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PREFACE

During the past decade we have witnessed a remarkable increase isi the number of
students seeking higher education as well as the development of many new colleges
and universtties. The inevitable nonuniformity of conditions present in different
institutions necessitates considerable variety in purpose, general approach, and
the level of instruction in any given discipline. This has naturally contributed to
the proliferation of texts on almost any topic, and the subject of mathematical
pliysics is no exception. There is a number of texts in this field, and some of them
are undoubtedly of outstanding quality.

Nevertheless, many teachers often feel that none of the existing texts is properly
suited, for one reason or another, for their particular courses. More important,
students sometimes complain that they have difficulties studying the subject from
texts of unquestionable merit. This is not as surprising as it sounds: Some texts
have an encyclopedic character, with the material arranged in a different order
from the way it is usually taught; others become too much involved in complex
mathematical analysis, preempting the available space from practical examples;
still others cover a very wide variety of fopics with utmost brevity, leaving the
student fo struggle with a number of difficult questions of theoretical nature.
True enough, a well-prepared and bright student should be able to find his way
through most of such difficulties. A less-ifted student may, however, find it very
difficult to grasp and absorb the multilude of new concepis strewn across an ad-
vanced text,

Under these circumstances, it seems desirable to give more stress to the peda-
gogical side ol a text to make it more readable to the student and more suitable for
independent study. Hopefully, the present work represents a step in this direction.
It has several features designed to conform to the path an average student may
conceivably follow in acquiring the knowledge of the subject.

First, the inductive approach is used in each chapter throughout the book. Fol-
lowing the Tundamentals of modern physics, the text is almost entirely devoled to
linear problems, but the unifying concepts of linear space are fi ully developed rather
late in the book after the student is exposed to a number of practical mathematical
techniques. Also, almost every chapter starts with an example or discussion of
elementary nature, with subject matter that is probably familiar to the reader.
The introduction of new concepts is made against a familiar background and is
later extended to more sophisticated situations. A typical example is Chapter °,
where the basic aspects of partial differential equations are illustrated using the
“elementary functions’ exclusively. Another facet of this trend is the repeated
use of the harmonic oscillator and the stretched string as physical models: no
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vi PREFACE

attempt is made to solve as many problems for the student as possible, but rather
to show how various methods can be used to the same end within a familiar phys-
ical context.

In the process of learning, students inevitably pose a number of questions
necessary to clarify the material under scrutiny. While most of these questions
naturally belong to classroom discussion, it is certainly beneficial to attempt to
anticipate some of them in a text. The Remarks and many footnotes are designed
to contribute to this goal. The author hopes they answer some questions in the
mind of the student as well as suggest some new ones, stimulating an interest in
further inquiry. A number of cross-references serves a similar purpose, inviting
the reader to make multiple use of various sections of the book, The absence of
numbered formulas is intentional: if the student bothers to look into the indicated
section or page, he should not simply check that the quoted formula “is indeed
there,” but, rather, glance through the text and recall its origin and meaning.

The question of mathematical rigor is quite important in the subject treated
here, although it is sometimes controversial. It is the author’s opinion that a theo-
retical physicist should know where he stands, whether he is proving his own deduc-
tions, quoting somebody else’s proof, or just offering a reasonable conjecture.
Consequently, he should be trained in this direction, and the texts should be written
in this spirit. On the other hand, it would be unwise to overload every student
with mathematics for two main reasons: first, because of the limitations of time
in the classroom and the space in a text, and second, because physicists are apt to
change their mathematical postulates as soon as experimental physics lends support
to such suggestions. The reader can find examples of the latter philosophy in
Chapters 4 and 6 of the text. Whether the author was able to follow these principles
is left to the judgment of users of this book.

Each chapter is supplied with its share of problems proportional to the time

presumed to be allotted to its study. The student may find some of the problems

rather difficult since they require more comprehension of the material rather than
sheer technique. To balance this, a variety of hints and explanations are often
supplied. Answers are not given because many problems contain the answer in
their formulation ; the remaining ones may be used to test the ability of the student
for independent work. The exercises within the text can be used as problems to
test the students’ manipulative skills.

For many of the methods of instruction of mathematical physics presented in -

this book, the author is indebted to his own teachers at the University of British
Columbia and McGill University. The encouragement of his colleagues and
students at St. John’s University and Hunter College of the City University of
New York is greatly appreciated. Also, the author wishes to thank Mrs. Ludmilla
Verenicin and Miss Anne Marie Nowom for their help in the preparation of the
manuscript.

FPalo Alto, Calif. -~ E. B
August 1966
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CHAFPTER 1

VECTORS, MATRICES, AND COORDINATES

1.1 INTRODUCTION

To be able to follow this text without undue difficulties, the reader is expected to
have adequate preparation in mathematics and physics. This involves a good
working knowledge of advanced calculus, a basic course in differential equations,
and a basic course in undergraduate algebra. Rudimentary knowledge of complex
numbers, matrices, and Fourier scries is very desirable but not indispensable.
As for the subjects in physics, the reader should have completed the standard
undergraduvate. training in mechanics, thermodynamics, electromagnetism, and
atomic physics.

Despite these prerequisites, a need is often recognized for reviewing some of
the preparatory material at the beginning of a text. Let us follow this custom and
devote some time to the subject of vector analysis which has a bearing, in more
than one way, on the material developed in this text., Of course, such a review
must be brief and we must omit all the details, in particular those involving
mathematical proaofs. Iht reader is referred to standard textbooks in advanced
calculus and vector analysis* for a full discussion. On the other hand, we hope to
draw attention to some interesting points not always emphasized in commonly
used texts.

1.2 VECTORS IN CARTESIAN COORDINATE SYSTEMS

In many elementary textbooks a vector is defined as a quantity characterized by
magnittde and direction. We shall see in Chapter 10 that vectors are much miore
general than this, but it is lair to say that the concept of vectors was first intro-
duced into mathematics (by physicists) to represent “quantities with direction,”
e.g., displacement, velocity, lorce, etc. Doubtless, they are the simplest and most
familiar kinds of vectors.

As we well know, quantities with direction can be graphically represented by
arrows and are subject to two basic operations:

a) multiplication by a scalar,} b} addition.

These operations are illustrated in Fig. 1.1,

* For example, A. E. Taylor, Advanced Calculus; T, M, Apostol, Mathematical Analysis;
W. Kaplan, Advanced Cafculfus.

1 Until we are ready 1o discuss complex vectors (Chapler 10) we shall assume that scalars
are real numbers,

1



1.2 YECTORS IN CARTESIAN COORDINATE SYSTEMS 3
pi VECTORS, MATRICES, AND COORDINATES 1.2

%

) projection of a vector on an arbitrary direc- -
tion defined by vector s (Fig. 1.3):

OF = u, = ncosy

= u, cos (5, 1) + u,cos (s, j) + i, cos (s, k),

Figure 1.1
i . ; . d) scalar product (dot product) of two vectors:
In many cases we can plot various vectors from a single point, the origin. 0
Then each vector can be characterized by the coordinates of its “tip.” Various (u-v) = uwcos (0, ¥) = w0, + wby + by,
coordinate systems are possible but the cartesian coordinate systems are the most
convenient. The reason is very simple and very deep: The cartesian qurdinlates e) vector product (cross product): . _—
| of a point can serve as the components of the corresponding vector at the same time. ‘ gure 1.
‘This is illustrated in Fig. 1.2, where orthogonal cartesian systems, in plane and in [u X v] = (i, — w0k + (0. — o) + (0, — no k.

space, are selected. Note that the three-dimensional system is “right-handed” ;*

in general, we shall use right-handed systems in this book. The important distinctive [eature of the cross product is that fu X v] 7= [v X u],

namely, it is not commuiative; rather, it is anlicommulative:
Ju X ¥v] = —I¥ X ul].

Remark. Apart from its important physical applications, the cross product of (wo
| vectors leads us o the concept of “oriented area.” The magnitude of [u X ¥], namely
o |sin (u, ¥)|, is equal Lo the area of the parallelogram lormed by u and v. The direcrion
of [u X ¥] can serve to distinguish the “positive side” of the parallelogram from its
“negative side.”” Figure 1.4 shows two views of the same parallelogram tllustrating

. this idea.

[uxv]

Flgace 1.2 Positive sidie
We can now associate with a vector a (in space) a set of fhree .-fmfars (1, Uy, i), | o

such that Au will correspond to (Auy, My, Au,) and u 4 ¥ wnll. f:nrrespﬂnc! to

(uy + U, ty + vy, #: + v,). Note that no such relations hold, in general, if a

vector is characterized by other types of coordinates, e.g., spherical or cylindrical. Figure 1.4
In addition, orthogonal cartesian coordinates result in very simple formulas

for other common quantities associated with vectors, such as _.

Closely related to this properly is the concept of a right-handed triple of

a) length (magnitude) of a vector: | vectors. ;Any three vectors u, v, and w, faken in this order, are said to form a right-
’ handed (or positive) triple il the so-called rriple product
ol = u = (& + oy + 6D, . (or p ) trip ple p

b) projections of a vector on coordinate axes:t , (fw X v} w)

4, = ucos{u,i), y = ucos (u, j), u, = ucos (u, k), is posilive.* This happens if w is on the same side of the plane defined by the

_ ; ! vectors w and v, as illustrated in Fig. 1.5. 1t is not hard to verily that ({1 X v] - w)

* Rotation of the x-axis by ¥° to coincide with the y-axis appears counterclockwise Tor : represents, in this case, the volume V¥ of the parallelepiped formed by Lhe vectors
all observers with z > 0. o : u, ¥, and w.
{1 Standard notation is used: The symbolsi, }, k are unit veclors in x-, ¥ am? za:llr;ctmns, .
respectively. The symbot (u, ¥} stands for the angle beiween lhe directions given by * These vectors form a left-handed (negalive) triple if (tu X v]- w)< 0.

uand v.



4 VECTORS, MATRICES, AND COORDINATES 1.3

Exercise. Show that
V = l(la X v]- w)|

under any circumstances. Show also that the sign of the
triple product is unchanged under cyclic permutation of
u, v, and w, that is,

{lu X v]-w} = ([wXu}lv)={v X w] u).

Figure 1.5
1.3 CHANGES OF AXES., ROTATION MATRICES

We have seen that a given vector u is associated with a set of three numbers, namely
its components,* with respect to some orthogonal cartesian system. However, it
is clear that if the system ol axes is changed, the components change as well. Let
us study these changes.

