = - --

1 We suggest that the reader prove the validity not only of these equalities but also of
the following equalities:

fX)=f(x—T)=f(x—-2T)=f(x —3T)="---
|
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which are obtained by repeated use of the condition (1.1). Thus, if T is a
period, so is kT, where k is any positive integer, i.e., if a period exists, it is
not unique.

i .
V7NV

FIGURE 1

Next, we note the following property of any function f(x) of period T

If f(x) is integrable on any interval of length T, then it is integrable on any
other interval of the same length, and the value of the integral is the same,
ie.,

a+T b+T
[T feax = [T s dx, (1.2)
for any a and b.

This property is an immediate consequence of the interpretation of an
integral as an area. In fact, each integral (1.2) equals the area included
between the curve y = f(x), the x-axis and the ordinates drawn at the end
points of the interval, where areas lying above the x-axis are regarded as
positive and areas lying below the x-axis are regarded as negative. In the
present case, the areas represented by the two integrals are the same, because
of the periodicity of f(x) (see Fig. 2).

A ; 1/

FIGURE 2

Hereafter, when we say that a function f(x) of period T is integrable, we
shall mean that it is integrable on an interval of length 7. It follows from
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the property just proved that f(x) is also integrable on any interval of finite
length.

2. Harmonics

The simplest periodic function, and the one of greatest importance for the
applications, is

y = Asin (ox + @),

where A4, », and ¢ are constants. This function is called a harmonic of
amplitude |A|, (angular) frequency , and initial phase ¢. The period of such
a harmonic is T = 2x/w, since for any x

A sin [(A + %") + @] — Asin [(0x + 9) + 2r] = A sin (0x + ¢).

The terms “amplitude,” “frequency,’” and “initial phase’ stem from the
following mechanical problem involving the simplest kind of oscillatory
motion, i.e., simple harmonic motion: Suppose that a point mass M, of mass
m, moves along a straight line under the action of a restoring force F which is
proportional to the distance of M from a fixed origin O and which is directed
towards O (see Fig. 3). Regarding s as positive if M lies to the right of O and

0 F M
1 o
l‘—s—j—>

FIGURE 3

negative if M lies to the left of O, i.e., assigning the usual positive direction to

the line, we find that F = —ks, where k > 0 is a constant of proportionality.
Therefore
d2s

mas = = ks
or

d?s

s 26 —

g7y + w2s = 0,

where we have written w2 = k/m, so that o = V'k/m.

It is easily verified that the solution of this differential equation is the
function s = 4 sin (ot + ¢), where 4 and ¢ are constants, which can be
calculated from a knowledge of the position and velocity of the point M at
the initial time r = 0. This function s is a harmonic, and in fact is a periodic
function of time with period T = 2n/w. Thus, under the action of the
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restoring force F, the point M undergoes oscillatory motion. The amplitude
|A| is the maximum deviation of the point M from O, and the quantity 1/T
is the number of oscillations in an interval containing 2x units of time
(e.g., seconds). This explains the term “frequency”. The quantity ¢ is the
initial phase and characterizes the initial position of the point, since for
t = 0 we have sy = sin o.

We now examine the appearance of the curve y = A sin (wx + ¢). We
assume that w > 0, since otherwise sin (— wx + ¢) is merely replaced by
—sin (wx — ¢). The simplest case is obtained when 4 = 1, 0 = 1, ¢ = 0;
this gives the familiar sine curve y = sin x [see Fig. 4(a)]. For A =1,
w = 1, ¢ = /2, we obtain the cosine curve y = cos x, whose graph is the
same as that of y = sin x shifted to the left by an amount /2.

(b)

o J

FIGURE 4

Next, consider the harmonic y = sin wx, and set wx = z, thereby
obtaining y = sin x, an ordinary sine curve. Thus, the graph of y = sin wx
is obtained by deforming the graph of a sine curve: This deformation
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reduces to a uniform compression along the x-axis by a factor » if » > 1,
and to a uniform expansion along the x-axis by a factor /o if o < |.  Figure
4(b) shows the harmonic y = sin 3x, of period T = 2x/3.

Now, consider the harmonic y = sin (wx + ¢), and sct ox + © = oz, so
that x = z — o/w. We already know the graph of sin wz. Therefore, the
graph of y = sin (wx + o) is obtained by shifting the graph of y = sin wx
along the x-axis by the amount —¢/w. Figure 4(c) represents the harmonic

y = sin (3.\' + %t)

with period 2=/3 and initial phase =/3.

Finally, the graph of the harmonic y = A sin (wx + ¢) is obtained from
that of the harmonic y = sin (wx + ¢) by multiplying all ordinates by the
number A. Figure 4(d) shows the harmonic

y = 2sin (3.\‘ + g)

These results may be summarized as follows:

The graph of the harmonic y = A sin (ox + @) is obtained from the graph
of the familiar sine curve by uniform compression (or expansion) along
the coordinate axes plus a shift along the x-axis.

Using a well-known formula from trigonometry, we write
A sin (wx + @) = A(cos wx sin ¢ + SIN WX COS P).
Then, setting
a = Asino, b = A cos o, 2.1
we convince ourselves that every harmonic can be represented in the form
a cos mx + b sin wx. (2.2)

Conversely, every function of the form (2.2) is a harmonic. To prove this,
it is sufficient to solve (2.1) for A and B. The result is

= a a b b
= 2 2 I = - = ——) = — = —
A=Va+ b2 sing YRRV Y cos @ = — NI

from which ¢ is easily found.
From now on, we shall write harmonics in the form (2.2). For example,

for the harmonic shown in Fig. 4(d), this form is

2 sin (3,\‘ + g) = V3 cos 3x + sin 3x
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It will also be convenient to explicitly introduce the period T in (2.2).
If we set T = 2/, then, since T = 2n/w, we have

and therefore, the harmonic with period T = 2/ can be written as

a cos f/l + bsin % (2.3)

3. Trigonometric Polynomials and Series

Given the period T = 2/, consider the harmonics

aj cos# + b, sin# k=12,...) 3.1

with frequencies w, = wk// and periods T, = 2nt/w, = 2//k. Since
T= 2[ = ka,

the number T = 2/ is simultaneously a period of all the harmonics (3.1), for
an integral multiple of a period is again a period (see Sec. 1). Therefore,
every sum of the form

,,(a)—A+Z(aAcos§+bk sin ”’;)

where A is a constant, is a function of period 2/, since it is a sum of functions
of period 2/. (The addition of a constant obviously does not destroy
periodicity; in fact, a constant can be regarded as a function for which any
number is a period.) The function s,(x) is called a trigonometric polynomial
of order n (and period 2/).

Even though it is a sum of various harmonics, a trigonometric poly-
nomial in general represents a function of a much more complicated nature
than a simple harmonic. By suitably choosing the constants A, a;, b,
a, by, ... we can form functions y = s5,(x) with graphs quite unlike the
smooth and symmetric graph of a simple harmonic. For example, Fig. 5
shows the trigonometric polynomial

y =sinx + 4sin2x + 1 sin 3x.
The infinite trigonometric series

A +Z(akcos—+bk in#)
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(if it converges) also represents a function of period 2/. The nature of func-
tions which are sums of such infinite trigonometric series is even more
diverse. Thus, the following question arises naturally: Can any given

FIGURE 5§

function of period T = 2/ be represented as the sum of a trigonometric
series? We shall see later that such a representation is in fact possible for a
very wide class of functions.

For the time being, suppose that f(x) belongs to this class. This means
that f(x) can be expanded as a sum of harmonics, i.e., as a sum of functions
with a very simple structure. The graph of the function y = f(x) is obtained
as a ‘“‘superposition” of the graphs of these harmonics. Thus, to give a
mechanical interpretation, we can represent a complicated oscillatory motion
f(x) as a sum of individual oscillations which are particularly simple. How-
ever, one must not imagine that trigonometric series are applicable only to
oscillation phenomena. This i1s far from being the case. In fact, the
concept of a trigonometric series is also very useful in studying many
phenomena of a quite different nature.

If
f(.\') = A + Z ((Ik COST"E'k;X‘ + bk sin @)3 (32)
= / /
then, setting ©x// = t or x = tl/w, we find that
o(t) =f(i—£) = A + Z (ay cos kt + by sin kt), (3.3)
k=1

where the harmonics in this series all have period 2x. This means that if a
function f(x) of period 2/ has the expansion (3.2), then the function ¢(¢) =
f(tl/™) is of period 27 and has the expansion (3.3). Obviously, the converse
is also true, i.e., if a function ¢(¢) of period 2= has the expansion (3.3), then
the function f(x) = o(wx/l) is of period 2/ and has the expansion (3.2).
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Thus, it is enough to know how to solve the problem of expansion in trigono-
metric series for functions of the *“standard” period 2x. Moreover, in this
case, the series has a simpler appearance. Therefore, we shall develop the
theory for series of the form (3.3), and only the final results will be converted
to the “language” of the general series (3.2).

4. A More Precise Terminology. Integrability. Series of Functions

We now introduce a more precise terminology and recall some facts from
differential and integral calculus. When we say that f(x) is integrable on the
interval [a, b], we mean that the integral

[bj(x)civ (4.1)
Ya
(which may be improper) exists in the elementary sense. Thus, our inte-
grable functions f(x) will always be either continuous or have a finite number
of points of discontinuity in the interval [a, b], at which the function can be
either bounded or unbounded.
In courses on integral calculus, it is proved that if a function has a finite
number of discontinuities, then if the integral

b
[ 170 dx

exists, so does the integral (4.1). (The converse is not always true.) In

this case, the function f(x) is said to be absolutely integrable. 1f f(x) is

absolutely integrable and «(x) is a bounded integrable function, then the

product f(x)o(x) is absolutely integrable. The following rule for integration

by parts holds:

Let f(x) and o(x) be continuous on [a, b], but perhaps non-differentiable at
a finite number of points. Then, if f'(x) and ©'(x) are absolutely inte-
grable,? we have

b x=b b

[ ez dx = [ e~ = [ 7o dx (4.2)
Another familiar result is the fact that if the functions fj(x), f5(x), ..., f,(x)
are integrable on [a, b], then their sum is also integrable, and

b n n b
][Zm%m:z[mmm (4.3)
Ta Li=1 k=174
2 Instead of absolute integrability of both derivatives, we can weaken this requirement
to absolute integrability of just one of the derivatives. However, the stronger form of the
requircment is sufficient for what follows.
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We now consider an infinite series of functions

N(X) + L)+ F i)+ = z Sr(x). (4.4)

k=1
Such a series is said to be convergent for a given value of x if its partial sums

n

(X)) =D filx)  (n=1,2,...)
1

k=

have a finite limit

s(x) = lim s,(x).
n—r oo

The quantity s(x) is said to be the sum of the series, and is obviously a function
of x. If the series converges for all x in the interval [a, b], then its sum s(x)
is defined on the whole interval [a, b].

We now ask whether the formula (4.3) can be extended to the case of a
convergent series of functions which are integrable on the interval [a, b],
1.e., 1s the formula

| b [é fk(x)] ax = | “sdx = > [ fite) dx @.5)

k=1"a

valid? 1In other words, can the series be integrated term by term? It turns
out that (4.5) is not always-valid, if for no other reason than that a series of
integrable or even continuous functions may not even have an integrable
sum. A similar problem arises in connection with the possibility of term by
term differentiation of series. We now single out an important class of
series of functions to which these operations can be applied.

The series (4.4) is said to be uniformly convergent on the interval [a, b] if
for any positive number ¢, there exists a number N such that the inequality

|s(x) — s,(x)| < = (4.6)

holds for all n > N and for all x in the interval [a, b]. Thus, if we examine
the graph of the sum of the series s(x) and of the partial sum s,(x), uniform
convergence means that for all sufficiently large indices /7 and for all x, the
curve representing s(x) and the curve representing s,(x) are less than < apart,
where ¢ is any preassigned number, so that the two curves are uniformly?
close (see Fig. 6).

Not every series which converges on an interval [a, b] converges uniformly
there. The following is a very useful and simple test for the uniform con-
vergence of a series of functions (Weierstrass’ M-test):

3 L.e., for all x in [a, b].
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If the series of positive numbers
Ml + M2++Mk + .-

converges and if for any x in the interval [a, b] we have | fi(x)| < M,
from a certain k on, then the series (4.3) converges uniformly (and
absolutely) on [a, b].

> <
\

o~ - s(x)

5yl x)

Q- e—e
- — =

FIGURE 6

The following important theorems are valid:

THEOREM 1. If the terms of the series (4.4) are continuous on [a, b]
and if the series is uniformly convergent on [a, b], then

a) The sum of the series is continuous,

b) The sum can be integrated term by term, i.e., (4.5) holds.

THEOREM 2. If the series (4.4) converges, if its terms are differentiable
and if the series

S1) + o) +- -+ filx) + -+ =AZfL(X)
(=1

is uniformly convergent on [a, b}, then

(2 40) =5@ = 3 11,
k=1 k=1

i.e., the series (4.4) can be differentiated term by term.*

5. The Basic Trigonometric System. The Orthogonality
of Sines and Cosines

By the basic trigonometric system we mean the system of functions

1, cos x, sin x, cos 2x, sin 2x, ..., COS HX, SIN HX, . . . (5.1)

4 In courses on analysis, it is usually assumed also that the derivatives are continuous,
in order to simplify the proof.
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All these functions have the common period 2= (although cos nx and
sin nx also have the smaller period 2r/n). We now prove some auxiliary
formulas.

For any integer n # 0, we have

T Q1 =1
[ cos nx dx = |2 ”'\] = 0,
- L n X=-—T
(5.2)
: cos nx]¥=rw
rt sin nx dx = | — L ] = 0,
J-m | n X=—T
and
= 1 2nx
[ cos2 nx dx = [n + COS X dx = r,
-7 ¢ =TT 2
(5.3)
: = | — cos 2nx
fﬂ sin? nx dx = F iy = T
-= -n 2
Using the familiar trigonometric formulas
cos o cos B = [cos (e + B) + cos(x — B)],
sina sin B = 4[cos (¢ — B) — cos (o + B)]
we find that
T
[ COS N.X COS InX dx
ks
=14 f [cos (n + m)x + cos (n — m)x]dx = 0,
(5.4)
fﬁ sin nx sin mx dx
=1 F [cos (n — m)x — cos (n + m)x]dx =0
for any integers n and m (n # m). Finally, using the formula
sin o cos B = 4[sin (& + B) + sin (& — B)],
we find that
Jn sin nx cos mx dx
~ T
= 4 [T sin (2 + m)x + sin (2 = m)x] dx = 0 (5.5)
-TT

for any n and m. The formulas (5.2), (5.4), and (5.5) show that the integral
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over the interval [— =, ] of the product of any two different functions of the
system (5.1) vanishes.

We shall agrec to call two functions o(x) and w(x) orthogonal> on the
interval [a, b] if

b
f o(x)J(x) dx = 0.

With this definition, we can say that the functions of the system (5.1) are
pairwise orthogonal on the interval [—m, «], or more briefly, that the system
(5.1) is orthogonal on [—, ).

As we know, the integral of a periodic function is the same over any
interval whose length equals the period (see Sec. 1). Therefore, the formulas
(5.2) through (5.5) are valid not only for the interval [—7, =] but also for any
interval [a, a + 2x], i.e., the system (5.1) is orthogonal on every such interval.

6. Fourier Series for Functions of Period 2=

Suppose the function f(x) of period 2r has the expansion
f(x) = 5’2—0 + > (a cos kx + by sin kx), (6.1)
k=1

where, to simplify the subsequent formulas, we denote the constant term by
ap/2. We now pose the problem of determining the coefficients a,, @, and
b, (k=1,2,...) from a knowledge of f(x). To do this, we make the
following assumption: 1t is assumed that the series (6.1), and the series to be
written presently, can be integrated term by term, i.e., it is assumed that for
all these series the integral of the sum equals the sum of the integrals. [It is
thereby also assumed that the function f(x) is integrable.] Then, integrating
(6.1) from —m to ©, we obtain

flf(x-) dy = gzg J’: dx +kZl (ak J_” cos kx dx + b, [i_ sin kx dx).

By (5.2), all the integrals in the sum vanish, so that

| _’ f(x) dx = aq, (6.2)

Next, we multiply both sides of (6.1) by cos nx and integrate the result
from —n to =, as before, obtaining

3> In geometry, the word orthogonality connotes perpendicularity. One must not think
that the concept of orthogonality of two functions corresponds to anything like perpendi-
cularity of their graphs, despite the fact that this concept is related to a suitably generalized
notion of perpendicularity. In this regard, sec Ch. 2, Sec. 10.
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e ao T
f f(x) cos nx dx = 5 f cos nx dx
-7

Pad
iv

a0
s
+ Z (akf cos kx cos nx dx
k=1 F

nf

T

sin kx cos nx dx)-

By (5.2), the first integral on the right vanishes. Since the functions of the
system (5.1) are pairwise orthogonal, all the integrals in the sum also vanish,
except one. The only integral that remains is the coefficient of a,:

f; cosZnxdx =
[see (5.3)]. Thus we have
w[r-_f(x) cos nx dx = a,. (6.3)
Similarly, we find that
f:: f(x) sin nx dx = b,m. (6.4
It follows from (6.2) to (6.4) that

a, = }tfw f(x) cos nx dx n=0,1,2,...),
(6.5)
1 (= :
b, =7—rf_nf(x) sin nx dx n=12...).

Thus, finally, if f(x) is integrable and can be expanded in a trigonometric
series, and if this series and the series obtained from it by multiplying by
cos nx and sinnx (n = 1,2,...) can be integrated term by term, then the
coefficients a, and b, are given by the formulas (6.5).

Now, suppose we are given an integrable function f(x) of period 2=x, and
we wish to represent f(x) as the sum of a trigonometric series. If such a
representation is possible at all (and if the requirement of term by term
integrability is satisfied), then by what has been said, the coefficients a, and
b, must be given by (6.5). Therefore, in looking for a trigonometric series
whose sum is a given function f(x), it is natural to examine first the series
whose coefficients are given by (6.5), and to see whether this series has the
required properties. As we shall see later, this will be the case for a large
class of functions.

The coefficients a, and b, calculated by the formulas (6.5) are called the
Fourier coefficients of the function f(x), and the trigonometric series with
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these coefficients is called the Fourier series of f(x). Incidentally, we note
that the formulas (6.5) involve integrating a function of period 2=x. There-
fore, the interval of integration [—m, t] can be replaced by any other interval
of length 2t (see Sec. 1), so that together with the formulas (6.5), we have

] ra+2r
a, = —f f(x) cos nx dx (n=20,12,...),
T (6.6)
| ra+2n .
b, = —f f(x) sin nx dx n=1,2,...).
TC Ja
The above considerations make it natural to devote special attention to
Fourier series. It we form the Fourier series of a function f(x) without

deciding in advance whether 1t converges to f(x), we write

ay - .
f(x) ~ 5 + Z (a, cos nx + b, sin nx).

n=1

This notation means only that the Fourier series written on the right corre-
sponds to the function f(x). The sign ~ can be replaced by the sign = only
if we succeed in proving that the series converges and that its sum equals
f(x). A simple consequence of these considerations is the following theorem,
which is quite useful:

THEOREM 1. If a function f(x) of period 2w can be expanded in a
trigonometric series which converges uniformly on the whole real axis,®
then this series is the Fourier series of f(x).

Proof. Suppose that f(x) satisfies (6.1), where the series is uni-
formly convergent. By Theorem 1 of Sec. 4, f(x) is continuous and
term by term integration of the series is possible. This gives the
formula (6.2). Next, we consider the equality

a
f(x) cos nx = —2—0 COS HX

+ Z (aj cos kx cos nx + b, sin kx cos nx), (6.7)
k=1

and show that the series on the right i1s uniformly convergent. Set

m

5, (x) = %’ + > (ay cos kx + by sin kx),
k=1

and let € be an arbitrary positive number. If the series (6.1) converges
uniformly, then there exists a number N such that

lf(x) - Sm(x)l S e

6 By the periodicity of f(x) we can require uniform convergence on [—r, =], rather than
on the whole real axis.
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for all m > N. The product s,,(x) cos nx is obviously the mth partial
sum of the series (6.7). Then, the inequality

| f(x) cos ux — s,,(x) cos nx| = | f(x) — s,,(x)] |cos nx| < e,

which holds for all m > N, implies the uniform convergence of the
series (6.7). It follows that this series can be integrated term by term,
and the result of the integration is the formula (6.3). Similarly, we
prove the formula (6.4). Thus, finally, the formulas (6.5) hold for the
coefficients a, and b,, which means that (6.1) is the Fourier series of

J(x).

The modern theory of Fourier series allows us to prove the following
more general result, whose proof we cannot give because of its complexity:

THEOREM 2. If an absolutely integrable function f(x) of period 2r
can be expanded in a trigonometric series which converges to f(x) every-
where, except possibly at a finite number of points (within one period),
then this series is the Fourier series of f(x).

This theorem confirms the assertion made above, that in looking for a
trigonometric series which has a given function f(x) as its sum, we should
first consider the Fourier series of f(x).

1. Fourier Series for Functions Defined on an Interval of Length 2=

A problem which arises quite often in the applications is that of expanding
a function f(x) in trigonometric series, when f(x) is defined only on the interval
[—=, ]. In this case, nothing at all is said about the periodicity of f(x).
Nevertheless, this does not prevent us from writing the Fourier series of
f(x), since the formulas (6.5) involve only the interval [—=, ©]. Moreover,
f(x) can be extended by periodicity from [—m, ] onto the whole x-axis.
This leads to a periodic function which coincides with f(x) on [—=, =] and
which has a Fourier series identical with that of f(x). In fact, if the Fourier
series of f(x) turns out to converge to f(x), then, since it is a periodic function,
the sum of this Fourier series automatically gives us the required periodic
extension of f(x) from [—=, =] onto the whole x-axis.

Thus, it does not matter whether we talk about the Fourier scries of a
function defined on [—m, t], or whether we talk about the Fourier series of
the function obtained from f(x) by periodic extension along the x-axis.
This implies that it is sufficient to formulate the tests for convergence of
Fourier series for the case of periodic functions.

In connection with the problem of extending f(x) by periodicity from the
interval [—m, =] onto the whole x-axis, the following remarks are in order:
If f(—7) = f(x), there is no difficulty in making the extension, since in this
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case, if f(x) is continuous on [—m, 1], its extension will be continuous on the
whole x-axis [see Fig. 7(a)]. However, if f(—m) # f(ir), we cannot accom-
plish the required extension without changing the values of f(—m) and f(m),
since the periodicity requires that f(—m) and f(x) coincide. This difficulty
can be avoided in two ways: (1) We can completely avoid considering the
values of f(x) at x = —m and x = T, thereby making the function undefined
at these points and hence making the periodic extension of f(x) undefined at
the points x = (2k + Dm, k =0, +1, +2,...; (2) We can suitably modify
the values of the function f(x) at x = —= and x = = by making these values
equal. It is important to note that in both cases, the Fourier coefficients
will have the same values as before, since changing the values of a function at
a finite number of points, or even failing to define it at a finite number of
points, cannot affect the value of an integral, in particular, the values of the
integrals (6.5) defining the Fourier coefficients. Thus, whether or not we
carry out the indicated modification of the function f(x), its Fourier series
remains unchanged.

/7 X N T N

(b)

FIGURE 7

It sheould be observed that if f(—=x) # f(x) and if f(x) is continuous on
the interval [—m, =], then the periodic extension of f(x) onto the whole
x-axis will have discontinuities at all the points x = 2k + D)=, k = 0, +1,
+2, ..., no matter how we change the values of the function at x = —7 and
x = 7 [see Fig. 7(b)]. The problem of finding the values to which the
Fourier series of f(x) may be expected to converge at x = +m, when
f(—m) # f(m), is a special one, and will be solved later.

Finally, suppose that f(x) is defined on an arbitrary interval [a, a + 2x] of
length 2w, and that it is required to expand f(x) in a trigonometric series.
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As before, we arrive at the conclusion that it does not matter whether we talk
about the Fourier series of f(x) or about the Fourier series of the function
obtained from f(x) by extending it periodically onto the whole x-axis. If
f(x) is continuous on the interval [a, a + 2%] but f(a) # f(a + 2r), we
obtain an extension which is discontinuous at the points x = a + 2k=
(k =0, 1, £2,...).

8. Right-Hand and Left-Hand Limits. Jump Discontinuities

We introduce the notation

hm f(x) = f(xo — 0), lim f(x) = f(xo + 0),

P >
provided these limits exist and are finite.? The first of these limits is called
the left-hand limit of f(x) at the point x,, and the second is called the right-
hand limit of f(x) at x,. These limits both exist at points of continuity (by
the very definition of continuity), and we have

Sf(xg = 0) = f(xo) = f(xo + 0) (8.1)

at continuity points.

If xq is a point of discontinuity of the function f(x), then the right-hand
and left-hand limits (either or both of them) may exist in some cases and fail
to exist in others. If both limits exist, we say that the point x; is a point of
discontinuity of the first kind, or simply, a point of jump discontinuity. 1f
at least one of these limits does not exist, then the point x; is called a point
of discontinuity of the second kind. We shall be particularly interested in
jump discontinuities. If x, is such a point, then the quantity

3 = f(xg + 0) — f(xo — 0) (8.2)

is called the jump of the function f(x) at x.
The following example illustrates this situation. Suppose that

—x3 for x< 1,
f&x)y=< 0 for x =1, (8.3)
Vx for x> 1,

with the graph shown in Fig. 8. The value of the function at x =1 is
indicated by the little circle. At x = 1, the left-hand and right-hand limits
are obviously

f1—0)=—1, fA+0=1.

71If xo = 0, we do not write f(0 + 0) and f(0 — 0), but simply f(+0) and f(—0).
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Therefore, the jump of the function at x = 1 1s
d=f(1+0)—f(1—-0) =2,

which is in complete agreement with the intuitive idea of a jump (see Fig. 8).

/

I
|
|
l
&
N > X

FIGURE 8

If f(x) is a function which is continuous on the interval [—m, =], then if
f(=m) # f(x), jump discontinuities appear in making the periodic extension
of f(x) from [—=, =] onto the whole x-axis [see Fig. 7(b)], and all the jump
discontinuities are equal to the number

0 = f(—m) — f(m).

9. Smooth and Piecewise Smooth Functions

The function f(x) is said to be smooth on the interval [a, b] if it has a
continuous derivative on [a, b]. In geometrical language, this means that the
direction of the tangent changes continuously, without jumps, as it moves
along the curve y = f(x) [see Fig. 9(a)]. Thus, the graph of a smooth
function is a smooth curve without any ““corners.’’8

The function f(x) is said to be piecewise smooth on the interval [a, b] if
either f(x) and its derivative are both continuous on [a, b], or they have only
a finite number of jump discontinuities on [a, b]. It is easy to see that the
graph of a piecewise smooth function is either a continuous curve or a dis-
continuous curve which can have a finite number of corners (at which the
derivative has jumps). As we approach any discontinuity or corner (from
one side or the other), the direction of the tangent approaches a definite
limiting position, since the derivative can have only jump discontinuities.

8 *“Corner” = Russian ‘‘yryioBasi Touka,” a point at which the curve has two distinct
tangents. (Translator)
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Figures 9(b) and 9(c) illustrate the graphs of continuous and discon-
tinuous piecewise smooth functions. From now on, we shall regard smooth
functions as a special case of piecewise smooth functions.

4 4
A y = flx) A y = flx)

Q4+ = —
T
Y
>~

(a) (b)
J A

(c)

FIGURE 9

A continuous or discontinuous function f(x) which is defined on the whole
x-axis, is said to be piecewise smooth if it is piecewise smooth on every
interval of finite length. In particular, this concept applies to periodic
functions. Every piecewise smooth function f(x) [whether continuous or
discontinuous] is bounded and has a bounded derivative everywhere, except
at its corners and points of discontinuity [at all these points, f'(x) does not
exist].

10. A Criterion for the Convergence of Fourier Series

We now give a more useful criterion for the convergence of a Fourier
series, deferring the proof of this criterion until Ch. 3:

The Fourier series of a piecewise smooth (continuous or discontinuous)
Sfunction f(x) of period 2w converges for all values of x. The sum of the
series equals f(x) at every point of continuity and equals the number

3 /(x + 0) +/(x = 0)],

the arithmetic mean of the right-hand and left-hand limits, at every point of
discontinuity (see Fig. 10). If f(x) is continuous everywhere, then the
series converges absolutely and uniformly.



20 TRIGONOMETRIC FOURIER SERIES CHAP. 1

Suppose the function f(x) is defined only on [—m, ], and is piecewise
smooth on the interval [—m, ] and continuous at its end points. As noted
in Sec. 7, the Fourier series of f(x) coincides with the Fourier series of the

4
A

m 3 5w

oj? \¢ \¢ N
NN ' '

FIGURE 10

function which is the periodic extension of f(x) onto the whole x-axis. But
in this case, such an extension obviously leads to a function f(x) which is
piecewise smooth on the whole x-axis. Therefore, the criterion just formu-
lated implies that the Fourier series of f(x) will converge everywhere. In
particular, the series will converge on the original interval [—=, ©]. In fact,
for —m < x < 7, the series will converge to f(x) at the points of continuity
and to the value

3 [f(x +0) + f(x - 0)]

at the points of discontinuity. But what will happen at the end points of the
interval [—m, ] ?
At the end points, two cases are possible:

1) f(—7w) = f(=). In this case, the periodic extension obviously leads to
a function which is continuous at the points +7 [and also at all the
points x = 2k + ), k=0, +1, +2,...]. Therefore, by our
criterion, the Fourier series will also converge to f(x) at the end points
of [—m, «].

2) f(—m) # f(=). In this case, the periodic extension leads to a function
which is discontinuous at the points + 7 [and also at the points x =
Rk + D, k=0, +1, +2,...], where for the extension of f(x) we
obviously have

f(=n = 0) =f(m), [fl=7+0)=f(-m),
S +0) =f(-=), [flx-0)=/f(x)

(see Fig. 11). Therefore, at x = —=, and x = «, the Fourier series
will converge to the values

JS(=m +0) + f(—7 — 0)
2 | _ (=7 + f(m).
S+ 0) + f(x — 0) 2
2
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Thus, the Fourier series of a function f(x) defined on the interval [—m, 7]
and continuous at x = + 7 behaves at the points x = + 7 just as it does at
the other points of continuity, provided that f(—=x) = f(x). However, if

S

4
O' Ny Ny N5 =

FIGURE 11

f(—7m) # f(7), the series obviously cannot converge to f(x) at x = «, and in
this case, it 1s meaningful to pose the problem of expanding f(x) in Fourier
series only for —m < x < w and not for —® < x < w. A similar remark
can be made concerning the Fourier series of a function specified in an interval
of the type [a, a + 2x], where a is any number.

In solving any concrete problem, if the reader draws a graph of the
periodic extension of the function (this is always recommended!) and bears
in mind the criterion just formulated, then the nature of the behavior of
the Fourier series at the end points of the interval will be immediately
apparent.

ll1. Even and Odd Functions

Let the function f(x), defined either on the whole x-axis or on some
interval, be symmetric with respect to the origin of coordinates. We say
that f(x) is an even function if

f(=x) = f(x)

for every x. This definition implies that the graph of any even function
y = f(x) 1s symmetric with respect to the y-axis [see Fig. 12(a)]. It follows

4 Y
/\‘/\ i
/ 5 \Arx 5 > X
(a) (b)

FIGURE 12
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from the interpretation of the integral as an area that for even functions we
have

[" rydx =2 109 dx (11.1)
-1 0

for any /, provided that f(x) is defined and integrable on the interval [—/, /].
We say that the function f(x) is odd if

f(=x) = —f(x)
for every x. In particular, for an odd function we have
f(=0) = - f(0),

so that f(0) = 0. The graph of any odd function y = f(x) is symmetric with
respect to the point O [see Fig. 12(b)]. For odd functions

filf(x) dx = 0 (11.2)

for any /, provided that f(x) is defined and integrable on the interval [—/, /].
The following properties are simple consequences of the definition of even
and odd functions:

(a) The product of two even or odd functions is an even function;
(b) The production of an even and an odd function is an odd function.

In fact, if ¢(x) and {(x) are even functions, then for f(x) = @(x)d(x), we
have

S(=x) = o(=x)(—x) = e(x)P(x) = f(x),
while if ¢(x) and {(x) are odd, we have
J(=x) = o(=x)p(—x) = [—e(N)][—¢(x)] = ¢(X)P(x) = f(x).

This proves Property (a). On the other hand, if ¢(x) is even and J(x) is
odd, then

J(=%) = o(=)P(—x) = e()[—P(X)] = —()(x) = —f(x),
which proves Property (b).

12. Cosine and Sine Series

Let f(x) be an even function defined on the interval [—m, =], or else an
even periodic function. Since cosnx (n = 0, 1,2,...) is obviously an even
function, then by Property (a) of Sec. 11 the function f(x) cos n.x is also even.
On the other hand, the function sinnx (n =1, 2,...) is odd, so that the
function f(x) sin nx is also odd, by Property (b) of Sec. 11. Then, using
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(6.5), (11.1) and (11.2), we find that the Fourier coefficients of the even
function f(x) are

1 rr 2 rrw
an = ~ f_n f(x) cos nx dx = T—rJ;) f(x) cos nx dx (n=20,1,2,...),

, (12.1)
b, = ?J f)sinnxdx =0 (n=1,2...)

Therefore, the Fourier series of an even function contains only cosines, i.e.,

[e o)
a
f(x) ~ 70 +Z:la,, COS nx,

where the coefficients a, are given by the formula (12.1).

Now, let f(x) be an odd function, defined on the interval [—m, &), or else
an odd periodic function. Sincecosnx (n = 0, 1, 2,...)isan even function,
the function f(x) cos nx is odd, by Property (b) of Sec. 11, and since sin nx
(n=1,2,...) is odd, the function f(x) sin nx is even, by Property (a) of
Sec. 11. Then, using (6.5), (11.1), and (11.2), we find that the Fourier
coefficients of the odd function f(x) are

a, = T—ltfq f(x)cosnxdx =0 n=0,1,2,...),

(12.2)
b, = 1 F f(x) sin nx dx = gfnf(x) sin nx dx n=12...)
=) =, ,2,..0).

Therefore, the Fourier series of an odd function contains only sines, 1.e.,

f(x) ~ > b,sin nx,
n=1

where the coefficients b, are given by the formula (12.2). Since the Fourier
series of an odd function contains only sines, it obviously vanishes for
x = —7, x =0, and x = ® (and in general for x = k=), regardless of the
values of f(x) at these points.

A problem which often arises is that of making an expansion in cosine
series or sine series of an absolutely integrable function f(x) defined on the
interval [0, ®]. To expand f(x) in cosine series, we can reason as follows:
Make the even extension of f(x) from the interval [0, =] onto the interval
[—m, 0] [see Fig. 13(a)]. Then all the previous considerations apply to the
even extension of f(x), so that its Fourier coefficients can be calculated by the
formulas

a, = gfﬂf(x) cos nx dx n=0,1,2,...),
T (12.3)
b,=0 n=12...),
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which involve only the values of f(x) in the interval [0, 7]. Therefore, for
computational purposes, there is no need to actually make the even extension
of f(x) from [0, =] onto [—m, O].
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FIGURE 13

To expand f(x) in sine series, we first make the odd extension of f(x)
from the interval [0, =] onto the interval [—m, O] [see Fig. 13(b)]. In doing
so, the oddness requires that we set f(0) = 0. Then, the previous considera-
tions again apply to the odd extension of f(x), so that its Fourier coefficients
are given by the formulas

a, =0 n=0,1,2,...),
(12.4)

2 (w :
b, = 7_rJ‘o f(x) sin nx dx n=12,...),

which involve only the values of f(x) in the interval [0, *]. Therefore, as in
the case of cosine series, there is no need to actually make the odd extension
of f(x) from [0, ] onto [—m, O].

However, in order to avoid mistakes in using the convergence criterion of
Sec. 10, it is still recommended that a sketch be made of the function f(x)
and its even (or odd) extension onto the interval [—m, 0], as well as of its
periodic extension (with period 27) onto the whole x-axis. This sketch will
help in investigating the behavior of the “extended” function, which is the
function to which the convergence criterion has to be applied.

13. Examples of Expansions in Fourier Series

Example 1. Expand f(x) = x2 (-1t < x < ®) in Fourier series. The
function f(x) is even; the graph of f(x) together with its periodic extension is
shown in Fig. 14. The extended function is continuous and piecewise
smooth. Therefore, by the criterion of Sec. 10, its Fourier series converges
to f(x) = xZ everywhere in [—, ], and converges to the periodic extension
of f(x) outside [—, ©]. Moreover, the convergence is absolute and uniform.
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FIGURE 14
A calculation shows that
2 2 [x3)x»=~ 2m2
ay = = xzdx——[—] = —
T Jo 3 x=0 3
Furthermore, integrating by parts, we find that
2 (7 4 (r
a,,=—f x2cosnxdx = — — | Xxsinnxdx
Tt Jo Tth Jo
4 x=m 4 (r
= — [x cos nx] — — | cosnxdx
TTH2 v=0 Tn2Jo

4 . 4
= -3 cosnm = (-1 =

whileb, = 0 (n = 1, 2,...),since f(x)iseven. Therefore, for —m < x < 7,
we have
2

x2=?—4(cosx-—

cos 2x 4+ co8 3x _) (13.1)

22 32

Example 2. Expand f(x) = |x| (- < x < =) in Fourier series. The
function f(x) is even; Fig. 15 shows the graph of f(x) together with its periodic
extension. The extended function is continuous and piecewise smooth, so

FIGURE 15
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that the criterion of Sec. 10 is applicable. Therefore, its Fourier series
converges to f(x) = |x| everywhere in [—m, ©] and converges to the periodic
extension of f(x) outside [—m, ®]. Moreover, the convergence is absolute
and uniform.

Since |x| = x for x > 0, we have

7 Jo TL2]x=0
a, = 2fﬁxcosnxa’x = — 2z " sin nx dx
T JO Hn J0
2 x=rm.
=— [cos nx]x= = - [cos nt — 1]
2 n
- S 1(=1y —1],
It follows that @, = O for even », and that a, = —4/nn? for odd n. Finally,

b,=00n=1,2,...),since f(x) is even. Thus, for —n < x < =, we have

4

(13.2)

4 cos 3x  cos Sx
|x|=§—7—t cos x + + + )

32 52

Example 3. Expand f(x) = |sin x| in Fourier series. This function is
defined for all x, and represents a continuous, piecewise smooth, even func-
tion. Its graph is shown in Fig. 16. The criterion of Sec. 10 is applicable,
and hence f(x) = |sin x| is everywhere equal to its Fourier series, which is
absolutely and uniformly convergent.

T

FIGURE 16

Since |sin x| = sin x for 0 < x < =, we have

2 (™ . 4
a,=—=| sinxdx = -
T Jo TC

and

T
a, = —f sin X cos nx dx
T Jo
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1 (= . :
== jo [sin(n + 1)x — sin(n — 1)x] dx

= — l FCOS (” + l)x . COS (/1 — l)x XN=TT
a T L h + l ’1 — l =0
_ l —(—l)n+l_l _ (_l)n—-]_l] _ (;w
 onml on+1 n—1 - ‘rt(n2—1)’

for n # 1, while forn = 1

2 (7 . 1 = .
a =—f smxcosxdx=—f sin 2x dx = 0.
0 T JO

Moreover, b, =0 (n =1, 2,...), since f(x) is even. Therefore, for all x
we have

2_4_1(0052)( cos 4x cos6x+.“).
7C

|sin x| = 3 + 13 + 35

'L

Example 4. Expand f(x) = x (—=® < x < ®) in Fourier series. The
function f(x) is odd; Fig. 17 shows the graph of f(x) together with its periodic
extension. The extended function is piecewise smooth and discontinuous at
the points x = 2k + Dn (k =0, +1, £2,...). The test of Sec. 10 is
applicable, and the Fourier series of f(x) converges to zero at the points of

discontinuity.
/]
| I | |
I | / /:
_+ 4 3
=T
I
I

FIGURE 17
Since f(x) 1s odd
a, =0 n=01,2...),
b, = z fn X sin nx dx
7t Jo

T 2 7T
+ —f cos nx dx
0 0

X
= — — [x cos nx]
™ x TH

2

2
= — Zcosnm = = (=11,
- n( )
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Therefore, for —m < x < =, we have

sin 2x  sin3x ) (13.3)

2 3

Example 5. Expand f(x) = 1 (0 < x < =) in sine series. Making the
odd extension of f(x) onto the interval [—m, 0] produces a discontinuity at
x = 0. Figure 18 shows the graph of f(x) and its odd extension, together
with its subsequent periodic extension (with period 2w) over the whole
x-axis. The convergence criterion of Sec. 10 is applicable to this “‘extended”
function. Therefore, its Fourier series convergesto f(x) = | for0 < x < =.
Outside the interval 0 < x < =, it converges to the function shown in
Fig. 18, with the sum of the series being equal to zero at the points x = k=
k=0, £1, £2,...).

x=2(sinx—

4
- ﬁ__—'I
_+ ) L 4 #.__é___é»x
e o  wl 2m 3w 4lm 5w
FIGURE 18
Since
a, =0 n=20,1,2,...),
2 (™ .
b, = —f sin nx dx
 Jo
2 = _ 2 :
= — [—cos nx]x= =— [1 —(-=D"],
we have

sin 3x  sin Sx
NELE

l—i(sint-}-
R ’ 3 5

(13.4)

for0 < x < .

Example 6. Expand f(x) = x (0 < x < 2n) in Fourier series. This
example bears a superficial resemblance to Example 4, but the difference is
immediately apparent if we construct the periodic extension of f(x) (see
Fig. 19). The criterion of Sec. 10 is applicable to this extended function.
At the points of discontinuity, the Fourier series converges to the arithmetic
mean of the right-hand and left-hand limits, i.e., to the value =. The function
f(x) i1s neither even nor odd.
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FIGURE 19
Since
1 27 1 21 x=2m
a0=—[ xa'x=—[x—] = 2m,
o T2 ].=0

1 2=
a, = - f X COS nx dx
 Jo

1 : i 1 (2= .
= — [x sin nx] - — sinnxdx =0 n=12...),
™ x=0 mtn Jo

1 2= .
b, = - f x sin nx dx
7t Jo

1 x=2r 1 2= 2
= — — [x cos nx] + —f cosnxdx = — =
T x=0 TRJo T
we have
x=mn—2 (sin X + sm22x + sm33x + - -), (13.5)

for 0 < x < 2m.

Example 7. Expand f(x) = x2 (0 < x < 2n) in Fourier series. This
example resembles Example 1, but the graph of the periodic extension of f(x)
immediately shows the difference (see Fig. 20). The criterion of Sec. 10 is

y
A

0 4T 6

FIGURE 20
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applicable, and at the points of discontinuity the series converges to the
arithmetic mean of the right-hand and left-hand limits, i.e., to the value 272.
The function f(x) is neither even nor odd.

Since
1 2= 1 [x3]x=20 8n2
a0=—f x2dx = - |= = —
T Jo w3 ]s=0 3
1 2 2 [
a, = —f x2cosnxdx = — — X sin nx dx
T Jo T Jo
2 x=2x 2 2 4
= — [x cos nx] - — cos nx dx = —
T =0 Tn2Jo n
1 2= .
b, = - f x2 sin nx dx
T Jo
1 x=27 2 (2w
= — — [x2 cos nx] + — J X COs nx dx
T x=0 ™ Jo
47 2 [ 47
= —-— - — sin nx dx = — —
n th2 Jo n
we have
2 472 + 4 cos sin x + cos 2x  TrsIn 2Xx
= — X — TSl —_— - —
3 22 2

COS NX  TTSIN NXx
> ..I._ « e
n n

(13.6)

_ 4n? 44 Z cos nX T sin nx)
3 n

n=1

472 COS NX = sin mX
= + 4 Z — 4n > ,
3 n

n=1 n=1

for 0 < x < 2.

Example 8. Expand f(x) = Ax2 + Bx + C (—% < X < ), where A, B,
and C are constants, in Fourier series. 'The graph of f(x) is a parabola. By
periodic extension, we can obtain a continuous or a discontinuous function,
depending on the choice of the constants A, B, and C. Figure 21 shows a
possible extension for certain values of 4, B, and C.

We could calculate the Fourier coefficients from the appropriate formulas,
but there is no need to do so, since we can use the expansions for the functions
x2and x (—7 < x < ), given in Examples | and 4. The result is

A2

,,cosm ,,smn\
A\2+B\+C_-3—+C+4AZ( 1) —232( 1)

n=|\ n=1
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A7787878%

-7/ 0 Tr/ 3/ 51r/ 77/ 97r;’

FIGURE 21

Example 9. Expand f(x) = Ax2 + Bx + C (0 < x < 2n) in Fourier
series. Figure 22 shows the periodic extension of f(x) for a certain choice of
the constants 4, B, and C. Using the expansions of the functions x2 and x
(0 < x < 2r), given in Examples 6 and 7, we find that

4 A2
3

AX? + Bx + C = =

+ Brn +C+4AZ

sin n)\

— (4mA — 2B) Z

for 0 < x < 2m.

FIGURE 22

We can use these examples to calculate the sums of some important
trigonometric series. For example, (13.5) immediately gives

SEZ_EF (0 <.x < 2m), (13.7)

and from (13.5) and (13.6), we infer that

i cos nx  3x2 — 6mtx + 2m2

= B (0 < x < 2m). (13.8)

n=1

Since the terms of the series on the left do not exceed 1/n? in absolute value,
the series is uniformly convergent, which means that its sum is continuous
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for all x (see Sec. 4). Therefore, (13.8) is valid for 0 < x < 2w, and not just
for 0 < x < 2m.
Similarly, (13.3) gives

S (—1y E% - 12‘ (- < x < T), (13.9)
n=1

(13.1) gives

< _ np1COSNX T2 — 3x2 e <
2= = =T (-r<x<m),  (13.10)
(13.4) gives
<-sin(2n + Dx =
=7 13.11
,ZO 2 T 1 g O<x<m, (13.11)
and (13.2) gives
icos @nt Dx 72— 2% o< x <) (13.12)

T @n+ )2 8

Moreover, subtracting (13.11) from (13.7), we obtain

>3 21X _ T 2X (0 < x <), (13.13)

4

and subtracting (13.2) from (13.8), we obtain

z Cos 2nx — 6mtx + w2

2n)Z 24 0 < x <. (13.14)

These formulas also allow us to calculate the sums of some numerical
series. For example, if we set x = 0, (13.8) and (13.10) become

Tt_2—1+l+l_+l+ Tt_z—l_i+L_.l_+...
6 22 1 32 7 42 12 22 7 32 42

while if we set x = w/2, (13.11) becomes

g=l-3+s—-7+-

7

14. The Complex Form of a Fourier Series

Let the function f(x) be integrable on the interval [—=, =], and form its
Fourier series
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f(x) ~ %’ + z (a, cos nx + b, sin nx), (14.1)

n=1

1 r=
a, = ;rf_n f(x) cos nx dx n=0,1,2,...),

1 (14.2)
— Jn Sf(x) sin nx dx (n=12...).

'

b,

We shall make use of Euler’s well-known formula, relating the trigonometric
and exponential functions:
ei* = cos ¢ + isin ¢.

It is an immediate consequence of this formula that

COS elv + e® sin ev — e
= —— = —
? 2 ? 2i
Therefore, we can write
einx + e—iux
COS X = 5 ;
Sin = einx — e—inx _ I — einx + e—inx
20 2

Substituting these expressions in (14.1), we obtain

@ S aL——Ib" inx ﬂil_b" —inx).
J) ~ 3+ 'Zl ( s eint ot e (14.3)
If we set
_ ﬂ(_) _ a, — ibn _ a, + ibn _
Co= 5> C=—"—5—2 Cp=—""5— n=12,...), (14.4)

then the mith partial sum of the series (14.3), and hence of the series (14.1),
can be written in the form

sm(x) = Cp + z (cneinx + c__”e—inx) = z Cnei”x' (145)

n=1 n=—m

Therefore it is natural to write

f(X) ~ > cuein. (14.6)
This is the complex form of the Fourier series of f(x). The convergence of
the series (14.6) must be understood to mean the existence of the limit as
m -— oo of the symmetric sums (14.5).
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The coefficients ¢, given by (14.4) are called the complex Fourier co-
efficients of the function f(x). They satisfy the relations

1 T —inx =
¢, = 2ch.n fe-incdx (=0, +1, +2,...). (14.7)
In fact, by Euler’s formula and (14.4), we have

2—17; f:r f(xX)e=inx dx = % [ Jj_r f(x)cosnxdx — i f:r f(x) sin nx dx]

= %(an - lbn) = C,

for positive indices and

o | Seemax = 5| [T foocosmxds + i [T foysinnx d

= (a, + ib,) = c.,

for negative indices. It is useful to bear in mind that if f(x) is real/, then the
coefficients ¢, and c¢_, are complex conjugates. This i1s an immediate
consequence of (14.4).

Incidentally, we note that the formula (14.7) can also be obtained directly,
just as the formulas (14.2) were (see Sec. 6), if we assume that the sign =
appears in (14.6) instead of the sign ~ and that term by term integration is
legitimate. In fact, multiplying both sides of the equality

S(x) = Z cperky

k= —o

by e-inr and integrating term by term over the interval [—=, ], we obtain

|” syesine dx = 2me, (14.8)

since for k # n (see Sec. 5) we have
Y
Ck J‘ ei(k—n)x (1,\‘

= ¢y “nn [cos (k — nm)x + isin (k — n)x]dx = 0,

i.e., all the integrals on the right vanish except the one corresponding to the
index k = n, while for kK = n, we obtain the number 2r¢,. The formula
(14.7) is an immediate consequence of (14.8).
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I5. Functions of Period 2/

If it is required to expand a function f(x) of period 2/ in Fourier series,
we set x = /t/x, thereby obtaining the function (1) = f(/t/=) of period 2w
(see Sec. 3). For o(t) we can form the Fourier series

ay < .
o(t) ~ 5 + Z (a, cos nt + b, sin nt), (15.1)

n=1

1 = 1 (= It
a, = = f cp(r) cos nt dt = - J_z f(;) cos nt dt n=20,1,2,...),

1 (= : 1 (= It .
== f o(1) sin nt dr = 7—tf_n f(;) sin nt dt (n=1,2,...).

Lo =7

-~

Returning to the original variable x by setting + = =x//, we obtain

f(x) ~ = +”zl(a,, cos —/I + b, sin 7%”), (15.2)
where
-I -
a, = ;— | ) cos“’T’“‘dx n=012..),
| (15.3)
b, = j £(x) smTL/”‘d,\ n=12..)

The coefficients (15.3) are still called the Fourier coefficients of f(x), and the
series (15.2) is still called the Fourier series of f(x). If the equality holds in
(15.1), then the equality holds in (15.2), and conversely.
We could have constructed a theory of series of the form (15.2) directly,
by starting from a trigonometric system of the form
1, cos =, 51n3>...,cosw> sinw,..., (15.4)
/ / / /
just as we did in the case of the basic trigonometric system (5.1). The
system (15.4) consists of functions with the common period 2/, and it is easily
verified that these functions are orthogonal on every interval of length 2/.
The considerations of Secs. 6, 7, 10, 12, and 14 can be repeated as applied to
the system (15.4), and the result is a formulation analogous to that given in
these sections, except that = is replaced by /. In particular, instead of a
function f(x) of period 2/, we can consider a function defined only on the
interval [—/, /] [or on any other interval of length 2/, provided we appro-
priately change the limits of integration in (15.3)]. The Fourier series of such
a function is identical with that of its periodic extension onto the whole
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x-axis. The convergence criterion of Sec. 10 continues to ‘“‘work,” if we
replace the period 27 by the period 2/.

If f(x) is even, the formulas (15.3) become

2 (! TTHhX
a, = 7fof(x)cosde n=012..)

(15.5)
b, =0 nh=12,...),
while if f(x) is odd, they become
a, =0 hn=0,12,...)
2 (! . TCHX (15.6)
b, = 7fof(x) sinTody (1 =1,2,...).

As in Sec. 12, we can use this fact to expand a function f(x) defined only on
the interval [0, /] in cosine series or in sine series (making the even or the
odd extension of f(x) onto the interval [—/, 0]).

The complex form of the series (15.2) is

f(x) ~ Z c.eitnx/l
where
L —innx/l d ' 0, +1, +2
cn 2—lf—lf(x)e X (n'— y — 1y 2 a"'))
or
co = %’ c, = - LIRS ; b w=1,2,..)

Example 1. Expand the function f(x), defined by

X
cos —- for 0 < x < =

J(x) =
0 for

in cosine series. Figure 23 shows the graph of f(x) and its even extension
onto the interval [—/, 0], together with its subsequent periodic extension

V4
A

LN 7N 7N D
1
2

/

FIGURE 23
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(with period 2/) onto the whole x-axis. The convergence criterion can
obviously be applied everywhere.
For //2 < x < [, we have f(x) = 0, so that

f f(x)dx = f cos—dx = 2,
Ji s
2 i TTHX 12 TN TTHX
a, = 7f0f(\) cos—dx lf cos—cos—[—dx

Making the substitution wx// = t, we obtain

2 a2 1 =
- f costcosntdt = - fo [cos(n + 1)t + cos (n — D] dt,

a —
n Jo

whence

/2 ; t=m/2
al=lf (cos2t+l)dt=l[5m2t+t] 1
7T Jo T

2

_ I fsin(n + 1)t | sin(n — l)t]t=n/2
a"—n[ rara B T P (n > 1).
Therefore, for odd n > 1
a, = 0,
while, for even »
I CRV )
an - Tt(nz — 1)’ bn - 0 (” - 1, 2, .. .).
Thus we have
o cos == for Oéxs.{,
-1-+lco 72‘_2 (—1)" 2mnx / 5
T2 L 4n? — 19— T ]
0 for 5 < X < /

This series converges on the whole x-axis to the function shown in Fig. 23.

Example 2. Expand the function f(x), defined by

X for Oéxgil,
fx) = ,
| — x for §<x<1,

in sine series. Figure 24 shows the graph of f(x) and its odd extension onto
the interval [—/, 0], together with its subsequent periodic extension (with



38 TRIGONOMETRIC FOURIER SERIES CHAP. 1

period 2/) onto the whole x-axis. The convergence criterion can be applied
everywhere.

Yy
A
_L
¢ , O\ ey
-1 A % z\/zz 31\/41
FIGURE 24
In this case, we have
a, =0 (n=20,1,2,...),
b= 2 [ f(x) sin P a
= f”z in 22X 4 f (l—x)sm—d\ (n=12 )
=7 X Sin — [ 7 n=12...).
Setting 7tx// = t, we obtain
20 (=2, 2] (= .
b, = =, tsin nt dt + = L/z (m — t)sin nt dt
21 [ t cos nt]’=”/2 + 20 (=2 cos nt dr
~ n2 n (=0 7e2n Jo
—_ t=T1 T
+ 2—12 [— (m — 1) cos nt] — —22i cos nt dt
' h t=n/2 TN Jr/2
4l sin ™.
T m2n2 2
Therefore
b for 0 < x < !
4 (. mx 1 . 3mx 1 . 5mx SN2
7725m7—ﬁsm—7—+753s 5~ )= /
| — x for 5 <X </

\

This series converges on the whole x-axis to the function shown in Fig. 24.

PROBLEMS
1. Expand the following functions in Fourier series:

a) f(x) = er* (—r < x < =n), where a # 0 is a constant;
b) f(x) = cosax (—= < x < =), where a is not an integer
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¢) f(x) =sinax (-~ < x < =), where a is not an integer;

0 for —nm<x <0,
d) S = { for 0<x <~

2. Using the expansion of Prob. 1b, show that

I | < 1 1
sin z z T Zl (=1r [z—nn+z+nn]’

where z i1s any number which is not a multiple of .

3. Using the expansion of Prob. la, expand the following functions in Fourier
series:

a) The hyperbolic cosine

ea.\C + e—a.\’

cosh x = — (—7 < x < n);
b) The hyperbolic sine

. e(l.\' — e—a.\’

smhx=——2— (=7 < x < n).

4. Expand the following functions in Fourier cosine series:

a) f(x) = sinax (0 < x < x), where a is not an integer;

1 for 0<x<h,
b) f(x)={0 for h < x < =

X
- = < x <
N f(x)z{l = for 0<x<2h,

0 for 2h < x < .

5. Expand the following functions in Fourier sine series:

fsin Z% for 0 < x < -é,
a) f(x) =< /
0 for =< x<I;
| 2
smflf for 0 < x < 3
b) f(x) =5 ,
X
—sm—l for 3 <x<l

6. Expand the periodic function

f(x) =

cos rTx', [ = const,/ >0

in Fourier series.

7. Let f(x) have period 2= and let | f(x) — f(»)| < c¢|x — y|*, for some constants
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c>0,a >0, and for all x and y. [If f(x) obeys this inequality, it is said to

satisfy a Holder (or Lipschitz) condition of order «.] Show that
cr*
[anl = 'n_a’ lbnl < ’;'l';’

where a, and b,, are the Fourier coefficients of f(x).

8. Expand the following functions in Fourier sine series:

a) f(x) = cosx 0 < x < n);
b) f(x) = x3 0 < x < ).

9. Let f(x) be a function of period 2= defined for — = < x < =. Let f(x) have
the Fourier series

24 Z (a,, cos nx + b, sin nx),

n=1

19 + /(=0

and let

fi) = Sy = L =S =)

Show that f,(x) is an even function and f,(x) an odd function, with Fourier
series

24 z a, COS nx, z b, sin nx,

n=1 n=1

respectively. Show that the function f(x — =) has the Fourier series

+ z (= 1)(a, cos nx + b, sin nx).

n=1

10. Sum the series

a) Z sin IIX, b) z (_ ])n sin nx

n=1 n=1

) z coS nx, d) z (_ 1)” COosS IIX

n=1 n=1

by using Example 8 of Sec. 13 and the results of the preceding problem.

11. Find the sum of each of the following numerical series by evaluating at a
suitable point a Fourier series given in the text or in the problems:

0 1 . )
D Dt P ot 2

n=1
1 < sinnh 1 < (sin nh\2
©) 2 + nzl nh ’ d) 2 + 'Z:l ( nh ) .

12. Show that the Fourier series for the function f(x) = x on the interval
—n < x < © does not converge uniformly, but that the Fourier series for the
function f(x) = x2 does converge uniformly. Find the Fourier series for

f(x) = x4 by integrating the Fourier series for f(x) = x2 between the limits 0
and x.
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ORTHOGONAL
SYSTEMS

I. Definitions

An infinite system of real functions

(PO(x)a (PI(X), cPZ("C)a R CP,,(X), oo (11)

is said to be orthogonal on the interval [a, b] if

fb O ()P (x)dx =0 n#Fmnm=20,1,2...). (1.2)

We shall always assume also that

f” ) dx £0  (n=01,2...). (1.3)

The condition (1.2) says that every pair of functions of the system (1.1) is
orthogonal (see Ch. 1, Sec. 5), while the condition (1.3) says that none of the
functions of the system is identically zero.

We have already encountered special cases of orthogonal systems, i.e.,
the basic trigonometric system

1, cos x, sin x, ..., COS nx, sin nx, .. ., (1.4)

which is orthogonal on any interval of length 2w, and the more general
trigonometric system

l,cosn—x, sinn—x,...,cos”—m—c, sinnix,..., (1.5)
/ / / /
which is orthogonal on any interval of length 2/ (see Ch. 1, Secs. 5 and 15).
41
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 The system (1.1) is said to be normalized if

f@,,(x)dx—l (n=0,1,2,...).

Every orthogonal system can be normalized, i.e., one can always choose the
constants (Lo, (Ly, - - -, s - - - 10 such a way that the system

(J'OCPO(X)> P“I(Pl(x)’ IR P-,,(P,,(X), <oy

which is obviously still orthogonal, is now also normalized. Such a system
is said to be orthogonal. In fact, the condition

f prpa(x) dx = fb pax)dx =1 (n=0,1,2,...)

implies that
1

Yn = b .
2
S e ax

Finally, we introduce the notation

el —A/f o2x)dx (1 =0,1,2,...),

and call this number the norm of the function ¢,(x). If the system (1.1) is
normalized, then obviously

leal =1  (n=0,1,2,...).

2. Fourier Series with Respect to an Orthogonal System

We now essentially repeat the considerations of Ch. 1, Sec. 6, in a more
general context. Let f(x) be a function defined on the interval [a, b]. Sup-
pose that f(x) can be represented as the sum of a series involving the functions
of the orthogonal system (1.1), i.e., suppose that everywhere on [a, b]

J(x) = copo(x) + c191(x) +- -+ c0,(x) +- -, (2.1)

where ¢y, ¢y, ..., ¢c,,... are constants. To calculate these constants, we
assume that the series

f(x)(Pn(x) = Co(Po(X)(P"(\') + CI(PI(\‘)CPII(Y) +otCp l@lt—l(x)cpn(x)
+ chPn(\) + Cn+l(Pn+l(x)<Pn(\) + - (22)
(n=20,1,2,...),

obtained by multiplying the equations (2.1) by ¢,(x), can be integrated term
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by term over the interval [a, b]. According to (1.2), this integration gives

b b,
( S(X)p,(x) dx = ¢, f @ (x) dx (m=20,1,2,...).

Therefore we have

b b
[1 S(X)p,(x) dx fa F()p,(x) dx

Ch =

(nm=20,1,2,...). (2.3
b 9
[* 02(x) dx e

‘a

Now suppose that we are given a function f(x) defined on the interval
[a, b], and we wish to make a series expansion of f(x) with respect to the
functions of the system (1.1), without knowing in advance whether or not
such an expansion is possible. If such an expansion is actually possible
(and if the required term by term integration is also possible), then, as we
have just seen, we must arrive at the formulas (2.3). Therefore, in trying
to find the required expansion of the function f(x), it is natural to first examine
the series with coefficients given by (2.3), and see whether this series might
turn out to converge to f(x). The coefficients given by (2.3) are called the
Fourier coefficients of f(x) with respect to the system (1.1), and the correspond-
ing series is called the Fourier series of f(x) with respect to the system (1.1).
If the system (1.1) is normalized, then the formulas for the Fourier coefficients
take a particularly simple form:

¢ = [ e dx (1=0,1,2,...). (2.4)

Until it has been ascertained that the Fourier series of f(x) actually
converges to f(x), we write

J(X) ~ copo(x) + c1p1(x) + -+ epu(x) + -

However, it should be noted that even in the case where the Fourier series
turns out to be divergent (and this actually happens sometimes), the Fourier
series still has various remarkable properties which will be discussed below.

