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Preface

MODERN ENGINEERING AND PHYSICS APPLICATIONS demand a more thor-
ough knowledge of applied mathematics than ever before. In particular, it is
important to have a good understanding of the basic properties of special
functions. These functions commonly arise in such areas of application as
heat conduction, communication systems, electro-optics, nonlinear wave
propagation, electromagnetic theory, quantum mechanics, approximation
theory, probability theory, and electric circuit theory, among others. Special
functions are sometimes discussed in certain engineering and physics courses,
and math courses like partial differential equations, but the treatment of
special functions in such courses is usually too brief to focus upon many of
the important aspects such as the interconnecting relations between various
special functions and elementary functions. This book is an attempt to
present, at the elementary level, a more comprehensive treatment of special
functions than can ordinarily be done within the context of another course.
It provides a systematic introduction to most of the important special
functions that commonly arise in practice and explores many of their salient
properties. I have tried to present the special functions in a broader sense
than is often done by not introducing them as simply solutions of certain
differential equations. Many special functions are introduced by the generat-
ing function method, and the governing differential equation is then ob-
tained as one of the important properties associated with the particular
function.

In addition to discussing special functions, I have injected throughout
the text by way of examples and exercises some of the techniques of applied
analysis that are useful in the evaluation of nonelementary integrals, sum-
ming series, and so on. All too often in practice a problem is labeled
“intractable” simply because the practitioner has not been exposed to the

vii



viiiu e Special Functions for Engineers and Applied Mathematicians

“bag of tricks” that helps the applied analyst deal with formidable-looking
mathematical expressions.

During the last ten years or so at the University of Central Florida we
have offered an introductory course in Special Functions to a mix of
advanced undergraduates and first-year graduate students in mathematics,
engineering, and physics. A set of lecture notes developed for that course
has finally led to this textbook. The prerequisites for our course are the basic
calculus sequence and a first course in differential equations. Although
complex-variable theory is often utilized in studying special functions,
knowledge of complex variables beyond some simple algebra and Euler’s
formulas is not required here. By not developing special functions in the
language of complex variables, the text should be accessible to a wider
audience. Naturally, some of the beauty of the subject is lost by this
omission.

The text is not intended to be an exhaustive treatment of special
functions. It concentrates heavily on a few functions, using them as illustra-
tive examples, rather than attempting to give equal treatment to all. For
instance, an entire chapter is devoted to the Legendre polynomials (and
related functions), while the other orthogonal polynomial sets, including
Hermite, Laguerre, Chebyshev, Gegenbauer, and Jacobi polynomials, are all
lumped together in a single separate chapter. However, once the student is
familiar with Legendre polynomials (which are perhaps the simplest set) and
their properties, it is easy to extend these properties to other polynomial
sets. Some applications occur throughout the text, often in the exercises, and
Chapter 7 is devoted entirely to applications involving boundary-value
problems. Other interesting applications which lead to special functions
have been omitted, since they generally presuppose knowledge beyond the
stated prerequisites.

Because of the close association of infinite series and improper integrals
with the special functions, a brief review of these important topics is
presented in the first chapter. In addition to reviewing some familiar
concepts from calculus, this first chapter also contains material that is
probably new to the student, such as the Cauchy product, index manipula-
tion, asymptotic series, Fourier trigonometric series, and infinite products.
Of course, our discussion of such topics is necessarily brief.

I owe a debt of gratitude to the many students who took my course on
Special Functions over the years while this manuscript was being developed.
Their patience, understanding, and helpful suggestions are greatly appreci-
ated. I want to thank my colleague and friend, Patrick J. O’Hara, who
graciously agreed on several occasions to teach from the lecture notes in
their early rough form, and who made several helpful suggestions for
improving the final version of the manuscript. Finally, I wish to express my
appreciation to Ken Werner, Senior Editor of Scientific and Technical
Books Department, for his continued faith in this project and efforts in
getting it published.



Infinite Series,
Improper Integrals,
and Infinite Products

1.1 Introduction

Because of the close relation of infinite series and improper integrals to the
special functions, it is useful to review some basic concepts of series and
integrals. Infinite products, which are generally less well known, are intro-
duced here mostly for the sake of completeness. Infinite series are im-
portant, of course, in almost all areas of pure and applied mathematics. In
addition to numerous other uses, they are used to define functions and to
calculate accurate numerical values of transcendental functions. In begin-
ning courses dealing with infinite series the primary problem is deciding
whether a given series converges or diverges. In practice, however, the more
crucial problem may actually be summing the series. If a convergent series
converges too slowly, the series may be worthless for computational purpo-
ses. On the other hand, the first few terms of a divergent series in some
instances may give excellent results. Improper integrals and infinite prod-
ucts are used in much the same fashion as infinite series, and in fact, their
basic theory closely parallels that of infinite series.

In the application of mathematics it frequently happens that two or
more limiting processes have to be performed successively. For example, we
often perform the derivative (or integral) of an infinite sum of functions by
taking the sum of derivatives (or integrals) of the individual terms of the
series. However, in many cases of interest, performing two limit operations
in one order may yield an answer different from that obtained from the
other order. That is, the order in which the limiting processes are carried out

1



2 o Special Functions for Engineers and Applied Mathematicians

is critical. Therefore, it is of utmost importance to know the conditions
under which such interchanges are permissible, and that is one of the
considerations of this chapter.

Because our coverage of topics here is primarily a review, the treatment
is intentionally cursory. In this regard we will state only the most relevant
theorems, and then usually without proof. For a deeper discussion of the
subject matter, the reader is advised to consult one of the standard texts on
advanced calculus.

1.2 Infinite Series of Constants

If to each positive integer n we can associate a number S,, then the ordered
arrangement

T (1.1)

is called an infinite sequence, and we call S, the general term of the
sequence. Should it happen that

lim S, = S (12)

where S is finite, the sequence (1.1) is said to converge to S, and is said to
diverge otherwise.

An infinite series results when an infinite sequence of numbers
U, Uy, ..., Uy, ... 1S summed, i.e.,

(o]
u1+u2+"'+uk+"'=2uk (1.3)
k=1

In this case the number u, is called the general term of the series. Closely
associated with the infinite series (1.3) is a particular sequence
S =u

S2 = ul + u2
: (1.9)

S,=u+u,+ - tu, = ) u

called the sequence of partial sums. If the partial sums (1.4) converge to a
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finite limit S, we say the infinite series (1.3) converges, or sums, to the value
S. The series (1.3) diverges when the limit of partial sums fails to exist, i.e.,
fails to approach a unique finite value.

Example 1: Determine whether the following series converges or diverges:
< (1 1
ioiVk k+1

Solution: To show convergence or divergence we need to find the sum
of the first n terms and examine its limit. Here we see that

np 1\ (1 1 11
kg(E'kH)‘(l_E)Jf(E_S)Jr'”+(Z'n+1)
1
_1_n+1

where only the first and last term do not cancel. Thus,

1
limS=lim(l— )=1

now " n—-oo n+1
and we conclude that the series converges, and in particular, converges
to the value unity.

When a series diverges, it may do so for different reasons. For example,
making use of the well-known formula

S, =Y k=3in(n+1) (1.5)
k=1

it is clear that S, = oo as n — oo, and therefore the infinite series Lk
diverges.* In other instances the partial sums may not approach any
particular limit, as for the series

[o¢]
Y(-D'=1-141-1+-+(=D T+ .- (16)
k=1

The partial sums are S; =1, S, =0, S; = 1,..., so that in general S, =1

for odd n and S, = O for even n. Hence, we say that (1.6) diverges, since a
unique limit of S, does not exist.

1.2.1 The Geometric Series
The special series

00
1+r+r2+...+rk+...=zr" (1.7)
k=0

*We will occasionally find it convenient to use the symbol Lu, to denote Z¢_,u,.
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is called a geometric series. The value r is called the common ratio since it is
the ratio between the (k + 1)th term and the kth term. This series is
important because it has a wide variety of applications, and because it can
be summed exactly in those cases for which it converges.

From elementary algebra we know that the sum of the first n terms of
(1.7) is given by (see problem 1)

n—1
1—-r"
S, =) rk= (1.8)
n Par 1-r

where we stop the summation at n — 1, since the series begins at k = 0.
Taking the limit of (1.8) as n tends to infinity leads to

1
lim S,={(1-r’
nee no finite limit, |r| > 1

Irl <1

(1.9)

where we are using the fact that r" — 0 for increasing n when |r| < 1.
Hence, we have derived the important result

& 1
Lrt=1—, <1 (1.10)
k=0

which not only establishes the values of » for which the series converges, but
also provides the actual sum of the series.

Example 2: Test the series 3—2+ % — 8+ .- +3(— 3k +--- for
convergence.

Solution: By writing the series in the form

3-2+4—3+ - =31 -3+4-H+--)

we recognize it as a geometric series (multiplied by 3) with r = — 3.

Since r is less than unity in absolute value, we deduce that the series
converges, and moreover, converges to the value

00
3Y (- = =3
k=0

=9
1.2.2  Summary of Convergence Tests

Generally speaking, the only series that are useful in practice are those that
converge. For that reason we attach a great deal of importance to the task of
deciding whether a particular series converges or not. In the case of the
geometric series we were able to get the nth partial sum S, into “closed
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form” and examine its limit directly as n — o0. By so doing, we not only
answered the question of convergence or divergence, but actually summed
the series. Unfortunately, the geometric series is one of the rare examples for
which we are able to get S, into a form from which we can evaluate its limit
for large n. What is required then is a handful of tests that can be applied
to the series in question, from which its convergence or divergence can be
established. A great many such convergence tests have been developed over
the years, some simple to apply and others quite sophisticated.

The development of various convergence tests is taken up in courses on
calculus (both elementary and advanced). Our intention here is to simply
recall some of the elementary tests for reference purposes.

We first observe that if Yu, = S, where S is finite, then S, — S and

S,_1 — S as n = oo; hence, necessarily,

n

lim (S, - S, ,)=S—-S=0
n—oo

But, since S, — S,_; = u,, we find that a necessary condition (but not a
sufficient condition) for the series Xu,, to converge is that*

lim u, = 0 (1.11)

n—oo

Remark: The general term of a series can be denoted by u, or u,, or
any other dummy index can be used. We will switch back and forth between
indices for convenience.

A series is called positive if the terms of the series are either all positive
or all negative. In other cases the terms of the series will vary in sign, some
terms positive and some negative. If the consecutive terms have opposite
signs, we call the series an alternating series. Series containing terms both
positive and negative converge more rapidly (when they converge) than
do positive series, due to the partial cancellation of the negative terms with
the positive terms. Because of these distinctions, we introduce notions of
different kinds of convergence.

Definition 1.1. The series Lu, is said to converge absolutely if the associ-
ated series of positive terms X|u,| converges.

Definition 1.2. If the series Yu, converges but the related series ¥|u,|
diverges, the original series is said to converge conditionally.

For alternating series, we have the following important theorem.

*If lim,, _, ,, 4, # O, then of course the series Lu,, diverges.
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Theorem 1.1 (Alternating-series test). If after a certain point the absolute
values of the terms of an alternating series decrease monotonically to zero,
the series converges (conditionally at least). Also, the sum of a convergent
alternating series always lies between the partial sums S, and S,,, for
each n.

If an alternating series converges by the alternating-series test, we must
further investigate its convergence to determine whether it converges abso-
lutely. This we do by testing the related series of positive terms, for which
we have the following convergence tests.

Remark: 1f a positive series converges, it necessarily converges abso-
lutely. (Why?) Hence, the term conditional convergence applies only to
series that vary in sign, such as alternating series.

Theorem 1.2 (Comparison test). A positive series Xu, converges absolutely
if each term (after a finite number) is less than or equal to the corresponding
term of a known convergent positive series Xa,, i.e.,

u, <a n>N

n n’

The positive series Lu, diverges if each term (after a finite number) is
greater than or equal to the corresponding term of a known divergent
positive series Lb,, i.e.,

>b n>N

ns

u,

Theorem 1.3 (Comparison test). 1f Yu, and ¥a, are positive series and

Lou
lim 2=c#0,

n—oo 4,
then Xu, and Xa, converge or diverge together.

Remark: Theorem 1.3 can be extended to the case where c is either
zero or infinity. That is, if ¢ =0 and Xa, converges, then Xu, also
converges; if ¢ — oo and Ya, diverges, then Yu, diverges.

The following theorem is probably the most widely used test of conver-
gence.

Theorem 1.4 (Ratio test). Let Yu, denote any series for which

un+1

U,

lim =L.

n—oo
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(1) If L < 1, the series Yu, converges absolutely.

(2) If L > 1, the series u, diverges.

(3) If L =1, the test fails (no conclusion).

The ratio test is a particularly useful test for those series involving

factorials or exponentials, but fails in those case where the general term is a
rational function of n.

Theorem 1.5 (Integral test). Let f(n) denote the general term of the series
Yu,. If the function f(x) is positive, continuous, and nonincreasing for
x > a, then the positive series Xu, converges or diverges according to the
convergence or divergence of the improper integral [°f(x) dx.*

An important series for comparison purposes is the p-series'
(o]
Zi 1+i+i+---+ni+~-- (1.12)

To find the values of p for which this series converges, we can take
f(x) = 1/x” and use the integral test. Thus, for a > 0,

o0
xi-e

foox"’dx= 1-p a

a

, p*1l

logxl,, p=1

from which we deduce that the series converges for p > 1 and diverges for
p < 1. The special value p = 1 leads to

1 1 1 1
§; Lo+ttt (1.13)

called the harmonic series. It plays an important role in the use of compari-
son tests. Although the series diverges, it does so at a very slow rate. For
example, the first million terms add up to a number only slightly larger than
14.

1.2.3 Operations with Series

In applications the need arises to combine various series by such operations
as addition and multiplication. To perform these operations it is usually

*The convergence of improper integrals is discussed in Section 1.6.
¥For p > 1, the p-series is also called the Riemann zeta function (see Section 2.5.4).
$We use log x to denote the natural logarithm, also commonly denoted by In x.
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important to establish the absolute convergence of all series involved in the
process, since such operations can then be performed by the familiar rules
of algebra or arithmetic. Specifically, we have that:

1. The sum of an absolutely convergent series is independent of the
order in which terms are added.

2. Two absolutely convergent series may be added termwise, and the
resulting series will converge absolutely.

3. Two absolutely convergent series may be multiplied (Cauchy product),
and the resulting series will also converge absolutely.

The significance of property 1 above can best be realized by considering
what can happen if the series we wish to sum is not absolutely convergent.
The classic example of a series converging conditionally, but not absolutely,
is the alternating harmonic series ¥_,(—1)""!/n. Generally we associate
the sum of this series with the value log2 (see Section 1.3), i.e., we write

+1-14.. =log2 (1.14)

[
Rl
W=

foe) -1 n—1
Z %:1_%4-
n=1

However, if we rearrange the terms of the series according to
T=d+d—da o = (=) - d+ (- D -d+(i-4)
—hH (G- d) -

-

=1 141 141 1 4 11

=7-sts—stw 1t ¢t
1
2

1
-+ d—dri—d+ )

we may conclude that the sum of the series is 4 log2. We arrive at this
conclusion not because we have cleverly omitted some terms of the series.
Indeed, each term of the series (1.14) does eventually appear exactly once,
but in the final arrangement the whole series appears multiplied by the
factor 3.

What is being illustrated here is that by rearranging the terms of a
conditionally convergent series, that series may be made to converge to any
desired numerical value, or can even be made to diverge. Thus it is clear that
conditionally convergent series must be handled very carefully.

Also, if the series is not positive and diverges, we can sometimes produce
a convergent series from it by rearranging or regrouping the terms. For
example, if we write

f(—l)"_l=(1—1)+(1—1)+-~+(1_1)+...

n=1

the partial sums (of terms in parentheses) are all zero, and hence we may
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deduce that the series convergences to the value zero. If a series is positive
and diverges, no rearrangement of terms can make the series converge.

If two series are absolutely convergent, no rearrangement of their terms
will alter the sum or difference of the two series. But again, if both of the
series forming the sum or difference are divergent, it is not clear what will
happen. For instance, by writing
F(lot)-£1-f

\non+1 n n+1

n= n=1 n=1

we can treat the series on the left as the difference of two divergent series, as
shown on the right. Although we might be tempted to say that the series on
the left diverges because of its relation to the divergent series on the right,
we have actually shown (in Example 1) that the series on the left converges,
and in fact converges absolutely.

In forming the product of two series, we are led to double infinite series
of the form*

8

ﬁ[\’]g

00 %)
U, Z O = Z
0 k=0 m=0 k

where the summand 4, , = u,v, can be treated as a function of two
variables. We find that by making a change of index the above double sum
can often be simplified, or even partially summed. For example, suppose we
introduce the change of index m = n — k, or equivalently, n = m + k.
Now, since m > 0, the index k must satisfy the condition n — k > 0, or
k < n. Hence, we deduce that (for absolutely convergent series)

i i Ap i = i i Ay ik (1.15)

m=0 k=0 n=0 k=0

Am,k
0

Equation (1.15) illustrates that all absolutely convergent double infinite
sums can be replaced by a single infinite series of finite sums. This property
is particularly useful in numerical computations. If the two series forming
the product are each absolutely convergent, we can also interchange the
order of the infinite sums and then apply (1.15). In fact, all possibilities of
this kind should be explored when trying to simplify double infinite series.

On rare occasions we find it necessary to make a different change of
indices in our double infinite sums than illustrated above. For example, if
we set m = n — 2k, it follows that k < n/2. But since n/2 is not always an
integer, it is conventional to introduce the bracket notation

(/21 = |

n/2, n even

(n—1)/2, nodd (1.16)

*Many of the infinite series that we encounter will start with the index value zero.
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Hence, with this index change we deduce that (for absolutely convergent
series)

© o [n/2]
E Z Ap = Z Z Ay ok k (1-17)
m=0 k=0 n=0 k=0

and upon combining (1.15) and (1.17), it also follows that

© n oo [n/2]
E Z Ay k= E E Ay ik (1.18)
n=0 k=0 n=0 k=0

Theorem 1.6 (Cauchy product). 1f ¥_qa, and ¥°_,b, are both absolutely
convergent series, then so is their Cauchy product defined by

[e o] [o.¢] [o¢]

Ya,r Lb=2Yc,

n=0 n=0 n=0
where

n
Cp = Z akbn—k
k=0

Other theorems on the product of two infinite series have been devel-
oped. For example, it has been shown that if both Xa, and ¥b, converge,
and if one of them converges absolutely, then Yc, converges. Also, it is
possible for both ¥a, and b, to converge while the product series Xc,
diverges.

1.2.4 Factorials and Binomial Coefficients

In simplifying products of infinite series, as well as numerous other applica-
tions, we frequently encounter series involving binomial coefficients. Perhaps
the simplest way of introducing these coefficients is by considering the
expanded product of (a + b)". For example,

(a+b)=a+b
(a+ b)Y =a+ 2ab + b2
(a+b) =a®+ 3a% + 3ab® + b°

and in general,

(a+b)"=a"+na"'b + __n(nz'— 1) a4 ..
n(n—1)---(n—k+1)
+ A a

The coefficient of the general term in (1.19) can be expressed more simply in

nekpk 4o pm (1.19)
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terms of factorials by writing

n(n—=1)---(n—k+1) n!
k! k'(n—k)!
for which we also introduce the notation*
n n!
(k) Hm—r " OL2es k=0Lon (120)
Adopting this notation, we can now write (1.19) more compactly as
L (n
(a+b)"=Y (k)a""‘b" (1.21)
k=0

The symbol (Z) is what we call a binomial coefficient. Besides its
connection in (1.21) with the expansion of (a + b)", the binomial coefficient
also occurs in combinatoric problems, probability theory, and algorithm
development. In these other applications the upper index is often not an
integer, or even a positive number. For such situations we cannot use (1.20)
to define the binomial coefficient, but rather we resort to

(5)=1. (£)=r(r_l) Gl R R

k!
(1.22)

As simple consequences of the definition of binomial coefficient and
properties of factorials, we have the following useful relations:

(3)=(7z)=1 (1.23)
('11)=(n31)= (1.24)
(Z)=(nfk) (1.25)
(Z:i)=(k-’:1)+(1,:) O<ks<n-—1 (1.26)
(7)=(‘1)k(r+ﬁ_l) (1.27)

Example 3: Show that
—-r +k-1
(W)= (i)

*0! = 1.
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Solution: From (1.22). we have

(—r)= —r(=r=1)---(-r—k+1)

k Kl
_ (_l)kr(r+ 1) ~-I-<!(r+ k—-1)
- (_l)k(r+k— 1)(r+:!— 2) - (r+ 1)r
Al

where the last step again follows from (1.22).

There are literally thousands of identities involving binomial coefficients
that have been discovered over the years. Fortunately, only a few of these
are required in most applications. In addition to (1.23)-(1.27) above, the
following summation formulas are also very important:

,Eo(Z) =2 (1.28)
éo(r;k)=(r+z+1) (1.29)
kgo(,’,‘,)=(”;ill) m=0,12,... (1.30)
kX:jo(;)(nfk)=(’js), n=012,...  (131)

B (0 ) = 0t 0

Equation (1.28) follows directly from (1.21) with a = b = 1. To prove (1.29)
requires repeated application of (1.26), whereas (1.30) follows from (1.29)
with two applications of (1.25). Equation (1.31) is verified below (Example
4), and (1.32) is left to the exercises.

Remark: In Section 8.5 we will present another method of summing
certain series of binomial coefficients by use of the hypergeometric function.

Example 4: Verify Equation (1.31) above.

Solution: Starting with the obvious identity

Q+x)Q+x)=>0+x)"
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and replacing each binomial with its series, we find*

E (e S £ (30

The left-hand side can be simplified by use of the Cauchy product
(Theorem 1.6), which leads to

IS4 RPN (PR
nsok—o k/\n—k ey
and now, by comparing coefficients of like terms of x", we obtain the

result’
éo(]’()(nik)=(r:s)’ n=0,1,2,...

EXERCISES 1.2

1. Show that the nth partial sum of a geometric series satisfies

— pen
,,_1=1 r

T+r+ri+ - +r ,  r#1
1-r
Hint: Observe that
S,=1+r+ri+ - 4!
rS, = r+ri4 o g
and subtract termwise.
In problems 2-5, find the sum of the geometric series.
10 100
2. Y 2k 3. Y (-Dk
k=0 k=0
10 0
4. Y (H~ 5. ) sin*"x, |x| < w/2.

k=2 n=0

In problems 6 and 7, use geometric series to express the repeating decimal
as a rational number.