Consider, lor vectors in a plane, a change in the system of axes which is pro-
duced by a rotation by the angle 9, as illustrated in Fig. 1.6. The old system is
(x, y} and the new system is {x’, y"). Since u = u;i + u,j, the x’-component of u
is the sum of projections of vectors u.i and u,j on the x'-axis, and similarly for
the ¥'-component.{ From the diagram we see that this yields

%_u;= 1. COS § + iy 5in 6, w, = —uysinf + u,cosd

It is instructive to note that the angle between the x"- and y-axes is {x/2 — )
while the angle between the y'- and x-axes is (x/2 -+ 8). In view of

. L}
ﬂ - — ——
sin ¥ = COS (2 ) | ,

—sin # = cos (% + E) »

and

we see that all Tour coefficients in the above equations represent cosines of the

angles between the respective axes,

Let us how turn to the three-dimensional case. Figure 1.7 represents two
orthogonal cartesian systems, both right-handed, centered at O. It is intuitively
clear that the primed system can be obtained from the unprimed one by the mo-
tion of a “rigid body about a fixed point.” !n Fact, it is shown in almost any text-
book on mechanicst that such & motion can be reduced to a rotation about some

axis (Euler’s theorem). ;

* Instead of “components,” the lerm “coordinates of a vcclor” is often used (see also
Section 10.3). ’ -
¥ For example, Goldstein, Classical Mechanics, Section 4.6.

1.3 CHANGES OF AXES. ROTATION MATRICES 5

Write
u= i+ uw,j+ uk,

collect contributions to u; from the three vectors u,d, u,j, and 1.k, and obtain
te = uycos (i, i) + w,cos (', §) -+ . cos (i, k),

where i’ is, of course, the unit vector in the x’-direction. Note that the cosines

involved are the directional cosines of the x'-direction with respect to the unprimed
system or, for thal matter, the dof products of i’ with i, j, and k.

Figure 1.7

It is cllef{r that similar formulas can be written for u) and uf. At this stage,
however, It is very convenient to switch to a different notation: Instead of writing
(trz, tty, 11}, let us write (14, uo, wz) and similarly (&, uh, u}) for (u, ty, 1y). More-
r:w:e:r, denote by a,,, the angle between the rth primed axis and the nth uitprimed
axis (three such angles are marked on Fig. 1.6) and by a,, thc corresponding

cosine (thal: IS, @ea = COSaxy,). This new potation permits us to write the
transformation formulas in an easily memorized pattern:

iy = a1ty + apalp + a3,
uy = dpily 1+ aqqlty + aoairy,

Hy3 = ag 0y + dagstta | aggalis,

or, 1f desired, in the compact form

3
Hin = Z i (m=1213)

r=1

From this analysis we conclude that the rew compouents (i), b, 1)) can be
oblained from the old components (i, g, u3} with the help of nire coeflicients.



6 VECTORS, MATRICES, AND COORDINATES 1.3

These mine coeflicients, arranged in the self-explanatory pattern below are said
to form a matrix* We shall denote matrices by capital letters.

CD]ILITII‘IS
st 2nd Id
dy1 )2 ayy { Ist
A= as doy 14z | 2nd }Rows
a3 a3 @az | 3rd

Matrix A has three rows and three columns; the individual coelficients a,,, are

referred to as matrix elements, or entries. It is customary to use the first subscript.

(m in our case) to label the row and the second one to label the column; thus the
matrix element a,; should be located at the intersection ol the kth row with the
fth columm.

The set of elements in a given row is very often called a row vector and the
set of elements in a column, a cofurmn vector. This nomenclature is justified by the
fact that any three numbers can be treated as components of some vector in space.
However, at this stage it is worthwhile to make a digression and establish a geo-
metric interpretation for the column vectors of 4. The reader should pay par-
ticular attention to the argument because of its general significance.

Let us imagine a unit vector u. Suppose the unprimed system was oriented
in such a way that w was along the x-axis. Then the components of ware (1,0, 0)
and u actually coincides with the vector i. If the coordinate system is now rofated,
the new components of u are given by

u) = apl + a20 -+ a3l = dqy,
ug = a1l + @220 + as30 = aq;,
uy = agi! + 4390 + @330 = aa;.
We see that the first column vector of matrix A is composed of the new components

of vector u. In other words, we can say that the new components of i are
(a11, f21, @31} and we can write

P= ﬂllir -} ﬂglir —I— ﬂ3|l‘['r.

Qimilar statements relate j and k to the second and third column vectors of A.
Note that in this discussion the unit vectors i, j, k assume a role independent of
their respective coordinate axes. The axes are rotated but the vectors i, j, k stay
in ptace and are then referred to the rotated system of axes. !

* More precisely; a 3 > 3 matrix is formed. The reader can easily construct-an analogous
2 % 2 matrix to account for two-dimensional rotations. '

1.3 CHANGES OF AXES. ROTATION MATRICES 7

Exen::'s_e. Establish the geometrical meaning of the row vectors of matrix A4 representing
a rotalion.

The definitions introduced above allow the computation of (i}, u%, u3) from
(11, 113, uz) by the following rule: To obtain u}, take the dot product ;f the kth
row of matrix A with the vector u, as given by the triple (41, uq, u3). Since in this
process each row of the matrix is “dotted” with (uy, u4, #3), we may regard it
as some kind of multiplication of a vector by a matrix. In fact, this operation is
commonly known as vector-matrix multiplication and is visually exhibited as shown:

g1 diz dyg | iy
a2y dzz o3 ‘ Moy = 1
d31 633 {as iy i
Matrix A Column vector u Column vector i

As we see, the old components are arranged in a colurmn which we shall denote
by 1. This column vector is multiplied by the matrix 4 and this results in another
column vector, denoted by v'. The multiplication means, of course: Form rthe
dot product of the first row aof A with u for the first component of o' ; then form the

dot prﬂducl" af the second row of A with u to get u'y, and similarly for uly. The entire
procedure is symbolically written as

Au = .

Remark. Note that the set (uy, w2, w3), arranged in a column, has #os been denoted simply
by u but rather by 2 new symbol «.* The point is that in the context of our problem
both & and &' represent the same vector u, but with respect to different systems of axes?
We must think of # and " as two different representations of w, and the matrix 4 shows
us how Lo switch Irom one representatlion lo another,

Before we discuss lurther topics involving matrices, let us record the fact
that our matrix A 15 not just a collection of nine arbitrary scalars. Its matrix ele-
ments are interdependent and possess the following properties.

a} The columns of A are orthogonal to each other, namely,

(303 -} agaag + az.a32 = 0,
dyad13 + Aagfgg -} Agssg = 0,
G 3y + daaday + azaaz; = G

This property lollows from the fact that the columns of A are representations

(in.the new system} of the vectors i, |, and k and these vectors are mutually
orthogonal.

* The symbol 1 should not be confused with jul, the magnit f
denoted by n (p. 2). ul. gnitude of vector u, which is also
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b) The columns of 4 have unit magnitude, namely,

2 2
iﬁl + azy + a3, = 1,
2 9 2
dyz + az2 + a3z2 = 1,
2 z 2
a1y 4 a3 + az3 == I,

because i, j, and k are unit vectors. _ ‘ _
¢) The rows of A are also mutually orthogonal ar]d have unit magnilude. This
is verified by establishing the geometrical meaning of the row vectors of A*

Matrices satisfying these three properties are called orthogonal. We may then
conclude that the matrices representing rolations of orthogonal cartestan systems
in space are orthogonal matrices,

Remark. There are orthogonal matrices which do not represent rofations. Rotation
matrices have an additional property: their determinant (i.e., the determinant of the
equations on p. 5) is equal to 1. Otherwise, orthogonal matrices can have r.he deh:.r«
minant equal to —1. The point is that a rotation must yield a right-handed triple (i’ J',
k') of unit vectors since (i, j, k) is a right-handed triple.t

14 REPEATED ROTATIONS. MATRIX MULTIPLICATION

The matrix notation introduced in the preceding sections is particularly useful
when we are faced with repeated changes of coordinate axes. In addition to the
primed and unprimed systems related by a matrix A, let there be a t_hird double-
primed system of axes (x”, y”,z') and let it be related to the primed system

by a matrix B:

b1 b1z by
B = ﬁgl bm bzil
bay ba2 bas

Evidently, the system (x", ', ') can be related directly to the system (x, y, 2)
through some matrix C and our task is to evaluate the matrix elements Cpn IN

terms of matrix elements a,., and b,,,. We have
uy = byut + byqauy + by,
ty = baytt) + bogtts - baau,

uf = baty + baqxiy + baging,
and

Hi = 1) + ajqu: + dy g,

H'g = ol + doylia -+ Tazis,

Hl;:’ = {31 A Onotis + 333,

* 1t will be shown in Chapter 10 thal any ¥ X N matrix Wh'lt;h satisfies {ai and - (b) must

also satisly (c).

t See Problem 4 at the end of this chapler.
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rom which it follows that

wy = (bniayy + byaag + bizas Duy + (brrarn + brgaeq + by3asq)ug
+ (braayg + byaday + Byaagsdus,

| uy = (021091 + baaday + bagaaduy + (bayays + bggasg + banaya iy
+ (bora1a + bazaz3 + bogagz)us,

uy = (byiaq1 + baaaa + baaaz ey + (by1G12 + b3z + Byzasgdug
+ (ba1813 + basasy + bazass)us.

The maze of matrix elements above becomes quite manapeable if we observe
that every coelficient associated with u, is a dot product of some row of matrix B
and some column of matrix A. A closer look at these relationships leads us to

the following statement: The element c,., of mairix C is obtained by taking the
do! product of the mth row of matrix B with the nth cohann of maitrix A.

Now, if we record our relationship in the vector-matrix symbolic notation
u = Au, ' = Bu', ' = Cu,
then we are naturally led to the relation
'’ = Cu = B(Au).

It seems reasonable now to define the product of two matrices, like # and A,
to be equal to a third matrix, say C, so that the above relationship may also

be written as*
' = Cu = (BAh.
In this sense we write

Cy1 €12 €13 bir bia bya G111 G113 413

€1 €22 €3 | = | bay bas baa |-| @2y ags as.

Cay €3z Ca3 ba1 bas bag @31 @3s 33
or, symbolically,

: { = BA

given that the matrix elements of C are defined by the rule quoted above.

Having introduced the notion of matrix multiplication, we are naturally
interested in determining whether it has the same properties as the multiplication
of ordinary numbers (scalars). A simple check shows that the associative law
holds: If we multiply three matrices 4, 8, and C in that order, then this can be

done in two ways:
ABC = (AB)C = A(BC)

{where it is understood that the operation in parentheses is performed first).

* The ::’!i[ference is, of course, that in B{Aw) the column vector  is first multiplied by A,
producing another column vector which is, in turn, multiplied by B. In {(BA)x the matrices
are being multiplied first, resuiting in a new matrix which acts on .
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Exercise. Verify this statement. [Hinr: If AB = D, then the elements of D are given by

3
tan = Z'ﬂml‘blm

feml

Develop the mairix elements of (4B)C and A(B() in this fashion and verily that they
are the same,]

On the other hand, matrix multiplication is not commuiative:
AB # BA,

and, furthermore, there is no simple relation, in general, between AB and BA.
This noncommutativity feature preciudes the possibility of defining “matrix
division.””* However, it is possible to talk about the inverse of a matrix and this
concept arises naturally in our discussion of rotations. Indeed, if we rotate our
orthogonal cartesian system of axes, the new coordinates of vector u are obtained

from the vector-matrix equation

i = Au.