If the functions of the system (1.1) are continuous, and if the series in the
right-hand side of (2.1) is uniformly convergent, then it is easy to prove that
the series (2.2) is also uniformly convergent and can therefore be integrated
term by term (see the proof of Theorem 1 of Ch. 1, Sec. 6). This immediately
implies the following

THEOREM. If the functions of the system (1.1) are continuous and if
the series expansion (2.1) of f(x) is uniformly convergent, then (2.1) is
the Fourier series of f(x).
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3. Some Simple Orthogonal Systems

In addition to the orthogonal systems (1.4) and (1.5) just cited, we
consider the following systems:

I. The system
1, cos x, cos 2x, ..., cCos nx, ...

is orthogonal on the interval [0, ©]. In fact

fn cos nx dx = [sm nx]pn =0 n=12,...), 3.1)

0 n x=0

which means that the functions cos nx and 1 are orthogonal. Moreover, we
have

: 1 r=
f; COS nx cos mx dx = 3 fo [cos (n + m)x + cos (n — m)x] dx

1 (= 1 n
=§f0cos(n+m)xdx+§focos(n—m)xdx=o (n # m),

which follows from (3.1). This proves that the system I is orthogonal.

In writing Fourier series with respect to the system I, we continue to use
the notation introduced in Ch. 1, 1.e., we write

a
f(x)~§°+a1cosx+azcos2x+-~-+ a,cosnx +---.

With this notation for the Fourier coefficients, the formulas (2.3) give

0 f;'f(x)dx

1 r=
= " fdx,
2 f 1-dx & fo
0
and
f”f(x) cos nx dx
a, = == (n=1,2...).
f cos2 nx dx
0
Since

m =1 4+ cos 2nx T
2 — = =
focos nxa'x—f0 3 dx—2

we can write

2 rn
a,,=7—tfof(x)cosnxd,\ n=0,12...).
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Thus, as is to be expected, we arrive at the same formulas (12.3) as obtained
in Ch. 1 for cosine series.

II. The system
sin x, sin 2x, ..., Sin nx, . . .

is orthogonal on [0, =]. In fact

: : 1
fﬂ sin nx sin mx dx = 3 fﬂ [cos (n — m)x — cos (n + m)x]dx =0
0 0

for n # m [see (3.1)]. As in the preceding case, in writing Fourier series

with respect to the system II, we continue to use the notation adopted
in Ch. 1:

f(x) ~ bysinx + bysin2x +---+ b, sinnx + - - -
Then by (2.3)
fﬂf(x) sin nx dx
_ Yo

n .
f sin2 nx dx
0

b, n=12...).

Moreover, since

f;r sin2 nx dx = fz I - c;)s 2nx dx = T—2t,

we have
b =2fnf(x)sinnxdx n=12...)
n T: 0 b b b
i.e., as is to be expected, we arrive at the formulas (12.4) obtained in Ch. 1
for sine series.
ITI. The system
sin x, sin 3x, sin 5x, ..., sin (2n + D)x, ...

is orthogonal on [0, =/2]. Infact,forn # mandn,m = 0,1, 2,..., we have

sz sin (2n + D)x-sin (2m + 1)x dx
0

/2
= %fo [cos 2(n — m)x — cos 2(n + m + 1)x] dx
1 [sin 2(n — m)x] x=r/2 ] [sin 2(n + m + l)x] x=7/2

2L 20—-m) .o 2L 20+ m+ D)

x=0

The formulas (2.3) for the Fourier coefficients give
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| :/ ? () sin (2n + 1)x dx

Cn -

/2 (n=20,1,2,...).
fo sin?2 (2n + 1)x dx

But
n/2 n/2]1 — cos (4n + 2)x TC
2 o = =
fo sinz2 (2n + 1)x dx fo 5 dx q
and therefore
7T [7/2 :
¢ =7 fo fG)sin@n + Dxde (1 =01,2,...). (32

We now show that if f(x) is a function defined on the interval [0, /2],
then we can arrive at the expansion of f(x) with respect to the system III by
starting from the basic trigonometric system, just as in Ch. 1, Sec. 12, we
arrived at the expansions in cosine series or sine series of a function defined
on [0, ] by using its even or odd extensions onto the interval [—=, 0. To
do this, we have to generalize the concepts of evenness and oddness of a
function. Thus, let f(x) be defined either on the whole x-axis or on some
interval which is symmetric with respect to the point x = /.  We shall say
that f(x) is even with respect to x = I if

fU—h=fU+h

for every . This means that the curve y = f(x) is symmetric with respect
to the line x = [ (see Fig. 25).

FIGURE 25

If a function f(x) is even with respect to x = /, then obviously

l+a !
[ fxe) dx = 2 f f(x) dx,
JYil-a !

—da

and in particular (for a = /)

[ ey dx =2 [ ) dx. (3.3)
0 0
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Similarly, we say that f(x) is odd with respect to x = I if
S —=nh = —fU+h)

for every . This means that the curve y = f(x) is symmetric with respect to
the point (I, 0) (see Fig. 26). If a function f(x) is odd with respect to x = /,
then obviously

"Ha

f(x)dx = 0,
l—a
and in particular

21
| S dx = 0.

4
A
N\ i /s
ol / Ry, N
FIGURE 26

With this interpretation of evenness and oddness, we can assert that the
product of two even or two odd functions is even, whereas the product of an
even function and an odd function is odd. The proofs are essentially the
same as those given in Ch. 1, Sec. 11.

Now let f(x) be defined on the interval [0, /2], and make the even
extension of f(x) onto the interval [x/2, =] (see Fig. 27). This gives a function

Y
A
2 N\
—_ 1 I\" \
- 2 N\
i 1 L —
< " v; } = )
\ 0 m m
N\ | // —
\~l‘-‘4"\\/ 2
FIGURE 27

g(x) defined on [0, =] which coincides with f(x) on [0, ®/2]. Expand the
function g(x) in a cosine series, which is equivalent to making the odd
extension of g(x) onto the interval [—m, 0] (see Ch. 1, Sec. 12); the result is

2 (7 :
b, = fo g(x)sinnxdx (n=12,...) (3.4)
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Next, we observe that the functions of the system III are even with respect
to x = w/2. Infact,forn =0,1,2,..., we have

sin 21 + 1) (g _ lz)
= sin 2n + 1)’—2‘-cos (2n + Dh
— cos (2n + 1);—c~sin (2n + Dh
= sin 2n + 1) g-cos 2n + Dh

+ cos (2n + l)g-sin 2n + Dh = sin(2n + 1) (g + h),
since
cos (2n + 1)’5r = 0.

Therefore, since the functions g(x) and sin (2n 3+ 1)x are even with respect to
x = 7/2, it follows from (3.3) and (3.4) that

2 (r :
brpp1 = - fo g(x)sin 2n + Dxdx

/2
_4 f(x)sin(2n + xdx (=0,1,2,...).

T™TYo0

On the other hand, the functions sin2ax (n = 1, 2,...) are odd with
respect to x = m/2, since

sin 2n (g — h)

sin Th COS 2nh — cos th sin 2nh

= — (sin 1tn cos 2nh + cos mn sin 2nh)

= — sin 2n (g + h)-

Therefore, the product g(x)sin2nx (n = 1,2,...) is odd with respect to
x = m/2, and hence

2 (= .
b,y, = - fo g(x)sin2nxdx = 0 (n=1,2,...).

Thus, finally, we have expanded the function g(x), and consequently the
function f(x), in a sine series such that all the coefficients with even indices
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vanish. The coefficients with odd indices are given by the formulas (3.4),
which coincide with (3.2).

We have gone through this rather lengthy argument in order to be able to
apply the convergence criterion of Ch. 1, Sec. 10 (which was formulated for
functions of period 27) to the case of series expansions with respect to the
system III. Our argument shows that this convergence criterion must be
applied to the function obtained from f(x) by first making an even extension
of f(x) onto [r/2, =], then making an odd extension of the resulting function
onto [—m, 0],! and finally extending the result periodically (with period 2r)
onto the whole real axis.

IV, V. The systems

21X nTX
lcos [, T""’COST""
and
X . 21X . NTX
In——, SIn ——, ..., SIn —, . ..
/ / /

are orthogonal on the interval [0, /]. In fact, if we make the substitution
nx/l = t, the integrals of pairs of functions from each of these systems
reduce to the corresponding integrals for the systems I and II.

VI. The system

3nx Stx 2n + D)rx

snn—x SIN ———> SIN —— S
1 Tk Tl n T n o] y e

is orthogonal on the interval [0, /]. In fact, making the substitution wx/2/ = ¢,
we obtain

2n + Drx . (2m 4+ Drnx
I o T Sin T dx

21 (712, :
= fo sin (2n + 1)t-sin 2m + I)tdt = 0 (n # m),

since everything has been reduced to the orthogonality of functions of the
system III. For the Fourier coefficients with respect to the system VI, we

obtain

! . (2n + Drx
A (2n + Drx = 7/ 2/ '
fo sin2 7] dx

If we want to expand a function f(x) defined on [0, /] in a Fourier series

I Figure 27 shows the graph of y = f(x) together with the indicated twofold extension.
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with respect to the system VI, we first make the substitution =x/2/ = t.
This reduces the problem to expanding the function o(¢) = f(2/t/r), defined
on [0, /2], with respect to the system III. Then, we return to the required
expansion with respect to the system VI by transforming back to the variable
x. It follows that we can apply the convergence criterion of Ch. 1, Sec. 10
to expansions with respect to the system VI (which are quite often encountered
in the applications), since the criterion 1s applicable to the system Il1.

Later, we shall deal with orthogonal systems consisting of functions which
are more complicated than trigonometric functions (e.g., Bessel functions).

4. Square Integrable Functions. The Schwarz Inequality

We shall say that the function f(x) defined on the interval [a, b] is square
integrable if f(x) and its square are integrable on [a, b]. Every bounded
integrable function must be square integrable, but this is not always the case
for unbounded integrable functions. For example, the integral

1d
v

exists, but the integral

does not exist.
Let o(x) and {(x) be square integrable functions defined on [a, b]. First
we note that it follows from the elementary inequality

lod] < (92 + ¢2?)

that the function || is integrable.2 Now consider the inequality

[+ ['gras o2 [ spas 432 Paras >0

va

which holds for an arbitrary constant A, and set

b b b
[[orax =4, [ovdx=8 [2dr=cC
a a a
Then
A+ 2BA+ CA\2 >0
2 Incidentally, this implies that a square integrable function is always absolutely

integrable. (As we have seen, the converse is not always true.) To see this, it is sufficient
to set U(x) = 1.
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for any A. Therefore, the graph of the polynomial
w=A+ 2B\ + C\2

is a parabola lying above the x-axis or perhaps touching it (see Fig. 28).

")

FIGURE 28

It follows that our polynomial cannot have distinct real zeros, since then
the curve would intersect the x-axis in two points. Therefore, the dis-
criminant of the polynomial must satisfy the inequality

B2 — AC <0,
1.€.,
Bz < AC.
Recalling the meaning of A, B, and C, we obtain
2 b
(fb oY dx) < fb 2 dx f $2 dx. 4.1)

This very useful inequality is called the Schwarz inequality.3

Using the Schwarz inequality, it is easy to show that the sum of a finite
number of square integrable functions is also a square integrable function.
In fact, for two functions we have

b b b b
f (o + $)2dx = f ©2dx + 2f oY dx + f $2 dx,
and the generalization to the sum of any number of functions is straight-

forward.

5. The Mean Square Error and its Minimum

Let f(x) be an arbitrary square integrable function defined on the interval
[a, b], and let 6,(x) be a linear combination of the first n + 1 functions of the
system (1.1), 1.e.,

O’H(X) = YO(PO(X) + chpl(x) +--F Yncpn(x)) (51)

3 Called the Buniakouvski inequality by Russian mathematicians. (Translator)
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where vq, vi, ..., Y. are constants. By hypothesis, all the functions ¢,(x)
of the system (1.1) are square integrable [see (1.3)]. Therefore, the linear
combination o,(x) and the difference f(x) — o,(x) [n = 0, 1, 2,...] are also
square integrable functions.

Now consider the quantity

0 = [ 1) = 0,012 (5.2

which we call the mean square error in approximating f(x) by o,(x). There
are many ways of calculating the deviation of the linear combination &,(x)
from the function f(x); we have chosen the mean square error, which i1s
particularly appropriate in the theory of Fourier series.

We now pose the problem of choosing the coefficients v, vy, - . ., v, (for a
given n) in such a way that the mean square error 3, is a minimum. It
follows from (5.2) that

S, = [ ) dx = 2 [ f(x)ou(x) dx + [ o3(x) d. (5.3)
By (5.1) we have
[* f90,0 dx = 5 ve [ FCOpe) dix.
a k=0 a
But according to (2.3)

Lbf (Dox(x) dx = cxfoe|?2 (K =0,1,2,...),

where the ¢, are the Fourier coefficients of the function f(x), and therefore

b n
[ oo dx = > vielonl. (54)
a k=0

Furthermore, we have
b b 1 2
st dx = [ (2 o) dx
a a k=0

= [ 2860 + 3 wviesed) da

pP¥#q

z ) b
= > i J QA(x) dx + > vy, f Pp(X)Pg(x) dx.
k=0 a p#q a
The last sum extends over all possible unequal indices p and ¢ that do not
exceed n. By the orthogonality of the system (1.1), this sum vanishes. Thus,
we find that
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b n
[[ o dx = > viled (5.5
a k=0

Substituting (5.4) and (5.5) in (5.3), we obtain

b n n
o= [0 dy =2 > vieellonl? + D vhlec?
va k=0 k=0

b n n
= | fA)dx + D (o — )2lloell2 — D cklloxl
a k=0

: k=0
Here

n

b
f fAx) dx = const, > ck|]? = const,
a k=0

1.e., do not depend on vy, vy, - - -, Y., and therefore the quantity 3, is obviously
a minimum when

Z (cx — v)?[9al? = O,
k=0

which is equivalent to the conditions
Yk = Ck k=0,1,2,...,n).

Thus, finally, the mean square error is a minimum when the coefficients in
the linear combination (5.1) are the Fourier coefficients. Denoting the
minimum value of the mean square error by A,, we have

m=fﬁﬂ—§wwﬁw

n

= [radx = 3 ctlel (5.6

k=0

This expression shows that as » increases, the nonnegative quantity A, can
only decrease. Thus, as n increases, the partial sums of the Fourier series give
a closer approximation to the function f(x), i.e., an approximation with
smaller mean square error.

6. Bessel’s Inequality

Since A,, > 0, it follows from (5.6) that

n

[[rde > > cled?,

k=0

where n is arbitrary. The sum on the right can only increase as n increases.
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Therefore, since it is bounded by a constant (the integral on the left), the
sum has a finite limit as n — 00. Thus, the series

(e o)

2. chllox]?

k=0

converges and
o0

[[raxs > e 6.1)

k=0
This very important result is called Bessel’s inequality. It follows at once
from the convergence of the series on the right that -

lim ¢,]o,| = O. (6.2)

n— oo

If the system (1.1) 1s normalized, then Bessel’s inequality takes the form

fbfz(x) dx > i c?,
a k=0

and therefore, the sum of the squares of the Fourier coefficients is convergent.
For a normalized system, (6.2) becomes

lim ¢, = 0,

n— 0

i.e., the Fourier coefficients approach zero as n — co.

7. Complete Systems. Convergence in the Mean

The system (1.1) is said to be complete if for any square integrable function
f(x), the equalitv

(o ¢]

.[,bf Ax)dx = D ckfloxl? (7.1)

k=0

holds (instead of Bessel’s inequality). Here, as above, thec, (k = 0,1,2,...)
are the Fourier coefficients of the function f(x). The equality (7.1) is called
the completeness condition for the system (1.1). The following simple
result is an immediate consequence of the completeness condition:

THEOREM 1. Let f(x) and F(x) be square integrable functions for which

S(x) ~ copo(x) + cri(x) + - - -,
F(x) ~ Copo(v) + Cioi(x) + - -+,

and let the system (1.1) be complete. Then we have

e o]

fbf (MF(X) dx = 2 cxCrlloxl2. (7.2)

k=0
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Proof. The sum f(x) + F(x) and the difference f(x) — F(x) are
square integrable funcfions. Moreover, the sum has Fourier coeffi-
cients ¢, +.C, and the difference has Fourier coefficients ¢, — C,.
By the completeness relation, we have

b e o)
[ 1) + Fordy = > (e + Co2lexl,
a k=0

N

b (e 0]
[ /@ - F@Pd = 3 (e = CO2lloul
a k=0

and then subtraction gives
b o0}
4 [ fF) dx = > 40,Cilod
a k=0

The following result has important consequences:

THEOREM 2. A necessary and sufficient condition for the system
(1.1) to be complete is that the relation

) b n 2
lim | [ =S ckcpk(x)] dx = 0, (7.3)
n—oo 4 k=0

hold for any square integrable function f(x), where the ¢, (k = 0,1,2,...)
are the Fourier coefficients of f(x) with respect to the system (1.1).

Proof. Use the relation (5.6) and the fact that the completeness
condition is equivalent to

b n
im | " 200 dx = > cllel?| = 0.
n—c |74 k=0

If the relation (7.3) is satisfied, we say that the Fourier series converges
to f(x) in the mean. Therefore, Theorem 2 can also be formulated as
follows:

A necessary and sufficient condition for the system (1.1) to be complete
is that the Fourier series of any square integrable function f(x) converge
to f(x) in the mean.

It should be noted that ordinary convergence of a Fourier series to the
function from which it is formed does not always occur, even if the system
(1.1) is complete. Nevertheless, as we have just shown, convergence in the
mean always occurs for complete systems (it is understood that we are
talking about square integrable functions). In particular, these remarks
apply to the trigonometric system (whose completeness will be proved In
Ch. 5, Sec. 2).
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These remarks show the importance of the concept of convergence in the
mean and suggest that this kind of convergence be regarded as a generalization
of ordinary convergence. To completely justify this approach, we now show
that a Fourier series can converge in the mean to only one function (with a
certain stipulation). Thus suppose that in addition to (7.3), the relation

n 2
lim j [F(x) > ckcpk(x)] dx = 0, (7.4)
n—o “a k=0
also holds. Then, using the elementary inequality
(@ + b)?2 < 2(a? + b?),

we find that

0 < f *IF(x) — fOO]? dx

-3

<2['[Feo - > ckcpk(x)]z dx + 2 [°[ ) - S ckcpk(x)]z dx.

k=0 k=0

cen) + (3 et — )] as

k=0 k=0

By (7.3) and (7.4), this implies

b
[ PG - sGopdx = 0,
and since the integrand is positive, it follows that

F(x) = f(x)

at the points of continuity of the integrand. But the integrand has only a
finite number of points of discontinuity. Hence, the functions F(x) and f(x)
coincide everywhere, except possibly at a finite number of points. Two
such functions should hardly be considered different in the theory of Fourier
series, since the values of a function at individual points can have no influence
at all on the behavior of its Fourier series (since its Fourier coefficients are
expressed in terms of integrals, and integrals do not depend on the values of
the integrand at a finite number of points!). This allows us to draw the
following conclusion:

THEOREM 3. [f the system (1.1) is complete, then every square inte-
grable function f(x) is completely determined (except for its values at a
finite humber of points) by its Fourier series, whether or not this series
converges.

This means that no other function which is “‘essentially’’ different from
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a given function f(x), i.e., differs from f(x) at more than a finite number of
points, can have the same Fourier series as f(x).4

8. Important Properties of Complete Systems

We now establish some very important properties of complete systems:

THEOREM 1. If the system (1.1) is complete, then any continuous
Sfunction f(x) which is orthogonal to all the functions of the system must
be identically zero.

Proof. 1If f(x) is orthogonal to all the functions of the system, then
all the Fourier coefficients of f(x) vanish. Then the completeness
relation (7.1) implies that

[ raodx = o,
so that
Sf(x) =0,
since f(x) is continuous.

THEOREM 2. If the system (1.1) is complete, if the functions of the
system are continuous, and if the Fourier series of the continuous function
f(x) is uniformly convergent, then the sum of the series equals f(x).

Proof. Let
J(X) ~ copo(®) + 191(X) + -+ (X)) + -,
and set
s(x) = copo(x) + c11(x) + -+ ¢Pu(X) + - . (8.1)

Since the functions of the system (1.1) are continuous, and since the
series (8.1) is uniformly convergent, the sum of the series is continuous.
It follows from the theorem of Sec. 2 that (8.1) is the Fourier series of
s(x). Therefore, the continuous functions f(x) and s(x) have the same
Fourier series. But then Theorem 3 of Sec. 7 implies that

S(x) = s(x),
and by (8.1)

S(x) = copo(x) + c194(x) + -+ ,pu(x) + - -
4 It should be kept in mind that in this book integrable functions, and hence square

integrable functions, are always assumed to be continuous except possibly at a finite
number of points (Ch. 1, Sec. 4). Otherwise Theorem 3 would not be true. (Translator)
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THEOREM 3. If the system (1.1) is complete, then the Fourier series of
every square integrable function f(x) can be integrated term by term,
whether or not the series converges.

In other words, if

f(X) ~ COCPO(‘X) + ClCPI(X) +--+ C,,CP,,(X) +
then

fX2f(x) dx = ¢ fxz Po(x) dx
2 x (8.2)

vor [ To@dx 4t 6 [T o dx o

where x, and x, are any points of the interval [a, b].

Proof. Assuming for definiteness that x; < x,, we have

X2
<
X1
n

<[[lrr - 3 cimeo
k=0

n

J(x) - Z crpi(X)

k=0

dx,

[Provax = 3 o[ e ax
X1 £=0 X1

dx (8.3)

n

S N/Lb [f(x) - Z ckcpk(x)]2 dx Lblﬁ'x,

k=0

where we have used the Schwarz inequality (see Sec. 4). By Theorem 2
of Sec. 7, the last term in (8.3) approaches zero as n— co. Therefore,

i ([ = 3 e [Focra] =0

which is equivalent to (8.2).

9. A Criterion for the Completeness of a System

In view of the importance of the concept of complete systems, it is
appropriate to give a simple test for the completeness of a system. The
following completeness criterion is very convenient:

If for every continuous function F(x) on [a, b] and any number € > 0,
there exists a linear combination

6,(x) = YoPo(X) + vi01(x) + - - - + Y, 0u(%) 9.1)
for which

[T1FG) - o, dx < <,

then the system (1.1) is complete.
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We begin by noting that given any square integrable function f(x), there
exists a continuous function F(x) for which

[ 1700 — Feopar < 02

This fact i1s quite clear geometrically, but for the reader who does not regard
it as completely obvious, we give the following proof:

The function f(x) can have only a finite number of points of discontinuity.
In particular, f(x) can have only a finite number of points at which it becomes
unbounded. Every such point can be included in an interval of such small
length that the sum of the integrals of the function f2(x) over these intervals
does not exceed ¢/4. Define the auxiliary function ®(x) as being equal to
f(x) outside these intervals and equal to zero inside them. ®@(x) is bounded
and can have only a finite number of discontinuities, and obviously

[} e - oo ax < 5 ©3)

Next, we include each point of discontinuity of ®(x) in an interval of such
small length that the total length / of all these new intervals satisfies the
condition

€
2] < =,
4M2 < 3

where M is any number such that |O(x)| < M fora < x < b.

Finally, consider the continuous function F(x) which equals ®(x) outside
the intervals just described and which is “linear” inside each of them (see
Fig. 29). Obviously we have

[ 106) ~ Fopdx < am21 < <. (9.4)

~

$(x)

(Poim of
discontinuity

FIGURE 29
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It follows from (9.3), (9.4) and the inequality
(@ + b)2 < 2(a? + b?) (9.9)
that

f: [f(x) — F(x))? dx = f: [(f(x) — D(x)) + (P(x) — F(x)))? dx

<2 [ /() - 0P dx + 2 | (D) — FORdx < <,

i.e., the function F(x) satisfies the condition (9.2).

Returning to the proof of the completeness criterion, consider the linear
combination o,(x) which satisfies the inequality (9.1). Applying the in-
equality (9.5), we obtain

[ ) — o, dx = [* (/) = F) + (FG) — o, s
(9.6)
<2 [0 = FeRdx +2 [T 1F() = 0,02 dx < 4

where F(x) is the continuous function appearing in (9.2). We now recall
that the linear combination whose coefficients are the Fourier coefficients
c, gives the least mean square error (see Sec. 5). Therefore (9.6) gives

n

fab /() = 2 ap®))dx < 4,

k=1

whence by (5.6)

n

b
0 < sz(x) dx — > cFloil? < 4e,

k=1
which means that

[ee)

b
0< [(frdx = 5 el < 4

k=1

as well. Since ¢ is arbitrary, this gives (7.1), i.e., the system (1.1) is complete
as asserted.

*10. The Vector Analogy

Let i, j, and k be three space vectors of arbitrary length which are per-
pendicular (orthogonal) to each other. If we want to expand a given vector r
as a sum of the form

r =ai + bj + ck, (10.1)



SEC. 10 ORTHOGONAL SYSTEMS 61

then the scalar coefficients a, b, ¢ are calculated as follows: Take the scalar
product of both sides of the equation (10.1) first with i, then with j, and
finally with k. Then, since these vectors are orthogonal, we obtain

(r, i) = ali|?,

(r,J) = blj|%
(r, k) = c|k|?,
so that
(r, i) (r, j) (r, k)
a = —ﬁ—zs b = Wa Cc = |k|2 . (10.2)

(We use the absolute value sign to denote the length of a vector.)
Suppose now that we know the expansion (10.1) and we want to calculate

the length of the vector r. To do this, we take the scalar product of (10.1)
with r. The result is

r|2 = a(r, i) + b(r, j) + c(r, k),
or, If we use the formula (10.2)
Ir|2 = a?|i|2 + b2|j|2 + c?|k|2 (10.3)

The quantities ali|, b|j|, c|k| are the projections of the vector r on the direc-
tions of the vectors i, j, k. Therefore, the equation (10.3) is the familiar
relation between the square of the length of a vector and its projections on
three orthogonal directions. If besides the vector r, we consider the vector

R = A4i + Bj + Ck (10.4)
and take the scalar product of r and R, then (10.1) and (10.4) give
(r, R) = aA|i|? + bB|j|2 + cC|k|2 (10.5)

The reader who has familiarized himself with the contents of this chapter
will now immediately perceive an analogy between these vector considerations
and our treatment of Fourier series. In fact, let us regard every square
integrable function defined on the interval [a, b] as a generalized vector, and
define the scalar product of two such generalized vectors by the formula

b !
(p,9) = J; P(x)p(x) dx.
In particular, we have
b 02
”(PHZ = ‘[I P (X) dx = ((P, (P)

Then, we regard the orthogonal system

Po(x), @1(X), - ., PulX), ... (10.6)
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as a system of orthogonal vectors, in complete agreement with our definition
of the scalar product. If we are given a square integrable function f(x) and
we want to represent f(x) as a series with respect to the system (10.6), i.e.,

f(X) ~ COQPO(X) + cl(Pl(x) + -+ Cncpn(x) +-y

then the argument which led to the relations (10.2) leads to the relations

(fs on)
C, = T—rs n=2~0,1,2,...),
AR

which we recognize as the formulas for the Fourier coefficients [see (2.3)].
In fact, we have gone through precisely this derivation in Sec. 2. The
reader will recognize that the completeness condition (7.1) is a generalization
of the formula (10.3), and that (7.2) is a generalization of (10.5).

We now make some remarks concerning the term ‘completeness.”
Since any three-dimensional vector r can be represented in the form (10.1),
i.e., as a linear combination of the vectors i, j, K, it is natural to call the system
consisting of these three vectors complete. However, the situation is different
if we try to represent an arbitrary three-dimensional vector r as a linear
combination not of three orthogonal vectors but of just two vectors, say i and
j- Then, in general, we cannot write an equation of the form

r = ai + bj,

but the coefficients obtained from the formula (10.2) obviously satisfy the
inequality

K2 > a?lif2 + £2lj2, (10.7)

where the equality holds only if the vector r lies in the plane of the vectors i
and j. Thus, two orthogonal vectors are not sufficient to be used in this way
to represent any space vector, and therefore we say that a system of two
orthogonal vectors is incomplete.

Similar considerations apply to the case of expansions in Fourier series.
If the system (10.6) satisfies the condition (7.1), then the system is “‘rich
enough in functions” to permit every square integrable function to be
represented by its Fourier series (in the sense of mean convergence). In this
case, we say that (10.6) is a “complete system.” However, if the system
(10.6) does not satisfy the condition (7.1), then we say that it is incomplete.
It can be shown that given any incomplete system, there are always square
integrable functions f(x), g(x),... whose Fourier series do not converge to
f(x), g(x),... in the mean. The reader will easily recognize that Bessel’s
inequality (7.1) is the analog of the inequality (10.7).

The case of a normalized system (10.6) corresponds to the case where
the vectors i, j, k are unit vectors. In both cases, all the formulas simplify.
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For example, the formulas (10.2) become

a= (i), b=(rj, c=(rk)

(where a, b, and ¢ now coincide with the projections of the vector r on
i, j, k, respectively), while the formulas for the Fourier coeflicients become

¢, = (f, ¢, (n=0,12...).

The reader who is somewhat familiar with vectors in an n#-dimensional
space (in which case there are n pairwise orthogonal vectors) will find the
analogy discussed here even more natural. However, no matter how large
n is, the transition from n orthogonal vectors to an infinite number of
orthogonal vectors (bear in mind that we are treating an orthogonal system
of functions as a system of vectors) cannot be regarded as simply a quanti-
tative change; in fact, a qualitative change in behavior occurs, since instead
of ordinary sums, we have to deal with infinite series and convergence in the
mean.

PROBLEMS

1. Give another proof of the Schwarz inequality (4.1) by considering the
inequality

[ " 1080) = f0)g00R dx dy > 0.

2. Prove the inequality
n 2 n n
(Z a,-b,-) < D at ) b
i=1 i=1 Q=1

where a; and b; are arbitrary real numbers.
Comment. This result, known as the Cauchy inequality, is the discrete
analog of the Schwarz inequality.

3. Let the polynomial P(x) = ay, + a;x + - - - + a,x" have coefficients satisfying
the relation

= l.

-

n
S
i=1

Prove that

Jopeatas <3

S —

1P dx <
4. Show that if ny, n,, ..., n, are integers, then

1 2

— | |1+ emx 4.+ einx|dx < Vk + 1.
27'C 0
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Comment. It has been conjectured by the English mathematician J. E.
Littlewood that there is a constant ¢ such that the above integral > c log k.
This remains unproved, although the integral has been shown to be = ¢ (log k)!/4.

5. Let fand g be square integrable functions. Prove that

If+ el < [f] + lel.

Comment. This result is often called the triangle inequality, since it is the
generalization of the familiar geometrical fact that the length of any side of a
triangle is < the sum of the lengths of the other two sides.

6. Give an example of a sequence of functions which converges to 0 at each
point of the interval [0, 1], but which does not converge in the mean.

7. A system of functions ¢y(x), ¢,(x), ..., ¢,(x),... which is not necessarily
orthogonal is said to be complete if every square integrable function can be
approximated in the mean by a linear combination of the ¢;(x), i.e., if given any
square integrable function g(x) and any € > 0, there exist numbers ay, a,, . . ., a,
such that

J;lb [g(x) - ((IOCPO(X) + alcpl(x) 4+ ...+ a,,(P,,(X)]z dx < e.

Show that if the system {p,;(x)} is complete, then any continuous function which
is orthogonal to all the functions of the system must be zero. (Cf. the corre-
sponding result in Sec. 8 for the case of orthogonal systems.)

8. Let ¢g,9,...,9,,... be a complete orthonormal system of functions.
For which of the following systems is there no nonzero continuous function
orthogonal to every function in the system:

a) @9+ @1, 90 + 2,90 + @3,...;
b) @0 + @1, 01 + 02,0, + @3,...;
C) o + 205, ¢ + 205, ¢ + 2¢3,...7

In Part ¢) we assume that the functions ¢, are continuous and uniformly
bounded, i.e., |9,(x)] < M fora < x < b.

9. A system of functions ¢g(x), ¢;(x),..., 9,(x),... is said to be linearly
independent if given any n, there is no set of numbers a,, a,, . . ., a, which are not
all zero such that the linear combination aypy(x) + a,9(x) + -+ + a,,(x) is
identically zero. Show that

a) An orthogonal system of functions is linearly independent;

b) The functions 1, x, x2, x3, ... are linearly independent.
10. Given a linearly independent system of functions fy, fi, ..., f,, . . . defined
on the interval [a, b], we define a new system g, g/, ..., &, ... as follows:
&o = Jo,
(fh gO)
& =N — S5 &o
R P B

_r _Usg) (280
2=/t =T 8 T g2 80 o
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[Here (f, g) denotes the scalar product of the two functions fand g, i.c.,
b
(£8) = [ fgt dx,

as in Sec. 10.] This is the so-called Gram-Schmidt orthogonalization process.
Interpret the process geometrically, and show that the new system gy, g4, .. .,
&n, - - . 1s orthogonal and that |/g,]|2 # 0. Apply the process to the functions

I, x, x2, x3, ... (-1 <sx<),

thereby generating the Legendre polynomials (except for numerical factors).
Show that a nonzero function is orthogonal to all the f; if and only if it is
orthogonal to all the g;, and show that the system {f;} is complete (see Prob. 7)
if and only if the system {g;} is complete.

11. The Legendre polynomials are defined by the formula

| dn

P,(x) = m%

(x2 — 1),

Show that

| O0if n # m,
memmm= 2

1 if n=m.

12. Expand the following functions in Legendre polynomials:

0 for -1 <x<0,
a) f(A)_{l for 0 < x < 1;

b) f(x) = |x|.



3

CONVERGENCE OF
TRIGONOMETRIC
FOURIER SERIES

I. A Consequence of Bessel’s Inequality

For the basic trigonometric system

1, cos x, sinx,..., COSnx, sin nx, ... (1.1)

we have

=/ tar=vas,

lcos nx| = A/f cos2nxdy =vVr  (n=1,2,...),

Isin nx| = / ‘n sin2nxdx = Ve (n=12,...).
Jm

Let f(x) be a square integrable function defined on the interval [—m, «].
Then, as applied to the system (1.1), Bessel's inequality (see Ch. 2, Sec. 6)
becomes

[ee)

fjﬁf"'(«’f) dx > (%))2 112 + Z (a7 |cos nx||2 + ba|| sin nx|?)

n=I
or

‘ 2 @
J_- f2x) dx > (0—20) 21 + z (a2 + b3,

n=1

66
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so that

l‘f SHx)dx = 4— 22 (an + by). (1.2)

n=1

From now on, we shall write Bessel’s inequality for the basic trigonometric
system in this form. It will be shown later (see Ch. 5, Sec. 3) that the
equality actually holds in (1.2). However, for our present purposes, the
inequality in (1.2) is sufficient.

The inequality (1.2) implies the following result concerning the conver-
gence of the series in the right-hand side:

THEOREM. The sum of the squares of the Fourier coefficients of any
square integrable function always converges.

It is useful to note that this series always diverges for any other kind of
function, i.e., for any function which is not square integrable. However, we
shall not prove this fact.

2. The Limit as n — o of the Trigonometric Integrals

Jb f(x) cos nx dx and Lb f(x) sin nx dx

It is an immediate consequence of the preceding theorem that

lim a, = lim b, = 0 (2.1)

n— n—> o

for any square integrable function, since the general term of a convergent
series must approach zero as n— oo. But

1 (=
ap = — f_n f(x) cos nx dx,

| (= i
b. = T—J_nf(x) sin nx dx,
and therefore

lim f f(x) cos nxdx = lim f f(x)sinnx dx = 0. (2.2)

n—o YT n—o

It follows from (2.2) that

lim f f(x) cos nx dx = lim f f(x) sin nx dx = 0, (2.3)

n—oo va n— o

for any interval [a, b] whatsoever. (We temporarily assume that f(x) i1s
square integrable, although we shall drop this requirement soon.) To show
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this, suppose first that a < b < a + 2=, i.e.,, b — a < 2w, and set g(x) =
f(x) fora < x < band g(x) =0 for b < x < a + 2=. The function g(x)
is obviously square integrable on the interval [a, a + 2x]. We now extend
g(x) periodically (with period 27) over the whole x-axis. Then, by a pro-
perty of periodic functions (see Ch. 1, Sec. 1)

a+2r 14
{ ' g(x) cos nx dx = f g(x) cos nx dx,

va

so that by (2.2)

a+2w T
lim f g(x) cos nx dx = lim f g(x) cos nx dx = 0.

n—>o0 *4 n—ow Y-

On the other hand, it follows from the definition of the function g(x) that

at+2rn b
f g(x)cos nxdx = [ f(x) cos nx dx,

and therefore

lim J;bf(x) cos nx dx = 0.

The same argument applies to the second integral in (2.3). Finally, if
b — a > 2=, then the interval [a, b] can be divided into a finite number of
subintervals of length no greater than 2x, for each of which the property
summarized by (2.3) has already been proved. But this implies that the
property also holds for the whole interval.

We now get rid of the requirement that f(x) be square integrable, and also
of the requirement that » be an integer. To do this, we need two lemmas,
which are rather obvious from a geometrical standpoint.

LEMMA 1. Let f(x) be continuous on the interval [a, b]. Then, for
every ¢ > 0, there exists a continuous, piecewise smooth function g(x)
such that

/() — )] < < (2.4)
for all x (a < x < b).
Proof. We divide the interval [a, b] into subintervals by the points
a=Xp< X <X,<:---<Xx,, =b,

and for g(x) we take the continuous function for which g(xy) = f(x;)
(k=0,1,2,...,m) and which is linear on each interval [x;_;, x.]
(k =1,2,...,m). The graph of the function y = g(x) is represented by
a broken line with vertices on the curve y = f(x) (see Fig. 30). Ob-
viously g(x) is a piecewise smooth function. Since f(x) is continuous,
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the subintervals into which [a. 4] is subdivided can be chosen small
enough to make (2.4) vahd for all x in [a, b].

}«/ y:f“)%‘\
y:glx) \

bl

Ol o=x9 xy 1 Xp=b

FiGuURrEe 30

LEMMA 2. Let f(x) be absolutely integrable on the interval [a, b].
Then, for any = > 0, there exists a continuous, piecewise smooth function
g(x) such that

[ 1/ - g0l dx < e 2.5)

Proof.! The function f(x) can have only a finite number of points
of discontinuity, and in particular, only a finite number of points at
which it becomes unbounded. We include every such point in an
interval of such small length that the sum of the integrals of the function
| f(x)| over these intervals does not exceed £/3. Next, define the auxi-
lary function ®(x) as being equal to f(x) outside these intervals and
equal to zero inside them. ®(x) is bounded and can have only a finite
number of discontinuities, and obviously

[71769 = @) dx < 2.6)

w| ®

Next, we include each point of discontinuity of ®(x) in an interval of
such small length that the total length / of all thesc new intervals
satisfies the condition

2MI <

w| ™

where M is any number such that |®(x)] < M for a < x < b.
Now, consider the continuous function F(x) which equals d(x)

I This proof is based on the same idea as the proof of the formula (9.2) of Ch. 2.



70 CONVERGENCE OF TRIGONOMETRIC FOURIER SERIES CHAP. 3

outside the intervals just described and which is “linear” inside each
of them (see Fig. 29 of Ch. 2). Obviously we have

f " 1D(x) — F(x)| dx < 2MI < 2.7)

w| M

Finally, according to Lemma 1, there exists a continuous, piecewise
smooth function g(x) for which

|F(x) — g(x)| < 3(_bi——a)

(@ < x <),
so that

[0 17 — g0 dx < 28)

Then it follows from (2.6), (2.7), and (2.8) that

W M

[[ 1/ = gl dx = [* 1) = )] + [0 = F()
+ [F(x) — g()]] dx < J" 1f(x) — ()| dx

b b
+ [100) = Feldx + [T 1F() - g0l dx < <,
as was to be shown.

Remark. 1f f(x) is an absolutely integrable periodic function,
then g(x) can be taken to be periodic.

THEOREM.2  For any absolutely integrable function f(x), we have

b b
lim [ f(9) cos mxdx = lim [ f(x)sinmxdx =0,  (29)

n— o0 a m—> o0

where m is not necessarily an integer.

Proof. Let € be an arbitrarily small positive number. By Lemma 2,
there exists a continuous, piecewise smooth function g(x) such that

b
[} 1) - gl dx < 5 2.10)
Consider the expression

fb f(x) cos mx dx

J.b [f(x) — g(x)] cos mx dx + fb g(x) cos mx dx

(2.11)

.

< [ 1) - gl dx +

b
J g(x) cos mx dx
a

2 This result is usually known as the Riernann-Lebesgue lemma. (Translator)
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Integrating by parts, we obtain

X

b
( g(x) cos mx dx = ’—}lz [g(.\') sin mx]

X=a

1 (b :
— — | g'(x) sin mx dx.
M Ja

The expression in brackets and the integral on the right are obviously
bounded. Therefore, for sufficiently large m, we have

b
U g(x) cos mx dx| <

(2.12)

NI O

By (2.10) and (2.12), 1t follows from (2.11) that

b
f f(x) cos mx a’xl <ce
a

for all sufficiently large m. 1.e.,

b
lim | f(x) cos mx dx = 0.

m—ao *

The same argument applies to the second integral in (2.9), and the
theorem is proved.

Recalling the formulas for the Fourier coefficients, we can phrase this
theorem as follows: The Fourier coefficients of any absolutely integrable
function approach zero as n— co. At the beginning of this section, we
proved this property for any square integrable function, and we have now
extended 1t to the case of any absolutely integrable function. It should be
noted that if we drop the requirement that the function be absolutely inte-
grable, its Fourier coefficients may not converge to zero as n — 0.

3. Formula for the Sum of Cosines. Auxiliary Integrals

We now show that

sin (n + du
2 sin (u/2) (3-1)

L+ cosu+ cos2u +---+ cosnu =
To prove this, we denote the sum on the left by S. Obviously we have

. u .u . u
2Ssm§-—sm§+2cosusm§

+2cos2usin§+---+ 2cosnusin%-
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Applying the formula
2coszsinB =sin (s + B) — sin (. — B)

to every product on the right, we obtain

.u .u .3 .u .5 .3
2Ssm§=sm§+(smiu—smi)—i—(smiu—sm—éu)+'--

) | . | . 1
+ (sm (n + i)u — sin (n — i)“) = Sin (n + 5)“'

sin (n + Hu
2 sin (1/2)

Therefore

S =

as was to be proved.
Next, we prove two more auxiliary formulas. Integrating the equality
(3.1) over the interval [ —m, =] and dividing the result by 7, we obtain

| = 1 “ sin (n + YHu
 mdox 2sin (u/2)

dus (3.2)

for any n whatsoever (since the integrals of the cosines vanish). It is easy to
see that the integrand in (3.2) is even (since changing the sign of « changes the
sign of both the numerator and denominator and leaves their ratio un-
changed). Therefore we have

L (esin(mn+ Hu 1 Osin(n+ Pu 1
n-fo 5 sin @) M rJ_lz sin @) T3 (3-3)

4. The Integral Formula for the Partial Sum of a Fourier Series

Let f(x) have period 2w and suppose that

() ~ 2 + Z (a, cos kx + b, sin kXx).

k=1

Writing

s/x) = 3 + Z (ay cos kx + by sin kx),

k=1

and substituting the expressions for the Fourier coefficients, we obtain

> [ ‘” f(t) cos kt dt-cos kx

k=|

) = 5= |y + 1

+ [T Q) sin ki di-sin kx-]
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. ' n
J (0 3 + Z (cos kt cos kx + sin k¢ sin kx)] dt
-7 : k=1

41—

fn_f(t) % + i cos k(t — .\')] dt,
o - k=1

1 -

-~
P

or using formula (3.1)

S@0=$Eﬂ0wﬁﬁﬁfgbfwﬂ

We now change variables by setting t — x = . The result is

1 [7-x sin (n + $)u
5,(x) = - J_ . f(x + u) 5 s(in @ /E; d.

Now, the functions f(x + u) and

sin (n + $)u
2 sin (1/2)

are periodic in the variable u, with period 2r [see (3.1)], and the interval
[—7 — x, ™ — x] is of length 2. Therefore, the integral over this interval
is the same as the integral over the interval [—=, t] (see Ch. 1, Sec. 1) and
we obtain

sin (n -+ Hu
2 sin (u/2)

1 s
Mﬂ-;ﬁjﬁ+u) du. 4.1
This integral formula for the partial sum of a Fourier series allows us to
establish conditions under which the convergence of the series to f(x) can be
guaranteed.

5. Right-Hand and Left-Hand Derivatives

Suppose that the function f(x) is continuous from the right at x, i.e.,
f(x + 0) = f(x). Then, we say that f(x) has a right-hand derivative at the
point x if the limit

lim
u—0
u>0

f(x + u)u—'f(x) = f1(x) (5.1)

exists and is finite. If f(x) is continuous from the left at x, i.e., f(x — 0) =
f(x), and if the limit

lim L&+ ul_f('\‘) = f1(x) (5.2)
u—0
u<0

exists and is finite, then we say that f(x) has a left-hand derivative at x.
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In the case where f](x) = f’(x), the function f(x) obviously has an
ordinary derivative at x, which is equal to the common value of the right-
hand and left-hand derivatives at x, 1.e., the curve y = f(x) has a tangent at
the point with abcissa x. In the case where f(x) and f’(x) both exist but
are unequal, the curve f(x) has a “corner” but we can still speak of right-
hand and left-hand tangents (as indicated by the arrows in Fig. 31).

y=flx)

FIGURE 31

Now let x be a point where f(x) has a jump discontinuity. Then, if
instead of (5.1), the limit

lim J& ) = f(x + 0)

u—0 u
u>0

=fi(x) (3.3)

exists and is finite, we again say that f(x) has a right-hand derivative at x.
Similarly, if instead of (5.2), the limit
o O W) = fx = 0)
u—0 u
u<0

exists and is finite, we say that f(x) has a left-hand derivative at x. The
existence of a right-hand derivative at a point of discontinuity x = x; is
equivalent to the existence of a tangent at x = x, to the curve y = f.(x),
equal to f(x) for x > x; and equal to f(xy, + 0) for x = xy. (Thus, the
function f,(x) is defined only for x > x;.) Injust the same way, the existence
of a left-hand derivative at x = x; is equivalent to the existence of a tangent
at x = xy to the curve y = f.(x), equal to f(x) for x < x, and equal to
f(xg — 0) for x = x;. (The function f_(x) is defined only for x < x;.)
As an example, consider the function

= /1(x) (5.4)

—x3 for x< 1
f(x) =<0 for x =1
Vx for x> I,

shown in Fig. 32. This function has a jump discontinuity at x = 1, and
obviously
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Therefore, we have

(LY 1
S = (zv;-),\.:l =7
F1(1) = (=332, = -3

The corresponding tangents are indicated by arrows in the figure.

FIGURE 32

6. A Sufficient Condition for Convergence of a Fourier Series
at a Continuity Point

We now prove the following important

THEOREM. Let f(x) be an absolutely integrable function of period 2.
Then, at every continuity point where the right-hand and left-hand deriva-
tives exist, the Fourier series of f(x) converges to the value f(x). In
particular, this is the case at every point where f(x) has a derivative.

Proof. Let x be a continuity point of f(x), where both the right-
hand and left-hand derivatives exist. We have to prove that

lim s5,(x) = f(x).

n—o

By (4.1), this is equivalent to proving that

N sin (n + Yu
Dim = f_nf &+ ) =S @n)

Moreover, since it follows from (3.2) that

du = f(x). (6.1)

sin (n + $u

1 [~
CEEIWE 2sin (u2)

we can write

lim % f_: [f(x + 1) — ()] Si;S(i’r’l Z{ /’53“ du = 0, (6.2)

n— oo
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instead of (6.1). Thus, the problem has bcen reduced to proving

(6.2).
We begin by proving that the function
S+ -/ _ [+ - fx) u
W= an u sny &Y

(x fixed) is absolutely integrable. Since f(x) has a right-hand and a
left-hand derivative at the point x, the ratio

s+ ) = /) 64

remains bounded as w— 0. In other words, there exists a number
3 > 0 such that

= const

fG+ 0 = SO
u

for —8 < u < 3. For u # 0, this ratio has discontinuities only where
f(x + u) is discontinuous. But f(x + w) is absolutely integrable
[since f(x) is absolutely integrable], and hence can have only a finite
number of discontinuities. Therefore, the function (6.4) is absolutely
integrable on [—3, 3].

Outside [—3, 8], the ratio (6.4) is absolutely integrable, being the
product of the absolutely integrable function f(x + w) — f(x) and the
bounded function 1/u (|u| > 8 implies that |1/u| < 1/8). Thus,
finally, (6.4) is absolutely integrable both on [—3, 3] and outside
[— 3, 3], and hence is absolutely integrable on [—, =].

On the other hand, the function

u

2 sin (u/2)

is continuous for ¥ # 0 and approaches 1 as v— 0,3 and therefore is a
bounded continuous function, which is undefined only for u = 0.
Thus, the function ¢(i«) defined in (6.3) is absolutely integrable, being
the product of the absolutely integrable function (6.4) and the bounded
function (6.5).

Now that we have proved that o(u) is absolutely integrable, we note
that

(6.5)

[0+ 0 — oo sy e = [ otw sin 0+ D

Then, the desired relation (6.2) follows by using (2.9).

3 Use the familiar formula
lim sin «

— =1

a-->0 o d



SEC. 7 CONVERGENCE OF TRIGONOMETRIC FOURIER SERIES 77

7. A Sufficient Condition for Convergence of a Fourier Series
at a Point of Discontinuity

Next we prove the following

THEOREM. Let f(x) be an absolutely integrable function of period 2.
Then, at every point of discontinuity where f(x) has a right-hand and a
left-hand derivative, the Fourier series of f(x) converges to the value

f(x +0) + f(x = 0)
2

Proof. According to (4.1), we have to prove that

N N L sin(n+ Hu ., f(x+0) + f(x —0)
Jim 2 f_nf &+ S M 2 '
It is sufficient to show that
.1 (= sin(n + Hu ,  f(x + 0)
lim = -[of(x tU) @) M (7.1)
.1 (0 sin(n + Hu . f(x —0)
im 2 f_nf R Py 7 (7.2)

We shall only give the proof of (7.1), since the argument leading to (7.2)
is essentially the same.
According to (3.3)

fx+0) 1 (= sin (n + Hu
T2 Tk fof(x + 0 i)

Therefore, we can prove the relation

lim }r f z [f(x + u) — f(x + 0)] Sizns(i’; a /g“ du=0, (1.3)

n— o

instead of (7.1). First we prove the absolute integrability on the
interval [0, =] of the following function of the variable u:

_Sx+uw) - fx+0) _ flx+u)— fx +0) u

() 2 sin (4/2) u 2 sin (u/2)
Since f(x) has a right-hand derivative at x, the ratio
A T (7.4)

remains bounded as ¥ — 0.4 From this we conclude [just as in the case

4 To prove (7.2), we have to consider

fx +uw)— f(x —0) (u < 0)

u

instead of (7.4).



78 CONVERGENCE OF TRIGONOMETRIC FOURIER SERIES CHAP. 3

of the ratio (6.4) of Sec. 6] that (7.4) is absolutely integrable on [0, =].
Then, since the function

"

2 sin (¢/2)
is bounded, the function ¢(«) is absolutely integrable on [0, ©]. But

[t w0 = s+ 0 D = | ot sin (0 +

and therefore the desired relation (7.3) follows by using (2.9).

8. Generalization of the Sufficient Conditions Proved in
Secs. 6 and 7

An analysis of the proofs given in Secs. 6 and 7 leads to the conclusion
that the existence of right-hand and left-hand derivatives at the point x was
needed only to be able to prove the absolute integrability of the ratio

u

in Sec. 6 [see (6.4) et seq.] and the absolute integrability of the ratios

f(x 4+ u) — f(x + 0) > 0)

u

fotw —fx=0 g

u

(8.2)

in Sec. 7 [see (7.4) et seq.], where x is fixed and the ratios are regarded as
functions of u. Therefore, if we assume this absolute integrability (relin-
quishing the requirement that the right-hand and left-hand derivatives
exist), we obtain the following more general convergence criterion:

THEOREM. The Fourier series of an absolutely integrable function
f(x) of period 2r converges to f(x) at every point of continuity for which
the ratio (8.1) is an absolutely integrable function of the variable u, and
converges to the value '

fSx +0) + f(x - 0)
2

at every point of discontinuity for which both ratios (8.2) are absolutely
integrable.
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9. Convergence of the Fourier Series of a Piecewise Smooth
Function (Continuous or Discontinuous)

The following theorem is a consequence of the results of Secs. 6 and 7:

THEOREM. If f(x) is an absolutely integrable function of period 2w
which is piecewise smooth on the interval [a, b), then for all x ina < x < b,
the Fourier series of f(x) converges to f(X) at points of continuity and to
the value

S(x+0) + f(x —0)
2

at points of discontinuity. (The convergence may fail at x = a and
x =0b.)

Proof. The theorem is a simple consequence of the fact that a
piecewise smooth function on [a, b] (see Ch. 1, Sec. 9) must have a
right-hand and a left-hand derivative for every x in @ < x < b, so that
we need only apply the theorems of Secs. 6 and 7. This is obvious at
the points where f(x) has a derivative. At the corners of f(x), we use
L’Hospital’s rule and obtain

lim L2 20 i @) = x4 0)
0 I~

since x < £ < x + u, so that £—x, £ > x. Similarly, at a point of
discontinuity of f(x), we have

umﬂx+”;ﬂx+m=hTf®=f&+®.
u—0 u—
u>0 u>0

In other words, f(x) has a right-hand derivative both at a corner and at a
point of discontinuity. The existence of the left-hand derivative is
proved in the same way.

As for the end points of the interval [a, b], the conditions of the
theorem imply only that the right-hand derivative exists at x = @ and
that the left-hand derivative exists at x = b. Therefore, the criteria of
Secs. 6 and 7 cannot be applied at these points. However, if the inter-
val [a, b] is of length 27, then it is easily seen that f(x) is piecewise smooth
on the whole x-axis, since f(x) is periodic. In this case, the Fourier
series converges everywhere.

Thus, finally, we have proved the first part of the criterion formulated
in Ch. 1, Sec. 10. The second part of the criterion, pertaining to the absolute
and uniform convergence of the Fourier series in the case where f(x) is
continuous, will be proved in the next section.
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10. Absolute and Uniform Convergence of the Fourier Series of
a Continuous, Piecewise Smooth Function of Period 2=

Let f(x) be a continuous, piecewise smooth function of period 2x. Then,
the derivative f'(x) exists everywhere except at the corners of f(x) and is a
bounded function (see Ch. 1, Sec. 9). Therefore, applying the formula for
integration by parts (which is permissible because of Ch. 1, Séc. 4), we obtain

1 (=
a, = ~ f_nf(x) cos nx dx

n

= [f(,\) sin nx] - f f (x) sin nx dx,

e TN

Jif(x) sin nx dx

d1—

—_——
=il

1 X
= - — [f(x) cos nx]x=_‘ — f f'(x) cos nx dx.
The terms in brackets in the right-hand side of both formulas vanish.
Thus, denoting the Fourier coefficients of the function f’'(x) by a, and b, we
find that

~

bn .a_" (n = 1,2,...). (101)

a ey — — b =
n N n n

Since f'(x) is bounded and hence square integrable, it follows from the
theorem of Sec. 1 that the series

z (a2 + b2 (10.2)

n=1

converges.
Next, consider the obvious inequalities

1\2 '
(e~ ) gz -2, 1

Ay n n2

2
(160 = 5) =2 =2y L5

n n 112

which imply

l‘%ll_*—li,)l _(a'2+b’2)+i n=1,2,...).

On the right appears the general term of a convergent series. Therefore the

series
S (lal , 16
1 17

n=1
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also converges. But then it follows from (10.1) that for any continuous,
piecewise smooth function, the series

>, (al + 1b,]) (10.3)

n=1

converges.

Remark. To prove the convergence of the series (10.3), we used only
the convergence of the series (10.2); this series always converges when f'(x)
is square integrable [/’(x) may not exist at certain points3]. Therefore,
(10.3) also converges in this case [when f(x) is a continuous function of
period 2r].
We now consider a very simple but very important fact. Suppose we are
given a trigonometric series

ap

5+ > (a,cosnx + b, sin nx) (10.4)

n=1

which 1s not assumed in advance to be the Fourier series of any function.
Then the following result holds:

THEOREM 1. If the series

> (la,| + 16,]) (10.5)

n=1

converges, then the series (10.4) converges absolutely and uniformly, and

therefore has a continuous sum of which it is the Fourier series (see
Theorem 1 of Ch. 1, Sec. 6).

Proof. Since
la, cos nx + b, sin nx| < |a, cos nx| + |b, sin nx|
< [aa| + [bal;

the terms of the trigonometric series (10.4) do not exceed the terms of
the convergent numerical series (10.5). Then, the theorem follows from
Weierstrass’ M-test (Ch. 1, Sec. 4).

This theorem and the theorem of Sec. 9 imply the following

THEOREM 2. The Fourier series of a continuous, piecewise smooth
function f(x) of period 21 converges to f(x) absolutely and uniformly.

This proves the second part of the convergence criterion of Ch. 1, Sec. 10.
It follows from this theorem that a continuous, piecewise smooth function

5 l.e., f’(x) may not exist at a finite number of points in each period.
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f(x) of period 2w can be well approximated for large n by the partial sums
s,(x) of its Fourier series; in fact, this is just what uniform convergence
means! (See Ch. 1, Sec. 4.)

As an illustration, consider the periodic, continuous, piecewise smooth
function f(x) equal to |x| for —m < x < w. In Example 2 of Ch. 1, Sec. 13,
we proved that

)_7_t_il ‘+cos3x+c055x+.”)_
f(x) = 5 — = |cosx 32 52

Figure 33 shows the graph of f(x) and of the partial sum

TC

4 cos 3x  cos Sx
ss(x) =5 — —|cosx + 32 + 53 )’

of its Fourier series. We see that the two curves are already quite close to
each other for n = 5.

> X

q ———— e — e — . ————
J—

FIGURE 33

The remark preceding Theorem 1 allows us to state the following general-
ization of Theorem 2:

THEOREM 2. The Fourier series of a continuous function f(x) of
period 2w, whose derivative (which may not exist at certain points) is
square integrable, converges absolutely and uniformly to f(x).

Il. Uniform Convergence of the Fourier Series of a Continuous
Function of Period 2= with an Absolutely
Integrable Derivative

LeEMMA 1. Let f(x) be a continuous function of period 2w, which has
an absolutely integrable derivative (that may not exist at certain points),
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and let w(u) (oo < u < B) be a function with a continuous derivative.
Then, for any € > 0 whatsoever, the inequality

B .
f f(x + w)o(u) sin mu du| < ¢ (11.1)

holds for all values of x, provided that m (which is not necessarily an
integer) is sufficiently large.

Proof. Integration by parts gives

u=p3
faf(x + w)w(u) sin mu du = ’% [— f(x + w)o(u) cos mu]

=

(11.2)

+ 1 fﬁ [/(x + w) ()] cos mu du.

m JYa
The term in brackets is obviously bounded. Since
f(x + Wo@)] = f(x + o) + f(x + v)o'(u), (11.3)
it is easily seen that the integral on the right is also bounded. In fact,

o(u) and f(x + u)w'(u) are bounded, i.e., have absolute values which do
not exceed some constant M. But then, by (11.3)

{ B [f(x + w)n(u)]' cos mu du

<M [T 1fG+ )l du + M@ — )

<M [" 176 du+ M@ = o)

= const,

where we have used the fact that f(x), and hence |f'(x)|, is periodic.
We have also assumed that B — o < 2w, which is not essential but is
sufficient for our purposes.

Now that we have shown that the term in brackets and the integral
in (11.2) are bounded, the validity of (11.1) is obvious.

LEMMA 2. The integral

4 sin mt
= | ——— 11.4
! 0 2 sin (¢/2) (11.4)
is bounded for — < u < 7 and any m.
Proof. We have
usin wt u :
= 11.5
I f dr + fo w(1) sin mt dt, (11.5)

where

1

I
)= smam " 1
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Applying L’Hospital’s rule, we see that w(f) and «’(f) are continuous
[if we set w(0) = 0 and w'(0) = 55]. The second integral in (11.5)
is obviously bounded. On the other hand, setting m¢ = x, we obtain

f"sinmtdt_J‘m"sinxdx
0o ! —Jo x ’

and it is easily seen that the last integral does not exceed .the area of the
first “hump” of the curve y = sin x/x (see Fig. 34). Therefore, both
integrals on the right in (11.5) are bounded, i.e., the integral 7 is
bounded.

FIGURE 34

THEOREM. The Fourier series of a continuous function f(x) of period
27 with an absolutely integrable derivative (which may not exist at certain
points) converges uniformly to f(x) for all x.

Proof. Consider the difference

sin mu

50 = 169 = 1 |7 Ut + 1) = S0) 5 pars i (11.6)

already calculated in Sec. 6, where we have set m = n + 4. Choose any
e > 0 whatsoever, and let 3 be a number between 0 and =. Then
divide the integral in (11.6) into three integrals /,, /,, I3 over the inter-
vals [—3,3], [3, =], [—=, —3], respectively. Integration by parts
gives

u sin mt |

I, = [(f(X+u)—f(x))f0§sin_(t/2)dtJu —

=-38

N u sinmt ]
- f_a [f v+ w) fo 2sin (12 1]
For the value of the first term on the right we obtain [using the evenness

of the function (sin mt)/2 sin (¢/2)]

8 sin mt

[+ 8) = f0) + (& = &) = )] [ 5o .
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which shows that this term does not exceed ¢/2 in absolute value for all
sufficiently small & [since f(x) is continuous and the integral is bounded,
by Lemma 2]. On the other hand, by Lemma 2

U f(“‘+ )fozzl?al(';;z) ]d“

, x+8 )
< Mf_8|f(x + u)| du = ML_Sf(t) dt <

N ™

where M is a constant, for all sufficiently small 3§, since the integral
x+8
[ 1ol d
x—8
is the increment of the continuous function

[C1rola

(xo fixed) and is therefore small when & is small.¢ Thus, finally
|| < e

for any x whatsoever, provided that the number & is chosen to be
sufficiently small.
Furthermore

sin mu

72| < f S(x )251n (u/2)d S e

sin mu ’

ff(’” “) 5 sin (a2

for all x, provided that » is sufficiently large. This follows from Lemma
1, if we set

1
W) = 3 in @)

and o = 8, 8 = w. A similar inequality is obtained for the integral I;.
Combining results, we have

1 3e
5,00 =/ = —|h + b+ Bl < — <«

for all x, provided that » 1s sufficiently large.

12. Generalization of the Results of Sec. ||

What can we say about the nature of the convergence of a Fourier
series if f(x) is continuous and has an absolutely integrable derivative not

6 Without loss of generality, we can assume that —m < x < m.
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everywhere but only in some interval? We shall now concern ourselves with
this question. First we strengthen Lemma 1 of Sec. 11.