6. 3.42121212... 7. 2.123123123...

*When r and s are not integers the binomial series becomes an infinite series, and in this
case x is restricted to the interval |x| < 1 (see Section 1.3.2).
TWe are actually using Theorem 1.13 in Section 1.3.2.
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In problems 8-14, determine whether the series converges absolutely, con-
verges conditionally, or diverges.

8. Z nlogn' 9. ngl(n+2)‘3/2.
10. % (—2'% 11. Z( )" (1+i)
n= 0 (n') n=1
1
12. Z(— )3 n—l 13. ;1%.
14, ) _ ="

n=3 Vnlog(logn)

15. By using the Cauchy product, verify the identity

eaeb = ea+b

n

Hint: Recall that e = Z;,‘°=0;—

16. Show that

@ () =(a 24

(b)(Z:%)=(ki1)+(Z)’05k5""1'
17. Show that

@ ()= : 221,.)(,5!2)'1)"

L 2k)!
(b)( 2% 1)=(_1)n('(';T!:!)—,k=0,1,2,....

In problems 18-20, verify the given formula.
18 i ("+k =(r+n+l)
T io\ K n .
Hint: Use Equation (1.26).
n
9. ¥ (k =(” +1 ) m=01,2,....
k=0(m) m+1
Hint: Use problem 18 and Equation (1.25).
n
n
20. ¥ (k)(s ;k)(—l)k = (- ) m=012.., m=n

k=0
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1.3 Infinite Series of Functions

Of special importance to us are those series that result when the general
term u, is a function of x, i.e, u, = u,(x). The nth partial sum then
defines the function

n

Si(x) = X u(x) (1.33)

k=1

and similarly, the sum of the series becomes
lim S,(x) = f(x) (1.34)
n—oo

The question of concern here is whether there exists any values of x for
which (1.34) is meaningful. If the value of x is fixed and the resulting series
sums to f(x), we say the series converges pointwise to f(x). All such values
of x for which the series converges pointwise constitute the domain of the
function f.

Example 5: Test the series L7_,x" for convergence.
Solution: Applying the ratio test, we find

xn+l

lim

n— oo

n

= lim |x| = |x|
n—oo

and deduce that the series converges pointwise for |x| < 1 and diverges
for |x| > 1. The cases |x| = 1 must be treated separately, but it can
easily be established that the series diverges for both x = 1and x = —1.
Our conclusion here is consistent with previous results, since the series in
question is just the geometric series once again with f(x) =1/(1 — x).

In some applications it is important to establish a different kind of
convergence of the series, for which we have the following definition.

Definition 1.3. If, given some € > 0, there exists a number N = N(¢)
independent of x, and if

[f(x) =S, (x)| <e

forall xin @ < x < b and all n > N, we say that S,(x) converges uniformly
to f(x)ina<x<basn— o0.

Uniform convergence is illustrated in Fig. 1.1. It is clearly a stronger
requirement than is pointwise convergence, which treats convergence at
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//R
-7 N f(x)+e
/ ’,l \\\
i ———/(x)
N
/] s“‘
_::/f(x) — €
a b x
Figure 1.1

individual points, but it is also more difficult to establish in practice. The
key to uniform convergence is continuity of the function f (see Theorem
1.8).

The most commonly used test for establishing uniform convergence of
an infinite series of functions is the famous Weierstrass M-test.

Theorem 1.7 (Weierstrass M-test). 1f Y M, is a convergent series of posi-
tive constants such that |u,(x)| < M, (n =1,2,3,...)forall xina < x <
b, then the series u,(x) is uniformly (and absolutely) convergent over the
interval a < x < b.

Normally, if a series converges uniformly it converges absolutely, but
not always. That is, neither type of convergence necessarily implies the
other. For example, the series ©2_;(—1)""'x"/n = log(1 + x) converges
uniformly for 0 < x < 1, but not absolutely. (Why?) Also, the series

o0

Covn_f1, 0=x<1
X a-xx={p 07

n=0
converges absolutely but not uniformly in the interval 0 < x < 1. Thus the

Weierstrass M-test is not suitable for series that converge uniformly but not
absolutely.
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1.3.1 Properties of Uniformly Convergent series

Establishing that a given series converges uniformly in an interval is useful
for performing certain operations on the series termwise.

Theorem 1.8. If each term u,(x) is continuous in a < x < b and the series

[ee]

f(x) = X u,(x)

n=1

converges uniformly in a < x < b, then f is a continuous function in this
same interval.

Note that Theorem 1.8 requires uniform convergence to conclude that f
is continuous. To show that pointwise convergence is not sufficient, consider
the series

f(x)=x+ f (x"—x""1), O0=<xx<1 (1.35)
n=2

Clearly each term of the series is a continuous function. Also, the sum of the
first n termsis S,(x) = x", which converges to zero in the interval 0 < x < 1
and to unity when x = 1. Hence, the sum of the series is

f={} 9=y<t (1.36)

which is clearly not a continuous function in the closed interval 0 < x < 1.

Theorem 1.9. If each term u,(x) is continuous in a < x < b and the
infinite series Yu,(x) converges uniformly in a < x < b, then termwise
integration of the series is permitted, i.e.,

) ( ) u,,(x)) dx -

n=

X b
Y f u,(x)dx
n=1"4d
. Theorem 1.9 is particularly important in applied mathematics, since the
integral of an infinite series arises frequently there. The difficulty in many
situations, however, is that we may not be able to show that the given series
converges uniformly prior to performing termwise integration. In such
situations we tacitly assume the conditions of Theorem 1.9 and formally
carry out all computations. It is essential in these situations to justify the
derived result by some independent means.

In order to illustrate the use of Theorem 1.9, consider the infinite series

Ly (1), —1<x<1 (1.37)
1+ x s *o x )

It can be shown that this series converges uniformly in any closed interval
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contained within the indicated open interval (see Section 1.3.2). Hence,
termwise integration of (1.37) leads to

1_'_1 nE( l)ftdt -1<x<1

where we introduce the dummy variable ¢ to avoid confusion. Completing
the integration, we obtain

lOg(1+X)_ Z(_ ) n+1

and by making the change of index n — n — 1, we get the more familiar

form
o0

log(1 +x)= ¥ (—1)"‘”‘7, “1<x<1 (1.38)

n=1

Notice that setting x = 1 in (1.38) leads to

log2 = i (_—ln)—: (1.39)

n=1

where the right-hand side is the alternating harmonic series (see Section
1.2.3). It is interesting to observe that the result (1.39) is valid even though
the value x = 1 is outside the original interval of (pointwise) convergence.
This example illustrates that the process of integration of an infinite series
can sometimes extend the interval of convergence of the integrated series
beyond that of the original series.

The conditions stated in Theorem 1.9 are satisfied for many of the series
that commonly arise in practice, and for this reason we find that most of the
time termwise integration of the series is permitted. The same is not true,
however, for termwise differentiation of a series, even under the same
conditions. That is, uniform convergence of the series does not validate its
differentiation.

Theorem 1.10. If u,(x) and u}(x) are continuous functions in the interval
a < x < b for each n, and if

f(x) = >°:ilu,,(x)

converges in a < x < b and the series Xu,(x) converges uniformly in
a < x < b, then

F) = % u(x)

n=1
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Basically, the requirement for termwise differentiation of a series is the
uniform convergence of the differentiated series. For example, the series

f(x)= % Si“n’f" (1.40)

n=1

converges uniformly in every finite interval (by the Weierstrass M-test),
whereas the series

f(x)= i cos n’x (1.41)
n=1

diverges for all x. Clearly, termwise differentiation of an infinite series must
be handled with caution.

1.3.2 Power Series

By a power series, we mean an expression of the form

o0
trtoalx—a)y+ - +c,(x—a)"+--- = Y c,(x—a)" (1.42)
n=0

where the c¢’s are constants and a is some fixed value.
Theorem 1.11. Every power series has a radius of convergence p such that

the series converges absolutely when |x — a| < p and diverges when |x — a|
> p.*

If p> 0, then for every p, such that 0 < p, < p, the power series
converges uniformly for |x — a| < p;. The question of convergence of a
power series when |x — a] = p can be answered separately by one of our
previous convergence tests, since (1.42) is just a series of constants in this
case.

Theorem 1.12 (Abel’s theorem). If the radius of convergence of a power
series is p, then the sum

[e o}
f(x)= X e(x—a)
n=0
is a continuous function for |x — a| < p.

Proof: Since the series converges uniformly for |[x — a| < p;, 0 < p, <
p, it follows (from Theorem 1.8) that f is a continuous function on this

*In some cases p = 0, and hence the series converges only for x = a.
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interval. But since this is true for every p; between 0 and p, we conclude
that f is continuous for all x in the interval |x — a| < p. |

As simple consequences of Theorem 1.9 and 1.10, it follows that
convergent power series can always be differentiated and integrated term-
wise. If the power series converges uniformly for all x such that |x — a| < p,
the integrated series will also converge uniformly for |x — a| < p. On the
other hand, the differentiated series may not converge at the endpoints. For
example, the series

[ee]

x'l
f(x)=n§2m, -1<x<1

converges uniformly for all |x| < 1, but the related series
, x"

f(x)=27 -1<x<1

does not converges at x = 1. Moreover, the series
[o o]

f(x)= Y x", -1<x<1

does not converge at either endpoint.
One way of generating a power series for a given function f is illustrated

in the following discussion.
If f is continuous and differentiable, then

L1y di=1(x) = 1(a) (1.4
which we can rearrange as
1(x)=1(a)+ [0y ds (1.44)

If f also has a second derivative f”, we can then replace f in (1.44) by the
function f’ to obtain

(=) =f@)+ [ 1) a
The substitution of this last expression for f’ in (1.44) leads to
1) =1(@)+ [ 114@) + [7(5) ] a
= /@) + (@)= a)+ [ [T @) (149)



Infinite Series, Improper Integrals, and Infinite Products o 21
where we are using the notation
x t ” 2 -_— X 4 r”
[ [ray = | [ff (tl)dtI]dt (1.46)
a*a a a

Now assuming the function f has n derivatives, we can repeat this process
over and over until we obtain

1) = fa@) + @) x - a) + L3 (x 0+
(n—1)
f (a) (x —a)"~ Ly R, (1.47)
1)'
where
x t
R,= [ - | f™(t)(ar)" 1.48
[ [T (1.48)
Equation (1.47) is known as Taylor’s formula with remainder.
If the function f(")(¢) satisfies the inequality
m<f™Mi)<M, a<t<x (1.49)
where m and M are constants, then it can be shown that
X t n X t n
m| --- | (dt)" <R, <M| --- dt
[ [ay sr,<m["-- ['(a)
which reduces to
m(x——'a)_ <R, < M (1.50)
n! n!

Hence, if f(")(¢) is also continuous over a < ¢ < x, then there exists some
value ¢ such that

(n)
R=LTW 0y, a<i<x (1.51)
known as the Lagrangian form of the remainder after n terms.

Finally, if the function f has the property that, for |[x —a|<p, R, = 0
as n — oo, then it follows that

f(x)= éo-f—(—"-:lg—a)(x—a)", Ix —al<p (1.52)

We refer to (1.52) as the Taylor series for the function f. The special case of
(1.52) that occurs when a = 0 is known as Maclaurin’s series, i.e.,

f(x) = Zf (O) " x| <op (1.53)
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Most of the elementary functions that arise in the calculus can be
represented by a Taylor series, where the interval of convergence is de-
termined by the ratio test. Many of the special functions that we will
encounter in subsequent chapters can also be represented by a Taylor series
(or a Maclaurin series).

Example 6: Expand f(x)= (1 + x)? in a Maclaurin series, where a is a
parameter not restricted to integer values.

Solution: Repeated differentiation of the function reveals that
f(x)=a@ +x)*""
f(x)=a(a=1)(1+x)*"

f(n)(x) = a(a — 1) (a —n+ 1)(1 + x)a-n

Hence, by setting x = 0 in f and all its derivatives, we find that the
series (1.53) leads to

a(a—1)
Tx2+

+a(a—1)--,~1'(a—n+1)

Q1+x)'=14ax+

x"+...

which we can express more compactly in the form

1+x)"= i (z)x"

n=0

where (g) denotes the binomial coefficient (see Section 1.2.4).
By applying the ratio test to the above series, known as the binomial
series, we find that it converges for |x| < 1.

The binomial series in Example 6 is important in much of our work to
follow, and we will have many occasions to refer back to this result.

The following theorem assures us of the uniqueness of representation of
a function by a Taylor series for a fixed value of a.

Theorem 1.13 (Uniqueness). 1f f(x) = Xc,(x — a)” and g(x) = Xb,(x —
a)" both have nonzero radii of convergence, and f(x) = g(x) wherever the
two series converge, thenc, = b,, n =0,1,2,... .*

*If Zc,(x — a)" = 0, then necessarily c,, = 0 for all .
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1.3.3 Operations with Power Series

If
f(x)= ioa,,x" (1.54)
and
g(x) = f‘, b,x" (1.55)
n=0

have a common interval of convergence, then the series of their sum and
product, i.e.,

e o]

)+ () = £ (a,+ )" (1.56)
and
f(x)g(x) = ¥ ( Zb)x (1.57)
=0\ k=0

also converge on this common interval of convergence. We recognize (1.57)
as simply the Cauchy product introduced in Theorem 1.6. Finally, since
power series are merely a special type of infinite series, the theorems in
Section 1.3.1 concerning integration and differentiation of infinite series
apply directly to convergent power series.

Example 7: Find the Maclaurin series for e* sin x.

Solution: By using well-known results, we have

n

S X
X = —_—
n§0n'

)" 2n+1

(-
and sinx = Z W

However, we cannot directly apply (1.57), since the series for sin x
involves only odd powers of x. To remedy this situation, we rewrite the
sine series in the form

. d ] x
sinx = ngocos[(n -1) 2] P

where

0, n even
cos[ 1)2] (=1)""Y2 podd
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Thus, the Cauchy product now leads to

[o o]
X o1 J— n
e*sinx = Y c,x
n=0

where

o = % cos[(k — 1)7/2]
" kgo k'(n—k)!

Although it often happens that the expression for ¢, cannot be
simplified, here we find that we can actually evaluate the finite sum. By
using the Euler formula cos x = $(e'* + e~'¥), together with properties
of the binomial series, we find

L (M) itk-1yns2 —itk=1ym/2
&= 5 (k)[er( /2 4 gmilk=Dm/2]

k=0

—im/2 n im/2 N

_ e in/’ Z (n)eik'lr/z 4 e”’/ z (n)e__ik.,,/z

1 1

2n! [z \k 2n! T \k

e—ivr/2 eivr

. /2 ,
A+ + (1 +e77?)"

2n! 2

Now writing

(1 + ei'ir/Z)" — einﬂ/4(ei1r/4 + e—ivr/4)" — 2nein7r/4cosn(ﬂ,/4)
(1 + e="/2)" = 2%e=""/* cos"(m/4)

we deduce that
1 ' —_ —_ —
c, = 2n' [el(n 2)ym/4 e i(n 2)1r/4] n COS"(‘?T/4)

3:7:—2 cos[(n — 2)7/4]

and hence, we obtain our result*

oz
e*sinx = ZOT cos[(n — 2)m/4] x
ne

which converges for all x.

*Notice that the terms corresponding to n = 0,4,8, ... are all zero.
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Closely related to the Cauchy product defined by Equation (1.57) is the
power formula

0 n )
( Y akx") = Y c.xk (1.58)
k=0 k=0
where
1k
co = ag, ck=m Y (mn—k+m)a,c,_,, k=1,23,...
m=1

(1.59)

The reader should verify that this power formula is equivalent to the
Cauchy product for n = 2. By repeated application of the Cauchy product
for n = 3,4,5,..., the above result can readily be obtained.

EXERCISES 1.3

In problems 1-4, use the ratio test to determine the interval of convergence.
Check the (finite) endpoints of the interval for convergence by a separate
test.

= x" 2 1X3X5%---x(2n—-1) n
! n;n 2 "§12><5><8><~~~><(3n—1)(x "
3 Z?x" 4. Y nx".

n=0 n=0

In problems 5-8, test the series for uniform convergence on the indicated
interval.

[o o]
5. ) cosznx’ -10 < x < 10.
n=1 N

xn

™8

—* — -l=<x=<l
n=2 n(logn)

7 E‘,( LI L )0< <1
T o\mx+2 0 nx+x+2) sxs5
o0

8 Y x(1+x)"0<x<l.

n=1
9. Using termwise integration, show that

0 n

fOl(Z x—)dx=e—1

!
"=0n.
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In problems 10-13, indicate those series that can be differentiated termwise
in the indicated interval.

[ o] n o -nx

10. ¥ ;n_,—lsxso. 11. Z—(Q:I—)Z,Ostlo.
n=0 n=0n\n
0 X n 0 x" xn+1

12. El(x_l),—‘tsxs—& 13. E}(?—m),Ostl.

14. Starting with the geometric series

1

o0
T =% - Y x", -1<x<1

n=0

(a) make a change of variable to derive the Maclaurin series for
1
x =
f(x) 1+ x?

(b) Use the answer in (a) to determine the Maclaurin series for arctan x.
Give the interval of convergence.

15. Starting with the binomial series
[o o]
1+x)"= Z(z)x", -1<x<1
n=0

(a) find the Maclaurin series for f(x) = (1 — x2)~1/2,
(b) Use the answer in (a) to determine the Maclaurin series for arcsin x.
Give the interval of convergence.

In problems 16-19, use the Cauchy product to find the Maclaurin series
representation for the given function.

16. f(x)=(1 —x)"2 17. f(x) = cos? x.
18. f(x) = sin’x. 19. f(x) = e*cosx.
20. Use (1.58) and (1.59) to determine the first four terms of cos’ x.

1.4 Asymptotic Series

In computational analysis we often seek to represent a given function f(x)
by some simpler function, say g(x), that accurately describes the numerical
values of f(x) in the vicinity of a particular point x = a. Thus we write
f(x) ~ g(x) as x = a to mean
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Generally we confine our attention to either the case x — 0 or x — oo,
although we could also choose any other value of x.
For the case x near zero, we seek a representation of the form

f(x) ~ i c,x",  x—0, (1.60)
n=0

from which we can deduce the simple asymptotic formulas f(x) ~ ¢, or
f(x) ~ ¢y + ¢;x, and so on. Ordinarily we might obtain the representation
(1.60) from the Maclaurin series expansion of f(x). In such cases the series
converges for all values of x such that |x| < p. That is, if

Si(x) = 3 ot
k=0
then
tim | £(x) ~ 8,(x)| = 0 (1.61)

for each fixed x in the region |x| < p. By taking a sufficient number of
terms of the series, our calculations for f(x) can be as accurate as desired.
However, the representation (1.60) does not have to be a Maclaurin series,
nor is there any requirement that the series converge in order to be useful
for computations. That is, we define (1.60) to be an’ asymptotic power series
for f(x) as x — 0 if and only if

fim L) =S| _ (1.62)
x—=0 |x]"

for each fixed n. By this condition we are requiring the sum of the terms of
(1.60) out to the term c,x" to approximate the function f(x) more closely
than |x|" approximates zero, by choosing x sufficiently close to zero. Hence,
if the series (1.60) diverges, we find that the accuracy of computation is
closely tied to the actual value of x and number of terms n. This means that
after a certain number of terms the accuracy of computation will actually
get worse instead of better—a sharp contrast as compared with convergent
series.

1.41 Large Arguments

For large values of x we seek representations of the form

f(x)~ X %,x—*oo (1.63)
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We call (1.63) an asymptotic series for large arguments; it is also commonly
called a semiconvergent series. A precise definition of asymptotic series was
first provided by J. H. Poincaré (1854-1912) in 1886; he stated that (1.63) is
an asymptotic series if and only if, for each fixed n,

lim x"| f(x) — S,(x)| =0 (1.64)
where
Si(x)= ¥ &
k=0 X

Asymptotic series like (1.63) are intriguing in that they usually diverge
for all values of x, but are still useful for computational purposes. In such
cases, once again, too many terms of the series can lead to gross errors in
computations, and therefore it is important to know just how many terms to
retain for a particular computation. The error incurred in most cases turns
out to be less than the first term omitted in the approximation.

Not all functions have an asymptotic series of the form (1.63). For
example, neither e* nor sin x has such an asymptotic expansion. If the
function f(x) itself has no asymptotic series, it may happen that there exists
a suitable function A(x) such that the quotient f(x)/h(x) has an asymp-
totic series. In this case we write

f(x) ~ h(x) i% X = 00 (1.65)

Necessary and sufficient conditions for f(x) to possess an asymptotic series
have been developed, but we will not discuss them.*

If f(x) has an asymptotic series, it may turn out that other functions
have the same asymptotic series. That is to say, an asymptotic series does
not uniquely determine the function from which it was generated. However,
if a function has an asymptotic series, it has only one such series.

There are several ways in which asymptotic series can be derived. For
our first example, we wish to consider the case where the function is defined
by an integral of the form

F(x) = fxwf(t)dt (1.66)

A simple and often effective way of developing the series in such cases
consists of repeated integration by parts. Each new integration yields the
next term in the expansion, and the error committed in stopping after n

*See F.W.J. Olver, Asymptotics and Special Functions, New York: Academic, 1974.
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terms can be expressed by the remaining integral, for which error bounds
can often be deduced.

Example 8: Find an asymptotic series for the function defined by

-t

©e
F(x) = j; T dt
Solution:  Using integration by parts with
u= %, dv=e 'dt
du= — i;, v=—e’
t
we find
e ! ®© we !
F(x) = — T —j); 7(11

Continued integration by parts leads to

W11 1x2
F(x)=e [x 2 + o
n-11X2X - X(n—1)
x"

+(=1)

=t

F(-1)"1x2x - ><nf°0 ¢
X

from which we deduce

F(x) ~ _xi( l)n' X = 00

Applying the ratio test, it can be shown that the asymptotic series in
Example 8 diverges for all x. Yet it can also be shown that the error E,(x)
committed in approximating F(x) by the first n terms of the series is
bounded by*

E(x)sn—!, x> 1
n x"

*See N.N. Lebedev, Special Functions and Their Applications, New York: Dover, 1972,
p. 33.
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For large enough x and small n, the error E, (x) can be made quite small.
On the other hand, if n is too large, the use of the asymptotic series to
compute F(x) can lead to extremely large errors.

