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SYLLABUS 
FOR 

IIT-JEE-2004
COMMON FOR SCREENING TEST AND MAIN EXAMINATION

DIFFERENTIAL CALCULUS
Real valued function of a real variable, into, onto and one-to-one functions, sum, difference product and quotient of two functions, 
composite functions, absolute value, polynomial, rational, trigonometric, exponential and logarithmic functions.

Limit and continuity of a function, limit and continuity of the sum, difference, product and quotient of two functions.
Even and odd functions, inverse of a function, continuity of composite functions, intermediate value property of continuous func­

tions.
Derivative of a function, derivative of the sum, difference, product and quotient of two functions, chain rule, derivatives of polyno­

mial, rational trigonometric, inverse trigonometric, exponential and logarithmic functions.
Derivatives of implicit functions, derivatives up to order three, geometrical interpretation of the derivative, tangents and normals, 

increasing and decreasing functions, maximum and minimum values of a function, applications of Rolle's Theorem and Lagrange's Men 
Value Theorem.

ALGEBRA
Algebra of Complex numbers, addition, multiplication, conjugation, polar representation, properties of modulus and principal argument, 
triangle inequality, cube roots of unity, geometric interpretations.

Quadratic equations with real coefficients, relations between roots and coefficients, formation of quadratic equations with given 
roots, symmetric functions of roots.

Quadratic inequalities in one real variable.
Arithmetic and geometric progressions, arithmetic and geometric means, sums of finite arithmetic and geometric progressions, infi­

nite geometric series, sums of squares and cubes of the first n natural numbers.
Logarithms and their properties.
Permutations and combinations, Binomial theorem for a positive integral index, properties of binomial coefficients.
Determinants of order up to three
Matrices as a rectangular array of real numbers, equality of matrices, addition, scalar multiplication and product of matrices, trans­

pose of a matrix, determinant of a square matrix of order up to three, inverse of a square matrix of order up to three, properties of these 
matrix operations, diagonal, symmetric and skew-symmetric matrices and their properties, solutions of simultaneous linear equations in 
two or three variables.

Addition and multiplication rules of probability, conditional probability, independence of events, computation of probability of events 
using permutations and combinations.

INTEGRAL CALCULUS
Integration as the inverse process of differentiation, indefinite integrals of standard functions, definite integrals and their properties, 
application of the fundamental Theorem of Integral Calculus.

Integration by parts, integration by the methods of substitution and partial fractions, application of definite integrals to the determi­
nation of areas involving simple curves.

Formation of ordinary differential equations, solution of homogeneous differential equations, variable separable method, Formation 
of linear first order differential equations.
' .. VECTORS
Addition of vectors, scalar multiplication, scalar products, dot and cross products, scalar triple products and their geometrical interpreta-

TRIGONOMETRY
Trigonometric functions, their periodicity and graphs, addition and subtraction formulae, formulae involving multiple and sub-multiple 
angles, general solution of trigonometric equations.

Relations between sides and angles of a triangle, sine rule, cosine rule,.projection rule, Napier's rule, half-angle formula and the area 
of a triangle, inverse trigonometric functions (principal value only).

ANALYTICAL GEOMETRY
Cartesian coordinates, distance between two points, section formulae, shift of origin.

Equation of a straight line in various forms, angle between two lines, distance of a point from a line.
Lines through the point of intersection of two given lines, equations of the bisector of the angle between two lines, concurrency of 

lines, centroid, orthocentre, incentre and circumcentre of a triangle.
Equation of a circle in various forms, equations of tangent, normal and chords.
Parametric equations of a circle, intersection of a circle with a straight line of a circle, equation of a circle through the points of 

intersection of two circles and that of a circle and a straight line.
Equation of a parabola, ellipse and hyperbola in standard form, their foci, directrices and eccentricity, parametric equations, equa­

tions of tangent and normal.
Direction cosines and direction ratios, equation of a straight line in space, equation of a plane, distance of a point from a plane.
Locus Problems.
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The Joint Entrance Examination (JEE) conducted jointly by seven Indian Institutes of Technology (IITs) is one of the 
toughest and most sought after examinations in India. This book "MATHEMATICS FOR IIT-JEE" has been written 
as per the latest syllabii for the students preparing for IIT-JEE. There is a plethora of books in the market on the subject 
cited above. These books provide an inarticulated collection of problems and their solutions only as the same have 
been written with the supposition that mastery can be achieved in a topic merely by working out a certain number of 
problems on it. However, I am of the strong opinion that the best way to achieve mastery in a topic is that one should first 
understand the concepts and theory properly and then the same should be applied in solving problems.

In the last 22 years of my teaching, I have realized that the sole thing that makes certain topic imperceptible is the 
inability of the concerned books to put forth clarity of concepts and failure to lay due stress on theoretical and 
conceptual aspects. In this book I have made a humble attempt to enlighten the readers in terms of deep comprehension of 
concepts by incorporating a systematic approach involving essential theory followed by meticulously selected illustrations to 
explain the applications of concepts.

This book consists of 41 chapters and hence paying due concern to the convenient handling, it has been divided 
into two volumes. The broad divisions are as follows:

Chapters
1-22

Topics
Functions, Calculus, Vectors and their applications to Geometry, Complex Numbers, Theory of 
Equations, Progressions and Permutations and Combinations.
Binomial Theorem, Matrices and Determinants, Inequalities, Co-ordinate Geometry, 
Trigonometry, Logarithms Probability and Three Dimensional Geometry

Each chapter is divided into sections and sub-sections. In each section theory and concepts pertaining to a topic 
are discussed in a lucid and unambiguous manner without any prerequisite which are followed by suitably chosen 
illustrations to illustrate the applications of the concepts learnt in the topic. In order to have good command on the 
topic a set consisting of large number of illustrative examples has been given at the end of each topic. These examples 
are based upon the concepts learnt in the concerned section and sections prior to it. At the end of each section or in 
some cases two or more sections a set of large number of unsolved problems have been given. The difficulty level of 
these problems is slightly on the lower side in comparison to the illustrative examples. This has been particularly done 
to boost the confidence of the students in solving problems independently. I hope that students will not find any 
difficulty in solving unsolved problems in case all illustrative examples have already been worked out independently.

During the preparation of manuscript I had very fruitful discussions with my daughter Shikha (presently studying 
at ITT, Roorkee). She gave very incisive suggestions and provided very short and logical solutions to many typical 
problems. Her valuable contribution to improve the quality of the book is worth appreciating. My special thanks and 
love goes to her. I am also thankful to my son Ravish (studying at Delhi College of Engineering) and wife Sharda for 
providing moral support during the course of writing this book.

Lastly, but of course not the least, I wish to convey my thanks to the publisher of this book Sh. Ish Kapur for 
bringing out this voluminous book in an excellent form.

All efforts have been made to keep the book free from errors. Inspite of my best possible efforts some printing 
errors might have crept in inadvertently because of such a large volume of the book. I shall be grateful to the readers 
if the same are brought to my notice.
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1.1 FUNCTION
Let A and B be two non-empty sets. Then a function f from set A to 
set B is a rule or method or correspondence which associates elements 
of set A to elements of set B such that
(i) all elements of set A are associated to elements in set B.

(ii) an element of set A is associated to a unique element in set B.
In other words, a function ' f from a set A to a set B associates 

each element of set A to a unique element of set B.
Terms such as "map" (or "mapping"), "correspondence" 

are used as synonyms for "function". Iff is a function from a
/

set A to a set B, then we write f: A -> B or A -> B, which is read 
as f is a function from A to B or f maps A to B.

If an element a e A is associated to an element be B, then b 
is called the f-image of a' or 'image of a under f or ‘the value of 
the function fat aAlso, a is called the pre-image of b under the 
function f We write it as b = f(a).
ILLUSTRATION Let A = {1, 2, 3, 4) and B = {«, b, c, d, e) be two 
sets and let fa, fa, fa and fa be rules associating elements (A to elements 
of) B as shown in the following figures:

We observe that/i is not a function from set A to set B, since 
there is an elements e A which is not associated to any element 
of B. A1so,/2 is not a function from A to B because an element 
4 e A is associated to two elements c and e in B. But,/} and/4 
are functions from A to B, because under fa and fa each element 
in A is associated to a unique element in B.

1.2 DOMAIN, CO-DOMAIN AND RANGE
Letf :A—>B. Then, the set A is known as the domain off and the set 
B is known as the co-domain off The set of all f-images of elements 
of A is known as the range off or image set of A under fand is denoted 
byfW-

Thus, /(A) = (/(x):xe A| = Range of/.

Clearly, /(A)cB.
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1.4 EQUAL FUNCTION
Two functions f and g are said to be equal iff
(i) the domain off = domain of g,

(ii) the co-domain off- the co-domain ofg, and
(iii) f(x)=g (x)for every x belonging to their common domain.

If two functions/and g are equal, then we write/=g.

ILLUSTRATION Let A = {1,2), B = (3,6), andf: A->B given 'by 
■ f(x) = x2+ 2and g:A->Bgiven by g(x) = 3x.

We observe that f and g have the same domain and co-domain. Also, 

/(1) = 3=^1) and /(2) = 6 = g(2)

Hence, f=g.

=> x2-2x-8 = 0

=> (x-4)(x + 2) = 0

=> x = 4,-2.

Since, -2 e A. So, -2 is the pre-image of 5.

1.3 DESCRIPTION OF A FUNCTION
Let/: A —» B be a function such that its domain A consists oof 
finite number of elements. Then,/ (x)/an be described by listirl 
the values which it attains at different points of its domain.iFc 
example, if A = (-1,1,2,3} and B is the set of real numbers, the 
a function f:A->B can be described as /(—1) = 3;/(1)=• 
/(2) = 3/2 and/(3) = 0. In case, A is an infinite set, then/canmc 
be described by listing the images at points in its domain. L 
such cases functions are generally described by a formula. iFd 
example,/: Z -> Z given by/(x) = x2 +1 or,/: R -» R given b’ 
/(x) = exetc.

1.5 NUMBER OF FUNCTIONS
Let A and B be two finite sets having m and n elements respec­
tively. Then, each element of set A can be associated to any one 
of n elements of set^L So, total number of functions from set A 
to set B is equal to the number of ways of doing m jobs where! 
each job can be done in n ways. The total number of such ways; 
is n x n x n..... xn = nm.

m-times

Hence, the total number of functions from A to B is nm 
i.e., [0 (B)]0(/1).

For example, the total number of functions from a set

A = {a, b, c,d| to a set B = {1,2,3} is34 = 81.
The total lumber of relations from a set A having m ele­

ments to a set^ having n elements is 2mn (see chapter 2). So, the 
number of relations from A to B which are not functions is 
2^ - nm i.e. 2° x 0 & - [O(B)]O(X>.

ILLUSTRATION 1 Given A = (-1,0,2,5,6,11}, B = (-2, -1,0,18' 
28,108j andf(x) = x2 - x - 2. Is/(A) = B? Findf(A).

f (2) = 2?-.2x2-3 =-3
So, range (/) = {0,5, -3,-4}
(b) Let x be the pre-image of 6. Then,
/(x) = 6

=> x2-2x-3 = 6

=> x2-2x--9 = 0

=> x = 1 ± VTcT.
Since x = 1 ± V10 g A. So, there is no pre-image of 6.
Let x be the pre-image of -3. Then,

f(x) = -3

=> x2-2x-3 = -3

=> ?-2x = 0
=> x=o,r

Clearly, 0,2 e A. So, 0 and 2 are pre-images of -3.

Let x be the pre-image of 5. Then,
f(x) = 5

=> xZ-2x-3 = 5

ILLUSTRATION 1 Let A = f-2, -1,0,1,2} and B = 10,1,2,3,4,5,6}. 
Consider a rulef (x) = x2. Then,

/(-2) = (-2)2 = 4,/(-!) = (-1)2 = 1,

/(0) = 02 = 0, /(1) = 12 = 1

and f(2) = 22 = 4
Clearly, each element of A is associated to a unique element of B. 

So,f: A-+B given byf(x) = x? is a function.

Clearly, domain (f) = A = f-2, -1,0,1,2} and range (f) = {0,1,41.

ILLUSTRATION 2 Consider a rule f(x)~ lx-3 associating ele­
ments ofN (set of natural numbers) to elements of N. This rule does 
not define a function from N to itself, because 
/(I) = 2x1-3 = -1 g N i.e. 1g N is not associated to any element 
o/N.

ILLUSTRATIONS Let A = (-2, -1, O’ 1,2} andf: A -4 Z given by 
f(x) = x1-2x-3. Find

(a) the range off
(b) pre-images of 6, -3 and 5.
SOLUTION (a) We have,

X /(-2) = (-2)2-2 (-2)-3 = 5,

/(-I) = (-1)2 - 2 (-1) - 3 = 0, 

/(0) = -3,

/(I) = l2-2xl-3 = -4
I
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=>

=3

.2

/«=

-

/■'(1)=Q-

Also, -1 is the image of every real number which is not 
rational. So,

f ~1 (1) = R - Q = Set of irrational numbers.

1.6 FUNCTION AS A RELATION
Let A and B be two non-empty sets. A relation ffrom A to B, i.e., a 
sub-set of A xB,is called a function (or a mapping ora map) from A 
to B if
(i) for each a & A there exists be B such that (a, b) e f
(ii) (a,b)efand(a,c)ef=$b = c.

Thus, a non-void subset /of A x B is a function from A to B 
if each element of A appears in some ordered pair in/and no 
two ordered pairs in /have the same first element.

If (a, b) € /, then b is called the image of a under/.

ILLUSTRATION 1 Let A = {1,2,3}, B = (2,3,4 J and fa,f2 and/3 be 
three subsets of Ax Bas given below:

/1 = |(1,2), (2,3), (3,4)},

f2 = {(1,2), (1,3), (2,3), (3,4)),

/3 = {(1,3), (2,4)).

Then /] is a function from A to B but /> and /3 are not 
functions from A to B.f2 is not a function from A to B, because

(b) We have,
Range of /={/(%) \xe R).
Also, by definition/(x) attains values 1 or -1 according as 

x is rational or irrational and a real number is either rational or 
irrational.

Range of/= {1,-1}.
(c) Since /(x) = 1 for all x e Q. Therefore,, pre-images of 1 are 
rational numbers i.e.

SOLUTION We have,
/(-D = (-l)2-(-l)-2 = 0,

/(0) = 02-0-2= -2
/(2) = 22-2-2 =0,

/(5) = 52-5-2 = 18,

/(6) = 62-6-2 = 28

/(ll) = ll2-11-2 = 108.
/(A)= /(x):xgAJ

= /(-l),/(0),/(2),/(5),/(6),/(ll)}
= {0,-2,18,28,108}

We observe that -16 B but -lg/(A). So, f(A)*B.

ILLUSTRATION 2 Letf :R-^Rbe given byf(x) = x1 + 3. Find
(a) (x :/(x) = 28}

(b) the pre-images of 39 and 2 under f
SOLUTION (a) We have,

/(x) = 28
=> x2 + 3 = 28

x2 = 25
x = ±5.

|x:/(x) = 28| = (-5,5).

(b) Let x be the pre-image of 39. Then,

/(x) = 39 => x2 + 3 = 39 => x2 = 36 => x = ±6

So, pre-images of 39 are - 6 and 6.
Let x be the pre-image of 2. Then,

/(x) = 2 => x2 + 3 = 2 => x2 = -l

Since, no real value of x satisfies the equation x2 = -1. So, 2 
does not have any pre-image under/.

ILLUSTRATION 3 Iff: R-^>R be defined as follows:

1, ifxG Q 
-1, if x e Q.

Find (fl)/(l/2),/(n),/(^2)

(b) Range off

(c) pre-images ofl and -1.

SOLUTION (a) It is evident from the definition of/that at every 
rational point the function attains value 1 and at every irration­
al point it attains value-1. So,

1 fl')|eQ => =1,
• \ / 

ng Q =>/(n) = -l

and, g Q

ILLUSTRATION 4 Letf: R -> R be such thatf(x) = 2X. Determine
(a) Range of f

(b) {x:/(x) = l}

(c) whether f (x+y)=f(x).f (y) holds.

SOLUTION (a) Since 2X is positive for every xg R. So, 
/(x) = 2X is a positive real number for every x g R. Moreover, 
for every positive real number x, there exist log2 x g R such that 

/(log2x) = 2,o82x = x

Hence, we conclude that the range of / is the set of all 
positive real numbers.

(b) /(x) = l =>2X= 1 => 2X = 2° => x = 0.

{x:/(x) = l} = {0}.

(c) v /(x + y) = 2x+y = 2x.2y=/(x)/(y)

f(x + y) =/(*)/(y) holds for all x, y g R.

1
2
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(a) f \ A

(b) g •- A

and,

So,

/3 = |(2,1), (3,1), (4,1), (3,2), (4,2), (4,3)}

and,
ft = 1(1,4), (2,3), (3,2), (.4,1)]

(a) We have,

= l(lz 2), (2,3), (3,4)).

We observe that an element 4 of the given set has not 
appeared in first place of any ordered pair of/p So,/3 is not a 
function from the given set to itself.
(b) We have,

f2 = {(1,4), (4,1), (2,3), (3, 2), (2,4), (4,2), (3,4), (4,3)}.

We observe that 2, 3, 4 have appeared more than once as 
first components of the ordered pairs in f2- So, f2 is not a 
function.
(c) We have,

f3 = ((2,1), (3,1), (4,1), (3,2), (4, 2), (4,3)).
We observe that 3 and 4 have appeared more than once as 

first components of the ordered pairs in /3. So, /3 is not a 
function.
(d) We have,

/4 = {(1,4), (2,3), (3,2), (4,1)).

We observe that each element of the given set has appeared 
as first components in one and only one ordered pair of/4. So, 
f4 is a function in the given set. In this case

Range of f = {1,2,3,4}

illustration 3 Express the following functions as sets of ordered 
pairs and determine their ranges :

R-f (x) = x~ + 1, where A = {-1,0,2,4).

N, g (x) = 2x, where A = {x : x G N, x < 10).

a function given by

SOLUTION (a) We have,
/(-!) = (-1)2 + 1 = 2,

/(0) = 02 + l = l

/(2) = 22 + l =5

/(4) = 42 + l = 17

f= {(x,/(x)):xg A)

= {(-1, 2), (0,1), (2,5), (4,17)}

(b) We have, A = {1,2,3,..., 10). So,

g(l) = 2xl=2, g(2) = 2x2 = 4 £(3) = 2x3 = 6,

g(4) = 2x4 = 8, g(5) = 2x5= 10,g(6) =2x6 = 12,

g(7) = 2x7=14, g(8) = 2x8 = 16, g(9) = 2x9 = 18 

and,g(10) = 2x10 = 20.

g = {(x,g(x):xG A}

= ((1,2), (2,4), (3,6)..... (.10,20)}

Range of g = g(A) = {g(x): x g A}

= {2,4,6,8,10,12,14,16,18,20}.

ILLUSTRATION 4 Find the domain for which the functions 
f (x) = 2x2 - 1 and g(x) = 1 - 3x are equal.
SOLUTION We have,

/(*) = g(x)

=> 2x2-1 = 1-3x

=> 2x2 + 3x-2=>0

1 e A has two images 2 and 3 in B and/3 is not a function from 
A to B because 3 g A has no image in B.

If a function f is expressed as the set of ordered pairs, the 
domain off is the set of all first components of members off 
and the range of/is the set of second components of members 
of/i.e.,

Domain of /= (a : (a, b) g f}
Range of /= {b : (a, b) g f]

ILLUSTRATION 2 If a, b g (1,2,3,4}, then which of the following 
are functions in the given set ?
(a) /] = {(x,y):y = x+l} (b) /2 = {(x,y) :x + y >4)
(c)/3={(x,y):y<x} (d) /4= {(x,y): x + y = 5}
Also, in case of a function give its range.
SOLUTION If we express/i,/2,/3 and/4 as sets of ordered pairs. 
Then, we have

fl = {(1,2), (2,3), (3,4)},

f2 = {(1,4), (4,1), (2,3), (3,2), (2,4), (4,2), (3,4), (4,3))

=> (x + 2) (2x -1) = 0

=> x = -2,1/2.

Thus,/(x) and g(x) are equal on the set {- 2,1/2}.

ILLUSTRATION 5 Is g = {(1,1), (2,3), (3,5), (4,7)) a function ? If 
this is described by the formula, g(x) = ax + P, then what values 
should be assigned to a and P ?
SOLUTION Since no two ordered pairs in g have the same first 
component. So, g is a function such that

g(l) = l,g(2) = 3,g(3)=5andg(4) = 7.

It is given thatg(x) = ax + p. Therefore,

g(l) = l andg(2) = 3

=> a + P = 1 and 2 a + P = 3
=> a = 2, P = -1
ILLUSTRATION 6 Let f:R-*R be
f(x) = ^ + 1.Find:
(i)f'l-5| (ii)f1(26) (iii)f1 (10,37|.
SOLUTION Recall that if /: A —> B such that ytB. Then, 
r1 {yl = {X g A :/(x) = y). In other words, f1 (y} is the set of 
pre-images of y.
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°1 Number of one-one  functions from A to B -

Fig. 1.5

°2
°3
°4

Yi
Y2
Yj
>4
Ya 
y8 
y7

(’) Let/-1 (- 5) = x. Then,

/(x) = -5 => x2 + l=-5 
Clearly, this equation is not solvable in R. So, 

r1 {-5) = d>.
(“) Let/-1 |26)=x. Then,

/(x) = 26 => x2 +1 = 26 => x = ± 5.

/'1{26) = {-5,5).

(”i) Let/-1 {10,37) = x. Then/(x) = 10 or, f (x) = 37. 

=> x2+ 1 = 10 or, J +1 = 37

xi 
x2 
x3
X4 

X5

=> x = ±3, or, x = ±6

So, f1 (10,37) = {3,-3,6,-6).

nPm , if n>m 
0 , if n<m

MANY-ONE FUNCTION /I function f:A->B is said to be a many- 
one function if two or more elements of set A have the same image 
in B.

Thus, f:A-*B is a many-one function if there exist 
x, y e A such that x*y but/(x) = /(y).

1.7 KINDS OF FUNCTIONS
If/: A B is a function, then/associates all elements of set A 
to elements in set B such that an element of set A is associated 
to a unique element of set B. Following these two conditions 
we may associate different elements of set A to different ele­
ments of set B or more than one element of set A may be 
associated to the same element of set B. Similarly, there may be 
some elements in B which do not have their pre-images in A or 
all elements in B may have their pre-images in A. Correspond­
ing to each of these possibilities we define a type of a function 
as given below.

ONE-ONE FUNCTION (INJECTION): A function} :A^>Bis said 
to be a one-one function or an injection if different elements of A have 
different images in B.

Thus, f: A -» B is one-one

<=> a*b =>fia) * fib) for all a, b e A

<=> /(fl) = fib) =s a = b for all a, b e A

ILLUSTRATION 1 A function which associates to each country in 
the world, its capital, is one-one because different countries have their 
different capitals.

ILLUSTRATION 2 Let /: A -> B and g: X -> Y be two functions 
represented by the following diagrams:

Clearly,/: A -> B is a one-one function. But,g: X -» Y is not 
one-one because two distinct elements X] and X3 have the same 
image under function g.

Fig. 1.6

ILLUSTRATION 3 Let A = {1,2,3,4), B = {1,2,3,4,5,6) and 
f-.A-^Bbea function defined by fix) = x + 2 for all x e A.

We have, /= {(1,3), (2,4), (3,5), (4,6))

Clearly, different elements in A have different images under 
function/. So,/: A -> B is an injection.

Let/: A -> B be a function such that A is an infinite set and 
we wish to check the injectivity of f. In such-a case it is not 
possible to list the images of all elements of set A to see 
whether different elements of A have different images or 
not. The following algorithm provides a systematic procedure 
to check the injectivity of a function.
ALGORITHM

STEP I Take two arbitrary elements x, y (say) in the domain off
STEPH Put/(x)=/(y)
STEP III Solve fix) = fiy).

If fix) =fiy) gives x-y only, then f:A->B is a one-one 
function (or an injection). Otherwise it is not.

REMARK 1 Injectivity of a function can also be checked from its 
graph. If any straight line parallel to x-axis intersects the curve 
y =f(x) exactly at one point, then the function fix) is one-one or an 
injection. Otherwise it is not.
REMARK 2 Iff: A-+B, then x = y =>fix) = fiy) is true for all 
x,yE A. However, fix) =fiy) =>x = y is true only when f is an 
injective map.
REMARK3 If f:R->R is an injective map, then the graph of 
y = fix) is either a strictly increasing curve or a strictly decreasing 
curve. Consequently,

> 0 or 5^ < 0 for all x. 
flX dx

NUMBER OF ONE-ONE FUNCTIONS IfA and Bar efinite sets having 
tn and n elements respectively, then

Number of one-one functions from A to B is the number of 
arrangements of n items by taking mat a time i.e. npm.

Thus,
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bi 

b2 

b3 
b4 
b5

In other words,/: A -» B is a many-one function if it is not a 
one-one function.

ILLUSTRATION 4 Let f:A-> B and g:X-*Y be two functions 
represented by the following diagrams:

A

°1--------

°2------"
°3

°1

a2

a3-----

°4^

Yl

y?

x1 — 
X2 — 

x3—' 

X4~ 
x5^

*b2 
t>3 

^b4 
^*>5

ONTO FUNCTION (SURJECTION) A function f'. A -> B is said to be 
an onto function or a surjection if every element of B is thef-image of 
some element of A i.e., ifflA) = B, or range off is the co-domain off

Thus,/: A —> B is a surjection iff for each b e B, 3 a e A such 
that/(a) = b.
INTO FUNCTION A function f:A->B is an into function if there 
exists an element in B having no pre-image in A.

In other words,/: A -» B is an into function if it is not an 
onto function.
ILLUSTRATION 8 Let f: A -» B and g: X Y be two functions 
represented by the following diagrams:

A

Fig. 1.8

Clearly, a2 * a4but/fa^ =7(04) and Xj *x2but# (xj) = g (x2). 
So,/and g are many-one functions.

ILLUSTRATION 5 Find whether the following functions are one- 
one or not:

(i) f:R-*R given by flx) = x3 + 2for all x e R.

(ii) f-.Z-^Z given by flx)-x2 + lforallx& Z
SOLUTION (i) Let x, y be two arbitrary elements of R (domain 
off) such that/» = fly). Then,

fa) =^y)=>? + 2 = ^ + 2=5? = / =>x = y
Hence,/is a one-one function from R to itself.

(ii) Let x, y be two arbitrary elements of Z such that flx) =fly). 
Then,

/(x) =/(y)=>? + l = Z + l^x2 = i^^x = ±y
Here,/(x) =fly) does not provide the unique solution x = y 

but it provides x = ± y. So, / is not a one-one function. Infact, 
/(2) = 22 + l=5 and/(-2) = (-2)2 + l =5. So,2and-2are two 
distinct elements having the same image.

ILLUSTRATION 6 Let A = (-1,1, - 2,2) and B = (1,4,9,16}.
Consider/: A -» B given by flx) = x2. Then,

fl-1) = l,fll) = l,/(- 2) = 4 and / (2) = 4.
Clearly, 1 and -1 have the same image. Similarly, 2 and -2 

also have the same image. So,/is a many-one function.

illustration 7 Consider a function f:Z—>Z given by 
Ax)=\x\.

Then, / is a many-one function because for every 
«e Z, a * 0, a * - a but /(a) =fl- a).

Fig. 1.10

Clearly, b2 and b5 are two elements in B which do not have 
their pre-images in A. So,f: A -> B is an into function. Under 
function g evety elemertt in Y has its pre-image X. So, 
g: X -» Y is an onto function.

ILLUSTRATION 9 Let A = { -1,1,2, - 2), B = {1,4} and f:A^>B 
be a function defined by flx) = x2. Then f is onto, because

flA) = (/(-l),/(l),/(2),/(-2)} = {1,4} = B

ILLUSTRATION 10 A function f:N^>N defined by flx) = 2x is not 
an onto function, because flN) = {2,4, 6,...} * N (Co-domain).
NUMBER OF ONTO FUNCTIONS If A and B are two sets having 
m and n elements respectively such that 1 < n < m, then number 
of onto functions from A to B is given by

n
E(-l)"-r "Cr^. 

r = l

The following algorithm can be used 'to check the surjec­
tivity of a function.
ALGORITHM

Letf:A -^Bbe the given function.
STEP 1 Choose an arbitrary element y in B.
STEPH Put flx) = y
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2

Fig. 1.11

>4

ILLUSTRATIVE EXAMPLES

ft is many-one and onto function 
Fig. 1.15

fe is many-one and into function 
Fig. 1.14

EXAMPLE 1 Show that the function f-.Z-tZ defined by 
fix') = x2 + x for all x e Z, is a many-one function.

be one-one or many-one, onto or into as shown in the following 
diagrams.

is many-one and onto function 
Fig. 1.13

h is many-one and into function 
Fig. 1.12

bi 

b2 

b3 

b4

=> (x2-y2) + (x-y) = 0

=> (x-y)(x + y + l) = 0

=>x = yor, y = -x-l
Since/(x) = /(y) does not provide the unique solution x = y 

but it also provides y - -x -1. This means that x*y but 
/(x)=/(y) when y = -x”l- ^or example, if we put x = l in

Clearly,/is a bijection since it is both injective as well as 
surjective.
NUMBER OF BIJECTIONS If A and B are finite sets and 
/: A -) B is a bijection, then A and B have the same number of 
elements. If A has n elements, then the number of bijections 
from A to B is the total number of arrangements of n items taken 
all at a time i.e.n!
IDENTITY FUNCTION: Let A be a non-empty set. A function 
f:A-> A is said to be an identity function on set A if f associates 
every element of set A to the element itself.
Thus,/: A A is an identity function iff/(x) = x, for all xe A. 

The identity function on a set A is generally denoted by IA. 
It is evident from the definition that IA is a bijection on A.

CONSTANT FUNCTION A function f: A-^B is a said to be a 
constant function if every element of A has the same image under 
function f i.e. f (x) = cfor all xe A, where ce B.

It should be noted that the range of a constant function 
contains only one element. Moreover, a constant function may

STEP III Solve the equation fix') = y for x and obtain x in terms of y. 
Letx=g(y)

STEP IV If for all values of ye B, the values x obtained from 
x = g(y) are in A, then f is onto.
If there are some ye Bfor which x, given byx = g(y), is not 
in A. Then,f is not onto.

BIJECTION (ONE-ONE ONTO FUNCTION): A function f'.A-^Bis 
a bijection if it is one-one as well as onto.

In other words, a function f: X -> Bis a bijection if
(i) it is one-one i.e.f(x) = /(y) => x = y for all x,ye A.
(ii) it is onto i.e. for all yeB, there exists xe A such that /(x) = y. 

ILLUSTRATION 11 Let f: AB be a function represented by the 
following diagram:

SOLUTION Let x, y g Z such that /(x) = /(y). Then, 

fw =fy)
x2+x = f + y
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n),

[IIT1996]/w =

[•■ (a-+8)2 > 0]

Clearly, if y = 0, then x = -2/3 ? Z.
Thus, y = 0 e Z does not have its pre-image in Z(domain). 
Hence,/ is not an onto function.

EXAMPLE 4 Find the number of surjections from A = {1,2, 
toB = {a, bi for n > 2.
SOLUTION Clearly, number of surjections from A to B

n
= S(-1):

r = l

= (-1)

l2’r 2Crrn.

fix) = y => 3x + 2 = y => x =

:C2.2"

y = - x - 1 we obtain y = - 2. This shows that 1 and -2 have the 
same image under f. Hence,/is a many-one function.

EXAMPLE 2 Find the set of values of a for which the function 
f:R^>R given by

/(.x) = x3 + (a.+ 2) x2 + 3ax + 5 is one-one.

SOLUTION Since/: R —»R is one-one. Therefore,/(x) is either 
strictly increasing or strictly decreasing.
=> /' (x) > 0 or, /' (x) for all x.

=> 3x2 + 2x (fl + 2) + 3fl > 0 for all x e R

or, 3X2 + 2x (a + 2) + 3fl < 0 for all x e R.

But, 3x2 + 2x (a + 2) + 3a cannot be less than zero for all 
x 6 R, because the curve y = 3x + 2x (fl + 2) + 3a represents a 
parabola of the form x2 = 4«y for which y > 0 for some x.

So,

3X2 + 2x (a + 2) + 3fl > 0 for all x.

=> 4 (a + 2)2 - 36fl < 0 [•.• ax2 + bx + c > 0 for all x => Disc < 0]

=> 4 (a2 + 4fl + 4 - 9a) < 0

=> (fl2-5fl + 4)<0

=» (a-l)(fl-4)<0
=> 1 <fl<4.

Hence,/(x) is one-one if fl e (1,4).

EXAMPLE 3 Discuss the surjectivity of the following  functions:
(i) f:R^R given byf(x) = x3 + 2 for all x e R

(it) f:R->R given byf(x) = ^ + 2 for all x e R.
(Hi) f-.Z-^Z given byf(x) = 3x + 2 for all x e Z.

SOLUTION (i) Let y be an arbitrary element of R. Then,
f(x) = y

=>x3 + 2 = y

(y-2)1/3

Clearly, (y - 2)1>/3 is a real number for all y e R.. Thus, for all 
y e R (co-domain) there exists x = (y - 2)1 /3 in R(domain) such 
that/(x) = x3 + 2 = y.

Hence,/: R R is an onto function.
(ii) Clearly,/(x) = x2 + 2 > 2 for all x e R. So, negative real 
numbers in R (domain) do. not have their pre-images in 
R(domain).

Hence,/is not an onto function.
(hi) Let y be an arbitrary element of Z (co-domain). Then,

3 ’

i1 2Cj (1)” + (-1)° 2<

= 2n-2
ALITER The total number of functions from A to B is 2" of 
which two functions /(x) = a for all x e A and g(x) = b for all 
x e A are not surjections. Thus, the number of surjections from 
A to B is 2” - 2.

EXAMPLE 5 A function f:R-*R is defined by

ax2 + 6x - 8
a + 6x - 8x2

find the interval of values of a for which f is onto. Is the funtion 
one-to-one  for a = 3? justify your answer.
SOLUTION Since/: R -»R is an onto function. Therefore,

Range of/=R

=> -------------5 assumes all real values for real values of x.
a + 6x - Sx2

Let y = —|. Then, y assumes all real values for real
cl + 6x — 8x

values of x.
Now,

ax + 6x - 8
V =---- -—72a + 6x - 8x

=> x2 (a + 8y) + 6x (1 - y) - (8 + ya) = 0 for all y e R

=> 36 (1 - y)2 + 4 (a + 8y) (8 + ya) > 0 for all y e R

=> 9 (y2 - 2y + 1) + 8a + 8/ a + y (a2 + 64) > 0 for all y e R

=> y2 (8a + 9) + y (a2 + 46) + (8a + 9) > 0 for all y 6 R.

=> (a2 + 46)2 - 4 (8a + 9)2 < 0 [■.• Disc<0j

=> [(a2 + 46) - 2 (8a + 9)] [(a2 + 46) + 2 (8a + 9)] < 0
=> (a2 - 16a + 28) (a2 + 16a+ 64) < 0
=> (a-14)(a-2)(a + 8)2<0
=> (a-14)(a-2)<0
=> 2<a<14
=> a e [2,14].

Thus,/: R -> R is onto for a e [2,14]
When a = 3, we have

3 + 6x - 8x2
Clearly,/(I) = /(-1) but 1 * -1.
So,/(x) is not one-to-one for a = 3.



FUNCTIONS 1.9

/«=/ = 3

x =

f&=f 2 -3=y.

=>

=>

=>

x =

G R(domain) for all y g R (co-domain)x

=> x =
k )

Thus, we find that for all y G R (co-domain) there exists
.y/3

g R (domain) such that

i±3V
2

1/3 -P
+ 5 = y-5 + 5 = y

3 \ 7
Clearly, x =

M/3 <3 J

( cY1/3

3

Clearly, for all y g Q, x = g Q. Thus, for all y g Q (co­

domain) there exists x g Q (domain) such that

2

Therefore, every element in the co-domain has its pre­
image in x. So,/is a surjection.

Hence,/: Q -> Q is a bijection.

EXAMPLE 7 Show that the function f:R-*R defined by 
f(x) = 3X3 + 5 for allxE R is a bijection.
SOLUTION
Injectivity: Let x, y be any two elements of R(domain).

Then,

/W = /(y)
3x3 + 5 = 3y3 + 5

?=/
=> X = y

Thus, /(x) = /(y) => x = y for all x, y g R.
So,/is an injective map.
Surjectivity: Let y be an arbitrary element of R(co-domain). 

Then,

/W = y
3x3 + 5 = y

P =
3

EXAMPLE 6 Prove that the function f'Q-^Q given by 
f(xj = 2x - 3 for all xe Q is a bijection.
SOLUTION Let us check the injectivity and surjectivity of/(x). 
Injectivity: Let x, y be two arbitrary elements in Q. Then,

/(*) = /(y)
=> 2x - 3 = 2y - 3
=> 2x = 2y

=> x = y
Thus,

/(x) =/(y) => x = <y for all x, y G Q.

So,/is an injective map.
Surjectivity: Let y be an arbitrary element of Q. Then,

f(x) = y
=> 2x-3 = y

y±3
2

I 3
This shows that every element in the co-domain has its 

pre-image in the domain. So,/is a surjection.
Hence,/is a bijection.

EXAMPLE 8 Let A = [xe R | -l<x<l) = B. Show that 
f:A->B given by f(x) = x | x | is a bijection.
SOLUTION
Injectivity: Let x, y be any two elements in A. Then,

x*y
=sx|x|*y|y|

=>/(x)#/(y)

So,/: A -»B is an injective map. .

Surjectivity: Clearly, range of/=f(A) = B.
So,/: A -> B is a surjective map.

Hence,/is a bijection.

EXAMPLE 9 Let C and R denote the sets of all complex numbers and 
all real numbers respectively. Then show that f: C-> R given by 
f(z) = | z | for all ze C is neither one-one nor onto.
SOLUTION
Injectivity : We find that Zj = 1 - i and Z2 = 1 + i are two distinct 
complex numbers such that |Z]| = | Z21
i.e. Zj * z2 but, f(zf) = f(zf)

This shows that different elements may have the same 
image. So,/is not an injection.

Surjectivity : / is not a surjection, because negative real 
numbers in R do not have their pre-images in C. In other words, 
for every negative real number a there is no complex number 
z g C such that/(z) = | z | = a. So,/is not a surjection.

EXAMPLE 10 Show that the function f:R-)R given by 
f(x) =ax + b, where a, be R,a*Q is a bijection.
SOLUTION
Injectivity: Let x, y be any two real numbers.

Then, /(x) = /(y)

=> ax + b = ay+ b=> ax = ay => x = y

Thus, /(x) = /(y) => x = y for all x, y G R (domain).

So,/is an injection.
Surjectivity: Let y be an arbitrary element of R(co-domain).

Then,

/W = y
=> ax + b = y

a

y^b
a
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/to = / + b = y.= a

=>

=> /to =

.-1and 9 = tanr =

x =

Clearly, x =

=> xe

I

EXAMPLE 13 Let f be an injective map with domain lx, y, z) and 
range (1,2, 3} such that exacthj one of the following statements is 
correct and the remaining are false :

flx) = 1/ fly) * 1/ /(z) * 2

+ b
/

' a
12

71 7T
Hence,X = - ~ - 0, - - 0 ‘w^ere ® = tan-1

For/to be onto, we must have

a

a sinx
<2 +

=> -^-0<x<^-0

a
12

For f to be one-one, we must have
71 . n It-~<x+Q< -2 2

Find f1 (1).
SOLUTION Three cases arise.
CASE I When flx) = 1 is true:

In this case, the remaining two statements are false.
••• fly) = 1 and /(z) = 2

This means that x and y have the same image. So,/(x) is not 
an injection, which is a contradiction.

Hence,/(x) = 1 is not true.
CASE II When fly) * 1 is true:

Iff(y) * 1 is true, then the remaining statements are false.
flx) * 1 and flz) = 2.

This shows that x and y both are not mapped to 1. So, either 
both are associated to 3 or both are associated to 2 or one of 
them is mapped to 3 and other to 2. In all the three cases, / 
cannot be an injective map.

So,/(y) * 1 is not true.
CASE III When flz) 12 is true:

Ifflz) * 2 is true, then the remaining statements are false. . 
.-. flx) # 1 and f(y) = 1.

But,/is an injective map.
Thus, we have,
fly) = 1, flz) = 3 and flx) = 2.
Hence, f1 (1) = y.

EXAMPLE 14 Let f:X^>Y be a function defined by 
f(x) = a sin (x + it/4) + b cos x + c. Iff is a bijection, find the sets 
Xand Y.
SOLUTION We have,

fix) = a sin (x + n/4) + b cos x + c

f a-r^ + b cosx + c V2
X 7

=$■ fix) = r sin (x + 0) + c, where

■ +

ZE A ZE A 2 e-2'6

'y-b'
a

a + f2b'
a, /

"a + 12b'
a

Thus, for all y e R (co-domain) there exists x 

(domain) such that

'V~b' 
a

\ 7

This shows that every element in co-domain has its pre­
image in domain. So,/is a surjection. Hence,/is a bijection.

EXAMPLE 11 Show that the function f:R-$R given by 
flx) = cos x for all x e R, is neither one-one nor onto.
SOLUTION
Injectivity: We know that :/(0) = cos 0 = 1 
and, fl2it) = cos 2it = 1.

So, different elements in R may have the same image. 
Hence,/is not an injection.

Surjectivity: Since the values of cos x lie between -1 and 1, 
it follows that the range of flx) is not equal to its co-domain. 
So,/is not a surjection.

EXAMPLE 12 Let A = R - {2} and B = R - {1}. If f:A-+B is a 
x — 1mapping defined by flx) = -—- Show that f is bijective.

SOLUTION
Injectivity: Let x, y be any two elements of A. Then, 

flx) = fly) 
x-1 y-1 
x-2 " y-2

=> (x-l)(y-2) = (x-2)(y-l)
=>xy-y-2x + 2 = xy-x-2y + 2
=> x = y

Thus,flx) = fly) => x =y for all x, y e A.
So,/is an injective map.
Surjectivity: Let y be an arbitrary element of B. Then, 

fix) = y 
x-1 7^ = *

(x-1) = y(x-2)

l-2y 
1-y

■ is a real number for all y * 1.

Also, - -y/ * 2 for any y, for, if we take = 2/ then we 
y y

get 1=0, which is wrong.
Thus, every element y in B has its pre-image x in A given by

1-1/
So,f is a surjective map.
Hence, f is a bijective map.
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Hence, Y = [c-r,c + r], where r =

9f

g f(x)X

ILLUSTRATIVE EXAMPLES

and

+ 2 =

a
12

f(x)

gof

I

a
12

Range off = y

But, range of/ = [c-r, c + r]

Fig. 1.16

N0TE1 It is evident from the definition that gof is defined only if for 
each x e A, fix) is an element of g so that we can take its g-image. 
Hence, for the composition gof to exist, the range off must be a subset 
of the domain of g.

NOTE 2 It should be noted that gof exists iff the range off is a subset 
of domain ofg. Similarly, fog exists if range ofg is a subset of domain 
off

7 
+ b

2
+

is called the composition off and g.

(fog)w =

EXAMPLE 1 Let R be the set of real numbers. If 
fiR->R; fix) = x* and g:R->R; g(x) = 2x +1. Then, find fog 
and gof Also, show that fog. * gof
SOLUTION Clearly, range of / is a subset of domain of g and 
range of g is a subset of domain of/. So, fog and go/both exist.

Now, (go/) (x) = g (fix)) = g (?) = 2 (?) +1 = 2? +1.

And, (fog) (x) = /(g(x)) = /(2x +1) = (2x +1)2

Since, 2? +1 * (2x +1)2.

••• gof* fog.
EXAMPLE 2 Let fi R -> R; fix) = sin x and g: R -> R; g(x) = X2 
find fog and gof.
SOLUTION Clearly, fog and go/both exist.

Now, (gof) (x) = g (fix)) = g (sin x) = (sin x)2 = sin2 x 
And, (fog) (x) = f(g(x)) = f(x2) = sin?.

EXAMPLE 3 If the functions f and g are given by
/= ((1,2), (3,5), (4,1)}
g = ((2,3), (5,1), (1,3)},

find range off arid g. Also, write down fog and gof as sets of ordered 
pairs.
SOLUTION We have,

Range of/ = Set of second components of ordered pairs in

= (2,5,1}
Similarly,
Range ofg = (3,1) x-1 \ /

1.8 COMPOSITION OF FUNCTIONS
Let A, B and C be three non-void sets and let 
f:A—>B,g:B -> C be two functions. Since/is a function from 
A to B, therefore for each x e A there exists a unique element 
fix) g B. Again, since g is a function from B to C, therefore 
corresponding to fix) e B there exists a unique element 
g(f(x)) e C. Thus, for each x e A there exists a unique element 
g fix)) 6 C.

It follows from the above discussion that / and g when 
considered together define a new function from A to C. This 
function is called the composition of/and g and is denoted by 
gof. We define it formally as follows:
DEFINITION LetfiA-)B and g-.B-^Cbetwo functions. Then a 
function gofiA^C defined by

(gof) (x) = g (/ (x)^, for all xe A

x2 , 
(x-1)2

We have, domain/= (1,3,4}, domain g = (2,5,1}
Clearly, range/c domain g and range g C domain/.
So,fog and go/both exist.
Now,

/og(2)=/(g(2))=/3) = 5;

/og (5) =/(g (5)) =/(l) = 2;

and /og(l)=/(g(l))=/3) = 5.

fog = |(2,5), (5,2), (1,5)1

Also, go/(l) = g(/(l))=g(2) = 3;

go/(3)=g(f(3))=g(5) = l

and, gof (4) = g (f (4)) = g (1) • 3

go/= ((1,3), (3,1), (4,3)1

EXAMPLE4 If the function f:R-*Rbe given by fix) = x2 + 2 and 

g:R->Rbegiven byg(x) =

Find fog and gof.
SOLUTION Clearly, range/ = domain g

and, range g = domain/.

So fog and gof both exist.

Now,
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and, (gof) (x) = g (f(x)) = g (x2 + 2) =

(gof) (x) = + 2 respectively

/(x) =

defined respectively by

[•_• /(x) = x, when x e Q]

Thus, fof (x)

EXAMPLES L?t/(x) =

EXAMPLE 9 If fix) = g(x)

I/

compute gof(x).
SOLUTION We have,

fog: R -> R is defined by

(/bg) (x) = 4X2 - 6x + 1, for all x G R.

(ii) For any x 6 R, we have

(gof) (x) = g (f(x))
= g(x2 + 3x + l)

= 2(x2 + 3x + l)-3

= 2? + 6x -1

(iv) For any x g R, we have

(gog)(x) = g(g(x))

= g(2x-3)

= 2(2x-3)-3

= 4x-9

x2 + 2 
x2 + l

gof: R -> R is defined by

(gof) (x) = 2x2 + 6x-1.

(in) For any re R, we have

tfb/) (i) = f If (x))
= /(? + 3x + l)

= (x2 + 3x +1)2 + 3 (x2 + 3x +1) +1

= x4 + Gx3 + 14x2 + 15x + 5
fof: R -» R is defined by

(fof) (x) = x4 + 6X3 + 14X2 + 15x + 5.

find fof (x).
SOLUTION We have,

fof(x) = f(f(x))
[/(1 + x), 0<x<2

“ [/(3-x), 2<x<3
/(1 + x), 0<x<l

= /(1+x), l<x<2 
/(3-x), 2<x<3
1 + (1 + x), 0<x<l 

= 3 — (1 + x), l<x<2
1 + (3 - x), 2 < x < 3
2 + x, 0<x<l • 
2-x, 1<x<2 
4-x, 2<x<3

x3 + l, x<0 
x2 + l, x>0

gog :R-+Ris defined by 

(gog) (x) = 4x - 9.

EXAMPLE 7 If fix) is defined on [0,1] by the rule

x , if x g Q 
1 - X , if x G Q

Prove that fof (x) = x for all xg [0,1] 
SOLUTION We have two cases.
CASE I When x G Q :

In this case, we have

/(x) = x

fof(x) =f(f(x))=f(x) = x

CASED When x £ Q.
In this case, we have

/(x) = l-x

/o/(x)=/(f(x))

= /(l-x) = l-(l-x) = x

= x for all x g. [0,1]

1+x, 0<x<2 
3-x, 2<x<3

EXAMPLE 6 If f,g:R^R are 
f(x) = x2 + 3x + 1, g(x) = 2x - 3, find 
(i)fog (ii)gof (iii)fof (iv)gog.
SOLUTION Since range/ = domain g and range g = domain/.

Therefore, fog, gof, fof and gog exist.
(i) For any x g R, we have

(fog)(x) =f(g(x)) =f(2x-3)

= (2x-3)2+ 3 (2x-3) +1

= 4x2-6x + 1

x2 + 2 _
(x2 + 2)-1 '

R and fog :R-> R are given by 
x2 

(I-I)2

EXAMPLE 5 Iff:R->R is defined by 
fix') = ^-3x + 2,find f(f(x)).

SOLUTION We have,
/(f(x)) =/(x2'-3x + 2)

=/(y)/ where y = x2 - 3x + 2.

= y2-3y + 2

= (x2-3x + 2)2-3 (x2-3x + 2) + 2 

= x4 - 6x3 + lOx2 - 3x

Hence, gof: R ■

---- and, (fog) (x) =

_[(x-l)1/3, x<l
[(X-l)1/2, X>1
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go/(*)=g(f(*))

/

and

[•.• g (5/4) = 1 (given)]

[••• h (x) = y]

[v g(y) = z](i)

...(ii)

injective as well as a

=>

g is an injective map]

= 5/4 for all x.

’■ gof(x) = g (f(x)) = g (5/4) = 1

Hence, gof (x) = 1, for all x

1 5
2 2

1 5
2 2

n
3

k h(x) = y] 

(••■ g(y)=z]

1 - cos (2x + 2 n/3)
2

are functions from A to D.

— □□□ —
1.9 PROPERTIES OF COMPOSITION OF FUNCTIONS
PROPERTY I The composition of functions is not commutative i.e. 
f°g*2°f-

Let f: A -> B and g: B -> C be two functions. Then, the 
function gof exists because the range of f is a subset of the 
domain of g. But, fog cannot exist unless the range of g is a subset 
of domain off i.e. unless C c A. As such we find that fog does

, not exist if C <Z A but fog will be a function from B to itself if A 
= C. Thus, if A = C.

f: A B and g:B-^A=>gof:A^A and fog: B B
Now we find that both/og and gof exist but they cannot be 

equal if A and B are two distinct sets, which are their domains. 
However, if A = B = C, then both gof and fog exist and both are 
from A to itself, even then they may not be equal as shown in 
Example 1 on page 1.9.

Hence, in general the composition of functions is not neces­
sarily commutative.
PROPERTY II The composition of functions is associative i.e. iff, g, 
h are three functions such that (fog)oh and fo (goh) exist, then

(fog) oh = fo (goh)

PROOF Let A, B, C, D be four non-void sets. Let 
/:A->B, g:B->C and h : C -» D be three functions. Then,

f: A —> B, g: B —> C, h : C —> D

=>fog :A-^C and h: C -> D

=> (fog) oh: A -> D

Again,

f:A-*B,g:B-+C,h:C-+D
=> f: A ->B and goh: B->D
=> fo (goh) :A->D

Thus, (fog)oh and fo (goh)

= | [1 - cos 2x +1 - cos (2x + 2n/3)

+ cos (2x + n/3) + cos n/3]

Now, we shall show that

{(fog)oh} (x) = (fo (goh)} (x) for all x e A.

Letx be an arbitrary element of A. Lety 6 B,ze C such that 
h (x) = y and g(y) = z.

Then,

](/bg) oh} (x) = (fog) (h (x)} 

= (fog) (y) 
= /(g(y)) 
= /(z)

And, (fo (goh)} (x) = f {(goh) (x) )

= /(g(Mx)))

= /lg(y))
= /(z)

From (i) and (ii), we have

|(/bg) oh} (x) = (fo (goh)] (x) for all x e A.

Hence, (fog) oh = fo (goh)

PROPERTY III The composition of two bijections is a bijection i.e. if 
fund g are two bijections, then gof is also a bijection.
PROOF Let/: A -> B and g: B -> C be two bijections. Then, gof 
exists such that go/: A —> C.

We have to prove that gof is an 
surjective map.

Injectivity: Let x, y be two arbitrary elements of A. Then, 

(gof) (x) = (gof) (y) 

g(f(x)) = g(f(y)) 

f(x) = Ay)

1 - cos 2x
+

5 ( Tt'l--2cos 2x + - cos +cos 2x + ^
Hence, gof (x) = x for all x.

EXAMPLE 10 If
/(x) = sin x + sin (x + n/3) + cosxcos(x + n/3) 

g (5 /4) = 1, then find gof(x) HIT 1996]

SOLUTION We have,

f(x) = sin2 x + sin2 (x + n/3) + cos x cos (x + n/3)

_ g (x3 +1), x < 0
g (x2 +1), x > 0

= |(? +1 -1)1/3, x<0
(x2 + l-l)1/2, x>0

_ lx, x<0
~ |x, x>0

= x for all x - {cos 2x + cos [ 2x + j] + cos j 2x +

7^ +1 (2 cos x cos (x + n/3)]

n
3

n
3
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[•_• g is a surjective map]

[•.• /is a surjective map]

and

/(x) = 8=>x2 + 5x + 9 = 8 =>x =

r'<8) =

bi 
b2 
b3 
b4 
bs 
be 
b?

[••• /to=y]
[••• M(y)=yforallye B]

°2 
°3 
a4 
a5 
a6

Again, let 

f~1 (9) = x.
=>/(x) = 9 

=> x2 + 5x + 9 = 9

not exist or the inverse of some element of B may consists of 
more than one element. If / is a bijection, then for each 
b g B,f~1 (b) exists and it consists of a single element only.

If/is represented by Fig. 1.17, then we find that
A B

1.10 INVERSE OF AN ELEMENT
Let A and B be two sets and let/: A —> B be a mapping. As we 
have discussed earlier that if a g A is associated to b e B under 
the function/, then 'b' is called the/image of 'a' and we write 
it as b=/(n). We also say that ‘a’ is the pre-image or inverse 
element of 'b' under/and we write a=f~‘ (b).

It should be noted that the inverse of an element under a 
function may consist of a single element, two or more elements 
or no element depending on whether function is injective or 
many-one; onto or into. If f: A —> B is a many-one and into 
function, then the inverse of some elements of B may or may

=> There exists y g B s.t. g(y) = z

and, y e B

=> There exists x g As.t.f(x)=y

Thus, we find that for every z g C, there exists x g A such 
that (gof) (x) = g (f (x)) = g (y) = z. i.e. every element of C is the 
gof-image of some element of A.

So, go/is a surjective map.
Hence, go/ being both injective as well as surjective, is a 

bijective map.
PROPERTY IV Letf :A-*B. Then fo lA = h°f=f i-e- tbe composi­
tion of any function with the identity function is the function itself. 
PROOF Since I a : A -» A and f:A-^B, therefore fo Ia : A -» B. 
Now let x be an arbitrary element of A. Then,

/ (fo IA) to = f(lA to) = f to ja w = x for aI1 x e 71 ]
f0lA=f

Again, /: A -> B and IB: B B

=> /g o/: A —> B.

Now, let x be an arbitrary element of B. Let/(x) = y. Then, 
y G B

(^B of) to = ^b (f to)
= w
= y
= /to

/B0/ = /

Hence, fo Ia = Ib of = /

=> x = y [•.♦ /is an injective map]

Thus, (go/) (x) = (go/j (y) for all x, ye A

So, gof is an injective map.

Surjectivity : In order to prove the surjectivity of gof, we 
have to show that every element in C has its pre-image in A i.e. 
for all z g C, there exists x g A such that (go/) (x) = z.

Let z be an arbitrary element of C. Then,

z g C

/. /-1 (9) = {-3,3}.

(ii) Let f1 (- 5) = x. Then,

/ (x) = - 5 => x2 = - 5, which is not possible for x G Q. .

••• r1(-5)=0
(iii) Let f1 (0) = x. Then,

/(x) = 0=>x2 = 0=>x = 0.

r1(o)=io}.
ILLUSTRATION 2 If the function f:R~>R be defined by 
f(x) = x2 + 5x + 9, findf1 (8) andf1 (9).

SOLUTION Letf1 (8) = x. Then,

-5±V2? ,
2---- > which are in R.

-5 + Vzj" -5-^ri
2 ' 2 J

Fig. 1.17

/_1(to = W1(^2) = «4z

/"1 (bf) = («i, «2b/“1 (fa) = a3

/-1(b5) = {^l,/'1^) = 0

f~\b7) = <])

ILLUSTRATION 1 If f: Q -> Q is given byf(x) = x2, then find 
(i)/-1(9) (ii)/—1(—5) (iii)/-1(0)

SOLUTION (i) Let /"1 (9) = x. Then,

/to = 9
=> x2 = 9=>x = ±3.
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g R for all y G R.Clearly, x 2

x =

=>

=>

^7
2 '

=>x2 + 5x = 0

Z1 (8) = 1-3,3)
1.11 INVERSE OF A FUNCTION
Let A and B be two sets and let/: A B be a function. If we 
follow a rule in which elements of B are associated to their 
pre-images, then we find that under such a rule there may be 
some elements in B which are not associated to elements in A. 
This happens when/is not an onto map. Therefore all elements 
in B will be associated to some elements in A if/is an onto map. 
Also, if it is a many-one function then under the said rule an 
element in B may be associated to more than one element in A. 
Therefore an element in B will be associated to a unique element 
in A if/is an injective map.

Fig. 1.18

It follows from the above discussion that if/: A -> B is a 
’ bijection, we can define a new function from B to A which 

associates each element !/ G B to its pre-image/1 (y) G A. Such 
a function is known as the inverse of function/and is denoted 
by/-1.

ILLUSTRATION 1 If A = {1,2,3,4), B = (2,4,6,8) andf: A -> B 
is given by f(x) = 2x, then write f andf1 as a set of ordered pairs. 
SOLUTION We have, /(I) = 2 ,/(2) = 4,/(3) = 6 and/(4) = 8.

/ = ((1,2), (2,4), (3,6), (4,8)), which is clearly a bijection. 

■■■r' = ((2,1), (4,2), (6,3), (8,4)).

In order to find the inverse of a bijection f:A-iB, we 
follow the following algorithm.
ALGORITHM

STEP I Put f (x) = y, where y 'e B and x g A.
STEP II Solve f (x) = y to obtain x in terms of y.
STEP III In the relation obtained in step II replace x by f~1 (y) to 

obtain the inverse off.

ILLUSTRATION 2 Iff: R R is defined by f (x) = 2x + 7. Prove 
that f is a bijection. Also, find the inverse off.
SOLUTION Injectivity: Letx, y be any two elements of R. Then,

/(x) =/(y)

=> 2x + 7 = 2y + 7 => x = y

So, /is an injective map.
Surjectivity: Lety be an arbitrary element of R (co-domain).
Then, y = /(x)

=>y = 2r + 7=>x = ^

Thus, f~1: R ->R is given by 

/"1 (x) = for all x g R,

ILLUSTRATION 3 If f:R-)R is a bijection given by 
f(x} = ^^3,find f~x{x}. •*
SOLUTION Let/ (x) = y. Then,

/(x) = y

x3 + 3 = y

Thus, for all y g R (co-domain) there exists x = G R 

such that/(x)=y. In other words every element in R (co­
domain) has its pre-image in R (domain).
So, /is a surjective map.

Hence,/is a bijection. Consequently,/1 exists.
Inverse of f : Let x g R (domain) and y g R (co-domain) 

such that/(x)=y.
=> 2x + 7 = y

=> x(x + 5) = 0

=> x = 0,-5, which are in R

••• r'(9) = (0,51
ILLUSTRATION 3 If the function f:C-)C be defined by 
/(x) = x2-l,/nd/1(-5),/1(8).

SOLUTION Let/1 (- 5) = x. Then,
/(x) = -5

=> x2-1 = -5

=> x2 = - 4 =>x = => x = ± 2i, which are in C.

/] (-5) = {2i,-2i}

Again, let/1 (8) = x. Then,
/(x) = 8

=> x2 -1 = 8 =>x2 = 9=>x = ±3 which are in C.

x = (y-3)1/3

=> Z1(y) = (y-3)1/3
Thus, /1: R -> R is given by

/1 (x) = (x - 3)1/3 for all x G R.
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Now,

=>

=>

We have,

=>

/is one-one]

=>

gof :A->C isa bijection

*1 = X2

=>
•••(i)

,(ii)

[..•/is a function from/A to B]

the identity

Then, 

and,

[•_■ g is inverse of/] 

[•.• h is inverse of/]

yi =y2
So, g is an injective map.

Surjectivity : In order to prove that#: B -> A is a surjection, 
we have to show that every element in A has its pre-image in 
B under#.

So, let x be an arbitrary element of A. Then,

xe A

Now,

g (yi) = g (3/2)

(gof) (x) = x for all x g A and (fog) (y) = y for all y 6 B

Let x be an element of A such that/(x) = y. Then,

[•.•# is inverse of/]g(y) = x

(gof) (x) = # (f(x)) = #(y) = x

(gof) (x) = x for all x G A

gof = IA.

(fog) (y) = f(g(y)) = f(x) = y
fog(y) = y for ally g B

fog = Ib-

Hence, gof = IA and fog = IB.

REMARK If in the above property, we have B = A. Then we find that 
for every bijection f:A^> A there exists a bijection #: A -> A such 
that fog = gof=IA.
PROPERTY IV Iff: A -> B and g : B -> C are two bijections, then 

“1 1 —1gof: A -> C is a bijection and (gof) =f~ og .
PROOF We have,

/: A -» B is a bijection 
#: B —> C is a bijection

=> f(Xi) = f(x2)

=> 3 y g B such that ffx) = y
=> 3 y g B such that # (y) ~ x [♦.♦ # is inverse of/]

Thus, for each x g A, there exists y g B such that # (y) = x.
So, g is a surjective map.

Hence, g is a bijection.
PROPERTY. Ill If f: A -» B is a bijection andg:B-^> A is the inverse 
of f, then fog = IB and gof=lA, where lA and Ib are the identity 
functions on the sets A and B respectively.
PROOF In order to prove that gof = 1A and fog = 1b> we have to 
prove that

Again,

/: A -> B is a bijection : B -» A is a bijection
#: B —> C is a bijection => #-1: C -> B is a bijection

°g~X: C -> A exists

Let x g A, y g B and z 6 C such that f(x) = y and g(y) = z 

Then, (gof) (x) = g(f(x)) = g(y) = z.

1.12 PROPERTIES OF INVERSE OF A FUNCTION
PROPERTY I The inverse of a bijection is unique.
PROOF Let/: A -> B be a bijection. If possible, let#: B -» A and 
h: B —> A be two inverses of /. We have to prove that# = h. 
In order to prove this it is sufficient to show that# (y) = h (y) for 
all y g B. Let y be an arbitrary element of B.

Let # (y) = X] and h (y) « x2.

# (y) = Xi =>/(x}) = y 

h(y) = x2=>/(x2)-= y 

/(Xi) = /(x2)

Xi = x2 

g(y) = h (y)
Thus, g(y) = h (y) for all y g B.
Hence, # = h

PROPERTY II The inverse of a bijection is also a bijection.
PROOF Let /: A -> B be a bijection and let #: B -> A be its 
inverse. We have to show that # is a bijection.

Injectivity : Let y\,y2, e B such that #(yi) = X] and 
g(yl>=x2. .

Since # is the inverse of/. Therefore,

g(yi) = xx=}f(xf) = yj

# (y2) = x2 =^f(xf) = y2

=> (gof)~ (z) = x •

Now, fix) = y and g(y) = z

=>r](y) = xand#'\z) = y
(T’og-1) (Z) = r’fe’kz)) = f’(y) = x
From (i) and (ii), we have

(goffyz) = (f}og~})(z) for all zg C.

(gof)^ =
PROPERTY V Letf:A->B and g:B -> A be two functions such 
that gof = IA and fog = IB. Then, fand g are bijections and g =j~\ 

PROOF fis one-one : Let x, y g A such that/(x) =/(y). Then, 

f(x) = /(y)

=> %(f(x)) = g(f(y))

=> (gof) (X) = (gof) (y)

=» (gof) 1: C -> A exists.

; and,



I

FUNCTIONS 1.17

=> MW = M(y) [■•• gof=IA]

=>

=>
=>

=>
=>

=>

=>=>

=>

ILLUSTRATIVE EXAMPLES

=>

=> x =

=>

Hence,f1 (x) = ^—-.

^ + 1 = ayx +=>

+ 1 = a~ y=>

=>
=> x ~

7=>
e R such that

2

Thus, for every y g R, there exists x = 

f (x) = y. Therefore,/is a surjection.

EXAMPLE 1 Find the inverse of the function f:R^>R given by 
/(x) = 3x + 5.
SOLUTION Clearly, f:R-*R given by f (x) = 3x + 5 is a bijec­
tion. So, it is invertible.

Let/(x) = y. Then,
/(X) = y

3x + 5 = y

[By associativity] 

(••• r'°f=iA] 
[••• Mog = gandf^M =f}]

ay-q-V
2

Hence,/(x) = f1 (x) i.e./(x) is inverse of itself.

EXAMPLE 3 Show that the function f: R -> R given by 

f(x) = logo (x + +1), a > 0, a # 1

is invertible and find its inverse.

SOLUTION In order to prove that/(x) is invertible, it is suffi­
cient to show that/is a bijection.

fis an injection: Let x, y be any two distinct real numbers. Then, 

x * y

=> x + N?+l * y + “7/+.!

=> lo&fx+^+l) * iog„ (y + Ny5 +1) 

=»/(x)*/(y)
=> /is an injection.

/ is a surjection : Let/(x) = y. Then, 

logJx + ^ + l) = y

Similarly, it can be proved that g is a bijection.

Now we shall show that g =/*\

Since/: A -» B is a bijection. Therefore,/-1 exists.

Now,

x = y

.’. /is a one-one map.

fis onto: Let y g B and let g(y) = x. Then,

g(y) = x

f(g(y))=f(x)

(fog) (y) = f(x)

M (y) = f(x) [•.■ fog = iB]

y = f(x) ■ [•.• M (y) = y]

Thus, for each y g B, there exists x g A such that/(x) = y. So, 
/is onto.

Hence,/is a bijection.

r'w

EXAMPLE 2 Show that the function f: R - {0} -> R - {0} given by 
kf(x) = ~, where k is a non-zero real number, is inverse of itself

SOLUTION Clearly, /: R — (0) —> R — {0} given by /(x) = - is a

bijection and hence it is invertible.

Let/(x) = y. Then,

f(x) = y
k => - x + yr

2x = ay-a-y

2

3

=
3 '

fog = Ib

r10 (fog) =f^oIB

(f'of) og=f~'o IB

IAog =f~'oIB

g-f1
Hence, g = f1.

k x = ~ 
y

rl / \” W = x
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=>

x +=>

x =
y>16

=>

=»r1(y) =
y>16

=> f 1 (x) =

ILLUSTRATIVE EXAMPLES

Now,

lf(x)]3 =

fw .3

1.13 INTERVALS
CLOSED INTERVAL Let a and. b be two given real numbers such that 
a<b. Then the set of all real numbers x such that a<x<bis called a 
closed interval and is denoted by [a, b].
i. e. [a, b] = (x e R | a < x < b)

For example, [1,2] = |x e R | 1 < x < 2) i.e., the set of all 
real numbers lying between 1 and 2, including the end points. 
OPEN INTERVAL Let a and b be two given real numbers such that 
a<b. Then the set of all real numbers x such that a<x<bis called 
a closed interval and is denoted by (a, b).
i. e. (a, b) = {x e R | a < x < b]

For example, (1,2) = {x e R | 1 <x<2) i.e., the set of all 
real numbers lying between 1 and 2, excluding the end points. 
SEMI-CLOSED OR SEMI OPEN INTERVAL If a, b are two given real 
numbers such that a<b, then the sets (a, b) = {xe R | a <x <b} 
and (a, b) = (x g R | a < x < b} are known as semi-closed or semi­
open intervals and are also denoted by ]a, b[ and [a, b] respectively.

y > V < 1
•Jy, l<y<16 

z 
64'

EXAMPLE 4 Find the inverse of the function f (x) given by

X , X < 1 
/(x) = X2 , l<x<4 

8^/x", x>4

y > y < i 
^ly, l<y<16

z
64'

— □□□ —
1.14 REAL FUNCTIONS

= |x3 + -- +3 x + - 
s x

= /(x3) + 3/(x)

r 1 ' EXAMPLE 1 If f (x) = x + -, prove that (x)]3 =/(x3) + 3/ - .
x

SOLUTION We have,
1 = x + -
X

SOLUTION Let f (x) = y. Then, 

y=/W
X , X < 1 

y = • x2 , i<x<4 
8/x", x>4

REAL FUNCTION If the domain and co-domain of a function are 
subsets ofR (set of all real numbers). It is called a real valued function 
or in short a real function.

Let A and B be two non-empty subsets of R, and let 
f: A -> B be a real function. Let x be an element of A. The 
element in B that is associated to x by/is denoted by/(x) and 
is known as the image of x under / or the value of / at x. 
Sometimes we also say that/takes value/(x) at x.

DESCRIPTION OF AREAL FUNCTION Iff is a real valued function 
with finite domain, then f can be described by listing the values which 
it attains at different points of its domain. However, if the domain of 
a real function is an infinite set, then, f cannot be described by listing 
the values at points in its domain. In such cases real functions are 
generally described by some general formula or rule like 
/(x) = x2 + l orf (x) = 2 sinx + 3 etc. In calculus almost all real 
functions are described by some general formula or rule.

x , x < 1 
/x", l<x<16 
x2 4 
64' X>16

Hence,/is a bijection. Consequently, it is invertible.
In order to find f~ \ let

/(x) = y _____
logfl (x + Vx2 +1) = y

7T= flV

2x = (cP -a~V)

x = j(ay-a"y)

=> r!(y) = j(ay-a"y)

Hence, fl(x) =

( ifx + -
X I
l'l
x3



FUNCTIONS 1.19

.3.

/(*) =

!

f(x) =

/(fW) .,-h= cos

and,

=>

=>

x
= X

+

+

= a„-l = 0-.(i)

[•••/(3) = 28]

(ii)
=>

=>

/(*) =

:"-1 +

«1 
^i +

+ a2xn

-,-xe Q => 1-xg Q 
/(l-x) = l-(l-x)

.-. /(x) = x” + l,or/(x) =-x" + l

If /(x) = - x" +1, then

/(3) = -3" + l*28

So, /(x) = x" +1 

/(3) = 3" + l 

28 = 3"+1 
n = 3

an -1
+“r+fl"

EXAMPLE 4 If for non-zero 

a *b, then find f (x).

SOLUTION We have,

V.n -1

••■/»=/[1

Thus, /(x) = x3 +1

/(4) = 43 +1 = 65.

k 7
EXAMPLE 2 If f(x) = cos (log x), then prove that

C !.A t /. A 1 

j \^u \y> 2

=> bf(x) + af - = x-5 
k 7

Multiplying (i) by a, (ii) by b and then subtracting, we get 

(n2-b2)/(x) = (|-bx'j-5(a-b) 

k 7
J 5 x'bX -^b 

k 7

1x, af(x) + bf - = - -5, where
\ 7

fl4x + = X“5

' Mllog - = cos (logx-logy)
c/'

r I J ]

EXAMPLE 3 If f (x) = (fl - x”)1/n, a > 0 and n e N, then prove 
that f (f (x)) = x for all x.

SOLUTION We have,

On replacing x by , we get

/WW-U/jV/w) ■ 0

/«/; -/W+/I;
.. + a„_lX + a„)

flo
Xn + Xl

x + an

1 I x |=> 2vM+^(xy) = cos(logx)cos<logy) =/w/(y) i 7 I

«/(*) +W"| = I-5

+ rtn-l

1
n2 h2 a - b

= [a-|(a-x”)1/"|n]1/"

= [a-(a-/)]17” 

Hence,/(x)=x for all x. + a„_1x + a„)

a0 ± al % -1
(x“ x"-1 X ”J

On comparing the coefficients of like powers of x on both 
sides, we get

flo =.±l,fln = 1 and fl] = «2 = ...

= (flQX^+fljX” 1

~2 +

EXAMPLE 5 Iff (x) is defined on [0,1] by the rule

x , if x e Q 
1 -x, ifxe Q

Then, for all x e [0,1] prove that f (f (x)) = x.
SOLUTION We have,

x , if x e Q 
1 - x, if x g Q

= J/(x) ,xeQ 
V(l-x), xgQ

_ f/(x) • ,xgQ
|l-(l-x),xg Q

= [ x, x g Q 
[x,xg Q

= x for all x e [0,1].

EXAMPLE 6 If f[x) is a polynomial function satisfying 

fWf “ I =f W +f ~ I andf& = 28' then find f (4).

SOLUTION Let

/(x) = fl0x” + fl1x"-1

5
a + b

1
2

1
x

1
X
[irr-1995]

fi
x k .

SOLUTION We have,
/(x) = cos (logx)

/f-
, f(xy) = cos {log (xy)J = cos (log x + log y) 

fx^l/ - +/(xy) = cos (log x - log y) + cos (log x + log y)
V)
(x\

f ~ +f^ = 2 cos (logx) cos (logy)

x'l <■/ J X X ,, x r, X

y

Then,

...
■ ■ X

k /
(fl0 x" + fl! x’
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=>
+ 

[vg(l) = 2]=>

[See Example 6]

=> e
n = 2

=>

(0EXAMPLE 8 Let all x e R, and

[Replacing x by 1/x]=>

,(ii)

=>/(*) = logex.

io If f:R->R be

1
3

1
3

Thus, g (x) = x2 +1

g(5) = 25 + 1 = 26

= —+ 10 
3"gtogf“ = g(x)+gf^ + ^(1)-2 

k > 
_ /. 1 > • *
O ' ' O ~ -

k J
gto = x" + l
g(2) = 2" + l

5 = 2" +1

x 10= ^ + — + 10 
32 3

= |/2W + 10

SOLUTION We have,

3/(x)-/|] = log 

m3/to-/ - = 41ogex

3/P “ /(x) = 4 loge I |
\ J \ J

-|/l» + I0

||f+io|+io
J I J

EXAMPLE 7 Let g (x) is a polynomial function satisfying
S tog (V) =g to + g (y) + g (xy) - 2 for all x,ye R. Ifg (2) = 5, 
then find g (3).
SOLUTION Putting x = 2andy = l in the given relation, we 
obtain

g(2)g(l) = g(2)+g(l) + g(2)-2
5g(D = 5+g(l)+5-2

g(l) = 2

Putting y = ~ in the given relation, we get

7»(x> = 7+

x 7

x 10 10= -t + ~+—+ 10 
3s 32 3

f 4 to = f\[fa to)

= ^Ato+io

EXAMPLE 9 If 3f(x)-f - = log x4 for x > 0 find f (Z). 
X e k 7

=>/to) = x.
EXAMPLE 10 If f:R—>R be a function defined by 
f(x + y)=f (x) +/(y) for al1 x,ye R. Show that

/(x) = x/(l) forallxeR.
SOLUTION We shall discuss the following cases:
CASE I When x e N:

In this case, we have

/to =

Y 

/lto = o+10 for

fn (x) =f\ (fn -1 to) for n > 2. Then, findfn (x).
SOLUTION We have,

/wto =/i (/■„-] to), n>2
••• /2to =/i(6to)

+ i) 
x-times

= /(l)+/U) + ....+/(l) 
x-times

= x/(l).
CASE II When x is a negative integer:

Letx = -y,ye N.

x 10~ + 10 +10
32 3

„ 10 10—+—r + —+ 10 + 10
33 32 3. /

x 10 10 10= -r + -y + ^- + — + 10
34 33 32 3

Continuing in this manner, we obtain

10 10 10
.. +T+,°

32 

k /
= —+15G-—

I 3'J
^5^ + 15 

3"

10
3

x
3'

x
3"

x

=> 3/ | -/(x) = -41ogeX 
\ 7

Solving (i) and (ii), we get

8/(x) = 81ogt.x

1
x.

± . ,'1> gtog -| = gto+g|-
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=> = m

[Putting x = -1 and y = 1]

[••• /(0) = 0]=>

Now,

for all xe Rf(*) =

[v/(-I) =-/(!)]

= 998

/w -
fm-f

=>/(l-x) =

/(x)+/(l —x) =

1996'1

Now,

+ 

+ 
T
n k

r
n 
/

Prove that f (x) +f (1 - x) = 1. Hence, prove that 

( 2 }

+ — n

'1996"
1997 

k /

_4___
4 + 2x4x

7 1997 
L k /

4X 
4x + 2

4X 
4x + 2

Again,

/(x + y) = /(x)+/(y)forallx,y

(-l) + l]=/(-l)+/(l) 
/(0) =/(-l)+/(l) 

o=/(-i)+/d) 
/(-!) = -/(!)

/W-/(-y)
= /[(-i)+/(-i) + ... + (-l)] 

y-times

y-times

f 2 '
1997 k /

r/_2j
• 1997 k /

/-I 298'
+ '1997 +/ 1997

L k / k

= x/(l)

CASE IV When xe Q.
The prooft of this part is beyond the scope of this book.
Hence,/(x) = x/(l) for all xe R.

EXAMPLE 11 Letf:R-*Rbea function given by

f(x+y) = /(x)/(y) for all x,yeR.

Prove that f (x) = (f(l)]x for all xe R.

SOLUTION Proceed as in the solution- of Ex. 10 by replacing 
addition (+) by multiplication (•).

EXAMPLE 12 Iff: R-)Ris given by

4X
4x + 2

< 1
^1997J+^ 1997 +-V

SOLUTION We have,

Now,

' 1997 
y y
[m
' 1997

L k >

/1995Y!
+^1997j +“"

Now,

f(x+y) = /(x)+/(y) for all x, ye R

/(0 + 0) = f (0) +f (0) [Putting x = y = 0]

/(0) =/(0)+/(0)
/(0) = 0

-mf\n

f n \ fl
+' 1997 +"" 1997

k /

'1996
1997

2
2 + 4x

+/("

k /

'999
1997

+41 1997 +

fl'l 1
/r =1A1)J n nJ

\ /

r i'in x- 
n

'In n
n-times

f 1 = 1/(1)' n n'

'/ 998'
' 1997

L k 7
( 2

1 ~ 1997 
k

'1 > 1/(1)
< /

= -/(I)n'

2 +
2 + 4x

= y/(-D
= -y/(D
= x/(l)

CASE III When x is a rational number other than an integer.

Let x = — > where m, n e Z, n # 0.n
We have,

4x + 2 = ]
4x + 2

41-x 

41-x + 2

( 1^el e *f— = fmx-'1 M 'I n

/l+i+...+k
'Inn ”
' ;n-times

998
1997

mi
n /

1
n

fl
n

n k / m-times
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998

=> f(x) =
[■•• /(x) +/(1 - x) = 1 for all x]

••• y =
= 998.

=> /(x) =

/(*)+/

/(*)+/!

(i)

Putting = y in (i), we get

,(ii)

fC/W ...(iii) [Replacing x by y]

I Putting = z in (iii), we get

(iv)

Now, = y and = z

x =

From (ii), we obtain

x + 4mx3 + 4m-l
(v) [Replacing x by z and y by x]

[Replacing y by z]/(z)+/ •••(vi)

[Using (iv)]- (x + y + z)

EXAMPLE 13 Determine all real valued functions satisfying func­
tional relation

2 
z

Again from (i), we get

2 
y~

gn (x) = 4" x + (4" -1) for all n e N.

In order to find the inverse of gn (x), we proceed as follows:

Let gn (x) = y. Then,

gn (x) = y

4"x + &n-V = y

770 r- f v x

= H1997J +^[1 "
n = 1L \ / k

998

n = 1

=>f(x) = --x - y + - + z+-n
1997

x + 1
x-1

1 1 
i-xj

1 
l-x

2
1-y

1 
l-x

1 
l-x

1 
1-y

1
1 -z

1 
l-x / 

SOLUTION We have,

(x)=gmOg(x)

= gm(g(x))

= gm(4x + 3)

= 4'” (4x + 3) + 4m -1

= 4m + 1

and z = I -~ x

f
z

X ) 

x-1 J

2
1 -z

gm (x) = 4m x + (4m -1) for all x e R.

Now,

+ 1 - x| + |l- - + 
< * X

EXAMPLE 14 Let g;R —>R be given by g(x)= 4x + 3.
If gn (*)= <W0£ • • • °g (x), shoio that 

n-times

gn (x) = 4"x + (4"-l).
//g~ n (x) denotes the inverse ofgn (x), prove that 
g~n (x) = 4" ” x + (4“ " -1) for all x e R.
SOLUTION We shall prove the result by mathematical induc­
tion on n.

We have,
g(x) = 4x + 3

gog (x) = g(g (x))
= g (4x + 3)
= 4 (4x + 3) + 3
= 42x +15

= 42x + (42 - 1)
So the result is true for n = 2.
Let the result be true for n = m. Then,

2 /(x)+/(z) = ±-2x

2

2 f(x) + ^-2z =

2 (1 - 2x)
X (1 - X)

2 2
X 1 - X

From (iii) we get

( 1 1 
1 -z 

\ /
Adding corresponding sides of (ii), (iv) and (v), we get

2 2 22[f(x)+/(y)+/(z) = ±-2y + ;-2z + ;-2x 
a y z

f(x)+/(y)+/(z) = |i + ^ + ^-(x + y + z)
i * y j

1+L + 1
X y Z

1
1-y

1_
1-y

2 f(y)+f(z) = ^-2z

= for all xeR-{0,1}

= 4” + Ix + 4mtl-l
So, the result is true for n = m +1.
Hence, by the principle of mathematical induction on n, 
we have

(1
x \ 

fl 1--x 
X 

\ /

1^

f 1 
l-x
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=>
n=>

=>

=>

SOLUTION We have,

-a. for all xe R.

EXERCISE 1.1

= 1 for all re Z.

for all x e R, find the sum2. If/(x) =

are mutually inverse, and solve the equation

(n + l)/(n)forn>2.

x-1),

'1995'
1996 

k /

' 3 
X'4

3
X~4

1. Let f: R -» R be a function given by /(x) = ax + b for all 
x e R. Find the constants a and b such that fof = 1 (I being the 
identity function on R).

9*
9x + 3

' 2
+/ 1996 +-+/

k /

1 . V . 2 r 71n > 1, prove that f •------
2r +1 

k
7. Letf (x) be a polynomial satisfying

/(x)/(l/x) = /(x)+/(l/x)forallxe R - {0}

and /(5) = 126, find/(4).
8. If a function/:R->R is given by/(x + y)=/(x)+/(y) for 
all x, y e R and/(1) = a. Find

n 

r = l

9. Show that the functions

2 1 1x-x + 1 = - +

10. Find a function/: R -> R satisfying 

/(x)/(y)-/(xy) = x + y for all x, ye R.

/(x) = l±x”.

II Iff: R-iR is a function satisfying

f(* + y) = /(x) +/(y) for all x,yER, then 

/(x) = x/(l) for all x e R.

III Iff:R->Risa real function given by

f(x + y) = /(x) ./(y) for all x.yER, then 

/(x) = \f (l)]x
= fl" + 1

, 1
/(x) = r-x + l,x>-andg(x) = - +

n

=> (« -l)£/(r) 
r-l

2f(xy) = [f(!))»+ (/•(y)!’ foralli.ye R.

=> 2/W =/W + [f(l)]x [Replacingyby 1]

=> = a1
n n

= 2>r
r = l

[Xl 
a -1 k

/f-^—J 1996 
k /

3. For any positive integer n, let

/(n) = 1! + 2! +... + n!

Find polynomials g (x) and h (x) satisfying

/(n + 2) = /(n +1) g (n) +/(n) h (n) for all n > 1.

4. Let/(x) = q-y- and let/" (x) = fofof... of (x).

Then, find fin (x). -
5. Let/: N -> R be a function given by

(i) /(I) = 1
and

(ii) /(l) + 2/(2) + 3/(3) + ... + n/(n) = n
Find/(1994). ’
6. If /(x) = (2 cos x -1) (2 cos 2x -1)... (2 cos 2” “1

EXAMPLE 17 Let /(x) = l+x2. Find a function g(x) so that 
/(g(x)) = l + x2-2x3 + x4.
SOLUTION We have,

/(R(x)) = 1 + x2-2x3 + x4

= 1 + x2 (1 - 2x + x2)

= l + x2(x-l)2

= l + {x(x-l))2

g(x)=±x(x-l)

SOME IMPORTANT RESULTS TO LEARN
I Ifflx) is a polynomial function of degree n satisfying

=/«•/(;) for all then

4”x = y - 4” +1 
x = 4“"y-l + 4” 

g""(y) =4-"y + 4-"-l 

r"x+4-"-i.

r = 1
n

= a
r = l

n

r= 1

Hence, g~ n (x) = 4

EXAMPLE 15 Let f(x) be a real valued function satisfying 
(* y) = {f Wly + \f(y)}xfor all x,yE R andf(Y) = a, where a 1.

Prove that

1
2

fl
x
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= 1 + x for all x # 0,1W

ANSWERS

5.

HINTS TO SELECTED PROBLEMS

,2

=>

[••• /(l) = 1]

(i)

[Using (i)]

11. Replace*by and solve the two equations for/(x)].(i)

—    —

=>

(ii) f(n-x)+f(-x) = Q,
(iii) f(n-x)+f(x) = -2b sin x
Deduce that /(x) = a cos x - b sin x, where a, b are ar­

bitrary constants.
13. If f: R —> R be defined by /(x) = x3 + 3x2 +10 x + 2 sin x, 
then prove that f (x) is an onto function.
14. Let/: X -> [1,27] be given by
/(x) = 5 sin x +12 cos x +14. Find X so that/is a bijection.

Hence, 
5.

/ (x) -1 = x => /(x) = 1 + x for all x g R.
1 

1—x

1
3988

11. Find a function/satisfying

x—1
X

12. If for all real values of u and v, we have
2/(iz) cos v=f(u + v) +f(u - u).

Prove that, for all real values of x
(i) /(x) +/(- x) = 2a cos x

1. We have, 
=>

-7(1994) = 5^.

9. Since the graphs of a given function and its inverse can 
intersect only on the straight line y = x. Therefore, to solve the 
given equation, it is sufficient to solve the equation 
x2 - x +1 = x which gives x = 1.
10. Putting x = y = 0, we get

i/(0))2 ~/(0) = 0 =» /(0) = 0 or /(0) = 1.

Putting y = 0, we get

/(x)/(0) -/(0) = x for all x g R ...(i)

If /(0) = 0, then the above result does not hold good. So, 
/(0) = 1. Putting/(0) = 1 in (i), we get'

Replacing n by (n +1), we get

/(l) + 2/(2) + 3/(3) + ... + n f(n) + (n +1)/(n +1)

= (n + l)(n+2)/(n + l)...(ii)

Subtracting (i) from (ii), we get

(n + l)/(n + l) = (n +1) (n+2)/(n +1) - n (n + l)/(n) 

n/(n) = (n + l)/(n + l) 

2/(2) = 3/(3) = ... = „/(„)

Using this result in (i), we get
/(!) +(n - l)n/(n) = n(n + !)/(«)

=> fm = 2nf(ri)
=» /(n) =

x3 — x2 — 1 
10./(x) = l+x 11. /(x) = 2y(y-_^y 

14. [-a - n/2, rc/2 - a ], a = tan~1 (12/5)

/o/=l
fof (x) = I (x) for all x G R 

/(/(x)) = x for all xg R
/(ax + b) = x for all x g R 

a (ax + b) + b = x for all x g R
x (a2 -1) + ab + b = 0 for all x g R 

=> az-l =0 and ab + b = 0 
=> a = ± 1 and b (a +1) = 0

When a = 1, b (a +1) = 0 => b = 0 
When a = -1, b (a +1) = 0 => b can be any real number.

2. . Proceed as in Example 13.
3. We have,

f(n) = 11 + 21 + 3! + ...+ n!
.-. f(n +1) = 1! +2! +... + n! + (n +1)! 
=> /(n +1) -/(n) = (n +1) I 
Now,

/(n + 2) = l! + 2! + .. + n! + (n + l) ! + (n + 2)l

= /(n + l) + (n + 2)l

= /(n + l) + (h + 2) (n +1)!

= f(n +1) + (n + 2) \f(n + 1) -ffn)]

= (n + 3)/(n + l)-(n + 2)/(n)

But,/(n + 2) =/(n +1) g (n) +/(n) h (n). Therefore, on com­
pairing, we get

g (n) = n + 3 and h (n) = - (n + 2) 

g (x) = x + 3 and h (x) = - (x + 2).
We have

f(l) + 2/(2) + 3/(3) +.... + n/(n) = n (n + l)/(n)

1. a = l,b = 0; a = -l,be R
3. g(x) = x + 3,h(x) = ^-(x + 2)

7. 65

2. 997.5
4. fin (x) = x 

an (n +1)
8- 2
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ALGORITHM

STEP IV

ILLUSTRATIVE EXAMPLES

+
-<o 1 <o

EXAMPLE 2 Find the domain of the function f (x) =

EXAMPLES Find the domain of the function f(x) =

++
3 <o-«o

Fig. 1.20

EXAMPLES Find the domain of the function f(x) =

=>

=> x =

domain. For a real function the co-domain is always a subset 
of R. So, range of a real function /is the set of all points y such 
that y =/(x), where x g Domf (x).

The following algorithm is very helpful in determining the 
range of real functions.

Pwt/(x) = y
Solve the equation in step Ifor x to obtain x = 0 (y).
Find the values of y for which the values of x, obtained 
from x = (y) are in the domain off
The set of values of y obtained in step III is the range off.

=> (x-2)(x + 2) > 0

=> x < - 2 or x > 2

=> x G (-■»,- 2] u [2, c»)

Hence, domain off is (-««, - 2] u [2, <»).

2
Fig. 1.19

Now,

x2-4 > 0

-e—
-3

EXAMPLE 1 Find the domain of the function f (x) = >/(x- 1) (x-2).
SOLUTION Clearly,/(x) is real if

(x-l)(x-2)>0 +
=> x < 1 or x > 2
=> X G (- °°, 1] U [2, oo)

Hence, domain of/=(-“, 1] u [2, «>).

STEP I
STEP II
STEP HI

1.15 DOMAIN AND RANGE OF A REAL FUNCTION
DOMAIN Generally real functions in calculus are described by 
some formula and their domains are not explicitly stated. In 
such cases to find the domain of a function f (say) we use the 
fact that the domain is the set of all real numbers x for which/ 
(x) is a real number.

In other words, determining the domain of a function / 
means finding all real numbers x for which f(x) is real. For 
example, if/(x) = ^2 -x, then/(x) is real for all x < 2. For x > 2, 
/(x) is not real. So, domain of/(x) is the set of all real numbers 
less than or equal to 2 i.e. (- °°, 2].
RANGE As discussed in section 1.2, the range of a function 
/(x) is the set o£ values of/(x) which it attains at points in its

EXAMPLE 4 Find the domain of the function /(x) = N x2 - 4.
SOLUTION Clearly,/(x) is a real number for all x2 - 4 > 0. So, 
domain of /(x) is the set of all real numbers for which 
?-4>0.

Clearly,/(x) is not defined, when x - 5 = 0 i.e., x = 5.

So, Dom If) = R - (5).

Range : Let/(x) = y. Then,

= y
i

^5^

__ 1
^9-x2

SOLUTION Clearly / (x) is a real number for all x satisfying 
9-x2>0.
Now,

9-x2>0

=> x2-9<0

=> (x-3)(x + 3)<0
=> -3<x<3
=> xg (-3,3)
Hence, domain of/ is (- 3,3).

x 
x2-3x + 2 

SOLUTION Clearly,/(x) is not defined, when x2 - 3x + 2 = 0.

Now,
x2-3x + 2 = 0

=> (x -1) (x - 2) = 0
=> x = l, 2

So,/(x) is not defined for x = 1,2.
Hence, domain of/(x) is R - (1,2|.

x

SOLUTION Clearly/(x) is defined for all x g R. So, dom (f) = R.

EXAMPLE 6 Find the domain and range of the following:

(i) f(x) = (ii) /(x) - ? (in) /w =
SOLUTION (i) We have,

x-5 = -
y

x = 5 + ~
y

5y + l
y

Clearly, x is not defined, when y = 0.
So, range (f) = R - (0).
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/w=
SOLUTION We have, /(x) =

=>-!<- cos 3x < 1

for all x e R=> 1 < 2 - cos 3x < 3= y
for all x e R.

x =

=y

Xfix) =

SOLUTION We have,
-l<cos3x< 1]xfix) =

= y

=> x =

is a real number iff

and y * 0

<=>

Domain : Clearly, fix) is defined for all real values of x. So, 
domain (f) = R.

Range : Let fix)=y. Then,

Domain Clearly, fix) is not defined for 9 - x2 < 0. So, fix) is 
defined only when 9 - x2 > 0.

Now,

9-x2>0

V
i+y

This shows that x is not a real number, when 1 + y = 0, i.e. 
wheny = -l.

So, range (f) = R1}.

EXAMPLE? Find the domain and range of the function

=>fix) is defined

So, domain (f) = R.

Range : Let fix) = y . Then,
1

2 - cos 3x

1
2 - cos 3x’

=> x2y-x + y = 0 

l±Vl-4y2 
2y

<=> ye [-1/2,0)u (0,1/2]

For x = 0, we have y = 0.
Hence, range of f is [-1/2, 1/2].

EXAMPLE 8 Find the domain and range of the function

1
2 - cos 3x‘

=> (x-3)(x + 3)<0

=> -3<x<3

(ii) We have, fix) = x2.
Domain : Clearly, fix) is defined for all x e R. So, dom (f) = R. 
Range : Let fix) = y. Then,

x2=y => x = ±'fy.
Clearly, x is not a real number for negative real values of y. 

So, range (f) = set of all non-negative real numbers i.e. [0, °°).

(iii) We have, fix) =

Domain: Clearly, fix) is not defined, when 1 - x = 0, i.e. when 
x = 1.

So, domain (f) = R - {1}.
Range : Let fix) = y. Then, 

x 
1-x

=> x2-9<0

1
=> 2-cos3x = -

y

=> cos 3x = 2 - -
y

=> -1 < 2-- < i
y

=> -3 < -- < -1
y

=> 3 > - > 1
y

=> 1/3 < y < 1

=> ye [1/3,1]

So, range of (f) = [1/3,1].

EXAMPLE 9 Find the domain and range of fix) = V9 - x2.
SOLUTION We have,

fix) = V9-x2

Domain : We have,

-1 < cos 3x < 1 for all x e R,

Now,

l±Nl-4y2
2y

l-4y2>0

<=> 41/2 -1 < 0 and y * 0

(y2-l/4)<0 and y*0

<=> (y -1 /2) (y +1 /2) < 0andy*0



FUNCTIONS 1.27

.2

=* x = 2

—    —

x;
0

y'

Fig. 1.22

fM=\x\ =

iy

f(x)=k
k

x' x
0

y

x' X

0

Domain : Clearly, /(x) is not defined, when 2 - x = 0, i.e., 
when x = 2.

1.16 SOME STANDARD REAL FUNCTIONS
In this section, we shall learn about some standard real func­
tions. These functions and their graphs will be used to draw 
the graphs of other functions obtained from the standard func­
tions.
CONSTANT FUNCTION Letkbeafixedreal number. Then a fund ion 
fix) given by fix) = k for allxe R is called a constant function.

Sometimes we also call it the constant function k.
Clearly, the domain of the constant function /(x) = k is the 

complete set of real numbers and the range of/is the singleton 
set |k]. The graph of a constant function is a straight line parallel 
to x-axis as shown in Fig. 1.21 and it is above or below x-axis 
according as k is positive or negative. If k = 0, then the straight 
line coincides with x-axis.

y'

Fig. 1.23

♦y'
Fig. 1.21

IDENTITY FUNCTION The function defined by I(x) = x for all x e R, 
is called the identity function on R.

Clearly, the domain and range of the identity function are 
both equal to R. The graph of the identity function is a straight 
line passing through the origin and inclined at an angle of 45’ 
with x-axis.

EXAMPLE io Find the domain and range of the function 
a \ *2 + x /(x) = -—.2-x
SOLUTION We have,

= y

x = ± v9 -y2

Clearly, x is defined, when 9 - y2 > 0.

Now,

9-y2>0

=> y2-9<0

=>(y-3)(y+ 3)<0

=> -3 <y <3

But,/(x) attains only non-negative values. Therefore, 
y e [0,3]. Hence, range (f) = [0,3].

Cf \ 2 + x

So, domain (f) = R - (2).

Range Let/(x) = y. Then,

2 + x

tTy+J
Clearly, x is not defined for y + 1 = 0, i.e., when y = -1.

So, range (f) = R-(-!}.

=> xe [-3,3]

So, domain /(x) = [-3,3]. 

Range Let/(x) = y . Then, 

=> \9-x‘‘

(III) MODULUS FUNCTION The function defined by

x, when x > 0
- x, when x < 0

is called the modulus function.

The domain of the modulus function is the set R of all real 
numbers and the range is the set of all non-negative real 
numbers. The graph of the modulus function is as shown in 
Fig. 1.23.
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(iii)

(iv) [x] + [- x] =

(v) [x] - [- x] =

(xi) [x] + x + — + x + - + ...+ x +,2 .2 .2

(x<0,y<0and |x| > |y|)

(i)

. [Using (i)]

(•_• {x) =x- [x]]

[Putting [x] = 0,1]

•(i)

(v) |x±y| < |x|
(vi) |x±y|>||;

3
2
1

2 [x] , if x e Z
2 [x] +1, if x £ Z

[x] > n => x > n, where n e Z
[x] < n => x<n + l, neZ 
[x]>n => x>n + l,neZ
[x] < n => x<n,ne Z

[-x] = -[x]-l

-1, ifxe Z 
0, if x e Z

n -1 
n

x/
-3 "2 -1

(vi)
(vii)

(viii)
(ix)
(x) [x + y] = [x] + [y + x - [x]] for all x,y e R.

= [nx], n g N
<=> a< |x| <b <=> x e [- b, - a] u [a, b]

ILLUSTRATION 2 If |x] and [x] denote the fractional and integral 
parts of a real number x, respectively, solve

[x + l} + 2x = 4 [x +1] - 6

SOLUTION We know that: (x) = x - [x]

(x + 1) +2x - 4[x + l]-6

=> x + l-[x+l] + 2x = 4[x + l]-6

=> 3x + l = 5 [x + l]-6

=> 3x + l = 5([x] + l)-6

=> 3x = 5 [x] - 2

=> 3 ([x] + |x)) = 5 [x] - 2

<=> a < | x | < b <=> x e (-b,-a) u (a, b)

(i”) l*+yl = 1*1 + lyI
<=> (x > 0 and y > 0) or (x < 0 and y < 0)

(iv) |x-y| = |x| - |y|

<=> (x > 0 and | x | > | y | or

l + |yl
*1 - ly11

GREATEST INTEGER FUNCTION For any real number x, we denote 
[x], the greatest integer less than or equal to x.

For example, 12.45] = 2, [- 2.1] = - 3,11.75] = 1,10.32] = 0 etc.

The function f defined by fix) = [x] for all x e R, is called the 
greatest integer function.

Clearly, the domain of the greatest integer function is the 
set R of all real numbers and the range is the set of all integers 
as it attains only integral values. The graph of the greatest 
integer function is shown in Fig. 1.24.

Iy

5 r i => X = - [X] 

=> x = 0,|

a2<x2<b2

x2<a2 

x2>a2 

x2 > a2

[x] = n
Also, if lx| denotes the fractional part of x, then

[x] = x - [x| or x = [x] + |x|.
PROPERTIES OF GREATEST INTEGER FUNCTION If n is an in­
teger and x is any real number between n and n + 1, then the 
greatest integer function has the following properties :

(i) l-n] = -[n]
(ii) [x + n 1 = [x] + n

0 x
—®—t—t—•-

1 2 3
-1
-2
-3
y'

Fig. 1.24

In general, if n is an integer and x is any number satisfying
n < x < n +1, then

PROPERTIES OF MODULUS FUNCTION The modulus function has 
the following properties:

(i) For any real number x, we have
V? = |x|.

(ii) If«, b are positive real numbers then
x2 < a2 <=> | x | < a <=> - a < x < a

<=> |x|<fl<=>-fl<X<fl

<=> |x|>fl<=>x<-florx>fl

<=> |x| >fl <=> x<-flor x>a

1
n

2
n 

ILLUSTRATION 1 If {x} and I x] denote respectively the fractional 
and integral parts of a real number x. Solve the eqution

4 {x) = x + [x] [IIT1994]
SOLUTION We know that: x = [x] + |x] 
/. 4 (x) = x + [x] 
=> 4 |x] = [x] + [x] + [x] 
=> 3 [x] = 2 [x] 
But,

0<[x]<l 
0<3{x}<3 

=> 0<2[x]<3 
3 

=> 0 < [x] < 

=> [x] = 0,1
From (i), we have 

3{x) = 2[x] 

=> 3 (x - [x]) = 2 [x]
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(ii)

[•.•(x) = x+[xj]

[Using (ii)] =>

=> x e Z.=> l^M<n

(X) =

=>

[•.• (x)=X+{x)]=> CASE II When — < [x] < 1
=>

[•.•x = [x] + (x]]

(i)3 W = [x]=>

Now,

=> x =

Again,

[From (i)]

=> , x*0
/(x) =

0 , x = 0

[Using (ii)]=> /(x) =or,

then solve the equation:
(x) = x + [x]

SOLUTION Case I When x < 0:
We have,

3 [x] = [x]

3 (x - [x]) = [x]

3x = 4 [x]

x + 2 [x] = 2 [x] 

[x] + [x] + 2 {x} = 2 [x]

(x) = 2[x]-{xj 

x+(x] = 2 [x] - [x]

0 < [x] < 1

=> 0 <3 (x| <3

=> 0<[x]<3

=> [x] = 0,l,2

[Using (i)]

...(ii)

1, x>0 
0, x = 0 

-1, x<0 
is called the signum function.

CASEII Whenx>0
We have,

(x) = [x] + 3 (x) 
=> x+ [x] = [x] + 3 [x] 

=> x-[x] = 2{x]

[X| = 2{X]
[x] =0

=> 3 [x] = 2 [x] - 2

Now,

But,x>0.
/. x = 0,1,2,3,...
Hence, x = 0,1,2,3,.. are the solutions of the given equation.

ILLUSTRATION 4 Solve the equation (x)2 = [x]2 + 2x, where 
[x] and (x) are integes just less than or equal to x and just greater 
than or equal to x respectively.
SOLUTION Let [x] denote the fractional part of x.

CASE! When0<[x}<|

In this case, we have
(x) = (xl

So, the given equation reduces to

[x]2 = [x]2 + 2x
x = 0

x = | [x]

Q[x] = 1 => x = 1 and, [x] = 2 => x = -
Hence, x = 1,8/3 are the solutions of the given equation.

ILLUSTRATION 3 If [x] and [x] denote the fractional and integral 
parts ofx and (x) is defined as follows:

2 [x] - [x], x < 0
[x] + 3 (x), x > 0

• —— — — 1 r..i . -i

 2 ~= i-'1 " *

In this case, we have
(x) = [x] +1

.-. (x)2 = [x]2 + 2x

=> {[x] +1}2 = [x]2 + 2x

=> 2 [x] +1 = 2x

[X] + |

1 *7=> x = n + -,n e Z

Hence, the solution set of the given equation is given by
A 1 7

x = 0, n + -,neZ

SIGNUM FUNCTION The function defined by
I x | 

X

n 4 8
i = 0-5'3

But, x < 0. Therefore, the given equation has no solution 
for x < 0.

0<{x)<l

=» 0 < 3 [x] < 3

=> 0<2[x]-2<3

=> 2<2[x]<5
... 5

. . 2

=> [x] = 1,2
From (i), we have



MATHEMATICS FOR IIT-JEE1.30

y yyi

(o.i)<-
x' X

Xx' 0X0
(0.-1)

f(x)=1/x

x'
0 X

y

X0

yyi

x'x'
xoo

is the set of all realy'

Fig. 1.28

The domain of the signum function is R and the range is the 
set {-1,0,1). The graph of this function is shown in Fig. 1.25.

y'tl

Fig. 1.27

called the exponential function.
Clearly, the domain of the exponential function is R and the 

»the set of all positive real numbers. The graphs of the

y!

Fig. 1.30

f(x) = ax 
(o<o<1)

L
Fig. 1.26

f(x)=logQx 

(o<a<1)

Ty'

Fig. 1.25

RECIPROCAL FUNCTION The function that associates each non­
zero real number x to its reciprocal \/x is called the reciprocal 
function.

The domain and range of the reciprocal function are both 
equal to R - {0} i.e. the set of all non-zero real numbers. The 
graph is as shown in Fig. 1.26.

*1

EXPONENTIAL FUNCTION If a is positive real number, then the 
function which associates every real number x to a* i.e. f(x) = ax is

exponential function for different values of a are as shown in 
Figs. 1.29 and 1.30.

y'f

7

f(x)=ox 

(o>1)

y'

Fig. 1.29

SQUARE ROOT FUNCTION The function that associates every posi­
tive real number x to +'lx is called the square root function, i.e., 
fix) = + 'lx.

Since negative real numbers do not have real square 
roots. So,/(x) is not defined when x is a negative real number. 
Therefore, domain of/is the set of all non-negative real 
numbers = [0, °°).

Clearly, range (f) = {+ Vx" | x e [0, «>)) = [0, °°).

LOGARITHMIC FUNCTION If'a' is a positive real number, then the 
function that associates every positive real number to logfl x i.e. 

’ /(x) = log, x is called the logarithmic function.
The domain of the logarithmic function is the set of all 

positive real numbers and the range is the set R of all real 
numbers. Graphs of this function for different values of a are 
shown in Figs. 1.27 and 1.28.

Fig. 1.31

The graph of/(x) = + fx is as shown in Fig. 1.31.

POLYNOMIAL FUNCTION A function of the form fix') = aox" 
+ fl] x”"1 + ... + an-i x + an, ivhereoq, a\,a2,... an are real numbers, 
oq * 0 and n e N, is called a polynomial function of degree n.

The domain of a polynomial function is always R.
n(x)RATIONAL FUNCTION A function of the form fix') = • where

p(x) and qW are polynomials and q(x) * 0, is called a rational 
function.

The domain of a rational function 
qW 

numbers except points where q(x) = 0.
SINE FUNCTION The function that associates to each real number x 
to sin x is called the sine function. Here, x is the radian measure of 
the angle.

The domain of the sine function is R and the range is [-1,1].
Graph of the sine function is shown in Fig. 1.32

f(x)-!ogox 

(°>1)
X



FUNCTIONS 1.31

y

x'
(2a.O)x' x

(0.-1)

Fig. 1.32

R - {(2n +1) 7t/2 | n e Z|.y
(0.1)

-A A

X

Fig. 1.36

y

o

|y

A
X'

(-A.0)

y'

Fig. 1.37

COSECANT FUNCTION The function that associates a real number 
x to cosec x is called the cosecant function.

Clearly, cosec x is not defined at x = nn, ne Z i.e.
0, ± n, ± 2n, ± 3n etc. So, its domain is R - |n n [ n e Z).

Since cosec x>l or cosec x <-l. Therefore, range is 
(- oo, -1] u [1, co). Graph of/(x) = cosec x is shown in Fig. 1.35.

COTANGENT FUNCTION The function that associates a real number 
x to cot x is called the cotangent function.

Clearly, cot x is not defined at x = n n, n e Z i.e. at n = 0, 
± 7t, ± 2n etc. So, domain of cot x is R - |n it | n e Z}. The range 
of/(x) = cot x is R as is evident from its graph shown in Fig. 1.37.

SECANT FUNCTION The function that associates a real number x to 
sec x is called the secant function.

A
2

/_* o
2

ty'
Fig. 1.34

3a 2a
2

K
2

x'
_ 3a

2

X

(2A.0)

y

.<->.W
(-2a,0) ;(-A,0)

-2a \
_3_a

2

(-2A?orx

(0.-1) 
y/

Fig. 1.33

COSINE FUNCTION The function that associates to each real number 
x to cos x is called the cosine function. Here, x is the radian measure 
of the angle.

The domain of the cosine function is R and the range is [-1,1]. 
Graph of the cosine function is shown in Fig. 1.33

TANGENT FUNCTION The function that associates a real number x 
to tan x is called the tangent function.

Clearly, the tangent function is not defined at odd multiples 
of n/2 i.e. ±n/2, ±3ti/2 etc. So, the domain of the tangent 
function is R - ((2n + 1) n/2 | ne Z). Since it takes every value 
between - °° and °°. So, the range is R. Graph of/(x) = tan x is 
shown in Fig. 1.34

A-fryA
V(o.; V T 

y'

(y-°)

1___ *
3a

//

2

Also, | sec x | > 1, therefore its range is
(- oo, -1] u [1, oo). Graph of/(x) = sec x is shown in Fig. 1.36.___ x

5a 
2

(K.O) 
0

R[. R
Fig. 1.35

o "X

: x
3a:
2 :

Clearly, sec x is not defined at odd multiples of n/2 i.e. 
(2n + 1) n/2, where n e Z. So, its domain is

y

• ,0) • .'•

y'
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Thus,/+ g: D] n D2 -> R such that

(f+g) to=/(x)+g(x)

QUOTIENT

Domain Range
for all x g D]riD2-{x I gW = 0}.(x) =

[-1.H [-71/2,71/2]

[-1,1] [0,71]

(- °°, °°) or R (-7t/2,7t/2)

(- °°, °°) or R (0.71)

) R-(-l.l) [-71/2,71/2]-{0}

R-(-l.l) [0, 7l] - {71/2}

..

D}nD2-{x | g(x) = 0)(iii) Domain of

ILLUSTRATIVE EXAMPLES

f(x) 
g(x)

SCALAR MULTIPLE For any real number c, the function cf is 
defined by

DIFFERENCE f-g: Di n D2 -» R such that

(f-g) (x) = /(x) - g(x) for all x g D} n D2

PRODUCT fg : Di n D2 R such that

(fg) (x) =/(x) g(x) for all x g Dj n D2

Also, if range (g) c domain (f), we define/og by the rule

(fog) (x) = /(g(x)) for all x g D2.

(3x -1) is defined, if
[•.• Domain of cos-1 x = [-1,1]]

Definition of 
the function

Similarly, we define the difference, product and quotient as 
follows:

1.17 OPERATIONS ON REAL FUNCTIONS
In the previous section, we have listed some important real 
functions. In this section we will introduce some operations on 
real functions to define new functions.

It follows from the above discussion that iff (x) and g (x) are 
two real functions with domains Di and D2 respectively. Then

(i) Domain of (fig) = D^C\D2

(ii) Domain of (fg) = DiC*D2

rn_

=> 0 < x < 2/3

=> x g [0,2/3]
Hence, domain of cos"1 (3x -1) is [0,2/3].

(c/)(x) = c./(x) for all xg Dp

REMARK Note that the above operations are defined here are 
true only for real functions. For general functions from one set 
to another, these do not make sense.

COMPOSITION OF FUNCTIONS Let f and g be two functions with 
domain Di and D2 respectively. If range (f) c domain(g), we define 
gof by the rule

(gof) (x) = g(f(x)) for all x g Dr

y = sin 1 x
<=> x = sin y

y = cosec x
<=> x = cosec y 

y =sec”1 x
<=>x = secy

y = cos x
« x= cosy

y = tan”1 x
<=> x = tan y

y = cot”1 x
<=> x = cot y .

SUM Let f and g be two real functions with domain Dj and D2 
respectively. Then, we define their sum f+gas that function from 
Dy r>D2 to R which associates each x e Dj D2 to the number 
Ax)+g(x).

for all x e Dj n D2.

=> -1 +1 < 3x S 1 +1 

=* 0 $ 3x < 2

INVERSE TRIGONOMETRICAL FUNCTIONS The inverse trigono­
metrical functions sin~} x, cos"1 x, tan~' x, etc. are defined as the 
inverse of the corresponding trigonometrical functions. For example, 
siiT1 x is defined as the angle whose sine is x. But, since for each value 
of sin"1 x, there corresponding an unlimited number of values of the 
angles whose sine is x and for values of xwith | x | > 1, sin"1 x does 
not exist. Thus, we cannot define the inverse function of sin x unless 
we modify the definition of sin x in such a way that it becomes a 
bijection. If we consider sin x as a function from [-ti/2, 71/2] to 
[-1,1], then it is a bijection. Consequently sin"1 x exists and it is a 
function from [-1,1] to [- n/2, tt/2].

Similarly, the other inverse trigonometrical functions can 
be defined.

The domain and range of the inverse trigonometrical func­
tions are as stated below :

Function

example 1 Find the domain of the following functions:
(i) cos 1 (3x -1) (ii) sin”1 2x (iii) tan”1 (2x +1)

SOLUTION (i) Clearly, cos' 
-1 <3x-l<l

£: Di n D2 - {x | g(x) = 0} —> R such that 
g

COS X

sec x

cosec x

tan x

(ii) Clearly, sin"1 2x exists, if

-1 < 2x < 1 [•.• Domain of sin”1 x = [-1,1]]

cot 1 X

sin 1 x
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/(x) = ^1 -2x + 3 sin'

g(x) = ‘Vl -2x and ft(x) = 3 sin'
(ii)(i) (”i) 7

x.

-1< <1

=> -2<3x-1 <2

=> - 1 < 3x < 3

g(x) = cos 1 x and ft(x) = [x].(ii) Let/(x) =

Then,/(x)

,sin

•. Clearly,/(x) is defined for(iii) Let/(x) =

+ Vx + 2 [IIT1983]/(x) =
HIT 1984)

and ft(x) = "Vx + 2.SOLUTION Letg(x) =

exists, if 1 — x > 0 and 1 -x/ 1Now, g(x) =
=> 2

3

1 
Tx^i'

sin
x

1
logio (1-*)

i.e., x < 1 and x *0.

Clearly, g(x) is not defined, when 1 - 2x < 0 i.e. g(x) is 
defined, when l-2x>0=>x<l/2. Therefore,
Domain (g) = (-°°, 1/2]

Also, ft(x) is defined, when

3x-l
2

So, domain (g) = (- « 1) - |0|.

Clearly,ft(x) = Vx+Texists, if x + 2 > 0, i.e. x > - 2 
So, domain (ft) = [- 2, °°)

Hence, domain (/) = (- ~ 1) - (0} r\ [- 2, °°) 
= [- 2,0) o (0,1)

EXAMPLE 4 Find the domain of the function

3x-f
2 '

Hence, domain of sin 1 (2x) is [-1/2,1/2].

(iii) Since tan-1 x exists, if x e (- <», ~).
Therefore, tan-1 (2x +1) is defined, if 

-t»<2x+l<o° => -°o<x<°° => x e (-oo,oo) = r 

So, domain of tan-1 (2x + 1) is R.

EXAMPLE 2 Find the domain of the following functions:

cos x 
,(x] '

h(x)

Domain (f) = Domain (g) n Domain h - {x | ft(x) = 0}

Clearly, domain (g) = [-1,1], domain h = R, 
and, [x": ft(x) = 0) = (x: [x] = 0) = [0,1).

Domain (/) = [-1,1] n R - [0,1) = [-1,0) u (1).

1 
V| x | —x 

|x|-x>0=>|x|>x=>x<0

Hence, domain (/) = (— °°, 0).

EXAMPLE 3 Find the domain of the function

1 
logio (1 - x)

1 
logio (1-x) 

Then,/(x) =£(x) + ft(x). Therefore,

Domain (f) = Domain (g) n Domain (ft)

x +

SOLUTION Let/(x) =g(x) + ft(x), where 

-------  -^3x-l 
2cos X

[X]

So, domain (ft) = [-1/3,1]

Hence, domain (f) = (- «, 1/2] n [-1/3,1] = [- 1/3,1/2].

EXAMPLE 5 Find the domain of the function

V(x)=- + 2si"''I + -AT.
X NX - 2

/(x) = sin 1

1 
n/1 X I -x

—, g(x) = sin"1 x and ft(x) =

1 , . 1=> -2 x _ 2

=> xe [-1/2,1/2]

sin x 
x

x and ft(x) =

SOLUTION Let \|/(x) =/(x) + g(x) + ft(x),

where /(x) = p g(x) = 2sin'

Clearly, domain (f) = R - [0], domain (g) = [- 1,1], and 
domain ft = (2, °°).

Domain (y) = R - [0| n [-1,1] n (2,«) = 0 (null set).

Hence,/(x) is not defined for any x e R.

EXAMPLE 6 Find the domain of the function

/(x) = sin-1 log2 y
■ \ .

SOLUTION Since the domain of sin" ]x is [-1,1]. Therefore, 
fx2^ log2 — exists if

J
-1< log2 (x2/2) < 1

>-1 < — < 21• — 2 ”■

SOLUTION (i) Let /(x) =

™en,/(x) = ^

Domain (/) = Domain (g) n Domain ft - [x | ft(x) = 0}.

Clearly, domain (g) = [-1,1], domain ft = R, 
and, (x | ft(x) = 0} = (0)

Domain (f) = [-l,l]nR-(0) = [-1,0)u(0,1], =>^<x<l
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and sin x assumes all valuesSince/(x) = sin ■ log

=> sinx = I
(iv) /(x) =

/«

x * 0, x - 2 # 0 and >0

Iv 1*1 >0]

/(x) = sin log

>0

=» - 2 < x < 2 and x < 1

=> (x-8)(x-10)<0

=> 8<x<10

(i) /(*)

(ii) /(x) = log {1 •- log10 (x2 - 5x + 16))

EXAMPLE 8 Find the domain of the definition of the function 

f(x) = log4 [log5 [log3 (18x - x2 - 77) j].

SOLUTION Since log x is defined for x > 0. Therefore, 

/ (x) = log4 [log5 (log3 (18x - x2 - 77)^ exists, if 

log5 llog3 (18x - x2 - 77)) > 0

l-x

=> xg (-2,1)

Hence, the domain of / (x) is (- 2,1)

=> (18x-x2-77)>31

=> x2-18 + 80<0

=> log3 (18x - x2 - 77) > 5°

=> xg (8,10)

Hence, the domain of definition of the given function is 
(8,10).

EXAMPLE 9 Find the domain and range of the function

l-x ‘

SOLUTION Since log x is defined for x > 0. Therefore,/(x) is 
defined for

_ ________ 1_________
/(I) ' [|x-1|] + [|7-x|]-6 

Clearly,/(x) is defined if 
[|x-l|] + [|7-x|]-6 * 0

=> x = (4 n +1) n g N

=> 4 - x2 > 0 and 1 - x > 0 

=> x2-4<0 and x<l

=> 1<x2<4

=> 1< |x| <2

=> xg [-2, - l] u [1,2]

Hence, the domain of/(x) is [- 2, -1] o [1, 2],

EXAMPLE 7 Find the domain of the function f (x) = Vlog2 sinx.
SOLUTION / (x) exists iff

log2 (sin x) > 0

=> sinx>2°

l-x

between -1 and 1.Therefore, range of/(x) is [-1, 1].

EXAMPLE 10 Find the domains of definition of each of the following 
functions:

= >/Io8o.3 l*-2|~

(m) Ax)-[|x_1|] + [|7_x|]_6 

1
Vlogi/2(x2-7x+13) 

SOLUTION (i) We have,
_-^OgQ,3 I x~2 I

Clearly,/(x) is defined if 

logp.3 I*-21 
1*1 

=> x * 0,2 and log03 | x — 21 >0 

=> x 0,2 and • | x - 21 < (0.3)’ 
=> x # 0, 2 and | x - 2 [ <1 

x # 0,2 and -I<x-2<1 
=> x # 0,2 and 1 < x < 3 
=> x g [1,2) u (2,3]

Hence, the domain of definition of/(x) is [1,2) u (2,3]. 
(ii) We have,

/(x) = log10 {1 -log10 (x2-5x+ 16))

Clearly, x2 - 5x +16 > 0 for all real values of x, because its 
discriminant is negative and coefficient of x2 is positive. There­
fore,/(x) is defined if

1 - log10 (x2 - 5x +16) > 0

=> log10 (x2 - 5x +16) < 1 

=> x2-5x + 16<101 

=>x2-5x + 6<0
=> (x-2)(x-3)<0 
=> 2<x<3 
=> xg (2,3)

Hence, the domain of definition of/(x) is (2,3).
(iii) We have,
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(ii) /(x) = ^log1/2 {Iog2 [x2 4-4x4-5])

[v [n+x] = n+[x]]

=>

(i)

(ii)

=>
-(iii)

(iv) Let /(x) =

.2 x2-7x4-13>0 for all x]
/W = -5'

.2=> x -7x4-13<1

.2=> x -7x + 12<0

and h (x) =,g(x) = 5’<j>(x) =

(2x4-1)! 
Vx + 1

(2x4-1)!
<x+T~

Clearly, 0 (x) is defined for | * 0

2 m° => x -7x4-13< -

=> X g (3,4).

Hence, domain of/(x) = (3,4).

[•.• X2 4-4x 4-5 = (x 4-2)2 4-1 > 1] 

and x24-4x4-5<3

and x24-4x4-2<0
=> (x + 1)(x4-3)>0 and (x 4-2 - V2) (x 4-2 4-V2) <0
=> x g (-3,-1) and -2-.V?<x<-24-V2
=> xg (-2-<2,-3]u[-l,-24-V2) 
(iii) We have, 

3 

B
= 0 WW + h W / where

O -12
13 n _ KCOS X

and,

[x] -14- [x] - 7 * 6, if x > 7.

=> [— x] * -1, if x < 1

[x] 4- [- x] * 0, if 1 < x < 7

and,

[x] * 7, if x > 7

Now,

[- x] * -1, if x < 1

=> x g (0,1]

[x] 4- [- x] * 0, if 1 < x < 7

=> xg {1,2,3,4,5,6)

and, [x] * 7, if x > 7

=> xg [7,8)

From (i), (ii) and (iii), we obtain

xg R-(0,l]u{l,2,3,4,5,6) u [7,8).

Hence, domain of

/(x) = R - (0,1] u [1,2,3,4,5,6) u [7,8).

1
^logi/2 (x2-7x4-13)

Clearly,/(x) is defined if

log1/2(x2-7x4-13)>0 and x2-7x 4-13*0

(i) /(z) = -, 1
4| l|x|- 1JI-5

(Hi)/w’M-5c08‘1?+^7r 

Here, [•] denotes the greatest integer function. 
SOLUTION (i) We have,

f (x) = ~f— -■ —
Vj[|x|-111 -5

Clearly,/(x) is defined for

[|x| -1] -5>0

[|x| -1] >5
[Ix| -1]>5 or, [|x| -l]<-5 

or, | x | -1 < - 5 
or, [x| <-4

=> [|x-l|]4-[|7-x|] * 6

=> [|x-l|] + [|x-7|] * 6

=> [1 - x] 4- [7 - x] * 6, if x < 1

[x-l] + [7-x] * 6,ifl<x<7 

and,

[x-l] + [x-7] * 6,ifx>7:

=> 1 4- [- X ] 4- 7 4- [- x] * 6, if X < 1

[x] -1 4- 7-f- [-x] * 6,ifl<x<7

-1 2 jcos x +

=> |x| -1>6

=> |x| >7
=> x g (- «, - 7] u [7, oo).

(ii) We have,
/(x) = Vlog1/2 {log2 [x2 4-4x4-5]| 

Clearly,/(x) is defined for 
log]/2 jlog2 [x2 + 4x4-5])>0

log2 [x2 4- 4x 4- 5] < -
< J

=> log2 [x2 4-4x 4-5] < 1

=> [x2 4-4x 4-5] < 21

=> [x2 4- 4x 4- 5] < 2

=> 2<x24-4x4-5<3

=> x24-4x4-5>2

=* X24-4x4-3>0

EXAMPLE 11 Find the domain of definition of each of the following 
functions:

=> (x-3)(x-4)<0

=> 3<x<4

1
2
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(i)
=> sinx>- and sinx + cosx>lis defined for

or,

=> -1<x<1 sin x < - and 0 < sin x + cos x < 1

.(ii)

Hx) = or,

sin x < - and sin x + - <

where n is a non-negative integer and x > -1.
=> -<x< — and -<x+-<

(iii)

(iii) f(x) = 10g2

(iv) /(X) =

Now,

and 0 (x) > 1

[•.•g(x)>0xe [0,7c]]

I

1
12

or,

and 0(x)<l

1
?2

g(x) = 5' 
O^x2^!

i.e. for x e (0,2)

Domain of 0 (x) = R - [0, 2) 
■cos’1 x2

where
g(x)= | sin x | + sin x, 0 (x) = sin x + cos x, 0 < x < it. 

Then, find the domain off (x).
SOLUTION We have,

/(x) = Vlog*(x)g(x).

Clearly,/(x) is defined if
g (x) > 0,0 (x) > 0,0 (x) # 1 and log* (x) g (x) > 0

Clearly, g (x) > 0 for all x e [0, n].
and, 0(x)>O
=> sin x + cos x > 0

=> sin (x + rt/4) > 0

=> x € [0,3n/4)

0(x) = l => sinx + cosx = l x = 0, n/2.

k

e + elxl

=» gW 2 1

or,

2 sin x < 1 and 0 < sin x + cos x < 1

or,

0<g(x)Sl and O<0(x)<l.

=» g(x)£l and 0 (x) > 1

i.e. for ~ e [0,1)

SOLUTION (i) We have,
/(*) = log10 (3x2-4x + 5)

Clearly,/(x) is defined for 3X2 - 4x + 5 > 0
Since discriminant of 3x2 - 4x + 5 is negative and coefficient 

of x2 is also positive. Therefore,

3X2 - 4x + 5 > 0 for all x e R

Hence, domain of/(x) = R.
Let/(x) = y. Then,
logiO C5*2 - 4x + 5) = y

or,
« j it0<x<- or — <x<ito o

< /
and

=> x e [-1,1)
/. Domain of g (x) = [-1,1]

is defined if Vx + 1
2x +1 is a non-negative integer and x +1 > 0 

n-1
^x~.

= 2,5
2 2 2 2

From (i), (ii) and (iii), we get

Domain of/(x) = {—1/2}.

EXAMPLE 12 If a function / (x) is defined as
/(x) = Vlog*(x)g(x),

=> 2 sin x > 1 and sin x + cos x > ![-.• g (x) = 2 sin x for 0 5 x < nJ

n 7t n 3rt 7t0<x + -<- or — <x + - <it4 4 4 4
\ /

• a ■ (

=> sinx>- and sin x + - >2 4
k /

=> x e [it/6, n/2).

Hence, domain of/(x) = [n/6, %/2).

EXAMPLE 13 Find the domains of definition and the ranges of the 
following functions:
(i) /(x) = log10(3x2-4x + 5)

(ii) /(x) = >/x-l +2>/3-x

''sin x - cos x + 3/P|^2 J

it it 
6^X<2

5it
6

1
2

1
2

1
2

1
2

it
2

it
4

it
6

7?
4/

7t 3n
4'4
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(iii) We have,

/(x) = log2

=> x =

We know that:

for all x g R<1

3x10^-11 > 0
=}

for all xg R.

=>

=> sin (x - n/4) + 3 = 2y

=> sin(x-n/4) = 2y-3

[•«• — 1 <sin(x — n/4)< 1]
and x<3=> x>l

=> l<x<3

/(*) =

Also,/(x) =
, for all x < 0

=> y

.(i)

Now,

y e [<2, V10]

Hence, range of/(x) is [Vi", V10]
y = ■

(I

y > log10 (11/3)

=> y g pog10(ll/3),°o^

Hence, range of/(x) =pog10 (11/3),

(ii) We have,

/(x) = a/x^T+2V3^T

Clearly,/(x) is defined if
x -1 > 0 and 3 - x > 0

=> 3x2-4x + 5 = 10*

=> y =

=> 3x2 - 4x + (5 - 10*) = 0

4 ±V16-12(5-10*)
6

2±V3xlO*-ll
X " 3

Since x is real. Therefore,

To find the range of/ (x), let/(x) = y. Then, 

fM = y 
ex-e*x'l _

0

ex + e~x

for all x > 0 
x
- forallxcO.

10* >

sin x - cos x + 3VFII
=> /(x) = log2jsin x-^ +3^

Clearly,/(x) is defined for all x g R.

——~ = 0, for all x > 0

? + e-x

=> 2<2*<4
=> i^y^2
=> ye [1,2]

Hence, range of/(x) is [1,2].

(iv) We have,

/-J*!
ex + e|x|

=> -l<2y-3 < 1

=> XG [1,3].

Domain of/(x)'= [1,3]
"Let/(x) = y. Then,
■Vx-1 + 2 /3-x = y

=> {Vx-1 +2 V3-x)2 = y2

=> x-l+4(3-x) + 4 ^(x- 1) (3 -x) = y2

=> 11 - 3x + 4 J- 3 + 4x - x2 = y1

=> 4'V-3 + 4x-x2 = Z + Sx-ll

=> 16(-3 + 4x-x2) = (Z + Sx-ll)2

=> 16(4x-x2-3) = (/-ll^ + ^ + Gx^-ll)

=> 25x2 + 2x(3y2-33-32) + (y2-ll)2 + 48 = 0

=> 25x2 + 2x(3/-65) + y4-22y2 + 169 = 0

Since x is real, therefore

Disc>0 =>*y2-10<0 => -V10<y<<i0

But, y is always positive and the minimum value of y is 
V2" at x = 3. Therefore,

-1 < sin (x - n/4)

=> 3 -1 < sin (x - n/4) + 3 < 1 + 3 for all x g R

2 < sin (x - n/4) + 3 £ 4 for all x g R 

=> sin(x-n/4) + 3>0

Domain of/(x) = R.

To find the range of/(x), let /(x) = y. Then,

= y 
=> log2 [sin (x - n/4) + 3) = y
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y =

[•.• 0 < e2* < 1 for x < 0]<1

<0
[•.•0<y<n]

and

(ii)

=> 2-
(i) /(x) =

(iii)/(x) = 4X-2X+ 1 (iv) /(x) =

=> x = log2

[•_• 1 + V4y-3 >0]and 1 - V4y-3 > 0
= y

and ^4y - 3 < 1,-x

and 4y-3<l

and y < 1.

/(x) =

=>
= y

Hence, range of/(x) is [n/4, n)

(iii) We have,

e~x
1 + M

Clearly,/(x) is defined for 1 + [x] # 0 i.e. for x i [-1, 0).
Let/(x)=y.Then, 

e~x
1 + M

e^-l 
e2x + 1

=> 2X =

=> (i + M)y>o

=> y > 0, if 1 + M > 0 ie. x e [0,») 

and,

=> (l+lx])y = e

sin2 x + sin x - 1
sin x-sinx + 2

/(x) = 4X-2X + 1.

Clearly,/(x) is defined for all x e R. 
Let/(x) = y. Then,

4X-2X + 1 =y

=> (2x)2-2x+(l-y) = 0

,x l±<L-4(l-y)
2

l±^4y-3
2

2

y < 0, if 1 + M < 0 ie. x e (-<»,-1).

=> y e R-{0).

Range of/(x) = R - {0}.

(ii) We know that cot-1 x is defined for all x e R. Therefore, 

/(x) = cot-1 (2x - x2) is defined for all x e R.
Let/(x) = y.Then,

cot-1 (2x - x2) = y and 0 < y < n

2x - x2 = cot y

=> x2 - 2x + cot y = 0

SOLUTION (i) We have,/(x) =

f 7
: + 7 > 0 for all x e R. *

2x => e

n
=> 4^y<7t

2 ± V4 - 4 cot y
2

=> x = 1 ± Vl - coty

But, x is real. Therefore, 

1 - cot y > 0

=> coty<l.

¥ + 1
i-y

n y +1=> 0<T-----
i-y

i y +1=> - 1 C2—r
y-i

=> -1<v4-<y-i

2y
y-i

=> ye (-1,0)
From (i) and (ii), we have

y e (-1,0).
Hence, range of / (x) is (-1,0].

EXAMPLE 14 Find the ranges of the following functions:

e~x -io-7-7 (11) /(x) = cot (2x-x2)
1 T [A J

[•.• e-x>0 for all x]

y +1 n —7 <0 
y-i

y-1

But, x is real. Therefore, we must have
4y - 3 > 0 and 1 ± V4y-3 > 0

=> y^7J 4

17 4

=> y>^
4

=> y^^
J 4

=> y e [3/4,1).
Hence, range of/(x) is [3/4,1).

(iv) We have,

sin2 x + sin x - 1
sin2 x - sin x + 2

f 1’
sin2 x-sin x+ 2= sinx--

So, domain of/(x) = R.
Let/(x) = y. Then, 

sin2 x + sin x - 1 
sin2 x - sin x + 2

> 0 and
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...(i)

/(*) = log

...(ii)- y -

< 1, where

(iii)

and,

< 1-1<

< 2=> -2<

and < 2=> - 2 <

and=> 0<

> 0 and
=>

(iv)=> y > 3 or, y

(v) =>

Hence, range of/(x) is
f

'~4 ‘
/

'3-2V1T
7

y + i 
2 (y-l)

y±i
y-l

i+l 
y-l

3y-l 
y-i

31/ — 1
y-i

/(!)/(-l)>0 and-1 <’

Again, 

22y

1
*3

=> y e

Since -1 <sinx<l. This means that the roots of (i) lie 
between -1 and 1. The conditions for the same are :

: y + 1
•2(y-l)

/(a) = (y-l)a2-(y + l)a + (2y + l).

Now,

/(l)/(-l)>0

=> (4y + l)(2y-l)>0

1 1=> y<-- or y>-

=> (sin2x)(y-l)-(sinx)(y + l) + 2y + l = 0 

=> (y-l)a2-(y+1)a + (2y + l) = 0, 
where a = sin x
Since a = sin x is real. Therefore,

(y + l)2-4(y-l)(2y+l)>0

-7y2 + 6y + 5 > 0

=> 7y2-6y-5<0

3-2V1T . 3+2/rr=> —----- < V < —-—7 y . 7

-1-1 = V(x- 4) (6-x) 

=> (22y-1 - I)2 = -24 + lOx-x2

y+A
y-i

^<0
y-l

^>0
y-i

From (iii) and (iv), we obtain

y < -| or/ y>3

. From (ii) and (v), we get

3 - 2VTT 1

n
' 4
___ [3-2V1T
- ’ “V-

EXAMPLE 15 Find the range of each of the following functions:

(i) /(x) = 10g^xj'-[sinx)

(ii) /(x) = log2 Hx-4 + >/6-x}

SOLUTION (i) We have, ’ 

1 1 
/[cos x] - [sin x] j '

/(x) is defined for [cos x] - [sin x] > 0
It is evident from the graphs of [cos x] and [sin x] that 
[cos x] - [sin x] > 0 for all x g [2nn - it/2,2nit], where n g Z.

Thus, domain of/(x) = 2nn-^'2nit

Also, for x g [2nn - n/2,2nn), we have 
[cos x] = 0 and [sin x] = -1

=> [cos x] - [sin x] = 1
Atx = 2nn, we have
[cosx] = 1 and [sinx] = 0

=> [cos x] - [sin x] = 1
Thus, [cos x] - [sin x] = 1 for all x g [2nn - it/2,2mt]
f (x) = log 1 = 0 for all x G [2nn - it/2,2nn]
Hence, range of/(x) is |0|.
(ii) We have,
/(x) = log2 {^x-4 +>/6-x)

Clearly,/(x) is defined for 
^x-4 4-^/6 -x >0

=> x-4>0 and 6-x >0
=> 4<x<6

Domain of/(x) is [4,6].
Lety =/(x).Then,

y = log2 (^x-4 + "V6 -x)

2y - Vx-4 +/6-x

22y = 2 + 2/(x-4) (6-x)

=> 22y-1 -1 = '/(x- 4) (6 - x)
/(x - 4) (6-x) >0 for all x G [4,6]

... 22y-1 -1 > 0

22y-1 > 1
=> 2y - li > 0
=> 2y>.l

y^
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> 0 for all x> 1

e-1 assumes its
<1+ e- 1 = e

maximum value at x = 0

< 2

for all x g R.< e

(ii)
< 1 for all x G R.

7

COS X.

=> g'(9)

[Dividing by cos2 x]

=>

[v '/sin 1 + /cos 1 > 1]

i

cos log«,/(*) = sin Ilog; +
.2

SOLUTION We have,

e-1= 1 +
J

x2 +

e-1
•' x^l

__ 2
VT+7

x2 + e

SOLUTION We have, 

x2 + e

=* ye [1/2,1]

=> 0<loge

x)2 +

( 2 S x +e
x2 +1

\ 7

=> 2y-l < 1

=> y < 1

From (i) and (ii), we get

/(x) = (tan-1

( 2 A x^ +e

=> x2- 10x + 24 + (22y-1 -1)2 = 0

As x is real. Therefore,

100 - 4 [24 + (22y~1 -1)2| > 0

=> 4-4 (22y-1 - I)2> 0

=> (22y-1-l)2 < 1

-1-1 < 1

=> 0<22y-1

=> g (0) e (1,20/*], for 6 e (0,1]

Hence, range of/(x) is (1,23/4]

example 18 Find the range of the function f:R->R defined by 

fix') = (tan"1 x)2 + 
vl +x‘

, e-1= l+-z----
x2 + l

= (cos 0)3/2 - (sin 0)3/2
2 Vsin 6 cos 0

=> g' (6) > 0 for 0 < 0 < n/4 and g' (0) < 0 for n/4 < 0 < 1

=> g (0) is increasing on (0, n/4] and decreasing on (n/4,1]

=> g (6) e [g (0), g (n/4)] for 0 g (0, n/4]

and,

g (0) g [g (1), g (n/4)] for 0 e (n/4,1]

=> g (0) g (1,23/4] for 0 e (0, n/4]

and,

Hence, range of/(x) is [1/2,1]

EXAMPLE 16 Find the range of

f (x) = ^sin x + '/sin2 x + sin2 a ] 

SOLUTION Clearly,/(x) is defined for all x g R. 
Let/(x) = y. Then,
y = [sin x + '/sin2 x + sin2 a ] cos x

=> y = cos x sin x + vsin2 x + sin2 a cosx

=> (y - cos x sin x)2 = cos2 x (sin2 x + sin2 a)

=> y2 - 2y cos x sin x - cos2 x sin2 a = 0 

=> y2 (1 + tan2 x) - 2y tan x - sin2 a = 0 |

=> y2 tan2 x - 2y tan x + (y2 - sin2 a) = 0 

Since tan x assumes real values. Therefore,

Disc > 0

f (x) = ■/sin 0 + '/cos 0.

Let g (0) = Vsin 0 + Vcos 0 , ' where 0 < 0 < 1.
Clearly, the range of/(x) will be same as that of g (0). 

Now,

g(0) = "/sin 0 + /cos 0

,, ’  cos 0 sin 0
S ( } “ 2 Vsin 0 " 2 Vcos 0

=> 41/2 - 4y2 (y2 - sin2 a) > 0

=> y2 - (1 + sin2 a) < 0

-■Vl + sin2a <y<^1 +sin2a

Hence, range of/(x) is [- "Vl + sin2 a, "'/l + sin2 a ].

EXAMPLE 17 Find the range of the function

Thus,
1 x2 + e
1 <"5----x2 + l

2
x +e

Again,
2 x +e

2 x2 + l

g (0) g [>/sin 1 + VcosT, 23/4) for 0 g (n/4,1] 

13/4],

=> 0 < 0 < 1, where 0 = loge



FUNCTIONS 1.41

=>

.2

Now,
+ lj,x e (0, n/2).

g'(x) =

=> g' (x) = for all x e R

Let y = loge (rr +1) and g (x) = x* +1. Then,

••• /'(*) = g(x)>0forallx>0 > 0 for all x > 0

+ 1

< g (x) < (2>/3 +1 - n) for all x e [n/6, n/3]

-k ==>

Qog,{(l/e) +l),loge2^.

EXAMPLE 21 For what real values of ‘a does the range of the
V “ 1function f(x) =---- -— not contain any values belonging to the

=> g (x) attains its minimum value at x = 1/e and the 

fi?/e
e \ /

VT7?

2 
■’1+x2

2
1 +X2

x—1 
a -x2 + 

interval [-1,-1/3] ? 
SOLUTION Suppose the function /(x) assumes value 
-ke [-1, -1/3], where ke [1/3,1] for some value of x. Then, 

x —1 
a — x2 +1

x 
'h+x-

Io& 2 + >^”2 -/W-log(2^3+1-n)

for all xe [n/6, n/3]

Hence, range off (x) is
( i

lo& 2+V3~2 'lo&(2^3+1"n) 
k j

. EXAMPLE 20 Find the range of

minimum value is given by g - = 
k >

Since g (x) is increasing function for x > -' therefore maxi­

mum value of g (x) in the interval (0,1) is g (1) = 1 +1 = 2.
Thus,

g'(x) = f (1 + log x)

=> g' (x) > 0 for x > and g' (x) < 0 for x < |

=> g (x) is increasing for x > | and g (x) is decreasing for x <

=> /(x) is increasing for all x > 0

=> /(x) e (7(0), lim /«(

=>/« e (2, (n/2)2)

=> Range off (x) is (2,n2/4)

EXAMPLE 19 Find the range of
f(x) = log, (2 sin x + tan x - 3x +1), x G [n/6, n/3].

SOLUTION Let g (x) = 2 sin x + tan x - 3x +1. Then, 

g (x) = 2cosx + sec x-3

 2 cos3 x - 3 cos2 x +1
cos2x

1/e 
/e) +

1
k ~ °

X

9
= fc05?"1) (2cosx + 1) > 0 for all x G [n/6/ jj/3] 

cosz X (

=> g (x) is increasing function on [n/6, n/3]

=> g (n/6) < g (x) < g (n/3) for all x e [n/6, n/3]

' 1 n'l
=> 2+?3’2

k 7

loge 2 + ^“2 -lo8e^W-log(2^+1-n)
k J

* for all x e [n/6, n/3]

/(X) = loge {(cosxr3*

SOLUTION For 0 < x < n/2, we have 0 < cos x < 1.

So, the range of log, {(cos x)cos x +1) in (0, n/2) is same as the 

range of log, (xx +1) in (0,1).

(l/e)1/e +1 < g (x) < 2 for all x e (0,1) 

=> log,| (l/e)Ve +1| < log,(g (x))< log,2 

=> log, {(1/e + 1} < y < log, 2 for all x e (0,1)

Hence, range off (x) is

g (x), where g (x) = tan-1 x -

tan !x-

Clearly, f (x) is an even function on R. Therefore, we shall 
find the range of/(x) for all x > 0.

We have,

■ 1 +X2

1 1
1 + x2 (1 + x2)372

>/l+x2-l
(l+?)3/2

=> g (x) is increasing on R

=> g (x) is increasing for all x > 0

=> g (x) > g (0) for all x > 0

=> g(x)>0forallx>0

2
1+x2
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■0)

=>

)

for alike [-1,1]=> a>

for alike [—1}1]*(i)=> x = ~ ± + a

as k -> 0. Therefore, there is no alue of a

foralike [1/3,1]=>

/(x) =

=> a e

/(x) =
= k

/(x) =

1) 
4/

EXAMPLE 22 For what real values of'a'does the range of thefunction
_ J

/(x) =------— not attain any value from the interval [-1,1] ?

x+1
?-l

Clearly,/(x) is defined for all except for x = ± 1. If x = ± 1, 
then

Bu,[1+i 
\ 7

for which the function does not attain any value in [-1,1]. 
ALITER We have,

1
x-r

The range of this function is R — (0).

2
+ a

x-1
1 -x2-a

=> /(I) = 0 e [-1,1] for all values of a except for those values 
for which denominator is zero.'
Therefore, / (x) assumes a value in [-1,1] for all values of a 
except for those values of a for which the denominator of the 
expression for/(x) becomes zero.

Fora = 0, we have

If the function does not attain any value in the interval 
[ -1, -1/3], then x given by (i) should not exist.

.2
I + a < 0 for alike [1/3,1]

a

S’1

1 .In—x-a-1+- = 0 
4k2 k

( if=> a < minimum value of - 1 - — in the interval [1/3,1]
I I

given by g(l/3)=g(l) = -|.

Therefore, from (i), we have 
•1 

a < 4

Clearly, g (x) attains its maximum value 0 at x = and it 

attains its minimum value at x = 1. The minimum value is

x-1
1 - x2-a

SOLUTION Let there be a value k e [-1,1] such that the func­
tions attains this value at some point x. Then, 

/(x) = k 
x-1 

l-x2-a

=> x-1 = k (1 - x2 - a)

=> kx2 + x - (1 + k - ka) = 0

-l±<14-4k(l+k-kfl) 
2k

r r
* 2k

2 1 .In=> 3T--rx-a-l + - = 0 k k

,f J-1 1
■ "tt2 * 0

(
X 2k
\ 7

C if => a > maximum value of 1 + — in the interval [-1,1]
\ 7

f
x 2*
\ 7

Clearly,/(x) assumes some values in [-1,1]
Thus, for all a the given function has values belonging to 

the interval [-1,1].
Hence, there is no value of a for which the function does not 

attain any value belonging to the interval [- 1,1].

EXAMPLE 23 For what real values of a does the range of the function
V 4- 1

f (x) =----- - contain the interval [-Ijtl] ?
a + x2

SOLUTION CASE I: When a = - 1.
Fora = -1, we have

-1 t^k2 (l-a) + 4k + l
2k

If the function does not attain any value in the interval 
[-1,1], then x given by (i) should not exist.
.*• 4k2(l-a) + 4k + l <0 for alike [-1,1]

=> 4k2a>4k2 + 4k +1 forallke [-1,1]

"2k+lf 
2k

\ 7

( 1/ 
^a> 1 + 2k 

\ J

( ifLetg(x) = - 1-^ ,xe [1/3,1].Then,
< ,7

, ' (2x-l)2 ‘
g(x) = yA

\ x-1 1/W-1-X2" i + x

1
2k
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=>

/w =

for all x e R.

for all x g R (i)=> x =

(ii)

Solving (i) and (ii), we get,2=>

/(sin x)

[Putting sin x = y, and x = sin'1 y]
and fl <5/4

Thus,
[v «>0]=> 0 < a < 5/4t

EXAMPLE 24 If f

for all x e [-1,1]

/(sin2x) =

Clearly, domain of/= [-1,1]

Now,

2 cos2 x (sec2 x + 2 tan x)
2

n
y-6

=> /(x) e [- 2n/3, ti/3]

Hence, range of/(x) is [- 2n/3, n/3].

=> a g (0,5/4).

From the above three cases we conclude that

ae (-oo,-l) u(-1,5/4).

/ 2tanx ' 
9

1 + tan x k /
find the domain and range off (x).
SOLUTION We have,

(1 + cos 2x) (sec2 x + 2 tan x)
2

71
X-~6

' 2tanx
l + tan2x. k y

71
= X’6

7t
= 2’X

=> /(sin2x) = 1 +sin2x
/(a) = l + a, where a = sin 2x

Since -1 < sin 2x < 1 for all x. Therefore, -1 < a < 1.
Thus, we have

/(a) = 1 + a where a g [-1,1]

Hence, domain of/ is [-1,1]
Now,
-l<a<l

=> 0<l+a<2
=> 0</(a)<2
=>/(«) e [0,2].

So, range of/ is [0,2].

EXAMPLE 25 Find the domain and range of the real valued function 
/(x) satisfying 

2/(sinx)+/(cosx) = x

SOLUTION We have,

2/ (sin x) +/(cos x) = x

Replacing x by (ti/2 - x), we get
. (it ' 

2/ • sin --x
\ 7

=> 2/ (cos x) +/ (sin x) = ^ - x

9
(1 + cos 2x) (sec x 4- 2 tan x) •

2

Thus, for a = -1, the function does not contain the value 0. 
Consequently, the range of/(x) cannot contain the interval 
^1,1]-
CASEII WhenacO,a*-l

Let a = - b2, where b g R and b * 1. Then,

x + 1
x2-^

, (it
+/-COS --X

f(y) = sin 1

- ^ < sin

/ (x) = sin-1

=»—S/WSj

for all re [-1,1] 
o z o

Clearly,/(x)-»±ooforx = ±b.

Thus, the range of/(x) contains the interval [-1,1] for 
a<0, andfl*-l.
CASE III When a > 0. In this case,/(x) is defined for all x G R.

Lety = /(x).Then,

x + 1

7t 71.-1 => ----<sin2 6

- 1 and 1 lie between the roots of 0 (y) = 4ayz - 4y -1.

=> 0 (- 1) < 0 and0(l)<O

=> (4a + 3)<0 and (4fl-5)<0

3 
=> fl<-y4

2
=> x y - x + ay -1 = 0

1 ± Vl — 4ay2 + 4y 
2y

Now, x-will be real, if 1 - 4«y + 4y > 0
Also, the range must contain the interval [-1,1]. 

.*. 1 - 4fly2 + 4y > 0 for all y g [-1,1] 

=> 4fly2 - 4y -1 < 0 for all y g [-1,1]

"1 x < for all x g [-1,1]
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EXERCISE 1.2

20. /(x) = log2 -log1/2 -2

21.

22. /(x) =

23. /(x) = log17

3. /(x) =
24. /(x) = logo.5 ' -log2

g-2 + logx_ ^2-logx ■_25. /(x) = log

5. f (X) = -1

6. f (x) =

7. f(x) =

29. /(x) = ^Iog0.5 (3x - 8) - logo.5 (x2 + 4)

30. /(x) =9- /(x) =

10. /(x) = logw
32. /(X) =

11 /(x) =

33. /(x) =
12. /(x) = Vl-log(x-l) +

113. /(x) = ^log05 (-x2 + x + 6) +

36. /(x) = sin' - logio (4 - x)
14. /(x) =

139. /(x) = cos"

17. f(x) =

' where [■] denotes the
42. /(x)

43. /(x) = [x]sin

3X-4X
2x2-x-8

1 +

16. /(x) = log4 2- ^x-

k- |x| + log10(x + 2)

V17 - 15x - 2X2 
x + 3

2 log x +1 
-x

2x + l 
2<2x

2
2 + sin x

4 -x
x + 2

7-x 
14x2-19x + 12

— log03(x—1)
V-x2 + 2x + 8

1-2x 
x + 3

3-2x
5

x2 + 2x-3 
4x2-4x-3

27. /(x) = |x + |llog(
I 2J \x + i]

2 log x + 2 
-x

40. /(x) = V- 2 cos2 x + 3 cos x -1

41. /(x) = ^sin2 x - sin x

= NCOS

15. f(x) = log416-logs(x2-4x + 3)

2<x +1 | 
<x+2

4. /(x) = V

18' [|x-l|] + [|12-x|]-ll
greatest integer function.

2. /(x) = f

7

37. /(x) = 'te-x +sin-1

38. /(x) = cos 1

■J x4 - 3X2 + x + 7 
x4-2x2 + 1

^x + 5 
log10(9-x) 

>/31og64x-l

fox-11
8. /(x) = ^4x - x2 - log3 (x - 2) 

iogiot3-2*-*2)
'fx

6
17

/(x) = log(2x -5) (x2 - 3x - 10)

■^4X + 8(2//^ “ 2) - 52 — 22 (x " .

where/(x) = y- |x2-2x + |

r3x-l\
3x + 2 ’

1 
. 4 4sin x + cos x

31. f (x) = sin"1 (3X)
Vcosx-1/2

^6 + 35x - 6X2

log3(x2 + l)

sin2 x - sin x + 0.25
34. /(x) = ^(sin x + cos x)2 - 1

35. /(x) = logiQ sin (x - 3) - "V16 - x2

1 2

J? z
It

[x + 1]

Find the domains of definition of the following functions:

1. /(x) = Vs-X-J
y

’x 1

+ x-l

19. f (x) = sin"1 [2 - 3X2], where [•] denotes the grestest 
integer function.

26. /(x) = log100x

28. /(x) = logujox
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44. /(x) = e* 4-sin'

46. /(x)

(i) /W = (ii) /(x) = •x>0

log^ (46X2 - 9 - 5x4) is real.

> where [■] denotes the

62. Find the range of f (x) =

.2 [X]
/(x) =

ANSWERS

14. (2,4)

17;

2x-l
3 + x

4X2 - 5x +1 
x2 + 5x-2

56. Find the domain of the following functions:

(i) /(x) = Vl~^2x 4-3 sin"1

61. Find the range of /(x) = 

greatest integer function.

12} u(12,13)}
20. (0,16)

18. R- {(0,1] u {1,2,3,
19. [-1,1]- {0}

21. (5,«») •
23. (-«■,-l)u(-1,4)

25. (100, °o)

1-V21
2

1 
[x-n]

x
-1

3x-l 
2

(ii) /(x) = ^4X + 8(2/3) (x " 2) -13 - 22 ~ 11

57. Find the range of the following functions:

, (ii)/(x) = —1 + x - [x] J 1 + [x]

, where [x] denotes the grestest integer less than or equal to x.

58. Find the domain of

(ii) log7 log5 log3 log2 (2x3 + 5X2 - 14x)

Find the domain and the range of/(x) = sin x 4- cos x 
54. Find the image of the following sets under the mapping

= x4-8x3 + 22x2-24x + 10

59. Find the range off (x) = 9X - 3X 4-1.

60. Find the domain of/(x) = Nlog1(/2 ~

22. [3,oo)
24. (l/3,oo)

26. (0, 10"2)u(10"2,10" 1/2)

27. (-1/2,1/2) u (1/2,1) u (3/2, ~)

28. (0,10"2)u(10"2, IO"1) 29. (8/3,oo)
30. R 31. (- oo, 0] 32. (- 1/6, n/3] u [5n/3,6)

47. Show that image of [n/6,n/3] under the mapping 
/(x) = cos 2x -F 2 (sin x - cos x) - x is precisely

(f(K/3),/(K/6)]

48. Find the domain of the function

/(x) = log4 [log3 (log2 (x2 - 2x + 3) - logVf (2x -1)}]

49. Find the set of values of x for which

13. -2,

/(x)

• (OlUl (n)[l,~l
55. Find the domains of definition of the single valued 
branches of the function y = 0 (x) specified by the equation:

y2 — 14-log2 (x — 1) = 0

I. (-oo, 0) u [2,3] 2. [-2, 1) u (1,2]
3. (-3,1] 4. (-oo, 3/4) u (4,7]
5. [- 2, - 1) u (- 1,1) u (1,3] 6. [- 5,8) u (8,9)
7. [4, 11/2) u (ll/2,oo) 8. (2,4]
9. (0,1) 10. (-3,-2/3]
II. [0,oo) 12. (1,4)

'14-^r
2

(x} 
1 + lx}

63. Let/(x) be a function defined in [- 2,2] such that 

,-25x5-1 

2x2-1,-1<x52

/(x) = cos fV42 4-x-x2) 4- ^/sinx

52. Find the domain of definition of each of the following 
functions:
(i) ^cos2x 4-a/16-x‘

53.

([x] denotes the greatest integer less than or equal to x), then 
determineg(x) =/(|x|)4- |/(x) |.
64. Find all linear functions from [- 2,4] to [10,15] which are 
onto.

Let /(x) = 2 cos2 x 4- V3 sin 2x 4-1. Then determine f1 (x) 
and its domain and range.

[1 11/4
/(x) = - log416 - log8 (x2 - 4x 4-3) • .

M 71
33. R- nn4-(-l) - : ne Z6

/(x) = sin"1

A ,____
- -1 4- loge >/x-[x] 

r1^ 1

r2 + r — 6
50. Find the domain of the functionf (x) = —--------- . Find the

x2 4- 2x - 8
inverse of this function, if it exists, and its domain also.
51. Find the domain of definition of the function

,3

15. [-1,1) u (3,5] 16. [0,1)
1-V6T] L 14-5/65^1J^O,—j

45. /(X) - jlj

= '^-10gxt4p°g2 
2 1
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34. mt, (2n + 1) — , n e Z

(ii) [I/00)54. (i) [1,2]

60.

61. {-1,0,1}

n = l,2,...

63. g(x) =
0

u

HINTS TO SELECTED PROBLEMS

=> 0< <1

y =

=> M =

—    —
1.18 PERIODIC FUNCTIONS

ALGORITHM

3ti 5rt
4' 4

X 
,0 u

f(x + T) = /(x) for all x e R.

In order to check the periodicity of a function/ (x), we follow 
the following algorithm:

3tc

4
71 71
4'4

7?
6/

+ 3'
/

62. Let/ (x) = y. Then,

_W_
1 + W

‘1-V5
2 '

y 
l-y

y
l-y

=> 0<y<l-y
=> y>0 and y<l/2
=> ye [0,1/2)

,ix^2
’ 2

i 3 - 4x50. R-(-4,2b/-1(x)=^LY, . 

Domain of f~1 (x) = R - ||, 1 j

51. [-6,-7i]u[0,7t]u[27t,7]

52- (1) —p

,-2<x<-1 
,-l<x<-| 

1 1 • 
'~2<X<<2 

2(2x2-1),^<x<2

STEP I Write f(x + T) = /(x)
STEP II Simplify the equation obtained in step I and solve it for T.
STEP III If the values of T obtained in step II are positive and inde- 

pendent of x, then f(x) is periodic, otherwise not.
STEP IV If f (x) is periodic, then choose the smallest value of T obtained 

in step III. The value ofT so obtained is the period of f (x).

Following examples will illustrate the above algorithm.

65. f1 (x) = | sin 
k
/
cos

35. (3 - 2ti, 3 - 7t) U (3, 4]
38. {1/2}

r 7t It i
40. (6n-l)^,(6n + l)^he Z

O O J

41. [(2n +1) 7t, (2n + 2) ti], u jnn + (-1)" 7t/2, n e Z

42. (- °°, - V2] u [V2*, <»)

L 4n -1

43. (-1,0]
45. (-1,0)0 {1}
48. (1/2,1)

36. [1,4) 37. [-1,3]
39. [2n7t, (2n + 1) tc], n 6 Z

c. . 5 35 . 5 5064./(x) =-x + —,/(x) =--X + —

(ii) |-4,-iju(2,~)
53. [-1,5/4]
55. (1,3]
56. (i) [- 1/3,1/2] (ii) [2,oo)57. (i) [0,1/2] (ii) [1,1)
58. [-1, l)u(3,5] 59. [3/4,1)

fl+Vs
2 ' L z

62. [0,1/2)

4n-l

PERIODIC FUNCTIONS A function f(x) is said to be a periodic 
function if there exists a positive real number T such that

f(x + T) = /(x) for all xe R.
We know that

sin(x + 27t) = sin(x + 47t) = ... = sinx
and,

cos(x + 2ti) = cos(x + 4ti) = ... = cosx for allxe R.

Therefore, sin x and cos x are periodic functions.
PERIOD Iff (x) is a periodic function, then the smallest positive real 
number T is called the period or fundamental period of function 
fWi/

4n + lJ L 4n + l
44. (0,4)-{1,2,3)

46. (-4,-3)u(4,oo)
49. (l/>/5,3)

it
2
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ILLUSTRATIVE EXAMPLES

Prove that sin x is a periodic function. Also, find its

=>

=>

=>

4iv)

(V)for all x e R=>

I

for all x g R.

for all x g R=>

for all x g R

/(x + 2fc) = /(x)forallxG R=>

[On replacing x by x + k]

[•••/(x + k) = -/(x)]

[Putting x = 0] 

[vT>0]

...(i)

•••(ii)

Hence,/(x) is a periodic function with period 2k.

EXAMPLE 4 If a function/(x) satisfies the equation

/(x +1)+/(x — 1) = >/3/(x)forallxG R. 

Prove that/(x) is a periodic function. Also, find its period. 

SOLUTION We have, '

/(x + l)+/(x-l) = V3/(x) forallxcR

Replacing x by x +1 and x -1 respectively, we get

/(x + 2)+/(x) = ^/(x + 1)

and, /(x)+/(x-2) = t/3/(x-1)

Adding (i) and (ii), we get

/(x + 2)+/(x - 2) + 2/(x) = -13 [/■(x+l)+/(x-l)]

=> /(x + 2) +/(x - 2) + 2/(x) = 'll NT /(x)|

[•.•/(x + l)+/(x-l) = V3/(x)]

...(iii)

EXAMPLE 1 
period.
SOLUTION Let/(x) - sin x and T be a positive real number. If 
possible, let/(x) be a periodic function with period T, then

fix + T) =/(x) for all x g R

=> sin (x + T) = sin x for all x g R

sin T = sin 0

flx + k.) +f(x) = 0 for all x g R.
Prove that/(x) is a periodic function with period 2k. 

SOLUTION We have,

/(x + k)+/(x) = 0

/x + k) = -/(x)

/(x + 2k) = -/(x + k)

/(x + p) = l + [2-3/(x) + 3(/(x))2-/(x))3]l/3

holds good  for allxe Rand some positive constant p, then prove that 
fix) is a periodic function.

SOLUTION We have,

/(x + p) = l + [2-3/(x) + 3(/-(x))2-(f(x))3]1/3

r <i1/3/(x + p) = 1+[1 + (1 -/(x))3_|

r <i1/3=>/(x+p)-l = [l-{f(x)-l)3]

=> T=l,2,3,4,..... [•.■ [x+n]-[x] =n for aline N]
Thus, there exists T > 0 such that /(x + T) =/(x) for all x c R.

So,/(x) is a periodic function.
The smallest value of T satisfying/(x + T) =/(x) for all x 6 R 
is 1.

Hence,/(x) = x-[x] has period 1.

EXAMPLE 3 Let fix) be a function and kbe a positive real number 
such that

=> /(x + 2)+/(x-2) =/(x)

Replacing x by x + 2, we get

/(x + 4)+/(x) =/(x + 2)

Adding (iii) and (iv), we get

/(x + 2) +/(x - 2) +/(x + 4) +/(x) = /(x) +/(x + 2)

=> /(x + 4)+/(x-2) = 0 forallxcR

Replacing x be x + 2, we get

/(x + 6) +/(x) = 0 for all x g R

=> /(x + 6) = —/(x) for all xc R

Replacing x by x + 6, we get

fix +12) = -fix + 6) for all x g R

=>/(x + 12) =/(x) forallxcR [Using (v)]

Hence,/(x) is a periodic function with period 12.

EXAMPLE 5 Letf (x) be a real valued function with domain R such 
that

Hence, sin x is periodic with period 2 it.

EXAMPLE 2 Prove that the function flx) = x- [x] is a periodic 
function. Also, find its period. [IIT1983]
SOLUTION Let T be a positive real number. If possible, let/(x) 
be periodic with period T. Then,

/(x + T)=/(x) forallxcR
=> x + T-[x + T] = x - [x] for all x g R

[x + T]-[x] = T

T = 1,2,3,4,....

T = nit,n e N

Now,
sin In it + x) = (-1)" sin x

sin In it + x) = sin x, if n is even.

Thus,/(x + T) = fix) for all xg R

T = nit, where n is even natural number

T = 2 it, 4 it, 6 it,....

But, period of a function/(x) is the smallest positive real 
number T satisfying flx + T) = fix) for all xg R. Therefore,

T = 2 7t.
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(i)
=>

[On replacing x by x + p]

[Using (i)] .

[•_• (T > 0), which is not true.Q=> 4 + 1 = 1

Period

cos x
tanx 71

2kcosec x

2 71secx

k

1

71

<? = I»I3

2k

271

71

k/2

for all g R

for all x g R

, for all x G R 

for all x g R

Function

sinx

2 m k 
n n

cotx

x-[x]

sin2x, cos2x

| sin x [ , [ cos x |

sin4 x + cos4 x
=> /(x + 2a) = | +

rz . n x 1

=> /(x + 2a) = | +

=> /(x + 2«) = | + /(x)-|

=>/(x + 2fl) = |+/(x)-|

=> /(x + 2a) = f(x) for all x.

Hence, f (x) is a periodic function with period 2a.

EXAMPLE 9 Letf(x, y) be a periodic function satisfying
f (*/ y) = /(2x + 2y, 2y - 2x) for all x, y G R.

Define g(x) = f (2X, 0). Show that g (x) is a periodic function withi 
period 12.
SOLUTION We have,

=» g(*+2p) = [1 - (x + p))3] Z

g(x + 2p) = [l-|l-g(x)|3]'/3
=> g (x + 2p) = g (x) for all x g R

=>/(x + 2p)-l = /(x)-l

=>/(x + 2p) =/(x)

Hence,/(x) is a period function with period 2p.
Students are advised to learn the periods of following 

standard functions.

=> a = —— / which is a rational number. 
n

=> g(x + p) = [1 - (g (x)|3]1/3 
where g (x) = /(x) -1.

EXAMPLE 6 If the function /(x) = sin x + cos ax is periodic, then 
prove that a is rational.
SOLUTION Let T be the period of/(x). Then,

/(x + T) = /(x) for all x.

=> sin (T + x) + cos a (T + x) = sin x + cos ax for allx g R

Putting x = 0 and x = - T respectively, we get
sin T + cos a T = 1

and, - sin T + cos a T = 1
Solving these two equations, we get

sin T = 0 and cos a T = 1
=> T = n 7t and aT = 2 mil, where m, n g Z.

=> 4T2 + T2 = T2

f(x + T) =/(x)
cos (x + T)2 = cos x2

(x + T)2 = 2 n 7i ± x2

X2 + 2Tx + T2±X2 = 2 7771,
This relation is not possible, because the right hand side is 

an integral multiple of 2 it whereas the left hand side is a 
quadratic function of x.

For example, for x = 0 and x = T, we obtain

T2 = 2 n 7t and 4 T2 + T2 = 2 n k

aT
=* T

Hence,/(x) = cos x is not a periodic function.

EXAMPLE 8 Let f be a real valued function defined for all real! 
numbers x such that for some fixed a > 0,

f(x + a) = | + V/(x) - (/(x)}5 for all x.

Show that the function f(x) is periodic zuith period 2a.
SOLUTION We have,

/(x + a) = | + >//(x)-{f(x))2

/(x + a + a) = | + V/(x + a)-(/'(x + a))5

=> / (x + 2a) = | + -f/fx + a) {1 -/(x + a)|

| + V/(x)-f/(x))2

=» /(x + 2a) = + "^-[/■(xj-l/'fx)}2}

=> /(x + 2a) = * + ^|-/(x) + (f(x))2

EXAMPLE 7 Prove that cos x2 is not a periodic function. ■
SOLUTION If possible, let/(x) = cos x2 be a periodic function 

with period T. Then,

1
2
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.2.

;o)
2

x XXf (x) = sin x + tan - + sin + tan ^ +

T = SOLUTION We have,

= 2 It

4

[Replacing y by 0]

[Replacing x by 2y]

X X

2r

x
-1

1 - cos 2x
2

are periodic func-

.+ sin 
2"

T = LCM of (2n, 22 n,...., 2" n)

x + tan —.
2"

[vg(x) = /(2x, 0)]

Hence, g (x) is a peridoic function with period 12.

SOME USEFUL RESULTS ON PERIODIC FUNCTIONS

=>f(x,y) = fI8y,-8x)
= / (8 x - 8x, - 8 x 8y)

=> /M) =/(-64x, - 64y)

= /(- 64 x - 64x, - 64 x - 64y)

= /(212x,212y)

=»/(x,0) = /(212x,0)

=> /(2y,0) = /(212x2y, 0)

=> /(2^ 0) = /(212 + *,0)

=> /(2X, 0) = /(212 + *

=>^W=g(12 + x) for all x

and,

Period ofg (x) = - • tvhere re N and s e N are coprime 
s

Then, (f+g) (x) is periodic with period T given by

LCM of (m, r) 
HCFof(n,s) '

provided that there does not exist a positive number k<Tfor which 
flk + x)=g(x) and g (k + x)=f(x), else k will be the period of 
(f+g) (x).

X XSince each of sin -j—y and — are periodic functions with 

period 2r it. Therefore, fr (x) is periodic with period 2r it.
n

But,/(x) = Z fr (x). Therefore,/(x) is periodoc with period 
r = l

f(x> y) - /(2x + 2y, 2y - 2x) for all x, y e R ...(i)

=> f(x> y) = /(2 (2x + 2y) + 2 (2y - 2x), 2 (2y - 2x) - 2 (2x +' 2y)] 

[Using (i)J

[Using (ii)] 

...(iii)

[Using (iii)]

_ 1 1 1 - cos 4 x
2

The above result is also true for functions ,f-g andfg. 
g

EXAMPLE 10 Since sin x is a periodic function with period 2 it.
(x A . Z^oA

Therefore, sin (3x + 2), sin - - 3 , sin
\ / 

tions wit periods 2it/3,4 it and 6 respectively.

EXAMPLE 11 Find the period of f (x) = sin x.

SOLUTION We have,

RESULT 1 Iff(x) is a periodic function with periodic T and 
a,b& R such that a* 0, then af (x) + b is periodic with period T.
RESULT 2 If f(x) is a periodic function with period T and 
a,be R such that a *0, then flax + b) is periodic with period T/| a |. 
RESUl7j~~~^/,Cx) and g (x) be two periodic functions such that :

Period off (x) = • where m, n e N and m, n are co-prime.

/(x) = sin2x =

2n itSince cos 4 x is a periodic function with period — = —.

So,/(x) is periodic with period it/2.

r=1l
11 XX

= Z fr (x), where f (x) = sin---- r + tan —
r=l 2r“* 2r

3 1= - + -cos4x.4 4

= l-|(sln22x)

EXAMPLE 13 Find the period of f (x) = sin + cos 

2 ft ft
SOLUTION Since sin — x and cos - x are periodic functions

O 4-

2 71 2 71with periods =3 and = respectively. Therefore,

f(x) is periodic with period equal to LCM of 3 and 4 i.e. 12.

EXAMPLE 14 Find the period of function

2 itSince cos 2x is a periodic function with period — = it.

Therefore,/(x) is a periodic function with period it.

EXAMPLE 12 Prove that f (x) = sin4 x + cos4 x is a periodic func­
tion with period n/2.

SOLUTION We have,

fix) = sin4x + cos4x

= [(sin2 x)2 + (cos2x)|2 + 2 sin2 x cos2x - 2 sin2 x cos2x

2 2 2 1 2= (sin x + cos x) - - (2 sin x cos x)

” f X X /(x) = E sin—j + tan-

71X + 2
3 

. 7

X

2r
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(iv) We have,

Period off (x) =
(v) We have,

Similarly,

(v) f (x) 2

yPeriod of/(x) = = 4n

(ii) We have,

x'

and,

and, -1

EXAMPLE 15 Find the period of/(x) = 5 sin 3x - 7 sin 8x.
SOLUTION We observe that :

cos {sin (n/2) + x) = cos (cos x) 
Therefore, by result 3,/(x) is periodic with period n/2.

fy'

Fig. 1.38

(ii) f (x) = cos x + {x|, where {x} denotes the fractional part 
of x.

n
4

Since sin x and | cos x | 

respectively. Therefore, 

| sin x | 
cos x

Hence,/(x) is periodic with period 2n.

EXAMPLE 17 Prove that f(x) - sin-1 (sin x) is a per iodicfunction 

SOLUTION We have,

LCM of 2ti and n
HCF of 3 and 4

LCM of n and 4tt
HCF of 3 and 5

/(x) = cosx + {xj

= cos x + x - [x] [•.• x = [x] + {x] ]
Here, cos x is periodic with period 2n and x - [x] is periodic 

with period 1. But, LCM of 2n and 1 does not exist.
Hence,/(x) is not periodic.
(iii) We have,

/(x) = cos (cos x) + cos (sin x)

cos {cos (n + x)} = cos (- cos x) = cos (cos x)

x ,-n/2<x<n/2
(sinx) = ii — x , tc/2<x <3n/2 

2n-x ,37t/2<x<2n

(0-|)

EXAMPLE 16 Find the period of each of the following functions, if 
exists:

cos {sin (ti + x)) = cos (- sin x) - cos (sin x)

Therefore, cos (cos x) and cos (sin x) are periodic functions 
with period it. So,/(x) should have period n. But, we find that 

cos {cos (tt/2) + x} = cos(-sin x) - cos (sinx)

(i) /(x) = tan3x + cos —

Period of 7 sin 8x is = 
o

Period of 5 sin 3x is

/(x) = sin 1

/(*) = |

Clearly, period of tan 3x is and that of cos 5x is
3 5/2 5

(iii) / (x) = cos (cos x) + cos (sin x)

(iv) / (x) = | sin x | + | cos x |

_ 1 ( {sinx| sinx ]
2 | cos x | cos x | j

SOLUTION (i) We have,

/ (x) = tan 3x + cos —

(o -f
n

\ ~2

- n\

and so tor
It is evident from the graph that/(x) is periodic with period 

271.

/(x) = | sinx | + |cosx|.

We know that | sin x | and |cosx| are periodic with peno 
7i. Therefore, /(x) should be periodic with period tl Bi" 
| sin (ti/2 + x) | = cos x and | cos (ti/2 + x) | = sin x.

Therefore, by result 3,/(x) is periodic with period

SOME IMPORTANT POINTS TO REMEMBER

(0 sin” x, cos" x, sec" x, cosec" x are periodic functions wilt! 
period 2ti and it according as n is odd or even.
(”) tan" x, cotn x are periodic functions with period n whethte: 
n is even or odd.
(iii) |sinx| , |cosx|, |tanx|, |cotx|, |secx|, |cosec.r| an 
periodic with period it
(iv) |sinx| + |cosx|, |tanx| + | cot x |, |secx| + | cosec xj 
are periodic with period ti/2.

(v) sin”1 (sin x), cos"1 (cos x), cosec"1 (cosec x), sec"1 (st’f xQ 
are periodic with period 2n whereas tan"1 (tan x) am< 
cot"1 (cot x) are periodic with period it.

sin x + | sin x| |
| cos x | cos x J

are periodic with periods 2n and ■
:, | Sin is periodic with period 2ts 

is periodic with period 2tt.
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EXAMPLE 18 Find the period of the function

and so on.

Period of x - [x] is 1

= 1.

EXERCISE 1.3

ANSWERS
(iv) 2

(v) 2/3(iv) 1

HINTS TO SELECTED PROBLEMS

x + ~ -3x + 10

+

(ii) 2n
(vi) 1
(ii) n/2

(iii) 24
(vii) 8
(iii) 1

1
2

2
3

8. (i) it, 2n
9. (i) 2n

1
3

3. n = ±1,±3,±5,±15
(ii) [-1,1], [-tan 1, tan 1]
(ii) 1

1. (i) 2n 
(v) 1

2. (i) 7i

1 
n

n 
’’ nPeriod of/(x) = LCMof 1,7/7/

X 3

ill
3

71Period of | cos tix | is - = 1

7tPeriod of | cos 2tix | is — =

JI
Period of | cos 3tcx | is — =

7tFinally, Period of | cos n it x | = —

1. (v) We have,

F 1 /(x) = [x]+ x + - +
3

2
X + 3

(vi) We have,

/(x) = x + a-[x + b]

= (x + b)-[x + b] + a-b

Since x- [x] is periodic with period 1. So,/(x) is periodic 
with period 1.

(vii) We have,

(ii) /(*) = sin Vx

(iv) /(x) = x cos x
(vi) x + sinx

6. Prove that f (x) = cos x + {x} is not a periodic function even 
if cos x and (x) are periodic functions.
7. If the function/(x) = sin x + cos ax is periodic, then prove 
that a is a rational number.
8. Let f:R-> Rand g: R- {(2n +1) n/2| n e Z} -> R be 
given by

/(x) = sin x and g (x) = tan x. Find :

(i) the periods of fog and gof.

(ii) the ranges of fog and gof.

9. Find the periods of the following functions:
_ glog* (sin x) + tan3 x - cosec (3x - 5)

(ii) /(x) = x - [x - b], b e R.

1. Find the periods of the following functions:
(i) /(x) = 2 sin 3x + 3 sin 2x (ii) f(x) = sinx + cos2x

(in) /(x) = sin —+ sin — 
3 4

(iv) /(x) = sin (2tix + n/3) + 2 sin (3tix + n/4) + 3 sin 5tix

11 T 2"(v) /(x) = [x] + x + - + x + - -3x + 10
3 3

(vi) /(x) = x + a - [x + b], where a, b e R.
(vii) /(x) = sinp^

2. Find the periods of the followings functions :
= (1 + sin x) (1 + sec x)

J (1 + cos x) (1 + cosec x)
(“) /W = T7—Ai---- F

7 | sin x | + | cos x |
(iii) /(x) = /-M+lsin7Ul + lsin2nxl+-+lsin"nxl
(iv) / (x) = sin-1 (sin 2nx)
(v) /(x) = cos-1 (cos 3n x)

3. For what integral value of n is 3n period of the function 
cos n x sin 5x/n ?

- x + | +11 
3 

\ J)

21 fSince each of [x] - x, x + 4- -1 x + and x + - - x + 
vj I 3 3l j \ ; l j v

is a periodic function with period 1. Therefore, period of/(x) is 1.

4. Prove that cos-1 (cos x) is a periodic function. Also, find 
its period.
5. Prove that the following functions are not periodic:

(i) /(x) = cos Vx

(iii) ./(x) = sinx2

(v) /(x) = x sin x

/ (x) = eX - + Icos ** I + I c°s 2it x | +.... + | cos nnx |

SOLUTION We observe that

1
3

1
3

2
3

2
3

11
3

2
3

r i x x f f 
= ■ [x]-x)+ X + - - X + - 

v- -I \
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/(*) = ‘

for all x

y/x + T + 'x = 2nn for all x and n e Z.

[Putting x = - T]

=> sinT = 0 and cos aT = 1

=> T = nn,ne N and aT = 2mn, me N
cos 3 n n = (- I)3'1]

■ —    —

odd function if

ILLUSTRATIVE EXAMPLES

(i) /(x) = x = -x

= fi*)= X

f<X) = X

, 0 < X < 1
,1 <x<2
,2<x<3 
3<x<4

ODD FUNCTION A function f(x) is said to be an 
fi~ x) = - fix) for all x.

f (3n + x) = /(x) for all x

=> /(3n + 0) = /(0)

_ • 15tx=> cos 3n it sm----  = 0n

■ 15ti _=> sin----- = 0n

/(—x) = - x

=> a (n 7t) = 2m n, where m, n e N

=> a = —, which is a rational number. n

For fixed n, we observe that the RHS of the above equation 
is a constant whereas LHS is a variable which is not possible-. 
Therefore,/(x) is not a periodic function.
7. Let T be the period of/(x). Then,

/(x + T) = fix) for all x.

=> sin (x + T) + cos a (x + T) = sin x + cos ax for all x

=> sin T + cos a T = 1 [Putting x = C]
and,

- sin T + cos aT = 1

1.19 EVEN AND ODD FUNCTIONS
EVEN FUNCTIONS A function fix) is said to be an even function if 
fi~ x) = f(x) for all x.

Here, it is assumed that- x is in the domain of/(x) whenever 
x is in the domain of/(x).

The graph of an even function is always symmetrical about 
y-axis, i.e., the curve on the left hand side of y-axis is the mirror 
image of the curve on its right hand side.

The graph of an odd function is always symmetric in 
opposite quadrants, i.e., the curve in the first quadrant is 
identical to the curve in third quadrant and the curve in 
second quadrant is identical to the curve in fourth quadrant.

Clearly,/(x) is periodic with period 8 units.
3. For f (x) = cos n x sin (5x/n) to be periodic with period 3ti, 
we must have

15 .— is an integer

is a multiple of 7t

a
+ 1, 

l-q? 

l+q*

0
sin (n/4) = 
sin (2n/4) = 1 
sin (3n/4) = ,

sin (4n/4) = 0 ,4 < x < 5
sin (5ti/4) = - ^ ,5<x<6

,6<x<7 
,7<x<8 
,8<x<9
, 9 < x < 10 and so on

=> n = ±1,±3±5, ±15
5. (i) If possible, let/ (x) be periodic with period T. Then, 

/(x + T)=/(x) for all x.
=> cos ^x + T = cos Vx" for all x

=> ^x + T = 2nn±y[x

(ii) /(x) = log(x + \x'2 + l)

sin (6n/4) = -1 
sin (7tc/4) = ~ ^2 

sin (8n/4) = 0 
sin (ti/4)=^

EXAMPLE 1 Determine the nature of the following functions for 
even and odd:

(iii) f(x) = sin x + cos x

SOLUTION (i) We have,

q -1
y +1,

(iv)/(x) = i2-|»l

So, fix) is an even function.
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(x + v x2 +1)= log

= log

= log

»

[•• g is even g (-x) = g (x)J

HIT 1996]/(*)=/

Thus,/(x) = f

or, x = -

SOLUTION Let g(x) = sinx. 
Then,

-3 + /5
2 '

=> fog is an odd function 
=> fog is an even function 
=> fog is an even function

(ii) We have,

/(x) = log (x + a/x2 +1}

=> /(-x) = log x + ■^x2 + l}

- X + NX2 + 1

x + ‘Vx2 + l

- x2 + x2 + 1
x + vx2 +1

1
X + vx2 + 1

= log 1 - log (x + a/x2 + 1}

= - log (x + NX2 + 1} = -/(x)

So,/(x) is an odd function.

(iii) We have,

/(x) = sin x + cos x

=> /(- x) = sin (- x) + cos (- x)
= - sin x + cos x

Clearly, - sin x + cos x is neither equal to/(x) nor equal 
to-/(x).

So,/(x) is neither even nor odd.

(iv) We have,

fix) = ?- I X I

=> fi~x) = (-X)2-I-X I =?-|x| =fix)
So,/(x) is an even function.

EXAMPLE 2 If f is an even function defined on the interval 
[- 5,5], then find the real values of x satisfying the equation 

|x + f 
x + 2 ’ 

k y
SOLUTION Since/(x) is an even function defined on [- 5,5].

Therefore,/(- x) = / (x) for all x g [-5,5]

x + f
x + 2 

k /
x + 1 

=> X = ----- -x + 2

go/(x) = sin {(log (x + ^x2 + 1))[.

Since/(x) and g(x) both are odd functions, therefore 
gof (x) is an odd function.

EXAMPLE 5 Letf;R-*Rbea function given by

fix + y) +/(x - y) = 2/(x)/(y) for all x, y g R

andfiQ) * 0. Prove that f (x) is an even function. What can be said 
about f(x) i//(0) = 0 ?

SOLUTION We have,

EXAMPLE 3 Letf, g be two functions. Then prove that
(i) f is even, g is even => fog is an even function
(ii) fis odd, g is odd
(iii) fis even, g is odd
(iv) / is odd, g is even
SOLUTION (i) We have,

(fog)(-x) =/(g(-x))
= fig (*)) [••■ g is even g (- x) = g (x)]
= fog (x) for all x

fog is an even function.

(ii) We have,
(fog) (-x) = /(g(-x))

= /(-g(x)). [vgisodd => g(-x) = -g(x)] 

= -/(gW) [-.-/isodd]

= -fog(x) for all x
■ /. fog is an odd function.

(iii) We have,

fog (-x) = /(g(-x))

= /(" g (*)) [••• g is odd g (- x) = - g (x)]

.= fig (x)) [••• /is even /. /(- g (x)) = f(g (x)] 

= fog (x) for all x.

fog is an even function.

(iv) We have,

fogi~x) = fig (-x))

= fig W) 

= fog (x)

fog is an even function.

EXAMPLE 4 Determine the nature of the function.

f (x) = sin (log (x + Vx2 +1)).

and fix) = log (x + /x2 +1).

Hence, the values of x are
-1 + /5 -1-/5-3-/5 ,
----~~----and 2'22

x+T
x + 2 

k /
=> x2 + x — 1 = 0 or,x^Sx + l = 0

-l±/5 -3±/5
=> x = —-— or, x = —-—
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and,

[v /(0) * 0]

In this case, we have

/(-x)

=>/(-*) -/W

EXAMPLE6 Prove that f (x) is an odd function,
2 -3

, x>l
/(x) =

) SOLUTION We have,

=> /(*) = ,x>l

=>

=> /(*) =

/(-x) =
+ 12

=>/(x) =

In this case, we have

1
2

x
71

...(ii)

[v/(0) = l]

_ x(sinxTtanx) _ 
x 
7t

[1 + X] = [x] + l 
[1-X] = [-x] + l

... [x] + [~x] = -1, ifxeZ
[x] T [- x] = 0, if x e Z1

+ 2

Thus,/(-x) = —/(x) in both the cases.

Hence,/(x) is an odd function.

♦ EXAMPLE 7 Find out whether the following function is even or odd:

|x| ,x<-lX
/(x) = [1T x] t [1 - x] , -1 < X < 1

-X |x|

 x (sin x T tan x)

-kl-i+i
71 2

2x(sinx +tan x) 
x t 2tc

71

where [•] denotes the greatest integer function.

SOLUTION We have,

— x
7T

-X
71

x (sinXT tanx)
— x

71

- 2x {sin (- x) T tan (- x^ 
-x

71

X |x| ,x<-l
/(x) = [1 T x] T [1 — x] , — 1 < X < 1 

-x|x{

-X2 , x<-l
> /(x) - ■ 1 T [x] T 1 T [- x] , - 1 < X < 1 

-x2 ,X>1

2x (sin x T tan x)

2 -t2 -3 I?
2x (sin x t tan x)

2 -1t4-3
71

2x (sin x t tan x) 

2T-1t1
71

=> /(-X)

i -1
71

x (sin x T tan x) = mt (sin hti t tan n 7t) = 0 

/(-x) = 0 for all x.

Thus, we have /(x) = 0 for allx.

It is evident from the definition of the function or its graph 
that/(x) is an even function.

,x<-l 
,-l<x<0 
,x = 0 
,0<x<l

-X2 ,X>1

- x2 , X < -1
=>/ (x) = ■ 2 T [x] T [- x] , - 1 < X < 1

-x2 , X>-1

/(xTy)T/(x-y) = 2/(x)/(y) for all x, y g R ...(i)

f(0 t 0) t/(0 - 0) = 2f (0)/(0) [Replacing both x and y by 0] 

=>/(0)T/(0) = 2/(0)/(0) 

=> 2/(0) (f(0)- 1| = 0 

=> /(0) = 1.

Putting x = 0 in (i), we get

/(y)+/(-y) = 2/(0)/(y) for all ye R 

=> /(y) +/(- y) = 2f (y) for all y g R 

=* /(-y) = /(y) for ally g R 

=> f (x) is an even function.

If/ (0) = 0, then, from (ii), we get

/(y)+/(-y) = 0 for ally g R 

=> /(-y) = -/(y)forallyG R 

=> /is an odd function.

CASE II When is not an integer:

Now, we shall discuss the following two cases :

CASE I When — is an integer n (say) i.e. x = nit.

-x2
1
2
1

1
2
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1.

(i) /(*) = z + 1

.2
(ii) /(*)

(iii) /(x) =

(vi) /(x)
dx

2.

fM =

/(W(y)=/ for all x, y e R and xy * 1.

8.

fM =
/« =

ANSWERS

(iii) even
(ii) /W =3- (i) /(x) =

2. (i) /(x) =

9. (a) /(x) =
(ii) /(x) =

1. (i) even
(iv) even

1
2

(iii) odd
(v) even

x
(iv) /(x) = J loge 

0

-x,0<x<l
— 1, x > 1

-xtanx ,-n/2<x <0

[-x] ,-2<x<-n/2

Define f (x) on [- 2,0] so that it becomes an

(i) even function on [- 2,2]
(ii) odd function on [- 2,2].

3. Define a function/(x) suitably in the interval [0, «>) so that 
/(x) may be an

(i) even function (ii) odd function

whose definition is as follows:

1-x"
1+x

z0<x<n/2

, n/2 < x < 2

,-n/2<x<0
77 [-x] ,-2<x<-n/2

(i) /(x) = a:

(ii) odd
(v) even

x tan x

2M 
xtanx 
n. . 
2 * '

x tan x , - n/2 < x < 0
(b) /(x) = ‘ z_2<x<-n/2

X |x| ,X<-1
(iii) / (x) = [2 + x] + [2-x],-1<x<1 

-xIX I ,x> 1

5. Which of the following functions is (are) even and which 
is (are) odd ?

(i) /(x) = 4-2x4 + sin2x
(ii) /(x) = "Vl 4-x + x2 - VT -x + x‘

1 + anx
l-anx

(iv) /(x) = sinx + cosx
(v) /(x) = constant.

= (1 + 2r)2
2X

6. Represent each of the following functions as the sum of an 
even and an odd function:

,x

xtanx ,0<x<ti/2
^[x] zn/2<x<2

-xtanx ,-n/2<x<0
^[-x] ,-2<x<-n/2

EXERCISE 1.4

Find out whether the following functions are even or odd:
x x , 

-— + z + l 
^-1 2
 x (sin x + tan x)

X + tC
H

x,0<x<l
1,X>1

4. (i) /(x) = x2-xz-3<x<0
(ii) /(x) = -x2 + x,-3<x<0

5. (i) even (ii) odd
(iv) Neither even, nor odd
(vi) even

8. odd

(ii) /(x) = (1+x)100 
x

(iii) /(x) = sin 2x + tan x + cos -

l,x< —1
— x ,-l<x<0

4. Extend/(x) = x2+ x defined in [0, 3] onto the interval 
[- 3Z 3] so that/(x) is (i) even (ii) odd.

(iv) / (x) = 1 - x3 - x4 - 2x5
7. If a function/satisfies the condition

X+i/^ 

l-xy^
Prove that/(x) is an odd function. 
Let /(x)+/(y) =/(x>/l -y2 +y >/l -x2) for all xand y 

belonging to the domain of/(x). Find whether/ (x) is even, odd, 
neither even nor odd.
9. Let/: [-2,2] -» R be a function given by

x tan x, 0 < x < n/2

,?<x<22 2

Define/(x) for x e [- 2,0] such that
(a) /(x) is an odd function on [- 2,2]
(b) / (x) is an even function on [- 2,2]

(v) /(x) = ^(1 - x)2 + ^(1 +x)2

Let/: [- 2,2] -> R be a function defined on [0,2] as follows:

x tan x, 0 < x < n/2

fw ,^<x<2



* r 3 -'.’c-n 3

4

I

A

»

■ . ■ x) 1 S'l.i 'C

1 )■

■ ' • ' / ■ <•• <: ■

jo

( ■, '

3V« ’A

•' 1

<

i’i;!

JL

-;r<- ’’ uPi' ' ' ' V i1-*i

' ! v i •■ ■■■ , ,

* nd j-

T j



CHAPTER

GRAPHS OF FUNCTIONS

y

o ox X

(ii)(i)

y

/x/p7y=f(x)

0 X

X

0 X

P(x.f(x)) 

f(x)

(iii)
Fig. 2.2

2.1 INTRODUCTION
The knowledge of graphs is very useful in mathematics. Par­
ticularly, in calculus graphs play a very important role in 
understanding continuity, differentiability, maximum and 
minimum values etc. In this chapter, we shall first discuss the 
construction the graphs of some basic functions and then we 
shall learn about some simple transformations of graphs. These 
transformations will enable us to draw the graphs of functions 
obtained from basic functions.

Fig. 2.1

Note that every curve we draw in the Cartesian plane is not 
necessarily the graph of a function. There may be graphs not 
representing a function. Since a function/can have only one 
value/(.v) for each x in its domain, so no vertical line can 
intersect the graph of a function more than once. We can use 
this as a convenient visual test to check whether a given graph 
represents a function or not. It is called the vertical test for

2.3 GRAPHS OF SOME BASIC FUNCTIONS
In this section, we shall discuss the graphs of some basic 
functions.
GRAPH OF IDENTITY FUNCTION A function f defined by f(x) = x 
for all re R is called the identity function.

The equation of the curve represented by the identity func­
tion is y = x. Clearly, it represents a straight line passing 
through the origin and inclined at an angle of 45° with x-axis.

functions. For example, in Fig. 2.2 (i), we see that the graph 
does not represent a function. In other words, it does not define 
y as a function of x, since a vertical line intersects the graph 
twice. Graphs in Fig. 2.2 (ii) and (iii) represent functions.

y

2.2 THE GRAPH OF A FUNCTION
The graph of a function /(x) is the graph of the equation 
y =f(x). It consists of all points in the Cartesian plane whose 
coordinates are (x,/(x)) or (x, y), where x is any point in the 
domain of the function/(x).

Recall that in the point (x,/(x)), x is the directed distance of 
the point from y-axis and /(x) is the directed distance of the 
point from x-axis as shown in Fig. 2.1



MATHEMATICS FOR HT-JEE2.2

x

.. for all x > 1 or x < -1

0x' x

y
y=x*y=x*

(-1.1)

0x' x

y=x2
y

/ ox' X

0x' X

(-1.-1)

/(*) = |x| =

y

y = -x y=k

0 x
x'

0 X

Its graph is as shown in Fig. 2.3. The domain and range of the 
identity function are both equal to R.

iy

Ty'
Fig. 2.8

Ty'
Fig. 2.3

y'
Fig. 2.4

yz-

Fig. 2.5

Ty'
Fig. 2.6

GRAPH OF SQUARE FUNCTION A function given by f (x) = x2is 
called the square function.

The domain of the square function is R and its range is 
[0, o°). The equation of the curve represented by the square 
function is y = x2.

Clearly, y = x2 represents a parabola. Since /(x) = x2 is an 
even function, so its graph is symmetrical about y-axis and is 
as shown in Fig. 2.4.

y=x^ 
/Xy~x
0.1)

y=X2 V

y=x&

and,

The graphs off (x) = x2,/(x) = x4,/(x) 
Fig. 2.6.

Ty'
Fig. 2.7

GRAPH OF MODULUS FUNCTION A function f defined by 
x,x>0 

-x,x <0
is called the modulus function or absolute value function. 

iyy=x’S

y=x5

y=x6

GRAPH OF CUBE FUNCTION A function given by f(x) = x3 is 
called the cube function.

The domain and range of cube function are both equal to 
R. The equation of the curve represented by the cube function 
is y = x3. Since/(x) = x3 is an odd function, so its graph i.e. the 
curve y = x3 is symmetrical in opposite quadrants. Also, y is 
positive for positive values of x and it is negative for negative 
values of x. The graph of cube function is as shown in Fig. 2.5.

y=x3

y=x5|

The equation of the curve 
represented by the modulus 
function is y = | x | or, y = x 
when x > 0 and y = - x when 
x<0. The domain of the 
modulus function is R and its -• 
range is [0, °°). The graph of x 
the modulus function is 
shown in Fig. 2.8.

> x6 > x8 .... for all xe (-1,1)

.4 6 ,.8

GRAPH OF y=^n,ne N If n e N, then function /given by 
/(x) = x2" is an even function. So, its graph is always symmetri­
cal about y-axis. Also, 

.2 . v4 v6

//'y=x2

(1.1)

= x6 etc. are shown in

GRAPH OF y= x2"’\ ne N If n e N, then the function/givenby 
/(x) = x2" "1 is an odd function. So, its graph is symmetric^ in 
opposite quadrants. Graphs of/(x) = x,/(x) = x3,/(x) = x5 etc. 
are shown in Fig. 2.7.
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REMARK

x'
0 x

0xz X

GRAPH OF f(x) = is

etc. are similar to the

y

0x' x

0 xx'

Ty'

Fig. 2.10

Ty'
Fig. 2.9

y'
Fig. 2.12

is the mirror image of the graph 
= x" in the line mirror y = x. That is the graphs of f (x) 

are symmetrical about y = x. Thus, the graph of 
is as shown in Fig. 2.11.

yi

1?Z3 is as shown in Fig. 2.12. 
y

y= x1/3

y=l
7 X

Hi

Since the characteristics of functions /(x) = -y 
x

/(x) = -v etc. are exactly same as that of f (x) = -5. So, their graphs 
x XT

are identical to the graph of f (x) = -V
x2

1 
x2"-1

an odd function , so its graph is symmetrical in opposite 
quadrants. We also observe that y is positive for positive values 
of x and it is negative for negative values of x. Also,y -> °° when 
x-» 0+ and y-»-°° when x->0-. Thus, the graphs of 
/(x) = l/x3, /(x) = l/x5 etc. will be similar to the graph of

GRAPH OF f(x) = -y, ns N We observe that the function 
1/(x) = -y is an even function, so its graph is symmetrical about 

x2'1
y-axis. Domain of definition of/(x) is R - (0) and/(x) assumes

■ __

positive values only for all xe R. Also, y -> °° as x -> 0 orO 
and y -> 0 as x - oo or + 0°. The values of y decrease as the 
values of x increase. Thus, the graph off (x) = 4? is as shown in 

x2
Fig. 2.10.

.1/6 xi/8

GRAPH OF RECIPROCAL FUNCTION A function defined by 
f (x) = is called the reciprocal function.

The domain of reciprocal function is R - |0|. Its range is also 

R-|0). Clearly,/(x) = ■- is an odd function so its graph is 

symmetrical in opposite quadrants. Also, we observe that 
x —> 0+ =>/(x) -»+ oo, x -> 0“ =>/(x) -> - oo, 
and x—>±°° =>/(x)->0.

Thus, the graph of/(x) = is as shown in Fig. 2.9.

yj

GRAPHS OF f(x) = x',n, ne N

CASE I When n is even :
Clearly,/(x) = x1/" is defined for all xe [0,°°) and the 

values taken by /(x) are positive. So, domain and range of 
/(x) are both [0, °°). We also observe that/(x) is the inverse of 
the function# (x) = xn when its domain is taken as [0, °°). There­
fore, the graph of /(x) = x1/n 
of # (x) ~ x” 
and g (x) 
/(x) = x1/2

y'
Fig. 2.11

REMARK Graphs off (x) = x1/4, x 
graph of /(x) = x1/2.
CASE II When n is odd:

We observe that /(x) = x1/n, when n is an odd natural 
number, is defined for all x e R. Also,/(x) assumes positive 
values for x > 0 and negative values for x < 0. Clearly, /(x) is 
the inverse of the function g (x) = xn. So, its graph is the mirror 
image of the graph of g (x) in the line mirror y = x. The domain 
and range of/(x) are both equal to R.

Thus, the graph of/(x) = x

^777.ne N Clearly, function/(x) =

REMARK Graphs off (x) = x1 /5, x1 /7 etc. are similar to the graphs 
off(x)=x'/3-
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y

(0,1)

x' 0

(0.1)

0x' x

(0.1)
(ii) -

0 x

(iv)

for all tn >0

for all m > 0

(vii) for all tn > 0

for all tn > 0

(ix) for all tn > 0, a > 0, b> 0log,! m =lyy=ax, o<a<1

(0.1)
x0xz

and, logflx>0 forx>ly'

Fig. 2.15

The graphs off (x) = a*, 0 < a < 1 for various values of a,at 
shown in Fig. 2.16.

*y'

Fig. 2.13

ty'
Fig. 2.14

(v)

(vi)

logb ™ 
logbfl

y=2x 

y=3x— 
y=4x-

x'

CASEII When0<fl<l
In this case, the values of y = /(x) decrease with the increase 

of x and y > 0 for all x e R. Also, y > 1 for x < 0, y = 1 for x = 0 
and y < 1 for all x > 0. Thus, the graph of/(x) = ax is as shown 
in Fig. 2.15.

y=(^)K

y=(|)x

GRAPH OF THE EXPONENTIAL FUNCTION If fl > 0 and fl * 1, then 
for any x e R,f (x) = ax is called the exponential function. Clear­
ly,/ (x) is defined for all x g R and it takes only positive values. 
Thus, domain off (x) is R and its range is (0, °°).
CASE I When a >1.

We observe that the values of y =/ (x) increase as the values 
of x increase i.e. /(x) is an increasing function on R. Also, 
y = 1 at x = 0, y < 1 for x < 0 and y > 1 for x > 0. Thus, the graph 
off (x) = fl1, a > 1 is as shown in Fig. 2.13.

f y=ox , a>1

Since 2X<3X<4X..„ for x>l and 2X>3X>4X>... for 
0 < x < 1. Therefore, graphs of / (x) = 2x,/(x) = 3X,/(x) = 4X etc. 
on the same scale are as shown in Fig. 2.14.

iy

1 n n .logo,m = ylogam

>=<3>X

and fl# 1, 1
(x) If a > 1, then tn < n => logn tn < logj n
i.e. the value of y = logfl x increase with the increase in the 

values of x.
Also,

logn x < 0 for 0 < x < 1

(iii) log,, (tnn) = logfl tn + log^ n for all tn , n > 0 
(m\

log„ ~ = l°ga m ~ !ogfl n for a11 n > 0 
\ J

logfl m" = n log„ tn

logfl (a"') = tn

1 x y=( |)

■-------y-(l)

X

y=4x y=3x
///y=2x

h'
Fig. 2.16

GRAPH OF LOGARITHMIC FUNCTION If fl * 0,1 and fl > 0, tfaei 
the function defined by

/(x) = lognx,x>0

is called the logarithmic function.
In the previous chapter, we have seen that the logarithms 

and the exponential functions are inverse of each other. Thus 
for a 0,1 and fl > 0, we have

log„ x = y <=> ay = x.

Some important properties of the logarithmic function an 
listed below:

(i) logfl 1 = 0

logrtfl = 1

(viii) logfl(l/m) = -logflw
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yy

x'

and,

for all a, b > 0 and a,b*l.
y'T

y

x' x
x' X

0

1

y'T I
Fig. 2.17

2.4 SIMPLE TRANSFORMATIONS OF GRAPHS
In the previous section, we have learnt about some simple basic 
elementary functions and their graphs. In this section, we 
intend to discuss some simple transformations of graphs which 
will enable us to draw the graphs of functions derived from 
basic elemen ta ry functions.
I TRANSLATION ALONG x-AXIS. The graph of the function 
y =f(x + a) is obtained from the graph of the function y =f(x) 
by translating the graph ofy =/(x) along the x-axis by |a| units 
in the direction opposite to the sign of a.

Following illustrations will illustrate the above transforma­
tion.

ILLUSTRATION 1 Draw the graphs off(y) = x + landy = x-lby 
translating the graph ofy = x along x-axis.
SOLUTION The graph of y = x is a straight line passing through 
the origin and making an angle of 45° with x-axis as shown in 
Fig. 2.21.

In order to draw the graphs of y = x +1 and y = x -1, the 
graph of y = x is translated parallel to itself along OX' and OX 
respectively by 1 unit as shown in Fig. 2.21.

y'T
Fig. 2.21

ILLUSTRATION 2 Sketch the graph ofy = | x - 21.

SOLUTION We observe that the function y = | x — 21 is derived 
from y= |x| by replacing x by x-2. Thus, the graph of 
y- |x-2| is obtained from the graph ofy = |x| by translating 
it along OX-axis by 2 units as shown in Fig. 2.22.

y=-x2+4x

(1.0)

0

(-1.0)

7 /

ce Randb2-4ac>0

f(x)=loga X 

o<a<1

y=x2-3x+2

(1.0) «

\(1.O) 

F \

(xi) ifO<fl<l, then
m < n => logrt m > logfl n for all m, n > 0 i.e. the values of 

y = logfl x decrease with the increase in the values of x.
Also,

logox >0 forO<x<l 
logflXcO forx>l.

(xii) 10860 = toM
We find that the domain of/(x) = loga x, a * 0,1 is (0, «■) and 

its range is R. Also, logarithmic and exponential functions are 
inverse of each other. So, their graphs are mirror images of each 
other in the line mirror y = x. Thus, the graph of/(x) = log^ x for 
« > 1 is as shown in Fig. 2.17 and for 0 < fl < 1 in Fig. 2.18.

y y"l
f(x)=log,j x 
a>1 , I

y'T
Fig. 2.19 Fig. 2.20

In the previous chapter, we have learnt about trigonometri­
cal functions and their inverses. We have also discussed about 
their graphs. So, reader is advised to refer chapter 1 for the 
same.

GRAPH OF y= ax2 + bx+ c, where a, b,

In order to draw the graph of y = ax2 + bx + c, we proceed as 
follows:
STEP I Pllt ax2 + bx + c = 0 and obtain the values of x.
STEP II Mark the points obtained in step I on x-axis.
STEP III Check the sign of a. If a > 0, draw a parabola opening upward 

and passing through the points marked in step ll.
If a < 0, draw a parabola opening downward and passing 
through the points marked in step II

Following illustration will illustrate the above procedure: 
ILLUSTRATION 1 Graph the following functions :

(i) y = x2 - 3x + 2 (ii) y = - x2 + 4x
SOLUTION (i) We have,

x2-3x + 2 = 0 => x = 1,2.

Thus, the curve y = x2 - 3x + 2 cuts x-axis at (1,0) and (2,0).
Since the coefficient of x2 is positive, so y = x2 - 3x + 2 rep­

resents a parabola opening upward and passing through (1,0) 
and (2, 0) as shown in Fig. 2.19.

(ii) We have,
- x2 + 4x = 0 => x = 0,4.

Thus, the curve y = - x2 + 4x cuts x-axis at (0, 0) and (4,0). 
Since coefficient of x2 is negative, so it represents a parabola 
opening downwards and passing through (0, 0) and (4, 0) as 
shown in Fig. 2.20.

°/(TO)

(4.0)
\ *
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y

*

0 (2.0)xz x

(0.1)

0x x

(0.-1)
y

o (2.0) x

x' X

0 (0.-2)xz

Following illustrations will illustrate the above transfer 
mation.
ILLUSTRATION 1 Draw the graphs of y = x + 1 and y = x-1 /’> 
translating the graph ofy = x along y-axis.
SOLUTION Clearly y = x + 1 and y = x - 1 can be obtained Iron 
y - x by replacing x by x + 1 and x - 1 respectively. Therefore 
the graphs of y = x +1 and y = x - 1 can be obtained by trans 
la ting the graph of y = xby 1 unit along OY and OY'respective 
ly as shown in Fig. 2.25.

3 
y=(x+2) 

(-2.0) y

y'T
Fig. 2.25

ILLUSTRATION 2 Draw the graphs of y= |x| +1 wni 
y= 1*1 -2.
SOLUTION We observe that y = | x | +1 and y = | x | - 2 can ibe 
obtained from y = |x| by replacing |x| by |x| +1 amd 
| x | - 2 respectively. Thus, the graph of y = | x | +1 can be 
obtained from the graph of y = | x | by translating it along COY 
by 1 unit. Similarly, the graph of y = | x | - 2 can be obtained by 
translating the graph of y = | x | along OY' by 2 units.

Graphs of y = |x| + landy = |x| - 2 are shown in Fig. 2.2:6

V ly

y'l
Fig. 2.23

(ii) We observe that y = log, (x - 2), a > 1 is obtained from 
y = ^ogaX,a>l by replacing x by x-2. So, the graph of 
y = log,, (x - 2) is obtained from the graph of y = log, x by trans­
lating it along OX by 2 units as shown in Fig. 2.24.

iy p

y=x3

y

■?/

y = -X2 + l iis
- x2 +1 can be 

obtained from the graph of y = - x2 by translating it along O’) 
by 1 unit as shown in Fig. 2.27.

4/
(1.0)

y'f: I
Fig. 2.24

II TRANSLATION ALONG Y-AXIS The graph of‘ 1
u-b = f (x) is obtained from the graph ofy W by Iransating the
graph along y-axi„ by I b |units in the vert,cally upward
or downward direction according asb> or

y'!

Fig. 2.22

ILLUSTRATION 3 Graph the following functions:
(i) y = (X + 2)3 (ii) y = log, (x - 2), a > 1

SOLUTION We observe that the function y = (x + 2)3 can be 
obtained from y = x3 by replacing x by x + 2. Thus, the graph of 
y = (x + 2)3 can be obtained from the graph of y = x3 by translat­
ing it along OX' by 2 units as shown in Fig. 2.23.

*yz 
Fig. 2.26

ILLUSTRATION 3 Graph the following functions : 
(i) y = -x2 + l (ii) y = a-2-1 

SOLUTION (i) We observe that the function 
derived from y = - x2. Clearly, the graph of y =

v v
/ V* /

/

• ** // 7
/ (2.0) /

/(1.0) /(3.0) *

/ V 
(o.i)-'
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yy y=|x-1|+1

y=|x-1|

(1.0)

(1.1) /x' x

0 (1.0)x' x

y'f

.2

y

x' X

(-1.0) 0x' X

y
y=|x |

y=|x-1|
y y=|x+1|

y-|x+1|-2
(1.0)0 xx'

(-1.0) 0x' X

Fig. 2.30

The graph of y = | x - 11 +1 is shown in Fig. 2.30.
(ii) We have, --------

y=|x+1I 

/ y=lxl

y'f
Fig. 2.31

STEP II Translate the graph of y = | x + 11 along OY' by 2 units 
to obtain the graph ofy = | x + 11 -2 as shown in Fig. 
2.32.

y'f
Fig. 2.28

ILLUSTRATION 4 Graph the folloioingfunctions:
(i) y = |x-l| +1 (ii) y + 2 = |x + l|
SOLUTION (i) Clearly, y= |x-11 +1 is obtained from 
i/ = | x | by performing the following steps:
STEP I Translate along OX by 1 unit to obtain the graph of 

y=

y'f
Fig. 2.27

(-1-2)

y'"

Fig. 2.32

(0.1)

(-1.0) / 0 \ (1.Q

n\\

y + 2 = |x + l|
=> y = l* + l| -2

The graph of y = |x+l| -2 is obtained from the graph of 
y = | x | by using the following steps:
STEP I The graph of y = | x +11 is obtained from the graph of 

y = | x | by translating it along OX' by 1 unit as shown 
 in Fig. 2.31.

y'"

Fig. 2.29

STEP II Translate the graph of y = | x -11 along OY by 1 unit.

y=-x2 + 1 

y=-x2

(ii) Clearly, y = xz -1 is derived from y = x2. So, the graph 
of y = x - 1 is obtained from the graph of y = x by translating 
it by 1 unit along OY' as shown in Fig. 2.28.

y=X2

(0.-1)
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y

y=Sin2x

x' x
2n

(0.-1)
y=Sinx

< ■

X

y

x' X

-2n -n

(0.-1)
y=Sinx

y

xzxz X X

1

x' 0 x

ILLUSTRATION 2 

(i) y = 2 |x| 
SOLUTION

y'

Fig. 2.35

’ y'

Fig. 2.36

y'
Fig. 2.34

0 :2n

(ii) We observe that the graph of y = sin - is obtained from 

tne °f v = sinx by stretching it 2 times from y-axis in the 

horizontal direction as shown 

(ii) We observe that the graph of 4y = | x | or, y- |x| 

can be obtained from the graph y ~ Ix I by compressing it 4 
times vertically as shown in Fig. 2.35.
IV COMPRESSION AND EXPANSION IN THE HORIZONTAL DIREC­
TION Let k be a positive real number. If k > 1, then the graph of 
y = /(kx) is obtained from the graph of y =/(x) by compressing 
it k times against y-axis in the horizontal direction. If 0 < < z

—— y=/3x

-----
’ 2

then the graph of y =/(kx) is obtained from the graph off 
y =/(x) by stretching it 1/k times in the horizontal direction 
from y-axis.

Following illustrations will illustrate the above rule.
ILLUSTRATION 1 Graph the following functions:

(i) y = sin 2x (ii) y = sinx/2
SOLUTION (i) Clearly, the graph ofy = sin 2x is obtained from, 
the graph of y = sin x by compressing it 2 times against y-axis; 
in the horizontal direction as shown in Fig. 2.36.

y=Sin(j)

ly 

\JL
p

y=2|x|

W.
fy'

Fig. 2.37

ILLUSTRATION 2 Graph the following functions:

(i) V = 'S’ (ii) y =

SOLUTION (i) The graph of y = V3x is obtained from the graph 
of y = 'lx by compressing it against y-axis in the horizontal 
direction 3 times as shown in Fig. 2.38.

y

;; shown in Fig. 2.33.

y=2x2
y=x2 

x2/ H

III COMPRESSION AND EXPANSION IN VERTICAL DIRECTION Let 
k be a positive real number. If k> 1, then the graph of 
y = k/(x) is obtained from the graph of y =f (x) by stretching it 
k-times in the vertical direction.

If 0 < k < 1, then the graph of y = kf(x) is obtained from the 
graph of y=/(x) by compressing it 1/k times in the vertical 
direction.

Following illustrations will illustrate the above rule.
_ T2

ILLUSTRATION 1 Sketch the graphs ofy = 2x2'and y = —.
3

SOLUTION The graph of y = 2x2 is obtained from the.graph of 
y = x2 by stretching it 2 times in the vertical direction, whereas 
the graph of y = | x2 is obtained by compressing the graph of 

y = x2,3 times in the vertical dirw-H

y'T
Fig. 2.33

Graph the following functions:
(ii) 4y = |x|.

(i) Clearly, the graph of y = 2 | x | is obtained by 
stretching the graph of y = | x | two times in the vertical direc­
tion as shown in Fig. 2.34.

y'

Fig. 2.38

(0.1)

y=|x|

/ y-?l»l
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y

x' X
0

,,y
y=lxl

y

x' X0
: .1

y=-|x|
x' x

(0,1)

x' 0 x
(0.-1)

y=-ex

5

(ii) The graph of y = - / is obtained from the graph of 
y = ex by using the following steps :

STEP I Draw the graph of y = /
STEP II Take its reflection about x-axis.

The graph of y = - <rT is shown in Fig. 2.40.
iy

y'
Fig. 2.39

y'
Fig. 2.41

(ii) The graph of y = is obtained from the graph of 

y = Vx by stretching it 2 times in the horizontal direction from 
y-axis as shown in Fig. 2.38.
V REFLECTION ABOUT X-AXIS The graph of the function 
y - -f(x) can be obtained from the graph ofy = f (x) by reflecting it 
about the x-axis.

In other words, to draw the graph of y = -f (x), we first draw 
the graph ofy =f (x) and then its mirror image is taken inx-axis.

The above rule is illustrated by the following illustrations. 
ILLUSTRATION 1 Graph the following functions :

(i) y = - |x| (ii) y = -/
SOLUTION (i) Inorder to draw the graph ofy = - |x|, we first 
draw the graph ofy = |.r| and then we take its reflection about 
x-axis as shown in Fig. 2.39.

y'
Fig. 2.42

VI REFLECTION ABOUT Y-AXIS The graph of the function 
y-f(-x) can be obtained from that of y =/(x) by reflecting the 
graph of y =f (x) about y-axis.

In other words, to draw the graph of y-f(-x), we first 
draw the graph ofy =/(x) and then its reflection is taken about 
y-axis.

NOTE Iff (x) is an even function, then y=f(x) and y=f(-x) will 
represent the same curve.

The following illustrations will illustrate the above rule.

ILLUSTRATION 1 Draw the graphs of the following functions:

(i) y = logj-x) (ii) y = [-x]

SOLUTION (i) In order to draw the graph of y = log^ (- x), we 
first draw the graph of y = log, x as shown in Fig. 2.43 and then 
its reflection is taken about y-axis.

(ii) To obtain the graph of y = [- x], we take the rejection 
of the graph of y = [x] about y-axis as shown in Fig. 2.44. Note 
that y = [x] is represented by dotted lines and y = [- x] by 
continuous lines.

(ii) The graph of y = - - j is obtained from the graph of 
XT

y = -5 by reflecting it about x-axis. Thus, to draw the graph of 
x2

y = - 4:' we first draw the graph of y = 4r and then we take its 
X2 X2

reflection about x-axis as shown in Fig. 2.42.

y-1

•y=ex

y-1 y x2

y—1 
’ x2

(ii) y = - 
.V

1 1
SOLUTION (i) If we take/(x) = -' then -f(x) = -~. So, the .

A X

graph of y = - - is obtained from the graph of y = - by taking
A A

its reflection about x-axis as shown in Fig. 2.41,

!y' 

Fig. 2.40

ILLUSTRATION 2 Graph the following functions:

(i) y = (>i)j/ = -A
•k ■*'**
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y
ixy,y

y=logex
y=|x|■0

0

1 0
_L

x'x' X

(-1.0) i (0.-1)x' 0 X

'0

y

(o.i)

x'
(-1.0) 0 x

y

x

0X
(2.0)

x' x
0

y=4~X2

Tyz
(0

x' (-2,0) 0 (2.0) x

3

2

ly'
(iii)

Fig. 2.50

fy'
Fig. 2.48

♦
1

y'

Fig. 2.47

y'

Fig. 2.46

y=|Bc|

y=| lx I-11

-1
°-2

-3

°/(1.0)

x' 0
•—i------- 1------- 1-------e—
-4 -3 -2 -1

y

V 
0 (1,0) 

y= |logex|

fy/ |y
Fig. 2.43 Fig. 2.44

VII GRAPH OF y = | f (x) | The graph of y = \f (x) | is constructed 
from the graph of y =/(x) by performing the following steps: 
STEP 1 Draw the graph ofy = f(x).
STEP II To draiv the graph ofy = |/(x) |, keep the portion of the graph 

ofy =f(x) lying above the x-axis unchanged and reflect the 
other portion located below x-axis about x-axis.

In other words, to obtain the graph of y = |/(x) |, reflect the 
portion of the graph ofy =/(x) lying below x-axis about x-axis.

The following illustrations will illustrate the above procedure.
ILLUSTRATION 1 Graph the following functions:

(?) y = |lo&>x| (ii) y = 1M -i|
SOLUTION (i) The graph of y = logt, x is shown in Fig. 2.45. In 
order to draw the graph of y = | logt, x | we keep the portion of 
the curve y = loge x lying above x-axis unchanged and reflect the 
portion lying below x-axis about x-axis as shown in Fig. 2.46.

ay
y-lQ9ex/

7
7

y=loge(-x)

(1.0)
(0.-1)

Ty'
Fig. 2.49

SOLUTION (i) To draw the graph of y = ] 4 — X21, we follow i th 
following steps:

STEP1 Draw the graph of y = - x2

STEP II Translate the graph of y = - x2 by 4 units along OY’fe 
obtain the graph of y = 4 - x .
STEP III Keep the portion of the graph of y = 4 - x2 lying abcov- 
x-axis unchanged and reflect the portion below x-axis abou 
x-axis.

The graph of y = 14 - x21 is shown in Fig. 250 (iii).

<y

_ ("2>°)
7 7

2 y=-x4

x
4

I
!y'

(ii)

2 3

0 / (1,0)

Fig. 2.45

(ii) In order to draw the graph of y = | | x | -11, we follow 

the following steps:
STEP I Draw the graph of y = | x | as shown in Fig. 2.47.
STEPH Translate the graph obtained in step I along OY' by 1 

unit as shown in Fig. 2.48.
STEP iii Now to draw the graph of y = | | x | - 1|, we keep the 

portion lying above x-axis unchanged and take the 
reflection of the portion lying below x-axis about x-axis 
as shown ih Fig. 2.49.

ILLUSTRATION 2 Graph the following functions:

(i) y = 14 - x21 (ii) y = 'jTj'

iy
y= 14-x21
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STEP I

(0.1)
y=e xfor x^O

y 0x' x

x'
0 0x x' X

y=

(0.1) y«e I”!
GRAPH OF y=f(|x|)

0x' x

I*l

y

(i.o)
o x

(-2.0)(2.0) lol0
0x' x' xX

.Fig. 2.52

STEP II Reflect the graph obtained in step I about y-axis to 
obtain the graph of y = log^ | x | for x < 0.

The graph of y = log, | x | is shown in Fig. 2.54 (i).

y'
CO

y'
Fig. 2.53 GO

ILLUSTRATION 2 Graph the function y = |log, |x| |
SOLUTION I

y'
(ii)

b'
CO

Fig. 2.54

y'
(ii)

f/

In order to draw the graph of y = | log, | x | |, we 
follow the following steps:
STEP I Draw the graph of y = logf x for x > 0 to obtain the graph 

of/(x) = log« |x| forx>0.

(ii) y = e

(ii) To draw the graph of y = • we follow the following

steps: ‘ •

Fig. 2.51

The graph of y =/( |x |) is obtained from

(ii) To draw the graph of y = e 
used:
STEP I

y=ly |X|

Draw the graph of y = e~ for x > 0 as shown in Fig.
2.53 (i). This gives the graph of y = e~ '1 * for x > 0. 

y

y=x2-2x for 
x^0

b' .
(i)

The graph of y = —r is shown in Fig. 2.51 (ii). 
y i i y

b' (0
Fig. 2.53

STEP II Reflect the graph obtained in step I about y-axis to 
obtain the graph of y = e~ for x <0. The graph of 

1*1 is shown in Fig. 2.53 (ii).
iy

Draw the graph of y = as shown in Fig. 2.51 (i)

STEP 11 Keeping the portion of the graph lying above x-axis 
unchanged, reflect the portion lying below x-axis about 
x-axis.

r I x I the following steps are

the graph of the function y =f (x) by using the following steps: •. 
STEP1 Draw the graph of y = f (x)for x > 0.
STEPH Reflect the graph obtained in step I about y-axis to obtain the 

graph ofy=f(\x\)for x <0.
Following illustrations will illustrate the above steps.

ILLUSTRATION 1 Graph the following functions:
(i)y = x2-2|x|

SOLUTION (i) We have,
y = x2-2 |x|

=> y = ]x |2 - 2 |x|
=> y = /(| x |), where/(x) = x2 - 2x.

Thus, to draw the graph of y = x - 2 | x |, we follow the 
following steps:
STEP I Draw the graph of y = x2 - 2x for x > 0 as shown in Fig.

2.52 (i)
STEP II Reflect the graph obtained in step I about y-axis to obtain 

the graph of y = x2 - 2x for x < 0 as shown in Fig. 2.52 (ii).
y

1
|x|

1
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y

(0.1) (1.0)x'
0 x0x'X

x=y2+1

Ty'
(i)

y

y=0x' x
0

and

for all t < 0

for all t > 0

and

. x = ff £ 0 => x > 0]for all x > 0=* y =

and

[.. x = 3t t < 0 => x < 0]for all x < 0y = o

STEP I Draw the graph ofy = f (x).

STEP II Interchange the coordinate axes to obtain the graph of 
W(y)-

y=2x2

_ , 2x2,X>0
0 ,x<0

The graph of this function is shown in Fig. 2.56.

x = 3t, y = 0 for all t < 0

ILLUSTRATIVE EXAMPLES
EXAMPLE 1 A function f (x) is defined by y =f (x), where

x = 2t - ] 11 and y = f2 + f|t|/fGK 

Draw the graph of y = f(x).

SOLUTION We have,

=> y

x = 2t + t,y = t2-t2

=> x = t,y = 2t2

ly'

Fig. 2.56

EXAMPLE 2 Construct the graph off(x) = 11 x | -11. Also, draw 
the graph of f of (x).
SOLUTION The graph of/(x) = | | x | -11 is shown in Fig. 2.57.
It is evident from the graph that/(x) > 0 for all x e R.

Now,
y = fof(x) = f(f (x))

= ll/wi-il
= l/W-ll [•_•/(x) >0 for allx]|

In order to draw the graph of y = |/(x) - 11, we follow the 
following steps:
STEP1 Translate y=f(x) along OY' by 1 unit to obtain the 

graph of y =/(x) - 1 as shown in Fig. 2.57.

STEPH Keeping the part lying above x-axis of the graph of 
y =/(x)- 1 unchanged and reflecting the part below

ty'
Fig. 2.55 (ii)

(ii) To draw the graph of x = y2 + 1, we first draw the graph 
of y = x2 +1 and then we interchange the coordinate axes to 
obtain the required graph as shown in Fig. 2.55 (ii).

ILLUSTRATION 1 Graph thefolloiving functions:
(i) x = |y| (ii) x = / + 1

SOLUTION (i) In order to draw the graph of x = | y |, we first 
draw the graph of y = | x | and then interchange the coordiante 
axes. The graph of x = | y | is shown in Fig. 2.55 (i).

y

o (1.0) X

y=| ,o9e |x| | 

y'
Fig. 2.54 (ii)

VIII GRAPH OF x- f (y) In order to draw the graph of x = /(y), 
we follow the following steps:

y=x2+1\

x = 2t - 111 and y = t2 + t 111, t e R 

=> x = 2t - t,y = t2 +12 for all t > 0

STEP III Keeping the portion lying above x-axis of the graph 
shown in Fig. 2.54 (i) unchanged reflect the portion 
lying below x-axis about x-axis. This will give the graph 
of y = | loge | x | | as shown in Fig. 2.54 (ii).

x' (-1.0)
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y y=f(x)

+(0.1)
/ y=f(x)-i

X' (1.0) X

(-1-1)

=>

of
dx

Clearly,

So, x =

x' X

0

y

g(x) =

X' X

.3
1 3 00— co

Fig. 2.62

Now, gof(x') = g(f(x))

1
15x-axis about x-axis, we obtain the graph 

y = |/(x) -11 i.e. y =fof(x) as shown in Fig. 2.58.

iy

Ty'
Fig. 2.58

y'

Fig. 2.59

Ty'
Fig. 2.61

(0.1)

(0.')
////// 

0 12 3

\ / 0

(-1.0)/

<0 
1

13

+
2

( ,2 > 

dx2\ Jx = -dxJx -

: , for all x e [0,1)
1-1 = 0 , for x = 1

Using periodicity of the function, we obtain the graph of 
y=f (x) as shown in Fig. 2.59.

EXAMPLES Iff(x) = X‘

EXAMPLE 3 Draw the graph off(x)=x- [x] for all xe R.
SOLUTION In the previous chapter we have learnt that 
/(x) = x - [x] is a periodic function with period 1 unit. So, it is 
sufficient to draw the graph of/(x) = x - [x] in [ 0,1] only.

We have,

■EXAMPLE 4 If /(x) = x3 - x for all x e R, then draw the graph of
7 =/CO­
SOLUTION We have, y - ffx) = x3-x

=> \J = x(x-l)(x+l)
We observe that the signs of the values of y for different 

values of x are as under:

y=x-5-x

(-1.0)

7 1

Graph of 
y=fof(x)=|f(x)-l|

/(x) = = *

(-2.0) (-1.0)

>0 and 
1

13

and x = - are points of local minimum and 

local maximum respectively.
Clearly, the values of y increase for all x > 1. At x = 1, y = 0 

and for all x e (0,1), y is negative. At x = 0, y becomes zero and 
remains positive for all x e (-1,0). The values of y are negative 
for all x < -1 and decrease with the decrease in the values of 
x. Thus, the graph of y = x3 - x is as given in Fig. 2.61.

7

+
-1 0 1

Fig. 2.60

:3 - 6x2 + llx - 6forallxe R and

1 ,x>0 
0 ,x = 0

-1 ,x<0
Then draw the graph ofgof(x).
SOLUTION Wehave,/(x) = x3-6x2 + 11x-6

= (x-l)(x-2)(x-3)

The signs of/(x) for different values of x are shown in 
Fig. 2.62.

(1.Q)

X

0 (1.0) (2.0)

(1.-1)

'y'

Fig. 2.57

-2 -1

Also,
y = ?-x ■ .

dx
Now,

—^ = 0=*3x2-l=0=>x = ±
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y

(0.2) y=2

(-1.0)/

x' X

y= 1 +x

(0.1) -oo

x' X Fig. 2.65

(0.-1) We observe that

(1.2)

x' 0 (2.0)

min (| x |, | x - 21,2 - | x — 11) = x + 1

0 x

y=x

min (| x | , | x - 21,2 - | x -11} = x - 2

It follows from the graph that
min {| x |, | x - 21 , 2 - | x - 11) = 3 - x

= 1 + x and /(*) =

!y'

Fig. 2.64

2 
o-

3
-o

y'
Fig. 2.66

X , X < 0 
/(x) = x2 ,0<x<l 

x , x> 1

min {| x |, | x - 21,2 - | x — 11} = x 

min {| x |, | x - 21,2 - | x - 11} = - (x - 2)

0 1
----- o

Z(-1.0)
/ •

For | < x < 3 ,

(44)^.°’?

1 ,if/(x)>0
= 0 , if/(x) = 0 

-l,if/(x)<0

1 ,ifx€ (1,2) u (3,oo)
= 0 ,ifx = l,2,3

-l,ifxe (-oo,l)o(2,3)

The graph of go/ (x) is as shown in Fig. 2.63.

ty

Ty' 
Fig. 2.63

EXAMPLE 6 Graph the following functions:
(i) /(x) = min {x, x2)

(ii) / (x) = max {1 - x, 1 + x, 2)
(iii) /(x) = min {|x| , |x-2| ,2- |x-l |}

SOLUTION (i) In order to draw the graph of/(x), we first draw 
the graphs of y = x and y = x2 as shown in Fig. 2.64. These two 
curves intersect at (0,0) and (1,1). Clearly, for x < 0, the mini- 
mum of x and x is x. For, 0 < x < 1, the minimum is x and for 
all x > 1, the minimum is x. Thus, the graph off (x) is the thick 
lined curve shown in Fig. 2.64.

(ii) First we draw the graphs of y -1 x, y 
y = 2 on the same scale as shown in Fig. 2.65.

\(i.Q) 

o

y= 1 -x 

yz.

1 - x , for x < -1
/(x) = max {1-x, 1+x, 2} = 2 , for-l<x<l

1 + x , for x > 1

The graph of/ (x) is the thick lined curve shown in Fig. 2.65
(iii) Let us first draw the curves y= |x|,y = | x — 2| amc 

y = 2 - | x -11 on the same scale as shown in Fig. 2.66.
iy

(o.i)
X

The graph off (x) is the thick-lined curve shown in Fig. 2.6f 
EXAMPLE 7 Construct the graph of the function

y = /(x - 1) +/(x + 1), where

1 - | x | , for | x | <1
0 , for ] x | > 1

We observe that:
r 1For x < - - , 2
For - ^ < x < 0, min {| x | , | x — 21 , 2 - | x -11) = -x

For 0 < x < 1,

For 1 < x < 2,
5For 2 < x < |,
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y

y

(-1.1)0 (1.1)(1.0)

0x' (-2.0) (2.0) x

EXAMPLE 8 Let f(x) =
y

(1.1)

0 (1.0) (2,0)x' x

gW =
y

I
(-1.1)

y

X

0 1
X

(0.-1)

Now,.

gog (x) = g Ig (*))

I

STEP IV In this step, we draw the graph of
y =f (x - 1) +/(x +1) by adding the graphs in Figs. 2.68 
and 2.69.
We observe that

/(x +1) = 0 and /(x -1) = 0 for all x satisfying | x | > 2
y = f (x -1) +/(x +1) = 0 for all x satisfying | x | >2.

!y'
Fig. 2.71

iy'

Fig. 2.69

Graph of 
y=f(X-l)

y'

Fig. 2.68

(l.0)_

x

SOLUTION In order to construct the graph of
i/ = /(x -1) +/(x + 1), we follow the following steps:

STEP I First we draw the graph of/(x) as shown in Fig. 2.67. 
For this we first draw the graph of y = - | x | and then 
it is translated vertically upward by 1 unit. For 
| x | > 1, the values of y are zero.

Graph of 
y=f(x)

y'

Fig. 2.67

STEP II In this step, we draw the graph of y = /(x -1). For this 
the graph of y=f (x) is translated along OX by 1 unit as 
shown in Fig. 2.68.

STEP III In this step, we draw the graph of y =/(x +1) by trans­
lating the graph of y =f (x) along OX' by 1 unit as shown’ 
in Fig. 2.69.

For-2 <x < 0, we have
/(x -1) = 0 and /(x +1) / 0

/. y =/(x-l)+/(x + l) =/(x + l)
For 0 < x < 2, we have
/(x -1) * 0 and /(x +1) = 0

/. y = /(x-l)+/(x + l) =/(x-l)
Thus, the graph of y = /(x -1) + /(x +1) is shown in Fig. 

2.70.

fg (-1) = 0 , for all x g I 
g (0) = 0 , for all x G 1

, X 1- {/(X)}2n - 1
<?(x) = lim ------

n-»«(f(x)| +1
then draw the graphs of g (x) and gog (x).
SOLUTION Since 0 < x - [x] < 1 for all x g I. Therefore, 

lim (/’(x)}2" = Ofbrallxg I.
n —> °°

Also,/(x) = 1 for all xg I.
Thus,

Iy'
Fig. 2.70

1 xe I' ,s set °f 
integers and lx] represents the greatest integer less than or equal to 
x. If

4 5

—7 = -1, for all x g I 
0 + 1
7—7 = 0 , for all x G I.
1 + 1

The graph of g (x) is shown in Fig. 2.71.

/ \o
x' (-2,0) (-1.0)

-5 —4 -3-2 -1

x'

2 3

(0.1)

(-1.0) /
x' (-1.0)
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y= 0 for all x e R.

Clearly, graph of y = gog (x) is x-axis itself.
(0.1)

increasing function
o

EXAMPLE 9 If f (X) =

g(x)

min|/(t) | -2<t<x, -2<x<0
y

and,

(1.0 /(0 | 0<t<x,0<x<2max
o

o Thus,X x' X

g (X) =y=|x+1| -1
y' y'

y

y

(0.1)

ox

EXAMPLE 10

in Fig. 2.76.

(0,1)
(-1.0)

Graph of 
, zy=|f(x)| 
!y'

Fig. 2.75

x' /

(-2.0)

£_
(-2.0)

/ \(2.0)
(1.0)

(0.-1)

Graph of 
y=f(x) 

y'

x'_____
"'(-2.0)'

Ty'
Fig. 2.77

Draw rough sketches of the following curves: 

y = - [x]

0 (1.0)

■■(0.-1)

Graph of 
y=g(x)

are exactly

Groph of 
,, y=f(|*|) 
y'

Fig. 2.76

Clearly, graphs of y = \f (x) | and y =/( | x |) 
identical.

So, y = |/(x) | -/(|x|) = 0 for all x
Hence, the graph of y = |/(x) | -/(| x |) is x-axis itself.
It is evident from the graph of/(x) that:

/(x) is decreasing on [-2, - 1]
/(x) is increasing on [-1,1],

and, f (x) is decreasing on [1, 2].

Fig. 2.72 Fig. 2.73

In order to obtain the graph of y = | /(x) | from the graph 
of y =/(x) the portion of the graph of y = f (x) lying below x-axis 
is reflected above x-axis as shown in Fig. 2.75.

ly

(i)

(ii) y = M + - |x]

(iii) y = |[x] + ^[T] |

Fig. 2.74

To obtain the graph of y =/( | x |), we follow the following 
steps:
I Take the graph ofy=f(x) forx>0.
II Take its mirror-image in y-axis.

The graph ofy=/(kl) shown

= j/(x),0<x<l
1 ,l<x<2

/(x) ,-2,<x<-l
-1 ,-l<x<0
/(x) ,0<x<l
1 ,l<x<2

So, the graph of y = g (x) is as shown in Fig. 2.77.

t \(2.0)
(1.0) \

= j/(x),-2<x<-l
-1 ,-l<x<0

(2.0) 
—I--------

■ X

(2.0) x

(2.0) x

i \ (-1.0)

/ 7 (-2.0)\ ' y

(-1.-D

y
y= 1*-|x-1|

(1.1)

(0.1)

(-1,0)0

AN IMPORTANT RESULT Let /(x) be an 
defined on [n, b]. Then,

max \f (t) | a < t < x, a < x < b) = /(x)

min \f(t) | a < t < x, a < x < b) = f(a)

Also, if f (x) is a decreasing function on [a, b], then

max \f(t) | fl<t<x,o<x<b| = f(a)

min (f(t) | a < t < X, a < x < b) = f (x)

|x + l | - 1 ,-2<x<0 , . , then draw the
1-|x — 11 ,0 < x < 2 

graph of |/(x) | — / (| x |). Also, draw the graph ofgfxj given by 
min \f (t) | - 2 < t < x, - 2 < x < 0} 
max \f (0 | 0 < t < x , 0 < x < 2|

SOLUTION In order to draw the graph off (x), we first draw the 
graphs ofy = | x +11 -1 and y = 1 - | x - 11 as shown in Figs. 
2.72 and 2.73.
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y

0 X

(-3,-3)

y
(-3.-3)

x'

0 x

Ty'

Fig. 2.80

(-2.-2D

(-1.-1)
---------- 1--------- »--------

x- (3.3) 

<^(2.2) 

(1.1)

(3.3)
<^(2.2)

(1.1)

Hence, the 
Fig. 2.79.

2.5 SKETCHING OF CURVES USING CALCULUS
Following points are very helpful to draw a rough sketch of a 
curve.
I SYMMETRY

(i) Symmetry about x-axis: If all powers of y in the equation 
of the given curve are even, then it is symmetric about 
x-axis i.e., the shape of the curve above x-axis is exactly 
identical to its shape below x-axis.
For example, y = 4ax is symmetric about x-axis.

(ii) Symmetry about y-axis : If all powers of x in the equation 
of the given curve are even, then it is symmetric about 
y-axis.

SOLUTION (i) We know that 0 < x - [x] < 1 for all x e R. Also, 
for any x e [0,1 ], we have

xz < x < Vx

.-. x - [x] < Vx - [x]

Now,

y

x^

(-1.-1)

(-2,-2)

Thus, the graph of y = k + Vx - A is obtained from the graph 
of y = 'Ix-kby translating it by A: units in upward or downward 
directions according as k > 0 or k < 0.

graph of y = [x] + 'lx - [x] is as shown in

Vx +1 , for -1 <x<0
y = >/x - [x] = • Vx , for 0 < x < 1

Vx -1 , for 1 < x < 2 and so on.

In general, y = <r - [x] = ^x-Jc for k < x < k +1, where 
ke Z.

Ty'
Fig. 2.79

(iii) The graph of y = | [x] + 'lx - [x] | is obtained by reflect­
ing the portion lying below x-axis of the graph of 
y = [x] + Vx - [x]. Thus the graph of y = | [x] + 'lx - [x] | is 
shown in Fig. 2.80.

-2 -1

-□□□-
For example, x2 = 4ay is symmetric about y-axis.

(iii) Symmetry in opposite quadrants: Ifby putting-x for x and 
- y for y, the equation of a curve remains same, then it is 
symmetric in opposite quadrants.
For example, x2 + y2 = a2 and xy = a2 are symmetric in 
opposite quadrants.

(iv) Symmetry about the line y = x : If the equation of a given 
curve remains unaltered by interchanging x and y, then 
it is symmetric about the line y = x which passes through 
the origin and makes an angle of 45* with the positive 
direction of x-axis.

II ORIGIN AND TANGENTS AT THE ORIGIN
See whether the curve passes through the origin or not. If the

Thus,

Between 0 and 1, the graph of y = >/x - [x] is same as that of 
y = >/x.

Between 1 and 2, the graph of y = Vx - [x] is same as that of 
y = Vx — 1 and is obtained by shifting the graph of y = 'lx by 1 
unit on the right side. -

Continuing in this manner, we obtain the graph as shown 
in Fig. 2.78.

o 1 2 3 x

y'

- Fig. 2.78

(ii) We have, y = [x] + Vx - [x]

=> y = k + Vx- ic for k < x < k +1, k e Z.
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Put

ILLUSTRATIVE EXAMPLES

y

x' X

0

6*0. So,

J
For example, the values of y obtained from y = 4nx are 

imaginary for negative values of x. So, the curve does not exist 
2 2 2on the left side of y-axis. Similarly, the curve a y = x (y - v) 

does not exist for x > a as the values Of y are imaginary for 
x>a.

IV REGIONS WHERE THE CURVE DOES NOT EXIST
Determine the regions in which the curve does not exist. For 
this, find the value of y in terms of x from the equation of the 
curve and find the values of x for which y is imaginary. Similar­
ly, find the value of x in terms of y and determine the values of 

/ y for which x is imaginary. The curve does not exist for these 
values of x and y.

(iv) y = x3=>

dx3~

y'
Fig. 2.81

EXAMPLE 2 Sketch the curve y = x3 - 4x.
SOLUTION - We make the following observations about the 
given curve.

(i) The equation of the curve remains same if x is replaced 
by - x and y by - y, so it is symmetric in opposite 
quadrants. Consequently, the curve in first quadrant is 
identical to the curve in third quadrant and the curve in 
second quadrant is similar to the curve in fourth quad­
rant.

(ii) The curve passes through the origin. Equating the lowest 
degree term y + 4x to zero, we get y + 4x = 0 or y = - 4r. 
So, y = - 4x is tangent to the curve at the origin.

Find the points at which dx/dy = Q. At these points the 
tangent to the curve is parallel to y-axis.
VI SIGN OF & AND POINTS OF MAXIMA AND MINIMA 

dx

Find the interval in which dy/dx > 0. In this interval, the func­
tion is monotonically increasing.

Find the interval in which dy/dx < 0. In this interval, the 
function is monotonically decreasing.

du d21/
= 0 and check the sign of at the points so ob­

tained to find the points of maxima or minima.
Keeping the above facts in mind and plotting some points 

on the curve one can easily draw a rough sketch of the curve.
Following examples illustrate the procedure.

point (0, 0) satisfies the equation of the curve, then it passes 
through the origin and in such a case to find the equation(s) of 
the tangent(s) at the origin, equate the lowest degree term to 
zero.

For example, y = 4ax passes through the origin. The lowest 
degree term in this equation is 4ax. Equating 4ax to zero, we get 
x = 0. So, x = 0 i.e. y-axis is tangent at the origin to y2 = 4nx.
Ill POINTS OF INTERSECTION OF THE CURVE WITH THE 
COORDINATE AXES

By putting y = 0 in the equation of the given curve, find points 
where the curve crosses the x-axis. Similarly, by putting x = 0 
in the equation of the given curve we can find points where the 
curve crosses the y-axis. -

For example, to find points where the curve xy = 4a 
(2a - x) meets x-axis, we put y = 0'in the equation which gives 
4a (2a - x) = 0 or x = 2a. So the curve xy = 4a“ (2a - x), meets 
x-axis at (2a, 0). This curve does not intersect y-axis, because by 
putting x = 0 in the equation of the given curve get an absurd 
result.

V SPECIAL POINTS

Find the points at which = 0. At these points the tangent to 

the curve is parallel to x-axis.

EXAMPLE 1 Sketch the curve y = x3.
SOLUTION We observe the following points about the given 
curve.

(i) The equation of the curve remains unchanged if x is 
replaced by - x and y by - y, so it is symmetric in opposite 
quadrants. Consequently the shape of the curve is similar 
in the first and the third quadrants.

(ii) The curve passes through the origin. Equating the lowest 
degree term y to zero, we get y = 0 i.e. x-axis is the tangent 
at the origin.

(iii) Putting y = 0 in the equation of the curve, we get x = 0. 
Similarly, when x = 0, we get y = 0. So, the curve meets 
the coordinate axes at (0,0) only.

^ = 3x2, ^ = 6x and ^ = 6. 
dx dx2 dx3

Clearly, = 0 at the origin but 

origin is a point of inflexion.
(v) As x increases from 0 to °°, y also increases from 0 to ~. 

Keeping all the above points in mind, we obtain a sketch 
of the curve as shown in Fig. 2.81.
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(iv) y = x -4x=>

dx X

(3.0)

>0

Fig. 2.83

<0 => -

2>0.

>0=>2x-l>0=>x> 1/2

x* X

!y'
and,

Clearly, y decreases as x decreases for all x < 1 and y 
increases as x increases for x > 3.

Keeping all the above points in mind, we sketch the curve 
as shown in Fig. 2.83 

y

\ (o.o) /

V (•j-l)

Fig. 2.84

(iv) y = x2-x=*(-2.0)

7 7

2

2

EXAMPLE 3 Sketch the curve y - (x - l)(x - 2)(x - 3).
SOLUTION We note the following points about the given 
curve.

(i) The curve does not have any type of symmetry about the 
coordinate axes and also in the opposite quadrants.

(ii) The curve does not pass through the origin.
(iii) Putting y = 0 in the equation of the curve, we get 

(x - l)(x - 2)(x - 3) = 0 => x = 1,2,3. So, the curve meets 
x-axis at (1,0), (2,0) and (3,0).

Putting x = 0 in the equation of the curve, we get y = - 6. So, 
the curve crosses y-axis at (0, - 6).

We observe that
x < 1 => y < 0

l<x<2 => y>Q
2<x<3 =>y<0 

x>3 => y>0.

Now, 

^>0 => 3?-4>0

I_X 

(2.0)

(0.-6),X + 

r 
?3orx> y'

EXAMPLE 4 Sketch the curve y = x2-x.
SOLUTION We note the following points about the curve.

(i) The curve does not have any kind of symmetry.
(ii) The curve passes through the origin and the tangent at 

the origin is obtained by equating the lowest degree term 
to zero. The lowest degree term is x + y. Equating it to 
zero, we get x + y = 0 as the equation of the tangent at the 
origin.

(iii) Putting y = 0 in the equation of the curve, we get 
x2 - x = 0 => x(x -1) = 0 => x = 0,1. So, the curve crosses 
x-axis at (0,0) and (1,0).
Putting x = 0, in the equation of the curve, we obtain y = 
0. So, the curve meets y-axis at (0,0) only.

^ = 2x-land^ = 2.’ 
dx dx2

’y

Fig. 2.82

0 => x = 7. At x = 7' we have =2 2 dy2

(1.0^—^

/ (2.0)

m dy 1 .. . 1Now, . — C —/v — -dx 2 2

So, x = 1/2 is a point of local minima.

dx
So, the curve is increasing for all x > 1 /2 and decreasing for

all x< 1/2.
Keeping the above points in mind, we obtain the sketch of

the curve as shown in Fig. 2.84.

Iy

f _2_Y
■ =* X'<3 ■

And,
dy . 2 2

So, the curve is decreasing in the interval (-2/^, 2/V3) 
and increasing for x > 2/^13 or x < - 2/VT. x = - 2/is a point 
of local maximum and x = 2/y/3, is a point of local minimum. 
When x = 2/>/3, y = 8/3\/3-8/<3 =-16/3 V3. When 
x = - 2/^3, y = 16/3^13. Keeping the above points in mind, we 
sketch the curve as shown in Fig. 2.82.

yi
ZN (0.77;)

(iii) Putting y = 0 in the equation of the curve, we obtain 
x3 - 4x = 0 => x = 0, ± 2. So, the curve meets x-axis at (0, 
0) (2,0) and (-2,0).
Putting x = 0 in the equation of the curve, we get y = 0. 
So, the curve meets y-axis at (0,0) only.

•3-/1v-J> = 3x2-4
• : - dx

/___
" 0
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(iv)

(iv) y = sin2x=>

0 => 2cos2x = 0

y

9 x'

(0.-2)

y
cosx and

0 => cos x = 0 => x = ± it/2, ± 3n/2, ± 5n/2, ...
X

Clearly,
(0.-1)

"y'

Fig. 2.85

So, the points x = n/4,5it/4, 7n/4, and x = -3n/4, 
-7n/4,... are the points of local maximum and local 
maximum value at these points is 1. Similarly the points 
x = - it/4, - 5n/4 ... and x = 3n/4, 7ti/4, ... are points of 
local minimum and local minimum value at these points 
is -1.

(v) sin 2(x + Ji) = sin 2x for all x. So, the periodicity of the 
function is n. This means that the pattern of the curve 
repeats at intervals of length n.

Thus, keeping the above ideas in mind, we sketch the curve 
y = sin 2x as shown in Fig. 2.85.

3n 
2

5n
2'

y'
Fig. 2^86

Now, 

dx

3n 7n
2' 2'"'

.--T -./\i 

1^0

L2 X

Clearly,

-7n/4,... 
And,

> 0 at x = 3n/4,7n/4,... and atx --7t/4,-5n/4 ...

EXAMPLE 6 Sketch the curve y = 2 sin 2x.
SOLUTION We note the following points about the curve.
(i) The equation of the curve remains same if x is replaced by 
- x and y by - y, so it is symmetric in opposite quadrants.
(ii) The curve passes through the origin.
(iii) The curve meets the coordinate axes at the same points 
where y = sin 2x meets them.

= 0 gives the same points as given by ~ (sin 2x) = 0 and
j2 j2

the signs of —r (2 sin 2x) and —- (sin 2x) are same for any 
dxr dr

value of x. This means that the points of local maxima or 
minima of y = 2 sin 2x are the same as the points of local maxima 
or minima of y = sin 2x, but the maximum value will be 2 and 
minimum value will be - 2.

Keeping the above ideas in mind, we obtain the rough 
sketch of the curve as shown in Fig. 2.86

= - 4 sin 2x 
dx2

EXAMPLE 7 Sketch the curve y = sin x.
SOLUTION We note the following points about the curve.

(i) The equation of the curve does not alter if x is replaced 
by - x and y by - y. So, the curve is symmetric in opposite

• ’ quadrants.
(ii) Point (0, 0) satisfies the equation y = sin x. So, the curve 

passes through the origin.
(iii) Putting y = 0 in the equation of the curve, we obtain 

sin x = 0 => x = mt, n e Z. So, the curve meets the x-axis at 
... (3n, 0), (- 2n, 0) (- it, 0), (0,0), (n, 0), (2n, 0),... Putting 
x = 0 in the equation of the curve, we obtain y = sin 0 = 0. 
So, the curve meets y-axis at (0,0) only.

(iv) y = sinx=>^ = cosx and “£ = -sinx.
dx dx2

EXAMPLE 5 Sketch the curve y = sin 2x.
SOLUTION We note the following points about the curve.

(i) The equation of the curve remains unchanged if x is 
replaced by - x and y by - y, so it is symmetric in 
opposite quadrants. Consequently, the shape of the curve 
is similar in opposite quadrants.

(ii) The curve passes through the origin.
(iii) Putting x = 0 in the equation of the curve, we get y = 0. 

So, the curve crosses the y-axis at (0,0) only.
Putting y = 0 in the equation of the curve, we get sin 2x = 
0 => 2x = mt, n £ Z => x = nit/2, n e Z. So, the curve cuts 
x-axis at the points ..., (- it, 0) (- it/2,0) (0,0), 
(n/2,0),(n, 0)..... •

du, = 2 cos 2x and dx

9n , 3it 7it—,... and x = —,—,...
2 2 2

Now, =dx

d2i/ n . it 5n 9n
^2<0atx = -— — ... and atx = -

And,
d2 y n
—t > 0 at x = - - 
dx2 2

=> cos 2x = 0
=> 2x = ± n/2, ± 3n/2,...

=> x = ±it/4,±3n/4,...

d2v
-r*-< 0 at x = rr/4,5n/4 ... and at x = -3n/4, dx
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0 =>sin2x = 0 => 2x = nit, ne Z => x = nn/2,ne Z

=> x = ±n/2,±it,±3it/2,±2n,...

<0 at x = ± n/2, ±3n/2, ±5n/2 ...= cos x.

And,

y

(0.1)

x' X

y

-2n

y'

Fig. 2.88

EXERCISE 2.1

■

14. x = ly2 + y|
16. y = 1 + sin x

Clearly,

n/2 < x < it.
So, the given curve is increasing in the interval [0, it/2] 
and decreasing in the interval [n/2, n].

(v) Since sin2 (n + x) = sin2 x for all x. So, the periodicity of 
the function is it. This means that the shape of the curve repeats 
at the intervals of length 2it.

With these ideals, we may sketch the curve as shown in 
Fig. 2.88.

15. y = 1 + | sin x |
17. y-1 = ?+ |x|

y'

Fig. 2.87

-3n

23. y = |2sinx-11
25. y = ?-2 |x| +3
27. |y| = logx
29. |y| - |x| = 1

a. .a. -A. 
VAAi,A ■

Now, 

dx

o «
2

EXAMPLE 8 Sketch the curve y = sin2 x.

SOLUTION We note the following points about the curve.

(i) The equation of the curve remains same if x is replaced 
by - x. So, the curve is symmetric about y-axis i.e. the 
curve on the left side of y-axis is identical to the curve on 
its right side.

(ii) The curve meets the coordinate axes at the same points 
where y = sin x meets them.

(iii) y = sin2x=>

19. y = [3x]

21. y = sin2x

Sketch the graph of each of the following functions:
1- y = v |-V |
2. y = fx-2

A 14. 1/ + 1 = ---- -x -1
6. y = | sin x |
8. y = | tanx|

10. y = [x-3]
12. y = a-2-3 |x|

(iv) y = sinzx=>

^>0 when 0<x<n/2 and

(0.1) 

AAAIAAA 
-n’ _S 

2

dy A , -r- <0 when dx

Oearly.g

d\
> 0 at x = ± it, ± 2n, ± 3n,...

So, x = ± n/2, ± 3n/2, ± 5n/2 ... are the points of local max­
imum and the local maximum value at these points is 1. Points 
x = ± it, ± 2it, ± 3n,... are points of local minimum and the local 
minimum value at these points is zero.

. .2 ~'= sin 2xdx

7^ = sin2x and 
dx

x
n Jn 2n 3n 

2 2

= 2 cos 2x 
dx2

18. y = log |x —11 
x20. y = -

22. y = cos x
24. y = | tan-1 x |
26. y = |16-9?|
28. |i|-|y| =1

e . . it 5it 9n , 3n 7itSo, the points x = and x = - —, - —,... arer 2 2 2 2 2
the points of local maximum and the local maximum 

value at these points is 1. Similarly, the points x = -

- ̂ p...., and x = ... are the points of local mini­

mum and the local minimum value at these points is -1.

(v) y = sin x => 5^
7 dx

Clearly, > 0 when - n/2 < x < n/2 and < 0 when 

n/2 < x < 3n/2. So, the given curve is increasing for
- n/2 < x < n/2 and decreasing for n/2 < x < 3n/2.

(vi) sin (2n + x) = sin x for all x. So, the periodicity of the 
function is 2n. This means that the pattern of the curve 
repeats at the intervals of length 2n.

Keeping the above facts in mind, we may sketch the curve 
y = sin x as shown in Fig. 2.87.

5-y = i^3T 
7. y = | cos x | 
9. y = e'xl 

11. y = [3 - A'] 
13. y = | x2 + x |
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31. y = max (x, x2} 50. y = x(l-?) 51. y =

36. y = 3 - 37. y =

.-1 •56. If/(x) =

g W

39. y = sin
41. y = tan'
43. y = cosx+ | cos x |
45. y = 2 |x-2| - |x +11 +x .
47. y = xsinx
49. y = x3-6x2 + 11x-6

35. x = |e-y-l|

x + 2 
x-2

1 
x2 + l

52. y = cos {| x | z | x - 21 ,2 - | x -11 (

53. y = Vfxf, where (x) denotes the fractional part of x.

54. y = (x) , where {x} denotes the fractional part of x.
55. y = [x] + (x-[x])2

|x + l| -l,-2<x<0
1- |x-11 ,0<x<2 '

then find and draw the graph of g (x) given by

= fMin [nt) |-2<f <x} ,-2<x<0) 
[Max/((f) | 0< f <x } , 0 < x < 2]

(sin x)
F1 (tanx)

30. |x| +2 |y| = 1
32. y = min (x - [x], - x - x])
33. | x -11 = y2 +1

34. |y| =
1

x + 1
1 

(x-l|
1__

38. y = xloS,oX
40. y = cos-1 (cosx)
42. y = cot-1 (cotx)
44. y = |x + 2[ x
46. y = 2X-2~X
48. y = | x -11 x
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LIMITS

f(x) = = x+ 2.

1.4 1.5 1.6 1.7 1.8 1.9 1.99 2 2.012.1 2.2 2.3 2.4 2.5 2.6x

fix) 3.4 3.5 3.6 3.7 3.8 3.9 3.99 4.014.1 4.2 4.3 4.4 4.5 4.6

3.0 3.1 3.2 3.3 3.4 3.5 3.63x •

1 1 1 1 1 1 1-1-1 -1 - 1-1 - 1 - 1- 1

o
0

fix) at x = 2 is 4.
Thus, lim fix) = 4 means that as x tends to 2 from right hand 

2+
side,/(x) is tending to 4.

side,/(x) is tending to 4.
From the above table we observe that as x decreases and 

comes closer to 2 from right hand side 2, the values of /(x)

0
£

It is evident from the table that: as x = 3 from its left hand 
side the values of/(x) are everywhere*--1 i.e.,

lim /(x) = -1 or, left hand limit (LHL) of/(x) at x = 3 is -1.
x—>3
We also observe that at every point on the right hand side 

of 3, the function assumes value 1, therefore
lim /(x) = 1

x-»3+
Thus, lim /(x) = 4 means that as x tends to 2 from left hand

It is evident from the above table that as x increases and 
comes closer to 2 from left hand side of 2, the values of/(x) 
increase and come closer to 4. This is interpreted as:

When x approaches to 2 from its left hand side, the function 
/(x) tends to the limit 4.

