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CHAPTER I
PRELIMINARY

1. INTRODUCTION

The purpose of this chapter is to explain the basic concepts of
the subject like coordinate systems, ratio formula and the idea of
locus which are necessary for the development of the subject in the
subsequent chapters. Assuming that the students have already
studied an elementary course at the school level. The details are
omitted, it is only for the sake of completeness that these concepts
have been discussed here.

2. CARTESIAN COORDINATES

The lines X'OX and Y'OY are called the x-axis and y-axis,
respectively. These two lines are also referred to coordinate axes
or simply the axes. The axes divide the plane into four paits
X0Y, YOX', X'0Y’ and Y'OX which are called respectively the

P(x,y)




2 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

first, second, third and fourth quadrants, The point O is called
the origin. Here too we have the same rule for the sign convention
as in trigonometry i.e., the lengths measured along OX and OY are
positive while the lengths measured along OX’ and OY' are
negative.

Let P be any arbitrary point in the plane. Draw a line from P
parallel to y-axis meeting the x-axis in the point M. Let OM=x
and MP=y. Then x and y are, respectively, called the x-coordinate
and y-coordinate of the point P. They are also called the abscissa
and ordinate of P. The pair (x, y) is referred to the cartesian
coordinates or simply coordinates of the point P with reference to
the coordinate axes X'OX and Y’'OY and is usually denoted by
P(x, y).

Note. When the axes X'OX and ¥'OY are perpendicular to
each other, the coordinate axes are called rectangular otherwise
they are called oblique axes. Throughout we shall be dealing with
rectangular coordinate axes unless specified otherwise and therefore -
by coordinate axes or simply axes we shall mean rectangular
coordinate axes. However, for those students who are interested,
we are giving some details about the oblique axes in the Appendix.

Remark. With reference to an arbitrary but fixed system of
coordinate axes, for a given point P in the plane, there correspond
unique coordinates (x, y), and conversely for a given ordered pair
of real numbers (x, y), there corresponds a unique point in the
plane with (x, y) as its coordinates. Thus there is one-to-one
correspondence between the set of all points in the plane and the
set of all ordered pairs of real numbers, of course, with reference
to a fixed system of coordinate axes.

2.1 Distance betwcan two points. To express the distance between
two points in terms of their coordinates.

Let P(x;, »;) and Q(x,, »,) be any two given points.

Draw PM, QN parallel to y-axis and PL parallel to x-axis as
shown in the Fig. 1.2

Then OM=x,, MP=y,,
ON= X2, NQ =Vy
Now PL=MN=0ON—OM=X,—Xx,,

and LOQ=NQ—NL=NQ—-MP=y,—y,
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Q(x,,y,)

P(Kllyll

Fig. 1.2

Therc-:fore, from right angled triangle PLQ, we have
POA=PLA-LO*=(x,—x)*+(¥y— )*
i.e. P Q=‘\/(§.?—x;)’_+6'-_—y 1)‘-

Thus, we have obtained the-distance formula between two points
P and Q when both of these are lying in the first quadrant. But
this formula will be found to be true for all positions of P and Q
in the plane when due regard is paid to the signs of the coordinates
(xy, 3y) and (xy, y5)-

2.2 The ratio formula. To find the coordinates of a point which
divides the straight line joining two given points in a given ratio.

Let P(x;, y,) and Q(x,, »,) be any two given points. Lct the point
R(x, y) divide PQ Internally in the ratio m,:m,.

Draw PM, RL, QN parallel to y-axis and PL'N’ parallel to
x-axis. Then

PL'=ML=0L—OM=x—x,

and L’'N'=LN=0ON—-OL=xy—x.
By geometry, we have
PL’ PR my

DN=RO™m,
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Qlx,,y,)
Y R(x,y) ~m
P(x,,¥) m,
v N’
o M L N X
Fig. 1.3
- Xox _m
Xg—X my
- e Th¥at My
mytmy
Similarly, y=%ﬂl.
1

Corollary 1. The coordinates of the middle point of the line
joining the points (x,, »;) and (x,, y,) are

(x1+x, YitVa
2 ' 2 )

Corollary 2. If R divides PQ external'y in the ratio m,: m,,
then the coordinates of R are

(m_lxl'_'mjxl mlyl."-miyl)
m—my ' my—my )
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Since in this case the distances PL’ and L'N’ are measured in the
opposite sense, we have

PL' _ m,
EW’_ m',
N mx,—m
which gives x=ﬁ. m,F#m,.
P M Ys— My
Similarly, y= o my#mg.

Remark. The above results can be extended to other quadrants
provided the coordinates of the points are taken with proper signs.

Ex. 1. Find the coordinates of the points which divide the line
joining the points (2, —8) and (—5, 6) internally and externally in
the ratio 3: 4.

Ex. 2. Show that the medians of a triangle are concurrent.

2.3. Areca of a triangle. To express the area of a triangle in terms
of the coordinates of its vertices.

Y c(xa;.'fsJ

Alx,y)

B()lz,yz)

Fig. 1.4
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Let ABC be the triangle. Let the coordinates of 4, Band C be
(%12 1) (%10 ¥) and (x,, yy), respectively.
Draw the lines AM, BN and CL parallel to y-axis.
Then
AABC=trapezium AMLC—trapezium AMNB
—trapezium BNLC
=}(MA+LC)- ML—}(MA+NB)*MN—}(NB+-LC)-NL
=3[P (X —X) =3 (V1 +Y ) (X —X,) — 3 (e Ve (X3~ Xa)
={(Xy Vg +XpVs+ Xa¥)) — (N1Xa+ VeXa+ VX))
Thus the area of the triangle whose vertices are (X,, ¥,), (Xg ¥3)
and (x,, y,) is
Hxpa+Xps+X01) = (V1 X+ YoXy+ VaX )}
Note. The area of the triangle can also be expressed in the
determinant form

X, »n 1
X Ya I}
X3 Vs 1 I
Remark. The area of the triangle ABC is positive if the vertices
A, B and C are taken in the counter-clockwise order but negative
if the vertices are taken in clockwise order. However, in most of
the cases only the absolute area is required.
Corollary. Three points are collinear if and only if the area of
the triangle so formed by taking the points as vertices is zero.
Ex. Find the value of A so that the points (3, 2), (—2, 1) and
(-3, —2) are collinear.

EXERCISES

1. Find the distance between the following pair of points:
(@) (5,1)and (6, 0).
(i) (2, 8)and (2, —3).
(iii) (1, 2) and (3, 4).
(iv) (—1, —3) and (5, —6).
) (2, =2) and (1, —5).
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10.
11.

12.

13.

14.

Find the lengths of the sides of the triangle whose vertices are
(5, 1), (—3, 7) and (8, 5) and prove that one of the angles is a
right angle.

Prove that the triangle with vertices at the points (0, 3),
(—2, 1) and (—1, 4) is a right angled triangle.

Show that the points (g, @), (—a, —a) and (—a4/3, a4/3) are
the vertices of an equilateral triangle.

Show that the quadrilateral formed by joining the points (1,0),
(6, 1), (5, 6) and (0, 5) is a square.

Show that the four points (1, —4), (1, 0), (3, —2)and (—1, —2)
form the vertices of a square and calculate the length of a
diagonal,

Find the coordinates of the point which divides the straight
line joining the given points in a given ratio :

@) (_73 3)! {2' —4); ratio 4:5,
(i) (0,0), (7, 5); ratio 5:2.

(iif) (5, 0), (—1, 2); ratio —4:3.
@) (5 2), (—1, 1); ratio —1: 2,
(" (—3,9), (5 —7); ratio 5: 3.

Find the coordinates of the point which divides the line join-
ing the points (—3, 4) and (5, 6) internally in the ratio 3: 2.
Find the coordinates of the point which divides the line
joining the points (—1, —5) and (1, —2) externally in the
ratio 4:3.

Find the centroid of the triangle whose vertices are (—4, 6),
(2, —2) and (2, 5).

In what ratio does the point (—1, —1) divide the join of
(—S5, —3)and (5, 2)?

Find the areas of the triangles with the following vertices:

@ (0,0), (12, 0), (0, 5).

(ﬂ) {—2! 3): (4! 3)- (ls I)'

(iii) (0, 0), (a, b), (b, a).

(iv) (0, 0), (24 sin &, 2a cos «), (sin B, cos B).

Find the area of the quadrilateral whose vertices taken in
order ate (1, 2), (6, 2), (5, 3) and (3, 4).

If 4, B, C and D arc the points (3, 1), (7, —3), (8, --1) and
(19, —3), respectively, prove that the areas of the triangles ABC
and ADC are equal in magnitude but opposite in sign.



8 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

15, Find the coordinates of the middle points of the sides of the
triangle whose vertices are (x;, »;), (p, ¥s), (%3, ;) and show
that the area of the triangle formed by joining these points is
one-fourth of that of the original triangle.

16. Show that the points (0, 4), (3, 2) and (6, 0) are collinear.

17. For what value of A the points (0, A), (—2, 1) and (-3, —2)
are collinear?

3. POLAR COORDINATES

There are various types of coordinate systems. The cartesian
system, in particular, the rectangular cartesian system with which
we have been dealing with is probably the most important. In that
system a point is located by its distances from two perpendicular
lines. We shall introduce in this section a coordinate system in
which the coordinates of a point in a plane are its distance from a
fixed point and its dircction from a fixed line. The coordinates
given in this way are called polar coordinates. The proper choice
of a coordinate system depends on the nature of the problem at
hand. For some problems either the rectangular cartesian or the
polar system may be satisfactory; usually, however, one of the two
is prefcrable. In some situations it is advantageous to use both
systems, shifting from one to the other.

In polar system of coordinates, we consider a fixed point O,
called the origin (or pole) and a fixed straight line OX, called the

F[I‘,B)

Fig. 1.5
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polar axis (or initial line). Consider a point P in the plane and
let OP=r and /XOP=0. The length r is called the radius
vector of the point P and the angle XOP the vectorial angle.
The ordered pair (r, 0) is called the polar coordinates of the
point P,

Note. The radius vector is positive if it is measured from the pole
along the line bounding the vectorial angle and is negative in the
opposite direction.

If PO is produced to P’ so that OP'=OP in magnitude, and if
(r, 0) be the coordinates of P, then coordinates of P’ will be either
(—r, 9) or (r, 0+mn).

P(r,p)
0
X
pl(-r,0)
Fig. 1.6
1t is easy to see that
(rl' B)a (V, e+2’=)s (l'. 8+4ﬂ). crenas g
(r' 0'—217), (rl 0_4")’ ------ H
(—r, 8+7), (—r, 04-37), ...... H
and (—r, 0—x), (—r, 0—3x), ...... s

all represent the coordinates of the same point . Thus in polar
coordinates, unlike in cartesian system; the representation of a point
is not unique.

3.1 Distance between two points. To find the distance between
two points whose polar coordinates are given,

Let the coordinates of two points P and @ be (ry, 6,)and (r,, 0,),
respectively.
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Q(ry,9,)

P{ r]fel}

Fig. 1.7

Then OP=r,, 0Q=r,,
£ XOP=9,, / X0Q=0,,
By trigonometry, we have
PQ*==0P? 0Q*—20P-0Q cos POQ
_ =r}+r}—2r,r, cos (6,—0,).

since £/ POQ=/X0Q— / XOP=0,—0,

Hence the distance between the points P(r,, 8,) and Q(ry, 0,) is

VT 8= 27,73 c05 (0,—00).

3.2 Avea of a triangle. 7o find the area of a triangle the polar

coordinates of whose vertices are given.
Let ABC be the triangle. Let the polar coordinates of 4, B and

C be (ry, 9,), (r3 85) and (ry, 0y), respectively.
Then AABC=AOAB+ AOBC— AOAC
=} OA-0OB sin AOB--} OB-0C sin BOC
—3}04-0C sin AOC
=} ryry sin (0,—0,)+-} ryr, sin (8,—96,)
—} ryr, sin (8—6,)

=4} {ryry sin (0,—0,)+ryry sin (8,—0,)
+ryry sin (8,--6,)}.
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c(ry,0,)

B(ry»8,)

Alr,8)

Fig. 1.8

Hence the area of the triangle ABC is
#{rury sin (0,—86,)+ryr, sin (8,—0,)+ryr, sin (8,—6,)}.

4. TRANSFORMATION

To change the cartesian coordinates of a point into polar coordi-
nates and vice versa.

Let P be any point with cartesian coordinates (x, ») and polar
coordinates (r, 0).

Draw PM parallel to y-axis.

Thel'l 0M=x’ MP:J’-
OP—r, / XOP=,

Therefore,
x=0P cos O=rcos
and y=0P sin 0=r sin 0,
Also r=0P=+/x34)?
_MP y
and tan a—wzi

From these transforms it is easy to change any equation from
cartesian form to polar form and vice versa.

Ex. 1. Transform x*+y?—2x.1-2p =0 into polar form,

Ex. 2. Transform r=4a cos 0 into cartesian form.
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P(X')’)
(r,9)

Fig. 1.9

EXERCISES

Find the leagths of the straight lines joining the pair of points
whose polar coordinates are :

(i) (3, 60°) and (5, 150°).

(i) (—6, 30°) and (4, 90°).

(fii) (2, 40°) and (4, 100°),

(iv) (2a, 30°) and (4a, 120°).

Prove that the points (0, 0°), (3, 90°) and (3, 30°) form an

equilateral triangle.
Find the arcas of the triangles with vertices

() (2, 60%, (3, 90°), (4, 120°).

(i) (—6, 30°), (4, 90°), (5, 150°).

(iii) (2a, 30°), (4a, 60°), (6a, 90°).

Transform the following equations to the corresponding polar
coordinate equations :

(i) 3x+y=0.
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(i) x*+ 3 = 16.
(i) y* = 4 ax.
@) (x* 4 ) = 2 g%y,

5. ‘Transform the following equations to the corresponding carte-
sian coordinate equations:

() r =a"cos28,
(i) r = 8 cosf.

4
(i) r = TFcoso”
5. LOCUS

The path traced by a moving point under certain geometrical
conditions is called the locus of that point. For instance, the locus
of the point P which moves such that it remains at a constant
distance 2 from the fixed point 4 is a circle, Fig, 1.10.

¥ig. 1.10

The sciences of algebra and geometry correlated by means of
the coordinate systems lead to a study of coordinate geometry,
In plane coordinate geometry, the underlying feature is the
correspondence between an equation in x and y, the coordinates
of a variable point, and a geometric figure of the locus (path) of
the variable point. In regard to this therc are two problems to *~
swdied. One is that we .are given some geometrical facts which
limits the positions of the moving point P and asked to find what
relation is then satisfied by x and y, the coordinates of P. Con-
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versely, an cquation connecting x and y is given, and the problem
is to find out on what gecometrical locus P lies.

5.1 Equation of the locus. An equation of a locus is a relation
between x and y which is satisfied by the coordinates of all points
of the locus and by no others.

Ilustration 1. P(x, y) is equidistant from the point A(2, 0)
and y-axis. Find the equation of the locus of P.

Here PA = +/(x — 2)* + y%
It is given that
PA = distance of (x, y) from y-axis

ie. VE=2pFy=x
= (x—2P + yr =2
= y" == 4(x— l)

This is the required equation of the locus of P.

Plx,y)

0 M A(2,0) X

Fig. L.11
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IHustration 2. P(x, y) is equidistant from the points A(2, 3)
and B(3, — 1). Find the equation of the locus of P.

Here PA =+/(x—20+ (y—3)*
PB=+(x—-3P+ v+ 1)

Given that PA = PB.

SN ==+ I

2> 2x—8y+3=0.

This is the required equation of the locus of P.

A(2,3)

Pix,y)

B ( 3)‘ | ]
Fig. 1.12

5.2 Locus of the equation. The locus (or graph) of an equation in
x and y consists of all points whose coordinates satisfy the given
equation.
Tllustration 1. Plot the locus of the equation 4x +6y—3=0.
Solving for y in terms of x, we get

=3—~4x'
Y==%
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By giving different values to x compute the corresponding values

of y.

11 15

Fig. 1.13

THustration 2. Plot the locus of the equation
234 p?—4x—5=0.
Solving for y in terms of x, we get

y=44/5+4x—x2
. | . .
X 0 1 2 | 3 4

y l +4/5 l :EZVZI +3 | :t2v’2] +4/5
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Fig. 1.14

EXERCISES

A point P moves so that its distances from the two points
(3, 4) and (5, —2) are equal to one another. Find the equation
of the locus of P.

Prove that the locus of a point which is equidistant from the
point (a--b, b—a) and (a—b, b-}-a) is bx = ay.

The sum of the squares of the distance of a moving point
from the two fixed points (2. 0) and (—2, 0) is equal to 16.
Find the equation of its locus.

A point P moves so that its distance from the fixed point
(0, 2) is equal to its distance from the x-axis. Prove that the
equation of the locus is x*=4(y—1).

Find the equation of the locus of a point which is at a dis-
tance 3 from the point (3, —1).

A point moves so that its distance from the x-axis is half of
its distance from the origin. Find the equation of its locus.
Find the equation of the locus of a point whose distance from
(—1, 1) is equal to twice its distance from the x-axis.

Given A(a, b) and B(3a, 3b), show that if P(x, y) is a point
such that PA =PB, then ax-|-by=2(a*|-b%).
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9. Find the locus of a point P which moves such that its distance
from (0, 3) is equal to the ordinate of P.

10. Find the locus of a point P which moves such that the differ-
ence of the distance from P to (—S5, 0) and (5, 0) is numeri-
cally equal to 8.



CHAPTER 11

THE STRAIGHT LINE

1. INTRODUCTION

The simplest locus of a point in a plane is a straight line. In
this chaper, we obtain the equations of a straight line, in various
forms, and obtain a number of basic properties of the straight
lines. Throughout the book we shall be calling a straight line
simply a line.

2, PARTICULAR LINES

Before we come to a general discussion of the equations of a
line, we examine one or two particular cases.

To find the equation of a line parallel to one of the coordinate
axes.

Let AB be a line parallel to y-axis. Clearly AB is the locus of a
point which moves such that its distance from y-axis remains
fixed. Let P(h, k) be the movifig point. Then, by definition, P is

Y B
® P{h k)
n b
0] X
A

Fig. 2.1
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at a distance a (say) from y-axis. Therefore,
h=a.

Thus, the locus of (4, k) is x==a, which is the required equation of
the line 4B,

Similarly, the equation of the line parallel to x-axis which it at
a distance b is

y=b.

Corollary. The equation of x-axis is y=0 and that of y-axis
is x=0.

3. SLOPE OF A LINE

If any two points on a line are taken, their join makesa constant
angle with a fixed direction, and the angle so formed is independent
of the choice of the two points on the line. This is a precise way
of saying that any line has a constant slope. It is customary to
measure the angle « which a line makes with the positive direction
of the x-axis. Then, the quantity tan « is defined to be the slope of
the line and is denoted by ‘m’.

Note. The slope of a line is also sometimes referred to gradient
of the line.

3.1 To find the slope of the line joining the points P(x,, y,) and
Q(xy, 3y).

Draw PM, ON parallel to y-axis and PL parallel to x-axis. Let
the line joining P and Q make an angle « with x-axis.

_Lo
Then tan =57
But LQ=NQ—NL=NQ-MP=y,—y,,
and PL=MN=0ON—-OM=x,—Xx,,
tan a=22_21
Xg— Xy

which is the required slope of the line PQ.
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0
/

Fig. 2.2

Ex. Find the slope of the line joining the points (1, —4) and
5, —3).

3.2 Parallel and perpendicular lines. Two lines are said to be
parallel if they make the same angle with x-axis and hence they
have the same slope. Conversely, if two lines have the same slope,
they make the same angle with x-axis and hence they are parallel.
Thus, if m and m’ be the slopes of any two parallel lines, then
m=m'.

Note. The lines parallel to x-axis have zero slope whereas the
lines parallel to y-axis have the slope .

Further consider any two perpendicular lines with slopes m, m’
and making angles «, B with x-axis, respectively. Then

tan a=m, tan B=nr",

From Fig. 2.3, it-s clear that

T
B"_--i--I-a.



22 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

90°

o N

Fig. 2.3
. tan f=tan (1 +¢) =—cot a=— ]
- 2 - tan «
= tan « tan f=—1
=> mm'=~1.

Conversely, if mm'= —1, then the lines with slopes m, m’' are
perpendicular to each other.

4 VARIOUS FORMS OF THE EQUATION OF A LINE

4.1 Slope intercept form. To find the equation of a line which cuts
off a given intercept.on y-axis and is inclined to a given angle to the

X-axis.
Let AB be the line having slope m and making intercept ¢ on

y-axis. Let « be the angle which the line 4B makes with the

positive direction of x-axis so that m=tan a.
Let P(x, y) be any point on the line AB. Draw PM parallel to

y-axis and CN parallel to x-axis.
Then CN=0OM=x
and NP=MP—MN=MP-0C=y—c
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P(x,y)

Fig. 2.4 :

In APCN, / PNC=90°, Therefore

N*—-P—tln «

CN
= )%. =tan o
=> y=x tan a-c.
Hence the equation of the line having slope m and making an

fntercept ¢ on y-axis is
y=mx+c

Corollary. The equation of the line passing through the origin
is y=mx.

4.2 Tntercept form. To find the equation of a line in terms of the
intercept which it makes on the axes.

Let AB be the line which cuts off intercepts a and b, respectively,
on x-axis and y-axis so that

OA=a and O B=b.

Let P(x, y) be any point on AB. Draw PM parallel o y-axis
and PN parallel to x-axis. Then, from similar triangles.BNP and
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vl
\ B
b N P{",ﬁ"
M A
o|«—F* \ X
Fig. 2.5
PMA, we have
NB_NP
MP MA
OB—ON__OM _
e TON TO04A=0M
. b b—y_ x_
- y a—x
-t bx+-av=ab.

Hence the equation of the line making intercepts a and b on the
axes is

x Yy
ate=h

4.3 Normal form. Tofind the equation of a line in terms of the
length of the perpendicular on it from the origin and the angle which
that perpendicular makes with x-axis.

Let AB be the line whose perpendicular distance from the origin
is p (say). Draw ON perpendicularto AB. Then ON=p. Let
ON make an angle o with the positive direction of x-axis.

Now 04 =p sec « and OB=p coscc a.

Clearly OA4 and OB are the intercepts of AB on the axes. Hence,
by §4.2, we have

x y
DSeCa  pCOSEC o
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Fig. 2.6

= X cosatysina=p.
This is the required equation of the line 4B.

Note. Normal form is also referred to ‘perpendicular form'.

4.4 Point-slope form. To find the equation of a line which passes
through a given point and makes an angle with x-axis.

Y
P(x,y)

Alxg,y)

Fig. 2.7
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Let m be the slope of the line passing through A(x,, ;). Let
P(x, y) be any point on the line

Then m=2"",
X—x,

Hence the equation of the line passing through the point (xu 2
and having slope m is
Y—yy=m(x=Xxy).

Ex. Find the equation of the line passing through (—2, 3) and
having slope 2.

1.5 Twa-point form. To find the equation of a line which passer
through two given points.

Let A(x,, ¥,) and B(x,, ;) be the given points. Since the points
A and B both lie on the line, the slope m of the line is given by
Xg—X,

=

B(xgr ,2}

Fig. 2.8

The equation of the line through the point A(x,, ,) having slope
mis
Y=p=m(x=%,).
Hence, the line through the points A(xy, y;) and B(x,, ¥,) is
Y,

_-“_—i’: (x—2xy).

Y= x,
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Corollary. Theequation of the line joining the origin to the point
(xp 3,) is y=§llx ie., xy,—xy=0.

Ex. Find the equation of the line passing through the points (1, 2)
and (3, —4).

4.6 Parametric form, In coordinate geometry, very oftenly, we
are interested to express the coordinates of a variable point on a
line or on a curve in terms of a single variable called the parameter,

viz,, in the form

et ®
y=4()

Here t is the parameter. In this regard we must have the following

properties:

(i) Given a point on the locus there corresponds a unique value
of the parameter.

(#i) Given a value of the parameter, there corresponds a unique
point on the locus.

Thus there is one-to-one correspondence between the values of
the parameter and the points on the locus. Moreover, if we elimi-
nate the parameter between the two relations in (1), the resultant is
the equation of the line or the curve, as the case may be.

To find the equation of a line in the parametric form which passes
through a given point and intercepts an angle with x-axis.

Let P(x, ¥) be any point on the line passing through the point
A(x;, ¥,) and inclined at an angle 0 with the positive direction of
X axis.

Let AP=r. If we allow r to vary with any positive or negative
values, P will take any position on the line; and conversely, if P is
given to be any point on the line, the unique value of r can be
found which, in fact, is the distance of P from A. Thus, it follows
that r serves as a parameter of P.

Now, to find the coordinates of P in terms of the parameter r,
let us draw AL and PM parallel to y-axis and AN parallel to x-axis,
Then, it follows that

OM=0OL+LM= OL+AN
MP=MN+NP=LA+NP
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P(x,y)

Alx,v) Ae

£
/ 0 L M X

Fig. 2.9

=

{x:xﬁ—r cos 6
y=y,+rsin 0

Hence, the equation of the line, in the parametric form, through
A(xy, ¥,) and inclined at any angle 9 is

X=Xy _Y~h @

cosO sn@ =r

Remark. The parametric form (2) of the equation of a line is very
useful. It is noted that the coordinates of any point P on the line
are immediately expressed if we know the algebraic distance of P
from the given point A(x;, ¥,) measured along the line which, in
fact, are

x=X,+rcos B, y=y,+r sin 0.

EXERCISES

1. In each of the following cases, find the equation of the line
through the point P with slope m:
(M Pis(4, 1), m=—4.
(i) Pis (1, 5), m=3.
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10.

11.

(iii) P is (—3, —2), m=%.
(iv) Pis (4, —2), m=—1.
Find the equation of the line which passes through the point
(3, —1) and makes equal intercepts on the axes.
In each of the following cases, find the equation of the line
through the points:
(@ (—4,2)and (1, =3).
(ii) (—1, 5) and (2, 3).
(fif) (a, b) and (b, a).
(iv) (ati, 2at,) and (at}, 2at,).
(v) (acos®, bsin 0) and (a cos ¢, b sin ¢).
Find the equation of the line which has intercept a on x-axis
and intercept b on y-axis in the following:
Jd) a=3, b=4
(i) a=5, b=—3.
(ili) a=—3, b=4.
(iv) a=8, b=—2.
2 5
(V} a===, b='—§.
Prove that the line through the points (4, 3) and (2, 5) cuts
off equal intercepts on the axes.
Find the equation of the line through the point (3, 6) which
makes an angle tan—* 3 with x-axis.
Find the equation of the line joining the points (3, 2) and

(=1, —5). Prove that the point (l, %) lies on it, and find

where it meets the axes.

What is the slope of the line 3x44y=1? Find the equations
of the lines through the point (3, —1) which are parallel and
perpendicular to it.

Find the equations of the medians of the triangle whose ver-
tices are (4, 3), (—2, 5) and (2, —1).

Find the equation of the line through the point (2, —1) per-
pendicular to 4x—3y=6.

Find the equation of the line with slope 3 which meets the
x-axis in the same point as the line x+4-4y=8.
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5. GENERAL EQUATION OF FIRST DEGREE

From the various forms of the equations of a line obtained so
far in §4, we observe that the equation of a line is a first degree
(or linear) equation in x and y, the coordinates of the moving point
on the line. It is a natural temptation to examine the converse pro-
blem, viz., whether a first degree equation in x and y always repre-
sents a line.

5.1 To prove that every equation of first degree in x andy repre-
sents a line,
The general cquation of first degree in x and y is

ax+4by+c=0, (1)
where a, b, ¢ are constants.

Let (x;, ,), (>;, ¥,) and (x;, ;) be any three points lying on the
locus of (1). Therefore,

axy+ by, +c= e
axy+byy+c=0 E)]
and axy+byy+c==0. “

On eliminating a, b, ¢ from equations (2), (3) and (4), we get

X1 M 1
X3 Yo l [=0. (5)
X3 ¥ 1,

Equation (5) shows that the area of the triangle with vertices
(X, Y. (x5 ¥o) and (x,, ¥,) is zero [§2.3, Chapter 1]. Hence the
three points lying on the locus of (1) are collinear which shows that
equation (1) represents a line.

5.2 Reduction to standard forms. To reduce the general cquation
of first degree in standard forms of the line.

Let ax+by+e=0 (n
be the general equation of first degree in x and y. From §5.1,
equation (1) represcnts a line whose various forms have been ob-
tained as follows:
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(I) Slope-intercept form. Equation (1) can be written as

a c
y=_"b' x_'?’ bios

which is of the form  y==mx+k, where

a c
m= "'E and kﬁ""?.

This is the Slope-intercept form of the line.

Note, The slope of the line ax-+-by+¢=0 is given by
m—— 9 _ coefficient of x
~ b cocfficient of y'
(IT) Intercept form. On dividing equation (1) by —ec(c#0),
we get

a b
_-—cx—}-:;:y--l—[l
I I S
= c+__¢.‘_ 1,
“a b

which is the intercept form of the line. Clearly -% and --E- are
the intercepts on the axes.

Note. If a—0 or b—>0 and ¢5£0, then the line (1) is parallel toone
of the coordinate axes as the case may be. If both -0 and 50,
the line (1) is parallel neither to x-axis nor to y-axis and in this
casc ¢=0 which represents a line lying at infinity.

(III) Normal form. Equation (1) can also be written as
- a_ — X b y=— d .
Va*t b* a4 bt Vait b*

This cquation is of the form

X cos a+y sin a=-p,

which is the normal form, where

a
CosSag—=——r-——
a

Ex. Recduce the cquation 2x-|3y+44=0 to various standard
forms.
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5.3 Intersection of two lines. To find the coordinates of the point
of intersection of two given lihes. ’

Let a,x+b,y+¢,=0 (1)
and agx+byy+c,=0 2)
be any two given lines, Let (x;, »,) be the point of intersection of
(1) and (2). Then the point (x,, ,) lies on both (1) and (2).

Therefore, we get

a,x;+byy,+¢,=0 3)

and ay%,+byyy+6y=0. “

On solving (3) and (4), we get

bc1 1y — Codd
and —b—b-‘
A= = a,03—0,04

Thus the pomt of mterseclion is

(bﬂ’a “b:ci. clal—cla'l)
aby—ayh,’ aby—-agh, |+

Note. When a,b,— a,b,=0, the coordinates of the point of inter-
section become infinite i.e. the point of intersection lies at infinity.
This means that the two lines are parallel and do not intersect pro-
vided the lines arc distinct.

Working rule. In order to obtain the point of intersection of two
lines we simply solve the equations and obtain the values of x and
» which will give the coordinates of the point of intersection of
the lines.

Ex. Find the coordinates of the point of intersection of the lines
2x4-3y—T7=0
and 3x+4y+6=0.

EXERCISES

1. Reduce the following equations into standard forms:
(@) x+y+4=0.
(i) 2x+5y+13=0.
@iii) 4x—3y=4.
(iv) Tx—2y==8.
(v) 3x+4y=L1.
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2. Find the coordinates of the points of intersection of the follow-
ing pair of lines:
() 4x+y—6=0, 5x—2y+12=0,
() 2x—y+1=0, x+3y—10=0.
(iii) 2x+3y+4=0, 4x+3y+2=0.
3. Find the equation of the line passing through the point (2, 4)
and the point of intersection of the lines
2x—y=4
and 3x42y=13.
6. AGNLE BETWEEN TWO LINES

To find the angle between two lines whose equations are given.
Let the equations of the lines be

y=mx+c
and y=m'x+c'
making angles 8 and 0’, respectively with x-axis. Therefore
m=tan 0 and m’=tan ¢'.

Let ¢ be the angle between the lines. Then, from the Fig. 2.10,
we have

*

$=0-0".
Y
¢
e o
/ 0 / X

Fig. 2.10
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s, tan ¢=tan (0—0")
__tanf—tan @
“15tan 0 tan @

m—m'

1+ mm"
Thus the required angle is

m—m’
T+mm']

Remark. Sometimes the value of tan ¢ may be negative which
is,in fact,due to the factor m—m’ and it corresponds to the obtuse
angle between the two lines. However, in numerical problems we .
oftenly consider the value of tan ¢ to be positive. Thus, tonsider
the acute angle only. )

Corollary 1. The lines y=mx-c and y=m'x+c’ are parallel if
m=m'".

Corollary 2. The lines y=mx+c and y=m’'x+ ¢’ are perpendi-
cular if mm'=—1. .

Ex. 1. Prove that the angle between the lines

ayx+byy+4c,=0 and ayx+byy+4-¢c,=0is
by—ab
tan—! (3—5151‘ .
" @,8,— 0y
Ex. 2. The angle between the lines in which the origin lies, is

the supplement of the angle between their perpendiculars.
(Hint: Consider the equations of the lines in normal form).

g=tan= (

EXERCISES

1. Find the angle between the following pair of lines:
() 4x—3y11=0, x—y+1=0.
(l‘f) 4x-—3y= l, X— 5y=.-4.
(iii) Sx —y=9, x+6y=8.
@) 3x+y=7, x42y+9=0.
2. Find the equation of the line through the point (—2, 3) which
makes an angle of 45° with the line 3x-+y+5=0.
3. Find all the angles of the triangle whose sides are

2x—3p—1=0, 4x+43y—5=0, x-|-y+2=0.
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7. PERPENDICULAR DISTANCE OF A POINT FROM
A LINE

To find the perpendicular distance of a given point from a given line.

Let us first consider the equation of the line 4B in the normal
form

X cos a+y sin a—p=0. 0))

Let P(x3, y,) be the given point from which perpendicular distance
of the line AB is to be calculated.

Y

AN
B L
\ Plx,,y,)

N
M
0 X
\ R N
Fig. 2.11

Draw PM perpendicular from P to the line AB. Also draw a
line parallel to A8 passing through (x,, y,). Its equation is given by

¥ ¢os a+y sin a—p,=0, )
But it passes through (x;, y,).
x, €os a+y, sin a—p;=0. 3)

Draw OL perpendicular from O to the line (2) which meets AB
in the point N. From Fig. 2.11, we have

OL:--p,, ON=p,

Now MP=NL=OL—ON=p,—p.

Thus the perpendicular distance of the point P(x,, y,) from AB.is
X, cos a--y, sin a—p.
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Consider now the general equation of the line
ax+by+c=0. @

This equation should be written so that ¢ is negative, This can
be written in the normal form as

_+_a__ x4 .____b__._..y =+ i =0.
VaE bt Varb ' Ja+b
Hence the perpendicular distance of the point P(x,, y,) from the
line (4) is

ax,+by,+¢ O
Varb

The formula for the perpendicular distance can also be derived
without reducing the given equation of the line to the normal form
as below:

Let ax-+by+c=0 m

be the given equation of the line AB and P(x;, y,) be the given point.
Y

°\
P(x;,y)

M(xz,y,)

0 \ . X
Fig. 212

Draw PM perpendicular from P to AB. Let the coordinates of
the foot of the perpendicular M be (x,, »,) and let MP=p. The
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equation of the line passing through P(x;, y,) and perpendicular to
the line (1) i.e. equation of MP is

b(x—x,)—a(y—y)=0. ()]
But this passes through (x5, ys).
—b(xy—x,) +a(,—ys) =0. 3)
Since line (1) also passes through (x,, y,), we have
ax,+by,+e=0. @)
Equation (4) can also be written as
a(xy—x3)+b(y,—y))=ax;+by +c. (&)

On squaring and adding (3) and (5), we get
(@ +b3){(x;—x)*+ (0 — o)y =(ax; + by, + )%
Hence =V (x—x )+ (n—»)
_ o (ax,+ by, +0)
vVai+bt
The sign should be chosen so that the value of p is positive.
Workiog rule. In order to obtain the perpendicular distance of
a point from a line, substitute the coordinates of the point in the
expression of the equation and divide it by the quantity which is

the square root of the sum of the squares of the coefficients of x
and y in the equation of the line.

EXERCISES

1. Calculate the perpendicular distapces of
(i) the point (1, —2) from the line 3x—4y=2;
(i) the point (—3, —4) from the line 12x—5y+82=0;
(#ii) the point (0, 0) from the line 4x—3y—12=0,
2. Find the distance between the line 4x—3y—4=0 and a line
parallel to it passing through the point (3, —2).
3. Calculate perpendicular distance of the point (3, —1) from

CoX_ Y
thelmei 3 —=l1

4, If p is the Iéngth of the perpendicular from the origin to the

1 1
-.—.'a—’-l-b-'.

Xy 1
line ‘-1+5—I, prove that 7
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5. 1If p and p’ are the perpendiculars from the origin to the lines
whose equations are Xx sec 8+ y cosec 6=a and xcos 0—y
sin 8=a cos 20, prove that 4p*+- p'2=a?3,

6. Prove that the product of the perpendiculars from the two

points (+4/a®—b% 0) to the line E cos 9&-1-%' sin ¢=] is b2

8. POSITIVE AND NEGATIVE SIDES OF A LINE
We know that the line X"OX (y=0) divides the plane into two
parts, one above the line X"0OX where y>0 and one below the line
X'0X where y<0. The boundary between the two regions is the
line y=0. 1n general, any line ax--by+c=0 also divides the plane
into two parts, It is natural curiousity to know if the expression
L=ax-by+c has the same sign, positive or negative, for all the
points on one side of the lioe.
To prove that the expression L=ax+by+c has the same sign for
all the points lying on one side of the line L=0.
Let P(x,, y,) and Q(x,, y,) be any two points in the plane and
let their join meet the line L=0 in R, where ’
QR A
PRy’
Therefore the coordinates of the point R are
(Nﬁ +uxy Myt u.v.)
Atp " Atp )
Since R lies on the line L=0, we have

Axy -+ px, (mwy.) e
ar(ﬂ,,t——_wL )+b e AR

> A__axtbyte
B aXytbhy, e’

If ax;+by,+¢ and ax:4bys+c have the same sign, the ratio
Eis negative and so R divides PQ externally [see Fig. 2.13(a)].

Hence, P and @ lic on the same side of the line L=0. If
ax,-+-by,4-¢ and ax,+by,+c have opposite signs, the ratio

2 is positive and so R divides PQ internally [see Fig. 2.13(b)].
Hence, P and @ lie on the opposite sides of the line L=0.



THE STRAIGHT LINE 39

Y
Pt*n?,)
Qlxz,y,)
R
0 \ X
Fig. 2.13(a)
\Y P(X;,Y,)
R

Q(xa,)'z)./
0 \ X

Fig. 2.13(b)

Thus the expression L=ax-by+c has the same sign for all the
points [ying on one side of the line L=0.

Corollary. The point (x,;, ¥)) and the origin are on the same
side of the line ax--by+c¢=0 if and only if ax,+by;+¢ and ¢ have
the same sign.

Remark. It may be noted that the sign of ax,+by,-¢c has in
itself no particular significance for deciding the positive or negative
side* of the line ax-+by-+¢=0 since ax4-by+c=0 and —ax—by—c
=0 represent the same line and as such the positive and negative
regions of the plane would be interchanged. Therefore, we can

*A side of the line ax-}-by +¢ =0 is said to be the positive or the negative
side according as the expression ax- by ¢ has the positive or negative sign
for the points on that side.
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not attach the term positive sr negative infallibly to the two sides
of the line. '

©9, BISECTORS OF ANGLES
The bisector of the acute angle between the two lines is the locus
of a point which moves so that the perpendicular distances of the
point from the lines are equal in magnitude.
To find the equations of the lines which bisect the angles between
the two given lines.

Let ayx+by+e,=0 (¢))]
and ayX+byy+cy,=0 )
be any two lines intersecting at R. Let P(x’, ') be any point on
cither of the bisectors. Then perpendicular distances of the lines
(1) and (2) from P(x’, y') must be equal in magnitude i.e.

a,x'+b,y'+e — ax'+byy'-+eq
Va}+b} vai+b;
Hence the point (x’, »’) lies on one or the other of the lines
axtbyte, | apxtbyte, 3
Va5t Vai+bi
The two lines given by (3) are therefore the required bisectors.

Fig. 2.14

Note. We can distinguish between the two bisectors given by
(3) with the help of origin. Let us assume, without any loss of
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generality, that ¢, and ¢, both be positive for if it is not so it could
be made on muitiplying the equation by —1. Let (x’, »') be any
point on a bisector. Now, we have the following different cases:

Case]. When both the expressions &,x+b,)'+c¢; and
a,x'+b,y’ +c, are positive. Then the point (x’, ) and the origin
lic on the same side of the lines

ax+byte=0 and  ax-t+by+c=0.

Thus the point (x', ') lies on the bisector of the angle whick
contains the origin. We call it internal bisector and its equation is

ax+by+e axtbyte
. Case II. When the expressions a,x'+b,y"+¢, and a,x'+b,) +¢,
have opposite signs. Then the point (x’, y*) and the origin lie on
the same side of one line and on opposite side of the other. Thus,
the point (x’, y') lies on the bisector of the angle which does not
contain. the origin. We call it external bisector and its equation is

Gx+byte ax+by-tc,
vat+ b Vaiioy

Remark. The internal and external bisectors of the angles
between the two lines are perpendicular to each other.

Working rule. In order to obtain the equations of the bisectors
of the angles between the two lines, we use the above formula with
a remark that the equations of the lines should be so written that
the constant terms in the equations have the same sign.

Example. Find the equations of the bisectors of the angles
between the pair of lines

12x+4 5y—4=0, 3x+4y+7=0.

Solution. First of all we write the equations of the lines so that
the constant terms are positive Le.

—12x--5p44=0,  3x+4y47=0.

The equation of the bisector of the angle between the lines which
contain the origin is

_T12x—5y+4  3xtdy+d
VT e VA
= 9 9x+TTy+T1=0.
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The equation of the other bisector is
—12x—5y+4 o 3x+dp+7
V(2P (=5p  /Iia
= ?x—9y—37=0.

EXERCISES

1. Show that the point (1, 2) is on the negative side of
3Ix—4y—1=0
and on the positive side of
4x42y—2=0
2. Prove-that the points (3, —2) and (1, 2) are on opposite sides
of the line 2x+ 3y—5=0.
3. Find the equations of the bisectors of the angles between the
pair of lines:
() 2x+3y=1, 2x—y+3=0;
(i) 3x—4y=5, 4x—3y=3.
4. Find the equation of the bisector of that angle between the
lines 4x—3y+1=0 and 12x4-5y413=0 in which the origin
lies.

10. SYSTEMS OF LINES
We have expressed equations of the lines in various forms.
Among these are the equations

y=mx+c.%+ ;l=l and x cos ¢+ sin a=p.

Each of these equations has two contants which have geometrical
significance. The constants of the first equation are m and e
When definite values are assigned to these letters, a line is comple-
tely determined. Other values of these, of course, determine other
lines. Thus the quaatities m and ¢ are fixed for any particular
line but change from line to line. These letters are called para-
meters. In the second equation a and b are the parameters whereas
in the third equation « and p are the parametérs.

A linear cquation with only one¢ parameter is obtained if the
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other parameter is replaced by a fixed value. The resulting
equation represents all lines with a particular property if the
remaining parameter is allowed to vary. Each value assumed by
the parameter yields an equation which represents a definite line.

The collection of lines defined by a linear equation with one para-
meter is called a family, or system of lines. For example, if m=2
the slope-intercept equation becomes

y=2x+-c.
This equation represents the family of parallel lines each of which

has slope 2, where ¢ is a parameter. There are, of course, infinitely
many lines in the family.

10.1 System of lines parallel to a given line
Let the given line be
ax-+by+c=0. U]
Then the system of lines parallel to the line (1) is
ax-+by+a=0,

‘where A is a parameter, since the slopes of the parallel lines are
equal.

10.2 System of lines perpendicular to a given line
Let the given line be
ax--by+e=0, 1)
Then the equation
bx—ay+r=0, 2)
for any value of A, represents a line perpendicular to the line (1)
since the product of the slopes of the perpendicular lines is —1.

If A is a parameter, then the equation (2) represents a family of
lines each of which is perpendicular to the line (1).

10.3 System of lines through a given point. Let the given point
be A(x;, »;)- Then a system of lines through A is

¥y —'-y,=m(x—-x,).
where. m, the slope of the line, is 2 parameter. For different values
of m, we have a different line of the system through the point
A(xy, W)
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A system of lines passing through a given point is called a pencil
of lines and the given point is called the vertex of the pencil.

