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Preface

Much of the second and third year undergraduate course in mathematics (as well as
some graduate work) was covered by Volumes 2 and 3 of my book on algebra, now
out of print.' So I was very pleased when Springer Verlag offered to bring out a new
version of these volumes. The present book is based on both these volumes, comple-
mented by the definitions and basic facts on groups and rings. Thus the volume is
addressed to students who have some knowledge of linear algebra and who have
met groups and fields, though all the essential facts are recalled here. My overall
aim has been to present as many of the important results in algebra as would
conveniently fit into one volume. It is my hope to collect the remaining parts of
Volumes 2 and 3 into a second book, more oriented towards applications.

Apart from chapters on groups (Chapter 2), rings and modules (Chapters 4, 5 and 6)
and fields (Chapters 7 and 11), a number of concepts are treated that are less central
but nevertheless have many uses. Chapter 1, on set theory, deals with countable and
well-ordered sets, as well as Zorn’s lemma and a brief section on graphs. Chapter 3
introduces lattices and categories, both concepts that form an important part of
the language of modern algebra. The general theory of quadratic forms has many
links with ordered fields, which are developed in Chapter 8. Chapters 9 and 10 are
devoted to valuation theory and commutative rings, a subject that has gained in
importance through its use in algebraic geometry.

On a first encounter some readers may find the style of this book somewhat
concise, but they should bear in mind that mathematical texts are best read with
paper and pencil, to work out the full consequences of what is being said and to
check examples. The matter has been well put by Einstein, who said: “Everything
should be explained as far as possible but no further.” There are numerous exercises
throughout, with occasional hints (but no solutions), and some historical remarks.

My thanks are due to the staff of Springer Verlag for the efficient way they have
produced this volume.

University College London P.M. Cohn
June 2002

1 Algebra, Vol. 2 (2nd edn, 1989) and Vol. 3 (2nd edn, 1991), Wiley and Sons.
2 Further Algebra and Applications, Springer Verlag, London (2003). Referred to in the text as FA.
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Conventions on
Terminology

We assume that our readers are acquainted with the notion of a set (and even with
groups and rings, though their definitions will be recalled in Chapters 2, 4). They will
have seen notations such as x € S (x is a member of S), ' CSor SO S (S’ isa
subset of §) and T C S or S O T (T is a proper subset of S) and (J for the empty
set. For any propositions P, Q we write ‘P = Q’ or ‘Q < P’ to indicate that P
implies Q, and ‘P < Q’ to mean ‘P = Q and Q = P’, i.e. that P is equivalent to Q.

A property (of members of a set S) is said to hold for almost all members of § if it
holds for all but a finite number of members of S. If T is a subset of S, its comple-
ment in S will be denoted by S\T. This notation is also used occasionally for the left
coset space (see Section 2.1); the risk of confusion is small.

We can list the elements of a set S by indexing them, e.g. if S is finite, with n
elements, we can write S = {x;, x,, ..., X,}; we also write |S| = n. More generally,
any set can be indexed by a suitable indexing set: S = {x,}, 7, where I is the indexing
set. A set in this form is often called a family indexed by I; it is in effect prescribing a
mapping from I to S. This mapping is generally not assumed to be injective, thus x;
may equal x,, even if A # pu.

All mappings between sets are as a rule written on the right, so that fg means: first
fitheng Iff : S — T, ie. fis a mapping from S to T and S’ is a subset of S, then the
restriction of fto §’ is denoted by f|S’. A mapping f : S — T is called injective or
one—one if different members of S have different images, surjective or onto if every
member of T is an image of some member of S, and bijective if it is both injective
and surjective. Mappings are often arranged as diagrams (see Section 4.2); a diagram
is commutative if the different ways of going from one point to another along the
arrows give the same result.

Frequently a two-index expression f (i, j) is equal to 1 if i = j and 0 otherwise. This
is indicated by using the Kronecker symbol 8;;; thus f(i, j) = §;;.

A set S is partially ordered, often just called ordered, if there is a binary relation <,
called a partial ordering, defined on S with the properties:

0.1 x < x for all x € S (reflexive),
02 x<y,y<z=x<zforalx,y,ze S (transitive),
03 x<y,y<x=>x=yforall x,y € S (antisymmetric).

If only 0.1 and 0.2 hold, we speak of a preordering.
The ordering is total if any two elements are comparable, i.e. x < y or y < x for
any x, y € S. If °<’ is a partial ordering on a set S, we shall write ‘x <y’ (x is strictly
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Xii Basic Algebra

less than y) to mean x <y and x #y’, and we write x > y, x > yfory <x, y < x
respectively. As is easily verified, the opposite ordering >’ again satisfies 0.1-0.3
and so is again a partial ordering. Thus any general statement about ordered sets
has a dual, which is obtained by interpreting the original statement for the oppositely
ordered set. This principle can often be used to shorten proofs.

A binary relation ~ on a set S is called an equivalence relation if it is reflexive,
transitive and symmetric, i.e. x.y = y~x, for all x,y € S. For example, equality is
an equivalence relation. Given an equivalence on S, we can list all members equiva-
lent to a given one together in a class, and in this way obtain a partition of S into a
collection of disjoint subsets, the equivalence classes or blocks. The set of equivalence
classes is denoted by S/.. and is called the quotient set of S by the equivalence ...

Given sets S, T, their Cartesian or direct product, denoted by S x T, is the set of
pairs (x,y), where x € S, y € T. If S, T are any ordered sets, their direct product
can again be ordered by writing (x,y) < (x’,y’) to mean: x <x’ or x =x’ and
y < y'. This is easily verified to be an ordering, called the lexicographic ordering; it
is a total ordering whenever both S and T are totally ordered.

References to the bibliography are by the name of the author and the date. In each
section all the results are numbered consecutively, e.g. in Section 4.7 we have
Theorem 4.7.1, Lemma 4.7.2, Proposition 4.7.3. We shall also use iff as an abbrevia-
tion for ‘if and only if” and [ indicates the end (or absence) of a proof. Many
exercises are provided with hints, and the harder ones are starred.



Sets

Much of algebra can be done using only very little set theory; all that is needed is a
means of comparing infinite sets, and the axiom of choice in the form of Zorn’s
lemma. These topics occupy Sections 1.1 and 1.2. They are followed in Section 1.3
by an introduction to graph theory. This is an extensive theory with many applica-
tions in algebra and elsewhere; all we shall do here is to present a few basic results,
some of which will be used later, which convey the flavour of the topic.

1.1 Finite, Countable and Uncountable Sets

Most of our readers will have met sets before; a set for us is a collection of objects, its
members or elements. These elements may themselves be sets; of course one has to be
careful to avoid situations like Russell’s paradox: ‘the set Q of all sets that are not
members of themselves’; this quickly leads to a contradiction when one asks if
Q2 € Q. There are several ways of resolving this paradox, but they will not concern
us here; all that is needed is some care in forming ‘large’ sets.

Given two sets, we may wish to compare them for size, i.e. the number of elements
in each. We can use the natural numbers to count the members, but this may not be
necessary. When Man Friday wanted to tell Robinson Crusoe that he had seen a boat
with 17 men in it, he did this by exhibiting another 17-element set, and he could do
this without being able to count up to 17. Even for a fully numerate person it may be
easier to compare two sets rather than to count each; e.g. in a full lecture room a
brief glance may suffice to convince us that there are as many people as seats.
This suggests that it may be easier to determine when two sets have the same
‘number of elements’ than to find that number. Let us call two sets equipotent if
there is a bijection (i.e. a one—one correspondence) between them. This relation of
equipotence is an equivalence relation on any given collection of sets; here we
avoid talking about the collection of all sets, as that would bring us dangerously
close to the paradox mentioned above.

A set S is said to be finite, of cardinal n, if S is equipotent to the set {1,2, ..., n}
consisting of the natural numbers from 1 to n. By convention the empty set, having
no elements, is reckoned among the finite sets; its cardinal is 0 and it is denoted

by &.



2 Sets

It is clear that two finite sets are equipotent if they have the same cardinal, and this
may be regarded as the basis of counting. It is also true that sets of different finite
cardinalities are not equipotent. This may seem intuitively obvious; we shall
assume it here and defer to FA its derivation from the axioms for the natural
numbers. More generally, we shall assume that for any natural numbers m, n, if
there is an injective mapping from {1,2,...,m} to {1,2,...,n}, then m < n. Let
us abbreviate {1,2,...,n} by [n], for any n € N. It follows that if there is a
bijection between [m] and [n], then m < n and n < m, hence m = n. Thus for
any finite set, the natural number which indicates its cardinal is uniquely deter-
mined. The contrapositive form of the above assertion states that if m > n, then
there can be no injective mapping from [m] to [#]. A more illuminating way of
expressing this observation is Dirichlet’s celebrated

Box Principle (Schubfachprinzip). If n + 1 objects are distributed over n boxes, then
some box must contain more than one of the objects.

Although intuitively obvious, this principle is of great use in number theory and
elsewhere.

Having given a formal definition of finite sets, we now define a set to be infinite if
it is not finite. Until relatively recent times the notion of ‘infinity’ was surrounded by
a good deal of mystery and uncertainty, even in mathematics. Thus towards the
middle of the 19th century, Bernard Bolzano propounded as a paradox the fact
that (in modern terms) an infinite set might be equipotent to a proper subset of
itself. A closer study reveals the fact that every infinite set has this property, and
this has even been taken as the basis of a definition of infinite sets; it certainly no
longer seems a paradox. The work of Georg Cantor, Richard Dedekind and others
from 1870 onwards has dispelled most of the uncertainties, and though mysteries
remain, they will not hamper us in the relatively straightforward use we shall
make of the theory.

In order to extend the notion of counting to infinite sets, we associate with every
set X, finite or not, an object |X| called its cardinal or cardinal number, defined in
such a way that two sets have the same cardinal iff they are equipotent. Such a defi-
nition is possible because, as we have seen, equipotence is an equivalence relation on
any collection of sets.

A non-empty finite set has as its cardinal a natural number; the empty set has
cardinal 0. All other sets are infinite; their cardinals are said to be transfinite or
infinite. In particular, the set N of all natural numbers is infinite; its cardinal is
denoted by ®,. The letter aleph, R, the first of the Hebrew alphabet, is customarily
used for infinite cardinal numbers. A set of cardinal ¥, is also said to be countable
(or enumerable); thus A is countable iff there is a bijection from N to A. If a set A
is countable, it can be written in the form

A={a17a29a37--‘}y (111)

where the g; are distinct. Such a representation of A is called an enumeration of A,
and a proof that a set is countable will often consist in giving an enumeration. Some-
times the term ‘enumeration’ is used for a set written as in (1.1.1) even if the g;
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are not all distinct; in that case we can always produce a strict enumeration by going
through the sequence and omitting all repetitions. The set so obtained is finite or
countable.

Many sets formed from countable sets are again countable, as our first result
shows:

Theorem 1.1.1. Any subset and any quotient of a countable set is countable or finite. If
A and B are countable sets, then the union AU B and Cartesian product A X B are
again countable; more generally, the Cartesian product of any finite number of count-
able sets is countable. Further, a countable union of countable sets is countable and the
collection of all finite subsets of a countable set is countable.

We recall that a quotient set of A is the set of all blocks, i.e. equivalence classes, of
some equivalence on A.

Proof. Any countable set A may be taken in the form (1.1.1); if A’ is a subset, we go
through the sequence a;, a, ... of elements of A and omit all terms not in A’ to
obtain an enumeration of A’. If A” is a quotient set, and x i— X is the natural
mapping from A to A”, then {4, a;,...} is an enumeration of A”, possibly with
repetitions; hence A” is countable (or finite).

Next let A be given by (1.1.1) and let B = {by, by, ... }; then A U B may be enum-
erated as {a;, by, a3, by, .. . }, where repetitions (which will occur if AN B # () may
be discarded. Similarly we can enumerate A x B as {(ai, b)), (a1, by), (a2, by),
(a1, b3), (a2, by), (a3, by), ...} by writing A x B as a square table and going along the
finite diagonals. Now the result for a product of r countable sets follows by induction
on r. If we have a countable family {A,} of countable sets, say A, = {a,,}, then we can
enumerate the union U A = {a,;|n, i € N} by writing the elements a,; as a matrix and
going again along the diagonals.

Finally let A be any countable set and denote by A, for r = 1, 2, ... the set of all
r-element subsets of A. Clearly A, is countable, for it may be mapped into the
Cartesian power A" by the rule

{a,-,, ...,aiy} I— (ajl,...,aj,),

where ji, ..., j, is the sequence 1y, . .., 7, arranged in ascending order. This provides
a bijection of A, with a subset of A’, and it follows that A, is countable. Now the
earlier proof shows that the union U A, is countable, and adding (J as a further
member we still have a countable set. B

With the help of this result many sets can be proved to be countable which do not
at first sight appear to be so. Thus the set Z of all integers can be written as a union of
N=1{l,2,...} and N' = {0, —1, -2, ...}; both N and N’ are countable hence so is
Z. The set Q, of all positive rational numbers is countable, as the image of N* under
the mapping (a, b) — ab~'. Now Q itself can be written as the union of the set of
all positive rational numbers, the negative rational numbers and 0; therefore Q is
countable. The set of all algebraic numbers (see Section 7.1 below) is countable:
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for a given degree n, the set of all monic equations of degree n over Q is equipotent
to Q”, if we map

(ag,...;a) = x"+a;x" '+ ... +a,=0.

Each equation has at most n complex roots, so the set S, of all roots of equations of
degree n is countable, and now the set of all algebraic numbers is S, US, U...,
which is again countable.

At this point a newcomer might be forgiven for thinking that perhaps every
infinite set is countable. If that were so, there would of course be no need for an
elaborate theory of cardinal numbers. In fact the existence of uncountable sets is
one of the key results of Cantor’s theory, and we shall soon meet examples of
such sets.

Our next task is to extend the natural order on N to cardinal numbers. If «, B are
any cardinals, let A, B be sets such that [A| = «, |B| = B. We shall write @ < g when-
ever there is an injective mapping from A to B. Whether such a mapping exists
clearly depends only on «, B and not on A, B themselves, so the notation is justified.
Further, @ < « holds for all a, because the identity mapping on A is injective, and
since the composition of two injections is an injection, it follows that « < 8,
B < y implies & < y. Thus we have a preordering; this will in fact turn out to be
a total ordering, but for the moment we content ourselves with proving that it is
an ordering, i.e. that ‘<’ is antisymmetric. In terms of sets we must establish

Theorem 1.1.2 (Schroder-Bernstein theorem). Let A, B be any sets and f : A — B,
g : B— A be any injective mappings. Then there is a bijection h : A — B.

Proof. By alternating applications of f and g we produce an infinite sequence of
successive images starting from a € A : a, af , afg, afgf, .. .. Further, each element
a € A is the image of at most one element of B under g, which may be written
ag~!, and each b € B is the image of at most one element bf ~! of A under £, so
from a € A we obtain a sequence of inverse images which may or may not break
off: ag™!, ag='f =1, ... If we trace a given element a € A as far back as possible
we find one of three cases: (i) there is a first ‘ancestor’ in A, i.e. ap € A\Bg, such
that a = ay(fg)" for some n > 0; (ii) there is a first ancestor in B, i.e. by € B\Af,
such that a = by(gf)"g for some n > 0; (iii) the sequence of inverse images continues
indefinitely.

Each element of A comes under one of these headings, and likewise each element
of B. Thus A is partitioned into three subsets A;, A;, As; similarly B is partitioned
into B; = Aif, B, = Ayg ! and B; = Asf = A;g~ . It is clear that the restriction
of fto A; is a bijection between A; and By, for each element of B; comes from
one element of A;. For the same reason the restriction of g to B, provides a bijection
between B, and A,, and we can use either f restricted to A; or g restricted to B; to
obtain a bijection between A; and B;. Thus we have found a bijection between A;
and B; (i=1,2,3) and putting these together we obtain the desired bijection
between A and B. ]
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This proof is essentially due to Gyula Konig (in 1906).

The sum and product of cardinals may be defined as follows. Let «, B be any
cardinals, say o = |A|, 8 = |B|, and assume that AN B = ¢J. Then it is easily seen
that |A U B| depends only on «, B, not on A, B and we may define

a+ B =|AUB|.
Similarly we put
af =|A x B|.

It is easy to verify that these operations satisfy the commutative and associative laws,
and a distributive law, as in the case of the natural numbers. Moreover, for finite
cardinals these operations agree with the usual operations of addition and multipli-
cation. On the other hand, the cancellation law does not hold, thus we may have
a+pB=o + Boraf=dPfor a #, and there is nothing corresponding to sub-
traction or division. In fact, it can be shown that if &, 8 7 0 and at least one of ¢, 8 is
infinite, then

a+ B =af =max{a, B}. (1.1.2)

For any cardinals o, B we define 8% as |B#|, where A, B are sets such that |A| =,
|B| = B and B* denotes the set of all mappings from A to B. It is again clear that
B is independent of the choice of A, B, and we note that for finite cardinals, 8¢
has its usual meaning: if A has m elements and B has n elements, then there is a
choice of n elements to which to map each element of A, and these choices are
independent, so there are n.n...n (m factors) = n™ choices. Of course this inter-
pretation applies only to finite sets.

If Bis a 1-element set, then so is B*, for any set A: each element of A is mapped to
the unique element of B, and this applies even if A is empty, for a mapping A — B s
defined as soon as we have specified the images of the elements of A; so when
A = (¥, nothing needs to be done. When B is empty, then so is B%, unless also
A = &, for there is nowhere for the elements of A to map to. Hence we have

0 ifa#0,

1=1,0% = .
1 ifa=0.

(1.1.3)

Let us now assume that B has more than one element. Then we necessarily have
|BA| > |A. (1.1.4)

For let b, b’ be distinct elements of B; we can map A to B* by the rule a i— &, where

{b if x =a,
X0, = .
b’ if x #a.

This mapping is injective because for a # @, §, differs from &, at a. It is a remark-
able fact that the inequality (1.1.4) is always strict. As usual we write @ < Bor 8 > «
to mean ‘¢ < B and a # B’.
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Theorem 1.1.3. For any cardinals o, B, if B > 1, then o < B®. In particular,

o< 2% (1.1.5)
for any cardinal c.

Proof. We have just seen that @ < ¢ and it only remains to show that equality
cannot hold. Taking sets A, B such that |A| = «, |B| = 8, we shall show that there
is no surjective mapping from A to B“; it then follows that these sets are not
equipotent. Thus let f : A — B# be given; in detail, f associates with each a € A a
mapping from A to B, which may be denoted by f,. We must show that f is not
surjective, i.e. we must find g : A — B such that g # f, for all a € A. This may be
done very simply by constructing a mapping g to differ from f, at a. By hypothesis,
B has at least two elements, say b, b’, where b # b’. We put

b’ if af,=b,
ag = .
b otherwise.
Then g is well-defined and for each a € A, g # f, because ag # af,. [ |

If in this theorem we take A to be countable and B a 2-element set, simply denoted
by 2, then 24 s again infinite, but uncountable. Moreover, we can in this way obtain
arbitrarily large cardinals by starting from any infinite cardinal o and forming in
succession 2%, 2% . ...