If we use the notation 'x -» 2”' to denote 'x tends to 2 from 
left hand side', the above statement can be restated as

x->2",/(x)-»4

or lim fix) = 4 or Left hand limit of fix) at x = 2 is 4.

Let us now consider the function /(x) = — - x / 4. Here 

also the function is undefined at x = 4 as f(4) assumes the form 
1/0. In this case as x approaches to 4 from the left hand side, 
fix) decreases to - °°, i.e.

| x — 31Now, consider the function fix) = , * * 3. This func­

tion is defined for all x except x = 3. At x = 3 it assumes the form 

(an indeterminate form). The following table shows the 

values of fix) at points which are close to 3 and are on its two 
sides.

2.3 b.4 b.512.6 b.712.8 2.9 b.99

3.1 INFORMAL APPROACH TO LIMIT
x2-4

Consider the function f(x) = ~—2,X*?" ^unc^on *s

defined for all x except x = 2. At x = 2 we cannot determine the 
value of the function simply by substituting x = 2 in fix) as it 

assumes the form which is known as an indeterminate form.

However, if x * 2, then
(x-2)(x + 2) 

x-2
The following table exhibits the values of fix) at points 

which are close to 2 on its two sides viz. left and right on the 
real line.

decrease and come closer to 4. This is interpreted as:
When x approaches to 2 from its right hand side, the function fix) 

tends to the limit 4.

Using the notation 'x —> 2+/ to denote 'x tends to 2 from right 
hand side', the above statement can be re-stated as

as x -> 2+, fix) ->4 or lim fix) = 4 or Right hand limit of
0+
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<=>

y=f(x)

4+€

i
Otherwise, lim /(x) does not exist.

Xo

SOLUTION

1 1Let

<=>

< x < 2 W
a+ 6o-8 Let X]= 2 . Then Xj < 2 and Xi > 2.

. Clearly 2 - X] < x2 - 2.

Let 8 = min {x2 - 2, 2 - xj = Then from (i)

1 
’2'

|/(.v)-/| <e

=» /(x) .(/ — £,/ + e).

tends to a, then we write

Now x2-2 =

approaches to 4 from the right, i.e.

lim /(x) = +°o
x—>4*

So, we say that lim /(x) and lim /(x) both do not exist.
x —»4 x 4+

It follows from the above discussion that as we can ap­
proach to a given number 'a' (say) on the real line either from 
its left hand side by increasing numbers which are less than 'a' 
or from right hand side by decreasing numbers which are 
greater than 'a'. So, there are two types of limits viz. (i) left hand 
limit and (ii) right hand limit. We also observe that for some 
functions at a given point 'a' (say) left hand and right hand 
limits are equal whereas for some functions these two limits are 
not equal and even sometimes either left hand limit or right 
hand limit or both do not exist. If lim /(x) = lim /(x) i.e. (LHL 

+

at x = a ) = (RHL at x = a), then we say that lim /(x) exists.

8 £
1+2e’

2
1 + 2 £

3.2 FORMAL APPROACH TO LIMIT
Before we proceed to formulate a definition of the limit of a 
function at a point on the basis of the discussion made in the 
previous article, we intend to discuss some basic concepts 
which will be used in further discussions.
NEIGHBOURHOOD (nbd) OF A POINT Let a be a real number and let
8 be a positive real number. Then the set of all real numbers lying 
between a-8 and a + 8 is called the neighbourhood of a of radius 
'8' and is denoted by Ns(a).

Thus, N§(a) = (a - 8, a + 8) = {x . R | a - 8 < x < a + 8)

The set N&(a) - {a} is called deleted nbd of a of radius 8. The 
set (a - 8, a) is called the left nbd of a and the set (a, a + 8) is 
known as the right nbd of a.

If 8 is very small and x lies in the interval (a - 8, a), then x is 
said to approach to a from the left and we write x -> a~. If 
x . (a, a + 8), then x is said to approach to a from the right which 
is denoted by x —> a+.

Consider the statement | x - a | <8. We have
x-a | < 8 <=> -8<x-fl<8<=>n-8<x<fl + 8 <=> x. Ng(«).

Thus, | x - a | <8 means that x lies in the nbd of 'a' of radius 
3 as shown in Fig. 3.1

and/(x) increases to + 00 as x

From Fig. 3.2 it is evident that / is the limit of/(x) as x 
approaches to a if for every pair of horizontal lines equidistant 
from / there exists a pair of vertical lines equidistant from a such 
that every point on x-axis between vertical lines has its image 
between horizontal lines.

yi

1 <=> - + e >

6=min. (S 1.6 2)

21
a

Fig. 3.2

4-2x
2 4

fl

1 
>2*e

<-l + e

1
<2 + £

lim /(x) = - 00

2
1-2e

fl + 2 £^
(,1-2e

z1 + 2 e"
1 -2 £ /

8 E
1 + 2e

a

Fig. 3.1

Let/(x) be a function with domain D and let 'a' be a point such 
that every nbd of a contains infinitely many points of D. A real 
number / is limit off (x) as x tends to a, if for every nbd of /, there 
exists a nbd of 'a', such that images of all points in the deleted

ILLUSTRATION Show that lim 
x->2 xz-4

We have to show that for every nbd of -| there

exists a nbd of 2 such that points in the deleted nbd of 2 have
1their images in the nbd of - -.

( 1

1 2
<2x+1<r^

• 4-2x 
--E < —-----
2 x2 - 4

2x-4 
x2 - 4

nbd of a are in the nbd of /.
In other words, a real number / is limit of/(x) as x tends to 

a, if for every. > 0 there exists a 8 > 0 such that

0 < | x - a | < 8 =>

x. (n - 8, a + 8), x * a

If I is the limit of /(x) as x 
lim /(x) = /

lx-4
x2 - 4

x2 - 4
2x-4 <

1-2?
1 + 2e

2 - 2 E?
1 + 2e '

8 e
1-2e'

x2 = 2 ■ 
k

; 2 - X] =

2
1 + 2 £ -< 

z 
« 2

- - E, - - + E be an arbitrary nbd of - - of radius E > 0. 

Then

1 c, x 1- - - E </(x) < - - + e
1
2

1 
<=> 2 ~ e <
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STEP II

=>

ALGORITHM FOR FINDING RIGHT HAND LIMIT

STEP IV The value obtained in step III is the RHL affix) at x = a.

ILLUSTRATIVE EXAMPLES

/« =

at x = 4.

SOLUTION We have,

fix) =

EXAMPLE 2

/« =

at .v = 4.

6

h

(LHLoff(x)at x = 4) 

= lim fix)

To evaluate RHL of /(x) at x = a i.e. lim /(x) 
+

= lim f4 + h) 
h-»0

SOLUTION We have, 
(LHL of f (x) at x = 1) 
= lim fix) = lim /(I -h) 

h->Q

Put x = a - h and replace x -> a by /: -> 0 to obtain 
lim fla-h).

h->0

STEP III Simplify lim fla - h) by using the formula for the given 
h->0

function.
STEP IV The value obtained in step III is the LHL of fix) at x-a.

STEP III Simplify lim fla + h) by using the formula for the given 
h-»0

function.

= lim 
h->0

= lim
/i-»0

= lim 
h-tO

SOLUTION We have, 

(RHLof/(x) atx = 4) 

= lim fix)
x*4

, x = 4

-, x*4 

, x = 4

|4 + /?-4|
4 + /z-4

EXAMPLE 1 Evaluate the left hand limit of the function 
|*-4| 

' x-4 
0

/i->0

Evaluate the right hand limit of the function

|x-4|
x-4- 

0

1 + x2, if 0 < x < 1 
2-x, if x>l

at x = 1. Also show that lim/(x) does not exist.

we proceed as

< e whenever 0 < | x - 2 | <8.

= lim fl4-h)
h ->0

|4-77-41
4 - h - 4

Hence, lim /(x) = -^.

follows:
STEP I Write lim fix)

x->a+

STEP II Put x = a + h and replace x->a+ byh-»0 to obtain 
lim fla +h).

h->0

follows:
STEP I Write lim flx)

x->a

= lim y = lim 1 = 1.
h -> 0 K h->0

EXAMPLE 3 Evaluate the left hand and right hand limits of the 
function defined by

-1-£ < flx) < - ~ + e, whenever 2-8<x<2 + 3, x*2

( I'lfix)- 4
\ /

3.3 EVALUATION OF LEFT HAND AND RIGHT HAND 
LIMITS

The statement x -> a~ means that x is tending to a from the left 
hand side, i.e., x is a number less than a but very very close to 
a. Therefore x -» a~ is equivalent to x = a - h where h > 0 such 
that h -> 0. Similarly, x -> fl+ is equivalent to x = a + h where 
h 0. Thus, we have the following algorithms for finding left 
hand and right hand limits at x = a.
ALGORITHM FOR FINDING LEFT HAND LIMIT

To evaluate LHL of flx) at x = a i.e. lim flx) we proceed as 
x-*a~

= lim ~~ = lim -1 = -1. 
h^o~h

= lim
/i -> 0

-h
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EXAMPLE 4 If fix) =

/

fW =SOLUTION Let

EXAMPLES Iffix) =

= -l

KHLof/(x) atx = 1)

not exist.
SOLUTION We have,

k<k+h<k+ 1 
.-. [k + h] = k

- lim 5 (1 - Ji) - 4 = lim 1 - 5h = 1.
It o h -> 0

exists.
SOLUTION We have,

(LHL of/(x) at x = 1)

= lim /(x) = lim /(I - h) 
r.r h—>o

= lim /(0~h) 
h ->0

So, lim /(x) does not exist, 
x —> k

lim 
h—>0

= lim
h—>0

= lim 
h->0

= lim 4 (1 + h)3 - 3 (1 + h) 
h->0

= lim k = k 
h-)0

- lim
/r —> 0

= lim k -1 = k - 1 
h->0

(LHL of/(x) atx = 0)

= lim /(x))
x->0"

'• ■ k-1 <k-hck
[k-h]=k-l

-h-h
-h

h-h 
h

Clearly, lim /(x) * lim /(x). 
x k~ x -> k+

SOLUTION We have,

(LHL at x = k)

= lim /(x) = lim fik -h) = lim [fc - h] 
x^k~ h—>0 h —> 0

(RHL atx = Ar)

= lim /(x) = lim fik + h) = lim [k + /i] 
x_> k* h —> 0 h —> 0

(LHL of/(x) at x = 0)

= lim fix) = lim /(0-Ti) 
x-»0" /l“>0

to 1.

EXAMPLE 6 Find the left hand and right hand limits of the grea'es 
integer function fix) = [x] = greatest integer less than or equal tv x 
atx = k, where k is an integer. Also, show that lim fix) does not exiist

el/x 
I7xEXAMPLE? Show that lim 

x —> 0 €

And,

(RHL of/(x)atx = 0)

= lim fix) = lim fiO + h) 
x->0+ /,_>0

= lim fix) = lim fil + h) 
x-^l+ h~*°

^./x 
el/x

h-\h\ 
h

= lim
h -> o e

... +1 et/h

= lim 2 - 2Ji + h2 = 2.
h->0

And,
(RHL of/(x) atx=l)
= lim fix) = lim /(I + h) 

x-»l+
= lim 2 - (1 + h) = lim 1 - h = 1.

h —> 0 h —» 0
Clearly, lim fix) * lim fix). So, lim fix) does not exist. 

x-»i" x—>1+ X—>1

= 4(1)3 -.3 (1) = 1

Clearly, lim fix) = lim fix). So, lim fix) exists and is eqiiu^ 
x_>r x—»!+

=>elz/'

—-. Then, . 
+ 1

-1
— does not exist.
+ 1

= lim 1 +(l-/i)2
/i->0

= lim - = lim 0 = 0. 
h-+oh h->0

x-|x|
X 

2

= lim —= lim 2 = 2.
h->0 h-»0

h —> 0 => t -> °° h

’ x * 0 show that lim fix) does
, x = 0

e~lz/l -1 
rlz/' + i

Since, lim fix) lim fix). So, lim fix) does not exist. 
x_>0- x_0+ x“>°

4, 0 < x < 1 s^ow tiwt um
4x3-3x, 1<x<2 x_fi

.. -h-\-h\= ---------( A 1 =

h->0 (- h)

0
h
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[■•• /to is odd /. /(-h) = -/(h)J

even function, then prove thatanEXAMPLES Letf(x) =

[••• /is even f(- h) = /(h)]

=> 0 + k = cos 0 => k = 1.

this limit must be zero.

/to =

(IV) lim /(x) andf(a) both exist and are equal

= lim /(0 + h) = lim 
h ->0 h -> 0 e

= lim /(0-h) 
h->0

= lim /(- h) = lim /(h) 
h 0 h —> 0

(II) The value f(a) exists but lim/(x) does not exist.

Hence, lim /(x) does not exist.

= lim /(0 + h)
/i->0

3.4 DIFFERENCE BETWEEN THE VALUE OF A 
FUNCTION AT A POINT AND THE LIMIT AT 
A POINT

Let/(.r) be a function and let a be a point. Then we have the 
following possibilities:
(I) lim/(x) exists butf(a) (the value of fix) at x = a) does not exist 

X->fl

=> lim x + k = lim cosx
x->0 x-»0

= lim 
h->0

[RHLof/(x) atx = 0]

= lim /(x)
x->0*

EXAMPLE 10 If f is 
lim /(x) = lim /(x). 

: 0" x -> 0+ 
SOLUTION We have, 

lim /(x)

= lim /(x).
x->0+

[Dividing Nr and Dr by e

=> lim /(h) = 0 
h-»0

EXAMPLE 9 Iff is an odd function and z/lim /(x) exists. Prove that 
x-»0

SOLUTION Since lim /(x) exists 
x->0

lim /(x) = lim /(x)
x->0- x-*0+

=> lim /(-h) = lim /(h)
/i->0 h->Q

=> lim/(0 -h) = lim /(0 + h)
/i->0 h -> 0

=> lim /(x) = 0
x-»0

=> 2 lim /(h) = 0 
h -> 0

=> - lim /(h) = lim /(h) 
h —> 0 h —> 0

Clearly, lim /(x) * lim /(x). 
x —> 0~ x —> 0+

1-0 , -------  = 1 
1+0

l + eiz/l
/

-□   -
In example 4 of section 3.3 we have seen that lim /(x) does 

not exist but/(x) = k exists.
(Ill) lim /(x) and fia) both exist but are unequal

Consider the function/(x) defined by

x2-4, x*2
x-2

3 , x = 2

It can be easily seen that lim fix) = 4 = lim /(x).

So, lim /(x) exists and is equal to 4. Also the value /(2) 

exists and is equal to 3.

Thus, lim /(x) and/(2) both exist but are unequal.

e}/h-l 
>]//' +1

x2-9
Consider the function/ (x) defined by/(x) = -

Clearly this function is not defined at x = 3 i.e.,/ (3)does not 

exist, because it attains the form But it can be easily seen that 

lim /(x) = lim /(x) = 6. So, lim/(x) exists.

Thus, lim /(x) exists but the value/(3) does not exist.

Cx + k' if x<0’va^ue°fconstant 

k, given that lim /(x) exists.
x->0

SOLUTION It is given that
lim /(x) exists
x->0

=> lim /(x) = lim /(x)
x —> 0” x —> 0+
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x*2
=

(v) lim | /(x) | = | lim/(x) | = | I |

= 1

3.6.2 FACTORISATION METHOD

Consider lim

SOLUTION We have,

(i) lim (3x2 + 4x + 5) = 3 (I)2+ 4(1)+ 5 = 12

(ii) lim 
x-» o

For this function, it can be easily seen that lim /(x) and 
x->2

f (2) both exist and are equal to 4.

3.5 THE ALGEBRA OF LIMITS
Letf and g be two real functions with domain D. We define four 
new functions/± g,fg,f/g on domain D by setting

(f±g)(x) =/(x)±g(x), (/g)(x) = /(x)g(x)

(f/g) CO = /(*)/£ (-v), if g(x) * 0 for any x e D.

Following are some results concerning the limits of these 
functions.

In particular

(i) lim log/(x) = log f lim/(x)'| = log I

(iv) lim K/(x) = K • lim/(x), where K is constant

(i) lim (3x2 + 4x + 5) 
x —> 1

(ii) lim 
x-> 0

Let lim /(x) = I and lim g(x) = m. If / and m exist, then 
x -> a x -> a

(A
W

COS X

1 + sin x
cosO

1 + sin 0

cos x
1 + sin x

(ii) lim (fg) (x) = lim/(x) • lim g (x) = Im 
x —> fl x —> fl x -»a

(i) lim (f±g) (x) = lim/(x) ± limg(x)~l±m
Xil X —> fl X —> fl

(ii) lim e^ = e

Consider the function f (x) defined by 

x2-4 
x-2'

lim/(x)
(x) = 7----- —

hm g(x)
X —> fl

= provided m * 0

(vi) lim (/(x)}S(x) = /"' 
x—> a

(vii) If/(x) <g (x) for every x in the deleted nbd of a, then 
lim/(x) < lim g(x)

x —>a x —>a
(viii) If/(x) < g (x) < h (x) for every x in the deleted nbd of a

and, lim/(x) = / = lim h(x) then lim g(x) = /.
x—>a x —> fl x->«

(ix) lim fog (x) =f( lim g(x) 'I =f(m)

0 oo *~~ takes the form — etc., then (x - a) is a factor of both #(X) 0 oo
/(x) and g (x). In such a case we factorise the numerator and 
denominator and then cancel out the common factor (x-a). 
After cancelling out the common factor x - a we again put 
x = a in the given expression and see whether we get a mean­
ingful number or not. This process is repeated till we get a 
meaningful number.

-■ -0.
/(x)

3.6 EVALUATION OF LIMITS
In the previous sections, we have discussed the notion of left 
hand limit (LHL), right hand limit (RHL) and the existence of 
the limit of a function  f (x) at a given point. In the evaluation of 
limits, it is assumed that lim^^d /(x) always exists i.e. 
lim/(x) = lim/(x).

x —»a~ x -> a+

In this section, we will discuss various methods of evaluat­
ing limits. To facilitate the job of evaluation of limits we 
categorize problems on limits in the following categories:

(I) Algebraic limits
(II) Trigonometric limits

(III) Exponential and logarithmic limits

VARIOUS METHODS OF EVALUATION OF ALGEBRAIC LIMITS
To evalue algebraic limits, we have the following methods:

(i) Direct substitution method
(ii) Factorization method
(iii) Rationalisation method
(iv) Using some standard results
(v) Method of evaluating limits when variable tends to

oo or —

We shall now discuss these methods with suitable illustra­
tive examples.
3.6.1 DIRECT SUBSTITUTION METHOD
If by direct substitution of the point in the given expression we 
get a finite number, then the number obtained is the limit of the 
given expression.

ILLUSTRATION 1 Evaluate the following limits:

4 , x = 2

(iii) If lim/(x) = + «or-«. then lim
X -> fl X —> (i

lim /(x)— =z

If by putting x = a the rational function

(iii) lim
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SOLUTION We have,

SOLUTION We have,

lim

= lim

EXERCISE 3.1

f A

+ 3

2. lim 6. lim

3. lim 7. lim

ANSWERS

8. 107. 11. -1 3. 0

4. 6

-□□□-

= lim

+16 - 4

SOLUTION We have,

/

V2

1
2’

(a - x) (t/3 fl + x + 2 yjf) 
3 (fl - x)(7fl 4-2x4- 73 x)

4. lim 
x->0

ILLUSTRATION 2 Evaluate: lim 
x->0

1. lim
x —> 1

ILLUSTRATION! Evaluate : lim 
x->2

5. lim
x —> 1

= lim- 
x-»2

ILLUSTRATION! Evaluate : lim 
X —> fl

= lim

= lim

= lim

lim 
;X-»0

a/x2 -f 1 -1
V? + 16-4

(x-l)(x-3) 
(x-4)

(x-l)(x-2) (x-3)
(x-2) (x-4)

ILLUSTRATION 2 Evaluate :lim
x -> 3 x* - 5xJ -F 27x - 27

3.6.3 RATIONALISATION METHOD

This method is generally used when one of numerator and 
denominator or both of them consist of expressions involving 
square roots.

Following illustrations will illustrate the above procedure:

7i 4- 2 x - TTx
>/3fl+x -2>/x

. -i 
1-3X + X2 

1-x3

= lim 
x—>a

4 Vfl 2 
" 2 (3 ^"3^3

.. x3-7x2 + 15x-9lim - ------ -------------
x->3 x4 - 5x3-f 27x - 27

'x-fTZt
x-2

2 1
x(x-2) ?-3x + 2 

7

... - x-4
-5x4-4 3(x2-3x + 2),

(x-3) (x2-4x + 3)_ 
(x-3) (x3-2x2-6x + 9) 

x2 - 4x + 3
.3 __ n~2 , a

5. 3

(73 fl 4-x +2 y?) 
3 (7a 4-2 x 4-73 x)

’•ih

_x + 2
, v2 x-» 1 x

(1+x) (1+2x) (l+3x)-l
X

x3 - 6x2 -t- llx - 6 
x2 - 6x + 8

SOLUTION We have, 

.. 7a -f 2 x - 73x~ 
73a4-x -2 7x

x3-6x2+ llx-6 
x2 - 6x 4- 8

x3 - 7x2 + 15x - 9
,4 c„3 —

x3-4x 1

x3“8 ?

x4-3x + 2
x5 - 4x 4- 3

4 
x2 —x —1

' x4-l
/-x"1

-11

Evaluate the following limits:

'_1___3 '
1-x i-x3

\
/

_ i- (7* + x -^3x~) (Vfl4-2X4-'737)Q/3fl4-x -F2 'Jx) 
x ™ (/3 a+ x - 2 ^x ) (73 a+x+2 ^x ) ('la 4- 2 x 4- ^3 x)

8. to (W-G+5X) 
x-»0 X24-Xi>

9. lim {(1 4- x) (1 4-X2) (14- X4)... (1 + X2")), if IXI < 1
X—Joo

= lim
x-»3 xj-2xz-6x-f9

(x-3) (x-1)
(x-3) (x2+x-3)

x-1 = 2
x^ + x-3 ' 9-
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EXERCISE 3.2

4. lim

5. lim

ANSWERS

1. 2. 3.

3.6.4 EVALUATION OF LIMITS USING THE RESULT

lim

ILLUSTRATIVE EXAMPLES

SOLUTION We have,

= lim

m

EXAMPLE 2 Find the value ofk,if lim

SOLUTION We have,

and,

1
!

~Vx2 + 16 +4 
^x2 + 1 +1

VT-l 
2\f2

+ 2x -3
Vx-2

x2-!2 
x-1

3. lim 
x->V2

lim
X-»fl

= lim 
x—> a

EXAMPLE 1 Evaluate : lim

= lim 
x—»0

lim
x —> k

= lim 
x-»0

+ lim
x —> 1

= lim

= lim

= lim ;

= lim

+ ... + lim ■
x —> 1

>/5- j2 
6V10

4 + 4
1 + 1

x2-^ 
x-k

(<v2 + 1-1) f'Jx2 + 1+1) 
(Vx2 + 16 - 4) (Vx2 + 16+4)

V3-V2 
2<6

^3 + 2x -V2-1 
?-2

x3-*3
x2-^'

6 (x2 +162) 
729-x3

- = 4(1/

lim 
x-+k

i4-’=4

x" — a'
x-a

x3-*3
x2-!?

x3-^
. x-k
x3-*3
x-k ’

x-k 
x2-l?

x-k

5-V

form-

xn-ln 
x-1

- = 4
2

4*l

x4-l
x-1

x4-l 
x-1

= mam~'

xf'-an ,--------= na x-a
,n \ where n g Q.

xn-an 
x-a

+ na"~}

2

x3-P
x2-^

4 = T=>’t = 3'

EXAMPLES Evaluate : lim {x ++ + ••• + xT')~ n 
x->i x-1

SOLUTION lim(£+? + ?+ +x»)-n

x-»l
= lim (x -1) + (x2 - 1) + (x3 -1) + ... + (xn -1) 

x->l x-1

x-a 
x" - an

^x2 + 16+4
X Vx2 + 1+1

x^-a' 
xJ'-an

xm-am 
x!'-an

xm-am 
x-a

x'n-a‘
x-a

m m-n = — an

.. x-1
= lim----- -

.. x4 -1 
lim------—

X-4 1 X “ 1

Evaluate the following limits: 
, ^7 + 2x - (<5 + V2)1. li m -------- —s----------L

Vw ____x2 - 10
.. >/5 + 2x -V3-V2

2. h m -----------r--------------
X->V6 x2-6

.. Xn-(F 
lim----------x — ax -Hl

j. x4 -1 
lim--------
r-H X-1

x3 -1 
+ lim-----—
X-+1*-1

= lim

3fc
2

= lim

x-k "

.m
= lim

X-4fl



LIMITS 3.9

lim
= 1 +2 + 3+... +n

= 9

,8=>

=>

EXERCISE 3.3

n is an odd natural number

6. lim

ANSWERS

4. 3 5. 6.

-□  -

STEP I

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Evaluate : lim

= lim

SOLUTION We have,

1-n 
n

2. lim 
x-*0

3. lim
/i-»0

a 
d'

= lim
X-> OO

1. lim - 
x -»-a

 n (n +1)
2 ‘

=> lim 
x-t-a

EXAMPLE 4 If lim 
x-t-a

SOLUTION We have,

lim
X —> 00

fl + 0 + 0 
d + 0 + 0

V3-V2
4

n(n + l)
2

,9
- = 9, find the value of a.

STEP II Ifk is the highest power ofx in numerator and denominator 
both, then divide each term in numerator and denominator 
byx*.

STEP III Use the result lim — = 0, where n > 0. ----------- n x —>00 X

EXAMPLE2 Evaluate : lim-

= 9
9fl° = 9

= 1 => a = ± 1

EXAMPLES Evaluate : lim

= 1 +2 (I)2-1 '-9

^3-1/x2 -^2-1/x2

» 4 + 3/x

1. Hfl""1

+ (x + 1)” - n +1

+ 3 (I)3-1 + ...+n (l)”-1

(l+x)5-l 

3x + 5?

ax + bx + c 
dx2 + ex+f

2 5
3

9 ‘X+fl'

X + fl

9 'X+fl

X + fl

x9-(-«)9 
x - (- fl) 

9(-fl)9-'

Evaluate the following limits: 

xn + an 
, X + fl '

a8

-X1/"

4. lim
X —> 1

5. lim * + (x + l)2 + (*-H)3 +

x —> 0 x

6. lim
X-, 1 [(1 -x) (1 -i2)... (1 -x")l2

, 1 '3. — x n

3.6.5 METHOD OF EVALUTING ALGEBRAIC LIMITS WHEN
VARIABLE TENDS TO INFINITY

To evaluate this type of limits we follow the following pro­
cedure:

Write down the given expression in form of a rational 
ffx)function, i.e., if it is not so.

- ^2v2 -1 

4x + 3~

^3x2 -1

SOLUTION We have, 

ax2 + bx + c 
dx2 + ex +f 

b c 
AH---- F

X x2
, e f d + - + '—

x x2

(x + h)17” 
h

SOLUTION Dividing each term in the numerator and denom­
inator by x, we get

'hx2 -1 - V2X2 -1
lim-------- ;------ ---------
, „ 4x + 3

1
JI
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-(•2=> lim

C

= lim
,-r + -v +1 +

= 2x= lim

1

[Dividing Nr and Dr by x]= lim
EXAMPLE 6 If lim

SOLUTION We have,

-ax-b = oo
x+1

oo

lim

-ax-b ■ = 0, find the values of

Here, IT stands for the product.

SOLUTION We have,
lim

=> lim
\ fr-3

- ax - b = 2,

x

-ax-b =2 x

1
2‘

x2 (1 - fl) - x (fl + b) +1 - b  
x + 1

lim <r2 + x + l - 'lx2 + T '
X -> oo

The limit of the given expression will be infinity, if degree 
of numerator is more than that of denominator.

1 - a 0 => a 1.

= lim
n «

= lim - 
x —* °°

= lim
n —>«»

n
n

Since the limit of the given expression is zero, therefore 
degree of the polynomial in numerator must be less than that 
of denominator. As the denominator is a first degree polyno­
mial, so, numerator must be a constant i.e. a zero degree 
polynomial.
.'. 1 - a = 0 and a + b = 0 => a = 1 ar>d b = -1.

Hence, fl = 1 and b = -1.

= lim
n —> oo

lim
n —> oo

EXAMPLE 4 If lim

n
lim n

n —>oo r = 3

19.28 ... (h2+ 2n+4)
7.12.19 ... (n2-2n + 4)

(h2 + 3) (n2 + 2n+4)

7.12

1 
1+1

EXAMPLE 5 If lim ‘ 
X -» oo 

find the values of a and b. 
SOLUTION We have, 

x2 -1 
x + 1

__________1.2.3 .... (n - 2)__________
5.6.7 ... (n -2) (n -1) n (n +1) (n + 2)

lim
X —> oo

4^2
4 + 2

Hence, a * 1 and b can assume any real value.

EXAMPLE? Evaluate:

-ax-b ■ = °°,find a and b.1+?

?-8 
^ + 8

x2 +1 
x + 1

1.2.3.4 
(h -1) (n) (n +1) (n + 2)

x2 +1

AN IMPORTANT RESULT If tn, n are positive integers and 
flo, bo * 0 are non-zero real numbers, then

n2 + 4 + 2n 
n2 + 4-2n

x2 +1 
x + 1

x2 + 1)

lx2 + 1

a and b
SOLUTION We have,

^+1
x+1

flo .,—, if m = n
bo
0 , if m < n
oo, if in > n and as bo > 0
- ooz if th > n and as bo < 0

x2 + y + 1 x2-1

+ j

Since the limit of the given expression is a finite non-zero 
number, therefore numerator and denominator are of the same 
degree.
/. 1 - a = 0 => a = 1.

Putting fl = 1 in (i), we obtain

lim ~ * C1 + 'H1 ~
X oo X+1

=> — (1 + b) = 2 => b = -3.
Hence, a = 1 and b = - 3

x2-l 
x + 1

11 m n -r—
M-4OO r = 3 r + 8

(n-2 

r+2;

53-8^

53 + 8,
- 8 

n3 + 8
7

42 + 4 + 4 x 2
42 + 4 - 4 x 2

1+1+-U
x- x2

5-2"
5 + 2

> V

"33 - 8^ 

33 + 8 

<3-2^ 
3 + 2lx /

flo x"' + fli x' 

bo x” + bj x”

"43-8

j lA8, v
^32 + 4 + 3 x 2 

J32 + 4-3x2 

52 + 4 + 5x2> 

52 + 4-5x2

lim
X—> oo

=> lim + + =
X+1,n 1 + ... +flw-i X + flw

1 + ... + bM_i x + b„

-ax-b =0
J

x2 (1 - fl) - x (fl + b) +1 - b   
x+1
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,2

24

EXAMPLE9 Evaluate:

P-1
6i-i\

...+«. i
r = l

P-1
- 2^6'-n

Vx3
r= 1 = lim

3

= lim

x
7

= lim

EXAMPLE 10 Evaluate:

SOLUTION We have,

+ k.

n-1 
"■ |n + l

2
7

2
3’

1
24

Here, 'fl' stands for the product.

SOLUTION We have,

= lim
Il OO

7 ,im ( 
' 11 -) oo

lim 
/:-><»

= lim
11 -> oo

= lim
Il oo

lim 
!!->«>

n n

= lim ■ 
n -»oo[_

lim ~- + 2. 
k-»°° Ir

lim ^- + 2.
k->°° Ic

= lim
H->00

r=l x__
n4

1.2... (n-1) 
3.4.5... (n + 1)

n n n
(» + l)(» + 2) £k-(2n + 3) £/? +

= lim - * = 1 *=1
II °oo

(n-k + l)(n-k+2)
2

1.2 
n(n + l)

(n +1) (6 (ii + 1) (n + 2) - 2 (2n +1) (2n + 3) + 3n (n + 1)} 
24n3

EXAMPLES Evaluate:
(n >

1 + 2 +3 £r +
. r = l 

k

lim
n —>« r = 2

n

1 = 1
= lim —

Il —> OO

r = l 
k 7

4J-f
43 +1 nJ +1 

. / \ /

(e}/k)k' 

k2

(e1/fc) 

P

1+- 
n

6n (n + l)2(n + 2)-2n (n + l)(2n + l) (2n + 3) + 3n2 (n + 1)2 
24n4

Sk
= lim — , where 
k-.-k2

W/l

.... + k.

(n +1) (6n2 + 18h +12 - 8n2 - 12n - 6 + 3n2 + 3n)
24 n3

2,.
= - lim

—X »

9
n + n +1

2 n +n

+ 2. (e1/k)2 + 3. (P/k)3 +... + k. (e]/k)k

(e17*)*'

P

n

£((/; + l)(n + 2)k-P(2n+3)+P|
.. k = 1= lim

11 -> oo

p-V 
\_____ A
l-1) 

n

23-l
23 + l

(e17*)3Y+

= | lim 
' n —> oo

ii

£k|(n + l)-t| |(n + 2)-H
.. A = 1 = lim

11 -» oo

= | lim 
—> oo

K4

'2-1
2 + 1 2-

4-f4 + 1k
n4

2n4

2n4

2n4

= lim

/
1+- 

n 
= lim ‘

ii

.. k = 1= lim----- -
Il -4 oo

r2 
x —

SOLUTION We have,

I f" '
i +2 Er +3 Er +-+n-i 

r= 1 
k /

'3- 1V32 + 3 +1 
3 + 1^32-3 + i

(h2 + 3) (i?2 + 2m + 4) 
(n-1) n (n + l)(n+2) 

fi 21 +- + — n „2 

F

.. n (n + 1)2 (n +2) (2n + 3)n(n + l)(2n + l) n(n + l)
=„™- 4„4 ’ 12n<

14A
n n2

1+1
n

r = l 
k /

74
( n-k+x\

(n + l)(nz + 9n + 6) 
24n3

\ 9 6) 
l+- + -rn „2

(e17¥ + 3.ALvL + 
k2

Jt2

2z + 2 + 1
2-2 + ly

Z42_+4 + l

42 - 4 +1;
f n2 + n + P 
|^i2-n +1

n + n +1
3

x7,13.21 ,..(n2 + n + l)
3.7.13...(n2-n + l)

e1/k + 2. (e17*)2 + 3. (e17*)3 +.... + k (eVk)k

( 3 A n-1
,3 -

2
7

ex/k

ex/k

a
lim fl

n-»oo r = 2

A33+i^
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Now, EXAMPLE 12 Evaluate:

+ (e

=> Sk (1 - e1/l) = e1/k
=>

=> Sfc = n n n
4;Z (k2*-!)^! [k2*]^ Z(k2n4-1))

n k=ln k = l n k = i

=>

Taking limit as n -»«>, we obtain
EXAMPLE 11 Evaluate:

j ,xe R

+ 3x-d 1=4,lim

find the vlaues of a, b, c and d.

SOLUTION We have,

4-3x-d 1=4limx

=>

When a = 2, we have

lim

[x] 4- [2x] 4-. 
n2

SOLUTION For any integer k, we have 

kx - 1 < [kx] < kx for all x e R

n

k=l

1
n

=> lim
n -»00

lim 
n —»<>°

=> lim 
n —>«

[??x] _ x
' 2

< lim 
n —>00

=> lim
X-> 00

Since the limit is finite non-zero number, so numerator and 
denominator must be of the same degree. Clearly, the degree 
of denominator is 2. So, numerator must also be of degree 2.

fl-2 = 0=>fl = 2

=> lim

lim
n —»a®

n n
E(k?x-1)< Z [^x]

k = l k=l

n
Z [j^x] < 

n" k = l

n
Z(k2x + 1) 

k = l

= lim

n (n 4-1)
2

n (n 4-1) x
2

[x] 4-[22x] 4-[32x] 4-... 4-[n2x] 
n3

(fl - 2) x3 4- (3 4- c) x2 4- (b - 3) x 4- 2 4- d 
flX3 4- 3X2 4- bx 4- 2 4- ^x4 4-2X3 - ex2

n (n 4-1) x 
2n2

n (n 4-1) x 
2n2

n (n 4-1) x 
2n2

= 4 
4-3x- d

SOLUTION For any integer k, we have 

^x-l < [^x]

1 ” 7 x=> lim -r Z [k2 x] = -. 
n-^^n’ik = l 3

X 1 " 7 Xz-0 <lim Z [A?x]<|

m
11!

< k2 X 4-1

o A/k e e
>1A-1

( 1/k

n (n 4-1) x 
2n2

(3 4- c) x2 4- (b - 3) x 4- 2 4- d _ 4
Vx4 4- 2x3 4- 3x2 4- bx 4- 2 4- Vx4 4- 2x3 - ex2 4- 3x - d

=.= 4 
d_ 
.4

1V..- < hm 
n

>
[x] 4- [2x] 4-+ [n x] 

n2 .

n n n
£ (fcr-1) <£[kx]<£kx 

k=l k = l k = 1

,1A

l/k~
n (n 4-1) (2n 4-1)

6

[x] 4-[2x] 4-... 4-[n x] 
n2

^x4 4- 2x3 - c

1
X + -X 

n

I keel/k 

ei/k
1

/. Sk(l-e1/b

Sk = 

e1/k

-ke.ey,k

2n2 + 3n + l 
6n2

n2

n

k=l____
n2

) = e1/k

2n24-3n4-l
6n2

1 1
X n2 < r3 

n r

EXAMPLE 13 If

x4 4- flX3 4- 3x2 4- bx 4- 2 -

n
- n < £ [kx] < 

k = l

n

<‘Ar-S

n (k 4-1) (2n 4-1)
6

4- 2. (e1/k)2 4- 3 . (eVk)3 4-... + k (e1/k)k

Sk = (e1/k)2 4- 2 (el/fc)3 4-... 4- (k-1) (e1/k)k 4-k (eI/k)k +1

n n
n < £ [kx] < £ kx 

k=t k=t

X ..
=> - < hm

n -+ 00

n , 2 c 31 +-~^ + ~T“
x x2 X3 X'

Sk 
lim — = lim 

k —> 00 k k —»“

e1/k (1-e) 
(l-e1/k)2

(1-e)

1 - e1/kf
1/k J
e1/k (1 -e)

1/k

e e 
(1-e

i1/k)24-...4-(e1/fc)k-fc(e1/k)k + 1

-,1/kxk

l-?/k

fx4 4- ax3 4- 3X2 4- bx 4- 2 - ^/x4 4- 2x3 - c;

=1-e+e-1

1 n
x -23<-^ S [k2^ 

n n k = i

(3 4-c)4-(b-3)/x4-2 4-d/x2

- 2 3 b 2I 4- 4- ~ 4- — 4- — 4-
x X2 X3 X4
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to n terms

Hence, a = 2, c = 5 and b, d may take any real value.

where, n e N and [•]

lim

-1

Now,

x -1 < [x] < x ' for all x g R

for allxe R-{0,l}

. x -» oo /. log X > 0]<=>

81 2561 16 ... + to n terms

= 0
= lim

/Hence, lim =nxO-1=-1

EXAMPLE 15. Evaluate:

1 ... to n terms

EXERCISE 3.4

5. lim
n + 3n +

'n +2)! + (n + 1)! 
(n + 3)!

rr + 2 - 
n4 + 2-

vn +1 
n3 + l”

nlogx-[x] 
M

1
16

2
24

1
12

log x” - [x] 
M

= lim
x —>

= lim

3. lim 
n —♦«

4. lim
n —> °°

6. lim
n —»oo

Oand lim
X-)oo

7. lim
n —»°°

/
1-

\

n

= - £16
r- 1

n
= ly

16
r- 1

n n n

r=l r=l r=l\

n n

r = 1

log*
X

fy?+2n-l 
n + 2

1 
4r2-l

1 
2r +1

1
2/1 + 1

n logx 
M

logx 
[X]

logx 
x-1

1
,2r-l r=lk

logx 
x-1

1 5
2r + l

f 1
2r-l

SOLUTION We have, 
1 16 81 256

4" 4~ 4- “■ 4* 
1.3 3.5 5.7 7.9

A _L
16 + 32

J™.? 11.3 + 3.5 + 5.7 + 7.9 +

1
i2 + 32n3

= M Hm 
n ->°°

1
[x] "x-1

log xn - [x] 
[X]

n ! 
(n + l)!-n!

3 + c .=> ----- = 41 + 1
=>3 + c = 8=>c = 5

1A 
l+£ 2+~ +0+0-0

n/ \

16r4 -1 +1 
4?-!

16 r4 
(2r-l)(2r + l)

1 n (n +1) (2n +1). 1
24 n3 + 16n“

_ I n(n + l)(2n + l)
4 6 +

1 X- 1 

=^x-r<

Evaluate the following limits:

1. lim (" + i)‘-(”-D* 
n->oo(n + l) + (n — 1) ^/n3 - 2n2 + 1 + ^/n4 + 1 

n6 + 2rr +

<lim
x-»«

X —> 00

. logx< logx logx
X “ [x] x-1

2. Iim (2»41)4-(H-1)4 
n-»oo(2n + l)4 + (n-l)4

16 81 256---- -f.----- -I------ -I-
" 5 5.7 7.9

1 / 1 X 1 x ” 1 1
= 77 »(n +1) (2n +1) + — + — - t—r--- —24 16 32 32 2n + l)

=> lim ^^^Alim 
YX —> oo X oo

i- log* n=> lim -A- = 0
X-9« M

” 3= y —-— (2r-l)(2r + l) 
r = l

1 
32n3(2n +1)

EXAMPLE 14 Evaluate : lim 
x->- M

denotes the greatest integer function.

SOLUTION We have,

1
24

1
n
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/ 3
11. lim

24. Evaluate:
.10 10 10

where ke N.

.2 a/x4 + 1 -xV2)

/

where [■] denotes the greatest integer function.

ANSWERS

1. 0 2. 3. 1 4. 0 17. 0 18. 0 19. 1 20.

5. 1
21. a = 1, b = - 22. a = 1, b =

9. 1 10. - 11. T 25.
14. -1 16.

26. 0, if x -> oo, 238,

-□  -

= 1

(vii) lim does not exist

= 1(i) = 1
does not exist

x = 1 does not exist.

tan x 
x

sinx 
x

tan (x - d
x-a

n
180

sin (x - d 
x-a

\
- aa be finite, find a g R and the limit.

(ii) lim
x -» 0

(v) lim 
x->0

(vi) lim
x —> a

lim 
x —> o

27. lim
n -> oo

(x) lim
x -*a

10. lim
n —> °°

8. lim
n —> <»

9. lim
n —♦ 00

(iii) lim 
x->0

17. lim
x->oo

(iv) lim

26. lim x (^x2 +

12. lim

13. lim
X -» OO

15. lim
x ~>00

16. lim
x —> “

23. If lim
Q —> 00 I

25. Evaluate: lim
X—>o»

28. lim
n —»00

14. lim

21. If lim (^2 - x + 1 - (ax + b)) = 0, then find the constant
X-»oo

a and b.

22. If lim (^x2 - x + 1 + ax - b) = 0, find the constants 
x—»- «

a and b.

(n 4-2) 1 4-(n 4-1)! 
(n +2)!-(« + !)!

- ^77 
FT

sin x 
x

tan x 
x

1 
(n -1) 71

1 
(2n - 1) (2n + 1)

19. lim x3/2 (\x3 +1 - \x3 - 1)
X -4 OO

20. lim $(x + «) (x + b) (x + c) (x + rf) - x

1. n + 2. (n - 1) + 3. (n - 2) + .. + (n -1) • 2 + n ■ 1
l2 + 22+ ... + n2

7. 0
1
4
00

« 15
*■' 17
6. 0
 1

2
15. 1

= 1 (viii) lim 
x->0

1
2

23. fl = 1, Limit = -1

sinx0 
x

[l3z] + i[2\] + l[3\] + ...

l2 + 22+... +n2

+ -[n3x] 
n

a+b + c-t
4

- 00, if x —> - 00

x2 
2x4-1

8. 1

13.100

nrki(x + 1)1U + (x + 2)1U +.... + (x + 100) 
x10 + 1010

(n + 2)...logn<j

VA + X - X

A'2 4- 1 — ^X2 4- 1 
■Vx4 + 1 - fx44-l

V 4- 3 4- fe3 - 1 
” "Vx8 4- X7 4-1 - X

^(X - I)2

k2x2 -1

3-v2 (2x -1) (3x2 + x 4-2)
2x + l 4.x2

sin 1 
x

tan 1 
x

A' 4-

^a2 +1

014-1

11
1.2 + 2.3 + ’" +

3.7 EVALUATION OF TRIGONOMETRIC LIMITS
In order to evaluate trigonometric limits the following results 
are very useful:

18. lim ^(x 4-1)2
X -» 00

lim (log,, -in. log,, (n + l).log„ + 1

- = 1

1 1
1.3 + 3.5 + ‘" +

(ix) lim
x-4 0

I sin (x-fl)| 
x-a

1
2

24. k

27 -
2



LIMITS 3.15

(xi) lim does not exist.

(a) (1 + x)" = 1 + nx +

ILLUSTRATIVE EXAMPLES .

sin

= -lx

'2
EXAMPLE 3 Evaluate: lim HIT 1998]

= 1

| sin (x — 2) | = - sin (x - 2)]

'2
lim

/.
lim

2x

sinx

Sometimes following expansions are very useful to evaluate 
limits.

lim 
x-»n/4

Following examples will illustrate the use of these for­
mulae.

= lim 
x-»n/4

lim

13 5?
2 4 6 7 +’”

cos x - sin x 
(n/4 - x) (cos x + sin x)

cos x - sin x 
(it/4 - x) (cos x + sin x)

| tan (x — a) | 
X-fl

SOLUTION We have,

Vl - cos 2 (x - 2) 
x-2

Vl - cos 2 (x - 2) 
x-2

Now,

Vl - cos 2 (x - 2)
• x-21 , 

cosn/4 + sin n/4 

f n 
?2 \ /

- 2 sin
= lim

sin
= - lim

SOLUTION We have, 

cos Jx - cos'la 
x-a

2
<ylx -

2

x2
(e) log(l-x) = -x-y

EXAMPLE 1 Evaluate : lim 
x-»n/4

SOLUTION We have,

2 3 4
(d) log(l+x)=X-y + y-y + ... 

X O TC

. '(Vr + 'la) 
k 2 JsinM

x2 X4
(g) cosx = l-- + -+...

and,

^1 - cos 2 (x - 2)
2* X'2

3 4+"'

? x5(f) sinx = x- —+ — + ...3! □!

_ JT i- sin (x ~ 2) x < 2 => x - 2 < 0 => sin (x - 2) < 0 
x-2 /. |sin(x-2)| =-sin(x-2)J

2
v j

(Jx + 'la)

cos 'lx- cos'la
x-a

? 2(h) tanr=x + y + —

sin Ja  sin Va~ 
2<a ~ ~ 2<a

= lim
x-» n/4

VTsin (n/4-x) 1
(n/4 - x) ’ (cos x + sin x)

x2 x3
(b) ? = l + x + y + y+...

„ X2 o
(c) fl = 1 + X (loge fl) + “ (logefl)2+...

f 1 1
V2 V2

x -> n/4(n/4 “ x) (cos x + sin X)

^12 (sin 7i/4 cos x - cos h/4 sin x)
(n/4 - x) (cos x + sin x)

lim
x->2'

= liin<|Sin(x-2)|
X"2

» (M -1) . n (n -1) (n - 2) 3
2! 3! ^ + -

1 ? x4(k) sec lx = l+ —+ 5^7 +

1 1
(j) tan-1 x = x--? + |x5 +...

3 5

EXAMPLE 2 Evaluate: lim •
X ->fl

= lim I sin (x - 2) I 
x->2

,.x . -1 1 x3 1 3 X5 .
(.)sm x = I + -.? + rj.y + ?.

x2
2!
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2

does not exist.
= -24

EXAMPLE 7EXAMPLE 4 Evaluate

SOLUTION We have,

(ii) lim

SOLUTION (i) We have,

2

cos x cos 2x cos 3x

= -16

= 2

= lim

SOLUTION We have,

2
32

2
32

1
16*

= <2 lim ; 
x->2

tan x +1 
tan x -1

1
2

x lim 
x-»n/2

V x > 2 => x - 2 > 0 => sin (x - 2) > 0* 
| sin (x - 2) | = sin (x - 2)

lim 
x-»n/2

(i) lim 
x-> 0

= lim 
x-*n/3

= lim 
x->0

= -16 lim 
x->0lim

x -»tan 3

lim 
x-»n/3

= lim 
x-»n/3

= lim
x —»tan-1 3

(ii) lim 
n —>«

lim 
x-»2-

tan (n/2 -x) 
(k/2 - x)

sin (n/4 - x/2) 
(n/4-x-/2)

'll - cos 2 (x - 2) 
x-2

sin (x - 2)
, x-2

3 + 1
3-1

sin 2"/fl’ 
~ 2n sin/fl

= lim —
n -> <x> 

X

EXAMPLE 6 Evaluate : lim 
x-»n/3

= lim
x-» tan

lim 
x->0

= lim 
x->0

1= —
2

(tan x - 3) (tan x + 1) 
(tan x - 3) (tan x -1)

sin 3x 
cos x cos 2x

 cot x (1 - sin x) 
x-»n/2 (n — 2x)3

Evaluate the following limits : 

tan x + 4 tan 2x - 3 tan 3x 
x2 tan x

(sin 2".—
2"\_____)_

(
2“ sin —

2"\ /
sin x

sin (x/2")
x_
0”

tan x (tan x- ^3) (tan x + V3~) 
<3 1 .— cos x - - sin x

cot x-cos x : hm ---------- —.
x->n/2 (n~2x)

tan3x - 3 tan x 
cos (n/6 + x)

tan3x - 3tan x 
cos (it/6 + x)

cos A cos 2/1... cos 2" 1

 tan (n/2-x) (1 - cos (n/2 - x)} 
x ->n/2 (n - 2x)3

tan x (tan x - V3~) (tan x + V3) 
1

- - cos x (tan x - V3)

- ~2sinx (tanx + V3)
x-»n/3 cos2 X

= -2x (5/3/2) (V3+V3)
1/4

sin 2x?
2x X

i-13

Um tan x + 4 tan 2x - 3 tan 3x
x —> o x2 tan x

(tan x + tan 2x) - 3 (tan 3x - tan 2x) 
x2 tan x

3sinx 
cos 3x cos 2x 

x2 tanx

sin 6x - 3 sin 2x
cos x cos 2x cos 3x x2 tan x

v -4sin32xlim ------------------------ -------
x —> o cos x cos 2x cos 3x x tan x

lim^-cos2^^ 
x-2

tan x-2 tan x - 3 
tan2 x - 4 tan x + 3

.. cot x-cos x 
lim -------------- x—

x-»n/2 (7i-2xr

 Um tan (n/2 - x). 2 sin2 (n/4 - x/2) 
x-»n/2 2 (n/2 —x). 16 (n/4— x/2)2

|^2sin(x-2)|
= lim J-----x-2 

x-»2

XXX x^
COS - COS -X COS -T .... COS —

2 2Z 2^ 2n

'tan x^ 
x

u v ^1 - cos 2 (x - 2) Hence, lim------------ ------- L
x-»2 x~2

2
EXAMPLES Evaluate: lim ,tan x-2tanx-3 

x->tan-13tan x-4tanx + 3
SOLUTION We have,

X

2
x
22

x x cos - cos cos ... COS — 
n 23 2"

2
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. Then,

EXAMPLE 8

Using: tan 3x = ' we have

. Then, 7
3

=> / = 91-3 + 4
\3 q/

=> 81 = 4x

=> I = —

=> / = 9/

=* 81 = f

=> i = 4

(ii) We have,

= -lim

sinx 
x

1
6

lim 
x->n/4

/ = lim
x->0

(iii) lim 
x->0

(i) lim 
x-»0

(ii) lim 
x-»0

/ = lim 
x-»0

= lim ■ 
x —> n/4

Hence, lim 
x-»o

lim 
x-»0

(iii) lim 
x-»o

(i) lim
x —> 0

-3 lim 
x-»o

= lim 
X->7l/4

= lim 
x-»0

= lim 
x->0

= lim
x —> 0

I = lim 
x-» o

= lim • 
x—>n/4

- X lim
Jx-> 0

= - lim
x—>0

,5/2
■—, where u = 1 + sin 2x (2 cos2 x +1) (cos2 x -1) 

x2 (1 + cos x Vcos 2x)

tan 3x-3x
3

3x - sin 3x 
3X3

(iii) Let / = lim 
x-»0

3 tan x - 3x
3?

tan 3x - 3 tan2 x tan 3x + tan3 x - 3x 
3?

tan x - x 
x3

x - sin x 
?

cos (sin x) - cos x 
x4

1 - cos (1 - cos x) 
x4

3x - (sin 3x + 4 sin3x) 
3?

25/2

=> / = lim
x-»0

=> / = lim 
x-» o

4 (sin x
3

=> I = lim 
x-»0

=> I = 9 lim
x-»0 (3x)'

. „ . 1
' " “ • 3

+ |lim
Jx-»0

EXAMPLE 9 Evaluate the following limits: 

1 - cos x Vcos 2x 
?

= lim
m-»2

= |x(2)5/2-1 = |x23/2 = 5<2.

3x - sin 3x 
(3x)3

3x - 3 sin x 
3?

tan 3x - 3x 
3x3

SOLUTION (i) We have, 

1 - cos x fcos lx 
x2

(2 cos2 x + 1) 
(1 + cos x ''/cos 2x)

21 - cos x cos 2x 
x2 (1 + cos x Vcos2xj

-34

/s 4 22cos x-cos x-1 
XXAll Q ___________

i —>0 x (1 + cosxVcos 2x)

1-cos2x(2 cos2x-1) 
x2 (1 + cos x Vcos 2x)

3 tan x- tan3 x 
1-3 tan2 x

x - sin x 
x3

4V2~ — (cos x + sin x)5 
1 - sin 2x

’ ■

sin x
xx /

tan 3x'
3x /

'tan x
xx

Without using L'Hospital's rule or series expansion, 
evaluate the following limits:

x - sin x
x3

4 VT-(cosx + sin x)5
1 - sin 2x

SOLUTION (i) Let I = lim 
x-»0

sin2x
X“T

- [(cos x + sin x)2]5/2 
2 - (1 + sin 2x)

25/2 - (1 + sin 2x)5/2
2 - (1 + sin 2x)

(1 + sin 2x)5/2 - 25/2
(1 + sin 2x) - 2

u5/2-2!
u-2

\2 tan x3
x

4
3

1
3

8
3

(ii) lim 
x->n/4

tan x - x 
x3

=> I = 9 lim 
x-»0

. 4
" 3

4
3

1
6
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SOLUTION (i) We have,

(ii) We have,

.22 sin'

n2

x

1
X 

(hi) We have,

(ii) Using: a - b = ' we have

) 2 sin sin

sin sin

2xx

A
sin sin

k
x x

7

X

3

2

example io Evaluate the following limits:

f
x

2_
16

7
x

2x

3
2

1
8

(i) lim
x—> 0

(ii) lim
x->0

lim 
x->0

lim 
x-»0

lim 
x-»o

lim 
x-»0

lim 
x-»0

= lim 
x->0

= lim 
x->0

= lim 
x->0

= lim
x->0

= lim 
x->0

= 2 lim 
x-»0

= 2 lim 
x—>0

= - lim 
x-»0

= - lim 
x->0

3x
2x

/
tan

3x

x + sinx
2

x-sinx
2

2
1 + 1 + 1

'x + sin x
2

cos (sin x) - cos x
7

x - sin x 
2x3

2x— +

( 3X x — x — — 
3!

1x ——-
n/1 + x sin x + Vcos x

x- 1
(>/l +x sin x + ncosx )

'll +xsinx - Vcosx
tan2 x/2

 
<3x2> 
2x2

x - sin x^
2

x + sin x^
x

1 - cos (1 - cos x) 
X4

•^1 + x sin x - Vcos x 
tan2 x/2

1 + x sin x - cos x 
tan2 x/2

x4

x 71 - sin 1 2x + y/l+ tan'
[(1 + tan-1 3x)2/3 + (1 - sin-1 3x)273

x4

. 2 X sm sin -

= “Xlxlx(l + l)x^

= 1
6

x-sinx
2

x - sin x^
2

tan-1
2x

= (2 + 4)xi = 3.

sin 1
2x

x - sin x^
2

3x - ^1 - sin 1 
2x -'/! +tan"1

sin 1
3x

3x'

x + sin x------ x2x

2 v 
= - lim

4x->0

71 + tan 1 3x - 71 - sin 1 3x
71 - sin- j2x - 71 + tan-1 2x

2 cos2 f + 2 cos3 x
sin -

2 cos21 + 4 cos31 x 
sin

a3-b3 
a2+ ab + b2

. 4 X sin - 

M4 
16x 2

< )

. 2 X tan -

• 2* sm -

sin21 2 sm2 - + 2 x sm - cos - ,
2 2 2 1

----------------------- 7---------------  X -TTT-----
^1 + x sin x + vcos x

 1(1 +tan ^xj-fl-sin 1 3x)}
x -> o {(1 - sin-1 2x) - (1 + tan-1 2x)}

'x + sin x
2

\________
x + sin x

2
^x + sin x2

•^1 +tan-1 
71- sin-1

~ 1 2x_________
+ (l + tan-13x)1/3 
(l-sin-13x)1/3)

_________(Vl-sin-12x +^l + tan-12x)________
[(1 + tan-1 3x)2/3 + (1 - sin- bx)273 + (1 + tan-13x)1/3 

x (1 -sin-13x)1/3j]

 71 - sin"1 2x + k/1 + tan-1 2x
X----- —----------------------------------------------------------- ------------------- -—

[(1 + tan-1 3x)273 + (1 - sin-1 3x)2/3 + (1 + tan-13x)1/3
(l-sin-13x)1/3]_

tan 13x + sin 1 3x 
tan-1 2x + sin- T2x

x/2
. x

2

x
X
2

x' ? 'I 
3! + 5!
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SOLUTION (i) We have,

[•.•x<0 |x| = -x]

Applying C2 -> C2 - C] and C3 -> C3 - C], we obtain xl

= 2 sin 2

tanx

tan (x + 2/i)

+ tan 20

= -20 +tan 20

EXAMPLE 13

,4= tan x sec x
1

-3 ax2 + bx + c = a (x - a) (x - P)

Now,

,2EXAMPLE 12 Evaluate the following limits:

2 sin'

where [•] is the greatest integer function.

7

SOLUTION We have, 
tanx

A = tan (x + 2/i)
tan (x + h) tan (x + 2h)

(ii) lim 
x->0

tanx 
tanx 
tan x

tan (x + h) - tan x 
tan x - tan (x + 2/i)

and, lim 
h->0

lim 
/i-»0

tan (x + 2b) - tan (x + h)  
b

(ii) lim 
x->0

lim 
h -> 0

(i) lim 
x-»-l

(i) lim
x —> p

= lim 
x->0

 2 x sin (- 2)
(-D

lim 
*~>P

= lim 
x->p

= lim 
x-»-l

= lim
x —> — 1

= lim
X->P

= lim 
x-+0

= lim 
x->0

lim 
x-»-l

cos 2 - cos 2x

tan (x + 2b) - tan x
h

tan (x + b) - tan (x + 2b) 
h

tan ([- 2 ft2] x2) - x2 tan [- 2ft2] 

sin2x

tan (- 20) x2 - x2 tan (- 20) 
sin2x

- tan 20 x2 + x2 tan 20 
sin2x

cos 2 - cos 2x
x2- |x|

cos 2 - cos 2x 
x2+x

tanx
A = tan (x + 2h)

tan (x + h) tan (x + 2h) - tan (x + h)

tanx
EXAMPLE 11 If A = tan (x + 2/i)

tan (x + /1) tan (x + 2b)

tan (x + 2h) - tan x 
tan (x + h) - tan (x + 2h) 

tan x - tan (x + h)

(ii) lim - 
x-» 1/a

tan (x + h)

tan (x + /1) - tan x) 
h

tan (x + 2b) — tan x 
• h

Using: R2 -»R2 ” ^b
K3 -* R3 - R]

-20 -

.. A lim —
h->0 /i

tan ([- 2ft2] x2) - x2 tan [- 2ft2] 
sin2x

1 - cos (ax~ + bx + c) 

(x-P)2
1 — cos fl (x — a) (x -p) 

(x-0)2
2 p (x-a) (x —P) 

2

A
2 “ b2

tan (x + b) - tanx
h

tan x - tan (x + 2h)
h

tan (x + 2/1) - tan (x + h) tan x - tan (x + h) 
b h

sec2 x,

2sec2x

sec2 x,

= tanx sec4 x

= 9 tanx sec4 x.

find lim A.
/1 —> 0 h2

(x-P)2

tan 20 x2>

20X2

"sin x>2

x 
\ /

If a, P are the roots ofax2 + bx + c, then evaluate

1 - cos (ax2 + bx + c)

(x~P)2

6 2
Ta-1'

SOLUTION (i) Since a, P are the roots of the given equation. 
Therefore,

2 2sec x 2 sec x
-2sec x -sec x

2 2sec x - sec x

1 - cos (ex2 + bx + a) 
(1-ccx)2

2 sin (x -1) sin (1 +x)
x X 1+x

= 2 sin (1 + x) sin (x -1)
x->-i x(l + x)

tan (x + b) tan (x + 2b) 
tan x tan (x + b) 

tanx

tan (x + b) tan (x + 2b) 
tan x tan (x + b) 

tan x

1 1 2
0 -3 -3
0 0

1 1 2
1 -2 -1

1 -1
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-2
sin

x

and,
= 2x«'

logio 0.005

= log10 (5 x 10 3)

= logio 5 - 3 < 0

> logio 0.005

of a, b, c.1 - cos c x - d

= 1, find the values of

2 SOLUTION We have,2 sin' x

x —a

a l + x + ^ + 7-4-... MU-t-
-2

sin .2

= 2
x

.2 x2

+ ...
= 2EXAMPLE 14 Prove that :

-1
X

= 2SOLUTION We have,

x Clearly, limit on LHS will exist, if

a-b + c = 0 and a - c = 0.2

1 + x + 2 lim
cos

+ 2 lim 
x->n/4

=> lim 
x->0

=> lim
x->0

=> lim 
x->0

lim - 
x—> i/a

lim 
x->0

= lim
x —> 0

lim 
x-»0

+ lim
x-»n/4

. 1
X— 

a

+ lim
x —> 7t/4

lim 
x-»o

Thus, we have a-b + c = 0, a-c = 0 and a + b + c = 4. 
Solving these equations, we get a = 1, b = 2 and c = 1.

= lim 
x-> 1/a

= 2 lim 
x->p

lim 
x->0

(ii) If lim 
x-»0

a and b.

lim 
-i x-> a

v2 - 2 cos x 
sin (x - n/4)

cos 7t/4 - cos x 
sin(x-rc/4)

aex -bcosx + ce 
xsinx

a (x - a) (x - P)
2

c(x-a *) (x — (3 !)
2

a-b + c 
x2

x (1 + a cos x) - fe sin x 
x3

So, ex2 + bx + a = c

1.1
a P,7

c2

2a2

= lim — 
x->o x

= lim - 
x-» 1/a

EXAMPLE 15 (i) I/lim
x-»0

X4 
5! +”'

fl(x-a)(x-P)
2

“x

:— = 2,find the values

X

- = 2

1 ,
— and a

2 X2 
?1-3! +

2 c= -7x- 
a

^/1 +x + x2 -1
X

ae* -b cos x + ce 
xsinx

b c
+ 2! + 2!

Now,

1 - cosfcx2 + bx + a) 
(l-ax)2

a2

c2
x —

a'1

= -q + 2 sin y2 4

and in that case the limit will be — 
2!

-X-+..
6!

3! ■”

a-c a b c , .
+ x + 2! + 2! + 2! +X(-) + -

a2

a2 (P - a)2

cfx-a 1

(a - b + c) + x (a - c) + x2

2 
a2

x-p-1

= | + V2 > 0

a 1

a2 (x - a)2
4

= logio 5 +logio 10 3

x-P’1

2 (P-a)2
4 2

(ii) Since a, P are the roots of ax2+bx + c = 0, therefore
1 2
X are the roots of ex + bx + a = 0.

„ . fit x} . (x 
2sin(- + - sin|--

X 
71
8
/

a b_ c_ 
2! + 2! + 2!

7?
8

n
8

4 ’

, ? x4 
1’3! + 5!+-

Y 
/ \ /

 x2 x^ 
; 2i’+4!

1 x2 
+ c • 1 ~x + ^f~

x3 X5 
x — — + — 

3! 5!

V^-2cosx 
+ hm -7—.--------—
x^n^smfx-TtM)

a b c— + — + — = 2 2! 2! 2!

1 4- X + X - 1 
(Vl + X + X2+ 1)

2
2 2

r1 j (x - p~
4 ~

v2 - 2 cos x . .  n__
sin (x-Ji/4)>l°SU 0005 fl

2!
c
2!

b
2!

n
18

*->*/42sin --

x3
3!

x
i 2

2

x2
2!
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(ii) We have, 1

1

x

X

= 1

.4 = 1

4

= 1. = 1 3

.2 = 1lim 4
3!

=> = 1

= 1=>

EXAMPLE 16 Evaluate:

... 00

 oo

1 - cos
-1 +

x - sin x) + ooy

Then,
= 1

=> y =
= 1.FindEXAMPLE 17 Letf(x) be a function such that lim

ky>0]=> y =

Now, let 
 1

yJx3 + OO

= 1.
=> 2 =

X

X

(X,
X

1
2

-I 
5! ■"

=> lim 
x->0

=> lim 
x-»0

=> lim 
x-»0

'a
4!

=> lim 
x-»o

= lim 
x->0

= lim
x-» 0

= lim 
x-40

=> lim 
x->0

lim 
x-»o

=> lim
x —> 0

lim 
x->0

SOLUTION We have, lim
x-»0

1 
5!

lim 
x->0

5! b> 
5!

'a_ 
4!

k

/. lim 
x-»0

w 
x 

k

a_
4!

S_
.3

1 - cos — I v|i 
"J I

b) 
+ 3!

{x
x->0 x 

the values of a and b without using L' Hospital's rule so that

+ 4! ‘

14-^14-4 (tan x-sinxj
2

(1 - cos x) 
x2

1 4fl-b 
X2

'a
4!

SOLUTION Let
= ”\/(tan x - sin x) + \(tan x - sin x) + V(tan 

^?+Z

—2! +3!

x (1 4 fl cos x) - b sin x 

l/W
+ 3!

y = •'/(tan x - sin x) 4 y 

=> y2 = (tan x - sin x) 4 y 

=> y - y - (tan x - sin x) = 0

1 ± Vl 4 4 (tan x - sin x)
2

, 11 - cos - n
, 1
1 - COS - n

, 11 - cos -
M

x (1 4 fl cos x) — b sin x 
(f(x)l3
( x2

(1 — COS w/ 
I n I I

V 1 
SOLUTION Let-= x.Then, 

n

4! 5!
\-------—2-------  — j

1/2

>4

1=1

lim n2
fl —>00

(14 a - b) 4 x2

2 sin2 x/2 
x2

Clearly, the limit on LHS will exist, ifl4fl-b = O and in that 
case, we have

-a

2!
lim —
x-»0

4X2

4X2

4X5x (1 4 a - b) 4 x3
______ s__

(f(x)]3
f-fl by

+ k + 3!

x3

4X2

lim n2

1 1 1— + — + — + ,, 
(1-cosx)2 4 8

x2

J *3 *5 -bl-3! + 5!-

f flb^l .
2! 3! +X

k J

, 11 -cos- n

14fl - b 
x2 +

=> - 3fl 4 b = 6

Solving 1 4 a - b = 0 and - 3a 4 b = 6, we get 

a = -5/2and b = -3/2.

x2

-a b
2! +3!

4 ' 8

( X2 x4 x6 
1+0 1’2!+4!'6!+-

EXAMPLE 18 Evaluate:
- 1 4 V(tan x - sin x) + "V(tan x - sin x) + V(tan x - sin xH 

4x\^\

1111 • ~~~ 4" 4" 4*..
• 2 4 8

:3 + ^x + 'lx

J *5
X-3! + 5i

x(l 4ncosx)-bsinx 
lim - —
x->0 [/"Wl3

£-1'1 4! 5! +” 
\ /

Clearly, the limit on LHS will exist ifl4fl-b = O and in that 
case, we have 

-a b^l 
------ 1------- 4 X x^2! 31J

fl b . 
2! + 3! " 1

=> - 3a 4 b = 6
Solving 1 4 a - b = 0 and - 3a 4 b = 6, we get

a = -5/2 and b = -3/2.
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.2

[••• 2 > 0]

.2

-1 +
.2

X

= lx

tan'

SOLUTION We have,

x*
tan'

1x

SOLUTION We have,
= lim x tan 1

x

x
(

(
y

i +

-i

X

17 -X

1
2

1
2’

n
4

n
4

lim 
ihO

= lim 
x-> o

= lim 
x-»0

= lim 
x->0

= lim
x-»0

= lim x

= lim
X->°o

= lim 
x->0

= lim x
X—> °°

= lim 
x->«

lim 
x-> 0

lim 
x-» 0

lim x 
x->«>

example 20 Evaluate : lim x
X —> oo

.lim
X —> 00

= lim

x2 + Vl

. lim
X —> °o

X 
^1 -x2’

X + l • 
x + 4

— 1 4- Vl + 4 (tan x - sin x) 
-1 + V1+4X3

1
1 + 1

-3 
2x + 5

-3 
2x + 5

-3 
2x + 5

- 3x
2x + 5

7

' -3 '
2x + 5

7F
2x + 5

Using: tan' 
= tan”1

4 (tan x - sin x) 
4x3

x(l-Vl-?) 
x2 +

1
x2+vr?

x(l-^l-x2) 
x2 + 7 - x‘

F1 
. (

1 xT =

EXAMPLE 19 Evaluate: lim 
x->0

=> z2-z-x3 = 0

-3 '

sin x 
x

1 = lim — tan
x->o r

-i x +1
1 x + 4

= lx| =

sin 1 x - tan 1

= lim -r .
x—>o x

1 - cos x
X—2~

x (i - yi - x2) 
x2 + a/1 -x2

= lim x tan 1
X —> oo

_____ x2_____
x2 (1 + Vl -x2)

- lim ~
x -> 0 X

tan 1

T-?)

x(1-a/1- x^ ' 
77

tan 1

tan 1

tan 1

tan 1

tan 1

tan 1

tan 1

- tan 1

x - tan"1 
\

k1 + Xy;

- tan 1

Using: tan'
= tan-1sin 1

x - tan 1

' -3 '
2 + 5

X k J

X

T77
x3

tan 1
= lim -------

x-»0

sin 1

x = tan-1

f -3
2x + 5 \ /

x(l-7-x2)]' 
x2 + ^l-x2

I-a/1-x2 
x-------t----- x

x

' -3 '
2x + 5

7

-1 x +1 
‘ x + 4

x(l-Vl-x2) 
x2 + 7 -X2

x(l- 
X2 + V1

— 1 + ~\|(tan x - sin x) 4- 7(tan x - sin x) + ~V(tan x - sin x^

1 3.— 1 + v x + Nx +

-1x-tan-1 
fx-7 
(l+xyj

x + 1
x + 4 1
, x +11 +---- 7x + 4

tan x - sin x 2

1 + a/1 + 4x3
1 + Vl + 4 (tan x - sin x)

1 + ^1 + 4 (tan x - sin x) 
________2
-1+1+ 2

x (1 - Vl - x2) 
x2 + Vl - X2
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EXAMPLE 21 Prove that

= -24
lim

l}-l2 = 8-(-24) = 32.

. Then, Clearly, lj -12 >

1} = lim
, where [•] denotes theEXAMPLE 22

=> = lim

Let I2 - lim

EXERCISE 3.5
r

13. If a, P are the roots of x2 + ax + b = 0, then evaluate

, then

^x)

= b, where a, b e R, then findri_Z_ 
x + 2

1. lim 
x->n/6

3
2

=> I2 = -2 lim 
x-» n/3

sin (a + h) sin (a + 2/1) 
sin (fl + h) 

sin fl

5. lim 
/i->0

6. lim
h -> 0

11. lim 
x-»0

I2 = lim • 
x-> n/3

4. lim
h -> 0

2. lim

3. lim 
a-> p

= lim
6 —> 0

lim 
x-> p

9. lim x - tan'
X 00

Evaluate the following limits: (1 —12) 

sin (x - tt/6) 
V3*/2 - cos x

x-ti/2 
cosx

-1 x+2
1 x + 2

e
sin 0

tan (a + 2h) - 2 tan (fl + h) + tan a 
h2

sin (fl + 3/1) -3 sin (a + 2/i) + 3 sin (fl + /i)- sin fl 
h3

sin (fl + 2/1) - 2 sin (fl + h) + sin a 
h2

8. lim (cos <x +1 - cos 
X-»»°

(2x)2 + 23-6.2x

VF-2

1 - cos (x2 + ax + b) 

(x-3)2

12. lim 
x—>n/4

SOLUTION Let = lim

16. If lim 
x->0 

a and b.

lim ;
X-»Jt/2 _

-6 
sin 0

10. lim x tan

= -2 [•_• lim 
e->o

15. lim
x-00

It 

cosx

tan x (tan x- V3) (tan x + V3) 
|(V3-tanx)cosx 

tan x (tan x + f3) 
cosx

{(2y)2- 6.2x + 8} p/F+2) 

(2x-4)

(2X -4) (2x-2) (VF+2) 
(2x-4)

=> h = lim (2x-2)(VF +2)

l-sin|

cos x/2 (cos x/4 - sin x/4)

sin a - sin P
a2-p2

tan x - 3 tan x 
cos (x + ti/6)

7. lim tan2x|^2sin2x + 3sinx + 4 -^sin2x + 6sinx + 2| 
x-> n/2

Evaluate : lim 
X-»7t/2 _ 

greatest integer function.
Tl 

SOLUTION Let x - - = 0. Then,

2V2~- (cos x + sin x)3 
1 - sin 2x

>e3

2x + 23-x-6 

V2"x-21-x

n Tt
= 1 and for - - < 0 < -, we have 0 > sin 0]

sin a
14. If A = sin (fl + 2/1) sin fl

sin (a + h) sin (fl + 2/1)

find lim
h -»0 /i

=> li = lim 
x^2

7t'
4 

7

sinx-x + x3/6
x5

2x + 23-x-6

x4 sin - + x2
x

1+kl3
sin 2x + a sin x

x3 ”-ix + l . .1 —- - tan x + 2

=> h = 2x4 = 8
tan x - 3 tan x
------ /-------77T- Then, x-»n/3 COS (X +7t/6)



3.24 MATHEMATICS FOR IIT-JEE

lim

[IIT1999]

= 1

lim

Hint: Use

sin —
Sn —

.2
= -1, find the value of a.

ANSWERS

1. 2 2. 3. 4. -sina 16. a = -2fb = -l

6. -cosfl

12.
20. a = 5, b = ~ limit = — 21. 1

.213. 14. 9 sin fl cos a 15. -1
27. 025. -x

-□ □ □-
= logee = 1

= logfl e

= 1= logefl,fl>0

ILLUSTRATIVE EXAMPLES

(ii) lim

SOLUTION (i) We have,

1
12

17. lim
x —* 0

(i) lim 
x->0

(i) lim 
x-»o

(ii) lim 
x-»0

lim 
x-»0

(ii) lim 
x-»0

lim 
x->0

lim 
x->0

27. Evaluate: lim 
x—

x
>n—1

J
" 4 '

= lim 
x->0

x
f tdt

___ o______
x tan (n + x)

10ge (1 + X)
X

/-l
X

(5X)2 - 2.5X +1 
x2.5x

19. (i) a = 3, b = 12, c = 9

(iii) fl = 6, b = 6, c = 0
 . 5 . -5

2,  24

3.8 EVALUATION OF EXPONENTIAL AND 
LOGARITHMIC LIMITS

The following results are helpful to evaluate exponential and 
logarithmic limits:

/-I
x

rx-2

sin (n +1) 9
2
sin 0/2

2 • 1 x sin - - x 
_____ x
l-|x| .

„„ sin2*
22. —x- 

r

8-4
3
12

23 32

5. 2 tan a sec2 a

40.

24 -’ 2

sin 2 [3 
2p

cosx- ^cosx 

sin2x

5x + 5'
x2

94
(a-P)2 

2

' OX — X°
21. If lim —— 

x-ta XX-(f

( X>
1 + COS 7 .. 1 4-COS-7—[ 

A ~T1 1
\ . z \ ) \
8 ■ ( ^2 x2

23. Evaluate : lim — 1 - cos — - cos — + cos 77 cos 7- 
x.

x tan 2x - 2x tan x 
(1 - cos 2x)2

(iv) lim
x-»0

Following examples will illustrate the applications of these 
results:

24. Evaluate: lim
x —> 0

25. Evaluate
sin (sin tan (x2/2)^

log cos 3x

26. If Sn = sin 0 + sin 2 9 +.... + sin n 0, prove that

Si + S2 + ... + Sn 1 0---------------------  = 7 cot 7 
n---- 2 2(iii) lim 

x —> 0
20. Find the value of fl and b, if

fl cos x + bx sin x--5 . a ., .. c .. .
------------- 7------------is finite. Also, find the limit.

x

.3
■7 is finite and determine it..4

18. lim 
x-»0

19. Find the values of constants fl, b and c so that

(i) lim + + = 2
x 0 x2 sin x

x (a+ b cos x) - c sin x
x5

fl sin x - bx 4- ex2 + x'
1 2a-2 log (1 + x) - 2X3 + x'

EXAMPLE 1 Evaluate the following limits: ■ 

5x + 5~x-2 ..... 2x-’-l

—?— (,l)

0 . (n +1) 0
cos - -co£^— 

2 sin 0/2

17- T 18' 2
(ii) fl = 120, b = 60, c = 180

n0
2

1
9

2' 
x2
2

22. Evaluate:
if ( x^l

— ■ (1 + cos x) 1 + COS -
2 ‘ 2.

/
8

n v® X->0 X

(iii) lim 
x->0

logfl (I + x)
X
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lim

= lim
(iv) lim

= lim

(i) lim

,2

(ii) lim

SOLUTION: (i) We have,

(ii) We have,lim

,cosx

+ (sin a)'

. logt? a = logL> a.

(iii) We have,

x-

(iv) We have,

EXAMPLE 3 Evaluate each of the following limits:

3
2

(iii) lim 
x-»0

lim ■ 
x-»n/2

lim
X-4 7I/2

= lim • 
x->0

(ii) We have,

1
71

+ lim (sin a)' 
x->4

(i) lim 
x-»0

lim 
x->0

= lim ■
X-4 7t/2

lim 
x->0

= lim 
x-»2

= lim 
x->4

= lim 
x->0

= lim 
x-»0

= lim
x-»0

+ lim
x —> 0

x 1— ... = —
4 2

n(x-l) 
sinn(x-l)

(cos a)x + (sin a)x - (cos2 a + sin2a) 
x-2

x-logc(l + x) 
x2

,cosx
,fl>0

x2 x3 x4
X---- n" "n-------“+ • • •

2 3 4

(ii) lim
X ->7t/2

= lim (cosa)‘

1 -~lim
1

- sin 7i (x -1)

2X~I-1 
sin (ti - Ttx)

{(cos a)* - (cos a)2} + ((sin a)* - (sin a)2)
" x-2

= lim rtcosx
X-»7t/2

X-Ioge(l+X) 
x2

1 - COS X 
X2

2r~1-l
sin Ttx

= 1+h
zsin x/2 

x/2

= lim (cos a)2

ex -cosx 
x2

2 
t? -1

x2

= a°

acoix-a' 
cot X - COS X

= lim i-f + T 
,-.O2 3 <

acotx-a* 
cot X - COS X

fees a)*- (sin a/ -cos 2a
x-4 v ’

lim (log (1 + x) - log 2} (3.4X ~1 - 3x| 
x —> 1 f(7 + x)1/3-(l+3x)1/2} sin Ttx

2X-1-1
—-----TT- X(x-1)

= (cos a)2 (loge cos a) + (sin a)2 (loge sin a)

(ii) We have,

(cos a)x - (sin a)x - cos 2a
x->4 x-4

 (cos a)* - (sin a)x - (cos4 a - sin4 a)

x->4 x-4

((cos a)x - (cos a)4'} - ((sin a)x - (sin a)4) 

x-4

( x A2 (5xj<

x /

(cosa)x~2-l 
x-2

(^ -1) + (1 - cos x) 
x2

(iv) lim 
X->1 {(7 + x)1/3-(l+3x)1/2)sinTtx

SOLUTION (i) We have,
2 

ex - cosx

/-I 1
— + 2

|4 (sina)*-4-!

flCOt X - COS X  | 

(cot X - COS X)

^loge 2X1) = -- loge 2

EXAMPLE 2 Evaluate the following limits:

Leos a)r (sin a)»-l 
x-2 k '

|2 (sina)x~2-l

4 (cosa)x~4-1 
x-4

= (cos a)4 (logc cos a) + (sin a)4 (loge sin a)

1
71
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/

J

= 1

lim

Hint: Use

sin —
Sn =X

.2= -1, find the value of a.21. If lim

ANSWERS

1. 2 2. 3. 4. -sina 16. a=-2,b = -l

.25. 2 tan a sera 6. -cosa

12. 20. a =5,b = ^ limit 22.21. 1

.213. 14. 9 sin a cos a 15. -1 27. 0

-□ □ □-
= logee = 1

= logfle

= logea,a>0

ILLUSTRATIVE EXAMPLES

-2 (ii) lim

SOLUTION (i) We have,

1
?2

10ge (1 + X) ------------ = 1
X

17. lim
x->0

18. lim 
x-»0

(ii) lim 
x->0

(iii) lim
x -♦ 0

(i) lim 
x-» 0

(i) lim 
x-»0

lim 
x-»0

(ii) lim 
x-»0

lim 
x->0

27. Evaluate: lim 
x-»«

lim 
x-»0

= lim
x-»0

.7^

EXAMPLE 1 Evaluate the following limits: ■ 

5x + 5-’-2 „„ 1;„ 2*-.M
sin 7t x

e*-l 
x

(5X)2-2.5X + 1 
x2.5X

19. (i) a = 3, b = 12, c = 9
(iii) a = 6, b = 6, c = 0

5 -520. a = 5,b = f - *
2, 24

sin (n +1) 0
2
sin 0/2

2 • 1x sin - - xx
l-|x| .

3.8 EVALUATION OF EXPONENTIAL AND 
LOGARITHMIC LIMITS

The following results are helpful to evaluate exponential and 
logarithmic limits:

/-I
x

22. Evaluate:
if r xif 4 f x lim — .(1 + cosx) 1 + cos- 1 + cos- .. 1+cos-—[

I- ?
2 _ 4—2 ~~ 4 '

\ • /
x tan 2x — 2x tan x [JIT1999]

(1 - cos 2x)2

17. V 18, 2

(ii) a = 120, b = 60, c = 180

cosx- ^cosx 
sin2x

sin 2ft 
2P

7-F2 ’•4
3w- 4

5x + 5-x-2 
x2

24. |

. 2 sin x
x2

23. 32 25 --9

(iv) lim
x-»0

Following examples will illustrate the applications of these 
results:

X

j t dt 
0

x tan (7t + x)

19. Find the values of constants a, b and c so that

(i) lim gZ-+ = 2
x-»0 x^sinx

x (a+ b cos x) - c sin x

24. Evaluate: lim
x->0

25. Evaluate
sin fsin tan (x2/2)^

log cos 3x

26. If Sn = sin 0 + sin 2 0 +.... + sin n 0, prove that
Si + S2 + ... + S„ 1 0-------------------= — cot — n---- 2 2

q sin x - bx + ex2 + x3
2.x2 log (1 + x)-2x3 + x

20. Find the value of a and b, if
a cos a + bxsin x—5 ,g aiS0/ fjnd fhe limit.

94
(g-B)2 

2

■7 is finite and determine it..4

8-f23. Evaluate: lim -7 1 - cos 77 - cos 77 + cos 77 cos v x-+0 X8

0 , (n + l)9cos- -co£3—
2 sin 0?2

H0
2

(iii) lim 
x-»0

logo (1+x) 
x
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(iv) lim

= lim

x

(i) lim

2

SOLUTION: (i) We have,

(ii) We have,

.cosx

= lim

+ (sin a)'

• logefl = logefl.

(iii) We have,

x —

(iv) We have,

EXAMPLE 3 Evaluate each of the following limits:

3
2

lim - 
x-^n/2

lim
X—> 1

1 
n

+ lim (sin a)' 
x-» 4

(4 (sin a)-

(i) lim
x —> 0

(iii) lim 
x-> 0

lim 
x->0

= lim ■ 
x-tn/2

+ lim 
x->0

lim 
x->0

= lim 
x->4

= lim

= lim
x->0

= lim 
x-»0

= lim
x-»0

Tt(X-l) 
sinTt(x-l)

(2 (sin a)'

x

x —loge(l + x) 
x2

2 
ex -1

x2

(ii) lim
x-» n/2

= lim (cos a)‘
x-»4

= (cos a)4 (loge cos a) + (sin a)4 (logt, sin a)

= lim 
x-*o

(ii) We have,

)x-4-l

lx"2-l

)x’4-l

2X~1-1 
sin (it - tix)

2X-1-1
- sin 7l (x - 1)

--lim
7lv^1

= lim acosx 
x-»n/2

{(cos a)x - (cos a)2} + ((sin a)x - (sin a)2} 
x-2

,4 (cos a);

X-lQge(l+X) 
x2

1 - COS X 

x2

/ -cosx
X2

2X~1-1 
sin 7i x

= 1 + 2 =

x2 x3 x4
x ——■ + —-----—+ ...2 3 4

?

= a°

'sin x/2 
x/2

2X~1-1 
(x-1)

/-I 1 
x2 +2

= lim -|- 
x-»0 z

X ? 1
3+ 4 "• " 2

(iv) lim llSKLltxl-logZH^-'-Sx) 
X->1 {(7 + x)1' - (1+ 3x)1/2} sinTix

SOLUTION (i) We have, 
2 

e* - cosx 
x2

 (cos a)x - (sin a)x - (cos4 a - sin4 a)

x->4

^(cos a)x - (cos a)4^ - f(sin a)x - (sin a)4) 

x-4

(cos a)x + (sin a)x - (cos2 a + sin2a)
x-»2 x“2

jim 0 + *) - log 2) (3.4X ~1 - 3x) 
x ->1 ((7 + x)1 /3 - (1 + 3.x)1 /2) sin 7i x

flCOt x_flcosx
—------------ ,«>0cot x - cos x

(ii) lim fc2sa/-(sin a/-cos2a|Xe(0 n/2) 
x-»4 x 4

z,cot x J a -a lim ----------
x->n/2 COtX-COSX

^loge2xl^ = --loge2

EXAMPLE 2 Evaluate the following limits: 

 .(cosa)^(sina^-lie(()>n/2)

(/ - 1) + (1 - cos x) 
X2

= lim (cos a)2 
x->2 L

= (cos a)2 (loge cos a) + (sin a)2 (loge sin a)

(ii) We have,

j. (cos a)x - (sin a)x - cos 2a
x —> 4 x-4

(cosa)x~2-l 
x-2

, x^=(M

flcot.r-cosx  | 

(cot x - cos x)

1
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(3 (4h - 1) - 3ft)}

■ sin n ft

-1)

/
-2 . 1 sin n ft

^3(4h- l)-3ft| 

= lim

/
-3

secx +

71

J/*

tanx

/

e

k 7

A 7

Evaluate the following limits:EXAMPLE?

X

7

1 +

= 8

1
1 + 1

Dividing Nr 
and DT by x3

1
2

cosx 
k

lim 
x->0

(ii) lim 
x-»0

(i) lim 
x->0

e
2

= lim 
ft ->0

= lim — 
x-»0 1

4X

lim 
x-»0

= lim 
x-»0

lim 
x-»0

= -e lim 
x-»0

lim 
x-»-l

= lim

= lim 
x->0

= lim 
x->0

= lim 
x-»0= lim 

x->-l

SOLUTION (i) We have, 

Vx+T-l 
logs (x + 2)

sin x/4' 

x/4

?X COS X 

(x + sin x)

sin 7t Ji 
h

ex~l 
x + sinx

2 3 ' x x _x_ 
2 + 3 4 ”

1
X2

= lim -
h->0 _

- lim 
x->0

= lim 
x->o V

= lim 
h-»0 {(8 + ft)

1-x 
e-A

= -e lim 
x-»0

ex 
-f+2

/ r ex~l
X

1 + sin x 
x

EXAMPLES Evaluate: lim 
x->0

SOLUTION We have, 

ex-e-rcosx 

(x + sin x)

-1= lim -
x —> — 1 1

 1 ■
” logs*

(ii) We have,

(2*-I)3

. x 
sin -.

4

e - (1 + x) 
tanx

e-(l+x) 
tanx

4 
A 7

| = °

4 •" 
tanx

x

X2

1 h I
1 + 24 + -

7
logjl + ^

4

7
4 ■■■

\3
2X-1 |

x I 
Tog(l+xW

x2/2 (1 +x)I/x
(ii) lim

x-»0

e_e(l/x).log(l + x) 

tanx

{log (2 +/1) - log 2| {3.4h - 3 (1 + ft)}

- (4 + 3ft)1/2] sin (n + nh) 

log l+~ .

rAr
8\ 7 , -

log fl + ^.{3 (4h-l)-3ft|

(4M 
ft _____k_____ 7___________

-1 + terms containing ft and higherpowers of ft)j

[310^4-3]
(1)
"3

k 7
| logr(4/e)

(ey-l)-(eycosy 
x + sinx

x 7
2+ 3 ’

-X X2 .

2 + 3
k

f X , x_ x_
e 2" 3 ~ 4 ^4

X x^_x^ 
2+ 3 4 

k 
-1 = -exy =

k

1
1 + 1

sin^logfl+y
X 7

xcosx
tan x

+-------
x

excosy-T
x + sin x

A-l
X ____

j + slo A f 1
X

1 X
2 + 3

3ft-(l+y+..

f. ft)
T 27

h->0 _ 2 - - + terms containing /r and higher power of ft) {sin 7t h
I

logf1 + 2 f
ft/2 I3’

(l+x)1/y-g

X

EXAMPLE6 Evaluate: lim 
x->0

SOLUTION We have,

A/x

^x cos x  | 'l

XCOSX

tan x
x

7

(x + 2-1) 
pog5 {1 + (x + l)}^j (Vx + 2 + 1) 

x+1 1
logs {1 + (T +1)} X Vx + 2 + 1

1 1, 
x2 = 2lo&5

- X x2 x3
2 + 3 4."' 

tan x

= lim — 
h->0 _2

EXAMPLE 4 Ewluate the following limits:

... >/x + 2-l .... (2y-l)3
(1) hm  ----- -—— (11) lim ------- s------t2-J^_1log5(x + 2) . x. L

4
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x2 ?1

k2
,(l/x) log (1 + x) 1e - e +...

x

l-x
e 1

x

= e

9

X
X

= e

[■•• /(I) = 1 (given)]

,(l/x) log (1 + X)e'

.2

Cotan x - sin x
2 Xe

.0= (Ioge2)x-x2

2
x2

EXERCISE 3.6

7. lim

1. lim

,n
6. lim

\ 
x2

-X 

e?2

1
2

lim 
x-»0

lim 
x-»0

5. lim ■ 
x-tn/2

n
2

lie
24 ‘

EXAMPLE 8 Iff(x + y) =/(x) + f (y)for all x,ye Randf (1) = 1, 
then evaluate

8. lim 
x-^n/2

4 -•
7

= e lim
x —> 0

= lim 
x-»0

e~ — —
2

(ii) We have,

= lim
X->0

3. lim 
x-»o

2. lim 
x-»0

4. lim 
x->0

= e lim 
x-»0

lim 
x-»0

lim 
x->0

9. lim 
x->0

= lim
x->0

= lim
X-4 0

= e lim 
x-*0

lim 
x-»0

SOLUTION We have,
/(x + y) = /(x) +/(y) for all X, y 6 R.

=> /(x) = x/(l) for all x e R
=> /(x) = xfor allxe R
Now,

= lim 
x->0

= lim
x —> 0

10. lim
X—>oo

f
X

loge (2 4- X) + loge 0.5

X

27x-y~3x4-l 
VT-Vl + COSX

2/(tanx)  2/(sin x) 

x2 / (sin x)

2tanx-sinx j'1 

tan x - sin x /

x-2 
logfl (x -1)

\2

. + ...fl X
3 4 + "" + 2!

\ /
1X x2 x3 

e~FT~7 + --l
X

Evaluate the following limits: 

logt-x-1 
x-e

= e lim
x->0

= lim
x —> 0

= e lim - 
x-»o

= e lim
x->0
'1
3 + 8

ex 
-e+2

ex 
-£+2

2 tan-1 x2-n

(l+x)
x

loge (5 + x) - loge (5 - x)
X

.. log (1 + 2x-3x2 + 4x3) 
x^o log (I - x + 2X2 - 7.x3)

2“ COS X  |

x (x-n/2)

2 3)
XXX 
— + — “ + ... 2 3 4 >-e

X x2 X3
+ “ — ~ + —----- -  +

2! 2 3 4

x2sinx

3 4+”’
/

2
I , X + ”-1+i

x2sinx

x2

x2

= jlog,2

, f x ? 1
1+ 2+ 3 4 +‘" +2! 2+ 3 " 4
__ k

atanx

2 3
, XXX1 -- +------- + ...2 3 4

X2

4 -1 +“

exJ-e+2

a2* - a''
cos x

1 x
2 + 3 

\

SOLUTION (i) We have, 

>1/x-e

(tan x)_^f (sin x) 

x2 f (sin x) 

2tan x  2sin x 

x2sinx

f X ? ?
2+ 3 4 +

\___________

(l+x)1/x

2 3XXX — ~ ~ ~ + ...
e 2 3 4 -1
-x x2 x3
2 + 3 4 +”"

<2*anx-sinx j' 

x2 sin X

1
22 X

3

tan x - sin x^ 
x2sinx

7

tan x - sin x 
x2sinx
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log^ (x2 + 2x + 5) + cos ,1/n

(i) /(I) = 0 (ii) /(X"1) = -/(X) (iii) /(xy) = /(x)+/(y)

ANSWERS

7.-2

5. -2an log a 6. logcrt

-□  □-£

If such that
exists,

then lim {f (x) -1} g (x) exists,

lim |l+/(x)}1/g(x) =

lim (f(x)|g(x)then

PARTICULAR CASES

= e = e

= AX

v lim = 1

ILLUSTRATIVE EXAMPLES

.2 cotx

= ?
(iii) We have,

1
PROOF Let A = lim (1 +/(x)}g{x). Then, ’

g(x)

f(x) 
g(x)

/(*) 
g(x)

log {1 +f(x)l 
g(x)

log (1 4-f(x)) 
/(x)

f (X) 
g(x)

RESULT If lim f(x) = lim g (x) = 0 such that lim 
x-»a x—>fl x-»o

log A = lim

lim {f(x)-l|g(x) 
= e x-*«

11. lim
X-+-1

12. lim 
x-»0

(i) lim
X —i 00

(iii) lim

13. Iflim nix
11 —> °°

(iv) lim

“ 1 j = f (x), prove that for x > 0, y > 0

^2 - Vl +cosx

log |1 +f (x)| 
/(x)

3.9 EVALUATION OF LIMITS OF THE FORM 1°°

lim 1 + - 
r-»«> J

To evaluate the exponential limits of the form 1°°, we use the 
following result.

REMARK The above result can also be resated in the folloioing 
form:

(ii) We have,

lim (1 + sin x)2cotx
- x-»0

lim sin x. 2 cot x
— g x-»0

(ii) lim
X—><»

1 + - 
X k y

Following examples will illustrate the applications of the' 
above results.

/ 2\x
- • • = e

EXAMPLE 1 Evaluate the following limits

X

=> log^A = lim

=> log A = lim
X-»fl

lim
=> A = e

7 1 1
3. logo 9. 8^2 (log 3)2

lim 2 cos x 
= e x~>0

____ 6
(x + l)2

1.1 
e

12. 8<2(log3)2

^log3 3x^logx 3 I

SOLUTION (i) We have,

lim ~.x 
t-A-X

lim /(x) = 1 and lim g (x) = °°
X->fl X->fl

= e2

10. 2

8. Ilog2

11.

M
X /
xY

x + l , 
-COS—-Ioge4

(i) lim (l+x)1/x 
x-»0

(ii) lim (1 + sin x)' 
x-»0

(iv) lim (cosx)cotx
x-»0

(iii) lim (1 + Xr)1/x = / 
x-»0

lim
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Jog, 3

= lim

= e

,1 I

(iv) We have, 7
Now,

cotx

tan —(fl-x)

EXAMPLE 2 Evaluate the following limits

2/nX->fl7 Hence, required limt = e .
SOLUTION (i) We have, EXAMPLE 3 Evaluate the following limits:

1/x
[irr 1993]

7

1/x

1/x SOLUTION (i) We have,

1/x

= e 1/x

| {log a + log b + log c|
= e

log (aba)= e

1 
log3*

TtX 
2a

2tanx 1_
1 - tan x ' x

2
71

lim 
x-»0

(i) Um
x->0

= lim
x-»0

a

x
2

(i) Um • 1 
x-»0 .

I = Um
X-»fl

= lim 
x->o

(ii) lim
x—>0

= Um 
x-»a

2a x — 
nx

1 x- 
X

lim 
x->0

= Um

= lim 
x->0

= - Um 
x->a

= - Um 
x->a

= lim 
x->a

/ \]1/X
I7C tan - + x

2tanx 
1-tanx

1 + tanx
1 - tanx

(gx-l) + (by-!) + (/-!)

3

+ bx + cx
3

lim - tan (x/2). cos x 
= e *-»o

i- It a 11 lu- lim 1 - - tan —• r-J x 2a

= lim 1 + 
X-4 0 .

= lim 1 + 
x->0

.. A — H I Ii JL lim — | tan — 
= e x-tal

= e° = 1

\l/x

'x-a
x 

X 
( x-a

x

lim -2 
= e J[->0

limpog33x)

= Urn(l+log3x)

/ \ tan itx/2a
(ii) lim 2-- 

X

= lim (1 + cos x - l)cot x 
x-»0

TtX tan — 2a

sin2(x/2) cosx 
2 sin(x/2) cos x/2

Um (cosx)cotx 
x->0

7t / \2g (°~X) 

tan^(«-x)

TtX
,an2^

lim
= e z~'°

71 tan ~ + x4

= lim^log33 + log3 x)loSt 3 z xi tan 7tx/2uIX 7J

„ ■ a'] Yti ----- |cot --

cot —(fl-x)l-2sin2

1x--------------
tan^(«-x)

'x-a 
x

1/3 1
= (abc)1/3

x LX _xV/X r + r + r
3

sin x^ i/*2
x 7

1 .. ax-l .. &x-l cx-l- lim------+ lim-------+ lun------
J r-+0 X j-jq X x-40 X

,ims^l+tLl+£LLl
— x —i q 3x 3x 3x

✓ \ tan 7tx/2a

(«) lim 2-j 
\ 7

i- i 1hm log, x.;-----
= >°g3 x _ J _ ,

v — C — c

'x-a
x \ 7

<X-fl')

x I

lim - 2 sin2(x/2). cot x 
= e x~»0

} [ ax + bx + (f-3
3

71X
20 = where / = lim 

x->a^

x-a
x

1
3

7t
4

nx
2a

(Q-x)

7t .
2a
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= ?. => e

(ii) We have,
= 2

1/x2

=> flQ = fl] = fl2 = fl3 = o, «4 = 2

f(x) - 2x4 + fl5x5 + fl6x6, where a6 are real numbers.

EXAMPLE 6 Evaluate the following limits:
x

(i) lim

e-!/3! _ £-1/6

(ii) lim

x

,6

= e

x

1 +
.nx

= e6

nx
-1)

x nx
(x1 +

SOLUTION Let
.6

log, 01 + loge fl2 + .... + log, a„= e
Then,

Cl ,21 + (iii) We have,

xt
.4

sin 1/x sin(l/2x)sin (l/2x)
1/x l/2x

lim 
x->0

=> lim 
x->0 x

(iii) lim (2X2 - 9x + 8)cot (2x " 7) 
x-»7/2

SOLUTION (i) We have,
x

= lim 
x->0

= lim
X—>«°

(i) lim —-

lim 
x-»0

= lim 
x->«

(ii) lim 
x->~

= lim 
x->«

= limp- — 
x-»0l

lim 
x-» «■

lim
X->°°

lim 
x->«>

(i) lim

SOLUTION We have,
.X

nx

t alr #2/ a3> —> an>^

1/x i

6x-8 
?-2x + 5

x3 x5 .x7
x---- + —----- +

3! 5! 7!
x

1Zl + a21Zx + 
n

lim
= ex-*“

Um
= e1-*"

1/X£1_
1/X

EXAMPLE 5 Find the polynomial function f (x) of degree 6 
satisfying:

fsinx 
lim ------J x

-1 fl2
+—

lim
— g z-tO

f (x) = a0 + fli x + a2^ + a3 x3 + a4 x4.+ a5 x5 + a6 x6.

1/x
= e‘

Mx

.6

lim • 2 
= g x-»0 x

l/x^ + «nV+ a21/x +
n

lim
= ex-*“

lim^ 
x-»0 X4

1/X2

(fli/x-l) + (o21/x-l) + ... + (on1/x-l) 
n

1/x2

+«„1/x

lim---- -
= = e'

EXAMPLE 4 Evaluate the folloiving limits

x2 + 4x-3 
x2-2x + 5

< 7

2 3 4 5 («0 + «i x + a2 x + a3 x + a4 x + 05 x + af, x
=> lim------------------------- ------------------------

X->0 X4

lim
= e

x±5f 
x-1

( 1 11+ sin- + cos--lx x
i- (■ 1 1/1lim x sm - + cos - -1 
r-»~ * x

1 1sm - + cos -x x

, 2 4 61 -X X X--- ------  X — — ---  4.
'3! 5! 7!

.n,?/x-l
1/x

= e1-lx0 = e

(ii) We have,

2 tanx
1 - tanx ’ x

. 1 1 sm - + cos -
X X

? !4 X6
3! + 5!’7!+-J

_ e log, (01 a2... a„) _ aia2 " an

6x2 - 8x 
- x2-2x + 5

r fi 6 Y = lim 1 + —- x-»oo^ 7

(ii) We have

x2 + 4x-3Y 
x2-2x + 5 \ /

(«l1/x -1) + (a2I/x -1) +... + (an1/x 
n

x + 5
x-1

6x
.x-1
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(ii) We have,

a/x n
lim ri+ n

nn
■ (ii) lim

k= limk

n,x
= lim 1 + ~ ... 1 +

. nk k
a/x n

= lim

a/x
+ (nx-l) ,1/2 J/22= e. e e ... e

EXERCISE 3.7

Evaluate the following limits:

1/sinx ■

,1/X 4. lim
1 +x +

,1/x

7. lim

ANSWERS

1. e ,1/12 9. ecotfl7. 8. e
4. 'fe

11. 1

-□  □-

i 

<

3x-2
3x + 2

/
n +

/
n +

a
x

5
6

10. /(x)

(x, 
X

a 
n

x3
1 + x

lim 
x-»0

(i) lim 
x->0

= lim
x->0

8. lim 
x->0

9. lim 
x->a

fi 11 + ~—2n 
k

,1/2"-*

= lim 
x->0

5. lim 11. lim
x->0

12. lim
x -> °°

lim
x —> °°

6. lim
X—> 00

(lx-1) + 3(2X-1) + 
n

1 
sinx|x-a 
sin a

x+1 
A 3 3? + l 

4?-l

n

1 
2«-i

1 
2” — 1

(
n + - 

2'

^-1 /
... 1+-

2'

= a-x2 ,a gR

10. If/(x) is a polynomial satisfying
,,.^1/x

= 1, then find/(x).
3. lim (cos x + fl sin bx) 

x->0.

1. lim (cosx + sinx) 
x->0

2. lim (cosx) 
x-»0

x2 + 2x + 3
2x2 + x + 5

'3x-4'
3x + 2 

k 7

2 ,-n

1+iy n
__ 1_
2« -1

lx + 2x+...+n: 
n

1 - cos (x -1) 
(X-1)2

1 n + -x
22. /

ex + e~x-2 
x2

- f(l°g 1 + log2 + log3 + ... + log n)a/n

1-1 2-1 n -1 ------+-------+ ...+  
XX------------- X

1/X2

lim
= ex"°

2’. 1

5. e’2/3 :

>fl/" = (n l)a/n

1 '
,n-l

>

= elog (n I)

EXAMPLE 7 Evaluate the following limits: 

1X + 2X+ —x 
n

( I'l(n + 1) n + - 
k

( 1Y(m + 1) n + - 1

(l + tan2^x]1/2X

lim (l + (2?-9x.+ 7)r(*’7) 
x->7/2

nn

x3 + 2x2 + x +1 
x2 + 2x + 3

n
1

2n

lim (2x2-9x + 37)cot(2x-7) 
= e"m

'tanx 
x k

n 

n

lim

n + — A 22 
n + — ..

22

\ 1V1 + T~2n

2 
n~n r iy (n + 1) n + - j

k A
SOLUTION (i) We have,

a/x

! | lx + 2*+... + n: 
n

, 1 11 + ~ + ~ + = e 2 22

1 + (1X-1) + (2X-1) + 
n

lim (2x-7)(X-1) 5/2 
 x-7/2 tan(2x-7) 

— c

3.

4

J, 

'n~'.n
1 + -2~

22n 
k /

1 >
22n
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provided that g (fl) *0.

ILLUSTRATIVE EXAMPLES

= 2EXAMPLE 1 Evaluate : lim

...(iii)=> a + b + c = 4
=
I

-1
[Using: L' Hospital'S Rule]

EXAMPLE3 Evaluate:

= 2.

(i)

[Using L' Hospital's rule]

[Using L' Hospital's Rule]

(ii) = 2x2 = 4

[Using: L' Hospital's Rule]

J(X) 
g(x)

lim - 
x-»0

lim 
x-»0

SOLUTION We know that :
x-1 < [x]<x

lim 
x-»a

3.10 EVALUATION OF LIMITS BY USING 
DE’ L’ HOSPITAL’S RULE

J// (x) and g (x) be two functions of x such that
(i) lim/(x) = limg(x) = 0

(ii) /(x) and g (x) both are continuous at x = a,
(iii) /(x) and g (x) both are differentiable at x= a,

lim- 
x->0

(iv) /' (x) and g' (x) are continuous at the point x = a, then 

f'(x) 
g'to= lim

x-> a

= lim 
x->0+

Solving (i), (ii) and (iii), we get

fl = l,b = 2,c = l

lim
lim- 

x->0

lim 
x-»0+

xlim 
x->0+

lim 
x~»0+

fl ex 4- b sin x - c e 
. sin x + x cos x

aex + b cos x + ce 
i 2 cos x 4- x sin x

logsinxCOSX 
logsinx/2 COS(x/2)

loge COS X 
loge cos x/2

aex + b sin x-ce 
i sin x + x cos x

a / - bcosx + ce
. xsinx

xa-ox 
xx-(f

loge sin x/2 
loge sin x

,-x
— = 2

REMARK The above rule is also applicable if lim f (x)
X->«

/
lim 

x-»0+ tan^

lim ■
x-»0

Here, the numerator is tending to fl - c as x -> 0. Therefore, 
for the limit to exist, we must have 

a — c = 0
Now, if a - c = 0, then

r
lim 

x->0+ tan 7-

x
/

lim
x -»0+ tan 2

x

= °° and

x
- = 2

 1 ~ log fl
1 + log fl

EXAMPLE 2 Find the values of a, b, c so that 

a / - b cos x + c e~ x 
xsinx

fl0 - fl° log fl 
aa (1 + log fl)

x 0- is again in the form ~ .

x 0- is in the - form.

0 c- form

x^l cot-

cotx
/

fl/'-fl* log fl = hm--------------
x -»a / (1 + log x) - 0

tanx^
x 

*“*2
/ 

tanx^
x 

‘“‘2

tanx^
x

*“‘2

lim g(x) = o°.

lim 
x-»0

SOLUTION We observe that as x —> 0, numerator tends to 
a - b + c whereas the denominator tends to 0. Therefore, for the 
limit to exist we must have

a-b + c=0
Now, if a - b + c = 0, then

logsinxCOSX 
lim :-------------- ,

x-.O* °gsinx/2 COS (x/2)

SOLUTION We have,

a + b + c
2

-tanx = lim —--------
1 u. X

x -»0 - t tan -2 2

 loge cos x. loge sin x/2 
x^o+ loge sinx-logs COS X/2

X /

EXAMPLE4 Evaluate:
([I2 (sin x)x] + [22 (sin x)x] + .,, + [n2 (sin x)x]

I n

1 x2cot- 
xlim --------

n+ cotx x-»0

SOLUTION We have,
/-flx 

lim -------
x-»0 x1-/
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[Using L' Hospital's rule]

Adding all these inequalities, we get

,2 ,2

EXAMPLE 5 Evaluate:

SOLUTION We have,

l°° x 0 form]
< lim <

Ix
= lim

Now,

[0°form]

[0 x oo form]

EXERCISE 3.8

exists, find a, b.

ANSWERS

1. ~ 3. 0 ’ 7. 12. -1 4. -2

6. lim
x->0 x4tanx

1
3

Using: L 
Hospital's rule

=> lim 
x-»o

Hence, lim 
x->0

1
x

7. lim 
x-»a

lim x loge 
x —>

— form 
oo

=> lim
n -> «>

lim x loge 
x-»«>

lim 
n

sin (a 4- 1/x) 
sin fl

log sin x 
1/x

sin (fl 4-1 /x) 
sin fl

log (x-fl) 
log(ex-efl)

n
(sin x)x £n2 - n < £ [k2 (sin x)x] < (sin x)x £ n‘ 

k = 1

COS (fl 4- 1/x) 
sin fl

"x2

n
£ [A?(sinx)x] 

1 k= 1 
7^ ~

"1
x-?

— form 
OO

4. If lim 
x-»0

n
£ [k2 (sin x)x]

k= 1

n
£ [k2 (sin x)x] 

k = l

Taking limit as n °° we get
n
X [k^sinx/]

k = 1

l2(sinx)x-l < [I2 (sin x)x] < I2 (sin x)x 

22 (sin x)x - 1 < [22 (sin x)x] < 22 (sin x)x

=> log A = lim x log sin x 
x-»0

n2(sinx)x-l < [n2 (sin x)x] < n2 (sin x)x

sin fl 
sin (fl 4- 1/x)

sin (fl 4-1/x) 
sin a

5. If lim 
x->0 

tanx-x 
.2 ~

n (n +1) (2n 4-1) 
6n3

5. fl = 5, b = |

n 71,0<fl<-
2

x5
nx tan x - - sec x

n3
(sin x)x 

3

< (sin x)x

(sin x)x
3

=» (sinx)x

n3

n3

 (sin x)x
3

= | lim (sinx)x 
x->0

n3

n3

10ge

= lim -----
x->«

let A = lim (sinx)x 
x->0

2. Evaluate : lim
x->ji/2

3. Evaluate : lim tan x. loge sin x
x-»n/2

1. Evaluate: lim 
x-»o

=> A =e® = 1.

= lim cot a 4- -1 = cot fl

cotx 
l ---------- ,x->0 -1/X2

n
Z^sinx)1]

v k-1 lim

^- = 0 
tan x

=> log A = lim 
x-^o

=> log A = lim 
x->0

=> log A = lim

sin 2x 4- fl sin x . ,--------- x------- - exists, find a.
xJ

a cos x 4- bx sin x - 5
x4

x3
sin x - x 4- —

• 6

1
120

1
x

n (n +1) (2n 4-1) _1
6n3 “ ,2
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CHAPTER

CONTINUITY AND DIFFERENTIABILITY

i.e.

y <

x' X
0 °2 °3

y'

Fig. 4.1

i.e.

8

4.2 CONTINUITY AT A POINT
A function fix) is said to be continuous at a point x = a of its domain, 
iffhm /(x) = f(a).

and,
(iii) lim/(x)=/(fl).

lim /(x) exists.

Thus, the continuity of a function at a point x = a} can be 
destroyed if the limit of f (x) at x = exists but f(x) is not defined at 
x = a}.

At point x = a2: n js evident from the graph of the function f (x) that

point x-a{: We observe that the curve y = /(x) is not con­
tinuous at x = ar In fact at x = fl?/(x) is not defined. But, 
lim /(x) = lim /(x) = f

x -> a i x ->

lim f (x) =f(a)
x—»a

»lim/(x) = lim /(x)=/(fl)

If/(x) is not continuous at a point x - a, then it is said to be 
discontinuous at x = fl.

l2

*4

lim /(x) = l2 and lim /(x) = /4, where l2 * l4.

lim /(x) * lim /(x).
X -» rtj x -♦ rt.

Thus, the continuity of a function fix) at x = «2 can be destroyed 
if lim /(x) does not exist.

x -> a2

At point x = a3: point x = a3 , the curve y = fix) is not con­
tinuous, because lim /(x) = lim /(x) = /3

x -> <i3 x -»<»3

i.e. lim /(x) exists but it is not equal to/(fl3).
X-»rt3

So, the continuity of a function fix) can also be disturbed if 
lim f(x) exists but it is not equal tofla^.

It follows from the above discussion that a function f (x) 
can be continuous at a point x = aiff

(i) /(fl) is defined
(ii) lim /(x) exists,

x->a
°1

Thus, (f(x) is continuous at x = fl) <=>

4.1 INTRODUCTION
In this chapter, the meaning of the term continuous is same as 
we use in our daily life. When we say that a function /(x) is 
continuous at a point x = fl it means that at point (fl,/(fl)) the 
graph of the function has no holes or gaps. That is, its graph is 
unbroken at point (fl,/(fl)). Consider the graph of a function/(x) 
as shown in Fig. 4.1. Here, we observe that there are three 
points x = flj, x = fl2 and x = fl3 where the function is not con­
tinuous
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y

(o,c)

c
x' X

0If lim /(x)^lim /(x), then f (x) is said to have a discon-

y

x' X

0

4.2 CONTINOUS FUNCTIONS

/(x) = | x | =

x' X

0

tinuity of first kind.

A function/(x) is said to have a discontinuity of the second 
kind at x = n iff lim f (x) or lim f (x) or both do not exist.

x -»a~ x -» fl+

(ii) f+ g is continuous 
(iv)/g is continuous 
(vi) 1/g is continuous

CONTINUITY ON AN OPEN INTERVAL A function f(x) is said to be 
continuous on an open interval (a, b) iff it is continuous at every point 
on the interval (a, b).

CONTINUITY ON A CLOSED INTERVAL A function fix) is said to be 
continuous on a closed interval [a, bl iff

(i) f is continuous on the open interval (a, b)

(ii) limfix)=f(a)
♦

In other words, f(x) is continuous on [a, b] iff it is continuous on 
(a, b) and it is continuous at a from the right and at b from the left.

CONTINUOUS FUNCTION A function fix) is said to be continuous, 
if it is continuous at each point of its domain.
EVERYWHERE CONTINUOUS FUNCTION A function fix) is said to 
be everywhere continuous if it is continuous on the entire real line 
(- ooi oo) i.e. on R.

' y'
Fig. 4.3

A

and,
(Hi) lim/(x) =f(b).

!y'
Fig. 4.4

(iv) Exponential function: If a is a positive real number, other Hi. 
= ax for all x e R

’ y'

Fig. 4.2

(ii) Identity Function : The identity function fix) is defined I 
fix) = xfor all x g R. This function is everywhere continuous as 
evident from its graph shown in Fig. 4.3.

graph is shown in Fig. 4.2. It is evident from the graph that this unity, then the function fix) defined by fix) 
function is everywhere continuous. called the exponential function.

SOME FUNDAMENTAL RESULTS ON CONTINUOUS FUNCTIONS 
Here, we list some fundamental results on continuous func­
tions without giving their proofs.
RESULT I Let fix) and g(x) be two continuous functions on their 
common domain D and let cbea real number. Then

(i) c/is continuous 
(iii) f-g is continuous, 
(v) //g is continuous 
(vii)/", for all n e N is continuous.
RESULT II Listed below are some common type offunctions that are 
continuous in their domains.
(i) Constant function : Every constant function is every-where 
continuous.

Let fix) = c, where c is a constant be a constant function. Its

If lim f (x)-lim f(x)*fia), then the discontinuity is 
x -»<1 X -» O+

known as the removable discontinuity, because/(x) can be made 
continuous by re-defining it at point x = fl in such a way that 
/(fl) = lim fix).

(iii) Modulus Function: The modulus function fix) is defined as

x, if x > 0
-x, if x<0

Clearly, .the domain of fix) is R and this function 
everywhere continuous as shown in Fig. 4.4.

iy
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X7 (1.0) x
0

(0.1)
x' — x

0

y'

Fig. 4.8

4y This function is everywhere continuous.

(0.1) fix)'x' x
0

y

x' X

0 (1.0)

y'!

Fig. 4.7

(v) Logarithmicjunction : If a is positive real number other than 
unity, then a function defined by

f(x) = log„ x

f(x)=ox 
k(o<1)

!y'
Fig. 4.6

y'
Fig. 4.5

f(x)=ox
(□>’)

4.3 DISCONTINUOUS FUNCTIONS
function f is said to be discontinuous at a point a of its domain D if it 

is not continuous thereat. The point a is then called a point of discon­
tinuity of the function. The discontinuity may arise due to any of the 
following situations:

(i) lim /(x) or lim f (x) of both may not exist
x —• a’ x-ta

(ii) lim f (x) as well as lim /(x) may exist, but are unequal.
x -> a' x -> a

The domain of this function is R. It is evident from its 
graph that it is everywhere continuous.

y

is called the logarithmic function.

Clearly its domain is the set of all positive real numbers 
and it is continuous on its domain. It should be noted that it is 
not everywhere continuous shown in Figs. 4.7 and 4.8.

f(x)=iogQx 
(□>1)

(vi) Polynomial function : A function of the form 
fix) - a0 + aj x + a2 x2 + ... + an xn, where Oq, a}, a2,...., ane R is 
called a polynomial function.

f(x)»log x 
(a<1)

(vii) Rational function : Ifp(x) and q(x) are two polynomials, then 

afunction,fix) of the form fix) = q(x) * 0 is called a polynomial

function.

This function is continuous on its domain, i.e., it is every­
where continuous except at points where q(x) = 0.
(viii) Trigonometric functions : All trigonometrical functions viz. 
sin x, cos x, tan x, sec x, cosec x, cot x are continuous at each 
point of their respective domains.
(ix) Inverse trigonometric functions : We know that the graph of 
the inverse of a function is the mirror image of the graph of the 
given function in the line y = x. Therefore, graphs of 
sin-1 x, cos-1 x, tan-1 x, cot-1 x, sec-1 x and cosec-1 x are the 
mirror images of those of the corresponding trigonometric func­
tions in the line y = x. Since trigonometric functions are con­
tinuous in their domains, therefore each of the inverse 
trigonometric functions is continuous in its domain.
RESULT III The composition of two continuous functions is a con­
tinuous function i.e. if f and g are two functions such that g is 
continuous at a point a and f is continuous at g(a), then fog is 
continuous at a.
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Similarly, if lim /(x) does not exist, then/is said to have

4.4 PROPERTIES OF CONTINUOUS FUNCTIONS

lim /(x) exists.

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Show that the function fix) = ■

is continuous atx = 0.

SOLUTION We have,

, t^Jt/2h-»0
EXAMPLE 2 Examine the function fit) =

exist but are not equal.
fis said to have a discontinuity of the first kind from the left at 

x = a i/lim /(x) exists but not equal tof(a). Discontinuity of the

(LHL at x = 0) 

= lim fix)

for continuity at t = n/2 
SOLUTION We have,

(iii) lim /(x) as well as lim /(x) both may exist, but either of 
x -kT x -»a~
the two or both may not be equal to/(fl).

We classify the points of discontinuity according to 
various situations discussed above.
(1) Removable discontinuity: A function f is said to have removable 
discontinuity atx = aif}in\ /(x) = lim / (x) but their common value

= lim/(0-h)
/i —> 0

= lim fi- h) 
h-»0

A function/if said to have discontinuity of the second kind 
from the left at x = a if lim / (x) does not exist.

= lim h sin 7
h-»0

= 0 x (an oscillating number between -1 and 1)
= 0
and,
/(0) = 0.

Thus, lim /(x)=lim /(x)=/(0).
x->0" x->0+

Hence, fix) is continuous at x = 0.

= lim fix) 
x-»0+

= lim /(0 + h) 
h-)0

= lim /(h)
h —> 0

discontinuity of the second kind from the right at x = fl.

is not equal tof (fl).
Such a discontinuity can be removed by assigning a 

suitable value to the function/at x = a.
(II) Discontinuity of the first kind: A junction f is said to have a 
discontinuity of the first kind at x = a if lim /(x) and lim /(x) both

h-»0
= 0 x (an oscillating number between -1 and 1)
= 0
(RHLatx = 0)

rn 
\h

(Z) If/, g are two continuous functions at a point a of their common 
domain D, thenf±g,fg are continuous at a and ifg (fl) * 0, thenf/g 
is also continuous at a.
(II) Iff is continuous at a and/(fl) ^0, then there exists an open 
interval (a - 8, a + 8) such that for all xe (a - 8, fl + 8),/(x) has the 
same sign ns f (fl).
(III) If a function fis continuous on a closed interval [a, b], then it is 
bounded on [a, b] i.e. there exist real numbers k and K such that

k </(x) < K for all x e [a, b].
(IV) Iff is a continuous function defined on [a, b] such that f (a) and 
f(b) are of opposite signs, then there exists at least one solution of the 
equation f(x) = 0 in the open interval (a, b).
(V) Iff is continuous on la, b], then f assumes atleast once, even/ 
value betiveen its minimum and maximum values i.e. if K is any real 
number between minimum and maximum values off(x), then there 
exists at least one solution of the equationf(x) = Kin the open interval 
(a, b).
(VI) Iffis continuous on [a, b] and maps [a, b] into [a, b], then for 
some x e [fl, b] we have f (x) = x.

(VII) Ifg is continuous at.a and f is continuous at g (a), the fog is 
continuous at a.

first kind from the right is similarly defined.
(Ill) Discontinuity of second kind: A function f is said to have a 
discontinuity of the second kind at x = a if neither lim / (x) nor

. ( 1 'I = lim - h sin —7 -h

= lim h sin 7 h \ 7

cos t
71/2-t

1 , t = 7l/2

• 1x sin -> x * 0 x

0 , x = 0
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= -1

and,

(RHL at x = 0)h -»0

= lim

fa) =
, if x = 0

[-.•/(O) = ArJ

k
/(x) =

, when x = 00

is discontinuous atx = 0.

k

=> a(l)-(-b)(l) =k = 1

=> a + b = k

[By def.]/(x) = [x] =

0-1 
0 + 1

k-1, ifk-l<x<k 
k , ifk<x<k+l

log (1 - bx) = 
, (-*)x

= lim /(0 - h) = lim /(- h) 
h -4 0 h ->0

= lim fin/2 + h) 
h —»0

(RHLatt = n/2)

= lim /(f)
t -> n/2+

=> lim ■ 
x —4 0 _

= lim fih) 
h->o

= lim 
h-40

Using : lim 
x-40

= lim 
h -4 0

(LHL at t - n/2) 
= lim /(f) 
t-4n/2”

= lim 
h-4 0 e

- (- b) lim - 
X-40

SOLUTION We have, 

(LHL at x = 0) 
= lim /(x)

X-4 0"

when x*0 
+ 1

log (1 + x)
X

-sinh
-h

= lim/(x) = lim/(0 + h) 
x->0+ h^°

Thus,/(x) is continuous at x = 0, if k = a + b.

EXAMPLE 5 Prove that the greatest integer function [x] is con­
tinuous at all points except at integer points.
SOLUTION Let/(x) = [x] be the greatest integer function. Let k 
be any integer. Then,

is continuous atx = 0,find k.

SOLUTION Since/(x) is continuous at x = 0. Therefore, 
lim/(x) = /(0) .

X-40

= lim f(j-h
< 7
cos (n/2 - h) 

hZ'o n/2-(n/2-h)

sinh= hm —r~ = 1
h->o

and,

1 , 
gl/h + 1

lim = 0 
h->oe1/h

sinh , = hm —j— = 1 
h-40 n

1 • V X
= lim ----77777-----

h->o e“(1/l) + l

(LHLatx = 0) * (RHLatx = 0)

So,/(x) is not continuous at x = 0 and has a discontinuity of 
first kind at x = 0.
EXAMPLE 4 If the function fix) defined by

log (1 + ax) - log (1 - bx) x
x ' f

k

e1/h-l

X-4 0 X

Also, /(n/2) = 1.
Thus, lim fit) = lim fit) = /(n/2).

1-4 71/2" t-4 7l/2+

So,/(f) is continuous at t = n/2 
EXAMPLE 3 Show that the function

log (1+ax) log (1-bx) = 
X X

alim10S(l^x)
x-> 0 x

,. l-lA1/h 1-0 , 
= hm------- 777 = -—- = 1

h -> ol + l/e1/h 1+0

X-40 aX

= iim cos (ti/2+ h) 
h-tox/Z-Wl + h)
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Now,

(LHL at x = k)

/(x) =
0, x = 0

(v k-l<k-h<k [k-h] =k-1]

= k-1

Now,

lim /(x)

[•.•k<k + h<k + l [k + h] = k]

h-»o

h->0

(LHL at x = a)

x->0

[•_• k -1 < a - h < k [a - h] = k -1]

= k-1

(RHLatx = a)
, forx2*!

/(x) =
h-»0

[v k -1 < a + h < k [a + h] = k -1]

= k~ 1
, forx2*!

/(*) =and.

[•.•k-1 <a <k [a] = k-1]

, for 0 < x2 < 1

= lim [k - h] 
h-»o

= lim (k -1) 
h—>0

= lim /(0-h) 
h 0

= lim^x) = lim/(k-k)
_ , l- h -> 0

= lim/(0 + h) 
h —> 0

= limk-1 
h-»0

= limk-1
x —>0

= lim k 
h-»0

lim/(x) 
x-»0+

= k
lim/x) * lim/(x).

x-»T x-»k+
So, fix) is not continuous at x = k.
Since k is an arbitrary integer, therefore, fix) is not con­

tinuous at integer points.
Let a be any real number other than an integer. Then, there 

exists an integer k such that k -1 < a < k.

Now,

EXAMPLE 6 A function is defined as follows:

I x"' sin - , x * 0
1 x 

\ 7

fia) = k -1

Thus, limfix) = limfix) = fia) 
x-a~ x-*a+

So, fix) is continuous at x = a. Since a is an arbitrary real 
number, other than an integer, therefore fix) is continuous at 
all real points except integer points.

What condition should be imposed on m so that f(x) may be con­
tinuous atx = 0?
SOLUTION If/(x) is continuous at x = 0, then

lim /(x) = lim /(x) =/(0) = 0.
x -> 0" x —> 0*

and,

(RHL at x = k)

= lim fix) = ]im fik + h) = lim [k + kJ 
x h->0 h -> 0

= lim/(x) = lim/(fl+h).= lim[a + h] 
x->a+ h-tO

= lim/(x) = lim/(a-h) = lim [a-ft] 
x—»o" h -> 0

= lim (~h)m sin -^1

\ 7

= -lim (~h)m sin 7 h\ 7
= 0, only when m > 0

and,

= limhmsin 7h\ 7
= 0, only when m > 0

Hence,/(x) is continuous at x = 0;if m > 0.

EXAMPLE 7 A function f (x) is defined by 

fix2!-! 
x2-!

0 , forx2 = l 

Discuss the continuity off(x) atx = l, 
SOLUTION We have, 

[lx2]-!
x2-!

0 , forx2 = l 
-1 

x2-!
0 , for x2 = 1

=0 , forl<x2<2 
[x2-l
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—> -oo

/(*) =

So, lim/(x) does not exist.

-, x*0 and,

lim/(x) = lim - sin x = - sin 1

, x<0
= k EXAMPLE 10 Let f (X) =

, X>0B tan

=>

atx = 1.

/(I) = lim

We know that

Therefore, for x2 < 1, we have

Forx2>l, we have

A = - 3 and B = -=3
Thus,

J3
2 ’

lim?" =
n —> oo

Thus, if/(x) is continuous atx = 0, then

A+3 = 0 and lim/(x) = lim/(x) = /(0) 
x -»0“ x -> 0+

is continuous atx = 0,find k.
SOLUTION Since/ (x) is continuous at x = 0. Therefore, 

lim/(x)=/(0)
x-»0

lim 7 
x-»0

lim 
x->0

lim/(x) = lim log (2+ x) = log 3 
X->1

= lim 
x-»0

/(x) = lim- 
n —> oo

0 , if x2 < 1 
oo, ifx2> 1

-1 
x2-!

A + 3 
x2

A + 3 cos x

Also,/(0) = B tan = B Vy.

Hence,/(x) is not continuous at x = 1.
(4*-l)3

EXAMPLE 8 Z//(X) = sin (x/4) log (1 + x2/3)
k , X = 0

= lim
x->0

For this limit to exist, we must have A + 3 = 0 and in that 
case, we have

lim /(x) = lim 
x-H' x —> 1

- = k
\

Now, lim/(x) = lim B tan 
x->0+ x-*°

-3 
lim /(x) =

x->0'

it
[x + 3]

12

V
Sin4 flog (l + x2/^ 
x/4 

k /

12 (log 4)3 = k

.3

= Btan^ = Ba/3.

(4*-l)3
( T sinolog 1+ —
k J

x2/3

= | (log 3-sin 1)

Clearly, lim/(x)?*lim/(x). 
x->r x->r 

So,/(x) is not continuous at x = 1.
A + 3 cos x 

x2 
71 

[x + 3] 

where [ ] represents the greatest integer function. Find A and B such 
thatf(x) is continuous at x = 0.
SOLUTION We have, 

lim / (x)

log (2 + x) , for x2 < 1 
| (log 3 - sin 1) , for x = 1 

-sinx , forx2>l

/ y A3 
4*-l

x

=> k = 12 (log 4)'

EXAMPLE 9 Discuss the continuity of the function 

r, . log (2 + x) - x2" sin x

SOLUTION We have, 

log 3 - sin 1 
. 2

x2 x4 x6
71+3 V 2! + 4! 6!+’"‘ 

= lim------------------ x---------------
X->0 X2

=> A + 3 = 0 and = B'fc

4-log (2 + x)-sinx
------ ■■---------------- = - sinx

’ 1 + —
x*1

/(x) = limloS(2 + X) *2 sm- = log(2 + x) 

1+X

3 3 7 3 4 2! 4!^ 6!X 

x
4
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SOLUTION We have,

lim f (x)/(x) = lim at the point x = 1.

(RHL atx = l)

= -1

(LHL atx= 1) [Assuming b * (
= lim/(x)

= 1

atx = 1.

/w =
, forx>0 = COS 71X

Atx = 1, we have[IIT1983]

1 + bx -1 
(Vl + bx + l)bx

1
2'

= lim 
h-»0

 cos 7t x - 0 x sin (x -1)
1 + 0-0

= lim 
h->Q

= lim 
h-»0

= lim
h ->0

= lim 
h -»0

= lim 
x-»o

+ lim 
x->0

= lim
h-»0

Clearly, Jim/(x)*lim/(x).
x-»r x_»r

So,/(x) is not continuous at x = 1.

EXAMPLE 12 Determine the values of a, b and c for which the 
function

= lim
/i->0

lim /(x) 
x->0+

= lim 
x->0

= lim 
x-+0

= lim 
x->0

/(x) = lim 
M —>«o

= lim /(x)
x-f

/(x) = lim 
n oo

For f (x) to be continuous at x = 0, we must have 

lim/(x) = lim/(x) = /(0) 
: -> 0" x -> 0+

>/l + bx -1 
bx

sin x 
x

1
Vl + bx + 1

c_____
Nx + bx2 - 'lx 

b^2 

is continuous at x = 0.

^/x + bx2 - Vx 
bx372

0-1 
0 + 1

1-0
1+0

= lim/ (1 - h) 
h->0

= lim /(I + h) 
h-»0

1^ = 01 + 1 U-

SOLUTION For 0 < x < 1, we have

cos 7t x- x2” sin (x-1) 
1 + x2n +1 - x2"

1
=3 a +2 = - = c

2

1 J 1 3,1=> a + 2 = — and c = — => a = and c = 
£ £ L L

Um [1 + sin 7t (1 - h)]n -1 
n-»« [1+ sinn(l-h)]n +1

lim II-sinn/.]"-! 
[1 - sin 7t h]" +1

Clearly, b can take any non-zero real value.

EXAMPLE 13 Discuss the continuity of the function f (x) given b 

cosTtx-x2” sin (x-1)
1 + x2" +1 - x2"

sin(° + l)*+sinx, forx<0 
X

, forx = 0

.. sin (a + l)x + sinx_ jun ----------- ------------
x-»0 x

= (« + l)lim
x-,0 (<i + l)x

= (a +1) +1 = a + 2. 
and,

EXAMPLE 11 Discuss the continuity of the function 

(1 + sin 7t x)” - 1 
(1 + sin n x)M +1

SOLUTION We have,

/(I) = lim £±sin7I)n~1 
n -» oo (1 + sin 7t)" + 1

.. [1 + sin 7t (1 + b)]” -1
Jim --------------------- -------
i -4 co [1 + sin 7t (1 + h)]n +1

H + sin71 h]n ~ 1 
i-4°° [1 + sin 71 h]” +1

!------------------
lim [1 + sin 7i h]n 

n-4°o1+------- 1-------
[1 +sin7th]n
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and,

For x > 1, we have

f(x) = lim

e^e273 = b=>

=>

EXAMPLE 15 If f (x) =
C , x = 0

/« =
sin 3x + A sin 2x + B sin x = C, a finite number

Now, • + A'2x-

and, = -1 = C

./(!) = -!■

+ X5

Hence,/(x) is continuous at x = 1. = C

EXAMPLE 14 I//(x) =

a 
(sinx

4A
3

4A
3

4A
3

is continuous at x = 0, find the values of a and b.
SOLUTION We have,

Also,
Thus,

is continuous at x = Q,find A, B and C.

SOLUTION If/(x) is continuous at x = 0, then

=> lim 
x->0

B
6

B
6

lim/(x) = lim {14- |sin x |)
• n" x —> 0

=> lim 
x-»0

lim 
x-»0

lim /(x) = lim /(x) = /(0)
:-»0” x->0+

= lim
n —> oo

lim |sinx| = e x-*° '

,0<X<l 
, x = 1

, X>1

/(x) = lim 
n-» oo

lim / (x) = lim cos it x = cos n = -1

= e273.

For/ (x) to be continuous at x = 0, we must have

a
| sin x |

 cos rc - sin 0
1 + 1-1

= COS 71 = - 1

- sin (x -1) 
x-1

-X6

-------------- = C

-/(...) +

lim /(x) = /(0)
x-»0

lim /(x) = lim 
y \ 1

lim /(x) = lim /(x) = -1 .
1" 1 + B

+ 5i

a = and b = e273.

f-'

fl

(1+ |sinx|)lsinxl ,~7<x<0 
o

b , x = 0
tan 2x

eUn3x ,0<x<7
0

[IIT1994]

2xf 
5!

D — X5
3! + 5!

costcx-x2” sin (x-1) 
l+x2w + 1 —x2n

+ x4

x(3 + 2A + B)+x3 -|-

(2x)3 
3!

35 25A B
5! + 5! +5!

=> lim ------ ------------- —
x-»0 X4

For this limit to exist and must be finite, we must have

93 + 2A + B = 0, -|

x5

cos7ix-x2nsin(x-l) 
l+x2" + 1-x2"

cos 7t x  sin (x - 1)
x2n +1 x

X

tan2x
lim /(x) = lim e tan3x
:-»0+ x~*°

2 tan 2x 3x- lim ——.----—
= e 2x tan3x

In such a case, we have
'35 25A b} 2. . r
5!+ 5! +5! -?W-C

3^ 2^4
5! 5!

=> lim ------- -----------
x-»0 X°

(S + ^ + BJ + x2-!-

1 
x2” + 1 

0  sin (x -1) 
x

X 

sin (x-1) 
x-1

Thus, we have
cos 71 x 
-1
-sin (x-1) 

x-1

sin 3x + A sin 2x + B sin x ---------------z------------- , x*0

(3x)3 (3x)s 
3! 5!
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- 3 < x < - 2

/(x) =

sin -2<x<0

= 4/(x)->/4^4

i lim

= -a

and,

\

=>

=>

(i)f(h) = 0

=>

[Using the def. of/]and h = sin

[Using (i)J

lim f(-h) = lim 
h-»0 h0

= lim [f(a)+f(-h)J 
h->0

= /(a) + lim f(-h) 
h-»0

= /(«) + 0
= /(«)

lim /(h) = 4 
h-»0

lim /(0-h) = lim /(0 + h) = /(0) 
h -»0 h -> 0

lim /(x) 
x-» -2”

h ->0

= lim sin 
x->-2*

= lim

lim /(x) 
x->-2+

5 \ 7
EXAMPLE 17 Let f be a function satisfying

f(x + y) = f (x)/(y) - V4 -/(y) for all x, y e R.

and lim /(x) = 4. Discuss the continuity off(x).

~ lim f (x) / (h) - lim ^4 -/(h) 
h -> 0 h -> 0

= / (x) lim /(h) - lim ^4 -f(h) 
h —> 0 h —> 0

Now, let a be any real number. Then, 

lim /(x) = lim f(a-h) 
,_. h 0

= 4/(x)

Thus, lim /(x + h) * f(x), if /(x) * 0. But, /(x) = 0 doesnot 
h —> 0

satisfy the given condition. Therefore,/(x) * 0.

If/(x) = 0, then lim /(x + h) =/(x). 
h ->0

Hence,/(x) is discontinuous at x.
EXAMPLE 18 Let /: R —> R be a function satisfying

f(x + y) = f(x)+f(y)forallx,ye R.

If the function f (x) is continuous atx = 0, show that it is continuous 
forallxeR. [IIT1981]
SOLUTION It is given that/(x) is continuous at x = 0. There­
fore,

lim (f(O)+/(-h)] = lim (f(O)+/(h)] =/(0) 
h->o h-»o

/(0) + lim/(-h) = lim /(h)+/(0) = /(0) 
h->0 h->0

Solving these equations, we get

A = - 4, B = 5 and C = 1.

EXAMPLE 16 Find the values of a and b so that

[ae1/'x + 2'-l
2-eV|x + 2| '
b , x = - 2

X

lim /(x) = lim /(x) = /(0) 
x -»0" x -»0+

SOLUTION We have,

/(x+y) = /(x)/(y) - ^-/(y) for all r,y e R

=> /(X+/0 =/(x)/(/-)-'/T7(ftj'
lim /(x + h)

h-»0

5

q-0 
2x0-1

= lim sin
x->-2+

f-2' = sin — t>\ )
Forf (x) to be continous at x = - 2, we must have
lim /(x) = lim /(x) =/(-2)

x-4-2+

f 2A 
-a = sin -r = b 

b

x4-16
^ + 32/

may be continuous at x = -2.
SOLUTION We have,

=> a = - sin

B. = c 
5! 5! 5!

1 
a-e lx+2l 

-2 2e-1/'x + 2>-l

1
+ -i

2-e1/|x+21

"x4-^
x5 + 32

\ 7

(x-2)(?+4)
x4 - 2X3 + 4X2 - 8x +16,
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h->0

[Using def. of/]
h —> 0

[•-•/(*y) =/W/(y)]
h->0

[Using (i)J

[Using (i)]

a

=>

=>

—(i)

[•/ /(0) = 1]=>

[•-•/(xy) = /(x)/(y)]
h->0

h->0

[Using (i)] [Using (i)]= /(«). 1

= /(«)

= lim /(1-h) 
h-»0

= /(fl) + 0

= /(«)

A lim /(x) = lim /(x) = /(fl)

and,

lim /(x) = lim fla+h) 
h-»0

= lim [/"(fl)+/(h)]
h —> 0

= /(«) +Um f(h) 
h->0

lim /(x) = /(l) 
x->l+

/i-»0

= lim /(h) = 1 
h-»0

Now, let a be any real number. Then,

lim /(x)
x-»a"

= lim /(fl-h)
h-»0

= lim /(fl)/(-h)
h->0

= /(«) lim /(-h)
h->0

= /(a)xl

= /(«)

and,

lim f (x) = lim f(a - h) 
x-ta

=> lim /(0-h)
h->0

lim /(0)/(-h) = Um /(0) /(h) = /(0) 
h-»0

lim /(-h)
ft->0

=> Um /(1+h) = /(l) 
h-*0

= lim /(fl) / l+“
/

=/(fl) lim / * + “ 
k /

r rf h= lim /[fl 1 +- 
J a

k

J f, h^l 
= Um f■ a 1 -- • 

a I

= lim/(«)/]-J 
k

=/(fl) lim / l-~ 
k

So,/(x) is continuous at x = fl.

Since a is an arbitrary real number.

Hence,/(x) is continuous at all x e R.

EXAMPLE 19 Let f:R-$R be a function satisfying 
f(xy)-fix) fly) for all x,yeR.

If the function fis continuous atx=l, show that it is continuous 
for all non-zero x e R.

SOLUTION We have,

/(xy) = /(x)/(y) for all x, y g R

=> /(I) = /(1)/(1) [Replacing x and y both by 1]

=> /(l) (f(l)-l) = 0

=> /(l) = 0 or, /(I) = 1

If/(1) = 0, then for any xe R, we have

/(x) = f(x . 1) =/(x)/(l)-fix) x 0 = 0 for all x G R, which is 
everywhere continuous.

So, let/(l) = 1.

It is given that/is continuous at x = 1. Therefore,

= lim fix)

=> Um /(1+h) = lim /(1-h) = 1
/i-»0

Now, let« be any non-zero real number. Then,

Um fix) = lim /(fl + h)

h —> 0

= /(fl)xl

=/(fl)

Um fix) = /(a) = lim /(x)

So, fix) is continuous at x = fl. Since a is an arbitrary non­
zero real number so, fix) is continuous for all non-zero x e R. 

EXAMPLE 20 Letf: R -> R be a function defined by 
fix + y) = fix) fly) for all x, y e R.

If fix) is continuous at x = 0, show that fix) is continuous for all 
xe R.

SOLUTION We have,.

fix + y) = fix) fly) for all x, y G R

=> /(0 + 0)=/(0)/(0)

/(0){l-/(0)} = 0

/(0) = 0or,/(0) = l

If/(0) = 0, then

/(x) = fix + 0) = /(x)/(0) = 0 for all x G R.

Hence, in this case fix) is the zero function, which is 
everywhere continuous.

So, let/(O) = 1.

It is given that/(x) is continuous atx = 0. Therefore,

lim fix) = lim /(x) =/(0)
x->0+

= lim /(0 + h) = /(0) 
h^>o
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and,

lim /(x)

(2x-3)

/(x) =
-1

0

[Using (i)]

, a > 0

atx = 0.

and,

lim /(x) = lim -1 = -1

lim (0). So,/(x) is right continuous at x = 0 but it is not

/W = •

So,/(x) is discontinuous at x = 1/2.

At x = 1: We have,

= lim /(a + /i) 
h-»0

= Hm /(fl)/(/i) 
h-»0

= /(fl)xl

= /(fl)

Thus, lim /(x) = lim /(x) = /(«)

lim /(x) = lim (-1) = -1
—>1/2* x-»l/2+

= /(a) lim /(/i) 
h->0

,x * 0

,x = 0

= lim
x-»0

= logefl
Clearly, lim /(x) * lim /(x).

x-+0* x-»0\

So,/(x) is discontinuous at x = 0. In fact, lim/(*)=/ (0) but

left continuous there at.
EXAMPLE 22 Discuss the continuity of f (x) in [0,2] given by

|2x-3| [x],forx>l

[cos n x] , for x < 1 

where [x] is the greatest integer less than or equal to x.

So,/(x) is continuous atx = a.

Since a is an arbitrary real number. Therefore,/(x) is con­
tinuous for all x e R.
EXAMPLE 21 Discuss the continuity of the function

>*x-l

/(*) = • M + x
logea

1

Clearly, /(x), being 
(3/2,2) u (1,3/2) and

lim /(x) * lim /(x)
X-+1/2" x-»l/2+

and, lim /(x) = lim -(2x-3) = 1 
x->i+ x-»l+

lim / (x) * lim /(x)

So,/(x) is not continuous at x = 1.
At x = 3/2: We have,

lim /(x) = lim -(2x-3) = 0
x-»3/2‘ x->3/2"

lim /(x) = lim (2x-3) = '0 
x-»3/2+ x->3/2+

( 3 \
and, / - = 2x--3 = 0

k J k ,

lim /(x) = lim 0 = 0 
x-»l/2" x-4 1/2"

SOLUTION Simplifying the definition of /(x), we have

2 ,forx = 2
,|<x<2

-(2x-3) ,l<x<|

, j<x<l
,0<x<j 
,x = 0

a polynomial, is continuous o 
it is also continuous o 

(1/2,1) u (0,1/2) as it is a constant function. Thus, possibl 
points of discontinuity are 0,1/2,1, 3/2 and 2. We shall no* 
discuss the continuity of/(x) at these points one by one.
At x = 0 : Since 0 is the left most point of [0, 2]. So, we vvl 
check whether/(x) is right continuous at x = 0 or not.

We have,
lim /(x) = lim 0 = 0.

x->o+ x->0+
Clearly, lim / (x) * /(0).

x->0+
So,/(x) is not continuous at x = 0.

At x = l/2: We have,

= lim 
x-»0”

= l-fl"1

(x] + x

SOLUTION We have,

flM + x-l

[x] + x

3
2

3
2

lim/(x) = lim 
x->0+ x-»0+

/-I 
x

lim / (x) = lim

fl""1-! 

x-1
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and,

2-

,X<1
EXAMPLE 23 If f(x) =

+
co-1-00

Fig. 4.10

Now,

/w =

and,
y

=
(0.1)

(1.0)

(|.O)

(-1.-1)

ly

-0 •e

(-1.0)x' X

o

=1-1-1=-1

Alternatively: We have, 

lim f(x) = lim | x2 — 11 — 1

-D\
(1.-1)

(a) Draw the graph off (x)
(b) Discuss the continuity off (x).
SOLUTION We have,

/(2) = 2 

Iim/(x)*/(2)

g(-l),ifx<0 
g(0) ,ifx = O 
g(D ,ifx>0 
0, if x < 0 
O,ifx = O 
0, if x > 0

= 0 for all x e R.
(i) The graph of/(g (x)) is shown in Fig. 4.11.

So,/(x) is not left continuous at x = 2.
Thus, the function/(x) is continuous at every point on 

[0,2] except at x = 0,1/2,1,2.

|2x-3| - |x-2| ,x>l

(2x-3) + (x-2) = 3x-5 

(2x-3)-(x-2) = x-l

b'
Fig. 4.9

(b) It is evident from the graph that/(x) is not continuous 
atx = 1.

b'
Fig. 4.11

and,
lim /(x) = lim (1—x)

(0.1) 
a-------

a lim /(x) = lim /(x) = /(3/2)
x-»3/2" x-»3/2+

So,/(x) is continuous at x = 3/2.
At x = 2 : Since x = 2 is the right most point of [0,2]. So, we 
check the left continuity off (x) at x = 2.

We have,
lim /(x) = lim (2x-3) = 4-3 = 1

(i) Draw the graph off(g (x)) and discuss its continuity.
(ii) Draw the graph ofgfffx)) and discuss its continuity.
SOLUTION We have,

g(x) = .r(l— x2) = — x (x — 1) (x +1)
The signs of g (x) for different values of x are shown in Fig.

4.10.

(1.0)

(0.0)

-l,ifg(x)<0 
/(g(-v))= 0 ,ifg(x) = 0,-l,l

1 ,ifg(x)>0
-1, if - 1 < x < 0 or x > 1

= 0 , if x = -1,0,1
1 ,if-oo<x<-lorO<x<l

(2.0) x

= 1-1=0
Clearly, lim /(x) # lim /(x).

x->r x->r
So,/(x) is discontinuous at x = 1.
It can be checked that/(x) is continuous at all other points.

-1, x < 0 
EXAMPLE 24 Iff(x)= 0 , x = 0 and g (x) = x (1 - x2), then ;

1 ,x>0

= lim (x2-l-l)

+ 
o 1

G--------------- 0

(o.-i)

|x2-l|-l ,X<1
3 

-(2x-3) + (x-2) = l-x ,l<x<-

, x>2

(a) Graph of/ (x) is as shown in Fig. 4.9.
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/(*) +
y

x' X

0

is continuous at

SOLUTION We have,
/« =

= lim
g(x)=/o/(x)=/(f(x))=/

1-
log'x-hr;

= e\
I

If x it 0,1, then

h(x) =f[/W))| =/
lim

/« =
and,

(1
2

x-1 
x

Clearly, g (f (x)), being a constant function, is everywhere 
continuous.

Examine the continuity ofgof.

SOLUTION We have,

= lim
m —»oo

= lim
tn —*°°

= lim

EXAMPLE 25 //g(x) = lim 
m —> °o

lim g (x) = lim lim 
m —i°°

Since g (x) is continuous at x = 1. Therefore, 

lim g(x) = lim g(x) = g (1) 
r->r x->f

y'
Fig. 4.12

lim

lim 
-»r

which is everywhere continuous.

Thus, h (x) is discontinuous at x = 0,1.
EXAMPLE 27 Letf(x) and g (x) be defined as:

fe-1 for x < 1
^x +1 for x 21

h (l)-F 1
6

xmf(x) + h (x) + l 
2xm + 3x + 3

x”1 f(x) + h(x) + l 
2x”' + 3x + 3

xm f(x) + h(x) + l 
2x'n + 3x + 3

f(l)+ h (1) xO+ 0
2 + 0 + 0

1 
1-x

xH7(x) + h(x) + l 
2x'" + 3x + 3 

2
x = l and g(l) = lim |loge (ex)| *°gf x, then find the value of

2g (1) + 2/(1) - h (1). Assume thatf (x) and h (x) are continuous at 
x = l.

2 + — 
x1

1___
1

1-x

It is evident from the graph of f (g (x)) that it is discon­
tinuous at x = 0, - 1,1.

(ii) We have, g (f (x)) = 0 for all x. So, the graph of go/(x) is 
represented by x-axis as shown in Fig. 4.12.

Q/(l) + h(l) + l
2 x 0 + 3 + 3

2
|1 + loge xjlo^X

We observe that g (x) is discontinuous at x = 0. Also, < 
/(x) is discontinuous at x = l. So, g(x) is discontinuous < 
x = 0 and x = 1.

= e2

x* xm
3 3

,ni -1 xm

2
g (1) = lim |loge(ex)|loSfx

xw/(x) + /i(x) + l 
2/” + 3x + 3

lim g (x) = lim lim 
■ _> r v-x r x-T

x 
\ /

/l(l) + l 2 4 /(I)— = r and 7c- 6 2
=> h (1) = 6e2-l and/(l) = 2?

.-. 2g (l) + 2f(l)-h (1) = 2 e2 + 4? - (6c2 -1) = 1.

EXAMPLE 26 Given the function f (x) = Find the points (

discontinuity of the composite function f\f (f (x))}

SOLUTION We have,

x3 + l forx<0 , . . 
?-l for x>0an“*(I) =

1
1-x

Clearly,/(x) is not defined at x = 1. Also, it is a point c 
discontinuity of/(x).

If x * 1, then

2 
= e and

1 -------- - = x,

X

2
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/(•*) =

and,

^x -1 , for x < 0
g(x) = ^x -1 , for 0 < x < 1

^x + 1 , forx>l

For x < 0, we have
=>

=>

h (x) = go/W = =>

and,

(0.1)

(-1.0)x' o X

(0.-1)
y=fog(x)

i

<
■

g<!f(x) = g (f(x)) = g(?-i) = V-D-l = 
For x > VT, we have

i
i

yz
Fig. 4.13

It is evident from the graph that fog is continuous for all 
x e [— 1,2].

We know that gof exists if range of f is contained in the 
domain ofg. Clearly,

go/(x) = g (f(x)) = g (x3 +1) = V + l-l = x 

For 0 < x < VT, we have

lim h (x) = lim ^?-2 = (-2)1/3 
x -> 0+ x -»0+

x ,x<0
^?-2,0<x<>/2 
X , x>\'2”

Clearly, possible points of discontinuity are x = 0, 
Continuity at x = 0: We have, 

lim h (x) = lim x = 0

x3 +1, for x < 0
x2 -1, for 0 < x < <2
x2 -1, for < x < oo

gof(x) = g(/‘(x))=g(x2-l) = ^x2-l + l = |x| = x

Thus, we have

/ (2.0)

(1.0)

SOLUTION It should be noted that fog exists, if range of g is a 
subset of domain of/and in that case the domain of fog is same 
as that ofg.

First we compute the range ofg.
We have, g (x) = 2 - | x |, when - 1 < x < 3

and, -1 < x < 3,
=> 1 < | x | < 3

-1>- |x| >-3

2-1>2- |x| >2-3

l>g(x)>-l

-l<g(x)<l

Range ofg = [- 1,1]
Clearly, range (g) is not a subset of domain of/. So, let us 

restrict the domain of g so that its range is contained in the 
domain of/. Thus,

If 0 <g (x) < 4, then

0<2- |x| <4

-2<- |x| <2

-2< |x| <2

=> -2<x<2
But, x should also be in the domain ofg i.e. -1 < x < 3.
Thus, range of g is contained in the domain of/, if we take 

[-1,2] as the domain ofg.
Now, for x e [-1,2], we have

fog W = fig W)
= /(2-|x|)

= -l+|2-|x|-2|

= -l+|x|

The graph of fog (x) is as shown in Fig. 4.13.

iy

h (0) = (- 2)1/3
lim h (x) * lim h (x).

x -> 0’ x ->0+

So, h (x) is not continuous at x = 0.
Continuity atx = yl2: We have,

lim h (x) = lim ^x2 -2 = ^2-2 = 0
x->V2" x-»^2"

lim h (x) = lim x = VT
x->V2 + x-»>/2 +

lim h (x) * lim h (x)
x-»VT" x->V2 +

So, h (x) is discontinuous at x = V2*.
Hence, points of discontinuity of h (x) are 0 and yl2.

EXAMPLE 28 Z//(x) = -l+|x-2|,0<X<4

g(x) = 2-|x| ,-l<x<3

then find fog (x) and gof (x). Draw a rough sketch of the graphs of 
fog (x) and gof(x). Discuss the continuity of fog (x) at x = 0.
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= 2-
[•.• /(x + y)=/(x)/(y)]

[v/(x) = l+g(x)G(x)]

(1.2) (3.2)
(0.2)

0

■••• lim/(x) =/(fl) = lim/(x)
y'

Hl =

••• /(*) = [x] + [-xJ =
1 , for |x| = 1

2n

and,

Thus,/(x) =

Fig. 4.14

EXAMPLE 29 Discuss the continuity of the function f (x) given by 
/(x) = [x] + [-x]

,for0<x<2 
, for 2 < x < 4

Now, let a be an arbitrary integer. Then, 

lim /(x) = lim /(fl-b) = lim-l = -1 
. , n~ Il 0 II —> 0

= f (a) [1 + 0 x a finite number)

= /(«)

Similarly, 

lim /(x) = /(fl)

1, x = (2n +1)
0, x * (2n +1), where n 6 Z

Clearly,/(x) is discontinuous at x = (2n +1), where n G Z.

•.•lim G (—h) exists 
h->0

-1<-1+|x-2| <1 for all xg [0,4] 

=> — 1 </(x) < 1 for all x e [0,4]

=> Range of/ = [-1,1] c [- 1,3] 

=> Range of/c domain of g.

So, gof exists for all x g [0,4].

Now, for any x g [0,4], we have

= jV(x))

= g(-l + ]x-2|)

at integer points.
SOLUTION We know that

fW = 0
lim /(x) = lim /(x) * /(fl) 

X -» fl’

= lim /(fl - b)
h -»0

= lim /(«)/(-b)
/i-»0

=/(fl) lim /(-b)
/i —> 0

=/(fl)lim [l+g(-b)G(-b)J 
h—>0

2n
• , then discuss its con-

lim
M —> °°

(0.1) 

x'

= /(fl) 1 + lim g (h) lim G (- b) 
h->0 h->0

2-|-l-(x-2)[ ,for0<x<2
, for 2 < x < 4

tinuityon [0,2].

SOLUTION We know that

EXAMPLE 31 If /(x) = lim pin — 
*-

________ _____ x

(1.0) (2.0) (3.0) (4.0)

— [x] , if x g Z
- [x] -1, if x 6 R - Z

0 ,ifxG Z
-1,ifxe Z

. 71X sin —
l,for sin^ =1

_ fO ,x * (2n + l)
1, x = (2n +1), where n g Z

lim /(x) = lim /(fl + b) = lim -1 = -1
. . ’ h -♦ 0 h -» 0

O,for siny- <1

" 2- |-l+x-2|

_|2-|l-x|
|2-|x-3|

The graph of y=gof (x) is as shown in Fig. 4.14. Clearly, it 
is continuous on [0,4],

y

=> /(x) is continuous at x = fl.

Since a is an arbitrary real number. Therefore,/(x) is con­
tinuous for all x g R. ‘

lim ?"= ?-!or!I!<1

So,/is discontinuous at x = fl.
Since a is an arbitrary integer. So, / is discontinuous at 

integer points.
EXAMPLE 30 // /(x + y) =f(x)/(y) for all x.yeR and
/(x) = 1 + g (x) G (x), where limg (x) = 0 and lim G (x) exists.

z-»0 x->0
Prove that f (x) is continuous for all xe R.

SOLUTION Let a be any real number. Then,

lim /(x)

nx
2
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EXERCISE 4.1

8. Determine/(0) so that.2

1. Let /(x) = /(*) =
0 sin

,x*0
2. If /(x) =

,x = 0A

11. Let/(x) =

/(*) = 1/2
0 , x = 0 ,x*0

/W =
1 ,x = 0

Discuss the continuity of/(x) at x = 0.

,x<0

,x = 013. Let/(x) = 3

,x>01 +/(x) =
,x = 0

= /(x)

then determine the function

i

,x*0,l

, x * 0x/(X) = ,x = 0
/(X) =

,x = 0,x = 13

atx = 0.atx = 0,1,

9

lim — (1 + cos x) 1 + cos -
«-»«■ 2” I “

7. Examine the continuity of

2 (x - x3) + | x - x31 
2(x-x3)- |x —x3|

1
3

ab
{1+ | COSX |) |cosx|

cot2x
e cot8x

{x log.flj log jl +x2 logt,fl2|

is everywhere continuous.
9. If /(x) = -1 + | x -11, g (x) = 2 - | x +11, find fog (x) and 
gof(x). Draw the graphs of go/(x) and fog (x) and discuss their 
continuity.

Find A in order that/(x) may be continuous at x = 0.
3. Prove that the function/(x) given by

/
2 - sin - I x I, x * 01 x

7

x , 0 < x < 1 
2-x ,l<x<2

If/(x) is continuous in (rm, (n +1) n), then find the values of 
fl and b.

Prove that/(x) is continuous atx = 0.

6. Let

Examine the continuity of/(x) at x = 0.
2 2cos x-sin x-1
Vx2 +1 -1

1 + COS----- r
2"'

fl (1 - x sin x) + b cos x 4- 5 
x2

7t
, rm < x < (2m +1) 2

71,x = (2n + l)^

,(2h + 1)^<x< (n + l)7t

' 2 • M nx sin - , x * 0
I x

. , x=0 •

is everywhere continuous.

-2sinx for x<-ti/2
4. Let/(x) = flsinx + b for -7i/2<x<7i/2 

cosx for x> jt/2

Find a and b so that/(x) is continuous for all x in its domain.

5. The function /(x) is defined as follows :

Vl + x - 3/1 +x n -- , x*0 x 
1
6

U k " 7

If/is continuous at x = 0, find the values of fl, b, c and d.
14. Discuss the continuity of the function

(1 + sin x)” + log x
/(x) = lim ------------ :---- —

n—»oo 2 + (1 + sinx)

15. Discuss the continuity of the function/(x) given by

[x] + Vx - [x], x > 0
sinx ,x<0

x3
10. Show that the function/(x) = y-sinTtx+ 3 takes the 

value 7/3 within the interval [- 2,2].

>+^-«andg(x) =
x -1, x > 0

Discuss the continuity of gof (x).
12. If

16. Let/(x) = {I**' 2<J^3 and g =/o/. Draw the graph of 

g (x) and find the points of discontinuity of g, if any.

17. If/(x) =

g (x) -f(f (x)) and check its continuity.

18. Discuss the continuity of

e'/x + e-Vr

0

(x-l)1/3,x<0
(x + l)1/2,x>0

( j 3W/X ex + dx
x2

1
- 2"
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19. Let/(x) = [x] sin . Find the domain of/(x) and the

/(x) l<x<l
zx*0

20. If /(x) =
C ,x = 0

21. Let /(x) =

/(*) =

23. Find the points of discontinuity of/(x) =

28- /(x) andg(x) =

g(x) = Find/(x) +g (x), draw its graph and discuss its continuity.

ANSWERS

20. A = -2, B = -4, C = 2

7. Discontinuous at x = 0,1

26. Discontinuous at x = 1.2 -

28./(x)+g(x) =

17. Continuous on [0,2]

for 2nn<x<(2n + l)n1

14. /(x) = for x = (2n +1) it, 2nit)

for (2n +1) it < x < (2n + 2) it
11- go/(x)

= 1/(1 + x),0<x<216. g(x) = /(f(x))

23. Integer points
25. Continuous on [-1,1]

,x<l
,l<x<2
,x>2

|f(3-x)z2<x<3

/(l + x)z0<x<l
= /(l + x),l<x<2

/(3-x)z2<x<3

|x| +1 ,x<l
- |x —2| ,x>l ’

zx< —1
,-l<x<0
,0<x<l
, 1 <x<2
zx>2

1. /(x) is continuous at x = 0
4. a = -1, b = 1

-2x 
2 

l+2x 
2x-2

2

• Discontinuous at x = 0,1.

ax-b 
3x 

bx2-a

1
x - [x]'

71
[x + U

points of discontinuity of/(x) in its domain. Here, [•] denotes 
the greatest integer function.

4 + sin 2x + A sin x + B cos x
x2

_||x + l| zx<0
| x ,x>0

24. If/(x) = cos x and
min (f (f): 0 < t < x, 0 < x < 7t) 
sinx-1 , x>7i

If/ (x) is continuous at x = 1 but not at x = 2, prove that the 
locus of point (a, b) is a straight line excluding the point where 
it cuts the line y = 3.

1 + log x
3

1,
2 10&x

2. -4
6. a = b = 2
8. |logefl

9. fog and gof are everywhere continuous
11. Not continuous at x = -1,0z 1
12. Continuous at x = 0
13. a = -1,b = -4,c=0zd = loge3
14. Continuous for all x g R except at multiples of n.
15. Everywhere continuous.
16. x = 1,2
18. Continous
19. Domain = (-<»,-1) u [0, ~)

Set of point of discontinuity = !-(-!)

Discuss the continuity ofg (x) in [0z

25. Draw the graph of the function

= x- |x — x2|, -

and discuss its continuity in [-1,1].

26. Find the points of discontinuity of the composite function
1.1 y = ~;-------- > where u = —-

ir + u-2 x-1
27. Let/(x) be a function defined by

21- "7764
24. Everywhere continuous.

HINTS TO SELECTED PROBLEMS

10. /(x) is continuous and 7/3 g (f(—2)z/(2)]. Since a con­
tinuous function attains every value between its maximum and 
minimum values. Therefore, there exists a point c g (-2,2) 
such that/(c) = 7/3 .

= [g(l+x3),x<0
’ g(x2-l),x>0

(l+x3-!)173 , when x<-l
(l+x3 + l)1>/2 , when-l<x<0
(x2-!-!)1^3 , when 0<x<l
(x2-1 +1)1/2 , when- x>l

is continuous at x = 0, find A, B and C.

1-sinx log sin x
*> • n o t * 71/

(7t - 2xy log (1 + 7T - 4tix + 4X2)
What value be assigned to function/(x) at x = ti/2 in order 

that it may be continuous at x = tx/2 ?

22. Show that / (x) = [tan x] is continous at x = 0. [•] denotes 
the greatest integer function.

1
2
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the function y = y(u) = is discontinuous at

u = l,-2.

— □□□ —

exists finitely I

P(c,f(c)) .
x' X

The limit lim
Fig. 4.15

-h

and, Slope of chord PR =

<=> lim
h —> 0

(c+h,f(c+h))

Jr

or, lim 
h->o

<=> 6 * 4b-a
Hence, the locus of (a, b) is x - y = 3, given that 4y - x * 6

f(c + h)-f(c) 
h

We know that tangent to a curve at a point P (say) is the 
limiting position of chord PQ when Q tends to P. Therefore as 
h->0, points Q and R both tend to P from left hand and right 
hand sides respectively. Consequently, chords PQ and PR 
become tangent(s) at point P.
Thus,

(c-h.f(c-h))
-

<=> lim

and there are no holes and jumps in the graph of the function 
in the neighbourhood of point x = a. Now a natural question 
arises: What do we mean when we say that a function /(x) is 
differentiable at a point x = c? In the following discussion we 
shall try to answer this question.

Consider the function /(x) defined on an open interval 
(a,b). Let P(c,/(c)) be a point on the curve y=/(x), and let 
Q (c-h,f(c -h)), and R (c + h,f(c + li)) be two neighbouring 
points on the left and right hand sides respectively of point P 
as shown in Fig. 4.15. Then

y

|

°!

<=> a - b = 3
(f (x) is not continuous at x = 2)

<=> lim /(x)#lim/(x)
,v-»2” x-»2‘

f(c-/i)-/~(c) 
-h

f&-f(c)
x-c

x-c

Slope of chord PQ

27. (f (x) is continuous at x = 1)

« lim /(x) = /(I) = lim /(x) 
x-2' .v—>2

f(c-h)-f(c) 
-h

26. The function u = u (x) = —- is discontinuous at x = 1 and x —1
1

u2 +u - 2

When 11 = 1, we have x = 2 and 11 = - 2 => x = Hence, the 

composite function is discontinuous at x = 1,2 and |

l + (l+x),0<x<l 
= 3-(l+x),l <x<2

l + (3-x),2<x<3
17- =/(/w)

f/(x) ,0<x<l
|/(2-x),l <x<2

_ fx ,0<x<l
2-x, 1 <x<2

♦
is called the left hand derivative of/(x) at x = c and is denoted
byf'(c~) or, L/'(c), while lim or, lim + -^c- is

x-»c+ X~C 1
called the right hand derivative off(x) at x-c and is denoted 
by/'(c+) or, R/'(c).

Thus,/(x) is differentiable at x = c«L//(c) = R/'(c). If 
L/'(c) * Rf'(c), we say that/(x) is not differentiable at x = c.
MEANING OF DIFFERENTIABILITY OF A FUNCTION AT A POINT

As we have seen that if a function/(x) is continuous at a 
point x = a (say), then its graph is an unbroken curve at x = a

I

,. /’(.r)-/’(c) 
= lim+ x-c 
x-*c

4.6 DIFFERENTIABILITY AT A POINT
Let f(x) be a real valued function defined on an open interval (a, 
b) and let c e (a, b). Then f(x) is said to be differentiable or deriv­

able at x = c, iff lim exists finitely.
x-tc x~c

This limit is called the derivative or differential coefficient 
of the function/(x) at x = c, and is denoted by f' (c) or D/(c) or 
( d .. J
\ Jx = c

Thus,/(x) is differentiable at x = c

X —> C JV — C

= lim 
h->0 h
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(I)

cLet = /'(c)

Now,

lim/(x) = lim (x-c)+/(c)

(x-c) +/(c)

= lim

[Using; (i

0-/1-0

-h

linr 
/1 —>0

= limJ
h->0

= limJ
h —> 0

. lim (x-c)+/(c) 
x->c

= lim (slope of chord PQ) 
h-»0

ILLUSTRATION 1 Show that ffx) = | x | is not differentiable i 
x = 0.
SOLUTION We have,

(LHD at x = 0)

= lim (slope of chord PQ)
Q-4P

= Slope of the tangent at point P, which is the limiting 
position of the chords drawn on the left hand side of 
point P.

and,

= lim- 
h —> 0

lim'W
x —> c % ~

In order to prove that/(x) is continuous at x = c, it is suf
cient to show that lim/(x) =/(c).

x-»c

<=> Slope of the tangent at point P, which is limiting posi­
tion of the chords drawn on the left hand side of P is 
same as the slope of the tangent at point P, which is 
the limiting position of the chords drawn on the right 
hand side of P

<=> There is a unique tangent at point P.
Thus, ffx) is differentiable at point P, iff there exists a unique 

tangent at point P. In other words, ffx) is differentiable at a point P 
iff the curve does not have Paso comer point.

Consider the function ffx) = | x |. This function is not dif- ( 
ferentiable at x = 0, because if we draw tangent at the origin as 
the limiting position of the chords on the left hand side of the 
origin, it is the line y = - x whereas the tangent at the origin as 
the limiting position of the chords on the right hand side of the 
origin is the line y = x. Mathematically, left hand derivative at 
the origin is -1 (slope of the line y = - x) and the right hand 
derivative at the origin is 1 (slope of the line y = x).

Let ffx) be a differentiable function at a point P. Then the 
curve y = ffx) has a unique tangent at P. Since tangent at P is 
the limiting position of the chord PQ when Q -» P. So, if ffx) is 
differentiable at a point P, then chords exist on both sides of 
point P. This means that the curve exists on both sides of P. 
Consequently ffx) is continuous at P.

It follozos from the above discussion that, if a function is not 
differentiable atx = c, then either it has (c,ffc)) as a corner point or 
it is discontinuous atx=c.

Also, every differentiable function is continuous.

= /V)xO+/(c)

= ffc)
Hence, ffx) is continuous at x = c.

= lim (Slope of chord PR) 
h ->0

= lim (slope of chord PR) 
R-*P

f(c + h)-f(c)
> h

Q.E.I

CONVERSE The converse of the above theorem is not necessaril 
true i.e., a function may be continuous at a point but may not I 
differentiable at that point because ffx) = | x | is continuous i 
x = 0 but it is not differentiable atx = 0 (See illustration 1 below..)

x-c

f(x)-f(cff
x-c

RELATION BETWEEN CONTINUITY AND DIFFERENTIABILITY

In the above discussion, we have observed that if a function 
differentiable at a point, then it should be continuous at tl 
point and a discontinuous function cannot be differentiate 
This fact is proved in the following theorem.
THEOREM If a function is differentiable at a point, it is necesstart 
continuous at that point. But the converse is not necessarily trwe.

OR
ffx) is differentiable atx = c =>/(x) is continuous atx = c.

■ PROOF Let a function ffx) be differentiable at x = c. Then, 
~/(c) exists finitely.

Y —r X C

= limM
_ x-0 

x-»0

Il-40 ~'1

= Slope of the tangent at point P, which is the limiting position 
of the chords drawn on the right hand side of point P (II)

Now,/(x) is differentiable at x = c.

h -> 0 ~h h —♦ 0 11

h | - | 0 
-h

= lim

7(x)-/(c) 
x-c
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/W =
0

,2

fa) = is differentiable at x = 0 and f'(0) = 0.
0

SOLUTION We have, = lim

= lim

-h
-h

/i -»0

(RHDatx = 0)

f) + h)-f(O' 
h

'-/t)-0
-h

\Q + h)-f(O\ 
0 + h-0

;h)-/(o;
h

h

= limJ
h -> 0

(LHD at x = 0) does not exist.

Similarly, it can be shown that RHD at x = 0 does not exist. 
Hence,/(x) is not differentiable at x = 0.

= lim h sin 
h —> o

= limJ
h->0

= limJ
h-)0

= limJ
H -»0

= limJ
h-*0

= -lim sin 7
h—> 0

able at x = 0.
SOLUTION For the continuity of the function refer Example 1 
on page 4.4.
Now,

(LHDatx = 0)

fW-AQ)
. x-0

(LHDatx = 0)

/W-AO) 
. x-0

4.7 DIFFERENTIABILITY IN A SET
A function /(x) defined on an open interval (a, b) is said to be 
differentiable or derivable in open interval (a, b) if it is differentiable 
at each point of (a, b).

- -h
-h

-h sin —

= lim­
it->0

(—h)2sin

= lim-
/i-»o

|T|
h\ /

= 0 x (an oscillating number between -1 and 1)

= 0

rn
h

= (a number which oscillates between -1 and 1)

(LHDatx = 0) = (RHDatx = 0) = 0.

So,/(x) is differentiable at x = 0 and/'(0) = 0.
ILLUSTRATION 3 Show that the function 

. 1xsin-, whenx^O
X is continuous but not differenti-

, whenx = 0

h2 sin 17I-O
= lim-

/t-»0

= lim h sin 7
h

= 0 x (an oscillating number between -1 and 1)

= 0

-lim±*_Lz_10_L
ti-»0 h

= lim ~ = lim 1 = 1

(LHDatx = 0) * (RHDatx = 0).
So,/(x) is not differentiable at x = 0.

ILLUSTRATION 2 Show that the function 
x2sin - , ifx;t0 

x

, if x = 0

x->o+ X’°

and,
(RHD at x = 0)

,-.0’ X'°

/i^o

= lim AQ - -AQ2 
h-?o o-^-o

=linvfc« 
h-+0 ~h

= lim ~ = lim-l=-l, 
/i->0 /i->o

i- l-ft I = lim -*——L 
h-»0 ~h

1
lb 
h
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SOME STANDARD RESULTS ON DIFFERENTIABILITY

RESULT I

both exist.

ILLUSTRATIVE EXAMPLES

, x + 0xEXAMPLE 1 Let f (x) =

(LHDatx = 0) * (RHDatx = 0)

(LHDatx = 0)

= lim

-h -0

(LHDatx = 2) = y-(2-x)= -1.

.2(RHDatx = 2) = ~(-2 + 3x-x‘
(RHDatx = 0) x = 2

-0h

x-0
= liirr

1-4 0’

So,/(x) is not differentiable at x = 0.

EXAMPLE 2 Show that the function f (x) defined by

A function f is said to be a differentiable function if it is 
differentiable at every point of its domain.

If a function is differentiable at each x e R, then it is said to 
be everywhere differentiable.

For example, a constant function, a polynomial function, 
sin x, cos x etc. are everywhere differentiable.

= lim ■
/i->0

= lim 
h -»0

and,

If f is derivable in the open interval (a, b) and also at the end 
points a and b, then f is said to be derivable in the closed interval 
In, N-

>)-f(0)
x-0

= lim-
h -4 0

x for x < 1
f (x) = 2 - x for 1 < x < 2 

-2 + 3x-x2 for x>2

« (3-2x)x=I

= 3-4 = -1
(LHDatx = 2) = (RHDatx = 2) 

So,/(x) is differentiable at x = 2. 
Differentiability atx = l.

Vie have,

is differentiable atx = 2 but not atx = l.

SOLUTION Differentiability atx = 2. 

We have,

_e-Vx 

+ e-1/x 
0

= -1.
x = 2

= 1 
x = l

, x = 0

Show thatf (x) is not differentiable at x = 0.

SOLUTION We have,

eI7x 
pl/X = lim

/i —> o ^1 + e

= ^ = 1 
1+0

'e}/h

V

>2//i

/
-h

+ 1

(LHDatx = l)= £(x)
~7i

,-2/h ■
/

= -/(0)
h-o h

'e~17/1

Every polynomial function is differentiable at each 
xe R.

RESULT H The exponential function ax, a >'0 is differentiable 
each xe R.

RESULT III Every constant function is differentiable at each x e R-
RESULTIV The logarithmic function is differentiable at each point in it: 

domian.
RESULT V T rigonometric and inverse-trigonometric functions an 

differentiable in their domains.
RESULT VI The sum, difference, product and quotient of twc 

differentiable functions is differentiable.
RESULT VII The composition of differentiablefunction isadifferentiabh 

function.

A function/(x) defined on [n, b] is said to be differentiable 
or derivable at the end points a and b if it is differentiable from 
the right at a and from the left at b. In other words 

ta&^and BmM 
+ x-a  x-b

X -4 fl x -4 b

= lhn/(On-'?~/n(O> 
h-to 0-/i- 0

d
dx

d
dx
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SOLUTION We have,

-x , ifx>0,x^l

/(*) = f

EXAMPLE 3 Letf(x) =

= lim

X

- h - sin (-1)
and,

- h + sin 1
=> b = 0 and 2 = 9p + 3<? + 2

,2 + h - sin 1(i)

Now,/(x) is not differentiable at x = 1

=> (LHDatx = l) * (RHDatx = l) sin -sin 1

+ 2 sin=>
X = 1

=> (o(2x-l)]

=> a 1.

sin cos

•••(ii)=> h

cos

2 (h + 1)

= 2 sin 1 +1 - 2
EXAMPLE 4 I//(x)

Find the set of points where f(x) is not differentiable. (RHDatx = 0)

;o-h)-/(o)
-h

=> b = 0 and 9p + 3q = 0

=> b = 0 and 3p + q = 0

limx-1 = lim px2 + qx + 2 
x->3 x-»3

= lim h sin 
h-»0

= 2 sin 1 + 1 + 2 lim 
h->0

=> limax(x-l) + b = limx-1 
X —> 1 x-»l

, X#1

, X = 1

= limJ
h->0

_ (x-l)2sin|—y - |x|
-1 1 J

-h
2 (h +1)

-h-1

-h

h + 2
2 (h + 1)

h + 2 
2(h + l)

' 1 
h +1

= Ox sin 1 + 2 sin 1 + 1

f 1
h + 1\____ )_

h

-h
2 (h + 1)

-h
2(h + l) *

( 1 ) 
x-1

2 sin

+ lim------
h->0

' 1 '
h+1 

k /

Clearly, it is continuous and differentiable for all x except 
at x = 0 and x = 1. So, we check the differentiability at x = 0 
and 1.
Now,

(LHDatx = 0)

x-1 
k /

+ x , if x < 0

, if x = l

lim/(x) = lim/(x) =/(l) and lim/(x) = lim/(x) = /(3)
x-»l" x-»l+ x-»3” x-»3+

h + 1
X____L

h

(h + 1)'1 + 1
2

= -1 
x = l

Clearly, (LHD at x = 1) * (RHD at x = 1)

So,/(x) is not differentiable at x = 1.
ax (x -1) + b , x < 1 

x-1 ,1<x<3 
px2 + qx + 2 , x>3

Find the values of the constants a, b, p and q so that
(i) f(x) is continuous for all x.

(ii) f (x) is not differentiable at x = 1
(Hi) f' (x) is continuous atx = 3.

SOLUTION It is given that/(x) is everywhere continuous. So, 
it is continuous at x = 1 and x = 3.

Hence, fl£l, b = 0, p = | and q = -1.

(-h-1)2 sin

= lim----------------
h->0

- (h2 + 2h +1) sin

= lim-
h->0

(x -1)2 sin

-1

(x-1)2 sin

(RHDatx=l) = 4(2-x) 
dx

~{ax(x-l) + b} 
Jx = l

d , - <
# — (x-1) 

dx

1 = 6p + q
Solving (i) and (ii), we get 

p = - and q = -1.
sin

= 2 sin 1 + 1- 2 lim — 
h-+0

• (hz + 2h + l)sin

= lim--------------------
h->0

[x)-f(0\ 
x-0

1 cos

h

lx = l* 1

cos r
2 

/
= 2 sin 1 +1 - cos 1.

f 1
h + 1\ /

-h

It is given that/' (x) is continuous at x = 3. 

lim 1 = lim (2px + q)

\h +1)"1 -1

2
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-(l+h)-(-1)

-h
-h- sin (-1)

h

cos
1

EXAMPLE 5 /(x) =h

COS^

[IIT19971
x 2 (h -1)

SOLUTION (i) We have,
= 2 sin 1 -1 - cos 1.

Now,

(LHDatx = l)

= lim

-(l-h)-(-i)

and,

(RHDatx = 1) = 0x0 = 0

and, /(0) = 0 [Given]

Thus,/(x) is continuous at x = 0.

/
1 + 1-

test whether
(a) f (x) is continuous at x = 0
(b) f (x) is differentiable at x = 0.

= lim /(-h) 
h-»0

= lim (- h) e 
h-tO

= lim he
/i ->0

= lim h sin ;—- - 2 sin 
h-»0 U1"1

= lim/(0-h) 
h-»0

= lim f(h) 
h->Q

lim /(x) = /(0) = lim /(x) 
x->0~ x->0+

= lim-
h->0

= lim /(0 + h) 
h 0

lim /(x)

= lim (-h)e0 = 0x1 = 0
h-»0

lim /(x)
r->0+

xe 
0

,x*0 
,x = 0

= lim ■
h ->r

_f_L+l
IO

11____ 1_
" I |-h| +-h

1 
-1
~h

h-2
2 (h-1)

1
1+h-l
1+h-l

__ h___
2 (h-1) 

h
2 (h-1)

1 
h-1

m
h-1

X____ /

/(x)-f(l)
x- 1

(h-1)2 sin -

= lim------------
h-»0

2 sin
= 2 sin 1 -1 + lim-----

h-»0

(1-h-I)2 sin

= lim-----------------
/i -> 0

Clearly, (LHD at x = 0) * (RHDatx = 0). 
So,/(x) is not differentiable at x = 0.

(LHDatx = l) = (RHDatx = l)
So,/(x) is differentiable at x = 1.
Hence,/(x) is differentiable for all x, except at x = 0.

l|x| x

= lim h sin 7 -1 = -1
»0

=' lim h sin 7 - 1 = -1 
A-»0

1 ) 
h-1
2

1 ' 
h-1 
2

sin

= 2 sin 1 -1 + lim 2 — 
/i->0

1
1-/1-1X______

-h

sin 1 + sin
-1 +

r
(1+h-1)2sin ■

= lim---------------------
h-»0

- /12 sin 7 -1 + h +1
= lim-------- i-r--------

h ->0

h->0

X-l

,2 • fl' h sm 7 
h

_____ \ <
, h

= lim he~2h 
h-^0

x-°
/1-»O 11

/(l-h)-f(l)
= lim-Li-—7—!-i-i 

h 0

1
h-1

h 
k /
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/(|x|) = |x| -2forxe [—3,3]

£(*)=/(|x|)+l/(x)|

-he

= lim = -1

= 0

he
h

= lim
(LHDatx = 0)*(RHDatx = 0)

So,/(x) is not differentiable at x = 0. = lim

EXAMPLE 6 Let f (x) =

= limSOLUTION We have,

fW = = lim

l/WI - j|

-h

(h 
h

(ii) We have, 
(LHDatx = 0)

Since xe [-3,3].Therefore, |x| e [0,3].
Thus,

= lim
h ->o

= lim
h-»0

= lim
h —> 0

and, g (x) = /(| x |) + |/(x) |. Test the differentiability ofg (x) in 
the interval [- 3,3].

= lim
/»—> o

= lim
/i -»0

= lim 
h-»0

= lim

= lim 2
x-»2

= 2.
/. (LHD at x = 2) * (RHD at x = 2) 
Hence, g (x) is not differentiable at x = 2.

-x-2+2 = — x 
= x-2 + (-x + 2) = 0

= lim 
x-»0+

0 + h-0

0-(2x2-4)
x-2

2x-4-(2x2-4)
x-2

= 0
and,
(RHD at x = 2)

x-2

1 1

~i

and,
(RHDatx = 0)

g(x)-g(0) 
x-0

= lim
• x->0

(LHD at x = 0) * (RHD at x = 0)
So, g (x) is not differentiable at x = 0.

Differentiability at x = 2
(LHD at x = 2)

g(x)-g(2)
x-2

Clearly, g (x), being a polynomial or a constant function, is 
differentiable on (- 3,0) u (0,2) u (2,3). So, the only possible 
points where g (x) may not be differentiable are x = 0 and 
x = 2.
Differentiability at x = 0 We have,
(LHDatx = 0)

£(x)-£(0)
x-0

1 1

for -3<x<0 
for 0 < x < 2 

X-2 + X-2 = 2x-4 for 2<x<3

= lim e~2/h = 0 
h-»0

-x-2 for -3<x<0
x-2 for 0<x<3

-2 for -3<x<0 
x-2 for 0 < x < 3

f)-h)-f(O\
0-h-0

= lim e° = 1
/i->0 

and, 
(RHD atx = 0)

f(x)-/-(0) 
x-0

:x)-/(o:
x-0

|-2 I for -3<x<0 
x-2] for 0<x<3

_[1_1
= lim e ’’ 

h-+0

2 . for-3<x<0
= - (x - 2) for 0 < x < 2 

x-2 for2<x<3

-2 for -3<x<0 
x-2 for 0<x<3

= lim

-x-0 
x

- lim 
r->0+

0-0
X
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EXAMPLE 8 Letfix) =

[IIT1997]

and,

= lim

exists finitely.-1

/(x) =

= lim = -1

and,

lim fix) * lim fix)
- ~ +

= 0 x (an oscillating number) - 0 

= /(0)
So, fix) is continuous at x = 0. 

Now,

Hence,/(x) is continuous at x = 1.
Now,

lim /'(x) 
x->0

lim fix) 
x-»0

= lim 
x-»0

/. (LHD at x = 1) = (RHD at x = 1)

So, fix) is differentiable at x = 1.

Continuity and differentiability atx = 2: We have,

lim /(x) = lim (l-x)(2-x) = (l-2)(2-2) = 0 = lim
x-»0

lim
x->0

Hence,/(x) is differentiable at x = 0.
Now,

lim fix) = lim (3-x) = 3-2 = 1
x-»2* x-»2+

= lim •
X-41*

/(l) = (1-1) (2-1) = 0

Um fix) = Um fix) = / (I)

lim /(x) = Um (1-x)(2-x) = (l - 1) (2 -1) = 0 
x-»r x-»i+

(l-x) (2-x)-0
• x-1

(RHD) at x = 1) 

f(x)-fiV) 
x-1

f(x)-f(O) 
x-0

(LHD at x = 1)

f(x)-f(l) 
x-1

1 . q
X '

,x = 0

Therefore, /(x) is not continuous at x = 2 and hence not 
differentiable also.

x2 sin - - 0 
x

x-0

1-cos - 
X

x2sin-,x # 0
x

0 , x = 0
Examine the continuity and differentiability of fix) and f'ix) •
x = 0.
SOLUTION We have,

2xsin~x

=> f'ix) =

EXAMPLE 7 Determine the values of x for which the following 
function fails to be continuous or differentiable 

l-x ,x < 1
fix) = (1-x) (2-x), 1 <x<2 

3 - x , x > 2
SOLUTION Clearly,/(x) being a polynomial function, is con­
tinuous and differentiable on (- 1) u (1,2) u (2,«>). Thus, 
the possible points of non-continuity and non-differentiability 
of/(x) arex = l,x = 2.
Continuity and differentiability: at x = 1 We have,

Um fix) = Um l-x = l- l= 0

x2 sin -, x * 0
x

0 ,x = 0

= lim x sin ~
x->0 x

= 0 x (an osciUating number)
= 0

1 1= lim 2xsin--lim cos-
x->0 x x->0 x

= 0 - (An oscillating number which oscillates between -1 
and 1)

=> lim /'(x) does not exist.
x—>0

Therefore, /' (x) is not continuous at x = 0 and hence nc 
differentiable also.

2x sin - - cos -, x * 0

0

x->0 *-0

= lim!k^o =
.. x ~ 1

= lim x2sin- 
x-»0 x

1
x
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EXAMPLE 9 Let f[x) -

1

(0

=> lim

=> lim=>

must exist finitely
a lim

=>
x-11-x

=> m>\.

...(ii)=> 3a = —+ ax3 + b, forO<x<l

/(*) =

Discuss the continuity off and/'./M =
SOLUTION We have,

lim f(x) = lim x = 1

fix) is continuous at x = 1

and, /(I) = 1

x-1 
x + 1

Since/(x) is differentiable in [0,2]. So, it is continuous and 
differentiable at x = 1 also.

Now,

, forO<x<l 
x, for 1 < x < 2

lim 
x->0

lim a 
x -»1" V

+ lim 
x->l+

lim fix) = lim-x2 + 2x = -l+2 = l 
x-»l*

f(x)-f(0) 
x-0

= lim 
x-»l*

= lim

?-l
x-1

1 - COS 71 (1 - x) 
1-X

2 ]K(1 -X)
2

x-1 
x + 1

(ax3 + b)-ja + b) 
x-1

x-1 
x + 1

ftf-fiV)
x-1

fx3-!^ 
x-1 /

x"’sin--0
must exist finitely.

=> in > 0
Thus,/(x) is continuous at x = 0, if m e (0, °°).
(ii) Iff (x) is differentiable at x = 0, then

=> lim 
x->0

Find the set of values of infor which
(i) f (x) is continuous at x = 0
(ii) f (x) is differentiable atx = 0
(Hi) f (x) is continuous but not differentiable at x = 0.
SOLUTION (i) For f(x) to be continuous at x = 0, we must 
have

lim fix) = /(0)
x-»0

3a = lim 2 
x-f

=> 3a = 2 x 0 + lim 
x-»r

i
Xx+1

lim x"'sin- = 0 
n ->0 x

ax’ + b
2 cosK x + tan-1

sin must exist finitely

tan-1

. tan-1

+ lim

=> a + b ~ -2 + 74.
Since fix) is differentiable at x = 1

(LHD at x = 1) = (RHD at x = 1)

xmsin- ,x * 0

=> lim fix) = lim fix) = /(l)
x->r x->r

=> a + b = 2 cos 7t + tan-1

=> lim ax3 + b = lim 2 cos n x + tan 1 x = a + b 
x-»r x-»f

2 cos 7t x + tan-1 x + 2 - 7t/4 
x-1

2 sin'

=> 3a = 2 lim------

2 cos 7t x + tan 1 x - (a + b) 
x-1

lim
■ X-1 X—>1

Thus,/(x) is differentiable at x = 0, if me (1,«>).
(iii) From (i) and (ii), we find that/(x) will be continuous 

but not differntiable at x = 0, if 
m>0 and m<l => me (0,1]

sin [x2] 7t 
EXAMPLE 10 If fix) = ?-3x-18

2 cos Ttr + tan-1 x , for 1 < x < 2 

differentiable function in [0, 2], find a and b. Here, [x] denotes the 
greatest integer less than or equal to x.
SOLUTION Since [x2] n is an integral multiple of 71 for 
0 < x < 1. Therefore, sin [x2] 7t = 0. Hence,

1_ _ 2

Solving (i) and (ii), we get

1 ,. « 13a = - and b = - - —6 4 6
EXAMPLE 11 Let f (x) be a function defined by 

x ,for x < 1 
- x2 + 2x, for x > 1

[Using (i)]

 2 (1 + cos 7t x) + (tan-1 x - 7t/4)
"x-»l+

=> lim x'n “1 
x-»0
m -1 > 0

tan-1 x - tan 11 
x-1

1
x 

x
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(RHDatx = 1)

x->l/2"

= lim (x-1) = 0

/'(x) =

Now, /

lim f\x) = lim 1 = 1

EXAMPLE 13 Let /(x) =

EXAMPLE 12 Let f (X)

/(*) =

1

So,/(x) is continuous at x = 1.

Now,

= lim
x-»l/2"

= lim 
x-»l/2~

= lim 
x->l/2+

= lim 
x-»l/2+

= lim 
x-»f

lim/(x) = lim/(x) =/(l)

( 1^1
= lim 4 x + — = 4 
x-»l/2+ I 2 J

= lim 
x-»l+

and,

lim /'(x) = lim (-2x + 2) = -2 + 2 = 0 
x-»f x-»l*

/. lim /'(x) * lim /'(x)
x-»l" x-»l+

- x2 + 2x - 1
x-1

(LHDatx = 1) 
f(x)-/(l) 

x-1

n
2/

Clearly,/(x) being a polynomial function, is differentiable 
on (0,1/2) u (1/2,1) u (1,2). So, the possible points of non­
differentiability are x = 1/2,1.

(RHDat x = l/2)

/(x)-/(l/2) 
1

x~2

4?-l
1

X~2

Differentiability atx = 2/2: 

(LHDatx = 1/2) 

f(x)-f(l/2) 
1

X'2

l-4?-0 
1

X-2

■HiL zJo

-(x-1)2 
x-1

( 1>LHDatx = | * RHDatx =

So,/(x) is not differentiable at x = 1/2.

Similarly,/(x) is not differentiable at x = 1.

Hence, /(x) is differentiable in (0,2) except at x = 1/2,1. 
x
f (5+ |l-f|)dt,ifx>2
o
5x + l , ifx<2

Test f (x) for continuity and differentiability for all real x. 
SOLUTION For x > 2, we have

x
= f 15+ii-fii* 

0
1 x

= J (5 + (l-t))dl + J (5-(l-0|df
0 .1
1 x

= J(6-f)df + j(4 + f)df
0 1

= lim - 4 x + |j = -4
< J

= lim

i- x-1 .= hm ---- t = 1.x-1

Hence,/'(x) is not continuous at x = 1,

11 -4x21 ,0<x<l
[x2-2x] ,l<x<2

Then discuss the differentiability off (x) in (0, 2). Here, [•] denotes 
the greatest integer function.

SOLUTION We have,
11 -4X21 ,0<x<l 
[x2 - 2x] , 1 < x < 2 

1-4x2,0<x<| 

4x2-1,|<x<1 

-1 ,l<x<2

(LHDat x = 1) * (RHDat x = 1) 
So,/(x) is not differentiable at x = 1.

1 , for x < 1
,- 2x + 2, for x > 1

t2 
+ 4t + ~

1
2
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g(x)
/(*) =

[IIT1985]

f(x) is increasing for all x e R=>

=>

g(x)
and,

= lim
and,

= lim = 5

and,

(RHDatx = 2)

= lim

= lim

x-2 = lim

= lim = lim x2 + l = 2

= 6

Disc < 0 and
Coeff of x2 > 0

= lim
x->2

So, g (x) is continuous at x = 1. 
Differentiability atx = l: We have, 
(LHDatx = 1)

g(x)-/(l)
x-1

g(l) = l-l+l+l = 2

lim g (x) = g (1) = lim* g (x)

and,
(RHDatx = l

g(x)-/(l) 
x-1

x-2

= lim 
x->2+

f(2) = 5x2 + 1 = 11.

lim /(x) = lim /(x) = /(2)
->2~ x-»2*

= lim 
x-»2+

= lim 
x-H+

x + 10
2

(x + 10) (x-2)
2 (x-2)

5x + l-ll 
x-2

x3 - x2 + x -1 
x-1

Hence,/(x) is continuous at x = 2.

Differentiability at x = 2 : We have,
(LHDatx = 2)

/•(x)-f(2)
x-2

• lim g(x) = lim 3-x = 3-1 = 2 
x-h* x->r

(LHDatx = 2) * (RHDatx = 2)
Hence,/(x) is not differentiable at x = 2.

EXAMPLE 14 Letf(x) = x3 - x2 + x +1 and

_ \max[f(t);Q<t<,x;forQ<x<l} 
3-x for 1 < x < 2

max /(t) | 0 < t < x} = /(x)

_ ,/(x) = x3-x2 + x + l, forO<x<l
[3-x , for 1 <x<2

Clearly, g (x) being a polynomial function is continuous 
and differentiable on (0,1) U (1,2). So, we check its continuity 
and differentiability at x = 1.
Continuity at x = l: We have,

lim g(x) = lim x3-x2 + x + l = l- l + l+ l=2

Discuss the continuity and differentiability of the function g (x) in 
the interval (0,2).
SOLUTION We have,

/(x) = x3 — x2 + x +1

/'(x) =-3x2 - -2x +1 > 0 for all x

x2 + 8x - 20
2 (x-2)

x2
lim /(x) = lim y + 4x + l = 11

x2
y + 4x+l,x>2

5x +1 , x < 2

Clearly,/(x) being a polynomial function is continuous for 
all x > 2 and for all x < 2. So, we test/(x) for continuity and 
differentiability at x = 2.
Continuity atx = 2: We have,

lim /(x) = lim 5x + l = 11

x2
y + 4x+l-ll

= lim

11 , ^x2 9
= T+4i+T-2

X2
= — + 4x +1

= lim ; 
x^2-.

5(x-2) 
x-2
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(LHDatx = 0) = lim

x

/(*) = y=3-x

y
1+X

-X

x' y=o x
/« =0

3-x

Z(-i.o)
y-1+x

•32’2 
0.1).. I.

y'
Fig. 4.16

(ii) Clearly, f (x) is continuous and differentiable for all 
x < 0 and also for x > 0.

(RHDatx = 0) = lim 
x->0+

(LHDatx = 0) = (RHDatx = 0)
So,/(x) is differentiable at x = 0.
Hence,/(x) is everywhere continuous and differentiable.

EXAMPLE 16 If /(x) = min ||x|, |x — 21 ,2- |x-l| ), draw 
the graph off (x) and discuss its continuity and differentiability.

[IIT19951
SOLUTION The graph of the function/(x) is shown in Fig. 
4.17. We observe from the graph of/(x) that

y

f(x)-f(0) _ 
x-0

,./v
(1.2)

’>

3-.V-2 
x-1

y=2x2

2x2-0 _ n
lim--------- = 0
:->0+ X

x = 2t - 1t1 and y = t2 + t 1t1, t g R
CASE I WhentcO

y' *

Fig. 4.17

It is evident from the graph that/(x) is everywhere con­
tinuous. The continuity at x = -1 /2,0, ~, 1,2 and 5/2 can also 
be verified algebraically also. We also obseive from the graph

Now, we check these two at x = 0 only.
Continuity atx = 0: We have, 

lim /(x) = lim =0 = 0

lim /(x) = lim 2x2 = 2x0 = 0
x -> 0* x -) 0*

Also, /(0) = 2x0 = 0

lim /(x) = lim /(x) = /(0)
x -»O' x -> 0+

= lim
x-»l

= lim -1 = -1.
r —»1

(LHDatx = 1) * (RHDatx = 1)
Hence,g (x) is not differentiable at x = 1.

EXAMPLE 15 Thefunction f is defined by y-f(x), where 

x = 2t- 111,y = t2 + f |t|,tG R

(i) Draw the graph of f (x) in the interval [-1,1 ]
(ii) Discuss the continuity and differentiability of f (x). 
SOLUTION We have,

,x<--' 2

,-j<x<0
,0<x<l

l 2’2 
x'

X

x = 2t -1 = t and y = t2 +12 = 2t2

=> y = 2a2 [Eliminating t between x and y]

Also, t > 0 and x = t => x > 0 
Thus, for x > 0; we have

y = 2x2.

So, the function/ is given by

0 , for x < 0
2x2,forx>0

(i) For x < 0, the graph of / (x) is x-axis and for x > 0, the 
graph affix) is a parabola as shown in Fig. 4.16.

In this case, we have

x = 3t and y = t2 -12 = 0 

Also,
t <0and x = 3f => x<0

Thus, for x < 0, we have y = 0.
ASE11 When f>0

In this case, we have,

\/\(3.0) 

(1.0) (2.0) \

x
-x+2 ,l<x<2

5 x-2 ,2<x<|

,x>|

Hence,/(x) is continuous at x = 0.

Differentiability atx = 0: We have,

X-U x —> 0
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••• g(x) =

g(x) => g(x) =

y

(0.1)

o
x' X

0 (1.0)(-1.0)
(-1.-1)

y=f(x)

-

[Using def. of/]l/WI-1
[.• f(x) > 0 for all x e R]

!

on

y y

x' (-2.0) (-1.0) x
x' x

-1 
0 0<x<2 

x>2

that/(x) is not differentiable at x = -1/2,0,1,2 and 5/2. Stu­
dents are advised to verify the same by computing the values 
of left hand and right hand derivatives at these points.
EXAMPLE 17 If f(x) = x2 - 2 | x | and

_ [Min (/(f) :-2<f <x,-2<x<0}
” Max(/(f):0<f<x,0<x<3|

(i) Draw the graph offfx) and discuss its continuity and differen­
tiability.

(ii) Find and draw the graph of g (x). Also, discuss the continuity 
and differentiability of g (x).

SOLUTION (i) The graph of/(x) is shown in Fig. 4.18. It is 
evident from the curve y=f(x) that /(x) is everywhere con­
tinuous and differentiable except at x = 0 where it is con­
tinuous only. This fact can be checked by using the definitions 
of continuity and differentiability at x = 0.

iy

(ii) We know that

Iff (x) is an increasing function on [a, b] then, 

Max (0 : a < t < x, a < x < b) =/(x) 

Min {/■(t):«<f<x,«<x<b] = f(a)

Iff (x) is a decreasing function on [a, b], then 

Max \f(f) :a<t<x ,a<x<b} =f(a) 

Min (/(f): a f < x, a < x < b] = / (x)

It is evident from the graph of/(x) that it is decreasing 
[ - 2, -1] and [0,1] and increasing on [-1,0] and [1,3].

-1<x<0 
0<x<2 

x>2

Ty'
Fig. 4.21

y'

Fig. 4.19

(0.1) 

y\gz
(-2.0) (-1.0)

= /(x)-I
It follows from this that in order to draw the graph of 

fog (x), the graph off (x) is translated along OY' by 1 unit and 
then the part of the graph of y=f (x) -1 lying below x-axis is 
reflected above x-axis. Thus, the graph of y =/q/(x) is as shown 
in Fig. 4.21.

It is evident from the graph of g (x) that it is discontinuous 
at x = 0 and non-differentiable at x = 0 and x - 2. However, it is 
continuous and differentiable at all other points in (- 2,3). 
EXAMPLE 18 If f(x) =| | x | - 11, then draw the graph off(x) and 

fof(x) and also discuss their continuity and differentiability. Also, 
find the derivative of\fof (x)]2 at x = 3/2.
SOLUTION The graph of/(x) is shown in Fig. 4.20.

/(x) , for -2<x<-l
-1 , for

0 , for
/(x) , for

x2 + 2x , for -1 < x < 1
, for -1 < x < 0
, for

r2-2x / for

o /
(1.0) (2.0) (3.0)

(0.-1)

A v+§

\ (-1.0)
*(-2.o\

0 (1.0) (2.0)

Graph of 
y=fof(x)= |f(x)-11

Iy'
Fig. 4.20

It is evident from the graph of f (x) that it is continuous 
everywhere but is not differentiable at x = -1,0,1.

Now,

/o/(x)=/(/(x))

(hQ) / *
/Z0) '

(1.-1)
y=x2—21x I 

Ty'
Fig. 4.18
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/(*) =

y

(o.k)

=> x' X

(-Co) 0

f(x) = [|x| - |x-l II2 =

(o.k)

x
0

y'(1.1)

(o.i)

x' X

(§■0) (1.0)0

(o.k)

(-Co) 0

(o.k)kl -/(*) =
X

(-Co) 0

X

I

Fig. 4.24 

y

0 .o)
Graph of 
y=f(x)

!y'

Fig. 4.22

From the graph of y =/ (x), we observe that if .is every­
where continuous but not differentiable at x = 0,1.

0 , for x<0
/'(x) = 4 (2x -1), for 0 < x < 1 

0 , for.r>l
Clearly,/'(x) does not exist at x = 0,1.

EXAMPLE 20 Construct the graph of the function

g (x) = /(x + /) +/(x - /), where

, for | x | < I

O' , for | x | > I

Also discuss the continuity and differentiability of the function

8 (x)-
SOLUTION We have, y'

Fig. 4.26

/____
(-Co)

Ty'
Fig. 4.23

In order to draw the graph of g (x), we first draw th 
graphs of /(x -1) and / (x + Z) by translating the graph of/C 
by / units along OX and OX' respectively.

ly

y'
Fig. 4.25

The graph of g (x) is obtaining by adding the graph < 
f (x -1) and/(x + /) as shown in Fig. 4.26.

jy

x^______

(-2Co)

(Co) (24,o)
Graph of 
y=g(x)=f(x—€ )+f(x+4)

£
Jr = 3/2

_____ _x
(Co) (ZCo)"-

Graph of 
y=f(x+4)

From the graph, it is very clear that/o/(x) is every where 
continous but not differentiable at x = - 2, -1,0,1,2.

From the graph, we observe that
/o/(x) = 2-x for 1 <x<2

••• l/o/(x)}2 = (2-x)2

d ->=> -(/b/(x)2| =-2(2-x) ■

(4 ,o) (24 ,o)
Graph of 
y=f(x-4)

1 , forx<0
(2x- I)2 , for 0 <x< 1
1 , forx>l

Clearly,/(x) is a constant function for all x < 0 and all x > 1. 
Between 0 and 1 the function represents a parabola having its 
vertex at (1/2,0). Thus the graph of /(x) is as shown in Fig. 
4.22.

x^______

(-24.0)

k - y | x | , for | x | < I 

0 , for |x| >1
The graph of/(x) is shown in Fig. 4.23.

-2MU1
< J

EXAMPLE 19 I//(x) = {| x | - | x -11 }2, draw the graph of f (x) 
and discuss its continuity and differentiability. Also, find f'(x).
SOLUTION We have,

— x + x—1=—1 , for x < 0
|x| - |x—1| = x + x —1 =2x-1 , for0<x<l

x-(x — 1) =1 , forx>l
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/(*) =

(0.2) (2.2)

0,1) (3.1)x/ (-4,0) (-2.0) x
0 (1.0) (2.0) (3,0)

(-3.-2)

y

(-3.2) (0.2) (2.2)

(1.1) (3.1)
x

(1.0) (2.0) (3.0)0(-2.0)

lim fix) = lim -13 + 16x- 4x2 = -13 + 32 -16 = 3

lim fix) * lim fix)

0(2,2)

X' X

32

(0.-2)O

y'T

Fig. 4.29

10

So,/(x) is discontinuous at x = 3.
Hence,/(x) is discontinuous and hence non-differentiable 

atx = l,2,3.

1 <x <2 
2<x<3 
3<x<4

Graph of 
y-|,(«)l

Graph of 
y=[f(x)]

So,/(x) is not continuous at x = 2.
Continuity atx = 3 We have,

lim fix) = lim -13 + 16x - 4X2 = -13 + 48 - 36 = -1

So,/(x) is not continuous at x = 1.
Continuity atx = 2: We have,

lim fix) = lim -6 + 6x2-x4 = -6 + 24-16 = 2

Graph of 
y-f(x)

It is evident from the graph of y =g (x) that g (x) is every­
where continuous but not diffemtiable at x = ± I, ± 21 and 
x = 0.

1
(0.-1)

"(0.2)

y'
Fig. 4.28

The graph of y = (f(x)] is shown in Fig. 4.29. Clearly, \f (x)] 
is discontinuous and hence non-differentiable at 
x = - 3 ± 1/V2, -1,0,2. At all other points in (- 4,3) it is con­
tinuous and differentiable.

lim fix) = lim -6 + 6x2-x' 
x —> 1* x-»T
lim fix) # lim fix)

lim /(x) = lim (4x-12) = 4x3-12 = 0
x—>3* x-43+ ■

lim fix) * lim fix)

y'J
Fig. 4.27

Fig. 4.28 shows the graphs of y = [/ (x) |, Clearly, it is con­

tinuous on [- 4,3] but it is not differentiable at x = - 2,0,1.

, for-l<x<l 
, forl<x<2

-3—g72
-4 -3
o—

-3+4
72 

t •---------

-2 -1 0

A = -6 + 6-1 = -1

= 3-(3-?)2
3-(2x-4)2
2 (2x-4)-4
2-2x2

= -6 + 6x2-x4
-13 + 16x-4x2, for2<x<3
4x-12 , for 3<x<4

The possible points of discontinuity of/o/(x) are x = 1,2,3.
Continuity atx = l: We have,

lim /(x) = lim 2-2X2 = 2-2 = 0

x^____

(-4.0)

EXAMPLE 21 If fix)

discuss its continuity and differentiability.
SOLUTION We have,

3-x2,-1<x<2 
2x-4,2<x<4

fofix) = flfix))
= |/(3-x2),-1<x<2 

/(2x-4),2<x<4

2(3-x2)-4 , for -1<x<1 
, for 
, for 
, for

= 2x 2<~ <4^ t^n fincLf°fW and

2x2 + 12x + 16,-4<Sx£-2
EXAMPLE 22 If fix) = 2- |x| ,-2<x£l

4X-X2-2 zl<x<3

then draw the graphs of |/(x) | and [/(x)] and also discuss their 
continuity and differentiability. Here, [•] denotes the greatest integer 
function.
SOLUTION The graphs of y=/(x) is shown in Fig. 4.27. To 
drawn the graphs of y = |/(x) |, the portion lying below x-axis 
in the graphs of y ~f (x) is reflected above x-axis.

17
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y
(2,9)

(1.2)

(0,1)

J= f (0) exists finitelyX

(1.0) (2.0)

[•./(x+y)=/(x)/

/ (x) = [x] and g(x) =
[•/ /(O) =

= /(«)/'(0)

>g(x) = /(g(x)J =
[IIT1!

for all x, y g R

for all x, y g R=>

for all x

0 if x g Z
= ■ n if x g R+ and VrT < x < Vn +1 

n if x g R" and - Vn+T< x < - Vn

Discuss the continuity and differentiability of gof and fog.

SOLUTION We have,

Here, R' and R" denote the sets of positive and negative 
real numbers respectively.

/(0) ,xg Z 
f (x2),xg Z

[0] ,xg Z
[x2],xg Z

=> lim 
y-»x

= /(q)lim 
h-^0

= /(a) lim 
h -»0

Let a be any real number. Then, 

/'(«)

lim 
x-»0

= lim 
h->0

y'

Fig. 4.30

From the graph it is evident that/(x) is everywhere con­
tinuous on (- 2,2) but it is not differentiable at x = -1,0,1. 
Reader is advised to check the same by using the definitions of 
continuity and differentiability also.

EXAMPLE 24 Letf(x) and g (x) be defined by

0 ,xgZ
x2, otherwise

m-i 
h

/(h)-/(0) 
h

/(a + h)-/(a) 
h

gof(x) = g (f(x)) = g <[x]) = 0 for all x.

Thus, gof is a constant function, which is everywhere con­
tinuous and differentiable.

Now,

Clearly, fog is continuous and differentiable at all xe»c< 
whenx = ±Vn, wheren ~ 0,1,2,3, ....
example 25 Let /(x + y) =/ (x) / (y) for all x, ye R and suvp 
thatfisdifferentiableatx = 0. Show that f is everywhere different^ 

(IITlS*

example 23 If f(x) = |x+l| {|x| + |x-l||, then draw the 
graph off (x) in tire interval [- 2,2] and discuss its continuity and 
differentiability in (- 2,2).
SOLUTION We have,

/(x) = |x + l| | |x| + |x-l
(x + l)(2x-l) ,-2<x<-l 

_ - (x +1) (2x- 1),- 1 <x<0 
x+1 ,0<x<l
(x + l)(2x-l) ,l<x<2

The graph of f (x) is as shown in Fig. 4.30.

SOLUTION We have,
/(x + y) = /(x)/(y) for all x, y e R.

=> /(0) =/(0)/(0)
=> /(0) (1-/(0)) = 0
=> /(0) = 0 or, /(0) = 1

If/ (0) = 0, then by replacing y by 0 in/(x + y) =/(*)/ (j 
weget/(x + 0) = /(x)/(0)forallxG R

=> / (x) = 0 for all x g R

Clearly,/(x) is everywhere differentiable.
So, let/(0) = 1.
Since/(x) is differentiable at x = 0. Therefore,

/(x)~/(0)
x-0

[Using

Thus, /(x) is differentiable at x = a. Since a is an orbiltr 
real number. Therefore,/(x) is everywhere differentiable < 
/'(x) is given by/'(x) =/(x)/'(0).
EXAMPLE 26 Let a function f: R -»R be satisfying

|/(x)-/(y)| < |x-y| forallx,yeR.

Prove that f (x) is a constant function.

SOLUTION We have,

|/(x)-/(y)| < |x-y|

l/W-/(y)|
\*-y\

f(x)-f(y) 
x-y •

^|x-y|2

<lim |x-y|2 
y-» x

= lim WM1 
h -> 0 h

x'_ XJ
(-2.0) (-1,0) O
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< 0 for all x

for all x
=>

[On integration]

, for all x=>

[By Chain Rule], for all x
lim, for all x=>

= lim
=> (x) = [By def. of/]

= lim

= 3

exists finitely and is equal to 3.Thus, lim
[Putting x = y = 0]=>

for all x, y g R.

[IIT1995]

=/'(0) exists finitely (i)
for all x, y e R

2Now,

[Putting y = 0]for all x g R

[v/(0) = l (given)]for all x g R[By def. of/] =>

(i)for all xg R=>

Now,[••■/(0) = l]

[Using (i)]

h

= lim 
h -> 0

= /(x) lim J 
x->0

lim 
x-*0

_/~(x)+i
2

= lim

v lim

/(x)+/(y)
2

/(x)-/(y) 
x-y

r3/2_43/2

x-4

/((Vx)2)-/(22)

x-4

f(x)-/-(4) 
x-4

x” - a"
x-a

=> /(x)=±Hf'"" forallxG R.
EXAMPLE 29 A function f (x) is defined for all x > 0, and satisfies 
f(x?) = x3 for all x > 0. Show that f is differentiable at x = 4 and find 
f'W-
SOLUTION We have,

/(x)-/(4) 
x-4

Hence,/(x) is differentiable at x = 4 and/' (4) = 3. 
EXAMPLE 30 Letf: R-^Rbea function satisfying 

x+y 
2

Iff\0) exists and equals to -1 and/(0) = l,findf(2). 
SOLUTION We have,

/x+yV/(x)+/(y)
J 2

/ 
f(x) + f(0)

2

(/x)3-23
x-4

Hence,/'(x) = /(x) ,/'(0) for all x g R. 
Now,

/'(x) =/(x)/'(0)

log |/(x)| = x/'(0) + logA

|/(x)| = Aexf'{0}

/ (x) = ±/l^'(0)

/(•x) = 2/((|-l 

\ 7

= |x43«-'

/'(x) = lim + 
h-tO h

f(xW)-Hx)
h

lim 
y->x

|/'(x)| < 0

/'(x) = 0 for all x
Hence,/(x) is a constant function on R.

EXAMPLE 27 If g is the inverse function of function f and 

/'(x) = —, prove that g '(x) = 1 + {g (x)}".
1 + x

SOLUTION Since g is the inverse of function/. Therefore, 
, for all x

/'(X) = lim f(x4h)-/(x) 
h->0 h

1_
1___

l + (R(x))n

=> g'(x) = l + {g(x)}n.
EXAMPLE 28 Let a function f: R-tRbe given by

■ f(x + y) = /(x)/(y) for all x, y G R 
andf(x) Qforanyxe R. If the function f (x) is differentiable at 
x = 0, show that f' (x) = /' (0) f(x)for all x g R. Also, determine 
/(x).
SOLUTION We have,

/(x + y) = /(x)/(y) for all x, y g R
/(0 + 0)=/(0)/(0) 
/(0)=/(0)/(0)

=> /(0) [1-/(0)) = 0

=> /(0) = 1 [-.- /(x)^OforanyxG R]

Since/(x) is differentiable at x = 0. Therefore,

/(x)-f(0)
x-0

fog (x) = x

=> /'^(x))g'(x) = 1 

g/(x) = FTTTi

= /(x) lim
/i-»0

h
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for all x e R

forxe R

=>

=>

[Putting/(1) = 0 in(iiii>

=>
2

for all x,yE R[Using (i)]

[’•’ /(□) = 1]

for all x, y e R

for all x e R [Replacing x by 3x and y by 0.=>

/« = for all x E RC = 1=>

for all x E R=>

for all x, y E R (i)
-/(x)

for all x E R

for all x e R -/(x)
[Using (ii)

:o' for all x, y e R •••(ii)

[Using (iii)for all x, y e R

[See chapter 1]

;3x)+2/~(o;
3

x) + 2
3

h)-l
h

= lim
h-»0

_ f(3x) + 2/(0;
3

= lim
h-)0

= iim 
h->0

= lim 
h-»0

7

/'(x) + f(0)
2

/(x)+f(0)
2

/(x) + 2f(y) 
3

fx
2

lv/'(0) = -l] 
[On integration] 

k/(0) = l]

/(X) = -X + 1

/(2) = -2 + 1 = -1 

A LITER We have,

/x + v^ _ f(x) + f(y)
7 
A

x + v| f(x) + f(vh 
2

. 7

x + h'
2 

k_____4
h

<3x + 2(3h/2)>
3 

h

-f(-
J 2

=> /z(x) = lim 
h->0

f\
=> /'(x) = 2 lim - 

h-»0

=> /'(x) = lim 
h -» 0

/(3x) = 3/(x)-2/(0)

Now,

=* + y) = /(x) +/(y) -/(0) for all x, y e R

=> /(x + y)-l = {/■(x)-l) + (f(y)-l}forallx,ye R

[v/(0) = -l]

Letg (x) = / (x) - 1. Then the above relation becomes 

g(x + y) = g(x)+g(y) forall x,ycR 

=> g (x) = xg (1) for all x g R

;3x) + 2f(3h/2:
3 

h

h-tO

f(x)+f(/i)
2

JT

.x + y) +
2

= /'(0)
= 1

A /(X) = X + C
Clearly,/(x) is a polynomial function which is everywheir 

continuous.

/(x)-l =x{f(l)-l|

/'(x)=/(l)-l

/'(0)=/(l)-l

-1 =/(l)-l

/(I) = 0 

A /(x)-l=-x

/(X) = 1-X

/(2) = 1-2 = -1

EXAMPLE 31 If f\R-^R is given by

fx + 2y
3 \ 7

and f\G} = 1. Prove that f (x) is continuous for all xe R. 
SOLUTION We have,

<x + 2y>
3 

\ 7
[3x + (TI 3

:3x) + 2f(3h/2)-3/'(x: 
3h

I 2
|x + 0 

•f —

=» /2 =
\ 7
x + y"

2\ 7
For (i) and (ii), we get

f(x)4-/(y) /(x + y)+/(0)
2 2

[x)+f(h)-2f(x/2\ 
h

/-(X) = lim 
k-,0 h

f\x) = lim M 
h-»0

=> /'(x)=//(0) 
/'(X) = -1 

/(x) = -x + C 

/(0) = C

2/ 3h/2)-2f(0)= hm
h-»0

f(3h/2)-f(0)M
2\ 7

for all x 6 R
for all x e R
for all x e R

f'(x) = lim 
h-»o

h
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for all x,y& R andEXAMPLE 33 If ffor all x,yeR andEXAMPLE 32 If fix) +f(y) -f 3

for all x, y g R.

/«+/«=f (i)for all x, y g R

[•■•/(0) = 0]
...(i)

for all xg R

-/w
[•••-/(x) = /(-x)]

-/(x)

[Using (i)]

[Using (i)]

= 2 Thus,

[•.• /'(2) = 2 (given)]=>
[Putting x = 0]

for all x g R
=>

for all x g R
C = 0

/'(x) =

= 1

(X,

X

/'(x) = lim 
h—>0

rt
3

xytland, lim 
x-»0

= lim
h^Q

(x + h) + f (-x) 
h

' x + /i + (-x) 5 
l-(X + h)(-X)^ 

h

Using: lim
x->0

[On integration ]

= lim 
h->0

= lim 
h-»0

/(3h)-/(0)
3h

'x + y\2 + flx)+f(y) 
3 J 

/'(2) = 2, then determine f (x).
SOLUTION We have, 

2+f(x)+f(y) 
3

1
1 + x2 + hx

/x + y'
\ 3
\ 7

Putting y = 0, we obtain

2+f(x) + /(0)
3

2

2
1 + 1

Hence,= |and/'(» = 1- 

k )

m 
13

fix) = lim 
h -»0

= /'(0)

f(x)=//(0) foraUxGR

/'(2) = /'(0)

f(0) = 2

rw = 2
=> /(x) = 2x + C

Putting x = 0 in (i), we get

/(0) = 2

<x + y>
(1-xyJ

= 2,find/ and/'(l).
I /

=> /'(I) =

/ X

f-J 3
\ /

3/|Y| = 2+f(x)+f(0)
O |

\ 7
Replacing x by 3x, we obtain

3/(x) = 2+/(3x)+/(0)

Now,

2 
1+x2

r1 x+c

2 tan 1

/(x + h)-/(x) 
h

'3x + 3h'
3

h

Now,

/(x) = 2x + C

=> /(0) = C
=> 2 = C.

/(x) = 2x + 2
example 34 Let f(x + y)=f (x)-f(y) + 2xy +1 for all x,ye R. 
Iff(x) is differentiable andf'(P) = ^3 + a-^t prove thatf(x) > 0, 

for all xg R.

= lim - 
h-»0

2+/(3x)+/(3h:
3= lim ------------- ;------

h->o h

.. 2+f (3x) +f(3h)-3f(x,= lim —1--------
h-^0 3h

i !x.

= lim 
h-iO

'f h >
1 + x2 + hx

1 + x2 + hx

[x + h)-f(x', 
h

=$ /(x) = 2tan‘

=> /(0) = 2tan-10 + C

0 = 0 + C

(x)
X

SOLUTION We have,

"x + y" 
1-xy\ J)

Putting x = y = 0, we get 

/(0) +/(0) =/(0) =>/(0) = 0 
Again putting y = - x, we get 

/(x) +/(- x) = /(0) for all x g R

=* f(x) +f(- x) = 0 for all x g R

=> /(-x) = -/(X)

Hence,f (x) is an odd function. 
Now,

= 2x^ =2 6

fix') = 2 tan

=

Also,
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(i)

[By using (i)]

([-./(0) = 1]

J

[On integration]

• lv/(0) = l]
2

...Kii

[Using (i)

(0

[Using (iii'

=>

[Putting x = 2] =>

h

/'(0) = lim 
h-*0

/'(0) = lim 
h-»0

= lim
h —> 0

= lim
h->0

SOLUTION We have,
f (x + y) = f (x) -f (y) + 2xy +1 for all x, y e R
Putting x = y = 0, we get
/(0) =/(0)-/(0) + 0 + l

=> /(0) = 1
Now,

= lim 2x -
h —> 0

/w-m 
h

h

ffh1'") 
h1/n

;o+h)-/(O)
h

/(o + (hVn)nYo
= lim ;——*■—

h-,0 h

f(x + y") = /(x) + \f (y))n for all x, y e R
(where n is an odd integer greater than 1) and f' (0) > 0. Find th 
values off'(O') and f (5).
SOLUTION We have,

/(x + y") = /(x) + {/(y))" for all x, y e R
Putting x = y = 0 in (i), we obtain

/(0) = /(0) + [/(0))n

V(0))n = o
/(0) = 0

Now,

[Putting x = i

/' (0) = lim
/i -> 0

Again,

= \f' (0)ln

••• /'(0) = {HO)ln

/'(o)lr(o)in'1-i| = o 
in-] = i

[•_• n is odd /. (n -1) is even 

[,./'(0)2<

rw = nm &.+'!). ~/w 
h-»0 h

= Hm /(x)-/(/»)+ 2xh + l-/(x) 
h-»0 h

W-f(o, 
h

= lim
h ->0 h

Now, putting y = 2 and z - 0 in (i), we get
/(x + 2) =/(r)/(2)/(0)

=> /(x + 2) = 4/(x)
=> /'(x + 2) ~ 4/'(x) for all xe R
=> /'(2) = 4/'(0)
=> f'(2) = 4x3 = 12.
EXAMPLE 36 Let f (x) be a real valued function not identically zerc 
such that

= 2x- lim 
/i—>0

= 2x-/'(0)

= 2x-

f (x) = x2 - V3 + « - fl2 x + C

Putting x = 0, we get
/(0) = C => C = 1
/ (x) = x2 - ^3 + fl - fl2 X + 1

Clearly, the expression for/(x) is a quadratic expression.
The discriminant D of this is given by

D = 3 + fl - a2 - 4 = - a2 + « -1 = - (a2 - a +1)

Clearly, a2 - a +1 > 0 for all real values of a, because its 
discriminant is negative and coefficient of fl2 is positive.

D < 0

Thus, discriminant of/(x) is negative and coefficient of x2 
is positive.
Hence,/(x) > 0 for all x e R.
EXAMPLE 35 Let f be a real function satisfying f(x + y + z) 
=/(x)/(y)/(z)/orfl// realx,y, z. Iff (2) = 4 andf'(0) = 3, then find 

f(Q)andf'(2). [IIT1982]
SOLUTION We have,

/(x + y + z) = /(x)/(y)/(z) for all x, y, z e R
Putting x = y = z = 0, we get

/(0) = lf(0)]3
=> /(0) [1 - (/(0))2] = 0

=> /(0) = 0 or, /(0) = ± 1
Putting y = z = -1 in (i), we obtain
/(x-2) = /(x)(f(-l)|2foraUxe R

/(0) =/(2) (/-(-I))2
/(0) = 4 (/•(- I))2
/(0) > 0
/(0) = 1

=> /'(0) = o or,

/'(0) = 0 or,/'(0) = ±1

=> /'(0) = 0,1 

Now,
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/'(x) =>

[v /(I) = 2 and /(2) = 8]and 8 = 2k + C=> 2 = 7 + C

k = 4, C = 0

[Using (i)]

x2
k

=>
...(iii)

f(x+y)/

[■•• k = 4]

= k.

for all x,yeR

for all x, y g R (i)

for all x e R/(x) =

,(ii)

/'(0) exists finitely./(x+y)/ -k, x + y*0.

for all x, y g R

for all x, y G R2y + kx

-/w

for all x e R O' -/W
[Using (i)]

= lim
h->0

= lim 
h->0

Now, 

/'(X)

x + y] _ /(x)+/(y) + /(0'
3/

4

= lim 
h-»0

lim 
x->0

1 
2^+y> 

\2

2^ + y

/(x)+/(y)+/(Q)
3

EXAMPLE 38 A function f:R-^R, where 'R' is the set of all real 
numbers satisfies the equation

3

f (x) = 2X2 for all x g R

Putting C = 0 in (i), we get

/(x) = ^x2

lim (2y + kx) for all xg R 
y-»0

f
= lim -

/i-»0

f(l) = ^ + C and /(2) = 2k + C

= |(x+y):

Iff (x) is differentiable at x = 0, then show that f\xj exists for all 
XG R.
SOLUTION We have,

fvj.A Cfv\ J_ ff.,\ J_ f(ft\

Putting y = 0 and replacing x by 3x, we get

,3x) + f (0) + f (0 
3

=> 3/(x) = /(3x) + 2f(0) for all x G R
Since/(x) is differentiable at x = 0. Therefore, 

f(x)-/(0) 
x-0

= mn
If/'(0) = 0, then from (iii), we have

/'(x) = 0 for all x G R
=> /(x) is a constant function

But,/(0) = 0

/(x) = 0 for all xg R <

But it is given that /(x) is not identically equal to zero. 
Therefore,/'(0) * 0

Hence,/'(0) = 1.
Putting,/'(0) = 1 in (iii), we get

/'(x) = 1

=> / (x) = x + C

But,/(0) = 0. Therefore, C = 0

Hence,/(x) = xforallxG R

/(5) = 5.

Hence,/'(0) = 1 and / (5) = 5.
EXAMPLE 37 A function f (x) is defined for all xg R and satisfies 

f (x + y) = / (x) + 2y2 + kxy for all x,ye R, where k is a given 
constant.

If /(I) = 2 and /(2) = 8, find f(x) and show that

SOLUTION We have,

/(x + y) =/(x) + 2y2 + fcry

/(x + y)-/(x) = 
y

/(x+y)-/(x) =
(x + y)-x

>3x) + f (3/i) +
3 

h

hv"

= lim ,
ft—O h

/|x + (/>1/,,)"|-/(x)
= lim ----------- ------------

/i->0 h

/(x) + |f(h1/")|"-/W
= lim ------------- --------------

1 ' 
x + y^

/(x + y) = |(x + y)2 and,/^^ =

2 k( 1
l xt —

(x + /i)-/(x~ 
h

'3x + 3/^
3

h
=> lim

y-»0

=> /'(x) = kx

kx2=> /(x) = y + C

k
2
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[••• j(0)=<[Using (ii)J

for all x, y (* 0) e R and/(y) * 0.

for all x, y (* 0) e R.

/(1) = = 1

Now,
x\

-1

(2x + cos x) log (x + 2) +
-1/'(x) = (2x + cos x) log (x 4-3)4- x + 3 X.

(2x + cos x) log (x + 4) + x + 4

[•••/(I) =

J'(l)

[•.•/'(I) =

Thus,

/'W =

[•••/(I)

• h

(xt
X

f(X) 
/(y)

/(X)

/(y)

f(X) 
/ /(y)

f(3h)-f(0) 
3h

f\x) = lim 
h-»0

= lim g(x) 
h-»0 L

t (x
s '

X

_ 2/(x)
x

+ f lim 
h-»0

= lim 
h->0

= lim 
h —> 0

gW-X(O) 
h

x 4- h) - 
h
f(x + h)

h

/-I 
h= g W lim 

h-»0

= gW + ^ (0)

= g(x) + 2ex

jl/3<x<lS

2l/3

Thus, g' (x)=g (x) + C /, where C = 2.

EXAMPLE 41 Let f be a differentiable function satisfying the amt 
tion:

= f(x) lim 
h-»0

,l<x<21/3 
,21/3<x<31/3 
,31/3<x<1.5

/ - = w
Iff'(l) = 2,findf(x).
SOLUTION We have,

/ '
f-
V.

Putting x = y = 1, we get

/m 
/a)

(x + 2)?+sini' 

(x + 3)(l2 + sinx) 

(x + 4/+£inx'

EXAMPLE 40 Given a function g (x) which has derivative gf (x)for 
every real x and which satisfies the following equation:

g(x + y) = ^gto + e^gty) forallxandy.

and g' (0) = 2. Show that g' (x)=g (x) + C ex. Find C also.
SOLUTION We have,

g(x + y) = eyg(x) + exg(y) forallxandy
Putting x = y = 0, we obtain'
X(0) = eox(O) + eog(O)

=> g(0) = 0
Now,

= f£ 
yV

<x<31/3

,l<x<21/3

2f(x)
X

f(x) _ 2
fix) x '

Integrating both sides, we get 
log/(x) = 21ogx + logC

=» /« = C?
=> /(l) = Cx(l)2

=> 1 = c
Hence,/(x) = x2

= Um /(3x)+/(3h) 4-/(0) ~3f(x) 
h-»0 3/1

= /'(0)

f'(x) = /'(0) for all x g R.

Hence,/(x) is differentiable for all x g R.

EXAMPLE 39 Let [x] stands for the greatest integer function. Find 
the derivative of f (x) = {x 4- [x3 4-1 ]}x + sm x, wherever it exists in 
(1,3/2). Indicate the points where it does not exist.
SOLUTION We observe that [x3 4-1] takes a jump from 2 to 3 at 
21/3 and again from 3 to 4 at 31/3 in (1,3/2). Therefore, it is 
discontinuous at x = 21/3 and x = 31 /3 Hence, it is not differen­
tiable at x = 21 and x = 31 /<3.

Now,

/(x) = {x4-[?4-l]r+sinx

(x + 2)? + sinx
= (x + 3)x2 + sinx

(x + 4)x2 + sinx

= /(x) lim
/i-»0

/fi+z -/W 
lim 

h->0

/(x) = Km
/i-*0

R^ + e11 g(h)-g{x) 
h

h • h \ / J

x + h'
x 
_Z
h

h\
x
h
x
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- f(e)

[irr 1996]

[v/(e) =/'(!) logee =/'(!)]

= /'(l)logex-/'(l) logey

lv/(l) = 0](i)/'(I)

(i) We have,

(i)

[Using def. of/]

/'(x) =

[On integration]f(x) = /'(l)logex + C

[Using (i)]=> 0 = C1

••• /(x) =/'(!) log, x

<x)
X

Z(I
X

=} lim 
h->0

f'(x) = lim 
h->0

Putting x = 1, we get 

/(l)=/'(l)logel + C

(ii) lim 
x->0

fQ+h) 
h

= lim 
h-»0

= lim 
h-tO

Hl+x)
X

logg(l+x)
X

_ rd)
X

Hence,/'(x) exists for all x > 0.
Now,

 2/(x)
x

Hence,/(x) is differentiable for x * 0 and/'(x) is given by

EXAMPLE 42 If /(xy) =/(x) +/(y) for all x, y > 0 andf(x) is diffe 
rentiable atx = l, then prove that

(i) /(x) is differentiable for all x > 0

f(l+x)
x

= lim 
h->0

f 1+- J I V

= lim
h->0

= /'(D lim 
x->0

= /'d)
= /(e)

(iii) f

= rd)logJ^

= /'d) (logex-logcy]

r i h _ f 1+---- 17 x
k 7

h

b\ rz.A
X I] ' ' }

h

= lim -------- ---------------
h-,0 h

/'(l)loge(l + x)
= lim -----------------------

x-»0 x

= lim 
h->0

/fl+^-1 
lim 

h-»0

x s___ 2
h - .x x

(ii) lim
x-»0

<x i
(iii) /; =/(x)-/(y)

SOLUTION We have,
/(xy) = /(x) +/(y) for aU x, y > 0.

Puttingx = y = 1, we get

/(l) =/(!)+/(!)

=4 /(I) = 0
Now,
/(x) is differentiable atx = 1

=> lim =/'(I) exists finitely.
h-+0 h

'x + h) - f (x^ 
h

f(x+h)-f(x)
h

h

= lim ------ ---------------
»-»0 h

h->0 K

Now, 
/'(x)

= /(x) -/(y)-
EXAMPLE 43 If /(xy) =/(x)/(y) for all real x and y. If /(I) = 1 
and f = 2, find f'(IO).
SOLUTION We have,

/'(I) = 2

lim
h^O n

h
x

~h
x
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/'(x)

=>

[On integration]

(■•■ mf(x) = /(x”U

[•■• /(I) = 1]

h

-fW

=>
-/(X)

h

X/m

hh

=>
=>

e
x

Using :/(xy)
= x/(y)+y/W

=> lim 
h->0

f'(x) = lim 
h->0

f'(x) = lim 
h-»o

f'(x) = x lim
Ji->0

= lim 
h->0

= lim
h —> 0

= lim 
h -»0

= lim 
h-tO

/lu

[Putting x = y = m = n = l]
h
x

f(i+e)
e

/+-
X

~h

f(x + h)-f(x) 
h

f (x1/m)m

= - lim 
xh-tO

/1+-
I X

2 = C

[Putting x = e,y=lfl
[•.• /(e) = el

( h\ ( h\ 
xfl+~x + i+;/(x)-/(%) 

s 2

,rr, *Y/B nf. 1+- 
x . \ / 

h

X/n 
! -m/(x1/m)

But, /'(x) = ~x.

m f(xf,m.

/[1+-I x
h
x

k -r \j h
=> lim J where 6 = -.

0-»o 9 x

example 45 Let f (xy) = x/(y) + yf(x) for all x,yeR*- If 
f(e) = e and /(x) is differentiable for all x>0, prove that1 

lim ^1 + ^ = / 
xhO x 

SOLUTION We have,
/(xy) = x/(y) + y/(r) for all x, y > 0.

/(e) = e/(l)+/(e)
e ~ ef(l) + e

/(I) = 0
Now,

/1+-
J x\

h

1 r 
= - lim

xh~^0

t (X +
X

/1+-
J X\ /

h
x

l/n 
mf^ + nf fl+j /.xfl + ^|-/(x)

/'(x) = lim 
h-»0

= lim --------
/»->0

/1+-
xX.

_ 2/(x)
x

/Xx) _ 2
/(x) " x

=> log/(x) = 2 log x + log C
=> /(x) = Cx2

Putting x = 1, we get
/(I) = C =» C = 1

/(x) = x2 , for all x

=> /'(x) = 2x , for all x

=> /'(10) = 20

EXAMPLE 44 Let f (x”' yn) = m f (x) + n f (y) for all x, y e R+ and

■ for all m, ne R. Iff'(x) exists and has the value - , then find

f(l+x)
X

lim
x ->0

SOLUTION For any x e R+, we have 

Z(x”y”) = m/(x) + n/(y) 
/(!)=/(!)+/(!) 
/(I) = 0

f(l) = lim /(x^)-/(x) 
h->0 h

/.xfl+^|-/(x) 

. V J.

= lim -------------------
h->0

flPutting y = 1 in (i), we get
/(x”) = m/(x)

=>/((x1/m)”) = m/(?/”)

m/(x1/m) + n/ll + ^

/(X) = Um - 
h->o n

h
x 

h~^

h\
xX___ _

h
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/ X l+~ -/(x)

h

-/m
Using :/(xy)

h
y x= I

=>

=> d = M(logx)

[Integrating both sides w.r.to x]= /logx + C=>

/'(x) =
[■•• /(e) = e]

=$
=>

= 1 =>

= 1, where z =
=>

EXAMPLE 46 If the functional relationship f(xy) [On integration]

[••• /(l) = 0]
x

/Uy) for all x, y > 0.
x

[Putting x = y = l]
=> A = 1

x/(x) = logtfx

£
X

(X, 
X

(X,
X

(X, 
X

(X,
X

h
X

h 
x'

= lim 
h->0

+ lim 
h -> 0

= lim
h->0

= lim
h -»0

I = lim 
h->0

f(l+z) 
z

lo&x
X

=> lim 
x->0

=> lim 
z->0

, where / = lim
h —> 0

where A = lim 
h->0

= -dx x

TxfW = -

/[1+-
J X

\____ ,
hx

/fl+-
\ /

h
x

rl-if 1+-I X
X

h f 1 + - 
J X

\____ (
h
x

/1 + -
J X
A----- Z

x

( h\ 
f 1+- J x

\ /
X

/fl+-
V 

h
X

f[\+-

m 4
X

y x 
holds for all real x and y greater than 0 and f(x) is a differentiable 

function for all x> 0 such that f(e) = -> then find the maximum 

value off(x).
SOLUTION We have,

x +x2

(x)  A

x £/«+/« = 7
4- {x/(x)} = — 
dx J x
xf(x) - A logex+ logC 

Putting x = 1, we get 
/(l) = Xlog.l+logC

=> 0 = logC 

x/(x) = Alogd 

Putting x = e, we get 
ef(e)=^Alogee

-f(x) , A ;
x x2

Putting x = 1, we get 
/(l) = /.logl+C 

=> 0 = C
/(x) = /.xlogx
/(i?) = I. e loge 

e = I. e
I = 1

=> /(x) =

-■ lim
X2 h->0

y

=> /(« =/(!)+/(!)

=> /(l) = 0

Now,/(x) is differentiable for all x > 0. Therefore,

/'(x) = lim f^x + h')-f-^-
h->0 h

-x^

X

/I +~ I X I 
=> /'(x) = lim ;—^ + 

/i->0

=> /'(X) = / +

<(x) _f(x't
dx x

xdf(x)-f(x)dx = ldx

xdf(x)-f(x)dx
x2

h
x

h
X

X
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=>

=>

/(x)-/(a) = g(x)(x-a)

= g(x)

[irr 200*01< i

= g (a) ['•• g (x) is continuous at x = a]=>

n

i.e., < 1
exists finitely

/'(a) for all x > 0

=>
= f' (a) + 0 (x), where 0 (x) -»0 as x a. ...(i)

for all h > -1=> 0 (a) = 0
=>From (i), we have

/(x) -/(a) = g (x) (x - a) for all x e R.

Then we have to prove that f (x) is differentiable at x = a.
We have,

=>
=>

= lim g (x) 
x-»a

lim 
h-»0

lim 
x-*a

lim 
x->a

f(x)-/(a)
x-a

Since f (x) is differentiable at x = a. So,/(x) is continuous at 
x = a.

Consequently, b (x) is continuous at x = a and 
lim b (x) =/' (a) -/' (a) = 0.

x-»a

1-log^x

|p(x)| < |/ ^l] forallx>0 

lp(l+Jl)l< p-ll 
lp(l+w-p(l)l < l?-ll for all h > — 1 [•_■ p(l)5,0

=> /'(x) =

SOLUTION We have,

p(x) = a0 + a1x + a2x2+ ...+a. 

=> p' (x) = a} + 2a2 x + 3 a3 x2 +.... ■ 

=> p' (1) = flj + 2a2 + 3 a3 +.... + n a.

Thus, we have to prove that

Ip'(Dl
p(l+h)-p(l) 

h

+ nanxn~i

x) - f (a;
x-a

x) - f (a 
x-a

j)-/(a;
x-a

-„x"

+ a„x". If

21F (x0) = (k - 3) F (x0)
=> k = 24
EXAMPLE 49 Suppose p(x) = a0 + a1x + a2x2 + ...
| p (x) | | -1 — 11 for all x > 0, prove that

/(x)-/(a)

= (x-a)(/'(a) + b(x)}

= (x - a) g (x), where g (x) = f' (a) + b (x).

Clearly, g (x) is continuous at x = a.
EXAMPLE 48 Let F (x) =/(x) g (x) h (x) for all xe R, where 
f(x), g (x), h (x) are differentiable functions. At some point Xq, if
F' (x0) = 21F (x0),/' (x0) = 4/(x0), g' (x0) = - 7 g (x0) and 
h' (x0) = k h (x0),find the value ofk. HIT 19971
SOLUTION We have,

F(x)=/(x)g(x)h(x)
F' (x) = /'(x) g (x) h (x) +/(x) g' (x) h (x) +/(x) g (x) h' (x)
F' (x0) = f (x0) g (*o)h (xo) +/<xo) g' (*o)h (*o)

+f (xo) R (xo)
21F (x0) = 4/(x0) g (x0) h (x0) - 7/(x0) g (x0) h (x^

'+kf(^Z(xo>h(xd

Let lta,/W-/Wg 
x-» a x a

For maximum or minimum, we have
/'(x) = 0 => l-logex = 0 => logcx = l => x = e
Clearly,/"(e) < 0
Hence,/(x) is maximum for x = e. The maximum value of 

. logee 1/(x)isgivenby/(e) = -y- =

EXAMPLE 47 Let a g R. Prove that a function ft R —> R is differen­
tiable at a if and only if there exists a function g: R-+R which is 
continuous at a and satisfies f (x) -/(a) =g (x) (x - a) for all 
xeR. HIT 2001]
SOLUTION Let ft R -> R be a function such that there is a 
function g: R -> R which is continuous at x = a and satisfies 
the relation

Now,

I p(x)| < I?’1-!
|p(l)| S |e°-l|

|p(l)| SO

p(l) = 0 
Again,

=> / (x) is differentiable at x = a and f' (a) = g (a).

Conversely, let f: R -> R be differentiable at x = a. Then, 
we have to prove that there is a function g(x) continuous at 
x = a such that

f W “/(a) = g (x) (x - a) for all x e R.
Now,/(x) is differentiable at x = a.
i- f(x)-f(a) => lim ■L-^—L-L-L
x-»a x-a



CONTINUITY AND DIFFERENTIABILITY 4.45

for all h > -1, h * 0<

= 1=3

.2=* (a-l)2 + b = b

,2=> (a - 1) = 0x + a/(X)=

and,

gW =

atx = 0

'atx = 0

[•■• « = 1]

/(%) =

and,
atx = 0

gW = = 2x0 = 0

go/(x) = g (f(x))

= g(* + fl)

= 0

(i)= 0

, if x<0 
| x -1 | , if x > 0

, x + a<0 
, x + a>0 

x>0

v f(x) is odd 
function

< lim
4 ->0

=> 1 = 1 + b
=> b = 0
And,

gof(x) is contnuous at x = 0

v lim 
h->0

p (1 +-h)-p (1) 
h

h

?-l 
h

h

e*-! 
h

(LHD atx = 0) = (RHDatx = 0)

So, gof(x) is differentiable at x = 0.
EXAMPLE 51 If a function/: [- 2a, 2a] -> R is an odd function such 
that f(x) = f(2a - x) for x e [a, 2a] and the left hand derivative at 
x = aisO, then find the left hand derivative atx = - a.

) , x<0
}g(|x-l|) , x>0

x + a + 1 
(x + a-l)2 + b
|| x — 1 — l}2 + /

x+1 , if x<0
(x-l)2 + b / if x>0

if , x<0 
(x-1)2 + b if , x>0

=> lim (x + a - I)2 + b = lim x2 + b = 0 + b 
x-»0” x-»0+|fl] + 2a2 + 3a$ +.... + n an| < 1

EXAMPLE 50 Let-

= {2(x + a-l)J
= 2(a-l)
= 0 
and,
(RHDatx = 0)

= <?+(>).
dx

|p'(l)| S I

x + 1 
, 1'2

“ {2*Ltx=0

=> a = 1
Now,
(LHD at x = 0)
= l4{(x + fl-l)2 + b} 

dx

x+fl+l , x<-a
(x + a-l)2 + b , 0>x>-a
x2 + b / 0<x<l
(x-2)2 + b ' X-1

It is given that go/(x) is continuous for all real x. Therefore, it 
is continuous at x = - a, 0,1.
Now,
go/is continuous atx = - a.
=> lim go/(x) = lim gof (x) = gof (- a)

x-»-fl" x-»-a+ •

=> lim x + a + 1 = lim(x + a-l)2 + b = (-a + a-l)2 + b 
x-»-c x->-a+

=> -a + a + 1 = (-a + a-l)2 + b

where a and b non-negative real numbers. Determine the composite 
function gof If (gof) (x) is continuous for all real x, determine the 
value of a and b. Further, for these values of a and b, is gof differen­
tiable at x = 0 ? Justify your answer. [IIT 2002]
SOLUTION We have,

=> lim go/(x) = lim go/(x) = go/(0) 
x —> 0” x -> 0+

ljm

=> lim 
h-40

Now,
(LHD atx = -a)

h-»0 ~h

-lim -Ka + h^+fW
h^Q ~h

x + a , if x<0 
| x -1 | , if x > 0

[IIT 2003]
SOLUTION It is given that the left hand derivative at x = a is 0. 

Therefore, 

h->0 ~h
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[Using (01[ /. - x) = /(x) for x € [«, 2fl]]

EXERCISE 4.2

f(x) =

11. If /(x) =
/(X) =

12. Let/(x) =

f'(c) = 2 and/(c) = 4. Find lim

-, x*04. Let/(x) = and,
13. If/(x) =

0, x = 0

5. Let/(x) = lim
•timf

6. Let/(x) = zg(x) =

, x * 07. /(x) =

g(x) =

8. Let/(x) =

17. If /9. Let/(x) = • 2

Discuss the continuity and differentiability off (x).
I. Let/ (x) be a function and c be a real number such that

-x+1 ,x < 1
2 + x , x > 1

1 + tan x, 0 < x < k/4 
3-cotx ,7t/4 <x<n

Show that/(x) is continuous and possess a continuous first 
order derivative at x = 1 but the second order derivative does 
not exist at this point.
10. Draw the graph of the function/(x) given by

/(x) = [x]4- j 1 — x|, 1 <x<3

and determine the points, if any, where this function is not 
differentiable.

16. If/(x) = 

/and/'.

'x + y\f(x)+f(y)
2 J 

/'(0) = 1, show that

= lim 
h

-1 ,-2<x<0 
x—1 ,0<x<2

xf(c)-cf(x)
x-c

Examine/(x), x/(x) and x2/(x) for continuity ar 
liability at x = 0.
14. Draw the graph and discuss th
liability of the following functions:

(0 /(x) = [|x| sin n x] in (-1,
(ii)/(x)= |x |x|-1|

15. If/(x) = x3-3x
and,

Prove that/(x) is not differentiable at x = 0 but differenti­
able atx= 1.
2. A function/(x) is defined by

[—x2
5x- 4

1. A function/ (x) is defined by

- x for x < 0 
x2 for 0 < x < 1 
x3-x2 + x forx>l

for all x, ye

|x-11 |[x]-x},x * 1
0 ,x = 1

Test the differentiability of/(x) at x = 1.

ax2-bx + 2,x <3
bx2-3 ,x>3

Find the values of a and b so that /(x) is differentiable every­
where.

0 , x = 0

Discuss the continuity and differentiability of/(x) at x = 0.

\2
y ,0<x<l

- 32x2-3x + |, 1 <x<2

Discuss the continuity of/,/' and/" on (0,2).

x4

o h
_ iim K2fl - (fl -t- IQ) - ftfl) 

h->Q h

5e1/y + 2 
3-e1/x

g(x) =/(|x|)+ |/(x) |

Test# (x) for continuity and differentiability in [- 2,2].
log (x + 2) - x2" sin x  . .
—a--------- -=-----------. Examine the dineren-

n oo 1 +
liability of/(x) at x= 1.

x+2,0<x<2 
6-x,x>2

Find fog and discuss its continuity and differentiability. 

x(3e1/j + 4) 
2-e>/x

for x<0 
for 0<x<l 

4X2 - 3x for 1 < x < 2 
3x + 5 for x>2

min (/(f): 0 < t < x) 
(2x-5) 
(x-2)2

Draw the graph of g (x) and 
differentiability in (0,4).

x x < 12 ' " then di]
-xz + 2x,x > 1

= lin, 
h-»0

= 0
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24. If/(x) = be a differentiable function.

25. If f\

19. If/(x) =

21. If/(x)

,x<0
/(*) =

=,x>0

for differentiability.

ANSWERS

’eat x = 1,0

a

Find g (x) such that/(x) is continuous and/'(l) =/(-1).
23. Examine the continuous function

22. Let g (x) be a polynomial of degree one and/ (x) is defined 
by

and g (x) =/( | x |) + |/(x) |. Discuss the differentiability of 
g (x) in [- 2,2].
30. Let /(x + y) =/(x) +/(y) + 2xy -1 for all real x and y and 
/(x) be a differentiable function. If/'(()) = cos a, then prove 
that/(x) > 0 for all xg R.

’’fferentiable at x = 0,2
*-x = l

2X2 sin n x, x < 1
x3 + ax2 + h, x > 1

Examine whether it is twice differentiable in R.
x + y\2+f(x)+f(y)

3
7

17. /and/' 
tinuousat x = l.
19. Everywhere continuous but not differentiable at

x = -l, 0,1,2.
20. Not differentiate
21. Not differentiable.

if 2(x) = - 61og--l x

ot differentiable at x = 1 only
t differentiable in R except at x = 1

|x| ,x<l
2-x,x>l

then discuss the continuity and differentiability of the func- 
tion/o/ (x). Also give a rough sketch of the function.

20. If/(x) = a/| x — 11 and g (x) = sin x, then discuss the con- . 
tinuity and differentiability of go/ at x = 1.

_ Jx [x] ,0<x<3
|(x—1) [x],3<x<4

then examine the continuity and differentiability of /(x) at
x = 3.

14/ (i) Discontinuous and non-differentiable at x = 0.
(ii) Everywhere continuous but non-differentiable atx = 1

15. Discontinuous and non-differentiable at x = 2 only.
16. /is everywhere continuous

/' is also continuous at all x except x = 1
are everywhere continuous but/' is discon-

and discuss the continuity and differentiability offof(x).
29. Let/(x) be defined in the interval [- 2,2] such that

[x] ,-2<x<-|

2x2-1,-|<x<2

2 CO
1/x 

|x+f
x + 2

for all real xandy and 

/' (2) = 2, then prove that/(x) is differentiable for all x e R.

26. Suppose p (x) = ao + ai x + a2 x2 +.... + anx”.
If | p (x) | < | / ~1 -11 for all x > 0, prove that 

\a} + 2a2+ ... + n an | <1.

27. If /(x) = min ||x +11 , |x|, |x-11}, discuss the con­
tinuity and differentiability of/(x).

x+1,-2<x<0
28. Draw the graph of/(x) = 0 , x = 0

x-1,0<x<2

/(0)|2 + /(I))2 + {/ (2)}2 + ... + {/ (n)}2 = 1 + o
18. Let/(x + y) =/(x) +/(y) + 2xy -1 for all x, y e R. If / (x) is 

' differentiable and / '(0) = sin <}>, then prove that/(x) > 0 for all 
xe R.

r, . ar +1 , x < 1/(x) = , ,
x3 + ax2 + bx, | x | >1

1
9
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HINTS TO SELECTED PROBLEMS

At x = 0, [ | x | sin n x] = 0

Thus,/(x) =

10. We have,

/(x) = 15. We have,

11. We have, g(x) =

17. From Example 30, we have f (x) = - x +1 for all x e R.

14. (i) For x g (0,1), we have

— □□□ —

5. f (x) is not continuous at x = 1. So, it is not differentiable 
thereat.
6. We have,

0< |x| sinnx<l

=> [ | x | sin n x] = 0

x2^-! ,x<0
(ii) /(x) = 1-x2 ,0<x<l 

x2-! ,l<x

x3-3x 
-2

,0<x<l
,l<x<2
,2<x<3
, x = 3

0,0<x<l 
-l,-l<x<0

-1+l-x=-x,-l<x<0 
1-x
X 
1 + x 
5 ,0<x<l

,l<x<2 
(2x-5)2,2<x<3 
(x-2)2 ,x>3

fox (x) = f (? (x» = E(1 + tan x)'0 “x <n/4
|/(3-cotx),n/4<x<n

1 + tan x + 2 ,0 < x < n/4
6 - (3 - cot x), n/4 < x < n

n
.’. X V(r))2 = 1+ l2 + 22+... + (n-l)2 

r = 0

For x g (— 1,0), we have 

-1 < | x | sin n x < 0 
=> [ | x | sin n x] = -1

(x-l)x ,0<x<l 
/(x) = 0 / x = 1

-(x-1)2,1<x<2

1 n(n-l)(2n-l)
6



CHAPTER

DIFFERENTIATION

Slope of the chord PQ

...(i)

tiation of/(x) and is denoted by/'(x) or D/(x) or — (f(x)).
or /'(c)

Thus, (i)

-(ii)or

(x.f(x))Q

o x

Fig. 5.1

5.3 DIFFERENTIATION OF SOME STANDARD 
FUNCTIONS

The following is the list of derivatives of some standard func­
tions :

lim (Slope of the chord PQ) = limJ
Q->P x-»c

As Q -> P, chord PQ becomes tangent at P. Therefore, 
from (i), we have

11

Ax + h)-f(x) 
h

f(x-h)-f(x) 
-h

fix) — f(c)
. x-c

_/(x) -/(c)
x-c

Taking limit as Q -> P i.e., x—>c,we get

f(x)-f(c) 
. x-c

5.2 GEOMETRICAL MEANING OF DERIVATIVE AT A 
POINT

Consider the curve y = /(x). Let /(x) be differentiable at x = c. Let 
P (c,/(c)) be a point on the curve and let Q (x,/x)) be a neigh­
bouring point on the curve. Then,

yi

//: 
Zy ;

,-c ;B

Slope of the tangent at P = limJ

dx

Thus, the derivative of a function at a point x = c gives the 
slope of the tangent to the curve y =/(x) at the point (c,/(c)). 
Also, if a function is not differentiable at x = c only if the point 
(c, fie)) is a comer point of the curve y = /(x) i.e. the curve 
suddenly changes its direction at point (c,/(c)).

5.1 DIFFERENTIATION
Let fix) be a differentiable or derivable function on [a, b]. 
Then corresponding to each point c e [a, b] we obtain a uni­
que real number equal to the derivative /'(c) of/(x) at x = c. 
This correspondence between the points in [a, b] and deriva­
tives at these points defines a new real valued function with 
domain [a, b] and range a subset of R, set of real numbers, 
such that the image of x in [a, b] is the value of the derivative 
of/atx z.e.,/'(x) or D/(x). This function is called the derivative 
or differentiation of/(x) with respect to x or simply differen­

tiation of/(x) and is denoted by/'(x) or D/(x) or ~ (f(x)).

(xi) (cosec x)=- cosec x cot x

(ii) jjfeW

(iv) £(108^)4
(vi) J^(sinx) = cosx

(viii) £(tanx)=«?x

d(x) — (sec x) = sec x tan x

(c.f(c)) 
y-f(x) P/

(i) l(x") = nx"-1

(iii) £(«X) = ^log/rfl.

(v) ~ (logo x) = —r——V dx ^ xlogefl

(vii) ~ (cos x) = - sin x

(ix) (cot x) = -cosec2 x

The differentiation or derivative of a function fix) is also called 
the differential coefficient of fix). But we shall be using the words 
differentiation or derivative only.

y__ r
L
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-1 < x<l

-1 < x<l (Froml(i)

,-«><x<<»

1

-1

„.(iand,

(From(i)

...(i)i.e.