10.4 System of lines through the intersection of two lines. 70 find
the system of lines passing through the point of intersection of two
given lines.

Consider the two distinct non-parallel lines

Ly=ayx+byy+¢,=0, ¢))

and =ayx-+byy+c,=0. 2)
Then the equation

ax+byy+ e+ Magx+by+ ¢)=0, 3)

where A is parameter, represents a system of lines, through the
point of intersection of thelines (1) and (2). To verify this statement
we observe that:

(i) Equation (3) being linear in x and y, for any value of the
parameter 2, represents a line.

(ii) If (x1, y,) is the point of intersection of the given lines (1)
and (2), then

ayx; by +e,=0
and ayxy -+ by, +cy=0
and thus equation (3) is also satisfied by the coordinates (x,, y,).
Therefore the line (3) passes through the point (x,, y,). Hence
the equation
ayx+byy+€1+Magx + byy+c,) =0

represents a system of lines through the point of intersection of the
given lines.

Note 1. The system of lines (3) represents a pencil of lines with
vertex as the point of intersection of the given lines (1) and (2).
We refer to the given lines (1) and (2) as the base lines of the pencil.
Clearly any two lines of the pencil can be chosen as base lines.

Note 2. If the lines (1) and (2) are parallel, equation (3) repre-
sents all lines parallel to (1) or (2) since all they have the same

a . G s
slope — 3-5 In numerical examples, it is enough to choose
1
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a,x+byy+¢,-+2=0 to represent all such lines which, in fact,is a
system of lines parallel to a;x+5,y+¢,=0.

10.5 Concarrent lines. To find the condition for the given three
lines to be concurrent.
Let the three lines be

a;x+4+-b,y+c,=0 @
agX+byy+c,=0 @
and agx+byy+c,=0. 3)

These lines, no two of which are assumed to be parallel, will be
concurrent if any one of them (say) line (3) is a member of the
pencil determined by the other lines (1) and (2) here; in other words,
if line (3) can be expressed in the form of
ayx+-byy-+ e+ Mag v+ boy+ €} =0
for some suitable value of A. This is the samethiug as to find the
values of two constants A and p such that
(@%b, +€,)+ Magx+bey+c3) +p(ayx+by+c,) =0

is satisfied.

Alternative test for concurrency
Let the lines represented by above equations are concurrent and
(%1, »1) be the common point of intersection. Then

ayx;+byyy+e, =0 @
alxl+btyl+¢':=0 (5)
and 0y by =0, ©

On eliminating x, and y, from (4), (5) and (6), we get
a, b, o
a b, ¢ |=0,
a, b, €

which is the required condition for concurrency of the lines,
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EXERCISES

1. Find the equation of the line which is perpendicular to
3x+4 8y—5==0 and which passes tnrough the point (2, —1).

2. Prove that the three lines 5x+43y—7=0, 3x—4y—10=0 and
X-+2y=0 are concurrent.

3. Verify that the lines 4x+7y-9=0, 5x—8y+15=0 and
9x—y+6=0 are concurrent.

4. Provethat the line through the point (—4, 6) concurrent with
the lines 3x—2y+43=0 and 5x+6y —2=0 passes through the
origin.

11. EQUATION OF A LINE IN POLAR COORDINATES
11.1  To find the general equation of a line in the polar coordinates.

Let O be the pole and.OX the initial line. Let P(r, 8) be any
point on the line. Draw perpendicular ON to the line.

Fig. 215

Let ON=pand /£ XON=ua.
Now in right angled triangle ONP,
ON=0P cos NOP
ie. p==rcos (8—a).

This is the required equation of the lincin polar coordinates.

Note. Transforming the equation to cartesian coordinates, this
equation becomes the normal form of the line.
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11.2 Polar equation of the line joining two Points. To find the
polar equation of the line joining two given points,

Let O be the pole and OX the initial line. Let P(r,, 6,) and
O(ry. 0,) be the given points. Let R(r, 6) be any point on the line
joining the points P and Q.

Then  area of APOQ=area of A POR+area of A ROQ
ie.  }OP.0Q sin POQ~}OP.OR sin POR+3}OR.0Q sin ROQ

ie. r.ry sin (83—0,)=4rr, sin (8—6,)+ }rr, sin (8,—0)
sin (0, —6,)_ sin (6-6,) ,_sin (6,—6)
= r - ry n

This is the required equation of the line PQ.

Qir, ;92)

R(r,e)
P(n ,0,)

0 \x

Fig. 2.16

Corollary. The euqation of the line joining the point (r, 6,) to the
poleis 6=19,.

This equation can be obtained easily by taking r,=0 and 6,=0
in the above equation,

EXERCISES

1. Find the polar coordinates of the foot of the perpendicular
from the pole on the line joining two points (ry, 6;) and
(r3» 8,)-

2. Prove that the equation to any linc passing through the point
of intersection of the lines

ri=_a cos 0+ b5 sin 6 and é:a' cos 85" sin 0 is
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"+ A =(a-}-Aa") cos 0-}-(b+2d") sin 8.

Hence obtain the equation of the line passing through the pole
and the point of intersection of the two given lines.

A variable line cuts off from n given concurrent lines intercepts,
the sum of the reciprocals of which is constant. Show that it
always passes through a fixed point.

MISCELLANEOUS EXERCISES

If the line Ax+6y+5=0 is parallel to the line 4x—3y+2=0,
what is the value of A7

Find the perpendicular distance from the origin of the line

x, )

§+ z=l.

Find the equation of the line through (2, 3) parallel to
Sx—12y=3.

Write down the equation of the lines through (-2, 3), respec-
tively, parallel and perpendicular to 3x—5y==1.

Find the lines through (4, 5) which cut the axes so that the
intercepts are equal in magnitude.

The vertices of a triangle are (0, —2), (2, 0)and (3, —3). Prove
that it is isoscles and find the equation of the median which
bisects the shortest side. Verify that this line is perpendicular
to the side it bisects.

Show that the line joining (2, 3) to (3, —2) is perpendicular to
the line joining (—5, 0) to (0, 1).

Show that the lines x cos -+ sin a=p and x cos B+ sin f=p
intersect at

(poos 2w 23R pin 3P uee 23F).

Find the coordinates of the circumcentre of the triangle formed
by the lines

3x—y-—-5=0, x+2y—4=0 and 5x+3y+1=0.
Prove that the area of the triangle formed by the three lines
y=mx+ c,. y=myXx-¢, and y=myXx + ¢, is
(‘-'n'_‘-'c}' (eg—cy)®, (‘1--‘-'1)’]

2 [ my—my " mg—my " my—m,
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11.
12,

13,
14.
15.

Prove that the medians of a triangle are concurrent.

Find » such that the lines x+y+5=0, 5x—y+7=0 and
Ax+4y+6=0 are concurrent.

Three vertices of a parallelogram 4ABCD are A(l1, 0), B(—1, 0)
and C(2, 3). Find the coordinates of D.

Find the equation of the line joining (1, 1) to the point of
intersection of the lines 2x+4y—5=0 and 4x+42y—5=0.
Prove that the locus of a point which moves so that the sum
of the perpendiculars let fall from it upon two given lines is
constant, is a line.



CHAPTER III

CHANGE OF AXES

1. INTRODUCTION

In coordinate geometry, the coordinates of a point, the equation
of a locus ete. are always with reference to some system of coordi-
nate axes.

Sometimes while solving the problems in coordinate geometry,
it is desirable as well as convenient to consider a figure under
discussion and to change its equation, either temporarily or perma-
nently, to a different system of axes such that an important set of
points assume the coordinates of simple form. In general, we come
across with the following three types of change of axes.

(i) Translation of axes (Change of origin only, the new axes
being parallel to the old ones). '

(i) Rotation of axes (Change of directions of the axes without
changing the origin).

(iii) General transformation (Translation and rotation of the
axes together).

2. TRANSLATION OF AXES

To change the origin of a system of coordinate axes without
changing the directions of the axes.

Let OX and OY be the original axes and (x, y) be the coordinates
of a point P referred to these axes.

Let O° (a, B) be the new origin and O'X’ and O0'Y’ the coordi-
nate axes parallel to the original axes. Let (x, ) be the coordinates
of the point P with respect to new axes.

Draw PM and O'N perpendiculars to OX, where PM meets 0'X’
in M’

Then ON=a, NO'=p, OM=x, MP=y).
Also O'M'=x" and M'P=y'.
Now x=0M=ON+NM=0ON+O'M'=a+x'

and y=MP=MM'{- M'P=NO"+ M'P=B+y'".
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Fig. 3.1

Hence the new coordinates (x', y') of the point P are connected
with the old one (x, y) by means of the relations
xX=x'+u, y=y +§.
Note. The pair of equations
x=x'+4a, y=y'+p
giving the relationship between the two sets of coordinate axes is
called the translation of axes.
Ex. Transform to parallel axes through the po:nt (3, 5) the
equation
X141 _6x—10y—2=0.

3. ROTATION OF AXES

To change the directions of the axes without changing the origin.

Let OX and OY be the original axes and OX’, OY’ the new axes
which are obtained by rotating the original axes through an angle 6.
Rotation is taken in anti-clockwise direction.

Let (x, ) be the coordinates of a point P with respect to original
axes and (x’, y’) the coordinates of P with respect to new axes.

Draw PM and PN perpendiculars to OX and OX’ and also NN’
and NM' perpendiculars to OX and PM, respectively,

Then OM=x, MP=y, ON=x', NP=y'
and L M'PN=4.

Now, we have

X=0OM=0N'~MN'=0ON'—M'N=0ON cos 0— NP sin 0
=x'cos 0—y' sin 0
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and y=MP=MM'4+M'P=N'N+M'P=ON sin 0+NP cos 0
=x’ sin 8-}-)" cos 0.

0 M N’ X

Hence the relations connecting the two systems of axes are given
by
x=x" cos 06—y sin M
y=x'sin 04y cos 6]
Note. An equivalent form of the relations (1) is

x'=x cos 04y sin #
¥ =—xsin 0-+ycos ¢f"

Ex. What does the equation
4x34+24/3xy+2y2=1
become when the axes are turned through an angle of 30°?

4. GENERAL TRANSFORMATION

To change the origin and directions of the axes together.

Let OX and OY be the original axes. Shifting the origin to
Q'(«, ) so that O'X' and O'Y’ are parallel to the original axes.
Further rotate O'X’ and O'Y’ through an angle 0 so that we get
the new axes as 0'X" and O'Y". Let (x, ¥) be the coordinates of
any point P with respect to the axes OX and OY; (x', y') the
coordinates of P with respect to 0'X” and 0’'Y’ and (x”, y'") the
coordinates of P with respect to 0'X"" and O'Y"".

Then OM=x, MP=y, O'M'=x', M'P=Yy',
O'N'=x",N'P=y".
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Fig. 3.3

Now, we have
x=0M=0ON—-MN=0L+LN—~MN
=OL+O0'N'—=M"N"
=0L+O'N" cos 9—N"P sin 0
=a-+x" cos 60—y sin 0
and y=MP=MM'+M'M"+M"P
=0'L+N'N"+M"P
=B-+O'N" sin 0+N"P cos b
=B-+x’ sin 04" cos 0.
Hence the new coordinates (x”, »’*) of the point P are connected
by the old one (x. y) by means of the relations
x=a-+x"" cos 0—y" sin 0
y=B+x" sinB4y" cos 0 }
Ex. Transform the equation
x*—4xy-+y4+-8x+2y—5=0
to new axes through (2, 3) rotated through an angle of 45°.

5. INVARIANTS

5.1 If (x, y) be the coordinates of a point referred to axes ox,
OY and (X', y') be the coordinates of the same point referred to
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axes OX', OY' and if ax*+2hxy+by* in which a, b, h are indgpen-
dent of x and y become a'x'*+2h'x’y' +-b'y'%, then

a+b=a+b' and ab—h*=a'b'—h'*.
We are given that
ax?+42hxy+by*=a'x"*+20'x"y' + b’y )
From § 3, we have
x=x' cos 8—)’ sin 0
and y=x"sin 643" cos 0.
Now axt4-2hxy—+-by* =a(x’ cos 0—)' sin 6)*
+2h(x' cos 8-y’ sin B)(x’ sin 8-+)" cos 6)
+b(x’ sin 64y cos 0)?
=(a cos? 042k sin O cos 6+-b sin® 6) x*
+{—2a sin 0 cos 04 2k(cos* 6—sin? 0)
+2b sin 6 cos 6} x'y’
-+ (a sin? 0—24 sin 8 cos 0+b cos® 8) )"* (2)
On comparing (1) and (2), we get
a'=a cos? 0-+2J sin 0 cos 0+ b sin? ' k)
b'=a sin® 6 —2k sin 0 cos 6+ b cos® 6 4)
and h’ =—a sin 8 cos 0--h(cos® 6—sin® 0)}-b sin 6 cos 6. (5)
On adding (3) and (4), we get

a'+b'=a+b.
Equations (3), (4) and (5) respectively, can also be written as
2a' = (a-+b)--(a—b) cos 20-+2h sin 20 (6)
" 2b'={a+b)—{(a—b) cos 20~ 2h sin 26} 0
and 2h'=—(a—b) sin 201-2h cos 26. ®)

Subtracting square of (8) from the product of (6) and (7), we get
4a’b’' —4h'*=(a+b)*—{(a—b) cos 20-2h sin 20}
—{—(a— b) sin 202k cos 20)?
==(a+b)—{{a—b)*- 4h%
, ==4ab—4i?,
= a'b—h?*=ab—h* [
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Note. The quantities a+b and ab—h® are called invariants,
These invariants are of great importance in the development of the
theory of the general equation of second degree.

Ex. Prove that if

ax3-+-2hxy +by*=1 and a'x® 20’ xy+-b'yt =1
~ represent the same conic and the axes are rectangular, then
(a—by 43 =(a' —b')*-+-ah",
5.2 Removal of the xy term. To find the angle through which the
axes be rotated so that the expression ax®+-2hxy--by* may become
of the form a'x'*+ b’y

Let the axes be rotated through an angle 6. Then by §3, we
have

x=x'cos0—y sin 0
and y=x"sin 0+ ) cos 6.

“.  ax¥2hxy+by?=(a cos? 0-+2h sin 0 cos 8-+ b sin? 0) x2
+{—2(a—b) sin O cos 0+ 2h(cos?® B8—sin? B)} x'y’
+(a sin? 8—24 sin 0 cos 9+ b cos? 0) y'2, )

Hence the expression ax®-+2hxy+By* will be of the form
a'x'*4-b'y"? if coefficient of x’y in right side of (1) is zero,

ie, if —2(a—b) sin 6 cos 04 2h(cos® 0—sin® 0)=0

ie., if —(a—b)sin 2042k cos 26=0

2h
= . tan Zﬂ'—m.
Hence the required angle is given by
_.l -1 2}1
LE E tan a'—'_'—'-b 4

Remark. In the special case where ab—Ah*=0, the removal of

the xy term in ax®--2hxy--by* by means of invariants, we note
that
a'b’ =ab—h?=0

= a'=0orb'=0.
Thus, in this special case the removal of the xy term in
ax®--2hxy+ by*
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by turning the axes through an angle 8 given bytan20=ai__h5
makes either a’=0 or b'=0.

EXERCISES

1. Simplify the following equations by changing to a new origin
in each case:
() x3+)»'+2x—4y+1=0; new origin (—1, 2).
(i) x*+2y*—6x+-16y+39=0; new origin (3, —4).

2. Write down the equations for a rotation of axes through an
angle E Hence, prove that the curve 2xy=a® can be tran-

formed to x3—)3=at.
3. Transform the equation

x2—6xy+9)44-4x+8y+15=0

to new axes through ( —2, —1) rotated through an angle
tan-1}.

4. Transform the equation

3x2—~24xy+- 10y* 4 6x+52y=0
to new axes through (3; 1) rotated through an angle tan-.

5. If(x,y) and (x', »') be the coordinates of the same point
referred to two sets of rectangular axes with the same origin
and if ux+vy, where v and v are independent of x and y, be-
comes u'x’ +v'y’, then

W3 =u v,
6. Show that the equation x cos «-}-y sin «=p, when the axes are

turned through an angle a, becomes x=p, Interpret this fact.
7. What does the equation

(¥~ ayt (r-bp=c?
become when it is transferred to parallel axes through (i) the
point (a—c, b) (if) the point (a, b—¢c)?
8. What does the equation

(a—b)(x*-+y*)—2abx=0
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. . ab
become if the origin be moved to the point (m , 0) ?

9. Prove that the transformation of rectangular axes which
converts

E—}-r into ax34-2hxy--by* will convert —+

P p—a
ax?+2hxy+ by'—Nab—h*)(x*+y%)
0 =T T b)at (ab= hipd



CHAPTER IV

PAIR OF LINES

1. INTRODUCTION

Consider the equation
(Ix+my+4-n)I'x+m'y+n')=0. (0)]
This can be satisfied by the points whose coordinates satisfy
Ix4+my+n=0 or I'x4+m'y+4n'=0. (2)

Thus all the points which satisfy equation (1) lic on one or the other
of the equations in (2); and conversely, any point whose coordi-
nates satisfy any of the two equations in (2) satisfies the equation
(1). The equations in (2) being linear, the equation (1), therefore,
represents a pair of lines

If we multiply the two factors in (1) together, then it takes the
form

' x*+(Im' + I'm)xy +mm’ YA+ (In’ +-I'n)x+(mn’ +m'n)y+ nn' =0.
This is a second degree equation in x and y. Thus, we note that a
pair of lines is given by a second degree equation in x and y.

Conversely, one is interested to know if the most general second
degree equation in x and y i.e.

ax®+2hxy+-by'+ 2gx+ 2fy+-c=0 (3)

represents a pair of lines. It is not possible, in general. However,
it would only be possible when the left hand expression in equation
(3) can be decomposed into two real linear factors for which some
relation among the coefficients a, b, ¢, f, g, & is required to be
satisfied. Before, we deal with this problem in a later section, we
come to a particular case when both the lines pass through the
corigin. In this case the equation (1) takes the form

(Ix+my)(l'x-+m'y)=0
ie. ' x3(Im" + P'm)xy+ mm'y3=-0,
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This is a homogeneous* equation of degree two in x and y. The
general expression of this form (homogeneous form) is

ax?+2hxy+by'=0,

We shall now prove that this always represents a pair of lines
through the origin, unlike the case for the most general second
degree equation in x and y.

2. HOMOGENEOUS EQUATION OF SECOND DEGREE

2.1 To prove that the general homogeneous equation of second
degree represents. a pair of lines passing through the erigin.

The general homogeneous equation of second degree is

ax?+2hxy+by?=0. m
This can be written as
(ax+hy2—(h*—ab)y*=0, a+#0
> {ax+(h+VE—ab)y}{ax+ (h ~Vh—ab)y}=0.
So equation (1) represents the lines
ax-+-(h+v R _aby=0
and ax - (h—v/ht—ab)y=0,
through the origin. The lines are real and distinct, coincident or
imaginary according as i* > =or<ab, respectively.
If a==0, the equation (1) becomes
2hxy+by*=0,
which represents the lines =0 and 2hx+by=0,

Remark. Most of the times, the problems regarding the pair of
lines through the origin require the technique of introducing sepa-
rate equations for the lines. This we shall be tackling by consider-
ing that y--mx and y—=m’x are the lines represented by the given
equation

ax?+2hxy-- by*=0
so that ax? |-2hxy i by*=b(y—mx)(y—m'x)

*An equation of the form
g v @y Xty ot a3t a0,

in which the sum of the powers of x and  in every term is the same (say n),
is called a homogeneous equation (of degree ).
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, 24
, a
L mm =F
In the problems, we shall be using the equations y=mx and y—=m'x,
and fnally climinate m and m' by the use of the relations involving
m+m' and mm’.

Tlustration. Find the equation of the pair of lines through the
origin which represents the lines perpendicular to the pair of lines
ax®+2hxy+ by*=0.

Solution. Let y=mx and y=m'x be the lines represented by

ax®+2hxy-+by'=0.
Then mtm'=— :;—h. mm'=§.

Now, the lines through the origin and perpendicular to the given
lines are y—= —-l; x and y= —El-, x. Thus the required equation of
the pair of lines is

(x+my)(x+m'y)=0
ie. x4 (m-+m")xy+ mm'y2=0,

Substituting the values of m-+m’ and mm’, we get

bx?—2hxy-+ay*=0.

2.2 Angle between the lines ax®+2hxy-by*=0. To find the angle
between the lines given by the equation
ax*+2hxy+-by*=0.
Let the lines represented by the given equation of the pair of

lines be
y=mx and y=m'x.

Then ax*+ 2hxy+by'=b(y — mx)(y—m'x)
. 2k 9,
= m+m'= -5 mm’=g
Let ¢ be the angle between the lines. Then
_m—m'
tan $_1+mm'

_ -V (m+m'y¥—dmm’
14+mm'
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T 4a
ijb—-"r
H‘s

+2vVH—ab

==
The sign positive or negative is to be taken according as the angle
$ between the lines is an acute or obtuse angle.

Remarks. (i) It is important, in the formula for the angle,
that A'—ab>0 for otherwise the expression for tan ¢ would have
no meaning.

(ii) If *—ab=0, $=0 and the two lines given by

ax?+2hxy+by:=0
would coincide.

(iti) The two lines given by ax*+2hxy+ by*=0 are perpendicular
if and only if a4-b=0, i.e. the sum of the coefficients of x? and »*
is zero.

Ex. Find the angle between the lines x®+3xy +2)*=0.

2.3 Bisectors of the angles between the lines ax?-2hxy+ by*=0.
To find the equation of the pair of lines bisecting the angles between
the lines ax®*+42hxy+ b2 =0.
* Let y=mx and y=m'x be the two lines represented by
ax®+42hxy +by2=0. (1)
Then, as before, we have

m4-m'= —g. mm'sng.

b

First method, Let 0 and 0’ be the angles which the two lines
make with the positive direction of x-axis so that

m=tan 0 and m’ =tan &'.
Let y=x tan ¢ be the equation of a bisector. Then
2¢=0+0' or 046" 4=
so that tan 2¢=tan (8+0’)

2tang _ tan0+tan 6’
I—tan® ¢~ 1—tan 0 tan 0’

=
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Fig. 4.1
2
= 2 x _ m+m'
1 Y I —mm
Txt
2k
T a-b

Hence the equation of the bisectors of the angles between the
lines ax?+ 2hxy+ by*=0 is given by
-y xy
a—b -
Second method. The pair of bisectors of the angles betwec
the lines represented by (1) is given by [Art. 9 Chapter IT]
mx—y _ m'x—y
A/ miil vV m'1
= (-} 1) (mx—y)t=(m*+ 1)(m’x—y)*
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> (M —m )52 — ) —2(m—m')(1 —mm’) xy=0
- (m+ )2~y —~2(1—mnt') xy=0

2h a
= —-E—(x’—y'l—2(1~3-)xy:o
xi—yr xy
= a—b "k’

Ex. Find the equation of the bisectors of the angles between
the lines represented by

6x*—13xy+ 5p?=3.

" 2.4 Examples
Example 1. Show that the two linés represented by
x¥tan® 04-cos? 0)—2xy tan 0+ )* sin* 6=0 ()

make angles «, p with x-axis such fhat
tan a—tan p=2.

Solution. Let y=mx and y=m'x be the lines given by (1).
Then

mny 2 tan 6 2
sin® 0 sin 8 cos 6
2
and mm,ﬁtan' 8 +cos B=sce'ﬁ+cot' 0.

sin? 0
;. tan a—tan p=m—m'
=+v(m+my—amn’

== J i{-ﬁ,—%ag,—ﬁ—ﬂsec' 6+-cot? 6)
=2,
Example 2. Find the condition that one of the two lines
ax3+2hxy+byr=0
may be perpendicular to one of the lines given by
ax?4+2hxy 4+ b'y*=0.
Solation. Let y=mx be one of the lines of
ax?+2hxy+by*=0,
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Then a+2hm+-bm*=0, [4)]

Any line perpendicular to y=mx passing through the origin is
x=—my. Clearly x=—my will satisfy

a'x*+ 2k xy +b'y*=0
if am*—2Km+ b’ =0, (#3)
Now, from (1) and (2), we get
m? m I
2R 2K a™ ad —bb' — —2W'b—2ha’
e aa'—bb'
—2(Kb+ha))
i hb'+h'a
— Wb+ ha)
. _B+Ha  (ad'—bb)
T Iy~ 4B TRy

= 4(ah’+hb')(ha' +bH')+ (aa' —bb') =0,
Example 3 Prove that the lines represented by
ax?+2hxy+by*+A(x*+ 3% =0

have the same pair of bisectors for all values of A. Interpret the
case for A=—(a+b).

Solution. The equation representing the bisectors of the given
pair of lines is

x*—y  xy
@tN=-@GN"h
e Ear ol
- a=b =k
Since the equation of the bisectors is free from A, the given
equation has the same pair of bisectors for all values of A.
Consider now the case when A=—(a-}-b).
The given equation reduces to

ax® +2hxy+by*—(a+ b)(x*4-y%)=0
Le. bx*—2hxy-ay*=0.

This represents a pair of lines which are perpendicular to the
lines given by
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ax*+2hxy4-by*=0 (Sec lllustration in § 2.1).

Example 4. Let the pairs of the lines

x2—2pxy-=y*=0 and x*—2gxy—)2=0

be such that each pair bisects the angles between the other pair.
Prove that pg=—1.

ie.

Solution. The bisectors of the angles between the lines
xl_

2pxy—y*=0 are

Xy xy
i—(=D"=p

px242xy—py?=0.

Since these bisectors are given to be represented by

we note that
p_ 2 _—P
1 =29 —
= pg=-—1.
EXERCISES
. 1. Form the equations which represent the following pair of lines:

(i) 3x—y=0, x4+ 3y=0;
(i) y=0, 4y=x.

Show that each of the following equations represents a pair of
lines, and find the angle between each pair:

() x2—4)*=0.

(i) x*+2xy cot 2a—)*=0.
(i) x*—2xy sec a4 32=0,
(iv) 2x3—Txy4-3y2=0.

Find the value of A for which the two lines 3x?—8xp+-Ay2=0
are perpendicular to one another

Prove that, if the lines ax?+2hxy+4-by*=0 are perpendicular,
then so are the lines
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10.

11.
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bt 2kxy+ayt==0.
Find the condition thut one of the lines
ax*+2hxy+byr=0,
may coincide with one of the lines
a'x*4-2h" xp4-b'y* =0,
Prove that the two lines
(x*-+ »?)(ccs? 0 sin® o+sin? 6)=(x tan a—y sin 6)*
include an angle 2z,

Find the equations of the bisectors of the angles between the
pair of lines:

(1) 3x24-8xp-4y'=0;
(i) 15x2—xy—6y*=0;
(i) 12x2—Txy—y*=0.
Show that the angle between one of the lines given by
ax®*4-2hxy+by*=0,
and cne of the lines
ax®+4-2hxy+by*-+ A(x*-+%) =0,

is equal to the angle between the other two lines of the
systems.

Find the condition on m such that the bisectors of the angles
between the lines mx2+2 (m+-1) xy—y*=0 are the axes of
coordinates,

If the bisectors of the angles between the linss

ax®42hxy4-byr=0,

coincide with the bisectors of the angles batween the lines
ax® -+ 2hxy 4 By =0,

prove that
h(a— 8)=n(a—b).

Find the condition that one of the bisectors of the angles bet-
ween the lines ax?*+ 2ixy+by2=0 is the line Ix4-my-+n=0.
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3. GENERAL SECOND DEGREE EQUATION

3.1 Condition that the most general second degree equations in x
and y represent a pair of lines. To find the necessary condition that

the general equation of the second degree
ax®4-2hxy+- by*+2gx4-2fy 4 ¢c=0 )]
may represent a pair of lines.

First method. [Equation (1) may represent a pair of lines if the
expression in the left hand side of it can be decomposed into two
real linear factors in x and y. Suppose a3£0. Multiply equation
(1) by a and arranging it in descending powers of x, we get

a*x*+2ax(hy-+g)=—aby*—2afy —ac.

Completing the perfect square on the left hand side, we have

(ax--hy+g)*=(h*—ab) y*-+2(gh—af) y-+g2-—ac
> ax+hy+g=+A/(F—ab)y*+ 2gh—af)y+g*—ac’ (2

Clearly equation (2) represents two real linear equations if the
quantity inside the square root forms a perfect square for which

Agh—af)*=4(h*—ab)(g®—ac).
This, after simplification, gives the required condition as
abe-+2fgh—af*—bg*—cht=0. (3)

If a=0 and bs£0, multiply equation (I) by b and arrange the terms
in descending powers of y. Proceeding similarly as in the previous
case, we get the required condition.

In case a=0 and b=0, we niust have /140 for otherwise the
equation (1) will reduce to a linear equation. The equation (1) '
reduces to

hxy4-gx+fy+ic=0
= (hxt-f)hy+-g)=fg—ich.

Therefore, the condition for this equation to represent a pair of
lines is that

Sfe—4ch=0,

which is the same as (3) for the case a=0 and b=0.
Sccond Method. Let equation (1) represent a pair of lines inter-
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secting at the point («, B). Shifting the origin to the point (x, ) by
the transformations
x=X+a, y=Y+B,

equation (1) reduces to
a(X+ a2+ 20 (X4-al(Y-+B)+ (Y +B)* -+ 28(X + )
+2AY+B)+e=0
= aX*4-20XY+bY 4 2ax+ iR+ g) X+
2(ha+b3 + )Y+ ax®-4- 2haf+ b3+ 2ga+2fB+c=0.  (4)
Equation (4) represents a pair of lines passing through the new
origin. Therefore, it must be a second degree homogencous equation
in X and Y, and consequently the terms of the first degree in X, Y
and the constant terms must disappear from equation (4) so that
we are left only with

aX34+-2hXY4bY?=0,
Thus it is required that the following conditions are satisfied
ao+hp4g=0 O]
ha+bf+f=0 (6)
and ax?+2haf+4 b33 42g24-2fB+c=0." (N

Multiplying equation (5) by «, equation (6) by pf and adding, and
then subtracting this sum from equation (7), we get
ga+fB+c=0. ®)
Now eliminating o p from the equations (5), (6) and (8), we
obtain .
a h g
h b f |=0.

g fe
On solving the determinant, we get the condition
abc+2fgh—af*—bg*—ch*=0.
Third Method. Suppose equation (1) represents a pair of lines.
Let the lines be
Ix+my4+n=0 and [I'x+m'y+n'=0,
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Then
ax®4-2hxy+ by*+2gx+-2fy+-e=(Ix+my+n)l'x-+m'y+n').
Comparing the coefficients of various terms on both the sides,

we get
'=a, mm'=b, nn'=c,

Im’ +-I'm=2h, mn'+m'n=2f, In'+I'n=2g.
By multiplication, we get
8fgh=(Im"+-I'm)(mn’ +m’'n)(In' +I'n)
=2ll'mm'nn"+ N'(m3n"t 4 m'*n?)
+mm' (P24 1) - nn' (Bm 2 - 1'*m?)
=2abc +a(4f*—2bc) + b(dg*—2ac) + c{4h* —2ab)
= abe+2fgh—af*—bg*— ch*=0.
Note. The above conditon is also sufficient.

Corollary. If the general equation.of second degree
ax?+2hxy -+ by*+2gx+2fy+c=0
represents a pair of lines, the coordinates (a, 8) of the point where
they intersect are given by

k{—b gh—af
—r P e

[Hint. The values Of a« and B are determined by solving the
equations /x+-my+-n=0 and I'x+m'y+n'=0].

Note. If 4#*=ab, then the point of intersection is at infinity and
as such the two lines would be parallel.

Ex. Show that the equation
xt—4xy+31°+6x—3=0
represents a pair of lines,

3.2 If the general equation

ax?+2hxy+ byt +2gx+2fy+e=0 )
represents a pair of lines, then the equation
ax®+2hxy+4by*=0 2)

represents a pair of lines parallel to them through the origin.
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,Let y=mx-+¢ and y=m'x+¢’ be the lines represented by (1)
so that
ax3+ 2hxy+by*+ 2gx+2fy+e=b(y —mx—c)(y—m'x—c').
Then
axt42hxy+4-by3=b(y—mx)(y—m’'x).

Thus equation (2) represents the lines y=mx and y=m’x through
the origin, which are parallel to y=mx-tc¢ and y=m'x+¢', res-
pectively.

Corollary. If equation (1) represents a pair of lines, then

(i) the angle between these lines is given by

2vHE=ab
atbh

(if) the two lines are parallel if i*=ab,
(iif) the two lines are perpendicular if and only if

a+b=0,

tan g="Y

Ex. Calculate the angele between the lines
x*48xy+yi+16x-+ 4y+4=0.

3.3 Example. Find the value of A so that the equation
2x3++ xy—y*—11x—35y+1=0,

may represent a pair of lines

Solution. Here a=2, h~%,b——l,

g__‘ sfﬂ_ » €=h.

The given equation represents a pair of lines if
abe+-2fgh—af*—bgi—ch*=0

121 &
i.e. —21+¥—i'—0+—4'—z=0-

Hence a=14.
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EXERCISES
1, Show that each of the following equations represents a pair of
lines
(i)  x*+8xy+y*+16x+4y-+4=0;
(i) x4 6xy+9y*+4x+12y—5=0;
(i) x*—2xy+y'—4x+4y+4=0;
(iv) 2x243xy—2p"4 5x—10y—12=0;
(v) x3+xy—6y*+T7x+31y—18=0,

2. Find the value of 2 so that the following equations may re-
present a pair of lines

(i) 12x*—10xy+2»2+11lx—5y+4a=0;
(i) x*+20xy+)*+6x-+2y+9=0;
@) 12x*+36xy+ap* -+ 6x+ 6y4-3=0;
() Ax3+42xp+ Ayt dx--4y+3=0.

3. Find the angle between the pair of lines
() x?—xy—6y*—T7x+31y—18=0;
(i) 4x*+5xy+)*+3y—4=0;
(i) x¥—xy—6y*—3x+414y—4=0,

4, For what value of A does the equation

12x*+7xy+- 22+ 13x—py+3=0,

represent a pair of lines, and what is then the angle between
them?

4, PAIR OF LINES JCINING THE ORIGIN TO THE
POINTS OF INTERSECTION OF A CURVE AND
A LINE

4.1 To find the equation of the pair of lines joining the origin to the
points of intersection of the curve
ax?2hxy 4 by?-- 2gx+2fy-+e=0, )
and the line
Ix+my-+n=0, (P
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Make the equations (1) and (2) homogeneous by introducing a
third variable z in the following way:

ax*+2hxy+by*+2gxz+2fyz+ cz?=0 ©)]
Ix+my+nz=0. (C)]
Y
N
o X

Now gliminating z from (3) and (4), we get
ax*+2xy + by —2gx (ix-‘.;_’"l’)

: 2
_2fy(lx-{;‘my)+c (Ix-zmy -0

= n\ax*+2hxy+by?)—2n(gx-+fy)Ix+my)
+c(lx+my)r=0. ©)

This is a homogenous equation of degree two in x and y and so it
represents a pair of lines through the origin. Moreover, we note
that if (x,, ¥,) is a point of intersection of (1) and (2), then

{ax,'+ 2hxy i+ by 2 +-28%, 4+ 2 +c=0
Ix,-+my,+n=0
and so the point (x,, y,) also satisfies equation (5). Thus, equation

(3) represents a pair of lines through the origin and the points of
intersection of (1) and (2).

Working Rule. The cquation of the pair of lines joining the
origin to the points of intersection of a curve and a line is obtained
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by making the equation of the curve homogeneous with the help of
the equation of the line.

4,2 Examples .

Example 1. Find the equation to the pair of lines obtained by
joining the origin to the points of intersection of the line y=mx+¢
and the circle x*+y'=g? and prove that they are at right angles
if 2ct=a*(1+4m?).

Solation. Make the equation of the circle and the equation of
the line homogeneous by introducing a third variable z as follows:

M pPr=a2
Y=mx+cz )
Eliminating z from the above pair of equations, we get
i

x'+y-=a=("”“)

c
> (*—a'm)xd 4 2a°m xp+(c*—a)p*=0. [ 0]

This is the equation representing a pair of lines through the origin
which pass through the points of intersection of the given circle
and the line. '

Further, the lines given by (1) will be at right angles to each
other if

coeff. of x¥+4coeff. of y*=0
ie if ct—atmi+tc3—a=0
= 2e3=g*1+m*.

Example 2, Prove that the lines joining the origin to the points
of intersection of the two curves

ax?+2hxy+by*+2gx=0

and a'x*+ 2k xy4+-b'y +2g'x=0
will be at right angles to one another, if
g(a+b)=g(@+b").

Solution. Any curve through the points of intersection of the
given curves is

ax¥+-2hxy +by*+2gx+n(a’ X3+ 20 xy+ b’ y*-+2g'x) =0
ie. (@+2a)x* - 2(h + 21 )y (B AV W+ 2g+0g)x=0. (1)
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In order that this equation should represent a pair of lines
passing through the origin, it must be homogeneous equation of
second degree, for which the coefficient of x must vanish i.e.

2(g+2g")=0
=L
> A=-£. ®
The two lines represented by (1) will he at right angles if
Coeff. of x?+Coeff. of =0
ie. : a+Ad+b+2p'=0
= a+b+Ma'+b)=0
= (@+5)~% (@+4)=0 (On using (2))
= g'(a-+b)=g(a'+b).

Example 3. If the equation ax®-+2hxy+by*+2gx+2fy+c=0
represents a pair of lines, prove that the equation to the pair of
the lines passing through the points where these meet the axes is

ax*—2hxy+ by +2gx+ 2fy+c+4—{g xy=0,
Solution. If the equation

ax*+2hxy-+ by*+2gx-+2fy+c=0 m)
represents a pair of lines, then !
abc+2fgh—af*—bg*—ch'=0. @
The joint equation of the axes is
xy=0. (&)

Any curve through the points of intersection of (1) and (3) is
ax®+ 2hxy+by*+2gx+2fy+ e+ axy=0
‘le. ax*+(2h+N)xy+by*+ 2gx+2fy+c=0. (C)]
This equation will represent a pair of lines if
A 2
abe+-2fg (g’%a)—af'—-bs'—c (z—h;—-) =0

]
= abe+ gl —af?—bgh—cli-+ fih—chh— =0
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oAt .
=> fgl—chz—--z-=0 (On using (2))
o am HSo—ch)

¢
Substituting this value of A in (4), we get

ax'-f-{2h+w}}xy+by'+23x+2fy+c=0

= axi—2hxy+ by'+2gx+2fy+c+‘2'—g xy=0.

EXERCISES

1. Prove that the lines joining the origin to the points common to
. 3x3+4-5xy~3)*+2x+ 3y=0 and 3x—2y=1 are at right angles.

2. Show that the angle between the lines joining the origin to the
intersections of the line y=3x-+2 with the eurve

x4+ 2xy+3y2+-4x 4 8y—11=0,
is ta- 22,

3. Show that all chords of the curve 3x2— )yt —~2x-+4y=0 which
subtend a right angle at the origin pass through a fixed point.

4. Find theangle between the lines joining the origin to the points
of intersection of the line x—3y+2=0 and the curve

Yr—1Txp+16y—12=0.

5. Show that the lines joining the origin to the points common to
x2+4-hxy—yt+gx+fy=0 and fx—gy=M» are at right angles for
all values of A.

6. Prove that the lines joining the origin to the points of inter-
section of

ax3+4-2hxy+by*+2gx+2fy+c=0
and Ix+my+n=0 are perpendicular to each other if
n¥(a+ b)—2n(gl+fm)+ c(I*+ m¥)=0.
7. If the circle x%+)%+2gx+2fy+c=0 intercepts on the line
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Ix+my=1 a length which subtends a right angle at the origin,
prove that

o(I*-m?)+-2(gl 4 fm+-1)=0.

MISCELLANEOUS EXERCISES

The distance of a point (x,, y,) from each of the two lines
which pass through the origin of coordinates is 3; prove that
the two lines are given by

(X y—xp, P =8%x2+ ). i

Show that the product of the perpendiculars from the point
(x', ¥) to the lines ax?+2hxy--byt=0is

ax’*+2hx’y'+by'* |

Via—byrah
If p, ps be the perpendiculars from (x’, y°) to the lines
prove that
(Pi+pif(@a—b)*+4h*}=2(a—b)(ax"*—by*)+
4h(a-+ byxy+4h¥(x'3-+y*).

Prove that the pair of lines ax?-42hxy-4-by?=0 is equally
inclined to the pair of lines

a?x*+2h(a+-b)xy+ b1y =0.
Show that the lines given by ax+ by+c=0 and
(@x-+by)*—3(ay—bx)?=0

form an equilateral triangle,
For what values of A is the conic

AQE+ 3285+ 2fy+0) -+ 2xy=0

a pair of lines? If two of these pairs consist of parallel lines,
what condition must be satisfied by g, fand ¢?
Prove that the lines joining the origin to the points of inter-
section of the line kx4 hy=2hk with the curve

(x—h)2+(y—Kk)*=c® are at right angles if A*+k?=c2
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8.

10.

11.

12.

13.

Find the equation of the pair of lines joining the origin to the
points of intersection of the line ax+b&y=a + 2b and the locus
x:—xy+y—1=0.
Find the condition of a chord ax4-by+c=0 of the curve
x*—3)*—4x4-2y=0 if it subtends a right angle at the origin.
Show that the area of the triangle formed by the lines
ax?4-2hxy+by*=0 and Ix-+my+4n=0is
nta/h* —ab
am*—2him +bi*
Show that the lines _
(a*—3b%x*+8ab xy+(b*—3a%)y*=0
and ax+by-+c=0 form an equilateral triangle whose area is
ct

(a*+b%)v3

Prove that the general equation
ax?+2hxy+by*+2gx+2fy+c=0
represents two parallel lines if
h*=ab and bg*=af2
Prove also that the distance between them is -
g—ac

2 O — .
a(a+b)
If ax®+2hxy+4-by* +2gx+2fy+ c=0 represents a pair of lines,
prove that
(i) the lines are equidistant from the origin, if

fiegt=c(tf*—ag";
(i) the product of the perpendiculars from the origin on these
lines is

c L

V(a—by'+4n*

(iii) the square of the distance of their point of intersection
from the origin is

c(a+b)—f—g*

ab— ;
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14.

15.

16.

7.

18.
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. (iv) the area of the triangle formed by these lines and the

x-axis is
g‘—ac

avii—ab

If ax242hxy-by*+2gx+2fy+c=0 represents a pair of lines
intersecting in (x, B), show that
(i) the equation of the pair of lines bisecting the angles
between them is
(x—a)*—(y—B)*_(x—a)y—P).
a—b h ?
(i) the area of the triangle formed by their bisectors and the
x-axis is

+/(@a=by'tah* ca—g?
2h “ab—ht"

The equation ax242hxy+by*+2gx+2fy+c=0 represents two
lines at right angles to each other. Prove that the square of the
distance of their point of interszction from the origin is

[itet
b+ h*
Prove that the locus of a point which moves such that the dis-

tance between the feet of the perpendiculars from it on the
lines ax®+4-2hxy+by? =0 is a constant 2k is

(x24 yR)(h2—ab)=k*(a—b)*+4R*}.
Show that the orthocentre of the triangle formed by the lines
ax3+2hxy+by*=0 and Ix+my=1
is a point (x’, ') such that

X Y atb

I m am®—2hlm+bi®
If ax?4-2hxy-+-by*+2gx+2fy+c=0
and ax®42hxy+by* —2gx—2fy +c=0,

each represents a pair of lines, prove that the area of the
parallelogram enclosed by them is
2c
A/ hi—ab'
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19. If the lines ax®*4-2hxy+ by'=‘0 be two sides of a parallelogram
and the line Ix+-my=1 be one of its diagonals, prove that the
equation of the other diagonal is

Ybl—hm)=x(am—hl).
20. If two of the lines given by
ax®+3bx*y43cxyt 4 dy*=0
are at right angles, prove that
a4 3ac+3bd+d*=0.
21. Prove that the equation
a(xt 4y —4bxy(xt—y2) -+ 6ex?y2=0

represents two pairs of lines which are at right angles, and if
2b*=a*43ac, the two pairs will coincide.



CHAPTER V

THE CIRCLE

1. DEFINITION OF THE CIRCLE
A circle is the locus of a point which moves such that it remains

at a fixed distance from a fixed point.
The fixed point is called the centre of the circle and the fixed

distance the radias of the circle.