Suppose now that we rotate the axes back to their original position. The new
components of vector w are given by (uy, us, us) and the old ones are given by
(16, 1, uy); these components must be related by some matrix B:

u = Bu.
Combining these relations we obtain
u = B{Au} = (BA)u.

Therefore, the matrix B4 must transform the components (uy, Hq, i) into them-
selves. It is easy to see that this task is accomplished by the sc-called unit matrix

(“identity matrix™)

1 0 @&
I=1 0190
0 ¢ 1

Exercise. Show that if u = (BA)u is to hold for an arbitrary vector u, then BA must
necessarily be of the above form. In other words, the idenfity matrix is unigue.

It is now customary to call B the inverse of matrix 4 and to denote it by symbol
4~ 5o that we have A '4 = I. Since we could have performed our rotations in
reverse order, it is not hard to see that AB = I as well, that is, A7'A =/ AA™!
and A = B—'. While two rotation matrices may not commute, a rotation matrix
always commutes with its inverse.{

* If we write A/B = X the guestion would arise whether we imply A = BX ot A = XB.
+ See Section 10.4 for a general statement o that effect.

[ — —_—— - ———— -
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It may now be of interest to relate the elements of malrix B to those of matrix
A. To obtain b,, we should, in principle, solve the equations on p. 5 for

Hy, Wy, U3, However, in the case of rotations, we have a much simpler method
at our disposal. Let us write the matrix equation B4 = [ in detail:

by biz by 1t 12 dy3 1 00
bg1 b23 bay () @21 @z 4 = 010
bzr b3z b33 d3; @32 da3 0 0 1

To get the first row of 7 we must take the dot products of the first row vector of B
with each of the columin vectors of A. However, we know that the latter are just
the vectors i, j, k in new representation. We see that the first row vector of B is
orthogonal to | and k and its dot product with 1 is wnity. Consequently, it could
be nothing else but the vector i (in new representation, of course), and we conclude
that &1y = ayy, b12 = a2y, and b3 = ay,.

Repeat this argument for the other rows of & and deduce that the rows of B
are the columns of A and vice versa. This is also expressed by the formula

bmn = ﬂ“ m-

Any two matrices 4 and B satisfying these condilions are calied fransposes of
each other and are denoted by B = AT and 4 = BT. While it is not, in general,

true !hat the inverse and transpose of a matrix are identical, this rule holds lor
rotation matrices and is very useful.

1.5 SKEW CARTESIAN SYSTEMS. MATRICES IN GENERAL

If the coordinale axes in a cartesian system form angles other than %0°, we have
a skew cartesian system. Figure 1.8 shows two such systems, one in plane and

one in space, along with the decomposition of a vector into ils respective
components,

Figure 1.B x
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Skew systems are specified by the angles between the axes (one in plane,
three in space) which may vary between 0° and 180°. As before, i, §, and k will
be used to denote unit vectors in the direction of axes. Note that we can still talk
about right-handed systems in space, where the vectors i, j, k (in that orderf) form
a right-handed triple.

The vectors are added and multiplied by scalars according to the same rules
that were stated before. However, the length of a vector is now given by a different
formula. For instance, for a plane vector we have from Fig. 1.8(a), by the cosine
theorem,

lul? = u? + ul — 2w cos{x — ¢) = wr + ui -+ 2ugu,cos ¢

so that —
luj = Vu? 1?4 2uu,co8 4.

In general, the dot product is no fonger given by the sum ol the products of com-
ponents, but by a more complicated formula. As a matter of fact we shall even
intcoduce a new name for it and call it the inner product of two vectors which is

then defined by (- v) = |ul - ¥} - cos (u, ¥).

The reason is that we would like to retain the name dot product to mean the sum
of the products of components of two vectors, regardless of whether the axes
are orthogonal or skew.*

* The derjvation of a formula for inner product in a skew system is greatly
Facilitated by its distributive property, namely,

(- @+ w)=(-v)-+ @ w.
Indeed, from Fig. 1.9, no matter which coordinate system is used, we sec that

(u-(r+w))=|u|-lr+w|-cnsﬂ=|u§*(ml. .

However, MN = MP + PN; since MP is the projection of v on u, we have
ju] - (MP) = ju - |v} - cos (m, v}, and similarly for PN, establishing the result.
Note that this argument is also valid for vectors in space.

Now we can writet for two vectors in a plane u = u,d + u,d and v =

U,:i + UJ: ;
{u-v) = (ol - v.A) + (- o) + (1ry) - o) + () - ”ﬂj)
= WDy + Uy COS @ | Lz COS ¢ + oy

Note that this formula reduces to the usual dot product when ¢ = H°.

i With this distinction, the dot product becomes an algebraic concept (referring to the
I components) while inner product is a geomefrical concept, independent of the coordinate
"' system, The two are identical provided the system is orthogonal.

+ Since (u-:¥) = (v-u), the sccond distributive faw ((u + ¥} w) = (@ - w)+ (v* W)
is Lrivial. -

—_—— .- . m— .

1.5 SKEW CARTESIAN SYSTEMS. MATRICES 1IN GENERAL 13

There is no difficulty now in establishing other formulas for skew systems, in
Flanf: or in space. We shall not go into these details but rather consider another
important question: the transformation ol coordinates from an orthogonal to a
sl-Eew system ol axes. Consider, for instance, Fig. 1.10; here a skew x'p'-system
with unit vectors i and j’ is superimposed on an orthogonal xp-system with unit
vectors 1 and j. A given vector u can be represented either as w = w.i 4+ u,j or as
v = uli' + uf

Figure 1.9 Figure 1.10

Although i’ = i, the components u} and «, are not equal; rather, we have

W, = 0Q' = 00 — Q'Q = u, — u,tan .

Also,
w, = OP' = u,sec?y,

We see that the new components (i}, ) are linearly related to the old components

(1., u,) and this relationship can be represented by means of vector-matrix
multiplication:

Iy 1 —fany i

My 0 SeC Y ty

This can be written symbolically as
W= Au,

where &' stands lor the column vector (u}, u}), and u stands for the column veclor
(u,, u,). The obvious difference from the previous cases is that the matrix A

Is 1o longer orthogonal. Its inverse A" is readily calculated by solving for ., 1,
in terms of wf, 1y, and it reads

1 sinY
A1 =
0O cosY

Note that it is no longer the transpose of A,
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[t i5 still true that the columns of A are the old unit vectors in new represenia-
iton (Fig. 1.11), that is,

i=i"=1-V"P4+0-}, J —tanY -V + secy-j.

The rows of matrix 4 do not have a simple geometrical interpretation, but the
columns of matrix A~ do have one.*

From the above analysis we may conjecture that, in general, a change from
one set of unit vectors to another in a plane or in space involves a linear relationship
between the old and new components of a vector, expressible by a vector-matrix
multiplication o’ = Au{Aisa 2 X 2 or a3 X 3 matrix). We shall consider this
problem in detail in Chapter 10. For the time being we shall mention the fact that
not every matrix A can represent such a relationship. Constder, for instance, the
following hypothetical relation between the new and old coordinates of some
vector u:

If we attempt to solve these two equations for u;
and i, we find that they have no solution if uz and u;
are arbitrary. We say that the matrix

4 -2
2 -]

does not possess an inverse; such matrices are
called singular matrices. It is not difficuit to see that
in this example the pair uy, u, cannot possibly repre-
sent an arbitrary vector in plane: Qur equations imply ur = 2w} so that there is
only one independent component instead of the two required for a plane.

Figure 1.11

Remark. It is of interest to note that if »; = 2u}, is actually satisfied, our system of
equations has an infinity ol solutions for i, and u, (since two equalions reduce to a
single one). Furthermore, if an additional requirement u, = 2u, is imposed, the system
has a unique solution {u; = 4ui;n, = kup). All these features should be remembered
since they are important in physical applications.

1.6 SCALAR AND VECTOR FIELDS

So far we have been discussing constant vectors, but we can also contemplate
vectors which depend on one or more variable parameters. The simplest example

15, perhaps, a position vector which depends on time ¢. In a fixed cootdinate

spstem, this is equivalent to saying that its components are functions of timec

-

* If 4 were orthogonal, the rows of 4 would be identical with columns of A"

(see pp. 11
and 440}. T
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and we write

u = u{f) = wu M) i+ (e} §+ w2} k.

Such vectors can be differentiated with respect to the vanable ¢ according to the
definition

d o w4 AN — u()
dt u(r) = J:Tu Al

With u(f) and u(t + Af) expressed in terms of their components, it 1s trivial to
deduce that

d duy, | duy du,
g0 = Zri+ 2k

so that the operation of differentiation of a vector is reduced to differentiation
of its components.

While vectors depending on time are widely used in mechanics of particles,
we shall be more interested in another type of variable vectors: those depending
on space coordinates (x, y, z).* Such vectors are said to form vector fields and
can be denoted as follows: o

u = u(x, y, 2) = ulx, p, 20 + t{x, y, 2)} + w.(x, y, 2)k.

Common examples are electric and magnetic fields in space, velocity field of a
fluid in motion, and others.

The simplest kind of such a field is probably the so-called gradient field} which
can be derived from a single scalar function ¢(x, y, ), usually referred to as a
scalar field. Familiar cases of scalar fields include the temperature distribution in
a solid body, density of a nonhomogencous medium, clectrostatic potential, efc.

A scalar field gives rise to numercus other quantities through its various
partial derivatives. In particular, let us concentrate our attention on

a) the total differential

_J¢ 9 4 1 3¢
d _ﬂxdx+ﬂyd}+azdg’

and
b) the directional derivative]

de Q¢ dx | ¢ dy

s " axds Tapds T

dy ds
dz ds

* These vectors may also depend on time, but we shall be mostly interested in instanta-
neous relationships, where ¢ has some fixed value,

1 This is also called conservative field or potemiial field.
s Brm s

{ Rate of change of ¢ per unil length in some particular direction characterized, say, ¥y’ -
the clement of arc s of some curve, See, e.g., Apostol, p. 104. /. '

———

By
|-
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The expressions on the right-hand side of the equations in {a} and (b) have the
appearance of a dot product. It is convenient to define the gradient of a scalar
field ¢(x, y, z) by the vector

de.  de.

de
grade = S i+ 5,1 T 5 Kk

Then we can write
dy
de = (grad ¢ - ds) and P (grad ¢ * So),

where ds = dxi + dyj + dzk represents infinitesimal displacement in some
direction and dx

Eu='&; +"’"k

18 the unit vector in the specified direction.*

Since every differentiable scalar field generates a gradient field, it is natural
to ask whether any given vector field u = u(x, ¥, z) may not be the gradient of
some scalar . The answer is negative and this becomes clear as we examine the
basic properties of gradient fields. In this survey we shall need certain assumptions
regarding the differentiability of various functions and analytic properties of
curves and surfaces involved in vector analysis. We shall mention these assump-
tions as we need them. In many cases they can be relaxed and the results can be
generalized, but we shall confine ourselves to the common situations encountered
in physics.