LEMMA. Let f(x) be an absolutely integrable function of period 2w,
and let w(u) (o < u < B) be a function with a continuous derivative.
Then, for any € > 0 whatsoever, the inequality

fﬁf(x + w)w(u) sin mu du| < e, (12.1)

holds for all x, provided that m (which is not necessarily an integer) is
sufficiently large.

Proof. Let |w(u)| < M, M = const, and choose a continuous,
piecewise smooth function g(x) of period 2 which satisfies the inequality

" 1760 - el dx < 55
(see Lemma 2 of Sec. 2 and the remark). Then we have

fo(x + w)o(u) sin mu du

fﬂ [f(x + u) — g(x + w)]w(u) sin mu du

+ [ gl + wo) sinmudd < [ [ + 1) — gl + 0)o)| du

N , (12.2)

fB g(x + ww(u) sin mu du

If m is large enough, then by Lemma 1 of Sec. 11, the last integral does
not exceed ¢/2. On the other hand

1L + ) = gt + wlot)] du

M

<M1+ 0 = g+l du < M [T 100 — g 1d <

ol ™

where we have used the periodicity of the difference f(x) — g(x) and
have assumed that § — « < 2w. Thus, (12.2) implies (12.1).

THEOREM. Let f(x) be an absolutely integrable function of period 2,
which is continuous and has an absolutely integrable derivative on some
interval [a, b). (The derivative may not exist at certain points.) Then,

the Fourier series of f(x) converges uniformly to f(x) on every interrval
[a + 3,6 — 8] (8 > 0).

Proof. If the length of the interval [a, b] is not less than 2=, it is
clear that f(x) is continuous for all x and has an absolutely integrable
derivative, so that by the theorem of Sec. 11, the convergence of its
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Fourier series is uniform on the whole x-axis. Thus, we assume that
the length of [a, b] is less than 2.

We introduce an auxiliary continuous function F(x) of period 2,
which equals f(x) for a < x < b, equals f(a) for x = a + 2=, and is
“linear” on the interval [b, a + 2x] (see Fig. 35). Outside [a, a + 2r],
the values of F(x) are obtained by periodic extension. It is easy to see
that F(x) has an absolutely integrable derivative.

— — — — — — —

Fla)= o) F(b)=1f(a)

-3 X
Ol ¢ b o+2m

FIGURE 35

Next, we set ®(x) = f(x) — F(x). This function is absolutely
integrable and ®(x) = 0 fora < x < b. Obviously
f(x) = F(x) + D(x)
and

520 = f0) = = [ 1FCx + 1) = FOO s

#1700+ w) - 0] i%%/iz‘) du  (12.3)
=, ]1 + 12,

where we have set m = n + 4. Lete > Obearbitrary. By the theorem
of Sec. 11, the Fourier series of F(x) converges uniformly to F(x), so
that

€
< = 12.4
llll = 2 ( )
for all x, provided that »n 1s sufficiently large.
Now let a + 8 < x < b — 3. Then ®(x) = 0 and therefore

sin mu

|
12 = E f—n (D(X + U) mdu

If —8 < u < 3, we have

a<x4+u<b
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for the values of x under consideration, and hence

O(x + u) = 0.
Therefore
1 sin mu sin mu
f (I)(x+u)2 oY du + — f (I(x+u)———2sm(u/2)

and it remains only to apply the lemma just proved to each of these
integrals. As a result, we obtain

£ <
12| < 3 (12.5)

fora + 8 < x < b — J and all sufficiently large n. Finally, according
to (12.3), it follows from (12.4) and (12.5) that

[5.(%) =S| < [L] + D] < =

for all x in the interval [a + 3, b — 3], provided that n is sufficiently
large. This proves the theorem.

Remark. In particular, the theorem is valid for an absolutely inte-
grable function f(x) of period 27 which is continuous and piecewise
smooth on the interval [a, b].

To illustrate this theorem consider the piecewise smooth, even, periodic
function f(x) which equals /4 for 0 < x < w and —=/4 for —n < x < 0.
In Example 5 of Ch. 1, Sec. 13, it was shown that

sin 3x + sin Sx + sin 7x
3 5 7
for x # km, while f(kr) =0 (k =0, +1, £2,...).

In Fig. 36 we show the graph of f(x) and of the following partial sums of
its Fourier series:

f(x) = sin x +

s1(x) = sin x,

sin 3x

s3(x) = sin x + 3

b

sin 3x  sin S5x
3 5

ss(x) = sin x + ;
sin 3x + sin Sx + sin 7x

3 5 7
The figure clearly shows the uniform character of the approximation of the
partial sums to f(x) on the intervals [—m + 3, —38] and [3, = — 3] (§ > 0),
on which f(x) is a smooth function. Note that the number 3 can be chosen

s2(x) = sin x +
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to be arbitrarily small (but not equal to zero). It is easily seen that as d is
made smaller, we need to take partial sums with higher indices in order to
have a good approximation to f(x) on the intervals just mentioned (more
precisely, to approximate f(x) with a specified degree of accuracy).
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3. The Localization Principle

A change in the values of a function even on a small interval can change
its Fourier coefficients considerably. However, if an absolutely integrable
function f(x) has a right-hand and a left-hand derivative at the point x, or is
continuous and has an absolutely integrable derivative in a neighborhood of
x, then, according to Secs. 6, 7, and 12, its Fourier series remains convergent
no matter how the values of f(x) are changed outside a neighborhood of x.
This fact is a special case of the following proposition, known as the
localization principle:

THEOREM. The behavior of the Fourier series of an absolutely inte-
grable function f(x) at the point x depends only on the values of x in an
arbitrarily small neighborhood of x.

This proves that if the Fourier series of f(x) is originally convergent at x,
then no matter how we change the values of the function (while leaving it
absolutely integrable) outside a neighborhood (however small) of x, the
series remains convergent, while if the series was originally divergent at x,
it remains divergent.

Proof. We use the integral formula for the partial sums (see Sec. 4):

sin mu

) = 2 [ S+ u ) s i

sin mu

1 ¢
=7-rf_8f(,\ W) g A+ 1+

where we have set m = n + 1. Here & is an arbitrarily small positive
number, and /|, I, are the integrals over the intervals [3, =] and [— 7, — 3]
respectively. On these intervals, the function

1
2 sin (u4/2)

is continuous (since |u| > 3), and therefore, the function

S(x + u)
o) = 2 sin (4/2)

is absolutely integrable. But then according to (2.9), the integral
1 (™ .
I, = = L ¢(u) sin mu du

approaches zero as m— 0. The same is true of /,. Thus, whether or
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not the partial sums of the Fourier series have a limit at the point x
depends on the behavior as m — oo of the integral

1 8 sin mu
= =
TC f—sf(x + u) 2 sin (u/2) @

which involves only the values of the function f(x) in the neighborhood
[x — 8, x + 3] of the point x. This proves the localization principle.

14. Examples of Fourier Series Expansions of
Unbounded Functions

Example 1. Let f(x) = —In |2sin (x/2)|.7 This function is even and
becomes infinite at x = 2kw (k =0, +1, £2,...). Moreover, f(x) 1s
periodic, since

. X + 2w . [x .X . X
2 sin 5 '—l2sm(§+n)~— —25m§ = 2sm§,
so that
. X + 2w . X
In |2 sin 5 '—-ln2sm§-
The graph of f(x) is shown 1n Fig. 37.
4

I —————

.

SN NV ~

wiy

FIGURE 37

To prove that f(x) is integrable, it is sufficient to prove that it is integrable
on the interval [0, /3] (see the graph of f(x)). Clearly, we have

/3 /3 X
—L In dx = —fs In (251n§)dx

_ . x\]x="/3 ©/3 x cos (x/2) ,
= — [x In (2 sin E)]x=e + L 5 sin (7/2) dx

. € /3 x cos (x/2) ,_
e ln (2 sin 5) -} L oin (x/2) o) dx,

. X
2 sin =

2

I

7 In x denotes the natural logarithm of x. (Translator)



92 CONVERGENCE OF TRIGONOMETRIC FOURIER SERIES CHAP. 3

where we have dropped the absolute value sign, since 2 sin (x/2) > 1 for
0 < x <mw/3. As ¢—0, the quantity eIn (2 sin (¢/2)) approaches zero,
as can easily be verified by using L’Hospital’s rule, while the last integral
converges to the integral

J“/3 x cos (x/2)
0 2sin (x/2) i

which obviously has meaning, since the integrand is bounded.? Thus

lim | " 1

e—0 €

. X
2sIn =

2a')c

exists, i.e., f(x) is integrable on the interval [0, /3]. Moreover, f(x) is
absolutely integrable on the interval [0, t/3], since it does not change sign
there (see Fig. 37).

Since f(x) is even, we have

b,=0 (n=12,..),

2 (7 . X
a,,-—;foln(2sm§)cosnxdx (nh=20,12...).

First of all, we calculate the integral

I = f:m (2sin§) dx

m . X T . X
_fo (ln2+lnsm§)abc=7rln2+f0 lnsmzdx.

We denote the last integral by Y and make the substitution x = 2t:

t

/2 /2
Y = 2]0 Insintdt = 2f0 In (iZsin2

t
Ccos 5) dt

t

/2
=7rln2+2f0 lnsin:2

/2
dt + 2]0 lncosédt.

The substitution t = © — u gives

L
2

Therefore ¥ = nln 2 + 27, so that
Y= —xln?2.
This implies that 7 = 0, so that a, = 0.

/2 211 4
2f Incos=dt = 2J In singdu =2 In sinidt.
0 n/2 2

/2 2

8 Recall that

lim s———— =1,
x—0 2 sin (x/2)
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Furthermore, integration by parts gives

g = — 2 {[ln (2 sin (x/2)) sin nx] x=m ] "’f sin nx cos (x/2) I
" T n =0 NhJo  2sin(x/2) “

1 [~ sin nx cos (x/2)
nw Yo sin (x/2) .

(The first term in braces vanishes, since the indeterminacy for x — 0 is
easily “removed” by using L’Hospital’s rule.) But

sin nx cos—; = % [sin (m + H)x + sin (n — $)x],

and therefore

0 = 1 (=sin(n + Px » 1 ™ sin (n — %)xd'
"= o 2 sin (x)2) nmdo 2sin(x2) O

which by formula (3.3) of Sec. 3 gives

a,,=l n=12,...).

n

Since the function f(x) is obviously differentiable for x # 2kw (k = 0, +1,
+2,...), it follows from the theorem of Sec. 6 that

5 sin X cos 2x + cos 3x
2 2 3

for x # 2kn (k =0, +1, +2,...). It should be noted that for x = 2km,
both sides of (14.1) become infinite. Thus, in this sense, the equation (14.1)

can be regarded as valid for all x.
Setting x = 7 in (14.1), we obtain the familiar formula

n2=1-4+4+-%+--

Example 2. Let f(x) = In |2 cos (x/2)|. This function is even and goes
to —oo for x=02k+ Drn k=0, +1, +2,...]. Setting x =1 — m,
we see that

—1In = COS x +

(14.1)

t T .t
Zcos(i - 5)’ = In 2sm§
i.e., the graph of the function In |2 cos (x/2)| is obtained from that of the
function In |2 sin (x/2)| by shifting it by an amount w. To obtain the
Fourier series of f(x), it is sufficient to make the substitution f = x + = in
the expansion

In = In

b

2cos-2-
X

cos 2t cos 3t

= —COSI— —5— = —x— —

R |
2sm§

[see (14.1)]. The resultis

In

=cosx—C0822x+Cos33x—--- (14.2)

X
2 COS =

In 5
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for x # 2k + )x [k =0, +1, £2,...]. Moreover, since both sides of
(14.2) go to — oo for x = (2k + )=, this equation can be regarded as valid
for all .

I5. A Remark Concerning Functions of Period 2/

In discussing questions of theory in this and later chapters, we do not talk
about Fourier expansions of functions of period 7 = 2/. However, the
reader who is familiar with the contents of Chs. 1 and 2 will have no trouble
in making the transition from the case of the ‘““standard’ period 2n to the
case of any period.

PROBLEMS

1. Derive formula (3.1) from the formula

] — eitnt)x

I —eix

]+eix+...+ einxz

2. For each of the following functions, find the right-hand derivative at zero
f3(0), if it exists, and find lim f’'(x) = f7(0 +), if this limit exists:

x—0
x>0

.1

a) f(x) = xsin ot
b) f(x) = xZsin l;
X

o1
¢) f(x) = x3sin o

[In each case, f(0) = 0.]

3. Show that the theorem of Sec. 6 can be generalized in the following way:
If f(x) is an absolutely integrable function of period 2=, if f(x) is continuous at
the point x,, and if there are numbers ¢ > 0, « > 0 such that

|/(x) = f(xg)| < elx — xol*

for all x in some neighborhood of x, (cf. Ch. 1, Prob. 7), then the Fourier series
of f(x) converges to the value f(x;) at the point x,.

4. Let f(x), and g(x) be absolutely integrable functions with period 2=, whose
Fourier series are

e} (¢ o)

f('\')N Z a"einx’ g(x) ~ Z bnei"'\.’

n=1 n=1
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and let
1 2
W) = o= [ fex = ng(y a,
h(x) ~ Z C,einx,
n=1|
Show that

- 2m T

and that ¢, = a,b,. In particular, if f(x) and g(x) are square integrable, show
that

a0
D el < o0,
n=1

i.e., that the Fourier series of h(x) is absolutely convergent.

5. Show that the Fourier series

[0 0]
fay + Z (a,, cos nx + b, sin nx)

n=1

can be written in the form

o)
%90 + z fn COS (IIX + On),

n=1
where p, = Va® + b.. Express 0, in terms of a, and b,,.

6. Suppose that p,, = 0 and that

e}

> ealcos (nx + 0,)| < M )

n=1

fora < x < b. Show that

"
S <o

n=1
Hint. Integrate equation (I) from a to b, use the fact that
lcos (nx + 0,)| = cos? (nx + 6,) = % + % cos 2nx cos 20, — ¥ sin 2nx sin 20,,

and then use equation (2.9).
7. According to equation (13.7) of Ch. 1, the function
f(x) = 3(m — x) 0 < x < 27n)

has the Fourier expansion

[ee}

in k
f(x) _ Z Slnk x.

k=1
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Let s,(x) be the nth partial sum of the series, i.e.,

& sin kx
S,,(X) = Z k ’

k=1
and let
_sin(n + Hx
Di(x) = 55
Show that
a) 3450 = [, D0 dr;

x
2

x X Q1 nx

[ Duyar= [0 a4 4 0,00 = [ 3L ar 4 0,0,
Y0 0

where w,(x) — 0 as n— o
o) f°° smt T
-2

8. Using the notation of the preceding problem, show that

© o
lim s, ( ) J smt f s1,r1 ! dr = g
0

n—

Comment. Thus, near x = 0 (a point of discontinuity), the partial sums of
the Fourier series of the function f(x) of the preceding problem exceed the value
of the function at x = 0 by the amount

[rsint g -

This illustrates the so-called Gibbs phenomenon, according to which the Fourier
series of a discontinuous function ‘overshoots’’ its limiting value at a point of
jump discontinuity.

~ 0.28.

ST |
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TRIGONOMETRIC
SERIES WITH
DECREASING COEFFICIENTS

i. Abel’s Lemma
The following result will be needed below:
ABEL’S LEMMA. Let
ug + uy + upy +---+ u, +- -

be a numerical series (with real or complex terms), whose partial sums
o, satisfy the condition

.| < M,

where M is a constant. Then, if the positive numbers o.g, oy, %y, . . .y Ky, . . .
approach zero monotonically, the series

oollg + Uy + Uy + - U, e (1.1)
converges, and its sum s satisfies the inequality
|s| < Moy (1.2)
Proof. Let
S, = OgUg + U + -+ oU,,;
then, since uy = 6y and u, =06, —o,_; (n = 1,2,...), we have

Sy = %09 + 0-1(0'1 - 0'0) + 0'.2(0'2 — 0'1) 4+ .-
+O'.,,(O',, - o-n—l)
97
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or
s, = ooy — o) + ooy — o) + -+
+Gn-l(an—l - an) + G, %y

It follows that

S, — 6,%, = ogloeg — ay) + o0ty — p) + - -
ol%o — 1) + o1(2) — %2 (1.3)

+Gn—l(an——1 - O(n)°
Now consider the series
oolag — o)) + oy — o) + -+ 6oty — @) +--- (1.4)

This series converges, since the absolute values of its terms do not
exceed the corresponding terms of the following convergent series with
nonnegative terms:

M(oxg — o) + M(oty — ) +-- -+ M(o,y — o) + -
= Mg — oy +oy —ay+- -+ o, —a,+-) = Moy,

The right-hand side of (1.3) is the nth partial sum of the series (1.4), and
therefore, as n — <0, it approaches a definite limit, whose absolute value
does not exceed the number Ma, But then the left-hand side of
(1.3) also approaches a limit as n — oo, and

| lim (s, — o,2,)] < Moy,

n— o0
Since
lo, o, < Mo,
we have
lim o,, = 0.
n— oo
Therefore
lim s, =s
n— 0

exists, i.e., the series (1.1) converges, and s satisfies the inequality (1.2).

2. Formula for the Sum of Sines. Auxiliary Inequalities

We now prove the formula

cos (x/2) — cos (n + d)x
2 sin (x/2) ' (2.1)

sinx + sin2x + -+ + sin nx =
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To do so, we denote the sum on the left by S. Then, we obviously have

. X i X i . X . X
2Ssm§=25m.\‘sm§+23m2xsm§+---+25mnxsm§-

Using the formula
2sinosinB = cos (x — B) — cos (o + B),

we obtain

2 2 2 2 2

1 |
+ (COS (n — 5),\ — COS (n + 5))«)

= cosf — COS (n + l)\
o 2 2]

. X X 3 3 5
2Ssin= = |cos= — cos = x| + cos—.\'—cos—.\‘)+---

It follows that

_cos (x/2) — cos(n + %)x

S = 2 sin (x/2) ’
which proves (2.1).
Since obviously
cos (x/2) — cos(n + )x < |cos (x/2)| + [cos (n + ¥)x]| - 1
2 sin (x/2) h |2 sin (x/2)| |sin (x/2)]

for x # 2kn (k =0, +1, +2,...), we obtain the inequality

n
Z sin kx
k=1

1

S Fn e (22)

for x # 2km. This shows that the sum of sines is bounded for every fixed x.
(For x = 2km, the sum vanishes and hence is also bounded.)

We now recall the formula

sin (n + 4)x
2sin (x/2)

L 4+ cosx +cos2x +---+4 cosnx =

(see Ch. 3, Sec. 3), from which it follows at once that

]

|2 sin (x/2)] 2:3)

n
14+ > cos kx| <
k=1

for x # 2kn (k =0, +1, £2,...). (For x = 2km, the sum is obviously
n + %, and hence is not bounded as n increases.)
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3. Convergence of Trigonometric Series with Monotonically
Decreasing Coefficients

Consider the two trigonometric series

ap -
—2- + z a, CosS nx, (31)

n=1

> bysin nx, (3.2)

n=1
which we do not even assume to be the Fourier series of any functions.

THEOREM 1. If the coefficients a, and b, are positive and decrease
monotonically to zero as h — c0,! then the series (3.1) and (3.2) converge
for any x, except possibly the values x = 2kn (k =0, £1, +2,...) in
the case of the series (3.1).

Proof. 1f the sums of the coefficients a, and b, converge, then the
theorem follows from Theorem 1 of Ch. 3, Sec. 10. In the general
case, consider the series

3 4+ cosx +cos2x +---+cosnx +---, (3.3)

whose partial sums o,(x) are bounded for any x # 2k=x. Then, to prove
the theorem for the series (3.1), we apply Abel’s lemma. By (2.2), the
same argument applies to the series (3.2).

Remark. Of course, Theorem 1 and the theorems which follow
remain valid if the requirement that the coefficients be nonincreasing
is satisfied not for all n, but only starting from a certain value of n. In
particular, the theorem is true in the case where some of the early
coefficients vanish. For example, the series
i COS nx

In n

n=2

converges for x # 2krn. For x = 2km, this series becomes
i R
“,Inn

and hence diverges.

We now make Theorem | more precise.

lle,ay=2a,=2---,by =2 b, =2--- and lim a, = lim b, = 0. (Translator)
n—> oo n—
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THEOREM 2. If the coefficients a, and b, are positive and decrease
monotonically to zero as n — oo, then the series (3.1) and (3.2) converge

uniformly on any interval [a, b] which does not contain points of the form
x=2kn (k=0,+1, £2,...).

Proof. 1If the sums of the coefficients a, and b, converge, then
(3.1) and (3.2) converge uniformly on the whole x-axis by Theorem 1 of
Ch. 3, Sec. 10. In the general case, since the sums of the series (3.1)
and (3.2) are periodic functions, it is sufficient to prove the theorem for
every interval [a, b] contained in the interval [0, 2x]. The proof is the
same for both series, and therefore we confine ourselves to the case of
the series (3.1).

Let € > 0 be arbitrary. For a < x < b, we consider the remainder

S(x) — s(x) = a,pycos(n + x + a,.,cos(n + 2)x +--- (3.4)
of the series (3.1), and apply Abel’s lemma. To do this, we set
Tm(x) = O-n+m('x) - O',,(X),

where ¢,(x) and o,,,,(x) are partial sums of the series (3.3). Then by
(2.3),

[T < [Gpgm(X)| + |on(x)| < EE_(I}E

Since 0 < a < x < b < 2w, we have

sinz > u > 0,

N =

where w. is the smaller of the numbers sin (a/2) and sin (b/2) (see Fig. 38).

y=sin%

. b
sin % sih 5
0 a b 2m

FIGURE 38

Therefore, setting M = 1/u, we find
|tm(x)| < M = const

for all x in the interval [a, b]. Thus, Abel’s lemma is applicable to the
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numbers a,..y, d,y2, - - -, dpym, - - - and to the series (3.4), and gives
s(x) — s.(x)| < Ma,,,
for any x in the interval [a, b]. Since a,— 0 as n — co, we have
Ma, | < ¢
for all sufficiently large n. In other words, for all sufficiently large n
and for any x in [a, ], the inequality
s(x) = 5,(x)| < €
holds, which proves the uniform convergence of the series (3.1).
Theorems 1 and 2 imply

THEOREM 3. If the coefficients a, and b, are positive and decrease
monotonically to zero as n — oo, then the functions

f(x) = -;—Q + Z a, cos nx, g(x) = Z b, sin nx

n=1 n=1

of period 2w are continuous for all x, except possibly for the values
x=2kn(k=0,+1, £2, ...).

Proof. If the sums of the coefficients a, and b, converge, then the
theorem follows from Theorem 1 of Ch. 3, Sec. 10. In the general
case, we can include any point x, # 2kw in an interval [a, ] which does
not contain points of the form x= 2kw. In this interval, the two
series converge uniformly (by Theorem 2) and hence their sums are
continuous (see Ch. 1, Sec. 4). In particular, they are continuous at
x = Xxo. Since X, is any point different from a point of the form
x = 2kr, the theorem is proved.

4
A

io\\%v\ \Jﬁv\\. 6

FIGURE 39

As an illustration, consider the expressions

e
X Z COS nx
= b

R

2sin =
n=1

f(x) = — In 5

0 .
T — X Z SIn AX

g(x) = 7 = - 0 < x < 2n)
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with which we are already familiar [see Example 1 of Ch. 3, Sec. 14 and
formula (13.7) of Ch. 1]. The graph of f(x) is shown in Fig. 37, and the
graph of g(x), together with its periodic extension, is shown in Fig. 39.

*4. Some Consequences of the Theorems of Sec. 3

We now present some interesting consequences of the theorems proved
in Sec. 3.

THEOREM 1. If the coefficients a, and b, are positive and decrease
monotonically to zero as n — oo, then the series

ao < n
5 + z (—1)"a, cos nx, 4.1)

n=1

> (=1)"b, sin nx 4.2)

n=1
have the following properties:
1) They converge for all values of x except possibly at the points
x=QQk+ )r k=0, %1, £2,...] in the case of the series
4.1);
2) The convergence is uniform on every interval [a, b] not containing

these points;

3) The sums of the series are continuous, except possibly at these
points.

Proof. We substitute x = t — win (3.1) and (3.2), thereby obtaining
the series

(e 0]

o0
ay dy . .
- a,cosn(t — ) = —= a,|cos nmt cos nt + Sin nw SIn rnt
2+,,Z," (t=m) =3+ 2 al ]

n=1

a
=—29—alcost+a2c0s2t—a3cos3t+---,

(o0}
Z b,[cos nr sin nt — sin nw cos nt)

n=1

> b,sinn(t — )
n=1
= — b;sint + b,sin2t — bysin 3t + - - -.

These are alternating series to which Theorems 1, 2, and 3 of Sec. 3
apply, provided the points 7 = © + 2kn = (2k + 1)m now play the
role of the points x = 2km.
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Theorem 1 obviously remains valid if in (4.1) and (4.2), we write (— 1)"*'
instead of (—1)". To illustrate Theorem 1, consider the series

| 205_ OSY_0052x+cos3x_.
n csz—c b 5 3
and
f—si _sin2x+sin3x_._. (-7 < x < 7)
y = A 2 3

with which we are already familiar [see Example 2 of Ch. 3, Sec. 14 and
formula (13.9) of Ch. 1].

The theorem just proved can be generalized even further. In fact,
consider the series of the form

a,cos px + acos(p + m)x + aycos(p + 2m)x + - --
+ a,y cos(p + nm)x + - - -,

b, sin px + bysin(p + m)x + bysin(p + 2m)x + - - -
+ b, sin(p + nm)x + - - -,

(4.3)

where p and m are any numbers, and the coefficients a, and b, are positive
and converge monotonically to zero. In both of these series, the coefficients
of x form an arithmetic progression with difference m. The following are
examples of series of this type:

cos 5x  cos 9x n cos 13x

cos x + +- (p=1,m=4),

2 3 4 (4.4)
sin 2x + sin 5x + sin 8x + sin 11x (p =2 — 3)
m2 "3 " 4 In 5 p=2am=2)

Observing that

cos (p + nm)x = cos px cos nmx — sin px sin nmx,
sin (p + nm)x = sin px cos nmx + cOS px Sin nmx,

we can rewrite the series (4.3) as

[co)

COS px Z A, COS NMX — SIN px z Ay SIN NMX,
n=0 n=0

sin px Z b,41 COS nMXx + COS px z b,41 SIn nmx.
n=0 n=0

If we now set mx = t or x = t/m, we obtain

cos '— Z a,,, cos nt — sm — z a,.1 sin nt,
0
" (4.5)

sm — Z b,y cos nt — cos — Z b,+1 sin nt.
n=0
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Theorems 1, 2, and 3 of Sec. 3 are applicable to all four series appearing in
(4.5). It follows that for any p, the series (4.5) converge and have continuous
sums for all ¢, except possibly values of the form r = 2kw, and that the
convergence of the series (4.5) 1s uniform on any interval which does not
contain these values. Thus, returning to the variable x, we have

THEOREM 2. If the coefficients a, and b, are positive and decrease
monotonically to zero as n— o0, then the series (4.3) converge and have
continuous sums for all values of x, except possibly the values x = 2kr[m
(k =0, £1, £2,...), and the convergence of the series is uniform on
any interval not containing these points.

For example, for the first of the series (4.4), the “exceptional” points
are x = 2kn/4 = kn/2 and for the second series, they are x = 2km/3.
In the same way as we obtained Theorem 2, we can prove

THEOREM 3. If the coefficients a, and b, are positive and decrease
monotonically to zero as n— oo, then the series of the form

a, cos px — aycos(p + m)x + aycos(p + 2m)x — - - -,
b, sin px — b, sin (p + m)x + bysin (p + 2m)x — - - -

converge and have continuous sums for all x, except possibly

L _ 2k + Dr

= k=0,+1, +2,...),

and the convergence is uniform on any interval not containing these points.

In the applications, the following theorem, which we cite without proof,
1s often useful:

THEOREM 4. With the hypotheses of the preceding theorems, if the series

(e @) (e o)
a, b,

-

H H

n=1 n=1

converge, then the corresponding trigonometric series define absolutely
integrable functions (and are therefore the Fourier series of these functions).
(See Theorem 2 of Ch. 1, Sec. 6.)

5. Applications of Functions of a Complex Variable to the
Evaluation of Certain Trigonometric Series

Let F(z) be an analytic (differentiable) function of the complex variable
z = x + iy, without singularities? for |z| < 1. Then, it is well known that

2 A point z is said to be a singularity of the function F(z) if in the complex plane there
exists no circle with center at z (no matter how small its radius) within which F(z) is
analytic.
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F(z) can be expanded in a power series
F@)=co+c1z+ cz22+---+ ¢,z + - (5.1)

for |z| < 1, i.e., within the circle of radius 1 with center at the origin of the
complex plane. Suppose that the coefficients of this series are real numbers,
and set z = efx. Then (5.1) still holds, since

leix| = |cos x 4 isin x| = Vcos2x + sin2x = 1.
Thus, for any x, we have

F(eix) co + cleix + czei2x + -+ cneinx + -
co + ¢y (cos x + isinx) + ¢, (cos2x + isin2x) +---

+ ¢, (cosnx + isinnx) + - - - (5.2)
= (co+ ¢;CcOS X + ¢, C082X + -+ ¢,COSHX + - )

+ i(cysinx + ¢ps8in2x +---+4 ¢, sinnx + -+ -).

We now separate the real and imaginary parts of F(eix), i.e., we write
F(eix) in the form

F(e*) = f(x) + ig(x),

where f(x) and g(x) are real functions. Then, it obviously follows from
(5.2) that

f(x) =cy+cycosx + cpco82x +---+ ¢c,cosnx +---,
g(x) =cysinx 4+ ¢ps8in2x +---4 ¢,sinnx + - - -,

This fact can be used to find the sums of certain trigonometric series.

Example 1. It is well known that

22 Zn
ee=1+z+= 4+ +=+- -
2! n!
for all z. Then, by (5.2) we have
: CoS 2x S M
e""‘=(1+cosx+ el )
2! n!
( . sin 2x sin nx )
+ i|sinx + +--+
2! n!
But
e¢X = pcosx + isinx — pcosx pisinx

= e®osx [cos (sin x) + i sin (sin x)],
and therefore

COS 2x COS nx

2' ++ n! I

sin 2x + + sin nx
2! n!

ecosx cos (sinx) =1 + cos x +

ecosx sin (sin x) = sin x +
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In this example, we started from a given function of a complex variable
and found that its real and imaginary parts can be expanded in trigonometric
series. In other words, we have found a new approach (as compared with
Chs. 1 and 3) to the problem of expanding a function in trigonometric series.
Moreover, in many cases, the argument given at the beginning of this section
also allows us to solve the inverse problem, i.e., to find the sum of a given
trigonometric series. In fact, suppose we are given two convergent series

co+ cycosx + ¢c,cos82x +---+ ¢, CoShHx + - - -,
cysinx + ¢,sin2x +---+ ¢, sinnx +-- -,

Using these series, we form the series

(co+ cicosx + cpc082x +---) + i(cysinx + ¢cpsin2x +---)
= ¢y + cy(cos x + isin x) + c,(cos 2x + isin 2x) + - - -
= CO + Cleix + C28i2x +,

with complex terms. Denoting eix by z, we obtain the power series
o+ C1z + c22 + -+ -.

If we know the sum F(z) of this series for the values of z of interest, then,
setting

F(eix) = f(x) + ig(x),

we obviously have

f(x) = co + c;cOS X + c3c082x + - - -,
g(x) = cysinx + ¢cpsin 2x + - -,

Example 2. Find the sums of the series

COS X  COS2x COS nx
+ =4+ —
P )4 P
sin X sin 2x sin nx
+ 2 + - n
P P P

(5.3)

where p is a real constant with absolute value greater than 1. The two
series (5.3) converge for all x. Consider the series

g 2x . (sin x  sin 2x
(l+cosx+cos .X+.“)+l( n +)

p p? p p?
R
We have
l+24+2 4 =L P _py,
2 1 —(zp) p-:



108 TRIGONOMETRIC SERIES WITH DECREASING COEFFICIENTS CHAP. 4

since the series on the left is a geometric series, which converges for |z/p| < 1.
Therefore

ix)y = P — P
Fe™) p—ex (p—cosx)—isinx

(p —cosx)+isinx  (p—cosx)+ isinx
(p—cosx)2+sin2x—p p? — 2pcosx + 1

and we find that

2 P_(Pzp—cf(:)(;sxx:_ = [+ cc;s X cop522x R copsnnx b
p sin x =sinx sin2x+.“ sin nx
p? — 2pcosx + 1 p p? p"
for all x.

6. A Stronger Form of the Results of Sec. 5

At the beginning of Sec. 5, we assumed that the function F(z) had no
singularities for |z| < 1. Suppose now that F(z) has no singularities only
for |z| < 1, while F(z) has both regular points? and singularities for |z| = 1
(in geometrical language, on the unit circle C with center at the origin).
Then, for |z| < 1, the expansion (5.1) is still valid. Moreover, (5.1) is still
valid at every regular point z on the circle C at which the series (5.1) converges.
We now prove this result, for the benefit of the reader who may not already
know it. First we need the following

LEMMA. Let
UO+U1+U2+"'+U"+“‘ (61)

be a convergent series (with real or complex terms). Then the series
Uy + uyr + ugrz -4 U + - - (6.2)

converges for 0 < r < 1, and its sum o(r) is continuous on the interval
[0, 1].

Proof. 1f
o'=u0+ul+u2+...+ un+...,

then for every € > 0, there exists an integer N such that if n > N

o — 6, < = (6.3)

3 l.e., points which are not singularities. (Translator)
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where ¢, i1s the partial sum of the series (6.1). Consider the remainder
of the series (6.1)

R, =06—0,=up + U+ -, (6.4)
and its partial sums
Uppl + Upyy + -+ Uy (m=1,2,...).
By (6.3) we obviously have
[Ungr + Uppa + -+ U = Ry — Ryp| < IR + [Rypm| < &

Thus, every partial sum of the series (6.4), just like its entire sum, is < ¢
in absolute value. Since the numbers

rn+l, rn+2, o

decrease monotonically to zero as n— oo forany r (0 < r < 1), Abel’s
lemma is applicable to the series

R”(r) —_ un+lrn+1 + un+2rn+2 + ce .,

It follows that this series, and hence the series (6.2) converges, and
moreover that

IR(N| <ermtl<e  (O<r<]).
Now, letting ¢,(r) denote the partial sum of the series (6.2), we have
|6(r) — au(N] = [R(r)] < ¢ (6.5)

for 0 < r < 1. Noting that 6(1) = ¢ and 6,(1) = 5,, and using (6.3),
we can assert that the inequality (6.5) holds everywhere on the interval
0 < r < 1. This proves that the series (6.2) converges uniformly on
0 < r <1 and hence implies that the function o(r) is continuous on
0 < r < 1. This proves the lemma.

To prove the proposition formulated at the beginning of this section,
we assume that the series

co+ciz+cz2 4+ 4

converges at a point z lying on the circle C. By the lemma just proved,
the function

Co + cerZ + C2r222 + PN + c"rnzll + ..
is a continuous function of r for 0 < r < 1, and therefore

lim F(rz) = lim (¢cy + ¢cyrz + cpr2z2 +---)
r—1 r—1
r<li r<l (6.6)

=co + €1z + 2% + - -.
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On the other hand, since the point z is a regular point, F(z) is continuous
at z, and therefore

ligll F(rz) = F(2), (6.7)
r<i
since rz— z as r — 1. Comparing (6.6) and (6.7), we obtain
F(z)=cy+ c1z + cz22 +- -+ ¢,z + -+,
as was to be shown.

This result makes the argument of Sec. 5 legitimate for any regular point
z = eix (such a point lies on C, since |eix| = 1) for which the series in (5.1)
converges. To illustrate the situation, we now consider two examples.
Example 1. It is well known that

z2  z3  z4

for |z] < 1, and that the function In (I + z) is analytic at all points of the
unit circle C except the point z = — 1, or equivalently, the point z = e/(Zk+D)=,

By (5.2), if z = eix where x # (2k + 1)w, we .have

In (1 + eiv) = (cosx _ 90_5233 + C°S33x _ . )
| | (6.8)
+i(sinx—sm2x sm3x__”)’
2 3

where we are justified in writing the equation, since the two series on the
right actually converge for x # (2k + 1)w. (See Theorem 1 of Sec. 4.)
On the other hand, for —n < x < &, we obviously have

1 + eix= (1 + cos x) + isinx

X . X X X X . X
— 2— 1 -— p— — — ' -—
2 cos > +2zsm2cos2 = 2cosz(cos2 + isin 2)

Therefore4

In (1 + eix) = In (2 cos %) + 1

for —mw < x < ®. Then, by (6.8) we find that

N =

X cos 2x  CoS 3x
]n(ZCOS§)=COSx_ 5 + 3 —
(6.9)
X ) sin 2x  sin 3x
5= sSIn x — 5 + 3

4 We have used the following familiar property of the logarithm: If z = pei®, — 7w < 0 < =,
thenInz =1Inp 4+ i0. In ourcase p = 2cos (x/2), 6 = x/2.
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for —n < x < m, and we have obtained two expansions with which we are
already familiar [see Example 2 of Ch. 3, Sec. 14 and formula (13.9) of

Ch. 1, Sec. 13].
By a similar method, we can find the two expansions

. X Cos 2x  cos 3x
_ln(2sm§)—cos.\+ 5 3 +- -
(0 < x < 27n) (6.10)
T X gnx o+ sin 2x n sin 3x 4.
2 T 2 3 ’

which we have also encountered previously. In this case, we have to start

from the function

1 z z
In 7=—1n(1—;)—‘.+7+—3—+”' (4#1),

for which
f(x) = —In (2 sin i) s =T5F (0 <x<2m)

2
However, a much simpler way of obtaining the expansions (6.10) is to make
the substitution x = t — =« in (6.9).

Example 2. Find the sums of the series

cos 2x  cos 3x cos (n + 1)x
R R CE )
sin 2x  sin 3x sin (n + 1)x
2 T3 Tt Sy T

These series converge for all x. Consider the new series

cos 2x  cos 3x .{sin 2x  sin 3x
(1.2 T3 +'”)+’( 2 T 23 +)

eZix e3ix +
Sttt F D -

e(n+1)ix

It follows from the identity
1 1 1

n(n+l)=;_n+l

that
22 73 zn+l 5 23 + ~n+l n )
m+n+“ﬁﬁﬁﬁ““@+7*'ﬁr

:2 23 :IH"I )

= —zIn(l =2)+In(l —2)+:
=0 -2)In(l —2)+ z= F(2)
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(see Example 1) for all z satisfying the conditions |z| < 1,z # —1. There-
fore,

F(eix) = (1 — eix) In (1 — eix) + eix
= [(l — cos x) — isin x] [ln (2sin)—2() — i x]

2
+ (cos x + isin x)

= [(1 — cos x) In (2 sin %C) - T

2
+ i[n;x(cosx— 1) —sinxln(Zsing) + sinx]

sin x 4+ cos x]

for 0 < x < 2n (see Example 1), and consequently

. X T — X . cos 2x  cos 3x
(l—cosx)ln(2sm§)— > sin x + Cos x = 5 + 73 + -y
T — X : .X : sin 2x  sin 3x
> (cosx — 1) — sin xIn 25m§ + sin x =

12 T 33

PROBLEMS

1. For which values of x do the following series converge:

> COS hx sin nx. o COS nx + sin nx,?
D 2= Y > Vi 9 2=
n=1 h n=1 h n=1 h

2. For which values of x are the sums of the series in Prob. 1 continuous?
Are these series the Fourier series of square integrable functions ?

3. For which values of x do the following series converge:

[o 0} (e o] .
COS nx cos nx + (—1)"sin nx
> (-1y b > Y sin nx.

n=1 n -+ \/’_1 n=2 ln n ’
< sin 3nx < ne1 €08 2n + x
©) HZI n d) HZO(— D n+ 2 ’

4. For which values of x are the sums of the series in Prob. 3 continuous?
Construct the graph of the sum of the series c).

S. For the complex variable z = x + iy, the trigonometric and hyperbolic
functions are defined by the series

: z3 2z
smz=z—ﬁ+-5—!—--',
zz2  z4
cosz =1 ——2—!+Z—!—---,
) z3  Z5 .
sinh z = z+§+§+--- (hyperbolic sine),
z2 oz ) :
coshz =1+ 3 + a0 + - -+ (hyperbolic cosine).
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Using the formulas

sin (« + B) = sin «acos 3 + cos « sin B,
coS (o« + B) = cosa cos 3 — sin «a sin B,
which are also valid for complex « and B, prove that
sin (¢ + iB) = sin « cosh § + 7 cos « sinh B, I
cos (o« + i) = cos « cosh B — 7sin « sinh B.

6. Find the sums of the series

cos 3x  cos Sx
a) Cos X — —=4 + ST T
. sin 3 sin §
b) sin x — T

3! 5!

Hint. F(z) = sin z (see Sec. 5). Use the first of the formulas (I) of Prob. 5.

7. Find the sums of the series

cos 2x  cos 4x
S TH S TR
sin2x sin4x  sin 6x
b) 2T~ Tar Tt el

Hint. F(z) = cosz. Use the second of the formulas (I) of Prob. 5.

8. Find the sums of the series

COsSx Ccos2x  cos3x
D I+ Ty 33 t3a
b) sinx Ssin2x  sin 3x

12 23 T 733

Hint. Use the method of Example 2 of Sec. 6 and the result of Example 1
of the same section.

9. Find the sums of the series

) cos2x_cos3x+_“+(_l)ncosnx
a 3 8 n — 1 ’
b) sin 2x _ sin 3x bt (=1 sin nx

3 8 nz — 1

Hint. Use the identity

111
n—-1 2\n—1 n+1

and the results of Example 1 of Sec. 6.

10. Find the sums of the series

2cos2x 3 cos3x , M COS nx

2 T T = T
2sin2x 3 sin 3x n sin nx

b) 3 - 3 +---+(—1)”nz_1
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Hint. Use the identity

n _1 1 + 1
n—1 2\n-1 n+1

and the results of Example 1 of Sec. 6.

11. Find the sums of the series

2) cos x N Ccos 2x 4 cosnx
l+p 2+p n+p ’
sin x sin 2x sin nx

b) ,

+ +e
IL+p 24+p n+p

where p is a positive integer.

Hint.
z 22 Z”
@ 1+p+2+p n+p
1 z1+p z2+p Zn+p
z!’(l+p+2+p+ n+p )

1 p zn
~L(-ma-a-57)

n=1

Also use the results of Example 1 of Sec. 6.

an,

o0 (e 0]
12. Show that if z a, converges, then so does Z ”

n=1 n=1

13. Using the notation of Sec. 1, show that if |¢,| < M, if «, 0 as n— o,
and if

o0

Z ‘an - o(n+l| < ©,

n=0

o0
then z o,i, converges.
n=0

14. Show that if |a,| = |a;] =---— 0 and if

0

2 a, cos nx

n=1
converges absolutely at even a single point x,, then

o0

2 lal < .

n=1

Show that the same is true in the case of the series

oo}
Z a, sin nx,

n=1

provided that x; is not an integral multiple of =.
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OPERATIONS ON
FOURIER SERIES

I. Approximation of Functions by Trigonometric Polynomials

In Ch. 3, we established certain conditions under which a continuous
(and sometimes even a discontinuous) function of period 27 can be repre-
sented as a sum of a trigonometric series. This raises the following question:
Was it only because of the inadequacy of the argument used that we were not
able to prove that the Fourier series of any continuous function f(x) always
converges to f(x)? It turns out that the answer to this question is negative,
and in fact there exist examples of continuous functions with discontinuous
Fourier series.

We now adopt a different approach, i.e., we consider the approximate
representation of functions by trigonometric series. Here we immediately
obtain the following remarkable result.

THEOREM. Let f(x) be a continuous function of period 2w. Then,
given any € > 0, there exists a trigonometric polynomial

6,(X) = 09 + > (ax cos kx + By sin kx) (1.1)
k=1

for which
(%) — o, (x)| <<

for any x.
15
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Proof. Consider the graph of the function y = f(x) on the interval
[—=, x]. Divide [—=, =] into subintervals by the points

Xog= <X < Xp << X1 < X,, =T,

and construct the continuous function g(x) for which g(x,) = f(x)
(k =0,1,2,...,m) and which is linear on each subinterval [x,_;, x,].
The graph of the function y = g(x) is a broken line with vertices on

4
A

kg X X X3 0 Xp-2 Xmey T X

FiGURE 40

the curve y = f(x) (see Fig. 40). The subintervals into which we
divided [—m, ] can be made so small that the inequality

/) — e@)] < 5 (1.2)

is satisfied for any x in the interval [—=, ®]. Moreover, the function
g(x) can be periodically extended onto the whole x-axis. Then, ob-
viously, the condition (1.2) is also valid for the periodic extension of
g(x), which is continuous and piecewise smooth on the whole x-axis.

We now form the Fourier series of g(x). According to Theorem 2
of Ch. 3, Sec. 10, this series converges uniformly to g(x). But then for
all sufficiently large n we have

|8(x) — 0,(x)| < (1.3)

(S THQ)

for any x, where o,(x) denotes the nth partial sum of the Fourier series
of the function g(x). Let n be an index for which (1.3) is valid. Then
it follows from (1.2) and (1.3) that

If('\‘) - O',,(.\')' = I(f(x) - g('\)) + (g(,\') - G,,(X))l
< |f(x) — gx¥)]| + |g(x) — 0, (¥)] < =

for any x, which proves the theorem.

We now note the following consequences of this theorem:
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COROLLARY 1. If f(x) is continuous on the interval [a, a + 2=] and
fla) = f(a + 2w), then for any e > 0, there exists a trigonometric
polynomial of the form (1.1) for which

|/(x) — 0,(x)| < ¢ (1.4)
for any x in the interval [a, a + 2x].

To see this, it suffices to make the periodic extension of f(x) onto the
whole x-axis (because of the condition f(a) = f(a + 2x), this does not
destroy the continuity) and then apply the theorem to the extended function.

COROLLARY 2. If f(x) is continuous on an interval [a, b] of length less
than 2w, then for any € > 0, there exists a trigonometric polynomial of the
form (1.1) for which

lf(x) - 0,,(A‘)| <z
for any x in [a, b].

Proof. Extend f(x) from [a, b] onto [a, a + 2x] in such a way that
continuity is preserved and the extended function satisfies f(a) =
f(a + 2n). For example, this can be done by setting f(a + 2n) = f(a)
and then taking the function to be linear on the interval [b, a + 2x]
(see Fig. 41). Then Corollary 1 is applicable to the extension of f(x)

) 4
A
~—
I =~

Q\/T \?

1 | 1 >
0 a b a+2m

FIGURE 41

obtained in this way, and therefore the inequality (1.4) is valid for all
x in [a, a + 2=x], in particular, to all x in [a, b).

What has just been proved can be formulated succinctly as follows:
Under the conditions of the theorem (or its corollaries), the function f(x) can
be uniformly approximated by a trigonometric polynomial of the form (1.1)
with any degree of accuracy specified in advance.

2. Completeness of the Trigonometric System

In view of Ch. 2, Sec. 9 (the completeness criterion for an orthogonal
system), to prove that the trigonometric system is complete it is sufficient to
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prove that given any function f(x) which is continuous on [—m, 7] and any
e > 0, there exists a trigonometric polynomial ,(x) for which

" /) = s, dx < = 2.1)

We now prove that this is actually the case.
If f(—w) = f(w), then by Corollary 1 of the theorem of Sec. 1, there
exists a trigonometric polynomial 6,(x) for which

'f('\‘) - G,,(.\')‘ < \/;/—2;

for any x. Therefore, we have

[T U - epray < [T dx ==, ,

as required.

Next, suppose that f(—m) # f(w). Let M be the maximum of the
absolute value of f(x) on the interval [—m, =], and choose the number
h > 0 so small that the condition
4
holds. Now, let g(x) be the continuous function which coincides with f(x)
on the interval [—=, © — /], is equal to f(—7) at x = =, and is linear on the

interval [x — &, =]. (This construction is like the one shown in Fig. 41.)
Obviously, [g(x)] < M, and hence

a4M?2h <

1

> -

|7 U = e@rdy = [ [0 - gRdx < [ am2dx

)]

= 4M2 < (2.2)

-D-!(

On the other hand, g(x) is continuous and takes equal values at the end
points of the interval [—m, ©]. Therefore, there exists a trigonometric
polynomial ¢,(x) for which

[" g = s, dx < (2.3)

Hlo

But then 1t follows from (2.2), (2.3) and the elementary inequality
(a + b)? < 2(a? + b?)
that

‘_- [f(x) = 6,(x)]? dx [: [(f(x) — g(x) + (g(xX) — 6,(x))]? dx
<20 ) - g@dx + 2 [ [g(x) — ()P dx < e,

.
- .

as was to be proved.
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3. Parseval’s Theorem. The Most Important Consequences of
the Completeness of the Trigonometric System

Since the trigonometric system is complete, Bessel’s inequality [see (1.2)
of Ch. 3] becomes the equality

1= . 2 ®
T rmax =2+ 3 @+ o, (3.1)
" n=|

Te «
where f(x) is an arbitrary square integrable function, and a,, b, are its
Fourier coefficients. Formula (3.1) is known as Parseval’s theorem.!
Recalling Theorem 1 of Ch. 2, Sec. 7 and the fact that

1] = V2r, |cos nx| = |sin nx| = V= n=172...),

we obtain

THEOREM 1. If f(x) and F(x) are square integrable functions defined
on [—m, =], for which

oo}
a :
f(x) ~ 30 + Z (a, cos nx + b, sin nx),

n=1

A < :
F(x) ~ 70 + Z (A, cosnx + B, sin nx),

n=1
then

1 (= agA —
~ [T AOF0) dy = B2 1S (a,4, + b,B,)

n=1

The following result is an immediate consequence of Theorem 2 of
Ch. 2, Sec. 7:

THEOREM 2. The trigonometric Fourier series of any square integrable
Sfunction f(x) converges to f(x) in the mean, i.e.,

n

. & N dy . 2
lim f f(x) — |5 + Z (a, cos kx + b, sin kx))| dx = 0.
NnN—oo ¢ —7T 2 k=1 4

This theorem is all the more remarkable, in view of the fact already noted
in Sec. | that a trigonometric Fourier series does not always converge in the
ordinary sense even for a continuous function.

In Ch. 2, Sec. 7, we proved that a Fourier series can converge in the mean

1 Attributed by the author to the Russian mathematician A. M. Lyapunov ‘‘who first
gave a rigorous proof of the formula (for the case of bounded functions).” Theorem
1 below, of which (3.1) is a special case, is the result usually called Parseval’s theorem
in the English-language literature. (Translator)
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to only one function f(x) [to within a change of f(x) at a finite number of
points2]. This implies

THEOREM 3. Any square integrable function f(x) is completely defined
(except for its values at a finite number of points) by its trigonometric
Fourier series, whether or not the series converges.

In Theorem 3 we say ‘““defined” but this does not mean that we yet
know how to actually determine a function from a knowledge of its Fourier
sertes. The problem of actually ‘‘reconstructing” a function from its
Fourier series will be solved completely in the next chapter; however, in
some special cases, the problem can be solved by using the method given
in Ch. 4, Secs. 5 and 6.

Finally, we note two more consequences of the completeness of the
trigonometric system (see Theorems 1 and 2 of Ch. 2, Sec. 8):

THEOREM 4. Any continuous function f(x) which is orthogonal to all
the functions of the trigonometric system must be identically zero.

In other words, except for the trivial function which is identically zero,
we cannot add an extra continuous function to the trigonometric system and
still have an orthogonal ‘‘enlarged” system. Theorem 4 can also be
paraphrased as follows: If all the Fourier coefficients of a continuous function
are zero, then the function vanishes identically.

THEOREM 5. If the trigonometric Fourier series of a continuous function
f(x) is uniformly convergent, then the sum of the series equals f(x).

*4. Approximation of Functions by Polynomials

As a rather simple consequence of the results of Sec. 1, we can obtain the
following result which is often very useful :

THEOREM.3 Let f(x) be a function which is continuous on the interval
[a, b]. Then, for any € > 0, there exists a polynomial

pm(x) = Cg + X + - CCp X
for which
If(x) - pm(x)l <€ (41)

everywhere on the interval (a, b].

2 See the footnote to Ch. 2, Sec. 7. (Translator)
3 This proposition is usually known as the Weierstrass approximation theorem.
(Translator)
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Proof. By making the transformation

X —a
=mi—s (4.2)
or equivalently
b—a
X = t + a,

T

we take the interval [a, b] of the x-axis into the interval [0, =] of the
r-axis. (If the length of [a, b] is less than 2, we do not have to make
this transformation.) We now set

f(b;at+a) = F(1).

By Corollary 2 of the theorem of Sec. 1, there exists a trigonometric
polynomial

6,() = o9 + > (o5 cos kt + By sin k1),
k=1

for which

|F(1) — o,(1)] < (4.3)

N o

everywhere on [0, =]. Holding » fixed, we choose a positive number
» > 0 which is so small that the condition

o 2 (ol + 8] < 5 (4.4)
Now, it is known that for all z
22 -4
cosz =1 —i—!+z-!—----,
: z3  z5
sSinz = z —§—!+—-!—~~-,

where these series converge uniformly on every interval of finite length,
in particular, on 0 < z < nw. But then, for fixed n and all sufficiently
large /, we have

242 474 21421
coskt—(l—kt +k’ —-~+(—l)’k’)<m,
2! 4! 2! @.5)
k313 kStS f21+1 42141 '
i — — —_ .. — 1) —— | € «
sin kt (kt TR + (—1) ar T 1)!) o,
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where k = 1, 2, ..., n, for any ¢ in the interval [0, ). (Since there are
only a finite number of the functions cos k¢, sin kt for k =1, 2,..., n,
i.e., just 2n of them, the index / can be chosen large enough to make a//
the inequalities (4.5) hold simultaneously.)

We denote the polynomials of degree 2/ and 2/ + 1 appearing in
parentheses in the inequalities (4.5) by ri(¢t) and s.(¢), respectively.
Then '

|cos kt — ri(2)| < o,

Isin kt — 5,(¢)] € @ (4.6)

(k=1,2,...,n) for any ¢ in [0, ®]. Consider the sum
P, (1) = oo + Z [oxri(t) + Brsi(2)],
k=1

which is a polynomial of degree m = 2/ + 1. By (4.4) and (4.6), this
polynomial satisfies the inequality

n

> ou(cos kt — ri(1)) + Bi(sin kt — s,(1))

k=1

S o Z (o] + 1Be]) <
Py

IO',,(t) - Pm(t)l =

NI ™

everywhere on [0, ©]. Therefore, it follows from (4.3) that

IF(t) - Pm(t)l = I(F(t) - Gn(t)) + (Gn(t) - Pm(t))l
< IF(t) - Gn(t)l + |Gn(t) - Pm(t)l < €

everywhere on [0, ®]. Using the formula (4.2) to return to the variable

X, we obtain
<c 4.7)

~

1) = P (=)

everywhere on [a, b]. It is easy to see that the function

pu() = P 5—2)

a

is also a polynomial of degree m. Consequently, (4.7) is just the
inequality (4.1) needed for the proof.

5. Addition and Subtraction of Fourier Series. Multiplication
of a Fourier Series by a Number

To obtain the Fourier series of the sum or difference of two functions

whose Fourier series are known, it is sufficient to add or subtract the two
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known series. In fact, suppose that

f(x) ~ %9 + ”; (a, cos nx + b, sin nx),
" (5.1)
F(x) ~ Ao + Z (A, cos nx + B, sin nx)
2 n=1 ! - " e
Then, the Fourier coefficients o, and B, of the function f(x) + F(x) are
given by

( j_ [f(x) £ F(x)] cos nx dx

a1

o, =

= 1 7= .
f_” f(x) cos nx dx + - "J F(x)sinnxdx =a, + A,

d4(—

and similarly

which proves our assertion.

It can be shown in just the same way that the Fourier series of the function
kf(x), where k is a constant, is obtained from the Fourier series of f(x) by
multiplying all its terms by k.

Despite the simplicity of these considerations, they testify to a very
important fact, namely, that although convergence is not assumed, it is
possible to operate on Fourier series as if they were convergent, i.e., as if the
sign = appeared instead of ~. The same sort of phenomenon will also be
encountered in subsequent sections of this chapter.

*6. Products of Fourier Series

How do we form the Fourier series of the product f(x)F(x), if we know the
Fourier series of the factors? To answer this question, we argue as follows:
We begin by assuming that f(x) and F(x) are square integrable functions, in
which case we know that the product f(x)F(x) is an integrable function
(see Ch. 2, Sec. 4). [Note that if we fail to impose this requirement on
f(x) and F(x), the product f(x)F(x) may turn out to be nonintegrable, and
then the problem of finding the Fourier series of f(x)F(x) becomes meaning-
less.]

Now, suppose that f(x) and F(x) obey the relations (5.1) and that

NE( v %o < ) : .
S(X)F(x) ~ 5 + Z (ot,, cos nx + (3, sin nx).

n=1
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Our problem is to express the coefficients «, and §, in terms of a,, b,, A, and
B,. Using Theorem 1 of Sec. 3, we find that

OAO

_ % [ feoFe) dx = + }: (a,4, + b,B,). (6.1)

To calculate
= Tlt fﬁ f(x)F(x) cos nx dx, (6.2)

it is sufficient to know the Fourier coefficients of the function F(x) cos nx,
since then we can use Theorem 1 of Sec. 3 again, this time applied to the
product f(x)F(x) cos nx. The Fourier coefficients of F(x) cos nx are

7-15 fﬂ F(x) cos nx cos mx dx
11 (= 1 =
=3 [E f_n F(x) cos (m + n)x dx + - f_n F(x) cos (m — n)x dx] 5

which becomes

%(Am+,, + Am—n) for m = N,
A,y + A,_p) for. m < n.

If we agree to write
A—-k = Aka

then we have

1 ¢
- f F(x) cos nx cos mx dx = $(A,,1, + A,._,).

Similarly, we find

1 (= : T .
- f_n F(x) cos nx sin mx dx = -;— [Tlc f_n F(x) sin (m + n)x dx
L1
T

f " F(x) sin (m — n)x dx]
= %(Bm+n + B,,,_,,),
where we have set
B—k - —Bk’

Thus, we now have the Fourier coefficients of the function F(x) cos nx.
Therefore, applying Theorem 1 of Sec. 3 to the integral (6.2), we obtain
_apA, 1 -

0 _2" Z m(Am+n + Am—n) + bm(Bm-}-n + Bm—n)]' (63)

m=1
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In just the same way, we find that

aB, 1 <
Bn = 0—2' + i z [am(BuH-n - Bm-«n) - bm(AnH-n - Am—n)]' (64)

m=1

The formulas (6.1), (6.3), and (6.4) give the solution of our problem.
We note that these formulas can also be obtained by formally multiplying
together the two series (5.1) (i.e., by acting as if these series are convergent
and multiplication is justified4), then replacing products of sines and cosines
by their sums and differences, and finally collecting similar terms.

7. Integration of Fourier Series

In the applications, one encounters cases where only the Fourier series of
a function is known, but not the function itself. In this connection, the
following problems arise:

1) Given the Fourier series of the function f(x) of period 2w, calculate

[} 70 ax,

where [a, b] 1s an arbitrary interval;

2) Given the Fourier series of the function f(x), find the Fourier series of
the function

F(x) = [0 f(x) dx.
The solution to the first problem is given by

THEOREM 1. If the absolutely integrable function f(x) of period 2w
is specified by giving its Fourier series

f(x) ~ 0—20 + Z (a, cos nx + b, sin nx), (7.1)

n=1

then

f: £(x) dx

4 It is well known that the product of two convergentseries s = uy + uy + -+ -+ Up + -+
ando =v; + vy +---4+vy + - is given by the formula
s6 = vy + (qvr + wwy) + -+ (Won + won—y + -+ n-102 + wpvy) + - - -

d_‘\
= Z (uyon + wpon-1 + -+ -+ up—102 + Unv1),
n=1
which is valid whenever the last series converges. In particular, the formula always holds
if the two series converge absolutely.
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can be found by term by term integration of the series (7.1), whether or
not the series converges, i.e.,

[ 10 dx =20 - a)

4 i a,(sin nb — sin na) — b,(cos nb — cos na)
n

- (7.2)
Proof. If f(x) is square integrable, then this theorem is a special

case of Theorem 3 of Ch. 2, Sec. 8. However, in the general case, we
argue as follows: First we set

F(x) = jo" [f(x _ "—20] dx. (1.3)

This function is continuous and has an absolutely integrable derivative
(which possibly does not exist at a finite number of points). Moreover

Foet+2m) = [ l fx) — %] ax + [ [ f(x) — %] dx
= F(x) + J_T; [f(x) — 229] dx

= F(x) + f_n f(x) dx — may = F(x),

so that F(x) has period 2r. Therefore, F(x) can be expanded in a
Fourier series (see Ch. 3, Sec. 11):

F(x) = AO + Z (A, cos nx + B, sin nx).

Integrating by parts for n > 1 gives

1 (= )
A, = - f_n F(x) cos nx dx

[F (%)

sin nx] x=m 1 b,

- — [f(\) — —] sin nx dx = — =

e TCH n

and similarly

Therefore

F(x) = =

Ao i , SIN X — b,, COS nx
2



SEC. 7 OPERATIONS ON FOURIER SERIES |27

or by (7.3)

f(:f("') dx = 2% Ao + z a, sin nx — b, cos nx (7.4)

2 2 7

To obtain (7.2), it remains only to set x = b, then x = a and subtract
the resulting formulas.

The solution to the second problem is given by

THEOREM 2. Let the absolutely integrable function f(x) be specified
by giving its Fourier series

f(x) ~ a_20 + 'Zl (a, cos nx + b, sin nx),

whether convergent or not. Then the integral of f(x) has the Fourier
expansion

0

Z —b, cos nx + [a, + (—1)"*1ay] sin nx
n

(=7 < x < 7). (7.5)

‘(:f(x) dx = i % +

n=1 n=1

Proof. We set x = 01in (7.4), thereby obtaining
AO _ < bn
5 = ’; . (7.6)
On the other hand, by formula (13.9) of Ch. 1, we have

X O, qyusr SIDAX
5 =2 (=D —= (7.7)

n=1
for —t < x < w. Substituting (7.6) and (7.7) in (7.4) gives (7.5).

Remark. In passing, we have proved that the series

[ 0]
Zﬁ
ne R

converges for any absolutely integrable function. This fact is some-
times useful, since in some cases it allows us to distinguish the Fourier
series of absolutely integrable functions from other trigonometric series.
For example, the series
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which converges everywhere (see Sec. 3 of Ch. 4) cannot be the Fourier
series of an absolutely integrable function, since the series

- 1

z ninn

n=2

diverges.

Next, we note an important special case of Theorem 2.