1.1 Equation of a circle. To find the equation of a circle with

given centre and radius.
© Let C(h, k) be the centre and r the radius of the circle.
P(x) )"]'
Fig. 5.1

Let P(x’, ) be any point on the locus (circle). Then, by
definition
CP=r.
But CP=V/ (X =T+ —F.
VE = —kr=r
(' —=h)? 4 (V' k) =r®
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Hence the equation of the circle with centre (h, k) and radius r is
(=R (y—k)r =,

1.2 The general form of the equation. The equation of the circleis
(x—hp+(y—k)=r* (1
which on expanding takes the form of
X34 y2—2hx—2ky-+ h'+4 k3 —r'=0,

We note the following three things about this equation:
() This is a second degree equation in x and y;
(if) The coefficients of x? and »* are equal;
(#ii) 'There is no term containing the product xy.
Conversely, we consider the most general equation satisfving
these three conditions:

ax*+ay'+2gx+2fp+¢=0,  (a0). )

To prove that equation (2) represents a circle.
Equation (2) may be written as

g\ S\ _g*+f—ac
(I+a) +(y+5) =g
By comparing it with equation (1) we find that it represents a

circle with centre at the point (—g. —-ai) and radius given by
_Ve&+f—ac

—_—
Hence equation (2) always represents a circle.

There will be no loss of generality if we choose 2=1 so that the
general equation of the cirle takes the form

F

X2+ 2+ 2gx4-2fy+ c=0. ©)]
This circle has the centre (—g, —f) and radius equal to
V=

Remsrks. (i) If g?4-f*>c, equation (3) represents a circle with
centre (—g, —f) and real radius.

(#) If g*+f*=c, then equation (3) represents a circle, whose
centre is (—g, —f) and radius is zero i.e, the circle coincides with

the centre, This circle is called the point circle,
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(fii) 1f g*+f<c, then equation (3) represents a circle with
centre (—g, —f) and radius imaginary. In this case there are no
real points on the circle and we call it a virtual circle.

Corollary. The equation of the circle centred at the origin and
of radius a is

x24yt=gt.

1.3 Circle with given diameter. To find the equation of the circle
described on the line joining the points A(xy, y1) and B(x,, y,) as
diameter.

P Blre3)

Fig. 5.2

Let P(x', y") be any point on the circle. Then
m=slope of the line AP

=J" —h
x—x
’ L y’ .
m’'=slope of the line PB= x'_—-i :.

Since / APB=90°, mm'=—1, we have

X =%
= (¥ =X WX —=x)+ (Y =y ) () =) =0.
Hence the required equation of the circle is
(x—x;)(x=x)+(r—y)(¥—yy)=0.
Ex. Find the equation to the circle of which the points (8, —2)
and (2, —6) are the end points of a diameter.
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1.4 Parametric form of the circle. To find the parametric equations
of a circle.

Consider the equation of the circle
xi+y*=g?, )

Let P(x, y) be any point on it. Let £ XOP=0. Then the co-
ordinates (x, y) of P can be expressed as

x=a cos 0
y=asin B } @
Y
P(x,y)
5]
0] M X
Fig. 5.3

Conversely, the point (a cos 0, a sin 6) lies on the circle for all
values of 6, 0<6<2=. Hence equation (2) can be regarded as a
parametric form of the circle given by equation (1), where 8 is a
parameter.

More generally, if we consider the circle with centre (h, k) and
radius r, then its parametric form is

x=h4-rcos &
y=k+rsin 0.

1.5 Circle and apoint. A circledivides the plane into two regions.
A point may be either outside or inside the circle, if it is not on
the circle itself which is the boundary between the two regions. We
now proceed to find an algebraic condition for a point to bein a
particular region determined by the circle.
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To prove that the point (x,, ¥;) lies outside, on or inside the circle
x34y?=a? gecording as x3+ yi —a*>= or <0.

The distance between the centre of the circle and the point
(%1, y1) is >=or < the radius of the circle ie. v/x3+y} >=or
<a. Hence the point (x;, »;) lies outside, on or inside the circle
x2+y2=g? according as

x}+yi—a*>=or <0.

Ex. Prove that the point (x,, y,) lies outside, on or inside the
circle x¥+y*+2gx+4-2fy+c=0 according as

x24 33+ 2gx,+ 2y c>=o0r <0,

1.6 Examples

Example 1. Whatever be the value of &, prove that the locus of

the intersection of the lines
X cos a+y sin a=a and x sin a—) cos a=>b
is a circle.

Solution. The locus of the point of intersection of the given
lines is obtained by eliminating « between them. For this squaring
and adding the given equations, we get

(x cos &y sin )*+(x sin a—y cos a)?=a®-}-b?

= x:yi=at+bt,
which is a circle.

Example 2. Prove that the circle on the chord Ix+my+u 0 of
the circle x*+y*=a® as a diameter is

(24-m¥)(x*+y*—a®)+2n(lx+my+n)=0.

Solution. Any circle through the intersection of the given circle

and the chord is
x+yr—a*+A(lx-+my+n)=0. )

The centre of the circle (1) is (—3#M, —}am). The chord Ix+my

+n=0will be a diameter of circle (1) if its centre lics on the

chord i.e.
(— M)+ m(—§Am)+n=0

2n
= i
Substituting this value of A in (1), we get
(I*+m3)(x2+ y*—a®)+ 2n(Ix+ my+-n)=0.
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10.

EXERCISES

Find the equation to the circle:
(i) whose radius is 4 and centre is (1, 2).
(#i) whose radius is 3 and centre is (—3, —4).
(#ii) whose radius is 4/3 and centre is (§, §)-
Find the coordinates of the centre and the radius of the circle
whose equation is:
(i) x*+y*+4x+8y—41=0.
(i) x4y —4x—16=0.
(iif) 3x243y*+6x—5y=0.
Find the equation to the circle whose diameter is the line
joining the points:
@ (5 1)and (7, 5).
(i) (—4, —2) and (1, I).
(iii) (—2, 1) and (4, —3).
Find the equation to the circle which passes through the points:
(i} (0’ Ojl (Sn ‘_'7)' (ll '_BJ‘
(i) (0, 0), (a, 0), (0, b).
(iii) (3, 0), (4, 2, (0, 1).
(3.7) (""'l’ l)' (‘_2’ 1)1 (49 3)
Find the equation to the circle which passes through the points
(—1, 2), (—4, 3) and has its centre on the line 4x—3y=5,
Find the equation to the circle which passes through the origin
and cuts off intercepts equal to 4 and 5 from the axes.
Find the equation to the circle
(i) which touches the axes at 4 distance 4 from the origin.
(if) which passes through (5, 3) and has its centre at (—3, 1).
Find the equation to the circle circumscribing the triangle
formed by the lines

x+y=6, 2x+y=4 and x+2y=>5.
Find the value of ffor which the circle

Xy —dx+2fp+13=0,
has radius 4.
Prove that the locus of the point of intersection of the lines
drawn through the points (a, 0) and (—«, 0) which include a
constant angle @ is the circle

x24)%—a4-2ay cot 6=0.
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Hence prove that the angles in the same segment of a circle are
equal.

2. TANGENRT AND NORMAL

Definition of tangent

Let P and Q be any two points on a curve such that Pand Q
are near to one another. Join the secant PQ. If Q—P, then the
secant PQ is called the tangent at P to the curve. In other words
the tangent at P is the limiting position of the secant PQ through P
as Q tends to coincide with P. Consequently, the tangent PT cuts
the curve in two coincident points at P.

T
Q

Fig. 5.4

Definition of normal )
A line through the point P perpendicular to the tangent at P is
called the normal to the curve at P.

Fig. 5.5
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2.1 Equation of the tangent at a point. To find the equation of
the tangent to a circle at a point on it.

Let - x4 yr=gd o

be the equation of the circle and P(x;, ;) be the given point on it.
Since (x;, ¥,) lies on (1), we have

x1+yj=a @
Take Q(xz, ¥,) any other point on (1). Then
x§+yi=ad’ (6]
The equation of the secant PQ is
Y=k (=), *
. Q {xzp y2)
P ( xI Y |)
Fig. 5.6

As O — P, by definition, secant PQ becomes the tangent at P and
therefore on taking the limit as x; — x, and y, — »,, equation (4)
would represent the equation of the tangent to (1) at P (x;. »)-

Since, on taking the limit, the value of 22t is of the form%
2

which is an indeterminate form, we proceed to obtain the same as
follows.
Subtracting (2) from (3), we get
M—x+ - =

= y_’:& D — f!i-i!_
Xg—Xy Yot

Thus, as @ -+ P, x; — x, and y, = J,, and we get
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eh 24 _ %
xg-—x,+ 2;: »

and hence as 0 — P, equation (4) becomes

X
Y=n= —= (x—x)
N

=> XXy +yp=x1+¥1.
Therefore, on using (2), we get
XXyt yy=

Hence the equation of the tangent to the circle x*4-y*=a® at the

point (xy, ) is
xpbyy=a 0O

More generally the equation of the tangent to the circle

x4 32+ 2gx+ 2y +e=0
at the point (x,, y;) on it is
xxy+yn e+ x)+ v+ 3)+e=0.

Working rule. The equation of the tangent at the point (x,, y,)
to any circle can be obtained by writing xx, for x%, yy, f‘or Rt
x--x, for 2x and y+y, for 2y.

Ex. Find the equation of the tangent to the circle
xt4y2—4y—1=0
at the point (2, 1).

2.2 Intersection of a circle and a line

Let x4 yteg? I
and y=mx-+tc 2
be the equations of a circle and a line, respectively.

For the points of intersection we solve (1) and (2) simultaneously
and we get

x4 (mx+c)pP=at

ie. (14 m®)x242mex-+et—a*=0, 3)

Since equation (3) is quadratic in x it gives two values of x which
may be real and distinct, coincident or imaginary. Accoriingly
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there are two points of intersection of the circle (1) and the line
(2). Hence a line always cuts a circle in two points which may be
real and distinct, coincident or imaginary.

2.3 Condition of tangency. To find the condition when the line
y=mx+c becomes a tangent to the circle x*+y*=a®.

First Method. It is clear from equation (3) in § 2.2 that the
line y=mx-c is a tangent to the circle x*4- y*=a?if the roots of the
equation (3) in § 2.2 are equal for which

mici=(1+4m*)(c?—a?)
ie. c=a+/1+m?,
which is the required condition of tangency.

Second Method. Equation of the tangent to the given circle

x3-}y*=a® at any point (x,, y,) is
xx,+yy=a’.
The line y=mx--c is a tangent to the given circle if

xx+yy—al=mx—y+tc

—at
= s QD ¢ Wy
m —1 ¢
- x=—a=my_a’
1 ¢ ’l""c‘

But (xj, y,) lies on the given circle.

s ()

> c=a\/1+m?

which is the required condition.

Third Method. The line y=mx--c is a tangent to the circle
x*+4y*=a* if the perpendicular distance of the line from the centre l
of the circle is equal to the radius of the circle i.e. if

c
Vit

=> c=aVv1+m

=da
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Remarks. (i) The line y=mx-+ay/I+m?® is always a tangent to
the circle x24 y*=q® whatever the value of m may be. In fact, it is
a family of tangents to the circle x2+ y2=a®.

(i7) The line y=mx-+aV1+m® is called the equation of the
tangent in ‘m’ form or in slope form to the circle x4 )*=g?,

(iii) The point of contact of the tangent y=mx-a4/I+m® to
the circle x*-+)y*=a?is

(A 7 )
1+m® Vi+m/)

Ex. Find the condition that the line x cos ¢}y sin e=p may
touch the circle x?4-y2=qa2.

24 Equation of normal. To find the equation of the normal to the
circle x*+y*=a® at any point (x,, y,) on it.
The equation of the tangent at the point (x,, y,) is

xxy+ Yy =a
Slope of the tangent =-—-;—3.
1
. Slope of the normal =%‘.
1

Hence the equation of the normal at (x,,),) to the circle
x*)*=atis

y—.v;=£ (x—x1)

ie. x—xy=0 0O
Following similar lines, one can easily show that the equation of
the normal to the circle x*-+3%+2gx+2fy+c=0 at the point
(xh Y 1]' is
() —=y0t+8)—fra+g3=0.
Ex. Prove that the normal at any point to a circle passes
through the centre of the circle.

2,5 Examples
Example 1. Find the equation to the circle whose centre is at
the point (x, ) and which passes through the origin, and prove
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that the equation of the tangent at the origin is
ax+fy=0.

Solution. Let r be the radius of the circle. Then equation of
the circle with centre («, p) and radius r is

(x—a)*+(y—B)*=r™. )
It will pass through the origin if
al4pi=rt )]

Now eliminating r from (1) and (2), we get
-(x—a)*+(y—B)* =a*+p"
= x2 4. y2—2ax—2By=0. ©)
This is the required equation of the circle.
Further, equation of the tangent to the circle (3) at the origin is
x.04y.0—a(x+0)—p(y+0)=0
ie. ax+By=0.
Example 2. Find the condition that the line Ix+4my-+4n=0 may
be normal to the circle
x34-y34-2gx+ 2fy+e=0.
Solution. The line will be a normal to the circle if it passes
through the centre (—g, —f) of the circle ie.
» I(~g)+m(—f)+n=0
= lg+ mf=n.
This is the required condition.

EXERCISES

1. Find the equation of the tangent to the circle x*+ y*=13 at

the point (2, 3).
2. Prove that the circle x*4-y*—2ax—2ay+a?=0 touches the

axes.
3. Prove that the line Ix+my+4n=0 touches the circle

x4 2gx+2fy+e=0if
(c—fDI2+2fzgIm~+ (c—g*)m* —2n(gl+fm)+ n®=0,
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Prove that the tangent to a circle at any point on it is per-
pendicular to the radius at that point.

Find the equations of the two tangents to the circle x2-)%=4
which make an angle of 60° with the x-axis,

Prove that the line 2x+y=4 is a tangent to the circle

x24 32+ 6x—~10p+29--0,

Find the condition that the line Ix+my+n=0 may touch the
circle (x—hy+(y—k)*=r2,

A line moves so that the sum of the perpendiculars drawn to
it from the points (a, 0), (—a, 0) is constant; show that it
always touches a circle,

Prove that the line x4 y==2 touches the circles x2--y*=2 and
X3+ 324 3x+3y—8=0 at the same point.

Find the vertices of the triangle formed by the tangents at 4,
B and C to the circumcircle of the triangle whose vertices are
A(z! 3)- .B{—.Z, ‘I) and C(_3l _'2)'

For what value of A does the line 4x+2y+7=0 touch the
circle x4 )*—6x+4y—12—0,

Find the equation of the normal to the circle x%4-32=5 at the
point (—1, 2). .
Find the condition that the line Ix+my+n=0 may be normal
to the circle x2 4 y3=g*,

Find the equation of the normal to the circle x4 ¥ —2ax=0
at the point (a(14-cos «), a sin «).

TANGENTS FROM A POINT

3.1 To prove that Jrom any point there can be drawn two tangents,
real or imaginary, to a circle.
Let the equation of the circle be

X pr=g?, ()]

Let P(x;, 3,) be the given point.
Any tangent to the circle (1)is

y=mx+av/ 1+nm?,

whete m is the slope and can take any value. Since the tangent
passes through the given point P(x,, y{), we have
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y=mx,+aV1{m

- (3 —mx)t=a¥(1+m?)

> (x5 —a¥m®—2x,y;m-+yt —a*=0. 2)
This is a quadratic equation in m giving two values of m (real
and distinct, coincident or imaginary) corresponding to which
there will be two tangents passing through the point P(x,, y,). The
two tangents will be real and distinct, coincident or imaginary
according as the two roots of equation (2) are so. But the roots

of equation (2) are real and distinct, coincident or imaginary
according as

4xiyi—A(xi—a’)(yi—a®)>=or<0
i.e. according as

x4y —a*> = or <0.

But this is the condition for the point (x,, y;) to be outside, on or
inside the circle. Hence from a point there can bs drawn two
tangents to a circle and these tangents will be real and distinct,
coincident or imaginary according as the point lies outside, on or
inside the circle.

Note. This result can also be obtained by considering the general
equation of the circle.

3.2 Pair of tangents from a given point. To find the equation of
the pair of tangents drawn from an external point A(x,, y,) to the
circle x*4y3=al.
First Method. Let P(x’, ) be any point on the locus (i.e. on
either of the tangents). Then the equation of the line AP is
yl

yn=p— (—x)

ie X' =p)—y(x' —x)+x'y,—y'%,=0. Q)
Since AP is a tangent which touches the circle at Q, the per-

pendicular distance of the line (1) from C'is g, the radius of the
circle i.e.

' ’
XV —VX,

=a
VX =X+ —y)?
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Fig. 5.7

= ' n=yxP=a{(x'—x)*+0/' =)}

Hence the locus of (x', »') is
(Nn—yx)=a{(x—x)*+(y—r)*}

After simplification and rearrangement of the terms this can be

written as

(x*+r*—a®)(x3 +y1—a)=(xx,+yy,— )

This is the reguired equation of the pair of tangents.

Hence, using the notations:

=x+yt—at
Si=xt+yi-at
T=xx,+yy—a%

we find that the equation of the pair of tangents drawn from the
point (xy, 3,) to the circle x*4y*=a®is
T*=88,.
Second Method. The equations of a line through A(x,, y,) making
an angle 6 with x-axis are
X=X_JY—Nh
cosB sinb O

r being the algebraic distance of the point P(x, y) from A(x,, )
measured along the line. Therefore, the coordinates of a point on
the line which is at a distance r from A(x,, ;) are given by
x=2X;-+rcos 0
y=y,-rsin 0.
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If this point be on the circle, we must have
(x,+r cos 0)2+(y,+r sin 0)2=a?
ie. (cos® 04-sin?0) r®-+4+2(x, cos 8+ y, sin 0) r+x3 4y} —a®=0.
But this is a quadratic equation in r giving two values of r corres-
ponding to which there are two points common to the circle and
the line (1).
Now,if the line (1) be a tangent to the circle, both the values of

r given by the quadratic equation must be equal. Therefore, we
must have

(x, cos 64y, sin 8)2—(cos® 64-sin?® 8)(x§ +y? —a?)=0. (1)
This equation gives us the value of 0 i.e. the direction of the line
(1) so that it may become the tangent to the circle. To obtain the

actual equation of the tangent (s), eliminate 6 between (1) and (2).
Thus the equation of the tangents is

P ()22

={(Z2) '+ (52) psttrt—ay

2> (xx;+yy,—xi—yi)?
={x*+y*+-x}+r] =2(xx+yyvHx3+ y: —a?)
> (xtn— @Y =(*+y'—a)xi +yi—a’).

Using the symbols S, S, and T as earlier, we find that the equation
of the pair of tangents is

T?=§S,.

Note. The equation of the pair of tangents drawn from the
point (x;, ¥;) to the circle given by the general equation

x4y 2gx+2fy+c=0
is T2=8S,, where
S=x4y2+ 2gx+2fy+c
S, =x¥ 14 28x; + 2/ e
T=xx,+yy+g(x+x)+fy+y)+e. .



96 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

3.3 Length of the tangent. 7o find the length of the tangent
drawn from an external point A(x,, y,) to the circle
x4y 2gx4-2fy+c=0.
Let the tangent drawn from the point A(x, y,) to the given circle
touch it at the point T.
T

Alx,,y,)

Fig. 5.8

Then CT'=radius of the circle
~VET—c
and AC=Vix TP+ 0r T
Now in right angled triangle ACT, we have
AT*=AC*~CT?
=0+ 8+ On+)2—(g*+*—c)
=x1+yi+2¢x,+ 2y +e.
Hence the length of the tangent from the point (x,, y,) to the
circle x*+y*+2gx+2fy+c=0 is
Vxi+y5+2gx,+2fy,+c.

Working rule. After the equation of the circle being written in
the form so that each of the coefficients of x? and y? is unity and
the right side is zero, write x, for x and y, for y in the left side of
the equation of the circle and then take the square root. This
gives the length of the tangent from the point (x;, y,) to the circle.

Ex. Find the length of the tangnnt from the point (—3, 4) to
the circle

X2yt —dx—6y—3=0,
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.34 Example. The angle between two tangents to the circle
x%4- y®=aq? is constant and equal to «. Prove that the locus of
their points of intersection is given by
4a¥(x*+y—a%)=(x*4y*—2a%" tan® a.
What haprpens to this locus if a=mn/2?
Solution. Let (h, k) be the point of intersection of the two
tangents to the given circle. Then, the equation of the pair of
tangents is

(24— )l gk — o) = (xh+yk—a)?
= x%(k2—a?)—2hkxy +y*(ht—a®)-+first degree terms
~+constant terms=0.

Since « is the angle between the tangents, we have
_2\/h’k'-—(k’—~a‘)(h“-—a’]
- k*—a®+-hr—a?
~ 4a%(3 -+ k*—a?)=(h*+k*—2a% tan?® a.
Hence the locus of (k, &) is

4a%(x3+y*— a*)=(x2+4-y*—2a? tan? .
When a=mn/2, the locus becomes

x34yi=2a%

tan «

EXERCISES

1. Prove that the pair of tangents from the point (1, 2) to the
circle x2-} y2—4dx--2y=0 are mutually perpendicular.

2. Find the equation of the pair of tangents from the origin to
the circle x2-+-y*+2gx-+2fy+c=0.

3. From any point on the circle x2-4-y?4-2gx+2fy +-¢=0 tangents
are drawn to the circle

x4y +2gx+2fy+-c sin? «+(g*+f?) cos® a=0.
Prove that the angle between them is 2z.

4. Find the length of the tangent drawn from the point (a--5,
a—>b) to the circle

x24-32 1+ 2bx—3b%=0.
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5. Prove that the locus of a point, which moves so that the
tangents from it to the two circles
xt+yt—5x—3=0, 3x*+3y?*+2x+4y—6=0
are equal, is a line.

4. CHORD OF CONTACT

The line through the points of contact of the tangents drawn froma
point (x,, ¥,) 1o a circle (or a conic in general) is called the chord of
contact of rangents from the point (x,, y,) to the circle (or-conic).

4.1 Equation of the chord of contact. To find the equation of the
chord of contact of tangents drawn from the point (x,, y,) to the
circle x*+4y*=at.
Let A(x', ') and B(x", x") be the points of contacts of the tan-

gents drawn from the point P(x,, y,) to the circle

x4 yt=at. m
Then, the equations of the tangents at the points 4 and B to the
circle (1) are

xX'x+yy=a*

and x"x-4y'y=a%

AlX,y)

P(xp’I}
B{X“,Y']

Fig. 5.9

But each of these tangents passes through the point P(x,, y,)-
Therefore

X' xy by yy=at
and x"x, 4y 'y =a
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It is clear from these relations that (x’, ) and (x", '') both satisfy
the equation

XXy + yy 1=al .
This is the required equation of the chord of contact of the tangents
drawn from the point P(x,, ,).

Remarks. (i) We note that the equation of the chord of contact
of tangents drawn from a point (x;, ,) to a circle is of the same
form as that the equation of the tangent at the point (x,, y;) to the
circle, The reason is simple since in case the point P(x,, y,) lies on
the circle, the points 4 and B both coincide with P, and in this
limiting position the chord of contact becomes the tangent to the
circle at the point P(x;, ;).

(i) If the point P(x,, y,) lies outside the circle, the situation is
quite simple and clear geometrically also.

(i) If the point P(x,, »,) is inside the circle, the tangents drawn
from the point P(x,, y,) to the circle will be imaginary. But the
chord of contact still exists and is real since x; and y, are real.
Thus, there is a real line joining the imaginary points of contact
of the two imaginary tangents drawn from the poiat inside the
circle. This is consistent with the result that a line always meets a
circle in two points, real or imaginary.

Thus the chord of contact of the tangents drawn from a point
(x;, ¥1) to a circle always exists and is real whatever the position
of the point P may be, outside, on or inside the circle.

4.2 Example. Tangentsare drawn from the point (h, k) to the circle
x%-4y®=a® Prove that the area of the triangle formed by them and
the line joining their points of contact is

ﬂ(ﬁ'-i—k’-——a’)'ﬂ.
hFkE
Solation. Let A4 be the point (h, k) and PQ the chord of contact
of the tangents drawn from A(h, k). Then the equation of PQ is
Let AM be the perpendicular drawn from 4 on PQ. Then
AM=perpendicular distance of (1) from Ak, k)
Ik

ViR
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Also AP=length of the tangent=+/F*+k*—a’.
Now in right angled triangle APM,
PM*=AP*—AM? '

hi4-ki—qgt)? h34+k2:—a
=(fl'-|-k'—~a‘)—( B k? ] “a’( WB+k: o)
Hence the area of the triangle APQ is

2(} PM.AM)

_WHEE~a® (B*+k*—a®)

CVEEEE VE+k
a(h*+ k*— %2

=TURRE

EXERCISES

1. Find the equation of the chord of contact of the point (4, 3)
with respect to the circle x2+4y*—3x+12y+6=0.

2. Find the equation of the chord of contact of the point (a, —b)
with respsct to the circle x4 y*-;-2ax—2by+a*—b*=0.

3. Prove that the chord of contact of the’point (1, —2) with respect
to the circles x*+3*+6y+5=0 and x24y*+42x+8y+5=0
coincide.

4. Find the condition that the chord of contact of tangents from
the point (x,, ) to the circle x3-y2=4* should subtend a
right angle at the centre.

5. Find the locus of a point the chord of contact of the tangents
from which subtends a right angle at the centre of the circle
x34y2=at,

5. POLE AND POLAR

The Polar of a point with respect to a circle(or a conic in general)
is the locus of the points of intersection of the tangents drawn at the
end points of chords through that point and the point is said to be the
pole of the polar.

Let P be a point outside or inside the circle. Take three chords
PAB,, PAB, and PA,B,. Let the tangents at the ends of these
chords meet at points 7y, T, and Ty, respectively. Then the path
of the points T's is, in fact, the polar of the point P. One may
refer to Fig. 5.10(a) when the point P is outside the circle and to
Fig. 5.10(b) when the point P is inside the circle.
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5.1 KEquation of the polar. The find the equation of the polar of .
‘he point (x,, y,) wiih respect to the circle x*+y*=a®,

Let P(x’, ») be any point on the locus ie. the point of inter-
section of the tangents drawn at the extremities of a chord through
the pCIiIlt (xl.! yl.)-

The equation of the chord of contact of tangents from (x’, y’) is
xxX'4yy =a’.

But it passes tnrough the point (x,, y,).

S x X'y =at

Hence the locus of (x', y') is
xx,+yy=a'.

Note. The terms pole and polar are correlating and these terms
here are nothing to do with those occurring in polar coordinates.

52 Pole of a line. To find the pole of a line Ix--my-+n=0 with
respect to the circle x*+y*+a®

Let (x,, ¥;) be the pole of the line /x--my+n=0 with respect to
the circle x*-+)*=a.

Then this line must be identical with the polar of (xy, y,) with
respect to the cicle x2+y*=a? i.e. with

xx;+yy=a

- ﬁﬂ&:j
-t I m n
atl

X1= —?
= a'm

n=—g

ll 2

Hence the required pole is (—- %, - % .

Ex. Find the pole of the line x2y—1=0 with respect to the
circle x2+y*=3.

5.3 Propositions on polars.
Proposition 1. The polar is perpendicular to the line joining the
centre to the pole.
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Let £3-4yr=gt
be the equation of the circle and P(x,, y;) the pole.
Then equation of the polar is
XXy t+yy=a’.
Now  m,=slope of the polar = —?
1
my=slope of the line joining the centre to the pole
(xh y!)
=
X1
We note that mym,=—1. Hence the proposition follows.

Proposition II.  The pole and the point of intersection of the
polar with the join of the centre and the pole are inverse points*with
respect to the circle x24y2=q?,

Let C be the centre of the circle and Q the point of intersection
of the polar with CP, where P(x,, y,) is the pole. Then, by Pro-
position I, we note that

CQ—nperpendicular distance of C from the polar of P
—
Vit
and CP=+/x3-4+y% .

5 CP.CQ=a"~=(radius)t.

Hence the points P and Q are the inverse - points with respect to
the circle x*--y2=aq?®,

Proposition IIL.  If the polar of a point P passes through the
point Q, then polar of Q passes through P.

Let (x1, »,) and (x,. y,), respectively, be the coordinates of P

and Q. Since the polar of the point P passes through the point 0,
we have

XX+ Y y=at

But this is the condition also that the point (x4, »,) should lie on
the line
xxy+yyy=at,

*Two points P and Q are said to be inverse points with respect to a circle
if CP.CQ=(radins)?, C being the centre of the circle.
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which, in fact, is the polar of the point Q. This proves the
proposition.

Two points such that each lies on the polar of the other are called
conjugate points,

Proposition IV. If the pole of a line L, lies on another line L,,
then the pole of L,, lies on L,.

Let P(x,, y,) and Q(x,, y,) be the poles of the lines L, and L,,
respectively. In other words, L, and L, are the polars of P and Q,
respectively. Since the polar of Q passes through P, by Proposi-
tion IIl, the polar of P(i.e. the line L,) must pass through Q.
Hence the proposition follows.

Two lines such that each contains the pole of the other are called
conjugate lines.

Proposition V. If the polars of any two points P und Q meet in
R, then the polar of R is the line PQ.

Let (x,, y,) and (x,, y2) be the coordinates of the points P and
@, respectively. Then the polars of P and Q with respsct to the
circle x*-;-y¥=a? are
) xx;+yy=at .

and XXg+Yyg=a® }
By solving the simultaneous equations the. coordinate of R are
given by :
( a(py—y1) '_a’(x!—xl)) :
X\ Yy—Xgh1 | XYy~ Xely
Now the polar of R is
xa¥ys—n) J’ﬂ'(xa—xﬂza,
X Vp—Xe¥y  XaYy— Xy,
Ya—h
Xp—X,
which, in fact, is the equation of the line PQ.

= y=n= (x _xl)r

54 Examples

Example 1. Prove that the locus of a point whose polar with
respect to the circle x*-+y*=a? touches the circle (x—c)*+(y—d)*
=b%is b¥(x?+y) =(a*—cx—dy).

Solution. Let (4, k) be a point on the locus. Then its polar
with respect to the circle x*+y*=a® is

Xh+-yk=a%
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" This line will touch the circle (x—¢)*-(y—d)*=5? if the perpendi-
cular distance of it from the centre of the circle is equal to the
radius i.e. if
a*—ch—dk 5
Vit
= bRk =(a*—ch—dk)®.
Hence the locus of (k, k) is
b x4y =(a*—cx—dy).
Example 2. Prove that the lines
lx+myy+n=0 and Lx+my-+n,=0
are conjugate with respect to the circle
xipyt=at if (hly-+mmy)ad=nn,.
Solution. Let (x,, y,) be the pole of the line /x-+m,y+n=0.
Then its polar with respect to the given circle is

xXxy+yy=a*

But !, x--my+n,=0 and xx,4-yy,—a*=0 are identical. There-
fore, we have

. hoh_—d

¥
L m n

3 - ’ ’ .
which gives x,:—a-n—!‘- and y:=__f;ﬁ. The given lines are
1

1
conjugate if the point (x,, y,), pole of hx-+myy-+n=0, lies on
Ipx+myy+ny=0ie. if

atl am
(=G ) (- ) =0

ie. if (Idy+mym,) a*=n,n..

EXERCISES

1. Find the polar of the poiat (3, — 1) with respect to the circle
x34yt=4,

2. Find the polar of the point (1, —1) with respect to the circle
x2-4y*dx -8y —5=0.
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3. Find the pole of the line 2x 4-3y—6=0 with respect to the circle
x'+y‘= 5.

4. Find the pole of the line 3x —2y—5=0 with respect to the circle

x3 4324 2x—4y—4==0.

5. Find the locus of a point whose polar with respect to the circle
x2-}y*=qa? touches the circle

(x—a)*+y*=at.

6. Prove that the polar of a given point with respect to anyone of
the circles x*-+y*—2kx-+c?=0, where k is variable, always
passes through a fixed point, whatever the value of k be.

7. Prove that the polar of the point (p, ¢) with respect to the
circle x2+y*=a® touches (x —c)*-+(y—d)2=53, if

b (p*+-9*)=(a*—cp—dg)*.

8. Find the locus of a point P which is such that its polar with

respect to one circle touches a second circle.

6. CHORD WITH GIVEN MIDDLE POINT

6.1 To find the equation of the chord of the circle x*--y*=a® in
terms of its middle point (x,, y,).

First Method. The equations of a line through the point
(xy, yy) are

x__x‘l — J:—-:h:
CosO  sing M

0 being its inclination with the x-axis and r the algebraic distance
of (x, y) from (x,, y,) measured along theline. Then any point
on the line has the coordinates (x,+r cos 0, y;+r sin 6) and this
point will be common to the circle if
(xy+r cos 0)>+(y,-+r sin 0)°=a®

i.e. (cos?0-+-sin? 0) r*4-2(x, cos 04y, sin 0) r4-x§+yf—a*=0. (2)
This equation being quadratic in r, gives two values of r. Since
(x1, ¥y is the middle point of the chord, the two values of r given
by equation (2) must be equal in miagnitude and opposite in sign
i.e. the sum of the roots of equation (2) must be zero.

Xy o8 04y, sin 0=0. 3
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This equation gives us the suitable value of 0 so that the line (1)
may be the chord of the circle having (x,, y;) as the middle point.
Therefore, the equation of the chord 15

() on ()

le. xxy+yym=xi+)i.

Hence the equation of the chord of the circle x*+y*=a® in terms
of its middle point is

xxy+yn=x1-+y3.

Using the notations of § 3.2, the equation of the chord can be
written as

T=S,.

Second Method. The equation of any line through the point
M(x,, ») is
Y=yy=m(x—x),
where m is the slope of the line.
The point (x,, y,) being the middle point of the chord PQ, CM
is perpendicular to PQ, where C is the centre of the circle.

. 1 X,

—_ =1
i m= Slope of CM N

Q
M(x,y,)

Fig. 5.11

Hence the equation of the chord of the circle x%+)*=a®in terms
of its middle point (x;, ¥,) is

X
}"'}'l.: _)T: (x=x))
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Le. XX +yh=x1+)i.

Note. The second method is applicable only for the circle
whereas the first method will be applicable alike for other conics
like parabola, ellipse and hyperbola also.

Ex. Find the equation of the chord of the circle

x*-+yt+2gx+2fy+e=0
in terms of its middle point.

6.2 Example. Find the locus of the middle points of chords of the
circle x?--y®=a® which pass through the fixed point (4, k).

Solution. Let (x, ') be the middle point of the chord of the
given circle. Then its equation is

XX +yy =x 4y
But this passes through (4, k).
hx +ky' =x"2-y'%
Hence the locus of (x’, y') is
x*yr—hx—ky=0.

EXERCISES

1. Find the equation of the chord of the circle
x2yt—dx+3y—1=0
whose middle point is (—2, 1).
2. Find the middle point of the chord of the circle
x? -’r}"=a'
lying along the line Ix-+my-+n=0, )
3. Find the locus of the middle points of chords of the circle
x2fyt=al
which subtend a right angle at the point (c, 0). )
4, Tangents are drawn to a circle from a point which always lies
on a given line. Prove that the lccus of the middle point of
the chord of contact is another circle.
5. Find the locus of the middle points of the chords of a circle
which are of constant length.
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7. POLAR EQUATION OF A CIRCLE

To find the polar equation of a circle in terms of the giv d
ius
and the coordinates of the centre. shenra

Let C(r,, 0,) be the cenrre and a the radius of the circle. Let
P(r, 0) be any point on the circle.

P(r,8)

Fig. 5.12

Then from triangle OCP, we have
CP*=0C*-+0P*—20C.OP cos COP

But CP=a, OC=r,, OP=r and £/ COP=0-8,

& a®=r2--ri—2rr; cos (8—0,),
which is the polar equation of the circle.

Corollary 1. The equation of the circle passing through the
pole is

r=2a cos (8—0,).

Corollary 2. The equation of the circle passing through the

pole and having the centre on the initial line is

r—2a cos 0.
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EXERCISES

1. Find the equation to the circle described on the line joining
the points (ry, 8,) and (r,, 8,) as diameter.
2. Find the coordinates of the centre of the circle

r=4A cos 648 sin 0.

3. Find the polar equation of a circle, the initial line being a
tangent.

4. Find the equation to the chord joining the points on the cir-
cle r=22 cos @ whose vectorial angles are 6, and 0, and
deduce the equation to the tangent at the point 6,.

5. Find the condition that the line

:—=A cos 0--B sin 0

may touch the circle r=2a cos 0.

6. Prove that for all values of «, the line r cos (0 —9,)=a--r, cos 6,
is a tangent to the circle

a*=r§+r*—2rr, cos b.
MISCELLANEOUS EXERCISES

1. Find the equation of the circle which passes through three
poiats (0, 1), (1, 0) and (2, 1).
2. Find the centre and the radius of the circle

2(x2-+3%)L 6x— Ty =0,

3. Show that the locus of a point such that the sum of the
squares of its distances from two fixed points is constant, is
a circle.

4. Show that the lccus of a point such that the ratio of its dis-
tances from two given points is constant, is a circle.

5. Find the locus of a point which moves so that the square of
the tangent drawa from it to the circle x*--)*=a® is equal to
c times its distance from the line /x+my--n=0,

6. Find the locus of a point whose distance from a fixed point is
in a constant ratio to the tangent drawn from it to a given
circle.
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7.

8.

10,

11.

12.

13

14,

15

16.

17.

8.

Prove that the locus of a point which moves so that the chords
of contact of the tangents from the point to two fixed circles
are perpendicular, is a circle.

Prove that the locus of a point which moves so that the sum
of the squres of its distances from the the three vertices of a
triangle is constant, is a circle whose centre is ai the centroid
of the triangle.

Find the equation of the circle inscribed in the triangle the
equations of whose sides are x=1, 2y=>5 and 3x—4y=35.
Prove that the circle whose centre is (3, 5) and which touches
the y-axis is x?+)*—6x—10y+25=0. Find the equation of
the other tangent from the origin, and the coordinates of the
point of contact.

Find the coordinates of the poles of the lines 3x—11y—13=0,
8x+y—2=0 and 3x+2y+1=0 with respect to the circle
x24y2—4x+3=0, and show that they are collinear.

Find the length of the common chord of the circles whose
equations are

(x—a)*-+y'=a® and x®+(y—b)PP="0",
and prove that the equation to the circle whose diameter is
this common chord is

(@*-+b%)(x*+)*)=2ab(bx+ay).

Find the locus of a point which moves so that its polars with
respect to two fixed circles are mutually orthogonal.

Find the locus of a point of intersection of the tangent to a
given circle and the perpendicular let fall on this tangent from
a fixed point on the circle.

Prove that if the length of the tangent from (/, k) to the circle
x34-)'=6 be twice the length of the tangent from (%, k) to the
circle x2-4+y?-4-3x+43p=0, then h*-+k*-1-4h 44k +2=0.

A point moves so that the square of its distance from a fixed
point varies as its perpendicular distance from a fixed line.
Prove that it describes a circle. .

A point moves so that the sum of the square of its distances
from the four sides of a square is constant. Prove that the
locus of the point is a circle.

Prove that the locus of the mid-points of the chords of the
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circle x¥4-y*4-2gx-}-c=0 which pass through the origin is the
circle x24y*+-gx=0,

19. The line y=mx+c cuts off a chord of length 2d from the
circle x*-4-y*=qa®. Prove that ¢*==(a®—d®) (1+m?).

20. Prove that the circle on the chord x cos a4y sin a=p of the
circle x3-)%=g* as diameter is

x24y2—a*—2p (x cos a-+y sin a—p)==0.

21. Find the locus of a point the polars of which with respect to
two given circles make a given angle with one another.

22, Find the locus of the foot of the perpendicular let fall from
the origin upon any chord of the circle

x84y 4 28x -2y +c=0

which subtends a right angle at the origin.
Find also the locus of the middle points of these chords.

23. A tangent is drawn to the circle (x—a)*-+)*=b* and a per-
pendicular tangent to the circle (x-+a)*-y*==c%. Find the
locus of their point of intersection, and prove that the bisector
of the angle between them always touches one or other of two
fixed circles.

24. Prove that the distances of two points from the centre of a
circle are proportional to the perpendicular drawn from one
point on the polar of the other.

25. Find the locus of the poles of the line % +-i—’-=l with res-

pect to the circles which touch the coordinate axes.

26. Prove that the locus of the middle points of a system of
parallel chords of a circle is a line passing through the centre.

27. O is a fixed point and P any point on a given circle; OP is
joined and on it a point Q is taken so that OP.0Q=k%, a
constant quantity. Prove that the locus of Q is a circle which
becomes a line when O lies on the original circle.

28. The distances from the origin of the centres of three circles
x*+y*—2hx=c* (where c is a constant and A a variable) are
in geometrical progression. Prove that the lengths of the
tangents drawn to them from any point on the circle x2-y*—=c?
are also in geometrical progression,

29. From any point on one given circle tangents are drawn to
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another given circle. Prove that the locus of the middle point
of the chord of contact is a third circle.

30. Prove that the equation of a line meeting the circle x3+4)2=43
in two points at equal distances d from a point (x,, y;) on the
circumference is

X6y 4=,
Apply this to find the equation of the tangent at (x;, y,).



CHAPTER VI
SYSTEMS OF CIRCLES

1. INTERSECTION OF TWO CIRCLES
Let the equaticns of the two circles be
S, =x4yM-2g,x-+2f,y+¢,=0 )
Se=x24-y2 128, + 2fpy €y =0. 2)
Now consider the equation S,-+AS;=0, where A is an arbitrary
constant. The equation takes the form of
(l-i-?k)x’-l-(l+1)y'+2(g,+lg,)x+2(f1+?tf,)y+c,+lc,=0. (3)
The coordinates (x, y) which satisfy (1) and (2), also satisfy (3).
Therefore, equation (3) represents, in general, a curve (circle or
line) through the points of intersection of (1) and (2).

CaseI. a=—1. Equation (3) becomes a linear equation in x
and y, and as such represents a line through the common points
of the circles (1) and (2).

Note. There is oniy one line through the points of intersection
of the two circles. As such there are two points of intersection,
real or imaginary, of two circles. When the two points are real
and distinct, the line §;—S,=0 is the common chord of the two
circles whereas in case the two points are coincident, the line
§y— §,==0 is the common tangent of the circles §,=0 and S,=-0.
Finally, when these circles do not meet in real points, still the
equation S,—S,=0 represents a real line which of course passcs
through the imaginary common points eof the circles $;=0 and
S,=0. In this case this line may represent some other locus.

Case II »3=—1. Equation (3) represents circles through the
common points of the circles §;==0 and §,=0. In this casc it
gives a family of such circles since for each value of A(s=—1) there
is a member of the family.

1.1 Angle of intersection of two circles.
Let there be any two circles intersecting at points P and Q. It
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is well known from the elementary geometry that the angles
between the tangents to the two circles at point P is the same as
at Q.

The angle of intersection of any two circles is the common value
of the angle between the two tangents at their point of intersection,

Two circles are said to cut orthogonally if their angle of inter-
section is a right angle.

1.2 Condition for orthogonal intersection of two circles.
To find a necessary and sufficient condition for the circles

Xty 428 x+ 2fiy+ ¢, =0 O]
and x24334-2g x +2f, v+, =0 )
to .cut orthogonally. .

Let 4 and B be the centres of the two circles, and P the point of
intersection. Suppose the two circles cut orthogonally. Then the

tangents at P to the two circles are at right angles. But the tangent
to a circle is always at right angles to its radius.

Bl-4-1,)

Fig. 6.1

Therefore, / BPA is a right angle and so

AB*=AP*+PB*.

But AB'=(8,—8 )"+ (fi=fo)
AP'=gl+f1—¢,
and PB=gi+f1—c:

(&8 +(i—f)=gi+fi—crgi+/i—C
= 2mg, 2=t
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This is the required necessary condition for the circles (1) and
(2) to cut orthogonally. This condition can also be proved to be
sufficient by working the same steps backwards.

Ex. Prove that the circles 2x?+4-2y*—7x+5=0 and
x%+4y*—6x+4y+8=0 cut orthogonally.

1.3 Exumples
Example 1. Find the equation of the circle which cuts ortho-
gonally each of the circles

x*+y*+2x+17y+4=0,

x3 4y +Tx+46y+11=0,

x¥4yt—x4-22y43=0.
Solution. Let the equation of the circle be

X34 y2--2gx+2fy +-c=0. O]
It will cut orthogonally the given circle if )
28+ 17f=c+4, )
Tg+6f=c+11, 3)
—g+22f=c+3. 0!