A curve in space is called smooth if it can be represented by

x = x(1), y = y(I), z = z{f),

where x(1), y(1), and z(#) have continuous derivatives with respect to the parameter
¢ (for a curve in a plane, simply set z = (). Smooth curves possess tangents at
all points and a (vector) line element ds can be defined at any point. The smooth-
ness also guarantees the existence of line integrals.t This last property is trivially
extended to piecewise smooth curves; i.e., those consisting of a finite number of
smooth parts. We shall assume that all curves considered by us are piecewise
smooth. ' - _

Regarding the differentiability of various functions, we must remember the
following definitions and statemenls: the interior of a sphere of arbitrary radius e
(usvaily thought to be small) centered at some point M{(x, y, z) is called a neigh-
borhood? of this point (in a plane, replace “sphere™ by “circle™). If a set of points
)

* Observe that dx/ds = cos (sq, i},l etc., are the directional cosines of the /direction
defined by ds or by sg. !

1 We shall assume that all integrals are Riemann integrals which are adtquate for our
purposes. For example, see Apostol p. 276,

1 A more precise terim is an e-neighborhood.
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is such that it contains some neighborhood of every one of its points, then it is
called an open set. For instance, the inferior of a cube is an open set; we can
always draw a small sphere about each interior point which will lie entirely within
the cube. However, the cube with boundary points included is no longer an open set.

The reason these concepts are needed is that partial derivatives of a function
in space are defined by a limiting process that is tied to 2 neighborhood. We must
make sure a region is an open set before we can say that f(x, v, z) is differentiable
in this region.

In addition, we shall be mostly interested in connected open sets, or domains.
These are open sets any two points of which can be connected by a polygon, i.e.,
a curve which is formed by a finite number of connected straight-line segments.
From now on we shall assume that all our piecewise smooth curves lie in domains
where the functions under consideration (scalar fields and components of vector
fields) possess confinuous first-order partial derivatives.

Let us now return to the properties of gradient fields. Suppose that

= grad 'F('I!' _]"r:' z)

and consider the following integral beiween points

M{(xq, Yo, Zo) and N(ixy, ¥, 21),

taken along some curve C:

N N
ey — dy d¢ de . Y.
fM (u-ds) = fu (ax“"" +ﬂydy+ azdz)

Along € : Along ©C

Using the parameter ¢ as the variable of integration, we have
N

fy
_ _ de dx | dedy | dp d: j de , _
r {“ ds) - /;ﬂ (ﬂx dr i_ ﬂ_}’ df + Az df) df fo df 'ﬁ{rl) "P(_Il]]!

Along O

where /5 and ¢, are the values of the parameter ¢ corresponding to points M and

N. We see that the integral is simply the difference of values of ¢(x, y, z) at points

N and M and, therefore, is independent of the choice of curve C. '
Conversely, if the integral

f: (u - ds)

is independent of path,* then keeping M fixed and trtatmg N as a variable point,[
we can define a function |

(x.4.2)

ofx, v, 2) = L{:%ﬂ {u: ds) = fnr (u; dx + u, dy + u, dz).

* From now on, we shall occasionally use the term “path” Lo indicate a piecewise smooth
CUrve,
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A Path E.E
Path Cg

Path C,
Path C, M

(a) {b) Figure 1.12

It is now simple to show that grad ¢ = u. For instance,

(z4Ax.y. 2

elx 4+ Ax, p, z) — o(x, y, z) = f (ur dx + u,dy + u, dz)

{x,¥.%)

(rt+ar.p, 2}
= U, dx
(.3, 2)

and the statement u, = d¢/3z follows from the fundamental theorem of integral
calculus.

We have then established the following theorem: The necessary and sufficient
condition that u = grad ¢ is the independence of path of the integral §(u - ds).

An alternative way of stating this result lollows (rom consideration of the

integral
integra 9§ (a- ds)

over a simple closed path C, called the circulation of vector u around C. By simple
closed path we mean a closed path which does not intersect itself *

The following theorem holds: The circulation of u vanishes for an arbitrary
simple closed path C (in a domain D) if and only if the integral [ (u - ds) is inde-
pendent of path (in D).

Indeed, let C (Fig. 1.12a) be a simple closed path, Choose two arbitrary
points M and N on C and write

§ (a-ds) = [C@d+ [“d= ["@d)— [ (@ db)

Along €, Along O3 Mong €4 Along Cn

If the integral fﬂ (u - ds) is independent of path, the right-hand side vanishes and
the circulation is zero.

Conversely, if two paths C; and C, connecting two points (Fig. 1.12b) do
not intersect (in space), a simple closed path can be formed from them and the
above equation holds. 1f the left-hand side is zero, so is the right-hand side,
yielding the independence of path. If C; and C; intersect a finite number ofi times,
the proof is obtained by splitting the closed path into a finite number of simple

* This property permits us to assign the direction of integration around the curvé, char-
acterized by the vector dfs, in a vnique fashion. |
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closed paths. In the rather exceptional case when C, and Cy cross each other
ant infinite number of times, a limiting process can be invoked reducing this
case to the prceceding one *

Remark. Within the context of the above discussion, it is emphasized that by ¢(x, », 2)
we mean a well-defined single-valued functiont over the entire domain and nothing
short of this requirement will suffice. Tn many treaiments} of the magnetostatic field H,
one introduces the so-called scalar magnelic potential X so that H = grad X and yet
the circulation of H does not vanish over some contours. However, in all such cases it
15 impossible to define X uniquely over the enrire contour (lfor those contours for which
it is possible, the circulation of H does indeed vanish).

1t should now be clear that many vector fields do not lall into the category
of gradient fields since it 15 easy to construct a vector u for which the integral
[ (u - ds) will actually depend on path. It is perhaps even easier to sketch some
such felds, a task facilitated by the introduction of the concept of field lines.
These field lines are curves with tangents directed along the vector field u at
every point. For instance, Fig. 1.13 shows the velocity field (in the plane) of a
fluid rotating around a circular obstacle. In this case the field lines are the tra-
jectories along which the particles of fluid actually move.

Figure 1.13 f' Figure 1.14

It is evident that the circulation of the velocity vector u around any one of
the circles in Fig. 1.13 cannot be zerc (the product u - ds has the same sign at each
point of the circle). Consequently, the above field cannot be a gradient Reld.

The velocity field of a fluid is, perhaps, the best starting point for investigation
of other types of vector fields because it naturally leads us to another fundamental
concept: the flux of a vector field.

Consider the element ¢S of a surface § (Fig. 1.14). Just as in the case of
curves, we shall deal only with piccewise smooth surfaces, ie., those conststing of

* The details may be found in O, D, Kellogg, Foundations of Porential Theory.
t A multivalued function is not one function, but a collection of several different functions.
i For example, Reitz and Milford, Foundations of Elecrromagnetic Theory, Section 8.8,
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a finite number of smooth portions. By a smooth surface we mean a surface
representable by

x=x(p.q), y=yp@ z=2p,qh

where p and g are independent parameters and the functions x, y, and z have con-
tinuous first partials with respect to p and ¢ in the domain under consideration.
Smooth surfaces possess tangential planes at all points and can be oriented, that
is, we can distinguish between the positive side and the negative side of the surface.
We shall also assume that our piecewise smooth surfaces are constructed in such
a way that they are oriented.* It is customary to represent surface elements ds
by vectors dS of magnitudes that are directed along the positive normal to the sur-
face, as illustrated in Fig. 1.14. Suppose that the vector field w represents the
velocity of a moving fluid. It can be seen that the inner product (u - dS) repre-
sents the amount of fluid passing through d5 per unit time. Indeed, the particles
of Auid crossing d at time ¢ wifl occupy the face A BCD of the shown paraliclepiped
at time ¢ + dt and all particles of fluid which have crossed dS between ¢ and
t + dt will be located at  + dt inside the parailelepiped. Consequently, the
amount of fluid passing through 45 in the interval dt is given by the volume of the
parallelepiped, equal to

dS-|u|-dicosd = (u-dS)dr

Divide by d! and obtain the desired statement.
By analogy with these observations, we defing, in general, the flux of a vector
field u through a surface S by the surface integral |

fl==ff{u-d'5).
8

In this lformula, S can be either an open or a closed surface. A very familiar case
of the latter is found in Gauss’ theorem in electrostatics,

1.7 VECTOR FIELDS IN PLANE

According to the material of the preceding section, integrals representing circula-
tion and flux are important in the study of vector fields. For vectors in a plane,
the circulation integral has the formt

fﬂ (u-ds) = jﬁc (4z dx + 1, d,).

Integrals of this type can be analyzed by means of Green's theorem: IifC js a { piece-
wise smooth) simple closed curve in a simply connected domain D and if P(x,y)

-

* For details, consutt, e.g., Kaplan, p. 260 e/ seq.

¥ Unless stated otherwise, it is conventional to take the direction of integration in such
integrals, i.e., the orientation ol ds, as ceunferclockwise.

1.7 VECTOR FIELDS IN PLANE 21

Simply connected doenain

Doubly comnecied domain

Figure 1.15

and Q(x, y) have continuous first partials in D, then

£(PJx+ Qdy}=£[(%g—%)d3

where .S is the area bounded by C.

The impeortance of the requirement that € is a simple closed curve (see p. 18) 1"

lies in the fact that we can distinguish the interior of the curve from its exterior
by the following rule: As we proceed along the curve 1n the direction of ds we
designate the region appearing on our right as the exterior and that on our left
as the interior. If the curve crosses itself such a formulation leads to contradiction
as should be obvious by considering a curve in the shape of a “figure eight.”

A domain in a plane is said to be simply connected if every stmple closed curve
in it has its interior inside the domain as well. Figuratively speaking, a domain
is stimply connected if it has no “holes” {(Fig. 1.15}.

Without going into mathematical delails we shall skeich a possible method
of proving Green's theorem which greatly Facilitates its physical interpretations,
First of all, note that P(x, y} and Q(x, y) can always be treated as the components
u(x, ¥} and wy(x, y) of some vector field, and we shall adopt, for convenience,
this identification. Let us now divide the area § into a network of meshes, as
illustrated ‘in Fig. 1.16{(a). Taking the integrals f(u - ds) around each mesh in

A= g
I .
AT L
V4 "
w\:‘::; 2 o m-_ .
(a) (b}
Figure 1.16
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counterclockwise direction we can easily deduce that

fﬂ(u-ds)=§:?§(n-ds).