Theorem 1.1.3 again illustrates the dangers of operating with the ‘set of all sets’.
If we could form the union of all sets, U say, then U would contain 2V as a
subset, and it would follow that |2Y| < |U|, in contradiction to Theorem 1.1.3.
This paradox was discussed by Cesare Burali-Forti and others in the closing years
of the 19th century, and it provided the impetus for much of the axiomatic develop-
ment that followed. Any axiomatic system now in use is designed to avoid the
possibility of such paradoxes. For our purpose it is sufficient to note that we can
avoid the paradoxes by not admitting constructions involving ‘all sets’ without
further qualification.

We conclude this section with some applications of Theorem 1.1.3. Given any set
A, we denote by #(A) the set whose members are all the subsets of 4; e.g. 2((J) =
(T}, 2({x}) = {D, {x}}. This set 2(A) is often called the power set of A; it is equi-
potent with 2%, To obtain a bijection we associate with each subset C of A its
characteristic function xc € 24; taking 2 = {0, 1}, we have

1 ifxeC,

x) =
=10 ixgc
It is easily seen that the mapping C — xc provides a bijection between 2(A) and 2.
The inverse mapping is obtained by associating with each f € 24 the inverse image
of 1: 1f 7! = {x € A|xf = 1}. Now Theorem 1.1.3 shows the truth of
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Corollary 1.1.4. No set is equipotent with its power set. More precisely, given any set A,
there is no surjection from A to P(A). [ ]

As a further application we determine the cardinal of the set R of all real numbers.
This cardinal is usually denoted by ¢ and is called the cardinal (or power) of the
continuum.

Proposition 1.1.5. ¢ = 2%,

Proof. We can replace R by the open interval (0, 1) = {x € R|0 < x < 1}, for there is
a bijection, e.g.

1+ x
Xt -4+ —.
20 201 4x2)12

If we express each number in the binary scale: a = 0.aya,...(a; =0 or 1), then
a > f,, where f,(n) = a,, is a mapping (0, 1) — 2N which is injective, for distinct
real numbers have distinct binary expansions. Indeed, some have more than one,
e.g. 0.0111...=0.1000..., but we can achieve uniqueness by excluding representa-
tions in which only finitely many digits are 0. It follows that ¢ < 2%. On the other
hand, there is an injective mapping from 2N to (0, 1), obtained by mapping f,,
defined as before, to 0.a;4a; ... in the decimal scale; thus the image consists of the
real numbers between 0 and 1 whose decimal expansion contains only 0’s and 1’s.
This shows that 2™ < ¢, and the desired equality follows. [ ]

It was conjectured by Cantor that ¢ is the least cardinal greater than ®y; this is
known as Cantor’s continuum hypothesis (CH). In 1939 Kurt Godel showed that it
is consistent with the usual axioms of set theory; thus if the usual system of
axioms (which we have not given explicitly) is consistent, then it remains consistent
when CH is added. In 1963 Paul J. Cohen showed CH to be independent of the usual
axioms of set theory. Thus if the negation of CH is added to the axioms of set theory
(assumed consistent), we again get a consistent system. This means that within the
usual axiom system of set theory CH is undecidable.

Exercises

1. Show that the set of all intervals in R with rational endpoints is countable.

2. Let A be an infinite set, A’ be a finite subset and B be its complement in A. By
picking a countable subset of B, show that |A| = |B| without assuming Equation
(1.1.2).

3. Let A be an uncountable set, A’ be a countable subset and B be its complement in
A. Show that |A| = |B| without assuming Equation (1.1.2).

4. Fill in the details of the following proof that the interval (0, 1) is uncountable. If
the real numbers in binary form (as in the proof of Proposition 1.1.5) could be
enumerated as a), a®, ..., we can find a number not included in the enumera-
tion by putting a = 0.b,b, ..., where b, = 0 or 1 according as a™ has 1 or 0 in
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the n-th place. (This is Cantor’s diagonal argument: b, is chosen so as to differ
from the diagonal term a{®.)

5. Show that the set of all real functions on the interval [0, 1] has cardinal greater
than the cardinal of the continuum. What about the subset of all continuous
functions?

6. Show that for any cardinals «, B, y if y # 0 and o < 8, then ay < By.

Show that a?B" = (aB)?, aPa? = P17, (af)Y = af’.

8. Let f : R — Q be such that x < y implies xf < yf. Show that there is an interval
in which fis constant.

N

1.2 Zorn's Lemma and Well-ordered Sets

In Section 1.1 we have already defined the relation @ < 8 for cardinals and we have
shown in Theorem 1.1.2 that it is a partial ordering. Two elements x, y in a partially
ordered set S are said to be comparable if x < y or y < x. A subset of S in which any
two elements are comparable is called a chain or said to be totally ordered. A subset in
which no two elements are comparable is called an anti-chain. For example, the set of
natural numbers N is totally ordered for the usual ordering by magnitude and
partially ordered with respect to divisibility: a|b iff b = ac for some ¢ € N. For the
divisibility ordering on N the set of all prime numbers is an anti-chain.

In any partially ordered set S an element c is a greatest element if x < ¢ for all
x € S, while ¢ is maximal if ¢ < x for no x € S. Thus a greatest element is maximal,
but the converse need not hold. A greatest element, if it exists, is clearly unique,
unlike a maximal element. Least and minimal elements are defined dually; e.g. N
with its usual ordering has a least element but no greatest element, while Q has
neither a least nor a greatest element.

An upper bound of a subset X of S is an element b € Ssuch that x < bforallx € X;
here b may or may not belong to X. Lower bounds are defined dually, and a subset of
S is bounded if it has both an upper and a lower bound.

We now take up the question of the comparability of cardinals left open in the
last section, i.e. whether the ordering of cardinals is in fact total. In terms of sets
the question is whether, given two sets A, B, we can find an injective mapping
from one of them to the other. In intuitive terms one might try to answer this ques-
tion by choosing an element from each of A and B, say 4, by, and pairing them off,
then choosing another pair of elements a, € A, b, € B and pairing them off, and so
on. For sets that are at most countable this solves the problem, but we have seen that
there are uncountable sets, and here the procedure adopted is rather more
problematic. One way to overcome the difficulty is to introduce the concept of a
well-ordering:

An ordered set A is said to be well-ordered if every non-empty subset of A has a
least element.

A well-ordered set is always totally ordered, as we see by applying the definition to
2-element subsets. It is also clear from the definition that any subset of a well-
ordered set is again well-ordered. A countable set may be well-ordered simply by
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enumerating its elements, e.g. the natural order of the positive integers is a well-
ordering, but there are many other well-orderings which do not put the countability
into evidence, e.g. {2,3,4, ..., 1}, where the order intended is that in which the
numbers are written, or {1,3,5,...,2,4,6,...} or even {1,2,4,6,...,3,9,15,
21,...,5,25,35,...,7,49, ...}. By contrast, the negative numbers in their natural
order form a set which is not well-ordered, although we can well-order it, e.g. by
writing it in the opposite order.

For well-ordered sets it is possible to prove the comparability in a strong form.
Let us call a subset A’ of an ordered set A a lower segment if for any u € A’, v € A,
v < u implies v € A’. This definition can be used for any ordered set, not necessarily
well-ordered, or even totally ordered. In particular, for any a € A, the set
|a) = {x € Alx < a} is a lower segment in A, called a principal lower segment. In a
well-ordered set A every lower segment not the whole of A is principal, for if A’ is
a proper lower segment of A and a is the first element of A\A’, then A’ = |a).

Two ordered sets A, B are said to be order-isomorphic or of the same order-type if
there is a bijection between them which preserves the ordering, f : A — B such that

x <y & xf <yf.

Lemma 1.2.1. A well-ordered set cannot be order-isomorphic to one of its proper lower
segments.

Proof. Let A be well-ordered, |a) be a proper lower segment and suppose that
f : A — |a) is an order-isomorphism. Then clearly af < a; if gy is the least element
of A such that agf < ay, then by applying f and remembering that f preserves the
order, we find that ayff < agf; so we have found an earlier element with the same
property, namely aof. This contradiction shows that f cannot exist. [ |

We now show that any two well-ordered sets can be compared.

Theorem 1.2.2. Let A, B be two well-ordered sets. Then one of them is order-isomorphic
to a lower segment of the other.

Proof. Let us call a pair of elements a € A and b € B matched if the corresponding
lower segments |a) and |b) are order-isomorphic. Two distinct lower segments of
A cannot be order-isomorphic, for one of them will be a lower segment of the
other and this would contradict Lemma 1.2.1. It follows that any element of B can
be matched against at most one element of A and vice versa. Let A’ be the set of ele-
ments of A that can be matched against elements of B, and B’ be the set of elements
of B matched against elements of A. Then A’ and B’ are order-isomorphic, as we see
by using the correspondence provided by the matching. Moreover, A’ is a lower
segment of A, for ifa € A’ and a; < a, let a be matched to b € B; then a; is matched
to the element of |b) which corresponds to it under the isomorphism between |a) and
|b). Similarly B’ is a lower segment of B. If A’ # A, then A’ = |a’) for some @’ € A;
likewise, if B’ # B, then B = |b’) for some ¥ € B, and by construction there is an
order-isomorphism between |a’) and |b’), so that @’ and V' are matched. But this
contradicts the fact that a’ & |a’), so we conclude that either A’ = A or B = B (or
both), as was claimed. ]
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The problem of comparing cardinals is thus reduced to the problem of well-
ordering sets. If every set could be well-ordered, Theorem 1.2.2 would tell us that any
two cardinals are comparable. Now it was proved by Ernst Zermelo in 1904 that
every set can be well-ordered, but he had to make an assumption which was some-
what less intuitive than the other axioms used. This is the following:

Axiom of Choice. Given a family of non-empty sets {A;};c|, there exists a function
which associates with each set A; a member of A;.

At first sight this is an innocent-sounding assumption, which acquires its force
from the fact that it applies to collections with arbitrary indexing set; only for
finite families {A;, ..., A,} is no axiom needed. The axiom may be illustrated by
the following example due to Bertrand Russell. A certain millionaire has infinitely
many pairs of shoes and infinitely many pairs of socks. He wants to pick one shoe
from each pair: this causes no problems; he simply picks the left shoe each time.
But when he wants to pick a sock from each pair, he needs the axiom of choice.

In some respects the axiom of choice occupies a position analogous to the parallel
axiom in geometry (although set theory without the axiom of choice is not as inter-
esting as non-Euclidean geometry). Like the continuum hypothesis it has been proved
consistent with and independent of the other axioms of set theory (by K. Gédel in
1939 and P. J. Cohen in 1963, respectively). It is of interest to note that the proof
of Theorem 1.1.2 did not use the axiom of choice.

A logical step at this point would be to prove (as Zermelo did) that every set can
be well-ordered, using the axiom of choice. To prove the well-ordering theorem we
shall introduce another axiom, first proved by Kazimierz Kuratowski in 1922 and
rediscovered by Max Zorn in 1935, known as Zorn’s lemma. Although equivalent
to the axiom of choice, it seems more appropriate in the present context, for it is
Zorn’s lemma rather than the axiom of choice that is used in algebra; we shall
meet many examples later on.

Zorn'sLemma. Let A be a partially ordered set. If every chain in A has an upper bound,
then A has a maximal element.

A partially ordered set is called inductive if every chain in it has an upper bound.
In particular, such a set must be non-empty, as we see by taking the upper bound of
the empty chain. In this terminology Zorn’s lemma states that every partially ordered
set which is inductive has a maximal element.

This statement sounds plausible, but any attempt at a direct proof soon
encounters the situation typical of the axiom of choice. The actual derivation of
Zorn’s lemma from the axiom of choice can be found in most books on set
theory. For an excellent account we refer to Kaplansky (1972). Below, in Theorem
1.2.3, we shall prove the well-ordering theorem (W) on the basis of Zorn’s lemma
(Z), and it is easy to derive the axiom of choice (C) from the well-ordering theorem:
if {X;} is any family of non-empty sets, well-order U X; and assign to each X; the
element of it which comes first in the well-ordering. Thus C = Z, Z = W,
W = G; so the three assertions, C, Z, W are all equivalent.



1.2 Zorn's Lemma and Well-ordered Sets 11

Later on we shall meet many situations where the hypotheses of Zorn’s lemma are
satisfied; for the moment we shall give an illustration where the hypotheses do not
hold. Let A be an infinite set and let & be the collection of all its finite subsets,
partially ordered by inclusion. It is clear that # has no maximal element, and by
Zorn’s lemma this means that # must contain chains that have no upper bound
in &; such chains are of course easily found. In verifying the hypotheses of Zorn’s
lemma it is important to test arbitrary chains and not merely ascending sequences,
as is shown by examples (see Exercise 3).

Theorem 1.2.3. Every set can be well-ordered.

Proof. The idea of the proof is to consider well-orderings of parts of the given set,
make these well-orderings into a partially ordered set and show it to be inductive,
so that Zorn’s lemma can be applied.

Given a set A, let #~ be the collection of all subsets of A that can be well-ordered; if
a subset can be well-ordered in more than one way we list all the versions separately.
For example, any finite subset of A can be well-ordered (usually in more than one
way). This shows that #~ is not empty; even if A = &J, #~ contains the set (J as
a member. We order #~ by writing X <Y for X,Y € #  whenever X is a subset
of Y and the inclusion mapping from X to Y is an order-isomorphism of X with a
lower segment of Y; in particular the ordering of X is then the same as that induced
by Y. It is clear that this defines a partial ordering on #” and we have to show that %~
is inductive. Let {X,} be a chain in #~, where A runs over an indexing set (not neces-
sarily countable); thus for any A, u either X, is a lower segment of X, or X, is a
lower segment of X,. To get an upper bound for this chain we put X = UX; and
define an ordering on X as follows: let x, y € X and choose an index A such that
x,y € X;. If x < y in the ordering of X;, then the same is true in the ordering of
X, for any p such that x,y € X,,; for of X;, X, one is a lower segment of the
other, with the same ordering. Thus we may without ambiguity put x <y in X if
this holds in some X;, and the relation so defined on X is easily seen to be a well-
ordering, with each X; as a lower segment. Hence X is an upper bound of the
given chain in #”, and this shows #” to be inductive.

We can now apply Zorn’s lemma and obtain a maximal element X’ in #". We
claim that X’ = A; for if not, then there exists z € A\X'. We form X" = X" U {z}
into a well-ordered set by taking the given order on X’ and letting z follow all of
X'. Then X” is a member of #~ which is strictly greater than X', contradicting the
maximality of X'. Hence X’ = A and this is the desired well-ordering of A. [ |

This result allows us to conclude that any two cardinals can be compared; thus the
relation ‘<’ is a total ordering of cardinals. But we can say rather more than this.
Theorems 2.2 and 2.3 suggest a classification of well-ordered sets according to
their order-type. Thus with every well-ordered set A we associate a symbol «,
called the ordinal number or order-type, or simply ordinal, such that two well-ordered
sets have the same ordinal precisely when they are order-isomorphic. Further, we
can define a relation o < B between ordinals, whenever a set of type « is
order-isomorphic to a lower segment of a set of type B. This is a well-defined relation
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on any set of ordinals, clearly transitive and by Lemma 1.2.1 antisymmetric, i.e. an
ordering, which is total by Theorem 1.2.2. In fact it is a well-ordering (see Exercise 7).

With each ordinal number « a cardinal number |a| may be associated, namely the
cardinal of a well-ordered set of ordinal «. This is an order-preserving mapping from
ordinals to cardinals, but not injective: to each finite cardinal there corresponds just
one ordinal of the same type, but an infinite cardinal always corresponds to many
different ordinals. However, we obtain a well-defined mapping by assigning to
each cardinal the least ordinal which corresponds to it. For example, a countable
set, N say, may be well-ordered as 1, 2, 3, .. .; this order-type is denoted by w and
is the least countable ordinal. Another ordering, not isomorphic to the first, is
2,3,4,...,1; it is denoted by w+ 1. Similarly, n+1,n+2,...,1,2,...,n has
ordinal w + n. The type of 1,3,5,...,2,4,6,... is written 4+ @ and generally,
given ordinals «, 8, we define a + B as the type of a well-ordered set of type «
followed by one of type B. It is easily checked that such an arrangement gives rise
to a well-ordered set whose type depends only on « and B. We observe that the
addition of ordinal numbers is still associative, but no longer commutative:
l+to=w#w+1.

We shall write 2w for @ + @ and generally nw for o + w+ ... + o to n terms.
The limit of the sequence w, 2w, 3w, . . ., i.e. the first ordinal following all of them,
is written w?. We shall not pursue this topic further except to mention that every
ordinal number & can be written in just one way as

o =ao" + a0™ + ...+ a,0%,

where r, a1, ..., a, are natural numbers and o, ..., @, is a decreasing sequence of
ordinal numbers (for a proof see e.g. Sierpinski (1956)).

There is a particular situation allowing Zorn’s lemma to be applied which
frequently occurs in algebra. Let S be a set and P be a property of certain subsets
of S; by a P-set we shall understand a subset with the property P. A property P of
subsets of S is said to be of finite character if any subset T of S is a P-set precisely
when all finite subsets of T are P-sets. For example, if S is a partially ordered set,
then being totally ordered is a property of finite character: a subset T of S is totally
ordered iff every 2-element subset of T is totally ordered. On the other hand, being
well-ordered is not a property of finite character in ordered sets, because every finite
subset of a totally ordered set is well-ordered, but the set itself need not be well-
ordered.

For a property of finite character there is always a maximal subset with this

property:

Proposition 1.2.4. Let S be a set and P be a property of subsets of S. If P is a property of
finite character, then the collection of all P-sets in S has a maximal member.

Proof. The result will follow by Zorn’s lemma if we can show that the set # of all
P-sets in S is inductive. Let {T,} be a chain of P-sets and write T = UT,. If T fails to
have property P, then there is a finite subset {x,, ..., x,} of T which does not have P.
Let x; € T,,; since the T, form a chain, there is a largest among the sets T, , ..., Tq,,
say T'. But then T’ 2 {x4, ..., %}, so T’ does not have P, which is a contradiction.
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This shows % to be inductive; by Zorn’s lemma it has a maximal member which is
the desired maximal P-set. B

We assume that all our readers will have met proofs by induction, where a
theorem involving a natural number n, say T(n), is proved first for n =1 (or for
n =0) and then T(n + 1) is proved assuming T(n). It would be equally acceptable
to prove T(n + 1) assuming T(v) for all v < n. A slight variant is a recursive defini-
tion, where a concept C(n) involving an integer # is defined for n = 0 or 1, and then
C(n+1) is defined in terms of C(v) for v < n. Both notions can be justified by
a proof based on Peano’s axioms for the natural numbers (see FA Chapter 1).