Subtracting (2) from (3) and (4) from (2), we get
. Sg—11f=T7 and 3g—5/=1,

which giye g=—3 and f=—2.

Substituting these values of g and fin (2), we get c=—44.

Hence the required equation of the circle is

x34-y2—6x —4y—44=0.

Example 2. Find the equations of the circles which intersect the

circles x2-y?—6y+1=0 and x*+y*—4y-1=0 orthogonally and

touch the line 3x+4y+5=0.
Solution. Let the equation of the circle be

x3-4y84-2gx 4 2fy+c=0. M

It will cut the given circles orthogonally if
—6f=c+1 and —4f=c+1,
which give f=0 and ¢=—1. Therefore, the circle (1) becomes

vty 2gx—1=0, @
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This circle will touch the line 3x-4-4y-+5=0if the distance of the
line from the centre of the circle=the radius of the circle, i.e.

—3g+5

TR Ve
= g=0or -—-ls—s.
Substituting these values of g in (2), the required equations of the -
circles become

x'+y‘m 1; 4(,':‘-{-}") —15x—4=0.

Example 3. Prove that the two circles which pass through the
two points (0, @) and (0, —a) and touch the line y=mx+-c will cut
orthogonally if c*=a%(2+m?).

Solution. Let the equation of the circle be

x34yt2gx -+ 2fy +k=0. )}
It will pass through (0, a) and (0, —a) if
a*+-2fa+k=0
and a*—2fa+k=0.

On solving these equations, we get
J=0 and k=—at.
Therefore, the equation (1) becomes
x5y 2gx —a?=0. (2)

This circle will touch the line y=mx 4-c if the distance of the line
from the centre of the circle equal to the radius of the circle i.e.

—gm--c
=+/g'1a
Vmiil Ve
= &'+ 2gem+a*(1+m*)—c*=0.

Let g,, g, be the roots of this equation. Then
g1 +8;=—2cm and g,g,=a*(l -+-m?¥)—c?;
and the equations of the two circles are
X422, x —at=0,
x24y2 4 2g,x—a?=0,
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These circles will cut orthogonally if

2g,8y=—2a"
a*(14+m?)—c'=—a?
A=a*(2-+m?).

EXERCISES

Prove that the circles .

x34)y2—8x—2y+16=0
and 3x24-3y2—14x423y—15=0
cut orthogonally.

Find the equation of the circle which passes through the origin
and cuts orthogonally each of the circles

x4 y—6x+8=0 and x*+)*—2x—2p—T=0.
Find the equation of the circle which passes through (1, 1)
and cuts orthogonally each of the circles
x84yt —8x—2y+416=0

and x4y —dx—4y—1=0.
Find the equation of the circle which passes through (3, 0),
cuts orthogonally the circle x2+-y2—6x+4y—3=0 and touches
y-axis.
Find the equation to the circle cutting orthogonally tne three
circles

x34 0 —2x+3y—7=0,

x4 324 5x—5y+9=0,
and 224yt Tx—9y+29=0.

Find the equation of the circle which cuts orthogonally each of
the three circles

x+4y=a,
(x—c)+r=at,
x2-(y—b)*=d’.

Find the equation to the circle passing through the points
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(1, 0), (4, 0) and (0, 2). Prove that this circle cuts orthogonally
the circle x2+y2=4,

8. Prove that the the two circles which pass through two points
(a, 0) and (—a, 0) and touch the line /x-+my-+n=0 will cut
orthogonally if a®(2/*--m?)=n?,

9. Find the locus of the centre of the circle which cuts two given
circles orthogonally.

10, Prove that any circle which passes through the point (b, 0) and
cuts the circle x*-+)*=q? orthogonally also passes through the

point( u .o)

11. Prove that any circle which passes through the point («, ) and
cuts the circle x?4-p*=¢? orthogonally also passes through the

el _cB
point (E-":ﬂ_" ;';:“_‘E').

12. A circle has its centre at the point (1, 2) and passes through
the point (0, 3). Find its equation and also that of the circle
whose centre is at the pomt (4, 3) and which cuts the first
circle at right angles.

13. A and B are the centres of the circles x®-+)%+4x—2y4-4=0,
x%¥4y2—2x+6y+1==0. Find the equation of the circle whose
centre lies on AB and which cuts both the circles orthogonally.

14. If the equations of two circles with radii @, a’ are §=0, $'=0;

prove that the circles g:];%'no will intersect orthogonally.

15. AB is a diameter of a circle. Prove that the polar of 4 with
respect to any circle which cuts the first circle orthogonally
passes through B.

2. RADICAL AXIS
Radical axis of rwo circles is the locus of a point which moves so
that the lengths of the tangents drawn from it to the two circles are

equal.

2.1 Equation of the radical axis. To find the equation of the
radical axis of two circles.

Let the equations of the two circles be
x4y +28,x4-2fiy+e,=0 )
and x40 2g0x +2f -+ c=0. @
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Let P(x', ') be the moving point on the locus from which the
lengths of the tangents drawn to the circles (1) and (2) are equal
ie.

PQ=PR
P (X", Y!}
Q R
Fig. 6.2
But PQ=length of the tangent to the circle (1) from
P(x', y")
-='\/x"-]—y"+2g,x'+2f,y'+c,,
and PR=Ilength of the tangent to the circle (2) from
P(x', ¥)

=V 1y +28,x'+2fy +c,.
S VYT g X 1 2 e = VX YR 2 X 2y e,
= g, —8)X" - 2(i—f '+ ey—c,=0.
Hence the locus of (x', ') is
2(g,—8)x+2(f,—f)y+e;—6,=0,

This is the required equation of the radical axis of the circles
(1) and (2).

Remark, The equation of the radical axis being linear in x and

¥, Tepresents a line.

Working rule. In order to obtain the radical axis of two circles,
reduce the equations of the circles to the standard forms in such a
way that the coefficients of x* and »* are unity in the equations of
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the circles and then subtract one cquation from the other. Thus
the radical axis of the two circles
S, =x 4y 428, x+2f,y+¢,=0,
Sa=x*+y'+28x+2fyy+=0
is S§1—S,=0.

Note 1. Radical axis is a line through the common points,
real or imaginary, of the two circles (compare the equation of the

SSAS

N
N

Fig. 6.3 (a) Fig. 6.3 (b)
Fig. 6.3 (¢} Fig. 6.3 (d)
Fig. 6.3 (&)

radical axis with that of the line through the points of intersection
of the two circles as obtained in §1). As such, the concept of the
radical axis seems to be wider than that of the common chord or
the common tangent of the two circles. Fig. 6.3 (a) shows the case
of two intersecting circles and the radical axis coincides with the
common chord of the circles. Fig. 6.3 (b) and Fig. 6.3 (c) explain
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the cases of non-intersecting circles whereas Fig. 6.3(d) and Fig. 6.3(¢) -
point out the intermediate case of two touching circles when the
radical axis coincides with the common tangent.

Note 2. In case of the circles having a common chord
Fig. 6.3 (a), the points which lie inside both the circles i.e. the
points on the common chord do not strictly speaking belong to the
locus (i.e. radical axis) since real tangents cannot be drawn from
them to the circles. As such the lengths of the tangents from these
points to the circles have no meaning. This type of anomaly may
be avoided by introducing the concept of the power of a point
(%3, »,) with respect to the circle x4+ 2gx+2fy+4c=0 to be the
expression x3--yi-+2gx,-+2fy;+c¢ irrespective of the fact that this
expression may be positive or negative, and then defining the
radical axis as the locus of a point whose powers with respect to
the two circles are equal.

2.2 Propositions on radical axis

Proposition I. The radical axis of two circles is perpendicular to
the line joining their centres.

Let the equations of the two circles be

x24y2 28, x4+ 2fyy+6=0 O]

and ’ x4y 2g,x 42+ =0, @
The centres of these circles are (—gy, —Jfy) and (—g; —/f9)
respectively. Therefore, the slope of the line joining them is

Radical axis of the circles (1) and (2) is
2(g,—8y) X+2fL—1D) y+er—ey=0.
Its slope is

y= _81—8

L0

Now m,m,—( __g.)( ﬁ%m—-l

Hence the proposition follows.
Proposition 11, The radical axes of three circles taken in pairs
meet in a point.
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Let the equations of the circles be
x4y 128, x 211y +¢, =0
x4+ +2gyx+2fyy +c,=0

and X4y 2g5% + 2y +6=0.
The equations of the radical axes of these circles taken in pairs
are
2(g,—8,) x+2 (/i) y+€,— =0 )
2gy—8) ¥+2 (i—f) y+er—cs=0 @
and 2gs—g) x+2 (fi~f)y+a—e=0. %)

On adding (1) and (2), we get

2(g,—gs) x+2 (f;—f3) y+a—6=0.

This is the same as equation (3) which shows that the coordi-
nates of the point of intersection of the lines (1) and (2) also satisfy
equation (3). As such, all the three lines meet in a point.

The point of concurrence of the three radical axes of three circles
taken in pairs is called the radical centre of the three circles.

Note. To find the radical centre of any given three circles, it is
enough to find the point of intersection of any two of the three
radical axes,

Proposition XII. The difference of the squares of the lengths of
the tangents to two circles from any point in their plane varies as the
distance of the point from their radical axis.

Let equations of the circle be

x4 y34-2g,x+2f,y+6,=0 U]
and xU-+y2 4 2g,x -+ 2f, p 4y =0. @
Let P(x,, y,) be any point in the plane of the circles (I) and (2).
The equation of the radical axis of these circles is
2g,—8;) x+2 (fi—1) y+a—ea=0.
The perpendicular distance from the point P(x,, y1) to the radical
axis is given by
d=2 (8:—8) x, +2 (fi—FI hte—e .
V(e — &) +4(L—N)"
Now the difference of the squares of the lengths of the tangents
drawn from the point P(x;, y,) to the circles (1) and (2) is
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(xi+yi+2g: x4+ 2fp +6)— (x5 05+ 2890+ 2+ ey
=2(g3—8) X, +2(L—f) nta—c

=d V4(&—g) +A(Li~N)P
which is proportional to d.
Proposition IV. If two circles cut a third circle orthogonally, the

radical axis of the two circles passes through the centre of the third
=ircle.

Let the equations of the two circles be

X428+ 2+ 6,=0 M
and x4y 28, X+ 21,y -0y =0, @
The radical axis of the circles (1) and (2) is
2(81—8) x+2(/1—f2) y+e—6=0. 3)
Let the equation of the third circle be
x4y 2gx4-2fy+c=0. 4)

Since the circles (1) and (2) cut the circle (4) orthogonally, we
have

288, +2fi=cte )
and 288, +2ffe=c+cy. ©
Subtracting (6) from (5), we get
2g (8, —8)+2f (i—f)=e,—¢y Q)

The radical axis given by (3) will pass through the centre
(—g, —f) of circle (4) if
—2(8,—8) 82 (i—f) f+6—6=0,

which is true by virtue of (7).
Hence the proposition follows.

2.3 Examples
Example 1. Find the radical centre of the circles
X4yt x+2p43=0, (1
x243242x +4y+5=0, 2)

x34p2—Tx—8y—9=0. 3)
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Solution. The radical axis of the circles (1) and (2) is

x4-2y+2=0, @
and the radical axis of the circles (1) and (3) is
4x4 5y+4-6=0. ()]

On solving (4) and (5), we get x==y=—4%. Hence the required
radical centre is (—&, —2).
Example 2. Find the equation of the circle whose diameter is
the common chord of the circles
x34-2 4+ 2x+3p+1=0
and x4+ y%4-4x+-3y4-2=0.
Solution. The equation of the common chord (radical axis) of
the given circles is
2x+1=0.
Now any circle through the extremities of this chord is
x34y24+-2x 43y +140(2x+1)=0
ie. X34 y2-4-2(14-X)x+3y-+ 14+2=0. (1
The common chord 2x+1=0 will be the diameter of circle (1)
if its centre (—1—2, —%) lie on the chord.
ie. 2—~1-2)+1=0
= A=—4.
Substituting the value of 2 in (1), the required equation of the

circle becomes
x4+ x+3y+3=0.

Example 3. If the circles
x84+ 2gx+-2fy=0
and x24y'+2g'x+2f'y=0
touch each other, prove that f'g=/fz’.
Solation. The radical axis of the given circles is
(g—2") x+(f=f)y=0.
The two circles will touch if the radical axis become the tangent
to any of the circles, i.e.
(g—gN—)+ (S-S A=Sf) FiE
—_— = +
vV (g—¢r+U—r) v
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= f'e=1g,

Aliter. Since the given circles pass through the origin, in case
the circles touch each other, the origin will be the point of contact
and the tangents at the origin will coincide. But the tangents at the
origin are given by

gx-+fy=0and g'x+f'y=0.
Hence, we get

£ _ 1
g f
> Sf'g=fg'.

Example 4. Prove that if the four points of intersection of the
circles x*-+y*+ax-+by-+c=0 and x*+y*-+a'x+b'y+c’'=0 by the
lines Ax+ By+C=0and 4'x+B'y+C'=0, respectively, are concy-
lic, then

i a—a b—b" c—c'
A B C |=0.
A B C’

Solution. Let the four points of intersection lie on the circle

8,==0

Fig, 6.4



SYSTEMS OF CIRCLES

S=x%+4y*42gx+2fy+d=0,

and let the given circles and the lines be named

§,=0, §,=0, L,=0, L,=0, respectively.
The radical axis of §,=0 and $=0 is
L,=Ax+By+C=0.
The radical axis of §,=0 and §=0 is
=A'x-+B'y+C'=0.
The radical axis of 5,=0 and §,=0is
S—S;=(@—a')x+(b—h") y+c—c'=0.
But the lines (1), (2) and (3) are concurrent.
a—a b—b c—c¢'
A B ¢ |=0.
A B c

Hence the result.

EXERCISES

127

M

2

&)

Find the radical axis of each of the following pairs of circles:

() x*+)*4+2x4-3p+4-1=0 and x?--2}-4x4-3p4-2=-0,

(i) x*--y?—3x—4y+5=0and 3x*-3p*—Tx -8By 11=0.

Prove that the three circles
x34-y2-L3x -6y 12=0,
x4y 2x -8By 4-16=0,

and x4 yr4-12p 4240,

have a common radical axis.

Find the radical centre of the three circles in each of the

following:
() xt4y2=9,
X34 yi—-20—2y—5=0,
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and x*+y*+4x4-6y—19=0.
(ii) x40 -2x+6y=0,
x4y —dx—2y+6=0,
and x4 y*—12x-2y-30=0.
(i) X4 y2 4 4x +-7=0,
x4yt+y=0,
and 2x?-+2y*+43x-+5y+9=0.

4. Prove that the locus of the points such that the difference of
the squares of the lengths of the tangents from them to two
given circles is constant, is a line parallel to their radical axis.

5. Find the radical axis of the circles

x4 y24-2g,x+2f v+ 6,=0
and x¥4-yi4+2g.x+2f,y+¢,=0.
Prove that the first of these circles will bisect the circumference
of the other if
28 —g) + 26— f)=c,—¢cs
6. Prove that the circles
x24+y*+2ax+c=0 and x2+)*+2by+c=0
1

. | 1
toi .hlfF+-5|' =

3. COAXAL CIRCLES

Let §,=x"+)"+2g,x+2f,y+¢,=0
and S=x3+ y24-2g,x+2fay+ c,=0
be the equations of any two circles.

Now consider the equation

Sy+ A8, =0, H
where 3 is a constant.

The value A==—1 corresponds to the radical axis S,—S,=0 of
the two circles ;=0 and S,=0 whereas any other value of A yields
a circle. Thus equation (1) represents a system of circles, except
when A=—1. Consider now two distinct values A, and %, of &
such that none of them is —1. Then
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SytMSy=0 and S+2,S,=0

are the equations of the two circles of the family (1), and their
radical axis is given by

SitMhSs  Si+MS;

I+, RSV
- (A2—2)(S;—S)=0
= §1—8,=0 o MFER.

Thus, we note that any two distinct circles of the family (1) have
the radical axis §;—S,=0 which is independent of A.

A system of circles is said to be coaxal if every pair of circles of
the system has the same radical axis.

Thus §,+2AS,=0 represents a coaxal system of circles.

To prove that the centres of all circles of a coaxal system are
collinear and lie on a line perpendicular to the common radical axis.

We note that the centre of the coaxal system S;+AS,=0 is

(__g:ﬂg. _ﬁ+lf,)

I TS e
- This isa point which lics on the line joining the centres of the
circles S;=0 and 5,=0. Thus, the centres of all the circles in the
system are collinear. It is trivial to see that the line joining the
centres (—g,, —/f;) and (—g,, —f;) is perpendicular to the common
radical axis S;—S,;=0.

3.1 Standard form of the equation to a coaxal system.

To find the equation of a coaxal system of circles in its standard
form.

Let us choose the line of centres as the x-axis and the common
radical axis (perpendicular to the line of centres) as the y-axis.

Since the centre of each circle lies on the x-axis, the y-coordinate
of it is zero. As such any two circles from the system may be
represented by the equations

x84y 2gx+c=0
X434 28" x4 ¢'=0 {*

The radical axis of these circles is
2(g—g") x+ec—c'=0.

1
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But the radical axis is x=0
c'=c.
Hence the equation of any circle in the system takes the form
x4y 2gx+c=0,

where the constant term ¢ is fixed for the whole system, and the
coefficient g is a parameter which varies from one circle to another
in the family.

3.2 Intersection of circles of a coaxal system

Let X34y 2gx+e=0

be the equation of a coaxal system of circles with centres on
x-axis and common radical axis as y-axis. The points of inter-
section of the system with its radical axis are given by (taking
x=0)

yi4e=0

= y=:|:~/:-_ﬂ'-

Thus, (0, v/ —¢) and (0, —v/ —¢) are the coordinates of the points
where the radical axis meets a circle in the system. Since these
coordinates are independent of g (the parameter of the system),
every circle of the system meets the radical axis in the same two
points. . -

The points (0, vV —c) and (0, —v/ —c) are called the common
points of the co-axal system.

Now, there are three cases: '
Case . When ¢ is negative, the common points are real and

different [see Fig. 6.5 (a)]. Tn this case the system is said to be of
intersecting species.

Case II. When ¢=0, the common points are coincident [see
Fig. 6.5 (b)] and hence every circle of the system touches y-axis
(the radical axis) at the origin. In other words any two circics of
the system touch at the origin.

Case ITI. When ¢ is positive, the common points are imaginary
[see Fig. 6.5 (c)] and the system is said to be of non-intersecting

specics.
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Fig. 6.5 (a)

Fig. 6.5 (b)

a\/a
|\

Fig. 6.5 ()

3.3 Limiting points of a coaxal system.
The equation

x34y242gx+c=0
gives any circle of a coaxal system which can be written as

(+e)+r=(V g—o

This equation represents a circle whose centre is the point (—g, 0)
and radius=+/gi—¢. If the radius of the circle is zeroi.c.
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g2—c=0, the circle becomes a point circle. But in this case
g=++ve.

Thus, at the particular points (1/¢, 0) and (—+/c, 0), we have point
circles which are in the system.

The points (v/c, 0) and (—+/¢, 0) are called the limiting points
of the coaxal system x4 y*+2gx—+c=0.

We note that the limiting points are real or imaginary according
as ¢ is positive or negative.

Note 1. The limiting points of a coaxal system are real or
imaginary according as the common points are imaginary or real.
Consequently, if the limiting points are real, the system is in the
non-intersecting species whereas if the limiting points are imagi-
nary, the system isin the intersecting species. Hence, we sec that,
except in the second case of § 3.2 which is a compromise between
the two, there are either limiting points or .common points but not
both simultaneously.

Note 2. The circle coaxal with two given circles S;=0 and
S,=0 can be written as S;+AS,=0 or S;+AL=0, where L=0 is
the equation of the radical axis of the two given circles.

3.4 Conjugate system of coaxal circles. A system of circles through
the limiting points, real or imaginary, of a coaxal system is of parti-
cular interest.
To find the system of circles through the limiting points (+4/¢, 0)
of the coaxal system x*+y*+2gx-+4¢=0,
Let the circle given by the equation
x4y +2g'x+2f 'y+-¢'=0
pass through the limiting points (4477, 0). Then
c+2g'v/c4c'=0 }
c—2g'/ct¢'=0
= ¢'=—c and g'=0.
Hence the family of circles through the limiting points (4+4/c, 0)
is given by the equation
x4y 2fy—e=0,
where f (written for f) is the parameter of the famliy.
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Fig. 6.6

Remark. The system of circles x?4y®+ 2% —c=0 represents
another coaxal system of circles having y-axis as the line of centres
and x-axis as the common radical axis. The limiting points of the
system are (0, 44/ —c¢) and the common points are (+4/c, 0).

We note several things relating the two coaxal systems

x24+y242gxte=0

and x4y 2fy—c=0
which are as follows:
(/) The line of centres of either system is the common radical
axis of the other system.
(4i) The limiting points of the either system are the common
points of the other.
(ifi) If either system is of the intersecting species, the other must
be of the non-intersecting species.
(iv) Every member of one system cuts orthogonally every mem-
ber of the other.
To prove that any circle which cuts any two given circles of the
coaxal system
X2+ 4-2gx+c=0
orthogonally is a circle of the system
x4 y?-+ 2fy—c=0.
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Let the given two circles of the coaxal system be represented by
the equations

X+ yL2gx+c=0 (n
and X432+ 2g,x+c=0. (2)
Let X4y 428 %4 2f 'y 4c'=0 3
be a circle which cuts the circles (1) and (2) orthogonally. Then,
we have
2gg"—c—c'=0
28,8 —c—c'=0
= g'=0, ¢'=—c¢.

Thus circle (3) must be of the form
“X¥4y242f 'y —c=0,
which is a member of the family
X2y 2fy—c =0,
Hence, any circle orthogonal to the coaxal system
x+yi-2gx-+e=0,
is in the family x*-+y*42fy—¢=0; and conversely.
Two systems of circles such that any circle of one system cuts any
circle of the other system orthogonally are said to be conjugate

systems (or orthogonal systems) of circles.

Note. Through each point of the plane there is just one member
of each system of the conjugate systems.

Remark. The orthogonal property of two systems of curves
appears in everyday life, for example, in an electric or magnetic
field, lines of force and equipotentials form orthogonal systems.

3.5 Examples
Example 1. Find the radical axis of the circles

x*4+3*4+4x—3=0 and x®+y*46x—8y4+T=0.

Find the equation to the circle coaxal with these two circles and
passing through the point (1, 1).
Selution. The radical axis of the given circles is

(x4 y2dx—3)— (x2+ 24 6x—8y--7)=0
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ie. x—4y+5=0.
The equation to the circle coaxal with the given circles is
x4 y2+4x— 34+ A(x—4y+ 5)=0.
But this circle passes through (1, 1)

3
S A= — z.

Hence the required equation of the circle is
x4+ +4x—3—3 (x—4y+5)=0

ie. 2x34-2y24 5x+ 12y —21=0.

Example 2. Find the limiting points of the coaxal system of
circles determined by

x24+32—6x—4y+3=0 and x*+4)*410x+4y—1=0.

Solution. The equation to the coaxal system containing the

given circles is
x4y —6x—4y+ 3+ (x2 4324 10x+4y—1)=0

6—10n  4—4 3—a

2 —_— . 2 il
= x4yt Y x T y+l-f—l 0. ()]
56 2—-2

. (3— . .
Centre of (1) is (m, m) and the radius of (1) is

(3__—33)‘ +(2—2A 3
[ I+x) 1T+

For limiting points of the coaxal system (1), radius of (1) should

be zero i.e.
3-5a\% [2—2\%* 3—x
(1+A)+(1+A) =0
> A—4+1=0
= a=4, 1.

Putting these values of A in the coordinates of the centre of (1),
we get
(1, 1) and (—1, 0),
which are the required limiting points.
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Example 3. Find the equation to the circle which passes
through the origin and belongs to the coaxal system of which the
limiting points are (1, 2) and (4, 3).

Solution. The equations to the point circles are
(x=1)"+(—2)'=0 | )
x—4)P+(y—3)*=0

The equation to the circle coaxal with these circles is

= DO~ DN — 4+ (7—3))=0. @
But this circle passes through the origin.
1+44-M16+9)=0
= =—%.
Putting this value of A in equation (2), we get
=12 +(—2—Hx—4)*+(—3)}=0
= 2x24- 2yt —x—Ty=0.
This is the required equation of the circle,

EXERCISES

1. Find the coordinates of the limiting points of each of the
pairs of circles:
(i) x4y*+42x+5=0and x*+)»*+2y+5=0.
(iiy x3+y*+4-2x+4y-+T=0 and x2+4p*4-4x+2y+5=0.
(i) a%4-y*4-2x—6y=0and 2x*+2y*—10y+5=0,
(iv) x*+4p*—6x+12y+5=0 and 3x?+3y*-+ 10x—20y+15=0.

2. The point (2, 1) is a limiting point of a coaxal system of the
circles of which x?+4y*—6x—4y+3=0 is a member. Find the
equation of the radical axis and the coordinates of the other
limiting point.

3. A system of coaxal circles is defined by one of the limiting
points (—1, 2) and the circle x*4-»*4-18x-+4y—35=0. Find
the coordinates of the second limiting point and also the
equation of the other circle of the system which has the same
radius as the given circle.
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4.

54

10.

11,

12.

Find the general equation of the system of circles any pair of
which have the same radical axis as the circles

x24324-x—5y—3=0 and x24y?+3x+4-4p+-6=0.

Prove that the equation of the member of the system which
passes through the origin is

3x243y* 4 5x—6y=0.
Find the coordinates of the limiting points of the system of
circles coaxal with the circles x*4-y*—6x—6y+4=0 and
x*+yt—2x—4y43=0. Find also the equations of the circles
of this coaxal system which touch the line

x+y—5=0.
Prove that the limiting points of the coaxal system of circles
*+y+2gx Heth (3 +y242fy+¢)=0
are real if (c—c')'>4( /g2 —/*c—g%").
Find the equation to the circle which is coaxal with the circles
x*+yt-3x—4y+-5=0
and x4y —Sx+2y—1=0

and which passes through the point(3, 1). Find also the radical

axis of the system.

Find the equation to the circle which belongs to the coaxal

system of which the limiting points are (I, —2), (2, 3) and

which passes through the origin.

Find the equation of the circle which belongs to the coaxal

system of which the limiting points are (1, —1I), (2, 0) and

which passes through the origin.

Prove that the polar of one limiting point of a coaxal system

with respect to any circle of the system passes through the

other limiting point.

The circle x?+y?+4x—6y+4-3=0 is one of the circles of a

coaxal system having as radical axis the line 2x—4y+41=0.

Find the circle of the system which touches the line
x+43y—2=0.

Prove that the locus of points, the lengths of the tangents

drawn from them are in a given ratio is a circle coaxal with

the given circles.



138
13.

14.

15.

ANALYTICAL GEOMETRY OF TWO DIMENSIONS

Find the limiting points of the coaxal system given by
x4y b 28 (x4 y—4)—6=0.

Find the equations of the two circles through these points

which have radius 3.

Prove that the polar of a limiting point of a coaxal system

with respect to any circle of the system is the same for all circles
of the system.

The equation to a circle of a given coaxal system is
xt+y2t2ex+2fy+e=0

and the origin is a limiting point of this system. Prove that

the equation to the orthogonal system is

(4393 +1f)-+ (¥4 1) =0.

MISCELLANEOUS EXERCISES

Show that the condition for the two circles
X434 28, x+2f1y +6=0

and X3yt 2g,x 2,y 6==0
should touch is

(28,8 + 2\ iy =421 +f 1~ (82 +S 3 --c).
Find the equation to the circle through the points of inter-
section of the circles x?4-y*=1 and x?+y*+2x+4y-+1=0,
which touches the line x +-2y+ 5=0.
Find the radical axis of the circles x*-+y%+6x+42y+1=0 and
x3-4y2—6x—2y+1=0. Also, find the equation to the circle
coaxal with these two circles and passing through the point
.
The circle x*-+y%+2x+4y+1=0 belongs to a coaxal system
and a limiting point is (0, —2), Find the equation of the
radical axis and coordinates of the other limiting point,
Prove that the circles x*} y2—4y—5=0

and x3-32—6x—12y+4+29=0

intersect each other at right angles. Find the equation of
their common chord and that of the tangent to the first circle
at each point of intersection.
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6.

7.

10.

11.

Prove that the circles x*+4-y?4- 2x—8y+-8=0
and X4 y2 4+ 10x—2y+22=0
touch each other. Find the coordinates of the point of con-
tact P and the equation of the common tangent at that point.
Find the equation to the circle which touches each of these
circles at P and passes through the point (3, 7).
If two circles cut orthogonally, prove that the polar of any
point P on the first circle with respect to the second passes
through the other end of the diameter of the first circle which
goes through P.
Hence prove that the equation of the circle which cuts the
three circles
X242 4-2g, x+2f,y+¢,=0
x24y8+2gyx+2f,y+ ¢, =0
X4y +28,x +2fsy+ =0
orthogonally is

x+g y+h ax+Hfta
x+g y+fy gextfy+e [=0.,

x+gs y+fi X tSfytes

Prove that the common tangent to two circles of a coaxal
system subtends a right angle at either limiting point of the
system.

Prove that the equation to the circle cutting orthogonally the
circles

(x—a)*+(y—b)=b?,
(x—by+(y—ay=a?,

and (x—a—b—c)*+-yr=ab+ct,

is x4 y?—2(a+b) x—(a-+b) y+a*+3ab+b*=0.

Prove that the polar lines of a fixed point P with respect to
the circles of a given coaxal system pass through a fixed point
Q.

Find the limiting points of the system of circles
X3+ +2gx+ e+ Mx* +y* 4 2fy+¢')=0
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12,

13.

14,

15.

16.

17.

18,

19.

20.
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and show that the square of the distance between them is

(c=c'y—4f*g*+4f %+ 4g%’
f*+g
Prove that if a circle cuts two of a coaxal system of circles at
right angles, it will cut them all at right angles.
Prove that the equations of two given circles can always be put
in the form

x4y 4ax+-b=0, x*4+)'4a'x+b=0
and that one of the circles will be within the other if a2’ and
b are both positive.

If 4, B, C be the centres of three coaxal circles and #,, 1,, ty
be the tangents to them from any point, show that

BC-13+CA-t}+AB-12=0,

Prove that the locus of the centre of a circle which cuts three
given circles at the same angle is a line.

If polars of a point P with respect to two given circles meet in
@, prove that the radical axis of the circles bisects PQ.

Prove that as A varies the circles

" x84 )+ 2ax+2by -+ e+ Nax—by+1)=0

form a coaxal system, and find the equations of the radical
axis and the line of centres. Find the equations of the circles
which are orthogonal to all the circles of the given system.
Find the equations of the two circles of radius § each of which
is orthogonal to both of the circles

x2 4324 2x =0, x*4-?—2x—2y=0.

A coaxal system is defined by the circles
x4yl 2ax+-2by+ =0 (a+bi>¢),

and (a*-+-b¥(x*+y+ 2acx -+ 2becy +c2=0.
Prove that the origin is one of the limiting points and find the
equation of the orthogonal coaxal system of circles.
The polars of a point P with respect to two fixed circles meet
in the point Q. Prove that the circle on PQ as diameter passes
through two fixed points and cuts both the given circles at
right angles.
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23,

24,

Prove that the tangents drawn from any peint of a fised circle
of a coaxal systern Ly iwo other fixad circles of the system are
in a coust .t ratio,

Prove that the circles with respect te waich the given linc

I my--n -9
is polar of the origin form 1 coaxal system with radicai axis
20 = 2my -n=0,
Fiad the ccordinutes of the limiting points of this system 2nd
the equation of the system of circles which cuts the systom
orthogonally.
Prove that the limiting points of a system of couxal circles are

inverse points with respect to every circle of the system,
Prove that the limiting points of the system

xtb oyt 2gxt et (xt+y -2y 1 =0
subtend a right angie at the origin if

c k
Ei-}-f—.'-" 2.



CHAPTER VII

THE PARABOLA

1. INTRODUCTION

The parabola, ellipse and hyperbola are cases of curves called
conic sections, or simply conics. The name is derived from the
fact that they may be obtained as sections made by a plane with a
double right circular cone, and they were first studied in this way.
In this book, however, we shall discuss them as loci by means of
equations.

In the present chapter we shall study  the conic section—
parabola. This curve may already have been met in other branches
of mathematics. A projectile, for example, a ball or bullet, travels
in a path which is approximately a parabola. The paths of some
comets are nearly parabolic. Cables of some suspension bridges
hang in the form of a parabola. The surface generated by revolving
a parabola about its axis is called a paraboloid of revolution. A
reflecting surface in this form has the property that light emanating
at the focus is reflected in the direction of the axis. This kind of
surface is used in headlights, in some telescopes and in devices to
reflect sound waves. A comparatively recent application of para-
bolic metal surfaces is found in radar and other microwave equip-
ments. The surfaces reflect radio waves in the same way that light
is reflected and are used in directing outgoing beams and also in
receiving incoming beams,

2. PARABOLA

The locus of a point which moves such that it is equidistant from
a fixed point and a fixed line is called a parabola.

The fixed point is called the focus and the fixed line the directrix.

Ex. Find the equation of the parabola whose focus is (—1, 1)
and directrix is x-+3y+3=0,

The line passing through the focus and perpendicular to the
directrix is called the axis of the parabola.
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2.1 Standard equation of a parabola. To find the equation of a
parabola in its standard form.

Let S be the focus and ZK the directrix. Draw SZ perpendicular
. from the focus S to the directrix ZK.

Take A as the middle point of ZS. Then, by definition, ZS is the
axis and the point A4 lies on the parabola. The point A4 is called
the vertex of the parabola.

Y
K

M P

Fig. 7.1

Take the point A as origin of coordinates, the x-axis along the
line AS and y-axis along the perpendicular to AS at A, as shown
in Fig. 7.1.

Let AS-=a. Then the coordinates of the focus S are (g, 0) and
the equation of the directrix is x=—a. Let P(h, k) be a moving
point on the locus (parabola). Then, by definition of the parabola

SP=MP.
But 'SP=1/(h—-a)’+k’
and MP=ZN=ZA+ AN=a+h.
(h—a)t+-k*=(a+h)?
= k*=4ah,

Hence the locus of (4, k) is
yi=4dax.
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2.2 General equation of a parabola. 70 find the equation of the
parabola whose focus is («,P) and equation of the directrix is
ax+by+4-¢=0,

Let P(h, k) be 2 moving point on the locus (parabola). Then, by
definition

SP=MP.

Fig. 7.2

But SP=+/(h—a)*+(k—B)*

and MP=perpendicular distance of ax-+by+c=0
from (h, k)

_ah+bk-t-c
vair
(ah+-bk+c)?
—r

5 (= (e—pr="0

Hence the locus of (4, k) is
£
(e—a)t (=G LD,

This is the required equation of the parabola



THE PARABOLA 145

23 Tracing of a parabola. To trace the parabola y*=4ax, where
a is positive.

We have the following observations regarding this curve:

(i) No part of the curve lies on the left of y-axis since when x is
negative, the corresponding values of y are imaginary.

(if) The curve is symmetrical about x-axis since for each positive
value of x, there are two equal and opposite values of y.

(iif) x-axis meets the curve only at the point A.

(iv) y increases as x increases and y tends to infinity as x tends
to infinity. Hence the curve extends upto infinity on the right of
y-axis.

Y

Fig. 7.3

2.4 Standard forms of parabola. (i) Theequation of the parabola
with vertex at the origin and focus at (a, 0) is

yi=dax,
Y

A S(Q,O) X

Fig. 74 (a)
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(ii) The equation of the parabola with vertex at the origin and
focus at (—a, 0) is

yi=—dax.
Y
x! Sta,0) JA X
X=a
Fig. 7.4 (8)

(iii) The equation of the parabola with vertex at the origin and
focus at (0, b) is

x*==4by.
Y
S(o,b)
L]
A X
Y=-b
Flg. 7.4 (¢)

(iv) The equation of the parabola with vertex at the origin and
focus at (0, —b) is
x'a-—-—4by.
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Y .

Fig. 7.4 (d)

Remarks. (f) The parabola y*=4ax opens to the right if a>0
[see Fig. 7.4 (a)] and opens to the left if a<0 [see Fig. 7.4 (b))

(ii) The parabola x®=4by opeuns to the upward if b>0 [sce
Fig. 7.4 (c)] and opens to the downward if b<0 [see Fig. 7.4 (d)].

2.5 Latus rectum and focal distance. The chord through focus
parallel to the directrix is called the latus rectum.

The distance of any point on the parabola from its focus is called
the focal distance of the point.
Let the equation of the parabola be

yie=adax.
M Y P/

zZ| A S(oy0) X

M

Fig. 7.5
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Then latus rectum=LSL’

=4q,  LS=2a.
Focal distance of any point P(x, y) on the parabola
=8P

=MP=ZN=ZA+AN=a+x.

2.6 Parabola and a point. To prove that the point (x,, y,) lies
outside, on or inside* the parabola y*—=4ax according as the expres-
sion y—4ax,>= or < 0.

Let the point (x;, »,) be outside the given parabola.

Draw PM perpendicular to x-axis and let it meet the parabola
in the point N. Let ordinate of the point N be y,. Then coordi-
nates of the point N are (x;, y,)-

P(x,,y,)
Y
N(xu)'!}
A M X
Fig. 7.6

The point P(x,, y,) lies outside the parabola if

MP>MN
ie. if MP*>MN3,
But MP*=y} and MN*=y3=4ax,.
Thus the point (x,, »,) lies outside the parabola if y? —4ax,>0.
Similarly, we can prove that the'point (x,, y,) lies inside the
parabola if y§—d4ax,<0 whereas the point (x;, y,) lies on the
parabola if y —4ax,=0.

*By the points inside a parabola, we mean the points lying in the region,
determined by the parabola which contains the focus.
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Hence the point (x,, y,) lies outside, on or inside the parabola
y*=4ax aceording as y}—4ax,>= or <0.

2.7 Example. PQisa double ordinate of the parabola j*=d4ax.
Find the locus of its points of trisection.

Solution. Let (x;, »,) be the coordinates of P. Then the
coordinates of @ are (x;, —y,). Let M and N be the points of
trisection. Then the coordinates of these points are, respectively,
(x1, #3y) and (x,, —#3y).

Let (k, k) be the coordinates of either points of trisection. Then

h=x, and k==1y,

= x,=h and y,=43k
But (x;, y,) lies on the parabola. Therefore
9k*=4ah.

Hence the locus of (A, k) is y’=§9—a x which is a parabola.

EXERCISES

1. Find the equation of the parabola whose
(f) focus is (5, 2) and directrix is x=1=0;
(if) focus is (2, 1) and directrix is 3x+4y=0;
(iii) focus is (1, 2) and directrix is x+y—2=0;
(iv) focus is (4, —3) and directrix is 3x —4y=6.
2. Find the equation of the parabola whose
(i) vertex is (0, 0) and focus is (0, —2);
(ii) vertex is (3, 3) and focus is (—3, 3);
(iif) vertex is (5, —2) and focus is (—2, —2).
3. Find the equation of the parabola in each problem:
(i) vertex (—1, —2), axis vertical; passes through (3, 6).
(i) axis vertical, passes through (0, 0), (3, 0) and (-1, 4).
(iif) axis horizontal, passes through (0, 4), (0, —1) and (6, 1).
4. Find the vertex, focus, directrix and length of the latus rectum
of the following parabolas:
() 5x24+24y=0.
(i) »*+2x—4y+3=0.
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(iii) x*—4x—5y—1=0,

(iv) »*+4x42y—8=0.

A double ordinate of the parabola y*=4ax is of length 8a.
Prove that the lines from the vertex to its two ends are at
right angles.

A variable circle is described to pass through (g, 0) and touch
the line x4+y=0. Prove that the locus of the centre of the
circle is a parabola.

If a circle be drawn so as always to touch a given line and
also a given circle, prove that the locus of its centre is a
parabola,

3. TANGENT AND NORMAL

3.1 Equation of tangent at a point. To find the equation of the
tangent to a parabola at a point on it.

Let V=dax m
be the equation of the parabola and P(x,, y;) be the given point on

i Since (x,, ¥,) lies on (1), we have

Yi=dax, 2
Take QO(x,, y,) any other point on (1). Then
yi=dax,. 3)
The equation of the secant PQ is
S VP
yoh=—- G —x). @
Y
Q (xz F ,2)
/ P(x,,y |)
A X

Fig. 7.7
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As Q- P, by definition, secant PQ becomes the tangent at P and
therefore on taking the limit as xg>x; and y,»y,, equation (4)
would represent the equation of the tangent to (1) at P(x,, »y).
Since on taking the limit, the value of ;’ '_i ! ig of the form %

e |
which is an indeterminate form, we proceed to obtain the same a:
follows.

Subtracting (2) from (3), we get

Yi—yi=4a (x,—x)

Y= 4a
Xg— X1 ys+y1

Thus as Q—>P, x,~>x, and y,—>y;, we get
Yo=Yy 4a 2a
%2,

and hence as Q- P, equation (4) becomes

==

2a
¥y y:—;,‘;(x x1)

= i —yi=2ax-2ax,.
On using (2), we get
yy,-—4ax1=2ax—2ax_l.

Hence the equation of the tangent to the parabola y*=4ax. at the
point (xy, y,) is
yyi=2a (x+x,).

Working rule. The equation of the tangent to the parabola
)*=4ax at the point (x,, y,) is obtained by writing yy, for y* and
x+4x, for 2x in the equation of the parabola.

Corollary. The tangent to the parabola y*=dax at the vertex
is the y-axis.

3.2 Intersection of a parabola and a line

Let VY =4ax )
and y=mx+c 2)
be the equations of a parabolaand a line, respectively. For the
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points of intersection, we solve (1) and (2) simultaneously and we

get
(mnx+c)r=4ax

> m®x2+2(me—2a) x4 c*=0. (€)]
Since equation (3) is quadratic in x it gives two values of x
which may be real and distinct, coincident or imaginary. Accord-
ingly there are two points of intersection of the parabola (1) and
the line (2). .

Hence a line always cuts a parabola in two points which may be
real and distinct, coincident or imaginary.

Note. From equation (3), we have

—2(mc—2a)+-+/ A(mc—2a) —am®c?
ImE

=> x

_Za—-mc;b'\/ da®—4ame
= o

If m=0, x becomes infinite i.e. if the line is parallel to x-axis
then it meets the parabola at infinity. Further, if we take m=0 in
equation (3), then one root of equation (3) is real and finite. Thus,
we conclude that a line parallel to the axis of the parabola nieets
the curve in two points of which one is finite and the other infinite.

3.3 Condition of tangency. To find the condition when the line
y=mx-+c becomes tangent to the parabola y*=4ax.

First Method. It is clear, from equation (3) in §3.2, that the
line y=mx-+c is tangent to the parabola y3=4ax if the roots of
the equation (3) in §3.2 are equal for which

4(mc—2a)*=4m*c?
a

ie. c=—
m

This is the required condition.
Second Method. The equation of the tangent to the given
parabola y*=4ax at any point (x,, ») is

yy=2a (x-+x;).
The line y=mx--c is tangent to the given parabola if
2ax—yy +2ax,=mx—y+c
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- 2a_—y, 2ax,
m -1 c

c 2a

= N N

But (x;, y,) lies on the given parabola.

4q* c
R -3 =4g —
m m
a
= O
m

This is the required condition.
Remarks. (i) The line y=mx+% is always a tangent to the
parabola )*=dax whatever the value of m may be. In fact,itisa

family of tangents to the parabola y*=4ax, where m stands for a
parameter.

(fi) The point of contact of the tangent y=-mx+-n3; to the
parabola y'=4ax is (’—E, . %)

(iii) The line y=mx+-£l- is called the equation of the tangent
in ‘m’ form or in slope form to the parabola y3=dax.

Ex. Show that the equation of the tangent to the parabola
Y*=4ax which makes an angle 6 with its axis is

y=xtan 6+acot .