THEOREM 3. If ay, = 0 and the other conditions are the same as in
Theorem 2, then

f:f(x) dx — Z b + z —b, cos nx + a, sin nx (7.8)

n n

n=1 n=|

for all x5 i.e., the Fourier series of the integral can be obtained by term
by term integration of the series for f(x).

Proof. The formula (7.8) is obtained from (7.5) by simply setting
ay, = 0. Its validity for a/l x [and not just for — % < x < 7, as in
(7.5)] follows from the periodicity of the integral on the left in (7.8),
which itself follows from

x+2mn

X x+2n
() dx = fo 1) dx + f 1) dx

0

fxf (x) dx + may = fx f(x) dx.
Jo 0

We can use (7.8) to obtain many new Fourier series, by starting from a
known series. For example, we know that

X ) sin 2x  sin 3x
5 =sinxy — —— + — . (-7 < x <.

Integrating, we obtain

Y VR
4 22 32
cCos 2x  CoOS 3x
22 + 32 —_— . e e

- (COSX —

(@)
COS nx
= C — Z (= D+t —z C = const.

n=1,
To find C, we integrate the last equation from —= to =. Since the series on
5 If we are intcrested only in the values —7@ < x < =, then as in Theorem 2, we do not

have to require that f(x) be periodic. However, if we are interested in all values of x,
then for (7.8) to be valid, we have to assume that f(x) is periodic.
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the right converges uniformly, the term by term integration is justified, and
we obtain

o/

flz dx = 2nC — Z (— l)”+l 1 f:_ cos nx dx = 2nC.

n=1

Therefore, we have

1 T 752
= —_— 2 = —
¢ snf_,-.“‘ ¥ =13
so that
2 . cosm
e

n=1

an expression that we have already obtained in Ch. 1, Sec. 13. Integrating
this formula again gives

x (T2 , smnA
[ (1—2 - —) dx = S (— 1y

n=1

or

m2x X3 i yr+! sin nx
12 12 £ n3

8. Differentiation of Fourier Series. The Case of a Continuous
Function of Period 2=

THEOREM 1. Let f(x) be a continuous function of period 2w, with an
absolutely integrable derivative (which may not exist at certain points®).
Then the Fourier series of f'(x) can be obtained from the Fourier series
of the function f(x) by term by term differentiation.

Proof. Let

ag
f(x) = 5 + Z (a, cos nx + b, sin nx), (8.1)

where we can write the equality because of the theorem of Ch. 3,
Sec. 11. Let a, and b, denote the Fourier coefficients of f'(x). First
of all, we have

=" reydx = f@ - f(-m) =o0.

6 In other words, f’(x) may not exist at a finite number of points (in each period).



130 OPERATIONS ON FOURIER SERIES CHAP. S

Then, integrating by parts, we obtain

, b=,
a, == ] __f'(x) cos nx dx
1T X=7 n [« .
= Sf(x) cos nx] + - J f(x) sin nx dx = nb,,
1 = T ) (8.2)
b, = = f'(x) sin nx dx
= L -f(x) sin nx o fﬂ f(x) cos ux dx = —na,.
T L X=-T TJ-= "
Therefore

f(x) ~ Z n(b, cos nx — a, sin nx),

n=1
and this is the series obtained from (8.1) by term by term differentiation.

Remark. Under the conditions of Theorem 1

b, _a,
a, = — ;’ bn - 7’ (8'3)

which follows at once from (8.2). Moreover, since the Fourier co-
efficients of an absolutely integrable function converge to zero as
n— o (see Ch. 3, Sec. 2), we can write

lim na, = lim nb, = 0,

n— n—»0o0

1.e., a, and b, go to zero faster than 1/u as n — co.

THEOREM 2. Let f(x) be a continuous function of period 2w, which has
m derivatives, where m — 1 derivatives are continuous and the m’th
derivative is absolutely integrable (the m’th derivative may not exist at
certain points). Then, the Fourier series of all m derivatives can be
obtained by term by term differentiation of the Fourier series of f(x),
where all the series, except possibly the last, converge to the corresponding
derivatives. Moreover, the Fourier coefficients of the function f(x)
satisfy the relations
lim wma, = lim nmb, = 0. (8.4)
n— oo n— 0
Proof. To prove the first assertion, it is sufficient to make m appli-
cations of Theorem 1. The convergence of all the series obtained by
term by term differentiation, except possibly the last, to the correspond-
ing derivatives follows from the differentiability of these derivatives [up
to the (i — 1)th derivative].
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The relations (8.4) are obtained as a result of successively applying
the relations (8.3) m times. Thus

14 " nm
a = — ﬁ = — an = ?ﬁ = e e e =— ﬁ,
" H nz2  n nm
’ b// m (8°5)
b frd ﬂ —_— a— _'.1 = — a_" = e ¢ s — Eﬁ,
"o 12 13 i
where a,, a;,..., b, b/, ... are the Fourier coefficients of the functions

S (x),f"(x),..., while o, and B, denote the appropriate Fourier co-
efficients of the function f(m)(x), taken with the proper sign. Since
Sm(x) is absolutely integrable, o,,— 0 and B,— 0 as n— oo, which
implies (8.4).

Remark. Under the conditions of Theorem 2, the series for f(x)
and all the series obtained from f(x) by term by term differentiation,
except possibly for the last, converge uniformly (this follows from
Ch. 3, Sec. 11).

The next proposition is in a certain sense the converse of Theorem 2:

THEOREM 3. Given the trigonometric series

ay < :
5 + z (a, cos nx + b, sin nx), (8.6)

n=1\
if the relations
|nma,| < M, |nmb,| < M (m = 2; M = const) (8.7)

are satisfied by the coefficients a, and b,, then the sum of the series (8.6)
is a continuyous function of period 2, with m — 2 continuous derivatives,
which can be obtained by term by term differentiation of the series (8.6).

Proof. Denote the sum of the series (8.6) by f(x). By (8.7), we can
write

_ % B
f(x) = > + z (”m cos nx + o ST nx)

where
o] < M, |B,| < M, M = const.

If we formally differentiate this series, then after k differentiations the
coefficients have absolute values which do not exceed the numbers

M

’zm-k.
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It follows that the sum of the absolute values of the coefficients con-
verges for k = 1,2,...,m — 2. Therefore, by Theorem 1 of Ch. 3,
Sec. 10, the series obtained by term by term differentiation of the
series (8.6) are uniformly convergent for kK =1,2,...,m — 2. But
then, it follows from Theorem 2 of Ch. 1, Sec. 4 that the function f(x)
is differentiable m — 2 times (and hence continuous), that the deriva-
tives are continuous, and that the term by term differentiation is
legitimate.

*9, Differentiation of Fourier Series. The Case of a Function
Defined on the Interval [—=, =]

THEOREM 1. Let f(x) be a continuous function defined on the interval
[—m, =] with an absolutely integrable derivative (which may not exist at
certain points). Then

[ 0]
, c , :
S~ 5+ > [(nb, + (= 1)'c)cos nx — na, sinnx],  (9.1)
n=|
where a, and b, are the Fourier coefficients of the function f(x) and the
constant c is given by the formula

¢ = LU — f(=m)] 9.2
Proof. Let

’ 0
a .
f(x) ~ 2—0 + Z (a, cos nx + b, sin nx),

n=1

so that
g =2 [ reydx =L - f-m).

Obviously we have?

’ a(,) < ’ . r
f(x) — 5 ~ Z (a;, cos nx + b} sin nx). (9.3)

n=1
The Fourier series of the function

aox

[ (r@ = %) ax =1 - % - s0) 9.4)

7 Although (9.3) is not an equality, it is still possible to transpose terms from the right-
hand side to the left-hand side, as can be verified by calculating the Fourier coefficients of
the function appearing in the left-hand side. In our case, the constant term of the function
f’(x) — dap vanishes, and all the other coefficients remain the same as for f'(x).
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can be obtained from the series (9.3) by term by term integration (see
Theorem 3 of Sec. 7). Therefore, conversely, the series (9.3) can be
obtained by term by term differentiation of the series for the function
(9.4). But we have

a o .
f(x) = 30 + z (a, cos nx + b, s nx),

n=1

and by (7.7)

aox

S =5 = 1(0) = F = f(0)
+ i [a,, cos nx + (b,, + (= l)”a(’)) sin nx]-

n

n=1\

Therefore

f'(x) — 0—20 ~ Z [—na, sin nx + (nb, + (—1)"ag) cos nx],

n=1
which implies (9.1), if we set ¢ = aq.

COROLLARY. Ifc =0, i.e., if f() = f(—7), then (9.1) gives

e s}

f(x) ~ z n(b, cos nx — a, sin nx).
n=1
In other words, if f(m) = f(—m), the Fourier series of f(x) can be
differentiated term by term. But this is immediately clear, since if
f(®) = f(—m), the periodic extension of f(x) onto the whole x-axis is
continuous and hence Theorem 1 of Sec. 8 can be applied.

Remark. Theorem 1 is especially important in the case where the
Fourier series of f(x) is given instead of f(x) itself, for it shows that a
knowledge of the Fourier series of f(x) is all that is necded to form the
Fourier series of f'(x). However, in this case, the calculation of the
constant ¢ can turn out to be difficult if we use the formula (9.2). We
can avoid the use of (9.2) by recalling that the Fourier coefficients of an
absolutely integrable function converge to zero as n— oo (see Ch. 3,
Sec. 2). Therefore, it follows from (9.1) that

lim [nb, + (—1)"c] = 0,

n— oo
whence

c = lim [(=1)""'nb,).

n->aod

It is usually an easy matter to calculate this limit. Moreover, it is not
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hard to see that the existence of this limit is equivalent to the quantity
nb, having limits for even and odd » separately, which are equal in
absolute value and opposite in sign.

Theorem 1 presupposes that we know that the function f(x) is continuous
on [—m, ] and that f(x) has an absolutely integrable derivative. In the
applications, one often encounters situations where we only know the Fourier
series of f(x). In this case, the problem becomes more complicated, i.e.,
from a knowledge of the Fourier series we have to ascertain whether f(x)
is differentiable and whether its derivative is absolutely integrable, and if the
answer is affirmative, we have to form the Fourier series of the derivative.
The following theorem often helps to solve this problem:

THEOREM 2. Suppose that we are given the series

% + "2 (a, cos nx + b, sin nx). (9.5)
If the series
% + ,,il [(nb, + (—1)"c) cos hx — na, sin nx], (9.6)
where
¢ = lim [(=1)"*'nb,), 9.7)

is the Fourier series of an absolutely integrable function ¢(x),8 then the
series (9.5) is the Fourier series of the function

0 = [Tomde + 2+ S

n=1

which is continuous for —m < x < 7. Moreover, (9.5) converges to
f(x), and obviously f'(x) = @(x) at all the continuity points of ¢(x).

Proof. We can apply Theorem 2 of Sec. 7 to the series

p(x) ~ % + Z [(nb, + (—1)"c) cos nx — na, sin nx]

n=1

obtaining

I o0 ax

a (e @)

_ na, cos nx + [nb, + (=1)"c + (=1)"*'¢] sin nx
T Z @+ Z n

n=1 n=1

(e o] (e o]
= — Z a, + Z (a, cos nx + b, sin nx)

n=1| n=1

8 It is not assumed that the series (9.6) converges.



SEC. 9 OPERATIONS ON FOURIER SERIES |35

for —m < x <= Thus, we have

'. o(x) dx + Z a, i (a, cos nx + b, sin nx)

n=1 n=1

and hence

ag _ %, . 0
f o(x) dx + + z ay = > + ,Zl (a, cos nx + b, sin nx).

n=1

Example 1. The series

. 1 sin nx
va

~ n2 —1
n=

is the Fourier series of a continuous® and differentiable function for —t <
x < . To see this, we first use (9.7) to find

. 12
c_,,ll)n:o(_nz—l)_ - L

and then form the series (9.6). The result is

1 n 2 n+1 .
—§+cosx+ E[( 1) + (= 1)"""] cos nx
or
1 < . COS nX
— 5 +cosx + E(—l) 1

n=2

This series converges absolutely and uniformly (since the sum of the absolute
values of the coefficients is obviously convergent), and therefore it has a
continuous sum ¢(x) of which it is the Fourier series (see Theorem 1 of

Ch. 1, Sec. 6). According to Theorem 2

10 = [Tatodx = 3 (—1y A ©9.8)

n=2

and

oS nx_
n2 —

f'(x) = o(x) = — 1 + cos x + Z (-1 9.9

n=2

Incidentally, we note that it is sometimes possible to find the sum of

9 The continuity of the sum of the series can be inferred from Theorem 1 of Ch. 4,
Sec. 4.
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a Fourier series by differentiating it. Thus, in this example, if we apply
Theorem 2 to the series (9.9), we obtain

n sin nx

f(x) = = sin x — };2(—1>" pram—

so that
f'(x) = —sinx — f(x)
or
f"(x) + f(x) = — sin x.
Solving this differential equation for f(x) gives
f(x) = ¢; cos x,+ ¢, sin x + Lx cos x. (9.10)

To find ¢;, we set x = 0, obtaining f(0) = ¢,. According to (9.8), f(0) =0
so that ¢y = 0. To find ¢,, we differentiate (9.10) and compare the result
with (9.9):

COS X XxsinXx

1 e o]
c, COS X + ) =—§+cosx+'gz(—l)

, COS nx
nz — 1

For x = 0, this gives

, _ _
_1[(1_l)_(l_l)+(l_l)_(l_l)+...] _ 1
2 3 2 4 3 5 4 6 4
Thus we have

sin X X COS X

S = 25+ 252

We now note another useful criterion for the differentiability of a function
defined by a trigonometric series:

THEOREM 3. Consider the series

(2.’_‘2 + > (=1)"(a,cos nx + b, sin nx), 9.11)

n=1

where a, and b, are positive. If the quantities na,, nb, do not increase
(after a certain n) and converge to zero as n— oo, then the series (9.11)
converges for —m < x < 1 and has a differentiable sum f(x) for which

f(x) = Z (—=1)"n(b, cos nx — a, sin nx), 9.12)

n=1

i.e., the series (9.11) can be differentiated term by term.
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Proof. By hypothesis, a, and b, decrease monotonically to zero as
n— o0. Therefore, by Theorem 1 of Ch. 4, Sec. 4, the series (9.11)
and the series in the right-hand side of (9.12) converge uniformly on
every interval [a, b] inside the interval [—=, =]. It follows that the
series (9.11) can be differentiated term by term for —= < x < 7 (see
Theorem 2 of Ch. 1, Sec. 4), which proves (9.12).

Example 2. It is an immediate consequence of Theorem 3 that the series

< COS HX
_ ] n -
Zz (=1) ninn

has a differentiable sum for —= < x < 7, and that

) = — Z( pyr SILAX sin mx.

~ In n
n=

*10. Differentiation of Fourier Series. The Case of a Function
Defined on the Interval [0, ]

As a simple consequence of Theorem 1 of Sec. 8, we obtain

THEOREM 1. Let f(x) be continuous and have an absolutely integrable
derivative on [0, <] (the derivative may not exist at certain points), and
let f(x) be expanded in Fourier cosine series or Fourier sine series. Then
the cosine series can always be differentiated ternt by term, while the sine
series can be differentiated term by term if f(0) = f(x) = 0.

Proof. 1In both cases, the extension of f(x) onto [—m, 0] (which is
even for the cosine series and odd for the sine series) leads to a function
which is continuous on [—m, ] and which takes equal values at the end
points of [—m, =]. Therefore, in both cases, the subsequent periodic
extension of f(x) onto the whole x-axis leads to a continuous function of
period 27 with an absolutely integrable derivative. We can now apply
Theorem 1 of Sec. 8.

THEOREM 2. Let f(x) be continuous and have an absolutely integrable
derivative on [0, ] (the derivative may not exist at certain points), and
let f(x) be expanded in the Fourier sine series

f(x) = Z b, sin nx 0 < x < n).

n=1]

Then

f1(x) ~ = + Z b, — d + (c + d)(=1)"]cosnx,  (10.1)

n=1
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where
= 2 10.2
= 2/ - /O d = Z/0). (10.2)
Proof. If
f(x) ~ %9 + > aj cos nx,
n=1

then

f(x) — 5’2—" ~ > ajcos nx. (10.3)

n=1

We know that
= sin nx X
_ 1 n+1 220" A =
nZl (=D n 2

sink + Dx = 1< . Sin nx
22k T —a3 0o (104)

(0 < x < 7).

[See (13.9) and (13.11) of Ch. 1, Sec. 13.] Therefore
1(re0 = %) v = 10 - & - 10)

sin nx
z b, sin nx — ap Z (=t —=

n=1 n=1

—4@zn—<wﬁm“

(10.5)

Q0

=2, [nb,, - 7—2tf(0) + (a() + %f(O))(— 1)"] sin 7x,

n=1 h

which i1s the Fourier series of the function

f: (f’(x) — %6) dx.

But this series can also be obtained by integrating the series (10.3) term
by term (see Sec. 7), and hence, conversely, (10.3) can be obtained by
differentiating (10.5) term by term. Therefore

e e}

£ =3~ 3 [ = 270 + (a5 + 270)(= 1] cos nx,

n=1
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which implies (10.1) and (10.2) if we set
¢ = =271y dv = 21/~ rO))
2
d = ;f(O).

COROLLARY. If
—d+ (c+d)(-1D)"=0 n=12...),

then, instead of (10.1), we obtain

[c 0]

f(x) ~ z nb, cos nx,
n=1
i.e., the Fourier series of f'(x) is obtained simply by term by term differ-
entiation of the Fourier series of f(x).

Proof: This case corresponds to the condition

J0) =/(=) =0

already considered in Theorem 1. In fact, for even n, we immediately
obtain ¢ = 0. But then for odd n, we have —2d = 0 or d = 0, and f(0)
= f(x) follows from (10.2).
Remark. Instead of (10.2), we can determine the constants ¢ and
d by using the formulas
¢ = — lim nb,, where n is even,

n—» 0

d = %( lim nb, — ¢), where n is odd. (10.6)

n— oo

To see this, we note that the Fourier coefficients of the absolutely in-
tegrable function f’(x) converge to zero as n — co0. Therefore, it follows
from (10.1) that

lim (b, + ¢) = 0

n— 00

for even n, which implies the first formula (10.6), while for odd »

lim (nb, — ¢ — 2d) = 0,
which implies the second formula (10.6).
Theorems 1 and 2 have the following converses:

THEOREM 3. Suppose that we are given the series

ay

5 + z a, Cos nx. (10.7)

n=1
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If the series!0

— z na, sin Hx

n=1

is the Fourier series of an absolutely integrable function ¢(x), then (10.7)
is the Fourier series of the function

f(x) = f o(x) dx + 3 + ,,Z. a,
which is continuous on [0, ]).11  Moreover, (10.7) converges to this
function, and obviously f'(x) = ¢(x) at all the continuity points of ¢(x).
This theorem is a simple consequence of Theorem 2 of Sec. 9, obtained
by setting b, =0 (n = 1,2,...).

THEOREM 4. Suppose that we are given the series

> b, sin nx. (10.8)
n=1
If the limits (10.6) exist and if the series!0
§ + > [nb, — d + (¢ + d)(—1)"] cos nx (10.9)
n=1

is the Fourier series of an absolutely integrable function «¢{(x), then
(10.8) is the Fourier series of the function

f(x) = f: o(x) dx + %‘—1 (0 < x < 7).

Moreover, (10.8) converges to this function, and obrviously f'(x) = o(x)
at all the continuity points of ¢(x).

Proof. We can apply Theorem 2 of Sec. 7 to the series

o(x) ~ = + Z [nb, — d + (¢ + d)(—1)"] cos nx,

n=1

obtaining

fx o(x) dx = [nb, — d + (¢ + d)(=1)" + (=1)""'¢] sin nx
. ;

H

e 8]

b, sin nx — Z 1 - (=H")|d

n=1 n=1

= Zb sin ax —%d

sin Hx

[\/]8 n[\/]s

10 [t 1s not assumed that this series converges.
11 Since the sum of the series (10.7) is an even function, it will also be continuous on
[—m, =] and hence on the whole x-axis.
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for 0 < x < 7 [see (10.4)]. Therefore

f o(x) dx + =2 z b, sin nx

n=1

for0 < x < .
As a special case of this theorem, we have the following result:

THEOREM 5. Given the series (10.8), if the limit

lim ub, = h (10.10)
exists, and if the series
- = + Z (nb, — h) cos nx (10.11)

n=1

is the Fourier series of an absolutely integrable function o(x), then (10.8)
is the Fourier series of the function

f(x) = j: o(x) dx + ’izl-’ © < x < 7).

Moreover, (10.8) converges to this function, and obviously f'(x) = o(x)
at all the continuity points of ¢o(x).

To prove Theorem 5, we note that when the limit (10.10) exists, the
formulas (10.6) give ¢ = — h, d = h, and then the series (10.9) becomes
(10.11).

Example 1. The series

= n3sin nx
ZW—I— (O<X<TC)

n=1

is the Fourier series of a function which can be differentiated any number of
times. In fact, in this case (10.10) gives

h= lim =" = 1
ol I B
and the series (10.11) is
-3 + ,Z. (n“ ) COS HX
or
| = COS X
2 Z nt + 1
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This series converges absolutely and uniformly, and therefore has a con-
tinuous sum ¢(x). By Theorem 5

2. 13 sin nx

f(x)=z n* + 1

n=1

() = o(x)

= Jx o(x) dx + T
0 2

for 0 < x < .
Next, we note that the Fourier coefficients of the function ¢(x) satisfy
the inequality

n4
<
nt + 1

|nta,| =

Therefore, by Theorem 3 of Sec. 8, the function ¢(x) has two continuous
derivatives, and in fact

o« M Sin nx
O'(X) = DO ——

4
=t + 1

, = 12 COS nx
(P(x)z Z] n4+l'

We can now apply Theorem 3 to the last series, obtaining

- - 3 - o
Obviously
¢"(x) = fU(x),
so that f(x) satisfies the differential equation
Si(x) = = f(x) (0 < x <),

which implies that the derivatives of f(x) exist up to any order.
As in Sec. 9, the results of this section can be used to evaluate the sums of
trigonometric series:

Example 2. Find the sum of the series

= COS NX
2T (10.12)

n=1

This series is uniformly convergent, and therefore has a continuous sum
F(x). Differentiating the series term by term, we obtain

n sm II\
— Z T (10.13)

n=1
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We now apply Theorem 5 to this last series. Then, formula (10.10) gives

lz—lim(— n? )——1
o nz+ 1/ ’

and for the series (10.11), we obtain

1 < n2
—2' + ”Zl (— "72—:_—1 + 1) COS nXx
or
cos nx
5 + Z a1 =3t F®).

n=1

Thus, according to Theorem 5, the sum f(x) of the series (10.13) is

f(x)=%'+f:f‘(x)dx—g 0 < x < 7).

But then Theorem 3 is applicable to the series (10.12), and therefore

F'(x) = %‘ + fo F(x) dx — ’25 O < x < 7) (10.14)

or

F'(x) — F(x) = &

The solution of this differential equation is

F(x) = ¢,e + cpex — % (10.15)
and hence
F'(x) = cjex — cye.

Setting x = 0 in these expressions and using (10.12) and (10.14), we find that

i 1 c; + ¢ :

= 2~

“n? + 1 2

T
3T %

from which we obtain

@

1 1 1 7
€ = 'z'(,;nu [ t373)

1/ < 1 1 T
Z —E(Z,m—l +3+5)

Then, with these values of ¢, and ¢,, the function (10.15) gives the sum of the
series (10.12).
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1. Improving the Convergence of Fourier Series

In the applications, the most convenient trigonometric series are those
with rapidly decreasing coefficients. In this case, the first few terms of a
series suffice to give its sum quite accurately, since the sum of a// the remaining
terms will be small if the coefficients approach zero rapidly enough. Thus,
the faster the coefficients decrease, the fewer terms of the series are needed
to give its sum to any degree of accuracy. It should also be noted that in
differentiating trigonometric series, the situation is the simplest when the
series have rapidly decreasing coefficients (see Theorem 3 of Sec. 8).

These considerations lead us quite naturally to the following problem:
Suppose we are given a trigonometric series

f(x) = ‘%’ + > (a,cos nx + b, sin nx), (11.1)
n=1

whose sum we denote by f(x). How can we subtract from this series another
trigonometric series whose sum ¢(x) is known (in finite terms) in such
a way that the series which is left, i.e., the series related to f(x) and ¢(x) by the
formula

f(x) — o(x) = i (ot,, cOs nx + (3, sin nx),

n=1

has quite rapidly decreasing coefficients? Once this problem has been
solved, then operations on f(x) can be replaced by operations on the known
function ¢(x) and on a series with rapidly decreasing coefficients.

The fact that this problem can be solved in cases of practical interest can
be made plausible by the following argument: Suppose that we are given a
function f(x), defined on [—m=, =] (or on [0, x]), and suppose that f(x) has
several derivatives. Then, the periodic extension of f(x) over the whole
x-axis may lead to a discontinuous function (or to a function with discon-
tinuous derivatives), with the result that the Fourier coefficients fall off
slowly. It is not hard to see that by subtracting a suitably chosen linear
function from f(x), we can convert f(x) into a function with equal values at
the end points of the interval [—m, =], and hence into a function which can
be extended continuously over the whole x-axis, i.e., into a function with
Fourier coefficients which fall off faster than those of the original function.
Similarly, by subtracting a suitably chosen polynomial from f(x), we can
arrange for not only the function but also several of its derivatives to have
equal values at the end points of the interval. But then both the function
and these derivatives can be extended continuously over the whole x-axis, and
Theorem 2 of Sec. 8 can be applied. This already guarantees that the
coefficients fall off quite rapidly.
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Thus, there 1s hope for solving our problem. However, in the actual
problem, we are given a series and not a function. Therefore, the form of
the function ¢(x) has to be inferred from its series expansion; this constitutes
a difficulty which, however, can very often be overcome. When the problem
has finally been solved, we say that we have improved the convergence of the
series (11.1).

We now show two ways of improving the convergence of Fourier series.
The first method is based on the fact that the difference between two infinites-
imals of the same order i1s an infinitesimal of a higher order than the order
of either of the original infinitesimals.!2

Example 1. Inmiprove the convergence of the series

< n ,3 M .
f(x) = ’2:2(——1) —— sinnx.
In this case, the quantity »n3/(n* — 1) is of order 1/n as n— co [since
nj(n* — 1) = 1/n = n¥/(n* — 1)—>1 as n—>o0]. A simple calculation
shows that
13 1 1
nm—1 n n—n

Therefore we have

1) = i (—1) sinnm Z (—1) sin nx

-~ n —n
n=

But according to formula (13.9) of Ch. 1, Sec. 13

z (=)t SI0X sin nx _ % (—% < x < 1),
n=1
and hence
fx) = — 2 + sin x + Z (—1)" = Sinnx L cx <),

n

n=2

In the last series, obviously
|bns| < M (M = const),

e., the Fourier coefficients are of order 1/n>.

Example 2. Improve the convergence of the series

=t —n2 4+ 1

f(x) = nzl prTpTRRY COS nX.

12 Two infinitesimals are said to be of the same order if their ratio converges to 1.
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In this case, the Fourier coefficients are of order 1/n2 and

nt —n?2 + 1 1 1

n2(n® + 1) n2 nf+1

Therefore we have

@ ©
COS nx Z COS nx

fx) =2 —

n=1 n=1

But according to formula (13.8) of Ch. 1, Sec. 13

2. cos nx  3x2 — 6mx + 2m2
= < X < ,
> — > (0 < x < 2n)

n=1

and hence

(0 £ x < 2n).

3x2 — 6Tx — 2m2 =\ COS NX

/%) = 12 —,Zln4+1
In the last series

lan?4 < 1,

i.e., the Fourier coefficients are of order 1/n4.
The second method of improving convergence!3 is based on representing
the Fourier coefficients as sums of the form

%1+ITB-+--- (A = const, B = const,...).

Example 3. Improve the convergence of the series

o0

f(x) = HZI f}in+n)ac (a = const, a > 0).
Obviously we havel4
1 _1_1 =l(1_2+a_2_...).
n+a n [ 4@ 7 n  n?

We truncate the series in parentheses at the term a2/n2, and then add up the
remainder, obtaining

1 l(l_g a2 a3 )_1 a a2 a3

n+a n n ' nz  n%n + a) no on2 ' 3 nd(n + a)

13 Actually, it can be shown that the second method reduces to repeated application of
the first method.

14 Of course, we can only talk about an infinite series if a/n < 1, but the result we need
is always true, as can easily be verified.
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Therefore

[e @] . [e 0] .
sin nx sm nx sin nx sin nx
X) = E —a E a? E E
J() n n3 w(n + a)

n=1 n=1 n=1 n=1

and the sums of the first three series, and more generally the sums of series of
the form

= sin nx < COS X
nZl n? ’ nZI ne
(where p is a positive integer), can easily be obtained by using known ex-
pansions. In fact, according to formulas (13.7), (13.8) of Ch. 1, Sec. 13,
and (14.1) of Ch. 3, Sec. 14
< sin X T — X

= ’

= n 2

< COS nX _ 3x2 — 6mx + 2n2

“onr 12 ’
COS Nx

‘=—ln(25ing) (0 < x < 2n).

Integrating the second and the third series, we obtain

x3 — 3nx2 4+ 2n2x

:1 Sil;snx _ f 3x2 — 67tx + 2m2 dx = S ,
Z LA (25in 3) dx
for 0 < x < 2r. Therefore
f(x) = f In (2 sin 2) dx
s 1—; (0 + Imx? — 2020) — a ’; LS

where the coefficients of the last series are of order 1/n4.

12. A List of Trigonometric Expansions

In dealing with Fourier series, it is convenient to have a list of commonly
encountered series. Such a list is particularly useful if we are trying to
improve the convergence of a series. In the list given below, we have gathered
together all the expansions obtained previously, and we have added some
new ones.
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y

2)

3)

4)

S)

Seosnx_ (z sin ’-2‘) (0 < x <2r),  [Ch. 3, (14.1)]

e n

z sin nx _T—X 0 < x < 2n), [Ch. 1, (13.7)]

2

—

n=

[o0) 2 2
cos nx _ 3x 617‘; T 2T 0 < x < 2m), [Ch. 1, (13.8)]

n=1

Z sin nx f" In (2 sin )dx (0 £ x < 2n), [See Sec. 11]
Jo

n2

n=1

w - x . = 1
zcosnx=J0 dxfo In (251n)—2() dx+,;;? (0 < x < 2m)

3
n=1 h

(ii" T = 1.20205 )
25T 3579436 . )

which is obtained by term by term integration of the preceding series,

6)

7)

8)

9

10)

i sin nx _ x3 — 3nx? + 2m2x

PR B (0 < x < 27n), [See Sec. 11]

n=1

i(—l)"“m=l (2cos )( m < x < 7), [Ch.3,(14.2)]
n=1

n

S (- - (-7 < x < 7), [Ch. 1, (13.9)]
n=1

n

(NSTIP

@© 7Y 2 _ 2
> (= 1y COZZ”" =T 123x (—m < x < 7), [Ch. 1, (13.10)]

n=1

> (=1 UL f(: In (2 cos ) dx (—-n < x < n),

2
n=1 h

obtained by term by term integration of the series 7),

1)

Z ( 1),,+] COS nx

n=1

Z( 1)n+] 1 _f ’0 In (2 cos = )dr (—m € x € ),

n=1|

obtained by term by term integration of the series 10),

12)

© ; . 2y 3
Z (— 1)+ sin nx_ m2X — X _
12 \

T < X £ 7,
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obtained by term by term integration of the series 9),

(e o)

cos(2n+ Dx 1 X )
13) Z 1 ——ilntani 0 < x < 7),

n=0

obtained by addition of the series 1) and 7),

14) i sin (27 + Dx 0 < x < ), [Ch. 1, (13.11)]

T
o 2n + 1 4

< cos (2n + x m2 — 2nx

15) _ 0 < x <), [Ch. 1, (13.12)]
"ZO (2n + 1)2 8
< sin(2n + Dx 1 (x x )

16) ,,Zo T = ifo IntanZdx (0 < x <)

obtained by term by term integration of the series 13),

(e o)

Z cos (2n + 1)x
o (2n +1)3

17)

1 x x x = 1
_ifodxfolntanidx-i-nzo(zn—w 0 < x <7,

obtained by term by term integration of the series 16),

a

Z sin (2n + 1)x _ w2x — wx?
o (n+ 13 8

18) (0 < x < ),

obtained by term by term integration of the series 15).
If in the formulas 13) through 18), we replace x by ¢ and then set t =
in — x, we obtain the expansions

% ,cos(2n 4+ Dx = i X
19) ,,Zo(—l) i+ 1 4 ( 2<x<2)’
< RSin(2n + Dx 1 T X
20) nZO( 1) T = -5 In tan (Z 5)
(— 5 < x < 5))
& ncos(2n + Dx 1 pin—x t
21) go(—u Gy - 3l In tan 5 dr

(e o)

RS (2n + Dx  mx
22) ,,ZO(_ D 2n + 12~ 4 (_

(ST |
NI A
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< _wcos (2n + Dx _ m — 4mx? (_75 7_1)
23) ,Zo( D" on+ 1) T 32 7 SXS5)

- sin (2n + Dx yr—x x
24) "ZO(—I) T 2f dxf In tan 2dx

).

S

™
T <x«
+Z(2n+1)3 ( 7 SXS

3. Approximate Calculation of Fourier Coefficients

In practical problems, functions which have to be expanded in Fourier
series are often given as tables or graphs, i.e., approximately, rather than
analytically. In this case, the Fourier series cannot be obtained by direct
application of the usual formulas

1

2r
Ay = — . f(x) cos nx dx n=20,1,2,...),
[ 2 (13.1)
b,,=; . f(x) sin nx dx n=12,...)

and we are faced with the problem of calculating a, and b, approximately.
(In most cases, it is sufficient for practical purposes to know only the first
few Fourier coefficients.) To solve this problem, we go from the exact
formulas (13.1) to approximate formulas, by using the technique of approx-
imate integration. The usual method is to use the rectangular rule or the
trapezoidal rule. In our case, the rectangular rule reduces to the following
procedure:
Let the interval [0, 2] be divided into m equal parts by the points
2 2% 27

0, — 2;,..., (m-—1) s 27, (13.2)
and suppose that the values of the function f(x) at these points are known
to be

Yoo Yis Vs o o5 Ym—15 V-

Then we have

2 "< 2k

(13.3)

b, ~ — Z Vi SIn n,

where X denotes approximate equality. For example, suppose m = 12.
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Then, the numbers (13.2) are

0,5, T T 20 om T dm 3o Smolmo,
'63 23 6 76 3 23 6 T
or in degrees

0°, 30° 60°, 90°, 120°, 150°, 180°, 210°, 240°,
270°, 300°, 330°, 360°.

In this case, it is easy to see that all the factors multiplying the ordinates in
(13.3) reduce to

0, +1, + sin30° = +0.5, + sin 60° = +0.866,

and it is easily verified that

6ay X Yo+ yi + Y2+ yi+ yst+ ys+ ye+ yr+ ys+ Yo+ Yio + Yin,
6a; = (Yo — o) + 0.866(y; + y11 — ys — y7) + 0.5(y2 + Y10 — Y4 — Ys)s
6a, X (Yo + Y6 —y3—y9) + 0.5(yy + ys+ y7+ Y11 — Y2 — Ya — Vs — Y10)s
6ay; X yo + Y4+ s — Y2 — Y6 — Yios

6b, = 0.5(y; + ys — y7 — yu) + 0.866(y, + ys — ys — y10) + (¥3 — »9),
6b, = 0.866(y) + y2 + y7 + Y8 — Ya — ¥s — Yio — Y11)

6b3 = y1 + ys + Yo — y3 — y1 — Vi,

etc. (13.4)

To simplify the calculations, it is convenient to perform them according
to the following scheme: First we-write the ordinates yg, ¥y, y», ... In the
order shown below. Then we form the sum and difference of each pair of
ordinates such that one ordinate appears below another. (The number zero
is understood to appear in positions where there is no entry.)

Yo Y1 Y2 V3 Ya Vs Ve
Yir Yo Yo Vs V7

Sum Ug U; Uy Uy Uy Us Ug

Difference vy U U3 Vs Us

Then we write down these sums and differences and form new sums and
differences in a similar way:

Ug Uy Uy Uy Uy Uy U3
Ug Us Uy Us U4

Sum So 8 S, 83 Sum Gy G, Oy
Difference o 1 1 Difference T T
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Using these quantities, we can write

6ag X 5o + 5 + 5 + 53,

6a; ~ ty + 0.866¢; + 0.5¢,,
6a, = so — 53 + 0.5(s; — 5,),
b6a; X ty — 1,

6b; ~ 0.5¢; + 0.8660, + o3,
6b, ~ 0.866(t; + T5),

6by; ~ 6, — o3,

instead of (13.4).

We have given a scheme for carrying out the calculations when twelve
ordinates are given. If this scheme is used for smooth functions for which
we know the exact values of the Fourier coefficients, we find that the resulting
approximate values of the coefficients ay, a,, b,, a,, b,, a3, b;, are quite close
to the exact values. To obtain more exact results, and also in cases where a
larger number of Fourier coefficients are needed, we can use a scheme with a
larger number of ordinates. The scheme with 24 ordinates is frequently
used.

PROBLEMS

1. Calculate the sums of the following series:
© 1 ® 1 e (- l)n+l
a) = n* b) nZO 2n + ¥ <) HZ] nt

1 s 1 = (= 1)nt!
? Z n® o nZl (2n + 1)6, D ,ZO ne

Hint. Use the list in Sec. 12 and Parseval’s theorem (Sec. 3).

2. Calculate the following integrals:

T .X
2 Z
a) Jo In (2 sin 2) dx,

b) f " n2 (z cos i"-) dx,
. 2

c) f "In2 tan 2 dx.
0 2

Hint. Use the list in Sec. 12 and Parseval’s theorem.

3. Suppose that the function f(x) is continuous and has three continuous deriva-
tives on the interval [0, =], and f(0) = f(x) = 0, f"(0) = f"(x) = 0. Show that
the Fourier series of f(x) can be differentiated twice term by term, and show
that the series

o)

2. nlb,|

n=1
converges.
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4. A function is defined by the series

= [cos nx ,sin nx
S = Z ( PER S Vs + l)'

n=1
Write the Fourier series of its derivative.
Hint. Use Theorem 2 of Sec. 9.

5. Show that the function defined by the series
< sin nx
X) = —y ==,
J&) ,Zl( ) n(Vn + 1)
is differentiable, and write the Fourier series of its derivative.
Hint. Use Theorem 3 of Sec. 9.

(-7 < x < %)

6. Show that each of the following functions is differentiable, and write the
Fourier series of its derivative:

n+1

a) f(x) = Z e rI——— sin nx 0 < x < m);

1= 1

= n? .
b) f(x) = ——— Sin nx 0 < x < n).
Zl 53 + 1

n=

Hint. Use Theorem 5 of Sec. 10.

7. Find the sum of the series

Hint. Proceed as in Example 2 of Sec. 10.

8. Improve the convergence of the following series:

[¢s)
n3

[0 ]
m+n+1 . .
———————— sin nx; b ———— sin nx;
2) HZ n(n3 + 1) hnx ) Z nt + 1 "

=1 n=1

< COS NxX :
c) Z —— (In this example and those that follow, a > 0);

n=1

d) Z (= 1y SILIX &) Z (= qyr+1 SOS 1Y,

n+a n+a

n=1 n=1

= sin 2n + Dx = cos (2n + 1)x
f) ’ZI n+a ’ & 'ZI n+ a
Hint. In a) and b), proceed as in Examples 1 and 2 of Sec. 11. In ¢), d),

and e), use
2
1 |+ : ’
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divide each series into three series, and use the list in Sec. 12. In f) and g), use
1 _ 1 _ - 1
2n+a) 2n+1+2a—-1 2n+1 2a — 1
1 +
2n + 1

_ 1 _2a -1 2a — 1)2 )
S 2n + 1 2n+ 1 22n + D(n + a)

divide each series into three series and use the list in Sec. 12.

9. Show that if f(x) is square integrable and if

o0}
a .
f(x) ~ 70 + Z (a, cos nx + b,, sin nx),
n=1

then

x+h o
Eliz- S(Qu) du = %0 + Z (a, cos nx + b, sin nx)
x—h n=1

where |h| < .

sin nh
nh

’

10. Show that if f(x) has a square integrable derivative f’(x) and if

fﬁ f(x)dx = 0,
then

[T irerdcs [T 1wl ax

11. Let f(x) have period 2~ and Fourier coefficients a,, and b,. Show that

%f:’r [f(x + h) — f(x — B2 dx = 4 Z pZ sin2 nh, (D

n=1
where ¢2 = a’ + b:. Furthermore, show that if f(x) satisfies a Holder condition
of order «, i.e., if there are positive numbers ¢ and « such that
|/(x) = fO)] < e|lx = y|*

for all x and y, then

N ™ c
2 2 qin2 28 0
fn SIN ZNSNZ“

n=1

where ¢y > 0. (Cf. Ch. 1, Prob. 7.)

12. Let f(x) satisfy all the conditions of the preceding problem. Show that
2k
2c
2 o £C1.
a) a l%k*l Pn 320k’
2k
C2 .
b) Z Pn = m s

n=l+2k—l

00 © 1
c) Zz Pn S €2 Azl Yk[a—(1/2))
n= ¢ =

Use c) to prove that if « > 4, then the Fourier series of f(x) converges absolutely
(Bernstein’s theorem).
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SUMMATION OF
TRIGONOMETRIC
FOURIER SERIES

I. Statement of the Problem

Given a trigonometric Fourier series
a oo
70 + Z (a, cos nx + b, sin nx) (1.1)
n=1

about which we know only that it is the Fourier series of some function
f(x), can we find the function f(x)? If we know in advance that the series
(1.1) converges to f(x), then we can obtain f(x) as the limit of the partial sums
of the series. The situation is different when we have not succeeded in
proving that the series converges or when the series turns out to be divergent,
for then we either do not know whether or not the partial sums have a limit
or else we actually know that the limit does not exist. Thus, we have to find
an operation which allows us to determine a function from a knowledge of its
Fourier series, regardless of whether or not the series converges. This is the
problem that will concern us in this chapter. The operation in question
will be referred to as summation of the series. Summation must not be con-
fused with the operation of finding the sum of a series which is known before-
hand to converge, since summation can also be applied to divergent series.
The problem of summation can also be posed for arbitrary series of

numbers or functions. Naturally, a properly defined summation operation
155
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must always have the property that it gives the sum of the series in the usual
sense, if the series converges.

2. The Method of Arithmetic Means

Consider the series
| o+ Uy + Uy + oot Uy Q.1)
and let
S, = Uy + Uy +---u,

O_,IZSO+S]+n"‘+Sn_1 (n=1,2,...).

It may happen that whereas the series (2.1) diverges, the quantities o, (the
arithmetic means of the partial sums of the series) converge to a definite
limit as n— c0. For example, the series

I —1+1 =1+

diverges, but in this case s = 1,5, = 0,5, = 1,53 =0,...,so thates, = 1
for even nand 6, = 4+ + (2n)-! for odd n, and hence

lim 6, = 3.

n— oo
More generally, if

lim ¢, = o,

n—» oo

we say that the series (2.1) is summable by the method of arithmetic means! to
the value c.

We now ask whether this method of summation satisfies the requirement
mentioned at the end of Sec. 1, i.e., does the number ¢ give the sum of the
series (2.1) in the usual sense, if the series converges? The answer is in the
affirmative, as the following theorem shows:

THEOREM. If the series (2.1) converges and its sum equals o, then the
series is summable by the method of arithmetic means to the same number .

Proof. Since by hypothesis

lim s, = o,

n— oo
then for any € > 0, there exists a number 7 such that

s, — ol <3 (2.2)

I Also known as Cesaro’s method of summation. (Translator)
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provided that n > m. Now consider

n-—1

Z (s, — o).
k=0

6, — G =

So + s +---+58,_y —no 1
n n

Forn > m

m—1 1 n—1

c,,—c———'—lIAZo(Sk—G)+—Z (s, — o),

n

Kk=m
and hence
1 m-—1 1 n—1
lG"—Glg—lek—Gl‘i"_Z |Sk_6'
h =0 h =

Since m is fixed

lm—\
- z ISk - O'l <

H K=0

N o

for all sufficiently large n. On the other hand, by (2.2)

1 n-—1

n—m—1
— Z lsg — 6] < ——— —

no = n

<

N o™
N O

Therefore
lo, — o] < ¢
for all sufficiently large n, which proves the theorem.

Of course, the method of arithmetic means is also applicable to series of
functions, in particular, to Fourier series.

3. The Integral Formula for the Arithmetic Mean of the
Partial Sums of a Fourier Series

Suppose that
ad]

f(x) ~ > + Z (a, cos kx + b, sin kx),
k=1

5,(x) = a_20 + z (a, cos kx + by, sin kx).
k=1

Then for the arithmetic mean of the partial sums, i.e., for

_ So(x) + s1(x) +- -+ 5,11(x)
n

6,,(%)
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we obtain

n—1

su(x) = 2 + Z = K (@ cos kx + by sin kx). (3.1)

We can also write an integral formula for 6,(x). In fact, as we know from
(4.1) of Ch. 3

L sin (n + YHu
-[—:f('\ + ) 2 sin (u/2) d,

A=

Su(X) =

and hence

c,(x) = —. [ M—”z sin (k + Lu du.

-= 2 sin (u/2) |

We now calculate the sum of sines appearing in this expression. Since

2 sin 2 sin (k + YH)u = cos ku — cos (k + 1,

2
we have
n—1 n—1
2 sin% Z sin(k + Hu = Z (cos ku — cos (k + Du)
k=0 k=0
— 1 — cosnu = 2 sin2 =,
2
so that
n—1 .
: 1, _ Sin2 (nu/2)
AZO sin (k + Pu = -7 @ (u # 0). (3.2)
Therefore
in2
6,(0) = — [ f 4 ) 220D g, (3.3)

T - 2 sin2 (u/2)

which is the desired integral formula.

We note the following consequence of (3.3). Suppose that f(x) = 1 for
allx. Thens,(x) =1 (m=0,1,2,...),and hences, (x) =1 (n =1,2,...)
so that (3.3) implies

1 (7 sin? (nuf2) B
== l e (=120 (3.4)

4. Summation of Fourier Series by the Method of
Arithmetic Means

THEOREM 1. The Fourier series of an absolutely integrable function
f(x) of period 27 is summable by the method of arithmetic means to f(x)
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at every point of continuity and to the value

Jx+0) +/(x -0
2

at every point of jump discontinuity.

Proof. Since

[+ /=0 _ gy

at continuity points, it is sufficient to prove the relation

lim o,(x) _Jx+0) + f(x — 0),

n—® 2

and to show this, it is in turn sufficient to prove that

.1 (r in2 (y1u/2 (x + 0)
lim — jo fx + 1) 2Sl;n2"(l;// 2)) PC. +0 @.1)
.1 o sin2 (nu/2) _fx—=0)

fim = S0 Sed g = @D

[see (3.3)]. Both of these formulas are proved in the same way, and
hence we shall consider only the first of them. Since the integrand of
(3.4) is an even function, we have

1 1 [~ sin? (nu/2)

2 7nto 2sin2 (u/2) (4.3)
so that
S&x+0 1 (7 sinZ (nu/2)
2 - ?c?fof(" + 0) 5 sinz (u2)

Thus, it follows from (4.1) that we have to prove the formula

T in2 (; ’
fim L7+ 0) — x4+ 0)) ,Sznslin(zlélu//zg) du=0. (44)

Let € > O be arbitrary. Then, since

lim f(x + u) = f(x + 0),

Uu—x
u>x

it follows that

lf(x + u) — f(x + 0)] < ¢ 4.5)



|60 SUMMATION OF TRIGONOMETRIC FOURIER SERIES CHAP. 6
for0 < u < 3,if 8 > Ois sufficiently small. We now divide the integral
appearing in (4.4) into two integrals:

1 [ ) ) sin2 (nu/2)
= fo /G + ) = fx + O Fodms d

I in2
+ T—:}—}L [/(x + u) = f(x + 0)] %mg%%)) du =1, + L. (4.6

Then (4.5) implies that

S fs sin2 (nu/2) g J‘f’ sin? (nu/2) du

n du < = 0 2 sinZ (u/2)

<
1] < 0 2 sin2 (u/2) o

whence, by (4.3)

= 7
]Il| < 2 (4 )
for any n. On the other hand
1 114
|12| < 27h sin2 (8/2)f8 lf(x + u) _'f(“\ + 0)| dll,
and therefore, for all sufficiently large n
) < 5 (4.8)

The formula (4.4) follows from (4.6), (4.7) and (4.8).

THEOREM 2. The Fourier series of an absolutely integrable function
f(x) of period 27 is uniformly summable by the method of arithmetic means
to f(x) on every interval (o, B] lying entirely within an interval of con-
tinuity [a, b] of f(x).
Uniform summability on [«, 3] means that for any ¢ > 0 and any x in
[, B], there exists a number N such that

lf(x) - O',,(X)' < <,
provided that n > N.

Proof. Let x lie in the interval [«, 8]. Then, using (3.3) and (3.4),
we can write

5,09 — f() = — |7 [ + w) ~ f) 52‘;2”(‘,‘5/?)

du=J + j, (4.9

where J denotes the integral from O to =, and j denotes the integral from
—mto0. Letd > 0 be so small that

|f(x + ) = ()] < (4.10)

(NS INQ]
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for any x in [z, f], provided that |u| < 3. [It was to guarantec the
existence of such a & that we required that the interval [o, B] should lic
entirely within a larger interval [a, b] of continuity of f(x).]

Now let M denote the maximum of | f(x)| on [z, B], and consider

J = i ff U(x + 1) — f()] ;‘;’;—g—"(‘l‘//?) du

h

- @.11)
# o [T 0 = o e = 1 v 1y

Then, by (4.10), the inequality
e
1] < 2

holds for any x in [«, ]. [See the proof of the inequality (4.7).] On
the other hand, for any x in [o, 3], we have

1] < g ®12) J, 176 + w0 = £

1 =
S 271th sin2 (3/2) (.L |f(x + w)| du + n:M)-

Here, the term in parentheses is a constant, and hence there exists an N
such that the inequality

15| <

Kl o

holds for all » > N. But then, by (4.11)

|| <

(NS TN ]

for all n > N and any x in [e, B].

A similar inequality can be proved for the integral j, by using the
same method. The proof of the theorem is then completed by using
(4.9).

Theorem 2 has the following remarkable consequence:

THEOREM 3. The Fourier series of a continuous function f(x) of period
27t is uniformly summable to f(x) by the method of arithmetic means.

To emphasize the power of the theorems just proved, we recall once more
that the Fourier series of even a continuous function f(x) may be divergent,
so that the partial sums of the Fourier series may be bad approximations to
f(x). However, if f(x) is continuous, the arithmetic means of the partial
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sums, i.e., the sums of the form (3.1) will be uniform approximations to
S ().

The theorems just proved can be used to make certain questions con-
cerning the convergence of Fourier series more precise. Thus, Theorem I
and the result of Sec. 2 imply

THEOREM 4. If the Fourier series of an absolutely integrable function
f(x) converges at a point of continuity of f(x) (or at a point of jump dis-
continuity), then its sum must equal f(x) (or 3[f(x + 0) + f(x — 0))).

THEOREM 5. [If the Fourier series of an absolutely integrable function
f(x) converges everywhere, except possibly at a finite number of points,
then its sum equals f(x), except possibly at certain points.

Theorem 5 reduces to Theorem 4 if we recall that an integrable function,
as we understand the term, can be discontinuous only at a finite number of
points.

Finally, Theorem 1 also implies that given the Fourier series of an
absolutely integrable function f(x), the method of arithmetic means can be
used to reconstruct f(x) at all its continuity points, i.e., everywhere except
possibly at a finite number of points. Therefore, we have the following
important proposition, which generalizes Theorem 3 of Ch. 5, Sec. 3:

THEOREM 6. Any absolutely integrable function is completely defined
(except for its values at a finite number of points) by its trigonometric
Fourier series, whether or not the series converges.

5. Abel’s Method of Summation?

Consider the series
uog + uy + uy +- -+ u, + -+ (5.1)
and also the series
ug + uyr + ur?2 + -+ urn - (5.2)

We assume that the series (5.2) converges for 0 < r < 1 [which will always
be the case if the terms of the series (5.1) are bounded] and that the limit

lim o(r) = o

r—1

exists, where o(r) is the sum of (5.2). In this case, we say that the series
(5.1) 1s summable by Abel’s method to the value o.

.

2 Equivalently, the ““method of convergence factors” = Russian ‘‘meToa CTeNnmeHbIX
mHoykuteneit.”  (Translator)



SUMMATION OF TRIGONOMETRIC FOURIER SERIES |63

SEC. 5
For example,

Abel’s method can be used to sum certain divergent series.

the series

l-1+1-14+---
already encountered in Sec. 2 is summable by Abel’s method to the value
o = 4, as well as by the method of arithmetic means. In fact, in this case
1

G(}‘):l—r.{_,‘z_r} +=l+’

and therefore
lim o(r) = 4.

r—1

We now ask whether Abel’s method of summation gives the sum of the
The answer is in the

series (5.1) in the usual sense, if the series converges.

affirmative, as the following theorem shows:
If the series (5.1) converges and its sum equals o, then the

THEOREM.
series is summable by Abel’s method to the same munber c.
If the series (5.1) converges, then by the Lemma of Ch. 4,

Proof.
Sec. 6, the series (5.2) converges and its sum &(r) is continuous on the

1. This means that
lim o(r) = o(l) = o,

r—1

interval 0 < r <

which proves the theorem.

6. Poisson’s Kernel

We now calculate the sum of the series

l o0
3 + ”ZI r" COS ne

O <r< )

To do this, we consider the series

1 = .
§+'le, z = r(cos @ + isin o).
Since |z} = r < 1
I < . 1 = l+z _ 1l+rcosg+irsing
> * ”le _§+l—2_2(1—z)_2(1——rcoscp—irsincp)
(I + rcosq + irsino)(l — rcos ¢ + irsin @)
B 2[(1 — r cos ©)2 + r2sin? ]

=72+ 2irsing
 2(1 = 2rcoso + r?)
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On the other hand

a0

+ z zZn = % + Z rn (cos ne + isin ng).
n=1

n=1

]

()]

Therefore

1 1 — r2
21 — 2rcos¢ + r?

+ Z " COS np = O <r<l, (6.1)

n=1

N —

and at the same time we have also obtained the formula

o0

Z rn sin nep =

n=1

rsin ¢
1 — 2rcos¢ + r2

©0<r<l. (6.2)

The function

1 —r2

1 — 2rcos¢ + r2

of the variables r and ¢ is called Poisson’s kernel. It should be pointed out
that Poisson’s kernel is a positive quantity, since

1 —r2>0, 1—2rcoso+r2=(l — ,«)2+4rsinzf§P >0, (6.3)

for0 <r < 1.

7. Application of Abel’s Method to the Summation of
Fourier Series

Let f(x) be an absolutely integrable function, and let

) ap < ) .
JO) ~ 5+ > (a,cosnx + b, sin nx). (7.1)

n=1

Consider the series

f(x,r) = %’ - Z rn(a, cos nx + b, sin nx), (7.2)

n=1

where 0 < r < 1. This series converges, since a,— 0 and b, — 0 as n — o0,
and therefore

la,| < M, |b,| < M (n=1,2,...; M = const),
|rn(a, cos nx + b, sin nx)| < 2Mrn,

where 2Mr» 1s the general term of a convergent series, since r < 1. If
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lim f(x, r) exists, this means that the series (7.2) is summable by Abel’s

r—1

method.
For convenience in studying the properties of this kind of summation,

we first represent the function f(x, r) as an integral. Recalling that
[ J

a=7—1[ f(tcosntdt (=012 )

1 (= :
b, =~ f_ﬂf(t) snntdi (n=1,2,...)
we can write
f(x,r) = L (ﬂ f(t) dt + ! i rn [n f(t) cosn(t — x)dt. (7.3)
w 21 = TT Pl Jx

But for fixed r < 1 and x, the series

(e o]
+ z rn cos n(t — Xx)

N —

converges uniformly in 7 (since its terms do not exceed in absolute value the
corresponding terms of the series

1 [o 0]
2t 2

which is known to converge) and can therefore be integrated term by term.
Thus, the series

f(t) + z rif(t) cos n(t — x)

n=1

can also be integrated term by term, and instead of (7.3), we can write

fen =2 s B £ S meosa( - x)] dt

n=1|
or e

[, r) = [ S0y L - r it O<r<l)y (14

2rcos (t — x) + r?

if we use (6.1). In this way, we have written f(x, r) as an integral known as
Poisson’s integral. 1t should be noted that if f(x) = 1, then a¢/2 = 1,
a, = 0, b, = 0, and hence f(x, r) = 1, so that (7.4) becomes

1 [~ 1 — r?

= 5 d 0 < 1). 7.5
1 27r—n1—2rcos(t—x)+th ( r<1 (7.5)
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THEOREM 1. Let f(x) be an absolutely integrable function of period
2r. Then

lim f(x, r) = f(x)

r—1

at every point where f(x) is continuous, and

lim f(x, r) =f(x + O);—f(x —0)

r—1

at every point where f(x) has a jump discontinuity.

In other words, the Fourier series of f(x) is summable by Abel’s
method to the value f(x) at every point of continuity of f(x) and to the
value 1[f(x + 0) + f(x — 0)] at every point of jump discontinuity of f(x).

Proof. Sett — x = uin (7.4). Then

o) = o |7 S W) e
Jxr) = ) T T T2 cos u + 12
or, since the integrand is periodic
1 (= 1 —r2
S r) = 2_7Cf—nf(x + ) 1 — 2rcosu + r2 du. (7.6)

Similarly, we can write

1 (= 1 — r2

~ n =1 — 2rcosu + r?

instead of (7.5). Since

1

du (7.7)

at the continuity points of f(x), it is sufficient to prove that

im /5, =L O+ S =0

r—1

at every point where the right-hand and left-hand limits exist, and to
show this, it is in turn sufficient to prove the formulas

lim if:f(x ) L=rr g =& +0 g

) 2T — 2rcosu + r? 2
. 1 (0 ‘ 1 — r2 _fix =0
}1_111 Z—tf—nf('\ + ) 1 — 2rcosu + r2 du = 2

Both of these formulas are proved in the same way, and hence we shall
consider only the first of them.
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Since the integrand in (7.7) is even (in u), the relation

— 2
l—l 01—21rcosru+r2d (7:9)
holds, so that
- = _ 2
f(l_;()) - %rfof(x +0) 1 — 21(:05’“ + r2
Therefore, instead of (7.8), we can prove the formula
lim —f [fCx + u) = f(x + 0)]5 L= r du = 0. (7.10)
r—>1 — 2rcosu + r2
Let € > O be arbitrary. Then, since
linxl f(x + u) = f(x + 0),
u>x
it follows that
|f(x +u) — f(x + 0)| <« (7.11)

for 0 < u < §,if &8 > 0Ois sufficiently small. We now write the integral
in (7.10) as the sum of two integrals

1 — r2

= [ UG+ ) = £+ ) — du (7.12)

2rcosu + r2

+ o= [T+ w) — flx 4 0] D
21t Js T 1 — 2rcosu + r?
Since Poisson’s kernel is positive, it follows from (7.11) that

° 1 —r2 e (T 1 —r2
< 5= d
fol—2rcosu+r2du 27rf01—2rcosu+r2 .

du=11 +12

IIII 27‘C

or, if we use (7.9)
€
1L <3 (7.13)

forany r (0 < r < 1). On the other hand

JAIC STy )~ + O du (719

[see (6.3)]. Noting that

— 2
lim L= _ ¢

r—1 r

for all r near enough to 1, we find that

TARS (7.15)

Nlm

The formula (7.10) now follows from (7.12), (7.13) and (7.15).
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THEOREM 2. The Fourier series of an absolutely integrable function
f(x) of period 2w is uniformly summable by Abel’s method to f(x) on
every interval (o, B) lying entirely within an interval of continuity |[a, b]
of f(x).

Uniform summability on [«, 8] means that for any £ > 0 and any x
in [or, 3], there exists a number ry (0 < ry < 1) such that the inequality
ro < r < 1 implies the inequality

|f(x) = f(x, )] < = (7.16)
Proof. Because of (7.7), we can write
J(x,r) = f(%)

1 P , ] — r2
=5 [f(x + “)_f(x)]l — 2rcosu + r?

du=J+j, (1.17)

where J is the integral from O to «, and j is the integral from —= to O.
We can choose 8 > 0 to be so small that

S+ w) =[] < 5 (7.18)

for any x in [«, B8], provided that |u| < 3. Now consider

3 1 — 2

J=2_1‘I-t 0[f(x+u)—f(x)]l —2rcosu + r2 ¥

1 —r2
— 2rcosu + r?

o [0+ 0) - 000

By (7.18), we have

du=11+]2.

g
< =
llll \4

for any x in [a, 3] [cf. the proof of the inequality (7.13)]. On the other
hand, for any x in [«, #] we have

l[2| S 8Ttr18i;2r(28/2) J: lf(x + u) - f(x)l du

1 — r2 R
< g2 o7 (J-,, | f(x + w)| du + Mn),

[cf. (7.14)], where |f(x)] < M = const, for & < x < B. [Recall that
f(x) is continuous on [«, $]!] Since the term in parentheses is a constant,
there exists a number ry (0 < ry < 1) such that the inequality r, <
r < 1 implies that

|I,| <

Naq Q)
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for any x in [, ]. But then

Il <

NI ™

forrg<r<1l,0<x<B.
A similar inequality can be proved for the integral j, and then (7.16)
follows from (7.17), which proves the theorem.

Theorem 2 implies the following result:

THEOREM 3. If f(x) is a continuous function of period 2w, then
f(x, r)— f(x) as r — 1, uniformly for all x.

In other words, the Fourier series of a continuous function f(x) of period
27 1s uniformly summable by Abel’s method to f(x).
We now cite without proof the following remarkable theorem:

THEOREM 4. If an absolutely integrable function f(x) of period 2w
has a derivative f(m)(x) of order m at the point x, then the series obtained
by differentiating the Fourier series of f(x) mi times term by term is
summable by Abel’s method to the value f(™(x).

It should be noted that when we differentiate a Fourier series term by
term, we do not in general obtain the Fourier series of the derivative, even
if the derivative exists for —m < x < ®. Moreover, as a rule, term by term
differentiation gives series whose coefficients do not approach zero (and
such series can be shown to diverge) or even approach infinity. Thus, for
example, we know that

—; = Z (= 1! % (-7 < x < 7).

n=1

Term by term differentiation of this series gives

Z (= 1)"*! cos nx, (7.19)

n=1

and another differentiation gives

— z (— 1)"+l i Sin KX, (7.20)

n=1

According to Theorem 4, the series (7.19) is summable to £ for -t < x < 7,
and the series (7.20) is summable to 0.