Another way in which the asymptotic series is sometimes derived is
illustrated by the following example.

Example 9: Find an asymptotic series for the function defined by

F(x)=j(;°°e""(1 +2) ', x>0

Solution: Here we find it convenient to start by making the change of
variable s = xt, which leads to the expression

1 o s2) 7!
F(x)=;f0 e-s(1+;) ds

Then, by expanding (1 + s2/x2)~! in a binomial series (see Example 6)
and integrating the result termwise, we obtain

F(x)~—2( )2"-[06 ss2ds, x> o0

X

This last integral can be evaluated by repeated integration by parts.*
Upon so doing, we finally deduce that

F(x) ~ E i@t

2n+1

where we have made use of the identity

(3= o) =

The technique used in Example 9 is nonrigorous, and even somewhat
incorrect in that the particular binomial series in the example converges
only for s < x and we are allowing s to be arbitrarily large. Moreover, as is
usual, it has led to a series that diverges for all values of x.

In spite of the fact that they usually diverge, asymptotic series behave
very much like convergent power series. For example, the asymptotic
expansions of two functions can be added to form the asymptotic series of
the sum of two functions. These same asymptotic series can be multiplied to
form an asymptotic series of the product of the two functions. Also, the
asymptotic series of a function can be integrated termwise (as if it were a

*[&e Sstds = (2n), n=0,1,2,....
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uniformly convergent series of continuous functions), and the result will be
an asymptotic expansion of the integral of the original function. Under
more stringent conditions, the asymptotic series may even be differentiated
termwise to produce the asymptotic series of the derivative of the original
function.

EXERCISES 1.4

In problems 1-7, derive the given asymptotic series. Check convergence.

[e ¢}
1. f e *costdt ~ Z (2"+1 ,
0

g

fooe""sintdt Z (G ) 1) , X = 0.
0

=0
il !
det - 1 X Z n - x —
o logt? ogx =, (logx)
Hint: Let u = logt.

00 e- (
5.[)14_ z n+1 ,x—>oo.
w — — CEEEE) —
6. fooe—tta—ldt~ xa—le—x|:l + Z (a 1)(0 2") (a n):|’
x n=1 x
X — 00, a>0.
7.[ gt ~ [1+ Z( 1)"1X3x(2 2><(2n—1)]
8. Given
[e¢] e_'
F(x)—j(; mdt, x>0
show that
o0
F(x)~ Y n(-1)"x", x-0°*
n=0

Hint: Verify that Equation (1.62) is satisfied by first establishing

S(x)= X K(-Drxk= [Ter T (- (x0) de
k=0 0 k=0
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1.5 Fourier Trigonometric Series

The expansion of a function f in a power series requires (at least) that f be
infinitely differentiable. However, many functions of practical interest do
not satisfy such strong differentiability requirements, due to discontinuities,
lack of smoothness, etc., and therefore cannot be represented in a power
series. For such cases there are other types of series representations.

A particular type of series having a wide range of applications is the
Fourier trigonometric series (or simply Fourier series)*

[e o}
f(x)=4%a,+ Y (a,,cosn’%x + b,,sin%) (1.67)

n=1

where the constants a, a,, and b, are called the Fourier coefficients of the
series. If the series representation is to be valid for all values of x, then
clearly f must be a periodic function with period 2 p, since the right-hand
side of (1.67) has this property. In other cases, the series (1.67) is useful for
representing the function f only in the interval —p < x < p, so that the
periodicity is of no concern.

Formally identifying the Fourier coefficients depends upon the evalua-
tion of the integrals

P p
f cosmdx—f smmdx—f smmcosmdx—
p p p

-p p -p -p
(1.68a)
and
/P nmx kwx P . nux . kwx 0, k#n
Ccos——Cos—— dx = f sin——sin—— dx = k=
-p p p -p p P =n
(1.68b)

where n and k both assume positive integer values. The details of verifying
these integral relations are left to the exercises.
Assuming that termwise integration of (1.67) is permitted, we find

0
ffpf(x)dx= %aofjpdx+ ri ( f ) —dx+bf i n—;xdx)

from which we deduce

1 P
%= f_pf(x)dx (1.69)

*It is customary to write the constant term in (1.67) as }a,,.



Infinite Series, Improper Integrals, and Infinite Products o 33

If we now multiply (1.67) by cos(k7x/p) and integrate once again, we have
0

P kmx p TX
—dx=1 cof— d
f_pf(x)cos o & 200/ 7/; N

7 0(n#k) 0

ad P nax / kwx ? . nax/ kux
+ Y a,,f cos os—— dx + b,,f sin— Cos—— dx
n=1 -p P =P P

This time all terms on the right go to zero except for the coefficient of a,
corresponding to n = k, and here we find

P knx , P o kmx
fnpf(x)cosT dx = akf_pcos ( ’ ) dx

= pa,
or

a, = %fp f(x)cosﬁl?ﬁ dx, k=1,2,3,... (1.70a)
-p

By a similar process, the multiplication of (1.67) by sin(kwx/p) and
subsequent integration provides the final formula

1 rp . kmx
b, = — x )sin—— dx, k=1,2,3,... 1.70b
o= 5[ fxsin=] (1.70b)
In summary, we have formally shown that if f has the representation

(o]
f(x)=1a,+ ) (ancos% + b,,sinﬁgﬁ) (1.71)

n=1

then the Fourier coefficients are given by [changing the index back to n and
combining (1.69) and (1.70a)]

1 pr nwx
a, = — x)cos— dx, n=0,1,2,... 1.72
0= fx)es=] (1.72)
and

1 P nwx
b, = — x)sin—— dx, n=1,2,3,... 1.73
p= 5 ) fsin=] (1.73)

Example 10: Find the Fourier trigonometric series for the periodic func-
tion

1 ={% TS0 e = £(x)

X, O<x<wmo
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Solution: The Fourier coefficients computed from (1.72) and (1.73)
with p = 7 lead to

a= 3 [ fxyax = ["xax=§

0, n=2,46,...

an=%fﬂxcosnxdx= _ 2 n=1,3,5
0 mn?’ T
and
n+1
b,.=lfﬂxsinnxdx= ¢’ n=123,...
T Jy n

Substituting these results into (1.71), we obtain

T 2 cos 3x cos 5x
f(x)—z—;(cosx+ 7 + 5 +)
+(s’nx— sin2x sin 3x _ )

! 2 3

or more compactly,

-5 - 2§ [t S0

n=1

We might observe that the function f in Example 10 is not differentiable
at x = 0 and multiples of «. Thus, while it surely doesn’t have a power-series
expansion over any interval containing these points, its Fourier series
converges for all x, even at the points of discontinuity (see Theorem 1.14
below).

Theorem 1.14 ( Pointwise convergence). If f(x + 2p) = f(x) for some p,
and if f and f’ are at least piecewise continuous in —p < x < p, then the
Fourier series of f converges pointwise to f(x) at all points of continuity of
f. At points of discontinuity of f, the series converges to the average value

AT+ f(xT))

Remark: A function f is said to be piecewise continuous in an interval
if it has only a finite number of discontinuities, and further, if all discon-
tinuities are finite. This class of functions is discussed in more detail in

*For a proof of Theorem 1.14, see H.S. Carslaw, Introduction to the Theory of Fourier’s
Series and Integrals, New York: Dover, 1950.
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Section 4.5.1. Also, f(x*) and f(x~) denote the limits of f at x from the
right and left, respectively.

Theorem 1.14 is also valid for nonperiodic functions which satisfy the
other stated conditions in some interval ¢ < x < ¢ + 2p, where ¢ is any
real number. In such cases the convergence at the endpoints of the interval
will lead to the value [ f(c*) + f(c + 2p~)). The Fourier coefficients are
then computed by performing the integrations over the interval ¢ < x < ¢
+ 2 p. Finally, we remark that if we add to Theorem 1.14 the condition that
f is also continuous, the Fourier series will then converge uniformly.

1.5.1 Cosine and Sine Series

If f(—x) = f(x), we say that f is an even function, whereas if f(—x) =
—f(x), we say that f is an odd function. If the function f falls into one of
these two classifications, certain simplifications in handling Fourier series
takes place. Such simplifications are primarily consequences of the following
result (see problems 8 and 9):

»
2f f(x)dx if X ) is even

" 1(x)dx = fo (x) 1) (1.74)
o 0 if f(x)isodd

If f is an even function, the product f(x)cos(nmx/p) is an even

function while the product f(x)sin(nwx/p) is an odd function. (Why?) In
this case, using (1.74), we see that the Fourier coefficients satisfy

1 ,p nwx
= = Xx)cos—— dx
a,= 5 [ J(x)eos=]

2 (P nwx
= — X )cos—— dx, n=0,1,2,... 1.75
> [ f(x)c0s= (1.75)
and

1 P nmwx
b = — x)sin——dx =0, n=1,2,3,... 1.76
n= 5 fsinT] (1.76)
Hence, for an even function f the Fourier series reduces to

oo
f(x)=4a,+ ¥ ancos"’%" (1.77)

n=1

where a, (n = 0,1,2,...) is defined by (1.75). We call such a series a cosine
series.
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Using a similar argument, when f is an odd function, the Fourier series
reduces to the sine series

o 0]
f(x)= Y b,sin2™% (1.78)
n=1 P
where a, = 0(n=0,1,2,...) and
2 P nwx
b = — x)sin—— dx, n=1,2,3,... 1.79
n= 5 [ (x)sin =2 (1.79)

EXERCISES 1.5

In problems 1-6, determine the Fourier trigonometric series of each func-
tion.

1, —-p<x<0,

L f(X)={1

2 O<x$p. 2~f(x)=x,—7r<x<.ﬂ,

3. f(x)=|x|, — T < x < 4 f(x)=x% -1<x<1
_ X, -2<x<0, _[x+m, —m<x<0,
> f(x)_{Z—x, 0<x<2. 6. /(x) {x—vr, O0<x<wm.

7. Verify the integral relations (1.68a) and (1.68b).
Hint: Use the trigonometric identities
sin Asin B = $[cos(4 — B) — cos(4 + B)]
cos Acos B = $[cos(4 — B) + cos(A + B)]
sin Acos B = 4[sin(4 — B) + sin(4 + B)]

8. Prove that if f is an even function,

f:f(x) dx = ZLpf(x) dx

9. Prove that if f is an odd function,

f_ppf(x) dx =0

10. Prove that

(a) the product of two odd functions is even,
(b) the product of two even functions is even,
(c) the product of an even and an odd function is odd.
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14.

15.
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17.
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To what numerical value will the Fourier series in problem 1 converge
at

(a) x=0?

®) x = —p?

(c) x =p?

A sinusoidal voltage Esint is passed through a half-wave rectifier,
which clips the negative portion of the wave. Find the Fourier series of
the resulting waveform: f(t) =0, —7w <t <0; f(¢t)=Esint,0 <t <
a; and f(t + 27) = f(¢).

Find the Fourier series of the periodic function resulting from passing
the voltage v(¢) = Ecos 1007 through a half-wave rectifier (see prob-
lem 12).

A certain type of full-wave rectifier converts the input voltage v(¢) to its
absolute value at the output, i.e., |v(?)]. Assuming the input voltage is
given by v(¢) = Esinwt, determine the Fourier series of the periodic
output voltage.

From the Fourier series developed in Example 10, show that

11,1 n?
(a)1+§+§+?+~-—?,
1 1 1 T
(b)l—§+§—7+"'—z.

Starting with the Fourier series representation
) n-1
X -1 .
3= Z(——l——smnx, —r<x<m
n=1 n

obtain a Fourier series for x2, —# < x < 7, by integrating termwise.

If f(x + 2p) = f(x), show that for any constant ¢

I

4

C+p P
f(x)dx = [ f(x) dx

-pP P

Hint: Write

fc:pf(x)dx = j;:::f(x)dx + fj;pf(x)dx

and let x = ¢ + 2p in the first integral on the right-hand side.
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1.6 Improper Integrals

Integrals which have an infinite limit of integration or an infinite discontinu-
ity in the integrand between the limits of integration are called improper
integrals. If a certain amount of care is not exercised in the evaluation of
such integrals, we may derive results like

12
= -3

a1

-1 x? x|-1

This is clearly an absurd result, since the integrand is always positive and
therefore cannot lead to a negative value for the integral.

Our treatment of improper integrals here will be brief, since the theory
so closely parallels that of infinite series.

1.6.1 Types of Improper Integrals

We say the function f is bounded on the interval a < ¢t < b provided there
is some constant B such that

|f(t)]<B, a<t<b

If this is not true, we say that f is unbounded on a <t < b. For example,
the function f(z) = e is bounded for all ¢ > 0, since |e”/| <1, t >0,
whereas g(¢) = 1/t is unbounded on any interval containing ¢ = 0.

If f is unbounded on a < ¢ < b, then its integral over this interval is by
definition improper. If f has only one infinite discontinuity and it occurs at
t = c, then we write*

j;bf(t)dt - lim f:_ef(t)dt + lim, fc’;f(t)dz (1.80)

If both limits on the right exist, we say the integral converges to the sum of
the limits; otherwise, it diverges.

Another type of improper integral arises when one or both limits of
integration are infinite. In such cases we write

f°°f(z)dz= Jlim f”f(x)dt (1.81a)
ff f(e)dt = lim [y ar (1.81b)

and

f:of(t)dt - lim_ f (1) de + Jlim f “r)yde (1.82)

*If f has several infinite discontinuities, the interval can be decomposed and each limit
evaluated separately.



Infinite Series, Improper Integrals, and Infinite Products o 39

Once again, the integrals are said to converge when the limits on the right
exist, and diverge otherwise.

In some cases an integral may be classified improper for more than one
reason. For example, the integral

fwe‘%‘Vzd
0

is improper because of the infinite limit of integration, but also because the
integrand has an infinite discontinuity at ¢ = 0.

As we did for infinite series, we distinguish between conditional and
absolute convergence of improper integrals. For example, if the integral
[Z1f(2)|dt converges, we say that [*f(t)dt converges absolutely. However,
if [2f(t)dt converges but [°|f(t)|dt diverges, we say the first integral
converges conditionally.

1.6.2 Convergence Tests

Thus far our discussion of convergence and divergence of improper integrals
has been based upon direct evaluation of the integral and appropriate limits.
For many integrals this is not possible. For example, the integral

=t

® e
1= dt
L 2 +1

cannot be evaluated by any direct method of integration from the calculus,
and yet we may still wish to arrive at a conclusion regarding its convergence.
For instance, it would be a waste of time (and money) to attempt to
evaluate this integral numerically if it could be shown that the integral in
fact diverges. For this reason, various tests of convergence or divergence
have been developed which answer the question without directly evaluating
the integral and taking appropriate limits.

Improper integrals involving either cos? or sin¢ are quite prevalent in
practice. Such integrals are analogous to alternating series which contain the
factor (—1)". Without proof, we state the following important theorem
concerning the convergence of these integrals.

Theorem 1.15. If f is continuous and decreasing for all ¢ > a, and
furthermore, if lim, , , f(¢) = 0, then the integrals

fwf(t)costdt and foof(t)sinzdz

both converge (at least conditionally).
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If [&°f(t) dr converges, then the integrals in Theorem 1.15 both converge
absolutely. The convergence is only conditional, however, if [°f(t)dt di-
verges.

The following two limit tests are quite useful in proving either absolute
convergence or divergence of certain improper integrals.

Theorem 1.16. If f is continuous for all ¢ > a, and if
lim t?f(¢) =4, p>1
t— 00

where 4 is finite, then [°f(¢)dt converges absolutely.

Theorem 1.17. If f is continuous for all ¢ > a, and if
lim /(1) =A4+0
rt— 00

where A can be finite or infinite, then [°f(¢)dt diverges. If A = 0, the test
fails.

We have stated the above theorems for improper integrals of a particular
type; similar theorems have been developed for other types. Also, there are
numerous other convergence tests that have been devised over the years, but
we will not discuss them.

Example 11:  Show that [°e~"" dr converges absolutely.

Solution: By taking p = 2 and applying the hypothesis of Theorem
1.16, we see that

. 42
lim t%~ " =0
t— 00

and thus we conclude that the integral converges absolutely.
Example 12: Show that [5°1/(logt) dt does not converge.

Solution: Here we find that

. t
lliI?o lOgt -

and thus by Theorem 1.17 the integral diverges.

1.6.3 Pointwise and Uniform Convergence

It frequently happens that the integral of interest is of the form

F(x) = j:of(x,t)dt (1.83)
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where x is a parameter that can assume various values. Such integrals may
converge for certain values of x and diverge for other values. Hence, if for
certain fixed values of x the integral sums to F(x), we say the integral
converges pointwise to F(x). The collection of all such points constitutes the
domain of the function F.

Remark: Integrals of the type (1.83) are similar to the series of func-
tions discussed in Section 1.3.

For many purposes it is important to establish uniform convergence of
integrals like (1.83). The notion of uniform convergence of improper in-
tegrals can be introduced by analogy with infinite series. Here we find it
convenient to define the “partial integral”

Se(x) = [“F(x.1) e (1.84)

Definition 1.4. If, given some & > 0, there exists a number Q, independent
of x in the interval ¢ < x < d, such that

|F(x) = Sp(x)| <e

whenever R > Q, then the integral (1.83) is said to converge uniformly to
F(x) in the interval ¢ < x < d.

Analogous to Theorem 1.7 is the following Weierstrass M-test for
improper integrals.

Theorem 1.18 (Weierstrass M-test). Let f(x,t) be a continuous function
of x and ¢, for all 1 > a and all x in the interval ¢ < x < d, for which
|f(x,t)] < M(t) when ¢ > t;, > a, where ¢, is some fixed value. Then, if the
improper integral [*M(t)dt converges, it follows that [°f(x,?)dt con-
verges uniformly in ¢ < x < d.

Example 13: Show that [Pe”'t*~'dt converges uniformly in 1 < x < 2.

Solution: 1If we select M(t) = t%¢™ ", then clearly

le"t* Y <t?2e™!, 1<x<2, t=1
Also,
lim 2M(¢) =0

t— o0

so by virtue of Theorem 1.16 (with p = 2) the integral [°M(t)d!
converges. It now follows from the Weierstrass M-test that the given
integral [°e~‘t*~!dt converges uniformly in 1 < x < 2.
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The following three theorems on uniform convergence are important in
much of our work in later chapters.

Theorem 1.19. If f(x,t) is continuous in ¢ <x <d, t>a, and
;°f(x,t)dt' converges uniformly to F(x) in ¢ < x <d, then F(x) is
continuous in ¢ < x < d.

Theorem 1.20. If f(x,¢) is continuous in ¢ <x <d, t=>a, and
[2f(x,t)dt converges uniformly to F(x) in ¢ < x < d, then

de(x)dx = fwfdf(x,t)dxdt

Theorem 1.21. If
af
f(x,1) and ==(x,1)

are continuous in ¢ < x < d, t > a, the integral [°f(x,t)dr converges to
F(x)inc < x <d, and if

0 af
fa ﬁ(x’ t)dt
converges uniformly in the interval ¢ < x < d, then

FO)= [Ty, cxx=zd

Notice that the conditions required to justify differentiation under the
integral sign are much more stringent than those to justify integration under
the integral sign. Analogously to infinite series, we see that the basic
requirement for differentiation under the integral sign is uniform con-
vergence of the integral of the derivative of f.

Example 14: Derive the integral formula

OOe—p’_e_q’ q
—dt=1lo (—), 0<p<
fo . g, p<q

Solution: Because the integral is not an elementary integral, we cannot
derive the result directly. However, an indirect approach can be used
which relies on the notion of uniform convergence.

To begin, we observe that the integral

% = j(;ooe""dt



Infinite Series, Improper Integrals, and Infinite Products o 43

converges uniformly for 0 < p < x < q. Hence, by application of Theo-

rem 1.20 we have that
[ [ e
p X 0 Jp

from which we deduce our result

4\ _ (e e ”
log(p) fo —— a

EXERCISES 1.6

In problems 1-6, determine if the integrals exist, and if so, evaluate them by
an appropriate method.

1 1dt
1. | 724 2. | —.
[ [4
o0 o0 t
3. (12 + 1) 3ar. 4. .
'/; ( ) f—ootz +1
2 )
5. 4 — 1) 1/2 4y, 6. sin ¢ dt.
[e-o J

In problems 7-10, use the limit tests (Theorems 1.16 and 1.17) to prove
absolute convergence or divergence of the integrals.

cost © §e-!—3
7. 3 1. s.f —
o Y1+ 0 (14 2¢%)
o0
9, e t712ds. 10. 721 + t)e'dr.
fo [rasn

In problems 11-15, use Theorem 1.18 to prove that the integral converges
uniformly in the indicated interval.

© xdt
11'/; W,ISXSZ

12. foosm)“dt,lsxslo.
13. f et ld, 01 <x<1.

14. f e d 1< x < 10.

15/ COSX 4 —10 < x < 10.
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Use the integral relation

1
1+ x?

00
= f e ‘cosxtdt
0

to deduce the function F(x) represented by

F(x) = fowe"—smtxt dt

Use the integral relation

x
x+1

[e 0]
= f e costdt, x>0
0

to deduce the value of the integral

® -2
I=f te” “‘costdt
0

Use the integral relation

(b — x2)""? = fwcos(xt).lo(bt)dt, b>x>0
0

where J(x) is a Bessel function (see Chapter 6), to deduce the relation

1 sint?
so—1( L —
sin (b) [) ——Jo(bt) dt, b>1

Given that

T © dt
Ex_1/2=f 3 y x>0
0o t°+x

show that (for n = 1,2,3,...)

f°° dt _w(2n)! Ry

(124 %)™ 22 1(p1)?

Given that (for n = 0,1,2,...)

P,(x) = e 0 (o) g

nv‘/_ f
show that
XP,{(X) - Pn/—l('x) = nPn(x)

[P,(x) is the nth Legendre polynomial. See Chapter 4.]
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1.7 Infinite Products

Given the infinite sequence of positive numbers u;, #,,...,u,,..., We can
express their product by the notation

o0
u1><u2><u3~--u,,---=r[lu,, (1.85)
n=

By analogy with infinite series, we define the partial product

n
P,=T11u (1.86)
k=1
and investigate the limit
lim P, =P (1.87)
nh— o0

If P is finite (but not zero) we say the infinite product (1.85) converges to P;
otherwise, that it diverges. The product (1.85) may diverge because the limit
(1.87) fails to exist, but also because P = 0, in which case we say the infinite
product diverges to zero. We will not discuss infinite products that diverge to
zero.