3.4 Equation of the normal. To find the equation of the normal to
a parabola at a given point on it,
Let Y=4ax (1)

be the equation of the parabola and P(x,, y;) be the given point
on it.
The equation of the tangent at the point P(x,, y,) is

Yn=2a(x+x,).
Slope of the tangcnt:z—-a.
341
by

Slope of the normal = —3g
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Hence the equation of the normal at the point P(xy, yy) to the
parabola y*=4ax is

PRy
Le. xyi+2ay=Q2a+x)y, O

If we denote the slope of the normal by m ie. m=—2'2‘-:-.

Then
yy=—2am

2
and x,=§—;=am‘.

Hence the equation of the normal in terms of m is
y+2am=m(x—am®)
ie. y=mx—2am—am?®,

Note. The line y=mx—2am—am® is called the equation of the
normal in ‘m’ form or in slope form. In fact, this represents a
system of normals to the parabola y*=4ax, where m stands for
the parameter,

Remark. The coordinates of the foot of the normal y=mx—2am
—am?® to the parabola y*=4ax are (am? —2am)

3.5 To prove that the three normals can be drawn to a fmmbo!a
from an external point and that the algebraic sum of the ordinates of
the feet of these normals is zero.

The equation of the normal at the point (am®, —2am) to the
parabola y*=4ax is

y=mx—2am—am®, (¢))
Let it pass through a fixed point (h, k).
Then k=mh—2am—am®
ie. am®+-(2a—h) m-++-k=0. (2)

Equation (2) is cubic in m, therefore it has three roots m,, m,
and m, (say). Hence through any point, three normals can be
drawn to a parabola of which one at least must be real.

Further, by theory of equations, we have

my-+my+my=0
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= —2amy—2am,—2ams=0
= Nty +r=0,
where yy, ¥;, ¥, are the ordinates of the feet of the normals,
Y P
Q
A
X
M
R
Fig. 7.8

The feet of the normals drawn from a point are called co-normal
points.

In Fig. 7.8 three normals are drawn from the point M. The feet
of the normals are P, Q and R. Thus P, Q and R are co-normal
points.

3.6 Circle through co-normal points. To find the equation to the
circle through the three points the normals at which meet in a point.
Let the normals at the points P, Q, R to the parabola 3®=4ax
mect in the point (k, k). Then we have
anm®+(2a—h) m+4-k=0. 4}
Taking —2am=y, the ordinates of P, Q, R are the roots of the
equation

y3+4a (2a —h) y—8a*k=0. %))
Let equation of the circle passing through P, @, R be
x*4-y*+2gx+ 2fy4-c=0. 3

Multiply equation (3) by 164* and put )* for 4ax. Then the ordinates
of the points of intersection of the circle and the parabola are the
roots of the equation

Y*+8a (2a-+)y*+324* fy+16a%=0. @
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If y,, ¥a» Vs Ve be the roots of the equation (4), then by theory
of equations, we have
Nty +r=0.
But from equation (2), we have
N+ +ys=0,

where y,, y, and y, are the ordinates of P, Q and R, respectively.
Therefore y,=0 which shows that the circle passing through P,
0O and R passes through the vertex of the parabola, for all values of
hand k. Thus ¢=0.

Now from equation (4) the ordinates of P, Q and R are the roots
of the equation

y*+8a (2a+g) y+32aYf=0. &)
On comparing (2) and (5), we get

22a+g)=2a—h
—8a%k=32a%

(2g=—(Qa+h)
2%,

Hence the equation of the circle passing through the points the
normals at which meet in the point (h, k) is

X34 y*—(2a+h)x—ky=0.
3.7 Examples
Example 1. Two lines are at right angles to one another, and
one of them touches the parabola y*==4a(x+4) and the other to
y*=4d'(x+a’). Prove that the locus of the point of intersection

of the lines is x+a+a'=0.
Solution. Any tangents to the given parabolasare

y=m(x+a)+-:5 O]
and =m'(x-+a’)+ g—, ©)]

Since the tangents are at right angles, we have
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mm' =—1, 3)
Substituting the value of m’ from (3) in (2), we get

Pom _..é!l. (x+a)—a'm. O]
Subtracting (4) from (1), we obtain
1 1 1 ’
0= (mz) x+(miz) at(mig;) @
= x+a+-a'=0. '

Example 2. Find the locus of the foot of the perpendicular
drawn from the vertex on a tangent to the parabola y*=4ax.
Solation. Any tangent to the given parabola is

y=mx+ﬂ—‘:- &)

The equation of the perpendicular drawn from the vertex (0, 0) to
the tangent (1) is

y=-—m-l— x. (2

The Jocus of the foot of the perpendicularis obtained by eliminating
m between (1) and (2). Hence the required locus is

=%, -4
r=yar(-3)e
> (x +a)y*+x2=0.

Example 3. If the tangent to the parabola y'=4ax meets the
axis in T and the tangent at the vertex 4 in ¥, and the rectangle
TAYQ is completed. Prove that the locus of Q is the parabola

yi+ax=0,
Solution. - Any tangent to the parabola y*=4ax is

a
y=mx+-—
This tangent meets the axis in T( —;‘:—,. 0) and the tangent at the

vertex in ¥ (0, a )
m
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Let (h, k) be the coordinates of Q. Then
a a

Eliminating m from these equations, we get
k24ah=0.

Hence the locus of (4, k) is y*+-ax=0,

Example 4. Prove that the locus of the middle point of the
portion of a normal to the parabola y*—4ax intercepted between
the curve and the axis is another parabola. Find the vertex and
the latus rectum of this parabola,

Solution. The equation of the normal at (am?, —2am) to the
given parabola is

y=mx—-2ﬂm—m’.

This normal meets the axis in the point (2a4-amt, 0). Let (x', ¥)
be the middle point of the given portion of the normal. Then

x' =2Laa‘;lsi£ﬂ_’=a+ am?
and y' nwgqm.
Eliminating m between these equations, we get

Yi=a(x'—a).
Hence the locus of (x', y)is
y¥=a(x—a).

This equation represents a parabola whose vertex and latus rectum

are, respectively, (a, 0) and a,

. Example 5. The normals to the parabola y*=4ax from a point
P meet the axis in 4, B, C. If B is the middle point of AC, prove

that the locus of P is

27ay*=2(x—2a)"
Solution. Any normal te the given parabola is

y=mx—2am—am?®.
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Let it pass through the point P(k, k). Then
k=mh—2am—am*
= am®*+(2a—h)m+ k=0,

Let m,, my, my be the roots of the equation. Then, by the theory
of equations, we have

my+4-ny+my=0, )
2a—h
Myt gyt mygmy="—— @
k
and mymyiy = — a (3}

The normals through (#, k) are
y=myx—2am;—ams,
y=mgx—2am,—am§3,
and y=myx—2amy—ams3.
These normals meet the axis in A(2a+am?, 0), B(2a+am3, 0) and
C(2a+ams3, 0), respectively. Since B is the middle point of AC,

we have
2

2a+am§=25—~a‘——-—-—+m= +2a+am}

2
> 2mi=m}+m3} .
> 2mg =(my+mg)*—2mym,
= 2m§ =m%—2m,m,
2

= mymy=—"32, @
Now from (2), we have

2a—h

(my-+mg)my+mym, = -z

2a—h
= (—my)my— "%‘ = 2

2 fh—
- mi=3 (=) 16)

©
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Eliminating m, between (5) and (6), we get

2 — :
G
= 27ak®=2(h—2a).
Hence the locus of (A, k) is
27ay*=2(x—2a)*.

Example 6. Prove that the locus of the points such that two of
the three normals to the parabola y*=4ax from them coincide is

27ay?=4(x—2a)®.
Solution. Any normal to the given parabola is
y=mx—2am—an’.
Let it pass through the point (&, k). Then
k=mh—2am—am®
= am®+ (2a—h) m+k=0.

Let my, m,, m, be the roots of the equation. Then, by theory of
equations, we have

my+my+my=0 ¢))
g+ mymy =22 (2)
—k
and mymny=—- ®3)

Since any two normals coincide, we can take m,=ms. Now
equations (1), (2) and (3) give

h—2a k
m.=_2m]! m;= 3a ’ M'g:ﬂ"
- 27ak?—4(h—2a)t.

Hence the locus of (h, k) is
27ay*=4 (x—2a)P.
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10.

11.

12,

EXERCISES

Find the equations of the tangents and the normals to the
parabola y*=4ax at the ends of its latus rectum.

Prove that the line /x-+my+n=0touches the parabola y*=4ax
if In==am?®.

Prove that the line y=mx+c touches the parabola y*=4a(x {-a)

. a
if c-—ma+;

Prove that the tangent to the parabola y*=4ax at the point
(%, »,) is perpendicular to the tangent at the point

(E J‘i‘).

' »n

Prove that the normal chord at the point whose ordinate is
equal to its abscissa subtends a right angle at the focus.
Two equal parabolas have the same vertex and their axes are
at right angles. Prove that the common tangent touches each
at the end of a latus rectum.
Prove that the chord of the parabola y*=4ax whose cquation
is y—x4/2+4a4/2=0 is a normal to the curve, and that its
length is 6+/3a.
Prove that the chord of the parabola y?-=4ax which is normal
at the point whose abscissa is 22 subtends a right angle at the
vertex.
PNP'is a double ordinate of the parabola y*=4ax. Prove

_that the locus of the point of intersection of the normal at

P and the line through P’ parallel to the axis is equal parabola
Y —=4a(x—4a).

The normal at any point P meets theaxis in G and the tangent
atthe vertex in G'. If A is the vertex and the rectangle AGQG’
is completed, prove that the equation of the locus of Q is

x¥=2ax*4ay,

Find the locus of the foot of the perpendicular drawn from a
fixed point on any tangent to a parabola.

Prove that a normal chord of a parabola which subtends a
right angle at the vertex makes an angle 8 with the axis, where
tan 6=4/2.
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13. From the point where any normal to the parabola y*=4ax
meets the axis is drawn a line perpendicular to this normal.
Prove that this line always touches an equal parabola.

14. 1If three normals from a point to the parabola y?=4ax cut the
axis in points whose distances from the vertex are in arithmeti-
cal progression. Prove that the point lies on the curve

27ay*=2(x—2a)"

15. Find the locus of a point which is such that two of the normals
drawn from it to the parabola y®*=4ax are at right angles,

16. Find the locus of a point P when three normals drawn from
it are such that one bisects the angle between the other two.

4, TANGENTS FROM A POINT

4,1 To prove that from any point there can be drawn two ttmgems,
real or imaginary, to a parabola.
Let the equation.of the parabola be

yi=dax. )

Let P(x,, y,) be the given point. Any tangent to the parabola
) is

a
y=mx FE'

where m is the slope and can take any value. Since tangent passes
through the given point P(x,, »,), we have

a
J’x=-""”‘1+a

= mix,—my+a=0. 2

This is a quadratic equation in m, giving two values of m (real
and distinct, coincident or imaginary) corresponding to which there
will be two tangents passing through the point P(x,, »,). The two
tangents will be real and distinct, coincident or imaginary according

“ as the roots of the equation (2) are so. In fact the roots of the
equation (2) are real and distinct, coincident or imaginary according
as y§ —4dax,>= or <0.

But this is the condition for the point (x,, y,) to be outside, on
or inside the parabola.
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Hence from a point there can be drawn two tangents to a para-
bola and these tangents will be real and distinct, coincident or
imaginary according as the point lies outside, on or inside the
parabola.

4.2 Pair of tangents from a given point. To find the equation of
the pair of tangents drawn from an external point P(x,, y,) to the
parabola y*=4ax.

Let O(x, ») be any point on the locus (i.e. on either of the tan-
gents). Then equaticns of the line PQ are

X—X_y—y
—_—t 1
cos® sin® h m

® being its inclination from the axis of the parabola and r the
algebraic distance of the point Q(x, y) from P(x,, y;) measured
along the line. Therefore a point on the line and at a distance r
from P(x,, y,) is given by

x=x;+rcos 0
y=yy-+rsin 0.
If this point be on the parabola, we must have
(#1-+r sin 0)*=4a(x,+rcos 0)
ie. #* sin® 60+42r(y, sin 6—2a cos 0)+ yj —dax,=0.

P(x
) Qlx,y)
Y R
A X
Fig. 7.9

This is a quadratic equation in r giving two values of r corres-
ponding to which there are iwo points common to the parabola
and the line (1).
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Now if the line (1) be a tangent to the parabola, both the values
of r given by the quadratic equation must be equal. Therefore,
we must have

(», sin 0--2a cos 8)*—(¥§ —4ax,) sin® 6=0, 2

This equation gives us the value of 0 i.e. the direction of the line
(1) so that it may become the tangent to the parabola. To obtain
the actual equation of the tangent (s), eliminate 0 between (1)
and (2). Thus the equation of the tangent is

b 52) (- v

= (3 —2ax—yi +2ax,)* = —2yy;+ p}) (i —4axy)

= (yy,—2ax—2ax, P =(y*—4ax)(y] —4daxy).
Hence the equation of the pair of tangents is
T*=58,,
where S=)*—4ax
S\ =yi—4ax,
and T=yn—2ax—2ax,.

Ex. Find the equation of the tangents drawn from the point
(—2, 0) to the parabola y*=8x and prove that they are perpendi-
cular,

43 Example. The s.gle between two tangents to the parabola
y*=4ax is constant and equal to a. Prove that the locus of their
point of intersection is given by

y:—4ax=(a+x)* tan® .

What happens to this locus if a=; ?

Solution. Let (4, k) be the point of intersection of the two
tangents to the given parabola. Then the equation of the pair of
tangents is

(v*—A4ax)(k*—A4ah)=(ky—2ax—2ah)*

= 4da°x*—d4akxy-+4aly*+ first degree terms- constant terms=0.
Since « is the angle between the tangents, we have
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2+4/4a%k2—16a%h
ne= 'y

k*—dah=(a--h)® tan® a.
Hence the locus of (A, k) is
y—4dax=(a-+x)* tan® a.

ta,

When ¢=;. the locus becomes

x+a=0,
which is the equation of the directrix.

EXERCISES

Find the equation of the locus of the pointof intersection of
two tangents to a parabola which m: ke an angle of 45° with
one another.

Prove that the locus of the point of intersection of two tan-
gents to a parabola at points on the curve whose ordinates
are in a constant ratio is a parabola.

The two tangents from a point P to the parabola }*=4ax
make angles «, § with x-axis. Find the locus of P when

(i) tan «-l-tan B is constant,
(fi) tan® «--tan® p is constant.

Prove that the two tangents which make equal angles, respec-
tively with the axis and the directrix but are not at right angles,
intersect on the latus rectum.

A pair of tangents are drawn which are equally inclined to a
line whose inclination to the axis is «. Prove that the locus of
their point of intersection is the line

y=(x—a) tan 2a.

5. CHORD OF CONTACT

5.1 Equation of the chord of contact. To find the equation of the
chord of contact of the tangents drawn from the point (x;, y,) to the

parabola y*-—-4ax.



166 - ANALYTICAL GEOMETRY OF TWO DIMENSIONS

Let O(x', ') and R(x", ') be the points of contacts of the
tangents drawn from the point P(x,, y,) to the parabola

y=dax. (O
Y

Qlx’y)

P[‘l”lM
AN

R(x%y?)

Fig. 7.10

Then, the equations of the tangents at the points @ and R to the
parabola (1) are, respectively

y'y=2a(x'+x)
and y'y=2a(x"+Xx).

But each of these tangents passes through the point P(x,, y,).
Therefore

Yy =2a(x'+x,)
and Y'n=2a(x"+x,).

It is clear from these relations that the points (x', ) and (x", »")
"both satisfy the equation

yyy=2a(x-+xg
This is the required equation of the line which passes through the
poiats Q(x, ') and R(x", ¥"), the points of contacts of the tangents
drawn from the point P (xy, ;) to the parabola (1),

Remarks. (i) If the point P (x,, ») lies inside the parabola,
the two tangents will be imaginary, but the equation of the chord
of contact is real since x, and y, are real.

(if) If the point P(x,, y,) lies on the parabola, then the chord of
contact becomes the tangent at that point.

Working rule. The equation of the chord of contact of the
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tangents drawn from an external point (x,, y;) to the parabola
y*=4ax is obtained by substituting yp, for »* and x+x for 2x
in the equation of the parabola.

5.2 Example. Prove that if tangents be drawn to the parabola
y*=4ax from a point on the line x44a=0, their chord of contact
will subtend a right angle at the vertex.

Solation. Any point on the line x+44a=0 is (—4a, k). The
equation of the chord of contact of the tangents drawn from the
point (—4ag, k) to the given parabola is

ky=2a(x—4a).

The equation of the lines joining the vertex to the points of
intersection of the parabola and the chord of contact is

?.ax—ky)
8a?

= 2ax®—kxy—2ay*=0.

-Since coefficient of x*+-coefficient of =0, the chord of contact
subtends a right angle at the vertex.

y’=40x(

EXERCISES

1. Tangents are drawn from the point (x, 8) to the parabola
y*=4ax. Prove that the length of their chord of contact is

(B —daz)'h (8*-+ da*yim
. :

2. Tangents are drawn at the ends of a normal chord of the
parabola y*-=4ax. Prove that the locus of their point of
intersection is (x+2a) y*+4a*=0.

3. If two tangents to a parabola make equal angles with a fixed
line, prove that the chord of contact must pass through a
fixed point.

4, A variable chord PQ of the parabola passes through the fixed
point R. Prove that the tangents at P, Q mect on a fixed line,
and show that this line is the chord of contact of the tangents
drawn from the point R,
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6. POLE AND POLAR

6.1 Equation of the polar. To find the equation of the polar of the
point (x,, y,) with respect to the parabola y*=4ax.

Let P(x’, ¥') be any point on the locus i.e. the point of inter-
section of the tangents drawn at the extremities of a chord through
the point (x,, ).

The equation of the chord of contact of the tangents from the
point (x', ') is

yy'=2a (x+x').

But it passes through the point (x,, 3,).

n'=2a(x+x).

Hence the locus of (x/, y') is

W =23(x + xl)'

6.2 Poleof aline. To find the pole of the line Ix-l-my-+n=0
with respect to the parabola y*=4ax.

Let (x,, »,) be the pole of the line Ix-+my+n=0 with respect to
the parabola y*=4ax. Then this line must be identical with the
polar of (x;, y,) with respect to the parabola y*=4ax i.e. with

2a_—y, 2ax%
’ I m n
n 2am
= xl:T' }71:..—_1_.

Hence the required pole is (-?-, '_—2F—m).
Ex. Prove that the polar of the focus of a parabola is the
directrix,
6.3 Examples
Example 1. Prove that the locus of poles of normal chords of
the parabola y*=dax is
(x-2d) y*+4a®=0.
Solution. Any normal chord of the given parabola is
y:mx~—2am—am’. )
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Let (A, k) be the pole of (1). Then its polar with respect to the
given parabola is
ky==2a(x+h). 2)
But equations (1) and (2) represent the same line. Therefore, on
comparing (1) and (2), we get

m 1 —2am—am®
2a k~ 2ah
2a 2k
> m= and -mn—m'=-k-.
4a 8a* 2h
2
> —2ak®—4a’=hk2.
Hence locus of (&, k) is
(x+2a)p*-+4a¥=0.

Example 2. Prove that the locus of the poles of tangents to
the parabola y*=4ax with respect to the circle x®43)%—2ax=0 is
the circle x*4)*—ax=0.

Solution. Any tangent to the given parabola is

y=mx+%- O
Let (A, k) be the pole of (1). Then its polar with respect to the
circle x3+y*~2ax=0 is

hx-+ky—a(x+h)=0
ie. (h—a)x+ky—ah=0, 2

But equations (1) and (2) represent the same line. Therefore, on
comparing (1) and (2), we get

h—a_k _—ak

m -~ —1" a

m
= m=— L, l!ndim—£
k —h
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= —h3+ah=k®.
Hence the locus of (A, k) is
x4y —ax=0.
EXERCISES

1. Prove that the locus of the poles of chords of the parabola
y*=4ax which subtend a constant angle « at the vertex is
the curve

(x+4a)*=4(y*—4ax) cot’x.

Hence or otherwise prove that if the constant angle is a right

angle the locus is a line perpendicular to the axis of the
parabola.

2. Prove that the polar of (—a, 2a) with respect to the circle
x4 y?—2ax—3a®=-0 touches the parabola y?=4ax.
3. Prove that the polar of any point on the circle

x24-y2—2ax—3a=0,
with respect to the circle

X243 +2ax—3a®==0,
will touch the parabola y*=—4ax.

4. Prove that the locus of the poles of tangents to the parabola
»*=4ax with respect to the parabola y*=4bx is the porabola

f:gx.

5. A point P is such that the line drawn through it perpendicular
to its polar with respect to the parabola y2=-4ax touches the
paraboia x*=4by. Prove that the locus of P is the line
2ax-+by+4a*=0.

6. The middle point of a chord of a parabola is on a fixed line
perpendicular to the axis of the parabola. Prove that the
locus of the pole of the.chord is another parabola.

7. Prove that the locus of the poles of the chords which subtend
a right angle at the fixed point (4, k) is

ax*—hy*  (4a®-2ah)x—2aky-+ a(h*+ k) =0.
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7. CHORD WITH GIVEN MIDDLE POINT

7.1 To find the equation of a chord of the parabola y*=4ax in terms
of its middle point (x;, ¥,).
First Method
The equations of a line through the point (x;, y,) are
X=Xy Y= __
cos 0 sing " ®
@ being its inclination with the axis of the parabola and r the
algebraic distance of (x, y) from (x,, ;) measured along the line.
Then any point on the line has the coordinates (x;-r cos®,
Y1-Lr sin 0) and this point will be common to the parabola if

(yy+r sin 8)*=4a(x,+r cos 0)
ie. r* sin? 0+2r (y, sin 0—2a cos B)+4-y3—4ax,=0. (2)
This equation being quadratic in r, gives two values of r. Since
(%3, 1) is the middle point of the chord, the two values of r given

by the equation (2) must be equal in magnitude and opposite in
sign i.e. the sum of the roots of equation (2) must be zero ie.

¥, sin 0—2a cos 8=0. 3)

This equation gives us the suitable value of 8 so that the line (1)
may be the chord of the parabola having (x,, »,) as the middle -
point. Therefore the equation of the chord is

()

i.e. yn—2ax=y;—2ax,.

Second Method
Let P(x', ¥') and @ (x”, ") be the end points of the chord whose

middle point is (x1, y,)-

XX

Then x=— Yty

and y;= 5

Slope of PQ is ':;,:f, . Hence its equation is

y-n=5"L x—x). )
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Since P(x', y') and Q(x", y") lie on the given parabola, we have
y'i=dax' @
and y'3=4ax". 3
Subtracting (2) from (3), we get
y"'—y"=4a(x"-—x')
. y'—y __4a__4a
=% Yy 2
Therefore the equation (1) becomes
2a
r—n=j- (x—xy)
1

ie. yy—2ax=y}—2ax,

Hence the equation of the chord of the parabola y=4ax in terms
of its middle point (xy, ») is
yy,—2ax=y3—2ax,.

This equation of the chord can be written as

T=35,,
where T=yy,—2a(x-+x,)
and S,=yi—4ax,

72 To find the locus of the middle points of a system of parallel
chords of a parabola.

Let the equation of the parabola be

y’=4ax
and m the slope of the chords in the given system of parallel
chords.

Let (x,, »,) be any point on the locus i.e. the middle point of
one of the chords parallel to the line y=mx. Then the equation of
the chord is

yn—2ax=y; —2a%,;

Hl=—

M
2a

= h2 Zﬂ—!.
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Hence the locus of the middle points of a system of parallel chords
having slope m is

_2a
y=p

This is the equation of a line parallel to x;axis i.e. the axis of the
parabola y*—4ax.

7.3 Examples
Example 1. Find the locus of the middle points of chords of
the parabola y*—4ax which pass through the fixed point (4, k).
Solution. Let (x', y') be the middle point of the chord of the
given parabola. Then its equation is

¥y —2ax=y*~2ax'.
This will pass through the point (&, k) if
ky' —2ah=y"®*—2ax’.
Hence the locus of (x’, ¥') is
y*—ky=2a(x—h).
This equation represents a parabola.

Example 2, Prove that the locus of the middle points of normal
chords of the parabola y?=4ax is

P e
2a+ 7 =x-—2a.

Solution. Any normal chord of the given parabola is
y=mx—2am—an®. )]

Let (%, ') be the middle point of (1). Then equation of the
chord with middle point (x’, ') is

y'—2ax=y*—2ax', @)
But equations (1) and (2) represent the same line. Therefore, on
comparing (1) and (2), we get
m l= —2am—am®
2a~y~ y*-2ax

- m=j—‘-’- and —m-—an:-Ji}ii"i'.



174 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

40 8a* y*—2ax

" . Yy Y
y?  4a®
= a +y,‘ =x'—2a.
Hence locus of {x', ") is
a®
;‘—t-}-? :x—Za.
EXERCISES

Find the locus of the middle points of chords of the parabola
y*=4ax which

(i) pass through vertex (0, 0).

(ii) pass through a fixed point (a, 0).

(iii) subtend a right angle at the vertex.

(iv) subtend a constant angle « at the vertex.

Two parabolas have a common focus and their axes in opposite
directions. Prove that the locus of the middle points of chords
of either which touch the other is another parabola.

A tangent to the parabola y*==4bx meets the parabola y*=4ax
in P and Q. Prove that the equation to the locus of the mid-
point of PQ is y*(2a—b)=4a’x.

The line y==m(x- @) mects the parabola in two points P and
Q. Find the coordinates of the mid-point of PQ in terms of
a and m, and prove that the locus of this point is the parabola
yi=2a(x--a).

Prove that the locus of the middle point of a variable chord
of the parabola )®=4ax such that the focal distances of its
extremities are in the ratio 2: 1 is

9(y*—2ax)*=4a*(2x —a)(4x-+a).

PARAMETRIC COORDINATES

Sometimes it is convenient to express the coordinates of a point
on the parabola in terms of a single variable., If we substitute
y=2at in the equation of the parabola y*=4ax, we obtain x=ar%
That is, as ¢ varies the point (at?, 2at) always lies on the parabola
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y*=4ax, Accordingly, the parabola can be represented by the
equations

x=at®, y=2at.
These equations are called parametric equations of the parabola.
The point (at?, 2ar) is referred to the point “¢” of the curve.

For the parabola y*=4ax, one can easily have the following:
(i) The equation of the chord joining the points f; and ¢, is

(13 1) y=2(x+atyts).
(i) The equation of the tangent at the point 7 is
ty=x+at
(iif) The equation of the normal at the point ? is
tx+ y=2at+at®.

8.1 Propositions on the parabola

Proposition 1. The tangent at any puint of a parabola bisects the
angle between the focal chord through the point and the perpendicular
on the directrix from the point.

Let P(at?, 2at) be any point on the parabola

yi=4ax.
Y /
M F‘(cﬂf2 2at)
/
T//
Zp A s(a,o0)
Fig. 7.11

Then equation of the tangent PT at P(at?, 2ar) is
ty=x--at®,
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Slope of the tangent PT=;1-.

2at—0_ 2t
Slope of the focal chord SP= P
2 1
Now tan SPT="——213— =-1 .
Lt
(©*—1) ¢

Thus tan PTS=tan SPT:%

= L PTS=/ SPT.
But LPTS=/TPM.
Hence /. TPM= / SPT.,
This prove the proposition.

Proposition II.  The tangents at the extremities of a focal chord
of a parabola intersect at right angles on the directrix.

Let P(at}, 2at,) and Q(at3, 2at,) be the extremities of a focal
chord of the parabola

Plat?,2at)

R < S(a,o0)
z| N X
Q[ﬂfg 2 sz]
Fig, 7.12

Then equations of the tangents at P and Q are
ty=x+at}
and tyy=x+tatd.
Let R be the point of intersection of these tangents. Then the
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coordinates of the point R are given by
{ansty, a(ty+1,)}-
Further equation of the chord PQ is
(h+1)y=2(x+atyty).
This chord will pass through focus (a, 0) if
0=2(a+atyt,)
ie. if tit,=—1.
Hence the coordinates of the point R become

a(t3—1)
{7

. a(t3—1)] ,. .
It is easy to see thatthe pointR ¢ —a, - lies on the direc-
1

trix of the parabola.
Further slopes of the tangents at P and Q are i-1- and 117 Tespec-
1 2

tively.
Now slope of the tangent at PXslope of the tangent at 0

11
=nn
This shows that the tangents at the extremities of the focal chord
PQ intersect at right angles.

Remarks. (i) The extremities of a focal chord of the parabola
may be taken as the points ‘¢’ and ‘— ;‘.

(i) The tangents to a parabola drawn from any point on the
directrix are at right angles.

(iii) The locus of the point of intersection of perpendicular
tangents to a parabola is the directrix.

Proposition III. The portion of a tangent to a parabola cut off
between the directrix and the curve subtends a right angle at the focus.

Let P(at?, 2at) be any point on the parabola

y=4ax. O
The equation of the tangent at P(at®, 2at) to the parabola (1) is
ty=x+tat?, 2
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Y
P{at? 2at
o < atg, 2at)
z A s‘ﬂ,o] X
Fig. 7.13

Equation of the directrix of the parabola (1) is
x+a=0. (3)

By solving (2) and (3) simultaneously, the coordinates of the
point of intersection Q of these lines are given by

(et

a(t®*—1)
Stope of 0S— T - _P'=1
ope of 05— —a—a 2t
2at—0 _ 2t
ar*—a 1*—-1

Now

Slope of SP=

_ e\ (2
The slope of QS slope of SP=—( ),\ t‘_:_l)

=-—1.

This shows that 0S and SP are at right angles. Hence the portion
PQ of the tangent at P subtends a right angle at the focus.

Ex. Prove that any tangent to parabola and the perpendicular
to it from the focus mect on the tangent at the vertex.

Definition. - Let the tangent and the normal at any point £ on
the parabola mect the axis in the points T and G, respectively.
Draw PM perpendicular to the axis. Then TM is called the sub-
tangent and MG the subnormal of the point P.

Proposition IV. The subtangent of a point on a parabola is bisect-
ed ar the vertex and the subnormal is of constant length.
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Y
P

o - >

T AA S M G X
Fig. 7.14

Let P(at?, 2at) be any point on the parabola
yi=4dax. ()
Then the equation of the tangent at P(at?, 2at) to the parabola
(1) is
ty=x-tat. (2)
The line (2) meets the x-axis in the point T'(say) whose coordi-
nates are given by

(—at?, 0).
Subtangent==TM=TA+AM ——_-a1’+at’=2ar’.
But TA=AM=at*.

Hence the subtangznt is bisected at the vertex A.
Further equation of the normal at P(at®, 2at) is
tx4-y=2at+at®

This normal meets the x-axis in the point G (say) whose coordi-
nates are given by
(2a+at?, 0).
Subnormal-=MG=AG— AM=2a- at*—-at*

= 2g=-constant.
8.2 Examples

Example 1. The normal at a point f, on the parabola *=4ax
meets it again at the point 7,. Prove that

ty=—ty— o
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Solution. First Method. The equation of the normal at the
point £, to the given parabola y*=dax is
tyx-+y=2at,+at$. .
But this normal meets the parabola again at the point .
t;-at}+2at,=2aty-+at}

=> aty(t3 —tt)=—2a(ts—1;)
== f’=-—tl-— —_

1

Second Method, Equation of the chord joining the points f;
and t, on the parabola }®=4ax is

2aty—-2at
J’*zafz=j“$_—a;;! (x—arf)
= 2x—(t,+t)y+2at,1,=0, )

The normal at the point #,
tyx+y—(2at+-atf)=0 e}

passes through the point #,. Thus the equations (1) and (2) repre-
sent the same line.

2x—(t,+ 1)y 2att, =t x-+y—(2al; +-at})

2_—(tyt+ty) . 2atyt,
1 1 “(2at,+atd)

la——1——
= 2 I f

Example 2. If the point (ar?, 2at) is one extremity of a focal
chord of the parabola y*==4ax, find the coordinates of the other

extremity, and show that the length of the chord is (H—-:-),.

Solution, Let (at, 2at,) be the coordinates of the other extremity
of the focal chord. Then, we have

th=—1,
Hence the coordinates of the other extremity are

(=)
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Length of the chord:J( ai’—%)z-l- (2¢u+z:i)s

o (++)’

Example 3. Prove that the iocus of the points of intersection of
the tangents to the parabola y*=4ax which intercept a fixed length
I on the directrix is
(*—4dax)(x+a)* ="
Solution. Let the two tangents to the given parabola be
ty=x+ati 0]
and t,y=x+at}. (2)
Let (i, k) be the point of intersection of (1) and (2). Then
h=atyt, and k=a(t,+1,).
The tangents (1) and (2) cut the directrix x+a=0 in the points
at}—a at;—a
M| —a, and N ( —a,
1

But intercept MN=1 (given).

), respectively.
2

o J(—a+a)=+(‘ﬁ15—“':_")’=f
e f
S— 1
a{y/(t+1) =415} (l-}—;):l
1%2,

=> a‘(g—%)(l-}-%)s:!’
= (k*—4ah)(h+a)*=I*h2
Hence the locus of (I, k) is
(2 —4ax)(x-+a)*=1*x2,

Example 4. Prove that the locus of the point of intersection of
two tangents to the parabola y*~=4ax which with the tangent at the
vertex form a triangle of constant area ¢2, is the curve

(»*—4ax) x*=4c'.

Solution. The equations of the tangents at the points (ar3, 2ar))
and (at§, 2at,) to the given parabola are

y
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t,y=x+ai}, (¢))
and tyy=x+at}. (2)
Let (/, k) be the point of intersection of these tangents. Then
=at,t, and k=a(t,+1,).

The tangents (1) and (2) meet the tangent at the vertex (i.e. x=0)
at (0, at)) and (0, at,), respectively. Now

h k 1
1|0 aty 1|=c
0 af, 1
= {h(at,—at)=c?
= ah/(t, + 1P —atyf, =22
- e (-’;-:_%)ac-
- h® (k*—dah)=4c*.
Hence the locus of (A, k) is
(42 —4ax) x3=4ct.

Example 5. Find the locus of the point of intersection of normals
at the ends of a focal chord of the parabola y*=4ax.

Solution. Let (at}, 2at,) and (at2, 2at,) be the ends of the focal
chord. Then t,f,=~1.

The equations of the normals at these points are

5, x+y=2at,+at}, 1)
tyx+y=2at,+at}. )
Let (4, k) be the point of intersection of (1) and (2). Then
h=2a+a(t3+13+41,)
and k=—at,t,(ty+1)=a(t+1,).
Now
h=2a-+a{(ty-+ 1,2 —4,1,}
kt

= k=g (h—3a).
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Hence the locus of (&, k) is
y¥=a(x—3a).

Example 6. Prove that the semi-latus rectum is a harmonic mean

be

tween the segments of any focal chord of a parabola.
Solution. Let P(at}, 2ar)) and Q(ati, 2at;) be the ends of any

focal chord of the parabola y*=4ax. Then t,t,=—1. Focus of
the parabola is S(a, 0). Now

SP=+/(@t=a)'+ 2aty— O)*=a(12+1),

and similarly SQ=a(ti+1).

Therefore, the harmonic mean of SP and SQ

__28P-8Q

T SP+Sy

_ 281 D3+ D

Ta(it+ Dtaui+])
2a(t3+13+1324+1)

ti+13+2
2a(r3+13-12) .
13+ 1542 '

==2a =-semi-latus rectum.

fity=—1

EXERCISES

Find the equation of the chord joining two points (at?, 2at;)
and (at}, 2at,) on the parabola y*=4ax. Prove that this chord
will pass through the focus of the parabola if 7,f,=—1.

Prove that the tangent drawn at one extremity of a focal chord
of the parabola y*=4ax is parallel to the normal drawn at the
other extremity.

Find the locus of the point of intersection of two normals to
the parabola y*=4ax which are at right angles to one another.
Prove that the locus of the point of intersection of two tangents
to a parabola which intercept a given distance 4¢c on the
tangent at the vertex is an equal parabola,

Prove that the locus of the middle points of chords of the para-
bola y*=4ax which are of given length [ is
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14.

15.

17.
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(O —dax)(y*+4a%)+a*=0,
Prove that the tangents at the extremities of a focal chord of
a parabola intersect at right angles on the directrix.
Find the equation of the normal to y*=dax at the point
(ar?, 2at) and find the point where this normal meets the
parabola again.
Find the locus of the mid-point of the chord QR of the para-
bola y*=4ax when the tangents at its extremities Q and R are
perpendicular to each other. Also, find the locus of the point
of intersection of the normals to the parabola at O and R.
Prove that if the difference of the squares of the perpendiculars
on a moving line from two fixed points is constant, the line
touches a fixed parabola.
If the perpendiculars be drawn on any tangent to a parabola
from two fixed points on the axis, which are equidistant from
the focus, prove that the difference of their squares is constant.
The normals at two points P, 0 on the parabola 3*=4ax
intersect on the curve. Prove that the ordinates of P, Q are
the roots of the equation y*+ky-+8a®=0,
Two lines AP, AQ are drawn through the vertex of a parabola
at right angles to one another, meeting the curve in P, Q.
Prove that the line PQ cuts the axis in a fixed point.
If the circle x*{ ¥*4-2gx+2fy-4+¢=0 cut the parabola in four
points, prove that the algebraic sum of the ordinates of those
points will be zero.
If PSO be a focal chord of a parabola, and PA meets the
directrix in M; prove that MQ will be parallel to the axis of
the parabola.
Prove that if two tangents to a parabola intercept a constant
length on any fixed tangent, the locus of their point of inter-
section is another equal parabola.
From any point on the latus rectum of a parabola perpendi-
culars are drawn to the tangents at its extremities. Prove that
the linc joining the feet of these perpendiculars touches the
parabola.
Two parabelas have the same axis, tangents are drawn from
points on the first to the second., Prove that the middle
points of the chords of contact with the second lie on a fixed
parabola,
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18.

19.

20.

21.

23

24,

25.

26.

27.

28-

If the normals at two points on a parabola intersect on a
curve, the line joining the points will pass through a fixed
point on the axis,
If through a fixed point any chord of a parabola be drawn,
and normals be drawn at the ends of the chord. Prove that °
the locus of the point of intersection of the normals is another
parabola.
Prove that the locus of the point of intersection of the tangents
to the parabola

yi=4ax at (at®, 2at), (:3,, 2_:!
is a line parallel to y-axis,
If a chord of the parabola y*==dax subtends a right angle at
the vertex, the tangents at its extremities meet on the line
x+4da=0. . 4
The normal to the parabola y*=4ax at a point P(ar?, 2at)
makes an angle 0 with the x-axis and meets the parabola again
at Q. Prove that

PQ=4a sec 0 cosec? 0,

Prove that, if the difference of the ordinates of two points on
a parabola is constant, then the locus of the point of inter-
section of the tangents at these points is an equal parabola.
Find the locus of the point of intersection of the normals at
two points on a parabola when the chord joining them sub-
tends a right angle at the vertex.

Prove that the length of the intercept on the normal at the
point (ar?, 2at) made by the circle which is described on the
focal distance of the given point as diameter is a1/ TF72.
Prove that the locus of the middle points of all tangents drawn
from points on the directrix to the parabola is

V:(2x-+a)=a(3x+-a)t.

Two equal parabolas have the same focus and their axes are at
right angles. A normalto one is perpendicular to a normal
to the other. Prove that the locus of the point of intersection
of these normals is another parabola.

Prove that the area of the triangle formed by three points on a
parabola is twice the area of the triangle formed by the tangents
at these points.
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29, Prove that the circle described on any focal chord of a parabola
as diameter touches the directrix.

30. A circle on any focal chord of a parabola as diameter cuts
the curve again in P and Q. Prove that PQ passes through
a fixed point. i

31. The normals at the extremities of a chord of the parabola
y*=4ax meet on the parabola. Prove that the middle point
of the chord lies on the parabola .

Y=2a(x+2a).
9. DIAMETER

A line parallel to the axis of the parabola is called a diameter of
the parabola.

As we have seen in § 7.2 that the locus of the middle points of a
system of parallel chords to a parabola is a line parallel to the axis
of the parabola, it is a diameter of the parabola. Thus

J"“—‘;

is a diameter of parabola j*=4ax, where m is the slope of the
parallel chords of the parabola. In fact,
_2a .S
7 m K

representsithe family of diameters of the parabola y*=dax, m being
the parameter.

On the other hand it is noted thatany line y=Fk parallel to x-axis
(the axis of the parabola) represents the locus of the middle points

of a system of parallel chords having slope
2a

Therefore, the diameter of a parabola can alternatively be defined
as the locus of the middle points of a system of parallel chords of the

parabola.

9.1 Propositions on diameters

Proposition 1. To prove that the tangent at the extremity of a
diameter of a parabola is parallel to the chords which are bisected by
that diameter.
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Let the equation of the parabola be
yr=4ax. M

Let y=mx+-c be a member of a system of parallel chords of the

parabola (1). Then equation of the diameter is
2a
y=—

m

The coordinates of the point of intersection of the parabola (1) and

the diameter yzfnﬁ are ("—‘;, _mz_a)
a

The equation of the tangent at (”—’,. ff) to the parabola (1) is
2q a
y.;!_aza (x_l..;’.’)

a
== y:mx-{-ﬁ .

But the line y—_--Jm:—}—jl_j'ir-I is parallel to each member of the system

of parallel chords. Hence the proposition follows.

Proposition 1. To prove that the tangents at the ends of any
chord of a parabola meet on the diameter which bisects the chord.

Let the equation of the parabola be

yi=dax. H

Let y=mx-+-c 2
be the equation of any chord of the parabola (1).

Let (x,, y;) be the poiat of intersection of the tangents at the
extremities of the chord (2). Then equation of the chord of contact
of (x,, y,) with respect to the parabola (1) is

yyi=2a(x- xp). (3)

But equations (2) and (3) represent the same line. Thus we have

mx—y-+ec=2ax—yy,--2ax,

- 2a__—y,_2ax,
m —1 c
c 2a

= Xy==——y Y=
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Hence locus of (x;, y,) is
y=;.

which is the equation of the diameter. Hence the proposition
follows.

EXERCISES

1. If the diameter through any point O of a parabola meet any
chord in P, and the tangents at the ends of that chord meet
the diameter in @, Q. Prove that OP?*=0Q-0Q".

2. The normal at a point P of a parabola meets the curve again
in 0, and T is the pole of PQ. Prove that T lies on the dia-
meter passing through the other end of the focal chord passing
through P, and that PT is bisected by the directrix.

3. Prove that a diameter intersects a parabola at the point of con-
tact of the conjugate tangent line.

4, Prove that the normal at any point of 2 parabola bisects the
angle between the focal chord and the diameter through that

point.

MISCELLANEOUS EXERCISES

1. Find the equations of the two parabolas whose latus rectum is
6 and the axis and the tangent at the vertex are the lines whose
equations are

3x44y4-1=0, 4x—-3y=0.
respectively.

2. A parabola is drawn to pass through A4 and B, the ends of a
diameter of a given circle of radius a, and to have as directrix
a tangent to a concentric circle of radius b; the axes being AB
and a perpendicular diameter. Prove that the locus of the

fOCus Or lhe parabola is
¥ y.."
_-b=+—__—: 1.

3. Prove that the locus of a point, which moves, so that its dis-
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14. Prove that the locus of the point of intersection of the normals
at the ends of a system of parallel chords of a parabola is a
line, which is normal to the curve. .

15. The normals at P, 0, R on the parabola y*=4ax meet in a
point on the line y=k. Prove that the sides of the triangle
PQOR touch the parabola x2=2ky.

16. Tangents are drawn to the parabola y*=4ax at points whose
abscissae are in the ratio m®: 1. Prove that the locus of their
points of intersection is the curve

Y= m-1%ax.

17.  Prove that the length of any focal chord of a parabola is four
times the distance of the focus from the point where the dia-
meter bisecting the chord meets the parabola.

18. If P, O, R are the feet of the normals drawn from a point to
the parabola y*=4qx, prove that
(i) the centroid of the triangle POR lies on the axis of the

parabola;
(i)} the circumcircle of the triangle POR passes through the
vertex of the parabola.

19. Find the coordinates of the point of intersection of the tangents

y=mx-|—%1, Ve=m'x+ :—?. Prove that the locus of their inter-

section is a line whenever mm’ is constant; and that, when
mm’=—1, this line is the directrix.

20. The perpendicular TN from any point T on its polar with
respect to a parabola meets the axis in M. Prove that if
TN.TM isconstant the locus of T is a parabola.