(and,

= lim 
h-»0

h ±lim 
h->0

= lim 
h-*0

/(x + h)-/(x) 
h

g(x + h)-g(x) 
h

c-f(x + h)-c-f(x) 
h

So, g (x) = cf(x) is differentiable such that

RULE (III) If fix) andg(x) are differentiablefunctions, then show tha 
fix) ± g(x) are also differentiable such that

dx [f(x)±g(x)] = —/(x) ± ^g(x)-

That is the derivative of the sum or difference of two functions h 
the sum or difference of their derivatives.
PROOF Since /(x) and g (x) both are differentiable functions 
Therefore,

So,/(x) ± g (x) is differentiable such that

RULE (IV) (PRODUCT RULE). Iff(x) and g (x) are two differential 
functions, show that fix) • g(x) is also differentiable such that

£ \fwg w] =fix) £ {g(x»+£ \fix)} ■ g(x).

PROOF Since/(x) and g (x) are differentiable functions. There 
fore,

=£<*(x))

h -> 0 n ax

both exist finitely

o.4 DIFFERENTIATION OF A FUNCTION
FUNDAMENTAL RULES FOR DIFFERENTIATION This section is 
mainly devoted to develop several rules that allow us to find 
derivatives without using definition directly.
RULE (I) Differentiation of a constant function is zero i.e.,

£(c) = 0. 
dx

PROOF Let/(x) = c, be a constant function. Then,

dxV ) h_0 h

= lim = 0.
h-»0 h

Let g (x) = c • f(x). Then

*-o h

i- /(x + h)-/(x) d ,,, .. lim^-----= — (f (x))
h —> 0 h dx

Um
h->0 h

both exist finitely
Now,

lim 4- /l) ±g (x -F h)| - {/(X) ± g (x))
h->o h
= {/'(x-Fh)-f(x))±{g(x + h)-g(x)}

h-^Q h
Hence, y- (c) = 0, where c is a constant. dx
Geometrically, graph of a constant function is a straight line 

parallel to x-axis. So, tangent at every point is parallel to x-axis. 
Consequently, slope of the tangent is zero, i.e., £ = 0.

RULE (II) Let fix) be a differentiable  function and let c be a constant. 
Then c -f(x) is also differentiable such that 

£lc./(x))=c.£(f(x))

That is the derivative of a constant times a function is the constant 
times the derivative of the function.
PROOF Since/ (x) is differentiable. Therefore,

lim /(xtftj—fill exists finitely and is equal to ■— (f (x)^ 
h -»o h dx\ J

lim 
/i-»0 h

(xii) £ (sin 1x)=-1 1 ,

(xiu) £ (cos-1 x) = -

(xiv) £(tan-1x) = —

• £(cot~Ix) = “-
(xvi) £ (sec-1 x) =-------y=—| x | > 1

dx \x\yx2-!
(xvii) £ (cosec-1 x) = -—

h-»0 h

= c£(f(x))
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+ log {f(x)\ ■

+ log VWI ■

5.5 RELATION BETWEEN

+ log \ffx)} ■=>

+ log [fix)} •

1

= 1

[-.•Ax-»0 <=> Ay —>0]

Ax
Ay‘

+ g(x)-lim 
/i-»0

lim 
Ax->0

Let $ W=/Wg W-Then,

d (ffxf 
dx [ g(x) "

dgW 
dx

d%(x) 
dx

dg(x) 
dx

f(x + h)-f(x) 
h

dg(x) 
dx

fe«]2 ALITER We have, 

y = l/WF(x)
_ ggfx) • log (flx)l

^y = iog if wi [g(x). JL dKx)

5.6 MORE ON DIFFERENTIATION
DIFFERENTIATION OF IMPLICIT FUNCTIONS

If the variables x and y are connected by a relation of the form 
f (x, y) = 0 and it is not possible or convenient to express y as a 
function of x in the form y = 0 (x), then y is said to be an implicit 
function of x. To find £ in such a case, we differentiate both 

sides of the given relation with respect to x, keeping in mind 
that the derivative of 0 (y) w.r.t. x is For example,

£ (sin y) = cos y • £' £ (y2) = 2y £.
dx J dx dx y y dx

gw-£vwi -/w-£(gwi

lim = 1

h->0 h

= lim f(x + h^(x + h)-f(x)n(x)
Az—>0 h

= iim /(* + ^g(x + ^-f(x + fr)g W+ /“(* +k)gW-/WgW 
h->o h

= Um f(x + h^(x + h)-y(x)]+^(x)[f(x + h)-f(x)]
h->0 •

= Um /(HW + ftHWl
h-*0 h

=} lim
Ax-»0

DIFFERENTIATION OF PARAMETRIC FUNCTIONS

Sometimes x and y are given as functions of a single variable, 
e.g., x = 0 (f), y = V (0 are two functions and t is a variable. In 
such a case x and y are called parametric functions or param­
etric equations and t is called the parameter. To find £ in case 

of parametric functions, we first obtain the relationship be­
tween x and y by eliminating the parameter t and then we 
differentiate it with respect to x. But every time it is not con­
venient to eliminate the parameter. Therefore, £ can also be 

obtained by the following formula 
dy _ dy/dt 
dx dx/dt

^/W^lgWJ+gW^VWl

Thus, (x) = /(x) g (x) is differentiable such that

£ VWg W) = f W ■ £ {g W) +g W • £ VW).
RULE (V) (QUOTIENT RULE) If /(x) and g(x) are two differentiable 
functions andg (x) # 0, then show that is also differentiable such 
that

^and^ 
dx dy

Let x and y be two variables connected by a relation of the form 
/(x, y) = 0. Let A x be a small change in x and let A y be the 
corresponding change in y. Then

dy .. Ay , dx ..j = lim —and — = lim 
dx Av-^nAx dy a y -»0

+lim gwy^+^-zwi 
h->0 h

Ai —>0 h-^0 h

Now, 
Ay Ax 
Ax Ay

' Ay Ax
Ax Ay

* Um
Ax->0 ^X t 

dy dx •--  = 1dx dy

Hence, 

_ 1 
dx dx/dy'

=
y dx "

^ = y 
dx y

LOGARITHMIC DIFFERENTIATION

In this section, we will be mainly discussing derivatives of the 
functions of the form V(x)F(x) where/W and g(x) are functions 
of x. To find the derivative of this type of functions we proceed 
as follows:

Lety = [flx)]*<”.
Taking logarithm of both the sides, we have

logy = gW-iog VW1
Differentiating w.r.t. x, we get

1 ffx) dx

gW. dfa).
/W dx
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are

y with respect tox and the derivative of

ILLUSTRATIVE EXAMPLES

Now,
x

X

du 
dv

= x* lim 
h->0

dx'

= x* lim
h—>0

= ?loSx Um
/i-»0

= lim ?logx 
h-+0

V3'

•

= e*10^ lim 
h-»0

yv 
y.

du/dx 
dv/dx'

Thus, to find the derivative off (x) w.r.t. g (x), we first differen­
tiate both w.r.t. x and then divide the derivative of f (x) w.r.t. x by the 
derivative ofg (x) w.r.t. x.

f log (1 + h/x) + h log (x + h)  !

x log (1 + h/x) + h log (x + h)

log (1 + h/x) + h log (x + h)  2 

x log (1 + h/x) + h log (x + h)

log (x + h) - x log X + h log (X + Ji)  1 
_____-_____

dx3' '

•••/ yn 
y(’0 

o"y 
f(x)

,(x + h) log (x + h)  log x 

h

y„(4 y”(«), Dny(a), fn (a) or

DIFFERENTIATION OF A FUNCTION WITH RESPECT TO ANOTHER 
FUNCTION

So far we have discussed derivative of one variable, say, y with 
respect to other variable, say, x. In this section we will discuss 
derivative of a function with respect to another function. Let 
u =f (x) and v = g (x) be two functions of x. Then to find the 

derivative off (x) w.r.t. g (x) i.e., to find ~ we use the following 

formula

e(x + h) log (x + h) - x log x  J 

h

dny
The nth order derivative of y w.r.t. x will be denoted by

e(x + h)log(x + h)-xlogx_ J 

h

EXAMPLE 1 Find the derivative ofxf (x > 0) with respect to x,from 
first principles.
SOLUTION Letf (x) = xx. Then,/(x + h) = (x + h)x + h

I
( h\x log 1 + - + h log (x + h)
\ /

h "

HIGHtrt ORDER DERIVATIVES

If y =f(x), then > the derivative of y with respect to x, is itself,

in general, a function of x and can be differentiated again. To 

fix up the idea, we shall call as the first order derivative of 

duj w.r.t. x as the second dx

If y = /(x), then the other alternative notations for

a Y A:
dx2' dx3' "" dx"

= X* X 1 X (1 + log x)

= Xx (1 + log X).

EXAMPLE 2 Differentiate /(x) = ^sinx from first principles.
SOLUTION Let/(x)= ^sinx. Then,

= lim AVM-rW 
h->0 h 

= lim
h ->0 h

= lim - 
h-»0

. h} l0^1 + x

y*
y", 

Dy, tfy, D3y, .. 
f'(x) f"(x), f"'(x) ..

The values of these derivatives at x = a are denoted by

dx»k Jx = a

i- f(X + h)~f(x) 
= lim ,

h-,0 h

 = lim ----- j-----------
h->0 11

d2V
order derivative of y w.r.t x and will be denoted by Similar-

dx

ly the derivative of — w.r.t. x will be termed as the third orde r 
dx2

d3y 
derivative of y w.r.t. x and will be denoted by — and so on.

dx3
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1 +
,2/3

1 + 2sinTC0S(x + r

h

1 +

h

= 1 X cos X X = cotx.X

EXAMPLE 4

X

(V3+/1)

= V3xlx4 + tan lyl3

-1

h find

/

x
1-

h

V3+ft-j3 
l + k/3(^+ft)

1
’ sinx

h
4 + Jlh

= lim
/r —>0

= V3 lim
h —> 0

+ lim tan 1 (V3~ + h) 
h-+0

dx'

= lim 
h-tO

= lim 
h->0 . lim 

h-)0

= lim------- ;
h —»0 h [sin'

. lim 
h —> 0

= 
dx

sin (x + ft) - sin x 
sinx

sin (x + ft) - sin x 
sinx sin (x + ft) - sin x 

sinx

sin (x + ft) - sin x 
sin x

sin (x + ft) - sin x 
sinx

sin (x + ft) - sin x 
sin x

sin (x + ft)-sinx]

sinx J

ft
4 + <3ft

1

x + sin

1

x + sin

1
’ sinx

sin (x + ft) 
sinx

“ft

sin (x 4- ft) 
sin x

X-----;
sin'

sin (x 4- ft) - sin x 
sinx

ft

cosx 
3 sin2/3 x

(x + ft) 
i1/3 (x)

x lim —; 
h-tO sin'

Iff (x) = x tan 1 x,findf' ("73) by first principles.

SOLUTION We have,

A 
V* dx

n
+ 3

' 2x '

1 + x2 ' 
k /

log 1 +

= lim-----------
h-»0

log

= lim — 
h->0

log 1 +

= lim-----------
h->0

log]l +

= lim
h-»0

log

= lim-----
h —> 0

log

= lim — 
h -»0

log

= lim — 
h —»0

log sin (x 4- ft) - log sin x 
ft

r*
4

2x
1 4- x2 

k 7

EXAMPLE 5 If y = sin 1

tan 1

SOLUTION We have,

' 2x

1 + x2 
k

1
f 2x

< > -
= — + tan

4

x + sin1/3 (

sin

y = sin 1

0 . ft f ft 2sin-cos x + - sin (x + ft) - sin x 
sinx

sin (x + ft) - sin x 
sinx

1
sinx

{ ^sin(x + ft))3-( 3sinx)3

(x + ft) + sin2/3 x + sin1/3 (x + ft) sin

= +
h -4 0 h

1 
‘4 + >/3ft

~ COS X---------------------------- ------------------------------
sin2/3 x + sin2/3 x + sin1/3 x. sin1/3 x

W & sin]- cos x + -
/ ____ «

ft
2

_ lim (^+h) tan'^Vs+h)-^tan-1>/3 

h -4 0 h

~1 (f3 + ft) - tan~1 V3] + ft tan 1 + ft)
ft "

3/3 (x + ft) sin1/3?/3 (x + ft) + sin2/3

ft-»0

r ~1= lim — tan
h->0 h

y^(x) = lim
h ->0 h

h-»0 h

1/3 (x + ft) sin1/3

+ lim tan 1 
ft-»0

______________ 1_
i2/3 (x + ft) + sin2/3

EXAMPLE 3 Differentiate log sin x by first principles.
SOLUTION Let/(x) = log sin x. Then,

i2/3 (x + ft) + sin2/3

• l'‘ (
sin - cos x + -

I

ft
2

sin (x + ft) - sin x 1 
ft ‘sinx

i1/3x]

, a3-b3 '
v a- b = —----------- -

a2 + ab + ft2

= lim ;in(x+y-sinxx_:

h -40 " sin'

ft
2

1
4

ft
2

ft
2

ft
2

'ft>
2
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, x>0

if , -1 < x < 1

[IIT1998]

=> y =

, if — 1 <x<l
=* y =

dx , if | x | > 1
=> y =

with respect to x.
=> y =

. Then, => y =

=> y =

1-
logy = log

=>

=> y +

,x>0 => y

=>

i 
x-c

1-x2)

, if x> 1 
x , if x < — 1

1
x

does not exist, x = 0

-1—• ,x<0

1 
x

X + x-c

= 
dx

= 
dx

c 
d-------- -

X-C

x-a
2

2(1-?) 
(1 + x2)2 

.2(1-?) 
,2

-1 

fl-?

2
dy _ 1 + x2 

'* ? = 2

x

-a b  c
x (x-a) x(x-b) x(x-c) 

a b
a-x b-xdx x

2

does not exist, x = 0 
-2

, x<0 
1 + x2

1 A 
x-b

J

c + x-c + x-c

f 2
EXAMPLE 6 Differentiate cos-1 ——

(•>
+----- +1, prove thiai

SOLUTION Lety = cos 1

-4x 
(1+?)2

x 2 
1*1 1 + x2 
[ 2

. = 
dx

y = cos-1

(1 + x2) x 2 - 2x x 2x 
(1 + x2)2

(sin 20)

,if-7t/2 <20 <n/2 
n - 20 , if n/2 < 20 < it 
- n - 20, if - n < 20 < - it/2

2tan-1x 
ti-2 tan-1 x 
-n-2 tan-1

EXAMPLE 7 If
______ ax2______ bx
(x - a) (x - b) (x - c)+ (x - b) (x - c) 

a b c+ 7 +----- .a-x b-x c — x

\ 7
-a+?)

' V(i+?)2-(i-?)2
. -(1+X2)

1

= ^k3Tx
(i+?)2

ii+?i 
= 77T---- ctX

n(1 -x )

_ 1+x2 ? n - '2'
|l-x2| X (1+x2)'

= !-*2 2
|l-x2| 1+x2

2
1+x2

= does not of exist if , x = ± 1

ALFTER Putting x = tan 0, we have

y = sin-1

20

(1+X2) (~2x) - (1 - x2) (2x)
(1 + x2)2

2 tan 1 x , if x > 0
- 2 tan-1 x, if x < 0

i^y = 3_ 
y dx x

^L = 
dx

y=

dx x

SOLUTION We have,

ax2______ bx c -
(x - a) (x - b) (x - c)+ (x - b) (x - c) + x - c

______ ax1______ bx
(x - a) (x - b) (x - c) + (x - b) (x - c)

ax2______ bx
(x - a) (x - b) (x - c)+ (x - b) (x - c)

ax2______ bx + x (x - b)
(x-a) (x-b)(x-c) + (x-b)(x-c)

______gx2______ x2
(x - a) (x - b) (x - c)+ (x - b) (x - c)

ax2 + x2 (x - fl)
(x-fl)(x-b)(x-c)

x3
(x-fl) (x-b) (x-c)

______ x^_______
(x - fl) (x - b) (x - c)

logy = 3 log x - (log (x - a) +log(x-b) + log(x-c)) 
On differentiating w.r.t. x, we get

[x-a x-b x-c 
Zd i \ 

- +

ALITER On putting x = tan 0, we get 
fl-tan2 0^ 
J + tan2 0,

= cos-1 (cos 20)

(2 0 , if 0 < 20 < it
1-20 , if-n<20<O
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=> 2 cos = 2/7 sincos cos
=> \

=> cot = a

=>
= cot-1 (fl)=>

=>

=>

=>

=3

3?-=>
=>

andf' (x) = sin ^,findEXAMPLE 9 If y=f
then prove

SOLUTION Let z =

V =/(z)

=>

=>

=>

=> =>x4 + y4 + 2x2y2 = x4 + y4-2

=>

=>

2 sin

EXAMPLE 10

=>

~f'(~x) = -/'(x) 

r(-^)=r(x)

SOLUTION We have,

A-B
2

a/1 -x(

’■•f' (x) = sin x2, 
_.-./'(z) = sin z2

Vl -sin2 A + Vl - sin2 B = a (sin A - sin B) 

cos A + cos B = a (sin A - sin B) 

A-By 
2 /

= 1 
dx ?

=> (x2 + y2)2 =

i-y6 
l-x6 -

i-y6
.6 •

dx ?y

TT?

a 2?/ =-2

/ = -x-2

Differentiating w.r.t. x, we get

2y^ =
ydx

' A+B'
2

Tz^-fx
.... d px-T

' " dx J + 1 
x. /

2(x2 + I)-(2x-l)2x
(x2*!)2

^ = q.72 2 (x2 +1) - (4x2 - 2x)
dx‘Smr- (x2 + 1)2

f2x- if ll+x-x2
j? + l J [(x2 + l)2

If'l l-x6 + "Vl -/ = fl (x3 -y3), prove that

dy x2

SOLUTION Putting x3 = sin A and y3 = sin B in the given rela­
tion, we get

=/'(x)

=> x4+y4 + 2x2y2 = f2 + ^-2

-(-2)x’3

vx4+y4 = f2 + ^
r

-7—r t (v3) = °- Vl-y6 dx^

1^ 
i-y6

dx

-fX-x) =f(x) 
f(-x) = -/'« 

=> f' (x) is an odd function.
Let/(x) be an odd function. Then, 

/(-x) = -/(x)

dy = _d 
dx dz

=> y

EXAMPLE 8 Prove that the derivative of an even function is an odd 
function and that of an odd function is an even function.
SOLUTION Let/(x) be an even function. Then,

/(-x) =/(x)

£(/(-x)) = £(/(x)i

=>
=> /'(x) is an even function.

'2x-f
x2 + l \ /
2x-l ~ -t—. Then, 
x2-!-!

' A + B"
2 /

'A-B'
2 /

d/x-Tx^

'A-By
2 \ /

1^'W-

A - B = 2 cot (fl)

=> sin-1 x3 - sin-1 y3 = 2 cot-1 (fl).

Differentiating both sides w.r.t. x, we get

1 T-^tX3)- 1
dx'r)

= f' (z) — dx J

3 dx

d y _ x2 -y 
dx y1 l-x'

EXAMPLE 11 If x2+y2 = t-j and x4 + y4 = t2 + ~, 

that^- = -~~.
dx
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=>

=>

,2EXAMPLE 14

X +

(i) -

i

■(i)

-(ii)= x
■(ii)

[Using (ii)]

EXAMPLE 13 1/y = COS'

,2\2

=>cosy =

=> cosy = 2

=>

=>

dx

S

I 
-

rfy = 
dx

= 
dx

+ y2-(a2 + b2) = (a2-b2y2-(a2 + b2)‘
3

cos x cos 3x

3 
cos x cos 3x

+ (2/-(At2)!2 =

dx2

cos 3x 
cos3x

cos3x
3 COS X

satisfies the relationship 2y = x
V3 

cos2x

=> ^y2

J?

cos y = \4 - 3 sec2 x 

cos2 y = 4 - 3 (1 + tan2 x)

.2_ o >_2 „=> 1 - cos y = 3 tan x
2 2sin y = 3 tan x

sin y = V3~ tan x

Differentiating both sides with respect to x, we get

y = cos-1

SOLUTION We have,

y2 = a2 cos2 x + b2 sin2 x

=> Zy2 = a2 (2 cos2 x) + b2 (2 sin2 x)

=> 2p = a2 (1 + cos 2x) + b2 (1 - cos 2x)

=> Zy2 = (a2 + b2) + (a2 - b2) cos 2x 

Differentiating with respect to x, we get 

4y^ = - 2 (a2 - b2) sin 2x

y dx
From (i), we have
2y2-(fl2 + b2) = (fl2-b2)cos2x

Squaring (i) and (ii) and adding, we get 

d}L\ 
dx \ J

dx
SOLUTION We have,

[dx]dx2

<3~
cos y cos2 x

cos3x
cos 3x

4 cos x - 3 cos x
3 cos X

-(a2-b2) sin2x

SOLUTION We have, 
x2 1 y = rv

(?-l)^ + x 
dxr

SOLUTION We have,

cosy 7^ = V3 sec2x

2

dxj
2

ty2 ^dx +P “ (P + P) - ~ 4 a2 b2

fef + y2.(fl2 + j2)=_«^
^(ZXJ 7 ' y2

Differentiating both sides w.r.t. x, we get

+ 2v^ =
* dx f dx

d2y a2#

d^"7
EXAMPLE 15 If y = a (x + Vx2 +1)” + b^x-^Jx2 -Y)-", prove 
that

Ify2 = a2 cos2 x + b2 sin2 x, then prove that

n2j,2 a b

+V'-T

; 1 N---S^x, then show that 
COS X

+ '°8*-

2r dx

^-~n2y = 0 
dx 7

2
=> y = y + ^x^ + l + ~log(x + Vx2 +1)

=> 2y = x2 + x "Vx^ +1 + log (x + Vx2 +1)

Differentiating both sides w.r.t. x, we obtain 

1 .
(x2 +1 + Vx2 +1

2y = 2x + Vr2 +1 + >/x2 + l
J dx

2y^ = 2x + 2‘Vx2 + 1 
J dx

dx
From (i), we have
2y = x (x + yJx2 + l) + log (x + VP + 1)

=> 2y = x + log 7^ 
J dx ° dx

EXAMPLE 12 Prove that the function
9 __ _______

y = y +1 xVx2 + l + log Vx + V? +1
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-n

(i)
in -1 1 +'x

X. 1-

[Using (i)]

dx'

+

=>

.2

=>

= 0+ dz
l-z'

X

1-

1__
r?

(4
dx

+p2y = o

dx

- bn (x- 'lx2 -1) " 1 x 
^7

X 
'lx2 -1

=> (x2-!)

dx

dx
• \ 7

Differentiating w.r.t. x, we get
.2

= n:

, dy and yx = . ,

y = «(*+

. dy r -f- = na[x- dx

(1-x2)2

SOLUTION We have,

x = sin 0 and y = cos p 0.

dy _ dO _ - p sin p0
dx dx cos 0

dO
_ -p^Ji-cos2pe

"Vl-sin20

dy _ -p'll-y2
dx ' ~

f j \2

dx
X 7

=>(1’x2)[&] =p2<1-y2)
Differentiating both sides w.r.t. x, we get

f-Xo-zy^r J dx
I \ 7

dy _ _dfdif 
dx dt x 7

dy d2y dt
dx dt2 dx

d£ _
'<d(2

^-n2V = 0 
dx J

^^-2x
dxdx2

dx2 dx

example 17 If x2 + y2 + z2 - 2xyz -1, then show that 

dx-r™T + 
vl -x2

^^x2-1 = n ja (x + "Vx2 -1)" + b (x - “Vx2 -1) ”]

=> ylx2-l = ny

\2 
■ =n:

-1 T + f/x-Vx2-!

J dx

1T?+
EXAMPLE 18 If y is a twice differentiable  function ofx, transform 

the expression means °fthe transforma­

tion x = sin t in terms of the independent variable t.
SOLUTION We have, x = sin t or t = sin"1 x.

Now,
dtL = d)L df 
dx dt ’ dx

. ^L = ^L^-=2=
dx dt Vl-x2

dx dt
Differentiating w.r.t. x, we get

,x. i-
dx2 177 dx

=> VT?
dx2

dx^lTJdx

=, =( 'd? dx dt2

^h-x2
i2(l-y2 

(l-x2)

SOLUTION We have,

x2 + y2 + z2 - 2xyz = 1

=> d (x2 + y2 + z2 - 2xyz) = 0
=> 2x dx + 2y dy + 2 zdz - 2 (xydz + yz dx + zx dy) = 0
=> (x - yz) dx + (y - zx) dy + (z - xy) dz = 0

dx , dy dz ,...z 77 \ , x, x + 7 77 7 = 0 —U1)(y-zx)(z-xy) (x-yz)fz-xy) (x-yz)(y-zx)
Now,

n 9(y-zxf(z-xy)
= (y2 - 2xyz + z^) (z2 - 2xyz + x2 y2)
= (1-x2-z2 + z2x2)(l-x2-y2 + x2y2)
= (l-?)(l-z2)(l-?)(!-/)
= (I-?)2 (!-/)(!-?)
(y-zx)(z-xy) = (1-?)V(1-/)(!-?)
Similarly,
(X - yz) (z - xy) = (1 - y2) V(1 - x2) (1 - z2)

and, (x - yz) (y - zx) = (1 - z2) V(1 — x2) (1 - y2)
Substituting these values in (ii), we get

dx . dz _ q
1 -z^

2(?-i)^^ + 2x
^dx2

2
=> (?-l)^ + x

EXAMPLE 16 If x = sin 0, y = cos p 0, prove that

+ = 0, where y2 = ^
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+ y [Adding y on both sides] .(w)

+ t

=>

/'(X) = and /(0) = 0

prove that

/(x)+/(y) = /
[Using (i)]

f'M =

\2
1 +

2

=>

...(i)

(given);[v/'(x) =

,(ii)
-(1= /(x) + C

[•.• /(0) = o;

f = +/(y)(iv),

3|yi 
2

3yf y-

1
1 + X2

1

Differentiating both sides with respect to x, we get

ly y2)

1

x2 l+^/x)' 
^XTx^=2y

1 fc
2 V1J

dll _ ? + ?e(’/,)! + 2y2e(»/”!

dx

=t(l-?)^-x^ + y 
dx2 x dx 3 y\ yi

, "2 /y> =7^
(•x+a

On integration, we get

/ *+y
' 1-xy

Putting x = 0, we get

/(y)=/(0) + C

=>/(y) = 0 + C

Substituting the value of C in (i), we get 

x+y' 
i-xy

SOLUTION Letyj = -^.Then,

EXAMPLE 20 Prove that the expression 

remains unchanged if y is replaced by -~r.

dx-y =

SOLUTION We have,

x = t(l te^”2) 

e(y/x)2 = £ _ i
k

,(y/x)2

1
1 + x2

e(y/x)2 2y

i+e<y/x)2

x

if42W
This shows that the given expression does not change if y.

1
is replaced by -r.

/
EXAMPLE 21 For a function f(x), we have

1
14-x2

" dt2

EXAMPLE 19 If x = k (1 + e^/x)\ prove that 

dy  x2 + x2e^//x) + 2y2 e* 
dx 2xye<*/x)2

1+y2 (x + y
(1-xy)2 

'*+y} d
1-

d fr=*Tx'f

e(yA)2

yi

yT 
yf IjiJ

t'..

yi y

Differentiating both sides w.r.t. x 

x^ 
dx

x + y' 
l-xy^

1
/ x+y

1 -xyk 3 J
(i-*y)2

(l-xy)2 + (x + y)2

(1-xy)2
(!+?)(! + /)

X

i-xy^

( x + y^
xy jdx - xy

-T^

= _2 
yi2

W 2y dy
•? it

...iyi y y y2

Subtracting 3/2 times the square of (iv) from (v), we get

' 3M2
y' 2|/J

yZ_3f£f+Ifcf y-’H/J 2[yJ

(yZ_3y^+2jd'|
[y y2 y3 J

Using (f), (ii) ar/: tin) can be written as

y{ y\ V y

Differentiating w.r.t x, we get

^I--2

■A

dv
dx

SOLUTION We have,

1 
1+x2

/x + y' 
[l-xyj
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/'(*) =

that

x - cosec 0

in,2

+ y = 0, we get

,2

- cos 0 - cosec 0 + y = 0

+ y = 0=>
1J

.2

+ 4y cosec2 x = Ointo
(i)

[..• /(0) = 0]

,2

Now,

= cosecx
SOLUTION We have,

X = cos 0 =>

Now,

- cosec 0.

and,

= - cosec x cot x

= f& + C

dx dx
\ /

If f(x) is a real function such that /(0) = 0 and 

-for- 1 < x < 1, then without using integration show
d_ 

de

d 
dx

- 1
^(1-fl2) (1-x2) -flx}2

=
de dx dx\ 7

EXAMPLE 22
1__

VT7

i 
^/1-x2

1
Vl-x2

Therefore, 
 

f' (x VT-a2 + a >/l - x2J 

____________1 
,2

(x fl-a2 + a "71 -x'

f\x fl-a2 + a Vl -x2) = /(x) +f(d)

EXAMPLE 23 Show that transformation x = cos 0 reduces the 
differential equation

(1 - x2) - x 7^ + y = 0 into
dx2 dx

f(x) +f(a) = f^x Vl - a2 + a Vl

SOLUTION We have,

d 
dx

dz 
dx~

s = -5in0

(1 - cos2 0) - cosec2 0 cot 0

Vl-fx^l-fl2 +*H1-X2]^

z = log tan |

dx2 ’

=£^(x)} =

-x2

1 2X1------ xsec -x- = cosecx
x 2 2tan-

(1-x2)^

d2y 
, + y = 0 

de2.
EXAMPLE 24 Show that the transformation z = log tan (x/2) 
reduces the differential equation

d2y , dy 
—7 + cot x -7 
dx2

SOLUTION We have,

d2y dz 
+ cosec x —7. — 

dz2 dx

On integration, we get 

f(x Vl - a2 + a

Putting x = 0, we get

/(«)=/(0) + C

C = f(a)

ady de- cosec 0 -ff 1. — de dx

dy _ dy de 
dx de' dx

' dy n c/y j = - cosec 0.7; dx de

Substituting the values of x,

^ + ^ + cot0^ 
de +de2 de

-x^ 
dx

= - cosec2 0 cot 0 
de

dy = ~ cosec x cot x -f- dz

dy[cosec x j 1 • dz

n r o dy cosec 0 cot 0 -7 d0

dy 2 a d2y 
je+cosec

dy
de= 1

V(l-?) (l-x2) - ax
Vl-a2) (l-x2)~-ax 

a/1-?

dy 2 V -f- + cosec x —7 
dz dz2

dy - djy dz
dx dz ' dx
dy dy-f- = cosec x-7- dx dz

and,

d2y  d 'dy^ 
dx2 ” dx I dx I

"cot6i0

a d2y
- cosec 0 —t 

de2

2 a d2y
+ cosec 0—^

de2

, d2y 
and —x 

dx2

+ 4y = 0 
dz2

d2y n
—7 + y = 0 
de2
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=>x

•CO- cosec x cot x=>

dx dx

[Multiplying both sides by X2]
dx2

...(ii)

...(i)
a

dx2
•••(ii)

EXAMPLE 27 y = x*, prove that

•Ii)y(l+logx)

(1 + log x)[•.•C = 0(x)/(x)]

prove that x3 y2 = (x y^y)2.If y = xlog [Using (ii)l=>

y = x log

ax 
a + bx

b 
a + bx

EXAMPLE 25 Given F (x)=f (x) 0 (x) and f'(x) 0' (x) = C, prove 
that

dx2

dx2 x y

_y= 
dx2

+ 4y cosec x = 0

£(*iogx)

=,XM dx2

— = ~~ —V" 4~ (a + bx) x a + bx dx

d2y —t + cotx 
dx2

=> * = log x - log (fl + bx)

dx2 y x' dx

dx2 x dx y dx
A2

dx

.o
d? 1

EXAMPLE 28 If x = a cos 0 + b sin 0 and y = a sin 0 - b cos 6, 
prove that

y2^l_X^ + V = 0
dx1 & y

SOLUTION We have,

a2

(a + bx)2

" (a + bx)2
\2 ax

a + bx k 7
From (i) and (ii), we have
3 d2y ( dy V
x-^ = x -f--y

dx2 \ dx .)

d2y 
=> X—L =

*-y = 
dx y

“£ + 4y = 0 
dz2

2 d^y => cosec x—*■ 
dz2

0. x

du+ cot x cosec x dx
+ 4y cpsec2 x = 0

F" f f 2C
F /+<D+A-

+ 4y cosec2 x = 0

dy 2 d^y.
dx dz2

On differentiating w.r.t. x, we get 

x^ 
dx

f(x) ' 0(x)

EXAMPLE 26 If (fl + bx) e*/x = x, prove that x3 y2 = (xy1-y)2 

f x 
a + bx ’ 

\ /

SOLUTION We have, 

f x " 
a+bx 

/
=> y = x {log x - log (fl + bx))

SOLUTION We have,

F(x) =f(x)^(x) 

and,

f'(x)r« = c
Differentiating (i) w.r.t. x, we get

F'(x) =/z(x)<j>(x)+/(x)0'(x)
Again differentiating w.r.t. x, we get

F"(x) = f" (x) 0 (x) + 2ff (x) 0' (x) +f(x) 0 " (x)

=> F "(x) = /"(x) 0 (x) +f (x) 0" (x) + 2C [Using (ii)]

Dividing both sides by F, we get

F "(x) _ f" (x) 0 (x)+f(x) 0 " (x) + 2C
F(x) /(x)0(x)

F/z(x)_/z/(x) 0zz(x)
F(x) /(x) 0(x)

dx2

SOLUTION We have, 
y = /. 

=> y = 

=> = ?>»8«
dx 

dx
Differentiating w.r.t. x, we get 

^ = y.£(l + logz) + |. 

d2y 1 dy .. . .=> -H- = y-- + ^.(l + logx)

Differentiating both sides of (i) w.r.t. x, we get

d^y + dy _ dy _ (a T bx). fl - ax (0 + b) 
(a + bx)2

fly 
^Xdx~^
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=>

0

...(i)=>

=> coty =

in (ii), we get

[Using (i)] -1

•••(ii)

[Using (i) and (ii)]

at

(i)(i)

x2
[Using (i)]=>

cos y log sin y + sin y cot y
=>

■(ii)0

1
2

sin 
or,e

KX 
2

dx2

y2

= Jx2 + y2) 
y3

v3 
2x^/3

-3
3

3 
^-3

7?-3
3

2(fl-x)
' y2

,\2 .
2(g-x)

8 y + -^- sec"12x + 2X tan {log (x + 2)} = 0

Now, putting x = -1 and cot y = V—

sin™ log siny d [ . HX , . . ^3 1
' ^|sinylogsmy| + y |2x|

+ 2X log 2 tan {log (x + 2)) + 2X. sec2 {log (x + 2)). yy = 0

+ {2-1(0 + l)} = 0

EXAMPLE 30 If - Sax2 + x3 = 0, then prove that 

y2 + 2a2 x2 y~5 = 0.

SOLUTION We have,
y3 = 3ax2-x3

Diffemtiating both sides w.r.t. x, we get

Sy2 y2 = 6ax-3x2

y2y1 = lax-x1

-xf--+y = 0
IV

( I2 2ax-x2

=> y2 + y [(2ox - x2)2 - y3 (a - x)] = 0
JT

y2 + 4 [(2nx - x2)2 - (3 a? - x3) (a - x)] = 0 [•.• y3 = Sax2 - x3]
JT

=> y2 + -^a2x2 = 0
r

=> y2 + 2y“5a2x2 = 0

Now,

1   n
siny 15

-15 => siny = ~y

(siny) 1

(siny)sin
Differentiating (i) w.r.t. x, we get 

/yz+^y^^-2^

V3 .. 1
2 |x|

dy _ 
dx

l
1 3 dx 2

EXAMPLE 29 If
. 7tx JT 

(siny)sin 2 + y sec 

x = -l.
SOLUTION We have,

— <3 .2 +y sec

-It
^13

+ = (a cos 0 + b sin 0)2 + (a sin 0 - b cos 0)2

x2 + y2 = a2 (cos2 0 + sin2 0) + b2 (sin2 0 + cos2 0) 

x2 + y2 = a2 + b2.

Differentiating w.r.t. x, we get

2x+2y =J dx

= _L 
dx y

Differentiating w.r.t. x, we get 
1 dy 

f \ 
I X y-x -- • 

y \ u) ■

: 1 2x + 2X tan {log (x + 2)) = 0, find

[IIT1992]

: 12x + 2xtan{log(x + 2))=0

u41og2.tan|log(x + 2)|+-Sec2^^2JI =

71/ 
y3

3 dx

dy -x-^ + y
dx i

Putting x = -1 in (i), we get

13 2n 1 n  + —x —+ -x0 = 02 3 2

sin —
=* (siny) 2

TtX
2

Differentiating w.r.t. x, we get

. nr
2
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=>

[Diff. both sides w.r.t. x](i)=>

/'w ==>

/wf\x) -f"& ==>

-sinx

[Using (i)]/(x)/"(x)

{/ (x)}2 > 0 for all x e R=> (f'W)2-/«/"« ==>

+

Also,

+

, thenA(x)

EXAMPLE 1 lff(x) = + +

=>/'(x) = +

/(X) =

ac
be ,findf'(x).

df(x'
dx

x + a2 
ab 
ab

/(x) /(x) 
u (x) v' (x)

/(x) g(x) 
u'(x) v’ (x)

ab 
x + b2 

be

SOLUTION Let av c^,..

/(x) = (x-a1)(x-a2)...(x-aM)

= f(x) g'(x) 
u(x) v(x)

_ tf'W)2
/«

ac 
be
1

n
log {/■(x)) = E log(x-a,) 

i = 1

n= z
i = l

f(x)
/(x)

1 
(x-a,)

Similar results hold for the differentiation of determinants 
of higher order.

x + a‘ 
ac

5.7 DIFFERENTIATION OF DETERMINANTS
In the previous sections, we have studied differentiation in 
detail. In this section, we shall discuss the differentiation of 
determinants.

To differentiate a determinant, we differentiate one row (or 
column) at a time, keeping others unchanged.

For example, if

_ /(x) g(x) 
u(x) v(x)

0 
be

x + i

=> y = V'(x)}2-/(x)/"(x) does not cross x-axis.

=* \f' (x))2 -f (x)f" (x) does not have real roots.

x + a2 
ab
0

ac
be

X + (

ab 
x + b2 

0

ab 
x + b2 

be

” 1
Y —— ,

” 1E —— 
i=ix"ai

SOLUTION We have,
2 X + fl

ab 
ac

ILLUSTRATIVE EXAMPLES
x + a2 

0 
ac

£ |A(X)|

-□□□-

= /'(x) g(x) 
u' (x) u(x)

ab ac
1 0
be x + c2

n atx = -~.o

" 1
i = i(x-al)z

1 0
/' (X) = ab x + b2 

ac be

" 1
E—5 

f=i(x-ay. dx L-/6

,2 ac
x + c2

MATHEMATICS FOR IIT-JEE

EXAMPLE 31 If/ (X) = logsec | cos 4x | + | sin x |, then find 9

=> \f' (x))2 ~/(x)/" (x) > 0 for all x e R x« a,-

a?I be the real roots of/(x). Then,

, x + a2 ab 
ab x + b2

SOLUTION We find that in the neighbourhood of x = - n/6, 

cos 4 x < 0, sec 2x > 0 and sin x < 0 

|cos4x | = -cos4x, |sinx| = - sinx 
and, | sec 2x | = sec 2x

Thus,

/(X) = logsec2x |cos4x| + | sin XI

= logsec (-cos 4x) - sin x

 log (- cos 4x) 
log sec 2x

. d/(x)
dx
(log sec 2x) (- 4 tan 4x) - log (- cos 4x). 2 tan 2x- ------------------------ cos x

(log sec 2x)z
 (log 2) (- 4<) - (log 2) x (- 2>/3)  &

(log2)2 2

= -6<3 V3
• " log2 2

EXAMPLE 32 Iff(x) is a real valued polynomial and f(x) = 0 has 
real and distinct roots, show that the equation [f' (x)}2 -/(x)/" (x) 
cannot have real roots.

x + b2 bc
be x + c2

= |^(x + b2) (x + c2) - b2 c2]+[(X + a2) (x + c2) - a2 c2]

+ [(x + a)2(x + b2)-a2b2]

=> f'(x) = x2 + x(b2 + c2) + x2 + x(a2 + c2) + x2 + x(a2 + b2)

=>/'(x) = 3x2 + 2x(a2 + b2 + c2).

£ ——5 
ix^X-Otj)

[Diff. w.r.t. x]
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x = a.

=* 0z(x) =

F(x) =

+
/i(x) /2(x) AW

[Using (i)]Mx) Mx) W

+
=>

+

A =

+
prove that

A' ==> F'(a) = +

+

=> F'(fl) = 0 + 0 + 0 = 0

A =

Applying R3 -> R3 - 4R2
(i)

EXAMPLE 3 Iff (x), g (x) and h (x) are three polynomials of degree 
1, then prove that

/1 («) f2(a) /3(«) 
g'lfa) g'2(«) g'3(«) 
/1(a) /2(a) /3(fl)

In order to prove that 0 (x) is a constant polynomial, it is 
sufficient to show that 0 " (x) = 0 for all x.
Now,

/(x) g(x) h(x) 
0 (x) = f (x) g' (x) h' (x) 

/zz(x) g"(x) hzz(x)

Using:/, (fl) = gr (fl) 
= hr (n); r = 1,2,3

/(x) g(x) h(x) 
+ /"(x) g"(x) h"(x) 

f"(x) g"(x) h"(x)

/1(a) /2(a) /3(fl) 

21'(a) g2'(«) g3'(«) 
hi (a) h2(fl) /?3(fl)

is a constant polynomial.

SOLUTION Let /(x) = fl1 x2 + fl2 x + fl3, g (x) = b1 x2 + b2 x + b3 

and h (x) = c1 x2 + c2 x + c3. Then,

/' (x) = 2 flt x + a2, g' (x) = 2 b} x + b2 and, h' (x) = 2^ x + c2 

f"(x) = 2apg" = 2bj,h"(x) = 2c]

and, /"'(x) = g"'(x) = h"'(x) = 0

EXAMPLE 2 If fr (x), gr (x) and hr (x); r = 1,2,3 are polynomials 
in x such thatfr (a) = gr (a) = hr (fl); r = 1,2,3 and

/i(x) /2(x) /3(x)
F(x) = g}(x) g2(x) g3(x) ,findF'(x)at

Mx) h2(x) h3(x)

SOLUTION We have,

/i(x) /2(x) /3(x)
gi(x) g2(x) 23 W
/?i(x) h2(x) h3(x)

// (x) />' (x) // (x)
f'(x)= gi(x) g2( g3(x) + g/(x) g2'(x) g3'(x)

/ii(x) h2(x) h3(x)

/l(x) /2(x) /3(x)
21 (x) g2(x) 23 W
hf(x) h2'(x) h3'(x)

fl (a) //(a) /3z(a)
gi(a) g2(a) g3 (a)
^(fl) h2(fl) h3(fl)

/1(a) /2(a) /3(fl)

2i(a) 22(a) 23(fl)
/ii'(fl) h2'(fl) /i3'(fl)

/'1 (a) f'2 (a) /S (a)
2i(a) g2(a) g3 (a)
21(a) g2(a) g3(fl)

/1(«) /2(a) /3(x)
/1(a) /2(a) /3(a)
21'(x) 22'(x) g3'(x)

Two rows are identical 
in each of the determinants

/(x) g(x) h(x)
0 (x) = f' (x) g' (x) h' (x)

/"(x) gz/(x) h"(x)

/'(x) g'W h'tf 
f'(x) g'(x) h'(x) 
/"(x) g"(x) r(x)

/(X) g(x) h(x)
/'(X) g'(x) h'(x)
/"'(x) r(x) /i'"(x)

/(x) g(x) Mx)
=> r(x) = 0 + 0+/'(x) g'(x) h'(x) 

0 0 0

=> 0' (x) = 0 + 0 + 0 = 0 for all x.

0 (x) = constant for all.

Hecne, 0 (x) is a constant polynomial.

EXAMPLE 4 Iff, g, h are differentiable functions ofx and

f g h
W (xg)' (xh)' .

(X2/)" (x’g)" (?/!)"

g h
g'

(?/")' (?g'y (?n'
SOLUTION We have,

(x/)' = x/z+/,(xg)z = xg'+g,(x/i)' = xh' + h

tfff = x2/' + 2x/, (x2 g)' = x2g' +?xg

(X2/!)7 = X2/l' + 2x/2

(?/)" = x2/,z + 4x/' + 2/,

(x2g)" = x2g,/ + 4xg' + 2g

and (x2/!)" = x2 h" + 4xh' + 2h

f g h
xf'+f xg'+g xh' + h

x2/" + 4x/z + 2f x2g" + 4xg' + 2g x2h" + 4xh' + 2h

Applying R2 —> R2 - Rp and R3 -»R3 - 2R^

/ 2 h
xf xg' xh'

>?f" + 4xf' x2'g'' + 4xg’ x1h'' + 4xh'

f 2 h
= xf' xg' xh'

^f" x2gzz x^h"

=> F'(fl) =
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[•.• Taking x common from R2]= x +

[Multiplying R3 by x] => A' = 0 + 0 +

A' =

EXERCISE 5.1

2.

.-14. Prove that the derivative of sin does not exist for

does not exist for5. satisfies the relation x

7. Prove that —

8. If/(x) = find/'(x) *

9. Ify =

, prove that

y-

(? + 4)
f

22. If/ (a) = 2,/' (fl) = l,g (fl) = -1, g' (a) = 2, then find the value 
of

du 
dv

dx

g 
g"

h 
h'

h 
h"

a cos x + b 
a + b cos x

1 
a + b cos x

21. Ifx = sec9-cos9andy = secn9-cos‘
\2
• =n‘

\ 7

(1-x2^

1
7^7

2 21 + r cos x 2 - sin x
1 - x2 cos x 2 + sin2 x ’

a2
cos nx

a 1
cos n (x +1) cos n (x + 2) 

sin nx sin n (x +1) sin n (x + 2)

+ ai-bi /J^-fl^X2

(fl2 + b2 - x2) ^(fl2 - x2) (x2 - b2)

11. If y =

+ 9x^ = 
dx

cos 1

+ r _ 
x3/" x3g"

» 9, then show that
,x>0, findy" | .

Um K COM (*)*(«) 
x->« x~a

1. Differentiate the following functions with respect to x from 
first principles:

(i) sin (log x) (ii) log sin x

(iii) e5inicosx (iv) ^cos x

If/(x) = x tan"1 x, find/'(V3) by first principles.

3. Iff (x) = sin”1 x, find f ’ (1 /VT)by first principles.

r 2x >

|x|=l.

Prove that the derivative of cos"1

f g h 
r h'

(*3g")'

. f g h
r g' h'

{x3fy (?g"y (x3rr
g h
g' h'

(?/7 (?g7

1°. Ify = ^sin->

dx

dx

, find 
dx

iV+4).
12. Ify3 — y = 2x, then prove that

d2y -Uy
dx2 ~ (Sy2-!)3

( 2 1 A d2y
Hence, show that 9 xr - —

\ /

dx] dx‘
16. If y = (f (x))S and / (x) > 0, then prove that

= g W (fW)g(x)"1 ^ + (f(x))g(x) log/(x)

17. If y = x" [fl cos (log x) + b sin (log x)], prove that
?y2 + (l-2n)xy1 + (l+n2)y = 0

18. If x = sin t, y = sin kt, prove that

(i-^)y2-xyi+k2y =0

_ ( \2
1 + tan*

19. Ifx = tan^-log ---------—
2 tany/2

20. If u = sin (m cos”1 x), v - cos (m sin"1 x), prove that

1-v2’

13. If y = log^ (Xj/(x), where/ (x) and g (x) and derivable func­

tions and/ (x) > 0, g (x) > 0, g (x) * 1, then find

14. Prove that the function represented parametrically by 
x = 3f2 and y = 3t - f3 satisfies the relation

36^(y->/3x) = x + 3 
dxr

15. Show that the function represented by
1+t . 32x = —r- and y = —^ + - 

t3 3 2t2 t
.3 

= 1 +

g 
g'

Jf" ?g" x2h"

f g 11
= f' g' K

^g" Jh”

r g' *
r g' h'

Jf" ?g"

x = 0.
6. Prove that the function y =/ (x) defined parametrically by 
x = 2t - 111 and y = t2 +1 111 is differentiable at t = 0. Also, find 
its derivative at t = 0

. d
dx
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, show that25. If y = 2 tan

ANSWERS

9. 0 11. 28.
113.

29.
log 4

k

31.

12

3V3
2/2

2(x + l), x<0 
2(x-2), 0<x<l 
2(x-l), x>l

V£'(x) 
g(x) .

log(l-Vx) 1
2Vx ^2/x - x sin-1 (1 - Vx)

(log(l-V7)}:

2 sinx2
3* cos x3

_41-^ 

2Vx /
26. i 

e

log sin 1 (1 - Vx) 
2<x(l-<x)

fl

+ log

dy 4^/2
^’1+x4'

26. Iff (x) = logx (In x), then find/' (x) at x = e. Here, in x means 
natural logarithm of x i.e., loge x.

27. If ax2 + 2hxy + by2 + 2gx + 2fy + c = 0, prove that

'(x)
logg(x) |/(x)

19. | sin y (1 + sin y + cos y)

22. 5

23. =dx

d2y  abc + 2fgh -af- bg2 - ch2
dx2 fhx + by + f)3

2®- Find the derivative of/(x) = logx sin x2 + (sin x2) log< with 
respect to loge x.

29. Find the derivative of log^  (sin-1 (1 - Vxj) with resp­
ect to 22 -
30. If y =/(x) $ (x) and 2 = /'(x) 0 '(x), prove that

1 d2y _ 1 rf2/ 2z
y dx2 ~ f dx2* $ dx2+ /t>

31. If u = ffx2), v =g (x3) ,/'(x) = sin x and g '(x) = cos x, then

dv

1 +x VT+x2 
i-x'TT+x2^

23. Ify= | x |2-3 I x I + I x-1 |,find

24. If (a - b cos y) (fl + b cos x) = fl2 - b2, prove that 

dy a2-b2 
dx a + b cosx’

(xfi' 
1-x2 \

*lcot;[2jogsin?
logx (logx)2

+(sin x2),og* |log sin x2 + 2X2 cot x2 • log x|
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CHAPTER

TANGENTS AND NORMALS

Therefore,

y y=f(x)

90‘

0

0 x

y-yi
tan 0

(X-Xi)y-yi ==o0 = 0 => tan 0 = 0 =>

y-yi = -or,

1 

IM

§ (X-X0
'(*vyp

continuous curve y=/(x) at

dx
\ .
(Xp y^ makes an angle 0 with x-axis, then

6.1 SLOPES OF TANGENT AND NORMAL
In chapter 4, we have learnt that the slope of the tangent to a 

a point PCx-pt/j) is equal to

. Thus, if the tangent to the curve y^fix) at point 
AmP

y-axis and its equation is x = xv

; =0- 
Ayp

We know that the normal to a curve at a point P (X], yi) is a
line perpendicular to the tangent at P and passing through P.

Fig. 6.1

= 
dx ,k ;(xvyp

If the tangent at P is parallel to x-axis, then

W 
dx, .k /(^]<yp

= oo, then the tangent at P (x? y}) is parallel to

and 
M)

respectively. Therefore, the equation of the tangent

(4 
dx

6.2 EQUATIONS OF TANGENT AND NORMAL
We know that the equation of a straight line passing through 
(Xj, y^ and having slope m is y - y} = m (x - Xj).

Since tangent and normal to the curve y = f (x) at point

(X],yi) pass through P and have slopes

(X-Xj)

A«yp

The equation of the normal to y =f (x) at (X], yi) is

-1

dx , k /(xvyp

'dx

Aqr
0=- => cot0 = 0 =>

If the tangent at P is parallel to y-axis, then 

(dx'

-1
[FT- 

dx k APyi
at(xi,yi) toy=/(x)is

= W dx k

REMARK 1 If

Slope of the normal at P = - —-------, , —------------ -Slope of the tangent at P 

dx\
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(Equation of tange nt

(Equation of normalk-/(o)and, y-g(t) =

respectively.

ILLUSTRATIVE EXAMPLES

(i)

Now,
Tax

[Using (i]
=>

= -1 => a = 2.

...(i) => 8a - 4b + 2c = 5
Now,

and,

= 3x?-ll ...

= 3= Slope of the line x - y -11 = 0

-a= ----.
2

Since the curve y = ax3 + bx2 + ex + 5 touches the x-axis . 
P (- 2,0). This means that the curve passes through P (- 2/ 
and x-axis is the tangent at P (- 2,0).

0 = - 8a + 4b - 2c + 5

3x? = 12

The curve y = ax3 + bx2 + ex + 5 meets y-axis at Q. 

Putting x = 0 in y = ax3 + bx2 + ex + 5, we get y = 5 
Thus, the coordinates of Q are (0,5).
It is given that the gradient of the curve at Q is 3.

_ a 
2

Since the point (1, -1) lies on (i). Therefore 
l(-l)2 = a(l)2 + b

=> a + b = 2.
. Putting a=2ina + b = 2, we obtain b = 0.

Hence, a = 2 and b = 0.
EXAMPLE 2 Find the point on the curve y = x^~ llx + 5 at which 
the tangent has the equation y = x -11.
SOLUTION Let the required point be P(xv yj. Since (xT, yT) 
lies on y = x3 - llx + 5. Therefore, 

yi = Xj-llxj+5

xi = 2-

yj = 23-22 + 5 = -9

Xj = ±2

REMARK 2 ff\

EXAMPLE 1 The slope of the curve Ty2 = ax2 + b at (1, -1) is - 1. 
Find a, b
SOLUTION The equation of the curve is

2/ = ax2 + b
Differentiating w.r.t. x, we get

A4y j =3 dx
dy _ ax
dx ~ 2y

=> 3a(-2)2 + 2bx(-2) + c = 0

=> 12a-4b + c = 0

y = x3-11x + 5

= 3?-11 
dx

Xi=-2

y = (- 2)3 -11 (- 2) + 5 = 19 [Using; (i
So, two points are (2, - 9) and (- 2,19). Of these two poiinl 

(-2,19) does not lie on y = x -11. Therefore, the required poir 
is (2,-9).
EXAMPLE 3 The curve y = ax3 + bx2 + ex + 5 touches the x-axi s < 
P (- 2,0) and cuts the y-axis at the point Q where its gradient ns. 
Find the equation of the curve completely. [IIT1W
SOLUTION We have,

y = ax3 + bx2 + ex + 5

7^ = 3ax2 + 2bx + c
dx

HI
VXJ(L-1)

It is given that the slope of the tangent at (1, - 1) is - 1. 
Therefore,

du |
. “ 0, then the normal at P (xlz y^ is parallel to

JP
y-axis and its equation is x = xv

REMARK 3 The equations of tangent and normal to the curve having 
its paramaetric equations x=f(t) and y~g(t) are given by

dy>
dx , .

. J/j)

Since the liney = x -11 is tangent at the point (xlz y^. There­
fore,

Slope of the tangent at (xp yf) = Slope of the line y = x -11.

W 
dx t >

y-g«) = ^|x-/(0| 

-/'(0 
g'W

=» 3x?-ll = 5|
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(X-Xj)y-yi

(X-Xj)or,

-1

x +or,
.2 b'...(i)

y = 1x +or,

a

x

...(i)xO+ll+O

+ 3*~ X= 1=>

=>

B

(i) P(xry,)

x' X
0 A

0

=>

rfy = _ 
dx

y'

Fig. 6.2

d_ 
dx

=> 3ax0 + 2bx0 + c = 3
=> c = 3

Putting c = 3 in (i) and (ii), we get 
8a — 4b = -1 and 12a — 4b = -3

-bm 
am

-bm 
a

Dividing both sides 
byambm

v (xlz y}) lies on (i)

• -1“ am bm "

=

¥
Hence, the equation of the normal at P (0,1) is 

y-l=-l(x-0) or, x + y = 1

EXAMPLE 5 Find the equation of the tangent to the curve

- + ^ = latthepoinl(xvVJ: 
a b
SOLUTION We have,

dy = 
dx am

dx

=>f = (!+*)*

fa) 
dx , 

k 7(^i-yi)

a b

x~l/3

X-V3 
^=’

y

xm ym
am bm

( \m~1

1 3Solving these two equations, we get a = - - and b = -

Substituting the values of a, b and c in the equation of the 
curve, we obtain

(sin2x)

M/3

(xT ~1 
X

z
*1

Differentiating both sides with respect to x, we get

xm ’ 1 i/m ”1 dy
m------+ m2------v- =

am hm dx

Thus, the equation of the tangent to (i) at (xj, yi) is
”1

a 
k 7

y + m
b'

or.ZyyJ1

or,(b”z”-'

a”
k 7

am
k 7

x yi 
b \ /

EXAMPLE 6 Find the equation of tangent to the curve 
x*/3 + y*/3 = a2/3 at (xpyf). Hence, prove that the length of the 
portion of tangent intercepted between the axes is constant.
SOLUTION We have,

?/3+y2/3 = «2/3
Differentiating both sides w.r.t. x, we get

2 -1/3*2 -l/3^ = 0
3 3y dx

WdxI A^y,)
The equation of the tangent at (xj, yi) is given by

=w 
dx , k Xxyy^

X1

-am^ = -^xf^x + ^xf

)x + (amyj,-1)y = bmx7+amy7

y? 1
\ )

fyT] 
bm 

\ >

y = - |x3~7X2 + 3x + 5 
J 2 4

as the equation of the curve.
EXAMPLE 4 Find the equation of the normal to the curve

y = (1 + x/ + sin’1 (sin2 x) at x = 0. [IIT1993]
SOLUTION We have, 

y = (1 + x^ + sin"1 (sin2 x) 
Putting x = 0, we get 
y = (1+0)* +sin’1 (sin20)

=> y = 1.
Thus, we have to write the equation of the normal to (i) at 

P(0,l).
Differentiating (i) w.r.t. x, we get

dy , „ . y 2 sin x cos x
dx - og( +*)+1+x|+ |cosx| ^ + ^2

Putting x = 0 and y = 1, we obtain w dxIX )P
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=>

y-yi
1

...i(iior, y-yi = -

or,

or,
=>

or,
yi = o=>

= a

[... -2n<x1<2n=>

(>)
,2/3

,(u

= 1=>

2a + b = 1=>

,(rv
=>

dx

1
2

Putting x = 1 in y = x, we get y = 1 

Thus, passes through (1,1).

=> 1 = a + b + c

dx 
7

Substituting these values in (i), we get 

x2 x 1
y = — + - + - as the required quadratic curve.

,(iii) [•.•y = a:

(X-X]) 

(xr.V|) 
\l/3

'■ (X-»l)

dxI J(xry.)

The equation of the curve is

y = cos(x + y)

Differentiating w.r.t. x, we get

- sin (x + y). 1 +

37?
X+ 2

Putting yj = 0 in (i) and (ii), we get 

cosx! = 0 and sinx1 = 1

-(ii)
,2/3]

=-sin(x1+y1)l + 
/Cq-y,)dx

The equation of the tangent at (xp yi) is 

dx

( A A n x-~ and y-0 = - 
k >

=>2x + 4y-7i = 0 and 2x + 4y + 3n = 0
EXAMPLE 8 Determine the quadratic curve y ^f^x) if it touches the 
line y = xat the point x = 1 and passes through the point (-1,0).
SOLUTION Let the required quadratic curve be

y = ax2 + bx + c
It passes through (-1,0). Therefore,

0 = a-b + c

Since the line y = x touches (i) at x = 1. Therefore,

(Slope of the tantent at x = 1) = (Slope of the line y = x)

W 
dx\ A=i

dx 
k /(xvyi)

Squaring (i) and (ii) and then adding, we get 

cos2 (xT + yf) + sin2 (xT + y^ = y/ +1

1 =yi2 + l

= a, which is a constant.
Hence, the length of the portion of the tangent intercepted 

between the axes is constant.
EXAMPLE 7 Find all the tangents to the curve y = cos(x + y), 
- 2n < x < 2n that are parallel to the line x + 2y = 0. [IIT1985] 
SOLUTION Let the point of contact of one of the tangents be 
(xv yj). Then, (xlzyj) lies ony = cos(x + y)

yi = cos'^ + yp ...(i)

Since the tangents are parallel to the line x + 2y = 0. There­
fore,

Slope of the tangent at (xp yt) = (Slope of the line x + 2y = 0

2

ix2 + bx + c 7^ = 2/u + b 
dx

■2/3y}/3
-2/3y!/3)

El
xi

X -X1

A1 

‘-y^-xx^ + x2 

+ yy?1/3 = x^/3+y2/3 

+ yy~^ - »2'3

1 • / . X I 1 1
- = -sm^+yj) 1--

n -3n
X1 = 2' 2

Hence, the points of contact are (n/2,0) and (- 3n/2,0)
The slope of the tangent is (-1/2). Therefore, equations of 

tangents are

y-o = -|

[■•• (Xp yi) lies on (i) .-. x?/3 + yj/3 - a

Suppose the tangent at P (xj, yi) meets the coordinate axes 
at A and B respectively.

Putting y = 0 in (ii), we get
xxj1/3 = a2'3 => x = a213 x|/3

So, the coordinates of A are (a2/3 X|/3,0)

Now, putting x = 0 in (ii), we get 
yyj1/3 = a2/3 => y = a'

So, the coordinates of B are (0, a'

.«. AB = Aa2/3xV3)2 + (a2/3y?
= ^(^4-^)

= ^4/3x?/3

y-yi
y1/3 =

yyi1/3
xx;1/3

or, xxj1/3

Solving (ii), (iii) and (iv), we get

1 1 , 1a = 7 / = r and c = -4 2 4

=$ sin (Xj + yi) = 1
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y-3 = (x-0)
at sin t

= tan t

= a

-1 =

(i)

(ii)
(i)9yi

and, ...(in)
Now,

=> c = 4

c
= ±1=>

= ±1
4-4(c-3) = 0 => c = 4.

or, y-3 = — x 

or, x + y = 3.

dx

at sin t 
at cos t

EXAMPLE 9 Determine the constant c such that the straight line 
joining the points (0, 3) and (5, -2) is tangent to the curve 

c

SOLUTION The equation of the line joining (0,3) and (5, - 2) is

-2-3
5-0

Substituting these values in (ii), we get

±Vc-l±-Vc = 3

=> ±2^c = 4

=> ±<c = 2

Suppose it touches the curve y = - at (X], yi).

Now,

Since (xi, yi) lies on the line and also on the curve. There­
fore,

ALITER The line x + y = 3 touches the curve y = There­

fore,

*1+V1 = 3

yi = x^T

.’. ~ = at cos t and at

dxI
Since the normal to the curve at (xp yi) make equal inter­

cepts with the coordinate axes. Therefore,

Slope of the normal = ± 1

1

dx , .

dx , .k J faq, yp

dx L
\ AXpy,)

But, x + y = 3 touches the curve at (xj, yi). Therefore, 

Slope of the tangent at (x^y^ = -1.

— c
(x + 1)2

0 ox + = 3 or, x - 2x + c - 3 = 0 must have equal roots

— c 
(Xj + l)2

— c
(x, + l)2

From (i) and (iii), we obtain

xx = ±fc-l and y} = ± 'lc

(X1 + 1)2 = C

9? = ?

• dx " 6y

=> x cos t + y sin t = a
Length of the perpendicular from the origin to (i) 

10 cos t + 0 sin t - a | 
Vcos^ t + sint

Hence, all normals to the given curve are at a distance a from 
the orgin.
EXAMPLE 11 Find the points on the curve 9y2 = x3 where normal 
to the curve makes equal intercepts with the axes.
SOLUTION Let the required point be (xv y^.

The equation of the curve is 9^ = x3.
Since (Xj, yi) lies on the curve. Therefore,

2 3
i = *1

EXAMPLE 10 Prove that all normals to the curve
x = a cos t + at sin t,y = a sin t-at cos t

are at a distance a from the origin. (IIT1983}
SOLUTION We have,

x = a cos t + at sin t and y = a sin t - at cos t
& = 
dt

dy dt
dx~ dx

dt
The equation of the normal at any point t is given by

y - (fl sin t - at cos t) = - {x - (a cos t + at sin I))

=* y - (fl sin t - at cos t) - - |x - (a cos t + at sin t)}

=> y sift t - (a sin t - at sin t cos t)

= - x cos t + a cos t + at sin t cos t

(i)
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=$

[Using (ii)]=>

4

C = -

=>

=>

+ 1

=>

is tangent to theThus, y = mx + c or, y = mx -
= tan t

= m

\

curve y = 3X2 - 4x +1 at the point

\2

= m 
J Mi) 
6x: - 4 = m

=> x cos t + y sin t = 2a sin t cos t

=>yi =

=>1/1 = 3

x/ = 36

+ 4
6k 7

w2 jm -‘i
12

■7 Anr + 8m + 4
12

dy _ dy/dt
dx dx/dt

_1 3a cos t sin t 
3a cos3t

*5
y + a cos t - -

2
3a cos t sin t

(x - 2a sin t - a sin t cos2 t)

Suppose this normal meets the coordinate axes at A and IB 
respectively. Then, the coordinates of AandB are 
A (2a sin t, 0) and B (0,2a cos t) respectively.

AB = '14a2 sin2 t + 4a2 cos2t = ^4a2 (sin21 + cos2If = 2a.

Hence, the length of the segment intercepted between the 
coordinate axes is constant.
EXAMPLE 13 Find the points at which the tangents to the curves 
y = x3-x-1 andy = 3x2 ~4x + l are parallel. Also, find the equa­
tions of tangents.
SOLUTION Let y = mx + c be tangent to y = 3X2 - 4x +1 at 
point (xpyj).

Then,

3X2 - 4x +1 - (mx + c) = 0 must have equal roots.

=> 3X2 - x (4 + m) +1 - c = 0 must have equal roots

=> (4 + m)2-12(l-c) = 0

=> m2 + 8m + 4 + 12c = 0

dx 19— = 2a cos t + a cos t - 2a cos t sin i dt

(m2 + 8m + 4)
12

=> y + a cos3t = -

m + 4

Since, (Xp yf) lies on y = 3X2 - 4x +1. Therefore, 

=> yi = 3 x2 - 4 X! +1

Since y = mx + c touches y = 3x2 - 4x +1 at (xi, yf). There­
fore,

W 
dx k .

m+4 m2-4
6 ' 12 k

It is given that the two curves have parallel tangents. So.1, 
slope of the tangent to the curve y = x3-x-lis also m. Let the 
point of contact of the tangent of slope m be (x2, yf)-

Then,

dxk J(x2,y2)

'm+4y
6 k /

= 2a cos t (1 - sin2t) + a cos3t

= 3a cos3t 

and,

= 
dt

~ = ±1 
6yi

Xi2 = ±6 ft

x/ = 36 yi2

(x 3>l

x,’ = 4x,3

x,3(Xj-4) = 0

Xj = 0,4

Putting xi - 0 in (i), we get

9y,2 = 0 => y, = 0

Putting X] = 4 in (i), we get

9y? = 43 => ft = ±|

But, the line making equal intercepts with the coordinate 
axes cannot pass through the origin.

Hence, the required points are (4,8/3) and (4, - 8/3).
EXAMPLE 12 Prove that the segment of the normal to the curve 
x = 2n sin t + a sin t cos2 t,y = -acos3t contained between the 
coordinate axes is equal to 2a.

SOLUTION We have,

x = 2a sin t + a sin t cos21 and y = - a cos31

The equation of the normal at t is given by

1 
dy/dx

=> y + a cos31 = - cot t (x - 2a sin t - a sin t cos21)

-C-OS (x - 2a sin t - a sin t cos21) 
sin t
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=>

=>

l^h2 = h2-^-1=> y2 = ± =>

=> y2 = - 1 ±

,-l±
0

y-j/2

=>

=> y = mx ± 2

(ii)

=> (iii)

= cosh=$
(iv)

y-k

(ii)

x

Also, (h, k) lies on the curve. Therefore, 
k = sink

-1

Now,
(^2, y2) lies on y = x3 - x -1. 

y2 = x23-x2-l 

\3/2
+

y=
m > -1. The equation of the tangent at this point is

=
\dx 
\ /

. m-2
' ~9~

(x-k) 
J(h,k)

or, y - k = cos h (x - k)

It passes through (0,0). Therefore,
- k = -k cos k

^iW + k2 = h2

=> y + 1 +

(x-x2)
(*2-y2)

=> k2-4k-8 = 0

=> k = 2±2>/3

k = -1 gives imaginary values of k.

dy 3s2
dx = y-2

3k2 
k-2

^3 (m +1) = m

3 \ /

>13 (m +1)

+ = 1 
k2

From (i) and (ii), we get

z,x2
k2 + - = sin2 k + cos2 k 

h

The equation of the tangent at (k, k) is 
. 3^ / M

y-k =

It passes through (1,2). Therefore,

2-k = £z(l-k)

=> - (k-2)2 = 3k2(1 -k)

=> 3k3-3k2-k2 + 4k-4 = 0
Also, (k, k) lies on (i). Therefore,

k2-2k3-4k + 8 = 0
Adding (iii) and (iv), we get

k3-3k2 + 4 = 0

=> (k-2)2(k + l) = 0
=> k = -1,2.

Putting k = 2 in (iii), we get

24 - 12-k2 + 4k-4 = 0

dm +1
V 3

m + I 
3

m+T (m - 2"|
3

=> 3x22

Thus, the points of contact of tangent of slope m to the curve 
x3-x-l are ±,-1 ±- <3(m +1) , where

- — k . . ................ ..... /

m+1
3 k 2

3

=> y2 = -1 i

=> k = k cos k

-1 = m

x2 = ± and m > -1

Hence, (k, k) lies on the curve x2^ = x2 - y2.
EXAMPLE 15 Find the equations of the tangents drawn to the curve 
y2-2x3-4y + 8 = 0 from the point (1,2).
SOLUTION Suppose the tangent drawn from (1,2) to the curve 
y2-2x3-4y + 8 = 0 touches the curve at (k, k).

We have,

y2-2x3-4y + 8 = 0

Differentiating w.r.t. x, we get

2y7Z-6?-47Z =
7 dx . dx

?i±4
3

EXAMPLE 14 Tangents are drawn from the origin to the curve 
y = sinx. Prove that their points of contact lie on the curve 
xtf^-xj2.
SOLUTION Let (k, k) be a point of contact of tangents from the 
origin to the curve y = sin x.

Now, y = sinx
dy, = cosx 
dx

<dXJ(h,k)

The equation of the tangent at (k, k) is

= W 
dx
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,(iu)

-(i)

=>

...(iv)=>

>2.

(ii)

[•_• Point B lies on (ii)]
= -1

=>

.3

[Differentiating w.r.t. x]=>

=>

=>

(X-Xi)

..(ii)

.(ii)

x3 + y3 = c3 meet

(x-af) 
A^at3)

dx , .k AxvyJ
The equation of the tangent at (xp yi) is

b}-b 
a,- a

~mV\ 
nxj

WU
If the tangent at (a, b) cuts the curve again at (fl], bi), then

«3 + b3 = c3 
a3 + b3 = (?

= fl2 bb-i - b2 aa

\3-at3 = 0

3 _ n

Thus, the points are (2,2 ± 2^/3).
Putting the values of h and k in (ii), we obtain the following 

equations of the tangent
y-(2 + 2^3) = 2>/3(x-2) and y-(2-<3) = -2>/3 (x-2). 

EXAMPLE 16 Find the equation of the tangent to x3 = ny2 at the 
point A (at2, at3). Find also the point where this tangent meets the 
curve again.
SOLUTION The equation of the curve is

Differentiating w.r.t. x, we get

3X2 = 2ny^
7 dx

dy _ 3X2
dx ~ 2ay

= 3«2t4 _ 3f
2^t3 " 2

‘ ¥
/*XJ(at2,a?)

The equation of the tangent at (at2, at3) is 

y-flt3

= am + n

=> 2t}3

dx k .

y-at3 = y (x-af)

ax-a 
^~b^b

=> 3tx-2y-at3 = 0

Let B (at]2, at]3) be the point where this tangent again meets 
the curve.
.-. 3txat2-2at

-3t2t + P = 0

=> (t]-t)2(2t]+t) = 0 

t] = t or, t] = -t/2

Since t] = t gives the point A itself. Therefore, tj = -t/2. 
. . nfaf2 -fl*3

Hence, the required point is B —g— • 
\ /

EXAMPLE 17 If the tangent at (a, b) to the curve 

the curve again in («] b]), prove that — + — = -1.

SOLUTION The equation of the curve is x3 + y3 = c3. 
Diffemtiating w.r.t. x, we get 

3x2 + 3y2 = 0

dy _ x2 
dX = -y2 

b2’

'] - U l/U] - U UU ]

=> (til b + ab]) (fl] b - ab{) = ab (ab] - ba])

=> <?1 b + ab] = - ab

a b
EXAMPLE 18 Prove that the portion of the tangent intercepted 
between the axes at any point on the curve xmyn = an,+n is divided 
at its point of contact in a constant ratio.
SOLUTION Let P (Xj, yf) be an arbitrary point on the curvie 

xmyn = am + n.
Now,

xmyn

=> m log x + n log y = (m + n) log a 

m n dy n
x y dx

dy = _m£ 
dx nx

and,
Slope of the tangent = Slope of the line joining (a, b) and 

(«1, &i) 
_a2 _ b]-b 

b2 ~ fli“ a
From (i) and (ii), we get

a3 + b3 - a3 + b3

=> a3 - a3 = - (b3 - b3)

b2 + + b2
2 2fl] + flfl] + fl
2 2’] - u a] + flfl] + a

!l“fl ~ b]2 + bb] + b2

From (iii) and (iv), we get 
2 2A] + AA] + a a2

b^ + bb^ + b2 ~ b2

=> a2 b2 + flfl] b2 + a2 b2 = a2 b2 + fl2 bb] + a2b2

=> flj^-fl2^2

-^yi 
y-yi =------J 171 nx]
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A
7

PA

and,

PB =

2

=> PA : PB = n: m.
are

[IIT1993] 4t
and,.3

1

=>

4f
...(i) = 16 Av

[Putting y = x3 in (i)]

SOLUTION We have,

i

1
16

1
1
1

1
1

[•_• x = t corresponds to point PJ

Putting x = - 2t in y = x3, we obtain 

y = (-21)3 = -8t3.

(m + n) yi)]2
n

m(x- xt)

t,-2t,4t,-8t......

Clearly, they form a GP with common ratio - 2.
Now,

n 
=> -

■X1~X1

_ _1_
” A2 16

+-2—=i. 
bm

A1 = Area of P2 P3 = ~

So, the coordinates of P2 are (- 2t, - 8t3) 
Now, 

dx \ .
The equation of the tangnet at P2 (- 2f, - 8t3) is

y + 8f3 = 12t2(x + 2t)
The x-coordinates of the point where this tangent meets 

with the curve y = x3 is given by

x3 + 8t3 = 12t2 (x + 2t)

=> x3-12t2x-16t3 = 0

=> (x + 2t)2(x-4t) = 0

=> x = 4f x = - 2t corresponds to point P2]

Putting x = 4f in y = x3, we get

y = 6413

Thus, the coordinates of P3 are (4f, 64f3).

Continuing like this, we obtain the coordinates of P4 as 
(-8t, - 512f3).

The abscissae of Pj, P2, P3, P4

=|x-2x-8

w
Am

The equation of the tangent at (f, f3) is

' y-t3 = 3t2(x-f)

=> 3t2x-y = 2t3

This meets the curve y = x3 again at P3 whose x-coordinate 
is given by

S^x-x3 = 2t3

=> x3 - 3t2 x + 2t3 = 0

=> (x - f)2 (x + 2t) = 0

=> x =-2t

(0-xi)2+ yi-

t t3
-2t St3

64t3

2
+ (y,-0)2

Area of A PT P2 P3
°r'Area ofAP2P3P4

EXAMPLE 20 Find the condition that the line 
xm x cos a + y sin a = p may touch the curve — 
a

= 3t2

Vi
mx nu=> — + -J- = m + n
*1 yi
Suppose it meets the coordinate axes at A and B respective­

ly. Then, the coordinates of A and B are given by

Z (m + n) yf
n

= 3(-2t)2 = 12t2 
J(-2t,-8t3)

t ■ t3 
-2t -8t3

64f3 1

V 2 a. „,2,,2 yn X| + yj 
n

Hence, P divides AB in a constant ratio.

EXAMPLE 19 Tangent at point P-^ (other than (0,0)) on the curve 
y = x3 meets the curve again at P2. The tangent at P2 meets the curve 
at P3 and so on. Show that the abscissae ofPv P2, P3, ■•••, Pnform a 
GP. Also, find the ratio

area A Pj P2 P3
area A P2 P3 P4‘

SOLUTION Let PT (t, t3) be any point on the curve y = x".

Now,y = x

^ = 3x2 => 
dx

-2t -St3 
4t 64t3 1

-St -512t3 1

A2 = Area of A P2 P3 P4 = |

'(m + n) x,
----------",0 ,B 0, m 7

_ +n)
m

_ 'Vn2 x^2 + m2 y2
m
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-(i)

line

(ii)=>
dx

.(iii)and

Now,

(ii)

and,

0

MP
The equation of the tangent to (i) at (xp yj) is

MP(x-Xj)

(y-yi) (x-xT)=>

=>

or,
=>

[Using (i)]b

*1 = 'Vi =

and

,m + n

(cos a)m (sin a)".= (m + n)
*1

7k 7

dy. 
dx

1 
a

to'
dx

f m y 
bm

or, (wy1) x + (n Xj) y = (m + n) x1

r nyx + — y = m + n.
Vi k 7

If the line x cos a + y sin a = p touches x"1 y" = fl' 
(xp yi)/ then this should be same as x cos a + y sin a = p.

mVl ■ 
n Xy

mp 
(m + n) cos a

np 
(m + ri) sin a

n_
Vi 

sin a

n 
y^ sin a

m + n
P
m + n

P

HL
xi

cos a

The equation of the tangent to xm y" = a'

-1
— +

yn -1
= 1 ...(iii)

4 
am

~bm 
y-yi = ~y a

a

------------- „ =----- ”2----- 
(m + n) cos a (m + n) sin a

Substituting the values of m and n in (ii), we get 
m

y
k /

Suppose the line x cos a + y sin a = p touches (i) at (X], yi).

1 
P 
x.m -1

m Yl . .
y-yi =

II A j

/ V"-1 
i yi 
b b k 7

sin a

xxf

n
■ = a‘

f fl cos a
P

xi'yni

w*
fl k 7

+ n n p

This is the required condition.

EXAMPLE 22 Find the condition that the line Ax + By = 1 maybe a 
normal to the curve fl""1 y = xn.

yr1

fy>I*,
, rn=> m

yyr1

-bm
7^

m
Xj cos a

 a cos a
p

/ sl/m-1
fl cos a

p

a'n

bsinctI p .

*1

+yfe'l
b bk 7

y
k 7

bm

= flm+n

.m + n^m + n

„m + n = a

xmyn

=> m log x + n log y = (m + n) log a

m^n dy _
x y dx ~

dy = _my
dx n x

am

v th .. m
1 un a b

k ’ 7

Subsituting the values of — and ~ in (ii), we get

+

yyT]
bm

v m .. m
_ t yi
~ ana b

z >.m-l
X1w

vm -1
~*1

am

51

1
fl k 7

If the line x cos a + y sin a = p touches (i) at (xj, yi), then this
line and (iii) must coincide.

z xm-l
' 51

ak 7
cos a

im + " at (xi, yi) is

xm ym
a"1 bm

Differentiating w.r.t. x, we get 

rnxm-1 ni ym ~1 dy n
am hm dx

>m+n at

(a cos a)m/(m "+ (b sin a)m/(m ’1} = pm/(m ~ which is the 
required condition.
EXAMPLE 21 Find the condition that the 
x cos a + y sin a - p may touch the curve xm yn-am + n. 
SOLUTION Suppose the line x cos a + y sin a = p touches the 
curve x7" y" = am + " at (xv y^. Therefore,

Xj cos a+yj sin a = p

 b sin a
P

b sin al

I P ) 
...

yi and "7" = b
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[v/(x)>0]=>
=>

=>

=>

=>
f\x) and

=>
mi = Slope of the tangent to (i) at x = (4n +1) -

= A,, say

=>

=> X =

and yi =*1 =

y = x". Therefore,

Vi

B

...(i)
...(ii)

SOLUTION The equations of two curves are 
y = /(x) 

and, y = f(x) sin x
Solving these two equations, we get 

/(x) = /(x).sinx 

sinx = 1

.n

y

4/ = 
dx

y — (8f3 — 1) = 3f (x — 4t2 — 3) ...(ii)

If this tangent meets the curve again at then 
(4fi2 + 3,8ti3 -1) must satisfy it.

8fi3 -1 - (8f3 -1) = 3t (4fj2 + 3 - 4t2 - 3)

=> 8 (fj3 -13) = 12f (f/-!2) .

*1
A

dx x

*1

and, 

mi = Slope of the tangent to (ii) at x = (4n +1) ~

=> 4(t1-0(2(t12 + f2 + tt1)-3t(t1 + t)} = 0

nx"'1 
a""1

(B2 + A2 n) X = n

- xn

24 t2

24t2-----= 3f
8t

An
B2 + A2n

+ A2X2 = X

_ v, ~ 1= n x

..ft
2

TT I 7T I= /'(4n + l)-ysin(4n + l)-+/j(4n + l)-cos(4n + l)-

= rl(4n + l)^

= /' (4n + l)|

- ft r,x = 2nft + -' n g Z

Since (xi, yi) lies on the curve fl" "1 

fl"'1

B
B2 + A2n

n
B2 + A2n

Clearly, mi = mi- Hence, the two curves have common tan­
gents at common points.
EXAMPLE 24 Find the equation of a straight line which is tangent 
to one point and normal to the other point on the curve 
x = 4t2 + 3,y = 8t3-l.
SOLUTION The parametric equations of the given curve are

x = 4t2 + 3 and y = 8f3 -1

■■■ J-.-s-

. - BX , 2 2 i=> X! = AX,yT = — and ny} 4-Xj = X

fl"

fl"-1B 

B2 + A2n

Tlx = (4n +1) -' n g Z.

Differentiating (i) and (ii) w.r.t. x, we get

= f\x) and =/'(x) sin x +/(x) cos x

The equation of the normal at (xlz yf) is

2 2=* xxj + nyy1 = nyf + x}

But the normal at (xp yi) is given to be Ax + By = 1. There­
fore, comparing these two, we obtain

2 2
»yi +*i

i

' An
B2 + A2n,

=> fl" ’1 B (B2 + A2n)n ~1 = (An)", which is the required 
condition.

EXAMPLE 23 Prove that the curves y =/(x), (((x)> 0) and 
y=f(x) sin x, where /(x) is differentiable function, have common 
tangents at common points.

nt dy dy^dt
'dx dx/dt

The equation of the tangent to the given curve at any point 
t is given by

n x" 1. y 

x"

fl"’1y= x‘ 

fl"'1

SOLUTION Let the line Ax + By = 1 be normal to the curve 
fl" "1 y = x" at point (Xj, yf). Then, (Xj, yT) lies on the curve as 
well as on the line and the slope of the normal at (xp yf) is same 
as the slope of the line.
Now,

fl" -1 y = x”
-1 dy 

dx

nB2X2

ft
2
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\2

=> sec0 =

tan 0 + sec 0 = = 3t.

Now, (Slope of the normal at fj) =

6[Using (i)]

2- 3-[vtl = -t/2] 4(l-3t1z) + 3(t1-3ti ) + 2 = 0

=> f = ±

=>

+ 1 and flx + y = =>

[Putting t = -1]

=> — = - 6t and

...(i)=>

=» tan 0 =

3

4-1
4

and,

m2 = Slope of the tangent to the given curve at Q

3
4'

-1
3t]

<2x-y =

9t2-l 
6t

Since f] = t gives the point where tangent is drawn. There- 
. x t fore,h = --.

-1

EXAMPLE 25 Show that the curve x = 1 - 3f2, y = t - 3t3 is sym­
metrical about x-axis and has no real points for x>l.If the tangent 
at the point t is inclined at an angle 0 with x-axis, prove that 
tan 0 + sec 0 = 3t. If the tangent at P (- 2,2) meets the curve again 
at Q, prove that the tangents at P and Q are at right angles.
SOLUTION We observe that the expression for x does not 
change when t is replaced by -1. So, the curve is symmetrical 
about x-axis. Also, for x > 1, the equation x = 1 — 3f gives im­
aginary values of t. So, the curve has no real points for x > 1.

_ 1 *2x2 ■■ — X _ OX^

Since line given in (ii) is normal at fv Therefore, slope of 
normal at h = slope of (ii)

The tangent makes an angle 0 with 
x-axis
\2 .

Putting the values of t in (i), we obtain the following equations 
of the required straight lines.

89a/2
27

Clearly, tny m2 = -1
Hence, the tangents at P and Q are at right angles.

EXAMPLE 26 Show that the curve y = x2sin3x touches Ihc 
parabolas y = x2 and y = -x2 alternately at infinite number of points.' 
SOLUTION We know that two. curves touch each other at ai 
point of intersection iff their slopes at the point are equal.

9x(-1)2-1 
6x-l

=» 4(f1-f){2f12-ft1-l2] = 0

=> 4^-t)2 (2tj + t) = 0

1 -9f2

2
Clearly, = -1 corresponds to point P. So, ti = o

= 9x(2/3)2-1 
6x2/3

V3'
9t2

=> 9tf}=-i => -y = -i

T V2
9 =±T

■3t13 + 4t12-f1 -2 = 0

(f1 + l)2(3l1-2) = 0

fl = “Vi =

=> sec2 0 =

dy  dy/dt
dx dx

dt

'dy\ = 1^9

Wp
So, the equation of the tangent at P (- 2,2),is

4
y - 2 = - - (x + 2) or 4x + 3y + 2 = 0

Suppose this tangent meets the curve at f] i.e. at

Qa-Sh2^-^3)

-9^-12^+ 3^ + 6 = 0

2, 
[Putting f = £] = 3J

Now,

m^ = Slope of the tangent to the given curve at P

=> t{ = t or t} =

Now, x = 1 - 3r and y = t - 3f 

t/x , dy
■if "■ dF= 

l-9f2 
-6t

9f2 -1 9f2 + l 
6f + 6f

When x = - 2 and y = 2, we have
l-3t2 = -2 and t-3t3 = 2

=> t = -1
Putting t = -1 in (i), we have

4
3

r9f2 + l 
6t

9f2 4-1
6t

89>/2
27

=> 1 + tan2 0 = 1 +

2
9

6t
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=>

=>

...(i)= 2
,ifx>0

f(x) =

Thus,

F(x) =(ii)

••• F'W =

=>

=>

=>

and, =>

(iv)=>

dx

Putting x = -1 in y = - x2, we get y = - i

\ 7t
6
/

1 =>y = x--.

dx
'2nn n, 

. _» — — — -|“

3 6 3 3
k J

4mt n
3 +3

1

'2mt _ ..... „
3 +6 = 3 3

\ /

First we find the points of intersection of y = x2 sin 3x and 
y = x2. At the points of intersection, we have

x2sin3x = x2
sin 3x = 1

y = -x2 
W 
\dx

2nn n
3 + 6

« -1 hr-
6 k

2h7T 7CIt is obvious that the sets of points given by x = —r~ + - and 3 6

x = , n e Z occur alternately.

Hence, y = x2 sin 3x touches y = x2 and y = - x2 alternately 
at infinite number of points.

2nn 7i „ 
x = ~T~7'nE Z 

O 0

ir
3x = 2nn - -, n g Z

2nn af x = —

Now,

y = x2 sin 3x

=> 7^ = 2x sin 3x + 3X2 cos 3x 
dx

dx , 2,...k Jat x = —

-4n7t n
3 +3

x
EXAMPLE 27 For the function F (x) = J 2 111 dt,find the tangent 

0
lines which are parallel to the bisector of the angle in the first 
quadrant. [IIT1995]
SOLUTION We have,

X 

fW = I 2 |t| dt 
0

x
[ 2t dt
o
x
J 2tdt,ifx<0
0

3x = 2mtc + 72
2nn n „ x = ~ + -,ne Z o o

Now, 
y = x2sin3x

dx

4nn it

4nn 7t

2nn n at x = — —
3 6

From (iii), (iv), we observe that the curves y = x2 sin 3x and 
y = - x2 have the same slopes at their points of intersection. 
Hence, they touch each other.

_ f2mt _ Tt
3 6k /

x2 ,ifx>0
-x2, if x< 0
2x ,x>0
-2x,ifx<0

CASE I Whenx>0
In this case, we have
y = x2=>^ = 2x.
J dx
It is given that the tangent lines are parallel to the bisector 

of the angle in the first quadrant.

.-. t^ = 1=>2x = 1=>x = 7. 
dx 2

Putting x = | in y = x2, we gety = ^.

So, the equation of the tangent at (1/2,1/4) is

( 
X‘2 

k /
CASEII When x < 0.

In this case, we have

^ = -2x. 
dx

Since the tangent lines are parallel to the bisector of the 
angle in the first quadrant.

.-. = 1 => -2x = 1 =* x =dx 2

and,

y = x2

dx

=2
’ . 2nn nJatx = — + -

3 O

From (i) and (ii), we find that the curves y = x2 sin 3x and 
y = x2 have the same slope at their points of intersection. So, 
they touch each other.

Let us now find the points of intersection of y = x2 sin 3x and 
y = - x2. At the points of intersection, we have

x2sin3x = -x2

sin 3x = -1

(2nn
3
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= a,2=>

+ 2m= a'

EXERCISE 6.1

at

,1 I 1 y+ 7 - x + - *42

= 3fl .
(fl,a3 + l)

and,
2n
E y (P-) = (a3 + !) + (— 8a3 +1 + (64a3 +1) + ... 2n terms 

i=l

or, x-y + 7 = 0.4

—? a2 — 2a

So, the coordinates of P2 are (- 2a, - 8a3 +1)
Comparing this with the coordinates of Pi, we find that tth 

coordinates of P2 can be obtained from the coordinates of Pi • 
we replace a by - 2a.

Similarly, coordinates of P3, P4,... are

P3 (4a, (4a)3 +1), P4 (- 8a, (- 8a)3 +1) and so on.

Now,
2n
E x (P,-) = a - 2a + 4a - 8a + ... upto 2n terms 

i=l

f2

72>y =

= |(l-4")

= y(l-64") + 2r>.

1 - (- 2)2”
1-2

= a3 (1-8+ 64+...) + 2m

3 [1 ~(8)2w 
1-8

EXAMPLE 28 Tangent at the point P} = (a, a3 +1), (a * 0) on the 

curve y = x3 +1 meets the curve again at P2. The tangent at P2 meets 
2n 2n

the curve again at P3 and so on. Find Ex (P,) and Ey (P), where 
i=l i=l

x (Pf) and y (Pf) are the abscissa and ordinate of P{ respectively.. 
SOLUTION We have,

y = ? + l

=>^ = 3? 
dx

ta' 
dx

The equation of the tangent at Pi (a, a3 +1) is

y-(a3 + l) = 3a2 (x-a) ,..(i)

This meets the curve at P2. So, let the coordinates of P2 be 
(a^ a2 +1).

As P2 lies on (i), therefore

a23 + l-(a3 + l) = 3a2(a2-a)

=» a23 - a3 = 3a2 (a2 - a)

=> (a2-a)2 (a2 + 2a) = 0

1. Show that the line ^ + ^ = 1 touches the curve y = be x^a 

the point where the curve crosses the y-axis.
2. Find the tangents to the curve y = (x3 -1) (x - 2) at the 
points where the curve cuts the x-axis.
3. Find the equations of the tangent and normal to the curve 
x3 + y3 = 6xy at the point (3,3).
4. Find the equations of the tangent and normal to the curve 
2y = 3 - x2 at the point (1,1).
5. Find the equation of tangent and normal to the following 
curves at the points where x-coordinates are a :

(i) y2(2a-x) = x3 (ii) y2(a + x) = x2(3a-x)
6. Find the equations of the tangent and normal to the curve 
y (x - 2) (x - 3) - x + 7 = 0 at the point where it cuts the axis of x.
7. Find the equations of the tangent and normal to the curve 
y = x3 - 2X2 + 4 at the point x = 2.

Find the equations of tangents to the curve Sx^ + y2 
+ x + 2y = 0 which are perpendicular to the line 4x - 2y = 1. 
9. Find the equations of tangent and normal to the curve 
whose parametric equations are

2atz 2at3 . . 1
x =-----r, y =-----r at the point t = -

1 + f2 1 + f2 2

10. Show that the sum of the intercepts made on the axes c 
coordinates by any tangent to the curve fx =y/a is eqiua 
to a.
11. Find the point on the curve y = x4 - 6x3 + 13x2 - lOx + 
where the tangent is parallel to the line y = 2x. Show that hv 
of these points have the same tangent.
12. Find the equation of the normal to the curve whos 
parametric equations are x = 3 cos 0-cos3 ( 
y = 3 sin 0 - sin3 0 at any point 0. Also, prove that the nornnc 
at a point 0 = n/4 passes through the origin.
13. If the tangent at any point (1,2) on the curv 
y = ox2 + bx + | be parallel to the normal at (- 2,2) on the curv 

y = x2 + 6x +10, find the values of a and b.

14. Prove that the tangent at any point on the rectangula 
hyperbola xy = c2, makes a triangle of constant area with Ith 
coordinate axes.

So, the equation of the tangent at (-1/2, -1/4) is - 

1'
2
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= l,then prove that+

= 2 at the

b

&

= 1+

= 1+
3

X =

i

ANSWERS

13

b
/

!

Va2 -y^-F | log

2/3

I =1, prove that

= 1.

M”b k 7
xn/n -1

= 1.

z xFl/n-l

X J

2. 3x + y = 3,7x-y = 14
3. Tangent: x + y = 6, Normal x - y = 0
4. Tangentx + y = 2, Normalx-y = 0 .
5. (i) At (a, a) Tangent: 2x - y - a = 0, Normal: x + 2y - 3a = 0 -

At (a, - «) Tangent: 2x + y - a = 0, x - 2y - 3fl = 0
(ii) At (a, a)

Tangent: x - 2y + a = 0, Normal: 2x + y - 3a = 0
At (fl, - fl)

Tangent: x + 2y + fl = 0,2x-y-3fl = 0

(i) 
a

19 - iy. 9

z Gi/n-l

(H) f
X 7

/ , sfl/H - 1
I 1/ - 0

b
X 7

'g
20. y = 0,y- -

k .

f b_
J/i, X 7

28. If (xp y}) be the parts of the axes intercepted by the tangent 
/ \2/3 z • . r x (yat any point on the curve - +1 ,
X

/ \2
3, yi
a bx 7 x

/ xn/n -1
(iii) —

\ /
23. Find the abscissa of the point on the curve xy = (x + c) , the 
normal at which cuts off numerically equal intercepts from the 
axes of coordinates.
24. For the curve whose parametric equations are

d 9 tx = a cos t + - log tan - and y = fl sin t, show that the portion 

of the tangent intercepted between the point of contact and the 
x-axis is of constant length.
25. Prove that the portion of the tangent to the curve

fl-V7^7
fl + Vfl2 - y2

7
f J8

3I X 7

between the point of contact and the x-axis is of length a. ,
26. If ax + by = 1 is a normal to the parabola y2 = 4cx, prove that

cfl3 + 2flb3c = b2

27. If x] and y} be the intercepts on the axes of X an Y cut off
(x\n

by the tangent to the curve -
\ /

/ \n/n -1
flNfxf

18. Show that the tangent to the curve -
X z . L, ... x y _point (fl, b) is - + £ = 2.

19. Find the abscissa of the point on the curve fly2 = x3, the 
normal at which cuts off equal intercepts from the axes.
20. Find the equations of tangents to the curvey = x4 which are 
drawn from the point (2,0).
21. Show that two tangents can be drawn from the point 
A (2fl, 3fl) to the parabola y2 = 4ax. Find the equations of these 
tangents.
22. Find the condition that the line x cos a + y sin a = p may 
touch the curve

15. Prove that the segment of the tangent to xy = c2 intercepted 
between the axes of coordinates is bisected at the point of 
contact.
16. Find the equation of the normal to the curve x3 + y3 = 8xy at 
the point other than the origin where it meets the curve y2 = 4x.
17. If a, p are the intercepts made on the axes by the tangent 
at any point of the curve x = fl cos3 0, y = b sin3 0, prove that

«£+£=1
nl l2fl D

6. Tangent: x - 20 y - 7 = 0, Normal 20x + y -140 = 0
7. Tangent :4x-y = 4, Normal :x + 4y = 18
8. 3x + 6y +13 = 0, x + 2y = 0
9. Tangent: 13x - 16y = 2a, Normal: 16x + 13y = 9fl
11. (1,3),(2,5) (3/2,65/6)

5
13. a = 1, b - - - 16. y - x = 02 J

^=1 
l>2

29. The tangent at any point of the curve x = a cos t, 
y - a sin t meets the axes in P and Q. Prove that the locus of 
the mid-point of PQ is a circle.
30. If p\ and p2 be the lengths of perpendiculars from the 
origin on the tangent and normal to the curve 
x2'3 + y2'3 = fl2/3 respectively, prove that 4pj2 + p2 = a2.
31. Show that the normal to the rectangular hyperbola

2 ( C
xy = c at the point? cfp — meets the curve again at the point 

‘1( \ x 7
Q ^2'7~ • h = ~r2 J
32. Show that the normal to the curve 5x5-10x° +x 
+ 2y + 6 = 0 at P (0, - 3) meets the curve again at two points. 
Find the equations of tangents at these points.
33. If the tangent at the point (at2, At3) on the curve fly2 = x3 
meets the curve again at Q, then prove that the coordinates of 

Qare(T'-Tj
34. Find the equation of the straight line which is tangent at 
one point and normal at another point of the curve 
x = 3t2,y = 2t3.
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HINTS TO SELECTED PROBLEMS

• '!>.
~    ~

tan0 =

y

c.

0 x

m-[ m2 = -1 =>
Cl

ILLUSTRATIVE EXAMPLES

= 12 => 6x = 12 => x = 2(ii)

and,

m2 = tan y2 = Slope of the tangent to y = g(x) at P

6
x \ /

6.4 ANGLE OF INTERSECTION OF TWO CURVES
The angle of intersection of two curves is defined to be the angle 
between the tangents to the two curves at their point of intersection.

Let Ci and C2 be two curves having equations y = /(x) and 
y = g(x) respectively. Let P?i and PT2 be tangents to the curves 
C] and C2 respectively at their common point of intersection. 
Then the angle 0 between PT] and PT2 is the angle of intersec­
tion of Ci and C2. Let Vi and ^2 be the angles made by PT; and

= Wl 
dx

C] k j «-2

The other angle between the tangents is 180° - 0. Generally fc 
smaller of these two angles is taken to be the angle of intersection. 
ORTHOGONAL CURVES If the angle of intersection of tivo curves is 
a right angle, the two curves are said to intersect orthogonally and 
the curves are called orthogonal curves.

If the curves C] and C2 are orthogonal, then 0 = rc/2.

dx - k ye
REMARK The two curves Ci and C2 will touch each other at a poimt 

P,if

= -l
2

dx \ 7

dx n , 
k A] k

From (i), we obtain y = Putting this value of y in (ii), we 

obtain

=> tan 0 = tan - y2)

=>
tan t|q - tan y2

1 + tan tan y2

He, w 
dx k 7

32. The equation of the normal at P (0, - 3) is x + 2y + 6 = 0. The 
points of intersection of this normal and the curve are given by 
5x5 - lOx3 = 0 or, x = 0, ± VT. x = 0 gives the point P. Hence, the 
normal meets the curve again at two points.

= W dx 
'L2

EXAMPLE i Find the angle of intersection of the following curves: 
(i) xy = 6 and x2 y = 12 (ii) y2 = 4x and x2 = 4y 

SOLUTION (i) The equations of the two curves are 
xy = 6 ...(i) and x^y = 12

c2
From Fig. 6.3, it follows that 

0 = - v2.

30. Write tangent and normal at any point (a cos 6, a sin 9) 
on the curve x2^3 + y2^ = a2/3

31. Euqate the s.ope of the normal at P to the slope of line PQ

Fig. 6.3

PT2 with the positive direction of x-axis in anticlockwise sense.
Then

nil = tan Vi = Slope of the tangent to y = /(x) at P

V^Jcj

x2

(iii) (p - a cos a - b sin a)" = (a cos a)" + (b sin a)"

23. x =

34. y = >l2x-2f2 ,y = -f2x + 2yl2

21. x-y + fl = 0,x-2y + 4a = 0
22. (i) a2 cos2 a + b2 sin2 a = p2

(ii) (a cos a)" + (b sin a)" = pn

=> tan 0 = —
1 +

jrfx r
^L2

W 
dx 

k 7

6
x
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m2

x

tan 0 =

=> m2

' tan 0 =

(0.3)

(ii)

From (i), we obtain x
X

(-V3.0) (-1,0)
4y => y^ -64y = 0 =>y(y3-64) = 0=>y = 0, y = 4

0 and when y = 4, we get

(iii)4 =>

(iv)2x = 4

mi and

[For curve (ii)]-lxand,m2

-2\I

tan0 =

2
4

1
2’

3
2

3
4'

4x2
7

W
Fig. 6.4

(1.0)^ (V3,o) 

y=-(x2-1)

...(i) 
•••(ii)

[For curve (i)]

= f4 
dx

Angle of Intersection at (0,0):

From (iii), we have, 

= W 
dx

-(3/2) 4-3 
1 +(-3/2) (-3)

2-(1/2) 
1 + 2x(l/2)

= 0 
(0,0)

From (iv), we have,

w«.<>
Let 0 be the angle of intersection of the two curves. Then 

m2- m\ 
1 + m2

EXAMPLE 2 Find the acute angle between the curves y= | x2 — 11 
and y= [x2 —3| at their points of intersection.
SOLUTION Graphs of the two curves y= | x2 — 11 and 
y = | x2 — 31 are shown in Fig. 6.4

iy

/XJ(2,3)

Angle of Intersection at (4,4):

From (iii), we have

= 
dx1/(4,4)

Differentiating (ii) w.r.t x, we get
= _^L 

dx x

— °°.
J (0,0)

Therefore the tangent to (i) curve at (0,0) is parallel to y-axis.
From (iv), we have

= f4 
dx

Therefore the tangent to (ii) curve at (0, 0) is parallel to 
x-axis.

Hence the angle between the tangents to two curves at 
(0,0) is a right angle. Consequently the two curves intersect at 
right angle at (0,0).

= -3 
(2,3)

Let 0 be the angle of intersection of (i) and (ii), then

- m2 = - (3/2) +3 = _3_
l+m1m2 l+(-3/2)(-3) 11

11

x*^ + 2xy = 0 =>

•dxjp

Let 0 be the acute angle of intersection. Then, 
tn} - m2 

1 + »12

■ 2x2+2^2
1 + 2<2 x - 2x2

2 = 2‘

[4-4
X /

From (i), when y = 0, we get x = 
x = 4.

Thus the two curves intersect at (0,0) and (4,4).
Differentiating (i) w.r.t. x, we get 

n dy . _ dy 2 2y^L = 4=^-f- = - 
dx dx y

Differentiating (ii) w.r.t. x, we get
dy dy = x . 
dx dx 2

=> tan 0 =

Putting x = 2 in (i) or (ii), we get y = 3. Thus, the two curves 
intersect at P (2,3)

Differentiating (i) w.r.t. x, we get 
dy , n dy y 
dx y dx x 1

Clearly, two curves intersect at P and Q. Point P and Q are 
the intersection point of y = x2 - 1 and y = - (x2 - 3). Solving 
these two equations simultaneously, we get

x = ±x/2"andy = ±l.
Thus, the coordinates of P and Q are (-/T, 1) and (- V2,1) 

respectively.
Angle of intersection at (X2, 1):

The equations of the two curves are 

y = ?-l 
y = -(?-3) 

dx 

dj/k 
dx . /

Let nii and m2 be the slopes of the tangents at point P to 
curve (i) and (ii) respectively. Then,

= 2yl2 and m-, = [ ~ =

=> 0 = tan 1
x 7

(ii) The equations of the two curves are
y2 = 4x ...(i) and x2 = 4y

V2 V2
= , Putting x = in (ii), we get
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In this case, we have

= -2V2
and,

tanO =

tan0j =

1 and

and

should intersect orthogonally is that ~~t
(i)

(ii)
ax^ + brf = 1 .(iii)

a' x? + b' = 1 ,(iv)

0

x - ±
,(v)

±
0

and

.(vi)
Angle of intersection at P (MP

4<2
7

-x
y

flXT

-Ci)
.(iii)

ab2 j 
a + b J

a 
b

a' x1 
b'Vi

= 2f2
So, the acute angle 0j between the tangents is given by

- 2<2- ifl
I+(-2^)x(2>/2)

¥)
Angle of intersection at Q (- V2,1):

rb^7
b

Wo

a2b 
k 1 a + b '

=> 0} = tan

=> m2

a2b2 
b2-^

nii ~m2 
1 + tn} m2

1
1-1 
a2~ b2

m-i ~ m2 
1 + nii m2

-b2x 
a2y

=> mi

C2

= W

Differentiating (ii) w.r.t. x, we obtain 

2a'x + 2b'y^ =

W = 
dx „ 

A 'ci

Differentiating (i) w.r.t. x, we get

2 ax + 2 by =

(- b2 + fl2)
(a + b) fab

b-a

X2 V2
EXAMPLE 3 Find the angle of intersection of ~^+2 = 

a2 bz

0 = tan-1

Thus, the two curves intersect at four points given by 

a2b -J ab2 ) 
a + b a + b J

Differentiating (i) and (ii) w.r.t. x, we get

/

Let 0 be the acute angle of intersection at P. Then,

m *
13 

a

nii = Slope of the tangent to (i) curve at Q

m2 = slope of the tangent to (ii) curve at Q

dy  ox
dx~ by

< /MP

dy a' x 
dx~ b'y

=w dx

We have,
mi = Slope of the tangent at P to (i) 

-b2 JT -b3/2
’fl2 b = fl3/2

and, m2 = Slope of the tangent at P to (ii)

and, x2+y2 = ab

Solving (i) and (ii) by cross-multiplication, we obtain

X2=

-ab , , ab—5- + I -l+-x
b2 a2

Similarly, we can find the angles of intersection at the 
remaining points also.
EXAMPLE 4 Show that the condition that the curves

< - ax2 + by2 = 1

a'J + b'y2 = 1
-. . 1 1=1_1 

a b a' b'
SOLUTION Let (Xj, yf) be the point of intersection of the curves. 
Then,

x2 + y2 = ab.
SOLUTION The equations of the two curves are

^+^=1
? I?

a\ /
1 a2b . ab2 
----- and y = ± N—- a+b J a+b
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,..(vii)

-.(viii)

X

y

.y,)

a

9
0 x

Fig. 6.5
164 dx Differentiating w.r.t. x, we get

and

tan 6 =

Suppose OP makes an angle 0 with x-axis. Then,

1 
a'

dx\ .

dx

x \ 71
b'

= 
dx

at (xv y^

— 4x w
' at (Xpyp

16
3y2

m2

=> 2 x + y

dy  2x + ky
dx ~ kx-2y

Let the coordinates of P be (xp y}). Then,

16
’ 3y?

If the two curves intersect at right angles, then 

m1 m2 = ~ 1

C2
^^^^dx' =

2 2
Equations of two curves are = 1 and y3 = 16 x

Differentiating these w.r.t. x, we get

2j + ^^ = 0and3y2^ = 
a1 4 dx J dx

W = dx\ /

I  
Ip - 2V1

If the tangent at P makes an angle 0 with x-axis, then

kX]-2yi

0
T

The two curves will intersect orthogonally, if 
m2 = ~ 1

ax, a' x,
= “Ityi b yi

=> aa' x2 = - bb' y\

Subtracting (iv) from (iii), we obtain

(a - a') x? = - (b - b") y\

Dividing (viii) by (vii), we get

a-a' _ b-b'
aa' bb'

=* 64 Xj = 3 a1 y^

=> 64 X] = 3a2 x 16xj [■.• (xv yj) lies on y3 = 16 x y?=i6x)l
=> 4 = 3fl2

=> a2 = 4/3.
EXAMPLE 6 Show that the angle between the tangent at any point 
P and the line joining P to the origin 0 is the same at all points on 
the curve

1 1
a b

«yi 3y?

log (x2 + y2) = k tan 1

SOLUTION We have, 
/ \

•logx2 + y2) = ktan-1

ct

Let mi and m2 be the slopes of the tangents to the two curves 
at their point of intersection. Then,

- W
= -4xi

fl2yi

= W
dx ,

=* 2x + ky = (kx-2y)^

2 2
EXAMPLE 5 If the curves = 1 and y3 = 16x in tersect at right

7 4 angles, show that a = -.

SOLUTION Let (Xj y^ be the point of intersection of the two 
curves.

, dy k <x-/- - y dx J

k 

1+ 2
X

?
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=> => tan a =

= constant.=> tana

EXERCISE 6.2

,2

2. Show that the curves = 1

and, sin bx touch ai

3.

1 may intersect orthogonally.

ANSWERS

3. a2-b2 = A2-B2(ii) ± tan (iii) - and ± tan 5. ±tan‘

(iv) 0

HINTS TO SELECTED PROBLEMS

are equal.x =
and

ci

Clearly, x

—    —

2 
k

■-1

(4n +1)n
2b

8. We know that 1 < | sin x | + ] cos x | < VT for all x e R

y = [ | sin x | + | cos x | ] = 1

Thus, the two curves are y = 1 and x2 + y2 = 5dx

-14^2

= -i

dx)

dx -

=> tan a =
1 +

-frlVl
2 2‘*i -yr

-i f6VTi1 M

Vitan 0 = Slope of OP = —
X1

Let a be the angle between OP and PT. Then,

6 = a + 0

a = 0-0

=> tan a = tan (0 - 0)

tan 6 - tan 0
1 + tan 0 tan 0

dx _ k ;c2

t \ 71 (v) 2

2*1+fol Vi
fri - 2yi

2^14-kyi yi
kx1-2y1 Xj

2x}2 + kX] y1-kx1y1+2y12 

kx12-2x1 yy+2x^+ky}2

k

i. (i) e =

=> a = tan-1

—r+ , = 
/i2 B2

“ + ~7Z = 1
■2 b + X.2

4. Let (Xj, y}) be the point of intersection of the two curves. 
Then,

6. Show that the curves y2 = 4nx and ay2 = 4X3 intersect each 
other at an angle of tan”11 and also if PG^ and PG2 be the 

normals to two curves at common point of intersection (othei 
than the origin) meeting the axis of X in Gj and G2, ther 
Gj G2 = 4a.

and y = e

4. Show that the curves x3 - 3xy2 = - 2 and 3x2y - y3 = 2 cui 
orthogonally.

5. Find the acute angles between the curves

y= 12x2-4| andy= | x2 - 51.

8. tan-1 2

2 2
*1 -yi

2^i yi

7. Prove that the curves y = e ax 
the points x = K.

8. Find the angle of intersection of curves
y = [ | sin x | + | cos x | ] and x2 + y2 = 5, where [•] denote; 

the greatest integer function.

1. Find the angle of intersection of the following curves:
(i) X2 + y2 = VTfl2 and x2 -y2 = a2

(ii) x2 = y and x2 = 4-y
(iii) y2 = 2x and x2 = 16y

(iv) x2 + y2 = 2a2 and xy = a

(v) 2x2 + y2 = 4 and y2 = 16 x

(vi) x2 + y2 = Bax and y2 (4a - x) = x3

a2 + X] b2 + Xj

? + X; * • 
intersect orthogonally.

x2 v2
Find the condition so that the curves -r + -zr = l and 

a o

7. Show that the values of 3^ obtained from the two curves a 
dx

.2

.2

n
' ' 2 .

(vi) tan-1
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y

90-Y

o N x

Fig. 6.6

Subtangent = TG = y cot y =
1 +y

Subnormal = GN = y tan i|/ = y

= y

ILLUSTRATIVE EXAMPLES

= 2a y/t2+l

2a t x — = 2a.

=>
.2

= a'

1 +

1 +

2a 
2at

1 
t'

dx

^L.
|W| 
dx

XP(x.y)
' t

y
G

6.5 LENGTHS OF TANGENT, NORMAL, SUBTANGENT 
AND SUBNORMAL

Let the tangent and normal at a point P (x, y) on the curve 
y -f (x), meet the x-axis at T and N respectively. If G is the foot 
of the ordinate at P, then TG and GN are called the cartesian 
subtangent and subnormal, while the lengths PT and PN are 
called the lengths of the tangent and normal respectively.
If PT makes angle with x-axis, then tan V = ^- From Fig.6.6, 

we find that

m + n 
x

dx 

2at^l + l/t2 
1/t

t
= 2 at >lt2 + l

and,
l2 = length of the subnormal at (x, y)

= 2at2

= dy = (m + n) y2
* dx 2nx

/ r

dy
dx

(a 'i2 

dx

dx
Length of the normal = PN = y sec

= y N1 + tan2 tg

1 = y Vl+fW
J dx

Length of the tangent = PT = y cosec

1 + cot

Length of the tangent at (at2,2at) = y

Length of the normal a/fat2,2at) = y

2
Length of the subtangent at (at , 2at) =

xm + n

= 2at2.

= 2atVT+Z

T

EXAMPLE 1 Find the lengths of tangent, subtangent, normal and 
subnormal toy2^ 4ax at {at2,2at).
SOLUTION We have,

y = 4ax
o dy .=> 2y~+ = 4a

7 dx

dx y

dXJat2,2at)

. Now,

dy _ m + n
dx 2n

y _ 2at_ 
dy/dx 1/t

Length of the subnormal at (at2,2at) = y = 1;.* r;

EXAMPLE 2 Prove that mth power of subtangent at any point on 
the curve xm*n = am~n y2n varies as the nth power of subnormal at 
the same point.
SOLUTION We.have, •

- n ^2n

=> {m + n) log x = (m - n) log a + 2n log y

n 2n dy= 0 + — -f- y dx

M
X 

k 7
l} = length of the subtangent at (x, y)

= V = 2nx
~ dy (m + n)

dx

dx 
\.__ )_

1
t2
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Now,
.m

= aand,

EXERCISE 6.3

,n + l is of constant

ANSWERS

4. o,fl/V3

If the subnormal of the curve xy” = a' 
length, prove that n = - 2.

_ (in + n)w v2”
(2n)” x"

[... x"*"

J n l2

(2n)w x* 
(m + n)m

W
(m+ri)'

(2n)m + n
• (m + M)m + n 
= constant

Hence, //” varies as l2n.

>m + n xm + n 
yi + n ^2n

am~n

f 2nx ' 
(m + n)

x2 X?2. For the ellipse — + = 1, prove that the length of the

normal at any point varies inversely as perpendicular from 
origin on any tangent at the same point.

3. For the curve xm y" = am + ”, prove that the subtangent al 
any point varies as the abscissa of the point.
4. Find the lengths of tangent and normal at point t = n/3 on 
the curve x = a (f + sin t), y = a (1 - cos t).
5. Prove that for the curve y = a log (x2 - a2), sum of the tan­
gent and subtangent varies as the product of the coordinates of 
the point of contact.

f
(m + n) \r

2nx



CHAPTER

MEAN VALUE THEOREMS AND SOME OTHER
APPLICATIONS OF DERIVATIVES

y

X

0

y

Fig. 7.2

(c.f(c))

A(o,f(o)) B(b,f(b))

/'(C) =0 (o.o) (c.o) (b,o) X

I

Fig. 7.1

Algebraic interpretation of Rolle's theorem : Let /(x) be a polyno­
mial with a and b as its roots. Since a polynomial function is 
everywhere continuous and differentiable and a and b are roots 
of /(x), therefore /(a) = /(fa) = 0. So, /(x) satisfies conditions of 
Rolle's theorem. Consequently there exists c e (a, b) such that 
/'(c) = 0 i.e. /z(x) = 0 at x = c. In other words x = c is a root of

7.1 ROLLE’S THEOREM
STATEMENT Let fbea real valued function defined on the closed 
interval [a, b] such that

(i) it is continuous on the closed interval [a, b],
(ii) it is differentiable on the open interval (a, b), and

(iii) /(fl)=/(fa).
Then there exists a real number c e (a, fa) such that f'(c) = 0. 

Geometrical interpretation of Rolle's theorem Let/(x) be a real 
valued function defined on [fl, fa] such that the curve y =/(x) is 
a continuous curve between points A(fl,/(fl)) and B(fa,/(b)) and 
it is possible to draw a unique tangent at every point on the 
curvey = fix) between points A and B. Also, the ordinates at the 
end points of the interval [a, fa] are equal. Then, there exists at 
least one point (c,/(c)) lying between A and B on the curve 
y = fix) where tangent is parallel to x-axis.

A[o.f(o)] B[b.f(b)]

h /l i I [c.f(c)] i [

(o.°) \ i / \ r / (b’°)*
(c.f(c)] [c.f(c)]

7.2 LAGRANGE’S MEAN VALUE THEOREM
STATEMENT Let fix) be a function defined on [a, b] such that

(i) it is continuous on [a, fa],
(ii) it is differentiable on (a, b).

Then there exists a real number c e (fl, fa) such that

/(b)-f(n)
fa-fl

Between any two roots of a polynomial fix), there is always a root 
of its derivative f\x).

f(x). Thus, algebraically Rolle's theorem can be interpreted as 
follows:

Geometrical interpretation : Let fix) be a function defined on [fl, 
fa], and let APB be the curve represented by y = fix). Then 
coordinates of A and B are (fl,/(fl)) and (fa,/(b)) respectively. 
Suppose the chord AB makes an angle ig with the axis of x. Then 
from the triangle ARB, we have

BR
AR
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=> tan

/'(c) =

y

o N x

Fig. 7.3

7.3 DERIVATIVE AS A RATE MEASURER

error in x

Thus,

dy

But, Ay

As A x -> 0, the limiting value of this average rate of change 
of y with respect to x in the interval [x, x + Ax] becomes the 
instantaneous rate of change of y w.r.t. x.

Thus, we arrive at the following geometrical interpretation 
of Lagrange's mean value theorem:

Let f(x) be a function defined on [a, b] such that the curve 
y=f(x) is a continuous curve between points A(a,f(a)) and 
B(b,/(b)) and at every point on the curve, except at the end points, it 
is possible to draw a unique tangent. Then there exists a point on the 
curve such that the tangent thereat is parallel to the chord joining the 
end points of the curve. Absolute error: The error Ax in x is called the absolute error ir 

x.

_f(b)~f(a) 
b-a

M

/'(x) + e, where e -»0 as Ax -»0

Ay = /'(x) Ax, approximately

6(b,l(b))

A < x ----- -R

By Lagrange's Mean Value theorem, we have

b-a 

tany = /'(c)
=> Slope of the chord AB = Slope of the tangent at (c,/(c))

Relative error: If Ax is an error in x, then — is called the relative

Percentage error: If Ax is an error in x, then — x 100 is calbet 

percentage error in x.
REMARK 1 We have Ay =f'(x) • Ax + £ ■ Ax. Since E • Ax is ver 
small, therefore principal value of Ay is f\x) Ax which is cable 
differential ofy and is denoted by dy i.e.

dy = f\x) Ax or dy

So, the differential of x is given by

dx = 3^-Ax = l- Ax = Ax 
dx

dx
REMARK 2 Let y = /(x) be a function of x, and let Ax be a snua 
change in x. Let the corresponding change in y be Ay. Then 

y + Ay = f(x + Ax)

= ^ • Ax = /'(x) Ax, approximately

f(x + Ax) = y + Ay = y +/'(x) • Ax, approximately

dy .= -fL • Ax dx

Let y = /(x) be a function of x. Let Ay be the change in y 

corresponding to a small change Ax in x. Then, represents

the change in y due to a unit change in x. In other words, 

represents the average rate of change of y w.r.t. x as x changes 
from x to x + Ax.

7.4 DIFFERENTIALS, ERRORS AND 
APPROXIMATIONS

In the chapter on differentiation, we have defined derivative o

y w.r.t. x i.e. as the limit of the ratio as Ax -> 0 anc

dx

Ax
Ay = /'(x) Ax + eAx =>

or Ay = Ax, approximately

This formula is very useful in the calculation of small changes foi 
errors) in dependent variable corresponding to small changes ffoi 
errors) in the independent variable and is of great importance in #h« 
theory of errors in Engineering, Physics, Statistics and several othtei 
branches of the science.
SOME IMPORTANT TERMS

Ax

considered as a symbol not as a quotient of two separat< 

quantities dy and dx. In this chapter, we shall give a meaning 
to the symbols dx and dy in such a way that the origina 
meaning of the symbol dy/dx coincides with the quotient whier 
dy is divided by dx.

Let y = /(x) be a function of x, and let Ax be a small change 
in x. Let Ay be the corresponding change in y. Then

lim = f\x)^_.0Ax dx

lim —= Instantaneous rate of change of y w.r.t. x
Ax—>0^

=> = Rate of change of y w.r.t. x

The word "instantaneous" is often dropped.

Hence, represents the rate of change ofy w.r.t. xfor a definite 

value ofx.

lim wAx^O^ dx
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ILLUSTRATIVE EXAMPLES

(i)

X

0 (73.0)

[By hypothesis]

n

[Subtracting the two equations]

a = 0

xn
+ —■ = 0 n!

If %,a},a2,an are real numbers such that
an-l . an - . . ..

... + ” ‘
n

a" =>^7 = 0
n!

a” a?
.H—~ = 0 and 1 + a + ~ + 

n! 2!

(iii) If - 2 < X < 0, then also the two curves intersect at three 
points. This means that the given equation has three roots 
two of which lie between -73and 0 and the third will be 
greater than 73.

It follows from the above discussion that there is no value 
of X for which the equation has exactly two roots lying between 
0 and 1.
EXAMPLE 3 Use Rolle's theorem to find the condition for the poly­
nomial equation f (x) = 0 to have a repeated real root. Hence, or 
otherwise prove that the equation

x x2
1 + i! + 2! +

cannot have repeated roots.
SOLUTION By the algebraic interpretation of Rolle's theorem, 
we can say that between any two roots of a polynomial there 
is always a root of its derivative. Thus, if a is a repeated root of 
a polynomial /(x), then there must be a root of /'(x) in the 
interval (a, a). This means that a is a root of/'(x) = 0

/'(a) = 0

Thus, if a is a repeated root of a polynomial/(x) = 0, then 
/(a) = 0and/'(a) = 0.

(7-2) 
y'

Fig. 7.4

1 ,y

("4 *2> 
y—X

x",. + — have a repeated

/(1) = „o+^+....+_^o
Therefore, 0 and 1 are roots off (x).
Hence, by the algebraic interpretation of Rolle's theorem

/'(x) = 0 i.e. aQ + a^x + a2x1 + .... + anxn = 0

must have a root between 0 and 1.
EXAMPLE 2 Prove that there is no value of \for which the equation 
x - 3x + X = 0 has two distinct roots lying between 0 and 1.
SOLUTION If possible, let there be a value of X for which the 
equation x3 - 3x + X = 0 has two distinct roots a and P lying 
between 0 and 1 such that a < p.

Let/(x) = x3-3x + X.

Since a and P are roots of f (x) = 0. So, by the algebraic 
interpretation of Rolle's theorem, the equation/'(x) = 0 must 
have a root y (say) between a and p. But,

/'(x) = 3?-3
••• /'« = 0

=> 3x2-3 = 0 => x = ±1

We have, 0<a<P<l, Therefore, none of the roots of 
/'(x) = 0 lie between a and p.

This is a contradiction to the fact that/'(x) = 0 must have a 
root between any two roots of f (x) = 0.

Thus, our supposition is wrong. Hence, there is no value of 
X for which the equation x3 - 3x + X = 0 has two distinct roots 
lying between 0 and 1.

ALITER Consider/(x) = x3-3xandg(x) = -X

Solving the equation x3 - 3x + X = 0 means, finding the coor­
dinates of the points of intersection of the curves y =f(x) and 
y=g(x). For this, let us draw the graphs of y=f(x) and 
y=g(4

It is evident from the graphs of y = x3 - 3x and y = - X that:
(i) Two curves will intersect at exactly one point if 

| - X | >2 i.e. X<-2orX>2 and in this case the equation 
x3 - 3x + X = 0 will have exactly one root which will be 
either greater than or less than 73*.

(ii) • If 0 < X < 2 ; then the two curves will intersect at three 
points which will mean that x3 - 3x + X = 0 will have 
three real roots. One root will be less than ^3, one will be 
between 0 and 1 and the third will be greater than 1 but 
less than 73.

EXAMPLE 1

«o + y+ y + ... + = 0, (n 1), then prove that the

eqution aQ + a}x + a2 x2 +.... + an xn = 0 has a real root lying be­
tween 0 and 1.
SOLUTION Consider the polynomial

2 3
/(x) = aQx + a^ + a2^ +

We have,
/(0) = 0,

and,

+1
+ an 7” n + 1

________

(-73.01

3-3x

X X2
If possible, let 0 (x) = 1 + — + — + 

root a.
Then,
0 (a) = 0 and 0' (a) = 0

2, a a
^1 + i!+2 +

n-1
+ —----- =0(n-1)!
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=>

=>

=>

log (1 + x) < x for all x > 0

(&-«)

f'(c) =

=>

<1 => log (1 + x) < X (i)

g(a) g'(c)
=> Also,

=>

=>

log (l+x)> ,(ii)

log(l + x)<x forallx>0.

(b-fl)

/'(c)

=>

m.

1
1 + c

/(o) /'(c) 
g(fl) g\c)

1
2?c

Now, n > N2 and c e (n, n +1) 

c>N2

1 
1+x

X 

1 + x 
From (i) and (ii), we get

x 
1+x

Vn +1 - Vn" < —

and,

000 = / («) g («) -/ («) g (fl) = 0.

= 0 (b) - 0 (fl)
b-a

/(«) /'(c) = JL /(fl) f(b)
",) b-a g(«) g(b)

/(fl) /'(c)
g(fl) g'(c)

A ladder 15 m long, leans agaisnt a wall 7 m high, and

Now,

0(x) =/(fl)gW-/«g(fl)

=> 0'(x) =/(fl)g'W-/'(x)g(fl)

=> 0'w =/wr«-/'(ogw =

Clearly, < 1 for c > 0.

• . log(1+x) 
x

Also,ce (0,x)
c<x 

1 1 
l+c>l+x

log (1+x) 
x

g(fl) g'(c)| ■

/(fl) /(&) . 

g(fl) g(&)

EXAMPLE 8
a portion of the ladder protrudes over the wall such that its projection 
along the vertical is 3 m. How fast does the bottom start to slip away 
from the wall if the ladder slides down along the top edge of the wall 
at 2 m/sec.
SOLUTION Let OC be the wall and AB be the ladder of which 
the portion BC is protruded over the wall OC. The projectiar 
of BC on the wall is CD = 3 m (given).

Let the foot A of the ladder be x metres away from the wail 
and the protruded portion of the ladder be y m in length 
Further, let ZOCA = 0.

Now, AB = 15 m and BC = y m

AC = (15-y)

«(b) = /WgW-fWgW = ^((“) g(K)

Thus, 0 is a repeated root of 0 (x) = 0.
But, 0 does not satisfy 0 (x) = 0 i.e. it is not a root of 

0(x) = O.

EXAMPLE 6 Show that the square roots of two successive natural 
numbers greater than N2 differ by less than

SOLUTION Let n be a natural number greater than N2.
Consider the function /(x) = Vx~ defined on the interval 

[n, n +1]. Clearly,/(x) satisfies all the conditions of Lagrange's 
mean value theorem on [n,n + l]. So, there exists 
c e (n, n +1) such that

_/(n + l)-/(n)
(n + l)-n

= Vn+T-Vn”

x x2 x”
Hence, 1 + — + — +.... + — = 0 cannot have a repeated root.

EXAMPLE 5 Using Lagrange's theorem prove that

x 
1+x <

SOLUTION Consider the function f(f) = log (1 +t) for all 
t e [0, x], where x > 0.

Clearly, f (t) is continuous on [0, x] and differentiable on
(0, x). So, by Lagrange's theorem there exists c e (0, x) such that

»-/(Q) 
x-0

1 log (1 + x) - 0
1+c" x-0

log (1+x)
X

4c >N
24c > 2N

1 1
24c < 2N

1
2N

EXAMPLE 7 If f{x) andg (x) are continuous functions in [a, bl 
and they are differentiable in (a, b), then prove that there exists 
c 6 (fl, b) such that

/(«) /(&) _ 
g(fl) g(&)

SOLUTION Consider the function 0 (x) =/(fl) g (x) -/(x)g (?) 
for all xe [fl, b].

As/ (x) and g (x) are continuous on [fl, b] and differentiable 
on (a, b) therefore 0 (x) is continuous on [fl, b] and differentiable 
on (fl, b). Consequently, there exists c e (fl, b) such that

0-(c) =
b-a
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0 0

[Using (i)]
3my m

C

9

7m

0 Ax m

Fig. 7.5

- 2 m/sec.

/'(«) = (i)

(ii)/(b) =

/W) =

- 2 (given)

(i)

Now,

x = 7 tan 9

= <P' (c)

■ dt

(15-y)m

7 
15-y

2
7 sec 0 tan 0

2 
sin 0

2
7 sec 0 tan 0

=> /'(a)/(b) =

dQ
* dt

2

(i) (f(4))4 - (/(O))2 = 8/'(a)/(b) for a, be (0,4)
4

(ii) J /(t) dt = 2 [a/(a2) + 0/(0)2] for all 0 < a, p < 2. 
o

Hence, the bottom starts to slip away from the wall at the 
c 6 .rate of 77^ m/sec.

EXAMPLE 9 If the function off: [0,4] —> R is differentiable, then 
show that

n 2 •/ cos 0 = -

„ Q L „ dQ- 7 sec 0 tan 0 — dt

dx _ ? n=> — = 7 sec 0x dt

=> -2 = - 7 sec 0 tan 9 77dt

It is given that =

We have to find 77.dt
In AOCX, we have

x 
tan 0 = - and, cos 0 =

=> x = 7 tan 0
and, 15-y = 7 sec 0.

In ABCD, we have
Q 3 cos 0 = - 

y
=> y = 3 sec 0.

15-3 sec 0 = 7sec0

=>SKe=-
=> sec0 = |

a 2
=> COS0 = -

o

A dx 2ade 
=> dl = 7sec 0d?

Now,
15-y = 7 sec 9

=$ y = 15 - 7 sec 0

dt

[IIT2003]
SOLUTION (i) It is given that/is differentiable on [0, n/4]. So, 
it is continuous also. Consequently, by Lagrange's mean value 
theorem there exists a e (0,4) such that

A4)-A0)
4-0

Also, by intermediate mean value theorem there exists 
b g (0,4) such that

f (4) 4-/(0)
2

From (i) and (ii), we have
A4)-AQ),J(4)+A0)

4 2

(M))2-(ft0))2
8

=> (/(4))2 - (/(O))2 = 8/' (a) fib) for same a, be (0,4).

(ii) Putting t = z2, we have
4 2
jf(t)dt = jlzf^dz.
0 0

Consider the function of 0 (t) given by
t

<D (0 = J 2z/(z2)rfz, te [0,2],
0

Clearly, <P (t), being an integral function of a continuous func­
tion, is continuous and differentiable on [0, 2]. Therefore, by 
Lagrange's mean value theorem there exists c e (0,2) such that

O (2) - <P (0)
2-0

dx 
=> — dt

dx 
dt

dx 6
^~di = 15

4
9
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[•.• o'(n=2f/a2)]

(i)

EXERCISE 7.1

10. Find the approximate value of/(x) =
6.

11. 80.1867
9- (-1,1)

n dx 2 dx

i

ANSWERS
10. 0.97

= O'(c),where0 < a < c < P < 2.

[... = 2f/(P)

xl/5
■ at x = 0.152-x

2 + x 
j

11. Use differentials to find the approximate value of

(8.01)473 + (8.01 )2.

=> y2-9<0

2
=> j22/(;2)rfz = 2(2r ftc2))

0

Also, by intermediate mean value theorem for c e (0,2) 
there exist a, P e (0,2) such that => 

o

2 0
j 2z/(z2)dz-f 2z/(z2)dz

=*  ----------- ^0------------- = 2^)

=> -3<y<3 => — 1 <x<l.

10. Take x = 0 and x + Ax = 0.15. When x = 0, wehavey=l 

Find Ay by using Ay = Ax.

<DZ (a) + <frz (p) 
2

=> 2a/(a2) + 2|3/p2) = 2|2c/(?)| ...(ii)

From (i) and (ii), we get
2

J 2 zf (z2) dz = 2 a/ (a2) + 2 p/(P2) for all 0 < ,a, 0 < 2

4
f/(t) dt = 2 (a/[a2) + P/(P2)) for all 0 < a, p < 2.

1. If 2fi + 3b + 6c = 0, then prove that the equation 
ax2 + bx + c = 0 has at least one real root in (0,1).
2. Prove that the equation 4X3 - 9.x2 + 6x - 3 = 0 has a real root 
lying between 1 and 2.
3. Prove that the equation x5 + 5x4 + 20.x3 + 60x2 + 120 x 
+120 = 0 does not have a repeated root.
4. If ao xn + fii xn ”1 +.... + fin -1 x = 0 has a real positive root a, 
then prove that the equation naox11 -1 +(n-l)flixn-2
+... + fin -1 = 0 has a positive real root less than a.
-TV. r . b b-a , _ ,5. Prove that —:— < log - <----- , where 0 < a < b.b ° a x a

Prove that
(b - a) sec“ a < tan b - tan a <(b-a) sec b, 

whereO<fl<b<^.

7. If /(x)andg(x) are differentiable functions for 0<x<l 
such that f (0) = 2, g (0) = 0, /(I) = 6,g.(1) = 2, then show that 
there exists c e (0,1) such thatf'(c) = 2 g' (c).
8. Show that there is no value of k for which the equation 
x3 - x = k has two roots lying between 0 and 1 /V3~. Also, find 
the values of k so that it has exactly one root between 0 and 
l/>/3 and also no root between 0 and 1//2/3

9. A point is moving along the curve y3 = 27 x. Find the 
interval of values of x in which the ordinate changes faster than 
abscissa.

HINTS TO SELECTED PROBLEMS

6. Apply LMVT on/(x) = tan x defined on [a, b]
7. Apply LMVT on

(X) =/(x) {g(1) -g (0)) -g (x) \f (1) -/(0))
9. We have, y3 = 27x

-

-

Now,

dt dt

-I -2
8. -2

3^3



CHAPTER

MONOTONIC FUNCTIONS

SOLUTION Let x? x2 e R and let x1 < x2. Then,

=>

y

y

f(x2)
f(*l)

x' X

y=<W o x2X1

f(x2)
f(*l)

X

bx2

Also,

=>

=>

Fig. 8.1

Thus,/(x) is strictly increasing on (a, b) if the values of/(x) 
increase with the increase in the values of x. Graphically,/(x) is 
increasing on (a, b) if the graph y = /(x) moves up as x moves to 
the right. The graph shown in Fig. 8.1 is the graph of a strictly 
increasing function on (a, b).
ILLUSTRATION i Show that the function f(x) = 2x + 3 is strictly 
increasing function on R.

-(ii)

!y'
Fig. 8.2

8.1 INTRODUCTION
In this chapter, we shall study monotonicity of functions. A 
function/(x) is said to be a monotonically increasing function 
on [a, b], if the values of /(x) increase or decrease with the 
increase or decrease in the values of x. If the values of /(x) 
decrease with the increase in the values of x, then/(x) is said 
to be a monotically decreasing function. The monotonicity of a 
function is strongly connected to the injectivity of the function 
and also with the sign of its derivative in [a, b]. In this chapter, 
we shall discuss the same.

8.2 SOME DEFINITIONS
STRICTLY INCREASING FUNCTION A function f(x) is said to be a 
strictly increasing function on (a, b) if

=> f(xi) < /(*2) for a11 XV x2 G (a'

xi

X1

a

y'

ILLUSTRATION 2 Show that the function f(x) = x2 is strictly in­
creasingfunction on [0, °°).
SOLUTION Let x]z x2 e [0, ~) such that xt < x2. Then

X1 < X2 => X] < Xi X2

Xi < X2 => X] X2 < *2

From (i) and (ii), we get
X! < x2

? 2
Xi < X2

^1) < ^2)

< x2

X1<X2

2xj < 2x2

2xj + 3 < 2x2 + 3

/fri) < /(*2)
Thus, X! < x2 =>/(xj) </(x2) for all x? x2 e R.

So,/(x) is strictly increasing function on R.
This result is also evident from the graph of the function 

shown in Fig. 8.2

x^___
* o
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Thus, X] < x2

x
0 X1

Kx2)
f(*i)

x
x2X1

y'
Fig. 8.3

/Kflx2=>

y

iy
f(x)=ox

0>1

f(x2)f(x1)

x'f(xt) X
f(x2)

x2x' X

0X1 x2

Thus, x, <x2=>/(x1) </(x2) for all xp x2 g R.

Hence, f(x) is strictly increasing function on R. This fact 
• is also exhibited in the graph of this function as shown in

Fig. 8.4.

moves down as x moves to the right. The graph shown in Fig- 
8.5 is the graph of a strictly decreasing function.

iy

ILLUSTRATION 5 Show that the function f(x)-ax, 0<a<li$- 
strictly decreasing on R.

SOLUTION Let xv x2 g R such that x} < x2. Then,

=>

!y'
Fig. 8.4

Iy'
Fig. 8.5

b'
Fig. 8.6

ILLUSTRATION 3 Show that the function f(x) = ax,a>lis strictly 
increasing on R.
SOLUTION Let Xp x2 g R such that x^ < x2. Then,

=> /(xi) < f(x2) for all xlz x2 g [0, ~).
Hence,/(x) is strictly increasing function on [0, ~) which is 

evident from the graph shown in Fig. 8.3

y

REMARK In the above example if we replace abye(~ 2.71), then we 
find that f(x) = ex is also increasing on R.
STRICTLY DECREASING FUNCTION A function /(x) is said to be a 
strictly decreasing function on (a, b) if

x}<x2 => /(x1)>/(x2) forallXpX2G (a, b)

Thus,/(x) is strictly decreasing on (a, b) if the values of/(x) 
decrease with the increase in the values of x. Graphically it 
means that/(x) is a decreasing function on (a, b) if its graph

=> ftx}) < f(x2)

\x<>

ILLUSTRATION 4 Show that the function /(x) = - 3x +12 is strictly 
decreasing function on R.
SOLUTION Let xp x2 g R such that xT < x2- Then,

X]<X2

=> - 3x1 > - 3x2

=> - 3xj +12 > - 3x2 +12

=* /(*i) >/(x2^

Thus, Xj < x2 =>/(xT) >/(x2) for all xv x2 e R.

So,/(x) is strictly decreasing function on R.
This fact can also be observed from the graph of the function 

as shown in Fig. 8.6

x; :
o

f(X)=X 2

» •
x2 b

X1 0

Xl <x2

x^___
*" 0

X1<X2

> flX2

/(*]) > /(*2)

Thus, X! < x2 =>f(xf) >/(x2) for all xp x2, g R.
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.2

f(x) = QX 0<a<1

f(x2)

f(x,)
x' X

0X1 x2

y

is

x
b°2

...(ii)Also,

Thus, Xj < x2

y

y

f(x,) x' X

°2 °3ax'
X1

y'
tan 0 > 0

Fig. 8.9Fig. 8.8

14

8.3 NECESSARY AND SUFFICIENT CONDITIONS FOR 
MONOTONICITY OF FUNCTIONS

’ y'

Fig. 8.7

In this section, we intend to see how we can use derivative of 
a function to determine where it is increasing and where it is 
decreasing.

NECESSARY CONDITION Let f(x) be a differentiable function 
defined on (a, b). ThenJ' (x) >0 or < 0 according asf (x) is increas­
ing or decreasing on (a, b).

From Fig. 8.11, we observe that if/(x) is an increasing 
function on (a, b), then tangent at every point on the curve 
y = /(x) makes an acute angle 0 with the positive direction of 
x-axis.

Fig. 8.10

NOTE From nowonwards, by an increasing or a decreasing function 
we shall mean a strictly increasing or a strictly decreasing function.

MONOTONIC FUNCTION A function f(x) is said to be monotonic on 
an interval (a, b) if it is either increasing or decreasing on (a, b).

DEFINITION 1 A function /(x) is said to be increasing (decreasing) 
at a point xq if there is an interval (xg - h, xg + h) containing xg such 
that f(x) is increasing (decreasing) on (xg - h, xg + h).

DEFINITION 2 A function f(x) is said to be increasing (decreasing) 
on [a, bj if it is increasing (decreasing) on (a, b) and it is also 
increasing (decreasing) atx = a and x = b.

From (i) and (ii), we get

v 2

°4 f
J / bf(x2);

x2

: 0

°1

Hence,/(x) is strictly decreasing function on R. This is also 
evident from the graph of/(x) as shown in Fig. 8.7.

iy

0

y'

Xi c x2 => X] > x2 => f(x{) >f(x2)

=> ffxf) >ffxfl for a11 Xl' X2 6 (“

(-<=0,0]. See also

ILLUSTRATION? Show that the function f(x) = x2 is neither strictly 
increasing nor strictly decreasing on R.
SOLUTION In illustrations 3 and 6, we have seen that/(x) = x‘ 
is strictly increasing on [0, <~) and strictly decreasing on 
(~°o, 0]. Hence, it is neither strictly increasing nor strictly 
decreasing on R i.e. (- °°).

Uptill now we were talking about strictly increasing and 
strictly decreasing functions. But there can be functions which 
are increasing (decreasing) but not strictly increasing (decreas­
ing). For example, consider the function whose graph is shown 
in Fig. 8.10. Clearly,/(x) is increasing on (a, b) but it is strictly 

' increasing only in the intervals (a, arf and (fl^ b). In this chapter 
we shall be studying only strictly increasing and strictly decre­
asing functions.

x2 <x2 2
=> X} > Xj x2

2 x} < X2 => Xj x2 > x2

X

0

5^ > 0 or/'(x) > 0 for all x e (a, b) 
dx

REMARK Since 0 < e-1 = | < 1, therefore f(x) = (e-1)T = e 

also a strictly decreasing function on R.

ILLUSTRATION 6 Show that the function f(x) = t2 is a strictly 
decreasing function on (- 0].

SOLUTION Let x? x2 e (- <*>, 0], and let x^ < x2. Then,

Hence, /(x) is strictly decreasing on 
Fig. 8.8.

So far we have discussed about a strictly increasing or 
strictly decreasing function. But it is possible that a function 
may neither be strictly increasing nor strictly decreasing on a 
given interval. For example, /(x) in Fig. 8.9 is neither strictly 
increasing nor strictly decreasing on (a, b). However, it is 
increasing on the sub-intervals (a,af),(a2,af) and (a4, b) and 
decreasing on the intervals (fl], a2) and (A3, af).

x^___
0

f(x)=x2
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iy Now,

X

y'

tan 0 < 0 =>
[Using (i)]

[•.• x2 - X] > 0 when Xj <r2l

/(X]) > /(Xj)=>

e
X

b

/V) = (i)

(a) Since /'(x)>0 for all xe(a,b), so in particular, 
/'(c)>0

Fig. 8.12

Thus,/'(x) > 0 (< 0) for all x G(a, b) is the necessary condi­
tion for a function/(x) to be increasing (decreasing) on a given 
interval (fl, b). In other words, if it is given that/(x) is increasing 
(decreasing) on (fl, b), then we can say that/'(x) > 0 (< 0).

=$

[Using (i)l

[•_• X2 - X] > 0 when X] <rj

W.y) 
y=fW\

SUFFICIENT CONDITION

THEOREM Let f be a differentiable real function defined on an open 
interval (a, b).

(a) If f'(x) > 0 for all x g (fl, b), thenf(x) is increasing on (a, b).
(b) Iff'(x) < 0 for all x G (fl, b), thenffx) is decreasing on (a, b).

PROOF Let xlz x2 e (fl, b) such that x2 < x2. Consider the sub-in­
terval [xv x2]. Since ffx) is differentiable on (fl, b) and 
[xv x2] c (fl, b). Therefore/(x) is continuous on [xp x2] and dif­
ferentiable on (Xp x2). By the Lagrange's mean value theorem, 
there exists c g (xv x2) such that

/(x2)
X2-X]

Fig. 8.11

It is evident from Fig. 8.12 that if fix) is a decreasing function 
on (fl, b), then tangent at every point on the curve y = /(x) makes 
an obtuse angle 0 with the positive direction of x-axis.

< 0 or/'(x) < 0 for all x G (fl, b).

iy

a

y'

Since Xp x2 are arbitrary points in (fl, b). Therefore, 
x] < x2 => /(xp >/(x2) for all xp x2 e (fl, b).

Hence,/(x) is decreasing on (fl, b).

COROLLARY Let f(x) be a function defined on (a, b).
(a) lff'(x) > 0 for all x g (fl, b) except for a finite number of 

points, where f'(x) = 0, then f(x) is increasing on (a, b).
(b) Iff'(x) < 0for all x g (a, b) except for a finite number of points, 

where f'(x) = 0, then /(x) is decreasing on (a, b).

SOME USEFUL PROPERTIES OF MONOTONIC FUNCTIONS

(I) Iff (x) is strictly increasing function on an interval [a, b], then 
f~1 exists and it is also a strictly increasing function.

(II) Iff (x) is strictly increasing function on an interval [a, b] such 
that it is continuous, then f~1 is continuous on \f (a),f (b)J.

(III) Iff (x) is continuous on [a, b] such that f' (c) > 0 (f' (c) > 0) 
for each c e (a, b), thenf (x) is monotonically (strictly) increas­
ingfunction on [a, b].

(IV) If f(x) is continuous on [a, b] such that/' (c) < 0 (f' (c) < 0) 
for each c g (a, b), then f (x) is monotonically (strictly) decreas­
ingfunction on [a, b].

(V) lff(x) and g (x) are monotonically (or strictly) increasing (or 
decreasing) functions on [a, b], thengof (x) is a monotonically 
(or strictly) increasing function on [a, bj.

(VI) If one of the two functions f (x) and g (x) is strictly (or 
monotonically) increasing and other a strictly (monotonically/ 
decreasing, then gof(x) is strictly (monotonically) decreasing 
on [a, b).

/'(c) >0
f(*2)-f(xt)>Q

X2-X]

f(X2)-ffxf) > O'
f(X2) >f(X\)
f(X}) <f(X2)

Since Xp x2 are arbitrary points in (a, b). Therefore,

X] < x2 => /(xp </(x2) for all Xp x2 g (fl, b) 
Hence,/(x) is increasing on (a, b).

(b) Since/'(x) < 0 for all x g (a, b), so in particular,/'(c) < 0. 
Now,

/'(c) < 0
ffx2)-f(x}) q 

x2-Xi

f(x2) -/(xp < 0

/(x2) < /(xp

__
** 0

__
* ’ o
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ILLUSTRATIVE EXAMPLES

[•»• x* > 0 for x > 0]

[v lo^ x>N=>x>aNfora>lJ

/'(x)<0

[•.•xx>0forx>0]
[•.•4>0]

[See Fig. 8.13]

=> x e (1,2) u (3, °°)

+
-X

is increasing

[•.•4>0]
/(x) =

[See Fig. 8.14] =* f'(x)

+

1 00-oo

[•_■ (log x)2 > 0 for x > 0]

[v (log x)2 > 0 for x > 0]

[•>•/(x) is defined for x > 0]

=> (x-l)(x-2)(x-3)<0

=> 2<x<3 or x<l

EXAMPLE 3 Find the intervals in which f(x) = 

or decreasing.
SOLUTION Note that the domain off (x) is the set of all positive 
real numbers i.e./(x) is defined for all x > 0 and x 1.
Now,

x 
logx

=> (x-l)(x-2)(x-3)>0

=> l<x<2or3<x<oo

=> /'(x) = / (1 + log, x)

For/(x) to be increasing, we must have 

/'(x) >0 => x* (1 + log, x) > 0

/'(x)>0 =>

=> xg (l/e,~)

Thus,/(x) is increasing oh (1/e, °°).

For/(x) to be decreasing, we must have

=> x*(1 + log, x) < 0

=> 1 + log, x < 0

=> log,x<-l

=> x < e-1

log,, x > N => x > for a > 1 j

=> logx-l>0

=> logx>l

=> x>el

=> 1 + log, x > 0

=> log,x> —1

=> x>e-1

=> xe (0,1/e)

Thus,/(x) is decreasing on (0,1/e).
Hence,/(x) is increasing on (1/e, oo) and decreasing on 

(0,1/e).

=> x e (e, oo).
So,/(x) is increasing on (e, °°).
For/(x) to be decreasing, we must have
/'(x) < 0 =» 1oRX~21 < 0
1 (logx)2

=> log x -1 <0
=> logxcl
=> xce1

=> x e (0, e)

=> xe (2,3)u(-oo,l)
— + —

2 3
Fig. 8.14

Thus,/(x) is decreasing on (2,3) u (- 1).

EXAMPLE 2 Determine the values ofx for which fix') = xx,x>0 is 
increasing or decreasing.
SOLUTION Clearly,/(x) = xx is defined for x>0. So, the
domain of/(x) = x* is (0, °o).

Now,

f(x) = x* = e‘>^1

=s/'(x) =/^'^(xlog,!)

EXAMPLE 1 Determine the intervals in which the function 
fx) = x4 - 8X3 + 22X2 - 24x + 21 is decreasing or increasing. 
SOLUTION We have,

fix} = x4-8x3 + 22x2-24x + 21.

=> /'(x) = 4X3 - 24X2 + 44x - 24

= 4(x3-6x2 + llx-6)

= 4(x-1)(x2-5x + 6) .
For/(x) to be increasing, we must have

/'(x)>0 => 4(x-1)(x2-5x + 6)>0

=> (x -1) (x2 - 5x + 6) > 0

x
logx

= log*-1
’ (logx)2

For/(x) to be increasing, we must have

158X=l>0
(logx)2

+

1 2 3

Fig. 8.13

Thus,/(x) is increasing on (1,2) u (3, oo).
For/(x) to be decreasing, we must have

/'(x)<0 => 4(x-1)(x2-5x + 6)<0

=> (x-1)(x2-5x + 6)<0
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/(x) =

+

+f'M =

/'(x) = =>

/'(X) ==>

=$

> 0=>

=> (x-3) < 0

=> x<3
So,/(x) is increasing on=> xe (2,3)

2

+
0

< 0
< 0

[See Fig. 8.18)

3 => xe
Fig. 8.16 + +

0

/(x) =

is increasing or decreasing.

=> xe (3,«).
So,/(x) is decreasing on (1,2) u (3, °°).

[ v x -1 > 0, x - 2 > 0 for x > 2]
[See Fig. 8.16]

[•«• x -1 > 0, x - 2 > 0 for x > 2]

[See Fig. 8.15]

1
=> /'(x) = ab 

ac

o-
3

ab 
1 
be

Fig. 8.15

So,/(x) is increasing on (2,3).
For/ (x) to be decreasing, we must have 
/'(x) < 0 
-2(x-l)(x-3) 

x-2 
=> (x-3) > 0 
=> x>3

ab 
x + b2 

be

ac
be

X + (

0 
be

x + c2

0 
x + b2 

be

ac
0

x + c2

ac
be

2 x + c

x + a2 
ab 
ac

2 x + a
0
ac

ab ac
x + b2 be

0 1

|(a2 + b2 + c2)^u(0,oo).

/
-o°,“

For/ (x) to be decreasing, we must have 

/'(x) < 0

-(a2 + b2 + c2) u(0,<»)
7

So,/(x) is decreasing on (0,1) u (1, e).
EXAMPLE 4 Find the intervals in which /(x) = 2 log (x - 2) - x2 
+ 4x +1 is increasing or decreasing.
SOLUTION Clearly,/(x) is defined for all x > 2.
We have,

/(x) = 21og(x-2)-x2 + 4x + l.
2/'(x) = ^-2x + 4

2-2a-(x-2)+ 4 (x-2)
x-2

-2x2 + 8x-6
x-2

-2(x2 + 4x-3)
x-2

-2(x-1)(x-3) 
x-2

For/ (x) to be increasing, we must have

/'(x) > 0
-2(x-l)(x-3)

x-2

=> /'(x) = 3X2 + 2x (a2 + b2 + c2).
For / (x) to be increasing, we must have 

/'(x) > 0
3X2 + 2x (a2 + b2 + c2) > 0

x [3x + 2 (a2 + b2 + c2)) > 0

x < -| (fl2 + b2 + c2) or x > 0

/ 
xe -ooz-

EXAMPLE 5 // a, b, c are real numbers, then find the intervals in 
which

2 x + a*
ab
0 '

/'(x) = (x + b2) (x + c2) - b2 c2 + (x + a2) (x + c2) - fl2 c2
+ (x + a2)(x + b2)-a2b2

Fig. 8.18

So,/(x) is decreasing on -1 (fl2 + b2 + c2), 0 . 
o 

\ 7

< 2 ’ 'I
Hence,/(x) is increasing on - - (a2 + b2 + c2) u (0, °°)o

X 7
( 2 9 2 2

and decreasing on - - (fl + b + r), 0 . 
\ 7

+

-j(o2+b^+c^)
Fig. 8.17 

=> 3X2 + 2x (a2 + b2 + c2) < 0 

=> x (3x + 2 (a2 + b2 + c2)) 

=y -1 (fl2 + b2 + c2) < x < 0

- (a2 + b2 + c2), 0 
\ 7

=> /'(X) =

SOLUTION We have, 
x + a2 ab 

ab x + b2 
ac be
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[•.• 0 £ x < n]=> 2x = 0, n, 2n or x = 2n/3

=> - sin 4x < 0

where a isaposi-EXAMPLE 8 Let f(x) =

HIT 1996]

=> - sin 4x > 0

/W =

a /'(x)

a f"(x)

(i)

[•_• a>0ande'“>0]2 +ax > 0=>

(i)xe(-2/a,0]=> sin2x = 0 or cosx = -1/2

Now,

/'(x) = 0
=> - 3 sin 2x (2 cos x +1) (cos x + 2) = 0

=> sin2x = 0 or 2cosx + l = 0

=> /'(*) < 0

/'(x) <0 for 0 < 4x < n i.e. 0 < x < n/4.

So,/(x) is decreasing on [0, n/4].
CASE II When,n<4x<2n

In this case, we have 
=> sin4x < 0

-2 
a

=> /'(x) > 0

f' (x) > 0 for n < 4x < 2n i.e. n/4 < x < n/2.

So,/(x) is increasing on [n/4, n/2].

EXAMPLE? Find the intervals in which the function 
/(x) = 3 cos4 x +10 cos3 x + 6 cos2 x-3,0<x<n 

is monotonically increasing or decreasing.
SOLUTION We have,

/(x) = 3 cos4 x +10 cos3 x + 6 cos2 x-3

=» f\x) = ~ (12 cos3 x + 30 cos2 x +12 cos x) sin x

= - 2 sin x cos x (6 cos2x +15 cos x + 6)

= - 3 sin 2x (2 cos2x + 5 cos x + 2)

= - 3 sin 2 x (2 cos x +1) (cos x + 2)

EXAMPLE 6 Separate the interval [0, n/2] into sub-intervals in 
which/(x) = sin4 x + cos4 x is increasing or decreasing. [IIT1999] 
SOLUTION We have,

/(x) = sin4x + cos4x

=> f'(x) = 4 sin3 x cos 4 - 4 cos3 x sin x

=> /'W = - 4 sin x cos x (cos2 x - sin2 x)
=* /'(*) = - 2 (2 sin x cos x) (cos 2x)
=* f'(x) = - 2 sin 2x cos 2x
=> /'(x) = - sin 4x

Wehave,0<x<n/2 => 0<4x<2n.
Since sine function is positive in the first and second quad­

rants and negative in the third and fourth quadrants. So, we 
consider the following:
CASE I When0<4x<n

In this case, we have
=> sin4x>0

x?“ , x<0
x + ax2-x3/ x>Qz

live constant.
■ Find the intervals in which f (x) is increasing. 
SOLUTION We have, 

xfx , x<0 
x + ax2 - x3, x > 0

Clearly,/(x) is continuous and differentiable at x = 0.

(1 + ax) , x<0 
1 + 2/JX-3X2, x>0

/'(x) is also continuous and differentiable at x = 0.

_ (2 + ax) af*, x < 0 
|2zz - 6x , x > 0

For/'(x) to be increasing, we must have/"(x) > 0. 
Now two cases arise:

CASE I Whenx<0:
In this case,

/"(x) > 0

=> (2 + ax) a > 0

=> x = 0, n/2,2n/3, n
Now, three cases arise:

CASE I When0<x<n/2:
In this case, we have
sin 2x > 0,2 cos x +1 > 0 and cos x + 2 > 0
/' (x) = - 3 sin 2x (2 cos x + 1) (cos x + 2) <0.
So,/(x) is monotonically decreasing for 0 < x < n/2.

CASEII When n/2 < x < 2n/3 :
In this case, we have
sin 2x < 0,2 cos x +1 > 0 and cos x + 2 > 0
/'(x) = - 3 sin 2x (2 cos x +1) (cos x + 2) > 0
So,/(x) is monotonically increasing for n/2 < x < 2n/3.

CASE in When2n/3<x<n:
In this case, we have
sin 2x < 0,2 cos x +1 < 0 and cos x + 2 > 0
f' (x) = - 3 sin 2x (2 cos x +1) (cos x + 2) < 0.
So,/(x) is monotonically decreasing for 2 n/3 < x < n.
Hence,/(x) is increasing on [n/2,2n/3] and decreasing on 

[0, n/2] u [2n/3, n].
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=>

...(u)

,x<l,x*0
E-x>o]/W =

/'(X) = -

>0=> =>

=> xe

>0 ■0)

[vx>l]=> 2-x>0

=> x < 2

=> /'(x)>/z(l-x),ifxG [0,1/2)

Again,

/z(x) is decreasing for all x G [0,1]

But,x > 1. Therefore,/(x) is increasing on [1,2) and decreas­
ing on (2, <»).

From case I and II, we conclude that/(x) is increasing on 
(- °°, 0) u [1,2) and decreasing on (0,1) u (2, <»).
EXAMPLE 10 Find the intervals in which the function 
f (x) = sin (log, x) + cos (log, x) is decreasing.
SOLUTION We have,

/ (x) = sin (log, x) + cos (log, x).

Clearly,/(x) is defined for all x > 0
We have,

CASE I Whenxcl 
In this case,

x(x-2) 
x4

=> x(x-2) > 0

=> xe (-°°,0)u(2,°o)

But,x < 1. Therefore,/(x) is increasing on (- 0) and hence 
decreasing on (0,1).
CASEII Whenx>l

In this case,

=> cos (log, x) - sin (log, x) < 0

a
X<3

1 7t=> cos log, x + - < 0

^ + n/4/e2nn + 5n/4pe z.

Hence,/(x) is decreasing on (e2nn + 71/4, e2”71 + 5n/4) 
EXAMPLE 11 If 0(x)=/(x)+/(l-x) and /"(x)<0 for all 
x G [0,1]. Prove that 0 (x) is increasing in [0,1/2) and decreasing 
in (1/2,1].
SOLUTION We have,

/"(x) < 0 for aU [0,1]

=* /'(x) is decreasing for all x g [0,1]

=* /'(x)>/'(l-x),ifx<l-xandxG [0,1]

=> /'(*) >/'(I -x), if x < | and x g [0,1]

Tt 71=> cos - cos (log, x) - sin - sin (log, x) < 0

=> 2nn + < log, x < 2nit + ~

2 1 _ x-2
x3 x2 = x3

For/ (x) to be increasing, we must have
/'(x)>0

x-2 n=> —r->0

=> cos (log, x) - sin (log, x) < 0

it it 3rt=> 2nit + -< log. x + - < 2nn + —, n G Z
2 oe 4 2

CASER Whenx>0:
In this case, 

/"(x) > 0 
=> 2a - 6x > 0 
=> 2a >6x

, 12 2-x
/w = -?+? = 7-

For/(x) to be increasing, we must have 

/'(x)>0 

2-x

xe (0,a/3)

From (i) and (ii), we find that/z(x) is increasing for 

xg {-2/a'a/3)
EXAMPLE 9 Find the intervals of monotonicity of the function

X7

SOLUTION The given function can be written as

1-x 
x2

^-r^,x>l ,x*0
ar

cos (log, x)-sin (log, x)
/ W =---------------------

For/(x) to be decreasing, we must have
/'« < 0
cos (loge x) - sin (log, x)

=>----------------------------<0
x
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(ii)

=>

and,

-/'(6-?)>0 ifx2 —4>0=$

=>

...(i)and,

ifxe (0,4/3)=>

and

if x g (4/3,2) (ii)

ifxG (0,4/3)

(i)ifxG (4/3,2)

[Using (i)]=>/(x)>0 

and,

I2 J
2 

X /

[Using (i)J 
[Using (ii)] 

[0,1/2) and decreasing on (A

X >

" (y2} =» /(x) = 2x[/'ly l-/'(6-x2)j
From (i) and (ii), we observe that

g'(x)<0ifxG (-«,-2)u(0,2) 
and,

g'(x)>0 if xg (2, °°) u(-2,0)
Hence, g (x) is decreasing on (- °°, - 2) u (0,2) and increas­

ing on (- 2,0) u (2, oo).
EXAMPLE 14 Let f(x)bea positive and increasing function in an 
interval I. Given that 0 (x) = 3/4 - 4/3 - 36/2 - 8 is decreasing in I, 
examine whether G (x) =/4 +/2 - 20 maintains the same sign in I. 
SOLUTION Since/(x) is positive and increasing function in I. 
Therefore,

/(x) > 0 and /'(x) > 0 for all x g /
Also, 0 (x) is decreasing in I. Therefore,

X /
/ Xg w=r | -r(2-x)
< j
ifx 6 (0,4/3)

•r X2 A 2 
ify <6~XZ

if|<2-x

.. 4if x<-o

/'[(p/'e-x)
X >

=>/'lf|-/'(2-x)>0 , 
k /

and,

/'fi|-/-(2-x)<0
X /

Now,

«« = 2/ +/(6-x2)
k >

X /

ifj>2-x

g'(x)<0 ifxe (4/3,2)
=> g (x) is increasing on (0,4/3) and decreasing on (4/3,2) 
EXAMPLE 13 Discuss the monotonicity of g (x), where

g(x) = 2/ — +/(6-x2)forallxG R
X )

It is given that f"(x) > 0 for all x g R.
SOLUTION We have,

/"(x)>0 forallxcR

/'(x) is increasing for all x G R

if — >6~xz

ifx>|

Ml/' f -/'(6-?)<0 ifxe (-2,2). 
k /

Now,

and,

/' f -/'(6-x2)<0 ifx2-4<0 
k 7

/ J -/'(6-x2)>0 ifxe (-~,-2)e (2,“)
X /

=> f\x) <//(l - x), if x > 1 - x and x G [0,1]

=> /'W </'(I - x), if x > | and x g [0,1]

=*/'(x)</'(l-x),ifxg (1/2,1]
Now,

4>(x)=/(x)+/(l-^)
=*0/(x)=//(x)-//(l-x)
=> 0'(x)>OforxG [0,1/2)

<0 forxG (1/2,1]
Hence, $ (x) is increasing on 

(1/2,1].
EXAMPLE 12 Let g (x) = 2f(x/2) +/(2 - x) and/" (x) < 0 for all 
x 6 (0,2). Find the intervals of increase and decrease of g (x).

SOLUTION We have,

/"(x) < 0

/'(x) is decreasing on (0,2).

/'(t-Wc-x),
and,

/-^]</'(2-x),
X >

(x\
f >/'(2-x),

V J 
and,

/'feVa-x), 
k J

f'^>/'(2-x)

I =»
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,2

[■,• Disc <0)

=>

(•••/'>0]

[•.•/> 0]

Using Leibnitz's rule, we have
^x

/'(x) = J 0 dt + ~ (e*). {sin2 (2 log e*) - 3 sin (2 log /) + 2}
1

Clearly, domain off = R. Therefore, 
For/ (x) to be invertible, we must have 
f'(x) > 0 or, /'(x) < 0 for all x g R

=> 3 (a + 2) x2 - 6ax + 9a > 0 or, 3 (fl + 2) x2 - 6ax + 9a < 0
for all x g R

=> (a + 2) x2 - 2ax + 3fl > 0 or, (fl + 2) x2 - 2ax + 3fl < 0
for all x g R

Now,

(a + 2) x2 - 2ax + 3fl > 0 for all x G R 
=> fl + 2>0 
and,

4fl2-12fl(fl + 2)<0 •_-flx2 + &x + c>0 for allxG R 
=> «>0 and Disced

<1' (x) < 0 for all x g I
Now,

0(x) = 3/4 — 4/3 — 36/2 — 8

=* 0'(x) = (12/3-12/2-72/)/'
But, 4>' (x) < 0 for all x g I. Therefore,
(12/3 -12/2 - 72/)/z < 0 for all x e I.

=> 12/(f2-/-6) < 0

=>/2-/-6<0
=> (f-3) (f+2) < 0
=> -2</<3
=> 0</2<9

Now,

G(x) = /4+/2-20

= (f2 + 5)(f2-4)
Since 0 </2 < 9. Therefore,/2 - 4 can take both positive and 

negative values.
Hence, G (x) may not maintain the same sign in I.

EXAMPLE 15 Prove that
^X

/ (x) = J (sin2 (2 log t) - 3 sin (2 log f) + 2^ dt

cannot be decreasing any where.
SOLUTION We have,

^X

/(x) = J (sin2 (2 log t) - 3 sin (2 log f) + 2) dt

=> fl + 2 > 0 and fl (fl + 3) > 0
=> fl>-2 and fl < - 3 or fl>0 
=> a e (0 ,<»)
And,

(fl + 2) x2 - 2ax + 3fl < 0 for all x G R 

=> (fl + 2) < 0 and 4a2 - 12fl (a + 2) < 0 
=> a < - 2 and fl (fl + 3) > 0 
=$ a <-2 and fl<-3or a>0 
=> fl G (- 00, - 3)

For fl = 0, we have

/(x) = 2X3 -1 which is clearly a bijection.

Also, for fl = -3, we have,
/(x) = - x3 + 9X2 - 27x -1 which is also a bijection.

Hence, a g [0, «>) u (- °°, - 3]
EXAMPLE 17 Find the set of all values of a for which 
/(x) = x3 + (a + 2) x2 + 3 ax + 5 is invertible.
SOLUTION Clearly, dom (f) = R. 
Now,

/:R->Ris invertible
=> /: R -»R is a bijection
=> /(x) is either strictly increasing or strictly decreasing on R 
=> /' (x) > 0 or, /' (x) < 0 for all x g R
=> 3X2 + 2x (a + 2) + 3a > 0 or < 0 for all x g R

But, 3X2 + 2x (fl + 2) + 3a cannot be less than zero for all 
x g R. Because the curve y = 3X2 + 2x (fl + 2) + 3a is a parabola 
opening upward. Therefore, y > 0 for same x g R. Consequently

3X2 + 2x (fl + 2) + 3fl > 0 for all x g R

4(fl+2)2-36fl<0 

fl2 + 4fl + 4-9fl<0

a2 - 5fl + 4 < 0

- (1). {sin2 (2 log 1) - 3 sin (2 log 1) + 2)

=>/'(x) = {sin2 2x - 3 sin 2x + 2)

=> /z(x) = / (sin 2x -1) (sin 2x - 2)
sin 2x -1 < 0 and sin 2x - 2 < 0 for all x
/' (x) > 0 for all x

=> /<x) is increasing for all x.
EXAMPLE 16 Determine the values of a for which the function 

f(x) = (fl + 2)x3-3flx2 + 9flx~l

is invertible.
SOLUTION We know that a function is invertible iff it is a 
bijection and for/(x) to be a bijection, it must be either strictly 
increasing or strictly decreasing.
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for all xe R

for all x e R

=$

(i)

=> 3x2 + 2ax + b - 5 > 0 for all x e R

=> (2n)2 — 4 x 3 (b — 5) < 0

=> 4(a2-3b +15)<0

=> a2-3b +15<0

=> a2<3b-15

Hence, the required condition is a2 < 3b -15.
EXAMPLE 19 Find the condition so that the function f: RR 
given by

CASE II When /'(x)<0

In this case,

f' (x) < 0 for all xe R

=> Sax2 + 2bx + c + d cos x < 0 for all x e R
Since the maximum value of d cos x is | d |. Therefore,

3AX2 + 2bx + c + dcos x < 0 for all xe R

=> 3/jx2 + 2bx + c + | d | < 0 for all x e R

=> 3a<Q and (2b)2-4x3ax(c + |d|) <0

=> a < 0 and 4 [b2 - 3a (c + | d |)} < 0

=> a < 0 and b2 < 3a (c + | d |)

=> a < 0 , b2 < 3a (c + | d |) and c + | d | >0
Hence, the required conditions are:
b2<3a (c- |d|),c> |d| , if a > 0

b2 < 3a (c + | d |), c > - | d | , if a < 0.
EXAMPLE 20 Consider the function f: R-> R given by 
f(x) = x3 + ax2 + bx + c sin x where a,b,CE R. Find the condition 
that should be imposed on a,b,cso that the given function becomes 
invertible.
SOLUTION We know that a function is invertible iff it is a 
bijection and a function is a bijection iff it is either strictly 
increasing or stritly decreasing.

Thus,
/is invertible

=> /is strictly increasing or strictly decreasing
=> /'(x) > 0 or, f'(x) <0 for all x e R
CASE I When/'(x)>0:

In this case, we have
/'(x) >0 for all x e R

=> 3x2 + 2^x + b + ccosx>0forallxe R

=> 3X2 + 2ax + b - | c | > 0 for all x e R

=> (2a)2- 4 x 3 x (b - |c|)<0

=> 4{?-3(b- |c|)} >0

=> ?-3(b- |c|)<0

=> a2 < 3 (b - | c |)
CASE II When/'(x)<0

In this case, we have
/'(x) < 0 for all x 6 R

=> 3x2 + 2ax + b + c cos x < 0 for all x e R

=> 3X2 + 2ax + b + | c | < 0 for all x e R

But this is not possible, as y = 3X2 + 2ax + b + | c | represents 
parabola opening upwards. Consequently, y > 0 for some x.

Hence, the required condition is a < 3 (b - | c |).

/(x) = ax3 + bx2 + ex + d sin x 
is an injection.
SOLUTION If/: R -» R is an injection, it must be either strictly 
increasing or strictly decreasing on R.

Thus,

/'(x) > 0 or, f'(x) < 0 for all x e R 

CASE I When /'(x) > 0 for all x e R
In this case,

/' (x) > 0 for all x e R

=> Sax2 + 2bx + c + d cos x > 0 for all x e R

We know that the minimum value of d cos x is - | d |. 
Therefore,

Sax2 + 2bx + c + d cos x > 0 for all x e R 

=> 3ax2 + 2bx + c- |d| >0

=> 3a > 0 and (2b)2- 4 x 3fl x (c - |d|)<0 

=> a > 0 and 4 {b2 - 3a (c - | d |)} < 0

a > 0 and b2-3a(c- | d |) < 0 

a > 0 and b2 < 3a (c - | d |)

=> a > 0, b2 < 3a (c - | d |) and c > | d |

=> (a — 1) (a — 4) < 0
=> l<o<4
=> a e (1,4).

Hence,/(x) is invertible, if a e (1,4).
EXAMPLE 18 If the function f:R-*R given by 
f(x) = r3 + ax2 + bx + 5 sin2 x is an increasing function, find the 
condition that must be satisfied by a and b.
SOLUTION Since/: R —> R given by

/(x) = x3 + ax2 + bx + 5 sin2 x
is an increasing function on R. Therefore,

f'(x) > 0 for all x e R
=> 3X2 + 2ax + b + 5 sin 2x > 0 for all x e R

3X2 + 2ax + b + 5 sin 2x
> 3X2 + 2ax + b - 5
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Let f (x) be a real function and g (x) be a function

x3 + 5x + a,a,be R

=> -7<b<3 and b * -1

(i)

for all x g R

x2 + 5 > 0 for all x g R
7

=> 1- >0

(ii)

1- > 0/'(*) =

< 1=>/'(*) (i)

b +1 > 0 forallbG (-1,3)]

XAMPLE 22 Let a function f(x) be given by f(x) 

ove that f (x) is decreasing on [0, «>).
LUTION We have,

Thus,
g (x) is increasing on (1/e, «>) where b,ce R. Find all possible values ofb, iff (x) is an increasing 

function for allxe R and for allcE R
SOLUTION We have,

/(x) = [c2 + (b -1) c + 3} x + J (sin2 x + cos4 x) dx

^21-4b-b2y 
b + 1

=> g(7t + x)>g(e + x)forallx>0 •.•7t + x>e + x> 
1/efor allx>0

...(ii)

From (i) and (ii), we find that

/'(x) < 0 for all x g [0, <»)

Hence,/(x) is decreasing on [0, °°).
example 23 Find the set of values of b so that the function 
f: R ->R given by

/(x)= 1-
\ 7

is increasing at every point in its domain.
SOLUTION Clearly,/(x) will assume real values if

21-4b-b2>0 and b + 1 * 0

=> b2 + 4b - 21 < 0 and b * -1

=> (ti + x) log (7t + x) > (e + x) log (e + x) forallx>0

EXAMPLE 21 
given by

g (x) = /(x) - (f(x))2 + (f (x))3 for all x g R.
prove thatf (x) and g (x) increase or decrease together. [IIT1998]
SOLUTION We have,

gW =/(x)-tf(x))2 + (f(x))3.

g' (x) = /'(x) - 2/(x) ./'(X) + 3 (f(x))7'(x)

= /'(x)|l-2/(x) + 3(f(x))2|

= /'(X) (Sy2 - 2y +1), where y =/(x).

Consider the quadratic expression 3y - 2y +1. Clearly, dis­
criminant of this quadratic expression is less than zero. So, its 
sign is always same as that of coefficient of y2 i.e. positive.

g'(x) = /'(*) x A positive real number.

=> Sign of g' (x) is same as that of/' (x)

=> either g'(x)>0 and /'(x)>0or, g'(x)<0 and/'(x)<0

=> g (x) and/(x) increaseend decrease together.

_ log fr + x) 
log(e + x)’ 
[IIT 1995]

Clearly, this inequation is true for all b G [-7,-1)
So, let b G (-1,3] 
In this case, 

y/21-4b-b2 
b + 1

y/21-4b-b2 
b + 1

=> ^21-4b-b2 <b + l

=> 21-4b-b2<(b + l)2

=> b2 + 3b-10>0

=> (b + 5)(b-2)>0
=> b<-5 or b>2
But b g (-1,3). Therefore, b G (2,3] ...(iii)

From (ii) and (iii), we obtain that/(x) is increasing on R, if 
bG [-7, -1) u (2,3].
EXAMPLE 24 Let

f(x) = [c2 + (b -1) c + 3) x + j (sin2 x + cos4 x) dx,

=> bG [-7,-l)u(-l,3]

Now,
/ (x) is increasing on R 

=>/'(x)>0

„ f, ^21-4b-b^
=> 3 1-------r—r-b + 1

^21 -4b - b2
b + 1f log(7t + x)

log(e + x)

Clearly, domain of/(x) is (- e, °°) - {1 - e}. .
Now,

log(e + x) log (it + x)
n + x______e + x

[log(e + x)}2

_ (e + x) log (e + x) - (ti + x) log (n + x)
(7t + x)(e + x) {log (e + x))2

Let g (x) = x log x for x > 0. Then,

g'(x) = (1+Iogx)
Now,

g'(x)>0

=> 1 + log x > 0

=> logx>-l

=>x>e'1 = 1
e



MONOTONIC FUNCTIONS 8.13

=>

> 0=>

a + b = 4 and b-a = t

=> a = —— and b = ——

dx

[IIT1997]

for all x g R>0

=> g (x) is increasing for all x G R

...(i)' => 8 >8
77

Now,
(i)= g(«)-g(4-a)

4 + t)1

7

=> 0' (0 = o g "ga <4-a

[Using (i)]

[Using (i)]<0 ,(ii)

<0

4 + t
2

. ^0(fl)
’ d(b-a)

- a b
In order to prove that J g (x) dx + J g (x) dx increases with 

0- 0
b - a, it is sufficient to prove that 0 (t) increases with t.

Now,

rfg(x)
dx

8(a) < g(4-a)

0(g) 
da

o
(4-t)

Since — (g (x)) > 0 for all x. Therefore, g (x) is increasing for 

allx.
Also,

a + b = 4 and a <2.

=> 0'(t) > 0

Hence, 0 (t) increases with t. In other words,

a b
j g (x) dx +1 g (x) dx increases with (b - a).
0 o

=>

4-t a<2=> ^<2

=> t>0
. t . t=> 4 + ->4--2 2

'4-t
2

=> (c2 + (b -1) c + 3) + 7 > 0 for all c e R
4

2 4 3Min value of sin x + cos x is -4

d (ty (a)) d (b - a) 
d(b-a) da

firlA
2

4-t 4 + t
a b 2 2
JgW + fg(x)dx = J g(x)dx + f g(x)
0 0 0 0

Clearly, it is a function of t.
4-t 4+t

2 2
Let 0(t) = f g(x)dx + f g(x)dx

0 o

/'(x) = {c2 + (b - 1) c + 3} + sin2 x + cos4 x

Since/(x) is increasing for all x e R. Therefore, 
/'(x) > 0 for all x 6 R and for all c G R

=> (c2 + (b -1) c + 3} + sin2 x + cos4 x > 0 for all x g R
and for all c G R

'4 + t'
2

£^x-2<0 d (b - a)

00 W) 
d (b - a)

=> 0 (a) increases as (b - a) increases.

ALITER Letb-a = t

=> 4c2 + 4(b-l)c + 15>0forallcG R

=> 16 (b-1)2-16 x 15 < 0

=> (b —I)2—15<0 

=* - vnr < b—i < vis” 
=> 1-V15 <b<l +V15"

Hence,bg (1 - 1 + V15).
EXAMPLE 25 Let a + b = 4, where a <2, and let g (x) be differenti­

able function. If > 0 for all x. Then, prove that 
a b
f g (x) dx + j* g (x) dx increases as (b - a) increases. 
0 o
SOLUTION We have, 

a + b = 4.
=> b-a = 4-a-a = 4-2a
Now, 

a b a 4-a
fg(x)dx + fg(x)dx = j g (x) dx + j g (x) dx 
0 0 0 0

a 4-a
Let 0(a) = Jg(x)dx + f g(x)dx 

0 o
By Leibnitz's Rule, we have 

d0(g) 
da 

c-__. d 
UU iw . dx

d(b-a) = d0(a) 
da da

4-t
2

0(0 = J gWdx+J g(x)dx
0

=> 0z(o = -|g
l 7

(4±T|
2\ 7

4 + t
2

4-t
2

1
2

t
2
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2x + l -logjA2 + x + l) + (b2-5b + 3)x + c.//

f2x + l
for all x e (0,1)

/'(x) =

-2x [•_■ COSX<1]=> f'W =

=>
=> sinx<x

-2xMax. value of is 2

<b <

5 +' 2 J [Using (i)]=> be

fW = for all x g (0, n/2)

f\x) = => x - — - sin x < 0 for all x g (0, n/2)I

, where g (x) = sin x - x cos x
-(ii)for all x g (0, n/2)*

1(ii) Let/(x) = x + — - tan-1 x for all x g (0,1). Then,

i

=>

i

=

is strictly in-

[IIT1997]

/W =

x 
sinx

>0 for all xg (0,n/2) [•_• sin2x>0forxG (0, n/2)] 
sinzx

=> /(x) is an increasing function on (0,1)

=> /(x) >f (0) for all x G (0,1)

=> /'(x) =

EXAMPLE 27 Prove that the function f(x) = 

creasing on (0, n/2).
SOLUTION We have,

x 
sin x 
sin x - x cos x 

. 2 sin x 

g(x) 
sin2x

Now, for/(x) to be decreasing for all x g R, we must have
/'(x) <0 for all x G R

~ —+ b2-5fe + 3<0 forallxG R

x2 1 x2 x2/'(x) = 1+y—4 = -^5 + ^->0forallxG (0,1) 
2 1+xl+x2

Now,
g(x) = sinx-xcosx

=> g'(x) = cosx-cos x + x sinx
= xsinx

=> 2 + b2-5b + 3<0

+ (b2-5b + 3)

+ b2-5b + 3

— loge (x2 + x +1)

+ (b2-5b + 3)x + C

+ (b2-5b + 3)

From (i) and (ii), we get

J
x - — < sin x < x for all x g (0, n/2) o

x3 .
=> x- —<sinx 

6

EXAMPLE 26 Let
f(x) = -^tan~'

/(x) is a decreasing function of x for all x g R,find the permissible 
values of parameter b.
SOLUTION We have,

2 __■!

=> /'(x) > 0 for all x g (0, n/2)
Hence,/(x) is increasing on (0, n/2)

EXAMPLE 28 Prove the following inequalities:

x3
(i) x - 7- < sin x < x for all x G (0, n/2)

o

=> g' (x) > 0 for all x g (0, n/2) [•>• sin x > 0 for x g (0, n/2)]

=> g (x) is an increasing function on (0, n/2)
=> g (x) > g (0) for all x g (0, n/2)
=> g (x) > 0 for all x G (0, n/2)

R(x)
• 2

=> b2 — 5b + 5 < 0

5->/5 , 5 + V5=> ——— < b < —-—2 2

"5-V5 5 + ^
2 1

SOLUTION (i) Let f (x) = x - sin x for all x G (0, n/2) 
Then, 
f\x) = 1 - cos x

=> /'(x) > 0 for all x g (0, n/2)
=> /(x) is an increasing function on (0, n/2)

=> /(x) >/(0) for all x g (0, n/2)

=> x - sin x > 0 for all x g (0, n/2)

for all x g (0, n/2) 
x3

Let g(x) = x- —-sinx for all xg (0,n/2). Then, o 
x2

g (X) = 1-y-COSX

? 1
(ii) x + —>tan *xo

(iii) Vl + x2 < 1 + x loge (x + ^/x2 +T) forallx>0.

x3
6

g" (x) = - x + sin x

=> (x) < 0 for all x g (0, n/2)

=> g '(x) is decreasing on (0, n/2)

=* / (x) < S' (0) for all x g (0, n/2)

=> g' (x) < 0 for all x g (0, n/2)

=> g (x) is decreasing on (0, n/2)

=> g(x)<g(0)

? .
6
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[•_• l/e<e]

-1for all x g (0,1). =>

Then,

m = for all x > 0

for all x > 0.

EXAMPLE 29 Prove that:

f(x) = (tan 1 x)2 + for all x g R

We have,

/'W = =>

Now,

g'W =

for all x g R>01-

0 for all x > 0
/'(*) < 0

for all x > 0.

k 7
if logxcl
if log x > 1 
if x<e
if x>e

'1
e k

2 
tttt

777
X

7777

X

7771

2x
(xM/2

=> /'(x) < o

=>/'(x)>0

(iii) Let/(x) = 71+x‘

if 2e
+ 7? +1

SOLUTION Consider the function/(x) given by

__ 2
77+1

=>/'(x)>0
< 0

=>/'(x) >0
< 0

Thus,/(x) is increasing for all x G (0, e) and decreasing for 
all x g (e, °°).

Since it > e and/(x) is decreasing for all x g (e, °°).
Therefore,

=>

EXAMPLE 31 Prove that (a + b)n <an + b" for all a,b>0 and 
0 < n < 1.
SOLUTION We have tb prove that

(a + b)n <an + bn for all a, b > 0 and 0 < n < 1.

=> /(*) = e{

=> /'(x) = x

=> /'(*) = e

/'(x) = n

=> /'(x) = - log (x + 77+1) for all x > 0

for all x > 0 [•.• x + 7777> 1 for all x > 0]

=> /(x) is decreasing for all x > 0

=> /(x) </(0) for all x > 0

=> 71+x2 -1 - x logt, (x + 7x2 +1) < 0 for all x > 0

=> 7T+X2 < 1 + X loge (x + 7x2+ 1)

2 -2e

' +V?7T

7
<7 +1 for all a, b > 0 and 0 < n < 1 

b
k 7

2 tan 1 x 
1+x2

2 
1+x2

2
1 + x2

/(n) < /(e) 
n1/7I<e1/e

if < en

.g(x), where g (x) = tan 1

- nx""1

1 >
x1

7

1 + x>x and 1 - n > 0
1 , 1 

,1-n

tan 1

< (tan-1 e)2 +

< (tan-1 e)2 +tan"’!
e

'tan-’i

2
7777

,1'/x, x > 0 to determine the

~logx d

EXAMPLE 30 Use the function/(x) = x 
bigger of the two numbers en and if. 
SOLUTION We have,

/(x) = xl/x,x>0

,(l/x) log*

1 1 x2
1 + x2 7x2 + 1 (x2 + I)3/2

1
(x2 + l)3/2

1
7x2 + i

for all x g R
for all x g R

_L_
1+x2

1
"1+x2

=> g (x) is increasing
=> gW>g(0)

=> tan-1x-

(l+x)1-n<x'

/ (x) is increasing for all x > 0.
=> /(l/e) </(e)

2 2
• + —r - < (tan ]e) +

v7 + l
:2 -1 - x loge (x + 7x2 +1) for all x > 0

f1,- log X dx X 0 k 7 
,1/xfl-logx' 

x2

X’77T

i.e. £ + 1b
k 7
So, let us consider the function/(x) given by

/(x) = (l + x)"-x"-l forx>0.

Differentiating w.r.t. x, we get
/-(X) = n(l+x)"-1

( 1
(1 + x)1'"

tan !x-

x 
j J >7 + 1

. -1=> x + — > tan x 
0

=> x + ^--tan-1 x>0 for all x g (0,1)

2
1

e2
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EXAMPLE 33 Let f(x) =

for all x > 0

[Replacing x by a!b]

/'W =
,0<x<lEXAMPLE 32 Let f(x) = Now,

for x < 1

/(x) =

for all x > 1.

/'(x) =

k

/(x) > /(I) for all xe [1,3]

=> /(x) has the smallest value at x = 1 in [1,3]

lim /(x) > /(I)
i =>

=>
[v/(!) = -!]=> lim >-l

I

> -1-1 +

> 0

1

> 0 Fig. 8.19

[v b2 +1 > 0]> 0=>

For/(x) to have the smallest value at x = 1 for all x e [0,3], 
we must have

+
-2 -1

(i> + 2) (b +1)

(b-D 
(b + 2)(b + l)

=> b e (- 2, -1) kJ [1, °°)

3 b3-b2 + b-l 
-r + —z-----------

b2 + 3b + 2

■5 ,x<l
- 2x + log2 (b2 - 2), x > 1

29+ — > 0 for x < 1 o

=> /(x) is decreasing for all x > 0.

=> / (x) < /(0) for all x > 0

=> (1 + x)" - x" -1 < 0 for all x > 0

/'(x) > 0

=> 2fx + fle"x + (2fl + l)>0

=> 2(/)2 + (2a +1)/ + fl>0

_______  . ' x3-x2 + 10x-5 ,x<1
- 2x + log2 (b2 - 2), x > 1

Find all possible real values ofb such thatf(x) has the greatest value 
atx = l.
SOLUTION We have,

/'(X) = 3x2-2x+10 

r n2/'(x) = 3 x-±

=> f (x) is increasing for x < 1
So,/(1) is the greatest value of/(x).
Clearly,
/'(x) = -2<0

=> /(x) is decreasing for all x > 1.

=>/(x)</(l) forallx>l.

Thus,/(x) will have greatest value at x = 1, if

lim /(x) </(l)

Clearly,/(x) is not differentiable at x = 1.

3x2 - 2x +10, x < 1 
-2 ,x>l

=* 1+b
\ /

=> (a + b)" < a" + b1

f \n aw
=> (l+x)"<l+x"

b3-b2 + b-l 
b2 + 3b + 2

b3-b2 + b-l 
b2 + 3b + 2

=> lim - 2x + log2 (b2 - 2) < 1 -1 +10 - 5

=* - 2 4-log2 (b2 - 2) < 5

lofc^-l) < 7
b2-2 < 27 

b2 -130 < 0 
-V130<b < V130.

But, log2 (b2 - 2) exists if b2 - 2 > 0 i.e.

b e (-«>,- VT) u (>/T, o°)
b e (-V130 , - V2) u (^2, V130)
Hence,/(x) will have the greatest value at x = l if 

be (-V130 ,-V2)u(V2,V130).
EXAMPLE 34 For what real values of a does the function 
/(x) = 2/-fle-x + (2fl + l)x-3 increases for all x ?
SOLUTION For f (x) to be increasing for all x, we must have 

for all x 

for all x 

for all x

Hence, (fl + b)" < fl" + b” for all fl, b > 0 and 0 < n < 1. 
b3-b2 + b-l 

b2 + 3b + 2 
2x-3 ,l<x<3

Find all possible real values ofb such thatf (x) has the smallest value 
atx = l. [IIT1996]
SOLUTION We have,

, b3-b2 + b-l .
- r + —------------ , 0 < x < 1

b2 + 3b + 2
2x-3 ,l<x<3

Clearly,/(x) is not differentiable at x = 1.

-3X2 , 0<x<l
2 ,1<x<3

We find that /'(x)<0 for xe (0,1) and /'(x)>0 for all 
x e (1,3). Therefore,/(x) is decreasing in (0,1) and increasing 
in (1,3). Hence,
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< 0 for all x > 0

> 0 for all x]

<0 and a>0

7
=> a e R, and a > 0

[Diff. both sides w.r.t. x]

[IIT 2001]

for all x g Rg'W =

> 0 for all x > 0]

is the ordinate of the

=> F (x) < 0 for all x > 0
But, F (x) > 0 for all x > 0

F(x) = Oforallx > 0

f"(g (x)}g'(*)forallxG R

3

=} 2/ + (2a +1) y + a > 0 for all y = f > 0 

We know that ax2 + bx + c > 0 for all x > 0, if 
either a > 0 and disc < 0

or,

=> g' (x) > 0 for all x 6 R

=> a > 0
=> a e (0,00)

EXAMPLE 35 Letf(x),x> Obe anon-negative continuous function 
X

and let F (x) = |/(t) dt, x > 0. If for some c > 0,/(x) < c F (x)for all 
0

x > 0, then show thatffx) = 0 for all x > 0.

SOLUTION We have,

/(x)>0for allx>0
and,

x
F(x) = {/(!)* 

0

=> F'(x) = /(x)forallx>0
=> F'(x) > Oforallx > 0

X
Also, F (x) = ]*/(£) dt and /(x) > 0 for all x > 0. Therefore, 

0
F (x) > 0 for all x > 0.

Now,
/(x) < c F (x) for all x > 0 and for some c > 0

=> F'(x)-cF(x) < Oforallx > 0 [•_• F'(x) = /(x)] *

=> F'(x) - c F (x) < 0 for all x > 0

X
[•■•F(x) = //<()*=• F(0) = 0] 

0

X
=> j/(t) dt = 0 for all x > 0 and/(x) > 0 for all x > 0 [Given] 

0

=> ~ (F (x). e cx) < 0 for all x > 0

=> F (x) e~ a is monotonically decreasing for all x > 0

=> F(x)e-cx £ F (0) e° for all x > 0

— h 
a>0,disc>0, —<0 and/(0)>0

Now,

Disc = (2a +1)2 - 8a = (2a -1)2 
Clearly, disc £ 0.
Therefore,

ly2 + (2a +1) y + a > 0 for all y > 0

(2* + l)
4

=> /(x) = 0 for all x > 0
EXAMPLE 36 Iff (x) is a monotonically increasing function for all 
x 6 R such that f" (x) > 0 and f~ \x) exists, then prove that

<x1 + x2 + x3'
3

=> F(x)e~a

=> (2a-1)2>0,-

SOLUT1ON Let g (x) = f~1 (x).
Since g is the inverse off. Therefore, 

fog (x) = f[g (x)} = x

=> = 1
=> g' (x) = —-4—r for all x G R

1
/'(««)

=$ g"(x) < 0 for all x G R
[••■ g' (x) > 0, V x g R and f" (x) > 0 (given)]

=> g' (x) is decreasing for all x g R.

Thus,/’*1 (x) is an increasing function and ~ (f~1 (x)) is a 

decreasing function of x for all x G R.

Now, consider the curve y =f~1 (x). Let P, Q R be any three 
points on the curve y=f (x) as shown in Fig. 8.20. Let the 
abscissae of P, Q, R be xj, X2, X3 respectively. Then,

OS = X;, OU = X2 and OW = X3.

Clearly,---------------- ---------------

centroid of A PQR. Let N be the centroid of A PQR and M be the

v/(x) is increasing for all x g R 
.’./'(x) > 0 for all xg R 

=> f' (g (x)) > 0 for all x g R 

=> g (x) is increasing for all x G R

=> f1 (x) is increasing for all x g R.
Now,

=> e cx F (x)-ce~cx F (x) < 0 for all x > 0

[•.e'G
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"I •

=>/' (x) > 1 tan2 x |2 cos {tan x) - ij
0 v X

l-cos(tanx)>

Fig. 8.20

=> /' (x) > 0 for all x 6 [0, n/4]

OT =

> P(x) for all x > 1

e~x > P(x) e" * for all x > 17 =>

e~*-P(x)e~x > 0 for all x > 1

Clearly, NV < LV

1 =>

(•/ P(l) = 0]
(IIT 2003]

EXERICSE 8.1

(iv) /(x)

(v) /(X) =

(vi) f (x) = log (x + <r2 + 1)

i

(ii) /(x) = x-e*

(iii) /(x) = x~2sinx,0<x<2n

tan x < 1 for all 
xe (0,n/4)

1. Find the intervals of monotonicity of the following func­
tions :

(i) /(x) = x4 - 14X2 + 24x - 25

2(1 - cos x) < x2
2 cos x -1 > 1 - x2

> P{x)for all x > 1, then prove

[IIT 2003]

S 
M

w
(x3.o)

dP{x) 
dx

<x1+x2 + x3> 
3

'x} + X2 + X3"
3

R
Ty=<\x)

x1+x2 + x3 /~1(xI)+/~1(x2) +f~}{x3)'

3 3

Xl**2
2

= x ^ax - x2 , a > 0

mid-point of PQ. Further, let Tand Vbe the foot of the ordinates 
of M and N respectively.

Since A4 is the mid-point of PQ. Therefore, Tis the mid-point 
of S U. Also, N (being centroid of A PQR) di vides RM in the ratio 
1:2. Therefore, V will divide WT in the ratio 2:1.

Hence,
=+ /(x) is an increasing function for all x g [0, n/4]

=> /(x) > /(O)forallxe [0, n/4]

=> sin {tan x) - x > 0 for all x g [0, n/4]

=> sin (tan x) > x for all x 6 [0,n/4].

+1. x3

T u
(x2.o)

2 
and OV = -

\ 7
Since N is the centroid of A PQR. So, the coordinates of N 

are

1 - x + x2
9

1 + X + X

\ 7
EXAMPLE 37 Using the relation 2(1 - cos x) < x2, x # 0 or other-' 

71 wise, prove that sin (tan x) > x for all xe 0, -

*l+*2 + *3 
3

EXAMPLE38 J/P(l) = Oand 

that P(x) > 0 for all x > 1. 
SOLUTION We have, 

dP{x) 
dx 

dP{x) 
dx 

dP{x) 
dx

(P(x) > 0 for all x >1

P(x) e~x is an increasing function for all x > 1 

=> P{x)e~x > P(l)e-1 for all x > 1.

=> P(x) e'x > 0 for all x > 1.

x2
1 - cos x < — (given)

7 tan x
2

+-y2
2 \.

2 + 1

SOLUTION Let/(x) = sin (tan x) - x. Then, 

f' (x) = cos (tan x) sec2 x -1 

f (x) = cos (tan x) (1 + tan2 x) - 1

=> f (t) = cos (tan x) + tan x cos (tan x) - 1
=> f' (x) = tan2 x cos (tan x) -11 - cos (tan x)(

9 1 9=> f' (x) > tan x cos(tan x) - - tan x

1 9 9
=> f (x) > - tan x (1 - tan x)

. _/~1(yi)4‘/~1(x2)-F/~1(X3)

3

ri(z1)+ri(x2)+/-i(x3)
3r—
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/(x) =

(viii) /(x) =

9.

-1

14. Let/(x)

15

X
/(x) = (b2 + (a -1) b + 2} x + j (sin 

0

is an increasing function of x for all x G R and b g R.
17. Let a + b = 4, a < 2 and g (x) be monotonically increas- 

a ' b
ing function of x. Prove that fix) = J g (x) dx + j g (x) dx

0 0

a sin x + b cos x 
c sin x + d cos x

> forallO<y <x<¥-

(vii) /(x) = 2x2-log |x|

10 
4X3 - 9X2 + 6x

(x) fix) = cos
f~'W+f 1(x2)+/ ](x3) 

3 <-

11. Determine the interval in which
fix) = 2x + cot”1 x - log (x + Vx2 +1) is increasing.

12. Find the values of parameter b, if the function/(x) given 
by

f (x) = [- c2 + (b -1) c - 2] x + J (sin2 x + cos4 x) dx

decreases for all x g R and for all c g R.
13. For what values of b, the function f (x) = sin x-bx + c 
decreases for all x g R ?

_ 4x - x3 + loge {b2 - 3b + 3), 2 < x < 3
x-18 ,x>3

Find all possible real values of b such that fix) has the 
smallest value at x = 3.

X
15. Letg(x) = j fit) dt and/(x) satisfies the following condi-

a

Tl (x) cos (sin x) > sin (cos x) for 0 < x < -

x (x + >/x2 + l) > e2* for x > 0

(xii) 2 sin x + tan x > 3x for 0 < x < -

fix) = (X + 2) x3 - 3Xx2 + 9Xx -1 decreases for all x ?

4. For what values of m does the function

f (x) = 2f - me~ x + i2m + 1) x - 3 increases for all x ?
5. Prove the following in equalities:

(i) logf(l + x)<x forallx>0

(ii) sin x + tan x > 2x for all x g (0, it/2)
(iii) 2x > 3 sin x - x cos x for all x g (0, n/2)

(iv) sinx<x<tanx for0<x<-

(v) < log (1 + x) < x for all x > 0

(vi) 2x tan”1 x > log (1 + x2) for all x g R

x3 x5
(vii) sinx<x-7- + :~— forallx>0o 12U

tions:
fix + y) = fix) +fiy) + 2xy - 1 for all x, y g R 

and f\0) = ^3 +a - a2.

Prove that g (x) is increasing for all x G R.
16. Find the set of possible real values of a such that the 
function

is either increasing everywhere or decreasing everywhere in its 
domain.

Iff (x) = x3 + bx2 + ex + d is invertible, prove that b2 < 3c.
10. Let fix) be a monotonically increasing function for all 
x g R,f" (x) < 0 and/”1 (x) exists. Prove that

%+X2 + X3>

3

(xi) elan

k * >
V
X 

\ /
(xi) /(x) = (2x-l)(2*-2)2

(xii) fix) = 2 sin x + cos 2x, 0 < x < 2n

2. Find the values of m for which the function f:R-*R given 
by fix) = x3 - nix2 + 3x -11 is invertible.

3. For what values of X does the. function

i4 x + cos4 x) dx

increases with increase in (b - fl).
18. Find the values of a for which the following functions 
increase on R:

a2 1(i) /(x) = 1f-
(ii) /(x) = 2/-fle”x+(2fl + l)x-3

(iii) fix) = sin x - fl sin 2x - sin 3x + 2ax

x3 1 X3
(viii) x- — <tan 1x<x- — for0<x<l

3 6
r ?

(ix) 1 - x < e < 1 - x + y for all x > 0

6. Prove that
tanx 71
tan y ' x ~J 2

7. Given thatf\x) > g '(x) for all real x and fiO) = g (0), prove 
that fix) >gix) for all xg (0,«>) and /(x)<g(x) for all 
XG(-«,0).
8. If ad-be * 0, then prove that the function
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/1
(x) when n is a

, when n is

13. b e [1, oo)
16. ae [1-V1O,1 + V1O]

(ii) a g [0, oo)

12. b g (-1,3)
14. be (-oo.lju[2,oo)

18. (i) a e (- °°, - 3] [1, °°)

(iii) a g [1, oo)

(-~,log2 (4/3)}u(l,oo)

2. m g (- oo, - 3)

11. R

1 1 ' 
2n + 2'2n +1 

non-negative integer 
' 1 1 ) 
2n + 1'2n + 2

x 7
when n is negative integer 
(log2 4/3,1)

3. A g (- oo, - 3)

• 2
X 7

i(-oo,0)U 0,^ U(l,oo)

fi "I 
i2'~ 
x 7

f (n 12 U Oz-

Increasing
(i) (-3,l)u(2,oo)

(ii) (-~,0)
,.... (n 5n>
(,u) 3'7
r \ (n
(iv) 0, j

(V) (-oo,-l)o(l,oo)

(vi) R

(vii) -|,0|o|^

(viii) f“,l

(ix) (0,oo)

0,^ u(y,2n

Decreasing 

(-ooz-3) o(l, 2) 
(0,oo)

Ic'?
&
4/fl 

\ 7
(-1,1)

ANSWERS
/

2n + l'^|when"is 

non-negative 
, .v ( 1 1
<X,) S-2^T 

\ 7
negative integer 

(xii)



CHAPTER

MAXIMA AND MINIMA

.2

,2

9.1 MAXIMUM AND MINIMUM VALUES OF A 
FUNCTION IN ITS DOMAIN

=>

We have,
-1 < sin3x < 1 for all x g R

We have,
=>

(iii) f(x) = sin 3x + 4, x g R
(iv) /(x) = x3 + 1,xg R
(v) /(x) = sin (sin x)
(Vi)/(x)= I x + 3 |.
SOLUTION (i) We have,

/(x) = 3x2 + 6x + 8
= 3(x2 + Zr + l) + 5 
= 3(x + 1)2 + 5.

-(x-1)2 < 0
.2 -- -

for all x g R 
for all x G R 
for all x g R 
for all x G R.

So, 5 is the maximum value of/(x).
Now, /(x) = 5

=> - | x-1 |+5 = 5
=> | x-1 | =0=>x= 1.

Thus,/(x) attains the maximum value 5 at x = 1.
Since/(x) can be made as small as we please, therefore the 

minimum value of/(x) does not exist.
(iii) We have,

f(x) = sin3x + 4 for all x G R

MAXIMUM Let /(x) be a function with domain DcR. Then,f (x) is 
said to attain the maximum value at a point ae D if

f(x) <f(a) for all x g D.
In such a case, a is called the point of maximum and/(a) is 

known as the maximum value or the greatest value or the 
absolute maximum value of/(x).

Consider the function
f(x) = - (x -1)2 +10 for all x g R.

for all x g R
-(x-l)z + 10 < 10 forall x g R

/(x) < 10 forall x g R.
Thus, 10 is the maximum value of f(x). Clearly /(x) attains 

this value at x = 1. So x = 1 is the point of maximum or the point 
of absolute maximum.
MINIMUM Let f(x) be a function with domain DcR. Then, fix) is 
said to attain the minimum value at a point ae D if

fix) f(a) for all x G D.
In such a case, the point a is called the point of minimum 

and /(a) is known as the minimum value or the least value or 
the absolute minimum value of/(x).

Consider the function /(x) = (3x -1)2 + 5 for all x G R. 
We have,

(3x-l)2 >0 forall x g R
=* (3x-l)2 + 5>5 foraU xgR

Thus, 5 is the minimum value or the least value or the 
absolute minimum value of /(x) in its domain. Clearly, /(x) 
attains this value at x = l/3.So,x = 1/3 is the point of minimum 
or the point of absolute minimum.

ILLUSTRATION 1 Find the maximum and the minimum values, if 
any, of the following functions

(0 /(x) = 3x2+6x + 8,xg R
(ii) /(x) = — | x — 1'| + 5 for all x g R

We have,
3 (x +1)2 > 0 for all x g R

3 (x +1)2 + 5 > 5 for all x G R
/(x) > 5 forall x g R.

Thus, 5 is the minimum value of /(x) which it attains at 
x = -l.

Since/(x) can be made as large as we please, therefore the 
maximum value does not exist.
(ii) We have,

/(x) = - | x -1 | + 5 for all x G R
We have,

|x-1 | > 0
=> - | x-1 | < 0
=>- | x-1 | +5 < 5
=* /lx) < 5
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=>

y

o x

for ail x g R

for all x 6 R

(vi) We have,

/(x) = |x+3| 

v |x + 3 | > 0

f(x) > 0

3 < sin3x + 4 < 5
3 </(x) < 5

MATHEMATICS FOR IIT-JEC

Fig. 9.1

NOTE By a local maximum (or local minimum) value of a function 
at a point x = a we mean the greatest (or the least) value in (lie 
neighbourhood of point x = a and not the absolute maximum (or the 
absolute minimum). In fact a function may have any number of points 
of local maximum (or local minimum) and even a local minimum 
value may be greater than a local maximum value. In Fig. 9.1 tlv

for all x g R.
So the minimum value of /(x) is 0, which it attains at 

x = - 3.
Clearly,/(x) = | x + 3 | does not have the maximum value.

9.2 LOCAL MAXIMA AND LOCAL MINIMA
In the previous section, we have talked about the greatest 
(maximum) and the least (minimum) values of a function in its 
domain. But, there may be points in the domain of a function 
where the function does not attain the greatest (or the least) 
value but the values at these points are greater than or less than 
the values of the function at the neighbouring points. Such 
points are known as the points of local minimum or local 
maximum and we will be mainly discussing about the local 
maximum and local minimum values of a function.
LOCAL MAXIMUM A function f(x) is said to attain a local maximum 
atx = aif there exists a neighbourhood (a - S, a + 6) of a such that 

f(x) < f(a) for all x g (a - 8, a + 5), x * a
or, /(x) - f(a) < 0 for all x g (a - 8, a + 8), x * a.

In such a case f(a) is called the local maximum value of 
/(x) at x = a.
LOCAL MINIMUM A function f(x) is said to attain a local minimum 
atx = a if there exists a neighbourhood (a-S,a + B)ofa such that

f(x) > f(a) for all x G (a - 8, a + 8), x * a

or, f(x) -f(d) > 0 for all x g (a - 8, a + 8), x*a.

The value of the function at x = a i.e.,f(a) is called the local 
minimum value of/(x) at x = a.

The points at which a function attains either the local maximum 
values or local minimum values are known as the extreme points or 
turning points and both local maximum and local minimum values 
are called the extreme values of f(x). Thus, a function attains an 
extreme valucatx = aiff(a) is either a local maximum value or a local 
minimum value. Consequently at an extreme point 'a',f(x)-fia) 
keeps the same sign for all values of x in a deleted nbd of a.

In Fig. 9.1, we observe that the x-coordinates of the points 
A, C, E are points of local maximum and the values at these 
points i.e., their y-coordinates are the local maximum values of 
/(x). The x-coordinates of points B and D are points of local 
minimum and their y-coordinates are the local minimum 
values of/(x).

=> -1 + 4 < sin 3x + 4 < 1 + 4 for all x g R
for all x G R 
for all x g R.

Thus, the maximum value of /(x) is 5 and the minimum 
value is 3.
Now,

f(x) = 5
=> sin3x + 4 = 5
=> sin3x = 1

=> 3x =

n
X ' 6’

So, f(x) attains its maximum value 5 at x = n/6.
And,

f& = 3
=> sin3x + 4 = 3
=> sin3x = -l

, 71=> 3x = --
X.

n=> x- 6-

So,/(x) attains the minimum value 3 at x = - n/6.
(iv) We have,

f(x) = .r3 +1, x G R.

Here, we observe that the values off(x) increase when the 
values of x are increased and f(x) can be made as large as we 
please by giving large values to x. So /(x) does not have the 
maximum value. Similarly,/(x) can be made as small as we 
please by giving smaller values to x. So,/(x) does not have the 
minimum value also.
(v) We have,

/(x) = sin (sin x), x g R.
-1 < sin x < 1 for all x g R

sin (-1) < sin (sin x) < sin 1 for all x g R
[•.• sin x is an increasing function on [-1,1]]

=> - sin 1 < /(x) < sin 1 for all x G R
This shows that the maximum value of/(x) is sin 1 and the 

minimum value is - sin 1.
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♦ y

>

X* 0 X

0 X

y'
Fig. 9.3

REMARK 3 Geometrically the above condition means that the tan­
gent to the curve y - fix) at a point where the ordinate is maximum 
or minimum is parallel to the x-axis.
REMARK4 /Is discussed in Remark 2 that all x, for which 
f\x) = 0, do not give us the extreme values. The values of x for which 
f'(x) = 0 are called stationary values or critical values ofx and 
the corresponding values of f(x) are called stationary or turning 
values off(x).

As we have seen in Remark 2 that f'(a) = 0 is not the suffi­
cient condition for x = a to be an extreme point. The following 
theorem provides the sufficient conditions for x = a to be an 
extreme point. This is known as the first derivative test and is 
stated without any proof.

ty'

Fig. 9.2

REMARK 2 This condition is only a necessary condition for the point 
x = atobean extreme point. It is not sufficient i.e.,f'(a) = 0 does not 
necessarily imply that x = ais an extreme point. There are functions 
for which the derivatives vanish at a point but do not have an extreme 
value thereat. For example,  for the function fix) = x3,/'^) = 0 but at 
x = Q the function does not attain an extreme value.

y
f(x)=x3

minimum value at D is greater than the maximum value at A. Thus, 
a local maximum value may not be the greatest value and a local 
minimum value may not be the least value of the function in its 
domain.
NECESSARY CONDITION FOR EXTREME VALUES

We have the following theorem which we state without proof.
THEOREM A necessary condition for fia) to be an extreme value of 
a function fix) is that f \a) = 0, in case it exists.
REMARK 1 This result states that if the derivative exists, it must be 
zero at the extreme points.

function may however attain an extreme value at a point 
without being derivable thereat. For example, the function 
fa) = | x | attains the minimum value at the origin even- though it 
is not derivable at x = 0.

FIRST DERIVATIVE TEST FOR LOCAL MAXIMA AND MINIMA

Let fix) be a function differentiable atx = a. Then,
(a) x = a is a point of local maximum of fix) if
(i) f'(fi) = 0 and
(ii) f'(x) changes sign from positive to negative as x passes through 
a i.e., f'(x)>0 at every point in the left nbd (a-8, a) of a and 
f\x) < 0 at every point in the right nbd (a, a+ 8) of a.
(b) x = a is a point of local minimum affix) if
(i) f\a) = band

(ii) f\x) changes sign from negative to positive as x passes through 
a i.e., f'(x)<Q at every point in the left nbd (a-8, a) of a and 
f\x) > 0 at every point in the right nbd (a, a + 8) of a.
(c) Iff'(a) = 0, but f'fx) does not change sign, that is,f'(a) has the 
same sign in the complete nbd of a, then a is neither a point of local 
maximum nor a point of local minimum.

The proof of this result is beyond the scope of this book.
In order to find the extreme values of a function, we may 

use the following algorithm:
ALGORITHM

STEP I Put y= fix)

STEPH FindyL.------ dx

STEP III Put = 0 and solve this equation for x. Let ci, ci, cs,..., 

cn be the roots of this equation, ci, C2, C3,..., cn are stationary 
values of x and these are the possible points where the 
function can attain a local maximum or a local minimum. So 
we test the function at each one of these points.

STEP IV Consider x = ci. If changes its sign from positive to 

negative as x increases through ci, then the function attains a 
local maximum at x = ci.

1/ changes its sign from negative to positive as x increases 

through ci, then the function attains a local minimum at 
x = a.
If does not change sign as x increases through a, then 

x = ci is neither a point of local maximum nor a point of local 
minimum. In this case x = a is a point of inflexion.

Similarly we may deal with other values ofx.
ILLUSTRATION 1 Find all the points of local maxima and minima 
of the function fix) = x3 - 6X2 + 9 x - 8.
SOLUTION Let y =fix) = x3 - 6X2 + 9 x - 8. Then,

= f\x) = 3x2-12x + 9 = 3(x2-4x + 3).

For a local maximum or local minimum, we have

^ = 0 
dx
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The local minimum value is

The signs of

■++ /(*)«>— to

'atx = 0

and,

.4

= -3<0

=> 4x = n

(c) = Q,and

changes sign from negative to positive as x in-

Thus,/(x) is changing its sign from positive to negative in 
the neighbourhood of x = 0.

Hence, x = 0 is a point of local maximum.

1
2’

+/f-\ (J 4
\ 7

ILLUSTRATION 3 Let

= jx3 + x2 + lOx , X < 0
- 3 sin x / x > 0

n

ir
v 0<x<- 0<4x<2n

x4 
71 

COS -4v /

using the first derivative test.
SOLUTION We have,

y = fix) = sin4 x + cos4 x

/. 7^ = 4 sin3 x cos x - 4 cos3 x sin x 
dx

9.3 HIGHER ORDER DERIVATIVE TEST
As we have seen in an above section that finding the local 
maximum or local minimum by first derivative test is very time 
consuming ,and of course tedious for beginners because it is 
slightly difficult to determine the change in the sign off'(x) as 
x passes through the points given by f'(x) = 0. We have another 
test known as the Higher order derivative test which enables 
us to find the local maxima or local minima more easily and 
more quickly.

HIGHER ORDER DERIVATIVE TEST

Let fbe a differentiable function on an interval I and let c bean interior 
point of I such that

(i) /-(c) =/"(c)
(ii) fn (c) exists and is non-zero.

Then,

ifnis even andfn (c) < 0 => x = c is a point of local maximum 

ifnis even andfn (c) > 0 => x = cisa point of local minimum 
ifnis odd => x = cis neither a point of local maximum nor a point 

of local minimum.

In the left nbd of x = ~' we have4

In the right nbd of x = ' we have

x<7 => 4x<n => sin4x>0 => -sin4x<0 =>4

(d
(RHD at x = 0) = — (- 3 sin x)

< Jat x = 0
= (-3cosx)flfx=0

\ *4 4fix) = sin x + cos x, 0<x<-

. n= sin 74
\ 7

1 3
Fig. 9.4

dx

=> 3(x2-4x + 3) = 0 => x = 1, 3

We have to examine whether these points are points of local 
maximum or local minimum or neither of them.

for different values of x are shown in Fig. 9.4.

?<0 dx

Investigate x = Qfor local maximum/minimum. 
SOLUTION We have,

lim f(x) = lim /(x) = /(0) 
x-»0” x-»0+

So,/(x) is continuous at x = 0.
Now,

(LHDatx = 0) = £(? + x2 + 10)
< )x = 0

= (3x2 + 2x+10)i 

= 10 > 0

2 2= - 4 cos x sin x (cos x-sin x)
= - 2 sin 2x cos 2x
= -sin4x

For a local maximum or a local minimum, we have

^ = 0
dx

=> - sin 4x = 0
=> sin4x = 0

%x>7 => 4x > 7t sin 4x < 0 => - sin 4x > 0 =>4

Thus, dx
Tt Itcreases through -. So, x = - is a point of local minimum.

Clearly, changes sign from positive to negative as it 

increases through 1. Therefore, x = 1 is a point of local maxi­
mum.

Also,^ changes sign from negative to positive as x passes 

through 3. So, x = 3 is a point of local minimum. 
ILLUSTRATION 2 Find the local maxima or local minima, if any, of 
thefunction
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ylyl

0o x X

Fig. 9.7

=

y*
y=f(x).

f(c)

c0 x

y

o x 0 x

Fig. 9.6
9.4 MAXIMUM AND MINIMUM VALUES IN A CLOSED 

INTERVAL

From the above test criteria we obtain the following rule for 
determining maxima and minima of f(x):

ALGORITHM

Fig. 9.9

PROPERTIES OF MAXIMA AND MINIMA

(I) If f(x) is continuous function in its domain, then at least 
one maxima and one minima must lie between two equal values 
ofx.

(II) Maxima and Minima occur alternately, that is, between two 
maxima there is one minimum and vice-versa.

(HI) Iff(x) -^ooas x a orb and f'(x) = 0 only for one value ofx
(say c) between a and b, then flc) is necessarily the minimum 
and the least value.

’ Iff(x) ->-°°asx->a orb, thenffc) is necessarily the maxi­
mum and the greatest value.

i
■

Lety = f(x) be a function defined on [a, b]. By a local maximum 
(or local minimum) value of a function at a point c G [a, b] we 
mean the greatest (or the least) value in the immediate neigh­
bourhood of x = c. It does not mean the greatest or absolute 
maximum (or the least or absolute minimum) of f(x) in the 
interval [a, b]. A function may have a number of local maxima 
or local minima in a given interval and even a local minimum 
may be greater than a relative maximum.

Fig. 9.8

DEFINITION A point of inflection is a point at which a curve is 
changing concave upward to concave downward, or vice-versa.

A curve y =f(x) has one of its points x = c as an inflection 
point

If/"(c) = 0 or is not defined and
If f "(x) changes sign as x increases through x = c.
The later condition may be replaced by /"'(c) * 0 when 

/"'(c) exists.
Thus, x = cisa point of inflection iff "(c) = 0 and f "'(c) # 0.

Fig. 9.5

Thus, for a concave upward curve/"(x) > 0.
An arc of a curve y -f(x) is called concave downward if, at 

each of its points, the arc lies below the tangent at the point.
If an arc of a curve y = f(x) is concave downward, then as x 

increases,/'(x) either is of the same sign and decreasing (see 
Fig. 9.7) or changes sign from positive to negative (see Fig. 9.8). 
In either case/'(x) is decreasing and so/"(x) < 0.

Thus, for a concave downward curve/"(x) < 0.

STEP! Findf'(x)

STEPH Put f'(x) = 0 and solve this equation for x. Let C], C2, ...,cn 
be the roots of this equation. cj, C2,..., c„ are stationary 
values of x and these are the possible points where the 
function can attain a local maximum or a local minimum. 
So we test the function at each one of these points.

STEP III Find f"(x). Consider x = Cj.
< 0, then x = C] is a point of local maximum. 

tff"(ci) > 0, then x = ci is a point of local minimum. 
tff"(ci) - 0, we must findf"\x) and substitute in it cjfor 
x.
Iff "'(ci) * 0/ then x =.Cj is neither a point of local maximum 
nor a point of local minimum and is called the point of 
inflection.
Iff'"(ci) = 0, we must find/7 (x) and substitute in it cj for x. 

lffIV (ci) < 0, then x = cj is a point of local maximum and 
iffIV (ci) > 0, then x = Cj is a point of local minimum.

lffIV (q) = 0, we must find fv (x), and so on. Similarly the 
values of C2, c$,..., may be tested.

POINT OF INFLECTION An arc of a curvey =/(x) is called concave 
upward if, at each of its points, the arc lies above the tangent at 
the point (see Fig. 9.5).

If y = /(x) is a concave upward curve, then as x increases, 
/'(x) either is of the same sign and increasing (see Fig. 9.5) or 
changes sign from negative to positive (see Fig. 9.6). In either 
case/'(x) is increasing and so/"(x) > 0.

y
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y

y-f(x)

P

cn be theo

ILLUSTRATIVE EXAMPLES

J/e
1/e

and,

Now,

/'(x) = xI(l + logtx)

=>1 > 0

m ==>

Fig. 9.10

However, if a function/(x) is differentiable and consequently 
continuous on a closed interval [a, b], then it attains the absolute 

. maximum (absolute minimum) at stationary points (points 
where/' (x) = 0) or at the end points of the interval [a, b]. Thus, 
to find the absolute maximum (absolute minimum) value of the

A

r 
i 
i 

f(o)|

I 
I 
I

I 
I 
I 
i

Cl

I
I
I
I
I
I
I
I

_L

ALITER We have,

/'(x) = xr(l + log,x)

f\x) = 0 =* x = l/e 
We observe that

1
e

IbxMbx + l
8x

EXAMPLE 1 Find the local maximum and local minimum values of 
the function f(x) = x*.
SOLUTION Clearly, the domain of/(x) is the set of all positive 
real numbers.

Now,
/(x) = / = exlo8'x

=>/'(x) = e*1081 £ (x log, x)

=>/'(x) = xI(l + logcx)

For local maximum or minimum, we must have

/'(x) = 0

=> r* (1 + log, x) = 0

Thus, a local maximum value may not be the greatest 
(absolute maximum) value and a local minimum value may not 
be the least (absolute minimum) value of the function in any 
given interval as shown in Fig. 9.10.

=> log,* = -1

function, we choose the largest and the smallest amongst the 
numbers/(fl),/(C]),/(c2), ...,/(c„),/(b) where x = q, c^.... cn are 
the stationary points.

The following is the working rule for finding the maximum 
(absolute maximum) and the minimum (absolute minimum) of 
a function defined on a closed interval.
ALGORITHM

Let y = fix) be a function defined on [fl, b].

STEP I Find dy/dx = /' (x)
STEP II Put /' (x) = 0 and find values of x. Let q, C2, 

values of x.
STEP III Take the maximum and minimum values out of the values 

M/(C1),/(C2)..... fCnlfb).
The maximum and minimum values obtained in step III are 
respectively the largest or absolute maximum and the smal­
lest or absolute minimum values of the function.

Hence, x = | is a point of local minimum of/(x).

Local minimum value = f - j = 
e

I0 

I 
if(b) 
I 
j

X

=» x = e 1

SOLUTION We have, 
/(x) = 1 logx-bx + x2 

/'(x) = i-h + 2x 
OX

=> /,z(x) = xJC(l + log,x)2 + xx"1

/'(x) < 0 forx<~

/'(x) > 0 forx>|.

Thus,/'(x) changes its sign from negative to positive in the 
neighbourhood of x = 1/e. In other words,/(x) changes from 
decreasing to increasing at x = 1/e.

Hence, x = 1/e is a point of local minimum.
Local minimum value =f (1/e) = (1/e)1 = e-1^.

EXAMPLE 2 Determine the points of maxima and minima of the 
function/(x) = | log x - bx + x2, x > 0, where b>0isa constant.

o
[HT19961
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and *2 =Letxi =

= 0
/'(x) =

Now three cases arise: 11

CASEI WhenO<b<l:

++
> 0,forallx>0

/'« =

/'« =

f'M =
[1IT1998]

/// = 16 * 0.
f'M =

=> f'M =

=> f'M =

m = Applying C2 -> C2 - Cj=> /'(x) =

(i)• => /'(x) = 2ax + b

For points of local maximum and local minimum, we must 
have

b
0

-1
1

2ax + b + l 
-1 

2ax + b

2ax + b +1 
-1 

2ax + b

Disc, of 
16?-8bx + l = 0 
is less than zero

2ax 
b

In this case,

16? -8bx +1 
8x

b-Vb2-l
4

/'(x) = 0

=* 16? -8x + l = 0
5 x = -,

=> /(x) is strictly increasing for all x > 0
=> /(x) has no local maximum or local minimum.
CASE II When b = 1:

In this case,
16x2 - 8x +1

8x

The changes in signs of ? - - bx + — = (x - x^ (x - xf) are 

shown in Fig. 9.11.

and /'(x) = 0 at x =

16 ? 1.1 = — ■ x ~ — bx + —8x 2 16

v Xj, x2 are roots of
?-^bx + T~7 = 0 

2 16

x2 x, ’

Fig. 9.11

We find that/'(x) changes its sign from positive to negative 
in the neighbourhood of x = x2 and negative to positive in the 
neighbourhood of x = Xp

Hence, x = X2 is a point of local maximum and x = X] is a 
point of local minimum.
EXAMPLE 3 Suppose f(x) is a function satisfying the following 
conditions:

(i) /(0) = 2,/(l) = 1

(ii) f has a minimum value at

16? - 8x +1 
8x

=»/”(«). 2-iand/'”(x) = A 
8x A v

Clearly,/" = 0 and / 
\ /

So, x = -is a point of inflexion.

Hence, in this case also there is no local maximum or local 
minimum.
CASE 111 When b > 1:

In this case, we have 
16x2 - 8bx +1 

8x 
b±^b2-l 

4

Applying 
^3 ^3 ~ “ 2^2

2
= “(x-xpfx-xj)

2ax -1 
b 1

=> (4x-l)z = 0
1=> x = -4

Now,

/'(x) = 0

16x2 - 8bx +1
* 8x

2ax 2ax-l 2ax + b + l 
b + 1 

0

2ax-l 
b + 1 

2(ax + b) 2ax + 2b + l

2ax 2ax -1 
b b + 1

and, (iii) for all x

2ax 2ax-1 
b b + 1

2(ax + b) 2ax + 2b + l

where a, b are constants.
Determine the constants a, b and the function fM-
SOLUTION We have,

=> 16? — 8bx +1 = O’

8b ± ^4b2 - 64
*X= 32

b± Vb5-1
"x = —7—

i
16

= 2x-l+y- 8x
1

4x'

4

b + Vb2-l 
4 

Clearly, Xi > x-i > 0 
Now,

16?-8bx +1 
8x

1
2
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=> f (x) = flx2 + bx + c (ii) [On integration]
Now,

=>
-3 > 0c = 2 and a + b = -1 ...(iii)=>

Since/ (x) has a minimum at x = - Therefore,
> 0

< 0=>

[Using (i)]
< 0

-(iv)

=» ae

1 +
;x<0EXAMPLE 4 Let /(x) =

1 +

= 2
f (x) = x2 + 2x +

.3 .5.4

= 2

x, 
.3

(X) 
.4

(X,

r(*;
4 

X

=>f'(x) = 2x + 2

=>f'(x) = 0 at x = -1.

Clearly,/" (x) = 2 > 0 for all x < 0.
So,/(x) attains local minimum at x = -1. 
local minimum value of/ (x)

lim 
x-»0
minimum atx = 0 and 2.
SOLUTION Let

lim 
x->0

/(0) = 2 and /(l) = 1

■ c = 2 and a + b + c = 1

=> lim 
x->0

and,

lim 
x-»0

= 0 and lim 
x->o x

'(X) 

x3

Substituting the values of a, b and c in (ii), we get

/(x) = |?-|x + 2

=> fl0

x2 + fl, x‘

= a2

=> aQ 

and,

Find all possible real values of a such that f (x) possesses the smallest 
value atx = 0.
SOLUTION Clearly,/(x) is not continuous at x = 0.

• Also,/'(x) > 0 for all x > 0.

So,/(x) is increasing for all x > 0.

For x < 0, the curve y =/ (x) is a parabola opening upwards. 
Therefore,/(x) will attain its smallest value at x = 0, if the 
absolute minimum value of/ (x) is greater than/(0).

Forx < 0, we have
=> lim 

x-»0 X‘a2-!
a4-5

= a\

fl3 x + a4 x + a5 x*

5
=> 2nx- + b = 0

=$ 5a + b = 0
Solving (iii) and (iv), we get

1 i. ~5

a4-5 
x+2 ;x>0

= e2

/'(x) = 0 at x = |

• v3 l3X

u (wr,
EXAMPLE 5 Find the polynomial f (x) of degree 6, which satisfies 

rz xU/x n
= e and has local maximum at x = 1 and local

\/x
= e2

x4

=/(-l)

n A2'1 
= 1-2 + —— ?-5

4 5 6+ fl4 x + a5 xJ + a6 x

= fl3 = Oand fl4 = 2

/(x) = aQ +a1x + rt2 

be the required polynomial. 
Now,

r /W => lim =
x->o r

fl3x3 + fl4x4 + fl5x5 + fl6x6 _ 

x3

tip + «! X + fl2 x2 +

a4 x4 + a.

. a4-5

+ a6x6 
_6_ = 2

lim
0 and ex~*°

Now,
/(-I) >/(0)

=> 4“> 2 
?-5
a2-l
a4-5

fl2-3n4 + 14
?-5

■ 3fl4-fl2-14 

a4-5

(a2 4-2) (3a2-7) 

(fl2-5) (fl2+ 5) 

3fl2-7 n 
“2---------< 0
fl2-5

fl0+fliX + fl2X2 + 
hm -------------------

x-»0
= flj = a2 = a3 = 0

5
2'
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.6

= 14

[IIT1992]

(iii) a = b

[Given]
++

=> b co— co 0

++
=> b co— ® a

Fig. 9.13

Fig. 9.12

Clearly,/'(x) changes its sign from positive to negative in 
the neighbourhood of "a' and negative to positive in the 
neighbourhood of 'b'. Therefore, x = a is a point of local maxi­
mum and x = b is a piont of local minimum.
CASEII Whena>b

In this case, the changes in signs of/'(x) for different values 
of x are shown in Fig. 9.13

f? ?

=»/«■«

••• /W • “

Now,

1

1/w
-1

1
=> a J (x2 + 2)dx = 14

-1

1
=> 2a J (x2 + 2)dx = 14

0

1
=> a f (x3 + x2-x + 2) = 14

-1

=> = a

( 1^/'(x) = a (x +1) | x - - , where a is a constant.
k /

l"l

jx2-^ +b,

o

x 2^1 , 14
3 3 3/

1 

J a 
-1

.=> b = ja 
0

14«
^T’14
=> a - 3

Hence,/(x) = x3 + x2 -x + 2.
EXAMPLE 7 Letf(x) = 2X3 - 3 (a + b) x2 + Gab x. Find the relative 
maximum/minimum off(x') if

(i)a<b (ii) a > b.
SOLUTION We have,

/(x) = 2x3-3(a + b)x2 + 6abx

=>/'(x) = 6X2 - 6 (a + b) x + Gab

=>f'(x) = 6(x-a)(x-b)

For points of local maximum or minimum, we must have

/'(*) = 0
=> 6 (x - a) (x - b) = 0

=> x = a, b.

CASE I When a < b
In this case, the changes in signs of/'(x) for different values 

of x are shown in Fig. 9.12

f ? ? x ?| 
3 + 3 3 + 3

\ /

f(x) = 2x4 + a5x5 + «6x'

=> f'(x) = 8x3 + 5 a5 x4 + 6 a6 x5

Since /(x) has local maximum at x = l and minimum at 
x = 0 and 2.

Therefore,
/z(0) = 0,/'(l) = 0 and, f'(2) = 0

=> 8 + 5a5 + 6 a6 = 0 and, 64 + 80a5 +192 a6 = 0

=sn _ 12 . 2=* a5 = "J and, a6 = -

Hence,/(x) = 2x4-~x5 + |x6.

EXAMPLE 6 A cubic polynomial/(x) vanishes atx = -2 and has a 
relative miniinum/maximum at x = -l and x = l/3. If 
1
J / (x) dx = ~,find the cubic f(x).
-1 15

SOLUTION Since/(x) is a cubic polynomial. Therefore,/'(x) is 
a quadratic polynomial. It is given that/(x) has relative mini- 
mum/maximum at x = -1 and x = 1/3. Therefore,

/'(-l) = 0 and/'(1/3) = 0

=> x + 1 and x-^ are factors of/'(x).

So, let

=> 2a f+ 2x
-b

( 3 -
— + -
3 3

where b is the constant of integration.
Now,

/(-2) = 0

— + + + = 0

14
3
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=> 5fl x — + 4ax—- -9 = 0 and, 10/rx — + 4u<0

— co 00

+ c

Hence,/(x) = X y-2x3 + -yx2-6x+l

=> b + 4>0

=> b>-4 and b>~~/(x) =

Now,

/(0) = 1

1 = c

- a2 x3 + 2AX2 -9x + b

Since/'(x) changes its sign from positive to negative in the 
neighbourhood of b and negative to positive in the neighbour­
hood of fl. Therefore, x = b and x = fl are points of local maxi­
mum and local minimum respectively.
CASE 111 When a = b

In this case,

f 5
9 k

'81
25, k 7

\2
: x

7
X

81 -9 
=^a = 25'T-

25
81

125 50
243 + 81

/'(x) = X (x-1) (x-2) (x-3) 

=> f'(x) = A (x3 - 6X2 + llx - 6) 

=>/(x) = Xy-2x3 + yX2-6x

81 -9 a = —, —
25 5

fef 
81 k /

=> -3+2+5+b>0 and

5 
3X

=> (9x + 5) (81x - 25) = 0

5 25
X 9'81

9 k

(- 5^1 (- 5^
/' = 0 and/" <0

< / k J

=> 125fl2-180fl - 729 = 0

'81
25 k

and,

+_
3

= A (x4 - 8X3 + 22X2 - 24x) +1, where A = 7.
4

EXAMPLE 9 For what real values of 'a' are all the extrema for the 
function

-5 25Thus, the points of extremum are x = —, —. 
9 81

For the function to have positive extremum, we must have

Now,

/'(x) = 0

=> 729x2 + 180x -125 = 0

J 9 
k

5
’5X

and, - 25fl2 + 18fl < 0

/ 18'
and, a < 0 or a > —25 k >

CASE I When a = 81/25
We have,

/'(x) = — (729X2 + 180x -125)
1

/(x) = | fl2 x3 + 2ax2 -9x + b

/'(x) = 5fl2x2 + 4flx-9

and, /"(x) = 10fl2x + 4fl

5
Since x = - - is a point of local maximum. Therefore,

, 400=> b > — 243

■'I -9xj| + b>0 
81

225 u n +iJ>0

and 243b - 400 > 0
. . 400

-------- 243

\2
• -9xy + b>0

- 81
+ 2X25X

<25'I 0 and, f — > 0 
81

\ /

if , 81
; +2x25x

f’W = 6(x-o)2

Clearly, there is no change in the sign of/'(x) in the neigh­
bourhood of fl.

Hence, fl is the point of inflexion.
EXAMPLE 8 Find a polynomial f (x) of degree 4 such that f (0) = 1 
and it increases in the intervals (- «>, 1) and (2,3) and decreases in 
the intervals (1,2) and (3, °°).
SOLUTION It is given that/(x) is increasing for all 
xg (-«>, l)u(2,3) and decreasing for all xg (1,2) kJ (3, °°). 
Therefore,

/'(x) > 0 for all x G (- 1) u (2,.3)

and, /'(x) < 0 for all x G (1,2) u (3, ~).

The changes in signs of /'(x) for different values of x are 
shown in Fig. 9.14

1 2
Fig. 9.14

We find that /'(x) is changing its sign from positive to 
negative in the neighbourhood of x = 1. Therefore, x = 1 is a 
point of local maximum. Similarly, x = 3 is a point of local 
maximum and x = 2 is a point of local minimum. Thus, 
x = 1,2,3 are roots of/'(x). So, let

-5
9

9

5
3

are positive and the function has a maximum at the point x = -5/9.
SOLUTION We have

,2.-25
81

,2..-5
9
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,2

2
[IIT1998]

Now,
/"(*) = 3 {2x + 2 (a - 7)} 

= 6 (x + a - 7)

a /"(I) = - 2<O
So, x = 1 is a point of local maximum.

x2
- >0

Thus, the points of extremum are x = 1, x = -77.y
For the function/(x) to have positive extremum, we must 

have =>a<-3ora>3

Hence, ae (-<*>,- 3) u (3,29/7)

EXAMPLE 11 Investigate for maxima and minima the function 
x

f(x) = f (2 (t -1) (f - 2)3 + 3 (f -1)2 (f - 2)2} dt
1

SOLUTION We have,

rz/ zJ 5
\ /

So, x = 7/5 is a point of local minimum.

/"(2) = 0

It can be easily checked that/'"(2) / 0
Hence, x = 2 is a point of inflexion.

EXAMPLE 12 Let / (x) = sin3 x + X sin2 x for -it/2<x<it/2. 
Find the interval in which X should lie in order thatf (x) has exactly 
one minimum and one maximum. [HT19851
SOLUTION We have,

=> b e (400/243,00).

CASE II When a = - 9/5 
In this case, we have 
/'(x) = | (9?-4x-5) 

/'« = 0

=sM \ \

1 (- 9^ 0 400xl3 + 2x —- xl2-9 + h>0and b>~~
□

\ /

Clearly,/"(x2) = 6 (x2 + a - 7) = - 6 V58 -14 a < 0
So, x2 = - (a - 7) - "V58 - 14 a is a point of local maximum.

Now, 
x2 > 0

=> -(a-7)-V58-14a >0

=> 7-a > V58- 14a

if a = - 7, then b e (36/5, °°)5

/(l) > 0 and /[ “ ] > 0

3

=> (x -1) (x - 2)2 (5x - 7) = 0

=> x = 1,2,7/5
Now,

f"(x) = (x - 2)2 (5x - 7) + 5 (x -1) (x - 2)2
+ 2(x-l)(x-2) (5x-7)

3X[ 5
_ 27 18 o , n ,, 400^~- — -9 + b>0 andb >— o 5 243

,36 , , 400
=* b>- and b > —

5
=> b 6 (36/5,oo)

01

Thus, if a = 77, then be (400/243, ~)
25

x
/(i) = J |2(t-l)(l-2)3 + 3(f-l)2(t-2)2)df 

1

f(x) = 2 (x -1) (x - 2)3 + 3 (x -1)2 (x - 2)2

= (x-1)(x-2)2|2(x-2) + 3(x-1)|

= (x-l)(x-2)2 (5x-7)

For points of local maximum and minimum, we must have

/'(x) = 0

=> (7-ay > 58-14a

=> a1-9 > 0

EXAMPLE 10 For what values of the parameter 'a' does the function 

/(x) = x3 + 3(a-7)x2 + 3(a2-9)x-l 
have a positive point of maximum.
SOLUTION We have,

/(x) = x3 + 3(a-7)x2 + 3(?-9)x-l

a /'(x) = 3x2 + 6(a-7)x + 3(a2-9)

= 3{x2 + 2(a-7)x + («2-9))

For local maximum or minimum, we must have
/'(x) = 0

=>x2 + 2(a-7)x + a2-9 = 0

=>x = -(a-7)± >/58 —14«

Let X] = - (a - 7) + ^58 - 14a and x2 = - (a - 7) - ^58 - 14a 
For X], x2 to be real, we must have 

co n 58 2958 - 14a > 0 => a < ~ = —14 7

400
243

5
3

5
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[•.• x e (- n/2,0) sin 2x < 0]

is a point of local maximum.

/(x) =
=> x = 0 or,

=* /'(x) =

= 0=>

x = 0=>

, we have

[•.• xe (0,71/2)]

is a point of local minimum.

-2X
3

CASE II When b = 0
In this case, we have

2bx2-x'

.'. x = sin 1

x = sin 1

4x(x2-b) 
(2bx2 - x4 - 3b2)2

CASE I Whenb<Q
In this case,

f(x) = 0
4x (x2 - b) 

(2bx2 - x4 - 3b2)2

x2-b>0forb<0]

Clearly,/'(x) changes its sign from negative to positive in 
the neighbourhood of 0. Therefore, x = 0 is a point of local 
minimum.

Clearly,/'(x)<0 for xe [-2,0]. So,/(x) is a decreasing 
function on [- 2,0]. Also,/(- x) =/(x). So,/(x) is an even func­
tion. So, it is symmetric about x = 0 i.e. y-axis. Consequently the 
grestest value of / (x) exists at Y=- 2 and is given by

h ou - 10 - 30

3 3/"(x) = - cos x sin 2x + 2 - sin x + X cos 2x

-2X
vsmx = —

2X^1- , we have

3 
/"(x) = - cos x sin 2x + 0 > 0

<-2X> 
3

Thus,/(x) has exactly one maximum and one minimum.
CASED When 0<X<3/2

In this case, x lies between - n/2 and 0.
Also,/"(0) = 2X>0

Forx = sin-1

/(x) = sin3 x + X sin2 x.

f'(x) = 3 sin2 x cos x + 2X sin x cos x
3

= - sin 2x sin x + X sin 2x

r3
= - sin x + X sin 2x

\ >
For local maximum or minimum, we must have
/'(x) = 0

<3 A
=> - sin x + X sin 2x = 0

\ >

So, x = 0 is a point of local minimum.

Forx = sin-1

x = sin-1

-1<- — <13

=> 3>2X>-3
3 . 3 => -z< X<-2 2

CASE I When-3/2 <k<Q
In this case, x lies between 0 and n/2
Also,/"(0) = 2X < 0
x = 0 is a point of local minimum.

3

3
/"(x) = -cosxsin2x<0

t2X^ 
3 

\ 7
Thus,/(x) has exactly one minimum and one maximum. 
Hence, X must lie in the interval (- 3/2,0) u (0,3/2).

EXAMPLE 13 Find the greatest value of the function 

/(x) = ^~2—qj—in the interval [-2,1] depending on the 

parameter b.
SOLUTION We have,

1
■4-3b2

3
=> sin 2x = 0 or, - sin x + X = 0

n -2X=> x = 0 or, sinx = ~y

/(x) = - ^
x

Clearly,/(x), being an even function, is symmetric about 
y-axis.

We have,

/'«= A
f'(x) < 0 for xe [-2,0)

and,

/'(x) > 0 for x e (0,1]

Now,
3

j v-/ - 2

3
= - cos x sin 2x + (3 sin x + 2X) cos 2x

. /"(0) = 2X
It is given that

n n--<x<-2 2
-1 < sin x < 1
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< 0

0 00-00

/(-2) = and /(0) =

-3<

Greatest value = /(- 2) =

<-2

Greatest value = /(-2) -

Greatest value =/(O) = -

-1
3b2

[■.• x2 + x + 2>0forallx]

...(i)

CASEV Whenb>4
In this case,f'(x) = 0 at x = 0 only and f (x) changes its sign 

from positive to negative. So, x = 0 is a point of local maximum. 
Since/(x) is increasing for x < 0 and decreasing for x > 0. There­
fore,

CASE III WhenQ<b<l
In this case,
/'(x) = 0=>x = 0,x = ±7b
The changes in the signs of/'(x) for different values of x are 

shown in Fig. 9.15

_1_
3b4

x = 0(f) = t5-5t3-20f + 7
y = y(f) = 4f3-3f2- 18f + 3, -2<f<2.

Find the extremum of this function.

+
-7b

1 
+ n 3b2

1 
8b -16 -3b2

CASE IV When 1 < b < 4
In this case, we have

/'(x) = 0 at x = 0, - 7b"
Note that x = TTg (- 2,1)
From the changes of signs of/'(x), we observe that/(x) 

attains a local minimum at x = - 7b and maximum at x = 0. As 
the graph of/(x) is symmetric about y-axis. Therefore,

1
8b-16-3b2

Fig. 9.15

From the variations in signs of/'(x), we find that/ (x) attains 
a local maxima at x = 0 and local minima at x = ± 'lb. Since 
/(x) is an even function, therefore either/(- 2) or /(0) is the 
greatest value.

We have,

+
7b

So,/(x) is decreasing on [- 2,0) and increasing on (0,1].
As/(x) is symmetric about y-axis. So, the greatest value of 

/(x) occurs at x = - 2 and is given by

EXAMPLE 13 Find all the values of the parameter a for which the 
point of minimum of the function f (x) = 1 + a2x-x3 satisfy the

inequality <

SOLUTION We have,

-6a n
NT>0

In this case, we have

f Na
So, x = is the point of minimum.

For this point to satisfy (i), we must have

=> 3'l3>a>2'$3
=> a 6 (273,3<)
CASEII When a <0

In this case, we have

f 13 = 
\ /

So, x = is a point of minimum.

This point will satisfy (i), if

-3<i
=> -3'l3<a<-2'l3
=> ae (-3'13,-2'13)

Hence, a e (273,373) (-3'13,- 273)
EXAMPLE 14 A function y =f(x) is represented parametrically as 
follows:

x2 + 5x + 6

=> x2 + 5x + 6<0

=> -3<x<-2
Now, y

/(x) = 1 + a2x-x3
=> /'(x) = a2 - 3X2 and f"(x) = - 6x

For points of local maximum or minimum, we must have 

/'(x) = 0
=> o2-3x2 = 0

, a
^x = ±13

Now two cases arise:
CASE I When a >0 .

^>0

1 
8b-16-3b2

1
8b-16-3b2

8b-16
3b2 (8b-16-3b2)

—-———------ > 0 for 0 < b < 1
3b2 (3b2-8b+ 16)

=> /(- 2) is the greatest value of/(x).
• Thus,
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=> x =.2 ,2 18(i)

+

+

<0,x = 31 and y = 14

> 0,x =

(4-3?)SOLUTION Let /(x) =

,2.

k

dx2

2a 
3

2a' 
3’

d 
dt

dt
' dx

The difference between the local maximum and local min­
imum values

= |/(Xi)-/(x2)|

1 a-- a

-1033
32

dt
dx
dt 

k /

fa
3 k

For maximum or minimum, we must have

/'« = 0

2 ( I'l9x^6 a-- x-4 = 0
a\ /

f I'l6 a— ±a

(4-X
4 (
9 (

6 (2f-3) (f + 1)
5 (f2 — 4) (t2 +1)

nf — i

a

d2y _ d_ 
dx2 ~ dx

Hence, the function y =/(x) attains a local maximum at 
(31,14) and a local minimum at (-1033/32, - 69/4)

' 1 > 2
EXAMPLE 15 Shaw that a - ~ - x (4 - 3r) has just one maxi-

< /
mum and one minimum value. Show also that the difference between

4 ( i A3
them is- a + - . What is the least value of this difference.

9 ax /
2

4 "I
3a2

/

n
a2

7

12/2 - 6t -18

1 2+ —— 
a 3a

Clearly, x2 = - — is a point of local maximum and xj = — 
□Ct

is a point of local minimum.
-2 2aIf a < 0, then — > — and the changes in the signs of/'(x)
JU o

are as shown in Fig. 9.17.

. 4a'
4’T
. /

2aIn this case x^ = — is a point of local maximum and

2
x2 = - — is a point of local minimum., -69and y = —

30 => t = ^,-1 Thus,/'(x) = 9 x-^
X 

2a 2 ,If a > 0, then — > - — and the changes of signs of/'(x) are 
O Out

as shown in Fig. 9.16.

(1| 36 a-- +144 a

_2_
3a

( 2>x + —3ax /

2a -2 => x = — ,~z~ 3 3a

dt 
dx 
dt 

x / 
dx d2y dy d2x 

~dfdt2

Now, =
dx

Clearly, these values satisfy - 2 < t < 2.
Now,

 +
2 2a

3a 3

Fig. 9.16

2a _2_
3 3a

Fig. 9.17

=> ^ = 5 (t2 - 4) (Z2 +1) and = 6(2f-3)(t + l)

( 1 a---x a 
k /

/'(x) = 9x2-6 a-- x-4 
< /

T . 2a , LetX] = — and x2 = -

di' dt2
(dx\3 

dt \ /
= (5t4 - 15I2 - 20) (24f - 6) - (12t2 - 6t -18) (20f3 - 30Q 

(5f4-15f2-20)3

When t = -1, we have

d2y = -30X-30 
dx2 (-30)3

3
When t = -, we have

SOLUTION We have,
x = t5 - 5f3 - 20/ + 7 

and, y = 4t3 - 3t2 - 18t + 3 

Therefore,

= 5t4-15f2-20 and = 
dt dt

dy dt
dx ~ dx

dt

Y4-A.1

dx
dt

4(
9

3^
a 
/

,2> (
a--

k

4a2^ (
4 --T-

2 x

4a'
3 7

a-- (3-a)- 3a-- 3---
x

n a- — 3a 
k j\

1V.
a A
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9 a

+ 4b2 cosec2 0 cot2 0

,2

.2

i.e.
1 is (a + b). Also, find the ratio

We have,

16

!

I

4
9

4
9

4
9

i
I

c
2 (fl + b)

b \ J

Now,

—t = 2a2 sec4 0 + 4a2 sec2 0 tan2 0 + 2b2 cosec4 0
d02

2 l2
SOLUTION Let r be the radius vector of the curve — + — = 1.

Suppose it makes an angle 0 with X-axis. Then, the coordinates 
of any point on the curve are (r cos 0, r sin 0).

_3 J?
a + a3

7

-. The minimum a

Clearly, — > 0 for tan 0 = ± ^b/fl

-a3-~-3a--
a3 a

EXAMPLE 17 Prove that the minimum radius vector of the curve 
fl2 b2 . f
“7 + ~z = 1 is of length a + b.
x if

_ n n 5n=> 9 = 7 or —4 4
For these values of 0, the maximum value of sin 20 is 1 and 

the value of r is V—^-r.
a + b

7CWhen 0 = coordinates of P are4

' r r Y /
7'^2 le-\ /

5 71When 0 - —, coordinates of P are4

^ = 1
? b2

4 f i 9 W 1 
3a-a -- + 3a -9a-- a v y

6a - a3 - - - 9a + - - 
a a a3

3
( 1^1a+-a\ /

Clearly, it will be least when a = 1 and the least value is 
32/9.

EXAMPLE 16 Find the points on the curve ax2 + 2bxy + af = c, 
0 < n < b < c, ivhose distance from the origin is minimum.
SOLUTION Let P(x,y) be a point on the curve 
flx2 + 2bxy + ay2 = c, whose distance from the origin is r i.e. 
OP = r. If OP makes an angle 0 with X-axis, then

x = r cos 0 and y = r sin 0
Now, P (r cos 0, r sin 0) lies on ax2 + 2bxy + ay2 = c

(fl + b sin 20) r2 = c

fl + b sin 20
Clearly, r will be minimum, if fl + b sin 20 is maximum i.e. 

sin 26 is maximum.

We know that sin 20 is maximum, when

oq 5n29 = t or —2 2

J.. c..
' 2 (a + b)

_y. c
' 2 (a + b)

=> Z = (a + b)

=> r2 = (a + b)2

=> r = a + b Z = r2]

Hence, the minimum radius vector of the curve is fl + b.
EXAMPLE 18 Prove that the minimum intercept made by the axes 

x2 v2 
on any tangent to the ellipse — + ^ = 

a" b
in which the point of contact divides the intercept.
SOLUTION Let P (fl cos 0, b sin 0) be any point on the ellipse 
^ + ^ = 1 
fl2 b2

V- c . 2 (fl + b)

■ °2 *
r2 cos2 0 r2 sin2 0

=> r2 = a2 sec2 0 + b2 cosec2 0

Clearly, r will be minimum when fl2 sec2 0 + b2 cosec2 0 is 
minimum.

Let Z = a2 sec2 0 + b2 cosec2 0. Then,

= 2fl2 sec2 0 tan 0 - 2b2 cosec2 0 cot 0

For maximum or minimum values of Z, we must have

^ = 0
49

=> 2a2 sec2 0 tan 0 - 2b2 cosec2 0 cot 0 = 0

=> tan4 0 = -r
fl

=> tan20 = -
a

=> tan0 =
fl

Hence, Z is minimum when tan 0 = ± 

value of Z is
Z = a2 (1 + tan2 0) + b2 (1 + cot2 0)

fl\ /
Z = fl2 + b2 + 2flb
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Thus, Z or AB is minimum when tan 0 = ±

x'
0

y
Now,

Fig. 9.18

= 'la2 tan2 B + b2 . sin 0

= (a + b)x

= b

AB = a + b

=> PB = a + b-b = a

=> 1.

.4 8(o.b) B(oCos0,bSin0)

.2 x
0 M A(a,o)

=> tan0 C(aCos0,-bSin 0)B(o,-b)

which is always positive.

PA
" PB

b 
a + b

fb
fa+ b

Hence, P divides AB in the ratio b : a.
EXAMPLE 19 Find the area of the greatest isosceles triangle that can 
be inscribed in a given ellipse having its vertex coincident with one 
end of the major axis.

y|
\8

b
a

5 
a

X^________ (

■ A(-a.o)

y'T
Fig. 9.19

Let A be the area of A ABC. Then,

a'

W = dx

? y2SOLUTION Let the equation of the ellipse be -r + = 
a b

Let ABC be an isosceles triangle having one vertex at 
A (a, 0). Let the coordinates of B be (a cos 0, b sin 0). Then the 
coordinates of C are (fl cos 0, -b sin 0)

- y

a cos 0
b sin 0 - - cot 0 a

. a
1+J

Now,

= 2fl2 sec4 0 + 4a2 sec2 0 tan2 0 + 2b2 cosec4 0 
dB2

A = | (2b sin 0) (a - a cos 0)

x2 y 2
—+ —= 1
O2 b2

+ b2 sin2 0

+ 2b2 cosec2 0 cot2 0

tan0 = Vb7fl 

.* sine= W

P(aCos9,bSin0)

\\ x
—JJ ax

Clearly, AB will be maximum or minimum if AB is maxi­
mum or minimum.

LetZ = AB2. Then,

Z = a2 sec2 0 + b2 cosec2 0.

~ = 2a2 sec2 0 tan 0 - 2b2 cosec2 0 cot 0
flu

For maximum or minimum, we must have
^ = 0
de

=> 2a2 sec2 0 tan 0 - 2b2 cosec2 0 cot 0 = 0

=> tan4 6 = 3
a

=> tan20 = -
a

a

The minimum value of AB is given by
AB = 'la2 (1 + tan2 0) + b2 (1 + cot2 0)

= Vfl2 \ + -] + b2 
a \ /

= a + b

2x 2y dy n
=> “T+ 9 T = 0 

a2 b2 d*

dy  -b2 x
dx ~ a2- y

-b2

)P a

The equation of the tangent at P (a cos 0, b sin 0) is
L

y - b sin 0 = - - cot 0 (x - fl cos 0)

ay sin 0 - ab sin2 0 = - bx cos 0 + ab cos2 0
=> bx cos 0 + ay sin 0 ~ ab

The coordinates of A and B are : A (fl sec 0,0) and
B (0, b cosec 0) respectively.

AB = 'Vfl2 sec2 0 + b2 cosec2 0

PA - '/(a cos 0 - fl sec 0)2 + b2 sin2 0

2 sin4 0 = Vfl —— 
cos2 0

a2 x - + b2 
a
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I =

For 0 = —, we have

= a-bI =

= ab 1 and Q is the

= ab

,2.2

Q(oCosa,oSina)

e
X

A

P(aCosa,bSina)8'

=1

=»

f V3
2

a-b 
2^/ab

dx

M -

So, the equation of the normal at P (a cos 0, b sin 0) is 

by - b sin 0 = - —------ (x - a cos 0)
- - cot 0 a

2^ cos —

777 7
Now, / will be maximum, if a sec 0 + b cosec 0 is mini­

mum. As discussed in Ex. 17, the minimum value of 
a2 sec2 0 + b2 cosec2 0 is a + b.

Hence, the maximum distance of the normal from the centre 
of the ellipse is given by

a2-b2 
a + b

=> y-bsin0 =

=> a x sin 0- by cos 0 = (a2 - ft2) sin 0 cos 0
7 7=$ ax sec d - by cosec d = a -b

Let 0 be the centre of the ellipse and / be the length of the 
perpendicular from O on the normal at P. Then,

______ a-b_______
"Va2 sec2 0 + b2 cosec2 0

Hence, A is maximum when 0 = 2n/3

b2 dx

dy _ - b2 x
a2 y

- - cot 0 a

Now,
d2A ,

= ab (- sin 0 + 2 sin 20)

X VEXAMPLE 20 Front a variable point of an ellipse ~z + = 1 normal
a2 b2

is drawn to the ellipse. Find the maximum distance of the normal from 
the centre of the ellipse.
SOLUTION Let P (a cos 0, b sin 0) be a variable point on 

■ a1 b2
We have, 

2 2x if 
+ 7 = L 

a2 b2

I? •0
y'
Fig. 9.20 • ' "

The equations of tangents to ~ = 1 and x2 + y2 = a2 at
a2 o

=> A = ab (sin 0 - sin 0 cos 0)

dA=> = ab (cos 0 - cos2 0 + sin2 0)

dA , , n=> — = ab (cos 0 - cos 20)

For maximum and minimum values of A, we must have
^ = 0
dO u

=> ab (cos 0 - cos 20) = 0
=> cos 0 = cos 2 0
=> 0 = 2n - 20

P and Q are respectively
x y . ,- cos a + f sin a = 1 a b

2n
V. 4 IM V V

" > f • 2n _ . 4n^~ = ab - sin — + 2 sm —
>

x2 u2
EXAMPLE 21 P is a point on the ellipse + fj = 

ar o
corresponding point on the auxiliary circle x2 + y2 = a2. If 0 is the 
greatest angle between the tangents at P and Q, show that 

u\
tan0 =

SOLUTION Let P (a cos a, b sin a) be a point on the ellipse 
2 2

+ -^ = 1. Q is the corresponding point on the auxiliary circle. 
a2 b2
So, the coordinates of Q are (a cos a, a sin a).

iy

Maximum area = ab sin — - sin — 
3 3

fV3 < H —+ —X~ 
2 2 2

\ / 
3^/3 .= —— ab.4

a sm 0 . o.- ------(x-acos 0) b cos 0

2n
3

d2A
de2
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(ii)and,

tan 6 =

TNM

Fig. 9.21

0 1

=> tan a =

Thus,/(a) is minimum when tan a =

Hence, tan 0 will be maximum when tan a =

LP = a sin 0 and hence NP = fl + fl sin 0.