Tt ] vy

(The contribution from a common boundary between two meshes cancels out
because of opposite orientations of vectors ds for each mesh; this leaves only the
contributions from the pieces of ) Furthermore, multiplying and dividing each
term in the sum by the area AS of each mesh, we obtain

f(“ ds) = Eﬁ'(u ds)

All
mocahes

Suppose now that the number of meshes is increased to infinity and that each
mesh “shrinks to a point” so that AS — 0. I the limit

FEB) _ fix, 5)

Him

AS—-D
exists and is independent ol the shape of AS,* then the sum reduces to an integral
and we have

?GG (u - ds) =ff;{x, ) dS.
o

Therefore, it remains for us to evaluate the function f(x, y). A typical mesh is
shown in Fig. [.16(b}; it need not be rectangular since the arguments presented
below are valid for an arbitrary shape. If w, and u, have continuous partials,
then we can wrile | “

(1 )ar == (u)p + (ﬂu:)P( — 8+ (ﬂ:;: (y — n)

and
e G+ (52), G- b+ (5),0-v

with the approximations being within the first order in [x — ¢ and |y — 9].f
Here P(%, v) is the fixed point to which AS ultimaiely shrinks and M{x, y) is an
arbitrary point on the boundary of the mesh. Writing now

f(u+ds)=3€u:dx+9€u,,dy, . *

!

* Except that the largest diameter of AS must approach zero: the mesh should not become
infinitesimally thin while retaining finite length. -

t By the theorem on existence of tolal differential, guaranteed by the continuity of
partial derivatives.

L — . ————— e i = amm s =
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we see that the lollowing six integrals will be needed:

§ dx, § dy, f x dy, f y dx, ?‘; x dx, fy dy.

The first two are zero, the second two are 4 AS and —AS, respectively, and the
kst two are zero. As a result, we have

du,  du;
f (u-ds)e (E — ay)pﬂ'

Fl(u-ds) odu, ﬂu,

Consequently,

f(r,y)=ﬁ{;ll1ﬂ AS " ax oy

where the stipulation that the partials are to be calculated at P(§, ) can be omitted
since P is now an arbitrary point within C. We have then the result

j( (s dx + u, dy) = f f (ﬂ"" a”") s,

which is simply Green’s theorem in our notation.
With regard to a vector field a = u;i 1+ u,j, the function f(x, y) is known as
the curf of u so that, by definition,

[y = i S(u-ds)
curlw = Jlim =55

We have then evaluated the expression for curl uw in {orthogonal) cartesian co-
ordinates in plane:
duy, Ouy

Clll'lll: a—'x-——'a;

Remark. Attention is drawn to the fact that, for a vector Beld in a plane, curl v is essen-
tially a scalar* and not g vector. The point is that by vectors we must mean quantities

expressible as @i + 5 and cur] u is definitely not this type, whether or not we introduce
the third axis,

A vector field w which has zero curl at some point is called an irrofational field
{(at that point). Il u is irrotational in a stimply connected domain, then by Green's
thcoremn, it 13 a conservative field (gradient field) in this domain, i.e., it has zero
circulation. The converse has to be worded rather carefully: If u is a gradient
field {namely, u = grad ), then it is irrotational provided ¢ has continuous sccond-
order partial derivatives.

*In & more elaborate nomenclalure, curl v is called psevdoscalar due to ils peculiar
property of changing sign il the x- and p-axes are inlerchanped, See Section 16.5.
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I

—
o

dxi

Figure 1.17 Figure 1.18

Example. The magnetic induction field (B-field) due to an infinite current-
carrying wire is known to be (outside the wire)*

B = %‘P{ o (MKSA units).
.

In the xy-plane (as shown in Fig. 1.17},

B; = —Bsné = 2xr r 2 x2 - y2
_ ol X _

This field happens to be irrotational everywhere except af the origin. Thereff}re
Fo (B ds) = 0if C does not encircle the origin, but not otherwise. A‘ ) uncu::}n
x{x, ¥) may be found such that B = grad x in a simply connected domain D, bat
this can be done only if the domain does not contain the origin.

The B-field inside the wire is known to be

T xR

where R iis the radius of the wire. Here B, = —(uol/22R%)y and B, = (uol/2xR)x.
The ficld is not irrotational and cannot be represented as grad » anywhere.

Let us now turn our attention to the concept of flux for vectors in plane. The
obvious analog to the three-dimensional case is the integral

! 11:=fc(u+nﬂ)ds=fc(u-dn) . .f

f

taken over a curve C (not necessarily closed) with ny being the unit normal to
the curve and dn = ngds. This is illustrated in Fig. 1.18.

* 50 is the unit vector that is tangential to the circle drawn around the axis ol the wire.

o
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Exercise. For a flow of fluid in a plane, relate the integral ® above to the amount of Auid
crossing the curve C per unit time. Specify physical units of all the quanlities used.

In many applications, the flux through a closed curve is involved. tvidently if
s = dxi + dyj, then*

adn = dyi — dxj
and

?Cﬂ (u-dn) = ﬁ: (1, dy — 1y, dx).

Seting P = —u,, Q = u,, this integral can be transformed by means of Green’s

thcorem so that
_ du, Oy
j{?(u dn) —f/ (ax + ay)dxdy
5

provided, of course, that the partials are continuous everywhere inside C.
This relationship is usuvally referred to as the divergence theorem (in a plane)

and is writfen as
- dn) = v u-dS
?gﬂ (u - dn) gdlv o )

where

du gt
dive = — 3 ¥
v u Ix + ay

is another function derivable from a vector field and is known as the divergence of u.
While the above derivation is straightforward, it does not reveal the geometric

(or physical) meaning of divu. It is instructive to invoke the technique used in

Green’s theorem: Dividing the area S into a network of meshes, we find that it
is not hard to establish that

_ ~ #(u-dn)
ﬁ(u-tfn)—z a5 AS,

All
meslyes

because the vectors dn at the common boundary of two adjacent meshes are op-
positely directed. This observation permits us to define the divergence of u as
flux out of an infinitesimal area {per unit area), namely,

£{u-dn)

diva = lim >
asoo  AY

Exercise. Derive the formula diva = du./dx + u,/dy starting from the above defini-
tion and using the arguments analogous to those for curlu. Spell out the conditions
required in the derivalion.

* It is a standard convention that for closed curves in a plane {(and closed surfaces in
space) the positive normal is the outward-pointing normal.,
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Remark. From our definitions of curl @ and div u it i5 seen that both represent a new kind
-of derivative, namely, a derivative with respect to infinitesimal area rather than infinitesi-
mal displacement:

5 (u-ds)

lu = lim y divu = hm f(“'d“]-
cote = 50 A ag_o AOS

It may be of interest to mention that the gradient of a scalar field ¢ can be represented
in a similar fashion; i.e., the following statement holds:

grad¢ = lim $o-dn
ag..nt AS

Another interesting cbservation is that curl u can be related to an integral involving

dn and div n to an integral involving ds. Indeed, the identities
{u-dn) = [u X ds], (u-ds) = [dn X ul,

are not hard to verify provided we treat the cross product of two vectors in plane as a
scalar, which is the logical thing to do.* Consequently, the following statements also hold:

. WFidn > v ] . Flu X ds]
—_— P = I -
corfu = ﬂl;mn G div u a.lsm'l] S

VYector fields which have zero divergence are called selenoidal fields. They
are very common in physics. For instance, the electrostatic field is solenoidal in
the absence of charged matter ; the magnetic induction Reld is solenoidal everywhere.

1.8 VECTOR FIELDS IN SPACE

We would now like to extend the analysis of the last section to vectors in space.
We shall start with the flux of a vector field u through a closed surface S, becaiise
this integral is, perhaps, easiest to handle. It reads

& = #(u-dS] — Z%G(uxdsx + w, dS, + u, dS;),

where dS;, 45,, and dS, are projections of vector dS on the coordinate axes.
Integrals of this type can be handled by Gauss’ theorem: If § is a (piecewise

smooth) closed orientable surface contained, afong with its inlerior, in o domain D

and iff L(x, y, 2), M(x, y, 7), and N(x, y, z) have continuous first partials in D, then

#(Lds + MdS, + NdS) = [ff( 1?) av,

!

where V is the volume bounded by S.

* A typical cross product of iwo vectors in physics is the torque I = [r X F] which, for
vectors in a2 plane, is completely described by magnitude and sign (clockwise or counter-
clockwise). See {he remark on p. 23 which may lead to a conjecture that the tross product
in a plane is a pseudoscalar (and, indeed, it is).
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(e — 2 &%)
g ax 2 /p

Figure 1.1%

Gauss' theorem can be restated in vector notation, by identifying L, M, and
N with the components of a vector field u = w,i + u,j + w,k. The concept of
divergence of u, |

div u = ﬂu=+ﬂ:;y ﬂu,

i5 readily introduced so that Gauss’ theorem can be rewrilten as

fﬁ(u*dS)=g[divu-dV

and is often referred to as the divergence theorem.

The deduction of this theorem can be done again by a method analogous to
that in the preceding section. In this case we cut the volume V into small pieces,
say, rectangular blocks, one of which is shown in Fig. 1.19. If we calculate the
flux of u through each block and add all the results, we must obtain the flux
through the outer boundary S; just as before, the ffux of u through an interface

between two blocks must appear in the sum twice, but with the opposite sipn
because of the changed direction of the “outward normal” (see the footnote on

p. 23). Consequently,
#(u . d8) = Zﬁ(“ ds) AV

All
blonkn

intreducing, for an obvious purpose, the volume AV of each block. We now
define the divergence of u by means of

: X - dS)
d = | #(“ i
v .M}"Tﬂ AV

Gauss’ theorem can now be deduced by ironing out the mathematical de-
tails and developing the formula for divu in cartesian coordinates. We shall
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give a simplified version of this from the consideration ol a rectangular block

AV {Fig. 1.19).
It is not hard to show that the Rux of u through a rectangle such as ABCD,

is given* within the first order in Ay and Az by
Papcp = (u:)r Ay Az,

where (u.)p, is calculated at the center P of the rectangle. Indeed, lor any point
within ABCD we have

e e+ (52) 0 -+ (%”; N

and the last two terms yield zero when integrated over the area ABCD.
Consequently, the flux of u through the face A'B'C' D' is to be determined by

the value of u, at the center of this face and is given by

Juzy Ax
[(H;)F -+~ (_ﬂ'_:.!:- » 2 ]ﬂy Az,
Similarly, the flux through the opposite face is
iy AX
- [(”I)P - (HI)F 2]'&}’ Az.