For well-ordered sets there is a form of induction, known as the principle of trans-
finite induction. This is embodied in the remark (which practically reproduces the
definition) that any non-empty subset of a well-ordered set has a least element.
Let us pause briefly to examine how a transfinite induction proof looks in practice.
One can distinguish three kinds of ordinals: an ordinal number § may have an
immediate predecessor «, so that f =« 41, or it may have no immediate pre-
decessor. In that case it is either the first ordinal 1, or it is the first ordinal after
an infinite set of ordinals, in which case it is called a limit ordinal. For example,
the first limit ordinal is w. We note that sometimes the first ordinal is taken to be 0.

Now the principle of transfinite induction may be stated as follows:

Theorem 1.2.5. Let A be a well-ordered set; if its ordinal is T, the set may be indexed by
the ordinals < v : A = {ay}y . .. Suppose that X is a subset of A satisfying the conditions:

(i) aeX;
(ii) ifa, € X, then a, 41 € X;
(iii) if ay € X for all @ < A, where A < t is a limit ordinal, then a, € X.

Then X = A.

Proof. Suppose X is a proper subset of A and let ag be the least element of A\X. Then
B > 1 by (i); if B is a non-limit ordinal, it has an immediate predecessor « say. Now
a, € X and f=a+1, so ag € X by (ii), a contradiction. So B must be a limit
ordinal and by definition, a, € X for all @ < B. Hence by (iii), ag € X, again a
contradiction. It follows that X = A, as claimed. [ ]

This analysis allows us to give an explicit description of well-ordered sets:

Corollary 1.2.6. Any well-ordered set consists of a well-ordered set of countable
sequences, possibly followed by a finite sequence.

Proof. Let A be a well-ordered set and consider the set L of limit ordinals of A,
together with the first element. This is a well-ordered set, and each A € L which
does not come last in L is the first of a countable sequence. If L has no last element,
then A consists of a family of countable sequences indexed by L. If L has a last
element, then this is the first of a countable or finite sequence. Thus in either case
A has the required form. [ |
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We saw earlier that the smallest infinite cardinal is denoted by 8o; this notation,
introduced by Cantor, is part of the aleph notation for infinite cardinals. It is defined
as a function from ordinals to cardinals by transfinite recursion, as follows:

The first infinite cardinal is R. If 8 = « + 1, then Rg is the least cardinal greater
than R, and for a limit ordinal A, Ry = Uy <1R,. For example, R; is the least
uncountable cardinal and the continuum hypothesis may be expressed as 8, = 2%,

We conclude this section with a proof of a special case of a formula mentioned
earlier, Equation (1.1.2).

Proposition 1.2.7. For any infinite cardinal o and any n > 1, na = o; moreover,

Roa = a. (1.2.1)

Proof. We shall need the associative law of multiplication of cardinals:
(aB)y = a(By); it is easily proved by observing that each side may be regarded as
the cardinal number of the product set A x B x C, where A, B, C are sets of cardinals
a, B, y respectively.

In the case where a = R, (1.2.1) states that N is equipotent with N and this was
proved in Theorem 1.1.1. Secondly, if « is of the form 8B, for some cardinal B, then
by the associative law,

Roor = Ro(RoB) = R3B = Ro = a,

which proves (1.2.1) in this case. We complete the proof by showing that every
infinite cardinal is of the form RoB. This amounts to showing that every infinite
set A is equipotent with a set of the form N x B, for a suitable set B.

Let A be an infinite set. By Theorem 1.2.3 A can be well-ordered, and by Corollary
1.2.6, A consists of a well-ordered set of countable sequences, possibly followed by a
finite sequence. Since A is infinite, at least one infinite sequence occurs, and we may
rearrange A by taking the finite sequence from the end and putting it in front of the
first sequence. The set A now consists entirely of countable sequences, i.e. well-
ordered sequences of type w. If they are indexed by a set B, it follows that A is
equipotent with N x B, and this is what we had to show. The rest is clear. |

Exercises

1. Show that the axiom of choice is equivalent to the following axiom: every
surjective mapping has a left inverse.

2. Let ® be a partial ordering relation on a set A. Show that there is a total order ¢’
on A such that ® C @',

3. Let A be an uncountable set and % be the collection of all its countable subsets.
Show that every countable ascending sequence of members of % has an upper
bound in %, but that # has no maximal element.

4. Show that any totally ordered set X has a well-ordered subset Y (where the order-
ing of Y is that induced by X) with the property: for each x € X there exists
y € Y such that x < y (i.e. Y is a cofinal subset of X).
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5. Determine all order-automorphisms (i.e. order-preserving permutations) of Z.

6. Find a well-ordering of the set Z of all integers. Find well-orderings of N of type
20,20+ 1, w* + 1.

7. Show that the set of all lower segments of a well-ordered set is well-ordered by
inclusion. Deduce that any set of ordinals is well-ordered by <.

8. Check that the addition of cardinals is well-defined and satisfies the associative
law.

9. Ordinal multiplication may be defined by taking, for any ordinals «, B, sets A, B
of type «, B respectively and denoting by 8 the ordinal of the product A x B,
ordered lexicographically. Show that this multiplication is well-defined, and that
it agrees with the following recursive definition: (i) 18 =8; (ii) (¢ + 1) =
aB + B; (iii) if A is a limit ordinal, then A8 = sup {yBly < A}.

10. Show that with the definition of Exercise 9, for any ordinals «, 8,7y,
(¢ + By =ay+ By, (@B)y =a(By), but that in general, a(B-+y)#
af + ay. (Hint. For the inequality take B, y finite and « infinite.)

11. From the definition in Exercise 9 show that for any ordinals «, B, y, if
a < B,y >0, then ay < By. Deduce that y # 0 and ay = By imply o = §;
give examples to show that yo = y$ does not imply o = 8.

12. Show that if B is a limit ordinal, then so is « + 8, for any ordinal . Is g+ «
necessarily a limit ordinal? If « > 0 and B is a limit ordinal, show that a8 is a
limit ordinal.

1.3 Graphs

Many problems both in mathematics and elsewhere can best be solved diagram-
matically; the diagrams involved are more or less subtle reformulations of the
problem, and the efforts to solve such problems have given rise to the theory of
graphs. We can do no more here than present the beginnings of the theory, but it
seems appropriate to do so since the methods are often algebraic and graphs are
increasingly being used in other parts of mathematics as well as in algebra itself.

A graph T consists of a pair of sets V( # J), E. The members of V are the points
or vertices of I while the members of E are its edges. With each edge of E two points
are associated, its endpoints. Here the endpoints of an edge need not be distinct; if
they coincide, the edge is a loop. Two edges may have the same pair of (distinct) end-
points, giving a multiple edge. Two vertices are adjacent if they are joined by an edge.
A point is isolated if it is not an endpoint of an edge. Some simple examples are
illustrated in Figure 1.1, where the first three represent simple graphs, i.e. graphs
without loops or multiple edges.

Given a graph I' = {V, E}, if V' is a subset of V and E’ is a subset of E such that
any edge in E’ has its endpoints in V', then {V’, E'} is again a graph, called a sub-
graph of I'. A subgraph I' is said to be induced if for any vertices p, g in I'’ all edges
between p and q belong to T"'.

For any set S, the graph with S as vertex set and an edge between each pair of dis-
tinct vertices is called the complete graph on S and denoted by C(S). Every simple
graph I' = {V, E} is clearly a subgraph of C(V); the graph with vertex set V and
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Figure 1.1

the set of edges in C(V) that are not in I" is written I'” and called the complementary
graph of T.

Example 1. In a group of six people it is always possible to find either three people
who know each other or three people who are all strangers to each other.

In order to prove this statement we represent the six individuals by points and join
any two points representing acquaintances by an edge. We thus obtain a graph I', the
‘acquaintanceship graph’ of our group and we have to show that either I' contains
three edges forming a triangle, or its complement I'’ does so. Take a vertex p;; it
is adjacent to each of the five other points in just one of I', I'". Hence it must be
adjacent to three points in one of these graphs, say in I it is adjacent to p,, ps, ps.
If two of p,, p3, ps are adjacent in T, then these two vertices together with p, form
a triangle in I'; otherwise p,, p3, ps form a triangle in T"'.

Example 2 (The Konigsberg bridge problem). A famous problem concerns the
seven bridges in Konigsberg crossing the river Pregel, which are situated as shown

in Figure 1.2.

The problem was to cross in the course of a single walk each bridge exactly once.
It is not hard to convince oneself that this is impossible; this was first proved by
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Figure 1.3

Leonhard Euler in 1736. The first step is to represent the problem by a graph in
which the areas are points and the bridges become edges (Figure 1.3).

For each vertex we define its valency as the number of edges ending in it (counting
loops twice). A walk across all the bridges becomes a path which includes each edge
just once. If this path begins and ends at the same point, each point has even valency;
otherwise there are just two points of odd valency, the beginning and end point of
our path. But in the above graph all four points have odd valency, so there cannot be
such a path.

Formally we define a path of length n from p to q in a graph as a set of edges
e, ..., e, such that ¢; has endpoints p; i, p; and po = p, p» = q. A path from p to
p is called a cycle (or also closed) and a graph without cycles of positive length is
said to be acyclic.

We note that every finite partially ordered set may be considered as a graph by
drawing an edge from p to q if q covers p, i.e. p < q but p < x < g for no x. In
fact we thus obtain a directed graph or digraph, i.e. a graph in which the endpoints
for each edge form an ordered pair, the initial vertex and the final vertex; the edges in
a digraph are also called arrows and a finite digraph is called a quiver. In a digraph
only paths are allowed which go in the direction of each arrow.

It is clear that the digraph derived from an ordered set is acyclic; conversely, given
any acyclic graph I, we can define a partially ordered set on the vertex set of I" by
fixing a direction in I' and writing p < q whenever there is a path from p to gq.
Thus finite partially ordered sets may be identified with directed acyclic graphs.
Our first result, though nominally about ordered sets, is really graph-theoretic in

nature. In a finite ordered set S the maximum number of elements in an anti-
chain will be called the width of S.
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Theorem 1.3.1 (Dilworth’s theorem). Let S be a finite partially ordered set. Then the
minimum number of disjoint chains into which S can be decomposed is the width of S.

Proof. We shall use induction on |S|. Let m be the width of § and take an anti-chain
A of m elements; any chain meets A in at most one element, so we cannot have fewer
than m chains. Let ST be the set of elements of S that are > some element of A and
S~ be the set of elements < some element of A. Then clearly ST US™ =,
§t NS~ = A and the elements of A are both minimal elements of ST and maximal
elements of S™. We assume first that both S*, S~ are proper subsets of S. Then by
induction we can write each of S, S~ as a union of m chains, with an element of A
at one end. Hence by joining the chains at each element of A we obtain m chains
for S.

There remains the case where S* or S~ equals S for any choice of A; this means
that any anti-chain of m elements consists entirely of maximal or entirely of minimal
elements of S. Choose a maximal element u and a minimal element v < u; then
S\{u, v} has width < m and by induction it can be written as a union of at most
m — 1 chains. Together with {u, v} this gives a decomposition of S into m chains,
as required. [ ]

Dilworth’s theorem can be used to prove Philip Hall’s theorem on distinct
representatives.

Theorem 1.3.2 (P. Hall's theorem). Let T}, ..., T,, be subsets of a finite set S. Then
there is a family of distinct elements a,, . .., a,, in S such that a; € T;, provided that the
union of any k of the subsets T; contains at least k elements, for k=1, ..., m.

Proof. Let S = {ay, ..., a,} and define a partial ordering on the set W consisting of
all the T; and q; by writing x < y precisely when x = y or y = T; and x = a; € T;. Let
us take any anti-chain in W:

{Tl,...,T,,al,...,as}. (131)

By hypothesis T} U ... U T, contains at least r elements, which must be distinct from
ai, ..., as because (1.3.1) is an anti-chain. It follows that r 4+ s < n, so every anti-
chain in W has at most n elements; in fact this bound is reached by the anti-chain
{ai, ..., a,}. By Theorem 1.3.1 we can decompose W into n disjoint chains. Each
T; is in just one of the chains, and each contains an aj; thus a; € T; and we have a
system of distinct representatives. n

Remark 1. Let A, ..., A, and By, ..., B, be two families of disjoint subsets of a set
S. If any k of the A; between them meet at least k of the B; then we can find 4; € A;
such that the distinct a; belong to distinct B’s. For example, in a finite group G with a
subgroup H we can take the A; to be the left cosets and the B; to be the right cosets of
H in G (see Section 2.1). We thus obtain a set of common representatives for the left
and right cosets of H (this was Hall’s original purpose in proving this theorem in
1935).
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Remark 2. The assertion of Theorem 1.3.2 has been formulated more picturesquely
by Paul Halmos as the ‘marriage theorem’: in a group of m bachelors and n spinsters,
if any k men between them are acquainted with at least k of the women, then each
man can be married off to an acquaintance.

A graph is said to be connected if any two of its points can be joined by a path; if
moreover, there is a unique path joining any two points, the graph is called a tree.
Clearly a tree can also be characterized as a connected graph which is acyclic. It is
an important fact that any connected graph contains a tree, called a spanning tree,
which includes all vertices of the graph:

Theorem 1.3.3. Let I' be a connected graph. Then there is a subgraph Ty of T which is
a spanning tree. Moreover, for any finite tree (V, E) we have

[Vl =|E|+1. (1.3.2)

Proof. We observe that a graph I'; is a tree iff any induced subgraph on finitely many
vertices is a tree, for if I} contains a cycle, this already appears in a finite subgraph,
and if I'; fails to be connected, then the same is true of an induced 2-vertex sub-
graph. It follows by Proposition 1.2.4 that I' contains a maximal subgraph TI'y
which is a tree, i.e. a maximal subtree of I'. We claim that I’y contains all the vertices
of I'. For otherwise there is a vertex p adjacent to a vertex in I’y but not itself in T.
Since T" is connected, there is an edge e from p to q € I'y. Now the graph obtained by
adjoining p and the edge e to I'y is still a tree, but it contains I’y as a proper subtree,
contradicting the maximality of the latter. Thus I’y contains all vertices of I' and it is
the required tree.

Now let I' = {V, E} be a finite tree; in I" we can find a vertex py which is adjacent
to only one other vertex. To find py we start from any vertex of I' along a path and
continue as far as possible without traversing an edge more than once. As long as all
the vertices we reach have valency greater than 1 we can continue, and we never pass
a vertex twice because I' is a tree. Since I' is finite, this process must come to a halt,
and it can only do so when we reach a vertex of valency 1; this is the required vertex
po. If we omit py and the single edge ending at p, from I' we obtain a tree
I ={V’, E’} with fewer vertices than I'. By induction we have |V'| = |E'| + 1,
and since |V| =|V’| +1, |E| = |E’| +1, (1.3.2) follows because the result holds
for the trivial graph with one vertex and no edges. [ |

Our final result in this section, proved by Frank P. Ramsey in 1930, is a far-
reaching generalization of an earlier example involving the acquaintanceship graph
(p. 16). For brevity let us call a set or a subset consisting of r elements an r-set,
respectively an r-subset, and write 2,(S) for the set of all r-subsets of S; for example,
every r-set has exactly one r-subset and one 0-subset. The earlier example showed
that if the collection of all 2-subsets of a 6-set S is partitioned in any way into two
disjoint sets Aj, A,, then either § contains a 3-subset all of whose 2-subsets lie in
Ay or it contains a 3-subset all of whose 2-subsets lie in A,. In terms of graphs, if
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in a complete graph on six vertices each edge is painted either blue or red, then there
is a complete subgraph on three vertices in which all edges have the same colour.
More generally, given integers p, q > 2, there exists an integer N such that if in a
complete graph on N vertices the edges are painted blue or red, then there is
either a complete blue subgraph on p vertices or a complete red subgraph on g
vertices. This is just the special case r = 2 of the following theorem.

Theorem 1.3.4 (Ramsey'’s theorem). Let py, p,, r be integers such that 0 <r < p;
(i =1,2). Then there exists an integer N(py, p2, r) with the following property: if in
any set S of at least N(py, p, r) elements the family of r-subsets is partitioned into
two disjoint sets A; and A,, then for i =1 or 2, S contains a p;-subset all of whose
r-subsets lie in A;.

In symbols we have 2,(S) =A; UA;,A|NA;, =, and the assertion is that
there is a p;-subset T of S such that #,(T) C A; fori=1 or 2.

Proof. We shall use induction on r, and for a given r, on p; and p,. For r = 0 the
result holds trivially: there is only one 0-subset of any set and this lies in A; or
A,. We may therefore assume that r > 0.

Firstly we note that N(py, r, r) = p;. For if S has at least p; ( > r) elements, and
the family of r-subsets of S has been partitioned into disjoint sets A; and A;, then
either A, # (& and so S contains an r-subset whose unique r-subset lies in A,, or
Ay, = and any p;-subset of S has all its r-subsets in A;. This shows that
N(p1,r,r) < p; and it is easily seen that the inequality here cannot be strict. Thus
N(p1,r,r) =p; and a similar argument shows that N(r, p,, r) = p,.

We now put ¢q,=N(py—1,p2,7),92 =N(p1,p2—1,r) and claim that
N(p1,p2,7) <N(q1,g2,r—1)+1. For let S be a set with at least
N(q1,q2,r — 1) + 1 elements and let A;, A, be a given partition of the family of
r-subsets of S. Fix ¢y € S, write S’ =S\ {¢} and define a partition {B;, B;} of
the family of (r — 1)-subsets of S’ by taking an (r — 1)-subset T to B; when-
ever TU {co} € A;. Since S’ has at least N(q;, g2, ¥ — 1) elements, we can apply the
induction hypothesis. Two cases can arise: (i) S’ has a g;-subset U all of whose
(r — 1)-subsets are in B. If U contains a ¢;-subset all of whose r-subsets lie in A,
the conclusion follows. Otherwise, by the definition of q;, U has a (p; — 1)-subset
whose r-subsets are all in A;, and adjoining ¢, we get a p;-subset all of whose
r-subsets are in A;. The second case (ii) is that S’ has a g,-subset all of whose
(r — 1)-subsets are in By; this can be dealt with by symmetry, so the conclusion holds
for S. |

The least value of N(p, p2, r) is sometimes called the Ramsey number. Thus the
example given earlier shows that N(3, 3, 2) < 6, and it is easily checked that equality
holds here. For r = 1 we have N(p, p2, 1) = p1 + p» — 1 and the theorem states that
when a set of at least p; + p, — 1 elements is partitioned into two disjoint subsets A,
Aj, then A; has at least p; elements for either i =1 or 2.
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Exercises

10.