Let A denote the area of A PMN. Then,

EXAMPLE 22 From a fixed point P in the circumference of a circle 
of radius 'a', PN is drawn perpendicular to the tangent at a point 
M of the circle. Determine the maximum area of A PMN.
SOLUTION Let 0 be the centre of a circle of radius a. Let P be 
a point on the circumference of the circle. MT is the tangent at 
M to the circle. PN is the perpendicular from P to the tangent 
MT. Draw OL perpendicular to PN. Let ZPOL = 0.
Then,MN = OL-a cos 0.

fl
b

E

fx'3
2 + 4 

\ / 
EXAMPLE 23 Find fl point (a, [3) on the ellipse 4.v2 + 3i/2 = 12 in Hi? 
first quadrant, so that the area enclosed by the lines i/ = .v,y=P. 
x = a and the x-axis is maximum.

a-b 
a tan a + b cot a

d2A 
de2

tan0 = - 
a

1 + -l + 2b 
a

k . 7

At 0 = 7, we have6

-. The max­
fl

=> 20 = ^-0

=>0 = 2
6

3<3 ;
= Td-

— = o 
dQ

Now,

da2

da2 «l

7 7= fl sec a-b cosec a

2a sec2 a tan a + 2b cosec2 a cot a

A = ^MNxPN

= a cos 0 x (a + fl sin 0)

= fl2 (cos 0 + sin 0 cos 0)

=> | fl2 (- sin 0 + cos2 0 - sin2 0)
du 2

For maximum or minimum values of 0, we must have

/ \
1+Z >0 b\ 7

y
a*

imum value of tan 0 is given by

a - b a -b
^+b^~

a b

1,2
= 2rt

it „ . k) .
-cos7~2sin- <06 3

\ 7
71So, A is maximum when 0 = -. The maximum area 4 is 
6

1 2 
= 2n

f \
=> cos20 = cos ^-0

x 7

given by

x cos a + y sin a = a

Let z»i and zzij be the slopes of (i) and (ii) respectively. Then, 

izi, = — cot a and im, = - cot a1 a z
The angle 0 between the tangents (i) and (ii) is given by 

my - m2 
1 +/M] m2 

b- - cot a + cot a
=> tan 0 = a

Now,

~~ = | fl2 (- sin 0 + cos2 0 - sin2 0)

=> —- = - a2 (- cos 0 - 2 sin 20) 
d02 2 v

n . n n cos 7 + sin 7 cos 7
o 6 6

1 + - cot2 a 
a

Clearly, tan 0 will be maximum if fl tan a + b cot a is mini­
mum.

Let/(a) = a tan a + b cot a. Then, 
d/(a) 2 l 2-L~, = a sec a-b cosec a da
For maximum or minimum /(a), we must have
H/(a) = 

da

=> a sec2 a - b cosec2 a = 0

2 b => tan a = -
a 
y 
a

=> - sin 0 + cos2 0 - sin2 0 = 0
=$ sin 0 = cos 20
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(0.0)

4 Also,

PN = r + rcosf)

For maximum and minimum values of 0, we must have

=> cos 0 +cos 20 = 0
=> cos 20 = - cos 0
=> cos 20 = cos(n-0)

=>20 = n- 0=>0 = 
2

Clearly, ^-7 < 0 for 0 = 7. 
d& 3

= 2 (Vy cos'

Fig. 9.23

Consequently, N is the mid-point of chord QR.
QR = 2QN = 2rsin0.

ON = rcos0

Clearly, ~ < 0 for 0 = 7. 
dQ2 (>

a = V3~ cos 7 = ~ and P = 2 sin 7 = 1 o 2 o
Hence, the required point is (3/2,1).

EXAMPLE 24 A point P is given on the circumference of a circle of 
radius r. The chord QR is parallel to the tangent line at P. Find the 
maximum area ofL PQR. [IIT19901
SOLUTION Since the chord QR is parallel to the tangent at P. 
Therefore, ON 1 QR.

x2 V2 , c , 
y +4 =1- So' Iet

Hence, A is maximum when 0 = 7. For this value of 0, we 
0

have

— = 0 
dQ

Now,

d2A
= 2 (-2^ sin 20 - 2 cos 20) 

rf02

SOLUTION Let the lines y = P and x = a meet y = x at Q and R 
respectively. The coordinates of Q and R are (p, P) and (a, a) 
respectively.

Let A denote the area of A PQR. Then,

A = ^(QRxPN)

=> A = | x 2 r sin 0 x (r + r cos 0)

=> A = r2 (sin 0 + sin 0 cos 0)

=> A = r2 - sin 0 + sin 20 ■

Fig. 9.22

—Let A denote the area of trapezium PQOS. Then, 
A = \(PQ + OS)xPS

=>A = |(a-p + a)xp

=> A = |(2a-p)p.

2
=> — = r2 (cos 0 + cos 20) and —7 = r2 (- sin 0 - 2 sin 20)

d0 dO2

/y=« 
R(a,a) 
p(«. 0) 
\ y=0

X

Since (a, P) lies on 4X2 + 3y2 = 12 or, 

<1 = V3" cos 6 and p = 2 sin 0.

A = | (2VT cos 0 - 2 sin 0). 2 sin 0

=> A = 2 (V3 sin 0 cos 0 - sin2 0)

=* = 2 (V3 cos2 0 - V3 sin2 0 - 2 sin 0 cos 0)

dA r-=> — = 2 (V3 cos 20 - sin 20)
uo

For maximum or minimum values of A, we must have

<16
=> cos 20 - sin 20 = 0
=> tan20 =

=> 26 = ~

a n
” = 6

n
3
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/ = r2 sin 7 s

y
0

A(h,k)

x'
0

(ii)

=>

R
=>

=> x' X

Q(1,0)0T

(k - mh + 2mh)

p

=> m = ±r

[•_• m <0] RT =

■ 1
3 + 2

y'l
Fig. 9.24

Since the line cuts the positive direction of the coordinate 
axes. Therefore, m < 0.

yi

d2A
dm2

1 . 2d 
2sinT}^[T+T

EXAMPLE 25 Let (Ii, k) be a fixed point, where h>0,k>0. A 
straight line passing through this point cuts the positive direction of 
the coordinate axes at the points P and Q. Find the minimum area of 
AOPQ, 0 being the origin. [IIT1995]
SOLUTION Let m be the slope of the line passing through 
A (h, k). Then, its equation is

y - k = m (.v - Ii)

h3 n= T>°

Hence, area of A PQR is maximum when 6 = The maxi- 

mum area of APQR is given by

k
When m = - 7' we have h

( k }The line cuts X-axis at P h---- ,0 and Y-axis atm \ 7

!
B

k . \
Hence, A is minimum when m = - 7. The minimum area 01

Ii
AOPQ is given by

=> 0<r<2
The equation of the circle with centre at Q and radius r is 

(x -1)2 + (y-0)2 = r2 -(i)

The equation of the circle with centre at 0 is
A2 + y2 = 1

4 4

\ s 
(-1.0)\

. •• y

Fig. 9.25

Solving these two equations, we get the coordinates of R as
2-r2 N 4 - r2

2 ' 2 /
r ^4 - r2

2

A = ^(k + k)2 = 2hk

EXAMPLE 26 The circle x2 + y2 - 1 cuts the x-axis at P and Q. 
Another circle with centre at Q and variable radius intersects the first 
circle at R above the x-axis and the line segment PQ at S. Find llie 
maximum area of A QSR. HIT 19941
SOLUTION Let r be the variable radius of the circle with 
centre at Q (1,0). Since the two circles intersect each other, 
therefore,

r-l<OQ<r + l

=> r-1 < 1 <r +1

if k'lA = - k - — x (k -

A = - (k - mb)2 
zwi

~ (k - mh}2 + — (k - mh)
dm 2m2 m

_ k-mh
2m2

= -^(k2-™2/!2)
2m2

For maximum or minimum values of A, we must have

= ° dm

=s k2-m2h2 = 0

k=> m = ±rh
k=$ m = -7 
h

Now,
2 

d 4 1 .,2 212x 1 ,2
—7 = —n (k - nr II ) — h 
dm2 m3 >"

\ X

2n
3

Q(0,k-mh).
Let A denote the area of A OPQ. Then,

A = ^{OPxOQ)

If.
2



9.21MAXIMA AND MINIMA

,2

=>

= 2t=>

= r

y.

=>

x'
0=>

For maximum or minimum values of A, we must have

=>

.3=> 8r-3r = 0 => r =

Now,

A/4 - r2 (8 - 9^) - (8r - 3r3)

4 - r2

When r = 2

<0

>2Hence, A is maximum when r = 2
x

.2

dA 
dr

2\2

^7
i
4

1
4

8r
3 /

3 
t

d^A 

dt

2

8r - 3r3
" 4 ^4-r2

r3

dS

= 7 2r a/4 - r2 -
4

EXAMPLE 27 What normal to the curve y = x2 forms the shortest 
chord? [IIT1992]
SOLUTION Let P (J, t2) be any point on the parabola y = x2.

Now,

= 2^1 + 4;
4r\ /

( if= 8t 1 + -4
4t2

\ 7

fl J -2+ 1 
4f2

\ /
3

(t.t2)P

••• ^=^4

W?)

T = ° dr

Let A denote the area of A QSR. Then,

A = ~ (QSxRT)

T u 
-, we have

A = 7 r2 ^4- r2
4

. 1A = -xrx r
2

Now,

PQ2 = (f-f1)2 + (t2-l12)2

= (t-t,)2 {((+ fl)2 + l)|

r u2= 2( + -
X 7

= 4f2

a 1 8 /l=-x-x

Circle (i) meets X-axis at y = 0.
Putting i/ = 0 in (i), we get

(.v-1)2 = r2

=> .v -1 = ± r

=> .v = 1 ± r

Thus, the coordinates of S are (1 - r, 0) 

/. QS = OS + OQ

= |l-r|+l

= -(l-r) + l

( 1
+ 4f“x3 1+—-

y=x2 
____

fl 11 +~"2 4t2
\ 7

••• j; l(PQ)2l at

ll +1 21

4
The maximum area of A QSR is given by

3 9

( 1 4t 1+-4 -
4r

X 7

\4^|T8-9x7

Suppose it meets the curve y = x‘

y'T
Fig. 9.26

2 again at Q (t], t2). Then,

f -2
X-3

4r

y =

dx 
fdjL

Equation of the normal at P(t, t ) is

y’f2 = -2t(X"0

dA _ 1 |2r (4 — r2) — r3| 
dr ~ 4 ^4-r2

1
^2

7
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=> r =

and,

= 0
\

=> t = ±

...(>)

d2 i(PQ2) 
dr t=±

B

A0

B'

2
,2 2

,2

2
=>

=3

■

L
e

1
12

1
12

Let O be the centre of the ellipse and let ON be the perpen­
dicular from O on the tangent at P. Then,

Also,
OP = la2 cos2 0 + b2 sin2 0.

PN2 = OP2-ON2

y't
Fig. 9.27

- a'°
'lb2 cos2 0 + a2 sin2 0

Now,
2

(PQ2) = -2 
dr

x'.
A'

n 
f2

4 
5-3sin20

= (fl2 + b2) - (fl2 sin2 0 + b2 cos2 0) - - 
a

( 1 V+ 4 1 + -4 2 + ^ 
4r\ /\

(2I2-!) 
I3

=> r2 =

3n 1
C0ST-^2

t /

sin20 
b2

_ -n 3n 
®-T' 4

Clearly, r2 will be minimum, when 5-3sin20 is maxi­
mum. But, 5 - 3 sin 20 will be maximum, when

sin 2 0 = -f

20 = ^

* a y • a i- cos 0 + f sin 0 = 1 a b

N
P(oCos9,bSin0)

Y\ x

= 4x2x4>0 
1

?2

2 2
= (fl2 + b2) -u- , where u = fl2 sin2 0 + b2 cos2 0

u

' i \2 ( 
= 4 1+4: :l 4di
= 4 1+-4 - Hence, required points are:

f 1 i A x
cos (-71/4), ^“sin(-n/4) i.e. -,

< JI
. 3nV f 1 1}siny i.e.

J \ 7
EXAMPLE 29 A perpendicular is let fall from the centre on a tangent 
to an ellipse. Prove that the maximum value of the intercept between 
the point of contact and the foot of the perpendicular is a~b, where a 
and b are the semi-axes of the ellipse.
SOLUTION Let P (fl cos 0, b sin 0) be any point on the ellipse

2 2x y 1— + “^ = l.2 h2 1fl b

The equation of the tangent at P to (i) is

Thus, PQ is minimum when t - ±

For f = -^p, coordinates of PandQ are (1/VT, 1/2) and 

v-V2,2) respectively and PQ2 = ^p The equation of PQ is 

V2x + 2y-2 = 0.

For t = - coordinates of P and Q are (-1 / VT,1/2) and

(12,2) respectively and PQ2 = 27/4. The equation of PQ is 
12x-2y + 2 = Q.

EXAMPLE 28 Find the points on the curve 5x2 + Sy2 - 6xy = 4 
nearest to the origin.
SOLUTION Let P(x,y) be any point on the curve 
5x2 + 5y2 - 6xy = 4 and 0 be the origin.

Let x = r cos 0 and y = r sin 0. Then, OP = r.
Putting x = r cos 0, y = r sin 0 in 5x2 + 5y2 - 6xy = 4, we get 

Sr2-Sr2 sin 20 = 4

For these values of 0, we have

Ji 4 1 1r = ------- = — => r = -r^5 + 3 2 12

d ,nx.2x 1 n^b2 , d2 ,n.,2. -2fl2/’"

du u2 du2 u

=>41+ —T
4t2 

k /

=> 2t2 -1 = 0

2 2, 2 2 a i 2 ■ 2 ax fl b
= (fl cos 0 + b sin 0) — ---- z------ ----- t—

(fl2 sin2 0 + b2 cos“ 0)

a2b2
sin2 0 + b2 cos2 0

t

For maximum or minimum, we must have

7, (pQ2)0 
at

fl
' 2

ON = ■ r—-1
A COSZ 0

371^1
4

2,-'l k /
1 V2f2 -1

4t2
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,2

=> A

Now,

1 whose centre is

...(i)

y.

8

A0

8'

A =

'± -7i.e.

(ii)

Also,

x;
A'

ON = length of the perpendicular from 0 on (i)

_________ ab_______
'la* sin2 0 + b2 cos2 0

z^-b2
4

„2l2=*-l + ^- = 0 
u

*u2=a2l?

=> u=ab
For this value of u, we have
rf2 ? -2~2 (PN1) = TT < 0

du ab
Hence, PN is maximum, when u = ab.
Now,

or, ax sin 0 - by cos 0 = 0

PN = length of the perpendicular from P on ON .

_ (fl2 - b2) sin 0 cos 0
■'/a2 sin2 0 + b2 cos2 0

= a2 sec2 0 - b2 cosec2 0 
do

- cos 0 + “£ sin 0 = 1 
a b

yz

Fig. 9.28

Since N is the foot of the perpendicular from 0 on the 
tangent at P. Therefore, equation of ON is

y-0 = |tan0(.x-O)

x-X = 
a2 b2

u = a2 tan 0 + b2 cot 0

Let A denote the area of A OPN. Then, 

A = | ONxPN

Now,
2
~ = 2 (a2 sec2 0 tan 0 + b2 cosec2 0 cot 0) 
dQ2

For maximum or minimum values of PN, we must have

£(PN2) = 0

j2 L

Clearly, —- > 0 for tan 0 =

Thus, u is minimum and hence A is maximum when 

tan 0 = The maximum value of X is given by

N
\^P(oCos G.bSin 8)

x

2 2
w = flb =t> PN2 = a2 + b2 - flb - = (a - b)2

ab
=> PN = a-b

Hence, the maximum value of PN is (fl - b).

EXAMPLE 30 P is a point on the ellipse + 
az bz

0 and N is the foot of the perpendicular from O upon the tangent at
P. Find the maximum area of A OPN and the coordinates ofP.

HIT 1999]
SOLUTION Let P (fl cos 0, b sin 0) be any point on the ellipse

1. The equation of the tangent at P is

ab (a2 - b2)

2 a2x~ + b2x^ 
a b

\ /
The coordinates of point P are (fl cos 0, b sin 0)

f a2 b2 
*7777'* 7777\ z

EXAMPLE 31 Suppose a, b, c, d are fixed real numbers such that a 
quadrilateral can be formed with sides a,b ,c,d in clockwise order. 
Prove that the vertices of the quadrilateral of maximum area lie on a 
circle.
SOLUTION Let PQRS be a quadrilateral such that a = PQ, 
b = QR, c = RS and d = PS.

_ ab (a2 - b2) sin 0 cos 0 ab (a2 - b2)
2 (fl2 sin2 0 + b2 cos2 0) 2 (a2 tan 0 + b2 cot 0)

Let u = fl2 tan 0 + b2 cot 0. Clearly, A will be maximum, if u 
is minimum.

4-1 _ flb (a2 - b2) sin 0 cos 0
2 Vfl2 sin2 0 + b2 cos2 0 ^a2 sin2 0 + b2 cos2 0

For maximum or minimum values of u, we must have

— = 0 
de

=> a2 sec2 0 - b2 cosec2 0 = 0

=> tan2 0 = -5
ZF

L

=> tan 0 = ± -
a
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S

or,

y

c=>

(1.1)
(0.1)0(ii)

M
x

P(1.0)0

in (i), we get

and jq x2 =

0

0

-1 and

da

!

i
i

N

I 
7

r 
!

MJ
da 

\ 7

Xl+X2

Fig. 9.30

Let the equation of the line I be y = nix.
Line / intersects the circle C in two points M and N. Let the 

coordinates of M and N be (xj, yf) and (x^ 1/2) respectively.
Putting y = nix in (i), we find that the x-coordinates off 

M and N are the roots of the equation
(x -1)2 + (nix -1)2 = 1

or, x2 (1 + in2) - 2v (1 + m) + 1=0

- 2(l+>»)
1 + in2

=> y2"yi = W,(*2"X1)

.2 _ ...2

=> (x2-x})2 =

=> (y2~yi)'

= 12ab

4
1 + in2

1
1 + in2

2 2= nzz(x2-x1fda2

f 1 1+ - Cd COS |5 ~ \
2 da"

J
(X2 + X!) -4XjX2

_ 4 (1 + ni)2 4 _ 8ni
(1 + ni2)2 1 + ni2 (1 + ni2)2 

Since M and N lie on y = nix. Therefore, 
y} - mxj and y2 = mx2

Let Z.PQR = a and Z RSP = p. In order to prove that PQRS 
in a cyclic quadrilateral it is sufficient to prove that a + (J = n.

Substituting the value of

Fig. 9.29

In triangles PQR and PSR, we have
PR2 = n2 + b2 - 2ab cos a and PR2 = c2 + d2 - 2cd cos p.

a2 + b2 - 2ab cos a = c2 + d2 - 2cd cos p ,..(i)
Let A denote the area of quadrilateral PQRS. Then,

A = Area of A PQR + Area of A RSP

A = | ab sin a + | cd sin p

dA 1 , 1 , Qdp=* ~r = n w cos a + - cd cos P ...Ida 2 2 da
Differentiating both sides of (i) with respect to a, we get

2 ab sin a = 2cd sin P

ab sin a 
cd sinp

Now, differentiating (ii) w.r. to a, we get

d2/ 1 , . 1 , . ..
—7 = - - ab sin a - - cd sin P
da* 2 2
For a + P = it, we have

d2A 1 . . 1 , .
—r = - - ab sin a - - cd sin a < 0 
da* 2 2
Hence, A is maximum when a + P = it i.e. the quadrilateral 

is a cyclic quadrilateral.
EXAMPLE 32 A circle of radius 1 unit touches positive x-axis and 

• positive y-axis at P and Q respectively. A variable line I passing 
through origin intersects circle C in two points M and N. Find the’ 
equation of line I for which area of triangle MNQ is maximum.
SOLUTION The equation of the circle C is

(.r-l)2 + (y-l)2 = 1 

A2 + i/2-2.r-2y+l = 0

dA 1 , 1 , o ab sin a— = - ab cos a + - cd cos P x ■ --- da 2 2 cd sin P

sin a cos P + cos a sin P
sin P

_ 1 ab sin (a + p)
2 sin p

For maximum or minimum values of A, we must have

~ = 0 da
1 , (sin (a + P)

sin|3 -
=> sin (a + P) = 0
=> a + P = it

1 dp

da
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y,

1
x' X

0

X,2 ,2

y'
Fig. 9.32

=>

We have,

— oo co

1AA = 4a2

1 and

Ba2
3?3

The changes in the signs of 

are shown in Fig. 9.31

1
2 s

2

1
75

S(o.o)

R(a,-2at) 
L

(at\-2at)

8mi
Vl + mi:

1 
y/l+m

A2 =

(at2,2ot)

-2(3mi2~1)
(1 + mi2)3

37 = 3 cos 9 sin 6 (Bb3 sin 0 - A a3 cos 0) 
du

2y =4ax

L
Q(a,2at)

_ y 8,n
(1 + Ml2)

Let A denote the area of A MNQ. Then,

A = | MN x (Length of perpendicular from Q on MN)

=> 2-6m2 = 0

2m
(1 + mi2)2

d(A2) _ 2(14- im2)2 - 8mi2 (1 + m2) = (2-6m2)
d,n (1 + mi2)4 (1 + mi2)3

For maximum or minimum values of A, we must have

d j~ (A2) = 0
dm

x2 v2 
EXAMPLE 34 Let (x, y) be a point on the ellipse — + ^ =

A > 0, B > 0. Show that Ax3 + By3 has a minimal value which is less 
than both the maximal values that it attains.
SOLUTION Let x = a cos 0 and y = b sin 0.

Let Z = Ax3 + By3. Then,

Z = A a3 cos3 0 + B b3 sin3 0.

SOLUTION Let LSL' be the latusrectum of the parabola 
y2 = 4ax. The equation of LSL' is x = a. Let P (at2,2at) be a point 
on the parabola y = 4ax and let PQRS be a rectangle such that 
P and S are on the parabola and Q and R on the latusrectum 
LSL'. Clearly, coordinates of Q are (a, 2at). From the symmetry, 
the coordinates of R and S are (a, - 2at) and (at2, - 2at) respec­
tively.

d ■) ~(A2) = 
dm

MN = ^2-A'i)2+(y2-yi)2

= (x2- X]) "71 + m2

= - MN x (Length of perpendicular from (0,1) on y = mix|

+— • •

Fig. 9.31

Clearly, ~ (A2) changes its sign from positive to negative 

in the neighbourhood of m =

So, A i.e. A is maximum when mi =

Hence, the equation of the line is y = x.

EXAMPLE 33 Pind the greatest rectangle which can be described so 
as to have two of its corners on the latusrectum and the other two on 
the portion of the curve cut off by the latusrectum of the parabola 

2 y = 4ax.

) for different values of ni 
dm

PQ = a-at2 and QR = 4at.
Let A denote the area of the rectangle PQRS. Then,

A = PQxQR
A = (a-at2)4at

A = 4m2 (t-t3)

= 4a2(1 -3t2) and —■ = -24a2t 
dt dt2

For maximum or minimum values of A, we must have

=* l-3t2 = 0

=*f = ±i-
i d2A n c . 1

Clearly, <0 for t =

Hence, area A is maximum when t = l/'l3. The maximum 
value of area A is given by

( 1 
13-313 = 

k 7
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.-1

=> cos 0 = 0 or, sin 0 =

=> cos 0 = 0

.3
> 0

is a point of local minimum.

S =

\3ff

[•_• t2 -t +1 > 0 for all 16 R]

Clearly, Z3 < Z] and Z3<Z2-

+ fl2!/2 = 4fl2,

HIT 19871

Bb3
jA2ab + B2b\

_ ABflV
” ^A2ae + B2 b6

Aa3 
ylA2a6 + B2b6 

\ /

The local maximum value of Z is given by 
Z1 = Aa3

=^Q = 2

ft 
=> 0 = 0, -, tan

For maximum or minimum values of Z, we must have

^ = 0
<ie

=> 3 cos 0 sin 0 (Bb3 sin 0 - A a3 cos 0)

Bb3 \ /

0 = is a point of local maximum.

The local maximum value of Z is given by 
Z2 = Bb3

(aZ

v 4<a2<8 =>

CASE II W/ien 0 = :

In this case, we have,

= -3Bbi<0 
d02

So, 0 = tan-1 
k" 7

The local minimum value of Z is given by

x3
‘ + Bb3

Aj3 
=> cos 0 = 0 or, sin 0 = 0 or, tan 0 = —=■ 

Bb3

ai.e. tan 0 = —, 
Bb3

Now,
2

-^7 (AP2) = - [(8 - 2a2) sin 0 + 8] sin 0 + (8 - 2a2) cos2 0 
d0z

For 0 = p we have

j2
—t(AP2) = - (16-2?)<0
d02

Thus, AP2 i.e. AP is maximum when 0 = The point on the 

curve 4x2 + fl2!/2 = 4a2 that is farthest from the point A (0, - 2) 

is a cos^,2sin=(0,2).
\ >

EXAMPLE 36 Find the shortest distance between the line y - x = 1 
and the curve x^y2.
SOLUTION Let P (t2, t) be any point on the curve x = y2. The 
distance S of P from the given line is

t -12 -1 
V2 

f2-£+1 
<2 

f2-f +1
V2

= ^, where/(t) = t2 -1 +1.

Z3 = Aa3

In this case, we have,

d2Z = 3Bb3.Aa3 
dB2 ^A2a6 + B2b6

Bb3

Hence, the minimal value of Ax3 + By3 is less than both the 
minimal values attained by it.
EXAMPLE 35 Find the point on the curve 4x2
4 < a2 < 8, that is farthest from the point (0, - 2).
SOLUTION Let P (a cos 0,2 sin 0) be a point on the ellipse 

2 2
4X2 + a2]/2 = 4fl2 i.e. ~ = 1

a2 4
Let A (0, - 2) be the given point. Then, 

AP2 = a2 cos2 0 + 4 (1 + sin 0)2

=> ~ (AP)2 = - a2 sin 20 + 8 (1 + sin 0) cos 0 
Uv

=> 4(AP2) = [(8 - 2?) sin 0 + 8] cos 0 
flu

For maximum or minimum, we must have
^(AP2) = 0

{(8 - 2a2) sin 0 + 8} cos 0 = 0

4 
a2-4

y->l a2 -4
=> sin 0 > 1, which is impossible

CASE III When 0 = tan 1

Now,

—77 = 3 cos 20 (Bb3 sin 0 - Aa3 cos 0) 
dB2

+ 3 cos 0 sin 0 (Bb3 cos 0 + Aa3 sin 0)
CASE1 When 0 = 0:

In this case, we have

= -3A?<0
dB2

0 = 0 is a point of local maximum of Z.
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[Using (i)J

-2c

- - Area of A ABC

[IIT1985]

1

= 7 (p + q)(r-p)(-r-q)

A(p2.-p)

=>

(i)=>

Let Z denote the area of parallelogram AFDE. Then, • and,

AB
ED

AC
CE

c
X

1
4

1 
0

s =
U+i

P2 
“?2 
r2

Applying : R2 -> R2 - R]
^3 ^3 “ ^1

Z = xysinA

=> Z = ^(by-y2)

b 
b-y

=> bx = c (b - y)

C(r2,-r)

F B(q2.q)

Fig. 9.33

~P 1
1 0

-1 0

~P 1 
q i 
-r 1

x = f(l>-y)

1 1
“ 2X2

Hence,/(f) is minimum when t = ~.

4+iJ__ 3\'2
12 = 8 •

EXAMPLE 37 Let A (p2, - p), B (q2, q) and C (r2, - r) be the ver­
tices of the triangle ABC. A parallelogram AFDE is drawn with 
D, E and F on the line segments BC, CA and AB respectively. Using 
calculus show that the maximum area of such a parallelogram is

| (P+ <?)(<? +r) (P ~ r)

SOLUTION Let AF = x and AE = y. Triangles ABC and EDC are 
similar. Therefore,

So, S is minimum when t = y The minimum value of S is 

given by

For t = | / we have 

fit) > 0.

dZ c . d2Z
^^ = -b(b-2y)and-^ = —

For maximum or minimum values of Z, we must have

f.o
c b=>|(b-2y) = 0=>y = |

=> 2f-l = 0 => t = |
2

d^7 — 9r
Clearly,—^- = -y-< 0 for all y.

Hence, Z is maximum when y = b/2. Putting y = b/2 in (i), 
we get x = c/2.

The maximum area is given by

Z = | x | sin A

1 , . .= — be sin A4

= | Area of A ABC

2 2p +S

~P
qL-pL 1 + P

-r + p 0|

P2
= 4 (P + ^^-p) q-p

r + p

(l-p)2 + <(2 = a2 

(1 - y)2 + (1 - r)2 = b2 

r2 + (l-s)2 = c2 

= d2

Clearly, S will be maximum or minimum according as/(f) 
is maximum or minimum.
Now,

/(f) = f2-f + l
=> /'(f) = 2f-l and/"(f) = 2

For maximum or minimum, we must have
f'(t) = 0

P2 
r2-2 
r2-?

= | (p + (])(r-p)(-r-q)

= (P +<?)(<? + r) (P - r)

EXAMPLE 38 Let S be a square of unit area. Consider any quad­
rilateral which has one vertex on each side of S. If a, b, c, d denote the 
lengths of the sides of the quadrilateral, prove that

2<a2 + b2+c2 + d2<4 [IIT 1997]
SOLUTION Let OABC be the square S of unit area and PQRS 
be a quadrilateral whose vertices P, Q, R and S are respectively 
on the sides OA,AB,BC and OC. Let the coordinates of 
P, Q, R and S be (p, 0), (1, q), (r, 1) and (0, s) respectively.

We have,
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(i)R(M)
(0,1)C

c .(ii)

(o,s)S Q(i.q) ,2(x-0) +(y-12a)z = (4a)‘or,
d a

x
p(p.o) A(1,0)

Q

x' X
0

y'f

for all x 6 [0,1]

i3

[•_• + + 6*0]

1
2

1
W2o) 

C X

=> (f-2)(fz + 2t + 6) = 0

=> t = 2

a2 + &2 + c2 + rf2
= |p2 + (l-p)2| + «?2 + (l -<?)2 + (r2 + (l-r)2| + ($2 + (l-s)2} 

where p, q, r, s all vary between 0 and 1.
yi

=> 2 < a2 + b2 + c2 + d2 < 4.

EXAMPLE 39 Find the shortest distance between two points, one of 
which lies on the curve \j2 = 4ax, and the other on the circle 
x2 + y2 - 24ay + 128a2 = 0. 
SOLUTION We have, 

y2 = 4ax

and, x2 + y2 - 24ay + 128a2 = 0

,2 , z„ n„x2

8(1.1)

b

{p2 + (l-p)2] + {^ + (1-<?)2I

+ (r2 + (1-r)2} + {s2+ (1-s)2} < 1 +1+1 +1

d2 2
Clearly, — (CP2) > 0 for t = 2.

Hence, CP2 i.e. CP is minimum when t = 2. The minimum 
value of CP2 is given by

y2”4ox

P(at2.2at)

=> a (4r + 8t-48) = 0
=> f3 + 2t -12 = 0

.. .2 -

Fig. 9.34

We shall now find the maximum and minimum values of 
a2 + b2 + c2 + d2. From the RHS of a2 + b2 + c2 + d2, we observe 
that the maximum and minimum values of a2 + b2 + c2 + d2 
depend upon the maximum and minimum values of 
x2 + (1 - x)2. So, let us consider the function/(x) = x2 + (1 - x)2, 
where 0 < x < 1

Now,
/(x) = ? + (l-x)2
/'(x) = 2x -2 (1 -x) and /"(x) = 4
For local maximum or minimum, we must have
f'W = 0

1
X 2

Clearly,/"(x) > 0 for all x.
Hence,/(x) is minimum at x = 1/2 and the minimum value 

of/(x)is given by

/(-
7 2

\ /
and,

^(CP2) = ?(12f2 + 8)

For maximum or minimum, we must have

£<cp2>=°

0

Fig. 9.35

Let P (at2,2at) be a point on the parabola y2 = 4ax.

Clearly, (x-0)2 + (y-12a)2 = (4a)2 is a circle with centre at 
C (0,12a) and radius 4a.

Let Q be a point on the circle (ii) such that PQ is minimum. 
Then, CP will also be minimum.

Now,

CP2 = (at2 -0)2 + (2at- 12a)2

CP2 = a2 (f4 + 4f2- 481 + 144)

~ (CP2) = a2 (4f3+ 81-48)=1^4 
4 2

Clearly,/(x) is maximum at x = 0, 1 and the maximum
value of/(x) is 1.
a |^/(x) < 1

=> | < x2 + (1 - x)2 1 for all x e [0,1]

=> |<p2 + (l-p)2<l

|< <?2 + (l-g)2<l

^<^ + (1-r)2<l

|<s2 + (l-s)2<l

1111
■*■ ~ + ~ + ~2 2 2 2

1
4
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D(2,7)
(~2,3)A

C(x.y) x
0

,2

T
...(i)

= - (2x-y + 3)

[Using (i)]

8Z2
=> COS0 =

y'T 
Fig. 9.36

3 = 4a-2b + c 
1 = a-b + c
7 = 4a + 2b + c 

Solving these equations, we get 
a = 1, b = 1, c = 1 

y = x + x +1 
Clearly, area of quadrilateral ABCD will be maximum, if the

Hence, P is maximum when x -

1 7Putting x = - in (i), we get y = -.

Hence, the coordinates of C are (1/2,7/4).
example 41 A chord of length 2n divides a circular area of radius 
r into two segments. Find the sides of the rectangle with the largest 
area that can be inscribed in the smaller segment.
SOLUTION Let PQ be a chord of length 2a of a circle of radius

d2P
Clearly, — < 0 for all x.

p4
= |(2x-y + 3)

3 i
= (2x-x-x-1+3)

= |(-x2 + x + 2)

f = |_fe* + l) and, tj=-3<0 
r \ ax

For maximum or minimum values of P, we must have
dP 1— = 0=^-2x + l= 0=>x = -.dx 2

Fig. 9.37

r having its centre at O. Let ABCD be the rectangle inscribed in 
the smaller segment of the circle. Let £ and F be the mid-points 
of DC and AB respectively. Also, let ZCOE = 0.

In A OQF, we have

OF = 'l0Q2~QF2 = ylr-a‘

In A OCE, we have
OE = rcos0 and CE = rsin0
EF = OE - OF = r cos 0 - 'Jr2-a'

and, AB = CD = 2CE = 2r sin 0
Let A denote the area of rectangle A BCD. Then,
A = ABxBC

= AB x EF
= 2r sin 0 x (r cos 0 - ^r2 - fl2)

= 2 r sin 0 cos 0 - 2r ^r2 - a2 sin 0

A = r2 sin 20 - 2r 'Ir2 - a2 sin 0

= 2r cos 20 - 2r a2 cos 0 
do
For maximum and minimum values of A, we must have

^ = 0 
do

=> Tr2 cos 20 - 2r 'Jr2 -a2 cos 0 = 0

=> r cos 20 - 'Jr2-a2 cos 0 = 0

=> r (2 cos2 0 - 1) - 'Jr2 - a2 cos 0 = 0

=> 2r cos2 0 - 'Jr2 - a2 cos 0 - r = 0

VA7 2 \r-a +
4r

area of A BCD is maximum.
Let P denote the area of A BCD. Then,

CP2 = a2 (16 +16 - 96 +144) = 80a2

=> CP = 4V5a.
Minimum value of PQ = CP-CQ

= 4^5 a-4a = 4(V5-l)a.

EXAMPLE 40 Four points A, B, C and D lie in that order on the 
parabola y = ax2 + bx + c. The coordinates of A, B and D are known 
as: A (- 2,3), B (-1,1), D (2,7). Find the coordinates of C for which 
the area of the quadrilateral ABCD is the greatest.
SOLUTION Let the coordinates of C be (x, y). Since points 
A, B and D lie on y = ax2 + bx + c. Therefore,

yi

x' (-l.i)B

-1 1 1
x y 1
2 7 1
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=>
[■«• 6 is acute]

=>

cosO =
=> A = -

=>

2,2
= 2r 1 -

,2.

77

.3

[-.• 0 is acute]c 8

Q

R

0 Ax

.2x = - cosec 0

=> X =

tan 0

AP
OA

dA 
dQ

1
2

=> tan 0 = 3
=> tan 0 = 7^

3
2
3*

2a
3.

- iP + ^9r2 - a2
4r

a
1 - cos 20

In &APQ, we have

AP

and, BC = r cosO -^r2 - a'

(o-x) P

Fig. 9.38

The lower comer A of the page OABC is folded over so that 
it reaches to R on the inner edge OC.

Let ZAPQ - 0 and AP = x. Then,
PR = AP = x
In A OPR, we have
OP = PR cos (n-20)

=> a - x = - x cos 20

271x = - cosec - =

^r2 - a2 4- hr2 - a
4r

q2 3
= — [coser 0 sec 0 (- 3 cot 0 + tan 0)] 

o

For maximum or minimum values of A, we must have

— = o40

a2 3
=> — coser 0 sec 0 (- 3 cot 0 + tan 0) = 0

,rr xr- 
=> cosO = *

2
= — [- 3 cosec3 0 cot 0 sec 0 + cosec3 0 sec 0 tan 0] 

o

^6? + 2a2 - 2 >/(? - a2) (9r2

AQ = AP tan 0 = x tan 0

AQ = ~ cosec2 0 tan 0 = cosec 0 sec 0.

Let A denote the area of the folded part. Then,

A = ^(APxAQ)

f-3^
4

EXAMPLE 42 The lower corner of a page in a book is folded over so 
as to reach the inner edge of the page. Show that the fraction of the 
width folded over when the area of the folded part is minimum is 
2/3.
SOLUTION Let the width of the page be a units.

q2 i □
= — [(- 3 coser 0 cot 0 sec 0 + cosecJ 0 sec 0 tan 0) 

0

(- 3 cot 0 + tan 0) + cosec3 0 sec 0 (3 cosec2 0 + sec2 0)]

71When0 = we have
J

d2A a2 100 n
l?=8X3^>0

7 cosec2 0 x cosec 0 sec 0
2 2

d2A
For this value of 0, it can be checked that —- < 0 

de2
Hence, A is maximum when 0 is given by

Jr-a2 +hr^ -a2

For this value of 0, we have
AB = CD

= 2CE
= 2rsin0

fl2 3
A = — cosec 0 sec 0. o

a 2 A = - cosec 0.

Now, 

4^4 
402

71Hence, A is maximum when 0 = -.

1
2 2

a
2

a'
8

=> -3cot0 + tan0 = 0
_i~,„2 n _ o

a
2”"

2a/3 
a

Hence, the fraction of the width folded over when the area
2 

of the folded part is minimum is -.

EXAMPLE 43 One corner of a long rectangular sheet of paper of 
widthaunits is folded over so as toreach the opposite edge of the sheet. 
Find the minimum length of the crease.
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- cos 0 + 5 cos 0 cos 20 - 4 sin 0 sin 2 0

For sin 0 =

+ 5x
33

So, y is maximum when sin 0
I

3

Putting sin 0 3

[-.- AP = RP] Length of the crease = x =

a = OA = OP+ AP

=> a = x cos 0 - x cos 20 cos 0

=* x =

c0,

0 y

- sin 0 + sin 0 cos 20 + 2 cos 0 sin 20

BA X

=> sin 6 =

Now,

- cos 0 + cos 0 cos 20 - 2 sin 0 sin 2 0

+ 4 cos 0 cos 2 0 - 2 sin 0 sin 2 0

17

Fig. 9.39

Let S denote the stiffness of the beam. Then, it is given that

______ a_______
cos 0 - cos 0 cos 20

3V3fl
4

a
=> - = cos 0 - cos 0 cos 20 x

Now, 

r

= 2x X2 (4a2 - x2)2 [4a2

= 8X2 x (4a2 - x2)2 (a2 - x2)

For maximum or minimum values of S or S~, we must have

a
1 1 (■ 

13'^3
\

2> l-2x^

EXAMPLE 44 Assuming that the stiffness of a beam of rectangular 
cross-section varies as the breadth and as the cube of the depth, prove 
that for the stiffest beam, breadth must be equal to half the diameter 
of the log.
SOLUTION Let the diameter of the log be 2a and the breadth 
and depth of the beam be x and y units respectively. Then, 

x2 + y2 = (2a)2 ...(i)

T , -, we have- and cos 0 = 3

- x2 - 3X2]

2 ,'7 x --1 -4x
3 3

3‘

Hence, x is minimum when sin 0 = V|".

= and cos 0 = in (i), we get

12- or 0 = 0.
0

SOLUTION Let OA BC be the sheet of paper as shown in 
Fig. 9.37

The comer A of the rectangular sheet OABC is folded over 
along PQ so as to reach the opposite edge OC at R.

Let the crease PQ be of length x.
Let ZAPQ = 0. Then, ZPQR = 0 and ZOPR = it - 20.
In A APQ, we have

n APcos0 = pQ

=> AP = x cos 0.
In A OPR, we have

OPcos(n-20) = ^

OP=> -cos2B = ~AP
=> OP = - AP cos 20 = - x cos 0 cos 2 0.

=} - sin 0 + sin 0 cos 20 + 4 sin 0 cos2 0 = 0

=> - sin 0 (1 - cos 20) + 4 sin 0 (1 - sin2 0) = 0

=> - 2 sin3 0 + 4 sin 0 - 4 sin3 0 = 0

=» 4 sin 0 = 6 sin3 0
, 2

=> sin 0 = - or, sin 0 = 0
0

For maximum or minimum values of y, we must have 
^ = 0 
dQ

& 
d&2~

=> £ (S2) = X2 (2x (4a2 - x2)3 - 6x3 (4a2 - x2)2]

Let y = Then, y is maximum when x is minimum.

Now, 
y = cos 0 - cos 0 cos 20

dQ

d\ _ 1
d02 ^3

S * xy3

=> S = X xy3, X is the constant of proportionality.

=> S = X x (4a2 - x2)372 [Using (i)]

=> S2 = X2 x2 (4a2 - x2)3

2
3
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[v x # 0,x * 2a]

3
Now,

Putting r =

Using :0 =

Putting r =

Hence,

required sectorial area =

C

= Tt~Fig. 9.41

= 71

(i)

y
3

x
x' X=> da o

y
Using (i): — = —

y'

Fig. 9.42

1
6

1
6

y

Ln

2
3‘

dr 
da

a
2

n
3

VT7
2r-3?

arc 
radius

AB 
“ 1

da2

r* dr
da

da2

x

=> 2r-3r3 = 0

V1^7(2 -^)~ + (2r - 3?)^-

(2-6)x—J-<0 
271

d 2Clearly, — (S ) changes its sign from positive to negative 

in the neighbourhood of x = fl.
So, S or S2 is maximum when x = fl i.e. breadth of the beam 

is half the diameter of the log.
EXAMPLE 45 A conical vessel is to be prepared out of a circular sheet 
of gold of unit radius. How much sectorial area is to be removed from 
the sheet so that the vessel has the maximum volume ?
SOLUTION Let the angle AOB of the sectorial area removed be 
a. Then, *

2 'ip'-’?

da

d ■)— (S2) = 0 => x = fl 
ax

r2 
3*

EXAMPLE 46 (at2,2flt(); i = 1,2,3 are the vertices of a triangle 

inscribed in the parabola y2 = 4ax. A parallellogram AFDE is drawn 
with D, E, F on the line segments BC, CA and AB respectively. Show 
that the maximum area of such a parallelogram is 
qL
~2 0] “ If) ^2 ~ •

SOLUTION Let DE = x and DF = y. Draw FN perpendicular to 
AE. Triangles ABC and DEC are similar.

\ 7^\C(ot3.2at3)

Fig. 9.40

=> AB = a
=> ACB = 2n-a
=> Circumference of the base of the cone = 2tc - a 

Let r be the radius of the base of the cone. Then, 
2nr = 2n-a

For maximum or minimum values of V, we must have 

da

dV 
da

1 a
r~^-2n

Let V be the volume of the vessel. Then,

V = ^nt^xOD

=> V = ^Tir2^! -r2

dV 
da

dV = n [~2r (I - r2) - r3! dr 
da 3

■‘‘R

Hence, V is maximum when r =

'2- in (i), we get

„ 2>/f7t
a = 271----- tt-

71 (I)2
271 ’a

' da ‘

(1-?)
12 , dr 1- and — = - — > we get3 da 2ti 6

dr
da

-1
271

1
6
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CD o'
(i)=s x =

Q -tAP

I
h’[•.• FN = FA sin A = x sin A] R

ysin A=> sj>N x

a
=>

Fig. 9.43

=>

and, -V sin A

(i)

S = 7

h =

=> S = - (Area of A ABC)

V =

For maximum or minimum value of V, we must have

I

a-b
a-x

21 
a-b

SOLUTION Let 2x metre be the length of the diagonal of the 
square cross section of the beam and let h metre be its height.

b

i

1 
h

djv 
dx2

I {a-x) 
a-b

b

-. . d2S 
Clearly,—r =

d)T

M

’’’ DE = EC 

c b 
x b-y

(b-y)c 
b

Let S denote the area of parallelogram DFAE. Then, 

S = AE. FN

at2 
at2

Putting the value of h in (i), we get 

2x2l{a-x) 
a-b

= (2ar-3?)and ~ = -~{2a-bx)
dx a-b dx2 a~b

<2

-2c—y sin A < 0 for all y.

Area of A ABC = | be sin A

= (iJX2 -x3) 
a - b

2
= y (^i - ^2 ~ y dV . 2a n -7- = 0 => x = — ,0. dx 3

n 2^For x = —, we have

<11
f2 1
3 1

L r 2^ 2n-6x— =ok /

s = | {by-y2) sin A

dS c ..... .^ = ^b-2!/)sinA

d2S 2c . ,
—7 = - v sin A
dy2 b

For maximum or minimum, we must have

7=0 dy
=> | (b - 2y) sin A = 0

We have,
OA = OB = a, O'C = O'D = b and LN = 2x.
Let V be the volume of the beam. Then,

V = Area of base x height

= | (Diagonal)2 x height

= | (LN)2 x PL

= |x(2x)2x/i

= 2?/i
Draw CS1 AB.
Triangles BCS and BPL are similar. Therefore,
CS = BS
PL BL

S - xy sin A 

c _ {b~y)c 
b

2"'i 1

t2 2^3 1
-S=lxl

2 2

EXAMPLE 47 A tree trunk I metre long is in the shape of a frustum 
of a cone, the radii of its ends being aandb metres {a > b). It is required 
to cut from it a beam of uniform square cross section. Prove that the 

beam of greatest volume that can be cut is metre long.
-4al .
---- L<0a-b

. a2

Hence, S is maximum when y =

The maximum value of S is given by
. <l2 .2)

S = 7 - — sin Ab 2 4

=* S = | be sin A
4

- 1
2
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=> 3 cos 0-1=0
h =

Fig. 9.45

[•«• Diagonal = VT (side)]Side of the square base =

=>
d km

=>

x km A

'1 =

Fig. 9.46 

sp = 'ld2+x2

A2
x (r + r cos 0)

d2V  
dO2 "

Since the swimmer swims at a speed of u km/hr. So, time 
taken by him to cover the distance SP is

'Id2 + x2
u

Now,

| r3 cos 0 (3 cos2 0 + 2 cos 0 -1) 
dQ2 3

2 i+ - r sin 0 (- 6 sin 0 cos 0 - 2 sin 0)

,, lf2rsin0
V = 3

Hence, V is maximum when x =

Putting x = ~ in h =

Fig. 9.44

Let r be the radius of the sphere. Then, 
Height of the pyramid = r + r cos 0 
Diagonal of the square base = 2 r sin 0 

2r sin 0

Let V be the volume of the pyramid. Then, 
*

V = | (Area of the base x Height)

=> COS0 = -.

^ = 0

=> sin 0 (cos 0 +1) (3 cos 0 -1) = 0
sin 0 = 0 and cos 0 +1 = 0 

are not possible

1 I'llFor cos 0 = - and sin 0 = -r-, we have

^^<0

Hence, V is maximum when cos 0 = 7 and sin 0 = — 
3 3

The maximum value of V is given by

3 81

V2 
k 7

V = | r3 sin2 0 (1 + cos 0)

=> = | r3 [sin 20 (1 + cos 0) - sin3 0]

= | z3 [2 sin 0 cos 0 + 2 sin 0 cos2 0 - sin3 0]

= | r3 x sin 0 (2 cos 0 + 2 cos2 0 - sin2 0)

= | r3 sin 0 (3 cos2 0 + 2 cos 0 -1)

2 1= - r3 sin 0 (cos 0 + 1) (3 cos 0-1)

For maximum or minimum values of V, we must have

al
3 (a-b)

Hence, the height of the beam of maximum volume is 
al

3(fl-b)'
EXAMPLE 48 A regular square pyramid is inscribed in a sphere of 
given radius R so that all vertices of the pyramid belong to the sphere. 
Find the greatest value of the volume of the pyramid.
SOLUTION If we cut the sphere, from the centre along the 
diagonal of the square base, we get the view shown in Fig. 9.44

EXAMPLE 49 A swimmer S is in the sea at a distance d km from the 
closest point A on a straight shore. The house of the swimmer is on 
the shore at a distance L km from A. He can swim at a speed of u km/hr 
and walk at a speed of v km/hr. (v > u). At what point on the shore 
should he land so t hat he reaches his house in the shortest possible 
time ?
SOLUTION Suppose the swimmer lands at a point P on the 
shore such that AP = x km. Then,

I (fl ~ x)—rS we get a-b 0

B P 
(L-x)km

L km

64
81
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P
Time taken by him to cover the distance BP =

Roada meters

e
R SL

T ==3

M Q

and, cos 6 =

=> sin0 = —

=>

=>

=> x = and,,2

Forx =

For maximum and minimum values of x, we must have

Hence, T is minimum when x = ,2 ‘

Thus, the swimmer should land at a distance
=> sinO =

,2/3
=4> COS0 =

,2/3

Hence, x is maximum when sin 0 = (fl/b)1/3. Consequently,

7 

■Vb2/3-P/3 < 0.

exceed its maximum vlaue. Thus, we have to find the maxi­
mum value of x.

point A.
EXAMPLE 50 A lane runs at right angles out of a road a metres wide. 
Find how many metres wide the lane must be if it is just possible to 
carry a pole b metres long (b > a) from the road into the lane keeping 
it horizontal.
SOLUTION Let PQ be the given pole of length b metres. When 
this pole is carried from the road into the lane, its end P will 
rest on the side of the wall and the end Q will rest in contact 
with the side of the lane.

A point R on the pole will be at the turning R as shown in 
Fig. 9.47. Let the width of the lane be x metres. If it is just 
possible to carry the pole from the road into the lane, keeping 
it horizontal, then the width RS (= x) of the lane shoule not

The swimmer has to walk distance BP to arrive at his house 
at the speed of v km/hr. So,

Lane
Fig. 9.471 

u

1
V

T/2 4- X2 

U

x 1
Vd2 + x2 v

,2,3/2 
>0.

ud 
'lvi-u‘

= -3b2'3

a
- - pR

PR = a cosec 0 
b = PR + RQ 
b = a cosec 0 + x sec 0 
x = b cos 0 - a cot 0 

dx 
dB

=>

But,

d2T
dx2

=> t? x2 = u2 d2 + u2 x2

L-x
V

Let Tbe the total time taken by the swimmer to arrive at his 
house. Then,

T = fi + f2

v

1
PT

t1/3

x 
and, cos0 = —

and, QR = x sec 0

ud 
'Iv2 - u

ud 
>/v2-u‘

y, we have

ud
T? - u

x2 
(d2 + x2f2_

d2X 2
—z = - b cos 0 - 2a cosec2 0 cot 0 
de2

2 
= - b sin 0 + a cosec 0

d2x
Putting the values of sin 0 and cos 0 in , we get,

= 0 => - b sin 0 + fl cosec2 0 = 0 
de

. d2T and, — = 
dx2

pf/3
b k 7

b1/3

d2 (y2 - u2y 
uJd3

In triangle PLR and QRM, we have

. Q PL , n MQ sin0 = PR and, c°s0 = -^

-a2'3 
«1/3 ’

x 
=> —r-s—=

UN(F +

d2
u (d2 + x2)3/2

For maximum or minimum values of T, we must have

dT7- = 0dx

. 3 a a=> sin 0 = 7 b

dT _
dx ’ M

(,2/3 7^73 
-2”X^X

yfrom

d2x ,
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= b
a

b
□

=> P = Xs

= Xs

For maximum or minimum values of S, we must have => Xs = 0

=> 2v = 3c

Now,

= Xs

[v x>0]=> x =

d^P 
dv2

ac
(b±a)

\ 7
= (b2/3-a2/3)3/2

EXAMPLE 51 Towns A and B are situated on the same side of a 
straight road at distances a and b respectively from it. Perpendiculars 
drawn from A and B meet the road at the points C and D respectively. 
The distance between C and D is c. A hospital is to be built at a point 
P on the road such that the distance APB is minimum. Find the 
position ofP.
SOLUTION Let the hospital be built at a point P such that 
CP = x. Then, DP = c~x.

3 => v = -c

ac=> x = ;----b + a

d2P
~ = 18Xs>0 
du2

(v - c)2 (6v2 - 6uc) - 2 (2v3 - 3v2c) (v - c) 
(v-c)4

„ 3C , For v = ~' we have

2
t i i , j u. t d S _ , ac
It can be checked that —r > 0 for x = 7—.

dx2 b + a
Hence, S - APB is minimum when the hospital is made at

QCa distance from point C.

example 52 Assuming the petrol burnt in driving a motor boat 
varies as the cube of its velocity, show that the most economical speed

3cwhen going against a current ofc miles per hour is — miles per hour.

SOLUTION Let the motor boat be going against the current at 
the speed of v miles per hour. Suppose the motor boat is to 
cover a distance of s miles. Since the motor boat is moving 
against the current. So, it will cover the distance of s miles with 
effective speed of (v - c) miles per hour in time

t = —hoursv— c
Let P be the quantity of petrol burnt in time t. Then,
P = X v3 x t, X is a constant Petrol burnt«(velocity)3]

=> P = X —v-c

T-0 dx

dv

dP .=> -5- = X s dv

---- 175—

dCx = -— > c, which is not possible 
b-a

v-c \ /
3v2 (v-c) - v3

(v-c)2

2v3 - 3v2 c
(v-c)2

For maximum or minimum values of P, we must have

Required width of the lane is given by 

x = bcosQ-acotO 

Hi>2'3-?/3i 
(,1/3

(c-x) 
b2 + (c- x)2

Town; B

Town: A /

\/

c x P (c-x) D Road
(Hospital)

Fig. 9.48

In right triangles ACP and BDP, we have

AP2 = a2 + x2 and BP2 = b2 + (c-x)2

Let S = AP + BP. Then,

S = ^a2 + x2 + 'lb2 + (c - x)2

dS _x
dx y/a2 + x2

dP 
dv

X _ c-x
'la2 + x2 Vb2 + (c - x)2

=> x2 |b2 + (c — x)2) = (a2 + x2) (c - x)2

=$ x2^ = (c - x)2 (a2 + x2 - x2)

=> x2 b2 = a2 (c - x)2

=> bx = ± a (c - x)

=> bx± ax = ±ac

2v3 - 3v2c 
(v-c)2

=> 2v3-3v2c = 0
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= Rs. 30345.86.C = Rs.

[Given]

,2

a + b + c = l b + c = l-a]

(i)

Now,

C ==>

...(ii)

v2

[•.• I + a > 0]

=> I < 3av =

=> a > 1/3

(iii)=> a e [Z/3, /)

1875
2

dC 
dv

=> (b + c)2-a2 = 3bc

=> (/-a)2-a2 = 3bc

EXAMPLE 54 A long wire of length I cm is bent to form a triangle 
with one of its angle as 60°. Find the sides of the triangle for which 
area is the largest.
SOLUTION Let ABC be the triangle formed by folding the wire 
of length I cm such that ZA = 60°, BC = a, CA = b and AB = c.

Then, a + b + c = /.

1
2

Now,

ZA = 60°

1056
+ 5

r. (b-cj2 - (b + c)2-4bc

=> (b-c)2 = (Z-a)2-^Z(Z-2a)

198000 x5
1056-

Hence, the most economical speed is
J/3

■ =9.78km/hr

396000
V3

198000 
v2

(b-c)2 > 0

528 „ + —x2u5

=> l? =

r  1980
V

=> b2 + c2 — a2 = be

=> (b-c)2 = |(-Z2 + 2aZ + 3a2)

F = Z
750

=> (l-3a)(l + a) < 0

=> l-3a < 0

-198000 528 o=*---- z— + —x2u = 05

X = 7^-
750

=> l2-2al = 3bc

=> l2-2al-3a2 < 0

For maximum or minimum, we must have

dv

=>F = Xv3

j(-l2 + 2al + 3a2) > 0

be = 11 (I - 2a) and b + c = I - a

It is given that F = 4.5 when v = 15.

4.5 = X x 153 . 1=> cos A = -

. d2C 
and, — 

dv2

3cHence, P is minimum when v = ~.

Hence, the most economical speed when going against the 
.3cunent is - c miles per hour.

EXAMPLE 53 The amount of fuel consumed per hour by a certain 
steamer varies with the cube of its speed. When the speed is 15 
kms/hour, the fuel consumed is 4.5 tonnes of coal per hour at Rs 40 
per ton. The other expenses total Rs 100 per hour. Find the most 
economical speed and the cost of a voyage of 1980 kms.
SOLUTION Let F tons per hour be the consumptionof the fuel 
when the speed of the steamer is v km/hr. Then,

Fa?

198000 528 2 --------+ -~-uv 5

ri i a: fl875?/3
Clearly, — > 0 for v = -r~

dv I 2 J

<1875?/3
2

d2C

Total time taken by the steamer to cover a distance of 1980 
1980kms at the speed of v km/hr is t = hours.

Let C be the total cost of voyage. Then,

v3 
100F-X40

b2 + c2 - a' 
2bc

[1875 
2 

\ 7
and, the cost of voyage is

1^0 + 5|8x(9 78)2 
37. /O O
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Let A be the area of A ABC. Then,
P(6,8)

[Using (i)]

-2/) < 0

[•.• a g [1/3,1) From (iii)] .

0<eC<n/2]=> tan 0 =

COS0 =

<0.
=> cos 0 =

=> MQ = r cos 0 and OA4 = r sin 0

QR = 2MQ = 2rcos0
,2

and,

PM = OP-OM = lO-rsin0
[See page 30.79]A =

Let A denote the area of &PQR. Thus,

sin0 =
[(100 - r2)3/2-3 r2 (100- r2)172]

MQ 
OQ

1
4?3

r

dr

r 
= 100 - •fl15 <3

8. . — OM and sin 0 =----r

=> A is a decreasing function of a.

Substituting a = and b = c in a + b + c = I, we get

Putting a = in (ii), we get b = c.
J

. . . OM
and s,n 6 ' OQ

=> A is maximum for a = 7

a - b = c = |

Hence, area is maximum when sides of the triangle are 
equal and each equal to 1/3.
EXAMPLE5S For the circle x2 + y2 = r2,find the value of rfor which 
the area enclosed by the tangents drawn from the point P(6,8) to the 
circle and the chord of contact is maximum. [IIT 2003]
SOLUTION We have,

In A OMQ, we have

Fig. 9.49

=> A = 10 sin 0 cos 0 (10 -10 sin2 0)

=> A = 100 sin 0 cos3 0.

:. = 100 (cos4 0-3 cos2 0 sin2 0)
at)

and,
d^A
—7 = 100 (-10 cos3 0 sin 0 + 6 sin3 0 cos 0) 
dB2

Now,
^ = 0 
de

=> A = ^(2rcos0)x(lO-rsin0)

A = | be sin 60°

A = | QR x PM

=> A = ^| (l2-2nl)

=> cos4 0 - 3 cos2 0 sin2 0 = 0

=> tan2 6 = |

1
13

dh
da

'd^A

>9 = x/6

Thus, A is maximum when 0 = n/6 and hence 
r = 10 sin n/6 = 5.
AL1TER We know that the area of the triangle formed by the 
tangents drawn from a point P(h, k) to the circle x2 + yl = a' 
and their chord contact is given by

a(h2 + l?-a2)3'2
h2 + l? ’

In this case, we have
a = r and (ft, k) = (6,8).

■■■ x = T5o (1° -

100

A 1 , =>A = 2bc [y J
=> A = — be 4

OQ = jr_
OP 10

=>r = 10 sin 0

=*0 = 7.
6

1
2
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(100-4?)=>
[vr*10]

EXERCISE 9.1

b2

x ' where the tangent

/(*) =
7.

18. Evaluate the expression

c 1 and show that it attains a maximum of

1 which are far-4

1348
15 '

1. Find the values of a and b, if f (x) = a log | x | + bx2 + x has

f 1 Vi 
r \ / \ 7

13. Find the area of the greatest rectangle that can be inscribed 
x2 V2

in the ellipse — + ^ = 1.

2
£

.2

4 sin 2x
4sin2x

1 + 4 sin 2x
.2 3/2

—-— at a point of the

b-4 =h2

cos2x 
2 

1 + cos X 
cos2x

=> (100-?)1/2(25-?) = 0
=> r = 5

dAClearly, — changes its sign from positive to negative in the 

neighbourhood of r = 5.
Thus, A is maximum when r = 5.

ir ellipse — + =
a2 b2

a2/b and fl minimum of b2/a.

19. Find the points on the curve ax2 + 2bxy + ay2 = c, c>b>
fl > 0, whose distance from the origin is minimum.

x2 v2
20. Find the normals to the ellipse — + =

thest from its centre.
21. Find the coordinates of a point on the parabola
y = x2 + 7x + 2 which is closest to the straight line y = 3x - 3.

,4

r2 sin2 0 cos2 0
9. Show that a triangle of maximum area that can be inscribed 
in a circle of radius a is an equilateral triangle.
10. The coordinates of a point P on a curve are x = fl cos5 0, 
y = fl sin5 9, where 0 is a parameter. Prove that the least dis­
tance of P from the origin is fl/4.
11. If x > 0, find the least value of the function

9??
/(x) = 4x + — + sin x.

12. Show that the maximum and minimum values of x2 4-y2, 
where ax2 + 2/zxy + by2 = 1 are given by the roots of the quad­
ratic

ADetermine the constants A and B so that/(x) = — + Bx has 

a minimum at (1,6).
8. Find the maximum and minimum radii vectors of the 
curve

then find/(x).
6. A biquadratic polynomial has a relative maximum/mini- 

2
mum at x = 0, ± 1 and /(0) = 3. If J/(x) dx = prove that 

-2
/(x) = |(x4-2x2 + 18).

0

dA = (100~?)1/2 
dr 100

=» ^ = ^(100-d,/2 (25-7)

For maximum or minimum, we have
rfA n
* = 0

16. Find the point on the curve y = 

to the curve has its greatest slope.
17. Find the maximum value of

9
1 + sin x 

sin2x 
sin2x

x2 v2
14. A rectangle is inscribed in the ellipse —- + = 1 with its

x uU

sides parallel to the axes of the ellipse. Find the dimensions of 
the rectangle if its perimeter is maximum.
15. From a fixed point P on the circumference of a circle of 
radius fl, the perpendicular PM is let fall on the tangent at point

3^3” 2
Q. Prove that the maximum area of APQM is —-—■. 

o

its extreme values at x = -1 and x = 2.
2. If/(x) = x3 + ax2 + bx + chas a local maximum atx = -1 and 
a local minimum at x = 3. Determine the constants fl, b, c.

3. If the function /(x) = 4) ^as turn*n8 point at

P (2, -1). Find the values of a and b and show that y is maxi­
mum at P.
4. Investigate for maxima and minima the function

x
/(x) = J (2 (t -1) (t - 2)3 + 3(f -1)2 (f - 2)2} dt

1
5. A biquadratic polynomial /(x) has a local maximum/

2
minimum at x = 1,2 and 3 and/(-1) = 0. If J/(x) dx = 

-2

[1 + (dy/dx) ] 

A 
dx2

r2
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semi-vertical angle is sin'

where a and b (« > b) are the sides of the original rectangle. Find 
the corresponding result if the given metal sheet be a square.
38. A window of fixed perimeter (including the base of the arc) 
is in the form of a rectangle surmounted by a semi-circle. The 
semi-circular portion is fitted with coloured glass while the 
rectangular part is fitted with clear glass. The clear glass trans­
mits three times as much light per square metre as the coloured 
glass does. What is the ratio of the sides of the rectangle so that 
the window transmits the maximum light ?
39. A thin closed rectangular box is to have one rectangular 
edge of n-times the length of another edge and the volume 
of the box is given to be V. Prove that the least surface S is 
given by

nS3 = 54 (n +1)2 V2
40. A given quantity of metal is to be cast into a half cylinder, 
i.e. with a rectangular base and semi-circular ends. Show that 
in order that the total surface area may be minimum the ratio 
of the height of the cylinder to the diameter of the semi-circular 
ends is n: it + 2.
41. If the sum of the areas of a cube and a sphere is constant, 
what is the ratio of an edge of the cube to the diameter of the 
sphere, when the sum of their volumes is minimum.
42. A sector is cut out of a circular sheet such that when made 
into a funnel it will have the greatest capacity. Find the central 
angle of the sector.
43. Show that the greatest value of nx + by where x and y are 
positive and x2 + x\j + y2 = 3k2 is 2k ^la2 -ab + b2.
44. A bell-tent consists of a conical portion above and a 
cylindrical portion near the ground. For a given volume and a 
circular base of a given radius, prove that the amount of canvas 
used is minimum when the semi-vertical angle of the cone is 
cos-1 -1

3 ‘
k J

45. A flower bed is to be in the shape of a circular sector of 
radius r and the central angle 0. Find r and 0 if the area is fixed 
and the perimeter is minimum.

LL' is the latusrectum of the parabola y2 = 4ax and PP1 is a 
double ordinate between the vertex and the latusrectum. Show 
that the area of the trapezium PP' LL' is maximum when the 

------  . a
9*

47. A person being in a boat a miles from the nearest point of 
the beach, wishes to reach as quickly as possible a point b miles 
that point along the shore. The ratio of his rate of walking to 
his rate of rowing is sec a. Prove that he should land at a 
distance (b-a cot a) from the place to be reached.
48. A ladder is to be carried in a horizontal position round a 
corner formed by two streets a metres and b metres wide at right 
angles. Prove that the length of the longest ladder that will pass 
round the corner without jamming is (a2^ + b2/3)3/2’
49. Two towns are to get their water supply from a river. Both 
towns are on the same side of the river bank. If the distance 
between the points on the river bank nearest to two towns be 
10 km, find:

(a) where a single pumping station may be located requir­
ing the least amount of pipe,

cone is sin”1

22. Find the point on the hyperbola 18.x2 - 24y2 = 432 which is 
nearest to the line 3x + 2y +1 = 0. Compute the distance be­
tween the point and the line.
23. Find (he dimensions of the rectangle of greatest area that 
can be inscribed in a semi-circle of radius r.
24. Find the point on the curve y = x2 which is closest to the 
point A (0, a).
25. A printed page is required to contain k square units of 
printed matter. Side margins of width a and top and bottom 
margins of width b are required. Find the length of the printed 
lines when the page is designed to use the least paper.
26. Show that for a given total area of two boxes, one in the 
form of a rectangular parallelepiped with its sides in the ratio 
6:3:1 and another in the form of a cube, the total volume is 
minimum when the ratio of their surface areas equals that of 
their volumes.
27. The strength of a beam varies as the product of its breadth 
and square of its depth. Find the dimensions of the strongest 
beam which can be cut from a circular log of radius a.
28. A straight line is drawn through the point A (2,4). Its 
segment forms a triangle with the segments (x > 0, y > 0) of the 
coordinate axes. What must be the length of the larger leg for 
the area of the triangle to be least?
29. It is required to construct an open cylindrical reservoir of 
capacity n cubic units. The thickness of the material is t. What 
dimensions should the reservoir have to have the least possible 
cost?
30. A cone is circumscribed to a sphere of radius r. Show that 
the volume of the cone is minimum if its altitude is 4r and its

31. Find the vertical angle of a right circular cone of minimum 
curved surface that circumscribes a given sphere.
32. For a given curved surface of a right circular cone, show 
that the volume is maximum when semi-vertical angle of the

\ J
33. Prove that the least perimeter of an isosceles triangle in 
which a circle of radius a can be inscribed is 6n V3.
34. Prove that the greatest volume which can be inscribed in a distance of PP' from the vertex is - 
given sphere has an altitude equal to (2/3)rd the diameter of 
the sphere. Prove also that the curved surface area of the cone 
is maximum for the same value of altitude.
35. Three sides of a trapezium are equal, each being 6 cm long. 
Find the area of the trapezium when it is maximum.
36. Find the dimensions of the rectangle of perimeter 36 cm 
which will sweep out a volume as large as possible when 
revolved about one of its sides.
37. A rectangular sheet of metal has four equal square portions 
removed at the comer and the sides are then turned up so as to 
form an open rectangular box. Show that when the volume 
contained in the box is maximum the depth will be

| [(a + b) - (a2 - ab + b2)1/2l
6 L J
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+ 1}, where0 <x<^

1

24. (0,0) if a <-
7

and Min. radius vector does 25.

13. 2ab 27.

31. a = sin
19.

38. 6 :6 + it 41. 1:136. 12 cm, 6 an

c_
h + b

14. 18,32

15. (0,0)

17. 6

8. Max. radius vector = 

not exist

60. If f (x) = cos3 x + X cos2 x, x e (0, n). Find the range of X so 
that f (x) has exactly one maximum and exactly one minimum.
61. If 'a' is the lateral edge of a rectangular pyramid and a is 
the angle made by a lateral edge with the base. Prove that the 
volume is maximum when a = cot-1 yl2.

2a

c
2<(n + b)

Find /(x).
56. Find the values of p for which

/(x) = x3 + 6 (p - 3) x2 + 3 (p2 - 4) x +10 
has positive pointof maximum.
57. Find the absolute maximum and absolute minimum of the 
function

2. a = - 3, b = - 9, c e R

3. a = 1, b = 0

5. f (x) = x4 - 8? + 22x2 - 24x - 55

7. A = B = 3

c
2 (a + b)

2 /

,±v

58. P is any point on the curve y =/(x) and C is a fixed 
point on the curve. If the length PC is extremum, prove that 
PC is perpendicular to the tangent at P.

ANSWERS

20. V3x - V2y = ± V5, ^3x + VTy ± VE
21. (-2,-8)

22. (6,-3), (-6,3)

23. Length = V2r, Breadth =

' 2'k

28. 8 units

29. Height = radius of the bar = 1 unit 

T1 (VI-1) 35. 27/3 cm2

,2a\^
' 3

59. Find the condition that/(x) = x3 + ox2 + bx + c has

(i) a local minimum at a certain x e R+

(ii) a local maximum at a certain x e R~

(iii) a local maximum at certain xe R~ and minimum at certain 
xe R+.

(b) how much pipe be needed ?
50. A firm has a branch store in each of the three cities 
A, B and C. A and B are 3 km apart and C is 200 km from each 
of them. A godown is to be built equidistant from A and B. In 
order to minimize the time of transportation it should be 
located so that sum of the distances from the godown to each 
of the cities is minimum. Where should the godown be built ?
51. Two roads OA and OB intersect at an angle of 60°. A car 
driver approaches O from A where OA = 600 metres at a 
uniform speed of 20 m/sec. Simultaneously another car moves 
from 0 towards Bata uniform speed of 25 m/sec. Find the time 
when the two cars are closest.
52. A private telephone company serving a small community 
makes a profit of Rs 12 per subscriber, if it has 725 subscribers. 
It decides to reduce the rate by a fixed amount for each sub­
scriber over 725, thereby reducing the profit by one paisa per 
subscriber. Thus there will be profit of Rs 11.99 on each of 726 
subscribers, Rs 11.98 on each of 727 subscribers etc. What is the 
number of subscribers which will give the company the maxi­
mum profit ?
53. The fuel charges for running a train are proportional to the 
square of the speed generated in kms per hour and costs Rs 48 
per hour at 16 km/hr. What is the most economical speed if the 
fixed charges i.e. salaries etc. amount to Rs 300 per hour?

54. When travelling x km/hr, a truck bums diesel at the rate
1 (900 'l

of 2qq ~ + x lit1-65 Per km- the diesel oil costs 40 paise per 

litre and driver is paid Rs 1.50 per hour, find the steady speed 
that will minimize the total cost of the trip of 500 km.

■c 1 
ifa>-

/(x) = loge {(sin x)smi

nF— units b

55. A biquadratic function/(x) has a realtive maximum/min- 
2

imum at x = 0,x = l and x = -l,/(0) = 3 and f /(x)dx = —.
45-2

1. a = 2,b =
2

' 2' 2k

1
2
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57. Absolute Max. = loge245. r = Varea? 9 = 2 radians42. 2n

Absolute Min. = loge
52. 963 53. 40km/hr

54. 45 km/hr 56. pe (-«>,-2) u (2,13/6)

HINTS TO SELECTED PROBLEMS

11. We have,

f (x) = 2>lx -
=> 0 =>

3n
NX

2
3 1 

e

\i/e
+ 1

\2
- +12 n + sin x

.-. Min. value of f(x) is 12n -1.

17. First apply: R} -» R} - R2 and R2 -> R2 - R3. Then, apply 
C] -> C] + C2 to obtain/(x) = 2 + 4 sin2 x.

22. Take the point as (2VfT sec 9,3^2 tan 9).

25. Let the length and breadth of the page be x and y units. 
Then, we have to minimize A = xy subjected to 
(x - 2b) (y - 2a) = k.
26. Let the edges of 1 box be 6x, 3x, x that of II box be y.

Then, 54a-2 + by2 = X (const) (given). Let V be the total 
volume. Then,

V = 18.? + y3

■.•54x2 + 6y2 = X 
=> 108x + 12y^ =

dV 2 O2f-9x'— = 54x + 3/ -----dx V d}L_Jx 
dx y

Clearly, changes its sign from negative to positive at 

x = y/2. Therefore, V is minimum for x = y/2.
28. Let the line be y - 4 = m (x - 2) and let A be the area of 
triangle formed by the line with the coordinate axes.

1/ 4> ( 2)Then,A = ^ 2-- (4-2m) = 2 1-- (2-m) 1 ml
\ J

dx J dx

51. After —sec.51

For max or min, we must have

dV A— = 0 => y = 2x.dx J

dV
^Tx-17x^

if
2

4^
m



INDEFINITE INTEGRALS

= xn,n*-l + C, n * -1(i)X =>

= oz,a>0,fl*l=> J dtdx = + C

=>

=>

=>x

ThuS/ £ + <=> f Ax)= 0 (*) + c

10.1 PRIMITIVE OR ANT-DERIVATIVE OF A FUNCTION
A function 0 (x) is called a primitive or an antiderivative of a function 
fa)f

CHAPTER

10

ax 
logn

=> J cot x dx = log | sin x | + C

=> J cosec x cot x dx = - cosec x + C

where 0 (x) is primitive of/(x) and C is an arbitrary constant 
known as the constant of integration.

Here j is the integral sign, /(x) is the integrand, x is the 

variable of integration and dx is the element of integration or 
differential of x.

The process of finding an indefinite integral of a given function 
is called integration of the function.

It follows from the above discussion that integrating a 
function/(x) means finding a function 0(x) such that 

£(1>W) =/(4

10.2 INDEFINITE INTEGRAL AND INDEFINITE 
INTEGRATION

Let /(x) be a function. Then the collection of all its primitives is called 
the indefinite integral affix') and is denoted by J /(x) dx.

J cosxdx = sinx + C

J sinxdx = -cosx + C

J secxtanxdx = secx + C

sec x dx = tan x + C

0' (X) =/(x).
Let 0 (x) be a primitive of a function /(x) and let C be any 

constant. Then,

£ |0 (x) + C) = 0' (x) = /(x)

(xi) £ (log sin x) = cot x

=> 0 (x) + C is also a primitive of/(x).

Thus, if a function/(x) possesses a primitive, then it posses­
ses infinitely many primitives which are contained in the ex­
pression 0 (x) + C, where C is a constant.

v4 ^4 4
For example, + 2, — -1 etc. are primitives of x3.

(viii) £(-cot x) = cost

(ix) £ (sec x) = sec x tan x

(x) -7- (- cosec x) = cosec x cot x 
dx

J cosec2 x dx = - cot x + C

10.3 FUNDAMENTAL FORMULAS ON INTEGRATION
Since £ (0 (x)| = /(x) <=> f /(x) dx = 0 (x) + C, therefore based 

upon this definition and various standard differentiation for­
mulas, we obtain the following integration formulas:

w dx » + i

(ii) £(logx)4
(iii)

f

(xii) £ (- log cos x) = tan x

=> j.tanxdx = -log | cosx | + C

(v) £ (-cos x) = sin x

(vi) £ (sin x) = cos x 

vii) £ (tan x) = sec2 x

f y'i + 1
J x”dx = £—r 
J n + 1

J ^x = log I x | +C

=> J e* dx = / + C
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a

+ C

+ C

+ C,n # -1
1

a dx

+ C adx

d {ax + b)n

•.J^x = log |x|+C
+ C

dx

X .adx

+ c = | J fx + b d {ax + b)

[•_• j fdx = / + C]a x

+ C=>

10.4 SOME STANDARD RESULTS ON INTEGRATION

f{x)dx =/(x)

= | j sin (ax + b). a dx

= - J sin (ax + b) d {ax + b)

x 
a

\ x
a

x]_ 1
a I Vfl2 -x2

1 
.2

X 
a

7

1

. 1 rdx = - cot 
a

dx = - cosec a

, J
... f flxdx = -p----c

J log, fli.e., the differentiation of an integral is the integrand itself or differen­
tiation and integration are inverse operations.
(ii) j k f{x) dx = k\ f(x) dx, where k is a constant

i.e., the integral of the product of a constant and a function = the 
constant x integral of the function.

(iii) J (/(x) ±g(x)| dx = J /(x) dx ± J g(x) dx

(xv) ~ sin' dx \

=> f

1
fl2 + X2

(xviii) ~ -cof dx a

=4 -

x V:
. . d (1 (xx) — - cosec dx a

\

(xiv) (log (cosec x - cot x)) = cosec x

=> j cosec x dx = log | cosec x - cot x | + C

x d f
dx

i.e., the integral of the sum or difference of a finite number of functions 
is equal to the sum or difference of the integrals of the various 
functions.

■
The above results can be generalized to the form

J [ki J(x) ± k2f2 (x) ± k3f3 {x)±...±knfn (x)J dx

= h J fi(x) dx ± k2 j f2{x) dx±...±knj fn(x) dx 

i.e., the integration of the linear combination of a finite number of 
functions is equal to the linear combination of their integrals. 
GENERALIZATIONS OF FUNDAMENTAL RESULTS ON INTEGRA­
TION

We have,
(i) J(flx + b)"t/x

= | J {ax + b)" a dx

= “ J («x + b)n d {ax + b) d{ax + b) = -~^ {ax + b).dx=adx 

t x” + 1’
... J x" dx = —r + C J n + 1

j- dx = cos'

(xiii) (log (sec x + tan x)) = sec x

=> j sec x dx = log | sec x + tan x | + C

(xvii) -7-1- tan' 
dx fl

(xix) — -sec 
dx ax

-J
= lC“”b + C 

a

(iv) f fl'

= | j acx + d. c dx

~ c + d {ex+ d)

1 acx+d ,r 
c 10gffl

(v) j" sin(flx + b) dx

1 1
y a2 + x2

1 
dx = - tan

fl

1___
PT?

=2*rfx = sin'

icx+ddx

____

' X 5 

fl
k 7

4-'
\ 7

1 
fl2+x2

1
Vfl2 - x:

, .. d f -1. 
(xvi) — COS ■

dx 1

a
7
j 1

=T dx = - sec'x‘-fl2 a

1
PT?

f-' 
a

X 7
1 __

:2-fl2

= 1 (flx + b)" + 1 
fl n + 1

<u> I
= M — a J ax + b

— f — fl J (flx + b)

= | log |flx + b| +C

(iii) J

= 1 f extb a J

1
a2^

d (1 _■

dx
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J cosxdx = sinx + C

J cosec2 x dx = - cot x + C

(xv) J

d (bx + c)

bdx

= - log | cosec (ax + b) - cot (ax + b) | + C

[-.♦ J cosec dx = log I cosec x - cot x | + C]

J cosec x cot x dx 
= - cosec x + C

= log | sin x | +C

dx = sin 1 - + C a

j sinxt/x = -cosx + C

□_

= -“log | cos (ax + b) | +C J tanxrfx = -log |cosx| +C 

(xii) J cot (ax + b) dx

= “J cot(ax + b)adx

= “ J c°t (ax + b) a dx

= | f cot (ax + b) d (ax + b)

= - log | sin (ax + b) | + C

(xiii) J sec (ax + b) dx

= - f sec (ax + b) a dx
a J

= - f sec (ax + b) d (ax + b)
a J

= - log I sec (ax + b) + tan (ax + b) | + C a
[v j sec x dx = log | sec x + tan x [ + C]

(xiv) J cosec (ax + b) dx

= - j cosec (ax + b) a dx

= - J cosec (ax + b) d (ax + b)

= - log | cosec (ax + b) - cot (ax + b) | + C

41
41

1 
b

(xvi) J

= “ cos (ax + b)+ C

(vi) j cos (ax + b)dx

= | J cos (ax + b) a dx

= | f cos (ax + b) d (ax + b)

= sin (ax + b) + C

(vii) j sec2(ax + b)dx

1 r 2
= - J sec (ax + b) a dx

= - j sec2 (ax + b) d (ax + b)

= | tan (ax + b) + C

(viii) | cosec2 (ax + b) dx

1 f 2= - J cosec (ax + b). a dx

= “ f cosec2 (ax + b)d (ax + b)

= -1 cot (ax + b) + C

(viii) j sec (ax + b) tan (ax + b) dx

= | J sec (ax + b) tan (ax + b) a dx

= - J sec (ax + b) tan (ax + b) d (ax + b)

= | sec (ax + b) + C [•.• J sec x tan x dx = sec x + C]

(x) j cosec (ax + b) cot (ax + b) dx

= | J cosec (ax + b) cot (ax + b) a dx

= | J cosec (ax + b) cot (ax + b) d (ax + b)

= -1 cosec (ax + b) + C

(xi) | tan (ax + b) dx

= | J tan (ax + b) a dx

= | j tan (ax + b)d (ax + b)

r^±£kc
a k /

a2 + (bx + c)2

_1 f___ 1___
b J a2 + (bx + c)2

= |J—2--- -^(bx + c)
b J a2 + (bx + c)2

1i=5----- - —^dx
'a2 - (bx + c)2

’ b
b J y[a2- (bx + c)2

1
V? - (bx + c)2

= t sin-1
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.-1+ C + C

(xviii) j(xvii) f dx,2

4J =^d (bx + c)d (bx + c)

-J.-1 +c+c
k

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Evaluate:
dx

(0 J dx (ii)

(iii) f dx

(of (ii) fdx
SOLUTION We have,

SOLUTION We have,(i)f
0)1 dx

=J
dx dx

+ C

(ii) dx
= 2sinx + x + C

(ii) We have,

dx

+ 2x + C
,2

(iii) J

[... e“loS<, = /]
= tanx-cotx-3x + C

«■

cos x - cos 2x
1 - cos x

2*+ 3- 
5X

y
+ 2 \dx

__  1 
x V?

-dx

.4 
dx

2 
-dx2X + 3X

5X

1
.2 .

(b/a)x

y
+

, 1 dx = - sec a

'b
a 

\ 7

1= — sec ab

!-1- + C 
a

r]-+c a

cos x - cos 2x 
1 - cos x

1 1= 7 x - sec b a

-1
(bx + c) V(bx + c)2 - a'

1 
(bx + c) V(bx + c)2 - a

(bx + c) ^bx + c)2 - a‘

J /b"

x4 (x-1) 
x2(x-l)

EXAMPLE! Evaluate:

1 -1= t cosec ab-a2

= 1 f____  -1__ _
b J (bx + c) \(bx + c)2 -a'

2 21 - 3sin x cos x 
sin2 x cos2 x

/

= rJ(«J b

(o/b)x
log, (o/b) log,(b/a)

( _ v \
2 3 a— + — dx
5X 5" k

■ / 2 V

5
u k 7

(2/5)x t (3/5)x
— ----------------------------------------------------------------- ■

log, (2/5) log, (3/5)

^dx

^log^-^Iog^x

f (sin2 x + cos2 x)3 - 3 sin2 x cos2 x (sin2 x + cos2 x)
“J -22

sin x cos x

'bx + c'
a /

bx + c'
a

/

x-'-x
?-x2

'bx 4- 4
a 

\ 7

■ 6 6sin x + cos x , ---- z----- z—dx
sin x cos x

e5l°g,x_e41°g,x
^logY.^logY

■ 6 6sin x + cos x , 
—2--------—sin x cos x

+ +2 dx 
1/ ax\ 7

= -7 tan 1 
ab

cosx-(2cos x-1) , ------ 7s-------------Ldx1 - cos x

I2x + b2x + 2nxbxJ 
------------------dx 

^17

- (2 cos2 x - cos x -1)
- (cos x-1)

(2 COSX +1) (cosx-1) 
(cos x-1)

= J (2 cos x +1) dx

12 —y--3 dx 
sin x cosz xk 7

• 2 2sin x + cos x „ , 
-----1------ z—-3dx
sin x cos x

= j (sec2 x + cosec2 x - 3) dx

f 1 , r .■•’J —,ax = -tan 
a2 + x2 n

'bx + c
a k

21 3;
ix 7

(3 Y1
+ 5



INDEFINITE INTEGRALS 10.5

.4 d(sec x)

+ C

=1
•/

(iv) J.2

,2.2

+ 2 tan x - cot x + C

EXAMPLE 4 Evaluate: J dx

SOLUTION We have,
(ii) J dx>xdx c'

.3/2
(iv) Jdx dx

dx

(i) J= | -dx-JJ x J d (x + cos x)

secn x tan x dx(i) dx

dx
(iv) J7

x— dx
dx

k

+ C

k + c

18

1

1
4

(iii) Jh+- 
k

SOLUTION We have, 
.-1

cos x + x sin x 
x (x + cos x)

(log x)
X

(log*)'
X

(sin x)
8

sin” x
,n + 6

1
X + COS X

x dx + J cosec2 x dx

tdx

'-dx

^x

(iii) f sin7xcosxdx

(ii) f sec"xtanxdx

= j sec'

= j sec'

'-dx
X

= / (log x)” d (log x)

Ln + 1
+ C

= J (secx)” 1

X4

EXAMPLE 3 Evaluate: | sec4 x cosec2 x dx.

_ secnx 
n

(iii) j sin7xcosxdx

= J (sin x)7 cos x dx

= j (sin x)7 d (sin x)

£+c

cosec2 x dx

x4

= j tan2xsec2xdx + 2 J sei 

= j tan2 x d (tan x) + 2 J sec' 

_ tan3x
3

.10
■— dx

1
■ 2i 6

= J (logx)"

x16

i___

1+AX

SOLUTION We have, 

j sec4x cosec2 xdx

M
= j - dx-JJ x J

,n~1 x sec x tan x dx

k

_ (log *)'
n + 1

EXAMPLE 6 Evaluate:

(i) f

:n-1 x d(secx)

= log | x | - log | x + cos x | + C. 
example 5 Evaluate the following integrals:

M 1 °“,‘4 ix' neN
COS X

SOLUTION We have,

3/4 dx

f cos x + x sin x 
J x(x + cosx)

M' X 

( 3 
-4 + 1 

k

■I / x3/4 

x5 1 + -^ 
X J

1 "4 
x3/4 X x5

 f (x + cos x) - x + x sin x 
J X (x + cos x)

1 -sinx^
x + cos x /

1 - sin x , ----- :---- dx x + cos x

• |‘O
= j (sin-1 x)3 d (sin-1 x)

 (sin-1 x)4
4

1 .
x2(x4 + l)3/4 X

1
4 • 2cos xsin x

(sin2 x + cos2 x)‘ 
4 • 2cos xsin x

f sin4 x + cos4 x + 2 sin2 x cos2 x , 
=J ------------ J—~2------------- dx

cos xsin x

X . /
1 r3/4 

1+^ 
X

. /
^-(3/4) + ! 

.4

1
X
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+ C

1 dx

= J (tan x)"/3 d (tan x)

+ C

+ C

+ C + C

dx . dx
7

1-— dx dx

+ C

5

(iv) I dx
2

4

(ii) J (Hi) J dxdx
dx

i,7
dx

+ C

x

y

1
50

1
50

1
50

x 
vx + a+ ^x + b

(iii) J p 
k

JLf.
75

= 1 (1+£-**)
4

xz +1 
x + 1

ax + b 
cx + d

-4x^/4 

1/4 ~

3
3 + n

\5/2
+ C

V/4 
: +C

= / (xi/x+fl -x<r + b)(ix

'x + a - a) 'Ix + a- (x + b-b) Vx + b} dx

- a ^x + a - (x + b)3/2 + b Vx + b} dx

n , - + 1 
(tan x)3

n i- + 1
_ (tan *)3

n ,
3 + 1

dx-[ —dx
J x + 1

X

d 1 + X™

= jU 
k

;+i'
X_ \ 7
5
2

X

' R ?/2

1 
a-b

= rUM3/2
= rMi

sin"x
.n „_

(x + 1)2
SOLUTION (i) We have,

EXAMPLE 7 Evaluate f

SOLUTION We have, 
f x 
J ^x + a + Vx + b

-H
7

1
V^^ + e'-2xj3/4dX

V5 + X10 
x10

2 ( 1' x + - 
X

<5^ 
x16

EXAMPLE 8 Evaluate:

(i) J ~dxJ x + 1

= / ^-16+ 1 -41^ 
X X

3/2
( 5 'I

7

3/2

d x + - = f -r- + + V r
J (Sx + a + Vx + b) (Vx + a - Vx + b)

= f x(Al7+7-^iT)
1 a-b

= -(l+e-««)l/<

' lf/2
X + “

X 
7

f-50'
.11

7

' 5-1.16
7

= /
COS X . COS X

= J ^tan"x sec2 x dx

fx^l^l
\

1?/2 f x + -
X 

\ 7
1x3/2

X 
7

x5/2

rf(l + e-4x)

= f X7*1
J x + 1

<17 
e

\ 7

sin" x , —t— dx n + 6„ » X

(x + a)3«

-|(x + b)5/2 + v(x + b)3/2]+C
5 3

<v) j 4 
cos'

f —7 dx
J x + 1

(ii) J

n
X2)" 

7

1?
’ X

7
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EXAMPLE 10 Evaluate:.3

dx

if

dx
dx

dx

dx-' dx
1

dx-. dx.2

dx-/ dx

(log | sin(x-fl) | -log | sin(x-b) |) + C4
= cosec (a - b) • log

+ C

dx *dx

1 dx

c J 1

dx

log | ex + d | + C

[log, | sin (x - a) | -log, | cos (x - b) | ] + C

SOLUTION We have, ‘
+ C

dx
=> tan 5x - tan 2x tan 3x tan 5x = tan 2x + tan 3x

1 dx

1

tan (x - b) - tan (x - a)] dx

a = -x-c

tan 5x = tan (2x + 3x)

tan 2x + tan 3x
1 - tan 2x tan 3x

sin (x - a) 
sin (x - b)

1 
cx + d

1 
x + 1

_ 1
sin (a - b)

_ 1
sin (a - b)

1
= ----------- 7~sin (a - b)

1 
sin (a - b)

_ 1
~ cos (fl-b)
= 1
~ cos (fl-b)
_ 1
” cos (fl-b)

_ 1 
sin (fl - b)

x-2 + -^-| dx-/

x7 x6 x5 x4 x3 x2 . . r

a f j = — dx —c J

=» tan 2x tan 3x tan 5x = tan 5x - tan 2x - tan 3x 

j tan 2x tan 3x tan 5x dx

= J tan 5x - tan 2x - tan 3x

=j (tan 5x - tan 2x - tan 3x) dx

sin (x - a)
* cos (x - b)

= — -2x + 3 log (x +1) +

= j (x6 - x5 + x4 - x3 + x2 - x +1) dx - J dx

= | log |sec5x| -|log |sec2x| -^log |sec3x| +C
3 Z 3

1 
(x+1)2

1 
(x + 1)2

(cx + d) -
——4—dx cx + d

ad-be r 
c J

'ab - be'

\ 7
EXAMPLE 9 Evaluate: J tan 2x tan 3x tan 5x dx

1
(x + 1)2

1 ------- ~ dx 
(x+1)2

«I Si
(ii) We have, 

f-------1-------
J sin (x - fl) cos (x - b)

______ f cos (a - b)
~ cos (a - b) J sin (x - fl) cos (x - b)

_________ f COS ((x-b)-(x-fl))
cos (a-by sin (x - a) cos (x - b)

f cos (x - fl) cos (x - b) + sin (x - a) sin (x - b) , 
•’ sin (x - a) cos (x - b)

J {cot (x - a) + tan (x - b)} dx

x3
(x + 1)2

_ f x3 + l-l
(X + 1)2 

x3 + l 
(x + 1)2

= f (X + 1)(X2- X+1) 
(x + l):

- f X2 - X + 1
= J x + 1

j.f r .dxJ sin (x - fl) sin (x - b)

=_______ [ sin {(x-b)-(x-fl)} ,
sin (fl - b) J sin (x - fl) sin (x - b)

f sin (x - b) cos (x - fl) - cos (x - b) sin (x - fl) ,
J sin (x - fl) sin (x - b) X

J (cot (x - fl) - cot (x - b)) dx

cos (a-b)

(iii) We have, 

f____ 1—
J cos (x - fl) cos (x - b) 

_________ f sin (a - b) 
~ sin (a-by cos (x - a) cos (x - b) 

=_______ f sin[(x-b)-(x-fl)}
sin (fl - b) J cos (x - a) cos (x - b)

f sin (x - b) cos (r - fl) - cos (x - b) sin (x - fl) 
J cos (x - a) cos (x - b)

J sin (x - fl) sin (x - b) 

______ 1_______  
sin (x - a) cos (x - b)

(iii) f----7---- t---7—tt
J cos (x - fl) cos (x - b)

SOLUTION (i) We have,

3
x + 1
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Hog, |cos(x-b)| +loge |cos(x-fl)|] + C dx

lo8e +c

EXAMPLE 11 Evaluate: j

SOLUTION (i) Let 7 = J and x + b = t. Then,
dxdx = dt.

Also,

sin (x + fl)

2 '

= H2 J

= j (cos 2x - cos 3x) dx= J [cos (fl - b) + cot t sin (fl - b)] dt

= t cos (a-b) + sin (fl - b) log ) sin t1 + C
dx

= (x + b) cos (a - b) + sin (fl - b) log ) sin (x + b) | + C

dx
dx

SOLUTION We have,

dxdx

dx
= 11 sin 4x dx4

EXAMPLE 15 Evaluate:! dx= 4

SOLUTION We have,

dx

dx4-sin x 4- C

{3x2 (1 - cos x) 4- 3x (x - sin x)} dxEXAMPLE 13 Evaluate:I dx

= 3 J >/x2 - x sin x (2x - x cos x - sin x) dx
SOLUTION We have,

= sin (I - b 4- fl)
= sin t cos (a - b) + cos t sin (a - b)

3x'
2

cos 5x 4- cos 4x
1 - 2 cos 3x

cos (x - fl) 
cos (x - b)

cos 5x + cos 4x
1 - 2 cos 3x

cos 7x - cos 8x
1 + 2 cos 5x

cos 7x - cos 8x
1 + 2 cos 5x

•Vx-sinx
'lx

1 + cos 4x 
cot x - tan x

1 
sin (a - b)

1 
sin (fl - b)

f
sin- sin| - sin- sin

= 1(1
2 J

= cos (fl - b) J 1 • dt + sin (fl - b) J cot t dt

= f cos 2x sin 2x dx

5x . 15x . 5xsin — + sin - sin —-2 2 2

1
- - cos 8x + C 

o

( 9x X^l2 cos y cos - 
_______ / \_________________ i 

sin 3x - sin 6x

= sin 2x -1 sin 3x + C

3x2 (1 - cos x) 4- 3x (x - sin x) 
x-sinx

» . 3x2 sin — cos —

SOLUTION We have, 
f 1 4- cos 4x 

•’ cot x-tan x 
2

2 cos 2xcosxsinx 
2 • 2cos x-sin x

2 sin — cos 2x - 2 sin cos 3x
dx15x sm —

'sin 2x
2

llx'
2 ’

f (* ~ sin x)3/2 
^x

. ha ( . 21x . 9x'sin —4-sin— - sin-y 4-sin y 
'------------------- dx

15x sin —

2 sin — cos 7x - 2 sin — cos 8x
dx

(x - sin x)3/2

EXAMPLE 12 Evaluate:f

EXAMPLE 14 Evaluate j

r sin 3x (cos 5x 4- cos 4x)
J sin 3x - 2 sin 3x cos 3x

6X2 sin2
4-3x x - sin x

6X2 sin2
------ —-4-3x x-sinx

. 3x 3x 9x x sin — cos — cos — cos -
--------dx3x
2

= - J 2 cos y cos | dx

= - J (cos 2x 4- cos x) dx

sin (x 4-a) 
sin (x 4- b)

sin (X4-A) 
sin (x 4- b) 

sin (X4-A) 
sin (x 4- b)

f sin t cos (a - b) 4- cos t sin (a - b) ,
= J sin I dt

19x
2

19x
2

21x
2

9x
2

9x
2

3x
2 ~
9x V/A

- 2 cos — sin —

5x „ „ . 5x
- 2 2 

siny4-2cos5x siny

llx)
2
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dx

dx dx

dx
dx

=f d (1 + x log x) = log 11 + x logx| + C.
dx

EXERCISE 10.1

dx

1/2 dx

19.
3.

dx20.
.44.

21.

dx

dx2 cot25.

dx

dx
dx

dx

dx14.

dx

dxx
Ix + a -fx + b

1 
lx + fx-1

X-“
X

1
(1 + xlogx)

EXAMPLE 16 Evaluate: J

k3/2
dx

cos

cos~1 x’

4 - 5 sin x 
cos2x

n.

= 3 j Vx2 - x sin x d (x2 - x sin x)

= 3x| (x2 - x sin x)3/2 + C

= 2 (x2 - x sin x)3/2 + C

x-1
'2x + l

18. J {1 + 2 tan x (tan x + sec x)} 

J tan x tan 2x tan 3x dx

8 J

30.15. j

16.

22.

26.

17. t

28. ,

sin4x 
sinx

9. J x* (1 + log x) dx

10. J x2* (1 + log x) dx

29. .

27. .

3/2

x2 k /
12. j sec5 x tan x dx

13. j sin5 x cos x fix

31. ,

l+x + x2 t 2x-l | 
x3 (1 + x) (x +1)2

X4

1
(ex + e~x)2

1 + x sin x + cos x
x (1 + cos x)

1 + 2x sin x - cos x
x (1 - cos x)

cos4 x + sin4 x , 
cos2 x - sin2 x

Evaluate the following integrals:

1. j cos2xdx

2. jcos3xdx

j cos4 x dx

j sin4 x cos4 x dx

5. j sin 2x cos 4x cos 5x dx

6. j sin2 x cos2 x dx

7. j sin3 x cos3 x dx

(1 + logx)2
1 + logxx + 1 + (log x x)2

r sin (x - a)
J sin (x - b)

f------ 1
J sin (x + a) cos (x - b) 

______sin 2x_______  . 
sin (x - rt/3) sin (x + n/3) X

23. J {1 + tan x tan (x + 6)} dx

24. j tan (x - 0) tan (x + 9) tan 2x dx

1 + x

SOLUTION We have, 
f (1 + logx)2

l + logxx+1 + (log x52

= j (1 + logx)2
1 + (x + 1) log X + (Vx log x)2

f------- (1+W------
1 + (x + 1) log X + X (log x)2

_ f_______ (1 + logx)2_______
J (1 + log x) + X log X . (1 + log x)

(1 + logx)2 ' 
(1 + x log x) (1 + log X)

_ f 1+log X
J (1+xlogx)



I

10.10 MATHEMATICS FOR IIT-JEE

ANSWERS

+ C 17. “(2x+iy +c

2.

19. -log |sec3x| --log |sec2x| -log |secx| +C3.

20. x cos (b - a) + sin (b - a) log | sin (x - b) | + C

log | sin (x + a) | + log | sec (x - b) | + C21.

+ C

I

7. — cos2x + — cos6x + C 23. cot 0 log + C

8. - sin3x + 2sinx + C

10. ~+ C
2

+ 21og |x + l |

+ 4tanx-5secx+C
+ C12.

27. + C
+ C13.

28. -

29. log | x | +2 log sec - + C

31. 71og3/2 + C

to the form
10.5 INTEGRATION BY SUBSTITUTION
Integrations of certain functions cannot be obtained directly if 
they are not in one of the standard ferms discussed in previous

cosx 
cos (x + 0)

x 
x + 1

I 
cos (a + b)

5/2
+ C

.5/2 
+ C

1 (x^l)372 
"3 ?

10.4 METHODS OF INTEGRATION
We have the following methods of integration:

(i) Integration by substitution or change of independent 
variable.

(ii) Integration by parts
(iii) Integration of rational algebraic function by using partial 

fractions.
In the following sections, we shall learn about these 

methods.

30. log | x | + 2 log 11 - cos x | + C

1 + tanx
1 - tan x

— □□□ —
sections, but they may be reduced to standard forms by proper 
substitution. The process of evaluating an integral by reducing 
it to standard form by a proper substitution is called integration 
by substitution.

If 0 (x) is a continuous differentiable function, then to 
evaluate integrals of the form

J /(4>'(x)) 4>z (x) dx,
we substitute $ (x) = t and 0' (x) dx = dt

This substitution reduces the integral J f (<t> (x)) 0' (x) dx

f /(«) dt

sin 2x
4

3 • n + - sm x + C4

11. ~ x-~
J X k
sec5x

5

. x
L 2 +

sin3x
12

25. -y + C

sin6x
6

14. -|fcos-1x
5 k

15. 2?/2-?(x-1)3/2 + C

16‘ a^b |(x+a)5/2~y (x+‘’)3/2 + |(x + i’)5/2

-y(x + b): + 7 sin 2x + C4

24. log | sec 2x | - log sec (x + 0) - log sec (x - 0) + C

__ . . f . ( it
22. log sin x-- sm x + - ok /

26. --Ulog

3r 1 1~ + - sin 2x + — sin 4x + C8 4 32

——+C 2(e2x +1)

3 1 1
4- 128128Sin4x+ 1024 Sin8l + C

5. -77COS 11x + t^cos7x--7-cos3x-7Cosx + C
44 28 12 4

6. |x-^sin4x + C 
O V

„ -3
" 64

c.
9. xr + C

1
32

1
4

2(
5

1
192

x
2

it
3 /

" ; l)3/2-|(2x + l)1/2

18. log | sec x + tan x | + log | sec x | + C

1,.. ........ 1 - - - - -
—2
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J /(0 W) <j>' (x) dx = J/(0 (x)) d (0 (x)) [v d 0 (x) = 0' (x) dx]

= J f(t) dt, where t = 0 (x).

Follwoing examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

dx

dx

... dt

=> dx =

dx

+ Cf +

log 111 + C

(x (x +1) e* dx

dx

= | / (1 + cos 2t) dt

+ C .2

/

1
2

This integral can be evaluated by using the standard results.
After evaluating this integral, we substitute back the value 

oftasKx).
The above substitution can also be performed in the follow­

ing manner:

1 
2(b-a)

sin2t
2

= j cos'

ALITER We have, 
j / (x +1) cos2 (x (?} dx 

= j cos2 

= j* cos'

sin x cos x 
a cos2 x + b sin2 x

sin x cos x 
a cos2 x + b sin2 x

= -f-.dx dx

4,+

We observe that sin x cos x appears in the differentiation of 
a cos2 x + b sin2 x, so we substitute

a cos2 x + b sin2 x = t

----- -— ------— d (a cos2 x + b sin2 x) 
a cos2 x + b sin2 x

=> d (a cos2 x + b sin2 x) = dt

=> -^(a cos2 x + b sin2 x) .dx = dt

=> (- 2a cos x sin x + 2b sin x cos x) dx = dt

dt
2 (b - a) sin x cos x

>2 (x e*) d (x /)

= |f + |sin2f + C
2 4

= |xex + |sin2(xex) + C

= |xex + ^sin2(xex) + C

(ii) We have,

tan x 
a + b tan x

>21 dt, where t = xex

= 1
’ 2(b-fl)

_ 1 
" 2(b-fl)

= —?log |acos2x + bsin2x| +C
2 (b - a) ° I 1

ALITER We have, 

f V dx 
a + btan2x 

sin x cos x 
a cos2 x + b sin2 x 

f 2 (b - a) sin x cos x . 
a cos2 x + b sin2 x

EXAMPLE 1 Evaluate the following integrals:
(i) f (x +1) cos2 (x dx (ii) J —tan* 

fl + b tan x
SOLUTION (i) We observe that ex (x +1) occurs in the deriva­
tive of x e*. So, let us substitute

x? = t

= —L_ J 
2(b-a) 1

= j cos2t dt

= | j (l+cos2t)dt

sin 2t
2

r sin x cos x dt______
“J t ' 2 (b - fl) sin x cos x

tanx , --------- r- dx 
a + b tan x

=> d (x e1) = dt

=> ■j-(xec).dx = dt'
dx

=> (x +1) dx = dt

=> dx =---------
(x+l)^

.’. j e* (x +1) cos2 (x /) dx

= [ (x +1) cos21 ———
(x + 1)/
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f | dt, where t = a cos2 x + b sin2 x

log |f| 4-C

log |a cos2 x + b sin2 x| 4- C
1 (cos 0 sec2 x) dx

J 7tanxcose + sine‘i(tanXCOsetSin6)
,3

dt t = tan x cos 0 4- sin 0

dx 1
4-C

(iv) f

dx

dxdx

=--f a J

dt

dx

(iii) J dx

dx

dx

dx

dx + J dx

1 
sin a

Putting b + a cos x = t 
and-fl sin xdx=dt

= r—1
^2 cos 0

n2 
cos 0

2 cosec x
Ncos 0 + cot x sin 0

1 r
cos 0 Vtan x cos 0 + sin 0

t3

1 f 
^2 cos0 J It'

= V2COS0 [1/2

Vtan x cos 0 + sin 0 + C

= -4->ir+c sin fl

MATHEMATICS FOR IIT-JEE

1
Vsin3x sin (x + 0)

sec2 x dx

2 ______________
- - —— Vcos a + cot x sin a + C 

sin fl

i , 1 — dx

sin x sin (x 4- fl)

= -~r— f -yrdt, where t = cos a + cotx sin a 
sma J Nt

t3 a2 r

(ii) We have, 
f secx , I - ........... dx

Vsin (2x + 0) + sin 0
I

- ; secx______________
Nsin 2x cos 0 + cos 2x sin 0 4- sin 0

' I- f sec x
^2 sin x cos x cos 0 + sin 0 (1 + cos 2x)

If-. 1
^2 ^tanxcos 0 + sin 0

Vsin

(iii) We have,
J 2fl sin x 4- b sin 2x

(b + a cos x)3

 2 j sin x (fl 4- b cos x) 
(b + a cos x)3

a + b|-----
fl
—2dt

 -1 f - sin fl cosec2 x 
sin a ■* Ncos fl + cot x sin a

T“=—1 ----- — dx

i x (cos 0 + cot x sin 0)
9 

f sec x  
Vtan x cos 0 + sin 0

= f - ■ 1
J ncos4 x (tan x cos 0 + sin 0)

Vsin3 x (sin x cos fl + cos x sin fl)

________ 1 &
N^sin4 x (cos fl + cot x sin fl)

2 cosec x
J Vcos fl + cot x sin a

- 1
2(b-fl)

1
" 2(b-fl)

1
’ 2(b-fl)

EXAMPLE 2 Evaluate the following integrals: 

W Vsin3 x sin (x + a) dX

Vsin (2x + 0) + sin 0
f 2a sin x + b sin 2x (ui) I ----------------—

(b + a cos xp

sin3/2 x 4- cos3/2x
■^sin3 x cos3 x sin (x 4- 0)

SOLUTION (i) We have,

= J secx
^2 sin x cos x cos 0 4- 2 cos2 x sin 0

b2) + bt
a- t3 “

= ^(?-b2)/ 
fl

1 (?-b2) 2b
a2 r a21

sm3/2 x 4-cos3/2x
vsin3 x cos3 x sin (x 4- 0)

= f sin3/2 x
Vsin3 x cos3 x sin (x 4- 0)

f cos3/2 X
+ J -I -3 3 ------ -dx

Nsin x cos3 x sin (x 4- 0) 

 = J J1 1 rfx4-J 
ncos x sin (x 4- 0)

sec2x ,
-T- — - ■ dx
n2 tan x cos 0 4- 2 sin 0

f j ■’ —r— d (cos fl 4- cot x sin a)
J ncos a 4- cot x sm a '
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x2-!= —f cos0 J
dxdx (

1

dx [Dividing Nr and Dr by x2]
d (cos 0 + cot x sin 0)

7

where

u = tan x cos 0 + sin 0, v = cos 0 + cot x sin 0

1

■Vcos 0 + cot x sin 0 + C
+ 1

x

dx
= f-du, 

J u
t

= log I u I +C
dx

+ C

(ii) J= | j (I2-2I + 1)i/F*

>5/2

+c cos x dx

d (sin x)

EXAMPLE 4 Evaluate:

x2-1
/v2

-1

k

dx

?-2 x dx
dx

dv

2
5

1) x + -
X

. 7

1 -sinx 
sin x

2 
sin 0

EXAMPLE 3 Evaluate the following integral:

J X13/2 (1 + x5/2)1« dx -dt, 
t

1 f du 1 r 
cos 0 J 77 sin 0 J

x 7

_ J_ f 1
sin0 7cos 0 + cot x sin 0

C»[
(x4 + 3x2 + 1) tan

1 
tan-1

r
X

7

+ t1/2)dt

SOLUTION We have, 

J ,13/2

= H (l-l)2f1/2 
D

(x4 + 5X2 + 4) tan 1

2 2 7/2
5 7

1-?_
-1

dx 
sin2 x + sin x

3 
cos X

sin2 x + sin x

cos0sec2xdx 
ftan x cos 0 + sin 0

(l + x5/2)1/2

\ dx 
x2 + l

X
. 7

- cosec2 x sin 0 
tos 0 + cot x sin 0

2 _____________
= —- vtan x cos 0 + sin 0 - 

COS0

where u = tan 1

_2f3/2

(iii) J
(x4 + Sx2 + 4) tan'1

dt, where! = l + x5y/2

(x4 + 3X2 +1) tan 1

= log tan'1

+1 tan 1

77?
X

SOLUTION (i) We have,

-2x|f5'2
5

tan'1

= -?-77—— f^+c cos0 sin0

2

f 7 x + - 
X

X 7

_____1_ 
(t2 +1) tan'1

, x 1
where t = x + - x

d\ x + - x

7 1 '
x2^- —+ 3 tan'

- d (tan'11) 
t

+lt3/2 
0

5 7 5 3

-L-f 
sin 0 J

— dx 
f 
x

7

________
2 

(
x + -

X 
\ 7

= l?(l + ?/2)1/2?/2rfx

= l(x5/2)2(l+//2)l/2?/2

1 ^tan x cos 9 + sin 0 d (tan 1 cos 0 + sin 0)

= J t = sinx

< 7

= log |t| -t + C

= log |sinx| -sinx + C 

(iii) We have, 

x2-2

[ 1 ~sinx 
J sinx

9
r (1 - sin x) cos x , 

~ J sin x (sin x +1)

x + -
X 

k 7
3 

COS X
2
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EXAMPLE 6 Evaluate:
dx

dx
\

SOLUTION We have,

■I

dx

Let = t. Then,

+ C
d = dt

dx = dt
dx,

SOLUTION We have,

d|/2(x)} = d (log, (log, x)) = dx = dx 4

EXAMPLE 7 Evaluate:J

I

dx and so on.

d {/” (x)} =
(x) dt

Thus,

dt

= log, (t) + C

= log, (Z" (x)) + C

(x) + C

1 
xZ(x)

1

2>l
x + - ■ 

X. /
EXAMPLE 5 Evaluate:

2> x + - x

2" 
x

/
x + -

k

= log |tan X + fl 
x + b

x + 2 
x

x-1 
x + 1

1 
xlog,x 

d(/3(x)| = d {log (log (log, x)}

_______ 1_______  
x log, x log, (log, x)

1/4
dx

■ J x + b 
k

\l/4
■ +c

_ [n +1

where ln (x) = log, (log, (log,... (log, x) )j

<---- n-times----- >

----------dx
(x)f(x)

- dt, where t = 
t

i = J ((x+O)-3(x+i>r5|

/ 
d x + -

x-1
x+1 k

SOLUTION Puttingx + 1 = t and dx = dt, we get

G-2)4 
t4

J {(x + a)-3(x + b)-5)1/4

\4
■ dx

- d (tan-11) 
t

\4
■ dx

1 
tan-1

'x + a
b-a x+b

k /

x2
/

1

r”-1(x)Z"(x)

+1 tan 1

1
x Z (x) Z2 (x)

<x + flx
x + b\ /

k-3/4

1/4 
dx

16 
(x + 1)2

= (x + l)-81og |x + l| -~j +

dx = 7—-— dt 
b-a

■■■ ‘-bh

= x4 t b-a

1 - 2/x2 

tan-1

= t-8log |f| -y

= log tan-1

__________ 1________
xZ(x)Z2 (x) Z3(x)...Z"-1

. 8 24 32 16

1 
(x + b)2

'x + a' 
x + b

k /

b-a
=> ----------x I

(x + b)2

= J y dt, where t = ln (x)

1 
(x + b)2

t2 3t3

J/4 + C

2 
■f 2>l X + ~ 

X 
k /

_____ 1_ 
(f2 + l)tan-1

d |z (x)| = d (log x) = dx

i_1t| +C

-^-x + C 
3 (x + 1)3

3
(x + b)-8

f t4 - 8t3 + 24f2 - 32f +16
= J ~4-----------dtf---------- 1---

x/(x)Z2(x)....Z”-1

f-------------3—
xZ(x) Z2 (x) Z3 (x)... Z’

2
x /
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,2EXAMPLE 8 Evaluate : J dx

j tan4 0 d (tan 0) - J tan2 0 d (tan 0) + J (sec2 0 -1) dQ

I dx + tan 0-0 + C

(x2-?)372=J T ,5-a2 - a sec

dx4J
dx

d (sin 0)

4/ I 2

+c

+c

+ cot 0 + 0 + C

+ 16 dx

+ C dx.

EXAMPLE 9 Evaluate:}

cos 0d0

Putting x = a sec 0 and dx = a sec 0 tan 0 dQ, we get

1 =
+ C

.6

EXAMPLE 12 Eua/uate.-j" dx4

SOLUTION Let I = } dx

X
16

1
16

If.
48

+xsin 0

>/(x^ - a^y
x

_______ 1
16 tan4 0 ^4 tan2 0 + 4

[ ^(x2 - a2')' 
x

1 
x4 ^x2 + 4

>/l -x3
x2^ 

 
a/1 -,x3

j tan4 0 sec2 0 dQ - J tan2 0 sec2 0 dQ + J tan2 0 dQ

1 1 
o +7 3f3 *

EXAMPLE 11 Evaluate:}

i2 
-dtl-t‘ 

t4

Jx^a'

¥— a sec 0 tan 0 dQ

SOLUTION Let I = J

= a5 J tan60d0

tan3 0
3

SOLUTION Let/ = J

1 f 1 1 . 
77J "7~"7 «X 16J p

j tan4 0 sec2 0 dQ - J tan4 0 dQ

j tan4 0 sec2 0 dQ - J tan2 0 (sec2 0-1) dQ

!-1-+c a

SOLUTION Let I = }

(1 - sin2 0) 
sin4 0

dx = }

77 N1 + 4+C

¥— dx

' 4?/21+^ 
x

1
3 sin3 0

■2)5 ,

— dx

11.=------ + - + tan
3? x

tf-a2)572 
5 ** 3

EXAMPLE 10 Evaluate:}

= a5

2sec2QdQ

= J tan7 0 d (tan 0)

 tan8 0
8

tan5 0
5

cot30
3

+ 77 "Vl + cot2 0 + C 
16

= a5

= a5

= a5

= a5

[a2 sec2 0 - a£y 
asec0

\ 7

x (x2 + 4)3/2 'Vx2 + 4
= ~48 + i6x

1 
x6 + x4

1__
x6 + x4

~dQ 
sin4 0

If16 J

= a5 j tan4 0 (sec2 0 -1) dQ

1 x8
= - —- ---- + C
8(1-^)4

SOLUTION Putting x = 2 tan 0 and dx = 2 sec2 0 dQ, we get

Jx4V?77

1 ii= - — cosec 0+77 cosec 9 + C 48 16

= -^(i+cot2e)3/2

1 
x4 (x2 + 1)

Putting x = tan0 and dx = sec20 dQ, we get 

= f — ---- ------ 7— sec2 0 dQ
J tan4 0 (1 + tan2 0)

= j cot4 0 dQ

= J cot2 0 (cosec2 0 -1) dx

= j cot2 0 cosec2 0 dQ - j cot2 0 dQ

= - J cot2 0 d (cot 0) - J (cosec2 0 -1) dQ

r^+c

x7
(l-x2)5

x7

(l-x2)5

Putting x = sin 0 and dx = cos 0 dQ, we get
j  f sin70

J'(l-sin20)5

= | tan7 0 sec2 0 dQ

4
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EXAMPLE 15 Evaluate dx

3 J 2 sec2 9 tan 9 dQI =

.4

= 2

+ C = | f (1 + 2 cos 29 + cos2 26) dQ

dx = | j* (3 + 4 cos 2 9 + cos 4 9) dQ

SOLUTION Let I = f dx.

dQ
(2-x)<x-l + C

,2

x/x — 1 + (3x + 2) + C

. EXAMPLE 16 Evaluate:I1 + C

SOLUTION We have,
dx

dx
dx.

I

.2

3

+ C.3= (12 sin 9 - 4 snr 9) + C

+ C(2x2 + 3) + C

2
3

SOLUTION Putting x = sec2 9 and dx = 2 sec2 9 tan 0 dQ, we 
get

1
4

+ 3 sin 9 +C

1 + cos 2 9
2

1 
x3 n'x -I

2
■ dQ

4x2

MJ

SOLUTION Let I = j

= | . tan 1 (^x + 1) +

= 2 J cos49d9

(l-x4)3/2

x + 1 
x2 + 2x + 2

2
- (sin 9) 
o

= | J sec2 6 dQ

= “ tan 9 + C

39 + 2sin 29 + ysin49 +C
4 i

- 7 sin'1

cos3 6 dQ sec2 9 dQ

x3/2

9 +

• = | (9 + sin 9 cos 9) + C

3 1= - 9 + sin 9 cos 9 + — sin 4 9 + C4 16

= ~ (3 sin 9 - sin3 9) + C

_ ^?~3
27?

x 
(1—x4)3/2

Putting x2 = sin 9 and 2x and dx = cos 9 d 9, we get 

cos 9 
(l-sin29)3/2

= (l + cos29)d9

sin 29^
2

VEF 2 
x3 3

EXAMPLE 13 Evaluate: J

1 
sec6 9 Vsec29 -1

1
:4 V?-3

—— ------- dx
(x2 + 2x + 2)2

1 --------dx 
[(x +1)2 +12]2 -

Putting x+1 = tan 9 and dx = sec2 9 d9, we get

1
(tan2 9 +1)2

= J cos2 9 dQ

F1/3 cos9d9

= | tan-1
4

1 
(? + 2x + 2)2

EXAMPLE 14 Evaluate: f -
X

1

Putting x = V3 sec 9 and dx = ^3 sec 9 tan 9 dQ, wer get

= f----- , ■ V3~ sec 9 tan9 dQ
9 sec4 9N3 sec2 9-3

9J

Putting x3 = sin2 9 and dx = | (sin 9)’1/3 cos 9 dQ, we get

VT- sin2 9 
sin5/39

sin2 9

= z f (cosec2 9 -1) (79
3
2

= (-cot9-9) + C

I---- T- VX-1
NX - 1 +-------- +

X
=4 tan’1

4

1 f cos 3 9 + 3 cos 9 Jn = 9 J------5------M
1 (sin 39

36 1 \
1

108
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dx [IIT1997]

.2

x-2sin20d0

dt
de

dt
=-/ de

de

=> 1 = 2 +c

+ 20 + C= - log
x +dx = dt, or

+ 20 + C= - log

dx = dt, we getor,
+ 20 + C= “log

l + 'Vl-x2
x + C= -logdt

dt1 + I =

= -1 2 tan | sin 0 cos 0 de

+ C = -2

.n-1
+ Cn-12 n + 1

+ C= - 2 sin 0 + 0 +

(ii)

f
1 +

1 - cos 20 
cos 20

1 + sin 20
<1-sin2 20

1 
cos 2 0

1 - cos 0) cos 0 de

= - 2 J (cos 0 - cos2 0) de

= - 2 J cos 0 de + j (1 + cos 20) d0

sin 20 
2

= - 2 sin 0 + 0 + sin 0 cos 0 + C
 

= - 2 a/1 -x + cos"1'lx + Vx(l -x) + C

I”"2) dt

|H-2

=> / = 2 J

t
7?+i

I = j* (x + 'lx2 +1)” dx

'lx2 + l
t

'[x2 + l dt

= -2 J (sec20-l)d0

= - log | sec 20 + tan 201 + 20 + C

1 + sin 20 
cos 20

1 f
= ““

2 J

SOLUTION Let / = J*

x
Vx2 + 1 

7

= -4/

= '2 J

(t2 + l) dt

J 2 cos2 0

EXAMPLE 19 Evaluate:

tn +t'

= / f"1

EXAMPLE47 Evaluate:)

= P
= J t""1

sin21 cos 0 de

4sin20 
cos 20

+ COS 4X+C

\-sin20

+ cos 1

-ifcl ’2 n + l +

1 [(x + ^/x2 + l)” + 1 o (x + 4?+T)'
— - „ + «

... x + 'lx2 + l=t 
=> t-x = "Vx2 + 1 
=> (t-x)2 = x2 + l 
=> t2-2tx = l 

t2-l
=>X 2[

=»1 = 4

_ f Jl-cos2 0
J l+cos2 0

41 — X + 41 + X 
' " °s Vi+x-Vi-x

- 4 sin 0 cos 0 x----------------
cos 20

1
1 + sin t
1 - sin I 

7 cos t
=> / = 2 J (sec21 - sec t tan t) dt

=> I = 2 (tan t - sec t) + C 
\| x 1

1 —x Vl-x
 

EXAMPLE 18 Evaluate :J (x + Vx2+'l)” dx 

SOLUTION Putting x +4?+ 1 = t and

x + Vx^+T , ,, 
—7=5=—~ dx = dt Vx2 + 1

fi A2 t2-l
2t

7

n-l
7

1 
(1 + 4x) 'Ix-x2 

1 ?

Putting x = sin2t and dx = 2 sin t cos t dt, we get

2 sin t cos t dt
(1 + sin t) 'Ism2 t - sin41

M 1 X dx
SOLUTION (i) Putting x = cos 2 0, and dx = - 2 sin 2 0 de, 
we get  

J 1+X X

(ii) Putting x = cos20 and dx = - 2 sin 0 cos 0 de, we get 

^l-'lx ,

7—^7 x - 2 sin 0 cos 0 d 0
1 + cos 0

,2

.2
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dx

=f dx
x - 2 sin 0 cos 0 de

Putting x +1 = 2 sec 0 and dx = 2 sec 0 tan 0 d 0, we get
d0

2 sec 0 tan 0 de

de= -4
,2

de
= J (1 +cos 20) de

+ C= - 2 log | sec 0 + tan 01 + 2 0 + C

= — (0 + sin 0 cos 0) + C= -21og + 20 + C

+ 2 cos 1 Vx + C= -2 log + C

example 20 Evalaute:

(0 J dx

SOLUTION (i) We have,

I = dx

Putting x +1 = 3 tan 0 and dx = 3 sec2 0 de, we get

.2
de

de

J (3 + 4 cos 20 + cos 4 0) dede .

30 + 2 sin 20 + + C

= - 3 log | sec 0 + tan 01 + 3 0 + C
= 7777 3 tan'

+ 30 + C= "3 log

+ - sin 20 (4 + cos 20) + C3 tan

= “3 log
+ C

EXAMPLE 21 Evaluate :j dx

+ C
SOLUTION We have,

1+^ 
yx

1
243

1
1944

1
1944

1944

1
1944

I

1
16

x
16

x + 1 
— +

1
A

1 - cos 0
COS0

1 - cos 0
COS 0

1 + sin 0 
COS0

1 4-sin 0
COS0

1
(2 sec 0)3 ^4 sec2 0-4

_______ 1
(x3 4- 3x2 + 3x4-1) "Vx2 + 2x-3

x + 1
3

sin 40
4

SOLUTION Putting x = cos3 0 and dx = - 3 cos2 0 sin 0 d 0, 
we get

3 {15 +(x + 1)2}
9 + (x + l)2 .

= -2 J (sec0-l)d0

= -3 f (sec0-l)d0

'=J

= -3j

= -2j

1 1 =-----X —
243 8

sin 20"
2 

7

= -3j

= -6j

tan0 
1 + tan2 0

= | f cos20d0

1 
(x2 + 2x + 10)3

1 
[(x+ I)2 + 32]3

'1-^1, 
17777*

1 
(x2 + 2x + 10)3

___________ 1
(x3 + 3x2 + 3x + 1)'Vx2 + 2x-3 ‘

i-fri, 
1+ NX X

-1 x + 1

x + 2 
(x2 + 2x + 2)3

5 + 3 tan2 9
x----------x—

1 + tan2 0

(iii) Putting x = cos2 0 and dx = - 2 sin 0 cos 0 de, we get

J 1 + NX X

sin2 0/2
COS0

sin2 0/2 
cos0

(x1/3) + C.

3 tan-1

3 tan '

+ 2 sin 2 0 + ^ sin 20 cos 20 + C

sec 1

+ 3 cos 1

1
(x + 1)3 n/(x + 1)2-22

sin 0/2 sin 0
cos 0/2 cos 0

2 sin 0 x------ —cose

------ 7------ x 3 sec2 0 de 
(9 tan20 + 9)3

+ -3.(* + l) x
9 + (x + l)2

f sin 0/2
J cos 0/2

2"Vx2 + 2x-3 
+ j(x+1)2

7—x —Ar- x - 3 cos2 0 sin 0 de 
1+COS0 cos30

x + f 
2

EXAMPLE 22 Evaluate:

j cos4 0^0

= f Jl-cosQ k. _ 1 
1+COS0 COS^0

dx (ii)J

1
1944

1
2

/
0 +

1
16
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3tan + C3
dx

dx dx

dx dx + [

dx + j dx dx

dx dx

dx dx-2f dx

= log |x +11 - dx

I = log |x +11 -
= | J (3 + 4 cos 20 + cos 4 0) dQ

= log |x +11 -
30 + 2 sin 20 +

f (l + cos20)d0= log |x+11 -

= log |x +11 -

= log |x+11 -
x + 1

+ Ctan'
Hence,

EXAMPLE 24 Evaluate: f dx

+ C
dx

EXAMPLE 23 Evaluate : j
dx

dx

dx

dx= 2J

1
1944

1
2?2

1 
2?2

1
121

8

SOLUTION We have,

(? + 2x + 3)2 = x4 + 4x3 + 10x2 + 12x + 9 

a x4 + 4x3 + llx2 + 12x + 8

= (x4 + 4? + 10x2 + 12x + 9) + (x2 -1)

= (x2 + 2x + 3)2 + (x2-1)

sin 40
4

1 
x + 1

x + 1

"2j
11

x4 + 4x3 + llx2 + 12x + 8 
(x2 + 2x + 3)2 (x +1)

2x 
(x2-!)2

1
(x2 + 2x + 2)3 

d(x2 + 2x + 2) + f

-30 + 1 "80 + ?

rl x + 1 ( 9(x + l)(x2 + 2x + 16)
3 (x2 + 2x + 10)2

sec2 0 dQ

dx + 2 J

- ^2* (9 + s^n ® cos 8) + C

2x-2
(x2 + 2x + 3)2

, 1 f 2x + 2-4
+ 2 (x2 + 2x + 3)2

2x + 2
(x2 + 2x + 3)2

1

_ 1 f (2x + 2) + 2

1 
{(x +1)2 +12)3

1 
{(x +1)2 +12}3

2 + /j, where = J

1 
2(? + 2x + 3)

1 
2(? + 2x + 3)

1 
2(x2 + 2x + 3)

1

1
2(x2 + 2x + 3)

-1 x + 1 V2 (x +1)
^2 x2 + 2x + 3

2x4 + x3 - 4X2 + 4x + 2
(x2 + 4)(x2-1)2

-zdx

3 11
= 7 0 + ~ sin 20 + — sin 40o 4 32

1 tan 0 1. tan 0 (1 - tan2 0)
2l + tan20 + 8 (l + tan20)2

3. -i, 5. x + 1 1 (x + l)(-?-2x)
= q tan x +1) +---- =---------- + - -—-------y1

8 2(x2 + 2x + 2) 8 (x2 + 2x + 2)2

-tan 1(x+l) +

2x + 2
(x2 + 2x + 2)3

= __ 1__
2 (x2 + 2x + 2)3

1s — ——---------------------

4 (x2 + 2x + 2)'

Puttingx+1 = tan0 and dx - sec2 0 dQ, we get

= f__ 1__J (tan20 + l2)3

= j cos4 0 dQ

(ii) We have,

' = 1^3

= 1^'
= [ —J x + 1

Hence,

x4 + 4X3 + llx2 + 12x + 8 
(x2 + 2x + 3)2 (x +1)

(x2 + 2x + 3)2 +(x2-1)
(x2 + 2x + 3)2 (x +1)

= J dx + J —~, 
J x + 1 J (? + 2x + 3)'

dx + j f

1 ( 3
4(x2 + 2x + 2)2 8 

(x+1)(x2 + 2x) 
8(x2 + 2x + 2)2

1
(x2 + 2x + 3)2

1______
[(x +1)2 + (^)2]2

Putting x +1 = V2* tan 0 and dx = ^2 sec2 0 dQ, we get

_ 1“ yl2sec2QdQ 
J (2tan20 + 2)2

J cos20d0

SOLUTION We have,

2x4 + x3-4x2 + 4x + 2
(x2 + 4)(x2-1)2

_ f (2x4-4x2 + 2) + (x3 + 4x) 
(? + 4)(x2-1)2

2 (x2-1)2 + x(x2 + 4)
(? + 4) (x2-!)2
2 x 

x2 + 4 + (x2-1)2

f-4-.dx+i
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d(?-l)
I

= i J (2x3w + 3x2m + 6x'H)1/md(2x3m+ 3x2,” + 6x',,)dx

dx
m

{2xim + 3x2n, + 6xm}^ + 1 + C.

Following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

+ C

=> dx =
Let sin x3 = t. Then,

d (sin x3) = di

=> dx =

.3

= | J t3 cos4 x3 dt 
o

6m

I

Here, indices of both sine and cosine are odd. So, w.e may 
subsitute either sin x3 = t or cos x3 = t.

■ = - J (1 -t2)2t4 dt

= -f (l-Z^ + t4) t4 dt

STEP III Evaluate the integral obtained in step II and replace t by its 
value.

Ifm and n both are odd, then either of the above substitutions 
can be used.

(ii) J x2 sin3 x3 cos5 x3 dx 

.5 ~

= I J
1 

x2 + 22

1
6 (m +1)

=> cos x3.3X2 dx = dt

dt 
3x2 cos x'

■m-') (2x3m + 3x2m + 6xm)1/m dx

ti
5

I = j x2t3 cos5 x3

—  □□ — 
ALGORITHM TO EVALUATE INTEGRALS OF THE FORM 
J sin"’ x cos" x dx, J sin"1 x dx and f cos" x dx, where m.neN 

STEP I Find m and n.

STEP II If mis odd i.e. power or index of sin x is odd, put cos x = t 
and reduce the integrand in terms oft.
Ifn is odd i.e. power of cos x is odd, then put sin x = t. and 
reduce the integrand interms of t.

+ 6xm)1/m

SOLUTION We have,
I = f (?m + x2" + xm) (2x2n + 3xm + 6)1/m 

= f (?” + x2” + xm) 42x^±3x^+6x^

2f fl
7 +9

EXAMPLE 1 Evaluate:
(i) J sin5xcos4xdx

SOLUTION (i) Let I = J sin3 x cos’ x dx

Here power of sin x is odd, so we substitute cos x = t. 
Now,

cosx = f
=> d (cos x) = dt
=> -sinxdx = dt

-dt
sinx

?-2t6 + t8) dt

J f1/m

'-dt'
sinx /

+ 3x2m
X

dt, where t = 2x3m

(6x3m-1

1- cos2 x)2 t4 dt

+ 3x2,n

= J (?m‘1 + x2m-1+xl

sin5 x cos4 x dx

1. 1= - - cos5 x + - cos7 x - - cos9 X + C o / y

(ii) Let / = j x2 sin3 x3 cos5 x3 dx.

-1 * = tan -- + 6x2m-1 + 6xm-1)(ix

__ dt
3X2 cos x3

+ l f " 2 1 22 1 (x2-l)2

----2---- + C2(x2-1)

EXAMPLE 25 For any natural number m, evaluate
J (?m + x2"’ + xm) (2x2m + 3/” + 6)1/m dx, x > 0

[IIT2002]

= J sin5 x t4
V

. = - J sin4x Pdt

+ 3.?m + 6x'"1
6m

- + 1 m
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=> dt = d(sinx)

=> dt = cosxdx => dx =

,2n +1 xdx
J (t3-2t5 + f7)dt

,2n + l

+ C

= J (1 - sin2 x)n dt

1 - t2)n dt

EXAMPLE 2

+ C

Substitute tan x = t.STEPH

Following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

(•>) J
+c

(ii) We have,

dx

.5/2[Dividing Nr and Dr by cos4 x]
[Dividing Nr and Dr by cos4 x]

19

= t3 (1 - sin2 x3)2 df

1 
s —

3

dt
cos X

— dx 
X

Change the integrand in terms of tan x and sec x by, 
dividing numerator and denominator by cos x, 
where k = - (m + n).

1 <-
3 4 6 + 8

SOLUTION (i) We have, 

sin4x 
__ 8„

= sinx-"^

= J cos'
2f6

+ "C2

/. J cos'
= J cos dt

X--------cosx
f4 t8l

d (tan x) 
x

nC0 - "Cj t2 + "C2t4 +... + (- 1)" "C„ (f2)"]df

sec2x dx

sin x
3

sin5 x
5

tan7x
7

dx 
x

(1 + tan2 x) 
tan3/2x

7
1 + tan~ x 
tan3/2 

1+j2 
f3/2

sin2”'1'1
2n +1

f3 15 i2fi -t*1= "cof-"c1U"c2U... + (-i)""c„|—- 
J kJ •—/1 • A

t5 t7 r 
=5+7+C

_ tan5x 
"5

' EXAMPLE 1 Evaluate:

(i) [ dx
cos0 X

■2n x dt

- + C

— □□□ —
ALGORITHM TO EVALUATE INTEGRALS OF THE FORM 
j sinmxcosn x dx , where m, n e Q and m + n is a negative even 

integer.

STEP I

dt, where t = tan x

1
Vsin3 x cos5 x

f____1-
sia3/2 x cos'

4 sec x
tan3/2

= sin4 x3 -1 sin6 x3 + ~ sin8 x3 + C
12 9 24

J cos2" +1 x dx, n e N.

SOLUTION Here, power of cosx is odd, so we substitute 
sin x as t.
Now,

t = sinx

——■ i f ,8 , p
12 9 +24( +C

| . 3 5sin x cos x

cos X

sin4x
f cos4x , = J —y-dx

cos X
4cos X

= j tan4 x sec4 x dx

= J tan4 x (1 + tan2 x) sec2 x dx

= j tan4 x (1 + tan2 x) sec2 x dx

= j tan4 x (1 + tan2 x) d (tan x)

= f t4 (1 +12) dt, where t = tan x

sin'

9
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+ C+ C

xdx

EXAMPLE 4 Evaluate:xdx

,8/3
I

xdx
xdx

• Since -
= - 2. So, we multiply and divide by

7

,-3/4

-3/4

X4-C.

= J (C8/3 SOLUTION Let I

.2

EXAMPLE 3 Evaluate:

SOLUTION We have,

,2/3 xdx dQ

dQ,6

.2/3 dQ

dQ

I

Since,
2
3 +

SOLUTION We have,

" J 4L:_3___

1
3"

J <[■ 
cos

COS

= f cos-4'3

,2
dtwhere t = tan x

xcos }4/3xdx

sin-3'4

= ^r5/3+3i1/3+c 
0

-5^1

tl4)
3

,2/3

1 + r 
,8/3

2/3) dt

J sin'

= J sin'

- dx 
x

= J tan:

= J tan

= J tan'

dx

= 1- cos

= i tan5'3

1 —— de 
sin° 0 cos 0

1 
sin2 0 cos 0

1 cos 0
sin4 0 cos 0 sin6 0

f sin2 0 +cos2 0 cos0
= J ---- 1----------+sin4 0 cos 0 sin6 0

sec4 xdx 
x

w 3 f~5' Here, --+ —

cos2 X.

= J sin'
x sec2 x dx

sin^x
,14

sin2 0 + cos2 0 
sin6 0 cos 0

sin2 0 + cos2 0 
sin2 0 cos 0

x sec2 x dx

sin^x
.14

3 x + — tan

x cos-14/3

,+ -(tanx)3/2

xcos”14/3

xcos3/4

x sin“8'3

= 4 tan1'4

xcos-5/4

« j (r3/2 + tl/2} dt

-2 t3/2 =T+h+c
2 ,-2- 

\'tan x '' 3 '
EXAMPLE 2 Evaluate : J sec' 

SOLUTION We have, 
sec4/3 x cosec8'3

(1 + tan2 3 

tan8'3 x

x cos4 x sec4 x dx

1 + tan2 x 
tan8'3

dx 
X

l5/3 + _3_fH/3
11

= ~^rtan"5/3x + 3tan1/3x + C 
o

dx=J sin' 
x

f ■'/(I + x2)8
EXAMPLE 5 Evaluate: I ——7—dx 

J xh

J x6

Putting x = tan 0 and dx = sec2 0 d0, we get
. f V(1 4- tan2 0)5 2 a ja
I = I ----- 7—secz 0 d0

tan60

tan6e

Vsin3 x cos8 x

:4/3 x cosec8/3

Vsin^ x cos5lc

cos 0 + cos 0 
sin4 0 sin6 0

d (tan x) 
x

1 
>4/3x sin1

+ cos 0 + cos 0 
sin4 0 sin6 0

C3/4x d(tanx)

i2/3 x (14- tan2 x) d (tan x)

t11/3X4-C

sin^x 
cos2/3

= - 4. So, we divide and multiply by cos4 x.

l2/3 4-18/3) dt

4 8^1- 4. - = - 4, which is an even integer. So, we divide 

both numerator and denominator by cos4 x.
f -jes4 v

= J tan*'3

3
5
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+ C.2

EXAMPLE 7 Evaluate: J= j sec 0 dQ + J* d(sin 0) + J dxd (sin 0)

SOLUTION We have,

/ dx
= log | sec 0 +tan 01 -

dx
= log |x + ^x2 + 1 | - + C

dxx dx \3/5
.6

dt, where t = tan x3/5
=> I xdx

k

•fit dt

-25/13

.27/13

+ c2/5

= |((-27/l3 + rl/3)df

k

cos n x =

24

4

1
5

1
2

1
2

r
zn/

1
2i

if
2

1_ 
.5

.6

1
sin 0

^1+x2 (1 + x2)372 Jl + x2)572 
x 3x3 5x5

>2/5

+ C

= /cos-W'3!sin-27/13

_____ cos4 X_____  
sin6 x (1 + cot5 x)375

x2/5

+c

= f tan

d (sin 0) 
sin°0

= j cos'

1 f 1sin x = — z - - 2i z

FORM

1 
sin4 0

1, 
sin20

/
z-~

k

1 f
64

•J cos

1 „ 1 . 1 n 1- z + — ,sinnx = — r - —
2 2« 

k /
We use these results to express sin'" x cos" x as the sum of 

sines and cosines of multiples of x as discussed below:
We have,

= j T 27/13 (1 +12) dt, where t = tanx

1 I ‘ 
z + - • z 

k p
.2

tan0 x 1 +
tan3 x

k /

EXAMPLE 6 Evaluate J 

SOLUTION We have,

I = j sec25713 x cosec27713 x dx

1
3 sin3 0

= ^f14/13 + |f2/3 + c
tan5 x +1 

tan5 x /

p5 + l 
t5 

k

x sin" 27/13

sec2x

COS0 
sin40

x sec4 x dx

x sec4 x dxcos4 x cos'

ALGORITHM TO EVALUATE INTEGRALS OF THE
j sin"1 x cos" x dx, where m and n are even positive integers

1
Let z - cos x + i sin x. Then, - = cos x - i sin x,z

z" = cos nx + i sin nx, and = cos n x - i sin n x.

1

1+?
’ iY3/5 
1+1 r /

- iT375
l + -g

sec25713 „ 13x cosec

x sin-27/13
d 1 + --I f J

+1 (tan x)273= 2^ (tanx)"14713

r iz + - z 
k

- 25 - 27Here, -—- + —— = - 4. So, we multiply and divide by 
10 10

4
COS X.

■ f 11 => cosx = - z + - , 2 z 
k /

f-5^1
7 k J

sec4x dx 
x

i rz + •■ = 2 cos x, z - - = 2 i sin x,
• 4 2sm x cos x

n
Z “ —

z 
k /

2/5
l + l/t5>l

“27/13 X (1 + tan2 x) sec2 x dx

sin"27/13 x 
-27/13

4 ________ COS X_________ 
sin3 x (sin5 x + cos5 x)375

—5 sin5 0

- f _L_+ cps_0_ 
"JCOS0 si^Q

4.
_________COS X_________ 
sin3 x (sin5 x + cos5 x)375

+ + -^-d0 
sin60

1 (
2

1
z1 1z" + — = 2 cos n x and z" - — = 2 i sin n x 

z
1
2i

1
z

1
z"

1
2

1 (
2i 

k
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.2

,4

k k

ILLUSTRATIVE EXAMPLES

+ 4x +C

.6EXAMPLE 2Then, - = cos x - i sin x,

~ cos n x + i sjn n x

and,

z+- = 2cosx,z-~ = 2zsinx

62 4

,2Z‘

,6 .2
k

k,6

k k

{- cos 6x - 2 cos 4x + cos 2x + 4}
f (cos 6x - 6 cos 4x +15 cos 2x -10) dx.6

= ~ J {- cos 6x - 2 cos 4x + cos 2x + 4} dx

EXERCISE 10.2

dxdx dx

dx dx dx

f 
,21

64

1
64

1
64

Following examples will illustrate the use of the above 
procedure to evaluate integrals.

1
32

1
64

_1_
64

1
32

1
32

1 (
4 :

1
2i

l(.
2i

if
2

\2 , 
r z--

1 
e* + 4

sin 6x
6

sin 6x
6

sin 2x
2

P z + - z 
k 7

k / 
z4

1 r
64 ‘

1 r
64 ‘

2_(.
64 '

f P z -- z k
1 (
64

k f

3. J

5. J

7. J

' if z-- :
z. 7

2
z2J7

6- J

8. f

if • z--z
k 7
6p 6 6p ■ 4 . 1 6/^ , (>/-> 1 6z- 2c0 z - q z + c2 z - c3 + c4 -5 - c5 -7

z z

= ~ (cos 6x - 2 cos 4x - cos 2x + 2)

z2

x2
777

x5 
JT+x:

Evaluate I sin6xdx 

SOLUTION Let z = cos x + i sin x. Then, 
1- = cos x - z sm x,

z” = cos n x + i sin n
1and, — = cos n x - z sin n x. 
z"

Now,

sin6x

= {2 cos 6x - 4 cos 4x - 2 cos 2x + 4}

-1 sin 4x + -y sin 2x -10 x + C

x3 
(1 + x2)2 

x2 
HTx

sin 4x 
—+

' 1 k ( 1z6 + 4 -6 z4+41 + 15 zz + 7 -20 I ?

1 4C L 7+c‘?

sin2 x cos4 x =

sin2 x cos4 x dx

_2+1Uz2A + 2^

,6

7
, ik ( 1 k

+ 2 z4 + — -z2 + — -4

1
64

1= —
32

J sin2 x cos4 x dx

^-2 , ------  dx
/ + 2

2x e
(/ + 1)1/4

f sin6xdx = -

z° + -7 -2 z4 + “v - z2 + ~x +4 - 
k

= - (2 cos 6x -12 cos 4x + 30 cos 2x - 20)

= ~ 32 (C0S 6* - 6 cos 4* +15 cos 2x -10)

—2---- ----------x dx 4.
cos x (1 - tan x)

1 1z” + — = 2 cos n x and z”---- --  2z sin n x.
z"

^17

1
z

z2)7

z6l7

z4-2 + ^t 
z*
n
z6l

7 
_ 1

,4
7 k

1
Z2 

7 n
z4

n
z2

1
z 

( 1 k
z2-2 + 4;

2 + if
2k 7

.if
z7

1
z2‘

1
z4

7

EXAMPLE 1 Evaluate: I 

SOLUTION Let z = cos x + z sin x.
1

' z
zn
1— = cos n x -1 sin n x. 
zn

1
z

1
z" 

Now,

n 
Z--

. z
k

1 (
xl :̂

\2 z
; Z + -

knr
z4l

= - ~ {2 cos 6x + 4 cos 4x - 2 cos 2x - 4)
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[Hint: Put x = 2 tan 0]dxdx 10. lx

[Hint: Putx = tan0]dx36.xdxdx 12.

[Hint: Put ex -1 = t2]37.[13. dQ 14.
dx

15. 16.
40.dx

18.
42.20.

22.

46.dx45.
dx 26.

27. dx 28. 50.
29.

dx
dx30. *x + l -1

53.
dx

dx54.
[Hint :Putl-x2 = t]dx

dx56.. [Hint: Put l+x4 = t]

dx

ANSWERS

3. + C
10. 7

.2, +c
--21og |x| + C

2

+ C

<dx

J cos 2 cot

—- dx
XCOS X

1
V(x - I)3 (x + 2)'

1 1
1+x2 2(1 + x2):

\3/4
- +C

x5
VT7?9.

>/sin32x 
sin5x

j /+x

17. f

19. j

21. J

11.

- dx 
x

'x + 1
x-1 k 7

dx [Hint; Put = t, / = a, ep = b]

 4 [x-1
3 |x + 2y

11. [log(1+x2)-

25.

32.

33.

sec'

sec'

31. J

35. .

dx
+ 1
>+Vi+?) 
a/1 + x2

Tdx

l-x17"
l + x1/n34. ,

sec5 x cosec5 x dx

j x ^a + x dx

1
.n

1___
x(x2 + l)3

f (1-cos 9)2/7
(1 + cos 0)9/7

j sin4xcos2xdx

1 
1+x2

5. | log(l+x2) +

^4 + x2
x6
x4

[Hint: Put x +1 = t2]

6. - — (3X2 + 4x + 8) Vl -x + C
■ID 

7. -7 (3x2 - 4x + 8) "/I +x + C

8. j <1 + ? (?-2) + C

1. log(l+4e-x) + C

1 ■ 
1-tanx

[Hint: Put l+4 = f] 
x

’ c2,’tl°l

7f 9?1/7 
13'Utan2 ■ 

k /

+1 tan2 x +1 tan4 x + C

9. -7 ^1 + / [3(l + x2)2-10(l+x2) + 15) + C 
15

1
1 + x

55. J Vl + cos2 x sin2xcos2x dx

[Hint: Put 1 + cos2 x = t2] 

[Hint: Put x = cos 20]

51. (

f S'1 ;------ dxJ ^ + 1

J cos8xdx

j sin3xcos3xdx

43. 1 .
—3-----F" dx
cos x sin x

r Vtanx
J sin cos x

4/9 14/9: ' x cosec

12. -1 (tan 0)' 5/9 + C
3

47. j sin8xdx

~.~4 1 2 dx 

sin xcos x
sin3 x cos2 2x dx

1
3—77 dx

cos x Vsin 2x 
23. j cosec 2x '/tanx dx

(1+x2)3 
j >//-l dx

log (x +1) - log x 
x (x +1)

X3 

(x-1)12 

 
------- "—3~ cos x sin x

2. x+21og(l + 2e”x) + C

4. ^(l + ^)7/4-|(i+/)3/4 + C
* o

57. f y

49. f

^/1 + x8
X13 

x7 
(1-x2)5

(1 + x4)2 

Vx2-8
x4

-----4^---- 4~ dx

cos* x sin x

—~dx
sin xcos x
?4

j

39. (

3 " — dx 
sin x cos x

j sin6 x cos2 x dx

48. J:4 x cosec2 x dx

52. t

4!. .

38. ,

24.

14. (tanx) 2 + 31og |tanx|

. 4 sin x , —z— dx
cos x

44. ,

—- ----- --------- T dX
(x2 + 2x + 10)3

(x + V^ + l)” 
l/?+l

J Ve'+e' + Ve’+e1’ 

r (x-x3)1^3
x4

7 r,
ii
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+ 2x ■ + C + C

40.

41. logf | tan x | -

42. tanx + -7sin2x--x + C
18. Tzz ■

.2.5.319. - cos x + - cos x + cos x + C

2 .4 .6 220. - sin x - - sin x + - sin6 x + C 44. (tan x-1) 4-C

45. 2>/tanx + C

47. — - - sin 2x 4- — sin 4x 4- 7- sin3 2x + 7777 sin 8x + C
23. ^tanx + C 24. 4-C

48. tt-
x + C25. + C

+ C

50.

51.
31. - 4-C 32. + C12

33. | log 14-x4) 4- 4-C +(

+ C34. 35. + C
and b = A

4-C36. x + C

56. + C
7

x = a sec 0, a cosec 0

x = a cos 2 0

x = a cos2 0 + P sin2 0Substitution

fl+X 
a-x

x = fltan 0,flcot0 

x = a sin 0, a cos 0

'a-x -----or a + x

52. £ "C, 
r = 0

49.
1 

648

53.
1

(?-6) 
120X5

x + f| iy-
k 3 J x2 + 2x + 10 

I (log (x + '/x2 +1 )}2 + C 

[x + Vx2 + 1 
n

sin 8x
8

sin 2x
2

1 
a2 + x2

sin 6x
6

sin4x
4

(x2-8)3/2
24 x3

2
+c

n

-+c

a 
\ 7

tan3x 
3

28. x + 21og |l+e"x| 4-C

— x3 _ 3x 3
4 (1 + x2)2 ” 8 (1 + x2) 8

37. 2^-1-2tan-1 V^-l+C

P-x

x8 
8 (1 -x2)4

2
- - sin 6x + sin 4x + 2 sin 2x - 5x + C

1
11 (x-1)11

l5/24(H«): 
0

3
10 (x-1)10

16--1S

3

(1 4-2 sin2 x) 4-C

(tan4 x 4-10 tan2 x 4-1) 
3 tan3 x

4 (X 4-1) + (X4-l)(2-X)(4 4-X)
I (x2 4-2x 4-10)3

15. 4
32

cot5/2

7 tan'1

tan-1

1 ( n38. -|.log 14-i 
\ 7

55. 7 (1 4-cos2 x)3/2 
□
'1 - 2x2'

— □□□ —
x2-?

1
3 (x-1)9 
^ + C

1 
14-X4

46. | (tan4 x - cot4 x) 4- 2 (tan2 x - cot2 x) 4- 6 log | tan x| +C

47. H-isin23t+^sin4x+Ssin32x+iM4sin8l+c
X15 X5 148. -^ + ltan

30. X 4-4 Vx 4-1 4-4 log (Vx+T-1) 4- C

1 (l+x8)3/2
x12

10.5 SOME STANDARD INTEGRALS
In this section, we shall first discuss standard integrals. The 
following substitutions are very useful to evaluate these in­
tegrals.

Expression

fl24-x2

a2-x2

3’.------—j
8 (x-1)8

3 (4x - 3fl) (fl 4- x)‘
28

dx = - tan-1 
fl

or ^(x - a) (P - x)

,3/2 “(( + ll)3/2 
w

-4>/2 
~5“

27. /4-C

29. ^e^ + C 
4

r1(x5)4-c

sjpjx +1 sjn6X + 7sip4^ + 28sin2x4-35x 4-C 
o o

2n J 
(fl-b) |_5 +fl)

—^j-4-C 
2 sin2 x

3„. „
2 T

where t = e*, a = e0, 
3 fl ^3/4

541 “8 J*"1

RESULT 1 f

17. - - cot3 x - 2 cot x 4- tan x 4- C

43. | (tan2 x - co^x) 4- 2 log | tan x | 4- C

2r x1“r 
——4-C 
(1-r)

1
128

1
2

1
5

2
5
7
4

2
3

1
4

3
— 2 —

C | \
21. V2 I4-7 tan2 x ^tanx 4- C

0\ 7
22. |tan2xcot2x4-3 log |tanx| 4-tan4x4-C

- 3 (1 4- 4 tan2 x) 
8 tan2 x tan2/3 x
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i

f a sec2 0 dQor,

dx.

1 1 +~A + C- log

.2
.2

RESULT 5

dx = -cos'

dx

a cos 0 d 0
+ C

dx

+ C dx7

+ C

dx dQ

dx 1

- log+ C

dx = log | x + 'la2 + x2 | + C

dx

1 
fl2 + x2 

PROOF Let Z = J

a + x 
a-x

1 
a2 + ?

x-a 
x + a

RESULT 4

« log jx +Vx2-^2 +C

1
y+x‘

PROOF Putting x = a tan 0 and dx = a sec2 0 d0, we get

J W + x1

- +c a\ 7

where Cj = C - log fl

-‘fel+c 
a 
\ 7

PROOF Putting x = a sin 0 and dx = a cos 0 d 0, we get

i 1

1 . a + x

dx = - cos 1

dx - sin-1

x-a
x + a

1 
fl2-x2

PROOF We have,

f_L_
a2-x2

2a J a + x a-x

= (log lfl + Il -log |«-x|)+C

dx = ^log

= sin-1

y dx

(x\
- +C a

dx = — log ■2a 5 .

1
Vfl2 + a2 tan2 0

= / sec 0 dQ

* log | sec 0 + tan 01 +C
= log | tan 0 + Vl + tan20 | + C

x J 71 -+ NI+^a + c 
a a2

- log |x +Va2 + x2 -logfl+ C

= log |x + Vx2 + a2| + Gj,

ya - x 
1

Vfl-x2

1 
'[x2-a‘

PROOF Putting x = a sec 0 and dx » a sec 0 tan 0 dQ, we get

f a sec 0 tan 0
Va2 sec2 0 - a2

= J sec 0 dQ

- log | sec 0 + tan 01 + C
= log |sec0 + Vsec20 -11 + C

- + V4-1I+C 
a a2

= log |x + Vx2 — fl21 - log a + C

= log | x + Vx2 - a2 | + Cp where Cj - C - log Cv

We shall now illustrate the applications of the above results 
in the following examples.

or, .

1
Vfl2 - fl2 sin2 0

= J 1. dQ
= Q + C

-Vc a 
\ 7

Similarly, by putting x = fl cos 0, we get

-l + C 
a J

, , - fl see2 0 dQ
a + a2 tan2 0

= -/ l.d0 
aJ

=-0 + C a

= -tan-1- + C
a a

Similarly, by putting x = fl cot 0, we get

I -x—r dx = - - cot 
J a2 + x2 a

RESULT 2 J 1 
x2-a2

PROOF We have,

-1 ff 1 _ 1 ’
" 2fl ■' x-a x + a

= ~ (log |x-fl I -log |x + a I} + C

= ^log

RESULTS f

Putting x = a tan 0 and dx = a sec2 0 d 0, we get

4—1J J . ,2

dx = - -cot-1 
a

5 dx

1 
^fl2-x

RESULTS I

1
2a
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ILLUSTRATIVE EXAMPLES

EXAMPLE 1
dx

W I (ii) /dx dx

dx
dx

dx(Vi) J(V) dx dx.6

... dty*) = 3/dx]d&f)SOLUTION (i) We have,

= M3 JI dx • where t = 3e'

+ edx

+ C
dx

dx.3

>23 +f

-1

3 1 dx

= M3 J(ii) We have,

dx = -[3 J , where t = x3/2

dx
■2 +c

dx -1 + C

(v) .6

4J dx

+ Cx
dx

+ C

=H dx
(iii) We have,

d (?)dx

1
12

1
16

1
16

16

3?
<(fl3)2 + (?)2

1
4e"x-9/

t-5 
t + 5

2 + t
2-t

x
I3-?

2X -
V4X - 25

1 
= 3X

2)2

d (4a-3)

d (x3/2)

d(4?)

I'll 3+C
\ /

I 3 +C
\ /

2 + 3/ 
2-3/

2

/ 
4-9e2x

x2
32 + (4?)2

2x5 10g

4x4-5 
4x4 + 5

, where t = 4x4.

?
V(fl3)2 + (?)2

dt, where t = 4x3

1 k .
= 36 tan

2 . .
= 7 sin

= n10g

= 160 10g

x2
9 + 16x6

(iii) j

= 1 f l
3 V(a3)2 + (x3)2

dt 
/-52

x2
9 + 16x6

= ^?/2)2-(x3/2)2 dX

1 
(4x4)2-52

1
32 + (4x3)

1/

16x8-25

x3
(4x4)2-5'

16?
(4x4)2-52

12a-2 
32 + (4x3)2

x2
b6 + x6

= | sin-1 
o

= tan l
36

/
22-(3/)2

3/
22-(3/)2

I
22 - (3/)2

dt
22-t2

2^2 108

Evaluate the following integrals: 

x2 
16?-25

(iv) J 
fl'

(iv) We have,

fl -X'

77^dx

’ «Sx'

— dt w2)2-t2
(T\ 

a3'2 
\ 7
"?/2>)

J 
,6 .JV

flu + xl
dx
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EXAMPLE 3 Evaluate: J

Here, cos x-sin x occurs in the differential ofSOLUTION2 + C

We have,.6 + C

(Vi) I dx

dx

dx
dx

=J dx
d(2x)2 4 d (sin x + cos x)

=f dt, where t = sin x + cos x
log |f + ^2-52| +C

log |2X-+ ^4X-25 | + C

+ C
dx

EXAMPLE 4 Evaluate : J dx

dx

dx

dx
dx

dx= f
dx

dx

d (sin x - cos x)
4 J d (4 (-cos x + sin x)}

d (sin x + cos x)+
dt, where t = 4 (- cos x + sin x)

d (sin x - cos x)
+ C

+ C
dv, where2

+ C

1
4

5 + 4 (- cos x + sin x)
5 - 4 (- cos x + sin x)

5 - 4 cos x + 4 sin x
5 + 4 cos x - 4 sin x

2 cosx
2 + 2 sin x cos x

cosx
1 + sin x cos x

(cos x + sin x) + (cos x - sin x) 
2 + sin 2x

cos x - sin x 
2 + sin2x

sin x + cos x 
9 + 16 sin 2x

1 
sin x + sec x

5 + t 
5-t

1

= 1
3 W

2* 
^4X- 25

= 5'°g
du + J

dx+ |

" 40 108

SOLUTION We have, 

f- 1---J sinx + secx

1

i)+c
fsinx + cosx
I 3

1 ' ____ __
,oge2 J ^(2X)2 - 5'

dt
loge2 J 'll2 - 52

1
loge2

1
•°ge2

cos x - sin x , 
V8 - sin 2x X

, where t = 2X

dt, where t = x3

- f 2* 
^(?)2-52

2xloge2
2

= sin-1

= sin 1

(sin x + cos x)2 = 1 + sin 2x 
w 9

=> sin 2x = (sin x + cos x) -1
9

=> 8-sin2x = 8 - (sin x + cos x) +1
9 

=>8-sin2x = 9- (sin x + cos x)
f cos x-sin x 

" J <8 - sin 2x

cos x - sin x
N9 - (sin x + cos x)2

__ 1______  
v3 - (sin x + cos x)

1 
+ t2

= log |f + Vfl^+f

= log |x3+^fl6 + x'

loge2 J V(2A')2 -5

J—

1
—------------------- - d (sin x + cos x)
1" + (sin x + cos x)

1
1W

u = sin x - cos x and v = sin x + cos x

f cos x + sin x
J 2 + sin 2x

________ 1
2 + {1 - (sin x - cos x)2) 

____ 1 
2+ {(sin x +cos x)2 — 1}

1________
(V3*)2 - (sin x - cos x)2

4

EXAMPLE 2 Evaluate: J

SOLUTION 'Here, sin x +cosx occurs in the differential of 
-cosx + sinx. So, we express 9+ 16 sin 2x in terms of 
- cos x + sin x. We have,

(- cos x + sin x)2 = 1 - sin 2x

=> sin 2x = 1 - (- cos x + sin x)2

=> 9 +16 sin 2x = 9 +16 {1 - (cos x + sin x)2}

=> 9 +16 sin 2x = 25-16 (- cos x + sin x)2 
. f sin x + cos x

J 9 + 16sin2x

sin x + cos x , --------------------------z dx 
25 -16 (- cos x + sin x)2

4 (sin x + cos x)
52 - {4 (- cos x + sin x)}2 

________ 1_________
5 - (4 (- cos x + sin x)) 

1
52-f2

= IX^108
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+ C

.-1 (sin x + cos x) + C + C

EXAMPLE 5 Evaluate: dx (ii) / dx

dx dx

dx

dx - sin 0 j" -1dx

dx - sin 01 di, where t = x + -dx.2

= 0 log + C= - cos 0 7

— sin 0 J d (sin x) + C

+ C

- sin 0 log | v + Iv2 - sin2 0 | + C
(iii) J

sin2 x - sin2 0 + C

(ii) I dxdx

(iv) J dxdx

, wheret-x--
,4

+c

+ c

(iv) J dx

dx

1 
2\2

1
2?2

cosx 
k/sin2 x - sin2 0

1
= ?2

1
= ^2

sin x 
\sin2x - sin20

cos x
Vsin2 x - sin2 0

1/x2 
x^l/x2

dp
Vv2 - sin2 0

, where u = cos x and v = sin x

1 
^sin2x-sin20

f-1 
t +1

1 
Vcos2 0 - u'

sinx 
"Vcos2 0 - cos2 x

f u '
cos 0 k

'cosx
cos 0 k

( 0
x-- +2

i Xk /
dt

f2 + (V2)2

1 
x4 +1

x2-!

1 
x4 +1

1 , 13 + u k _ i . . _
= log + tan 1 (y)+ C

1 V3 + sin - cos x . 1. . ” 2^3 °8 >/3 - sin x + cos x + 2 an

1 
t2-l

. f J sin (x - 0) 
‘J sin (x + 0)

1 , 
= 2 lo8

= cos 0 j

SOLUTION We have, 

f J sin (x-0) 
J sin(x + 0)

= coSeN

4?x-- +8x
k /

dt
t2 + (2^2)2

x2 - x +1 
x2 + x +1

= -cos0 J

X + --1
X
1 .X + - + 1
X

if x+—
X 

k 7

Vsin2x - sin2 0

tan-1

12 
k / 

'x2 - f
12x \ /

= -cos0 sin 1

x2-l

tan-1

tan"1

= -cos0 sin"1

tan"1

( i' 
d x + - x

x2 + 4 j 
---  dx

x4 + 16

EXAMPLE 6 Evaluate:

(0
x2 + 4

x4 + 16
SOLUTION (i) We have,

f t
2?2k /

( 2x ~ 4
2<2xk /

1■I A " ' 'A ' d(cosx) 
NCOS2 0 - COS2 X

—:— dx 
x4 + l

Jd x-- xk /

1 , 
= 2 log

.fd x-~ x
k /

■j-du-sin0 j*

U x 1 
, wheret = x--. x

i+4
—77^ ? + ^|

x

-?
?+l+l

X

1
2

1
x

4
x
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dx

+ C

4/
+ c

7

Evaluate: .EXAMPLE 8

-If <*4J
I

dx
-2

, where

1.-1 [Dividing Nr and D1- by cos4 x]+ C

1 + C dx
k

d (tan x)

dx, we get

dx dt

dx

dx

dx +J dx

f 
- ( ^tanx + dx

1 
2?2

v~fi 
u + fi

(tan x - cot x) + C

EXAMPLE 9 Evaluate :J (^tanx + ^cotx)dx

1
12
1

= ^2

t

I
/

d x-
k

1.) 
x2

dx

1 
'tanx 

7

x2 - fix +1

x2 - fix +1

_________________ 1_________________
(cos2 x + sin2 x) (cos4 x + sin4 x - cos2 x sin2 x)

dv 
^-(fi)2

14 x + -
X

_du 
,2

1____
x2

• -2

4f;
x--|+2

•u
fl _ 1 [ _ 
x 2 J (

7

1 
"2Xfi k 7 

r?-n 
fix 7

SOLUTION We have,

I » J* (>/tanx + VcoTx) dx

(1 + tan2x) sec2 x 
(1 + tan2 x)2 - 3 tan2 x

n
x2
— dx

/d x + - xk 7

= tan-1

?+?

f I'l d x + ~
Xk 7

2/x2 
x2 + l/x2

r

f2 + l 
t4-t2 + l

1 + x2

?+?

x2^ 
x2

tan-1

1 + tan2 x
„ 4 9
1 + tan x - tan x

, if x--
k x

tan 1

u + C = tan 1

tan-1

k
r+l2 X

, where u = t - -

(12 l?-(<)2

f u 1 .
12 + 2^'Og 

k 7 

r?-n 
~fix k

____________ 1____________
9 9 9 9 9(cos x + sin x) - 3 sin x cos x

1 j 1 u = x - - and v = x +x 
v-fi 
v + fi

X J 
+ 2 V }

=I x4tan'

2x
1 + x4

2?
x4 + l‘

2

r
( 1W
1 + -5 +I1-4 x2 k 7

.2

4sec x , 
~4—;—~ sec x - 3 tan x

( c

du
m2 + 1

1 + t2 

e2+V1 t2

—6~^—F“ fa 
cos x + sin x

——r- dx cos x + sin x

------— dx

X
SOLUTION

------- 1----- 5— dx
1-3 sin x cos x

+ 1

EXAMPLE 7 Evaluate : f ^tan 0 d0.

SOLUTION Putting tan 0 = x2 and d (tan 0) = dx2 

i.e. sec2 0 d0 = 2 x dx, or d0 - ------ 7
1 + x4

JU 1 J 1
dv, where u = x - -, and v = x +

X X

dt, where t = tan x

1
x

p
X

7

1 
1?
X) 

du 
u2 + (fi?~2
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-f dx

2 .2Let tan x = r. Then, sec2 x dx = 2t dt

=> dx = dt

EXAMPLE 11 Evaluate: J

SOLUTION We have,
= 2 J J dx

= 2f [Dividing Nr and DT by t2] cos x dxdt

= 2J;
+ 2 K

du, where u = t - - dt

\
dt+ C

t + C+ C

EXAMPLE 10 Evaluate :J dx
dx.

SOLUTION We have,

dx dx

= 2 j dt

= 2j dt

d (sin x)
= 2 (tan t - sec t) + C

=J = 2 + C

dt EXAMPLE 13 Evaluate: j

dt
dx

dt
Putting x4 = t and 4X3 dx = dt, we get

X

2
?2

>/tan x - <cot x 
^2

x
1-x

2
T7r

1

I

dt 
t* + l •

X 
f 
1-

tan x +1 
'/tan x

21 dt 
__ 2.

___2 
t2 (t2 +1),

6 
.2

X3
.16

EXAMPLE 12 Evaluate: j

<2'2
-2-, where t = sin x

- cos x dx

- d (sin x)

<4
~dt, where t = sinx

2t_
>4

/
1- 

tZ + l

?
(x4)4+4

SOLUTION Let I = f

=> dx =
■ sec" x

dx 
x10 + 4

+ 4| dt 
r

t2 + l
IF

It dt
1 + tan x

cos3 x + cos5 x 
sin2 x + sin4 x

2-3 sin2 x + sin4 x 
sin2 x + sin4 x

2 - 3f2 + t‘
P + t4

f2 +1
*4 -

3 5COS X + COS X 
sin2x + sin4 x

V «=»-) 

= '/tan x - '/cot x

1 — sin f
9 

cos t
= 2 j (sec21 - tan t sec t) dt

7 5cos X + cos X 
sin2 x + sin4 x

6 4COS X + COS X 
sin2 x + sin4 x

sin3x
3 .

tan 1

1___
(^)2

fu>
?2

+ 5 sin x - 2 cosec x -12 tan-1 (sin x) + C

l-t2)2 
t2 + t‘

1

-If

= t - 6 tan-1

+ (1 - f 
t2 + t4

2t
1 + t4

= V2~ tan 1

'2-t2' 
>4

l-t2)3

f (1 - sin2 x)3 + (1 - sin2 x)'
“J .2 -4

sin x + sin x

‘-Vc

f (1 ~ sin2 *) + (!- sin2 x)‘
~ J .2 -4sin x + sm x

1
(1 +Vx) Vx-x2

SOLUTION Putting x = sin2 t and dx = 2 sin t cos t dt, we get

f___ 1
J (1 + Vx)Vx-x2

1
1 + sin t

rf,-7

t4 -3t2 + 2 
t4 + t2c

1-
4t2-2^ 
f4 + t2 /

t2 1 + t2

= -~ + 5t-y —12 tan-1
0 I

2 4COS X + COS X ,
—----------- 7— COS x dx
sin2 x + sin x

x—-7 dt 1+/

=2K

= sin x - 6 tan-1 (sin x) - 2 cosec x + C
7 5COS X + COS X , 

~2----- TV dx
sin x + sin x

x3 
x16 + 4

1
t
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4/ [Dividing Nr and Dr by f2 ] => I = 2 tan
(2

EXAMPLE 15 Evaluate dx

=if16 J I
dx. Then,a

(1 - x2) 41 + x2 + x4

X2
dx [Dividing Nrand Dr by x2]dt

dt

1

-4 + 3

, where u = t - - and v = t + -
u + 2‘

log + C
(«•

.-1 + C= — tan'

+ C

1 + c=> I = -.2

.2
1 +c=> I = -

1 + 43
.2

EXAMPLE 16 Evaluate :f dxdx

SOLUTION We have,

dx [Dividing Nr and Dr by x2] dx

dx

1
16

1
16

1
16

1
16

f
x-

1
16

16

2tdt
(t2+i)V?’/

1 --x x

1
X--

X

1
,2

1 
+?+

(1 -x2) 41+?+?

1 
2x2

v-2 
v + 2

1 
d

1
i2

Multiplying the
Nrand Drby(x+1)_

. 1• where x— = t x

2'
t2/

1 
-16X

( 2 
d t-=-

=> 1 = j

=> / x |

1 T !»-<! ,.r
= -^310S|^43|+C

u du 
!2-3)V?

dt 
tz + l

= 2 tan-1 (t) + C

SOLUTION Let / = f

=>1 = 2]’

SOLUTION Let I = J —

dx-l
| X

(x2 + 1)2-2x2 
(x2 +1) (x4 - x2 + 1)

x~

. 7 

xrf-2S 
2x4

du 
uz-3

‘°g

X+-+1+ C 
X

1--^
XT

4

f2 - 2t + 2
f2 + 2t + 2

__ (?-l)
(x2 + 2x +1) 4x3 + x2 + x

1+?
X

x4 + l
x6 + l

x4+l 
x6 + 1

where t2 + 3 = u2 and 2t dt = 2u du

I 2 d t + j

1 2where,x + ~ + l = t

1 , 4t2+3 -43
^3 ’°S ^2 + 3+^

x +1 + 2|Nx + ~ +1 
X

x-1 ,
(x +1) Vx3 + x2 + X

d‘-r6

EXAMPLE 14 Evflhwte:J

1
f 2?t-t +4

x2-l ,
(x +1)2 4x3 + x2 + X

dv 
v2~22

2

2t \

x8-2x4 + 2 
x8 + 2x4 + 2

dx 
+ A + 1

\ 7
du

.2 , n2

= ~ tan-1 =*/ = -/

=>/ = -/

1 = 7 j -r- dt
4 J ? + 4

1+4 __ r

Mr

^4 r

_____ x-l , 
(x +1) 4x3 + x2 + X

X-- 
X k 7

dt
t/t2 + 3

1

A-
4

A-
7

»2

= ~ tan~1

1
32

1
32

1
32

2
t

2
t

1
x

4
2
t
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dx-2 J di, where t = sin x + cos xdx

t

dx dt

t

2

dt
.-1

dx
duSOLUTION We have,

dx
= cot-1 Vt4-1 + C

dx

dx + J dx
EXAMPLE 19 Evaluate .'J

dx + f 2dx

>2

= M2 J dx

dt = i /2 J

dt --V dt, where t = cos x and - sin xdx=dlk

- ^2 - x2 - log + C

,2

SOLUTION We have,

1

x
12

2
3

(x2 -1) + X (x2 + 1) 
(x2-!) ^2-x2

2u du 
(u2 + l)V?

2u du 
(u2 +1) V?

1 + t
1-f

1 + V2-X2 
1-V2-?

2 J
i2

SOLUTION We have, 
sin3x/2 
.3 v _2

4f3 
t'Nf4-!

= cot-1 "V(sin x + cos x)4 -1 + C

[>/sin2 2x + sin2x} + C

1 ( i\
where t + - +1 = u2, 1 - -x dt = 2udu 

t r \ /

2d(x3)_1___

if 1 X-- +1
X k J

1 
u2 + l

3x2 dx 
(x3)2 + l

x2 +1 
x4 - x2 +1

d x--x \ y

x2 
x6 + 1

= dt 
+ t

______ sin x (1 - cos x)
(1 + cos x) NCOS3 x + cos2 X + COS X

4
= sin-1

_ I f 7__ ,2 J z r f + 2 + y 
k

-if 2j

= cot"1 u + C

2
f2-l

2 /

= sin 1

(x2-1)^2-x2

(3 - f2) f dt , _ 2
3-----rv' where2-x = t
(1 - f2) \f2

= sin 1

= sin 1

= sin"1

> where f4-l = u2
= tan-1

= sin"1

T+c k y
X3 4-X2 + X — 1

(x2 -1) k/2-x2

fx>
?2

k /

fx^l
11k 7

' X)
12k y

M
12k /

EXAMPLE 18 Evaluate:

cos It

(1-f2)+ 2 
1-t2

(
1 +

1-f

(2 sin x/2 cos x/2) (2 sin2 x/2) 
2 cos2 x/2 ^cos3 x + cos2 x + cos x

1-t
lr + r+t

_ I f t2-l
2 (f + 1)2 If+t*

( 2 ■

x------ -- tan

= 1 ( l2-l J,
2 (t2 + 2t +1) V/3 +12 +1

f2-l 
~ +

-------- Sil?X/2
X I----?-------- 5COS - NCOS x +cos x + cosx

1 
(x3)2 +12

__________ sin x - cos x
(sin x + cos x) Jsin x cos x + sin2 x cos2 x

= cot"1

__________ sin x - cos x jx 
(sin x + cos x) Vsin x cos x + sin2 x cos2 x

1 =_
/ 2 \2

1
2 k

1
\f

■ 1 +
A

dt

r x3 + x2 4 x -1
J (x2-l)^2-?

dx 
cos^ x + cos^ x + cos x

1 + ^2

X 

x2 -1 +
X

(x2 -1) I2-X2

-t-2x|log

2
3

1
t

1
t

X k y

EXAMPLE 17 Evaluate:J

= f 1___
J l^-x2

W'
1-f2
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n + C

dx

I dxdx.cos'

SOLUTION We have,

dxcos

dx =u dt
dxx

41 dt
= -!

2 J dx
5

t +C
dx

1

= -!
4 J

= M8 J *41 dx dx

1 dx= -/
8 J dx 4

8 J *41 dx

-0/2)2

= log

SOLUTION We have,
n + C dx

-'A1 -x2
j

, 71
+ 8?2

(x2-^ 
fixk /

?-V2x + l 
x2 + V2x +1

1+x
1-x

1
1 + x2

1 + x
1-x

t-1 
f + 1

1 
1-x2

1
1-x2

x 8 J
7

?-2 
?V?+2 + 4

n . •
+ 8tan

It . •+gtan

1 '
1+x4 /

' where t = x3 
t4-l

(ii) We have,

?-2 
x>/x4 + 2x2 + 4

( 1'
X + -X

SOLUTION (i) Let I = J - 
X

1 1 16 2 108

x8
:12-1

x8
32-1

n f+J

41

1 
t2-l 

k
1F11 = 6 2 108

2x 
1-x2

( 2^1 x + -
X k /

1
2?
X

X

2x
1-x2

4J 1-x' 
k

= dx 
+ x

X

x + - + ^2
X

-i_2£_ 
1+x2

* 4 1

1
(1-x8)

1 
1-x4

1 
(1-x8)

1 
(1-x8)

+ tan-1

= | du
1 7 + 1

= tan-1 w + C

t + | + l +C

-^+A 1-x2 1 + x2

, 71
+ 8?2

/
x + "

< 
/
x + -

k
„ , . r x(x-i) 

example 22 Evaluate:] +1)^+?

4 + 2 +C

= tan’1

tan"1

n 1= ^l°g

* + 7 f4 J

<fe + 2f

x + 2tan 1

+ tan"1

tan"1

+ tan"1

1
1-x8

^-2tan"1

n . . ~-sm

dx (ii) J

+ tan"1

( 2^ 
d x + - xk /

/ -i\

d x-
k

1
' n2 x-i +(^/2)2

1 
(1-x8)

i+4 
_ XT 

?+4 
X

l')
d x + —x

7
\2

: -('/2)2

= Ian’1 '/cosx + secx+1 + C ■
EXAMPLE 20 Evaluate:

jr4 + l x4 + ly

t2
(f2 + l) (t2-l)

( 1 1

/

' i+?

J+

i-1x

^x

4/^^3 J (?)4-l

^JL
a -

EXAMPLE 21 (i) f -
X

1+X4

1 2x  . ----x + tan 
1+x2

’4 •2 -T--"' dx
-(^2)2

f_______X(x-l)
J (x2 + l)(x + l)^x3 + ? + x

X--
X 

~JT k /

^x2
------r dx
x2 + i

X2
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=>

Vx +

[IIT19871dx

dx

dx

dt

1

t + C

dQ

dQ

= -j sec9d0 + 2 j dQ

= - j sec 0 dQ + 2 j
.2

+ C

= - log | sec 0 + ‘'/sec2 0-1 |

+ C

= - log | cot x + ''/cot2 X - 1 I + log +c

EXERCISE 10.3

dx1. dx

'/cos 2x 
sinx

=N

Vcos 2x 
sinx

VT + sin 0
- sin 0

a/2+^1 -cos20
<2-Vl-cos2 0

fl+yll-tan2x
'/T-'/l-rtan2x

f-1 
f + 1

------- x- d (sin 0) 
2-sin2 9

nx + -x

<=i
SOLUTION We have,

Evaluate the following integrals:

J-Z-
J 9x8 + 16

f
x /

2-1

= dx

1 . x+-+l+1x

X+-+1-1
X

x + — +1 + C
X

dx = |log |(x-y)2-l).

Putting cotx = sec© and - cosec2 xdx = sec0tan6rf6, 
we get

= J '/sec2 0-1 x

=-log |sec0 + tan0|+2x^log

- tan-1

1 
i2-l

= | log

>

1 .
= 2 log

- tan-1

x
9 - 16x4

~2-- S---

( 1
l2-l

2 • 2cos x-sin x
sin2x

J ^cot2 x - 1 dx

1 ' 
t2 + l

= (x-y)rf(*-y)
(x-y)2-l

dx = 1 f ?k-y)rf (x-y)
2 (x-y)2-l

| log [(x-y)2-!]

=> (x-y)

_______x (x2 -1)
(x2 +1) (x +1)2 V? + X2 

x<l-±l 2 X \_____/

P2 
lx

U
X + - + 2 x. /

•— • dx1 r~X + - + 1 
X

EXAMPLE 23 Ify(x- y)2 = x, then show that

f-A-J x-3y

SOLUTION We have, 

y(x-y) = x .

=> d (y (x — y)2} = dx [Taking differentials of both sides]

=> (x - y)2 dy + 2y (x - y) (dx - dy) = dx

=> (x - y)2 dy - (x - y)2 dx + 2y(x- y) (dx - dy)

= [l-(x-y)2]dx

=> [(x — y)2 — 2y (x-y)] (dy-dx) = [l-(x-y)2]dx

=> (x-y)(x-3y)(rfx-dy) = [(x-y)2-l]dx ’

(dx - dy)_____ dx
(x-y)2-l " x-3y

i— — »■ dx 
x + - + l

X

2f 1—------- --------r= dt > where x + - + l = f2
(r -1) (r +1) yr a-

dx => -------
x-3y

f-1J x~3y

1
x-3y

EXAMPLE 23 Evaluate: j

~~dt 
t2 + l

sec 0 tan 0 
--------- 7.— dQ 
- cosec x

f sec 0 tan2 0 ,A
J 21 + sec2 0

sin2 0 
------------ T- ‘ cos 0 + cos 0

1 - cos2 0 
cos 0 (1 + cos2 0) 

(1 + cos2 0) - 2 cos2 0
cos 0 (1 + cos2 0)

cos 0
1 + cos2 0
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dx
dx, a,b>0 and b>a/2.13.

5.

■
[Hint: Put cos 0 = t]

15. Prove that
.2 .2

dx =

8. dx

dx

[Hint: Put x - 3 = tan 0]

dxT7.

dx
[Hint: Put 2x + 2 = 3 tan 0]

ANSWERS

.-1 + C + c8. log

+ C + c9.

.-11 10. - tan tan'4. -

1 + C

5.
12. -

6. + C
log13.

tan 1 (>/2 tan x) + C + C
k

dx.

20

1
2?3

2x4-2
+ 8x +13

1
^3

1
2^2

1
12

1 
^2ab-7

1 
ta2 - b‘

1

sin x-cos x 
Vsin 2x

?-^/2x + l 
x2 + V2 x +1

1 
ax2 + bx + c

1 +x 
1-x

1
cos x + cosec x

x2-!
(x2 + l) k/x4 +1

R/x^-t-b21 2
I —=• J, if a >b1 fl2-b2j

1
Vax2 + bx + c
In order to evaluate these types of integrals, we use the 

following algorithms.

7 J

<•!

10. J

— dx 
x

[x2-!
x<x4 + 3? + 1

3 J

tan2 x -1 
"/^tanx 

. 7
f . 2 i\ sirr x -1 
^Tsinx

\ /

4
3-4X2
3 + 4X2

3. -log | sin x + cos x - "/sin 2x | +C 

cos x - sin x - VjT 
cos x - sin x 4- "/s'

»•[

sin2 x - sin x +1
9

sin x + sin x +1
"/a + 2b + "^(sin x - cos x)
Vfl + 2b -"/fl (sin x - cos x)

'(sin x + cos x) "/jP|
"/2b-a J

e3y4-ex 
!4x-e2x4-l

16. j

______x______
(x2 + a2) ‘Vx2 + b2

tan-1

7. ^tanx +

(x2 + 1) + Vx4 + 3? + 1
------------ x------------

-i r 'i 
COS -z------

_i 
tan

tan 1

tan-1

1, 
x + ^log

1 , 
+ 4log

1 £tan

1 48

tan-1 (cos x + sin x) 4- C

,iffl2<b2

---- dx 
l-sin4x

nj-
e

[Hint: Put x2 + b2 = f2] 

1 o /—x- UX
(x - 3)2 vx2 - 6x 4-10

[_________ 1__________ .
cos x + cos xsin +sin x

—    —
10.8 APPLICATIONS OF STANDARD INTEGRALS
In this section, we shall discuss applications of standard in­
tegrals to evaluate integrals of the form j —7—^------dx and

cosx
1 + sin2 x + sin4

f---- 1___
J asinx + bsecx

■ +C

<2x \ 7

----- 4---- - -------4~ dx 
sin x + cos x

11. tan-1 (e^-e"1)+ C

^•tan-1 (V2~ cot 2x) + C

1__
2^2flb + fl2

14. / 2 sin 0 -F sin 20
(cos 0-1) Vcos 0 + cos2 0 + cos3 0

12. J

J sin 1

2?b58 V? + /+Vb2-fl2

1 J 
-----? dx 1-x8

1
2
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41STEP1

.ij6 J

4b dta

1 log + C

+ C.2 = log + c

= logJ +c+c

ILLUSTRATION 2 Evaluate: f dx

dx
dx

STEP 1
STEPH

STEP HI

or

STEP IV 2.4

dx = log | x + ’'/fl2 + x2 | + C

1 dx = log jx + ^/x2 —a2 |

dx

ILLUSTRATION 1 Evaluate: J dx dx

d (sin x)

21 + 1
3t + 2

2 log x +1
3 log x + 2

fl + x
fl -x

x - fl
X + fl

1
2

(x\
- +C a\ /

. 1 i 'dx = - tan
fl

/

STEP HI Use the suitable formula from the following formulas

fl 
k )

_______ 1________
x [6 (log x)2 + 7 log x + 2]

1
SOLUTION Putting log x = t and - dx = dt, we get

f ~sinx 
sinx

sin 2x
Vsin4 x + 4 sin2 x - 2

1
1.2 sin x + sin x

d (sin2 x),

n
dt, where t = sin x

1 dx = sin 1

, 1 1 
dx = - log

epress the quantity inside the square root in the form 
9 74ac - b 4ac- b-----— or-----t— 

4fl2 4fl2

.2 / 1 dt
' +6< + 3

ALGORITHM

Make the coefficient ofx^unity, if its is not, by multiplying 
and dividing by it.

STEP II Add and subtract the square of the half of the coefficient ofx 
to express ax2 + bx + c in the form

2 
bf 

2a

x l(6 (log x)2 + 7 (log x) + 2(

—— di
6r + 7t + 2

X + S •
< /

Use the suitable formula from the following formulas:

1
\^a2 + x2

4ac - b2 
+ z—

4a2 '4)2
k / 12

EVALUATION OF THE 

f , 1 
J yla/rbx+c

= f y l-sin2x~
J sin x (1 + sin x)

INTEGRALS OF THE FORM

ALGORITHM

Make the coefficient ofx2 unity if it is not.
Find half of the coefficient of x.

Add and subtract | - coeff. ofx inside the square root

f bf x + ~ +
2fl

k /

SOLUTION We have,
f_____ sin2x_____

’'/sin4 x + 4 sin2 x - 2

1________
V(sin2 x)2 + 4 sin2 x - 2

=1+4—Vf2 + 4t-2

>/(Z+2)2-(V6)2 <'(, + 2)

= log |t + 2 + ^/t2 + 4t-2 | +C

= log | (sin2 x + 2) + "'/sin4 x + 4 sin2 x - 2 | + C

ILLUSTRATION 3 Evaluate: j >/cosec x -1 dx 

SOLUTION We have,
j ■'/cosec x -1 dx

= i 6*2x1/12
f-L-J«2 + x2

,2^7t 49 49 1 dt
6f+ 144 144 + 3

1 
?-fl2

1___
■-a2

cosx , 1 ? — dx
'sin x + sin x

7 1
f+12 12

1 + +12 12

_1
7
6
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4 4Jdt , where t = sin x

4f 2x4-14 dt

2x4-1

,2 +c
7

dx 4- C.tan'

dx - 5 f= 2j

= 2log | x2 4-3x4-2 | -5f
dx

= 4 dx

STEP IV
+ Clog

+ C.

(ii) Jdx
(iii) Let2x-3 = X-£(? + 3x-18)4-p.

1 = 2 X and X + p = 0 => X = - and p = - X = -

1 dxSo, f x
dx

dx .2

2ax + b 
ax2 + bx + c

2x + 3 
x2 + 3x + 2

1 
2(1/2)

1 
x2 + 3x-18

x + 1

i.e. px + q = X (2ax + b) + p

STEPH Obtain the values o/X and p by equating the coefficients of 
like powers ofx on both sides.

STEP Hi Replace px + q byk(2ax + b) 4- p in the given integral to get

| Px + q 
ax2 + bx + c

1 
ax2 + bx + c

= 2 log | X
Integrate RHS in step III and put the values ofk and p 
obtained in step IL

Following illustration illustrates the above algorithm.
ILLUSTRATION 1 Evaluate:

dx = J

1
P+7

—3 
+4

■jdx

= f 1/2 (2x4-1)-1/2 
x2 + x +1 T \

'I (fi)

,.11+ x +1 | - - • j1311

= |log I x2 + x + l I

X+2

SOLUTION (i) Letx = X-^-(x2 + x-+l) + p.
dx

Then x = X (2x +1) 4- p

Comparing the coefficients of like powers ofx, we get

■ . 1 , , 1
2 r ~ ’ 2’

(ii) Let 4x +1 = X ■ (x2 + 3x + 2) + p.

Then 4x + l= X(2x + 3) + p
Comparing coefficients of like powers ofx, we get

2 X = 4 and 3 X + p = 1 => X = 2 and p = - 5

4x-+l
x2-t-3x + 2

~z— ----- dx
x2-+3x-+2

4x4-1 ,-------~dx
x + 3x + 2

EVALUATION OF INTEGRALS OF THE FORM f PX+q 
arc + bx+ c

To evaluate this type of integrals, we use the following algo­
rithm.
ALGORITHM J

STEP I Write the numertor px + q in the following form:

px + q = X J ~ (ax2 + bx + c)

TTf
2 I

= log f + ^ + Vt2 + t +C
\ /

= log sin x + | + Vsin2 x 4- sin x 4- C

= log | x2 + 3x -18 | - 6 J —-------- ------ ----- dx
x 4-3X + ----18

dx-jj

= | log I x‘

2-^^dx

1 ------------------------- dx 
x2 4-3x-+(9/4)-(9/4) 4-2

= 2log | x2 4-3x4-2 | -5/----------|

-7—^-----dx
X“ 4- X + 1

, dx 
(x + 3/2f-(l/2r

3 11 x-+---2 2
3 1

X 4- ~ 4- ” J2 2|

(iii) f dx 
x2 + 3x-18

= 2 log | x2 +• 3x + 2 | - 5 log

Then 2x - 3 = X (2x + 3) +• p

Comparing coefficients of like powers ofx, we get

2X = 2 and 3X + p = -3 => X = l and p = -6 
f 2x - 3 ,So, I -r-----------dx

x24-3x-18
f 2x + 3-6 .

= j^±^dx-6j
J x^Sx-lS

2x4-1 . 1 f 
r—^~2J

ft\ /

2

1___
1 "i

7
1

TFW 
+ T

X 4-1/2" 
<3/2

2x 4-1
<3
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= log | x2 + 3x —18 | — 6 J dx

QW +
= log I ? + 3x-18 I -6- log + C

where R (x) is a linear function of x.

■•■J = J Q(x)dx + f+ C.

EVALUATION OF INTEGRALS OFTHE FORM J dx, where

ILLUSTRATIVE EXAMPLES

(ii) J(ii) JW I dx

dtydx

dx + J dtydx

dt, where t = sin 0+ c.

= 2j df + 7j

-f dx = 2 log |t2-4t + 5[ +7j dt

dx

dx-2j= j 1 ■ dx + J dx
dx

zdx

log + C dx

I == x + log I x2 + 3x + 2 I - 2 log

x
= / 1 • dx + J

2 2 
x

= log | x2 + 3x-18 I —~log o

To evaluate this type of integrals we divide the numerator b) 
the denominator and express the integrand as

Now to evaluate the second integral on RHS apply the 
method discussed earlier.

Following examples illustrate the above algorithm.

1
3

2x + 3

x —1 
x + 1

P(x) 
a>? + bx+ c

P (x) is a polynomial of degree greater than or equal to two

"1
2 x

= x + log I X2 + 3X + 2 I -2--
2

1

2 7
x-3
x + 6

R(x) 
ax2 + bx + c

____ 1

3f X+2
7

(4 sin 0 — 1) cos $ 
6 - (1 - sin2 0) — 4 sin <J>

-1 dt 
2+3t + t2

1
3P
2

ax2 + bx + c

3 1
x + 2~2

3 1
I+2 + 2

P(x) , - j 1—dx 
ax2 + bx + c

f9f
l2>

3 9x + ~- -2 2
3 9 

x+2+2

’J 2 *3 *
+ + 1 

e-2z e'x
1
V

2< /
x+1
x + 2

e"2*
2 + 3e"x + fT2x

(4 sin (|) -1) cos <|) 
sin2 0 - 4 sin 0 + 5

4t -1
t2-4f + 5

M±zd(
r-4f+5

2t-4
f2-4t + 5 —dt t2 - 4t + 5

1
(t - 2)2 +12

= 2log | f2-4t + 5 | + 7tan-1 (f-2) + C
= 2 log [ sin2 0 - 4 sin <j> + 51 + 7 tan-1 (sin 0 — 2) + C

• (ii) Let I = f ------
J 2e2l + 3er+.l

EXAMPLE 2 Evaluate:
0^ j 2 sin 2 0 — cos 0

6 - cos2 0 — 4 sin 0
SOLUTION (i) Let

2 sin 2 0 — cos 0
6 - cos $ — 4 sin 0

-y^-dx + f - 
x2-! ?-l

= j + iog I ^-1 I +1log

x2 + 5x + 3
a + 3x + 2

——------- dx
2?x + 3ex + l

(ii) We have, 
f x2 + 5x + 3 ,

i+22x + 1
x2 + 3x + 2

2x + 3-2
x2 + 3x + 2

EXAMPLE 1 Evaluate: 
x3 + x + l 
?-l

SOLUTION (i) We have, 
x3 + x +1

2x + l , ——dx
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=-/
dx

SOLUTION (i) We have,

=4/ *41
=-M 2J *41 dt

-J dx

= -|log|l2 + 3i + 2|+|x
log + C

rfx-

dx

dx + ^ JEXAMPLE 3

= a sin'

dx.
a‘

dx

l =
1+x

dt

1 rfx + -
+ x

dt

41 d(? + x) + |J

*4141
= Vx2 + x+~log + C

= a/? + x +| log + ^x2 + x + C.

EXAMPLE4 Evaluate:

(i)

11 + x

t dt1
2

— +C 
+ 2

I 
^7

i 

?7F7

2^-

1 
^x2+ x

■ -2x 
2J

d (a2 - x2)

u-x a-x , ------x-------dxa-x

+ 'Jx2 + x

(ii) JxaK 
a^ + jr

= a

ftp.
? +2

I'?)
7 +2\ /

dx. 
+ x

* + 2
/

I'l
X + 2 

/

1 + x , 
----- dx

x

-—dx 
+ x

1
(t + 3/2)2- (1/2)2

i
• -jlog [e-2x + 3e-x + 21 +|log k

J a + x21 + 3 
t2 + 3t + 2

2t + 3 
t2 + 3t + 2

dx 
a + x

J X

SOLUTION We have,

=^dx 
\2

= a (

f dx
J a + x

12 'x4 + x

df + 7
4

1
V? - x‘

i^7+c

—dt 
r + 3t + 2

1 2 • = - a sin

a2 
ffl4-?

= | fl2 sin'

-t—- ----- dt
r + 3t + 2

_ 1 f aIZZl ~2J + t

a-x
la2-Ji

a

1 3j(2t + 3)-^ 

-5--------- -dt
r + 3f + 2

d(fl4-f2'

17^7

-if ’2J \2 + f4(2x+D + 1 
= j —------dx

fl

(ii) We have,

=i 4ni.AE±rdI
J x 1 + x

_lf 2x + l 
" 2J

fl2-f , 
x—— dt

a2-t

If a2 -1 
= 2J 4ZT

f44
'44 ^4?^

J 1 
^dx + -

a2-t dt , .2
—— — where t = xr 
a2 + t 2x

4»21

1
(■

X + 2
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EXERCISE 10.4

r J I dx2. dx

3. J dx
dxdx

dx5.
dxdx19.

dx dx

dxdx

dxdx 23.

dx dx
dx

ANSWERS

+ C

-1 +c2. t tan

+ C
-1 33. sin

3 + C+ C

18. >/(fl -x)(x-b) - (a - b) tan + C.-1 + C5. - tan

19.J + C

7. - sin 20. log + C

8.-8 ^5 + 2x - x2 - 3 sin-1 21. sin+ C

3 o 122. *log(?+9)-|tan-1 (x + l) + C9.

23. sin-1 x + Vl -? +C
10. -^3-Zr-x2-4sin-1 + C

24. — tan

+ C

+ C

+ lX

x-l>
IT . /

A-5 
x-2
(

l + eMl + e' + f2’

2-5* 
^4? + 9* +1

X
V3x2-llx + 2

x-^l-x2 +C

-x
-b

(x-2) + C

3x+l 
x'3

|i+^+1| + c

- dxx + (cos 13x)‘ 
a/1-9x226. J14. J

12. f

■•■I*

16. j

22. j

24. J

20. f

| log | A'2 + 2x + 21 +tan

4
17. |i/2? + 3x-

16. |>/3?-llx + 3+^log

r^+c
O

(ix-'A 
-Jf+C 
\ /

l-2x>
3 /

x+r
2 \ /

11. | ■ log (4X2 - 4x + 17) + 7 tan-1
o o

12. 3 ^x2 + 2x + 2 - 4 log |

13. | ^9x2 + 6x + 2

2x-f
4

x + 1 + ’Vx2 + 2x + 2 |

+ y log | (3x +1) + V9? + 6x + 21 + C

13. J

r1x2-|iog(x4+i)+c

15. J

14. - log 12X2 - 3x +11 + C
15. || log | (8x + 9) + 4 ^4x2 + 9x + 1| -1 ^4x2 + 9x+T + C

Vx
^7+3

f ^-x + l
J (?+l)3/2

1+x
^x

r'^4 x-b

11- f

25. -2<1 -x2 (sin-1 x)3/2 + C

x-Mx2-^
6 3 3

10. f

I- " log..

7- f

17. J

1
Vl + ^ +
3x-1
x2 + 9

x(l-x2)
1+x4

9- f

25. j

26. -|^l-9? +(cos-13x)^ + C

4-1
6. J

dx 
A-

------ dx
a*-7x + 10
____ 1_
■Cx-3-

dx
4x“ + 4x + 5
_____1_____
V12x - 9x2 - 2

x + 2 ,—_--------- dx
A-+1V + 2

3x -1—r----------- dx
4x“-4x + 17

2.x+ 5
x'9a2 + 6x + 2

8- f
21. J

1 ----- x------ dx 
x - x2 - 2.5

1
V2 -6X-9X2 '

1
V5 - Zr + x2 

8x-ll

X - 3

3x -1
Vx2 + 2x + 2 

3-4x 
2x2-3x + 1

2x-"Vsin-1x

2
3

1
4

1
2

4. | sin 1 p
3 k

2x+r
2 7

6. - log | (1 + x) + ^5 - 2x + r

- 1 • -1
" 3""*



INDEFINITE INTEGRALS 10.43“

dx, dx

STEP II Differentiate both sides with respect to x.

STEP111 Multiply both sides by ^lax2 + bx + c.n-1 dx

Following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

+ >/x2 + x +1 +Cdx 4

dx

SOLUTION Let
= (b0 x + bj) Vx2 + x +1 + b2 J ...(i)dx

Differentiating both sides w.r.tp x, we get

= (JjqX2 + b}x + b2) ‘'/Tx2 - 2x +1 + b3 j (i)(box + bf) (2x + 1)

dx

dx

7/

1
V<ix2 + bx + c

Comparing the coefficients of x2, x and constant term on 
both sides, we get

STEP V Substitute these values in step I and evaluate the integral on 
RHS.

1
Vx2 + x +1

Differentiating both sides w.r.to x, we get 

6x3 + 15x2 - 7x + 6
V2X2 - 2x +1

EXAMPLE 2 Evaluate: J

1> 
X+2

6? + 15.x2 - 7x + 6 
Vz^-Tx + l’

NX2 + x +1 +

= bQ ^x2 + x +1

+ b1xn

SOLUTION Let J

x2 + 2x + 3 
V?+x + l

(b0x + b1)(2x + l) b2
2 Vx2 + x +1 Vr2 + x +1

= (ko*"’1

b} + b2 = 31 12 bg = 1, bg + + — bg = 2 and bQ + ~

~ 2 +.. + b,

tn
- dx

, 1 . 5 , , 15=> b0 = -, by = - and b2 = y

Substituting these values in (i), we get 
f x 2 + 2x + 3

Vx2 + x + l

2 4

1
Vx2 + X + 1

examplei Evaluate!

STEP IV Equate the coefficients of the similar powers of x on both sides 
to determine the values of bo, b\,bn.

x2 + 2x + 3 = bQ (x2 + x +1) +| (b0 x + b-^ (2x +1) + b2

6x3 + 15x2-7x + 6 ,

i ,
a/2x2-2x + 1

<—=---------- (b0 x2 + bi x + b2) (2x - 1)= (2b0x + M V2?-2x + l+ ^2,Zt + 1 —

+ bn

+ a-lxn 1 + .... + a' 
\ax2 + bx + c

15 f8 J

1______  ,
if

10.9 INTEGRALS OF THE FORM 
f PW 

'lax2 + bx + c

where P (x) is a polynomial of degree more than two 
hi order to evaluate integrals of the form

j np/' + ^x"-1 + ...+fln} x + an 

yax2 + bx + c
we follow the following algorithm.

ALGORITHM

STEP I Assume that
n v”

=> 6x3 + 15X2 - 7x + 6
= (2 b0 x + b^ (2x2 - 2x +1) + (b0 x2 + bi x + b2) (2x -1) + b3

On comparing the coefficients of x3, x2, x and constant 
terms on both sides, we get

6b0 = 6,-5b0 + 4bi = 15,2b0-3bi + 2b2= -7

and, b1 — b2 + b3 = 6

=> b0 = 1, bi = 5, b2 = 3 and b3 = 4.

Substituting these values in (i), we get

6x3 + 15x2-7x+6 j
—> . ■ - ■— dx

V2X2 - 2x + 1

V2X2 -2x + 1 dX

_ (2x + 5) + x + j + iOg
4 8

x2 + 2x + 3
Vx2 + x + 1 

x2 + 2x + 3 , 
FTFT41
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= (x2 + 5x + 3) V2x2-2x + 1 + 2^/2 J -pdx

dx
= (x2 + 5x + 3)^2?-2x + l + 2V2 log

EXERCISE 10.5

dx6. dx
dx

dxdx
dx3. Vx2 + 4

dx

ANSWERS

log2. 16 64

7. |(3-x)<i-2x-x2 +2sin.-15 + C

4. | "Vx2 + 4 - log

— □□□ —

dx,

(ii) J

2x2-3x 
'?-2x + 5

1
V2x2-2x + 1

x2
Vl-Tx-x2

3x3 
'Vx2 + 4x + 5

+ x-9) -Vx2 + 2x + 3

______ 1 
a2 sin2 x + b2

3x3-8x + 5 
<?-4x-7

-6 log |(x + l) + 'Vx2 + 2x-3 | + C

4 
. 7

____1
Vx2 — X + T

| x3 +^>x2 ~ + 4

If 
X~2 

\ 7 
/ 
x-

y__
1 +c

10. j5. J

5. | (2X2 
o

8. J

 x + 43'~r
f + l +c

1. >/x2 + 2x + 3 +C 6. (8X2 + 50x -163) "Vx2 + x +1

. 85.85. f I"!
+ 16 °g X + 2 +

fx+P
12

8. x >/?-2x + 5 - 5 log | x — 1 + ‘Vx2 - 2x + 51 + C

9. (x2 — 5x+20) ^x2 + 4x + 5 -15 log | x + 2 + ^x2 + 4x + 5| + C

10. (x2 + 5x + 36)^x2-4x-7
+ 112log |(x-2) + Vx2-4x-7”|+C

STEP ni pUj tan x = t so that sec2 x dx = dt.
STEP IV After performing the above steps, the integral will reduce to 

the form J—- ------ dt which can be integrated by the

method discussed in section 10.8.
Following illustrations will illustrate the above procedure.

ILLUSTRATION 1 Evaluate:

---------7^------- z-dx
1+3 sin x + 8 cos x

SOLUTION (i) Dividing the numerator and denominator of 
the given integrand by cos x, we get

>/x2 + l +|log |x + V?+T| + C

z + ^Jy + l +C 
2 4

—7- dx 
cos x

1 ---------7- dx, 
a + b sin x

 f--------------zdx
(fl sin x + b cos x)

To evaluate this type of integrals, we use the following algo­
rithm :
ALGORITHM

§IEP! Divide numerator and denominator by cos2 x.‘

STEPII Replace sec2 x, if any, in denomiator by 1 + tan2 x

I 
^x2 + x +T +c

10.10 INTEGRALS OF THE FORM 

J ~7a sin x + b cos x

fl + bcos2x 

J ------ 2^----- 2~ dX
a + b sin x + c cos x

Evaluate the following integrals: 
, f x2 + x +1 ,  fJ V? + 2z + 3 f

J ^2 + 2x-i-3
Vx2 +1

x3 + 2x2 + x-7 ,
—I s ■■■—'- dx

Nx2 + 2x-3

1
2

1
2

x2 - x +1 
'hx2-x + 2



10.45INDEFINITE INTEGRALS

•J
4 ' where t = tan x

4/ d(at)

(ii) J+ C dx

(iv) J dxdx

and, cos x bySOLUTION (i) Replacing sin x by

'4 • we get

4
dx

4
4

dx
• where tan x = f

1

41 d(2f)

+ C
(ii) Let I = J dx.

we get

10.11 INTEGRALS OF THE FORM

dx,

dx,

i
i
■

S

To evaluate this type of integrals we follow the following 
algorithm:
ALGORITHM

di 
4^ + 9

1 
a + b sin x

1
a + bcos x

( xy 
------ d tan-

'2t'
3

' 2 tan x
3

sec2 x dx 
4 tan2 x + 9

1
2 + cosx

1
1 - 2 sin x

2 tanx/2
1 + tan2 x/2

\2 tan 7^ +

1 
(2t)2 + 32

1-tan2 x/2 
1+tan2 x/2 

'4

1 .= 7 tan 
0

1 .= 7 tan o

4 x
l + tan±

= log tan | +1 > + C.

1
2 + cosx

1 _ .= — tan ab

1 L .= -7 tan ab

sec2 x/2
2 + 2 tan x/2

d 1 + tan-

sec2 x .
—j--------- z------ dx
sec x + 3 tan x + 8

1 ---------~---------- z-ax 
1+3 sin2 x + 8 cos2 x

7 X 2 xSTEPH Replace 1 + tan - in the numerator by sec -

STEPm Put tan - = t so that | sec2 dx = dtsec^x 
a2 tan2 x + b'

^dx

2 sec x , ------- 5---------- z------dx 
1 + tan x + 3 tan x + 8

dt 
a2t2 + b2

1 ,
7 7 7 7a sin x + b cos x

f —:—77------ dx, /
asinx + ocosx J

f —;---- ~-------- dx
J a sin x + b cos x + c

1 + „ .
1 + tan2 x/2 1 + tan x/2

1 + tan2 x/2__________ dx
1 + tan2 x/2 + 2 tan x/2 +1 - tan2 x/2

-------- --------- dx
1 + sin x + cos x

_______ 1___________
2 tan x/2 { 1 - tan2 x/2

1 V /O 1 V* /O

„ . 1 - tan2 x/2
Putting cos x = .-7—

1 + tan x/2

1
(flt)2 + b2

~b ■

' fl tan x 
b\ /

(ii) Dividing the numerator and denominator of the given 
integrand by cos2 x, we get

After performing these three steps the integral reduces to the 
form J I----- dt which can be evaluated by the methods

discussed earlier.
Following illustration will illustrate the procedure.

ILLUSTRATION Evaluate:

(i) J 7-- ~
..... f 1 +sinx

J sinx(l+cosx)

——z-----dx
1 - tan2 x/2
1 + tan2 x/2

 f 1 + tan2 x/2 dx
2 (1 + tan2 x/2) + (1 - tan2 x/2) 

sec2 x/2 ,
tan2 x/2+ 3

=2/ 1
_nt 2tanx/2 1-tan2x/2
STEP I Put sin x =-------r2—, cos x =-------- X 
-----  1 + tan2 x/2 1 + tan2 x/2

x
2 7
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' tan x/2
+ C

dx.

b = r sin 0 and so r = ^a2 + b2, 0 = tan
Putting sinx = and, cos x =

a sin x + b cos x = r cos 0 sin x + r sin 0 cos x = r sin (x + 0)we get

dx

= ~ f cosec (x + 0) dx
dx

1 + C

tan

(ii) J
SOLUTION (i) Lety/3=r sin 0 and 1 = r cos 0. Then,

+ 2 tan x/2 +C 2

(iv) Let 7 = J dx.

Putting sin x = ■, we get

dx dx

1= - log tan + C

= - log tan + C

= - log tan

f-2-<3
+ C

+ C

(iii) Let 7 = J

Following illustration illustrates the above procedure:

ILLUSTRATION Evaluate:

10.12 ALTERNATIVE METHOOTO EVALUATE
INTEGRALS OF THE FORM J 1

1 + sin x 
sin x (1 + cos x)

tan x/2~2-<3 
tan x/2 -2 + V3

1
1 - 2 sin x

1
v3 sin x + cos

1 
cos (x - 0)

1 
sin (x + 0)

4J

(tx 
a sin x+ bcosx

To evaluate this type of integrals we substitute A = rcos 6,

fl

r = Nl2 + (>/3)2 =2 and, tan0 = ^p-=>0 = n/3.

= 2/

------dxcosx

-dx x

r1- 
a

2 tan x/2
1 + tan2 x/2

2 tan x/2
1 + tan2 x/2

' = /

t dx

=TO10g
X 1 .- + - tan2 2

fl "Iy + f + 2 dt
\ /

x f2
= - 10g|l| +y+2t +C

1 +f2 + 2f 
t

tan2 x/2
2

1 - tan2 x/2'
1 + tan2 x/2

dt, where t = tan-

- | log | tan x/2| +

n x
4 + 2"

= ~ J sec (x - 0) dx

= ^lo8

= ^-tan

= 2 and, tan 9 = => 0 = |.
1 o

f 71 X
4 + 2-

1 i . (x 6 = -log tan - + -

d tan-

9"
2 /

6 /

r = k/(V3)2 + l:

2 tan x/2
1 + tan2 x/2

1
j 4 tan

1+tan2 x/2

1 + tan2 x/2 j 
--------z------------------- dx
1 + tanz x/2-4 tan x/2

---------------------------- dx
1 +tan2 x/2-4 tan x/2

= —-L------
f Vtan^-2 -(<3)2
\ >

dt , , . x------ ----- —, where! = tan- 
(f - 2)2 - (<3)2 2

2'2^3 S t-2 + yfc

sinx + V3

So, f —:---- -------- dx
J flsinx + Dcosx

• [ 1 d
J & sin x + cos x X

sin x + "'/Tcos x fa'

~ - ------ X------ d*r sin 0 sin x + r cos 0 cos x

2 tan x/2
1 + tan2 x/2

( 1 - tan2 x/2
1 + tan2 x/2 >

f (1 + tan2 x/2 + 2 tan x/2) (1 + tan2 x/2)
2 tan x/2 (1 + tan2 x/2 +1 - tan2 x/2)

[ (1 + tan x/2)2 sec2 x/2 ,
J 4 tan x/2 X

1
2

1
t

1
2

1
2

f X 7t 'l _— + “ + C.2 12 k 7
(ii) Let 1 = r cos 0 and = r sin 0. Then, •

V3
1
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dxdx

= - J cosec (x + 0) dx where t = 3cosx + 2sinx

1= -log tan + C

+ C.

(ii) Let I = f dx.
10.13 INTEGRALS OF THE FORM f

Let

dx

dx + ^\
= j p dx + X f

4J

(ii) f dx dx.

dx. Then,I

dx

dx=> I = 7

 j (sin 2x -1 - cos 2x) dx
I

=>1 = 7- 3 X + 2 p = 3 and 2 X + 3 p = 2

1 
sin (x + 0)

1
1 + tan x

= p x + X log | c sin x + d cos x | + K.

Following illustrations will illustrate the above method :
ILLUSTRATION 1 Evaluate:

+ p (c sin x + d cos x) 
where X and p are constants to be determined by comparing 
the coefficients of sin x and cos x on both sides.

=> 3sinx + 2cosx
= X (- 3 sin x + 2 cos x) + p (3 cos x + 2 sin x)

Comparing the coefficients of sin x and cos x on both sides, 
we get

Let
3 sin x + 2 cos x

=> cos x = X (- sin x + cos x) + p (sin x + cos x)
Comparing the coefficients of sin x and cos x on both sides, 

we get

cosx 
sin x - cos x

cos x (2 sin x cos x) 
sin x - cos x

2 cos x 
sin x - cos x

cos x 
cos x + sin x

cosx 
cos x + sin x

1
1 + tan x

dx -1 f (sin x - cos x) cos x dx

13 13J t

ILLUSTRATION 2 Evaluate . J

f A. (c cos x - d sin x) + p (c sin x + d cos x) 
J c sin x + d cos x

 ' -5 , 12andH = -.

/.f

dx = J

cos2 x sin x 
sin x - cos x

cos x (1 - (sin x - cos x)2} 
sin x - cos x

cos2 x sin x 
sin x - cos x

= X ■ — (3 cos x + 2 sin x) + p (3 cos x + 2 sin x)

cos x = X • (cos x + sin x) + p (cos x + sin x).

= log | sin x + cos x | +1 x + C

1 
-X + p = 0 and X + p = 1 => X = p = -

5
= I5x-13los 1'1 +c

12 5= — x - — log | 3 cos x + 2 sin x | + C.

fx (H
2 + 2

\ /
1 1 fx Tt'l 

= 21o8 tan 2 + 6

-4/

SOLUTION (i) We have,
3 sin x + 2 cos x ,
7---------- 7“7— dx.3 cos x + 2 sin x

-41

SOLUTION Let I = J

f flsinx + bcosx , 
J —:------ 3------ dxc sin x + d cos x

cos x + sm x , ---------- ;—dx cos x + sm x

a sin x + boos x , —:------ 3------ dxcsm x+ decs x
To evaluate this type of integrals we express the numerator as 
follows:
Numerator = X (Diff. of denominator) + p (denominator)

i.e. (flsinx + bcosx)= X • ~ (csinx + dcosx)dx

_ 1 r - sin x + cos x
2 J cos x + sin xc cos x - d sm x , —;-------------- dxc sm x + d cos x

= If______ 1_______ dx
4 sin x cos 0 + cos x sin 0

r 1/2 (- sinx +cos x)+ 1/2 (cosx + sin x) 
cosx + sinx

- (5/13) (- 3 sin x + 2 cos x) + (12/13) (3 cos x + 2 sin x) 
3cosx + 2sinx

- 3 sin x + 2 cos x
3 cos x + 2 sin x

------ —— d (cos x + sin x) + 7 f 1 ■ dx, 
cos x + sm x 2J

f (sin x + cos x) - (sin x - cos x) 
J sin x - cos x

J (sin 2x - 1 - cos 2x) dx

m f 3 sin x -f- 2 cos x 
3cosx + 2sinx

12
13

12
13

1
4
1
4

1
2
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(cos x + i sin x)5 = cos 5x + i sin 5x

ILLUSTRATION 3 Ew/uateJ + i

SOLUTION We have,

dx

=>
[Dividing Nr and Dr by cos2 x]

=>

dx
=>

dx + j Now,dx
.4 .2

T dx + f dx

dx

dx

To evaluate let
=> cosx = ±

sin x = K (2 cos x - sin x) + L (- 2 sin x - cos x)

=> 1 = -K-2L and 0 = 2K-L
=> COSX =

=> cos x = cos -, cos —, cos —, cos —

dx

dx
.4 .216 cos4 x -12 cos2 x +1

= f Krfx + LJ dx

= Kx + Llog 12 cos x - sin x | +C

5

Hence, / =
= 16 (sin2 n/5 - sin2 x) (sin2 2n/5 - sin2 x)

dx

+ C
=3

sin (x-2n/5)| 1. 
sin (x + 2n/5)

= 16 (cos x - cos n/5) (cos x - cos 2it/5) (cos x - cos 3it/5)

(cos x - cos 4n/5)

= 16 (cos x - cos n/5) (cos x - cos 2n/5) (cos x + cos 2n/5)
(cos x +cos n/5)

tanx 
(2 - tan x)

sinx
2 cos x - sin x

sinx
2 cos x - sin x

sin (x - n/5) 
sin (x + n/5)

sin 5x 
sin x

sin 5x 
sinx

= 16 (sin2 n/5 - sin2 x) (sin2 2n/5 - sin2 x)

sinx
sin5x

12 + a/144 - 64
32

6 ± 2V5~
16

1
(2 - tan x)

1
2-tanx

sinx
2 cos x - sin x

f K (2 cos x - sin x) + L (- 2 sin x - cos x)
■’ 2 cos x - sin x

- 2 sin x - cos x
2 cos x - sin x

1 x

Z1 =

tan x (2 - tan x) 
(2 - tan x)2

16 cos4 x -12 cos2 x +1 = 0

12±4>/5
32

sin 5x 
sinx

x 2- - - - log 12 cos x - sin x | + C.

2
cos x + sin2x

2
(2 cos x - sin x)

-sec2x
(2-tanx)'

2
cos x + sin 2x , 

------------------------ j dx 
(2 cos x - sin x)

2 => cos x =

sin 5x = 5 cos4 x sin x -10 cos2 x sin3 x + sin5 x

= 16 (cos2 x - cos2 n/5) (cos2 x - cos2 2n/5)

= 16 cos4 x -12 cos2 x +1

2 
=> COS X =

=> cos2x =

sec2x 
(2-tanx)2

n. 2n 3n 4%
X = 5' 5 ' 5 ' 5*

= 5 cos4 x -10 cos2 x (1 - cos2 x) + (1 - cos2 x)2

+ 7X + zsin2x + C4 8

=> 1 = log |sinx-cosx| -jx + jcos2x

=> cos5x + isin5x
= [ 5C0 cos5 x - 5C2 cos3 x sin2 x + 5C4 cos4 x sin x

1 . n, jsm-log

+ • where/j • J

1
(2-tanx)2

ILLUSTRATION 4 Prove that : 
f sinx 

■” sin5x

= 5Sln T 10g
k /

SOLUTION We have,

f (sec2 x - tan2 x) + 2 tan x 
(2-tanx)2

jS/5-1
4 k

3n
5’

„ 1 j r I=> K = -- and L = - —5 5

2
-log 12cosx-sinx| +C

f 1 +2tanx , = I ------------------ dx
(2-tanx)2

sin 5x_ 4 ,  2-2 -4—---- = 5 cos x -10 cos x sin x + sin xsinx

4
' -------

S/5 + f
4 

. 7

<T+1 <5-1 6/5+1
—---------------------/--------------------------------------------------/ — ■ ’

4 4

1
5

it

5
2n
5

. 4

_ 4n
5

5,—'2 tub bill X T

5Cj cos4 x sin x - 5C3 cos2 x sin3 x + 5C5 sin5 x

On equating imaginary parts, we get
4 9 n

cm Ry — R v cin v_ 1A
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+ C

/

INTEGRALS OF THE FORM J10.14

x

1

sin ((n/5 + x) + (ti/5 - x))1 dx

dx7

SOLUTION Let

dx.

dx

dxcot 7 - X + cot 7 + X
dx'+v J= aJ dx + pj

dx

Y|
Putting sin x = • we get

To evaluate this type of integrals, we express the numerator as 
follows:

1 ’
4?5

Let,

3 cos x + 2 = X (sin x + 2cosx + 3) + p (cosx - 2 sin x) + v.

cos x - 2 sin x 
sin x + 2 cos x + 3

Diff. of denominator 
Denominator

3 cos x + 2 
sin x + 2 cos x + 3

3 cos x 4- 2 
sin x + 2 cos x + 3

1___________ 1____________
(sin2 n/5 - sin2 x) (sin2 2n/5 - sin2 x)

__________ 1__________
sin (2tt/5 + x) sin (2n/5 - x)

♦vj

1 . 2nf
~5SU,7

i ________
4>/5 sin 2n/5 ' sin (ti/5 + x) sin (tc/5 - x)

1 
10-2V5 

16

1 • ,v . I , (it
= - sin 7 (cot 7 —x| + cot - + x

7

2 tan x/2
1 + tan2 x/2

71 (tI
cot --x + cot 7 + x

□ 5X 7 \

. 1
16 • 710 -f 2^/5

16

• (n sin 7 + x
5 

X

= |sinM

1
. 2n sin —5

72ticot — - X + cot — + X
5 3

1 - tan2 x/2
• cos X =-------- X-----

1 + tan2 x/2

71 71 7tsin 7 cot 7 - x + cot 7 + x
5 5 5

1
. 4te | ’ 

sin —□

1 
sin2 2tt/5 - sin2 x

1 
sin2 tc/5 — sin2 x

1 
sin2 7t/5-sin2x

1 .
sin2 2tc/5 - sin2 x

ILLUSTARATION 1 Ew/uate: J

. (it >
sin - - x

x 7

(k 
„ I5 J

2ti /2tc \ (2ti '-sin —(cot —-x +cot — + x5 ^5 J ^5

= sin - log sin - x + log sin
7

1 ___________________
sin (ti/5+ x) sin (7i/5-x)

2ti (2n > ' 72ti- sm — cot — - x + cot — + x5 5x 7

1_______
4V5 sin27i/5 sin ti/5

f sinx
J sin5x

1 . 71, 
-5Sln5log

, (2n 'I sm —-x
3X 7 

. 7271 
sm —+ x

X 7

Numerator = A (denominator) + p (Diff. of denominator) + V 
i.e., (asinx + bcosx + c)

= X (p sin x + q cos x + r) + p (p cos x - q sin x) + v 
where A, p, v are constants to be determined by comparing the 
coefficients of sin x, cos x and constant term on both sides.

f a sin x + b cos x + c
J p sin x + q cos x + r

= J A dx + p f

1 . 271.=-sin —log

(2n <27tcot —-X +cot —+ x 
5x 7

(n Y 5+X
X 7-

- ~ sin ■ - log sin - x + log sin + x • + C 
/

—:------ ----------- dxp sm x + q cos x + r

- Ax + plog I Denominator I +v f —7------ ----------- dx.
0 1 1 J psrnx + qcosx + r

The integral on RHS can be evaluated by the method dis­
cussed in section 10.13.

asmx+ bcosx+c .—:------------------dxpsinx+ qcosx+r

Comparing the coefficients of sin x, cos x and constant term 
on both sides, we get

A-2p = 0, 2A + p = 3, 3A + v = 2
, 6 3 . 8=> A = -' p = - and v = - -.

A (sin x + 2 cos x + 3) + p (cos x - 2 sin x) + v
sinx+ 2 cosx+ 3

—------ 77--------^dxsm x + 2 cos x + 3

= A x + p log | sin x + 2 cos x + 3 | + v fp where

—------ 7T-------- ~dx.sm x + 2 cos x + 3

J_______ 1______
16 (sin2 2tt/5 - sin2 ti/5)

1 sin {(2ti/5 + x) + (2ti/5 - x)} 
sin 4tc/5 ’ sin (2tt/5 + x) sin (2tc/5 - x)

2tt
5

1
5

1
5

1
5

1
5

1
5

7t

5

7t

5

71
5

71
5

71
5

7C
5

271
5

2tt
5

71

5

2ti
5

/ n
15 x

(2n
5

(271
5 X

■ 7271
5 

X

(271
5 

X

(It

|5 x
271
5
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h = ,'

10.15 INTEGRALS OF THE FORM

=1 ALGORITHM, where t = tan -
STEP! according as the> or P =

= 2 ’

dx, or
= tan

= tan as the case may be.

Hence,

! = X x + p. log | sin x + 2 cos x + 3 | + v tan + C,

ILLUSTRATIVE EXAMPLES

Integrating both sides w.r.to x, we get

SOLUTION Let P = Then,

dx-P

sinx 'l

sin x
4 '

+ 4

+ C

4=> dx

SOLUTION Let P =

In order to evaluate this type of integrals, we follow the follow­
ing algorithm.

STEP III Integrate both sides of the expression obtained in step II to 
obtain the value of the required integral.

Following examples will illustrate the above algorithm.

t_
3

dP • --- =
dx

dP 
dx I

-I

1 
(a + b cos x)'

1
5 + 4 cos x

1
5 + 4 cos x

nie

EXAMPLE 1 Evaluate . j

— dx
+ 3

dP 
dx

5 cos x + 4
9(5 + 4 cos x)

+ C

9 
dP  (5 + 4 cos x) cos x + 4 sin x 
dx (5 + 4 cos x)2

5 1
4 ’ 5 + 4 cos x

* = 11

=>

9 f
4 J

Let 5 + 4 cos x = y. Then, cos x = -

dx = f I

5 1_9 J_ 
4’y 4’y2

Xi/X,

sinx 
9^5 + 4 cos x

-if tan x/2
1 3

4 ( sin x
9 5+ 4 cos x

1
9 + f2

2dt 
t2 + 2t + 5 n r n Sin X „ COS XDefine P =---- :-------/ orP =----——a + b cos x a + b sin x

integral to be evaluated is of the form

dPSTEP H Pind — and express it in terms of

1 
fl + b sin x

-I *4

dt--9 ^5 + 4 cos x J
, where t = tan x/2.

dt
(t +1)2 + 22

x 'I 
tan- + l

2

dP 
dx

. , 6 3 , 8where A = - > p. = - and v - - -.
b 5 5

j

------- -------x dx 
(16 + 9 sin x)2

1 
(5 + 4 cos x)2

1
(fl + b cos x)2

' x > tan =■ +12
2

1
(5 + 4 cos x)2

____________ 1__________
2 tan x/2 2 (1 - tan2 x/2)

1 + tan2 x/2 1 + tan2 x/2

5(y-5) 
4

dP 5y-9
' = 4/

1 + tan2 x/2 , 4
-------- 5-----dx~7 9 +tan2 x/2

sec2 x/2 ,
—x-----------------------dx
tan2 x/2 + 2 tan x/2 + 5

1 , 10 . .------------- x dx = — tan 
(5 + 4 cos x)2 27

EXAMPLE 2 Evaluate :J

I+ 1"
2 J

9 1
4 (5 + 4 cos x)2

------------- x dx 
(5 + 4 cos x)

1--------------x dx
(5 + 4 cos x) 

sinx
(5+4 cos x)'

1 ------------- xflx 
(fl + b sin x)

------ ------ xdx.
(a + b sin x)

1 , 10 f------------- x dx = — I 
(5 + 4 cos x)2 9

1 + tan2 x/2 .
----------------------- x-------------------z------dx
2 tan x/2 + 2-2 tan2 x/2 + 3 (1 + tan2 x/2)

1 ---- ;------ ' or fl + b cos x

cosx
16 + 9 sin x Then'

1 . 10 1. -i------------- x dx = — x - tan 
(5 + 4 cos x)2 9 3

4
9 ^5 + 4 cos xj

x
2
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+ C

EXAMPLE 3 Evaluate: J dx.

Let 16 + 9 sin x = y. Then, sin x =
dx. Then,

-16 -9

.2,2 J dx (i)=> I =

. Then,Now, let P -

=>

dx

=> =

b + a sin x +

1

dx-P ...(ii)

dx + C

=> I = -P + C
+ C

+ C

ALITER See Ex 30 on page 10.63.

9
175

dP 
dx

-32
9

b
a

b 
a

cosx
16 + 9 sin x

cosx 
16+ 9 sin x

cosx 
b + a sin x

cosx 
b + a sin x '

1 
b + a sin x

1
(b + a sin x)

y-16
9

1 
b + a sin x

1
b + a sin x

dP  - (16 + 9 sin x) sin x - 9 cos2 x 
dx (16+ 9 sin x)2

175

- sin x (b + a sin x) - cos x . a cos x —
(b + fl sin x)

16
+ 9

2 
(175)3/2

dP
* dx

dP 
=> — =

dx

dP 
dx~

rfp 
dx

dP 1 * —
dx

b
a b + fl sin x

A + bsinx
2

(b + fl sin x)

-I

cosx 2
16 + 9 sin x + 9

fl J

p = -- J a J

1 = M a J

-16 sin x-9 
(16 + 9 sin x)2

cos x 2 16
" 16 + 9sinx + 9X VTtT

fl ~ P
fl

fl2 
a sin x + — 

________ b 
(b + fl sin x)2

sec2 x/2 j
------------- x----------------------dx 
16 +16 tan2 x/2 +18 tan x/2

175 
+-

. b f dx + - I 
a J

175 f 

tan 1

tan 1

175 f 

175 f
+yJ

—dt 
8r + 91 + 8

175 f *yJ
---------- 2dt

116 J

^16* + 9^ 
^175 

\ 7

cosx 2
16 + 9 sin x + 9

dP 
dx

- b sin x - a
2

(b + fl sin x)

1
2 

(b + a sin x)

1
2

(b + fl sin x)

1 
(16 + 9 sin x)2

------- ------- xdx
(16 + 9 sin x)2

1 ---------------- xdx 
(16+ 9 sin x)2

From (i) and (ii), we get

dx-P + - J
b + flsinx a J

------- ------- xdx
(16 + 9 sin x)2

------- ------- xdx =
(16+ 9 sin x)2

fl J

------- - ------ xdx =
(16 + 9 sin x)2

fl2 .
— + a sm x

----------- :dx '
(b + fl sin x)

2
— - b + (b + a sin x)
dx

fl J

„2 1,2 fl - P
b
2

(b + fl sin x)

„2 j,2a -b
a

SOLUTION Let I = J

1 -------------- x dx 
(b + fl sin x)

1 
---------------x dx 
(16 + 9 sin x)2

I 2 9 dt 
t2 + ^t + l

---------- --------]
16f2 +181 + 16

1 m---------------- -> dx where! = tanx/2 
(16 + 9 sin x)2

cos x 
(16 + 9 sin x)2

(b + fl sin x)2 aI----------
;+i6j +|tt

1/-16"1 
9

~7~
 -161/+ 175

9y2

dP 16 175— =----- + —
dx 9y 9y2

dP = -16 175
dx 9(16 + 9sinx) + 9(16 + 9sinxj2

Integrating both sides w.r.to x, we get

1 x 175 f~——— dx + -r- I
16 + 9 sin x 9 J

Integrating both sides w.r.to x, we get

 dx--------- I
a J

dP
dx

_1
9
8

( x A
16 tan - + 9

V175’

a + b sin x 
(b + a sin x)2

a'
b

2
(b + fl sin x)
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EXAMPLE 4 Evaluate: |

SOLUTION We have,

dx

dx P = -2af dt + (4a2-l) J

=> I dx

= u
dx

dx + j - du + (4a2 -1)dx =>
1

dx + J d (2a + sin 2x)
+ (4a2-l)I1= -2x=>

dt- + C, where t = 2x.

3/2
+ C -(i)

3/2
where 7j = J

1=> h =
To evaluate , let us define P given by

P =

=> =Then,

EXERCISE 10.6

4. dx

cos 2x 
2a + sin 2x +

Substituting the value of f in (i), we get 
( i \ ^2a tan x +1

/

+c

dP 
*dX =

cos t 
2a + sin t

cos t
2a + sin t

cos t 
2a + sin t

cos t 
2a + sin t

cos t
2a + sin t

cos t 
2a + sin t

cos2x 
4a2 _ 1 2a + sin 2x

1
(2a + sin 2x)

1 
2a + sin t

1 cos t 4a 
(4a2-1) 2a + sint (4a2 -1):
/ 1 \

dP 
dt "

dP 
dt ’

l

- 2a sin t -1 
(2a + sin t)2

= -2/

=> I = I

= -2a J

I 
4a2-l 

k

I + cos 2x 
(2a + sin 2x)2

-I z.
I + IT + - U 

a

1 f

I 
(2a + sin 2x)

3 J

tan 1

tan 1

dP  - (2a + sin t) sin t - cos21 
di (2a + sin t)2

tan 1

dx, |a| >|

2av 7
2a

^4a2-l

=> /1 =

=> fj =

sec2t/2
1 + tan2 1

2 du
1 „2 - 1

= Jr------ t—* 2 19
a + asin2x + ~sin 2x4k 7

tan-1

tan-1

4a 
(4a2-l)3/2

2cos2x 
(2a + sin 2x)2

k
'2a tan x + f

=> I = /] -

1
(2a + sint)2

1 
(2a + sin 2x)2

2 
(2a + sin 2x)2

2 
(2a + sin 2x)2

1 
(sin x + a sec x)2

+___ _____
(4a2-I)3'2

=> I = j

=> / = 2 J

k
1

2a + sin2x

------ ------~2dt
(2a + sin t)2

=> I = |

1 ----------------- 7 dx 
(sinx + asecx)

cos2x
(sin x cos x + a)

__________ cos2x__________  
(a + 2a sin x cos x + sin x cos x)

---------1 + tan2f/2 ----- df + (4a2 -1) J
2 tan t/2 + 2a (1 + tan2 t/2)

-=----- -df + tl?-!)!,
;tan-

, ft'
+ (4a -1) Ij, where tan -

< >

- 2a (sin 14-2a) + (4a2 -1)
(2a + sin f)2

-2a (4a2-1)
(2a + sin t) + (2a + sin t)2

Integrating both sides w.r. to, t, we get

(2a + sin f)2

7

' 2aa + P
V4a2-1 

k 7
1 cos f 4a

..(4a2-!) 2a + sint (^-ly

24 cos x ,—5------------------ ~— dx
(4a + 4a sin 2x + sin 2x)

1 ------------------- r dx 
(2 sin x + 3 cos x)2

1------- 1--------J (sin x - 2 cos x) (2 sin x + cos x)

r2au+P
<4a2-l 

\ /
r2a tan t/2 j-f 

^4a2-l

Evaluate the following integrals:

1. J--- ~2------------------- --  dx
4sin x + 4sinxcosx + 5cos x

1 ------- — dx
1 - sin4 x

2 
COS X
 1

4



INDEFINITE INTEGRALS 10.53

dx,0<a< 1.dx 10.

dx11.dx

dx12.

dx13.
dx

dx14.dx 2

15.

ANSWERS

9. — x - — log | 2 sin x + 3 cos x | + C+ C

10.+c

|logtan^4-|log- tan^-3 -log- tan^-1 - + C 
3x3 X x

3. - 11.

+ C a + C,2

1 + C +c13.

6. Vftan"1 4-C
4-C14.

+ C

12 cosx + C15.
6 3 8 -18. -x + -log | sin x 4-2 cosx 4-31 -7tan 

J D 3
+c

HINTS TO SELECTED PROBLEMS

11. We have,

dx

4
dx

dx

Now, divide M and EX by cos41 and then put tan | = t.

— □□□ —
21

cos 2x ~ 15 14
15 (4 4 sin 2x)+ 15V15

tanx-2
2 tan x +1

sinx 
b + a cos x

2 tan x +1
2

tan (x/2) +1 ¥

1
5 + 4 sin x

1
2 + sin x + cos x

tanx 
tan x + 2

1 -a
’■x 7

2. j tan x 4 tan (V2 tan x)

• -1 sin

5 J

7J
6-1

’J

' sinx > 
a2--^ p + acosx

»•/

5. | tan 
0

7. |log

4.^ log

1
1 - sin2 x

tan ^41

2~

5 tan | + 4

3

tan 1

tan | +C2
1-fl2

3 tan| + 4-V7 

3tan^ + 4 +VX

tan 1

—2—"------- dx
sin x + sin2x

3 sinx 4-2
sin x 4- 2 cos x 4- 3
3 sin x 4- 2 cos x
2 sin x 4- 3 cos x

dx + l I

4/
7 3 4 4 sin x x

12.
2b

b + a 2

1
. ■ 214- sm x/

----^-ydx
1 4- sin x

f----------1----------
J sin x (2 4-cos x - 2 sin x)

1
1 - 2a cos x 4- fl2
_________1
sin x (2 4- cos x - 2 sin x)

1
(fl 4 b cos x)2

| b 4 fl COS X
(fl 4- b COS x)2

1
(sin x 4- 2 sec x)‘

------ ------ x dx
(3 4- 4 sin x)2

1 4
--------;-----------,—“x (1 - sin2 x) (14- sin2 x)

= - f ( 1
2 1 - sin2 xX

2 J

------ --------4-C 2 (2 tan x 4- 3)

1. 7 tan"14

__________ ________1_________________

2 sin cos 12 4- cos2 - sin2 - 4 sin cos 
XXI X X XX

2. We have,

/—^~dx 
1 - sin4 x

1
2

12
13

5
13

x
2

x
2

x
2

x
2

2X
2

'4 sin 2x 4-1 
44-sin2x

7
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vdx dx

” J '^(x)' dx +$W'dx ' dX S (x)

dx

ILLUSTRATIVE EXAMPLES

(ii) j x2exdx
= x2ex-2 dx

dxsin xdx (ii) J (log x)2 dx

dx(x) • J cos x dx ■ dx

= - x2 cos x + 2 [x sin x + cos x] + C.

(ii) We have,

£(logx)2J 1-dxdx dx

I - stands for the inverse trigonometric function 
(sin-1 x, cos-1 x, tan-1 x etc.)

L - stands for the logarithmic functions

Z - stands for the algebraic functions

T - stands for the trigonometric functions 

E - stands for the exponential functions

EXAMPLE 1 Evaluate:

(i) j x2 sin xdx

d 
dx

d 
dx

d_ 
dx

= x2ex-2[xex-ex] + C.

= - x2 cos x + 2 x sin x - j sin x dx

(log x) •/ 1 dx

J x2ex dx = xVf e*dxV
1 n k J

NOTEl Proper choice of first and second function
Integration with the help of the above rule is called the integration fey 
parts. In the above rule there are two terms on RUS and in both the 
terms the integral of the second function is involved. Therefore in the 
product of two functions if one of the two functions is not directly 
integrable (e.g., log x, sin~} x, cos~} x, tan-1 x etc.) we take it as the 
first function and the remaining function is taken as the second 
function. If there is no otherfunction, then unity is taken as thesecond 
function. If in the integral both the functions are easily integrable, 
then the first function is chosen in such a way that the derivative of 
the function is a simple ft motion and thefunction thus obtained under 
the integral sign is easily integrable than the original function.

NOTE 2 We can also choose the first function as the function which 
comes first in the word ILATE, where

~ (x2) • J sin x dx 
dx J

= - x2 cos x - f 2x (- cos x) dx

= - x2 cos x + 2 J x cos xdx
i n

= -x2cosx + 2 xfj cosxdx

SOLUTION (i) We have,

J x2 sinxdx
I 11

10.16 INTEGRATION BY PARTS
THEOREM If u and v are two functions of x, then 

du f 
dxJ

i.e., the integral of the product of two functions
= (First function) x (integral of second function)
- integral of |(Di# of first function) x (integral of second function) 

PROOF For any two functions f (x) and g (x), we have

£ v«■ 8 wi = f w ■ £ ig (x»+g (x) • £ if mi

xtj e'dx’j-j 
= ?ex-2L?-J e’dx'

EXAMPLE 2 Evaluate:
(i) f logxdx

SOLUTION (i) We have, 
j log x • 1 dx 

I II
= log x • (J 1 • dx — J* •

= (logx)x-J J-xdx

= x (log x) ~ J 1 ■ dx

= x (log x) - x + C.

(ii) J (logx)2-ldx
I u

= (logx)2^j 1-dxj-f

or, J ■ f(x) • £ (x)| ■ dx + J ■ g (x) • £ (/■(x)J ■ dx =/(x) g (x)

Letf (x) = u and {g (x)) = v so that g (x) = J v dx.

vdx dx J

or,f /(x)-£lg(x)) dx=f(x)-g(x)-\ g(x)--~\f(x)} dx

= x2ex-j2x-e*dx = x2ex-2| xe* dx
III

£(x).f?Iix
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(ii) f dx

(iii) /

(logx)fl-dx= x(logx)2-2 dx xdxSOLUTION

1 • ~dx

=x (log x)2 - 2 [x log x - x] + C.
x2 + l-l

dx

xdx.sec 1 dx1-

(U) / dx

sin tdt

= t sin t + cos t + C
dx

= x sin

= x sin-1 x + V 1 - x2 + C.

(iii) '

dx

= f tan f + log | cos t | + C
= f | cosec2 |dx-j dxv tant = x

= x tan" x + log + C cos t =

II

= t sec t - log | (sec t + tan t) | + C

= t sec t - log | sec t + Vsec2t -1 | + C

J 7

1
77

\
•2x xdx

x
1 - COS X

EXAMPLE 4 Evaluate:
(i) J x tan-1 x dx

d_
dx

(log x)(f 1-dx^-J |

= x (log x)2 - 2 (log x) x - J • x dx

1 
^2

= x (sec-1 x) - log IX + k/x2 — 1

r
X

= j t (sec t tan t) dt
1 II

r sin x
l-i

= t sin t - j 1 • (sin t) dt 

= t sin t - J

log*
x2

(iv) f log(l + ?)dx.

log* 
x2

x + Vl - sin21 + C

x = t so that x = tan t and dx = sec21 dt

dx cosx

2 sin x/2cos x/2 
2sin2x/2

(i) , sin"1 x dx

(iii) Put sec 1 x = t so that x = sec t and dx = sec t tan t dt 

j sec"1 x dx

'4J

= t (sec f) - 1 • sec t dt

EXAMPLE 3 Evaluate:
(ii) | tan"1 x dx (iii) J

SOLUTION (i) Put sin"1 x - t so that x = sin t and dx = cos t dt

J sin"1 x dx

( 1^1 f= (logx) -- -J
k J

= -|log* + f *-2 , 11 1 rdx = - - log x - - + C x ° x

- cot dx + C

cot | dx

- 2 cot dx

= -^(l + logx) + C.

x2 .= y tan

x2 = y tan x -1 [x - tan"1 x] + C.

= y tan

= - x cot | + C.

(iv) J log(l + ?)<ix

= f log (1 + x2) • 1 dx
1 U

= x log (1 + x2) — J ;
k

1
1 +x2

(ii) Put tan"1
j tan"1 xdx

= j t sec21 dt
I 11

= t (tan t) - J 1 • tan t dt

= xcosec2^-/
2 I II z 

xf-2cot^ -f l’P 
/

= -xcot~ + f cot^dx-J
k

cot | dx + C

= j t cos t dt
I II

r
k xJ

= (log x)2 X — J 2 log X • y X dx

= x (log x)2 — 2 J log x • 1 dx
I II

1 1 7= x tan x - - log | 1 + x | + C.

x-sinx .----------dx
1 - COS X

(i) J xtan 
II I

= (tan"]x)y-J

x-sinx , ----------dx1 - cos X

= J ^logxdx 
XT I
II

X
2

k
. x

2
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= x log (1 + x2) - 2 J dx

dx

dx1 dx

• cos t dt

(ii) J sin Vx dx 1 • tan t dt

(iii) J (iv) J (sin-1 x)2 dx.dx
= t •

= (sin x) •

sin

dx= secx

= sec x tan x-

.3 t (- cos 0 - J 1 • (- cos t) dt

cos t dt
=> 2

= x (sin 1 x)2 - 2 [- sin'

EXAMPLE 6 Evaluate Jdx - dt or dx = 2 Vx dtPut Vx = t so that

J sin Vx dx
dx

2
dx

dxcos t dt

I

x

= 2 [-1 cos t + sin t] + C

= - 2 [- Vx cos Vx + sin Vx~] + C.

SOLUTION We have, 
sin-14x

n
2

(ii) Let I = J sin 'Jx dx.

1 
21x

= t2 sin t - 2 [-1 cos t + sin t] + C.

= t2 sin t - 2 [-1 "Jl - sin21 + sin t] + C

= - / 12 sin'
71 J [

= sec x tan x - J sec x (sec2 x -1) dx

x +1log | 1-x2 | +C.

= secx tan x-J

= secx tan x-j

= 2 - f cos t + j

= sec x tan x - j

x • >/l -x2 + x] + C.

-1cos t + j

= x log (x2 +1) - 2 f

= t2 (sin t) - J 21 sin t dt

xdx + j secxdx

= f sec x • sec2 x dx
I ii

P se^xdx^-f |f~(secx)

J sec x tan x tan x dx

J sec3xdx

= xlog(x2 + l)-2 j 1-

n^2

= J sin t 2t dt

= t2 sin t - 2 j t sin t dt
I II

= 2 j t sin t dt
I II

= 2 t (- cos t) - j 1 • (- cos 0 • dt

x2

x2 + 1 - 1

f 3 1 1J sec x dx = - sec tan x + - log | sec x + tan x | + C.

sec x tan2 x dx

sec3

= t2 sint-2

= t2 sint-2

- COS NX

+ cos-1 Vx

J sec3 x dx = sec x tan x + log | sec x + tan x | + C

= J* t2 cos t dt
1 II

= x log (x2 + 1) - 2 {x - tan-1 x) + C 
= x log (x2 +1) - 2x + 2 tan-1 x + C. 
EXAMPLE 5 Evaluate:
(i) J sec3xrfx 

sin-1 x 
(1-x2)3'2

SOLUTION (i) We have, 
J sec’xdx

sec x dx + log | sec x + tan x | + C.

(iii) Put x = sin t so that dx = cos t dt and t - sin-1 x.

sin"1 6 + cos-10 = ^

x
~ Vl-x2

(iv) Put sin" x = t, or x = sin t so that dx = cos t dt 
f (sin-1 x)2 dx

f sin"1 x
” J (1-x2)372

t
(1 — sin2 t)3/2

= j t • sec2 t dt
I II

= t • tan t ~ J

= t tan t + log | cos t | + C

-F-—- +log | a/1 -sin2 t | +C 
vl - sin t

sin"1 Vx - cos 1 ^x~ 
sin"1 Vx + cos"1 'lx
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dx

= “ j sin-1 Vx dx-x+C (i)

...(ii)

(1 -x)d(l — x)
+ J | cos 29 d6= -9

= - (1 - x) tan"1 (1 - x) -1 log {1 + (1 - x)2) [Using (ii)]

Substituting the values of and I2 in (i), we get
= -“ 0 (1 -2 sin2 9) +1 sin 0 "71 - sin2 9

-1

•••(ii)

-1

n

sec2 9 49-1

1-1 dt, where t = tan 0
-1

-1 dt

t + tan‘

= ttan'
-1 dx

-(1 -1) tan"1 (1 -1) + | log [1 + (1 - 02) + C [Using (i)]
-1 dx

= 9 tan 9 + log cos 9 - (1 - tan 9) tan 1 (1 - tan 9)

+1 log (2 - 2 tan 0 + tan2 9) + C
(1 — x) dx

(i) -1

-1 x dx

EXAMPLE 8 Evaluate:) sin

Now, 
j sin"1 'lx dx

EXAMPLE 7 Evaluate:
(i) j cot"1 (1 - x + x2) dx

1 
l-x(l-x)

cos 2 9
2

x
1 + x'
• 1 

2J 1+x2 

x-|log(l+?)

x-

1 1 1 ____
= - 2 sin"1 nx (1 - 2x) + - >/x ^ll-x

1

sec20d0

r^-jiogci + t2)

h

(ii) J tan'

= { tan'

= tan'

'1

From (i) and (ii), we get

1 = 1 -1(1 -2x)sin-1 a/x+tNx-x2 -x + C.
71 2 2

x + (l—x) 
[l-x(l-x)

x + tan"1 (1 - x)} dx

1 - x (1 - x) dx

\ J

t + (l-0 
l-t(l-t)

and,
= J tan'

= tan'

tan'

= tan'

0 t __
- ~ [Vx - x2 - (1 - 2x) sin"1 Vx] - x + C.

= tan'

= 1 J sin"1 Vx dx - J 1 • dx

dx a + xVf
Now,

= j tan'

tan"1

sec2 9 d0

| cot"1 (1 - x + x2) dx = x tan 1 x -1 log (1 + x2)

-(1-x) tan"1 (1-x)+ ^ log {1 + (1-x)2)+C

sec2 9 d 9. Then,

tan 1 i-1 (1 -£)} dt

i tan"1

tan 1

tan 1

= x tan 1

= x tan"1

= xtan"1

' 2 cos29 '
2-sin20 ’ k /

0 1= -~cos20 + ~sin 20
2 4

Ap-dx
ff + X

p + cos 2 9^
2 - sin 2 0 \ /
' 1

1 - tan 0 + tan2 0k /

=JOsin20rf0, where x = sin2 0
1 II

2 cos29
2-sin20 k

SOLUTION We have, 
j cot"1 (1 - x + x2) dx 

= j cot"1

(ii) Let I = tan'

SOLUTION Putting x = a tan2 0 and dx = 2a tan 0 sec2 0 dd, we 
get 
J sin

tan-1x 1 dx
1 II

= - tan"1

"1 (1 - x) dx.

= j tan"1 x dx + J

= ^ + 12, where 

tan-1xdx and 12

"1 (1 - x) dx
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-1

dt

+ C= 2n 0

.2

.2= 2n - tan 0 - - (tan 0-0) + C

SOLUTION We have,

= a
dx.2

-1

dr

-1 dt

+ tan x + C
t) +C

EXAMPLE 11 Evaluate : J-1 -1 dx+ C= a

dx
dx

SOLUTION We have,

1 =

dxCOS XX

dx
dx

+ /j, wherex2

dx.

x
a

cosx
- ~------------- ?------t2 cos x - sin x

1 2
2 3

x 
a

1
2 Vi

II

2
9

3/2,2
3

x 
a

cosx
2 cos x - sin x 

sinx
2 cos x - sin x

- x sec x 
x sin x + cos x

- x sec x 
x sin x + cos x

-1
(2 cos x - sin x)

-1
x sin x +cosx

3/2
+ C

- J (x sec x tan x + sec x) x

)g t dt
I

— tan 0 + 0 J + C

GF .- + tan a

1 f.

t2
= 2a — tan

t2 
t2 + l

MATHEMATICS FOR IIT-JEE E

2d
dQ +C

J sin'

= J tan

= j sin'

a

^t3/2

d (x sin x + cos x) 
(x sin x + cos x)

n

t tan'
II I

X r- tan a
x r- +tan a

U’ 
1+?

■ /

= 2a | tan20--^ J (sec20-l)d0 +C

5 | (logo f

logf-|(^

= a 0 tan2 0

tan2 0
2

sec x dx

2 • r.cos x + sm 2x
2

(2 cos x - sin x)

_fl_tan 0 tan q sec2 g ^0 
a + a tan 0

= -~ J logtdt , where t - 1 + —j

x2
(x sin x + cos x)‘

ALITER Putting x = a tan2 0 in sin 1

t - (t - tan-1

' 1 >3/2
1+? 

/

sin"1

l 1 dx
a + x

= 2a J 0 tan0sec20d0
I II Jp/2

= a 112 tan 1

«+x,weget

= [ ^ + 1 {log(x2 + l)-logx2| dx 

x4

— ( 1^1+ 1 log 1 + ~2
______<

x4

= j Vl+-j log fl +3I 3dx 
XT XT x\ 7

= — J COS X 
I

1
= X sec XX------ ;---------------

x sin x + cos x

= j x sec x.

„ , f Vx^ +1 log (x2 +1) - 2 log x| 
EXAMPLE 9 Evalute:] ---------- b- ~.— ------- 1} x4

\

—------- - dx
(x sin x + cos x)

= sin"1 (sin 0) = 0 = tan"1

SOLUTION We have,

cos x + sin 2x
(2 cos x - sin x)2

cos x (2 sin x + cos x)
(2 cos x - sin x)2

d (2 cos x - sin x)
(2 cos x - sin x)2

II
—------^-7—r-[ (-sinx)
(2 cos x-sin x) J

f sinx 
J 2cosx-sinx

"11 dt, where - = t2 
a

f X COS X ,= J x sec x.------------------- dx
(x sin x + cos x)z

log 1+^ + 
\ /

EXAMPLE 10 Evaluate :J

-tan"1 
a

 f tan 0
J 2

0
2

0
2

1
2

r
2
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= tan x. log (1 + sin2 x) - 2x + 2 j dx

= tan x. log (1 + sin2 x) - 2x + 2 J

= tan x. log (1 + sin2 x) - 2x + 2 f dx

d ('/T tan x)

dx

!

dx= log (1 +tan x).
1 =

= | sin 2x log (1 + tan x) - J dx
EXAMPLE 12 Evaluate dx

= | sin 2x log (1 + tan x) - j7k 1-SOLUTION We have,

.3 = | sin 2x log (1 + tan x) - j dx +J dxdx

= | sin 2x log (1 + tan x) - x + J dxtan x sec x dx

cos x. sec x dx dx

dx + C= x . sec x +
dx

secx + C
1 1= ± sin 2x log (1 + tan x) - x + - (x + log | sin x + cos x 11 + C

EXAMPLE 13
dxEXAMPLE 15 Evaluate:

1 =

dxI == log (1 + sin2 x) tan x - J ■dx

dx

= tan x. log (1 + sin2 x) - 21 dx dxxx

= tan x. log (1 + sin2 x) - 2 J
dx

k

sin 2x
2

d(sec x) 
n

1
+ 2

•I

| esinx

- 2 sin x - cos x 
2 cos x - sin x

(sin x + cos x) + (cos x - sin x) 
sin x + cos x

cosx 
sin x + cos x

cos x - sin x 
sin x + cos x

xcosx 
x sin x + cos x

tanx
1 + tanx

___1___
1 +tanx

-1
(x tan x + 1)

= xesinx

-2j

=> = Kx + L log 12 cos x - sin x | 
sl„ 2.
5 * i

= tan x. log (1 + sin2 x) - 2 J

=

l = f e*

1
1 + tan x 

7
1

1 + tanx

A
■ dx + 2/

1 1 f= - sin 2x log (1 + tan x) - x + - J 1 +

-1
x tan x + 1

e5inx

- - x - - log 12 cos x - sin x | + C

^3 Aiinx x cos x - sin x
cos2 x

sec2x.

sec2x 
1+2 tan2 x

2(x sec x + tan x) 
(x tan x +1)2

= | sin 2x log (1 + tan x) - x

-x2
x tan x +1

•• h = J

esinx

^/^jxdx + l/

dx-esinx

-esinx

To evaluate the integral /lz let us express sin x in terms of 
the denominator 2 cos x - sin x and its derivative. So, let

sin x = K (2 cos x - sin x) + L (- 2 sin x - cos x)
On equating the coefficient of sin x and cos x, we get
1 = -K-2L and 0 = 2K-L

=> K - ~ and L ~ ~
5

SOLUTION We have, 
f x2 (x sec2 x + tan x) 

(xtanx + 1)2

1
2

1 + sin x
sec2x ,

2 2sec x + tan x

= ?inx(x-secx) + C

Evaluate :J sec' 

SOLUTION We have, 
2 2

sec x log (1 + sin x) dx 
II I

= ■y1 x -1 log 12 cos x - sin x j

secx-J e51"1

:2 x log (1 + sin2 x) dx

Substituting the value of flz we get 

cos x 1 2.
------- ----------------- — — x — ■ 
2 cos x-sin x 5 5 ~ •

f 3 • Ax cos x - sin x 
cos2x

d (x tanx + 1) 
(x tan x +1)2 

II

K (2 cos x - sin x) + L (- 2 sin x - cos x)~ 
2 cos x-sin x

= tan x. log (1 + sin2 x) - 2x + tan 1 ('ll tan x) + C.