21. If the normals at two points of a parabola be inclined to the
axis at angles 0, ¢ such that tan 0 tan ¢=2. Prove that the
locus of their intersection is a parabola.

22. Prove that the locus of the feet of the perpendiculars from the
point (a, 0) to the normals of the parabola is y=a(x—a).

23. From a fixed point P on the parabola y*=4ax chords PQ, PQ’
are drawn making equal angles ¢ with the tangent at P. Prove
that for all values of ¢, QQ’ will pass through the same point
R. Prove further that if P moves along the parabola, the
locus of R is

(X |-2a)y*-+4a*-=0.
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24,

- 25,

27.

28.

29,

31.

32,

33,

34)

A parabola is drawn with its axis parallel to a fixed line and
passes through a fixed point and touches a given line. Prove
that the locus of its vertex is a parabola.
From any point P on a parabola y*=4ax, lines PQ and PR
are drawn normal to the parabola at Q and R, respectively.
Prove that QR passes through the point (—2a, 0).
A chord PQ of a parabola is normal at P, and subtendsa right
angle at the vertex. If S is the focus, prove that
SQ=3SP.

If the variable chord PQ of the parabola j*=4ax subtends a
right angle at the vertex, prove that it cuts the axis at a fixed
point. Prove also that the tangents at P and Q meet on a
fixed line.
If two points of the axis of a parabola are equidistant from
the focus, prove that the difference of the squares of their
distances from any tangent is independent of its position.
Prove that the orthocentre of any triangle formed by three
tangents to a parabola lies on the directrix.
If the normals at P and Q meet on the parabola, prove that
the point of intersection of the tangents at P and Q lies either
on a certain line, which is parallel to the tangent at the vertex,
or on the curve whose equation is "

(x-+2a)y*4-44*=0. ’
Prove that the locus of the centre of the circle, which passes
through the vertex of a parabola and through its intersections
with a normal chord, is the parabola

2y*=a(x—a).

The sides of a triangle touch a parabola, and two of its angular
points lie on another parabola with its axis in the same direc-
tion. Prove that the locus of the third angular point is another
parabola.
PP’ is any one of a system of a parallel chords of a parabola,
O is a point on PP’ such that PO.OP’ is constant. Prove that
the locus of Q is a parabola.
If a tangent to a parabola cut two given parallel lines in P, Q,
the locus of the point of intersection of the other tangents
from P, Q to the curve will be a parabola.
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35. TP, TQ arctangents to a parabola, and p,, p,, p, are the lengths
of the perpendiculars from P, T, Q respectively on any other
tangent to the curve. Prove that p,p,=p}.

36. A circle cuts the parabola y*=4ax at right angles and passes
through the focus. Prove that its centre lies on the curve

V(2x-++a)=a(3x+a)

37. The product of the tangents drawn from a point P to the para-
bola j*=4ax is equal to the product of the focal distance of
P and the latus rectum. Prove that the locus of P is the
parabola

Y =da(x+a).

38. Prove that if a chord of a parabola meets the axis in a fixed
point, the normals at its extremities intersect on another fixed
parabola. When does this parabola coincide with the original
curve?



CHAPTER VIII

THE ELLIPSE

1. DEFINITION

An ellipse is the locus of a point which moves such that its distance
from a fixed point is in a constant ratio (<1) to the perpendicular
distance of it from a fixed line,

The fixed point is called the focus, constant ratio the eccentricity
and the fixed line the directrix.

1.1 Standard equation of an ellipse. To find the equation of an
ellipse in standard form. )
Let S be the focus, ZK the directrix and SZ the perpendicular
from S to the directrix. Let e be the eccentricity of the ellipse.
Let A divide SZ such that

SA:AZ=e:1

Then A lies on the curve,
Since e<1, there is another point 4’ on ZS produced such that

SA": ZA'=e: 1.
Thus SA=e.AZ
and SA'=e.ZA'.
K
Plh,k)
M
g C S NA z

Fig. 8.1
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Let C be the middle point of A4’ and let A4'=2a.

Then SA+ SA'=e(AZ+ZA")
= AA'=e2CZ
= 2a=e2CZ
= CZ=—
Further
SA'—SA=e(ZA'— AZ)
> SA'+SA—25A=e A4’
= 2CA—25A=e. A4’
= CS=ae.

Let us take C to be the origin, CA the x-axis and a Imc through
C perpendicular to CA the y-axis.

Let P(h, k) be any point on the locus (ellipse). Draw PM per=-
pendicular from P to the directrix ZK. .

Then, be definition of ellipse, we have

SP=e.PM.
But SP=+/(h—aelP+k?
and PM=NZ=CZ—-CN
=2 _p
e
a 2
(h—aef+k2=et (; —h )
= (1 —e®)+-k*=a%(1—e?)
i k?
= ZTa—en™!
Since e<< 1, 1—e® is positive, so that we may write
a¥(1—e?)=5%
~and choose b to be positive. Hence the locus of (A, k) is
x*

_+—=1

b{!
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This is the required equation of an ellipse in its standard form.
1.2 General equation of an ellipse. To find the general equation
of an ellipse whose focus is (x, B) and the directrix is the line
ax+by+e=0.

Let e be the eccentricity of the ellipse. Let P(#, k) be any point
on the locus (ellipse).

Then, by definition

SP=e.PM.
‘ah+bk-+c\?
= h—o)? B p2f T EATTE
e+ emr=e( 2T
Hence locus of (4, k) is
2
(x—a)’+(y—pP= ﬂaﬁgﬁ* +¢) .

Fig, 8.2

Ex. Find the equation of an ellipse whose focus is (—1, 1),
directrix is x—y-+3=0 and eccentricity is .

1.3 Shape of an ellipse. To rrace the ellipse
XY
e

In order to sketch the graph of the given ellipse we notice the
following:

(f) The curve is symmetrical about both axes and the origin
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since if (x, ») lies on the curve, the points (—x, ¥), (x, —») and
(—x, —y) also lie on the curve.
(i) The curve mests the x-axis in the points A(a, 0), A'(--a, 0)

and the y-axis in the points B(0, &), B'(0, —b).
(iii) Writing the equation of the ellipse in either of the forms

y==:i:—i~\/§:?

or x= :j:-g-\/bﬂv-y%

We see that y is real if and only if —e<x<{a whereas x is real if
and only if -—b< y< b, Thus the curve is limited and bounded. In
fact, it lies entirely inside the rectangle {(x, »): —a<gx<a,
—b<y<h).
Therefore in view of the points noticed above, we need only to
examine its shape in the first quadrant, We find that as x increases
from O to a, y decreases from b to 0
Hence the ellipse has the shape as shown in Fig. 8.3.

Y
B(o,b)

% A'[-q,ol ¢ - JAle0) X

B‘ (0"b!
¢
Y

Fig. 8.3

Note. The ellipse occurs commonly in everyday life. It is the
shape seen when any circle is viewed obliquely, the section of a
circular cylinder by any plane not perpendicular to the axis of the
cylinder. It is also the general path of ‘ahy planet, including our
own, in its orbit round the sun.

The points 4 and A’ are called the vertices of the ellipse.
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The two lines 44’ and BB’ with respect to which the curve is
symmetrical are called the axes of the ellipse. The axis A4’ is of
length 2a and is called the major axis whereas the axis BB’ is of
length 25 and is called the minor axis since a>b. [

Since the curve is symmetrical about the origin, the point C (the
origin) bisects every chord through it. Therefore, the point C is
referred to the centre of the ellipse.

K ¥ K
° A'Q‘yn o
’

Y
Fig. 8.4

Further, the symmetry of the curve about its minor axis (y-axis)
verifies that there must be a second focus §’ situated on the major
axis at the same distance from C as S, and a second directrix
corresponding to S’ and parallel to the original directrix which
would be cutting the major axis produced in Z’ such that

CZ'=C2Z.
Thus the coordinates of the foci S and S are (ae, 0) and (—ae, 0),

respectively.
The equations of the directrices ZK and Z'K’ are

x=2 and x=-2,
e e
respectively. [

If from a point P on the curve PN be drawn perpendicular to
the major axis, and is produced to meet the curve again in P', PV
is called the ordinate and PN P’ the double ordinate of the point .

A double ordinate through a focus is called a latus rectum®.

*In general latus rectum of an ellipse is the chord through a focus per-
pendicular to the major axis.



198 ANALYTICAL GEOMETRY OF TWO DIMENSIONS

Y

x! A’Q S N /A X

!

Y
Fig. 8.5

Since there are two foci for an ellipse, there must be two latera
recta for the ellipse. The equations of the latera recta are
x=+ae. i

To find the length of the semi-latus rectum.

Let LSL' be the latus rectum through the focus S(ae, 0) and let
SL=/. ‘Then the coordinates of the point L are (ae, ). But L lies
on the ellipse. Therefore

al 3 Il
Tyl
> It=b¥(1—e%)
T

._—‘a'_‘-
‘Hence the length of the semi-latus rectum is %"

Note. If b>a, then for the ellipse

xt
& b

we note the following:
(i) The major axis is along y-axis and is of length 2b.
(iiy The minor axis is along x-axis and is of length 2a.

(iiiy The eccentricity is given by
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P(x
M ] (x,y) -

!

Y
Fig. 8.7

-e(t-)

=d—ex.

snd S'P=e-M'P
=e-Z'N
=e+(Z'C+CN)

—o(2+2)

=a-ex.

Thus SP+8'P=2a. OO

An ellipse may also be defined as the locus of a point which move.
so that the sum of its distances from two fixed points is constant.

Te find the equation of the curve from the above definition.

Let the distance between the two fixed points S and S” be 2qe.

Let C be the middle point of S§'. Taking CS as x-axis and a
line perpendicular to it through C as y-axis. Let P(h, k) be the
moving point so that

SP-+8'P=constant=2a (say).

But SP=+/(h—ae)y*+ k*
and §'P=:+(hraeyik*.
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P(hyk)

3'(._“’ 0) c S (ae,0)

v {(h—aeP+1+ v (h+ael ki =2a
> R(l—e)+k=a*{1—e*).
Hence the locus of (A, k) is

X(1—e) 4y =a*(l—e?)

X2y
where br=a¥(1—e2).

EXERCISES

1. Find the equation of an ellipse referred to its axes as coordi-

nate axes
(#) whose eccentricity is } and foci are (+4/2, 0).
(i) whose focus is (2, 0) and vertex is (5, 0).

(iii) whose eccentricity is —"-/2-2 and latus rectum is 2,

(i¥) which passes through (3, 5) and (7, %)

(v) whose end of the minor axis is (5, 0) and length of the

latus rectum is %‘

2. Find the eccentricities, foci, directrices and latera recta of the
following ellipses:
(i) 4x24-9)2=144, -
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(if) x® tan® a-)? sec? a=1.
N
{f.ll) ‘i@ + i'g— 1.

(i) *+4y*=9.
(v) 25x%+4y*=100.

3. Find the locus of a point which moves so that the sum of its
distances from (—4, 3) and (4, 3) is 12,

4. The perimeter of a triangle is 20, and the points (—2, —3)
and (—2, 3) are two of the vertices of it. Find the equation
of the locus of the third vertex.

2. CIRCLE AND PARABOLA AS THE LIMITING CASES OF
THE ELLIPSE
We shall see that by taking e sufficiently small so much so
that by taking e~ 0 and keeping a constant the ellipse tends to be-
come a circle while taking e sufficiently near to 1 and moving the
centre off to a great distance in such a way that the vertex A4’ and
focus at S* remains unchanged the ellipse becomes the parabola.

2.1 The circle as a limiting case of the ellipse. It is clear that for
b=a, the equation of the ellipse

X2

g
takes the form x*®--)*=q*® which is a circle of radius a, and in this
case the eccentricity e=0, *

Further, we note that if ¢ is made sufficiently small keepinga
unchanged, the quantity ae becomes very small and so the foci
(+ae, 0) approach the centre of the ellipse. Also b® [=a® (1—e&%)]
approaches to a*. Thus, as the foci approach the centre, the ellipse
tends to become more circular in appearance, and when eis
sufficiently small, rather, nearly equal to zero the ellipse becomes
almost a circle. Hence, wesay that a circle of radius ais the

limiting case of an ellipse whose major axis is of length 24 and
eccentricity tends to zero.

2.2 The parabola as the limiting case of the ellipse. Shifting the
origin to the vertex 4'(~a, 0), the equation of the ellipse
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Y
e=0
es|
o X
Fig. 8.9
+';: =1
takes the form
(X—-a)’ ++=1
ie. ?—2x+ a0= e,)—O. '

Now A'S'=a (1—e). Let us denote the distance A'S’ by d'so
that
~ 4
a= T—¢'

Thus, the equation (1) becomes

X*(1—e) _ y:
d 2X+d (1+e)

Now suppose 4’ and S’ remain fixed so that d remains constant
and finite. Make e sufficiently near to 1 so that 4 becomes large
and large i.e. the centre moves off very far. In these circumstances
the above equation approximates to

Y*=4dX.

This represents a parabola. Thus, under the limiting circum-
stances described above, the ellipsc approximates to a parabola. -

=0.
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Fig. 8.10

Hence a parabola may be regarded as a limiting case of the ellipse.

3. SOME IMPORTANT RESULTS

Many of the results developed for circle and parabola in the pre-
ceding chapters also hold good for the ellipse. We shall, therefore,
only enumerate theta and the reader is advised to work out the
detailed proofs of them.

Let the equation of the ellipse be

X 2
§+b_’_ 1.
(i) The equation of the tangent at the point (x,, y,) is

x5, W
Z T

=la
(ii) The line y=mx--c is tangent to the ellipse if
c=+/a®m* b2

(iii) The equation of the normal at (x,, y,) to the ellipse is

=h_Yh
X1 N
a® b

(iv) The equation of the pair of tangents from (%, ;) to the
el iipse is
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=SS,
=X
where =5 +F_ 1

_x. yl
sEa B

xx‘l Y

T

(v) The equation of the chord of contact of the tangents drawn
from (x,, ;) to the ellipse is

"xz +J"J’1

(vi) The equation of the polar of the point (x,, »;) with respect
to the ellipse is
xx‘ Yy
+ T 1.
(vii)y The pole of the line Ix4-my+n=0 with respect to the
ellipse is

(viii) The equation of the chord with given middle point (x, ¥;)
is
. T=Sl-
where S; and T are as defined in (iv) above.
(ix) The locus of the middle points of all chords parallel to
y=mx of the ellipse is
-,
M
which is a line through the centre of the ellipse.
Ex. 1. Prove that the tangent at the point (x;, ¥,) to the ellipse
is parallel to the tangent at the point (—x,, —»).
Ex. 2. Prove that the polar of the focus (ae, 0) is the corres-
ponding directrix.

3.1 Examples
Example 1. If the normal at one end of a latus rectum of an
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ellipse passes through one extremity of the minor axis, provethat
the eccentricity of the curve is given by the equation
etter—1=0,
Solution. Let the equation of the ellipse be

xa
=1

The coordinates of one end of a latus rectum of the ellipse are
(ae, ?) Then the equation of the normal at the point (ae. ?)
to the ellipse is

by
x—ae Y=z
ae — &
a® a
b’
= ax—a’e=eay—ble
= x—ey=ae®.

This normal will pass through the extremity (0, —b) of the minor
axis if

0—e(—b)—ae
= eay/1—et=ge®
= et e2—1=0,

Example 2. A variable chord subtends a right angle atthe
centre of the ellipse. Find the locus of the point of intersection
of the tangents at the ends.

Solution. Let the equation of the ellipse be

S
B

Let (&, k) be the point of intersection of the tangents drawn-at
the ends of the variable chord. Then it is the chord of contact
and hence its equation is

x*
;"' 1.

xh | yk
P + Fv—i.
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The equation of the lines joining the centre (origin) to the points
of intersections of the ellipse and the chord of contact is

x* y’ (xh yk)
2tp=\z*tm
1 h? 2kk 1 k’
ie. (?- — a_‘) xt— 75 b' +( )ﬁO

These lines are at right angles if
coeff. of x*+ coeff. of y*=0
1l _r,1_k_,
@ a b b
Hence the locus of (h, k) is
R T
Example 3. Find the locus of the poles of tangents to the

ie. if

2
ellipse'; + %nl with respect to the parabola y*=4ax.
Solution, Any tangent to the given ellipse is
y=mx++/a*mr LB (1

Let (4, k) be the pole of (1). Then its polar with respect to the
parabola y*=4ax is

ky=2a(x+h). )
But equations (1) and (2) are identical. Therefore we have
m 1 _+/am+b

%"k~ 2ah
> m=% and +/a'm +b’=2ih.
(4a=) b SN 4a’h
= bk = '(hz-a‘j

Hence the locus of (4, k) is
b2yt =4a® (x*—a%). N
Example 4. Prove that the locus of the middle points of chords
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®» oy _1
atp=a
Solation. Let (/, k) be the point on the locus. Then its polar
with respect to the given ellipse is
xh | yk
S+l
Since c is the perpendicular distance of the polar from the centre
of the ellipse, we have
1
h?  k?
J}+F
B 1
atE=a
Hence the locus of (%, k) is
x*
ath=a
Example 6. From a point on the circle x*4*=g2, tangents are

drawn to the ellipse x2/a®+)2/b=1. Prove that the locus of the
middle points of the chords of contact is

(3+5)==2

=c

=

Solution. Let (h, k) be the middle point of thechord of contact
of the ellipse. Then its equation is

Xho ok Itk
& E=atE

x h ¥y k
= I k*)JrEF e
a2t p T

Clearly this is the chord of contact of the tangents drawn from

the point
h k
kR’ h’ N 2
+ EaTp
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to the given ellipse. But this point lies on the circle x*+)2=g2
Therefore

B R
&8 kl ] f_l‘ kl =
(? + F) (a_’ + F)
B R\ Rk
> (@+3) ="

Hence the locus of (&, k) is
( x’ yz)s _ x2? 4+ yl

ZTE pe

Example 7. Prove that the locus of the middle points of chords
2 3
of constant! length 2¢ of the ellipse % + Jbl‘:'l is

x| x ) S fxt
(+5-1 )(ﬁ?) +E’F(Ei+ﬁ)_°'
Solution. Let (A, k) be the middle point of the chord of length
2¢c.  Let a be the inclination of this chord with x-axis. Then (htc
cos &, k--¢ sin &) and (A—c cos «, k—c sin «) are the coordinates

of the extremities of the chord. But these points lie on the given
ellipse. Therefore

(h+ccos @) | (k+csina)?
a? + =]

cs M
. (hoccosa) | (kmesina’_, @

Subtracting (2) from (1), we get
4chcose |, 4chsina

@ T 0
h
' r
= tan a= — ai
b2
h k
. @ B
= sl = — —————x, COS a=—

RE kR ol
Jate aTH
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=

On adding (l) and (2), we get

k! . e
h*  k® 1 B 1 a
R AR by +'b?“f_§?er =1
k2 m(ifsdﬁ m(i=bJ
(a+ 1)z +F)+Fi(a'i+ﬁ)=°

Hence the locus of (h, k) is

(o5 )5 ol e

EXERCISES

Find the equation of the tangent to the ellipse

x ¥
AN

which makes an angle of 60° with x-axis,
Prove that the line x-cos a+t ysina=p is a tangent to the
ellipse x’+§=l if

@® cos? a-}b? sin? a=p?,
Prove that the line Ix+my+n=0 is a tangent to the ellipse
as-}-;’:—l if

a** - B2 mP—p?,

Find the locus of the foot of the perpendicular drawn from a
focus to the tangents to the ellipse x:+£=l

Prove that the product of the perpendiculars drawn from the
points (c, 0), (—c, 0) on the tangents to the ellipse

2y
@ tp=!

is equal to b? if c2=g2—p2,
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3
recta of the ellipse %.;.z—’:r: 1, and prove that they pass through
the intersections of the axis and the directrices. .
22. Tangents are drawn from any point on the ellipse Ei+'§=l

to the circle x*+-y*=r% Prove that the chords of contact are
tangents to the ellipse a®x®+5%2=r4,
23. Find the locus of the poles of tangents to the ellipse

x!
e

2
with respect to the concentric ellipse %+g;= L

4. DIRECTOR CIRCLE
To find the locus of the point of intersection of tangents to an
2
ellipse %-{-g:l which meet at right angles.
Let (h, k) be any point on the locus. The equation of a tangent
to the ellipse is
y=mx++/ a'm*FbE.
This will pass through the point (h, k) if
k=mh+ P 5
= (i —a*) m*—2hkm--k*—b*=0. (¢))]
Equation (1) is quadratic in m. This gives two roots say m, and
m,. Thus there are two tangents passing through (%, k). These
tangents are at right angles if

mm,=—1
2__pe
ie. if ):’Ta’= -1
> h*+-k*=a®+b

Hence the locus of (1, k) is
x4+ pr=at+-bh
This is the required equation of the locus which represents a

circle.
The circle x2-+-y*=a2-1-b? is ealled the director circle or orthoptic

circle of the ellipse 54&%: 1.
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5. AUXILIARY CIRCLE

The circle described on the major axis of an ellipse as diameter is
called the auxiliary circle.

If the equation of the ellipse be

X ¥

S+E=l M
the equation of the auxiliary circle will be
xi4yt=al. @

Thus, if any ordinate NP of the ellipse be produced to meet the
auxiliary circle in Q, we have from (1) and (2)

CN: NP?
= Tl
and CN*+ NQ*=aq?,
@—NQ* NP*_
oF + b
NQ _a
= NPT
Y
Q
P
4
x' A C N A X
Y."
Fig. 8.11

Hence the ordinates of the circle and of theellipsearein a
constant ratio to one another.

Ex. Perpendiculars are drawn from the points on a given circle
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upon a diameter. Prove that the locus of the points which divide
these perpendiculars in a constant ratio is an ellipse of which the
given circle is the auxiliary circle.

One may define the ellipse alternatively as follows:

Given a circle and from each point on it draw perpendiculars
upon a diameter. The locus of the points dividing these perpendi.
culars in a given ratio is an ellipse, of which the given circle is the
auxiliary circle,

Fig. 8.12

6. ECCENTRIC ANGLES

Let P be a point on an ellipse and Q the point on the auxiliary
circle such that Q lies on the ordinate produced through the point P.
Then the angle ACQ is called the eccentric angle of P. The eccentric
angle is usuvally denoted by ‘¢’

Now, we introduce a very important and useful method of
representing any point P on an ellipse in terms of the eccentric

angle of that point.
We note that
CN=a cos ¢.
To find the y-coordinate of the point P, we have
a* cos® ¢ , PN?
a* T
- PN=b sin ¢.

It is easy to see that the positive sign must be taken in all cases,
for the y-coordinate of P it is positive if ¢ lies between 0 ard =,
and negative if ¢ lies between = and 2x.
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Thus, the coordinates of any point on the ellipse can be expres-
sed as (a cos ¢, b sin ¢), ¢ being the eccentric angle of the point.
The point (a cos ¢, b sin §) is also referred to the point ¢.
The equations
x=a cos ¢,
y=Dbsin ¢
can be regarded as the parametric form of the ellipse
%2

»”
atE=h

where ¢ is taken as a parameter.
6.1 To find the equation of the chord joining two points whose
eccentric angles are given.

Let ¢,, ¢, be the eccentric angles of the two points Aand B oo
the ellipse

e ai

Then the coordinates of the points are (2cosé;, b sin¥,) and
(a cos ¢y, b sin ¢,), respectively.
The equation of the chord 4B is

. , bsing,—bsing
y—bsin =708 QS:-—a cos qf:,

p1tby
¢1+§

(x—a cos ¢y)

b cos ———
= y—>b sin ¢y=—
—a sin —x—=7

(x—a cos ¢

= bx t:osl"s +s +ay sin %‘L’cab cos ﬁ-;ﬁ

Hence the equation of the chord joining the points ¢, and 4, on
the ellipse is

sin

x by Y it b1
7 cos ‘2 +-5 5 cos 2'.

Corollary 1. The equation of tho tangent at the point (a cos ¢,

b sin ¢) to the ellipse £+;_’:_1 is = cos ‘H'b sin ¢=1.
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> ¢=2nm-+2 tand 1,

These all give the same poiat on the ellipse, for by adding any
multiple of 2= to the eccentric angle we reach the same point.

Hence each value of tan 5 gives just one point on the ellipse,
real or imaginary.

Thus there are four normals that can be drawn from a point
(x5 ¥,) to the ellipse.

7. PROPOSITIONS ON ELLIPSE
X. The portion of the tangent between the point of
contact and the directrix subtends a right angle at the corresponding

Jfocus,
Let P(x,, ;) be any point on the ellipse
xt 2
Sth=1.
Y K
—
T

IA' _yn z x

Fig. 8.13

The equation of the tangent at P(x,, y,) to the ellipse is

Tt =l

" Equation of the directrix 2K is

X ==
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The coordinates of the point of intersection of the tangent and
the directrix are
a a(l—e*)ae—x,)
(-? €y )

= . i N S
Now m,=slope of SP“xl—ae pry

a(l—e*)ae—x,)

my=slope of ST= :y‘ =%£=%
——age ¢!
e
* T _-l’_'-_ ﬂl = -
" i (a2~xz)( W ) .

Hence /TSP is a right angle.
Proposition II. The tangent and the normal at any point of an

ellipse bisect the angles between the focal radii to that point.

Let the equation of the ellipse be -
xt y?
a-i-}—ﬁa 1.
F Y K
P
= M
~__T X
z T~

Fig. 8.14

Let P(x;, y;) be any point on the ellipse. Let the tangent and
normal at P(x,, y,) meet the major axis in the points 7 and G
respectively.

The equation to the normal PG is

Yoh _Yoh

%
at b*
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The coordinates of G are (e2x,, 0).
o GS=CS—CG=ae—e*x,=e(a—ex,).

Ako sp=e.pM-e.Nz=e(cz_cm=e(-g_x,)

=a‘—£xl.
A GS=e.SP.
Similarly S'G=e.S'P.
o SP: S'P=GS: §'G.

Hence by geometry, PG bisects the angle SPS",

It follows that the tangent PT bisects the exterior angle between
the focal radii. ‘

Proposition 1I. If the normal at any point P meet the major
and minor axes in G and H, and if CM be the perpendicular upon
this normal, then .

PM.PG=Db* and PM.PH—=a".

<

Fig. 8.15
Let the equation of the ellipse be
xl
a-,+ﬁ=l.
The equation of the tangent at at P(a cos ¢, b sin ¢) to the ellipse is
x .
= cos «.5+-';-' sin ¢=1

PM=nperpendicular distance of the tangent from C
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7.1 Examples
Example 1. Prove that the locus of the poles of normal chords

fthe ellipse %5 +2; =1 i
of the ellipse 3+3“:’ is the curve
a® | bt
wty
Solution. The equation of the normal at the point (a cos 6,
b sin 0) on the given ellipse is

=(a®—b%.

ax sec 0—by cosec 0=a®—b". (1))

Let (A, k) be the pole of the line (1). Then its polar with respect
to the given ellipse is

xh  yk
?-l“ginl. @

Since (1) and (2) represent the same line, we have
—ax sec 0+by cosec &-}-a’—b’s%}:.l.J;_}g_
—asecO bcosech a*—b

h k —1

@ 7

= cos 0= a® sin = —b
K@=y " =k by
cos? 04-sin? 6= a’ + b
@@= " k@ — b0
AT
F+ F,-—(a’ b
Hence locus of (h, k) is
bﬂ
3
Example 2. If , B, v, 8 be the eccentric angles of four points
on the ellipse such that the normals at them are concurrent, prove
that «+B+-y-+3 is an odd multiple of .

=>

.?T:'* (@@=,

Solution. Let the normals be concurrent at (x, ;). Then tan ;,
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tang. tm% and tnn% are the roots of the equetion (1) in § 6.2.
By theory of equations, we have

5,=3 tan a_ —2(ax;+a*—b%)

2 by, ?
Sg=2 t&l:l-;— tan "g—“'o.
sy=3 tan % tan £ tan X =X —a"+bY)
b 2 2 2 by,
« B Y 3
and Sy=tan T tan T tan 'f tan T="-l.
& B o x B8\ S8
Now  tan (2 trtz+s )—1-s,+s,
55
= 1-|.-p—+~‘-r--i-£=-an odd multiple of =
2727272 2
= a+p+y+3=an odd multiple of =.

Example 3. A perpendicular is drawn from the centre of the
ellipse z—:+il:=l to any tangent. Prove that the locus of the foot
of the perpendicular is

(x2*+y*)P=ax2+bH".
Solution. Any tangent to the given ellipse is
y=mx+va'm* Bt (1)

The equation of the perpendicular drawn from the centre (0, 0)
to (1) is

y=—a. @

The locus of the foot of the perpendicular is obtained by eliminat-
ing m between (1) and (2). Hence the required locus is

X xt
y=—;x+ /a‘}?+b’

e e
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Let (h, k) be the middle point of the line (1). Then the equation
of the chord with middle point h k)is

xh  yk k?
WL @

Since (1) and (2) represent the same line, we have

_ xh vk ht K
ax sec 04 by cosec 0+a’-—-b‘-——-+ 3 ( .|..—b_;)
- —asecO bcosech a*~b*
h Tk T [RRR
ra 3: "(;f+'5f)
h!
*(@tw) e
at ' p? a* " b*
= cos a—w, !m B k (a’—b’)
2 h! ka
“‘ (e +5)
= cos? 0+4-sin® 0= ( a’ b:) a’ b

h? (at__b!)l + k= (a"—b')

2 2
= (%'l‘ ibc:') (hﬂ + 3= e )...(a!._bl)i
Hence the locus of (h, k) is

) ()

Examgple 6, 1If the chord joining two points whose eccentric
angles are « and B cut the major axis of an ellipse at a distance
d from the centre, prove that

3 B d—a
tan 5 tan T a
Solution. Let the equation of the ellipse be
x*
ETFE ';;

The equation of the chord joining the points whose eccentric
angles are « and B, is

= cos i@-;_b sin #_ 05_2__‘3
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drawn at the extremities of a normal chord is
T @b,
4. If 8 and ¢ are the eooentrlc angles of two points collinear with
a focus of an ellipse, prove that

t:acm-"j—i-f :&ccoc“ui

5. Prove that the product of the distances of the foci from any
tangent to the ellipse E:-{-%r::l is b®.
6. Prove that the line joining the points « and # on the ellipse
a" -{ f, ==1 passes through a focus if
tan 3 “"g :1 :t:
where e is the eccentricity.
7. Pand Q are the points « and 8 on the ellipse

»_
a‘ﬁb_‘ 1.

If PO subtends a right angle at (a, 0), prove that

a B__bH
o ytanz="a
and deduce that PQ passes through a fixed point. Further,
obtain the coordinates of this fixed point.
8. Tangents are drawn to an ellipse at the points whose eccentric
angles are «, 8, y. Prove that the area of the triangle formed
by them is

ab tan p;ymyz * tan ‘—;—ﬂ

9. If the tangent to the ellipse 5+% =1 at the point

(a cos &, b sin =) meets the ooordmate axes at P and 0, and
M is the mid-point of PQ, find the coordinates of M and
hence prove that as « varies, the locus of M is the curve
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10.

1.

12,

13.

14,

15.

16.

17,

18.

19.

P is the point (@ cos 8, b sin 6) on the ellipse

x

@' B
and Q is the corresponding point on the auxiliary circle. Cis
the centre of the ellipe and the normal to the ellipse at P
meets CQ in R. Find the coordinates of Rin terms of a, b
and 6, Hence prove that, as 6 varies, the locus of R is the
circle x4y =(a+b)
Any tangent to an ellipse is cut by the tangents at the ends of
the major axis in the points P, Q. Prove that the clrcle whose
diameter is PQ will pass through the foci,
Prove that the locus of the point of intersection of tangents
to an ellipse at two points whose eccentric angles differ by a
constant is an ellipse.
If O be the point on the auxiliary circle corresponding to the
point P on an ellipse, prove that the normals at P and O meet
on a fixed circle.
If any two chords be drawn through two points on the major
axis of an ellipse equidistant from the centre, prove that

tan%tan%tan%tan§=l.

where, o, B, v, 8 are the eccentric angles of the extremitics of
the chords.
If the normals be drawn at the extremities of any focal chord
of an ellipse, a line through their intersection parallel to the
major axis will bisect the chord.
If SY and S'Y’ be the perpendiculars from the foci upon the
tangent at any point P of the ellipse, then Y and ¥’ lie on the
auxiliary circle, and SY.S'Y'=§% Also CY and S'P are
parallel,
Two tangents to the ellipse intersect at right angles. Prove
that the sum of the squares of the chords which the auxiliary
circle intercepts on them is constant, and equal to the square
on the line joining the foci.
Prove that the circle on any focal distance as diameter touches
the auxiliary circle.

2
A tangent to the ellipse E-:+il:=l meets the ellipsc
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ar=+ 5—==a+b in the points P and Q. Prove that the tangents

at P and Q are at right angles.
20. If the normals at four points (x,,»,), r=1,2,3,4 on the

S
ellipse F+F=I are concurrent, prove that

1,1
Catxtxytx) (;"";"’“" +;' =
21. If the normals at the points whose eccentric angles are «, B, ¥
are concurrent, prove that

sin (B+y)+sin (y+=)+sin (x-+B)=0

8. DIAMETER

A line through the centre of an ellipse is called a diameter of the
ellipse.

Note. The definitions of a diameter in respect of a circle,
parabola and ellipse are consistent. In each case it is a line through
the centre of the corresponding curve, Though at first sight it
appears that a diameter of a parabola is quite different from that
of a circle or an ellipse, yet it is not so actually since a line drawn
through a point P on a parabola parallel to the axis is the limiting
case of a line joining P to a point on the axis of the parabola ata
very great distance, and so that lines parallel to the axis of the
parabola may be regarded as lines through its centre at infinity.

8.1 Equation of diameter. To find the equation of a diameter of
an ellipse.
Let equation of the ellipse be
»
e
Let P(acos 0, b sin 0) and Q (a cos ¢, bsin §) be any two points
on the ellipse.
Then equation of the chord PQ is

X cog 18,2 o 010 _co 04
‘—‘CO b ﬂ-i——-COS 73

This chord is parallcl to the line y=mx if

0-+¢
= )

b
m=—-cot
a
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* Let the coordinates of the middle point of the chord PQ be (#, k).

Then ﬁzw a cos ﬂ cos —"-
and P bsm&+bsln¢ —bsin 29 +¢ cos 'T"
£=g cot Eiz_-i’ @
Thus from (1) and (2), we have
k==t .

Hence locus of (A, k) is

This is the equation of the diameter. Clearly all the diameters of
the ellipse pass through its centre.

8.2 Alternative definition of a diameter. Following the argue-
ments as in case of parabola (see § 9 of Chapter VII) one can give
an alternative definition to a diameter of an ellipse as
The locus of the middle points of a system of parallel chords of an
ellipse is called a diameter of the ellipse.
Let y—=m’x be the diameter of the ellipse which bisects all the
chords parallel to the lime y=mx. Then

m=——

a*m

b!
= mm = —_a-é-
The symmetry of the result shows that the diameter y=mx bisects
all the chords parallel to the diameter y=m'x. Hence, if one
, diamcter of an ellipse bisects chords parallel to a second, the
second diameter will bisect all chords parallel to the first.

8.3 Conjugate diameters.
Two diameters of an ellipse are said to be conjugate when each
bisects chords parallel to the other.
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Let P (h, k) be any point on the ellipse and the tangent at P be
parallel to the chord @R whose equation is

.y=mx+c.
But the equation of the tangent at P is
xh
__bh
. m= —'a'Tk

Yl‘

Fig. 8:17

Hence the locus of the point P (h, k) is

Y= Tem ™
This is the equation of the diameter which bisects the chord QR
and all chords parallel to it.

Proposition II. The tangents at the ends of any chord meet on
the diameter which bisects the chord.

Let Q and R be the ends of a given chord
y=mx-+c.

Let P(h, k) be the point of intersection of the tangents at O and

R. Then QR is the chord of contact of P(h, k) and so its
equation is



THE ELLIPSE . 235

. bsin® bsing b
Le. if acosb acosd  a*

> tan 6=—cot ¢=tan (;_{_4,)

> 0—g=i3.

Corollary 1. If (a2 cos®, bsin6) be the coordinates of the
extremity of a diameter, then (—a sin 0, b cos 6) will be the co-
ordinates of the extremity of its conjugate.

Corollary 2. The line joining the points on the auxiliary circle
corresponding to the extremities 7 and D of a pair of conjugate
diameters subtends a right angle at the centre.

Proposition 1V. The sum of the squares of the lengths of two
conjugate semi-diameters is constant.

Let P and D be the extremities of two conjugate diameters of the
ellipse. Let (a cos 8, b sin 6) be the coordinates of P. Then the
coordinates of D are (—a sin 8, b cos 6).

Now CP2=g? cos® 64 b® sin? 0
and CD?*=a® sin® 0-}-5% cos® 0.
CP2 CD*=a?--b*=constant.
Proposition Y. The area of the parallelogram which touches an
ellipse at the ends of conjugate diameters is constant.

Let PCP’ and DCD' be the conjugate diameters of the ellipse.
Let (a cos 6, b sin 8) be the coordinates of the point P.

Y

1]
Y

Fig. .19
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The area of the parallelogram which touches the ellipse at the
points P, P', D, D’ is
4CD-CM,
where CM is the perpendicular distance of the tangent at P from C.
But the equation of the tangent at P(a cos 0, b sin 8) is

X Y inf—
g cos 0+b sin f=1.

1

52 B+sin‘ 0

a® bt
_ ab

+/b¥ cos® b4-a? sin® 0
Since the coordinates of D are (—a sin 9, b cos 0), we have
CD=+/a® sin® 08--b* cos® 0.
ab

Thus 4CD-CM=4+/a® sin® 0--b° cos® E"\/b’ cos® 0+a° sin® 0
=4ab,
which is constant.
Proposition VI. The product of the focal distances of a point P on
an ellipse is equal t6 the square of the length of the semi-diameter

parallel to the tangent at P.
Let (a cos 0, b sin 8) be the coordinates of P.

CM=

Then SP=ag—aecns f
and S'P=a-+ae cos 0.
. SP-S§'P=(a—ae cos 8)(a-+ae cos 6)
=> SP-S'P=a® sin® 0-}-b° cos® 0. (1)

The semi-diameter CD parallel to the tangent at P is conjugate
to CP. Therefore the coordinates of D are (—a sin 0, b cos 8).
Thus,

CD*==a® sin® 0-+ 5% cos® 0. 2

From equations (1) and (2) the result follows.

8.6 Equi-conjugate diameters. Two conjugate diameters of an
ellipse are said to be equi-conjugate when they are equal in length.
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- :-',-+;-=z.

Example 3. CP and CD are conjugate diameters of the ellipse
§+§= 1. Prove that the locus of the orthocentre of the
triangle CPD is the curve

2 (8% )2+ a® xTP=(a—b%)2 (b® y3—a? x7)2,

Solation. Let ¢ be the eccentric angle of P. Then the coordi-
nates of P and D are, respectively

(acos$,bsing) and (—asin $, bcos ).

Since the tangent at P is parallel to CD, the perpendicular from P .
on CD is the normal at P and its equation is

ax sec ¢—>b)y cosec p=a®—b% 1)
Similarly the equation of the perpendicular from D on CP is
—ax cosec ¢—by sec d=a®—b2, @)

The locus of the orthocentre of the triangle CPD is obtained by
climinating ¢ between (1) and (2). Now from equations (1) and
(2), we have

cosec ¢ 1
(by-—ax)(a’ =) Byta@—b) — (B Faxd)
__— (& +a’x?) —(b%*+a*x%)
= cos &—'(b%_.m and sin **’_m
4 Lcine B2y2 4 aix?)? (221 adx?)
Now cos*¢-+sin é_{bﬁ o P@ b T Byt anp@— by
&% +-a’x)
= T (@ {(by—ﬂx)’ +(by+ﬂx}’}
- 2B+ atxt)= (@ — BHbY — a2,

Example 4. If P and D be the ends of conjugate diameters of
the elliipse x2/a®-y2/b®*=1, prove that the locus of the foot of the
perpendicular from the centre of the ellipse on PD is

23y =atxt b,

Solution. Let ¢ be the eccentric angle of P. Then the coordi-
nates of P and D are, respectively (a cos ¢, b sin ¢) and
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(a cos (;-Hs), b sin (g+ ,s)) and the equation of PD is

J—c cos (4 +¢) = sin (4+¢) 1;2 m

The equation of the perpendicular drawn from the ceatre (0, 0)
to(l)is

gsin (;+$) —%cos (g+¢)=0. @

The locus of the foot of the perpendicular is obtained by elimi-
nating ¢ between (1) and (2). Now from equation (2), we have

tan (g-hﬁ) ==
i T: - = —_bL..__.
=~ sin (-+4) VoI5
n ax
and cOs (z-i—é) = V_aqu_T?'
Substituting these values in (1), we get
_ox 4y by 1
@ VEFLEY: b VAT 2
> 2 yatil by,

Example 5. CP and CD are conjugate diameters of the ellipse
P —!—':-:-—- Prove that the locus of the point of intersection of
normal at P with CD is

at B a— pt\2
atE= (T'_:) .
X ¥y x5y

Solution. Let ¢ be the eccentric angle of P. Then the coordi-

nates of P and D are, respectively

(acosd¢, bsin ¢)

and (a cos (%‘+¢), b sin (§+¢)) .

The equation of the normal at P is

ax sec ¢—by cosec p=a?—h2. )]
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Therefore

E;}")# b(ay—bx)
ay\  albx+ay)
a(1+5-;)

" Substituting this value 6f m in (1), we get
_ blay—bx)_ / ,.b'gay—Exjf
y " alay+bx) x+ /@ a%(ay+ bx)’+b’

x* ¥y
= P + F——Z.

m=

This is the locus of the point L. Similarly the locus of M can be
obtained as the same ellipse. Hence the result follows.

EXERCISES

1. P and D are the extremities of a pair of conjugate radii of the
I -
elllpSc? 4 3—2=1. krove that

2
(i) PD wuches the ellipse% e %:=§.
(ii} The locus of the middle point of PD is

(iif) The tangents at P and D intersect on the ellipse
xi y2

2. PCP', DCD’ are conjugate diameters of an ellipse; PD is pro-
duced to R so the DR=2PD. Find the locus of R,

3. Prove that the locus of the intersections of the normals at the
ends of conjugate diameters of the ellipse g - g;:ﬂl is the
curve

2(a2x+ byt =(at— b)}(atxi—b2)r)2,

4. Inanellipse, a pair of conjugate diamecters is produced to
meet the directrix. Prove that the orthocentre of the triangle
so formed is the focus of the ellipse.

5. If x cos ey sin a=p is a chord joining the ends of conjugate



10.

11.

12,

13.
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semi-diameters of the ellipse §:+ i;:= 1, prove that

a® cos? a-} b® sin? a=2p%
Lines are drawn through the foci of an ellipse perpendicular
respectively to a pair of conjugate diameters and intersect in
R. Prove that the locus of R is a concentric ellipse.
Lines are drawn through the origin perpendicular to the tan-

gents from a point P to the ellipse ':—:-{- £=1. It the unes

are conjugate diameters of the ellipse, prove that P lies onthe
curve a®x®-- h2y2—=at+ bt,

If P, D be the extremities of conjugate diameters of an ellipse,
and PP’, DD’ be chords parallel to an axis of the ellipse; prove
that PG’ and P’D are parallel to the equi-conjugate diameters.
CP and CD are conjugate semi-diameters of an ellipse, and the
tangent at P meets any other pair of conjugate diameters in T
and T°. Prove that TP-PT'=CD

If P, D are extremities of conjugate diameters, and the tangent
at P cut the major axisin T, and the tangent at D cut the
minor axis in T*; prove that TT’ will be parallel to one of the
equi-conjugates,

Two fixed conjugate diameters of an ellipse are met in the
points P, Q respectively by two lines OP, OQ which pass
through a fixed point O and are parallel to any other pair of
conjugate diameters. Prove that the locus of the middle point
of PQ is a line.

CP and CD are conjugate semi-diameters of an ellipse whose
foci are S and 5. The tangents to the ellipse at P and D meet
in T. Prove that SP, §'P, SD, §'D touch a circle whose
centre is 7. Find the radius of the circle.

.