11.

12.

13.

14.

15.

. Construct all simple graphs with four edges and no isolated points (there are 11,

up to isomorphism). Construct all trees with five edges (there are six).

. Let S be a partially ordered set in which each chain and each anti-chain is finite.

Define I(a) for a € S as the minimum of the lengths of maximal chains below a,
and show that A, ={a € §|l(a) = n} is an anti-chain. By considering the
maximal elements of S, write S as a union of a finite number of the A, and
hence show that § must be finite.

. Prove Dilworth’s theorem in the infinite case: every partially ordered set of finite

width m can be written as the disjoint union of m chains.

. Prove Dénes Konig’s lemma: every infinite connected graph in which all points

have finite valency has an infinite path. (Hint. Choose py, ps, . . ., pp so that there
is a path along these points and p, can be connected to infinitely many points by
paths not passing through p, _1.) Show that the result need not hold if there is at
least one point of infinite valency.

. Let I' = {V, E} be a finite graph, not necessarily connected but for which each

connected component is a tree (such I' is sometimes called a ‘forest’). Show
that T has |V|— |E| connected components. (Hint. Use induction on the
number of edges.)

. Show that N(p,q,0) =max{p,q}, N(p,q,1)=p+q—1, N(p,q.2)<

p+q-—2
p—1 )

. Show that when p,q > 2, then N(p,q,2) <N(p—1,49,2)+N(p,q—1,2).

Find N(p,q,2) forp<4,q<5.

. Show that N(r, m, r) = m.
. Show that of five points in a plane, no three of which are collinear, there are four

that form vertices of a convex quadrilateral.

Given n points in a plane of which no three are collinear, show that if all the
quadrilaterals formed from these points are convex, then there is a convex
n-gon with these points as vertices.

Show that for any n > 1, if at least N(n, 5, 4) points in the plane are given, no
three of which are collinear, then there are n points in the given set forming a
convex n-gon. (ErdGs—Szekeres. For n = 3 take N = 3; otherwise use Theorem
1.3.4 and Exercises 9 and 10.)

Show that there is a number N = N(py, ..., p;, r) such that if for any set S of
at least N elements, the family of all subsets is partitioned into disjoint sets
Ay, ..., A; then for some i=1,...,¢, S contains a p;-subset all of whose
r-subsets lie in A;.

Show that if the r-subsets of an infinite set S are partitioned into disjoint sets
Ay, ..., A, then there is an infinite subset of § whose r-subsets all lie in A;,
for some i. (Hint. Adapt the proof of Theorem 1.3.4.)

Using Exercise 13, show that any infinite partially ordered set contains either an
infinite chain or an infinite anti-chain.

Show that for any graph either it or its complement is connected.
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Further Exercises for Chapter 1

1.

Show that the union of a finite family of finite sets is finite.

2. Show that if «, B are cardinals of which at least one is infinite, then

11.

12.

13.

14.

15.

o+ B = max {a, B}.

. Show that a set is finite iff every collection of subsets has either a maximal or a

minimal member.

. (Sierpinski) A collection T of sets will (for this exercise) be called a tower if

JeTand X,Y e T=XUY € T. Show that a set A is finite iff A belongs
to every tower T such that {x} € T for all x € A.

. Prove that Zorn’s lemma is equivalent to Hausdorff’s maximal principle: given a

collection A of sets, any chain in A is contained in a maximal chain.

(Tarski) Show that a set is finite iff it can be ordered so that both the ordering
and its opposite are well-orderings.

Define an upper segment in an ordered set as a lower segment in the opposite
ordering. Verify that the upper segments are precisely the complements of the
lower segments. If a set A is well-ordered, and order-isomorphic to every
non-empty upper segment of itself, what can be said about A? Show that A
cannot be of type 2.

Let A be a countable set. Show that the set of all equivalences on A with finitely
many equivalence classes is uncountable, but the subset of those equivalences in
which only one class is infinite is countable.

Deduce Zorn’s lemma from the well-ordering theorem.

Let S be a set of n elements and € = {C;} be a collection of subsets of S such that
Ci # C; for i # jand C;N C; # &. Show that € has at most 2"~! members.
Let A be a well-ordered set. Show that any interval of the form
{x € Ala < x < b} is order-isomorphic to a lower segment of A.

Let S be a set of n elements. Show that 2(S) has n! maximal chains and that each
r-subset of S is contained in exactly r!(n — r)! maximal chains. Show further that
if 2(S) has an anti-chain containing v, r-subsets, then

n n -1
Z v,( ) <1
r=0 r

Deduce Sperner’s lemma: the maximal length of any anti-chain in #(S) is the
number of [n/2]-subsets in S (D. Lubell).

Let I' = (V, E) be a finite connected graph. Show that if T is a spanning tree of
T, then T has |V| — 1 edges. Verify that for each edge e not in T there is a cycle
C, in T U {e} and any two cycles C,, C,- have only the edges of T in common.
Deduce that the total number of such cycles is |[E| — |V| + 1.

Let T be a graph and A be a subgraph. The graph A¢ whose edges are the edges
of I' not in A and whose vertices are the vertices of I that are either not in A or
incident with an edge of I" not in A is called the complement of A in I'. Show
that A® is obtained from A by deleting the vertices of A that are incident
with an edge of I not in A but not incident with any edge in A.

Show that in any finite graph the number of points of odd valency is even.
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16.

17.

18.

19.

20.

21.

A finite graph is said to be Eulerian if it is connected and has a closed path (i.e.
cycle) including each edge once. Show that a finite connected graph is Eulerian
iff each vertex has even valency. Find a condition for a graph to have a path, not
necessarily closed, that includes each edge just once.

For any finite graph I' = (V, E) define p, as the number of its connected com-
ponents and p; as the least number of edges which need to be removed to make
each component into a tree. Show that |V | — |[E| = po — p1. Show also that if
v(x) is the valency of x € V, then

Y [v(x) — 2] = 2(p1 — po)-

xeV

Let S be a finite set and & be a family of subsets of S whose union is § itself. The
intersection graph of & is defined as the simple graph with &% as vertex set, and
where X, Y € & are joined by an edge whenever X # Y and X NY # (. Show
that every finite simple graph is the intersection graph of an appropriate family
of sets.

Let ' be a finite graph and for each vertex p define d(p) as the length of the
longest simple path (i.e. without loops) starting at p and not passing again
through p. Show that for a tree, d(p) assumes its least value either at a single
vertex or at several adjacent vertices.

With every finite graph I one associates its adjacency matrix A, a square matrix
whose rows and columns are indexed by the vertices of I" and whose (i, j)-entry
is the number of edges from i to j. Show that A is symmetric and that I" is con-
nected iff there is no permutation matrix P such that P~ AP is the diagonal sum
of two matrices. Interpret the entries of A”, forn =2,3,....

Define the incidence matrix of a finite graph I' = (V, E) as the matrix B whose
rows are indexed by the vertices and columns indexed by the edges of I' and
whose (i, j)-entry is 1 if the i-th vertex is an endpoint of the j-th edge and 0
otherwise. Show that BBT — A (where T indicates the transpose) is a diagonal
matrix and interpret its entries.






Groups

Our readers will have met groups before, so we shall be fairly brief in recalling the
fundamentals, which occupy Sections 2.1-2.3. The remainder of this chapter deals
with some notions of importance in elucidating the structure of groups, such as
solubility, nilpotence (Section 2.4) and commutator subgroups (Section 2.5). In
Section 2.6 we describe the constructions of Frattini and Fitting, which have their
counterpart in rings in the form of the radical.

2.1 Definition and Basic Properties

We recall that a group is a set G on which a binary operation is defined, with values in
G, denoted by x.y or simply xy, the product, such that

G.1 (xy)z =x(yz) for all x, y,z € G (associative law).
G.2 There exists an element e € G such that xe = ex = x for all x € G.
G.3 For each x € G there exists x’ € G such that xx’' = x'x =e.

The element e in G.2 is uniquely determined by the equations in G.2; it is called the
neutral element or unit element, and is usually denoted by e or 1. The element x’ in
G.3 is uniquely determined by x; it is called the inverse of x and is denoted by x 1.
If the commutative law holds in G: xy = yx for all x, y € G, the group is said to be
abelian. For an abelian group the additive notation is sometimes used for the opera-
tion; it is then called the sum and denoted by x + y, the neutral element is written 0
(and called the zero element), and the inverse of x is written —x.

As a consequence of G.1, the value of a repeated product x;x; . .. x, is independent
of bracketing, as long as the order of the factors is preserved. This follows easily by
induction on m: for n =3 it is just G.1; when n > 3, suppose that the product is
bracketed in two different ways. We must show that

(e xim )X x) = (- x-0)(X LX), (2.1.1)

and we may suppose that 1 < i < j < n. Moreover the portions inside the brackets
are independent of the bracketing, by the induction hypothesis. Writing
U=X]...Xi_|,V=1X...Xj_1,W=Xj...X,, Wwecanrewrite (2.1.1) as u(vw) = (uv)w,
and this is seen to follow from G.1. Thus x;x; . ..x, is well-defined. In particular,
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taking all the x; equal to x, we obtain xx . . . x (n factors), which is denoted by x". This
can be defined even for negative n by putting x =" = (x~!)". We note the rules for
any group element x and any m, n € Z:

(xE™)(x") = (x")(x™) = 2", ()= K", (2.1.2)

whose verification is straightforward. Similarly, in additive notation, x + x + ... + x
with # terms is written as nx. A group G is called elementary abelian if for some prime
p, px = 0 for all x € G. An example is the abelian group consisting of four elements
e, a, b, c with a> = b* = & = ¢, ab = ; it is known as the Klein 4-group.

Probably the most familiar example is the additive group of integers, with neutral
element 0 and —x as the inverse of x; another example is the multiplicative group of
non-zero rational numbers with neutral element 1 and x ! as the inverse of x. An
even simpler example is the trivial group, consisting of a single element e with multi-
plication ee = e; the trivial group will usually be denoted by 1.

The groups mentioned so far are all abelian; to obtain a non-abelian group, recall
that for any set S, by a permutation of S one understands a bijective mapping from S
to itself. It is clear that for any set S the set X(S) of all permutations of S is a group
under composition of mappings, known as the symmetric group on S; the cardinal of
S is called the degree of X(S). It is not hard to see that any symmetric group of degree
greater than two is non-abelian.

Let G be a group; a subgroup of G is a subset H of G which is a group relative to the
operations of G. Thus H is a subgroup iff 1 € H and for any x,y € H, xy, x ! € H.
An element c satisfying ¢” = 1 for some n > 1 is said to be of finite order, and the
least such n is called the order of c. Clearly in a finite group every element is of
finite order, but there are also infinite groups with this property; they are usually
called torsion groups. In an abelian group the set of all elements of finite order is a
subgroup, called the torsion subgroup.

It is easily verified that the intersection of two subgroups is again a subgroup.
More generally, this holds for any set of subgroups. Given a subset X of a group,
the set consisting of 1 and all finite products of members of X and their inverses,
briefly group words in X, forms a subgroup, denoted by gp{X} and called the sub-
group generated by X. Clearly any subgroup containing X also contains gp{X};
it follows that gp{X} is equal to the intersection of all subgroups containing X.
If G is a group generated by a set X, then any equation of the form f = g, where
f, g are group words in X, is called a relation. Let G be generated by X and let R
be a set of relations such that every relation in the elements of X holding in G is a
consequence of relations in R; then we write G = gp{X|R} and call this a presentation
of G by X as generating set with R as set of defining relations. In a relation of the form
f =1, fis also called a relator. For example, the quaternions i, j generate a group of
order 8, the quaternion group, which has the presentation gp{a, bla* = e, a® = I,
b~lab = a~'}. The group of motions of a regular n-gon, which consists of n rota-
tions and 7 reflexions, has the presentation gpf{a, bla” = b* = ¢, b~ 'ab=a "'} it is
called the dihedral group of order 2n and is denoted by D,,.

Let G, H be any groups. A mapping f : G — H is called a homomorphism if
(xp)f =xf.yf for all x,y € G; it follows that 1gf = 1y, where 1, 1y denote the
unit elements of G, H respectively. The set mapped to 1 : {x € G|xf = 1} is a sub-
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group called the kernel of f. When H = G, we call f an endomorphism of G. If
f : G— H is bijective, it is called an isomorphism and G is said to be isomorphic
to H; clearly f~! is then an isomorphism from H to G. An isomorphism of G
with itself is called an automorphism. For example, in any group G, the mapping
x = ¢~ 'xc(c € G) is an automorphism, the inner automorphism or conjugation by c.

A group generated by a single element is said to be cyclic. For example, the integers
Z form a cyclic group under addition, with 1 as generator. Any cyclic group is a
homomorphic image of Z; the kernel is a subgroup of Z, and hence of the form
mZ, for some m € Z, m > 0. Thus every cyclic group is either isomorphic to Z or
of the form Z/m = {x|mx =0} (m € N). In multiplicative notation this is the
group of m-th roots of 1; so up to isomorphism there is one infinite cyclic group
and one cyclic group of order m, for each positive integer m. It will usually be
denoted by C,, or Z/m.

For any group G, the subgroups of G that are maximal among the proper sub-
groups of G are simply called the maximal subgroups. For finitely generated (non-
trivial) groups their existence is guaranteed by Zorn’s lemma:

Proposition 2.1.1. Let G be a finitely generated non-trivial group and H be a proper
subgroup. Then there is a maximal subgroup containing H.

Proof. Let X be a finite generating set of G and consider the set 2 of all proper sub-
groups containing H. Given any chain in £, its union A is clearly a subgroup of G; if
A =G, then A D X and since X is finite, all the members of X belong to some
member B of this chain; but this would mean that B = G, a contradiction. This
shows that A must be proper, hence £ is inductive and by Zorn’s lemma it has a
maximal member, which is the desired subgroup. |

Given groups G, H, if f : G — H is a general homomorphism, the image Gf of G
is easily seen to be a subgroup of H, the homomorphic image of G under f. The inverse
image 1f ~! of the unit element of H, the kernel of f, written ker f, is a normal sub-
group of G, i.e. it is a subgroup such that x~!(ker f )x = ker f for all x € G. This
follows because if af = 1, then (x~'ax)f = (xf) "'1(xf) =1 for all x € G.

A group G with two subgroups H, K is said to be the direct product of H and K
if every element g € G can be uniquely expressed as g = xy = yx, where x € H,
y € K. Tt follows that H, K are both normal in G, HK =G and HNK = 1.
Conversely, any two subgroups H, K of G satisfying these conditions give rise to a
direct product representation of G.

Let G be any group and H be a subgroup; any set of the form Ha = {halh € H} is
called a right coset of H in G. If two cosets Ha, Hb have a common element ua = vb
(where u, v € H), say, then for any h € H, ha = hu~'vb, hb = hv ™~ 'ua and it follows
that Ha = Hb. Thus the right cosets of H in G form a partition of G. A left coset of H
is similarly defined as aH = {ah|h € H}. We shall denote the set of right cosets of H
in G by G/H and the set of left cosets by H\G. In general left cosets define a different
partition of G, but their number is the same, since the correspondence

Ha<a 'H (2.1.3)
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is independent of the choice of a in the coset: if a is replaced by ha, a~! is replaced
by a='h~!. Thus (2.1.3) is a bijection between the coset spaces G/H and H\G.
A complete set of coset representatives is also called a transversal.

For a normal subgroup N the right and left cosets coincide, thus G/N = N\G;
more explicitly, we have

aN =Na forall a€ G, (2.1.9)

‘conversely, when (2.1.4) holds, the subgroup N is normal in G, as is easily verified.
In that case we can define a multiplication on the set of cosets:

Na.Nb=Nab (a,becG),

and it is easily checked that this defines a group on the set of cosets of N. It is
denoted by G/N and is called the quotient group or quotient of G by N. Clearly the
mapping x —> Nx defines a homomorphism from G to G/N which is surjective,
with kernel N. We shall also write N < G to indicate that N is normal in G.

The following almost trivial remark is often useful:

Proposition 2.1.2 (Modular law). If H, K, L are any subgroups of a group G, and
HCIL, then HKNL)=HKNL

Proof. The inclusion C is clear. Suppose now that c € HK N L, say ¢ = ab, where
a€H,beK. Thena,ceL, hence b=a"'ceL, so be KNL and a € H, hence
c=abe HKNL). [ |

Let G be a finite group; the number of its elements is called its order and is denoted
by |G|. Generally we shall write |X| for the number of elements in any subset X of G.
Any subgroup H is again finite, and for any a € G, Ha has as many elements as H,
because the map h 1— ha is a bijection. Since the right cosets form a partition of G,
we have |G| = n.|H|, where n is the number of right cosets; this number is called the
index of H in G and is written (G : H). This proves

Theorem 2.1.3.(Lagrange’s theorem). If G is any finite group and H is a subgroup
of G, then

|G| = (G : H).|H]|. (2.1.5)
In particular, the order of H divides the order of G. |

A group G is said to have finite exponent if there exists a natural number m such
that x™ =1 for all x € G, and the least such m is called the exponent of G. Clearly
every finite group has finite exponent; of course a group of finite exponent need
not be finite, since it may not be finitely generated. A group is called locally finite
if every finitely generated subgroup is finite, and the question whether every group
of finite exponent is locally finite was raised by William Burnside in 1902 and is
known as the Burnside problem. This question was answered negatively in 1968 by
Sergei 1. Adyan and Petr S. Novikov, but a restricted form of the Burnside problem
(showing that there is a largest finite r-generator group of exponent e) was answered
positively by Efim 1. Zelmanov in 1989.
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Let G be any group; by a G-set one understands a set S such that each g € G
defines a permutation of S, si— sg(s € S, g € G), also called a group action or
G-action, such that s(gh) = (sg)h, s1 =s. The G-set is called transitive if for any
s,t €S,t=sg for some g € G. It is clear that any G-set can be described as the
union of its transitive components sG, also called its orbits. For any s € S the set
G; = {g € Gl|sg = s} is easily verified to be a subgroup of G, called the stabilizer of
s under the action of G. For example, if H is any subgroup of G, then the set of
right cosets of H in G is a transitive G-set under the operation Ha \— Hag; the
stabilizer of Ha is a~'Ha, in particular H = H.1 has the stabilizer H. It turns out
that any transitive G-set can be described in this way. Let us call two G-sets S, T
isomorphic if there is a bijection ¢ : S — T such that (s¢)g = (sg)¢ for all s € S,
g€G.