EXAMPLE 14 Evaluate: J cos 2x log (1 + tan x) dx 

SOLUTION We have,
I = J cos 2x log (1 + tan x) dx 

u I
sin 2x r

2 J

= tan x. log (1 + sin2 x) - 2x + VT f -z---- --------- x
I2 + (VI tanx)2

x
• dx

= fx esinxd(sinx)-f esinx
I II I

= pinx-j esinxdx)-lesinx 
esinx_| esinx

2 sin x cos x tan x 
1 + sin2 x 

sin2x
1 + sin x
, -2 i1 + sin x -1 

2
1 + sin x 

(1-^-
1 + sin x

7
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a-+ 2 log | x sin x + cos x | + C.

+ log (1-sin2 2 0) +C-1 dx

-1 dx

(- 2a sin 0) d0

-1cos 0 sin 0 sin'

+ de-0

Iogxdx4-J= (sin 1 x) (x log x - x) - dx
,2.2

= — 0 (2 cos2 0 -1) - sin 0 cos 0 + C dr22

1
= (sin-1 x) (x log x - x) 4-1 • (log x). 2 Vl -x2 - J ■ 2k/l-?di 

z **

I
= (sin 1 x) (x log x - x) + (log x) 'll - x2 -,

cos 2 0 log de

= | / cos 2 0 log

= | J cos2 0 log dQ

= | J 1Qg . 2 cos 2 0 d 0

de
= |J10g d (sin 20)

=J de
= | J >°8

= j (cosec 0 - sin 0) de

f (log (l + 0-log(l-t)| f-J tdt + COS0= log
1
4

ox 
4

(x
2a k

EXAMPLE 17 Evaluate :J cos 2 0 log cos 0 + sin 0 
cos 0 - sin 0

= log | cosec 0 - cot 0 | + cos 0

1 - cos 0 
sin0

cos 2 0
2

cos 26
2

X

xr
. 1 f -2x

SOLUTION We have,

'cos 0 + sin 0^ 
cos 0 - sin 0k y

[IIT1994]

EXAMPLE 16 Evaluate: xsin'

1 1 
14-f + l-t

+ 2 f (x s*n x + cos x) 
J x sin x + cos x

SOLUTION Putting x = 2a cos 0 and dx = - 2a sin 6 d 0, we get 

J xsin'

= -4a2 ’

= | J Ilog (1 + t)-log (1-01 dt

-X2 

x tan x +1
1 L. (14-tA f= 4 H°8 TT? +J

L k 7

= 4 Hogfl^t +l°g(l-d|+C
7
'1 + sin 2 0^ 
l-sin20k /

rcos 0 4- sin 0
cos 0 - sin 6 k 7
cos 0 4- sin 0
cos 0 - sin 0= sin 2 0 log

-x2
x tan x +1

Putting x = sin 6 and dx = cos 0 de, we get 

cos20 
sin0

1 - sin2 0 
sin0

fl 1-^cos20 + 7sin20 +C
2 4

^\dt 
1-t

= | sin 2 0 log

(.sin- de
k 7

= sin 2 0 log

+ log cos 2 0 4- C
= J 2a cos 0 sin"1

=-a2

—-1 cosI2* J

1 J2a-2acos6
2 N a

£ 
2

i■ +-logcos220 + C
I 4 °1 J2^x

2 V a

2 a

where, =

= -a2

-x2-/ ^^-dx

13?-Z1 '...(I)

.2

f ~2X

ii

'cos0 + sin0 
cos 0 - sin 0 k /

' l+sin0 '
l-sin2 0 k y

'14-sin 2 0"
l-sin2 0k y

'14-3^20^
l-sin20 ' 

k y

k/l-x2 .
-------- dxx

EXAMPLE 18 Evaluate: f (log x) sin 1 x dx 

SOLUTION We have,
j log x dx = x log x - x 4- C

1 = f logx
11

= -a2 [ 0 sin 20 de
l II

1-t2

'^9

sin 1 x dx 
I

= (sin":x) (x logx — x) — J dx

x
Vl -x‘

= (sin"1 x)(xlogx-x)4-1 f logx 
z I

^1-A 4-C

1
4

1
2
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+ V1-? (ii)= log

+ C

dxEXAMPLE 22 Evaluate:

dt

= 2x^/1+ex-4 J

dt.-1EXAMPLE 20

+ C

Hence,
Vl+7 -1

I = 2x^/1+/-4 Vl + Z-21og + C

dxEXAMPLE 23 Evaluate

= 4 0.
dx

dx

- 2 (x2-1)“1/2 dx+ C
1 -x 
X

= f2(tan

"log

= (sin"1 x) (xlogx - x) + "\/l —x2 . logx-2"Jl-x2

1 - a/1 -x2
X

i-VT-7
X

X

From (i) and (ii), we get
I = (sin"1 x)(xlogx-x) + ^1 -x2 .logx-"Vl -x2

-yll-x2+C

r1/2-J

1 ) 
I2-!7

1-1
1 + 1

EXAMPLE 21 Evaluate: J • log (1 + cos x) - x tan | dx 

SOLUTION We have,

J llog(l+cosx)-xtan-^ dx

= f 1.log(1 + cosx) dx-f xtan^ dx
u I 2

= x log (1 + cos x) - J

-log

EXAMPLE 19 Evaluate: j sin 2x tan"1 (sin x) dx

SOLUTION Putting sin x = t and. cos x dx = dt, we get 

j sin 2x tan"1 (sin x) dx 

= 2 f 1 tan 
U I

= 2 (tan-’o^-J

sec4 0 d0

= 0sec40

= 0 sec4 0 - tan 0 -
 1

" 2

= 5 flog! (?-!)•

= i -2(logx)(?-!)'

■’o-f

~1tdt

= I2 tan"1
2 = sin x. tan'

xtan^dx 

= x log (1 + cos x) + J x tan dx - Jx tan | dx + C 

= x log (1 + cos x) + C 
x/ 
177

-J- 2-dt
1 + t2 2"

I2 + 1 -1
1 + t2

t -1 + tan"11 + C

i“1 (sin x) - sin x + tan"1 (sin x) + C

V^F-lj dx

SOLUTION We have, 

xe* j

. f yIoKx.
J V(x2-1)^

SOLUTION We have,

- J 10SX'(x2_1)3/2 

2x . 
’(?-l)3/2 

r3/2

Evaluate:J tan

SOLUTION Putting x = sec4 0 and dx = 4 sec4 0 tan 0, we have

J = j tan"1 (tan 0). 4 sec4 0 tan 0 d0

= 4j 0sec40tan0d0

= 4 J 0 sec3 0 sec 0 tan 0 d0

= 4 j 0 sec3 0 d (sec 0)
1 n

sec4 0 1
4 4
-j sec40d0

= 0 sec* 0 - J (1 + tan2 0) sec2 0 d 0

tan3 0 r
3 +L

= 0 sec4 0 - ^/sec2 0-1 -1 (sec2 0 -1)3^2 + C

= x tan"1 oA/F-1) - -1 -1 (^ -1)3/2
0

x (- sin x) 
1 + cos x

x .
2

x-2 - 

dx-J

dt, where l+ex=t2
r-i

= 2x a/1 +?-4f 1 +
< •

= 2x V177- 41-2 log
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4 dx

EXAMPLE 26 Evaluate :

.6
EXAMPLE 24 Evaluate: J Vr64-1 dx

dx

SOLUTION We have,
.2 1

dxI

.6.6
dx

1

1 1
dx

x‘X

dx

-f dx

+ C6 3

2
= x

X cosx
, where fn(x) = EXAMPLE 28 Evaluate: f dx

dx

. 1 dx

dx

dx,2

1 
xnx2 -1

1
9

1 2
6 3

/ 
sec'

j ^xsinx + cosx

= x3 tan

| ^x sin x +cosx

logx

X 

x2 + a2

x 
j^ + a1

3/2
+ c

>in x + cos x
-------- +c

o
cos x - x sin x 

(x cos x)2

x3^-/ xsec':2-dx 
x

- log X 
■7-^°^ 4- sec 

Vx2-!

1 x- —x
x

+ 2f

+ 2f

= f 3.x2 tan - dx - f x sec2 - dx
II I x } x

'-dx

= j y/x6 + l

x sec2 -dx + C 
x

= //(x)-f exf'(x) dx 
n i

= exf(x) - j//z(x) - f exf"(x) dx}

= // (x) - exf'(x) + J exf" (x) dx
II I

= ex/(x)-eI/z(x)4-//"(x)-{ex/7x)-f

= exf(x)-exf\x) + exf"M-exf"\x) +J exfIV(x)dx

= ffIV(x)dx

log(x 4-1) —logx 
X10

Continuing in this manner, we get

J //(x) dx = e* If(X) -f '(X) +/"« + -
EXAMPLE 26 Evaluate ;f |3x2tan--xsec2i|<fc 

J X X
\ /

x 4-u

3/2

1 
(x2 + «2)2

2x.x
(?4-«2)2

x2
(x2 + a2)2 

xW-tf 
(xW)2

x10

r r, l i .1+-^ log 14-- -dx
X X J X

= - 2 J Vf” log tdt, where 1 + = t
6 II I x

4 3x cos x - x sin x + cos x 
x2 cos2 X

log (x6 +1) - 6 log x 
x10 ’

f 1^2 
log

\ /

log 1+^

dx

SOLUTION We have,

J 3X2 tan - - x sec2 -
J x x

x sin r + cos x (x sin x + cos x) + f ? sin x + cos x d(XCOS^ 
in i (xcosx)

n
-1x-------xcosx

r 1 ^/2 1+^
X

V /

EXAMPLE 25 Iff (x)is a polynomialfunction of the nth degree prove 
that
J exf(x) dx = ex {f (x) -/'(x) +/"(x) -f'\x) +... + (-1)7" (x)} 

d7(x) 
dxn

SOLUTION We have, 

f / /(x) dx
II 1

=4 p'2iog(-|^

1
X 

\ /

= ?tanl
X

= x3 tan - + C
x 

\ / 
EXAMPLE 27 Evaluate :

 x sin x + cos x

SOLUTION We have, 
4 3x cos x - x sin x 4- cos x 

x2 cos2 X
c jexrt>I+OTJ J2c0slit+je>rtinx+O»x

1 x + C

>in x + cos x  | gX sin x + cos x + ^x sin x + cos x 

sinx + cosx xcosxX-=^-dx + C
X cosx

log (x° 4-1) - 6 log X 
X10

SOLUTION We have, 

f-J— J (x2^2) 

= 1—J xW II 
I

•2-
X

7

4- f x sec2 - dx - f
j x j

1
.6
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Jdx

xdx =

dx + j dx

dx = + —- tan'
dx + f dx

xdx =
dx

EXAMPLE 29 Evaluate: J dx
dx + JJ dx + C

dx.

dx

[irr 2001]
SOLUTIONS We have,

dx

dx
dx

dx

dx

dxdx =

dxdx =

+ C

4-C-log 14-

-1tan'
dx

SOLUTION We have, = (x 4-1) tan'

__ 1
(xW)3

3
2

3
2

3
2 7

-1 log (4X2 4-8x4-13) 4-C

i-1-—-
2/i

[Using Ex. 28]

= f //(x) dx 4-f exf'{x)dx
II I

=__ x-__ + A
4fl2 (x2 4- a2)2 4a2

x
X2 + fl2

COS X 
a + b sin x

cos x 
a + b sin x

sinx 
(a + b sin x)

2x4-2
V4X2 + 8x +13

sinx 
a + b sin x

sinx 
a + b sin x

sin x 
(a + b sin x)

sinx 
a + b sin x

0 tan 0 - J tan 0 dQ

+ 4/

EXAMPLE 31 Evaluate .]

1
.2 .

IP

— □□□—
10.17 INTEGRALS OF THE FORM J + f' (x)} dx 

THEOREM Prove that : J / [f(x) + f (x)) dx = e* f(x) + C.

. 1 dx
II

=>]

b 4- fl sin x
2 

(a + b sin x)

=u

+ 2 J

SOLUTION Let / = J

ba1

+ 4j

= J cosx

+ 4j

r’f^ + C 
fl\ /

+ 3/

___1_

(?+a2)2

x 
4fl2 (x2 + a2)2

x2
CM

(xW)2

(XW)2

X 

(x2 + fl2)2

(x2 + «2)2

1
(?+fl2)3

1 
(xW)2

1 
(x2 + fl2)2

1
(xW)3
1

(XM3

1 
(X24-fl2)2

1 
(x2 + fl2)2

=> sin 1

sin 1

tan 1

sin 1

I = sin"1

1 
(x2 + fl2)3

x2 + a2 - fl2 

(xM

a

fl \ /
1 . .0 0 o + o tan 

2fl2(x2 + fl2) 2fl3

We have,

f. 1• J (Ao2)2

=f—1-J (?+?)2
I

J

dx-4a2 J x | sec2 0 dQ
2

~dx-2a2 f 
x‘ + a

1
(x2 + fl2)2

'2x4-2'
3

'2x4-2'
3 /

-1

x 1 , 9 9—x-4-—rtan 
2fl2(x24-fl2) 2fl3

'2x4-2'
3 \ /

'2x4-2'
3

'2x4-2'
3 /

= | ^0 tan 0 - log | sec 0

b 4- a sin x , -------------rax 
(a 4- b sin x)

.2

2x 4- 2 
^Ix2 4-8x4-13 X

2x4-2'
3

PfiPQF We have, f / \f(x) 4- f' (x)} dx

x 3x 3 .
'4?(? + ?)2 &V + »2) 8?
EXAMPLE 30 Evaluate:]

1
(x24-fl2)2

X 1 , = -x—x 4- - tan 
x2+d2 « 
x . 1 .

2fl2(x24-fl2)^2fl3 "

2 2f b (cos x 4- sin x) 4- a sin x
(a 4- b sin x)2

b cos2 x
(a 4- b sin x)2

bcosx 
2

(a 4- b sin x)

= fcosx^^+ J
(fl 4- b sin x)2

2x4-2
'(2x4-2)24-32

Substituting 2x 4- 2 = 3 tan 0 and dx = | sec2 0 dQ, we get

'3 tan 0'
3 sec 0 k /

[ 0 sec20 dQ
I 11
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- fix) • e* - J /' (x) e* dx +1 //' (x) dx + C

ILLUSTRATIVE EXAMPLES

e‘ dt

(ii) J f dx

= (log 0 ef - J | dt + J el • y dt +dx

(iv) f dx

= x log (logx)- + C

(iv) J P dx
= (log sec x) e* - j*

dx

.2- sec2 x + tan x dx

dx

dx

,2x

dxdx

(iii) Let Z = f ■ log(logx) + dx. SOLUTION (i) We have,

dx
f

el dt dx

J

II
= J el log t dt + J

II I

= el. log t -1 ef + C

= ^/(x) + C.

Thus, to evaluate integrals of the type j e* (fix) + f' (x)/ dx, we 

first express the integral as the sum of two integrals j ex f (x) dx and

1 + sin 2x
1 + cos 2x

x
logx

1 +sin 2x
1 + cos 2x1 

secx

= / log sec x - J ef tan x dx + f f tan x dx + C

1 + 1 
t t2

■ sec x tan x / dx + J* f tan x dx + C

f= (tanx) —-J

EXAMPLE 1 Evaluate:
(i) J ex (tan x + log sec x) dx

1 + sin x cos x 
cos2 x

(iii) f . log(logx) +

= / • log sec x + C

1 + sin x cos x 
cos2x

j e^sec'
sin x cos x

2 cos X

(1-X)2
(l + x2)2

1 + 2 sin x cos x
2 cos2 x.

J e2* sec2x dx +1 j e‘

(ii) J f

1 = P (1-x)2

(l + x2)2

f //' (x) dx and then integrate the integral involving e*f{x) as 

integrand by parts taking ex as the second function.

N0TE The above theorem is also true if we have in place of 
/ and kf(x) in place off (x).
i.e. J (kfix) +/'(x)} dx = /(x) + C.

el\dt+C 
t2

SOLUTION (i) J ex (tan x + log sec x) dx

= J / log sec x dx + j e* tan x dx 
n I

EXAMPLE 2 (i) f /

= /• logt + y-y+i

= | tan x + C

el dt + J

? 4dt 
t2

= J • tan x dx +1J ■ sec2 x dx
II I 2

el •

j^H-+
cos X

= j ex (sec2 x + tan x) dx

= J ex tan x dx + f sec2 x dx
II I

= (tanx)e*-J sec'

= /tanx + C

1 
(logx)2

I - J • log t + -y .eldt, where t = log x

1 
(logx)2

:2 x / dx + J / sec2 xdx + C

sec2 x dx + C

x x3-x + 2
»■*----------------------------------------------------------

(x2 +1)2

ef(-l/t)dt+J 
I 

t

:2 xdx + C

tan x • -1

7 e2x 1 
sec x ■ — dx + - 2 2

= J ■ logl + y

J (l + x2)2

1
2

I
t
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dx dx

dx dx

dxe*dx + j f dx + C

dx
+ C

(ii) We have,

dx

dx 

dx + C

• EXAMPLE 4 Evaluate:J e2™ dxdx
J

dxdx

di,where ax = t
dx

dt=> I

dx

dx

dx+
=> I =

= ex. + ex. + C

= e* + C

-1 f e2t cot (n/4 + f) dt + C
EXAMPLE 3 Evaluate: f ex dx

=> l = -~ e21 cot(n/4 + t) + C
2a

dx cot (n/4 + ax) + C

— □□□ —

1+(!-?) 
(l-x)Vl-x2

r

2-x2 
(l-x)'Vl-x2

n

1 - cos 2ax
1 + sin 2 ax

I 
? + l

I

1+x

/ 
T+~F 
l-x

ITT) 
l-x

dx + J /Vl-x
1 + x '

ex

= + ^ 

+ x

-2x
(x2 + l)2

x3 + x-2x + 2 
(x2 + l)2

(-2x) 
(xW

SOLUTION We have, 
9-y2 fX L ~ X 

(l-xjVl-?

?+l

(1-X)2 -

= ?VL±Z
1 -x

J 1 + x

fx+n 
X2!!

\ 7

= JI±Z 
l-x J 1+x

—^—xdx 
(l-X)2

_ 1 I* 7i 1 ~ COS 2t 
~ a J l + sin2t

kd-x)Vi^
_ j —i—

|g-x)3/2vt

J 1 +x
k

= J^n 2j x

• 1 lax

—-— + —
1 + x2 (x2 +1)2

=» I = - e21 cot (n/4 + f) + ~ J e2f cot (n/4 +1) dt

T L T f 2ax 1 - COS 2ax SOLUTION Let / = J (T* - ---- r-r—J 1 + sin 2ax

=> I = - J e21 a J

1= J (X2 + 1)2

(x2 + 1)-2x + 2
(x2 +1)2

' x 2-2x
? + l + (x2 + l)2

x l-x2 x2-l 2-2x '
? + l + (x2 + l)2 + (x2 + l)2 + (x2 + l)2>

x l-x2 x2-2x + l>
? + l + (x2 + l)2+ (? + l)2 y

x l-x2 (x2 + 1)-2x
^ + 1 (x2 + l)z+ (x2 + l)2

x l-x2 1 -2x
? + l+(x2 + l)2 + ? + l + (x2 + l)2?

' X 1-x2^
?+l+(?+l)2y dx+pp-+-r^4>J l?+l (?+l)2J

Using: / /(f(x)+/z(x))dx

= er/(x)

'l \
- cosec2 (k/4 +1) - cot (it/4 + f) dt

— f e22 cosec2 (n/4 +1) dt - - J e2* cot (n/4 +1) dt
I II a

- - (e21. cot (n/4 +1) dt
a J

—^—zdx 
(l-x)2

 1 [ 1 - sin (n/2 + 2t)
~ a J 1 - cos (n/2 + 2t)

j  1 f 1 - 2 sin (n/4 +1) cos (rc/4 +1)
2 sin2 (n/4+ t)

1 ,&+c 
(l-x)2
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=> I = (fl sin bx - b cos bx) + C.-f dx

(a sin bx - b. cos bx) + C.sinbxdx =

dx Similarly,

(« cos bx + b sin bx) + Ccos bx dx =

ILLUSTRATIVE EXAMPLES

(ii) j sin(logx)dx b2 7

(a cos (bx + c) + b sin (bx + c))=>

Hence,

J cos (bx + c) dx = (a cos(bx + c) + b sin (bx+c)|+C,

=>

(logx)} + C

I

= -7X

1 + cos 2x
2

jix _2
/ = — sin (bx + c) + 7X cos (bx + c) - I

fx 
a2 + b2

(ii) Let I = J sin (log x) dx. Then,

1 = J sin t e* dt, where t = logx
II I

eflX
'■’

(Ax
= (a sin bx - b cos bx)

2 
sin bx - -r I.

b2

=> I = - el cos t +

=> I = - el cos t - J el (- cos t) dt

J el cos f dt 
i n

=> 1 = - el cos t + sin t

= - t 7X cos bx + -y eax b b2
10.18 INTEGRALS OF THE FORM

j e™ sin bx dx, j eax cos bx dx

In order to evaluae this type of integrals, we use integration 
by parts as illustrated below.
Let I = f fx sin bx dx. Then,

I = J e°x sin bx dx
I n

7X . .a F ,, .a,= — sin (bx + c) - - - — cos (bx + c) + -1 b b b b

cos bx
b

= --~7xcosbx + y f fx
b b J j

= - 7 cos bx 4yb b

EXAMPLE 1 Evaluate:
(i) J cos (bx + c) dx

(iii) f /cos2xdx

SOLUTION (i) Let I = J 7X cos (bx + c) dx 
1 n

Intergrating by parts, we have

= ^-sm(l>x + c)-T f sin(bx + c)dx 
b b j n

7X . fU .a= — sm(bx + c)--

„2 , .,2 a +b
J e“

a2 7X=> l + ~xl = -y {b sin (bx + c) + a cos (bx + c)) 
fr b

ax e
n2,x2 a + b

JdX cos (bx + c) -f b~^

J e“
/

cos bx dx
II

^ox sin bx  f a^x sin bx
b J b

2
= -1 fx cos bx + e°x sin bx - j* sin bx dx

=>I

dx
7

- j el sin t dt I

=> 1 - - el cos t + el sin t -1

=> 21 = e‘ (sin t - cos t)
ff

I = — (sin t - cos t) + C

Hence,
j sin (log x) dx = (sin (log x) -cos 

(iii) Let I = | cos2 x dx

- cos bx 
b

a2 f?xI + Z • -y = ~y (a sin bx - b cos bx) 
bx 11

b2 7

(?x
a2 + b2

Thus,

=> I

a2 + b2 ^x , . , ..= — (fl cos (bx + c) + b sin (bx + c)| 
bz

1=^

cos (bx + c) 
b

a
b

^x . ., .a= y sm (bx + c)-~

- ~ cos (bx + c) + 7 f fx cos (bx + c) dx 
b b

b
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(i)

[Diving Nr and Dr by cos bx]

[Integrating by parts]dx

-1

dx
J

.-1 = bx.

;inx dx.

=>

-(ii)=>

[Using (i) and (ii)]

(i) (fl2 + b2)(I12 + I22) e2™ (ii) tan-1

+

(a cos bx + b sin bx)

(a sin bx - b cos bx)

[(fl cos bx + b sin bx)2 + (a sin bx - b cos bx)2J

— □□□ —

EXAMPLE 2 

that

'b
a

a sin bx - b cos bx 
a cos bx + b sin bx

cos 2x
2

(ii) We have, 

h 
h

w
J2— + tan

EXAMPLE 3 Evaluate:

, b tan bx - - a

SOLUTION We have,
Il = J cos bx dx

— +tan-1 b ,i - = bx.
a

= | J / (1 + cos 2x) dx

I = | J / dx + | J ex cos 2x dx

= p + |l1 + C,
where = j / cos 2x dx

*2

-cos 2x'
2

= - ex sin 2x + ~ ex cos 2x - J e* cos 2x dx

=> tan 1

/. (a2 + b2) (I2 + I2) = e^x

and,
I2 = f sin bx dx 

<?x
’ Ab2

(i) We have,
Ii2 + I22

Px
(a2 + b2)2

e2ax
~ (flW)2

=> tan 1

SOLUTION We have,

J x2/sinxdx
1 II

= x2 y (sin x - cos x) - J x ? (sin x - cos x) dx

= | e* x2 (sin x - cos x) - J x / sin x dx + J x f cos x dx
2 i n i ii

= | / x2 (sin x - cos x)

x ~ (sin x - cos x) -1J / (sin x - cos x) dx

x ~ (cos x + sin x) - M / (cos x + sin x) dx

= y x2 (sin x - cos x) -1 e*. x (sin x - cos x) + y x (cos x + sin x)

+ j / {(sin x - cos x) - (cos x + sin x)} dx

= y xr (sin x - cos x) - y x (sin x - cos x - cos x - sin x)

- j* e* cos X dx

(«2 + b2) =
a2 + b2

h=> ~ = tan Ibx-tan

e* r /
- y . x (sin x - cos x) + r . x cos x - y (cos x + sin x) + C

= y [(x2 -1) sin x - (x -1)2 cos x] + C

'2

+ 4 ~ 4 (cos 2x + 2 sin 2x)

| Il = | / (cos 2x + 2 sin 2x)

Ij = y (cos 2x + 2 sin 2x)

1 ex1 = - e1 + — (cos 2x + 2 sin 2x) + C

If Ii = J cos bxdx and I2 = J e™ sin bx dx, prove

f v sin 2x -J

1 + - tan bx a

tan bx - tan |tan~1 (b/a)|
1 + tan bx. tan"1 (b/fl)

-Y 
fl

= bx-tan’1 -
a

Now,
Il = j ex cos 2x dx 

l II 

-
2

= |/sin2x-|j e*sin2xdx
2 2 I n

= |exsin2x-| -ex

_ 1 jr n.. . 1 -X 1
~ 2 — ~ 1 4 — 4

111A = t / sin 2x + - / cos 2x - -1, 2 4 4 1
- 1, 1 r, „ „ . „ .

2
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x - a‘ 'x.

I+ C =>

log I X+ Vfl2 + + C

,2 (2x)xdx,2

= X

I

,2= X

,2dx

,2 ,2

= x yJa2-x2 - I + a2 sin 1 + C.

+ C
(ii) j 'UxL + 9.dx

=> I = - x yla^-x2 + c.

dx
I =

2
dx

(0 + 2 x)xdx

dx

+ C

dx

,2

2 +

a2 + ^-d 
Ja^x2

1
2

= V?T?x-J |(a2 + ?)-1/2

'a i
I

x

Tv
2x 7

= x^x2-^

= xV?7?-J

X2

\2 
sin'

INTEGRALS OF THE FORM f ^laZ + bx+c dx

To evaluate this type of integrals we express a x2 + b x + c as the 
sum or difference of two squares and apply formulae given 
above as the case may be.
ILLUSTRATION Evaluate:
(i) J ^x-lO-x2 dx

SOLUTION (i) We have,

J y/-(x2-7x + 10) dx

= x ^a2 -x2'- J yJa2-x2 dx

= x^?- J

= x ^a2 - x2 - J

1 - dx 
n

(iii) j ^x2 -a2 dx = ^x ^x2 - a 

PROOF (i) Let Z = J '•la2 - x2 dx.

Integrating by parts, we get
1 = f ^a2-x2 1 dx

(ii) We have, 

f kUx2 + 9 dx

1 
^lx2~a‘

= x Vfl2 + x2 - J 'la2 + x2 dx + fl2 J

21 = x'lx2-^

10.19 SOME IMPORTANT INTEGRALS
1 2 • -if*') - a sin2 a\ 7

(iii) Let / =

= J ^x2 - a2 1 • dx
I II

Integrating by parts, we get

x-j

\2 
dx

'3
2 

\

\2
dx

21 = x V?

r3
2 k 

2x-7y
3

2 1
+ 2

'3
2

\ 7

1
^2 +

= x

/. 21 = xy/a2+7 + a‘

^a2 + x^ - I + a2 log | x + Va2 + x2 |

log | x + V«2 + V |

+ l<r2

'x'
a k

2 2 • -if*')- x + a sin -
I a I

V
a 

\ 7

II
-j|(a2-x2)’1/2 (0-2x)xdx

^x2

-Vr1/2

=> I = | x ^la2 + x2 2 dx = 24

+ fl2f

1 n2 
-~2a

'Vx2 — a2 — J ^x2 - a2 dx - a2 J

x2 - a2 + a‘ 
Ix^a^-dx

= X Vfl'

rx-7/2y 
3/2 

/

-x2 + ■
2

y dX

= X ^x2 - fl'

=» 1 - IxVrt2-^2 + lfl2sm

(ii) Let Z = J ^a2 + x2 dx.

Integrating by parts, we get

- / - a2 log | x + ^lx^-a2 | 

i2 - a2 log | x + k/x2 - a2 |

-I2 2J

(ii) J >/fl2 + x2 dx = x

=> 1 = | x ^x2 - fl2 - a2 log | x + y/x2-a‘

ydX

/ = ^x2-a‘

a^-d 
Vfl2 -x2

j?.7i+^4+10)
4 4

=JT
2 

/

f 7 V
X-1

X / X

+ C.
)

1
2

7 y 
X'2 - 

/

f 7 
X'2

7

f 71 
•X-2

x 7
= |(2x-7)V7x-10-?+|sin'
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+ c= 2

nax2 + b + c dx= (2ax + b) <a?~+ibx+7dx+

ILLUSTRATIVE EXAMPLES

Vi

.2

+ c

dx, dx, 0 < a < 2.

,2 dxI =

+ C

dt

+ C

- „3/2

22

2

3 1

1

I
I

2aX = p and bX + p = q

b± 
2a

- x - x2 dx

SOLUTION We have, 

j "Jx + a yax-a‘

x-^ dx

\2 
sin'

\2
log x +

+ x - x2 dx

=-~(l+x —x2)3/2 + ~ 1
X~2

'3 
2 

\ 7
= ^4? + 9+|log | 2x + ^4x2 + 9 | + C.

INTEGRALS OF THE FORM J (px + q) >1 a/+ bx + c dx

To evaluate integrals of the type J (px + q) 'lax2 + bx + c dx, we 

express the linear factor px + q as follows:

px + q = X • -y- (ax2 + bx + c) + p 
ax

where X and p are constants to be determined by equating the 
coefficients of similar terms on both sides. So we have

f^Y (
2

2
| dx

=-|(l + x-x2)3/2 + |

f2

1/

X = £ and p = q - 
2a

J (px + q) 'lax2 + bx + c dx

= | J 'll-x-x2 d (1 - x - x2)

12) 'lt2 + a2t + a2 dt

= t'lt2 + a2t + a2

= ^2 I +

= /— f (2f + a2) 'll2 + a2 f + fl2 dt - Vfl j 'll2 + fl2 f + fl2 dt 
a3 ~

Comparing the coefficients of like powers of x, we get 

-2X = 1 and p-X & 1. 

. 1 , 1=> X = - - and p = -

x + 1 = -1 (-l-2x) + 1.

So, J (x + 1) Vl - x-x2 dx

7

+ X-X2

EXAMPLE Evaluate:
(i) | x'll + x-x2 dx

SOLUTION Letx = X--r(l+x-x2) + p.
dx

=>x = X(l-2x) + p
Comparing the coefficients of like powers of x, we get
1 = — 2 X and X + p = 0
. 1/1

1 1x = -|(l-2x) + |

So, j xVl

= f-|(l-2x) + U>/l

5 . + -sm

(ii) Letx +1 = X • (1 - x - x2) + p. Then,

x + 1 = X(-l -2x) + p

1

r 2x+i 1

? , it, 2- + at — dt , where ax-a = 
fl

9 1 
+ 4 +2‘

2 9 xz + —4

= -“ (1 -x-x2/2 + ~ (2x +1) 'll-x-x2+ sin'
3 o

EXAMPLE 2 Evaluate :/ "Jx + fl^ax-a‘

(ii) f (x + ll'll-x-x2 dx.

q-ty'
2a

/

The first integral on RHS is evaluated by putting ax2 + bx 
+ c = t and the second integral is evaluated by the method 
discussed earlier.

1?
X~2 

\ J
-ifx-1/2

<5/2

f<Y_f
2 I

ifVs
+ 2 2

IT / rx-2

'2X-P
<5~

= _1 J (i-2x)>/l+x-?’dx + | f 'll+x-Jdx 

= / + x-x2 d (1 + x -x2) + ^ f V

1
2

1
2’

. 1
' 2

+ x - x2 dx

5
' 16

J
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x + C1-
'a

1-

EXAMPLE 5 Evaluate:J dx

dt'a I
4t2 + a2t + a2

dx
,2>

+ C
dx

,2 dx

I .2

T + C

dx

J dx

+ C

dx

I = dx

dx

SOLUTION We have,

x2. d (x2)

dxVl-x2

4/ dt

7 [Using Ex 4]dxdx - t + C2

7 dx

x
7^

vO
2

=
i

EXAMPLE 4 Evaluate: J x

1

'lax - a‘

I +x
1-x

yax + a

x2
41 -2x-x2

+ \2^ 
k

?}•
= - J 41-2x-x2dx-J

2 
3a3/2

SOLUTION We have,

?
41-2x-x:

-x2
41 -2X-X2

(1-2x-x2) + (2x-1)
V1-2X-X2

.x2 .xdx

= -41-r

+ r . —, dx -x.

X 

x-4x^-1

1 f -2x

 2
= a3/2

■ f____
+ log • Vox - 

k
EXAMPLE 3 Evaluate .-J

■4 - 7 x2 41 -x4 + 7 sin 1 x2 + C
4 4

4ax - a2 + y

« Aa + y + \

dx

= (^OW)3'2-

4xVr
4xVr-

x +sin 1

a2 2 
+ y(4-a2) dt

\2
^71

SOLUTION We have,

■f'B
= 7 ( N - + 0 x2.2x dx

2 1-x2

_1 f a/1+2”
"2J 1-x2’

= | j Vyy t dt, where t = x2 

t + t2 
IT?

jf - t + 4-
k

[CI 2L k

+ a2-y dt
4

__ 1 (t2 + a2t + a2)3/2
" a3/2 3

2

= ^a2 + af+a2)3/2-f
T^x

= -f 'll-2x-

= - J V(a/2)2-(x + 1)2 dx

+ J T=^-- Td^-2x-^ + 3 JJ Vl-2x-? J

2 '
+ 241-2x-x2+3sin-1

f, a2f

1 
V(V2)2-(x+iy

= -7 (x +1)41-2X-X2 + 2sin-1

fx + 1^ 
\___ /

EXAMPLE 6 Evaluate:
J 1-x2

1 . -1 
-“SIR

1 . + -sin

SOLUTION We have,
x

x - ^x2 - 1

= J x (x + 4?-l) dx
= J x2dx + jx'lx2-! dx

= y+ | f 2x.'lx2-l dx

= ^+lx^(?-l)3/2+c 
oxo

■ =j+|(?-l)3/2 + C 
o o

ax + a2 4ax - a'

1 1 x + C

^dx + 3 f

= -7 a/1 -12-71 k/1 + 7sin-1
2 4 4

2x-l
41-2X-X2

-2x-2 + 3 ,
Vl-2x-x2 X

-2x-2
41 -2x-x:

+ log f + y +4f2 + a2f+ a2 
k /

{ax + a 4ax - a? 1

a
2
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EXERCISE 10.7

dxdx 24.
1. dx2.

.-1dx dx26.25.
4.

dxdx 28.dx dx6.

dx 30.29.7. 8.

j e31 (sin 2x - cos 2x) dx 10. J9. dx 32.31.
Al

dx dx33.

dx34.

15.
dx, n e N35.

+ 1

dx38.

ANSWERS

Vx - ^/x + tan 1'lx+C 13. 7sin2x~7xcos2x + C

2. 2^x +1 sin-1x + 4>/l -x +C
,2x14. e‘

15. - 7 (x cosec2 x + cot x) + C
2

+ C

+ C17.

sin2x+ Ccos2x +19.

+ C

11. ex [(x2 -1) cos x + (x -1)2 sin x} + C + C21.

12. tan x. log cos x + tan x - x + C

/
x+l +

2r-l
\'3

x + |log(l+x2) + C

•je*dx

?_3
2 4

11. j x2excosx dx

5-I

M2 4 \ /

J sec'

J xsin

21. j

37. J

x2 1 1
4. T + 7^sin2x + rcos2x + C4 4 8

e3*
9. —■ (sin 2x - 5 cos 2x) + C 

10

10. eM^j+C 
x + 2

x x5dx

- 7 log (x +1) +-y-tan 1

e* (y2-!)
2

1. xtan-1

(tan- !x)2 - x tan-1

3. xtanx-y + log |cosx| +C

e3x

J c"”’ x sin3 x + cos x 
sin2x

fl'VEZT)' 
2 a \ 

tan-1 x 
x2(l+x2)

J sin(x1/3)dx

x tan'
Vl+x'

{ x2 cos2 x dx

<2x2 + 6x + 9>
4

8.

12. J

Evaluate the following integrals:

J tan-1 Vx dx

3. j xtan2xdx

■-1_x

.2

:2 x log (1 + sin2 x) dx

13. fxsinxcosxdx 

f x cos x , J dx sur x
17. / x3/dx

19.

xe*
(1+X)2

f r(X3-X + 2) 
J (XW 

sin xx
(1-x2)3'2 

f x2 tan~1 x 
J i . J.

23. f

_ 2 sin 2x + cos 2x
5

-* (x4 + 2x2 + 2) + C

36. J

27. /

18. -|e

5. ^1 + x2 tan 1 x - log (x + ^/x2 +1) + C

6. 2p/x-^1 -x sin-1 ^ + C

3 2
7. — + — sin 2x + 7 x cos 2x - 7 sin 2x + C6 4 4 8

f sin-1 x
J V77T
J xcos2xdx

f si1}"1
J Vl -x

J x (tan-1 x)2 dx

^eX 
--------rdx 
(x + 2)2 
log (cos x) 

cos2x
14. J x2 dx
16. J e*swi2xdx

20. ^logU+x^-^ + ^log^-x + l)

1, ___ _ . V3
2 ■ 2

18. f e~
f (x2 + 3x + 5)cos2xdx20. J xlog(l+x3)rfx

j 22. Jx/(x2 + l)dx
(log*)2 J

(x cos x - sin x)2

J ax log x + log fl log —

'll + x2” (log (1 + X2”) - 2m log x}

?” + 1
b + a cos x , 

---------------- zflX 
(a + b cos x)

2 + 3 sin 2x
1 + cos 2x *

X 
logx

22. j?/ + C

1
8

1
4
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-129. xtan23.

.1/3 +c(x - sec x) + C

- cot x + C31.+ C

- log (x + ^2 -1)} + C34.27.

28. log 35. —

HINT TO SELECTED PROBLEMS

37.

ex dx.dx]

The resolution of

is called a proper Let g(x) = (x - «]) (x - a2) ... (x - an). Then, we assume that

is called an improper

f(x) 
g(x)

CASE1 When denominator is expressible as the product of 
non-repeating linear factors.

/(x) 
g(x)/(x) 

g(x)

Ai 
— + x-a

/

Given integral = 1

- . / ____
= J (x + 1)/ dx + J vx2 + l

\

cosx 
(a + b cos x)

dx + J

Ai
X —«2 A “n

where Ap A2,.. An are constants and can be determined by 
equating the numerator on RHS to the numerator on LHS and 
then substituting x = av «2,..., an.

— □□□ —
10.20 INTEGRATION OF RATIONAL ALGEBRAIC 

FUNCTIONS BY USING PARTIAL FRACTIONS

+...+A
X —fl,

26. |(x2-2fl2)cos 177- - £ ^4a2 - .1
4 2a o

36. f

(I) PARTIAL FRACTIONS Z//(x) and g(x) are two polynomials, then 
f(x) defines a rational algebraic function or a rational function ofx.

If degree of f(x) < degree of g (x), then

rational function.

f4lx^r

= f sinx
I

dx = j

Afc 
(x-a)k 

b2 
x-«2

CASEII When the denominator g(x) is expressible as the 
product of the linear factors such that some of them are repeat­
ing.

Let g(x) = (x-a/fx-aj) (x-af) ... (x-flr). Then, we as­
sume that

r(x j into partial fractions depends mainly

upon the nature of the factors of g(x) as discussed below.

+ 2x1/3

(X-«)'
Bl • 

+----- +
x-a

24. esinx

Br 
+... + ~ r (x-M

A2 

(x-«)2

x-llog(l+?)-|(tan’1x)2 + C

30. 3[(2-x273)cosx

x cosec x
x cos x - sin x

32. tan x log (1 + sin2 x) - 2x + tan"1 (V2 tan x) + C

33. flxx(logx-l) + C

x2 1

sin (x1/3;

^2
+-----x-a.

b + n cos x
(a + b cos x)2

bsinx
(fl + b cos x)2

11

x-|(tan-1x)2 + C -2 (l+x2”)3/2
9n x3"

— x -V + 125. e -z— 
x2 +1

^ + Ilog(l-x2) + C

If degree off (x) > degree of g(x) then 

rational function.

is an improper rational function, we divide f(x) by g(x) so
6 v*/

f(x) u/ (x)that the rational function is expressed in the form <J> (x) + jyy

where 0(x) and y (x) are polynomials such that the degree ofy (x) is 

less than that of g(x). Thus, yy is expressible as the sum of a 

polynomial and a proper rational function.

Any proper rational function yy can be expressed as the sum of 

rational functions, each having a simple factor of g(x). Each such 
fraction is called a partial fraction and the process of obtaining them 

is called the resolution or decomposition into partial fractions.

| log (1+x2")-3n logx-1 •+ C- - tan 1 
x

b (cos x + sin x) + a cos x 
(a + b cos x)2

ex -^.+ 0 
x + 1
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ILLUSTRATIVE EXAMPLES

example 1 Evaluate: J

dx
...(i)

dx

dxand,

+ C

dx

(ii)=>

(iii)
So, let

The following examples will illustrate the use of partial 
fractions to evaluate integrals of ration algebraic functions.

1 
x+2-4/

where AVA2, ■■V...+ Ak

8 1
49 x - 5

27 1
49 (x + 2)

C +---- -  +x + 2 y. Then,

27 f
+ 49 •*

Solving (ii) and (iii), we get 

, 45 r -15
A 98'C 49

= "EFlog lx"5l +
70

-||iog ix+2i -

=> 16A-48C =
49

45

1 
(x-5)2

15 1 27 1
49 x + 2 49 (x + 2)2

? 2727 = D(-7)2 ==

Now, putting x = 0, in (i) we get

7 = -20X+ 4 8+50 C + 25 D

x2 - 8x + 7 j 
--------------? dx 

(x-3x-10)2 •

1 
(x + 2)2

-4 J

SOLUTION We have, 

x2 - 8x + 7 
(?-3x-10)2

Let AZ.W-1) = 
(x-5)2 (x + 2)2

EXAMPLE 2 Evaluate:
x6-2x4 + 3x3-9x2 + 4 

x5-5x3 + 4x

SOLUTION We have,

x6-2x4 + 3x3-9x2 + 4
x5 - 5x3 + 4x

3x4 + 3x3-13x2 + 4
= X +------- S------- 1-------------

x - 5x + 4x

32 25=> 7 = -20/l-^ + 50C + 27x^
49 49

=> 20A-50C = ~ 49

2A-5C = — 49
Putting x = 1 in (i), we get
0 = -16/1+9B + 48C + 16D 

7? 4420 = -16A + 48C-|f+ ^- 3x4 + 3x3- 13x2 + 4
“ X+ x (x2 - 4) (x2 -1)

3x4 + 3X3 - 13x2 + 4 
x(x-2) (x + 2) (x-l)(x + l)

Corresponding to each quadratic factor ox2 + bx + c, we assume 
+ Bpartial fraction of the type —, where A and B are 

constants to be determined by comparing coefficients of similar 
powers of x in the numerator of both sides. In practice it is 
advisable to assume partial fractions of the type

A (2ax + b) + B
ax2+ bx + c ax2+ bx + c

. (x-7)(x-l)
” (x-5)2(x + 2)2

_45 1 8
98’x-5 49’

1
(x-5)2'

Integrating both sides, we get 

r (x-7)(x-l) 
J (x-5)2x + 2)2

= -45 f 1
98 J x-5

(x-7)(x-l)
” (x-5)2(x + 2)2

A B C D 
x~5 + (x-5)2 + x + 2 (x + 2):

(x - 7) (x -1) = A (x - 5) (x + 2)2 + B (x + 2)2

+ C(x + 2) (x-5)2 + D(x-5)2

Puttingx = 5 and x = -2 respectively, we get

-8 = B(7)2 => B =

i.e., corresponding to non-repeating factors we assume as in Case 
I and for each repeating factor (x - a)k, we assume partial fractions 

^1 A2 Ak  
—- +------ x +-------- + ... +---- ^-7,
x a (x-fl)2 (x-a)3 (x-fl)k 
afe constants.

Now to determine constants we equate numerators on both 
sides. Some of the constants are determined by substitution as 
in case I and remaining are obtained by comparing coefficients 
of equal powers of x on both sides.
CASE III When some of the factors of denominator g(x) are 
quadratic but non-repeating.



I
10.74

C D E 2x4-2-! dx

dx-2f dx

C =

D = ~ = 1
EXAMPLE 4 Evaluate

and, E = = -1

I.6

dx

dt

0-2 j dt-log | x 4- 21 +C

EXAMPLE 3 Evaluate:J dx
d(j2f)

SOLUTION We have,

+ C
= x-2 +

1 + CSo, let

EXAMPLE 5 Evaluate:I...(i)

SOLUTION We have,

.6

=J
dx

A = 0, C = 4 and D = 2

,2x2
dx'

dx

-9
-6

^3
-6

1
x + 2

-24
24

1
2

On equating the coefficient of similar powers of x, we get

2 = - 2 + A + C,Q = -4 + 2A + B + D,4 = 2A + 2B

Putting x = 0, we get

4 = 2B => B = 2

A = x + — 
X

MATHEMATICS FOR IIT-JEE

+ Zr + 4-V -r 
x4 + 2x34-2x2

3
2'

= x + - 
x

x5 + 2-t3 + 4x + 4 
x4 + 2x3 + 2x2

1 4- COS X
1 - COS X

x5 + 2X3 + 4x + 4 

x4 + 2x3 + 2X2

4x4-2 
x2 4-2x4-2

dt 
sinx

1
X2 4- 2x 4- 2

1 4-1
1-t

1 -24-3-94-4 
1(1-2) (14-2) (14-1)

1-2-3-94-4 
(-1) (-1-2) (-1 4-2) (-1 -1)

Substituting the value of A, B, C and D in (i), we get 

x5 4- 2x3 4- 4x 4- 4 
x4 + 2x3 + 2x2

2x4-2 
x2 4- 2x 4- 2

=> X5 4- 2X3 4- 4x 4- 4 = (x - 2) x2 (x2 4- 2x 4- 2) 4- A X (x2 4- 2x 4- 2)
4-B (X2 4-2x 4-2) 4-(Cx 4-D) X2

64-32-24-36 4-4
(-2) (-4) (-3) (-1) 

xb - 2x4 4- 3x3 - 9x2 4- 4
x5 - 5x3 4- 4x

Putting y = a'

4X3 4- 4X2 4- 4x 4- 4 
x44-2x34-2x2

-J

1, 
= ~2 °8

1 , 
= ~2log

4 
=>71=7=1, B =

4

x2 2 f
~-2x---t-2J
2 x J

x2 1 3
= J 4- log X 4- - log |x-l| 4-— log |x + l| 4-log |x-2|

•fct-l
fit + l

x , V2 cos x -1
’^10S V2COSX + 1

2
y-2x-^4-21og(x24-2x + 2)-2tan-1(x4-l) + C

x2 2
2-^-r2

1 
(<2 f)2 -12

-yiogx5 4- 2x3 4- 4x 4- 4 
x44-2x34-2x2

2 
4-—5— 

2f2-1
7

1
2t2 — 1

„ A B
= X — 2 4 4—z 

X

_________ 1__________
(x2 - fl2) (x4 4- fl4 4- 2fl2 x2)

1 
l2-t2

x6 - 2x4 4-3x3 - 9x2 4-4 
x5 - 5x3 4- 4x

1_ 
1-t2

1
7 1-t2

1 3 1
+ 2 (x-1) + 2 (x4-1) + x-2

64-324-24-364-4 _24
2(24-2) (2-1) (2 4-1) = 24

B C D E 
x-1x4-1+x-2 + x4-2

T t 1 ABC
Lot - -- 9 90

(t/-a2)(y + fl2)2 y-? y + a2 (y + ?)2

=> 1 = .A(y4-fl2)24-B(y4-fl2)(y-fl2)4-C(y-fl2)

i2 and y = - a2, respectively we get

_________1_________ .
x6_fl6 + fl2x2(x2_fl2) X

x6-2x44-3?-9a24-4 
.t5 - 5X3 4- 4x

1
(x2 - fl2) (x2 4- fl2)2

Letx2 = y. Then,

1 = 
(X2 - fl2) (X2 4- fl2)2

1 
(y-fl2)(y + «2)2

A B

1 ------------- z--------dx 
sin x (2cos x -1)

SOLUTION Putting cos x = t, we get

= J------- --------dx
sinx(2cos x-1)

4—sinx(2t2-l)

= - f--
(1 - f2) (2f2 -1)

f 1 n >

B Cx 4- D 
x2 ,x24-2x4-2

n 2 4x 4- 2
= X — 2 4- —r 4- ~z “

X2 XT 4- 2X 4- 2
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dt

EXAMPLE 7 Evaluate: J dx

,2

,5x
dxdx j

dx
dx

d^)

+ C,2>
, where t = ex

dt

dtEXAMPLE 6 Evaluate: J [IIT1996]dx

dt

dt
dx

= 2 J dt

d (xe*)

= 2 J
=[ dt, where t = x

Let

EXAMPLE 8 Evaluate:

1 
1+f

Now, putting t = 1, we get

1 = 4A + 2B + C => 1 =4 + 2B-1 => B = -1

1 
t

1 
x

-1 x
i —a

a

,-!S 
a

41

x-a
x + a

x-a
x + a

log(e3x/)^

/ = J

• loge\e}dx

= log (xe*) - log (1 + x e*) +

[/I 
2 \ /

e.log^e.

1 
■2)2 = 4a4 '

1
4a4'

1
2fl2

=>]

'•J

d(f2-D

1 
4a4'

--\tan 
2a5

- 4 tan' 
4fl5

1 
= ~7X 4a4

C 
(l+l)2

1 
(l+0:

1 
t(l+t)2

1 
(i+n2

t(l + t):

=> 1 = A (1 +1)2 +B f (1 + f) + C f

Putting f = 0 and t = -1 respecitvely, we get

A = 1,C = -1

1
y + a2 :

_1____ 1_
4a4 x2 + a‘

__ 1_
” t(i + 02

? = 7+TZI+
= tan 1

1 ,
= ^10§ 

oa

SOLUTION We have,

2e5x + e4x - 4e3x + 4e^ + 2j?
(e2x + 4)(e2x-l)2

(2e4x 4- - 4^ + 4/12) /
(e2x + 4) (e^-l)2

2 (ex)4 + (/)3 - 4 (ex)2 + 4^ + 2 
{(ex)2 + 4) {(^)2-l}2

2t4 + t3-4t2 + 4t + 2
(t2 + 4)(t2-l)2

(2t4 - 4t2 4- 2) + (f3 4- 4Q
(t2 4-4) (t2 -1)2

2(f2-l)24-t(t24-4)
(t2 + 4)(f2-l)2

2 (t2 - I)2 4-1 (t2 4- 4)
(f2 + 4)(t2-l)2

= tan 1

t dx - -^7 J 
i2 4a4 J

1___
(x2 4- a2)2

,2J
= log |t| -log |14-t| +y“ + C

--- — + C 
l+xex

+ e4x-4e3x + 4e2x + 2ex
(e2x + 4)(e2x-l)2

1 L .4- — tan 
2«z(x24-az) 2a3

[Using Ex 28 on page 10.61]

1 
(x2 - a2) (x2 4- fl2)2

4fl4 x2 - fl'

A = -^zC = -4 
4a4

Now, putting y = 0, we get
1 = Aa4-Ba4-Ca2

=> 1 = | - Bfl4 4-1
4 2

2 t 
f24-4 + (f2-l)2

1
t2 + 22

1
t2 + 22

fA
2 j

2t
(f2-l)2

1__
(t2-l)2

1
y-fl2

1
2 2x -a

x + 1
X (1 4- X (TX)2

* (x2-a:

t(14-02
4 1 
t 1 + t

X 
,2,^2

1 1
2fl2 (y4-fl2)2

J___ 1—
2a2 (x24-a2)2

—r— + C 2(^-1)

------- ---------4-C 
4fl4 (x2 4- fl2)

____ 1______
(y-fl2)(y4-fl2)L

1______
!2)(x24-fl2)2

J ^|log«e-lo8e2xe

SOLUTION We have,

SOLUTION We have,
X4-1 ,

--------- 75 dx 
x (14- x ef

(X4-l)gX
x ex. (14- x ?’)2

1
x^ (14- x ex)2

-4—+c

=5 B = -2- 
4fl4

dx - 4 J + a2 2fl2

B
14-t

-1
2a2
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dx

.3

dt [Using partial fractions]

= | log |l + f| - log (2 +1) + log (3+ t) + C =u a^4j4 J x + 1 4J
, 1 r dx + ~]

= | log [log, ex) - log [log, e2x) + log [log, e3x) + C
EXAMPLE io Evaluate: J

■

EXAMPLE 9 Evaluate:J SOLUTION We have, / =

SOLUTION Let

,..(i)

A =

0 = B + D

1 = 4B + A + C

and,

B-C + 2

4J

1
4

Putting x = 2, we get

7 = A+3B + 3C + 3D

0 = B + 4A + D
0 = A + C

From (i), we get

3x + l = A (x-1)3 +B (x-1)2 (x +1) + C (x -1) (x +1)+ D (x + 1) 
Putting x = 0, we get

1 = -A+B-C+D

1 
|2

x(log«

1 
X-l

1 _1____ 1_ 1 '
2’1 + f 2+t+3+t

-2
(-2)3

Multiplying both sides by (x -1) and then putting x = 1, 
we get

Multiplying both sides by (x +1) and then putting x = -1, 
we get

2
= - log |l’+log,x| -log |2 + log,x| +log |3 + log,x| +C

= /=H
1 1

4(t2 + l) 4(f2 + 4t + l)

Ct + D 
f2 + 4t + l

= A B C :
x + 1+(x-1) + (x-!)2 +

dUJ 
tz + l

3x+l 
(x-l)3 (x + 1)

=j> t = (Af + B) (f2 + 4f +1) + (Cf + £?) (f2 +1)

■ On equating coefficients of like powers of t on both sides, 
we get

At + B
+ r+1

D = ~ = 22

D 
(x-l)3

=> 3B+3C = 74

______ t______
(t2 + l)(t2 + 4t + l)

=> 7 = 7+3B + 3C + 64

= | log |x + l[ log |x-l| -

-x------- -----------dt
(t2 +1) (t2 + 4t + l)

=> B + C = 74

t 
1---------xr + 4t + l

-3
=> B-C = 4

*4
------dt 

t2 + 4f +1

_ 1------ 1— + c
2 (x-l) (x-l)2

-------- --------- dx
4 + tan x + cot x

J . ■ —*
tan x + 4 tan x +1

Putting tan x = t and sec x dx = dt, we get

dt
1 + t2

______________ 1__________________
;f e + log, x) (log, e2 + log, xj (log, e3 + log, x^j

1 d(logex)

Let-t------- ----------
(t2+l) (t2 + 4t +1)

1 
t2 + l2

1 - 3Solving B + C = - and B - C = —, we get

B = - 7 and C = 74 2
Substituting the values of A, B, C and D in (i), we get

3x + l = 1 1 1 t 1 ! 2
(x-l)3(x+l) '4’x + l 4(x-l) 2(x-l)2 (x-l):

------ r-dx
10g,?X

(t + 2)2-(V3)2

= 1 (l + l)(2 + 0(3^)Whm‘ = 10&I

1 (I + log, 1) (2 + log, x) (3 + log,. 1)

Solving these equations, we get

1 1A = 0,B = 7,C = 0 and D = -74 4

= ,0\

A I A • C A »

3x + l , ------- ---------dx 
(x-l)3(x + l)

3x +1 .-------7------- dx 
(x-l)3(x + l)

—^-rdx + 2 f 
(x-l)2

——dx 
(x-l)3

1
4
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+ C

1
+ C

EXAMPLE 11 Evaluate:! dx

SOLUTION Let I = J dt or,

dx =

=»

=>

dt =

dt dt

+
(i)

dt+

dt

C =

= -|log |t + l| + ~ log |t2-f + l| +|j

+ C.2

-1 + c+c

3
2

1
2

B 
2f-l +

H
= -|log |t+l| +|log |t2-t + l| +y tan-1

1 
2t-l

= -|log |tan‘ x +11

A
7 +

••• / = 2f|dt-3J I 1. I < |+-log |tan

+ ftan

1= — r —
4

'-J

A 
t + l +

3 1
4 (2f-l)

t
(l + t)(f2-t + l)

=> t = A(t2-t + l) + (Bt + C)(t + l)

On equating the coefficients of like power of t, we get

A + B = 0, - A + B + C = l and A + C = 0

Let x + a/x2-x + 1 = t. Then, 

Vx2 - x +1 = t-x

t
(l + f)(f2-t + l)

Bt + C 
t2 -1 +1

d‘-n

1 t+1
3(f + l) + 3(t2-t + l)

-1 f + 1 
3G + l)+3(t2-t + l)

t 
1 + t3

t + 2-<3 
T+2+^3

1 . tan x + 2 - V7
T/T °g tanx + 2 + ^3*

3 3
=> I = 2 log f log (2t — 1) —J

x2 —x + 1 = (t-x)2

-x + 1 = t2-2tx

1

if rv3\ +H
r2f -1>

—dt 
t2 -1 +1

3 .1/2 
2‘

SOLUTION Putting tan x = t3^2 and sec2 x dx = - t 

3t'/2
2 (1 + t3)

■ t1/2x3f1/2
2 (1 +13)

Now, let

1 i 1 i 1 f 2f- 1 +3 = -2«og |» + 1| J

2tan2/3x-l
7T"

_ *2-i
X 2t-l

dt , we get

l2/3x + 1

. = (2t-l)2t-2(t2-l)
(2t -1)2 

Substituting these values, we get 

2t2-2t + 2
(2f-l)2

.4/3x-tan2/3

— dt 
t2 -1 +1

--------- (-------- dt
(l + t)(t2-t + l)

Let f2-1 + 1 = A B __ C_
f(2t-l)2 t 2f-l (2t-l)2

Multiplying both sides by t and putting t = 0, we get 
A = 1

Similarly, multiplying both sides of (i) by (2t -1)2 and 

putting t=y we get

=> I = 2 log (x + Vx2 - x +1) -1 log {(2x -1) + 'lx2 - x +11

1. .. . . If 2t-l

72 d‘

From (i), we have
t2-t + l = A(2t-l)2 + B(2t-l)t + Ct

On equating coefficient of t2 on both sides, we get

1 = 4A + 2B => B = -|

Substituting the values of A, B, C in (i), we get 
t2-t + l _ 1 3 3 __ 1_
i(2t-l)2 t 2(2f-l) + 2 (2t-l)2

——xdt 
(2f-l)2

1 1 i
4 2 + 1

1
2

1. If 2t-l= -2l0glf + 1|+^?Z^

1771-I J

- --------------31 . +c 
4((2x-l) + V?-x+l|

EXAMPLE 12 Evaluate j ^tan x dx.1
X + "Vx2 - X + 1

1
j dx

X + NX -X + 1

J+1 dt 
t2 -1 +1

1 1=> a = -4,b = 4 = c
3 3= 2

J t (2f-l)2

2t2-2t + 2 ,k
--------- x~dt
(2t-l)2

1
3
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dx

dx

= 3f = 0 dx

3/dt= 3 2

-1 +c

2x-l + C

EXAMPLE 15 Evaluate: j dO

SOLUTION We have,

dO

[Dividing Nr and Dr by cos6 9]dO
Hence,

dt + J

+ 21og(f + l) + l J dt

dx= |f2 + 21og(f + l) + j J
SOLUTION We have,

dx2t -1"|= |f2 + 21og(f + l) + | log (?-( + !) + C
7

dx

+ C dlze™*)
7

EXAMPLE 14 Evaluate:) ,sinrdx • where t = xe:

SOLUTION We have,
dt

x3-2x2 + 2x-l = (x-l)(?-x + l)

1 
t + 1

t
2a

2 t-2
3G + l) + 3(i2-f + l)

dt

l+x2/3
1+x

2t-1 
t2-t + l

21-1-3 
t2-t + l

-2 
x-1

[See ex. 28 on page 10.61]

\ 7

,SinX)2|\

2x4 - 4x3 + 3X2 + 2x -1 
(x3-2x2 + 2x-l)2

1 + f
1 + t3

••■/-J

— dt 
3

+ 4

7 dx

2
- dt

= 3 J t dt + 3 J

l2 .
- dx

1 ■ + —r tan 
2fl3

1 + X COS X
x {1 - (xesinx)2}

(1 + xcosx)esmx . 
xesinx{l-(x?inx)2} U

1 + X COS X 

Xd-X2?"1)

•1/3+l)

2x1/3-l
^3

312
= T+3

t4+t‘ 
t3 + l
/
t +

tan 1

H’3

H’3

t2-t 
(i+i)(i2-f+i)

1 v3 dt, where t = x - - and a = —

and, 2x4-4x3 + 3x2 + 2x-l = 2(x2-x + l)2-3(x-l)2

2x4 - 4x3 + 3x2 + 2x -1
(x3-2x2 + 2x-1)2

_ f 2(x2-x + 1)2-3(x-1):
(x — l)2 (x2 — x +1)2

1
(x-1)2

EXAMPLE 13 Eufl/uflte.-J

-1

SOLUTION Putting x = t3 and dx = 3t2 dt, we get

2 2 .3t2dt

___ 1_
f if
'-2

k 7

tan

1
If if
K 2J H

1 
(t2+?)2

1 
(x2-x + l)2

1 
"^3

. 2 _ 1 r 2
-4 = 3'B = 3'C = -3

-2 2x-l 4
^-l’x2-x + l

t 
2a2 (f2 + a2)

2 A r-t 
P+l?

t2-t 
(l+l)(p-t+l) 

t2-t
■—z-----------at

a+i)a2-t+i)

= 1 f dtl + tan^O)
3 (1 + tan3 0)2

= ~ ~ • ;1 3 
3(l+tan30)

EXAMPLE 16 Evaluate:J-

= J—---- 1—J x x {1 - (x

sin2 0 cos2 0 
(sin3 0 + cos3 0)2

Let------ -----------
(t + 1) (f2-t+l)

=* 71(t2-f + l) + (Bt + Q(f + l) = t2-t

On equating the coefficient of like powers of t, we get

A + B = l,-4 + C + B = -l,A + C = 0

_ A Bt + C 
f + 1 + f2-/ + l

r fl 1 1
= Jlt + 2(l-t) 2(l + t),

= | x2^ + 2 log (x1/3 +1) +1 log (x2/3 - x

-i-’1

dt 
t2-t + l

sin2 0 cos2 0 
(sin3 0 +cos3 0)2

f tan20 sec20
(l+tan30)2

,3
.3
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dx

=4 [Using partial fractions]dx+ c

1X dx[IIT1999]

SOLUTION Let I = f dx, Then,

dx1 = dx

4 dx

= I1 + U2, where

'1=1 dx and I2 = J

= | log(x2+l) + x
Now,

EXERCISE 10.8

dx

[Hint: Putx3 = t]dx
dx

dx

dx

dx
dx11.

dx
dx

13.

dx dx

dx15.dx

ANSWERS

1. -|log(P-l) + ^log(x6 + x3 + l)
7 10

+c
k

=

1
3?3

1 
x(l+x + x2 + x3)

1
tan x + 4 cot x + 4

x_____
(Al) (x+i)

X 

(x2 + l)(x + l)

1
x + 1

1 
x3-2x2-x + 2

x3 + 3x + 2 
(x2 + l)2 (x+1)

4-f

dx+2/

1
X 4

5.f

6,f

•9. J

3.f

f (x3 + x)+ 2 (x +1) 
(x2 + l)2(x + l)

8- I

EXAMPLE 17 Evaluate: J

_______X_______

(x2 + l)(x + l)

1 f X +1 1 '
2 x2 +1 x +1

41

Evaluate the following integrals:

U A1-r

2 J

x5 - x4 - 26X2 - 24x - 25 
(x2 + 4x + 5)2 (x2 + 4)2

t2 
1-t2

VJ

Hence,

I = Ix + 2I2

= log | I I -jlog I 1-1 I -ilog I 1+1 I + C

(Atf

= 2 ^71j + 2.'
[Replacing a by 1 in Ex 29 page 10.63]

x-|log | x + 1 |

x-|log I x + 1 I +C

tan 1

= | log (x2 +1) +1 tan 1 

and,
'2 = /

+ C = i|0g

dx + | J

1.
= 2 log

^41

2. log |x| -|log(x + l)-|tan V

3. |log |x-2| -|log |x-l| +|log |x +11 +C'2x3 + 1

7

5-3x + 6x2 + 5x3-x4 
x5-x4-2x3 + 2x2 + x-1

1 
(x2 +1)2

21 ~2 dx
(x2 + l)2

14. f

(x-l)3(x2 + l)

x9
(x4-l)2

’ 4x2-8x

(x-l)2(? + l)2

f x6 + x4-4x2-2
J x3(x2 + l)2

(3 + x2)2 x3
(1+x2)3

[ seg-x— dx
J 1 + cosec x

4x4- 15x2 + llx+13 
2x3 + 3x2-3x-2

x4 - x3 + 5.x2 + x + 3 ( 
(x+l)(x2-x + l)2

3 1~ tan

tanx , —7--------------dx
tan x + tan x +1

- tan 1 x

xV51^ 
l-x2e2sinx

10. f

!2. f

x3 + 3x + 2 ,
-------2-----------dx

(x2 + l)2 (x + 1)
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.6
+ C

10. + log
+ C

+ log ^x2 +1 + C11.
+ log6.

7.
14. x2-3x + y log |x-11 log (x + 2)log (2x + l) + C

+ C8- 7 log + C15. log | x +11 +

HINT TO SELECTED PROBLEMS

14. Wehave, 2x3 + 3x2-3x-2=(x-l)(x + 2)(2x + l) = (2x-3) +

—    —

dt

+ C

dx, where P (x) and Q (x) are

1(ii) Let / = J dx.
dx

dx.

I =
+ 4

-1

P(x)VQ(x)

1 
t

1 
t

+ 4x-5
3 (x2 - x +1)

1 
x2 (x2 +1)

14>/3
9

2
5 (tan x + 2)

2 tan x + 1 
<5

2x-l
3

dt
]l-2t

= - J (1-20"1/2
(l-2t)1/2

= ” (1^1
(-2) 5

_____ \ >
= >/l - 2t + C

4x4 - 15x2 + llx +13 
2x3 + 3x2-3x-2

5 - 3x + 6X2 + 5x3 - x 
(x-1)3 (x +1)2

.-. / = f

.4
- dx

3-7X-2X2 
2(x3-x2-x+1)

3
log |cosx| + C

-x 2x + 5
8 (x2 + 4) 2(x2 + 4x + 5)

6x + 7 
2x3 + 3x2-3x-2

^4 +C x + 1

1----~ +CX+1

x4-l
x2-l 
x2 +1

+ tan 1

tan 1

Let x -1 = 7 Then, dx = - 4 dt 
f r

tan 1

(x-1)2 
. x2 +1

1 , . 
-16tan

10.21 INTEGRATION SOME IRRATIONAL ALGEBRAIC 
FUNCTIONS

In the previous sections, we have learnt some methods to 
integrate some irrational functions in standard forms. In this 
section, we shall discuss methods of evaluating integrals in­
volving irrational algebraic functions.

INTEGRALS OF THE FORM J

linear expressions in x.
To evaluate this type of integrals, we substitute Q (x) = t . This 
substitution will reduce the integral to one of the standard 
forms.

Following illustration will illustrate the above procedure.
ILLUSTRATION Evaluate :

(ii)l
SOLUTION (i) Let I = f

_ 1 2x -3x'
9’ 4

■2 3.
- + -log

1___

H

3X2 -x 
(x-l)(x2 + l)

1 .2 
2"

4 34. —x-—log |tanx + 2| + zo zo

6. Given integral = J

lx-11 \1 1 /

Let x +1 = 7 Then, dx = - -7 dt.
1 t2

( C--7 dt 
t2 

\ /

-^| + C 
(x + 1)2

c 2
5‘ X’V3

r^-tan_1(x + 2) + C

12. 7X2 + jlog(l+x2) +

-■5 tit 
t2

v+ J
dt

'kt2 + 2t + 1

F2+ C (1+x2)2

„ 6x + 7____
= 2X"J + (x-l)(x + 2)(2x + l)

7 x------- -
x-12

+ tan 1 x + C

1
4

1 .
(x -1) "Tx2 + 4

1
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+ C

= --MV5J
+ C

are pure

+ C we

,2
1

+ C

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Evaluate : dx dxI =

SOLUTION Let Z =
 dx

dx

dx

dx

— u + C

dx

1
(1-

= 2

whereEXAMPLE 2 Evaluate :

SOLUTION We have,

5

1 
x2^! + X2

<2^2

5 \ /

__ 1
(X-1):

2
+

Vl+X2
1-X2

Vl+x:

1 — x‘

x2
(1 -X2) Vl + X2

-x2
(1 -x2) ^/1 + x2

(1 -X2)-1
(1-x2) a/i + X2

dx- J

1 
x2 'll +x‘

2 1
,2 + 5(x-1) + 5

1 
(1 -x2) VT+7

= 2 - log | x+VTT

dx +

dx +

1
(l-x2)'/T7r

1“

,+il+\ J

-dt 
r T 
1+?

' 1
3 + 1 +C 
r

=fdx
+ x

+ x2

Let x=| Then -3 dx = dt => dx = - x2 dt 
‘ r

-

1-x2 _____ 1
(1 - x2) 'll + X2 (l-x2)Vl

1
1 +x2

and then we substitute c + dt2 = u2.

?+H, + 5 +
\ J

where t2 +1 = u2

2 
^dx.

1 —1 -5- dx 
1+x2

—---- dt
2

+ 5
\ /

4 1'
' + 5

1
7 7\2
, + 5

\ 7

f udu

= j -1 ■ du

fdx~.

=-dx.

dt

-yrfX- ,4 -.V (l-?)Vl + r

= f____1_
(1-x2) ^1+x2

1 1 
x-1 +5 +

yli + x2
------ Fx1-x2

( 1 
x-l+5 + 

\ / 

 
5(x-l)2

INTEGRALS OF THE FORM J dx, where p and q both 

quadratic expression In x l.e. p= ax* + b and q = c^+ d

To evaluate this type of integrals we put x = y and then 

c + dt2 = u2 i.e., to evaluate integrals of the form 
f 1 1I —z------ 7---A -~dx, we put x = - to obtain

(ax2 + b)'lcx2 + d 1

f ~tdLJ , , ,2S J(fl + bt ) vc + dt

The following examples illustrate the procedure.

f 1+JT , 
= J (i-x^ViT?

= f_____ 1 
(1-x2) ^/1 + ? 

" (1-xMl+x2 *

f tdt 

1 j_
5 ’25

y dX.

'Il + x2
X
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-1 = -

or dx-
1

dt1

dt

^/l+x2-V2x dt

1 - log | x + 'll + x2 | + C.1 =

dx

dx
v‘

1dx + j 4dx
E

1=f dx + j dx

-1
dl + i J dx + f dx

.-1I + Cdx

.2 .-1

1-X

I 
p

I

I

= log | Vtanz x + 2 + tan x| + tan'

1-^
<

=-f

-2x
Vl -x2

1-x
1 + x

I  
f2 -1 a//2 - 2 

= log 11 + 'll2-2 | + Ij , where = j

1 
(1+x) a/1-?

x + 'll- x2 +1}I where = J

2
1-x

EXAMPLE 3 Evaluate: j

= log 11 + ^t2-21 + tan'

i = !^

••• h
~t2 

\___ /

1A
t2 

■x-^dt 
r

= ’^210g

= dt 
+ 1

t
(t2-l)'lt2

u du
(u2-2}'lu2

du
;2-(^2)2

u-f[
u + ^2

= sin 1

1 + 1 +a/2 
x2

tanx 
'tan2 x + 2

1__
T77

dx = sin 1 x + 'll-x'

dt

4
9 9, where t +1 = u .

1
(1+x) V1-?

Putting l+x = -,dx = =vdt and x = - in Ip we get
t t2 t

SOLUTION We have, 

f
J (l+xjvl-x2

= f (l-x^ + l
J (l+xjVl-x2

1-x2

1 
t

- - [ - 1,
J V2t-1 

= -<2t^T

1

dt

:2-Vp^+C1 +x

—Vs4 (t2 -1) Nt2-2

Putting f = -^ and dt = -du in Ip we get

 f u du 
(1-u2) y/l-2u2

Now, putting 1 - 2u2 = v2 and - 2u du = v dv, we get 

_ 1 f v^v2 J ( i 2A

2 

dv
(1 + v2)

= tan-1u

^t2 - 2'

I f j
'lti-2>

t. /
/

‘ +C

1 Vl+^-^/Ix
“^2 °S V1 + Z+V2X

2-x2
(l + xjVl-x2

= tan-1 "Vl -2u2 = tan'

2-x2
(1 + x) ViT

EXAMPLE 4 Evaluate: J ^tan2x + 2 dx. 

SOLUTION Let I = J 'Ilan2 x + 2 dx.

Putting tan2 x + 2 = t2 and 2tan x sec2 x dx = 2t dt, 
2t dt t dt 

2tanxsec5^/F^2(t2-l)'Weg 

tdt 
‘ 'll2-2 (t2 -1) 

t2___
(t2-l) 'll2- 2

= f a2-i)+i 
(t2-i) 'll2-2

Let x = 7' Then, dx = - -7 dt.
1 r
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dx dx

dx
dx

dx

dx
dx + dx

dx +'

dx~. dx

dx

dx and, I2 = .
 dx +

dxdt = Vl-2t =

and I2 = log r
Hence,

- ”72-x2 + log

+ log + C

EXAMPLE 8 Evaluate:J dx

SOLUTION Resolving

3

1
,2

dxHence,

/ = + C

dx
dx

(i)

1
'1 -2t

x 
f2-?

a SOLUTION We have, 

M— 1

5
9'x-l

= M9 J

= Ij -12, where

'1=1 1 
(x+ljk/x2-!

-2x-l + V3 ^x2-l
3 (x + 2)

x3 + x2 4- X-1 
(x2-l)^2-x2

5
9 (x + 2)

_______ 1
(x2 + 3x + 2) Vx2 -1

1 
(x + 2) k/x2-!

4

x-1
x + 1

x-1
2-x + ^2-x:

a/7-T
3(x + 2)‘

1 
(x-l)k/2-x:

• 1

U ~ 3 ~ 
k 7

1 
7(1-2u)2-u:

(x2 -1)^2-x2
SOLUTION We have, '

h = -

1 1 
Putting x +1 = - and dx = - dt, we have

(x2-!) k/2-x2

= 1,7—-Trfx + J"

=^dxand/2 = J

EXAMPLE 5 Evaluate ;

EXAMPLE 6 Evaluate:

= -|l08

_____2x
(x2-!)^

rj +12 + C, where

1

1 
(x-l)V2-?

1 1 Putting x +1 = — in and x -1 = - in I2, we obtain

h = log I

1 -1Putting x + 2 = - and dx = —z du, we have 
u 1/

= sin-1

x-1 1 .

1 
(x + 2)2

fx)
<2

k 7
I = sin 1

1

2
3 (x+2)2

dx

x3 + x 
(? -1) ^2-x2 

x (x2 - 1) + 2x 
(?-l)V2-?

dx +j

x+1___
V2 - x2

x-1
2-X + V2-X2

5 1
9'x-l

x + 4 
(x -1) (x + 2)2 k/x2 + x +1 

15 12
9’x + 2 3''

---------j\ dX ~ Q I 
(X-1) NX2 + X+1 Q

2dx

=^du

obtain
x + 4 

(x-1) (x + 2)2

==ydX 
-X

(x-l) + (x + l)
(x2-l)V^?

(x2 + 3x + 2)k/x2-l

= f_____U- 
(x +1) (x + 2) ”7x2- 1

= __n_
J |^x + l x + 2] 4:

4

5 5 2- 2 n _2f2_±/3
9 1 9 3

f 4 idu
-5„+-

1 . - 2x -1

1
i— -) dul-4u+3u2

________ x + 4 
(x-l)(x + 2)2 >/x2 + x + l

—---- =■ into partial fractions, we
(x-l)(x + 2)2

r+~ - dx 'x2-l

(x + 2)k/x2-!

=rdufiy
3k 7

u-- + Vuz--u+-
0 1 0 0

1

1 
'2-x2

= f
= I

1

1 d 
9J (x + 2) k/? + x + l X

2f 1
3 (x + 2)2 >/x2 + x + l

1
3

^2 
k 7

_____ 1____
(x+l)<2-?

1 . .
u
x+1
+ V2 - x:

1
,2 4

3
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where
EXAMPLE 9 Evaluate dx

dx

dx

=* I

log (1 + x2) + j

■, where t = x2

log (!+?) +j J di

= 1°g(l+*2) + | log + C, where t = x2.

13 = 4 EXAMPLE 10 Evalate: J

-V du -

.2 2

 1 d (tan x)

Hence,

-5I =

1 (VT tan x) + C+ C

EXERCISE 10.9

dxdx

dxdxdx

dxdxdx 6.

- 'fax 4-2 'Vx2 4- X 4-1 
2V3(x-t2)

1
Zv2

1 
(4-1

1 
t

X 
(X — 3) Vx 4-1

6u-3 
<3m2-3w4-1

u du 
y/3u2-3u + l

t 
(4-1

1 
Putting x 4- 2 = - in 12 and I3, we get

- ^3x 4-2 'Vx2 4- X 4- 1 
2<3 (x-t-2)

<3 (X 4- 1) 4- 2 "Vx2 4- X 4-1
2<3 (x-1)

- <3x 4-2 'Vx2 4- X 4-1 
2<3 (x + 2)

- <3x 4-2 'Vx2 4- X 4-1
‘ °g 2V3 (X4-2)

<3 (X 4- 1) 4- 2 'Vx2 4- X 4-1 
2V3(x-l)

______ X______
(x2 4-4) <?4-l

----- 7T-'(X - 1) NX2 4-1

1
(X2-1)^X24-1

1 
(1 4--X2) a/1-X2

3 (x + 2)

—1 du
ylu2-u+l

= J log(!+?). I
I II

1 = —----
2x2

1* (x-l)Vx-i-2 dx

- dx 
x

6u - 3 4- 3 ,——=—-du 
- 3w 4-1

1
,2

7 J

dx 10. f

12. J

and, I3 = f

dx 8. j

11=1

9. f

5^1
 dx

cosz x (14- sinz x)
4 sec x

sec2 x 4- tan2 

14- tan2 x 
14-2 tan2 x

5 4-—7

tan-1

'2 = -^10S

= - | <3u2-3u + l
O 2- Vi

2 "Vx2 4- X 4-1
4- --------------- ------ F9 X4-2

- : 1 dX'11 (x 4-2) Vx2 4-x 4-1

log(14-X2)
x3

SOLUTION Let 1 = J - ^1+
xJ

■~3dx

6-* V3u2

U~2

SOLUTION We have,
1 ------- dx

1 - sin4 x

=J 1

Evaluate the following integrals:

2- J

14-t2 .
------ r dt, t = tan x 
l + 2f2

1 
(x-1) <2x4-3

x2 
(x-1)Vx4-2

- ———dx 
(x24-1)<x

-----dx
1 - sin4 x

1 x 1
2 +2?2

1L 1= - tan x 4- —rr2 2<2

x dx
X2 (1 4- X2)

I 1 zi 2\ I f dt= -5ilog(l+x) + -f —

tan-1 (<2 t)4-C

—dt 
14-2t2

1
(x - 1) Vx2 4- X 4-1

1 , 
(X 4- 2)2 4- X 4-1 X

Putting x -1 = y in Ilz we get

1
3

______ x______  
(x24-2x4-2)<x+T

1 
(X 4-1) Vx2 4-X 4-1

11J

x + 1 
(x -1) Vx 4- 2

5. J

1
3

7^4- 4m2"- U 4-
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,213 J
dx

x2

ANSWERS

+ C + c9. -log

11 + C10.1 +c

2 + C11.+ c

1 + c + c12. - tan
k

+ C 1 + C13.
16. + C

Vx2 + 9-V5 + C14.17. + C

15. -2V1 + x + x2 - log

+ C, where t =

Let it be s. Following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

= 6 dt

= 6 (t2 - I +1) dt - 6 J j +1 dt

= 6

23

Vx + 2 - V3
Vx + 2 + V3

V2x + 3-V5
V2x + 3+>/5

Vx +1 -2
Vx+1 +2

Vx + 2_-V3 
Vx + 2+V3

Vx + 2-V3
Vx + 2 + VI

1
V2

STEP IV Evaluate the integral obtained in step 111 by the methods 
discussed in the previous sections.

STEP in Substitute ax + b = t3. This substitution will reduce the in­
tegrand to a rational function oft.

1
12

+ x + x~

— □□□ —
INTEGRALS OF THE FORM J f(x, (ax + bf',n', (ax+ dx, where 
is a function and m1( nv m2, are integers

To evaluate this type of integrals, we follow the following 
algorithm.
ALGORITHM

STEP I Obtain n\, «2z «3

STEPH Find the l.c.m of ny, ^^3

x + 1
1

x + 1

1 
x-r

X-V2x + 1 
x + V2x +1

1
+ 4

1 
T

SOLUTION Let 1 =

EXAMPLE 1 Evaluate: J

tan 1

1 . (x + 2)-V2 (x + 1)(»2)^2(x+l)

I
3.

1 
t2+t: 

f t3

2 n + - + Cx

15. t

r if f + 2
k /

4. |(x + 2)3/2-2Vx + 2 +

1 VTx +VxPl 
~2V2 °S V2 x - Vx2 + 1

1 VlT x + V3x2-12
2V33 8 V1Tx-V3x2-12

T 6f5 dt

p

—_dx.
Vx + 1 + Vx + 1

1
(x + l)1/3 + (x + l)

Here, l.c.m of 2 and 3 is 6. So, we substitue x +1 = t6 and 
dx = 6t5dt.

...1=1

STEPV Replace t by (ax+ b)^s.

3 ]

f + 2 + 
k /

f3 +1 -1 
f + 1 

z f f3 + l 
=6J f+1

1 7 k
y-y + f -61og |t + l| +C

= 2t3-3f2 + 6f-61og |l +11 +C

172 dx-

pn

—7—dx 14. [ 
(2? + 3)Vx2-4 J

~2—X rr^dx 
(x2 + 4) Vx2 + 9
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So, let

i2 2=> 3C-6I + 8 = 4(r-f + 2) + (Bf + C)(f + l)
SOLUTION We have,

dx

=> A = ,C = -~ and B = -

=> I

= 6j dt

i4

= 6

= 6 -1) +C = ^og|f + l|-|J
EXAMPLE 3 Evaluate: dx = “log |t + l| -| log (t2 -1 + 2)-| f

dx
-1 +(

dx
Substituting the value of lt in (i), we get

I = 2f6 - 3f4 - 8t3 + 6f2 + 48f + 51 log 1t +11

-1

= 12j EXAMPLE 4 Evaluate:J dx

[IIT1992Ji3

SOLUTION Let

dx = Ii + /2, where+

(i)
dx and l2 = J

Clearly, LCM of 3 and 4 is 12. So, putting x = P2 and 
dx= 12I11 dt, we get

Putting t = -1,0 and 1 successively, we get

17 = 44,8 = 24+ C and 5 = 24 + 2B + 2C 
. 17 „ 1 , „ 5

4 2 ~ " 4

17 5 n 9= — log 11 +11 log (t2-t + 2)tan­

log (1 + fyx)

1
1/3

1
€

EXAMPLE 2 Evaluate: J

-15 log (t2-t + 2) + ^tan

SOLUTION We have, 

______ j_______  
Vx + 3x + 2 . ^IF

2 3 t2
= f3 + ^ + 4f +12

. 6t5 dt

2tudt

51 + 2
2 (f2 -1 + 2)

17 1
4 ‘ t + 1

•••/■I

21-1 
t2 - t + 2

3t2 - 6f + 8 
t3 +1 + 2

where Ij
f 3t2 — 6t + 8

= I —r---------dtJ /J + /+2 
I

We have, t3 +1 + 2 = (I3 + 1) + (I + 1) = (I + 1) (J2 -1 + 2).

1

4J

[------L---- -
xF + fx+l.K

V2—<" 
r-t + 2

= 6/ f5 + t4 + f2 + / + l + pyrff

'i=J

vl/2
4/2

f6 t5 t3 t2
■g- + — + j + y + t + log(f-l)+C

-3(x + l)1/3

+ C, where f=x1/12.

'1=1

= 12J f5-t3-2f2 + f + 4 +

= 2(x+l)1/2

x x5/6 x1/2 x1/3
- 4. ------ 4. -------4. -- ------ - v
6 5 3 2

51 + 2 Jt 
-i-------- dt
r-t + 2

2t+l--- —dt 
t2-t + 2

+ 6(x + l)1/6

-6 log | (x +1)1/6 +11 +C

xi/2 + x1/3 + 2x1/4

We find that the l.c.m. of 2, 3 and 4 is 12. So, we substitute 
x = f12and dx= 12fn dt.

x*'~-x,/3

Clearly, l.c.m. of 2 and 3 is 6. So, by 

Putting x = t6 and dx = 6 t5 dt, we get 

t3 
t3-t2 

f f6= 6j—
/6 -1 +1 

f-1

log(H- fcjjfT

t6 + f4 + 2t3
t8 

v2— 
r +1 + 2

NX - NX

3t2 - 6f + 8
t3 +1 + 2

3f2-6f + 8 
—z----------dt
r +1 + 2

= 12U 3
|6 4 3’

= (2t6-3/4-8/3 + 6r + 48/) + 12I1

9 2t -1 +1

—~dl t2-t + 2

1/6 + log(x1/6

3f2-6f-8
-Z---------- dt
r +1 + 2

3f2-61 -8

r +1 + 2

(2t+n
"7F

J log (1 + ^x) 

^X + ^X ■^T+'/x

4 Bt + C 
f +1 t2 -1 + 2

+ T
\ /

'2f-f
VF

f
2
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II log (1 + u) du
II

r.,3

= 6 du= 12

.1/12= 12

2i?-5u + ll- du

11 =

+ 1)

log (1 + u) du

EXERCISE 10.10

dx

4. dx

ANSWERS

10 1 5
6. log

7. 6

4. log

+ C

2w
3

STEP! Obtain p. If pis an integer, the integral reduces to the integral 
of a rational function by using the substitution x = ts, where 
s is the l.c.in. of the denominators of the fractions m and n. 
If p is not an integer, go to step II.

1
+ 4

u~ 
3

f i/3
= 6 J jyy log (1 + u) dx

= 6 f w2-u +1 -

1 
u +1

1 
1/4-1

11 
n + 1 /

1 
u + 1

f t8 =12l^d‘

r + r

X

(1 +

Substituting the values of /] and I2 in (i) we get the value of 
the given integral.

1. 2^/x-4x1/4 + 41og(l +x

2. ||x5/6 + 2x5/12 + 21og |x' 
5

■>'3-l|+C 

l+c

3.

= 6 J (u2 - u +1) log (u + 1) du - 6 j
II I

T ( 3 2 A, 1 . .. u u f= 6 |k>g(u + l).|y-y+ m -J

7. I

5. .2.

8. .

6. .

x1/4 x1/6 
+---- +--------X3 2

= 12j |t7-t6 + t5-t4 + t2 + t-l+yy|dt

+ 6x1/6) log (x

3

. 6u5 du

(1+x)2
16

4=5r+C

INEGRALS OF THE FORM / x"1 (a + bxn)p dx, where m, n and p are 

rational numbers

To evaluate this type of integrals, we follow the following 
steps:

2u3 - 3n2 + 6u 
u + 1

+ llx1/6

3. 3x1/3

= (2u3 - 3u2 + 6u) log (u +1) - 3 (log (1 + u))2

!3 5u2
--------+ llu - 11 log (u + 1)2

■1/4) + C

:5/12-l|) + C

= (2x1/2

+ log |x1/12 + l |

Now, l.c.m. of 2, 3 and 6 is 6. So, putting x = u6 and 
dx = 6u5 du in I2, we get

j log (1 + «)

u2 + u3 -3x1/3

<-3 »2 LI- ~ + U du

6 2~2 {log (1 + u))2

-11 log (x1/6

2_ 5 10
x/T)10* 3

' 3 2 A
IF 11 I / 1 X fy-y + W log (u +1) -J 

J

Evaluate the following integrals :

L f ~r^~dxNX + NX

—- ----- dx
K(^-i)

I (X +1)3'2 -1 +1)4/3 + 7(x + 7)7/6 ’ 6(X + n ■
9 +hx + l)5'6-14()‘ + 1)2/3| + C

5

1 + X , ViTx
"T 7

+ 3 log |x

x
(x1/6 + l)6]

5.

- 3 {log (1 + u))2

= (2u3 - 3u2 + 6u) log (u +1) - 3 [log (1 + m)]2

1 .
—F— x(vx+ \X“)

x2 + fx + 1
^71

X ------dx
NX + 1 + NX + 1

8. 6 fyl + x)2

Nx
V?-

X(fx + NX)

1/6 +1) - 3 [log (1 + x1/6l2

l/2_ 5 1/3 
2

(8 t7 f6 t5 t4 t3 t2
8’7 + 6~5 + 4_3 + 2~f + 10g|f + 11

x273 x7/12 x1/2 x5/12
8 " 7 + 6 5

NX , 
x

4
3
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+ p. If

is not an integer, then go to step III.

ILLUSTRATIVE EXAMPLES

+ C= 6 dt

+ C

EXAMPLE 4 Evaluate: J dx..4

dx.4

dx.

-t7'3) dt

We have,

i
I

—I

n ' n 

substitution a+ bxn = ts., where s =

'=J Tn

is an integer, says, then make the

m + 1
n

SOLUTION We have,

' 1
x*1 Vi+7

= Jx"n (l+x4)’1/2

EXAMPLE 1 Evaluate: J 7x (1 + 7x)4 dx = | (l + ?)8/3-| (l+x3)5/3 + C

EXAMPLE 3 Evaluate x13/2 (1+x5/2)1/2dx

^ + 1
= 3, an integer.

£f9/2

(19/2

_l»16/3 _3_ 110/3 , c
15 10

So, we substitute 1 + x5^2 = t3 and | dx = 3t2 dt

SOLUTION Here, m - | and n = -

Clearly, l.c.m. of 2 and 3 is 6. So, we substitute x = t6 and 
dx = 6t5 dt.

f ^x (1 + 7x)4 dx

= j t3 (1 + f2)4.6t5 dt

= 6 f f8 (1 + 4t2 + 6t4 + 4f6 +18) dt

= 6 J (t8 + 4f10 + 6f12 + 4t14 +t16) dt

? 4t^ 6t13 4t15
9 + 11 + 13 + 15 + 17

.-—dt 
3?

^Jx^dt

=n«2-i)f7/3*

= I f (t13/3
2
3 16

2 .21/2  4 15/2 2
21 15 9

= ± (1 + x5/2)7/2 - £ (1 + x5'2)5'2 + 4 (1 + ?/2)3/2+C
jj 2.J 13

= fh5-':
6 = —
5

= | J (t6-2t3 + l)t7/2dt
3

6 = —
5
6= —
5 21

 2 ^3/2 24 n/6 36 :
3 11 13

 
EXAMPLE 2 Evaluate :J x5 7(1+X3)2 dx 

SOLUTION We have, 
J x5 7(1 + x3)2 dx = / x5(l+x3)2/3dx

2 
Here, m = 5, n = 3 and p = o

 2^3/2

STEP n- Compute

13 5 1SOLUTION Here, m = —, n = - and p = -

STEPHI Compute - + p. If - + p is an integer, then sub­

stitute ax~ n + b = ts, where s is the denominator of the frac­
tion p.

Following examples will illustrate the above procedure.

J3/6 + |?/2 + ^x12/6 + C
5 1/

+17/2) dt

m +1 m +1

/. Jx13/2(l+x5/2)1/2dx

_6tl 
5x3/2

J7/2 dt

We have, --+ - 
n

i
Here, m = -11, n = 4 and p = --

J n

.24 n/6
11

f (t3-l)2f7/2dt

m +1 6• n~ = - = 2 is an mteger.

So, we substitute 1 + x3 = f2 and 3X2 dx = 2t dt to obtain

J x5 (1 + x3)273 dx

= Jx5(f2)2Z3

= Jx,3/2f3/2

13
2 ~

5
2
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dx

dx
S

dt

dt

■dx

dx
10.

dx 12.3. x .10

Al/2 dxdx5. 14.

ANSWERS
2m+ 1 + C,7. 6u+21og+ C1. 3 log

lxu =
1+2m + C,u = (l+x5)173-1

-1 + C

9. -zlog

-1 + C-t tan

u =

1 +

i 
2^3

1
2

1
4

1
+ ^3

dx = 2t dt.
-1/2

x
- dx

2

- 3, which is an integer.

(1 + x3)173 + x2

x + 2(l+x3)173 
xa/3

u-1 
y[u2 + M +1

+ X
-X

a2)-1.

m + l-----+ p =
n

= zIl±x^+llogVI77

EXAMPLE 4 Evaluate: J %x ( ^/1 + [ dx

A
- + C

r'dt

3x(l-?) dx

EXERCISE 10.11

7.j^x 
J x

4log

dx = 3t2 dt

2.

6. - (4Vx + x

11. J

13. J
h

M+l
' 2 VU - U + 1

X <1+?
f Nl+X° ,9. J —j— dx

1____
1/4+ 1>

(1 + x273)"1 dx
(l + x1/3)1/2 dx 15. J x“11(l + x4)

V3 , -— tan
5

6. .

8. .

4/4-3) (1 + x1/4)1/3 + C

a/1-x' 
x4

>/x (x 
x-2/3 
,-2/3

| y-logt +C

(2 + x172)2 dx

-2^3 tan-1

4- 4 log

5.-hg

“-1 - + 
'Ll2 + u +1

tan 1

r Vl-x4 
J ?

= ^ + C ’ (1 + x423)423 + C
16 16

2x1/3 + 3
2(l+x1/3)2

11 log |(l+?),/3-l)-Ilog |(l+?)2/3 + (l+?)1/3 + l|

+ y tan

t-iLt

SOLUTION Let 1 + x4/3 = t3. Then, rx1/3

-11 + 1 
—+

-10 _ 1
4 2

Denominator of p is s = 2. So, we substitute ax~ " + b = ts i.e.
x‘4 + l = t2and-4x"5

I = j x-11 (x-4(x-4 + l)|

= fx-9(x-4 + l)-1/2t

-4x

(l+x3)1'3 
V(1+x3)2/3 + x

x1/3

= -Y + 210gt+C

M/3 
<? >

Evaluate the following integrals : 

1. f x-1(l + x1/3)’3

4-11^?“*

1 «'2
3. -log

(x4 +1)1/4
X

(WxV/3|C 
X

tan 1 + C, where u

dx 
x Nx2 + 1

J^+C

U + M + 1 1
(U-1)2 

(l + x4)174 
(1 + x)174 

>/l - X4 + 1 

x2

ton- 1 + Ctan ”7^ » v-/
1 o

8. | log

X173 

T7773 +

10- —I—2 (u3 + 1)

1
2

3
7

1
2

1
3

1
2
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x

— □□□ —

=>

x tanz x dx

.2 xdx

n-2

xdx

x - sin" x) dxxcosx + (n -1
i

xdxHence,

Thus,

x cot x - (n - 2'x sin x + (n -1

x cot x - (n - 2) In + (n - 2) /„ _2

ln (1 + n - 2) = - cosecn.n-2

1
+ 3

n-1
n

x d (tan x) - J tan1

'n-2

+c
>1/2

+c

x sin x 
n

cosecn 2
I

10.14 REDUCTION FORMULAE
Sometimes, we come across some functions whose integrals are 
not immediately reducible to one of the standard forms which 
we have learnt in the earlier sections. In such cases, we express 
the given integral in terms of another integral in which the 
integrand is of the same type but is of lower degree or order. 
Such a reltion is called a reduction formulae. Thus, a reduction 
formula for an integral isa relation which connects the given integral 
with another integral in which the integrand is of the same type but 
is of lower degree or order.

In this section, we shall obtain various reduction formulae 
for trigonometrical, algebraic and other type of functions.

REDUCTION FORMULAE FOR J sin" x dx:

(sin"-2

xcotx
-(n-2)]' cosec’

sin" ~ 2

-1 xsinx + (n-1) J cos1

"1 x sin x + (n -1) J (cos' 

x sin x + (n -1) j cos’

Thus, j cos"xdx =

cosec" xdx 
+ (n-2)f cosec1

J cos'

J sin"xdx =

Let I„ = J sin" x dx. Then,

= j cosec11 x dx

= J cos'

11

= J tan'

J sin1

= J tan'

= j tan'

J tan"xdx =

12. 3x4/3

'n

4 
9(1+x1/4)9 + C

x sin x + (n -1) In _ 2

ln =

/ = — 2n

tan”’2

tan"’2

cos"’1 x sin x n-1 ---------- 1  
n------------ n !n-2

x cosec xdx
II

x sin2 x dx

x cos xdx

x (1 - sin2 x) dx

:n 2 x (cosec2 x -1) dx

tan"’2

xsinx + (n-l)/„_2

__ n - 2- - cosec- 2 COS

„^n -1 = COS

= cos"

„^n- cos

sin"'1 
I

=-sin"-1

ln (1 + n -1) = cos" 1

„,n ~ 1 = COS

__„n -1 = COS

= -sin""1

cos" 1

xcosx + (n-l) In_2 

nln = - sin” “1

-sin"’1

14. 2(1+x1/3)3/2

-IM2 X4

;""2xdx

;"-2x (1 -cos2 x) dx

i" 2xsec2xdx-j

/ ! \3/2

X \ /

:n"2xdx

x cos x + n -1 
n n

REDUCTION FORMULA FOR J cos" x dx

"”2x-cos" x)dx 

xdx-(n-l)j cos"xdx

= - cosec11 2

2 xcotx + (n-2) In-2

" 2xdx

n — 9 = - cosec

:ll/6 + c

REDUCTION FORMULA FOR / tan"x dx 

Let In = j tan" x dx. Then,

= J tan""2xtan2xdx

tan"'1
n-1

tan"-1x
n-1

tan"'1
n-1

REDUCTION FORMULA FOR J cosecn x dx

Let In = J cosec11 x dx. Then,

11. - ---------TaTr +2(1 +x1/4)8 13. 3tan"1x1/3 + C 

ir if/2 
15’"w1+7 ' v )

Let In = j cos" x dx. Then,

x sinxdx
11

x cos x + (n - 1) f sin" “ 2 

= - sin" ’1 x cos x + (n -1) J 

= -sin""1

+ 3y7/3
7

x cos x n-1 --------- +  
n------------ n

" 2 xdx

" 2 x (sec2 x -1) dx ■

;" 1 x cos x dx
I n

1
10

1
2

xcosx + (n-l)/M_2

sin" “1
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xdx

Hence,
x dx

m-2 xdx

m + 2 X dx

sec"x dxx tan x - (n - 2'

xdx+ (n - 2;

=>

.n-2 X

x - (n + 1) sin"1 x cos” x

x cos” x cos2 x - (n +1) sin'" x cos” x.2 xdx

x cos” x (1 - sin2 x)

- (n +1) sin”' x cos” x
xdx

x cos" x - (m -1) sin”' x cos" x

- (n +1) sin”' x cos" x

x cos" x - (in - 1 + n +1) sin”’ x cos" x

x cos” x - (m + n) sin”1 x cos” x

Integrating both sides w.r. to x, we obtain

.n-2
I

n-2
+ n-l

PROOF The smaller of the indices of sin x and cos x in the two 
integrals to be connected are m - 2 and n respectively. So, we 
define

xtanx 
n-1

= / cotn-2

J sec1

••• (n-!)/„ = sec"’2

f cosecn x dx = -

Hence, j cotn x dx = -

Hence, J secn x dx =

= J sec1

= j cot1

=j cot1

xtanx-(n-2)| sec1

x cosec2 x dx - J

= - j cotn ” 2 x d (cot x) — J cot1

x tan x - (n - 2) j sec1 

xtanx-(n-2)J sec1

-1 f . 1 — I sin 
4- n J

j cosec1

In

In

cosec” ~ 2
n -1

=» I = - n

x sec2 x dx
II

secn-2

cot” 2

cotn ~ 2

- 2 sec

x cot2 x dx

= sec"-2

= sec11"2

= see”-2

sec11 2

xtanx-(n-2)/H + (n-2)/„_2

x

xcos" + 1:

cosecn 2 
n-1

REDUCTION FORMULA FOR f secn x dx:

Let/n = f sec”xdx.Then,

= secn"2

x tan x + (n - 2) In _ 2

=> ^ = (m- lysin'”-2 
dx

P = sin7"-1

x cos" 2

= sec""2

(ii) J sin”1 xcos"-2

(iii) j sin1

(iv) | sin'" x cos" + 2

(v) J sin1
(vi) | sin1

In order to connect the given integral with any one of the 
above six integrals, we follow the following algorithm.

ALGORITHM

x cos” + 2

xcos" +1

P = sin”1"1

= (m-1) sin”1-2 
dx

dP , 1 \ • in - 2=> — = (in -1) sin
dx

dP , «\ . m — 2=> — = (m - l)sin
dx

dP , ... . in-2
=> " 1) sin

= (m-Usin'"-2

xcos" + 2

x tan x 
n -1

REDUCTION FORMULA FOR J cot” xdx

Let/n = j cotn x dx. Then,

= f cotn x dx

:” 2xdx.

:” 2 x dx

:” 2 x tan x tan x dx

im~2xcos"xdx

:”“2x (cosec2 x-l)dx

-j* cot” 2xdx

:” 2 xdx

cot^x
n-1

im + 2 x cos" x dx

COtn -1 X 

n-1
REDUCTION FORMULA FOR f sinm x cos” x dx

We shall obtain reduction formula for J sin'" x cos" x dx by 

connecting it with any one of the following six integrals:
(i) j sin’"" 2 x cos" x dx

x cot x n-2
+ n-l

STEP I Define P = sin* +1 x cosg +1 x, where X and p are the 
smallest of the indices ofsin x and cos x in the two integrals 
to be connected.

dPSTEPH find--
dx

dPSTEP III Express — in terms of the integrands of the two integrals to 

be connected.

STEP TV Integrate both sides of the expression obtained in step III and 
obtain the required formula by transposing terms on two 
sides of the equality sign.

Vie illustrate the above algorithm in the following reduc­
tion formulae:

(i) Prove that:

j sin”* x cos" x dx

sin'”"1

:” 2x(sec2x-l)dx

x cot x n-2
+ n-l /n“2

x cos n 4-1 x t m- 
m + n m + n

:” 2x tan2xdx

n-2 ,
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m-2P m + 2

in + 2=> — = (ni +1) sin"' x cos" x - (in +1) sin1

m + 2=> — = (m +1) sin"' x cos" x - (in + n + 2) sin1

xdx

x

m + 2=> — = (m +1) sin"' x cos" x - (n -1) sin' x

=> — = (m + l)sin'"xcos"x

xdx

=> — = (m +1) sin'" x cos" x - (n - 1) sin'" x cos'

+ (n - 1) sin"' x cos" x

m-2 xdx

xdx

xdx

=>
xdx

xdx

cos

Now,
sin (n -1) x = sin nx cos x - cos nx sin x

Proceed as above.
REDUCTION FORMULA FOR J cos'" xsin nx dx:

Prove that:
= | cos'" x sin nx dx

in + n+ 2 
m +1

m + n + 2
M + l

x- +

X - +

sin"'x cos" 2
Proceed as above.

(vi) j sin"1 x cos" x dx

= (wi -1) J sin1

=> (in + ri) J sin"1 x cos" x dx = P + (n -1 

J sin”'x cos" x dx

x cos" x dx - (m + n) f sin”' x cos" x dx

J sin'

f sin'" x cos" x dx

J sin'

j cos'

f sin1

J sin'

W f j— J cos 
n J

in+ m + n

sin"' x cos" 2

-(n-1) sin"1 xcos"-2

x cos" ~1 
m + 1

n

x n -1
"F 7m + 1f v - 2 J sin X COS

x m + n + 2
"F 7m +1

J sin x cos

9
x (1 - cos x)

x cos"X

x cos"X

x cos"X

x cos"x

x cos" X

xcos"i

x cos""1

J sin"1 xcos"*2

xcos"*2

xcos"*1
)M + 1

= (in +1) sin'" x cos" * 2

(ii) Prove that: 
j sin"' x cos" x dx 

sin”1*1

x-(n + l)sin'" + 2

-(n + 1) sin"'*2

xcos"-2sin"1*1
sin'"*1

xcos"*1 
m + n

xcos"*1 
m + 1

(iv) Prove that:
J sin"1 x cos" x dx

xcos"*1
n + 1

xcos"*1 
n +1

Proceed as above.
. (v) Prove that:

/ sin"'x cos" x dx

sin"1’1

sin"’*1

j sin"'x cos" x dx 

sin"'"1

sin"'*2

sin'"*1

x cos"~1 
m + n

x in -1 + in + n

xcos"-2

m,n

,n-2 „
> X

x n -1
— d---------m+n

(iii) Prove that

J sinm x cos" x dx

i"’*2xcos"xJr

=> (m + n) j sin"' x cos" x dx = - P + (m -1) j sin1

"’*2xcos"xtix.
,n -2 „ 
> X

i'" ■ 2 x cos" x dx

im * 2 x cos" x dx

l"'"2 xcos" xdx

,n - 2 „ 
• X

cos'" x cos nx = —-------------------
m + n

PROOF We have,
J cos'" x sin nx dx 

I II
cos'" x cos nx

n
~1 x sin x cos nx dx

sin"1*1

x m -1
+ nd-1

,"'-1 xsin(n-l)xdr

=> = (m +1) sin'" x cos" x. cos2 x - (n +1) sin"' *2

PROOF Here, the smaller of the indices of sin x and cos x in the 
two integrals to be connected are m and n respectively. So, let

P = sin”'*1 cos"*1 x

n +1 „
• A------ +

=> = (m + n) sin'" x cos" x - (n -1) sin'" x cos'

Integrating both sides w.r. to x, we get
P = (ni + n) J sin"' x cos” x dx - (n - 1) j

x cos"’ ‘ x n -1
m + n m + n

PROOF We observe that the smaller of the indices of sin x and 
cos x in the two integrals to be connected are m and n - 2 
respectively. So, let

P = sin'"*1
dP 
dx '

~ +1)Sin>"X C0S" x~^n~ 1) s^m x s’n2 x cos>

=> = (m + l)sin'"xcos"x

=> ^ = (nt +1) sin"' x cos" x (1 - sin2 x) - (n +1) sin'

dP
dx

dP
dx

dP
dx
Integrating both sides w.r. to x, we get
P = (m + 1) _[ sin"' x cos" x dx

- (in + n + 2) J sin"' * 2 x cos" x dx

(m +1) J sin'" x cos" x dx

= P + (in + n + 2) J sin'
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=>
m-1

Prove that:x sin (n -1) x} dx

= J sin"1 x sin nx dx =

x sin n x dx,2

x cos x cos nx dx (i)

,2Prove that:

x cos x cos nx dx

sin

Substituting this value in (i), we obtain

| sin"1 x sin nx dx = - x cos x sin nx

sin

x cos (n -1) x dx x cos nx dx

x cos x cos nx,2m - n

m 
n

 cos'” x sin nx 
n

/
=> 1-

x} sin nx dxcos"1 x sin nx 
m + n

m-1 
n

x cos x sin nx 
n

- sin"1 x cos n x 
nj cos"' x cos nx dx

x cos2 x - sin"1 x|

+ ^J n J

x {cos (n -1) x - cos nx cos x} dx

m f i— cos 
n J

2 x sin nxdx + — f sin"1 x sin nx dx 
n J

tn f > + — cos 
n J

j cos"1 x sin nx dx

PROOF We have,

= j cos"1 x cos nx dx

= j cos"' x cos nx dx

j cos’" x sin n x dx

Now, 
j sin'

sin nx nt x------- + —
n n

Now, cos (n -1 x = cos nx cos x + sin nx sin x

=» sin x sin nx = cos (n -1) x - cos nx cos x.

Thus,

= j cos"' x cos n x dx

m f i -—J cos n J

f cos’

f cos'

f
/. 1+- 

n

x {sin nx cos x - sin (n -1) x} dx

j cos’

J cos'

m f ;+ —J cos 
n J

L,n

m+-------
nt + n

L,n

2 A j sin"1 x sin nx dx = 
n2

m, n

x cos nx 
n

nt +-------
m + n

=> J sin'" x sin nx dx

sin"’ x cos n x 
“ n „.2 .,2

Im,n

m . i+ —sin 
n

cos"' x cos n x
n

cos"1 x cos nx
n

COS

sin"'" 2msin"”1

sin"”2

m 1X COS X

I

= sin"”1

cos

n sin"1 x cos n x
2 2m - n

x cos x cos nx m (m -1) f
2 2 + 2 2 J

m - n tn -n

PROOF We have,
J sin”' x sin nx dx

I 11
sin"' x cos nx = __----------- —

n

sin"'1

sin"’1

sin'”-1

-1 COS

sin"”1

J cos'

cos"1 x sin nx ( m 
m+n m+n

= COS

•• L,n

cos nx dx 
H 

sin nx 
x cos x--------n

-J |(m-l)sin”-2

sin"’1

sinmxcosnx tn . m-i ----------------- + —z sin 
n n2

i"”2xsin nxdx + —? J sin"1 x sin n x dx 
tr

im 2 x (1 - sin2 x)- sin"1

REDUCTION FORMULA FOR j sin*” x sin nxdx

tn (m ~ 1) j 
n2

>m 1 x sin (n -1) x dx

tn (tn ~ 1) J 
n2

' tn\ f
=> 1 + — cos"1 x cos nx dx 

n J
\ /

tn
2 

tn -n

cos’" x cos nx 
z: —---------------------------- .

m + n

REDUCTION FORMULA FOR J cosmxcos nxdx:

i"1 1 x cos (n -1) x dx

i"1 1 x sin x sin nx dx

cos"1 x cos nx dx

i"1 1 x cos x sin nx -

i"1"1 x cos (n -1) x dx=> cos nx sin x = sin nx cos x - sin (n -1) x 

cos"1 x cos nx
n

- — f (cos'" x sin nx - cos'” 1 
n J

cos"' x sin nx m f
n n J

cos"1 x sin nx tn
n n

;"”1 x sin (n -1) x dx

■,m n cos n x dx

1 xsin(n-l)xdx

;"' 1 xcos(n-l)xdx

— f cos"1 x sin nx dx 
n J

x cos x sin nx 
n

- f l(m -1) sin1
n J 1

sin nx , --------dx
n
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dx

cos nx dx =

.3/2

.3/2

==> n

'la2 - x2 (- 2x) dx

=>/„ = -71

x”1 .xdx
=>!„=-; ~xn Xn

xm (l-x-l)dx

=>/„ = -71

1 - x)n x™ dx
(a2 - x2) 'Ja2-x2 dx

-1=> A, = 7/71X

I

71

-1

dx

dx

dx
(- cos x + sin x)

(1-x)" dx 
I

n 
+ ‘ ~m + 1

2(n-l)
3

2am
+T

n 
tn + 1

n 
m + 1

■" 2 (a2 - x2}212 dx

2
^-l(fl2_?)3/2 + OLzll;n_2 

o

2n f

xn ~1

x1"*1 , n
m + 1 zn + 1

p-2

‘n

In fl
xw + 1(l-x)n 

m + 1

SOLUTION We have,

■ I

y/a2-x'
II

(sin x - cos x) + 2 (n -1) /„ _2.

n
m + 1/

(1-x)"'1

x” ~1

EXAMPLE 1 Iflmn

(l-x)n ,

(fl2 - X2)'

_ Xm + 1

m + 1

(w + n)An,n-1

=> Ai = y/(fl-x)3/2

=* Ai = "yx”(fl-x)3/2

xm + 1

+ ("-1)I»,,n-2

+ f sin' 
m - n

Similarly, we can prove that

f . m j n sin”' x sin n x J sin cos nx dx =-------—------
mz - rr 

+ «^J sin' 
m -n

SOME OTHER REDUCTION FORMULAE

We shall now discuss some more reduction formulae in the 
following examples.

= J xm (1 - x)" dx, show that:

= (1-x)”

2an .
+ 3 Ai-i

—> An,n

(A-X)(fl-X)1/2

(fl-x)1/2

n

= xm + 1

I>n,n

j" xn(a-x)1/2dx 
o

2(n- l)fl‘ 
3

(fl2-x2)3/2

x cos x cos nx
2 2tn - n

im ~ 2 x cosn x dx

(n-1),
3 "

(fl2-x2)3/2

=> At = -|x"(fl-x)3/2 
0

(fl2-x2)3/2

1 2 „-i
2 3

xm + 1C 
m + 1

 
x” 'Ja2-x2dx/

=> 1 +

=> (m + n + l)/m„ = xm + 1(l-x)" + nfm>n_1

Replacing n by n -1, we get

(m + n)/mn_1=xm + 1(l-x)"-1 + (n-l)/mn_2

EXAMPLE 2 Ifln = f x" (fl -x)1/2 dx, prove that

(2n+3)In = 2ah_j -2x” (fl -x)3/2

SOLUTION We have,
= f x” (fl-x)1/2

I II

-1 z.2

1 “ x cos nxdx

=> J = — x1 Jn q

2

J x”-'(a-x)3/2

(1-x)”n 
m + 1 m + 1

xw + 1(l-x)n + 
m + 1

2 d^-x2)

-^-1 
m + 1 m'"“1

.3/2,2™
3 '

\n  n . n 
m +1 m'n + m + 1

r 2^ I 
it-l 3 _n

SOLUTION We have,

Aj = J (sin x + cos x)w dx

= J (sin x + cos x)n ~1 (sin x + cos x) dx
1 II

= (sin x + cos x)" -1

J (l-x)"-1xm + 1dx

sin'"-1
-m--------

=* Ai = ~^(a~x)'

\ 2n^. - 2 „ , .
=> i+y Ai = y*

=> (2h + 3) A, = - 2 x" (a - x)3/z + 2an In  r

EXAMPLE 3 //Ai = J xudx, prove that

(n + 2) ln - - x”"1 (fl2 -x2)3/2 + (« -1) fl2 Ai-2

SOLUTION We have,

1 (1 , 1 ;
n 1 + 3 ' 3X
\ /

=> (n + 2)/n = -x"“1 (fl2-x2)3/2 + (n-l)fl2/„_2

EXAMPLE 4 If In = J (sin x + cos x)" dx, then show that

nln = (sin x + cos x)" "1

= J x" ^a2-x2 dx

= | x" "1 ^-x2 x dx

V

f (l-x)"-1x'"dx

z_2 »i
3

1 2
2 3

1
3

1
3

n-1"!
3

x"-1 
I

1 2
2 3
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- (n -1) f (sin x + cos x)" 2 (cos x - sin x) (- cos x + sin x) dx

=> nln= (sin x + cos x)

EXERCISE 10.12

dx, prove that 5. If I,m,n

x(x cotx +1) +
x>i £mx 

m 1 
n-1

na2
n + 1

in =

in--

3. If I„

'n =

In

1. If/„ = J

in-2

dx-(n-l)In

_ _n ” 2 cosec

f= J — dx, prove that

(a2 + n2) In = (a cos x + n sin x) cos1 

= J e'"x x" dx, prove that

sin"’1 x e" (a sin x - h cos x) n(rt-l) 
a2 + n2 + flW

= J x cosecn x dx, n > 3. Prove that

im,n

1
(X2 + fl2)"

_______ X__________
2fl2 (n -1) (x2 + fl2)" “1

2. If In = j ^(t? + x2)" dx, prove that

x V(a2+x2)"
n + 1 +

m m, n -1

4. If I „ m,n

ijn, n
f 2»~3 I 

2(n-l)a2 " 1 n _ J

i"-1X + n («-!)/„_2

= (sin x + cos x)” 1 (sin x - cos x)
+ 2 (n -1) J (sin x + cos x)" ~ 2 dx - (n -1) J (sin x + cos x)" dx

/. In = (sin x + cos x)" ~1 (sin x - cos x)
+ 2 (n-1) J (sin x + cos x)" " 2

i" “1 (sin x - cos x) + 2 (n - 1) In _ 2.

n-1 0-2

;fl2 + x2)"/2 1 dx

= (sin x + cos x)" 1 (sin x - cos x)
+ (n -1) J (sin x + cos x)" “ 2 (sin x - cos x)2 dx

= (sin x + cos x)" “1 (sin x - cos x)
+ (n -1) j (sin x + cos x)" ~2 {2 - (sin x + cos x)2} dx

7. If/„

8- If/„

-e^
(n-l)x"-1 +

6. If In = J x" e1/x dx, prove that

(n + l)!I„ = /0 + e1/z(x2 + 2!x3 + 3!x4 + ... + n!x" + 1)

= J sin" x dx, prove that= J cos" x dx, prove that
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DEFINITE INTEGRALS

REMARK
Following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

dx

dx

dx

oo .21

0

11.2 EVALUATION OF DEFINITE INTEGRALS
If/ (x) is a continuous function defined on [a, b], then to evaluate 
b
J/(x) dx, we use the following algorithm.
a

CHAPTER

11

SOLUTION We have, 

n/4

0

1 
(x2 + a2) (X2 + b2)

11 
Jx2 + fl2) (x2 + b2^

4 -ft
4 + ft

n/4
EXAMPLE 2 Prove that : j

0

STEP III Calculate $ (b) - 0 (fl). The number so obtained is the re- 
b

quired value of\ f (x) dx.
a

1 .Y “tan (b2-o2)

oo

EXAMPLE 1 Evaluate.-^ 
0

SOLUTION We have,

1
= >.2 '■ 

o -a

1  . 00-7 tan b

11.1 THE NEWTON-LEIBNITZ FORMULA OR THE 
FUNDAMENTAL THEOREM OF INTEGRAL 
CALCULUS

If 0 (x) is one of the primitives or antiderivatives of a function f(x) 
defined on [a, b], then the definite integral off(x) over [a, b] is given 

b
by 0 (b) - 0 (a) and is denoted by J f (x) dx.

a

Thus, (0 W) =/(*), then J/(x) dx = 0 (b) - 0 (fl).
a

The numbers a and b are called the limits of integration 'a' 
is called the lower limit and 'b' is the upper limit. The interval 
[a, b] is called the interval of integration.

b
j/(x) dx is read as "the integral off (x) over [fl, b]" or 
a

"the integral affix') from a to b".

£ -o 2b

-if-4

i-100 - 7 tan' b
_1__

‘ (b2-fl2) .
= 1

(b2-fl2) .

 ft
2flb(fl + b)

-------- - -------- ,dx
(x sin x + cos x)“

-1 x 1 .i --7 tan fl b '

i 1 oo

00

f__ 1___
0 (x2 + fl2) (x2 + b2)

•x2 j 
------------------ rdX =
(x sin x + cos x)

1.-1— tanfl
ft
2a

ALGORITHM

STEP I Find a primitive or antiderivative of f (x) by computing 
f (x) dx. Let this be 0 (x).

STEP II Compute the values of 0 (x) at a = b and atx = a.

- tan-1 
a



11.2 MATHEMATICS FOR IIT-JEE

dx

+ (1-0) =x sec xx

ILLUSTRATIVE EXAMPLES

x = 0. Then, x = sin 0 => dx = cos0d0.

dx0 = 0

d (- cos x + sin x)

Let - cos x + sin x = t. Then,

dt

1________
Vl - (- cos x + sin x)2

(iii) in the limits
The limits of the new variable, say, t are simply the values of 
t corresponding to the values of the original variable, say,x, 
and so they can be easily obtained by putting the values of x 
in the substitutional relation between x and t. The method is 
illustrated in the following examples.

11.3 EVALUATION OF DEFINITE INTEGRALS BY 
SUBSTITUTION

When the variable in a definite integral is changed, the substitu­
tion in terms of new variable should be effected at three places.

(i) in the integrand,
(ii) in the differential, say, dx

■fi/6 n/6 ’
+ j cos 0 dO 

0

n
2

1
12 + 2

-n/4 
tanx

.0

n/4

0

4-n 
n + 4

x sin'
Vl-x2

n/6
= j 0 sin 0 dQ

0I 11

1/2
EXAMPLE 1 Evaluate: f

0

4
71 .

n/6

0

n/2
I = f fAanx + ^cotx) dx

0

d (x sin x + cos x) 
(x sin x + cos x)2 

II

n/2
EXAMPLE 2 Evaluate: J (VtanT + Vcotx) dx

0
SOLUTION We have,

-t,- . ----- d (- cos x + sin x)v2 sin x cos x

•in/4 n/4
+ f C560 x + x sec x tan x)

• x sin x + cos x 
0

-jn/6 

+ sin 0 3

tt
x = 0 => t = -1 and x = - => f = 1

2

Also, x = 0 => 0 = sin-1

Let sin"1

. 1 n . -1 1 7Tand, x = - => 0 = sin 7 = 7 
2 2 6

1
= - 0 COS 0 0

- x sec x 
xsinx + cosx Q

-1
x sin x + cos Xjq

-xsecx 
xsinx + cosx Q

1 lx
- dx.

71 71 . Tt • a- 7 cos 7 + 0 + sm - - sm 06 6 6

0 sin 0 n A 1 - cos 0 d 0
"VI — sin2 0

n/4
= J xsecx 

0 1

1

/. 1 = <2 J
-1

= V2 {sin"11 - sin"1 (- 1))

2

xsin 'x , 
777dx

x cos x. x sec x 
(x sin x + cos x)2

-jn/4
+

-jn/4 n/±
+ { sec^xdx

0

1/2
SOLUTION Let I = J

0

n/2
f sin x + cos x

1 Vsin x cos x 
0

-tft/6

= -0COS0 0

— 2tt , 
---- 7 + 1 = 71 + 4



DEFINITE INTEGRALS 11.3

= '/2n

dx

+ C
SOLUTION Let/ dx.

1

=>
Jo

=>
i

=>

1
Also,

lim (x3 -1) log (1 - x) = 0

dt

(i)

log(l-?) = -2
1

1

= -2
Jo

(ii)
= log(l-X2)y + | J 

0 o
dx

dx

i

i
2

1
2

log (1 - X2) -1 / (1 + x2) dx + -

1
J x2 log (l-x^dx
0

3

X

.... dx
>

SOLUTION We have, 

j x2 log (1 - x2) dx
11 I

2 1-/1

From (i) and (ii), we get

1 1 1
1.5 + 2.7 + 3.9

H + l

1 + X 
1-x

l+x
1-x

f- (H + l) 

-(H + l)

1 1 1 
= — ------- 4"---------4“---------4"....

1.5 2.7 3.9

= -2j?
0

x+3

X“ . 7. Z 2 3 1 .= — log (1 - a ) - — x - — x3 + — log

1
j x2 log (1 - x2) dx
0

= 1 ____
■ 2 -n + l +

--log (1-x)
13 -b

2 T 1— x — — x3 + — log (1 + x) 
U 7 O

1. „ 
' 3 -

Also, for -1 < x < 1, we have
'2 4 6x x x— —- .4. — 4.
2 4 6

n 
n2-l

= ylog(l-x2)-| J 2, , 8 
~3 og2-9

= |log2-|

2j 1.
9X + 3 °g

n +1

= |log2-|-|+| lim (x3-1)log(1 -x) 
o 3 y X > 1

x3. 7. 2
= — log (1 — xz) — — x —

X3 1/1 2X 2 
= jlog(l-x)-51 

(x + y/1 +x2)"

(l-x4-l) 
1-x2

1

 
n + 1

00

•••/=/

1

0- ~-1 - n

x4 
1-x2

2 f3 J

H

2,  8 1 n 
= 31Og2'9 + 3X°

2 1+ 7X-3 2

? + f
3 J

EXAMPLE 3 For any n > 1, evaluate the integral 
00 

0 
00 

0 (x+vl +x2)'' 

Let x + <1 + x2 = /.Then,  
l+x2 = t - x 

l+x2 = (t-x)2

1 = t2-2tx 

t2-l
x--iF 

d- ir- 
2 *

log (l+x)-|x-

x2 x4 x6
“ + ~ + 2 4 6

1 1 + * rlog -----  +C0 1-x

x3 x3 2= ^-log(l+x) + Ylog(l-x)--

—™ dx 
1-x2

-2n
1-n2

EXAMPLE 4 Evaluate : j x2 log (1 - x2) dx, and hence deduce that

1 1 1 82..
1.5 + 2.7 + 3.9+  9 3 °g2‘

n 1 1 1
2 2.5 + 4.7 + 6.9 + ""

x5 X7 
2.5+4.7 + 6.9 +

2-3 (x3-!). x
-x3 -—Hog(1-x) 

o jo

Ilf 1^11+4 dt 
t2 

k /

dx = - 1+- dt

x = 0 => t = 1

and, x —>00 => t —> 00

2
3

2
9

1
f"

 1
= 2 

n
'2J /

1 r
2
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du

dx.

SOLUTION We have,
= [sin-1 (-1)-sin 1 (1))

1

n

dx

dx

1 dx

dx

dt

n/2

XX

0

2.2

n/2

dx

k

d (b tan x)+

1
2 + x

16 1 2 2t ?6

1
EXAMPLE 5 Evfl/Uflte.j

0

= |sm- ’(-I)- sin'1 (1)]

71
~12

EXAMPLE 6 Prove that : 
n/2 

0

SOLUTION We have,

n/2

0

n/2

0

= -^[sin

= [sin

l-2u 
u

1
2^- a2)

1
(l + x)(2 + x)Vx(l-x)

1
(2 + x) Ix-x2

1 
2(b2-a2)

n/2

' 0

71 
.2 -

1,1 1 ' 4" — - 4-
1.5 2.7 3.9

1/2

1

1
(1 + x) Vx - X

n/2 h- 
0

I

dx = —----- , where a, b > 0.
4ab2 (a + b)

n/2

0

1/3

= '16 f
1/2

=4'f
1/2

••• h

1 

tdx -J 
0

0
n/2

4
0

- du 
,'J-6u2 + 5u-1

|-|log2

11/2

dt 
'-2t2 + 3t-l

sec2 x 
a2 + b2 tan2 x

Let 2 + x = -. Then, dx = - 4; du and x = 
u w2

1/3

••• '2 = f
1/2

Also, x = 0 => u = | and, x = 1 => u = |
2. O

Also, x = 0 => t = 1 and x = 1 => f = -

1

0

(a2 cos2 x + b2 sin2 x) = 2 (b2 - a2) sin x cos x.

1

~ U~12j
il/3
11/2

Hence,Z = /1-/2 = ^-^ = ^(V6->/2).

r ~ 2 dx
'X-X

1 
fx - x2

1
2(b2-?)

1
2 (b2 — fl2)

1 
2(b2-fl2)

bsec2x 
a2 + (b tan x)2

> S/2 
tt A I 1 f ” 0 +b J

J 0

1 
a2 + (b tan x)2

d (a2 cos2 x + b2 sin2 x) 
(fl2 cos2 x + b2 sin2 x)2

II

______-x______
2 2 2 2fl cos x + b sin x

du2 5u 1\ 
u - — + —

6 6

-1
fl2 cos2 x + b2 sin2 x

1

4

1 
■j dx and I2 = 1 
1 0

1^12

i_
. 1 + x 

0 k
1

4
0

= h - >
where,

1

h=f----T~0 (1 + X) NX - X

Let 1 + x = 7. Then, dx = - -7 and x = -—- 
f f2 t

i—rdx 
a cos x + b sin x

2 (b2 - a2) sin x cos x , 
(fl2 cos2 x + b2 sin2 x)2

x sin x cos x 
(fl2 cos2 x + b2 sin2 x)2

x sin x cos x 
(fl2 cos2 x + b2 sin2 x)2

71 71

-71 1
4b2 (b2-fl2) + 2b (b2 -fl2)

71

2b2
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n/2
= 2

0

1

1
dx, where n > 1

(-« + &)
dx. Then,.n

dx

[See Ex. 3]dt =

dx.

2-x2
dx. Then,

,2

dxn/2

dx
i

dxLet tan x = t. Then, sec2.x dx = dt.
0

Also,x = 0 => t = tanO = O
1 dx

and, x = - => t = tan -

dt

Also t = 0 => u = 0 and t = °° => u = °°.

x - sin 0 dQ

du

du

24

1 
(i+x)

2-x2 
x) Vl-

VT-7 
l+x

/

n/2
/ = j- 

0

oo= 21
0

oo

= 2/
o

b tan x 
a

oo - tan

dx and Z2
1 

(l+x)Vl-x:

71

4ab2 (a + b)

2udu 
(u+1)4

1
SOLUTION LetI = J 

0

n/2  SOLUTION Let/ = J ('/sin x + "/cos x)’ 
0

(» + D-l 
(u + 1)4

'1 =

1

I =

n 
n2-l

1 
.2\' a

1
(VT+1)4

71
- = oo

2

sec2 x 
(sec x + tan x)1

1
psinx + '/cosx}

n/2

0 COS X

1
dx + f - 

o 1 
 1

dx + j 
o

, where

1
[f + Pl+t2]”

1
EXAMPLE 9 Evaluate 

0

”1 0}{tan 1

Now, let t - u2' Then, dt = 2u du

tan 1= ? +__ I__
4b2 (b2-a2) 2b (b2- a2)

co

0

n/2 
EXAMPLE 7 Evaluate ('/sin x + 'Icos x)-4 

0

00

0

1 
(U+1)3

1 
(u + 1)4

1
2 (u +1)2

-----------/ • —d (tan x)
[tanx + Nl +tan x]"

Let tan x = t. Then, sec2 x dx - dt.
Also, x = 0 => t = tan 0 = 0 and, x = n/2 => t = tan n/2 = 

oo 

0

sec2x
0 (Vtanx + 1)4

1 —x 
l + x 

0 •

= Il+/2
1 I- 1:f —- dx and L = f
J l+x 2 *o o
Let x = cos 9. Then, dx = - sin 0 dQ.

n 
Also, x = 0 => cos 0 = 0 => 0 = - 

and, x = 1 => cos 0 =1 => 0 = 0. 
 0 I-------

f -v 1 ~ c°s 9 
J 1+ cos 0 

n/2
0

= - j tan -| sin 0 d0 

n/2
0 

= -f 2sin21d0 
n/2

-n

- 1 dx 
ptan x + 1}

l 4dx. Then,

3(“ + l)%

=^dx

-dx|4

n/2 
EXAMPLE 8 Evaluate: J • 

0 
n/2 

SOLUTION Let/ = J- 
0 

n/2 
/ = !

0

sec2 x 
(sec x+tan x)”

f ( 1 1A 
= 2 °"-2 + 3 =1

n
2

.2 0
2

-n 1
4b2(b2-a2) + 2ba(b2-a2)

f- 4b2(b2-fl2)T2nb (b2-a2) |^2

n
4^b2(b2-a2)
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EXAMPLE 11 Prove that:

• if a > 1
dx =,2

' if0<a<1

dx

dx

= 1
n

0

7

>2 12,2
.2

.2 .4

-pO

t
Jo

,4

X 77-0

, if 0 <a< 1

, if a > 1

dx

dvI SOLUTION Let/ dx. Then,

I

/

1
!2t-l

1-

n/2
EXAMPLE 12 Evaluate:/

0

______n
" (1 + *) |l-a| "

7t
2

n
3

n/2 
SOLUTION Let I = f

0

n
6

----- v-

W + - u
. /

1/2
I2 = -J

1

1/2

1

n

0

00 

h 
0

‘I

1

2 
(1 + a) 11 -a |

1+a
1 -a

1
1 - a
1 + a

0

1

1___
A2 ■ 
• +f

X

Also, u 0 => v -»~

Also, x = 0 => t = tan 0 = 0 and x = n => t = tan n/2 =

-1

1-a
1+a 

k /

it
1-a2
-n

(1-?)

1 + 2 cos x 
(2 + cos x)2

oo - tan 1 0)

- dt 
t2

71 

a2-l

2
(1 + a) |l-a|

1
2 a - 2a cos x +1

2 1------- ^2 M
(1-a)2 +(1+«)2 r

F1

Let tan = t. Then, sec2| dx = 2dt.

= sec-1

_________ 1 + tan2 x/2_________
(1 + a2) (1 + tan2 x/2) - 2a (1 - tan2 x/2)

Now, let 1 + x = 7. Then, dx = - -7 dt and x = ~~ t r t

it 
a2-l

71

1-a2

_ _ rrv
Hence, I = /i + /2 = 2“^+^ = 2

ALITER Put x = sin 0 and dx = cos 0 d 0.
n/.2 • 3

EXAMPLE 10 Evaluate:]
0

sec-1

[tan-1

Let cos x = u. Then, - sin x dx = du => sin x dx = - du.
Tt 71

Also,x = 0 => u = 1 andx=2=> M = cos 2 ~

Also, x = 0 => t = 1 and x = l => f = |

tan-1

2 
(1 + a)2

1
2 a - 2a cos x +1

SOLUTION We have,
n

> = J
0

1 fl')Letu+- = v. Then, I--7 du = dv

0
-J (l-cOs0)d0 
n/2

n/2
f 1 + 2 cos x
0 (2 + cosx)2

sin x ,
--------- 2----- 1 2 t dx 
(1 + cos x) N1 + COS X + COS X

2
--------- 2x1 + a2

□________ sin x_________
(1 + cos2 x) Vl + cos2 x + cos4 x

r i1/2
= - V2f-1 j

n/2 .
f (1-cos x)sihx
Q (1 + cos2 x) ^1 + cos2 x + cos4 X

sec2 x/2 .
--------9------- 7--------------- ? dx 
(1 - a)2 + tan2 x/2. (1+a)2

00 - sec 1 2

(1 - u2) +
(i+u2) 71+7+7’ u

n/2 a 7
f (cos x + sin x) + 2 cos x , 

"" J n WX
0 (2 + cos x)2

f = 2j
0

r HD

= - 0-sin0L Jn/2

r r \ n=-o-H
L \ )J

1
u

Tt
2( 1"!1-— du

u
■ / ■

u+~ ■u
\ /

1
u2 " 

/
and u = 1 => v = 2
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=> I = 3t + 2sin 2t +.2
dx Jo

(2 + cos x]

=$ I =

dx

dx

dx

dx

dx
dx

n/2

dxdx

dx dx

dx

du

cos 0 dd

5

f

1 =

=> I =

dx

dt

3n
16^2

1
2‘

1
12

3
EXAMPLE 14 Evaluate : J

2

1 w

3 
dx and I2 = f

2

ti/2 
dx + J 

0

n/2 
dx + j

0

(?+l)2(?-l)
3

dx + J
2

n/2 
dx + J ■ 

0

3

2
n/2

4
0

-sinx
2 + cos x

cosx 
2 + cos x

cosx 
(2 + cos x)

cos x 
2 + cos x

cosx 
(2 + cos x)

cosx 
(2 + cos x)

cosx 
(2 + cos x)

x —1
x + 1

2x5 + x4-2x3 + 2x2 + l 
(? + l)(x4-l)

-1
2 + cos x

1 
x2-!

1 
x2-!

1 
x2-!

•• h

SOLUTION We have,

3

2

0
-it/2 n/2

J 
0

1,2,1 
= 2 logj-iogj

n/2
=* ' = 8?2 J" (3 + 4 cos 2t + cos 4f) dt 

0

2x5 + x4-2x3 + 2x2 + 1 
(x2 + l)(x4-l)

and, 0 = 7 => sin t = VF sin 7 = 1 => t = 7
4 4 2

= loglO + —|-|log5 + -
>

x/2
= / sin x.

0

1 , 
= 2 lo8

sinx 
(2 + cos x)2

Jt/4
= J (1 - 2 sin2 0)3/2 

0

Let Vf sin 0 = sin t. Then, VT cos 0 dQ = cos t dt

Also, 0 = 0 => sin t = VT sin 0 = 0 => t = 0

n/2
-J COS XX

0

sinx
2 + cos Xjq

■ sin 4t
4

• 2 sin x
(2 + cos x)2

x/2 ,
_ [sin * +cosx.(cosx+ 2)

q J. PAr

x/2

= f
0 '

3
'2 = /

2

!n/f2 
l(l-sin2 O' 
0

|3/2cos0d0

|2 03/2 cos t dt

n/2
■ f cos41 dt

0

Let x2 +1 = u. Then, 2x dx = du.

Also, x = 2 => u = 5 and x = 3 => u = 10.

10

=1^
5 U

10 /= J
W u2

\ J

«/2 , n/2
x-jsini^cosx> + f

0 (2 +cosx)2 0

n/2
, 1 f 3 + 4 cos 2t + cos 4t

= ----------- 8-----------
0

(2x5-2x3) + (x4 + 2x2+1) 

(? + l)2 (x2-!)

r 2? (?-!) + (? +1)2 ,
"J (-2.ix2,„2

’ f Zx3

"bxW
= /i + hz where

3 2X3
11 ’2 frWn/4 

EXAMPLE 13 Evaluate: J (cos 2 0)' 

0 
71/4

SOLUTION Let I = | (cos 2 0)3/2 cos 0 dO 

0

2
4

J2

1
3

r, if= log“+^

1^1
10 I 1

og 5 10 5

= lo82"io
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Further, let

y ...(i)Hence,

/ = /i + I2

B =

and puttingy+

y=-

,2
C = 2

Replacing sin xby 1-

Putting y = 0 in (i), we get
we get

2
0 = A + B + C

dx,2,.2 2

=> A = -B-C

=> A

Substituting the value of A, B and C in (i), we get

V

.2

1dt

y+
dt

2 .2 2
2

1JL

2

a-b
a + b '

X /

oo

= 8/
o

oo

0

= 8j 
o

n

'4
0

 (fl - b)2 (fl 4- b)2 

16fl2b2

 (fl2-b2)2 

16a2 b2

-J__
\2

I

(«2 - b2) 
16a2 b2

(fl2-b2)2 . ' 

16fl2b2 'y + 1

1
~ 2
 1

2
1
2

EXAMPLE 15 Prove that:

2dt
1 + t2

rfl^b 

fl + b

1, , 1, 3 1 = -log4 + -log---
1 ( 3>= llog 4x| -
1 V ]'

4lo^-io-

1 
t2 + l

Multiplying both sides of (i) by 

a2 
we get

t2

t2

2 
'a-b'
a + b \ /

2

(^fl + b

1
(y + D2

(n+i>)2 
4ab

71Also, x = 0 => t = tan 0 = 0 and x = n => t = tan - = °°

, if a > b>0 
2a2

, if b > fl > 0 
2b2

(f2 + l)2

sin2x 
a2 - 2flb cos x + b‘

t2 + (y+i)2 y+

(y + i)2 y +

sin2* 
fl2 - 2flb cos x + b'

'a + b 
a-b

Let tan | = t. Then, sec2 | dx = 2 dt, => 1 + tan21 \dx - 2dt.
< J

2

«2+d2 KlMl fl + b

2
/ i\2. (a-b}

1 (fl + b)2 
• 1+ 4flb ‘

, 1 - tan2 (x/2)
and cos x =-------------- L>

1+tan2 (x/2)

8 
(o + h)2

Let t = y. Then, 

t2

4f2 1
------------------------------------ x-------
(a2 + b2) (1 + f2) — 2nb (1 — f2) l + f2‘

'a-b' 
a + b

Multiplying both sides of (i) by (y +1) and putting y = -1, 
we get

2 
'a-b' 
a + b

- (a + b)2 (a - b)2 

16fl2 b2

1. 3
= 21og5

4flb 1
+ («-b)2 (l2+l)2

oo

0

A B 
■=— = r + x +
21 y + 1 (y + l)2

2 
'a-b'
a + b k J

(n + b)2 (fl + b)4
tab 16 a2b2

_________ tl_________ dt
((a2 + b2) (1 +12) - 2flb (1 - f2)} (1 +12)2

-xdx.

__________ t2__________
{(a - b)2 + (fl + b)2 f2) (1 + f2)2

ffl + bf 
a-b

2

gw' ' fl + b
k 7

2 
'a^b' 
a + b

\ 7

jdx =
n b 0 c

C
(n h\2\a-b y+ —r y fl + b

fl + b
\ /

2 
'a-b'
a + b

i n 1 1 , 3= log2-- + -log5

3 1
2 10
1

10

4 tan2 x/2 1
------------------------------------------- I-------------------------------- X-----------------------
(fl2 + b2) (1 + tan2 x/2) - 2ab (1 - tan2 x/2) 1 + tan2 x/2

X . ______ 21
2  ' 2

n
SOLUTION Let I = f

0

2tan (x/2)
1 + tan2 (x/2)



DEFINITE INTEGRALS 11.9

1/ = dt

Let x = cos 20. Then, dx = - 2 sin 20

oo

(

0

dt

=> I ...(ii)

Now,

.2
.2

= -2 logVT
Jn/4

0JO
- 2 -1 log (sin 0 + cos 0).Substituting the value of /] in (ii), we get

n/4

1 de

=» i -2

=3 I

, if a > b > 0
Jn/4

1
, if 0 < a < b

dx.

dx
[IIT1988]

tj

7t
2

o
= log ^2 - 2 0 + ~ J (cos 0 - sin 0)2 d0 

n/4

2

a, b > 0 
a + b > 0

oo

0

- n ~ fry 
8a2 b2

x
1 + sec x

x
1 +secx

(a + b) 
|a-b|

a + b 
a-b

cos 20
2

sin 2 0
2

- cos 20
2

”1 00

Il , where /] = J 
0

?[2+

0
= - 2 J" log {V2~ (sin 0 + cos 0)) sin 20 dO 

n/4

0  I = - 2 j log 0/1 - cos 20 + Vl +cos 20) sin 20 de
n/4

4ab n
(a-b)2 ’ 4

X 
71
4/

1, o= 2log2-- + j

1
SOLUTION Let I = J log (Vl - x + VT+7) dx.

0

= (fl~b)2
2q2 b2

1 
f2 + l

4ab 
(«- by

n/2 
de = j cos2 0 d0

0

a + b ' 
a-b

'1J
0

Ja-b)2 
2a2 b2

= (a-b)2
2a2 b2

 n(a- b)2 
8a2 b2

8a2b2

8a2b2

~ ,\fa>b>0 
2a2
-^r,ifO<a<b
2b2

a + b n 
a-b 2 +

Also,x = 0 => cos 20 = 0=^ 20 = ^=> 0 = - 
2 4

and, x = 1 => cos 20 = 1 => 20 = 0 => 0 = 0.

4ab
(a - b)2

= jiog2- e +

171/2= 2 J (1 + cos 2 0) de = ~ 0 + 
o 2 .

tan”1

n/3 

f = J 
0

-0 cos 20^
2

8 
(a + b)2

a + b n 
a-b 2 +

0 o
= - 2 J (log V2) sin 20 d0 - 2 J log (sin 0 + cos 0) sin 2 0 de 

n/4 n/4

__ 1
(t2+1):

oo

0 , 
^+1^

__ 1
(t2+l):

4ab
(a-V? 1

0 0
= - 2 log ''/if f sin 20 d 0 - 2 J log (sin 0 + cos 0) sin 20 d0 

n/4 n/4

0
f cos 0-sin 0

- “7—r------------;Xsm 0 + cos 0
n/4

-cos 2 0^
2

sec2 0 
(tan2 0 +1)'

(a2-b2)2
16 a2 b2

1
EXAMPLE 16 Evaluate: J log (Vl -x + ^1 + x) dx.

0

2 
a-b' 
a + b / oo

1 0

It(a-b)2 2 (a2 + b2) 2 (a + b) 
 (a-b)2 a~b

o u
= | log 2-J (1-sin 20) d0 

n/4

-f/2 .
7t
4

4ab
+ (a-b)2

n/3 
EXAMPLE 17 Evaluate:j 

0
SOLUTION We have,

2(a2 + b2) _2(a + b)
_(a-b)2 l«-N

n/2 
ldt = / 
' 0

,2rff

it (a- b)2 2 (a2 + b2) 2 (a + b) 
~ (a-b)2 a~b

1 
(t2 +12

41og2-(l

1
2
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dx

dx

dx =.2

0 SOLUTION Let

— tan--4 log sec —3

2n n

+ 2

n2 n 2
= 18~3^3+2 °g^3

,2

dx

x

dx
2

dx

1' "I.6 dx dx =

Differentiating both sides w.r.t a, we get

J

K

^7

2k
3?31

2

n
Thus, f

0

0
1

= /

0

1

= —I fl+1J
0

n

0
1

>

2 
(a + 1)

1 1
= 7 + 5

-
” y/a2-l

x6 
(1 + r2)

n

x4 - x2 +1 -
0<

22
= 7’n

n 
Also, deduce that: J 

0

1 1 1
= J x4 (1 + x2) dx - 4 J x5 dx + 4 J

0 0 0

n
EXAMPLE 19 Show that:[

0

1 11
= J (x6 + x4) dx - 4 J x5 dx + 4 J

0 0 0

^x

- dx

Gx

7?_1 2n
18 2

dx = 7t ~ (fl2 -1) 1/2 
da

2dt
(a -1) + (a +1) t‘

1
(2 - cos x)‘

1 
a - cos x

2xtan|

KAlso, x = 0 => t = tan0 = 0andx = 7i=> t = tan- = «.

j 6 5 3

(x6 + l)-l 
x2 +1

x4(l-x)‘

 7?  71
■ 18 3^3

Let tan | = t. Then, sec2 | dx = 2dt.

1 
y[a-l

a + 1 

{tan-1 <

d r i ’ 
da a- cos x

tan-1

x7

n/3 n/3

- 2 j tan | dx 
0

n/3 -i 
xl
H J

1 1 1
J (x6 + x4) dx - 4 f x5 dx + 4 j 
0 0

x4 {(1 + x2)2 - 4x (1 -F x2) + 4X2) 
(1+x2)

x4 (1 + x2 - 2x)' 
(1 + X2)

11 2 52
7 5 3 + 15 71

------- -------- dt

I fl + 11

x4(l-xf
oo

0

oo - tan 1 0)

!og^-0

2 cos2 x/2 -1 
2cos2x/2

_n/3
x sec2 dx
1 II 2

1
EXAMPLE 18 Et»/uate:J 

0
SOLUTION We have, 
1 

0 
1

r1 x
-3

------- sec2 x/2. -----
(a -1) + (a +1) tan2 x/2

n ■,

= J------- 21 + tanx/2 ■- dx
O a (1 + tan2 x/2) - (1 - tan2x/2)

n/3 
r xcosx 
J 1 + COS X 
0

n/3 r

-b
0

n/3
= jxdx-^ J 

0 0

r 2T/3 
X

l4

7T 1 r 2ti . n , , 
= 18’2 5^-4 >ogsec--log 1

-i-tix = 
fl - COS X

—-—dx a - cos x

K
6

5 3
X5] [x6l rfx5 X3 .

i
6
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,2a

dx =

EXAMPLE 20 Find all values of'a' (a * 0) for which the equation:

=$

SOLUTION We have,

=>

=>
-1=> tan

-1=> tan=>

-1=> tan'

=$

[•/ x * 0]

EXAMPLE 22
0

dx
0

(x - 6)2 + 3 = 3 and 3 sin - = 3x
=>

=>=> x = 6 u

dx=> P~
=$ fl = 3 (4n +1) 7t, n e Z.

2n
3?3-

7t
12

K

12

x
f (f2 — 8f +13) dt =
0

1__
r-l

X

1
log,2

x
f (t2 - 8t +13) dt = x sin - has a solution. Find that solution.
0 X

7-1

1

1 
(fl - cos x)‘

value of p.
SOLUTION We have,

1 1

= elo82 -1 = 2 - 1 = 1.

n

7- 
0

and sin - = 1 x

=> x2-12x + 39 = 3sin- x

1 
t2 + l

*2dx

. a x Sin­ar

4

^--3

r 2

fl /j 1 \ *7
=> - = (4n +1) -, n e Z

o z

and - = 2nn + , n e Z 
x 2

j it dx = -o

=> (x-6)2 + 3 = 3sin^

Since (x - 6)2 + 3 > 3 for all x e R and 3 sin fl/x < 3 for all 
x t0. Therefore, the given equation is meaningful, if each side 
is equal to 3.

Hence,

* (x-6)2 = 0

Also,x = loge2 => t

3
— - 4x2 + 13x = x sin -• 3 x

7dx = 2tdt => dx = — dt =

Clearly, this equation is meaningful for x * 0. 
Now,

y-4x2 + 13x = xsin -
3 x

X

EXAMPLE 21 Solve the equation : J 
log, 2

2
1 dx

. a = x sin - x

1
(2 - cos x)2

1 2

= f / dx
0

'7-1 = tan

=> V7ZT = >/3
=> 7-1 = 3 => 7 = 4=> x = 10^4.

1 - } 2
= j e x dx, then find the 

o

SOLUTION Let 7 -1 = t2. Then,
TUI 

(n2-l)3/2

0
1 1

P-fx7x\-2x)dx = Je"
0 0
1 1 

p-fx d(7?) = fe-
0 1 U 0

n=* i
0

Putting fl = 2, we get

it

1
0

f2+l

P T --4f2+13t
- Jo

1 
----------- xdx =
(a - cos x)

T^T-tan^l =

1 , nr dx = ~ 
7-1

X"dx

71
12
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+ loge2-l=> P- dx

+ loge2-l
dx

+ Iogt,2-1

= 10ge2-l.

dt. Find the function

[HT2000]

...(i)dt

dt

Also, t = 1 => u = 1 and t -

dx \ 7

z,\
du

dt -(ii)

= (log sin 0) cos 0 - log -cos 0

= (log sin 0) cos 0 - log -COS0

dt

dt

sin 0
1 + cos 0

1
2*

= (log sin 0) cos 0 + {

0

n/2
I = lim /], where 71 = j" sin x log sin x dx 

o->° 0

n/2
= (log sin 0) cos 0 + J (cosec x - sin x) dx 

0

n/2
= (log sin 0) cos 0 + f

e

= lim
0->O

1- => U = X 
x

- cos 0. (cos 0-1) 
(cos 0 + 1)

logJ
1 + f

iQge U 

(1 + U) U

- + logt. 2-1

n/2
+ J cot x cos x dr 

0

= (log sin 0) (cos 0 - 1) + log (1 + cos 0) - cos 0

/ = lim/!
0->O

= lim (log sin 0) (cos 0 -1) + log (1 + cos 0) - cos 0
0-»0

n/2 
SOLUTION Let I = j sin x log sin x dx. Then, 

0

U 1 .

/ \ *.-./i =JX J
1

k 7 1

logg (l/«) 

1+1 
u

1 

=Je-?
0

-1 , x — du
u

From (i) and (ii), we get

\ 7

1 0

x
EXAMPLE 24 For x > 0, let / (x) = J 

1
11 fl A

/(x) +f - | and show that f (e) +f - =
< 7

n/2
example 23 Prove that: j sin x. log sin x dx = loge 2-1.

0

f T/2
= (log sin 0) cos 0 + log (cosec x - cot x) + cos x g

= (log sin 0) cos 0 - [log (cosec 0 - cot 0) + cos 0]

1 - cos 0 
sin 0

r -p/2
= (- log sin x) cos x g

Let t = Then, dt = - du. u u2

n/2
/ = lim J sin x log sin x dx 

o-*o 0

n/2 ,
1 - sin2 x

sinx

= lim JPg sin 0 
0-»0 (COS0-1)-1

=> B — — 
e

Now,
n/2

/1 = J sin x log sin x dx
0 » •

_ f 10&f logcf
' 1 + t + (1 + t) t

SOLUTION We have,

1

cot 0= hm------------------- -
0->0 sin 0 (cos 0 -1)“2

 f log^ fl + ^
J 1 + f '
1

=> P = - 
e

i
+ J e~A dx 

0

t \ 7

cos~x ,—---- dxsinx

_ ijm cos Q (cos 9-1)' 
0 -»0 (1 - cos2 0)

_ [ lo&f
J (l + f)f

(1
. x
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■ =>

n

1

l°g? dt. Show thatEXAMPLE 25 For x>0,

Let tan x = t. Then, sec2 xdx-dt

dt forallx>0.
dt =

dt

Replacing n by (n +1), we get

Also,! = 1 =$ u = 1 and t = - => u = x.

for all xe (0,n/4)

for all x g [0, n/4]x

xdx

In + 2 < In < In - 2=>

In + In + 2 < Un< In + In-2=>

[Using (i)](i) In Hi-2 =

EXAMPLE 27 Prove that:

dx = 0 for all n e N.
for all n = 2,3,4,

[IIT1998]
dx. Then,

SOLUTION (i) We have,

1
2

(iii) We know that

0 < tan x < 1

x
/»=!

1

X 

let /W=J 
1

I

= f loge fd(loge t)
1

n/4
= J (tan2 x +1) tan” 

0

■

X

4
1

n/4 
dx < j tan'

0

tog?

1 
n-1

1 
n-1

n/4

=4
0

1 
n-1

1 
n-1

n/4
i- j tan'

0

SOLUTION We have,

tan"-2

n/4
= j tan1

0

n/4 
= J tan' 

0

n/4
= j tan'

0

f tog,f =14--"
1

SOLUTION Let/n

In + l + In-1 “ n

0

(ii) We have,

(ii) = 1

1 .x - — du 
u

. Al T 10&f y] p+t+t2

t”-1 

n-1Jo

•••/(*)+/; =
k >

n/4
EXAMPLE 26 If In = j tan” x dx, prove that 

0

In-2

0U)^<2/n<

(logge)2
2

(log?)2
2

-^7<2I„< 
n +1

tan” + 2

tan” + 2

(togcx)2
2

log, (1/h)

1 + ~ + ~zU ?
x < tan” x < tan” 2

i” " 2 x dx

In + In-2

I„ + I„ _ 7 n n — l

-^-du 
u~ + u +1

” " 2 x dx

/ \ x

~2 xdx

n
f sin 2n x
I sinx 
0

itAlso,x = 0 => t = tan0 = 0andx = n/4 => t = tan- = l.

n
f sin 2n x
I sin x 
0

Now, let t = Then, dt = - -4 du. 
u J

. , , , . 1
i___ ,. _ ... _______ __ x

n/4 
n v I i X aX < J

0

In + In-2 = -~^foralln>l.

n/4
ln = j tan” x dx.

0
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I, dx

[sin (2n + 2)n-sin 0] = 0 for all n e N.

for all n g N

n-l
dx

dx

[sin (2n +1) n - sin 0] = 0

=* - Ai-1 = 41-2 = = h = n + sin 2n - sin 0 = n

= 2x0 = 0

dx

' •••(>)dx

=> L (ii)

dx

dx

dx

I

n
= 2 J cos (2n +1) x dx

0

71
= J (1 +'2 cos 2x) dx 

0

7t
But,= j* 

o

sin nx 
sinx

sin nx 
sinx

sin (2m +1) x 
sinx

2 (
2n +1 L:

2 
2n + l

2 
2n + 2L!

1
n + 1

n/2
^2m + l ~ /

0

71/2
f sin (2m + 3) x
J sinxo

41 + 1

41 + 1

-41

Replacing m by 
(m + 1) in(i)

71
= J (3-4 sin2 x) dx 

0
71

= J [3 - 2 (1 - cos 2x)] dx 
0

71
f sin (2n + 3) x - sin (2n + 1) x
{ sinx
0

• = 'l
71
f sin (2n + 2) x - sin 2n x
J sinx
0

71
= 21 cos (2n + 2)xdx 

o

"41ln +1

= 41

71
 2 f sinxcos (2n 4-1) x

„ sinx0

dx = 77.2

71/2

„ sinx 
0

71
- j sjn(2n + 3)x

' sinx 
0

n/2 .
f sin(2m + 3) x - sin (2m +1) x
0 sinx

=* ^n + 1

n
,  r sin (2n + 2) x
71 + 1 J sin x 

0

71
r 2 sin x cos (2n + 2) x

‘i sini

= x + sin 2x Q

JJl 

cos x dx = 2 sin x 3

sin (2n +1) x Q

-rt 

sin (2n + 2) x 3

“ ^m-2-

n 7t
 = f

o os

71
SOLUTION Let/„ = J rfx.Then,

From (i) and (ii), we get 

+ 3 — ^2m +1

=> I = I*n Ji

71 7t

0 smI • o 

Hence, In = 0 for all n g N.
EXAMPLE 28 Prove that:

n 
J^2n + 1>xdx = nforaUneN.
0 smx

Hence, In = it of all n g N.

EXAMPLE 29 If n is an odd positive integer, prove that

A, = f 
o

SOLUTION Let n = 2ni +1, where m = 0,1,2,...
n/2

•• = I
0

n/2

In + ] = In for all n g N

sin 3x ,—---- dxsinx
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de = n k for all n e N.

.2

[sin (m +1) n - sin 0] dx. Then,

= 0

dx

dx=* /2m + l = /2m-l = -

de = n n for all n e N.

de, ne N. Then,

d0

[0-1] =

[Replacing n by (n -1)]=> n.2 ,2
de

de In-3~In-4 =

=* I„ = Ij + (n - 1) 71 [Using :an = a} + (n-l)d]

=> In = 7t + (n -1) it

n/2
= 2 f cos (2m + 2) x dx 

0

for allm = 0,1,2,...

= I-

n
2

n/2
= J sin (2n +1) x dx 

0

n 
d0-J 

0

0

n/2
-J

0
n/2 

dx-j
• 0

T 
0

n/2
 f 2 sin x cos (2m + 2) x

0 sinx

T 
0

sin (2n +1) 9 
sin 6

sin n x 
sinx2

2m + 2L

1 
m + 1

1
2n-3

1 
2n-5

1
In-7

1 
2n-l

= J1

[See example 28] 

form an AP with common difference 7t.

n
Hence, J

0
EXAMPLE 31 Prove that:

0
n

0
= 7i, for all n g N

*n + l

^2/n + 3 r2m +1 f°r all m = 0,1,2,....

In-1

In-2

Jn + 1

Jn +1

In-In-1 =

In + 1

h-h = 1 o

dx = -.

2^11'
1 

2n + l

dx = j

j 1 . 1 1 1dx = 1 + — +  +.... + — ~3 5 2n -1

SOLUTION Letln

-In-3 =

sin2 (n +1) x 
sinx

sin2 (n +1) 6 
sin2 e

sin2 (n +1) 8 
sin2 0

sin2 n9 
sin2 9

=> In = n 7i

sin2 n 9 
sin2 9

sin2 (n +1) x 
sinx

sin2 nx 
sinx

~In-2 =

sin2 nx 
sinx

hm + 3 

-tft/2

cos (2n +1) x Q

1 
2n + l

-n/2 
sin (2m + 2) x Q

n/2
-ln = /

0

n/2 .
V h = IJ sin x 0

sinzn 9 
sin20

=> Ip I2, ly

n/2
Hence,/n=|2!l«J

J sinx o
EXAMPLE 30 Prove that :

n/2
f S7n (2° +1) x sin x
I sinx
0

n/2 •y
f sin (n +1) x - sin x
I sinx 
0

sin2 0 ,Q 
—— d9 = n 
sin2 9

sinlnB^
sin2 0

n
SOLUTION Let I„ = f

0

h-h = 7

JI
f sin (2n +1) 9 sin 9

rj 14 V

sin2 9

n

0
jt

"ln = J
0
Jt

0

sinz (n +1) 8 - sin2 n9 
sin2 0
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SOLUTION Let

e x dxhi ~
tan 1 x dx, prove thatEXAMPLE 32

•••(*)hi ~

3,2,1, we get

h,-l =

=> L =n n + 1

I2 =
dx=> (n + lH|

(i) = -ae~a-e~a + l
a0

n -1 -fl

(ii)dx

e a + n (n -1 -a‘

Adding (i) and (ii), we get

+ x

a

+ n(n-l)(n-2) {-fl"dx=> (n + l)/n + (n-l)l„_2 =

a

dx=> (n + l)/n + (n-l)/„_2 =

=> (n +1)ln + (n-1)ln_2 = -

oo

Also, deduce the value of I e~x x” dx.
0

1

0 a- a e

an 
" + n!

1 
n + 1

1 
2n-l

_n „-fl = -a e

1
- + 2n-l

,n-l 
;—dx

x""1

x" + 1

x" ~1

Replacing n by 
(n - 2) in (i)

x""1

+ 3/2

(n + l)/n + (n-l)/M_2= 2

SOLUTION We have,

x"

a

A, = h 
0

,n +1
:----zdx

+ 2I}

a

0

1 
=>(n + l)/„ = ^-J 

0

n/2
= J sin x dx = 1

0

e-fl + (n-2)/„_3

fl2
1 + a + ~ +

0 1

x""1

1

0
1

2 J
0

•1
--f2 J

0

(X2 + 1)

3 -fl - a e

tan-1
-2 -fl -a e

~x dx = 1

-n (n-l)fl”"2

^n-2 ~

Replacing n by (n -1), (n - 2), .

+ „(„-l)n"'2

^'» = 1+bi+7+

x"dx = n! l-e~a
+ n(n-l)(n-2)fl""3=-e~a [a" + nan~*

-nan~'

-nan~x

-an~2

a

In = j e"vx" dx. Then, 
o

=-ane~a- n. a'

= - a” e~a - n a"’1 e~a - n (n-1) a"~2
- n (n -1) (n - 2) an ~ 3 e~a + n (n -1) (n - 2) (n - 3) In  4

= -ane~a-na‘

'„ = [x" + 1

e^dx
ii 1

r r 1 1 1=> hi = /i+3 + 5 + 7

e~a

-n(n-l)a"-2

/i =-«e-fl + /0

-3e-‘, + (n-3)l„_4|

EXAMPLE 33 If n is a positive integer, prove that

a
fe-’
0

+ .... +n! fl]+n!(-e"', + l)

----- zdx 
1+?

/. In = -ane~a + n{-a'

Continuing in this manner, we get 

ln = -a,te~a.-nan~1 e~a-n (n-1) a”-2

-n (n -1) (n - 2) fl" 3 e a +.... - n (n -1) (n - 2) (n - 3)
2 ae~a + n (n -1) (n - 2) (n - 3)... 2.1 /0

Adding all these, we get 

'"■'> = 3 + 5 + 7 + + to4 +

1 1 1
7+’" + 2n-3 + 2n-l

^-1
2 n

71 _1 
n

=» (n-DAr-2 = J
e J + (n-l)I„_2|

'"-2e-" + (n-2)I„.3|

-fl

+ n(n-l) (n-2)/„_3

1’ r x"+1J 1+?
0 1

fl 

f.-x

tan"1 x
-0

1
= J x" tan"1 x dx 

0 11 1
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= -e

+ m!

dx

[IIT1996]

J + 1 a”In t” dt
(ii) We have,

dx

= e vn +1 vn

e‘ dt= e

= 2 [cos x + cos 3x + cos 5x +.... + cos (2k - 1) x]

l2 = -l-2/1 = -l-2(2-e) = -5 + 2e [IIT 1990]

SOLUTION We have,I3 = 1 -312 = 1 -3 (-5 + 2e) = 16-6e

Hence, m = 3.

dxdx and v,

= sin 2k x

.-. 2 [cos x + cos 3x + cos 5x +.... + cos (2k -1) x] =

dx Now,
sin 2k x cot x

n/2
Hence, prove that J sin 2k x cot x dx = 

0

n/2
= 2 J cos 2n x dx 

0

2 sin x [cos x + cos 3x + cos 5x +.... + cos (2k - 1) x]

= 2 sin x cos x + 2 sin x cos 3x + 2 sin x cos 5x + ...
+ 2 sin x cos (2k-l)x

= sin 2x + (sin 4x - sin 2x) + (sin 6.r - sin 4x) + ...
+ {sin 2kx - sin (2k - 2) x)

1 
SOLUTION Let/,, = | ^(x-l)" dx.

0
Letx-1 = t. Then, dx = dt
Also, x = 0 => t = -1 and x = 1 => t = 0

2
2n

el tn dt
11 I

n
2‘

0

= 4
-1

n/2

= 2 J
0

n/2

4
0

n/2

0

sin (2m - 1) x 
sinx

sin (2m -1) x 
sin x

sin (2m 4-1) x 
sinx

n/2

0

EXAMPLE 36 Prove that for any positive integer k, 
sin 2k x 
sinx

sin x cos 2m x 
sinx

sin (2m +1) x 
sinx

sin 2k x 
sin x

0

-4
-1

0

-4
-1

tn~yet

Putting m = 1,2,3, we get

1
= 1-/O = i-| (fdx = l-(e-l) = 2-e 

0

"n/n-l

= (-D" + 1
0

- m . e f
-1

= (-!)»*>

0

4'
-1

dx and u„ + i

-(-l)V1

sn + l

. n/2

Vn = f
0

4- M (M - 1) an ~ 2

n/2

',,4
0

dx and sn + 1

~sn

sin2 mx 
sin2x

= [sin m 7t — sin 0] = 0

=> sn + l-s„ = 0

2sin (m 4~l)x 
sin2x

dx = s„ + 1

r T1/2|_sin 2n x Q

n/2
EXAMPLE 35 // S„ = j 

0 
where n e N, show that
(i) Sn +1 - Sii = 0

(ii) +1 - Uji = Sn +1 

SOLUTION (i) We have,
n/2 

Sn = ! 

0

0

IM
-1

4-n(M-l)(M-2)a""3

4- ... 4-m!«4-m!^

EXAMPLE 34 Determine a positive integer n < 5, such that
1
f /(x-l)"dx = 16-6e.
0

n/2 9 2
 | sin (n 4-1) x - sin mx 

q sin2 x

sin2 mx 
sin2x

n/2
f sin (2m 4-1) x - sin (2m -1) x

- sinx0

tu~}oldt

t"~1e~‘dt

n/2
_ j sin (2m 4- l)xsinx 

0 sin2 x



11.18 MATHEMATICS FOR IIT-JEE

x= 2 cos x [cos x + cos 3x + cos 5x +.... + cos (2k -1) x]
■(ii)dx

[Using (i)]

From (i) and (ii), we get

+ 2 In-1) Un +1 A)

dx

dx, where n is a non-negative
-ai

Jo

[sin (n + l)s-sin 0]

(0-0) = 0
SOLUTION We have,

Now,dx

=> I, = 1,dx n + 2

dx => A = 71 — 0 in + 2

.’. In = Ij + (n -1) n = n + (n -1) n = n n

.(iii)sin dx = nn

(i)dx
Now,

I

cos (n +1) x - cos (n + 2) x 
1 - cos x

1 - cos (n + 2) x 1 - cos (n +1) x
1 - cos x 1 - cos x

n
Hence, J

o

= (1 + cos 2x) + (cos 4x + cos 2x) + (cos 6x + cos 4x) +...
+ (cos 2kx + cos (2k - 2) x)

n 
dx-f 

0

n/2 
Hence, show that j 

0

S
2‘

1 
+ 2k -

n= f
0

ji

=f
0

71

=J
0

1 - cos nx
1 - cos x

1 - cos (n +1) x 
1 - cos x

1 - cos nx
1 - cos x

2 
n + 1
2 

n + 1

••'A

“A-2”

= 1+2 {cos 2x + cos 4x + cos 6x + cos (2k - 2) x} + cos 2k x
n/2

/. J sin2kx cotxdx

0

=4
0

n + 1 “ At f°r n = 0/1/ 2, ...

-Ai + 1

Ai+i

• - A ■ A

A+2

= Ai-1

"A

= Ai + l

Ai + 1

Ai+i

"Aj + 1
1 - cos (n + 2) x

1 - cos x

A+ 2

A+ 2

Ai + 1

, nn dx = —
2

• (
sin n + - x

. xsin-

/
n + E- x

2

. x sin -

. x sin-

. x sin-2

=* Ai + 2

-r2

. X sin-2

+ ^n +1

2
= 2cos x + 2cos 3xcosx + 2 cos 5x cosx +...

+ 2 cos (2k-l)xcosx

sin2 nx 
sin2x

Hence,/n +2

2 . ,= 7nlsm("+1)x

. I u . 1sin n+r x-sin n + - x 
2 2

x
sin - cos (n + 1) x
—- ---------------- dx

. x sin-

2 sin2*

n/2 n/2 7t/2
= | l.dx + 2j [cos2x + ... + cos(2k-2)x]dx + j cos2kxdx

0 0 0

+ At Ai+r

• -«/2 

sin 2kx Q

+ Ai Ai +1

71
= 2 J" cos (n +1) xdx

0

Replacing n by (n -1) in (i), we get

• ( 
sin n + - 

2

71
EXAMPLE 37 If /„ = ]* 

0 
integer, then show that

' 3^1
sin n + - x

< J

A' A'

sin 2x sin 4x 
—+—+-

sin (2k - 2) x "+ (2^-2) j

sin 2k x—:------. cos x
sinx

In,... form an AP with common differences

A A A -1
71
f 1 - COS X , J , n= -----------dx = 7iand/n = 0J 1 — cos x u
0

A+ 2

2 sin (n + 3/2) x sin 
---------------------------- dx

3^
2

3^1
2
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tr (ii)

1 +t +t2 +tr =

[Using (iii)]

=>

EXAMPLE 38

= (1-X)' dx

1

ii

Jo

n-1n(i)

dx

ii
m! n!

.frorm an A.P. Find the common difference of this

1 
n + l

nn 
2

1 ’

j ia-i)x+i]"^
0

1

J (1-x)
0

I "Cr (l-x)"~r(tx)r dx 
r=0

n 
m +1

1
Q.(n + 1)

1 
(n + i)."q

1 
n + l

1 
n + l

ml n!
(m + n +1)!

ml n!
(zn + n + 1)!

(tx)n dx

Again,

1
I = f (ix + l-x)"dx 

0

= -A~ fn + f"-1

1_____ 1
/2 +I4' l3 +15'

nc

,.+4

n + ~m +1

n n -1 n - 2 
m + l‘m + 2‘?n+3

1
Evaluate J (tx +1 - x)" dx, where n is a positive 

0
integer and t is a parameter independent of x. Hence, prove that

1 .J
O'

SOLUTION We have,
1

I = f (tx +1 - x)” dx
o

n
1 - cos n 9
1 - cos 9

_ [(f- l)x+ lf + 1 
(« + l)(f-l)

0

(tx) + "C2 (1 - X)" ■ 2

1 1
^4 + V k + h 
progression.

(tx?

m * 1, n - V

fl"= J i
0

1
= j [(1 - x) + tx]M dx

o
1

= f {"C0(l-x)" + "C1 (l-x)”’1 
0

dx = -

+ n, 0

I tn, n

^ni,n

[1
J (l—x)n~rxrdx

1°
From (i) and (ii), we get

n
E "Cr

r = 0

n n-1 . . _ n-1 .
" m + 1 ’ m +2 m+2>n~2 rn + l,n-l~ m + 2Jm + 2,n-2

n . (n -1) (n - 2) (n-3)... 2.1 
(m +1) (zn + 2).(m + n)

=> I m,n

- 1 + 1

n/4
EXAMPLE 40 If In = J tan” x dx, show that 

0

[Putting 2x = 9 and dx = ~ d9]

tn + 1-l 
t-1

= | (« *)

+... + "Cr (1-x)"-r(tx)r+...+ ”C„

= —/ zn + 1 +

l"-1dx

n 
= E nCr 

r = 0

yn + n + 1 

(m + n)! [m + n + lj^

x”*1

m+1l

2 1
m + (n -1) '.m + n

1

J xm*"
0

f (l-x)n~rxrdx 
0

L.

On equating the coefficients of t on both sides, we get 
1 
f (l-x)"-k?dx = 
o
i
J (l-x)"-fc?dx = 
0

EXAMPLE 39 If m, n 6 N, then prove that

1
= f xm (l-x)" dx = 

0

SOLUTION We have,
1

= / xm (1 - x)" dx 
. 0 11 1

sin2 nx , 
—z—dx 
sin2x

— f zn + 1 J 
o

+ tn~2 + ... + / +1

n/2

L
0

n/2
f 1 - cos 2 nx , = J “J-------7— dx' 1 - cos 2x

1
n + l
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=> I,n

-2

=> An

,2=> I„ = n(n-l)/„_2-n Inn

=> (n2 +1) In = n (n -1) I„ -2

=> A

2, we get

tanx.

1

= n +1, n = 2,3,4,5,

= 5,= 3, = 4,

dx = 1
. is an AP with common difference 1.

dx= n

-2

CO

= [-sin"xe-xJ + n J" 
0

co

+ J {(n-l)sin"
0

. 2(2-1)
22 + l

Ai-2

1 
Ir + I-

'•'Io

Replacing n by n - 2, n - 4, n - 6, 

= (n-2)(n-3) 
(n-2)2 + l 

 (n-4)(n-5) 
(n-4)2 + l

+ oo

/ sin'1
0

n/4
= J tan1

0

Z0

co

= n(n-l) { e-xsin' 
o

=> In

co

= n j |(n -1) sin"
0

n/4
J tan'

0

I2

In

Io

CO

= n J {(n -1) sin" " 2 x (1 - sin2 x) - sin" x} e~ 
0

n
= | tan'

0

In-6

In

In-2

Sin""1

In-4

-±~, 71 = 2,3,4,5, 
n + 1

Let/- \x) = f. Then, x =/(f) and dx = f'(t) dt.

Also, x =/(fl) => f1 \f («)) = t => t = a, 

and, x = /(b) => f~1 \f (b)) = t => t = b.

f(b)
.-. f 2x (b -f1 (x)) dx

/(«)

Ai+2

-sin"’1

In-4

00

= 1^
0

-1 x cos x e x
I II

1
In + + 2

1

^n +1 

"+1-b

■ ■ + + 2

x dx

OQ 

in~2 x dx-n2 J e"xsin"xdx 
0

n/4
= j tan” x. (1 + tan2 x) dx 

0

n/4
= J tan" x sec2 x fix 

0
1

= J f" dt, where t =
- o

" + 2xdx

in + 2xdx

r - n(n~1) 
"" n2 + l

n I
~n/2 

n (1 t(2r)2| 
r=l

EXAMPLE 42 Given a real valued function f (x)which is monotonic 
and differentiable, prove that for any real numbers a and b;

b f(b)
f{f2(x)-/2(a)|di = j 2x |h1 (x)} dx 
a ‘ /(a)

SOLUTION Since /(x) is differentiable, so it is continuous. 
Also,/(x) is monotonic. Therefore,/(x) is invertible and f \x) 
exists.

xcosxe~x dx

co 

xcosxe"*

1 
‘2^^ l3 + 15

Clearly, 3,4,5,6,. 
Hence, 
1 1 L_

I2 + I4' I3 + + lb'

EXAMPLE 41 Evaluate J e~x sin" x dx, if n is an even integer. 
0 

co

SOLUTION Let I„ = f e~x sin" x dx. Then, 
0 n 1

SOLUTION We have,
n/4

In = j tan" x dx
0

x-nsin"x e“xdx

In = n

—~ = 5,7^T = 6,
I4 + z6 I5 +1?

is an AP with common difference 1.

x cos2 x - sin" x)} e~ x dx

Multiplying these, we get

 n(n-l)(n-2)(n-3)(n-4)(n-5) ...2(2-1)
(n2 + l) {(n2 - 2)2 +1} (22 + l)

In
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...(i)

2

/(y)^(ey + e"y)dy

(ii)

f(y)ex(^ + e v)dy

a + b =
=>/(x) = x +

Hence,/(x)

thatEXAMPLE 44

[On differentiating both sides]

1

[On integrating both sides]

= [y^-e^ +

25

Now, 

log 2 
a =

/(0) = 1.
SOLUTION We have,

1 
/'(*) = /(x) + f f(x)dx

0

b
= h/(O(b-f)/'(O^

0

b
= f (I’-n d lf(i)l2

a 1 n

/(x) = x + (fl + b)/ 
.=> /(y)=y+.

b

a
b

= 1 tf2w-f2(d)}dx
a

EXAMPLE 43 Find the function/(x) satisfying the equation

log 2
/(x) = x + J

0

=> /"(*) =/'W + 0

=> /(x) = x + (a + b) ex, where

log
a = ]

0

-e~y

2 log 2
f(y)fldy and, b = J/(y) e~^dy.

o

/'(x)

=> log [f'(x)} = x + log C

=> /z(x) = C /

=> /(x) = C ex + Cj

= |-Ky

f^^dy 
0

log 2

= J [y + (fl + b) ey dy 
o

log 2 log 2
= J y $ dy + (a + b) J e^ dy 

0 1 « o

_r...v Jog2 . ffl + b^ 
2 \ 7

= (21og2-2 + l)+p-~|(4-l)

3= 21og2-l+^ (fl + b)

fl i A
= --log2-- + l + (fl + b) log 2

= -|log2 + | + (fl + b) log 2

2b = - log 2 +1 + (2a + 2b) log 2

=> 2alog2 +2b(log2-1) = (log2-l)

Solving, (i) and (ii), we get

1-3 log 2
1 + 21og2‘

fl-3 log 2
' " A+|^l+21og2

Now, /(0) = 1

=> 0° + ^ = 1

l b

= [('’-ov(oi2I+J i/'(o)2rfi 
a

b
= -(b-n)VW|2+J

a

1
Find /(x), if f'(x)=f(x) + j f(x)dx, given 

0

2a = 4 log 2 - 2 + 3 (fl + b)

=> a + 3b = 2 - 4 log 2

and,
log 2

b = J f(y) e~ydy 
0

= j |j/ + (a + b) e~y dy 
0

log 2 1<
= J ye~ydy + j (a + b)dy

0 111 0

log 2
+ (fl + b) (log 2-0)

SOLUTION We have,
!°2 2

/(x) = x + J 
0

log 2 log 2

J/(y)eyrfy + J/(y)e~ydy 
o o
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IMPORTANT NOTE Consider the integral

/(x) = C/ + (l-C) (ii)

0 = 1-C + Ce + 1-2C

0 = 2 + C(e-3)

1 0

dx, then derivative or, primitive of .2

I

=> I

1=> 21

\

dt=$ 21 =
dxJo

dt=> 21 =
dx

=> 2/ =

=> 21 =

=> '1 = + I SOLUTION We have,

1
15

1
Similarly, J" 

-1

Substituting the values off (x) and f'(x) in (i), we get
1

C/ = C? + (l-C) + J {C^+(1-C)}dx 
o

~ tan dx

n
| 1 + (‘Vy tan x)2 d (■'/y tan x) 
0

n
2'

n

o

1 fn 4- 4^
4 ti + 2

= [tan 1 (0) - tan

71+4 
n + 2

cos 2t 
t + 1

2 
71+2

2
2 + 71

sin t cos t 
t + 1

-2 sin 2t 
t + 1

1 
1+x2

71 71
4 + 4

+ l-4Zj

=> C + Cj = 1

n/2
+ 1-4 f

0

"H-tan 1(-l)=p

-4/i

7t

0

T
X

The above solution is not correct, because the anti- 
----- -—— is not continuous at 
1+2 sin2 x

"1 - dx cannot be written as x
/

X = ^E (0,71).

'l')
- is not continuous at x = 0 e (-1,1).
\ J

In fact, we have

because tan 1

C = 3-e

-a/2 «/2T 4
0

V

71 Also,x = 0 => t = 0 and x = 7t => 2t = 7t => t = —.

tan 1

n/2
EXAMPLE 46 If un = j cos" x cos n x dx, show that iq, u2, m3 

0
form a G.P. Also, find un .

i\
r1- dx

X
/

rdf . 
J T tan J dx 
-1

-------—r~dx 
l + 2sin2x

= ^[tan 1

—2—“------- j~dx
cos x + 3sin x

sec2x , ---------x- dx 
1+3 tan2 x

n/2
1 f cos2t j, 

= 7 I ------- ?dt2i«+l)2
n/2

= f cos 2t. —i—r dt
0 I (t + 1) 

II

=> = Cex + (1-C) + Ce + (1-C)-C

=> Cex = C^ + fl-CJ + fc^ + fl-Qx^

-ii

= tan' 
U-l

n/2

; <2t+2)2

n
EXAMPLE 45 If 1 = J --0S \ dx and L 

0 (x + 2)
evaluate in terms of I.
SOLUTION Let x = 2f. Then, dx = 2 dt.

Putting the value of C in (ii), we get

3-e 
\ 7

n/2 
f cos x sin x

x+1 
0

/
•2

d(.
dx
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un

xsin x
JO

n
(i)

0

=* U,n

=> U,

=> U.n

=>2u,n

11

Jo
Now,

and,

U1n

dt
0

But,SOLUTION We have,

i

u
= a and ~0

x

Substituting these values in/(x) = ax + bx2, we get

1 .
EXAMPLE 48 Iff(x) = x + J (xy2 + x2y) f (y) dy, find f(x).

0

X X

= J xf(u)du-j uf(u)du
0 0

X

= J (x - u)f (u) du 
0

SOLUTION We have, 
(1

u .

l/w*
0

1
/(x) = x+x //(yMy^+J yf(y)dy x2 

|o

J yftydy x2 
o

i i i /(o 
0

. 1 du =
II

* U,

a b
3 + 4’

n/2
, = j cos"

0

• n/2
, = f cos'

0

x
! -J/(u).udu
.0 0

EXAMPLE 47 Prove the identity 
u 1

1
= J (af + by^dy 

0

X

= J x/(t)dt-J uf(u)du 
o - o

n =^u =-----
" 2« + 1

u 

111/(0*

La.
“«-i

n/2 
+ n J cos' 

o

nflf'1
4 2 k /

(a
3 + 4 

k /

X

du = J (x - u)/(m) du
0

= - for all n = 2,3,

Solving these two equations, we get

180 . , 80a n9 and b n9

=*«n = T

=3 u - n

a . & 
” 4 + 5‘

= Un-l

Putting these values in (i), we get

r (a b'/(x) = x + x - + - +J
< /

= ax + bx2

= Un-l

~Un

cos" x sin nx1"72
n

un = “i

a_£ by
4 + 5

1 1
J y/(y)^y = / yfay+ty2)^ 
0 0

i
= / (af + bfidy 

0

=3 Up »2z Uj, ..

/«

Comparing the two expressions for/(x), we get

, a b , a b ,1+- + - = a and - + - = b4 5 3 4

n/2
= j cos” x cos nx dx

0 1 11

~1 x {cos (n -1) x - cos x cos nx) dx

~1 x sin x sin nx dx

sin nx , ------ dxn

[•.• cos (n - 1) x = cos nx cos x + sin nx sin x]
n/2

i" ”1 x cos (n -1) x dx - J cos” x cos nx dx
0

1 
=>/(z)= l + l//(y)dy 

0

=> /(x) is of the form ax + bx2.

Letfty) = ay + by2. 
1 1

Now, J fftyUy = J (ay + by2)]/2^ 
0 0

n/2 
ln = j COS1 

0

if1
2

n/2
= f cos2xdx = 7

J 4
0

. form a G.P. with common ratio
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. 180 80^X)=U9X + I19Z A = , B =

^ +Hence, /(x) =

[Putting x=y=0]=>

=>
0

[■ •/(())= 0[

(i)

-t

(ii)
=>Solving (i) and (ii), we get

I

[Using (i)l

£ 
h

1
=>/W = i+J/(')<ft[e’ + U W* 

0

1
= J t^A^ + Be'^dt

0

=> f'(x) = lim
A —> 0

=> f' (x) = lim 
h-»0

SOLUTION We have,
1

/(x) = e’ + f (? + fe~x)/(t)df 
o

/(x). '
SOLUTION We have,

f(x + y) = f(x) +/(x) for all x, y e R.

/(0) = /(0)+/(0)

/(0) = o
Now,

n

J f(x)dx
0

n

J x/'(0) dx
0

[■../(O) = 01

•••(>)

f(0)
2

1 
and, B = J tf(t) dt 

0

1
A = 1+J (A el + B e~l) dt 

o

fW-f(O) 
h-0

= A Jf? - + B J-t e

i 1
=> /(x) = e^ + e* J /(t)df+ e"xJ t f (t) dt 

0 0

1

=> f (x) = A ? + B e x,
i 

where, A = 1 + J /(f) dt
0

e 
5-3e

' e
5-3e 

\ /

2 
5-3e

f 2 
5-3e

EXAMPLE 50 A function f:R->R satisfies the equation f(x + y) 
=f(x)+f(y') for all x,y& R and is continuous throughout the

n
- n J f(x)dx. Find 

0

=>/'(x)=/'(0)

=> /(x) = xf' (0) + C [Integrating both sides w.r. tox]

Putting x = 0 on both sides, we get

/(0) = C C = 0 

a /(x) = x/'(0) 
Now,

„3
=> = y/'(0)

i
B = J f/(f) dt

0

Il + h + l3 + + k = 450

1 
example 49 I//(x) = + J (ec+te~x)f (t) dt,findf (x).

0

= l+j/le'-Be"

= 1+ Ae-- -(A-B)
< >

= A + B(l-2f-1)

In = n

x2 =>In = «/'(0) f 
L JO

domain. If +12 +13 +14 +15 = 450, when In

[l3 + 23 + ...+53} = 450

e~x

=^ln = n

=> 4-2&?"1 = 0

( I5!=> A = 1 + (e-l)A + 1-- B
\ /

=> (2-e)A + B (e-1 -1) = 1 

and,

=> f(x) = lim 
h->0 h

/'(x) = lim ^x + hl 
h->0 h
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= 450=4

=4

-.(i)

Also,

dx

dt
(ii)

dt

dx
dt

...(iii)dx

Now,

dx

dxdx

dx
dx

dx
dt, where t = 2x

(iv)dt

From (iii) and (iv), we getfor all x g (0, n], prove thatEXAMPLE 52 Letf(x) =

= 2 log 3 [4 + 4 (log 1 - log 3)] 

= 6 log 3-4.

3
= [xlog (4X-X2)]? - J

1

/'(0) = 4

Therefore, from (i), we get f (x) = 4x.

3 
Then, find J f(x)dx.

1

3 
= 3 log 3 — log 3 — J 

1

3
= 21og3-J

1

-X
>

3 
dt + J

x

3 
df + f

X

n
= J ftfdx 

o

x

=J
1

n/2
-SI2i

H 

= 5 I 2 i

n/2

2i

n/2
n
2

2x-4 
x-4

sinx 
x

sinx 
x

sin t
t (n -1)

sin x 
x (n - x)

5(5 + 1)
2

(4x - 2X2) 

4X-X2

1
I t-* | +r

i 
(t-x) + l

1 
-(t-x) + l

1 
|f-x|+l

2(x-4) + 4 
x-4

SOLUTION For any x G [1,3], we get

3

/(») « I
1

3
EXAMPLE 51 Letf :R-> R be defined byf(x) - J

1

J/m/i 
0 v

= - (log 1 — log x) + log (4-x)-logl

= log (4 - x) + log x

= log(4x-x2)

3
•• J/(x)dx

1

3
= | log (4x - x2) dx

1

n
f = J / (n - x) dx 

o

n 
= s f 

80i

sinx------x
x

n/2

" 4 J 
0 X

sin 2x

2'X

cosx 
X-------

7t
2"X

1
t-x + 1

= - [log (x -1 +1)]{ + [log (t - X + 1)]J

n

0

Adding (i) and (ii), we get

n

2/ = J
0

= 2 log 3 - [2x + 4 log (x - 4 | ]*

n
dx - f

o

sinx , 
-------dx
n-x

n/2 , x

sinx sinx
x n-x

sin --x

—dx 
n 
2~X

n

0

n
[ sin (n - x)

“ J n-x
0

sin f 
t (n _ f' 
2 2 2\ /

=i—Jx-f+1

sinx , 
------- dx

x

n
SOLUTION Letf = J/(x) 

0

2 fz(Q)

2
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dx

-dx

[irr 1993]
iSOLUTION Let

dx ( 1 1 1
/

1dx

dx

EXERCISE 11,1

dx
dx

dx,b>a

dx

dx

dx

6. dx
16. Prove that

dx

dx = 2

What is the value of the integral if a > 1 ?

1 
>/(x-a)(t-x)

(? + l)2(?-l)
3

dx + J
2

2x2 + 3x + 3 
(x +1) (x2+ 2x + 2)

1
(1 + x2) <2 + ?

2x5 + x4-2x3 + 2x2 + l 
(? + l)(x4-l)

x2 
(x2 + l)2’

1 
x2-!

1 
x2-!

1 
x2-l

2n
2 n -m

0

3
2xdx + l

2

= j 2X3 (x2 -1) + (x2 +1)2 

2
3 

2

3

=!?

n/4
11. / cos 2x. log (1 + tan x) dx

0

/ \

1.

(x2 + l)2

b ____

4. J b-x
a

11
= 1082-w + 210g 2

1

10. J
0

sin x + cos x 
Vsin2x

12. / cos 2x log sin x dx 
0

n/4
13. J esinx

o
n/6

14. /
n/3

n/3

15. f
71/4

2x5 + x4-2x3 + 2x2 + 1 
(x2 + l)(x4-l) dx where, | = x2 +1

3

2
3

3
EXAMPLE 53 Eua/uflfeJ

2

= logi + |
L -fe
/ 2 \

= log10 + 75 - l°g5 + ^ log^-log|

fx^l'T5 
x + 1 \

n

i. ■ , i 
= 2 °86-10*

-x dx = J f(x) dx
J 0

Evaluate the following integrals: 
n/4

1 I* sin x + cos x
’ Jo 9 + 16sin2x

n/4 
2. J ^2 + tan2 x dx

0

b
3. /

a

2 sec6 9 + tan 0 + sec5 0 tan 0 - 2 sec4 0 tan 0 
+ 2 sec3 0 tan 9 + sec 9 tan 0 ...

(sec2 0 +1)2 tan2 0

( 3 ■ 'Ixcos x-sinx
2 cos X

10 Ul
+ 2 log

n
J cos mx cos nx dx = 
04 2-2 . 4 A*

cos x-cos xsin x + sin x
1

8. J 
0

n/4
9. J Vtanx dx 

0

n /i J /»/ f 
0 \

t , if (n - m) is an odd integer 
p

, if (n - m) is an even integer

17. If 0 < a < 1 and the positive value of the square root is 
taken, then prove that

1

J ~r— " 3N1-2OX+X2

10 3

. 5 f 2

b
5. J V(x-<?)(b-x) dx

o'

<777
2

4
n/4

7- J
0
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= n

.6tan0 x dx

dx Hence, evaluate f3.

dx =

(sin x) dx

dx
- dQ, show that

xn dx26.

-, find a, b, c.37.

1-x2 dx = a logf (b), find fl, b.

ANSWERS

3. it

1

(u) Iff 
0

1 
n

32. If h (fl) = h (h), evaluate

b
J {fogoh (x)|-1/' {# (h (x)} g' {h (x)} h' (x) dx 
a

i
nf-1 
2

16038
35

1
(1+x) (2 + x) Vx-x2

1
3 + 2 sin x + cos x

co

(•) idn
i1

= (-i)’+1

n/2
= } cos" xdx,ne N, show that ln =

0

n
18. Prove that J

0

n/4
19. Evaluate}

0

x3 + 3 
:6(x2+l)

e.
20. Evaluate:}

1

'm-1

rV3 + l

28-

dx = —4

2- £ + 10ge

25.} 
0
00

L”
0

1
r„  2 —2 and hence find /4. 

rr

, 1 i .
20

it
(n + l)/n + (n-l)In_2=2

= ninlm,n-l

4. ^(b-a)

/w + n(n-l)/„_2

1
= } ex (x - 1)" dx, show that In + nln_1 

0

1
= } (1 - x'”)" dx, n e N, show that 

0

a

£ /4 } e~x 14 dx 
o

n/2
27. If In = } x cos" x dx, show that 

0

1 = 
n n '

1
36. If In = } x" tan"1 x dx, prove that 

0

j
e ” •I = 1 I 

" n-1 /”-2

n/2
29. If In = } cot" x dx, n > 2, show that 

n/4

n/2
30. If /„ = } x" sin x dx, prove that 

0

y dx

34. If In

(H-log*)2
1 + log / * 1 + (log x'ff )2

2V3
21. Prove that : } x2 (x2 - 3)3/2

V3
9/25

22. Evaluate: }------_? 1
3/4 (1 + Vx) vx —x‘ 

n/2
23. Evaluate:} sin2xtan-1

0
2

24. Evaluate:}
-2

sin 6 + 2f cos 0 = 
uv Z

, a + bn dx =------- ,c

a
38. Show that} ^~x dx = 

0

— I n ln~2‘

3x5 + 4x3 + 2x2 + x - 33 , 
----------- z-------------- dx

x2 + 4

2a 
31. If In = } xm ^lax-x2 dx, prove that

0

(2m + l)fl
m + 2

33. If In

0
35. If/(0) = ^} ------

J dQJ 1 - cos 0 cos x 
0
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19. 77-

26. n !

32. 031. ~^a'

HINTS TO SELECTED PROBLEMS

31. /,m

37. (i) Put a,' = tan 9.

— □□□ —

y y
B

By-f(x)

x=b
A x-b

x x' X
X-0 0 0

L y'0
y'

Fig. 11.3Fig. 11.2Fig. 11.1 o

,n -1 »
I

+
O O

V—*■

7

11.4 GEOMETRICAL INTERPRETATION OF DEFINITE 
INTEGRAL

b
J f(x) dx = Area LAP - Area PQR + Area RBM.
a

'i2a - x dx
II

+ o +

+ o

c+ 
O D

£ 
4 
c

x (xcosx) dx
11

b
If/(x) > 0 for all x e {a, b], then f/ (x) dx is numerically equal 

a
to the area bounded by the curve y =/ (x), the x-axis and the 
straight lines x = a and x = b (See Fig. 11.1) i.e.

b
J/(x) (dx) = Area LAMB.
a

$

o x x x + CM r> o + + 
I o o

X X
IIH

11.5 THE DEFINITE INTEGRAL
In this section, we shall consider integration as the limit of the 
sum of certain number of terms when the number of terms 
tends to infinity and each term tends to zero. As a matter of fact 
the summation aspect of definite integral is more fundamental 
and it was invented far before the differentiation was known.

Let/(x) be a continuous real valued function defined on the 
closed interval [n, b] which is divided into n equal parts each of 
width h by inserting (n -1) points a + h, a + 2/i, a + 3/i,...» 
a + (n - l)/i between a and b as shown in Fig. 11.3. Then,

nh = b-n =$ h = -—- .
y "

b
In general, J f (x) dx represents an algebraic sum of the areas 

a
of the figures bounded by the curve y =f (x), the x-axis and the 
straight lines x = a and x-b. The areas abovex-axis are taken 
with plus sign and the areas below x-axis are taken with a 
minus sign. (See Fig. 11.2) i.e.

6’ 12

8. log 4 - cot"13

22. Put x = sin2 8

12.

14. 2 sin"1

17. i
a

20. log(l+<?)
__ 71 ,23. - -1

fV3 -1)
2

27. In

M x

28. Integrate by parts taking 1 as the second function.
2fl

= f
0 1

„ 7n 5
8 4

37. (i) a = 40-6 log2, b = -9,c = 12

(ii) « = |,i> = 3

3. Put x = (a cos21 + b sin21)
6. Put x2 = fl2 cos2 t + b2 sin2 t

15. Put sec 0 = x.
n/2

= j cos’
0

5. £(b-fl)2
o

7 57* 2

U.|log2-|

13. l+fj-VlIe17^2 
4

15. Tog, || (3 + 21/3)|-4

3n2
27. — “64

„ 13 n
15 ’4

22. 3-2V3
24. 8-^

4
1
4

1
2

5
9

2
15
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(i)

(ii)

(iii) I3 + 23 + 33 + ... + (n -I)3 =

, r * 1= a(iv)

sin Ja +

a +cos

where ar” = b or, n =

b
EXAMPLE 1 Evaluate j x2 dx as limit of sums.

a
SOLUTION (iii) We have,
b
|/(x)dx = lim h fia) +fia + h) + fia + 2h) + ... +A« + (” " 1) 
a h —> 0

n-1
2

, b-a h =-----n

oo <=> h—>0

ILLUSTRATIVE EXAMPLES
.2

It can be proved that this formula and the formula (i) give 
the same limit.

The following results will be helpful in evaluating definite in­
tegrals as limit of sums.

1+2 + 3+...+(n-1) =

, . b-awhere h =-----n

where h = -—~ n

But,n -4
b

J fix)dx
a
= lim h fia) +fia + h) +fia + 2/t) +... +fia + (n -1) ft)] ...(i) 

h-»0
The process of evaluating a definite integral by using the 

above definition is called integration from first principles or 
integration by ab-initio method or integration as the limit of a sum. 
REMARK 1 In finding S„ in the above section, we have taken the left 
end points of the subintervals. We can also take the right end-points 
of the subintervals throughout to obtain: 
b
f fix)dx = lim h fia + h) +fia + 2h) +fia + 3h) + ...+fia + n/i)], 
4 /l-»0

log (b/a) 
logr

Clearly, r -41 <=> n

• phsin -

(vi) cos a + cos (a + h) + cos (a + 2h) + ... + cos (a + (n -1) h)
fn-P

2
1 . f nhy 

hi sin —
\ 7

Here, fix) = xz.
b

.-. J x2dx
a

= lim h [a2 + (a + h)2 + (a + 2h)2 + (a + 3h)2 + ... + (a + (n -1) h}2] 
h ->0

= lim h [na2 + 2ah (1 + 2 + 3 + ... + (n - 1)
h ->0

+ Ji2 (I2 + 22 + ... + (n — I)2)]

Let Sn denote the sum of the areas of n rectangles shown in
j Fig. 11.3. Then,

S„ = hfia) + hfia + h) + hfia + 2h) + ...+hfia + (n-1) h)
=> = h [((a) + fia + h) +fia + 2h) + ... + fia + (n -1) h)]

Clearly, S„ denotes the area which is close to the area of the 
region bounded by the curve y =fix), x-axis and the ordinates 
x = a, x = b. It is evident that if n increases, the number of 
rectangles will increase and the width of rectangles will 
decrease. Consequently S„ gives closer approximation to the 
area enclosed by the curve y - fix), x-axis and the ordinates 
x = a,x = b.

Thus, lim S„ gives the area of the region bounded by the 
n-»«

four curves y =/(x),y = 0 (x-axis), x = a and x = b. It can be proved 
that this limit exists for all continuous functions defined on 
dosed integral [a, b] and is defined as the definite integral of 
/x) over [a, b].

b ,

j fix) dx = lim S„

or, 
b
| fix) dx = lim It fia) + fia + h) +fia + 2h) +... + fia + (n - l)b)],
B H->°o

7
I /l') 

sin -

REMARK 2 The value of Sn in the above discussion is inde­
pendent of the choice of sub-divisions of the interval [a, b] and 
it is also independent of the choice of points in the sub-divisons. 
Thus, if we divide [a, b] into sub-intervals.

[a, ar], [ar, ar2], [ar2, ar2],...., [ar'1 ~\arn = b], where r > 1, then 
we obtain

b

J f(x)dx
a
= lim(r-1) [af (a) + arf (ar) + a^f (ar2) +...+arn~1f(arn~1)]

n(n-l)
2

,2 o2 n2 / i\2 n (n -1) (2n -1)
l2 + 2z + 3 +...(n-l) =

2
n(n-l) 

2

fr”-f 
r-1\ /

(v) sin a + sin (a + /z) +sin (a + 2h) + ... + sin (a + (n-l)h)
{ J •hl sin —

k )

a + ar + ar2 + ...+01^ 1
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,2

sin

,2

=> nh = b - a

- cos a - cos b

EXAMPLE 3

.(n-l)/!

= a

- d1 (e[

sin ■ a + — - - sin —

SOLUTION We have,
sinsin

b-a
2

= lim h 
h->0

• lim 2 sin ■ —----- --  > sin
/.->0 2 2f

= lim h 
h-*0

= lim (ft - a) a1 + a (ft - a) (b - a - h) 
/i —> 0 L

= lim
/» —> 0

= lim ft 
/I _>o

= lim ft e” 
h->0

= lim ft f 
h-»0

= lim (f 
li->0

= lim ft 
ft-»0

= lim h iur + 2ah • 
h->0

= lim ft 
h -»0

n/r 
2

= lim
h -»0

?* [1 + ? + e'

ft ‘
2 '

b

jf W dx 
a

feT-l 
e>'-l

(b ~ a)
3

n(n-l)
2

b-a
2

ft-fl |~
2

[?» + ?,+A + ?’ + 2/' + ...+?’ + («-l)/’]

>-]

r-1

+ e31' +.. + e1

b
[•.•nh = ft-fl] |y(x)dx = lim (r-l)[fl/(fl) + flr/(flr) + ...+flr"“1/(ar"~1)]» 

a r~* *

= lim ft (/(a) + /(a + ft) +/(a + 2/:) + ... +/(« + (n -1) ft], 
h-»0

i l b-a 
where ft = — n

where ft = -—-. 
n

b
Evaluate J / dx as limit of sums.

a

SOLUTION We have,

x 2 sin • —— - 
. „ 2

sm t

, , ft . nftq sinjfl + (n-l)-ysin —

ft sm-

= lim (nft) fl2 + fl (nft) (nft - ft) + 7 (nft) (nft - ft) (2nft - ft)

. h 
sin-

ft
2

. ft 
sin-

[3fl2 + 3a (b - fl) + (ft - a)2]

. ft sm-

+ 7 (ft - a) (ft - a - ft) {2 (ft - a) - ft)
6

_ (b~fl)
3

= | (b - fl) (fl2 + flb + ft2)

„ . fl + b . ft-fl 
= 2sm -y sin--y-

(3fl2 + 3flft - 3fl2 + ft2 - 2flft + a2)

\ /

ft /

| h2 n (n -1) (2n -1)

= (ft - a) a2 + a (ft - a)2 + 7 (ft - a)3 
0

a + ar+... +flrn-1

b
EXAMPLE 2 Evaluate J sin x dx as limit of sums.

a

SOLUTION We have,
b
| f(x) dx
a

, ft-fl 
ft =------

n

Here,/(x) = /.

b

J dx
a

Here,f(x) = sin x.
b

J sin*?*
a

= lim ft [sin fl + sin (fl + ft) + sin (a + 2ft) +... + sin (« + (n -1) ft)] 
h-+0

b 
EXAMPLE 4 Evaluate I - dx as limit of sums.

a

= lim ft [/(fl) +/(fl + ft) +/(a + 2ft) +.... +/(fl + (n -1) ft)], 
h -> 0

ft-fl h 
a+ 2 ”2

a + b
2

a + ft
2

fl + ft
2

ft
2

ft
2

nh
2

ft
2

ft
2 

ft
2



DEFINITE INTEGRALS 11.31

/'/(or")]where or" = b

where nr" = b or, n =

1

+ arz.= Iim(r-l)

1= lim

= lim (r

= lim (far + 'Ja) (r"/2-l)

EXAMPLE 5
= lim ('lar+'Ia) 1

I

= 2<a

STEP ! Obtain the given series.

where nh = b -a.

STEP in

k /

= lim (r-l)n

b

a

1 " (r'
limk^/1

(r-1) log,, (fr/n) 
l°ger

(r-1) 
log (1 +(r-1)}

log (fa/a) 
logr

= lim (r-1) + arf(ar) + ar2f(arz) + ... + a,

log (b/a) 
logr

1 1

STEP IV Obtain lower and upper limits by computing lim 
n — 

the least and greatest values of r, respectively.
STEP V Evaluate the integral obtained in previous step.

The value so obtained is the required sum of the given series.

Here,/(x) = 

b' 

a

b n
or,! f W = lim h y f(a + rh).

a r = l

= lim (r -1) + far + ’Vflr2” + .... + ^ar"

= lim (Vr + 1) ^{(Vr)”-!}

L]for
\ J

1 

f/w = l 
q n —> oo

b
Evaluate J ^-dxas limit of sums, 

a

SOLUTION We have,
b
j/(x)dx
a

1 
ar""1

or, n =

T-1 ya

= 2

i M its terms is the form —f — .nJ n

By using the following algorithm, we can always express 
an infinite series as a definite integral.
ALGORITHM

11.6 SUMMATION OF SERIES USING INTEGRATION 
AS THE LIMIT OF A SUM

Using the definition of the definite integral as the limit of a sum, 
we can evaluate the sum of a certain infinite series by compar­
ing it with some definite integral.

If/(x) is a continuous function defined on [a, b], then we 
have seen that
b

f/(x)dx
a
= lim h \f (a + h) +/ (a + 2/i) +.... +f(a + (n -1) h) +f(a + nh)],

It follows from this that an infinite series can be expressed 
as a definite integral, if 1 / n is common from its every term and 

all its terms are the functions of (r = 0,1,2,..., n) i.e. each of

• .1 e___  1

n

Here,/(x) =

If we take a = 0 and b = 1, thenh = -. n

, ~ 1... + nr1 1
■ + ar. -7= 

yar

w'/2_ 
a

\ /

= lim(r-l) fl.- + flr. —+ .. + flr" 1 
fl ar

- I M r 
-log - lim

i M=1°& -

STEP n Express the series in the form lim — S/ - 
n —> °°

Replace Z by J by x and ~ by dx.

T- dx 
lx

1
n
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ILLUSTRATIVE EXAMPLES

SOLUTION Let

,2

= lim

3 +n ->«o

as n —> oo.

SOLUTION Letr = 1 for the first term]
ii —> °°

4-
[••• r = n for the last term]

EXAMPLE 2 Show that the sum of the series
dx

as n -> °o is log 3.

= nlOg2

EXAMPLE 4 Find the sum of the series

... +

as n -> oo.

n -»«> SOLUTION Let

S = lim 
» —>°°

1
+ 

n

S = lim
ii -> «>

1
n

= lim

n
£

SOLUTION Let S = lim 
n —»«

.•. S = lim
11 OO

1

0 '1

11

E 
r = 1

1

0

n

S = lim - y n 
r = l

-lim if 
n->oo ‘r=1

In

= lim
Hr = 0

2n

1Z n
r = 0

1.1.1. . 1—I------ 7 "I------- 7 4- ... 4--------
n n 4-1 n 4- 2 n+ 2 n

1
1 4- (r/n)

1 
l+(r/n)

r = 2n for the last term]

r = 0 for the first term]

EXAMPLE 1 Find the sum of the following series as n -» oo. Now,

r 0
Lower limit = lim — = lim — = 0

11 oo |1 -» oo fI

r 7n
Upper limit = lim — = lim — = 2 [ 

n -> 0 tl n -> oo M

-dx = [tan

For the corresponding definite integral,

fl)
- =0 [
n 

\ /

= lim
n —> oo r = 1

2?i
r 1 V n

- lim — \------
n n + r n->oo r = 0

= log 3 - log 1 = log 3.

EXAMPLE 3 Find the sum of the series

l2 22 r2
l3 + n3 + 23 + h3 + "+13+ «3

n2
(n + 22)3/2 +

n 
n2 + 3:r-+

Lower limit = lim - = 0 
ll-^oo

Upper limit = lim - = 1
11 -> oo ft

fr> 
Lower limit = lim — =lim 

n 
\ /

(A
Upper limit = lim — = lim = 1

< /

n2 

n3 4- n3

n2

1 
+ ... + o

2n

n 
n2^

______ n2

[M24-(«-l)2]3/2

(r/n)2

V1 + (r/n)3J

1 
l+(r/n)2

1
1 4- (r/n)2

2n

= lim X —— 
”->o° r = 0 ” + r

If d (? 4-1) 
= 3J0 ? + l

1 1 1 ■ 
n 4-1 + n 4-2 + + 3 n

I2 
1W +

n 
„2 + 22 +

n
2 2'n 4- n

n 
„2 + 22 +

n
>.2+l2+

= lim f 
r = l

n 
n2 4-12

2'
i3 23 4- ir

n2 
(n2 + l)3/2 +

1 1
o 14- r

n n
j 4- ... 4-  

H44-3 n +n

r2
+ 3 3 +
r 4- n

n

n r = l"

n2 
(n2 + 32)3/2 +

r2

r^ + n3

22

23 + »3

1
3

n

11 -> oo
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SOLUTION Let

1/n
= lim

\

dx

logS

de [On putting x = tan 8]

r = l

EXAMPLE 5 Find the sum of the following series asn-+°°.

SOLUTION Let

+... +
dx

dx1-
1

= log2-[x-log(l + x)]0

•= log 2 - [1 - log 2] = 2 log 2-1dx.2
= log 4 - log e

= [sec 1 (x + 1)^

SOLUTION LetEXAMPLE 6 Evaluate:

1
12

n 
2n fn. 3ft

S = lim

n-1 
= lim X 
m«r=l

1 
n

= lim
Il —> «o

= lim
11 -» OO

S = lim
n —> oo

lim
Il —> CO

= lim
n —■>"

EXAMPLE 7 Evaluate : lim 
n —> oo

2 — n

1 

f

1 

=1
0

1

=J
0

/
14--n

(n 4-1) (ft + 2)... (ft 4- ft) 

nn

n/4
=/

0

S = lim 
'n—>“>

= [xlog(l 4-X
0

ft 
2n Vft. 3ft

ft
(ft 4-r) Vr (2ft 4-r)

1
1 4-X 

y

1
(Ux2)372

r2
+ 2 

ft

(h !)1/n
ft

n-l 
= lim E - 

n-)°or = i f

S = lim
n -»oo

=jdx

Jt/4
=.[ cos e de = [sin e^/4 =

1
= J log (14- x) dx 

0

1 
(X4-1)V(X4-1)2-1

1 w = log -

.-. s = -.e

. n sm- =4

= sec"12 - sec~11 = £-0 = f
3 3

1 v* i . r- y Ios 1+~ n ° n

sec 6 
(14-tan2 6)3/2

______ " ...________ »
(ft 4-1) f2n +1 (ft 4- 2) ^2 (2ft + 2)

= lim f
n-»«r = l

n

= lim £ 
n->« r = 1

ft2

(m+2)2/2 +

'n + n
ft

ft2 

(n2 + ^3'2

(n !)1Z" 
ft

! r f n (
= lim - log 14-- 4-log 14-- 4-log 1 4-— 14-... + log 11 4-—

1 4-- 
ft

[(» 4-1) (ft 4-2) (ft 4-3) ...(ft 4-ft)]1/H 

ft

, 5 , n
1 4-- ... 1 4-- 

ft

[(ft 4-1) (ft 4-2) (ft 4- 3) ... (ft 4- ft)]1/n 

ft

= f____ 1
o (i+im

V
1+- 

ft 
/X

«4-r

n / xi
= lim X ■ log (14- — ■ — 

„ ° « ft
«-♦“ r = l k Ji

'ft 4-2

ft 
7\

1 1
• ,\3/2-ft

ft

Vft 4- 3

ftJ\

! 1
^fxlogd+x)}-/^

0

_______ ft2_______

(ft2 4-(ft - 1)2)3/2

ft2 

(ft2 + 32)3/2

» n
(ft4-l)V2n + l (ft 4-2) <2 (2ft+ 2) + ”' +

ft

3
ft

3^1
ft /

/

2^
n /

1
n —> °°
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1/n
=>

r = 11/n

=>
1/n

fl 3 n-1
dx1+x27

dxr = l
n

r=l 1- dx

.-1=>

=>

=>

=> S = 2e(7l/2-2)[Using L' Hospital's Rule]

EXAMPLE 9 Evaluate:

= -1

SOLUTION Let

21/«lim

SOLUTION Let
4.1/2

4.
1 1=>

n -4°o

4,1 1

= lim
n —> oo

= lim
n —♦ oo

logS = lim 
n -><»

lim
H -> OO

= lim
n —>«

1 
n

= lim
II -> oo

= lim
n —) <x>

S = lim
II —> OO

lim
11 ->OO

= -1 - lim 
x->0

= -1 + lim x 
x-»o

= [xlogx-x])

= -1 - lim x log x - 0 
x->0

1/x 
-l/x2

log S = log 2 - 2 [x - tan -.1 x L

S = e"1

.4 l/n_.
i+f-i

— form 
OO

1
e

EXAMPLE 8 Evaluate:

n -1 n 
n ' n

1
log S = J log (1 + x2) dx 

0

1
= / logxdx 

0

logS

= lim -

1 '
1 +x27

2^ } 1 
logS = [xlogCl+x2)^-/ 

0

/ X4?/3
1+f-J • ..

n

(l+x2)-l
1 + x2

7

i+4
"r-1 I "J

.44 
n\ 7

n

/ A144 n

144 nv 7

/ A1/2
1 + - ■

n\ /

( ^1
+ 1+ log~n ° n\ J

i 1 
1+“2

7 k

rlog S = lim log 1 +1 --+I°81+4r

/ \4//3
1+ - •

h\ J

/ \4U/3
1+ -n\ 7

-\-|l/n 
n

“ n2

22^

fn !V/n
7\ 7

i V 1+^ ■ 

n 7 \
7

= lim £ logf-1 - 
r=i W n

if ^3^+ 1 1 + log -
3 ° n

. \ 7

; '°4;17

1.2.3....(» -1) n
n"

= -l-lim^ 
x-»ol/x

22V 
"JI 
n

( ^/n 
i+~.. i+^

I n JJ
( 72Y

1 + -2 "JI >444
\ 7

1
=> log S = (log 2 - 0) - 2 j

0

1
=> log S = J 1. log (1 + x2) dx

0 1 li

1
=> log S = log 2 - 2 J

0

7 x4J/2
1 + -

" ( (r^\
log S = lim V log 1 + - 

n \ J J

log S = log 2 - 2 [(1 - tan 

logS = log2-2fl-j

=> logS = log2-2 + ^= log2 + loge(7l/2‘2) = log(2e7t/2"2|

4.1/4
2^"

321 ( l+-7 .. 1+^ 
n . 7

7

log S = lim A log 1 + Y + log 1 + +
iin n2\ /

log - +log - +10g - +log — 

n

12 3 
n ' n ’ n

71 (2^+ -]l+log -2 ° n

1
n

321
n2
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An

nr= 1

n

.4.
dx

.3

dt

= log 2-[f-log (f +1)],

= log 2 - [1 - log 2]

EXAMPLE 11 Evaluate:

SOLUTION Let

+.... to n terms

22 = lim n

n->» k k

,222 n —»°°

r=l
-1

f2n42 k

ifn->« k /
n

n‘n-»«

.... dt

n

1
4

1
4

1
= (log 2 - log 1)-J

0

1
4 

n2 
48

8 = lim

1 
n

1 
n

7?
12

lim n 
n-*°°

1
= J 2x log (1 + x2) dx 

o

limn
n —»«

= lim X 2Mlog fl+4 ■

(t+l)-l 
t + 1

1 
3n2 + 16n +16

1 
3n2 + 16n +16

41

1 1 
f rY n

n 
\ 7

H k

t 1
= [tiog(i+f)],-JY77‘«

0

=> logs

/
... 1 + —

k n
= lim n X 

r = l

4 0 x

21 r

=ljl
41 f

0
1 /

41

.-. s = //48

1
2

= 21og2-l = log4-loge

1 W = log -
k 7

.-. S = e-1+ 
42

\2 +

n

= lim X
r = l= lim £ 4 lo§ 1 + ~2

-■ « nJ

_|log(l + x4)

4fl + -
1

X

1
+ 7

4 (n + 2)2 - n

. /

-^-5—♦ 
3n2 + 8n + 4

2 ( 1A
= lim — log 1 + -7

- • - “ n 
k 7

1
= | log (1 + t) dt, where t = r2

0

1
4 (n + r)2 - n

. t P P
1 2+ 3 4 + 

Ok z d *

22^ n2

1
T?

7\2ii/n 
n

n
- 1

( I2 P 
“~2+-2 

22 32

= 4 1 + dt, where x4 = t
0

1+^ 
k n‘

3: 
i+ 2 

n

i 1 11--2 + ~2
22 32

12

=.'“ £'°g 1+ n 
k J

?\4/n 1 22 
l+"2 

k nJ

4 f .+ “ log 1 + -5 +...+ — log l + — 
n nJ n n

1
4 (n +1)2 - n2

4

"-*"r=l 1 k 7

1 
4(n + n)2-n2

EXAMPLE 10 Evaluate:
21 r

+.... to n terms

2/n\

Tz x2/"' lim (1 + 4 
nz 7 

SOLUTION Let

n-»«r = i

fl1 + “2 
n•k 7

z 2\2«/n -
1 n-N I

+
3n2 + 8n + 4

3'

■2J

t f
2 3

I
22

I
32

l
42

n
= lim n X

4(1+-
n

7

f t3 t4■ + ^--•7 +  dt
2 3 4
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1 n
dx

2

-.1

log

it

EXERCISE 11.2

(vi) lim - +

+
(x) lim

.2
+

tan

(iv) lim ,2

(v) lim

3 m 11.
4n n

3
4

1
4

(i) Um 
n ->«

(ii) lim

(vii) lim 
n -)»

(viii) lim - 
n ->» _

(xiii) Find lim Sn, if 
n “

(ix) lim
n -»oo

•fl

n
= lim — V r, sin3

b

(H)
a
b

(v) jcosxdx

a

1 
n + 1

1 
na + 2

1 
a/3m2 + 2m-1

i

1 1 H--- -  +
n n + 1

1
3 r 
%

= lim V - sin3 —
"-“rtJW 4"

1 
= 4X

3 P-2<2 . 8^2
4

fiY
i3 \ / J

16 . Tixl1

+^smY

7T7+-+

1
+ 8n

1
+ 2n

= J xsm3 — dx
J 4 
0

4
- - X cos —

% 4

1
. itx , If . 3rcr ,

x sin — ax - - I x sin — dx
4 4J 4

0

1
'•+ 3n

T...-T 2
n

1 . 1 
na na +1

1 
'n2 -1

(n-m) 
n

b
(iii) jsinxdx

a
2 

(vi) f ~dx
1 *

1
2 +

■j
16 . 3jix
— smT

4)

i r (3\= 3 log f-log^ 
L \ .

1 1 w = J log j 
k 7

EXAMPLE 12 Evaluate:

1 . 3 it _ . 3 2it „ . 3 3n . 3 nitlim -r sin — + 2 sin — + 3 sin — + ...+ n sin — 
n-^n2 L 4" 4n 4n 4n.

SOLUTION Let

S = lim

(iii) lim - +

1

=f
0

■0
0

= 7^(52-15 n)
9r

n

+ ‘" + 49n

(n-l)it 
2n

n2 
(n + 1)3

/.\2
(x + 1)2-

< )
( 1
x +1 --
______ 2

, 1
x +1 + ~I 2Jjo

II | | fl/2Y
= 4 108 5/2 -1°S 3/2

n 
l"+l)2

lw + 2W-«■ 3m+ .... +nlfl
«n + 1

.. + -sec2l 
n

n' 
+----- q(n + 2)3

("+2)‘

1 
+ ... + , nb

-------— dx 
4(x+l)2-l

+ Vn2-i-l?

4 3nx 16- —xcos-—+ —r 
3it 4 9^

n 
n2 +12

1/3 dx

n 
+ j

(n + n)2

1F2V2 16 1‘ 
4 3« 91?

. 3 n , o . 3 2n . 3 3n , , . 3 nitsin — + 2 sm — + 3 sin — + ...+ n sin —
4n 4n 4n 4n

1 
\+2

(22n-ffl)1/3
2n

n 
n2 + 21 +

1. Evaluate the following integrals using the definition of the 
definite integral as the limit of a sum :

b
(i) Je‘xdx •

a
b

(iv) Jx"
a

2. Evaluate the following

/ .. . it 2tt 3tt(xh) lim tan —. tan — tan—
2n 2n 2n

. . .. nk vn_____
■ • n™4(3 + W7)2 + i/2W dW
/ -X r fl 2 1 2 2 4 3
(xi) lim -5 sec -5+ -5 sec -5 +-5 sec 

n_»« n n n n n

n 
.. + 2 

n +n‘

3/2
5/2

71X
4

1
4

1
4 
1
4

3
4n

,3Z
4ii

3 3n
4n

3 2n
4n

1
n

nx
4

.3H
4
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3. If np - 1 find

4. Show that

-\!n

ANSWERS

(iii) cos a- cos b (xii) 1

(xv) logefl (xvi)

(V)

and,

(i)

and, (ii)

(i)

and,

26

(xviii) lim
n —> oo

b
Hence, j f(x) dx = [0(x)]J = 0(b) - 0(a) 

a

1
... 4— n

a
- \ fix) dx = - [(0 (a) - 0 (b)] = 0 (b) - 0 (a) 

b
b a
j J(x) dx = - J fix) dx
a b

(xvii) lim
n —> oo

(xiv) lim 
1IH»

c b
J /(x)dx+J fx)dx
a c

= W(c)-0 («)] + [* «>)-♦(«)]

From (i) and (ii), we have
b a

j /(x)dx = J /(f) dt 
a b

(xviii) 4en/y/3~3

1
+ ^/6n-3:

,2/3)

(v) sin b-sin « 
2. (i) log, 2

i.e., if the limits of a definite integral are interchanged then its value 
changes by minus sign only.
PROOF Let 0(x) be a primitive offx). Then,

b

J/to* = $w-0(«)
a

^2n -12 +

nl/n
= A where

(ii) log, |

(iv) |(b2/3-a:

(vi) 1/2
(ii) V2

1 
m + 1

n —> °°L
a + t

X = |flog0(x)dx 
a

n + 1 
y+i2 
1 1+ t + « n + 1

( nt lim 0(a)0 a+^ 0|a+^- ""0 « +—
4 p > -1

b a
PROPERTYII j/(x)dx = -J/(x)dx 

a b

(n3 + l3) (n3 + 23)... (n3 + n3) 
n3”

b c b
PROPERTY III J />) dx = J fix) dx + f fix) dx, where a<c<b. 

a a c

PROOF Let 0 (x) be a primitive of fix). Then,

b
J fix)dx = 0(b)-0(a)
a

1. (i) e~a-e~b

1
+ ... +— , where a e N an

n
lim II [1 + (rp)2]1/r 

n —> oo r = 1

11.4 PROPERTIES OF DEFINITE INTEGRALS
• In this section, we will study some fundamental properties of 

definite integrals which are very useful in evaluating integrals.
b b

PROPERTY 1 J fix)dx = J fit) dt
a a

i.e., integration is independent of the change of variable.
PROOF Let 0(x) be a primitive of/(x). Then,

£l0W)=/(x)=>^{0(f)}=/(t).

(iii) 3/8

(vi) f (xviii)

3
(viii)

b
J’/(f)df = [0(t)]J = 0(b) -0(a) 
a

(vii) log 3

(xi) jtanl

(xiv) ^ + |log2

J__
■n-22

n + 2 
+ „2 92 + n+2

1
n + 2

(xvi) lim [lp + 2p + 3P + .... + nl

(xv) lim 
«-»<>

(ix) log^ (x) i

(xiii) |

1

1 
=x‘+ ... + — ;2 n

nt
n

t\
n

2t\
n 

/
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(ii)

i

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Evaluate:

= (2-1) + 2 (3 - 2) = 3.

(iii) We have,
(ii) We have,

|x2 + 2x-3| =

1
SOLUTION We have,

= 0- 1

= 4 .
1

2

(iii)
0

= 0(b)-0(«)

From (i) and (ii), we get
b c b
f /(x) dx = J /(x) dx + f f(x) dx. 
a ' a c

n 

fl 
0

1 2 3
= jodx + Jl.dx + jzdx 

0 1 2

'0 1
- J [x] dx + J [x] dx

-1 0

0 1
| -1 dx + j 0 dx -
-1 0

3
(i) f [x] dx 

0

1
EXAMPLE 3 Evaluate: J* (x — [x]) dx

-1

x2 + 2x - 3 for x<-3 or x> 1
- (x2 + 2x - 3) for - 3 < x < 1

n
(i) j | cos x | dx 

0
SOLUTION (i) We have, 

n/2 n
cos x | dx = J | cos x | dx + f | cos x | dx 

0 n/2
n/2 n

= J cos x dx -1 cos x dx 
0 n/2
r -yi/2 r -tn

= LsinxJo "Lsinxl./2
= (l-O)-(O-l) = 2

3 12 3
J [x] dx = f [x] dX + f [x]dx + J [x]t/x
0 0 12

2
J |x2 + 2x-3| dx 
0

= f lx2 
0

=-k
0

r? , / + —+ x -3x

1 1 1
J (x - [x]) dx = j x dx -1 [x] dx
-1 -1 -1

2
+ 2x - 3 | dx + J | x2 + 2x — 31 dx 

1
2

+ 2x-3)</x + f (x2 + 2x-3)dx
1

? + 2x - 31 dx

2 1 >12 V3 2
j [x2] dx = j [x2] dx + J [x2] dx + ( [x2] dx + j [x2] dx 
0 0 1 V2

1 <2 2
= j 0 dx +1 1. dx + j 2 dx + J 3 dx 

0 1 >11 >15

= 0 + 1. (42-1)+ 2(43-42)+ 3 (2-43)

= 5-43-42

.di

= - ^- + x2-3x 

L3 4)
EXAMPLE 2 Evalutate:

15
(ii) j [x2] dx (HT1988]

0

SOLUTION (i) We have,

GENERALIZATION The above property can be generalized into the 
following form

b c\ c2 b
f /(*) dx = f /(x) dx + J /(x) dx + ... + J /(x) dx,
a a C} cn

where a < q < c2 < c3 ... < c„  j < cn < b.

(ii) We have,
1.5 1- >12 1.5
j [x2] dx = J [x2] dx + J [x2] dx + J [x2] dx
0 0 1 V2

1 >12 1.5
= jodx + Jl.dx + j2t/x 

0 1 <2

= 0 + (42-1) + 2 (1.5->/2) = 2-y[2
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0

= kx-

(«)

|1dx = ||x}2-| |x}, where (x| 
L. L

7

k x
dx +.... + J [x] dx + j [x] dx 

k -1 k

x
kdx

k

k1/n (a")1/n
,. + J [x"]dx + j [x"]dx
(k-1)17" kx,n

1> 
dx

4
A1-1™ | [V7j 

0 
a

EXAMPLE 6 Evaluate: J [x”] dx 
0

SOLUTION Let k be a natural number such that k < an < k +1. 
Then, 

a 
f [*"] dx 
o

1 2Vn 3,/b

= J[x"]dx + j [x"]dx + J [x"]dx + 
0 1 2X/”

r x
| [x] dx + J [x] dx

r-1 k

k r'/n (a”)'/n

= E 1 + J tx”]^
'=' (r-1)1'” I1'"

X

EXAMPLE 7 Prove that : j [x] dx = x [x] - - [x] |[x] +1) 
0

SOLUTION Let k be an integer such that k < x < k +1. Then, 
f

x k X
J [x] dx = J [x] dx + [ [x] dx

0 k

1 2
= J [x] dx + J [x]

1

k= s 
r=l

k
= £ (r-T) + k(x-k) 

r = l

= (1 +2+ ... + k-V) + k(x-k)

2

k(k + l)
2

[x] |[x]+.l)
= M x----- -----

0

k

= E
r = 1

r
J (r — 1) dx + J 

r-1

2 '
EXAMPLE 4 Evaluate .-J (x) dx, where {x} denotes the fractional 

0
pin of x.
SOLUTION We have,

2 1 2
| (x| dx = J (x) dx + f (x| dx
0 o i

1 2
= jxdx +J (x-l)dx

0 0

= . (x-l):
2 2L Jo L

1 1 n
= rr0 = 1-

4
EXAMPLES Evaluate: J {"/x), where Jx) donotes the fractional part 

0
of x.
SOLUTION We have,

4 1 4
j [>/x ] dx = J 'lx dx + J" (Vx -1) dx
0 0 1

2 2= - + ^(8-l)-3
D O

7
3

4 4
dx = j" Vx7 dx - j [Vx] dx

0 0

k r,/n (aH)l/n
= J (r - 1) dx +1 k dx

r=1 (r-1)’7" kI/n

k
= X (r-l)[r1/n-(r-l)1/n]+k(«-kl/”) 

r= 1

EXAMPLE 8 Show that f {x) - 
Ok 

denotes the fractional part ofx.

SOLUTION We have, {x) = x - [x].

Let k < x < k +1, where k g N. Then,

J dx 
o k

0 k

2
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?

/(x) = [sinx + cosx] =

2

y-x2-x+1
(2.3)

(1,1)(O.D
sin x + cos x = V2 sin

(1,O)(1±/5,O) (2.0)0 xx'
a [sinx + cosx] = V2 sin

y'
The graph of y = ^Tsin ^ + x is obtained from the graph

Fig. 11.5

1<x2-x + 1<2 for 1 < x <

and,
(0.1)

2<x2-x + l<3 for <x<2
Xx'

(0.-2) A [x2 —X+l] =■o>

2, for <x<2y'

Fig. 11.4

n 
4

1 I2*4

of y = [vTsin x] by translating it by units in the direction of

OX'. The graph so obtained is shown in Fig. 11.4

It is evident from the graph of y = [V2 sin (x + n/4)] that

1, 0<x<n/2
0, n/2 < x < 3n/4 

-1, 3n/4 < x < n 
-2, n<x<3n/2 
-1, 3n/2 < x < 7n/4

0, 7n/4 < x < 2n

■K 

2
3n
4

2n
a J [sin x + cos x] dx

0k 
= 2 +

0

(0.-1)

1+V5
2

1+^5
2

^71
4 + X

x2 y-fcr +

2
EXAMPLE 10 Evaluate:J [x2-x + l] dx.

0

SOLUTION The graph of/(x) = x2 - x +1 is shown in Fig. 11.5. 
It is evident from the graph that

n/2 3n/4 n 3n/2 7n/4 2n
= J 1 .dx + Jodx + J(-l)dx + j (- 2) dx + j (-1) dx+Jodx

0 n/2 3n/4 n 3n/2 7n/4

'it 
4+X 

k 7

x
k f, . x= -+j (x-k)dx~-

k

'.2

2

k x
= f fx-[x^dx + f (x-[x])dx-^

o v k

-<x2-x + l<l for 0<x< 1 
4

x x
= f fx-[xlVx-J | dx 

ov o

= | (x-k)2-|(x-k)

= | (x2-2kx + k2) + |(k-x)

2n
EXAMPLE 9 Evaluate . J [sin x + cos x] dx 

0
SOLUTION We have,

^•A A / *1 \ A

= - + 0-j-2x- + (-1)-+° = -n.

J \ /
k(k + l)_x

2 2

= | [x|2 - ~ |x|

0, forO<x<l
t c 1 + ^5
1, for 1 < x < —-—

1+V5
2

5n 3n 
fl 4 2

7fl
♦ 2fl
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-1+2 2-

= 3-

for 0<x<tanl

and,

0 < x < tan 1[tan-1x] ==>

= (1000 - tan 1)

y=(x2-n)

0 xx'

+ n
(0.-3)

+ n y'
Fig. 11.6

Hence,
2
| [?-x +1] dx
0

2n (n + l).(2n + l) 3n(n + l
6 " 2

 n (n +1) (2n +1) 3n (n +1
3 2

n (n -1) (4n +1)
6

n

= £(r-l)(2r-l)
r = l

= f (2r*-3r+l)
r = l

n

r = 1

1+J5
2

1 + V5
2

for tan 1 < x < °°

tan 1 1000
= j 0 dx + J1 dx

0 tan 1

n
x<2

n

EXAMPLE 13 Evaluate 
0

SOLUTION Clearly, y
[0, n] and, - it < x2 - n

n n

+
r=l r=l

0 for
1 for tan 1 <x< 1000

1000
EXAMPLE 12 Evaluate: f [tan"1 x] dx 

o
SOLUTION We know that

1 < tan 1

J (x sin [x2 - n]) dx

= 7 [2 (n +1) (2n +1) — 9 (n +1) + 6] 
0

= x2-n is an increasing function on
< it2 - n

>y

n

= dx
r = 1 (r-1)2

x < y for all x 6 R

n r2

r=i (>’-i)2

= y I 4n2 + 6n + 2 - 9n - 9 + 6

n r2

= E / (r -1)dx 
r=1 ('■-i)2

UV5 
1 2 2

= /odx + Jldx + J 2dx 
o 1 1 + V5

2

1000
J [tan-1x] dx 
0

n2
example 11 Evaluate: J [Vx] dx, where ne N.

0
SOLUTION We have,

n2

j [VF] dx
0

0<tan !x<l

-X L "I— <tan

= 7 r4n2-3n-l] 
O L J

n
6



11.42 MATHEMATICS FOR IIT-JEE

[?-7i] =

6, if ^n + 6 < x < n
;/4

Hence,
cos x + sin x

dx
1 1

[cosx dx

1

SOLUTION We have,

IX

dx

.-1sinx0 rtx' •

V3
EXAMPLE 16 Prove that: J

0

yz

Fig. 11.7

3n/4
= -[->/2+l] + [-l+5/2] + [^'-l]-[l->/2]

= 4<2-4
= 4(>/2-l)

1 
1+x2

1 
1+x2

-[-cosx-sin^-

r -3JI/4 r
+ |_ - cos x + sin x^/2

f 2x '
+x2>

1

0

1=4
0

' 2x '
1 + X2

V3
dx + l

1

f 2x
1 + x2

\ /

tan~1 x

1
EXAMPLE 15 Evaluate: J |x [1 + sin itx]] 

-1
SOLUTION We have,

1
J [x [1 + sin tix] J dx

-.1
0 1

= J [x [1 + sin 7tx]] dx + J [x [1 + sin Ttx] J dx
-1 0

0 1
= J [xxO] dx + J [x x 1] dx

-1 0

0 1
= J 0 dx + J 0 dx = 0

-1 0

y=)Sinxl
”^^y=ICosxl

1 
1+X2

1 
1+X2

+ | (7? - it - 6) sin 6

n
+ J - (| sin x | - | cos x |) dx 
3n/4

n/4 n/2 3n/4
= -J (sin x - cos x) dx + J (sin x - cos x) dx + J (sinx + cosx)dx 

0 n/4 n/2
n

+ | -(sinx + cosx) dx 
3n/4 

n/2 
cos x - sin x I

1 7+ - (sin 6) (n2 - it - 6)

(n - 2tan"1 x) dx

, _7t? dx 72

x <3
; dx + J 
J 1

n
J (xsin [x2 - n] ] dx 
0 k

Vn-3 5 Vn + r +1 nr
= J x sin (- 4) dx + £ J x sin r dx + J x sin 6 dx

0 r = - 3 >/n + r >ln + 6
S

= -|(sin4)(7t-3-0) + | X(sinr)(n + r + 1-n-r)
r=-3

sin 1

sin 1

sin 1

( 5 
= -1 (n - 3) sin 4 +1 £ sin r

r = -3 
\ /

= 2 [“ (n “ 3) sin 4 - sin 3 - sin 2 - sin 1 + sin 1 + sin 2

+ sin 3 + sin 4 + sin 5 + (it2 - n - 6) sin 6 ] 
= | [- n sin 4 + 4 sin 4 + sin 5 - 6 sin 6 + (n2 - it) sin 6]

n 
EXAMPLE 14 Evaluate:/ | |sinx|-

0 
SOLUTION We have, 
n
/ | | sin x | - | cos x | dx 
0 

n/4 3n/4
= j - (| sin X | - | cos x |) dx + J (| sin x | - | cos x |) dx 

0 n/4

f 2X .---- ddx

2tan-1x, for-l<x^l 
n-2tan-1 x,forx>l 

-7t-2 tan-1 x,forx<-l

sin-1

U 5 ,5 
4 2

f 2x ' 
1+x2

\ /
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1 dx

<3
= 2 -.1/3-2

Jo
1

[See Ex. 7]

,2

EXAMPLE 19 Evaluate:

) \
n2 Tt2

57
216

5
2'

0)2] + it [tan

9 16 /
7t?
72

73 
x d (tan"1 x) + it j 

0

(tan" !x)2 
2

1/2
+ 2x3-^ x2 + 2x

.1/3
-2/3
: +6
-1/2

28 + 5 + 8 + 16
216

V3 
-2^ tan 

0

x]2 
2

X [X]

Jm^ = [ xdx
0 0

=* x = {x} or, (x) = |

=> x is purely fractional or, |x] =

n2
= 16 + "

_ id id - -
" 16 + 12 " 9 +16 "

1
EXAMPLE 17 Evaluate I ((2x) -1) ({3x} -1) dx, where {•) denotes

0
the fractional part.
SOLUTION Let

1

0

1
= I (2x—[2x] —1)(3x-[3x] -1)dx

0

1
=> / = j (2x -1 - [2x]) (3x -1 - [3x]) dx

0

1/3
=> Z = J" (2x — 1 — [2x]) (3x -1 - [3x]) dx

0

1/2
+J (2x — 1 — [2x]) (3x-l-[3x])dx
1/3

2/3

(2x— 1 — [2x])(3x-l-[3x])dx
1/2

1
+j ((2x -1) - [2x]) (3x -1 - [3x]) dx

■ 2/3

1/3 1/2
=> 1 = j (2x-l)(3x-l)dx + J (2x-l)(3x-l-l)dx

0 1/3

2/3 1
+j (2x-l-l)(3x-l-l)dx + J (2x-l-l)(3x-l-2)dx
1/2 2/3

(x -1)3~
3 J2/3

(tan 1 x):
2

' 1/3 1/2
=> I = J (6x2-5x+l)dx + J (6x2-7x + 2)dx

0 1/3

2/3 1
+ 2/ (3x2-5x + 2)dx + 6 f(x-l)2dx

1/2 2/3

f [x] dx = x [x] - - [x] ([x] +1) 
0

[x]
and, jxdx =

0

1

+ n
-0

= I (tan"11)2 - (tan"1

=» 2x[x]-M2-[x] = M2

=> 2 [x] ([x] + (xj) - 2 [x]2 - [x] = 0

=> 2 [x] (x| - [x] = 0

=> [x](2{x}-l) = 0

=> [x] - 0 or, |x} = |

. _ 7 JLlxl _
54+ 216 27 27

x [x]
EXAMPLE 18 If I [x] dx = j x dx, then prove that either x is purely 

0 0
fractional or x is such that [x| = j-.

Here, [•] denotes greatest integer function and {•} denotes fractional 
part.
SOLUTION We have,

nV3 
tan"1 x

1 1 tan 11J 

[(tan-1 <3 )2-(tan-11)2]

1
= 2j tan"1

0

1 1 x d (tan"1 x)

7
2

5
2

%
3 4

71'
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SOLUTION We have,

iy

xx'
n-1

y'

Fig. 11.8

It is evident from the graph of/(x) = ne~x, that

Clearly,

(n-r-l)<ne x<n-r, if log

for r = 0,1,2,...., (n - 2)

0 <n e~x <1and,

.0

Hence,

(log n.o)

2n
3

f [ne“x]dx + J [ne’x]dx 
log (n/n - r) log n

<(o.n)

S\f(x)=ne'

n
= X ^k-(r-i)j+(n+i)3(x-n)

r = 1

n

= y r3 + (n +1)3 (x - n) 
r = l

x
EXAMPLE 20 Evaluate :J [t +1]3 dt, where [•] denotes the greatest 

0

integer function and xe R+.
X

SOLUTION Let I = J [f +1]3 dt:
0

M (M + 1)
2

(o,(n-l))
(o.(n-2)).....

0

n (h +1)
2

n
n-r-1

2
■ + ([x] +1)3 (x - [x])

1 
= n J 4tdt

o

nr x

= y p^+f(«+i)3^ 
r = lr-1 n

OQ

EXAMPLE 21 Evaluate J [ne-x]i/x, where ne N,n>l and [■] 
0

denotes the greatest integer function.
SOLUTION Let f (x) = n e~ x. Then, the graph of/ (x) is as shown 
in Fig. 11.8.

n r

= £ I Vx-(r-l) dx 
r = l r-1

n r
= y | a/x - r +1 dx 

r = l r-1

Also, let n < x < n +1, n = 0,1,2,....

Then, [x] = n
12 n x

a I = J [f + l]3df + f [t + l]3df +... +J [t + l]3df + J [f + l]3dt 
0 1 n-1 n
nr x

= E J [t+i]3dt
r=lr-l n

n r

= S J /(*)dx 
r=l (r-1)

n - 2 log (n/(n -r-1) 

r = 0

n 
f/(x) dx, if/(x) = >/x - k +1 ; k-1 < x < k, k = 1,2,... n.
0

----- <x<logn-r
\ 7

n__
n-r-1 

\ /
,(n-2)

+ (n + l)3(x-n)

(log A- .0)
(log ,0) 

n-2

for x > log n.

(n-r-1), if log 1'^7 <*<log 
\ >

r = 0,1,2, ,
, if x > log n

I = J [n e x] dx
0

Q<ne~x<n forallx>0

n 1= E / where t = x - r +1
r=i 0
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log (n/n - r)

n -log

00

n

0

n

0

nn

0

n

r = l

n

H

x3+

■
-

n «
= £(r-l)(/(r)-/(r-l)|- nf(n)-\f(x)dx + - [f(n)-/(0)] 

0

n n

r = 1 r = 1

n n
dx = J/(x) dx +1/(0) + l/(n) - £/(r) 

0 r = 0

n-r
n-r-1

7

L

” " 1 1
= nf(n) - £/(r) " «/(«) + f/W dx + ~ 2^(0)

r = l 0

n ” 1
= J/(x)dx + j/(n)-£/(r)--/(0) 

0 r = 1

= £ j f'(x)(r-l)dx- nf(n)-jf(x)dx +1(f(n)-/(0)]. 
r=l r-1

1 
-X + -

n-2 log (n/n-r-1)

r=0

n-2
= Z (n-r-1) . log

r=0

n-2
= X (n-r-1)log

r=0

n-2

= £ (n-r-1) (log (n -r) - log (n -r-1)}
r=0

n-2
= £ [l(n ~ r) log (n - r) - (n - r - 1) log (n - r -1)} - log (n - r)] 

r=0

, - X4 3r
,3 +log2Vl4 l°g3

(9-3^)

' n '
n-r 

\ 7

n
nf(n)~!f(x) dx 

0

+ |lf(n)-/(0)]

= [l./(l) - 0/(0)] + [2/(2) -1/(1)] + [3/(3) - 2/(2)]
+... + [n/(n)-(n-l)/(n-l)]

h n
- Z/(r) - WOO - J/(x) *] +1 [f(n) -/(0)] 
r=l 0

n n
= J/(x) dx + |/(n) - X/(r) + ^A0)

0 T = 0

(2^-2^) +

n-2
= £ l(n - r) log (n - r) - (n - r -1) log (m - r -1))

r=0

n-2

-Jlog(n-r)
r=0

= [nlogn-(n-l) log (n -1))

+ {(n -1) log (n -1) - (n - 2) log (n - 2)}

+ ((n - 2) log (n - 2) - (n - 3) log (n - 3) ] +....
+ [2 log 2 — 1 log 1} — [log n + log (rc -1) +.... + log 2]

= n log n - log [n (n — 1) (n — 2) ....2)

= n log n - log n!
LnA

= log ~° n!
\ /

2
| EXAMPLE 22 Evaluate : | (x^x + [x2]*) dx, where [•] denotes the

: greatest integer function.
SOLUTION We have,

2
j (x1*] + [x2]1) dx
1

>/2 >/3 2
= | (x^1' + [x2]x) dx + j (x^x' + [x2]x) dx + f (x^x ' + [x2]x) dx

1 V2

& <3 2
= j (x +1) dx + J (x2 + 2X) dx + j (x3 + 3X) dx

1 >/2 V3

’x2 f

J (n-r-l)dx + j Odx 
logx

\

nr
= £(r-1) J/'(x)<ix- n/(n)-J/(x)dx +~ [/(«)-/(0)] 

r=1 r-1

n r

= 7 + ^/3+ +4 3 log 2 log 3
EXAMPLE 23 For any differentiable function f (x), prove that 

n
J/'« [x] 
0

SOLUTION We have,
n
f /'(X) • [x]-x + ^ dx 
0

n n n
= j f'(x) [x] dx - J x/z(x) dx + - J/'(x) dx 

o o 1 11 o

3^3 
2X

n i fi „

= £ I f'M M dx - |x/(x)| - f/(x) dx + - [/(x)j, 
r=l r-1 0 0

n 1

/

n-r-1 7
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= l-|log(e2 + l) + l+|log

example 24 Prove that:

dt

dt in terms of a.

dt

du = -a

dt

dt

ek
= log I--log (t2 + 1)

sin n sin

a

[By Prop. (II)]

function.
SOLUTION We have, 

nn r

n
2

cotx 

dt + J
1/e

PROOF Let a - x = t. Then, dx = - dt.
Also, when x = 0, t = a and when, x = a, t = 0.

cotx 
dt+f -

1/e1

cotx

=-J
e

tanx

1/e

e

cotx

e

cotx

tanx

1/e'

4n

4n-2

sin t/2 
4n + 2 -1

sin t/2
471 + 2-1 

4n -2

1 
f^+l)

1 
l(l+f2)

sin t/2 
1 +(2n-t/2)

cotx 
dt andl2 = f

1/e

0
J f(a-x)dx = J f(t)(-dt}
0 a

rotx

e 1 + 
u

SOLUTION Letlj

1
t (f2 + 1)

0 L 
n/2

• = J sin 
0

n/2e

1/e V

fl t
f t2!!

7

. 2x , sin — dx
71

2x . sin — dx 
71

1 . x- —du
w

= [sin 1 + sin 2 +.... + sin (2n -1)]

0

= -J/(0* 
a

Let 2 7i - - = u. Then, dt = - 2 du.

Also,f = 47t-2=>u = l and f = 4ti => u = 0 
0 1

(-2du) = -j^ 
' J u + 1 

0

.  1 fsin (2?t — u) 
’’’ " 2J 1 + u

t 
1 + f2

Putting t = -^ in Ilz we get

n n
= f/«<fr + |/(0) + |/(n)-£/(r)

0 r = 0

t 
1+t2

a

0

a a
PROPERTY IV J/tx) dx = J f[a-x)dx. 

o o

(2n-l)
2

1 sm-

= 2 + jlog

nn r -i
C 2xEXAMPLE 26 J sin — dx, where [ ] denotes the greatest integer 
0 I- -

e2 + T
I ? J

1
EXAMPLE 25 Given J ~±dt = a, find the value of 

0

4n 
SOLUTION Let I = f

••• /1+/2 = J
cotx

--- J--- du 
u (u2 +1)

1
----- 1------du 
u(u2 + l)

r -| nn
2x , fsin — dx + ... +
71 J -L -J (2n-l)n/2 L J

Jt 3n/2 nn
= j 0 dx +1sin 1 dx + j sin2dx + ... + j sin (2n -1)dx

0 n/2 n nn-n/2

\/e

= loge-|log(? + l)l-[log^-|log^ + ?| =■

L J L k / V J-i

—*

p+1vx
= 2 + |loge"2

= 2-1 = 1

—^-r-dt = 1 
f(l + t2)

4n

*4 J 
471-2

-f~dt f(l2+l)

1
2

1
u

1
,2

T 11

7-1
• J n/2

3ti/2
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[By Prop. (I)]

ILLUSTRATIVE EXAMPLES

(ii)dx

SOLUTION Let I (i)

~dx

...(ii)dx ■ dx

dx
...(i)

Then,

dx1 +

dx

EXAMPLE 2 Evaluate :

dx

[in 1997] dx=> I
o

...(i)

Then,

^sinx 
Vsinx + Vcos x

NOTE This property is useful to evaluate a definite integral without 
first finding the corresponding indefinite integral which may be 
difficult or sometimes even impossible to find.

n/2
(i) f logtanxdx

0

a

= j fix) dx
0

n/4
(ii) J log (1 + tan x) dx.

0

n/2 
dx + f

0

1 + 
k

■

!

!

Adding (i) and (ii), we get 

n/2 

 
0

n/2

M
0

>/sin x
Vsinx + Vcosx”

fees x

^sinx + vcos x

1 + tan x -r 1 - tan x?

1 +tanx

>/sinx 
Vcos x + ^sin x

n/2

=»J
0

n/2
=> / = j log cot x dx

0

n/2
= J 0 • dx = 0

0

n/2
SOLUTION (i) Let / = J log tan x dx 

0

n/4
J = j log

0

Adding (i) and (ii), we get

n/2
21 = J (log tan x + log cot x) dx 

o

n/4 n/4
1 = J log 2 dx - J log (1 + tan x) dx 

0 o

n/4 ,
I = f log :

o

Then,

n/2

'=h

tan n/4 - tan x
1 + tan n/4 tan x

/

n/2
=> 21 = J log (tan x • cot x) dx 

0

n/2
EXAMPLE 1 Evaluate : J

0

n/2

0

^sin (n/2 - xj~ 
Vsin (n/2 - x) + '/cos (n/2 - x)

3/=4

dx = 7.
4

1 - tan x^

1 + tan x/

n I j2 “ x dx

1 > fa1 + tan -7 - x dx
4

k J1

n/4 ,
=> / = J log : 

0 k

2|  j ^sin x + Vcos x

0 vsin x + Ncos x

n/2

2F = J 1-dx = Mj/2
0

n/4
(ii) Let I = f log (1 + tan x) dx 

0

=> 1 = 0.

n/4 ,

k 7

n/2 
=> 21 = j log 1

0

n/4
=> I = j [log2-log (1 +tan x)) dx 

0

Nsinx , 
---- ---- r== dx

Vsin x + vcos x

n/4

=> / = f log
0
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-I=>

0 0 7
=> 21 = ^log2

EXAMPLES Evaluate:

dx

[IIT1998]
...(i)dx

SOLUTION We have,

Then,

I

x + tan'
(ii)dx=> I

dx21

-1 (1 - (1 - x)| dx [Using Prop IV]dx

1
-1 xdx

=> I = 0.

dx= 2

Then,

= 2
0 J

cot-1 (1 + x2 - x) = cot 1 {1 - x (1 - x))
/ 1 X

n/2
(ii) Let I = f (2 log sin x - log sin 2x) dx 

0

n/2
= J [2 log sin x - log 2 - log sin x - log cos x] dx 

0

n/2 n/2
= J log sin xdx-^ (log 2) - J log sin x dx 

0 0

71/2

(0 J 
0

[x tan'

sin x - cos x 
1 + sin x cos x

sin x - cos x 
1 + sin x cos x

cos x - sin x 
1 + sin x cos x

Adding (i) and (ii), we obtain
71/2 

dx + J ■ 
0

1
EXAMPLE 4 Evaluate: J cot-1 (1 + x2 - x) dx 

0

n/2 n/2 n/2
= J log sin x dx - J log 2 dx - J log cos x dx 

0 0 0

\
-X -cos ““X

n/2.
=^2I= ! :

0 V

n/2
(ii) J (2 log sin x - log sin 2x) dx 

0

= ^-10ge2

71/2

0 1 + sin - x

n/2 

=> 21 = J • 
0

n/2
/ = J {2 log sin x - log (2 sin x cos x)] dx 

0

1 
= 2 J tan' 

0

1____
l-x(l-x), 
' X + (1 - X) ' 

l-x(l-x) 
\ 7

r'(i-x)

1 
= J tan' 

0

1
/. 1 = | cot-1 (1 + x2 - x) dx 

0

Adx
COS --X 

k 7

= 2 (tan-11 -0)-j (loge 2 - loge 1}

X

1 + x2

/ = (log 2) [x]J/4

x tan-1

I = | log 2.

= 2x^-loge2

sin x - cos x cos x - sin x '
------------------- + 7------ 71 + sin x cos x 1 + sin x cos x

7

= tan 1

= -(10g2) [S-o'l =-2|og2.
\ /

1 1
= j tan-1 x dx + J tan' 

0 o
1 1

= J tan'
0

= tan-1

= tan-1

cos --x dx

n/2
SOLUTION (i) Let I = J

0

n/2
f cos x - sm x

J 1 + cos x sin x 
0

n/2
f slo x ~ COS x
J 1 + sin x cos x 
0

1 1 1- j [log, (1 + x2)]

l- 1 x dx

sin x - cos x + cos x - sin x , n------------ -------------------dx = 0
1 + sin x cos x

J tan-1 
o

J tan-1 
o

i 1 (1 - x) dx

n
2

/ 
it
2 \

n/2 n/2 n/2
= j log sin x dx - (log 2) j 1 • dx - j log 

. o n
4

. 'it
sm -

• (n
2
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dx-I

21 =

I dx
[Dividing Nr and Dr by cos4 x]=> 21

[See Ex 2 (ii)]

=> 21 =

21

t

[••• g(o-x) = 2-g(x)]

[IIT1986]

SOLUTION Let I

[IIT 1985]

dx

dx

n/2
example 7 Evaluate: j

0

a
= f/(a-x)g(a-x)dx 

0

a a
= 2j/(x)dx-j/(x)g(x)dx

0 0

n
EXAMPLE 8 Prove that: J

0

a n
2 f/(x)g(x)dx = 2f/(x)dx

0 0

a
= j /W(2-g(x))dx 

0

n/2

dx-J
o

oo

= -f4 J
0

n/2

= -f2i

n/2

~ f4 J
0

n/2

2 J
0

n/2

~ I2 J

I = Iltan''

- x) sin (n/2 - x) cos (n/2 - x) 
sin4 (n/2 - x) + cos4 (n/2 - x)

n
1 - cos a sin x

n (n - a) 
sin a

a n

=> f/WgWdx = f /(x)dx 
o o

oo - tan-1 0]

sin x cos x
. 4 4sin x +cos x

sin x cos x 
sin4 x + cos4 x

jt

I = n | 
o

=> 21 = ? ?-0

71and, x = 1 => tan 0 = 1 => 0 = 7.4

= 8 lo& 2-

d (tan2 x)

2 tan x sec x dx
1 + (tan2 x)2

SOLUTION Let x = tan 0. Then, dx = sec2 0 dQ.
Also, x = 0 tan 0 = 0 => 0 = 0

2
dt, where t = tan x.

tan 1-2'=4

n
' = /

0

n

/ = ]
0

n/2I = j(nZ2 
0 !

1
1 + (tan2 x)2

x sin x cos x . ~ —--------- — dx. Then,
sin4 x + cos4 x •

1
1 + t2

_ ( log(l +X)

x/4
= j log(l + tan 0) d0 = ^ loge 2 

0
EXAMPLE 6 If f and g are continuous on [0, a] and satisfy 
f (x) =f (a - x) and g (x) + g (a - x) = 2, show that

a a
\f(x)g(x)dx = J/(x)dx
0 0

SOLUTION We have,
a
\f(x)g(x)dx
0

n 

=$ 21 = n f 
0

n 
=> 21 = n j" 

0

x sin x cos x 
sin4 x + cos4 x

n/2
SOLUTION Let 1 = [

0

xsinxcosx .
—4--------- Z~dx-
sin4 x + cos x

1 + tan2 x/2 j
---------z---------------------------dx 
(1 + tan x/2) - 2 cos a tan x/2

n 
= f--------—;—dx. Then,

J 1 - cos a sin x
0

------- -—t— dx -1
1 - cos a sin x

---------—:—dx1 - cos a sin x

n/2 2
 = 5 f tanxs^dx

2 Q 1 + tan4 x

n/2
 f (n/2 - x) sin x cos x

“ J 4.4
0 cos x + sin x

EXAMPLE 5 Show that :

f log (1 + y) 
0 1+^2

n/2

-2/^ J 
0

------- ---------------dx
1 - cos a sin (n - x)

------- dx =
1 - cos a sin x

n
dx-f ;------ - :—dx

J 1 - cos a sin x 
0

sin x cos x fa 
sin4 x + cos4 x

n
4 |_2 

=,1 = ^ 
16
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dt

=> /

0

0

tdt
o

dt2 2

=> I =
0

(- cot q)J=> I =

it=> I = (cot a)

it=> I =

=> / =
= | log t-log (1 + f)^

EXAMPLE 9' Show that:

dx = n (2- 7t).

Let t = cos 6. Then, dt = - sin 0 dQ.

dx-1
1 +sin x

1
2

B 
b

n/2
j sin 0 log sin 0 dQ = log (2/e).
0

1
+ 2

1
+ 2

71
- EXAMPLE 10 Prove that: J

» : 0

0

n

= -J2 J
0

it 
sin a

t + 1-1 
t + 1

X2 COS X • 

(1 + sin x)2 '

-x2
1 + sinx

Then, . ,

it „ „
sin a 2 + 2

1 1

41 iog(i+odi+ij iog|i-(i-ci* 
0 0

 7t (7t - a) 
sin a

n/2 
SOLUTION Let/ = J sin 0 log sin 0 d0.