There is a minus sign in front because we now want the positive normal in the
nepative x-direction. Adding these two fluxes we obtain |

The fluxes through the other four faces are obtained in a similar way leading to
the statement about the flux through a small parallelepiped AV

Ay , iy | Ouy
o (2 4 AV,
Fav = (ax T az)

The expréssion for divergence now readily follows and concludes our analysis.
Let us now consider the question of circulation of a vector in space. Such an

integral has the form
35 (u-ds) = ﬁﬂ (s dx + uydy + u, dz),
¢ c
and we shall assume that C is a (piecewise smooth) simple closed curve in space.

It need not be a plane curve but we shall assume that it can be spanned by a (piece-
wise smooth) orientable surface S; that is, C can serve as the boundary for such a

* Assuming a positive normal in the posilive x-direction.
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Figure 1.20

surface. This situation is illustrated in Fig. 1.20{a). 1t is a standard convention
to define the positive direction of circulation around a surface element 45 so
that it forms the “right-hand screw system”™ with the positive normal to the
surface.* The positive direction of circulation around the boundary curve C is
now chosen so that it coincides with such direction for the adjacent surface element
(Fig. 1.20a). When all this is done, we can quote Stokes’ theorem. If S is a (piece-

wise smooth) orientable surface spanning a {piecewise smooth) simple closed curve
C, muiually oriented as described, then

ﬁ{L(Ij ¥, 3) dI + M(I, ¥, E) dy + N(x, P, I) dE]
- aN _ oM 3L 3N aM oL
l‘[[(a}’ dz)dydz—l—(az —ﬂx)dzdx+(ax — ﬂy)dxdy]

provided L, M, and N have continuous partials in a domain containing S and C.
As before, we can treat L, M, and ¥ as the components of a vector field u. By

the now familiar technique, we divide S into a network
’ of
(Fig. 1.20b) and claim (curved) meshes

oy F(u- ds)
ﬁ(u dsy = 2 S AS,

All
meahes

where AS 1s the area ol a given mesh. As before, we calculate

lim Flu-ds) _ lim Fu:dx + uydy + . dz)
AS—-D lﬁS AS D ﬂS

Considering a small inesh about a point P(¢, #, {) we have, lor each point M(x, y, 2)
on its boundary T (Fig. 1.21a}, e

Oty
(tedar = (ue)p + (';i)p (x — )+ (%)P v— 1+ (%?)P {z — ), etc.

* A rule well known from the study of magnetic fields.
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.

(a) Case | (b) Case 1I
Figure 1.21

We shall need integrals like

ﬁ dx, ﬁ‘ x dx, fr y dx, ﬁ‘ z dx,

and similar ones. These integrals can be evaluated by projecting our mesh on the
coordinate planes.

Suppose that we want to obtain the integrals of the type #rf(x, y)dx and
Frfix, ) dy. Since the points M and M’ {(see Fig. 1.21) have the same x and y,
these integrals reduce to $7 f(x, ) dx and #; f(x, y}dy except for the sign*
which depends on the orientation of the mesh:

56 fx, yydx = & f fx, ¥)dx, eic,
r r

’

The plus sign is for Case [ (Fig. 1.21a), where the point M’ describes I'" in counter-
clockwise direction, the minus sign is for Case 11 (Fig. 1.21b), with M’ going
clockwise.}

In particular, note that

?( dc =d xdx=0

i IIJ

whtile

f ydx = + ¢ ydx = FAS,
T r'

where AS’ is the area bounded by T”, i.e., the area of the projection of the mesh

* The symbol #¢v. by irself is meant to indicate counterclockwise integration’ {see the
footnote on p. 20). |

1 The motion of M’ cannot be chosen at will because it is determined by the motion of M
in the positive direction of circulation around the mesh. '
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on the xp-plane. Since the mesh is small, we have (Fig. 1.21)
AS == AS cos (ny, k) in Case 1, AS =2 —AScos(ng, k} in Case I},

(where ng is the unit normal to AS). In either case,

ﬁ‘y dx = —AScos (ng, k).

Similarly, we can deduce
fr xdy = +AScos (ng, k)

(this integral is also needed). Other integrals are evaluated in an analogous fashion.

In particular, &} z dx and ¢} x dz require projection on the xz-plane, and so on.
The net result of this calculation reads

_ —~ du, du . du, du, .
f'; (u-ds) = AS [(ay — T:)p cos (ng, 1} + (E — E;)P cos (ng, j)

duy, duy
+ (ax - ay)rcm(nu,k)]-

Introducing the curl of a vector in space (which is now a vector, in distinction
to the plane case)} by means of the relation

. F{(u-ds)
1
a.lsTu AS

= {curl u - ng),

we have the result

ou, du ol ou Jau au
curl u = _ ¥ i - ¥y _ =
n (ﬂy ﬂz) L+ (az ﬂx)‘] + (ﬂx ﬂy) k.

which also gives rise (o the statement that circulation of u around an infinitesimal
oriented area described by 4S is equal to (curlu-4S). Thus Stokes’ theorem
can now be-written in the compact form:*

ﬁﬂ {(u - ds) =[f(¢:url u- ds).
8

As in the case of vectors in a plane, the vector fields satisfying diva = 0 are
called solenoidal and those satisfying curlu = Q are called irrotational. The
concept of irrotational field is closely related to the concept of conservative field |
{u = grad ¢) bui these two fields should not be identificd because of topologicat
complications. In particular, if a field is irrotational in a domain D, it dnes not

- —— — ——

* The shape of the area element is irrelevant; because of this we can identify 45, in
8 = d51 + d5,) + 45.k with dy dz, elc.
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| follow that its circulation about an arbitrary simple closed curve in D is zero. The
point is that we may not be able to invoke Stokes’ theorem because we may not
be able to construct a suitable spanning surface S which would lie inside D

Example. Consider a tightly wound coil of current-carrying wire in the shape of a
torus. The B-field inside the torus is irrotational; indeed, curl B satisfies the
equation*

4
curl B = ugd + €puy %? (MKSA units)

and there is no current density F and no displace-
ment current in the interior of the torus; we
assume a de-situation. However, the B-ficld at
the center of each turn of the coil is known fo be
B = uenf yielding a circulation along the central
circle C of the torus:

?C (B- ds) = ponl - 2xR < 0.
i

It is easy to see that any surface spanning C must necessarily extend outside the
torus and cut through the windings where curl B # 0.

Since the quantities divu and curlu in a plane have been defined as area
derivatives (p. 26) and since div u in space has been defined as a volume derivative
(p. 27), it may be conjectured that curl u in space is also reducible to a volume
derivative. This is in Fact true and the formula reads |

_ o HldS X )
curl d = 51121.;. AV

where the surface integral is over the boundary enclosing the volume AV, We
shall sketch the proof of this relation by considering AV in the form of a rectangular
parallelepiped as shown in Fig. 1.22. The contributions to $f[dS X ] from the
top face involve only u,l and w,j and yield, in the usual notation,

x duy Az
[f[dSKu]Eﬂxﬂy[ u,+a-:z-ﬂ2i)rj_(nﬂ+£i_);l,

Top Iace

where P is the center of the parallelepiped. The bottom face will have 48 with
the direction reversed and

~ du, Az . duy, Az )
f [dS »} ul= *ﬂxﬂyl(u, ~ 37 —Z—)Pj — (uy‘l- 3z 3 Pr{}

Bottom
1nen

* One of Maxwell's equations; see, e.g., Reilz and Millord, pp. 296297,
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Adding these, we obtain

{(ﬁ) . dur, . .
3z P:— a3 P-t Ax Ay Az,

Contributions from the other four faces are treated similarly, establishing the
result.

Remark, The gradient of a scalar lield ¢ can also be represented as a volume deriva tive,
namely

grad ¢ = lim #—wds— .
avn AV

We shall conclude this section by mentioning some ¢uantities oblained

from the repeated operations involving gradient, divergence, and curl. First of all
observe the identity

curl grad ¢ = 0

rl?prl:senting the statement that a conservative field is always irrotational (pro-
vided, of course, that the second-order partials of ¢ are confinuous, as mentioned

on p. 23). The second operation of similar type vields the definition of the Laplace
differential operator V* or simply the Laplacian,*

Vi = div grad ¢,
with the well-known expression in cartesian coordinates

e
dz2

_ 3%y + ﬂzfp

Vi =
T ax2 T 52

+

Both of these operations have their counterparts for plane vectors. There
are also two operations which are only possible for vectors in space: divcurl u
and curlcurlu.  Straightforward calculation in cartesian coordinates yields
divewrlu=0. A more sophisticated argument of some jnterest is to take 2
closed sutface 5 in a domain D where curl u is defined (and its components have

continuous partials). Split S into two parts, S, and S, by a curve C, as illustrated -
in Fig. 1.23. By Stokes’ theorem,

36:: (u - ds) =ff(curlu~d'81) - ——ff{curlu-d‘sg};
5, Sy

* The symbol V2 is related to the so-called “nabla™ or *“*del” operator

9
ox

¢

V=i -
dz

d
+iz, +k

capable of replresmting gradient, divergence, and curl by means of the notations
grad ¢ = Vo, divu == (V- u), and curl w = [V % u], which are somelimes quite handy.
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the minus sign arises from the “wrong” orientation of S; with respect to C. which are related to r, 6, ¢ by

Consequently,

. lu-dS;) = (curlu-d8) =0
ff(curlu dSI)+£{(cur u g f)ﬂ curl

¥

X = rsin # cos ¢,

y = rsin #5in ¢, 2= reoséd.

In general, x, y, z can be thought as being functions of I, m, n:

for any closed surface in D. Applying the divergence theorem, we obtain, x = x(i, m, n), y = y(i, m, n}, z = 2/, m, n).

_U diveurlu - d¥V = 0. We shall assumc that at least within some domain D in space, these functions
v

have continuous derivatives and can also be solved for !, m, n:

n-Curve

Then, since this is true for an arbitrary volume ¥'in D, 1t foliows that div curl u = 0.
Regarding the operation curl curlu, we can derive the following expression

[or the cartesian coordinates:

I = I(x, y, 2), M(hp,)

m
m = mix, y, z),

m-Curye

curl curl n = prad dive — V2u, n = ulx, p, 2).

where the symbol ¥2u stands for the operation V2u,d 4+ Viuj+ Vik. This

Observe that this implies Lthat the Jacobian
formula, however, is nof valid for other coordinate systems.* P

Exercise. Verily the above formula using the expressions [or divergence, gradient, and | = x, y, ) ¥y
curl in cartesian coordinates. i, m, n)

) Figure 1.25

does not vantsh.* Let us now choose a particular point M with cartesian coordi- K

% o nales (£, w, {), it can also be denoted as M(x, g, v), in terms of the coordinates
2 30 Lon IFwe keepm = u = const and n = v = const and change /, then we
N - —-M(r 9] oblain a (smooth) curve passing through M which may be called the eurpe.