Because the infinite product will become infinite if lim, ,  u, > 1 or
diverge to zero if 0 < lim, _, cu, < 1, we find it convenient to write u, = 1
+ a, and then discuss infinite products of the form I ,(1 + a,). Based
upon the above remarks, it is clear that a necessary (but not sufficient)
condition for the infinite product [T ,(1 + a,) to converge is that (see
problem 1)

lim a,=0 (1.88)

n—oo

Remark: Our original assumption was that the sequence uy,u,,
...,U,,... was composed of positive numbers. Hence it follows that a, >
—1 for all n. However, should m of the original numbers be negative, we
can replace their product by (—1)" times the product of their absolute

values.
Example 15: Find the value of the infinite product I1®_,(1 — 1/n?).
Solution: We first make the observation that

lim g, = — lim — =0

n— oo n—o0 N

which is required for convergence. To find the value of the product, we
try to obtain an expression for the partial product P, and take its limit.
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The product of the first n terms leads to

n-f1fi- 4]

k=2 k?
- (k—l)(2k+1)
k=2 k

IX2X3X -+ X(n—1)X3X4X5X%X -+ X(n+1)
2X2X3X3X4X4X - XnXn

n+1
2n

where in the last step we have canceled all common factors. Thus, by
taking the limit

.. n+1 1
lim P,= 1 ==
p = I T T 2
we conclude that
< 1 ) 1
1-—=|==
nlzlz( n? 2

1.7.1 Associated Infinite Series

In many cases of interest we are unable to find an explicit expression for the
partial product P, and examine its limit as we did in Example 15. When this
is the case, it is useful to have tests of convergence as we did in studying
infinite series. Although we could devise convergence tests based directly on
the product, there are related infinite series whose convergence or diver-
gence will settle the question in regards to the infinite product.

For example, closely associated with all infinite products is the infinite
series of logarithms derived from

o] o0
log[T(1+a,)= ) log(1+a,) (1.89)
n=1 n=1
where it is assumed that no a, = —1. If we denote the partial product and

partial sum, respectively, by
n n
P,= 1101 +a,), S, = 2 log(1 +a,;)
k=1 k=1
then clearly

lim P, = lim exp(S,) = exp( lim S,,)
n— o0 n—oo

n—oo
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through properties of limits. Therefore we see that P, approaches a limit
value P (P # 0) if and only if S, has a limit value S.

A result more useful than considering the associated series of logarithms
is contained in the following theorem.

Theorem 1.22. If 0 <a, <1 for all n > N, the infinite products T,
(1 + a,) and T, (1 — a,) converge or diverge according to whether the
infinite series X3_,a, converges or diverges.

1.7.2  Products of Functions

When the general term of the product is a function of x, we are led to
infinite products of the form

f() = 111+ a,(0) (1.90)

If, for a fixed value of x, the product (1.90) equals f(x), we say the product
converges pointwise to f(x). The general theory of representing functions by
infinite products of the form (1.90) goes beyond the intended scope of this
text, and thus we will treat only some special cases.

Remark: The notion of uniform convergence of infinite products plays
an important role in the theory of infinite products, much as it does in the
theory of infinite series and improper integrals. The usual way in which
uniform convergence is established for infinite products is by (another)
Weierstrass M-test. The interested reader should consult E.D. Rainville,
Special Functions, New York: Chelsea, 1960, p. 6.

Recall from algebra that an nth-degree polynomial p,(x) with n real
roots (zeros) can be expressed in the product form*

Pu() = (= x)(x =)+ (x = %) = TT(r=x0) (191)

We might well wonder if functions with an infinite number of zeros have
similar product representations. It turns out this is sometimes indeed the
case. For example, the zeros of sinwx occur at x = +n (n=0,1,2,...),
and it can be shown that (see problem 8)

) i x x
sinmx = wxrgl(l - ;)(1 + ;)

*For simplicity of notation we are assuming p,(x)= x" + ---, where the leading
coefficient is unity.
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or " I
sinmx = 7x [ | (1 - —2) (1.92)
n=1 n
whereas for the cosine function
e 2
cosmx = [ [1 - —2— (1.93)
n=1 (2n-1)
An interesting result can be derived from (1.92) by setting x = 1. That
is,
T = (2n-1)2n+1
=TT ( )( )
n=1 (2n) 1 (2n)’

and by solving for #/2, we see that

T _2X2 4X4 6X6
27 1Tx3 3x5 5x7°

which is Wallis’s famous formula for « /2. In Section 2.2.4 we will again use
(1.92) to derive another interesting relation between the sine function and
the gamma function.

(1.94)

EXERCISES 1.7

1. If 1. ,(1 + a,) converges to the value P # 0, show that

Hint: Consider the ratio lim

n— oo

~
I
—

In problems 2-6, show that the infinite product converges by finding its
value.

N
18

3
I
—

- — 2
[ (n+D)(n+2)

6
1+ (n+1)(2n+ 9)]‘

(=)

i
—8

3
I
—

>
—s

3
I
—
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. Use (1.92) and (1.93) to verify the identity
2sin xcos x = sin2x.
. Given the function f(x)= coskx, —# < x <=, where k is not an
integer,

(a) find its Fourier trigonometric series.
(b) Letting k = z in (a), and substituting x = 0 and x = 7, obtain the
series expansions

CcsCmz =
mz m n=1 22 - n2
1 2z & 1
cotmz = — + — 2 2
mwZ o n=12"—n

(c) Assume 0 < z < 1 and integrate the series in (b) for cot 7z from 0 to
x, 0 < x < 1, and show that

sin7x d x?
log e ngllog(l - p

so that
[ xz
sinmx =7x [ | (1 - —2)
n=1 n
(d) From (c), deduce that

0 x2
sinx=xl_[(1— > 2)

n=1 n-mw

9. By using the results of problem 8, show that

0 xz—l T

0<zx<1

dx -
o 1+ x sinmz’

Hint: Express the integral as a sum of two integrals, the first having (0, 1)
as the interval of integration and the second (1, c0). Then let x = 1/¢ in
the second integral, and use the geometric series for (1 + x)~ 1.



The Gamma Function and
Related Functions

2.1 Introduction

In the eighteenth century, L. Euler (1707-1783) concerned himself with the
problem of interpolating between the numbers

[o.¢]
n!=f et"dt, n=0,1,2,...
0

with nonintegral values of n. This problem led Euler in 1729 to the now
famous gamma function, a generalization of the factorial function that gives
meaning to x! when x is any positive number. His result can be extended to
certain negative numbers and even to complex numbers. The notation I'(x)
that is now widely accepted for the gamma function is not due to Euler,
however, but was introduced in 1809 by A. Legendre (1752-1833), who was
also responsible for the duplication formula for the gamma function. Nearly
150 years after Euler’s discovery of it, the theory concerning the gamma
function was greatly expanded by means of the theory of entire functions
developed by K. Weierstrass (1815-1897).

Because it is a generalization of n!, the gamma function has been
examined over the years as a means of generalizing certain functions,
operations, etc., that are commonly defined in terms of factorials. In
addition to these applications, the gamma function is useful in the evalua-
tion of many nonelementary integrals; the same is true of the related beta
function. often called the Eulerian integral of the first kind. In 1771,

50
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forty-three years after discovering the gamma function, Euler discovered
that the beta function is actually a particular combination of gamma
functions.

The logarithmic derivative of the gamma function leads to the digamma
function. Further differentiation of the digamma function produces the
family of polygamma functions, all of which are also related to the zeta
function of G. Riemann (1826-1866).

2.2  Gamma Function

One of the simplest but very important special functions is the gamma
function. It appears occasionally by itself in physical applications (mostly in
the form of some integral), but much of its importance stems from its
usefulness in developing other functions such as Bessel functions (Chapter 6)
and hypergeometric functions (Chapters 8-10), which have more direct
physical application.

The gamma function has several equivalent definitions, most of which
are due to Euler. To begin, we define it by*

I(x) = nlirr:o x(x + 1)(x +.2) -+ (x+n) (2.1)

If x is not zero or a negative integer, it can be shown that the limit (2.1)
exists." It is apparent, however, that I'(x) cannot be defined at x =
0, —1, —2,..., since the limit becomes infinite for any of these values. Let
us formalize this last statement as a theorem.

Theorem 2.1. If x= —n (n=0,1,2,...), then |I'(x)| = oo, or equiva-
lently,

1 =
I['(—n)

0, n=0,1,2,...

By setting x = 1 in Equation (2.1), we see that

n'n .
I'(l) =k = — 7
(1) nin:o1><2><3x~-~><n(n+l) nan:on"'l

*A variation of (2.1), called Euler’s infinite product (see problem 43), was actually the
starting point of Euler’s work on the interpolation problem for n!.
fSee E.D. Rainville, Special Functions. New York: Chelsea, 1960, p. 5.
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from which we deduce the special value
ra =1 (2.2)

Other values of I'(x) are not so easily obtained, but the substitution of
x + 1 for x in (2.1) leads to

x+1

T(x+1)= lim (x+ 1)(x+ 2)-'.' (x+n)(x+n+1)

— tim —% . lim nin”
nooo X+ n+1 o0 x(x+1)---(x+n)

from which we deduce the recurrence formula
I'(x+ 1) =xI(x) (2.3)

Equation (2.3) is the basic functional relation for the gamma function; it is
in the form of a difference equation. While many of the special functions
satisfy some linear differential equation, it has been shown that the gamma
function does not satisfy any linear differential equation with rational
coefficients.*

A direct connection between the gamma function and factorials can be
obtained from (2.2) and (2.3). That is, if we combine these relations, we
have

r(2)=1xTr)=1
I(3)=2xT(2)=2x1=2
T'(4)=3xT(3)=3x2 =3

and through mathematical induction it can be shown that
'(n+1)=n!, n=0,1,2,... (2.4)

Thus the gamma function is a generalization of the factorial function from
the domain of positive integers to the domain of all real numbers (except as
noted in Theorem 2.1). Also, Equation (2.4) confirms a result which begin-
ning algebra students often find puzzling to understand, viz., 0! = 1.

It is sometimes considered a nuisance that n! is not I'(n), but I'(n + 1).
Because of this, some authors adopt the notation x! for the gamma

*See R. Campbell, Les intégrals Eulériennes et leurs applications, Paris: Dunod, 1966, pp.
152-159.
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function, whether or not x is an integer. C. Gauss (1777-1855) introduced
the notation IT(x), where IT(x) = x!, but this notation is seldom utilized.
The symbol TI', due to Legendre, is the most widely used today. We will not
use the notation of Gauss, nor will we use the factorial notation except
when dealing with nonnegative integer values.

2.2.1 Integral Representations

Our reason for using the limit definition (2.1) of the gamma function is
mostly historical, but also that it defines the gamma function for negative
values of x as well as positive values. The gamma function rarely appears in
the form (2.1) in applications. Instead, it most often arises in the evaluation
of certain integrals; for example, Euler was able to show that*

I(x) =f°°e"t"‘1dt x>0 (2.5)
0 ’ )

This integral representation of I'(x) is the most common way in which the
gamma function is now defined. Since integrals are fairly easy to manipu-
late, (2.5) is often preferred to (2.1) for developing properties of this
function. Equation (2.5) is less general than (2.1), however, since the
variable x is restricted in (2.5) to positive values. Lastly, we note that (2.5) is
an improper integral, due to the infinite limit of integration and also
because the factor t*~! becomes infinite at ¢ = 0 for values of x in the
interval 0 < x < 1. Nonetheless, the integral (2.5) is uniformly convergent
forall a < x < b, where0 <a <b < 0.

Let us first establish the equivalence of (2.1) and (2.5) for positive values
of x. To do so, we set

F(x) =f°°e"t"‘1dt
0
. o (2.6)
= lim [ (1——) ~ldt, x>0
n—o0 Y0 n
where we are making the observation
e'= lim (1 - i) 2.7)
n—oo n

Using successive integration by parts, after making the change of variable

*Legendre termed the right-hand side of (2.5) the Eulerian integral of the second kind.
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z = t/n, we find

F(x) = lim n"fl(l —z)"z* ldx
n— oo 0
0

[ 1
. x _ n ﬂ 1 _ n—1_4
nlln;on -(1 z)/%"o+ xfo 1-2z2)" "z dz]

= ... (2.8)
. [ n(n-1)---2x1 1
= ll X x+n-1
it _x(x+1)~--(x+n—l)-/(;z dz]
= lim nin
n—ow xX(x +1)(x +2)---(x+n)
and thus we have shown that
[o.¢]
F(x) =f e 't* ldt=T(x), x>0 (2.9)
0

It follows from the uniform convergence of the integral (2.5) that I'(x) is
a continuous function for all x > 0 (see Theorem 1.19). To investigate the
behavior of I'(x) as x approaches the value zero from the right, we use the
recurrence formula (2.3) written in the form

I(x) = F(xx+ 1)

Thus, we see that

p 00 (2.10)

lim I'(x)= lim
x—0"*

x—-07

Another consequence of the uniform convergence of the defining in-
tegral for I'(x) is that we may differentiate the function under the integral
sign to obtain*

I'(x)= fooe"t"_llogtdt, x>0 (2.11)
0
and

I"(x) = fo “eit*1(logt) dt, x>0 (2.12)

*Actually, to completely justify the derivative relations (2.11) and (2.12) requires that we
first establish the uniform convergence of the integrals in them. See Theorem 1.21 in Section
1.6.3.
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The integrand in (2.12) is positive over the entire interval of integration, and
thus it follows that I'’(x) > 0. This implies that the graph of y = I'(x) is
concave upward for all x > 0. While maxima and minima are ordinarily
found by setting the derivative of the function to zero, here we make the
observation that, since I'(1) = I'(2) = 1 and I'(x) is always concave up-
ward, the gamma function has only a minimum on the interval x > 0.
Moreover, the minimum occurs on the interval 1 < x < 2. The exact
position of the minimum was first computed by Gauss and found to be
xo = 1.4616..., which leads to the minimum value I'(x;) = 0.8856... .
Lastly, from the continuity of I'(x) and its concavity, we deduce that

lim T(x)=+o (2.13)

x— + 00

With this last result, we have determined the fundamental characteristics of
the graph of the gamma function for x > 0 (see Fig. 2.1).

The gamma function is defined for negative values of x by Equation
(2.1), but can be evaluated more conveniently by using the recurrence
formula

F(x)=r—(xx—+L), x#0,-1,-2,... (2.14)
I'(x)
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Figure 2.1 The Gamma Function
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We are particularly interested in the behavior of the gamma function in the

(2.15)

(2.16)

vicinity of the discontinuities at x = 0, —1, —2,... . From the above ex-
pression, we immediately obtain
. . I'(x+1

lim I'(x) = lim Txr1) _ -

x—0" x—0" X
and

. . F'(x+1

lim T'(x)= lim Mx+1) _ _

x—-1* x—--1* X

By replacing x with x + 1 in (2.14), we get

I'(x+2)

I(x+1)= 1

which leads to

_TI'(x+1) T(x+2)
B x Cx(x+1)

I'(x)

Using this last expression, we find the limiting values

. . T(x+2)
= 1 =
x_l.n—nr I(x) - x(x+1) oo
and
. . T(x+2)
im T = lim —== +00
x—»l-—Z+ (x) x-»l-—Z‘” X(X + 1)

Continuing this process, we finally derive the formula

I'(x+ k)
x(x+1)(x+2)---(x+k-1)°

I'(x) =

k=

(2.17)

(2.18)

(2.19)

which defines the gamma fynction over the interval —k < x < 0, except for

x=-1,-2-3,...,—-k+ 1.
Example 1: Evaluate T'(— 3).

Solution: Making use of (2.19) with k = 2 yields*
r(-3) = (-D(-)T() = 4V

*T'(}) = V7. See Equation (2.23).
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If we now assemble all the information we have on the gamma function
for both positive and negative values of x, we obtain the graph of this
function shown in Fig. 2.1. Values of I'(x) are commonly tabulated for the
interval 1 < x < 2, and other values of I'(x) can then be generated through
use of the recurrence formulas.

In addition to

T'(x) =f0°°e"t"‘1dt, x>0

there are a variety of other integral representations of I'(x), most of which
can be derived from that one by simple changes of variable. For example, if
we set ¢ = u? in the above integral, we get

P(x) =2 e*u> 'du, x>0 (2.20)
0
whereas the substitution ¢ = log(1/u) yields
x—1
I'(x) =f1(log l) du, x>0 (2.21)
0 u

A slightly more complicated relation can be derived by using the
representation (2.20) and forming the product

I'(x)I(y) = Zfooe‘“zuz"‘ldu : Zfooe‘vzvb—ldv
0 0

[e 0] [e ¢}
— 4] f e—(u2+v2)u2x—102y—ldudv
0 Y0

The presence of the term u? + v?

coordinates

in the integrand suggests the change of

u = rcosé, v=rsind
which leads to

[(x)T(y) = 4f"/2f°°e_’2r2x‘lcosz"_10r2)"1sin2)"10rdrd0
o Yo
—af P A1 gy ) "2 052519 sin2 10 df
0 0

= 2T(x + y) [ eos?* g sin2> g df
0

Finally, solving for the integral, we get the interesting relation

/2 2x—1g n2y—1 =F(x)F(y)
fo cos?*~fsin® 19 = SN, x>0,y >0 (2.22)
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By setting x = y = 1 in (2.22), we have

w2 . T(HT(E)
48 = =5

from which we deduce the special value
r(4)=vm (2.23)
Example 2: Evaluate f(;"’e"2 dt.
Solution: By comparison with (2.20), we see that
[[e =1 () = b
Example 3: Evaluate [Px*e™* dx.

Solution: Let t = x3, and then

© _ .3
fx“exdx=
0

W =

fwe"t2/3dt =1iT(3)
0

2.2.2 Legendre Duplication Formula

A formula involving gamma functions that is somewhat comparable to the
double-angle formulas for trigonometric functions is the Legendre duplica-
tion formula

22*7IT(x)T(x + 4) = Vo T (2x) (2.24)
In order to derive this relation, we first set y = x in (2.22) to get
I'(x)T(x) /2 2x-1g i 2x-
= 0sin**~19d6
2T(2x) fo cos sin d

= 21‘2xf"/2sin2“‘120d0
0

where we have used the double-angle formula for the sine function. Next we
make the variable change ¢ = 26, which yields

I'(x)T'(x)

= 7~ 2x £ 2x—1
2T(2x) 2 fosm odo

= 21—2x/"/zsin2x—l¢d¢
0

_27PT()I(x)
2T (x +3)
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where the last step results from (2.22). Simplification of this identity leads to
(2.29).

An important special case of (2.24) occurs when x = n (n = 0,1,2,...),
1e.,

!
r(n+%)=f7”);ﬁ, n=0,1,2,... (2.25)
n.

the verification of which is left to the exercises (see problem 39).

Example 4: Compute I'(3).

Solution: The substitution of n = 1 in (2.25) yields

20T
F(%)=T(1+%)=22x1! =1yr

2.2.3 The Weierstrass Infinite Product

Although it was originally found by Schlomilch in 1844, thirty-two years
before Weierstrass’s famous work on entire functions, Weierstrass is usually
credited with the infinite-product definition of the gamma function

0

ﬁ =xe[] (1 + %)e"‘/" (2.26)

n=1

where v is the Euler-Mascheroni constant defined by*

y= lim Y 1_ logn = 0.577215... (2.27)
= p=1 k

We can derive this representation of I'(x) directly from (2.1) by first
observing that

1 _ lim x(x+1)(x+2)---(x+n)
F(X) n— 00 n'n*
] xx+1) (x+2) (x+n)
= x lim n [ 1) (247 (x4 ]
= xnlin:o exp[ — (logn) x] kl:[1 (1 + %) (2.28)

where we have written n™* = exp[ — (logn)x]. Next, relying on properties

*The constant y is commonly called (simply) Euler’s constant.
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of exponentials, we recognize the identity

k=1

o[-

Thus, if we multiply (2.28) by the left-hand side of this expression and
divide by the right-hand side, we arrive at

1 | ‘ x
% 2 i _) -x/k
e x"lln;no CXP[(,§1 T ogn)x] nlinolo kljl(l +7)e

which reduces to (2.26).

An important identity involving the gamma function and sine function
can now be derived by using (2.26). We begin with the product of gamma
functions
1 ks x > x
——=xe™] ] (1 +—)e"‘/"~ —x)e ™™ (1 - =)ex/"
['(x)I'(=x) ,,131( (=x) ,,1:11 n)

or

W;(—T) R ﬁl (1 - ;‘—j) (229)

where we assume that x is nonintegral. Recalling Equation (1.92) in Section
1.7.2, which gives the infinite-product definition of the sine function, we
have

had x*\  sinmx
11 (1 - ?) == (2.30)
Comparison of (2.29) and (2.30) reveals that
T .
[(x)I(—x)= - poca— (x nonintegral) (2.31)
Also, by writing the recurrence formula (2.3) in the form
—xT(=x)=T(1 - x)
we deduce the identity
ko .
I'(x)F(1 —x) = pr— (x nonintegral) (2.32)

Example 5: Evaluate the integral [J/*tan'/?0dé.
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Solution: Making use of (2.22) and (2.32), we get

[ " anl/20d6 = [ "2Gin /20 cos /20 46
0 0

_TR)TE)
2T(1)

1 _ =
2 sin(w/4)
7

V2

Remark: An entire function is one that is analytic for all finite values of
its argument. Weierstrass was the first to show that any entire function
(under appropriate restrictions) with an infinite number of zeros, such as
sinx and cos x, is essentially determined by its zeros. This result led to the
infinite-product representations of such functions, and in particular, to the
infinite-product representation of the gamma function.

2.2.4 Fractional-Order Derivatives

Besides generalizing the notion of factorials, the gamma function can be
used in a variety of situations to generalize discrete processes into the
continuum. Such generalizations are not new, however: mathematicians over
the years have concerned themselves with this concept. In particular, the
question concerning derivatives of nonintegral order was first raised by
Leibniz in 1695, many years before Euler introduced the gamma function.