0

71 
=> 21 = 7t j 

0

1

4^-HJ
0

1
1

Hog (1 + 1)) -JrT-df 
t> o 1 + tIt 

sin a

1
sin a + (t-cosa)'

’"it?)1®

oo-tan 1

Let tan ~ = t. Then, sec21 dx = 2 dt.

Also, x = 0 => t = tan 0 = 0 and x = it => t = tan

1

= j log(l -t2)1^2 
0

It . -1- + tan 1

71 71Also, 0 = 0 => t = cos 0 = 1 and, 0 = — => t = cos — = 0.

= |log2-|-i[(l-log2)-0)

f2> = log 2 -1 = log 2 - log e = log -

It . - + tan

tan-1

tan-1

0
I = -j log 'll -12 dt

1

1 1
(tlogf) -Jldt 

0 o

dt~l

- cos a 
sin a

------r---- dl(t - cos q) + (1 - cos q)

tc tan --q)

x2cosx 
(1 + sin x)2

co

=> I = 71 j 
0

CO 

=> I = 71 J 
0

2dt 
t2 - 2t cos q +1

1 1
= | j log(l + t)dt + | J log 

o o

4
0

sec2 x/2
—5-------------------- -------- dx
tan x/2 - 2 cos q tan x/2 +1

sec2 x/2 
—j-------------------------- - ------- dx
tan x/2 - 2 cos q tan x/2 +1

71 7t
• --q

•••Hl
0

7t
SOLUTION Let I = j

0

1

4 j log a-?)* 
0

1
= I J [log(l + 0 + log(l-f)](/t

0

1 1
= 2 / log(l + t)dt + |f log(l-t)^ 

0 0

71
J = f ^2 rf (1 -F sin x) 

p I (1 + sinx)2 
n

-11 7t

■ -J 2xx 
-b 0

t
1 + t

it
sin q 2

71
sin q 2
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Then,-yi

dx

dx

...(ii)Now,

dx Adding (i) and (ii), we get

dxdx

dxdx

dx=> /■ 1-dx

dx dx

dx=> 2/ =

dx => 21 =

=> 2J = ~[log(l + t)]

=> 2I = 77-log2

dx

SOLUTION Let
I = - 7? + 2n = it (2 - n).

(i)

Then,

dx(i)

1 
o

n
EXAMPLE 12 Evaluate J

0

71 

dx-j 
0

1

0

'i=i
0

SOLUTION Let
n/2

'4
1

71 =-i 2 J
0

71

J
0

71/2M2 1
0

X

1 + sin x

x
1 + sin x

x
1 + sin x

cos x + sin x
1 + sin x + cos x

1 + sin x + cos x -1
1 + sin x + cos x

2 di
2 + 2t

x3 cos4 x sin x 
(n2 - 3rcx + 3X2)

1
1 + sin x

71 -X

1 + sin (n - x)

1
1 + sin x

1
1 + sin x + cos x

71-X

1 + sin x

-x2
1 + sin x

n/2 
example 11 Evaluate J 

0

[tan x - sec x

n/2 / = f
0

7t
f (sec2 x - tan x sec x) dx 
o

dx-I}

, 71
1 = 2

=$ Ij = 71

71 

=> '1 = f f 
0

-------1-------dx
1 + sin x + cos x

7t
1 + sin x

x
1 + sin x

=> I] = [(tan it - sec n) - (tan 0 - sec 0)]

■ . . x• where t = tan -

, 71 4 o' = 4~2,og2

1 - sin x 
cos2 x

__________ 1 + tan2 x/2_____
1 + tan2 x/2 + 2 tan x/2 + 1 - tan2 x/2

sec2 x/2
2 + 2 tan x/2

=> I] = [1 + 1] = H

(n - x)3 cos4 (n - x) sin (tt - x) 
n2 — 3n (n — x) +• 3 (n — x)2

i tt=>^1 = 2

n

',4
0

Tt 

',4 
0

Jt/2 7t/2

=> 2/ = J J.dx-f 
0 o

=H]=J
0

71
= - tt + 2I]Z where/] = |

0

1 - sin x , -------—dx
1 - sin2 x

71/2
21 = !

0

n/2
= J—----  dx

J 1 + sin x + cos x
0

x3cos4xsinx .
-------------Tdx

(n - 3tix + 3x“)

71 

=> 2/] = 71 f 
0

7t/2

=> 2/ = J
0

71/2
=>2/44 4 

0

COSX , -------------- ;--- dx 1 + cos x + sin x

n/2
=> 21 = f I

0 1

COSX , ---------- -— fa 
1 + cos x + sin x

71 

+ 2 J 
0 _______ cos (Tt/2 - x)_______ dx 

1 + cos (ti/2 - x) + sin (n/2 - x)

n
2

n
2

n
2
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dx (ii)

■(>)

dx

=> 21 = -
h

(i)

•••(ii)

2_n
5

jt n
=> I] = J n log sin x dx - J x log sin x dx 

0 0

n
=> /] = J (ti - x) log sin (ti - x) dx

0

Jt
=> li = j (ti - x) log sin x dx

0

jt

=> 11 = n j log sin x dx - li

0

(ti2 - 3nx + 3X2) cos4 x sin x 
(t? - 3nx + x2)

n
=> j x3logsinxdx

0

jt

1 = j (n - x)3 log sin (n - x) dx

0

n
=> 1 = J (ti - x)3 log sin x dx 

0

Adding (i) and (ii), we get

n
21 = J |(tt - x)3 + x3} log sin x dx 

0

n
-37? | xlogsinxdx

0

n
=> 21 = J (Tt3 + 371X2 - 3t?x) log sin x dx 

0

5

4 71
= ylog 2 + x2logsinxdx

0

n n
=> 21 = tv3 f log sin x dx + 3ti J x2logsinxdx

0 o

' i_r
5 5 

k 7

n
11 = j x log sin x dx

0

, 71^/=5*

4
=> 21 = yl0g2 + 37Tl2

Jt 

=>M 
0

t4 dt, where t = cos x

jt

=> 21i = ti J log sin x dx 

0

=> 211 = 71 (— 7T log 2)

=>li=-ylog2

Putting the value of li in (i), we get.

__2
21 = - 714 log 2 - 3ti2 x log 2 + 37112

n
and 12 = j x2logsinxdx 

0

n n
=> 21 = — 7t4 log 2 — 37T2 J* x log sin x dx + 3nJ x2logsinxrfx 

0 o

=> 21 = - 7t4 log 2 - 3ti2 li + 3ti 12

where,

n
11 = J x log sin x dx 

0

Now,

. ti4 , _ 3tt .
=>1 = jl°g2 + y z2

n
EXAMPLE 13 Assuming that j log sin x dx = - n log 2, 

0 
n n

show that J x3logsinxdx =_“^J x2 log (^ sin x) dx. 

0 0
SOLUTION Let

n
1 = J x3 log sin x dx 

0

Then,

/ \3 4 •(7t - x) cos x sin x 
(t? - 371 x + 3x21

Adding (i) and (ii), we get

n
21 = 7t j

0

Jt
=> 21 = ti j cos4xsinxdx

0

-1
=> 21 = - 7T J

1

-1

7t = -
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dx '

[IIT1991]

SOLUTION Let

1 dx (i)

Then,

SOLUTION Let

dxn-2x

(ii)dx
2x-itdx

dx
dx

(2x-n)

dx

dx

=> I
0

I =

.2

27

X

+ X2 sec2xdx
>

ji/4
EXAMPLE 14 Evaluate : J ■ 

0

Jt

= y J x2 (log >/2 + log sin x) dx
Z 0

= y j x2 log (^2 sin x) dx
Z 0

Then,
Jt/4

0

n Jt
= y j x2 log ^2dx + y J x2 log sin x dx 

0 2 0

n/4z .
' It'

■ 16

1
1 + cos 2x

1
1 +sin2x

;/4 
dx

Jt/4

dx-2 J
0

It J7 cosx dx

Jt/4 Jt/4
=> 1 = j x2 sec2 x dx - 2 j 

o o

jt

EXAMPLE 15 Evaluate ./ 
o

( n

it '
2 c°sx

— sin t dt 
it

t 2 2=> I = -x - n n

x2
1 + cos 2x

x2
1 +sin 2x

-Jt/2 

-2- 1 
71 Jt/2

Jt/2
J t sin t dt 

-n/2

n
/=/

0

Jt 

t-f 
0

,n/4
=> I = -yy j sec2xdx4y J

0 o c

jt 

/-f
0

(n/4 - x)2 
1 + sin 2 (n/4 - x)

. . (it 1xsin2xsin ~cosx| 
_ ___________ \

2x-n

Jt/4

' = J
0

Jt 

2/ = f 
0

Jt 
=> 21 = | sin 2x sin 

0

Jt 

=> 21 = 2/ sinxcosxsin 
0 

n z
f . .It= J sinxcosxsin

Let 7 cos x = t. Then, - ~ sin x dx = dt => sin xdx = --dt 
2 2 71

Also,x = 0 => f = ^andx = it => t =

(it 1(ti - x) sin 2 (it - x) sin - cos (n - x)
2 (it - x) - it dX

(it >
(it - x) sin 2x sin - cos x

it j-cosx dx

n/4
=* Z = 2 j X2

0

n (x - it) sin 2x sin

0

Adding (i) and (ii), we get
(n '(2x - 71) sin 2x sin - cos x

Jt/4 Jt/4
=> I = f x2 sec2 x dx - J

0 01

-3 n
= yXylog2 + y J x2 log sin x dx 

0

x2 (sin 2x - cos 2x) 
(1 + sin 2x) cos2 x

n/4 n/4z
=> I = j x2set^xdx- j ■

0 0 v

_3 n
= yx— log<2+y J x2logsinxdx

0

>2 2 
sec x dx

Jt/4 1 .
=> I = j x2 sec2 xdx-2 J y" 

0 0

-cosx dx
k /

Jt/4

=>I = 2 J- 
0

- 7i2 r * n r T'=> I = -77- tan x L + - x tan x + log cos x L Id L -P 2 L jj

. 7C2 1t r 7t , . 11 7t2 7C . „

=>, = -i6 + 2[4 + l0g^r 16'4log2
x sin 2x sin cos x^

■2 it

~2X

x2 (sin 2x - cos 2x) 
(1 + sin 2x) cos2 x

x2 ((1 + sin 2x) - (1 + cos 2x)) 
(1 + sin 2x) (1 + cos 2x)

/ k2 
7t

Jt/4 4 x

1----- — dx• l + cos2x

Jt/4

x sec2xdx
0 I D

it

4
7t

"\2 

2x-7l
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1/ =

(i)
—(i)dx

=> I dx

=> I

(ii) ■(B)=> I

dxr

[See Ex. 28 on page 11.12]

...(i)

dx

Jo
-121

■(ii)=> I

1 21 = dx

11 
4X

:/2
■Jt/2

2

0

x sin (2ni +1) x 
sin x

x sin nx 
sinx

1
•2

t sin tdt
1 II

1
12A

-----dx
+ 1)

sin x - (n - x) sin x 
(2x - n) (n + cos2 x)

jt
f (tt-x) sin (2m + l)(7t-x)
0 sin(n-x)

1 fi ^T~2 + 2x
~ W 8 ^21"+2-2x

2

1/
0

'7ET '°8

2

= —Ta*o (x-l)2-j

Jt

0

(it - x)2 sin (n - x) 
[2 (n - x) - n] {1 + cos2 (n - x))

4 _ 8= Z2-?

Jt
EXAMPLE 18 Evaluate: J

0

-------- ----- V7dx
?-2x-^

4

EXAMPLE 17 Ifn is an odd natural number, prove that
Jt 2

j _ f xsin nx _ tt 
"J sin x 2 ‘

o
SOLUTION Let n = 2m +1, where n = 0,1,2,... Then,

(fj-fr-l)2

W+2^1
_ 

k /

1 i ^ + 2?
k y

Adding (i) and (ii), we get

2
21 = /

0

Then, 
2

1=1
0

2
EXAMPLE 16 Evaluate :J 

o
SOLUTION Let

2

0

2

0

Jo

■ - i r^~-2Y 
-2 -'°8 [^2172j

1 
-------------- ~dx 
17 + 8X-4.?

/(1-x) 
E f

(17 + 8x-4x2)(e6(1-x) + l) X

__________ 1___________dx
(17 + 8X-4X2) (e6(1-x) +1)

x2 sinx , 
------------------- z—dx 
(2x - n) (1 + cos2 x)

n/2

71 -n/2

= [ -t cos t + sin t
7l L

______ I______ dx
(17 + 8x - 4x2) (e6 " x) +1)

_________________ 1_____________
[17 + 8 (2-x)-4(2-x)2} [e611 "(2“x)l

W+2"
V2?-2 k /
N2T+2’

'8 -12A-2

_________________ 1_________________ dx
[17 +16-8x-16 + 16x-4x2) {e-6(1 ~x) +1} X

■y- + (x-l)
10g ------------

-y-U-D

SOLUTION Let 
jt 

0 
Then, 

jt 

1=1 
0 
Jt

=> I = I 
0

Jt 2
- - f_ (K~ x£_sin£_

0 (2x-n) (1 +cos2x)

Adding (i) and (ii), we get 
71 7 . . 1

0

x2 sin x j 
---------------------—dx 
(2x - it) (1 + cos2 x)

(n - x)2 sin x , 
—------i------ z— dx
(it - 2x) (1 + cos2 x)

jt
i (7t - x) sin [(2zn +1) 7t - (2m +1) x|
’ sinx0
jt
f (it - x) sin (2m +1) x &
J sinx
0

Adding (i) and (ii), we get
jt

2/ = n f sin (2m + 1)y
• sinx 0

=> 21 = Ttxn
7 n2

=”= 2
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(i)

dx Now,

d (cos x)

=> h

prove that

[IIT1999]

■(>)

SOLUTION Let I

Then,

dx

cosx

dx

21

=> I =

— □□□ —

a
= I f(x)g(x)h(x)dx 

0

a
!f(x)g(x)h(x)dx = O.
0

a

h = ! f(x)g(x)dx
0
a

= I f(a-x)g(a-x)dx 
o

a
= - J f(x)g(x) dx 

o
\-/(a-x)=/(x) 
g(a-x) = -g(x)

3h (x)-5]
4 3h(x)-5

4

----- dx cosx

=> 2/ = n J
o

------ dx-cosx

-h

EXAMPLE 19 If f, g, h be continuous functions on [0, a] such that 
f(o-x)=f(x),g(a-x)~-g(x) and 3h (x) - 4h (a - x) = 5, then

n 
=> 21 = -7T J 

0

a

0

------ dx-cosx

f(a-x)=f(x), 
g(a-x)=-g(x)

h (a - x) =

=> 2/ = f + 2k x) sin J (Oy _ /I _l ^r.2 

o'

sinx 
1 + cos2 x

b

f fix) dx
a

a

b

2— dx 
(2x - n) (1 + cos2 x)

1
1 + cos2 X

1-^-1
1- 71'

gcos(n-x) 

^cos (n - x) + g- cos (n - x)

ecosx 
>cosx + e

~cosx + e

a
I = \ f(a-x)g(a-x)h(a-x)dx 

0

a a

+ f(x)g(x)dx
0 0

b b
PROPERTY V | fix) dx = f fia + b - x) dx. 

a a

PROOF Let x = a + b -t. Then, dx = - dt.

Also, when x = a, t = b and, x = b => t = a.

7 r 5 7
4 ’ 4 11

gCOSX 

ecosx+7

=* !i =

=> 2/j = 0 => /j = 0

Putting Ij = 0 in (i), we get: I = 0.
K

EXAMPLE 20 Evaluate: f - 
0 e

=> 21 = -n I ?

a
=> I = -11 +1 h/ where = J f(x)g (x) dx 

0

=> 21 = -n ^tan-1 (cosx)^

=> 21 = -n ^tan-1 (-1) - tan-1 ij

-71 _ 7t
4 4

SOLUTION Let 

n

• /-J
0

Then,
n

/ = !

0
n

=* / = J
0 e

Adding (i) and (ii), we get
it

- J 1 dx = it 
0 •

7 n
J~ 2

The above property of the definite integrals is in fact a 
particular case the following property.
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[By Prop. I]

* [By Prop. II]

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Evaluate:

dx dx. dx

SOLUTION (i) Let
=» 21

dx (i)

Then,

dx
SOLUTION Let

(0dx(ii)

dx

■(ii)dx
(ii) Let

dx (i)

Then,

sin ~-x

dx

=> I =

dx -(ii)

— □□□ —

NX 
V3-xWx

<3^x

7+

b
= J f(a + b-x)dx 

a

n/3
(ii) J ■

n/6

2

(0 J
1

Adding (i) and (ii), we get

2 r- r--------  2

2/ = f
1

n/3
dx = f ■

n/6

<X

V3-x +>(x

y/sin x 
Vsin x + ■'/cos x

yf^x

V3-(3-x) + V3-x

f(a + b-x) 
f(a + b-x)+f(x)

n/3
/=/

n/6

1
1 + Vcot X

1
1 + Vcot X

f(x) 
f(x)+f(a + b-x)

X
Vx + V3 - x

a
= - \ f(fl + b-t)dt

b
b

= jf(a + b-t)dt
A

dx 
-x

b
EXAMPLE 2 Prove that: j

a

= J 1-dx = [x]j = 2-1 = 1 

1

'it 
COS --X

b-a 
dx = —.

n/3
=>I = f

f(x) 
f(x)+f(a + b-x)

2 

l-l 
1

b
=> 21 = J 1 dx = (b - a)

a

'b-a'
2 ‘ 

k /
REMARK The result proved in the above example may be used as a 
standard result.

n/3 

J = j 
n/6

Adding (i) and (ii), we get

n/3 --------
 f Vsin x + ncos x
' Vcos x + Vsinx

n/6

n/3
= f 1 • dx = (xf/3 = - -- = - J 1 ax ixJk/6 " 3 6 6 

n/6

=> I = n/12.

-u . (n '
V sin - - x +

\ >

y/cosx

ncos x + Nsinx 
n/6

Then, 

b
i = !

Adding (i) and (ii), we get

b

2J = J
a

b
=./=;

a

f(x)+f(a + b-x) . 
/(x)+/(fl + fe-x)

_________f(a + b-x)__________  , 
f(a + b - x) +f{a + b - (a + b - x)}

=> I = 1/2.

n
2
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PROPERTY VI

[see Fig. 11.9 J.
0 , if/(x) is an odd function

PROOF From property III, we have

(i)

ft(x)dx

x' X
(ra,o) 0

[By Prop. II]

[see Fig. 11.10][By Prop. I]

(ii) /J(x)dx

x' X

0.
-a

ILLUSTRATIVE EXAMPLES

7

Fig. 11.9

a
= ffi-x)dx 

o

y 
p(x)dx-{f(x)dx

a
f fix)dx =

a

0

b'
Fig. 11.10

i

a 0 a
I fix)dx = f /(x)dx + f fix)dx
-a -a 0

So,/(x) is an odd function.
a/2
J sin7 x dx = 0

-r/2

(ii) Let /(x) = sin2 x. Then,
/(- x) = sin2 (- x) = [sin (- x)]2 «[- sin x]2 = sin2 x =/ (x).

In case of an odd function the curve is symmetric in op­
posite quadrants, so

Jt/2
(ii) J sin2xdx

-n/2

0 0
Now, j fix) dx = J fi-t) (- dt), where t = - x 

•o a

0

a '

a
2 J f(x)dx , if/(x) is an even function 

0

REMARK The graph of an even function is symmetric about 
y-axis that is the curve on left side of y-axis is exactly identical 
to curve on its right side. So, 

a 0
f fix)dx = ffix)dx 
0 -a

! (^(x)dx

{f(x)dx:
0 »

(o.o)

a
f fix) dx, if fix) is an even function 
0

“ a

- J fix) dx, iifix) is an odd function 
o

Thus, when/(x) is an even function
a a a a

(i) and (ii) => J fix) dx = J fix) dx+ J fix) dx = 2 J fix) dx
-fl o o o

and, when/(x) is an odd function, 
a a a

(i)and(ii) =* J fix)dx = - J fix) dx + Jfix) dx = 
o o

o fl
j/(x)dx = -J/(x)dx
-a o

y o o
p(x)dx»-?|f(x)dx 
"0 0

EXAMPLE 1 Evaluate:.
t/2

(i) j sin7 xdx
-x/2

SOLUTION (i) Letf (x) = sin7 x. Then,
/(-x) = sin7 (-x) = [sin (-x)]7 = [- sin x]7 = - sin7 x--f (x)..
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Therefore,/(x) is an even function.
dx

.2

dx
[Using Prop. VII] is an even function

.2

Now,
=> 1 = dx

.21 (i)

d (>/3 tan x)=> I =

=> I [Using Prop. IV]

=> I =.

.2=> 1 (ii) n2
=» I

EXAMPLE 4 Evaluate:

-1 dxcos.4

[irr 19951.2

-1SOLUTION Let I dx. Then,cos

.4

dx

x dx

So,/(x) is an odd function.
=> I = 7 xdx

Hence,

Since and are even and odd functions

.4'dx. Then, dx

I

■2f

n/2
= 2j sin2xdx

0

-x dx 
/ n 

2^3

is an odd function
&

l/j/3

l/j/3 

-1/V3

n/4
=» I-O + f j

0

n/4

~ I2 J
0

X
2 - cos 2x

X 
’ 2-cos2x1

2 - cos 2x 1
2 - cos 2x

1
2 - cos 2x

1/^3 4
' (l-x4)-!

l-x4
2 - cos 2x

n/2
= J cos2xdx 

0

n 
4

EXAMPLE 3 Evaluate: j 
-n/4

n/2
= J sin2xdx

0

n/4 n/4
|/(x)dx = 0 i.e., j ?

-n/4 -n/4

n/2
= j sin'

0

n/2
= 21, where I = j sin2xdx.

0

1/^3 
dx-2 f .-

-1/V3:

1
12 + (V3 tanx)2

f 2x ' 
1+x2 

\ /

n/4
EXAMPLE! Evaluate : f x3 sin4 xdx 

-n/4
SOLUTION (i) Letflx) = x3sin4x.Then,

/(-x) = (-x)3 sin4 (-x)

= - x3 (sin (-x))4 = -x3 (- sin x)4

= - x3 sin4 x = -f(x).

1/^3

7-J 71 . -1
- -sin

1 4|r2tan-1
l-x z

sec2x
12 + (V3 tanx)2

x4__
-1/^/3 C1 “ *4)

X4

l-x

sin4 x dx = 0.

-1/V3 1-x

n/2
Hence, J sin2xdx =

-n/2

x4 
l-x4

x4 
l-x4

n/4

-n/4

tan-1

[tan-1 (V3 tan x)^

x4 
•l-x4

' 2x >

J +

n/4 
n f 

2?3 J 
0

x4 
l-x4

x + 7t/4 j
Z------- ^~dx2 - cos 2x

n/4 
SOLUTION Let I = J 

-n/4

x4tan }x 
l-x4

.n/2 71
j ’ 2’

n/4 

lix+f j 
-n/4

n/4

0

respectively. 
1/^3 

0

Adding (i) and (ii), we get
n/2 n/2

2Z = J (sin2x + cos2x)dx = J 1 - dx = [x]”
0 0

=> I = -n J
0

l + tan2x , 
----------z—dx
1 + 3 tanz x

n/2
So, j sin2xdx 

-n/2

1/^/3

=> I = f
-1/^/3

7 dx - 2 x 0 ,4

1/VJ
n- I2 J r~ 

-l/>/3

7t
2

n
2
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dx
k

1= 2k -dx

21
+ tan

dx

it 1 [irr 1991]

dxSOLUTION Let I

=>I = ^f + 410g(2 + ^) +
Also, x = 0 => f = - k and x = it => t = it

I t

SOLUTION Let

=> I

Then,

=> I = — t-1 dx,4

[Using Prop VI]=> I = 0 +
x dx

=> I
1(n-4sin lx)dx

.4

xdx

dx-4x0

I

dx

1
13

1
20?2

1
12

1
12

{sin 1 (1 - 2X2) + cos’1 (2x “Vl — x2)} dx

k
6

K2

12

1/^2

= 2nf 
o

= 2nJ- 
0 .

EXAMPLE 5 Evaluate 

1/^2 

f

1/VT

4

1/^/2

' = J
-1/V2

~ I2 J
0

n

=f 
0

Let2x-K = t. Then, 2 dx = dt.

n

J
0

n

=H
-n

k 7 -J

2

1/^/2 

dx-4 j
-1/V2

+ jtan

-1/721-x‘ 

1/72

-1/72 1-x

n

J n
-n

n «
dt + 7 f sin t sin ■ 7 sin 7 > dt 

4' 2 2
-x }

is an even function and
&

it 
--COS

ls/2+f]
<2-1

k /
EXAMPLE 6 Prove that:k 7

-|1/V3
X

.3

- x5 1 .
= 2k -yx+ilos

'n + t

2 
k____ _

n( A 
(k +1) sin t sin - sin - 

------------------------------------“-dt

n

■H

Also, t - 0 => u = 0 and t = it => u =

sin (k +1) sin cos
(k + P

2
x4

x4-l +

It
4 f 2u . .

= — — sin u du
n J it

0
«/28 f ,= -5 I u sin u du

0 1 u

+ tan 1 . 8
dx = —

n

(1 - 2X2) - sin-1 (2x^1-x2

r ’’J h '”3 + 2 2lo8

?
-1/721"

utt
4

z_ 
1-x4

+ tan 1

sin-1

x8 

1-x4

1.
= n - log

C11 'I 
xsin2xsin -cosx 

2x-n

x8 

1-x4

It n • - 1 x + --2sin

1/^2

= n j
-1/^2

fl^-° +
k y

fl + x' 

1-x 
7

x, <^2+1^ 1 
+ J'°8 +2

k 7

."I

n ,
2 f . t t . it . t .. 

= - j sin-cos-sin -sin- dt
0 *•

sin t sin sin dt

Let sin = u. Then, cos dt = du

2(1-x2) 2(1+X2)

1 + x' 

1-x
7

fV3+n
<3^1'

k 7

:l ■ r

=S r- n J.n 11 
'■’^+2 2 '°g

. K . t sin. sin - sin -

(it 'l 
xsin2xsin -cosx
___________ s_______ z

2x-k

=> I = -71

X8
.4

X8 

1-x4 

x8 
-------7sin 
1-x4

n r 1
2 f . . . n . t ,7 I sinf sin (7Sin7^at
4 2 2

0 1 J

l/'/I
=> I = -7t j |

0 k 
/ 1/^/3

=>/ = -%[ l.dx + nj 
0 0

/
1/^3

1
1-x4

1 5~2s” ’ z

-|l/'/2 

r1 x
-D

i 1 x is an odd function

+ I 5‘°8

7 tan-1

jsin"1 (1 - 2x2) + cos-1 (2x^1-?)) dx.

1
4

t
2

t
2

t
2

it .
2

n
2

it(

2

it
2

t
2

it
2

t
2
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SOLUTION Let

dx. Then,
EXAMPLE 7 Prove that

2x-7t

I = +I2, where
SOLUTION Let

dx
2x-n

Since f (x) =
Let2x-n = t. Then,2dx = dt.

an even function.Also, x - 0 => t = - n and, x = n => t - n.

t Now,

(i)dx

t

sin t sin -sinr dt
t

.(ii)l2
0

Adding (i) and (ii), we get

n
sinxdx

0

dt, where t = cosxsin t sin rsin- dt

.-1[See Ex 6] => 2Z2 = -4711 tan

.2=> 2I2 = ~ 4n (-1 n/4 - n /4) = 27t‘

dx
Hence, / = 0 + 7?

[IIT1991]

— □□□ —

2

is an odd function and ~ is
1 + cos x

= * I?[•

n=4
0

n

-4
0n 

dt + 2nj
-n

n

4 
-n

n

-n

n/2 n/2
-ucosu^ +[sinu^

2xsinx
.2

1
1 + ?

A2
• sin (7t +1) sin

2x (1 + sin x)
9

1 + cos X

=> I2

-1
1I2 = - 4ti /

1

12 + 2 
k

7C
2 cos

n 

-n

n

-n

xsinx 
1 + cos2 x

n 'I
-cosx

n

2i 
"2Xn2

2x
9

1 + COS X

2xsinx j ---------r-dx
1 + cos x

2x
1 + cos2 X

= 7l2.

n 

/"P
-n

1
1 + COS X

A
7l2

n 
dx+ j

~n

(n±t
2

2

2x (1 + sin x) 
1 + cos2 x

dx and I2

n
2I2 = 4nf

o

. 8dx = — 
71

Zj = 0andI2

n x2sin2xsin

0

/ n
EXAMPLE 8 Evaluate: J 

-n

=* I2 = 7?

n x2sin2xsin

0

1 r (n= - 7? x 0 + 4ti J sin t sin - sin - dt + 0 [Using prop VI] 
0 X £

0 k /

(t? + 2ti t +12) sin t sin 
-------------- L---- 1 dt

(n t\
t sin t sin - sin - dt

k J

-\dt

2 cosx -^^dx 
1 + cos2 X

(7t-x) sin fr-x) dx 
1 + cos2 (7t - x)

1 + cos2 X

8
71

/

2x
1 + cos2 X

n

A’J 
-K

n 

h = 41 
o

fir ... 7T t 
sin t sin 2Sin2 

k /

^-^fxdx
1 + COS X

n
I, = 4 f

fY
2 
/

^71 .

2 
k

2 
/

(n
2 

k
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a

Hence,

=> /

-1

EXAMPLE 1

SOLUTION Let

1 + tan
.1/3

Then,

e* + l
dx

dx

1 dx

ex dx dx

n
2?3

Following examples will illustrate the applications of this 
property.

a
= / f(-x)dx

0

a

0

1/<T

0

a a
ff(x)dx = j [f (x)+f (-x)) dx
-a 0

X2 (1 + /) 

(1+sin2?) (1+/)

1 
? + l

2x '
1 + x2
_____

e* + l

a a
=> ]* /(x) dx = f (f(x) +/(- x)} dx

-a 0

a a
1 = ! f(~x)dx + f f(x)dx

0 0

' 2x '
1 + x2 

\______ 7

^ + 1

1 . -_ -I---------
e* + l e* + l

(n/4]
EXAMPLE 2 Evaluate: !

-(n/4)

1-?
----------dx.

2x
1-x2
------ dx

l + e* . ------dx 
e* + l

r 71

' 2x '
1+x2

\_____ /
e* + l

i,/3f 2 2
x?+(-x)2

{1 + sin2 x3} {1 +e*} (1 + sin2 (-x)3) (1 + e("z)}

- sin"1

+ tan"1

+ tan-1

(n/4)V3 => / = J 
0

n 
1/V3 2 M - 

-1/V3

0 V

1/5/3cos" 

J= J — 
-l/<

-(n/4)

Then, by using property VII, we have
(n/4)1

l-J 
0

(«/4)’/3

=>I = J 
0

x2 ---------------- — dx 
.1/3 (1 + sin2 x3} (1 + e* |

a a
PROPERTY VII J /(x) dx = f (f(x) + /(- X)} dt 

-a 0

PROOF We have,
fl 0 a

I-j fix)dx = J /(x)dx + f f(x)dx
-a -a 0

ILLUSTRATIVE EXAMPLES
1/V3 

-4 f 
0

1/5/3”

J 1. dx = 
0

SOLUTION Let

(n/4)1'3

1/^3 C0S 

Evaluate: J —
- 1/V3”

fl 0
= A+J /(x) ^x, where Ij = J /(x) dx 

0 -a

Letx = -{.Then, dx = -dt

Also, x = -a=^-t = -a=>t = a
and, x = 0 => -1 = 0 => t = 0.

0 a
= //(x)dx = -ff(-t)dt

-a 0

( 2x 
1-x2 
-----J-dx

----------—---------dx
.V3 {1 + sin2?) {! + /)

--------- ----------- +---------- ------------dx 
|1 + sin2 x3} {1 + e* ) (1 + sin2x3| {1 + e~x )

= J------- £------- +------^—7--- dx
0 (1 + sin2 x3) (1 + ^) (1 + sin2 x3) (e1 +1)

uyy J  2 tan"1 x + 2 tan"1 x 
dx

-1/^

i/VT
=>'=? I2 -1/^

1M,

e* + l e * + l
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dx dt

I

d (VF tan t)dt, where t = x3.

=> I
[Dividing Af and Dr by cos21]dt

tan-1V2.

0 ,if fi2a-x) = -fix)

(i) 0

y

i'i i

]>(x)dx : J f(x)dx;
x' xzx 0 0

0 (a.o) 0

x=o x=o

f! !
*y'

[By Prop. II] Fig. 11.12

REMARK

[By Prop. I]

(ii)

ILLUSTRATIVE EXAMPLES

.5

a

= \ fi2a-x)dx 
0

a

0

a

0.
a

- J fix)dx, iffi2a-x) = -fix) 
0

ff(x)dx 
0

y'

sec21 
sec21 + tan2t

x2 
(1 + sin2 x3)

a

j(x)dx ,if f^2a-x)=f(x)
0

i
/ r2° 

f f(x)dx

Tm“

: x=2a

!

•2n 
EXAMPLE 1 Evaluate: J cos5 x dx. 

0

0 
y

PROOF Using Property DI, we have 
2a a 2a
j f(x)dx = f fix)dx + j fix)dx 
0 0 fl

2a
Consider the integral J fix) dx. Let x = 2a -1. Then, 

a

dx = -dt. Also, x = a => t = aand, x = 2a => f = 0.
2a 0
ffix)dx = j#2a-t)(-dt)
0 a

0
= -J^2a-0*

fl

2a

PROPERTY VIII f fix) dx =
0

1 
l2+ (<2 tan t)2

n/4

0

Fig. 11.11

Iffi2a - x) =fix), then the graph of fix) is symmetrical 
a 2a

about x = aso,j fix) dx = j fix) dx.
0 a

In case fi2a-x) = -fix), then the graph of fix) is as shown in 
Fig. 11.11.

a 2a
So,f fix)dx = -j fix) dx.

0 a

1___
1 + sin21

4^____ ♦-------
:(o,o) :(2o,o)

: x=2a

see2/
I2 + (V2 tan t)2

n/4

-I'
n/4

0

Thus, when^2fl - x) =fx), then 
2a a a a

(i) and (ii) => J f(x) dx = J fix) dx + f f(x) dx = 2 J fix) dx

and, 0 0 0 0

when/(2zj - x) = - fix), then
2a a a

(i) and (ii) => J fix) dx = J fix) dx - j fix) dx = 0.
0

(n/4)V3

=>1= J
0

SOLUTION Letf (x) = cos5 x. Then, 

/(2 n - x) = [cos (2 n - x)]5 = cos5 x

(n/4)

= 3^’[,an’1(l/ytan,)I/

=>/ = 3fe|tan’Il/y‘,an'1°l = 3^2
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.5

.5 [Using Prop. VH] .-(iii)

[Using Prop. VIII]

,5

[Using Prop. I]...(i)

So, from (iii), we get

...(ii)

dx, a, b > 0.

SOLUTION Let

dx (i).2

dx
J\

..-(ii)dx=> I
dx

dx

dt
2

n/2
= j log

0

n/2
= f log

0

n/2 n/2
= j log sin 2xdx - J log 2 dx

o o

n/2
= J logsin2xdx - (log 2) 

0

n/2
= J log sin 2x dx - log 2. 

0

2 sin x cos x
2

sin 2x
2

(a2 cos2 x

2n
j cos5xdx 
0

2n
Hence, j cos5 x dx 

0
n

= | J log sin t dt 
z 0

n/2
= - ■ 2 J log sin t dt

o

Adding (i) and (ii), we get
n/2 n/2

21 = j log sin x dx + J log cos x dx
0 ■ o

n/2
= j (log sin x + log cos x) dx

0

n/2
= J logsinxdx = I 

o

n
EXAMPLE 3 Evaluate:j

0

n/2
SOLUTION Let I = j log sin x dx.

0

Then,
n/2

I = j log sin 
0

n/2
=♦ I = / log cos x dx

0

n/2
=» 21 = j log (sin x cos x) dx 

0
_________ (rc-x)________
[a2 cos2 (n - x) + b2 sin2 (n - x)]

EXAMPLE 2 Prove that
n/2 n/2
| log sin x dx=J log cos x dx = - ~ log 2.
0 0 2

_______ x_______
(a2 cos2 x + b2 sin2 x)2

_______ n_______
(a2 cos2 x + b2 sin2 x)2

2J = I-~log2

n
= 2 / cos5 x dx

0

Now,

X________
+ b2 sin2 x)2

n/2 n/2
Hence, J logsinxdx = J logcosxdx = -^log2 

0 0

n/2
Let/2 = J logsin2xdx. 

0
Putting 2x = t, we get

n
= J log sin t

0

7t V
2~X dx

Then,
n

/=[
0
rt
f______n-x______
0 (a2 cos2 x + b2 sin2 x)2

Adding (i) and (ii), we get

21 = j
0

2 dx

/(n-x) = [cos (n-x)]5 = -cos5x = -/(x) 
n

.*. j cos5xdx = 0.
0

=> f = -^Iog2

n
= 2 f cos5xdx = 2x0 = 0.

0

1
2
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+ 2j.-1 dt=> 21 dx [Using Prop. VIII]

[Dividing Nr and Dr by cos4 x]
t-1=> — tan'

dx
=> 2a

dt, where t = tan x
dt ==> 2a

dt ,2=> 2azIj = o + ^.^-o = ~

Substituting the value of I] in (iii), we get

dt
(? + b2).I = It

dt

[IIT1990]

=> 1 = SOLUTION Let

,2^1 •(i)=> I = 71 1

Then,
±=> I = n (iii)

[Using Prop. IV]

dt

-1

■(ii)

dt=> -r tan

t
=> — tan'

Idt
II

CO 

where Ij = J 
o

71/2
= J /{sin 2x) cosxdx 

o

<

N-i
\ J

-"l = fa J
\ 7

-"I

1 
(a2 + b212)

1 
(a2 + b2t2)

1 
(a2 + b2 t2) 

I

1 
(a2 + b212)2

1 
(aWf2)

1 
(a2 + b2t2)2

r1M a 
\ 7

■2J

'-dt+ 2] (a2 + b2l2)-d 
(a2 + b212)2

n2 
2a3b3

-2b212

n/2
I = j* /(sin 2x) sin x dx

0

n/2
= J / (sin (% - 2x)) cos x dx

0

= 2L f (b2-fl2) + (a2 + b2 f2) .
’b2J0 (aWt2)2

n/2
I = Jj

0

oo

■2J 
0

___t
/faW

■2J
(1 + tan2 x) sec2 x 

(a2 + b2 tan2 x)2

riM =____
H a2 + b2t2

M 
/J a2 + b2t2 «b

Adding (i) and (ii), we get

n/2
21 = J /(sin 2x). (sin x + cos x) dx

0

\ 7

EXAMPLE 4 Show that :

a \ 7

a . 7

(a2 + b212)2

11 + -^, tan' 
ab3

1 x . => — tan ab

1 L . + -rtan ab

1 . .— tan ab

sin2 --x
• \ /-

oo

=> I = n J
o

b 0

n/2 
=> I = it j 

o
n/2 

=* 1 = 7t J 
0

7- \
sin --x dx

\ 7

1 2 °v \ 7

t 
a2 + b2t2

4 sec x
(a2 + b2 tan2 x)2

t 
a2 + b2t2

oo-tan^O]

n/2 ti/4
/ /(sin 2x) sin x dx = ^2 j f (cos 2x) cos x dx
0 0

oo 

r=* I - -x
b2

T=> Il = —7- 
4a3 b

"T'~~6 6' + Atan 
a2 + b2t2

^Ix^^-a2)/

b o

.  n^-a2) 
b2

^-tan-1 
ab

2 . -i — tan

1
(a2 + b2t2)2 ~

n (b2 - a2) 
b2

(b2-a

. b2 J

fb2-a2}
b2

\ 7
To evaluate Ij, let us consider the integral

1 
a2 + b212

.-^1

Il +-^x {tan-1 
1 ab3

f + b2? 
o (a2 + b2t2)2

(?+b2l!)2‘"

71 7? 
4a3 b 2ab3 ~

n/2

q (a2 cos2 x + b2 sin2 x)2

fb2-a2^ 
b2

n
2ab

1
ab

1
ab

1
ab

1 71
ab'2

71
ab3 [2

I + — 1 2ab3
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1

f
[Using Prop. VIII] dt=> I =

n/4
.-1sinx + => I =

=> I =
a'

I =

.2

HIT1996]
LetSOLUTION

(i)

Then,
Hence,

n/4

...(ii)
EXAMPLE 5 dx

Adding (i) and (ii), we getSOLUTION Let

dxdx

Then,
=* 21

,4 .2 ,4

[Using Prop. VIII],4 .2

[Using Prop. VIII]
dx [Dividing Nr and Dr by cos2 x]

[Using Prop. VIH](iii)

dx

X 

cosx dx
>

1
^2

1 
li

n/4
= 2 / / (sin 2x) (sin x + cos x) dx 

0

n
dx + /

0

n/4

= 2^]/
0

n
= b2 + c?

2n

0

n

0

n

I- J
0

-dx 
x

dx 
x

— dx 
x

— dx 
x

-dx 
x

-dx
x

n/4
= I'll / /(cos 2x) cos x dx 

0

n/4
= I'll I /(sin 2x)

0

n
Evaluate: /

■ 0

n/2 n/4
/ / (sin 2x) sin x dx = 'll / / (cos 2x) cos x dx.

0 0

=>1 = 2?/
0

71
X2

oo

J
0 V

x__
,2n

X__
,2n

b2 it 
,2 2

jrsin' 
,2n

n/2 
=> I = 4tt / 

0

n/2
=> I = 4ti/

0

sin2" (ti/2-x) 
sin2" (ti/2 - x) + cos2” (tt/2 - x)

(27t-x) sin2” (271-x)
,2n . „™.2n -

X___
x + cos2”

(n n\
sin --x + - dx [UsingProp.IV]

x >

7t o sin --2x

___ xsin2" 
sin2”

sin2” 
sin2” x + cos'

sin2” 
sin2” x + cos'

x_
x + cos2”

sin2 7-x
4

x /

___ xsin2” 
sin2"

x_
x + cos2"

1 + t2

sin --x dx
x

fl2t L .
— - tan 
b2

x /

— dx = n‘ 
x

dx 
sin" (2tc - x) + cos" (2n - x)

____sin2” 
sin2"

it , .x + - dx
4x /

2nJ-
0 sin'

(2ti-x) sin2"x
"E On 7n 

x sin x + cos x

n/4
■ 1 = 'll J /(cos 2x) cos x dx

o

2tt sin2” x 
sin2" x + cos2"

2 . 2 ,2a sin x + b cosx
a4 sin2 x + b4 cos2 x

a2 sin2 x + b2 cos x 
a4 sin2 x + b4 cos2 x

x
EXAMPLE 6 Prove that :

a2 sin2 x 
a4 sin2 x + b4 cos2 x

la2 
b4-a4

2n

l-l
0

2? 
b4-a4

r,4 „4 b -a

-100 

r1!
-0

1,4 „4 b -a

. 2 sin x , 
"I—o------a—r~dx + 0a4 sin2 x + b4 cos2 x

2n
=> I = 71 J

0

2
tan x 

a4 tan2 x + b4

i2n x 

x + cos2"

2n
21 = /

0

b4 . . 
a2 b2

n
=> I = 2tt /

0

n/2 
=> I = 2 a2 / ■ 

o 1
n/2 

=*1 = 2?/- 
0 ‘

n/2 
=>I = 2?J- 

0

(2ti - x) sin2” x 
sin2" x + cos2”

t2
—r-7— --------r-dt,where t = tanx
(? t2 + b4) (1+t2)

n/4
= 2>/2 //(sin 2x) sin :

0

2n
^I = f

0

b4 
a4t2 + b4

2 2_____ tan xsec x______
(fl4 tan2 x + b4) (1 + tan2 x)

b2 cos x , 
fl4 sin2 x + b4 cos2 x

7t
2

1'^1 
a2
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,(iv)

EXAMPLE 7

that

[Using prop. VIII]

— □□□ —

Alsox = a => t = 0andx = b => f=l.

Let2z?-x = t. Then, -dx = dt => dx = -dt 

Also, x = a => t = a and x = 2a => t = 0

n
=> I (u) = j log (1 + 2u cos x + u2) dx 

o

n
1 (u) = J log, (1 - 2u cos x + u2) dx 

0

=> I(u) = I(-u)
(ii) We have,

/(«) + /(-«)

n
= J log (1 + u4 - 2u2 (2 cos2 x -1)| dx 

0

7t

= J log (1 + u4 - 2u2 cos f)dt = I (u2).
0

n
= J log {(1 + m2)2 - 4u2 cos2 x} dx 

0

a
= \f(2a-x)dx

0

a

0

2n
= | J log (1 + u4 - 2u2 cos 0 dt, where 2x = t

Z 0

n
= j £log (1 - 2u cos x + u2) + log (1 + 2u cos x + u2)J du 

0

a 2a
= j /(x)dx+J f(x)dx

a a

-dx 
X

2a •

= J ftfdx 
a

x_
2m

n/2 
=> I = 4n j ■ 

o

(i) /(H) = /(-H)

SOLUTION (i) We have,

n
=> I (m) = j log, (1 - 2u cos (% - x) + u2) dx [Using prop. TV] 

o

n
If I (u) = | log, (1 - 2u cos x + m2) dx, then prove 

0

2a a
=> J /(x) dx = J (f(x) +f(2a -x)} dx.

0 0

n
= x 2 j log (1 + u4 - 2u2 cos t) dt 

0

2a a
PROPERTY IX j /(x) dx = j (f(x) +f(2a - x)) dx 

0 0

PROOF We have,
2a

I = J f(x)dx
0.

Adding (iii) and (iv), we get
n/2

21 = 4n j 1. dx = 4n x
0

(ii) !(.<) + /(-«) = I(u2) 71

= / 10gf' 
0

1
/ = J f {(b-a)t+a)■ (b-a)dt 

o

a a
••• / = J /(x)dx + J f(2a-x)dx 

0 o

=> I = n2.

1 + u4 - 2u2 cos 2x | dx

cos2n 
cos2" x + sin'

b 1
PROPERTYX j f(x)dx = (b-a) J f[(b-a)x + a\dx 

a a
b

PROOF Let I = j /(X) dx. 
a

Further, let = t. Then, dx = (b-a)dt

a
= J /(x) dx + Ij, where /1 

o

0

Z, = 
a

1
2
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(iii)

(iv)

(

ILLUSTRATIVE EXAMPLES

•_-/(x) is periodic with period T 
/./(y + (r-l)T)=/(y)

400n
= j VT | sin x | dx 

0

7t
= V2 x 400 J | sin x | dx [•_• | sin x | is periodic with period n] 

0

.2
1 dx.

)2 dx

?dx

.2
1 dx

>2 dx

2/3
, jg9 (x-2/3)'
1/3

1
1 dx + f c(x-1) dx = 0 

0

n rT
= £ / /(x)dx

r = l (r-l)T

n T
= X I/l(r~1)T+yHy/ where x = (r-l)T + y 

r=l 0

n T

= S J/(y)Jy
r=l 0

T
= ” J/(y)^y-

0

Similarly, we can prove other parts.

1 = /j + 3/2

* dx + 3

1= -J
0

SOLUTION Let^
2/3

1 dx+ and /2= J e9(x-2/3) dx 
1/3

1
= (b-a) | /[(b - a) t + fl| dt

0

1
= (b-a) j f ((b — a) x + a] dx

o _ .
b 1

Hence, |/(x) dx = (b - a) j f {(b - fl) x + fl) dx.
a 0

ILLUSTRATION Evaluate:

-5Je(x+5):
-4

-5= J e(x + 5)'
-4

Using Property X, we have

-4
1

= (—5 + 4) J eK“5 + 4)x-4 + 5| 
0

= -fe(’x+1): 
0

400ti
EXAMPLE 1 Prove that: J 'll - cos 2x dx = 800

0
400 7t

SOLUTION We have, J ^1 - cos 2x
o

and,

2/3
/2 = p(x-2/3):

1/3

= (---'If e9K2/3“1/3)x + l/3-2/3|2rfx
I °/0

= 1 J ^(x/3-1/3)1^
° 0

0

0

PROPERTY XI Iff (x) is a periodic function with period T, then 

nT T
(i) J /(x) dx = n f /(x) dx,ne Z

0 0

a + nT T
(ii) J/(x)dx = nf./(x)dx, n e Z, a e R

,a 0

nT T
J /(x) dx = (n-m) f f(x) dx, m ,ne Z

mT 0

a + nT a
J f(x)dx = j/(x) dx, n e Z, a 6 R 

nT 0

b + nT b
(v) f/(x)dx = J/(x)dx,ne Z,a,be R. 

a + nT a

PROOF (i) We have,

nT

J f (X) dx 
0
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"n/2 2n/3

n/20

> - [x]) dx

= 10

[IIT1994]

-0= 10

cosx

= (-cos V + l) + n(l + l)

= (2n +1) - cos V.

dx, n e N.

dx

32n/3
EXAMPLE 4 Evaluate : J ^1 + cos 2x dx

0

3
2

nn + V
J | sin x | dx = (2n +1) - cos V
0

| sin x | is periodic 
with period it

SOLUTION We have,
32n/3 

f >/l + cos 2x dx
0

n
= 400 V2 J sin x dx = 400"VT [- cos x]q = 800V2~.

0

= 20^2+V2 2-^

EXAMPLE 5 Show that:

V n n+V
= j | sin x | dx + J* | sin x | dx

0 v

-|V r
- cos x L + n -

n 
= 10V2 / | 

0

n/2 n
= 10V2 J cos x dx - J cos x dx + V2* J cos x dx + J - cos x dx 

0 n/2

32n/3
| cos x | dx + >/2 J | cos x | dx 

10 n

2n/3 
cosx| dx + 'll J | cos x | dx 

0

sin2x
2 + sin 4x

sin 2x 
2 + sin4x

1

= 10 f( 
0

fl 1
j x dx - J [x] dx 
0 0

10
example 2 Prove that : [ (x - [x]) dx = 5 

0

SOLUTION Since x - [x] is a periodic function with period one 
unit. Therefore,

10
J(x-[x])dx
0

V n
= J sinxdx + n J |sinx| dx

0 ’ 0

100 
EXAMPLE 3 Prove that: J ^"^dx = 100 (e-1). 

0

SOLUTION Since x - [x] is a periodic function with period one 
unit, therefore so is f ~ and hence

100
J ex-[x]dx 
0

where n is a positive integer and 0 < V < it.
SOLUTION We have,

nn+ V
[ | sin x | dx
0

yj = 22'5’-

10n

= V2 J
0

1

= ioojex-^dx
0

F5

= 10V2 [l + i] + \/2 [1-y + l

V n
= J sin x dx + n J sin x dx

0 0

nn
EXAMPLE 6 Evaluate: J 

0

SOLUTION Since sin 2x and 2 + sin 4x are periodic functions

with periods it and respectively. Therefore, " 

periodic with period n.

1
= 100 J ex'°dx

0

1
= 100 f exdx = 100 (e-1).

0 .

1

2
’ 0
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dx

dQ, where 0 = 2x

dQ,
[See Ex 9 on page 11.35 ]= n (- n)

= - n n
dQ

ne N
n

dt
o

[Putting 0 - n = t in the second integral]

dt

dQ

dQ

cosx dxsin x +

dx

dQ

d (sin 9 - cos 6)

1 (sin 0 + cos 0)^ 3n/4n

3ti/4 n

= 42 n -n +

= 42 n - cos n + cos - + cos — - cos n

= 242m.

28

2 + sin 20 > 0
for all 0

1
12

1
12

it^0
0

Since | sin x + cos x | is a periodic function with period n. 
Therefore,

n
2

n
2

n
2

SOLUTION Since/(x) = sin x + cos x is a periodic function with 
period 2n. Therefore,

2nn
j [sin x + cos x] dx
0

hji-ti/4
[ |sinx +cosx| dx

-n/4

n

0

n

0

2n
de-J

ji

71

dQ-J
o

71 

de+f 
o

2rt

2 J
0

71

= " f2 J
0

7t

= ~ f2 J
0

n

= -f2 J
71

0

nn - n/4
EXAMPLE 8 Evaluate: j |sinx + cosx| dx,

-71/4

sin 9 
2 + sin 20

sin9
2 + sin 20

sin 0 
2 + sin 20

sin 0 
2 + sin 20

sin 2x
2 + sin 4x

sin 0
2 + sin20

sin 0
2 + sin 2 0

sin t 
2 + sin 2t

sin (n +1)
2 + sin 2 (n + f)

n
4

0

a (sin o - cos 0)  n
2 0 (43 )2 - (sin 0 - cos 0)2 2

/
cos x + 74

’ 3n/4 n
= 42 n 11 sin (x + n/4) | dx + J | sin (x + n/4) | dx 

0 3ti/4

71
= nf |sinx +cosx| dx 

0

3n/4 n
= 4Tn j sin (x + n/4) dx - J sin (x + n/4) dx 

0

71

-I
0

n 
•»[

0

271

= n j (sin x + cos xj dx 
0

d (sin 9 + cos 0) 
l2 + (sin 0 + cos 0)2

SOLUTION We know that, if/(x) is a peridic function with 
period T, then

a + nT T
j/(x) dx = n J/(x) dx, where n e N and a e R.
a 0

sin 0 - cos 0
2 + sin 20

= ^log(2 + 43) + y

ALFTER Let x + ~ = t. Then, dx = dt

tan 1

(-l)-tan 1tan 1

_ n x 1 i f 43^ + sin 0 - cos 0
2 2?3 43 - sin 0 + cos 0 b

k 7-0

'43 +P2

2»1 71
EXAMPLE 7 Prove that j [sin x + cos x] dx, where ne N and [•] 

0
denote, the greatest integral function.

nsin x + 74 k71
 n f sin 9 + cos 0

” 2 J 2 +sin 20

n^
COS X + 7 

4 
k y’3n/4

2 + sin 20

71
 h | (sin 0 + cos 0) + (sin 0 - cos 0)

n
_ n f 2sin0
“ 2 J 2 + sin20

71
,l n f = jX2j

o

2ti
- ” f I sin 01
“ 2 Jq 2 + sin20

n
4

5n
4

7
nn
4
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[IIT2003]dt

n

0

[Using Prop.IX]

SOLUTION Let f (x) =

ILLUSTRATIVE EXAMPLES

SOLUTION We have,

If the functions 0 (x) and \|/ (x) are defined on [a, b] and differen­
tiable at a point x e (a, b), andf(f) is continuous on [0 (fl), 0 (b)], 
then

nn -n/4
j | sin x + cos x | dx

-n/4

/(-cos2x) = ffcoslx) 
as /is even

rn
= V2 n j | sin 11 dt = VT n ( sin t dt = 2/2* n.

0 
\ /

im
= j |sin/1 dt = V2 j |sin/1 dt

0 0

2x) sin xj dx

a a
[•.. J/(x)dx = f/(fl-x)dx]

0 0

5n/4

f /(*) dx
n

n n

0

5n/4
EXAMPLE 9 Prove that: J

It

x
\j = 1/(0 Sin {k(x-/))dt

o
Differentiating both sides w.r.t. x, we obtain

dx = 4

d (tan2 x) 
l2 + (tan2 x)2

(ii) T dx

■ , ( 71 

sin /-T +cos t-~ 4 4

x
EXAMPLE 1 If y = j/(t) sin |b (x - /)| dt, then prove that 

0

sin 2x
4 • 4cos x +sin x

(tan2

n + n/4 n/4
= f /(x) dx = j /(x) dx

n 0
n/4

dx = 2 f
0

n/4

dx = j
0

PROPERTY XII
integral sign :

If the functions 0 (x) and ig (x) are defined on [fl, b] and 
differentiable at a point x e (fl, b), and/(x, /) is continuous

FvW
(’) dx

4»(x)
V

= J /^f(x' 0 dt + V Wf(X' W) 
0(A)

= Ftan-1

sin 2x 
cos4 x + sin4 x

' v W '
J/(0*

O(X) 
\ /

= £ (v(x))/(v w) -£ i0 wi/(0 w)

sin 2x 
4 • 4 'cos x + sin x

Clearly,/ (x + n) =/(x) for all x. So,/ (x) is a periodic function 
with period n.

sin x cos x ,
—4----------cos x + sin x

n/4

0
n/4 2

9 f tan -T sec Y
“ J T

0 14- tan x

M + k2i/ = k/(x).
d.r

0
n/4

= V2 J /fcos2(7t/4-x)^cosf7t/4-(7r/4-x)'jdx 
0

n/4
= VT j ffsin 2x) cos x dx 

0

— □□□ —
Leibnitz's rule for the differentiation under the

n/4
= _[ |/(cos 2x) cos X + /(- cos

0
n/4

= j /(cos 2x) (cos x + sin x) dx
0

nf4 (n "l
= /2 J ffcos 2x) cos - - x dx

\ /

r'flj-tan-1® =2-0 = 5

n
4

-in/4
x)^ = tan w - 4

EXAMPLE 10 Iff is an even function, then prove that
n/2 n/4
J / (cos 2x) cos x dx = ffl^f^sin 2x) cos x dx 
o o

SOLUTION We have,
n/2
j /(cos 2x) cos x dx
0

n/4
= J {f(cos 2x) cos x +/^ cos 2 (n/2 - x)) cos (n/2 - x)J dx 

0

n
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(/*(*) sin k (x - x)}

...(i)

k

- 3Z (0) 1^(0) cos k(x-O)}

dr2

dt

SOLUTION We have,

Putting k = Jt/4 in (i), we get

0 (x) = n/4 for all x.

d
+ dx

Differentiating both sides w.r.t. x, we get

2x 
4- f ^5-3 sin11 dt 
dx J

x( 1 'I 
\l°g?

1 
logx

yWy = kf(x).

1/2
VF dt + J cos”1VF dt = k 

0

dx

=> 2 (5 - 3 sin2 2x) - ^5 - 3 sin2 x + sin \j = 0

=>

. 2sin x 
= j 0 dt + (sin2x). (sin-1 ^sin2x) - 0

0

=* fa = kJ/(0 COS k (x -1) dt +/(x) x 0 - 0 
0

1/2
=$> J (sin-1 VF+ cos-1 'li)dt = 

o
1/2
J 7>dt = k
0 Z

2x  y
J ^(5 - 3 sin2 t dt + J sin t dt = 0
x 0

i n

d / 2x 
■y x) dx

■ £(0)ir(0)sin't(x’0)|

i d 
EXAMPLE 5 Find — dx

EXAMPLE 2 Find 4 
dx

(X2-X)

75-3 sin2

_______ y ,
3 sin21 dt + J sin t dt = 0,find 

0

2x 
EXAMPLE 4 //J ^5^ 

x
SOLUTION We have,

dx

. x -

dr = cosk(x-t)dt 
0

Differentiating both sides w.r. to x, we get

d\ r A j
dx2 = dx C0S k dt + dx C°S k ~

yf
J sintdtf = O
6 1

  
=> ^4^- • ^5-3 sin22x--4 (x)• ^5-3 sin2x

dx dx
+ 4- .siny -0 = 0

dx J

=»-4 = k dx2 ■

x -2^5-3 sin22x 
siny

x2 + x 
fl 
J-2 + VF 

Vx

(*3 1Jr4d(- 2 lo81
X

SOLUTION We have,

X

X

- fc]/(t) sin k (x -1) dt +/(x) - 0 
o

d2y 2

d? = +

/. 0 (x) = constant for all x
Let 0 (x) = k, for all x

=» ♦ 4 
k /

1/2
J sin-1
0

f 1 
llogx3}

- 3X2 2x
3 log x 2 log x

EXAMPLES Prove that:
sin2x cos2x
j sin- dt + j cos-1 >/Fdt = ^ for all x.
0 0

sin2x cos2x
SOLUTION Let 0 (x) = J sin-1 VFdt + j cos-1 VF dt. Then, 

0 0

o

cos2x 

+ Jo dt + (cos2 x). (cos-1 ‘Vcos2 x) - 0 = 0, for all x.
0

d
dx
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=> /'(*)dt

=> /'W

+
-2

du

Show that

du.

dx _ dy
dy

SOLUTION We have,=>

dt1+9;=>

=>
dx

=>
.10

=>

dt.
y-o = or' x-V2y-l = 0

dt

0 " (x) + 0 (x) = - COS X.

=»/'(x) = £(x2) -0 SOLUTION We have,

1

9y
7+T

i
2 + Vx2 + x

dx 
rfy

j i
dy [Vl+9y2

1
Vl + 9i?

= 1
2 + V? + x 2Vx (2 + )

/«= I
0

SOLUTION We have, 

x2
/«= J

0

d 
dx

_ 1
4Vx + 2 Vx V*

X
EXAMPLE 9 Iffy (x) = cos x - f (x - 0 0 (f) dt, then prove that

0

2x(x-l) (x + l)(x-2) (x + 2) ----------------------------5----------------
2 + ex

_ 2x(x4-5x2 + 4) 
2

2 + ex

Now,/'(x) = 0 => x = 0,1, -1,2, - 2.

The changes in signs of f'(x) for different values of x are 
shown in Fig. 11.13

dx2

= 
dx

1 
<1 + 9u2

x Vl + 9/ = 9y 2x
Vl+x

t2-5t + 4 
2 + e'

Clearly,y = 0 forx = l.

So, the equatin of the tangent at (1,0) is

EXAMPLE 7 Find the points of maxima/minima of the function 
/(x) given by

3/«4
2 

X

= —2x + I

2 + V?+x

06 y-

EXAMPLE 6 Variables x and y are related by the equation

0

« 1
Vl+9u2

dx2

d , 2 v = — xz + x) dx

f2 - 5t + 4 
2 + e'

x4 - 5x2 + 4

9y dy 
l+9y2

dx\ A = 1

=>^ = 
dx

... — (X3).
dx dx[ ’

h rf2y
Hence, 

dx

3 x 
y = f w = J* 

x2

X2 + x
 f ’ {- 2 + i/F vx

+
2

3?
VT^

is proportional to y.

SOLUTION We have,

+ 
-1 0 1

Fig. 11.13

Clearly,/'(x) changes its sign from positive to negative in 
the neighbourhoods of the points x = -l, 1. So, x = l and 
'x = -1 are points of local maximum.

Also,/'(*) changes its sign from negative to positive in the 
neighbourhood of x = - 2,0 and 2. So, x = - 2,0,2 are the points 
of local minimum.

EXAMPLE 8 Find the equation of the tangent to the curve y =/(x) 
at x = 1, where

- 1 —

VW7 dx

1 + t5
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> - 00(f) dt.

Differentiating both sides w.r.to x, we get

4>" (x) = - cos x - 4> (x)

=> 0" (x) + 0 (x) = -cosx.

— □□□ —
i

dx.

ILLUSTRATIVE EXAMPLES

dx.

where t = tan x

1
dx

(i).2

dx = 0.

(ii)dx =

(iii)dx =dx = log(a + l)

EXAMPLE 2 Prove that:

(a2 + b2)

dx.dx. Then,.2.2 2

It 
2ab

n
2ab'

xa-l 
logx

Putting a = 0,1 = 0 in (i), we get

0 = log (0 +1) + C => C = 0.

1(a) = log(a + l) + C

1 
If a = 0, then I (a) = J 

o

1 
Hence, I (a) = J 

0

1
EXAMPLE 3 Evaluate: J

0

b 
dl(a) = f 
da J

a

X°-l 
logx

1 
a+1

da

— 71 

2t?b

it 
4a3 b

xa-xb 
logx

(X 1 x-l
logx

X

0 (x) = COS x - J 
0

By using Lebniz's rule, we get

x
<?'(x) = - sin x - j 0 (0 dt +1. (x - x) $ (x) - 0 

o

dt
i212 + b2

X

= - sin x - j 0 (0 dt 
0

=>^) = jxadr = 
da }o

df(x,a) 
da

tc + n it
4 a3 b 4 ab3 4a3b3

it 
4ab3

n/2

0

ab 2 \ /

-zdx = 
k*

7 I . ‘ 
=> I = -r tan ab

n/2 
SOLUTION Let / = j 

0

x« +1

I n 
 f xa. log X

0 10g*

n/2 
f______ l________ .
0 (a2 sin2 x + b2 cos2 x)2

sin2 x______
(a2 sin2 x + b2 cos2 x)2

Adding (ii) and (iii), we obtain 

n/2 i

q (a2 sin2 x + b2 cos2 x)2

n/2

0

Similarly, by differentiating (i) with respect to b, we get

n/2 ,
f______ cos x______
0 (a2 sin2 x + b2 cos2 x)2

co

o a

_ n(?4-b2)
' 4fl3b3

l
EXAMPLE 1 Evaluate : J 

0 
1

SOLUTION Letl(a) = p 
0

Then,

PROPERTY xill Let a function f(x, a) be continuous for a <x<b 

ltd c < a < d. Then for any a e [c, d], if I (a) = J/ (x, a) dx, then 
a

n/2 !
Thus, ^99 79

0 a sin x + frcos x

Differentiating both sides with respect to a, we get 
n/2 7

f - 2 fl sin x 
0 (a2 sin2 x + b2 cos2 x)‘

xa-l , - ----- dx. logx

1_______
fl2 sin2 x + b2 cos2 x

seer x . 
a2 tan2 x + b2
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...(i)dx
(ii)

From (i), we have

dx

From (ii), we have
dx

1(b) = log(b + l) + C

=>

=4>

— □□□ —

Thus, = 0

ILLUSTRATIVE EXAMPLES

(i)

— □□□ —

1 
fl T 1

On integrating both sides w.r. to a, we get

/ = log(fl + l) + C

=> f(x + a + a)+f(x + a) = 0

=> f(x + 2a)+f(x + a) = 0

0 = log (b + l) + C

C = - log (b +1)

PROPERTY XIV If f(x) is a periodic function with period T, then 
a + T
j f (x) dx is independent of a.
a

a + T
PROOF Let 0 (a) = J/(x) dx. Then, 

a

1 

/(b) = J 
0

0
= f x"dx

1

[Replacing x by x + fl]

...(ii)

xb-xl 
logx

= f(a + T)-f(a)
= 0 [-.-/is periodic with period T :. f(a + T) =/(«)]

d(4>(*))
d

d^(a) 
da

.b
-dx = 0

x'-x* 
log*

=> 4> (fl) is independent of fl.

Substituting the vlaue of C in (ii), we get

I = log (fl +1) - log (b +1) = log
k 7

a + n/2
EXAMPLE 1 Prove that the value of J (sin4 x + cos4 x) dx is inde-

a

i) (xe-xb 
J du [ tog x

= £ (u + T).f(a + T)-

1 „
f log x - 0 
'q l°g-v

pendent of a.
SOLUTION Since (sin4 x + cos4 x) is a periodic function with 

a + n/2
period n/2. So, J (sin4 x + cos4 x) dx is independent of a.

a
EXAMPLE 2 If f (x) is a function satisfying f (x + a) +/(x) = 0 for 

c + b
allxe R and constant a such that f/(x) dx is independent ofb, then 

b
find the least positive value of c.
SOLUTION We have,

/(x + a) +f (x) = 0 for all x e R

1
SOLUTION Let I (fl) = J 

0

Differentiating w.r.tofl, we.get

df = r d_ 
da -

flfl

Subtracting (i) from (ii), we get

f(x + 2a) -/(x) = 0 for all x e R

=> /(x + 2a) = /(x) for all xe R

So,/(x) is a periodic function with period 2a.

c + b
It is given that J / (x) dx is independent of b.

b

Therefore, the minimum value of c is equal to the period of 
/ (x) i.e. 2a.

X**1]1
“+11



DEFINITE INTEGRALS 11.75

PROPERTY XVI I//(x)<g(x)

b
dx

1/2b

a

ILLUSTRATIVE EXAMPLES

dx<e.

dx<

=>

Also,
.3

Thus,
<

dx.4

1
sin'sin'

-0sin'dx< 1. =>

dx <e.

SOLUTION For all x e [0,1 ], we have

1 
+ x'

n 
4?2

PROOF We have,
m </(x) < A4 for.all x e [a, b]

7 ■'

1 
dx < J 

0

dx< J
0

b
Jg2(x)dx
a

1

0

1
EXAMPLE 1 Prove that : 7 < f 

4 J
/ 0

1 vr?
1 

^4-2x*
1

47^

1 
?1 + x

__ 1 
41+X

1 

-I 
0

b b
on [a, b], then j/(x) dx < j g (x) dx.

a a
PROPERTY XVII If m and M are the smallest and greatest values of 
a function fix) defined on an interval [«, b], then

b
m (b-a) < J/(x) dx < M (b - a)

a

1 
41+x

__ 1
f4-r

1 2
EXAMPLE 2 Prove that :1 <J 

0
SOLUTION For 0 < x < 1, we have

1
e°(l-0)< J/dx<e(l-0)

0

1 
dx<J 1 dx

0

1-1 ?2

b
PROPERTY XV Iff (x) > .0 on the interval la, bl, then | f (x) dx > 0

a

■1

4i+xn
SOLUTION Since 1 + x4 < (1 + x2)2. Therefore,

41+x4 < 1 + x2

jdx<l.

■■^1

a
,2,- ■

1 
11+x4

1
(4 - A-2 - X3

b b b
=> \ m dx<$ fix) dx<\ M dx 

a a a
b

=> m lb-a) < J/(x) dx<M lb-a).
a

PROPERTY XIII If f (x) is defined on [a, b], then 
b 
lflx)dx <1 |/(x)| 
a

nnAnrn-rvv,v U (1

<ex
dx<-

-bi
0

=>

=> ^4 - 2x2 < 44 -’x2 - x”

1
W-x3

1 
4-2x2

1 
dx<f;

0

11 f
0

-o<i
0

=> [tan~1

PROPERTY XIX Iff1 (x) and g (x) are integrable on [a, b], then 
1/2

e°</

\f(x)glx)dx < ff2lx)dx 
a

1
>------ 21 + x2

=>1<P2 
0

EXAMPLE 3 Prove that:

SOLUTION For any x 6 [0,1], we have 

4-2X2 < 4-x2-x3 < 4-x2 

c^-x2

EXAMPLE 4 Prove that:

1 
log2<j 

0

1 1
^4-x2 ^4 - x2

dx<12

.4
dx<^

t<l

sin"11

1+x4

j it 
^=5? dx < —77 -x3 4x'2
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for all x e (0, n/2)
,2=>

=> .2

for all x e (0, n/2)=>

AN IMPORTANT NOTE4
=>

dx. We observe that

/(*) = for all x e (-1,1).

df =>/ = -!=> 2/= 0=>I = 0

••• f'W =

where g (x) = x cos x - sin x.

>0= 0. But

for all x e (0, n/2)

— □□□ —

for all xe [flzb]

is called the integral function of the function f (x).
The integral function has the following properties:

_ X (*), 
' x2

X 

a

71
2‘

I 
I

1
lfx2

1
5 - 2 cos x

1
dx< j

0

x cos x - sin x 
x2

1
Vl-x:

1
Vl - X

n/2 
sinx

11.5 INTEGRAL FUNCTION AND ITS PROPERTIES
Let f(x) be a continuous function defined on [a, fa], then a function 
0 (x) defined by

1
=> log2 < J

0

"/2 o ■

o o

' This is obviously wrong due to the reason that the substitu­

tion x = y is not valid, because the function x = y is discon­

tinuous at x = 0 e (-1,1).

1
/ = J f (x) dx > 0

-1

However, if we make the substitution x = y, we get

1 
Iff2

PROPERTY I The integral function of an integrable function is 
always continuous.
PROPERTY II //0 (x) is the integral function of a continuous func­
tion f(x) defined on [a, b], then 0 (x) is differentiable on (a, b) and 
0' (x)=/(x) for all xe (a,b).
NOTE Determining the primitive of a function or indefinite integra­
tion is the process inverse to differentiation whereas determining the 
integral function of a given function is the limit of sum of an inf nite 
number of small terms. A function may have a primitive but not an 
integral function and vice-versa.

SOLUTION Let/(x) = for all xe 0,y 
k >

. 2 sin x .
=> ~<-------<1

it x

dx < 2

dx < 2

Now, g '(x) = - x sin x < 0 for all x e (0, n/2) 

=> g (x) is decreasing on (0, n/2) 

=> 8 W <8 (°)for a11 x G (°/ n/2) 
=> g (x) < 0 for all x e (0, n/2)
=> f'(x) < 0 for all xe (0, n/2)
=> /(x) is decreasing on (0, n/2) 
=> lim /(x)</(x)<lim /(x)

x ->n/2' x -> Of

1
Consider the integral I = j 

-1

1 
?lf xb

1__
Mf x°

1 
lfx2

1 
\(lf x)“

n/2
.1 f sinx => 1 < -----

J X 
0

I 1
[log(l+x)^ < .1 —L_ix<[sin-,x]j

Vl - .r <

1 -x2 < Ifx6<(1 fx)2

Vl f x* < V(1 f x)‘
n/2

dx < J 1 . dx for all x e (0, n/2)
0

l 1

I .fa < 1
0 o

ydx

Similarly, if we substitute tan| = t in the integeral 

2n 0
r f 1 x . r f 2df I = I 7—7------ dx, we get I = I-------xJ 5 - 2 cos x 0 3 + 7f2

for all x e (0,2n). Therefore, I > 0. We are obtaining the wrong 
x xresult by using the substitution tanbecause tan - is not 

continuous at x = n c (0,2n).

1
=> log 2 < j

0
1 , dx < sin 11
lfx6

EXAMPLE 5 Prove that:
n/2

, f sin x , n1 < ----- dx <i x -
. . sinx .

x
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=> 0(-x)

=> 0(-X) = 0(x)

dt is an [■.•/(- y)=/Q/)l

[Using Prop I]

ILLUSTRATIVE EXAMPLES

[- 2, - 1], then find its

I old function.
| PROOF We have,

x
Hence, 0 (x) = f/(0 dt is an even function.

a

,.-f(t')is an odd function 
a
J/(f)* = O
-fl

X

0 (x) = f/(t) dt is an odd function 
a

x 

0(x) = j ftfdt 
-2

x
= “J /(y)^y [v/is an evern function -’-/(—y) =/(y)] 

o
x

= - J f(t) dt [•_• Integ. is indep. of change of variable] 
0

= - 0 W-
X

Hence, 0 (x) = J/(t) dt is an odd function.
0

-X 

«-x) = j/(f)* 
0

x
= “ J/(~y) ^y / where t = -y

0

PROPERTY III The integral function of an odd function is an even 
function

x
Iff (x) is an odd function, then 0 (x) = \f (t) dt is an even func-

a

! EXAMPLE 1 I//(x) = IX +11 for all X e 
integral function.
SOLUTION Let 0 (x) be the integral function of function/(x) 
defined on [-2, l].Then,

tin.
PROOF We have,

-x

«(-x) = J7co<« 
a

-a — x

a -a

x

=» ♦(-«) = [/(0* 
a

-a x
= "j /(f) dt - | /(- y) dy, where t = -y

a a

=> 0(-X) = ~0(X)

-X X

J/(0* = -J/(0* 
fl fl

0 -x Ox
=> IfWdt + jfWdt = -jf(t)dl-lf(l)dt

fl 0 fl 0

Ox Ox
=> J/(f)*-]/(-y)dy = -]/(«)*-J/(0* 

a 0 fl 0

[Putting t = - y in the second integral on LHS]
Ox x

2 f/(0 df-f/(y) dy = - J/(f)df
a 0 o
Ox x

=> = -J/(f)*
fl 0 0

a
=> 2j/(f)* = 0 

0
fl

=» J/(f)* = O.
0

x

=> 0(-x) = 0 - J/(-y) dy 
a

x
PROPERTYIV ///(f) is an even function, then 0 (x) = J/(f)

0

X

=> 0 (~ *) = J/(y) dy [••• /is an odd function f(-y) = ~f (y)l 
a

x
REMARK Iff (f) is an even function, then for non-zero a,\f(t)dt is 

a
not necessarily an odd function. It will be an odd function if 
a
j / (f) dt = 0, because
0
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Then,

,if-2<x<-l

-1
■(*)

,if-2<x<-l

X nx

X

, if — 2<x<-1

■(ii)x

,if-l<x<l
-2

27 =

■>
SOLUTION We have,

0
0

[Using Prop. XIV]

= 0 (x) + x log 2.

Let 7 = 0 = 0 (x) + x log 2••• 2 0

I 
I

X
= - - J log cos tdt + x log 2

X
0(X) = -f log cosy dy

0

= -j log cosy dy 
0

Adding (i) and (ii), we get

n/4-x/2
f (log cos y + log sin y) dy 

n/4 + x/2

x
= - J log cos t dt + x log 2

0

n/4 - x/2
= j log sin 2y dy + x log 2 

n/4 + x/2

n/4 - x/2
f (log sin 2y - log 2) dy 

n/4 + x/2

-x
= - f log cos t dt + x log 2

x

-X

= 2 J logsin
X

+t dt = x log 2, where y = |

k /

X
J - (7 +1) dt
-2
-1 x
/ |t +11 dt + J |t +11 df, if — 1 <x< 1
-2

- 71 X
4 + 2

> /

' -2
-1

"it I
4 + 2 

k

fn x'l
4 + 2

k 7

n/4-x/2 , .
J log cos J - y j dy [Using Prop. XIV]

X

= 1 ll+ll dt
-2

. n/4 + x/2
; = - j logcosydy
/

^2
+ 2+'

-2’1 3f-2Sx<-l 

y + X + l,if-l<xl

n/4-x/2 n/4-x/2
= J logsin2ydy- j log 2 dy 

n/4+x/2 n/4+x/2

0 n/4-x/2
=> I = j log cos y dy + J log cos y dy 

n/4+ x/2 0

x
J-(f+l)df
"2

” -1

f -(t + l)dt + J(t + l)dt,if-l<x<l
-2 -1

Since /(x) = ] x +11 is continuous on [- 2, - 1], therefore 
0 (x) is also continuous on [-2,-1]. Note that 0(x) is not 
differentiable atx = 1.

X
EXAMPLE 2 7/0(x) = -J log cos y dy, prove that

0

(n x') (it x^l0(x) = 20 ^ + | -20 -xlog2
\ / k 7

r 7i^ 7i
Hence or otherwise show that 0 - =-log2.

n/4 - x/2
=> I = j log sin y dy 

n/4+x/2

x'-♦[z-2

=> I =
n/4+x/2

n/4 + x/2 n/4-x/2
I = - j log cos y dy + J log cos y dy 

0 o

n/4 - x/2 . . .
=> / = f logcos ^-y dy 

n/4-Yx/l k J

. x n/4-x/2
j x n *1and, 0 - + -

k /

f 7t x'

k 7

n/4-x/2
=> I = j logcosydy 

n/4 + x/2

7t
2
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7

2

2

1 2a =

+ 2 = 0=>

[Dividing both sides by [0 (x)2)]

1
x

x
Cm) = 

0

x 
gW = m2x2 + jf(t)dt 

0

x
♦W = 

0

Cleraly, 0' (x) = f (x) for all x g [0z °°). ■ 

Now,

X 

f/2(i)<ft = i 
0 0

4 + V16-8
2

x$(x) 
0(x)

X 0' (X) 
0(X)

=> /(x) = (2 + V2) C x

[Differentiating both sides w.r.t. x]

=> l|0'(x)|2 = MfrWW-tofr)!2
2 x2

=4h'wi2 
0

x
1
2 0

=> x2 (0' (x)|2 = 4x 0 (x) 0' (x) - 2 {0 (x)}2

2 
> -4

-dx 
X

=> log0 (x) = (2 ± >12) log x + log C

=>0(x) = cx2±,/2

X

0

SOLUTION Let 0 (x) be the integral function of function/ (x) on 
[0,«). Then,

=>0(x) = 20^
4

g(x) = 2 for some x e R

Hence, the line y = mx intersects the curve

X

y2 + \f(t)dt = 2 for all m e R. 
0

EXAMPLE 5 Given an even function f defined and integrable 
everywhere and periodic with period 2, let

X

g(x) = f f<J)dt and g (1) = a.
0

, x5! (n x'l , _
2 "2<t> 4~2 ~xlo82- 

\ 7
EXAMPLE 3 Find a function f:R->R satisfying the following 
conditions:
(i) f(x) is continuous on [0, °°)

(ii) f(x) > 0 for all x e (0, «>)

X
SOLUTION Let 0 (x) = J f (f) dt. Then, 0 (x) is the integeral func- 

0
tion off (x) defined on (- °°, °°) such that 0' (x) = /(x).

Also, 0 (x) is continuous as/(x) is continiuous
In order to prove that every line y = mx intersects the curve 

x
y2 + \f(t)dt = 2, it is sufficient to show that the function 

0
X

m2 x2■ + If (t) dt attains value 2 for some x.
0

Consider the function

=> g(x) = m2x2 + 0(x).

Since m2 x2 is everywhere continuous and 0 (x) is also con- 
tinous. Therefore, g (x) is continuous for all x G (- <», <»).

It is given that 0 (x) -> «> as | x | and m2 also tends
to«>as |x| ->oo.Therefore,

g(x) ~ as |x|

Also, g (0) = 0 + 0 (0) = 0

Thus, g (x) attains all values between 0 and <». Hence, g (x) 
attains value 2 for some x g R for all real values of m i.e.*t(x)

0(x)

= x|^ = 2±^2 
0W

<2±V2)
W) x

/ (x) is continuous on (0, °°)
_ .•./(x)>(2-V2)Cx1-,/2_

x
EXAMPLE 4 Ifffx) is a continuous function with J/(t) dt -»<» as 

0
| x | -»oo, then show that every line y = mx intersects the curve 

X

0

=> 0'(X) = (2±>/2)Cx1±V2

=>/(x) = (2 + ^)Cx1±>/2

.1 +V2
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=>

=>

a = 0=>

[-.• /is an even function]

[•.•/is an odd function]

[-.- /is periodic with period 2]

(i)

= gW
•■• g(x + 2)-g(x) = g (2) for all x.

(ii) Wehave,g(l) = a

Now,

g(x + 2)-g(x) = g (2) for all x

[•.• g(2)=2a]

[••• g(x + 2)=g(x)]

(i) Prove that g is an odd function such that

g (* + 2) - g (x) = g (2) for all x.
(ii) Compute g (2) and g (5) in terms of a.
(iii) For what value of a, will g (x) be periodic with period 2 ?
SOLUTION (i) We have,

x

0

x
= / /(y + 2) dy, where t = y + 2

0

[Putting x = -1]

[••• g (1) = a]

[By adding these two] 
[•_• g(l) = aandg(2) = 2a]

x + 2 0

= J /(0 dt + J f{t)dt
0 2

x + 2

2

-x 

g(-*) = J7(0<ft 
o

x
= - J /(-y)dy, where! = ~y. 

0
x

= - J/(y)
0

= -gW 
Hence, g (x) is an odd function. 
Now,

g(x + 2)-g(2)
x + 2 2

= J/(Orft-J/(Orff
0 0

=> g(D+g(l) = 8(2)
=> g(2) = 2g(l) = 2a

x 

g (*) = J /(0 dt 
o

=> g (x + 2) + g (- x) = g (2) for all x [-.- g is an odd function]

Putting x = 1 and x = 3 successively in (i), we get 

g(3)-g(l) = g(2) 
and, g(5)-g(3) = g (2) 

g(5)-g(l) = 2 g (2) 

g (5) - a = 2 x 2a 

g (5) = 5 a
(iii) If g (x) is periodic function with period 2, then 

g (x + 2) = g (x) for all x.
But, g (x + 2) - g (x) = g (2) for all x 

=> g (x + 2) - g (x) = 2a for all x 

2a = 0

Hence, g (x) is periodic with period 2, if a = 0.
EXAMPLE 6 Letfbe an integrable, odd periodicfunction with period
2 and let g (x) be its integral function. Prove that:

(i) g is an even function with period 2.
(ii) g (2n) = 0 for aline Z

SOLUTION (i) We have,
x

gW = J /(0 dt. 
o

-X 

S(-x) = ]/(')* 
0

x
= "J f(~y)dy, where! = -y 

0 
X

= IfWldy 
o

= gW
Thus, g is an even function.
Now,

x + 2
g(x + 2) = ]/([)*

0
x x + 2

0 x
x 2

= j f(t) dt + j/(!) dt [-.-/is periodic with period 2x] 
0 0

= g(x)+g(2)
Putting x = 0, we get

g(2)=g(0)+g(2)=>g(0) = 0

Now, putting x = - 2, we get
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=>

SOLUTION We have,

g'W = "

Now,

(x
x

'n/4

>n/3

= ng(2)-
EXAMPLE 7 Find the greatest value of 

x
• F (x) = j (6 cos t- 2 sin t) dt

5n/3

in the interval [5n/3,7n/4].

SOLUTION We have,
X

F (x) = J (6 cos t - 2 sin t) dt 
5n/3

=> F \x) = 6 cos x - 2 sin x

For all x e [5n/3,7n/4], we have

cosx>0 and sinx<0

X 

g(x) = l/w dx 
o

a a
\f(x)dx = Jg(x)dx. 
0 0

a
= -[xg(x)J + Jg(x)dx 

0

= 6 sin t + 2 cos t

=* F (x) = 6 cos x - 2 sin x > 0

=> F (x) is an increasing function on [5n/3,7n/4]

=> F (x) attains its greatest vaue at x = 7n/4.

Hence,

Greatest value = F (7n/4)

7n/4
= j (6 cos t - 2 sin t) dt

5n/3

a x

x a

n x
= f /(x) dx + f /(x) dx

0 n

g(0) = g(-2)+g(2)

0 = g(2) + g(2)

=> g (2) = 0

Putting g (2) = 0 in g (x + 2) = g (x) + g (2), we get 

g(x+2) = g(x) for all x

Hence, g is a periodic function with period 2.
(ii) We have,

g(x + 2) = g(x)forallx

and, g (2) = 0
g(2 + 2) = g(2) =>g(4) = 0
g(4 + 2) = g(4) = 0=>g(6) = 0

Continuing in this manner, we get 
g (2n) = 0 for all n e Z.

2/1

g(2n) = f/(t) <tt
0

2
= n J f(t)dx [•.•/is periodic with period 2]

0

= 3>/3 -2V2-1.
EXAMPLE 8 Let f (x) be a continuous function onR- {0) such that
a a c
J/ (x) dx exists for all a > 0. If g (x) = J dt, prove that

0 • x

definite integrals

=>/(x) = -Xg'(x)
a a

=> J/(x)dx = -Jxg'(x)dx
0 0

a
= |^dt = O 

a

) = x-x2, 0<x<l and

a

0

EXAMPLE 9 A function is defined as f (x) 
fix + 1) =/(x) for all x 6 R.

(i) Find an expression for the function g (x) defined as:
X 

g (x) = f /(X) dx 
0

(ii) Express g (x) as the sum of two functions ge (x) and g0 (x) so 
thatge (x) is an even function and go (x) is an odd function. 
SOLUTION We have, /(x)=x-x2 ; 0<x<l and 
fix +1) =/(x) for all x e R. So, fix) is a periodic function with 
period 1.

(i) Let x e R. Then, there exists an integer n such that 
n < x < n +1.
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1 fc-n

= n
-b

6 2 3

— □□□ —

ILLUSTRATIVE EXAMPLES

Iover the interval

SOLUTION Let/(x) = Then,
*

dx

.2dx

dx

x-

11.6 MEAN VALUE OF A FUNCTION OVER AN 
INTERVAL

EXAMPLE 1 Find the mean value of 

[0,2n].

2 = -x n

2
71

1
71

EXAMPLE 2 Find the mean value of sin2 x over the interval [0, ti].

SOLUTION Let/(x) = sin2x.

Mean value of sin2 x over [0, 7i]
71

/ f(x)dx 
o

b
The numberf (c) = J f (*) dx is called the mean value of

a
the function/(x) over [a, b].

For example, the mean value of/(x) = sin x over [0,7t] is

2n

271 J
0

co

4/
0

71

2tt j 
o

71/2

= - f (1 - cos 2x) dx
71 0

7t

0

7t

0

1
1513

1 
(2ti-0)

1
(7X-0)

1
4 + cos x

1
4 + cos x

1
4 + cos x

___1
4 + cos x

1
4 + cos x

1
4 + cos (2ti - x)

1 
71-0

(13t
15

Let/(x) be a continuous function defined on [a, b]. Then, there 
exists a point c e (a, b) such that

b
$f(x)dx =f(c) (b-a)
a

1
4 + cos x

Mean value of/(x) over [0, 2ti]
2n

0

71
1 f . 2 j = — I sin xdx
71 J

0

2 71 = 1
VHti X 2

0

■■ 4 _4
3 L+ 2 3

-, where n < x < n + 1.

tan 1

sin2iT22 r

I4<1+14sin x dx = -1" - cos x
71 L

4) L
2  » + (x - n)  (x - n)~

n/2
sin2 xdx

J 

0

(ii) We have,
g(x) = j [g (x) + g (-X)] + j [g (x)-g (—x)]

= ge(x) + g0(x)
1

where, ge(x) = - [g(x)+g(-x)]

1and go (x) = - [g (x) - g (- x)] are respectively even and odd 

functions.

1 X-JI
= n J /(x) dx + j f(x)dx [-.-/(xjis periodic with period 1] 

0 0
1 x-n

= n j (x-x2)dx + J (x-x2) dx
0

.4 x3
2

- > where t = tan x/2
5 + 3f2

dx
5 + 3 tarn x/2
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• — □□□ —
11.7 IMPROPER INTEGRALS - *

+ e°) = 0 + 1-1

(i)
dxT2

xdx

X-X

b->

of the figure bounded by the curve y =f(x), the
+ 1

[Using L' Hospital's Rule]

i.e. Tn

(ii) If n e N, then f n + 1 = n !n

i 
z i

2

15
4 ■

2.5 3
+ J x [2x] Sgn (x - 2) dx + J x [2x] Sgn (x - 2) dx

2 2.5

15 2
j x [2x] Sgn (x - 2) dx + J x [2x] sgn (x - 2) dx
1 15

b

J ftfdx 
a

= lim 
b -»°°

1 
(3-1)

REMARK Geometrically, for /(x)>0 the improper integral

|/(x)dxgiu  es area 
a
x-axis and the straight line x = a.

dx = Iim

If f (x) is continuous on

EXAMPLE 3 Find the mean value off (x) = x [2x] Sgn (x - 2) on 
(1,3], where [x] denotes the greatest integer function.
SOLUTION We have,
Mean value of/(x) over [1,3]

3
j /(x) dx
1

11.8 GAMMA FUNCTION
If n is a positive rational number, then the improper integral 
co

x” ~1 dx is defined as Gamma Function and is denoted by Tn
0

= lim(-e

b
Similarly, we define J f(x)dx = lim

GO fl ’

ILLUSTRATION 2 We have,
Je-'x2"1

0

2 25 3
■ J - 3x dx + J 4x dx + J 5x dx
1.5 2 25

1 ?-0 = i n 2 2

e~x

GO ft GO

and, J/(x) dx = ]*/(x) dx + J/(x) dx
— GO — GO ft

GO

[a, oo], then J/(x) dx is called an im- 
a

ILLUSTRATION 1 We have,
co

= j e~x x° dx
0

= liml-xe

= lim
b—> <»

r (~b 'L = bm7-7 + 1
A /
-b + 1

e6

= lim--4 + 1

Ii.5
= | f-2xdx +

1 1

b
= lim Je~x 

b —»o° 0

1 dx, where x e Q+.

= 1.

PROPERTIES OF GAMMA FUNCTION Gamma function has the 
following properties:

(i) Pl = 1, H) = ~ and Tn +1 = nDi.

For example,

15 = 4T4 = 4x3T3 =_4x3x2T2

= 4x3x2xlTl = 4x3x2xl.

3
= f /(x) dx

1

proper integeral and is defined as 
oo I)

j f(x)dx = lim J f(x)dx 
a a

If there exists a finite limit on the right hand side of (i), then 
we say that the improper integral is convergent; otherwise it is 
divergent.

b 

= lim j 
b->oo0

rb
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(iii) F/2 = VT

2T6

2 -x-x r-

ILLUSTRATIVE EXAMPLES

2r
dxr2

-X X .2 ,2

+ 1

[Using L' Hospital's Rule]

= 1.

SOLUTION Putting x = sin 0 and dx = cos 0 dQ, we get 2,m + n +1= 2(b-a)'

2

3ji
512

1
EXAMPLE 2 Evaluate : J x5 (1 - x2)4 dx.

0

n/2
= J sin5 0 (1 - sin2 0)4 cos 0 dQ 

0

= lim- 
b —> 00

b
J (x - a)m (b - x)" dx
a

= lim

= lim

= lim 
b —>00

[-xe

P3T5 
2f8

2! x4! 
2x7!

1
/ x5 (1 - x2)4 dx

0

n/2

j sin' 
0

(^b
> ?
-b + 1

> eb

= r (5/2) r (7/2) _ r (5/2) r (7/2)

2f

b
EXAMPLE 3 Ifm,neN, evaluate J (x - a)n' (b - x)" dx. 

a

SOLUTION Putting x = a cos2 0 + b sin2 0, we have 

dx = 2 (b-fl) sin 0 cos 0
Also, x = a => (fl - b) sin2 0 = 0 => 0 = 0

x = b => (b - a) cos2 0 = 0 => 0 =

Fm +1 pi +1 
n 1 2 2xcos xdx =--------------------

b

= lim Je"

n/2
= j(b-a)m+n

0

-e"b)-(0-l)]

;2" +1 0 dQ

T

EXAMPLE 1 Find the value of T2 
SOLUTION We have, 

00 

= j e~1 x2 "1 
0

H 1 
"?+1

n/2
ILLUSTRATION Evaluate j sin4 x cos6 x dx 

0

2 ~ 2

P?n + n + 2
X 2

P?n + 1 p» + 1
X 2 1 2

pm + n + 2 
2

4! 1
7! " 210’

-be-b

= (b-a)m + n + 1

r5 + l 9 + 1
2 2
,5 + 9 + 2

2

n/2 
(iv) J sinm 

0

= 2(b-fl)m + " + 1

r 1= lim--r + l
b —> 00 e

p2m + 1+1 | y2n + 1 + 1
2 1 2

„ p2m + l+2n + l + 2
2

x xdx

SOLUTION Using Gamma Function, we have 
n/2 
| sin4 x cos6 x dx 
0

i2'" +1 0 cos"

‘ j 3 1 Pfl 
■ tx-x-xP? : 2 2 2 2 /\__________ 2

/1. -\tn + n +1 m! It!
= (m + n + 1)!

sin2'” 0 cos2" 0.2 (b - a) sin 0 cos 6 dQ

n/2
= J sin5 0 cos9 0 d0 

0

4 + 6 + 2
2

-1Y5
2
2x5!

3..1
2 2
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,2n

X 22

=> I

EXERCISE 11.3

1
dx =7. Prove that: .4

,a < b 0

x] dx

1cos

dx =
dx, where [■] denotes the

dx

29

n 
4^2

n
2?2

2n-5'

n
2

1 n 
"2'2'

1 n
2n-4 "2'2

1 n
2n-4 *"2’2

T 
0

2h 
k / 
'2n-lY2n-3

2n

2n
(i) j [2sin x] 

0
«

(iii) j [2cosx]dx
0

4
(v) I log [x] dx

1
1

(vii) j [x [1 + sin h x] + 1 j dx
-1
'3

(viii) |
-1

(x) f [r’-ljdx 
0

= ~ (a - ^a2-b2>), if a > b > 0.

f I
n +1

k 7
- ( 2 '

2n + 2

. 2n-l
2 k

2n - 3^
2n-2 ’

/

2n
9. Prove that :J 

o

3n/4
13. Evaluate:j - 

n/4

2. Prove that: [ -
* ’

3
3. Evaluate:}

1
greatest integer function.

n
4. Evaluate: j min {x - [x], - x - [- x]} dx; where [•] denotes

-n
the greatest integer function.

2
5. Evaluate: J / (x) dx, where f (x) is given by

-3/2

1-x2
(1 + x2) Vl + x‘

2n-2 : 
k J\

in
2 2k /

x
1 + sin x

71
2 k a - o

______ 1_______
a + b cos x + c sin x_______1_______  

x2 + [x]2 +1 - 2x [x]

iD]2 2J

oo

10. Prove that : J
0

11. Prove that :

2n -3
X-2"

x cos x dx

, 257?
dx =• T7T 144

f 1"• EValUa,e:| (5 + 2x-2?)(l + ?^)dx

-3f (x) = max (|t-l|-|t| + |t+l|),-y£f^x.

n2
x| + |x —1 Qdx (ix) J [Vx]dx 

0 
0 

(xi) tan 1
-1000

fl-X2>|
<1+<

1 
1+x2

1 
1+x4

1.3.5... (2n-l)7t
2" + 1(n + l)l

(2n-l) (2n-3) (2n-5)...3.1 n 
2" [(n +1) n (n -1).... 3..2.1] 2

'2n-lY2n-3Y2n-5^ 
2n-2 : 

7k 
A/'

2n
^2 -b2 -c‘

2n 
/

-—— ----------dx =
ar + b - 2nb cos x

2, if a > b > 0.

2n-5 3
X-?~X”-X2X

(n + 1) 1

n
6. Prove that : J cos 2x log sin x dx = 

0

------;dx = 
1+x4

oo 

dx = J 
o

n
12. Prove that: J 

o

Evaluate the following integrals: 
2n

(ii) J [VTsinx]dx 
0 

. 2n
(iv) J [2 sin x] dx 

0 
b(vi) j M 
a

P2n +1 p2 + 1 
= 2.------2---------- 2-

p2n + 2 + 2 
2

P2n +1 p3
2 2

Tn + 2

n
EXAMPLE 4 Prove that: J sin' 

0

' 2 (2n-l
" 2n + 2 k J k

SOLUTION We have,
n

I = } sin2" x cos2 x dx
0
n/2

= 2 j sin2" x cos2 x dx 
0

sin2 6 
a -bcos 0
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dx (a + b) | sin x | dx

dx

dx.218.

0

dx = -log(<+2).2

dx = 0

dx = 71 (2-rc)

dx =

dx = 0

%dx = -2+

dx

4x dx "VVx -1 dx-1

, where a, b > 0.

7t
2?2

I6V2
5

V5-x + Vx

x
1 + sin a sin x

sin 8x log cot x 
cos2x

1 
(1 -2x2) VT-x'

2 fx+n 
x-l 

\ /

nl/2

: dx

xsin'
VTx‘

xlogx 
(1+x2)2

x2-2 
x3 ^/x2-1

71/2
29. Evaluate :] sin 2x tan”1 (sin x) dx 

0

n
26. Prove that: J

0

3mt + 3n/n
28. Prove that : ]

3nn

oo

25. Prove that: j
0

2"a 
“ /

38. Prove that
2

«]
-2

>/2
(ii) /

-■ff

x sin x cos x
• 4 4sin x + cos x

L2 .r h2>

\ J

x sin x 
2 - sin2 x

ifh 
0 

atx = 1.

(2 A px + qx + r
[px -qx + rj

x 
sinx

cosx
1 + cos x + sin x

, _ 7i2 
d ~ 16

, Tl2 
dx = — 4

(a2 + b2) + (a2 - h2) cos

1 x , 
y- dx

-t2

1
27. Prove that: J

0

„ 71/2* = I f • 
0

2 
fx^l> 

X + l \ /

________ X________  
fl2 cos2 x + b2 sin2 x

a
19. Prove that : ] tan x f (cos x) dx =

-a 
1/2

20. Prove that: J •
0 
n

21. Prove that: ] •
0 1 
n

22. Prove that: ]
0 

n/2
23. Prove that: ] •

o 
n

24. Prove that: ] log (1 + cosx) dx = -it log 2
0

1/2
38. Evaluate:]

-1/2
3/2

. 40. Evaluate : ] | x sin Ttx | dx
-1

41. Evaluate the following integrals:
16

(i) J tan'
0

1
(ii) ] x log (1 + x2) dx

0
n/2

(iii) ] - --- dx
0 l+-sin2x

9 (2n2 +1) 7i (a2 + b‘ 
n2

---- dx
1 + cos x

x2 cos x 
(1 + sin x)2

X

3X5 + 4X3 + 2X2 + x + 20 , _ o
----------- z--------------dx = 3tt + 8

x2 + 4

^dx = 0 
1+x2

2x7 + 3x6 - 10x5-7x3-12x2 + x + 1 
x2 + 2

71/2
30. Evaluate : ] log

-71/2 

n/2
31. Evaluate: ]

0 
n

32. Evaluate : ] x log sin x dx •
o 
n

33. Evaluate: ]
0 

n/2
34. Evaluate : ] '■

0 
n/2

35. Evaluate: ] sin 2x log tan x dx
0 
1

36. Evaluate: ]
-1

oo

37. Prove that:]
1

, 7i2
dX = M

tan ]x 
x

3
14. Evaluate: ]

2 
n

15. Prove that : ]
0 
n

16. Prove that :] 21 rfx = tt2
~n cos x
it n n/2

17. Prove that: ] xf (sin x) dx = ]/ (sin x)dx = n ]/ (sin x) dx
0 Z 0 0

2 
X

dt + ] sin21 dt = O, then prove that = - 2 sin21
0 dX

oo

(iii) ]/(x" + x-")
0

OO

(iv) f/(x"+r")
0

7t
cos a 2

1
2

2nx
3

1
1
6
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50. Prove that:

0<k<l.dx <,2

log

51.

.-1

for all re R. 52.

dx

dt54.

0

ANSWERS

40.

(ii) log 2--
6

43. 042. 5

(iii) 180(ii) 049. (i) 800

51.

30. 0
2 [zr + fl+x2) log (1 + x2)]

32. -7? log 2

35. 033. 34. 0

39. 4 log (4/3)

dx2

6
7

(ii) -it

(v) log 6

(viii) 9

19

(ii) f
10

dx2

71 
2<l-k2'

1
1 - k2 sin2 x

dx2

371 + 1 
n2

50n
(ii) j sin3xdx 

0

b
46. Prove that: J ([x] + [- x]) dx = a - b, where [x] is the

a
grestest integer less than or equal to x.

b b + c
47. Prove that: J / (x) dx = j f(x-c)dx

a a + c

48. If/(x + T) =/(x) for all x, prove that
nT T
f/(x)dx = (n-1) j/(x)dx

T 0

49. Evaluate the following :
100 n

(i) f (|sinx| + | cos x |) dx
-lOOn

100 n
(iii) f | cos x | dx

'1+x' 
1-x

cos2x

VT dt + J c<
1/8

5
41 Evaluate: J [Vr] dx, where [•] denotes the greatest 

0
integer function, 

n
43. Evaluate: J ecos

0
1

44. Prove that : j
-1 

sin2x
45. Prove that : j sin

1/8

1 
<6

1
<107

, 5tc dx = — 4

16

If|5inx
J 1 + x 
0

in terms of a.

52. 2048 x9e16x

(xi) 3 tan 1 - 2000

5X 8
1
2 = 2xlog (1 +X2)

41. (i) ^-2^3 
J

X [xl
55. Find x e R such that j [x] dx = j x dx, where [•] denotes the

0 0
greatest integer function.
56. If f (x) and g (x) are continuous functions defined on the 
interval [0,4] satisfying:

/(x) = /(4 - x), g (x) + g (4 - x) = 3 and

4 4
J/(x) dx = 2, then find the value of f/(x) g (x) dx. 

0

X

sec4 0 d0
1

W1T+P
’ Vw

/

53. Evaluate : [ y f 
J dx J 
0

1. (i) -7t

(iv)0

(vii) 2

(x) 4>/3 -1 - 3a/2 - 3>/3 - 3V4 - 3<5

3 *
2

29. ^-1

31-f4'°82
n2

2^2
36. 2

(iii)- j

sin x . ------- t dx 
(1+x)2

x cos3 (2n +1) x dx, n e Z

'2, 2048 x8 (9 + 32 x2) 54. - a

55. 0<x<l,x = n+^,riG Z-[0) 56.3

4k
dx = a, find the value of f f 

4n-2

4 -2

13. ti(>/2-1) 14.

(iii)

(vi) |b| - H 
(ixj »(»-!) (4n +1)

cosx , ----- n dx

x3 
Vl-x2

5
(i) /

2

n/2

(iii) f<J-7
0 N

2 
X

If y = f log (1 + x) dx, find and
0

4x2
Ify = f t4 e4t dt, find

4

n/4

1
2
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HINT TO SELECTED PROBLEMS

21 d0.1.

Now divide Nr and Dr by cos4 0 and put tan 9 = t]

10. Let I

5. /(x) =

dx

7. / .4
.-. 21 dx =

22. I
de

,441. Put x = sec4 0

=* I de

dt 
t 4t2 -

-l<x<0
' 0<x<l

l<x<2

1
121 x-~ 

X

n/2 
de = 4 J 

0

n
de = 2 J

0

2

=-J
oo

n=4
0

n
= 2 J

0

oo

=J
0

r*'3 <3 -
j [x3-l]dx + j [x3-l] dx

(r-l)1'3 5,/3

0
2n

9. Let/ = J
0

n 
d0. Then, / = 2/

-x , -3/2<x<-l 
x + 2 ,

-x + 2 ,
x ,

5
= E (r-2){r 

r = l

a a
8. Use: jf (x) dx = |/(fl - x) dx and then add the two integrals] 

a

1 + i_
2 

+2

J"1
X + -

X

dx. Putting x = p we get

where t = x + -x

,1/3-(r-l)1/3) + 4(V3-51/3)

x-- 
X 

T

sin2 0 
a - bcos 0

sin2 (n - 9) 
a - b cos (n - 0)

sin2 0 
fl + b cos 0

sin2 9
fl -bcos 0 0

f 5
(x) J [x3-1] dx = E 

0 r=1

1-x2 

(l+x^VT+y

x2 
1+x4

1 
1+x4

tan-1

sin2 0___
a2 - b2 cos2 0

sin2 0 
fl2 - b2 cos2 0

b b
13. Use: J /(x) dx = \f(a + b-x)dx and Add 

« . a

n
f 2 d (1 + sin x) 
q (1 + sin x)2

1 
dx = j 

0
/ . dx^x2^ i+x2 , 

------^dx 
1+x4

1



AREAS OF BOUNDED REGIONS

=>

=>

=>

y =>

=> AreaAHCD-0

A
x=b

x=o a

X
CB

y'
Fig. 12.1

Integrating between 
the limits a and b

PROOF Let AD be the curve y =/(x) between the ordinates BA 
(x=a) and CD (x = b). Then the required area is the area ABCD.

Let P (x, y) be any point on the curve and Q(x + Ax, y + Ay) 
be a neighbouring point on it. Draw ordinates PL and QM. Then 
PL =y, QM = y + Ay and LM = Ax.

b

= f y^
a

CHAPTER

12

dA
Tx^

b
(Area A when x = b) - (Area A when x = a) = f y.dx 

aD 
y=f(x) >

b b

J = J y* 
a a

a

12.1 INTRODUCTION
In the previous chapter, we have learnt about definite integrals. 
The computation of areas of figures bounded by plane curves 
also reduces to the evaluation of a definite integral. In this 
chapter, we shall discuss problems on finding the areas of 
bounded plane regions. This requires the knowledge of graphs 
and tracing of curves which we have learnt in chapter 2 on 
graphs of functions.

12.2 AREA OF BOUNDED REGIONS
THEOREM Letf(x) be a continuous function defined on [a, b]. Then, 
the area bounded by the curve y-fix), the x-axis and the ordinates 
x = aandx = bisgiven by

b b
j f{x) dx or, J y dx.
a a

When x = a, PL coincides with AB 
So, area ABLP = 0 when x = a 

b L b

=> Area ABCD = J y dx = j /(x) dx
a a

REMARK 1 If the curve y = fix) lies below x-axis, then the area 
bounded by the curve y =fix), the x-axis and the ordinates x = a and 
x = b is negative. So, area is given by

R 0

L M

=> lim y < lim —— < lim y + Ay 
Ax -> 0 Ax -»0 A* Ay -» 0

___
* 0

dA
dx

Let A denote the area BLPA, and let A + A A be the area 
BMQA. Then, A A = area LMQP. Also, area LMNP = y Ax, and 
area LMQR = (y + Ay) Ax.
Now,
Area of rectangle LMNP < Area LMQP

< Area of rectangle LMQR
y Ax < A A < (y + Ay) Ax

AA
y-~A^^ y + Ay

AA
' Ax-»0^

„ dA y < -r- yJ dx J
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y

y=f(x)

:q:

x=bx=a <

y M- X
Ax

y-dc

«A
0 y=c

x

y'

Fig. 12.2

y x=f(y)

y=d

py

y=c x

y'

ILLUSTRATIVE EXAMPLES

(i)

and, (ii)3x-2y+12 = 0

I
I

b
'! ydx .

a

SsX=f(y)

The following algorithm is very helpful to find the area of bounded 
regions.
ALGORITHM

STEP I Make a rough sketch showing the area to be found.
STEP II Slice the area into horizontal or vertical strips as the case may 

be.
STEP HI Consider a representative strip and the corresponding ap­

proximating rectangle.
STEP IV Find the area of the approximating rectangle. If the repre­

sentative strip is parallel to y-axis, then its width is taken as 
&x and if it is parallel to x-axis, then its width is taken as 
Ay. In Fig. 12.3, RLMQ is the approximating rectangle of 
area yAx and in Fig. '12.3, the area of the approximating 
rectangle RLM is x ty.

STEPV Find the limits within which the approximating rectangle 
can move. In Fig. 12.3, the approximating rectangle of area

P(x.y :̂ 
“TWh

REMARK? The area bounded by the curve x = f(y), the y axis and 
the abscissae y = c and y = d is given by 

d d

J /(y) dy or, J x dy 
c c

'Rf 
jp(x,y)

Equation (i) represents a parabola having vertex at the origin, 
axis along the positive direction of y-axis and opens upwards. A 

3X2free hand sketch of the parabola y = — is shown in Fig. 125.

Equation 3x - 2y +12 = 0 represents a straight line. Putting 
y = 0 and x = 0 respectively in (ii), we obtain x = - 4 and y = 6 
respectively. So, the straight line given by (ii) meets x-axis at 
(- 4,0) and y-axis at (0,6).

Fig. 12.4

The procedure is illustrated in the following examples.

EXAMPLE 1. Find the area of the region included between the 
3X2parabola y = — and the line 3x~2y + 12 = 0.

SOLUTION The given equations are

3X2

Fig. 12.3

y Ax can move between x = a and x = b, therefore the area 
bounded by y = f(x), y = 0, x = a and x = b is given by 
b
j ydx. In Fig. 12.4, the approximating rectangle of area 
a
x Ay can move between y = c and y = d, therefore area 
bounded by x = 0 (y), x = 0, y = c and y = d is given by 
d
J x dy.
c

771° 
•XA Q(x+Ax,y+Ay)

x^___
0

x^______
* 0

ty'

......x Ay-

/___
” 0
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y

y=x

x'I k(-2.3)
-l4xk

x'

4

-2

A rough sketch of the curves represented by (i) and (ii) is 
shown in Fig. 12.5.

(0.2) 
o

••• P(x,yt) and Q(x,y2) lie on 
respectively (ii) and (i) 
yi = x and y2 = x2 + 2

REGION R2-. Clearly, y = x, x > 0 is a line passing through the 
origin and making an angle of 45* with the positive direction 
of x-axis. So, R2 is the region lying below the line y = x.
REGION R3: Clearly, y = x, x < 0 is a line passing through the 
origin and making an angle of 135* with the positive direction 
of x-axis. So, R3 is the region lying below the line y = - x.

y'
Fig. 12.6

Here, we slice this region into vertical strips. We observe 
that each vertical strip runs from the line y = x to the parabola 
y = x2 + 2. So, the approximating rectangle shown in Fig. 12.6 
has, width = Ax, length = (y2 — yi) and area = (y2 - yj Ax. Since 
the approximating rectangle can move from x = 0 to x = 3. So,

Required area
3

= J (y2-yi)<fr
0
3

= J [(x2 + 2) - x] dx
0

!y'
Fig. 12.5

In order to find the points of intersection of the given 
parabola and the line, we solve (i) and (ii) simultaneously 
solving.

These two equations simultaneously, we find that the two 
curves intersect at the points (- 2,3) and (4,12). Here, we slice 
the shaded area into vertical strips. We find that each vertical 
strip runs from the parabola to the line. So, the approximating 
rectangle shown in Fig. 12.5 has width Ax, length (y2 - yi) and 
the area (y2 - y}) Ax. Since the approximating rectangle can 
move from x = - 2 to x = 4. So,
Required area

4
= f (y2-yi)^

-2

■if
-2k

y=^x2

? x2?£_ + 2x-i-
3 2

r p\ p(x’^W<4,,2>

.x

(x,y])and(x,y2)lieon(i)
and (ii) respectively

3x +12 , 3x2
yi = —y—and y2 =—

y = x2 + 2,y = x, x = 0 and x = 3.
SOLUTION The equations of the given curves are

y = x2 + 2 ...(i)
y = x ...(ii),
x = 0 ...(iii)

and, x = 3 ...(iv)

Now, y = x2 + 2 => (x - 0)2 = (y - 2) ...(i)
So, equation (i) represents a parabola with vertex at (0, 2) wards, fhe interior of the parabola is the region Rt. 

and axis along positive direction of y-axis. This parabola opens 
upwards as shown in Fig. 12.6. Clearly, y = x is a line passing 
through the origin and makes 45* angle with x-axis, x = 0 is 
y-axis and x = 3 is a line parallel to y-axis at a distance of 3 units 
from it. A rough sketch of these curves is shown in Fig. 12.6 
and the region bounded by these curves is shaded.

3x + 12 3 2V 
—-JX dx

/

P(x.y,) 
X

(3.0)

3 2xz X3
= -x +6x- —4 4

= 27 sq. units.
EXAMPLE 2 Find the area of the region bounded by the curves

°
3x-2y+12=0

X2

2
9 21= 9 + 6- - = ysq. units

EXAMPLE 3 Find the area of the region {(x, y): x2 < y < | x |}.
SOLUTION Let
R = {(x,y) : x2<y < | x | J

= {(x,y) : x2<y)n{(x,y) : y< | x ||

= {(x,y):x2<y|n[((x,y):y<x,x>0}u|(x, y) :y <-x,x<0J]
= R] n (R2 u R3),

where
R1 = {(x,y):x2<y),

R2 = {(x, y):y<x,x>0|

and, R3 = l(x, y): y <- x, x < 0|.

REGION Ri; Clearly, x2 = y represents a parabola with vertex at 
(0,0), positive direction of y-axis as its axis and it opens up-
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0(-1.0) (1.0) y

P(x.yt)

x=2

x
0

R2 = {(x,y): 0 <y <x +1)

0

1

Hence,

Required area

= Area OABCO + Area BDECB

y2) lies ony=x+l 
yi = x + l

2
= J (x +1) dx

1

Hence, the required region R is the shaded region shown in 
Fig. 12.7. Since both the curves are symmetrical about y-axis. 
So,

y'
Fig. 12.8

For the area BDECB, the approximating rectangle shown in 
Fig. 12.8 has, length = y2, width = Ax and area = y2 Ax. Since it 
can move from x = 1 to x = 2.

E(2.0)

P (x, y0 lies on y = x2 +1 

y1 = x2 + l

y=x^+1

(0.1)A 

x' (-1.0)/

Ax
C(1,O)

y'
Fig. 12.7

Required area = 2 (Shaded area in first quadrant)
1

= 2 J 
0

EXAMPLE 4 Find the area of the region

{(x,y):0<y<x2 + l, 0<y<x + l,0<x<2).

SOLUTION Let
R = |(x,y):0<y<x2 + l, 0<y<x + l,0<x<2]

= |(x,y):0<y<x2 + l|n((x,y):0<y<x + l}n((x,y):0<x<2)
= R j Rj Rj/

where

Ri = {(x,y):0<y^x2 +1),

Q(x.y2)
(1.2)/

2
So, area BDECB = J y2 dx

1

1 2
= | (x2 + l)dx + f (x + l)dx

1

[x3
L 0 Jo

23= — sq. units 
D

D

2 11'x - x ) dx = 2 x - = - sq. units 
o o

Ax

EXAMPLE 5 Find the area bounded by the curve y1 = 4a1(x-l) and 
the lines x = 1 and y = 4a.

B. Draw a line BC parallel to the y-axis which divides the area 
OABDEO into two portions OABCO and BDECB. For the area 
OABCO, the approximating rectangle has, length = yj, 
width = Ax and area = yi Ax. As it can move from x = 0 to x = 1.

1 —......
So, area OABCO = J y} dx

0

1 r.= J (x2 +1) dx
0

x2
+ t- + xL2 ji

and, R3 - {(x,y):0<x<2}.

REGION Ri: We have y = x2 +1 or (x - 0)2 = (y -1). Clearly, this 
equation represents a parabola with vertex at (0,1), axis along 
the positive direction of y-axis and it opens upwards. Since, 
0 < y < x2 +1 <=> y>0 and y < x2 +1. So, Rj is the region lying 
above x-axis and outside the parabola y = x2 + 1.

REGION Rz: Clearly, y = x +1 represents a straight line cutting 
x-axis at (-1, 0) and y-axis at (0, 1). Since 0<y<x+l 
«■ y > 0 and y < x +1. Therefore, R2 is the region lying above 
x-axis and below the liney = x + 1.
REGION R3: Clearly, R3 is the region lying between the lines 
x = 0 i.e. y-axis and x = 2.

Hence, the required region R is the shaded region as shown 
in Fig. 12.8.

Solving y = x2 +1 and y = x +1, obtain that the two curves 
intersect at the points (0,1) and (1,2).

Now, we slice the shaded region into vertical strips. We 
observe that vertical strips change their character at the point
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iy

y=2x-x2

0
x'

(x.y2)Q
y

y=-x
y'

Fig. 12.10I) P(x.y)
X

(1.0)

y2=4a2(x-l)

y'

|Z
iy

y=2*
x=2

0,x'

y'
Fig. 12.11

SOLUTION We have,
/ = 4a2 (x —1) or, (y-0)2 = 4a2 (x-1).

Clearly, this equation represents a parabola with vertex 
at (1,0) as shown in Fig. 12.9. The area enclosed by 
/=4a2 (x -1), x = 1 and y = 4a is the area of shaded portion in 
Fig. 12.9.

(x.y,) 
p

3
= J (3x - x2) dx 

0

(o.i)

x=o

3
= J {2x — x2 — (— x)} dx 

0

..•P(x,y) liesony2 = 
x -1 = y2/4a2

(0.4o)

?x-

TPZ
(0.0)

v P (x, y:) and Q (x, y2) 
lie on y = 2x - x2 and 

y = - x respectively 
y} = 2x - x2 and y2 = -x

1 1

X=1

y=4a

4a2

|

Ay —-

x^
0

16a- — sq. units 
0

Fig. 12.9

When we slice the area of the shaded portion in horizontal 
strips, we observe that each strip has its one end on the line 
x=1 and the other end on the parabola y2 = 4a2 (x -1). So, the 
approximating rectangle shown in Fig. 12.9 has, length = x -1, 
width = Ay and area = (x -1) Ay. Since, the approximating rec­
tangle can move from y = 0 to y = 4a.

Required area
41

= f (x-l)dy
o

2 45^ 4?(x-1)

|Ho(x.y2n
1 1 

' I I
-•-Ax-»- \(2,0) x 

y-2x-x2

(2.0) x

\ (3.-3)

Area = (yj - y2) Ax

The approximating rectangle can move horizontal between 
x = 0 and x = 3.

Required area
3

= f (y i - yz)
0

r ti4"_J_ id

3 k /

EXAMPLE 6 Find the area bounded by the curvey = 2x - x2 and the 
straight line y = — x.
SOLUTION The curve y = 2x - x2 representes a parabola open­
ing downward and crossing x-axis at (0, 0) and (2,0). Clearly, 
y = - x represents a line passing through the origin and making 
135’with x-axis. A rough sketch of the two curves is shown in 
Fig. 12.10. The region whose area is to be found is shaded in 
Fig. 12.10. Here, we slice the shaded region into vertical strips. 
For the approximating rectangle shown in Fig. 12.10, we have,

Width = Ax

Length = (yx-y2)

3 ? x3f
“ 3L2 0 Jo

27 27 9= —----— = - sq. units2 3 2^
EXAMPLE 7 Compute the area of the figure bounded by the straight 
linesx = Q,x = 2and the curves y = 2x,y = 2x-x?.
SOLUTION The equation y = 2x - x2 represents a parabola 
opening downwards having vertex at (1,1) and crossing x-axis 
at (0,0) and (2,0).
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Area = (yj-y^AxI

dy

2 dab
2 a + b-

o

]dy4ab r 7
3 4

= 2 (n + b)y-

= 2 (a + b)2Jab~

P(«i.y)(«2-y)Q

X0x'

Area = (yi -1/2)dx

us slice this region into horizontal strips. For the approximating 
rectangle shown in Fig. 12.12, we have

Length = PQ = (x2 - x2), Width = Ay and Area = (x2 - xj Ay

The approximating rectangle can move vertically between 
B and A.

The equation y = 2X represents the exponential curve as 
shown in Fig. 12.11. Lines x = 0 and x = 2 are shown in Fig. 
12.11. The area bounded by these curves is shaded in Fig. 12.11. 
We slice the shaded region into vertical strips. For the ap­
proximating rectangle shown in Fig. 12.11, we have,

Length = (yj - y2), width = A x

2
= f (2x-2x + x2)dx

0

•.•P(x1,y)andQ(x2,y)lieon
(ii) and (i) respectively 

y2 = -4b(x1-b) andy2 = 4fl (x2+a)

3

v P(x,y1)andQ(x,y2)lieon
y = 2X and y = 2x - x2respectively.

y} = 2X and y2 = 2x - x2

-2 dab

2dab

= 2f
0

y2=4o(x+o)

.’. Required area 
2^flb

= J (Xj-x2)dy
-2 dab 

2 dab

-2dab

(
y'

HIT 1991]
SOLUTION Since the inverse of a logarithmic function is an 
exponential function and vice-versa and these two curves are 
on the opposite sides of the line y = x. Thus, y=2x and 
y = log x do not intersect. Their graphs are shown in Fig. 12.13. 
The shaded region in Fig. 12.13 shows the area bounded by the 
given curves. Let us slice this region into vertical strips as 
shown in Fig. 12.13. For the approximating rectangle shown in 
Fig. 12.13, we have

Length = (yj -yf), Width = Ax

2X
Jog 2

Ay

The approximating rectangle can move horizontally be­
tween x = 0 and x = 2. So,
Required area

2
= f (Vi-y2)

0

EXAMPLE 9 Sketch the curves and identify the region bounded by 

the curves x = x = 2, y = log x and y = 2X. Find the area of this 

region.

I 4 >

'a + b'
4ab \ /

g
= - (a + b) Jab sq. units. 

o

Fig. 12.12

To find the coordinates of their points of intersection, we 
solve (i) and (ii) together. Solving these equations, we find that 
the two curves intersect at A (b - a, 2Jab) and B (b-a,-2 Jab). 
We have to find the area of the shaded region in Fig. 12.12. Let

y2 dy

. --zdab 
a + b\y3 
4ab. 3 n

- 'a + b^ Bab Vflb~[ 
Jab j 3 J 

,— 2 <—1= 2 (a + b) 2Jab -~(a + b) Jab 
o

r

. -a 4a

_ 4 —
log 2 4 + 3 log2 log 2 3

EXAMPLE 8 Find the area bounded by the curvess y2 = 4a (x + a) 
and y2 = 4b (b - x), where a,b>0.
SOLUTION The two curves are:

y2 = 4a(x + a) ...(i)

and, y2 = - 4a (x - b) • ...(ii)

Clearly, these two curves represent two parabolas having 
their vertices at (- a, 0) and (b, 0) respectively as shown in Fig. 
12.12.
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y

(x.yi)P
y=logx

0
x'

Cj-O)

x = 2
y' A2 = Area of region ECF

y

h/2
::i(1.2)F <</R(x,y3)

B(4,1)

0 x
x+y=3

y'
Fig. 12.14

■:4

2
= j [V4x - (3-x)] dx

1

Hence, 
required area = A] + A2

2 4 (

4
= f (J/4-V3) dx

2

■.■P(x,yi) and Q (x, y2) lie on 
y = 2X and y = log x respectively 
y} = 2xandy2 = logx

4 • + — r
3

’ V P (x, yi) and Q (x, y2) lie on 
[y2 = 4x and x + y = 3 respectively.

64^
12

= J (2<r"-3 + x)dx + J 2Vx-y dx 
1 2\ J

W x3f 
■4 
'32 

3 
\

x2f -3x +y

7

>.yi)p 
a(i.O/ei\ 
/(2.1)l 

1

(to)

8^ _ 8 '
3 12 /

" X

• 4rxl°8x+x

character at point E. So, we draw a line EG parallel to y-axis 
which divides the area into two regions EGF and ECG.

In the region ECF, the approximating rectangle has length 
= (y2 - y}) and width = Ax and it can move from x = 1 to x = 2.

A,

= Area of region EGF

2
= J (y2-yi)^x

1

4 3/2 
3

^-6 + 2 - ^-3 + ^ +

R (x, y3) and S (x, y4) lie on x2 = 4y and

J y2 = 4x respectively = and y4 = V4x

■^4,4)

y=2X

o(x.y2)

(2.0) X

2
= j (2X - log X) dx

1/2

*|42-2|O82+2-
(4-V2) 5. ,3
1V 21062 2Squ s

EXAMPLE 10 Let lx] denote the greatest integer function. Draw a 
rough sketch of the portions of the curves x2 = 4[Vx]y and 
y2=4[>/y]x that lie within the square {(x,y) | l<x<4, 

1 < y < 4j. Find the area of the part of the square that is enclosed by 
the two curves and the line x + y = 3.
SOLUTION We have,

1 <x<4 and 1 <y <4

=> 1 < >/x < 2 and 1 < >/y < 2

=> [Vx] = l and [>/y] = 1 for all (x, y) lying within the square.

Thus, the curves x2 = 4 [VT] y and y2 = 4 [>/y] x are the parts 
of the two parabolas x2 = 4y and y2 = 4x respectively lying 
within the given square as shown in Fig. 12.14. We have to find 
the area of the shaded region. Let us slice this region into 
vertical strips. We observe that the vertical strips change their

^2 1,^1
iog2 + 2 °®2 + 2

X=L
2

Fig. 12.13

As the approximating rectangle can move horizontally be-

tweenx = -andx = 2.

Required area
2

= 1 (yi-y2)dx
1/2

0(13)
I (x.y4)s
I

(x,y2 OzfG::S :

ffr- x2^ 
= J V4x-— dx 

J 4
2 K

n
2

<4
3
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-a'

= 2^2?”+2? log (1 + V2)-
or,

= 2a2 log (1 + 71) - sq. units

0x'

y'

Fig. 12.15

Now,

0x' X

& p

2?2

Fig. 12.16

Length = xz - xlz Width = Ay, Area = (x2~X])dy

( 
a +

-rt/V2 \

/ y=2,

Q(xz.y)
y=^

3 I+ 272? - \<2a2 +

S

 
\s(x2-y)

As it can move vertically between y = 1 and y = 2. So,

Required area

2
= 2 J (x2-xi)dy

1

Xx,.y)
\(2o,-oj2) 

x2-y2 = 202

EXAMPLE 12 Find all values of the parameter a (a > 1) for which 
the area of the figure bounded by the pair of straight lines 

y2 - 3y + 2 = 0 and the curves y = [a] x2, y = [a] x2 is the greatest.

Here [•] denotes the greatest integer function.
SOLUTION The curves y = [n] x2 and y = | [a] x2 represent 

parabolas which are symmetric about y-axis. The equation 
y2 - 3y + 2 = 0 gives a pair of straight lines y = 1, y = 2 which are 
parallel to x-axis. The shaded region in Fig. 12.16 determines 
the area bounded by the two parabolas and two lines. Let us 
slice this region into horizontal strips. For the approximating 
rectangle shown in Fig. 12.16, we have

-fl/^2” a>l2 . .

= 2 J 7^ + y2 dy-| J /dy -J J« + ^\dy 
0 -flV2 -a/V2\ J

 = [y 72? + /+2? log ly + ^ + y2}^-^ [y3^
19= — sq. units.

2ax-af2y = 2a2

2x-f2y = 2n

Solving this equation with y = ax, we obtain the coor­
dinates of R as (a/2,-a/f2)

|y y

872 „ 7 16 872 2 ——-4+ - + — -
3 6 3 3 3

j

<vl2 . .

"+&P

y=[o]x2

(Mcg^.y)

EXAMPLE 11 The parabola y2 = ax cuts x2 - y2 = 2? at P and Q. 
Tangent at P to the hyperbola cuts the parabola again in R. Find the 
area of the curvilinear triangle PQR.
SOLUTION Solving y2 = ax and x2 - y2 = 2a2 together, we ob­
tain the coordinates of PandQ as (2a,af2) and (2a,-af2) 
respectively. The equation of the tangent to x2-y2 = 2? at 
P (2a, af2) is

-a/x^ 9 aV2 ,-/ J-
-nV! -fl/V2\

nx/T

Area of curve linear A PQR

= Area of curvilinear AQRS + Area of curvilinear trianglePRS.

-n/x2 dVZ
= j (x2 - a j ) dy + f (x4-x3) dy 
-ax2 -.i/\T

-d\2\ /

-n/\2 = 1^?
-.1x2

.ix2 
= J X^+ y2 dy-}~
- .1x2

y2=ax/>-— 
^/P(2a.d42)

ax^ ____ 

rfy+J V^+y2- 
-fl/xT

____ rtV2 
+ y2 dy + J 'Ila2 + y2 dy

-tl/X^

<1/v2

J >/2dy -J 
-n^2

8V2
3

= [2>/2 a2 + 2a2 log (af2 + 2n) - 2a2 log (<2«)]

(-a2 a2'
^2 lT + 4^2

7a2 3a2 3a2
672^*472

1172 2
24 a
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y + ylx2 + y2 = Cx2=>

or,

or,=>

x
?.O)

/(-4.0)x' 0 Ax x

— x = 0X

2x

dx

=4

=>

or, v

4
Required area = J ydx

-4

C 
x

♦ y'
Fig. 12.17

As the approximating rectangle can move between x = - 4 
and x = 4. So,

'4 
dx

2y * “^y2 + 4X2 
dx =

\ /
dy y ± + y2
dx ~ x

'ti. 
dx

= 2 J
0

v P (xlz y) and Q (x2, y) lie on 

y = [n] x2 and y = [a] x2 respectively.'

••• [«] X]2 = yand|[a]x22 = y

SOLUTION We have,

x2

: -2y

2
-2y

U + X~ = U±>/1 +u2

(0.2)
~>\P(x.y)

4(V2-1
■~wr

4 (5-V2-2V2)
"3 <4

Clearly, A will be greatest, if [a] is least. It is given that 
1. Therefore, the least value of [a] is 1.
Thus, A is greatest when

[a] = 1 => a e [1,2).
example 13 Find the area enclosed by the x-axis and the curve 
which passes through the point (0,2) and satisfies the differential 
equation

fe'
dx

2, ___ ___ v

16-x2
8

x2+8y-16=0

=2

32

=2|fV)^
1

■Wf

This is a homogeneous differential equation. Putting 
, dy dv .r ,y=wand-f-= v + x —'it reduces to dx dx

71-x = 0. dx

I ( 2 A
2" dx o k /

dv , dxT7 = ±7
=> log(v + ^l + 1?) = ±logx + logC 

=m + VI +1? = Cx or, v + Vl + v2

or, y + Vx2 + y2 = C

^-y)2 = x2+y2 or, (C-y)2 = x2 + y2

=> C2 x4 - 2C x2 y = x2 or, C2 - ley = x2

=> C2x2-2Cy=l or, x2 + 2Cy-C2 = 0

7-|y-A-0 or, ? + 2Cy-C2 = 0

Since the curve passes through (0,2). Therefore,
2 2 1 _ 4 1 n 1—y--T = 0=>-7--5 = 0=>C = -7 

C c2 C c2

and, x2 + lCy-C2 = 0 => 4C-C2 = 0 =* C = 4

Substituting these values of C in the respective equations, 
we obtain the equation of the required curve as

x2 + 8y-16 = 0 =>? = -8(y-2)

This represents a parabola opening downwards and cutting 
x-axis at (± 4,0). The shaded region in Fig. 12.17 represents the 
required area. We slice this region into vertical strips. For the 
approximating rectangle shown in Fig. 12.17, we have

Length = y, width = Ax, Area = y Ax.

(23/2-l)

dv
dx
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2x +1

1
= 3.

=>

x=-1

iy
=-i

P(2,3)
x' (-I.O)A x

e(x2.y)

x0 (5,0)Q
Required area = Area of region OABC + Area of region OCD

0

0

0-1

or, x-2y + 4 = 0

The parabola (y-2)2 = (x-l) cuts x-axis at Q (5,0). The 
tangent P (2,3) cuts x-axis

The shaded region in Fig. 12.19 is the region enclosed by the 
given curves. We slice this region into horizontal strips. The 
approximating rectangle shown in Fig. 12.19 has length

3
= f ((y2-4y + 5)-(2y-4)Uy

0

3

= J (y2-6y + 9)dy 
o

1
2’

♦y'
Fig. 12.19

= x2 - X], width = Ay and it can move between y = 0 and y = 3.

/. Required area

f iy'
Fig. 12.18

3

= f
o[? i 11

0

0 1
= J (x2 + x + 1) dx + j (x2 + x +1 — 3x) dx 

-1

3 + 2

o i
= J y^+f(yi-y2)dx

-1 0

The equation of the tangent at (2, 3) to the parabola 
(y-2)2 = (x-l) is

y-3 = | (i-2)

y=x^+x+1

A(x,.y)j 
xz yffff 
’/R(-4.0)

2(y-2>^ =

B

Mm

Q \x )

(1,3).
SOLUTION We have,

1/ = X + X + 1 

= 
dx

b/xJ(i,3)
The equation of the tangent toy = x2 + x+ l at (1,3) is 
y-3 = 3 (x -1) => y = 3x.

The equation y = x + .r + 1 represents a parabola opening 
( 1 3)

upward and having vertex at - ~ . Its graph is shown in 

Fig. 12.18. The area enclosed byx = -l,y = 0,y = x2+x+l and 
y = 3x is shaded in Fig. 12.18. We slice the shaded region into
vertical strips.

( 1 1 , > . d 
=---- T+--1 + 7-1 + 13 2 \

7= - sq. units.

EXAMPLE 14 Find the area of the closed figure bounded byx = -l, EXAMPLE 15 Find the area of the figure bounded by the parabola 
1/ = 0, y = x2 + x +1 and the tangent to the curve y = x2 + x + l at . (y - 2)2 = (x -1), the tangent to it at the point with ordinate 3, and 

the x-axis.
SOLUTION Putting y = 3 in (y - 2)2 = x -1, we obtain x = 2.

2
The equation of the parabola is (y - 2) = (x -1)

Differentiating w.r.t x, we get

dx
1

2(y-2)

M(2,3)

ri
3
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= 2

(i)

c

and,

iy

(0.1 )R

-.0

P(2,0)

4y2=3x
(O-1)S

Fig. 12.20

dy

Both the curves are 
symmetric about X-axis

A(1,<I)
\ 2

3

Required area

£/2
= j (*2~*i) dy
-£/2

£72
= 2 | (x2-x{)dy

0

£/2r
= 2j ^4-4y2 - 

0

(xi.y)L £

ot

-tWo'/2

x' I **ot 
(-2.0)\

x2+4y2=4

M(x2,y)

x

B

(1.-.7) 
y‘

n i3
= ^-3y2 + 9y = 9-27 + 27 = 9sq. units

L'3 Jo
EXAMPLE 16 Find the smaller of the region bounded by the curves 
(x -1)2 + 4 (y — I)2 = 4 and 4 (y — I)2 = 3 (x — 1).
SOLUTION The equation (x -1)2 + 4 (y - I)2 = 4 represents an 
ellipse with centre (1,1) and the equation 4 (y -1)2 = 3 (x -1) 
represents a parabola with vertex (1,1). If we shift the origin 
at (1,1), then the equation of the two curves become

X2 + 4Y2 = 4

and, 4Y2 = 3X ...(ii)

Since the area of the region bounded by the given curves 
does not change by the shifting of origin. So,

Required area = Area enclosed by (i) and (ii) in the new 
system.

Solving (i) and (ii), we obtain the coordinates of their points 
of intersection as marked in Fig. 12.20. The region enclosed by 
thecurves (i) and (ii) is shaded in Fig. 12.20. For the approximat­
ing rectangle LM shown in Fig. 12.20, we have

Length = (Xj-Xj), width = dy.

As it can move vertically from B (1, - ^3"/2) to A (1, V3V2). 
Therefore,

£72___ £72
= 4 | VTVdy-| J y*dy 

0 0

4/3/2

0

8 3V3 
9X 8

y=1-x2

= 2 [yVl-y2 +sm-'y]

• 4 3
.271 1 )

= T + 2?3 Sq-UnltS
EXAMPLE 17 Find the area of the region bounded by 

|yj = 1-?.
SOLUTION We have,

x>
(-1.0)Ai/\/Xx?

/ 
/

y=x2 -1

(1-A = I y I
= y.ifyao 

-y,ify<0

Thus, the two curves are:

y = 1 - x2, for y > 0

y = x2-l, fory<0.

Bi (0.1)

XXQ(x.y2)
■XXX-pi /

^Txj/\A2(i.o) x
: : •:/ \

giZp(x.yi) 
B2(0.-1)

y
Fig. 12.21

The graphs of these two curves are shown in Fig. 12.21.
We have to find the area of the shaded region in Fig. 12.21.

We slice this region into vertical strips. The approximating 
rectangle shown in Fig. 12.21 has
Length = y2 - yt = (1 - x2) - (x2 -1) = 2 (1 - x2), width = Ay

It can move horizontally between A] (-1, 0) and Ai (1, 0)

Required area
1

= I (y2-yi>rfx
-1

1

= 2 f (l-x2)dx
-1
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1

8
= 2

/(x) =

/(X) =

/(X) =

We have to find the area of the shaded region in Fig. 12.22.

,0<x<l.(0,1)A

(x-Y2)q
C

x=1

0
x' L (y.O)

y=2x(! - x)

y' y=1+e iyFig. 12.22

x' 0 (log 1-0) X

1
y'

Fig. 12.23
Jo

D
(1.1)

7
81

51
81

(1.0)

(Iog2,0)

SOLUTION 
curves:

.y/Xf?

, 0<x<log (3/2) 
,log3/2<x<log2

...(i)
...(ii)
..(iii)

y=X/!?
(x-y3)R£:::

•aEXv.xL':'
*■

G

 38 20
81 + 81

(1.0)

\N x /(x) = 3/2
1 + e"x,log2<x<l

(f.o)

Required Area
= (Area OABLO) + (Area LBCM) + (Area (CMND) 

1/3 2/3 1
= / Vi dx + Jy2rfx + fy3dx

0 1/3 2/3
1/3 2/3 1

= j (x -1)2 dx + / 2x (1 - x) dx + J

0 1/3

XZ(log2.j)

//Xv’-’v.v;

x3
+ 3

J2/3

' °-X-3
1 22x(l-x)z ~^x<-

, -<X<1' 3

Required area = Area of the region OBLO + Area of the region 
BFGL + Area of the region FCMG + Area of the region CMND 

1/3 1/2 2/3 1
= J 2x(l-x)dx + j (x-l)2dx + J x2dx + f 2x(l-x)dx

0 1/3 1/2 2/3

31= ^sq. units

/ 3?X.(0’2) (o.f)

>4

x2

17= — sq. units

1 "8 1 ~ TZ + 1 + 3 27

(l-x)2

x2dx
2/3

2/3

I’
:/;<V(x>yi >

\ BJ

y=f

,31/3(X-1)3

3

Zy=eX

+ x2 - ------
3L J Ji/3

in the interval [0,1].
All these curves are parabolas. Their points of intersection 

are marked in Fig. 12.22.
It is evident from the graph that

y = x2

y = (i-x)2
y = 2x(l-x)

[IIT1997]
Let us first draw the graphs of the following

EXAMPLE 19 Let
min ((x-1)2,2x(1 -x)) , if0<x<l/2 
min {2x (1 - x), x2} , if | < x < 1

Draw a rough sketch of the curve y =/(x) and find the area bounded 
by the curve and x-axis.
SOLUTION Proceeding as in Ex. 18, the graph of f (x) will be 
the curve OBFGNO and f (x) will be given by

2x(l-x),0<x<|

(x-l)2zj<x<|
x2,2^x<3

22x (l-x)4<x<l

"2HL
(2 2^ 8
3 + 3 =3S<’Un"S

\ /
example 18 Let f(x) = maximum {x2, (1 -x)2,2x (1 - x)}. 
Determine the area of the region bounded by the curve y~f (x), 
x-axis, x = 0 and x = 1.

3 EXAMPLE 20 Let f fx) = minimum ' 1 +e~x

Find the area bounded by y=f (x), x-axis, y-axis and the line x = 1.
3 

SOLUTION It is evident from the graph of y = y = an^

y = 1 + e~ x that

4_16
9 81

1 __2_ -
9 81 +3
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dx

il

2 -h/e

111 0= e 0 2e13 13

r 1= e

y=ex logx

y=4-2SinxA

x D0x'

x=2n

0 xxz

y' I
yz

Fig. 12.25

dx

30

2

jt - sin 2/3

i -sin 1 2/3 

>in’1 2/3

I r.
Hl

Required area

log 3/2 Iog2 1
= j e* dx + J - dx +1 (1 + e~ x) dx 

0 log (3/2) log 2

log 2 
log 3/2+

:<|N 
2n

r T "4LC0SXli

i
= e J x log 

1/eH 1

i respectively.
7

Required area

1

= f
l/e

I .

= f «log
1/A

[IIT1990]
The graphs of the curves y = ex logx and 

are shown in Fig. 12.24.

k

- A_£
= 4e 4’

EXAMPLE 22 Let f (x) be defined by

f (x) = max (4 sin x, 4 - 2 sin x), 0 < x < 2n.

Draw a sketch ofy = f (x) and compute the area bounded by the curve 
y = f(x), the y-axis, the x-axis and the ordinate at x = 2n.
SOLUTION The graph off (x) is shown by the continuous curve 
shown in Fig. 12.25. At the points of intersection of y = 4 sin x 
and y = 4 - 2 sin x, we have

T.V’.V.'. 
t.V.XV- 
■4... .J..Xv.v.v

M

example 21 Compute the area of the region bounded by the curves 
i j log xy=exlogxandy = -£-.

log (3/2)

108(3/2) 3|- 1
J +2lXJ

|-1 +| log2-log| + l-| -.log2--

log*
X

= [ 4x + 2 cos x J 

+[4x + 2cosx£sjn-.2/3

sin"*2/3 Jt-sin-12/3 2n
= j (4 - 2 sin x) dx + j 4 sin x dx + j (4 - 2 sin x) dx 

0 sin"12/3 n-sin"12/3

iin"*2/3

13 4 I= <2-- + -log--log 2 sq. units

logx 
y=^r

1 (log X)'

XJO£X 
ex

1

x dx-- f 
ei/r

x2 X2"11
= H(logx)y--

SOLUTION

V = 1°KI
3 ex

2? 4? k
. 1

■4 + 4? +2e
7

y (x.y)

1

2 
4sinx = 4- 2sinx =* sinx = -o

Thus, the coordinates of B and C are 
f . -12 8") sin - and n - sin 

O O I k 7 k 
Now, rquired area
= Area of region OABL + Area of region LBCM 

+ Area of region MCDN

=» e^logx = logx

=> (e^-ljlogx = 0

1 j=> x = - and x = 1 e

/O^(x.yi)

II1'-"
Fig. 12.24

The abscissa of the point of intersection of the curves 

y=ex log x and y = are given by

i logxexlogx = -4-
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= 4 sin'

/(x) =

A

+ 2x------ (x - n)‘

,2

= -8

= -4V2+8 + 2n-

Thus,

/« =

x=y+2o

0x'

0x' X y2=4ox

y'y'
Fig. 12.27Fig. 12.26

4

r
3

-! +2n+^--n+^-+3n- 
/

Jt/2

-3n/2
,2

fl 
("fl

Q(x,s^ 
py 
< (o.o).

= lim/(x) = f ~ 
x-tn/2' x-»n/2*

Find the area bounded by the curve y -f (x), the x-axis and the line 
4>/2(x-n).

SOLUTION Since/(x) is everywhere continuous. Therefore,

( it

2 k v

A+ 4 (x-n)3 + 2x

71
X>2'

fl
12

/I = -%(VT-1) 
It

ny = 4 V2~(x-7t) represents a straight line passing through 
(n, 0). The shaded region shown in Fig. 12.26 repreents the 
desired region.
Now,
Required area

= Area of region OALO + Area of region LABML
+ Area of region BMCB
n/2 n

= J 4 sin ;px + J {A (x - n)2 + 2) dx 
0 n/2

3n/2, J~
+ J ■ (A (x - 7t)2 + 2} - — (x - it) ■ dx

itn

ft4sin(x/2) ,x<-

4('/2-l)(x-n)2 + 2,x>5
71 2

• "ft/2
o x = - 8 cos -

zJo

-£- + — x — (12 -1)12 12 j

+ (8n + 2) - (4n - 4 sin-1 3) - 2 1 - 77

£t$^(x>y2)

/M (n.O) (2n,O)

. . X 71 4sin-'X<-

A (x - 7t)2 + 2, x >

f 12 '= 4ti + 8 sin- - + 415 sq. units 
o

EXAMPLE 23 Let/(x) be a continuous function defined by

A(x —7t)3
3

= 412 (12-1) + (412 +1) sq. units.

EXAMPLE 24 Find the area lying on the same side of the axis of x, 
as the positive part of the axis of y and which is contained by 
y2 = 4ax, x2+y2 = 2axandx = y + 2a.
SOLUTION The equation y2 = 4ax represents a parabola and 
x2 + y2 = 2ax or (x - a)2 + (y - 0)2 = a2 represents a circle having 
its centre at (a, 0). We have to find the area of the shaded region 
in Fig. 12.27. The line x = y + 2a and the parabola y2 = 4ax inter­
sect at B (a (13 +1)2,2a (13 +1)).

|y

=> lim 4 sin - = lim (A (x - 7t)z} + 2 = 4 sin - 
x -»n/2" x -»n/2*

•KV I
7 I

R(x.y3) |
|M X

L(2a.o) (a(43+1)2,0)

2 15 1x + 2^-2 -4
3 3 3

4 An24.9^ = _r+2 =

For x<^, we have y = 4sin^ and for 

8 r~~ ?y = — (v2 -1) (x - n) + 2, which represents a parabola having 
n

vertex at (n,2) and opens upward. The equation
9

y=A(x-n) +2
|y /

y=4Sinf . . /

(f.O)

212
7C

7t
4

X
2

-*n

At?
24

An3
24
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for x > V2,2 = x

for x > VT

+ 2a2

for x > >12

f(x) =

y

VI-

o Xx'

Em y'

Fig. 12.28

X 
f(x)

-1 (x - a
i 3------- 1a

= 
dx

(73+1)2 a
J (x-2a)dx
2a

y = — for x<>/2.

Now, Required area

= Area of region OLAO + Area of region ALBA
2« a (73 +1)2

=J(y2-yi)^+J ^-y^dx
0 2a

-2a2

;73 + l)2a

[x,x<vri
?x>^]

[♦.• f (x) is continuous at x = V2]

_______  (73 +1)2 a
= J |V^x - ^-(x-a)2} dx + l ^4ax - (x - 2a)) dx 

o 2a

i2 (>/3 +1)2,2-

= ^(10 + 6>/3)?~->/3a2(4 + 2>/3)-2a2
Z

*5 z

2
= (32 + 24^-371) y sq. units

EXAMPLE 25 Let f(x) be a non-negative differentiable function 
satisfying the diffemetial equation ^=xforx<'ll and the differen­

tial equation y^ = xforx>'ll. Find the area bounded by the curve 

; y =/(x), the x-axis and the ordinates at x = 0 and x = 2.
I SOLUTION Since/(x) is differentiable at x = >/2. Therefore, 

(LHDatx = <2) = (RHDatx = <2)

=> lim -7 -
x->y2

=> lim x = lim
X-+72” x-+72*

T

= x forx < VF

(x - a) V^-fx-a)2 +1 a2 sin"1 - 2ax^

= +1)3 a2 - a2 sin"1 (1) -1 a2 sin’1 (-1)
0 z z

- - 2a2 (<+1)2 + i^1)4*2

= |(^3 + 1)3?+ 2? (>/3+1)2-
* z

= |(10 + 6V3)a2-^ + a:
z

= I (10 + 6^) ? - - Z0/3 +1)2 >/3 - 2?
z

•r ■■■■■■■ 

14 ••• 
(J2.0)

/-x2-y2=1

•:::i
•>?9

(2.0)

^at-Ta2

Q/3+1)2
2

(x.y)Q 
(72.1)-

(x.y)P,

2i (73 +1)2 a 2a
= f T^x dx+| ^4ax dx - j ^a2 - (x - a)2 dx -

o 2a 0
t'3 + l)i« 2a (73+1)2 a

= J '/todx-J v?-(x-a)2 dx-f (x-2a)dx
0 0 2a

— + C2

1 ^2
2

/(^) = 1

Now, dx
=> dy = x dx

y = y+ci

But, y = 1 when x = >12. Therefore,
21= — + Ci=>Ci = 0

2 "

Also, y 7^ 
J dx

=> ydy = xdx

-=? 2 2

But, y = 1 when x = yll. Therefore,

| = 1+C2 => C2 = -|

y2 _ 1
2 " 2 2

y2 = x2-l forx>V2

Thus, we have,

T ■ 2 __
>/?-l ,x>>l2

The graph of the curve y =/(x) is shown in Fig. 12.28. We 
have to find the area of the shaded region.
Now,
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d=>

y

i

(o.i")=>

(x.y)P Ay
x

x' 0

y
Fig. 12.29

. y = 3n/16.

1
12

3n
16

2 sin x cos x sin (sin x) - 2 sin x cos x cos-1 (cos x)

n
8 

7

1 
y=(-2x)3

x

Required area
<2 j 2

= J — dx + j Vx2-! dx 
0 2 <2

+ |log(x + V?-l)f

Required area
3n/16
= f-xdy 

o
3n/16 a

0

■ I [«■?'“
1 iW= 8 16 Sq'Un,tS-

X 7

3n
y=i?

3n between y = 0 and y = —. Therefore,

Tt But, for x = -' we have4

-|log(l + t/2)

X y
X 
. 7

=> y = C (constant) for all x e [0, n/2]

_<C1

2 x 1
X 7

It passes through (4, - 2). Therefore,

| = |+c1=>c1 = o

_±=z
»y 2?
j/--2x

=> y = (-2x)’/3

Thus, the two curves are y = tt and y - (- 2x) . Their 

graphs are shown in Fig. 12.29. We have to find the area of the 
shaded region. For the approximating rectangle shown in Fig. 
12.29, we have, length = 0 - x, width = Ay. As it can move

. 2 2sin z cos x
Thus, the curve y = J sin-1VF dt + | cos-1 VF dt reduces to

1/8 1/8

= ^ + >/3+ilog(2 + ^)-
□ z

1, 2 + <F|- log — jr sq. units

+ x Vx2 - T2

= '6’’3?2+2

EXAMPLE 26 Find the area bounded by the curve 
. 2 2sin x cos x

= j sin-1 >li dt + j cos 'Jtdt, 
1/8 1/8

7twhere 0<x<-, y-axis and the curve satisfying the differential 

equation y (x + y3) dx = x (y3 - x) dy passing through (4, - 2).

SOLUTION We have,
. 2 2sin x cos x

y = J sin-1 ~4t dt + J cos"1 fT dt, 0 < x < ~ 
1/8 1/8

By using Leibnitz is rule, we have 
du _ . . -i
dx

^ = 0 
dx

The second curve satisfies the differential equation 
y(x + y3)dx = xtf-x)dy 

x(y-dx + xdy) = /(xdy-ydx) 

xd{xy) = x2!/3^ 

rf(xy) = fy 
(^y)2

On integrating, we get

_ J_ 
xy

1/2 1/2
= J sin-1 dt + j cos-1VF dt

1/8 1/8

1/>I2
= J (sin-1 VF + cos-1 VF) dt

1/8
1/2

=J
1/8

n fl
"22

" 16
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3/40

dxdx=3
7

3/4

-1

3

+
3/4

2

y=mxB
(-1,0)B Ax

Ex

•I- 0 Dx'
p(x.y)

D

ty'

x2+2x+4y+3=0
2x+y-|=0y'

Fig. 12.30

lx

4
2k

2 
k

1 ?
4 3

3/4/

-A

y

3 
X

A(|.O)

3/4
= J ydx + j (yi-yz)^

-i

3

+ J
3/4

\C(2.O) x 

y=1+4x-x2

g 3y + | = -2(x-3) or, 2x + y-- = 0

In Fig. 12.30, we have to find the area of the shaded region. 
Required area

= Area of the region ABCD + Area of the region AED.

3

EXAMPLE 27 A tangent is drawn to the curve 
x2 + 2x-4ky + 3 = 0 at a point whose abscissa is 3. The tangent is 
perpendicular to the linex-2y + 3 = 0. Find the area bounded by the 
curve, this tangent, the x-axis and the ordinate x = -1.
SOLUTION We have,

x2 + 2x - 4Jcy + 3 = 0

Differentiating w.r.t. x, we get

2x + 2-4Jt^ =
dx

-?-2x-3
4

A /» \3x 2
-

X 7

ns |
Q(*.y2) \i 

\E x=|

dy x + 1 
dx ~ 2k

dx
X /X = 3

So, the slope of the tangent to the curve

x2 + 2x - 4ky + 3 = 0 at x = 3 is p

It is given that the tangent at x = 3 is perpendicular to the 
line x - 2y + 3 = 0. Therefore,

2 1,.rX- = -1 => k = -1 k 2

Putting k = -linx2 + 2x - 4ky + 3 = 0, we obtain

x2 + 2x + 4y + 3 = 0

(x + l)2 = -4 y + | ,

X 7

which is a parabola with its vertices at (-1, -1/2) and opens 
downward.

Putting x = 3 in the equation of the parabola 
? + 2x + 4y + 3 = 0 wegety = —9/2

The equation of the tangent at (3, - 9/2) is

109
= 48‘squn“s

EXAMPLE 28 If the line y = mx bisects the area enclosed by the lines 
x = 0, y = 0, x = | and the curve y = 1 + 4x - x2. Find the value 

of m.
SOLUTION We have,

y = 1 + 4X-X2

x?-4x = -y +1

=> (x-2)2 =-(y-5)

This equation represents a parabola having vertex at (2,5) 
and opens downward. The area enclosed by this parabola and 
the lines x = 0, y = 0, x = 3/2 is shaded in Fig. 12.31.

4

Fig. 12.31

Since y = mx bisects the area of the shaded region. There­
fore,

-2x-3^ (3
2
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i/2 *

=>

=>

(x.yj)L

x'

y=4x-x2

y'

and, A2 = Area of the region OQNO.

y=2x-2x2

0,x'

(?•-?)

121
24

39 
8

1
6

Fig. 12.32

Let Aj = Area of the region OQPLO

Fig. 12.33

We slice the shaded region enclosed by these two curves 
into vertical strips. The approximating rectangle shown in Fig. 
12.33 has length = y2 “ J/1/ width = Ax and it can move between 
x = 0andx=l.So,

= Area of the region ONQ PLO 

5/2
. =J(y3-y2)rfx 

0 
5/2

= J ((4x-x2)-(x2-x)) dx 
0

5/2
= J (5x - 2X2) dx 

0

(x.y,)P 

y'

y=x2-x

3 9_9
2 + 2 8

and,
A2 = Area of the region OQNO

1
= J

0
1

= j (x2-x)dx
0

121 1Hence, required ratio = A]: A2 = ~: - = 121:4

EXAMPLE 30 Indicate the region bounded by the curves 
y = x log x and y = 2x-2x2, and obtain the area enclosed by them. 
SOLUTION The graph of y = x log x is similar to the graph of 
y = log x and y = 2x - 2X2 represents a parabola opening down­
ward. It crosses x-axis at (0,0) and (1,0). Thus, y = x log x and 
y = 2x - 2X2 intersect at (1,0). The area enclosed by these two 
curves is shaded in Fig. 12.33.

iy

9m
4
13
6

EXAMPLE 29 In what ratio does the x-axis divide the area of the 
region bounded by the parabolas y = 4x-x? and y = x*-x?

HIT 1994]
SOLUTION The parabola y = 4x-x2 opens downward and 
crosses x-axis at (0,0) and (4,0). The parabola y = x2 - x opens 
upward and crosses x-axis at (0, 0) and (1, 0). The graphs of 
these two parabolas are shown in Fig. 12.32. The two parabolas 
intersect at O (0,0) and P (5/2,15/4).

jy

125= “sq. units

^:7??^TM(x,y2)

rpthO) (2,0)
N(x.y,)

Then, 
A j + A2 /y=xlogx

Xi.o) «

(«.y2)oj2.

125Ai = (Ai+A2)-A2 = —

9
3 mX4

fs 0 I572
= 2 3Lz Jo

1
2 £

3 2
0

3 2 6‘

1(4.0) x

5 25 2 125 
= 77 X —--X-T-2 4 3 8

11.1

Area of the region ODBAO = 2 Area of the region ODEO
3/2 3/2

=> | (1 + 4x - x2) dx = 2 J mx dx 
0 0

_-j3/2 

x + 2x2~y 
’’Jo
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.4

P(x.yi)
XX'

x2+y2=2[Using L' Hospital's Rule]

il

= 2 It + sin'

= 2
= 1.

Now,

= 1

(i)

,(ii)

Now,

*
.4x3

x3

(x;
X3

1
5=» lim 

x-»o

Required area
1

= f (yi-yO^x
o
i

= j (2x - Tx2 - x log x) dx 
0

=» lim 
x-+0

lim 1 + 
x-»0

(O,J2)C

lim 1 + 
x-»0
SOLUTION It is given that

f r/.AlVx
= e exists finitely.

Fig. 12.34

X3

y=x*

y
(*.y2)

___ Q

Thus,/(x) = x4.
We have to find the area of the smaller region enclosed by 

y = x4, x2 + y2 = 2 and the x-axis. The two curves intersect at 
(1,1) and (-1,1). Since both the curves are symmetrical about 
y-axis. So,

= i-i-llogl + M-l limx2logx 
0 z L x-»o

log* 
.2

=4 a4 = 1

Since /(x) is a polynomial of least degree satisfying the 
above conditions. Therefore,

=> lim a4 + a5x + fl6X2 +... = 1 
x-*0

=* flo

Required area
= 2 (Area of the region OCBO)

1

=2 J(y2-yi)rfx
0

1
= 2 f (^2-x2 -x4) dx

0

= ai
real valued function satisfying

i = 3. Find 
x-»0 x

= 2 |xV2-?+|(>/2)2sin'

= a2 = 0 = a3

1-112

n 3
4 + 10

In 3"!= - + - sq. units.
\ J

= 0 and lim 
x—>0 x

Let/(x) = a0 + x + a2 x2. + a3 x3 + a4-x4 + a5 x5 +.... Then, 

lta%0 
X-+0 x

X-tO x4

= ^-lim
12 x —> o 1/x‘

7 i-_ Vx

=^+limf14 x->0 4

7= — sq. units

EXAMPLE 31 Find the smaller area enclosed by y=f(x), where
/(x) is a polynomial of least degree satisfying

( /z.A’lVx

= e and the circle x2 + y2 = 2 above the x-axis.

lim
= Oand e I-‘° x = e

-1 x x5

a5 ~ a6 ~

EXAMPLE 32 Let f (x) be a 
fx}f - =f(x)-f (y) for all x, ye R,y*0 and lim 

. w “ •'
the area bounded by the curve y=f(x), the y-axis and the line 
y = 3.
SOLUTION We have,

/ \
/ - =/(x) -/(y) for all x, y e R, y * 0
v J

, f(l+x) n and, lim ------4 = 3
x-» 0 x

7
12

1
2

1
2
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[IIT1997]

(i)

-(H)and,

(iii) [On integrating]

=> x = 0,x =

.X

y
y=3 logx . So, the area A enclosed by the two parabolas is given(0.3)

y=3
iyAy P(x.y)

0x' (1.0) x

xX'
y

Fig. 12.35

y'

Fig. 12.36

f'(x) = lim 
h -> 0

3 
x

y=x?
b

Length = x, Width = Ay and it can move from y = - °° to 
y = 3. So,

3
Required area = J xdy

— oo

3
= f f?/3dy

— oo

-r = x-bx2

= 3 e - 0 = 3 e sq. units
EXAMPLE 33 Find all the possible values ofb > 0, so that the area of 
the bounded region enclosed between the parabolas y = x-bx2 and 

x2
y = — is maximum.J b

= lim
/>-+ o

a(—\ 1+bz (1+b2)2

SOLUTION The given parabolas are

y = x - bx2

The abscissae of their points of intersection are given by

• x2 
b

b 
1 + b2

=> x2 (1 + b2) — bx = 0

[•.• y = 3logx => x = ey/3]

b
1 + b2

A = J (1/2-yi)<*x
0

=> /(x) = 3 log x +log C
Putting x = y = 1 in (i), we get:

/(l) = 0
Putting x = 1 in (iii), we get

/(I) = 31ogl+logC

=> logC = 0

Putting log C = 0 in (iii), we obtain

/(x) = 3 log x for all x 6 R - {0).

In Fig. 12.35, we have to find the area of the shaded region. 
Let us slice this region into horizontal strips. For the ap­
proximating rectangle shown in Fig. 12.35, we have

= lim
/1-+0

/1+-
J x

h -xx
X

Thus, the two parabolas intersect at 0(0,0) and 
f b b
JL + b2' (1 + b2)2,

The region enclosed by the two parabolas is shaded in Fig. 
12.36. To find the area of this aregion, let us slice it into vertical 
strips. The approximating rectangle shown in Fig. 12.36 has 
length = y2 - yi, width = Ax and it can move between x = 0 and

b
X=l+b2

fey

b
1 + b f 2>

x-ta2-V dx
0 < bJ

>+h)-f(x; 
h

x + /P
xx___z

h
if
x

(M2)

0(0,0)

... Um ^ = 3 
x->0 x

2
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.2-

=> dx

(x-ny-2t ==>

=$

(i)
=>

[•/ b>0] dV

y-t2dy

2t

= 2y-

o

y2=4x

y'

Fig. 12.37

If b 
2

(t2,2t)

1
6

dA 
db =

=> b(l-b)(l + b) = 0

=» 1-b = 0
=> b = 1

SOLUTION Let P (f2,2f) be a point on the parabola such that 
l<2t<2i.e.|<t<l.

If b 
3

b2 
(1 + b2)2

(1 + b2)4

dASince b > 0. Therefore, 1 + b > 0. Thus, — changes its sign 

from positive to negative in the neighbourhood of b = 1. There­
fore, A is maximum when b = 1.
EXAMPLE 34 Let P be a point on the parabola y2 = Ax with the 
ordinate y satisfying 1 < y < 2. Then normal to the parabola at P 
intersects the x-axis in N and a line parallel to y-axis through P 
intersects the x-axis in M. Find the maximum difference in the areas 
of triangles PMN and PMS, where S is the focus of the parabola.

b
■? b?
.2 "3 3b^

[1 + b2- 2b2]

-I

fl r + 1
4t k /

= 4f-(t2+l)f

= 3t -13
dA Now, — = 1 - 3t2 for all t
at

For maximum value of A, we must have

= 0 => 3-3f2 = 0 => t = ±l
at

We have, = -6t
dt2

d2A 
Clearly, = - 6 < 0 for t = 1.

^9(f2-Dy ! p
2t

\ /

y+tx=2t+t3

2f + f3 -yl 
t

b2
(1 + b2)2

dA = 1 [(1 + b2)2 x 2b - 2b2 (1 + b2) (2b) 
db " 6

Eqn. of SP is
y=^(x-d

\2

b+fc2>
_1 (b f
= 2 l + b2 

k /
Now,

b
3(1 + b2)3

dA  b(l-b)(1 + b)
db 3 (1 + b2)3

For maximum value of A, we must have

^ = 0
db

't2 - f
21 k /

y <*y
/

-2t

Jo

f b f 
1+b2 

k
\2

11

2 + t2-*-

7
I k"X.

P(x, ■y)B°(,<2'1,) X
M/ 
^S(I.O)

1
3b

We have,
y2 = 4x

=> 2y 7^ = 4 
J dx 

^y = 2 
Jx y

 2  1 
dx 2t t 

k )"
The equation of the normal at P to the parabola y2 = 4x is 

=> y-2l = -i(x-l2)

=> y + tx = 2t +13

This meets X-axis at N (2 +12,0) 

Let
A = Area of A PMN - Area of A PMS

= Area of the region PSN 
2t

= J (x2-x})dy 
o 
2t 

0 

2f ■ 

0 • 
2t/

2-
0 K



MATHEMATICS FOR IIT-JEE12.22

=>

2

=>

For maximum or minimum, we must have

Clearly,

Q(x.y) y2=4a(x+2)A

A'.*-’- 0X< x y

8
y=mx+1

x

= 2

■(>)

,(ii)
8V7
T

Thus, A is maximum when t = 1. The maximum value of 
A is given by

♦y'
Fig. 12.38

2-4a
= 4^7 J 'ix + 'l dx

-2

2-4a
f V4a(x + 2) dx
-2

_______ \(«.o)
x' (-3,0)a\!x

df{a) 
da

df{a) 
da

df(a) 
da

PCx.yiVz

j(frQ) 
:O1Ub(i.o) 
^QCx.ya)

x2+y2=4

A ^(4-^/2

A 1 1
= 0 => a = 1, —.4

64 ->= ~ (4-4n)2 (4 - 16a)

Thus,/(a) = A2 is maximum when a =

EXAMPLE 36 Find the least value of the area bounded by the line 
y = mx +1 and the parabola y = x2 + 2x - 3 when m is a parameter. 
SOLUTION The parabola y = x2 + 2x - 3 opens upward and 
cuts x-axis at (- 3,0) and (1, 0). The area enclosed by the line 
y = mx +1 and the parabola is shaded in Fig. 12.39. The abscis­
sae of the points of intersection of the parabola y = x2 + 2x - 3 
and the line y = mx +1 are given by

changes its sign from positive to negative in 

the neighbourhood of a =

® = J [(4 - 4a)3 + 30 (4 - 4a)2 (- 4)]

A = 3 -1 = 2 sq. units.
EXAMPLE 35 The two curves y2 = 4a (x + 2), a > 0 and x2 + y2 = 4 
intersect each other on points A and B. Find all possible values of'a' 
so that the area of the region bounded by the parabola and the chord 
AB is maximum.
SOLUTION The equations of the two curves are:

y2 = 4a (x + 2) „.(i)

and, x2+y2 = 4 ...(ii)

Clearly, y2 = 4a (x + 2) represents a parabola with vertex 
(- 2,0) and opening rightward. The equation x2 + y2 = 4 repre­
sents a circle of radius 2 having centre at the origin.

The x-coordinate of the point of intersection of (i) and (ii) is 
given by

x2 + 4a (x + 2) = 4

=> x2 + 4ax + 8a-4 = 0
=> x = -2,x = 2-4a.

Thus, the two curves intersect at

(- 2,0) and (2 - 4a, ± <3 +8a-16a2)

Let A denote the area enclosed by the parabola (i) and chord 
AB shown in Fig. 12.38. Then,

7'

Fig. 12.39

mx +1 = x2 + 2x - 3

=> x2 + x (2 - m) - 4 = 0

Let its roots be a and 0 such that a < 0. Then, 
a + 0 = m - 2 and a0 = - 4

Let A denote the area of the shaded region. Then,[(:t + 2)3/://

A2 = ^(4.4o)3

Clearly, A will be maximum or minimum according as A' 
is maximum or minimum.

Let f(a) = A2 = y a (4 - 4a)3. Then,

x' (-2,0)P

2-4a 
A = 2 J ydx

-2
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-hh

=>

=> dx

J
1

4 +

= >/(m~2)2 +16 [Using (iii)]4 +

= Nm2 - 4m + 20

[••• /(I) = 1]

and,

y

t-i”
X(o.o)

= 4x1/ for all x, y e R, y * ± x=>

4xh

=>
0

= 2=>
-2V3 -3

nt
2

0
4 = f (yr^dx

a
0

= | |(mx +1) - (x2 + 2x - 3)} dx 
a

x2+y2=12

2

-.3’

3’ 
-a

’ 1 ) 

x-h 
k /

This is a linear differential equation with I.F. = e

df{x) /(x) =
dx x

Thus, the two curves are:
x + y2 = 0 

x2 + y2 = 12

3 f 
x2 + x- — -x2 + 3x

-a
B

x' Clv.y.-.T "L ■

Vtxxjz

fm-2\ 
2

= V(P + a)2-4a0

(P + a)-j(P2 + aP + a2)

(p + a)-|[(P + a)2-ap}

f(x + h)-f(x)] ( 1 1 [(/'(x-h)-/(x)] ; 
h | x + /i

= | {m2- 4m + 20)3/2 
0.

y2=-x

M(m-2)2
J 0

Multiplying both sides of the above equation by - and 

integrating, we get
/(x) _ x2+q

x
=> /(x) = x3 + Cx
=> /(I) = 1 + C

c = 0

1 T" ■ 
"v-"L

y'
Fig. 12.40

The area bounded by these curves is shaded in Fig. 12.40.

Required area
’-3

J4dx !) A----------

(-3,j3^

r/f-.+.-.'rX] A-I-:-:- : \

m - 2
2 /
--|l(m-2)2 + 4]

o

= | [(m - 2)2 + 42]3/2

Clearly, A will be least when tn = 2 and the least value of
A is given by

A = (42)3/2 = sq. units 
v O

EXAMPLE 37 Let f{x) be a differentiable function satisfying 
(x~y')f(x+y)-{x + y)f{x-y)-4xy{x2-y2)forallx,yE Rand 
/(1)=1. Find the area bounded by the curves 
If «]1/3 + \f (y)]2/3 = 0 and \f (x)]2/3 + \f (y)]2/3 = 12. .
SOLUTION We have,

(x - y)/(x + y) - (x + y)/(x - y) = 4xy (x2 - y2) for all x, y e R

f(x + y) /(x-y) 
x+y x-y

f(x + h) J{x-h) _
x+h x-h

f{x + h)-f{x)+f{x) f(x-h)-f{x)+f{x) = , 
x+h x-h

f{x + h)-f{x) _f{x-h)-f{x) = 
x+h x-h

f(x-h)-f{x) f{x-h)-f{x)_
x+h x-h

Taking limit of both sides as h —> 0, we get 
f'(x) f'{x)  

T —
X X 

2f'(x) = 
X

= 4x + ^
S-h2

\ /

= 4(p-a)+fy-il (p2-a2)-|(P3-a3)

= (P-a) 4 +

x, f(x) f{x)■ 4hx - x+h x-h

x2-h2

4x + ^ 
XT

f'(x) = 2x2+fSf

?
3
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-3 (0
= 2

-3

= 2

= 2

y=x2

B,

X for all x, ye Rsuch that y *0 and/(y)*0. x' 0

x2+y2=2

[••• /(I) * 0]

-1

-1

[•••/(I) = 1]

/'(I)

[•••/'(I) = 2]=>

=>

X 
2^3

f(x)

/'(x) = lim
/j-»0

Required area
1

1/
Fig. 12.41

lim 
h->0

0
1 _____

= J M-y2 - y[y) dy 
o

(xby)XA(1J) 
P.

+
-2^3

d(f(x) 
dx

df(x)

f (x + hj — f (x) 
h

f(x + h) 
. /W

h

jQ(x2.y)
7

/(X)

= lim-----
h->0

x
= 2/(x)

x

X

Integrating both sides, we get
log/(x) = 21ogx + logC

+ 1(0 ’33/2)

= /(x). lim A 
h —> 0

>2“xl) dV

=> fu = c?
But, /(I) = 1 Therefore, C = 1.
Putting C = 1 in (i), we obtain

/(x) = X2.

Thus, we have to find the area enclosed by the curves 
y = x2, x2 + y2 = 2 and x-axis. Graphs of these curves and region 
enclosed are shown in Fig. 12.41. Clearly, y=^ and 
x2 + y2 = 2 intersect at (1,1) and (-1,1). The shaded region in 
Fig. 12.41 is sliced into horizontal strips. The approximating 
rectangle shown in Fig. 12.41 is of length = fa - Xi), width 
= Ay and it can move vertically between y = 0 and y = 1. So,

MlbJl
= - + sin 1

W'
x

■ /

h

, 711 fn 4 “
-6x- - 0 + 6x —

/

7-3>/3
I 2
[-3^3

2

= (2n + •^3) sq. units.

EXAMPLE 38 Leif be a differentiable function satisfying the condi­
tion :

(x\ fix)
/ ~ wherey *0,/(y) * Ofor allx,yeR andf' (1)= 2, 

then find out the area enclosed by y =f(x), V + y2 = 2 and x-axis. 
SOLUTION We have,

fx\

••• fm-rn
=> (f(l)l2-/(l) = 0
=> f(l) = 0 or,/(I) = 1
=> fm = 1

Now,

= jy^-y2 + |sin

| V12-x2 + 6 sin-1

[1+^-1
’ x

■-’H
r--- sq.units1 . -1 1 2= 7 +sin tt--2 <2 3

EXAMPLE 39 A square is constructed by joining the points 
A (-1,1), B (-1, -1), C (1, -1) and D (1,1). Considering A, B, 
C and D as centres, four circles each of 2 unit radius are described on 
the square. Find the area common to these circles.
SOLUTION We have to find the area of the shaded region in 
Fig. 12.42. From the symmetry,

Required area = 4 (Area of the region ORQO) ...(i)
Clearly, R is the point of intersection of the circle having 

centre at (-1, -1) and radius 2 i.e. (x +1)2 + (y +1)2 = 22 with 
x-axis. Therefore, abscissa of R of given by

(x + l)2 + (0 + l)2 = 22 => x = V3-1.

0
3/2

" 3 " ’2 k

- 2ji + 3n + 2>/3
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iy y

y=f(x)

P(x.y)(-U)A

x' X

0x'
(-1 -1)B

7 -1

= -0/3+1)
= k

=>

= ±2Jt=>

Y-y

y = (± 2k Q y1

l

1
2

Now,
Aj = Area of curve linear triangle OMP

&

X

= jydx 
o

yz
Fig. 12.43

dx \ /

rfy 
dx
y

0(1.1)

L(x^yj\y

0(1-1)

y

y'
Fig. 12.42

Area of the region ORQO
tf-l
= f yrfx

o

= j (-1 + ^22-(x +1)2} dx
o

A2 = Area of &MTP

( dx '
It cuts X-axis at point T x - y , 0 .I J

X >

Jydx 
0

y2 = ±k Jydx 
0

\ /

= |(TMxA4P)

l(dx
2

=(H
Hence, required area = 4 - >/3 sq. units.

EXAMPLE 40 Find the curve passing through the origin 0, such 
that the ratio of the area of the triangle MTP, formed by the tangent 
at some point P of the curve, ordinate MP of this point and x-axis, to 
thearea of the curvilinear triangle OMP is equal to a constant number 
such that | k | > |.

SOLUTION Let y =/(x) be the equation of the rquired curve. 
The equation of the tangent at any point P (x, y) to this curve is

x+.|(x + 1)>/22-(x + 1):

y
' X

Jy^
0

\ /
Integrating both sides, w.r. to x we get

fx '
log f y dx = ± 2k log y + log C 

o x

jydr^C/2*
0

Differentiating both sides w.r.t. x, we get

dx

? = k

fi 
2

x .

4 .+ -sm

L(x,y) lies on 
(x + I)2 + (y +1)2 = 22 
y = -l + \f22-(x+l)2 

x-p/3-1
x+1

2 x

V3 +1 sin"1

?| m(x.q)

X

= ^Ty*V
\ J J

1 2 dx= 2^Ty
It is given that

^-k

1 2 dx
2^

.T

J ydx
0

I + y +1 sin 

V3
2
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x = ±2A'C

= 1 + for all t > 1

/(0 = f + l + for all t > 1.=>

Hence,/(x) = x +’ 1 + for allx>l.

(i)

[IIT19981

0

ty

(0.1) (1.1)
Hence,

ox' X

y'
Fig. 12.44

Area bounded by y =/(x), y = x and the lines x = 1, x = I is 
given by

(1.0)
C3

v /(x)<(2x2-x3) 
for all x e [0,2]

EXAMPLE 42 Find f (x) satisfying f(x)>x for allx>l if it is given 
that the area bounded by the curve y=f(x), y = x and the lines 
x=l,x = tis(t + 'Vl +t2) - 'll -1 sq. units for all t > 1.
SOLUTION It is given that/(x) > x for all x > 1. So,

0 
(xi.))A/

(x4-4x2)
Jc+1

C(x.yi)R

?^W)

+ c,

= |x4 - fa3 + 2 0c - 2) x2).

t__
1 + t2

SOLUTION Let P (t, t2) be any point on curve Cr

Since PQ is parallel to x-axis. Therefore, y-coordinate of Q 
is t2. As Q lies on y = 2x. So, its x-coordinate is t2/l.

Thus, the coordinates of Q are^f2/2, t2^.

It is evident from the figure that the x-coordinate of R is t 
and so its coordinates are (t,/(t)).

To find the area of the region OPQ, we slice it into horizontal 
strips. The approximating rectangle shown in Fig. 12.44 has 
length = x2 - X], width = Ay and it runs from y = 0 to y = t2.

f(x) =
ar 1

. t
/ \f(x)-x}dx 
1

But this area is given equal to (t + ^1 +12 - V2 -1) sq.units.
Therefore,

t ____
j (f (x) - x) dx = t + >/l + t2 — V2” — 1 for all f > 1
1

Differentiating both sides w.r.t. t, we get

__ t_
y/l + t2

VT77
EXAMPLE 43 Let Cp C2 and C3 be the graphs of the function 
y = x2, y = 2x, y =/(x), 0 < x < l,/(0) = 0. For a point P on Cp let 

the lines through P parallel to the axes meet C2 and C3 at Q and R 
respectively as shown in Fig. 12.44. If for every position P on Q the 
area of the shaded regions OPQ and ORP are equal, determine the 
function f (x).

(|.1)

'c2 Ct

=> dx = (± 2k C) y*2k~ 2 dy

Integrating both sides, we get 

y*2*'1 
(±2k-1)

It passes through the origin (0,0). Therefore, Cj = 0
Hence, the equations of the required curves are given by 

± 2k C ± 2* -1

EXAMPLE 41 Find a continuous function f (x) satisfying 

x4 - 4X2 </(x) < 2X2 - x3 for ail x e [0,2]

such that the area bounded byy=f (x), y = x4 - 4X2, the y-axis and 
the line x = t (0 < t < 2) is k times the area bounded by y=f (x), 
y = 2X2 - x3, y-axis and the line x = t (0 < t < 2).
SOLUTION Let Aj-be the area' bounded by y=f(x), 
y = x4 - 4X2, y-axis and x = t.

Since/(x) > x4 - lx2 for all x g [0,2],
/

A, = J(/-(x)-(x4-4x2)|dx 
0

Let A2 be the area bounded by y =/(x), y = lx2 - x3, y-axis 
and x = t. Then, 

t
A2 = J |(2?-?)-/(x))dx 

0
It is given that
A j — k A2
t

=> J {f (x) - (x4 - 4X2)) dx = k / {(2X2 - x3) -/(x)} dx 
0

Differentiating both sides w.r.t. t, we get 

/(f)-(f4-4f2)=k[(2f2-l3)-/(f)]

=> (1 + k)f(t) = k (2 J2 - f3) + (I4 - 4I2)

> n , f4 _ 4f2
=>1 (l) = KT(2f ’ + Th for a"1 e Io'21
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.2 (i)

(ii)

(iii)

.2and,

£i
(-1-1)8 C2

QF

Cj HG S

(-1 -1)C

for all fe [0,1]

for all t e [0,1]

v A (xj, y) and B (X2, y) lie on y = 2x 
and y = x2 respectively. y = 2xj 
and y = X22 => Xi = y/2 and X2 = Vy

C (x, yj) and D (x, y2) lie on 
y =/(x) and y = x2 respectively.

y} =/(x) andy2 = x2

i
= ! (7-f(x))dx 

0

[irr 1995]
SOLUTION Recall that a parabola is the locus of a point which 
is equidistant from a fixed point and a fixed line. The fixed point

t t
= j x2dx-jf(x)dx

0 0

is the focus and the fixed line is the directrix. The points which 
are nearer to the fixed point (focus) than the fixed line 
(directrix) lie inside the parabola.

Curve Ci represents a parabola having focus at (0, 0) and 
directrix AD. So, its equation is

/K D(1,-1) 
nMo.-i)

Fig. 12.45

width = A x and it can move from x = 0 to x -t.
Area of the region ORP 

t
= ! 0/2-yi)

0

(y-0)2 = 2|x + |

2 ((x-0)? = -2y-±

( i'i (x-0)2 = 2 y + -

\C4
Aj(-I.O)-^

7 7

= [2j/2_!dT

•f
0 \ J

We have,

y2 + 2x-l = 0

and, x2 + 2y — 1 = 0

Subtracting these two, we get 

y2-x2 + 2(x-y) = 0

=> (y-x)(y + x-2) = 0 

y = x or y = 2-x

Putting y = x in y2 + 2x -1 = 0, we get

y2 + 2y -1 = 0=>y = VT-l
Thus, the coordinate of E are -1, 1).

3 t
= J~lf(x)dx 

o
It is given that for all positions of point P
Area of the region OPQ = Area of the region ORP

0

=> |/(x)dx = -j + ^- 
0 J 4

Differentiating both sides w.r.t. t, we get
/(t) = -t2 + t3 for alite [0,1]

Hence,/(x) = x3 - x2 for all x e [0,1].
EXAMPLE 44 Consider a square with vertices at (1, 1), (-1,1), 
(-1,-1) and (1,-1). Let S be the region consisting of all points 
inside the square which are nearer to the origin than to any edge. 
Sketch the region S and find its area.

,(iv) 
\ 7 .

The region S is the shaded region enclosed by these four 
parabolas.

Parabolas Ci and C3 intersect at point E whose coordinates 
are obtained by solving the equations (i) and (iii) simultaneously

(y-0)2 = -2[x-i 
k 7

Similarly, equations of parabolas C2, C3 and C4 are respec­
tively

.2.3 ‘i
■ 3 4

The region ORP is sliced into vertical strips. For the ap­
proximating rectangle shown in Fig. 12.44, Length = y2 - yv

y
^a2(o,i)

a(i.i)
--E( 72-1,72-1)
-P(|.O)

^Mj.0)

Area of the region OPQ

i2
= | (x2-xi)dy

0

2,3
3
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= 4

-1 (O - (3 - 2V2)3/2}

= 4 (>/2-l)^ + i(>/2-l)3

fl

y

Aj = Area of the curve linear triangle OLPO

iy
y=f(x)

M /W =

0 xx'

' y'

/« =Fig. 12.46

A2 = Area of curve linear triangle OMPO

=> 1 -a + b = - 2 and 2 = 1 + a + b

and a + b = 1

1
2

= Area of rectangle OLPM - Area of curve linear 
triangle OLPO

Differentiating both sides w.r.t. x, we get 

dy =

I * )

- = 
fl

EXAMPLE 45 A curve y=f(x) passes through the origin. Through 
any point (x, y)on the curve, lines are drawn parallel to the coordinate 
axes. If the curve divides the area formed by these lines and coordinate 
axes in the ratio p: q,find the equation of the curve.
SOLUTION Let

x

= J ydx 
0 lim /(x) = lim /(x) and lim/(x) = lim/(x) 

x-4-r x-»-f x-»r x->f

^f P(x.y)
£:i
|?:i

L(x,o)

xy
X
\ydx
0

V2-1

= 4 i (>/2-l) l-

X

= xy-J y dx
0

SOLUTION We have,
2x ,-1<x<1
x2 + ax + b,x<-lor x>l

Since/(x) is everywhere continuous so it is continuous at 
x = ±l.

0

= 1+E
9

X 
xy-\ydx 

0
X 

fydx 
0

It is given that

^2  p.
~ fl

Q/2-1)2
3

= |0/2-l)[3->/2]

= | (4^2"- 5) sq. units 
o

=> a - b = 3

=> xy

f x3^
, 0

From the symmetry, we observe that
Area of region S

= 4 (Area of region OPEQO)

= 4 (Area of region OLEQO + Area of region LPEL)
’V2-1 2 1/2

= | * X- dx + j ^1 -2x dx
0 V2-1

dy p
xa - ydx qJ

dp = p dx
y fl x

=> logy = ^logx + logC

=> y = Cx^^

This is the equation of the required curve.
EXAMPLE 46 Let f (x) be a continuous function given by

'2x / | x | <1
x2 + ax + h,|x|>l

Find the area of the region in the third quadrant bounded by the curves 
x = - 21/2 and y =f (x) lying on the left of the line 8x +1 = 0.

[IIT19991
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=> a = 2, b = -1 SOLUTION We have,

= -l.

(1.2)2y2=-x

y=x2+2x-1

x' x

is y = l. Thus, the graph of y = is as
P)

y'

Fig. 12.47

IX

25y2=9x

dx

x' X

-2 (-2.0)

-1
y=-i

1/
+

Fig. 12.48

1^-6 + -1

dx

o

&.-1)

- D 
(T’Ty

2

1

H.-IJeZCL
(x.y2)Q

EXAMPLE 47 Find the area of the region bounded by the curves 

y=“Z' 25y2 = 9x and y = ^ | x | -- which contains (1, 0) 
4 + r b 0

point in its interior.

(x.y)P-

’f-2 i - 
= 3^’3 - ’3+§

3x 6

3x-6
5

1-V
y+1

-1/8, .
-2x + l)dx + f |Ny-2xj 

-1

4-x2
4 + x2

=2jjx+ 
0

tatLZI
?x-ys(>.yj>
/a

■’/HP 
-2

4-?
y = ^?

We observe that all powers of x in the above equation are 
even, so it is symmetric about y-axis. The curve intersects y axis 
at (0,1). Also,

Required area

-1 -1/8
= f (yi-y2)^+f ^-y^dx

-2 -1

I ■

(°.-|)

y
X-T

4-x2 lim y = lim ------
x —>oo x~> °° 4 + x

Therefore, as x -> «>, y - 1 i.e. y = -1 is an asympotote to 
the curve.

Now,

l2x ,-1<x<1
x2 + 2x -1, x < -1 or x > 1'

The graph of the curve y =/(x) is shown in Fig. 12.47 and 
the region on the left of the line 8x +1 = 0 enclosed by the curves 
x = -2y2, and y=f(x) in the third quadrant is shaded in Fig. 
12.47.

2 1,, 3^2+3 1 1 x2<2+|-4-2

1 1-16?2 64J 13?2

_ _J_ W_ 2
48 64 3^2

Now,
Required area
= Area of the region OABO + Area of the region ADBCA

= 2 (Area of the region OADO) + Area of the region ADBCA

1 2
=2 f ydx+f (j/i-yf)dx

0 1

/ 3x 6/y=y“5

C(2,0) ~

B(i.-|)

4-x2 . o
y=—=,x=±2

-25 14 ll2., 
3V2 3 3 48 64 3?2

-4-1 761"4"192 = i92sq-units-

4 8

This means that x is imaginary for y > 1 or y < - 1 i.e. the 
curve lies between y = - 1 and y = 1. At (0,1) the tangent to the 

v 4-x2 4-x2
curve y =---- is y = l. Thus, the graph of y =--------- z

4 + x 4 + x
shown in Fig. 12.48.

The equation 25yi = 9x represents a parabola with vertex 
3 6(0,0) and axis OX. y = - | x | - - represents a pair of lines 

passing through (0, — 6/5). The shaded region in Fig. 12.48 
represents the area enclosed by the given curves.

+ 
-2

3 "1” 1
= 1 x2(_x)3/2_1_x2 + x 

’ 3

(1.|) 

z?O(x-yi)

-2-4.

3
5

2
3?2

-2 
3V2



12.30 MATHEMATICS FOR IIT-JE6

-1 +
,/ = 0,1,2, n

- x + 4 tan
h

= • n - 4 tan

[IIT 2001]

[••• x> 0]

sin P x is shown in Fig. 12.49. We

ax
P(- a sin by - b cos by)

yjn/b

(0.1) :XSin/Jx
S2

Si0x'
= \b\

(0,-1)

= \b\
y'

Now, Fig. 12.49

{e-^ + l|+ | b | + 1)

S„ =
e

and,
-ax

6 x
5

r1-

3
= 5 +

3
= 5 +

27T 

P

(n +1 n/0
fydx

nn/P

 o-an/b

^(e + l) 
7? + !

a2 + fe2

+1} ,; = 0,12, ....,n

ril_A
2 10

For a = -1 and b = n, we have

= 0,1,2,.
r + i

e~ajn/b

'w+1-i 
e-1

_ (e +1) it £ 
7t2 +1

EXAMPLE 49 If a, P>0 prove that the areas Sq,S?S2,...., 

bounded by the x-axis and half-waves of the curve y = e~ ax sin 0 x ; 
x > 0 form a G.P. with common ratio e~ na^.

xn

sin px>Ofor allxe Z2”-*-.1-)-?.

711 2

■ Jo 1

x-h(-iy+1

y=e“*’:

z-y=e'

IT It
sin Px<0 for.allxe (2n +1) , (2n+ 2) ,n = 0,l,2,

Now,

3
- - (x - 2). dx

y=-e“*x

3= - + (-2 + 4 tan5

8
4 + x2

si+ 
Si

Sj =

s/ =

(e~m/b

(l + e +?+...+<?”)

n 13 .— 2 + n + — -4 tan

n n
X s( = X 
j=0 j-Q

 (e +1) n 
n2 +1

SOLUTION We have,

O' +1) n/b

Ix dy
jn/b

(j + lYn/b
J dy

jn/b

SQ \

SAMPLE 48' Let b # 0 and for j = 0,1,2,..., n let Sj be the area of 

the region bounded by y-axis and the curve xefly = sin by, 
^<y<^-~^. Show that Sq, Sv S2,..., Sn are in geometric 

progression. Also, find their sum for a = - 1 and b = n.

{e~m/b

-11 1i - - — sq. units.

for all j = 0,1,2,n

Hence, Sg,SlzS2, ...,Sn are in G.P. with common ration 
,-an/b

-IX 3 x-22 
i - - ~ x 1 

2 5 2

-a(j + l)n/b . p~ ajn/b
—r-— x - b (-1 r1 - x - b (-1 y

a + b a^ + lr
„-a(j + l)n/b e~ajn/b

a*+ b* a2 + b2

r1!)- -1+4tan

Also, find the sum \ Sn.
n = 0

SOLUTION The curve y = e~ a x sin p x cuts x-axis at the points 
whose abscissae are given by

e-ax sinPx = 0
sin p x = 0

=> P x = n n, n = 0,1,2,....

j,n = 0,1,2,...

The graph of y = e~ a x
observe that
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sin p x dx

(O-P(-l)”)

= L-a(n + l)jt/p

+ D

= 4 -0

sq. units.

5(e'“/h + l)

I P I

(o,o)B

x2+y2-a2
N

'/TxT+7TyT =VoE

x

lx|+|y|=a

D(o,-o)

Fig. 12.50

^?^(x-yi) 
F

,-i£ 
a

*0

£ $n * so+s1 + s2+...
n = 0

a2= (9n-2)^

<=> -1 < x + y < 1

<=> -1 <x-y < 1

1 (9n- 2^
3

= 4 x fa2 - x2
2

"A

a2+p‘

-.X’.-J

V3

Now,

Aj = Area included between the line and circle in first 
quadrant

_ to2 _ 1 2 _ (n ~ 2) a2
"42 4

A2 = Area included between the line and V|x| + V | y | = V7

Os (x,y2)Q<<<<x^ 

0 A(o,o)**' (~a-°)cfexv
v.v.-.-.X/.-.vS

V.v.v.Xv

(«2+p2) 11 -e‘”a/s

EXAMPLE 50 Sketch and find the area bounded by the curve 
^|x | +^| y | = fi and y^ + y2 = a2 ,a>0. If the lines

|y

a2
Required ratio = — 

A1

(n +1) n/p 
ax

[2 (- a sin p x - p cos P x) 

nn/p
e~ ann/p 

a2 + p2

P_—1 
a2 + p2

a2

P 
a2 + p2

(« +1 n/p
-

mt/P

I"-2)
EXAMPLE 51 Sketch the region bounded by the curves 
|x + y|<l,|x-y|<l and 3X2 + Sy2 = 1. Also, find its area.
SOLUTION We have,

|x + y | < 1

and, | x - y | < 1

I x I + I y I = a divide the area in two parts find their ratio in first 
quadrant only.
SOLUTION The shaded region in Fig. 12.50 represents the
region enclosed by x2 + y2 = a2 and V | x | + y | = fa.

From the symmetry, it is evident that
Required area
= 4 [Area of the region bounded by the two curves in first 

quadrant only]
a

= 4 J Q/i-y2) dx
0

= 4 J {"x/fl2 — x2 - (fa - Vx)2) dx
0
a

-x + 2 fa fxjdx
0

1 9 + - a sin

2 2 1 na -~a
o

2^2

3n 2 1 2 = — a — a
4 6

= JALc-«»n/s (e-o«/P+n
(aM2)

Now,

S,H
Sn

IP I c-a(n + l)n/p 

a2 + p2

= e-,ia/P which is a constant.

Hence, So, Sp $2,... form a G.P. with common ratio e na/$. 
Now, 

r IPI 
° d2 + p

i J1 2 71 2i 1 - a x - - a [2 2
2 2 2Ttfl 3fl

3 i)(C-«VP+1)+ | p | e-ann/p (g-an/p

fl2 4 2

2 3

4

g-a(n + l)jt/p



MATHEMATICS FOR IIT-JEE12.32

x-y=-1

0x' x

X P(x.y)Z
x+y=—1 \

0x'

Fig. 12.51
y'

n= 4-xl xl —

dx= 4

a2 1

1
=>

For maximum or minimum, we must have

y
8(0,1)

/ - 
(-63,0)

D(0,-1) 
y'

£ ±
4 + 2a

Clearly, | x + y | <1 represents that part the xy-plane 
which lies between the lines x + y = 1 and x + y = -1.

Also, | x - y | < 1 represents the region lying between the 
lines x - y = 1 and x - y = -1.

The equation 3x2 + Sy2 = 1 represents a circle having centre
1

at the origin and radius

The required region is shaded in Fig. 12.51.
Clearly,

1
2a2

12 a

_x_, 1
6 »

2 + ?

1 1
y = 6X + ?

dA 2a ---- = — 
da 4- -j and,

and—7 = 
da2

,0)v/A(1.0)
*5...../

y-o x 
x=2o

2a z .

= f *+±!6 x2 
a \ 7

Fig. 12.52

Let A be the area enclosed. Then,
2a

A = J y dx
a

0 => x = (12)I/3.

;<\x+y= 1

(-1.0)c\^1.0)q\

Required area

= 4 [Area enclosed by x + y = 1 and x2 + y2 = 1 in the 
first-quadrant]

= 4 (Area of A OAB - Area of quadrant OPRO)
2

fl> .
4 13 

k /

2 I2"?_1
12 x

S.(.0-"3/

X-y=1

1C

12 /

We observe that y ->00 as x -> 0 and y -»0 as x -> ± <».
Al 1 2 J A 6
Also, -7- = - —=■ and, —£ - -7 dx 6 / dx2 x4

= 
dx

Clearly,^>0 forx = 121/3.

So, x = 121/3 is a point of local minimum.

The curve y = | crosses x-axis at ((- 6)1 /3,0).

x 1
The rough sketch of y = - + -^ is as shown in Fig. 12.52. The

6 x2
equation y (x2 - 3ax + 2a2) = 6 gives y = 0, x = a, x = 2a

The shaded region in Fig. 12.52 represents the region
enclosed by y = | x + x 2 and y (x2 - 3ax + 2a2) = 0

kt a fl2 1
Now, A = - + -

Ax
x=o

3 2a

1
i2”

rl
2

= 2 - — sq. units
\ /

EXAMPLE 52 Find a (> 0) for which the area of. the curvilinear 
1 -7trapezoid bounded by the curve y = -x + x~ and the lines whose 

combined equation is ylx2- 3ax + 2a2) = 0, takes the least value. 
Also plot the curvilinear trapezoid.
SOLUTION We have,
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(x,y2)Q

(U)

io
(0. \-l)

v y

|y

=> y-e(o,a)

7
(o.-a)

y'

Fig. 12.53

-a/a2-/ dy

x' (-1,0) xi?
(x.y,)P^

k )
(iv) for x - ± 1, y = 1. So, the curve passes through (1,1) 

and (-1,1).
The rough sketch of the curve is shown in Fig. 12.54.
We have,

iy'
Fig. 12.54

fl/2

0

P(xi.y) W^Q(x2.y)

+ Vl -x2 and y = e

^1-x2)) dx

-a/1 -x .

fl/2

= j (x2-xf)dy 
o

-i«/2
->*

"Jo

= a2 (x - a) is as shown in Fig. 12.53. 
= a" represents a circle with centre at (0,0)

y=-” 2

x
xy2=a2(x-a)

Vl -x‘ => y = e
The shaded region in Fig. 12.54 represents the region

a2 . fl — 
= I1O83-4XV

(1.0) x
• y=e>/l-x2 -Jy-xl

3
fl2 = -—. Therefore, y2 — fl2 —>0 as 

x J

enclosed by the curve. The two branches of the curve are given 
byy = e^~^

The shaded region in Fig. 12.54 is sliced into vertical strips. 
The approximating rectangle shown in Fig. 12.54 has length 
= y2 - yj, with = Ax and it can move between x = - 1 and x = 1.

So,
Required area

1
= J(y2-yi)^

-i

- |y^fl2-?+ fl2 sin'

V3fl 1 a2 n
2 2 6

fl2 [. Q Hfl2! .
= 2 |lo83"Tri2]s<l units

EXAMPLE 54 Draw the rough sketch and find the area enclosed by 
the curve (y - e ~ 1 " x ]2 = 1 - x2.
SOLUTION We observe that in the given curve

(i) all powers of x are even so it is symmetric aboui y-axis.
(ii) values of y-axist for x e [-1,1]

( 1 A
(iii) intersects y-axis at 0, - + 1 and 10, -1

\ / 1

7 = 0-7-^=°da 4 2fl2

=> 4a3-4 = 0 => fl = 1.
j2/ i

Clearly, —r = - +1 > 0 for a = 1. 
da 4

Thus, A is minimum when fl = 1.
EXAMPLE 53 Find the area of the curvilinear'triangle formed by the 

figure xy2=a2 (x - a), line y~^ an^ c,rc^ x2 + y2 = fl2 as sides. 

SOLUTION For the curve xy2 = fl2 (x - fl), we observe the fol­
lowing points:

(i) The curve is symmetric about x-axis as all powers of 
x are even

(ii) It cuts x-axis at (fl, 0).
(iii) Values of y are imaginary for 0 < x < fl.

(iv) We have, y2-^

Thus, the graph of xy2
The equation x2 + y2 - a2 r: 
and radius a.

The shaded region in Fig. 12.53 is the region enclosed by the 
curvelinear triangle.

Required area

x' •
x2+y2=o-

= 5 108 -1

C 1

fl3

fl2-/

qfl/2 fl + y 
a-yJo

[y-e
1-x
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/. 2
respectively.

1
,max(| x |, | y |)<2.

SOLUTION We observe that

I x |

or

y

P(x.n)
(0,|)(O.K)

 y=kSinrtx

x' 0 x

x' (0.0) x

y'

Fig. 12.55

1/2 = 4

0

x 
.3

\ (1.0) 
y=1-x

But the area of the shaded region is given to be equal to 2.

8 + n 
k /

EXAMPLE 55 Find the area of the region containing the points 
satisfying

<Q(*.y2)
*=x (|.O).

log 2.

J e"x 
o I

= 4 -e~x

Now,

Area of the shaded region
1/2

= 2 J (yi-yz)^
0

1/2
= 2 J (k sin it x - x) dx 

0

= 4
0

x1'082
2

-x 1y = e x.-2

The graph of this curve is shown in Fig. 12.56.
y

max ( | x |, | y I) < 2

represents the region enclosed by the square whose sides are 
x = 2,x = -2,y = 2 and y = - 2.

In order to draw the graph of | y | + -<e"'x I let us

consider the curve given by
1 -x’

y+2 = e

1 
= 2 J a/1-x2 dx

-1
1 ____ r 

= 4 j ^1 -x2 dx = 4 | Vl -x2 +1 sin-1
0 L

= n sq. units.
EXAMPLE 54 The-area between the two curves defined by 
y = | x - (x) | and y = k sin it x, k > 1 in the interval 0 < x < 1 is 
found to be equal to 2 sq. units. Plot the common area and find the 
constant k. Here () denotes the integer nearest to x e.g. (1.3) = 1, 
(1.5) = 2, (1.6) = 2 and so on.
SOLUTION We have,

y = I x-(x) I

•.•P(x,y])andQ(x,y2)lie on 
yi = -^1 -x2 and
y2 = e>^+^

(0.--1)

“2 dX

,0<x<|

| x-1 |, ^ < x < 1

The graphs of y = ksinnxandy = | x-(x) | in the interval 
[0,1] are shown in Fig. 12.55. The common region is the shaded 
region in the figure.

J-k x2]
= 2  COSHX- —

.71 2 Jo

= 2-M
O It

♦y'
Fig. 12.56

By using transformations of graphs (see chapter 2),-the 
graph of | y | = e~ ' x I -1 is as shown in Fig. 12.57.

The region containing the points satisfying the two ine­
qualities is shaded in Fig. 12.57.

Required area

| y|< e |x|
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y
y=2

x=-2 x=2

x

Mox(|x|,|y|)<2

y=-2

Bi

(0.1)
y=1+Cosx

= 4

0x'

y'

y
=>

=>

=>

X

y=cosx-cos2x

(
.2 dxCOS X - cos x -

tyz

Fig. 12.58

yz
Fig. 12.57

(*,yi)

7?
4

A 
"(0.2)

Ai

Therefore,

Required area
n/2

=2 J (yi-yj fa 
0

x/2= 4
0

1 
(x.y2)o

sin2x
4

(-2.0) 
x'

Fig. 12.59

Curves y = 1 + cos x and y = 1 + cos (x - a) intersect at the 
point whose abscissa is given by

1 + cos x = 1 + cos (x - a)
cos x = cos (x - a)

x = a-x
a

X " 2

Sj = Area of the region Aj A2 A3 Aj

a/2
= J {(1 + cos x) - (1 + cos (x - a))) dx 

o
a/2

= J ((cos x - cos (x - a)| dx
0

= 2 sin x -1

441os2+i

y=x2(x2-^2)

(?<

= 2 (1 - log 2) = 2 log (e/2) sq. units
EXAMPLE 56 Find the total area bounded by the curves 

y=cosx-cos2xand y = ^\xL~ — .

SOLUTION The shaded region in Hg. 12.58 shows the region 
bounded by the two curves. Since both the curves are sym­
metric about y-axis.

_ . a= 2 sin — - sin a

The x-coordinate of the point of intersection of y = 1 and 
y = 1 + cos (x - a) is given by

1 = l + cos(x-a)

=> cos(x-a) = 0

r ia/2= | sin x-sin (x-a)L

.a . (
= sin — - sin - — - sm a2 2\ /

? «2?T/2
■ 5+ irl

EXAMPLE 57 The functions y = 1 + cos x and y = 1 + cos (x - a), 
where 0 < a < n/2 are given on the interval [0, nJ. At what value of 
a is the area of the figure bounded by the curves y = 1 + cos x, 
y = 1 + cos (x - a), x = 0, is equal to the area of the figure bounded 
by the curves y = 1 + cos (x - a), y = 1 and x = n.
SOLUTION Clearly, Aj A2 A3 Ax represents the region bounded . 
by y = 1 + cos x, y = 1 + cos (x - a)and x = 0 and Bj B2 B3 Bt 
represents the region enclosed by the curves 
y = 1 + cos (x - a), y = 1 and x = n.

. |y I

----------------------p-y=2 
y=1+Cos(x-«) |x=n

I
I --r-y=1 
|°2 

^03
I

(tt.o) X

a
2
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y

S2 = Area of the region B] B2 63 B]

r-
OXAx?} x

= 1 - sin a

We have to find the values of a for which Si =

Now,

[Putting x=sin 0]cos 0 d 0

=> sin — = .4

= 4

Oatx = ±1

1
2

"A 
(1.0)n

= J - cos (x - a) dx 
n/2 + a

n
= J (1 -(1 + cos (x - a))) dx
n/2 + a

B(0.1) 
^P(x.y)

8'(0.-1) 
y'

Fig. 12.60

7a = 5, h = 3, b = 2, g = —,f = 3 and c = 6

n n =>x-a = -=>x = - + a

|ri/2Fi/2 
2x2!

x 3 4x2X

3n= — sq. units.

EXAMPLE 59 Find the area of the region enclosed by the curve

5x2 + 6xy + 21/2 + 7x + 6y + 6 = 0

SOLUTION Comparing the given equation with the general 
equation of second degree i.e. ax2 + 2hxy + by2 + 2#x + 2/y + c = 0, 
we get

and, h2 - ab = 9 -10 < 0.

So, the given equation represents an ellipse.
Rewriting the given equation as a quadratic in y, we obtain

= - sin (n - a) + sin -

We have, abc + 2fgh - af - bg2 - ch2 = 60 - 45 - y - 54 * 0

-]7t
= _-sin(x-a)]n/2 + a

an 7t
=>2"6=>a"3

Required Area
1

= 4 Jydx
. 0

1
= 4 J (1 - x2)3/2 dx 

0

n/2
= 4 j (l-sin20)3/2 

0

n/2
= 4 j cos40 

0

X' A' >

(-1.0)

Clearly' S =
Thus, x-axis is the tangent to the curve at (1,0) and 

(-1,0).

Also, = 0 at (0,1) and (0, -1). So, tangents at these points 

are parallel to x-axis. Keeping all these points in mind, we 
obtain the rough sketch of the curve y2 = (1 - x2)3 as shown in 
Fig. 12.60. The shaded region is the region enclosed by the 
curve.

Si = S2 => 2 sin — - sin a = 1 - sin a

EXAMPLE 58 Draw the rough sketch of the curve y2 = (1 - x2)3 and 
compute the area enclosed by it.
SOLUTION The equation of the given curve is y2 = (1 - x2)3. We 
observe that the powers of x and y both are even. So, it is 
symmetric about both the axes. The curve meets the coordinate 
axes at (1, 0), (-1,0), (0, 1) and (0,- 1). The values of y are 
imaginary for | x | >1.
We have,

y2 = (i-?)3
y = (l-?)3/2
® = -3x Vl-X2
dx

_ . a , => 2 sin — = 1

a
2

a
2
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-1

'1

[IIT1997]

SOLUTION We have,

y

0 xx'

y=f(x)

0x'B

Fig. 12.61 ♦y'
Fig. 12.62

Also,

dx

(i)xor,

(3.0)
"T"

I

3
= j \g(x)-f(x)}dx

1

ni
= "2I

EXAMPLE 60

3
= -j >/-(x2-4x + 4-4 + 3) dx

1

Required area
3

= I (yi-y2)dx
1

3
= - J >/l2 - (x - 2)2 dx

1

- |(x-2) >/-x2 + 4x-3 +1 sin

v P (x, and Q (x, y2) lie on 
y = g (x) and y =/(x) respectively

3
= -j x2 + 4x - 3

1

3
= V(3-x) (x-1) dx

1

OB = AB
So, the triangle OAB is isosceles.

|y

(0,-6)---------
y, P(x.yi) y=g(x)

(1.0) ,

; ?C.Q(x,y2)‘ 
(0,-3) I----- K :

F1! -1(-1)

5 | = 2 sq- units

Let O (0,0), A (2, 0) and 8(1,1/V3*) be the vertices 
of a triangle. Let R be the region consisting of all those points P inside 
A OAB which satisfy d (P, OA) < min (d (P, OB), d (P, AB|, where 
d denotes the distance from the point to the corresponding line. Sketch 
the region R and find its area.

1 .2 sm | sin

.3 
x-2

1

2y2 + 6(l + x)y + 5x2 + 7x + 6 = 0

... -3(lix)±>/(3-x)(x-l)
=> y- 2

Clearly, the values of y are real for x e [1,3]
When x = 1, we get y = - 3

and, x = 3=>y = -6.
The rough sketch of the ellipse is as shown in Fig. 12.61.

Let jr(x)_-3(l+x) + V(3-x)(x — 1)

The region enclosed by the curves y =/(x) and y=g (x) is 
the region bounded by the given ellipse.

The shaded region in Fig. 12.61 is sliced into vertical strips. 
For the approximating rectangle shown in Fig. 12.61, we have 
length = yi - y2, width = Ax and it can move between x = 1 and 
x = 3.So,

Slope of OB =

=> ZAOB = ZOAB = 30°
Now,

d (P, OA) < min (P, OB), d (P, AB)}
=> d (P, OA) < d (P, OB) and d (P, OA) <d(P, AB)
=> P lies below the bisector of ZAOB and also that of ZOAB.
=> P lies in the region OAC, where C is the point of 

intersection of bisectors of ZAOB and ZOAB.

Equation of OC is
y = (tan 15°) x

y +1 
\ 7

Ax I .
0(1,0)

Ax15‘S A(2,0) X
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adx

or,

(x-2) (ii)or, y =

(x-2)dx y

-ii

h

X

0X'

y'

...(i)=>

a

*y (ii)
2

=$

[Using (i)] a

\ 7

P and Q lie on (i) 
and (ii) respectively

1 
a

k 7
EXAMPLE 61 A curve y=f(x) passes through the point P (1,1), the 
normal to the curve at P is fl (y -1) + (x -1) = 0. If the slope of the 
tangent at any point on the curve is proportional to the ordinate of 
that point, determine the equation of the curve. Also, obtain the area 
bounded by the y-axis, the curve and the normal to the curve at P.

[IIT1996]

A ? (■
■ xdx + J - ; 
J 1 k

= a 
Ip

■ 0 k

Now, 
required area

1 2
= J yjdx + f y2dx

o i

h/3+1 2 L V3+1 
k 7

= N3-f|
<+lk 7

Q(0.e-°

i r i1+1/fl= - [y(logy-i)+ay]f-.+ (i+^y-^y2

Ha 
a

i (1 ■ i A
= - (-1 + fl + e’fl) + - +“ 24j

L-4a

1 f,X2’^7T 1

a l

4og y = ax + log C
y = Cfx

This passes through P (1,1). Therefore, C = e~tt.
Thus, the equation of the curve is

y = e-fleflxor,y = efl(x-1) ...(iii)

The graph of y = ~ is shown in Fig. 12.63. It cuts y-axis
at Q(0,e-fl). The normal to (iii) at P (1,1) meets y-axis at( n
R 0,l+- .

ak 7

>R(o,i+i)

3\(x2,yZ 
N(O.1)^^<P(1,1)

R(xi.y)\

[r if ■ 1+- -T a

Equation of AC is 
y - 0 = (tan 165°) (x - 2) 

y = •• tan 15° (x — 2)

N3-]>| 
<+”1 

k 7

-*2+ll
2 a - k

7 *-

°4

■ Fig. 12,63

Let PN be perpendicular from P on y-axis.

Now,

Required area

= Area of the region PQN + Area of the region PNR

1 1 + 1/fl

= f xxdy + \x2dy
c-« 1

1 1 + 1/fl
= “ J* (logy + fl)dy + f {(l+a)-ay)dy

e* 1

= A
>P(1,1)

=> a = A
Putting A = fl in (ii), we get

dy
dx = aV

SOLUTION We have,
Slope of the normal at P (x, y)

= Slope of the line a (y -1) + (x -1) = 0
1 s — —
a

Slope the tangent at P = a.

f4
dx \

It is given that the slope of the tangent at any point on the 
curve y=f(x) is proportional to the ordinate of the point. 
Therefore,

dy
dx y

-I'
I

[(x-2)2^2
2

1
fl

fl
2

fl
2

= - \-l+a + ae~a + e~a 
a L \

fl
a
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1/2

= 2

= 2

= 2

represents a curve which
.2

Clearly,

=>

y
y=2x-x2

= 2
D(-|. 0)

y
M

y'

B(-2o.a)

Mx'

= 2

y'

= 2 Fig. 12.65

2
5

Fig. 12.64

As the curve is symmetrical about y-axis. So, 

Required area

11/2

0
1/2

J (2?-?)dx
0

^x2

x C(0,2o) /x2=4ay

\ Z®^(x-y/
???:■? i VA(2a-°)

--------  X^/Q(x.y2)-------- .
0 L x

3+i+^4 
a a 2a

f -a \ e l
= 1+ — - sq. units

a 2a\ /
EXAMPLE 62 Find the area between the curve y = 2x4 - x2, the 
x-axis and the ordinates of the two minima-ofthe curve.
SOLUTION The given curve is symmetric about y-axis as its 
equation contains all even powers of x. It cuts x-axis at 
' 1
± , 0 and (0,0). By equating the lowest degree term to zero, 

we obtain the equation of the tangent at the origin as y = 0 i.e. 
x-axis.

Now,y = 2x4-x'

=> 7^ = 8X3 - 2x and 4 = 24x? “ 2 
dx dx2

For points of local maximum or minimum, we must have

^ = 0=»x = 0,±l . 
dx 2

= 6-2>0
A = ±1/2

1
So, x = ±- are points of local minima of the curve

y = 2x4-x2.

The graph of y = 2x4 - x2 is shown in Fig. 12.64. The shaded 
region^js the region enclosed by this curve and the ordinates at 
the points of minima of the curve.

80 24

EXAMPLE 63 Find the area of the region bounded by the curves ■ 
x2 j 8a3

=> x = ±2a.
Thus, the two curves intersect at (2a , 0) and (- 2a, 0). The 

region bounded by.the two curves is shaded in Fig. 12.65. Since 
both the curves are symmetrical about y-axis.
So, required area

= 2 (Area of the region OACNO)

[2a
j(yi-y2)^ 
0

3 
o

(2 1 1 I")
5 X 32 3X8

\ /
7

= ^5 sq. units.

g^3
SOLUTION The equation y = —z---- =■

xz + 4a
is symmetrical about y-axis and it cuts y-axis at (2a, 0). We 
observe that y -> 0 as x -»<». So, x-axis is an asymptote to the 

curve. The equation y = ^ represents a parabola. At the point 

of intersection of these two curves, we have

x2. 8?
x2 + 4a2

X4 + 4a2 x2 - 32a4 = 0

(x2 - 4a2) (x2 + 8a2) = 0

x2-4a2 = 0
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2

/

y
(y=*|xz-2|

(-U) p(1,1)Y

xB(-V2,0)x'

y' f
. Fig. 12.66

1
2/7

y=x2

( y=2-x2

-M)

EXAMPLE 64 Find the area of the region bounded by the curves 
y = x2 ,y = | 2-x2 | andy = 2,

which lies to the right of the line x = 1.

2a
dx - — f x2 dx

2a J
0

y=2 \ 

y=|x2-2|

V2 2
= J (x2 - (2 - x2)) dx + J (4 - x2) dx

1 V2
'll 2

= j (2x2 - 2) dx + j (4 - x2) dx
1 'll

(0.2) Q
C\ z—

Pl

0

1__
x2 + 4a2

— sq. units

2\ x .dx4a

[IIT 2002]
SOLUTION The region bounded by the given curves on the 
right side of x = 1 is shaded in Fig. 12.66. Let us slice the shaded 
region into vertical strips.

Required area
= Area of the region APQA + Area of the region AQRA 

'll 2
= J <J/2“Vi)+ f (2-y) dx

1 V2

+ 4x~ —L 3j^2

8"
3/

2n / 

= 2j
0 I 

la 

=16? J 
0

1 - tan 1

EXERCISE 12.1

9. Find the area of the closed figure bounded by 
y = 2 cos2 x (1 + sin2 x) on the interval [0,2n] and the x-axis.

10. Draw a sketch of^the curves y = sin x and y = cos 3x in 
[0, n] indicating the points where they intersect. Find the area 
enclosed by the two curves.
11. Find the area of the region bounded by the curve 
C: y = tan x, the tangent drawn to C at x = n/4 and the x-axis.

12. Find the area bounded by the curves x = ^ and 
x = 3-2y2.

13. Let/(x) be a non-negative differentiable function satisfy­

ing the differential equation = x for x < V2 and the differen­

tial equation y = x for x > V2. Find the area bounded by the 

curve y = f(x), the x-axis and the ordinates at x = 0 and x = 2.

3 1 . .= 16/7 x— tan 
2/7

8?
X2 + 4?

o 2 71 4 2

= (271a2a2

>

,2

M(x,2) / y=2

A7R(2,2)

= 8rt2 (tan-1

/: L(x-y)

: A(«,0)

ix=1

r?rL4
r, 

=
H Ji

= ^-2^1- ^-2 + 8-?

o 1
\ )

_ (20 -12^|3 J

1. Find the area bounded by the curves y = /, y = | x -1 | 
and x = 2.
2. Sketch the region bounded by the curves y = x +2, 
y = - x, x = 0 and x = 1. Also, find the area of this region.
3. Find the area bounded by the curves y2 = x and 2y2 = 3 - x.
4. Find the ratio of the areas of two regions into which the 
circle .v2 + y2 = 64/72 is divided by the parabola y2 = 12/?x.
5. The sine and cosine curves intersect infinitely many times, 
bounding regions of equal areas. Sketch one of these regions 
and find its area.
6. Compute the area of the region bounded by the parabolas 
y2 + 8x = 16 and y2 - 24x = 48.
7. Compute the area of the region lying in the first quadrant 
and bounded by the curves y2 = 4x, x2 = 4y and x2 + y2 = 5.
8. Find the area between the x-axis and the curve 
y = 'll +cos4x, 0 < x < n.

<2

3

4
3

( 4^1= 2n - - a1 sq. units.
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AREAS OF BOUNDED REGIONS

curves

(i) y = ^25 - x2,4y = | 4 — x2 | and x = 0

(ii) 4y = | 4-x2 |,y = 7- | x |
(iii) y = |x-1 | ,y = ^5-x2

(iv) y = logj. x and y = (log^x)2
45. Find the area of the region bounded by the two branches 
of the curve (y - x)2 = x3 and the line x = 1.

enclosed by x2 + y2 = 4, y = x2 + x+l, 

and x-axis. Here [•] denotes the greatest

i enclosed by the curves 
+ 4x-3 and the straight line

46. Find the area
. 2 x x y= sin2- + cos- ;

integer function.
47. Let /(x) = max

14. Find the area bounded by the curve y = x2 - 2x + 5, the 
tangent to it at the point (2,5) and the axes of coordinates.
15. Show that the area cut off a parabola by any double or­
dinate is two-thirds of the corresponding rectangle contained 
by that double ordinate and its distance from the vertex.
16. Find tire area included between the parabolas y2 = 4nx and 
x2 = 4by.
17. Find the ratio in which the area bounded by the curves 
y2 = 12x and x2 = 12y is divided by the line x = 3.
18. Find the area of the region bounded by the 
r = y,y = x + 2 and x-axis.
19. Find the area of the region enclosed by the parabolas 
y = 5.x2 and y = 2X2 + 9.
20. Find the area of the region bounded by y = x-l and 
(y-l2 = 4(x + l).

Find the area bounded by the parabola y = 2 - x2 and the 
straight line x + y = 0.
22. Find the area of the region bounded by the parabola 
y2=2x +1 and the line x - y -1 = 0.
23. Find the area of the region lying in the first quadrant and 
included between the curves x2 + y2 = 3a2, x2 = 2fly and 
y2 = 2nx, a > 0.
24. Find the area of the region

R = [(x,y) | x2 + y2<6y,y2<8x,x + y<6}

25. Find the area of the region formed by 
?+/- 6x - 4y +12 < 0, y < x and 2x < 5.
26. Find the area enclosed by
y=-x2 + 6x-5zy = -x2 
y=3x-15.
27. Find the area enclosed by the curves 3x2 + 5y = 32 and 
y=lX“2*’
28. Find the area enclosed by the curves x2 + y=4, 
.x2 + Vf y = 0 and y = x.

29. Find the area enclosed by the parabolas x = -2y and 
i = 1 - Sy2.
30. Find the area lying above x-axis and enclosed by the curve 
?+y2 = 25,4y = | 4-x2 | andx = 0.
31. Find the area bounded by the curve 
y = (x -1) (x - 2) (x - 3) lying between the ordinates x = 0 and 
x=3.

2 232. Find the area bounded by the cures x +y =4, 
x2 + V2y = 0 and x = y.
33. Find the area enclosed between the curves y = log, (x + e) 
and x = logv (1 /y) and the x-axis.
34. Find the area of the closed figure bounded by 
y=2 cos2 x (1 + sin2 x) on the interval [0,2n] and the x-axis.

35. For what value of tn, is the area bounded by y = x - 3 and 
y = mx + 2 is least ? Calculate this area.

{ sin x, cos, x 1/2}. Find the area of the 
region bounded by the curves y=f(x), x-axis, y-axis and 
x = 2n.
48. The curve y = a'fx + bx passes through the point (1,2) and 
the area enclosed by the curve, the axis of x and the line x = 4 
is 8 square units. Determine a, b.
49. Sketch the region bounded by the curves y = x2 and

2 •y =----- and find its area.
1 +x“

50. Find the area of the region lying inside the circle 
x2 + (i/ - I)2 = 1 and outside the epllipse C2 x2 + y2 = C2, where 

C = (V2-1).
51. Find the area of the region bounded by the x-axis and

36. A normal to the curve x2 + ax - y + 2 = 0 at the point whose 
abscissa 1, is parallel to the line, y = x. Find the area in the first 
quadrant bounded by the curve, this normal and the axis of x.
37. Let S (X) be the area included between the parabola 
y = x2 + 2x - 3 and the line y = Xx +1. Find S (-1) and find the 
least value of S (X).
38. Show that the area common to the ellipses 
a2 x2 + b2 y2 = 1, b2 x2 + a2 y2 = 1, where .0 < a < b is tan’

3
39. Find the area bounded by y = j-* - and y = 2 - | 2 - x |.

40. Find the area of the figure bounded by the parabola 
y = - x2 - 2x + 3, the line tangnet to it at the point M (2, - 5) and 
the y-axis.
41. A curve is given by x = 1 - 312 and y = t- 3f3, shade the 
region bounded by this curve and y = Vfx2. Also, find the area 
of the bounded region.
42. A function f (x) is defined by y =f (x), where x = 2t - | t | 
and y = t2 + t | t |. Draw the graph of /(x) in the interval 
[-1,1] and find the area bounded by y=f{x), x = 0 and 
y = [x.+ 1], where [•] denotes the greatest integer function.
43. Find the ratio of the areas in which the curve

y = divides the circle x2 + y2-4x + 2y+l=0. Here,
— • .

[•] denotes the greatest integer function.
44. Find the area bounded by the curves in each of the follow­
ing _
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y =

ANSWERS

,21. (e - 2) sq. units
32. 7i + - sq. units31. —sq. units

34. 5ti/2 sq. units.33. 2 sq. units

7. sq. units 36. -sq.units35. m = Q,

37. — sq. units

40. 8/3 sq. units 43.

-144. (i) 2 + — sin

(iv) (3 - e) sq. units(iii)

45. 4/5sq.units

16. — ab sq. units

1 1
24. — (2771 - 2) sq. units

28. sq. units
54. — sq. unists53. — sq. units

29. 4/3 sq. units

HINTS TO SELECTED PROBLEMS

sin x-cos x) dx

'2 =

32

21dxlim

53. Find the area bounded by the curves x = | y2 -1 | and 
y = x-5.

<rdl x

5. 2^sq.units

2 5.-13- + - sin - sq. units3 2 5
9. 5ti/2 sq. units.

54. Find the area of the region bounded by the curves 
y = log? x and y = sin4 n x and y-axis.

52. | + logsq.units

V2

V2 3.-i f 
—+ ~sin sq.units

8 f)s<luni‘s-
27. sq. units

-14^ ..
i - sq. units

/

1 . f2 + ^l- log — sq. units

14. 8/3sq.units

5n/4
5. Required area = J ( 

n/4
13. f(x) is differentiable at x = V2~

=> (LHDatx = >/2) = (RHDatx = ^/2)
1

31. Required area = J y dx + J y dx + Jy<fr 
0

tan x, - ti/3 < x £ 7t/3
cot x, tt/6 < x < 3tt/2

52. Find the area of the curvelinear triangle formed by
2y = tan x, y = - cos x and x = 0. o

/ 1 A
46. Hr + ^-T sq.units

3 6
X /

48. a = 3, b = -1

fit 1 ■VPj .
25’ [6 + 8'TJSq'UnrtS’
„ 33____

MAUU)

=> lim x = lim 
x->V2

47. — + V2 + ^3 sq. units
x /

( 2^149. 7i - - sq. units.
X J

r ( i > 11
50. 7i 1-^y +^2 scl-units

- x / -

51. log - sq.units
x /

17. 15:49
19. 12>/3 sq. units

21. 9/2 sq. units

23. a2

=> lim
X=5'

3. 4sq.units
4. (471 + ^3): (871 — >/3)

6. 32 sq. units

8. 2^2 sq.units
■m t> • i ^1 5ti 37i
10. Points:;;, — ,—8 8 4

4 V1X

1 3 139. 2 - - loge 3 sq. units

47t-3\fr
871+3^/32^/1+^ -1 sq. unitsArca=^-.

if
11. - log2-- sq.units

x /
12. 4sq.units

1
3^"2

XjYl
- sq. units (ii) 32 sq. units

X /•

sq. units

n 172. — sq. units

109
6

11
4

7
6

11
8

1
3

1
3

If,
2

2n
3

25
2

5ti-2
4

20V5 
3

125 32
6 ' 3

„ 16 .
3

18. 5/6 sq. units
20. 64/3 sq. units
22. 16/3 sq. units

1
12

7326. — sq. units

371 + 11
3

/
30. 4 + 25 sin
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= 0 for xe [0,4]. So, required

-□□□-

33. To draw the graph of y = loge (x + e), translate 
y = log x along OX' through e-units. And x = log^ (1 /y)

=> y=e"x.

«.Wehave,y = [^+i

ratio is same as the ratio of the regions in which x-axis divides 
the circle.

46. for - 2 < x < 2, we have 1 < sin2 + cos 7 < 2
4 4

.2* X -.-. y- sin 7 +cos 7 =1 j 4 4
47. Required area

n/4 5n/6 5n/3 2n
= J cos x dx + J sin dx + J - dx + J cos x dx

0 n/4 5n/6 5n/3
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DIFFERENTIAL EQUATIONS

2xy (ii)

sin x + cos x (iv)

.2 (vi) 1 +

1 +

when expressed as a polynomial in1 +
0

^ + (/-D =(?-l)

-k

- 41/ = 0 is of the order 3,

= 0- 1 +

32

u+

CHAPTER

13

* ’ dx
\ J -J

r
dx L \ J A

The order of highest order differential coefficient is 2. So, its 
order is 2. To find its degree we express the differential equa­
tion as a polynomial in derivatives. When expressed as a 
polynomial in derivatives it becomes

Clearly, the power of the highest order differential coeffi­
cient is 2. So, its degree is 2.

dx 
k 7

In this equation the power of highest order derivative is 1.
So, it is a differential equation of degree 1.
ILLUSTRATION 2 Consider the differential equation 

( -i \2 4

M 4^ +/=«. Id? I l/frj

x2

: -4y = 0.

as a polynomial in differential

, k3
= 

dx
7

are examples of differential equations.
ORDER OF A DIFFERENTIAL EQUATION The order of a differential

dx 
k 7

(viii) (x2 + y2) dx - 2xy dy = 0 (ix) A 
dx3

(vii) y = x^ + 
dx

dx

of order 2. The equation - 6

equation is the order of the highest order derivative appearing in the 
equation.

13/2
= k& 

dJ
(v) ^-5^ + 6y = x‘ 

dx2 dx ’

equation when it is written 
coefficients.
ILLUSTRATION 1 Consider the differential equation

g-6

2
For example, in the equation + 3^ + 2y = ex, the order 

of highest order derivative is 2. So, it is a differential equation 
f j >2 dyA 
dx 

k 7
because the order of highest order derivative in it is 3.
NOTE The order of a differential equation is a positive integer.
DEGREE OF A DIFFERENTIAL EQUATION The degree of a differen­
tial equation is the degree of the highest order derivative, when 
differential coefficients are made free from radicals and fractions.

In other words, the degree of a differential equation is the 
power of the highest order derivative occurring in a differential

13.1 SOME DEFINITIONS
DIFFERENTIAL EQUATION An equation containing an independent 
variable, dependent variable and differential coefficients of dependent 
variable with respect to independent variable is called a differential 
equation.

For instance,
»!■

X[dx3J +|/\| U‘
In this equation, the order of the highest order derivative is 3 
and its power is 2. So, it is a differential equation of order 3 and 
degree 2.
ILLUSTRATION 3 The differential equation

dy

, . . , k Jderivatives becomes

dx J dx
In this equation, the power of highest order derivative is 2. 

So, its degree is 2.
ILLUSTRATION 4 Consider the differential equation

^ = 4x
dx2

+ 2xy = x3 
dx J

2 n

W dx 
k 7 J
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+ 9y = x,

+ 6y = sin x.

■\-y2-bL = o.=>

+...+ P. +pny = Q
...(•)Consider the differential equation

.(ii)

- A cos x - B sin x

-y

=>

-6 -4y = 0,

is a non-linear differential equation, because its degree is 3, 
more than one.

dx

where Pq, Plr P2,..., Pn _p Pn and Q are either constants or func­
tions of independent variable x.

Thus, if a differential equation when expressed in the form 
of a polynomial involves the derivatives and dependent vari­
able in the first power and there are no product of these, and 
also the coefficient of the various terms are either constants or 
functions of the independent variable, then it is said to be linear 
differential equation. Otherwise, it is a non-linear differential 
equation.

It follows from the above definition that a differential equa­
tion will be non-linear differential equation if

(i) its degree is more than one.
(ii) any of the differential coefficient has exponent more than 

one
(iii) exponent of the dependent variable is more than one.
(iv) products containing dependent variable and its differential 

coefficients are present.
ILLUSTRATION 7 The differential equation

\3 / .o \2

ILLUSTRATION 5 The differential equation
(x2 + y2) dx - 2xydy = 0 may be written as

^=.t2+.v2 
dx 2xy

So, it is a differential equation of order 1 and degree 1.
ILLUSTRATION 6 Consider the differential equation

y = px + ^a2p2 + b2, where P = ^-

13.2 SOLUTION OF A DIFFERENTIAL EQUATION
SOLUTION The solution of a differential equation is a relation 
between the variables involved ivhich satisfies the differential equa­
tion. Such a relation and the derivatives obtained therefrom when 
substituted in the differential equation, makes left hand, and right 
hand sides identically equal.

For example, y = e* is a solution of the differential equation

+ P2 dn~2y 
dx"~2

ILLUSTRATION 8 The differential equation

dx

is a non-linear differential equation, because differential coef­

ficient has exponent 2.

> d±. 
n-1dx '■

'^L 
dx1)

^+2 
dx2

dx=y-
p 
°dx"

d2y 
dx2 =

ILLUSTRATION9 The differential equation (?+/) 
dx - 2xy dy = 0 is a non-linear differential equation, because the 
exponent of dependent variable y is 2 and it involves the 

product of y and

ILLUSTRATION 10 Consider the differential equation

dx2 dx
This is a linear differential equation of order 2 and degree 1.

The order of the highest order derivative is 1. So, its order is 1. 
To determine its degree we express it as a polynomial in 
differential coefficients as follows:

d2y _
d^v'-°-
This shows thaty = A cos x + B sin x satisfies the differential 

equation (i) and hence it is a solution of (i).

It can be easily verified that y = 3cosx + 2sinx, 
y = A cos x, y = B sin x etc., are also solutions of (i). We find that 
the solution y = 3 cos x + 2 sin x does not contain any arbitrary 
constant whereas solutions y = A cos x, y = B sin x contain only 
one arbitrary constant. The solution y=A cos x + B sin xcontains

d2y n

Also, y = A cos x + B sin x
where A and B are arbitrary constants.

Differentiating (ii), w.r.t. x, we get
dy . . _j =- A sm x + B cos x.dx

Differentiating this w.r.t. x, we get

A =
dx2

y = px + \a2p2 + b2

=> (y-px)2 = a2p2 + b2 

=> p2(x2-a2)-2xyp + y2-b2 = 0

Clearly, the power of highest order differential coefficient

LINEAR AND NON-LINEAR DIFFERENTIAL EQUATIONS
A differential equation is a linear differential equation if it is express­
ible in the form

d"-\
dx"'1
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,(ii)=>

Now, x

im

.ni -1=>

=>

- a sin (log x) + b cos (log x)
=>

(?+l)=>

- [fl cos (log x) + b sin (log x)]

-y =>

(i)

dy  a cos (log x)  b sin (log x) 
dx x x

d±L
dx

13.3 FORMATION OF DIFFERENTIAL EQUATIONS
Consider a family of exponential curves y = A /, where A is an 
arbitrary constant. For different values of A, we get different 
members of the family. Differentiating the relation y = Aex 
w.r.t. x, we get

4y = 
dx

dy
dx

1 +

my 
u-i

Eliminating the arbitrary constant between y = Af and 

= A/, we get = y. This is the differential equation of the 

family of curves represented by y = A/.

+ x^ -
+ Xdx 2 

(x2 + l)2^ —£ + 2x 
dx dx2

Show that y = [x + Vx2+ f]m satisfies the dif-

dy -2 n-f--m y = 0dx J

solution of the differential equation x‘

SOLUTION We have,
y = fl cos (log x) + b sin (log x)

Differentiating w.r.t. x, we get

dy   fl sin (log x) + b co., (log x) 
dx x x

dy _ AS 
dx ~

=> x

+ 2 5^ = fl/ + be~x + 2 
dx

= [a/ + be~x + 2] - [a/ + be~ x + x2] + x2 - 2

= 0 [Using (i) and (ii)]
Thus,xy = aex + be~x + X2 is a solution of the given differen­

tial equation.
ILLUSTRATION 3 

ferential equation (x2 +1) + x

SOLUTION We have, 
 

y = [x + "Vx2 +1 ]' 
  

= m (x + 77 + 1)' 
dx 

 
dl 
dx

(dxL
dx

Differentiating both sides w.r.t. x, we get

fdy’
dx

^--m2y = 0
dx J

l'"-1^(x + >/x2 + l) 

f * 1

Differentiating again w.r.t. x, we get

x = fl/ + be~x + 2
dx2 dx dx

dh
dx2
^ + 2

dx2

f 0 2 dy■ = 2/yf J dx

two arbitrary constants, so it is known as the general solution 
of (i) whereas all other solutions are particular solutions.
GENERAL SOLUTION The solution which contains as many as ar­
bitrary constants as the order of the differential equation is called the 
general solution of the differential equation.

For example, y = A cos x + B sin x is the general solution of 
the differential equation

d2y
,+y=o 

dx2
But, y = A cos x is not the general solution as it contains one 

arbitrary constant.
PARTICULAR SOLUTION Solution obtained by giving particular 
values to the arbitrary constants in the general solution of a differen­
tial equation is called a particular solution.

For example, y = 3 cos x + 2 sin x is a particular solution of 
the differential equation (i).
ILLUSTRATION 1 Show that y = a cos (log x) + b sin (log x) is a

2 d y dy n ■ —x +x~r- +y = 0.
dx2 dx

• x + x2

2
2 2 = rn y

SOLUTION We are given that 

xy = a/ + be
Differentiating w.r.t. x, we get

xj^ + y = fl/-b/x + 2x
dx 3

(x+VTTTr 
= z" V/TT

x^ =
dx

Differentiating both sides w.r.t. x, we obtain

d2yx—f + 1
dx2 •

A
dx2

3 =-y =» =°-
which is same as the given differential equation.

Hence, y = a cos (log x) + b sin (log x) is a solution of the 
given differential equation.
ILLUSTRATION 2 Show that xy = aex + be~ x + x2 is a solution of
the differential equation

x^ + 2
dx2

yL-xy + x2-2 = 0. 
dx J
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...(i)

- 2A sin 2x + 2B cos 2x -(ii)

-4A cos 2x-4B sin 2x (iii)

+ 4y = 0.

ILLUSTRATIVE EXAMPLES

••■(ii)=> a =

(0
>•2=> (xz-yz) = 2at/

0

y

(o.o)

x'
0

a

x' x
0

!y'y'

Fig. 13.1 Fig. 13.2

X +1/ (dy/dx)
dy/dx

Putting the value of a from (ii) in (i), we get

= 2y x + y (dy/dx) 
dy/dx

equation of nth order can be obtained by eliminating these n 
arbitrary constants.

Formulating a differential equation from a given equation repre­
senting a family of curves means finding a differential equation u'liox’ 
solution is the given equation. If an equation, representing a family 
of curves, contains n arbitrary constants, then we differentiate the 
given equation n times to obtain n more equations. Using all these 
equations, we eliminate the constants. The equation so obtained is the 
differential equation of order n for the family of given curves.

In order to formulate a differential equation, we may use 
the following algorithm.
ALGORITHM

STEP! Write the given equation involving independent variable 
x (say), dependent variable y (say) and the arbitrary con­
stants.

STEP 11 Obtain the number of arbitrary constants in Step 1. Let there 
be n arbitrary constants.

STEP III Differentiate the relation in step I n times with respect tox. 
STEP IV Eliminate arbitrary constants with the help ofn equations 

involving differential coefficients obtained in step 111 and an 
equation in Step I.
The equation so obtained is the desired differential equation.

The following examples will illustrate the above procedure.

Thus, by eliminating one arbitrary constant, a differential equa­
tion of first order is obtained.

Now consider the family of curves given by 

y = A cos 2x + B sin 2x 

where A and B are arbitrary constants.
Differentiating (i) w.r.t. x, we get

= 
dx

arbitrary constant, we This is the required differential equation.
(ii) The equation of the family of circles touching y-axis at 

the origin is

EXAMPLE 1 Find the differential equation of all circles touching the
(i) x-axis at the origin (ii) y-axis at the origin 

SOLUTION (i) The equation of the family of circles touching 
x-axis at the origin is

(x - 0)2 + (y - a)2 - a2 or, x2 + y2-2ny = 0

where a is an arbitrary constant.
This equation contains only one 

differentiate it once w.r.t. x, so that

2x + 2y^-2^ = 
J dx dx

Differentiating (ii) w.r.t. x, we get

dx2

Eliminating A and B from equations (i), (ii) and (iii), we get
^ = -4y^
dx2 dx2

Here we note that by eliminating two arbitrary constants, a
differential equation of second order is obtained.

Similarly one can see that by eliminating three arbitrary
constants a differential equation of third order is obtained.

Thus, from the examples cited above it can be concluded
that if an equation involves n arbitrary constants, a differential
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.2
1 +=>

(i)

,2

(ii)

0

(o.a)a

a

x

fy'
Fig. 13.3

2(x-fl) + 2(y-fl)0

(ii)0

=>
(iii)= 0l + (y-b)

, where pFrom (iii), we have

(iv)y-b = -

x -

1 +

(v)x-a = =>

7=>1 +1 +
^- +

(x-y) |1 +

dx

V*

Differentiating (i) w.r.t. x, we get

= 0 
dx

=> a = x + y

Differentiating (ii) w.r.t. x, we get 

dx

x-n + (y-«)^ = 0

■^2 

dx

(d2y/dx2?

tet!

r +

= 
dx'

dx2

f ,2 A2

V /

This is the required differential equation.
EXAMPLES Find the differential equation of all the circles in the first 
quadrant which touch the coordinate axes.
SOLUTION The equation of circles in the first quadrant which 
touch the coordinate axes is

(x-a)2+.(y-fl)2 = a2 ,..(i)

where a is an arbitrary constant. This equation contains one 
arbitrary constant, so we shall differentiate it once only and we 
shall get a differential equation of first order.

a =-----
1 +

dy_ x+yf y dx

dx

\2 
x + py

ferentiate it two times w.r.t. x and the differential equation will 
be of second order.

Differentiating (i) w.r.t. x, we get

2(x-fl) + 2(y-b)^ =

(x - a) + (y - b) =

1 + (dy/dx)2 
d2y/dx2

Putting the value of (y - b) in (ii), we obtain

dx I
d2y/dx2

Substituting the values of (x - fl) and (y - b) in (i), we get

dx 
\ / J

(d2y/dx2)2

x + py
a ' 1+P

Substituting the value of a in (i), we get
/ \2
x+py

(x+py)2
.2

■ . \212 

dx

(.v-fl)2 + (y-0)2 = a'

=> r + y2 - 2fl.v = 0

where fl is an arbitrary constant.
This equation contains only one arbitrary constant, we 

differentiate it only once w.r.t. x, so that

2v + 2y‘^-2rt = 0

& 
dx

Putting the value of a from (ii) in (i), we get

y2-^ x + y^ = 
<• >

=> y2-x2 = 2xy^.
7 dx

This is the required differential equation.
EXAMPLE 2 Obtain the differential equation of all circles of 
radius r.
SOLUTION The equation of the family of circles of radius r is

(x-fl)2 + (y-b)2 = r2 -(i)

where fl and b are arbitrary constants.
Since equation (i) contains two arbitrary constants, we dif-

___
0

, \2
+ y-^ =

y 1+p 
k r J

n 7(xp-py) +(y-x) =

(x - y)2 p2 + (x - y)2 = (x + py)'

(x-y)2(p2 + l) = (x + py)2

f dyf
= X + *dx ’

/ \ )

This is the required differential equation.
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[•_• (1 * 01=>

y

[Differentiating w.r.t. r|0

X [Differentiating w.r.t. x|=>
(h.o)

[•.•MO]=>

Hence, the differential equation isy'

Fig. 13.4

2n -(ii)

.(ii)0

1
(i)

(hx + by) = 1

1

...(iii)

Differentiating w.r.t. x, we get

1

dx

/
=> ax + h x

>2
■ = 0

<4 
d? I/*

yyz+J/i = °'

Differentiating (i) w.r.t. x, we get 

2y^ = 
J dx

d}L 
=> y? = J dx

Differentiating (ii) w.r.t. x, we get

(hx + by) y-x^j =

EXAMPLE 4 Show that the differential equation that represents all 
parabolas having their axis of symmetry coincident with the axis ofx 
is yy2 + y\ = 0.
SOLUTION The equation that represents a family of parabolas 
having their axis of symmetry coincident with the axis of x is

y2 = 4n(x-/i) ...(i)

This equation contains two arbitrary constants, so we shall 
differentiate it twice to obtain a second order differential equa­
tion.

=> hx + by =
!/~x

d2y n 
dx2

EXAMPLE 7 Find the differential equation of all conics whose centre 
lies at the origin.
SOLUTION The equation

ax2 + 2hxy + by2 = 1 •••(>)

represents the family of all conics whose centre lies at the origin 
for different values of a, h, b.

Differentiating (i) w.r.t.-*, we get 

( du y 
2ax + 2h xfa+y + 

\ > 
du , 
dx^ +b'J 

k 7

ax2+ h x2^- + yx + byx^- = 
dx y J dx

\ 7
[Multiplying both sides by v]

Subtracting (ii) from (i), we get
/ 

h xy-x‘ 
k

which is the required differential equation.

EXAMPLE 5 Find the differential equation of all non-horizontal 
lines in a plane.
SOLUTION The equation of the family of all non-horizontal 
line in a plane is given by 

ax + by = 1
where a, b are arbitrary constants such that a *0.

Differentiating (i) w.r.t y, we get 

dx , n a-r- + b = 0

Differentiating this w.r.t. y, we get 

rf2x n v=0

■2 + b y2 - xy =
dx 7 J dx7 k 7

(hx + by)y-x^

^ = o dx

^=0 
dx

— = 0
<•/

Hence, the differential equation of all non-horizontal lines 
d2x

in a plane is —x = 0.
rfy

EXAMPLE 6 Find the differential equation of all non-vertical lines 
in a plane.
SOLUTION The general equation of all non-vertical lines in a 
plane is ax + by = 1, where b * 0.

Now,

ax + by = 1

a + b^- = 
dx

b& = 0 
dx

___
o
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dx

= 0

0 ...(i)=>
=3

dx

=> a + b (iii)

=$ hx + bx (iv)dx
0-x

-xy=> y

= X

=>

dx

sin a = 0

=>

1 and, cos a =sin a =

=> 0 = +

-x
= Pdx

=>

(i)

f
3x y-x

dy 
dx

/ 
y-x

/
i + 

k
which is the required differential equation.

A2

tfr2dx

y-x-y-3 dx 
k 7 

Differentiating w.r.t. x, we get

1

dx

dy_dy 
dx dx 

0 =--------

represents the family of all conics whose axes coincide with the 
axes of coordinates for different values of a and b.

Differentiating (i) w.r.t. x, we get

. y-x
=> b =-----

2

dx 
k 7

dx f 
y-x

^L_y2^L 
dx dx\

i dy ax + by =

(dyX i+ dx

f
- 3x ■

dil
[*-Xdx

'dx2 dx2
V 2'

by-bxty- =3 dx
y~x

d2y
=

tan a = - 
dy.
dx

dy\ y-x-r- = 3 dx 
. 7

/ 
y-x

_ d2y
3x—^

dx2

f 
d^L_y2^L 3 y-

dy 
*dx

i ( dy) b y-x-f = dxk 7

dx2 dx
7 

dy^ 
dx

7

2
dy 
dx7

which is the required differential equation.
EXAMPLE 9 Find the differential equation of all straight lines which 
are at a constant distance p from the origin.

SOLUTION The equation

x cos a + y sin a = p ...(i)
represents a family of straight lines which are at a constant 
distance p from the origin for different values of a.

Differentiating (i) w.r.t. x, we get-

dycos a + -fr dx

byd/
3 dx

dy 7^y} d^_
Xj-x T X r 

dx dx2 dx2

dy_x2^y\d^
dx dx2 dx2 7

dy\
dx 7 

/

y-x 
k

which is the required differential equation.
EXAMPLE 8 Find the differential equation of all conics whose axes 
coincide with the axes of coordinates.
SOLUTION The equation

axP' + by2 = 1, a, b * 0

dx

x2^-
dx2

f a k2 dyy-xf-3 dx\ z
Subtracting (iv) from (iii), we get

x2d^
dx2

dy\ 
dx

^ = 0 
dx2

-3x- _
dx2

dyf

n dx3
z

^ = 0 
dx2

_ dy
. dx

h + b-^- =------
dx /

y-x

d-^_ 
dy)2 
dx

r
y-x

dx dx2
C ’ x2 
y-x

I
dy.^d^L

fdy
dx

Multiplying (iii) by x and subtracting from (i), we get
2

dx

dy?
dx

- dy/dxw dx
k 7

Substituting the values of sin a and cos a in (i), we get

dyfry
N,+ Tx 

k 7

■f - „2 : = P

d2y 
dx
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=>

IMj „72 + jn2 ,n3 + in3 inl = ~ (i) ■0)

(ii)

...(iii)

(iv)

=>

=>

[Using (iv)]

W] y + C2 (m2 - nij) e'V + C3 (?n3 - m}) en,3x (v)=>

=>

-n^y-C^-mJe”^=>

+ C3m3 (rn3-rnf)em3x [Using (v)]

(vi)

4a
[Using (vi)]

2a=>

= (m1 + m2 + m3)
=$

+ m-j m2 m3 y

[Using (i), (ii) and (iii)]= 0=>

^y 
dx3

r/x3

A

dy
'2 dx

41 
dx

^3 =

dx2

dx2~

41 = 
dx

dx

41 = 
dx

- m.

+ tn3

+ m241
1 dx

(y- C2 e’

C] emix + C2 m3e’nix

a = 2*dx

Substituting the value of a in (i), we get 

y2 = 2yx41 
J J dx

m} + m2 + m3 = 0 

and, mj m2 tn3 = - 6 

Now,

7H1 + c2 (7”2"e”2 x

m2 em2x + C3

EXAMPLE 10 Find the differential equation corresponding to 
y = C} e'">x + C2 emix + C3 emix, where C]z C2, C3 are arbitrary 
constants and mv tn2, m3 are roots of the equation m3 - 7m + 6 = 0. 
SOLUTION Since mv m2, in3 are the roots of the equation

ni3 - 7?n + 6 = 0

+ C3 m3 (m3 - mf) e”^x

d^y
+ "dx2

en,2x + C3m3e,n3x

■ 41
~m' m2dx

+ C3 (m3 - mf) (m3 - m2) m3 e'n3x

t \^1
= + ?n2)

^ + 7 
dx2

'n,2x-C3e,n3x) + C2m2

du
Tx + m^

d2y . .
2 - (^i + "J2) 

dx

41 
dx~m^

^i_74i 
dx3 dx

EXAMPLE 11 Find the differential equation of all parabolas whose 
axis of symmetry is parallel to x-axis.
SOLUTION The general equation of all parabolas whose axis 
of symmetry is parallel to x-axis is

x = ay2 + by + c 
where a, b, c are arbitrary constants.

Differentiating (i) w.r.t. y, we get 
dx n , ^ = 2«y+!, 

d2x 
=> —x = 2a

dy2

cPx
=> -—- = 0, which is the required differential equation, 

d/

EXAMPLE 12 Find the differential equation of all parabolas whose 
axis of symmetry is along x-axis.
SOLUTION The equation

x - ay2 + b ..■(»)

represents a family of parabolas having their axis of symmetry 
along x-axis, where a, b are arbitrary constants.

Differentiating (i) w.r.t. y, we get

dx „ ,
Zy=2a^b

d2x
=> —r = 2a

d3x
=> —x = 0, which is the required differential equation.

df
EXAMPLE 13 Find the differential equation of the parabolas having 
their vertices at the origin and foci on the x-axis.
SOLUTION The equation

y2 = 4ax,a * 0 -(i)
represents a family of parabolas having their vertices at the 
origin and foci on x-axis.

Differentiating (i) w.r.t. x, we get

2y^ =
J dx

41*fx =

,- + 6y = 0dx 3

^y , .dy
m2 + m2m3 + m3mJfa

d2y 
—t = m 
dx2

+ C3 (zn3 - m3) (nt3 - m2) e,n3x
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—= 0, which is the required differential

(i)

(i)

0(ii) =>=>

...(Hi) =>

= 0

=>

=>

.2

= 4n
= («2-b2)

•••(ii)2a=3

(iii)

|*+y dyY. 
dx

/■

x

x2

: +(y-fc)

(n2 - b2) x 

x + y

\3
+ 2nK 

equation.
EXAMPLE 16 

x2
a2 + X

/dx

(b‘ 

and, fr + A = —

dx

Substituting the values of a2 + X and b2 + X in (i), we obtain

2( MX* x + y-r-J dx
—- ---------- +

(a2-b2)x

X~^a.
dx

'l t„2 J,2x , dx-y = (fl

=> y = 2x

a2 b2|/*J
Multiplying (iii) by x and subtracting from (ii), we get

b2 dx b2 ^x,

dx \ /
which is the required differential equation.

EXAMPLE 15 Form the differential equation that represents all the 
parabolas each of which has a latusrectum 4a and ivhose axes are 
parallel to the x-axis.
SOLUTION The equation

(y-k)2 = 4n(x-/z) -...(i)
represents a family of parabolas of latusrectum 4a and whose 
axes are parallel to the x-axis.

Differentiating (i) w.r.t. x, we get

y dx
k

which is the required differential equation.
EXAMPLE 17 Find the differential equation of circles passing 
through the points of intersection of unit circle with centre at the 
origin and the line bisecting the first quadrant.

2

dx

a2 + ‘k =

xb2 + 
and, b2 + X = b2 -

x + y

X = --------
x + y

'2-"2)7Z- dx

xy d2y 
b2 dx2

if-X x + y^ 
k /

2(y-^

a2 + X = a2

^1 =
dx2

<',2-fl2)^

dx 
k j

From (ii) and (iii), we obtain

d?y _ 0
W rfy dx2

dx

Show that the one parameter family of confocal conics

+ -f— = 1 satisfy the differential equation 
bz + k

r
x + y

SOLUTION We have,

a2 + X b2 + X
Differentiating (i) w.r.t. x, we get

2x 21/ dy =
n2 + X b2 + X^’U

x y dy =
? + X b2 + Xdx~

x^ + XJ+y^ + X)^ = 0

12 2 dyxb +n y j =7 dx

xb + a y , i dx
&
dx

xb2 + a2y
_____ J dx

dy
d2y 

+xy~^' dx^

dx

which is the required differential equation.
EXAMPLE 14 Find the differential equation of hyperbolas with the 
coordinate axes ns transverse and conjugate axes.

i SOLUTION The equation

= 1 
a2 b2

represents a family of hyperbolas whose transverse and con­
jugate axes are along the coordinate axes for differents values 
of a and b.

Differentiating (i) w.r.t. x, we get

2^_2y dy = 0
a2 b2 dx

£_£^ = 0 
n2 b2(lx

Differentiating (ii) w.r.t. x, we get

b2dx2

=> y-f = x3 dx
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(v)0

1
...(i)

x
= 0+ X

1 0

X = 0

= o,

0

SOLUTION The equation of any tangent to -y

•••(>)

(i)
(U)

(ii)

.2

(iii)

,2
0

.(iv)=>(iv)0

-2x

-1

dx

dx

-y
7

which is the required differential equation.
EXAMPLE 19 Obtain the differential equation satisfied by the locus 
of the foot of the perpendicular drawn from the centre of the family of 
ellipse to their tangents.

dx y

dx

Putting the value of X in (i), we obtain the required differen­
tial equation as

^-1 (x2 + y2-l)-2fx + y

< / \
EXAMPLE 18 Prove that the differential equation of all the conics 
touching the y-axis at the origin and having their centres on the 
x-axis is

y = mx ± 'la2 tn2 + b2

Let P (h, k) be the foot of the perpendicular drawn from the 
origin 0(0,0) to (i).

Since (h, k) lies on (i). Therefore,

k = mh ± 'la2 m2 + b2

y2
d\]_ 

*dx

dx1

? + B

Putting the value of m in (ii), we get 

k=-^± 
K k1

=
y

SOLUTION The equation of the unit circle with centre at the 
origin is x2 + y2 = 1 and the line bisecting the first quadrant is y = x.

So, equation of the family of circles passing through the 
intersection of these two is given by

x2 + y2 -1 + X (y - x) = 0
where X is a parameter.

Differentiating (i) w.r. t. x, we get

dx

Slope of OP = p

Since OP is perpendicular to (i). Therefore,

k  -h-xm = -1 =$ m = —h k

dx
+ (2x - x2)

Putting A = — in (ii), we get 
a

d d2y
+Bvd>?~-

1 . _

/
y2 - 2xy

SOLUTION The equation of all conics whose axes are parallel 
to the coordinate axes and centres at the origin is

Ax2 + By2 = 1

Let the centre be (a, 0). Therf, equation (i) becomes

A (x~a)2 + By2 - 1

If it touches y-axis at the origin, then

X/72 + By2 = 1 [Putting x = 0 in (ii)]

must have equal roots i.e. A?2 + By2 = 1 must have equal roots.

Aa2 = 1 => A = 4
a

Differentiating (iv) w.r.t. x, we get

M dx \ y

Eliminating ~, - and B from (iii), (iv) and (v), we get 
a2 a

x1

4--+b/ = o a2 “ *

as the equation of the family of conics satisfying the given 
properties.

Differentiating (iii) w.r.t. x, we get 
2x 2 _D dy 
?-;+2By* =

=> ^x-- + By~^ = 
a2 “

x2 i/2 ..

a b

2 d2i/ ( dy
Xydx2 + ^^

x2

-y =0

=> (k2 + h2)2 = a2 h2 + b2

Thus, the locus of (/i, k) is

(x2 + y2f2 = a2^,Jrb2y2 •••(»>)

We have to find the differential equation satisfied by (iii). 
Differentiating (iii) w.r.t. x, we get 

2(x2 + y2)^2x + 2y^ = 2?x + 2b2y

2(x2 + y2)fx + y^ 
k y

dy 
Tx^

-2 x+y
____ i_______

^-1 
dx

x^ 
dx

2 l2 dy = a x + b y-r J dx
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Differentiating (iv) w.r.to x, we get
=>

(vii)

t

••■(vi)

2(?+y2) x + y

= 1, X is parameter.