Thus, while from the standpoint of ordinary convergence, the legitimacy
of term by term differentiation of a series can only be guaranteed by rather
strong requirements, Theorem 4 shows that from the standpoint of Abel’s
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method of summation, term by term differentiation of a Fourier series (a
number of times equal to the differentiability of the function itself) is always
legitimate, even if the resulting series turns out to be divergent.

PROBLEMS

1. Sum the following series by the method of arithmetic means:

¢} e 9}

a) l-l— Z Cos nx, b) Z sin nx.

n=1 n—

Hint. For a) use formula (3.2) of Ch. 6, for b) use formula (2.1) of Ch. 4.

2. Show that Abel’s method of summation gives the same answer as the method
of arithmetic means for the series in Prob. 1.

3. Show that for 0 < r < 1, the two series

[c o} [ee}

+ Z r Cos ne, Z r" sin ne

n=1 n=1

N —

can be differentiated term by term any number of times with respect to r and .
4. Sum the following series by Abel’s method of summation:

a) 1 —-2+3 -4+,

b) p—2p2+3p3 —4p*+---, |p| < 1.
Hint.
1 —2r+3r2—-4r3+.-.= = (1 =-r+r2—=p+...y 1

5. Calculate the sum of the convergent series

¢ o)

Z np" cos nx, lp| < 1.

n=1
Why is this series convergent ?
Hint.

pcosx + 2rp?cos2x + 3r2p3cos3x + - -

o (1
=% (5 + rpcos x + r2p2cos2x + r3p3 cos 3x +)
__a(_l_ 1 — r2p2 )

or \2'1 — 2rpcos x + r2p2
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6. Let f(x) be square integrable, with Fourier series
a [o @]
—29 + AZ (a, cos kx + by, sin kx),
;= l

and let o,(x) be the arithmetic mean of the partial sums of the Fourier series of
f(x), as in Sec. 3. Prove that

1 T 1 n ) . 0 . )
= | @ - fRdy = - K@t b+ D (af + 5.
k=1 k=n+1

7. Sum each of the following series by the method of arithmetic means and also
by Abel’s method:

) 1+0—1+1+0—1++ -

b) 1+0+0—-14+0+04+14+04+0—-1+4---;
¢c) 1-2+3-4+5-6+7—--- (cf. Prob. 4a);
d 1 —22 43242452 _624...;

e) 1.2 —-23+4+34—-—4.5+56—---.

8. With the notation of Sec. 2, show that if ug + wu; + wup +---+ 1, +--- 18
summable by the method of arithmetic means, then s, /n — 0.

9. Let ug+ 1ty + 1t +---+u,+--- be summable by the method of arithmetic
means, and let ¢, = u; + 2u, +---+ nu,. Show that

a) The series wg + w; + uy +--++ u, +--- is convergent if and only if
t,/n—0;

b) If nu,, — 0, then the series ug + t; + t, +---+ u, + -+ is convergent.

10. With the notation of Sec. 2, show that

a) Z ,x" = (I — x) Z §, X"
n=0 n=0

b) D sxi=(-x > 1+ Doypx”.
n=0 n=0

an
11. Let Z u, be summable to the value S by the method of arithmetic means,
n=0
and let

o

o) = D wxr  (O<x<.
n=(0

Show that

o(x) = S=(1=x)?2 > 0+ Doy — Sxn.
n=0
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Now let € > 0 be given, so that by assumption, there is an integer /N such that
if n = N, then |6,,; — S| < e. Show that

N 1)
o) = S| < [1 = x|2 > 1+ Dloy — S|+ el = x[2 > (n+ Daxn,
n=0 n=N+1
and hence that
lim |p(x) — S| < e, ie., lim ¢(x) = S.
x—1 x—1

Comment. It follows that a series which is summable by the method of
arithmetic means is summable to the same value by Abel’s method.
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DOUBLE FOURIER SERIES.
THE FOURIER INTEGRAL

I. Orthogonal Systems in Two Variables

Let Rbe a rectangle in the xy-plane described by the inequalities a < x < b,
¢ <y <d, and let

on(x, ) n=20,1,2,...), (1.1

be a system of continuous! functions defined on R, none of which vanishes
identically. The system (1.1) is said to be orthogonal if

ka@n(xa Y)Pm(X, y) dx dy = 0

provided that n # m. The number

leal =/ [ [ 206, ) dx ay (1.2)

is called the norm of the function ¢,(x, y). The system (1.1) is said to be
normalized if

leo] =1  (=0,1,2,...)

or equivalently

fRﬂp?,(x, ydxdy =1 n=0,12...).

1 Instead of continuous functions, we can also consider square integrable functions, as

in Ch. 2.
173
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Every orthogonal system can be normalized, i.e., constants w, (n = 0,
1, 2,...) can always be chosen such that the new system of functions

Ly ®n(X, ¥) (n=0,1,2,...),

which is obviously still an orthogonal system, is also normalized. In fact,
it 1s sufficient to set

Just as in the case of one variable (see Ch. 1), we can associate a Fourier
series with every absolutely integrable function f(x, y) defined on R, i.e.,

f(x, y) ~ copo(x, ) + c1o1(x, y) + crp2(x,y) + -+ (1.3)
+ Cpa(X, y) + -1, '

where

B fR ff (x, Y)pnlx, y) dx dy ~ fR ff(x, V)eu(x, y) dx dy

(1.4)
2
fR f 93(x, y) dx dy I

CII

In the case where the equality holds in (1.3) and the series on the right con-
verges uniformly, we find the expression (1.4) by multiplying (1.3) by each of
the (continuous) functions ¢,(x, y) and integrating term by term. The
quantities ¢, given by (1.4) are called the Fourier coefficients of f(x, p).

In approximating any square integrable function f(x, y) by a linear
combination of functions of the system (1.1), we find that the Fourier
coefficients give the least mean square error, in the way described for functions
of one variable in Ch. 2, Sec. 5. Moreover, we also have Bessel’s inequality

[eo}

[ [reendedy > S el (L.5)

n=0

where if the equality sign holds for any square integrable function, the
system (1.1) is said to be complete. All the properties of complete systems
proved for functions of one variable in Ch. 2, Secs. 7 and 8, are still valid.
The completeness criterion of Ch. 2, Sec. 9 is also valid (properly rephrased
for the two-dimensional case, of course).

The reader who has carefully read this section and Ch. 2 will see clearly
how to generalize all that has been said about orthogonal systems to the case
of functions of any number of variables.
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2. The Basic Trigonometric System in Two Variables.
Double Trigonometric Fourier Series

The functions

1, cos mx, sin mx, cos ny, sin ny, . . .,
COS MIX COS Ny, SIn mx Cos ny, (2.1)
COS mX SIn ny, Sin mx sin ny, . . . m=12,...;n=12,...)

form the basic trigonometric systent in two variables. Each of these functions
1s of period 2=x both in x and y. The functions of the system (2.1) are
orthogonal on the square K (—n < x < «, —v < y < =), as well as on any
square of the form (a < x < a+ 2w, b <y < b + 2rw). In fact

Jl\f l1-cosmxdxdy = f; dy J'ﬁ cosmxdx =0

—Tc

and similarly
fKJ l-sinmxdxdy = L\f l-cos ny dx dy

= | [1-sinny dxdy = o.

Moreover

fo(cos mx cos ny) (cos rx cos sy) dy

~ 9
= f COS MX COS rX (f COS 1y COS Sy dy) dx
-7 -7t

= fﬁ COS MX COS rx dx J‘n cos nycos sy dy = 0,
if m # r or n # s. The orthogonality of any pair of different functions of
the system (2.1) is proved similarly. A calculation of the norms gives

I1]| = 2w; |cos mx|| = |sin mx]| .
= |cos ny|| = |Isinny| = V2 m;
|cos mx cos ny|| = ||sin mx cos ny||
= ||cos mx sin ny “ = ||sin mx sin ny | = =.

For the Fourier coefficients of the function f(x, y) defined on K, we obtain

S(x, ) dx dy
Ao = [Kf E — 4712 L\’J.f(x, y) dx dy,
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fo f(x, y) cos mx dx dy

Amo = |cos mx||?

=77%fof(x,y) cosmxdxdy (m=12,...),

fof(x, y) cos ny dx dy

[cos ny|2

AOn =
1
= o [ [ pcosmyaxdy = 1,2,..),

fof(x, y) sin mx dx dy

Bro = Tsin mx|2

= 2—17t2fxff(x, y) sin mx dx dy (m=12,...),

fof(x, y) sin ny dx dy

[[sin ny |2

BOn =

1 .
= mf}{ff(x, y)sinnydxdy (n=1,2,...),

and similarly,

1
Amn = — fof(x, y) cos mx cos ny dx dy,

o = 7—:—2 fof(x, ») sin mx cos ny dx dy,
(2.2)

1 :
Conn = — fo f(x, y) cos mx sin ny dx dy,

1 : :
dyn = = fo f(x, ) sin mx sin ny dx dy,

form=12,...andn =1,2,....

Instead of Ay, one usually writes tagy, and then ay, can be found by
using the first of the formulas (2.2), withm = 0, n = 0. Similarly, if instead
of A,,0, Ao, Bo, and By, one writes 3a,,o, $ag,, 1b,.0, and ic,,, respectively,

then a,,g, ag, b.0, and ¢y, can likewise be found by using the appropriate
formulas (2.2).
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With this notation, the Fourier series of f(x, y) can be written in the form

\

[0}
f(x, ) ~ z Aunl@pmn €OS mx cos ny + b, sin mx cos ny
m,n=0 . . . (23)
+ €, COS mix SIN NY + d,,, sin mx sin ny],
where

3+ for m=n=0,

Aon = <% for m>0,n=00rm=0,n>0,
1 for m>0,n>0,

and the coefficients a,,,, b,.., C.ny and d,,, are calculated by the formulas
22 form=20,1,2,...and n=0,1,2,....

The Fourier series of f(x, y) can be written more compactly in the complex
form

[ce}

[, 0) ~ D cpeitmxim), (2.4)

m,n=— o

where

1
— — —i(mx+ny)
Cmn 47.c2fof(xa y)e (mox-+ny dXdy

m=0,+1,4+2,...;n=0, +1, £2,...).

(2.5)

We leave the proof of this result to the reader [it is recommended to go from
(2.4) to (2.3)].

As in Ch. 5, it can be shown that the system (2.1) is complete. This
means that

fK [r20x, ) dx dy = 4x2d3y + Z 2242, + z 2242

i 27’ Bl + i 2n* B,
m= n=1
i wt bpn + Chn + A7),

mn

so that

(e )

1 2 2 2 2
- 2 = 2.6
al e ady = 3 w4 bh e dl) o @6)
Formula (2.6) expresses Parseval’s theorem for the case of two variables.
The analogs of all the results implied by the completeness of the trigono-
metric system (proved in Ch. 5 for the case of one variable) remain valid,
provided that we suitably modify the way in which the results are stated.



|78 DOUBLE FOURIER SERIES. THE FOURIER INTEGRAL CHAP. 7

3. The Integral Formula for the Partial Sums of a Double
Trigonometric Fourier Series. A Convergence Criterion

Suppose that we have an expansion of the form (2.3), where it is assumed
that f(x, y) is of period 2r both in x and in y. If f(x, ) is defined only on
K, we extend it periodically (with respect to x and y) onto the whole xy-plane.
Now let

Spn(X, ¥) = Z Z Auola,, cos ux cos vy + b, sin ux cos vy
=0 v=0
+ ¢,, COS wx sin vy + d,, sin u.x sin vy].

The quantities s,,(x,y) (m=0,1,2,...; n =0,1,2,...) are called the
partial sums of the double Fourier series. According to (2.2)

S,n(X, ¥) = nz Z Z Ay f ff(s, t) cos u(s — x) cos v(t — y) ds dt
=0 v=

m

fff(s t)[ + ZCOSpL(S—x)][ +zcosv(t—y)] ds dt.

Recalling the formula for the sum of cosines (see Ch. 3, Sec. 3), we have

1 sin [(m + 3)(s — x)]sin [(n + H(t — p)]
w6 9) = 23 [ [ 16, 0 =200 (6 = sin (=

Setting s — x = u, t — y = v and using the periodicity of the integrand, we
obtain

sin [(m + $u]sin [(n + )v]
4 sin (u/2) sin (v/2)

1
Smn(A’ y) = TC_2 fof(x + U, Y + U) du dv.
This formula is completely analogous to the corresponding formula (4.1) of
Ch. 3, proved for the case of one variable.

The following result can be proved by a method similar to that used in
Ch. 3, Secs. 6 and 7;

THEOREM. Let f(x, y) be a continuous function defined on a square K,
with bounded partial derivatives of[0x and 0f[dy. Then, the Fourier
series of f(x, y) converges to f(x,y) at every interior point of K in a
neighborhood of which the mixed partial derivative 0%f|0x0y exists. If
S(x, y) is of period 2w in x and in y and has continuous partial derivatives
of|ox, of |0y, 0%f]|Oxdy, then the Fourier series of f(x,y) converges to
f(x, y) everywhere.

For the reader who is not accustomed to dealing with double series, we
make the following remark, to avoid confusion: The formula
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o0

f(x,y) = Z Moinl @y €OS mx cOs ny + b, Sin mx cos ny
m,n=0

+ ¢,,, COs mx sin ny + d,,, sin mx sin ny]
means that

lin] Smn(xa y) = f(.\', y)’

n— o0
n—» o0

or more precisely, that given any € > 0, there exists a number N such that
the inequality

lf(x’ y) - Smn(xa y)l < ¢

holds for m1 > N, n > N. All that has been said above concerning the
square K (—nt < x < 7w, —t < y < ) is also applicable to every square
Q@< x<a+2rnb< x<b+ 2n).

Example 1. Expandthe functionf(x,y) = xyfor -t < x<m, —nt<y<m
in double Fourier series. The formulas (2.2) give

Apn = bmn = Cpn = 09
dmn = (_ l)m+n i

mn

Using the preceding theorem, we can write

sin mx sin ny
mn

xy =4 Z (=Dm" (—t<x<m-—7<Yy<mn).
m,n=1

Example 2. Expand the same function in the square 0 < x < 2mw,0 < y < 2m.
The formulas (2.2) give

ago = 42, with the remaining a,,, = 0,

47 ) ..
b,o = — — with the remaining b, = 0,
47 ) ..
Cou = = —> with the remaining ¢, = 0,
4
= — m=1,2...:.n=1,2,...).
mn ( S 2
Therefore we have
sin mx

.\‘y=7t2-—27t§

=1 m

o S HEY g S TR 0 <x < 2m,0 <y < 2n).

n mn
n=1 m,n=1
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4. Double Fourier Series for a Function with
Different Periods in x and y

A problem which frequently arises in the applications is that of expanding
in a double trigonometric series a function f(x, y) defined on a rectangle
R(—-!I < x<I,—h <y < h), or perhaps a function defined for all x and
y, with period 2/ in x and period 24 in y. This problem can be reduced
to the problem already considered by making the substitutions ¥ = wx//,
v = wty/h, since then the function

S (lg’ éi)) = @(u, v)

™ TC

has period 2x in both « and v.
If we have

o0

o(u, v) ~ z Aonl@mn cOS mu cos nv + b,,, sin mu cos nv

m,n=0

+ ¢,,, COS mu sin nv + d,,,, sin mu sin nvl,

then, returning to the original variables x and y, we obtain

TTIMX 1973
7 €os 7

f(x, ) ~ m,§=0 Mon [a,,,,, cos 7:_);1_x cos TrTny + b,,, sin

TTMX . TR :
sin 2 4 d,, SIn

+ Cpn COS ] 7

SIn

T™ImX . Trny]
! hl

where

_ 1 TTNX 97)%
Uun = 71 ijf(x, y) cos —7 08 —= dx dy,

and so forth. In this case, the complex form of the Fourier series becomes

o0

S ~ D e el
b mn

m,n=— o

where ’

_ 1 — i [(mx/l) + (ny[B)]
cmn - 4//1 fRJ.f(xa y)e dx dy

(m=0,+1,+2,...;n=0, +1, +£2,...).

All the results of Secs. 2 and 3 remain valid in the present case, provided
we appropriately change the way in which the results are stated.
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of the variable A over the interval [0, +o0]. Therefore, it is natural to
expect that as /— o0, (5.4) goes into an improper double integral, i.e., it can
be anticipated that we have the formula

fx) = 7-15 f;’" d f_"’ (1) cos Mu — x) du. (5.5)

[instead of (5.3)]. Of course, this argument is not rigorous, but at least we
now know what formula to expect. It will be proved below that (5.5) is
actually valid, with our assumptions concerning f(x) (and even with somewhat
weaker assumptions). In this regard, we point out once more that in (5.5)
we have to write 1[f(x + 0) + f(x — 0)] instead of f(x) at points where
f(x) 1s discontinuous.

The inner integral in (5.5) is called the Fourier integral, and the entire
formula is called the Fourier integral theorem. Using the formula for the
cosine of a difference, we can write

f(x) = f: [a()) cos Ax + b)) sin Ax] dh (5.6)

instead of (5.5), where

a(y) = }r j_":o f(u) cos udu, b)) = }r f_":o ) sin aedu. (5.7)

The reader will immediately notice a resemblance between (5.6) and a
Fourier series: The sum has been replaced by an integral and the formula
involves a continuously varying parameter A instead of the integral parameter
n. Moreover, the coefficients a(A) and b(}) are quite like Fourier coefficients.

6. Improper Integrals Depending on a Parameter

Consider the integral

f ® F(x, %) dx, (6.1)

a

and suppose that it is convergent for & < A < . We shall say that it is

uniformly convergent for « < A < B if for every € > 0, there exists a number
L such that

[o 0]
f F(x, ) dx

l

forall/ > L and for all A (&« < A < B).
We begin by proving the following result:

< e, (6.2)

A necessary and sufficient condition for the integral (6.1) to be uniformly
convergent is that for every sequence of numbers
Xg =A< X <Xy < < X, <0+,
(6.3)

lim x, = o0,

n— O
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the series

0 X xg

f Fx, ) dx = f F(x,)) dx + f F(x,Ndx +---

a v X0 X1
- (6.4)

+ [ P dx 4

whose terms are functions of \, should be uniformly convergent for o. < h < p.

The proof goes as follows: If (6.2) holds, then for x, > L we have

U°° Fer, ) dx — [ Fex, %) dxl
a k=1"Yk-1

f ® Fx, ) dx — [ Fx, 2) dx

a a

f”F(x,x)dx’ <e  (x<h<P),

*n

(6.5)

which means that the series (6.4) is uniformly convergent. Conversely,
suppose that the series (6.4) is uniformly convergent for every sequence of
the form (6.3). Then, if the integral (6.1) were not uniformly convergent,
this would imply the existence for at least one ¢ > 0 of arbitrarily large
numbers x; < x, <---< x, <---, such that

X

f“F(x,x)dxl se (=12

for each x; (i = 1,2,...) and some A. But this is impossible, since if we
choose these values of x; as the sequence (6.3), then (6.5) must hold for
sufficiently large ». This contradiction shows that the integral (6.1) is
uniformly convergent.

This result implies

THEOREM 1. If F(x, ) is continuous, regarded as a function of two
variables (or if F(x, N) has discontinuities at a finite number of values of
X in each finite interval, while remaining integrable with respect to x and
continuous in ) and if the integral (6.1) is uniformly convergent for
o < A < B, then the integral is a continuous function of A

Proof. Every term of the series (6.4) is a continuous function of A
(by a property of integrals with finite limits), and since this series
converges uniformly, its sum, i.e., the integral (6.1), is a continuous
function.

THEOREM 2. With the hypotheses of Theorem 1, we have

fae dA Loo F(x,N) dx = Loo dx LB F(x, %) d.
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Proof. Because of the uniform convergence of the series (6.4), it
can be integrated term by term, and the order of integration can be
interchanged in every term (this is legitimate for finite intervals). Thus,
we obtain

f d L‘” F(x, 2 dx = f;‘ dx JB F(x, ) dx + f: dx ff Fe, ) dn +- -
~ lim fx dx ff F(x, %) d\ = Ja°° dx f F(x, %) d.

THEOREM 3. Suppose that F(x, }) is continuous, regarded as a function
of two variables, and has a continuous partial derivative OF(x, \)[OA\.
Suppose further that the integrals

dx

foo oF(x, \)

o0
f F(x, %) dx, -

a

exist and that the second of them is uniformly continuous for o. < A < B.
Then we have

s[PRena= [T Da @<a<p. 69

Proof. The series

xy OF(x, \) xo OF(x, \) [ ®0F(x, M) dx
Lo 5 dx + Ll o dx + = L e

whose terms are the derivatives of the corresponding terms of the series
(6.4) (since for finite intervals, differentiation under the sign of integra-
tion is legitimate), is uniformly convergent. But then we are justified
in differentiating (6.4) term by term (see Theorem 2 of Ch. 1, Sec. 4).

The next theorem gives a very useful criterion for the uniform convergence
of the integral (6.1):

THEOREM 4. If foro. < A < (B
| F(x, M < /()
and the integral

[7 17601 ax

exists, then the integral (6.1) is uniformly convergent. (The requirements
on F(x, }), regarded as a function of x, are the same as in Theorem 1.)
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Proof. The absolute values of the terms of the series (6.4) do not
exceed the terms of the convergent numerical series

.[,oo /()] dx = f): /()] dx + fXI /)] dx + - -,

which proves the theorem.

Instead of (6.1), we can consider integrals of the form

| * F(x, ) dx, |7 Fee,» ax, 6.7)
—00 o0
with the condition (6.2) replaced by the condition

< €

| [ Fx, %) dx
-0

for the first integral, and by the two conditions

| j_’o’o F(x, ») dx

< e, Uoo F(x,») dxl <ce
I

for the second integral. The theorems just proved remain valid for integrals
of this form. In fact, the proofs reduce to the case already considered if we
make the substitution x = —y in the first integral, and divide the second
integral into the two integrals

0 o
f F(x, )\) dx, f F(x, ) dx.
—00 0

7. Two Lemmas

We now refine the results of Ch. 3, Sec. 2:

LEMMA 1. If f(x) is absolutely integrable on a < x < oo, then

lim [ f(u) sin lu du = 0 (1.1)

|—
(where [ takes arbitrary values).

Proof. For any given € > 0

<

l fb ® £u) sin lu du

Nl @

for sufficiently large . Moreover, by the theorem of Ch. 3, Sec. 2

<

| * f(u) sin Iu du

Nl
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for sufficiently large /. Therefore

<€

for all sufficiently large /, which proves (7.1).

Remark. Instead of the integral from a to oo, we can consider the
integrals from — oo to @ and from — oo to . Also, instead of sin /u,
we can consider cos lu. The proofs are essentially the same.

LEMMA 2. If the function f(x) is absolutely integrable on the whole
x-axis, and if f(x) has left-hand and right-hand limits at the point x, then

lim L f fx sm lu sinfu =f(x + 0) ;—f(x - 0) (7.2)

l»>o0 TC

Proof. Given any € > 0, the inequality
1 s 5
— [ 16wl <5

holds for sufficiently small & > 0. The function (1/u)f(x + u) is
absolutely integrable for —o0 < u < 8 and 8 < u < . Therefore,
by Lemma 1

sm lu du = lim l f( )sm lu

l—»>

du=0. (1.3)

lim — f f(x

l-o0 TC
Now consider the equality

sin mu f(x +0) + f(x — O)
lim f e YT i 2

proved in Ch. 3, Sec. 7, where m = n + 1 for integral n. This can be
written as

sin mu f(x +0) + f(x — 0)
lim - f f(x m—/z—)du 5 ’ (74)

m—>oo

since the integrals on the intervals [—m, —3], [3, =] go to zero as
m —> oo, because of the absolute integrability of the function

Slx +u)
2 sin (u/2)

on these intervals (see Ch. 3, Sec. 2).

Next, we observe that the integral in the left-hand side of (7.4) differs
from the integral

1flf(x + u)

TT

sin mu

du (7.5)
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by the quantity

%f:f(x + u) [m - é] sin mu du, (7.6)

where the function in brackets is continuous, if it is regarded as being
equal to zero at the origin. (This can be seen by applying L’Hospital’s
rule.) But by Ch. 3, Sec. 2, the integral (7.6) converges to zero as
m — o0. Therefore, instead of (7.4), we can write

lim 1f8 Ax + 1) sin mu du =f(x +0) + f(x —0) 7.7)
-5 u 2

m—oo ¢

Now let m <l <m+ 1, so that I = m + 0, where 0 < 0 < 1.
Applying the mean value theorem, we obtain

sin lu — sin mu
u

= (I — m) cos hu = 0 cos hu,

where / lies between m and /. Therefore

sin lu sin mu

Er flf(x + u) du — 'rlr flf(x + u) dul

€

1| 8 1 s
= T_tlf_sf(x + u)0 cos hu du| < ;rf—s | f(x + uw)| du < 5 (7.8)

for any /. If [ is large, then m is also large, and therefore by (7.7), we
obtain

S(x + 0) ;f(x -0 Tlrflf(x + ) sinumu a’u‘ _E

2

for the values of m corresponding to large values of /. Together with
(7.8), this inequality gives

CELESCEINY Ly MMELLEY P
2 T J_s u

for all sufficiently large /. By (7.3), instead of (7.9), we can write

f(x + 0) ;‘f(x — 0) _ Tltfjooof(x + u) Sir;/ll dlll < g,

for sufficiently large /. This proves (7.2).
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8. Proof of the Fourier Integral Theorem

Suppose that f(x) is absolutely integrable on the whole x-axis. Then, by
the very definition of an improper integral, we have

lfw d\ f:of(u) cos Mu — x) du

TJ0

— lim 1 ;dx f f(u)cos Mu — x)du,  (8.1)

l—>o0 TC

i.e., the existence of the integral in the left-hand side of (8.1) is equivalent to
the existence of the limit in the right-hand side. But the integral

[ fw) cos Nu — x) du
—0
is uniformly convergent for —o0 < A < o0, since

| /() cos Mu — x)| < |f(w)],

and f(u) is absolutely integrable on the whole x-axis (see Theorem 4 of
Sec. 6). It follows by Theorem 2 of Sec. 6 that

fl d\ foo fW)cos M\u — x)du = foo' duflf(u) cos Mu — x) di
0 —00 —00 0

sin lu

= 2 B D gy = [ fe s ) T g,

where we have first made the substitution ¥ — x = v and then changed v
back to u. By (8.1), we have

sin lu du.

(8.2)

Now, if the function f(x) has a left-hand and a right-hand derivative at
the point x, then by Lemma 2 of Sec. 7, the limit in (8.2) exists and is equal
to 4[f(x + 0) + f(x — 0)]. Therefore, the integral in the left-hand side of
(8.2) exists and we have

}tf:  [" ) cos u ~ x) du _Jx+0) “;f(x — 0 3

At the continuity points of f(x), the right-hand side of (8.3) coincides with
f(x). Thus, we have the following results:

z [ an [ 1) cos = x) du = tim " £+ )

l—>o00 TC J—

1. If f(x) is absolutely integrable on the whole x-axis, the Fourier integral
theorem holds at every point where f(x) has both a left-hand and a right-hand
derivative.

2. If f(x) is absolutely integrable on the whole x-axis and if f(x) is piecewise
smooth on every finite interval, then the Fourier integral theorem holds for all x.
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9. Different Forms of the Fourier Integral Theorem

Assume that f(x) is absolutely integrable on the whole x-axis and consider
the integral

f_oo Sf() sin M(u — x) du,

which converges uniformly for —c0 < A < 0, since

@) sin Mu = X)| < | /@)

(see Theorem 4 of Sec. 6). Therefore the integral represents a continuous
function of A, which is obviously odd. But then?

. [ © .
lim f a’)\f f(w) sin Mu — x) du
l—>w vY—1 —00
00 0 .
— f dxf f(u) sin Nu — x) du = 0.
—00 -0
On the other hand, the integral

fi” f(u) cos Mu — x) du

represents an even function of A. Therefore, instead of (5.5), we can write

f(x) = 2% [ an [ faleos 2w — %) + i sin 2 — %)) du

9.1)
1w |” rwera=» du
= 27‘C . \ o .
which is the complex form of the Fourier integral theorem.
Next, we write (5.5) in the form
() = = [ cos ax ( [ sty cos n a’u) a
TJO —00
(9.2)

1 oo . e .
+ = fo sin Ax (f_oof(u) sin Au du) dA.

2 If the integral with respect to A in the right-hand side of this formula does not exist

in the usual sense, then we interpret it as
) 1
lim
{— o
a limit which in this case obviously exists and equals O (the Cauchy principal value of the

integral).



190 DOUBLE FOURIER SERIES. THE FOURIER INTEGRAL CHAP. 7
If f(x) is even, then

j_‘” f(u) cos hu du = 2 f:’ f(w) cos u du,

[ r) sin e du = o,

and (9.2) becomes

fx) = % [ cos nx ( [ 760 cos 2 du) . 9.3)

Similarly, if f(x) is odd, we obtain

f(x) = ;3:_ f: sin Ax ( f: f(w) sin A du) dn. (9.4)

If f(x) is defined only on [0, 0], then (9.3) gives the even extension of
f(x) onto the whole x-axis, while (9.4) gives the odd extension of f(x). Thus,
both formulas are applicable for positive x, but for negative x they give
different values of f(x). We note that if f(x) is continuous, then (9.3) is
always valid at x = 0, whereas (9.4) is valid only if f(0) = 0. [This 1is
because when x = 0, the integral (9.4) takes the value 1[/(+0) + f(—0)],
and this value is always zero for the odd extension of f(x).]

*]0. The Fourier Transform

Given the function f(x), the new function
1 [ .
F() = = f_w fweix du (10.1)

is called the Fourier transform of f(x). If the Fourier integral theorem holds
for f(x), then by (9.1) we have

—o0

f(x) = 712_; f ® F(u)e-ix du, (10.2)

1.e., f(x) is the (inverse) Fourier transform of F(x). Thus, the function (10.1)
can be regarded as the solution of the integral equation (10.2), where f(x)
1s a given function.

We now note some properties of the Fourier transform (10.1).

1. If f(x) is absolutely integrable on the whole x-axis, then the function
F(x) is continuous for all x and converges to zero as |x| — co.

Proof. The continuity of F(x) follows from the uniform convergence
(in x) of the integral (10.1), since

|eixu| =1, |f(Ll)€"x“l‘ = |f(u)|,
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and the integral

[* 1760 du

exists. (All the considerations of Sec. 6 continue to hold in the case
where f(x) is a cinplex-valued function.) Moreover

lim  F(x)

|x|— o0

1
= 7 |:|.\1|l—l>noof f(u) cos xudu + i \lll_l_)nOOJ. f(u) sin xu du] = 0,

by the remark to Lemma 1 of Sec. 7.

2. If the function x"f(x) is absolutely integrable on the whole x-axis
(n is a positive integer), then F(x) is differentiable n times, where

FO(x) = \/’—;_ [ feourerdu (k= 1,2,...,m), (103
/-

and all these derivatives converge to zero as |x| — oo.

Proof. The formula (10.3) can be obtained by differentiating (10.1)
behind the integral sign, since each time we obtain an integral which
converges uniformly in x. This follows from the relations

| fWukeix| = | f(u)uk| k=12,...,n),

where the functions on the right are absolutely integrable. (See
Theorem 3 of Sec. 6.) To prove that the derivatives F®)(x) converge
to zero as |x| — oo, we again use the remark to Lemma 1 of Sec. 7.

3. If f(x) is continuous and converges to zero as x — oo and if f'(x)
is absolutely integrable on the whole x-axis, then

1 ® ixu — {
N j_w f/wei du = % F(x).
4. If f(x) is absolutely integrable on the whole x-axis and if

fo" f(u) du—0

as |x| — oo, then

\/h f_w ( f 1) dt) eixu dy = 1 F()«)

To prove the last two formulas, we use integration by parts. These
formulas show that differentiating the original function f(x) corresponds to
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multiplying its Fourier transform F(x) by x/i, while integrating f(x) corre-
sponds to dividing F(x) by x/i. This idea of reducing complicated mathe-
matical operations on the original function to simple algebraic operations on
its transform (and then taking the inverse transform of the final result) is the
basis for the operational calculus, a very important branch of applied
mathematics.

Next, we consider transforms of a somewhat different form. The
function

FO) = A/ 7—% j: f(4) cos M du (10.4)

is called the (Fourier) cosine transform of the function f(x). If the Fourier
integral theorem holds for f(x), then it follows from (9.3) that

f(x) = A/ 73: f0°° F(\) cos xA d, (10.5)

i.e., f(x) is itself the Fourier cosine transform of F(A). In other words, the
functions f and F are cosine transforms of each other. Similarly, the
function

D) = A/ % f0°° f@) sin u du (10.6)

is called the (Fourier) sine transform of f(x), and (9.4) gives

f(x) = A/ % f0°° D) sin X\ d, (10.7)

1.e., just as in the case of cosine transforms, f and @ are sine transforms of
each other.

The function (10.4) can be regarded as the solution of the integral equation
(10.5) [where f(x) is a given function], and the function (10.6) can be regarded
as the solution of the integral equation (10.7).

We now illustrate the use of Fourier cosine and sine transforms by
evaluating some integrals.

Example 1. Let f(x) = e=ax (@ > 0, x > 0). This function is integrable

for 0 £ x < o and has a derivative everywhere. Integrating by parts, we
find

FQ) = A/% f: e—a4 cos \u du = % #)\2,
2

2 (o .
(D()\) = /E JO e~ sin \u du = E m
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Then (10.5) and (10.7) give
—ux _ 2a [®cos XA dA
=%l @ 20

e_ax_g o A sin XA dA (x> 0)
Tl a? 4+ A2 ‘

Example 2. If

1 for 0< x <aq,
f(x) =¢34 for x =a,
0 for x > a,

then obviously

F) = N/% J: cos Audu = A/% sm)\ax,

and by (10.5)

2 [ sin @A cos xA dA I for 0<x<a,
6 == _

. N ={ 4 for x =a,

0 for x> a.
In particular, for x = a

1 1 J‘oo sin 2aA

. N dh,

and setting @ = 4, we obtain

T © sin A
: _fo 2L

*11. The Spectral Function

It is easy to see that equation (9.1) can be written in the form

1) = %T [* an[” faperso a

since
eMx—u) = cos M(x — u) + isin A(x — u)
cos Mu — x) — isin Mx — u),
and since the integral containing the sine vanishes (see Sec. 9).

set3

AQ) = %t f_°°°o f(w)e- du.

(11.1)

Now we

(11.2)

3 Sometimes the factor 1/2w is omitted in the formula for A()); of course, the factor

then reappears in (11.3).

193
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This function (which is in general complex) is of great importance in electrical
engineering, and is called the spectral function (synonymously, the spectral
density or spectrum) of f(x). According to (11.1) and (11.2)

f(x) = f °°w AN)e™ d; (11.3)

(11.2) is the analog of formula (14.7) of Ch. 1 (which gives the values of the
complex Fourier coefficients), and (11.3) is the analog of formula (14.6) of
Ch. 1.

Example. Find the spectral function of the function

1 for |x| < aq,
J(x) = {0 for |x| > a,
shown in Fig. 42.

r

-
Ql—

-a O :
FIGURE 42
According to (11.2)
1 a 1 e—iluJu=a
— — —iAu _
AR 2r J_a em du 2r [— i)\] u=—a
_ i eira — e—ita lsin an
T 2n ix N

and therefore in this case A()) turns out to be real. The graph of A(})) is
shown in Fig. 43 (for a = 1).

At
4

FIGURE 43
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PROBLEMS
1. Show that if f(x, y) = g(x)h(y), where

© ©
g(x) ~ z a,,eimx, h(y) ~ Z b,einy,

m= — o0 n= —ao
then
o o]
f(X, y) ~ Z ambnei(mx-f-ny).
m,n= — o
2. Show that if f(x, y) = g(x + y), where
[ee]
gX) ~ D apemx,
m= — o
then
[o o]
f(x’ y) ~ Z eim(x+y),
m= — 0

3. Expand the following functions in double Fourier series in the region
—T <X,y <™

a) f(x,»)=x+y; b)) f(x,») =+ »)?

)  f(x,») = |sin(x + y)|.

4. Find the Fourier sine transform (10.6) of each of the following functions:

a) f(x)=e*cosx(0<x< ®); b) f(x)={

sinx for 0 < x < m,
0 for x > =;

x for 0<sx<1,

0 for x>1; d) f(x) =xe=* (0 < x < ).

o flx)= {

5. Find the Fourier cosine transform (10.4) of each of the functions of the
preceding problem.

6. Solve the following integral equations for f(x) (0 < x < ):

© . 1 for 0 <<,
a) fo f(x) sin \>x dx = g(), where g().= {0 for A > m

b) f:o F(x) cos Ax dx = e=*;
o) f:o £(x) sin dx dx = he-ah,

7. Let f(x) and g(x) be absolutely integrable on — o < x < <0, and let

1) = [ s = »gw) dy.

Let F(3), G(») and H(») be the Fourier transforms [see equation (10.1)] of
f(x), g(x) and h(x), respectively. Show that

o 7 weotax < ([ vwra)([7 1eoia);
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b) HQ) = V2r FO)GO);
e 0] [o 0]
o | fx-ngordy = | st - o)y,
—00 —o0

The function /1 is called the convolution of fand g, written h = f*g.

8. Find i = f*g (cf. preceding problem) where

a) fx)=e7* gkx) = {
b) f(x) =gx) = e %,

1 for 0<x <1, _[x for 0< x <1,
©) f(x)_{o for x> 1; g(x)—{o for x> 1;

f 0<x<l,
R

x for 0<x <1,
0 for x> 1;

(In every case, f(x) = g(x) =0 for x < 0.

9. Solve the following integral equations:

x _ _ {0 for x <0,
a) fof(x—y)eydy—{xze_x for x = 0;

[ eko)dy = e + 1),



3

BESSEL FUNCTIONS AND
FOURIER-BESSEL SERIES

I. Bessel’s Equation

By Bessel’s equation is meant the second order differential equation
xy" + xy' 4+ (x2 = pYy =0, (1.1)

or equivalently

where p is a constant [which we call the index of (1.1)], and the prime denotes
differentiation with respect to x. With the exception of certain special
values of p, the solution of (1.1) cannot be expressed in terms of elementary
functions (in finite form); this leads to the so-called Bessel functions, which
have many applications in engineering and physics. Tables of Bessel
functions arc available for use in practical calculations.

Since Bessel’s equation is linear, it has a general solution of the form

y = Cyy; + Cuyy, (1.2)

where y,, y, are any two linearly independent particular solutions of Bessel’s
equation, and C,, C, are arbitrary constants. Thus, to find the general
solution of (1.1), it is sufficient to find any two linearly independent solutions
of (1.1).

197
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2. Bessel Functions of the First Kind of Nonnegative Order

Suppose that p > 0. To simplify subsequent calculations, we make the
substitution

y = xpz (2.1)
in the equation (1.1). Since
y' = pxp-lz 4+ xpz') y" = p(p — 1)xp-2z + 2pxp-1z' 4+ xpz",
the function z satisfies the equation

2p + 1
X

z" + zZ+ z=0. (2.2)

We now look for a solution of this equation in the form of a power series
z=cotcx +cx24+---+cx" -
Elementary calculations give

z' = ¢y + 2cx + 3c3x2 4+ degx3 4+ -+ (0 + 2)cpyxttl 4
C
—=}1 4 205 4 3c3x + 4ex2 44 (n + cpupxn + e,

2" =2c) + 2-3c3x + 3-degx2 4o+ (n+ D)+ 2)cpyx” + - -
Substituting these series in (2.2), we obtain

2p + 1

¢+ [2¢5 + 2p + D2¢cy + o] + [2:3¢c3 + 2p + 1)-3¢c3 + c1)x

+ [3’4C4 + (2p + 1)46’4 + Cz]xz + -
+ [(n+ D+ 2)cppz + 20 + D(n + 2)cpyp + c,)xn
+--- =0.

If this equation is to be satisfied, all the coefficients of the different powers of
x must vanish, i.e.,

c; =0, (2.3)
n+ D0+ 2)cyn+ 2p+ D+ 2)cpyr +¢,=0 n=0,1,2,...).
Therefore, we have

cll
‘2= T ardn+ iy

=0,1,2,...). (2.4)
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It follows from (2.3) and (2.4) that

Cp=C =Cs=:=0Cypg=-=0,
b= —
2(2p + 2)
4= — =2 = ‘o ,
42p +4) 2:4-2p +2)2p + 9
o= G c ,
6(2p + 6) 2:4-6:2p +2)(2p + H(2p + 6)
and in general
Com = (=17 20
2:4.6---2m(2p + 2)(2p + )(2p + 6)- - -(2p + 2m)
Co

= (—]1)m .
(=1 22m-1-2-3---m(p+ D(p+ 2)(p + 3)---(p + m)
Thus, the series

x2 x4
=% [1 T 2 T 2420 ¥ (2 + 9) "]
® (_l)mx2m }
= cotl + ’
0{ n2:122'"-1-2° cm(p+ D(p+2)---(p+ m)

where ¢, is an arbitrary constant, gives a formal solution of the equation
(2.2). By using the familiar ratio test, it is easy to show that this series
converges for all x. Since term by term differentiation of a power series is
always legitimate (inside the interval of convergence), z is actually a solution
of (2.2). But then, the function

x2 x4
Y =Xz = G [1‘ X +2) A I+ ]
(2.5)
s (_ l)mxp+2m
= coy!l +
0{ "2122'"-1-2--4;1(,0—}— Dp +2)---(p+m)
where ¢, is arbitrary, is a solution of (1.1).
It i1s customary to set

‘ (2.6)

=2+ 1)
where I' is the well-known gamma function of mathematical analysis, which
has the following properties:

D I =1,

2)  ID(p+1) =pl'(p) foranyp,
3) I'(p + 1) = p! for positive integral p.

(We shall discuss the gamma function in more detail in the next section.)
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If the constant ¢, is defined by (2.6), then the series (2.5) gives the Bessel
Sfunction of the first kind of order p (for the time being, p > 0), denoted by

Jp(x):

xp x2 x4 —_— . o o
H) = 27T (p + 1) [1 T2+ T 274 + )0 + 4) ] 2.7)
_ { G (= Dym(x/2)+2m }
ST+ &l 2--m(p+ D(p+2)---(p+m(p+1)

But according to the properties of the gamma function, we have
1:2.--m=m! =T(m + 1),
P+ D+ (p+mlp+ 1) =@+2)p+3)-(p+ mlp+2)
=P+ +4 -+ mlp+3)

=(p+ml(p+m="CP+m+1),
and therefore

S (= Dm(x/2)e+2m

p mZO I'm+ DI'(p + m + 1)
(see also Property 1 of the gamma function).
in particular, for p = 0
x2 x4 x6
(2.9)
$ (/e
mso  (m})?
where we must set 0! = 1. Forp = 1
X x2 x4 x6
Nix) =5 [l “241v3446 3464687 ]
_ i (_l)nz(x/2)2m+l.
- &y mi(m + 1)
In general, for positive integral p
xP x2 x4
J — - _..
»() 2”/)![l 2(2p + 2) + 2:4-2p + 2)(2p + 4) ] 2.10)

B i (_l)lrz(x/2)2m+p
B Z ml(p + m)!

m=0

Formulas (2.9) and (2.10) show that if p = 0 or if p is an even integer,
then J,(x) is an even function (since it contains only even powers of x). On
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the other hand, if p is an odd integer, then J,(x) is an odd function (since it
contains only odd powers of x). The graphs of the functions y = Jy(x) and
y = Jy(x) are shown in Fig. 44,

y 4
| y:Jo(X) { }’:t/q(X)
0.5 0.5
. N\ A~ 1 SN,
FIGURE 44

Remark. It should be noted that if x < 0 and if p is not an integer,
then in general J,(x) will take complex values [see (2.7)]. In order to
avoid complex values, we shall consider J,(x) only for x > O (when p is
not an integer).

3. The Gamma Function

For p > 0, the gamma function is usually defined by the formula
r(p) = | : e-xxr=1 dx. 3.1)

(This improper integral has meaning only for p > 0.) We now verify that
(3.1) actually has the properties given in Sec. 2.

(e o]

1) r'a = J: e~*dx = [—e—"]: = 1,

0
2 r 1) = [~ e—x xrdx.
) (p+ 1) =] e
Integrating by parts, we obtain
— —_x‘x=oo oo—.xa—l -
I'p+1) =[—e AP]FO +pf0 e~xxr—1 dx.

The first term on the right vanishes (provided, of course, that p > 0), and
the integral is just I'(p). This proves Property 2.
3) If p is a positive integer, then using Property 2 we obtain

Cp+1) =pl(p) =plp — DI(p = 1) =---=p(p — 1)---2-1-T(D),

or, in view of Property 1
I'(p + 1) = p!

Thus, for p > 0, the function defined by (3.1) actually has the required
properties.
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To extend the function I'(p) to all real values of p, we start with the
formula

I'(p + 1) = pI'(p)

or
(3.2)

If —1 < p < 0, the right-hand side of (3.2) has meaning, since then 0 <
p + 1 < 1. Therefore, (3.2) can be used to define I'(p) for —1 < p < 0.
Incidentally, we note that as p — 0, the numerator in the right-hand side of
(3.2) approaches 1 while the denominator approaches 0, and hence we have

T'(0) =

Now let —2 < p < —1. Then —1 < p + 1 < 0, and the right-hand side
of (3.2) again has meaning. Therefore, (3.2) can be used to define I'(p) for
—2 < p< —1. If p— —1, then it follows from (3.2) that I'(p) - oo, and
hence we have

I'(—1) = co.

Next, we consider the values —3 < p < —2, and so forth. Thus, step by
step, we can define I'(p) for all negative values of p, with I'(p) = oo for
p=0,—1,—-2,.... In other words, (3.1) can be used to define I'(p) for
p > 0 and then (3.2) can be used to define I'(p) for all real p. Moreover, by
its very construction, I'(p) has the three properties listed above.

4. Bessel Functions of the First Kind of Negative Order
Since p? appears in equation (1.1), it is natural to expect that the con-

siderations of Sec. 2 will be applicable to —p as well as p and will also lead to
a solution of (1.1). Replacing p by —p in (2.8) gives

N —1)"’(}/2)_1’+2"'
Jon¥) = mzo I'm + DI(—p + m + 1) (4.1

We note that for integral p and m = 0, 1,2,..., p — 1, the quantity —p +
m + 1 takes negative values and the value zero. Therefore, I'(—p + m + 1)
= oo for these values of m, and the corresponding terms in the series (4.1)
are taken to be zero. Thus, for integral p

) — 1y(x[2)rr2m
Jop(x) = nzO '(m + DO(=p + m + 1)
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or, if wesetm =p + k

Yo (—yp S o (D2
J_(x) = (=1) AZO Tk+ DI + k5 1) 4.2)
= (= 1DrJ,(x).

If p is not an integer, then none of the denominators in (4.1) becomes infinite.
The ratio test shows that the series (4.1) converges for all x # 0 if p is not an
integer and for all x if p is an integer [see (4.2)].

The function J_,(x) is again called a Bessel function of the first kind, this
time of order —p. It is easily verified by direct substitution that J_,(x) is
actually a solution of (1.1). We leave this verification to the reader.!

For what follows, it is useful to observe that the formulas (2.8) and (4.1)
can be combined in one formula

L 0 (—1)’"()(/2)p+2m
JP(A) - Z F(,n + I)F(p + m + 1),

m=0

(4.3)

where the number p can be either positive or negative. The remark made at
the end of Sec. 2 applies to the case of fractional values of p of either sign.

5. The General Solution of Bessel’s Equation

Consider first the case where the number p > 0 is not an integer. Then,
the functions J,(x) and J_,(x) cannot be linearly dependent, i.e., there cannot
exist a constant C such that

J(x) = CJ_,(x).

To see this, we observe that for x = 0, the function J,(x) vanishes, whereas
J_,(x) becomes infinite [see (2.8) and (4.1)]. Thus, if p is not an integer, the
general solution of Bessel’s equation (1.1) has the form

y = C]JP(X) + C2J_p(X), (5.1)

where C, and C, are arbitrary constants [cf. (1.2)].

If p > 0 is an integer, then by (4.2) the functions J,(x) and J_,(x) are
linearly dependent, and hence in this case, (5.1) does not give the general
solution. Therefore, for integral p we have to find another particular
solution of (1.1), which is linearly independent of J,(x). This particular
solution Y,(x) is the so-called Bessel function of the second kind, to be

1 [t should be noted that for some values of p (e.g., for integral p), part of the argument
given in Sec. 2 ceases to be legitimate when applied to —p, since it leads to fractions with
zero denominators [see e.g. (2.4)]. Nevertheless, the final formula (2.8) has meaning when
p is changed to —p, and in fact gives a solution of (1.1), as noted.
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discussed in the next section. Thus, when p is an integer, the general solution
of (1.1) has the form

Yy = CIJP(X) + CZ YP(X).

6. Bessel Functions of the Second Kind

For fractional p, the Bessel function of the second kind is obtained from
(5.1) by a special choice of the constants C; and C5, i.e., we set
Jp(x) cos pr — J_,(x)

sin pre

Y, (x) = J,(x) cot pr — J_,(x) csc prt = (6.1)
For integral p, (6.1) is indeterminate; in fact, the numerator reduces to
(—DrJ,(x) — J_,(x) which vanishes according to (4.2), and the denominator
also vanishes. This suggests the following question: Can the indeterminacy
be “removed’ by taking the limit of the ratio (6.1) as p approaches integral
values, and will this limit give the required solution for integral p? As we
now show, the answer is in the affirmative.
According to L’Hospital’s rule

N 1: (a/ap)[‘]p(x) COS pt — J—p(x)]
Yi(x) = l,l_,rr,l, (2/op) sin pr

— lim °8 p(0/op)J,(x) — wJ,(x) sin prt — (0/0p)J_,(x)
pn 7T COS pTe

[(8/ op)Jp(x)- (=D — (9] a19)1—,;(2«‘)] ,
Tt(_ l)n p=n

We substitute the series (2.8) and (4.1) in this expression, differentiate them

with respect to p, and then set the arbitrary index p equal to the integral

index n. After some manipulations, the details of which we omit (since they

involve special properties of the gamma function and are rather tedious), we
obtain

Y (x) = J,,(,\) (ln =+ C) - = Z (n—m—1)! (2)—Il+2m

!
me=0 m:.

(= Dm(x[2)n+2m ("+'" | m 1)
mzo m!l(n 4+ m)! 12:1 T kzl k)

where C = 0.577215664901532- .- 1is the so-called Euler’s constant. In
particular, when n = 0

Vo) = 2Jy¥) (In2 + €
T 2

Y PO A
T~ (m!)2\2 2 3 m

m
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Substitution of the function Y,(x) into the equation (1.1) with p = n
shows that Y,(x) is actually a solution of (1.1). Moreover, the functions
J.(x) and Y,(x) cannot be linearly dependent, since for x = 0, J,(x) has a
finite value, whereas Y,(x) becomes infinite. Therefore, Y, (x) is the re-
quired particular solution of (1.1) (cf. the end of Sec. 5). The graph of the
function y = Yy(x) is shown in Fig. 45.

tr y = Rlx)

FIGURE 45

7. Relations between Bessel Functions of Different Orders

For any p, we have the formulas

% [x2],(0)] = x2],_,(x), (7.1)

—c%c [x—2J,(x)] = — xPJ,1(x). (7.2)

Similar formulas hold for the corresponding Bessel functions of the second
kind.

Proof. By (4.3), we have

d . B
&x X = 0 2 55T + DO + m + 1)

® — l)mx2p+2m 1
Z 2p+2m— 1F(m + DI'(p + m)

= prp—l(x)a

for any p, which proves (7.1). Formula (7.2) is proved in the same way.
To prove the corresponding formulas for Bessel functions of the second
kind, we first replace p by —p, obtaining

%C [pr—p(x)] = = pr—p+l(x)- (7.3)
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Assuming that p is not an integer, we multiply (7.1) by cot pr and subtract
(7.3) multiplied by csc prr. The result is

C_{‘i [xp Jp(x) cos prt — J_p(x)] — xp Jp—1(x) cos prt + J_,11(X)
X

sin pr sin pr
_ o dri(®) 05 (p = D = Jyii(¥)
sin(p — Dr
since
cos(p — Dr = — cospm, sin(p — ) = — sin pm.
Thus, for fractional p
d
o [xPY,(x)] = xPY,_1(x) (7.4)
[see (6.1)].
Next we replace p by —p in (7.1), obtaining
d
= [x—2J_p,(x)] = x—PJ_,_1(x). (7.5)

Then we multiply (7.2) by cot pr and subtract (7.5) multiplied by csc pr.
The result is

d [x-P Jo(x) cos pm — J_p(x)]

dx sin pw
— xp —Jp+1(x) cos prt — J_p_1(x)
sin ptt
@ €08 (p + D — ()
sin(p + D=
since
cos(p + N = — cospr, sin(p + l)m = — sin pr.
Therefore, for fractional p [see (6.1)]
d
TP Y, (0] = — XY (). (7.6)

dx

The formulas (7.5) and (7.6) are the analogs of (7.1) and (7.2), and also
hold for integral p (as can be seen by letting p approach integral values).
From (7.1) and (7.2), we obtain the formulas

xJ')(x) + pJ(x) = xJ,_1(x), (7.7)
XJy(x) = ply(x) = = xJpe1(¥), (1.8)
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Jp—l(x) - Jp—i—l(x) = 2‘,,p(x)a (79)

2p
ot () + Jpia () = 22 J() (7.10)

and similar formulas for Bessel functions of the second kind. In fact, it
follows from (7.1) that

xPJ ) (x) + pxr-VJ(x) = xpJ,_1(x),

from which (7.7) is obtained by dividing by x,-1. In the same way, we
obtain (7.8) from (7.2). To obtain (7.9), we add (7.7) and (7.8) and divide
the result by x. Finally, (7.10) is obtained from (7.7) and (7.8) by sub-
traction and subsequent division by x.

The utility of these formulas will be repeatedly demonstrated below, and
hence we shall not discuss them now. However, it should be noted that
(7.10) shows how to calculate the values of the function J,(x) for any positive
or negative integral p from a knowledge of the functions Jy(x) and J,(x).
A similar remark applies to Bessel functions of the second kind.

8. Bessel Functions of the First Kind of Half-Integral Order

Referring to (2.7), we first consider

Vx x2 x4 x6
J"Z(x)zx/ir(%)[ _2~3+2-4~3-5_2-4-6-3-5-7+"']
__1__[ _£+2‘_5_x_7+...]
RV Ve 1 IR R
— l *
\/ﬂ[‘(’%)SInx.

According to (3.1)
3\ 1\ _ L~ _dx [ _,
P3) =37) =z o p= Lo e
where the integral equals V/7t/2.2 Therefore

J12(x) = V2/[mx sin x, 8.1)

2 To see this, write

o0 00 o0 [0 /2 fO
f et dtf e W du = f f e-C+u’) dr dy = f f e-"'rdrdf =
0 0 0/0 0 0

(Translator)

INE
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and similarly, we find

J_12(x) = V2[rx cos x. (8.2)

Thus, the functions J;,,(x) and J_;,»(x) can be expressed in terms of
elementary functions. But then it is an immediate consequence of formula
(7.10) that any function J,(x) where p = n + 4 and n is integral, can be

expressed in terms of elementary functions. For example, setting p = 4 in
(7.10), we obtain

1
J_12(x) + J3)2(x) = }Juz(x),
whence
J3(x) = )lCJl/z(x) — J_y2(x) = V2/rx3 sin x — V/2[mx cos x.

Similarly, setting p = 3 in (7.10), we can find Js,5(x), etc.

9. Asymptotic Formulas for the Bessel Functions

In this section, we derive formulas that permit us to readily determine the
behavior of Bessel functions for large values of x (so-called asymptotic
formulas). First of all, we transform equation (1.1) by making the sub-
stitution

z
Y =17 6.1
The resulting equation for the function z is
" p2 — %
z +(1— 2 )z=0. (9.2)
If we set
m
m = % — p2’ x-—2 = p’ N (9.3)
then (9.2) becomes
z" + (1 + p)z =0. (9.4

For large x, the function p = p(x) becomes very small. Therefore, it is
natural to expect that for large x, the solution of the equation (9.4) will not
differ much from the solution of the equation

2" +z=0,
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i.e., from the function
z = Asin(x + ) (A = const, ® = const).

Now, let z be a solution of (9.4) which is not identically zero. Then,
in view of what has just been said, it is natural to assume that there exist
functions oo = a(x) and & = 3(x) such that

z = a sin (x + J), 9.5)

where o« and & converge to definite finite limits as x — o0. To prove the
existence of such functions, we consider the equation

z' = o cos(x + 9J) (9.6)

as well as (9.5), and we then regard (9.5) and (9.6) as a system of equations
where the left-hand sides are known and the functions « and § are unknowns.
It follows from (9.4) and (9.5) that .

z" = —(1 + p)asin (x + 9),
and from (9.6) that
z" =o' cos(x + 8) — ol + &) sin (x + 9),
which imply at once that

’

tan (x + J) = 02?8%“—_—?)- 9.7

Differentiating (9.5) gives
z'=a'sin(x + 3) + a(l + &) cos(x + 9J).

Comparing this with (9.6), we easily obtain

tan (x + 8) = — O%,- (9.8)
Multiplying (9.7) and (9.8), we find
8[
2 - _ 2
tan2 (x + 9J) Y
whence
3" = psin2 (x + 9J). 9.9)
Then (9.8) implies
%= —tan(i+8)= —p sin (x + 3) cos (x + 9). (9.10)

We observe that the denominator o« of the ratio o’/o. cannot vanish. In
fact, if o vanishes, then it follows from (9.5) and (9.6) that z and z’ vanish
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simultancously, i.e., the solution z satisfies zero initial conditions at some
point x = x,. However, because of the uniqueness of a solution satisfying
given initial conditions, this implies that z is identically zero, contrary to
hypothesis.

The required function 3 is found from the differential equation (9.9),
and the initial condition for & can be found from the initial conditions for z
by using (9.5) and (9.6) and eliminating o (e.g., by division). Then, from a
knowledge of &, we can easily find o from (9.10), and the initial condition for
o is obtained from the initial conditions for z and 3§ by using (9.5) and (9.6).

Thus, all that remains is to analyze the asymptotic behavior of « and 3.
Since

b
30 = 36) — | ¥y dr

it follows from (9.3) and (9.9) that

a@=&m—mf““%+&m

If we take the limit as b— oo, the resulting improper integral obviously
converges (since the integrand does not exceed 1/¢2). Therefore, the limit
of 8(b) as b — oo also exists. If we set

blirg 3(b) = w,
then
3(x) =0 —m foo sin’ (ttz + 9) dt. (9.11)
But
R A N R
and hence

0 c1n
0 < mxf pal (tt2+ ) dr < m.
X

In other words, the function

© sinZ (¢t + J)
7 dt

nx) = — mxf

X

is bounded for any x, and (9.11) can be written in the form

80%:w+m?- (9.12)
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Moreover
= = (Inay,
and hence
In o(x) = In o(b) — f” %% dt
or by (9.10)
In o(x) = In o(b) + m f: sin (¢ + 8);05 (7 + ) dt.

Just as before, we pass to the limit as b — oo, and note that the resulting
improper integral converges. This implies the existence of a finite limit as
b — oo for In o(b) and hence for a(b). We set

lim o(b) = A,

b— o

where A # 0, since otherwise In a(b) — o0 as b— co. Then we have

©sin (¢t + d) cos (¢ + J) dr

Ina(x) = Ind +m| :

X

Just as we proved the boundedness of the function 7n(x), we can also prove
the boundedness of the function

o(x) = mxf sin (¢ + 9) 2cos (t + 9d) it
x t
Then
Ino(x) = In A4 + ‘P(\f‘),
whence

a(x) = A exp [p(x)/x].
According to Taylor’s theorem, for any ¢ we have
el =1 + te¥ 0 <0<,
and hence, writing ¢ = ¢(x)/x, we obtain

exp [¢()/x] = 1+ 2 exp [Op(x)/x]



212 BESSEL FUNCTIONS AND FOURIER-BESSEL SERIES CHAP. 8

The function exp [0p(x)/x] is obviously bounded as x — co. Therefore, we
can write

exp [p()fx] = 1 + =

or
a(x) = A (1 + g}?) (9.13)

where £(x) remains bounded as x — co.

The formulas (9.12) and (9.13) confirm our conjecture about the way the
functions « and 8 behave as x — oo and about the behavior of the solution
z of the equation (9.4). [Cf. (9.5).] Substituting (9.12) and (9.13) into
(9.5) gives

z=A ( 5( )) sin (x + o + nx )) (9.14)

Next, we transform the last factor in (9.14). According to Taylor’s
theorem

sin(a + t) = sina + tcos (a + 0¢) 0<0 <.

Setting a = x + o, ¢ = n(x)/x, we obtain

7(x)

sin(x+w+—)=sin(x+co)+§%,

where

(x) = n(x) cos (x + o + Gnix))

is a function which is bounded for all x. Therefore, it follows from (9.14)
that

z=A( &x ))[sm(x+co)+c( )]

= Asin(x + @) + 45080 E + ) '; (1 + 8(x)/)6(x)

or
z = Asin (x + ©) + ’(x) (9.15)

where r(x) is bounded as x — co. Thus, we have found an asymptotic
formula for the solution of (9.2).
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To go to the case of Bessel’s equation, we use (9.1) and obtain

A r(x)
y = s sin (x + w) + Y (9.16)

where 4 = const, ® = const and r(x) is bounded as x — co. This formula
shows that for large x, any solution of Bessel’s equation differs very little
from the damped sinusoid

A
Y =15 sin (x + ).

In particular, the above considerations apply to the Bessel functions J,(x)
and Y,(x). A more exact calculation, which we omit, shows that

Lyt _pt T rp(x)
J(x) = V/2/mx sin (x 5 + 4) + oV,
9.17)

Y,(x) = V2[rx sin (x BT 73) i&)

where the functions r,(x) and p,(x) remain bounded as x — co.

For subsequent purposes, besides the formula (9.15), it is useful to have
the corresponding formula for z’. Therefore, we substitute the expressions
(9.12) and (9.13) for & and « into (9.6). The result is

z—A( a())cos(x+co+n())

If we transform this expression in the same way as we transformed (9.14)
[which led to (9.15)], we obtain

Z=Acos(x + w) + —= s(x) (9.18)

where the function s(x) is bounded as x — co.