Theorem 2.1.4. Given any group G and a subgroup H, the right coset space G/H is a
transitive G-set with H as the stabilizer of a point. Moreover, any transitive G-set with
H as the stabilizer of a point is isomorphic to G/H.

Proof. Only the second part still needs proof, so let S be a transitive G-set with H as
the stabilizer of s € S. Then any ¢ € S has the form t = sg for some g € G. We define
a mapping ¢ : G/H — § by the rule Hg +— sg. It is well-defined, in fact it is a bijec-
tion, since Hx = Hy & xy~! € H & sxy~! = s & sx = sy. Now (Hx)y = Hxy and
(sx)y = s(xy), and this shows ¢ to be an isomorphism of G-sets. [ |

This result describes the orbits of any G-set. Since the size of G/H is the index
(G : H), we obtain the following orbit formula for the size of an orbit of a G-set
sG with stabilizer G;:

ORBIT FORMULA [sGl = (G : Gy). (2.1.6)
When G is finite, this with (2.1.5) leads to the formula
|G| = [sG]. |Gl (2.1.7)

We also note the formula for the number of orbits in a G-set:

Proposition 2.1.5. Given a finite group G and a finite G-set S, denote by c, the number
of elements of S fixed by g € G. Then the number of orbits of S is

1
w:Ech. (2.1.8)

g€G

Proof. Consider the product set S X G and count the number of pairs (s, g) such that
sg = s. In an orbit of r points, each point s is fixed by the members of its stabilizer,
which has |G|/r elements, by (2.1.7). So the orbit contributes |G| pairs in all, and we
therefore have ¢, = |G|.w, where w is the number of orbits. But each g € G fixes
just ¢, points, so the number of pairs with sg =s is Xc,; now (2.1.8) follows on
dividing by |G]|. [ |
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In any group G, two elements a, b are said to be conjugate if ¢ ~'ac = b for some
¢ € G. It is not hard to see that the conjugation mapping a i— ¢~ lac is a group
action by G on itself. The orbits under this action are called the conjugacy classes
of G. The stabilizer of g € G is the set of elements commuting with g, called its
centralizer:

Zg(g) = {x € Glxg = gx};

more generally, Z;(X), for any X C G is the intersection of all the centralizers Zg(x),
x € X, and any element of Z3(X) is said to centralize X. In particular, Z(G) = Zs(G)
is the set of all elements centralizing the whole of G; it is a normal subgroup, called
the centre of G.

For any group G and a subset A of G, any x € G is said to normalize A if
A* = x7'Ax = A. The set of all elements of G normalizing A is clearly a subgroup
of G, the largest subgroup of G in which A is normal. It is called the normalizer of
A in G and is written

Ng(A) = {x € G|A* = A}

The orbit formula (2.1.6) shows that the number of elements in the conjugacy class
containing g is the index in G of the centralizer of g. By Theorem 2.1.3 it follows that
in a finite group G the number of elements in each conjugacy class divides the order
of G. This allows us to obtain some information about certain groups. A group
whose order is a positive power of a prime number p is called a p-group. Now we
have

Theorem 2.1.6. Any p-group has a non-trivial centre.

Proof. Let G be a p-group and denote its conjugacy classes by Cy, ..., C,. The unit
element forms a conjugacy class, C; say, and each central element forms a separate
conjugacy class, so if the centre of G is trivial, C; = {1}, while the number of
elements in any other class is a power of p. By enumerating all elements of G we
obtain the class equation

|Gl =|Ci|+... + |G
Here each |C;| for i > 1 is a positive power of p, as well as |G|, while [C;| =1, a

contradiction, which shows the centre of G to be non-trivial. [ ]

Theorem 2.1.6 shows that every non-trivial p-group G has a central subgroup P of
order p; clearly P is normal in G and so we can form G/P. Here the same argument
applies, leading to a normal subgroup of G of order p?. By induction on |G| we
obtain

Corollary 2.1.7. Any p-group G has normal subgroups of all orders dividing |G|. W

A non-empty set S with a binary operation with values in S, which is associative, is
called a semigroup; if S also has a neutral element, it is called a monoid. It is clear how
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the notions of generating set, defining relations and presentation can also be defined
for a monoid. A monoid § is said to have right cancellation, if

ac=bc=>a=0>bforala b, ceS.

If ca = ¢cb = a = b, S has left cancellation. Clearly every group has both left and right
cancellation. Moreover a finite monoid S with left (or right) cancellation is a group.
For the mapping x +— ax is an injective mapping of S into itself, and since § is finite,
it is bijective (by the Box Principle, Section 1.1), thus ax = 1 has a solution a’ for any
a € S. Hence a’x = 1 also has a solution, a”, say and a = a(a’a”) = (aa")a” = a”;
thus aa’ = a’a =1 and so S is indeed a group.

For each monoid § there is a ‘universal group” which may be described as follows.

Proposition 2.1.8. Let S be a monoid. Then there is a group Q(S) with a homo-
morphism A : S — Q(S) such that any homomorphism of S into a group G can be
factored by A, i.e. given a homomorphism f : S — G, there exists f' : Q(S) — G such
that f = Af'; moreover, f' is uniquely determined by f.

If S is commutative, then A is injective if and only if S has cancellation.

Proof. To form Q(S) we take a presentation of S as monoid and interpret it as
presentation of a group. In other words, for each element x of S we introduce an
inverse x~! with the relations x~'x = xx~! = 1. Clearly Q(S) is a group and by
interpreting the elements of S as elements of Q(S) we obtain the homomorphism
A. Now let f : S & G be a homomorphism to a group. For any x € S we define
xf" as xf, while (x=!)f' = (xf) ~'; this provides a homomorphism from Q(S) to
G; clearly Af’ = f, and f’ is unique, since it is prescribed on a generating set of Q(S).

Suppose now that S is commutative. If A is injective, S can be embedded in the
group Q(S) and so must have cancellation. Conversely, if S has cancellation, we
define an equivalence relation on the set of pairs $? by putting

(a,b) ~ (a’,b") © ab’ = ba’.

This relation is clearly reflexive and symmetric; to verify transitivity, suppose that
(a,b) ~(a’,b"),(a’,b") ~ (a”,b"); then ab’ =ba’,a’b” =b’a”, hence ab’b" =
ba'b” = bb’'a” and by cancellation, ab” = ba”, i.e. (a,b) ~ (a”,b”) as claimed. We
denote the equivalence class of (a, b) by a/b and define multiplication by

a/b.a’/b' = aa’/bb’.

It is easily verified that this product depends only on the equivalence classes and not
on the representatives chosen. The group laws can also be checked without difficulty;
for example, the inverse of a/b is b/a, since a/b.b/a = ab/ab = 1. This group may
be obtained by taking the elements a/1 (a € S) and their inverses 1/a; thus it is
nothing other than Q(S), and S is embedded in Q(S), for if a/1 =a’/1, then
a=a.l=a'.1=ad. |
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Exercises

1. Verify that the neutral element in a group is unique and that each element has a
unique inverse.

2. Let G be a set with an element e and a binary operation f(x, y) such that (i)
f(f(x’y)’f(zs }’)) =f(x’ Z)’ (ll) f(x’ x) =6 (lll) f(x’ 6) =X (1V) f(f(x’ }’).
fle,y)) =x. Show that G is a group with respect to the operation
xy =f(x, fle y).

3. Show that for any group G, (x~1) "' =x, (xy) ' =y~ 'x L.

. Verify the rules (2.1.2) for any group element x.

5. Show that any group G has a non-trivial proper subgroup unless G is trivial or of
prime order.

6. Show that every group G can be defined as a G-set by the action x — xg. How-
ever the rule x i— gx does not define a G-action unless G is abelian. How can this
rule (of left multiplication) be modified to produce a G-action for general G?

7. Let Gbe a group and S, T be any G-sets. Define a G-action on the Cartesian pro-
duct § x T and compare the stabilizers of points s € S, t € T and (s,¢) € Sx T.

8. (Poincaré’s theorem) Let G be a group and H, K be subgroups of index r, s
respectively in G. Show that H N K has index at most rs in G. (Hint. Take tran-
sitive G-sets with H, K as stabilizers and consider their direct product.)

9. Let G be a group and S be a G-set. Define a G-action on S x S and compare the
stabilizer of a point (s, s) € S x S with that of s € S.

10. Let G be a group and H be a subgroup of index r in G. Show that for any g € G,

H N g~'Hg has index at most r(r — 1) in G.

11. Let G be a group and H, K be subgroups. Show that HK = {hk|h € H, k € K}

need not be a subgroup, but that it is one whenever HK = KH.

12. Let G be a group. Show that any subgroup of index 2 is normal in G.

>

2.2 Permutation Groups

We have already met the symmetric group X(X), consisting of all permutations of a
set X. Any subgroup of X(X) will be called a permutation group on X. This is a useful
way of representing groups, which is of importance since it applies to all groups:

Theorem 2.2.1 (Cayley's theorem). Every group is isomorphic to a group of permuta-
tions on a set.

Proof. Let G be any group, and for each g € G, define a mapping ¢, : x > xg of G
into itself. This is easily seen to be a permutation, and @g, = ¢, by the associative
law: x(gh) = (xg)h; moreover ¢, = 1 iff g = 1, so that G is isomorphic to the group
of permutations on G by right multiplication. [ |

In particular, every finite group, of order n say, is isomorphic to a subgroup of
Sym,,, the symmetric group on n symbols. These symbols are usually taken to be
1,2, ..., n; the number of permutations is n!, so that [Sym,| = n!. To write down
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a permutation o explicitly, one writes 1, 2, ..., n in one row and under i writes io.
Thus for example

1 2 3 4\"' /1 2 3 4
- . (2.2.1)

3 2 41 4 2 1 3
However, a shorter notation, the cycle notation is often used, where we write the
numbers 1, 1o, 162, ... in a bracket, continuing until we get back to 1, then writing

down the next number not yet written and again applying powers of ¢ and continu-
ing in this way until all numbers from 1 to n and their images are recorded. Thus in
this notation Equation (2.2.1) reads [(1 3 4)(2)] 1= (1 4 3)(2); of course any
fixed symbols (like 2 in this case) may be omitted.

Another method of writing permutations is as transpositions, i.e. cycles of length 2.
Every permutation can be written as a product of transpositions. If our permutation
is 0 : 11— io, suppose first that 1o = 1; then o is a permutation of 2, ..., n and by
induction on #n this can be expressed as a product of transpositions. If 1o # 1, then
ko =1 for some k # 1; now consider the permutation of 2, ..., n which maps i to ic
except for k, which is mapped to 1o. This is again a product of transpositions and its
product with (1 1o) is o.

The number of transpositions needed to represent a given permutation can vary
according to the method chosen, e.g. (12 3) = (12)(13) = (1 3)(12)(2 3)(1 3).
However, for a given permutation o the number is either always odd or always

even. This follows by applying o to the variables x, x,, . .., X, in the expression
Alxr, .. %) = [ ] (i — ). (2.22)
i>j

We note that each transposition changes its sign, so the number of transpositions in
any representation of ¢ has the same parity (even or odd). Thus we can with each
permutation o associate a sign sgn(o), and it is clear that sgn(ot) = sgn(o)sgn(z);
this result can be stated as follows:

Theorem 2.2.2 Any permutation can be written as a product of transpositions. If o is
expressed as a product of r transpositions, define sgn(o) = ( — 1)". Then although r may
vary for different representations of o as a product of transpositions, sgn(o) is indepen-
dent of this representation and we have

sgn(o1) = sgn(o)sgn(t). [} (2.2.3)

From (2.2.3) we see that for any symmetric group Sym, the mapping o i— sgn(o)
is a homomorphism from Sym, to the cyclic group of order 2, whose kernel is
the subgroup of even permutations. It is called the alternating group of degree n
and is denoted by Alt,,.

Just as Sym, is generated by transpositions, Alt, can be generated by 3-cycles.
In fact, a generating set for Sym, is given by {(1 2), (1 3),...,(1 n)}, as is easily
verified (see Exercise 1), while for Alt,, we have
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Theorem 2.2.3. The alternating group of degree n is generated by (1 2 3), (1 2 4), ...,
(12 n).

Proof. The above remark shows that Alt, is generated by the set {(1 i)(1 j)} for all
i#j, i,j=2,...,n. Now (1 )(1j)=(1ij)=(12j)(12i)(12j)7", so the
result follows. ]

By Theorem 2.1.4, Alt, has order n!/2. It is easily checked that Alt, is trivial for
n =1 or 2, while Alt; is cyclic of order 3. Alt, has order 12 and is easily seen to
have a subgroup of order 4: Ky = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}, the Klein
4-group. This subgroup is normal in Alt,, indeed it is normal in Sym,. However
for n > 4, Alt, has no normal subgroups other than itself and the trivial group,
i.e. it is simple (see M. Hall (1959); also Section 7.11 below for a proof that Alts is
simple).

Exercises

1. Show that {(1 2),(1 3),..., (1 n)} is a generating set of Sym,. Show also that
Sym, has the generating set {(1 2),(2 3),...,(n—1 n)}. By examining the
conjugates of (1 2), show that G has a generating set consisting of (1 2) and
one other permutation.

2. Show that an n-cycle (1 2...n) can be expressed as a product of n — 1 trans-
positions, but no fewer.

3. Verify that the Klein 4-group K, is a normal subgroup of Sym, and show that Alt,
has no normal subgroups other than itself, K, and 1.

4. Let G be an infinite group with a subgroup H of finite index. Show that G has a
normal subgroup of finite index contained in H.

5. A permutation group is said to be regular if it is transitive (i.e. the set permuted
has a single orbit) with trivial stabilizers. Show that every finite group can be
represented as a regular permutation group. (Hint. Use Cayley’s theorem.)

2.3 The Isomorphism Theorems

We have seen that for any group G and a normal subgroup N, the mapping g i gN
is a homomorphism from G onto G/N, the natural homomorphism, with kernel N.
As a consequence we have the factor theorem:

Theorem 2.3.1. Given a group homomorphism f : G — H and a normal subgroup N
of G such that N C ker f, there exists a unique mapping f' : G/N — H such that
f =vf', where v: G — G/N is the natural homomorphism, i.e. the triangle
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G——>G/N

N

commutes. Moreover, f’ is a homomorphism which is injective if and only if N = ker f
and surjective if and only if f is surjective.

Proof. The mapping f’, if it exists at all, must satisfy
(xN)f' =xf (x € G); (2.3.1)

it follows that there is at most one such mapping. To show that it exists, we observe
that xf is independent of the choice of x in its coset: if xN =x’'N, then

x'x™1 € N C ker f, whence xf = x’f. Thus (2.3.1) is well-defined, and clearly it is
a homomorphism. The rest follows easily, since the cosets mapped to 1 by f are
precisely the ones in ker f. |

This result can be applied to obtain an analysis of group homomorphisms. Given
f : G— H, by taking N = ker f, we obtain an isomorphism G/ker f — imf. This is
the content of the first isomorphism theorem for groups:

Theorem 2.3.2. Any group homomorphism f:G— H admits a factorization
f =afiB, where o : G — G/ker f is the natural homomorphism, B:imf — H is
the inclusion map and f; : G/ker f — imf is the induced map, an isomorphism. W

To state the second isomorphism theorem, also called the parallelogram law, we
recall that for any subgroups H, K of G, HK is a subgroup whenever at least one
of H, K is normal in G (so that HK = KH).

Theorem 2.3.3. Let G be a group with subgroups H, N, where N is normal in G. Then
HNN is normal in H and

H/(HNN) = HN/N. (2.3.2)

Proof. Let f: G — G/N be the natural homomorphism and ¢ = f|H be its
restriction to H. Then ker¢ = HNN, im¢ = HN, hence (2.3.2) follows by
Theorem 2.3.2. B

We shall use this result to compare the subgroup structure of a group with that of
its quotient group. Let G be any group and N be a normal subgroup; the natural
homomorphism v: G — G/N maps any subgroup H of G to the subgroup HN/N
of G/N. In particular, any subgroup contained in N is mapped to the trivial subgroup
of G/N, but if we restrict H to contain N, we obtain a bijection in this way, and it is
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G/N (G/N)/(H/N)

G/H

easily checked that H/N is normal in G/N iff H is normal in G. Thus we obtain the
above commutative diagram.

The mapping f is defined by Theorem 2.3.1, because N € H, and since ker f =
H/N, we obtain f’. This mapping is a bijection, hence an isomorphism, and
subgroups correspond under this isomorphism. The result is known as the third
isomorphism theorem:

Theorem 2.3.4. Let G be any group with a normal subgroup N. Then there is a natural
bijection between the subgroups of G/N and the subgroups of G containing N, with H/N
corresponding to H. Moreover, when H is normal in G, we have an isomorphism

(G/N)/(H/N) = G/H. B (233

These results can be applied to obtain an analysis of groups, in particular, to derive
the Jordan—Holder theorem, which we shall state here without proof (see e.g. M. Hall
(1959) and Exercise 7 below). For a given group G, a chain of subgroups

G=Gy2G;2...2G, =1, (2.3.4)

is called a normal chain if G; is normal in G;_; for i=1,...,n, while G;_,/G; is
called a factor of G. By a refinement of (2.3.4) we understand a normal chain obtained
from (2.3.4) by inserting further terms. This is always possible as long as some factor
of (2.3.4) is not simple or trivial; when this is no longer possible, i.e. all factors are
simple (and repetitions are omitted), (2.3.4) is called a composition series. Now we
have

Theorem 2.3.5 (Jordan—-Hdlder theorem). Every finite group G has a composition
series; any two composition series of G have the same number of terms and the resulting
factors are the same in both series, except for the order in which they occur. |

If we take a chain as in (2.3.4), where each G; is normal in G (and not merely in
G;_1), we obtain what is called an invariant chain; a maximal invariant chain is called
a chief series and the factors in a chief series are called the chief factors of G. Any two
chief series of a finite group are again isomorphic and each chief factor is a direct
power of a simple group; in particular in a soluble group each chief factor is an
elementary abelian group (see M. Hall (1959) Chapter 8).

Camille Jordan proved in 1870 that factors in the two series could be paired off so
that members of each pair had the same order, while Otto Hélder in 1889 established
their isomorphism.
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We also recall the Sylow theorems, proved by Ludvig Sylow in 1872 (see e.g.
M. Hall (1959)); by a Sylow p-subgroup one understands a subgroup of order a
power of p and of index prime to p. Thus a Sylow p-subgroup of G is a maximal
p-subgroup in G.

Theorem 2.3.6. Let G be a finite group and p be a prime dividing the order of G. Then
G has a Sylow p-subgroup and any p-subgroup is contained in a Sylow p-subgroup.
Further, the number of Sylow p-subgroups is congruent to 1{mod p) and they are all
conjugate in G. [ |

Exercises

1. Let G be a group and H be a subgroup. Show that the largest normal subgroup of
G contained in H is the intersection of all the conjugates of H.