2
A variable line meets an ellipse%, + ';—i::l at Aand B. Pis
a fixed point on the ellipse. If PA and PB are parallel to con-
jugate diameters of the fixed ellipse
@t b e
prove that AB passes through a fixed point on the normal at
P to the first ellipse.
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centre of the ellipse to this norma; is equal to the product of
the focal distances from P.
6. The tangent to an ellipse cuts the directrix corresponding to
the focus S at Q. Prove that the angle PSQ is a right angle.
7. Prove that the lines Ix+my+n=0, and I'x+m'y+4-n'=0, are

conjugate lines of the ellipse §+£—~l if

a*ll'4-b*mm’ =nn'.

If two conjugate lines cut at right angles at (x,,5,), and one
of them make an angle 8 with the x-axis, then

_ 2x,
tan 2= Gr i) — T =B

8. Prove that the area of the triangle with vertices at the points

a, p and y of the ellipse z—:+i—':=l is

2ab sin £=Y sin Y=% sin 2P u—-ﬁ

2 2

9. Tangents are drawn to an ellipse at the points whose eccentric
angles are «, B, y. Find the condition that the circle circumscri-
bing the triangle formed by them should pass through the
centre of the ellipse.

10. The point S is a focus of the ellipse ,+‘f~l and P is a

point on the ellipse such that SP is perpendicular to the x-axis.
The tangent and normal to the ellipse at P meet the y-axis in
Q and R, respectively. If S is the other focus of the ellipse,
prove that QR=S"P.

11. A circle x2-+y*-+2gx-+2fy--¢=0 meets the ellipse

x2
a® +g:

in the points (a cos 4, b sin ¢), where ¢=«, B, v, 8. Prove that
a-+B+y-+8=2nr,
where 2 is an iateger.
12. If tangents at P and Q to an ellipse meet in T, and PQ meets the

directrix in K, prove that SK bisects the angle PSQ externally.
Deduce that the angle KST is a right angle.
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13.

14

16.

17.

18,

19.

* 241

A system of ellipses is described with a given focus and cor-
responding directrix. Prove that the locus of the extremities
of their minor axes is a parabola.

PNP' is a double ordinate of an ellipse whose centre is C, and
the normal at P meets the CP’ in R. Prove that the locus of R
is an ellipse.

If the perpendicular from the centre C of an ellipse to the
tangent at any point P meet the focal distance, produced if
necessary, in R, prove that the locus of R is a circle.

Prove that the locus of the point of intersection of normals at
the ends of chords drawn through any fixed point on the
major axis of an ellipse is an ellipse, which cuts the major axis
in two points the product of whose distances from the centre
is a%et.

Prove that the locus of the middle points of chords of tae conic

x2 »
FOER
which touch the ellipse
x P

( 2 )!_ atx | bYy?
@A b)) @ G
Prove that if (x', ") be the middle point of a chord of the ellipse
3
%4—;’;:1, (%, ) the point of intersection of the normals
and (X,, y,) that of the tangents at its extremities, then
ax, By 4 4. XXy
4 B ()
From any point of eccentric angle ¢ on the ellipse

x? )

ATHE

three normals are drawn to the curve. Prove that the equation
of the circum circle of the triangle formed by their feet is

b2 a?
x’-}-y‘-—-a—x cos q&-—-b— y sin $=a*+ b
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21,

22,

23.

"4,

26.
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A point P moves so that the chord of contact of the tangents
from P to the ellipse §+"—‘=l touches the ellipse

1
_.*+-'.f —
Find the locus of P.

£ and Q are variable points on the ellips2 ,+£=l such that

the lines joining them to its centre are perpendicular, and the
angents at P and Q meet in 7. Find the locus of T.

P, O, R are points on the ellipse x’+_y_‘ =1 with eccentric
angles 0, «, B. PQ goes through (ae, 0) and PR through
(—ae, 0). Prove that

« _q ~e)‘
lan 3 tan (l+8}’

The arca of a quadrilateral formed by joining the points on

the ellipse i:+ E-—r-l whose eccentric angles are «, 8, v, 8 is
iab {sm (B—=)+sin (y— B)-{-sm (8--r)+sm (z—38)}

From any point on the clhpse ‘i b,_-l normals are drawn to

the curve. Prove that the locus of the orthocentre of the
triangle formed by joining their fzet is the ellipse

x4yt ("'“" )

If PSQ, PS'R be fozal chords of the cllipse

x ¥
F'i'b—g:].
where § and S’ are the foci, prove that the equation of the
chord OR is

x L 2(14e) +e“} _
R_ cos 3(1 sin 0+] 0
where U is the cccentric angle of P.

If the pole of the normal at P lics on the normal at Q, then
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27.

28.

29.

30.

31,

32.

33.

34,

prove that the pole of the normal at Q lies on the normal
at P.

Find the locus of the point of intersection of the tangent at
one end of a focal chord of an ellipse with the normal at the
other end.

If a pair of tangents to a conic be at right angles to one an-
other, prove that the product of the perpendiculars from the
centre and the intersection of the tangents to the chord of
contact is constant.

The lines PS, PS’ joining any point P on the ellipse

x.l

v
to the foci S and §' meet the curve again in Q, Q’. The tan-
gents at @ and Q' meet in T. Prove that the locus of T as P
moves round the curve is

2
(e 2+ (1 —etrle=(l+e)

If a point P on an ellipse be such that all chords drawn

through a given point Q subtend a right angle at P, prove that'
P must be the foot of one of the normals that pass through Q.

Focal chords are drawn through any point on an ellipse, prove

that the radical axis of the two circles described on them as

diameters is normal to a coaxal and concentric ellipse.

A point P of an ellipse §+EJ:=1 is joined to the points (¢, 0),

and the joints meet the ellipse again in Q and R. Prove that
the locus of the point of intersection of the tangents to the
ellipse at Q and R is the ellipse

xl (al_cijl y_ﬂ=]
at@reyr =

The lines joining the point P to the foci S and §' of an ellipse
cut it again at 4 and B. Prove that the tangents at 4 and B
and the normal at P are concurrent.

SP and SQ are radii vectors from s focus of an ellipse,
parallel to two conjugate diameters. Prove that the tangents
at P and Q intersect in an ellipse having the same eccentricity
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35,

36.

37.

8.

39.

41.
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as the original curve with the centre at a distance i%‘ from

its centre.

If PL and PM be the perpendiculars frem the point P to two
fixed conjugate diameters of an ellipse, prove that the per-
pendicular from P to its polar divides LM in a constant ratio.
PQ is any chord of an ellipse parallel to one of the equi-con-
jugates and the tangents at P and Q meet in 7. Prove that
the circle PTQ passes through the centre.

The line joining two extremities of any two diameters of an
cllipse is either parallel or conjugate to the line joining two
extremities of their conjugate diameters.

If a length PQ be taken in the normal at any paint P of an
ellipse whose centre is C, equal in length to the semi-diameter
which is conjugate to CP, prove that Q lies on one, or the
other of two circles.

Prove that the locus of the centre of a circle which cuts the

ellipse +%:=l in the fixed point («, B) and in two other

points at the extremities of a diameter is the ellipse
20x2-42b%y = (a3 — b¥)(ax—BY).

Prove that a chord which joins the ends of a pair of conjugate

diametérs of an ellipse always touches a similar ellipse.

A pair of conjugate diameters is produced to meet the

directrix. Prove that the orthocentre of the triangle so formed
is at the focus.



CHAPTER IX

THE HYPERBOLA

1. DEFINITION

The hyperbola is the locus of a point which moves so that its
distance from a fixed point bears a constant ratio (> I) to its
distance from a fixed line.

The fixed point is called the focus, constant ratio the eccentricity
and the fixed line the directrix.

1.1 Standard equation of a hyperbola. To find the equation of
a hyperbola.

Let S be the focus and ZK the directrix. Draw SZ perpendicular
to the directrix. Let e be the eccentricity of the hyperbola. Let
A divide Z§ such that AS . ZA=e: 1. Then A lies on the curve,

K
M P

Fig. 9.1

Since e>1, there is another point A’ on SZ produced such that
A'S: A'Z=e: 1, Thus AS=e.Z4 and A'S=e A'Z.,
Let C be the middle point of 44’ and let AA'=2a,

Now AS+A'S=e(ZA+A'Z)
= 2CS=e.AA'=2ae

= CS=ae.
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Further A'S—AS=e(4'Z—Z4)

= AA'=e.2CZ
= 2a—e,2CZ
> cz=2,

[

Let us take C to be the origin, CA the x-axis and a line through
C perpendicular to C4 the y-axis.

Let P (h,k) be any point on the locus (hyperbola). Draw PM
perpendicular from P to the directrix ZKX.

Then, by definition of hyperbola, we have

SP=e. MP.
But SP=4/(h—aef 1 k?
and MP=ZN—=CN— CZ=}:--%-

o (h—ae) i k=gt (k—;)'
> (=) +k=a1—e)

S <
= a—.‘?‘az(]—ﬁei—)=l.
Hence locus of (4, k) is
LD
a  a{l—ey '

Since e> 1, a*(1—e¢?) is negative. If we put —b* for a®(1—e?),
the equation of the curve takes the form
x‘l _ J»S
ot B
This is the required equation of a hyperbola in its standard form.
Ex. Find the cquation of a hyperbola whose focus is the point

L. 3
(2, 2), dircctrix is the line x-2y=3 and eccentricity is 3

1.2 Shape of a byperbola. 1o trace the hyperbolu

x! }-2
P
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In order to sketch the graph of the given hyperbola we notice
the following:

(/) The curve is symmetrical about both axes and the origin
since if (x, y) lies on the curve, the points (—x, »), (x, —y) and
(—x, —) also lie on the curve.

(ii) The curve meets the x-axis in the points A(a, 0) and
A'(—a, 0).

(iti) The curve meets the y-axis in imaginary points.
(iv) Writing the equation of the curve in either of the forms

y=tl vz

x=+ g VETR,

We sce that there are no points on the curve if —a<x<a and

the points (-4, 0) lie on it. There is no limitation on the possible
values of y.

Futher, from the second equation we note that y may have any
real value and from the first that x may have any real value except

those for which x2<a?, Hence the hyperbola extends indefinitely
far from the axis in each quadrants. Accordingly, the hyperbola
consists of two separate parts or branches as shown in Fig. 9.2,

Y

¢B(0,b)

Al-a,0)| Alg,0) .
2 .

ne
—

+8'(0.-b)

Fig. 9.2

1.3 - Pair of lines as a limiting case of a hyperbola. The equation
of a hyperbola referred to its axes is
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X3 » -1
@ ae—1)
ie. x'—eni_l=a‘.

If we keep e constant and make a smailer and smaller, the
equation of the hyperbola approximates to

y!

X’-—-e—‘-_j =0,
This represents a pair of lines.

Hence a pair of lines may be regarded as a limiting case of a
hyperbola whose axes are infinitely small, while their ratio is finite.

Note. An application of the hyperbola is that of locating the
place from which a sound, such as gun fire, emanates. From the
difference in the times at which the sound reaches two listening
posts, the difference between distances of the posts from the gun
can be determined. Then the gun is known to be located ona
branch of a hyperbola of which the posts are foci.

The position of the gun on this curve can be found by the useof
a third listening post. Either of the two posts and the third are
foci of a branch of another hyperbola on which the gun is located.
Hence the gun is at the intersection of the two branches.

The principle used in finding the location of a gun is also
employed by a radar-cquipped airplanc to determine its location.
In this case the plane receives signals from three stations of known
locations. [J

The points 4(a, 0), A’(—a, 0) are called the vertices of the
l:yperbola. The points B(0, b), B'(0,—b) do not lie on the hyper-
bola.

The two lines A'4 and BB’ with respect to which the curve is
symmetrical are called the axes of the hyperbola. The axis 4’4 is
called the transverse axis wherzas the axis BB’ is called the conju-
gate axis.

Since the curve is symmetrical about the origin, the point C (the
origin) bisects every chord throughit. Therefore, the point C is
referred to the centre of the hyperbola.

Further, the symmetry of the curve about its conjugate axis
(y-axis) verifics that there must be a second focus S’ situated on
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moves so that the difference of its distances from two fixed points is
constant,

To find the equation of the curve from the above definition,

Let the distance between the two fixed points S and S’ be 24,

Let C be the middle point of S5". Taking CS as x-axis and a
line perpendicular to it through C as y-axis. Let P(h, k) be the
moving point so that

§'P—SP=constant=2q (say).

P(h,k)
s'(- ae,o) c _s-{'ce,:.)
Fig. 9.5
But _ SP=+/(h—ae)* 1kt
and S'P=+/(h+ael* 3 k3,
V(h+ae)+ki—+/(h—aey'+ ki=2q
- h¥(e*—1)—~kt=a(e—1).

Hence the locus of (4, k) is
X(et—1)—p=-a¥(e?—1)

= £ y'—l
- ai"
where br=g%e2—1).

1.5 Polar equation of the hyperbola. To Jind the polar equation
of the hyperbola referred to the centre as pole,
Let the equation of the hyperbola be
Xt yt
Fa

1.

Putting x="r cos 0, y=r sin 6, we get
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6. Find the locus of a point which moves so that its distance
from (4, 0) is twice its distance from the line x=1.

2. SOME IMPORTANT RESULTS
Most of the results obtained in the preceding chapter hold good

for the hyperbola and in the proofs it is only necessary to change
the sign of b*.

Let the equation of the hyperbola be
x Yy

a
Then we have the following:
(i) The equation of the tangent at the point (x;, ,) is

x5 W,

at” b
(i) The line y=mx+c¢ is tangent 1o the hyperbola if
c=+/a®m* =B,
(iii) The equation of the normal at (x,, y,) to the hyperbola is
x5 Y ‘J’l_
4L A
a’ b
(iv) The equation of the pair of tangents from (x,, y,) to the
hyperbola is
T2=5S,,
2
where SE%—;—I

XX I

T=E;‘ L

(¥) The equation of the chord of contact of the tangents drawn
from (xy, »y) to the hyperbola is

X
a b
(vi) The equation of the polar of the point (v, v} with respect
to the hyperbola is
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X ¥y
ad T

(vii) The pole of the line Ix4-my4-n=0 with respect to the

hyperbola is
@l bm
“n’ n )
(viii) The equation of the chord with given middle point (x,, ;)
is
R =S,
where S; and T are as defined in (iv) above.
(ix) The locus of the point of intersection of the tangents at
right angles is the circle
a4 yt=ad—p,
This is known as director circle of the hyperbola and is real if
a>hb
(x) The locus of the middle points of all chords parallel tec
y=mx of the hyperbola is
2
Y=am™*
which is a line through the centre of the hyperbola.
(xi) The lines y=mx and y=m'x are conjugate if

r b!
mm' =—;
a

Note. The theory of conjugate diameters of a hyperbola differs
in several respects from that for an ellipse. We note that of two
conjugate diameters of a hyperbola one meets the curve in real points
and the other in imaginary points.

Let y=mx and y=m’x be a pair of conjugate diameters of the
hyperbola

¥ ¥

a b
Then the abscissae of the points of intersection of the hyperbola
with the diameters y==mx and y-=m’x are respectively given by

1 m*
¥ (Z‘_F)zl
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e

and o (},_%):,1.

Each of the above equations gives the real values of x if and only

if the corresponding slope m (or m’) is numerically less than

. 2
i—:. This is not possible since mm’——-% and as such if the slope of
one diameter is numerically less than %. the slope of the other is

bounded to be numerically greater than ‘—E:.

Hence, of two conjugate diameters of a hyperbola one meets the
curve in real points, and the other in imaginary points.

3. PARAMETRIC FORM OF THE HYPERBOLA

Draw the circle, called the auxillary circle in analogy with that
of an ellipse on the transverse axis 4’4 as diameter. Let PN be
the perpendicular from P(x, y) to the x-axis and construct the
tangent NT to the circle. Denote the angle NCT by 0. Then

x=CN=CT sec 0=a sec 0.

Y
T P
A |c A N X
Fig. 9.6

_— . R
titut —m=
Substituting the value of x in the equation a5 1 of the
hyperbola, we get y=b tan 0. As 0 varies from 0 to g
P traces the portion of the hyperbola whichlies in the first quadrant

the point

starting from 4 and tending to infinity as 0 tends to g Next, as
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™

stom, the point P traces the portion of the hyper-
bola in the third quadrant from infinity to A’ since both sec 8 and
tan 0 are negative for §<a<r¢. As 0 varies from = to %‘-‘ P
traces out the portion of the hyperbola in the second quadrant

from A4’ to infinity. Finally, as 6 varies from % to 2=, the
point P returns to 4 from infinity in the fourth quadrant. That
is, P traces out every point of the hyperbola as 6 ranges from 0 to

2z. Consequently we may say that the hyperbola has the para-
metric equations.

8 varies from

x=asec O, y=>b tan 0.

. The point (a sec 0, b tan 0) is also referred to the point 6 on the
‘hyperbola.
Note. Instead of using sec 0 and tan 0, we may use ‘hyperbolic
sines and cosines® and write

x==@ cosh u, y=>b sinh u,

where cosh u=e'_; ,
. B_e——.
and sinh u=1 —
s
so that cosh? y—sinh? u=1,

It may be pointed out that from the identity cosh?u—sinh? u=1,
clearly the point (a cosh u, b sinh #) lics on the hyperbola
= J"2—1 b f u, the point (a cosh u
aFE=b ut cosh > 1 for all values of u, the poin sh u,
bsinh u) lies only on one branch of the ayperbola, and the other
branch is entirely lost. Therefore, the use of (a sec 0, b tan 0) is
usually preferred.

3.1 To find the equation of the chord joining two points « and p.
The equation of the chord joining the points « and 8 is given by

b tanB—b tan o

Y e e p—asec s Y
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=> y—b tan a=ﬁ) (x—aseca)
= Ecos;p_z s]n_ﬁ—cnu j—p
a

Corollary 1. The equation of the tangent at (a sec 0, b tan 0)

x2 . X .
to the hyperbola o %’::l is E—-}!’E sin B=cos 6.

Corollary 2. The equation of the normal at (a sec 9, b tan 0)
2
to the hyperbola ;%—-%;:l 1§ by cot B-+-ax cos 0=a*+b%.

Note. Proceeding as in §6.2, Chapter VIIL, one may easily
verify that four normals can be drawn to a hyperbola from a point.

3.2 Examples
Example 1, The chord of contact of the tangents through P to

the'hyperbolag—%:EI subtends a right angle at the origin.

Prove that the locus of P is the ellipse

1"4-)" 1 1
atmE=aT B

Solution. Let (4, k) be the coordinates of P. Then the equation
of the chord of contact of the given hyperbola is
xh yk

—_——

@ B
The equation cof the lines joining the origin to the points of inter-
sections of the choerd and the hyperbola is
X2 _}3 xh  yk\?
&
. h 1 2k
. (5- ) e o+ (t gs) 0. @
But the chord subtends a right at the origin. Therefore the lines
represented by (1) are at right angles. Thus
coeff. of x2-+coeff. of y*=0

; Bl ko1
e (a‘ az) (b¢+bs) =0.
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xh _ yk_
& F b @
But equations (1) and (2) are identical. Therefore on comparing
(1) and (2), we get
acos®_ bcotl a®b°

ok 1
a? b2

a b
= .—.:(a’—}-b’} sec 0 and — r-:(a’+b’) tan 6.

S :: E—(a'—l—b’)‘ (sec® 6—tan? ).
Hence the locus of (A, k) is
a® bt

Example 4. Prove that the locus of the middle points of chords

2
of the hyperbola .y =-=1 passing through the fixed point («, B)
! b! (

is a hyperbola whose centre is (2. g) .

Solution. Let (h, k) be the middle point of the chord of the
given hyperbola. Then its equation is

xﬁ yk h’ k2
B & B

This chord will pass through (=, B) if

Hence the locus of (A, k) is
x*_y_ex Py
& B & b

This equation can be written as

- (x_;)’ (y_%)’ 1 (a‘ ﬂ_‘)

— = %)

a B 4\a?

Clearly it is a hyperbola whose centre is . 3 E) .
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EXERCISES

Prove that the line x cos «-y sin a=p touches the hyperbola

at b
if Pp*=a? cos® a—b? sin® «,

Prove that the tadgents to a hyperbola at the extremities of a
focal chord intersect on the corresponding directrix.
Prove that the product of the perpendiculars from the two foci
on any tangent to the hyperbola
xt e
@ B
Find the equation of the locus of middle points of chords of
the hyperbola 4x*—9y%=18 parallel to the line x4 y=0,
Find the equation of the Jocus of the foot of the perpendicular
from the origin to a variable tangent to the hyperbola.
The normal at a variable point on a hyperbola cuts the
principal axes in P, Q. Prove that the locus of the mid-points
of PQ is a hyperbola. Can it coincide with the original
hyperbola?
Prove that the locus of the mid-noints of the chords of the

=11is —p%

hyperbola %-:—- §=1 which are tangents to the ellipse
x® )
E’+ ==l

is a*b*(b*x2- a®y?)=(u?y—bix%)%

If the polars of (xy, ,), (%5, ¥») With respect to the hypertola
xt )

& !

are at right angles; prove that
XXy  at
Yoy B

=0.

az
to the circle described on the line joining the foci of the

2
A series of chords of the hyperbola J-r—a—-%, =1 are tangents
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hyperbola as diameter. Prove that the locus of their poles
with respect to the hyperbola is

®op 1
@ BT @R
10. Prove that the line Ix4-my+n=0 is a normal to the hyperbola
x_r_
@& B
if a_B_@+by
B me nt
; . xt P ' .
11. Pisany point on the hyperbola FE= I. A tangent is

drawn at P which cuts the directrix at Q. Prove the PQ
subtends a right angle at a focus S.

2
12. A normal to the hyperbola %—£=l meets the axes in M

and N, and lines MP and NP are drawn at right angles to the
axes. Prove that the locus of P is the hyperbola

a*x?—p2yi=(a*+b¥?2.
13. A variable chord of the circle x2)*=q®is a tangent to the
2
hyperbola;—‘.-— %:= 1. Prove that the locus of the middle point
of the chord is the curve

() =atxt bR
14, Prove that the locus of the middle points of chords of the

hyperbola §_£=1, which subtend a right angle at the

e (e B2

4. ASYMPTOTES
An asymptote is a line which meets a curve in two coincident points
at infinity, but which is not altogether at infinity.

centre, is

4.1 Equation of an asymptote. To find the equation of an asvinptote
of a hyperbola.

Let equation of the hyperbola be
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x?

——=]

at b

First Method
Any line y=mx- ¢ meets the hyperbola at points where

x?_ (mx+-c)?

=1

7
le. x'(l, g-—z—gfx—-p-—l —o0. o)

The line y=mx-c meets the hyperbola in two coincident points
at infinity if the coefficients of x* and x in (1) both are zero, i.e. if
B »
:—,_ 7 =0 and mc=0 ‘

= m=4 gand c=0.

Hence y= :l:g x are two real asymptotes of the hyperbola whose

combined equation is
: ]
X Y o.

at b

Second Method
Consider the point P(a sec 6, b tan 6) on the hyperbola, and

suppose that 0<6< ; Then both x and y coordinates of P are

positive and as such P lies in the first quadrant. As >, @ secO->c0

2I
so that P—co. Similarly, as 0->%-, P>,

The asymptote, if exists, is the limiting form of the tangent as
ﬂ—rg. Therefore, as B—)— the tangent
sec 0— tan 0=1
sin 0=cocs 0

ie.

Riw RiIx

¥
b
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becomes

BRI

y_
—3=0.
Similarly, as ﬂ—u%f, we have as another asymptote

x ¥y
at5="
Hence the required asymptotes are
X ¥y _
a0
Remarks. (i) If we draw lines through B, B’ parallel to the
transverse axis and through A4, A4’ parallel to the conjugate axis,
2
then from z—,_gzo, it is clear that the asymptotes are the diago-

nals of the rectangle so formed. This rectangle is called associated
rectangle of the hyperbola.

(i) The asymptotes of a hyperbola are helpful in sketching the
hyperbola. A rough drawing can be made from the associated

Y

:
B

A\

Fig. 9.7

rectangle and its extended diagonals. The accuracy may be im-
proved considerably, however, by plotting the end points of each
latus rectum.-

(fii) Each asymptote lies along a pair of coincident conjugate
diameters.

Corollary. Any line parallel to an asymptote will meet the
curve in one point at infinity,
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One root of the equation (1) will be infinite, if the coefficient-
of x? is zero. This will be the case if m=;|:§. So the line

b
)’=:I:E Xx+c

meets the curve in one point at infinity, whatever the value of ¢
may be.

4.2 Certain important observations about the asymptotes. The
asymptotes of a hyperbola are the pair of tangents from its centre,

(I) The equation of the pair of tangents from the centre of the
hyperbola is obtained by putting x,=0 and y,=0 in the equation
T:=5§S,, i.e.,

x! g2
—_ '= — —— —
(~ =1 (H-5-1)
x2

=> B'"F=0'

(II) By actually solving simultaneously the equation of the
hyperbola and any equation of its asymptotes, it appears that the
asymptotes do not meet the hyperbola at all in the points, real or
imaginary. But cach asymptote being a tangent drawn from the
centre to the hyperbola, there must be two coincident points in

which each asymptote meets the hyperbola. We would now like
to give an explanation as below so as to remove this apparent

inconsistency.
= ( é— €] X
y - a »

Consider the line
where € is very small. This line is inclined at a very small angle to
the asymptote yzf—: X. We see that the line meets the hyperbola

in two points where
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are those diameters each of which meets the hyperbola in two co-
incident points at infinity. Therefore, they represent the asymptotes
to the hyperbola and they divide all the diameters into two classes.
One class consists of those diameters, of slope numerically less than

g, which intersect both the branches of the hyperbola. The second
class consists of those diameters, of slope numerically greater than
g. which do not intersect the hyperbola.

Hence the asymptotes can be regarded as the diameters lying on
the boundary of the two classes of diameters, intersecting and non-
intersecting.

Note. Since the equations of an ellipse and a hyperbola are
alike in the sense that &* is replaced by —5* in case of hyperbola,
one is interested to study the asymptotes for an ellipse also. In
fact the equations of the pair of tangents from the centre of the

ellipse %:+£—:=l is given by

In analogy with the hyperbola case, the lines given by this equation
are to be regarded as the asymptotes of the ellipse. But these lines
being imaginary having no real point upon them except the origin,
they do not have the geometrical importace. However, they possess
the same algebraic properties as the asymptotes of the hyperbola.

5. CONJUGATE HYPERBOLA
For a given hyperbola the hyperbola, having for , respectively, its
transverse and confugate axes the conjugate and transverse axes of
the given hyperbola, is called the conjugate hyperbola.
If the hyperbola be
xa yz
a Fh
then the equation of the conjugate hyperbola will be
2_x
B ar

Both of these hyperbolas have the same asymptotes, viz.,
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Note. If the axes of coordinates be changed in any manner,
we should, in order to obtain the new equations of a hyperbola, of

the asymptotes and of the conjugate hyperbola, have to make the . -.

same substitutions in all three cases.

Hence, for all positions of the axes of coordinates, the equations
of a hyperbola and of the conjugate hyperbola will only differ from
the equation of the asymptotes by constants, and the two constants
will be equal and opposite for the two hypzrbolas.

5.1 Properties of a pair of conjugate hyperbolas. (i) The two
hyperbtolas have the same asymptotes.
(i) If two diameters be conjugate with respect to one of the
hyperbolas, they will be conjugate with respect to the other.
(iif) The equations of the hyperbolas
xt )2 y’ x?
== F_] d =1
can be written in polar forms

1 cos®B sin?0

[ I T
and 1_cos? sin?0
- at E

respectively. It is evident that if, for any value of 0, /3 is positive
for one curve it is negative for the other.
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Hence every diameter meets one curve in real points and the
other in imaginary points, Moreover the lengths of semi-diameters
of the two curves are connectcd by the relation r§=—r2 for all
values of 6.

(iv) If two conjugate diameters cut the hyperbola and its conjugate
in P and D, respectively, then CP*—CD*=a*—b*,

Let P(a sec 0, b tan 6) be any point on the hyperbola

* ¥ 1. (L

. _ . _btan0-0_b
.~ m=slope of the diameter CP—-m——E sin 0.

Let m’ be the slope of the diameter CD. Since CP and CD are
copjugate diameters, we have '
bz

r
mim =g

= mn= ——-
asinf
.. Equation of CD is
’ b
S TTY )
The equation of the hyperbola conjugate to (1) is
»_x
w el S
On solving (2) and (3) we get two points of intersection whose
coordinates are (@ tan 0, b sec 0) and (—a tan 6, —b sec 0).
Hence the coordinates of D are (a tan 0, b sec 0).
Now CP*—CD?=g® sec® 0-1-b* tan® 0 —a® tan® 0—25° sec® 0
=at—b2,
(v) The parallelogram formed by the tangents at P, P', D, D’ is of

constant area.
Area of the parallelogram=4CD.CM, where CM is perpendicular

from C to the tangent at P,
Let (a sec, b tan 0) be the coordinates of P.

The equation of the tangent at P is

X _Y on_
= bsmﬁ cos 6.
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The equations of the polars of any point (x,, ¥,) with respect to
the hyperbola

x:
=51l m
and its conjugate are
X _Wh_
a® b
and 42 ‘—x—?=1.
a
Clearly these polars are parallel and equidistant from the
centre. [J

Further, let P(x,, ;) be any point on the hyperbola (1).
Then polar of P(x,, ;) with respect to the conjugate hyperbola

»_x
@

s W xx

18 .b_'l_-Flzl.

This can be written as
x(—x,) - W —J’l.)= 1
at b '

But this equation is the tangent to the hyperbola (1) at (—x,,
—»,), which is the other extremity of the diameter through P.

Hence, if from any point on a hyperbola the tangents PQ, PO’
be drawn to the conjugate hyperbola, the line QQ" will touch the
original hyperbola at the other end of the diameter through P.

5.2 Examples
Example 1. If e, ¢’ be the eccentricities of a hyperbola and of

the conjugate hyperbola; prove that
1 1
ata—
So ution, Let the equation of the hyperbola be
xt

———=lo

@ b

1.
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hyperbola and with respect to its auxiliary circle, are perpendicular,
Prove that P lies on one of the asymptotes of the hyperbola.
Solution. Let the equation of the hyperbola be
xt_j?
& F-l
Then the equation of the auxiliary circle is
xipyt=ql,
Let (4, k) be the coordinates of P. Then its polars with respect
to the hyperbola and the auxiliary circle are, respectively

h yk
g,_-’a’ﬁ: and xh-+yk=a?,

But these polar lines are perpendicular. Therefore

= =),

Hence the locus of (4, k) is

Thus the result follows.

EXERCISES

1. Find the asymptotes of 2xy+7x—6y—18=0. What is the
equation of the conjugate hyperbola?

2. Prove that the line x=0 is an asymptote of the hyperbola
3x*+2xy+4x=9. What is the equation of the other asym-
ptote? _

3. Find the equation of the hyperbola which has 3x—4y+7=0
and 4x+3y+1=0 for its asymptotes and passes through the
origin.

4, P:og\:e that the portion of any tangent to a hyperbola inter-
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10.

11,

cepted by the asymptotes is bisected at the point of contact.
Prove that the polar of any point on an asymptote of a hyper-
bola with respect to the hyperbola is parallel to that asymptote.
Prove that a line parallel to an asymptote intersects a hyper-
bola in only one point.

P isany point on and C is the centre of the hyperbola

¥ ¥

at b
The diameter conjugate to CP intersects the conjugate hyperbola
2
%_a_"_l at 0. Prove that the locus of the point of inter-

section of the normals at Pand Q is a pair of lines represented
by a®x*—b%*=0.
Prove that the product of the perpendiculars from any point

of the hyperbola E———_l to the two asymptotes is equal to

aabs
The tangent at the point (a sec §, b tan 0) to the hyperbola
ﬁ:—§_l meets the asymptotes at P and Q. Find the coordi-
nates of P and Q. Prove that the locus of the point which
divides PQ in the ratioA : lis .

x4

& B
The normal at a point P to a hyaerbola meets the transverse
axis in G; the line perpendicular to this axis through P meets
an asymptote in Q. Prove that GQ is perpendicular to the
asymptote.
The locus of the centre of a circle which circumscribes the
triangle formed by the asymptotes and any tangent to a given
hyperbola is another hyperbula whose asomptotes are per-
pendicular to those of the given hyperbola.
Prove that the two lines joining the points in which any two
tangents to.a hyperbola meet the asymptotes are parzilel to the
chord of contact of the tangents and are cquidistant frem it,

/



280 : ANALYTICAL GEOMETRY OF TWO DIMENSIONS

13. A variable tangent to the hyperbola ;—:—‘;—:=l cuts the asym-

ptotes in the points P and Q. Prove that the locus of the
centre of the circle CPQ, where C is the origin of coordinates,
is given by the equation

4(a*x2—by%) = (a*+ bY)".

6. RECTANGULAR HYPERBOLA

A hyperbola whose asymptotes are perpendibular is called rec-
tangular hyperbola,

Let the equation of the hyperbola be

x2 y’ —1
o

The angle between the asymptotes
2 P
at B

of this hyperbola is equal to 2 tan-! %-. Thus, when the angle

is a right angle, we must have b=a. On this account the curve is
sometimes referred to an equilateral hyperbola.

The equation of the rectangular hyperbola, referred to its axes
as cqordinate axes, is

x*—yE=a’.
From the relation b®=a%(e*—1) it follows that the eccentricity of
the rectangular hyperbola will be 4/2.

Note. If a=b, the associated rectangle is a square and the
asymptotes are perpendicular to each other. For this reason the
hyperbola is said to be equilateral because its axes are equal or is
said to be rectangular because its asymptotes intersect at right
angles. O

We new proceed to simplify the equation x*—)*=a® of a rect-
angular hyperbola, by selecting the asymptotes as coordinate axes.

In order to reduce the given equation to the more usual form,

we rotate the axes through an angle—-’—; and we get

a4

X=x cos (—45°)-+y sin {—45")=72
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and Y=—xsin (—45°)+y cos (—45"):’%2}.’,
o 1’—)"=2X}'_
But x‘—y'_'—_ ﬁ:.
at
.. XY:T'

Hence the equation of the rectangular hyperbola can also be
written as
xy=c?

3
where cl=

6.1 Parametric equations. If we substitute x=cf in the equation
xy=c? of the rectangular hyperbola, we get y=-—f—. That is, as¢

varies, Ehe point (ct, %) always lies on the hyperbola xy=c3.

Accordingly, the rectangular hyperbola can be represented by the
parametric equations

x=cl, y=£.
t
Thus any point on the curve xy=c? can be represented by

(25}

This point is also referred to the point t on the curve.

6.2 Equation of a chord. T0o find the equation of the chord
Joining any two points t, and t, on the rectangular hyperbola xy=c*.
The equation of the chord joining the poiats #; and ¢t is

£ <
_.f-= ts h
Y e, (x “‘)
= Xttty y=c(ty+1,)==0.

Corollary 1. The equation of the tangent at the point ¢ to the
curve xy==c? is x4 12y—2ct=0.
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Corollary 2. The equation of the pormal at the point ¢ to
xy==c?is 13— ty+c(1—14)=0.

6.3 Chord of contact. To find the equation of the chord of contact
of tangents drawn from (x,, y,) to the hyperbola xy=c>.

Let the tangents drawn from A(x;, y;) to the given hyperbola
meet it in the points P and Q.

Let (ct,, -%) and (cr,. f) be the coordinates of P and Q,
respectively. ';he equations of the tangents at P and Q are
x+1§y=2ct,,
x+t3y=2cty
respectively. Since these tangents pass through A(x,, »,), we have
x4 130=2ct,,
X+ in=2ct,

Fig. 9.10
These equations may be written as
cf,y[.i.-?— xl=2(!l
l‘l.

clo+ -:T:- x,=2c%
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Thus the points P (cf‘, -:'—) and Q0 (ct,, Tc_) both lie on the
1 2

line '

XY+ yx=2ct.

This equation represents the chord joining the points of contact of
tangents drawn from the point (x,, y,) to the hyperbola.

6.4 To find the locus of the middle points of a system of parallel
chords of the hyperbola xy=c®.
Let AB be one of the parallel chords of the given hyperbola.
Let the coordinates of A and B be (cr,, ;—) and (cll. :—’), respec-
1 2
tively. Let P(h, k) be the middle point of AB. Then
c C

pmltt), b T_cttty

2 20,1,

NO‘.? = — —!!'2]-'- = . _.1..
m=slope of AB =, o

k_ 1

Hence locus of (4, k) is
y+mx=0.
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But y+mx=0 is the equation of a diameter of the curve. Thus
the locus of the middle points of a system of parallel chords is a
diameter of the hyperbola.

Let us denote the slope of the above diameter by m’. Then
o'=—m. Since m=—n', it follows by symmetry that the locus
of the middle points Q of all chords parallel to CD with slope m’
15 the diameter OP with slope m. That is, each of the diameters
y=mx and y=m’'x bisects the chords parallel to the other. These
are called conjugate diameters and the relation between their slopes
is

m+m’ =0.
6.5 To prove that four normals can be drawn to the hyperbola xy=c*
Jfrom any given point.
Let P(x,, y,) be any given point, Let (cr. ‘5) be the coordinates
of any point on the given hyperbola ‘
xy=c% (0]
The equation of the normal at (ct, :—) to the hyperbola (1) is

Px—ty+e(1—1%)=0.
This will pass through P(x,, »,) if
"x‘l_fyl +e(1—t9)=0
ie. ett—x, 34y, t—c=0. (#)]
Equation (2) is biquadratic in ¢, it has four values of . Corres-
ponding to each value of ¢ there is a point on the hyperbola (1)
the normal at which passes through (x,, »,).

Hence four normals can be drawn to a hyperbola from a given
point.

6.6 TIntersection of a circle and a hyperbola. Let the equation of
the hyperbola be

Xp=c* (§))]
and the equation of the circle be
X242 2gx+2f v+ k=0, 2)
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The equation (1) can also be written as
x=cf, y=?-. 3)
Gn solving (2) and (3), we get
ct:-+§-:+2gc:+2f € k=0

= - 2get - ki 2fet -+ c2=0. 4

Equation (4) is biquadratic in 1, it has four roots say 1,, 1,, 1,, 1,.
Corresponding to each value of ¢ there is a common point of the
circle and the hyperbola. Thus there are four points of intersections
of a circle and a hyperbola. O

Further, by theory of equations, we have

‘l+ "+ fa"" f.'“_'i_g|

k .
R A A A

2
tytats -t t -ttt ,+r,r,:‘=_?f,
and Btytet =1,

The fourth equation yields the necessary condition that four
points are concyclic.

In other words, if the parameters #,, 1, I, ¢, of four points on
the hyperbola satisfy #,1,f3#,=1 these points shall be concyclic, since
one condition is enough to ensure that four points should be on a
circle.

Conversely, if 1, t,. 5, 1, be the parameters of any four points
on a hyperbola, then for the points to be concyclic the parameters’
must satisfy equation (4) above which requires that ¢,1,¢,7,=1.

6.7 Certain results on the rectangular hyperbola. In this section
we state certain results of the rectangular hyperbola xy=c¢? without
using parametric forms. The proofs may be obtained on the same
lines as in previous chapters.
(i) The equation of the tangent at the point (x5, »,) to the
hyperbola is
XYyt yxy=2¢
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Solution. Let ( ct, :—:) be any point on the hyperbola
xy=c?,
Then equation of the normal at ( ct, :E) to this hyperbola is
ctt—xt3+4yt —c=0.
This normal will pass through («, B) if

cti—at?*4-pt—c=0,

The above equation being biquadratic in ¢ has four values say
b L5 ty, t,; hence by theory of equations, we have

Wttt t=, )
Lttty gty 1t -H 141,=0, 2
tyl gty -ttt -ty lat gyt el = —g. 3)
titgtst=—1, 4

From (1), we get
a=Cly -ty cly+tcly
ie. =Xy 4 Xy +4Xx5-+ X,
On dividing equation (3) by equation (4), we get

. ageased
1 2 3 4
= B=y1+Yat VstV
Further
XX gXgX = ClyoCly: €l Cly
=cit,t ity
=—c* from (4),

c
and WL,
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Hence the locus of (4, k) is
P(x—a)y=x%

Example 5. A line through the origin meets the circle x3-4)*=aq?
at P and the hyperbola x*—)?=g®at Q. Prove that the locus of
the point of intersection of the tangent at P to the circle with the
tangent at Q to the hyperbola is the curve

(a*+4y%) ¥ =at.
Solation. Any line through the origin is y=mx. This line meets

. a am

the circle x2-}y®==q? at P ——, ————— | and the h rbola
Pt et P (i s and e e

x2-)=gq? at 2 __, 2" ) Tangents at P and are,

? Q(\/l—m‘ vV 1—m? 8 Q
respectively,

x+my=av'1+m?

and x—my=av'1—m?

On solving these equations, we get m_z_:g_ Substituting the value

of m in either of the equations, we get

2x; L [2x0\®
* gt v=a [1+(3)
= (a+4yY) x¥=a"
Example 6. Prove that the locus of the poles of normal chords
of the rectangular hyperbola xy=c? is the curve
(x*—y%*+-4cxy=0.
Solution. Any normal chord of the given rectangular hyperbola
is .
Bx—ty-; c(1—1%)=0. (1)
Let (h, k) be the pole of (1). Then its polar with respect to
xy=c?is .
xk--yh=2ct. 2
But cquations (1) and (2) rerresent the same locus. Therefore, on
comparing (1) and (2), we get
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. e * ()
e TR AF
> (K2 —k2)?+-4c*hk=0.

Hence the locus of (h, k) is
(x2—")i-+-4eixy=0.

EXERCISES

P and Q are the points (x1, ¥y and (x1, — ¥,) on the hyperbola
x3—yt=a’,

Prove that the tangent at P is perpendicular to the line joining

Q to the centre C of the hyperbola. If the tangent at P meets

CQ at R, prove that CQ-CR=a.

If the polar of (h, k) with respect to y*=4ax touches

X2 yt=4a*;

prove that the locus of (&, k) is the rectangular hyperbola

' x—yt=4a*

If the polar of (k, k) with respect to y*=4ax touches x*=4by;

prove that the locus of (4, k) is the rectangular hyperbola
xy-+-2ab=0.

In a rectanguar hyperbola, prove that
SP.5'P=CP?,

where S, S’ are the foci, C is the centre and P is any point on

the hyperbola.

From points on the circle x1+4)t=q? tangents are drawn to
the hyperbola x3—)*=a®. Prove that the locus of the middle
points of the chords of contact is the curve

(xP—yP=a*(x+ %)



292

9.

10.

I1.

12,

ANALYTICAL GEOMETRY OF TWO DIMENSIONS

MISCELLANEOUS EXERCISES

Find the equation to the chord of the hyperbola 2—7—1

whose mid-point is (x, B), and interpret the result when the
point («, ) lies on the hyperbola.

Prove that the locus of the poles of a given line with respect
to the circles of a coaxal system is a hyperbola.

Find the locus of the point of intersection of tangents to the
hyperbola x®—)y*=a? at points with parameters 0, 6--a, as
0 varies, What is the locus when a==?

A circle cuts two fixed perpendicular lines so that each inter-
cept is of given length. Prove that the locus of the centre of
the circle is a rectangular hyperbola.

If tangents are drawn to a system of coaxal circles parallel to
a given line, prove that the locus of their points of coatact is
a rectangular hyperbola.

AOB, COD are two lines which bisect one another at right
angles. Prove that the locus of a point which moves so that
PA.PB=PC.PD is a rectangular hyperbola,

A line has its extremities on two fixed lines and passes through
a fixed point. Find the locus of the middle point of the line.
The two lines x=a, y=f are conjugate with respect to the
hyperbola xy=c?. Prove that (x, f) lies on the hyperbola
xy=2ct,

Prove that the distance of any point from the centre of a
rectangular hyperbola varies inversely as the perpendicular
distance of its polar from the centre.

If four points be taken on a rectangular hyperbola such that
the chord joining any two is perpendicular to the chord join-
ing the other two, and if «, 8, v, 8 be the inclinations to either
asymptote of the lines joining these points respectively to the
centre; prove that tan « tan g tan y tan §=1.