N

Similarly, we can define m-curve and n-curve. This is shown in Fig. 1.25. Further-
more, we can infroduce unit vectors ly, my, and ny along the tangents to these
curves (pointed in the direction of increasing [, m, #). This establishes a Jocal
system qf axes. For convenience, the labels /, i, 1 are chosen so that (1, mg, ng} °
form a right-handed triple.

Our local systems possess, in general, the following features which distinguish
them from the system formed by cartesian unit vectors i, j, and k.

s

{. The dxes may not be orthogonal; moreover, the angles between the axes may
change from one point to another.

2. The orientationi of 1, my, ng {with respect to i, j, k) may change from one

1.9 CURVILINEAR COORDINATES point to another, even if the angles between the axes remain the same.

Sometimes it is more convenient to use coordinate systems other than cartesian. 3. The physical meaning of parameters [, m, 1 may not be the length, and di,
In general, a point in space can be described by three parameters which we will dm, dn need not be identical with the elements &5 of arc in the respective
denote by I, m, n. A well-known example 18 given by spherical coordinates directions.

r, 8, &, as shown in Fig. 1.24, along with the usual cartesian coordingtes x, y, 2 Let us investigate properties (1), (2), and (3). We can always think of point

* Of course, it is possible to define the operation Vu by (grad div u - cul_'l curl u}_ in
any coordinate system, but this is not done since V*u does not reduce to the operation

“*div grad™ applied to components of u.

M as being defined by a position vector v = xi + yj + zk. Treating x, y, z as

* Sce, e.p., Kaplan, pp. 31 et seq.
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functions of I, m, n we can write
r = x(I, m, i 4+ y(I, m, 0} + z({, m, n)k.

Changing r by dr amounts to changing x, y, z by dx, dy, dz which is, in turn,
caused by changing I, m, n by dl, dm, dn. We have the lollowing general relations: f

ax
am

dx = Zar +

ox
al am + “é; dﬂ,

v oy ay
dy = 3pdl + o dm + 5. dn,
o Fa dz 0z
dz = Eidf+ EEdm -} ﬂ—"dn.
If we move along the l-curve, then dm = dn = 0, and dr becomes* I
. dx, , dy L Fd
(dtdyn = (dx i+ dy-j+dz-K)un = (ﬁl + 5t ;ﬁk)df-
This defines the derivative of r with respect to the parameter [
|3 ar (d)mne 9Ix

., Oy, | 8z
=@ -t taitak

By its very meaning, dr/8! is a vector along the direction of 1. Therefore, 1y
can be expressed as

or/ol  (ax/oli 4 {(8y/al)i + (8z/aDk

O Tor/all T /(axjol)® + @y/ahE + (9z/al)

The quantity
DEORC)
’"2\/(3?) o) T\

has a simple geometric interpretation: The length of elementary arc ds produced

when only / changes is given by ds = [(dt)m | = hidl.
In a similar fashion we deduce

My = (dx/am)i 4- (9y/Im)j + (3z/8mMk B J(EI):¢+ (ay 2+ (E. ?

Mo am dm am
2

_ (@x/ami + (3y/on)i + (9z/dn)k B, = \](ﬂ_x) i (5_2)2 + ﬂ_z)ﬂ _
an

Mo i, an dn

* We use the notation familiar from thermodynamics: {dr)m . means such dr where m
and n are kept constant. :
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Suppose now that the triple 1y, my, n, is an orthogonal friple. Then we must
have the relations

dx ox dy oy |, 8z gz

AdamTdom T A gm0 o
These relations are satisfied for most coordinate syslems employed in physics.
In particular, this is true for spherical and cylindrical coordinate systems, as
can be easily verified.

| This analysis clarifies fealure (1) of local systems of axes. Regarding the

oricntation of local axes, note that it docs indeed vary from point to point for
spherical and cylindrical coordinate systems. In fact, this is the characteristic
properly of curvilinear coordinale systems, as opposed to cartesian ones. Fealure
(3) 1s also lustrated by spherical and cylindrical coordinates where some of the
parameters 1, m, # represent angles rather than lengths. As a general rule, the
clementary displacement dr decomposed along the local system of axes will read

ar or ar
dr = -a—fdf+éad:n+ ﬂ_nd” = hidl-30 4 hndm-my + A, dn-ny.

Let us assume that the local system is orthogonal;* then the clement of arc is
given by a simple formula,

ds = {dr| = Vh}dP + h2 dm® + B2 dn’.

For instance, for spherical coordinates, A, = |,y = r, fiy = rsin @, and

ds = Vdr® + r? do® + #2 gin? ﬂd¢.§.

We shall conclude our survey of curvilinear coordinates by the derivation of
formulas for common differential operations in vector calcuius. In order to
express grad ¢ in termis of new axes and new variables, we could start with

thg . dp, | d¢
rad ¢ = == — —
then use

de _ deg af de dm | Oy On

ax = al ax Vam ax Tamax

and also express i, j, k in terms of Ty, my, my. A quicker way is to utilize the
stalement

de) = dp = 0¥ 8¢ de
(grad ¢ - dr) = dp = &f{ﬁ-l-ﬂmdm-'-ﬂn dn

* The associaled coordinates are then called orihogonal coordinates,
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and rew!;ite: it in the form

1 3¢ 1 3¢ 1 30
(grad W - I‘J'l'} = h_l 1—3?_ }!Idf -+ (_E_ E'E) ft, dm (ﬁ“ ﬂn)ﬁ'ﬂ dn

from which it follows immediately* that

_ 1 ey 1 e 1 3y
grad ¢ = 3= Zrlo + 75— 3 Mo + 3~ 5, Mo
The calculation of divergence can be also carried out starting from the general
definition - #(a . ds)
T ovhe AV

Without loss of generality, AV can be taken as a volume element with the sides
along the F, m-, and ncurves (Fig. 1.26a). In general, the flux through an ele-
mentary area oriented in the p-direction is given by

H;'hmdfﬂ‘hﬂdﬂﬁ

As we subtract the fluxes through the areas M'N'P'Q’ and MNFP(} we must not
forget that not only u;, but also #,, and A, are functions of f, m, ?"d n.t By an
argument similar to that on pp. 27-28 (we give herea simplified version), we deduce
that the net outward flux through these two laces is

5 (s b)) dl dm din.

Adding the analogous contributions from the other four faces and dividin_g
by the volume of our volume element (which is hy dl b dm B, dn), we obtain
immediately

a:li'i.ru:ﬂl 9

3 3 }
+ 2 + 2w
hihmb, |91 (Wtfimn) am (Umftnte) an (nhiftn) ;

* Recall that dr is arbitrary: thereflore, by setting dm = dn = O we obtain (grad ¢k =
(1/AD(3p/0D), elc. We tacitly assume that the coordinales are orthogonal.

t In-cartesian coordinates Ay = A, = fo = L.
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Example. In spherical coordinates we identify /, m, n with r, #, ¢, in that order.
Then by = h, = |, h,, = hg = r, b, = by = rsin 8, and

T | 4 2. d : 0
divu = 2sin Iﬂr (r“sinfu) + Y (rsin Guy) + 34 (ru.,,}] .

This may be simplified and, if desirable, ultimately reduced to

divu =

du, 2 ! dug cot @ |  ou,
a TR T3 a8 t 7 h"""'_I-.\"ﬁiﬂﬁ' b

The curl of u can be deduced from the circulation of u around the faces of the
very same volume element. For instance, the face MNPQ yields {Fig. 1.26b)

P A
]H (u - ds) +fq (u-ds) = (uh, dndyp — (uph, dn)yg = '% (tinhy) dndm,

0 N
fh (u- ds) +[!f (u:ds) = —(uph,, dm)py + (unhy dm)yy

2
~ & {1t,,},, ) dm dn,

|

which 1s combined to form
(curl W) fin dmt b, dit = {i(u ) — 2 }d’ d
I Hm n _ -ﬂm niig ﬂﬂ mrm] man.

This determines the I-component of curl w. The complete formula reads

| d d
curl u = T {ﬂm (v b)) — = {umhm]] Iy

]

| d ')
EHE éﬁ {”thl} - 5? ("uhﬂ)] My

t fa 2
- e *;ﬂ(“mﬁm] ~ I (Hifn)l no.

Finally, the expression for the Laplacian. V? is obtained by combining the
formulas for gradient and divergence:

. 1 |8 (hoh, 0 o {hahty 3y & {hh, do ]
r? — —— il ol H .
v = dvgradu = ppr Iﬂf( T af) t 5m ( Frws am) + an( ha an)

For instance, in the spherical system this reads (after trivial simplification)

1 2 (.9 1 af. .9 | 3?
2 U 0 f ad¢g L o o L
VY=o (r ﬂr) r2sin § 28 (smﬂ ﬂﬂ) T 2 sin2 @ g¢2
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PROBLEMS

1. Let two vectors in a plane, u; and ug, be defined by the polar coordinates of their
tips: (@1, r1) and (82, r2). Ifus = ur -+ we is defined by (82, r3), show how 83 and
ra are related to &, f2, ry, and ra.

2. A triple vector product of three vectors is defined by the expression [u X [v X w]l
Show that for any three vectors the following identity holds:
[ux[v)(w}]+[v}{[w}(u]]+[w}([u)-{v]]=ﬂ.
Hint: Use the vector identity
fa X b Xc])]=>b(a-c) — cla b

The above formula, known as the Jacohi identity, appears in a variety of contexts
in physics and mathematics.

3, Consider the following three vectors in space given by their coordinates

"['?'ﬁ _?'r %-)1- "'(%’! %r g'}& w{— %1 - %‘! '?}

a) Verify that these vectors are unit veclors, orthogonal to each other, and form a
right-handed triple, if ordered as above.

b) Construct the rotation matrix transforming the old components of & veclor
(namely those with respect to i, j, k) to the new ones {with respecl to u, v, w).

) Evaluate, by vector-mairix multiplication, the new coordinates of the veclors
a{0, 3, ), b(—1, 4, —3), and {2, —2, —2). Can you give a geometrical interpre-
tation of the peculiar behavior of vector ¢?

4. a} Show that the triple product (p. 3) of vectors u(uy, ua, uy), vy, ve, £3), and
w(w1, wz, wi) can be expressed by the determinant

iy 0y W)
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b) Using this, prove that if a 3 X 3 matrix is orthogonal, then its determinant can

have only two values, either -+1 or —1,

£} Consider the matrices

1 0 0 Vv'3/2 1 0
A= 0 1 o}, B-= 2 ~+/3/2 0 |,
o o -t 0 0 —~1
-1 0 0 2v3/5 —-3/3/10 4
C=)1 0 -1 0], D= z ~15 V32 |,
0 o 1 a ) 0

and indicate which ones represent rotations.

meaning of others,

Also, describe the geometrical

. Compare, in general, the fith matrix element of AB with that of 84, for 3 X 3 matrices

A and B. Construct two noncommuting 3 X 3 matrices of your choice, i.e., such

ithat AR = BA.