10. Zeros of Bessel Functions and Related Functions

It follows at once from formula (9.15) that any solution of Bessel’s
equation has an infinite number of positive zeros and that these zeros are
close to the zeros of the function sin (x + ), i.e., to the numbers of the form

k, = nt — o,

where » is an integer. We now show that for sufficiently large », there is
just one zero near each k,. Since, according to (9.1), the functions y and z
have the same positive zeros, it is sufficient to prove this for the function
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z. If for arbitrarily large n, there were a pair of zeros of the function z near
the point k,, then it would follow from Rolle’s theorem that z’ has a zero
near z,. But by (9.18) this is impossible, since near z, = nt — o, the value
of z' is near A cosnr, provided that » is sufficiently large. Thus, for
sufficiently large #, all the zeros of the function y lie near the numbers k,,
and there is only one zero near each k,. It follows that the distance between
consecutive zeros of the function y approaches m as the distance from the
origin increases. In particular, these considerations apply to the functions
J,(x) and Y,(x), where according to (9.17), the numbers k, have the values
k, = nm + T,

2 4

prt T
k, = nmt — 5 t 7
for J,(x) and Y, (x), respectively.

Below, we shall be concerned with the positive zeros of J,(x). (It should
be noted that by (4.3), the positive and negative zeros of J,(x) are located
symmetrically with respect to the origin.) It follows from (7.2) and Rolle’s
theorem that there is at least one zero of the function x—2J,, (x) between any
two consecutive zeros of the function x—rJ,(x), i.e., there is at least one zero
of the function J,,,(x) between any two consecutive zeros of the function
J,(x). If we replace p by p + 11n (7.1), we obtain

& et (9] = x7,0.
From this we conclude as before that there is at least one zero of the function
J,(x) between any two consecutive zeros of the function J,,;(x). Thus, the
zeros of J(x) and J,;(x) “separate each other.” More precisely, one and
only one zero of J,,(x) appears between any two consecutive positive zeros of
J,(x). Moreover, J,(x) and J,,,(x) cannot have any positive zeros in
common. Infact, if J,(x) and J,,;(x) both vanished at x, > 0, then by (7.8),
J,(x) would also vanish at x,. But this is impossible, since by the uniqueness
theorem for solutions of a second order differential equation, J,(xg) = 0,
J(xo) = 0 would imply that J,(x) = 0, which is obviously false.

Consider next the zeros of the function J/(x). By Rolle’s theorem, at
least one zero of J (x) lies between any two consecutive zeros of J,(x).
Therefore, like J,(x), the function J,(x) has an infinite set of positive zeros.

Finally, we investigate the zeros of the function xJ (x) — HJ,(x), where
H is a constant, a function which is often encountered in the applications.
As we have just seen, the functions J,(x) and J,(x) cannot vanish simultane-
ously (for x > 0). It follows at once that J,(x) must change sign as we pass
through a value of x for which J,(x) vanishes. Let A}, A5, ..., A,, ... denote
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the positive zeros of J,(x) arranged in increasing order. For0 < x < A, the
function J,(x) does not change sign, and in fact for p > —1 (the only values
of p of interest to us), J,(x) is positive for 0 < x < A;. [See formula (4.3),
where the first term, which determines the sign of J,(x) for x near zero, is
positive.] As we pass through A, J,(x) goes from positive to negative values,
as we pass through 2,, J,(x) goes from negative to positive values, etc., so
that

J,(0) <0, J,(h) >0, J,(2;3) <O,...
Clearly, we have
[XJ;;(X) - HJp(A)] x=X," )\n‘l;;()\n)'

Therefore, the function xJ/(x) — HJ,(x) is alternately negative and positive
for x = A\, A5, A3, ..., and hence vanishes at least once between each pair
of consecutive zeros Ay, Ay, A3, .... This shows that xJ (x) — HJ (x) also
has an infinite set of positive zeros.

It can be shown that the distance between consecutive zeros of both
J(x) and xJ)(x) — HJ,(x) approaches m as the distance from the origin
increases, just as in the case of the zeros of J,(x). However, we shall not
prove this fact here.

1. Parametric Form of Bessel’s Equation

Let the function y(x) be any solution of Bessel’s equation (1.1). Consider
the function y = y(Ax), and set Ax = ¢. Since obviously

d2y dy .

2_- —_— 2 _ p2 = .

! a’t2+tdt+(t pdy =0, (11.1)
substituting

dy _ldy d% _1d2%

dt — ndx diz~ 22dx?
into (11.1), and using Ax = ¢, we obtain

dy 252 — p2)y —
+xa+(7\x p¥y = 0.

2 4%

X
dx?

Thus, if the function y(x) is a solution of Bessel’s equation (1.1), the function
y(2x) is a solution of the equation

x2y" + xy' + (A2x2 — p?)y =0, (11.2)

called the parametric form of Bessel’s equation, with parameter A.
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12. Orthogonality of the Functions J (2x)

Let A and w be two nonnegative numbers. Consider the functions
y = J,(\x) and z = J,(ux), where p > —1. According to Sec. 11, these
functions obey the equations

x2y" 4+ xy" + (A2x2 = pYy =0,
x2z" + xz' + (Wx2 — p2)z =0

or
p2
Xyt Y =y = A,
2
xz" + 2z — ‘%— z = —u2xz,

Subtract the first equation multiplied by z from the second equation multiplied
by y. The result is

x(yz" — zy") + (yz' — zy") = (A% — p?)xyz,
or

x(yz' — zy') + (y2' = zy') = (M — wA)xyz,
so that finally

[x(yz' — 2))] = (A2 — pw)xyz. (12.1)

We now integrate (12.1) from O to 1, obtaining
x=1 1
o2 — )] =02 — ) | xyzdx. (12.2)

Since by hypothesis p > —1, the integrand in (12.2) is actually integrable on
the interval [0, 1]. In fact, since y = J,(Ax), z = J,(ux), it follows from
(4.3) that

= xPo(x), z = xPY(x), (12.3)

where ¢(x) and {(x) are the sums of power series, and hence represent
continuous functions with continuous derivatives. Therefore

xyz| = |x2tlo(x){P(x)| < Mx2+1 (M = const),

and since 2p + 1 > —1 by hypothesis, this implies the integrability of the
right-hand side (and hence of the left-hand side) of (12.1). It follows from
(12.3) that

(x(yz' — 2)")y=0 =0

for p > —1. Therefore, instead of (12.2), we can write

0z = 2t = 02 = ) [ 9z (12.4)
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We now note that

[y]x=l = Jp()\)3 [Z].\'=1 = Jp(“)a

while on the other hand

,_ d ,
y = aJp()\'\‘) = )\Jp()\x)’

, _d ,
z = ('EJ,;(P-X) = uJ,(1x)
so that

Vet = M0, [2]er = wp(w).
Thus, (12.4) becomes

RHOV W) = M@0 = 02 = ) [ x],000,x) dx. (12.5)

So far, A and p have been arbitrary nonnegative numbers. We now
impose certain restrictions on A and p. Consider the following three cases:

1) » and p are different zeros of the function J,(x), i.e., J,(A) = 0,
J(w) = 0, A # w. For such values of A and p, the left-hand side of (12.5)
vanishes. Noting that A2 — p2 # 0, we then obtain

| (’) xXJ (0T (wx) dx = . (12.6)

If the factor x were absent in the integrand, the functions J,(Ax) and J,(x)
would be orthogonal in the usual sense. In the present case, we say that the
functions J,(Ax) and J,(ux) are orthogonal with weight x. Of course, we
might also say that the functions

zy = VxJ,0%), 2z, = VxJ,(ux)

are orthogonal in the usual sense.
It should be noted that according to (8.1), for p = 1/2, z; and z, reduce to

zy = V2/rmsin Ax, z, = V2/m sin px,

where A and p are numbers of the form nwx. According to (8.2), for p =
—1/2, we obtain the functions

zy = V2[mcoshx, z, = \/i/—n_cosy.x,

where in this case » and p. are numbers of the form (n + ¥)w. Thus, in these
special cases, we obtain the trigonometric functions, i.e., in the first case we
obtain the functions sin nmx (except for a factor), which are orthogonal
on [0, 1], and in the second case the functions cos (n + })mx, which are also
orthogonal on [0, 1].
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2) X and p are different zeros of the function J,(x):
J, N =0, () =0 (n#p).

In this case, the left-hand side of (12.5) also vanishes, and hence we still
obtain the formula (12.6). Thus, here again the functions J,(xx) and J,(u.x)
are orthogonal with weight x.

3) Finally, let A and p be two different zeros of the function xJ,(x) —
HJ,(x):

M) — HIL,Q) = 0,
wlo(w) — HJp(w) = 0.

Multiply the first equation by J,() and subtract it from the second equation
multiplied by J,(A). The result 1s

wT,(NT5(w) = M50 = 0.

Therefore, in this case, the left-hand side of (12.5) also vanishes, and we
again obtain the formula (12.6), i.e., the functions J,(Ax) and J,(ux) are
orthogonal with weight x.

13. Evaluation of the Integral fol xJ 2(rx) dx

When A and p are different, (12.5) leads to

M), (N — wl,(MJ()
nZ — A2

f(l) xJ,(ux)J,(Ax) dx =

When p.— A, the fraction on the right becomes indeterminate, since the
numerator and denominator both approach zero. To ‘“‘remove” this
indeterminacy, we use L’Hospital’s rule, letting A = const and p— A.
This gives

f :) xJ2(Ax) dx = 1imA Mo (wJ,(A) — pJ,,(zxiJ,’,’(‘L) — JOW4(w)

_ NGO = N0W00 = 0,00
2\

(13.1)

- [J',f(x) = L0 - J—@iﬁ]

But J,(), regarded as a function of A, satisfies Bessel’s equation, i.e.,

W) + M) + (A2 = pAI,() = 0,
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so that
" J,(MNJ (O 2
— S,(MNJ (M) — TN, 0 )X"( ) _ (1 - %) J2N).
Therefore, it follows from (13.1) that

f :) .\‘J;:()\x) dx = % [J,’)Z()\) + (1 — %—) Jﬁ()\)]. (13.2)

Thus, we can draw the following conclusions:
1) If A is a zero of the function J,(2), then

1
| X20w) dx = 1I70). (13.3)

This formula can be given a different form. We first replace x by A in
(7.8), obtaining

M) — pJ,(N) = — M.
Since 1n the present case J,(A) = 0, we have

J;;()\) = - Jp-{-l()\))
so that

1
f CxL00) dx = $2.0). (13.4)

2) If A is a zero of the function J (}), then

f :) xJ5(hx) dx = %(1 - l{—i) J0). (13.5)

*[4. Bounds for the Integral f:) xJ2(2x) dx

The following inequality, valid for sufficiently large 2, will be useful later

K e, M
N < fo xJ,(hx) dx < > (14.1)

Here K > 0 and M > 0 are constants (which can depend on p). Obviously
we have
A

! I
| Iy dx = = [ w0 dr (14.2)

According to the asymptotic formula (9.16)

2A
IJp(t)l < 7}
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for sufficiently large ¢, and hence
Ao, )
[uadr < m f dt = M» (M = const).
0 0

In view of (14.2), this implies the right-hand inequality in (14.1).
On the other hand, by the same asymptotic formula (9.16)

tJo(t) = (A sin (f + w) + ;)2

24rsin (t + @) | r?
t 12

= A%2sin? (t + ) +

> A2sin2 (1 + o) — % (L = const)
for large ¢, i.e., for t > XAo. But then
A A A L
2 2 :
fo tJ (1) dt > on tJ (1) dt > on (A2 sin? (t + w) — 7) dt

A
— A2 fl sin2 (f + w)dt — L(n % — Inhy) > Kr (K = const, K > 0),
0

and in view of (14.2), this implies the left-hand side of (14.1).

15. Definition of Fourier-Bessel Series

The rest of this chapter is devoted to the study of Fourier expansions with
respect to Bessel functions. Let Ay, A5, ..., A,, ... be the positive roots of

the equation J,(x) = O (p > —1) arranged in increasing order. According
to Sec. 12, the functions

T00x), LX), ..., T, . . . (15.1)

form an orthogonal system on [0, 1], with weight x. To give the reader some
idea of the appearance of the functions of the system (15.1), in Fig. 46 we

=
~<
~<

y = Ji(\x) y = AN, ) y 2 d(Agr)

4 . A
0 0 \]_> O\/4

FIGURE 46
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draw the graphs of the functions J;(A,x), J,(A\,x), J,(A3X) on the interval
[0, 1]. The functions J;(A,x) (n = 3,4,...) on [0, 1] become more and
more complicated, i.e., the number of “‘oscillations” increases.

For any function f(x) which is absolutely integrable on [0, 1], we can form
the Fourier series with respect to the system (15.1), or briefly, the Fourier-
Bessel series

f(X) ~ clJp()\lx) + C2Jp()\2x) + -, (152)
where the constants
1
[ . xf(x)J, (A, x) dx 9 1

C, = . p— xf(x)J (7\")() dx (153)
fl xJ;(MX) dx J,?ﬂ(k,,) fo p
0

are called the Fourier-Bessel coefficients of f(x). These coefficients can be
obtained by using the following formal argument: Instead of (15.2), we write

S(x) = ai,(\x) + caJ,(Mx) + - - -, (15.4)

We multiply both sides of (15.4) by xJ,(\,x) and integrate over the interval
[0, 1], assuming that term by term integration is justified. Because of the
orthogonality (with weight x) of the system (15.1), the result is

[ 1,00 dx = ¢, [ x2(0,) dx,
0 0

which implies (15.3). [See equation (13.4).]

If the equality (15.4) actually holds and if the series on the right converges
uniformly, then term by term integration is known to be legitimate, and
hence the coefficients ¢, must be given by the formula (15.3). However, just
as in the case of ordinary orthogonal systems (see Ch. 2, Sec. 2), we first use
(15.3) to form the series (15.2), and only later examine the convergence of the
series to f(x).

16. Criteria for the Convergence of Fourier-Bessel Series

We now state without proof the most important criteria for the con-
vergence of a Fourier-Bessel series to the function from which it is formed.
These criteria are analogous to those with which we are familiar in the case
of trigonometric Fourier series (see Ch. 3, Secs. 9 and 12). However, the
proofs are much more complicated than in the case of Fourier-Bessel series,
and hence we omit them.

THEOREM 1. Let f(x) be a piecewise smooth, continuous or discon-
tinuous function on [0, 1]. Then the Fourier-Bessel series (p > — %) of
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f(x) converges for 0 < x < 1. Moreover, its sum equals f(x) at every
point of continuity of f(x) and [ f(x + 0) + f(x — 0)] at every point of
discontinuity of f(x).

The series always converges to zero for x = 1, and converges to zero
for x = 0if p > O (since all the functions of the system vanish for these
values). We note that for p < 0 all the functions of the system (15.1)
become infinite for x = 0 [see (4.1)], so that it is meaningless to talk of
convergence of the series at x = 0.

Remark. Instead of piecewise smoothness of f(x) on [0, 1], it is
sufficient to require piecewise smoothness of f(x) on every subinterval
[5, 1 — 3] where 8 > 0, in addition to the requirement that f(x) [or even

vV xf(x)] be absolutely integrable on the whole interval [0, 1].

THEOREM 2. Let f(x) be continuous and have an absolutely integrable
derivative on the interval [a, b], where 0 < a < b < 1. Then, the
Fourier-Bessel series (p > —%) of f(x) converges uniformly on every
subinterval [a + 8, b — 3], where 3 > 0.

THEOREM 3. Let f(x) be absolutely integrable on [0, 1], let f(x) be
continuous and have an absolutely integrable derivative on the interval

[a, 1], where O < a < 1, and let f(x) satisfy the condition f(1) = O.
Then the Fourier-Bessel series (p = — %) of f(x) converges uniformly on
every subinterval [a + 3, 1], where 5 > 0.

The condition f(1) = 0 is quite natural, since all the functions of the
system (15.1) vanish for x = 1.

Remark. In Theorems 2 and 3, it is sufficient to require only absolute
integrability of vV xf(x).

Example. FExpand the function f(x) = x¢ (p = —3) for 0 < x < 1 in
Fourier-Bessel series with respect to the system
Jp()\lx), Jp()\z)('), ey Jp()\,’d\‘)- .o
By formula (15.3)

o 1
- xrtL] (A, X) dx n=1,2...).
TERIEN [ oy dx )

Cp =

But we have

‘1 .
JO 3P On) dy = s | " e () di.

AP+2
According to formula (7.1) (with p replaced by p + 1)

d
2 [ 1,0,(0) = 10,
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Therefore
)‘n )‘n ’ ! =)\"
f . 1] (1) dt = [ 0 (41, (D)) dt = [rﬂ+1J,,+1(t)]t=0 = N U0,
so that
1 1
fo xp+1JP()\nx) dX = X- P+1()\")' (161)
It follows that
2
Cp = ———— n=127...).
S B )

Thus, by Theorem 1, we can write

Jp(A1x) Jp(Ayx) )
XP = 2 ( p + p + .
)\l‘lp+l()\l) )\2Jp+1()\2)

forp> —4and 0 < x < 1.

*17. Bessel’s Inequality and Its Consequences

The orthogonality with weight x of the functions of the system (15.1) can
be regarded as ordinary orthogonality of the functions

VxJ,(\x), VXT,(\X), ..., VXI,(,%), .. .. (17.1)

Therefore, if we wish to make a series expansion of a function f(x) with
respect to the system (15.1), we can first make a series expansion of the

function V/xf(x) with respect to the ordinary orthogonal system (17.1),
obtaining

VAf(x) ~ eV, (%) + VT, 00%) + -,

and then go over to the expansion (15.2). (It is easily verified that the
coefficients of both expansions are the same.) These considerations allow
us to apply the results of Ch. 2 to Fourier-Bessel series.

Thus, assuming that F(x) = v/xf(x) is a square integrable function (which
is certainly the case if f(x) itself is square integrable) and applying Bessel’s
inequality (see Ch. 2, Sec. 6), we obtain

1 X -
fO Fz(X) dx P Z clzx “\/-x Jp()\nx) ”2

n=1

or

J :) xf2(x) dx > i c? j; xJ2(h,x) dx.
n=0
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Consequently, we have

1
lim [c2 | xT30,) dx] _o.

n
n— o

But according to (14.1)

| >

1
| xT(0) dx > (K > 0)

>

for all sufficiently large n, and therefore

2
.
lim = =0

n— o )\n

or

. C
lim —= =
o VA,

Even more can be said: It follows from the asymptotic formula (9.16)
that

0. (17.2)

2A4
J (x)] < —=
Wl < 24

for all sufficiently large x, and hence for every fixed x > 0

2A

J,(\x)| < 17.3
1,051 < 7= (173

if n 1s sufficiently large. Then, using (17.2), we obtain
lim |¢,J,(Ax)| =0 (17.4)

for every fixed x > 0. Thus, if f(x) is square integrable, the general term of
the Fourier-Bessel series of f(x) always converges to zero (x > 0). If p > 0,
then obviously this will also be the case for x = 0 (since all the functions of
the system (15.1) vanish for x = 0). Finally, it follows from (15.3) that

1
[T, dx = ¢, [ xI20ux)

or by (14.1)
[ 00,0 x| < Ml
for sufficiently large n, so that by (17.2)
lim | ; X ()T () dx = 0. (17.5)
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This is the analog of the property of the trigonometric integrals discussed in
Ch. 3, Sec. 2.

Equations (17.2) and (17.5) are true not only for square integrable
functions, but also for arbitrary absolutely integrable functions. (We
omit the proof.)

*18. The Order of Magnitude of the Coefficients which Guarantees
Uniform Convergence of a Fourier-Bessel Series

THEOREM 1. If p > 0 and if

c
el < N (18.1)
where € > 0 and ¢ are constants, then the series
oy J,(Mx) + e, (Ax) + -+ e, J(Ax) + - (18.2)

converges absolutely and uniformly on [0, 1].

Proof. Forp > 0, the function J,(x) is bounded in the neighborhood
of x = 0. By the asymptotic formula (9.16), J,(x) is bounded for large
x. Therefore, J,(x) is bounded for all (positive) x, i.e.,

le,J,(Mx)| < |e,|L (L = const),
so that by (18.1)
cL

1+e
7‘;1

| an p ()\,,X ) I <

But since A,.; — A,—>7 as n—> © (see Sec. 9), it follows that for
n > m (where m is some fixed number),

>k, +(n—m)y=n+h (h = const).
Therefore, if n is large, A, > 4n and

1 2
x_,, < p (18.3)

Consequently, for large n we have

H

leay ()] <~

(H = const).

Theorem 1 now follows from the fact that the right-hand side of this
inequality is the general term of a convergent numerical series.
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THEOREM 2. If p > —% and if

C
——
)\2112) €

e < (18.4)

for all sufficiently large n, where € > 0 and c are constants, then the series
VX I,(x) + eV T (ax) + -+ ¢, VX J,(0X) + -+ (18.5)

converges absolutely and uniformly on the interval [0, 1). This implies
that the series (4.2) converges absolutely and uniformly on every sub-
interval (3, 1], where 8 > 0.

Proof. For p > —1, the function Vx J,(x) is bounded as x—0
[see equation (4.3)]. According to the asymptotic formula (9.16),

Vx J,(x) is bounded for large x. Therefore, J,(x) is bounded for all
(positive) x, 1.e.,

1Vxn, J,(ux)| < L (L = const)

and hence for any x in [0, 1] we have

1V x J,(\x)| < \/_- (18.6)
It follows that
e,V x J,(0X)| < IC”l L )\CII;E
or by (18.3)
le,Vx J,(00x)| < ,1+e (H = const). (18.7)

The right-hand side of (18.7) is the general term of a convergent numer-
ical series. This proves the first part of the theorem. The second part

of the theorem is a consequence of the following inequality, obtained
from (18.7):

H < H
Vx nite A/ plte

THEOREM 3. If p > —1 and if

|c.,(AX)| < d<x<

c
C,| & =
| n| ~ )\511/2)4-&:

for all sufficiently large n, where € > 0 and c are constants, then the series

(18.2) converges absolutely and uniformly on every interval [3, 1], where
3 > 0.
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Proof. Let 8 < x < l. By the asymptotic formula (9.16),

N < 24

/(0] < vy
for all sufficiently large x, i.e., for x > x,. Moreover, the inequality
M0 = xg holds for all sufficiently large n.  Therefore if x > 3, we have

\.X = xg a fortiori, and hence for § < x < |

2A 24
— <

J )\”,\‘ < _— X Y
l p( )l \ /)\,,,\‘ \ /)\,,8
so that
24 |ca|
CnJ >\n'\‘ = =
[enlp(r] < VSV,
or
24c 1
IC,, ()\n\)l = \/8 )\H-e.
By (18.3), this implies
H

|, ,(2X)| < T (H = const)

for all sufficiently large x. Theorem 3 now follows from the fact that
the right-hand side of this series is the general term of a convergent
numerical series.

Remark. In the conditions (18.1) and (18.4) of Theorems 1, 2, and 3,
we can write simply 7 instead of A, [in view of (18.3)].

Example 1. The series

()‘7\) 4 J ()\,,.X)

Ji(Ax) + =55 2

is absolutely and uniformly convergent on [0, 1], since here p =1, ¢ = 1,
and hence Theorem 1 is applicable.

Example 2. The series

10 VA
JoyaoX) S Y)

J_1400X) + ) .

is absolutely and uniformly convergent on every interval [3, 1], § > 0,
while the series

A\ \J 1/4(>\7\) + '\/.\— J—l/4()\n'\.) +

VxJ_ 14uN) + 2 n
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is absolutely and uniformly convergent on the whole interval [0, 1]. Here
Theorem 2 is applicable.

Example 3. The series

\
Joyaox) L Sy

J_3,4(M1x) + 5 p

is absolutely and uniformly convergent on every interval [5, 1], & > O.
Here Theorem 3 is applicable.

*19. The Order of Magnitude of the Fourier-Bessel Coefficients
of a Twice Differentiable Function

LEMMA. Let F(x) be a twice differentiable function defined on the
interval [0, 1], such that F(0) = F'(0) =0, F(1) =0, and such that
F"(x) is bounded (the second derivative may not exist at certain points).
Then, if X is a zero of the function J,(x), where p > —1, the inequality

l f ; V'x F(x)J,(\x) dx| < %2 (R = const) (19.1)

holds.
Proof. According to equations (9.1) and (9.2), the function
z(f) = V1 J, ()

satisfies the equation

2(1) + (1 _ pz; %) 2(f) = 0.

If we set t = Ax, then

oo ldz
Z(t)—')—\ay
) 1 d?z
20 = a7
so that
1 d?z p: — 1}
ﬁ:z;i+(1“ )\sz)z 0
or

2 2 _ 1
4=, (xz—” 4)z=o. (19.2)
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Thus, the function z = \/)GJP()\.\') satisfies the equation (19.2). But
then the function z = VxJ,(Ax) also satisfies (19.2), since it differs

from vV Ax J,(Ax) only by a constant factor.
We now set p2 — 1 = m in (19.2) obtaining

~ 1 (m ,
A—ﬁ ;Z AR

It follows that

1 1 1 [l m "
I = fo Vx F(x)J,(Ax) dx = fo F(x)zdx = 3, F(x)(x—2 z— z ) dx.
Since
(F'z — FZ')Y = F'z — Fz’,
we have
1 (1 m ” , N
I = ﬁfo [(F(x))—;—2 — F(x))z + (F'z — Fz)] dx
1 1 m ” , rx=
-5/ (F(x)x—z _F (x)) zdx + [Fz — FZ]=).
But

[F'z — FZ'1iZ = [F(Dz(1) = F()2'(1)] — [F(0)2(0) — F(0)z'(0)] = O,
in view of the following facts:

) z(l) = [VxJ,(Ax))xey = J,(3) = 0 and F'(1) is finite;

2) F(1) = 0 by hypothesis and z'(1) is finite;

3) By Taylor’s formula, F'(x) = xF"(bx) (0 <6 < 1), while

z=Vx J,(Ax) = xp+(/2p(x), where ¢(x) is continuous and differenti-
able, being the sum of a power series [see equation (4.3)]. Therefore

F'(0)z(0) = )lcirré F'(x)z(x) = Ll_l])lo xP+G/1Dp(x)F"(0x) = 0
since F” is bounded and p > —1;
4) By Taylor’s formula, F(x) = $x2F"(0x) for 0 < 6 < 1, while
z'(x) = (xpt/Dgp(x))’
= (p + Pxr-0/D¢(x) + xr+(112¢'(x),
so that
F(0)z'(0)

Il

lim F(x)z'(x)

x—0

= 3 lim [(p + Bxr+OD(x) + xr+2g/ (N)IFOx) = 0.

x—0
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Using all these facts, we find that

I = % :) (F(x) /—Z—; — F”(x)) z dx. (19.3)

As we have already noted, it follows from Taylor’s formula that
F(x) = 1x2F"(0x) O0O<0<1

near x = 0. This implies that the integrand of (19.3) is bounded.
But then

| ; (F(x) o - F”(x)) 2 dx

Thus, by the Schwarz inequality [see equation (4.1) of Ch. 2]

1
<L jo |z| dx (L = const).

1 2 1 1
(fo |z dx) < fo z22dx = fo xJ2(Ax) dx < % (M = const)
[see also equation (14.1)], and therefore
f:) |z dx < VM (19.4)
If we use (19.4), it follows from (19.3) that
LVM
III = 52 ’

which proves the inequality (19.1).

THEOREM 1. Let f(x) be a bounded and twice differentiable function
defined on the interval [0, 1], such that f(0) = f'(0) = 0, f(1) = 0, and
such that "(x) is bounded (the second derivative may not exist at certain
points). Then the Fourier-Bessel coefficients of the function f(x) satisfy
the inequality
le,| < )\T-C/; (C = const). (19.5)

n

Proof. 1If f(x) satisfies the conditions of the theorem, so does the
function F(x) = Vxf(x). Therefore, applying the lemma, we obtain

| ; VX FO)J,(0%) dx

‘ J :, Xf ), (N,x) dx

R
< N (R = const).

By equation (14.1)

1 ) K
2
JO XJP()\”)C) dx = ')'\:

(K # 0),
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so that

’ | ; XSO, (hx) dx

1
‘ fo xJ (A, x) dx‘

R 1

|Cn‘ = < E)\?,IZ,

which proves the required inequality (19.5).

Remark. Theorem 1 remains true if we impose the requirements of

the theorem on the function F(x) = V/x f(x) instead of on f(x), since
we actually applied the lemma to F(x).

The following proposition supplementing Theorem 2 of Sec. 16 is a
consequence of Theorem 1:

THEOREM 2. Let f(x) be a function which is continuous and twice
differentiable on the interval [0, 1], let f(0) = f'(0) = 0, f(1) = 0, and
let f"(x) be bounded (the second derivative may not exist at certain points).
Then, the Fourier-Bessel series of f(x) converges absolutely and uniformly
on every subinterval [3,1] where 0 < 1 if p > —1, and on the whole
interval [0, 1] if p > O.

Proof. 1f p > —1, the assertion follows from the preceding theorem
and Theorem 3 of Sec. 18. If p > 0, the uniform convergence on the
whole interval [0, 1] follows from the preceding theorem and Theorem
1 of Sec. 18.

Remark. 1If we use Theorem 2 of Sec. 18, then with these conditions
on f(x) and with p > — 1, we obtain absolute and uniform convergence
of the series (18.5) on the whole interval [0, 1].

*20. The Order of Magnitude of the Fourier-Bessel Coefficients
of a Function Which is Differentiable Several Times

THEOREM 1. Let f(x) be a function defined on the interval [0, 1] such
that f(x) is differentiable 2s times (s > 1) and such that

1) f(0) = f(0) =---= f@-10) = 0;
2) f@9(x) is bounded (this derivative may not exist at certain points);
3) f(1)=/(1)=---=f22(1) = 0.

Then the following inequality is satisfied by the Fourier-Bessel coefficients
of f(x):

C

W (C = COIlSt). (201)

LARS
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Proof. 1t is easy to see that the function F(x) = Vx f(x) also
satisfies the conditions of the theorem. In particular, F(x) satisfies the
conditions of the lemma of Sec. 19 and hence satisfies (19.3), i.e.,

1= [ % ),00 dx = | ' VX FOO),(0x) dox
0 0

1

= f F(x)z dx = p¥:

(n;F— F")zdx, ‘

where m = p2 — 1 z = \/;ch()\,,x). If F, denotes the function in
parentheses in the last integral, then we have

1 1
= X?‘ fo FIde.

Since the function F) satisfies all the conditions of the lemma, this time
(19.3) gives

I =— f F,z dx,

where we have written
m 14
Fz = FFI - FI‘

If s > 2, then F, again satisfies the conditions of the lemma, and in fact
we can repeat the argument s times, finally obtaining

)\25 f F.z dx,
where
m p
FS = x—z Fs—l - L]
1S a bounded function.
It follows that
| "Frdd < L | 2l d L
o Fzdx| < . |z| dx (L = const).

By (19.4)
f:) lz| dx < V M/, (M = const),

so that we have
VM

Ill S )\2ns+(1/2)'
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But

\ﬁxﬂﬂ%@gﬁﬁ
- ’ J; xJ2(\,x) dx

|l

b

and since

1
fo xJ2(A,x) dx >

K
)\—" (K > O),

according to equation (14.1) we finally obtain

l|<LVM 1
Gl S TR Ay’

which proves the inequality (20.1).

The next result is a consequence of Theorem 1:

THEOREM 2. If the hypotheses of Theorem 1 are met for s > 1, then

1) Forp > 0
| ,(AX)| < )—\2"5{{72) (H = const) (20.2)
forany x (0 < x < 1);
2) Forp > —1%
|ead (haX)| < \/g T (L = const) (20.3)

n

for all x (0 < x < 1) uniformly;

3) For p > —1, the inequality (20.3) holds for each x (0 < x < 1)
if n > n(x). (In this case, there is no uniformity in x.)

Proof. 1In Sec. 18 (see the proof of Theorem 1), we saw that the
function J,(x) is bounded for p > 0. Hence, the inequality (20.2) is an
immediate consequence of (20.1). For p > —1, since J,(A,x) satisfies
the inequality (18.6), we need only apply (20.1) to get (20.3). Finally,
for p > —1, it follows from the asymptotic formula (9.16) that

L
vV x

n

|,(,.x)| < (L = const), (20.4)

for every x (0 < x < 1) and n > n(x). Again using (20.1), we obtain
(20.3).
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#21. Term by Term Differentiation of Fourier-Bessel Series

Given a Fourier-Bessel series

@

o) = 2, end 00), (21.1)

we now find sufficient conditions for the validity of the equality

(e ¢)

@) = 3 @) = 2 el ) (1.2

n=1

It follows from formula (7.8) that
[AxJy(Ax)| = | pIp(Mx) — ApxJpp1(R,x))] (21.3)
< P00 + Mo (X)) '

We assume that p > —1, so that p + 1 > 0. Therefore, the quantity
I\/i?c Jp+1(7\nx)|
1s bounded, by the asymptotic formula (9.16), and hence
INxJ (X)) < | pd(Ax)| + VA, H (H = const), (21.4)
where we consider only values of x such that 0 < x < 1. If

C
el < o (21.5)

where ¢ > 0 and C are constants, then for x > 0

Cp | Jp(A:x)
)\23/ 2)+€ X

CH

|Cnhnd p(ReX)| < Mrex

or by (20.4)

CLp CH

’ < .
Icn)\nJP()\nx)l ~ )\;2'+EX\/} )\'ll'l-Ex

This implies at once [see (18.3)] that the series (21.2) converges for 0 < x < 1
and converges uniformly on every subinterval [3, 1] where 0 < 3 < 1. The
last fact implies the validity of (21.2) for 0 < x < 1.

As for the validity of (21.2) for x = 0, if p < 1, p # 0O, it is easy to see
that all the functions J/(2,x) become infinite for x = 0, since J,(x) = x?¢(x),
where ¢(x) is differentiable and ©(0) # 0 [see (4.3)], and therefore in this
case (18.2) becomes meaningless. If p > 1, then (7.9) implies that

J;()\nx) = %[J _1()\"3() - Jp+l()\nx)]’
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where the functions in the right-hand side have nonnegative indices and
hence are bounded. Then

|Cu)\n'];)(>\nx)| < lcn)\nl H (H = COﬂSt),
so that if

C
|C,,| < )\'2’+e,

(21.6)

the series (21.2) is uniformly convergent [cf. (18.3)] on [0, 1], i.e., (21.2)
holds everywhere on the interval [0, 1]. Finally, if p = 0 we have

l)\ll J(l)()\ﬂx)l = I)\IIJI()\IIX)|
instead of (21.3). Since the function J; is bounded, then

CH

1+¢
)\H

leah Jo(¥)| <

if (21.6) holds, and the series in (21.2) is again uniformly convergent, so that
(21.2) is valid for all x in the interval [0, 1].
Thus, finally, we have proved the following theorem:

THEOREM 1. If p > —1 and if ¢, satisfies the condition (21.5), then the
series (21.1) can be differentiated term by term for 0 < x < 1. If
p =0orp > 1 and c, satisfies the condition (21.6), then the series (21.1)
can be differentiated term by term everywhere on [0, 1].3

We now find a sufficient condition for differentiating the series (21.1)
fwice term by term, i.e., for the validity of the relation

= S ) = S epdl0m). L)

n=1
Since J,(x) is a solution of Bessel’s equation, we have
)\,z,sz”(k,,x) + AxJ(0x) + (\2x2 — pAJ,(Ax) = 0.
Thus
IA2x2T0(0 )| = | =hxT(hx) — Max2,(\x) + p2J, (X))
< x| + X 00)] + P20,
so that by (21.4)

|)\ sz”()\llx‘), Ip ()\"x)l + \/)\Il H + |)\2 2J ()\N’X‘)l + Ipz‘]p()\"'x‘)l'

3 Note that the convergence of the series (21.1) itself follows from (21.5) and (21.6)
and the theorems of Sec. 18.
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Therefore, we have

, HVA, + p?
|cn)\/21']p()\nx)| < IC,,I _xz—— L (Iﬁ%z_’L + )\i) Icn‘]p()\nx)l.
If
C
|Cn| < )‘5/2)+e’ (21.8)

where ¢ > 0 and C are constants, then by (20.4), we obtain

CH  CL(lp| +p>» CL
2qn s .
[eahad s < AZ+ex2 M M+ex2y/x - Al+e/ x

This together with (18.3) implies the convergence of the series in (21.7) on
every interval [3, 1], where 0 < 8 < 1. Since the condition (21.8) implies
the convergence of the series (21.2) for 0 < x < 1, the uniform convergence
of the series in (21.7) on every interval [3, 1] implies that (21.7) is valid for
0 <x < 1.

Next we observe that for —1 < p < 2, p # 0, p # 1, all the functions
J,(\,x) become infinite at x = 0, since J,(x) = xPo(x), where ¢(x) is the sum
of a power series [¢(0) # 0] and hence is differentiable any number of times
[see equation (4.3)]. Therefore, in this case the relation (21.7) becomes
meaningless. Finally, we note that an argument similar to that given in
connection with Theorem 1 can be used to show that for p > 2, p = 0 or
p = 1 and for

C

3 b
xn+e

|ca| < (21.9)

where ¢ > 0 and C are constants), the relation (21.7) holds everywhere on
[0, 1]. Thus we have

THEOREM 2. If p > —1 and if the coefficients c, satisfy the inequality
(21.8), then the series (21.1) can be differentiated twice term by term for
O<x< 14 Ifp=0,p=1orp > 2,andif the c, satisfy the condition
(21.9), then term by term differentiation is possible everywhere on [0, 1].

As a corollary of Theorem 2, we obtain

THEOREM 3. If the hypotheses of Theorem 1 of Sec. 20 are met for
s = 2, then the Fourier-Bessel series of the function f(x) can be differen-
tiated twice term by term for 0 < x < 1 if p > —1 and everywhere on
[0,1]if p=0,p=1orp > 2.

4 The convergence of the series (21.1) itself follows from (21.8) or (21.9) and the theorems
of Sec. 18.
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In fact, in this case, according to (20.1)

C
le,| < N (C = const),
n

and we need only apply Theorem 2.

22. Fourier-Bessel Series of the Second Type

We now let 1, Ay, ..., A, ... be the roots of the equation
xJ (x) — HJ)(x) =0 (H = const), (22.1)
arranged in increasing order. For H = 0, this equation becomes
J(x) = 0. (22.2)

The existence of an infinite set of positive roots of equation (22.1) [and in
particular of equation (22.2)] was proved in Sec. 10. Moreover, according
to Sec. 12, for p > —1 the functions

J,(MX), J,(AX), ..., J,(Ax), ... (22.3)

form an orthogonal system on [0, 1], with weight x. The considerations
given below pertain to the case where the A; are the roots of (22.1); all the
results are valid for the special case where the system (22.3) corresponds to
the roots of (22.2).

Let f(x) be any function which is absolutely integrable on [0, 1]. Then
we can form the Fourier series of f(x) with respect to the system (22.3).
We shall call such a series

S(x) ~ e J,(Mx) + c,(Ax) + - - (22.4)
a Fourier-Bessel series of the second type; here the constants
1
f XS (%) dx
1
Jo xJ 3()\,,,\‘) dx

Ch =

202 1o L
TR0 + (2 — DI J o (T, (rx) dix (22.5)

just like ordinary Fourier-Bessel coefficients (or for that matter, just like
Fourier coeflicients in general), can be obtained by the usual formal argument.
We have the following theorem, which closely resembles Theorem 1 of Sec. 16:

THEOREM. Let f(x) be a piecewise smooth (continuous or discon-
tinuous) function defined on [0, 1]. Then the Fourier-Bessel series of
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f(x) of the second type (p = — %, p > H)converges forO < x <1. More-
over, its sum equals f(x) at every point of continuity of f(x) and

Hf(x + 0) + f(x — 0)]
at every point of discontinuity of f(x).

For x = 1, the series converges to the value f(1 — 0); if f(x) is con-
tinuous at x = 1, the series converges to f(1). If p >0, the series con-
verges to zero, since in this case all the functions of the system (22.3) vanish
at zero. Since all the functions (22.3) become infinite at x = 0, it is meaning-
less to talk about the convergence of the series at x = 0.

We omit the proof of this theorem, noting only that the condition
p > H (which has no analog in the theorems of Sec. 18) is required because
of complications that arise when p < H. It turns out that if p < H, then
the theorem is true only if we add a new function to the system (22.3). For
example, if p = H the new function is x», and instead of (22.3) we have to
consider the new orthogonal system

x?, J,(\x), J,(Ax), . ...

In this case, the orthogonality of the function x» (with weight 1) to the other
functions is a consequence of the following two facts:
1) x = 0is aroot of the equation

xJ (x) — pJ(x) =0

[see equation (7.8)];
2) xr satisfies Bessel’s equation with parameter A = 0, i.e., the equation

x2y" + xy' — p?y =0,
as can be verified directly.

Therefore, we can apply to the functions x» and J,(,x) all the considera-
tions of Sec. 12 (where the orthogonality of the solutions of the parametric
form of Bessel’s equation was discussed). For p < H, the ‘“additional”
function is much more complicated. Thus, for simplicity, we restrict
ourselves to the case p > H. A remark like that made after the statement of
Theorem 1 of Sec. 16 also applies to the present theorem, and moreover,
there are also two theorems completely analogous to Theorems 2 and 3 of
Sec. 16, with the supplementary condition p > H in both cases and the
elimination of the condition f(1) = 0 in the second case. (The remark made
in connection with Theorems 2 and 3 of Sec. 16 remains in force.)

Example. Make a series expansion of the function f(x) = x» (0 < x < 1)
with respect to the system

Jo(Mx), Jy(Mx), .. J (X)), .., (22.6)
where the ), are the roots of the equation J (x) = 0 (p > 0).
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By formula (22.5)

22 “1

“ 2= P20

FL(NX) dx,

and by (16.1)

1
[ xr910,0,) dx = 50,10,

‘n

Therefore, by the theorem given above, we can write

1)
=2 jg ' l(k%Jg;S) (22.7)

n=1|\

We now ask whether this expansion holds for p = 0. The answer is
negative, since for p = 0

Jp-}-l()\n) = Jl()‘n) = —J(’)()\n) =0

[where we have used equation (7.8)]. Thus, the right-hand side of (22.7)
is zero, while the left-hand side i1s f(x) = x0 = 1. The reason why the
expansion fails for p = 01s the following: In our case H = 0, so thatp = H.
Then, as remarked above, the system (22.6) must be supplemented by the
function x” = x0 = 1. If we denote the coefficient corresponding to this
function by c,, we obtain

[:) Xf(x)-1 dx

CO= 1 = 1,
f x-12dx
0

since f(x) = 1. Moreover, ¢, =01f n =1,2,.... Therefore, instead of
(22.7) we obtain the expansion

l=1+0+0+---

which is obviously valid!

*23. Extension of the Results of Secs. |7-21 to Fourier-Bessel
Series of the Second Type

In the theorems of Secs. 17 and 18, we essentially made no use whatsoever
of the assumption that the numbers %, are the roots of the cquation J,(x) = 0.
Therefore, these theorems are equally true for Fourier-Bessel series of the
second type. However, in the lemma of Sec. 19, we did use the condition
J,(2) = 0 to prove the formula (19.3). Thus, we now need a new lemma,
which we proceed to prove.
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LEMMA. Let F(x) be a twice differentiable function defined on [0, 1],
such that F(0) = F'(0) =0, F'(1) — (H + H)F(1) =0, and such that
F"(x) is bounded (the second derivative may not exist at certain points).
Then, if X is a root of the equation

xJ(x) — HJ,(x) = 0,

where p > —1, it follows that

L R
I = UO Vx F(x)J,(Ax) dx| < 5 (R = const). (23.1)
Proof. We arrive at the equality
I _ l 1 Fln F,, d F/ F rx=1
= ;\3 0 .X_2 — zdx + [ zZ — z ]x=0

just as in the lemma of Sec. 19, and the whole problem reduces to showing
that the last term vanishes. This last term is the difference

[F'(Dz(1) — F()2'(D] — [F'(0)z(0) — F(0)z'(0)). (23.2)

We begin by calculating the first term in brackets. Since z = V/ EJ,,()\x),
we have

z(1) = Jp()\)a

v [,(0%) '
2 = [282 s som]
=50 o0y = (4 + D0,

where we have used the condition A, (A) — HJ,(») = 0. But then the
first term in brackets is just

[F'(1) — (H + HED,0),

which vanishes by the hypothesis of the lemma. The fact that the
second term in brackets in (23.2) vanishes, and indeed the rest of the
proof follows by just the same method as in the lemma of Sec. 19.

The lemma just proved leads to the following result:

THEOREM 1. Let f(x) be a twice differentiable function defined on the
interval [0, 1], such that f(0) = f'(0) = 0, f'(1) — Hf(1) = 0,5 and such

5 The condition f'(1) — Hf(1) = 0 appears artificial at this point, but it arises quite
naturally in the applications.
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that f"(x) is bounded (the second derivative may not exist at certain points).
Then the inequality

) < x-% (C = const), (23.3)

is obeyed by the Fourier coefficients of f(x) with respect to the system
(22.3).

Proof. If F(x) = V/xf(x), then obviously F(0) = F'(0) = 0 and
F’(x) is bounded. Moreover

F) =28 4 Vi,
2V x

so that

Fi(1) = (H + HFQ)

=3/() + /() - (H+ $)f) =) — Hf(1) = 0.

Thus, the lemma can be applied to the function F(x); the result is

R
NE

1 1 _
| S (I0,x) dx | VX F()J0,) dx| <

Since by formula (14.1)

(R = const).

! K
| S0 dx > = (K > 0),

we obtain (23.3), taking account of (22.5).
Theorem 1 and the results of Sec. 18 imply

THEOREM 2. Let f(x) be a twice differentiable function on the interval
[0, 1], such that f(0) = f'(0) =0, f'(1) — Hf(1) =0 and such that
f"(x) is bounded (the second derivative may not exist at certain points).
Then the Fourier-Bessel series of f(x) of the second type converges abso-
lutely and uniformly on every subinterval [3, 1], where0 < 8 < 1,ifp > —1
and on the whole interval [0, 1] if p = 0.6

Finally Theorems | and 2 of Sec. 21 apply equally well to Fourier-Bessel
series of the second type.

24. Fourier-Bessel Expansions of Functions Defined on the

Interval [0, /]

Let f(x) be an absolutely integrable function defined on the interval
[0,7],and set x = [/t ort = x/I. Then the function ¢(¢t) = f(/t) is defined on

6 If the condition p > H appearing in the theorem of Sec. 22 is not met, then the series
need not have f(x) as its sum.
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the interval [0, 1] of the r-axis, and we can write
(1) ~ cpJ,(Mt) + e, (rat) + - -+ ¢, (1) + - -, (24.1)

where

2 1
———— | to(t),(\t) dt n=12,...
oo Jo s )

in the case of a Fourier-Bessel series of the first type, or

20 !
= < At dt =1,2,...
= I T 08 = T Lo OB A G )

n-n

Ch =

in the case of a Fourier-Bessel series of the second type. Returning to the
variable x, we obtain

A
S(x) ~ cJ, (% x) + ¢3J, ()% x) + -+ ¢ J, (7” x) +---, (24.2)

where

2 ! A
—_ X X _'_' X J‘ = e e .3
Cy VRS fo xf(x)J, ( ] \) dx n=12...), (24.3)

or

22 N
"= BRI T 02 — p)T0w)] Jy 72, ( ] “‘) dx

nY p
n=1,2,...). (24.4)

C

If the series (24.1) converges, then the series (24.2) converges, and conversely.
It should be noted that we can also obtain the expansion (24.2) directly,
avoiding the auxiliary function o(t), if we observe that the system

A A,
Jp(Tlx),...,J,,(—]—x),... (p > —1) (24.5)

is orthogonal with weight x on the interval [0, /]. In fact, we have

. 5 L
Jo xJ, (/—}" x) J, ()\—[" x) dx = I- J . tJOh,H)J(N ) dt = 0 (m # n),

where we have changed the variable of integration by setting x = /t. Once
we have established the orthogonality of the system (24.5), we calculate the
Fourier coefficients in the usual way, obtaining (24.3) or (24.4), depending
on whether the numbers 2, are the roots of the equation J,(x) = 0 or of the
equation xJ (x) — HJ,(x) = 0. Just as in the case of the interval [0, 1], the
series (24.2) with the coefficients (24.3) is called a Fourier- Bessel series of the
first type, and the series (24.2) with the coefficients (24.4) is called a Fourier-
Bessel series of the second type. Since we can go from the series (24.2) to the



PROBLEMS BESSEL FUNCTIONS AND FOURIER-BESSEL SERIES 243

series (24.1) by making the substitution x = /r, all our previous results for the
interval [0, 1] also hold for the case of the interval [0, /]. In particular, the
convergence criteria are valid, provided of course that they are formulated
for the interval [0, /] instead of for [0, 1].

PROBLEMS
1. Write the general solution of the differential equation
” 5 ’ _
y' + 7 + y=0.

2. Calculate

2n + 1
T
(=)

where 2 is a positive integer.

3. Find an asymptotic formula for J,(x).
Hint. Use formulas (7.9) and (9.16).

4. Find an asymptotic formula for J7(x).
Hint. Use equation (1.1), formula (9.16) and the preceding problem.

S. Show that the functions J,(x) (p = 0) and Vx Jp(x) (p = —1%) are bounded
for 0 < x < .
Hint. Use formulas (4.3) and (9.16).

6. Show that
fx fjo(f) df = XJI(X).
0

7. By multiplying the power series for ex//2 and e—*/2!, show that

exp [% (t — 1’)] = i J, (e,

n= — o

8. By substituting ¢+ = €' in the formula of the preceding problem, taking real
and imaginary parts, and using the formula for trigonometric Fourier coefficients,
show that

™
Jo(x) = % Jo cos (x sin 0) cos n 9,
n=20,1,2,...)

9
Jopp1(x) = % [0 sin (x sin 0) sin 70 d90.

9. Show that

dk

—-_— )| < Il x ,n=20,12,...);
a) dka,,(A) 1 for all x (k,n=20 )
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b) J2n+1(0) = 0 (” = 0, 1’ 2’ .. °)a
c) Iim J,(x) = 0 for all x.

n— o

10. Expand the function x~7 (0 < x < 1) in Fourier-Bessel series of the first
kind.

11. Expand the function x? (0 < x < 1) in Fourier-Bessel series with respect to
the system

Jp(Mix), Jp(Xax), . . .,

where the 2, are the roots of the equation xJ,(x) — HJ,(x) = 0.
Hint. Use the example in Sec. 22.

12. Expand the function x3 (0 < x < 2) in Fourier-Bessel series of the first
kind, with p = 3.
Hint. Use formula (24.3) and the results of the example in Sec. 16.

13. Let A, X,, ... be the positive roots of the equation Jy(x) = 0. Show that

- x2) = Z Jo(2nx)

- 0<x< ).
AT )

Hint. Use formulas (7.1), (7.2), and (15.3).

14. Let Xy, 25, ... be the positive roots of the equation J,(x) = 0 (p > —1).
Show that

Jp+r1(Apx)

a) xPtl = 22(p + 1) Zm—;(l_)’
nY p+ n

n=1

(D

b) xP+2 = 23(p + l)(p + 2) Z ;\]3[)‘;-2()\:;)) .
nv p+1\*n

n=1

[¢ )

Jp+2()‘lzx) _

c) el A Al G
)‘nJ p+ l()‘n)

0.

n=1

(Ineachcase, 0 < x < 1.)

Hint. a) Multiply the last formula of Sec. 16 by xP*1, and integrate from 0
to x, using (7.1); b) Multiply (I) by x»+2 and integrate; c) Multiply (I) by
x—(r+1) and differentiate, using (7.2).
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THE EIGENFUNCTION
METHOD AND ITS APPLICATIONS
TO MATHEMATICAL PHYSICS

Part [. THEORY

I. The Gist of the Method

Many problems of mathematical physics lead to linear partial differential
equations. Examples of such equations are

82u ou 0%u
02u ou ou
P+ Rt 4 Qu= "2 (1.2)

where P, R, Q are continuous functions of the variable x, and u = u(x, ?) 1s
an unknown function of the variables x and ¢t. The first equation arises in
problems involving vibrations of strings and rods, while the second arises in
problems of heat flow. We shall confine our attention .0 equation (1.1),
since this will be quite sufficient to explain the gist of the method to be
discussed here.

In every concrete problem leading to an equation of the form (1.1), one
requires a solution u of (1.1) which satisfies certain conditions. For example,
suppose that we have to find a solution u = u(x, t), defined for a < x < b
and all + > 0, which satisfies the boundary conditions

8u(a 1)

ou(a, t) + = 0,

8u(b t) _0 (13)

vu(b, 1) + 3
245
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for any ¢t > 0, where «, 8, v, and & are constants, and which satisfies the
initial conditions

(e, 0) = /), 200 = gy (1.9)

fora < x < b, where f(x) and g(x) are given continuous functions. Usually,
x stands for length and ¢ for time, which explains the terms boundary condi-
tions and initial conditions. We shall assume that neither the pair ¢, 8 nor
the pair v, 3 can vanish simultaneously [for otherwise, instead of the relations
(1.3), we would have the vacuous identities 0 = 0]. This assumption can be
written as

a2 +P2#£0, y2+ 82 0. (1.5)

To solve the equation (1.1), we first look for particular solutions of the
form!

u = O(x)7T(2), (1.6)

which satisfy only the boundary conditions (1.3). (We are only interested
in solutions which do not vanish identically.) With this in mind, we differ-
entiate (1.6) and substitute the result in (1.1), obtaining

PO'T + RO'T + QOT = OT”,
whence
PO" + RO’ + 9O  T"
o T

Since the left-hand side of this last equation is a function only of x, while the
right-hand side 1s a function of ¢, the equality is possible only if both sides
equal a constant:

PO" + RD" + 90 T _
d T

—A (A = const).

This leads to the following two ordinary linear differential equations of the
second order:

PO" + RO + Q0 = —\O, (1.7)
T + A\T = 0. (1.8)

Obviously, a function u # 0 of the form (1.6) satisfies the boundary condi-
tions (1.3) if and only if the function ®(x) satisfies the boundary conditions

a®(a) + pD'(a) = O,
YD(b) + 3D'(b) = 0. (1.9)

I This is known as the method of separation of variables. (Translator)
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The problem of finding a solution of the equation (1.7) satisfying the condi-
tions (1.9) will be called the boundary value problem for the equation (1.7)
with the conditions (1.9).

In general, the boundary value problem for a linear differential equation
of the second order does not have a solution for every value of A; in particular,
this 1s true of the boundary value problem for the equation (1.7) with the
conditions (1.9). Nevertheless, it can be shown that there exists an infinite
set of values %y, A, ..., A, ... for which the boundary value problem has a
solution, provided only that P # 0. Every value A for which the boundary
value problem has a solution ® # 0 is called an eigenvalue, and the solution
@ corresponding to A is called an eigenfunction. 1t will be shown below that
in our case only one eigenfunction corresponds to each eigenvalue (to within
a constant factor). Thus, for our problem, there is an infinite set of eigen-
values Ay, Ay, ..., A,, ..., with corresponding eigenfunctions

Dy(x), Dy(x), ..., D, (x),.... (1.10)

As will be shown in Sec. 4, the functions (1.10) form an orthogonal system
on [a, b}, with a certain weight.

Having finished with equation (1.7), we next solve equation (1.8) for each
A = A, and find the corresponding function 7,(7), which depends on two
arbitrary constants A4, and B,. Thus, if A, > 0 for n =0,1,2,... (and
this case occurs quite often in concrete problems), we obviously have

T () = A,cos VA, t + B,sin VA, t, (1.11)
where A, and B, are arbitrary constants. Then, each function

u,(x, 1) = ©,(x)T,(1) nm=0,1,2,...)

will be a solution of equation (1.1) satisfying the boundary conditions (1.3).
Because of the linearity and homogeneity (with respect to # and its derivatives)
of equation (1.1), every finite sum of solutions of (1.1) is also a solution.
The same is also true of the infinite series

(e o]

i= S )= S T0O0,0, (1.12)
n=0

n=0

if it converges and if it can be differentiated term by term twice with respect
to x and ¢. If this is the case, we have

o2u ou o2u
P— R I + Qu — Fre)
= 02u = 02u,
N Z a ZO + QHZ u" _n=0 812

i 8 8u,, 02u,

n
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Since each term in parentheses in the last sum vanishes [because u, is a
solution of (1.1)], the entire sum vanishes, which means that the function
(1.12) is a solution of (1.1). Moreover, since each term of the series (1.12)
satisfies the boundary conditions (1.3), the sum of the series, i.e., the function
u, also satisfies these conditions.

We must now satisfy the initial conditions (1.4). This can be achieved
by suitably choosing the values of the constants A, and B, appearing in the
expressions for the functions u,(x, t). With this in mind, we require that the
relations

u(x, 0) = f(x) = > O,(x)T,(0),
n=0

e, 0 _ (1.13)
6D~ g0 = Y 0,09T0)

n=0

hold, which is equivalent to requiring that the functions f(x) and g(x) can
be expanded in series with respect to the eigenfunctions (1.10). The possi-
bility of making such expansions can be proved under rather broad conditions
on the coefficients in equation (1.1) and on the functions which are to be
expanded. Thus let

(o ¢]

Jx) = 2 CO,(),
n=0 (1.14)
gx) = > c,0,x).
n=0
Then we need only set
T,(0) = C,, _
T/(0) = c, (n=20,1,2,...), (1.15)

in order to find 4, and B,. Hence, if (1.11) holds, we have

u(x,0) = f(x) = > A,9,(x),

n=0
du(x, 0) < —-
8t - g(X) - ,,Zo Bn\/)\n (Dn(x)’
so that
A, =C, B, = ;x_ n=0,1,2...). (1.16)

Our results are based on the supposition that the series (1.12) converges
and can be differentiated term by term twice with respect to x and t. There-
fore, the coefficients A4, and B, just found must be such as to guarantee that
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this is the case. However, in actual problems, the coefficients A4, and B,
often do not have this property. Whether or not the series (1.12) will
converge in such a case will be discussed in Sec. 7. In the meantime, we
make the following remarks:

We know that series often define discontinuous functions. Hence, in
order to avoid confusion, a few words concerning boundary conditions and
initial conditions are in order. By the conditions (1.3) and (1.4), we mean
more precisely

o lim u(x, 1) + 8 lim a—“(alxi) —0,
v lim uCx, 1) + 8 lim 24850 _ g
x—b x—b ox
instead of (1.3), and
lim u(x, £) = £(x), lim 248D _ o
t—0 t—0 31‘

instead of (1.4). In other words, in (1.3) and (1.4), the values of u(a, t),
ou(a, t)/0x, etc., are to be interpreted as the limits to which u(x, 1), du(x, 1)/ ox,
etc., converge as the point (x, t) lying in the region a < x < b, t > 0 con-
verges to the corresponding boundary point. It is quite clear that only such
an interpretation of the boundary and initial conditions can correspond
to the physical content of the problem. In the same way, when we say
that the function u(x, t) is continuous in the region a < x < b, t > 0, we
mean that u(x, t) is continuous in the region a < x < b, t > 0 and that the
limit
lim u(x, t) (a<x<b,t >0

X—X

has a finite value for every point (xq, t;) on the boundary of the region.?2
Then, it is easy to show that the boundary conditions vary continuously as
the point (x, to) is moved along the boundary.

Subsequently, by the solution of equation (1.1), or of some similar equa-
tion, we shall always mean a solution which is continuous in the sense just
indicated. It is easy to see that if such a solution is to exist, then the bound-
ary conditions and the initial conditions must ‘““agree” at the points (a, 0)
and (b, 0) in such a way that the boundary values do not undergo a dis-
continuity. Thus, for example, if the conditions (1.3) have the form
u(0,1) = 0, u(l,r) = 0, and the conditions (1.4) have the form u(x, 0) =
x + 1, du(x, 0)/ot = x2, then it is clear that the boundary values undergo a
discontinuity at the points (0, 0) and (1, 0), so that the problem certainly
cannot have a continuous solution.

2 The analytic expression for u(x, ) may not be a continuous function, i.e., may undergo
a jump on the boundary.
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2. The Usual Statement of the Boundary Value Problem

We shall assume that the function P in equation (1.1) does not vanish.
Obviously, equation (1.7) neither loses nor gains eigenvalues and eigen-
functions if we multiply all its terms by a nonvanishing function. We now
show that by carrying out such a multiplication, we can transform (1.7) into
the form

(p®@) + q® = —nrO, (2.1)

where p, g, and r are continuous functions of x on [a, b], p is a positive func-
tion with a continuous derivative, and r is a positive function.

Proof. First we assume that P > 0. (This can be done without loss of
generality, since otherwise we need only multiply all the terms of (1.7) by
—1 and replace —A by A.) Then we solve the system

p=rP, p"=rR, (2.2)

obtaining

r_R _ [*R _ {X_fi } _ P
i lnp—fxopdx, p = exp LOde r=s

where x, is some point of the interval [a, b]. (We take the constant of
integration to be zero.) Obviously, p > 0, p’ is continuous and r > 0.
Now, we need only consider

rP®” + rRO' + rQ® = — a0
and set
q = rQ. (2.3)
Then, according to (2.2),
pO" + p'®" 4+ qg® = —\rD,
which is just the desired equation (2.1).
The boundary value problem is usually posed for an equation of the form

(2.1), with coefficients satisfying the requirements just stated. The boundary
conditions are still given by the same formulas (1.9).

3. The Existence of Eigenvalues

We shall not give a complete proof of the existence of eigenvalues for the
boundary value problem under consideration; instead we just describe the
basic idea of such a proof. Thus, in equation (2.1) we give A a fixed value
(real or complex) and find a solution satisfying the conditions

[(D]x=a = B) [(D’]x==a = —«&.
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We denote this solution by ®(x, »). Obviously
o®(a, ) + BD'(a,)) = 0, (3.1

i.e., D(x, ) satisfies the first of the boundary conditions (1.9). (The prime
denotes differentiation with respect to x.) As A changes, ®(x, ) also
changes, but nevertheless continues to satisfy the condition (3.1). Thus, a
known function of x and the parameter X satisfies the first of the conditions
(1.9) for any A. (In the theory of differential equations, it is shown that
®(x, 1) can be represented in the form of a power series in A, and hence is
an analytic function of A for all values of A.)
We now form the function

yO(x, A) + 3P'(x, A) (3.2)
and set
D(\) = y®(b, 1) + 3D'(b, 1.
D(}) 1s a known function of one variable A, and every value of A for which
D(A) = y®(b, A) + 8P'(b,2) = 0 (3.3

is obviously an eigenvalue of our problem, since for such values of A, (3.1)
and (3.3) are satisfied simultaneously, i.e., both of the conditions (1.9) are
met. Thus, the problem of the existence of eigenvalues reduces to a study
of the roots of D(3). By using this fact, it can be shown that the problem
has an infinite set of real eigenvalues (see Sec. 4), which can be written as a
sequence of the form

Ao < A <+ o< A, <:vey
where
lim A, = + oo.

n—

4. Eigenfunctions and Their Orthogonality

Let A be an eigenvalue of our boundary value problem, and let O(x) be an
eigenfunction corresponding to A. Then, it is easy to see that every function
of the form C®(x), where C is an arbitrary nonzero constant, is also an eigen-
function corresponding to A. We shall not consider such /inearly dependent
eigenfunctions to be different, and in fact any of them can be regarded as a
“representative’’ of the family of functions of the form C®(x), where C # 0.