2. Let G be a finite group and H be a subgroup whose order is not divisible by any
prime p < (G : H). Show that H is normal in G.

3. Find all composition series of Sym,,.

4. If G is a simple group with a subgroup of index # > 1, show that G can be repre-
sented as a permutation group of degree n. Deduce that G is finite and obtain a
bound on its order.

5. Let G be a group and X be a subset of G and define the centralizer Zg(X) and
normalizer Ng(X) of X in G as in Section 2.1. Verify that the action
x = g~ !xg defines an action of the normalizer on X and hence a homomorph-
ism Ng(X) — Z(X) and determine its kernel.

6. (Zassenhaus lemma) Let G be a group. Given subgroups H, K and normal sub-
groups H' of H and K’ of K, show that (H' N K)K’ is normal in (HNK)K’
and (HNK)K'/(H NK)K’=2(HNK)/(HNK')(H' NK). Deduce that
(HNK)K'/(H' NK)K' = (HNK)H'/(HNK")H'.

7. (Schreier refinement theorem) Show that any two normal chains of a group have
refinements that are isomorphic. (Hint. Use the Zassenhaus lemma to project
each chain on to the other.) Use this result to deduce the Jordan-Holder theorem.

8. In any group G let H, K be normal subgroups such that H N K = 1. Show that H
and K commute elementwise, i.e. xy = yx for all x € H, y € K.

2.4 Soluble and Nilpotent Groups

In an abelian group every subgroup is normal, hence in a finite abelian group every
element generates a normal subgroup, and by taking an element of prime order we
obtain a normal subgroup of prime order. Thus every finite abelian group has a
normal chain with factors all of prime order, hence a composition series:

G=GyDGD...0G D1 (2.4.1)

We have the following property of finitely generated abelian groups:
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Theorem 2.4.1 (Basis theorem for abelian groups). Every finitely generated abelian
group can be written as a direct product of cyclic groups of prime power order or infinite
cyclic, and the summands are determined up to isomorphism and order.

Proof. We shall write our group in additive notation, so we have to express it as a
direct sum of cyclic groups of infinite or prime power order. We first assume that
we have an abelian group A of finite order n = ¢ ... q,, where the g; are powers
of distinct primes. It is not hard to check that the elements of order dividing g¢;
form a subgroup A; say. Since n/q,...,n/q, are integers without a common
factor, there exist integers ¢y, ..., t, such that yn/q; + ...+ t,n/q, =1. Anyce€ A
can be expressed as ¢ = ¢ + ...+ ¢, where ¢ = t;n/g;.c. Clearly gic; =0, and it
follows that A = A; +... + A,; moreover, this sum is direct, because any element
of A; + ...+ A, has order prime to q;, hence (A, + ... + A;) N A; = 0, and similarly
for the other terms.

It remains to show that a finite abelian p-group A is a direct sum of cyclic groups,
and the number of terms of a given order is uniquely determined. If A is cyclic, there
is nothing to prove. Otherwise let B be a cyclic subgroup of maximal order p” say,
generated by b. Then there is a subgroup C of order p such that BN C = 0. For if
c € A\ B has order p° mod B, then s> 0. We have p’c=mb and p"*mb=
p'c =0, hence p'|p"~*m. It follows that p|m, say m = pm’. Now ¢’ =p*~lc —m'b
has order p and ¢’ ¢ B, by the choice of s, hence C = gp{c’} is the desired subgroup.

We next show that

A=B&D, (2.4.2)

for some subgroup D of A. Let us put A = A/C, where C is the subgroup just found.
In A the image B of B has the same order as B and so is cyclic of maximal order in A.
By induction on |A| there is a subgroup D of A such that A =B & D. Hence
A = B+ D, where D is the inverse image of D in A. Moreover, BN D C C, but
BN C =0, therefore BN D = 0, and (2.4.2) holds. Now an induction on |A| yields
the desired decomposition. If the number of elements of order dividing p’ is n;,
then there are n;/n;_, summands of order p’.

Suppose next that A is a finitely generated abelian group with no elements of finite
order (apart from 0). Take a generating set ay, ..., 4, and suppose that there is a
non-trivial relation ) ¢a; = 0. Since there are no non-zero eclements of finite
order, the ¢ are relatively prime and so form the first row of an invertible matrix
C = (¢;j). We put b; =) ¢;;a;; then the b; clearly again form a generating system,
but by =) cja; =0, so A is generated by by, ..., b,. By taking a generating set
of least cardinal we conclude that A is free abelian, ie. a direct sum of infinite
cyclic groups, and the rank, i.e. the number of free generators, is unique; it is r,
where [A : 2A] =2".

Finally, let A be any finitely generated abelian group and let A’ be its torsion
subgroup; then A/A’ has no elements of finite order and is therefore free abelian.
Let a;, ..., a, € A be elements mapping to a basis of A/A" and denote the subgroup
generated by A”. Then A = A’ @ A”; by the first part A" is a direct sum of finite cyclic
groups of prime power orders and by the second part A” is a direct sum of infinite
cyclic groups, so we have reached the required decomposition. [ |
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In the proof we saw that every finite abelian group can be written as a direct sum
of p-groups for the different primes dividing the order. Conversely, it is easy to verify
that a direct sum of a cyclic p-group and a cyclic p’-group, where p, p’ are different
primes, is again a cyclic group. By collecting up all cyclic prime power groups of
highest order, then those of next highest and so on, we obtain

Corollary 2.4.2. Every finite abelian group can be written as a direct sum of cyclic
groups: A=DB; ® ... ® B,, where the order of B; divides that of B;y(i=1,...,
r—1). [ |

In general, even for finite groups, a composition series does not have the simple
form (2.4.1), as is shown by the existence of non-abelian simple groups. One there-
fore defines a group G to be soluble if it has a normal chain (2.4.1) such that each
factor G;_,/G; is abelian. Now it is clear that a finite soluble group has a comp-
osition series in which all factors are of prime order, and conversely, if a finite
group G has a composition series with all factors of prime order, then G is soluble.

In order to test a group for solubility one can form the largest abelian quotient.
Given G and a normal subgroup N, the quotient G/N is abelian iff xy = yx(mod N),
Le. iff

(x,y)=x"'y"'xy e N forall x,y € G. (2.4.3)

The element (x, y) defined by (2.4.3) is called the commutator of x and y and the sub-
group generated by all commutators is called the commutator subgroup or first
derived group of G and is denoted by G'. It is easily seen to be normal in G and
in fact G/G’ is the largest abelian quotient of G, in the sense that any normal sub-
group N of G such that G/N is abelian satisfies N 2 G’. Thus for any group G we
can form the derived series

GD2G'2G"2...2GY, (2.4.4)

This series terminates when we reach a group that is perfect, i.e. equal to its derived
group. We note

Theorem 2.4.3. A group is soluble if and only if its derived series ends in 1 after a finite
number of steps.

Proof. Let G be a soluble group with a normal chain (2.4.1) whose factors are
abelian. It follows that G’ C G, and by induction on r we find that GO C G, =1,
hence G = 1. Conversely, when G =1 for some r, then (2.4.4) (with s = r) is
a normal chain with abelian factors, hence G is soluble. |

The number of steps in the derived series of a soluble group is called its derived
length.

Let G be a group. A invariant chain {G,} such that G;_;/G; lies in the centre of
G/Gifori=1,...,r, is called a central chain, and G is called nilpotent if it has a
central chain starting at G and ending in 1. Clearly every nilpotent group G is
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soluble, but the converse is false, e.g. Sym; is soluble but not nilpotent (since its
centre is trivial). If we put y,(G) = G and for i > 1, define recursively yi(G) =
(G, 7i-1(G)) = gp{(x, p)Ix € G, y € ¥i-1(G)}, where (x,y) =x"'y~'xy, then we
have the central chain

G=n(G)2nG)=2..., (2.45)

which has the property that for any other central chain G=H,2H; > ...,
H; 2 y;(G). Thus {y;(G)} is the lower central series. This shows in particular that G is
nilpotent iff y,; ,(G) = 1 for some r > 0. The least such r is called the (precise) class
of nilpotence of G.

There is also an upper central series {Z,(G)} defined recursively by setting
Zy(G) =1 and for i > 1 defining Z;(G) by the condition that Z;(G)/Z;_(G) is
the centre of G/Z;_{(G). If G has the central chain

G=H 2H,2...2H 41 =1,
then
Z{(G) D Hyy1-i. (2.4.6)

For we have Z;(G) D H, and if (2.4.6) holds for some i > 1, then Z;{(G) =
{x € G|(G,x) € Z(G)} and (G, H,-;) € Hy 41— € Zi(G), so H,_; € Z;1(G), and
this shows that (2.4.6) holds generally.

In Theorem 2.1.6 we saw that every p-group has a non-trivial centre; in fact the
argument leading to Corollary 2.1.7 shows that every p-group has an upper central
series with quotients of order p. It follows that the group is nilpotent; thus we obtain

Theorem 2.4.4. Every p-group is nilpotent. [ |

Given two groups Gj, G,, we can form a group P which is their direct product by
taking their Cartesian product P = G; x G, and defining the multiplication com-
ponentwise: (x, y)(x’,y’) = (xx’, yy'). This construction is sometimes called the
external direct product in contrast to the earlier notion, which is the internal direct
product. Of course the external direct product G; x G, may be regarded as the
internal direct product of Gf = {(x, 1)|x € G} and G} = {(1, y)ly € Gz}

It is clear how the notion of direct product can be extended to any finite number
of factors. As an illustration we have the following result.

Theorem 2.4.5. A finite group G is the direct product of its Sylow subgroups if and only
if every Sylow subgroup is normal in G.

Proof. If G is the direct product of its Sylow subgroups, these subgroups must clearly
be normal in G. Conversely, suppose that all the Sylow subgroups are normal in G.
Then for each prime dividing |G| there is just one Sylow subgroup, the different
Sylow subgroups meet in 1 and hence commute elementwise. Any element of G
can be written uniquely as a product of elements of prime power orders for different
primes, and it follows that there is a direct product representation with the Sylow
subgroups as factors. [ ]
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In a direct product representation G = H x K, the elements of H commute with
those of K; sometimes we have a slightly more general situation, where there are two
subgroups H, K of G such that G = HK, HN K = 1 but only K is normal in G. It is
still true that each element of G can be expressed uniquely as a product xy, where
x € H, y € K, but now H, K no longer commute elementwise. Thus the product
rule now becomes

() (x'y) =xx'y"y where x,x' €H,y,y €K,y* =x""'yx'. (2.4.7)

The group G is then called the (internal) semidirect product of H and K, with H acting
on K and we write

G=H<K or G=K>H. (2.4.8)

For example, the symmetric group of degree three is a semidirect product of C, by
Cs, with C; acting on C; : Sym; = C; > C,. Here we must specify the action of one
factor on the other; since C; has only one automorphism of order 2, there is only one
choice of non-trivial action.

Given two groups H, K, with an action of H on K by automorphisms, we can form
their semidirect product as follows. Let us denote the action by y*, where x € H,
y € K; now the multiplication on the set H x K is given by (2.4.7). Of course it
has to be checked that the multiplication is associative, there is a neutral element
(1g, 1g) and each element (x, ) has an inverse, namely (x~!, (y_l)x_l); this is a
routine verification, which may be left to the reader. The resulting group is again
denoted as in (2.4.8) and is called the external semidirect product, in contradistinction
to the internal semidirect product defined earlier.

Exercises

1. Show that any homomorphism of groups, f : G — H maps G’ into H', where ’
indicates the derived group.

2. Show that a group has a composition series with all factors of prime order iff it is
finite soluble.

3. Show that a group G is the direct product of its subgroups H, K whenever both
H and K are normal in G, HNK =1 and HK = G.

4. Show that a group G with a normal subgroup N is soluble iff both N and G/N
are soluble. Deduce that any direct product of soluble groups is soluble.

5. Let G be a group, p be a prime and S be a Sylow p-subgroup. If S is the only
Sylow p-subgroup of G, show that S is normal in G.

6. Show that a direct product of nilpotent groups is nilpotent. Deduce that any
group which is the direct product of its Sylow p-subgroups is nilpotent.

7. Show that in a finite nilpotent group G every Sylow subgroup is normal and
deduce that G is the direct product of its Sylow subgroups.

8. Show that in any finite group G the inner automorphisms form a permutation
group P acting on G, and P is a homomorphic image of G. For any prime p,
show that P has as many Sylow p-subgroups as G itself.
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9. Verify that the external semidirect product, as defined in the text, satisfies all the
group properties.

10. Let A be a group acting by automorphisms on a group G, such that in the semi-
direct product (G, A) = G. Show that if N < G is such that (A, N) = 1, then N is
contained in the centre of G.

11. Let G be a soluble finite group. Show that any minimal subgroup has prime
order and any minimal normal subgroup is elementary abelian, i.e. a direct
power of a group of prime order.

2.5 Commutators

In (2.4.3) we met the commutator, an important concept, which is a useful tool for
studying group properties. Below we give some basic formulae and a few simple
applications.

Given a group G and x, y € G, we recall that the conjugate of x by y is ¥’ = y ~lxy
and the commutator of x and y is (x, y) = x~ 'y~ !xy. We note the following general
formulae:

¥ =x(x,y), xy = yx(x,y), (2.5.1)

) =00 ="y, (2.5.2)

(,2) = (x,2)(y,2) = (x,2)((x, 2), y)(y, 2), (2.5.3)
(x,y2) = (x,2)(x, y)°" = (x, 2)(x, y)((x, ¥), 2). (2.5.4)

The proofs are straightforward; we have eg. for (2.5.2): (x71,9)*=

x YWy 7 ly)x =y~ %7 lyx = (y, x), and for (2.5.4): (x,yz) =x"'z7ly~lxyz =
x7 27 xzz7 Iy T lxyz = (x, 2)(x, y)°.
We further note
Lemma 2.5.1. Let G be any group and x,y € G.
(1) If (x,y) commutes with x, then
(x",y)=(x,9)" forallneZ. (2.5.5)

(ii) If (x, y) commutes with x and y, then

(x0)" = x"y"(y, x)"®=V/2 forall n > 0. (2.5.6)

Proof. (i) By (2.5.3) we have (x"*!,y) = (x, y)""(x", y); since x commutes with
(x,y), we can omit the exponent. Now (2.5.5) follows for #n > 0 by induction; for
negative 1, say n = —m, we have (x =", y) = (x,y)~ " by (2.5.2).

(ii) For n =0 or 1, (2.5.6) reduces to an obvious identity. If it holds for some
n > 1, then on writing s = n(n — 1)/2, we have
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(xp)" ! = ()" (xp) = £"y"(y, x)*(xp)
= x"y"(xy)(y, x)°

=x"ty" (", )y(y, x)°

="' (y, ©)"y(y, x)°

— xn+1yn+l(y, x)s+n

’

which is the required formula, since s+ n=n(n—1)/2+n= (n+ 1)n/2. B

Higher commutators are defined recursively by putting
(X1,x2,...,xn) = ((x17‘°'axn——l)’xﬂ)’ (25'7)

Thus a higher commutator within a single pair of brackets is understood to be left-
normed, i.e. all brackets begin on the left of the first argument. We remark that the
identities between commutators correspond to identities in a Lie algebra, but this
correspondence will not be pursued further here. For the moment we note an
analogue of the Jacobi identity:

Proposition 2.5.2 (Witt identity). In any group G
xy L2z o)z ) =1 (2.5.8)

Proof. We have e,y L2y =y Mx Yy )z W T lyxy T zy =
x7'y~Ixz7'x " 'yxy~'zy. This has the form wu~'v, where u=xzx"lyx,
v = yxy~'zy. If we put w = zyz~ !xz, then the left-hand side of (2.5.8) can be written

u v lww 'y, which reduces to 1. [

For any subgroups H, K of a group G we define the commutator subgroup (H, K)
as the subgroup generated by all commutators (x, y), where x € H, y € K. Thus the
general element of (H, K) is a product of commutators, but need not itself be a com-
mutator. Higher commutator subgroups are again defined recursively as left-normed
products by

(Hy,...,Hy) =((Hy,...,H,_1), Hp). (2.5.9)

Of course the same groups are obtained by using right-normed products, as can
easily be verified by means of (2.5.2). If each H; is normal in G, then (2.5.9) is the
subgroup generated by all (xy, ..., x,), where x; € H;, but in general equality need
not hold. We note the following obvious properties of commutator subgroups,
whose proof is left to the reader:

Proposition 2.5.3. If G is any group with subgroups H, K, then

(i) (H,K)=(K,H);
(ii) (H,K) is normal in the group generated by H and K;
(iif) (H, K) is normal in H if and only if K C Ng(H), the normalizer of H in G;
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(iv) (H,K) =1 if and only if H and K commute elementwise;
(v) for any homomorphism ¢ of G into another group, (H, K)* = (H?, K*¥). [ ]

From Witt’s identity we can easily deduce a result known as Philip Hall’s three-sub-
group lemma:

Lemma 2.5.4. Given three subgroups A, B, C of a group, if (A, B,C) = (B,C, A) =1,
then (C,A,B) = 1.

Proof. Let x € A, y € B, z € C. By hypothesis, (x,y™!,z) = (y,z7!,x)* = 1, hence
Witt’s identity shows that (z,x~',y)* =1, so (z,x~!,y) = 1. This means that
(z,x~ 1) centralizes B, i.e. ((C,A),B) = 1. u

Nilpotent groups may be characterized in various ways. First we note a property of
normalizers of Sylow subgroups:

Proposition 2.5.5. Let G be a finite group, H be a subgroup and P be a Sylow subgroup
of H. If Ng(H) is the normalizer of H in G and P* is the normalizer of P in Ng(H),
then

Ng(H) = P*H. (2.5.10)

Proof. Clearly Ng(H) 2 P*H. To prove the converse, take a € Ng(H), so that
H?* =H. Then P and P“ are Sylow subgroups of H = H* for the same prime,
hence they are conjugate in H, i.e. P* = P? for some b € H. Since a € Ng(H), it
follows that ¢ = ab~! € P*, and so a = ¢b € P*H, as claimed. ]

We note two consequences. If H is normal in G, the left-hand side of (2.5.10)
becomes G, while the right-hand side is Ng(P)H; so we have

Corollary 2.5.6. If G is a finite group, H is a normal subgroup and P is a Sylow sub-
group of H, then G = Ng(P)H. [ ]

This reasoning is often described as the Frattini argument.
Secondly we take P to be a Sylow subgroup of G and H 2 Ng(P); then the right-
hand side of (2.5.10) is H and we obtain

Corollary 2.5.7. Let G be a finite group with a Sylow subgroup P. Then any subgroup
containing the normalizer of P is its own normalizer. [ |

We now have the following characterizations of a nilpotent group:

Theorem 2.5.8. For any finite group the following conditions are equivalent:

(a) G is nilpotent;
) ¥,41(G) = 1 for some r > 0;
(¢) Z.(G) =G for somer > 0;



2.5 Commutators 45

(d) every proper subgroup is distinct from its normalizer;
(e) every maximal subgroup is normal in G.