.2

ANSWERS

3.1. (i) (ii)

4.

02. 3
dx ‘ dx3

l 

*

dx

dx

dx]

^★y^y^-xy

= b2

(iii) x

= b2

f o \2 
dy d~y 
dx dx2

V 7

dx
7

'dy?
dx. 7

2

dxx 7

= a2 + b‘

= ^2y y-x

2

dx 
x 7

Eliminating b2 from (vi) and (vii), we obtain the required 
differential equation as

(x2 + y2) y2-x2-2xy
_______ \/

y y~x

EXERCISE 13.1
6. Assume that a rain drop evaporates at a rate proportional 
to its surface area. Form a differential equation involving the 
rate of change of the radius of the rain drop.
7. A population grows at the rate of 5% per year. If x = x (f) 
denotes the number of individuals in the population after t 
years. Write the differential equation involving the rate of 
change of x.
8. Obtain the differential equation governing the motion of a 
particle of mass ni that is projected vertically upwards in a 
medium in which the resistance is k times the square of the 
particle velocity.
9. Find a differential equation whose primitive is 
c + 2cy + a - x = 0, where c is an arbitrary constants and a is 
a definite constant.

Find the differential equation of all parabolas whose axis 10. Obtain the differential equation of the curve 
y = a} en x + cos n x + a3 sin n x, where n is a given constant 
and flp a2, are arbitrary constants.

(iii) xy = a f + b e x + x‘

(iv) y = a sin (nix +b)
2. Find the differential equation associated with the primitive 
x2 4-y2 + 2/?x + 2by + c = 0, where a, b, c are arbitrary constants.

3. Find the differential equation of all lines in a plane which 
are equally inclined to the coordinate axes.
4. 1
of symmetry is parallel to y axis.
5. Find the differential equation of all circles in a plane.

^-8 
dx2
d2i/ 
~t + 2 
dx2

2

dx 
7

Multiplying (iv) by x and subtracting from (iii), we get

= b2 • y2 - xy •
J J dx

d2y

&L-X 
dx2

T 
& 
dx

= xy 
dx x2-a2 

(iv) Ajj.
2 n
I ^-3^

Jdx3 1

1. Find the differential equations of the family of curves in 
each of the following:

(i) y = A e3x + B e5x

(ii) 4+-A
(T a + X

+ 15y = 0 
dx J

^■-xy + x2 -2 = 0 
dx J

A = 0 
dx2 dx ‘ dx3

V /

^ = ±1
dx

dx3

£y_

d2i/

(? + y2) x2 + y2-2x x + y
x

(x2 + y2) y2-?-2xy^

Multiplying (v) by x and subtracting from (iv), we get

2

dx
\ 7

&
dx2

( j

-4 x + y j J dx

.f rfyf- 4 x +1/ -/• 
J dx

-4 x + u j 
dx

2 2

4ry*f +2(?+y2)

d2y 

dx

dy 
y -x r dx

5- dx

V;~x7 dx

dy 
y^~x 7 dx

dy d2y
-r- - x - xy —t - x dx y dx2
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= 0

— □□□ —

dx

= 0 orf(x, y)dx + g (x, y) dy = 0,

= 0

= d

(iv) gives:

d I sin',2

(i)

or, d (log (xy)}(ii)

0(x,y),or,
• (iii) gives:

where/(x, y), g (x, y) and 0 (x, y) are functions of x, y.
It is not always possible to solve this type of equations. The 

solution of this type of differential equation is possible only

d tan'

xdy + ydx _d(xy) _ 
xy xy

dx

when it falls under the category of some standard forms. In this 
section, we shall be discussing some of the standard forms and 
methods of obtaining their solutions.
13.5.1 INSPECTION METHOD
Sometimes just by inspection a first order first degree differen­
tial equation can be written in the form

rf(f(x,y)| + rf{g(x,y)} = 0
or, d/(x,y)} = 0,

where d \f(x, y)j stands for the differential of/(x, y).
In such cases the general solution of the differential equa­

tion is given by

f(x,y)+g(x,y) = C

or, /(x,y) = C

In order to solve a differential equation by inspection 
method the following results are very helpful:

(I) If the given differential equation contains (x dy-ydx) 
as a term, then its multiplication by

xdy-y dx 
x2

. xdy + ydx 
(xy)n

d (xy) 
(xy)n

(II) If the given differential equation contains (x dy + ydx) 
as a term, then its multiplication by

1 gives : d (xy)

f \

X
k. y

-d -W
1 , 1 .
y" x

.x dy-ydx ,(
■ x^f

x dy - y dx _ 
: / =

x dy - y dx 
xy

(v) - 
x

(i) 4; gives:

1 
(xy)n

gives:

+ (a26. = - k, r is the radius.dt
dx _ _5x_

‘ dt ~ 100
8. ni^ = - nig - kv2.

dt

(ii) gives: 
y

(iii) gives:

1
2 2x +y

13.4 FIRST ORDER AND FIRST DEGREE 
DIFFERENTIAL EQUATIONS AND THEIR 
GEOMETRICAL INTERPRETATIONS

A first order and first degree differential equation involves the 
independent variable x (say), dependent variable y (say) and

the differential coefficeint of y w.r t. x i.e. So, it can be put 

in any one of the following forms:

= /(x,y)or/ x,y,

where/ (x, y) and g (x, y) are functions of x and y.
GEOMETRICAL INTERPRETATION The general form of a first 
order and first degree differential equation is

We know that the tangent of the direction of a curve in 

Cartesian rectangular coordinates at any point is given by

• so the equation in (i) can be known as an equation which 
establishes the relationship between the coordinates of a point 
and the slope of the tangent i.e., dy/dx to the integral curve at 
that point. Solving the differential equation given by (i) means 
finding those curves for which the direction of tangent at each 
point coincides with the direction dt the field. All the curves 
represented by the general solution when taken together will 
give the locus of the differential equation. Since there is one 
arbitrary constant in the general solution of the equation of first 
order, the locus of the equation can be said to be made up of 
single infinity of curves.

11 ( yy~dy-~dx = d log1

‘■'Ml'x dy - y dx13.5 METHODS OF SOLVING FIRST ORDER FIRST 
DEGREE DIFFERENTIAL EQUATIONS

A first order and first degree differential equation can be ex­
pressed in any one of the following forms: 

f(x,y)dx + g(x,y)dy = 0 

dy = f(x,y) r 
dx g (x, y) 

dy = 
dx

9. ? +
io- yi+yi^-^-^y-i =0
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= d ,n*l

gives:(iii)

(ii)

= d ■,n * 1

ILLUSTRATIVE EXAMPLES

+ d (log y) - d (log x) = 0=>

+ d (log y - log x) = 0=>

+ d log = 0

= c

dx + sinydy = 0

= 2ndy
=>

= 2a dy

x

=>

1

' \
y
Xk y

X 
k 7

2 
(? + y2)

2 
(x2+y2)"

-1___ _
(n-l)(xy)'’-1

If the given differential equation contains (x dx + y dy) as a 
term, then its multiplication by

(i) gives: d (x2 + y2)

ydx-xdy [

=> -d

= dtf + y2) 
x1 + y2

= d (log (x2 + y2))

2xdx + 2y dx
(x2 + y2)n

_ ^(x2+y2)
(x2+y2)"

-1
(n-1) (x2 + y2)”-1

d (xy)
(xy)2

d(xy)
(xy)2

d(xy)
(xy)2

On integrating, we get

-i+log
as the required solution.
EXAMPLE 4 Solve:

y dx - x dy + (1 + x2) dx + x2 sin y dy = 0 

SOLUTION The given differential equation is

y dx - x dy + (1 + x2) dx + X2 sin y dy = 0
/

J 
fl >

+ ^2 + l dx +sin ydy = 0
< /

f 1 'I+ d -- + x +d(-cosy) = 0
k /

On integrating, we get

y f 1 r- ~ + - - + x - cos y = C
XX k y

=> - x + cos y + C = 0, which is the required solution of

the given differential equation.

EXAMPLE 5 Solve the differential equation:
(1 + x >/x2 + y2) dx + (-1 + >lx2 + y^) y dy = 0

SOLUTION The given equation can be written as

Example 1 Solve the differential equation:

xdy + ydx + 2x3 dx = 0
SOLUTION We have,

xdy + ydx + 2x3dx - 0

d (xy) + Zv3 dx = 0

d(xy)+|d(x4) = 0

On integration, we get
*y+|x4 = C

which is the required solution of the given differential equa­
tion.
EXAMPLE 2 Solve the differential equation: 

xdx + ydy = a^ + y2) dy

SOLUTION We have,

xdx + ydy = n(x2 + y2)dy
2xdx + 2ydy

x2 + y2

dtf + y2)
x2 + y2

On integrating, we obtain
log (x2 + y2) = 2ay + C, as the required solution.

EXAMPLE 3 Solve: (1 + xy) x dy + (1 - xy) y dx = 0 
SOLUTION The given equation can be written as 

(xdy + ydx) + xy(xdy-ydx) = 0 
d (xy) + xy (x dy - y dx) = 0 

d (xy) x dy - y dx _ 
(xy)2+ xy

d (xy) + dy dx _ Q 
(xy)2 y x '

k
_ xdy-ydx"

X 
k /

2x dx + 2y dy gives :------  - J -1
■xl + yl
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0

y2 (2xdx + 2ydy) = 0

=>

=>
(xdy-ydx)(y dx + x dy) = y sinxcos

=>

y dx + x dy (xdy-ydx)
Zx-y2+ = c

(xdy-ydx)d(xy)

=>

which is the solution of the given differential equation. 7

dtan

xdy

d

log (xy) = log sec=>= -dx

, which is the required solution.xy = Csec= - dx

-x dxdy = ysinx sin- x + C, which is the required solution.tan'

dx = - x dxdy-y sinxsin

=> sin=>

= sin ydy=>
sin x

J X

- log x + log C-cos=>

= log C, which is the required solution.log x - cos.=>

y 
x

y
X 

k 7

X 
k 7

x

X 
. 7

X 
k 7

dx - y dy + | Vx2 + y2 d (x2 + y2) = 0

2 dx -2ydy + ^x2 + y2 d (x2 + y2) = 0

2 dx - d (y2) + ’A2 + y2 d (x2 + y2) = 0

On integration, we get

(x2 + y2)372 
3 
2

f ~ d (xy) = J tan

J sin y
x 

k 7

X 
k 7

X 
k 7

= 2 tan 
X

--dx x

IL 
x 

k 7
SOLUTION The given differential equation can be written as

= tanx

dx-ydy + Vx2 + y2 (x dx + ydy) = 0 

dx - y dy + | 'Vx2 +

fy
lx
/ \
y
X

k 7
'if) fx dy - y dx'
x< A

X
k 7

X 
k 7

f.A

=> d • tan'

=>2x-y2 + |(? + y2)3/2 = C ,

EXAMPLE 6 Solve the differential equation

(?+!7 J
SOLUTION The given differential equation can be written as

x dy - y dx

,-’(4 
X 

k 7J
On integrating, we obtain

r'M = 
X 

k 7

EXAMPLE 7 Solve the differential equation

y dx = (x /7y + y2 sin y) dy

SOLUTION We have,

yZ7y dx = (x /7y + y2 sin y) dy

(ydx-x dy) = y2 sin y dy

jidydy

e*7y d - = - d (cos y)

On integrating, we obtain

- - cos y + C, as the required solution.
EXAMPLE 8 Solve the differential equation

(y (1 + x"]) + sin y J dx + {x + log x + x cos y) dy = 0

SOLUTION The given differential equation can be written as

(y dx + x dy) + (sin y dx + x cos y dy) + dx + log x dy = 
k 7

=> d (xy) + d (x sin y) + d (y log x) = 0
On integrating, we get
xy + xsiny + y logx = C as the required solution. 

EXAMPLE 9 Solve the differential equation

x 
k 7

J + iogC

d(xy) = tan
XIL

d (xx/) =
xy

On integrating, we get

X 
k 7

y
X
. 7

y
X 

k .
EXAMPLE 10 Solve the differential equation

/ ' 
y
X 

k ,
SOLUTION The given differential equation can be written as

X 
k 7 

(xdy-ydx)sin = -xdx 
k 7 

WxA/-i/d.? _ 
x2 ’ 

7 

y\, M 1 . •2- d -2- = --dx 
x 

k .
On integrating, we get

r \ ( \
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(xdx+y dy) = xdy-y dx

=$

=>

1
= tan

0=* dx + y
(x dx-y dy) = x dy-y dx

=>
+ x dx - y dy

d^x2-/) = -
2

y-x
=>

C =>

/ \
ri y

X\ 7

,-lp' 
X

x dx + y dy 
xdy-y dx

log - y2 + VT+X

=>

.2.2 a^X + X \ /

x2-/

h a +1 d(x2-A d(yx-y)=—7Zy+? 2 2
x y 2 x - y

dx + f'*

1
71 + {^?-y2}2

On integrating, we obtain

r2-/^ - log (x -y) + log (x2 -y2)

+ log C

x dy - y dx

d C^x^ + y2) = d |tan

/) = / d tan

' EXAMPLE 11 Solve the differential equation

a2-x2- y2
x2 + y2

SOLUTION The given differential equation can be written as

^x^ + y2
■'/fl2 - (^/x2 + y2)2

dtf+y2) =
2 Vx2 + y2 Vfl2 - p/x2 + y2)2

1
Vfl2 - p/x2 + y2)2

On integrating, we get

____ 1
la2-(^x‘

=> sin-1|-

■2+y2)'

k a

EXAMPLE 12 Solve the differential equation

1 + x2 - y2

d (x2 - y2) = x (dy - dx) -y(dx- dy)

1
■'/l + (x2 - y2)2

'<77^ 
I x~y,

=> yCx1 + y2 +

xdx-y dy
xdy-y dx

SOLUTION The given differential equation can be written as

Vx2 - y2
Vl + |^x2 - y2)2

1 <r2 -1/2

(x + y)(dx-dy) , 1 d(x2-/)
= ’ +2 ?_y2

"dx - dy [ 1 d (x2 —y2) 
^x-y J

=> ^x^-y2 + ’Vl + x2 - y2 = C ' 
x-y

which is the required solution of the given differential equa­
tion.
EXAMPLE 13 Solve the differential equation

(x2 sin3 y - y2 cos x) dx + (x3 cos y sin2 y - 2 y sin x) dy = 0 
SOLUTION The given differential equation can be written as 
x2 sin2 y (sin y dx + x cos y dy) - (y2 cos x dx + 2y sin x dy) = 0 

=> (x sin y)2 d (x sin y) - d (y2 sin x) = 0 .

On integrating, we get
J (xsin y)2 d (x sin y) - j 1. d (y2 sin x) = 0

(x-s^ V)- - y2 sin x = C, which is the required solution. 

EXAMPLE 14 Solve the differential equation

(1 + ex^) dx + 1 - dy = 0

SOLUTION The given differential equation can be written as
. ( r A

dx + dx + dy - - dy | = 0 

'i/dx-xdj

I y j

I y )■ 
dx + y^d(f\ + e^dy = 0 

dx + yd (//y) + dy = 0 

dx + d (y er/y) = 0 

On integrating, we get 

x + ye^V = C

EXAMPLE 15 Solve the differential equation 

di/
X + ^dx _ x sin2 (x2 + y2) 

dy “ y3 
dx

SOLUTION The given differential equation can be written as 

x dx + y dy _ x sin2 (x2 4- y2) 
ydx-xdy" y3

2x dx + 2y dy _ 2x sin2 (x2 + y2) 
ydx-xdy ~

d (x2 + v2) 2x , j
—^—5—V = "7 (y dx - dy} sin“(x2 + y‘) y3^
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=>

=>

=>

x dx + y dy + 0

2x dx + 2y dy + 2 0

d(x2 + y2) + 2d = 0tan=>

=>

x2 + y2 + 2 tan = C

=>

l(l + logt)2-J 2(l + logo|.fdf = | + C

=>

=>

=3 ,2

=>

f cosec'

On integrating, we get

:2(? + y2)d(? + y2) • 2 J

f(l + log02-2f (1 + log I) df = y + C

as the required solution.
EXAMPLE 19 Solve the differential equation

x dy - y dx _ 
?+/ =

SOLUTION The given differential equation can be written as
(xdy-ydx) = 
xw

■Mr)3

EXAMPLE 18 Solve the differential equation:

dy = 3? y4 + 2xy
d* x2 - 2X3 y3

SOLUTION The given differential equation can be written as

(3X2 y4 + 2xy) dx = (x2 - 2X3 y3) dy

dtfft+d ~ =0
On integration, we obtain

x3/ + - = C, 
y

(xUr- d - w
w

=0 
y

cosec2

7 ?
t (1 + log f)-2 [f +1log t-t] = - + C

(x1 + y2)d(x2 + y2) = 2

7 x2 
xy (1 + (log xy)2) = y + C

xy (1 + log (xy)2)2 - 2xy log (xy) = y + C

-c<

X

y)

:ot(x2 + y2) = - + C, which is the required solution.

EXAMPLE 16 Solve the differential equation :

(x dy + y dx) sin (xy) + (x ydy + y x dx) cos (xy) = 0 
SOLUTION The given differential equation can be written as 

sin (xy) d (xy) + xy cos (xy) d (xy) = 0
=> d (xy. sin xy) = 0
=> xy sin xy = C, which is the required solution.

. EXAMPLE 17 Solve the differential equation 

dn_.lt = 1
dx x (1 + log x +logy)2

SOLUTION The given differential equation can be written as

4m = 1
* * [l + log(xy)]2

[1 + log (xy)]2 (x dy + y dx) = x dx

[1 + log (xy)]2 d (xy) = xdx

On integrating, we obtain

J [1 + log (xy)]2 d (xy) = f x dx

J (1 + log f)2 dt = y + C, where t = xy

3x2 y4 dx + 2x3 y3 dy + 2xy dx-x2dy = 0 

y2 (3X2 y2 dx + 2x3 y dy) + 2xy dx-x2dy = 0 

y2 [y2^ (x)3 + x3d (y)2]+yd(x)2-x2i/y = 0

+ x3d(y2) + 2^^A = o
y

ri y
X 

\ /
On integrating, we get

1-1 fx
\ d

EXAMPLE 20 Solve the differential equation:

y (2xy +1) dx + x (1 + 2xy + x2y2) dy = 0
SOLUTION The given differential equation can be written as

(y dx + x dy) + 2xy (ydx + xdy) + x?y*dy = 0

(1 + 2xy) (y dx + x dy) + x3 y2 dy = 0

(l + 2xy)d(xy) + (xy)3;dy = 0 
y

d(xy) + hy = 0
y

1 + 2xy
. (xy)3

1 2
x + —:

(xyY (xy)'

On integrating, we obtain

1 2-------------- + log y = C, which the required solution.
2(xy)2 xy

EXAMPLE 21 Solve the differential equation :
(3 tan x + 4 cot y - 7) sin2 y dx

-(4 tan x + 7 cot y - 5) cos2 x dy = 0
SOLUTION Dividing throughout by cos2 x sin2 y, the given 
differential equation becomes

2
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mx2

=> x2
1-

= mxdxd=>

1

sin

i

SOLUTION

xy (1 + log x) dx=> y2 }\

x2 (1 + log x) dx

=>
y

cos

(xy) (xdy + ydx)

=> cos

33

On integrating, we get

= J xy d (xy) + C

= mx?dx

y

X

y, 
)2
- + C, which is the required solution.

2W
which is the required solution.

y2 J
"vrf v = x2(1 + loSx)rfx 

y i^y ?
Integrating both sides, we get

= J x2 (1 + log x) dx
II I

1

2_fy
V

On integrating, we get

X 
\ 7

EXAMPLE 26 Solve the differential equation :

x dy - {y + xy3 (1 + log x)) dx = 0

The given differential equation can be written as

xdy-ydx = xy2, (1 + logx) dx

(x\ 
d -W

x2
= m — + C, which is the required solution.

X

(3 tan x + 4 cot y - 7) sec2 x dx
- (4 tan x + 7 cot y - 5) cosec2 y dy = 0

=> 3 tan x sec xdx-7sec x dx - 7 cot y cosec y dy
+ 5 cosec2 y dy + 4 cot y sec2 xdx-4 tan x cosec2 ydy = 0 

=> 3 tan x d (tan x) - 7 d (tan x) + 7 cot y d (cot y) - 5 d (cot y)
+ 4 d (tan x cot y) = 0

I )
= (xy)d(xy)

fx) . (x cos - d -u ■■

• (
=> sin - =w
EXAMPLE 25 Solve the differential equation :

dy

^-y1

SOLUTION The given differential equation can be written as 

xdy-ydx 
Vx2-?

On integrating, we obtain
n r-j

tan2 x - 7 tan x + - cot2 y - 5 cot y + 4 tan x cot y = C.

EXAMPLE 22 Solve the differential equation:
( -i\

y 1 + - + cos y 1 dx + (x + log x - x sin y) dy = 0
■ \ J

SOLUTION The given differential equation can be written as

y dx + x dy + dx + log x dy + cos y dx - x sin y dy = 0

=> d (xy) + [y d (log x) + log x dy] + (cos ydx + xd (cos y)) = 0

=> d (xy) + d (y log x) + d (x cos y) = 0

On integrating, we obtain

xy + y log x + x cosy = C, 

as the required solution.
EXAMPLE 23 Solve the differential equation :

(x2 - 4xy - 2y2) dx + (y2 - 4xy - 2X2) dy = 0

SOLUTION The given differential equation can be written as 
x2 dx + y2 dy - 4xy dx - ly2 dx - 4xy dy - 2X2 dy - 0 

^dx + ^dy-l^lxydx + x^dy) -2(2xydy + y1 dx) = 0

=» dx + y1 dy-2d (x2y)-2d (xy2) = 0

On integrating, we get

^ + ^-2?y-2^ = C,

as the required solution.

EXAMPLE 24 Solve the differential equation :

- (ydx-xdy) = xy3(xdy + ydx)

SOLUTION The given differential equation can be written as 

msM =

.1 = mxdx

x

4^J W
= (l + logx) J-j + C,
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16.

siir (x + 3y) + 5

26. xdx + ydy + = 0

24. x = + C

= c15.

13.5.2 EQUATIONS IN VARIABLE SEPARABLE FORM

1
4719

If a first order first degree differential equation can be ex­
pressed in the form so that the coefficient of dx is only a function 
of x and that of dy is only a function of y, then we say that the 
variables are separable. The general form of such an equation 
is

/(x)dx+g(y)dy = 0
In order to solve this type of differential equations, we 

integrate both sides to obtain the general solution

If (x) dx + J g (y) dy = C, where C is an arbitrary constant.

The following examples will illustrate the above procedure.

1

15. -----
y-x

ANSWERS

17. xy = log (//y + C) 
2

19. +x4-y3 = C
21. l+xy=.Ce2l(l-xy)

2 \ /

c

tan 1

18. x4 + y4 + 6x2y2 = C
20. x+ye^ = C
22. y = xtan(x + C)

23. log *+71 +y2/x2 = logx + C

6/19^
4\ /

25. 2x + y3 + 2cx2y = 0

27. x2cosy + x3y-^ = C

x4 if x?1. T + =c4 3W
3. x2 + y2 = Ce‘

(x\
5. log - = C + — 

xy
7. e^ + (C + ?)y = 0
9. log(x2 + y2) = / + C

• 11. log(x2 + y2) = / + C

13. Cx + y + log x +1 = 0 

y_... 1 
x 2^ + y2}

26. y = xtan

28. -4 + — =
2X2 xy

~^^y = C

4. x + y3 = Cy

6. ax2y - Cy + 2 / = 0

8. yex + ? = Cy
10. 4x3y-3y3 + 6ex = 6Cy
12. 2x2/ + my2 = 2C?

14. sin - = x2 y2 + C y 2 J

16. tan^ + y2) = ~ + C

— □□□ —

EXERCISE 13.2

Solve the following differential equations by inspection method:
1. (xy4 + y) dx - x dy = 0
2. y dx + (x + x2y) dy = 0
3. (x+ y) dx-(x-y) dy = 0
4. y dx - (x - 2y3) dy = 0
5. (l+xy)ydx + (l-xy)xdy = O
6. y (axy + fl dx - e* dy = 0
7. Ixy2 dx = ex (dy-ydx}
8. (y2 ex + 2xy) dx = x2dy

9. xdx + ydy = y(x2 + y2)dy
10. y (?-2y + fldx-(ex + y3}dy = 0

11. xdx = y(x2 + y2-l)dy
12. (x3 e* - my2) dx + mxy dy = 0
13. y dx - x dy + log x. dx = 0

/ \
14. (ydx-xdy)cos - = xy3 (x dy + y dx)

?)
x + y^L 

g = ? + 2y2 +
dx

xdx + ydy _ x cos2 (x2 + y2)
ydx-xdy " y3

17. x(fl^ + y2 fl}dy = (//y - y2 fl} y dx

18. (x3 + 3xy2) dx + (3x2y + y3) dy = 0
2 2

19. (^fl +to?}dx + (2xyfl -3y2}dy = 0

20. (l+^dx + e^l-^ dy = 0

21. (1 - x2 y2) dx = ydx + xdy

22. xdy-y dx = (x2 + y2) dx

23. xdy-ydx = Vx2 + y2 dx

24. = sin2(x + 3y) + 5

25. y (x + y3) dx = x (y3 - x) dy

x dy - y dx
S + y2

27. (2x cos y + 3x2y) dx + (x3 - x2 sin y - y) dy = 0

28. x(^-x}dx = yfxi/jdy
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ILLUSTRATIVE EXAMPLES

= C

=>

yrfyLet/i = and dx

=>

1-=>
dx

=>
= j 7T— rftfiere t2 = 1 + x2

J t2-l

dtdt =

— □□□ —
ax + by + c = v.

The following examples will illustrate the same.

ILLUSTRATIVE EXAMPLES

x + y

sin' = x + y

(1 +

_1 (1+y2)
2

,2^’

1
2

dx 

cos(x + y)

Substituting the values of I] and 12 in (i), we obtain 

+X2 -1

W + X2
X

y 
Vl+y2

t-1 
t + 1

Vi+Z+i

v2 
l+y2

13.5.3 EQUATIONS REDUCIBLE TO VARIABLE SEPARABLE
FORM

Differential equations of the form dy/dx =f(ax + by + c) can be 
reduced to variable separable form by the substitution

i > 
t2-i

/

as the required solution.

EXAMPLE 2 Solve the differential equation

SOLUTION The given differential equation can be written as 

xy2 dy = (l-x^fl+y^dx 

y2dy _ 4 -x2 
x \ / 

dy = J |“"XVX 
I 7

fl—1-
and, I2 =

t2 -1 +1 
i2-l

= VT7?+|iog

= Vi+y2

i, = t + -log

(iii) ^ = (4x+y + l)2

SOLUTION (i) We are given that 

-ifayl 
1 dx 

\ J

EXAMPLE 1 Solve :

(i) sin'

(ii) dx

-x Idx

-x dx
) k" J
; dy = J dx 

X /

=> y - tan"1 y = log x - y + C, which is the required solution 

of the given differential equation.

EXAMPLE 1 Solve the differential equation

Vl+x2 + y2 + x2y2 + xy = 0

SOLUTION The given differential equation can be written as

>/(l + x2) (1 + y2) +xy^ = 0

=> xydy + ^1 +X2 4-y2 dx = 0

a/i +x2
+ ~L±-dx = 0

x

On integrating, we get

^1 + x2^^-^-dx = C
x

^1 + x2 , „ 
dx. Then,
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=>
.2=>

= dx=>
,2=> dv = (v + 4) dx

Integrating both sides, we get
= dx

dx
Integrating both sides, we get= J=>

1 • dx

=>
-1 = x + C=> — tan

= x + C,=> - tan
=>

Let x + y = v. Then,

=>

=>

dv = dx=> =>

=> -sec 7 dv = dx. dv = dx=>

dv = dx=>

=> tan t = x + C

dv
= x + C, which is the required solution.tan=>

1 
i? + 4

dv
1 + sin v

dv 
t? + 4

v
2

-lf4x + y + r
' —2

dv = J

= f dx + C

dv = j

= J 1 • dx

= a2.

So, the given differential equation becomes 

dv .— -1 = sinvdx
dv— = 1 + sin vdx

So, the given equation becomes

dv A 2 -—-4 = vdx

2 a— = v + 4 dx

v2

a2
.2 ■

dy _dv _ 
dx dx

v2 dv = (c^ + v2}dx

Let x + y = v. Then,
, dy dv 1 + = — => dx dx

dy dv . 
dx = Tx^

J 1 • dv - a2 J

(iii) We are given that 

^ = (4x + y+l)2 

Let 4x + y +1 = v. Then, 

4 + ^ = *! 
dx dx dx dx

1
1 + sin v

1 - sin v , ------- Y~dv 
1 - sin v
1 - sin v
cos2 v

dx = J (sec2 v - tan v sec v) dv 

x = tan v - sec v + C
x = tan (x + y) - sec (x + y) + C, 
which is the required solution.

(ii) We are given that

^ = cos(x + y)

v2
v2 + «2
/

1 ~~2 2I V+a)
.On integrating, we get

1
v2 + a2'

^ = sin(x + y)

\ 7
which is the required solution. 

EXAMPLE 2 Solve :(x + y)2^ 

SOLUTION Let x + y = v. Then, 
1+^ = ^ 

dx dx 
dy dv , 
Tx=Tx~'-

So the given differential equation reduces to 

dx
\ 7

2 dv 2 2v = a + v dx

1
2

1
2

v
2 "
(x + y

1 2

, dy dv 
dx dx

So, the given equation becomes
dv 1—-1 = cosvdx
dv _— = 1 + cos vdx

1
1 + COS V

1 ,2 V
2 2'
Integrating both sides, we get 

f 1 2^ .J -sec -dv
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= x + C=> y-fltah

1 • dx + C
1 + cos v + sin v

dv = x + C=>

dv = x + C=>

= x + C,

(x+y -1)

dv = dx=>

= i?-2
dv = dx=>

=>

=>

= dx

dv = dx=>
EXAMPLE4 Solve:

dv = dx=>2 1-

1 dv = dx

On integrating, we get

= x + C,

which is the required solution.

cost)
1 + cos v

v 
a

sec2 (v/2) 
[2 (1 + tan (v/2)}

4 
v + 2

v-2 
(v + 2)(v-l)

Yl

=> (r+y)-a tan

cos v (1 — cos v)
1 - cos V

T-l = dx cos v

__________1_____________
1 - tan2 (v/2) t 2 tan (v/2)
1 + tan2 (v/2) 1 + tan2 (v/2)

On integrating, we get

J---- = J

2v2^~ = i? + v-2 
dx

x + y - i ---- = x + C,
a

which is the required solution

EXAMPLE 3 Solve: cos (x + y) dy = dx

SOLUTION The given differential equation can be written as 

dy = 1
dx cos (x + y)

1 +

So, the given differential equation reduces to 

f_ dv J v 2v —-1 dx 
\ / 

_ 2 dv 2 -i 2vz —-v = v-2 dx

Let x + y = v. Then, 
1+^ = ^ 

dx dx 

dx dx
So the given differential equation reduces to 

dy , 1
dx

2v2 dv 
i? +v-2

2>1+|.
3 v- 1

j ___________ Q •___________ 
=> 2 Vx + y +1 + log (<x + y+ 1 -1) - - log 0/x + y + 1+2)

 3

j Q
2v + - log (v -1) - - log (v + 2) = x + C

=> log 1 + tan

21--^
vL + v - 2

=> log | 1 + tan (v/2) | = x + C
/ ■ \ 

x + y
2

which is the required solution.

EXAMPLE 5 Solve the differential equation

Vl+x + v^ =
* dx

=* (cot v cosec v - cot2 v) dv = dx

=> (cot v cosec v - cosec2 v +1) dv = dx
On integration, we have
- cosec v +cot v + v = x + C

=> - cosec (x + y) + cot (x + y) + x + y = x + C.
=* - cosec (x+ y) +cot (x + y) + y = C.
EXAMPLE 4 Solve: = cos (x + y) + sin (x + y).

SOLUTION Let x + y = v. Then,

1+4 = ^ 
dx dx
dy dv ,
dx dx

So the given differential equation reduces to
dvV -1 = cos v + sin vdx
dv .=> 7- = 1 + cos v + sin v dx

By separating the variables, we have

 -------- ----- ;— dv = dx
1 + cos v + sin v

dv  1 + cos v 
dx cos v

SOLUTION Let 1 + x + y = v2. Then,

, dy  dv dy  dv - 
l + j=2v — =>j=2v~-1.dx dx dx dx
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x + y + b

-1 .,

we get,

=>■ =

dv = 2 dx

+ 1 dv = 2dx=>

1 + dv = 2dx=>

dv = dx
log | v2 - ab | = 2x + Cu +

dv = dx

dv = dx=>

dv = dx

= x + C=>

=>
'2 = x + C i

=>=>

= C,
which is the required solution.

dv 
dx

2 dv
2 dx

dv
dx

dv— — 
dx

v-a
v-b y

v + a 
v + b

1
(i> + 2)2-(V2)2

v + 2-J2_
v + 2 + >l2

v2 
v2 + 4v + 2

4u + 2 
v2

2v + l 
v2

4v + 2 
v2

v - 2 log | v2 + 4v + 2 | + log

Jy  1 \dv 
dx 2 | dx

dv =j dx + CJ 1 .dv-2j

2v
>2-ab7

EXAMPLE 6 Solve the differential equation:

(x2 + 4y2 + 4xy) dy = (2x + 4y +1) dx

SOLUTION The given differential equation can be written as 

dy  (2(x + 2y) + l) 
* (x + 2y)2

Let x + 2y = v. Then, 

1+2^ = ^ 
dx dx

(x + 2y) - 2 log | x2 + 4xy + 4y2 + 4x + Sy + 2 |

3 , x + 2y + 2 - V2 
+ 7T 10g x"+2y+2 + ^2

2y-2log | x2 + 4xy + 4y2 + 4x + 8y + 2|

x + 2y + 2-\g
x + 2y + 2 + >/2

T-1 dx

3 i 
+ ^2 10g

6 
v2 + 4v + 2

v2 + 4v + 2 
v2

On integrating, we get

- -+4 - <fo + 6f 
p2 + 4v + 2 j

=> y+

dx

4v + 2
* 7

v + 4v + 2

dx dx

2^* 
v + 4v + 2

Putting the values of x + 2y and

2(2u + 4)-6 
v + 4v + 2

Substituting these values in the given differential equation, 
we obtain

/ -
dx

 (v + a) (v-b)
(v - a) (v + b)

= 2(v2-ab)
v2 + (b - a) v - ab

v2 + (b - a) v-ab
v2-ab

1 + 
v2-ab

2 v

On integrating, we get

2 /
X+y + ^2^10S I ^x + ^2~ab I =2x + C

^jlog |(x + y)2-ab| = x + C, 

k J
which is the required solution.
EXAMPLE 8 Solve the differential equation 

dy . , .^-xtan(y-x) = 1.

SOLUTION Lety-x = v. Then, 
dy . dv dy , dv
dx dx dx dx

Substituting these values in the given differential equation, 
we get

! , dv L .1 + — - x tan u = 1 dx
dv— = xtanu dx

=> cot v dv = x dx
J 

log I sin v I = — + C

EXAMPLE 7 Solve the differential equation

^x + y - dy  x + y +a 
x + y-bjdx

SOLUTION Let x + y = v. Then,

, dy dv1 +-x =— => dx dx
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dv = dx=>

(x + y-l) +
\.dx + C

=>

method :

5.

8.

4. (e5' +1) cos xdx + sin x = 0

ANSWERS

8. y + |log | (x+y)2-2 | = x + C

9. (x + C)ex+y + l = 0

— □□□ —

F(y/x) (say)

If a first-order first degree differential equation is express­
ible in the form

13.5.4 HOMOGENEOUS DIFFERENTIAL EQUATIONS
A function fix, y) is called a homogeneous function of degree n if 
fihlXy) = Xnfix,yf

For example,/(x, y) = x2 - y2 + 3xy is a homogeneous func­
tion of degree 2, because

/(X x, Xy) = XV - X2!/2 + 3 Xx. Xy = X2/(x, y).

A homogeneous function  /(x, y) of degree n can always be 
written as

/(x,y) = x'

= J/

/ \ 
y
X\ /

7

dv
j- = v + dx

=> t - log t = x + C

=* (1 + log v) - log {1 + log v) = x + C

>=/

dy = fix, y) 
dx g(x,y)

where/(x, y) and g(x, y) are homogeneous functions of the same 
degree, then it is called a homogeneous differential equation.

Such type of equations can be reduced to variable separable 
form by the substitution y = vx as explained below:

The given differential equation can be written as

dy = xnfiy/x)  fty/x) =
dx xfgfy/x) tty/*) '

+ ¥\ dx
J

2. (e* + l)ydy + (y+ l)dx = 0

3. = ex-y + x2e-y

or/(x,y) = y7

7. |(3x + 4y-5)-^~tan i V3 .'I^(3x + 4y-5) = x + C1. y = C(l-ay)(x + a)

2. ex+y = C(y + l)(er + l)

5. y-r + log | x + y | = C

6. (2x + y + l)2 = 6x + C

EXERCISE 13.3
Solve the following differential equations by variable separable Solve the following differential equations by reducing them to variable

separable form:
dy  x + y + 1
dx ~ x+y-I

6. (2x + y + Y)dy + (4x + 2y-l)dx = 0
7. (3x + 4y-5)2^ = ?

'x + y-l^dy _ x + y + 1
x + y-2 dx ~ x + y+ 2

dx

log | sin (y - x) | = ^~ + C, which is the required solution.

EXAMPLE 9 Solve the differential equation : 
dy , x + y
dx ~ X + + log (x + y)

SOLUTION Let x + y = v . Then, 1 + ^ = ^,. The given dif­

ferential equation reduces to 
dv . v 
dx log v 

v 
logu

log P
V (1 + log v)

On integrating, we get

f !ogp 1 
J (1 + log v) v

j ^-7 dt = x + C, where t = 1 + log v
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ALGORITHM

F (y/x), we get

dv

Following examples illustrate the procedure.

ILLUSTRATIVE EXAMPLES

Integrating both sides, we get

(0

Putting y = vx and
[v v = y/x]=>

=>

[ By separating variables ]=>

=>

dx
X

dx
x

(2v + 2)dv  
u2+2u

STEP IV Integrate both sides to obtain the solution in terms of v and 
x.

3u + z?
1 + v

2i/ + 4u 
u + 1

C

dv
X dx ~

dv=> v + x — = dx

dvv + x — = dx

dv= v + x —.
dx

EXAMPLE 1 Solve: (3xy + y2)dx + (x2 + xy)dy = 0 
SOLUTION We are given that

(3xy + y2)dx + (x2 + xy)dy = 0

dy _ _ 3xy-by2 
dx

. dx-4 — 
x

dv
V + X-y- - dx

dv 
F(v)-v

On integrating, we get

1 F(v)-v

where C is an arbitrary constant of integration.
After integration, v will be replaced by y/x to get the 

complete solution.
The following algorithm is helpful to solve homogeneous 

differential equaitons.

dv
X dx ~

STEP V Replace vby ^in the solution obtained in Step IV to obtain 

the solution in terms of x and y.

= J—+ C
J X

dv .v + x— = F(v) dx

Substituting these values in =

3U + U2
—-------+ u ■1+v

=> log | v2 + 2v | = - 4 log x + log C

• log I v2 + 2v I = logf-^
X

dyIfy = vx, then-£
STEP! Put the differential equation in the form —.

UA y \f)

STEP II Put y = vx and ^ = v + x^^n eclliat'on In $ieP Ian^ 

cancel out x from the right hand side. The equation reduces 
dvto the form v + x — = F(u).

STEP III Shift v on RHS and separate the variables v and x.

=> v2 + 2v = ^7

x4

? X ' \ /
=> x2 (y2 + 2xy) = C, which is the required solution.

EXAMPLE2 Solve: tf-Sxy^dx = (y3-3x2y)dy.
SOLUTION We are given that
(? - 3-ry2) dx = (y3 - 3? y) dy

dy = x3-3xi/2
d* y3-3x2y

Clearly, the given equation is a homogeneous equation.

Putting y = vx and = v + x in it, we get

dv _ x3-3w2x3
U + Xdx=u3?_3ux3

1-3U2
v3-3v

(v +1) x dv = - (2u2 + 4u) dx

v +1 , dx—----- dv = - —
2v2 + 4v x

|y + xyj
Since each of the functions (Sxy + y^and(x2 + xy) is a 
homogeneous function of degree 2, the given equation is, there­
fore, a homogeneous differential equation.

dx = P + Xd^in(i)/Weget

3u X2 4- x2 u2 
o^ + vx2

v2 + 2v j



13.25
DIFFERENTIAL EQUATIONS

Putting y = vx and

=>

dx =>=>

dv-3 =>

log=>

1 •
4 •

=>

= log I x I + log Clog

= log | Cx I =>

-log I (1-v4) I -3log = 4 log | Cx |

= log I (Cx)4 |log (1-v4)'
=>

=$ tan=>
y

tan=>
xy

v = y/x]=> dtan

+ logClog | xy | = log sec

dx - x 1 y sin+ ysin -xcosy x cos
xy = C sec=>

= C=> xy cos

+ y sinxcos
(i)

(x dy — y dx) + x sinysin -xcos ycos

dx 
x

y
X

X - sec 
y

y
X

y
X

fy)
X\ /

i±£
1-v2

-Y3
)2 /

1 + t 
1-t

w
l-v2

fy
X

(y dx + x dy) x cos

(y dx + x dy) x -

dy = Q.

f y"! 
I X I

f y^l
I X I

-1

=>
which is the required solution
EXAMPLE 3 Solve:

'1
x 

\ 7

SOLUTION The given differential equation can be written as 

fy) 
X X__Z/ \ y 
X \ /

dvx — =dx
dv--  =
dx

v sin v - cos v

dv = /

2v 
l-(?)2

f 1 +IX
1-zx

, f dx dv = —J x

, f dx dv - J —J x

-4v3
1 — v4

1-v4

dt 
1-t2

v
1-v4

l-3v2
—------v
J-3v

fy) 
X 

\ /

3 f2 J

Y 
x

Y
X \ /

y 
dy = _ 
dx x

1
-----lx1-?

-|log |l-v4 | -|log

dv
* X dx =

dv=> x— =dx
7^ = v + x in (i), we get 
dx dx

vx (x cos v + vx sin v}  v (cos v + v sin v) 
x |ux sin v- xcos v} {v sin v - cos v|

x2

Y
X \ /

On integrating, we get
V
x

= j —, where t = v2.
i x

dvV 4- x — = -------------------------- —dx x {vx sin v - x cos v) {v sin v - cos u)
2 • 2 •vcosv + v sinv-v smv + vcosv
v sin v - cos v

2v cos v
v sin v - cos v

dv = 2 —
v cos v x

Integrating both sides, we get

f cos v - v sin v f dx
■1 v cos v ) x

- log | v cos v | = 2 log | x | + log C

= log | x2 | + log C-4v3. 3
-—-4dv-~ 
1-v zHl

" 1 - v2

(1-v2)2 = (l+v2)4(Cx)4

1-v2 = (l+v2)2(Cx)2 

l-^/x2 = (1 + y2/!-2)2 C2 x2

1 - v4
-3v

=> x (v3 - 3v) dv = (1 - v4) dx

v3 - 3v , dx 
----- ~dv = — 
1-v4 x

Integrating both sides, we get

f 1/3
J 1-v4

1 , n 4 i 3 1-5log|l-v |-5x—

= (xdy-y dx)y sin

y)
X

k / 

fy) 
X

x3
= (Cx)4

1
I V COS V I

—= Cx2 
VCOS V

/ \ 
y =Cx2 
X

\ 7 
, , x 1 xycos(y/x) = -

xycos(y/x) = k, where k = 1/C

This is the required solution.
A LITER The given differential equation can be written as 

/ \ y] 
X J

(xdy-y dx)y tan

y dx + x dy _ (xdy- y dx^ 
I x

d (xy)  (xdy- y dx'J
d(xy) 

xy

y
X

fy)
X \ /

EXAMPLE 4 Solve the differential equation

(xdy + y dx) = 0
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log sin = "log I xy I +l°gc

dx-xysinxy cos => sin

-xsin •(i)Cxysin=>

=>
+ x sin

= 1> + X~'Weget

v + x —

2

=>

=>

dv = -2

=>

=> usinu = —

= Cxysin ...(i)=>

xysin

=> V + X^ =

(xdy-ydx) - -(xdy+ydx) =>

=> cot =>

d=> cot =>X
1

x
V

y
X ) xy

f \
y =
Xk 7

u cos u + sin v 
vsin v

x2
7

= _d (xy) 
xy

dy = • y2cos

k 7

X 
k A

M
X k 7

AUTER The given differential equation can be written as

- Y 
x

7
'x dy - y dx5! _ (xdy + y dx'

xy \ J J

dv
X dx~

dv
X dx~

v cos v + sin v 
usin v

idx 
X

^cot 
X

log | v sin v | = - 2 log | x | + log C

(C\ 
log | v sin v | = log — 

r k 7

c=5

When x = 1, we have y = ^. Putting these values in (i), we 

get

V2
y = log I X | +C

rr
Putting C = - in (i), we obtain

71It is given that y = -whenx = 1.

So, the given differential equation reduces to

dv = X2 + Y2
du XY ’

Clearly, it is a homogeneous differential equation

Putting Y = VX and = V + X we get
dX dX

YdV _ 
dX

2 . + x sin

71
Putting C = - in (i), we obtain

M=
X

as the desired solution.

X k 7

X k 7

V
X k 7

given that y (1) =

SOLUTION The given differential equation can be written as ‘

X k 7 X k 7

On integrating, we get

x k 7
y|= c.
X

1/1 71xy sin z = - > as the desired solution.3 x 2 
k 7

EXAMPLE 5 Solve the differential equation:

dy  x2 + y2-2x-2y + 2
dx xy-x-y + 1

VdV = 
A

v+x— = 
dX

Mlx k 7.

MIxj
Clearly, it is a homogeneous differential equation.

Putting y = vx and = v + x > we get

X2+V2X2
VX2

1 + V2
V

y jycos 

^y = -4__
dx x ^y cos

dv  v (v cos v - sin v)
dx {u cos v + sin v)

v2 cos u - u sin v - v2 cos v - u sin u 
v cos v + sin v

- 2v sin v
v cos v + sin v

--dx
x

SOLUTION We have,

dy  x2 + y2 - 2x - 2y + 2
dx xy-x-y + 1

dy = (x -1)2 -i- (y -1)2 
dx (x -1) (y -1)

Let x -1 = X and y -1 = Y. Then,

dy = dy dY dX = dY 
dx~ dY‘dX' dx " dX

dV
dX

C
x2

M 
X 

k 7
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-2(x-l)(y-2)

= log | x -1 | + C

dy = 0

dx

SOLUTION We have,

(x -1) (y - 2) tan

=>
(i)

v logw dv =

y
=> v+xy- = v +

-1

=3

=>

dV = logX + logC

dV = log (CX)

-1

dY 
dX

r'M I x —1

dx

dx _ ,
dy~ l + ?/y

V
X

Y
X 

\ 7

VdV = J ±-dX 
A

_Y_ 1 
2X + 2

=> [(x-l)2 +(y-2)2] tan

? ( x\ x2
Y210g u "77 = "logy+I°gC
2/ 4jr

EXAMPLE 8 Solve the differential equation

(1 + tYy) dx + ex,y fl - - dy = 0

I •
SOLUTION The given differential equation can be written as

?/yf--f
y

v2
1 +V2

7 = logCX 
A

< 7

w

Y2 
=> —;tan 

2X2

Y2 + X2>
2X2 \ 7

V2 .
=> ytan

V2 .
=> ytan

=» = log I X | +C
ZA

' dx
<y>
X \ 7 m xj 

Clearly, it is a homogeneous differential equation.

Putting Y = VX and % = V + X in (i), we obtain 
dX dX

. v2 f 1 v2 . , , . „
(logu)y-J -.ydu = -logy + logC

XYtan-1

Yv-

tan"1

dv
V + *Ty =

dv 
^Ty-V~

dv

v2. v2 . . r
y!ogu-— = -logy + logC

V + X— = dX

= logCX
Z.A

“tan 1

r'v-lj

X2 + Y2tan-1

 ... , dx dvPutting x = vyand— = u + y—, we get

1J fl--1^12J nV 
\ 7

T1 V-|[V-tan-1 V] = logCX

■’H 
\ 7

Putting*-1 = X,y-2 = Y,^ = 3^, we obtain
J dx dX

=> ytan

v)

xyl°8[y]
Clearly, it is a homogeneous differential equation.

, dx dv Putting x = vy and — = v + y we get 
ay

u2 log u -1
V log v

1
V log V

1
v logu

y
On integrating, we obtain

f logv.v dv = -j i dy 
■ i 11 y

= logC{x-l|

EXAMPLE 7 Solve the differential equation : 

xylog dx + f^-^log^y

SOLUTION We have,
(x-l)2 + (y-2)2 tan

=___________________

(xy-2x-y + 2)tan

(x -1)2 + (y - 2)2 tan 
dy = 
dx

f V tan"1
11 1 .

1
Vtan"1 V

(y-D2
2(x-l)2

EXAMPLE 6 Solve the differential equation :

■’M
I x-l

r’H'
\ >

l + vYan"1 V
Vtan"1 V

=* V tan 1 V dV = ~

dV
dX

dX
X

x2 x2
yj iy2
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dy = \y sin -x dx1. xsin 6.

dx + x sin dy = 0

9. X^y dy + (x3 + x2y - Ixy2 - y3) dx = 0

= log (Cx)1. cos 5.

3. log
.2 = Cxy

sin = C + logx+ cos 9. log - 4 log x - log C =

— □□□ —

■(ii)

Now,

(iii)=>

(i)

,(iv)

.(v)dY 
dX

13.5.5 EQUATIONS REDUCIBLE TO HOMOGENEOUS FORM
In the previous section, we have studied homogeneous dif­
ferential equations. In this section, we shall study those dif­
ferential equations which are not homogeneous but they can 
be reduced to homogeneous differential equations by using 
some mathematical transformations.

Differential equations of the form

y 
X

_4y 
y

V
X k 7

= 
dx

2x 
x + y

2x 
x + y

dv

x = X + h and y = Y+k 

where h and k are constants which are to be determined.

dy = dy_ dY dX 
dx ~ dY' dX‘ dx

-ev -v
1 + ep

dY  dY
dX dX

X 
k 7

X 
k 7

2. (7 + y2)2 = Cfy2-?)
(y-x)Cl :
/ (x + y)

M X 
k 7

ANSWERS 

^ + V1 + ^ = Cx
x x2

6. 2x2-2xy-y2 = C

7. ^ = IogCy

8. y + Vy2-x:

Ml^y+xj

EXERCISE 13.4
Solve each of the following homogeneous differential equations. If possible, also try to solve each of these by inspection method:

X 
k 7

2. x3 dx-y3 dy = 3xy(ydx-xdy)

3. x2ydy + (x3 + x2y-2xy2-y3)dx = 0 

4. xe^-ysin^
< 7___

5. xdy-ydx = vx2 + y dx

ep+l , ------ dv = 
ev + v

dy = fliy+M+ci
dx a2 x + b2 y + c2

are known as equations reducible to homogeneous form. We 
observe that had q and c2 been zero, the equations would have 
been homogeneous. So, our aim will be to remove the constant 
terms c} and c2. For this we use the transformation

=> log | ev + v | = -log | y | + logC

=> ev + v = —
y

=> ex,U- = -
y y

dy  2x- y
dx x + y

7. x2 y dx - (x3 + y3) dy - 0

8. x3^ = y3+y2V“X2

dv ev (v -1) u + y -y = —-—r2
dy l+ep

4 -e~y/x 2e

Using (ii) and (iii) in equation (i), we get 
dy a^ (X + /i) + b} (Y + k) +
dX a2 (X + h) + b2 (Y + k) + c2

(«! X + b1 Y) + (aI h + k + Cj) 
(a2X + b2Y) + (a2h + b2k + c2)

x = X + handy = Y+k 

^l’landl=1
dY
dX
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ILLUSTRATIVE EXAMPLES

(i)

Letx = X + /j and y = Y + k

=>

*(ii)

=>

...(iii)

...(iv) Integrating both sides, we get

dY 
dX

STEP V Solve the homogeneous differential equation in step IV by 
substitution Y = VX

STEP VI Replace Xbyx-h and Y by y - k in the solution obtained 
in step V to get the required solution.

The procedure explained above is illustrated in the follow­
ing examples.

2x - y + 3 
x + 2y + 4

2X-VX
X + 2VX

2-V
1+2V

This is a homogeneous differential equation.

Putting Y = VX and = V + X in (iv), we get

a2h + b2k + c2 = 0

Solve these equations to obtain the values ofh and k.

STEP IV Substitute the values ofh and k in the differential equation 
in step II to obtain the differential equation

a^X + b^Y
a2X + b2Y

STEPH Replace xbyX + h,ybyY + k and ^ie equation

obtained in step I to obtain the differential equation 
dY (alX + blY) + (alh + bik + cf) 
dX~ (a2X + b2Y) + (a2h + b2k + c2)

STEP III Equate aih + b^k + ci and a2h + b2k + C2to zero to obtain 
the following equations in h and k

a^h + b^k + c^ = 0

2V+1 
2-2V-2V2

Let us choos h and k in such a way that
a\h + b} k + c} = 0 and, a2h + b2k + c2 = 0 ...(vi)

Solving these two equations by cross-multiplication, we get 
h k 1

-------------------------------------- f 

j ^2 — ^2

2 - 2V - 2 V2 
2V + 1

dV-^ 
X

AdX

Y4Z _AdX

V + X = dX

V + X— = dX

b}c2-b2c} cxa2-c2a}

provided that^ b2-a2&i*0

' =5 i, c2~^2ci , c1a2-c2a1
-v /I — —r-----------z K =------------------- -

— ^2 ^1 ^2 ”” ^2

Using (vi), equation (v) reduces to

dY = +
dX a2X + b2Y

Clearly, this is a homogeneous differential equation in vari­
ables X and Y which can be solved by the substitution Y = VX. 
Replacing X and Y in the solution so obtained by x - h and 
y - k respectively, we obtain the solution of equation (i) in terms 
of x and y.

Following algorithm will be helpful to solve the differential
I equations reducible to homogeneous form.

ALGORITHM

STEP I Obtain the differential equation. Let the diffrential equation
be flix + y + C1

dx a2 x + ^2 y + c2

’2ci , 
___________ . jr — 

fli bj-a-, bf

examplei Solve dx
SOLUTION. We have,

dy  2x - y + 3 
dx x + 2y + 4

^-V 
1+2V

v2 + v-i x

2V+1 ... dX------------------ civ = — — 
2V2 + 2V-2 X

~ dry dY 
^'dx = dX-

Substituting the values of x, y and in (i), we get

dY = (2X-Y) + (2h-k + 3) 
dX (X + 2Y) + (h + 2k + 4)

Let us choose h and k such that
2h - k + 3 = 0 and h + 2k + 4 = 0

Solving these two equations, we get 
h = - 2 and k = -1
x = X - 2 and y = Y -1

=* X = x + 2 and Y = y + 1
Putting the values of h and k in (ii), we get 

dY = 2X-Y 
dX X + 2Y
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= -2f —J X =>

=>
=>

r2

[... Y = VX => V = Y/X]

■2-2=> YZ + XY-XZ = C => 

[Using (iii)]
.-1=> tan'

1=> tan'

x-y-1

...(i)
-1 .XC=> tan'

Let x = X + h and y = Y + k. Then,
= log{c VX2 4- Y2}.-1=> tan'

in (i), we get
.tan-1 (Y/X)

,..(ii) .tan’1

h + k +1 = 0 and h - k -1 = 0

y-3x + 3‘

...(iii)
(0

•I^et x = X + h and y = Y + k. Then,,(iv)

Substituting the values of x, y and

,(ii)

=> v+x-,-

■(iii)

dX 
X

dX 
X

... Y = VX
.-. V = Y/X

x+vx
x-vx
14-V
1-V

[Using (iii)]

This is the required solution of the given differential equa­
tion.

dV = J

Y2 Y 
X2 + X

14-V2
1-V

1-1 = ^
X2

dy dY 
dx ~ dX'

2V
1 + V2

X ’ °8 
\ /

X “ M

T 
x \ /

C^X2 + Y2 = e1

Solving these two equations, we get h = 0, k = -1. 
.*. x = X 4- 0 and y = Y -1
=> X = x and Y = y 4-1

Putting the values of h and k in (ii), we get

dY = X+Y
dX X-Y

dY = (X + Y)4-(h4-k-Fl)
dX (X-Y)-4-(fc-Jt-l)

Let us choose h and k such that

This is a homogeneous differential equation.

Putting Y=VX and ~ = V 4- X ~~ in (iv), we get u A u A dY  (2Y-X)4-(2fc-h-4)
dX ~ (Y - 3X) 4-(k - 3/i 4-3)

Let us choose h and k such that
2k - h - 4 = 0 and k - 3h 4- 3 = 0

Solving these equations, we get 
h = 2 and k = 3.

.-. x = X + 2 and y = Y4-3
=> X = x-2, Y = y-3

ydV _ 
dX~

dX

*dX

V- |log(l + V2) = logX + logC

V + X— = dX

'x2+y2
X2 

^Ix2 + Y2
X

1 ( Y2}= hog 1+^ +log(XQ
< >

,xl/2
+ log(XC)

=> (y 4-1)2 4-(x 4-2) (y 4-1) - (x 4-2)2 = C 

y2-x2 + xy + 4y-3x-l = 0, 

which is the required solution.

EXAMPLE2 Solve= X+X + 1 
dx

SOLUTION We have, 
Jy  x 4- y 4-1 
dx x-y-1

EXAMPLE 3 Solve = 2y ~X 4 
dx

SOLUTION We have, 
tfy  2y - x - 4 
dx ~ y-3x-i-3

14-V-V4-V2
1 - V

log(V24-V-l) = -21ogX + logC

=> log(V2 + V-l) = logf^ 
A k /

1-V

=> V24-V-l =
X2 Integrating both sides, we get

= JJ 1 4- V2 J

dy = dY
dx dX

in (i), we get

Substituting the values of x, y and

14-V^

14^- dv
} V2 + V-l

l^-dv = d-^ 
14-V2 X

=> tan 1

dV
dX
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•■•(iv)

(2? + 3y2-7)xdx-(3x2 + 2y2-8)ydy = 0

SOLUTION The given differential equation can be written as

=>

=3 -V =>

=>

Let X=U + /iand Y = V + k (i)

=>

(ii)

dV-‘

This is a homogeneous differential equation. Putting

i y2 

=> log —

Integrating both sides, we get2(y-3)-(5 +V2T) (x~2) log
- log (1 - W2) = 2 log U + log C

dX 
X

dY
dX

dV 
dU

dV 
du

dY dV dU 
dV'dW dX

Substituting these values in the above differential equation, 
we get

dV 
dU

2Y-(5 + \g)X = 
2Y-(5-a/21)X

Let us now choose h and k such that 2h + 3k - 7 = 0 and 
3h + 2Jt-8 = 0

Solving these two equations, we get h = 2 and k = 1
Substituting the values of h and k in (ii), we get

This is the required solution of the given differential equa­
tion.
EXAMPLE 4 Solve the differential equation:

d/ = 2x2 + 3^-7 
dx1 3? + 2y2-8

Putting the values of h and k in (ii), we get 

dY 
dX

This is a homogeneous differential equation.
Putting Y = VXand^J = V + X in (iv), we get 

uA u A

1
21

2U + 3V
3U + 2V

2 VX-X 
VX-3X

2Y-X
Y-3X

2V-5-V21 
2V-5 + >/21

2 + 3W
3 + 2W

2U + 3V + 2h + 3k-7
3U + 2V + 3h + 2k-8

(2V-5)-l
‘ V2-5V+1

2V-1
V-3

2V-1
V-3

dV = -2^.

dV = -2jy 
A

dY
=* dX

2V-5 
V2-5V+1

2-2W2
3 + 2W

= - 2 log X + log C

=‘°g^ 
\ /

'1 + W' 
1-w

On integrating, we get 

2V-5 
V2-5V + 1

V-3 
5V-V2-!

y dy  2X2 + 31/2 - 7 
xdx " 3x2 + 2y2-8

3.2log

2V-1-V2 + 3V
V-3

dU

YdV
XdX '

ydV 
aX

dV = — X

A

=> log

-J—log ~ ~ T y-1? ~ H 
N21 8 2 (y - 3) - (5 - V21"j (x - 2)

-5XY + X2 
X2

i c 
°8

A

T, . TTU J dV ... ,. dW
V = UW and — = W + U -ry > we get du du

dX

V+X— = dX

w+u— = dU

(y-3)2-5(x-2)(y-3) + (x-2)2
(x-2)2

C 
(x-2)2

1
V2-5V + 1

dV = - 2“ X

3 + 2W  2 ...=>------ y dW = 77 du
1-W2 U

n, dX _ 1 dY _ . 
^H'dU lzdV 1

2y dy  2X2 + 31/2 - 7 
2*dx ~ 3? + 2y2-8

2 2

2 2

dV- f--------- ----------
(V-5/2)2-(V2F/2)2

3X + 2Y'-8'where-X = ?andY=y2-

V-3 ~~ dV = -
V2-5V+1

log | V2-5V+1

-2-^5 dv_.___1___
V2-5V + 1 V2-5V+1
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.2

= C2l?

= C2^4
=>

=> dW ==>

==>

=>

=>=>

0

= 0

-(i)

-siny

,(u)

,(iii)

=3

,(iv) =>

dY
dX

dx
Let x = X + h,y = Y + k. Then, the above differential equa­

tion reduces to

Let us choose h, k such that h + 2k - 3 = 0 and 2h + k+3 = 0 
i.e. h = - 3 and k = 3. Putting h = - 3, k = 3, the above equation 
reduces to

dY 
dX ~

 _ sin y dy 
cosx dx

3Y-7X-3
3X-7Y + 7

'X + 2Y + h + 2k-3 
2X + Y + 2h + k + 3

14-27 
2 + V

"14-W~
1-W

; +log(l-W2)~2 = loguSlogr

(X-2) + (Y-l)  
(X-2-Y+1)5 ’

Id+V
(U- V)5

1 + W 
(1- W)5

= C2

C2

\2

7W2-7 
3-7W

1-V3
(2 + V)2

"X + 2Y?
2X + Y 

\ 7

This is a homogeneous differential equation.

Putting Y = VX and = V + X it reduces to
dX dX

(? + y2-3) = (x2-y2-l)5C2

did

YdV_
XdX~

ydV
XdX =

Let V = UW.Then, = W + 
did did

(X+Y-3) = C2(X-Y-1)5

74-X — = dX

Let X = U + h and Y = V + k. Then, 
dY dV 
dX ” dU

Substituting these values in (ii), we get
dV = 3V-7U~7h + 3k-3 
did ~ 3ld-7V + 3h-7k + 7

Let us choose h and k such that 
3h-7k+7 = 0 and- 7h + 3k-3 = 0

Solving these equations, we get
h = Q,k = 1
X = Id and Y = 74-1

Substituting the values of h and k in (iii), we get 
dV  3V-7U 
did = 3U-7V

dx
SOLUTION We have,

dy fx + 2y - 3?
2x + y + 3

EXAMPLE 5 Solve the differential equation:

dy cos x (3 cos y - 7 sin x - 3) 
dx sin y (3 sin x - 7 cos y + 7)

SOLUTION The given differential equation can be written as 

sin y dy 3 cos y - 7 sin x - 3 
cos x dx 3 sin x - 7 cos y + 7 

sin y dy  3 cos y - 7 sin x - 3 
cos x ' dx 3 sin x - 7 cos y + 7

Let cos y = Y and sin x = X. Then,

dY dY dy dx dy 1
dX dy ‘ dx' dX sm dx X cos x

Substituting these values in (i), we get

dY 
dX

=> log

"14-27?
24-7\ /

■ -7

Substituting these values in (iv), we get

w+udW = 3Wz7
did 3-7W

"14-W’
1-W 

\ 7

’f 1
JX(1-W2)2

3-7W
7W2-7

_d(J  -2 5
' id ' W-l W4-1

On integrating, we obtain
7 log LZ = -21og(W-l)~51og(W + l) + logC 
U7(W-l)2(W-t-l)5 = c

=> (V-U)2(V+ld)5 = c

=> (Y-X-1)2(X+Y-l)5 = C

=> (cos y - sin x -1)2 (sin x 4- cos y -1)5 = C

EXAMPLE 6 Find the general solution of the differential equation: 

ty. = (x4-2y-3?
2x4-y4-3

dU
Id
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=3

( 3 [Differentiating both sides w.r.t. x]

CX=>

(i)

=>

=>

dv

dv

= -/dx

X (say)

=>

(i)=>

(i)=?

b2

34

dv 
dx

-x + C

[Putting v = 3x - 2y]

i = - jdx

= - jdx

v + 3
u + 1

2o + 3 
u + 1

4o + 6 
o + l

4o + 6 
o + l

Now,

3x-2y-= v

dy  do 
dx

±|3_—)
2/ dx

Substituting the values of

we apply the

These two equations are inconsistent, because — = Th15 

means that the values of h and k donot exist. So, the method of 
reducible to homogeneous form fails. In fact, if 
Qi t>2 - b] = 0, we have

a2 b2

Substituting the values of and bi in (i), we get

dy  X(a2x + b2y) + c1
dx a2x + b2y + c2

This equation is in the reducible to variable separable form 
and can be reduced to that form by using the substitution 
fl2x + b2y = o.

The procedure is illustrated in the following examples.
Cl dy 6x - 4y + 3EXAMPLE 7 Solve: . = ---- „—-3x-2y + l

dv  
dx

dV = —X

lfo_^
2 dx\ /

3- — 
dx

fq+3-2
J o + 3

i--lLv I, + 3J
=> o-21og|o + 3| = -x + C 

(3x-2y) - 2 log |3x-2y+ 3| =

EXAMPLE 8 Solve :(2x + 4y + 3)^ =

SOLUTION We have,

(2x + 4y + 3)^ = 2y+x + l

=> (4x - 2y) = 2 log 13x - 2y + 31 + C

This is the required solution of the given differential equa­
tion.

dx 2x + 4y + 3

dy  x + 2y +1
dx 2 (x + 2y) + 3

bi 12Here,-W i.e ± =

So, we make the substitution x + 2y = o.

and 3x - 2y in (i), we get

On integrating, we get

J o + 3

EXAMPLE 7 Solve: , -dx
SOLUTION We have,

dy  6x - 41/ + 3 
dx 3x - 2y +1
dy 2(3x-2y) + 3
dx~ (3x-2y) + l

Here, — = — i.e. - = —. So, we make the substitution 
a2 b2 3-2

3x - 2y = o.

^|do = -dx
o + 3

=> = Xa2 and bj = Xb2

i-v3 x
' J 2V+1 > 
i-v y2+v+i 

\ /
=> ~31og(l-V) + log(V2 +V+l) = logX + logC

V2+V+l
(1-V)3

=> X2 + XY + Y2 = C(X-Y)3

=> X3-Y3 = C(X-Y)4

=> (x + 3)3 - (y - 3)3 = C (x - y + 6)4, which is the general 
solution.
PARTICULAR CASE Consider the differential equation 

dy = ^x + ^y + q 
dx a2x + b2y + c2

where — = t~i.e. flj b2-a2by = 0.
(l2 i?2

For this type of differential equations, if 
method to reduce them to homogeneous form, we obtain the 
following equations to get the values of h and k. • 

a^h + byk + c^ = 0

a2h + b2k + c2 = 0

=> 3 - 2 , dx

_ _ A (■
dx~ 2I‘

1
2
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[Differentiating both sides w.r.t. x]=> 1 + 2 •(>)

=>

[Diff.both sides w.r.rj

=>

=>

dv = dx=> =>

=>

dv
=>

=>
dv = - dx

=> v + - log (4i> + 5) = 2x + C
dv = -dx1 +=>

1 1 +

=>

3.

4.

2v + 3
4u + 5

dv 
dx

-1 in (i), we get
>

dv 
dx

2 dx

dv 
dx

Z-1] 
. >

= 2$dx

= fdx

2v + 2
2v + 3

4v + 5
2v + 3

4v-6 
v +1

2u-3 
u + 1

4u-6 
v + 1

p +1
2v + 3

v-9 +-10 
v -9

10 
v-9

dv - 2 J dx

On integration, we get 
z 10 5 

v-9

This is the required solution of the given differential equa­
tion.
EXAMPLE 9 Solve: (3x - 2y +1) dy + (4y - 6x + 3) dx = 0

SOLUTION We have,

(3x - 2y +1) dy + (4y - 6x + 3) dx = 0

=> 4x + 8y + log(4x + 8y + 5) = 8x + 4C

log (4x + 8y + 5) = 4x - 8y + Cp where Q = 4C.

dv = 2 f dx

dv = - j dx

v +10 log | v -91 = -x + C

(3x-2y) +10 log |3x-2y-9| =-x + C

10 log [3x — 2y — 91 = 2y-4x + C

This is the required solution of the given differential equa­
tion.

Replacing v by 
x + 2y

Now, x+2y = v 
dy  dv 
dx ~ dx

dy _ 1 (dv 
dx~ 2 dx

EXERCISE 13.5
Solve each of the following differential equations by reducing them to homogeneous form:
1. (4x + 3y + l)dx + (3x + 2y + l)dy = 0 dy  x + 2y - 3
2. (3x + 2y-5)dx + (2x + 3y-5)dy = 0 ' <*x " 2x + y-3

dy  2x + 9y-20 
dx ~ 6x + 2y-10

f 4v + 6 
md+5

4p+5+r
4v + 5 /

1 '
4v + 5/

dx

- 3-—2 dx\ /

iCdzA
2 dx\ /

~ _dv
dx

x + 2y + |log [4(x + 2y) + 5)=2x + C

-v + 9
V + l

/v-9'
V + l \ y

Putting 3x-2y = vand^ = 2 3"1x 
\ /

On integrating, we get 

f 2v + 3 , 
J ~a--- cdvJ 4v + 5

2v + 2
2v + 3

» 1 J

Substituting x + 2y = v and = r -r -1

v + 1 , ,—- dv = - dx v-9

=> (3x - 2y + 1) dy = - (4y - 6x + 3) dx
dy  6x - 4y - 3
dx ~ 3x-2y + l
u «1 h . 6 - 4Here'T=rLe-q=-^- ^2 3-2
So, we make the substitution 3x - 2y = v.

Now, 3x - 2y = v 
=,3-2^ = ^ 

dx

dy if, 
dx 2 '

l(dv > _
2 dx \ ✓

dx

dv _
dx

dy
dx

1
2

If,
2

/
1 +

1.
4
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14.

18.

19.

12.

13. 21.

= log(Hy2-(x-l)2.

+ C,

= C

9. 9 log (14x + 21y - 22) = 42 y - 21x + C

(i)

=>

_i[x + y-2
1 2(x-l)

+ 2y = x3, 4-2y = sin x etc.+ xy = x\ x

1. 2x2 4-3xy 4-2y2 4-x 4-y = C

2. 3x24-3y24-4xy - lOx-lOy = C

3. (x + y-2) = C(x-y)3

4. (x + 2y-5) = C(2x-y)2

5. logX = -ilog(l-3V2) + ilogf|^

y
where V = —, X = x -1 and Y = y + 2.

X .

6. (24x-36y) + 5log (24x + 6y +13) + C = 0

7. (x-y + l)(x + y-3)5 = C .

8. log (Sx2 - 2xy + y2 + 12x - 4y +1) + tan'

11. ^log

qJ pdx

dy  x + 2y + 3
dx ~ 2x + 3y + 4

6. (4x + 6y + 3) dx = (6x + 9y + 2) dy
7. (2x-3y + 4)^ = (2y-3x-l)

8. (x+y)dy + (5x-3y + 8) dx = 0
9. (2r + 3y + 4)dx-(4x + 6y+5)dy = 0
10. (x + y-1) dy = (x + y)dx
n  3y-x + 7

’ dx x-7y-3
dy  3y-7x + 7
dx ~ 3x-7y-3
dy  4x + 6y + 5
dx ~ 3y + 2x + 4

13.5.6 UNEAR DIFFERENTIAL EQUATIONS
A differential equation is linear if the dependent variable (y) and its 
derivative appear only in first degree. The general form of a linear 
differential equation of first order is

| + Py - Q,

where P and Q are functions of x (or constants)
For example,

dx y ' dx

are linear differential equations.
Th(s type of differential equations are solved when they are 

multiplied by a factor, which is called integrating factor, be­
cause by multiplication of this factor the left hand side of the

— □□□ —
differential equation (i) becomes exact differential of some 
function.

Multiplying both sides of (i) by J pdx, we get

lax J I

d 1 f P(/Zl — y eJ = 
dx 1

On integrating both sides w.r.t. x, we get
= jQekdx + C ...(ii) 

which is the required solution, where C is the constant of 
integration.

J pdx is called the integrating factor.

The solution (ii) in short may also be written as

ANSWERS

10. 2(y-x)-Iog(2x + 2y-l) = 2C

y-x + 1
y+x-1

12. (y-x + l^fy+ x-l)5 = C
• 3

13. y - 2x + log (24y+16x + 23) = C
o
3

14. 2y-x--log(14x4-21y + 72) = C

15. 5 (3y - 6x) -12 log (20x 4- 15y + 22) = lOx 4- C
16. 2y + x + log(2x + y-l) = C
17. 3x + 2y4-C + 21og(l-x~y) = 0
18. y-x = log(x + y-L) + C 19. 2y-x4-log(x4-2y) = C
20. 6X3 + 6y3 - log | 6x3 + 61/3 + 4 | = 9X3 + C

21. j + £ = log I ? + /!+€

dy  3y + 2x + 4
dx 4x + 6y + 5
dy _ 8x4- 6y +12
dx . 4x + 3y + 2

16. (2x + y + l)dx + (4x + 2y-T)dy = 0
17 = 1 - 3x - 3y

dx 2(x + y)
dy  x + y
dx ~ x + y-2
dy  x 4- 2 y -1
dx x 4- 2y 4-1

20. (x5 4- x2 y3 4- x2) dx - (2^ + 2^ x? + y1)dy = Q

(x2 4- y3) (2X2 dx +3ydy) = 12x dx 4- 18y2 dy

i

I 5.
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ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Solve:

•(>)

= secx

secx

Using:

=> ysecx

=>

=$

=>

(i)EXAMPLE2 Solve:

where C is the constant of integration.

Following examples illustrate the procedure.

where R and S are functions of y or constants.
Note that y is independent variable and x is a dependent 

variable.
The following algorithm is used to solve these types of 

equations.
ALGORITHM

STEPIV Integrate both sides of the equation obtained is Step III w.r.t. 
y to obtain the solution given by

x(I.F.) = J S (I.F.) dy + C

sec x tan x dx + C
II

sec x - J 2x sec x dx + C

STEPH FindI.F. by usingI.F. = J Rd*

STEP III Multiply both sides of the differential equation in Step I by 
I.F.

Integrating both sides w.r.t. x, we get 

sec x + x2 sec x tan x) dx + C

_ J tanrdx _ ^logsecx

- y = cosx +-----x x

= J

STEP I Write the differential equation in the form+ Py = Qand 

obtain P and Q.

y(I-F.)=J Q(I.F.)<fr + C 
y? = f e'cosxdx- J fsinxdx + C

II I
ye1 = f cos x - J - sin x f dx - j e* sin x + C

ye* = e* cos x + J sin x dx - J ex sin x dx + C

y -(LF.) = J Q • (I.F.) dx + C

To solve linear differential equqations we may use the 
following algorithm.
ALGORITHM

ysecx = j (2x

= J 2xsecxdx+ j

STEP I Write the differential equation in the form ~^ + Rx = Sand 

obtain R and S.STEP II Find integrating factor (I.F.) given by I.F.
STEP III Multiply both sides of equation in step I by I.F.
STEPIV Integrate both sides of the equation obtained in step III w.r.t. 

x to obtain
y(I.F.) = J Q(I.F.)<fc + C

This gives the required solution
13.5.7 LINEAR DIFFERENTIAL EQUATIONS OF THE FORM

dx n ~— + Rx=S 
dy

Sometimes a linear differential equation can be put in the form
^ + Rx = Sz

dx

This is a linear differential equation of the form

+ Py = Qz where P = tan x and Q = 2x + x2 tan x.

SOLUTION The given differential equation is 

+ y tan x = 2x + x2 tan x

Multiplying both sides of (i) by I.F. = sec x, we get 

+ y sec x tan x = 2x sec x + x2 sec x tan x

dy_  : , +y = cosx-sinx dx J
SOLUTION The given differential equation is

dy-f- + y = cos x - sin x dx 3
This is a linear differential equation of the form

+ Py = Q, where P = 1 and Q = cos x - sin x.

LF. = fl™1 = J1* = e1
Multiplying both sides of (i) by I.F. = ef, we get

^^+y = (cos x - sin x)

Integrating both sides w.r.t. x, we get

y/ = J / (cos x - sin x) dx + C

I.F. = J Pdx

=> ye* = / cos x + C, which is the required solution.

EXAMPLE 2 Solve: ^ + ytanx = 2x + x2tanx

dx

x2
I

=> y sec x = j 2x sec x dx + x2

=> y sec x = x2 sec x + C, which is the required solution.

„ , dy y sinxEXAMPLE 3 Solve: -? + * = cos x +-----dx x x
SOLUTION The given differential equation is

sin x
x
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JogxI.F.

I=>

...(i)

= y=> I.F.

=>

...(i)

= f 2ydy + C [Using :x (I.F.) = J '$(I.F.)dy + C]
x

y

', where C is an ar-

[Using: x (I.F.) = f S (I.F.) dy + C ]

=3

(i)

i
I

1 
y

z = 1 + C e

= ^Pdx

x = 2/

= eloS*

dx

Now,

dy2
*+^ = Q

dx
dy +

This is a linear differential equation of the form

3^ + Rx = S, where R = — and S = ly2.
dy y

We have

= J = e7dy - e-iogy

= e-iogy = e*°gy’ = y-

This is a linear differential equation of the form 

dy n i r, 1 j sin x+ Py = Q, where P = - and Q = cos x + ——

J sin x dx + J sin x dx + C

=> xy = x sin x + C, which is the required solution.

EXAMPLE 4 Solve: ydx-(x + 2y2) dy = 0
SOLUTION The given differential equation is

ydx-(x + 2y2)dy = 0

dy____y
dx " x + 2y2

x + 2y2 
y

y2 = y1 z, then prove that 
bitrary constant.
SOLUTION Since yj and y2 are the solutions of the differential

equation

^■ + Py = Q
dx

dy} dy2-^ + Pyi = Qand-^ + Py2 = Q

3^ + Rx = S, where R = - and S=y2. 
dy y

I.F. = el W = Jydy-= = y.
Multiplying both sides of (i) by I.F. = y, we obtain 

dx 3y-r- + x = dy

Integrating both sides w.r.t. y, we get
xy = \yidy + C [Using: x (I.F.) = J S (I.F.) dy + C ]

xy = + C, which is the required solution.

EXAMPLE 6 Solve: (x + 2y3) dy = y dx.
SOLUTION The given differential equation can be written as 

.7

Multiplying both sides of (i) by I.F. = we get

1 dx 1 n- — - — x = 2y 
y dy y2

Integrating both sides w.r.t. y, we get
fl) w
- = y2 + C , which is the required solution.

EXAMPLE 7 If yl and y2 are the solutions of the differential equa­

tion ^- + Py = Q, where P and Q are functions of x alone and 

J ^dx 
yi (

Multiplying both sides of (i) by I.F. = x, we get

dux j + y = x cos x + sin x dx 7

Integrating both sides w.r.t. x, we get

yx = j (x cos x + sin x) dx + C

= j x cos x dx + | sin x dx + C
I u

=* xy

=> xy - x sin x -

dx
dy

L = 2y
7 J

This is a linear differential equation of the form

~ + Rx = S, where R = - - and S = 2y. 
dy y

i.f. U = J ir
Multiplying both sides of (i) by I.F. y-1, we obtain

1 dx 1 _ _
ydyyx= •

Integrating both sides w.r.t. y, we get
1x - = 
y
X- = 2y + C, which is the required solution.

EXAMPLES Solve: ydx + (x-y3)dy = 0
SOLUTION The given differential equation is

ydx + (x-y3)dy = 0

dx x 2T + ~ = /dy y

This is a linear differential equation of the form
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y2 = yi zl=> =>

dz=>

=>

dx + C

dVla

(i)

Therefore,

[IIT1997]
,(ii)

and,
+ p(x).w(x) = f(x)

(iii)

and, + pto*>to = g(x)

,(iv)

and' 7; O/i -y2)+p to Q/i - yd=0 to

=>

and' ^0/i-y2) = - to - 0/i-y2)

dx
u(x)-u(x)} = j [\f(x)-g(x))

X1

SOLUTION We have, 

du (x) 
dx

rfp/i-y2) 
yi-y2

On integrating, we get

log 0/ - yi) = log 0/i - yi) + log c

d(y~yd 
y-y\

y-y\
y^-yz

dv (x) 
dx

= (faWM) J'""
U (X) - V (1)1 J’’ *] = \f (x) - g (x)| Jr b

respectively where p (x),f(x) and g (x) are continuous functions. If 
u (Xj) > v (X])for some Xj andf(x) >g (x)/or all x > x? prove that 
any point (x,y\ where x>xv does not satisfy the equations 
y = u(x) and y = v (x).

=> z = 1+Ce
EXAMPLE 8 If yv y2 are two solutions of the differential equation 
^ + P(x).y = Q (x), then prove that y=y-l+C(y1-y2) is the 

general solution of the equation where Cisan arbitrary constant. For 
what relation between the constants a, b will the linear combination 
ay} + by2 also be a solution ?
SOLUTION Since y^ and y2 are two solutions of the differential 
equation

yi

••• £ {w (x) - V (x)J + p (x) (u (x) - V (x)} = /(x) - g (X)

=> a .Q(x) + b. Q(x) = Q(x)

=> a + b = 1

Hence, y = ay\ + by2 will also be a solution, if a + b = 1. 
EXAMPLE 9 Let u (x) and v (x) satisfy the differential equations 

^ + p(x).u =f(x) and~ + p (x). v = g (x)’

This is a linear differential equation with I.F. = J

Multiplying both sides of this equation by I.F. and integrat­
ing both sides with respect to x, we get

Jo/yjdx _ J £ J (Q/ypdx

di/1
-^ + P(x).yi = Q(x)

—+P(x)-y2 = Qto
Subtracting (ii) from (i) and (iii), from (ii), we obtain

£(y-y,) + P(x).(y-y1) = 0

£(y-yi) = -P«-(y-yi)

=> z

£o/iz)+pyiz = Q

<rfyi dz
-r' + Py-i 2 + y-, — = Q dx 1 dx

Q^-Q

dz Q 
dx + y^

=» y-yi = C(y!-y2)

=» y = yi + C(y1-y2)
Hence, y = yi + C (yi - y2) is the general solution of the 

given differential equation.
Now, y = a yi + h y2 will be a solution of the given differen­

tial equation, if

£ (flyi + fy2) + P (x). {ayx +by2) = Q (x)

^+P«-yi| + ^+H*).y2pQ«

[From (ii) and (iii)]

■.•^+pyi=Q

(u to - V (X)). dx + p (x) {« (X) - V (X)) J p dx

J yi • 
jQ/y,dx = J (Q/yp^c

J (Q/yp^x

^ + P(x).y = Q(x)

Tx^-^
d . .
Tx^-^

d 
dx

Integrating both sides over the interval [x1? x], we get
r- , -,Y X . . .

d
dx

d
dx
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=> (u(x)-w(x)|A>{m(x1)-v(x1)| g'
>0=5

[v u(x1)>v(x1)]=> {u (x) - v (x)} X > 0 for all x > Xi

=> u (x) # u(x) forx>xi.

EXERCISE 13.6

.2 12.

13.,tan x

15. (sinx)

ANSWERS

.4
>2

2 t
15. ysinx = -sirrx + C8- y=

— □□□ —

+ Py = Q/‘ (i)

= Q

13.5.7 EQUATIONS REDUCIBLE TO LINEAR FORM 
(BERNOULLI’S DIFFERENTIAL EQUATIONS

The equations of the form

dx

pdx ]• Ar

+ y tan x = x2 cos2 x(

+ P.~ 
y'

where P and Qare constants orfunctions ofx alone and n is a non-zero 
constant other than unity, are known as Bernoulli's equations.

9. x = 2y3 + Cy~2

10. x = tany+ C VtarTy

11. xey = tany + C

12. y = secx(-sin2x + C)

- ,-sinx

=> |m (x) - v (x)| > 0 for all x > X]

1. y=tan x-l + Ce
2. ysecx = x + C

1 93. ysinx = ~sinzx + C

4. y sec x = x2 sin x + 2x cos x - 2 sin x + C 

,tan 1 x  1 tan'1 x

+x--=0 
y

tan x

[fu W - V

|u (x) - u (x)] X - {«(xj) - u 

and|i = (e-

1. (1+x2)! + y = tan 1x

••• /(x)>g(x)for all 
x>X} and Jpdx>0

(xt)| |1 > 0, where

5. 2yetan z = eztan X + C

6. y=x4 + x2logx + Cx2

7. 2xetaifly = e2tan’1y+C .

(y±lLCei/y
Iy )

8 y2-

9. (2x-10y3)^ + i/ = 0

10. (x + tan y) dy = sin 2y dx
11. dx + xdy = e-ysec2y dy

= y tan x - 2 sin x

+ y cos x = sin x cos x

14. (l+x3)^ + 6x2y = (l+x2)

+ y cos x = 2 sin2 x cos x

13. y = sin x -1 + C e

x3 x4 x6 r
= X + T + T+ a +^3 4 6

ALGORITHM OT SOLVE BERNOULLI'S DIFFERENTIAL EQUAIONS
STEP I Obtain the differential equation. Let it be

^ + Py = where n*l.

STEPH. Divide both sides by y” to get 

1 du n 1 
n dx

, dy
2. J + ytanx = cosx

, dy
3. g + ycotx = cosx

4. ^ 
j dx

5- ^+^dx+y=e'

6. xdy=(2y + 2x4 + x2)dx

7. (l + y2) + (x-etan‘’y)^ = 0
dx
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= Q
STEPV Find I.F.

= v => (- n +1) y

=>

(i)

ILLUSTRATIVE EXAMPLES

y2

1 dv v =

v

=>

dv
(i)=>

/

1
V . - 

X

P^Q-nJPand Q^fl-n)Q.

= J pidx

log*
x

= e~lo^x

- logx 
X2

+ P-j v

1 =t> v X

1
=> V.-

V

1
=> V.~ 

X

v.(l.F.) = J<2i.(I.F.)* + C

STEP VI Multiply both sides of (i) in step IV by I.F. = e

— J" pidx + p1 V pi dx - 
dx 1

STEP VII Integrate both sides of the differential equation in step VJ
w.r.tox, to get

We have,

I.F. = eJp* = eH* _ glogx'1 =x-1 = l 
x’

STEP HI Put y

= - logx -1

T
X \ 7

V i = -flog*.*
x I I

log X + 1
X

P = -- and Q = - x

i pidx toget

+ y = y2logx

= W 
x 

\ 7
This is in the form of Bernoulli's differential equation.

Dividing both sides by y2, we get

. 1 rfy. PV _ loK*
x y x\ J J

1
Multiplying both sides of (i) by -' we get

y-n + 1 = dv
dx dx

(-11xdx+ J- 
\ 7

Integrating both sides w.r.t. x, we get

= J - dx + C [Using: v (I.F.) = j Q (l.F.) dx + C] 
xLet - = v. Then, 

y
_l_dy _ dv

dx dx

Substituting these in the given differential equation, we get

dv 1 log x- — + ~v = —°— dx x x

- ( 21 , + —dx x 
\ 7

This is a linear differential equation of the form

~ + Pv = Q, where 
dx

: 2dx + C 
I!

12&Z_1 +c 
X X 

X 
• +C 
7

STEP Vlll Replace v byy~n + } in the solution obtained in step W to 
get the desired solution of the given differential equation.

REMARK For n = 1, the equation (i) reduces to variable separable 
form.

The following examples illustrate the above algorithm.

v J P1 dx = f (Qi e^ P1 dx) dx + C

EXAMPLE 1 Solve :x^ + y = y2 log x

SOLUTION We have,

x^- 
dx

dy 1
+~ydx x

j " +1 i.e. coefficient of P equal to v and obtain from 

it in terms of as follows :

=> V^ + Py'"*1
J dx

log* v = -- °
X

STEP IV Substitute the values of-£ and v in the differential equation 

in step II, to obtain

1 - n dx

=> + (1" n) Pv = (1 - n) Q

dv n
dx + P'V-Q'

This is a linear differential equation in v and x, where

jipLxhc 
J X X

X. 7 J

• log X f 1 , ] _
= - - —+ I dx +Cx J x2

dy
dx
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[Puttings = 1/y]

Putting secy = v and sec y tan y

...(i)

= sec x.

(i)=>
v. sec x

=>

=>

+ C

[•.• v = sec y]

Using:
v (I.F.) = J Q (I.F.) dx + C

EXAMPLE 4 Solve
.2=> ve

III

=> ve~

=* ve~

2 ,-X

2 
X

-.-V = 1/y2]

? gj + C, where t = -x‘

x2dx + C

sec2 y

3+ tan x = cos y. cos x

3+ tanxsecy = cos x

where P = tan x and Q = cos3x.

= -ef(t-l) + C
J r2 0
x = -e~x (-x2-l) + C

2
= e~x

2
■ x, we get

2
X ' 1 A

x + -sin2x +C 
k >

This is the required solution of the given differential equa­
tion.

We have, I.F.

Multiplying both sides of (i) by I.F = e 
e~x2^- + (-2x)ve~x2 = -2?e" 

dx
Integrating both sides w.r.t. x, we get

ve~x = J-2x3e~

-X2
=> ve

dy dv 
dx=TxWe^

= Jprfx

1 dy ---- + x

dy ■ n .3 2:^ + x sin2y = x cos y

SOLUTION We have,

+ x sin 2y = x3 cos2 y

EXAMPLES Solve: tany

SOLUTION We have, 
. dy '^fx

Dividing both sides by cos y, we get
, dy sec y tan y

dl/ 3+ tan x = cos y. cos x

^f-2xdx

y2

This is the required solution of the given differential equa­
tion.

=> ve~x

sin2x usecx = - x + —-—
k
if=> sec y. sec x = - :

x = - [t e( - ?] + C 

=> ve~x

, L 1Let — = v. Then,
y

Z^dy _ dv 
y3 dx dx

]_dy _ _ 1. dv z 
y3dx ~ 2 dx'

Substituting these in the given differential equations we get
1 dv 3
2dx + X’V " X

y + (-2x) = -2x3 
dx

This is a linear differential equation of the form, 
dv 3— + Pv = Q, where P = - 2x and Q = - 2x .

2
Dividing both sides by cos y, we get 

dy sin 2y _ 3 
dx cos2y

sec2 y + 2 x tan y = x3

l = flog? + l) + c
xy x

This is the required solution of the given differential equa­
tion.

EXAMPLE 2 Solve = x3y3-xy

SOLUTION We have,

5 -v-,
This is the form of Bemouli's differential equation.
Dividing both sides by y3, we get

p-] = x3

tan x dx _ ^logsecx

3^ + (tan x) v = cos3 x 
dx

This is a linear differential equation of the form

dv n /->— + Pv = Q, dx
We have, I.F. = = J

Multiplying both sides of (i) by I.F. = sec x, we get 
dv . t . 2sec x — + (sec x tan x) v = cos x

Integrating both sides w.r.t., x we get
= J cos3x. sec x dx + C

v sec x = / cos2 x dx + C

v sec x = 2 f (1 + cos 2x) + dx + C

If
2
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^,weget

-0)

[Using Partial fractions]= e

2U-V2

Multiplying both sides of(i)by I.F. = -, we get.2

v ==>

=>

dx + Cv.

=>
=> V.

[••■tany = u]=>
+ C=> v.

=> v.

f = 1-x2]+ C=> V.

[w = ?1

SOLUTION We have,

(i)=>

=>

and Q =
Putting

Now,

a
7^

i 
xVi^

1 
xVT^

i 
xVl^

1 
xVv—

2
= /.

2jt-1 
x(l-?)

ax?
(l-x2)

1 
logy

- 1 = J
Vx2 (1 - x2) x^l -x2

>2ydx

1 
xVl-x2

1 
x^l-x2

dy dv■ = ^'weget

- log log (1 -x)log (1 + x)
= e L

1 dv 
xVl -x2 dx X‘

— +C, where! = x‘ 2x\ /

t e‘dt + C
1 u

+ Pv = Q, where P -

= J dt + C, where t = 1 - x2

4^
’’W

Now, I.F. = dPdx = 
2

Multiplying both sides of (i) by I.F. = e*, we get 
r2 dv _ v2 v2 J 

er —+ 2xu.ex = f? ,x?dx
Integrating both sides w.r.t. x, we get

v e* = J x3 ex dx + C [Using: v (I.F.) = J Q. (I.F.) dx + C]

^ + (2x)u = x3
dx

This is a linear differential equation of the form

~ + Pv = Q, where P = 2x and Q = x3.

= e"|logx (1-x)

= elogjx2(l-x2)|

J 1 . .u? = ^(te'-ef) + C

v/ = |(f-l)e' + C

r2 1 9 r2ue1 =^(x2-l)/ +C

r2 1 9 r2? tany. = -(x2-!)? +C

This is the required solution of the given differential equa­
tion.

EXAMPLE 5 Solve: 3x (1 - x2) y2 + (2X2 -1) y3 = ax3.

SOLUTION We have,

3x (1 - x2) y2 + (Zx2 -1) y3 = ax?

Putting ^-v and ^y2^ = we get

SxU-x2)^^^-1)^^

k /

=> x(l-?)jj + (2?-l)t> = n?

dx x 1

Puttingtany = v and sec2y^ =

2x2-1 _ ax
2(l-x?)3/2V ~ (l-x2)372

Integrating both sides w.r.t. x, we get

.gy = (logy)2

»gy = -^(logy)2.

1= v, and--------- ;
(logy)'

1 dy t 1 1 = J_
y(logy)2^ ^logy x2

dv 2x -1— +-------- -v =
x (1 - x2)

This is a linear differential equation of the form

gx2
(l-x2)

= f ax ■J(l-x2)3/2

=> y3 = ax + C. x

This is the required solution of the given differential equa­
tion.

fprfx
I.F. = e
r 2r2-l ,
J------e 1 2x(l-x)

(f 11111 L
Jl x 2 l-x 2 1+x

EXAMPLE6 Solve: dx x 1
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EXAMPLE 7 Solve the differential equation

^+i(logz) = ^(log2)2

(i)

-

1

= u. Then,Let
Now, I.F.

1 dv

[Using : v (I.F.) = J Q. (I.F.) dx + C]

=>

EXERCISE 13.7

9. dx

10.

12. 2

13.

14.

15.

This is the required solution of the given differential equa­
tion.

„„ r-n
dx x k /

dv 1
-7- + -V = -Z dx x

1 
xlogz

1 
logz

= ?logx

1 1 
logy'x

—xdx J

Integrating both sides w.r.t. x, we get

x xJ

= x/y2

1 dz [ 
z (log z)2

_du u _ 1 
dx + x x2

1
“= x2

1 
’""x3

1

du =>

16. (xy2-?

f l. 1
This is a linear differential equation with IT. = & x ax = ~.

Multiplying both sides of (i) by I.F. = p we get

= i + C

)dx-x2y dy = 0

= A + C

Multiplying the above differential equation by and in­

tegrating, we get

- = J-^dx + C
x J x3

dv ( n
dx + x

\ /

This is a linear differential equation of the form

dv 1
— + Pv = Q, where P = - - and Q = -

=3

siny2 = (x + l)3

_ J-l/xdx _ g-logr _ glogx'1 = |

u
X

du 1 _ 1^ + -tany = — tanysmy

11. xy-d/ = /e-?
J dx J

- y sec x = y3 tan x

2y cosy2^—~
y y dx x + 1

dx x

^ + 2zy + zi/4 = 0

8. *+1.4

2 =
1 2?

Solve each of the following differential equations:

dx x y
Ix^+y = y210gx

3. (x^^ + xyjdx = dy 
di/

4. ^ + ycosx = y sin2x

5. = 7 
dx x y

6. cosx^ + ysinx = y4sin2x

_ dy
7> xr~ydx y

SOLUTION The given differential equation can be written as 

if 1 ' 
x |^log z^

1 dz du
z (log z)2

Substituting these values, the above differential equation 
reduces to

1
x2
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ANSWERS

,x211. e

12. -y

,2 ,2

,3

+ ex-l

HINTS TO SELECTED PROBLEMS

Now, put e* = v and $ •

11. We have,

3. We have,

= ?/ + xy

X =

15. We have,

I
8. We have,

dx

=> = x.
9. We have, cosecy coty

dx

Now,put—7 = v and-
- .0Put cosec y = v

10. We have,
16. We have,

1
2

dy xy2-
dx~

fdxivj

2 
3e

l^ + f. /rfx

13. sinyz = y + x + C (x + 1)'

dy 3 -x2/■-xy = -/<? z 
dx J 7

1 dy  \ dv 
yt dx 3 dx

( 3>xx- — +C
\ 7

secx = tan x. Put --x = »

10. ey = Ce"eX

l/x3 + C

9. 2x = (sin y) (1 + 2 C x2)

<^ = 7(7-?) 
dx

dyl 1- cosec y = -x. dx x ?

xt . 1 , 1 dy dvNow,put -- = u.and-

.gl/x3 

xV

f-l'l

1. (l-X2) = i

2. (1 + log x) y - C xy = 1
3. y (2-x2) - Cye~x*/2 = 1

4. (y"nhl-l)esinx = C

5. 1 = y2(2x + Cx2)

6. 2 cos3 x = (3 cos4x + C) y3.
2 2

7. = - x2 log x + —■ + C •
y 2

8. 2x = 2C?ey + ey

6. Put 1/y3 = v

7. Put - 1/y2 = v

dx

1 dy --7T2-+ 2xyMx

2. Divide both sides by y2 and then Put“ = v

13. Put siny

14. Divide throughout by y2 and then put = v

1 dy 1 -x2=>“-^/ + -?x = e • 

/dx /

dy _ 4^ + 2xy = -xy

■2 = u

- = ^.Pute’y = v 
* ?

1. Divide both sides by y3 and then put = v

14. — = -ex + C 
xy

15. -y = Ce3x2-; 

y

16.4 =
x

Put --y = v and-7T 
y2 y3 dx 2 dx

12. We have,-^7^ + --7

I

1
y

= (2x + C)y2

' = 1 - x (sec x - tan x) + C (sec x - tan x) 

fx2
2
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Now, put y2 = v and solve it.

— □□□ —

i.e. it can be expressed asfactors involving p

...(i)

ILLUSTRATIVE EXAMPLES

4 => y = 4x + C
p2-7p + 12 = 0, where p

13.6 DIFFERENTIAL EQUATIONS OF FIRST ORDER 
BUT NOT OF FIRST DEGREE

(y - 4x - C) (y - 3x - C) = 0 
EXAMPLE 2 Solve the differential equation

EXAMPLE 1 Solve the differential equation

= 
dx

and, p-3 = 0 => p = 3 => = 3 => y = 3x+C
r r dx J

Hence, the general solution of the given differential equa­
tion is

SOLUTION The given differential equation is 

p2-7p + 12 = 0

=> (p-4)(p-3) = 0

=»p-4 = 0or, p-3 = 0

Now,

,1/x3

_eVx3

dx X

dy y2
x

13.6.1 EQUATIONS SOLVABLE FOR p

If a first order any degree equation can be resolved into linear

dx

Ip -fl (x, y)J {p -f2 (x, y)J....... |p (x, y)} = 0

In such a case we say that the equation is solvable for p.

Now, (p -f} (x, y)} (p -f2 (x, y)j... (p -fn (x, y)J = 0

=> P = fl (x, y), P =/z (x, y),..., p =fn (x, y)

Each of these is a first order first degree equation. Let their 
solutions be

gi {x, y, cf) = 0, g2 (x, y, c2) = 0,..., (x, y, c„) = 0,

where q, c2,..., cn are arbitrary constants.

Thus, the general solution is

gl (x, y, q) x g2 (x, y, c2) x.... x (x, y,‘cn) = 0

But, it contains n arbitrary constants whereas the general 
solution of a first order first degree contains only one arbitrary 
constant. So, we take q = c2 =... = c„ = c (say) and the general 
solution is

gi (x, y, c) x g2 (x, y, c) x.... x gn (x, y, c) = 0

Following examples will illustrate the above procedure.

So far we have discussed differential equations in which the 

exponent of was unity. Now we shall deal with those 

differential equations in which has higher degree than one. 

These equations are known as differential equations of first 

order and higher degree. For the sake of convenience will 

be denoted by p.

The most general form of a first order and higher degree 
differential equation is

pn + P1p""1 + P2p"‘2 + ...+P,I_1p + Pn = 0,

where Pv P2,...., Pn are functions of x and y.
A first order and higher degree differential equations may 

be one of the following types:
(i) Equations solvable for p
(ii) Equations solvable for y
(iii) Equations solvable for x
(iv) Clairaut's form of equation.
In this section, we shall discuss various methods of solving 

above types of differential equations.

p-4 = 0

. dp

y2 .
~*Tx x~‘
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=>

=>

=>

=> P =
=5

P +

=> x + y‘=> x

= ±xdx

=>

d = ±dx=>

1 +

±x + C

+ x-C =0log x-C log
+ 2xyp 7k

— □□□ —

...(i)

...(U)
dx

ILLUSTRATIVE EXAMPLES

•(*)
EXAMPLE 1 Solve the differential equation: 

y = 3x + logp.

This equation contains two variables x and p. Solving this 
equation, we obtain

SOLUTION The given differential equation is 
y = 3x + logp

xdy-y dx 
^x2 + u2

0(x,p,c) = O ...(Hi)

The solution of differential equation (i) is obtained by 
eliminating p between (i) and (iii).

Following examples will illustrate the above procedure.

1
I T X

V1 +

x2

Hence, the general solution of the given differential equa­
tion is

y+^ + y2 
x

y "Vx2 4-1/2
x

i y mi id 
log i o =° X y2

=> ydy-xdx = 0

=>y2-x2 = C.

Hence, the general solution of the given differential equa- ’ 
tion is

(xy-C)(/-?-C) = 0
EXAMPLE 3 Solve the differential equation: 

x^-y^ + y2 = x*

X 
k 7

y
X k 7

1.

X

13.6.2 EQUATIONS SOLVABLE FOR y

If the given differential equation is expressible in the form 

y =
, then we say that it is solvable for y.

Differentiating (i) with respect to x, we get

= v & 
dx 

k 7

SOLUTION The given differential equation is 
(x2p2 - 2xyp + y2) - x2 (x2 + y2) = 0 

(y-px)2 = x2(x2 + y2) 

y-px = ± x 'lx2 + y2 

px = y ± x ^x2 + y2

Now,

= *± x

= y 
dx x

orP=/[x,p,|

xyp2-(x2-/)p-an/ = 0,wherep = g 

SOLUTION The given differential equation is

xpy2-(x2-y2)p-xy = 0

(xyp2 + y2p)-(x2p + xy) = 0 

yp(xp+y)-x(xp + y) = 0 

(xp + y)(yp-x) = 0

=> xp + y = 0 or, yp-x - 0

Now, xp + y = 0

dx J

=> xdy + ydx = 0

=> d(xy) = Q

=> xy = C 

and, 

yp-x = 0

dy 
=> y j -x = 0 J dx

xdi^dx = ±dx
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dx'

=$ p = 3 + -

(i)

= dx

3x + log C

...(ii)
■=*

as the required solution.y = 3.x + log

(i)

••■(ii)

ILLUSTRATIVE EXAMPLES

x =
=>

1

EXAMPLE 1 Solve the differential equation:

4yp2 + 2px-y = 0

SOLUTION The given differential equation can be written as

Differentiating both sides of (i) w.r.t. y, we get

& 
dy 

'A + 2j 
,J?+2)

13.6.3 EQUATIONS SOLVABLE FOR x
If a first order any degree differential equation is expressible in 
the form

EXAMPLE 2 Solve the differential equation

y = (1 + p) X + ap, where P = ~T-

=> | =f W

__ 3_
1-C?X

Putting the value of p in (i), we obtain

f 3 '
1-Ce3x 

\ /

dx = ±_JL^_2;, + y 
dy 2p 2p2 dy 

1 1 - 
P 2P ' ’ 

fl >

X /

STEP 11 Solve the above differential equation in p and y. Let its 
solution bex =f(y,p) 

then we say that it is solvable for x.
To find the general solution of this type of differential 

equation, we follow the following steps:
STEP! Differentiate (i) w.r.t. y to obtain

dx / dpf

gty.p.c) = 0
STEP III Eliminate p betiveen (i) and (ii) to get a relation between 

x, y and c which is the required solution of equation (i).

Following examples will illustrate the above procedure.

Differentiating both sides w.r.t. x, we get

dx p dx

- 1^2 
p dx

= 
dx

1 o &( 1

12p2

p =

=» p(p-3)

dx „=> — + x = - 2ap 
dp

This is a linear differential equation having
I.F. = e^-dp = ep

Multiplying both sides of (ii) by ep and integrating, we get 
xep = -2aIp epdp

=> xeP = -2a(p-l)ep + C ...(iii)
Eliminating p between (i) and (iii), we obtain the desired 

solution.
— □□□ —

SOLUTION The given differential equation is 

y = (l+p)x + ap2

Differentiating both sides w.r.t. x, we get

dx dx r dx
=> p = l + p + x^ + 2np^

r r dx dx

=> 0 = 1 +1 (x + 2ap)

dp
P(P~3)

fMI1''’=3‘tx
I I

p

=> 1-- = c^x
p

=> log
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=>

=>
.(ii)=> y

=>

=>
=>

y V-i = / 'Ip2- 1 dp

yA/AT=-2aJ

yVp^T = dp

(i)
dP=>

=>

— □□□ —
0 or, x + /' (p) = 0

0 => p = C.
...(i)

then it is said to be in Clairaut's form.

p + x

=> 0

= e(l/2)log(p2-l) = A/^CTi

To solve this type of differential equation, we follow the 
following steps:

Multiplying both sides of (ii) by I.F. and integrating w.r.to, 
we get

[On integrating]
••■(ii)

2ap2
1-p2

^p- + 2) 
dy 2p2

\ r J

Now,^- = 
dx

Putting p = C in (i), we obtain 

y = Cx+/(C)

The above solution containing one arbitrary constant is the 
general solution of the given differential equation.

Now, consider x +f' (p) = 0. If we eliminate p between this 
relation and the given differential equation, we will obtain a 
relation between x and y containing no arbitrary constant. This 
relation will satisfy the given differential equation. So, it is a 
solution of the given differential equation but it cannot be 
obtained by giving a particular value to the arbitrary constant 
in the general solution. Also, it does not contain any arbitrary 
constant. So, it is neither a general solution nor a particular 
solution. Such a solution is called a singular solution.

( 1
p r~2+2 =~y iy j

=> p = p + x

dp
p = ~y~rr dy

p y
logp + logy = logC

py = c
Eliminating p between (i) and (ii), we get

VJ
4/^2

1

y 'Ip2-! = -a [p 'Ip2-! + log (p + 'Ip2 -1)]
- 2a log (p + "Vp2 -1) + C 

=> y 'Ip2 -1 = - ap 'Ip2 -1 - 3« log (p + 'Ip2 -1) + C ...(iii) 

Eliminating p between (i) and (iii), we obtain the required 
solution.

2

#7^
p2 -1 +1 
Vp2-1

y 'Ip2 -1_= -2a J "Vp2 -1 dp-2a

& - py | 2aP2
dp 1-p2 1-p2

d^-J, =
dp p2-lV 1-p2

This is a linear differential equation in p and y having

I.F. = e P 1 dp

STEP I Differentiate the equation with respect to x to obtain

= p + x^+/'(p)^
dx r dx J dx

dx J dx

13.6.4 CLAIRAUT’S FORM OF DIFFERENTIAL EQUATIONS

If a first order any degree differential equation is first degree in 
x and y and is expressible in the form

y = px +f(p'), where p =

=> either^- = 
dx

4y -r + 2x — -y = 0

4C2 + 2xC-y2 = 0

=> y2 = 2Cx + 4C2, which is the required solution.

EXAMPLE 2 Solve the differential equation: 
2 x = yp + ap

SOLUTION The given differential equation is
2 x = yp + ap

Differentiating both sides of (i) w.r.to y, we get

dx dp _ dp
dy * dy r dy
1=> - = p +
P
1 => ~-p
P
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ILLUSTRATIVE EXAMPLES

(i) => p = p + x

= 0

(ii)

(x +1 -3p2) = 0=>
(iii)or,

...(H)
0 => p = C.Now,

,2 ...(iii)

Now, 0 => p = C.

p = ±

/
x + 1- y =

t

y ==>

=> y =

A=>

=>

•••(i)

EXERCISE 13.8

35

dx

4. p(p + x) = y(x + y)
5. p3(x + 2y) + 3p2(x + y) + (y + 2x)p = 0

6. p(p-y) = x(x + y)
7. p3 + Zip2 - y2 p2 - 2 xy2p = 0

Solve the following differential equations:
1. p2-5p + 6 = 0

2. p2 + (x-ex)p-xex = 0

3. ?p2 + xyp-6y2 = 0

Putting p = C in (i), we obtain «
r 1 

y-Cl*c2
This is the general solution of the given differential equa­

tion.

ly3 = -27?

This is the singular solution of the given differential equa­
tion.

x + 4 = 0
P

= 
dx

( 2
x

-2^

-3^

-27?
4

2
Now, consider x + — = 0

P
3 2=> p'3 = -- r X

Eliminating p between (i) and (iii), we obtain

,xl/3
x-

or, x +1 - 3p ~ 0

= 
dx

Putting p = C in (i), we obtain

y = Cx + C-C3
which is the general solution of the given differential equa­

tion.
From (iii), we obtain

VZ+i
3

Putting the value of p in (i), we get
x +1]

3

\2/3 
X
27

3

=» y ■ ±^x|(x+i)

=> y2 = 4-(x+i)4
ol

This is the singular solution of the given differential equa­
tion.
EXAMPLE 2 Solve the differential equation:

p3x -p2y-1 =0
SOLUTION The given differential equation can be written as 

y = Px~\ 
P

x2/3 
X
2k 7

x2/3
X
27

x2/3
X
2

7

dp
dx

* = 0
dx

Differentiating (i) w.r.t. x, we get 

dx P + Xdx p3dx

& +1^2.
dx pl dx

” + Idx

EXAMPLE 1 Solve the differential equation
3 y = xp + p-p^.

SOLUTION The given differential equation is
3y = px + p-p*

Differentiating (i) w.r.t. x, we get

!l!! = p + I^ + rf2_3„2^* P dx dx ip dx

,2^
dx

p + x dx ' dx

p = p + x^ + ^-3p' 
dx dx r

2 x + ~q 
. P

dxi
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ANSWERS
•2

_ □□□ —
1

(X-x)y-y

Slope of the tangent at /’ = tan 0
(X-x)Y-y =

y

y=f(x)

=> pt = y ——X—• • fan M

P(x.y)

>/
=> PT =o 0

T Cx'

y'

Fig. 13.5 =>

13. p = log(px-y)

14. sin px cos y = cos px sin y + p
1 C ,, _ I

v'4

PT = length of the tangent at P 
=> PT = y cosec 0

13.7 APPLICATIONS OF DIFFERENTIAL EQUATIONS
In this section, we shall discuss some applications of differen­
tial equations. In solving some geometrical problems, the fol­
lowing results are very helpful.

Consider the curve y = f (x). Let P(x, y) be a point on the 
curve as shown in Fig. 13.5 and let PT and PN be respectively 
the tangent and normal at P. If the tangent at P makes an angle 
0 with X-axis, then

Equation of the tangent at P is

= K dxjp

Equation of the normal at P is

1

<dxjP

8. /ry + 2px = y
7 49. y + px = p x

10. y = x + p2 - 2/?

11. ayp2 + (2x-b)p-y = 0
n

12. y = 2px +yp

16. y = p (x - b) +

N *

1. (y-2x-C)(y-3x-C) = 0
2. (2y + x2-C)(y-cv-C-l) = 0
3. (y - Cx2) (x\ - C) = 0

4. (y - C?) (y + x - 1 - C c’v) = 0
5. (y - C) (y + x - C) (x2 + xy + y2 - C) = 0

6. (y + x +1 - C t'v) (21/ + x2 - C) = 0

7. (y - C) (y + x2 - C) (xy + Cy +1) = 0

8. y2 = 2Cx + C2

9. xy = C x - C

10. (x + C)2 = 4(y + C)

11. aC2 + (2x-b)C-y2 = 0

12. y2 = 2Cx + C3

13. y = Cx - ec, y = x log x - x

14. y = Cx - sin-1 C
15. y = Cx + + C2

16. y = C(x-b) + ~

Slope of the normal at P = “7

T + tan 0 
tan 0

ViWl ax

dx 
\ /

=> PN = Length of the normal at P
=> PN = y sec 0

PN =y^l + tan20
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= y

= y cot 6

ILLUSTRATIVE EXAMPLES

sec(i)

sec

(i)

y=f(x)

P(x.y)

X

I

given as - cot

-cot

Thus, the coordinates of T are

I

I

- log I .V [ + log C

- log | .V | + c

77V
dx

TG = Length of the subtangent at P

= -X-

dx

v dx
^X = x-'JTy

Fig. 13.6

This meets X-axis at T. So, the x-coordinate of T is obtained 
by putting Y = 0 in (i).

Putting Y = 0 in (i), we get

0-y = ^x-.v)

dvX-- = - cot V cos V dx lix n'| 
x - V T' 0

example 1 Show that the curve for which the normal at every point 
passes through a fixed point is a circle.
SOLUTION Let P (x, y) be any point on the given curve. The 
equation of the normal to the given curve at (x, y) is

Y-y = -J^(X-x)
dx

It is given that the normal at every point passes through a 
fixed point (ii, b) (say). Therefore,

b-y = -y (fl - x) [Putting X = a and Y = b in (i)] 
*

=> - (y - b) dy = (x - fl) dx
=> (x-a)dx + (y-b)dy = 0

On integrating, we get

. (V ~ b)2 _ r
| 2 2

“I 
x

This is the equation of the required curve.
EXAMPLE 3 If the tangent at any point P of a curve meets the axis 
ofX in T. Find the curve for which OP = PT, 0 being the origin. 
SOLUTION Let y = f (x) be the given curve and let P (x, y) be a 
point on it. The equation of the tangent at P is

Y-y = ^(X-.v) 

p
I

(x - a)2 + (y - b)2 = 2C

=> (x - a)2 + (y - b)2 = r2, where r2 = 2C.

Clearly, this equation represents a circle.
EXAMPLE 2 The slope of the tangent to a curve at any point (x, y) 

on it is given by * - cot * . cos • (x > 0, y > 0) and the curve 

passes through the point (1, n/4). Find the equation of the curve. 
SOLUTION Let y =/(x) be the given curve. Then the slope of 

the tangent at P (x, y) is But the slope of the tangent at P is

given as - cot - cos Therefore, xxx
^ = »-cot2cos^ 
dx x x x

This is a homogeneous differential equation.

Putting y = vx and = v + x ~' we get

dvv + x — = v - cot v cos v 
dx

GN = Length of the sub-normal at P 
,, *f>/

. dx
=> sec i» tan v dv = - — x

On integrating, we get
sect1 = 

\ 
1/

v'J
Since the curve passes through (1, n/4). Therefore, 

sec n/4 = - log 1 + C \2 = C
Putting C = v2 in (i), we get

= -log(.v|+\2 .

x',______
” 0

!y'
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=>PT =

=>

yNow,

PT = OP

y=f(x),2

P(x.y)
=>

XTNx' 0

M
y'

Fig. 13.7
=>

=>

=> or,

Consider,

or,

=>
Y-y (X-x) (i)

dv = - J -dxJ x=>and Y-y = ...(ii)

=>

log=> V

=>

=>/
1 +

Now, consider

/
y~* 4y] = 

dx

dx \ /

= vx2 + y

/ L
//
—

dvx — = dx

v = - log x + log C

dvv + x — = dx

^y2 = Ce-tan-,(y/x)

dy _ y + x 
dx x-y

dy = y+x 
dx x-y

=> x = Cy or,

dy = y + x
dx x±y

= 
dx

y -x
x + y

d% = Hz*
dx x + y'

It is a homogeneous differential equation.

u + x we obtain 
dx

(y + *) = (*±y)

1 
v2 + l

■X/ ifdx
= N/i/" r

■

dx
X~ V"Vdy

4 1 
+ v2 + 1,

-dp + J

x2

72
+ (y-0)2

= - tan 1

i 2= x~ + y
n i

ir + y-

respectively.
It is given that the tangent and normal at P are equidistant 

from the origin.

OL = OM

| log (v2 +1) + tan 1

Putting y = vx and =

v-1
v +1

( 2 A ir + 1
u + 1\ /

, dxdv = - —x

dx _ di[
* ” " V

On integrating, we get
log x = ± log y + log C
log x = log (C y)

fClog x = log -

Cx = —. 
y

Hence, the equations of the curve are x = Cy or, xy = C. 
EXAMPLE 4 Find the equation of the curve such that the distance 
betiveen the origin and the tangent at an arbitrary point is equal to 
the distance betzveenthe origin and the normal at the same point. 
SOLUTION Lety =f (x) be the curve as shown in Fig. 13.7 and 
let P (x, y) be any point on the curve such that OL = OM.

The equations of the tangent and normal at P are

dx

dx 
\ 7

x(v2 + l)1/2 
C

7
+y“

x(u2 + l)1/2 
C

, f dy± x + y-rJ dx\ /

, dx dv = - — x

dy
J dx
I T

dy x + y -t2- J dx

dx

v + 1
u2 + l

1 2v
2’v2 + l

1 f 2v
2 J u2 + l

_ e~ tan"1 v

2 f dx

dy
- - .2

yd~y = ±X
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J

=> X —

dt = x + C

=> —dv-~ = x + C

-1 = x + C=>

-1=» tan'
= x + C=>

-1=> tan
tan (4x + 4C) ...(i)

Jan"1 (y/x) Putting x = 0, y = 0 in (i), we obtain

Putting the value of tan 4C is (i), we get

HIT 1996]

=> dx

=> - tan (5x + 3y) =

=> - tan (5x + 3y) =

=> tan (5x + 3y) =

= dx=>
-5x

y-y

P+1 
1—p 1

5

3
4

5t + 3
4

5 tan 4x
4 - 3 tan 4x

4 tan 4x + 3
4 - 3 tan 4x

25 tan 4x
4 (4-3 tan4x)

4tan4x + 3 
4-3 tan 4x

-1 j 5 tan (5x + 3y) + 3
1 4

= J dx + C, where t = tan ~

1 7v - - log (v +1) = log X + log C

1
y = 5

. i j dv = - dxx
1
2? + l

5 tan (5x + 3y) + 3
4

The curve passes through the origin. Therefore, y = 0 when 
x = 0.

2v 
v2 + 1

dv _ 1 + v2 
dx ~ 1 - v

dv = f - dx 
J x

5 tan (5x + 3y) + 3
4 ~ L A1 - - tan 4x

2dt 
10A12t + 10

i1/2C

. j dx => -z— dv = —
Al x

I T~7dv~y ir + l 2J

3 tan 4x + -4

dvv+x~ =
dx

1 „ . - tan 4

1 .- tan 4

3 .- = tan4C 4

5 3=> - tan (5x + 3y) + - =

tan 1 5 tan 4x >
4 - 3 tan 4x

This is the required equation of the curve.
EXAMPLE 6 Find the curve the which the portion of the x-axis cut 
off between the origin and the tangent at a. point is twice the abscissa 
and which passes through the point (1,2).
SOLUTION Let y =/(x) be the curve and P (x, y) be any point 
on it. The equation of the tangent at P is

= ^(X-x) 
dx

f4f+ 5
\ /

A 3/5'
4/5x. /

ib

v = log {x (p2 + 1)

- g‘an"'(i//x)

dx 6 dx 
\ /

Putting the value ofand lOx + 6y in the given differential

equation, we obtain

1 (dv '
~ 3--10 = ship6 dx

dv = 10 +6 sin pdx

1 + tan2 v/2 j 
—7-------- ---------------= dx
10 1 + tan2 + 12 tan

k >
2P sec -

f-----7----- dt = x + C
(24f+i

or, C ^x2 + y2 = e1

EXAMPLE 5 Determine the equation of the curve passing through 
the origin in the form y =/(x), ivhich satisfies the differential equation 

| ^ = sin(10x + 6y).

------------dv = dx
10 tan2 7+ 12 tan 7+ 10

2 2
On integrating, we obtain

SOLUTION Let lOx + 6y = v. Then, 

dx dx

Putting y - v x and 7^ = v + x 7^, we obtain 
dx dx

dv
10 + 6 sin v

qAy2)1'2
Hence, the equations of the curves are 

>/? + y2 = Ce"tan-,W

1

f + 5
A / 

11,-1 -x- tan 
5 4

5

1
Ai

l-u
Ai

dv
dx'

5
4

5
4

3
4

v
2

v
2

_1 
6
5
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♦y

T Y=f(x)

p(x.y)
- Xx dx=>=>

x0x'

y'

Fig. 13.9=>

xy = C (i)=>

y

(i)Y-y
P(x.y)

ox' =>

y' = c
Fig. 13.8 + 1

2 -|

1 +=>

=>

-(i)

Y-y
y=f(x)

P(x.y),

M
x' L (x.o) X

Fig. 13.10

iy
i

It passes through (1,2). Therefore, 2 = C
Putting the value of C in (i), the equation of the required 

curve is

I 
_L 
M

0 / 
/f

I
iy

V
T

dx

C2

It is given that
LM = constant (= C)

Length of the perpendicular from (x, 0) on (i) = C

-y = -X?

f 
Itcutsy-axisatT 0,y-x

\

OT = y-x-~L
y dx

It is given that

OT « x3

OT = X x3, X e Fl

y-x^f = Xx3 
dx

x dy - 1/ dx 
x2

=> d x = -Kxdxx
On integrating, we get

2
* = -x^-+cx 2

=>2y = -Xx3 + 2Cx, which is the equation of the required 
curve.
EXAMPLE 8 Find the curve for which the length of the perpendicular 
from the foot of the ordinate of any point on the curve on the tangent 
is constant, equal to C and also given that the curve cuts the axis of 
y at right angles.
SOLUTION Let y =f (x) be the curve and let P (x, y) be any point 
on it. The equation of the tangent at P (x, y) is

xy = 2-
EXAMPLE 7 Find the curves for which the portion of the y-axis cut 
off between the origin and the tangent varies as the cube of the 
abscissae of the point of contact.
SOLUTION Let y =f (x) be the curve and P (x, y) be any point 
on it. The equation of the tangent at P is

= T^(X-x) 
dx

& 

dx '

T is the point of intersection of the X-axis and tangent at P.
( dxSo, the coordinates of T are x - y — • 0 .
< 1 ” >

y2 = C2

dx

dx

W = r-c2
dx

rfv _ A2-c2
dx C

— y=f(x) 

tX *x

__ dx:. OT = x-y—.
J dy

It is given that OT = 2 OM 
dx _

dx
-1/7- = X

y dy

1 , 1 .--dx = ~dy
x y

log C - log x = log y

C
~x=V

dx
dy J
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=>1. dx

log(i/ + ^y2-C2) = ~ x + log k=> = k=>

1 +1 +
k

•••(ii)

=>

+ C
= 0

=>

=>

Y-y

(i) (i)0=> X

andp2 ~Pl =
+ 1+ 11 +

Pl P2

1 +1 + 1 +

dx

1 
-C

2 2 ~ 2ak - 
x T±HX

(b-y)‘
2

T^y-fl

which represents a circle.

EXAMPLE 10 Find the curve which is such that the product of the 
perpendiculars from the point (± c, 0) on any tangent is equal to b2. 
SOLUTION Let y =f (x) be the required curve and P (x, y) be 
any point on it. The equation of the tangent to the curve at 
(x,y) is

=> log

<*2 =

dx\ 7
It is given that

= b2

di =

M 
dx

The distance of (i) from the point (a, b) is

Il a ~x

dx\ 7

' 1
dy/dx^

It is given that

-d̂ x-x}

= dx

y + (c~x)^4 y-(x + c)

d, ̂ = k 
d2

d1 = kd2

2 
i+W 

dx] |^dx j

= ±b2

(fl-x)2

2

1 Y-y = _-(X-x)
dx

The distance of (i) from the origin is

dx

(dy/dx)2

y^(c-x) y-

—i' t x r

\ 7

(o-x) + (!>-y)^

2

dx
. 7

(o-x) + (l>-y)^

J W2' 
dx 

\ 7

dxx + y-f-J dx

± k (a-x) + (b-y)^L

dx 
\ 7

^-Y + y-X^ = 
dx J dx

Let pi and p2 be the lengths of the perpendicular drawn 
from (c, 0) and (- c, 0) respectively on (i). Then, 

dy dyc-f- + y~x~f- dx dx
d^L 

^-xdx

fid

y + V^cH x
k c

y + ^-C2 = ke*/c

It is given that the curve (ii) cuts the y-axis at right angles.

Therefore, 5^ = 0 when x = 0.
dx

From (i), we have

C
=> y = ±C

Thus, (0, ± C) lies on (ii).
k = ±C.

Putting k = ± C in (ii), we obtain

y + ^y2-C2=±Cex/c 

as the equation of the required curve. 
EXAMPLE 9 Show that the curve such that the ratio of the distance 
between the normal at any of its points and the origin to the distance 
between the same normal and the point (a, b) is equal to the constant 
k (k > 0, k * 1) is a circle.
SOLUTION Lety =/ (x) be the curve and let P (x, y) be any point 
on the curve. The equation of the normal at P (x, y) to the given 
curve is

x+yJ
dx 

\ 7
dy

x + y j =dx

xdx + ydy = ± k [(0 - x) dx + (b - y) dy]

On integrating, we get

x2 V2v +tr = ±k2 2

X2*}/2 = + k[(x-a)2 + (y-b)2^ + C

x2 (1 ± k) + y2 (1 ± k) + 2k ax + 2kby+ k(a2 + b2)-C - 0

h(? + b2)-C
l±k

2bk 
l±ky ~
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Taking positive sign, we obtain

.2
y/

c=>

p(x.y)

=>

Q0x'

(i) y'

Fig. 13.11

We observe that for this curve

dx

= dy
=> ,2>dx

=> =>

(ii)=>

For the curve □ 
I—

=>

which is same as (ii) =>

Hence, the required curve is

equation of the required curve comes out = -logy + logClog

.=>

.2X +=>

=>

=>
y-i/

which is a hyperbola.
EXAMPLE 11 The tangent at any point P of a curve C meets the 
x-axis at Q whose obscissa is positive and OP = OQ, 0 being the 
origin, show that C is a family of parabolas having a common axis.
SOLUTION Let the equation of the curve C be y=/(x). The 
equation of the tangent at any point P (x, y) is

x 
y

It is given that
OP = OQ

x- + 
y

(
= b2 1 +

I

di/—= 
dx

-y dx + xdy 
Vx2 + y2

~b2x2y 
y2 (b2 + c2)

2
(b2 + c2 - x2) + 2 xy

b2x 
y (b2 + c2)

y=f(x)
x

- b xy 
b2 (b2 + c2 - x2)

n J
1+~2
• y

*)
+^=1 

b~ + c“ b“
i.e. y2 (b2 + c2) - b2 (b2 + c2 - x2) = 0

equation (i) reduces to

dy
dx

X' 
b2 + c‘

^x2 +

= dy 
y

ydx-x dy _1 

y2

/-Ivy

^.r-xdy _1

-dy 
y

2 x 

dx

x2 
b2jrC2 

y2 = b2

b2 
(b2 + c2-x‘ 

b2 + c2

( dx 'This meets x-axis at Q x-y—,0

^W-y^O dx

-xy 
b2 + c2 — x2

x2
.2 . .2

V1+- = 
y

^x2 + y2 = C

x2 + y2 = (C-x)2

y2 = C2-2Cyx
■) ( C\(y-0)2 = -2C ,

1

V1+ 2 v 
y

i

Ni+ qw
On integrating, we obtain

(x}1+ --_ w
C
y

x2
b2 + c2 b2

If we take negative sign and proceed as above, then the

-b2 + c2 b2 '

y
__\/ dx-x dy''

..../ J

dx\
dy - ~ xy * ~ ^2 ~ y2) + c? ~ -v2)
dx (b2 + c2 - x2)

dy _ - xy ± ^y2 (b2 4- c2) - b2 (b2 + c2 - x^)
dx (b2 + c2 - x2)

Let us consider the curve i/2 (b2 + c2) - b2 (b2 + c2 - x2) = 0 i.e.

2 2
-•A = i
■2 b2

yJx2 + y2 = x-yy- .
dy

y2 dy = -ydx + xdy

1. d - = - -dy w y
+4 = i.

w 
dx

1
y
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(i)X+Y = 0or,

= y
1 +

i += y
y(Given) = ±y
i +i + = k■■ y

=>

=>^-y2

= ±dx=>

dx=> -x?dx

...(i)

-dx=> d

[On integration]...(ii)-x + C

[IIT1999]
SOLUTION Let P (x, y) be any point on the curve y =/ (x). Then 
the equation of the normal at P is

This passes through (1,1). Therefore,

1 = -1 + C => C = 2

Hence, the equation of the curve is x2 + y2 = k2.
EXAMPLE 13 /I curve passing through the point (1, 1) has the 
property that the perpendicular distance of the normal at any point 
Pon the curve from the origin is equal to the distance ofP from x-axis. 
Determine the equation of the curve.

2
A} 
dx. /

2

dx

4y = y2-*2
dx 2xy

This is a homogeneous differential equation which can be 
solved by substituting y = vx. Let us solve it by inspection 
method. It can be written as

x2

+ z = / 1 +

X

X

* dx

=> - ^/?-y2 = ±x + C

Since the curve passes through (0, k). Therefore, 

0 = ±0 + C => C = 0

Putting C = 0 in (i), we obtain

-W-y2 = ±x
=> k2-/ = x2

=> x2 + y2 = k2

2xydy-\?dx =

dy
dx + X

dx

*dx

Putting C = 2 in (ii), we obtain

^ = -z + 2
X

=> y2jr^ = 2x
This is the equation of the required curve.

EXAMPLE 14 Let y =f(x) be a curve passing through (I, 1) such 
that the triangle formed by the coordinate axes and the tangent at any

y-y = ® (X-x)
dx I

dy ( dy '-f-- yff+x 
dx J dx\ J

It is given that

Distance of (i) from the origin = Distance of P from x-axis

in ( dy "(I
0- yj +xdx

which represents a family of parabolas having the common 
axisy = 0 i.e. x-axis.
EXAMPLE 12 A normal is drawn at a point P (x, y) of a curve. It 
meets the x-axis at Q. IfPQ is of constant length k, then show that 
the differential equation describing such curves is

yy1- = ± 'IkP-y23 dx 3
and the equation of such a curve passing through (0, k).

[IIT 1994]
SOLUTION Let y =f (x) be the curve such that the normal at 
P (x,y) to this curve meets X-axis at Q. Then,

PQ = Length of the normal at P

dx
M,PQ = k

'GW 
dx 

\ ) 
(a \2

dxl

Kf

flY
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=>

=>

Y-y ...(i)
=>

y

0= 0=>
y=f(x)

=> X =
P(x.y) dx

0
A(x_yajr-0)X\ox' X

=> or,

0:

=>

(iii)2

4

=>

0=>

=>

=>

(ii)=>

7

dx dy
dx

/ 
y-x

-1
/’ = — 

x"

The tangent at P meets the coordinate axes at 
, ( dx 
“If ’dy

dx

2
-2xy

p = C

Putting p = C in (ii), we obtain

y-Cx = 2\PC

It passes through (1,1). Therefore, 
• 1-C = 2x/^C’

—>2 _ ir

dp p-p-X-!- = dx

i 1

P

I • JL

i 
,V

y-p

x2^' 
dx

_xdjl^ 
dx

Now,
Area of A OAB = 2 sq. units

1 (OX) (OB) = 2

if
2 :
/
x~yTI dy.

B(o.y-x^)

A ^x - y ~ > 0 and B 0,y-x~^ respectively.

dx

dp or, ,z- =dx

1
p=-? ■

Eliminating p between p = - -5 and (ii), we obtain 
x

1 2
J x x

=> X\J = 1.
Hence, the equations of the required curves are x + y = 2 and 

xy = l.
EXAMPLE 15 A curve C has the property that the area of the triangle 
formed by the x-axis, tangent to the curve and radius vector of the

=> (1-Cf = -4C
=> (1+C)2 = 0

=> C = -1
Putting C = -1 in (iii), we get 

y + x = 2
Thus, the equation of the curve is y + x = 2.

,-2 :

= 0 or, = 0

dp or, =dx

V-Xdx\ =

point of the curve lies in the first quadrant and has area 2. Form the 
differential equation and determine all such possible curves.
SOLUTION Let P (x, y) be any pointon the curvey = f (x). Then, 
the equation of the tangent at P (x, y) to the curve is

= (X-x)dx

dx

y-x^- = 2^-^- ' 
3 dx dx

y-px = 2<^p
Where,p = ^

Differetiating w.r.t. x, we get

41 is. * 
dx p dx 2V-p

CASE II when p = -
X"

In this case, we have

^ + y2+4^ = 
dx J dx

177
1 dp 

dx
■) * = 0

CASE1 When^ = 
dx

In this case, we have

= 0dx

^ = 0 
dx

y'

Fig. 13.12

dx')

dxW
' dy 

xy~x2~^~y2~+ xy = 4
3 dx J dy J

dx 7 
dy') y-x-Z = J dx 

k 7
dx
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Y-X

Y-y

y y=f(x)

=> (x.y)P
N --

iy =>

T
=3

x' 0 x
=>

y' Fig. 13.14
x' x

=>

=> d

fc2=$

=>

=3

(i)

=>

=>

=>

I
I
I
I

“IM
I 
Li

l

X 

y

x dy - y dx _

M A= ± — dx w ?
Integrating both sides, we get

X Iy2

=> fx = (1 -y2)

d {f(x)-ff (x)} _ dx 
{/■(x)-g(x)} x

I’oiul of faiigency is constant k2. Find the equal ion of the curve C if 
llic point (0,1) lies on the curve.
SOLUTION Let y = f (x) be the curve and P (x, y) be any point 
on it. Then, the equation of the tangent at P (x, y) is

= (X-x)dx
i dr y

It meets X-axis at A x - y — > 0
k d-l/ J

= a2

'S
2k2

- (X-x)dx

It meets Y-axis at T 0,y-xy^ .
y dx\ /

Clearly, OT is the initial ordinate of the tangent at point P.
It is given that

Area of rectangle OLMT = a2

OLxOT = a2

fx y-x-f-dx

xfy-x^ = ia2
y dx\ /

x(ydx-xdy) = ±a2dx

, Jydx-xdy = ±— dx

± — dx

=> r OAxPM = k2

\P(*.y) 

iy y=f(x) 

M

a2 r=> y = ± — + Cxy 2x

This is the equation of the required curve.
EXAMPLE 17 Find a pair of curves such that,
(i) The tangents at points with equal abscissae intersecton on y-axis.
(ii) The normals drawn at points with equal abscissae intersect on 
x-axis.
(iii) One curve passes through (1,1) and the other passes through 
(2,3).
SOLUTION Let y =/(x) and y = g (x) be the required curves. 
The equation of the tangents to these two curves at points with 
equal abscissae x (say) are

Y ~ f to =/' to (x “ x) and Y - g (x) = g' (x) (X - x).
These two lines intersect at a point on Y-axis. Therefore,

Y-/(x) = -x/'(x) and Y-g(x) = -x/(x)

Y =/(x)-x/'(x) and Y = g (x)-xg'(x)

/(x)-x/'(x) = g(x)-xg'(x)
/(x)-g(x) = x(f'(x)-g'WI
/(x)-g(x) = x-^\f(x)-g(x)}

a2

0.
i 
t y'

Fig. 13.13

Clearly, OP is the radius vector. It is given that

Area of A CMP = k2
1 _ . .
2 ' ’ ........

1 (

2 \ J
2k2 

xdy-ydx = - —

ydx-xdy 2k2
y2 ‘

=>//- = w
On integrating, we get

x k2
- = -t + C 
y y2

It passes through (0,1). Therefore,

0 = ^ + C => C = -k2

Putting C = - k2 in (i), we get

y2

EXAMPLE 16 Find the equation of the curve which is such that the 
area of the rectangle constructed on the abscissa of any point and the 
initial ordinate of the tangent at this point is a constant equal to a2. 
SOLUTION Let y =f (x) be the equation of the curve and let 
P (x, y) be any point on it. Then the equation of the tangent at 
P(x,y) is
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[Differentiating w.r.t. x]=> p + x=>

(X-x) and Y-g (x) =- (X-x) => 0 dx

=>

(X-x)
0 or, p = 2x=>

CASE I When

0 => p = C (Constant)

•••(>)

(f Ml2 - (g Ml2 = C;=>

[Using (i)]=>

,(ii)

•■•(iv)

•i

7

\2 => OP = ON

The equation of the normal at P is
SOLUTION We have,

ZOPN = ZNPQ = e

But, ZONP = ZNPQ
ZOPN = Z ONP = 6

4 dx 
k z

dx

= 
dx

(f(x)+g(x)] (Cx) = Ci

=> C = - 2 and C} = - 8

=> p = p + x

-*fx- 
k

= 0 or, x-^ = 0
dx 2

=
dx

Substituting the values of Ci and C in (iii) and (iv), we get 

if 4'. x ,
/(x) = - -2x + -|andg(x) = - - + 2x 

,, s 2 or, /w =

Cl Ci
2 = C + ^r and 6 = ~-2C

=
dx

Putting p = C in the given equation, we obtain

y = Cx-jC2

This curve passes through (0, -1). Therefore,
O2

-1 = 0-^- => C2 = 4 => C = ±2
4

Putting the value of C in (i), we obtain 
y = ±2x-l 

as the equations of the curves.
CASEH When p = 2x.

In this case, we have p = 2x
Substituting p = 2x in the given differential equation, we get 

y = 2x2 - x2 = x2

Clearly, it does not pass through (0, -1).
Hence, the equations of the required curves are
y = 2x -1 and y = - 2x -1

EXAMPLE 19 Consider a curved mirror y = f (x) passing through 
(8,6) having the property that all light rays emerging from the origin, 
after getting reflected from the mirror become parallel to X-axis. Find 
the equation of the curved mirror.
SOLUTION Let the equation of the curved mirror be y=/(x) 
with the property that any light ray OP emerging from the 
origin, after getting reflected becomes parallel to X-axis.

Let PN be the normal at P. Then,

12i y = x p - - p , where p

dx 2" dx-

dx 2 dx

2
2 

J

EXAMPLE 18 Find out all the curves passing through (0, -1) satis­
fying the differential equation

dy if dy y = x-f--- J dx

=> /(x)+g(x) = ~

Solving (i) and (ii), we obtain

/(x) = lfcx+£ 
k 7

A rx 1 r 1and, g (x) = - — - C x
k 7

It is given that (iii) passes through (1,1) and (iv) passes 
through (2,3) therefore,

= 0: dx

On integrating, we obtain

log [f (x) - g (x)} = log x + log C 

/(x)-g(x) = Cx

The equations of the normals at points with equal abscissae 
x (say) to the two curves are

r‘/w=Tw <x-x)andY-g(x)-p^
These two intersect at a point on X-axis. Therefore, 

0-/W - (X-x)and0-j(x) = --^

=> X = x+/(x)/z (x) and X = x+g(x)g'(x)

=> x +/(x)/'(x) = x+g (x) g '(x)

=> /(x)/'(x)=g(x)g'(x)

On integrating, we obtain

(f(x))2 = [gtof + q

1
2

if
2

lf4
- - 2 xk

, . . 2andg(x) = x + -.
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It is given that AB is bisected at P. Therefore,

<y
p(x.y) y=f(x)e B0

x' T x0 N
f(x.y)

y'
x' o A x

Fig. 13.15

y'

Fig. 13.16

=> = x

(i)=>
=>

=>

= 2dx=>

(i)

dy-=>

dx = (14-x)/ dx

ex dxd

/ + C

x>

dx

0 and B 0, y 4- 
/

y=f(x) 
0

or,
or,

ON = x 4- y

2xandj/ + ^ = 2y 

dx

du

Y-y = -^(X-X) 

dx
This meets the coordinate axes at

A x4-y—^,n
J dx

dy
*Tx
ydy-xdx = 0

/-? = c
As this passes through (3,1). Thereofre,

9-1 = C => C = 8
Putting C = 8 in (i), we obtain the equation of the required 

curve as y2 - x2 = 8.
EXAMPLE 21 Prove that there exists an infinite number of points, 
placed at equal intervals along a line parallel to the y-axis, through 
which every member of the family of curves represented by the 

differential equation = (14- x) ex sec y passes.

SOLUTION The given d i fferenti a 1 equa tion is

_ (J + sec
dx 14-x J

tan y , ,, . r .dx = (1 4- x) e sec y dx

cosydy-^

(14-x) cos y dy - sin y dx _ v
(1+x)2

sinj/ _ 
14-x \ /

On integrating, we obtain

sirvy =
1 +x

=> sin y = (1 4- x) (/ 4- C)
This gives a one parameter family of curves such that every 

member of the family passes through (- 1. n n), n e Z irrespec-

dy
dx

xdx + ydy = ^x24-y2 dx

2xdx + 2ydy = 2 ^x2 4- y2 dx

d (x2 4- i/2x
~Vx2 + y2

=> 2^4-y2 = 2x4-0

It passes through (8,6). Therefore,
20 = 164-0 => C = 4

Putting 0 = 4 in (i), we obtain the equation of the curved 
mirror as

2 y[x2 4- y2 = 2x 4- 4

fc+y2 = x+.2
y2 4x4-4

EXAMPLE 20 A curve is such that the segment of the normal, drawn 
at any point P on the curve, intercepted between the x and y axes, is 
bisected at the point P. Find the curve given that it passes thorugh 
(3,1).
SOLUTION Let the equation of the required curve be y =/(x). 
Let P (x, y) be any point on the curve. Then, the equation of the 
normal at P is

Y-y = -±(X-x)
dx

It cuts X-axis at N x + yy^-'O
J dx\ /

dy 
dx

Now, OP = ON

'fa + y2 = x + y



MATHEMATICS FOR IIT-JEE13.62

CASE II When x =

p-1 =±y-y

p = l±

y =

y

=>

=>

=>

(i)

p + x

Y-y
=>

or, Y - y = p (X - x), where p =

0 or, x =

0:

0 => p = C (constant)

y = Cx+

& 
dx

dx
/ \

This meets the coordinate axes at A x-^'O and 
k P J

J-
x

X

= 
dx

Putting p = C in (i), we obtain
aC

C-l
This is one form of the curve, which represents a family of 

straight lines.

(P"1)2 = ^

( yX -•z-
l p
(px - y)'

P2

(y-px)2(l + p2) = a2p2

—+ (y —px)2 = a2

tive of the value of C. Clearly, these points are placed at equal 
intervals on the line x = -1.
EXAMPLE 22 Find the differential equation of all curves ivith the 
property that the sum of the intercepts made by the tangent at any 
point on the curve on the coordinate axes is constant. Find all forms 
of the curve satisfying the given property.
SOLUTION Let y =f (x) be the equation of the curve satisfying 
the above property and let P (x, y) be any point on it. The 
equation of the tangent to the curve at point P (x, y) is

= ^(X-x) 
dx

= a2

=> y = px +

B(0,y-px).
It is given that
AB = a (constant)

=> AB2 = a2
2
I 2+ (y-px)

dp 
=> P = P + Xdx-

ap
P-1

This is the required differential equation.
Differentiating (i) w.r.t. x, we get

dx ” dx (p _ i)2 dx

a dp

a AX - --------z = 0( (P-1)2J
= 0 or, x = —

dx (r-i)2

CASE! When& =
------- dx

In this case,

Putting the value of p in (i), we obtain

y = (1 ± x ± a (1 ±

1 (x + fax)

_ (fx ± (x± >/flX)
fx

xfx ±fa x±fa x + afx
* =------------- -----------------

y = x + a ±2 fax

(y-x-fl)2 = 4ax

=> x2 + y2 - 2xy - lax - lay + a2 - 0 ...(iii)

This equation represents a parabola as it satisfies h =ab. 
Hence, the required curves are given by (ii) and (iii).

EXAMPLE 23 Form the differential equation of curves for which the 
length of the portion of the tangent intercepted between the coordinate 
X-axes is constant. Obtain the equation to such curves.
SOLUTION Let y =f (x) be the curve and let P (x, y) be any point 
on it. The equation of the tangent to the curve at P (x, y) is

( dx 'This meets the coordinate axes at A x-i/~'O and «y

J dxk /
Thus,

a__
(p-l)2'

In this case, we have
a x =------- -

(p-l)2

X - intercept of the tangent = x - k where p =

and, y - intercept of the tangent = y - px
It is given that the sum of the intercepts made by any 

tangent to the curve is constant. Therefore,
v

x-^+y-px = a (constant)

y[1-p =

••-(ii) .
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(0

=>=>

a=* 0 = x±

=>

= 0
-ZXy2 = 2X?

...(i)=>

y = Cx± ,(ii)

= 0:

2Xx2Xx + C=> ve~

.2

y2 = -I2.i 1 
’ x a2

X=>

Substituting p2 = in (i), we obtain

y = px±

=*

=? Y-y

(iii)

.+p‘

1+x

dfy2) 
dx

_1_
4X2

where v = y2
This is a linear differential equation

I.F. = e~l2Xdx = e~2kx
Multiplying (i) by e~

e

x = ± 
a+/r-

( 2>1/3

,2/3_?/3
X2'3

-xe 2Xx
2X

___P2 
(l+p2)3/2dx

=> y-px = ±

=> y = px ±

ve 2^x

CASED Whenx±
(1+/)'

In this case, we have
a___
,2.3/2

This is the required family of curves.
EXAMPLE 25 The tangent at a point P of a curve meets the Y-axis 
at A, and the line parallel to the Y-axis through P meet the X-axis at 
B. If area of triangle OAB is constant (0 being the origin), then form 
the differential equation of the curve and show that the curve is a 
hyperbola.
SOLUTION Let the equation of the curve be y=/(x) and let 
P (x, y) be any point on it. The equation of the tangent at P is

= ^(X-x) 
dx

( dy\
It meets Y-axis at A 0, y - x -p- .J dx 

\ J
The coordinates of B are (x, 0).

- 2X _ —e-2^x" 2A 2Xe

a^-x2'3 
x2'3

^-2Xu = 2A.X2, 
dx

2Xl + C

2 fl' => p =-

2 1 y and integrating, we obtain

~2Xxdx

EXAMPLE 24 If the length of the subnormal at any point P on the 
curve is directly proportional to OP2, where 0 is the origin, then form 
the differential equation of the family of curves and hence find the 
family of curves.
SOLUTION Lety =f (x) be the curve and let P (x, y) be any point 

on it. Then, the length of the subnormal at P = y

It is given that
Length of the subnormal at P « OP2

y% = X0?2' A *S ct,nstant proportionality

=» y^ = Mx’+y2)

^-2x^-2^

2kx dx

Nl + p‘
This is the required differential equation.
Differentiating (i) w.r.t. x, we get

= p + x~-±a dx r dx
1 dp

Jl+p2 dx

± a dp 
(l+p2)3/2dx 

dp
(1 + p2)3/2 J dx

a___
,2.3/2

. , — 2 X x _ n i X2 o~ 2 X x 
=> ve -2X "2Ae

dp n 
j = 0 or x ± 
dx (l+p2)^2

CASEI When~^ = 0: 
dx

In this case, we have
dp

= 0 => p = C (constant)

Putting p = C in (i), we obtain 
aC

as the required solution.
a___
,2,3/2

X -2Xx 1
V ’2X2

(«/x)1/3

=» y = px±a2^3x1/3p

y2 = P2?/3(?/3±?/3)2

=> y2 = («2Z3 - ?Z3)3 or, y2 = (a273 - x2/3) (?/3 + «2/3)2 

?73 + y3/3 = s2/3 or< y2 = (fl2/3 _ ?/3) {?/3 + fl2/3)2 

Hence, the required curves are given by (ii) and (iii).
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0=>

=>=>

= k=S = c
y=>

2 2 .0)=* (x-l)z + (y-l)z = 2C
A(o.y=> y=f(x)

P(x.y)=>

0x' X

y'

Fig. 13.17

=>

The equations of the tagnent and normal at

Y-y

...(H)and,

X

-y = o

=>

fly
dx

dx /

2
+ 2x

respectively.

Lines (i) and (ii) cut X-axis at A and B respectively. So, the 
coordinates of A and B are

x3
Putting the value of C in (i), we obtain the equation of the 

required curve as

Y-y = -7- (X-x) 
fly 
dx

=> y

Y-y = (X-x)dy 
dx

dx

f^ 
dx . /

dy  - 2x ± ^4x2 + 4y2
dx “ 2y

x dy -1/ dx
x2

.fi/'l 2A" ,=> d H- = - —dxx \ /
On integrating, we get

i = 4+c
* x2

21.- -7 dx 
xJ

\\
\\
\ x
\
\
\ I
\ly

_________\i
B(x.o)

< j \

It meets the coordinate axes at A x + y~~ ,0 and• dx
/ j X \ • /

B 0,1/ + x ~ respectively.

_ dx

1 ♦ = 
d.V

(x -1) dx + (y - 1) dy = 0

On integrating, we get

(x-l)2 fa-I)2
2 2

(x-l)2 + (y-l)2 = 25.

EXAMPLE 27 Lety = f(x)beacurvepassingthrongh(l,'l3)siidi 
that tangent at any point P on the curve lying in the first quadrant 
has positive slope and the tangent and the normal at the point Pails 
the x-axis at A and B respectively so that the mid-point of AB is the 
origin. Find the differential equation of the curve and hence determine 
/«• 
SOLUTION 
P(x,y) are

It passes through (5,4). Therefore,

2516 + 9 = 2C => C = y

( dx (
A x-y — ,0 ,B x + y3 dy 7\ J /

,0 
k )

It is given that the mid-point of AB is the origin. Therefore,

 dx dy

—— = 0

'dp+

^ = 0 
dx

.’. OA = x + y “ and OB = 1/ + x 7k
• dx • dy

Now-^+ot = 1
1 ‘ = 1 

d.V
1/ + -V —dy

dy
x^dx

xy = k + Cx2

Cx - xy + k = 0, which is the required equation of the 
curve.

For this curve, we have

A = - 7 # 0 and h2 - ab = 7 > 0.
4 4

So, it represents a hyperbola.
EXAMPLE 26 A normal is drawn at a point P (x,y) of a curve. It 
meets the X-axis and Y-axiz in the points A and B, respectively such 

that = 1, where O is the origin. Find the equation of such

a curve passing through (5,4).
SOLUTION Let the equation of the curve be y=/(x) and let 
P(x,y) be any point on it. The equation of the normal at 
P(x,y) is

It is given that
Area of A OAB = k (constant)

| OB x OA = k

r
^x y-x

\
x(i/dx-xdy) = 2k dx

J j 2A- J y dx - x dy = — dx

1
2

dx
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=>

=>
• = dx

(i)=> 2

[On integration]...(iii)l=» V

logx = ±2=>
I 2

X ==>

Let T be the temperature of the substance ar any

Y-y

= — k dt=>

...(i)

=>

=5

=> =>

36

DIFFERENTIAL EQUATIONS

<
y-x

<

As it passes through (1, V3). Therefore

2 = 1+ C => C = 1.
Putting C = 1 in (iii), we obtain the equation of the required 

curve as

Product of the coordinates of P 
(Slope of the tangent)2 x (Sub tangent)

V 
dy/dx

dx 
7

v + x~r~v = ± Vu

C = log 80 and k = -^ log 2.

Putting the values of C and k in (i), we obtain 
log (T - 290) = log 2 j t + log 80.

When T = 295 K, we have

fl 'I
log 5 = - — log 2 t + log 80

,.^>o dx

f dyf 
=

y“Xd^ = ±^xy

=» x^-y = ±^

=> =±4*
dx X X

This is a homogeneous differential equation. Putting
. dy dv y=vxand*7t = v + x — > we get 
dxdx

____
f, \2

dx
\ /

It is given that: 
Y- intercept 
Sub normal

dx 
yd̂  
y dx

^x2 + y2 = x +1 or, y2 = 2x +1

EXAMPLE 28 A curve passing through (1, 0) is such that the ratio 
if the square of the intercept cut by any tangent off the y-axis to the 
abnormal is equal to the ratio of the product of the coordinates of the 
[oint of tangency to the product of square of the slope of the tangent 
and the subtangent at the same point. Determine all such possible 
curves.
SOLUTION Let y =f (x) be the equation of the curve and let 
P (x, y) be an arbitrary point on it. The equation of the tangent 
at(x,y) is

= ^(X-x) 
dx

This meets Y-axis at fo, y - x

x

EXAMPLE 29 The rate at which a substance cools in moving air is 
proportional to the difference between the temperatures of the sub­
stance and that of the air. If the temperature of the air is 290 K and 
the substance cools from 370 K to 330 K in 10 minutes, when will the 
temperature be 295 K.
SOLUTION L_ 
time t.

Then,

a-(T-290)
dr

? = -k(T-290)
dr

dT
T-290

=* log(T-290) = -kt + C

When t = 0, T = 370 K and when T = 10, t = 330 K.

.-. log (370 - 290) = C and log (330 - 290) = - 10k + C

C = log 80 and log 40 = -lOk + C

C = log 80 and log 40 = - 10k + log 80 
<80>

=» C = log80 and 10k = log

Y-intercept = y - x

+/ = x + C

dy - x + <x2 + y2
dx " y

=» ydy + xdx = vx2+ y2 dx

1 d (r2 + y2
3 W

dv
’ " dx

dv , dx 
-7“ = ±---
VU X

2 fv = ± log x + log C

= ± log x + log C

It passes through (1,0). Therefore,
0 = + log 1 + log C => log C = 0 => C = 1 

Putting C = 1 in (i), we obtain

2 = ± log x
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=> =>

= -2X=>

x = - 2 X t + C=> =>

=> C = 2, X = —

,2 ,2 r4=> ~ (n x 2.5)z x /i) = - 71 (2.5/ x 10'

=> 71X (2.5)2 — = - 71 (2.5)2 x 10“ 4 x 2.5 Ji

=>

(i)

...01
t

c
i

x

J3 A

-s

= -xs=s

Fig. 13.18

In order to find the volume V of the water at time I, let us 
consider a water layer of thickness dx at a depth x below the 
centre 0 of the hemispherical tank. Then,

dV = n(P-x2)dx

It is given that 
dV 
dt " 

dV 
dt

x 2.5Ji

At t = 0, we have, x = 2 and at t = 3, x = 1

/. C = 2 and 1 = - 6X + C

On integrating, we get 

2Ji = - 2.5xlO"4f + C
At t = 0, we have h = 3 rri

/. 2<3 = C
Putting the value of C in (i), we obtain 

2Ji = -2.5xlO-4t + 2V3

- 2(V3-/Q
~ 2.5x10" 4

CX O'------

= 8 (Vy-/z) x 103

When x = 0, we have, -|t + 2 = 0 => t = 6.

Thus, the mothball will vanish completely in 6 months. 
EXAMPLE 32 A hemispherical tank of radius 2 metres is initially 
full of water and has an outlet of 12 cm2 cross-sectional area al the 
bottom. The out let is opened at some instant. The flow through ilu 
output is according to the law v (f) = 0.6 ^2gh (f), where v (I) aid 
h (t) are respectively the velocity of the flow through the outlet and 
the height of water level above the outlet at time t, and g is the 
acceleration due to gravity. Find the time it takes to empty the hint

[IIT2001]
SOLUTION Let at any instant t the height of the water level 
above the bottom of the hemispherical tank be h metres and r 
be the volume of the water. Then,

dV
dt

% = -2.5xlQ~4Ji 
at

When h = 0, t = 8^3 x 103 sec.
EXAMPLE 31 Suppose that a mothball loses volume by evaporation 
at a rate proportional to its instataneous area. If the diameter of the 
ball decreases from 2 cm to 1 cm in 3 months, how long will it take 
until the ball has practically gone.
SOLUTION Let V be the volume, S the surface area and x the 
diameter of the mothball at any time t. Then,

V = x3 and S = 7t x2
6

= -TtX.V2

Hence, the temperature will be 295 K after 40 miniutes.
EXAMPLE 30 Find the time required  foracylinderical tank of radius 
2.5 m and height 3 m to empty through a round hole of radius 
25 mm in the bottom of the tank, given that water flows from this 
hole with velocity 2.5 Ji m/sec, h being the depth of water in the 
tank.
SOLUTION Let V be the volume of the water in the tank at any 
time t and h be the height of the water in the tank. Then,

x = -11 + 2

1 log ill = log

ri "i— log 2 t = 4 log 2

t = 40

dfn 3) 
dt 6\ /
dx
dt

dV

- -12xlO'4xO.6'/?g/l(O

= - 72 x 10” 4 ^2gh , where h = h (f)

= -12x10"4v(0

dh = -2.5x10" 4 di

1
6

d
dt

2dh
dt

<80
5
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■

r2= 71
r-h

= 71

= 71

and = -KV

and=>

(ii)

From (i) and (ii)

n(2rh-h2)^ = -72xl0"4 <2gh

r = 2m]

=>

dt =

lvP0 = 2V0]it4 =>=> 72x10“

0
4=> 72xlO“4T =

2

71

=> 72x10'
[Putting v = V and t = T in (i)]

=> T =
=>

T =
=> T =

71 
^■|_5

0
J (/73/2-4<)d/t
2

r
= J 7i (r-x2)dx
(r-h)

log 2 log 2
log (4/3) log 4 - log 3

r

(r-h)

X’3

T 

f dt = 
t = o

= ^[3r/i2-/:3] 
0

^(r-r + Zi)-^ (r3-(r-/z)3)

'56VP|
.15 J

1___
72x10“ 4

F4T =

Hence, the hemispherical tank will be emptied out in time 
T = —^r-x 104.

135 vg
EXAMPLE 33 A and B are two separate reservoirs of water. Capacity 
of reservoir A is double the capacity of reservior B. Both the reservoirs 
are filled completely with water, their inlets are closed and then water 
is released simultaneously from both the reservoirs. The rate of flow 
of water out of each reservoir at any instant of time is proportional to 
the quantity of water in the reservior at that time. One hour after the 
water is released, the quantity of water in reservoir A is 11 times the 

quantity of water in reservoir B. After how many hours do both the 
rcsevoirs have the same quantity of water ?

) 3

xlO4.

A + ^Sr^-sA-h3)

\ 7

=> loSm-lo8 v~ w
log vxT = r v°)
logfe| = -f(k-K) ...(i)

3At t = 1, it is given that v = - V. Therefore,

= 7t(2r/I-/:2)^

, f 3^ 
log 9 = T log4

k

log (1/2) =
log (3/4) '

7% ( 15 J
JLX — 12x 
12g 15

7ti
' 135?g

dV 
dt

=> log v = - k t + log Ci and log V = - K t + log C2 
Initially i.e. at t = 0, v = vq and V = Vq.

log Cj = log v0 and log C2 = log Vo.

Thus, log v = - kt + log vQ and log V ?= - Kt + log Vo

log — = - kt and log — = - Kt
°0 ^0

1 ' \ 7

(V}- ;;i x)
\ 7

. dV. dh . 2 dh => ^7 = 71 2rh~~ ~n — at dt dt

dV 71 a i dh oU dh=> 77 = ~ 6r h — - 3/7 —dt 3 . dt dt

HIT 19971
SOLUTION Let v0 and be the capacities of reservoirs 
A and B respectively. At any time t, let v and Vbe the volumes 
of the water in the reservoirs A and B respectively.

It is given that vq = 2 Vo.
. i dv ,Also,— = -kvat

= -kdt
V

log v = - k t + log Cj

=> n(4h~h2)^ = -72xl0~412gh

(4>lh - h3/2) dh = - 72 x 10“ 4 dt

=> 72 x 10“ 4 dt = (h3/2 - 4<) dh

=> 72xlO"4T =

dV.
dt

dV
dt

71

3

log I =K-k 
\ /

Suppose after T hours both the reservoirs have the same 
quantity of water i.e. v = V. Then,

log =-T(k-K) 
k 7 rn
2 

\ 7
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0=> ,2

= 0x±=>

0 or, x ±=>

= -kdt=>
= 0p = cor, x±=>

...(i)

,2
log 2=> k =

x + ,2

.2

log 10 - - =>

t =

-T-l=>

=>

p=±=>

+ 1±y = ±

y = ±= 1

= 1, where p = f' (x) =>=>

>y =

(ii)=>

= iVl-x2y = ±=>

+ 1 dx

-1-?
77

dx

= 
dx

dx

P

+ 1 dx

= d^L 
dx

x2 
1 -x2

1-x2 
x2

CASE I When p = C
Putting p = C in (ii), we get
y = Cx ± "Vc2 +1, which is the family of equations of the 

required curves.

. CASE n Whenx±

- x^ +1 
?T7,y =

= 0
p +1

In this case, we have to eliminate p from (ii) and

TT= = 0.
Vp2 + 1
Now,

example 34 According to Newton's law, the rate of cooling is 
proportional to the difference between the temperature of the body and 
the temperature of the air. If the temperature of the air is 20°C and 
the body cools for 20 minutes from 100°C to 60°C, how long will it 
take for its temperahire to drop to 30°C.
SOLUTION At any time T, let the temperature of the body be 
T°C. Then,

= -k (T-20)dt
dT

T-20

0
P+1

Substituting the values of log C and k in (i), we get 

log 2] f +log 80

Xvr?
Putting this value of p in (ii), we get

x2

p+i

±"r=i

=> log (T - 20) = -kt + log C

It is given that at

t = 0,T=100°Cand atf = 20x60sec,T=60°C

log 80 = log C and log 40 = -1200 k + log C

=> log 40 = - 1200 k + log 80

1
1200

~xp
P + 1

=> y-px = ±vp2 + l 

y = px ± vp2 +1

-£-± 1 
a/1 -x2 Vl -x2

x^ 
dx

(1 + x2)

1+X2 x2-!
y = ^7'y = ^

x± 1 f = 0 
vp2 + l

2 
x2 = -£—

P + l 
p2 + l = 1 

p2 =?

1 = 1-1 
p2 X2

J_
P2

dp p+x~f-± dx

log (T-20)= -

Putting T = 30°C, we get

log 2'11 +log 80
\ 7

log 8 = 3600 sec. = 60 minutes, 
log 2

example 35 Lety-ftxjbe a curve having property that distance 
of any tangent of the curve from the origin is always equal to 1 unit. 
Form the differential equation of the curve and hence determine all 
such curves.
SOLUTION The equation of the tangent at any point 
P (*,/(*)) to the curve y =/(x) is

Y-/(x) = /'(x)(X-x)

=> Xf'(x)-Y+f(x)-xf\x) = 0 ...(i)
It is given that the distance of any tangent of the curve 

y =/(x) from the origin is always 1 unit. Therefore,
Length of the perpendicular from the origin to (i) = 1

/(x)-xHx)
#(z)p + l2
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(ii)

2

y-y

(i)0

(i)y-/w = /'(x)(x-x)

/(*)P(x.y)

X

4

= I X I
+ 1

[On integration]=>
=5

(iii).2=5

=9

-dx

respectively.
It is given that (i)

EXAMPLE 37 
x

' x
and, Y-J /(f) dt = /(x) (X-x)...(ii)

— DO

X

log J/(f)rff = log/(x) + log C
— oo

x2 + y2 = 1, where Ce R.

=» .« = ± r
l+x2 

nTT?

i r i r i- = Cxl=>C = -.

\ y=f(x) 

m \

Putting C = | in (iii), we get

/ 2
? i, (dy j 

= rl + T’ dx1 k J 
fdyf 
dx k y x

=> j/(f)df = C/(x)
— oo

X 

y = J/(f)df

=>^ =
dx

= xW

I lence, the equations of the curves are
2

1/ = C.V + Vc2 + 1 ,1/ = ± - f—'’2 ■

EXAMPLE 36 Let f (x, y) be a curve in the xy-plane having the 
property that distance from the origin of any tangent to the curve is 
equal to distance of point of contact from the y-axis. If f (1,2) = 0, 
determine all such possible curves.
SOLUTION Let P (x, y) be any point on the curve. Then, the 
equation of the tangent at P (x, y) is

f (x)

f(x) _
X

— oo

It is given that (i) and (ii) intersect at the same point on 
X-axis. Therefore, putting y = 0 and equating X-coordinates 
obtained from (i) and (ii), we get

x 
IfWdt

— oo
= X" /(X)

f(x)
/(X)

,x2 + ir = i.

___ /_
0.
!y'

=> X^-Y + y-x^ = 
dx J dx

iy

Fig. 13.19

It is given that the distance of (i) from the origin is equal to 
the distance of P (x, y) from y-axis. Therefore,

dy 
y~xT3 dx

* I j
( j 2 dy i
.M'7• dx ! k / 

! dy j2

2 , dy y -Ivy-/ = x J ' dx
=> y2dx-2xydy = x2 dx 

lxydy-y2dx = - x2 dx 

xd (I/2) - I/2 dx
•) X"

/ V2 ,
d — = - dxI x

X /

0
It is given that at x = 0,/(0) = 1 and j /(f) dt = |.

— oo

=> ^- = -x + C
X

=> y2 = - x2 + Cx
This passes through (1,2). Therefore,

4 = -1+C => C = 5

Putting the value of C in (ii), we get

y2 = -x2 + 5x

This is the equation of the required curve.
Given the curves y =f(x) passing through the point 

(0,1) and y = j/ (f) dt passing through the point 10, | . The tangents 
— oo \ J

draivn to both the curves at the points with equal abscissae intersect 
on the x-axis. Find the curve y=f(xf
SOLUTION The equations of the tangents to the curves

X
y =f (x) and y = Jf(t) dt at arbitrary points on them are

— oo

.2 J
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=>

= 2=>
[Given]=>

(i)

Y-y

Qo -

•(Hl)

2y

[From (ii)J-y

,(iv)

3P
100

90
100

Hence, the requation of the curve C is xy = 1.
EXAMPLE 39 A country has a food deficit of 10%. Its population 
grows continuously at a rate of 3% per year. Its annual food produc­
tion every year is 4% more than that of the last year. Assuming that 
the average food requirement per person remains constant, prove that 
the country will become self-sufficient in food after n years, where n 
is the smallest integer bigger than or equal to

In 10-ln9
In (1.04)-0.03 '

= 0.9k PQ

dx _ _di[
x " y

log x = -logy + logC

xy = C

The curve passes through (1,1). Therefore,

C = 1

2/(x) = /'(x)
f'(x)
/(x)
log l/W I = 2x- + logC1

=> /(x) = C] e^

At x = 0, we have/ (0) = 1.

/. = 1.

Hence,/(x) = e2*.

EXAMPLE 38 A curve C has the property that if the tangent drawn 
at any point P on C meets the coordinate axes at A and B, then P is 
the mid-point AB. The curve passes through the point (1,1). Deter­
mine the equation of the curve.

I > kP0e°-03t

fio')
fin (1.04)-0.03 f > In y

f(In(1.04)-0.03} > In 10-In9

" 9

x
f /(0 dt = |/(x)

— oo

Differentiating both sides w.r.to x, we get

/(x) = | /'W

y(1.04)f > e0-03'

dx I ‘
It is given that P (x, y) is the mid-point of AB. Therefore, 

x-yg = 2xandy-xg =

dx

( 4 Y
••• Q = 0.91c PO1+-

This gives the quantity of food available in year t.
The population in year t is
P = P0e°-03t

Therefore,
Food consumption in year t = k PQ e0031

The country will be self-sufficient, if 

Q>-P

This meets the coordinate axes at A

0,y-x

[IIT1998]
SOLUTION Lety = /(x) be the equation of the curve.

The equation of the tangent at any point P (x, y) is
= ^(X-x)

dx

=* 0.9k PQ 1+ —

( dxf\
x-u~'0\ andI J

=> (1.04)'e-0’03'

[IIT 2000] 
SOLUTION Let Po be the initial population of the country and 
Qo be its initial food production. Let P be the population of the 
country in year t and Q be its food production in year t. Then, 

dP— = rate of change of population

dP 
dt
dP=> ~ = 0.03 dt

=> log P = 0.031 + C
Att = 0, wehaveP = ?Q.

log Po = C

Substituting the value of C in (i), we get 
log P = 0.03f + log Po

=>. P = P0e0 03' ...(H)

It is given that the annual food production every year is 4% 
more than that of the last year. Therefore,

f 4 Y
Q " Q° 1 + ioo 

\ /
Let the average consumption of food be k units per person. 

Then,

4
100
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=>=> t>

=>

=>

=>

=> T = -

=>

BRA

A' ■^7

hS

V

Fig. 13.20=>

EXERCISE 13.9

with x-axis.

6.

0 
-T—

I-+"
I

■ 

<

tan

an angle

<-r<-
C-fe-/

/■

dr = -k j dt, where T is the required time
0

tan 0 = j n

1. The decay rate of radium at any time I is proportional to 
its mass at that time. Find the time when the mass will be halved 
of its initial mass.

2. Experiments show that radium disintegrates at a rate 
proportional to the amount of radium present at the moment. 
Its half-life is 1590 years. What percentage will disappear in one

_ log 2
year ? [Use : e 1590 = 0.9996]

3. The slope of the tangent at a point P (x, y) on a curve is

If the curve passes through the point (3, - 4), find the 

equation of the curve.
4. Find the equation of the curve which passes through the 
point (2,2) and satisfies the differential equation

y dx * dx

In 10 - In 9
In (1.04)-0.03

Thus, the least integral value of the year n when the country 
becomes, self-sufficient is the smallest integer greater than or 
equal to

In 10-In 9
In (1.04) -0.03 ’

EXAMPLE 40 A. right circular cone with radius R and height H 
contains a liquid which evaporates at a rate proportional to its surface 
area in contact with air (proportionality constant = k >0). Find the 
lime after which the cone is empty. [IIT 2003]
SOLUTION Let the semi-vertical angle of the cone be 0 and let 
the height of the liquid at time 't' be 7/ from the vertex V and 
radius of the liquid cone be r.

Let V be the volume of liquid at time t. Then,

V = | nr2 h 
o

=> V = | n r3 cot 0 v tan 0 = 7 h

Let S be the surface area of the liquid in contact with air at
time I. Then, S = nr2

It is given that
dV
dt *

dV=> = - kS, where k is the constant of proportionality.

d fl‘ -r - nr3 cot 0 = - k n r2
dt 3 I

n r2 -J cot 0 = -knr 
dt

~ cot 0 = - k 
dt
cot 0 dr = — k dt

o
cot 0 J

K

Rcot 0 = kT
R cot 0

k
H
k

5. Find the equation of the curve passing through the point

1,7 and tangent at any point of which makes
I 4 /

-1 (y 2 if]1 - cos •2-I X X I
Find the curve for which the intercept cut off by a tangent 

on x-axis is equal to four times the ordinate of the point of 
contact.
7. Show that the equation of the curve whose slope at any 
point is equal to y + 2x and which passes through the origin is 
y + 2(x + l) = 2?T.
8. The tangent at any point (x, y) of a curve makes an angle 
tan-1(2x + 3y) with x-axis. Find the equation of the curve if it 
passes through (1,2).
9. Find the equation of the curve such that the portion of the 
x-axis cut off between the origin and the tangent at a point is 
twice the abscissa and which passes through the point (1,2).

B' I
I H
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-2.

ANSWERS
1

2. 0.04%

6. tan

3x + C

9. xy = 2 10. y =
27. x = y + fl

28. xy = 1

—□□□ —

5. 2xy-2r-y-2 = 0

x
x + 1

12. 3(x + 3y) = 2(l-?x)

14. x2 4-y2 = Cx

26. a +y = 2axy‘

25. y = x3 - 2X2 + x + 5, Max. = 7, Min = 5 

-- ,3 , „3 _ O„V1,2

1. - log 2, k is the constant of proportionality 
K

3. x2 + y2 = 25 

y
X 

\ .

8. ye~3x =

l + e> *

k 7

7. e~x* = Cy4

11. 9y + 4x2 = 0
13. y +1 = 2 //2

, where k = (2 + log 3)

20. Show that a particle P(x,y) which moves so tha 
^=ax + hy+g,^ = - (hx + by+f) always lies on a conic sec 

tion.
21. The part of the normal between P (x, y) of a curve and the 
x-axis is a constant k. Find the differential equation of the famih 
and show that the curves are all circles.
22. The population of a country increases at a rate proportional 
to the number of inhabitants. If the population doubles in 30 
years, find the number of years in which it will trible.
23. Show that all the members of the family of curves repre­

sented by + y tan x = sec x pass -thorugh (n/2, 1).

24. Show that the curves represented by the differential equa­

tion touch the x-axis at the origin.
2

25. For a certain curve y =f (x) satisfying = 6x - 4,/(x) has 

a local minimum value 5 when x = 1. Find the equation of the 
curve and also the global maximum and global minimum 
values off (x) given that 0 < x < 2.
26. The tangent at any point P (x, y) of a plane curve meets the 
X-axis in Q. If the area of A OPQ is constant equal to a2 (where 
O is the origin), find the equation of the curve, if it passes 
through (0, a).
27. Determine the equation of the curve passing through the 
point (3a, a), a > 0 in the form x=f(y) which satisfies the dif­
ferential equation

16. x2 + y2-6x-7 = 0

19. x2 + y2 = 25

15. y2 = 4x

18. x2 + y2 = cx

22. 30 log2 3 = 48 years.i (e'

= !°g ~
k /

'2 1V
-3X-9 '

/
(x -1 + log x)

a2 dx _ x^y
xy dy~ y x

28. A curve C has the property that if the tangent drawn at 
any point P on C meets the coordinate axes at A and B, then P 
is the mid-point of AB. The curve passes through the point 
(1,1). Determine the equation of the curve.

10. Find the equation to the curve satisfying x(x + l) 

- y = x(x + 1) and passing through (1,0).

11. Find the equation of the curve which passes through the 

point (3, - 4) and has the slope at any point (x, y) on it.

12. Find the equation of the curve which passes through the 
origin and has the slope x + 3y - 1 at any point (x, y) on it.
13. At every point on a curve the slope is the sum of the 
abscissa and the product of the ordinate and the abscissa, and 
the curve passes through (0,1). Find the equation of the curve.
14. A curve is such that the length of the.perpendicular from 
the origin on the tangent at any point P of the curve is equal to 
the abscissa of P. Prove that the differential equation of the 
curve is y2 - 2xy - x2 = 0, and hence find the curve.

15. Find the equation of the curve which passes through the 
point (1,2) and the distance between the foot of the ordinate of 
the point of contact and the point of intersection of the tangent 
with x-axis is twice the abscissa of the point of contact.
16. The normal to a given curve at each point (x, y) on the curve 
passes through the point (3,0). If the curve contains the point 
(3,4), find its equation.
17. The rate of increase of bacteria in a culture is proportional 
to the number of bacteria present and it is found that the 
number doubles in 6 hours. Prove that the bacteria becomes 8 
times at the end of 18 hours.
18. A curve is such that the length of the perpendicular from 
the origin on the tangent at any point P of the curve is equal to 
the abscissa of P. Prove that the differential equation of the 
curve is y2 - 2xy - x2 = 0 and hence find the equation of the 

curve.
19. A particle moves so that its velocities parallel to the axes 
of x and y are respectively - ky and kx, where k is a constant 
different from zero. Find the path of the particle if it passes 
through (3,4).
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ILLUSTRATIVE EXAMPLES

(i) -2C = 0

-(ii)(ii)2Cx

[By eliminating C]0y =

(iii)

=>

On integration, we obtain

dx2y = x

This is the differential equation representing the given 
family of circles.

To find the differential equation of the orthogonal trajec­

tories, we replace by - in (iii).

Thus, the differential equation representing the orthogonal 
trajectories is

EXAMPLE 1 Find the orthogonal trajectories of the curves y = Cx2, 
where C is an arbitrary constant.
SOLUTION The equation of the given family of curves is

y = Cx2
Differentiating (i) w.r.t. x, we get

dx
Eliminating C between (i) and (ii), we obtain

2x dx
\ /

This is the differential equation of the family of curves given 
in(i).

The differential equation of the orthogonal trajectories of (i) 

is obtained by replacing by - in (iii).

Replacing by in (iii), we obtain

_ dx
2y = ~xj~

dy
=> lydy = -xdx

On integrating, we obtain

y2 = "T + c
y 2

=> x2 + 2y2 = 2C

This is the required family of orthogonal trajectories.
EXAMPLE 2 Find the equation of all possible curves that will cut 
each member of the family of circles x2 +y2-2Cx = 0 (C is a 
parameter) at right angle.
SOLUTION Here we have to find the orthogonal trajectories of 
the family of circles

13.8 ORTHOGONAL TRAJECTORIES OF CURVES
In this section, we shall discuss another interesting applications 
of differential equations for finding curves that intersect given 
curves at right angles.

ORTHOGONAL TRAJECTORY Any curve which cuts every member 
of a given family of curves at right angles is called an orthogonal 
trajectory of the family of curves.

For example, y = x is an orthogonal trajectory of the family 
of circles x2 + y2 = a2.

To find the orthogonal trajectories of a given family of 
curves, we follow the following steps:

ALGORITHM
STEP I Obtain the given family of curves, say f(x, y,c) = Q where 

cisan arbitrary constant.
STEP II Formulate the differential equation representing the family 

of curves in step I by eliminating the arbitrary constant (s).

STEP IH Replace *n differential equation obtained in

step II to obtain the differential equation repreenting or­
thogonal trajectories of the given family of curves.

STEP IV Solve the differential equation obtained in step III to obtain 
the required orthogonal trajectories.

Following examples will illustrate the above algorithm.

=> y2-*2 = 2xy^~
3 J dx

From (i) and (ii), we obtain 

x2 + y2-2x x + yjf| =

=> y2-X2-2xyyL = 0
7 7 dx

x2 + y2-2Cx = 0

Differentiating (i) w.r.t. x, we get

2x + 2y^
7 dx

r ^Lc= vdx

fdy = ?dy-2xydx

JT

-dy = d £-|
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...(i)
= -dx

0

d -dx

[On integration]=>

= o

EXERCISE 13.10
,2

3. y = Cx"2

ANSWERS

6. y = Cx

—  □□ —

8. Prove that the family of curves 

is a parameter, is self orthogonal.

1. y2 = 2x + C

3. 2? + 3y2 = C

2. 2? + / = 2C

4. ?-2y2 = C

5. xy = C

7. y2 = 4 ax

6. x2 + y2 = a‘

Substituting the value of a in (i), we obtain

( ^11
x + yy- J dx

,2

2. y = C >lx

4- y ’?

x^+yL-ay = 0

dx

-y = 7+c
^-? = ?+cy
=> o^ + Z + Cy = 0

This is the required family of orthogonal trajectories.

EXAMPLE 3 Find the orthogonal trajectories of the circles 
x^ + y^-ay = 0, where a is a parameter.

SOLUTION We have,

y2 + x2 = Cx

REMARK If the orthogonal trajectories of a family of curves is same 
as the given family of curves, then the given family of curves is called 
self-orthogonal.

1. y = Ce~x

dx

=> a =

Find the orthogonal trajectories of each of the following family of 
curves :

=> 2x + 2y^
J dx

=* (A'2-?)^-2xy = o

This is the differential equation of the family of circles given 
in (i). The differential equation representing the orthogonal 
trajectories is

7-/

2xydy-y2dx = -x2dx

x d (y2) - y2 dx
x2

X k 7

= -x + Cx

Y2
—---- + — = 1, where A
a2 + X b2 + X

n dy2 x + y-f1-3 dx

dx

5. ^-y2 = C

7. 2? + y2 = C2



ADDITION AND SUBTRACTION OF VECTORS

14.3 TYPES OF VECTORS

14.2 REPRESENTATION OF VECTORS

CHAPTER

14

Vectors are represented by directed line segments such that the 
length of the line segment is the magnitude of the vector and 
the direction of arrow marked at one end emphasizes the 
direction of the vector. A vector, denoted by P&, is determined 
by two points P, Q such that the magnitude of the vector is the 
length of the straight line PQ and its direction is that from P to 
Q. The point P is called the initial point of vector P^ and Q is 
called the terminal point or tip. Vectors are generally denoted by 
^?^etc. .............. -p----------..................

The modulus, or module, or pjg 14 j
magnitude of a vector fl^is the positive 
number which is the measure of its length and is denoted by

COLLINEAR OR PARALLEL VECTORS Vectors having the same or 
parallel supports are called collinear vectors.

ZERO OR NULL VECTOR A vector whose initial and terminal 
points are coincident is called the zero or the null vector.

Thus, the modulus of the null vector is zero but it can be 
thought of as having any line as its line of support. The null 
vector is denoted by 0.

Vectors other than the null vector are called proper vectors.

UNIT VECTOR A vector whose modulus is unity, is called a unit 
vector. The unit vector in the direction of a vector a* is denoted by 
a, read 'a cap'. Thus, | a | = 1.

LIKE AND UNLIKE VECTORS Vectors are said to be like when they 
have the same sense of direction and unlike when they have opposite 
directions.

14.1 INTRODUCTION
Physical quantities are divided into two categories - scalar 
quantities and vector quantities. Those quantities which have 
only magnitude and which are not related to any fixed direc­
tion in space are called scalar quantities, or briefly scalars. Ex­
amples of scalars are mass, volume, density work, temperature 
etc. To represent a scalar quantity we assign a real number to 
it which gives its magnitude in terms of a certain basic unit of 
a quantity a of the level type. Throughout this chapter by 
scalars we shall mean real numbers. Second kind of quantities 
are those which have both magnitude and direction. Such 
quantities are called vectors. Displacement, velocity, accelera­
tion, momentum, weight, force etc. are examples of vector 
quantities.
NOTE It is to note here that in addition to magnitude and direction, 
two vector quantities of the same kind should be capable of being 
compounded according to the parallelogram law of addition. Quan­
tities having magnitude and direction but not obeying the paral­
lelogram law of addition will not be treated as vectors. For example, 
the rotations of a rigid body through finite angles have both mag­
nitudes and directions but do not satisfy the parallelogram law of 
addition.

EQUALITY OF VECTORS Two vectors a* and b* are said to be 
equal, written as a\ b, if they have

(i) the same length

(ii) the same or parallel support, and

(iii) the same sense.

| i?41. The modulus | fl4] of a vector fl4is sometimes written 
as a.
NOTE Every vector p£) has the following three characteristics: 

LENGTH The length of P^) will be denoted by | P^ | or PQ. 

SUPPORT The line of unlimited length of which PQ is segment is 
called the support of the vector P^).

SENSE The sense ofP^) is from P to Q and that of Q^ is from Q to 
P. Thus, the sense of a directed line segment is from its initial point 
to the terminal point.
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-a.

| = 1/a.

B

a+b b

R
A

0 a

~b

P0 B'a

Fig. 14.3Fig. 14.2

COTERMINOUS VECTORS Vectors having the same terminal point 
are called coterminous vectors.

CO-PLANAR VECTORS A system of vectors is said to be coplanar, 
if their supports are parallel to the same plane.

Note that two vectors are always coplanar.

= c

Therefore, in triangle OPR, we have 

cfr+p& = dk.

From Fig. 14.2 we have,

14.4 PARALLELOGRAM LAW OF ADDITION OF 
VECTORS

DEFINITION If two vectors a^and bare represented in magnitude 
and direction by the two adjacent sides of a parallelogram, then their 
sum c^is represented by the diagonal of the parallelogram which is 
coinitial with the given vectors.

Symbolically, we have

oft+O$= oft or, F+b

The null vector 0 is called the additive identity.
(iv) Existence of additive inverse: For every vector inhere cor­
responds a vector - a* such that

a\(-a} = 0*= (-af+T*
The vector - uls called the additive inverse of T*

CO-INITIAL VECTORS Vectors having the same initial point are 
called co-inilial vectors.

LOCALIZED AND FREE VECTORS A vector which is drawn paral­
lel to a given vector through a specified point in space is called a 
localized vector. For example, a force acting on a rigid body is a 
localized vector as its effect depends on the line of action of the force. 
If the value of a vector depends only on its length and direction and 
is independent of its position in the space, it is called a free vector. In 
this chapter we will be dealing with free 'vectors, unless otherwise 
stated. Thus a free vector can be taken anywhere in space by choosing 
an arbitrary initial point.

14.5 SUBTRACTION OF VECTORS
PJEFINITION If riband b*are two vectors, then the^subtraction of 
b from a* is defined as the vector sum of island - b and is denoted 
by a*- b*i.e., a*- b = a*+ (- b).

Thus, to subtract b from (^reverse the direction ofb and add it 
to a*as shown in Fig. 14.3.

Thus, it follows from this that if two vectors are represented in 
magnitude and direction by the two sides of a triangle taken in tlu 
same order, then their sum is represented by the third side taken in 
the reverse order. This is called the triangle law of addition of vectors.

NEGATIVE OF A VECTOR The vector which has the same mag-’ " shmcld be noted that the magnitude of not equal
nilude as the vector afut opposite direction, is called the negative of 
a*and is denoted by - a? Thus, if P^) = ajhen =

RECIPROCAL OF A VECTOR A vector having the same direction as 
that of a given vector a*but magnitude equal to the reciprocal of the 
given vector is known as the reciprocal of a*and is denoted by a ~1.

Thus, if | a* | = a, | a

Q"b

the sum of the magnitudes of a*and lx

PROPERTIES OF ADDITION OF VECTORS Addition of vectors 
has the following properties:

(i) Commutativity: Vector additon is commutative i.e.

a*+ b = b + a* for any two vectors (iand b.

(ii) Associativity: Vector addition is associative i.e.

(irt- b) + r) = (b + F) for any three vectorsb and c?

(iii) Existence of additive identity: For every vector o?we have

a*+Q*= a*= 0 + uf where 0* is the null vector.
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ILLUSTRATIVE EXAMPLES

0

b

0
C

(i)=>

= fiA + xA

=>

(ii)

=>

=3

=>

=$

\

F C

b

BA

o
Fig. 14.4

B& + cA = BA by triangle 
law of addition of vectors

[By triangle law] 

[By def. of null vector]

a
Fig. 14.6

By assoc, of 
vector addition

EXAMPLE 4 If a? b*are any two vectors, then give the geometrical 
interpretation of the relation

| ^+b*| = |

SOLUTION LetoA = fland AA = /^Complete the parallelogram 
OACB.Then,A = band cb = a.

C

D
/

/

B
7

h
I
i

I J 
h

Now, |

=>

A
B

(Obi + P^ + Pj^O* 

0^3 + P3~h = 0 

o?4=o^

a
Fig. 14.5

From AO AB, we have

oA + aA = db
a\b*= ob

From AOCA, we have,

oA+cA = oA
b + CA = T

CA = a^-b^

= | fl^-b*]

|oA| = (cA|
OB = CA

=> Diagonals of parallelogram OABC are equal
=> OABC is a rectangle
=> OA 1OC => a\ b*

EXAMPLE 5 //rt^and b*are the vectors determined by two adjacent 
sides of a regular hexagon, -what are the vectors determined by the 
other sides taken in order.
SOLUTION Let ABCDEF be a regular hexagon such that 
Ab = a^and bA = b* Since AD is parallel to BC such that 
AD = 2 BC. Therefore,

E

= Bb
= ?
Hence, fl^+b + c"^ 0*

EXAMPLE 2 IfPp P2, Py P4 are points in a plane or space and 0 
the origin of vectors, show that P4 coincides with 0 iff

A

i^+bV
= bAcA + AA

=p P4 coincides with 0 [By def. of null vector] .

EXAMPLE 3 IfP& + A = (A + show that the points P, Q, R 
are collinear.

SOLUTION We have,

p6+o^=qA + oA
=> P^ = Qb [By triangle law]

Thus, pfy and qA are either parallel or collinear. But Q is 
a point common to them. So, P& and qA are collinear. 
Hence, points P, Q, R are collinear.

EXAMPLE 1 If d?b? c^be the vectors represented by the sides of a 
triangle, taken in order, then prove that a*+ b + c^= ot 
SOLUTION Let ABC be a triangle such that B^ = afC/\. '=■ b*and 

| = Then,

oI>i+p^2+p2T>3+p3T’4=
SOLUTION We have, 

0S’1 + pA + /’A + P3^4 = ^

oA+pA)+pAj+Ah = o
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Ab = 2B& = 2h*

=>

=>

=>

B'
Fig. 14.7

[By triangle law of add.]

2=> ba
0 BA

=> Fig. 14.9

OX = rt, Ah=^, 

oh = oA+Ah

In AXBC, we have
Ab + Bb = At 

a*+b*= At

=> ZBOB' = ZBOX + ZXOB' = 60’ + 30’ = 90’

= a + ti

I - I

[By triangle law of add.]

Clearly, OA = | a^ |, AB = | b' |

and, OB = | o^+b*|.

Now, OB = OA + AB

I oh | = | oA | + | Ah |
=> | o+b*| = | o*| + | b*|

Hence, in general, ] o*+ b* | < | o* | + | b* |.

A A=> | a - b | = VA.
EXAMPLE 7 For any two vectors a*and b?prove that

(0 | «*+&*| s i^i + i^i
<ii) |o*-6*| < i^i + i^i

It is given that • 
A A A A

| | = | b | = | o + b.| = 1

=> OA = AB = OB = 1

=> &OAB is an equilateral triangle.

Since OX = | o | =1 = | — b | =AB'. Therefore,
A OAB' is an isosceles triangle such that Z.OAB = 120°

=> ZXB'O = ZXOB'= 30’

In ABOB', we have

BB'2 = OB2 + OB'2

22 = | a + b |2+ | a-b |

22 = l2+|o-b|2

(Hi) |«

SOLUTION (i)
CASE I When a? b*are non-collinear vectors:

Let the vectors o*and b be represented by sides 
oA and Ah of a triangle OAB. Then

oA + Ah = oh [By triangle law of add.)

?+b*= oh.
Clearly, | o*| = OA, | b* | = AB and | o*+b | = OB.

Since the sum of two sides of a triangle is always greater than 
the third side, therefore

OA + AB > OB

I oh | < | 0^ | + | Ah |
| o*+b*| <| o*| + | b*|

B

0 - Aa

Fig. 14.8

CASE II When aj b*are collinear vectors:.

Let oA = Ah = fcA Then,
a\b*=ok.+Ak = ok

~b\ > |o*In A ACD, we have

At+cb = Ab
cb = Ab-At

=> cb = 2 b*- (o + b) = b*- o^

Clearly, 5h =-Ah = -i^S = -B& = -b*

and, fA = ~cb =-(b^-a) = cw-bJ

EXAMPLE 6 If the sum of two unit vectors is a unit vector, prove 
that the magnitude of their difference is
SOLUTION Let oandl> be two unit vectors represented by 
sides OA and AB of a triangle OAB. Then,
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14.8 COLLINEAR VECTORS

ba ==>

Q.E.D.

Similarly,]/ = 0.

Hence, xa4 yb^= 0 =» x = y = 0.

[Using (i)]

l-T| = | b*u

As we have discussed in earlier sections that vectors having the 
same or parallel supports are called collinear vectors. Collinear 
co-initial vectors have the same support.

Thus, if flls a vector and m is a scalar, then vectors a*and 
mature collinear vectors.

In other words, two vectors fllmd bare collinear or parallel 
vectors iff there exists a scalar m such that a^= mb. o^and b are 
known as like or unlike parallel vectors according as m > 0 or 
m <0.

We can also say that two vectors fl^and b^are collinear or 

parallel vectors iff xa*+yb = 0 for some scalars x and y not both 
zero.

THEOREM If a*, bare any two non-zero non-collinear vectors 
and x, y are scalars, then

x«4yb^= 0*=> x = y = 0

PROOF If possible, let x * 0. Then,

xa*+yb = 0*

xa*= -yb>

14.7 LINEAR COMBINATION OF VECTORS
A vector rts said to be a linear combination of vectors at b, ct. etc. 
if there exist scalars x, y, z etc., such that

r*= xa*+ y b* + z c*+...

Note that a linear combination of vectors involves two 
linear compositions of the addition of vectors and the multi­
plication of vectors with scalars.

x \ /
=> riband b are collinear vectos.

This is a contradiction to the hypothesis that a^and b are 
non-collinear vectors. Therefore, x = 0.

m (-of = (- ni) a*= - (mat 

(- nt) (- at = ma*

m (no? = (mn) a*= n (mat 

(m + ri)a*= ma*+na* 

m bt = ma*+ mb*

14.6 MULTIPLICATION OF A VECTOR BY A SCALAR
Let m be a scalar and a^be a vector, then ma* is defined as a 
vector having the same support as that of a*such that its 
magnitude is | m ] times the magnitude of a* and its direction 
is same as or opposite to the direction of a*according as nt is 
positive or negative.

From the above definition it is evident that

a = | <T | a or,

(ii) We have,
| o^-b*| = | a*+(-b) |

< |^| + |-b*J
=> | a*-b*| < | + | b*|

(iii) We have,
M = | 5^-b^+b*!

< | a*-b*\ + | b*| (Using(i)J

=> | o*| - | b*| < | or, | ^-b*| > | - | b*|.

In the following sections, the linear combinations of the 
form xaf xa*+yb and xa*+yb + zc* will be of special interest 
to us.

a 1a = —— a:

It is also evident that two vectors (Tand b are collinear or 
parallel iff

a = m b for some non-zero scalar m.
For any vector nt we also define

1 iT>=flt(-l)fl^=-flandO« = 0?

For example, If at is a vector, then 3 if^is a vector whose 
magnitude is 3 times the magnitude of a*and whose direction 
is same as tha t of at- 3 n*is a vector whose magnitude is 3 times 
the magnitude of n^and whose direction is opposite to that of 
at
PROPERTIES OF MULTIPLICATION OF A VECTOR BY A SCALAR
The following are properties of multiplication of vectors by scalars.

For vectors at band scalars m, n, we have
(i)

(ii)

(iii)
(iv)

(v)
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ILLUSTRATIVE EXAMPLES

=> 1 + 2p = 0 and 3 - pX = 0

=> m = -1 and x =

(i)

...(ii)

From (i), we have

->

0)

(ii)
for some t e [0,1]<=> /1 (0g2 (0 ~/2 (0 gi (0 = 0From (i), we have

fe [0,1]Let F(t) = f(t)g2(t)-g} (0/2(0zaf= Xif-2b

and, b + if is collinear with if 
=> 7- c*= X2 fl* for some scalar

b and c*are 
non-collinear vectors

tf+b*= -c*=> if^7c*= (T
EXAMPLE 3 Let if b, if be three non-zero vectors such that any 
two of them are non-collinear. If 2b is collinear with fand 
b + 3ifs collinear ivith if then prove that if+ 2b + 6c*= o!
SOLUTION It is given that:

f+2b^ is collinear with c*

=> if+2b*= Xf for some scalar X 

and, 7+3F* is collinear with 7 

=> 7f3c*= |ifl*for some scalar g

Substituting this value of fl*in (ii), we get 

h + 3c*= p.(ff-2b)

=> (l+2|i)7+(3-pX)F*= 7

<n-2b + 6c7 = 0

EXAMPLE 4 I/fl*and "bare non-collinear vectors and vectors 
f= (x + 4y) fl*+ (2x + y +1) 7

and, 7= (-2x + y + 2)fl^(2x->3y-l)7 
are connected by the relation 3f= 2$, find x, y. 
SOLUTION We have,

3d* = 2[T

=> 3 {(x + 4y) cf+ (2x + y +1) 7
= 2{(-2x + y + 2)fl*+(2x-3y-l)7

=> (3x +12y + 4x - 2y - 4) «*+ (6x + 3y + 3 - 4x + 6y + 2) b*= 0 

=> (7x + 10y-4)fl*+(2x + 9y + 5)7= 0*

=> 7x + 10y-4 = 0 and 2x + 9y + 5 = 0

=> x = 2, y = -1.
EXAMPLE 5 Let 7(0 = /i (f) f+ f2 (t) J
and, 7(0 = (0 iA + g2 (f) /, t e [0,1],
where fvf2, g]z g2 are continuous functions.

—> —> —> A a
If A (f) and B (t) are non-zero vectors for all t and A (0) = 2i + 3j, 
7(1) = 6 f+ 2 f 7(0) = 3 / + 2 find 7(1) = 2 i + 6 f then show that 
7 (f) and 7(0 are parallel for. some t. [IIT 2001]
SOLUTION In order to prove that A (t) and B (t) are parallel 
vectors for some value of t, it is sufficient to show that

7(t) = X 7(f) for some X

« (/iWf+AWl = x {g, (0i + g2(f)f)
« A (0 = Xgi (0 and f2 (I) = Xg2 (f)

M) = gjW
~/2(0 ’g2(0

n*= f if-b

Substituting this value in (ii), we get
7+ c*=

=> (1+X2)7+(1-X1X2)c*= 7

=> 1 + X2 = 0 and 1 - Xj X2 = 0 [■.■ 7and clre non-collinear]

=> X2 = -1, X] = -1
Substituting the values of X] and X2 in (i) and (ii) respec­

tively, we get

EXAMPLE 1 If fllnd b*are non-collinear vectors, find the value of 
x for which the vectors a*= (2x +1) if- b and 0 = (x - 2) if+b are 
collinear.
SOLUTION Vectors a^and p will be collinear, if 

a*= for some scalar m
=> (2x + 1)a*-7= m((x-2)fl*+7
=> {(2x +1) - m (x - 2)} fl*- (m + 1) 7= 7

=> (2x + l)-m(x-2) = 0 and -(?n + l) = 0

=> m = -1 and x =

EXAMPLE 2 If a?b^ if are three non-null vectors such that any 
two of them are non-collinear. If a\b is collinear with c*and Th c" 
is collinear with if then find if+b + f^
SOLUTION It is given that:

fl4 7s collinear with c*
=> a^-7= \<f for some scalar Xj

1 , .=> p = - - and X = - 6

Substituting the values of X and p in (i) and (ii), respectively, 
we get
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= 6x6-2x21 = 32 > 0

f(l)=/1(l)g2(l)-^,(l)/2(l)

—□□□—
14.9 COPLANAR VECTORS

B

b

M P

r
yb

0 L Axa a

Now,

37

Fig. 14.10

O?’ = ol +iJ 
oh = ol +ok

=> x = x] and y = yl.

Hence, the representation is unique.

[By triangle law of add.]

[•.• Z? = dXl]

Since,/i,/2 gi and g2 are continuous functions. Therefore, 
F(t) is also a continuous function.

Also,

HO) =/j (0)g2(0)-g1 (0)/2(0)

= 2x2-3x3 = 4-9 = -5 < 0

and,

□Xf = y b*for some scalars x, y.

Q.E.D.

The above theorem can also be expressed as under:
Three vectors are coplanar if one of them is expressible as a linear 

combination of the other two.
COMPONENTS AND COORDINATES IN A PLANE RELATIVE TO ANY 
TWO NON-COLLINEAR VECTORS

Let a? ble two given non-collinear vectors and let rt>e a vector 
lying in the plane of (Hand b. Then, by the above theorem there 
exist scalars x, y such that

r*= xa*+yb.

The vectors xiHand i/iTare said to be components of vector 
rln the directions of (Hand b respectively. The scalars x and y 
are known as the coordinates of the vector ^relative to the 
non-collinear vectors (Hand b.

= rf Complete the paral­
as diagonal. Since vectors 

cXl = iHand ok =b*respec-

xa^+yb = x^+yjb

=> (x-x^iH+Cy-ypb = 0

Thus, F (t) is a continuous function on [0,1] such that 
F(0)F(l) < 0. Therefore, by intermediate, value theorem 
there exists some t e (0,1) such that

F(f) = O

=>/i(0g2(0-/2 (0g2(0 = o
=> ^(0 = X fify) for some X.

Hence, (t) and fT(t) are parallel vectors.

r = xa*+yb*.

Thus, r*= xa*+ yb*for some scalars x and y.

To prove the uniqueness of this representation, let 
r = X](i4 + i/^b for some scalars X] and i/|. Then,

We have,
zH= xa*+yb*

A ~~where a and b are unit vectors in the directions of fl and b 
respectively.

x | fl4] andy | b | are known as projections or resolved 
parts or resolutes of r4 along iHand b respectively.

The pair of non-collinear vectors <Hind b relative to which 
we decompose any vector Hin their plane is called a base. 
NOTE In a plane, every pair of non-collinear vectors can be though’ 
of as a base.

x-Xj = 0 and y-y^ = 0 (••• (Hand b are non-collinear]

A system of vectors is said to be coplanar, if their supports are parallel 
to the same plane.

THEOREM (Test of coplanarity of three vectors) Let (Hand b be 
two given non-zero npn-collinear vectors. Then any vectors 
coplanar with a*and b can be uniquely expressed asr=xa*+yb, 
for some scalars x and y.
PROOF Let Hand bt>e two non-collinear non-zero vectors and 
let rt>e a vector coplanar with (Hand b .

Let OA =a?ob = b\ndO?> 
lelogram OLPM with OP 
ol and oXf are collinear with O/l 
lively. Therefore,

ol = xHand
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M p(x.y)

cyj ryj

xi
x' 0 L x

[•_• Eh = oXi]=>

=>

y
Fig. 14.11

fl^and bean be uniquely expressed as a linear combination of 
z^and b. It is known as oblique resolution of r?The most 
important case of resolution of vectors is that in which the two 
directions are mutually perpendicular. This gives us the rela­
tion between vectors and coordinate geometry.
RECTANGULAR RESOLUTION OF A VECTOR IN A PLANE
Let OX and OY be rectangular cartesian coordinate axes in a 
plane as shown in Fig. 14.11 and 0 be the origin. The unit 
vectors parallel to OX and OY are denoted by z^and jArespec- 
tively. Let r%e any vector lying in the plane of z and j and let 
r%e represented by oh. If (x, y) are the coordinates of P relative 
to OX and OY as the coordinate axes. Then, OL=x, 0M=y. 
Also, OL = x fand O?4 = yj.

1LLUSTRA1 ION 1 Show Hurt the vectorsa2b + 3c?fl4- 3b* + 5c4 
oiut - 2a + 3b - 4c lire coplanar, where zf? b, c*are non-coplanar. 
SOI DTION Recall that three vectors are coplanar if one of the 
given vectors is expressible as a linear combination of the other 
two.

Let ji4- 2b*+ 3c4= x (fl4- 3b* + 5c?+ y (- 27*4- 3b*- 4c?

for some scalars xand y.
Then,

a4-2b*4 3c4= (x-2y)7*4- (-3x + 3y)b*+ (5x-4y)c*

1 = x - 2y, - 2 = - 3x + 3y and 3 = 5x - 4y

Solving first two of these equations, we get x = l/3, 
y = -1 /3.

Clearly, these values of x and y satisfy the third equation.
I fence, the given vectors are coplanar.
ILLUSTRATION 2 Show that the vectors 27*- b*+ 3c? 7*+ b*- 27* 

and a*+ b - 3crire non-coplanar vectors.
SOLUTION Let, if possible, the given vectors be coplanar.

Then one of the given vectors is expressible in terms of the 
other two.

Let 27*- b*4- 37*= x(a* 4- b*- 2c?4-y (z? 4- b*-3c?

for some scalars x and y.
=> 27*- b\ 37* = (x 4- y) 7*4 (x + y) b 4- (- 2x- 3y) 7*

=> 2 = x + y, - 1 = x 4- y and 3 = - 2x - 3y .

Solving, first and third of these equations, we get

x = 9 and y = -7.

Clearly, these values do not satisfy the third equation. 
Hence, the given vectors are not coplanar.

ILLUSTRATION 3 Prove that four points 2a*+3b*-c? 

a*- 2 b 4-3 c?3 (7*4 4 b - 2 c^and a*- 6 b 4- 6 clire coplanar.
SOLUTION Let the given four points be P, Q, R and S respec­
tively. These points are coplanar if the vectors pfy, pk and 
P§ are coplanar. These vectors are coplanar iff one of them can 
be expressed as a linear combination of other two. So, let

p£) = xPt<+yP$
- a*-5b*4-47*= x(zT*+b*-c?+ y (-7*-9b*4-7c?

-zT*- 5b* + 47*= (x-y) 7*4 (x-9y) b*4 (-x + 7y)7*

x - y = - 1, x - 9y = - 5, - x + 7y = 4

Solving the first of these three equations, we get

x = -l/2, y-1/2.

Ihv-e values aNo satisfy the third equation. Hence, the 
given lour points arc coplanar.

In the above discussion, we have learnt that if band bare 
anv two n-'n vollinear vectos, then anv vector > coplanar with

14.10 OBLIQUE RESOLUTION OF A VECTOR IN 
SPACE

In this section, we shall see that any vector in space can be 
uniquely expressed as a linear combination of any three non- 
coplanar vectors. Such a resolution of a vector is known as the 
oblique resolution. We state and prove the above result as a 
theorem given below.
THEOREM 1 //fl? b, c^are three given non-coplanar vectors, then 
every vector 7*in space can be uniquely expressed ns 

xa*+ yb + zc*for some scalars x, y and z.
PROOF Let 0/1 = n? oh = bandot = 7* Since a? b?clre non- 
coplanar vectors, therefore lines OA, OB and OC are also non- 
coplanar. Let oh = r. With OP as diagonal, construct a

In AOLP, we have 

oh = ol + Eh 
oh = ol+oXi 
oh = xi\yj 

—> A Ar = xi + yj 
a AThe component vectors xi,\/j ar£ the orthogonal com­

ponents of rln the directions of i and j. The scalars x and y are 
. called the resolved parts or projections of rllong OX and OY 

respectively.
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C

s T

V P
xa

A
Q

yb
U

=> a =
.V

(i)

[Using (i)]

Q.E.D.=>

+1/ b

a'

0-

%

X

F- i.: •'

14.11 RECTANGULAR RESOLUTION OF A VECTOR IN 
SPACE

In the previous section, we have discussed the resolution of a 
vector in space in the directions of three non-coplanar vectors. 
The most important case of resolution of vectors is that in which 
the three non-coplanar vectors are mutually perpendicular. 
The right handed system of three mutually perpendicular 
directions OX, OY, OZ is the most important and suitable sys-

z
i

/* 
B

zc z

/0\

* = y = y? 2 =

Hence, r^is uniquely expressible as F*= x a

parallelepiped having three coterminus edges OQ, OR and OS 
along OA, OB and OC respectively.

■r-Xj = 0, y-y} = 0, z-Zj = 0

K /
t----------*- - y

• CM a 5

=> (T^is coplanar with b and c?

This is contradiction to the fact that afb^cfire non-coplanar.

Therefore, .v = 0.
Similarly,!/ = z = 0.
Hence, x<7V yb + zc"= 0 =s> x = v = z = 0

’+zc?

Q.E.D

NOTE1 Here r*may be called the resultant of three vectors 
xa, y b, z which are the component vectors ofrwhile x, y, z are 
the scalar components of r^for the given directions.
NOTE 2 It follows from the above result that between any four 
non-coplanar vectors afb, c?d* in space there exists a unique rela­
tion connecting them which may be expressed as

x (7*+ yb*+z c*+ ud*= Q?

In the above theorem, we have proved that any vector r m space 
can be uniquely expressed as a linear combination of three 
non-coplanar vectors ii? b? c?.e.

r?= xii% yb + zc4 for some scalars x, y, z.

or, r*== (x [ fl?) a + (y I b?) b + iz ; c? > ?.

where fl, b and care unit vectors in the direction of fl? b .mJ e~'
• respectively.

The vectors xa? yb? zc*are said to be components of r ni the 

directions ofiifb and cl aspect ively and the scalars x, y, z are known 
as the coordinates of the vector rfelatiiv to the triad of non-coplanar 
vectors a? b, of The triad of non-coplanar vectors iifb, ^relative to ' 
which we decompose any vector F*is called a base. The scalars 
x | fl?, y | b |, z | c| are known as the projections of r*in the 
directions of a? b cfespec lively.
NOTH In space, every triad of non-coplanar vectors can be thought 
as ii base.
THEOREM 2 Ifii?b, care threenon-zero non-coplanar vectors 
and y, z are three scalars, then

xtTV yb + zc^= (T => x = y = z = 0

PROOF If possible, let x * 0. Then, 

xa*+yb*-zc*= 0

=> x«T>= - yb?- zc4

X

Fig. 14.12

Since OQ, ok and OS are collinear with O/\ = of ob = b 
and OC = ^respectively. Therefore, there exist scalars x, y, z 
such that OQ = xn? O^=ybandO% = zc?

Now, oil = ofc +Qtl = O?2 +ok = xAyb^ 
a O?’ = 6tl + U?’ = oil + O*S = x^+y b\ z 

Hence, 7^= xn^+yb^+zc?

This is the required relation.
Now we will prove the uniqueness of this relation.
If possible, let r^= X] a*+ y} 1T+ zj c? Then,

xii^+y b\ z c%= x}a^+ y} b\z}c*

(x-x^fl^+fy-ypiT+fz-Zj)^ 0*
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P

r

f

y

X

cos (n - P) = - cos p = - tn,

Now,

|r1

I = ±

where the signs should be taken all positive or all negative.

2/3
2

Fig. 14.14

cos (n - a) = - cos a - -1,

c
V«2 + b2+7

14.12 DIRECTION COSINES AND DIRECTION RATIOS 
OF A VECTOR

DIRECTION COSINES If a, P, y are the angles which a vector ol5 
makes with the positive directions of the coordinates axes 
OX, OY, OZ respctively, then cos a cos P cos y are known as the 
direction cosines of OP and are generally denoted by the letters I, m, 
n respectively.

I'hus, / = cos a, m = cos P, n = cos

a 
^a2 + b2 + c4

OC

OA = .v, OB = y, OC = z 

and, 0/1 - xf, 5b - yj, ot = zk

From Fig. 14.13, we have

fit = 0/1 = xt (?P = O*C = zk
Now, ol> = (Z' + C*P = Ok + B&.+ <?P

= oh + + ot
= OA + oh + ot

A A A
= xi + yj + zk.

2/3 = -2/3 1/3
4 -4 ” 2

if l,m,n are the direction cosines of a vector Find its 
direction ratios are proportional to a, b, c, then

b
^a2 + b2 + c‘

OP2 = OC2 + CP2

Thus, if a point P in space has coordinates (x,y,z), then 
oh = xh+ yj + zfc and | | = Xx2 + y2 + z2.

A A
The vectors xi, yj, zk are known as the components of vector 

oh along OX, OY and OZ respectively. The scalars x, y, z are 
also known as the projections of oh along OX, OY and OZ 
respectively.

cos (n - y) = - cos y = -n.

As the x-axis makes angles Q,n/2,n/2 with 
OX, OY and OZ respectively. So, the direction cosines of OX 
are cos0 = 1, costi/2 = 0, cosn/2 = 0. Similarly, direction 
cosines of OY and OZ are 0,1,0 and 0,0,1 respectively.

If I, m, n are direction cosines of oh = rind the point P has 
(x, y, z) its coordinates, then we have the following results.
(i) l2 + m2 + n2 = 1

(ii) x = l | r},y = m | r\,z = n

(iii) rt= | r"*| (lh+mj + nk)
A A A A

(iv) r = h + mj + nk

DIRECTION RATIOS Let I, m, n be the direction cosines of a vector 

r^and a, b, c be three numbers such that - = y-=~- Then, a, b, c are a b c
known as direction ratios or direction numbers ofr?

2—2 1If -, —, - are direction cosines of a vector r^then its direc* 
0 0 0

tion ratios are 2, - 2,1 or, - 2,2, -1 or, 4, - 4,2 because

aa atern as shown in Fig.14.13. The unit vectors / j, k parallel to 
OX, OY and OZ respectively are known as an orthonormal triad 
of vectors.

Let P be any point in space. With reference to OX, OY and 
OZ. as the coordinate axes, let the coordinates of P be (x, y, z). 
Then,

y,771 = ±

Thus, if P(x,y, z) is any point in space. Then, 
—A A
OP = x? + yj + zk.

= OA2 + OB2 + OC2 = x2 + y2 + z2.

OP = v.v2 + y2 + z2

A A ! 9 2--------o’
=> | x/ + yj + zk | = Vx“ + y + z

= (OB2 + OA2) + OC2

= (OB2 + BC2) + CP2

n ~ i

Clearly, P& makes angles n-a, n-^,n-y with 
OX, OY, OZ respectively. So, the direction cosines of P& are

iz

-2/3 1/3 2/3 -2/3 1/3 ------- — -----.------ — -------  = ---- •
-2 1 ' 2 2 -1
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0ME

C7- NF

P

I

A

P0

A3

=5

-(i)

y

Q

>A2

i

i

Now,

Afc + bfr = At 
=> At = At-Ab

P is the mid-point of BC

At=|(At+At)

1 > i 'At = b-~a*
2 k >

EXAMPLE 1 A vector A* has components A^, A^, A^ in a right 
landed rectangular cartesian coordinate system OX, OY, OZ. The 
coordinate system is rotated about the z-axis through an angle n/2. 
Find the components of ~Ain the new coordinate system in terms of 

A' ^2' ^3-
[IIT1983]

SOLUTION When the coordinate system is rotated about the 
z-axis through an angle n/2 in anticlockwise sense, then the 
new x-axis is along the old y-axis new y-axis is along the_old 
OX' axis and z-axis remains same. So, the components of A in 
the new coordinate system are_^

A 2/_ Ai, A3
Thus, we have

A = | Aj I 1+ | A>2 I j + | A^ | k with reference to old sytem

and,
X= I A21 t| - I A^ I ] + I A*3 I k with reference to new sys­

tem.

Fig. 14.15

EXAMPLE 2 ABCDEF is a regular hexagon. M is the mid-point of 
51, N is the mid-point ofA^A, P is the mid-point of B&. Resolvejhe 
vector into components with respect to the vectors At and AF.

SOLUTION LetAt = fl^and B^ = b!
|

Then,
AC = At + Bb — flA b.

Also,

Ab = 2 fit = 2 b*
In AACD, we have

At+cb = Ab
cb = Ab-At = 2b>-(o>+b?=b>-£>

In ABCD, we have

2 '

=> At = b4 2

A = \a& = •’

=> n7 = +At)-
z

ILLUSTRATIVE EXAMPLES
fib = fit + cb = b + b*- a*= 2b*- a?

.-. At = 2b*-a?

We have,
At = o*and At = cb = b*-a 

b = At + a*= At + At
Substituting these in (i), we get

Nt = | At - A (At + At)

=> ivt = |At-|At4 2

a 9
Fig. 14.16

Now, M is the mid-point of DE.

aSa =^(At + Ab) = | (2b*-5^+2^= 2^-15^ 

N is the mid-point of AM.

1 d} r* 1
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A set of non-zero vectors

■ ILLUSTRATIVE EXAMPLES

[■•• Xj = l*0l

x * 0]b + c=$ a =

=>

z
x \ /

Allies in the plane of b and c
=> alb? c^are coplanar vectors

whereXj = 1, x2 = - x, x3 = -y and x4 - 0. 
=> al b?cld*are linearly dependent vectors 

CASEII When al b? c*are non-coplanar vectors
In this case,

al b? c^are non-coplanar vectors and d*is any vector in space 

=> There exist scalars x, y, z such that d =xa +yb +zc.
xa*+y i7>+zc4+(-l)d>= 0

=> xa*+ yb\zc*+ud*= 0, whereu = -1 *0

14.13 LINEAR INDEPENDENCE AND DEPENDENCE OF LINEARLY DEPENDENT VECTORS A set of vectors al a},... ftis

VECTORS said to be linearly dependent if there exist scalars xlz X2,x„ not all
LINEARLY INDEPENDENT vectors A set of non-zero vectors zero Such t,iat -> -> -> _

••• ls sn/dt0 l>e linearly independent, if Xj + x2 a2 + •••+ xn an - 0 •
) ) It follows from this definition that a set of vectors is linearly

Xflj +x2«2+ ••• +xnrtn ~ *1 ~ x2 ~ ••• = xn = dependent iff one of them is expressible as a linear combination
of others.

EXAMPLE 1 Two non-zero, non-collinear vectors are linearly inde­
pendent.
SOLUTION Let fl^and bt>e two non-zero non-collinear vectors 
such that xa^+yb =0.

In order to prove that al b^are linearly independent, we 
must show that x = y = 0.

If possible, letx * 0. Then, 
xa*+yb*= 0*

[vX#0]

This shows that a*andb*are collinear vectors. This is a 
contradiction. So, x = 0. Similarly, we have y = 0.

Thus, x a*+ yb*=0>=>x = y = 0
Hence, fl^and b*are linearly independent vectors.

EXAMPLE 2 Any two collinear vectors are linearly dependent.
SOLUTION Let al b*be two collinear vectors. Then, 

j?=xa* for some scalar x.

=> xb4+(-1) b*= 0*

=> x a~>+ yb*=0, where y = -1 * 0.

This shows that the vectors al b*are linearly dependent.
EXAMPLE 3 Any three non-coplanar vectors are linearly inde­
pendent.
SOLUTION Let al b, c%e three non-coplanar vectors and let 
xiT>+ yb + zc = 0 for some scalars x, y, z. In order to prove that 
al b, c^are linearly independent we must show that

x = y = z = 0.

If possible, let x * 0. Then, 
xii^+y b^+zc4;= 0

x

This is a contradiction. So, x = 0.
Similarly, we can show that y - z = 0.

Hence, al b? c^re linearly independent vectors.

NOTE Since £ £ k are non-coplanar vectors, therefore I],kart 
linearly independent unit vectors.
EXAMPLE 4 Any three coplanar vectors are linearly dependent.
SOLUTION Let al b? c4 be three coplanar vectors. Then,

a*= x b* + y c4 for some scalars x and y.

=> (~l)a*+xb*+yc?= 0*

=> al b? c*are linearly dependent.

EXAMPLE 5 Any four vectors in 3-diniensional space are linearly 
dependent.
SOLUTION Let al b? cl d\e four vectors in 3-dimensional 
space.

Two cases arise.
CASE I When al b? c^are coplanar vectors

In this case,
al b^ c^are coplanar

=> there exist scalars x, y such that a^=xb +ycl

=> b4^ (- x) b\ (- y) c*= 0*

=> b4-!- (- x) b*+ (- y) c4-!- 0 d*= 0*

=> x1a4+x2b^+X3C4+X4?= 0,
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A =

= 0

A = = -3 + 10-3/0

= 78/0

=>

= 0.

cos a sin a 0 
cos b sin b 0 
cosc sine 0

cos a sin a sin (x + a) 
cosb sinb sin(x + b) 
cos c sin c sin (x + c)

Applying
C3 -> C3 - sin x Cj - cos x C2

So, the system of equations has infinitely many non-trivial 
solutions.

Thus, x, y, z can also assume non-zero values. Hence, the 
given set of vectors is linearly dependent.
EXAMPLE 10 A particle in equilibrium is subjected to four forces

f\ = - 10k,

Hence, the given set of vectors is linearly independent. 
EXAMPLE 9 Show that the vectors i + 2i'+3j'-^ and

A A A
-1 - 2 ] + 2k are linearly dependent.

SOLUTION Let x, y, z be scalars such that
x(-A-2A+2k) + y (2r+3A-k) + z(A+A+k) = 0* 

(- x + 2y + z) 1 + (- 2x + 3y + z) j + (2x - y + z) k = 0* 

- x + 2y + z = 0, -2x + 3y + z = 0and2x-y + z = 0
A A[••• i, ], k are linear independent] 

This is a homogeneous system of equations. The deter­
minant of the coefficient matrix is

1 2 3
-2 -1 1

1 1 2

Ip + mq + nr = 0

=> I |(cos a) i7*+ (cos b) v*+ (cos c) w) + tn ((sin a) iZV (sin b) v*

+ (sin c) + n [sin (x + a) u>+ sin (x + b) v*+ sin (x + c)} u/= 0

=> (/ cos a + nt sin a + n sin (x + a)} u

+ (/ cos b + m sin b + n sin (x + b)) v>

+ |cos c + m sin c + n sin (x + c)) vf= 0*

=> I cos a + m sin a + n sin (x + a) = 0

[•_• if vf ufare linearly independence vectors]

I cos b + m sin b + n sin (x + b) = 0

I cos c + nt sin c + n sin (x + c) = 0

This is a homogeneous system of linear equations in
I, m, n. The determinant of the coefficient matrix is

=* a? b, c? d are coplanar vectors.

EXAMPLE 6 If a? b, c* is a system of linearly independent vectors, 
show that the system of vectors

cf>-2b + c? 2n^-b + cf 3d^-b + 2c~* 

is a linearly independent system of vectors.

SOLUTION Let x, y, z be scalars such that

x (a*- 2b + c^+ y (2xf- b + c) + z (3fl4 b + 2c} = 0* 

=> (x + 2y + 3z)fl>+(-2x-y + z)b + (x + y + 2z)ct=0* 

=> x + 2y + 3z = 0,-2x-y + z = 0,x + y + 2z = 0

[•.• fl? b? clre linearly independent vectors]

This is a homogeneous system of equations. The deter­
minant of the coeffcient matrix is

-1 2 1
-2 3 1

2 -1 1

So, the above system of equations has non-trivial solutions 
also. This means that I, m, n may attain non-zero values also.

Hence, the given system of vectors is a linearly dependent 
system of vectors.
EXAMPLE 8 Show that the vectors A- 3A+ 2k, 2/A-4A-4k, 

A A A
3t + 2] - k are linearly independent.

SOLUTION Let x, y, z be scalars such that

x (A- 3A+ 2k) + y (2A- 4;A- 4k) + z (3i + 2A- k) = 0* 
A A A -)

=> (x + 2y + 3z) 1 + (- 3x - 4y + 2z) j + (2x - 4y - z) k = 0 

=> x + 2y + 3z = 0, -3x-4y + 2z = 0 and 2x-4y-z = 0
A A A

[••• i, ], k are linearly independent]

This is a homogeneous system of equations. The deter­
minant of the coefficient matrix is

So, the system of equations has only the trivial solution 
given by x = 0 = y = z = 0.

Hence, the given system of vectors is a linearly ind pendent 
system of vectors.
EXAMPLE 7 If if vf ufis a linearly independent system of vectors, 
examine the system p, q, rf inhere

p* = (cos fl) (cos b) zf+ (cos c) vf

q* = (sin fl) if+ (sin b) v*+ (sin c) vf

r*= sin (x + fl) iZ*+ sin (x + b) zA- sin (x + c) u?

for linear independence.

SOLUTION Let I, m, n be scalars such that

1 2 3
-3 -4 2

2 -4 -1
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and, = 40 cosec 6

A=>

A+

...(i)

...(ii)

(iii) [•_• p, *?/ rlre non-coplanar]

From (ii), we have

12i/
13

—10 k = 0
>

'3m 3v
13 + 13 

k

130

From (iii), we get:

130
ll + V = -r- 

o

121/
13 

k

=> -io£+i/

F3 = v

F2 = U 12- — (i/ + u) + w sin 0 = 0 
xo

-” + wsin0 = 0 xo

Find the values of u, v, w in terms of 0.
SOLUTION Since the particle is in equilibrium. Therefore,

F} + F2 + F3 + F4 = 0

(4 a 12 a 3 a\ ( 4 a 12 a 3 a)
— 1-—J+~K +V 1-— 1 + — k 13 13' 13 13 13' 13k / k J

A A —
+ w (cos 01 + sin 0;) = 0

12v .- — + wsin0 ]
Hence,

w = ~ - 65 cot 0, v = + 65 cot 0 and w = 40 cosec 0.
o O

EXAMPLE 11 f/«t=2p + 3^-r^&^p4-2^+2r^c*=-2p + ^-2r* 
and R*= 3p*- // + 2r?express 1?in terms of a? b? c^vhen p, q, rhre 
non-coplanar vectors.
SOLUTION Let I? = x a*+ \j b + zc? Then,

3p*~ q + 2r*= (2x + y - 2z) p*+ (3x - 2y + z) <j + (- x + 2y - 2z) r* 

2x+y-2z = 3 

3x - 2y + z = -1 

-x + 2y-2z = 2

Solving these equations, we get 

x = 2,y = 5,z = 3 

R = 2a?-5b + 3c?

Show that the following sets of vectors are coplanar:
1. (i) n*-2b + 3c^-2nt3^-4c^-h + 2c*

(ii) 5 a? 6b + 7 c?- 7a*- 8b + 9c?3a? 20b + 5c*

where a? b? c&re any three vectors in space.
2- If the vectors a? b? c^ form a system of linearly inde­
pendent vectors, show that the following sets of vectors are also 
independent:
(i) a*-b + c?b*+c*-a?2n^-3F44c*

(ii) 2zF^- b + 3c? a? b*- 2c? a?b*~ 3c*

3. If the vectors a? b? c*form a linearly indpendent system of 
vectors, show that the vectors:

(i) a? 2b + c?2a*- b + c?3a? b + 2c*form a linearly depend­
ent system of vectors.

3m 3v n
13 + i3-10 = 0

£j, £ are linearly 1 
in depdendent I

EXERCISE 14.1
(ii) 2m4 F+ c?a*- b + 2c? -a?l?-c* form a linearly inde­

pendent system of vectors
(iii) ma? b + c? a? mb + c? a? b + ?nc*form a linearly inde­

pendent system of vectors if and only if m * - 2.
4. If/j^b? c*are any three non-coplanar vectors, find the linear 
relations between the following systems of vectors;
(i) r?=iT>-b + c? r^=b + c^-a?

r^=c?a?tf
r^ = 2a^- 3b% 4c*

(ii) r^ = a^- 2b + c? = - b + 2c% a?

r^=c^-fl^-3b^

r^=aKb\c?

f 4 a 12 a 3 a)
131 13J + 13J

( 4 a 12 a 3 M
13' 13;+13k

k a 7
F'a = w (cos 0 sin 0 /)

'4m 4v _?) a— - — + w cos 0 / +
IO xo k 7

4m 4u-~-^ + wcos0 = 0
IO 10

12 130 . n n=> - — x -7- + w sin 0 = 0
10 o

40
=> W = —----Tsin 0

Substituting the value of w in (i) and (ii), we get

1301/ -v = -130 cot0 and, u+v = — o

Solving these two equations, we get

m = ^7-65 cot 0 and v = ^7 + 65 cot 0
3 3

12v
13
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ANSWERS
7. x = -2,y = l,z = -36. X = 0,-1->

■

— □□□ —

P

n

8
Fig. 14.18

Now,
(ft>. = Position vector of P, - Position vector of O'

i = l,2.... ,n

5. If a?b? ctire non-coplanar vectors, prove that the follow­
ing vectors are coplanar vectors:

(r) 5iit 6b + 7c? 7a>- 8b + 9c? fl4- 20b + 5c4
(ii) 3i?-7b*-4c? b + 2c? 3a4-2b + c4

(iii) a4- 3b + 5c? a4- 2b + 3c? - 2^+ 3b*- 4c4

n
=> X ai Ri = 0

i = l

O(origin)

Fig. 14.17

Whenever we say that P is the point r?then it will mean that 
the position vector of P is rtvith respect to some origin 0.

Thus, with the choice of any point 0, as the origin of 
reference, we can always associate a vector to every point P 
and, conversely, to every given vector, r?there corresponds a 
piont P such that ot5 = r?
A VECTOR EXPRESSED IN TERMS OF THE POSITION VECTORS OF

ITS END POINTS

14.15 POSITION VECTOR
The concept of position vector is very useful in the applications 
of vector methods to geometry. In this section, we shall intro­
duce the same. For this, we take an arbitrary point, 0, to be 
called the origin of reference.
POSITION VECTOR If a point Qis fixed as the origin in space (or a 
plane) and P is any point, then OP is called the position vector of P 
with respect to 0.

Let fllnd bLe the position vectors of points A and B respec­
tively.
Then, oA = fl^and ob = b^

In AO AB, we have,

oA+/S = ok
a*+Ak = b*

=> A& = b^-a4

or, A^ = (Position vector of B)-(Position vector of A}

ILLUSTRATION Let rf, r?, r?..., r? be the position vectors of points 
^1'^2' ?n relative to an origin 0. Show that if the vector 
equation a1r?+a2^+a3r^+... + a„r?=0 holds, then a similar 
equation will also hold good with respect to any other origin O', if 
a4 + a2 + a3 + ...+an=Q.
SOLUTION Let the position vector of O' with reference to 0 as 
the origin be a. Then,

0&' = a*

. ,.\ 7 —> —> 1 —*4- 0) r4 = - r4 + r2--r3

= rr a,

Let the position vectors of Pi, P2, P3,Pn wi^ respect 
to O' as the origin be Rx, R2,Rn respectively. Then,

R* = (j>Pi = J?-a, i = 1,2,...,n [Using(i)J

Now,
a4R4+a2R2 + ...+anRn = 0

(iv) 3ii4+20b + 5c? 5a*+6b + 7c? 754-8b + 9c4

6. Find all values of X such that (x,y, z) * (0,0,0) and 
(f+A+ 3$)x + (3ia- 3a+ £) y + z (- 4A+ 5j) = X (xf+ yA+ z£)
7- If a*= 2i-j + k, b = t + 3j-2k, ?=2j+j-3k and 
-■ ■) A A ) y y
d = 3i + 2j + 5k are four vectors such that d = xa + y b + zc, then 
find the scalars x, y, z.
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Hl
C=> 0-a

a +

■ =>

n

oc =

oc =
Fig. 14.19

or, OC ==> c =
Fig. 14.20

AC
CB

m 
n

t • = X a + p b, where X + p = 1.
REMARK 3 Wi’/lrti'i’

n
••• £ rt; r, = 0 (given) 

i=l

(n "I
=0

/ = 1 
\ /

n

Thus, fl; R/ = hold good, if n,- = 0.
i = 1 i = l

14.15 SECTION FORMULAE
(I) INTERNAL DIVISION Let A and B be two points with position 
vectors a*and b respectively, and let C be a point dividing AB 
internally in the ratio in: n. Then the position vector of C is given by

where C is a point on AB dividing if in the ratio in: n
This result is often useful.
IfC is the mid point of AB, then we have

i • oA +1 • ob = (i +1) oh
=> oA + oh = 2-oh
(ii) EXTERNAL DIVISION Let A and B be two points with position 
vectors o4 and b respectively and let C be a point dividing AB 
externally in the ratio m: n. Then the position vector ofC is given by

mb -nd*
m - n

m b + na
m + n

PROOF Let Obe the origin. Then oA = iT>anddb = b4Letc4be 
the position vector of C which divides AB internally in the ratio 
in: n. Then,

mb + na*
m + n

n
=> y

i=l

_4 mb + nirc^= ---------m + n
=> (in + n) 0*= mb4 + nd*

=> n • oA + in • ob = (n + in) oh
Thus, we have

n • oA + m ■ ob = (n + in) oh,

n

=> X ai ~ 0
i = l

=> n • AC - m-CB

=> nA& = mCh

n n

i=l i=l

II -4 b + - -a 
in + n m + ii

III + 11 I

c = X ii + p />, where X =------ , p = ~-f m + ii in + ii

Thus, position ovector of any point C on AB can always be taken ns 
,■* 1 n L ll l> tiiIi.hm 1 _l_ 11 — 1

REMARK 1 If C is (lie mid point of A B, then it divides /IB in the ralw 
1:1. Therefore, position vector of C isi 1 <r+ r

’ 1+1 " ’ 2 '■

Thus, the position vector of the mid point of AB is (<C+ b)

REMARK 2 We/wt'C^ 
_> mb + nil 

in + ii 
n 

m + n

=> n(P.V.ofC - P.V.ofA) = m(P.V.ofB-P.V.ofC) 

=> n - of = m (b4- cf

=> nc^+mc^= mb^+n^i

=> (m + n)c*= mb^+ni

+ nd
m + n

PROOF Let 0 be the origin. Then, OA = a*and 5b = b.

Let c^be the position vector of a point C dividing AB externally 
in the ratio m : n. Then,
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ILLUSTRATIVE EXAMPLES

t

...(ii)

Position vector of P

D
E

1
0

[••■ x+y+z=0 z = -(x + y)]=>

(i)=3

AC 
bc

PL
n

=* mc*-nc*= mb - nil'

=> (nt,-n) c*= mb*-na

A

=> n (P.V. of C - P.V of A) = m (P.V. of C-P.V. of B) 

=» n (c4- rtf = m (c4- V)

Fig. 14.21

EXAMPLE 4 If 0 is the circumcentre and O' the orthocentre of a 
triangle ABC, prove that

(i) Si +5^ + §5 = 3sS,
where S is any point in the plane of triangle ABC and G is its 
centroid

(ii) oA +ob +oh =o2r
(iii) crk +C?B +(?C = 2 d'b
(iv) A& +C?B +&C = /&,

where A& is a diameter of the circumcircle.

SOLUTION Let G be the centroid of triangle ABC. First we will 
show that the circumcentre O, orthocentre O' and centroid G 
are collinear and O'G = 2OG.

—> mb - na=> c =---------m-n

EXAMPLE 1 Find the position vectors of the points which divide the 
join of the points 3b* and 3a>- 2b* internally and externally in
Hie ratio 2:3.
SOLUTION Let A and B be the given points with position 
vectors 27T4— 3b*and 3d*- 2b*respectively. Let P and Q be the 
points dividing AB in the ratio 2 :3 internally and externally 
respectively. Then,

=> n ■ AC = m • BC

=> nAC = mB^L

In triangle BCD, we have

i • ci +1 • cb = (1 +1) ci
=> ch +cb = 2ch

Adding (i) and (ii), we obtain

ftj +Ab +cb +cb = 2a£ +2ch
= -2 FA -2f£

= -2(FA +F&)

= - 2 (2 ph) [•.• E is the mid-point of AC]

= 4E? . ‘
C

Z/l\
/ 1 \
/ I \

I \
I \
i \
I \
1 \
I \

\

_ 3 (2a4-3^+2 (3a4-2^
3 + 2 

12a4 13b*— ---- _-----
5 5

Position vector of Q = 3 (^~ 3^ ~ 2 (3^~ 2b) = _5^ 

example 2 Let a? b? c*be the position vectors of three distinct 
points A,B,C. If there exist scalars x, y, z (not all zero) such that 
xa*+yb + zc*=0 andx + y + z-0,then show that A, Band C lie 
on a line.
SOLUTION It is given that x, y, z are not all zero. So, let z be 
non-zero.
Then,

x y b*+ z 0* 

=> zc^ -(x^+y ft
(xa*+yb)

z

x ii^+y b 
x + y

This shows that the point C divides the line joining the points 
A and B in the ratio y: x. Hence, A, B and C lie on the same line. 
EXAMPLE 3 If ABCD is a quadrilateral and E and F are the mid­
points of AC and BD respectively, prove that

/ft +Ab +ch +cb = 4E? .
SOLUTION Since F is the mid-point of BD, therefore in triangle 
ABD, we have

i-Ai +i-Ab = (i+i)S 
/ft +ft) = 2/ft

o*c = ^^ 
m-n

=> r= -
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i

M

O'
Al

8 L D

1 -F+2

Fig. 14.22

(i)
in the ratio 2:1 are each equal to

(ii) A(o)

[Using (ii)]

bcos A = 2R cos A = 2R

G

C(c)8(b)

[•«■ 2-OG = GO1

OP 
AO'

0
A

[Using (iii)J

-(iv)

D(^)

Fig. 14.23

Thus, the point dividing AD in the ratio 2 :1 also divides 
BE and Cf in the same ratio. Hence, the medians of a triangle 
are concurrent.

= 2C?O

(iv) A& +&B +C?C = 2A& + (C?A + &B + &C)

= 2A& + 2 0% (From (iii))

= 2 (Ab' + ob)
= 2Ab = A^

a 
sin A

iT+b + c
3

\ \
\ \
\ \
\ \

\\ \

\
V

[From(i)] 

[v 2- OG = GO1

From AOBD, we have
OD = RcosA

From &ABM, we have
AM = AB cos A = ccosA

From AAO'M, we have
AO' = AM sec ZO'AM

= c cos A cosec C

F(’fb)

I

\{

E(^)

Let AL and BM be perpendiculars on the sides BC and CA 
respectively. Let AD be the median and OD be the perpen­
dicular from 0 on side BC. If R is the circumradius of circum­
circle of AABC, then OB = OC = R.

k/w/ \
/ I \\
/ \\
/ 1 \/ ' \ G /

1 + 2 3 ‘
(

Similarly, position vectors of points dividing BE and CF 
i^+ib+c4

3 ’

s

c 
sin C

AO' = 2 (OD)

Since, triangles AGO' and OGD are similar

OG GD OD 1
O'G GA AO' 2

=> 2 • OG = O'G

(i) We have,
SA + sJ + sb — SA + (S& + sb)

= sA + 2S&
= (i+2), sb 
= 3§b.

(ii) Replacing S by 0 in (i), we get

oi +ob +dh = 3oh
= 2oh + oh
= db' + oh
= oh +g& = o&

(iii) ob + &B + C?C = 30%

= 20% + db

= 20% +2G&

AO is the circum­
radius of AABC

EXAMPLE 5 Prove using vectors: Medians of a triangle are concur­
rent.
SOLUTION Let ABC be a triangle and let D, E, F be_the mid­
points of its sides BC, CA and AB respectively. Let of b, cte the 
position vectors of A, B and C respectively._Then position 

, „ _ , _ b +c* c*+a* ,a*+b u .
vectors of D, E and F are -, —— and —— respectively.

The position vector of a point dividing AD in the ratio 2:1 is 

hb-c4
2 2

c 
sin B sin C

...(iii) {Using (i)]

—> r+ —>
rri •• r 1 ...fl+D+CThe position vector of the centroid is---- -—.

NOTE If a? b^ c^are the position vectors of the vertices of a triangle, 

then the position vector of its centroid is .
I

EXAMPLE 6 If G is the centroid of a triangle ABC, prove that

G*A +G^ +Gb =o!

SOLUTION Let afb*and c4 be the position vectors of the ver­
tices A, B and C respectively. Then, the position vector of the 
centroid G is
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+ b - -

(ii)

Fig. 14.24

f

I

f

vectors of D, E and F are respectively.and

(>)

EXAMPLE 8 If ABC and A'B'C' are two triangles and G, G' be their 
centroids, prove that

\ 7

= (r? + iT+cf-3|-:

Now,

S +5t

Now,

A (origin)

A '..--V

B(bj C(7)

+ F* + c* a*+b + c*
3 " 3

A(o)

AV
D(^y---------- W±2)

B(b) C(7)

aa' +b& + cd = 3 g2z .

Now,

(S +<S + g£
f a*+b\c*'

3

Fig. 14.25

= - (c - b) = - BC= (P.v. of E —P.v. of B) + (P.v. of C - P.v. of D)

(V A (_>-b]=PrH

a^+b^+c
3

SOLUTION Let the position vectors of A, B, Cand A', B', C with 
reference to some origin be iifb, c^and a*, IT*, ^respectively.

Then, AA' + B/S' +C?'

= (a*-$+(c*-cf

= (if* + b? + cj - («4+ b*+c?

= (?-

Now ok =

a*+b +c^l

3 J
= ^+^+ct-^+^+cf = at

EXAMPLE? IfD and E are the mid-points of sides AB and AC of a 
Innngle ABC respectively, show that B^ + D& = | .

SOLUTION Taking A as the origin, let the position vectors of B 
and C be b and c\respectively. Since D and £ are the mid­
points of AB and AC. Therefore, the position vectors of D and

E are and - respectively.

= | [(fl* + 5^ + cr)-(^ + r>+cj)

=> 3 G& — (a^ + b? + — (a~>+ b + cf

From (i) and (ii), we have

aA' +bS' + C?' = 3GTJ'.
EXAMPLE 9 Prove that the line segment joining the mid points of 
two sides of a triangle is parallel to the third side and equal to half of 
it.
SOLUTION Let ABC be a triangle and let D and E be the mid 
points of its sides AB and AC respectively. Let a? b? c^be the 
position vectors of vertices A, B and C respectively. Then 

, r. , n d*+b ,a*+c* .position vectors of D and E are------and —respectively.

-A „
- + C*-

The position vectors of the centroids G and G' of triangles 
a*+b*+c* .a^ + if + c? . .

ABC A B C are---- ----- and------ ------ respectively. There-
J o

fore,

a* 4-c^f 

x2 n 2 j
DE 11 BC.

Also, DE = | Dk | = | | fit | = | BC.

Hence, DE || BC and DE = | BC.

EXAMPLE 10 Prove that the sum of the vectors directed from the 
vertices to the mid-points of opposite sides of a triangle is zero.
SOLUTION Let ABC be a triangle and let the position vectors 
of vertices A, B, CbeT? b and irrespectively. Let D, E, F be mid 
points of sides BC, CA and AB respectively. Then position 

b + c^ c*+ a^ , a^+ b - z and —-— 2 2 2

'a*+b +c*J

c
2
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A(o)

C(c)D(d)

B(b) C(c)

+
B(b)A(a)

C(b) B(a+b)

0 A(a)D(f)
Fig. 14.27

=>-(<?+ c) = - (b + d)

=> ...(i)<i + c = b + d .=>

=>

Thus, the position vectors of points trisecting OB and DC 
are same. Hence, DC trisects OB and DC i- trisected thereat.

Hence, ABCD is a parallelogram.
EXAMPLE 13 Using vector method, prove that the line segments 
joining the mid-points of the adjacent sides oni quadrilateral taken in 
order form a parallelogram.
SOLUTION l et ABCD be a quadrilateral and let P, Q. R. 5 be 
the mid-points of the sides AB, I'C, CD ano DA respectively.

Position vector of a point dividing OB in the ratio 1 : 2 is

1 • (a + b) + 2 • 0 _ a + b 
1+2 "3

2 • (a?2) +1•b*_ 
•2 + 1

b -a = c -d

A& = D*C

Fig. 14.26

2

=> P.V. of the mid-point of BD = P.V. of the mid-point of HC.

Thus, the point which bisects AC also bisects BD.
Hence, diagonals of parallelogram ABCD bisect each 

other.
Conversely, let ABCD be a quadrilateral such that its 

diagonals bisect each other. Then we have to prove that it is 
a parallelogram. Let a, c^ iT be the position vectors of its 
vertices A, B, C and D respectively.

Since diagonals AC and BD bisect each other, therefore
P.V. of the mid-point of AC = P.V. of the mid-point of BD

'-4
-a

EXAMPLE 12 Prove using vectors: The diagonals of a i]uadriliilciiil 
bisect each other iff it is a parallelogram.
SOLUTION First, let us assume that ABCD is a parallelogram. 
Then we have to prove that its diagonals bisect each other I vt 

the position vectors of A, B, C and D be a, b, cand<i res­
pectively.

O(^)

In A OAB, we have

OA +Ab = oh
=> oa + oc = oh

■ oh = a + b

So position vector of B is a*+ b.
Let D be the mid-point of OA. Then position vector of D 

is Position vector of a point dividing CD in the ratio 2:1 is

a*+b*
3 '

|(b*+d?.= |(rt*+C?
L. L

-b +
v > \ /
1 _ 7+ —4 n ~~A 7+- (b + c-2a + c +a-2b + a + b - 2 c) = 0.

EXAMPLE 11 Show that the line joining one vertex of a paral­
lelogram to the mid-point of an opposite side trisects the diagonal and 
is trisected thereat.
SOLUTION Let OABC be a parallelogram. Taking 0 as the 
origin let the position vectors of A and C be a and b respec­
tively.

Fig. 14 28

Since ABCD is a parallelogram, therefore

Ab = ot
=> b*-a* = c^-iT
=> b*+ iT= <7*+ e*

b + c
2

Again, from (i), we have 

d>-<7>= 7*- F* => Ab = sb

7-^ a + b -

1
2
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respectively.

C(c)

(i)

B(b)A(o)

[Using (i)]

(ii)

7

C(c)D(d)

G(d)

[•.• D& =X Ab (from (i))]

[••• X>0]

This shows that PQ is parallel to AB. But, AB is parallel to 
CD. Therefore, PQ is parallel to CD.

We also have

( Ai( + | d£ |
= | Ak | + | xAb |
= | Ab | + X | Ab |
= (1+A) | Afe |

2~
(T+ b b + c

2 '

- ~Y~ 1= 2(cJ J 2

R(c-y) ■

o(^)

|[| Afc | + | |]

P(=?)

0(^1

= 1(X+1)AS

s<4-°)

Thun, the position vectors of P, Q, R, S are
—♦ T* -i + d , d + (1

, and 0

= i(X+i) I Ab I

= | | [From (ii)]

This shows that PQ is half of the sum of the lengths of AB 
and CD.
EXAMPLE 15 Prove by vector method that the line segment joining 
the mid-points of the diagonals of a trapezium is parallel to the parallel 
sides and equal to half of their difference.
SOLUTION Let ABCD be a trapezium and let the position vec­
tors of A, B, C and D with reference to some origin 0 be 
of b, c^and d respectively.

Let P and Q be the mid-points of diagonals BD and AC 
respectively. Then the position vectors of P and Q are 
b + d .a*+c* t. , —— and —— respectively.

Now,

P^ = Position vector of Q - Position vector of P

2 ri 2 J •
= i[(F>-S)'+!?-5fj

and, 
si

2

A(a) B(b)

Fig. 14.30

Pt225)
Fig. 14.29

In order to prove that PQRS is a parallelogram, it is suffi­
cient to show that P^ = S^.

We have,
P^> = Position Vector of Q - Position Vector of P

2
• ■ if.

= Position Vector of R - Position Vector of S

=
2

So,P$ = sk .
Consequently, PQ || SR and PQ = SR.
Hence, PQRS is a parallelogram.

EXAMPLE 14 Prove that the segment joining the middle points of 
lav non-parallel sides of a trapezium is parallel to the parallel sides 
mid half of their sum.
SOLUTION Let ABCD be the given trapezium. Let the position 
\ectors of A, B, C and D with reference to some origin 0 be 
•i? b, and d respectively.

Let P and Q be the mid-points of AD and BC respectively. 
_ i . • t r> j «*+ d , b + c?
Then the position vectors of P and Q are—-— and ——respec­

tively.
We have, Ab = b - a^and DC = c*~ d .
Since DC is parallel to Ab. Therefore, there exists a scalar 

X such that
D*C = XAb => = X(b*-af
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P<b = Position Vector of Q - Position Vector of P

D(d) C(c)

•(>)

P Q

-(ii)=>

■m
[•.• E is the mid-point of XC]

(i)

.(ii)

C(b+d)

(Using (i)] P
E(b+|)

0

A

c

1
D

A B
Fig. 14.32

Similarly, in triangle BCD, we have

i • cb +1 ■ cb = (1 +1) cl 
cb + cb = 2cb

SOLUTION Since F is the mid-pdint of BD, therefore in triangle 
ABD, we have

1 - Al + 1-A& = (1 + 1) Al
Ab +Ab = 2 Al

Adding (i) and (ii), we obtain

Ab +Ab + cb +cb
= 2Ab +2cb
= -2 FA -2ft
= -2(lA + lt)

= -d)-(?-o^l

•*. p& = |[xAl-Al] = |(X-i)Al

This shows that PQ is parallel to AB. But, AB is parallel to 
DC. Therefore, PQ is parallel to DC also.
Now, | | - | Ab | = X | Ab | - | Ab |

= (X-l) | A6 |
=» i(| 5t I - I Ab |) = i(X-l) I Ab I = I I [Using(ii)]

This shows that PQ is half of the difference of parallel 
sides.
EXAMPLE 16 If ABCD is quadrilateral and E and F are the mid­
points of AC and BD respectively, prove that

Ab +Ab +cb +cb = 4eI .

= j[ot-Al]

Now, ot || Al
=> 5t = X Al for some scalar X

= 4El .

EXAMPLE 17 ABCD is a parallelogram. E, F are mid-points ofBC, 
CD respectively. AE, AF meet the diagonal BD at Q and P respec- 
lively. Show that P, Q trisect DB.

I SOLUTION^Let Abe the origin and let the position vectors of B 
and D be b and d respectively. Then,

Ab = b? Ab = d*.
D(d) E(|+d)

In AABC, we have

Al + fit = At
=> Al +At = At
=> l?+d*= At
=> Position Vector of C = b*+d*.

Since E and F are the mid-points of BC and CD respective­
ly. Therefore, position vectors of E and F are 
7+ ,7+. T? .5+ ,7~^ "7?

and -—= - + d*respectively.

A(a) B(b) .

Fig. 14.31 

(t?+d*
2

B(b)
Fig. 14.33

b +(b d
2 2

Now,

A is the origin and P lies on AF. Therefore, 
Al = X Al for some scalar X

EZ :
F
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Position vector of M =

(••• A is the origin]-(ii)

J - 0

=>

and /. =

Now,

AL +A& =

D(d) ‘ C(b+d)

Ut>+{>

A B(b)

38

and,
A^A = Position vector of M - Position vector of A

2
3’

X H
2 n + i

1 
g + i

=>

D(d)q C(b+d)

A P . 8(b)
Fig. 14.35

= A& +^Ab

Ab = x

- +(i
M + l

r*+ [ x -

6^ = AD]

= |At +Ab

= 0 and X---- t_ = 0
1-1+1

Fig. 14.34

In triangle ABC, we have

Ab +(£ = At
=> At = Ab + Ab
=> AC = b\d'

M(-2+d)

hand d*
are non-collinear

=> Position vector of C = b*+d .

Since L and M are mid-points of BC and CD respectively. 
Therefore,

1 -A i x - b+ -d + -b +d2 I I 2
3A=-b+~d2 2

I
Thus, P divides DB in the ratio • : 1 i.e. 1 :2.

Similarly, Q divides DB in the ratio 2 : 1. Hence, P and Q 
trisect DB.
EXAMPLE 18 ABCD is a parallelogram. If L and M are the mid­
points of BC and DC respectively, then express aL and AM in terms 
of Ab and AD. Also, prove that At + AM = | At .

SOLUTION_^Takin£ A as the origin, let the position vectors of B 
and D be b and d respectively. Then,

At = b and A b =d.

3 —> —> = ^(b + d)

1 J* 
= b +-d2

EXAMPLE 19 IfP and Q are the mid-points of the sides AB and CD 
of a parallelogram ABCD, prove that DP and BQ cut the diagonal 
AC in its points of trisection which are also the points of trisection of 
DP and BQ respectively.
SOLUTION Taking 0 as the origin, let the posi tion vector Band_ 
D be b and d respectively. Then, position vector of C is b + d 
(see Example 17).

Since P and Q are the mid-points of AB and CD respec­
tively, therefore position vectors of P and Q are | and | + d* 

respectively.

I
M = 2

ADDITION AND SUBTRACTION OF VECTORS

fb"
2 + d 

\ /
Suppose? di videsDB in the ratio p: l.Then the position vector 
of P is

n r +1 •
n + 1

H + l

From (i) and (ii), we have

1X ~ + d

2 P +1
/

b -f> b 7 
= 2+^“0~ 2+^

Position vector of L = - 1 J*
2 2

b* 
= z + d .(b + d) + d b

2 2
At = Position vector of L - Position vector of A

= r+|r-o* ■
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P& = sk.

+ 1 -d2

A(o)

(b)

Position vector of G =
D(d)

C(c)

,O+C.

C(b+d)
3

x.
B(b)A(o)

P.V. of a point dividing AG2 in the ratio 3 :1

P.V. of a point dividing BG3 in the ratio 3:1
respectively,

and,

Also, the position vector of the point dividing DP in the 
ratio 2:1 is

Thus, the point of trisection of AC coincides with the point of 
trisection of DP.

Hence, DP cuts the diagonal AC in its point of trisection, 
which is also the point of trisection of DP. Similarly, BQ cuts 
the diagonal AC in its point of trisection, which is also the

. point of trisection of BQ.
EXAMPLE20 "The mid-points of two opposite sidesofa quadrilateral 
and the mid-points of the diagonals are the vertices of a paral­
lelogram". Prove using vectors.
SOLUTION Let ABCD be a quadrilateral and let P, R be the 
mid-points of the sides AB and CD respectively. Let Q and S be 
the mid-points of diagonals AC and BD respectively.

- +1.0

The position vector of a point dividing AC in the ratio 1: 
2 is

4

Hence, PQRS is a parallelogram.
EXAMPLE 21 The lines joining the vertices of a tetrahedron Io Uh' 
centroids of opposite faces are concurrent.
SOLUTION Let OABC be a tetrahedron. Taking 0 as the origin, 
let the position vectors of the vertices A, B, C be ii? l>, and c 
respectively. Let G, Gt, G2, G2 be the centroids of the faces 
ABC, OAB, OBC and OCA respectively. Then,2 X_Z

2 + 1

b\d\

2 )
= ^(c^-bj

3[ 3 ]+1'"
2+1

P.V. of a point dividing CGj in the ratio 3 :1

3 + 1

3^+15

■ 3 + 1

1 •(? +d) + 2-0*_ b\d
1 + 2 3

Fig. 14.37
a\b\c*

3^

Position vector of Gi =

Position vector of G2 =
rA

Position vector of G3 = ——

Now, P.V. of a point dividing OG in the ratio 3:1

^Ah + c 
3 

j_________________________________/

3 + 1

£+?
3 *

nA b + c*
4

:/
s

P(^)

Fig. 14.36

With reference to some origin 0, let the position vectors
of A, B, C and D be fl? b, cAnd d respectively

Since, P, Q, R and S are the mid-points of AB, AC, CD and
BD respectively. Therefore, position vectors of P, Q, R and S

<r+ b (T+ <T(T+d ,b+d
are —7—, -77-, -7— and ——2 2 2 2

Now, p£) = Position vector of Q - Position vector of P

sk = Position vector of R - Position vector of S

_ f
2

nA b + c4
4

a>+b + c*
4



ADDITION AND SUBTRACTION OF VECTORS 14.25

+ ca (y^- a) + be (r^- pj)

= 0.

D

P. E

[Given]

D a8(b) C(c)

a.IA + b.ti + C.lt = 6?
But,

=>

Position vector of I =
=>

= a a

DC
BD

BC
BD

c + b 
c

c + b 
c

c + b 
c

a
BD

8
Fig. 14.38

Fig. 14.39

Let / be the point of intersection of AD and BE. Then, 

Bl is the angle bisector of /.DBA of A ABD.

1 divides AD in the ratio BA : BD.

b 
c

flaV bP + cy 
a + b + c

BD + DC
BD

bb + c<T 
b + c

aa?+ bp + cyl 
a + b + c )

1 
a + b + c

=* P is the mid-point of EF.

Hence, the required point P is the mid-point of the line 
segment joining the mid-pionts of diagonals AC and BD of 
quadrilateral ABCD.
EXAMPLE 23 If I be the centre of the circle inscribed in the A ABC, 
then prove that

where a = BC,b = CA and c = AB

SOLUTION Let a^pty^be the position vectors of the vertices 
A, B, C respectively.

Then,

EXAMPLE 24 Show, by vector methods, that the angular bisectors 
of a triangle are concurrent and find the position vector of the point 
of concurrency in terms of the position vectors of the vertices.

[1IT 2001]

SOLUTION Let ABC be a triangle sucli that the position vectors 
of its vertices A, B and C are afb and irrespectively. Let 
AD, BE, and CF be the bisectors of angles A, B and C respec­
tively. Since AD divides BC in the ratio AB : AC = c: b. So, the 
position vector of D is

0

= 0*

a%- b*+ c*
Thus, the point having position vector —-— is com­

mon to OG, AG2, BG3 and CG]. Hence, the line joining the 
vertices of a tetrahedron of the centroids of opposite faces 
are concurrent.
EXAMPLE 22 Find a point P within a quadrilateral such that 
PA, P&, ph and PD have the sum equal to the null vector.