The normals at three points P, 2, R on a rectangular hyper-
bola intersect at a point § on the curve. Prove that the
centre of the hyperbola is the centroid of the triangle POR.
A rectangular hyperbola whose ceatre is C is cut by any circle
of radius r in the four points P, 0, R, S; prove that

CP*-CQ*4 CR: 4 CS2=4r2,



CHAPTER X

GENERAL EQUATION OF THE SECOND
DEGREE TRACING OF CONICS

1. CONIC SECTION

In general the comic section is defined as the locus of a point
which moves so that its distance from a fixed point is in a constant
ratio to the perpendicular distance of it from a fixed line.

The fixed point is called the focus, the fixed line the directrix
and the constant ratio the eccentricity of the conic section. Let
us denote the focus by S, the directrix by ZK and eccentricity by e.

We note the following important particular cases of conic
sections which we have already dealt with in the preceding chapters
independently.

(I) When the focus does not lie on the directrix, we find that
the locus (conic section) is an ellipse, a parabola or a hyperbola
according as the eccentricity e< = or > 1.

The circle is further a particular case of an ellipse. In case of
a circle e=0, focus is at the centre and directrix is at an infinite
distance.

Note. In case of an ellipse it may happen that both the axes be
zero, so that the conic section reduces to a point.

(II) When the focus lies on the directrix, the conic section is a
pair of lines, real or imaginary.

Since SP=e. MP, we have

. MP_ 1
sin PSM—?P— e
There are four cases:

(i) When e>1, the point P lies on one or the other of the two
i . 1
lines passing through S inclined to KK’ at an angle sin~! =

(i) When e=1, the angle PSM is a right angle and the conic
section represents a pair of coincident lines coinciding with SX.
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(fii) When e<]1, the angle PSM is imaginary and the conic
section represents a pair of imaginary lines.

Y
K
P
M
Z
Z|(zs) X
Fig. 10.1

(iv) When both KK’ and § lic at infinity and S on KK", the lines
passing through § will meet at infinity and the conic section will
represent a pair of parallel lines.

Thus eachi of the curves, a pair of lines, a circle, a parabola, an
ellipse and a hyperbola can be regarded as a particular case of a
conic section. We have seen in the preceding chapters that the
equation of each of these particular conic sections is always a
second degree in x and . Now we shall demonstrate the converse
that every equation of second degree in x and y represents one of
the above conic sections. We shall also show that how to deter-
mine from any such equation the nature and the position of the
conic section which it represents.

1.1 To prove that every curve whose equationis of the second degree
is a conic.

Let ax®4 2hxy by +2gx+2fy+e=0 (¢))
be the equation of the curve.

Since this is the most general form of the equation of second
degree it will include all possible cases.

In order to eliminate the term containing xy, we turn the axes
through a certain angle for which we have to substitute

X cos8—Y sin 6 and X sin 04 Y cos 6

for x and y, respectively.
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On taking the origin at (_ZG’ —F;) this equation takes the
form

AX*+BY:=K. ©)

If the right side of (6) be zero, this equation will represent a
pair of lines. If however the right side of (6) be not zero, then it
may be written as

L+l

A .B

This is the equation of an ellipse if both the denominators are
positive, and a hyperbola if one denominator is positive and the
other is negative. If both the denominators are negative, it is clear
that no real values of X and Y will satisfy the eqnation. In this
case the curve is an imaginary ellipse.

Hence in all cases the curve represented by the generiJ equauon
of the second degree is a conic section.

Note. From the above it is clear that the general equation of
second degree ax®--2hxy by*+2gx-+2fy+e=0 represents

(i) a parabola if h*=ab,
(ii) an ellipse if A2<ab and
(fif) a hyperbola if it>ab,

2. CENTRE OF A CONIC SECTION
The ceatre of a conic section is a point such that all chords of the
conic which pass through it are bisected.

2.1 To find the coordinates of the centre of a conic section.
Let ax?4-2hxy + by* 4 2gx+2fy+c=0 n
be the equation of the conic and let (x', y') be its centre. —
Transferring the origin to the peint (x’, »’) by taking the axes-

through the point («’, )*) parallel to the original axes and substitu-
ting X+ x' for x and Y-y’ for 3, equation (1) will become

AX+ XY 22X WY+ )')+ B(Y+y)
+28(X+X) - 2(¥+))+e=0
= aX® - 2hXY4-bY?*4-2(ax"+ hy 4 g) X+ 2(hx" -+ by +£)Y
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+ax 4 20y + by + 2gx'+ 2y + =0 [0))

In this equation the coefficients of X and ¥ will both be zero,
if x* and y’ be so chosen that

ax'+hy'+g=0 b (O8
and hx' 4 by’ + f=0. 0)
Thus equation (2) becomes
aX*+2hXY+bY?+c'=0, (5)
where ¢'=ax’2-+2hx'y' + byt 2gx' 421"+ ¢ (6)

By solving equations (3) and (4) simultaneously, the centre of
the conic can be obtained as

fh—bg gh—a
ab—h** ab—h2)"

Notes. (i) If ab—h*3£0, the coordinates of the centre are finite.
Thus, the conic sections—circle, ellipse and hyperbola have a finite
centre and are referred to central conics.

(if) 1If ab—h*=0, the conic section is a parabola and the centre
is at infiaity. Thus, a parabola has its centre at infinity.

(fii) . If ab—h®=0 and fh—bg=0 i.e., if

the equations (3) and (4) represent the same line, and any point of
that line is a centre. In this case the locus is a pair of parallel
lines. The conic section—pair of lines is referred to degenerate
conic,

22 To find the equation of a conic referred to the axes through
the centre and parallel to the original axes.

From § 2.1 the equation of a conic referred to the axes through
the centre and parallel to the original axes is

aX*+-2hXY+bY* o' =0,
where ¢'=ax'2+2hx'y +by'* 4 2gx'+2fy" +-¢
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=x'(ax’-+-hy' +g)+ V' (hx'+-by' +f)+gx'-+1y' +¢
=gx'+f}+c¢ by using (3) and (4}
—b h—a
=g (£ h’g) %% g f) +c

__abe+-2fgh—af*—bg*—ch?
- ab—h?

=B
Tab—h¥
where A=abe+2fgh—af *—bg*—ch®.
Now equation (5) in § 2.1 can be written as

aX*4+2hXY-+-bY? 4 ——,=0.

bh’

This is the required equation of the conic referred to the new axes
through the centre.

Ex. Find the centre of the conic
3x3—5xp+6)2+11x—17p+13=0

and its equation when transformed to the centre.

Corollary. The equation of the conic section with its centre at
the origin is Ax* - 2Hxy-}-By*=1.

From § 2.2, we know that the equation of the conic referred to
the axes through the centre parallel to the original axes is

aX*--2hXY-+bY3-¢'=0,

where d

c = &m’o
The centre of the conic is ( { ::—%". %:—ﬁ,f). "This centre will
lie at the origin if
fh—bg=0 and gh—af=0.
This gives ¢'=¢. The above equation reduces to
ax34-2hxy+by+c=0
which can be written as

Ax2+2Hxy+ Byt=1.
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3. PRINCIPAL AXES AND ECCENTRICITY OF A CONIC

The study of principal axes and eccentricity is in fact relevant
for the conic section which is either an ellipse or a hyperbola, and
each one of these is a central conic. Further, there is no loss of
generality if the equation of a central conmic, with origin at the
centre which being a finite one, is taken in the form

ax®+2hxy-+byt=1.

3.1 Length and position of the principal axes. To find the length
and position of the principal axes of the conic section whose equation

ax3+-2hxy+-by*=1. 1)
Let this conic be cut by a concentric circle
AL yt=rt @

The equation of the lines joining the origin to the points of
intersection of (1) and (2) is

ax’+2}1xy+by’— -f-y‘

> (a—‘-;i-) x'+21my+(b—:—,) »=0. 3)

Clearly these lines are the diameters passing through the points
of intersection of (1) and (2). Also these diameters will be equally
inclined to the axes of the conic and will be coincident if the radius
of the circle be equal to either of the semi-axes of the conic.
Hence the lines will be coincident if

(o))
= -;I?-—(a-i-b] —:,-+ab—h'=0, 4

and then they will coincide with one or the other of the axes of
the conic. Thus the lengths of the semi-axes of the conic are the
roots of the equation (4).

Now multiply equation (3) by a—— ! 5 We get

(a—-—:;) X2k (a——:,-) X+ (a—— (b——) »=0
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1\ 1 .
= (a—?-) x34-2h (a-—-?) xy+h2yi=0

= {(a—-;l-,—) x+4-hy }‘ =0
= (a—%) x+4-hy=0. )

Hence the axes of the conic will be obtained by substituting the
either root of the equation (4) in equation (5).
Ex. Find the principal axes of the conic

22x2—12xy+ 178 —112x4-92y4-178=0.

3.2 Eccentricity. To find the eccentrility of a conic section whose
equation is '
ax3+2hxy+byt=1,
Let e be an eccentricity of the given conic. Let the given equa-
tion become on transforming to principal axes

Ax2 4 Byt=1.
. l l 2
. 5=7 (-9
= A=B(1—é%).
Also we know that
4+B=a+b
and AB=ab—ht.

On eliminating 4 and B, we get

,«4_{(%} (e—1)=0. 1)

Now there arise two cases:

Case I. When the conic is an ellipse, i.e. ab—A*>0, the two
values of ¢ in equation (1) have opposite sign. The positive value
of ¢* gives the real eccentricity.

Case II.  When the conic is a hyperbola, i.e. ab—h*<0, the two
values of ¢* in equation (1) are positive, which will give the real

eccentricity.
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3.3 Asymptotes of a conic. To find the equation of the asymptotes
of a conic.
Let equation of the conic be

ax?+2hxy-+ by*+ 2gx-+ 2fy+c=0. )

We know that the equations of a conic and of the asymptotes
only differ by a constant [see Chapter IX]. Therefore the equations
of the asymptotes are given by

ax? 4 2hxy+ by 4-2gx+2fy+c4-A=0, )

where A is so chosen that the equation (2) represents a pair of lines.
The condition that equation (2) may represent a pair of linesis
{see Chapter IV § 3] *

a h g
h b f |=0
g f cH+A

=> Mab—h?)+A=0.

Hence the equations of the asymptotes of the conic (1) are given
by

ax*+2hxy+by*+ 2gx+ 2y +e— = ,,. =0.

The equations of the hyperbola and its conjugate differ from the
equation of their asymptotes by constants which are equal and
opposite to one another [see Chapter 1X]. Thus, the equation of
the hyperbola conjugate to (1) is

28 -
=k

Corollary. The lines represented by the equation
ax®+4-2hxy+ by*=0

are parallel to the asymptotes of the conic.
Ex. Find the asymptotes of the conic

x3--3xy+324+10x—10y+21=0,
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3.4 Coudition that the conic represented by the general equation of
the second degree may be a rectangular hyperbola.
Let equation of the conic be

ax®+2hxy+by*+2gx+2fy+e=0. 1)
The equation of the lines parallel to the asymptotes of the conic
1) is
@ ax®42hxy+byr=0. 2
The conic (1) will represent a rectangular hyperbola if the lines
given by (2) be at right angles i.e. if
a--b=0.

4. AXIS, LATUS RECTUM, VERTEX AND
FOCUS OF A PARABOLA
To find the axis, latus rectum, vertex and focus of a parabola.
If the equation
ax*+2hxy+by*+2gx+2fy+c=0 m

represents a parabola, then h*=ab i.e. second degree terms form a
perfect square.

Hence equation (1) can be written as

(@x+py)*+2gx+ 2fy+c=0, )
where «i=qg and §*=b. '

By introducing a new constant A, equation (2) may be rewritten
as

(@X+By+A)2=2(Ax—g)x+2(AB—1)y-+A*—c. &)
Choose A such that the lines
' ax+By+i=0
and 2(Ax—g)x+2AB—f)y+At—c=0

are at right angles for which
a(re—g)+p(A—S)=0
_ag+Bf
¢I+ Bl'
Putting this value of A in equation (3), we get

=

(ux+py+1)"‘"(3f+§f ) Bx—ay)+ai—c
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(u+8y+1)”= 2(«f/—Bg) ( ﬁx—ay+c')

Vit ) @ VarE )
where __‘———__(;\,2(_‘;??;; )

The above equation with respect to new axes X and ¥ can be
written as

Y?=44X,

_aX-Py4+r o Px—aytc
Val- I—ﬁ’ .‘/ LN
2(«f—Bg)

(G-
Hence the axis of the parabola is ¥=0i.e,
ax+fy+a=0
and tangent at the vertex is
Px—ay-4c¢'=0,

Vertex. On solving the equations

ax-+By+ir=0 and px—ay+c'=0

simultaneously, we get the coordinates of the vertex.
Equation of latus rectum. The equation of the latus rectum is

X=Al.e.

where

and latus rectum 44=

Bx—aytc'_1 (af—Bg)
VaEip (TR

1
> pr—ay-+o'=y 0.

Focus. On solving the equations of the axis of the parabola
and the latus rectum, simultaneously, we get the coordinates of the

focus.
Ex. Find the axis, latus rectum, vertex and focus of the para-

bola
x242xy+y2—2x—1=0,

5. TRACING OF CONICS
Example 1. Trace the conic

921 24xy+ 16y =2x-1- 14y+1=0.
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Solution. Here a=9, h=12, b=16. Since h*=ab=144, the
given conic is a parabola. The equation of the parabola can be
written as

(Bx--4yP=2x—14y—1.
Introducing a new constant A in this equation, we get

(Bx+4y+A)P=2(1-30)x+2(4A=T)y+22—1. )
Choose A such that the lines
3x4-4y-4r=0
and 2(14-30)x - 2(—T)y-| A2—1=0

are at right angles for which
3(14-32)4-4(4A—T)=0
= A=1.
Hence equation (1) becomes
(3x-1-4y-4-1)2=8x—6y.
This can be written as

25. (3x-l— 4y-1—_l)’= 10. (8x—6y)

V31442 V85462,
- (3x-l—4y+l)’=g (4x—3y)
5 5 5
This is of the form Y*=4A4X, where
x+4y+1 4x—3 2
y=> +5y+  X=— 2 44=5.
Hence the axis of the parabola is Y=:0 i.e.
3x-44y+41=0 3)
and tangent at the vertex is X=0i.e,
4x—3y=0. (C)]

On solving the equations (3) and (4), simultaneously the coordi-
nates of the vertex are given by

3 —4
(‘25' 2%5)
The parabola meets x-axis, where y=0 i.e. in the points given by

9x2—2x4-1==0
which are imaginary.
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3 ,
2 x=3 —(y—2)=0 ie 2x—y—1=0

and (x_;)+z(y_2)=o ie. 2x-+4y—11=0,

The conic meets the x-axis in the points where y=0 i.e. in the
points given by
8x2—16x-+17=0
which are imaginary.
Further, the conic meets the y-axis, where x=0, i.e. in the points
given by the equation
5y*—14y+-17=0.
This also gives imaginary values.

Hence the ellipse meets neither with x-axis nor with y-axis in
real points.

be

Example 3. Trace the conic
x3—d4xy—2)2+10x-+4y=0,
Solution. Here a—1, h=—2. b=—2. Since h*>ab, the given
conic is a hyperbola.

Fig. 10,3
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The lengths of the transverse and conjugate axes are, respectively
2

d —
—5 an \/3
Equat:on of the transverse axis referred to centre as origin is

(1-2)x—2y=0 ie x+2y=0.
Equation of the conjugate axis referred to centre as origin is
(14-3)x—2y=0 e 2x—y=0.

The equations of the transverse and conjugate axes referred to
original axes are, respectively

(x+1)+2(r—2)=0

and 2(x+1)—(y—2)=0
ie. x+4+2y—3=0
and 2x—y+4=0,
The hyperbola meets x-axis, where y=0 i.e.
x24-10x=0
> x=0, —10.
The hyperbola meets y-axis, where x==0 i.e.
~2)t44y=0
= y=0, 2.
EXERCISES

1. Trace the following conics:
(i) x*+4xy+4y*—2x4-2p4-4=0.
(i) 6x%—5xy—6y*14x+5y-+4=0.
(iii) 9x*—24xy+16y*—18x—101y+19=0.
(iv) x+44xy+4)y*—2x42y—6-0.
M x*|xplyx—4p+1=0.,
(vi) 36x3424xp--29)2—T2x+126y4-81=0.
(vii) 9x*—6xy 4 17y*+30x—T4y+17=0.
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10.

(viii) 16x*—24xy4-9y*+77x—64y4-95=0.
(ix) 17x*—12xy+48y*4+46x—28y 4 17=0.
(x) 4x*—d4xy4)*—8x—6y+5=0.
Trace the parabola
x:—4xy+4)2+ 10x—8y+13=0.
Also find the vertex, directrix and the focus.

Trace the conic
2x2 4 3xy—2)2—Tx+y—2=0.

Calculate the eccentricity of the conic.
Trace the conic

25x2+120xy+ 144y — 146x+8%y—25=0,
and find the coordinates of its foci.
Find the equation to the hyperbola which has 3x—4y+7=0
and 4x+43y+1=0 for asymptotes and passes through the
origin. Find its centre and trace the curve.
Obtain the foci and directrices of the conic whose equation is

X2 12xp—4y*—6x+4y4-9=0,
Trace the conic
9x246xy+ )% 4 2x -3+ 4=0,
and find its latus rectum.
Trace the conic
32x?—52xy—Ty*—64x—52y—148=0
and find the coordinates of its foci.
Prove that the conic
(@*+b*)(x*+y*)=(bx-+ay—ab)*
2ab
V@bt
Prove that the lengths of the semi-axes of the conic -
ax®4-2hxy+-by*=d

is a parabola of latus rectum

arc
d

d
«/a—fh and a—h

respectively, and that their equations are x?--)? =0,
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11.

12.

13.

ANALYTICAL GEOMETRY OF TWO DIMENSIONS
Find the equation to the directrix and coordinates of focus of
the parabola

xt—2xy+y*—2x—2y+3=0.
Trace the conic
9x2-24xy+16y*—2x—-39y—11=0,
If r be the length of the semi-axes of the conic

axt 4+ 2hxy-+by*+2gx+2fp +c=0,
prove that

(ab—h*)*rs-A(a4-b)(ab—h?)r2 4+ A==,
where

a

h
A= kb
f

o N

g



CHAPTER XI

POLAR EQUATION OF A CONIC

1. INTRODUCTION

The polar equation of a conic can always be obtained from the
corresponding ‘cartesian equation referred to rectangular coordi-
nates by writing x=r cos 0, y=rsin 8. Thus, for example the
polar equations of a line, a circle etc. have been obtained in the
preceding chapters.

The polar equations of conics are of much use in the case when
the pole is at the focus of the conic. In this case the polar equa-
tion of the conic takes very simple form which is usually used in
the problems. Now we proceed to obtain the same independently.

2. POLAR EQUATION OF A CONIC

2.1 . To find the polar equation of a conic, the focus being at the pole.
Let S be the focus, ZK the directrix and e the eccentricity of the
conic,
Draw SZ perpendicular to the directrix and consider SZ as
initial line.

L
5 K
M
,
8
s N Z

Fig. 11.1
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Let SL(=I) be the semi-latus rectum.
Then |I=SL=e.LK=e.SZ.
Let P(r, 0) be any point on the conic. Draw PM and PN per-

" pendiculars to the directrix and to SZ, respectively. Then, by the
definition of the conic, we have

SP=€.PM.
But SP=r,
and PM=NZ=SZ—-SN
=!- —rcos B
e
" r=e(£ —r cos B)
1
= F=1+e cos 6.

This is the required equation of the conic in polar form.
Corollary. The equation of theconic whose axis makes an angle

« with the initial line is

i
= 1+e cos (0—u).




POLAR EQUATION OF A CONIC
3.2 To find the equation of a directrix to the conic
F!= 1+ecos 6.

Let P(r, 8) be anv point on the directrix ZK. Then

Fig. 11.3

SZ=S8P cos O=r cos 0,

But SZ=LM-——§£,£' ‘'t SL=e.LM
1
=z-
i-=J" cos 0.
e
= 1:9 cos 0.
r

This is the equation of the directrix.

3. TRACING OF THE CONIC r5=1+e cos 0

Case 1. If e=0, the cquation of the conicreduces to r=IJ, which

represents a circle of radius / and centre at the pole.
Case II.  If e=1, the equation of the conic reduces to

I
5 =1-cos 6,
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Fig. 11.4

which represents a parabola. Writing the equation of the parabola
in the form

"“i¥cos o'

When 0=0, r=-2! ie. the curve meets the axis at some point A
such that

r==

2

This value of r is minimum.

As 0 increases, 14cos 0 decreases, and therefore r increases until
§=n. When 0=mn, r becomes infinite. Further, as 0 increases
beyond =, 1--cos 0 increases continuously until 0=2x. When 6=2xr,
r takes the valoe Ii Thus the curve extends to an infinite distance
in the direction of AS, see Fig. 11.4.

Case III. If e<], the equation of the conic represents an ellipse
which can also be written in the form

)

l'=I+e cos b °
When 0=0, '=l_-:-e i.e. the curve meets the axis at the point 4

1
S‘I.ICh that SA4 =f—-|::

As 0 increases, 14+e cos 0 decreases, and therefore r increases

until 60=rx. When 0=, ’lefe which is positive since e<1.
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becomes negative, and when 6=w, r= 5 i.e. the curve meets the

axis at some point A’ other than A4 such that

The value of 1-+ecos 6 will remain negative until 8 =2x—ex (the
angle ASK' in Fig. 11.6). When 0=2n—a, r becomes infinite
again. If 0<2n—a, r becomes very large and negative, and if
0>2n—«, r becomes very large and positive. The values of r will
remain positive while 0 varies from 2r—a to 2=,

B g’

(.Q-I

/sAZ A
/

K

-

¢ Fig. 11.6 >
Thus the portion AB is described first, then the portions C'A’,
A'B" and CA.

3.1 Examples
Example 1. Prove that the semi-latus rectum of any conic is a
sarmonic mean between the segments of any focal chord.
Solution. Let the equation of the conic be

!
F=l +e cos 0.

Let PSQ be the focal chord of the conic. Let « be the vectorial
angle of P. Then vectorial angle of Q will be n4« Then

S—P=l+e cos @

and =14e cos (n+a)=1—e cos a.

d
S0
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5. 1If PSQ is a focal chord of a conic; prove that the locus of its
middle point is another conic of the same nature as the original

conic.
6. Prove that the directrix of the conic F‘{=l+e cos 6 corres-

ponding to the focus other than the pole is

7. A point moves so that the sum of its distances from two fixed
points S, S’ is constant and equal to 22. Show that P lies on
the conic

a(l—e?)

—ecos b,
r

referred to S as pole and SS’ as the initial line, SS’ being
equal to 2ge.

4, CHORD JOINING TWO POINTS

To find the equation of the chord joining two points on a conic.
Let the equation of the conic be

;:l-{-e cos 0.

Let «—P and «--p be the vectorial angles of any two points P
and @ on the conic, respectively.
The general equation of any line is

:_.-;-A cos 0+ B cos (0—«).

This will pass through the points P and Q if
1+e cos (e— B)=A cos (a—B)} B cos §
and 1+e cos (o+B)=A cos (a-+B)-}-B cos B.
These equations imply that
A=e and B=secB.

Substituting the values of A and B in the equation of the line,
we get

;-zsec g cos (0—a) +-e cos 0,
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Corollary. The equation of the chord joining the points whose
vectorial angles are «—p and «-p on the conic

%=l+eoos (0—y) is

%:-sec B cos (8—a)+€ cos (0—).

5. TANGENT AND NORMAL

5.1 Equation of tangent. To find the equation of the tangent at a
point whose vectorial angle is « to a conic.
Let the equation of the conic be

I
-;—=I+e cos 0.

The equation of the chord joining the two points whose vectorial
angles are a—B, «+p is

%-:-sec B cos (8—ax)+e cos 6.

This chord will become the tangent at the point whose vectorial
angle is « if we take p=0 in its equation, and we get

%ncos (6—ax)+-e cos 6.

Corollary. The equation of the tangent at the point whose
vectorial angle is o to the conic

=1-e cos (0—vy)

|~ '-ql-..

is =cos (0 —x)+e cos (0—¥).

5.2 Equation of normal. To find the equation of the normal at a
point whose vectorial angle is « to a conic.
Let the equation of the conic be

{—nl-}-ecosﬁ.

The equation of the tangent at the point whose vectorial angle



POLAR BQUATION OF A CONIC 323
is o, is
L <cos (0—)+e cos 0.
The coordinates of the point of contact of the tangent are
]
(l-l—ecosa ' & )
The equation of the line perpendicular to the tangent is
A n L
— =cos (8+ 7 )J.-e cos ( 0+-2-)
> %‘:—sin (6 —«)—e sin 0.

This line will pass through the point

I
(1+ecou’“)

if A(l+jcos a)= —esin «
- _—lesine
“1+ecosa’
Hence the equation of the normal at the point whose vectorial
angle is a, is
lesina . .
MiTecosa) o0 (0—a)+esin 6.

5.3 Examples
Example 1. Find the condition that the line

-:—==A cos 0B sin 6
may be a tangent to the conic
—f,-=l+e cos 0.

Solution, The equation of the tangent at the point whose
vectorial angle is « to the given conic is

$=cos (8—a)+ecos @

= —f_-=(e+cos ) cos 8- sin « sin 6.
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Thus when e=1, the locusis tangent at the vertex to the parabola
I
7= 1+cos0.
Example 3. The normal to the conic
% =1+ecos B

at the point whose vectorial angle is « meets the curve again at the
point whose vectorial angle is . Prove that

a
« ﬂ 14-2¢ cos® 5 +e?
I—Ze sin? - +e2

Solution. The equation of the normal to the given conic at the
point whose vectorial angle is «, is

le sin a
r(l+4ecosa)

This normral will pass through the point

. L L
(H-e msp’p)
if e sin a(l4-e cos B)
1-f-e cos a
= (1+e cos a--€?) sin (a—f)+e (sin a—sin B)=0
«—p

= (1+e cos a-}-e%).2 smT c:c-s—-z—

+2e cos a_%_ﬁ sin E-;—p=()

=sin (0—=z)}-e sin 6.

=sin (B—«)+-e sin B

= (1--{-9cos«-}-e‘)( cos;—cos-%—i—sin-;— sin%j
+e( ::os—fzi cos-g- —sin—;- sin _';-) =0
n deet (14 tan % tan £
=> (liecos¢|e)(1[tan2(an2)

o By _
+e(l —tan—z- tan-i-)—-o.



326

=  (14+ecosa+et—e)tan -;- tan £

= tan

ANALYTICAL GEOMETRY OF TWO DIMENSIONS

2
+(1--e cos a--e2+e)=0
o
a 6 1+2e cos? 1-4—43’
FWy=—
1—2¢ sin? 5 +et

EXERCISES

Prove that the line %=A cos 0+ B sin 6 may be a tangent
to the conic %=‘=-l+e cos (0—y) if
A*+B*—2e(A cos y--B sin y)+4-e*—1=0.

Prove that the two conics L:= 1--e, cos 0 and

!—;-—— 145 cos (B—a)
will touch one another if
131 —ed)+13(1—ed)=2L1(1—e,e, cos a),

If a chord of the conic Lr= 1-+ecost subtends a constant

angle 2« at the focus; prove that the locus of the point where
it meets the internal bisector of the angle 2« is the conic

lcosa =1-+e cos « cos b,

PQ is a variable chord of a conic having a focus at S and the
angle PSQ is constant. Prove that the locus of the point of
intersection of the tangents at P and Q is a conic having §
for a focus, and the corresponding directrix in common with
the given conic..

In any conic prove that the portion of the tangent intercepted
between a directrix and the point of contact subtends a right
angle at the corresponding focus.
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The equations of the tangents at P and Q are

-;—=cos (v—a—B)+e cos 6 3
and —i—=-cos (0—a+B)+e cos 0. @
These tangents will pass through (ry, 0,) if

fix=c°s (0,—a—B)+e cos 0, ®)
and %zcos (0,—=+B)+e cos 0;. (©6)

From equations (5) and (6), we get
cos (8, —a—B)=cos (0;—=+)
= 6, —(a—B)=2nm+{0, —(x+E)}.

We consider here lower sign, since upper sign would give a
special value of .

0 —(a—p)=2n=—{0,—(2+P)}
= 01=ﬂ1t+ o.
Substituting this value of « in (5), we get

;l—=cos (nm+B)4-e cos 6,
1

= rl—ecos 6;=(—1)" cos B.
1

Thus equation (2) becomes

(%- e cos B) (%—e cos 91)=(—l)' cos (0—08;, —nm)

= (%—-e cos B) (a{-—-—e cos B,)-:oos (0—0,).

7. DIRECTOR CIRCLE
To find the polar equation of the director circle of a conic.
Let the equation of the conic be

1
-r—-1+e cos 0.
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The equations of the tangeats to the conic at the points whose
vectorial angles are « and B are

=cos (6—a)+e cos 6

and -i—=eos (0—pB)+-e cos 0.

The vectorial angle of the point of intersection of these tangents

is given by the equation
cos (8—a)=cos (0—B)

= 0—a=1(0—B).

We consider here lower sign, since upper sign would give a=p
which is a contradiction.

. at-B

A O=—5". 4))
Substituting this value of 0 in either equation of the tangent and
we obtain

-%-=cos ﬁ-{—e €O —n— ¢+B

@
Transforming the equations of the tangents into cartesian co-
ordinates and taking that the tangents are at right angles, then
(e+cos a)(e--cos B)-+sin « sin p=0
= e?+t-e (cos a+cos B)+cos (x—p)=0

= e?+2e cos ﬂ 1:1::5"‘—p !“—;5—1=0. (3)

Eliminating « and B from (3) with the help of (1) and (2), we
get
]
e?*+2ecos 0 (%—e cos G)-!—Z (%-—-e cos ﬁ) —~1=0
= r*(1—e%)+2elr cos 6—-212=0,
This is the required equation of the director circle.

8. ASYMPTOTES

To find the polar equations of the asympiotes of a conic.
Let the equation of the conic be

ir=l+e cos 6.
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Let P (R, a) be any point on the conic. Then equation of the
tangent to the conic at P (R, «) is

—:-=cos (0—a)+ecos 0

> ~:—=(e+cos ) cos 84-sin 6 sin «. )]
Since the point P (R, «) lies on the conic, we have

I

E—1+e cos a.

The tangent at P (R, «) will become the asymptote if P lies at
infinity for which R— o i.e. if

0=1+4ecosa
1
=> cos ¢=‘—‘?- (2)

Eliminating « from (1) with the help of (2), we get

! 1 . J 1
?=(e~-—e-) cos 04sin 0 l“?

- {%——(e‘—l) cos 0}'=(e'—l) sin 0,

These are the equations of the asymptotes.

MISCELLANEQUS EXERCISES

oy

Prove that the equations —:=l—e cos 0 and §-'=—l_e cos 0

represent the same conic.
2. If a chord of an ellipse makes an angle « with the axis; prove
that the angle between the tangents at its extremities is
2e sin o
€80 x
ETE
3. Prove that the perpendicular focal chords of a rectangular hy-
perbola are equal.
4. Prove that the locus of the poiat of intersection of two tangents
to a parabola which cut one another at a constant angle is a
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10,

11.

hyperbola having the same focus and the  directrix as the

original parabola.

A focal chord PSP’ of an ellipse is inclined at an angle « to

the major axis. Prove that the perpendicular from the focus
o f sin« .

on the tangent at P makes an angle tan—? ( Py a:) with the

axis.

Prove that the locus of the pole of a chord of the conic

l§=l+e cos 0 which subtends a constant angle 2« at the

focus is

Iseca

. =1+e sec « cos 0.

Also distinguish between the cases for which cos a>=<e.
The tangents at the points P and Q to a parabola meet in T.
Prove that ST*=SP.SQ, where § is the focus of the parabola.
An ellipse and a parabola have a common focus S and inter-
sect in two real points P and Q, of which P is the vertex of
the parabola. If e be the eccentricity of the ellipse and « the
angle made by SP with the major axis; prove that

SQ 4e?sina
§'P'_l+(1-e cos a)?
If A, B, C be any three points on a parabola, and the tangents
at these points form a triangle A’B'C’; prove that
SA.SB.SC=SA'.SB'.5C’,
where § is the focus of the parabola.
A conic is described having the same focus and eccentricity as
the conic ri' =14-¢ cos 6, and the two conics touch at the point
0==a; prove that the length of its latus rectum is

2/(1 —e?)
e*+2e cos a1"

If the tangent at any point of an ellipse makes an angle « with
its major axis and an angle B with the focal radius to the point
of contact; prove that e cos a==cos p.
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20.

21.-

24,

25.

Given the focus and directrix of a conic, prove that the polar
of a given point with respect to it passes through a fixed point.
Prove that the equation of the pair of tangents which can be

drawn to the conic?l=l+e cos 6 from the point (r;, 0,) is

f{beams s {-eomn) -1}
e e e

If the normals at three points whose vectorial angles are a, B,
+ to the parabola r=a cosec? S meet in the point (R, 3); pro-

2
ve that 28=a-+B+y—m.
Find the equation to the circle circumscribing the triangle
formed by the tangents to a parabola and prove that it passes
through the focus.

If the normals to the parabola -;_{=1+cosﬁ atthe points P, 0,

R whose vectorial angles are «, , vy meet in the point T(p, 8);
prove that the diameter of the circumcircle of the triangle
formed by the tangents at P, Q, R is equal to ST, where S is
the focus of the parabola.

From the focus S of the conic ?I=l+e cos 0, radii SP and

SQ are drawn at right angles to one another. Prove that the
locus of the pole of PQ is a conic having the same focus which
is hyperbola, parabola or ellipse according as

1

E>=<:72'-



APPENDIX
OBLIQUE AXES

1. INTRODUCTION

In Chapters I—XI we have studied different loci viz., straight
line, circle, parabola etc. in different forms by taking rectangular
axes. In the present chapter we study the above loci by taking
oblique axes i.e. the axes inclined at an angle other than right
angle,

2. DISTANCE BEWTEEN TWO POINTS

To express the distance between two points in terms of their
coordinates,

Let the axes be inclined at anangle @ and let P(x,, y,), O(xq ¥)
be any two given points. Draw PM, QN parallel to y-axis and PL
parallel to x-axis. Then

OM=x,, MP=y,, ON=x, and NQ=y,.

Q
P L
w
o/ M N

Fig, 1

X

In A PLQ, we have
PQ*=PLM-LO*—2PL.LO cos OLP,
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But  QP=LP—LQ=LP—ON=y—c,

and NQ=0L=x.
. ry—e_
e =
= Y=mx-+c.

Plx,y)

Q
M (8
/O L X
A
Fig, 2
Now = sin 0 sin 6

sin (m-ﬁ}= $in @ cos B—cos » sin O
_ tan 6
" sin w—cos w tan 0

which gives

m sin o
tan 6—-l—+m cos @
Thus y=mx-c is the equation of the line which cuts off an
. : [ msin to_) .
intercept ¢ on y-axis and n_mkes an angle tan (l_“_+m o5 with

X-axis.

4. ANGLE BETWEEN TWO LINES
To find the angle between two lines referred to the axes inclined
at an angle w.

Let y=mx-c; and y-=myx--c,
be the equations of the two lines which make angles 0y, 0,, respec-
tively with x-axis. Then from § 3, we have
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are
a,x--b,yt-e, ayxt+byyte,
Vai+bi—2ab, cos w Vat-+bi—2a,b,cos

6. ANGLE BETWEEN THE PAIR OF LINES

To find the angle between the lines ax?-- 2hxy--by2=0, referred to
the axes inclined at an angle w.

Let y=mx and y=m,x be the lines represented by the given
equation and let 0 be angle between them. Then

my+nig== —2; and mpn,::%.

By § 4, we have

(my—m,) sin o
14-(my-+my) cos w-+mm,
_AV (mFmy—dmm,.sin

1--(my+m,) cos w-+mym,
4h* 4a

NFE T
__2h a

1 +( b ) cos w+-5

tan 0=

sin o

_ 24/K_ab.sin
T atb—2hcosw
Corollary 1.  The lines represented by ax?-+2hxy-+ by*=0 will
be parallel if #*=ab and perpendicular if a4-b—2h cos w=0.
Corollary 2. The equations of the bisectors of the angles
between the lines ax®-|-2hxy-t by*=0 are given by

h (x*—y*)—(a—b) xy-| (ax¥*~ by*) cos w=-0
ie. (—acosw—h)x?i(bcos wih)y—(b—a) xp=0.

7. OBLIQUE AXES FROM RECTANGULAR AXES

To transform rectangular axes into oblique axes.

Let (x', y) be the coordinates of a point P referred to rectangu-
iar axes OX, OY’ and (x, y) the coordinates of the same point P
referred to oblique axes OX. 0Y.
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Draw PN parallel to OY' and PL parallel to OY.
Then ON=x', NP=y', OL=x and LP=y.

Further draw PM’ perpendicular to OX’, LL' perpendicular to
OX' and LM perpendicular to PM’. Then

Y sin o'=M'P=L'L+MP=x sin a4-y sin 0.

Also OX and OY make angles w'—z and o'—0 with OY".
Therefore

x' sin &’=x sin (o’ —a)+y sin (o'—H0).

;X sin (w'—a) , y sin (0'—6).
Thus  x'= sine sine’ ’

y,=xsinu ysin®
sinw’ ' sin o’

where f—a=uw.

9. INVARIANTS
If by any change of axes the expression ax®+42hxy+b)3 be
changed into a'x2--2k'xy+-b'y?, then

a+b—2hcos w__ a'+b —2K cos &

sinfw sin®ew’
and ab—h* b —p?,
sin%e  sinfw’

where w and o' are the angles of inclination of the two sets of axes.

Fig. 6
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Let (x', ¥’) be the coordinates of a point P referred to the axes
OX' and OV’ and (x, y) the coordinates of the same point referred
to the axes OX and OY.

Then OP2=x2--)2-1-2xy €OS w.

Also OP*=x"21 32 2x"y cos w'.

This shows that the expression x*-+y?*+2xy cos w is changed
into x'2+43'?4-2x"y" cos w'. But it is given that ax®--2hxy--by® is

changed into a'x'?--2i'x"y’--b'y'®. Therefore, if A be any constant,
then i

ax®-2hxy - by* +M(x3--y2--2xy cos @)
will be changed into '
a'x" L 20Xy 4 by A (xR -y 2XTY cos @)
Thus, if A be so chosen that one of these expressionsis a perféct

square, the other will also be a perfect square for the same value
of A

The expressions will be perfect square if
(@42 (b4-2)—(h+-2 cos 0)*=0

and (@ +2) (0" -+-W)—(H" -\ cos ')*=0,
respectively.

ie. A? sinw - (@-+-b—2h cos w)r+ab—N*==0

.and At sinfo’-H(a’" -+ b -2k cos &) A-a'b'—h'2=0.

For finding the value of A these equations must have the same
roots. Thus, we get

a--b—2h cos ©_ a'-b'—2h cosw’

sin®w sin‘w’
ab—h®  a'b—h'?
and —= s
sin®w SIm*e

10. EQUATION TO A CIRCLE

To find the equation to a circle when the axes are inclined at an
angle w.

Let C{/1, £) be the centre of the circle and P(x, ¥) be any point
on it. Then from §2, we have



OBLIQUE AXFS " 343

(x—h)*+-(y—k)*+2(x—h) (y—k) cos o=a*
= x*+)24+2xy cos w—2(h-+k cos w)x—2(k--h cos )y
4k 4-k24-2hk cos w—at=0.
This is the required equation of the circle.
Corollary. The equation of the circle with centre at origin is
x*+)*4-2xy cos a=a’ '

Remark. The general equation of the circle may be considered
18

x4y 2xy cos w+-2gx+4-2fy4-¢=0.

Fig. 7

11. EQUATION TO A PARABOLA

To find the equation to a parabola when the axes are any diameter
and the tangent at the extremity of that diameter,

Let P(ar®, 2at) be any point on the parabela y? =4ax. Trans-
ferring the origin to the point P by taking axes parallel to the
original axes. Let (', »') be the coordinates of a point Q with
respect to these axes. Then equation of the parabola becomes

(V' 4 2at)* = 4a(x'+ ar?),

Now consider the new axes as PX” and the tangent at P (i.e. PY’)
so that L X'PY'-—w. Let(x"”, »”) be the coordinates of Q@ with
respect to the axes PX’ and PY’. Then

X'=x" 4" cos o,

¥o-y" sin o,
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Therefore the equation of the parabola referred to PX’ and PY’
as axes becomes

(¥" sin w+2at)*=4a(x" 4-y" cos o-+at?)
= ¥'? sin®w-4ay” ( sin o —cos w)=4dax". (1)
But tan o =slope of the tangent at P:—--:-.
Hence the equation (1) becomes
g dax’
Y =ire
This equation may be written as
yi=4bx,
where b=— 4: .
) sin® @
This shows that the equation of the parabola y*=4ax is a parti-

cular case of the equation of the parabola referred to the diameter
and the tangent at the extremity of that diameter.

12. EQUATION OF AN ELLIPSE

To find the equation of an ellipse referred to any pair of conjugate
diameters as axes.

Let the equation of the ellipse be

2
=1 M
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Also the line x'=a’ is the tangent at P. Substituting x'=a' in
(2), we get

Ad* 4 2Hay + By =1
- 2Ha'y' + By'*=0.

The two roots of this equation have to be zero, therefore H=0.
Hence the equation of the ellipse is
Xt s
FAtypt

13. EQUATION OF A HYPERBOLA

To find the equation of a hyperbola referred to any pair of con-
Jugate diameters as axes.

Proof is similar to above.

EXERCISES

1. Prove that the equation of the line which passes through the
point (h, k) and is perpendicular to x-axis is x--y cos w=h-+k
cos w.

2. Find the length of the perpendicular drawn from the point
(4, —3) upon the line 6x-+3y—10=0, the angle between the
axes being 60°.

3. The coordinates of a point P referred to the axes meeting at
an angle w are (h, k), prove that the length of the line joining
the feet of the perpendiculars from P upon the axes is

sin wv/E k%1~ 2hk cos w.
4. From a given point (h, k) perpendiculars are drawn to the

axes and their feet are joined, prove that the length of the
perpendicular from (4, k) upon this line is
hk sin® o
Vi | k*+ 20k cos @
and that its equation is hx—ky -/*—k? o being the angle

between the axes.
5. Prove that the lines y=m x| ¢, and y—m,x+¢, make equal
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15. Parabolas are drawn to touch the axes, which are inclined at
an angle w, and their directrices all pass through a fixed point
(h, k). Prove that all the parabolas touch the line

x Yy
h+kmw+k+kse¢=w

16. Prove that the equation to the director circle of the conic
xy=clis

x3+2xy cos o+ y=4¢2 cos .
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(iii) Parabola; axis 3x—4y{-7=0; tangent at the vertex
4x+43y+2=0; latus rectum 3.
(iv) Hyperbola; centre (—1, 1), transverse axis x—y4-2=0,
length 1/-4—3; conjugate axis x+y=0, length 4.
(v) Ellipse; centre (—2, 3); major axis x+y—1=0, length
44/3; minor axis x—y+5=0, length 4,
(vi) Ellipse; centre (2, —3); major axis x—p-+3=0, length 6;
minor axis 3x—4y—18=0, length 4.
(viii) Parabola; axis 4x—3y+10=0; tangent at the vertex
3Ax+4+4y}-5=D; latus rectum é
(%) Ellipse; centre (—1, 1); major axis 2x—y+3=0, length
4; minor axis x-2y—1=0, length 2; wc%
(x) Parabola; axis 2x—y—1=0; tangent at the vertex
. 4
x+2y—1=0; latus rectum 73
Parabola; axis 5x—10y+413=0; tangent at vertex
. . -39 13),
10x4-5y+13=0; latus rectum ; vertex ('2?'25 :
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12
V125
5
Hyperbola; centre (1, 1); transverse axis x—3y+2=0, length
24/2, conjugate axis 3x-+4y—4=0, length 24/2, ecc. /2.
(3x—4y++T)4x-+3y+1)=17; centre (—1, 1); transverse axis

x+47y—6=0, length% +/14; conjugate 7x—y+-8=0, length

; % +/14; asymptotes 3x—4y+ 7=0 and 4x-}-3y+1=0.

Hyperbola; centre (0. %), transverse axis 3x-+2y—1=0,

length 4/5; conjugate axis 2x—-3y+;=0. length 24/2; foci

(I. -‘l}s ('_13 2)-
Hyperbola; centre (1, 0): transverse axis x—2y—1=0, length
4, conjugate axis 2x+y—2=0, length 6; foci
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