Moreover, the least r in (b) and (c) are the same and are equal to the precise class of
nilpotence of G.

Here ‘maximal’ is of course understood to mean ‘maximal among the proper
subgroups’.

Proof. We have already seen the equivalence of (a), (b), (c) and the assertion about
the precise class of nilpotence. Now assume that G is nilpotent with a central series

G:HlDHzD...:)H,+1=1, (25].1)
and let K be a proper subgroup of G, say H; € K, H;_; ¢ K. Then we have
(K,H;_,) €(G,H;_) €H; CK,

hence H;_; C Ng(K). If we take x € H;_; \ K, then K* =K and it follows that
Ng(K) D K, i.e. (d) holds. Clearly (d) = (e), so assume (e). If P is any Sylow sub-
group of G and P is not normal, then N¢(P) # G, hence there is a maximal subgroup
M D Ng(P) and M is its own normalizer by Corollary 2.5.7, but this contradicts (e).
Thus all Sylow subgroups are normal in G, so G is the direct product of its Sylow
subgroups and hence is nilpotent. [ |

Exercises

1. Fill in the details in the proof of (2.5.1)—(2.5.4).
. Prove Proposition 2.5.3.

3. Show that a group satisfying the law x* = 1 is abelian. Deduce that any com-
mutator can be written as a product of squares and find an expression of
(x,y) in this form.

4. Let Gbeagroup and K, L, N be subgroups such that N< K, K <G, (L,K) =K,
KL = G, (L, N) = 1. Show that N lies in the centre of K.

5. Prove the identity ((x, ), 2){(z, x), ¥*)((y, 2), ¥) = L.

6. Show that if Hy, ..., H, are normal subgroups of a group G, then (Hy, ..., H,)
is the subgroup generated by all commutators (x, ..., x,), where x; € H; and
give an example to show that normality cannot be omitted.

7. (H. Wielandt) Give a direct proof that a finite group is nilpotent iff every
maximal subgroup is normal.

8. Let G be a group and a € G. For any x € G write xa = x ™~ lax, xA = (a, x).
Show that forn =1,2, ..., xa" = a.x\".

9. Show that in a symmetric group every cycle of odd length is a commutator (and
not merely a product of commutators).

10*. (D. Ornstein) Show (by induction on r) that (a, b)" can be written as a product
of (ba) ""(ab)" and r — 1 commutators. Deduce that if in a group G, the centre
of G has finite index in G, then the derived group G’ is finite.
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2.6 The Frattini Subgroup and the Fitting Subgroup

Let G be any group and denote by ®(G) the intersection of all its maximal (proper)
subgroups; of course, if there are no such subgroups, then ®(G) = G. It is clear that
®(G) is a subgroup of G, which is characteristic, i.e. invariant under all auto-
morphisms of G. It is called the ®-subgroup or Frattini subgroup, after Giovanni
Frattini, who introduced it in 1885. Clearly any non-trivial finite group has maximal
subgroups, so in that case ®(G) C G. In fact this holds for any finitely generated
(non-trivial) group, by Proposition 2.1.1.

There is another characterization of ®(G) which is often useful. In any group G,
an element ¢ will be called a non-generator if any subset of G which together with ¢
generates G is itself a generating set of G.

Proposition 2.6.1. Let G be any group. Then ®(G) consists precisely of all the non-
generators of G.

Proof. Let ¢ € G be a non-generator. If M is a maximal subgroup, then ¢ € M, for
otherwise the subgroup generated by M U {c} would be larger than M, hence equal
to G, and so by definition of ¢ as non-generator, M = G, which is false. Thus ¢
lies in every maximal subgroup, and hence in ®(G).

Conversely, if ¢ € ®(G) and X U {c} generates G, we have to show that X generates
G. If this is not so, then gp{X} is proper in G, and hence, by Zorn’s lemma, there is a
subgroup M containing X but not ¢ and maximal with those properties. Since ¢ &€ M,
M # G, but any subgroup properly containing M must also contain ¢ and hence be
equal to G. Thus M is maximal in G, but ¢ € $(G) € M, which is a contradiction.
Hence X generates G and c is indeed a non-generator. [ |

The property of elements described in Proposition 2.6.1 can be extended to sub-
groups as follows:

Proposition 2.6.2. Let G be a group and U be a subgroup. Then U C ®(G) whenever
U satisfies the following condition:

For any proper subgroup H of G, gp{U, H} C G. (2.6.1)

When G is finitely generated, this condition is necessary as well as sufficient. In particu-
lar, we have H®(G) C G for every proper subgroup H of G.

Proof. If (2.6.1) holds, then in particular, for any maximal subgroup M of G,
M C gp{U, M} C G, hence M = gp{U, M} and so U C M; therefore U C ®(G).
Now assume that G is finitely generated; if U C ®(G), and H is a proper subgroup
of G, then there is a maximal subgroup M containing H, but also U € M, hence
gp{U, H} € M C G, and (2.6.1) is satisfied. [ ]

We shall also need another property of .
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Lemma2.6.3. Let G be any group and N be a finitely generated normal subgroup. Then
P(N) C ¢(G).

Proof. ®(N) is a characteristic subgroup of N, hence normal in G. Now let M be a
maximal subgroup of G and suppose that ®(N) ¢ M. Then ®(N)M = G, hence by
the modular law, since ®(N) C N,

N=®(N)MNN = P(N)MNN).

Thus M NN together with ®(N) generates N; hence by Proposition 2.6.2,
MNN=N, ie. MDN and so &(N) C M, a contradiction. It follows that
®(N) € M for any maximal M, and so we find that $(N) C ®(G). [ |

We remark that without the normality of N this result need not hold, as is shown
by the case of a simple group (whose ®-subgroup is trivial) and a cyclic subgroup.

Lemma 2.6.4. Let G be a finite group and N, K be normal subgroups such that
N € KN ®(G). If K/N is nilpotent, then so is K.

Proof. Let P be a Sylow p-subgroup of K. Then PN/N is a Sylow p-subgroup of K/N,
because PN/N = P/(P N N) and this again has p-power order, while its index in K is
prime to p. Since K/N is nilpotent, PN/N is normal in K/N, therefore characteristic in
K/N and so normal in G/N, hence PN <« G. Now P is a Sylow p-subgroup of PN;
hence by Corollary 2.5.6,

G = PN .Ng(P) = N.Ng(P).

Now N C &(G) by hypothesis, so by Proposition 2.6.2, Ng(P) = G, and so P« G.
Thus P <K and this holds for all Sylow subgroups of K, hence by Theorem 2.4.5,
K is nilpotent, as claimed. [ |

We can now establish a useful criterion for nilpotency in terms of ®.

Proposition 2.6.5 (Wielandt). Let G be a finite group and N be a normal subgroup of
G. Then N is nilpotent if and only if N' € ®(G).

Proof. If N’ C ®(G), then N’ « G and N/N' is abelian, hence nilpotent, and so by
Lemma 2.6.4, N is nilpotent. Conversely, if N is nilpotent, then every proper sub-
group of N is properly contained in its normalizer, hence by Theorem 2.5.8, every
maximal subgroup of N is normal in N, therefore of prime index and so it contains
N’. This means that N’ C &(N); by Lemma 2.6.3, ®(N)C ®(G), hence
N’ C ®(G). u

This result has several useful consequences. In the first place, since ®(G) is normal
in G and ¢’ C &, we have

Theorem 2.6.6 (Frattini). The Frattini subgroup of any finite group is nilpotent. i

Secondly, taking N = G, we obtain Wielandt’s characterization of finite nilpotent
groups:
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Theorem 2.6.7. A finite group G is nilpotent if and only if G' C ®(G). [ |

The Frattini subgroup may be thought of as a kind of radical, in analogy to the
Jacobson radical (see Chapter 5). But whereas the latter is the largest of all the
commonly used radicals in a ring, this is not so for the Frattini subgroup. Radicals
are not as useful for groups as for rings; nevertheless there is another type, first intro-
duced by Hans Fitting in 1938, which plays a role in group theory. To prove its
existence, we shall need another property of nilpotent groups. In the proof we
shall use the commutator notation: (x, y) = x“y‘lxy, while for subgroups H, K,
(H, K) denotes the subgroup generated by all (x, y), where x € H, y € K.

Lemma 2.6.8. If G is nilpotent and 1 # K « G, then K meets the centre of G non-
trivially.

Proof. We shall write Z; = Z;(G), Z = Z,. Since G is nilpotent, we have Z, = G for
some n, so there exists a positive integer r such that K € Z,, K ¢ Z,_,. On defining
recursively Ko = K, Ki+; = (K;, G), we have K; € Z,_;, K; ¢ Z,_;_; by induction
on i, hence K,_; € Z,,K,_| ¢ Zy = 1. Since K is normal in G, it contains K; and
generally, K; D K ; therefore KNZ 2 K, NZ, =K,-; # 1. B

For any finite group G we shall define the Fitting subgroup, denoted by F(G), as
the subgroup generated by all the nilpotent normal subgroups of G.

Theorem 2.6.9. Let G be a finite group. Then the Fitting subgroup F(G) is a nilpotent
normal subgroup of G which contains every nilpotent normal subgroup of G.

Proof. If H, K are any nilpotent normal subgroups of G, then clearly HK « G; we
claim that HK is nilpotent and here we may assume that H, K # 1 and use induction
on |G|. Since H is nilpotent, Z(H) # 1; let us write Z = Z(H).If (Z,K) = 1, then Z
is in the centre of HK and we have HK/Z = (H/Z)(ZK/Z), a product of nilpotent
normal subgroups of HK/Z, hence nilpotent by the induction hypothesis, and so HK
is then nilpotent. If (Z, K) # 1, then (Z,K) «KNZ,hence T = (Z,K) N Z(K) # 1,
by Lemma 2.6.8, and we can repeat the argument with N replaced by T. Thus in
either case HK is nilpotent.

Now let F be a nilpotent normal subgroup of G of maximal order. Then for any
nilpotent normal subgroup H, FH is again nilpotent and normal and FH D F, hence
FH = F by the maximality of F, so H C F, as required. |

Finally we establish a connexion between the Frattini and the Fitting subgroups.

Theorem 2.6.10. Let G be a finite group, ®(G) be its Frattini subgroup and F(G) be its
Fitting subgroup. Then

F(G) € ®(G) < F(G), (2.6.2)
and

F(G/®(G)) = F(G)/®(G). (2.6.3)
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Proof. The inclusion (2.6.2) is clear from Proposition 2.6.5, Theorem 2.6.6 and the
definition of F. To prove (2.6.3), let us write ® = ®(G), F = F(G), G = G/,
F = F(G), and denote by K the inverse image of F in G. Now take a Sylow subgroup
P # 1 of K; its image P in G is a Sylow subgroup of F and since F is nilpotent, P is
normal in F, hence characteristic and so normal in G. Therefore P® <« G; we claim
that Ng(P)® = G. For P is a Sylow subgroup of L = P®; hence G = Ng(P)L by
Corollary 2.5.6, i.e. G = Ng(P)®, therefore G = Ng(P) by Proposition 2.6.2, and
s0 P < G. Thus each Sylow subgroup of K is normal and it follows that K is nilpotent,
so K C F. But the image of F in G is certainly nilpotent and so is contained in F.
It follows that F = K, in particular, F = F/®. |

The Frattini subgroup can also be used to give an estimate for the number of auto-
morphisms of a finite group G, i.e. the order of Aut(G):

Theorem 2.6.11(P. Hall). Let G be a finite group with a d-element generating set. Then
|Aut(G)| divides |Aut(G/®)|.|®(G)|°.

Proof. Since ® = ®(G) is a characteristic subgroup, each automorphism « of G
induces an automorphism @ of G/®, and the correspondence o I— @ clearly is a
homomorphism. Denote the kernel by K, thus « € K iff ¥*x~! € @ for all x € G.

Let {u;,...,us} be a generating system of G. The number of families
{may, ..., ugaz}, where a; € @, is |®|* and each again generates G. The set U of
all these generating systems is permuted by K, and since any automorphism leaving
{uy, ..., uz} fixed must be the identity (because this is a generating set), it follows
that the stabilizer of any member of U is 1. Hence each orbit has |K| members and
if there are r orbits, we have r|K| = |®|%. Now |Aut(G)| = |Aut(G/P(G))|.IK],
and the result follows, since K| divides |®|. ]

Exercises

1. Show that ®(Q) = Q.

2. Show that if N < G, then ®(G/N) > ®(G)N/N, but that equality need not hold.
(Hint. Try N = ®(G).)

3. For a finite group G show that if G/® is nilpotent, then so is G.

4. Show that for any nilpotent group G (not necessarily finite), G’ € ®(G). (Hint.
Use Proposition 2.6.2.)

5. Show that a finite group with a single maximal subgroup is cyclic of prime
power order.

6. Show that for any p-group G, ®(G) = G'G”?, where G? = gp{x?|x € G}, while
for p =2, (G) = G2

7. If P is a finite p-group, then any subset X of P generates P iff its residues mod
®(P) span P/®(P), regarded as vector space over the field of p elements.
Deduce that all minimal generating sets have the same number of elements
and that every element not in ®(P) is contained in a minimal generating set.
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10.

11.

12.

Groups

. Let G be a finite group and A be an abelian normal subgroup of G. Show that if

AN®(G) =1, then A has a complement in G, i.e. a subgroup B such that
AB=G ANB=1.

. A permutation group G acting on a set S is faithful if only the unit element fixes

all members of S; it is primitive if S cannot be partitioned into sets which are
permuted among themselves by G. Show that in a faithful primitive permutation
group any nilpotent normal subgroup is abelian.

Let G be a finite group and « be an automorphism of G of order prime to |P(G)|
and inducing the identity on G/®(G). Show that o = 1.

Let G be a group of order p" and (G : ®(G)) = p*. Show that Aut(G) has order
dividing p?"~D(p? — 1)(p? —p)... (p? —p*~ V).

Show that any non-abelian group of order 8 has a cyclic subgroup of index 2 and
hence is either of the form gp{a, bla* = b? = (ab)* = 1} (dihedral group) or
gp{a, bla* = 1, a* = b?, aba = b} (quaternion group).

Further Exercises for Chapter 2

1.

Describe the group of symmetries of (i) a square and (ii) a regular hexagon.

. Describe the group of rotations of a cube.
. Let G be a finite group and X be a subset. Show that the number of conjugates of

X is equal to (G : Ng(X)).

. Let G be a finite group of order r. Find a bound for the order of its automorphism

group Aut(G) in terms of r. Let B be the subgroup of Aut(G) consisting of all
automorphisms which map each conjugacy class of G into itself. Show that B is
normal in Aut(G) and its order contains only prime factors occurring in |G|.
Is the order necessarily a divisor of |G|?

. Show that the presentation gp{a, bla*" = 1, a" = b*, aba = b} defines a group of

order 4n (known as a dicyclic group), by verifying that each element can be
expressed uniquely as a’b’, where 0 <r <2n, 0 <s < 2, and that it has the
dihedral group D, as homomorphic image.

. Let G be a group with an automorphism «. Show that there is a semidirect

product H of G and an infinite cyclic group such that « is induced by an inner
automorphism of H.

. Let G be a finite group and A be an abelian normal subgroup of G. Show that if

AN ®(G) = 1, then A has a complement in G.

. Let G be a finite group and H be a subgroup. A partial complement for H is a sub-

group K # H such that HK = G. Show that a normal subgroup of G has a partial
complement iff it is not contained in ®(G).

. Show that the Frattini subgroup ®(G) of a p-group G is the smallest subgroup H

of G such that G/H is elementary abelian. Deduce that a p-group G is elementary
abelian iff ®(G) = 1.



Lattices and Categories

The subsets of a set permit operations quite similar to those performed on numbers.
If for the moment we denote the union of two subsets A, B by A + B and their
intersection by AB, a notation that will not be used later (despite some historical
precedents), then we have laws like AB = BA, A(B+ C) = AB+ AC, similar to the
familiar laws of arithmetic, as well as new laws such as A+ A=A, A+BC=
(A + B)(A + C). The algebra formed in this way is called a Boolean algebra, after
George Boole who introduced it around the middle of the 19th century, and who
made the interesting observation that Boolean algebras could also be used to describe
the propositions of logic.

The more general notion of a lattice was first used towards the end of the
19th century by Richard Dedekind to study the relations between ideals in rings
of numbers. The lattice concept helps to unify a number of disparate ideas and
this chapter deals with the basic properties of lattices in Sections 3.1 and 3.2 and
Boolean algebras in Section 3.4. The latter have recently found applications in
switching theory, but we shall not enter on this aspect. We shall concentrate on
applications to algebra, and describe such important ideas as chain conditions in
the general setting of partially ordered sets.

Section 3.3 introduces categories, which provide a succinct way of describing
many aspects of groups and are also of use in other parts of algebra.

3.1 Definitions; Modular and Distributive Lattices

The definitions relating to partially ordered sets (see Conventions on Terminology,
p- xi) form the foundation for much that follows. Whereas sets of numbers, like N or
Q, are totally ordered, this property is not shared by most partially ordered sets.
Examples are the set 2(S) of all subsets of a set S (with more than one element) rela-
tive to inclusion, or the set N of natural numbers relative to divisibility. In both these
cases any two members have a least upper bound or supremum, briefly sup; given x, y,
there exists z such that (i) x <z,y <zand (i) forany z/,x <z, y <z = z < 7.
Dually, any two members have a greatest lower bound or infimum, briefly inf,
defined similarly. Thus if X and Y are subsets of S, their sup is X UY and their
inf is X NY. If m, n are natural numbers, their sup (relative to divisibility) is their
least common multiple while their inf is their highest common factor.

51
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A partially ordered set in which any two elements have a supremum and an
infimum is called a lattice. The sup of x, y is written x v y and is called the join of
x and y; their inf is written x A y and is called the meet of x and y. It is clear that
the lattice concept is self-dual, so that the dual of a lattice, obtained by reversing
the ordering, is again a lattice. As examples of lattices we have the set N of natural
numbers under divisibility, as well as 2(S), the set of all subsets of S under inclusion;
further, every totally ordered set is trivially a lattice, with x Ay =x, x vy =y if
x<y.