. According to the discussion on p. 4, the matrix

cos 8 sind

—sinf® cos@

represents a rotation of axes in plane. Show that

5 cos 28 sin 29
A = AA =

—sin 28 cos 28

and

A = AAA =

cos 38 sin 38

—sin 30 cos 38

and give the geomelrical interpretation of this result,

. Show that the matrix

COs P

sin ¢

sin o

—~COS ¢

det

ua Uz W2

My UDa W;

= ([u X v]- w).

f

does nof represent a rotation of axes, Give a geometrical interpretation of matrix A.

[Hine: Draw the old and the new coordinate axes, as well as the siraight line
y = xtan ($/2).]
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10.

11.

12.

13.

14,

VECTORS, MATRICES, AND COORDINATES

Find the inverses of the following matrices by solving the equations BiAe = [ or
olherwise:

2 -1t 0O & i i
Al = i 1 1 |, A= 0 —1/v/7  1//2 |,
-1 0 4 W2/3 —v2/6 —V2/6
-3 —-% 3 1 3 2
Ay=| —% % & |, As= 1 ~1 0 ,
% & 2 0 1
Comment on the cases A2, A3, and A4. v
Let (x', 3') be the coordinates of a point in a skew ' ¥
cartesian sysiem in plane, Let the x'- and )’-axes
make angles o and §, respectively, with the x-axis
(Fig. £.27). Show that the equation of a circle with
radius R and the center at the origin reads
24 y2 42Xy ceos (B — a) = RE x'
Show that the vector v = 2i + j — 6k cannot be o

expressed as a linear combination of the vectors

oy =i+j+ 2k wp=3—j w=2+k Figure 1.27

Show that the vector w = —2j — 3k can be expressed in this fashion, in more
than one way. Give the algebraic explanation of these facts. Also give a geomeirical
interpretation.

Evaluate the following integrals around the circle x? 4 y2 = 1; use Green’s theorem
if it is convenient:

a) & (u-ds), where u = (2y? — 3x%)i + (dxy — £°N,
b) F£(2x?% — yNdx + (x* + y¥)dy,
¢} £ (v dn), where v = (x% 4+ y?)i — 2xyj (dn is defined on p. 24).

Let F(x, ¥) = x2 — y*. Evaluate
a) [, ;ﬁtﬁ} (grad F - ds) along the curve y = x9,

b) f g—Fd.r around the circle x2 4+ y? = 1. Here @F/9n is the directional deriva-
n .

{ive of F along the outer normal and ds = |ds|.

Show that the vector field u = yzi 4 zxj + xyk is both irrotational and solenoidal.
Find ¢ such that grad ¢ = u. Can you find a vector field A such that curf A = u?

Prove the following identities lor scalar fields f, v and vector fields u, ¥ in space:

a) grad (fo) = fgrad ¢ + pgrad/, i
§b) curl {fu) = fcurlu 4 [erad £ X u],
¢} divus X v] = (v-curlu) — (u: curlv).
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15. Using divergence and Stokes® theorems, if it is convenient, calculate the following

16.

17.

I8.

19.

integrals.

a) $4 (0 dS), where u = x3i + y3 + z9% and S is the sphere of radius R about
the origin, .

b) #3 {v - d8), where v = x7l 4+ »% 4 2%k and S is the sphere as in (),

c) #3 (x dy dz + ydzrdx 4 z dx dy), where § is the sphere as in (a),

d} #r (u- ds), where w = —3pi + 3xj + k and I' is the circle xZ + p2 = 1 lying
in the plane z = 2.

A fiat disk rotates about the axis normal to its plane and passing through its center.
Show that the velocity vector v of any point on the disk satisfies the equation

curl v = 2w,

where w is the angular velocity vector.

Consider a conducting mediom with variable charge density p(x, y, z) and variable
current density J(x, », z). Let V be an arbitrary volume within the mediom bounded
by a (piecewise smooth) closed surface §. Considering the total amount of charge
inside ¥ and the amount entering it per unit time through the surlace S, deduce that

%[ffp{r,y, 2)dV = — #{J{I,P,I).dsj
v a

With the help of the divergence theorem, deduce the so-called equation of continuity
. dp
div ] —l— :?'? = {.

Using the technigques employed in Sections 1.7 and 1.8, outline the possible prools
of the lollowing statemnenis:

grad ¢ = lim #godS

. wdn
radg¢ = lim == {(in a plane),
srace ( P ) av—o AV

A TAS (in space).

Evaluate the quantities A, &, &, (see p. 36) for the cylindrical coordinate sysiemn,
Using appropriate formulas from Section 1.9, write the expressions for gradient,
divergeince, curl, and the Laplacian in cylindrical coordinales.



CHAPTER 2

FUNCTIONS OF A COMPLEX VARIABLE

2.1 COMPLEX NUMBERS

In the course of study of roots of algebraic equations and in particular the cubic
equation, it has been found convenient to introduce the concept of a number
whose square is equal to —1!, By a well-established tradition, this number i
denoted by ¥, and we write i2 = — 1 and i = +/—1. If we allow i to be mulitiplied
by real numbers, we obtain the so-called imaginary numbers* of the form bi (where
b is reat). If the usual rules of multiplication are extended to imaginary numbers,
then we must conclude that the products of imaginary numbers are real numbers;
- moreover, their squares are negative real numbers. For instance,

(B(—4) = (Y(—Ni* = (—120(—1) = 12,
(50 = (=5)%2 = —25.

If imaginary numbers are adjoined to real numbers, we have a system within
which we can perform multiplication and division (except by zero, of course).
We say that such a system is closed under multiplication and division. However,
our system is not closed under addition and subtraction.} To eliminate this de-
ficiency, so-called complex numbers are introduced. These are numbers which are
most often written in the form -

a+ bi (a, b = real numbers)

and are assumed to obey appropriate algebraic rules. As will be shown below,
the system of complex numbers is closed under addition, subtraction, multiplica-
tion, and division plus the “extraction of roots” operation. In short, it has all the
desirable algebraic characteristics and represents an extension of the real number
system. The study of complex numbers is invaluable for every physicist because
the description of physical laws is much more complicated without them.

* Imaginary numbers are also called pure imaginary numbers o stress the distinction from
the more general case of complex numbers. The name originated from the belief that
imaginary numbers, as well as complex numbers, do not represent directly ©observable
quantities in nature. While this point of view 15 now mostly abandoned, the original
nomenclature still exists.

1 The system is not closed under the operation of extraction of the square root either;
for example, /7 is neither real nor (pure) imaginary.
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2.2 BASIC ALGEBRA AND GEOMETRY OF COMPLEX NUMBERS

Il'cnm;:flcx numbers are written in the usual form a + ib (or @ 4 55) then the usual
algcbraic operations with them are defined as lollows.

1. Addition:

(a1 + iby) + (az + ibg) = (2 + az) + (b + by).
2. Multiplication:

(ay + iby) - (a2 + iby) = (a,a; — byby) + t{a by + azh,).

The second rule is easy to follow if we recognize that the expressions a + ib arc
mitltiplied in the same manner as binomials, using the distributive and associative
laws, and 2 is replaced by —1.

Complex numbers of the form a + 70 are tacitly identified with real numbers
since they obey the same algebraic rules and are generally indistinguishable from
cach other* Complex numbers of the form 0 -+ ib are then (pure) imaginary
nuntbers, It is customary to write simply @a + i0 = @ and 0 4 ib = ib. Sub-
traction of complex numbers can be defined as inverse addition so that if

{ay + i6y) — (az + ibg) = x + iy,

ihen

ay + iby = (x + iy) + (a2 + iby)
from which it follows thatt

X =17 — g and _}?=b|—bg.
An alicrnative is to form the negative of a complex number,

~(a+ib)y=(—Ha+ib)y=(—1+ iOa + i) = —a — ib,

and reduce Lhe subtraction to addition.

The rule for division can be similarly deduced by inverting the multiplication,
A shortcut method is given by the lollowing technique:

a+ib_at+ibec—id (ac+ bd) + i(be — ad)

cXid e+ ide —id c2 4 2
ac+ bd |  be — ad
~ar g tigT s (c® + d* = 0).

It is readily seen that the divisor can be any complex nuniber except zero (namely
the number O 4 0, which is unique and is written simply 0).

f In a more rigu_mus language, “the subset of complex numbers of the form o 4+ {0 is
isernorphiic to the set of real numbers under (he correspondence a 4 10 «— a.”

t 1L is tacitly postulated that xy 4+ fv = x2 + fyzifandonly if x; = xz and ¥; = ya.
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Remarksx

! 1. The addition of complex numbers obeys the same rule as the addition of vectors in
plane, provided a and & are identified. with components of a vector. Note, however, that
the multiplication of complex numtbers differs from the formation of dot and cross
products of vectors.

2. The use of the symbol i and the related binomial ¢ § ib is conventional, but not
indispensable. It is possible 10 define a complex number as a pair of real numbers,
{“i ,i}], obeying certain peculiar rules, e.g., the muttiplication.can be defined by

(a1, 1) az, b2) = (a1az — b1ba, arbe + azbi),

and so on.: It should be clear that the form a -+ i is just a representation ol a complex
number,

It is customary to represent complex numbers by points in the so-called com-
pfej: plarie, or Argand diagram (Fig. 2.1). 1f we denote the complex number
x -+ iy by, a single symbol z and write z = x + iy, then to each z there cor-
responds & point jin the complex plane with the abscissa x and the ordinate y.
This idea also leads us to the trigonometric representation of a complex number:

z'= r(cos @ -+ isin 8),

where = +/x2 + p2 and tan 8 = y/x. In
this repgesentation r is unique (positive square
root) but # is not. A common convention is to
demand thatt

+ far=x4iy

Iimaginary axis

»Re

—y < 8 < o, : Real axis

along with the standard rule of quadrants, Figure 2.1
namely, 8 < 0if y < 0.
The following nomenclature and notation will be widely used: If

z=x-+iy=r(cosd 4 isin )
then
x = Rez is the real part of z,
:y = Imz is the imaginary part ol z,
r=|z| isthe modulus of z, also known as the magnitude
or absolute value of z,

8 is the argument of z, also called the polar angle or phase.l

The number x — iy is called the complex conjugate of the number z = x 4 iy
and vice versa. We shall denote it by z*. We can say that z and z* replesent (on
the complex plane) the reflections of each other with respect to the real axis.

-

1 Another commonly used convention is 0 < & < 2. -
t A more precise name for & would be the “principal value of the argurnent of z* (see p. 57).
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Remarks

1. The quantity zz* is always a2 nonnegative reat number equal to [z|? or to [z*|2 (which
are the same),

2. The quantity » + z* is always a real number, equal to 2 Re z or to 2 Re z* (w