The general procedure for developing fractional derivatives is too in-
volved for our purposes.* However, we can illustrate the concept by first
recalling the familiar derivative formula from calculus,

ana.__a(a_1)...(a—n+l)xa-"’ a>0 (233)

where D" = d"/dx". In terms of the gamma function, we can rewrite (2.33)
as (see problem 10)

I'(a+1)
IF(a-n+1)

a—n

D"x4 =

The right-hand side of this expression is meaningful for any real number n
for which I'(a — n + 1) is defined. Hence, we will assume that the same is

*For a deeper discussion of fractional derivatives, see L. Debnath, Generalized Calculus
and Its Applications, Int. J. Math. Educ. Sci. Technol., 9, No. 4, pp. 399-416 (1978).
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true of the left-hand side and write

T(a+1)

R "

x4’ a>=0 (2.34)

where » is not restricted to integer values. Equation (2.34) provides a simple
method of computing fractional-order derivatives of polynomials.

Example 6: Compute D'/2x2.

Solution: Directly from (2.34), we obtain

LQ) 3
Ir(3)

D1/2 X2 —
the simplification of which yields

8
D252 = x3/2

3Vm

Generalization of the differentiation formula for D"x~¢, which covers
the case of negative exponents, is left to the exercises (see problem 52).

EXERCISES 2.2

1. Use Equation (2.1) directly to evaluate
(@ T'@). () I'O).

In problems 2-7, give numerical values for the expressions.

2. T(6)/T(3). 3. I(7)/T@T3).
4. T(2). 5. (- 1).
6. T(-3)/T(3). 7. TH/TG).

In problems 8-14, verify the given identity.
8 Ia+n)y=a(a+1)(a+2)---(a+n-Dl(a), n=1,2,3,....

9 rlgzl a)) =(-D"a(a—1)a-2)---(a—n+1),n=123,....
10. F(a) =(a—1a—2)---(a—n),n=123,....

I'(a—n)
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—Dn!
1 I'(k—n) _ w, 0 < k < n (k, n non-negative integers),
. _ =4 (n=k)
I(-n)
0, k>n.

Hint: See problem 9.

12. (n) n!r(a_n+1)’n 0’1,2,‘...

Hint: See problem 10.

—_1\" ]
'3-(_%)=L(2'Z)’,n=0,1,2,,,,,
n 22(n?)
—2k — 1) _ (_qymm + 2k)! _
. (7K1 = (- Gk k=012

15. In problems in electromagnetic theory it is quite common to come
across products like
2X4X6X---X2n=(2n)"
and
1X3X5%X---x(2n+1)=2n+ 1!

Use these definitions of the !! notation to show that
(2n + 1)!

(@) @n)!! = 2"n!, (b) 2n + DIt = —7—,

(-1)"2"n!
2n)!
Hint: See problem 10 for (c) and (d).

© (=2n— 1) = (d (-1 = 1.

16. Prove that f Zem 1 dr converges uniformly in 1 < x < 2.
0

In problems 17-20, verify the given integral representation.
00

17. T(x) = s"f e St~ ldt, x,5 > 0.
0

18. I'(x) = /oo exp(xt — e')dt, x > 0.

Hint: Let u = e".

= e —tyx—1 - (_1)"
19. I'(x) j; e t* " dt + "g’o__n!(x+n)’x>0'

20. T(x) = (logb)* [ =" b~"dt, x > 0, b > 1.
gb)* | , x>0,

Hint: Let u = tlogh.
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In problems 21-29, use properties of the gamma function to obtain the
result.

21. fooez‘”‘"‘2 dx = L/me®,

a
Hint: 2ax — x*> = —(x — a)* + a>.
45

22. fwe“z"x6dx =3
0

23. f°°‘/§e-1’dx = —‘/3£
0

R

fl_L -
" V —logu

-1\
. flx"(logx)"dx=(—1)-—n—'— k>-1,n=0,12,....
0

2 n+1’
(k+1)

v ]

w/2 6 _ gz
26.[0 cos9d = 5.

27. f"/zsin3000520d0 = 1—25
0

m 37
4 =
28. focos xdx R

- - 2n(,,1)2
29. ["sin"*19d8 = [ cos*"*19d6 = (—22;%
0 0 :

In problems 30-35, evaluate the integral in terms of the gamma function
and simplify when possible.

n=012,....

—st

o e o dx
30. dt, s > 0. 31. .
j(; \/t_ j(; 1+ x*

Hint: Let x? = tané.

32. [7VsinZx dx. B[ ' Ylog Lyt ar, x, y > 0,
0 0 !

34. [cot'/2gds. | Te s -1dr, p,s,x > 0.
0 0

36. Using the recurrence formula (2.3), deduce that
(@) T'(x)=T"(x+1)— xI'"(x),
(b) T'(x) = fooe"(t — x)t* Hogtdt, x > 0.
0
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In problems 37 and 38, use the Euler formulas

eix + e—ix elX _ e—ix
cosx = —————— sinx = ————
2 ’ 2i

and properties of the gamma function to derive the result. Assume that
b,x>0and — {7 <a < im.

o0

37. I'(x)cosax = b"f t*~le=btcosacog( bt sin a) dt.
0
[e 0]

38. T'(x)sinax = b* f t*~le=b10sagin bt sin a) dt.
0

39. Based on the Legendre duplication formula, show that (for n =
0,1,2,...)

2n)W
(@ T(n + 3 = T 2'2"1!” ,
L (=" i(n - HWr
(b) F(Z n) - (2” — 1)! )

© TG +mT{E —n)= (-1
40. Show that
T(3x) = %33"_1/21"(x)r(x + T(x + 2)
41. Show that
II'(x)[ < T()I"(x), x>0
42. Show that

@ I'A + x)I'(1 — x) = wxcsc7x (x nonintegral),
® TG +x)TE —x)=msecax, x#n+ %, n=0,12,....

43. Derive Euler’s infinite-product representation

« (1+7)
) ”m

44. Derive the recurrence relation I'(x + 1) = xI'(x), by use of the

(a) integral definition (2.5),
(b) Weierstrass infinite product (2.26).

45. A particle of mass m starts from rest at » = 1 and moves along a radial
line toward the origin » = 0 under the reciprocal force law f = —k/r,
where k is a positive constant. The energy equation of the particle is
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given by

dr\?
l — =
2m(dt) + klogr=20

(a) Show that the time required for the particle to reach the origin is

(mw/2k)/2,

(b) If the particle starts from rest at » = a (a > 0), the energy equation

becomes

dr\?
L | 4" =
Zm(dt) + klogr = kloga

Again find the time required for the particle to reach the origin.

46. Find the area enclosed by the curve x* + y* = 1.

47. Find the total arclength of the lemniscate r? = acos24.

48. Find the area inside the curve x2/2 + y2/3 =1,

49. Find the volume in the first octant below the surface
XV 4 yl/2 4 2=

50. Compute the fractional-order derivatives

(a) D'/*c, where c is constant,

(b) D?(3x% — Ix + 4),

(C) D3/2x2’

(d) D*x”, where » is not a positive integer.

51. Show that
(a) DI/Z(DI/ZxZ) = sz,
(b) D—I/Z(D1/2x2) = XZ,
(c) D*(D*x%) = D**#x*.

52. By generalizing the formula for D"x ¢, show that

= (-1

F(V + a) —(a+v)

I'(a)

a>0

2.3  Beta Function

A useful function of two variables is the beta function*

B(x,y) = folt"'l(l -0 'd, x>0, y>0

*This is called the Eulerian integral of the first kind.

(2.35)
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The utility of the beta function is often overshadowed by that of the gamma
function, partly perhaps because it can be evaluated in terms of the gamma
function. However, since it occurs so frequently in practice, a special
designation for it is widely accepted.

If we make the change of variable ¥ = 1 — ¢ in (2.35), we find

B(x,y) = j(;l(l - u)x_luy—ldu

from which we deduce the symmetry property

B(x,y)=B(y,x) (2.36)

Another representation of the beta function results if we make the variable
change ¢ = u/(1 + u), leading to

x—1

®© u
B(x,Y)='[) mdu, x>0, y>0 (2.37)

Finally, to show how the beta function is related to the gamma function, we
set t = cos28 in (2.35) to find

B(x,y) = 2[)"/20052"‘10 sin?’ 19 d@

and hence from (2.22) we obtain the relation

T'(x)T(y)

Bﬁdﬂ=ru+yy

x>0, y>0 (2.38)

Example 6: Evaluate the integral I = [x~1?(1 + x) 2 dx.

Solution: By comparison with (2.37), we recognize

I=5(4.3)
_Ir()ra)
I'(2)
Hence, we deduce that
foox_l/z(l +x) Pdx=1
o 2
Example 7: Show that
© COS X T
= R 0 1
R e MR
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Solution: Making the observation (problem 17 in Exercises 2.2)

_1_ = L ® —xt p-1
+7 I‘(p)-/(;e P dt
it follows that
®COSX © X —xtyp-1
j(; T dx ——( ) cosxf0 e *tP~ 1t dx

f
= (—f lj(;ooe'"’cosxabcdt
'/(‘)w

where we have reversed the order of integration. If we now let u = ¢2,
then

f°° cosx . _ _1 /°° u»=D du

o xF 2T(p)Jo 1+u
__1 (1+p l—p)
2T(p) 2 0 2

However (see problem 10),

1+p 1—-p\ pm
B(—————2 ST )—wsec(z)

and thus we have our result.

Example 7 illustrates one of the basic approaches we use in the evalua-
tion of nonelementary integrals. That is, we replace part (or all) of the
integrand by its series representation or integral representation and then
interchange the order in which the operations are carried out.

EXERCISES 2.3

In problems 1-4, evaluate the beta function.

1. B(3,§ 2. B(4a4
3. B4, 1). 4. B(x,1 —x),0<x<1.

In problems 5-10, verify the identity.
5. B(x+1,y)+ B(x,y + 1) = B(x, y), x,y > 0.
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6. B(x,y +1)= 2B(x+1,y)= ;—ﬁ—yB(x,y), X,y > 0.

7. B(x,x)=2"%B(x,}), x> 0.

I'(x)T(y)T(2)T(w)
I'(x+y+z+w)
x, y,z,w > 0.

9. B(n,m)B(n+ s,n+ H=a2'"%n"1, n=123,....

10. 3(1;” 12p)=1rsec(p7r/2),0<p<l.

In problems 11-18, use properties of the beta and gamma functions to
evaluate the integral.

1. [x(1 = x) dx.
0
2 [ 41 - x?)" 2 dx.
0
© X
B[ ——
'[0 1+ x%)°
Hint: Set t = x*/(1 + x?).

14, f (1 +x)1/2

Hint: Set x =2t — 1.

8 B(x,y)B(x+y,z2)B(x+y+ z,w)=

15. f b(b — x)™ " Y(x — a)""! dx, where m, n are positive integers.
a
16. f2x2(2 — x)" V2% dx.
0
17. fax“\/a2 — x2 dx.
0
18. f2x3\/8 - x3 dx.
0

In problems 19-30, verify the integral formula.

19 00xp-ld— O0<p<l1
'fo 15 & = mesepm, P .

 sin x T
20. ./(; x? dx = 21"(p)sin(pvr/2)’0 <p<l

21. fwsinxzdx = %\/?
0

Hint: Use problem 20.
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22.

25.

26.

27.

28.

29.

30.

31.

32.

33.
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fo cosx2dx = —\/7
j(; tan’x dx = j(;"/ cot’xdx = m, O<p<
fow%dx = —xZscpmcot pm, 0 <p < 1.
-1
0oo 1x'*li x4 dx = asin(;rm/a) 0<p<a
j(;we_”(l —e )'dt = T::%‘%T)’ where s > 0, n =

2x
fw f dx = 27 a~?3b=13 where a,b > 0.
—wae’* + b 3Y3
2x
[ g 2m
-~ (&3 + 1) W3

Hint: Differentiate with respect to b in problem 27.

x-1 y—-1
f’ T 4= 2B(x, y), where x, y > 0.

1.

0,1,2,....

(r+ 1)
x—1 _ y-1
fz ¢! iL i e MLYLNWMR&%p>Q
o (t+p) p*(1 +p)
Using the notation of problem 15 in Exercises 2.2, show that
z n=0,
1 2
(a) f 1 — x?)V2x2ndx = (2n - 1)
-1 T, n=1,2,3,....
2n +2)1
. a, n=0,
® [ Q-x>)""2x2dx={ (2n-1! _
f_l T aon n=123,....
Show that
1 (n!)?
1—x?)"dx =2"+1———— =0,1,2,...
f_l( x2)" dx Gnt DU n=0,1,2,
The incomplete beta function is defined by
Bx(p,q)=fxt‘”—l(l—t)q_ldt, 0<x<1, p,g>0
0
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(a) Show that

B.(p.0)=x1() © gt

<x<1

(b) From (a), deduce that

i (-n" _ _I(p)
a0 L(g—n)(p+n)n!  T(p+gq)

2.4  Incomplete Gamma Function

Generalizing the Euler integral (2.5), we introduce the related function
v(a,x)= [et*ar,  a>0 (2.39)
0

called the incomplete gamma function. This function most commonly arises
in probability theory, particularly those applications involving the chi-square
distribution. It is customary to also introduce the companion function

I'(a,x) = fwe_'t“_ldt, a>0 (2.40)
X

which is known as the complementary incomplete gamma function. Thus, it
follows that
v(a,x) + IT'(a,x) =T(a) (2.41)

Because of the close relationship between these two functions, the choice of
using y(a, x) or I'(a, x) in practice is simply a matter of convenience.
By substituting the series representation for e in (2.39), we get

Y(anx) = f(Z( D" nva- 1)d,

and then, performing termwise integration, we are led to the series represen-
tation

=x? =1 a>
y(a, x) Z n'(n Ta)’ 0 (2.42)

It immediately follows from (2.41) that

I'(a,x)=T(a) - Z n('(nl)-i-);) a>0 (2.43)
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2.4.1 Asymptotic Series
The integration of Equation (2.40) by parts gives us

[o o]
I'(a,x)=| e t“ lat
(a,x)= [
o0
= —e "t Y® +(a- l)f e 't dt
=e *x* 1 +(a— 1)f°°e"t“’2dt (2.44)
X
while continued integration by parts yields
F(a,x)=e*x1+(a—1)e*x* 2 +(a—1)(a- Z)fooe"t“‘3dt

and so on. Thus we generate the asymprotic series*

I‘(a,x)~e"‘x““11+”_1+("—1)(2”_2)+...], > %
X x

(2.45)
which can be expressed as

I[(a,x)~T(a)x* e * i L

—_— a>0, x—-> o
k=0 F(a - k)x"

(2.46)
Ifweseta=n+1(n=20,1,2,...)1n (2.46), we find that
n x_k
T(n + 1,X) = n!x”e_"kgom, (247)

where the series truncates because 1/I'(n + 1 — k) = 0 for k > n (Theo-
rem 2.1). The change of variable j = n — k further simplifies (2.47) to

"ox)
T(n+1,x)=nle >, x_' (2.48)
j=07"
or
I'(n+1,x)=nle %,(x), n=0,1,2,... (2.49)

where e, (x) denotes the first n + 1 terms of the Maclaurin series for e*.f

*The asymptotic series (2.45) or (2.46) diverges for all finite x.
T For additional properties of the function e, (x), see problems 11 and 12 in Exercises 4.2.
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By a similar analysis, it can be shown that

y(n+1,x) =n'1 - e %, (x)], n=0,1,2,... (2.50)

Remark: 1t is interesting to note that both (2.49) and (2.50) are valid
representations for all x > 0, while the asymptotic series (2.46) [from which

(2.49) and (2.50) were derived] diverges for all x.

EXERCISES 24

1.

Show that
(@ y(a+1,x)=ay(a,x)— x%%
(b) I'(a + 1,x) = al'(a, x) + x%".

2. Show that
(a) [x“‘F(a X)) = —-x""T(a + 1, x),
(b) [x'”P(a X))=(-D"x"*""T'(a+ m,x), m=1,2,3,....
3. Show that
IT'(a)T(a+n,x)—T(a+n)T(a,x)=T(a+ n)y(a,x)
—I'(a)y(a + n,x)
4. Verify the integral formula
- ®© _ a-1
I'(a,xy) = y% "yf e (t+x)" dt, x,y>0, a>1
0
5. Verify the integral representation

y(a,x) = x”/sze_’t§”_1J0(2/§?) de, a>0
0
where J,(z) is the Bessel function defined by (see Chapter 6)
0 _1\" 2n+a
L) = 3 CU G

noo "'T(n+a+1)

. Formally derive the asymptotic series (2.46) by setting y = 1 in the result

of problem 4 and using the binomial series

() -2
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2.5 Digamma and Polygamma Functions

Closely associated with the derivative of the gamma function is the logarith-
mic-derivative function, or digamma function, defined by*

I'(x)
I'(x)’

In order to find an infinite series representation of {/(x), we first take the
natural logarithm of both sides of the Weierstrass infinite product

¥(x) = - 1ogT(x) = Xx#0,-1,-2,...  (2.51)

1 X
= b2 il —x/n
T(x) xe™ ] (1 + n)e
which yields
—logT(x) =logx + yx + 3, [log(l +%)—%], x>0 (2.52)
n=1

Then, negating both sides of (2.52) and differentiating the result with respect
to x, we find

‘P(X)E;;logl‘(x)=—%_Y.,_né(%_ 1 )

xX+n

which we choose to write as

¢(x)——v+2(n+l L ) x>0 (2.53)

n+x

The restriction x > 0 follows from Equation (2.52).
Noteworthy here is the special value

y(1) = 1;((11)) = -y (2.54)

and by recalling Equation (2.11), we see that
(1) = —y = [ e *logrdr (2.55)
0

Based upon Equation (2.51), it is clear that the digamma function has
the same domain of definition as the gamma function. It has characteristics
quite distinct from those of the gamma function, however, since it is related

*The function y/(x) is also commonly called the psi function.
Actually, (2.53) is valid for all x except x =0, -1, -2,..., although we will not prove it.
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to the derivative of I'(x). For example, unlike the gamma function, the
function Y(x) crosses the x-axis. In fact, it has infinitely many zeros,
corresponding to the extrema of I'(x), i.e., points where I''(x) = 0. For
positive x the only extremum of the gamma function occurs at x, =
1.4616. .. . Because x corresponds to a minimum of I'(x), it follows that
I"(x) and {(x) are both negative on the interval 0 < x < x, and both
positive for x > x,,. For large values of x, it can be shown that the digamma
function is approximately equal to log x [see Equation (2.74) below]. The
general characteristics of y(x) for both positive and negative values of x
are illustrated in Fig. 2.2.

The function y(x) satisfies relations somewhat analogous to those for
the gamma function, which can be derived by taking logarithmic derivatives
of the latter. As an illustrative example, let us consider the recurrence
formula

I['(x+1)=xI(x) (2.56)
By taking the logarithm we have

logT(x + 1) =logx + log'(x)

¥(x)

-5

-
—
-
I
-t
_\
=

-4

Figure 2.2 The Digamma Function
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which upon differentiation yields

d 1 d
Elogl"(x +1)= z 7t alogl“(x)

Thus,
Y+ 1) =y(x) + 5 (2.57)

Also, the logarithmic derivative of
['(x)T(1 — x) =mcscmx
results in the identity
v(1 —x)—¢(x)=mcotmx (2.58)

and finally, the logarithmic derivative of the Legendre duplication formula
(2.24) leads to

Y(x)+¢(x+1)+2log2 =2¢(2x) (2.59)

The details of deriving (2.58) and (2.59) are left to the exercises.
If n denotes a positive integer, it follows from (2.57) that

Y(n 1) =y(n) +

1 1
—\I/(n—l)"'m"';

1 1 1

R U Ry e g

and so forth. By repeated application of (2.57), we finally deduce that

1 1 1
¢(n+1)—¢(1)+1+5+§+~~+;
Since Y (1) = —v, we can write this as
n
vn+1) = —y+ ¥ % n=1,2,3,... (2.60)

Example 8: Use properties of the digamma function to sum the series

i 1

n=2 nz— ].

Solution: By use of partial fractions,

1 =l( 11 )
nt—-1 2\n—-1 n+1
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and therefore

where we have introduced the change of index n — 2 = k. Now, from
Equations (2.53) and (2.60), it follows that

=3[y (3) +]
=4{[-v+1+5+79]
or
2] 3
n§2n2—1_4

2.5.1 Integral Representations

Like the gamma function, the digamma function also has various integral
representations. Let us start with the known relation

I'(x) = fowe_'t"'llogtdt, x>0 (2.61)

and replace log¢ with the Frullani integral representation (see Example 14 in
Section 1.6.3)

—u —ut

logt = fooe—_—e— du, t>0 (2.62)
0

Hence,

I'(x) = j(;ooe_’t"_l(fowi—;e—_ du) dt
uw __ —ut
——e——) dt du
u

where we have reversed the order of integration. Next, splitting the inside
integral into a sum of integrals, and recalling the integral relation (see
problem 17 in Exercises 2.2)

fooe_,(u+1)tx—ldt - __I&, x>0 (2.63)
0 (u+1)
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we see that
’ — ool —u *© —tex—1 _ ®© —t(u+1),x-1
l"(x)—j(; u[e j(;e t*~ 1t j(;e t*~ldt| du
< [ erergy - 2,
o U (u+1)

Finally, division of this last result by I'(x) leads to the desired integral
relation

\[/(x)=f0w%[e_“—(u+ )| du, x>0 (2.64)

Another integral representation can be derived by first writing (2.64) as

0 e ¥ 00 1)
‘P(x)=f0 e—u—du—fo %du

and then making the substitution u + 1 = ¢’ in the second integral to get
0 e-t(x—l)

\[/(x)=j(;ooe—;udu—f0 1 dt

Combining the last two integrals once again as a single integral yields

e—t(x—l)

¢(x)=f0°°("’7—'— — )dt, x>0 (2.65)

Remark: Although (2.64) is a convergent integral, it is not technically
correct to write it as the difference of two integrals, since each integral by
itself is divergent. We are simply using a mathematical gimmick here in
order to formally derive (2.65), which happens also to be a convergent
integral.

2.5.2 Asymptotic Series for  and T

Our next task is to derive asymptotic series for both the digamma and
gamma functions. We begin with the integral representation

W(x+1) = f(——e__'l)dt (2.66)

which comes from (2.65) with x replaced by x + 1. We then rewrite (2.66)
in the form

of p—1 —xt —xt ~xt
. (e__e Ay

t e'—1
il 4

—fwe - dt+f( e—l) X gy

=logx + 1 (2.67)
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where we recognize the Frullani integral (2.62) and define
(]

I= f (
0 t
In order to perform the integration in (2.68), we need to represent the
function (e’ — 1) ! in a series and integrate termwise. Since this function is
not defined at ¢ = 0, it does not have a Maclaurin series about this point.