We now ask whether two linearly independent eigenfunctions ®(x) and
¥(x) can belong to the same eigenvalue.3 With our hypotheses, the answer

3If a®(x) + bBY'(x) = 0 implies a = b = 0, then ®(x) and ¥ (x) are said to be linearly
independent. Cf. Ch. 2, Prob. 9. (Translator)
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is negative. In fact, suppose that ®(x) and ¥'(x) belong to the same eigen-
value. Then, by a familiar property of linearly independent solutions of a
differential equation, we would have

D(x) D'(x)
Y(x) ¥'(x)

everywhere on [a, b], and in particular at x = a.# But according to the first
of the conditions (1.9), we have

a®(a) + fP'(a) = O,
V(@) + B¥'(a) = 0,

which by (4.1) would imply that « = 0, 8 = 0, thereby contradicting the
hypothesis (1.5). Thus, to within a constant factor, only one eigenfunction
corresponds to each eigenvalue.

£ 0 (4.1)

LEMMA 1. Let
d do
= —|p— 4.2
L@ = 7 (p 55) + a0, (42)
where © is a function depending on x. (If ® also depends on other
variables, e.g., on t, we write the partial -derivative with respect to x.)

Then, the identity
d , ,
OLY) — YL(D) = o [p(OY' — O'Y)] 4.3)

holds for any twice differentiable functions ® and Y.

The proof is an immediate consequence of replacing L(®) and L(Y) by
their expressions as given by (4.2).

LEMMA 2. If ® and Y satisfy the boundary conditions (1.9), then
oY — 'Y, = [PY' — O'Y],_, = O. 4.49)

Proof. The numbers o and 8, which do not vanish simultaneously
according to (1.5), satisfy the homogeneous system

o®(a) + BD'(a) = O,
o¥'(a) + BY¥'(a) = 0.

This is possible only if the determinant of the system vanishes, i.e.,

P(a) D'(a)
= [PV — O'V],_, = 0.
V(@) Y'(a)
a b ) . .
4 The symbol denotes the determinant ad — bc. The functional determinant
c

(4.1) is usually called a Wronskian. (Translator)
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The second part of equation (4.4) is proved in the same way.

We now show that any two eigenfunctions ®(x) and W(x) correspond-
ing to different eigenvalues % and p, respectively, are orthogonal on
[a, b], with weight r.

Proof. Let @ and W satisfy the equations

L(q)) = —)\I'q),
L(Y) = —urY,

with the same boundary conditions (1.9). We multiply the first equation
by ¥ and the second by ® and then subtract the first equation from the
second. By Lemima I, we obtain

[p(OY" — D'V)]) = (A — wrov.
Therefore we have

[p(@F — DVY=b = (n — p) j " rOF dx. 4.5)
By Lemma 2
[p(@Y" — OV, =0,
so that (4.5) implies that
O — Lb rOY dx = 0.
Since A # u, it follows that

fbrd)‘Fdx =0,

a

as was to be shown.

Remark. 1In Sec. 3, we said that the eigenvalues are real, but we did
not give a proof. The reality of the eigenvalues can be deduced from
the orthogonality of the eigenfunctions just proved. In fact, if A =
i+ iv (v # 0) is an eigenvalue and if O(x) = o(x) + id(x) is the
eigenfunction corresponding to A, then substituting in (2.1), we obtain

[p(e" + i) + gl + i) = —( + Mr(e + i)
But then we also have the equation
[p(p" — W] + gle — i) = — (1 — (e — i),

which means that A = . — ivis also an eigenvalue and that the function
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O(x) = o(x) — i{(x) is the eigenfunction corresponding to A. But this
implies that

fb rd® dx = J‘b r(e? + 42) dx # 0,

a a

which is impossible, for as just proved, ® and ® must be orthogonal
since A # A.

5. Sign of the Eigenvalues

The following theorem gives more precise information about the eigen-
values for the case where ¢ < 0 for a < x < b, a situation which is
encountered very often in the applications.

THEOREM. Ifr > 0, g < 0 and if the boundary conditions imply that
[p(D(D ]x a \ ’ (5'1)

then all the eigenvalues of the boundary value problem for equation (2.1)
are nonnegative.

Proof. Let A be an eigenvalue and let ®(x) be the corresponding
eigenfunction. Multiplying (2.1) by ®@(x) and integrating, we obtain

[Cpoy®ax + [ g02dx = —x [ r024x,
whence, integrating by parts:
[pOD' =t — f pq>'2d»c+j g2 dx = —xf rd2 dx.  (5.2)

It follows from (5.1) and the condition ¢ < 0 that the left-hand side of
(5.2)i1s £ 0. Therefore A > 0, and moreover, A = 0 is possible only if
= 0, (D’ = 0, i.e., only if the equation (2.1) has the form

(p®Y) = —nD
and the function @ = const is an eigenfunction.

Remark. The condition (5.1) seems to be quite artificial, but
actually it is not. In fact, it is satisfied for the very boundary conditions
most often encountered in the applications, namely

) ®(a) = D) = 0;

2) ¥'(a) = D'(b) = 0;

3) P'(a) — hP(a) = 0, D'(b) + HD(®) = 0,
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where /i and H are nonnegative constants. This is obvious for the first
and second cases. In the third case,

[POO'TZ0 = — Hp(b)P2(b) — hp(a)(a) < O,

X=a

since d'(a) = hd(a), D'(b) = — HD(B).

6. Fourier Series with Respect to the Eigenfunctions

Let Ao, Ay, ..., A, ... be all the eigenvalues of our boundary value
problem, arranged in increasing order, and let
(DO(X), (I)l('\‘)a ) (I),,(,\'), RN (6‘1)

be the corresponding eigenfunctions, which for simplicity we regard as having
the normalization

fb r(D’2I X) dx = 1 (n =0,1,2,.. ) (62)

Then, for every function f(x) which is absolutely integrable on [a, b], we
can form the Fourier series

J(x) ~ coQy(x) + c;Py(x) + - - -,

where

6= [P A (1=0,1,2,...), 6.3)
and the following propositions, which we cite without proof, are valid:

THEOREM 1. If f(x) is continuous on [a, b], if f(x) has a piecewise
smooth (but possibly discontinuous) derivative, and if f(x) satisfies the
boundary conditions of our boundary value problem, i.e.,

af(a) + Bf'(a) = 0, vf(b) + 3f'(b) = 0, (6.4)

then the Fourier series of f(x) with respect to the eigenfunctions converges
to f(x) absolutely and uniformly.

The conditions (6.4) may appear artificial, but if we recall how our
problem arose [see the first formula in (1.4) and (1.14)] and regard f(x) as
the initial value of the function u(x,r), writing f(x) = u(x, 0), then for
t = 0, the conditions (1.3) become just the conditions (6.4).

THEOREM 2. If the function f(x) is piecewise smooth on la, b] (but
either continuous or discontinuous), then the Fourier series of f(x) with
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respect to the eigenfunctions converges for a < x < b to the value f(x) at
every point of continuity and to the value

HSfx + 0) + f(x — 0)]
at every point of discontinuity.

Instead of the system (6.1), which is orthogonal with weight r, we can
consider the system

Vr Oy(x), Vr®,(x), ..., (6.5)

which is orthogonal in the ordinary sense, and for which

IVr®,(x)|| = /fb rd®2(x) dx = 1 (n=20,1,2,...).

Let V'r f(x) be a square integrable function. Then, with respect to the new
system, its Fourier coefficients have the form

&= [ ), ) dx,

i.e., they agree with the Fourier coefficients of f(x) with respect to the system
(6.1).

Applied to the function V'r f(x), the completeness condition for the
system (6.5) becomes [see equation (7.1) of Ch. 2]

(e 0]

[y =3 vromlz =3 (6.6)

a n=0 n=0
If this equation holds for any square integrable function f(x), then instead
of reducing the problem to the system (6.5), we simply say that the system
(6.1) i1s complete with weight r. We now prove that this is actually the case.
It is clear from what has just been said that it is sufficient to prove that
the ordinary orthogonal system (6.5) is complete. Now, any continuous
function @(x) can be approximated in the mean to any degree of accuracy by
a function g(x) (with two continuous derivatives) satisfying the boundary
conditions of our boundary value problem. [For example, we can choose
for g(x) a function such that g(a) = g'(a) = g(b) = g'(b) = 0.] We shall
not give a detailed proof of this fact, which is quite clear from geometric

considerations.
Thus, let

[ @00 - g0orax < 5 (6.7

where ¢ > 0 is arbitrarily small. According to Theorem 1, the Fourier
series of g(x) with respect to the system (6.1) converges uniformly to g(x).
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This means that there exists a linear combination
Gn(,\‘) = YO(DO(x) + Yl(Dl(x) + -+ Y,,(D,,(X) (68)
such that

1g(x) — o,(x)] < N/;1@&:_—(1) (@ < x <0b).

This implies that

€

[ e = o,onax < 5 (69)

By the elementary inequality
(A + B)2 < 2(A% + B?),
it follows from (6.7) and (6.9) that
b

Lb [®(x) — 6,(x)])2dx = ( [(P(x) — g(x) + (g(x) = 6,(x)]2 dx

<2 [ [00) - g dx +2 [ [g(x) = o, ()P dx < <.

This proves that any continuous function can be approximated in the mean
to any degree of accuracy by an expression of the form (6.8).

Now let F(x) be any continuous function. Then the function F(x)/Vr(x)
is also continuous. If we write

h = max r(x),
asx<b
then by what has just been proved, there exists a linear combination 6,(x)
of the functions (6.1) for which

[[[52 - av <5

Therefore, we have

- b F(x 2
fb [F(x) — Vre,(x)]2dx = f r [ﬂ — c,,(x)] dx < e.
a a \/l‘
But then the function V/r 6,(x) is a linear combination of functions of the
system (6.5), and hence this system satisfies the completeness criterion for
ordinary orthogonal systems (see Ch. 2, Sec. 9), i.e., the system (6.5) is

complete, as was to be shown. Thus, we have proved

THEOREM 3. The system (6.1) is complete with weight r, i.e., the
relation (6.6) holds for every square integrable function f(x).
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The following result is an easy consequence of Theorem 3:

THEOREM 4. Let f(x) be any square integrable function. Then

a

b 2
lim f r [f(x) — Z ck(Dk(x)] dx = 0,
n—ow va k=0

where the c, are the Fourier coefficients of the function f(x) with respect
to the system (6.1).

In other words, the Fourier series of f(x) always converges in the mean to
f(x), with weight . To prove this, we need only apply equation (7.3) of

Ch. 2 to the function Vr f(x) and to the system (6.5).

THEOREM 5. Any continuous function f(x) which is orthogonal with
weight r to all the function of the system (6.1) must be identically zero.

In fact, if f(x) is orthogonal to all the functions of the system (6.1), then
all its Fourier coefficients are zero. But then by (6.6)

fb rf3(x) dx = 0,
whence f(x) = 0.

The theorem on the expansion of a function in series with respect to the
eigenfunctions of a boundary value problem (under quite broad hypotheses),
as well as the related completeness theorem and its consequences, were first
proved by the prominent mathematician V. A. Steklov.>

7. Does the Eigenfunction Method Always Lead to a
Solution of the Problem?

The eigenfunction method will certainly lead to a solution of the problem
posed in Sec. 1 if first of all, the functions f(x) and g(x) defined by (1.4) have
series expansions (1.14), with respect to the eigenfunctions ®,(x), which
converge to f(x) and g(x), and if secondly, the coefficients A4, and B, defined
by (1.16) are such as to guarantee the convergence of the series (1.12) and
justify differentiating it twice term by term. However, whether or not these
conditions are met, every time the problem has a solution, the solution can be
found in the form of a series (1.12) by the method indicated in Sec. 1. This
implies that the solution is unique, a fact which can often be deduced by an
argument based on the physical content of the problem. This physical
content also allows us to decide whether the problem has a solution in the

5 The theory given in this chapter is usually associated with the names of the mathema-
ticians J. C. F. Sturm and J. Liouville. (Translator)
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first place. In view of what has just been said, this explains why the physicist
or engineer, by using the eigenfunction method and manipulating the series
as if term by term differentiation and other operations were justificd, even
when in fact this is not the case, nevertheless arrives at correct results.

A more precise formulation of these remarks goes as follows:

THEOREM. Let the function u(x,t) be a continuous solution of the
equation (1.1) in the region a < x < b, t > 0, satisfying the boundary
conditions (1.3) and the initial conditions (1.4). Then

u(x, 1) = i T,(Hd,(x), (7.1)
n=0

where the ®,(x) are the eigenfunctions associated with the boundary
value problem.® The functions T,(t) can be found from the equation

T+ NT,=0 (n=20,1,2,...), (7.2)
subject to the initial conditions
T0)=¢C, T,(0) =c, n=20,1,2,...),

where the quantities C, and c, are the Fourier coefficients of f(x) and
g(x) [cf. the initial conditions (1.4)] with respect to the system of eigen-
functions ®,(x). (It is assumed that the derivatives ou/ot and 6%ulot?
are continuous and bounded in every region of the form a < x < b,
0<t<ty)

Proof. We multiply equation (1.1) by the function

=——exp{ft —dx} -2

(see Sec. 2). Then according to (2.2) and (2.3), we obtain

or

By (4.2), this can be written as

82u
L) =r— ETok (7.3)
and instead of (2.1) we can write
L(®) = — D,

6 For simplicity, we assume that the eigenfunctions are normalized as in (6.2).
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Therefore, the relation
L(D,) = —ngrD, n=0,1,2,...) (7.4)

holds for the eigenfunctions of the boundary value problem.

By the hypothesis of the theorem and by Theorem 2 of Sec. 6, for
a < x < b and every ¢t > 0, the function u(x, t) can be expanded in a
series of the form (7.1), where

T.0) = [ ru(e, 00, dx  (1=10,1,2,...). (7.5)

a

It follows from (7.4) that
0, = - 5 L(@,),
so that

T.(1) = — %nfb u(x, HL(D,) dx,
or by (4.3)
T,(t) = — _)_}_Jb D, (x)L(u) dx + 1 [p ((D du (D;]u)],mb

nn_
)\” 8.x xX=a

The last term vanishes because of Lemma 2 of Sec. 4.
Thus we have

T.(1) = — % J” O (x)L(w) dx, (7.6)

whence, using (7.3), we obtain

1 6 Q2%
T,() = — 5 [ r =3 ®,(x) dx. (1.7)

On the other hand, differentiating (7.5) twice with respect to ¢ gives

b 02
T(1) = f rWZCD,,(x) dx, (7.8)

where the differentiation behind the integral sign is legitimate because
of our hypotheses concerning du/dt and 02u/ot2. Comparing (7.7) and
(7.8), we obtain (7.2). Furthermore, since u(x, t) is continuous in the
region @ < x < b, t > 0 and since lim u(x, 1) = f(%), it follows from
(7.5) that =0

lim T,(r) = lim | ruCx, H®,(x) dx
t—0

t—0 Ya

= Jb f()P,(x)dx=C, (1=0,1,2..)), (7.9)
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where the C, are the Fourier coefficients of the function f(x). Since the
function T,(r) is continuous, this is equivalent to the relations

17,0 = C, (mn=0,1,2,...).
Similarly, we show that
T.(00) = ¢, (n=20,1,2,...),

where the ¢, are the Fourier coefficients of the function g(x). This
completes the proof of the theorem.

Thus, if the problem in which we are interested has a solution at all, the
solution can be found in the form of a series (1.12) by the method of Sec. 1.
On the other hand, quite often this method leads to a function u(x, t) which
does not have a derivative everywhere. Such a u(x, f) cannot be regarded as
a solution of the problem in the exact sense of the word, since u(x, r) certainly
must satisfy the differential equation! However, because of the theorem
just proved, in this case it is useless to look for an exact solution, since if
such existed, it would have to coincide with u(x, ). This compels us to be
satisfied with the function u(x, t) that we have already found; we shall call
this function a generalized solution of the problem. It can be shown that
with our hypotheses, the series (1.12) obtained by the method of Sec. 1
always defines a function to which it converges either in the ordinary sense or
in the mean, and therefore the eigenfunction method always gives a general-
ized solution, if it fails to give an exact solution.

8. The Generalized Solution

What is the practical value of the generalized solution described above?
Does it represent anything of use to the physicist or engineer, or is it of
purely mathematical interest? The generalized solution is in fact valuable,
as will emerge from the following theorem:

THEOREM. Let
u(x, 1) ~ 2 T,(N0,(x)
n=0

be either the exact or the generalized solution of equation (1.1), subject to
the conditions (1.3) and (1.4). If

lim  [* (/00 = S92 d

= im [ rle() — gu (0P dx =0, 1)

m-— o
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i.e., if f,,(x) and g,(x) converge in the mean (with weight r) to f(x) and
g(x), respectively, as n1— 0,7 and if

um(xa t) = Z Tmn(t)q’)n(x)
n=0

is either the exact or the generalized solution of the equation (1.1), subject
to the boundary conditions (1.3) and the initial conditions

8um(x 0)

ulll(x 0) = fn( ) = g"l(’x)3

then u,,(x, t) converges to u(x, t) in the mean as m— o.

Proof. We recall that

T,+ NI, =0, T,0) =C, T,0) =c
(n=20,12...),
T, +7\T,,=0,T,,0=¢C,,, T,,0) =c,,
nm=0,1,2,...),

(8.2)

where C,, ¢,, C,..» ¢nn are the Fourier coefficients of the functions f(x),
g(x), f.(x), g.(x), respectively. Since

g < A < Ay <<\, <o

n

and

lim A, = 4+

n— o

(see Sec. 3), only a finite number of the A, can be negative. Let
< Oforn < Nand A, > 0 for n > N. Then by (8.2), we have$

1 _
T‘n (Cn + S ) e\/~)\"’
2 \/ - )\n

+5 (- vix,,) eVt (1< N), 8.3)

T,= C,cos Vi, t + \/_sm\/k,,t (n > N),

7 In particular, this is the case if f,(x) — f(x) and g;u(x)— g(x) uniformly.
8 It may happen that Ay = 0, in which case we have

Tn = CN + cont.
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and similarly

1 _
Tmn =3 (C,,m + in—”——) 8\/_>‘n !
2 VvV 20,

1 c —
-lc mn -V/Z \y
+ 2 ( mn \/—}\_,) ¢ ot (n < N), (8.4)

To = Cpy COS VI, 1+ < sin VNt (1> N).

Vv,
Now consider

[ 11700 = fu dx = S (€ = Co,

n=0

fb ’[g(\) gm(\)]z dx = Z (Cn - mn)

a n=0

(see Theorem 3 of Sec. 6). In view of (8.1), these formulas imply that

lim Z (C, = Cun)? =0

m-—>oo n=

(8.5)
llm Z (cn - cmn = ,
m—>0 ;20
whence
lil]] CIIHI = CII’
nm—> o (8.6)
llm cmn - cn'
Then, by (8.3), (8.4) and (8.6)
lim [Tn - Tmn] = 09 (87)
where
T, = Tl = [(€ = Cou) cos Vi, 1 + 22 sin /3, ]
g (8.8)
_ 2
2[(C, - ce + ()]
( ) ves
for n > N. All that remains i1s to consider the relation
fb I'[ll(,\', ’) - “m(xa t)]Z d.\' = Z (Tn - jrmn)2
a n=0

N 0

Z (7:1 - T‘mn)2 + Z (T‘n - Ywmn)2

n=0 n=N+1

Il
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(see Theorem 3 of Sec. 6). By (8.5), (8.7), and (8.8)

b
f rlu(x, 1) — u,(x, H)]? dx — 0,
a

which means that the function u,,(x, t) converges in the mean to u(x, t)
as m — oo. This proves the theorem.

What we have just proved can be summarized as follows: If f,,(x) is close
to f(x) and g,(x) is close to g(x) (in the sense of uniform closeness or even
closeness in the mean), then the function u,,(x, t) is close to u(x, t) in the mean.

We now observe that in actual problems of physics and engineering, the
functions f(x) and g(x) are in general not exact, but rather represent approxi-
mations to certain exact functions. Nevertheless, by the theorem just
proved, even if the solution of equation (I.1), subject to the conditions
(1.3) and (1.4), is not an exact solution but only a generalized solution, it will
differ only slightly (in the sense of uniform closeness or closeness in the mean)
from the true solution of the problem. This constitutes the practical value of
generalized solutions.

Finally, we note one further consequence of the theorem proved above:

If the functions f,,(x) and g,(x) are chosen in such a way that the
Sfunctions u,(x,t) are exact solutions of the corresponding problems
(such f,,(x) and g, (x) can always be chosen!®), then the exact or general-
ized solution of equation (1.1), subject to the conditions (1.3) and (1.4), is
the limit of the exact solutions u,(x, t) as f,(x)— f(x) and g,,(x) — g(x)
either uniformly or in the mean.

It follows immediately that the generalized solution is unique.

9. The Inhomogeneous Problem

Instead of equation (l.1), consider the more general equation

02u ou 02u
PE’C_Z_*_R?X—FQM—W-*_F(.X,O (91)
subject to the same boundary and initial conditions (1.3) and (1.4). In
vibration problems, equation (9.1) corresponds to the case of forced vibra-
tions, while equation (1.1) corresponds to the case of free vibrations. When

multiplied by the function
1 x R _p
r = Pexp{fxo ﬁdx} =7

9 For example, we can choose the functions fiz(x) and gm(x) to be the mth partial sums
of the Fourier series of f(x) and g(x).
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(see Sec. 2), (9.1) takes the form

La) = r 8 4 rFx 9.2
u)=r-s3 rF(x, t). 9.2)

Suppose now that the boundary value problem corresponding to equation
(9.1) has a solution and that F(x, t) has a series expansion in terms of the

eigenfunctions of the boundary value problem for the equation

L(®) = —nd
(see Sec. 2). Then, for t > 0, we write u(x, t) as the series
u(x, t) = i T,(0)D,(x), (9.3)
n=0
where
() = [ rule, n®,)dx  (1=0,1,2,...), 9.4)

va

which is possible because of Theorem 2 of Sec. 6. Repeating the argument
given in the proof of the theorem of Sec. 7, we obtain

T = — % [? ®,00Lw) dx
[see (7.6)] or
T (1) = — % ["r Z%‘cb,,(x) dx — = [* rF(x, 00,0 dx,  (9.5)

where we have used (9.2). Assuming that du/ot and 02u/0t? are bounded, we
find after differentiating (9.4) twice with respect to ¢ that

. (b Ol ]
T” = fa ra—tz(b,,(x) d)\.
Finally, if we set

F(x, 1) = ,Zo F()®,(x) dx, (9.6)

F() = | CrFGn 0®,(0) dx (n=0,1,2,...),

a

then (9.5) gives

Tn= _)\_Tn—)\_EI

or

T, +»T,+ F,=0 n=0,1,2,...). 9.7)
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Then, proceeding as in the proof of the theorem of Sec. 7 [see (7.9) et
seq.], we find

T00=C, T,0)=¢, (=012..), ©.8)

where C, and ¢, are the Fourier coefficients of the functions f(x) and g(x),
respectively. Thus, if a solution of the problem exists, it is given by the
series (9.3), where T, is determined from the equation (9.7), subject to the
conditions (9.8).

It is remarkable that just as in the case of equation (1.1), we can arrive at
the series (9.3) by carrying out formal operations with series, without regard
to whether or not these operations are legitimate. In fact, if in equation
(9.2) we substitute the series (9.3) and the series (9.6) for F(x, t), differentiate
(9.3) term by term, and then equate the coefficients of ®,(x) to zero, we
obtain (9.7). Moreover, if we set t = 0 in (9.3) and require that

u(x,0) = S T,Ob,0) = (),
n=0

we obtain the first of the equations (9.8). If we differentiate (9.3) term by
term and again set t = 0, we find that

8u(\ 0)

Z T"(O)q)n('l) = g(\)

which is the second of the equations (9.8).

Just as in the case of equation (1.1) in Sec. 7, we can introduce the con-
cept of a generalized solution for equation (9.1). Then it turns out that for
any continuous F(x, 1), the series (9.3) defines a function u(x, t) to which it
converges either in the ordinary sense or in the mean, so that the problem
always has either an exact or a generalized solution. Moreover, this solution
1s unique, since if U and V are two solutions of the boundary value problem
for equation (9.1), the function u = U — Vs also a solution of the boundary
value problem for equation (1.1) with zero initial conditions. But as ob-
served in Secs. 7 and 8, the boundary value problem for equation (1.1) has a
unique solution (exact or generalized). Since the function which is identically
zero 1s a solution of the boundary value problem for equation (1.1) with zero
initial conditions, it follows that v = 0, i.e., that U = V. As concerns the
practical value of generalized solutions, we can repeat the considerations of

Sec. 8.
10. Supplementary Remarks

We considered equation (1.1) only for the sake of being explicit. All
our considerations are also applicable to equation (1.2), with the same
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boundary conditions and with the initial condition

u(x, 0) = f(x). (10.1)

In this case, the method of Sec. 1 gives

u(x, t) = i T,()D,(x), (10.2)
n=0

where the quantities 7, are found from the first order differential equation
TI'I + )\MTH = 0? 7;1(0) = CII (” = O) 13 29 ¢ ')’ (10'3)

where C, (n = 0, 1, 2,...) are the Fourier coefficients of f(x).

The theorem of Sec. 7 needs only a corresponding change in its statement,
1.e., one has to consider (10.3) instead of (7.2) and require the continuity and
boundedness of only du/dt. We suggest that the reader prove the new
version of the theorem as an exercise.

The concept of a generalized solution can also be introduced in the case
of equation (1.2). But this case is essentially different from the case of
equation (1.1), in that the generalized solution turns out to be the exact
solution as well. This results from the fact that all but a finite number of the
A, are positive, and for such 2, (10.3) gives

T‘n = Cne—7.,,t .

Consequently, it turns out that the series (10.2) i1s convergent and can be
differentiated term by term any number of times, i.e., (10.2) gives the exact
solution.

The considerations of Sec. 9 are also applicable to the inhomogeneous
equation

d%u ou ou )
PT\‘Z'FRIY‘*‘QU—EI—‘FF(.\,O,
with the same boundary and initial conditions (1.3) and (10.1). The solution

is given by the series

u(x, 1) = ?_0 T(0®, (), (10.2)

where T, is now defined by the equations
T, +»T+ F,=0, T,0) = C, (n=20,1,2,...).

In view of the results of Secs. 7-10, we shall not worry about the con-
vergence of series in the problems to be solved in Part II, since we
now know that the series obtained as a result of solving such a problem
always defines a solution (exact or generalized). It is true that strictly
speaking, some of the problems in Part II do not fall into the category already
studied, but it can be shown that the previous considerations apply to them
as well.
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Part II. APPLICATIONS

1. Equation of a Vibrating String

Consider a stretched homogeneous string, fastened at both ends, and
suppose that the equilibrium position of the string is a straight line. Take
this straight line to be the x-axis, and let the ends of the string be located at
the points x = 0 and x = /, where / is the length of the string. If the string
is displaced from its equilibrium position (or if certain velocities are imparted
to the points of the string), and the string is then released, it begins to vibrate.
We shall consider only the case of small vibrations; then, the length of the
string can be regarded as unchanged. Moreover, we shall regard the
vibrations as taking place in one plane, in such a way that each point of the
string moves in the direction perpendicular to the x-axis.

Let u(x, t) be the displacement at time ¢ of the point of the string with
abscissa x. Then, for every fixed value of ¢, the graph of the function
u(x, t) obviously represents the form of the string at the time 7. The
element AB of the string (see Fig. 47) is acted upon by the tension forces T

Yy
A
+A
5 pTaogp A
. . ‘
7‘-/ : : > X
0 X x+A0x /
FIGURE 47

and T,, which are directed along the tangent to the string. For the time
being, we assume that no other forces act on the string. In the equilibrium
position, the tension T is the same at all points of the string. To the extent
that we can assume that the length of the sring does not change (see above
remark), we can also assume that the tension in the string does not change.
Therefore, T, and T, have the same magnitude as T, although they have
different directions, and because of the curvature of the element AB, one
dircction is not quite the negative of the other. Hence, the force acting on
the element AB in the direction of the w-axis is

T[sin (v + Ap) — sin o]

~ Tltan (p + Ag) — tang] = T [C"('\' AN M]

X ox
2u(x + 0Ax, 1)

=T ox2

Ax 0 <0<,
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where ~ denotes approximate equality. Regarding the element Ax as being
very small, and using Newton’s second law of motion, we can write
0%u 02u

PAx — =T

o7 = T30, (11.1)

where p is the linear density of the string (i.c., the mass per unit length).

Setting a2 = T/p and dividing by Ax, we obtain
0%u , 0u
—=a )
ot? ox2

(11.2)

which is the equation for free vibrations of the string.

Next, suppose that in addition to the tension T, the string is acted upon
by a force of amount F(x, r) per unit length of the string. Then, instead of
equation (11.1), we obtain

02u 02u
pra—t?_ = Ta—szX + F(x, I)AX,

or
02 o2u  F(x,t
u (x, )’

Z 2 g2
oz ~ Y ox2 P

(11.3)

which is the equation for forced vibrations of the string.

We now study the following problem: Given the form of the string and
the velocity of its points at the initial time ¢ = 0, what is its form at the
arbitrary time t? Mathematically, this problem reduces to solving equation
(11.2) in the case of free vibrations, and equation (11.3) in the case of forced
vibrations, subject to the boundary conditions

u@©,t =u(l,t) =0 (11.4)
and the initial conditions
du(x, 0
u(x, 0) = (), 240D _ g, (L.5)

where f(x) and g(x) are given continuous functions, which vanish for x = 0
and x = /. Equations (11.2) and (11.3) are special cases of the equations
studied in Part 1.

12. Free Vibrations of a String

Instead of starting from the formulas already found in Part I, we shall
once more go through the derivation given in Sec. 1. We are looking for a
solution (different from v = 0) of the form

u(x, t) = G(x)T(z) (12.1)
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which satisfies the boundary conditions. Substituting (12.1) in (11.2) gives

OT" = a2d'T,
whence
%, = alz;; = — A = const,
so that
¢" = -2\, (12.2)
T" = —a?\T. (12.3)

If a function of the form (12.1), which is not identically zero, is to satisfy
the conditions (11.4), then obviously the condition

d(0) = O() = 0 (12.4)

must be met. Thus, we obtain a boundary value problem for equation (12.2),
subject to the condition (12.4). In view of the theorem of Sec. 5 (see also the
remark made there), all the eigenvalues of our problem are positive.l0
Therefore, it is permissible to write A2 instead of A. Then, equations (12.2)
and (12.3) take the form

Q" + 2N2D =0, (12.5)
T + a®)\2T = 0. (12.6)
The solution of (12.5) is
® = C,cos \x + C,sin Ax (C, = const, C, = const),
where for x = 0 and x = / we must have
®@0) = C, =0,
®(/) = Cysin N = 0.

Assuming that C, # 0, since otherwise ® would be identically zero, we find
that A/ = nn, where n is an integer. Setting C, = 1 gives

)\,,=Tt7n n=12,...),

and the corresponding eigenfunctions are

®,(x) = sin 7-1—'11—} n=12...).

10 This can also be verified directly by examining the solution of equation (12.2) for
A < 0. By doing this, the reader can convince himself that the condition (12.4) cannot be
satisfied.
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We do not consider negative values of n, since they give the same eigenfunc-
tions (up to a constant factor) as the corresponding positive values of n.
Thus, in the sense indicated in Sec. 4, only one eigenfunction corresponds to
each value of A2,

For A = ), equation (12.6) gives

T, = A,cosar,t + B, sin ah,t

=A,,cosan%+B,, ma—T;”—t n=12...),
so that
arnt ._amnt\ . THX
u,(x, t) = (A,, cos —— + B, sin —T) -5 (12.7)
(n=1,2,...).
Thus, to solve our problem, we set
u(x, 1) = u,(x, t
(50 = > ¥ ) 128)
= z (A,, cos __amz + B, si _arrnt) sin 7%,
“, / / /
and require that!!
u(x,0) = > A,sin == = f(x),

n=1

8u(/\ 0 [< ( ann . annt arn amnt\ . Tnx
[Z In —— + B,,—l—cos—[ )51 _1_]:=0

> amn . THX
Z [ - g(x)’

Therefore, we have to expand f(x) and g(x) in Fourier series with respect to
the system {sin (mnx/l)}. The formulas for the Fourier coefficients give

4, = lff(x) sm—a’x (n=12..), (12.9)
,,QTL'Z lf g(x) sm—dx
or
2 ! . THX
B, = e A g(x) sin de n=12...), (12.10)

e., the solution of our problem is given by the series (12.8), where A4,, and
B, are determined from formulas (12.9) and (12.10).

11 As in the method of Sec. 1, we differentiate the series term by term.
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Thus, we see that the vibrational motion of the string is a superposition
of separate harmonic vibrations of the form (12.7), or of the equivalent form

= H, sin (Em— + ) smﬂx
[ /
where
H \//12+B2 sin &, = —2 COS « =£’1-
" v T, T,
The amplitude of the vibration of the point with coordinate x is
H, smn—';)—c

and is independent of ¢. The points for which x = 0, //n, 2i/n, ...,
(n — Dl/n, I, remain fixed during the motion, and are known as nodes.
Hence, a string whose vibrations are described by formula (12.7) is divided
into n segments, the end points of which do not vibrate. Moreover, in
adjacent segments, the displacements of the string have opposite signs, and
the midpoints of the segments, the so-called antinodes, vibrate with the largest
amplitudes. This whole phenomenon is known as a standing wave.

Figure 48 shows consecutive positions of a string whose vibrations are
described by formula (12.7), where n = 1, 2, 3, 4. In the general case, where

AER=S o o

e

FIGURE 48

the vibrations of the string are described by formula (12.8), the fundamental
(mode) corresponds to the component u; with frequency

_an_g/?
NNET TING
_27r_ JE

'071—21 T'

and period
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The other vibrational modes of the string, i.e., the overtones, with frequencies

o, =T [T
"l I Ny

and periods

Lo 2m_ 2 e

" w, nNT

characterize the timbre or “color” of the sound. If the string is held fixed
at its midpoint, then clearly the even overtones of the string, for which the
midpoint of the string is a node, are preserved. However, the fundamental
and the odd overtones are immediately extinguished, since by holding the
midpoint of the string fixed we essentially go from a string of length / to a
string of length //2, and changing / to //2 in (12.8) leads to a series containing
only even components. Then the overtone with period 1, = 27/w; = 1,/2
plays the role of the fundamental.

13. Forced Vibrations of a String

Next we consider the case of a periodic perturbing force, i.e., we write

F(x, 1)

= A sin wt.
e
Then
F(J;, D _ gsinor = > F,(1) sin E’;_x (13.1)
n=1
where
2 (1 . . TINX
F.(t) = 7 fo A sin ot sin 5 dx
24 . _
—E[l—(—l)]smwt (n=12,...).
If we write
u(x, 1) = > T,(1) sin == (13.2)
n=1

substitute (13.2) and (13.1) in (11.3), and carry out the required term by
term differentiation, we obtain

(-, . a*m2n? 2A4 s . TNX
Z(T,,+—1—2—T,,——;;[l—(—l)]smwt)sm ] = 0,

n=1
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whence
" ZTtZII 2A n .

Writing
w,,:TIL’ n=12..)

for simplicity (these will be recognized as the frequencies of the free or
characteristic vibrations of the string), we can rewrite equation (13.3) as

T! 4 2T, = 24 —1y"] sin o, (13.4)
Solving this equation, we obtain
24[1 — (=1)7]

T,= A,cosw,t + B,sinw,! +

sinwt,  (13.5)

TH(w: — w?)

if w, # w. To satisfy the conditions (11.4) and (11.5), we require that

u(x, 0) = z ' (0) sm’fﬂ’i = f(),

au(\f 0) _

Z T1(0) sin o~ = g(x).

n=1

A calculation of the Fourier coefficients of f(x) and g(x) gives

T.(0) = 4, = ; f () sm—d»c
240[1 — (—1Y7]

T,0) = o,B, + (ol — o) (13.6)
2 (1 . TAX
=7 fo g(x) sin -5
or
2 TTHX 2Au[l — (—=1)"]
B, = lo),,f g(x) sin ] dx — o, (0l — o)) (13.7)

where we have used (13.5). Substituting (13.6) and (13.7) in (13.5), and then
substituting the resulting expression for T, in (13.2), we obtain

TThX

/

44 . < sin [(2k + Drx/l]
+ — sIn w!
T k=0(2k + 1)(w%k+1 — w?)

o0
u(x, t) = Z (A4, cos w,t + B, sin w,t) sin

n=1

(13.8)
_ 4do T osinoytsin [(2k + Drx/l]
T o 2k + Doy (0, — 0?)
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where we have written

— i -
aﬁﬁiﬁﬂunmgﬁa.

Recalling the expression for w,, the reader will easily recognize that the
first sum in the right-hand side of (13.8) is the function giving the free
vibrations of the string, subject to the conditions (11.4) and (11.5). [See
(12.8), (12.9), and (12.10).] Therefore, the second and third sums give the
“correction” caused by the presence of the perturbing force. The second
term represents what is sometimes referred to as the ““pure” forced vibrations,
since they occur with the frequency of the perturbing force.

Equation (13.5) holds if w, # w. We now examine the situation when
w, = w, 1.e., when the frequency of the perturbing force is the same as one
of the characteristic frequencies of the string. Then, equation (13.4) gives

T, = A,coswt + B, sin wt — A [1 — (—1)"] cos wt.
T

This shows that when n is odd, the amplitude of the nth vibration in the
term T,(¢) sin (rtnx/l) of the sum (13.2) is

2
H=J@“£ﬂ)+ﬁ

TTHQ

TThX

/

sin

which becomes unbounded as ¢ increases. In this case, we say that resonance
occurs.

4. Equation of the Longitudinal Vibrations of a Rod

Consider a homogeneous rod of length /. If the rod is stretched or
compressed along its longitudinal axis, and then released, it executes longi-
tudinal vibrations. We choose the x-axis along the axis of the rod, and we
assume that in the equilibrium position, the ends of the rod are located at the
points x = 0 and x = /. Let x be the abscissa of a cross section of the rod
at rest, and let u(x,t) be the displacement of this cross section at the
time ¢t. Consider an element AB of the rod, whose ends are located at the
points x and x + Ax when the rod is at rest, and let the ends of this element
have the new positions A" and B’ at the time ¢, with abscissas x + u(x, ¢) and
x + Ax + u(x + Ax, t), respectively (see Fig. 49). Thus, at the time ¢, the
element AB has length Ax + u(x + Ax, 1) — u(x, t), i.e., its absolute increase
in length is

ou(x + 0Ax, 1) Ay

Tx 0 <06 <),

u(x + Ax, t) — u(x, t) =
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while its relative increase in length is
du(x + OAx, 1)
ox

In the limit as Ax — 0, the relative increase in length of the cross section of
the rod at x is

du(x, t)
ox

According to Hooke’s law, the force T acting on the cross section at x is
given by the formula

ou
T=F F

where F is the modulus of elasticity (Young’s modulus) of the material from
which the rod is made, and s is the cross-sectional area of the rod.

A b
} X¥Ax
A g
x+1;(x,f) X+AX+UT(X+AX,f)
FIGURE 49

Returning to the element AB which has the new position A'B’ at time ¢,
we note that AB is acted upon by forces T, and T, applied at the points
A’ and B’ and directed along the x-axis. (For the time being, we consider
no other forces.) The resultant of these forces is

B _ ou(x + Ax,t) ou(x,t)
e (MO0 i
22u(x + 6Ax, 1)

= FEs Ax,

Ox?

and is also directed along the x-axis. Regarding the element 4B as being
very small, we can write

Ax, (14.1)

where p is the density of the material from which the rod is made. Setting
E/p = a? and dividing by Ax and s, we obtain

0%u ) 0%u

oz - Vo

which is the equation for free vibrations of the rod. This equation has the
same form as the equation for free vibrations of a string.

(14.2)
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If the rod is acted upon by an additional force of amount F(x, 1) per unit
volume, then instead of (14.1), we have

0%u

pSAxa—ﬂ

= Es &% Ax + F(x, )s Ax
= sax2 X x, 1)s Ax,

so that

u 22 o02u + F(x, 1)
orr " ox? e

(14.3)

This is the equation for forced oscillations of the rod [cf. (11.3)].

We now pose the problem of finding the displacement of the cross sections
of the rod at any time ¢, with specified initial and boundary conditions. The
boundary conditions can take various forms:

Case 1) The rod is fastened at both ends:
u©, ) = u(l,t) = 0;

Case 2) One end of the rod is fastened, and the other end is free:

u(0, ) = 0, @%ﬁ=o (14.4)

(the force on the free end of the rod is zero and hence du/dx = 0);
Case 3) Both ends are free.

We shall devote our attention to Case 2, where the boundary conditions
(14.4) are met. The initial conditions have the familiar form

u(x,0) = ), 280 o), (14.3)

i.e., the initial displacements and initial velocities of the cross sections of the
rod are specified.

I5. Free Vibrations of a Rod

As in the case of the vibrating string (see Sec. 12), we look for particular
solutions of the form
u(x, 1) = O(x)T(1),
and arrive at the equations
O + 220 = 0, (15.1)
T" + a?\2T = 0, (15.2)
with the boundary conditions
d0) = O'() = 0. (15.3)
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Equation (15.1) has the solution
DO(x) = C,cos Ax + C, sin Ay (C, = const, C, = const).
According to (15.3), for x = 0 and x = / we must have
G0)=C, =0, O'(/) = Coacos M = 0.

Assuming that C, # 0, since otherwise ®(x) would be identically zero, we
find that A/ = (2n + 1)=/2, where nis an integer. We write

5, = 2 ;[1)“ (n=0,12..),
(15.4)
®,(x) = sin A, x = sin (2n + Drx (n=0,1,2,...).

2/

(The negative values of n give no new eigenfunctions.) For A = ), equation
(15.2) leads to

T,t) = A, cosal,t + B, sin ah,t n=0,1,2,...),
and therefore
u,(x, t) = (A, cosai,t + B,sin a\,t) sin \,x (n=20,1,2,...).
To solve our problem, we form the series

o

u(x, 1) _ NS . . ‘
Erale ,Zo u,(x, t) = ,Zo (A, cos ar,t + B,sin ah,t) sin \,x, (15.5)

and require that

u(x, O) = Z An sin )\nx = f(x)a

n=0

du(x, 0) _ [

o
g z (—A,a), sin a\,t + B,ak\, cos a\,t) sin Xx]
=0

n=0
[0 8]

= z B,a), sin },x = g(x).
n=0

A calculation of the Fourier coefficients of f(x) and g(x) with respect to the
system {sin A, x} gives

I
J f(X) sin A, x dx
An: 0 ] (II:O, 1’2,_..),
f sin2 A, x dx
70
‘1 .
‘ g(x) sin A,x dx
Bna)\n — Y0 (IZ = 0,1,2,,..).

I,
{ sinZ \,x dx
Jo
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But

. 1 1 [
2% v Iy — o N dx — -,
fo sin2 A, x dx = 2fo (1 — cos 2A,x) dx = 3

and therefore

I
A, = % {0 f(x) sin A, x dx (n=0,1,2,...),
B, = = [' g(x) sin hx d (15.6
"_a7\,,1~og n A,x dx .6)
— 2 ([Tesinaxdx  (1=0,1,2,..)
~@n + Darn o & " PED DS

[see (15.4)].

Thus, the solution of our problem is given by formula (15.5), where A,
and B, are determined from (15.6), i.e., the vibrational motion of the rod is a
superposition of separate harmonic vibrations

u, = (A, cos a\,t + B, sin ai,t) sin A,Xx, (15.7)
or
u, = H,sin (a\,t + o,) sin A,Xx,
where
H, = VA2 + B2, sin o, = fl—'—', cos o, = —-
S H, H,

The amplitude of the vibrational motion described by (15.7) is

H,|sin A, x| = H,|sin (ZL_;l—l)nf

b

which depends only on the position x of the cross section, and not on the
time ¢. As for the frequency, it is given by

_@2n+ Dar _ (2n + Dn E
n 21 Y o

®, = aa

and hence the period is

2 41__41/1
T, @i+ Da 2w+ INE

n

In the case of a vibrating rod, the fundamental mode is obtained for
n = 0; it has amplitude

. TX
Ay Sin =7

b
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()_EJE
07 2N o

T = 41J%

Therefore, the fundamental mode corresponds to a node at the fixed end
(x = 0), and an antinode at the free end (x = /), as shown in Fig. 50.

frequency

and period

WO T P PP P e g 11l

x:=0 x={

FiGure 50

16. Forced Vibrations of a Rod

Next, we consider the case where the rod is suspended from the end
x = 0 and the perturbing force is the force of gravity, i1.e.,

F(x, 1) = pg,

where F(x, ) is the force per unit volume, ¢ is the density of the rod, and g
is the acceleration due to gravity. In this case, the equation for the vibrations
takes the form

02 02u

[see (14.3)], again subject to the boundary conditions (14.4) and the initial
conditions (14.5). We set

w
u(x, 1) = > T(1) sin d,x,
n=0

(16.2)
F(x, 1) _

e

0
g Z Fn sin )\,,.\',
n=0

where

!
[ g sin A, x dx
F, == _ = n=0,1,2,...).
[ ST I\,
sin? A,x dx
Jo
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Substituting the series (16.2) in (16.1) and transposing all the terms to
the left, we obtain

z (TZ + aNT, — 2g) sin\,xv = 0,
n=0 I

whence

T + a*\°T _ 2

nt n /)\”=0 ()]:0’]’2’“.).

The solution of this equation has the form

: 2g
T, = A, cosal,t + B, sin ah,t + a2 (n=0,1,2,...).

To satisfy the conditions (14.5), we require that

W, 0) = 3 T,(0) sinhx = /()

n=0

au(x 0)

Z T,(0) sin A, x = g(x).

n=0

A calculation of the Fourier coefficients of f(x) and g(x) with respect to the
system {sin A,x} gives

28 2 . o
T0) = A, + 155 = 7 JO £() sin A, dx,

TI'I(O) = Bna)‘n = %J‘O g(«\') Sin )\nx dx

[cf. (15.6)], so that

2 - 2g

2 1l .
A, =5 fo J(x) sin ,x dx — la3 ~ An = la®))

2 i .
B, = b fo g(x) sin A,x dx (n=20,1,2,...).

Therefore, we have

[o o]
u(x, t) = Z (A, cos an,t + B, sin ah,t) sin A,x
n=0

2 i COS a)\,,t sinA,x | 2g < sinAx
la? <,

71,2 3
la = A

The reader will recognize at once that the first sum on the right is the function
giving the solution of the problem of the free vibrations of a rod with the same
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conditions (14.5). Hence, the second and third terms give the corrections
due to the force of gravity.

17. Vibrations of a Rectangular Membrane

By a membrane, we mean an elastic film supported by a closed plane curve.
When the membrane is at rest, all its points lie in one plane, which we take
to be the xy-plane. If the membrane is displaced from its equilibrium
position and then released, it begins to vibrate. We consider only small
vibrations of the membrane, assuming that the area of the membrane does
not change and that each of its points vibrates in a direction perpendicular to
the xy-plane. Let u(x, y, t) denote the displacement at time ¢ of the point
(x, y) of the membrane from its equilibrium position. Then, by a derivation
similar to that made in the case of the string, one finds that the equation for
the free vibrations of the membrane has the form

02u 02u o2u
_— = 2| — — b .
or2 ¢ (8x2 + 8y2) (17.1)

while the equation for forced vibrations of the membrane is

%_2%12 2(@ +3_2u) + F____(x’y’t),
! P

ox2 = 0y?
where ¢2 = T/p, T is the tension in the membrane, p is its surface density,
and F(x, y, t) is the force per unit area acting on the membrane.
The problem of the vibrating membrane can be posed as follows: Find
the solution of equation (17.1) or (17.2), i.e., find the displacement of the
points of the membrane at any time ¢, subject to the condition

(17.2)

u=20 (17.3)
met on the (fixed) boundary of the membrane, and the initial conditions
u(x, y, 0) = f(x, y) (17.4)
(specifying the initial displacement of the membrane) and
ou(x, y, 0
Sutx, 2, 9) 22 ) = ¢(x, y) (17.3)

(specifying the initial velocities of the points of the membrane).

We now study the case of the free vibrations of a membrane in the shape
of a rectangle R: 0 < x < a, 0 < y < b. The probiem differs from the
problem considered in Part [ in that the function u# depends on three rather
than two variables. Nevertheless, we again apply the eigenfunction method
and begin by looking for particular solutions of the form

u = O(x, )T(1), (17.6)
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which are not identically zero and which satisfy the condition (17.3) on the
boundary of the rectangle R. Differentiating (17.6) and substituting the
result in (17.1), we obtain

o2 2P
DO7T" = 2
bT c (8,\‘2 + 3})2) T,
so thatl!2
o2d + o2
ox2 oy? T’
= = — 2 p—
D A A const.
Hence
o2P o2P
72 + 572 + 22p =0, (17.7)
T + ¢2)\2T = 0, (17.8)

where, as is easily seen, the function @ satisfies the condition
b =0 (17.9)

on the boundary of the rectangle.
Thus, we now consider equation (17.7), with the boundary condition
(17.9). We fix A and look for particular solutions of (17.7) of the form

O(x, y) = o)), (17.10)

which satisfy the condition (17.9) on the boundary. Substituting (17.10) in
(17.7) gives

0" + @b” + N2y = 0,

orl3

" 1, 2
% _ il = —k2 = const,

¢

whence
CP” + kZ(P — O, kp” + 12¢ = O, (17.11)
where we have written

12 =32 — k2. (17.12)

12 The fact that this constant should not be chosen to be positive is clear just from the
fact that otherwise the coefficient of T in equation (17.8) would be negative, so that the
solution of (17.8) would not be periodic, i.e., contrary to experience, we would not have
vibrations.

13 If the constant were positive, we could not satisfy the boundary conditiop.
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For the solutions of (17.11), we find
o(x) = Cjcos kx + C,sinkx, Y(x) = Cycosly + Cyssinly,

where C,, C,, C3, and C, are constants. The boundary condition implies
that

¢(0) = ¢(@) =0,  $(0) = d(b) =0,

and hence
C,=GC; =0, C,sinka = C4sinlb = 0,

so that ka = mm, [b = nm, where m and n are integers. Setting C, = C4 = 1
and writing

k,,,=7%n, 1,,,=%” m=1,2,...;n=12..),
we find
©m(x) = sin k,x = sin 7%2,
m=1,2...;n=1,2,...
np(y)=sinlx=sin7ly- ( )
n nv b

(We do not consider negative values of m and »n, since they give the same
functions ¢,, and ¢, to within a constant factor.) According to (17.10) and
(17.12), if

A= Ay = VK2, + 12 = nV(m2]a?) + (n2/b?), (17.13)

we obtain the following particular solutions of equation (17.7) satisfying the
boundary condition:

DX, ¥) = Gu(X)a(y) = sin m;zx o ‘rt)bzy'

We now solve equation (17.8) for every A = A,,,,; the result is
Tmn(t) = Amn COS C)‘mnt + an Sin C)\"lllt'

Therefore, the functions

: . TMX . Ty
umn(xs y’ t) = (AIIIII COS C)\mnt + B"l" sin C)\mnt) Sln a Sln b

(17.14)

m=12,...;n=12,...)

are particular solutions of (17.1) satisfying the boundary condition (17.3).
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To obtain the solution of equation (17.1) satisfying the initial conditions,
we set

o0

u('\" })7 t) = z ll"ln('\‘9 y’ t)
m,n=1
= TTHNX . T
= Z (A, COS N, 0t + B, sin ok, 1) sin ai sin by’ (17.15)
m, n=1

and require that

u(x, 3,0 = D Apysin = sin T2 = £(x, ),

m,n=1

ou(x, y, 0)
ot

@
. . TTIMX . TN
= [ z (= A,y SIN CAy it + B, CA,,, COS €A, t) SIN —— sin —by ]
t=0

m,n=1

o0}
. TNXx . Th
= Z B,,,.c\,, SIn —— sin Ty

m,n=1

Assuming that f(x, y) and g(x, y) can be expanded in double Fourier series
with respect to the system {sin (mx/a) sin (mny/b)} and using the results of
Ch. 7, Sec. 4, we obtain

- . TTMX . THY ,
A, = a—beJ £, y) sin == sin =22 dx dy (17.16)
and
4 ) . TTMX . Tny ,
annc}\mn - ab fng(Aa y) Sin a Sin b d)‘ dya
4 e . TUNX . TNy
B, = T fRJ g(x, y) sin - sin— dx dy. (17.17)

Thus, the solution of our problem is given by the series (17.15), where 4,,,

and B,,, are calculated by using formulas (17.16) and (17.17).

14 In Ch. 7, Sec. 4, we expanded functions in double Fourier series in a rectangle of the
form —I < x <!, —h <y < h Ifinstead, we want to expand a function f(x, y) in a rec-
tangle of theform0 < x < a,0 < y < b, with respect to the system {sin (7m.x/a) sin (=ny/b)},
this can be done by making the odd extension of f(x, y), first in the variable x and then in
the variable y. Then, the formulas for the Fourier coefficients take the form (17.16).
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The frequencies of the characteristic vibrations of the rectangular
membrane have the form

Oy = Chy = e V (m2]a2) + (n2/b2) m=12...;n=12,...),

[see (17.13) and (17.14)], with the corresponding periods

27 2
T =

mn - = = (’n=l,2,.-.;n=l,2,...).
Oy eV (M2]a?) + (n2/b2)

There is an important difference between the case of the vibrating membrane
and that of the vibrating string: In the case of a string, every characteristic
frequency corresponds to its own configuration of nodes, whereas in the case
of a membrane, the same characteristic frequency can correspond to several
configurations of nodal lines (i.e., lines or curves which remain fixed during
the course of the motion).

We illustrate this situation, using the particularly simple case of a square
membrane, where we set a = b = 1. Then, the frequencies of vibration
are

Wmn = C)‘mn = TCC\/In2 + 122

and instead of (17.14), we can write

u,, = H,, sin (w,,,t + o,,) Sin Tmx sin Try,
where
_ 2 3
Hmn - \/Amn + an ’
. A,,,, an
sin o, = =, COS o, = ——-
Hmn HI"M
For the fundamental mode, i.e., for m = n = 1, we have
(,L)ll = TCC\/i,
Uy = H“ Sin ((JL)“t + O'.“) Sin X Sirl Ty,

from which it is clear that there are no nodal lines at all. Next, we set
m=1,n=2o0orm=2n=1. Then, the same frequency

W =Wy = Wy =7V S
corresponds to the two modes
U = Hypsin (ot + oy5) sin 7Ty sin 27y,
Uy = Hy; sin (ot + o)) sin 27X sin wty,

the first of which has the nodal line y = 4 and the second the nodal line
x = 4. Moreover, the frequency o also corresponds to the “compound”
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mode u;, + uy;, which in general leads to a new nodal line. In fact, writing
a1 = %y = 0 for simplicity, we obtain

Uy + Uy = sin wt(Hy, sin wx sin 27ty + H,, sin 27tx sin wty),
whence it follows that the points satisfying the equation
Hy, sin x sin 2ty + H,; sin 2nx sinwy = 0 (17.18)
form a nodal line. In particular, for H,, = H,; we obtain

sin 7tx sin 27ty + sin 27X sin 7ty
= 2 sin 7tx sin 7ty (cos Tx + cos wy) = O,

which gives the nodal line
x+y=1.
Similarly, for H,, = — H,;, we find the nodal line
x —y=0.

Thus, if we vary the coefficients H,;, and H,; in the ‘“compound” tone
Uy, + u,p, equation (17.18) leads to new nodal lines, i.e., an infinite number
of nodal lines can correspond to a given frequency. In Fig. 51(a), we show

the simple nodal lines just found for the frequency w = mcV'S.

T
\ /
[ N e
————— : \\ ,
/
(a) I >
|
|
__T__
(b) I
T—1
b — I | \\ // /‘\
| X oy
P o — | | // \ \\/
(¢) 1 1 N
FIGURE 51

If we set m = 2, n = 2, we obtain the frequency
Wy, = V8,
corresponding to the unique mode
Uy, = Hyj, sin (wyyt + a5,) sin 27x sin 27wy.

In this case, the nodal line is the locus of the points in the plane for which



288 THE EIGENFUNCTION METHOD AND ITS APPLICATIONS CHAP. 9

either x = 4 or y = 4 [see Fig. 51(b)]. Finally, in Fig. 51(c), we show the
simplest nodal lines corresponding to the frequency

W= W)3 = W3] = TfC\/l—G.

18. Radial Vibrations of a Circular Membrane

Next, we consider a circular membrane of radius /. For convenience, we
introduce polar coordinates in the xy-plane, choosing the center of the
membrane as the origin. The change of variables

x=rcosf, y=rsind

transforms equation (17.1) into

0%u 02u 1 ou 1 02u
=Gt % t pw) (18.1)
and equation (17.2) into
0u o2u l1ou 1 0%u F(r,0,1)
=t et ) Y (18:2)

We shall discuss only the case of free vibrations of a circular membrane,

e., the case described by equation (18.1), assuming first that the initial

displacements and initial velocities of the points of the membrane are

independent of the angle 6. Then, it is clear that at any time ¢, the displace-

ment is also independent of 0, so that u = u(r, ). In this case, the vibra-
tions are said to be radial, and equation (18.1) reduces to

P4 (D 12 183
The boundary condition has the form
u(l, t) = 0, (18.4)
and the initial conditions have the form
u(r, 0) = f(r),
M0 _ g (18.5)

Following our previous method, we look for solutions of equation (18.3)
of the form

u(r, t) = R(NT(Y),
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which satisfy the condition (18.4). Differentiating this expression and
substituting the result in (18.3), we obtain

RT" = ¢2 (R”T + %R’T),

whence
Rll + (l/r)Rr _ T// .
R = a7 = A% = const,
so that
R" + %R’ + A2R = 0, (18.6)
T" + ¢222T = 0. (18.7)

Equation (18.6) 1s the parametric form of Bessel’s equation, with index
p = 0 (see Ch. 8, Sec. 11), and has the general solution

R(r) = CiJo(\r) + CYo(Ar)

(see Ch. 8, Sec. 6). Since Yy(Ar) is unbounded at r = 0, we must set C, = 0.
Moreover, to obtain a solution different from R = 0, we have to assume that
C, # 0. Then, it follows from the boundary condition (18.4) that

Jo(M) = 0,

i.e., . = M must be a zero of the function Jy(r). Setting C; = 1, we obtain

_
A, = 7
H”r

R(r) = Jo(hp) = Jo( : ) (n=1,2..) (18.8)

where p,, = A,/ is the nth zero of the function Jy(w).
For A = 2, equation (18.7) has the solution

T,(t) = A,cos cht + B,sin cA,t (n=1,2,...).
Thus, we have finally found particular solutions of (18.3) of the form
u,(r, 1) = (A, cos c\,t + B, sin cA,)Jo(A,r) n=12...), (18.9)

satisfying the boundary condition (18.4).
To find a solution of (18.3) satisfying both the boundary condition (18.4)
and the initial conditions (18.5), we write

u(r, 1) = > (A, cos ch,t + B, sin cA)Jo(A0), (18.10)

n=1



290 THE EIGENFUNCTION METHOD AND ITS APPLICATIONS CHAP. 9

and require that

u(r, 0) = > AJo(hr) = f(P),
n=1

ou(r, 0) _

Y [ z (= A,cA, sin cA,t + B,ch, cos c)\,,t)JO()\,,r)]
n=1

t=0
= z Bnc)‘nJO()\nr) = g(l‘)
n=1

A calculation of the Fourier coefficients of f(r) and g(r) with respect to the
system {Jy(A,r)} gives (see Ch. 8, Sec. 24)

2 i
A, = 7)) Jo rf(r)Jo(A,r) dr,
S (18.11)
B,ch, = EVEION) fo rg(r)Jo(A,r) dr,
or
B, = —m—a— [ re(Rlo(hr) dr (18.12)
eI () Jo T

Thus, the solution of our problem is given by the series (18.10), where the

coefficients A4, and B, are determined from the formulas (18.11) and (18.12).
The separate harmonic vibrations (18.9) which make up the complicated

vibrational motion of the membrane, can be represented in the form

uy(r, 1) = Hpsin (cht + o,)Jo(Mr),

where

-5 . A B
H, = 2 2 = - = =4,
f vV A + B2, sina, i, COS a,, i

and the characteristic frequencies of the membrane are

W, = C\, = ¢ b,

/
The amplitude of vibration of the nth mode is
H,,IJO()\”I‘)I,

and depends only on r. The nodal lines are obtained from the equation

JO()\nr) = J(“;r) =0 (0 <r< 1)

[see (18.8)]. If n = 1, there are no nodal lines. If n = 2, a nodal line is



SEC. 19 THE EIGENFUNCTION METHOD AND ITS APPLICATIONS 291

obtained for r = pu //u,, if n = 3, nodal lines are obtained for r = pu,//u;,
r = w,lfu,, etc. In Fig. 52, we show the nodal lines and corresponding

/——\ —— - - - : —
o~ > g ~ - -~ ~ e

\\\-——/// S - ——
FIGURE 52

sections of a membrane whose vibrations are described by (18.9), for
n=1,23.
19. Vibrations of a Circular Membrane (General Case)

In the general case, the problem of the free vibrations of a circular
membrane of radius / reduces to solving the equation

(see beginning of Sec. 18), with the boundary condition
u(l, 0, =0, (19.2)
and with the initial conditions
u(r, 0, 0) = f(r, 0),
____8u(r,a?, 0) = g(r, 0). (19.3)

We look for particular solutions in the form of a product
u(r, 0, 1) = O(r, 0)T(1),

which are not identically zero and which satisfy the boundary condition
(19.2). Substituting this expression in (19.1), we obtain

2 2
o2 1 od la(I))T’

YT — 22— el Il
o1 ¢ (8)'2 r or r2 002
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so that!>

20 19d 1520
_2. e —5-—5 ”
o p arq) r2 o0 _ CYI;T: — 22 = const.16

Therefore
020 1 o® N l @
7 T TR

T" + ¢232T = 0, (19.5)

— )20, (19.4)

where to satisfy the boundary condition (19.2), we must require that
®(,0) = 0. (19.6)

Thus, we arrive at a boundary value problem for equation (19.4). To
solve this problem, we look for particular solutions of (19.4) of the form

d(r, 0) = R(r)F(0), (19.7)

which are not identically zero and which satisfy the condition (19.6). Sub-
stituting (19.7) in (19.4) gives
R'F + er’F + %,_RF” + N2RF =0,
_ R+ (/DR + R _F’

— _—y2 — t‘lé
(l/rz)R 7 v cons

Therefore, we have

P2R” + rR + (\2r2 — V)R = 0, (19.8)
F’ + v2F = 0. (19.9)

Equation (19.9) has solutions of the form cos v0 and sin v0. Since if we
change 0 by 2n, we come back to the same point of the membrane, the
function u, and hence ® and F, must have period 2rx. Therefore, the number
v must be an integer, i.e.,

vV = n, (n=0,12,...),
and the solutions of (19.9) arel?

cos 10, sin n0, (n=0,1,2,...). (19.10)

15 We take the constant to be negative, since otherwise the function 7 would not turn
out to be periodic, and we would not have vibrations, contrary to what actually happens.