Partially ordered sets are often represented as directed graphs: the elements of the
set form the vertices, and edges are drawn so that a < b holds precisely when b is
higher than a and there is a descending path from b to a. Such diagrams are
mainly used for finite sets; for N or Z the structure can be hinted at in a partial dia-
gram, but the case of Q or R would be more difficult. Some examples are given in
Figures 3.1-3.3, where Figures 3.1 and 3.2 are lattices, but Figure 3.3 is not.

A lattice may be regarded as a set with two binary operators, V and A. These
operators satisfy a number of laws, reminiscent of the laws governing addition
and multiplication of numbers, and these laws can be used to give an alternative
definition of lattices.

Figure 3.1

Figure 3.2
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Figure 3.3

Proposition 3.1.1. Let L be a lattice. Then for any a, b, c € L,

av(bvey=(avb)ve, an(bAac)=(aAb)Ac, (associativelaw) (3.1.1)

avb=bva, aAb=DbAa, (commutativelaw) (3.1.2)
an(avb)=a, aVv(aAb)=a, (absorptivelaw) (3.1.3)
ava=a, aAa=a. (idempotentlaw) (3.1.4)

Conversely, if L is a set with two binary operators V, A satisfying (3.1.1)—(3.1.3), then
(3.1.4) also holds and a partial ordering may be defined on L by the rule

a<b ifandonlyif avb=h. (3.1.5)

Relative to this ordering L is a lattice such that the join of a, b is a vV b and the meet is
anb.

Proof. By the definition of a VV b as sup we see that the unique sup of a, b can be
written as either a Vv b or bV a, and a similar remark applies to a A b, so (3.1.2)
follows. Likewise the sup of a, b, ¢ may be written as aVv (bVv¢) or (avb) Ve,
hence (3.1.1) holds. Now (3.1.3) follows because aAb <a <aVv b, and (3.1.4) is
a trivial consequence of the definition, but we observe that it also follows from
(3.1.3): if in the first Equation (3.1.3) we replace b by aAa we get
a=aAlaVv(ana)l=aAna, by the second Equation (3.1.3). This proves the
first idempotent law; the second follows by duality.

Now let L be a set with two operators V, A satisfying (3.1.1)—(3.1.3); then (3.1.4)
also holds, as we have just seen, and moreover,

avb=b&anb=a. (3.1.6)

For if av b = b, then by (3.1.3), aAb=a A (aVv b) = a, and the converse follows
by duality (and the commutative law (3.1.2)). If we define the relation ‘<’ by
(3.1.5), we have a partial ordering: if a <b, b<¢, then avb=b, bvc=c¢
hence by (3.1.1), c=bvc=(avb)vc=av(bVvc)=aVeg so a<c. Further,
a<aby(3.14),andifa<b b<a,thenb=avb=>bvVva=a,by (3.1.2).
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By the definition of a < b and (3.1.2), aV b is an upper bound of a, b. If ¢ is
another upper bound, then a<b, b<¢ hence c=avc=bVe and so
c=avbve)=(avb)Vveg ie. avb<c which shows avb to be the least
upper bound, i.e. the sup. Now by duality and (3.1.6) it follows that the inf of a, b
isaAb. [ |

Any subset of an ordered set S is again ordered, but it need not be a lattice, even if
S is one. Guided by Proposition 3.1.1, we define a sublattice of a lattice L as a subset
M which admits the operators Vv, A of L, i.e. given a,b € M, we have aVv b,
aAbe M. Itis clear that M is again a lattice. In terms of the partial ordering the
definition may be expressed as follows: M is a sublattice of L if for any a,b € M,
their sup and inf (taken in L) again lie in M. We note that it may very well be possible
for a subset of L to be a lattice without being a sublattice of L. For example, let G be a
group, #(G) be the set of all subsets of G and Lat(G) be the set of all subgroups of G.
As we shall soon see, Lat(G) is again a lattice with respect to the ordering by inclu-
sion, as is 2(G), but Lat(G) is not usually a sublattice of #(G), because the union
H UK of two subgroups need not be a subgroup.

It is clear from the definition that in a lattice L any intersection of sublattices is
again a sublattice. Thus we can define the sublattice generated by a subset X of L
as the intersection of all sublattices containing X. As in the case of subgroups, this
sublattice can be obtained by repeated application of the lattice operations to the
elements of X.

As for groups we define a homomorphism of lattices as a mapping f : L — L’
between lattices L, L’ such that for all a, b € L,

(avb)f =af VBf, (anb)f=af Abf. (3.1.7)

It is clear that a lattice-homomorphism preserves the ordering: a < b implies
af < bf, but not every order-preserving mapping between lattices is a lattice-
homomorphism. For example, the mapping . : x = x V ¢ (for a fixed element ¢) in
any lattice is order-preserving:

a<b=avc<bveg, (3.1.8)

and although «, satisfies the first Equation (3.1.7), it does not generally satisfy the
second (this is in fact the distributive law, to be discussed later). However, an
order-preserving bijection with an order-preserving inverse between lattices is
always a lattice-isomorphism, because the sets are then order-isomorphic and the
lattice operations can be defined in terms of the ordering (as in (3.1.5)).

In any lattice each finite (non-empty) subset has a sup and an inf, as an easy
induction shows. Explicitly the sup and inf of ay, ..., a, are given by

aiVvV...va, and aj A...Aa,

respectively. Here we may omit brackets, by associativity, omit repetitions, by the
idempotent law, and the order of the factors is immaterial, by commutativity.

The notions of sup and inf can also be defined for infinite subsets, but in a general
lattice they may not exist. A lattice L in which every subset has a sup and an inf is said
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to be complete. In particular such a lattice L has a greatest element (sup L or inf ¢¥),
denoted by 1, and a least element (inf L or sup (), denoted by 0. For example, every
finite lattice is complete and so is Z(S), for any set S. The following criterion for
completeness is often useful:

Proposition 3.1.2. If L is a partially ordered set such that every subset has an inf, then
L is a complete lattice.

Proof. Given X C L, let Y be the set of all upper bounds of X in L and set y = inf Y.
Any element of X is a lower bound of Y, hence x < y for all x € X. If also x < z for all
x € X, then z € Y, by the definition of Y, and so y < z, therefore y =supX. W

For example, the set of all subgroups of a group G is partially ordered by inclusion
and if {H,} is a family of subgroups, then their intersection N H, is again a subgroup;
thus every subset of our set has an inf. Applying Proposition 3.1.2, we see that it is a
complete lattice, which we denote by Lat(G). The inf of a family {H,} is their inter-
section, while the sup is the least subgroup containing all the H,, i.e. the subgroup
generated by all the H,. We see that although the inf in Lat(G) is the same as in
2(G), the sup in general is not.

Many of the lattices we shall meet in the sequel satisfy the modular law already
encountered in Section 2.1:

av(bAnc)=(avb)rc forall a,b,c e L suchthat a <c. (3.1.9)

A lattice satisfying (3.1.9) is said to be modular (Dedekind’s name was “Dualgruppe
vom Modultypus”). For example the set A"(G) of all normal subgroups of a group G
is a modular lattice under the operations H N K, HK, as is easily verified. By contrast,
the lattice of all subgroups of a group will not in general be modular, and H v K
need not equal HK (see Exercise 10). The modular law holds more generally for
submodules of a module (see Chapter 4), which accounts for the name,

To see why modular lattices are more tractable, let us return to a general lattice L
for a moment. With a, b € L such that a < b we can associate the interval

a,b] ={x € Lja < x < b}.

Such an interval need not be a chain, but it is always a sublattice of L, with least
element a and greatest element b. More generally, for any a,b € L we can form
the intervals I = [a A b, a] and ] = [b, a v b]. Let us define a mapping « : I — J by

Qixi—>xVh,
and a mapping B: ] — I by
B:yi—>yna.

For any x € I we have xaf = (x Vv b) A a. Here x < a, hence if L is modular, then
xafp=(xvb)na=xV(bAna)=x. Thus ¢f=1 and dually, fo =1, ie. in a
modular lattice the mappings «, 8 are mutually inverse. Since o and B are both
order-preserving, it follows that I and J are isomorphic as lattices. But in concrete
cases the explicit form of the mappings «, B often tells us more than this.
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Figure 3.4

Let us call two intervals I, J related as in Figure 3.4 perspective, and two intervals
related by a series of perspectivities projective. The second isomorphism theorem of
group theory (Theorem 2.3.3) shows that in the lattice A°(G) of all normal sub-
groups of G, perspective intervals define isomorphic quotients. Hence the same is
true of projective intervals and the usual proof of the Schreier refinement theorem,
using the Zassenhaus lemma (see Exercise 6 of Section 2.3) shows that any two
normal chains have refinements in which corresponding intervals are projective,
and hence define isomorphic factor groups (however, this theorem does not operate
within A7(G)).

To obtain a criterion for modularity, let us call two elements x, y in an interval
la, b] complementary and call each a relative complement (in [a, b]) of the other if
XAy=a,xVy=h.

Proposition 3.1.3. A lattice L is modular if and only if, for each interval I of L, any two
elements of I which are comparable and have a common complement in I are equal.

Proof. In any lattice L, given a,b,c€ L, if a <c¢, then av(bAc) <avb and
aVv (bAc) <c hence

avV(bAac)<(avb)Ac. (3.1.10)

Therefore L is non-modular iff the inequality (3.1.10) is strict for at least one triple
(a, b, c) such that a < c. When a = ¢, the two sides of (3.1.10) are equal by the
absorptive law (3.1.3), so we may assume that a < c¢. Suppose first that strict
inequality holds in (3.1.10). Put a’ = a Vv (b A ¢), ¢’ = (a Vv b) A ¢; then by (3.1.10),

a<a <c <g, (3.1.11)

and bAcd =bAa(avbAc=bAc, a'vb=aVv(bAc)Vvb=aVvb. Moreover,
¢’ <avb hence bvc' <avb<bvc by (3.1.10); therefore bv ¢’ =aVv b, and
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Figure 3.5

dually, a’ A b= b A c. This shows that a” and ¢’ have the common complement b
in [b Ac,aV b], and by (3.1.11) they are comparable but distinct (see Figure 3.5).
Conversely, if a’, ¢’ are distinct elements which are comparable and have a
common complement in [u,v], say a’ Ab=c'Ab=u,a’vb=c"Vb=v and
u<a <c <vw,then

avibad)=a < =@ vb Aac,

hence L is not modular. ]

The property characterizing modularity involves only five elements, namely the
endpoints of the interval, an element and its two complements. Thus we have

Corollary 3.1.4. A lattice is modular if and only if it does not contain a sublattice iso-
morphic to the pentagon lattice of Figure 3.6. |

For example, the lattice of Figure 3.1 is modular, but that of Figure 3.2 is not.

If S is any set, then the lattice of subsets of S, #(S), is modular, but not every
modular lattice can be represented as a lattice of subsets. For example, the Klein
4-group gp{a, bla* = b* = (ab)* = 1} has the subgroup lattice shown in Figure 3.7
(the ‘diamond’ lattice), but it cannot be represented as a lattice of subsets, as the
reader can discover by a little experimentation.
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Figure 3.6

Figure 3.7

It turns out that the lattices 2(S) satisfy a further law not holding in the diamond
lattice, namely the distributive law. There are two dual forms of this law, which how-
ever are equivalent; moreover, they imply the modular law. Before proving this fact
we note that in any lattice we haveavb>aAc¢,bAcand c>aAc, bAcforany
a, b, c; hence

(avb)Ac>=(anc) Vv (bAac). (3.1.12)

Now the distributive law is expressed by equality in (3.1.12). More precisely we have

Proposition 3.1.5. In any lattice L the following conditions are equivalent:
() (avbyAac=(anc)Vv(bAc) foralla,b,ceL;
(@) (anb)ve=(avc)n(bve) forall a,b,c € L;
(B) (avbyAac=<av(bAc)foralla,b,cel.
Proof. If («) holds, then
(avb)Aac=(anc)v(bAac)<av(bAo),

i.e. (B). Conversely, assume (8): (aV b) A c < aV (b A c). Applying Ac to both sides
and using (B) again, we obtain

(avb)rnc<[(bAcvalrc<s(bAc)V(anc).

The reverse inequality holds by (3.1.12), hence we obtain (). Thus («) < (B), and
since (a*) is the dual of () and (B) is self-dual, we also have (a*) < (B). B
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A lattice satisfying these three equivalent conditions is said to be distributive;
specifically, either (a) or (o) is called the distributive law. From (B) it is clear
that every distributive lattice is modular.

There is a criterion analogous to Proposition 3.1.3: a lattice is distributive iff
relative complements in any interval are unique. We shall only need the necessity
of this condition:

Proposition 3.1.6. In any distributive lattice, relative complements in each interval are
unique.

Proof. let aAb=a' Ab=u,avb=a’ Vv b=v;then
a=anv=an(@vb)=@nra)v(anb)=ana’;

hence a < a’. By symmetry a’ < a and hence a’ = a. [ |

If we single out the five elements involved we obtain the following alternative
formulation:

A lattice is distributive if and only if it does not contain a sublattice isomorphic to the
pentagon lattice in Figure 3.6 or the diamond lattice in Figure 3.7.

For a proof of this criterion see Birkhoff (1967) or Cohn (1981) (see also Exercise
12 below).

Exercises

1. Show that in any lattice, ifa < a’,b<b’,thenaAb<a' Ab,avb<a' Vb

2. Find the smallest partially ordered set in which any two elements have an upper
bound and a lower bound but which is not a lattice.

3. Find all lattices on at most five elements. Which of them are anti-isomorphic
with themselves? Which are modular, or distributive?

4. Show that the least element 0 in a lattice (if it exists) is characterized by
0Ax=0,0Vx=x, and give a corresponding characterization of the greatest
element.

5. Let L be a modular lattice. Show that if a,b,c e L satisfy an(bve) =
(a ADb) Vv (a A c), then the sublattice generated by a, b, ¢ is distributive.

6. Show that in any modular lattice the sublattice generated by any two chains is
distributive.

7. Let L be a system with two binary operators Vv, A and a particular element 1 in L
satisfying (i) aAa=a, (ii) avli=1va=1, ({ii) anl=1Aa=a, (iv)
an{bvey=(anb)vianc,(bveynra=((bAara)Vvicaa)foralla,b,celL.
Show that L is a distributive lattice with greatest element 1.

8. Show that in a topological space the closed sets form a complete distributive
lattice.

9. (O. Ore) Show that, for any group G, Lat(G) is distributive iff G is locally cyclic
(i.e. every finitely generated subgroup is cyclic).
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10. Let G =Sym,, H = {1,(1 2)}, K = {1, (1 2 3 4)}; show that G is generated by
H and K, and deduce that H v K # HK, where H Vv K is the join of H and K in
Lat(G). Show that Lat(G) is not modular.

11. Show, by examining the lengths of maximal chains in Lat(Alt,), that this lattice
is not modular.

12. Show that in any lattice L,

EANVEADIVEAX)<EVYIAFVZIA(zVX) foral x,y,ze L, (i)

with equality iff L is distributive. Denote the two sides of (i) by u, v respectively
andputx’' = (xAvV)Vu,y =y Av)Vu,z' =(zAv) Vv u If L is modular but
not distributive, choose x, y, z € L such that the inequality (i) is strict and verify
that u,v,x’,y’,z’ form a diamond lattice. Deduce that a modular lattice is
distributive iff it does not contain a diamond lattice as sublattice.

3.2 Chain Conditions

Although most of the lattices we shall meet are infinite, many of them satisfy finite-
ness conditions; these take several equivalent forms. We state them for any partially
ordered set:

Proposition 3.2.1. In any partially ordered set S the following conditions are
equivalent:

(a) (Ascending chain condition) Every ascending chain becomes stationary: if
aa<ayg=<..., (3.2.1)

then there exists ng such that a,, = a, for all m, n > n,.
(b) Every strictly ascending chain terminates: if

ag<ay<..., (3.2.2)

then the chain has only finitely many tetms.
(¢) (Maximum condition) Every non-empty subset of S has a maximal element.

Proof. (a) = (b) follows because any chain (3.2.2) can become stationary only by
terminating. To prove (b) = (c), let M be a non-empty subset of S. Pick 4, € M;
if a; is not maximal in M, we can find a, € M such that a, > a;, and generally,
for each a, € M, either a, is maximal or there exists a,,; € M such that
a,41 > dp. Thus we obtain a chain (3.2.2) which must terminate, by (b), and the
last element is maximal in M.

(¢) = (a). Given (3.2.1), let a,, be maximal in the set {a;, a,,...}; then a, > a,,
for all m, hence a, =a,4+; = ..., so (3.2.1) becomes stationary. ]

We note that the Axiom of Choice was used in the deduction (b) = (¢); it can be
shown that this is indispensable. Thus without the Axiom of Choice the maximum
condition is stronger than the ascending chain condition, but in the presence of the
Axiom of Choice they are equivalent (see Hodges [1974]).
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There is a useful induction principle holding in sets with maximum condition:

Proposition 3.2.2 (Noetherian induction). Let S be a partially ordered set with
maximum condition. If X is a subset of S which contains any element a of S whenever
it contains all elements x € S such that x > a, then X = S.

Proof. Consider the complement X' of X in S. If X’ # (7, let ¢ be a maximal element
of X’. Then any x > ¢ must be in X, hence by hypothesis, ¢ € X, which contradicts
the fact that ¢ € X’. Therefore X’ is empty and X = S, as claimed. [ |

By duality we obtain from Proposition 3.2.1 the equivalence of the minimum con-
dition and (two forms of) the descending chain condition, and as in Proposition
3.2.2 we obtain an induction principle for ordered sets with minimum condition.
For well-ordered sets, i.e. totally ordered sets with minimum condition, this is just
the principle of transfinite induction (see Section 1.2).

Every finite ordered set clearly satisfies both maximum and minimum conditions;
the converse is false, as any infinite set shows whose elements are all incomparable.
Even for modular lattices the converse need not hold (see Exercise 2), but it does
hold for distributive lattices, as we shall see in Section 3.4. For the moment we
shall describe the modular lattices satisfying both chain conditions. Given a chain
C between certain points p, ¢, any chain from p to q which includes C is called
a refinement of C; clearly C is a maximal chain from p to q iff it has no proper
refinements.

Proposition 3.2.3. In a partially ordered set S with both chain conditions, every chain is
finite and can be refined by inserting further terms to yield a maximal chain between the
given endpoints.

Proof. By the minimum condition, every chain in S has a minimal element, neces-
sarily unique. Given a chain Cin §, let a; be its least element, and generally define a,
as the least element of C\{ay,...,a,_1}. Then

a<ay<..., (3.2.3)

and by the maximum condition this chain terminates. If the last term is a,,, it follows
that C = {ay, ..., a,}, hence C is finite. Next, given a chain (3.2.3), let b; be minimal
in S such that a; < b; < a,. If by < a,, we choose b, € S such that b, is mini