However, the related function t(e’ — 1)~! and all its derivatives are well
defined at ¢ = 0, so we write

)e""dt, x>0 (2.68)

i ’—, It < oo (2.69)

o
|

where

n=01,2,... (2.70)

_ a" t _ 1\ L
B, = S=lie =) ],=o’

The constants B, are called the Bernoulli numbers;* the first few are found
to be

B,=1

B = -3

B,=¢% (2.71)
B, =0

B, = _310

All Bernoulli numbers with odd index, except B, are zero. To show this, we
simply replace ¢ by —¢ in (2.69) and then subtract the result from (2.69)
itself, finding

t —t

(e o] t"
- - —t=Y [1-(-1)"]B,=
e'—=1 e '-1 ,,Z=:0[ (=1] "n!

and by equating coefficients of like powers of ¢, we see that B; = — 1 and
B,=B,=B,= --- =0,
If we divide both sides of (2.69) by ¢, we get

tn—l

tnl

*The Bernoulli numbers are named after Jacob Bernoulli (1654-1705), who first intro-
duced them.
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and since all odd B, are zero for n greater than one, we replace n by 2n in
the sum to obtain the result

1 1 21 27
e,_1_7_—+z 2n(2 )' (' )

Hence, the substitution of (2.72) into (2.68) gives us
©f1 1 1 d I P
RS L

0 x B, 0
= e *dt — u e Xl
2 0 ,E’l (2’1)! j(;

Evaluating the above integrals in terms of gamma functions, the expression
for I becomes

1 [o.¢]
I=5-3 2=‘, (2.73)

and this in turn, substituted into (2.67), leads to the asymptotic series

- x>0 (2.74)

1 (o]

Y(x+1)~logx + 2——5 §

Unlike many of the asymptotic series that we derive, (2.74) converges for all
x > 0.

In statistical mechanics, probability theory, and so forth, it often hap-
pens that we are dealing with large factorials, or gamma functions with large
arguments. To facilitate the computations involving such expressions it is
helpful to have an accurate asymptotic formula from which to approximate
I'(x). Our approach to finding such a formula will be to first find a suitable
asymptotic relation for log I'(x + 1) and then exponentiate this result.

Since, by definition,

v(x+1)= i—clogl“(x +1)

it follows that the indefinite integral of (2.74) leads to the asymptotic series

logT(x + 1)~ C+(x +4)logx — x + 1 f‘, Ban L
2 2 net n(2n — 1) x2n-1t

(2.75)

where C is a constant of integration. In order to evaluate C, we would
normally need to know the exact behavior of the series (2.75) for some value
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of x. However, by allowing x — oo, we can eliminate the series in (2.75),
and thus we see that

C = lim [logT'(x + 1) —(x + 4)log x + x]
X— 00
- lim [log(z(i-'—l—l)) +x] (2.76)
X =00 x*t2
Now, by defining
K=e€= lim L+ (2.77)
X— 00 x)‘+i
we have the limit relation
lim [(x + 1) = K lim (e *x**?) (2.78)
X— 00 X—> 00

The constant K can be determined by substituting (2.78) into the Legendre
duplication formula written as

22710 (X)T(x + §)

= i 2.79

fr = lim T(2x) (2.79)

The result is K = y27 (see problem 21), and therefore (2.78) leads to the
asymptotic formula

I'(x+1)~V2axx%e ", x—- (2.80)

In particular, if we set x = n, where n is a large positive integer, we get the
well-known expression

n! ~y2ann"e ", n>1 (2.81)

called Stirling’s formula.*

It is interesting to note that Stirling’s formula is remarkably accurate
even for small values of n. For example, when n = 6 we find 6! = 710.08,
an error of only 1.4% from the exact value of 720. Of course, for larger
values of n the formula is even more accurate.

Our original intent was to find an asymptotic series for the gamma
function, and to do this we substitute K = y2« into (2.77), which identifies

C = logK = }log27 (2.82)

*Equation (2.81), which is a special case of the asymptotic series for the gamma function,
was published in 1730 by James Stirling (1692-1770).
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Then, returning to the series (2.75), we have

1 & B, 1
logT(x + 1) ~ $log27 +(x + )logx — x + 3 )y n(2n2— 1) x2n-1°

n=1

x— oo (2.83)

This last expression is called Stirling’s series. It represents a convergent
series for log I'(x + 1) for all positive values of x. Moreover, the absolute
value of the error incurred in using this series to evaluate log I'(x + 1) is less
than the absolute value of the first term neglected in the series.

Although Stirling’s series is valid for all positive x, it is used primarily
for evaluating the gamma function for large arguments. We can eliminate
the logarithm terms by exponentiating both sides to get (retaining only the
first few terms of the series)

. 1 1
~ Xt3e X - - SN
[(x+1)~V2ax**ie exp( 2%~ 35000 + )
or
F(x+1)~ Trxxe X1+ e bt - X =
12x ~ 288x? ’

(2.84)

In this final step, we have replaced the last exponential function by the first
few terms of its Maclaurin series.

Finally, if we set x = n, where n is a large positive integer, and retain
only the first two terms of (2.84), we get a more accurate version of Stirling’s
formula [Equation (2.81)]:

1
1 ~ no—n =
n! ~2ann"e (1 + 12”), n>1 (2.85)
Here we find for n =6 that 6! = 719.94, which has an error of only
8.3 X 1073%. Perhaps even more remarkable is that if welet n = 1,2,3,.. .,
we calculate from (2.85) the values

1! = 0.99898
2! = 1.99896

3! = 5.99833

and thus conclude that (2.85) is accurate enough for many applications for
all positive integers.
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2.5.3 Polygamma Functions

By repeated differentiation of the digamma function
d
Y(x) = z)—clogl‘(x) (2.86)

we form the family of polygamma functions

Ym(x) = log I'(x), m=1,23,... (2.87)
Recalling Equation (2. 53),
¢<x>-—y+z(,,+1 —] (2.8)
we readily determine the representatlon
Y (x) = (=1)""'m! 2 — 1 m=123,... (289
n=0(n + x)'"+l

Of special interest is the evaluation of (2.89) when x = 1, i.e,,

(m) — m+1 m!
$m(1) = (-1) nZO———(n+1),,,+l

+1 > 1
= (_1) m! Z nm+l
n=1
or
Y1) =(-1)""m(m+1), m=1,23,... (2.90)
where

g(p=§_1; s> 1 (2.91)

is the Riemann zeta function (see Section 2.5.4). The evaluation of (™ (x)
for other values of x also leads to the zeta function (see problems 29 and
30).

Although (2.88) and (2.89) are valid representations of ¥ (x) and ¢{™(x),
respectively, for all values of x except x =0, —1, —2,..., they are not the
most convenient series to use for computational purposes, particularly in the
neighborhood of x = 1. Instead, it may be preferable to have power-series
expansions for such calculations.

To begin, we seek a power series of the form

[ee]
logT(x + 1) = ) c,x" (2.92)

where we choose log I'(x + 1) instead of logI'(x) so that we can expand
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about x = 0. The constants in this Maclaurin expansion are defined by

co=logI'(x + 1)|,0 =logI'(1) =0

2.93
o= LiogT(x +1)| =)= - (2.53)
dx x=0
and for n > 2,
1 1
= —_— ("_l)
6= o = 40 ()
which in view of (2.90), becomes
c,,=(—_nl—)—-§(n), n=273.4,... (2.94)
Hence, the substitution of (2.93) and (2.94) into (2.92) yields the result
00 _ n
logT(x+1)=—yx + ), (——l)n{&x”, -1<x<1 (2.95)
n=2

where the interval of convergence is shown.
Termwise differentiation of (2.95) is permitted, and leads to

Y(x+1) = Ed;logl“(x +1)

[~
= v+ T (-1)5(m)xr!
n=2
or, by making a change of index,

G(x+1) = =y + 3 (=1 (n+ Dx",  —l<x<1 (2.9)

n=1

This last series no longer converges at the endpoint x = 1 as was the case in
(2.95). Continued differentiation of (2.96) finally leads to the following
relation for m = 1,2,3,... (see problem 23):

Y (x +1) = (-1 Z (-1)

,,(m+n) ——¢(m+n+1)x",

-1<x<1 (2.97)

which also converges for —1 < x < 1.

Both the digamma and polygamma functions are used at times for
summing series, particularly those series involving rational functions with
the power of the denominator at least two greater than that in the numera-
tor. In such cases, the infinite series can be expressed as a finite sum of
digamma or polygamma functions by the use of partial-fraction expansions
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(see Example 8). Of course, the values of the digamma and polygamma
functions must usually be obtained from tables.*

2.5.4 Riemann Zeta Function

The Riemann zeta function
0
)= L ix x> 1 (2.98)

first arose in Section 1.2.2 as a series that is useful in proving convergence or
divergence of other series by means of a comparison test. We also found
that the zeta function is closely related to the logarithm of the gamma
function and to the polygamma functions. Although the zeta function was
known to Euler, it was Riemann in 1859 who established most of its
properties, which now are very important in the field of number theory,
among others. Thus it bears his name.

An interesting relation for the zeta function can be derived by first
making the observation

1 1 1

{(x)(l—2"‘)=1+—+§;+—+
1 1 1
_(?+F+?+..')

where all terms are eliminated from (2.98) in which n is a multiple of 2.
Therefore we deduce that

1
§x)1-27%) = Z —=
n=1 (2 - 1)
One of the advantages of (2.99) is that, using it, {(x) can be computed to
the same accuracy as given by (2.98), but with only half as many terms.
Similarly, the product

(2.99)

1 1 1
_9—x _1-x) = — - - .
S(x)1-27%)(1-37%) 1+3x+5x+7x+
1 1 1
B (5; HETRETE
eliminates all terms from (2.99) in which » is a multiple of 3. Continuing in
this fashion, it can eventually be shown that the infinite product over all

prime numbers greater than one leads to
{(x)1-2"91-37%)---1-P %) .--- =1 (2.101)
where P denotes a prime number. Hence, we have Euler’s infinite-product

b ) (2.100)

*See M. Abramowitz and 1.A. Stegun (Eds.), Handbook of Mathematical Tables, New
York: Dover, 1965, Chapter 6.
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10°

10

10

Figure 2.3 The Graphs of {(x) — 1 and 27 * (Note
the logarithmic scale on the vertical axis.)

representation
[o o]
¢x)=T1a-pP 7", P prime (2.102)
P=2
It can readily be shown that the zeta function has the integral represen-
tation (see problem 17)
1 00 tx—l
X)=—— — dt, x>1 2.103

()=t h 7 (2:103)
Also, by using complex-variable methods, it can be shown that*

¢(1 — x) =27 *cos(4mx) T(x)¢(x) (2.104)

which is the famous formula of Riemann. Other relations involving this
function, as well as some special values, are taken up in the exercises.

The graph of {(x) — 1 is shown in Fig. 2.3 for x > 1. For comparison,
the dotted line is the graph of 27*.

*See E.-T. Whittaker and G.N. Watson, 4 Course of Modern Analysis, Cambridge:
Cambridge U.P., 1965, p. 269.
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EXERCISES 2.5

1. Show that

¢<x)—¢(y)=§( )

_o\ytn x+n

2. Take the logarithmic derivative of I'(x)I'(1 — x) = wcsc#x to deduce
the identity

v(1 - x)—y¢(x)=nmcotmx

3. By taking the logarithmic derivative of the Legendre duplication for-
mula

22717 (x)T(x + 1) = Vo T(2x)
(a) deduce that
Y(x)+¢(x+1)+2log2 =2¢y(2x)
(b) From (a), deduce that ¢(3) = —y — 2log2.
(c¢) For n=1,2,3,..., show that
n
Y(n+i)=—-y-2log2+2Y (2k-1)""
k=1
4. Derive the formula
3Y(3) =y (x) +¥(x +35) +y(x+3)+3log3
Hint: Recall problem 40 in Exercises 2.2.

In problems 5-8, verify the given relation.

5. y(n+ 1= -y + Z k(k+ e n=01,2,....
6. lim [xp(x+n)—logn]=

179G +p)=v(G - p)+frtanfrp

8. exp[Y(x)] = ]_[( )e‘l/(“").
n=0
9. Show that ;
1
(@ vy= - [)log log-t—)dt.
tdt

(1 +12)(e? =-1)
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10.

11.

12.

13.
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Starting with Equation (2.55), use integration by parts followed by a
change of variable to show that

11 —e ' —e I/t
Y=f—-————dt
0 t

Derive the Maclaurin series expansion

(2t)2m
(2m)!

tcotht = Z B,,,

Hint: First show that

el +e! 1 1
cotht = = +
el _ e—l e2t -1 1-— e—21

Starting with the infinite product representation

0 X2
sinx=x]_[(l— > 2)

n=1 n-mw

(a) show that the logarithmic derivative leads to

00 2
xcotx—l—ZZ——M—

s — T <X<T
a1 1 — x%/n*n?

(b) From (a), deduce that

xcotx=1-2 Z §(2m)( )2m

m=1

By using the identity cothix = —icotx (i> = —1) and the result of
problem 11,
(a) deduce that
xcotx =1+ i B (= )m(2x)2m
2m (2 )'
(b) Comparing the result of (a) with that of problem 12(b), deduce the

relation

¢2m) = (27’)2'("2(;)1!)'"_

Bzm, m=1,2,3,...



14.

15.

16.

17.

18.

19.

The Gamma Function and Related Functions o 89
Show that
(a) $(Q2) = 7%/6, (b) @) =779,  (c) §(6) = 7°/945.
Hint: Use problem 13(b).
Show that

if, ) ¢(n)

The total energy radiated by a blackbody (Stefan-Boltzmann law) is
proportional to the integral

© x
I—j(; e"—ldx

Show that I = #*/15.

Hint: Observe that (1 —e )" ! = Z e~ "* and use problem 14.

n=0
Starting with the observation
1 1 *© —ntyx—1
= - I‘(x)fo e r*ldr,  x>1, n=1,2,3,...

sum over all values of n to deduce that

1 0 tx—l
g(x)__l:(—x_).j(; ;T_—fdt’ x>1

Show that (p > 1)

Using the results of problems 17 and 18, deduce that (p > 1)

1 ® ’p—l ( l)n ' 1-p

e'+1

. By expressing log(1 + x) in its Maclaurin series, show that

tlogl+x) _ a°
fo x B

Hint: See problems 14 and 19.
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21. By substituting the limit expression

lim T(x + 1) = K lim (e *x**?)

X— 00 X— 00

into the Legendre duplication formula written in the form

L 22710 (X)T(x + 4)
fr = lim T(2x)

deduce that K = 2.
22. Use problem 21 to establish that

. T(x+a+1)
b-a =
xll»n:ox I'(x+b+1)

23. Show that the mth derivative of Equation (2.96) leads to

(m+n)

P (x+ 1) = (- 1)"’“2( 1)"

———¢(m+n+1)x"

24. Show that
2
@ v =726 B VA== -1,
4
© ¥Y'3)=7%/2, (d)¢y"(2)= -z —6.

25. Write the sum of the series in terms of the digamma and polygamma
functions and evaluate:

@ Z n(n +1) (®) E (n+2)(n+4)
(©) Z . (@ E

nln(n+l) nln(4n_l)
26. Show that (m = 1,2,3,...)

Y (x) = (-1 dt
(x)=(-1) '/0 1ot
27. Derive the asymptotic series

1 1 >
Y(x+1)~=—-—+ Y B x @D x5
X 2x? n=1

Note: This series diverges for all x.
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28. Use the first four terms of the series in problem 27 (including the terms
outside the summation) to approximate y’(4), and compare with the
exact value y'(4) = 72/6 — £.

29. For k = 2,3,4,..., show that

$(K) = (—1)'"“m![r(m F)-T ’]

n=1

30. For k =2,3,4,..., show that
v (k- 3)

—(— '"+1m! m+1 _ m _ m+1k_1 1
(-1) [(z D5(m +1) -2 "gl—m_l)mﬂ}



Other Functions Defined
by Integrals

3.1 Introduction

In addition to the gamma function, there are numerous other special
functions whose primary definition involves an integral. Some of these other
functions were introduced in Chapter 2 along with the gamma function, and
in the present chapter we wish to consider several other such functions
defined by integrals.

The error function derives its name from its importance in the theory of
errors, but it also occurs in probability theory and in certain heat-conduc-
tion problems on infinite domains. The closely related Fresnel integrals,
which are fundamental in the theory of optics, can be derived directly from
the error function. A special case of the incomplete gamma function
(Section 2.4) leads to the exponential integral and related functions—the
logarithmic integral, which is important in analysis and number theory, and
the sine and cosine integrals, which arise in Fourier-transform theory.

Elliptic integrals first arose in the problems associated with computing
the arc length of an ellipse and a lemniscate (a curve in the shape of a figure
eight). Some early results concerning elliptic integrals were discovered by L.
Euler and J. Landen, but virtually the whole theory of these integrals was
developed by Legendre over a period spanning 40 years. The inverses of the
elliptic integrals, called elliptic functions, were independently introduced in
1827 by C.G.J. Jacobi (1802-1859) and N.H. Abel (1802-1829). Many of
the properties of elliptic functions, however, had already been developed as
early as 1809 by Gauss. Elliptic functions have the distinction of being

92
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doubly periodic, with one real period and one imaginary period. Among
other areas of application, the elliptic functions are important in solving the
pendulum problem (Section 3.4.2).

3.2 The Error Function and Related Functions
The error function is defined by the integral
2 x 2
eff(x)=— | e " dt, -0 <Xx < o0 31
(x) == fo (3.1)

This function is encountered in probability theory, the theory of errors, the
theory of heat conduction, and various branches of mathematical physics.
By representing the exponential function in (3.1) in terms of its power-series
expansion, we have

erf(x) =

‘/-fz( 1) ant
w0 oo M

from which we deduce (termwise integration of power series is permitted)

erf(x) _L E w

32
o n'@n+1)° x| < o0 (3.2)

Examination of the series (3.2) reveals that the error function is an odd
function, i.e.,

erf(—x) = —erf(x) (3.3)
Also, we see that
2 0 2
erf(0))=— [ e "dt=0 34
©== (3.4)
and by using properties of the gamma function, we find that (in the limit)

2 e r'(3)

— | eldt=—+~=1
Vr fo v

The graph of erf(x) is shown in Fig. 3.1.

In some applications it is useful to introduce the complementary error
function

erf(c0) = (3:5)

2 o 2
erfc(x) = — e “dt 3.6
(<)== (36)
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......... 41

Figure 3.1 The Error Function

Clearly it follows that

erfc(x) = wae"z dt — 2 e dy
0

v v

S~

from which we deduce
erfc(x) =1 — erf(x) (3.7)

Hence, all properties of erfc(x) can be derived from those of erf(x).
Example 1: Find the Laplace transform of f(z) = erfc(z~1/?).
Solution: The Laplace transform is defined by

L{erfc(t71%);s} = fwe‘”erfc(t‘l/z) dt
0

© 2 [ o
=f0 e ’ﬁj;_me dudt

If we interpret this last expression as an iterated integral, we can then
interchange the order of integration (see Fig. 3.2). Hence,

2 © 2
-1/2). - —-u — st
Z{erfc(t717?); s} ‘/;j; e j;_ze dt du
2 © 2 -2
=—— 1 e 7 "du
e
and by calling upon the integral formula (see problem 6)

© 2.2_p2 -2 T
0
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NG u=1"12

N~

Figure 3.2

we deduce that

Llerfe(t71/?);s}) =

© =

e 2, s>0

3.2.1 Asymptotic Series

An asymptotic series for the complementary error function can be obtained
through repeated integration by parts. To obtain this series, we first observe
that integration by parts leads to

-

[era=e -3

X

and by integrating by parts again, we get

—X2 2

2
x 1 X -t
fooe"zdt——e L 3f°°e dt

x 2x 222 x? oot

Continuing this process indefinitely, we finally derive the asymptotic series

><(2n—l)]

erfc(x

—x? 00
e [1+Z(—1)”IX3X
n=1

Vo x (2x?

(3.8)
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3.2.2  Applications

The error function is important in problems involving the normal distribu-
tion in probability theory. A normal (also called Gaussian) random variable
x is one described by the probability density function

e~ Gxmm’ /20" (3.9)

1
p(x) = N

where m is the mean value of x, and o2 the variance. The probability that
x < X is defined to be

P(x < X) =f_pr(x)dx (3.10)

Hence, for a normal distribution this probability integral leads to

1 X 2 2
P(x<X)= e~ (x=m)7 /207 gy
( ) 2'770'[—00
= 1 foo e—()c—m)2/2o2 dx — 1 fooe—(x—m)z/2az dx
2707~ 2m0Yx
=1- %erfc( X‘/;om) (3.11)

where the last step is obtained after making the change of variable r = (x —
m)/ V2 6. By using (3.7), we can rewrite (3.11) in the form

1+ erf(%)] (3.12)

As we expect, the probability (3.12) approaches unity in the limit as
X - oo.

Another application involving the error function concerns the problem
of heat flow in the infinite medium — o0 < x < oo when the initial distribu-
tion of temperature f(x) is known and the region is free of any heat
sources. Physically, this problem might represent the linear flow of heat in a
very long slender rod whose lateral surface is insulated. The problem is
mathematically characterized by

P(xsX)=%

d%u _,du
— =g %= —wo<x<oo, t>0

x> or’ (3.13)
u(x,0) = f(x), -0 <x< o0

2

where a* is a physical constant. The formal solution of (3.13) for any
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piecewise smooth function f is known to be*

1
2aVwt

which can be verified by direct substitution into (3.13).
As a specific example, let us suppose the initial temperature distribution
in (3.13) is prescribed by

u(x,t) =

|7 r(g)eeviatiag (3.14)

Ty, IxI<1
= 3.15
= {5 i (315)
where Tj, is constant. The substitution of (3.15) into (3.14) yields
72) 1 2 2
u(x,t) = e (x=H7/4a% gt 3.16
o= (-16)

which, following the change of variable z = (x — £)/2ayt, becomes

T,
u(x, 1) = —% [xrbal 22 g (3.17)
Wm Jx-1y2av

Finally, evaluating (3.17), we obtain (see problem 1)

u(x,t) = %To[erf(%) - erf( );a_‘/;l )] (3.18)

Physical intuition suggests that u(x, ¢) — 0 as ¢t = oo, which we leave to the
reader to verify. Also, it is interesting to note that the solution (3.18) is a
continuous function for all x and for all ¢ > 0, even though the input
temperature distribution (3.15) is discontinuous.