16 The constant is taken to be negative, since in a problem like this, the function F(0)
must be periodic [see (19.9) ef seq.].

17 For v = 0, equation (19.9) has another solution of the form C0, which can be dis-
carded, since it is not periodic.
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(The negative values of n give the same functions, to within a constant
factor.)

Thus, equation (19.8) takes the form
r2R" + rR" + (%2 - n)R = 0.

This equation is the parametric form of Bessel’s equation, with integral
index n, and has the general solution

R(r) = CiJ,(\) + G Y, ().

Since the solution must be bounded, we are compelled to set C, = 0, because
Y,(\r) = oo as r— 0 (see Ch. 8, Sec. 6). If we put C, = 1, then by the
boundary condition (19.6)

R(l) = J,(M) = 0,

i.e., M = w must be a zero of the function J,(w).
We now write

— Knm
-

)\nm - [

(19.11)
/

m=12,...;n=0,1,2,...),

Rom = JsOout) = J, (ﬁ‘—'"f)

where w,,, is the mth positive zero (in order of increasing size) of the function
J.(w). Then, the boundary value problem for equation (19.4), subject to the
boundary condition (19.6), has the eigenvalues A,,, [see (19.11)], and the
eigenfunctions [see (19.7), (19.10), (19.11)]

(Dnm(r, 6) = Jn()\nmr) CoS 726,

, m=12,...,m=1,2,...).
O* (r, 0) = J,(\,ut) sin n0

For A = 1, equation (19.5) gives

T,

nmn

= A,, COS CA,,,t + B,,, SIn ch,,t.

Therefore, we have the following particular solutions of (19.1), satisfying
the boundary conditions (19.2):

ull"l(r9 67 t) = (Anm COS C)\nmt + Bnm Sin C)\Il"lt)Jn()\I"nr) COS ’26
m=12,...;n=0,1,2,...),

u* (r,0,t) = (A% cos ch,,,t + B sin ch,,,0)J,(Amr) sin 0o

nm nm

m=12,...;n=12,...).
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To obtain a solution of equation (19.1) which also satisfies the boundary
conditions (19.3), we form the series

u(r, 0,1 = Z z [(4,,, cos ch,,t + B, sin c\,,t) cos nf
n=0m=1 (19.12)

+ (A¥ cos ch,t + BY sin cA,,t) sin nB] J, (A7)

and require that

u(r, 0, 0)
= > > (Aumcos nf + A%, sin nb)J,(\,,r) = f(r, 0),
n=0m=1
ou(r, 0, 0)
ot
= < , (19.13)
= { Z z [(— A€ SIN CAyt + BrypuChypn COS Ch,ypt) cOs 1O
n=0m=1
+ (—AF cn, sinch, t
+ BX cA,,, COS cA,, 1) sin nG]Jn()\nmr)}
t=0
= Z Z (B,,.C\,,, COS HO
n=0m=1
+ B} ch,,, sin n0)J (A,,.r) = g(r, 0).
To find the coefficients in these expansions, we now argue as follows:
Let
f(r,0) = > [£,(r) cos nb + f¥(r) sin nb), (19.14)
n=0
where
1 (=
fo©) = 5= [~ 1, 0) b,
falr) = T—lt f " f(r, 0) cos 16 db, (19.15)

n=12..)
1 (=
* __ 1 .
£E0 = 27 £0,0) sin 0 0
i.e., we expand the function f(r,0) in a trigonometric Fourier series with

respect to the variable 0. We then expand each of the functions f£,(r) and
S ¥(r) in Fourier series with respect to the system {J,(A,,r)}. The result is

LD =S Codilonds 30 = S CEI 0w,
m=1 m=1
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where

Com = B Jzﬂ(“"m)f (DTNt drr,
(19.16)

2 !
C*¥ = 55— | rf*
" 12Ji+l((“‘nm) fo fn

Substituting (19.16) in (19.14) gives

(nNJ,(n,,r) dr.

nm

(r 6) Z Z ( nm COS 116 + C* Sln ne)‘] ()\nmr)

n=0m=1

Comparing this with the first of the formulas (19.13), and using (19.15) and
(19.16), we obtain

1 l T
Ao = Com = = ENE (T fo dr f_n rf(r, ©)Jo(Aomr) d9,

Anm = Cnm

B sz‘l +l(“‘nm)‘f drf
mn=12,....m=1,2,...), (19.17)

rf(r, 0) cos nbJ,(\,,,r) dO

A* = C*
- - 12“ o f dr f rf(r, 0) sin #0J, (0, r) dO

m=12,...;m=1,2,...).

In just the same way, we find that

1 { T
ByuChom = mf dr f_ rg(r, 0)Jo(honr) dB,

B,.c\,, = T J2+1 ) f dr f_ﬂ rg(r, 0) cos n0J,(2,,,,r) do

(n=12...;m=12...) (19.18)

Bnhm = =3 J2+1 ) [ ar |7 ra(r, 6) sin n6J,3,r) d0
mn=12,...;m=1,2,...).

Thus, the solution of our problem is given by the series (19.12), where the
coefficients are determined from formulas (19.17) and (19.18).

There are a great variety of nodal lines corresponding to the simple
harmonic vibrations u,, and u* , which make up the complex vibration

(19.12). For example, for uy;, ug,, and uy3, one finds the nodal lines shown in
Fig. 52, while for u,,, u,,, and u3,, one finds the nodal lines shown in Fig. 53.
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As in the case of a rectangular membrane, an infinite set of different con-
figurations of nodal lines can correspond to the same frequency (depending
on the coefficients 4, , B, , A

nm? nm? nm? nm

D) &)

FIGURE 53

20. Equation of Heat Flow in a Rod

Consider a homogeneous cylindrical rod, whose lateral surface is insulated
from the surrounding medium. Choose the x-axis along the axis of the rod,
and let u(x, t) denote the temperature at time ¢ of the cross section of the rod
with abscissa x. Let AB be the element of the rod lying between x and
x + Ax (see Fig. 49). Let At be a time interval which is so small that we can
assume that the temperature of the cross sections at x and x + Ax does not
change (in time). It has been established experimentally that the amount
of heat g flowing through a rod whose ends are held at two constant tempera-
tures is proportional to the difference between the temperatures, to the cross-
sectional area of the rod and to the time interval A¢, while ¢ is inversely
proportional to the length of the rod. Therefore, the amount of heat
flowing through the element AB is

_ Klu(x + Ax, t) — u(x, t)]s At
- Ax
_ Kou(x + 0Ax, 1) S A
ox
where K is a constant of proportionality called the thermal conductivity of the
material from which the rod is made, and s is the cross-sectional area of the

rod. In the limit as Ax — 0, we obtain the amount of heat Q(x) flowing
through the cross section at x in the time A¢:

0<6<,

0(x) = K 2—;‘ sAt. (20.1)

Now, it can easily be seen that the amount of heat AQ which the element
AB receives in the time At is

AQ = Q(x + Ax) — Q(x)
B ou(x + Ax, t)  odu(x, t)
= Ksat [ ox T ox ]

22u(x + 0,Ax, 1)

ox2

(20.2)

= Ks At Ax 0<6, <D.
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(It should be kept in mind that heat flows in the direction opposite to the
direction in which the temperature increases.) The quantity AQ can also be
calculated by another method: Suppose that the element 4B is so small that
at any given time the temperature of all its cross sections can be regarded as
being the same. Then

AQ = cos Ax [u(x, t + A1) — u(x, 1)]

ou(x, t + 0, Ar)
ot

= cps Ax At 0 <0, <1, (20.3)

where ¢ is the heat capacity and p is the density (per unit length) of the
material from which the rod is made. (Thus, ps Ax is the mass of the element
AB.)

A comparison of (20.2) and (20.3) shows that

du(x, t + 6, A1) % 2u(x + 0, Ax, 1)
ot N ox2 ’

and if we pass to the limit as Az — 0, Ax — 0, then

ou ) o%u

= = @ (20.4)

where a2 = K/cp. In this way, we obtain the equation for heat flow (or heat
conduction) in a rod.

We now pose a variety of problems, corresponding to different conditions
imposed on the ends of the rod.

21. Heat Flow in a Rod With Ends Held at Zero Temperature

This problem consists in finding the solution of equation (10.4), with the
boundary conditions

u©, =u(l,t) =0 (21.1)
(the ends of the rod are at x = 0 and x = /), and with the initial condition
u(x, 0) = f(x), (21.2)

where f(x) is a given function. Equation (20.4) is a special case of equation
(1.2) of Part I, and hence all the considerations given there apply to the

present problem.
Thus, we look for particular solutions of the form

u(x, 1) = OX)T()
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which do not vanish identically and which satisfy the boundary conditions
(21.1). Substituting this expression in (20.4) gives

OT' = a?®'T,
whencel?
% = ;Tz% = —AZ = const.
Therefore, we have
d” + A\2D = 0, (21.3)
T + a?32T = 0. (21.4)

The solution of (21.3) is
O(x) = C; cos Ax + C, sin Ax,
and because of the condition (21.1), we must require that
d0) = C, =0,
®(/) = C,sin M = 0.

Therefore, assuming that C, # 0, we obtain A/ = ntn, where » is an integer.
If we set C, = 1, then

TN
)\n - —1_’
®,(x) = sin \,x = sin Zc_n[z n=12...).

For A = A, equation (21.4) gives

a’n2n? p

T,(t) = A,e ™y = A,e 2, A, = const n=12,...).

Hence, the functions

u,(x, t) = A,,sm’i;ice 12 n=1727...)

represent particular solutions of (20.4) which satisfy the boundary conditions.
To satisfy the initial condition, we form the series

u(x, t) = z A, sin mlz TR (21.5)

n=1|1

18 We leave it to the reader to decide why the constant is chosen to be negative here
(see Sec. 12).
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and require that

u(x, 0) = i A, sin@ = f(x).

n=1

Thus, we have to expand f(x) with respect to the system {sin (mnux/l)}. A
calculation of the Fourier coefficients gives

ff(x) sm—(m n=12...) (21.6)

e., the solution of our problem is given by the series (21.5), where the
coefficients A, are determined from the formulas (21.6). Because of the
presence of the factors

aZr2n?
e 2

it 1s easy to see that the series (21.5) is uniformly convergent for ¢t > 1, > 0,
for any 1ty > 0. The same is true for the series obtained by term by term
differentiation of (21.5) with respect to x and ¢ (any number of times).
Therefore, the sum of the series (21.5) is continuous, and the term by term
differentiation is legitimate (cf. Sec. 10).

22. Heat Flow in a Rod with Ends Held at Constant Temperatures

This problem consists in finding the solution of equation (20.4), with the
boundary conditions?!?

u(0,1) = A = const, u(l,t) = B = const, (22.1)

and with the initial condition

u(x, 0) = f(x). (22.2)
We look for a solution in the form of a series
u(x, 1) = Z T (t) sin fﬂ‘ (22.3)
n=1
where
T, = 2 f u(x, t) sin X dx. (22.4)
[ Jo /

19 The boundary conditions in this problem, and also in the problem of Sec. 23, have
a different form from those considered previously. We show below how to deal with
cases like these.
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Integrating by parts twice, we obtain

[ . lu(x, t) x| x=! [ 12 ou(x,t) 'rcnx]x=’
iT"_ [_ ——— _[:|r=0 t e sin [ |0
[2 1 0%2u . wnx
w22 JO ox2 S T dx.
Since u(x, t) satisfies equation (20.4) and the conditions (22.1), we have
1 1 " [ I ou . mnx
iTn = %71 [A - (— l) B] - —(127'52112 0 5{‘ Sin ]
Differentiating (22.4) with respect to ¢, we obtain
! 8u : Ttnx
T, =7 f —— dx,
so that
AT, = S (A = (~1)B] = 55 T,
2 ~ T 2a?r2p2 " "
or
202572
T! + a—;”— T, = 2“ ™4 — (=1)"B]. (22.5)
This equation has the solution
T —de w4242 (CDB (22.6)

N

To satisfy the initial condition (22.2), we require that

u(x, 0) = 2 T.(0) sin = f(x).

n=1

A calculation of the Fourier coefficients of f(x) with respect to the system
{sin (mcnx/l)} gives

A— (1B _

TH

TTHX

T,00) = 4, +2 2! e sin =X a,

and hence

TTHX A —(-1"B
,,—[ff()m—d ™ .

(22.7)

Thus, the solution of our problem is given by the series (22.3), where the T,
are determined from the formulas (22.6) and (22.7).
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23. Heat Flow in a Rod Whose Ends are at Specified
Variable Temperatures

In this problem, it is required to find the solution of equation (20.4), with
the boundary conditions

u©, 1) = o(r),  u(l, 1) = Y1) (23.1)
(where ¢ and ¥ are given), and with the initial condition
u(x, 0) = f(x). (23.2)

We again look for a solution in the form of a series (22.3). Repeating the
argument of Sec. 22, we find for 7,(r) the equation

a?m2n? B 2a%rtn

Tr’z + _[2_ T, = ]2 [(P(t) - (— 1)'1"}"(1)]

which is the same as formula (22.5), except that 4 and B have been replaced
by © and ¢. Solving this equation, we obtain

aln2p?
113 ¢

(23.3)

20
2a2rn a=

e E e o) — (— 1))

&

v_9 .9
a-t-°n~

To satisfy the condition (23.2), we require that

TThX

u(x, 0) = '21 T,(0) sin -5 = f(x).

A calculation of the Fourier coefficients of f(x) with respect to the system
sin {(wnx/l)} gives

T.00) = A4, = %- JO' f(x) sin ’L[”‘ dx. (23.4)

Therefore, the solution of our problem is given by the series (22.3), where
T, is determined from the formulas (23.3) and (23.4).

24. Heat Flow in a Rod Whose Ends Exchange Heat Freely
with the Surrounding Medium

If the surface of a body exchanges heat with a surrounding gaseous
medium, then the amount of heat flowing through an area s in the time At is
given by the formula

QO = H(u — ug)s At, (24.1)
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where u is the temperature of the body, u, is the temperature of the sur-
rounding medium and H is a constant called the emissivity.

In the case of heat flow in a rod whose lateral surface is insulated, but
whose ends exchange heat freely with the surrounding medium, a comparison
of (20.1) and (24.1) leads to the boundary conditions

ou
Hu — uy) = Ka_x
for x = 0, and

ou
Hu — uy) = _Ka_fc

for x = /. Setting h = H/K (h > 0), these conditions become

Z—Z - h(u — uo)] = 0,
- x=0 (24.2)
ou + h(u — ugp) =0
.ax 0 x=l -

First, let us assume that v, = 0. The boundary conditions then take the

form
ou
[a - hll]x=0 = O,

ou
[5)} * hu]x=l - O,

(24.3)

while the 1nitial condition is
u(x, 0) = f(x), (24.4)

as before. Following our usual method, we look for particular solutions of
equation (20.4) of the form

u(x, 1) = C)T(),

satisfying the conditions (24.3). Substituting this expression in (20.4) gives

OT' = a2d"T,
whence
(D// T/
T = o7 = — ) = const, (24.5)
so that
(D// — _)\(D,

T = —a®\T. (24.6)
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To satisfy the boundary conditions (24.3), we must obviously require
that

D'(0) — hd(0) = 0,

O'(l) + hd(l) = 0. (24.7)

Thus, we have arrived at a boundary value problem for equation (24.6),
with the boundary conditions (24.7). According to Sec. 5, all the eigen-
values of this boundary value problem are positive. Therefore, we can write
A2 instead of A; thus, instead of the equations (24.6), we obtain

D" + 220 = 0, (24.8)
T + a?>22T = 0. (24.9)
The solution of (24.8) is
d(x) = C, cos Ax + C, sin Ax,
and by (24.7), we must have
Coh — hCy = 0,

M—=Cisin M 4+ Cycos M) + h(Cycos M + C,sinAl) = 0.

Therefore
C, Qz
= =7 (24.10)
so that
AN;!

The positive roots of this equation give the eigenvalues of our problem. It
is worth pointing out that these roots are the abscissas of the points of inter-
section (in the pA-plane) of the function p. = 2/tan A/ and the hyperbola
w = (A2 — h2)/\h.

Now, let A, be the nth positive root of equation (24.11). According to
(24.10), we can set C; = A,, C, = h. Then, the eigenfunctions become

D, (x) = A, cos A\, x + hsin A,x n=12...).
For A = A, the solution of equation (24.9) is
T,(t) = A,e-a™i (n=1,2,...).
This leads to the following particular solutions of (20.4):

u(x, ) = A,(\, cos A, x + hsin A, x)e-aNit (n=12...).
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This, together with (24.14), implies

2 jo’ O2dx = (O + D — [0 D ]! (24.16)

n> nlx=0

On the other hand, it follows from the boundary conditions and (24.15)
that

MO 4 P02 = 2 4 h)2

n—n n?

or
P2 = n2 (24.17)

n?

at both x = 0 and x = /. Therefore, writing the boundary conditions in the
form

[®,® — hd?],_, = 0,

n—n

[@,®, + hd]],, =0,
and using (24.17), we find that

[©,0,1520 = =2
Substituting this expression in (24.16) gives

J‘I D2 dy — A2 + W) + 2h
0 n - 2

Thus, instead of (24.13), we can write

2 fOI f(x)(\, cos A, x + hsin A,x) dx

A
" (2 + WD + 2h

n=12..). (2418

Next, we consider the case where the end of the rod at x = 0 exchanges
heat with a medium at the temperature u,, while the end of the rod at x =/
exchanges heat with a medium at the temperature »;. This problem can be
reduced to the problem just solved by making the substitution

u=uv-+ w,
where the function v = v(x) depends only on x and satisfies the equation
v" =0, (24.19)
with the boundary conditions
[vV) — h(v — ug)l,.o =0, [ + h(v — u))]=; = 0, (24.20)
while w satisfies the equation

ow 5 02y
=aq

ot ox2’
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with the boundary conditions

B T

9w _ hw = 0,
;ax Jx=0

[Ow 1

— + hw =0
Lax Jx=l

and the initial condition
w(x, 0) = f(x) — v(x).
According to (24.19), the function v = v(x) has the form
v = Ax + B,

where the constants 4 and B are determined from the conditions (24.20).
This leads to the system of equations

A—h(B—u0)=0,
A+ h(Al + B — u)) = 0,

which can be solved very easily. Then, the boundary value problem for w
is of the type discussed above.

25. Heat Flow in an Infinite Rod

In the case of an infinite rod, there are no boundary conditions, and the
problem reduces to finding a solution of equation (20.4) which is defined for
all x and ¢ > 0, and satisfies the initial condition

u(x, 0) = f(x) (-0 < x < o0). (25.1)
As usual, we look for particular solutions of the form
u(x, 1) = OX)T(2).

Substituting this expression in (20.4) gives

OT' = a20'T,
whence
(I)ll T/
—_— = e = —)\2 =
& = 7T A const, (25.2)
so that
O + N2D = 0, (25.3)

T' + a?\2T = 0. (25.4)
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These equations have the solutions
®O(x) = Cycos Ax + C,sin Ax,
T(t) = Cie—a®4,
Therefore, the required particular solutions can be written in the form?!
u(x, t;2) = (A cos Ax + B sin Ax)e—a??,

The constants 4 and B, being arbitrary, can be regarded as values of
functions 4 = A(2) and B = B(»). It will be recalled that for discrete
values of A (as in the case of a finite rod), we formed an infinite series of
particular solutions, and we then chose the coefficients of the series in such a
way as to obtain a solution satisfying the initial condition. In the present
case, A varies continuously, and we set

u(x, t) = ‘[0°° u(x, t; 2) d

- fo“’ (A() cos Ax + B()) sin Ax)e=-a22 ), (25.5)

If we can differentiate this function behind the integral sign (once with respect
to 7 and twice with respect to x), then the function u(x, ¢) will be a solution of
equation (20.4). In fact, we then have

ou 0 © 8u(x t; )\) o 02u(x, t; \)
ot 8x2 f dh — fo . 0x2 an
2 .
J‘oo (8u(x ;N _ g2 0 u(;c),(zt, )\)) = 0.

To satisfy the initial condition, we require that
u(x,0) = [ (AQ) cos Ax + BO) sin Ax) dn = £(x),
0

This will be the case if we require that f(x) can be represented as a Fourier
integral (see Ch. 7, Sec. 5), a sufficient condition for which is that f(x) be a
piecewise smooth and absolutely integrable function on the whole x-axis.
With these assumptions

AQ) = }t [ 1) cos w d,
: e (25.6)
B() = — f_‘” f(v) sin Ao do

[see equations (5.5) to (5.7) of Ch. 7].

21 If we chose the constant to be positive in (25.2), then the exponential factor which
falls off as ¢ increases would be replaced by an exponential factor which increases without
limit as ¢ increases, contrary to the physical meaning of the problem.
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For such A(2) and B(}), the integral (25.5) can be differentiated behind the
integral sign any number of times with respect to x and ¢. In fact, because
of the presence of the factor e-2*** in the integrand of (25.5) and because of
the inequalities

40| < 2 [7 1) do = €,

I

1BOY| < - f f(0)| dv = C  (C = const),

the integral (25.5) and the integrals obtained from it by differentiating the
integrand any number of times with respect to x and ¢ are uniformly
convergent for ¢t > t, > O (where t, > Ois arbitrary). This follows from the
inequalities

|(A() cos Ax + B(}) sin Ax)|e—a®% < 2Ce—a®3t < 2Ce-aP1,

on . on o
1-3?' [(A(}) cos Ax + B(}) sin Ax)e-a**1]

< ZC)\ne—aQ)f) 2C)\ne—a2)-to

’— [(A(2) cos Ax + B(}) sin Ax)e—a®%]

< 2Ca2m)\2m e—a2)\2t < 2Ca2m)\2me—a2)\210,

and the fact that the majorizing functions on the right are integrable in A
from O to co. Thus, we need only apply Theorems 4 and 3 of Ch. 7, Sec. 6.
It should be noted that although our argument shows that u(x, ¢) is a solution
of equation (20.4), it does not show that

lim u(x, 1) = f(x).
t—0
However, this relation is true and can easily be proved.
Using (25.6), we can rewrite the solution of our problem as
u(x, 1) = 2 f ® d f ® f(v) cos Mx — p)e-a2 db, (25.7)
<Jo —00

To further transform this expression, we begin by proving that it is possible
to change the order of integration. To show this, we note first that for every
e>0

l f ® cos Mx — v)e—a22t d)\
!

[0
< '—(12}\?4 d)\ < <
Ji e
for sufficiently large / (where ¢t > 0 is fixed). Therefore

1 (o o - g [
/; f_w duf, f(v) cos Mx — v)e—ar=t d%‘ < - f_w | f(v)| dv,
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from which it follows that the integral in the left-hand side converges to zero
as /| — co. But then

1 roo o0 ) Y
~ f_oo dv fo £() cos Mx — v)e-a22 d

= lim Lye dv fol f(v) cos Mx — v)e—a®% d)

>0 T /-0

. 1 r!? © R
— lim = [0 dh [ f©) cos Wx — v)e-® dv = u(x, 1

- TC «

[see (25.7)]. Here the change in order of integration is legitimate, because
the integral

foo f() cos M(x — v)e—a®2 dp

is uniformly convergent in A for 0 < A < /. This follows from the fact that
the integrand is dominated by | f(v)| (see Theorems 4 and 2 of Ch. 7, Sec. 6).
Thus, we can write

u(x, 1) = Tlt |7 @y dv [* cosax — vyee a, (25.8)

instead of (25.7). It turns out that the inner integral can be evaluated. In
fact, set

aw't = z, Mx —v) = pz
so that

X =

dz
ad\ = —» ="
aV't A

Then we have
i
aVv't

Differentiation with respect to w behind the integral sign gives

® _ —a2)2 — _l__ ® —22 —
fo cos 2x — Ve d) = — fo e-2% cos .z dz Iw). (25.9)

’ o 2 e
I'(p) = — Jo e~2*z sin .z dz;

this differentiation is legitimate because the resulting integral is uniformly
convergent in (.
We now integrate by parts, obtaining

o _ ®[®

I'(n) = % [e=2% sin puz]iZ§ 5 )y es*cospzdz = — %I(p).
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It follows that
I(p) = Cew#/4,
To find C, we set w = 0. This gives

C = I(0) = f:’ e=22 dz,

an integral which, as we know, equals 3V« (see Ch. 8, Sec. 8). Therefore
I(p) = 3Vw ew/4,
and by (25.9)

(x-v)2

foo cos AM(x — v)e—a®% d\ = L Vrlt e~
0 2a

Substituting this expression in (25.8), we finally find

(x—0)2

1 [° e s a. (25.10)

2a V't

u(x,t) =

On the one hand, formula (25.10) shows that as ¢ increases, u(x, t) — 0,
i.e., the heat “spreads out” along the rod. On the other hand, (25.10)
shows that the heat is “transmitted’’ instantaneously along the rod. In fact,
let the initial temperature be positive for xo < v < x, and zero outside this
interval. Then the subsequent distribution of temperature is given by the
formula

(x—v)2

! [ e av,
.\’0

2a V'rt

u(x, t) =

from which it is clear that u(x, t) > 0 for arbitrarily small 1 > 0 and arbi-
trarily large x.

26. Heat Flow in a Circular Cylinder Whose Surface is Insulated

Let the axis of a circular cylinder of radius / be directed along the z-axis,
and let its ends be insulated (or let the length of the cylinder be infinite).
Suppose that the initial temperature distribution and the boundary conditions
are independent of z. Then, it can be shown that the equation for heat flow is

ou . ) (82u 82u)

-é7 =4a "8';2 + 5}72 (261)

where a2 = K/cp, K is the conductivity of the material from which the rod
is made, c is its heat capacity, and p its density. Thus, the temperature is
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independent of z (a fact which is of course a consequence of the assumptions
just made), and we are essentially dealing with a problem in the plane. If
we go over to polar coordinates by setting x = rcos0, y = rsin 0, then,
instead of equation (26.1), we obtain

ou 2(8211 1 ou 132u)

a - T\mtra T rwm

We now assume further that the initial and boundary conditions are
independent of 0. Then, obviously « is a function only of r and ¢, and the
heat flow equation takes the form

ou 2(8214 lau)
— =q ___+__.

ot or2 " r or (26.2)

We also assume that the surface of the cylinder is insulated from the sur-
rounding medium, i.e.,

ou(l, 1) _
— = 0 (26.3)

(absence of heat flow), and that the initial temperature distribution is given
by the condition

u(r, 0) = f(r). (26.4)
We look for particular solutions of the form
u(r, t) = R(r)T(1).

Substituting this expression in (16.2) gives

RT' = @2 (R”T + -I;R'T),

whence
R+ (/R T a2
R = a7 = A4 = const,
so that
R" + -lr-R’ + AR = 0, (26.5)
T + a?\2T = 0. (26.6)

Equation (26.5) is the parametric form of Bessel’s equation, with index
p = 0 (see Ch. 8, Sec. 11). Its general solution is

R(r) = CJo(\r) + CYo(Nr).
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Since Yy(Ar) — o0 as r— 0, we have to set C, = 0. Taking C, =1, we
find from the boundary condition (26.3) that

Jo(M) = 0.

Therefore, o = Al is the nth positive root of the equation Jy(n) = 0. We
write

= tn,
M=

R = J0n) = o (B) @ =120,
where w, = A,/ is the nth positive zero of the function J((u). Setting
A = ), In equation (26.6), we find
T,(t) = A,e-a®ut (n=12...). (26.7)

Thus, for equation (26.2), subject to the condition (26.3), we have found
particular solutions of the form

u,(r, t) = A, Jo(\,r)e-a?t n=12...). (26.8)

We now form the series
u(r, 1) = > AJo(hr)e-ai, (26.9)
n=1
and to satisfy the initial condition (26.4), we require that

u(r,0) = S Aol = ). (26.10
n=1

A calculation of the Fourier coefficients of f(r) with respect to the system
{Jo(A.r)} gives

2 l
A, = o fo VD dr  (n=1,2,...) (26.11)
(see Ch. 8, Sec. 24). Therefore, the solution of our problem is given by the
series (26.9), where the coefficients A, are determined from the formula

(26.11).

27. Heat Flow in a Circular Cylinder Whose Surface Exchanges
Heat with the Surrounding Medium

This problem reduces to solving equation (26.2) with the boundary
condition

@‘gr’—’) + hu(l,f) = 0 (27.1)
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and with the previous initial condition

u(r, 0) = f(r). (27.2)

Repeating the argument of Sec. 26, we again obtain equations (26.5) and
(26.6), and we again find that

R(r) = Jo(hr).
The condition (27.1) gives
AN + hJg(N) = 0
or
MIGN) + hlJg(M) = 0.

Therefore, the number p. = A/ must be a root of the equation

wlo(w) + AlJo(w) = 0. (27.3)
We now write
= ¥n
o=

R = Jow) = I (%) =1,2,..),

where yu,, i1s the nth positive root of equation (27.3). For A =),
(n=1,2,...), the solution of equation (26.6) is given by (26.7), and (26.8)
gives particular solutions of (26.2) satisfying the condition (27.1). We again
form the series (26.9) and require that the relation (26.10) be satisfied. A
calculation of the Fourier coefficients of f(r) with respect to the system
{Jo(\,r)} leads to the formula

2 !
A, = - rf(r)Jo(h,r) dr (27.4)
mwmnﬁmﬂ; °
(see Ch. 8, Sec. 24). Thus, the solution of equation (26.2), subject to the
conditions (27.1) and (27.2), is given by the series (26.9), where the coefficients

are determined from (27.4), and the numbers u, are the roots of equation
(27.3).

28. Steady-State Heat Flow in a Circular Cylinder

We now assume that a constant temperature is maintained on the surface
of the cylinder, and that the distribution of temperature is independent of z.
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Then after a sufficiently long interval of time, a definite temperature is
established at every point of the cylinder, i.e., the function u ceases to
depend on t. Thus, instead of equation (26.1), we have

02u 0%u .

at a0

or in polar coordinates

2u 1 ou 1 02u
mtiatnmm =0 (28.1)

Let the temperature on the boundary be specified by the condition
u(l, 0) = £(0), (28.2)
and look for particular solutions of the form
u(r, 0) = R(r)®(0).

Substituting this expression in (28.1) gives

R'® + lR’(D + lzR(D” = 0,
r r

whence
_R”+(1/r)R’ _(E N2
(/)R =% = A2 = const, (28.3)
so that
r2R” + rR’ — \2R = 0, (28.4)
Q" + N20 = 0. (28.5)

The solution of (28.5) is
®©0) = A cos A0 + Bsin Af.

It follows from the physical meaning of the problem that the function
®(0) must have period 2w, and hence A must be an integer. (Incidentally,
we note that ®(0) would not have been periodic if we had taken the constant
in (28.3) to be positive.) Thus, we write

®,(0) = A4, cos n + B, sin nb n=0,1,2,...). (28.6)
For A = n, equation (28.4) takes the form
r’R” + rR’ — n?R = 0, (28.7)

which is a second order linear differential equation. It can be verified by
direct substitution that the functions r” and r— satisfy this equation. There-
fore, for n > 0, the general solution of (28.7) is

R, = C," + D,r—. (28.8)
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Since r—"— o0 as r — 0, we have to set D, = 0. For n = 0, we easily find
that

RO = Co + DO In r, (289)

and hence we must again take D, = 0. Using (28.6), (28.8), (28.9), and the
conditions D, = 0 (n = 0, 1, 2,...), we can write the particular solutions of
(28.1) as

u,(r,0) = («, cos nb + B, sin nB)r n=12...),

X

2

We now form the series

Ug =

. o 4y s . .
u(r, 0) = 5 + 'Z:l (o, cos nO + B, sin nb)rn,
and to satisfy the boundary condition (28.2), we require that

u(l, 0) = % + > (o, cos 0 + B, sin nf)l" = £(6).

n=1

A calculation of the Fourier coefficients of f(0) gives
ol = }rf” fO)cosmddd =a, (1=0,12..),

8" =~ [ fO)sinnddd = b,  (n=1,2...),

TC

so that

Therefore
u(r, 0) = %’ + Z (a, cos nB + b, sin nb) (fl)n (28.10)
n=1

For r < [, this series can be differentiated term by term any number of times
with respect to r and 9, since each resulting series is uniformly convergent for
0 < r < ry, where ro < /is arbitrary. It follows that (28.10) actually gives
the solution of equation (28.1).

This solution can be given a more compact form if we use the Poisson
integral (see Ch. 6, Sec. 7). Then we have

1 g 1 — (/)2
u(r,0) = 5= [ 0 = 2 cos(t — 0 + o™

or
]2 — 2

1 (=
u(r, 9) = th_nf(t) 12 — 2lrcos (t — 0) + r2 dt.
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Moreover

lirr} u(r, 0) = £(0)

wherever f(0) is continuous, i.e., the solution just written satisfies the
boundary condition (28.2).

PROBLEMS

1. Find the eigenvalues and normalized eigenfunctions of the differential
equation ®”(x) + A®(x) = 0 on the interval [0, 1], subject to the following
boundary conditions:

a) ©0) = ®(1) = 0;
b) @) = @’(1) = 0;
) ®0) = (1) + hD'(1) = 0.

2. Consider a string of length /, tension 7 and linear density p, fastened at the
points x = 0 and x = /. Suppose that at time ¢ = 0, the point x = ¢
(0 < ¢ < ) i1s displaced by an amount 2 and then released (the ‘‘plucked
string”’). Write the initial conditions and find the subsequent motion of the
string.

3. Consider a string of length 2/, tension 7 and linear density p, fastened at the
points x = + /. Let the initial position of the string be a parabola which is
symmetric with respect to the center of the string, with maximum initial dis-
placement equal to A, and let the initial velocity of the string be zero. Write

the initial conditions and find the subsequent motion of the string.

4. Consider a string of length 2/, tension T and linear density p, fastened at the
points x = + /. Suppose that at time r = 0, the string receives an impulse of
magnitude P at its midpoint. Find the subsequent motion of the string.

Hint. Solve the problem with the initial conditions

u(x,0) = 0,
du(x,0) {2%)5 for |x| < e,
—— =

! 0 fore< |x| </

and then pass to the limit € — 0.

5. Consider a string of length /, tension 7 and density p, fastened at the points
x = 0and x = /. Let the string be initially at rest in its equilibrium position.
Suppose the section of the string between x; and x, (0 < x; < x, < /) is acted
upon by a periodic perturbing force F(x, t) = pA sin wf (see Sec. 13). Find the
subsequent motion of the string. Verify that when x; = 0, x, = /, the answer
reduces to formula (13.8).

6. Let a concentrated periodic perturbing force F = A4 sin wf act upon the
point x = c of the string of Prob. 5. Find the subsequent motion of the string.
Hint. Pass to the limit x; — ¢, x, — ¢ in Prob. §.
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7. Consider a rod of length /, Young’s modulus E, cross section s and density ¢,
fastened at the end x = 0. Suppose that the rod is stretched by a force Facting
on the end x = /, and then is suddenly released at time r = 0. Write the initial
conditions and find the subsequent longitudinal vibrations of the rod.

Hint.  The amount by which the rod is initially stretched is FI/Es.

8. Let the free end of the rod of Prob. 7 receive a sudden impulse P at time
t = 0. Find the subsequent longitudinal vibrations of the rod.
Hint. Solve the problem with the initial conditions
u(x,0) = 0,
&l(x,o)_{o forO0 < x </ — ¢

ot — forl—e< x </,

€ps

and then pass to the limit e — 0.

9. Suppose the free end of the rod of Prob. 7 is acted upon by a periodic per-
turbing force A4.sin of. Find the subsequent longitudinal vibrations of the rod,
assuming that the rod is initially at rest.

10. Find the linear combinations of the modes «;3 and u3, of a rectangular
membrane corresponding to the nodal lines of Fig. 51(c) of Sec. 17. Write the
equation of the ‘““nodal ring’’ indicated by the fourth sketch in Fig. 51(c). Is
this curve actually a circle?

11. Consider a circular membrane of radius /, tension T and density p per unit
area. Find the radial vibrations of the membrane if it receives a sudden impulse
P at time t = 0 distributed over the circle r < ¢, assuming that the membrane is
originally at rest in its equilibrium position.

Hint. Solve the problem with the initial conditions

u(r,0) = 0,
P
ou(r, 0) {——2— for0 <r<e,
3{ = TE“pP
0 fore < r <l

12. Find the radial vibrations of the membrane of Prob. 11 if it is acted upon by
a periodic perturbing force F = A sin wt per unit area, uniformly distributed
over the entire membrane, assuming that at time ¢ = 0 the membrane is at rest
in its equilibrium position.

13. Consider an infinite slab of width 2/ bounded by the planes x = + /, made
of material with thermal conductivity K, specific heat ¢ and density . The slab
is first heated to temperature T, and then at time ¢ = 0, its faces are held at zero
temperature. Find the subsequent temperature distribution in the slab.

14. Let the slab of Prob. 13 have an initial temperature distribution u(x, 0) =
f(x). Find the subsequent temperature distribution if starting from time
t = 0, the slab exchanges heat freely with the surrounding medium which is at
zero temperature. (Let the emissivity of the slab be H (see Sec. 24.))
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15. Find the steady-state temperature distribution in an infinite rectangular
prism bounded by the planes x = 0, x = a,y = 0, y = b, if the faces formed by
the planes x = 0, x = a, y = 0 are at zero temperature, while the face formed
by the plane y = b has the temperature distribution u(x, b) = f(x), where
0 < x < a. (Draw afigure.) Specialize the answer to the case f(x) = 7.



ANSWERS
TO PROBLEMS

CHAPTER 1
ean — e-ar [ | = (=1) :
axX = — —_— —_— —_—
e - [20 + Zl P (a cos nx — nsin nx)]
(=7 < x < w);
2 1 Z a cos nx
cos ax = = sin ar [E-i- ”Zl (=1) az—nz] (-7 < x < n);

. 2 . < , 11 Sin nx .
sinax = —sinar Z (-1) e —— (—7 < x < m); ~
n=1
e cosnm — 1 1
an == a4, = —— b, = (=115
0= " % nw n= (=D n
T 2 ) sin 2x 2
X)=-—-COSXx + SInx — — — cos 3x
S(x) 4 3 2 Or
sin3x  sin 4x
- + - (—-m<x <

3 4

2 . 1 Z a
coshax = - sinh ar [2—61 + 'gl (=1 T cos nx]

(-7 < x <™,

2 = n .
i = Z g z — 1)1 —
sinh ax = - sinh ar [ (=Dn R sin nx] (-7 < x < ™).

n=1

[o 0]
) 1 — cosar CcOS 2nx
sinax = ——— 1+2azz—-——2
T = a — 4n

1 + cosar i cos (2n + Dx
o a: — (2n + 1)

319

+ 2a 0 < x<m;

T
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(What happens when a is an integer ?)

b) fx) = 2h [l + Z sin nf cos nx] 0 < x <7,

2 nh
n=1

except for the value x = h, where the sum equals 1/2. (Why?)

e o] . 2
c) f(x) = 2h B + Z (m:};zh) coS nx] 0 < x < n).

n=1

5. a) f(X) = —sin— - - Z (_1)/1

n—l

except for the value x = //2, where the sum equals 1/2;

_ 4 Z N COS (nr/2) sin nrx

2 —1 /

b) Sl =

_ﬂ(z in 27X _ 4 gndx S 615_) ©
= 3Slrl ] 15811‘1 T 35811‘1 ]

'

except for the value x = //2, where the sum equals O.

6. f(x) = [ z( e €28 @il (227);/1)]

n=|
7 1 (2rn J 1 2r—(=/n)
. ap = — Jo f(x)cosnx dx = — N

f(:—; + t) cos nt dt

1 [2r .
= — - f(:—; -+ t) cos nt dt.

T™JO

Hence
1 [2n 7 i
an = >~ fo {f(x) — f(; + x)} cos nx dx,
so that
1 2 T CT:G
< = - fl= < —
o < 5- | £(Z + x)| leos nx| dx < =
8. 2) oS x = 8 < nsin 2nx
' _7r"=l4/12—1’

sm IIX

by  x3 = 22 Z (= 1) +ls'“”x+ 12 Z (= 1)y

n=1 n=1
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CHAPTER 2

3. By the Cauchy inequality

lag + ayx + -+ axn| < (@3 + -+ @)l + x2 + -+ x2)2

1 — X2"+2 1/2 1 .
= (_T_:_;E_) < ;7T?ff;§ if0 < x < 1.

Now integrate.

4. Use the Schwarz inequality with one function equal to |1 + einX 4 ... 4 eingx|
and the other equal to 1.

5. Use the Schwarz inequality.

7. Suppose g(x) is orthogonal to all the ¢;(x), and let P, (x) = a,9¢(x) + - -
+ a,9,(x) be such that

[ teto ~ Pocopax < L.

Then |g||2 + ||P,]|? < 1/n,s0that | g]|? = 0, i.e., g(x) = 0, since g(x) is continuous.

8. a) No orthogonal function exists, since if g were such a function and if

b
e = | 8(00,(x) dx,

then O0=cy+cy=c¢cp+cr=c¢cp+c3y=-++, L., —Cr=C =C =-+-,
which violates Bessel’s inequality (Sec. 6) unless all the ¢; are zero; b) No
orthogonal function exists, by a similar proof; ¢) An orthogonal function g
exists. In fact, consider the continuous function

g = X (=17 0.0

n=0
9. a) If g = agpy + -+ + a,9, 1s zero, then

= ”8“2 = laOIZ(CPOa <PO) +-0+ lanlz(q)m q)n),

i.e., ag = a; =--+-= a, = 0 [for the definition of (¢, ¥), see Prob. 10 and
Ch. 2, Sec. 10]; b) A polynomial of degree n has at most »n real zeros, unless
it vanishes identically.

11. Use repeated integration by parts.

(8]

1, < . @n = D2n = 2)! ,
12. a) + Zl (=D 221n(n — 1)! P (0;

1 = 4n + D@2n — 2)!
b) B Z] (=1 2(2"’én— l)(!(’)lz + 1)! Pau(x).

(S]]
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CHAPTER 3

2. a) Neither limit exists; b) f2(0) = 0, f'(0+) does not exist;
©) f4(0) = f(0+)=0.
3. This follows from (6.3) just as in the proof of Sec. 6.

4. 21_1r fzn |h(x)| dx < 2in fzn 21—n jzn |f(x — Dg(1)| dr dx
- > f:')" 2] (217r fz" 1f(x = )] dx) dr

= 5[5 1201 (52 [ 1 ) .

Moreover, we have
1

2r .
Cn = 5- fo e~inxh(x) dx

21T

= 2in JO g(1) (2% fzn e~inxf(x — 1) dx) dt

1 (2= 1 2~ ) )
= —— — —1nu —-1nt —_
5 fo g() (27: fo e~ 1nuf (1) du)e dt = a,b,.

If

(e )

@
D la2 <o, > [b,J2 < o,

n=1 n=1

then

[ee}
Z lanbnl < @

n=1
by the Cauchy inequality (see Ch. 2, Prob. 2).
6. We have

1 < b
> Z en f (1 + cos 2nx cos 20, — sin 2nx sin 20,) dx < M(b — a).
a

n=1

It follows from (2.9) that

b—a
2

b
fa (cos 2nx cos 20,, — sin 2nx sin 20,) dx| <

if n > N, ie.,

b— a

b
fa (I + cos 2nx cos 26, — sin nx sin 26,) dx >

if n = N. Therefore

l < b—a ®
3 Pn < M(b — a), so that o, < 4M.
2 "ZN 2 n=ZN
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7. a) The formula

X

5 + s5,(x) = 1 D, (1) dt

follows from equations (3.2) and (4.1) after some manipulation;
b) If

1 Sin nx
* - freed _— = ee—
D% (x) = D,(x) 3 Ccos nx = an (.\./2),

then

X l sy
* p— —
JO (D,() — D) dt = 5 ’ , cos nt dr—0

as n— o (why?). Moreover

"X [sin nt « I SN S A
Jo( r _.D"([))d{_J0(7—§C0t’2')51nﬂfdf-—>0

as n— . (Why?)
Thus

"X Xsin nt
JO D,(r) dr = "0 ; dt + ©,(x),

where w,(x)— 0 as n— oo,

** sin mt T
dr = =
Jo t 2

c)

follows from b) when n — 0.

323

8. Use preceding problem. The inequality can be derived by inspecting the area
under the curve y = sin ¢/t.

A o

CHAPTER 4

a) x # 2kn; b) forall x; ¢) x # 2km.

For x # 2kn. No.

a) x # 2k + m; b) x # 2k=; ¢) for all x; d) for all x.

a), b) for x # 2k + D=; ¢) for x # 2kn/3; d) for x # 2k + D)x/2.
a) sin (cos x) cosh (sin x); b) cos (cos x) sinh (sin x).

a) cos (cos x) cosh (sin x); b) sin (cos x) sinh (sin x).

a) (I + cos x)In (2 cos ';) + )z—csin X

P

b) ;(1+cosx)—sinxln(2cos§) (—m < x < n).
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X . 1
— Esmx — = COS Xx;

9. a) 1

N —

. X |
b) sin x log (2 cos 5) — zsinx (

—nT < Xx < T

10. a) cos x In (2 o )—C) - lcosx _ 1

2

4 2’

X 1 .
b) = COSX + —=sinx (—m < x < m).

2 4

— 14
. X
11. a) COS px _ln (2 sin 5) + Z P

m=1]

—

P p
T — X sin nx . . X
b) Cos px 5 Z " ] + sin px [ln (2 sin 5) + nzl

— n=1
0 < x<
12. Use Abel’s lemma (Sec. 1).

13. Imitate the proof of Abel’s lemma.

Ccos nx .
] + sin px [

2m).

TC

X

2

14. Assume that 0 < x5 < m.  Since cos? 0 < '|cos 0|, we have

o0

Z la,| cos? nxy, < co.

n=1

But 2 cos?2 nxy = 1 + cos 2nx,, and by Theorem 1 of Sec. 3,

[e o]

Z la,| cos 2nxy < oo.

n=1

Therefore, the series

Z la,| < .
n=1]
CHAPTER 5
md mté
1 a) '9_0) b) 9—6’
< (=nmt 2 1 2]
2 ,Z, nt ,; n + 1)* ,Zl (2n)*
of 1 1 241n4
=TT _— - = —_———
90 24.96 23040°

COS nx
n

]
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Tt6

1 I
D 5555 © 960’ ) = (960 " 26-945)'

3 3 3

2. a) ﬁ; b) — 12, c) 7

3. By making the odd extension of f(x) onto the interval [—=, 0], we obtain an
odd function F(x) with equal (zero) values at the end points of the interval [— =, =].
Moreover, F’(x) is obviously an even differentiable function, F”(x) is an odd func-
tion which again has equal (zero) values at the end points of the interval [— =, =],
and F’”’(x) is a continuous even function. Therefore, F(x) and its first three
derivatives can be extended continuously over the whole x-axis, with F”(x) a
smooth function. But we know that the Fourier coefficients of a continuous
function and those of its derivative are related by the formulas

b, an
a, = —— b, =—
n n n n
[see (8.3)]. Therefore, in our case
p o= Gn_ _ b
n n n

Moreover, for a smooth function, the sum of the squares of the absolute values of
the Fourier coefficients converges (Ch. 3, Sec. 10). Since

o) o)}

> bl = > nbyl,

n=1 n=1

it follows that the last series converges. This in turn implies the uniform conver-
gence of the series obtained by one or two term by term differentiations of the
original series, and the uniform convergence of these series guarantees that the
term by term differentiation is legitimate.

4. f'(x) =

NI

i cos nx  SIn nx
E — 1)+l -
+ = [ D + 1 n? ] e # @k + Dl

5. f’(x) _ z (_1) COS nx cos nx

fromy? Vn + 1
N | &  COSnx
62 SO=-3" 2 mrary
n=1
1 1 COS nx
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7.

where

8. a)

b)

d)

f)

g)

F(x) = cjcosx + ¢cpsinx + % 0 < x<n),

c—i 1 +l— since 1 _ ]
1= n?z —1 27 n—1 2
n=2
TC
Cz=—§'

(In each case f(x) denotes the sum of the series.)

fx) = z (% + :_ 1)sinnx
n=1

o0 .
T — X sin nx
= +Zn3+1 0 < x < 2n)

n=1

[see formula (2) of Sec. 12.]

(O P S i L S Y

2 n(nd + 1)

=1

f(x) = — In (2 sin f) - % (3x2 — 67mx + 272)

(—1Dr+lsin nx

2
& COS nx
2 E Bt dlea ) -
+ a =1n2(n+a) 0 < x < 2n);
X "l X d 2 >
f(x)_i—afan(zcosi) x + a ,,E=1

n¥(n + a)

(=7 < x < n);

2 — n2 & — 1)\+1
f(x) =1In (2 Cosf) + 3x—2n + a2 z (= 1)t cos nx
n=1

2 1

IS X X
f(x) = 3 + 2a-1) fo In tanidx

sin (2n + 1)x

n%(n + a)

(=7 < x < m);

+ (2a — 1)? 'Zl n + D%+ @ 0 < x < =);

f(¥) = — In tang + 2a — l)g2nx — 7w2)

cos 2n + 1x

+ (2a — 1)2 ,; Gt ivoss @<x<m.
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9. Use Theorem 1 of Sec. 3.
10. Use Theorem 1 of Sec. 8 and equation (3.1).

11. To derive formula (I), use formula (3.1). Then, substitute # = /2N in
formula (1).

12. a) Set N = 2k and apply the last part of the preceding problem, keeping only
terms with index » > N/2. (For such terms, sin2 (mn/2N) = 1.)

b) Use the Cauchy inequality (Ch. 2, Prob. 2);

¢) Sum the inequalities b) with respect to k.

CHAPTER 6

1. a) f(x) =0 for —mn<x<mx #0;

b)  flx) = %cot X

> for —n < x<mx#0.

4. a) o=4;b) o= KITIW’ the series converges.

11+ 2p3cos x — 3p?
2(1 — 2pcos x + p?)?

7. a) $4; b) 0; ¢) 4; d Not summable by arithmetic means, but Abel-summable
to 0; e) Not summable by arithmetic means, but Abel-summable to }.

8. Use the relation s, = (n + )0, — no,.

9. a) Use the relation 7, = (n + 1)s, — (n + 1)o,,; b) This follows from a)
and the theorem of Sec. 2.

CHAPTER 7

sin A

4. a) DO = V2n —— T3

M+ D P0) = V2n—;

) OO = VIm A COS A — sin k; d) O0) = VI az — a2

22 (a2 + 22)2
21 — cos ©x 2 1
6.2) fG)=Z——"ib f)=Iirm
g 2ax

c) flx)= =@+ X2

7. Imitate proofs for the discrete case (Ch. 3, Prob. 4).



328 ANSWERS TO PROBLEMS

0 for x < 0,
xe—* for x = 0;

8. b) h(x) = {

0 forx <O,
ix3 for0< x <1,

d) h(x) = —ix3—-6x+4) forl < x <2,
0 for x > 2.
0 for x < O)
9. a) fGx) = {er‘x for x = 0;
b) f(x) = e='¥.
CHAPTER 8

1. Setting p = 2, we reduce the equation to the form (2.2). Then, the substitution
1 = x2y [see (2.1)] reduces the equation to the following Bessel’s equation:

u”+1u’+ (1 —%)u=0.
X X
It follows at once that

y = A%(CIJZ(X) + G, Y(x)).

5. F(2n+1)-__271—-1.211—3“.%.31‘(}_)

2 2 2 2
_ 2n — 1)(2n 2—" 3)--.5-3-1 -
(see Sec. 3).
3. Ji(x) = Bsin (x + B) + e(x)

Vx xVx

where B = const, § = const and p(x) is bounded as x — 0.

Asin (x + o) + 7(x)

vV x xVx
where 4 and « are the same constants as in the asymptotic expression for J,(x),
and t(x) i1s bounded as x — 0.

4. J(x) =

6. Use formula (7.1).
9. Use the preceding problem and formula (2.9) of Ch. 3.

10. We have

2

Cp, = =5
" J5+1(>‘n)

1
f x=PHL (%) dx,
0

1 1
fo x~PHI (A x)dx = P fo' =P*1J (1) dt.
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Replacing p by p — 1 in formula (7.2), we obtain
d
G U, (0] = =),

Therefore

A
fo " 1_P+1Jp(t) dr = [,—p+lJ 1(1)]‘=)" = A Pt Jp-—l()‘ ) 1

27-1T(p)
[see (4.3)], and hence
c. = 2 Jp—l()‘n) _ 1
TR A Ay PT22r=11(p)
20,J p11(X,)
11. Ch = 5573 3 >
)‘an()‘n) + ()\n - )J ()‘n)
The series converges to x?if p > —4, p > H.
< J3()\,,X/2)
3 = AN s
12. x¥=16 Z. WA
for0 < x < 2.
CHAPTER 9
In Problems 2 to 6, a2 = T/p.
_ sin (mrc/[) nmx nrat
2 u(x, 1) = 7r2 c([ — c) z T cos ]
32k (=) 2n + 1 2n + 1
3 ulx, 1) = ?3—,2:0(2” T 1) 3 TTX-COS 37 mat.
_ 4P < cos(n + Dmx/2l . 2n + 1
4 ulx, t) = — zo 1 sin 5] nat.
_ 24 & X, nTX,\ . nTX o Sin w,! — o, sin of
5. u(x, t) = - g (cos 7 cos ] )sm 7 o (@F — o) ’
where », = nrall.
< mc . NTX W sin w,! — w, Sin wf
6. u(x, 1) = Z T —an
In Problems 7 to 9, a2 = E/p.
(=D . 2n+ 1 2n + 1
7. u(x, 1) = ans Z . @n T 1)2 —5j— ™X:C0S ——— mal.

329
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4P = (=D . 2n+ 1 . 2n+ 1
8. u(x, ) = ase Z > sin 7TX-SIN Tat.

n+ 1 21 21
24 < m2+lsinmt—wsinw2+lt . 2n + 1
9. u(x, t — L 2F . sin X,
(o0 = els Z Oonp1(@2° g1 — ©2) 21
nra
where w, = -7

10. uy3, usy, uy3 — U3y, uy3 + uz;. The nodal ring has the equation
cos 2nx + cos 2ny + 1 = 0,

and is not quite circular.

2P < Jy(paell) r\ . unct
11. u(r, t) = —— ,,Zl 2T Jo l &, ] sin 7

where ., is the nth positive root of the equation Jy(r) = 0 and ¢ = T/p.

12. ur, ) = % w Sin w,! — o, Sin wf Jo(p.,,r/l)

P @n(e’ — op) e 12

n

where p, is the nth positive root of the equation Jo(r) = 0 and o, = w,c/l.

— 2
13. u(x, t) = 4T0 Z P l)n exp{ (2’12;- l n-) r} cos 2’127 1 TX.

Kt
where T = —-

cp

1> cos (aux/D) , ! o,.&
14, u(x, 1) = 7; T (o an 3y &P (/1) f_lf(i) cos 222 d

1 < i
+7 2 = gy O @ [ e sin %R

(sin 28,/28,)
where © = (Kt/cp), «, is the nth positive root of the equation tan x = /H/x, and
B, is the nth positive root of the equation tan x = —x/IH.
2 sinh (mry/a) [ X f mr&
15. b
S uley) = Z sinh (nwbja) J (&) sin == dg,

where sinh x is the hyperbolic sine (cf. Prob. 3 of Ch. 1). In the special case

_ 4T, < sinh [(2n + 1) my/a] sin [2n + 1) =x/a]
ux, y) = ZO sinh [2n + 1) =b/a] 2n + 1 '
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INDEX

A

Abel’s lemma, 97
Abel’s method of summation, 162
Absolutely integrable functions, 8
Fourier coefficients of, 71
Antinode, 272
Approximation of functions by polynomials,
120-122
Arithmetic means:
method of, 156-162

B

Basic trigonometric system, 10, 41, 175-177

completeness of, 117-118
important consequences, of, 119-120
in two variables, 175-177

Bernstein’s theorem, 154

Bessel’s equation, 197
general solution of, 203-204
parametric form of, 215

Bessel functions, 197-220
asymptotic formulas for, 208-213
evaluation of integrals involving, 218-220
of the first kind, of half-integral order,

207-208
of negative order, 202-203
of nonnegative order, 198-201
of the second kind, 203-205
orthogonality of, 216-218
relations between, 205-207
zeros of, 213-215

Bessel’s inequality, 54, 174
consequences of, 66, 223

Boundary conditions, 245 ff.

Boundary value problems, 247 ff.
generalized solutions of, 261-264
inhomogeneous, 264-266

Buniakovski inequality, 51

333

C

Cauchy inequality, 63

Cauchy principal value, 189

Completeness condition, 54

Complete systems, 54-60
criterion for, 58-60
properties of, 57-58

Convergence in the mean, 55

Convolution of two functions, 196

Corners, 18

Cosine series, 23

Cosine transform, 192

D

Derivative, left-hand, 17

right-hand, 17
Discontinuity of the first kind, 17
Discontinuity of the second kind, 17

E

Eigenfunction method:
applications of, 268-318
theory of, 245-267

Eigenfunctions:
definition of, 247
orthogonality of, 251-254

Eigenvalues:
definition of, 247
existence of, 250-251
reality of, 251, 253
sign of, 254-255

Euler’s constant, 204

Euler’s formula, 33

Even extension of a function, 23

Even function, 21



334 INDEX

F G

Fourier-Bessel coefficients, 221
order of magnitude of, 228-234
Fourier-Bessel series, 220-244
criteria for convergence of, 221-223
definition of, 221
differentiation of, 234-237
of functions defined on [0,/], 241-243 H
of the second type, 237-241
uniform convergence of, 225-228
Fourier coefficients, 13 ff.
approximate calculation of, 150-152
complex, 34
of functions of two variables, 174
Fourier integral, 180-196

Gamma function, 199, 201-202

Gibb’s phenomenon, 96

Gram-Schmidt orthogonalization process,
65

Harmonics, 2-6
amplitude of, 3
angular frequency of, 3
initial phase of, 3
superposition of, 7

Heat capacity, 297

definition of, 182 Heat flow in a circular cylinder, 310-316
steady-state, 313-316
theorem, 182 h f hanges heat, 312-313
different forms of, 189-190 WHoSe SUIace excnanges aeas, 2o~

whose surface is insulated, 310-312

proof of, 188 Heat flow in a finite rod, 296-306

Fourier series (trigonometric), 1-40, 66-196 .
addition and subtraction of. 122-123 with ends at constant temperature, 299-

arithmetic means of partial sums of, ) 300 .
157-158 with ends exchanging heat, 301-306

with ends at specified variable tem-
peratures, 301
with ends at zero temperature, 297-299

integral formula for, 158
complex form of, 32-34
conditions for convergence of, 19, 75-89,

178 Heat flow in an infinite rod, 306-310
differentiation of, 129-143 Holder, (Lipschitz) condition, 40
double, 173-180 Hooke’s law, 276

with different periods, 180
evaluation of, by using functions of a I
complex variable, 105-112

improving the convergence of, 144 Improper integrals depending on a para-
integration of, 125-129 meter, 182-185
list of, 147-150 continuity of, 183
multiplication of, by a number, 123 dlﬂ'erentnatlon of, 184
operations on, 115-154 uniformly convergent, 182-185
partial sums of, 73 Infinite series of functions, 9 ff.
integral formula for, 73 Converge.nt, 9
products of, 123-125 differentiation of, 10
summation of, 155-171 integration of, 10
uniform convergence of, 80-89 sum of, 9
Fourier series with respect to eigenfunctions, 'u_mform]y. convergent, 9
255 Initial conditions, 246 ff.
Fourier transform, 190-193 Integration by parts, 8
inverse, 190
Functions of period 2/, 35-38, 94 J
Fourier coefficients of, 35
Fourier series of, 35 Jump discontinuity, 17

Fundamental mode, 272 Jump of a function, 17



L

Legendre polynomials, 65
Limit:
left-hand, 73
right-hand, 73
Linearly independent functions, 64, 251
Liouville, J., 258
Localization principle, 90
Lyapunov, A. M, 119

M

Mean square error, 51-53
minimum of, 52-53
Membrane, 282
Modulus of elasticity (Young’s modulus),
276

N

Nodal lines, 286-288, 295-296
Nodes, 272
Norm of a function, 42, 173

O

Odd extension of a function, 24
Odd function, 21
Operational calculus, 192
Orthogonal functions, 12, 41
Orthogonal systems, 41-65, 173-174
complete, 54, 174
examples of, 44-50
Fourier coefficients with respect to, 43
Fourier series with respect to, 43
normalized, 42, 173
in two variables, 173-174
Overtones, 273

P

Parseval’s theorem, 119, 177
Period, 1
standard, 8
Periodic extensions, 15 ff.
Periodic functions, definition of, 1
properties of, 1-2
Piecewise smooth functions, 18
Poisson’s kernel, 164

INDEX 335

R

Regular points, 108
Restoring force, 3
Riemann-Lebesgue lemma, 70

S

Scalar product, 61, 65
Schwarz inequality, 51, 63
Separation of variables, 246
Simple harmonic motion, 3
Sine series, 24
Sine transform, 192
Singularity, 105
Smooth functions, 18
Spectral function, 194
Square integrable functions, 50
Standing wave, 272
Steklov, V. A., 258
Sturm, J. C. F., 258
Sum of consines, 71
of sines, 98
Summability of Fourier series, 155-171
by Abel’s method, 164-170
by method of arithmetic means (Cesaro’s
method), 156-162
System of functions:
complete, 54-60, 64
complete with weight r, 256
linearly independent, 64
vector analogy for, 60-63

T

Thermal conductivity, 296
Timbre, 273
Triangle inequality, 64
Trigonometric integrals, limits of, 67-71
Trigonometric polynomials, 6
approximation of functions by, 115-117
Trigonometric series with decreasing co-
efficients, 97-114
convergence of, 100-105

u

Unbounded functions, Fourier expansions
of, 91-94
Uniform convergence, 9
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\%

Vibrating string, 269-275
forced vibrations of, 273-275
free vibrations of, 269-273

Vibrations:
characteristic, 274
forced, 264
free, 264

Vibrations of a circular membrane, 288-

296
general case, 291-296
radial, 288-291

Vibrations of a rectangular membrane,
282-288
Vibrations of a rod (longitudinal), 277-282
forced, 280-282
free, 277-280

\\%

Weight (function), 217

Weierstrass’ approximation theorem, 120
Weierstrass’ M-test, 10

Wronskian, 252
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