3.2.3 Fresnel Integrals

Closely associated with the error function are the Fresnel integrals
C(x) = / “cos(Yme?) dt (3.19)
0
and

S(x) = j:sin(%mz) dt (3.20)

These integrals come up in various branches of physics and engineering,
such as in diffraction theory and the theory of vibrations, among others.

*See D. Powers, Boundary Value Problems, 2nd ed., New York: Academic, 1979, p. 134.
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Y
‘ -
y=C(x)
0.5
y = 8(x)
1 1 1
0 1 2 3 X
Figure 3.3 The Fresnel Integrals
From definition, we have the immediate results
Cc(0)=S(0)=0 (3.21)
The derivatives of these functions are
C'(x) =cos(3mx?),  S'(x) = sin(imx?) (3.22)

and thus we deduce that both C(x) and S(x) are oscillatory. Namely, C(x)
has extrema at the points where x2 =2n+ 1 (n=0,1,2,...), and S(x)
has extrema where x2 = 2n (n = 1,2,3,...). The largest maxima occur first
and are found to be C(1)=0.77989... and S(v2)= 0.71397.... For
x — oo, we can use the integral formulas (see problem 19)

00 2 _ © 2 _ lF
j(;cost dt j(;smt dr 5V 3 (3.23)

to obtain the results
C(0) =S(0)=1 (3.24)

The graphs of C(x) and S(x) for positive x are shown in Fig. 3.3.
To derive the relation between the Fresnel integrals and the error
function, we start with

erf(z) = %j:e_“z du (3.25)

where z may be real or complex.* Substituting z = (i7/2)"/%x and u =

*For a discussion of the error function with complex argument, see N.N. Lebedev, Special
Functions and Their Applications, New York: Dover, 1972, Chapter 2.



Other Functions Defined by Integrals o 99

(im/2)"%t into (3.25) leads to

im \!/? N2 (X init g2
erf[(?) x| = (2i) j;e dt

= (2i)1/2[fxcos(%7rt2) dr — ifxsin(%wtz) dt]
0 0

from which it follows that

i) ert](im/2)"*x] = C(x) - iS(x). (3.26)

Other properties of these functions are taken up in the exercises.

EXERCISES 3.2

1.

Show that
(a) fa e dt = Jmerf(a),

(b) fbe"zdt = L/m[erf(b) — erf(a)],

d 2 e
(©) ‘—gerf(x)— —e ¥,

Vm

. Evaluate

(a) erfc(0),
(b) erfc(co).

. Establish the relations (see Section 2.4)

1
(a) erf(x) = —=v(},x?),
"

(b) erfc(x) = =
T

T(3, x?).

. Show that (s > 0)

fwe_""z/“ dt = Ve erfe(s)
0

Hint: Write 112 + st = (3¢ + 5)? — 5? and make the change of variable
1
u= 3t +s.

. Show that (s > 0)

fwe"'erf(t) dr = -}e5’2erfc(%s)
0

Hint: Reverse the order of integration.
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6. Considering the integral

1(b) = fowe-a’)"-b’x"dx, a>0, b>0

as a function of the parameter b,

(a) show that [ satisfies the first-order linear differential equation (DE)

dl
% +2al =0
(b) Evaluate I(0) directly from the integral.
(c) Solve the DE in (a) subject to the initial condition in (b) to deduce
the result

7. Considering the integral

I(a)=/°o ¢

—wox?+ b2

—azxz

dx, a>0, b>0

as a function of the parameter a,
(a) show that I satisfies the first-order linear DE

a _ 2ab*l = —2Yn
da

(b) Evaluate I(0) directly from the integral.
(c) Solve the DE in (a) subject to the initial condition in (b) to deduce
that

I(a) = %e“zbzerfc(ab)
8. Use the result of problem 7 to show that

m/2 _ 2 2 /2 _ a2cot? T a2
j’ p-attan’x g f e~acotx gy — E.g“ erfc(a), a=0
0 0

9. Solve the problem described by (3.13) when

0, x<0O
f={z 330

10. The temperature distribution in a very long rod, initially at zero
temperature and subject to a time-varying heat reservoir at one end, is



11.

12.

13.
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governed by
2
u _ ‘22—11, 0<x<oo, t>0
dx2 at
u(x,00=0, O0<x<o

u,1) =f(t), >0
with formal solution
2

R ¢ f(7) ol x .
ulx 1) = 2a\/17'/(; (t— 7-)3/2e p[ 4a’(t — 'r)]d

Solve this problem when f(¢) = T, (constant).

If the boundary condition in problem 10 is

T,, 0<t<b

u(o’t)=f(t)={0 t>b

show that the subsequent temperature distribution is given by

Terfc(x/2aVt ), 0<t<b

“x0 = {T1[erf(x/ZaM) —erf(x/2a/t)],  r=b

Verify that u(x, t) is continuous at ¢ = b.

If the boundary condition in problem 10 is modified to

(0.0 = ~£(1)

the formal solution becomes

_ a1 f(r) _ x?
ux.t) = \/';'/0 t—*rexp[ 402(1_7)]d7

(a) For the special case f(¢t) = K (constant), show that
u(x,t) = K[Za(t/vr)l/ze-xz/4a2' - xerfc(x/Za\/;)]

(b) What is the temperature in the rod at the end x = 0 as a function of
time?

Use integration by parts to obtain

ferf(x)dx = xerf(x) + Le"‘2 + C

Vm
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In problems 14-16, derive the integral representation.

14. erf(x) = %fwe"z_sm(%t)
0

Hint: Write sin(2xt) in a power series.

dt.

4 r1e-xa+1?)
15. [erf(x))*=1—- — [ —————dt.
[exf(x)] Tffo 1+ ¢?

Hint: Write the expansion on the left as a double integral and trans-
form to polar coordinates.

16. [erfc(x))? = %e-“z f Z e~ 22xierf(1) dr, x > 0.
T 0

Hint: Use the result of problem 4.

17. Show that the Fresnel integrals satisfy
(@) C(=x)= —C(x).
(b) S(=x) = —S(x).

18. Obtain the series representations

_ & (_1)n(77/2)2n 4n+1
(@) Clx) = EO Qm)@n+1) "

- (_1)'1(7’/2)2'1+l x4n+3

(b) S(x) = ’E:O (2n + 1)!(4n + 3)

19. Establish the integral formula (see problem 6)

fooe_“z’zdt = v
0 2a

Then, writing @ = (1 — i)/ V2 and separating into real and imaginary
parts, deduce that

o0 s _ o s =l z
j;cost dt fosmtdt 2‘/2

20. Establish the integral formula

2 X a2 _ l
‘/;j;e dt = aerf(ax)

Then, following the suggestion in problem 19 and using the asymptotic
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series (3.8), derive the asymptotic series

C(x) ~ % - ﬂ—lx[B(x)cos(%vrxz) — A(x)sin(37x?)], x> o0

S0 ~ & = EA(oos(bma?) + B()sin(dme?)], x - oo

where A(x) and B(x) are each asymptotic series related to (3.8).

3.3 The Exponential Integral and Related Functions

The exponential integral is defined by*

x t
Ei(x) = [ L a, x#0 (3.27)
oo !
Another definition that is often given results from the replacement of x by
—x and ¢t by —¢, which leads to

—Ei(—x) = E|(x) = fooeT_’ dt, x>0 (3.28)

The exponential integral (3.27) or (3.28) is encountered in several areas,
including antenna theory and some astrophysical problems. Also, many
integrals of a more complicated nature can be expressed in terms of the
exponential integrals.

Comparison of (3.28) with Equation (2.40) in Section 2.4 reveals that
E,(x) is related to the incomplete gamma functions according to

E,(x)=T(0,x) = lin})[l‘(a) - y(a, x)] (3.29)
Thus, properties of E;(x) can be deduced from those of the incomplete

gamma functions. For example, from the series for y(a, x) [see Equation
(2.42) in Section 2.4}, we have

i = i | 1(o) - £ S0
- i[OI om

Using the recurrence formula for the gamma function and L’Hopital’s rule,

*Technically, Equation (3.27) does not define Ei(x) for x > 0 unless we interpret the
integral as its Cauchy principal value, i.e.,

x e—dt e_.m[f —dt+f—dt]
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E\(x)

-IF

Figure 3.4 The Exponential Integral E,(x)

it follows that*

al(a) — x"]

lim [
a—0 a

= lin})[l”(a + 1) — x“log x]
a—

—y — logx (3.31)

Hence we have derived the series representation

® (_1)"x"
E(x)=—-y—logx— Y. —(% x>0 (3.32)
n=1 :

Equation (3.32) illustrates the logarithmic behavior of E,(x) for small
arguments, i.e.,

E,(x)~ —logx, x—> 0" (3.33)

For large arguments, we can use Equation (2.46) in Section 2.4 to deduce
that?

E,(x) ~ “"T x > 0 (3.34)

The graph of E,(x) for positive x is shown in Fig. 3.4.

“Recall from Equation (2.55) in Section 2.5 that T'(1) = —v.
¥The complete asymptotic series for E,(x) was developed in Example 8 in Section 1.4.1
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3.3.1 Logarithmic Integral

Closely related to the exponential integral is the logarithmic integral

. x dt
li(x) = | ot x#1 (3.35)

Setting u = logt, we see that (3.35) becomes
. _ ]ogxe_“
li(x) = f_ wu du

and thus deduce that

li(x) = Ei(logx) = —E;(—logx), 0<x<1 (3.36)

By using (3.36), we can immediately deduce properties of li(x) from
those developed for the exponential integrals. In particular, Equation (3.32)
leads to
ogx)"

=5 0<x<1 (337)

li(x) =y + log(—logx) + Z (logx)

b

The graph of li(x) is shown in Fig. 3.5.

li(x)

2+

Figure 3.5 The Logarithmic Integral
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3.3.2 Sine and Cosine Integrals

Another set of special functions that are related to the exponential integral
are the sine integral and cosine integral defined, respectively, by

x sin ¢

Si(x) = fo ==di, x>0 (3.38)
and
Ci(x) = fx“%’ di, x>0 (3.39)

o0
To relate these integrals to the exponential integral requires complex-
variable theory, and thus we omit the derivation.*

It is convenient in some applications to introduce another sine integral
defined by

% sin ¢

si(x) = —f ——adr (3.40)

which is related to (3.38) by (see problem 6)
Si(x) = % + si(x) (3.41)

Special values of these functions include (see problem 7)

Si(0) = 0, Si(o0) = % (3.42a)
Ci(0*) = —o0, Ci(eo) =0 (3.42b)

Also, taking derivatives, we obtain
Si'(x) = S";" . Ci(x) = °°j" (3.43)

which shows that both functions are oscillatory. We observe that Si(x) has
extrema at x =nw (n=20, 1,2,...), while Ci(x) has extrema at x =
(n+ YH7 (n=0,1,2,...). The graphs of these functions are shown in Fig.
3.6.

EXERCISES 3.3

1. Show that (x > 0)

e—xt

E,(x) =e"‘j(; o

*See N.N. Lebedev, Special Functions and Their Applications, New York: Dover, 1972, pp.
33-37.
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y
= Si(x)
m/2
‘.—
y = Ci(x)
o A? LTSN '|2
\/ 8 T~ _.?C
.'||

Figure 3.6 The Sine and Cosine Integrals

. Derive the asymptotic formula

. e & n!
Ei(x) ~ S ngoxn, X = o0

. From the result of problem 2, show that

"‘°°(1)n‘

Z R X —> 00

El(x) ~

. Derive the asymptotic formula

x & n!
li(x) ~ s X = 00
()~ Togx I, (log x)"

% sin tx

.Letf(z)=f0 dx, t > 0

(a) By taking the Laplace transform of both sides, show that

L{f(t);s) = fow(x2 +52) ldx

107

(b) Evaluate the integral in (a), and by taking the inverse Laplace

transform, deduce the value f(t) = 7 /2.
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6. Using the result of problem 5, show that
Si(x) = = + si(x)

7. Show that
(a) Si(c0) = % (b) Ci(e0) = 0
(c) Si(0) =0, (d) Ci(0*) = — oo

8. Derive the series representation
0 ( _ 1) n x2n +1

Six) = EO (2n + 1)(2n + 1)!

In problems 9-14, derive the integral relation.

9. fwe‘”El(t)dt = llog(l +5), s> 0.
0 s

10. fwe‘“Si(t)dt -}tan‘l(%), s> 0.
0

% 1
-5t o — . -1
11. fo e *'si(r)dt = — —tan~'(s), s > 0.
12. fwe“’ Ci(t)dt = — Llog(l +5?%),5>0
o 2s ’ ’
o0 o0 TaT
13. cos x Ci(x)dx = sin xsi(x)dx = — —.
A (xyax= [ (x) 2

14. fo *[Ci(x)]?dx = f [si(x)]? dx = 5.

In problems 15-20, express the given integral in terms of Si(x) and/or
Ci(x).

15, f”s"” 16, f”Si‘;’z dr.
I;int Let 12 = u.
. fb c0jt2 dt 18, fb smt
’ Hmt Use integration by parts.
19. [ ”( #)sin at dt. 20, 23 - Zt’z dr.

Hint: Start with partial fractions.

3.4 Elliptic Integrals
The parametric equations for an elliptic arc are given by (b > a)

"="°°S‘9} 0<0<¢ (3.44)

y = bsind [’

Using the formula for arclength from calculus, we find the length of the
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elliptic arc (3.44) leads to the integral
L= f *Va?sin?8 + b2cos? do (3.45)
0

which can also be expressed in the form
L= bf:m do (3.46)
where e is the eccentricity of the ellipse defined by
e= % b* — a? (3.47)

The integral in (3.46) cannot be evaluated in terms of elementary functions.
Because of its origin, it is called an elliptic integral.

There are three classifications of elliptic integrals, called elliptic integrals
of the first, second, and third kinds, and defined respectively by

¢ do
Fim ¢) = '[) V1 — m2sin?9
E(m,é) = fo“’\h —m*sin® d§, O<m<1 (3.49)

0<m<1 (3.48)

and

I (m, 4>,a)—f a6

0 V1 — m?sin® (1 + a’sin’@

s O<m<1l, a+m,0

(3.50)

The parameter ¢ is called the amplitude, and m the modulus. When
¢ = m/2 we refer to (3.48)—(3.50) as complete elliptic integrals, and they are
often given the special designations

K(m) = f"” d9 0O<m<1 (3.51)

V1 — m?%sin%6
E(m) = L"/ZVI — m?sin’0 d§, O<m<1 (3.52)

and
M(m,a) = "2 a6 , O<m<1, a#+m,0
2.2 22
0 V1 — m?sin®d (1 + a’sin’f)

(3.53)

Sometimes these integrals are designated by simply the letters K, E, and II.
Some of the importance connected with these integrals lies in the
following theorem, which we state without proof.*

*For a proof of Theorem 3.1, see F. Bowman, Introduction to Elliptic Functions with
Applications, New York: Dover, 1961.
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Theorem 3.1. If R(x, y) is a rational function in x and y, and P(x)is a
polynomial of degree four or less, then the integral

fR(x, VP(x) ) dx
can always be expressed in terms of elliptic integrals.

3.4.1 Limiting Values and Series Representations

For the limiting case m — 0, we find that (3.51) leads to

k()= (a8 = z (3.54)
0
and similarly,
E(0) = % (3.55)

In the other limiting case where m — 1 we obtain the results (see problem
)

K(1)= o0 (3.56)

E(1)=1 (3.57)

We can generate an infinite-series representation for K and E by first

expanding the integrands in (3.51) and (3.52) in binomial series and then
using termwise integration. For example,

(1 — m3sin?9) ™" = E ( _-)( 1)"m?"sin*"6 (3.58)
n=0
and hence, by using the integral formula (see problem 16)

1

f" sin"0df = —( 1)" ( f) (3.59)
0
we deduce the series representation

Km=2% (7 ) (3.60)

I~

A mass p is suspended from the end of a rod of constant length b (whose
weight is negligible). Summing forces (see Fig. 3.7) makes it clear that the
weight component pgcos¢ acting in the normal direction to the path is
offset by the force of restraint in the rod.* Therefore, the only weight

In the same fashion, it follows that

Em=3 %

n=0

S -
~|-

)mz" (3.61)

3.4.2 The Pendulum Problem

*Here g is the gravitational constant.
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18 cos ¢

| rg
Figure 3.7 Swinging Pendulum

component contributing to the motion is pgsin¢, which acts in the direc-
tion of the tangent to the path. If we denote the arclength of the path by s,
then Newton’s second law of motion ( F = ma) leads to
Md_:’s = —pgsing
dr? #
where the minus sign signifies that the tangential force component opposes
the motion for increasing s. The arclength s of a circle of radius b is related
to the central angle ¢ through the formula s = b¢, and so the equation of

motion (after simplification) becomes
2
% + k2sing = 0 (3.62)
t

where k% = g/b.
Equation (3.62) is nonlinear and cannot be solved in terms of elementary
functions. To solve it, we first note that it is equivalent to

2\ dr

i.e., (3.62) is the derivative of (3.63). (The constant C is proportional to the
energy of the system.) Solving (3.63) for (d¢/dt)?, we have

2
l(d—¢) — kcos¢ = C (3.63)

2
(‘2—?) =2C + 2k%cos¢ = 2C + 2k* — 4k*sin’*(1¢)
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or

de\? _ anl 2K L
(dt) =2(C+k )[l T (4¢) (3.64)

If we now introduce the parameter

, C+k?
m=

3.65
e (3.65)
and make the change of dependent variable
~ Lo
y = msm(z‘P) (3.66)

the chain rule demands that

de _ L PP ARV

i 2m 7 (1 = m?) (3.67)

Upon making these replacements and taking the (positive) square root,
(3.64) becomes

= k/(1 - y*)(1 - m¥»?) (3.68)

If we assume the position of the pendulum is ¢ = 0 at time ¢ = 0 and
position ¢ = ® at time ¢ = T, then the separation of variables applied to
(3.68) leads to [Y = (1/m)sin(1 ®)]

kT = f T (3.69)

2)1—my)

This integral is another form of the elliptic integral of the first kind
F(m,Y), as can be verified by making the substitution y = sinx (see
problem 4).

Equation (3.69) gives the total time of motion of the pendulum in terms
of an elliptic integral. If we wish to solve explicitly for the angle of motion
® = 2sin~}(mY), we need to define an inverse function for F(m,Y). Such
a function exists and is called a Jacobian elliptic function. If in general we
set

u="F(m,o) (3.70)
then we can define three elliptic functions by the relations

snu = sin¢ (3.711)
cnu = cos¢ (3.72)
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and
dnu = y1 — m?sin’ (3.73)

These elliptic functions belong to the class of doubly periodic functions with
one real period and one imaginary period. In this respect, they have
characteristics of both the circular and hyperbolic functions. Much of the
theory of elliptic functions is couched in the language of complex variables,
and thus we will not pursue their general theory. Some elementary proper-
ties, however, are taken up in the exercises.

EXERCISES 34

1. Show that
(a) K(1) = oo, (b) E1)=1.
2. Show that
(K—E) _ T

lim ——= = —
m—0 m2 4

3. Verify that
F(m,¢ +7) — F(m,¢) =2K

In problems 4-9, derive the integral relation.
dy

‘] J@ =) — m¥y?)

= F(m, x).

x [1 - m??
fo - di=E(m,x).

»

22
6 [Pt = %[F(m,qb) — E(m, )]

0 V1 — m?sin’x

/2 dx _ 2 7\ 3
7 [ ook B [K(/3) - A7 =r4)].
8. [’@—x)1/29 - x?) " dx = 1K),
0
1 2\-1,2 2\-1,2 1 1 1 7
9. f(1+x ) V21 + 2x2) V2 gk = 5 K(ﬁ)—F(ﬁ,z) .
0

10. Show that

_l_f" cos@do _ (ab)~ ' i k? K—E
27Jy (a2 + b? + 22 — 2abcos8)'’ ka 2
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where

P 4ab

(a+b)+22
11. Find the perimeter of the ellipse 8x2 + 9y? = 72.
12. Find the area enclosed by one loop of the curve y? = 1 — 4sin’x.
13. Find the arclength of the lemniscate r2 = c0s260,0 < 8 < 7 /2.
14. Find the length of the curve y = sinx, 0 < x < w/3.

15. Find the surface area of a right circular cylinder of radius r intercepted
by a sphere of radius a (a > r) whose center lies on the cylinder.

16. Show that (n =0,1,2,...)
j(;"/zsinz”ﬂdé? - %(—1)"( ‘n%)
Hint: See problem 17(a) in Exercises 1.2.
17. Show that
(a) sn(0) = 0. (b) cn(0) = dn(0) = 1.
18. Verify the identities

(a) sn’u + cn’u =1,
(b) m?sn’u + dn’u =1,
(c) dn’u — m?*cn?u =1 - m?

19. Derive the derivative relations

d

(a) -d—usnu—cnudnu,
d

(b) g SPU = —snudnu,

©) ;;iu dnu= —m?snucnu.

20. Show that
(a) sn(u + 4K) = snu,
(b) ecn(u + 4K) = cnu,
(c) dn(u + 2K) = dnu.
21. Verify the addition formulae

snucnvdnov + snvcnudnu

(a) sn(u +v) =

)

1 — m?snfusn?v

cnucnv — snud dn
(b) en(u + v) = nucnv — snudnusnvdnov

’

1 — m?sn®usn®v

dnudnov — m?snucnusnvcnv
(¢) dn(u + v) = .

1 — m?sn®usn?v
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22. Show that
(a) lim snu = tanhu,
m—1

(b) lim cnu = sechu,

m—1

(¢) lim dnu = sechu.

m—1



Legendre Polynomials and
Related Functions

4.1 Introduction

The Legendre polynomials are closely associated with physical phenomena
for which spherical geometry is important. In particular, these polynomials
first arose in the problem of expressing the Newtonian potential of a
conservative force field in an infinite series involving the distance variables
of two points and their included central angle (see Section 4.2). Other
similar problems dealing with either gravitational potentials or electrostatic
potentials also lead to Legendre polynomials, as do certain steady-state
heat-conduction problems in spherical-shaped solids, and so forth.

There exists a whole class of polynomial sets which have many proper-
ties in common, and for which the Legendre polynomials represent the
simplest example. Each polynomial set satisfies several recurrence formulas,
is involved in numerous integral relationships, and forms the basis for series
expansions resembling Fourier trigonometric series where the sines and
cosines are replaced by members of the polynomial set. Because of all the
similarities in these polynomial sets, and because the Legendre polynomials
are the simplest such set, our development of the properties associated with
the Legendre polynomials will be more extensive than similar developments
in Chapter 5, where we introduce other polynomial sets.

In addition to the Legendre polynomials, we will present a brief discus-
sion of the Legendre functions of the second kind and associated Legendre
functions. The Legendre functions of the second kind arise as a second
116
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solution set of Legendre’s differential equation, and the associated functions
are related to derivatives of the Legendre polynomials.

4.2 The Generating Function

Among other areas of application, the subject of potential theory is con-
cerned with the forces of attraction due to the presence of a gravitational
field. Central to the discussion of problems of gravitational attraction is
Newton’s law of universal gravitation:

“Every particle of matter in the universe attracts every other particle with a
force whose direction is that of the line joining the two, and whose
magnitude is directly as the product of their masses and inversely as the
square of their distance from each other.”

The force field generated by a single particle is usually considered to be
conservative. That is, there exists a potential function V such that the
gravitational force F at a point of free space (i.e., free of point masses) is
related to the potential function according to

F=-vV (4.1)

where the minus sign is conventional. If r denotes the distance between a
point mass and a point of free space, the potential function can be shown to
have the form*

~ | =

v(r) = (4.2)
where k is a constant whose numerical value does not concern us. Because
of spherical symmetry of the gravitational field, the potential function V'
depends only upon the radial distance r.

Valuable information on the properties of potentials like (4.2) may be
inferred from developments of the potential function into power series of
certain types. In 1785, A.M. Legendre published his “Sur l'attraction des
sphéroides,” in which he developed the gravitational potential (4.2) in a
power series involving the ratio of two distance variables. He found that the
coefficients appearing in this expansion were polynomials that exhibited
interesting properties.

In order to obtain Legendre’s results, let us suppose that a particle of
mass m is located at point P, which is a units from the origin of our

*See O.D. Kellogg, Foundations of Potential Theory, New York: Dover, 1953, Chapter III.
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Figure 4.1

coordinate system (see Fig. 4.1). Let the point Q represent a point of free
space r units from P and b units from the origin O. For the sake of
definiteness, let us assume b > a. Then, from the law of cosines, we find the
relation

r?=a?+ b?> — 2abcos¢ (4.3)

where ¢ is the central angle between the rays OP and OQ. By rearranging
the terms and factoring out b2, it follows that

r2=b2[1 —2%cos4> +(%)2], a<b (4.4)
For notational simplicity, we introduce the parameters
t= %, X = cos¢ (4.5)
and thus, upon taking the square root,
r=b(1-2xt+12)"? (4.6)

Finally, the substitution of (4.6) into (4.2) leads to the expression
=%(1—2xt+t2)_1/2, 0<r<1 (4.7)

for the potential function. For reasons that will soon be clear, we refer to
the function w(x, t) = (1 — 2xt + t2)~1/2 as the generating function of the
Legendre polynomials. Our task at this point is to develop w(x,t) in a
power series in the variable .

4.2.1 Legendre Polynomials

From Example 6 in Section 1.3.2, we recall the binomial series

(1-u)?= f; (‘n%)(—l)"u", lu < 1 (4.8)

n=0
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Hence, by setting u = #(2x — t), we find that

w(x,t) = (1= 2xt +¢2)""?
_ 5 (‘n%)(—l)"t"(zx — )" (4.9)

n=0

which is valid for |2xt — ¢?| < 1. For |t| < 1, it follows that |x| < 1. The
factor (2x — ¢)” is simply a finite binomial series, and thus (4.9) can further
be expressed as

w(x,t) = ):_0( - )(—1)"t"kz=;0(Z)(—l)k(zx)"‘kzk

or

W)=Y 3 (;%)(Z)(—l)”k(zx)""‘w (4.10)

n=0 k=0

Since our goal is to obtain a power series involving powers of ¢ to a single
index, the change of indice n - n — k is suggested. Thus, recalling Equa-
tion (1.18) in Section 1.2.3, i.e.,

© n o [n/2]
2 Z Ak = Z Z A2k k
n=0 k=0 n=0 k=0

we see that (4.10) can be written in the equivalent form

o ([n/2] 1 _

v = T (AR e @
n=0\k=0\n—K k

The innermost summation in (4.11) is of finite length and therefore

represents a polynomial in x, which happens to be of degree n. If we denote

this polynomial by the symbol

P,,(x)=[éj(n—_%k)(n;k)(_l)n(zx)"—zk (412)

then (4.11) leads to the intended result
w(x,t) =Y P(x)t", |x|<1, Jf<1 (4.13)
n=0
where w(x,t) = (1 — 2xt + t?)" /2,

The polynomials P,(x) are called the Legendre polynomials in honor of
their discoverer. By recognizing that [see Equation (1.27) in Section 1.2 and
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Equation (2.25) in Section 2.2.2]

EIRETE

- (—1)"———-r'f!"ré§)
_(=1"C@n)
) (4.14)

it follows that the product of binomial coefficients in (4.12) is

P e oz )

and hence, (4.12) becomes

U2 (—1)*(2n — 2k)1x" 2

P,(x) = EO 27k!(n — k)!(n — 2k)!

(4.16)

The first few Legendre polynomials are listed in Table 4.1.

Making an observation, we note that when » is an even number the
polynomial P,(x) is an even function, and when n is odd the polynomial is
an odd function. Therefore,

P(-x)=(-1)"P/(x), n=0,1,2,... (4.17)

The graphs of P,(x), n=0,1,2,3,4, are sketched in Fig. 4.2 over the
interval -1 < x < 1.

Returning now to Equation (4.7) with x = cos¢ and ¢t = a/b, we find
that the potential function has the series expansion

v=ky Pn(cos¢)(£) . a<b (4.18)
b =, b
In terms of the argument cos ¢, the Legendre polynomials can be expressed

Table 4.1 Legendre polynomials

Py(x)=1

P(x)=x

Py(x)=1(3x? - 1)

Py(x) = 3(5x° - 3x)

P,(x)= 3(35x* — 30x2 + 3)
Py(x) = $(63x° — 70x3 + 15x)
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P,(x)

-1+

Figure 42 Graph of P,(x), n=0,1,2,3,4

as trigonometric polynomials of the form shown in Table 4.2 (see problem
3).

In Fig. 4.3 the first few polynomials P,(cos¢) are plotted as a function
of the angle ¢.

4.2.2 Special Values and Recurrence Formulas

The Legendre polynomials are rich in recurrence relations and identities.
Central to the development of many of these is the generating-function

Table 4.2 Legendre trigonometric polynomials.

Py(cos o) =1
P;(cos ) = cos ¢
P,(cos¢) = 1(3cos?p — 1)
= 1(Bcos2¢ + 1)
Py(cos ¢) = L(5cos’p — 3cos¢)
= $(5cos3¢ + 3cos o)
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P, (cos ¢)

1

-0.5

Figure 43 Graph of P,(cos¢), n =0,1,2,3,4

relation

(1-2xt+13)2 =Y P(x)r", |x|<1, |ff<1 (4.19)
n=0

Special values of the Legendre polynomials can be derived directly from
(4.19) by substituting particular values for x. For example, the substitution
of x =1 yields

1-2t+2)""=(1-1)"= i P,(1)1" (4.20)
n=0

However, we recognize that (1 — ¢)~! is the sum of a geometric series, so
that (4.20) is equivalent to

S =Y ) (4.21)
n=0

n=0

Hence, from the uniqueness theorem of power series (Theorem 1.13), we can
compare like coefficients of ¢” in (4.21) to deduce the result

P(1)=1, n=0,1,2,... (4.22)
Also, from (4.17) we see that

P(-1)=(-1)", n=01,2,... (4.23)
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The substitution of x = 0 into (4.19) leads to

1+ = % p(0)" (4.24)
n=0
but the term on the left-hand side has the binomial series expansion
o0
1+)"V2=Y% ( ‘n%)rz" (4.25)
n=0

Comparing terms of the series on the right in (4.24) and (4.25), we note that
(4.25) has only even powers of t. Thus we conclude that P,(0) =0 for
n=173,5,..., or equivalently,

P2n+l(0)=09 n=0’192y--- (426)

Since all odd terms in (4.24) are zero, we can replace n by 2n in the series
and compare with (4.25), from which we deduce

(- _Cvenr
Pz,,(O)—( n) e 0,1,2,...  (427)

where we are recalling (4.14).

Remark: Actually, (4.26) could have been deduced from the fact that
P,,.,(x) is an odd (continuous) function, and therefore must necessarily
pass through the origin. (Why?)

In order to obtain the desired recurrence relations, we first make the
observation that the function w(x,t) = (1 — 2xt + t?)~1/? satisfies the
derivative relation

a —2xt+12)%—‘: +(t=x)w=0 (4.28)
Direct substitution of the series (4.13) for w(x, t) into (4.28) yields
Q=2xt+t>) Y nP(x)t" P +(t=x) Y P(x)t"=0
n=0 n=0

Carrying out the indicated multiplications and simplifying gives us

[ce] o}

Y nP(x)t" ' —2x Y nP,(x)t"
n=0 n=0——"
n—-n-1
00 L) 00
+ Y nP (x)t" 4+ Y P(x)"tP—x Y P(x)t"=0
n=0 n=0 n=0"""
n—on-2 n—-n-—2 n—-n-1

(4.29)
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We now wish to change indices so that powers of ¢ are the same in each
summation. We accomplish this by leaving the first sum in (4.29) as it is,
replacing n with n — 1 in the second and last sums, and replacing n with
n — 2 in the remaining sums; thus, (4.29) becomes

[oe]

Y nP,(x)t" ! —2x i (n=1)P,_,(x)t" '+ éz(n —2)P,_,(x)" !

n=0 n=1

[ee] o0
+ T P () = x TP (x)" =0
n=2 n=1
Finally, combining all summations, we have

. [18,(x) = 2x(n = )2, () +(n = D2y ()
+P,_5(x) = xP,_(x)] 1" 1 + Pi(x) — xPy(x) =0 (4.30)

But P(x) — xPy(x) = x — x = 0, and the validity of (4.30) demands that
the coefficient of 1"~ be zero for all x. Hence, after simplification we arrive
at

nP,(x)—2n—-1)xP,_(x)+(n—1)P,_,(x) =0, n=23,4,...
or, replacing n by n + 1, we obtain the more conventional form
(n+ 1P, (x)—2n+ 1)xP,(x) +nP,_;(x)=0 (4.31)

where n = 1,2,3,....

We refer to (4.31) as a three-term recurrence formula, since it forms a
connecting relation between three successive Legendre polynomials. One of
the primary uses of (4.31) in computations is to produce higher-order
Legendre polynomials from lower-order ones by expressing them in the
form

Pon(x) = (Z 38,00 ~ (2 )P (6) (43)

where n = 1,2,3,... . In practice, (4.32) is generally preferred to (4.16) in
making computer calculations when several polynomials are involved.*

*Actually, to avoid excessive roundoff error in making computer calculations, Equation
(4.32) should be rewritten in the form

xP,(x) = P (x)

Pn+l(x)=2xpn(x)_Pn—l(x)_ n+1
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A relation similar to (4.31) involving derivatives of the Legendre poly-
nomials can be derived in the same fashion by first making the observation
that w(x, t) satisfies

(1 —2xt + tz)% -w=0 (4.33)

where this time the differentiation is with respect to x. Substituting the
series for w(x, t) directly into (4.33) leads to

o0 0
(1T-2xt+2)Y P(x)t"= Y P(x)t"*'=0
n=0 n=0
or, after carrying out the multiplications,

Y P(x)"=2x ¥ P(x)"h+ X P(x)1"t = ) P (x)1"t =0
n=0 n=0 n=0

n=0 —_——————

n—-n-1 n—-n-2 n—-n-1

(4.34)
Next, making an appropriate change of index in each summation, we get
Y [Bi(x) = 23Ry (x) + Po(x) = Py (x)]1" =0 (435)
n=2
where all terms outside this summation add to zero. Thus, by equating the
coefficient of ¢” to zero in (4.35), we find
P/(x) —2xP/_(x) + P]_,(x) — P,_,(x) =0, n=23,4,...
or, by a change of index,
Pl (x) = 2xP/(x) + P/_y(x) = P,(x) =0 (4.36)

forn=1,2,3,....
Certain combinations of (4.21) and (4.36) can lead to further recurrence
relations. For example, suppose we first differentiate (4.31), i.e.,

(n+ 1P/, (x)—2n+1)P,(x) —(2n + 1)xP)(x) + nP/_(x) =0

(4.37)

From (4.36) we find
P (x) = P,(x) + 2xP/(x) — P/, ,(x) (4.38a)
P! (x) = P,(x) + 2xP/(x) — P/_,(x) (4.38b)

and the successive replacement of P,_,(x) and P, ,(x) in (4.37) by (4.38a)
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and (4.38b) leads to the two relations
Pl(x) - xP)(x) = (n + 1)P,(x) (4.39)
xP!(x) — P]_,(x) = nP,(x) (4.39b)
The addition of (4.39a) and (4.39b) yields the more symmetric formula
Plu(x) = PLy(x) = (2n + 1) Py(x) (4.40)

Finally, replacing n by n — 1 in (4.39a) and then eliminating the term
P)_,(x) by use of (4.39b), we obtain

(1 = x?)P/(x) =nP,_,(x) — nxP,(x) (4.41)

This last relation allows us to express the derivative of a Legendre poly-
nomial in terms of Legendre polynomials.

4.2.3 Legendre’s Differential Equation

All the recurrence relations that we have derived thus far involve successive
Legendre polynomials. We may well wonder if any relation exists between
derivatives of the Legendre polynomials and Legendre polynomials of the
same index. The answer is in the affirmative, but to derive this relation we
must consider second derivatives of the polynomials.

By taking the derivative of both sides of (4.41), we get

L[ - ) Bi(x)] = nP,_y(x) = nE,(x) = mxp(x)

and then, using (4.39b) to eliminate P,_,(x), we arrive at the derivative
relation

L1~ ) P(x)] + n(n + 1)B,(x) = 0 (4.42)
which holds for n = 0,1, 2,... . Expanding the product term in (4.42) yields
(1 =x?)P/(x) —2xP/(x) +n(n+1)P,(x)=0 (4.43)

and thus we deduce that the Legendre polynomial y = P,(x) (n=
0,1,2,...) is a solution of the linear second-order DE

(1-x¥)y”=2xy'+n(n+1)y=0 (4.44)

called Legendre’s differential equation.*
Perhaps the most natural way in which Legendre polynomials arise in
practice is as solutions of Legendre’s equation. In such problems the basic

*In Section 4.6 we will discuss other solutions of Legendre’s equation.
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model is generally a partial differential equation. Solving the partial DE by
the separation-of-variables technique leads to a system of ordinary DEs,
and sometimes one of these is Legendre’s DE. This is precisely the case, for
example, in solving for the steady-state temperature distribution (indepen-
dent of the azimuthal angle) in a solid sphere. We will delay any further
discussion of such problems, however, until Chapter 7.

Remark: Any function f,(x) that satisfies Legendre’s equation, i.e.,

(1= x2) £/ (x) = 2x4/(x) + n(n + 1) f,(x) = 0

will also satisfy all previous recurrence formulas given above, provided that
f,(x) is properly normalized. Consequently, any further solutions of
Legendre’s equation can be selected in such a way that they automatically
satisfy the whole set of recurrence relations already derived. The set of
solutions Q,(x) introduced in Section 4.6 is a case in point.

EXERCISES 4.2
1. Use the series (4.16) to determine P,(x) directly for the specific cases
n=0,1,2 3,4, and 5.

2. Given that P,(x) = 1 and P,(x) = x, use the recurrence formula (4.33)
to determine P,(x), Py(x), and P,(x).

3. Verify that

(a) Py(cosg) = 1.

(b) P,(cosp) = cos .

(c) Py(cos¢) = (3cos2¢ + 1).

(d) Py(cos¢) = §(5cos3¢ + 3cos o).

4. Given the function w(x, t) = (1 — 2xt + t2)~1/2,

(a) show that w(—x, —t) = w(x, ).
(b) Use the result in (a) and the generating function relation (4.19) to
deduce that (for n = 0,1,2,...)

P,(=x) = (-1)"P,(x).
5. Verify the special values (n = 0,1,2,...)
@@ P)=1in(n+1), (b)) P(-1)=(-1)"""in(n+1)
6. Verify the special values (n = 0,1,2,...)

/ ’ (_1)"(2’1 + 1)
(@) P;,(0)=0. () P;,..(0) = _____22'1_(2:).
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7. Establish the generating-function relation
o0
1-2xt+:2)7'= Y U(x)", Jii<1, |x|<1
n=0

where U, (x) is the nth Chebyshev polynomial of the second kind* defined
by

[n/2] k
_ v (D (n-k)
l]n(X) - k§0 k'(n — Zk)'

(2x)n—2k
8. Given the generating function w(x, t) = (1 — 2xt + t?)7},

(a) show that it satisfies the identity
(1 - 2xt + tz)%—‘;) +2(t = x)w=0

(b) Substitute the series in problem 7 into the identity in (a) and derive
the recurrence formula (for n = 1,2,3,...)

U,1(x) = 2xU,(x) + U,_1(x) =0
9. Show that the generating function in problem 8 also satisfies the
identity

(1 —2xt+t2)%¥ —2tw=20

(a) and deduce the relation (for n = 1,2,3,...)
Ulia(x) = 2xU/(x) + Uy (x) = 2U,(x) = 0
(b) Show that (a) can be obtained directly from problem 8(b) by
differentiation.
10. Using the results of problems 7-9, show that
@ (1 — x)U,/(x) = —nxU,(x) + (n + DU, _,(x),
(b) 1 — xHU(x) — 3xU(x) + n(n + 2)U,(x) = 0.
11. Using the Cauchy product of two power series (Section 1.3.3), show that

xt 00
e

= Ye(x)", <1
1-—1¢
n=0

where e,(x) is the polynomial equal to the first n + 1 terms of the

*We will discuss these polynomials further in Section 5.4.2.
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Maclaurin series for e”*, i.e.,

n
e(x=z"—
k=0

x

Given the generating function w(x, ) = e* /(1 — 1),
(a) show that it satisfies the identity
a- t)‘;—‘:’ -[x1-t)+1]w=0
(b) Substitute the series in problem 11 into the identity in (a) and derive
the recurrence formula (n = 1,2, 3,...)
(n+ e, 1 (x)—(n+1+x)e,(x)+xe,_,(x)=0
(c) Show directly from the series definition of e,(x) that
e/(x)=-e,_,(x), n=1,23,...

Using the results of problems 11 and 12, show that y =e,(x) is a
solution of the second-order linear DE

xy" —(x+n)y +ny=0

Make the change of variable x = cos¢ in the DE
1 d{(.  dy _
Snd 49 (sm¢d¢) +n(n+1)y=0

and show that it reduces to Legendre’s DE (4.44).

Determine the values of n for which y = P,(x) is a solution of
(@ 1 —x*)y” —2xy"+n(n+ 1)y =0, y0)=0, y(1) =1,

) 1 —x2)y”"=2xy" +n(n+1)y=0, y(0)=0, y(1)= 1.

When a tightly stretched string is rotating with uniform angular speed w
about its rest position along the x-axis, the DE governing the displace-
ments of the string in the vertical plane is approximately

d
TGy ] +pe’y =0

where T(x) is the tension in the string and p the linear density
(constant) of the string. If T(x) =1 — x? and the boundary condition
y(—1) = y(1) is prescribed, determine the two lowest possible critical
speeds w. What shape does the string assume in the vertical plane in
each case?

Hint: Assume that pw? = n(n + 1).
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P
p)
r n
—q "
X = —a 0o x=a
17. An electric dipole consists of electric charges ¢ and — ¢ located along

18.

the x-axis as shown in the figure above. The potential induced at point
P due to the charges is known to be (r > a)

-l

r n

where k is a constant. Express the potential in terms of the coordinates
r and ¢ and show that it leads to an infinite series involving Legendre
polynomials. Also show that if only the first nonzero term of the series
is retained, the dipole potential is

2ak
V= azqcos(ﬁ, r>a
r

The electrostatic potential induced at point P for the array of charges
shown in the figure below is given by (r > a)

r r r

where k is constant. Expressing V entirely in terms of r and ¢, show

r




19.

20.

21.

22.

25.
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that the first nonzero term of the resulting series is

kq

2
y =4 (3cos2¢ + 1), r>a
2r3

Show that the even and odd Legendre polynomials have the series

representations (for n = 0,1,2,...)

(-1)" Z (-1)“@2n + 2k - 1) L2k
21U E Q) (n+ k= D)(n— k)T

D" S (CDf@r 2k ) L,
() Porer() = "0 2 Gk w Di(n + 00— k)1

Derive the identity (n = 0,1,2,...)

@) Pp,(x)=

(1 = x*)P/(x) = (n + )[xP,(x) = P,.1(x)]
Show that

(@ X 2k + DP(x)= P, (x) + P/(x),

k=0
n

(b) (1 = x) ¥ 2k + )P (x) = (n + D[P,(x) = P, 1(x)].
k=0

Show that

(a) i [xP/(x) — nP,(x))t" = t2(1 — 2xt + t?)™3/2,
n=0
w [1/2)

b Y Y @n—4dk+1)P,_,, (x)t"=1 — 2xt + t2)" ¥,
n=0 k=0

. Using the result of problem 22, deduce that

[3(n-2)]
xP/(x) —nP,(x)= Y (2n—4k—=3)P,_, ,.(x)
k=0

. Show that

[5(n=1)
Pn’(x) = Z (2n — 4k — l)Pn—l—Zk(x)
k=0

Show that

5 @n+ )P (x)" = (1 - )1 — 231 + 12) "2
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4.3 Other Representations of the Legendre Polynomials

For each n, the Legendre polynomials can be defined either by the series

U2 (—p*@en-28) .

Fa(x) = EO 27k (n — k)(n — 2k)1 (4.45)
or by the recurrence formula
Per() = (2 )en (0 - () Ba(x) (449)

where Py(x) = 1 and P;(x) = x. In some situations, however, it is a