SOLUTION Let E and F be the mid-pionts of diagonals 
AC and BD respectively.

r a+b+c I

{ab (a*- $+ac (a*-y} + ab (P*- 0^ + be (P*-

a.ll + b .H$ + c

a+b+c I

Now, 

PA+pb+ph+pi = ?

=> (PA + Pt) + (pi + pb) = 0

=> 2/^ + 2/$ =

=> 2(P? + pt)

=> PlrPh = 0*

=> ph = -ph
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Thus,

ALITER See Example 2 on page 18.14.
a a + (b + c)

— □□□ —

=> c =

=>

=>

By symmetry of the result, we observe that I lies on the 
angle bisectors AD, BE and CF.

Thus, AD, BE and CF are concurrent at / and the position 
vector of I is

Thus, three points A, B, C in a plane are collinear if and 
only if

A& = XBt
-z=x+y]

aa+bb+cc 
a + b + c

aa+bb+cc 
a + b + c

or, A& = XA^or, = X A& for some scalar X.

14.16 COLLINEARITY OF POINTS
As we know that any two points are always collinear. So, in 
this section, we shall discuss collinearity of three or more 
points.

Let A, B, C be three points. Then,

A, B, C are collinear <=> A^ and b£ are collinear

<=> Al? = X for some scalar X

x a*+ yb*+z c^= 0? where x + y + z = 0.

PROOF First, let us assume that the three points A, B, C with 
position vectors a? b, c^be collinear. Then one of the points 
divides the line joining the other two in some ratio. Suppose C 
divides AB in the ratio m:n. Then, by section formula, we have

Without any loss of generality, we may assume that 
z^O. Then,

x + y+z = Q=>x + y = -z.

Now,
xfl*+ yb*+ zc*= 0*

=> xa*+yb*= -zc*

xcr+yb
-z

xa*+ t/b
x + y

c^is the position vector of a point which divides the join of
the points A and B in the ratio y : x.
Hence, the points A, B, C are collinear.

Another criterion of collinearity of three points is given by 
the following theorem.
THEOREM (Test of collinearity of three points) Three points with 
position vectors of b, c*are collinear iff there exist scalars x, y, z not 
all zero such that

=> mb*+ no*- (m + n)c*= 0*

=> xit + y$ + zc*= 0*

where x = n, y = tn and z = -(tn + n).
xa*+ y$ + zc*= 0? where x + y + z = [r? + tn - (tn + »)] = 0.

Conversely, let ~af b? c*be the position vectors of points
A, B and C respectively such that

xo^+ yt +-zc^= 0?where x + y + z = 0.

We have to prove that the points A, B, C are collinear.

=> BD = z^~ 
b + c

nr
BA : BD = c : ---- = b + c: a.b + c

So, the position vector of I is

'b b + cc^ 
b + c I

a + b + c

Q.E.D.

REMARK Four or more points are collinear, if every group of three 
points in it form a set of collinear points.
ILLUSTRATION Prove that the points 2a*+b*-c? 5a*-b+2F 
and 8a4- 3b* + 5c*are collinear.

SOLUTION Let x, y, z be scalars such that
x(2a>+b*-cf+y (5a*-b*+2cf+z(8a>-3b*+5($=Q 

__. —> i —) 
=> (2x + 5y + 8z)(T+(x-y-3z)b + (-x + 2y+5z)r=0 

=> 2x + 5y + 8z = 0, x - y - 3z = 0 and - x + 2y + 5z = 0

Solving first two of these equations by cross-multiplica­
tion, we get

_L _ JL = _L
-7 14 -7

1 = ^2 = 1 = X(Say)

x = X, y = - 2X and z = X.

These values of x, y, z satisfy the third equation and 
x + y + z - 0.

Hence, the given points are collinear.

_> mb +naV=---------
m + n
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ILLUSTRATIVE EXAMPLES

and,

[By addition of vectors]

= 0

A A

1 J/l + m 1/2 + n ?3 = 0

= 0

P§ = P.V. of Q-P.V. of P

i

i
I

EXAMPLE 5 Prove that the points with position vectors IT+ b, 
a*- b*and a*+ Xb*are collinear for all real values of X.
SOLUTION Let the given points be A, B and C respectively. 
Then,

AS = P.V. of B - P.V. of A = b)~(a>+ b) = - 2b*

and,
Bt = P.V. of C-P.V. of B= ^+Xb)-(^-b) = (X + l)b*

Clearly, B(^ = - A% for all real values of X 
\ >

Hence, the given points are collinear for all real values 
ofX.

= (2irt- 3b*~ Acf- Iff*- 2b +3c?
= a*+5b*-7c*

Qk = P.V. of R - P.V. of Q

= (- 7b + 10cf- (2^+ 3b*~ 4c?

= - 2a>- 10^+ 14c*

Clearly, qK = - 2 P^.

Hence, points P, Q, R are collinear points.
EXAMPLE 4 If the points with position vectors 10?+ 3/? 12?- 5? 
and ai+'lljare collinear, find the value of a.
SOLUTION Let the given points be P, Q and R respectively. 
Then,

P$ = P.V. of Q - P.V. of P

= (12?- 5j) - (10?+ 3j} = 2?- 8*

and,

Qk = P.V. of R - P.V. of Q

= (fl?+ll/)-(12?-5/)

= (fl-12)?+16*

Since points P, Q, R are collinear points. Therefore,

P& = X Qk for some scalar X

=> 2?-8A= X {(a -12)?+16/)

=> {X(fl-12)-2| ?+(16X + 8)f = 0*

=> X(fl-12)-2 = 0 and 16X + 8 = 0 [•_• ?/arenon-collinear]

EXAMPLE 1 If A?) + ok = B& + ok, prove that the points A, B, C 
are collinear.
SOLUTION We have,

Ab+ob = B& + ot 
=> Ai = 
=> A^,B^ are collinear vectors.

But, the point where A^ terminates, B(^ starts from the same 
point.

Hence, points A, B, C are collinear.
EXAMPLE 2 If fl^nd b*are two non-collinear vectors, prove that 
the points a*+ y} b, x2 a*+y2 b?x3 a*+ y3 b*are collinear if

=> X = and « = 8

and, I + tn + n = 0

Eliminating I, tn, n from these equations, we get

*1 x2 x3
Vl V2 V3
11 1

EXAMPLE 3 Let a? b? c* be three non-coplanar vectors. Prove 
that the points a*- 2b + 3c? 2a4 3b*- 4c? - 7 b*+ 10c*are collinear. 

SOLUTION Let the given points be P, Q and R respectively. 
Then,

*1 x2 x3

Vl J/2 V3 
1 1 1

SOLUTION We know that three ponits with position vectors 
i? i? i?are collinear iff there exist scalars x, y, z such that

xi?+ yv>+ zu? = 0?where x + y + z = 0,

Therefore, the given points will be collinear iff there exist 
scalars I, m, n such that

I (Xj a\y^ b^+ tn (x2 a?- y2 b) + n (x3 a*+ y3 b^= 0* 

where I + tn + n = 0

=> (IX] + m x2 + n x3j a*+ (ly1 + my2 + ny3)b^=0>

=> /xj + tn x2 + n x3 = 0,

and,

I yi + m y2 + n y3 = 0 fllnd bare non-collinear vectors]

Thus, we have

I Xj + tn x2 + n x3 = 0
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d +=> a

=> c =

2=> b +

=> b +

b + c = 0

= 0 and = 0
Fig. 14.40

S?

...(i)

[Using (i)]

...(ii)

Fig. 14.41
P.V.of X =

X also dividies AD in the ratio g: 1.

(iv)

=> P.VofM

pentagon in which the sides 
____ I are parallel as 

1:3. If

XT
A + l

Ac*
A + l

1
3

=> 3 OD = AB
=> 3ob = A&

=> 3 d'= b'-a*

=> 3^= b"-2^~ci

=> 3c^= -b + 2c^

LetOX:XC = A: 1 and AX: XD = g: 1
Now, X divides OC in the ratio A: 1. Therefore,

It__
|^g +1 3 (fi +1

3 (g+1)

A

In APQR, we have 

pk = pfa + ok.
=> pk = a*+l?

Position vector of R = a*+b 
a*+ (a*+ bf

2 " L '

f A
A + l 

\ / 
r a '

A + l

c*
( A
IA +1 I

A + l I

; 6-u
3(g + l)

6-g
3(g + l)

9
=> g = 6 and A = -

5

1 A
g + 1> 

-b + 2c*l

_ pd + (T
~ 11+1

fl 
H+l\ /

+ + 1J.

=> OX: XC = 2:5. => OX: OC = 2:7

EXAMPLE 7 In a quadrialteral PQRS, pfa = a? = K 
sb-a^- b*lfM is the mid-point of QR and X is a point of SMsuch

4
that SX = - SM, then prove that the points P, X and R are collinear. 

J

SOLUTION If we take point P as the origin, then the position 
vectors of Q and S are Sand b - ^respectively.

f 6-11
[3(ii + l)J

f 2^-6
3(g+l) A + 1J

2g-6 A
3(g + l) A + l

[v band cl re non-collinear vectors]Then,

OA:CB = 2:1

OA _ 2'
CB 1

OA = 2 CB

=> oA = 2 ci
=> a^- 2 (b-cf

and,

OD : AB = 1:3
OD
AB

g + L

[Using (i) and (iv)] 

f 2g _ 2 y 
1^3 (g+1) g+1^

2g-6

EXAMPLE 6 Let OABCD be a j ‘
OA and CB are parallel and the sides OD and AB i  r... 
shown in Fig. 14.40. Also, OA : CB = 2 :1 and OD : AB = 
the diagonals OC and AD meet at X,find OX: OC.
SOLUTION Let O be the origin of reference. Let the position 
vectors of A, B, C, D be a? d respectively.

P.V.ofX =
g + 1

From (iii) and (iv), we get
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NM

B.

£

L0 A

Fig. 14.42

[•.■ pk - a^bf

— □□□ —

=>

where

ON
OC

••(i)

(ii)

= z | OC |

SX:XM = 4:1
f v i —_>

4 I “ + ~b + 1 .(b-of
=> P.V. of X = ------J-----------

4 + 1

x <7^+ y b*+ z c^+ ud*=0 

x+y+z+u = 0

3

{P.V of B - P.V. of A
= X (P.V. of C - P.V. of A) + p (P.V. of D - P.V. of A)

=> b*-a*= Xfc*-tf+p(d*-tf
(X + p -1) fl*+ b*+ (- X) c*+ (- p) 0*

=> x«4yfr*+ zc4i/d = £ wherex = X + p-l,y = l,z = -X
and u = - p

x «*+ y b*+ z c*+ u d*= 6? where x + y + z + u

= X +p-1 +1-X-p=0 .

Conversely, let there be scalars x, y, z, u not all zero such 
that

3n4 3b^
5

Now,

SX = p SM 

=> x + y = z

OL OM _ 
OA + OB

Taking 0 as the origin, let the position vectors of A, B, C 
be fl, b and c respectively.

4 1=* XM = SM-SX = SM-^SM = ~SM
5 5

14.17 COPLANARITY OF POINTS
In section 14.9, we have learnt about coplanar vectors. As we 
have learnt that three non-zero vectors are coplanar iff one of 
them is expressible as a linear combination of other two. In this 
section, we shall learn about the coplanarity of four points. 
Four points P, Q, R, S are coplanar if three vectors obtained by 
joining these four points are coplanar. Another criterion of 
coplanarity of four points is given in the following theorem.
THEOREM (Test of coplanarity of four points) Four points with 
position vectors a? b, cf d are coplanar iff there exist scalars x, y, z, 
u not all zero such that xT>+ i/b + zc*+ nd = 0, where x+y+z+u 
= 0.
PROOF Let A, B, C, and D be four points with position vectors 
ii? b, c*and d respectively.

First, let A, B, C, D be four coplanar points. Then a a, and A& are coplanar vectors. So, there exist scalars 
a and p such that

=> P,X and R are collinear points.

EXAMPLE 8 A transversal cuts the sides OL, OM and diagonal ON 
of a parallelogram at A, B, C respectively. Prove that

OL OM _ ON 
OA + OB OC

SOLUTION Let ot = x O*A, O$A = yot and O& = z O&. Then, 

I Ot | =x | O*A |, | O^l | =y | Ok | and | O& | 

___ OL OM ON
OA'y OB,Z~ OC

In bOLN, we have

ot + L& = O^J
=> ofo = ol+oXi
=> z.ot = xO/i + yOh
=> xd\+y ofe-zdt = 0*
=> xa*+ yb + (- z) 0*

But, points A, B, C are collinear. Therefore, 

xa*+yb*+(-z)c*= 0

=> x + y-z = 0

ADDITION AND SUBTRACTION OF VECTORS

Ak = XA& +p.Ab



MATHEMATICS FOR IIT-JE^14.30

y

=$

=}

Let y * 0. Then,

ILLUSTRATIVE EXAMPLES

Mlx + M2]/ + n3z + n4 * = 0

=>

=> = 0

1

= 0

SOLUTION We know that four points having position vectors

•0)

d*A = ai

Q.E.D.

Let us now discuss some examples to illustrate the concept 
of coplanarity of four points.

l2 
m2 
n2 
1

l3 
m3 

n3 
1

*4

"4 
1

'1

nl 
1

=> x +12 y + /3 z + /4 / = 0

ntj x + m2 y + m3 z + t = 0 [•_• of b? c^are non-coplanar]

, where x + y + z +1 = 0
=> (/j x +l2 y +l3 z + /4 f) a*+ (m-L x + m2 y + m3 z + m4t) b*

i2b\n2cb

la + mb + nc4 pd = 0

Now, Ab and ob are collinear vectors, therefore

oh = X Ab for some scalar X > 0

=> ob = -XJ*
Letol7 = r^Then,

a?b?cf dare coplanar if there exist scalars x, y, z, t such that 

xa*+ y b + zc\t d = 6? where x+y+z+f=0

Therefore, the given points will be coplanar if there exist 
scalars x, y, z, t such that

x (/j «*+ m} b + c4) + y (/2 a*+ m

EXAMPLE 1 Prove that four points 2a*+ 3b -c?a*-2b>+3c? 
3 a*+ 4 b - 2 c^and a*- 6 b% 6 c^are coplanar.
SOLUTION Let the given four points be P, Q, R and S respec­
tively. These points are coplanar if the vectors P<b, P& and 

PS are coplanar. These vectors are coplanar iff one of them can 
be expressed as a linear combination of other two. So, let

pb = xPk + yPi
- a*-5b* + 4c*= x (o^+ b*-cf+y (-a*-9b*+ 7cf

-a*-5b*+ 4c~= (x - y) (x - 9y) b*+ (- x + 7y) c*

x-y = -1, x-9y = - 5, - x + 7y = 4
[Equating coeff. of of b, ctin both sides]

Solving the first of these three equations, we get 
x = -|,y = ^. These values also satisfy the third equation. 

Hence, the given four points are coplanar.
EXAMPLE 2 If a? b? c* be any three non-coplanar vectors, then 

prove that the points a*+b + c? l2a\m2b + n2C^ 
Z3 a*+ m3 b + n3 c* and lia\m4b\n4 c*are coplanar if

Putting x = - (y + z + uj from (ii) into (i), we get 
-(y + z + u)a*+yb*+zc\ud*= 0* 

y -of +z(? -af+u (d*-aj = 0*

yA^ + z Ab + u Ab = 6*

^ = f-z-Vc+f—}*b-I y J
This shows that Ab and Ab are coplanar vectors.

Hence, points A, B, C, D are coplanar points.

EXAMPLE 3 If any point O within or without a tetrahedron ABCD 
is joined to the vertices and AO, BO, CO, DO are produced to cut the 
planes of the opposite faces in P, Q, R, S respectively, then prove that

OP OO OR OS , — + —. — + — = | 
AP BQ CR DS

SOLUTION Taking point O as the origin, let the position vec­
tors of the vertices A, B, C, D be of b? ct ^respectively. 
AO, BO, CO and DO are produced to meet the planes of the 
opposite faces in P, Q, R and S respectively. Since any set of 
three vectors out of four vectors a? b, c^ d is a set of non- 
coplanar vectors. Therefore, any one of the vectors a, b, c 
and d may be expressed as a linear combination of the other 
three.

Consequently, there must exist a linear relation between 
them, say

x+y+z+t=0

Eliminating x, y, z and t from these equations, we get

/] l2 I3 I4 
my m2~ m3 m4 
nx n2 n3 n4 
11 1

+ (Hj x + n2 y + n3 z + n41) c^= 0, where x + y + z + t=O
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?= -X?

=>From (i) a^= -
I

n

£.

ANSWERS

2. -40

— □□□ —

OS
DS

4. If O and H are the circumcentre and the orthocentre of the 
&ABC, prove that

(i) .oi+o^+o& = ok
(ii) Hk + Hh + Ht = 2(At) + B?) + C&)

5. In a triangle ABC, D is on AC and divides AC in the ratio 
2:1. BD is produced to F such that DF = 2BD. Prove, by vector 
methods, that AF is parallel to BC and is equal to 2 BD and 
CF is parallel to the median and is twice the median.

EXERCISE 14.2

(iii) a*-6b + 6c? 2a^-3b-c? a*- 2?- 3? 3?f 4b - 2c1. Prove that the following points are collinear:
(i) a? b, 3a*-2b* (ii) ?kb + c? 4?-3? 10?-7?-2?

(iii) ?+2b + 3c? 7a*-c? -2O*+ 3B*+ 5c*
2. If the points with position vectors 60i'+3]', 40?— 87) 
ai - 52] are collinear, find a.

Also, dk = -ka*

I d> | = x | ok |
OP X l/m + n + p

" AP " X + l ’ + 1  
m + n+p

Similarly, we have

00 m OR
BQ " 1+m + n+p ' CR " ' 

and,

[IIT1983]
31 If a? b? clre non-coplanar vectors, then prove that in each 
of the following sets of four points, the points are collinear:
(i) 6a*~4?+ 10?-5? 3b*- 10c? 4^- 6b*- 10? 2b*+10?

(ii) 6?+2b*-?2?-b*+3?-?+2b*-4?-12?-b*-3?

(mbk nc\pd)]
’ 1 J

—> X , —) —>=> r = y (mb + nc + pd)

=> If*-Xm b - X n ?- Xpd*0

Clearly, this is a relation between the position vectors of 
non-coplanar points P, B, C and D.

l-hn-Xn -Xp = 0

= —L_ .
m + n + p

Now,A^ = Ab + ofr
= -a*- Xd*= - (X +1) a*

=> aJ»x-(X+doA
=>| aJ’I = (x+i) | ok |

OP OQ OR OS  
” AP+ BQ + CR+ DS

I+ m + n+p 
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SCALAR OR DOT PRODUCT OF VECTORS

B

b,

aa
e A

0

M

b

G
A0

and,

Projection of a*on b =

i

CHAPTER

15

A r ■b = a • b

= a>- $

Projection of b on a*= a

\\
\
\\

\

From triangles OBL and OAM, we have
OL = OB cos 0 and OM = OA cos 0.
Here, OL and OM are known as projections of bon fl*and 

fl*on b* respectively.

Now,
a*-b*= | if* | | b* | cos 0

. = | a* | (OB cos 0)

= I (OL)
= (Magnitude of fl*) (Projection of b*on if*)

Again,
’• b*= | if* | | b* | cos 0

= | b*| (| i7*| cos0|

= | b*| (OA cos 0)

= | iT | (OM)
= (Magnitude of b) (Projection of if*on b) „.(ii)

Thus geometrically interpreted, the scalar product of two vectors 
is the product of modulus of either vector and the projection of the 
other in its direction.
REMARK From (i) and (ii) we have

a*- b
T^i

lively. Let 0 be the angle between OA 
| BL 1 OA and AM 1 OB.

rt

Fig. 15.1

15.2 GEOMETRICAL INTERPRETATION OF SCALAR 
PRODUCT

Leta*and b*be two vectors represented by OA and ok

HB 
I 
I 
I 
I 
\ 
I ' 
I 
I 
I 
I 
I 
I 
I

a L

Fig. 15.2

__ s respec- 
and ok Draw

if*- b' b'—= iT-—=y-
IM IM

Thus, the projectionof cF on b* is the dot product of a* with 
the unit vector along b and the projection of b on a*is the dot 
product of b ’with the unit vector along a?

15.1 DEFINITION
Let fl*and b be tivo non-zero vectors inclined at an angle 0. Then, 
the scalar product ofa^with b*is denoted bya*.b and is defined as the 
scalar | «*| | b*| cos 0

Thus, fl* b*= | if*] | b*| cos 0
REMARK If a* or b*or both are equal to the null vector, 0 is not 
defined as 0 has no direction and in such a case their dot product is 
defined ns the scalar zero.
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b +cr+r =

B

b
cos 6 =

AM

15.3 PROPERTIES OF SCALAR PRODUCT
In this section, we list some properties (without proof) of scalar 
product:
(i) Commutativity : The scalar product of two vectors is com­
mutative, i.e.

'jtcf 
l^l2W

As
0

1 p3 
^b2 + b22 + b32

l«-v
15.4 COMPONENTS OF A VECTOR FALONG AND 

PERPENDICULAR TO VECTOR ?
Let a* and b* be two vectors represented by OA and ob and 
let 0 be the angle between fl^and b.

Draw BM10A.
In AOBM, we have

o£=oXi+a7b => b*=6k+t^B

| b + c*|2 = (a*+ b + cj. (b + c?
= I «Y+ I ^|2+ I c*|2 + 2(fltb + b!c4cta1

(x) If r is a unit vector making angles a, (3,y with 
OX, OY and OZ respectively, then

cosa = r?C cos|3 = r?jA, cosy=rt£

r*= (cos a) f+ (cos 0) A+ (cos y) £

(xi) A vector rtzxi'+yf+zfc makes an acute or obtuse 
angles with OX, OY, OZ respectively according as x,y,z are 
respectively positive or negative.

(xii) If a vector remakes angles a, (3, y with OX, OY and 
OZ respectively, then

r*= (| r? cosa)/ + (| r? cos 0)/ + ( | r*| cosy)£

(xiii) If r^is a non-zero vector coplanar to two given vectors 
olnd b, then

rta*= rtb*= 0 => a* and b* are collinear

(xiv) If r^is a non-zero vector in space and at b, c^are three 
vectors, then,

rta*= rtb* = rtc^O => fl? b? c* are coplanar.

(xv) If at bt are non-coplanar vectors in space, any vector 
rAn space can be written as

rt= (rta)a + (rtb) b + (rtc)c,

where a, F, c are unit vectors along at b^and ^respectively.

Also,

0

Fig. 15.3

fl* b*= b*. fl*

(ii) Associativity. The scalar prodcut of vectors is distributive 
over vector addition i.e.

(i) if! (b + c? = at b + at c* (Left distributivity)

(ii) (F4 cf.a*= b .a\ eta* (Right distributivity)

(iii) The dot product of two non-zero vectors is zero iff the 
vectors are perpendicular i.e.

atb = 0 <=>o*l b*

.'. f. j = /. f = 0,f. £= f= 0 and ft £ = ft. f= 0
(iv) For any vector at we have

I T-)] 2a.a = | a I
A a a a A A A a AA Ar.
1.1 = | i |2 = 1,/,j = | j | 2andk.k = | k |2 = 1

(v) If m is a scalar and at b*are two vectors, then

m at b*= m (at F)= at mb*

(vi) If m, n are scalars and a? Fare two vectors, then

matnb*= mn (attf=(m not.B*=at(mnb*)

(vii) For any two vectors fl^and b/wehave

(a) | = | «V+ | bV + 2(a?b}

(b) | Jtb*|2= | «V+ |

(c) |«V-|S*|2
(d) fltb<0 ifffl*and b* are inclined at an obtuse angle

(e) a^.b*> Oiff fl^and b* are inclined at an acute angle

(f) at b*= Oifffl*andb* are at right angle.

(viii) If a^= flj A+fl2 A+fl3^and& = &! M-b2 j + I^then

at b*= a1b1 + a2b2 + a3 b3

(ix) If fl^= nI a2f+a3$ and b*=b1i'+ b2f+b^are 

inclined at an angle 0, then

M 1^1
flj b} +a2b2 + a-i b^ 

^ay2 + a2+a32

(x) If a? b? c4 are threee vectors, then
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■

a.

ILLUSTRATIVE EXAMPLES

[Using (ii)]

and, 83 = cos02 = cos

...(i)

COS0 =

<0

i*T>oi

=> 7x (2.x -1) < 0

Now,

0 is obtuse => cos 0 < 0

Hence, the angle between the given vectors is obtuse if 
xg (0,1/2).

A a

( 1

\ /

0] = cos

COS 0! =

ir b
l«1 |F|

=> «tb<0

a^-b 

l*T

=> 14.x2 - 8x + x < 0

«~*b* 

l«V.
[ atb4) a ( fltF4! a

= IW = IFW
... r= oXi +«b

irrespectively.

=> Ajb = b - oh = b -

X _ 1
" 13X 13

Now,

| fl*+b*FF*|2

l^l2
| «*| | z^+b+c4!

Igl 
l~F+F+F| 

r i 
13

Similarly, we have

f 1 
13\ /

0! = 02 = 03-

Hence, a*+ b*+c*is equally inclinded with of b* and cf

EXAMPLE 3 Find the values of x for which the angle between the 
vectors a*= 2x2f'+4xj'-r£ and b* = 7?- 2/A-f x £ is obtuse.
SOLUTION The angle 0 between vectors a*and b is given by 

at t?
|5l |F|

fl*

=> x (2x -1) < 0 => 0 < x < |

a*andb -= 1^1

ir-b
l^l2

Thus, the components of b along and perpendicular to a"*are 
fl4- b* 

l«T

EXAMPLE 1 For any vector rf prove that

r*= (rtf) zA+ (rtA)A+ (rt£) £ 

SOLUTION Let r^= x? + yf+ z£. Then,

rt ;A = (x f + yA+ zfc). A = x,

r./ = (xz+yj + zk)./ = y,

and, rt £ = (xrF y/ + z£). £ = z

Substituting the values of x, y, z in xf + yf + zP, we get

r^= (F*^ zA+(rtj)A+(^ftl?
EXAMPLE 2 If a? b} c^are three mutually perpendicular vectors of 
equal magnitude, prove that a^+ b^ + F*is equally inclined with vec­
tors i?t and ct
SOLUTION Let | a*| = | b^l = |
are mutually perpendicular vectors, therefore

fl*- b = b • F*= F*- fl"*= 0

c*| =X (say). Since afb, c

Thus, 6h. and MB are components of balong F*and perpen­
dicular to ^respectively.
Now,

A = (OM)fl

= (OB cos 0) a

= (| b* | cos 0) a

(^•bt
1^1 \?\

= (fl*+ b*+ c-} • (fl^+ b*+ c")

= a4- a^+ b*- b*+ c4- c^-f 2 a*- iT+ 2 b*- c4-!- 2 c4- a

= |fl*|2| + |b>|2+|^4|2 [Using(i)]

= 3X2 [•_• | fl4] = | b*| = | c*| =X]

|fl*+b*+c*| = V3X ...(ii)

Suppose «*+ b\c^makes angles 0lz 02,03 with at b*and c* 

respectively. Then,

a*- (a~*+ b^+cf
1 a4! | 54+^+F*|

| F* | | fl4^- b^-F c41
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COS0 =

(i)

for all xe (0,°°)
[Using (i»

< 0 for all x e (0, °°)=>

for all x e (0, °°)

,2=> -c (log2 x) -12 + 6c (log2 x) < 0 for all x e (0, °°)

=>

x > 0 => y = log2 xe K]
(i)

.2=> c<0 and 36c + 48c <0 .(ii)Let

=> c < 0 and - - < c < 0

...(iii)

Now,

A A

=>

=> 2 = 3X + alz 1 = a2-X, - 3 = a3,2 ,2=> (a -4)>0 and -(a -9)>0

Putting the value of X in (i), we get

=> (a - 2) (a + 2) > 0 and (a + 3) (a - 3) < 0

=> a<-2 or a>2 and -3 < a < 3

ofitp

-(iv)

Adding all these, we get 
2(otb + btc%ctaf = 0

at b + b* c% ct0*= 0

=> a*. (b + cf = 0, b* (ct of = 0 and ct (at b) = 0

=> at b + at ct= 0, bt ct b* a*= 0 and cta*+ ctb = 0

Now,

0 is obtuse
=> cos0<O

a*.b*

l«*l 1*1
=> otb<0

[•.•FtA = 2>0] 

rt/= a2-4 and 
F?£=-(a2-9)

=> ae (-3, - 2) u (2,3).
EXAMPLE 6 Letafb? c^be three vectors of magnitudes 3, 4 and 5 
respectively. If each one is perpendicular to the sum of the other two 
vectors, prove that |ot- b + c^| = 5'12.

SOLUTION We have,
| 0^] = 3, | b*| =4 and | c"^ =5.

It is given that:
otL (b + cj,(ctof and ctL(a>+ bf

SOLUTION Let 0 be the angle between the vectors olnd b^Then, 
at b* 

l«t 1*1

= 2 - 3X, a.

ax2 + bx + c < 0 for all x
=> a < 0 and Disc < 0

EXAMPLE 4 Find the values of c for which the vectors 
a*= (c log2 x) 6j +3$ and b = (log2x) i + 2jt(2clog2x) £ 
make an obtuse angle for any x e (0, «>).

cy2 + 6cy -12 < 0 for all y e R, where y = log2 x

a right handed system o/ 
unit vectors 

L fi.k, at = 3r0*= 2 m- f- 3k. Express 0*in the form 0*= 0, 

+ 02, where 0T is parallel to a* and 02 is perpendicular to at 

SOLUTION Since 0^ is parallel to a*. Therefore,

0^ = X a* for some scalar X 

R-> a a f 02 = a11 + a2 j + a3 k

Then, 0^ 1 bt => 0^ • at = 0 
, A A ,-A a _=> (a} t + a2 ] + a3 k) • (3/ -/) = 0 

—3a a2 — 0

A A

Now,

|atb + cf2 = |a|2 + |b|2+ | cf2 + 2 (at b +bt ct ct 

= 32 + 42 + 52 + 0

=> |atb + c>| = f50 = 5yl2.

EXAMPLE 7 If with reference to
mutually perpendicular

=> c<0 and c(3c + 4)<0
4 _ _

■--------------- 3"1"'

=> c e (-4/3,0)
EXAMPLE 5 Find the values of 'a' for which the vector 
r^= (a2 - 4) f + 2a- (a2 - 9) fcmakes acute angles with the coordinate 
axes.
SOLUTION For vector r to be inclined with acute angles with 
the coordinate axes, we must have

FtzA>0, rtA>0 and rt£>0

=> rtf>0 and rt^>0

P = Pj + 02

=> 0*= Xot+0^

=> (2i + f- 3k) = X (3f- f) + (fl j f + a/+ a3k)

2A+f-3k = (SX + aj) f+(a2-X) A+a3k

On equating coeff
. A A j

=> a^ = 2 - 3X, a2 = 1 + X, a3 = - 3

Putting the values of a^ and a2 in (iii), we get
3(2-3X)-(l + X) = 0

=>-10X + 5 = 0=>X = ^

Substituting the value of X in (iv), we get 
a1 = 1/2 and a2 = 3/2.

Putting the values of alz a2, and a3 in (ii), we get

7T* 1 a 3 a
P2 = 22 + 2^“3k
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A(oriqin)
S(a.o.a)

P(a.a.a)

0 XA(a.o.o)

Q(a,o,o)B(o,a,o)
(b) (c)

Y
Fig. 15.5

Fig. 15.4

A

•••(>)
COS0 =

a

[Using (i)]

1
3

R
(o.o.a)

Z
(o.o.a)C

fl)
3\ /

Similarly, the angle 0 between the other pairs of diagonals
is cos'1

Hence, pj = | (3A- and | (r+ 3/A- 6k)

EXAMPLE 8 Show that the angle between two diagonals of a cube is 
11 \ -1 cos

1
3 ‘ 

\ /

EXAMPLE 9 The length of the sides a, b, c of a triangle ABC are 
related as a2 + b2 = 5c2. Prove, using vector methods, that the 
medians drawn to the sides a and b are perpendicular.
SOLUTION Let ABC be a triangle such that BC = a,CA=b and 
AB = c.

Taking A as the orgin, let the position vectors of B and C be 
b and ^respectively. Then,

| b) = AB = c and | c*) = AC = b

LetADand BE be two medians of A ABC. Then, D and Eare 
the mid-points of BC and AC respectively. We have to prove 
that ADI BE.

Ab 1

Hence, AD 1 BE.

l^l2
2

1 1
v3;'

SOLUTION Let a be the length of an edge of the cube and let 
one comer be the origin as shown in Fig. 15.4. OP, AR, BS and 
CQ are the diagonals of the cube. Consider the diagonals OP 
and AR.

6 = cos-1

= 1 (b+ cf. (Ft 2b)

We have,

0^ = af+af+ak

Xk = Position vector of R - Position vector of A

= (0A+aA+flkj-(aA+OA+0k) ’

A A A = - at + aji + ak.

Let 0 be the angle between ol3 andA^ .Then,

ok> -aK ■
11 i

. A A ft , A A * _ + ax) • (- a; + a\ + ak)
= a/~2 2 2~ S. 71 2 Tya +a + a y(-a} +a +a

2 2 2-a + a +af
a

We have, 

a1 + b2 = 5c2

=> | Bb | 2+ | CA |2 = 5

=> |ct^|2+|^|2 =5 |&'|

=* | c^|2 I + I 54|2-2(b!c1+| c^|2 = 5 | ^l2

=> 2 | c4|2-2(btc^-4 | jT|2 = 0

=> |^|2-(^c?-2|^|2 = 0

Now,

Ab.Bh =



MATHEMATICS FOR IIT-JEE15.6

.., n.

Mn)
to)

Pn(rn)

,2Fig. 15.6

■(i)

...(ii)

=>

=> a (cos 29 - cos 30 cos 0) = b (cos 0 - cos 30 cos 20)

% I

S (?.0
_ I cos 0
" | cos 20

-1 oT„ | = i

II

= £ 
/ = ] /=!

'</

n
= Z

/=1 j=i '
/ < j

= {lT-f2l:+.lT-'?l2+-.+ lT-??l2|
+ .|F?-rJ| + ....+ |

+ {|i?-T|2+l?3-?s|2+|3-??|2 + -+ |f?-^|2|

+ ....+ J r*-r,7? 1 I2 I

=> 27+ b 1 b.

EXAMPLE12 The vector sum o/7*and b>trisects the angle between 
them. If [ 7*1 = a, | b*\ =b such that a>b. Show that the angle 

) r a>
between the two vectors Tand b is 3 cos-1 — and the sum vector

Now,

Sum of the squares of the mutal distances of points 
P], Pi,...., Pn

'ipipj2

=> | b |2 + 2 (at b) = 0
=> bt b\ 2 (7t b) - 0

=$> (b + 2af. b*= 0

=> b + 27*± b

EXAMPLE 10 P2, P3,...., Pn are n-points on a circle of radius one
unit. Prove, using vector methods, that the sum of the squares of their 
mutual distance is not greater than n .
SOLUTION Let 0 be the centre of the circle of radius one unit. 
Taking O as the origin, let the position vectors of Pv P2, 
P3, , Pn be rf, 7t, r^*, , respectively.

Then, | 6?, | = | O?2 | =

l?l =l,i = l,2,

= («-i)ilTl2+l??l2+...+ i??i2)-2i
i = 1 j = 1 
' < j

= n 11 r? |2+ | r? |2 + -. + | 6? |2) - | rj*+?+.. + rrf |2

= n x n - | F] + 77+.... + r„ | < n

example 11 If two vectors 7*and b*act at such an angle that 
| at- b*] = | 7* |, show that if a*is doubled then the new vector 

sum is at right angle to b .

SOLUTION We have,
I 7V b*| = | 7*|

| 7*+^|2 = | 7*|2

=> | 7*|2 + | b*|2 + 2 (at b) = |7*|2

■ ^2. n/77>Z?_ A

-> a2-b‘
at- b has the magnitude ——

_ v —4

SOLUTION Let 3 0 be the angle between aand b. Then, 
at b = ab cos 30.

It is given that the angle between at- band b is 20. This is 
due to the reason that a*+b*is closer to the vector larger in 
magnitude.

Now,

(7Vb/.^*= |ot-Ff |7fcos0

=> 7*at-7*7*= |at-|of cos 0

=> |of2 + |of 17f cos 30 = |at- 7f 17f cos 0

And,
(Tt-bl.^ (7*+b^ Ib^l cos20

=> atb + btr*= [at-b*] | b*| cos 2 0

=> | a*| | b^| cos 30+ | b*|2 = | 7t-b^| | b^| cos 20

From (i) and (ii), we get

| 7*|2 + | 7*| | 7*] cos 39
| 7*| | 7*] cos30+ | 7*|2

a + b cos 30  cos0
b + a cos 30 cos 20
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x = =

=> a = 2b cos 0

=> x =

=> X =

Now, b

c -

a +

,2 ,2

,C =

SOLUTION We have,

39

r?fl*= 0 => r 1 a 
r*.b*= 0 => 7*1 b 
rtc*= 0 => rtt c

B*.a 
b*rf

a 
2b

c :a 
ctb

a. a 
atb

a .a 
dtb

a. a 
dtb

c.a 
ctb

a .a 
a*. b

a. a 
atb

a.a 
atb

c.a 
c>.b

c? fl? 
ctbj

cta*=x(a>.af+y (b*af 

c*.b*= x (a*.b$ + y

fl?bl 
b!b*|

=$ a? b? c^are coplanar vectors

C?fl?
c?b^|

=$ fl (2 cos 20 - cos 40 - cos 20) = b (2 cos 0 - cos 50 - cos 0)
=> fl (cos 20 - cos 40) = b (cos 0 - cos 50)
=* fl (2 sin 30 sin 0) = b (2 sin 30 sin 20)

=> a sin 0 = & sin 20

;2z y -

c?r|

Solving these two equations by Cramer's rule, we have 

c*.a* 
ctl? 
b*.(? 

b*.b* '

SOLUTION Since atb^c*

b. a
b*tf

c'.a* a?in
c?b* b!b|

(fl?fl/(^bt-(fl?b?'y " (fl?flf(b!bf-(fl^b?

C?fl?
c?b*|

30 = 3 cos 1

c.a r . • :
c. b' u.b^|

i^i2iri2-(^-^2'’' iWFW
Substituting the values of x and y in (i), we get

fl? bl

fl?fl* 

A?r

|fl*+F|=-

=> cos 0 = •
2b

M
2b \ /

Hence, the angle between fl*and bls

=> 0 = cos'1

b4 + fl4-2fl2 b2 

b2

a^.c? c?fl?
aVb* c?b|

EXAMPLE 14 Show that the vectors
a* = (log fl) f + (log b) j + (log c) £ 

and, (?= (q-r)f+(r-p)/ + (p-(?)£ 

are perpendicular if a, b, c are the pth, qth and rth terms of a G.P. 
SOLUTION Let a, b, c be the pth, qth and rth terms of a G.P. 
with first term A and common ratio R. Then,

fl = ARP-\b = AR^l,c = ARr“1

Now,
a? j?= (q - r) log a + (r-p) log b + (p -q) log c

= log [a‘f-rbr-P(f-^

= log [(ARP ’1 )q ‘r IA Rq' V “ p (ARr -1 }P “ “?]

= iog[A‘?"r+'"P + P"<?R(P~1((q-r) + (q-1)(r"P) + ('’“1)(P“‘?)]

= log(A°R°) = log 1 = 0

=3 a*l pl

EXAMPLE 15 7/ r?fl^=0, r?b*= 0 , F?c^=0 for some non-zero 

vector rfthen prove that a^ b, c^ are coplanar vectors.

HIT 19831

lirt-Ff2 = |flf2+ |Ff2 + 2fl?^

= |rtf2 + | ZTf2 + 2 |flf |Ff cos 3 0

= a2 + b2 + 2ab (4 cos3 0 - 3 cos 0)

/ 2 \

8b3 \ /

= fl2 + b2 + - 3fl2
b2

f 2 .2^
fl - b

b\ /
fl2-b2

b -
EXAMPLE 13 If at b^ c^are three coplanar vectors and a*is not 

parallel to b, prove that

cta^ a? bl
—r* r* + c?b b. b |

are coplanar vectors. Therefore, 
there exist scalars x, y such that

c?= .tfl4+ yl? ....(i)

Taking dot products on both sides successively by 
fl*and b, we get
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=> at b? c^are coplanar vectors

A(origin)are given to

(c)(b)

b

(ii)

=>

= |d <?i2-1H2)-| (i c*i2(i kT-2tM

Since y = 2 and y < 0. Therefore, z < 0 .
Hence, z = -2,y = -2 and x = 2

Putting x = - z, y = z in (i), we get

3z2 = 12 => z = ± 2

Fig. 15.7 

b + c4 c

= 0
EXAMPLE 19 Find a unit vector which makes equal angles with 3 
vectors

> a c=/.

=> V = 2

Putting y = z in (ii), we get

x + z = 0 => x = — z

So,fl^= 2A-2A-2^

EXAMPLE 18 AD, BE and CF are three medians of a triangle ABC.
Find the value ofB&. Ab + C^ .Bp + A^ .cP.
SOLUTION Taking A as the origin, let the position vectors of 
B and C be b and ^respectively. Then, the position vectors of

Now,

Bb.Ab + c\.Bp + Ap .cP

= | [l cT- I 7|2- I c*|2 + 2 (c?5?I + I -2(*tc)]

(H

D, E and F are respectively —y, - and 

.-. B& = c*-b? Ab = ^~,cX=-cf

Bp = y? Ap = b

a*=^(j-2j + 2$) ,b*= |(-4A-3^) and c*- 
o o

SOLUTION Let the required unit vector be
r = xi + y; + zk.

and,S = | - c

EXAMPLE 16 If of b, c4 are non-zero non-coplanar vectors such 
that rta*= rib = rt c^= 0, then prove that r*is a null vector. 
SOLUTION If possible, let r4 be a non-null vector. Then, 

7*7*= 0 => 7*1 a4"1 
7?b*= 0 => T4! b 
rtc*= 0 => 7*1 c

This is a contradiction to the fact that of b? c 
be non-coplanar.

Hence,?4- 0.
EXAMPLE 17 A vector a*= xi + y/ + z£makes equal angles with the 
vectors b = yP-2zp+3x$ and ct=2zi + 3xf-y$ and is perpen­
dicular to the vector d =A-A+ 2k. If | 7*| =2^3 and it makes an 
obtuse angle with the positive direction ofy-axis,find at 
SOLUTION We have,

| a*| = 2<3

=> x2 + y2 + z2 = 12

Also, 
a4! d*'=$ atd^=0

=> x-y + 2z = 0

Since fl^nakes equal angles with band cl Therefore, 
fltb^flic4 

| | ^1 I I
fltb*= fllc* [•.• | b^| = | c4] = ^9x2 + y2 + 4z2]

xy - 2yz + 3xz = 2xz + 3xy - yz

=> 2xy + yz-zx = 0 ...(iii)
Since fllnakes an obtuse angle with y-axis. Therefore,

fltyA<0 => y < 0 ...(iv)

From equations (ii) and (iii), we have

2(y-2z)y + yz-z(y-2z) = 0 [Putting x = y - 2z in (iii)]

=> 2y2-4yz + 2z2 = 0

=>(y-z)2 = 0
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Then,

[... of b? c*are unit vectors]

(c)(b)=>
Fig. 15.8

(ii)

cb =...(iii)

= y

(iv)
ofc =

0
.2

=> 2 = +

X = +

=> B = C

Now,

| cos2B

[•.• | a*| = ] b*| = I c*!!

The position vector of the centroid E of A CDA is

_» a\b* - 
a>+ — + c

3
3a*+ b + 2c

6

3a*+b + 2c
6

D is the mid-point of AB. Therefore,

Position vector of D =

aXb*-?£>
2

I R

X - 21/ + 2z

OA = OB = OC

=> M = |F| = i?l
Also, ZAOB = 2C, ZBOC = 2A and ZCOA = 2B

centroid of triangle CDA. If ofc .CD = 0, where 0 is the circum­
centre of A ABC, using vectors, prove that AB = AC.
SOLUTION Taking the circumcentre 0 as the origin, let the 
position vectors of A, B, C be afb and ^respectively. Since 0 is 
the circumcentre of A ABC, therefore

Now,

cb.ofc = 0
' 3fl~*+ b*+ 2c*l

I 6 J
=> (3irt- h + 2c} . (a*+ b^-2c} = 0
=> 3a*.aKl?.l?-2(?.c?+3lftt?-6(f\(Al?.a*-2b*.c'K2(f >.a*

+ 2c*.b*= 0

=> AC = AB.

EXAMPLE 21 A line makes angles a, p, y and 5 with the diagonals 
of a cube. Prove that:

□ 2 o 2 2 c 4cos a + cos p + cos y + cos o = -

x2 + y2 + z2 = 1 •••(>)
Suppose rtnakes equal angle 0 with each of the vectors 

fl? b, c? Then,

cos 0 = Tt r*= b*. r*= c? r

=> iiV= b*.F*=

a*+b*
2 C

a*+ b-2c~*\

=> 3 | T*]2 + | b*|2-4 | c*|2 + 4 at 4 at c*= 0

=> 4(a?b>-5tct = 0 [-.• | a*| = | F*| = | c*|]

=> a*.b*= a*.c*

| | iT| cos2C = | a

=> cos2C = cos2B

- 4x - 3z
3 " 5

=> 17,v-10y + 19z = 0
?r*= c?r*
- 4x - 3z

4x + 5y + 3z = 0 
and,

c?F^
x - 21/ + 2z

3
=> x-5y + 2z = 0

Adding (iii) and (iv), we get
5x + 5z = 0 => x = -z

Putting x = - z in (ii), we get
-10i/ + 2z = 0 => z = 5y => y = z/5
Puttingx = -z and y = z/5in (i), we get

-1

5

5 _ 4. 1

and y 1 Vm

Hence, required unit vector is

r^= ± (-5x + y + 5z).

EXAMPLE 20 In A ABC, D is the mid-point of side AB and E is the
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z

R(o,o,o)(o,o,a)C

(a.o.a)S Q(a,a,a)

0

P(a,a,o)

Fig. 15.9

.2

cos a =

cos P =

cosy =

cos 8 =

A
+ +

k

Fig. 15.10

ax - ay + az 
a^3

-ax + ay + az

ax + ay + az 
al3

x -y + z

ax + fly - az 
al3

Clearly, OQ, AR, CP and BS are the four diagonals of the 
cube.

4
3

SOLUTION Let the origin O be one of the vertices of the cube 
and the edges 04, OB and OC be along OX, OY and OZ 
respectively.

Let the length of each edge of the cube be a units. The 
coordinates of the vertices of the cube are marked in Fig. 15.9.

• • n*= xz + yf+ z£ is a unit vector "| 
x2+y2 + z2 = l

x2

' +

ft,eft 
| H*| I C> |

• In A ABC, we have 

bJ+cA = bA

x + y-z

7

x + y + z 
’ 13

x + y + z 
13~

x + y-z
13

= |(x2 + y2 + z2)

-x+y+z
?3

Also, b*c*= | b*| | c4] cos~

x — y + z

We have,

o£) = af+af+afc, Ak = -af'+af'+a^,

C& = ai'+aj'-a^ and B^ = ai'-aj'+afc

Let n = xf+ yf+zPbe the unit vector along the line which 
makes angles a, P, y and 8 with OQ, AR, CP and BS respec­
tively. Then, 

n.O$ _

I « H W = 
n.Ak

I »»| | Ak | ’

nt
| n*| I BS I

cos2 a + cos2 0 +cos2 y +cos2 8
, ,2 , \2[ - x + y + z 

I 13

EXAMPLE 22 If fl^ b? c*are unit vectors such that a*is perpen­
dicular to the plane of b? c*and the angle between b?c*is n/3,find 

| fl^+b + c4).
SOLUTION We have,

| fl"| = | iT| = | c^l = 1.

Since flls perpendicular to the plane of band c? Therefore, 

fl4! bA ^! c*=> a*.b*= 0=a*.c*

/. l^+b + ^l2

= | fl*|2+ | bA 2 | | c^|2 + 2(fl^b + b + b*c4ctflf

( 1)= 1 + 1+1+2 0 + 0 + ^ =4
k 7

=> | flVb + ^| = 2.
EXAMPLE 23 If a, b, c are the lengths of the sides opposite respec­
tively to the angles A, B, C of a triangle ABC, using vector methods 
prove that:
(i) a2 = b2 + c2 - 2bc cos A

(ii) a = b cos C + c cos B
_2 _ i,

(iii) fl cos B - b cos A =------c
(iv) 2 (be cos A + ca cos B + ab cos C) = fl2 + b2 + c2

(v) a (1 + cos A) + b (1 + cos B) + c (1 + cos C)

= (a + b + c) (cos A +cos B +cosC)

SOLUTION Let B^ = aj cA = b%nd A& = c4 Then,

| fl41 = BC = a, | b*| =CA = b and | c4) =AB=c.

B(o,o,o) y

n
3
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s

(v) From (i), we have

(a + b + c) (cos A + cos B + cos C) I

= (a cos A + a) + (b cos B + b) + (c cos C + c)
= a (1 + cos /I) + b (1 + cos B) + c (1 + cos C).

[Circum-radius]= I fl*| | c4] cos (n - B) - | b*] | c4] cos (ti - A)

= - tic cos B + be cos A
A•••(*)= - c (fl cos B - b cos A)

o

2C,

b c
[Using (i)]

B C

Fig. 15.11

= a cos A + a (cos B + cos Q + b cos B + b (cos A+ cos C)
+ c cos C + c (cos A + cos B)

= {a cos A + (b cos C + c cos B)| + (b cos B + (c cos A + a cos C)|

+ [c cos C + (a cos B + b cos A)|

a = bcosC + ccosB
Similarly, we can obtain

b = c cos A + a cos C and c = a cos B + b cos A

■

Also,
flV-i^ (^-b).c

’•.•fltb + cto" 
.•.c^-(fl4b?

Now,

| fltb + c4]2 = |

SOLUTION Let 0 be the circumcentre of A ABC. Taking 0 as 
the origin, let the position vectors of vertices A, B, C be 

b and irrespectively.

OA = OB = OC = R

I = |F| = | c*| = R.

=> | fl^b + c4]2 = o

= -(fl2 -b2)

- e (a cos B - b cos A) = - (a2 - b2) 

a2 — b2 a cos B - b cos A = '-
c

EXAMPLE 24 Using vector methods, prove that in a A ABC

3 
cos 2A + cos 2B + cos 2C > - -

(iv) We have,

(T

= - ( a4- b5. (irt- n
i\2B Ajo

2A

=> fl - b cos C + c cos B
(iii) We have,

flT^-btc4

(ii) We have,

iftb + cW
=> a*= - (b + F)

=> fl?fl4= - (b + cj. a4

=> -(b!^ c4^

=> | fl4]2 = - ( | b*| | zT4] cos (ti - C) + | c4! | fl4! cos (7t - B)|

2
=> fl = - (- flb cos C - efl cos B)

=> irt- b*= - c4 
^i^+b + ^O*

(i) We have, 

fl4+b + c4= 0*

=>& + -J4

=> I&+c*| =
|b + cV = | — n4]2

=> |?|2+ | c4|2 + 2(b^cT= | fl4]2

=* |b>|2+ | c4|2 + 2 | b4! | c4! cos(7i-X) = | fl4]2

=> lr + c2 - 2 be cos A = a2

fl4!2! I b^|2+ I c4!2

+ 2(flTb + btc%ctfly '

=> | a4|2+ | b*|2+ | c4|2 + 2(flTb>+ b*^+ c^.a} = 0

=> | b4|2+ | b*|2+ | c12 + 2(| a4! | b*| cos(ti-C)
+ | b^| [ c4) cos (7t - A) + | c4! | a4] cos (7t - B)) = 0

=> a2 + b2 + c2 - 2 (flb cos C + be cos A + ca cos B) = 0
=> 2 (be cos A + ca cos B + ab cos C) = a2 + b2 +
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A(origin)

,2

2 n

= 2

2

AB2 + AC2 = 2 (AP2 + BP2)

B

(bj
P

Fig. 15.12

C
F)

+1 cV+1

SOLUTION With referecne to_vertex A as the origin, let the 
position vectors of B and C be b and irrespectively. The posi-

cn.tion vector of P is —

= 0 => aa*+bb + cc*= 0
bV?4 r 

+ —

=> | irt-t + c4!2 = 3R2 + 2[| n4] | (T| cos2C + | b* |

+ | c*| cos 2A + |c^| | fl*] cos 2B]

=> | b + c*|2 = 3R2 + 2R2 (cos 2A + cos 2B + cos 2C)

But, | a>+ b>+ c^|2 > 0

3R2 + 2R2 (cos 2A + cos 2B + cos 2Q > 0

=> cos 2A + cos 2B + cos 2C > - 3/2

EXAMPLE 25 Let I be the incentre of A ABC. Using vectors, prove 
that for any point P,

a (PA)2 + b (PB)2 + c (PC)'

= a (M)2 + b (IB)2 + c (/C)2 + (a + b + c) (IP)2
where a, b, c are the lengths of sides opposite to angle A, B, C 
respectively.
SOLUTION Taking / as the origin, let the position vectors of the 
vertices A, B, Cof A ABC beat b and ^respectively. Then, the 
position vector of 1 is

a .a*+ b .b*+ c .c*
a + b + c

But, / is taken as the origin. Therefore,
ac?+bb*+cc* tA 

a + b + c ' ..... ” '

Let rt>e the position vector of any point P. Then,

a (PA)2 + b (PB)2 + c (PC)2

= a\pX |2 + b | P& |2 + c | pt |2

= a | FiflV + fc I ^^|2 + c p-^|2

= [fl{|FV-2(F?itf+ | ^2) + b(| FJ|2-2(rt^+ | zT|2}

+ c{|ri2-2(rtcMcV}]

= (a + b + c) | r^|2- 2r?(aa*+ bF+ ccj
+ {fl|^|2+b|^|2 + c|c^2}

= (a + b + c) | r*|2-2rtcft-(fl | fl*]2 + b | jT|2 + c | c^|2)

[Using (i)]

= (a + b + c) | + a I <^|2 + & | ^|2 + c | c*!2

= (a + b + c) I 1? |2 + « | S |2 + b | 3 |2 + c | IC |

= a (1A)2 + b (IB)2 + c (IC)2 + (a + b + c) (IP)2

EXAMPLE 26 IfP is the mid-point of the side BC of a triangle ABC, 
prove that

= | (|bVc4|2+|c4-^|2)

= 5 (|^|2+|c4|2 + 2(^^|

• = I^P+I?4!2
= | Al |2+ I At I2
= ab2+ac2.

Hence, AB2 + AC2 = 2(AP2 + BP2).
EXAMPLE 27 In a quadrilateral ABCD, prove that

AB2 + BC2 + CD2 + AD2 = AC2 + BD2 + 4 PQ2, 
where P and Q are the mid-points of the diagonals AC and BD 
respectively.
SOLUTION Taking D as the origin, let the position vectors of 
A, B, C be at b, ctespectively.

= b - at st = c^- b, cb = -ct DA = at AC = ^-a^ 

and, Bb = -b!

Since P and Q are the mid-points of AC and BD respectively- 
Therefore,

Now,

2 (AP2 + BP2)

= 2(|A^|2+|B^|2(

2 I '
= 2 i(F+c4|2+i|c4-ki|2
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0 (origin) C R

c

S

B0

a

A Q

2

(ii)

s

8

B 
(bj

I-.- ok = oh + sk] 
[•_• o& = oh + B$] 
[•.• oh = oA+Ah]

A

rC
(c)

0
\\
\

'P

[IIT 2000]
SOLUTION It is given that the perpendiculars drawn from the 
vertices A, B, C of the A ABC to the sides QR, RP, PQ respec­
tively are concurrent. Taking this point of concurrency as the 
origin 0, let the position vectors of A, B, C, P, Q, R be fl? b, 
c? p? tfand r?respectively.

Now,

OA 1 Qi OB 1 r£ and ot 1P&
=>ok.ok = o, ok.Rf}=o,ot.p^ = o
=> fl?(Aq?=0,lT. (jr-r?=0,c?(q^-p| = 0

Fig. 15.13

b*
Position vector of P = P05^’011 vector of Q = ~.

Now,

AB2 + BC2 + CD2 + DA2
= |i?-fl12+ I c*-b*|2+ |-c*|2+ | «?2
= |b^|2+|fl4|2~2(b^fl?+|c4|2+| b^|2-2(ctb^)

+ |c-V+|i^

(i)= 2 |fl-12+|i?|2+|cV

AC2 + BD2 + 4 PQ2

- fl? b*- b* c

P

r

Fig. 15.14

Ah = ok-dA = b + c^-a^
C$ = ofa-dt = fl^-b^-c4

and, B^ = OS - ok = c^ + a*-b

OP2 + AR2 + CQ2 + BS2

= IOP>[2+I Ah |2+I C& |2+I BS I2
= | a\ b + c?2 + | b + c^- fl4]2 + | a?- b*~c?2 + | F?a*- b?2

= [ i^2+| ^|2+| c4|2 + 2(fl?^+2(^r) + (c4^

+ | iT|2+ | c?2 + | fl? 2 + 2 (b? c?-2 (c?ii?- 2 (a? b)

+ | £?2 + | H2+ I ci2 + 2(fl?B)-2(Ftc?-2(c?fl?

+ | c?2 + | a?2+ | b^|2 + 2(ctfl?-2(fl?b?-2(b5c?

= 4(| fl?2+| b?2+| F*|2)

= 4(OA2 + OB2 + OC2)

EXAMPLE 29 Let ABC and PQR be two triangles in the same 
plane. Assume that the perpendicular from the points A, B, C to the 
sides QR, RP, PQ respectively are concurrent. Using vector methods 
or otherwise, prove that the perpendiculars from P, Q, R to BC, CA, 
AB respectively are also concurrent.

> —m 2= |C-*-5Y<-i-F|2+4||-iL±?
= |c4-fl?2+|^|2+|^-fl4-c?2

= |c?2+|fl?2-2c4fl4+|b4|2+(b"|2

+ | F?2 + | c?2-2(btii?+2(fl^E?-2(b^e?

= 2'M2-H^2+|cr-^-&M
From (i) and (ii), we get

AB2 + BC2 + CD2 + DA2 = AC2 + BD2 + 4 PQ2.

EXAMPLE 28 Prove that in a rectangular parallelopiped the sum of 
the sqiiflres of the diagonals is equal to four times the sum of the 
squares of three conterminous edges.
SOLUTION Let one vertex of the parallelopiped be at the origin
O. Taking 0 as_the origin, let the position vectors of 
A, Band C be a? b and respectively. The position vectors of
P, Q, R and S are fl"*+ b, b  ̂+ c^and a4+ respectively.

Clearly, OP, AR, CQ and BS are four diagonals of the paral­
lelopiped.

Now,

oh = o^ + ob = Ab + c4
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(0cos 6 =

[Using (i)]

2

2

I bT I2 =

(j)0

0

cos0 =
-4 
5

A0 
(origin)

E

(f)
Fig. 15.15

We have, OB 1 OA 
=> fl*l b*=> a*. b*=0

= ,|-2|^2 -2 I iT|2 + 5(flt^l

= |(X2 + 4X2-4xO) = | X2

••• I I = V|~X
and,

= | (-2X2-2X2 + 5xO) = -X2

HH 
= 1 (b>-25y.(jt2^

41

= |( | a^]2-4a^b + 4 | 5*|2)

b wposition vectors of D and E are - and - respectively. It is given 

that

Also, OA = OB
| a*| = | T| = X(say).

Now,

Ab.at, =

OA = OB =* | a*] = |

Now,Ab = |-fl*and fit = ^-b*

Let 0 be the obtuse angle between AD and BE. Then,

|xT>11|

= 1(X2-4xO + 4X2) =

• |B>| =^x

Substituting these values in (i), we get

Ab. Ot _ -X2
| Ab | . | b£ | 2^X ^sr

4 ' 4

H =

=> atr*= fl*b*.p*=b*.r? ct c* p* ...(i)

Let the perpendicular drawn from P to BC and from Q to 
CA intersect at O'. Let the position vectors of O' be a? In order 
to prove the concurrency of the perpendicular drawn from 
P, Q and R to BC, CA and AB respectively, it is sufficient to 
prove that (7R is perpendicular to Ab.

Since O'P 1 Ob and O^Q 1 cA. Therefore,

C?P. Ob = 0 and (7^. cA = 0

=> (p*-a). (c^-b) = 0 and (q*-a). (a*-cf = 0

=> p* (c*- b} = a>. (c^- bf and q* (a*- c^= at (a*- cf

=> pt (?- p*. F*= at (c4- bf and jj* a*- ift c"^ at (a~>- cf
=> (ptc^pt^+(^tfl^-^tc/=a>. (c^-bt+a*. (a*- cf

=> ^t fl^- pt 5*= at a*- at b'
=$ a*, r^-b*. r*= af a^-a*, b*

=> (a^- bf. r*= a*, (a^- V)

=> (a^-b) .r^- (a*-b) .a* = 0
=> (fl^-bb (r^-a) = 0

=^> BA . Ok = 0

=> or . Ab = o
=> (?r i Ab.

Hence, perpendiculars drawn from P, Q, R to BC, CA and 
AB are also concurrent.
EXAMPLE 30 Find the obtuse angle between the medians of an 
isosceles right angled triangle drawn from the vertices of the acute 
angles.
SOLUTION Let OAB be an isosceles right triangle, right, 
angled at 0. Taking 0 as the origin, let the position vectors of 
the vertices A and B be fl*and b respectively. Let AD and BE be 
two medians drawn from the vertices of the acute angles. The

B _ 
IKw

25*12

-TPH ’
= l||r|2 + 4|»12-4Jt5*|



15.15SCALAR OR DOT PRODUCT OF VECTORS

A(origin)

D60-
60'

0
Fig. 15.16

(0

(ii)
A

[... AB = AC]

2

(b)
C 

(c)

a 
0

A 
bj A 

. d

EXAMPLE 32 Prove using vectors: The median to the base of an 
isosceles triangle is perpendicular to the base.
SOLUTION Let ABC be an isosceles triangle in which 
AB = AC. Taking A as the origin, let the position vectors of AB 
and^AC be b and clespectively. Then the position vector of D 

is

Ab b£ = |(i'+c/-(c,-i?

= 1(AC2-AB2)

, => .V = -1,1/ = 1

Substituting the values of x and y in (ii), we get 
A A A 
c = b-a

=> d. c = A. (b - a) [Taking dot product with d]
A A A )

=> cos 0 = d. b - d. a, where 0 is the angle between c and d

=» cos 0 = cos [3 - cos a [Using (i)]

=> 0 = cos"1 (cos [3 - cos a)
= P.V.ofE-P.V.ofB = |7-t?=i(7-2i?

= |ll^l2-|t>l2)

=> 0 = cos 1
5 

\ y
EXAMPLE 31 Given four vectors of b, c*and d. The vectors 
0? b, chre coplanar but not collinear pair by pair and the vector d is 
not coplanar with the vectors at b and cflfit is known that the angle 
between irlnd b is equalto that between b and cfeadt being equal to 
60°. The angle between -d and 7)s a and between d and b is [3. Find 
the angle between the vectors d and ct

A A A A
SOLUTION Let a, b, c and d be unit vectors in the directions of 
vectors ii^b^clnd ^respectively. Then,

A
V

= I (AC2-AC2) = 0
=> Ab IBt => ADLBC.

EXAMPLE 33 Prove using vectors: If two medians of a triangle are 
equal, then it is isosceles.
SOLUTION Let ABC be a triangle and let BE and CF be two 
equal medians. Taking A as the.origin, let the position vectors 
of B and C be b and c* respectively. Then,

P.V of E = 7 c* and, P.V.ofE = |b>
2 2

Fig. 15.17

Now, Ab = Position vector of D - Position vector of A

and, b£ = Position vector of C - Position vector of B
T-> r*= c - b

=> ~7 = x + ^and 7 = 7 + 1/
2 2 2 2 J

and AC be b*and ctespectively. Then the position vector of D
^and/S =7

n ■ l> = cos 60° = ~ and b .c - cos 60° = |

Clearly, the angle between fl and c is 120°. Therefore,
A A 1
a.c = cos 120° = --

It is given_that the vector d*makes angles a and (3 with 
vectors Tand b respectively. Therefore,

A A , A A
a. a = cos a and d. b = cos (3
Since at b? cl re coplanar vectors. Therefore,
A A A
c=xa+yb
A A A A A . a A , a A A

=> c. a = (.to + yb). a and c .b = (xa + yb). b
A A

[Taking dot product of with fl and b]
A A A a 1
fl.b = b.c = ~

. A A 1
and a . c = - ~

1
2
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kC(c)

A(origin)

A(origin)
(b) (c)

Fig. 15.18

2
=>

2
[•_• r>-^=0from(0l

=>

=>

A(°)

F, E

0

D=>

Fig. 15.20

B 
(b)

B 
(b)

C
(c)

Since AB 1 AC. Therefore, 
Ab 1A&

r*- c*=o

Now, BE = CF

=> |B> I = |ci I
| lit |2 = I cl I2

2

D(^)

cb = P.V.ofF-P.V.ofC = |j?

=> | | c^-2^12 = | | ^-2c^|2

=> | c4-2b>|2 = | r>-2T>|2
=> (c*-2^-(?-2^ = (b*-2ct-(l!-2cf
=> c4- c4- 4 b*- <7*+ 4 F*- £*= b*-b*-4b*-c*+4c^c

■ => |c4|2-4b>-F>+4|b>|2 = | b^|2-4b*•

3 I b |2 - 3 ) c*|2

|F|2 = i^i2 
|F| = |f| 

AB = AC
Hence, triangle ABC is an isosceles triangle.

EXAMPLE 34 Prove that the mid-point of the hypotenuse of a right 
angled triangle is equidistant from its vertices.
SOLUTION Let ABC be a right angled triangle, right angled at 
A and let D be the mid-point of hypotenuse BC. Taking A as the 
origin, let the position vectors of B and C be b and c^respec- 

b\^
tively. Then, the position vector of D is —.

= 1 (AB2 + AC2) = | BC2

rt-4 | F*|2

Fig. 15.19

Since D is the mid-point of BC. Therefore,
BD=DC.

Now,
AD2 = | Ab |2

= Ab Ab =

= j(|^|2+|c*|2 + 2^^

-jl|F|2+iri2l
1...
4 '

AD = | BC.

Hence, AD = BD = DC.
EXAMPLE 35 Prove that the altitudes of a triangle are concurrent.
SOLUTION Let ABC be a triangle and let AD, BE be its two 
altitudes intersecting at 0. In order to prove that the altitudes 
are concurrent it is sufficient to prove that CO produced is 
perpendicular to AB. Taking 0 as the origin, let the position 
vectors of A, B, C be of b and ^respectively. Then

OA - a, ob = b, ob = c.
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->

=>

= 0 ...(i)

=$

=>

=>

•••(ii)

...(ii)

=> CF 1 AB.

and

C(b+d)D(d)

A

Fig. 15.22

B
(*)

C
(c) a

(b)

By triangle law of addition of vectors, we have 

Ah +Bt = At

_D_
(^)

Fig. 15.21

Hence, the perpendicular bisectors of the sides of a triangle 
are concurrent.
EXAMPLE 37 Prove using vectors: If the diagonals of a prallelogram 
are equal in length, then it is a rectangle.
SOLUTION Let ABCD be a parallelogram such that its 
diagonals AC and BD are equal. Taking A as the origin, let the 
position vectors of B and D be b and d respectively. Then, 
A% =b? Ab =d!

Now, AD 1 BC 

=>(?A 1 fit 
=> OA -fit = 0* 
=> a*- (c4- b) = 0 

=> a*-c*-a*-b*= 0

Now, 

ob 1 fit
=> ob -st = o

Adding (i) and (ii), we get

?c*= 0
=> (fl4- b) • c*= 0

=> BA -bt = 0
=> bt i Al

=> | («*+ • (a4- bf = 0

=> bl -ba = o
=> bl 1 bX => OF 1 AB.

and, BE 1 CA 

bb i cA 
bb -cA = o 

b)(^-cy= o
=> b*-d*-l?.c*= o 
=> (i4- b*- ■ c*= 0

Hence, the three altitudes are concurrent.
EXAMPLE 36 Prove that the perpendicular bisectors of the sides of a 
triangle are concurrent:
SOLUTION Let ABC be a triangle and let DO and EO be per­
pendicular bisectors of BC and CA intersecting at 0. Join 0 to 
the mid-point F of AB. In order to prove that the perpendicular 
bisectors are concurrent it is sufficient to prove that OF is 
perpendicular to AB. Taking 0 as the origin, let the position 
vectors of A, B, C be a? b and c4 respectively. Then the position

vectors of D, E and F are ~jf~ and ~y~ respectively. 

A(oj

=> (b*+ cj • (c4-b} = 0

=* |b"|2’ l^l2 

and, bl 1 CA 

=> oh -cA = 0

(C4! flf • (fl4- cf = 0

Ic4!2- |^|2 = o
Adding (i) and (ii), we get 

l«t2- |F|2 = o 
=> (a4-!- b) • (fl4- b) - 0
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[•.• Bi = Ab] Now,

[•_• OB = 04]

Now,

=>

=>

p(0

r

0A'(-o)

Fig. 15.24

B(b) C

D

Fig. 15.23

[v ofe =At]

the position vector of mid-point of AB is

Thereforept =

A 
(o)

A
(o)

In AOAC, we have

6b = oA + Ab
= oA + 6b
= b

Position vector of C is a*+ b.

The position vector of the mid-point of OC is 
a*+b* 

2 ’

Hence, the mid-point of OC coincides with the mid-point of 
AB.

6b -Ab = (7 + b?-(b*-fl?
= l^l2- l«T
= OB2 - OA2 = 0

=> b Id

=> Ab ± Ab

=* Ab +Ab = At 
Ab.

and, Bb = d*-b*

Hence, ABCD is a rectangle.

EXAMPLE 38 Show that the diagonals of a rhombus bisect each other 
at right angles.
SOLUTION Let OACB be a rhombus. Taking 0 as the origin let 
the position vectors of A and B be riband b respectively. Then, 
oA = iT^nd 6b =b?

AC = BD

| At J = I Bb |
I Ab |2 = | Bb |2

| b*+d*.|2 = I ?-^l2
| b*|2+ I ?|2 + 2(F>-^ = I ?|2+ I ^|2-2(b>-d|

=> 4 (b*- d) = 0

=> b • d = 0

(ii) cos (A - B) = cos A cos B + sin A sin B.

SOLUTION (i) Let OX and OY be the coordinate axes and let 
* and j be unit vectors along OX and OY respectively. Let 
ZXOP = A and ZXOQ = B. Draw PL 1 OX and QM i OX.

Clearly angle between 6b and o£) is A + B.

In AOLP, we have
OL = OP cos A and LP = OP sin A.

(OP cos A)* and ib = (OP sin A) (-/).

= I^|2-I^|2
= OP2-OA2
= (radius)2 - (radius)2 = 0

=> Ab 1 Ab => ZAPA' =
2

Hence, angle in a semi-circle is a right angle.
EXAMPLE 40 Using vectors: Prove that

(i) cos (A + B) = cos A cos B - sin A sin B

Now,
At = Position vector of P - Position vector of A = r4- 

and,
A^P = Position vector of P - Position vector of A'

= TW

Ab -Ab = (6-6-(r^+6

a*+b* ,
—j—, and,

6c i Ab.
Hence, thediagonalsof a rhombus bisect each other at right 

angles.
EXAMPLE 39 Using vector method, prove that the angle in a semi­
circle is a right angle.
SOLUTION Let O be the centre of the semi-circle and AA' be the 
diameter. Let P be any point on the circumference of the semi­
circle.

Taking 0 as the origin, let the position vectors of A and P 
be fl^and respectively. Then the position vector of A' is - a!
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y

Q

L
0x'

P

.(i)

...(i)

-(ii)

e
o A

But,

(ii)
y

p

a

x' L

[irr 2001]

A 
i

x

J

OP ■ OQ cos (A + B) = OP- OQ [cos A cos B - sin A sin B] 

=> cos (A + B) = cos A cos B - sin A sin B

(ii) Proceeding as in (i), we have
oh = OP [(cos A) i + (sin A) /]

■

A
i

A

0

Now,

OQ = 6k + M>Q
=> 0$ = (OQ cos B)* + (OQ sin B)*

=* 0& = OQ [(cos B)Ai + (sin B)j]

From (i) and (ii), we get

oh • ofc = OP [(cos A)7- (sin A);] • OQ [(cos B)* + (sin B)/J
= OP ■ OQ [cos A cos B - sin A sin B]

But,
oh ■OQ = | oh | | 0^ | cos (A - B)

= OP • OQ cos (A - B)

/. OP ■ OQ cos (A - B) = OP • OQ [cos A cos B + sin A sin B] 

=> cos (A - B) = cos A cos B + sin A sin B.

EXAMPLE 41 Prove that the cosine formula for triangles is 
equivalent to the definition of the scalar product.
SOLUTION Let OAB be a triangle such that Z AOB = 0. Then 
by cosine formula

AB2 = OA2 + OB2-2OAOBcos0
B

AB2

From (i) and (ii), we get

OA2 + OB2-2OA-OBcos0 = OB2 + OA2-2oh -oA

=> oh -0^ = OB • OA cos 0,

y'

Fig. 15.25

Za-b]

Fig. 15.27

= I Ah |2 = | oh -oA |2
= I oh |2+ I oA |2-2oh -oA

= OB2 + OA2-2oh -oA

Now,

oh = ol +Eh
=> oh = (OP cos A)*i + (OP sin A) (-;)

=> oh = OP [(cos A)^ - (sin A) j]

In AOA4Q,

OM = OQ cos B and MQ = OQ sin B.

Therefore,

ok = (OQ cos B)7, M*Q = (OQ sin B)

which is the definition of scalar product.

EXAMPLE 42 Find three dimensional vectors vf, v%, v^ satisfying 
v|.v|=4, vf.v^=-2, v^.v^ = 6, v^.v^=2, v^.v$ = 5 and 

v£. v% = 29.

and,
<5$ = OQ ((cos B)f+ (sin B)fi

.-.61’ ■ ofe = OP [(cos A)f+ (sin A)/j • OQ [(cos B) f+ (sin B)/j
= OP • OQ [cos A cos B + sin A sin B]

But,

oh • &Q = I oh I I 6^ I cos (A + B)
= OP ■ OQ cos (A + B)

y'
Fig. 15.26

B _ I
<A M
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=>

— □□□ —

B

6
0 A

Fig. 15.28

ILLUSTRATIVE EXAMPLES

If a number of forces are acting on a particle, then the sum of the 
works done by the separate forces is equal to the work done by the 
resultant force.

,.(i)

(ii)

example i Find the work done by the force F*=i + 2j\k acting 
on a particle, iffhe particle is displaced from the point with position 
vector 2i+j + kto the point with position vector 3iV 2; + 4k.

Also, we have,
3^2 ■ V3 = “5

=> ax + by + cz = - 5
=> ax + by -3 = - 5
=> ax + by = -2 •••(*'*)

Equations (i), (ii) and (iii) give three equations connecting 4 
unknowns. Taking b = 0, we get

a = ± 1, ax = - 2.

15.5 APPLICATIONS OF SCALAR PRODUCT IN 
MECHANICS TO FIND THE WORK DONE

A force acting on a particle is said to do work if the particle is displaced 
in a direction which is not perpendicular to the force.

The work done by a force is a scalar quantity and its 
measure is equal to the product of the magnitude of the force 
and the resolved part of the displacement in the direction of the 
force.

Let a particle be placed at 0 and a force F represented by 
ob be acting on the particle at 0. Due to the application of force 
F the particle is displaced in the direction of oA. Let OA be the 

displacement. Then the component of OA in the direction of 
the force fIs | oA | cos0.

Work done = | f* | | oA | cos 0

SOLUTION Let A and B be the points with position vectors 
2m- f+k and 3r + 2jA+ 4k respectively. Then the displacement 
vector dis given by

[••• ^-v{=4]

= fA oA = pA dl where d* = oA.

=> a = ± 1 and x = + 2.

:. x2 + y2 = 20 => y = ±4.

Thus, we have n = 1, b = 0, c = -1 and x = - 2, y = 4, z = 3.

OR
a=-l,b = 0, c = -1 and x = 2, y = - 4, z = 3.
Hence, we have
y| = 2 k, uf = k and y^ = - 2 f+ 4 / + 3 k

OR,
v^ = 2k,v^ = -i'-k and y^ = 2 f- 4/ + 3 k.

SOLUTION We observe that three unknown vectors uf, uf, vf 
contain 9 unknown quantities. So, it is not possible to determine 
y^ and uniquely. There can be infinitely many sets of three 
vectors vf, vf, vf satisfying the given conditions.

Let us take
. avf = 2k
. A A A

yj = a i + bj + ck
> A A A

and, v^ = xi+yj + zk

Then, vf.vf = - 2 and y|. y^ = 6

=> 2c = - 2 and 2z = 6
=> c = -1 and z - 3

Now, v^.v^-2 and y^. y^ = 29

o2 + b2 + c2 = 2 and x2 + y2 + z2 = 29
a2 + b2 + l = 2 and x2 + y2 + 9 = 29

=> a2 + b2 = 1
and, x2-by2 = 20
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F = 5 + 3

= 1(39*+ 4*+ 331)

= F - d

= | (39* + 4* + 331) ■ (2* +* + 21)

EXERCISE 15.1

(i) = 0(ii)= 0

and,
?= (4* + 3*+l)-(2*i + 2*-l) = 2* + * + 21

Total work done

(3^- 27 + 6^) 
<9 + 4 + 36

a .a 
b'.a 
c*.a

.A A

= 1(78 + 4 + 66) = units.

d - Ah - Position vector of B - Position vector of A

,-A nA /^>A A= (3i + 2j + 4k)-(2i+] + k)
a a A— i + j + 3k

Work done by the force F*= F? d*

,A ^A ,A A— (i + 2] + k) • (t + j + 3k)

= 1+2 + 3 = 6units. .

EXAMPLE 2 Constant forces 2*-5*+ 6k and - i + 2*- k act on a 
particle. Determine the work done when the particle is displaced from 
a point A with position vector 4i -3*-2k to a point B with position 
vector is 6*+ *-3k.
SOLUTION Let F be the resultant force and d*be the displace­
ment vector. Then,

,nA a A . a „a A F = (2/ - 5; + 6k) + (-i + 2j -k)

A A
1. If fl and b be unit vectors and 0 be the angle between them, 
prove that

(i) cos| = 1 | a + b | (ii) sin| = | |a-b|

2. If | a4] = |^|=1 and I = yl3, then evaluate 
(2a*-5$.0d*+tf.

If a?b^ clre unit vectors such that fl^F b + c^ 0?then find 
the value ofa*. b + b .c^f-c? a?
4. If | a*| = 3, | = 5, | c*| = 7 and a*+ b + c*= 6?prove that

,A -A A ,„A , A A 
= (i - 3] + 5k) ■ (2i + 4] -k) 

= 2-12-5 = -15units .

and,

d = A^ = Position vector of B - Position vector of A
A A A A A A= (6i + *-3k)-(4i-3]-2k)

.A C= 2i + 4/ - k
Work done = F*• d*

A oA = t-3] + 5k

the angle between sand b is n/3.
5. If a? b, c* are coplanar vectors, prove that

c4
a*.b a^.c*

b.a b.b b.ir

(T.b gr 
b*.b* b.c* 
<F*b* etc*

8- Two points A and B are given on the curve y = x2 such that 
□A. f= 1 and O&. f= - 2. Find | 2O*A-3ok |.
9. In a right triangle right angled at A, prove by vector 
methods, AB1 + AC2 = BC2. Also, prove that the mid-point of 
the hypotenuse is equidistant from the vertices.

10. Find the value of x for which the angle between the vectors 
af= x*-3*- £and b = 2x*+x*~ fcis acute and the angle between 
b and the axis of x is obtuse.

11. If a, b, care the pth, tyth, rth terms of a HP then find the angle 
between the vectors uf=(q-r)*+(r-p)*+(p-q)$ and 
v>=a-^+b-'j+c-'lG

12. Find the acute angle between the medians of an isoscles 
right angled triangle drawn from the vertices of the acute 
angles.
13. D^erm^ne the valu^ of c that for all real x, the vectors
ex t - 6/ + 3 k and x i + 2 j + 2cx k make an obtuse angle with 
each other. [IIT1991]
14. P is any point on the circumcircle of triangle ABC, other 
than the vertices. H is the ortho-centre of AABC, M is the 
mid-point of PH and D is the mid-point of BCProve by vector 
method that the line DM is perpendicular to AP.

(Hint: Take circumcentre as the origin)

[IIT1989]
6. Determine the lengths of the diagonals of a parallelogram 
constructed on the vectors a^= 2a + $ and b = a - 2$, where 
a and 0 are unit vectors forming an angle of 60°.
7. A point ^(Xpyj) with abscissa X] = l and a point
B (x2' 111) ordinate y2 = 11 are given on the part of the curve
y = x2 - 2x + 3 in the first quadrant. Find oA. ob.

EXAMPLE 3 Forces of magnitudes 5 and 3 units acting in the 
directions 61 + 2 j + 31 and 31 - 2 j + 61 respectively act on a par­
ticle which is displaced  from the point (2,2, -1) to (4,3,1). Find the 
work done by the forces.
SOLUTION Let F be the resultant force and d be the displace­
ment vector. Then,

(6/z + 2$ + 3t)
<36 + 4 + 9

b
(T.b
b*.b
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ANSWERS

6. V7,V13 8. 2<4T 12. cos'

13. CG (-4/3, 0)

— □□□ —

■

i

,-iW
’ 5

/
2 2
7. 26

11 511. 2



■ b/

CB
0

b/

.fl
A0 L

In AOBL, we have

(i)=> BL = OB sin 0 = | b | sin 0

40

VECTOR (CROSS) 
PRODUCT OF VECTORS

a
Fig. 16.1

CHAPTER

16

16.2 GEOMETRICAL INTERPRETATION
Let a? iTbe two non-zero, non-parallel vectors represented by 

OB respectively and let 0 be the angle between them.

NOTE1 If one of a orb or both is 0, then 0 is not defined as 0 has 
no direction and so r| is not defined. In this case we define 
a xb =0.
NOTE 2 If if and b*are collinear i.e. ifQ = 0orn, then the direction 
of T| is not well defined and so in this case also we define a xb = 0. 
NOTE 3 a*xb*is read as if cross b. Since we are putting cross 
betiveen o*and b that is why it is called cross-product. As the result­
ing quantity is a vector so it is also known as the vector product.

• n BL sin9= 5b

In other words,

| | b*| sin0 r|,

where 6 is the angle between aT*and b and r| is a unit vector 
perpendicular to the plane of o^and Fsuch that ifb?x\ form a 
right handed system.

When we say that iff b? r| form a right handed system it 

means that if we rotate vector irtnto the vector b, then r| will 
point in the direction perpendicular to the plane of ifand b in 
which a right handed screw will move if it is turned in the same 
manner.

OA and Ob respectively and let 0 be the angle between them. 
Complete the parallelogram OACB. Draw BL 1 OA.

. ♦«

0

Fig. 16.2

16.1 DEFINITION
VECTOR (CROSS) PRODUCT Let aftfbe two non-zero non-paral­
lel vectors. Then the vector product ifx b, in that order, is defined as 
a vector whose magnitude is | if | | b* | sin 0 where 0 is the angle 
between ifand b and whose direction is perpendicular to the plane 
of ITand b in such a way that if b and this direction constitute a 
right handed system.

In



16.2

(viii) If a^a}

(fxb*=[From (i)J

± X

| i^x b*!

= | | O*A xoh |.

c

D

0,

A B

2

NOTE By the term vector area of a plane figure we mean that a vector 
ofmagnitude equal to the area of the plane figure and direction normal 
to the plane of the figure in the sense of right handed rotation. ■

A 
i

rtl

' a\b '

RESULT III The area of the parallelogram with adjacent sides 
rt^and bls

RESULT IV The area of a triangle with adjacent sides a* and bis

RESULT V Area of MBC = | | |

Fig. 16.3

= (Vector area of triangle ABC)
+ (Vector area of triangle ADC)

= | (A*B x At) +1 (A*C x Ab)

= -1 (At x Ah) +1 (At x Ab)

2 1 1

. = | | B^xBA |

= | I cAxci |
RESULT VI The area of a plane quadrilateral ABCD is

| | At x fit) |, where AC and BD are its diagonals.

PROOF Let the diagonals AC and BD intersect at 0. Then, 
vector area of quadrilateral ABCD

16.3 PROPERTIES OF VECTOR PRODUCT
The vector product has the following properties:

(i) Vector product is not commutative i.e. if tfand b are any 
two vectors, then a\b**bx a? however a\ b = - bx if

(ii) If fllind b are two vectors and m is a scalar, then

mifx b*= m (ifx b) = (f< mb*

(iii) If ifb*are tiuo vectors and m, n are scalars, then

■ mif< nb*= mn fifx b) = m (lf<. nb) = n (mifx b)

(iv) Vector product is distributive over vector addition i.e.

nt: (b + cf = b + f
and, (b*+cfxtf= for all afb^cf

(v) For any three vectors ifb? c? we have

ofx(b*-cf = tfxb*-tfxc?

(vi) The vector product of two non-zero vectors is the null vector 
iff they are collinear or parallel i.e.

flxb = 0 <=> iT|| b, whereifb are non-null vectors

(vii) jxi = jxj=kxk = 6? Cxj^fqpcN-lc, fx£ = C, 
kxj = f, lexA= f,fx£=-f

Now,
ifxlf= | a4| | b*| sinBrj

= (OA) (BL) rj

= (Base x height) q

= (area of parallelogram OACB) q

= Vector area of the parallelogram OACB.

Thus, ifx b*is a vector whose magnitude is equal to the area of 

the parallelogram having if and b as its adjacent sides and whose 
direction q is perpendicular to the plane of if and b such that 
if b*, q form a right handed system. Hence, ifx b*represents the 
vector area of the parallelogram having adjacent sides along 
if and b.

Thus, area of parallelogram OACB = | ir x b |.

Also, area of AO AB = Area of parallelogram OACB

16.4 SOME USEFUL RESULTS
RESULT I If if and Pare two non-zero, non-pa^allel vectors, 
then unit vectors normal to the plane of if and b are

ifxb*

- I
RESULT II Vectors of magnitude X normal to the plane offl*and 
btre
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A+ o2 f+ a3 $, and b = b, f+ b2 j + b3 £, then

11 '
b2 b3



16.3VECTOR (CROSS) PRODUCT OF VECTORS

[-..-Ab = B/l]

ILLUSTRATIVE EXAMPLES

C(c)

M

CM =

A

(°)
B 

(b)

’ 1

" 2
If the points, A, B, C are collinear, then

Area of &ABC = 0

j

=

s
■

= |[AtxB?)] (... BA +Ab = B&]

So, area of quadrilateral ABCD = | | aL x B/5 |

[By distributivity]

[v«W = of

^x b% b*x c4* F*x fl41

Also,

Area of AABC = | | u!< b*+ b*x c^x a41 [See Example 2]

| 1 At | (CM) = | | /Tx b\ b*x c*+ c*x a41

[ a*x b \ Fx E4* c\ d41

i aFT

= x(Ab - Ab)]

= ^[At x(ba +Ab)]

Fig. 16.4

Area of AABC = | (AB) • CM = | | Ab [ (CM)

1 _
- | (Txb + b =0

| fl4xb">+b">xc4+c4xfl4| =0

=> a*x b*+b*xc*+c\a*=f?

Thus, a*x b*+b*x c*+ c*x a*= 0*is the required condition of 
collinearity of three points a? b, c?
EXAMPLE 3 Show that the perpendicular distance of the point c* 
from the line joining T^and bls

| b*x c4* c~*x a4* a*x b* |

|F-^|
SOLUTION Let A BC be a triangle and let of bl c*be the position 
vectors of its vertices A, B, C respectively. Let CM be the per­
pendicular from C on AB. Then,

EXAMPLE 1 If a? Fare two vectors, then prove that
|fl1<b^|2 + (fltbl2 = | a4]2 | b*|2

or
|^b^|2 = | a4!2 | b*!2-^^2

ata4 at bl
= b!flW|

SOLUTION We have,
| flt<il| = | a4] | F| sin 9 and «! b = (a4] | b | cos 6, 

where 0 is the angle between aimd b*

|Tt<^|2+(fltFl2
= | fl |2 | r>|2sin20+ | a4]2 | b>|2cos20
= | a4] 2 | b*|2 (sin2 0 + cos2 9)

= l«12|^|2
=> |<?xb>|2 = | fl4]2 | bl2-(fllbl2

= (at al (b^ bl - (at bl (bl al

dta4 fltbl
bla4 b*b*|

EXAMPLE 2 If a? b? c^are the position vectors of the vertices A, B, 
C of fl triangle ABC, show that the area of triangle ABC is

- |fl x b + b xc + c xir|.

Deduce the condition for points of b^ to be collinear.

SOLUTION We have,

Area of A ABC = | Ab xAt |.

Now, Ab = b*- riband A^ = c^- fl4

Ab xAt
= (11- fll x (c4- a}

= b x r- b x Jr - a x c + a x n I
= ilxc4+<74x^+c4x<74+0>

= fl^xil+^x^+^xfl4

Hence, area of A ABC = | | Ab xAC |



16.4

=> CM

= i I c^xci |

D(d) C(c)

Q\<

-(ii)
A(origin)

=>

2
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1
4

x(b-c?

dxb-dxc-^2cli7+2clc4|

:•■/P(t+£)

2 1

1 (d
2

and,
A2 = Area of A CQB

= | | X(c*-d)xd + c*xd*|

= | X(F^d\7xd*) + cld*|

5)

= | i/x /A- dxc^- 2 (cl b} |

= | dxX (c^-dt~dxc^-2 {clX(c^-^))

= | |X(?xc/-dxE12X(cldt|

= | | - X (cl d) + cl d + 2 X (ck d) |

= ||(X + l)(cl?)|

= (^1^1
From (i) and (ii), we have
A! = A2 i.e. Area of A APD = Area of A CQB.

EXAMPLE 6 Let ABC bed triangle. Points M,N and Paretaken on 
the sides AB, BC and CA respectively such that 
~~ = -777 = -77 = a. Prove that the vectors A^, B$ and CMform 

a triangle. Also, find a for which the area of the triangle formed by 
these vectors is the least.
SOLUTION We have,

AM
AB a

=> AM = AB a

=> BM = AB-AM.
=> BM = AB - AB a

= | | ix<7+clT|

2^ 
k /

-J |(T-2^x(l?-F)|

I Tx <1 I

BN CP

B 
(b) 

Fig. 16.5 
Since AB || DC. Therefore, 
Ah||5t

=> = X DC

T=X(c^d^

Now,
A! = Area of A APD

= | | A^xAt) |

- —xZ)

. | dW+iAxcl-cWl

I

EXAMPLE 4 If A, B, C, D be any four points in space, prove that
| Ah x cb + Bbx Ab + c\xBb | =4 (Area of triangle ABC).

[IIT1987] 
SOLUTION Taking A as the origin, let the position vectors of 
B, C and D be b, clnd d respectively. Then,

Ah = £cb = d*-c? Bb = c*-b?Ab = t CA = -c* 

and, Bb = d*-b*

| Ahxcb + SxAb + CAxBb |

= | bx(d*-(c^-thxd + (-cfx(d*-b] |

= [FxiA-Fxcl-cliA-FxiA-cld + cllAl

= | -bxc^+cli^l

= |-2(^xcf|
= 2|Bxr>|

= 21 AhxAt |
= 4 (Area of A ABC) [•_• Area of A ABC = | | Ah x A^ | ] 

EXAMPLE 5 Pand Q are the mid-points of the non-parallel sides BC 
and AD of a trapezium ABCD, show that A APD = A CQB. 
SOLUTION_Taking A as the origin, let the position vectors of 
B, C, D be b, cfd respectively.
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A(oriqin) A

n4

0
N

CB

= vector area of A OAB = | (OA x ok) = (at< bf

2

[-.At = ot-oA]

[■•6i = lort 2b1

n1

1
2

B 
(b)

£ 
(c)

n2

Fig. 16.7

Now,

”1

( h
“'2

Thus, A will be least if a = 1/2.

EXAMPLE 7 Let Ar (r = 1,2,3,4) be the areas of the faces of a 
tetrahedron. Let be the outward draion normals to the respective

= - (5^x c*x a^x c?

n3

faces with magnitudes equal to corresponding areas. Prove that 
nj + n2 + n3 + n4 = 0.
SOLUTION Let the one vertex of the tetrahedron be at the origin 
0 and the other vertices be A, B and C. Let the position vectors 
of A, B, C be a? hand irrespectively. Then, O*A = of oh = 
OC = c?

Fig. 16.6
Let A be the origin and let the position vectors of B and C 

be b and ^respectively. Then,
Position vector of N = (1 - a) b + a c4
Position vector of P = (1 - a) c4
Position vector of M = a b*

Now,
At = (1 - a) b + az? B$ = (1 - a) <T- b? C^l = ab*-c~>
A^l + B^ + C^[

= (1 - a) b + ac% (1 - a) c^~ b + a b*- c*

= 0*

=» A^l, bP, CM form a triangle.

Now,

A = Area of the triangle formed by A^l, B$ andeXi

= 11 AfcxBP |
= || |(l-a)b + ac?x((i-a)c^-b?|

= | | (1 - a)2 (bxc?-a (cW|

= 11 (1 - a + a2) (bx c? |

= | (a2 - a +1) | bx F*| [•_• a2 - a +1 > 0 for all a]

2 i

Ibxc I

n2 = vector area of A OBC - ~ (oh x OC) = | (Fx cf

n? = vector area of A OCA = (ot x OA) = 77 (ck a]
J 2 2

~n4 = vector area of A ABC

= | (At x Ah) [Taken outwards from the tetrahedron]

_ 1
2

n? + n2 + n'3 + n'4 = 0.

EXAMPLE 8 Let oA = of oh = 10 ifA 2b?and ot = b*where 0 is 
origin. Let p denote the area of the quadrilateral OABC and q denote 
the area of the parallelogram ivith OA and OC as adjacen t sides. Prove 
thatp-6q. HIT 1997]
SOLUTION We have,

p = Area of the quadrilateral OABC

= 11 oh x At |
= j | oh x (5t - oA) |
= | | (10fl4+2bfx(b>-iiY j

= | 110 (ax b)- 10 (a^< «?+ 2 (b* b)- 2 (bx iif|

=> BM = AB (1 - a)
. a______ a_

BM AB(l-a) 1-a
=> AM: BM = a : (1 - a)

Similarly, BN : NC = a: 1 - a and CP: AP = a: 1 - a.
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A(origin)

(i) n

n

n 1

...(ii)

cfc =

and, lA =

| {(l-n)c^-F?x((n-l)^-nc]>|

| (l-n)(n-l)(ctF?+n(Fxct|

| (n -1)2 (Fx cf+ n (Fxc?|

(n2 - n +1) | Fx r’]

Area of A ABC

&ABC

respectively.and

1
2

£
(c)

B
(b)

A = Area of quadrilateral ABCD

= | I AbxAb I

nb 
n + 1

nb 
n + 1

(&)f. 

x/

Now,
Area of A DEF

= ~|d1xD^|

(1 - n) c~^- F* (n -1) F^- nc 
n+1 n+1

.1

V(i£)

D
( b+nc x
t n+1 >

Fig. 16.8
c4 _ F+ nc* (1 - n) c^- F*

n+1 n+1 n+1
F+ nc* (n-l)F^-nc4
n+1 n+1

9
A DEF = n "-t;1

(n +1)2

SOLUTION Taking A as the origin, let the position vectors of 
B and C be b and respectively. The position vectors of D, E 
and F are given by »

F+ nc4 c4 
n + 1 'n + 1

= | | (mF+p?)x(?-F^|

= | | m(Fxd^-p(dxFt |

= | | m(Fx^ + p(Fxd5l

= | I (m+p)(bxd}\

= | I m+P I I

EXAMPLE 10 In a AABC, points D, E, F are taken on the sides

BC, CA and AB respectively such that — - "ET = 7F = n, proveDC EA FB
that

_ ' 1
~ 2 (n +1)2

= 1
’ 2 (n +1)2

= 1
2 (n +1)2

= 1
2 (n +1)2

.4^1^
(n +1/ 2

2

(n + 1)2 2

_ n2 - n +1
(n + 1)2

EXAMPLE 11 The internal bisector of the angles A, B and Co}a 
triangle meet the opposite sides at D, E and F. Using vector methods, 
show that the area of A DEF cannot exceed one-fourth of the area of 
&ABC.
SOLUTION Taking A as the origin, let the position vectors of 
B and C be b and irrespectively. The position vectors of D,E 
and F are given by

bb+cc* cc* , bb* ,
—----- ,------and —r respectively, where

b + c c+a a+b r

= i | 10(rt#-0 + 0 + 2(ox

= l|12(irt<^| = 6

and,
q = Area of the parallelogram with OA and OC as 

adjacent sides

= |oAxob|
= |axF|

From (i) and (ii), we get

P =
EXAMPLE 9_ABCD is a quadrilateral such that Ab-b^Ab = d^ 
Ab = mb + pd. Show that the area of the quadrilateral ABCD is

| 1 m + p 1 | Fx?|

SOLUTION We have, Ab = b^ Ab = dand A& = mF + pd*

Now,

Ah + Bb = Ab
■=> Bb = Ab-Ab
=> Bb = d*-t?



16.7VECTOR (CROSS) PRODUCT OF VECTORS

A(origin)

vCb.

a'a

2
bc

= |bc | bxc*| 1

= |bc | bxc*| 7T*|2

ten,
= | | bxc*| be

(Area of A ABC)

[•_• AM > GM]'ca

=>

=>

=>

=9

=
! c

(c)

B
(b)

A 
XI

0
/bb+cc^
V b+c 1

Fig. 16.9

EXAMPLE 12 For any two vectors 17* and v?prove that

1_ | bb + cc 
2

1 
<5

= -»2

i3 (£+£)

1 + M2

Area of A DEC (Area of A ABC)

A, < 7 (Area of A ABC)
1 4

77W+(^x^)2|

[IIT1998]
| b*|2 + 2 (flt 5?, we(-bb.)FKo+b'/ E(^)

= a

|7F^ £|2

1+ |?|2

Now,
BC = a, CA = b and AB = c 
A = Area of A DEF

, I ,T> -A _A

1
2 | (b + c) (c + a) r (c + a) (a + b) (a + b) (b + c)

1 _ 1 - 
(b + c) (c + a) (c + a) (a + b) + (a + b) (b + c)

fl + b - (b + c) + (c + fl) ]
(a + b) (b + c) (c + a) J

2a
(fl + b) (b + c) (c + n)

and,

cc cc bb . X-----+------X-----7b+c c + a

be (bxcf

= (a1 f+fl2/A+fl3£) x£ 

^Pxft + fljf/xft + fl.

9 9=> |«X Jc|“ = flj +a2

1^+1^/?+i«“W 
2 2 2= fl2 +fl3 +«,+<?• 

= 2 (flj2 + fl:

---------- 2flbc--------  1 .
(fl + b) (b + c) (c + a) ’ 2 1 1

_______ 2flbc_____
(fl + b) (b + c) (c + a) 

Now, A. M. > G. M.
[fllf]2 = rt22 + fl32

fl^< A= (flj f+fl2 A+fl3^)xA

= fl} (fx$ + a2 (jxf) + a

= flj £-a3A

2 2
= al +a3

SOLUTION : Using | fl*+b*|2 = | fl*|2 + | b*|2 
have
RHS = (1 - i7*. v*)2 + | (i7*+ v*) + (i7\v*) |2

= 1 - 2 (i7*. v} + (m*. F*)2 + | i7*+ u*|2 + | u*x u*|
+ 2 (u*+ v). (u*x v*)

= 1 + (i7*. vf + | i7*x Z7*|2 - 2 (ut v] + | 17*+ i7*|2

+ 2 [i7*. (i7\ v*) + vt (u*x

= 1+ | i7*|2 |F*|2-2(i7*.^+ | i7*|2+ | v*|2
+ 2 (i7*. u? + 2 x 0 [•.• i7*x u*l x v*l

i7*|2 | v*|2+ | i7*|2+ | u*|2

u*|2)(l+ I vV
bb + cc*l 
b + c J 

t be (^ x I

fl + b /~r- b + c r.— , c + a> Nflb, —— > vbc and -y- >

(fl + b) >2 'lab, b + c> 2VbFand c + fl > 2Vcfl"

(fl + b) (b + c) (c + a) > 8Vflb" VbF Ven”

(fl + b) (b + c) (c + a) > 8 abc
1 _____ 2abc_____
4> (a + b) (b + c) (c + fl)

_____ 2abc_____
(a + b) (b + cj (c + n)

= 1+1

= (l+l
= LHS

Hence, 
2

(l + |I>|2)(l+|i^|2)=(l-u*V) +|

EXAMPLE 13 For any vector approve that

|aV |2+ |flV |2+ |fl1<£ |2 = 2 |fl*|

SOLUTION Let fl*= a} ?+ a2 *+ fl3 £. Th<

flX f = (flj i + fl2 *+ fl3

= flj (zAxi) + a2(/xi) + a3(£x

£ + fl3 A

2 2 2 2+ «! +fl3 +flt +fl2 

r22 + fl32) = 2 | fl*|2

2 = fl.

bb
-—r + —rx c+a a+b a+b

be (cl bf

cc
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=>
=>

X = -

=> X = - = -5

A3

D(d)

C(c)

(o)

and,

HIT 1990]

= tan A + tan C

A n

, if |
(b-af.(d-af

IAbxAb
” Ab. Ab

(b)
Fig. 16.11

(b-af.(d-af
(b*-afx(d*-a\

2n^ 
;in —n

SOLUTION We have, 

rtb*= c\b*
=> rkb>-ct<b*= 0*

=> (r^-cfxb*= 0*

[HT1983]
SOLUTION Let r be the radius of the circumcircle of the 
polygon 7^ A2 .. A;I. Then,

Fig. 16.10

| OA; | = r, i = 1,2,n.
Now,

n-1

X (dA,xd/liti)
i=l

ji -1
= y | OAj | | OAj + j | sin — n, where n is a unit vector 

i = i
perpendicular to the plane of the polygon.
n-1 r

= Z Hsi
1 = 1 I

=> r^-c* is parallel totT*

=> r^~ c*= X b* for some scalar X.

=> 7^= c%Xf^
Now,

sin—n[ OA} = OA2 = r]

(b*-cfx(d*-cf = I&T-bxc*-c^d*+c^c* 

= bx d + ct: b + dx c4

| ^b+bxd + dxd4] | bx^+rtd + dx^
' tf-cf.^-cf

-(£-cfx(/-^| 
(b-cf. (d-cf

I cbxcb |
+ cb.cb

EXAMPLE 14 lfA}, A2, A3,A^aretheverticesofa regular plane 
polygon zvith n sides and O is its centre, show that

Z (OA, x OA*+}) = (n -1) (O"21 x o2,)
i = l

-15 
3

/. r^= 0^-5^= (4/a-3jA+7^)-5(zA+/A+^ = -A-8j + 2^

EXAMPLE 16 If of b, cfd be the position vectors of the vertices of
a cyclic quadrilateral ABCD, then show that

| a\lA+bxT+llxa^\ | bxc^i-c3<<7+ dxb | _
(jA-df.(d^-df + (b"-cf.(d"-cf

SOLUTION We have,
(b^-afx (d*-of = IjxT-lAxd^-a^d^+d^d*

= Fx d + a\ F+ dx a*

= (n-1) r^sin^ n

= („-l)|| 0% I |O% I

= (n -1) (O^j x O^2)

EXAMPLE 15 Let a^2i'+fc,b^=i'+)'+^ and c^= 4A- 3j'+7lc be 
three vectors. Find a vector r^which satisfies r1<b*=c^b*and 
r^.a^O.

rl(T= 0 
(c^-Xbf.^ 0 

(c*af+X(b*.df = 0

f 8+7 A_
2 + 0+1
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= tan A + tan (180 - A)

=>

(i)

2

C

...(ii)

= - 10f+ (2d + 12)/A+(d-9)^B^xBA = Since r*is perpendicular to fllnd b^so it is parallel

= 34i + 51f-102£

... A BCD is a cyclic quadrilateral 
A + C = 180° =* C = 180° - A

£
4
2

atb*= 3 
(t+ A+ ft. (xi'+ yf+ zft = 3 
x + y + z = 3 
x +V-1+x-l = 3

A 
J 
2

£ 
2

A 
) 
3

... These two equations are 
equivalent toy = z

=>

=>
=> 3x = 5

Now,

2
Also, y = z => z = -.

a\b = c~* =>

=> 17 | X | ^4 + 9 + 36 = 14
. , . 2 ,-Z2=> IM - 17 => 17

z-y = 0,-(z-x) = l,y-x = -I 

=> y = z, x-z = l,x-y = l 

=> x-z = l,x-y = 1

z = x-1 and y = x-1.

r*= X (34t + 51f-102ft = 17 X (2i + 3/ - 6k) ...(i)

Since Ftnakes an acute angle with (i + A+ £). Therefore, 

r?(A+A+ft>0=> 17 X (2 + 3 — 6) > 0

=> —17 X > 0 => X < 0
Now,

| F’l =14

5 
=*x=3

A 
I

3
18 -22 -5|

X (34a+ 51A- 102ft = 17 X (21 + 3A- 6ft

T, 7+ 5 a 2 a 2 aHence, b = -1 + - ] + - k.
OOO

EXAMPLE 19 Find a vector ^satisfying the following conditions :
(i) rts perpendicular to a^and b, where a*= 3A + 2A+ 2ft

r=18A-22A-5£
(ii) remakes an acute angle with A+ ft+ £

(Hi) | F*| = 14.
SOLUTION !
to^< b.

r*- X (a*x b) for some scalar X

Now,

SOLUTION Let b*= xt+ yf+ 3ft Then, 
AAA 1 J k 
1 1 1 
x y z

(z-y) A-(z-x) A+(y-x)£ =

= tan A - tan A
= 0.

EXAMPLE 17 Given that the vectors at b? cfform a triangle such 
Hint b + c^ a* Find a, b, c, d such that the area of the triangle is 5^, 
where a*= at + b/A + eft b*= dt + 3A + 4^ and c^= 31+ ft- 2ft 
SOLUTION We have,

bVc*=
=> (df+3/A+4^) + (3A+ft-2^) = aA+bft+c£
=> (r/ + 3) iA+4A+2£ = flA+bA+cP
=> d + 3 = a, 4 = b,2 = c

^=(d + 3)A+4A+2^
A

Fig. 16.12

A
I

d 
d + 3 4

| fit x BA | = "V100+ (2d+12)2 +(d-9)2

= A/5ri2 + 30d + 325
Substituting this in (ii), we get

^5d2 + 30rf + 325 =5<6

=> 5d2 + 30d + 325 = 600

=> d2 + 6d-55 = 0

=> (d +11)(d-5) = 0
=> d = -ll,5
=» a = - 8,8 a = d + 3]

Hence, a = - 8, b = 4, c = 2, d = - 11 or,« = 8, b = 4, c = 2, d = 5 

EXAMPLE 18 If A+ A+ ft f- ic are given vectors, then find 
a vector b satisfying the equations a*x b = c^and dtb = 3.

1 5 1 2

Now,
Area of A ABC = 5^6.

=> | bJ x bA I = 5>/6
We have,
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-r»

(Txb = -iTxc=>

•••(>)=>

=>

=>

...(ii) A _A A 21 + 2) - k =

=>

=>=>

=>

[Dividing by ate]=> =>

=>

An-A Q

b

r
B,A

0 x
n-C

B,
Co

n-B

Fig. 16.13

A 
I

X

£ 
z

L M
Fig. 16.14

(i) Let ob and o£) be two vectors such that ZXOP=A and 
ZXOQ = B. Then, ZPOQ = A-B. Draw PL1OX and 
QM1 OX. Let be the unit vector along Z-axis.

In A OPL, we have,

sin C 
c

a 
sin A

sin A
a

sin B 
b

I =c-

B& +cA = BA 
a*+b*= -c* 

a*+b*+c*= 6* 
a'x(a*+b*+c^ = a*x0 

a'xa'+a>xb*+a*xc*= 0*

a*xb = c\ a

We have,
=>

=>
=> r*

EXAMPLE 22 Prove by vector method that
(i) sin (A - B) = sin A cos B - cos A sin B
(ii) sin (/I + B) = sin A cos B + cos A sin B
SOLUTION Let OX and OY be two mutually perpendicular 
lines taken as axes and let A and / be unit vectors along 
OX and OY respectively.

Thus, from (i) and (ii), we get 
a\ b = b*x c^= c*x a* 

| a*xb*j = | b^xc*) = | cr>X(T>| 

ab sin (n- C) = be sin (it-A) = ca sin (n-B)

=> ab sin C = be sin A = ca sin B

[... (TxT* =$

b c ------ =: ------ . 
sin B----sin C

Again,
n^+b^+c*= 0*

=> b*x («*+ b*+ cf = b*x 0*

=> b*x a*+ b*x b*+b*xc*= 0

=> b*x a*+b*xc*= 0

=> b*xc*= -b*xa*

=> b xc*= a*x b

Now, putting the value of X in (i), we get
r*= -2(2A+3/A-6£)

Hence, r*= -4A-6jA+12£.

EXAMPLE 20 Find all possible vectors a*and b*such that 
b = 2i + 2A- £ and a*+b*=i'-3j'- 4$.

SOLUTION Leta*= x*+ yf+ 3£. Then,

o4b = A-3A-4£

=> b*= (A-3A-4£)-(xA+yA+3£)

=> b*= (1 - x) A- (y + 3) A- (z + 4) £

Again,

a*+b*= A-3A-4p

a\ (a\F) = a^<. (P- 3A- 4£)
a*xb*= fl^<(A-3A-4£)

A 
J 
y

1 -3 -4

2r+ 2A- £ = (- 4y + 3z) f+ (4x + z) A+ (- 3x - y) £

-4y + 3z = 2,4x + z = 2,3x + y = 1

Out of these three equations, only two equations are inde­
pendent. So, we cosider only two equations.

4x + z = 2 and 3x + y = 1
z = 2 - 4x and y = 1 - 3x
a>=xa+(1-3x)a+(2-4x)£

and, b^~ (1 - x)A- (4 - 3x)A- (6 - 4x) £, where x e R.

EXAMPLE 21 In a triangle ABC, prove by vector method that

a  b c
sin A sin B sin C

SOLUTION Let bJ = a! CA = band A^ = a

Then | a*| =a, | b^| =b, | c
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-(ii)

(i)=>

••■(ii)

...(i)

X

Fig. 16.15

[Using (i)]

-(i)

=> sin (A + B) = sin A cos B + cos A sin B.
EXAMPLE 23 Prove by vector method that the parallelogram on the 
same base and between the same parallels are equal in area.
SOLUTION Let OACB and OAED be parallelograms on the 
same base OA and between the same parallels.

0 D C Ew
0 A

= Vector area of parallelogram OACB.
EXAMPLE 24 If D, E, F are the mid-points of the sides of a triangle 
ABC, prove by vector method that

ob = (A+m*q
ob = (OQ cos B) A- (OQ sin B) ;A 

From (i) and (ii), we have

dbxd£)
= [(OP cos A) / + (OP sin A) f 1 x [(OQ cos B) A - (OQ sin B)

= OP • OQ [(cos A) f+ (sin A) /) x [(cos B) A- (sin B) 

= OP ■ OQ [- cos A sin B (fxy) + sin A cos B (/Ax

= OP • OQ [- (cos A sin B) k - (sin A cos B) k]
A 

= - OP • OQ [cos A sin B + sin A cos B] k 

But, obxdfe = | ob | | O& | sin (A + B)(-k)
= -OP-OQ sin (A + B)k

-OP-OQ sin (A + B) k = - OP ■ OQ [cos A sin B A 
+ sin A cos B] k

[•_. 0?

From A OPL, we have
OL = OP cos A and PL = OP sin A

ob = ot + Lb
=> ob = (OP cos A) A+ (OP sin A) A

In AOQM, we have

OM = OQ cos B and MQ = OQ sin B

Fig. 16.16

Let O/l = a^and ob = b*
Since BD is parallel to OA, therefore sb =xOA = xa*for 

some scalar x.
In AOBD, we have
ob +B& =ob

=> ob = b\xa*
Vector area of parallelogram OACB = a*x b

Vector area of parallelogram OAED

= oA xob
= a^x(b*+xaf

= at* b*+x (a*x ii?

= a*xb*

OL = OP cos A and PL = OP sin A.

of’ = ol. + zJ
ob = (OP cos A)A + (OP sin A) j

In AOQM, we have

OM = OQ cos B- and QM = OQ sin B
a 0^ = O&l + M(2

=> 0$ = (0Q cos B)a + (OQ sin B);

From (i) and (ii), we have 

dbxob
= [(OP cos A)? + (OP sin A)/] x [(OQ cos B)A + (OQ sin B)/J

= OP-OQ [(cos A)a + (sin A);] x [(cos B)A + (sin B);]

= OP ■ OQ [cos A sin B (A xA) + sin A cos B (; x7)]

= OP OQ [cos A sin B 'k - sin A cos B

= OP-OQ [cos A sin B - sin A cos B]^

But, ob xdb = | Ob | | Ob I sin (A -B) (-1c)

= - OP-OQ sin (A-B) 1c

- OP - OQ sin (A - B)1c

= - OP • OQ [sin A cos B - cos A sin B$

=> sin (A - B) - sin A cos B - cos A sin B.

(ii) Let Ob and ob be two vectors such that ZXOP = A and 
ZXOQ = B. Then, ZQOP = A + B. Draw PL10X and 
QM10X.



MATHEMATICS FOR IIT-JEE16.12

=>

—■) | 2

c

2

and,

2

2

M P

N

Fig. 16.18

=>

=>

B
(b)

Using Lagrange's 
identity

C 
(c)

= |b>-|(F^+cf =
2 2V ' 2

c*|2)

r* ^|2]2

1 fl2 sin B sin C
2 sin A

SOLUTION In AABC, we have 
bT:+cA = b1 a(-}

a*+b*= -c4 

flAF+c^o*

aV (a*+ b*+tf=aVo

Now, A = | | x rA |

A = | | F^x-c4} = | | F^xc4!

2A = | F^xc4}

4 A2 = | F^xc4)2

16A2 = 4 | F^xc4!2

Area of ADEF = | (Area of AABC).

SOLUTION Taking A as the origin, let the position vectors of B 
and C be b and irrespectively. Then, the position vectors of D, 
E and F are | (F*+ cf, | c^and ^respectively.

A(origin)

_b _L c
(b) (b+cj (c)

Fig. 16.17
Now, 51 = P.V. of E-P.V. of D

2 2'2
E& = P.V of F - P.V. of D

=>

=> 16A2 = 4 [- (F*- c4)2 + | F*|2 |

=> 16 A2 = 4 | F*|2 |c*|2-4 (F* of2 ■

= 4|F"|2|^|2-[|F>|2+rc4|2-|F>+c)|2]2

= 4|F*i2|c*i2-iiF*i2+|c*i2-i-'’Ti2 
a*+ F*+ c*= 0^=?^+^= -rtf

l2-[|F"|2+|c4|2-|^l2]2
■2]2

= (2bc + b2 + c2- a2) (2bc -b2-c2 + a2)

= |((b + c)2 - a2} (a2 - (b - c)2)}

= (b + c + «) (b + c - a) (n + b - c) (a - b + c)
= (2s) (2s-2a) (2s-2c) (2s-2b)
= 16 s (s-a) (s-b) (s-c)

=> A2 = s (s - a) (s - b) (s - c)

=> A = yJs (s - a) (s - b) (s - c)
EXAMPLE 26 Prove vectorially that the area of a triangle ABC is 
given by

Vector area of bDEF = (&E x 5^)

if-F^ -c4}

= -hF*xc") 
o

= L l(TBxAt).

= | (vector area of AABC)

Hence, area of ADEF = 7 area of AABC.4
EXAMPLE 25 Using vectors: prove that if a, b, c are the lengths of 
three sides of a triangle, then its area is

A = ^Is (s - a) (s - b) (s-c), where 2s = a + b + c. 
SOLUTION LetBj = fl^cA = F>andA% = E> 

Then, | Bt | = | S4} =a, | cA | = | F*| =b 
and, | aJ ( = I c4 I = c.

By triangle law of addition of vectors, we have, 
fit +cA = B%

=> 54+F>= -c^
=> F*+ iT= 6*

= 41 b i21 ::
= 4li2 c2 - [b2 + c2 - «2]
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=>

=>

=> (be sin A) (2A) = (ca sin B) (ab sin C)

=> A =

— □□□ —

= r xF.

YxF

0

F

Q

e

N

Fig. 16.19

ILLUSTRATIVE EXAMPLES

Then,

= 3^+?-d.A A A 
O(i+2j+3k)

Y

— A A A 
F=i+j+k

EXAMPLE 2 A force is represented in mgnitude and direction by the 
line joining the point A (1, - 2,4) to the point B (5,2,3). Find its 
moment about the point (- 2,3,5).

SOLUTION We have,

EXAMPLE 1 Find the moment about the point * + 2j + 3^ of a force 
represented by A +; +'k acting through the point - 2* + 3; +^.
SOLUTION Let 0 be the point A + 2j + 3^ and P the point 

2*+ 3;+^

Similarly, we have

cfkb*= bxc*=

| a^x b | = | bxc4] = |

| (b*xcf | | b*xc*\ = | F*x^| . | a

A A Ai j k
-3 1 -2

1 1 1

oh = P.V. of P - P.V. of 0
=> F= -3* + j-2^

Let aI be the vector moment of F acting at P about point 0.
Then,

xb |

A = j|hx^|

P\Y

a? = fW=

a2 sin B sin C
2 sin A

=> li\ b + aV. c*= 0
=> (&b*= c^a^

16.5 APPLICATIONS OF VECTOR PRODUCT IN
MECHANICS TO FIND THE MOMENT OF A FORCE 

(I) ABOUT A POINT Let a force F*be applied at point P of a rigid 
body. Then the moment of F about a point 0 measures the 
tendency (amount) of F to turn the body about point 0. If this 
tendency of rotation about 0 is in anticlockwise direction the 
moment is positive, otherwise it is negative.

Let r%e the position vector of P relative to 0. Then the 
moment or torque of F about the point 0 is defined as the vector

A? =

This vector is perpendicular to the plane containing 0 and 
the line of action of the force. The vector aI about 0 is inde­
pendent of the choice of the point P on the line of action of the 
force. Tojxove this, let Q be any other point on the line of action 
of force F. Then,

o£) x?= (6b +P&XF* [•.• 0?) = 6b +P$]

= 6b x?+P^
= 6b xf\6*

x?
[•_• P^ and F*are collinear]

If several forces are acting through the same point P, then 
the vector sum of the moments of the separate forces about 0 
is equal to the moment of their resultant force about 0.
(II) ABOUT A LINE The moment of a force F acting at a point P 
about a line L is a scalar given by

(r*xF|-fl

where fl is a unit vector in the direction of the line, and 
dh = rwhere 0 is any point on the line.

Thus, the moment of a force Fabout a line is^the resolve part 
(component) along this line of the moment of F about any point 
on the line.
NOTE It is to note here that the moment of a force about a point is a 
vector while the moment about a straight line is a scalar quantity.

a * A, 
P(-2i+3j+k)

Fig. 16.20
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0(-2,3,5)

Y F

So we choose 0 as a point on the line. Let ok =r. Then,

F

(0.0.0)o1
y

P(—4,2,5)

Fig. 16.23

Y — * A
F, =2i+7j

a = V4 + 4 +1

= -2 41+ 13/+ 41.

30
13

A A A 
Q(6i+j-3k)

P(-4?+3j+2k)

Fig. 16.22

r. / /

x 22(121-4/-si)
10

A?’ = 7xF*=

aI = r*x F*=

A(1-2.4)

Fig. 16.21

?= A& = P.V. of B-P.V. of X 

= (51 + 2 / + 31) - (1 - 2 / + 41') 

= 41 + 4$-l

Let 0 be the point (- 2, 3,5). Then,
F*= oA = P.V. of .4 - P.V. of 0 

= (l-2/ + 41)-(-21 + 3/ + 51) 

= 31-5/-l
Let a! be the moment of Fabout O. Then,

AAA i j k 
3-5-1 
4 4-1

Let iM be the moment of Fabout 0. Then.

Xj = lxF*

= Position vector of P - Position vector of 0

Let F*= Qh. Then,
F*= P.V. of P- P.V. of Q

= (41-3/-21)-(61+/-31)

= -21-4/+l
Let M be the moment of the resultant force F about Q. Then, 

A A A 
> J * 

-2 -4 1
3 4 5

EXAMPLE4 Find the moment about a line through the origin having 
the direction of 21 - 2/ +1 due to a 30 kg force acting at a point 
(- 4,2,5) in the direction of 121 - 4 / - 3 k.

— AAA 
Fj=-i-2j+k

— A A A 
x F2-2i-5j+6k

Thus, the moment of F about the given line
= aI -a*
= 22 (141 + 48/-8?)-2(21-2/+1) 

10 O

= 22(28 - 96 - 8) = -^.

EXAMPLE 5 A force of 6 units acts through the point (4, -1,7) in 
the direction of the vector 91 + 6 / - 21. Find the moment of the force 
about the point (1,-3,2) and moments about the axes, parallel to the 
coordinate axes, which pass through the point (1, - 3,2).
SOLUTION Let F*be the given force vector. Then,

A A A 
2i-2j+k)

\ I M

= (-41 + 2/ + 51):

1 7 1
-4 2 5
12 -4 -3

= |^(141+ 48/-81) 
IO

Let a4be unit vector in the direction of 21 - 2/ +1. Then,

4^7 = 1 (21-21+1) 
V4 + 4 + 1 3 '

SOLUTION Let F be the force. Then,

= 30 (121-4?-3l) = 30 (12a _ 4a _ 3t) 
N122 + (- 4)2 + (- 3)2 ,13

Suppose the force F*acts at point P (- 4,2,5). The moment of 
F acting at P about a line in the direction 21 - 2 j +1 is equal to 
the resolve part along the line of the moment of F about a point 
on the line. It is given that the line passes throughthe origin 0.

EXAMPLES Forces 21 + 7/, 21 - 5 / + 61, -1 + 2/ -Iflct at a point 
P whose position vector is 41-3/- 21. Find the vector moment of 
the resultant of three forces acting at P about the point Q, whose 
position vector is6 1 + j - 31.
SOLUTION Let F^ = 21 + 7/, F^ = 21 - 5/ + 61,
F3 = -l + 2/-l. Then the resultant force F is given by
7+ ->A 4AF = 3 1 + 4 ] + 5 k.

B 
' (5.2.3)
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i2'

z
o'(l.-3,2)

x' P(4,-1,7)

y

Fig. 16.24

7.

ANSWERS

— □□□ —

.... —y'

EXERCISE 16.1

If G is the centroid of the triangle ABC, using vector 
methods show that

Area of A AGB = Area of A BGC
= Area of A CGA

= | Area of A ABC

8. Prove that the area of a triangle formed by joining the 
mid-point of one of the non-parallel sides of a trapezoid to the 
extremeties of the opposite side is half of the trapezoid.
9. If A, B, C, D are any four points in space, show that

a^ x cb + Ab + CA x Ob

= r"xF*= p-

_ 6 (91+ 6$-21) 6_ a A
- 1/81+36 + 4 -n(9' + t’' lK>’

Suppose the force Facts a t P (4, -1,7) and let O' be the point 
(1,-3,2). Then,

O'P>= (4yi-; + 71)-(yi-3; + 21)

is independent of D.
10. If G is the centroid of A ABC, such that G^ and Gb are 
inclined at an obtuse angle, prove that 5zz2 > b2 + c2.

, *4. i 5. H (3/ + 4f) zo

1. If nV.b^ct:Tand a\(?= bxd?then prove that (n^-d) is 
parallel to (b - c£
2. If A, B, C, D are four points in space, prove that

AreaofAABC = | | Allxcb + B& xAb + cAxBb |

3. For any three vectors n^bx^prove that
a\(b + cf+ bx (c^ af+ c\(a\ b) = 0*

4. If nt j'- ft, b*= - A+ 2/ + 21^and ct - z + 2A- £ find a unit 
vector normal to the vectors nt b and b^- c?
5. Find a vector rtvhich is normal to both a*= 4u- 5A- £and 
b = f- + 5^ and rt ft 21, where ct 3r + A-
6. Thejjosition vectors of four points A, B, C, D^ona plane 
are n?b, c^and d respectively such that (a*- d). (b -c/= 0 
= (b - d) (c^- nf. Show that the point D is the orthocentre of 
A ABC.

.-. The moment of Fabout the point O' (1, - 3,2) is given by
A A A Z ] k
32 5
9 6-2

The unit vectors along O' X',0' Y' and O' Z' are A,/ and^ 
respectively. Therefore, the moments of F about these axes are 

-7, M •/ and Xt •'k i.e. - pp and 0 respectively.
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CHAPTER

PRODUCT OF THREE VECTORS

F

E

0A

41

A

17.1 INTRODUCTION
Let a? b? c%e three vectors. By inserting dot and cross be­
tween a? b, c*in the same alphabetical order we introduce 
the following products:

ftb'j-c? (a^b)xc? (a*xF) ■ and (a4x b?xc4
Consider the product (a^ bf • c? Since a*- b is a scalar 

quantity and dot product is defined between two vector quan­
tities, therefore the product (a^b)-c^is not_meaningful. 
Similarly, («^ b) x c^is not meaningful. But, (a^x b) • c*is mean­
ingful^ because otx b is a vector and its dot product with c i.e. 
(fl* b) • c^is a scalar quantity. This product is known as the 
scalar triple product of afb? c? The product (a^x b) x c^is also 
meaningful, because a*x b*is a vector and its cross-product 
withc*i.e. (o*x bf x c^is also a vector. This product is known as 
the vector triple product of aj bj c?

17.2 SCALAR TRIPLE PRODUCT
DEFINITION Let a? b? c*be three vectors. Then the scalar 
(j?xb)- c*is called the scalar triple product ofafb and c^and is 
denoted by [a^b* c4].

Thus, [ a4 b* c4 ] = (a^xb} - c?

GEOMETRICAL INTERPRETATION Let a? b? c^be three vectors. 
Consider a parallelepiped having coterminous edges OA, OB 
and OC such that 0>A = d?oh =bandot = c4 Then, a^x bis a 
vector perpendicular to the plane of alnd b. Let 0 be the angle 
between c*anda*x b. If q is a unit vector along a*xb, then 0 is 
also the angle between q and c?
Now,

(a^c4] = (o^xb^-c*

= (Area of the parallelogram OADB) t] • c*
= (Area of the parallelogram OADB) (q • cf
= (Area of the parallelogram OADB) | T| | | c*| cos 0

L

Fig. 17.1

= (Area of the parallelogram OADB) ( | c4) cos 0) 

kln*l=il
= (Area of the parallelogram OADB) (OL) [•.• OC cos 0 = OL]

= (Area of the base of the parallelepiped) x (height)
= Volume of the parallelepiped with coterminous edges a?b?(F*

Thus, the scalar triple product [a^bV*] represents the volume 
of the parallelepiped whose coterminous edges of b, c^form a right 
handed system of vectors.

17.3 PROPERTIES OF SCALAR TRIPLE PRODUCT
PROPERTY I If a? b, c^are cyclically permuted the value of scalar 
triple product remains same.
i.e. (a*x $-c*= (b*xcf- a^- (c*x of- b*

or, [a*b*cj = [b*c4= [ c4 a4 5^

PROPERTY II The change of cyclic order of vectors in scalar triple 
product changes the sign of the scalar triple product but not the 
magnitude.

- Z° □ Z
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i.e.

=> (a* xbflc

a

=>

ILLUSTRATIVE EXAMPLES
r

We have,

4
[a*b*c*] = 1

-3
-5

= - 264
So, required volume of the parallelepiped

= |[«*b>c*]|

= | -264 |

= 264 cubic units

a3 
b3

«2
b2

c2 C3

... and a*xb% 0 because^ b 
are non-zero non-collinear vectors

=> (fl*xb^-c*= 0

=> [d^b c? = 0

Thus,
of b? F*are coplanar => [fl*b~V] = 0.

Conversely, let of b? c*be three non-zero, non-collinear 
vectors such that [ fl*bV*] = 0. Then,

[^*b*r*] = 0

=> (a* x b| • c* = 0

=> a* x b* = 0* or, c* = 0* or, (fl* x b? 1 c*

7 5
7 -3

7 -5 -3

[a* b" c*] = by 

ci

= -3(- 21 -15)-7 (15 + 21)+ 5 (25 - 49)

= 108 - 252 -120

[fl"*bV*J = -[b*fl*F*] = -[c*b*fl*] = -[fl*c*b*]

PROPERTY III In scalar triple product the positions of dot and cross 
can be interchanged provided that the cyclic order of the vectors 
remains same i.e.

(d*x b\• c*= fl*- (b*x c*)

PROPERTY IV The scalar triple product of three vectors is zero if 
any two of them are equal.
PROPERTY V For any three vectors of b? c*and scalar X, 

[Xfl*b*c*] = X[fl*b*c*].

PROPERTY VI The scalar triple product of three vectors is zero if 
any two of them are parallel or collinear.
PROPERTY VII If fl* b* c* d^ are four vectors, then 

[fl^+b*c*d^ = [fl*F*d^+[b*c*d^.

PROOF We have,
[fl*+ b* c*d*] = ((fl*+ bfx c? • d*

= (a*xc*+b*xcf-d*

= (a*x cf- d + (b*x cf - d*

= [a *c *d^ + [b* c*d^

PROPERTY VIII The necessary and sufficient condition for three 
non-zero , non-collinear vectors of b, c*to be coplanar is that 
[fl*b c*] = 0. i.e. a? b, c^are coplanar <=> [fl*b c*] = 0.
PROOF First, fl? b, c* be three non-zero, non-collinear 
coplanar vectors. Then we have to prove that their scalar triple 
product is zero.
Now,

«*x b is perpendicular to the plane of «*and b* 

a*x b\s perpendicular to c* [•_■ a? b? c*are coplanar]

EXAMPLE 1 Find [ fl* b* c*], when if* = 2A-3j + 4k, 

b = i + 2]-kand <7=3i-] + 2k.
SOLUTION We have, 

-+ 2-3
[«* b c*] = 1 2-1

3-12
= 2 (4 — 1) — (—3) (2 + 3) + 4 (—1 — 6) •
= 6 + 15-28 = -7

EXAMPLE 2 Find the volume of a parallelopiped whose sides are 
given by - 3 i + 7/ + 5 k, - 5 A+ 7*- 3 k and 7 f-5 A- 3 k.

SOLUTION Let n*=-3 A+7 A+5k, b = ~5i^+7^-3k and 

c*= 71 - 5 ] - 3 k. We know that the volume of a parallelopiped 
whose three adjacent edges are fl? b, c* is | [fl* b* c?|.

But-fl^x b*is a vector perpendicular to the plane of 
and b. Therefore, (fl* x b) is perpendicular to c*

=> c* lies in the plane of fl* and b*

=> fl? b? clire coplanar vectors

Thus, [fl*b*c*] = 0 =>fl? b? c*are coplanar vectors.

PROPERTY IX For points with position vectors a? c* and T 
will be coplanar if

[d^b^c? + [d^c?fl? + [d^fl?b^ = [fl? b? cl 

PROPERTY X If flt= fl, f+ fl2 /A+ fl3 fc, bt= b] A+ b2 /+ &3 £ flnd 
c^= Cj A+ c2 A+ c3 fc are three vectors, then



17.3

=>

v’j-.V ,'usr,.'
= 0=>

<=>

<=>

A

= 0

= [ a* b* c ]

=> X =

= 0

A LITER We have, 

(iF*-tf+$-cf+((?-af = 0
=> a*- bf b*- F* F*- a* are coplanar vectors

=> [a*- b"b"~ F*F*- fl*] - 0

EXAMPLE 7 For any three vectors of b, cfshow that

[ fl*b*+ F* F*+ b\ F] = 0

SOLUTION We have,

(a* b + c* F*+b + F*]

= |F1 (b + eft . (a*+ Ft cf

[b*F*fl

-146
17 '

EXAMPLE 5 For any three vectors a?l£ c? prove that

[ fl*+ b*b*+ F* c*+ fll = 2 [ F* b* F*] 

and hence prove that the vectors a*+b? b* + cf c~*+ a*are coplanar 
iff af bf are coplanar.

SOLUTION We have,
[a*+ b* b\ c* F*+ a*]

position vectors 3f-2f-k,2f+3]'-4k,-f'+f+2k i
41 + 5 ] + X k are coplanar.
SOLUTION Let A, B, C, D be the given points. Then,

A% = Position vector of B - Position vector of A
A  A , A  A fl A - A  f= (2 /+ 3] — 4 k) — (3 z — 2; -k) = -t + 5j-3k

A& = Position vector of C - Position vector of A

= (-i+j+2k)-(3A-2f-k) = -4H-3j + 3k
Ab = Position vector of D- Position vector of A

.. A  A , fl ,_ A n A fl A  A ,» .. f= (4 z + 5/ + X k) - (3 z - 2j - k) = i + 7 j + (X +1) k
The given points are coplanar iff vectors Ab, Ab, Ab are 

coplanar.

Points A, B, C, D are coplanar
<=> A&, AC, Ab are coplanar

«- [Ab Ab Ab] = 0
-1 5 -3
-4 3 3

1 7 X+l

« -1 (3X + 3-21) - 5(-4X-4-3)-3(-28-3) = 0

« -3X + 18 + 20X + 35 + 93 = 0

« 17X+146 = 0

= [( FV F) x (b + F}). (F4 F^

= | F*x b* + aVF*+ b*x F]. (F*+ a}

= (fl3<b5(a^b} .F*+ (F^F)

+ (Fx F). F*+

= [ F* ZT* F*] + [ F* zF*[ +- [ a* c7

= [F*Tf] - [ b*F*F]

= [F*^^ — [F*b^rt/+[F~*fl

= 2[F*b F*]

Now,

af bf c* are coplanar

<=> [F*b^F*] = 0

2 [fl*b*F*] = 0

[F*+b*b*+c*F^F*] = 0

<=> F*+ b? b^+ F* F*+ fl^re coplanar.

EXAMPLE 6 For any three vectors a? b? cf prove that

[F*-^ b^-F* c*-fl*] = 0

SOLUTION We have:

[ir-b b - c c -flj
= |(fl^-b^x(b^-F^]-(F*-fl)

= (fl xb -flxc-bxb+bxF)-(c-flj

= (a*x b*+ F*x F*+ b^x F) • (F*- off

= (F*x b^• F*- (fl*x bt• fl*+ (F*x of • F*- (F*x of- F*

+ (b\ cf • <T- (b*x cf- a*

Fl-[F* 0*0*1-4^0*01

-[/Tf*^

so that the vectors F*= 
b = i + 2 j - 3 k and F*= 3 M- X A+ 5 k are coplanar. 
SOLUTION We know that vector of bf F*are coplanar iff 
[0*^0*] = 0.

_) t4 _i
a, b, c are coplanar

[fl*b^cj = 0

2 -1 1
1 2 -3
3X5

=> 2(10 + 3X) +1 (5 + 9) + (X-6) = 0

=> 7X + 28 = 0 => X = -4.
EXAMPLE 4 Find the value of X for which the four points with 

A A jy

and

.c

(bxFl.F*+ ( bxF*).F

F] + [fl*F*fl1

+ [ b" F*o1 + [ b*c

PRODUCT OF THREE VECTORS

EXAMPLE 3 Find X
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[Using (U

1

= 0

=> -ac-ab + ac + r = 0

(clca)

2a

= 0

* 0 for all non-zero a.= 15a
(i)

(l-b)(l-c) + (l-c)(l-a) + (l-a)(l-b) 
(1 -a)(l-b)(l ~c)

[IIT 19931
SOLUTION Since ot P*and y*are coplanar vectors, therefore

=> a (0 - c) - a (b - c) + c (c - 0) = 0
2 *

 n

[a*j?Y) = 0 =>

a a c
1 0 1 
c c b

[a^p^yf = 0 =>

Now, 
1 1 1 

l-a+l-b+l-c

2
1259

+ 900

 3-2(a + b + c) + (ab + bc + ca)
1 - (a + b + c) + (ab + be + ca) - abc

3-2(a + b + c) + (ab + bc + ca)
1 - (a + b + c) + ab + be + ca - (a + b + c - 2)

 3-2(a + b + c) + ab + bc + ca  
3-2(a + b + c) + ab + bc + ca

EXAMPLE 10 If the vectors a>=ai'+af+c$, P = i + £ on/T 
y^= ci + C] + bfcare coplanar, then prove that c is the geometric mean 
of a and b.

[a^-b + c4 a*+b* a4 c*] = - [ a4 b* c"l

SOLUTION We have, 
[at-F+c4 a^-bVVc4]

= (a*+ b + ct. {(a^-b5x(a%ct}

= (a4b + ct.(a^<c^-bxa^-bxF)

= (a^-b + F).[-at<b + bxc^-c3<at

= - at (a-^ b^ + at (bx ct - at (c~& a} -b* (a\.b*)

+ b!(bxct~bt(ct<a^-ct(a^<b^ + ct(bxct“ct

= -[a4a4b^ + [a4b4cl-[a4c4at-[b>a4bf+ [b^bV] 

^b^ + fc^b^c^-tc4?4^ 

c'at-fc^a4^ = a[(2a + 3)(a + 2)-(a + l)(a + 5))-2a((2a + l)(a + 2)

-(a + l)(3a+5)J-3a [(2a + l)(a+5)-(2a + 3)(3a + 5)| 

= a(2a2 + 7a + 6-a2-6a -5)-2a (2a2 + 5a + 2-3a2-8a-5)

- 3a (2a2 + 11a+ 5-6a2-19a-15)

= a(a2 + a + l)-2a(-a2-3a-3)-3a(-4a2-8a-10)

= a (a2 + a +1) + a (2a2 + 6a + 6) + a (12a2 + 24a + 30)

= a (15a2 + 31a+ 37)

[IIT1987]
SOLUTION Since a? pt y^re coplanar vectors. Therefore, 

a 1 1 
1 b 1 
1 1 c 

=> abc-a-c + l + l-b = 0 
=> abc = a+b+c-2

a 2a -3a 
2a + l 2a + 3 a+ 1 
3a + 5 a + 5 a + 2

311 a + tt 30 . /
Hence, the given vectors are non-coplanar.

EXAMPLE 12 Let at b, c*be three non-zero vectors such that c*i$ 
a unit vector perpendicular to both a* and b. If the angle between 
a*andb*isn/6, prove that [o*b* c4]2 =| | o^2 | b*|2.

[IIT 19861

=> c2 = ab

=> c is the geometric mean of a and b 
EXAMPLE 11 If a is a non-zero real number, then prove that the 
vectors ct= a f+ 2a/- 3a$, P = (2a +1) f+ (2a + 3) / + (a +1) f
and yt= (3a + 5) f + (a + 5) / + (a + 2) Tare never coplanar. 
SOLUTION We have,

[a*pV]

Therefore,
at bt a^+b^+ c^are coplanar vectors.

Hence, [a*o4b*a*+ b + c*] = 0

EXAMPLE 8 If at ^t c*are three non-coplanar vectors, prove that

= (at< b + at< c/. (aA- b + cf

= (at< b?. aA (at< bf. b + (a$< b^. cA- (a3< c?. a4

+ (at< cf. b + (at< cf. c
= 0 + 0 + [a">b>ct + 0 + [a>c'>5^+0

= [a^b^ct-ta^b^c4] =0

A LITER Since a^-b + F=a^-(b + cf i.e. a\b*+c*is expressible as 
the linear combination of the other two vectors.

- [ b* c4^ - [ c^a

= [o^cl-lb

= -[o^b^ct
EXAMPLE 9 If the vectors dt=af+ ] + £,&*= f+ b/ + £ and

Y^?+f+ck are coplanar, then prove that = 1,

where a * 1, b # 1 and c * 1.
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EXAMPLE 14 If and= 0

[•••ell (a^bfi2

*0.

= jl»12 l?l2. Now,

EXAMPLE 13 If = 0 and the vectors = 0

A

= 0

= 0

(i)*0=$
(•.•[? ? ?] * 0]

Now,

= 0

= 0=> +
are

+ abc = 0=>

+ abc = 0=>

(1 + abc) = 0

=>

[•.• ?(?] * 0]

I2

.2

1
1
1

1
1
1

1
1
1

-2a
-2b

1
1
1

1
i

Applying C2 <=> Cj 
in first det.

a 
b 
c

X 

y 
z

X 

y 
z

!

Applying C2 +-> C3 in 
Firstdet. and taking 
a, b, c common from 

Clz C2, C3 of 2nd det.

x2 
y2 
z2

a a2 1
b b2 1
c c2 1

v | c4) = 1 and th  ̂angle 
between o^and bisn/6

l + «3
1 + b3
1 + c3

(x-a)2 
(y-a)2 
(z-a)2

?
y2 
z2

■ 7> A A 7A 7+ A 
A=i+a) + (fk, B = t +

1 a a2
1 b b2 
c c c2

a3 
i3 

c3

SOLUTION Since c^is perpendicular to both a4and b. There­
fore, it is parallel to b.
Now,

Tel2
= [(fl“W.^)2

= ||fl1<b| [c4! cos0’|

= l*W |cT
= (|flf |bf sinrc/6)2

a2 1+a3
b2 1+b3
c2 1+c3

1 a a2
1 b b2
1 c c2

a2 a 
b2 b 
c2 c

(x - b)2 (x - c)2
(y-b)2 (y-c)2
(z-b)2 (z-c)2

(1+flbc) [A BC] = 0

=> 1 + abc = 0

bj + l/k, (?=i + cj'+c2£are 

non-coplanar, then prove that abc = -1.

[IIT1985]
SOLUTION Since A, B, C*are non-coplanar vectors. Therefore, 

(???)
1
1
1

1 
1
1 

[j? Y* ?] [a4 F4 d = 0 
[^b^c4] = 0

5/ b,' c4 are coplanar.

EXAMPLE 15 Consider the vectors:

i? = f+cos(P-a) A+cos(y-a)£,

B* = cos (a - P) f+ A+ cos (y- P) £ 

and, C*= cos(a-y) f+cos(P-y)j + a£ 

where a, P and y are different angles in (0, n/2). If~A,l?,C? 

coplanar vectors, show that a is independent of a, p and y. 
SOLUTION It is given that X $ C* are coplanar vectors. 
Therefore,

[???] = 0
cos(P-a) cos(y-a

cos (y - P) =0 
a

a2 
b2 

-2c c2

a a2
b ,b2
c c2

1 a a2
1 b b2
1 c c2

1 a a‘
1 b b:
1 c c2

■7*

(x-a)2 (x-b)2 (x-c)2 
(y-a)2 (y-b)2 (y-c)2 
(z-a)2 (z-b)2 (z-c)2

??= (x2, x, 1), ¥*= (y2, y, 1), Z*= (z2, z, 1) are non-coplanars, then 
prove that a*= (a2, a, 1), b = (b2, b, 1), c*= (c2, c, 1) are coplanar.
SOLUTION Since ^(x2^,!), (y2, y, 1) and ?=(z2,z,l)
are non-coplanar vectors. Therefore, 

x2 x 
/.y 
z2 z

fl 1 fl2 

b 1 b2 
c 1 c2

a a2
b b2 b'
c c2

1
cos (a - P 1 
cos(a-y) cos(P-y)

cos2 a + sin2 a cos a cos P + sin a sin p
cos a cos P + sin a sin P cos2 P + sin2 P
cos a cos y + sin a sin y cos P cos y + sin p sin y

cos a cos y + sin a sin y
cos P cos y + sin p sin y =0 
a

* 0

a a2 
b b2 
c c2
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=>

=>

=>

a = 1
[a^c4]2 =

(Fx nt) =

y8

[IIT1997]

and,

1

0 
0

cos a sin a 0
cos P sin P 0 = 0
cos y sin y 1

c 
ctf 
ctnt

a 
a'.ni 
atn

ay n}+a2n2+& 
b} ny+b2n2+h

a3 
b3 
c3

j 
^2

m2

k
l3
™3

'3

m3
n3

l2 
ni2 
n2

a3
^3

h

"1

a+p+y+8
2 (a + p) (y + 8) 

aP (Y + 8) + y 8 (a + p)
ap+yS

ap (y + 8) + y 8 (a + p)
2apy8

rT.l b.l 
atnt b*nt 
atn* b .11

ctf 
c*.nt 
c*.n*(fl-l)sin2(p-a) = 0

a-1 = 0

find p, q, r in terms of 6. Also, prove that p +

a * P /. sin (P - a) * 0]

Hence, a in dependent of a, p, y.

EXAMPLE 16 Shorn that the i>ectors:
a* = 2 £+ (a + p + y + 8) A+ (a P + y 8) £
b = (a + P + y + 8) /A+ 2 (a + p) (y + 8) A+ [a P (y + 8)

+ y8(a + p)]£ 
c*= (y 8 + a p) A+ [ap (y + 8) + y 8 (a + p)] A+ 2 ap y 8 £

aye coplanar.
SOLUTION We have,

2
[a*b c4] = a+p+Y + 8

yS + ap

SOLUTION We have,
pat- qjj + rc^ a^xb + bxc*

■ Taking dot products with o^band ctuccessively, we get 

p (at of + q (at it) + r (at cf = [fl^cj 

p(b*at + q(b*b^ + r(f*ct = 0

p(ctaf+q(ctb) + r(c*.cf = [fl^bVj

Solving this system of euations by Cramer's rule, we get

Dj D2 D3
P = = O' 'r = -D'Where

tr4 ^r4 c*.r> 
litnt ctnt 
btn* ctn*

ai + a2 ^2 + a3 h 
G + &2 ^2 + ^3 I3

a1 niy + a2m2+a3m3 
by m-y + b2 m2 + b3 m3

fll fl2
bl ^2

C1 c2 c3

cos a sin a 
cos P sin P 
cos y sin y a -1

(a -1) (cos a sin p - sin a cos P) (cos a sin P
- sin a cos p) = 0

Then,

[a^M [Hr? n*\

SOLUTION We have,
[a b (fx nt)

my

?+a2] + a3fc a2ly + a2l2 + a3l3

1 1 0
a+p y + 8 0
ap y8 0

= 0
Hence, at b? c* are coplanar vectors.

EXAMPLE 17 If atb, c^and l^nt, n* are two triads of vectors, 
prove that

F b r_
atT* b*.r> ctF 
atnt b.nt ctnt

c^be three non-coplanar unit vectors eqiul- 
ly inclined to one another at an angle 0 such that

at<b\ b*xc*= pa\qb + rct

J—+ ? = 2. 
cos 9

1 1 0
= y+8 a+p 0 

aP 0

= b-j b2

C1 c2
Uy I

= byt^+b2f+b3ic byly + b2l2 + b3l3
Cy^+C2f+C3^ Cyly + C2l2 + C3l3 Cymy + C2m2-i-C3m3

a^ a^.T* a^.nt
= ^b^.nt =

C4 ctF* ctnt

EXAMPLE 20 If of b^

SOLUTION Let fl4 = ay A+ a2 A+ a3 £, 51= by A+ b2 A+ b3 ic, 

C^= Cy f+ C2 A+ C3 £ l^= ly A+ /2 A+13 £, 

nt = my f+ m2 = /+£ 

—> AAAtv= nyi + n2j + n3k

flj iny + fl2 m2 + fl3 m3 
by my + b2 m2 + b3 m3

C1 ^1+c2^2 + c3^3 C1 >n1 + c2 m2 +c3 m3 C1 ”1 + C2 n2 + Ci'

atatnt atn 
t+ t+ z+ —= b. I b .nt b .n 
c.l ctnt ctn

EXAMPLE 18 For any three vectors of b? cfprovethat 

fltfl4 a4^ fltc4 
tf.a* b*l? b^.c^ 
cta^ ctb^ etc4

SOLUTION Replace «*by of b^ ^respectively in Ex. 17. 

example 19 If at "bt ct V nt are vectors, prove that 

ir b 
atT* bW 

—> -4 r+ “> a\m b .m
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D2 =

1

c. a
[Using (i)]

a .a a'c
D =

c. c

D3 =

D =

.2.2

P =

[«*b^2 =

...(i)
2

1

= 0
[Using (i)]

I
i

i
i

I

!
I

- 

■

atb 
b*.b 
c*b

r.b 
b".b 
ctb

We have,

a. c 
b*c 
etc

a.a 
b*a 
eta

21
q D

a. c 
b^.c* 
etc*

a .c 
b*.c* 
etc*

1 cos0 
) 0

a .c
b>.c*
etc*

2 cos 8 
V2 cos 0 +1

1 
V2 cos 0 +1

1 
'll cos 0 +1

at a* 
b*a* 
eta*

D3 =

Di =

0 
[^b cl

1 cos 0
I 0

Oi =

02 =

a. a 
b*a 
eta

=> [ a* b* c^2 = D

=> [a^cl = <
[ ii* b* c*] = (1 - cos 0) 'll cos 0 +1

Now,

a. c 
b*c 
etc

a'.ay= | «*|2 = 1, b*b*= | b*|

= (1 - cos2 0) - cos 0 (cos 0 - cos2 0) + cos 0 (cos2 0 - cos 0)

= 1-3 cos2 0 + 2 cos3 0

= (cos 0 -1)2 (2 cos 0 + 1)

= (1 - cos 0)2 (2 cos 0 + 1)

We know that

= [a*bV} cos0 0
cos 0 1 cos 0

= [ a* b* cj [- cos 0 - (cos 0 - cos2 0) + cos2 0]

= [a^bV^ (-2cos 0 + 2cos2 8)

= - 2 cos 0 (1 - cos 0) (1 - cos 0) V2 cos 0 +1

= - 2 cos 8 (1 - cos 0)2 'll cos 0 +1

a*-b [a^b*^
bV 0
___X V—> X

c.b [iTb c]

COS0 1
1 0

^|2 = l,c*E*= I c*|2 = 1
at b = bt a*= cos 0, at c = ct a*= cos 0, b*. c = ct b = cos 0

cos 8 cos 0
cos 0

1
1

cos 0 1
cos 0 cos 0

,2 —

1 4 cos 8 1
l + 2cos0 + 2cos0 + l 2cos0 + l

 2 (2 cos 8 + 1) 
2 cos 0 + 1

Hence, p2+-9-r + r2 = 2. 
r cos 0

EXAMPLE 21 Show that the vectors a t + 3 *- £, f+ (a -1) / + 2 £ 
and 31 + 5 /+ 2 flgive rise to two distinct planes for suitable value of 
a. Find the angle between the planes.
SOLUTION Let <H=ai + 3jA-£, b = i + (a-l)f+2^ and 
c = 3 f+ 5 j + 2 £ be the given vectors. These vectors will be 
coplanar, if

[ fl*b*c*] = 0 =>

ata* [c*bV[ 
bta* 0 
eta* [ a*b

a.a a.I 
b^.a* b^.b* 
eta* ctb* [o^b^cj 

fit a* atb* ate* 
?■«* b*.b^ b*.c* 

eta* ctb

a 3 -1
1 a-1 2
3 5 2

Now,

2<l
P COS0

[i^bV} atb
0> b*b

[tF^bVl ctb
[aVcl

0

b" [^cl
„ * 0

= [ii^bV*] cos0 0
COS0 1 COS0

= [ fl*bV] [(1 - cos2 0) + cos2 0 - cos 0]

■ = [ a* b* r) (1 - cos 0)

=> = (1 - cos 0)2 'll cos 8 +1

1
= [ a*b F] cos 0 

cos 0 cos 0 1

= [a^bVj (1 - cos2 0 + cos2 8 - cos 6)

= [a*b*ci (l-cos0)

= (1 - cos 0)2 'll cos 0 + 1
Pl  (1 - cos 8)2 'll cos 8 +1  
P (1 - cos 0)2 (2 cos 0 + 1) 

- 2 cos 8 (1 - cos 8)2 'll cos 0 +1  
(1 - cos 0)2 (2 cos 0 +1)

 P3  (1 - cos 8)2 ~V(2 cos 8 +1)  
P (1 - cos 0)2 (2 cos 0 + 1)
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and z =

b +o +r =

= 0

COS0 =

1 . A A A.

I
A

b +a + c:

_ 17
~ 3<239

*1 yi
x2 V2
X3 *3

Xi a3 + y}b3+z}c3 
X2 «3 + >/2^3 + z2C3

and,

C = (x3 + y3 by + z3 q) r + (x3 a2 + y3 b2 + z3 c2) [

+ (x3a3 + y3b3 + z3c3^[?^cj
[FVcj

[fl^bV]

SOLUTION Since a?b, c^are non-coplanar vectors. Therefore, 
there exist scalars x, y, z such that

F*= xift-yb + zc* ...(i)

Taking dot products with Fx clc fl^and a\ bsuccessive- 
ly, we get

rt (bx c") = (x fll- y b + z c?. (bxcf

r*.(c^af = (xa\yb\zcf.(ckaf

a3 
b3 

c3

SOLUTION 
—) A A A  
c ± Cj i + c2 j + c3 k. Then,

Z1
z2

Z3

a
2

-2 a

= (-22 + 8-13)
3<239

f 17 '
3<2'39

EXAMPLE 22 If a? b, c* are three non-coplanar vectors, prove 
that any vector Y*is expressible as

(r4?4^

[aVcl

”i-»2

I "t I I «2

=> a(2a-12)-3(2-6)-(5-3a + 3) = 0

=> a(2a-12) + 12-(8-3a) = 0

=> 2 a2 - 9 a + 4 = 0

y2 [a*b*cl

=> (2a-l)(a-4) = 0

A 1 => a = 4, -.

? = (x1fl1 + y1b1+z1c1)f+(x1fl2 + y1b2 + z1c2)jA

+ (xI a3 + yi b3 + q C3) £

?= (x2 ay + y2 by + z2 q) 1 + (x2 a2 + y2 b2 + z2 q) [

+ (x2«3+y2b3+z2c3)£

r*=

_> r* -» :2o + y2 b+ZjC,

[r*fl*b1

[F^c4]

EXAMPLE 23 Determine a such that a vector r*is at right angles Io 
each of the vectors

a*= ca+f+3$,b*= 2f+f-a£,c^=-2i + a*+3&

SOLUTION Since r4 is at right angles to each of the vectors 
afb, c? Therefore, af b? c^must be coplanar vectors.

1 3
1 -a

3

0 = cos-1

=> x =

n^ = bxc4^

|r+3f-ic, b*= f-|/ + 2#and ct 3 {"+5 2 Ic.

Let H2 be a normal vector perpendicular to the plane con­
taining these vectors. Then,

AAA
1 1 k
1 -1/2 2 =-11i+4/+-^£
3 5 2 2

Let 0 be the angle between the planes. Then,

Fora = 4, we have

a^ 4 f + 3 /- £, b*= ft- 3 /+ 2 £ a nd ct 3 £+ 5 /+ 2 £

A vector normal to the plane containing these vectors is
AAA ' J k 
1 3 2
3 5 2

Hj = &X(T=

=> a3 +11 a = 0 => a = 0.

EXAMPLE 24 If x}o*+ y}b\Zycf ~B = X; 
?= x3 ^+ y3 b + z3 c?prove that

/\ A
= ny.n2

r 1For a = -, we have

[???]
xifli+yibi+zici ^«2+yib2+zic2 

= x2ax +y2by +z2Cy x2a2 + y2b2 + z2c2
x3a\+'l/3bl+z3cl X3a2 + V3b2 + Z3c2 x3 a3 + V3 b3*Z3C3

xi zi yi 
x2 z2 

x3 z3 ya
Let a^= f+ a2 a3 £, b = by £+ b2]'+ b3 and

Al a2 

by b2 

C1 C2

r?(ale b) = (xa*+ yb*+zcf. (flic b)

[ r4 b4 = x [fl4 b^ cj

[ r*c*a] = y [ b* c*cf]

and, [r^fl4^ = z[c4fl4b^

[r4^^ [r^flj j [r^fl4^

[fl^b r] [fl^b cj [^b C]

Substituting the values of x, y, z in (i), we get 

[F^fl4] 
[ fl4 b* c4]

I
(- 22 £+8f+13£) 

<717
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[FFF
=> x =

z =

b + c

Similarly,

FcF= b +

and,

a x b = a + c

and,
where

I =
Ai =

and, n =

(Fx F+-4 (Feb)a -

A3 “

(Fxcf+ (ctcF+

A =
(Fx V)(Fxc}F=

=[fffj2 * o=> A =

t

I :

1
!

b. a 
b*b 
b*.c

b. a 
b*.b

b.c

c. a
ctB*
c*.c*

a. a 
F b 
a\c

r .a 
rib 
rlc

c .a 
ff 
Fc

r .a 
rib 
rlc

r.a
rib
r*.c

c.a 
[FFF]

[F(F<Fl
(Fx c^(c1< a?
[FFF] '

-> r* + c • b 
+ [FFF]

r* r>b. b
[F F F]

c .a 
[FFc4]

FF 
clb* 
FF

xaj. (exajp-» 
[ F b F]

bxF= xa + i/b + zc.
Taking dot product on both sides successively by Fx c?

Fx Find (Fx b), we get

(Fx cf (Fx F = x {at (Fcc$

(Fc F- (etc a? = y ( F (etc a$

a .a

a*.c*

a.a
&2 = Fb 

ale

-4, F+ F a + — b + — c,A A

at b Fb 
[FF^ " [FFej

(Fccf. (etcof7^ (bxF- (ateF 
—"7^4 ~ b+ —_J4_a—[Fb F] [Fb F

.-. FxF=

b x cf. (ax b\ 
[FbF]

Since any vector r in space can be expressed as a linear 
combination of three non-coplanar vectors. So, let

F<F.(FxF_> (FcF.(FcFt4 (atcF. (atcF-x 
1----- -------- L u + ----- 4=5----- L b + 2----- Yzr-----4 c
[Fb F] [Fb F] [Fb F]

EXAMPLE 26 If a? F Fare three given non-coplanar vectors, 

show that any arbitrary vector F in space is expressible in the form

_» A1
r= 4

Similarly, 

r». FF
’ [FFF]

and,

F F= / {F (bxcf},FF= m {(etcof. F

F F= n (F (ate bf)
F F— m =

[FFcj
FF _ c'.a'

[FFbl " [Fb*F
z4 . -r4a. a _a a . b~ . (b x F+-_I^~ZZ[Fb F] [Fb F]

In order to express bxFin terms of F b? F let us 
assume that

(FcF-ptcb)-r»
[Fb*c1

X1 Vi zi 
= x2 H2 z2

x3 h z3
EXAMPLE 25 If a? b? c^are non-coplanar vectors, express
F b, Fin terms of bxc? etc of a1<.b! Also express b x F 
Fx FFx b*in terms of F F F

SOLUTION We know that
[ Fx F Fx F Fx F] = [ F F F]2

IF F F * o

« [Fx F Fx FFx F*o

=> a, b, c are non-coplanar
c=> Fx b, Fx F Fx F are non-coplanar

We also know that any vector in space can be expressed as 
a linear combination of any three non-coplanar vectors. So, let

F= I (b*x F+ (Fx a} + n (Fx F

Taking dot product on both sides successively by F F F 
we get

cxaf.(bxcY-» (c
[Fb F]

'Fc F. (FcF1 __/4\ 'b + [Fb F]

FF b.F FF
FF FF fF
FF b.F FF

SOLUTION Since F F Fare non-coplanar vectors, therefore

[FFF] # 0

=> [FFF]2 * o
FF
FF
Ff

bxF. (bxF->
[a*b F]

(Fc cf. (Fc b) = z
7"> _x r4

(b X CJ . (b X C,

[Fb F]

F.F (e x a) +
[Fb c]

*2

A
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and,

3

(«1 b2 c3) <=>

(rt2 b3 c}) <

3

and, (a3 b\ c2)

= 0

.3

[IIT 2002]
=>

=>= Absolute value of

-(ii)

- («] b3 C2 + 02 c3 + a3 ^2 c])l

V = (a}b2c3 + a2b3c1+a3b1c2')

(i)- (aj b3 c2 + a2 bj c3 + a3 b2 tj)

,(i) >0]

...(ii)Now,

A.M > G.M.

=>

= 0=>

...(ii)

...(iii)

r
F>.a
F*.b
F*.c

a 
a*.d 
a*.b 
a*.c

3
E (ar + br+cr)=31 

r=l

f?3 + bj + c2

3

a-[ + b2 + c3

3

fl3 
*3

r= llT+mb + nc* ...(i)
Taking dot products on both sides successively byafbfc? 

we get

=> x2 + y2 + z2 = 338

Without any loss of generality, let us assume that

A] b2 c3 + a2 b3 q + a3 c2 > b3 c2 + a2 b1 c3 + a3 b2 Cj

a2+ ^3 + C1

3

a} + b2 + c3
3

< —
” 27

”27 + ^2 + c3^ + (fl2 + b3 + Cl)3 + (fl3 + b\+q) |

> b2c3)1/3

F*.a*= I (jatat+m (b .df+n((?.dt

F*.b*= I (?.b) + m (bt b/ + n (c? bf

and, r*.c*= I (7.cf+ m (b^.cf+ n (?.c^ ...(iv)

Eliminating /, m, n from these four relations, we get

- (fl2^3Cl^^

> («3 bj c2)1/3

^2 c3 rt2 ^3 fl3 ^1 ^2

On expanding this determinant along first row, we obtain 
the desired result.
EXAMPLE 27 Let V be the volume of the parallelepiped formed by 
the vectors d=a} C+a2f+a3b = bii'+b2]'+b3$, 

F>=c^+ c2 / + c3 £. If aT, br, cr, where r = 1,2,3 are non-negative 
3

real numbers and E (ar + br + cr) = 3L, show that V < L3. 
r = 1

^2 ^3 + ^2 ^3 ^3 ^2

~ ((«! + a2 + a3) + (b-j + b2 + b3) + (q +c2+c3)l

^2 ^3 ^2 ^3 ^3 ^2

a3 + b]+c2

3

V < a2 b2c3 + a2 b3 c1 + a3 b2 c2

s (3L)3

a2 + b3 + ci
3

^2 c3 ^2 ^3 + ®3 ^1 ^2 ~

From (i) and (ii), we get

V < L3-
EXAMPLE28 Thevector 0^ = 5?+ 12/A+13^ turns through an angle 
n/2 about 0 passing through the positive side of the ] axis on its way. 
Find the vector in the new position.
SOLUTION Let O^ = x f+y f+zJ? be the vector in the new 
position. Then,

joJ’i = iobi
Also, 1 0^.

oh. ofe = 0 => 5x + 12y + 13z = 0
Clearly, oX/and O^) are coplanar.

.-. [ob/ofe] = 0

SOLUTION We have,
V = Absolute value of [ a*b*c*] 

I«1 a2 
bj b2

C1 c2 c31
= | (aj b2 c3 + a2 b3 c} + a3 b} cf)

-(«! b3c2 + a2b}c3 + a3b2cj |

= ± {(a2 b2 c3 + a2 b3 Cj + a3 b} c2)

I 31|(fli + b2 + c3) + (a2 + b3 + ci) + (a3 + bi +C2) j

x3 + y3 + z3 < (x+y+z)3 
forallx,y,z>0

b'
^-a_

17.1? (?b
7? ?c

^2 ^3 ^2 ^3 + ^3 ^2

5 12 13
0 1 0 
x y z
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-(iii)

— □□□ —

=>

A

...(ii)

com-

= X (say)

r

I
I

2
97

i

P

i

1

=> - 13x + 5z = 0 => z = — x

[-.- r^= x b\ y c]
=> r- r = o
=> (xb*+ycf^= 0

=> x(b*- «/ + y (?■ of = 0

=> x(fl*-b?+y (a*-c/ = 0

=> x (a*- b) = - y (a*- cf

17.6 VECTOR TRIPLE PRODUCT

DEFINITION Let a/ bt c^be any three vectors, then the vectors 
a*x(b xcf and (a\b)xc\re called vector triple products of

THEOREM For any three vectors a^b^cfwe have 

a*x(b*xc*) = (fl*-c*) b*-(a*-b) c/

PROOF Let r*= a\ (b*x cf. Since cross-product of two vectors 
is a vector perpendicular to both the vectors. Therefore,

r*= «*x (b*x cf

=> r*lfl*and rtlb^xc* ...(i)

, But, (b xc/ is a vector perpendicular to the plane of

13 97-Putting z = — x, y = - — x in (i), we get x = ± 
kJ OU

Since the vector in its new position makes an obtuse angle 
with X-axis. Therefore, x = - 30 <.

97

Hence, O& = (-30z%-97 A-78ft.

97From (ii) and (iii), we get y = - — x.
OU

13 97Putting z = --x,y = - — xin (i), we get
□ OU

r>= X(a*-cfl?-X(a*-tfc*

F>= X{(d*-cjrf-(a>-tfc*]
=> fl*x (b*x cf = X [(«*■ cfb*- (fl*- b) c*] ...(iii)

This is a vector identity and so it is true for all fl/ b? c/ Taking 
—iAr^AA.—»AA^.
a = i,b = t+] and c = i+j + k,we have 
a*x (b*x c/

= fx{(iA+j)x(f+/A+k)}
A .A A A A A * A A A A A f.

= lX{lXl + lX] + lXk+]Xl+jX]+]Xk\
A , f A f A. A,A A AA *

= ix{k-j-k + i.} - i x (i - j) = ~ixj - -k

and, (fl*-c/b^-(fl*-b^c*

« I* (f'+i'+k) | (1 + /) - (?• (f+fl | (f+j+k)
= ^-(^k^-k ■

Substituting these values in (iii), we obtain

-k = X[-k]=>X = l.

Putting X = 1 in (iii), we obtain
fl*x(b^xc/= (fl*-cf b^-(a*-b) c*

AID TO MEMORY: fl*x (b*x cf= (fl*- cfb*- (a*- b)c*can also be 
written as lx (fix III ) = (/•///) /I -(/•//) III.
REMARK 1 The vector triple product «*x (b*x cf is a linear 
bination of those two vectors which are within brackets.
REMARK 2 The vector r*- «*x (b*x c/is perpendicular to a* and 
lies in the plane of b and c/
REMARK3 The formula fl*x (b*x cf= (fl*- cfb*- (fl*- b?c*zs true 
only when the vector outside the bracket is on the left-most side. If it 
is not we first shift on left by using the properties of cross-product 
and then apply the same formula. For example,

(b>xcfxa*= - (fl*x(b^xcf}

= - ((fl*-cfb>-(fl*-btc*}

= -(^-c/b^+^-btc*

b and c7 Therefore,
F*l(b^xcf

=> r* lies in the plane of b*and c*

=> F* is expressible as a linear combination of b^and c

There exist scalars x, y such that 
r*= x b*+ y c*

Now,

r*lfl*

(«-n -(fl*-bt
=> x = X (a*- c/, y = - X («*• bj.

Substituting the values of x, y in (ii), we get

13
5
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[■• [ a*b%0}

A _ v A __.
apj ■ ir= a2and k■ a = a3]

<=>

EXAMPLE 1 Prove that:
a*x (b* x c?+ b* x (c\ a/+ c*x (a*x b} = 0?

SOLUTION We have,
a4* (b\ cf+ b*x (c*x a?+ c^x (a^x b|

= {(a4- cfb*-{(b* ofc*-(b*bfS4)

+ {(c4- b)a*-(c*- afb*}

= {(d*-cfb^-(a*-b)c^} + {(a*-b^c*-(b^-c?a*}

+ {(b*• cf a*- (a4- cf b*)

A .A’- (r off'] + |(f- /) a*- (?■ atf'l + l(k ■ k) a 

= ((*♦- (f- at f) + !«*- (f- affi +(£*- (k ■ afk) 
- 3 a*- {(f- ajf+ (]'• aff+ (k ■ atk} 

= 3az-(fi1i + a2j + a3K) [-.♦ i • 5^= < 

= 3a*-a*= 2 a*

EXAMPLE 4 Prove that [o'Scb* b*xc* c^xo4] = [a^c4]2 

SOLUTION We have,
[at*b* b\c4 cS:a4] 

= {(a*x fr) x (b*x cf} • (c^x of 

= |dx (b*xc^}. (cS<of, where d* = a*x b* 

= ((d* eft?- (d*-b)c*] ■ (c*xof 

= {((a4x b|. b*- ((dSx b|• b|c^} • (c*xof

= 0
EXAMPLE 2 Show that the vectors a*x (b^xcf, b*x (c*x of and 

c*x (a*x b) are coplanar.

SOLUTION Let p*= a*x (b* x cf, q*= b*x (c*x a]

and, r*= c*x(d?<b).

Then,
p*+q*+r^a*x(^xc?+'b>x(c*xd?+c?<.(a?<b) = 0*

=> p>= (-i)^+(-i)r>

=> p?q?r* are coplanar

Hence, a*x (b\ cf, ^x (c*x of and c*x (a*x b| are coplanar.

EXAMPLE 3 For any vector a^ prove that

fx (a*x ?)*+ Ax (a*x]} + K*x (a*x 1$ = 2 a?

SOLUTION Let a*= a-^ t+ a2 / + a3 k. Then,

fx (a*x 0 +;Ax (a*x j} + k x (a*x k)

= {ft-Oa

ILLUSTRATIVE EXAMPLES

= {[ a* b* c4] b*- [ a* b* b^ ^-(c^xo4) 

= {[a*b*c4] b*-(0)c4) • (c*xa?

= {a* b* c?b* (c*x a?

= [ a* b* c") b*• {c^x a}}

= [«* b*c*] [b*c4

= [a^b^c4]2

EXAMPLE5 Show that a?b?^arecoplanar iffd*xb?bxc?c*xa^ 
are coplanar.
PROOF a? bt c4 are coplanar

<=> [ a4 b^ F) = 0

<=> [a4^^2 = 0

<=> [a^xb>b>xc^c4xa^ = 0

<=> a*x b? b*xc? c*x a*are coplanar •

EXAMPLE 6 Prove that:
(a*xb)x(c*xd) = [a^Tdfc4- [aV^cfd* 

SOLUTION We have,
(a^xbfx (jc*xd^

= r*x (c*x d^, where r*= a*xb*

= (F*-d^c*-(r*-cf^

= {(aS: h)- dfc*- ((a^x b)- c4] d*

=

EXAMPLE? Prove that :
a*x (b*x (c*x d^) = (b^-d^(a*x c?- (b*-c?(d*xdl

SOLUTION We have, 
a*x (b*x (c^x d)} 

= a*x {(b*• d^c4- (b*• c^d^ 

= a*x {(b*• d^c4} -a*x {(b*• cfd*) 

= (b*- d| (a*x c?- (b^ ■ efta^x d|

EXAMPLE 8 Prove that :
(aS< b|x c*= a*x (b^x c? iff (c*xa?xb= ol

SOLUTION We have,
(a*x b) x c*= a^xfb^xcf

<=> - c’S (a*x bf = a*x (b^xcf

- ((c^-bla^-Cc4-afb*} = (a*-c?b^-(a*-b)c* 

~(jc*-b^a*+(a*‘cfb^= (a*-cfb^-(a*-b^c*
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b*= (a*-b)c^=>

[•_• b and c^are non-parallel]

I

=> COS 0 = T

<=>

<=>

• EXAMPLE 12 Prove that (a*x b) ■ (c*xdf=<=>

<=>

<=>

a*= X cf where X =

I

=>

=>

=>

=>

i

I

i.
i
i

I!

I

¥

I T>-b* 
c*- b"

- (c*- b) a*= -(a*-b)c

(b • cfa*= (b*■ dfc*
(b*-afc*-(b*-c?a*= 0*

b* x (d\ of = 0*

- (b*x (c^x df) = 0*
(^xdfxb^= (T

SOLUTION We have,

(a\ bf • (c^x d)

= (d*x bf ■ rf where r^= c*x d*

= d4- (b*x rf [Interchanging dot and cross]

= d*- (b*x (c\ df] [•_• F*= c^x df

= d*- {(b*- dfc*- (b*> cfdl

= (d^-cf(b^-df-(d^-df(b>-c?

d"*- c* d*- di
b^-^b^d>|

EXAMPLE 13 if a^= - f+ j + ft, £ = 2 i + 6/ + ft then find the vector 
)? satisfying the conditions:
(i) that it is coplanar with alnd d* (ii) that is perpendicular to b, 
(Hi) thataf)?=7.
SOLUTION Since )? is in the plane of dand b and is perpen­
dicular to b. Therefore,

X* = X {bx(qfc.bf)
5? = X [(b* b^ a*- (b*. of bf

}? = X [5 (- f+ A+ ft - (-1) (2 A+ 0 A+ ft]

? = X[-5A+5;A+5ft+2A+6/ + ft]
?= X[-3i + 5a+6£]

Now,
T>X> = 7

=> (- A+ A+ ft . X (-3 i + 5/+ 6 ft = 7

EXAMPLE9 Show that:
(a^x bf x c^= a*x (b*x cf iff d*and d^re collinear.

SOLUTION We have,

(a*xb)xc*= a*x(b*xcf

- {(c*x (d*x bf} = o^x (b^x cf

- |(c*. bf (c*- rtf b^l = (^- cfb"-

~(c^-b)a^+^c^b^= (a^-cfb^-fd^-bfc4

- (c4- b}a*= - (a4- bfc*

(c^-bf^ (5^-bfc^
_> (fl^-bf _>
IT= -tA r

(F*-b)

« and c* are collinear.
EXAMPLE 10 If p? q? r^denote the vectors b*xc?c*xa?a\b* 
respectively, show that a*is parallel to q*xr?b\or*xp? 
c^to p^x ^respectively.
SOLUTION We have,

= (^W-(^-^
= {d*-(^xbf)^-{d*.(c\flf]r*

= [ iz* a^ b^ [ a^ c4dj r^

= 0^-0F^= cT

So, dis parallel to q*x r?

Similarly,b*11 r4xp>andc4|| p*x^ .

EXAMPLE 11 If a? b? c4be three non-parallel unit vectors such that 

a*x(b xcf = | b^find the angles which a*makes with b*and c^

SOLUTION We have,

^x(b>xc?= |b^

=> (^•cf?-(^-bfr>= |b*

2\ /
=> if*-c*-= 0 and d*-P= 0

-> 1 , —>. r>=> a^- V- - and d^l b.

Suppose d*makes angle 0 with cf Then,

-> -> 1
a 'C 2

=> | a4) | c*| cos0 = |

_ 1
. ------ 2

=> 0 = n/3

Thus,a*is perpendicular to band makes an angle with cf

di a • c a ■ d 
b^-c* b*-dj
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[IIT1995]

=>

=>

= 0

=>

=>

=>

[Taking dot product with c4]=>

=>

=>

/3=b-(o.b)a =>

=>

90",

P Q

r A A I A . 2
[•/ a .a = I fl I = 1]

b and c are 
non-col linear vectors

=> X (3 + 5 + 6) = 7

=> X = |.

’ Hence, ? = j(-3i + 5jA+6£)

EXAMPLE 14 If a? b* c*are non-coplanar unit vectors such that 
_

. a\ (b x b and c^are non-parallel, then find the angles

■ which a*makes with b^and c?

c*= 0

— 0 and if b +

and ifb*=

* = ^3(oxb)
Fig. 17.2

P*= (fl .a)b*-(a.b^a

- ax (bx a)
A A y->= - flx(flxh)

cos a = -1

1
'12

and cos p = - where a and P are the 

angles made by flAvith band clespectively.
7t j d 3tt a = - and p = —4 4

EXAMPLE 15 Let a be a unit vector and b be anon-zero vector not 
parallel to a. Find the angles of the triangle, two sides of which are 
represented by the vectors VJT (fl x b^and b*-(a .b) a.
SOLUTION Let 6?= <3 (a x bf and (?= b*- (a . b) a. Then,

_R

SOLUTION We have, 

fl^< (b x cf =

(fltcTbt^bJ^

MATHEMATICS FOR IIT-JEE

_________________________________________A —> 
Clearly, p is a vector lying in the plane of a and b.
But, — <3(axb^

=> 6? is perpendicular to the plane of a and b.

P is perpendicular to o?
=> Angle between 6?and P*is it/2

=> ZPQR =

Now,

PQ = | c?| = '/3 | M
and,

QR= I ?l = |«x(bxfl)|

= | a | | bxa | sin

= | bxfl | = | flxb*|

a PQ = ^3 QR
PO r- r-

= V3 => tan Z.PRQ = <3 => ZPRQ = 60°

Thus, we have, ZPQR = 90°, ZPRQ = 60° and
ZQPR = 30°
EXAMPLE 16 Find the scalars a and p, if

a\(bx cf+ (at bffi= (4 — 2p — sin a) b + (p2 -1) c?

and (c? c^a^= cohere band c^are non-collinear vectors and a, Pre 
scalars.
SOLUTION We have,

(ctcj fl^= c^

i^2(^cy= ici2
i

Now,

fl^< (bx cf+ (a? b^bt= (4 - 2P - sin a) b + (P2 -1) c*

(a? c^b^- (a?bfc^-(a^ b)b^ = (4 - 2P - sin a) b + (p2 -1) c*

(1 + a? bfb^- (a* b)ct (4 - 2p - sin a) b + (P2 -1) c*

=> l+fl?b>=4-2p-sina

and,

- (a? b| = p2 -1 [-.• b^and clre non-collinear vectors)

=> 1 + 1-p2 = 4-2p-sina

=> p2-2P + 2-sina = 0

=> (p-1)2 + (1-sina) = 0



17.15PRODUCT OF THREE VECTORS

[••• I = I <11

are non-coplanar vectors,

i

i

9
i

SOLUTION We have, 
{(fl^-b^x(fl4F)jx(bxF).(b + F)

= (fl1<c4bxfl^-bxF)x(bxFj. (b"+ c~}

= |(fl1<cjx(bxc) + (bxfl^x(b + F) + (bxc^

F*c*q1

= - {(ah tr) x (Fl cj |

= - {[ fl* b* cl [ a* b* F] c^}

= [fl*b*F>]c'Mfl'>r>c*]r*

=> P = 1

example 17 Show that:

[flip bxclF*] + [ ahq* bx F*chp*j

+ [thr*bxp> thq} = 0

= (1^

=> x =

((b^x(fll-c)} x(bxF). (b + cj = 0

[IIT1997]

[F*fl*b1
[F*b^c1

{[F>r>c]fl>+[r4c*fl1& + [ f*f*F1c1 ...(i)

=» p -1 = 0 and 1 - sin a = 0
and sin a = 1

and sin a = sin

71and a = 2?m + -, n e Z.

SOLUTION We have,
(ah^bxq* cIf]

= (fllpVl(bxij|x(FlF}}

= («lpt.([^c*F]^-[^c*F*]b1

~ I- [fl*p*bj [q'c V) 

[fllij* bxr*clp^

= (• ((bx F) x (th p*)}

= (Fl^.|[b"F*^c*-[b^F*c1^

= [ b*r*p\ - [ fl*^V] [b*r*Fj

and,

[fllr* bxp* clij^

= ((th r} x (bx p^|. (cl tfj

= | [ fl* b* p*] t- [ F*b*p*] F]. (ch q}

= [^F I?*c*^-[r
Adding these three, we get
[ahp* bxq* thF*] 4- [thq* bxr* chp\

+ [th t*bx jfthq} = 0
EXAMPLE 18 If at b? chre vectors such that pb*! = | c*|, prove 
that

=> p = 1

=> p = 1

= (-[fl*c*FlF*+[^fl4c1F].(& + c^

= -[fl*F*^ {c?(b + c1} + [r>fl*cl{^(F+^J

= [fl*b>c-l(c?b + | c*|2)- [fl*b^c*] ( | 2 + b^. c*)

= [o*^c1 (|c*|2-|^|2)

= [a*^c1x0

= 0
EXAMPLE 19 If the vectors of b, c 
prove that the vector.

(rh a} x (l?x^ + (rhb*) x (th a} + (rhe} x (ah b\ is 
expressible as m rfwhere m is a scalar.

SOLUTION Since any vector in space is expressible as the 
linear combination of three non-coplanar vectors. So, let

F*= x ah- y b + z c*

=> r^.(bxch = (xfl^-yfe + zc*).(bxc^

=» [F^r*] = xfo^c*]

[ F*b^ c*] 
[F*^F*]

Similarly, we have 

1 F*c*fl1 , y = .. and z =
[FVcl

1 
r [fl^F*]

Now,

(rha}x(bxc}

= -](bxcjx(rlfl5]

= - {[ b> c*fl^ r^- [ b* c* H

= [b^c^Fjfl^-t^b^cjF*

(rhb}x(cha}

= ~{(tha}x(Fhb^)]

= -{[c*a*^F^[c*fl*FlH

= [ c*a*F] b*- [ fl*b*(H F*

and,
(rhc}x(ahb}

x (bx cl). (b + F5

-(bVFH(b^



MATHEMATICS FOR IIT-JEE17.16

R =

=> 2R =

»

[,. j*# of

(>)

A ,n2 =
A A
CXfl

.A A .I CXfl I

A C axb
| axfi |

=> -[F*c4^ d*=

=> [^c4^ = 0

=> of b? c^are coplanar vectors.

EXAMPLE 22 Find a vector in the plane of A+A-2& and 
A-2f+ ft orthogonal to -2i + A+ ftand with its projection along 
A-A+ft equal to 6^3.
SOLUTION Let a*= fi+f- 
and d*= - f+A+ fi.

Required vector rts parallel to c*x (fl^x b\ Therefore, 

r*= X {(^<jft }

= X ((c4 b] a*- (cta} F^

= X ((- 2-2 +1) (A+yA-2 ft -(-2 + 1-2) (ft-2/+ft |

= X(-3 A-3 A+6ft+3 A-6/+3ft

non-zero vectors and 
a*c*d*]b?show that

sin B sin C

n I flx(Fxft |
| E sin a cos P cos y n1 |

EXAMPLE 21 If a? b? c? d* are 
(a\j^x(cVc{*) -(bxc)x(dxir) = [ 
of b, c^are necessarily coplanar.

SOLUTION We have,
(d^b^x(c\d^-(bxcfx(dxaf=(a^c^T] V

=> -(cVd*)x (a\ b*) - (Fx cfx (dx of = [a* c* d*\ b*

=> -[c^F^+tc4?^F*-[iTc*a1^+[FV^a*

= [«V?]F*

2ft, b>=IA-2/A+ft^=-2f+;4

and «3 =

= | | (Fxft cos (3 cos y + (« x ft cos a cos (3

+ (cxftcosacosy| |

11 A A= - sin a cos p cos Y + cos a cos p sin y n3

+ cosasinpcosY«2|

|
8

(r1<fl^x(FxF) + (r^F^x(c1<fl  ̂+ (rtcr)x(fl1<F^

= [F* c* H fl^ [ c* fl4 H F + [ a* F* r} c^-3 [ fl4 F* c*] r*

= [^F*^ rMl^c4]?*

= -2[fl^c4] r4

= m rf where m = - 2 [ fl4 F* c"|.

EXAMPLE 20 Let a, b, c be three non-coplanar unit vectors. The 
angle between b and c be a, angle between c and a be P and between 
a and b be y. If A (a cos a), B (fi cos P) and C (c cos y), then show 
that

| fl x (b x ft | _ | bx(cxft | _ | cx(flxb) | 
sin C

(ftxft = (a.ftF^-(fl. ftc
= (cos P) ft-(cosy) c

= cb
fix (ex a) = (fi. a) c - (b .ft a

= (cos y) c - (cos a) a

= At

= | | E sin a cos p cos y nj |

BC.CA.AB
4A

II | ax(bxc) |
| E sin a cos P cos y n^ |

Substituting these values in (i), we get
| a x (ft x ft | _ | fix (exa) | | cx(flxft | 

sin A

sin A sin B

Il | a x (fi x ft |
| E sin a cos p cos y Nj |

, A (fi X ft
Where nl=, A A, 

| bxc |
SOLUTION We have,

A
fl X

and,

cx(axfi) = (c.fe)fl-(c.ftb 
a A= (cos a) a - (cos p) b 

= b!

AB = | A^ | = | cx(flxb) |,

BC = | Bt | = | ax(bxfi) |

and, CA = | fit | = | Fx (c x ft |
Using sine rule in AABC, we have

BC = CA = AB
sin A sin B sin C '

where R is the circum radius.
.. n BC. CA. AB , A . . A A nz.Also, R = 7- , where A is the area of A ABC4 A

Now,

A = ||AkxAC|

= 11 (fi cos P - fl cos a) x (c cos y - a cos a) |
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and,

= 6>/3

= => X = 1=> X

[Given]

Now,

&1 i'+b2j^+b3^

=>

(iv)
ft

(v)

[Using (iii)](vi)xc=>

=>

42

b
^P

b
£p

a
^■P_

c
?-P_
c*.q

—(i)
..(ii)

■(iii)

—> —> pxq =

y-z = a

z^-x*= b*

fi-x*= a*+ b

r b_ 
a*.p b .p

C1

xt<y*= c [Given]

[Taking cross-product with x^

=> X(-9j + 9ft.

xt y*= |x*| | y^| cos 60° = VTx V2*x | = 1, 

ytz*= | y*| | z*| cos 60° = VTx^2 x| = 1,
2

x*z*= | x*| | z*| cos 60° = >/Tx V2 x | = 1

Also,xtx*= | x*|2 = 2, yty*=|y*|2 = 2 

and, z>.z>- | z |2 = 2.
Now, fix (y\ zf = a* and y\ (fixxfifi 

=> (xtz}y*-(xty}z*= a* 
and, (yt fi) fi- (yt fi) fi- fi 

=> y*-z*= fl* and fi-fi= fi 

=> (y*-zf+(z^-x| = a*+fi 

=> fi-fi= d*+fi
Thus, we have

fix(fi<.y^) = x$<c*

(fi. fi) x x*- (x* fi) y'- x'x c 

fi-2y*= fix fi

Again,

1

V [fix fi fixc*c3< of

EXAMPLE 24 The vectors fi fi fi each is of magnitude VT, make_ 
angles of 60° with each other. If fix (fix fi) = affix (z*x xf= b 
and fixfi=fifind fi fi fiin terms of fi b, fi
SOLUTION We have, | x*| = | y*| = | =V2* and x/ y^ z
make angles of 60° with each other. Therefore,

A A
1 I

= Pl Pl P3
91 Ql ?3

= Cp**7) [a^c*]

= [ ^ b* c*] (px
= V[fl*Tc*]2 (px

= \[fl*x b^b^x c c*x a*] (p^x

c

c^.q

fli/A+fl2/A+fl3^ bi i'+b2j<+b3^ c1f‘+c2j<+c3^
= a}P}+a2p2 + a3p3 b1p1 + b2p2 + b3p3 c1P1+c2p2 + c3p3

^qx+a2q2 + a3q3 b}q1 + b2q2 + b3q3 c2q2 + c3q3

(9 + 9)

Hence, - 9 f+ 9 £.
EXAMPLE 23 If a? b? c* are three non-coplanar vectors, prove 
that

1 
y[ a^x b^bx b* c$c

x^y*= c*

y*x (x$< y} = fixe* [Taking cross-product with y ]

=> (fi.fi)x*-(^fi.x*)fi= fixe*

=> 2 x*- fi= fix c*
On subtracting (iv) and (v), we get 

x*+fi= (fix cf-(fix ct

=> fi+fi= (fi-fixfi
x*+fi= (a*+b}

Adding (iii) and (vi), we get
2y*= (d*+b^ + (d*+b^)xc* 

fi= |[(fl^b1 + (fl*+b1xc1

Substituting the value of yin (iii) and (i) we get

fl2 fl3 

b2 b3 
c2 c3

c
c-P^ 

a*.q b .fi c*.q

SOLUTION Let fl^flj f+fl2jA+fl3£, fi=b1i'+b2j'+b3^, 
c^cfi+ c2f+ c3 ft p = pj i + p2 A+ p3 ftand f+ q2/+ q3 fc.

Then, 

a*
a*.p

= X(-9/+9)c)

Now,
Projection of r* along d* is 6^3* 

=>7*d = 6f3

<i3
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(i)
=>

=>=>

2=>

=>

(ii)

=>

[Using (i)]=>

=>

•(i)
=>

...(iii)=>

=>

=3
=>

7 
x.yM+ytz*= -=> Again,

(iv)

xt at; 0, x* b*= y, xt y*= 1 
yt a*= y*.b*= 0, yt zi= 1 

ztb*= 0

From (ii) and (iii), we obtain 

ytz*= 0
From (ii) and (iv), we get

ztx*= 44
Putting the value of zt xin (iii), we get

->-» 3
x-y = 4

[•_• b^y^Oandb.x^y]

_>_> 7
«-V = 4

x.y + y.y*+zTy*= -

Now,

and,

Now,

-> 3
•I = 2

3 xT x'+ y'. x4 zt x*= -

l+xty + z.x*= -

F.y4-zTr= -

Now,
A (yt< z*) = band (xt< y^ xz*= c* 

(x\z}y>-(x*.y*)z*= band (ztx*)y*-(zty^

“TV “7 2 = band--y = 4J 4 4 3

y*~ -4c? z*= |(^b^

Substituting these values in (i), we get

x>= | (3 iz^-4 b + 8 c")

EXAMPLE 26 // x^x y^= y*x z*= b? X^. F^= Y/ 

and yt z^=l, then find xt yt in terms of at b and scalar y. 
SOLUTION We have,

xt<y^= Zi^and yt<z^= b*

a^ is perpendicular to x*and ytmd bis perpendicular to 
y^and z!

x>.'ai=^-yt.af ^^=0 = ^^

Thus, we have

xt<y^= 
bx(fx*x.y*) = bxo^ 

(b^.y^x^-(b^.x}y>= bxa 

-yy^= bxa^
=>!/*=“

**= | b\+ (a*+ b}xc*] -(b^

= | [(«*+ b^xc*-(o*+ b^]

z^= ^[(^+b^ + (a4+b^xcl-a>

x\y^= a^ 
=> (^<y^xy^= «1<y

= | [(b^-a^ + (a4b^xc^

EXAMPLE 25 Let x? y^ z* be unit vectors such that x*+ y\zt= of 

x^(y^z) = b^(x^y)xz^c^fltx^=|, «ty^^ and | fl4] =2. 

Find xt y^and z*in terms of a?b*andc?

SOLUTION We have,

x\y\z^= a*

| x^+y^+z4] = |

|x*+y4zY= |^12
| x»|2+ y>|2+ | ^2 + 2(xty>+yt^+ztx^x |

l + l + l + 2(xty%ytz^ztx^ = 4

=> 2(xtyVytzVztx^ = 4-3

=$ x>.y\y^.z>+z^.x>= |

—> —> 3
2

(A y>+ z
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=>

=$

=>
[•_• a\rf:.

=*?=

fib
=>

=* r=

=> Z -

are non-coplanar vectors, then prove

=> [ 3 r*- (fi b + cj] - 7*= 0
■

=>

=>

2(d^b1x(c^d1 =

a

b- ...(i)a
«1 a2 a$ 
ci c2 c3 
d\ d2 d$

=> z*=

bl?
c?dj d*

SOLUTION We have,

(atcb5x(c^d1

= [o^c^dl ^-[b^dl

bl &2 b3 
ci c2 c3 
d\ d2 ^3

=> x»= —Y__
|^|

=> X2 {(^-bV(F^ + (r*-a}} ’

-[(^r5a>+(btr)b + (c?r)c1 = 0

=> X2 [3F*-(^+b + cj]-[ | 5^|2(r?a)a + | b*|2(rt&)b

+ |c^|2(r!c)c] = 0

=> X2[3r^-(fl^-b + cj]-X2[(r?a)fl + (r?b)b + (r?c)c] = 0

[..■ M = 1^1 = 1 cW]
V X2#0 

and
r^ (fi.a) a + (rt &) &+ (rt c) c

SOLUTION Let | = | b^| = | c4! = X (say).

We have, 

fl3<{(r^b^x^ = (a!a)(r^b1-(fl!(r^-b5|a

= \d^2(r^-b^-(d!r^-d!b}d^

= X2(r^-b1-(d?r)fl> |

Similarly, we have

bx {(r^-c^xbf = X2 (r^-c?-(bt F)b* 

and,

cfcRr^xcN X2 c*

.-. a^{(r^-b^xa^ + bx((r^-r)xb1+c1<{(r^a^xcl = 0> 

=> X2(r^-b5-(atrjaA-X2(r^c5-(b!rjb + X2(r^^

My12x^=^y> 

in2x*=y*-W 
! 2

l-(5l<bV-((«^)xb*|
|53<^|2Ly Yl .

=> ?=-^-y2 [^^-(fl^xbj
| axb | 

EXAMPLE 27 If b? C? d 
that the vector

(5l<b^x(c1<Z) + (fl^c^x(dxb^ + (a^<^x(bxF)is 
parallel tod! [IIT1997]

SOLUTION We have,

(o^<b^x(cld5 + (a^<c^x(dxb^ + (a^<d^x(bxF)

= -(cxd^x(o^b^ + (a1<c^x(dxb^-(bxr)x(a^d^

= - [ erf bl 5% [ b + [ ?
-[aVd1b*-[&*c4d1«>+[i’

= -[b>c^^o>-[b>^^a>

= -2 [b^c^^] a4

= Xa! where X = -2 [b*c*

Hence, the given vector is parallel to a!

EXAMPLE 28 Let a! b? c* be three mutually perpendicular vec­
tors of eijual magnitude. Then, find a vector ^satisfying the equation 

^{(r^b5x^ + bx{(r^cfxbf+ct<{(r^a?x £]*=()

2 b +c"} = 0

r*= | (b + c)

EXAMPLE 29 Ifd*= a^ f+ a2 / + a3^rf=b}^+ b2 f+ b3 T, 
i'+c2]'+c3^and d^d^+d^+d^, then prove that 

l-a^-b4 c* di 
ai b] q dJ 

a2 ^2 C2 d2 
«3 ^3 C3 d3

i (rt ? - i {A (A ?}

2 | (atrf)-d\(d\ b1|

Now,

y^z^= b^

=* y^(y^z) = y**rf
=* rfrfy^-rfrf^

^^^y^b"

[?-(?< *51
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b c~]d

dc-

= -abed sin1 A

b04-

d+ c-

A
0

(i)

(ii)

...(iii)

fll 02 fl3 
b) b2 &3 
d\ di d3

a
Fig. 17.3

01 02 a3 
bl b2 b3 
ci c2 c3

Adding (i) and (ii), we get

2 (o^< b} x (cl d*)

(FlF).(flld^4-(cld^(bxd5 + (olb^.(cld^ = 0

Use this result to prove that:
(i) sin (A + B) sin (A - B) = sin2 A - sin2 B

(ii) sin (A + B) sin (A - B) = cos2 B - sin2 A.
SOLUTION We have,

(bxc) .(old^

= bl {c\(a\d*)}

= bl{(c?d}o*-(ctd}dl

= (blfl)(ctdV(^(C^

Similarly,

(F&d\(bxd^ = (c?b5(dtd^-(c?d*)(dtbl

c
C1
C2
c3 i

and also

(olb5x(cld5
= [ a* b* d*j c~^ [ d

b3

d3

a\ 
bl

\A
B>

a3b3

*3

Let n be a unit vector perpendicular to the plane contain# 
vectors afb, c* and d. Then,

(bx cj . (dl d} = {be sin (A - B) n|. (od sin (A + B) n|

= {abed sin (A + B) sin (A - B)) (n. n)

= abed sin (A + B) sin (A - B) | n |2
= abed sin (A + B) sin (A - B)
(ct< a} . (bx d) = (- ca sin A) n . (bd sin A) n

= - abed sin2 A (n . n)

— _  A

Xc
c

and,

(dlb5.(cld^ = (dt^(b>d^-(dtd^(b^c^

Adding (i), (ii) and (iii), we obtain

(bx c}. (dl d*) + (cl d} .(bxd^ + (a\b^) .(cl d) = 0...(iv)

In order to prove the results (i) and (ii), let us assume that 
a? b, c? d are coplanar vectors such that the angle between 
the vectors d*and c4 is A, band d*is A, d^and bls A and clnd 
d is also B.

o2 a3 
b2

d\ d2

and, 
(a\b*).(c^d*) = (absin B) n . (cdsinB)n

= (abed sin2 B) (n . n) 

= (abed sin2 B) [ n |2 

= abed sin2 B

Substituting these values in (iv), we get 

abed sin (A + B) sin (A - B) - abed sin2 A + abed sin2 B=0 

sin (A + B) sin (A - B) = sin2 A - sin2 B 

From (ii) and (iii), we get 
(c\a} x (bx d] + (dl b} x (cl d*) 

= (dtc)(b*d5-(c?d^(dtb?

= (ac cos A) (bd cos A) - (cd cos B) (ab cos B) 

= abed (cos2 A - cos2 B)
Substituting the values of (bxcf. (a^d] and 

(cb of x (bx df + (d\ b) x (cl d? in (i), we get

abed sin (A + B) sin (A - B) + abed (cos2 A - cos2 B)=0 

=> sin (A + B) sin (A - B) = cos2 B - cos2 A

EXAMPLE 31 AB, AC and AD are three adjacent edges of a paral- 
lelo-piped. The diagonal of the parallelopiped passing through A and 
directed away from it is a vector of The vector area of the faces

b

A 8

b] b2 

C1 c2 c3 
dl d2 d3

a2 a3 
b2 b3 

C1 c2 c3

fll a2
C] c2 c3

dl d2

-1

-a*-b

a2 ^2

“3 b3

EXAMPLE 30 If at bf cf T are four vectors, prove that
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(z*- xf = a x cfUsing (iv)&(v)]=>

(axr)=>

=>

...(i)

and z*=

,(ii)0 R

S P

c
y

B Q
I

Fig. 17.4

!

...(iii)

. Therefore,

-(iv)

=>

(v)

.21
■ 2

y*and At

[see Ex. 4 on page 17.12]

\ [«W]2

/ A 

x~

=> [x*y^ =

But, [ u*+ v>

[xVz^ =

u?+u*
I wW|

M'
SOLUTION Let A& = x,'

In MCQ, we have

At + C$ = A& 
y*+x*= At

- 2 P : 2 sec - sec

2 a ; : -sec:2 | sec2
2 2
[irr 2003]

z* z*x X*]

A A A.a = a .a
—4 A _i A —i A .  x=> x.a+y.a + z .a = |

-Lp- ...(v) [Using (iv)]

Taking cross product on the sides of (ii) and (iii) by a, we 
get

—>A F. a =

I 
2’

- sec | (ut- u/) and

= zt

Y 
sec2

containing vertices A, B, C and A, B, D are b and irrespectively. If 
\ I

projection of each edge AB and AC on diagonal vector a is “HrS 
then find the vectors A^, At and Ab in terms of a? b, c*and

Now,
| uW| 2

= | ^| 2+ | v
= | u*|2 + | u*|2 + 2 |
_ n . n ~ _ a ^^2

•tp- (x*-yj=axhand ~Mp

(axb) and F*-x =

=> zt a = Now, 
=> [ x*x y* y*x z

- l^jTzl2
1 2 «

" 16 seC 2

irrand
Solving these two equations with (i), we get

_> IT ax (2b+ cf —> a ax(b-c)
x = 3----- |5l ' y = 3+
_> a* ate. (b + 2 ct
Z = 3+ M

EXAMPLE 32 If u^vtut, are three non-coplanar-unit vectors and 
a, P, y are the angles between u*and v?v*and ut, litand ^respectively 
and xty?z*are unit vectors along the bisectors of the angles a, P, y, 
respectively. Prove that

[x*x y*y*xz*z\ xt = i^]2sec'

Now,
In &AQP, we have
At+ot = At
At + At = At
jA?+z^= ? 
-4 —) -4 —4=> r+yVF= F

It is given that the vector areas of faces ABQC and ABSD 
are b and c respectively.

—) —T->
| fx y^= b

and, 

z^x x*= c
It is given that the projection of edges A^ and At on the 

diagonal At (= «/ is -Mp 

la*] , _> a | at V andy.^V
Taking dot product on both sides of (i) by a, we get 

-*

ax(fx*xy) = axb* and ot< (zt<x}=a xF*
=> (a.y*)x*-(a.xjy*= axb* and (a .x^z^-(a.zfx*=axc

— □□□ —

SOLUTION We have,

u* + u*| ' y ~

F*| 2 + 2 («*• v}
m*| I F*| cos a [v [ U*| = I v*l =1] 

= 2 + 2cosa = 4 cosz a /2

| i?+ u*| = 2cos^,

Similarly, we have

| u*+ vf | = 2 cosand | ut + u*| = 2cos 

x*= | sec| (ut-pt, y*= -

F*= | sec (ut+ u*)

7 sec sec sec [ u*+ u*u*+ u? u? + ut8 2 2 2 1 J
v\ut w*+ u*] = 2 [ u*v*ut] 
2 a B- sec - sec

1 a p- sec - sec jr4 2 2

secpw^M

sec [m*v*u^]
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c =

a [fl4^?4]

ILLUSTRATIVE EXAMPLES

# 0<=>

= 1
where X =

I

i 
[flVc4]

a^b
[flVc4]

These three vectors are said to form a reciprocal system £ 
vectors for the vectors a? b? c? The reason for the name lies i 
the relations between a? b? c^and a\ b' ,c^ as given in th 
following examples.

17.5 RECIPROCAL SYSTEM OF VECTORS

Let a? b? ct»e three non-coplanar vectors, so that [ fl4 b* c"] * 0. 
We define another set of three vectors a? b?,l?as given below: 

. —>, bxc* ri c1< a*
a = x ' b =

[ n4 b c4]

1 
[^bVj2

(i)

A andc =7*c =

-4
, and c =

c be the reciprocal system cf

(i) By Property I, we have
fl4-fl^ = b>-b^ = c4-c^=l

fl4-^+b*-P+c4-c* = 1+1 + 1 = 3.

(ii) We have,
a*= a*x X (b*x cf= X (flSc (b*x c?) = X{(a*- cfi?- (fl4- b) c4)

^x^=^xX(^x5f=X (b^x(c4Xfl?) = X{(? •a/c4-(i?-cfa'1

and,
^x ?= X (^x b^= X {c^x(a^x b)} = X {(c4- b)a*-((?-afb\

a*xfl^ + b^xb^+c^xc^

= X {(a4- (fl4- b^c4) + X {(? • afc*-(ij • c?a*j

+ X((c^fl4-(cM?l

= X [(fl4- cfb*- (fl4- b|c4+ (? • ofc*- $ • of a*
+ (c4-bffl4-(c4-fl|b|

= X [a4- cf b*~ (a^-b)cX (a4- bfc- (b*■ c?a*+ (b*- cffl4- (fl4-cfb]

•••

~[i* c*c^«*}-c^

[■.•£*•?>= 1]

EXAMPLE 1 If a? b, c* are three non-coplanar vectors and 
a ,b, c'form a reciprocal system of vectors, then prove that

(i) rf = t!^ = ctF*=i
(ii) atb* = Jtc)=O;&tct = j+^ = O; ct?=c?^ = 0

(Hi) (J* P ?] = —-X- - .
[5*t> c*|

(iv) a, b, c are non-coplanar iff so are a , b , c .
SOLUTION We have,

b*xc* -ri c*xa* , ~+ a*xt?
[^b c4] [^b c4] [fl4^

or, =X(b*xc£ P = Xf^xflfandc^ =X(fl4xbt
i ■> 1

where X = —^=s——.
[^b c4]

= a4- X (b^x cf = X (a4- (b^x cf]

= X[fl b n =-H-z»_?
[irb c4]

Similarly, we have b • b = 1 and V-c =1.
(ii) a4- b^ = a4- X (r*x a? = X (a4- (^x 5^)

= Xffl4?4^ = X0 = 0

Similarly, we have

fl4-c^= 0,^-?=^-?= 0/c4-?=c4-b^
(iii) [a^ b^ c^J = (fl^ x b^) ■ c^

= (X(b*xc/xX (c*xof} • ?

= X^xcfx^xfly)-?

= X2[ {(b^x cf- afc>- {(b^x.cf ■ c/54] - ?

= X2 {[ b^ c4 flj c

= X2|[b^c4fl1^4-0^)-?

= X2[b^c4fl^

(iv) aj b? c^are non-coplanar 

<=> [fl^c4] *0

1
[fl^c4]

<=> * 0

<=> a^, b^, c^ arenon-coplanar.
EXAMPLE 2 If a4b*F*anda7} b\ 
vectors, prove that

(i) a4-^ +b>-b^ +c4-c^ =3
(ii) ^x^+bxP +c4xci =0' 

SOLUTION We have,

b x r r> ex a^ , a xb 
[^b c4] [i^b c4] [fl4^ c4]

or, = X (b*x cf, b^ = X (^x flf and c^ = X (a*x bf, 

1
[?*hM
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[■/ = 1]

are two sets of non-coplanar _

then show that [ e

e2 =

I

Hence, [ e? e% e$ ] [ ef e2 e3 ] = 1

ILLUSTRATIVE EXAMPLES

*

=$

(i)

vector as a linear combination of three known non-coplanar 
vectors and then we determine the coefficients from the given 
conditions. The following examples will illustrate the proce­
dure.

SOLUTION

=>

=> x(at b)-z {(7 b)

1
[ e2' e3' ]

17.6 SOLUTIONS OF VECTOR EQUATIONS
Solving a vector equation means determining an unknown 
vector or a number of vectors satisfying the given conditions. 
Generally, to solve a vector equation, we express the unknown

*7 =

= xo*= 7

I gf 53 f
17 7 7i3

EXAMPLE 1 Solve' the vector equation 7x 7=7x b, where 
a? b are two given vectors.

SOLUTION We have, 77= 77

77-7:7= 7=>(7o/x7= 7
=$-r*-a* is parallel to7=>77= x7 for some scalar X

=> 7= 7 x7is the required solution.

ALITER Since 7 7and a*x. b*are three non-coplaner vectors 
and any vector can be uniquely expressed as a linear combina­
tion of three non-coplanar vectors. So, let

7= xaX yb + z (7 7 
where x, y, z are scalars

Substituting the expression for 7 in 7 7= cfkb, we get

{x7 yb\ z (7 71 x 7= a\ 7

=> x (7 7+ y (7x 7+ z |(7 7X 7( = 7< 7 
r>77-(7a/7 =

= o, 7- 7= o
“2'el

ei-ej =

then show that [e^e^e^] [ef' e%' e^'] = 1

SOLUTION We have,

=> (x-l)(at:7“Z(77flt-z(atb)b = 0

=> x-1 = 0,z(77=0 and z(7b) = 0

[•_• 7x 7 7 7are non-coplanar vectors]

=> x = 1, z = 0.
Putting x = 1, z = 0 in (i), we get

7= 7 y 7 as the required solution.

EXAMPLE 2 If a*. b* 0,find the vector r^which satisfies the equa­
tions

EXAMPLE 3 lfe^ef,efandef ef ef 
vectors such that for i = 1,2,3, we have

1, if i = j
0, if i*j ’

_) 7x 7
es = [?' £

[g2 xg3 g3 xgl gl xg2 ] 
lgl' g2' g3']3

=> 1 = A [ ef e{ ef ]

1 

(7 7 7'1
From (i), we have 

e2xe3 
[gl' g/g/]

Similarly, 
e/ x ef 

r , an<*

[gi e2 ^3 1

V [ 7x 7 7x c* 7x at 

= [7772

7<7= 7<7 and 77= 0
We have, 7:7= 7<b 

77-77= 7=<77x7= 7 
7 7 is parallel to 7=> 7 7= X b for some scalar X 

7=7x7 -(0
Now, 7 7= 0
=> (7x7-7= o
=> 7 7 x b. 7= o

<-g7=
=>

=» q 1 e.
=> e^ || e2' x e3''

=> e^ = X (e^' x e^')

=> g^.q' = X {e^.(^xej))
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X = ~~ T — X04-

(i)
(>)

=>

=>

=>

X = 0, v-1 = 0=>

and x ==> z = ■' y =

|(atbt^+kF+(otcbtr =[•.• X = 0,v = 1]

(i)

=>

=>

=>

=>

v atcb^and etc Fare 
non-collinear vectors

r*= xa*+yb*+z(at<.tfi 

for some scalars x, y, z.
Substituting this value of r*in r*x 5^= b^we obtain 

{x«4y F+z(atcFt} 'x^= F* 

x(at<.at+y (bxaf+z {(at<bfxaf = b* 

y (bxat+z{-(dtb^d*+(^.d*}b^\ - b* 

0fl^{z | F*|2-l} F+y (Fxflf=0 

{z | — 1} = 0, y = 0

c .a
g = " b .a 

k /
Substituting the values of X, p and v in (i), we get

f C* 7~> .r = c - & 35 the required solution.

EXAMPLE 3 Solve the vector equation rtc a*= b*given that Fand b*
are given vectors such that at b = 0
SOLUTION Since atb and ate. b are non-coplanar vectors. So, 
let

MATHEMATICS FOR IIT-JEB

= m[a*bV]

=> X = 0, v = 1

Now, substituting the value of r*in rt a*- 0, we get

(X irt- p F+ v cj . a*= 0
=> X(otflf+p(F^5f+v(ctat=O

=> p(btaf+(ctaf= 0

1
M2

Putting the values of y and z in (i), we get

xa*+ yb + z (otc it) 

for some scalars x, y, z 
Putting this value of r^in r^x a*+ k r*= b,we get 

{xa4 yF+ z (at< lf)}xa*+k (xo4 yF+ z (at< b)| = b 
=> y (bxdt+z{(a*.dfb^-(atb^dt+k{xa*+yb + z(a^b)} = b 

=> {kx - z (at b)) {ky + z (at 1} b + (-y + zk) (ateb)=(f 

=> kx-z(atb) = 0,ky + z (ataf-l = 0and-y + zk = 0 

1__ _ k , _ arf
l^ + lc2' V " t2* |42 an X k^+k2) 

Putting the values of x, y and z in (i), we get

——- \(^a\kb"+(aV^
I ^T + k2 Lfc J

EXAMPLE 5 Let at b* and c* be the unit vectors such that 
at<b = ctAlso, X*is any vector such that

[X* F^c*] = 3,[j? c*a*] = 4and [?aV] = 2 

find X* in terms of at b*and ct 
SOLUTION We have, 

atcb*= c^
=> (T is perpendicular to the plane of and b 
=> at b? c* are non-coplanar vectors.

Again,
(a\b^ = c^

=> (atilfi. c^= etc*

=> [0^^= | eV = 1

Since any vector in space can be expressed as a linear 
combination of three non-coplanar vectors. So, let

)?= la*+mtf+nc* .•■(»)

Taking dot product on both sides by at<.b?bxF^anda* 
successively, we get

[j? ir^bl = nfcVFl [J? = 1 [iF^c*]

and, [ 5? F* a-) = n? [ b* c*

=> 2 = n [ o^bV*], 3 = I [ fl^bV*] and 4

=> y = 0, z =

-'21 o (at<. b\ wherexe R 
M2

as the required solution.
EXAMPLE 4 Solve the vector equation rt<a*+kr*= b, where 
at b are two given vectors and k is a given scalar.
SOLUTION Since at band ate. bare two non-coplanar vectors.
Therefore,

atblo] 
a* b\ at<b* are 

non-collinear vectors

Substituting the value of X in (i), we get
v .(c*a*\^

r'= (F^- -=r~1 b as the desired solution.I1--5]
AUTER Letr*= X0*+p.b + vc* 

where, X, p, v scalars.
Substituting this value of r*m r\ F*= etc bt we get
(XF^-pb + vc^x^ c^cF*

X (fltc b} + p (bx b^ + v (etc Ft = etc F* 

X(otcbt+(v-l)(ctcFt= ?
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=> I =

[•.• fi^b*=3A+4A+5ft

I(i)

=>y=

t

(i)

1

(i)

=>

...(ii)[._• (a1<b?.fl*= 0]

=>

2.

r7fl*= Fib = r7c*= 1.
Since a\ b?c\re three non-coplanar vectors, there-

4 
'-_a-4_u, ” = [fl*b c*]

= fl^X^xY* = band j?.fl*= 1

=> I {(a3<b^.a*} + m {(okb). b*| + n ((a^<b). (o^k = 10 

=> /xO + mxO + n | af< b*|2 = 10.

=> n (9 + 16 + 25) = 10

1=>n = -.

Solving (ii) and (iii), we get 
,3 _ 1

5' 5
Substituting the values of I, m, n in (i), we get

= 1 (3 (A- 2 A+ ft - (2 1 + A- 2 ft + 3 A+ 4 j + 5 k )

= | (4A-3A+10ft
EXAMPLE 8 Solve the following simultaneous vector equations for 
?and ?;

j?+?
SOLUTION Let

I a\ + m b + n (aV.

where I, m, n are scalars.
Then,

=» 7=^-?
=>Y*= (l-rta^-mb^-n (ii3< b)

Now,

Zfl*= 1

=> {la*+mb + n (fli< b?). fl*= 1

=> / (fltflf+ m (bt af+n {(«3< b). flf = 1

=>/ | a*]2 + m (fl* b) = 1

xx y*= b*

^x(a^-X^ = b 

5?xa*= b*
=> {/ a*+ m b + n (a^< bf] x «*= b*

=> I (a^af+m (Vxa]+ n (a^b) xa^-b

=> m (bxof-n ((atb) a*- (at a/bf = b

=> m (bxflj-n (atb|a*+ {n | a*|2-1| b^=0

SOLUTION !
fore aV b, b x c*and c%.al re also non-coplanar vectors.

Letr*= x (at;b} + y (bx+ z (ct<a}.

Then,

F*a*= 1

=>l=y {(bxtf.fl?
__ 1
[fl^C*]

Similarly,rtb^= 1 and r*c^ 1 give

1 j 1z = — and x = .
[a*b r] [fl*b c*]

Substituting the values of x, y and z in (i), we get

r*= —; L v (a*x b + b*x c*x of 
[5*rc*]

as the required solution.
EXAMPLE 7 If fl^= i'- 2 A+ and b^= 2 A+A- 2 ft solve the vector 
equations a^.r^4, b* r^ - 3 and (fl^< bt. r^= 10.
SOLUTION Let r^= I a*+ m b + n (a\ bf

Then,
5*F*=4

[ la*+ m b + n (a\ b^|. a^= 4

=> I (at+ m (b*. af+'n {(ofc b). fl*} = 4

=$ 61-2m = 4 ...(ii)

b^F*= -3

=> b* {/ m b + n (a\ b$ = - 3

=> I (b* a} + m (b* b^ + n |bt (c& bj) = - 3

=> - 21 + 9m = - 3

and,

(fl1<b?.r*= 10

=> (a!< b^. [/ m b + n (a^. b^} = 10

3— . ,m =
[fl*b c*]

=> I = 3, m = 4, n = 2

Substituting these values in (i), we get
?= (3fl*+4b + 2c^

example 6 If a? b? c^are three non-coplanar vectors; solve the 
vector equation
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=>

=3 n =

and in = 0=> n =

I = m =
11 = i => / =

m =

(T+

r -

, where X is a scalar
(a>+a\b).

=>

=»

(i)
=>

=>

=>

[Taking cross-product with ol
[•.• [d^b^o1 = 0]

...(ii)=>

=>

+ ax=> r =

(iii)
, where X ==>

Y^o*- r*= Xd^-ot<

r*= Xd*+o1<

d4 | d*|2b + (olbj.

(dtr^a 
M2

=> a3<(r\crf=a\.

Ifl2 
IoYiH - w

„, _ I *~V
| rtfc*|2 | iW|2

Substituting these values in (i)z we get

1
M2

EXAMPLE 9 If a* and b*are two vectors such that a*.t*0, then 
solve the vector equations

r*.d^=0,r*.b*= 1, [r>a)b^ = l.

SOLUTION Since a? band a*x bare non-coplanar vectors. So, 
let

irr
l«T

EXAMPLE 11 If x7+yr+z7=a?x7xy = b, ykz = c?
at x*= a*. y = 1 and | a* | = ft, then find vectors xj y^ z\n terms
of a? b*^d c? . :
SOLUTION We have,

x*+y*+z*= a*

n | at<b*|2 = 1

I
| a\?\2

Solving (ii) and (iii), we get

-gtfr
.2
— / 
2

r*= IdKm'b + n (d\ b} 
where I, m, n are scalars. 

Now,

rtd^= 0
=> {/ o^- m b + n (a\ b?|. d*= 0

=> l(a>.df+m (b*af+n [(ab.lfi.'a] = 0

=> / | d12 + m(dtb^+nx0 = 0

+ m (a*b| = 0

-(atb^2^

1

Putting in = 0 in (ii), we get

M2
Putting the values of I, m, n in (i), we get 

? = -~r a*+—b)

| ?12f*=

=> ai = 0, - n (at b) = 0, n | a4]2 -1 = 0

[•.• a?b anda\ barenon-coplanar]

1
M2 

= a*-

'M2
rth*= 1

=> {la^+mb + n (o1< b)|. b*= 1

=> I(a*.l$ + m (b*b  ̂+ n {(a"t<b^.b^ = 1

=> /(atb^+m | b^(2 = 1

and,
[ r^a^b^ = 1

=> Ft(alcbf = 1

=> {Ia\m b + n (jd\. bfj. (at< b? = 1

=> / (at(a1<bf) + m |b^ (at<bt}+ n (at: b^. (at<bt=l

M2
(a1-a^<bf

=> (q^.a^r^-(q:>.rfd^= a^<

1
| a1<b^|2

EXAMPLE ID lfr\aK(f^.b)c = d^then prove that

A(dxc] 
al2.’

SOLUTION We have, 
r^.a^+(f^.b^c^= T 

(a^t- (rt bf cl x c^= dx c 

(f^crfxc*= dxc* 
(r^.cfa^-(d\c'fr>= dxc*' 

d^((rtc/a^-(atcyr}>= d^dxc?
[Taking cross product withal

- (atcf (qkrf = a\(dxc} 

at< (dx cl 
(atcf

a\@*xcf 
atc^

a^< (cftxcf

, fat<(dxcf 
a:(7

a~t< (dxc/ 
(jtcj'M2.’

■ [ a\(dxc?
■":WM2
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=> a

2=>

=$

=>

[Taking cross product with d^
=3

[■.■ dtx*=dty*=l] (iii)(i)=>

,(iv)=>

(ii) [v dty*= dtz*= 1] =>

=>

(iii) =>

=>

(v)

=>

=>

=> y =

=>

=>

and,
We know that

..(i)
(ii) I

I

px>+ qy*= a 
x*.y*= r

=> x =

=> x = a*-^\ d*]2 -4pqr n

b.jT
(oVcl

=> - (Ft cj = at d

=> dtd + Ftc*= 0

To find the value of x, let us take dot product on both sides 
of (v) by b^This gives

[x (at<cf + y (Fxc*)]. F*= dt F*

=> xiaVF*] = d*V

_ d*.b*_____ d*. b* _ d*. F* _ b^d*
[a^c^Fl - [c*d*F] -[^F'cl [d*b c)

= a. a 

dtx>+dty>+atz>= | d*| 

1 + 1 +dtzt=3

and,
_> a>-?^c*-dVb*
Z~ 3

EXAMPLE 12 Find vectors x*and yt'n terms of dtp, q and r, if 

P**+ at xty>= r.

SOLUTION We have,

rt< a* = b ...(i)
and, Fb.c* = d* ...(ii)

Since o^btclre non-coplanar vectors. Therefore, there exist 
scalars x, y, z such that

r*= xd^-yF+zc*

Now,
rt<a*= b*

(xd*+yb*+zcfxa*= F*

y (Fxay+z(claf = F*

(y (Fx at+z(cl<dt\ .c*= b*.c

y {foxaf. c*= F*c*

y [F* d^c4] = Ftc* 

b*c*
y " ” [oVcj

I + 12- I px*-(rf\2 = 4pq(xtyt
=> IP**-W*|2= I pA^| 2-4pzj(xtyy

=> IP^-wY = I a^2~4p(jr

| px*-W*\ = ^/| d^\2~4pqr

px>-qy>= | d^l2-4p<jr n, 

where n is arbitrary unit vector. 

Thus, we have, •

pxVtjy^s T*and px^-cjy>= "V| if*]2 -4pqr n

(T. z = 1
Now, 
x^y*= b*

=> (x\yt ~ a^b^

(^.ytx>~(atxt'y>= aVb
x^~^d\b"

It is given that
y^F*= c*

=> a\ (y\zt = a\c*

=»

=> Ac*

It is given that

?+y4?=
Solving (i), (ii) and (iii), we get

rrt- a\ c% 2 (a\. Ff _> aKa^c^-d^b^
-------- 3---------=----------- 3-------

^A/|^-4Wr.a r=
2p y 2q

EXAMPLE 13 Let atbtc^be non-coplanar vectors. Given equations 
r^.df=b,r^<. c^= cttobtain condition for these equations to be consis­
tent and then solve the equations.
SOLUTION We have,

and,
r\c^= d>
{xa\- yb\ zcj x c*= d
x(d\ct+y(bxcf = T

{x(pkcf + y (Fxcj}.a^= d*a

= d^a*

Ftg4'____dta4
[F^d^ " [ d^F^c4]

For the consistency of the system of equations, these two 
values of y must be equal.

dtd^
[d*FM
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and,

z =

and x =y = z =

(F+ot<b?(T+
vV.i.iboth sides by bxc? etc a* and

(i)

=>

=>

=>

=>(0
=> y

Substituting the value 
of x, y,z in (i)

[d* cFo*]

[d^F^c^]

[F* a4 b^

, Z = — Z4 v

[dVd^]
'y" [aVcT~ ~ [^Tcl

REMARK This is known as the vector form of the Cramer's rule. 
EXAMPLE 15 Let aand b be two given non-zero and non-collinear 
vectors and c* be a vector such that cba*=b-c? Express c*in 
terms of a4 and b.
SOLUTION Since of Fand a4x Fare non-coplanar vectors. 
So, let

Taking dot product on both sides of (iv) by b/we get 

|y(bxd/+z(cfco3|.b*= btb*
=> z[^o^b"] = b>b>

[iFiFc*]

Substituting the values of x, y, z in (i), we get

[d*d*c}
2 _ 

[d*b c*]
=> x =

=> X =

c^= xa*+ yb + z (dt< b)

=> cba^= {xa*+yb + z (jab.bf\ xF

=> cba^= y (bxaf+z {(dfdfbf-(dfb)a^

=> ct< a*= z (of effb*- z (of bja\ y (Fx of

[d* b*c*] 
[a*b*c*]'y ’

- (bt df a\ (a^d)b + (b*

xa\yb*+zc*= d

SOLUTION We have, 
xa\yb + zc*= d

Taking dot products on
ab. b successively, we get

xaf (bxcf = df (Fxcf

yb*. (cb of = dt (jebof

zet(dF< bt = dt (ot< bf
=> r^Tcl = [dVc/

y = [d*c*a],

zV a* F^ = [ d* a4 F^
[^rj
[b c*d*] (xub- yF + z (Fx vf) x u* 

y (vb u] + z (ut a) v*- (u. vf

- y (iFx vf+ z (uf v*~ z (u. v^~u

1 
1+|^|2

b^-c^= b^- yb + z (jab.bf|

bxF*= -xa*+ (1 -y) b*-z (a\ F)

cba^= b^-c^

=> z(a^.dfb^-z(a^b^a\y(bxaf=-xa^+(l-y)b >-z(flbb)

=> {x-z (Ttb^J (z (ata/-1+y) F+(z-y) (o^bf = 0

=> x-z(atb/ = 0,z(ata/- 1+y = 0,z-y = 0

[•_• ofb^ab. Fare non-coplanar]

1 J------ —5 and x =------—r
l+lo4]2 1+|«1

Substituting the values of x, y, z in (i), we get

->= 1
T " [^b*c*]

EXAMPLE 14 If a? bj c*are non-coplanar vectors, solve the vector 
equation

[HT19991

SOLUTION Since iF, iFand iFx zFare non-coplanar vectors. So, 
any vector in space can be written as the linear combination of 
these vectors.

w = xub-yvb-z (iFx vf
—> —>wxu =

=> wxu>=
—> —>

=> wxu =

Now,

w + (wxu$ = iF

=> xu^+yv>+z(uixvf-y (u*xvf+z(ju\ ufv^-z^.v^i^^

=> {x-z(iF.u/iF+(y + z(iF.uj-l}iF+(z-y)(iF<i/ = 0

x - z (iF. vf = 0, y + z (u* uf -1 = 0,

z-y = 0 [-.-iF vf iFx iFare non coplanar]

x-z(u^. vf = 0,y + z \u)\2-1 = Q,z-y = 0 ,

x-z(iF.b/=0,y + z- l =0,z = y | iF| = 1]

z = j and x = | (iF. u/

u-X r-^ -h ' [a b cj

atb
l+l^l2

EXAMPLE 16 Let iFand iFbe two given non-collinear unit vectors 
and vfbe a vector such that w + (wxuf = vfThen, prove that

| (ux v*). iF| < |

1
2

1
2

1
2
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=>

=>

1

=> y =

=> Z =

I

I

=> I = and m =

04-

...(i)

=>

=>

(i)

=

p(FW~j(ini^

r*= xa^-yb + z(ot<&t

[-.- at & = 0 and (ot< b{. b = 0]

Now,

rto*= 0
=> (xot- yb + z (a\ bf). a*= 0

=> x(oto?+y (b*o?+z {(ot< bf.a?=O

=* x I ^|2 = 0 [v^lFt-. a* b*= 0]

=> x = 0.
rtb*= 1

=> (xot-yb + z ff< bf) ,b*= 1

=> x (a*.bf + y (b*.bf + z [(a^<bf. bf =

y I F|2 = i

iW
and,

[fVH = 1

=> rt(o^x bf = 1

=> {xot- y b + z (ot< bf|. (ot< bf = 1

=> x {at (at< bf) +y {b* (at< bf) + z (at< bf. (a\bf= 1

1
| at<T|2

Substituting the values of x, y, z in (i), we get

r*= —b + 1_^7 (at<bf.
IN |^b|2

EXAMPLE 19 Express a non-zero vector fas a linear combination 
of a non-zero vector a*which is non-collinear with fand another 
vector perpendicular to fand coplanar with find at
SOLUTION We know that the vector at< (at< rf is perpen­
dicular to a"and coplanar with o^and rt So, let

f- xf+ y {ot< (ot< r^

Taking dot product with atm both sides, we get

rta*= x(otaf+y{ot<(at<rj) .a*

rt f= x (at of

rt2& +

(iM.«t=|| «W|2

(at< bf. vf = ~ sin2 6, where 0 is the angle between u^and ut

| (wt<.f | = |sin20 < | [-.-sin2© < 1] •

EXAMPLE 17 Prove that the problem of finding a vector for given 
vectors a? bsuch that a*. X*= p, b^.^= q and (ot< bf. (ot< X*) = rhas 
no solution unless p, q and r are related and that then also there is no 
unique solution.
SOLUTION We have,

at X* = p,b*)?= q and (ot< bf. (ot< X*) = r

Now,

(ftbf.fiffft = r
=> (ot^(bt^-(^^(^x5 = r

=> (a*.afq-(a*.bfp = r

Thus, the given system of simultaneous equation has no 
solution unless p, q and r are related by the above relation.

Let us now assume that the above relation between p, q and 
r holds good.

Let j? = / o"t- m b + n (ot< bf. Then,

at X* = p and b* X* ~ q

=> I (a^.af+m (a*.bf = p and I (a*.bf+m (bt b| = q

^andW ’ -

+ n (at< bf.

Clearly, n can assume infinitely many values. So, X^ also 
attains infinitely many values.

Hence, there is no unique solution.
EXAMPLE 18 Given that vectors o^and b*are perpendicular to 
each other, find vector fin terms of find {^satisfying the equations

. rto^= 0 = r*b*= 1 and [ fcf b^ = 1

SOLUTION Since of band o^x bare non-coplanar vectors. So, 
• rtan be expressed as a linear combination of otband ot< b.

Let

1 1
=> (ifxvfu? = - (ut vf((wt< vf. M*} +-{(u^X v], ut

+ ~ (iZtcvf. (ut< vj

r. a 
x =

Taking cross product with atm both sides of (i), we get 

rla^= x(a^x at+y[a^x (a*x 7)} x a*

rt<^= y{(a^?)V-(^bfFtx^

=> fb.cf= --y((f.af(f<af
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=>

(fl^x (ij^x r^|.a =>

and [Using (ii)]=>

=>

=>

Now,
=>

[Taking cross-product with y]

=>(i)=>

and, =>

[•..?.?= 1 (given)]

=> (Y + bx Y^=> Z =
=>

-k Y* = bxa
[Using (ii)]=> Z =

•••(ii)=>
->=> Z =

Again,

— □□□ —
17.7 VOLUME OF A TETRAHEDRON

A

0

B C

Fig. 17.5

TETRAHEDRON A tetrahedron is a three dimensional figure formed 
by four triangles.

In Fig. 17.5 OABC is a tetrahedron with AABC as the base 
and OAB, OBC, OCA as other three faces.

OA, AB, BC and CA are known as the edges of the 
tetrahedron OABC.

OA, BC; OB, CA and OC,AB are known as the pairs of 
opposite edges of the tetrahedron OABC.

REGULAR TETRAHEDRON A tetrahedron in which all edges are 
equal is called a regular tetrahedron.
THEOREM (i) If two pairs of opposite edges of a tetrahedron are 
perpendicular, then the opposite edges of the third pair are also 
perpendicular to each other.

(ii) The sum of the squares of two opposite edges is the same for 
each pair of opposite edges.

(iii) Any two opposite edges in a regular tetrahedron are per­
pendicular.

j

(?x Y? X T = A Y*
Substituting the values of x and y in (i), we get 

1 
of a

>;Y>x?=b>=k; ?.?=!

[Taking cross-product with bf

Yx? = b^

Y* (YxzJ = ?.b 

=> 0 = ?. b*

Ytb*=O

a\b + bx (ot< b)|

Now,

?x?=1?
(YxZ^x Y* = bx Y* [Taking cross-product with yl

(?. Y^ ?- (Y*. Z) ? = bx ?

| ?|2 ?-? = bx?

k2rsrp
k

| ^?|2

| (a3< b| + bx | (a3< bl 
lx lx

k
> 2x b |

r*-{ccl
EXAMPLE 20 If ?x? = a';Y xZ = b = k; X.Y=1 
?. Z*= 1, then find )?. and 7?in terms of of b*andk.

SOLUTION We have,
?x?= of Yx? = b? ?.?= k, ?= 1 and ?. Z' = 1.

[Taking cross-product with Vj 

(?. yJ ?- (Y^ ? = a\

?- | Y*!2 }?= [._•?.?= 1 (given)]

| «1<b>|2?= jlir^bf]

k(a\b)~ | ^b*|2?= k{(d^.b)a^- |

| fltcb*]2 X* = k(a\b^-k(a^.b^a\k | fl4]2^

2 |^bt(^bf^+M2^
I a ’

-1
=> y = a. a

?x?= a> 

bxfX^xY^ = bxa* 

(b*^?-^^ ?= bxa

[-.. bt X*= k (given) and Ft Y>= 0 [from(i)]

rv
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A(o)

=

= | «*|2+ | b l2+lc*l2-2(b-cf

,22 •2 2 <2 {I

=>

(i)
=>

=>

=3

2

C 
(c)

B 
(b)

a*- b = b • c
= a

3

a*- b*= b* ■ c 
= c*-a

Fig. 17.6

Let 0 be the origin and let the position vectors of A, B, C be

I*

= I «
(iii) In this case, we have

OA = OB = OC = AB = BC = CA.

F| = |& | = |c*|]

PROOF (i) Let OABC be a tetrahedron with OA, BC; OB, CA and 
OC, AB ns the pairs of opposite edges (See Fig. 17.6). Let OA 1 BC 
and OB 1 CA. Then we have to prove that OC 1 AB.

Now,

F*- b*= b* F* 
=> b* • c*= b* -a* 
=> b*■ (F*- of = 0 

=> ob -At = o 
=> ob i At.

Similarly, ot 1 Ab and OA 1 fit.

Hence, any two opposite edges are perpendicular.

CENTROID OF A TETRAHEDRON In a tetrahedron OABC, let 
G], G2, G3 and G4 be the centroids of faces OBC, OCA, OAB and 
ABC respectively. Then AG], BG2, CG3 and OG4 are concurrent. 
The point of their concurrence is the centroid or centre of tetrahedron 
OABC.

If a? b, c^ d are the position vectors of the vertices of a 
tetrahdron, then the position vector of its centroid is

Hence, OAZ + BCZ = OB' + CAZ = OC' + AB‘ 

J*|2 + | fT|2+ | F*|2-2b^-F

Now,

AB = BC = CA

1 /S I - I si I = I cA I
I Ab |2= | bJ |2= i cA i2
|r-o*|2=|e>-fc*|2=|a*-c*|2
J*|2 + | b>|2-2F4-b>

= I ^|2+ I F*|2-2b*-F*

=

|2+ | F>|2-2F>-F>

(ii) We have,

OA2 + BC2

= | OA |2+ | Bt |2

= | n*|2+ |

= I ^|2+ I <T + [ ^|2-2^-^
= I «*|2+ I + I F*|2-2b* F

OB2 + CA2

= | ob |2+ | cA |2
= |b'|2+|^-F4|2

= I^|2+I«T

—> r-> _x
a, 0 and c respectively. Then, 

OA 1 fit and ob 1 cA
=> 0/1 • fit = 0 and ob • CA = 0
=* F*- (F*- b) = 0 and b*• (a*- cf = 0

=$a*-c*-a*-b*= 0 and b*■ a^-b*• F*= 0

r= a>- b^= b^- c*
f.c* ■

=> 0
(b"-af-^= 0

Ab-ot = 0
=> ot 1 Ab

|2+ | c*|2-2F*-c 

F*- b'= b^■ c^= F*- a^

= | o*|2+ | T|2+ | ^|2-2(^-cf

and,

OC2 + AB2

= | ot |2+ I Ab |2
= | c*|2+ I B*-^|2

= I c*|2 I + I ^|2+ I F>|2-2F>-b
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and

[fl4 («"$< b + Fx c% c^

{«*• (F*x c^)

=>

x

C

ILLUSTRATIVE EXAMPLES

B(b)

= 0 A(o)

Now,

Fig. 17.8

C
(~)

D 
(d)

A n =

a => n =

|AfcxAt|
(b*- a/x (c4-

x At |
0

V! = Volume of the tetrahedron OABC

abbibxc^cka*
|A^xAt|

We have, length of the perpendicular from the vertex 0 on 
the plane ABC

= Projection of OA on n4
= a*n

= *_ I
|Afex At |

= i
I AbxA*C | 
[flVc*]

Ak x A&

EXAMPLE 1 Show that each of the four faces of a tetrahedron sub­
tends the same volume at the centroid.

SOLUTION Let ABCD be a tetrahedron with centroid. Taking 
the centroid O as the origin, let the position vectors of the four 
vertices A, B, C, D be afb, clnd d respectively. Then,

| [cfe ci cA] 
6

a*+b*+cXd
4

=> a*+b*+c?+d*= 0*

Now,
Volume of tetrahedron

= (Area of the base x height) 
J

= - (Area of A ABC) x (Projection of OA on nj 
o

[a* b*c~>]

\ Afe x At {

or 7 [fit bJ) bA] or 
6

= I 7iAi x3 2 1

fl4* F\ c*+ d*
4

The position vectors of the centroids of four faces are
fl"VF+ c4af+ b + d* a\cAd* ,b*+'c*+d* 
”3~- “3—' —3~ and ~3~-

THEOREM The volume V 'of a tetrahedron whose three coterminous 
edges in the right-handed system are a? b? c* is given by

V = 7 [a* F* c*] 
o

PROOF Let ABC be a tetrahedron. Taking 0 as the origin; let 
the position vectors of vertices A, B, C be afb> and ^respective­
ly. Then, OA = afok = tfot = c?

Let n be the unit vector perpendicular.to the plane ABC 
to A ABC. Then,

An =

o
REMARK 1 It follows from the above result that the volume of 
tetrahedron OABC = 7 [O*A ok ot]

6
REMARK 2 If A, B, C, D are the vertices of a tetrahedron ABCD, 
then its volume is numerically equal to

. i (Ai A Ab]
0
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= |[oA ob oh] 
0

= | [^(-i^-T-C4)]

= 4

V3 = Volume of the tetrahedron OABD

I

= 7 [fl^-a*F^ + [a*-F^b^ + [a*-c*F] 
0

ct+ [^-F^ + lF^cl

c + a
3

9
4

Hence, : V2 = 9:4
EXAMPLE 3 Let a? b? (? be the position vectors of the points

^2

V2 =

A, B, C respectively. Let a, 0, y be the inclinations between b? c? 

a? b and of cfThen, prove that the volume V of the tetrahedron 
OABC is given by

= | [«*6*c*]

= i [ii^C4]
o

Clearly, Vj = V2 = ^3 = V4 = [ a4 h* c4]

= -| .
o

=7□
0

36
and,

V4 = Volume of the tetrahedron OBCD

= | [ob ob oh]
0

= [Ft^+F+c^c4]
1 rr» -

= 611'’-"

= -|
0

V2 = Volume of the tetrahedoron OACD

= | [& $C cfc>] 
0

= |

= I [O?1 ob ob ] 
0

1 cos 0 cos y 
cos 0 1 cos a
cos y cos a 1

SOLUTION Let OABC be the tetrahedron. Taking 0 as the 
origin, let the position vectors of the vertices A, B, C be 
of b? irrespectively. It is given that a, 0, y are the inclinations 
between b? c4; of Fand(j? cf Therefore,

at F*= ab cos 0, Ft c*= be cos a and at c*= ac cos y.

The volume V of the tetrahedron OABC is given by

v■= | [O/i ob oh]

= | [a^c*]
0

=> ^"^[a^c4]2
00

= | a4- i4-#

= 11 [ a* c4- aj + [a* + [ a* ■ ' c4]

EXAMPLE 2 If Gp G2, G3 are the centroids of the triangular 
faces OBC, OCA, OAB of a tetrahedron OABC. Prove that the ratio 
of the volume of the tetrahedron to the volume of the parallelepiped 
with 0G\, 0G2, 0G3 as coterminus edges is 9:4.

SOLUTION With referecne to the origin 0, let the position 
vectors of the vertices A, B, C be of b and irrespectively. Then,

I- * r r r r i^h b
the position vectors of G]z G2, G3 are —r-, —r~, —r—

O o .
respectively.

Let V] be the volume of the tetrahedron OABC. Then,

o
Let V2 be the volume of the parallelepiped with OGi, 

OG2, OG3 as conterminus edges. Then,

V2 = [^G^G^G^

F+c^ <?+a* o4Fl .
" [ 3 3 3 |

= [&*+ c4 “* «*+ bf
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=>

=>

,2=>

-2=> W =

cos0 =

A (a)

(b) (c)

=

=>

cos 6 =

Now, .(»)

cosy 
cos a

1

1 = —.
3

EXAMPLE 4

any two faces is cos-

SOLUTION Let OABC be a regular tetrahedron. Then, OAB, 
OBC, OAC and ABC are equilateral triangles of equal size. 
Thus, the angle between any two concurrent edges is equal to 
60°.

a .a 
b*.a 
c*.a

fl)
3 ’

-1/4 X4
3/4 X4

Hence, the acute angle between any two faces is 

cos-1

r^= (3% 2$+ >■(/ +ft

(T.b
b*.b 
c^.b

V2 = ±
36

a2b2<?
36

We know that the angle between two planes is the angle 
between their normals. So, the angle between faces OAB and 
OBC is the angle between their normals. The vectors b x clmd 
centare respectively normals to the planes OBC and OC/L 
Therefore, angle 0 between these faces is given by

_.(bx cf.

V2 = —
36

(bxcf. (cIkof

= (b*tf(cfdf-(^.dt(c*.c'?
= (| b) | c4] cos60°)(| c4! | n4] cos60°)

-(| T| |^cos60°)(|c1|:

I H M I c*l2
4 2

=4 m 1*1 i<i2-4v
and,

| bxc4] Ic^co4]

= (| b*| | c) sin60°) (| c) | u4] sin60°)

41 *11 1

b cos P c cos y 
b c cos a

c

fl) ’
3 ’

\ /
EXAMPLE 5 A tetrahedron has three of its vertices at A, B and C 
where OA = 3t'+2]',oh = ^3]'-fc;db = Find the unit vector 
perpendicular to the face ABC. The fourth vertex D is such that 
d\ .Ab = 0 = Dk . A& Find the vector equation of AD. If the 
volume of the tetrahedron is 3VT cubic units and D is on the same 
side as the origin, find the coordinates of D.

SOLUTION We have,

oA = 3/ + 2;A ofc = i + 3A- £ and ot = 2/A
/. Afc = ofc-OA = -2i + a-£-

At = ot-oA = -3zA
=> Afc x At = 3 qa+ ft -(>)

The unit vector perpendicular to the face ABC is given by

AfcxAt = 3Q% ft
| AfcxAt | ^9 + 9

Now,

D/1. Afc = 0 and D/1. At = 0
D*A lAfc and D/11 At

=> oA il Afc x At
Line AD passes through A and is parallel to DA. So, vector 

equation of AD is

nt ci
b*c1

T-> 
C . C

ab cos 3 ac cos Y
b2 be cos y

be cos a c2

Fig. 17.9

JTaking O as the origin, let the position vectors of A,‘ B, C be 
a?b, ^respectively. Since OABC is a regular tetrahedron. 
Therefore,

OA = OB = OC = AB = BC = CA

=>| n*| = | b) = | F) = I b^-n4! = | c4-^ = | i^-ci = X(say)

a2 
ba cos P 
ca cos Y

a
= ucosp

a cos y b cos a

1 cos p
cos p 1
cos Y cos a

Show that in a regular tetrahedron, the angle between 
1

abc
36
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P

C(3i)0(0
= 9<2

[Using (i)]

[Using (ii)]

.=>

=>

P.V.ofE

Ai =

=>

[IIT1996] =>

12 = 3

= ±2

=>

Now,

(2X + 1) A+f+£ 
X + l

-(Mj+fi

X
X + l

190*

I 7 F(2i)

17 90'
E/

DE = 2

In right angled triangle ADE, we have

AD = 4 and DE = 2

AD2 = AE2 + DE2

42 = AE2 + 22

AE = x/16-4 = 2<3

Suppose E divides the median AF in the ratio X: 1.

X.2/A+(/A+A+£)
X + l

(2X +1) 1 + / + £
X + l

> f y X2
I*1' =3X77 

\ / 

m2 IX +1

X = -2.-|.

Thus, the possible position vectors of E are 3i -/ -k and 
- A+ 3A+ 31?.

SOLUTION We have,

Afc = r-(IA+M = -M
At = 3A-(A+A+ft = 2A-A-J?
A^ x At = (-A- £) x (2a- a- £)

= -2A+21?
=> | AbxAt | = 2x/2
=> Area of A ABC = | | A^xAt | = |(2V2) = VF

=$ p = 6

Clearly, point D is on the line AD at a distance of 6 units 
from vertex A.
Let the position vector of D be 3r+ 2/ + X (/ + £)

or, 3i+(X + 2) A+X£

At) = (3A+ (X + 2) j + X1?) - (3A+ 2$

=> A?) = xA+xi?
=> | At) | = a/x2 + X2 = | X | y/2

| At) | = 6
=> | X | y/2=6

=> | X | = 3<2

=> X = - 3^/2 [•«• D is on the same side as the origin]

Thus, the position vector of D is (3r+ 2$ - 3^2 (f+ £)

Hence, the coordinates of D are (3, - 3^/2 + 2, - 3^2)

EXAMPLE 6 The position vectors of the vertices A, B and C of a 
tetrahedron ABCD are A+A+1?, Aand 3iArespectively. The altitude 
from vertex D to the opposite face ABC meets the median line through 
A of the triangle ABC at a point E. If the length of the side AD is 4 

2^/2"
and the volume of the tetrahedron is -r- cubic units,  find the position 

D

vector of the point E for all its possible positions. •

=> 7xV9 + 9 xp = 9V2

Let p be the altitude of the tetrahedron. Then, 
Volume = 3V2 cubic units

=> ~ (Area of the base x p) = 3^12

=> (Area of the face ABC) x p = 9>l2

=> 71 A^xAt | xp

A Ak

A(i+j+k)

Fig. 17.10

2VTVolume of the tetrahedron = —— cubic units o

1 2Vf
- (Area of the base x Height) = -y-
J o

1X^-XD£ = ^
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=>

=>

0

Fig. 17.11

DE

F

B 
ft)

C 
(c)

I / 
/ J/

A 
A 

(i)

= 9M2
| fl^-2b + 3c*| = 3 | 7*1

I ^-2B + 3^
6

\ V '

A.
I \ /

/R-
I \

J/
B 

A A 

G+2j)

Fig. 17.12

O(^)

EXAMPLE 7 OABC is a regular tetrahedron. D is the circumcentre 
ofbOAB and E is the middle point of the edge AC. Use vector methods 
to find distance DE.
SOLUTION Taking 0 as the origin, let the position vectors of 
A, B,C be a? Band ^respectively. Since OABC is a regular 
tetrahedron, therefore

E(^)
Hence, DE = | (CM) = Half of an edge of the tetrahedron. 

EXAMPLE 8 A pyramid with vertex at the point P whose position 
vector is 4/ + 2j + 2^3 $ has a regular hexagonal base ABCDEF. The 
points A and B have position vectors fand Irrespectively. The 
centre of hexagon has position vector f+ \*3 k. Given that the 
volume of the pyramid is 6^13 and the perpendicular from the vertex 
meets the diagonal AD, locate the position vectors of thefootoflhis 
perpendicular.
SOLUTION Let G be centre of the hexagon ABCDEF.

P

= | +4 | 7>|2 + 9 | »V-4x| | SV

-12x11 ^2 + 6xi

We have,
A^ = P.V. of B-P.V. of A

A _A A -A= i + 2] -1 = 2]

.-. AB = | Afe | = 2.
Now,

Area of the hexagon

= 6 (Area of AAGB)

OA = OB = OC = AB = BC = AC

« I = I ^1 = I = I = I <•*-&*! = |
Also, faces OAB, OBC, OCA, ABC are equilateral triangles 

and the angle between any two edges is 60°.
Since A OAB is equilateral triangle. Therefore, its circum­

centre and centroid coincide. Thus,
-r->

The position vector of D is —-—.

E is the mid-point of AC. Therefore,
P.V. ofEis^*

51 = P.V. of E-P.V. of D 
rrt aff> a*+b*

" 2 3

=s D^. — ~ (a*- 2b + 3c) 
o

=> | 51 = 7 | ^- 2B + 3ct 
o

We have, | a4] = | = | c^| .Therefore,

a*.b*= | a4] | cos 60° = ~ | a4]2

l?.c*= | b*| | ct cos60° = | | iiV

and,at c*= | a*| | c*| cos60° = | | 2

/. | a*-2B + cV = I *V + 4 I &V + 9 | c^2-4(at^
— 12 (F*) + 6 (rFt c-*)

/!

i » A A A 
Gl^j+^k)
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sq. units =>

=> d

=>

c

=>
= t;[oA ob &C]12=>

=>

=>

=>

= P.V. of A

1387 = ------ .
12

I
i

1
12

A 
= I

~ x (6 V3~ x p) = 6^
/ 

/ 
/ 
/ 

/ 
I 

I 
I 

I 
I 

7>

// 
// 
' /

/
J__
/

' I
I

I
I

A-----
/ B x

I / "■/ /
//

0

and, PQ = p = .3 

a AP2 = AQ2 + PQ2

52 = AQ2 + 32

/ 
/ 

/ 
/ 

/ z-_ 
I 

I /J/
Fig. 17.13

Volume of the prism
= | (Volume of the tetrahedron formed by O*A, 5b, ot?)

PRODUCT OF THREE VECTORS

I =6(tx22J
= 6^3 sq. units.

Let p be length of the perpendicular from vertex P to the 
base of the pyramid. Then,

Volume of the pyramid = 6^ sq. units

=> (Area of the base x p) = 6^3"

AQ = 4.

Also, AD = 2 AG = 2AB = 4.

Q coincides with D.
Hence, the foot of the perpendicular from vertex P coin­

cides with D.
Now,

Ab = 2A>G

Ab = 2 (/ + ] + <3 ft- f) = 2 (; + <3 ft)

=> P.V. of D-P.V. of A = 2(/%V3ft

=> P.V. of D = P.V. of A + 2 (f+ \3 ft

=> P.V. of D = A+2/A+2v3 ft

Hence, the position vector of the foot of the perpendicular 
fromPis/A+2A+2\3 ft.

The other position of the foot of the perpendicular from P 
on the base is D] on DA produced (outside the hexagon) such 
that DDy has its mid-point at A.

Let the position vector of Di be d]. Then,

JJ+P.V. ofD
2

=> p = 3
Suppose the perpendicular from the vertex P meets the 

diagonal AD at Q. Then,

AP2 = AQ2 + PQ2

Now,

. $ = P.V. of P - P.V. of A = 3A+ 2A+ 2<Tft

=> AP = x^ + 4 + 12 = 5

4 12
3 4

3

^ + (A+2A+2V3ft 
—

? = A-2jA-2>/3ft

EXAMPLE 9 Find the volume of a prism of triangular base, the three 
sides of the prism meeting on a vertex are given below:

O*A = 3ft+ 4j + 12ft Ob = 12% 3A+ 4ft, Ob = 4A+12/% 3ft
SOLUTION Clearly,

3 
12
4 12

EXAMPLE 10 Prove that the circurn-centre of the tetrahedron 
OABC where OA = at ok = b?ob = ctis given by

| i%2(bxc^+ | b*|2(c^af+ | %|2(Tlbf 
2[a*b*c*]

SOLUTION Let P be circurn-centre of the tetrahedron OABC. 
Let the position vector of P be r*Then,

OP = PA = PB = PC
|0>| = |P^| = |p£| = |p£l

= | = | ^^2

|54|2-2(otF)>= | b>|2-2(btr? = | c*|2 - 2 (c?F? = 0 

2(flttf= | a*\2t2(b*.F? = | T|2 2(c^^= | r*|2 ...(i) 

Clearly, at b? c*are non-coplanar vectors. So, dhb, bxc"* 
and clfleirealsonon-coplanar vectors.

We know that any vector in space can be written on the 
linear combination of three non-coplanar vectors. So, let

M2= 1^

1
3
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,z =

3.

= 0

4.

5.

15.

(etc af+r =

| a 
2[^r^]

fl3 
^3 

c3

1
I + ni + n'

|F?
2 [a4 /? cj

EXERCISE 17.1

10. Prove that:

[aAc/FcSc FVx/t=[fl

= [/VF*j-i«

M2
2[a4/? F]

[Using (ir
Putting the values of x, y, z in (ii), we obtain the position- 

vector of the circumcentre P as
| ^(Fx^ | F>{2(c!<flt+ | c*|2(fl1<? 

r =--------------------------- . j?—---------------------
2[^b c4]

r^~ x (Fx c?+ y (etcaf+ z(atcb^ ...(ii)

Taking dot products with at Fand ^successively, we get 
r4a*= x [ b c4fl4], rt F*= y [c4 a4 F^,
F!c*= zl^F^c4]

=> x =

= [b*d H [«*?*/}
11. If the four vectors at b? ct Fare coplanar, show that

(a!< x (c!< F| = (F

r .a => x = . , y =
[if4!? c4]

2
=

r.b
,2 =

[a4/? c4]

Al a2
/?! b2

C1 c2

If b, c^are non-coplanar vectors, prove that

a! (Fxcf b* (a~!< cf
(cA. at.b^ c! (fl!< /?)

If at b, ct d*are four coplanar points, prove that

[FVc^ + ^FVl + ^FV] = [ ^/Fc4]
If at b? c^are three non-coplanar vectors and rAs any 

vector in space, then prove that

-~c.[irt> cl [«Vcj
6. Ifr4^ I (bxet+m (ctcat+n (Flcbfand [fl^F^cj =

find the value of r! («A- F+ ct
7. Prove that the points 2aA-3b-ct a*-2b + 3ct 3a%4b-2c 
and a*-6b + 6c^are coplanar.

8. If at b? c4 and F* are four vectors, then prove that

(i) (aA< b). (etc F) + (Fx of. (flAcF| + (etc of. (Fx F) = 0

(ii) dt[fl!<{/Fx(cA<Ff}] = [jFFft/Fc4?]
9. The three concurrent edges of a parallelepiped of volume 
V represent vectors flAF^Find the volume of the paral­
lelepiped whose threee concurrent edges are three concurrent 
diagonals of three faces of the parallelepiped.

1. For any three vectors at b? improve that

(i) ate (Fx ct+ Fx (cA: at+ c\(ate b) = (F

(ii) ate {Fx (c!< «j*| = (fl! b) (ate ct

(iii) ate {«!< (fl!<Ff| = (fl!flf (Fxof

2. Let at= a} A+ a2 A+ fl3 £, b = b} z + b2f+ /?3 £and
etz q f+ c21 + £$$ be three non-zero vectors such that rts a 
unit vector perpendicular to both the vectors fl^and b?If the 
angle between fl^nd b*is prove that

2

= | (fll2 + a22 + «32) (fel2 + b2 + b32)-

12. Prove that:
(i) fl!<[Fx(clFt| = [^c’^iF-tfl!^^

(ii) F*[fl!< (Fx(c^Ft)] = (F*F)[flVF^

(iii) F^ [(a!< Ftx (ate = (a! F| [ ii4 b c4]

13. Prove that:
ate {Fx (c!< F)[ = (F* Ft (ate ct~ (b* ct («!< d)

14. Prove that:
(i) (bxctx(dtcd^+(ctcatx(bxd^+(atcbfx(ctcd^

= -2 [^iFc4] F*
(ii) (atcbfx(ct<d^+(atcctx(dxb) + (atcd)x(bxcf

= 2[F>F>^]«^

Solve the following vector equations:
(i) rtc^ a^^

(ii) rtca^= Ft rta^= 0

(iii) rt-rtca^= b*

16. If at b, c^andfl', b', c' are reciprocal system of vectors, 
prove that

—> >r^, a + b + c
b xc + c x a + a xb = .

[a4/? Fl
17. Find the set of vectors reciprocal to the set a-i+]-x, 
F=2a-/+3^/ c^a+2a-Ic.

18. Let Find F*be two non-zero and non-collinear vectors. 

Show that Fean be resolved into two components in the plane 
of flAnd /?, one parallel to /Fcind the other perpendicular to it 
given by
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ANSWERS

9. 2V 24. ZA = 77'ZB = 7'ZC = 7

[(^

29. F=

(Fc^.30. F=

F(Fb + cf=/ + m + n = .-. [P$ P& P$] =

{(F b)x (F- F x (b + cf. (b + cf = 0
24. For any three vectors, prove that

(Z^Vand 
U»i2J

1
[F^F]

7. Let the given points be P, Q, R and S respectively. Then,

6. We have, rta^= I, rtb = m, rt n^= c

Fx b
: l^l2
0*+ F+ (Fx

19. If at b, Fbe three non-coplanar vectors and a*', b*', c? 
be the reciprocal system of vectors, then prove that any vector

as
(rtb^b + (^.c] ct

HINTS TO SELECTED PROBLEMS

= -a*~

(iii) F=

(ii) F=

5b + 4c? Pk = a*+ b*- Find P^ = -a*- 9b + 7ct

-1-54 _
1 1 

-1 -9

17. (i) r*= Xa>- b*

1
| Fb*| 2

1
M2 + l

19. (t + k), (2f-5jA-3)?)
5 5

22. Perpendicular to a*
23. f+ 2jA+ 2V3 iA-2jA-2M

{(F b) x (F b*- F . (F 2b*- cf = 3 [ F b* F]

25. Prove that the ratio of the volume of a tetrahedron with 
that of the tetrahedron formed by the centroid of its faces is 
27:1.
26. Lines are drawn in a given direction through the vertices 
0, A, B, C of a tetrahedron OABC to meet the opposite faces in 
O', A', B', C. Prove that

Volume of tetrahedron O'A'B'C' = 3 Volume of 
tetrahedron OABC.

If at bt Fre non-coplanar vectors and /, m, n are distinct 
scalars such that the vectors la*+ mb + net lb + mF nFand 
/F mF- nb are coplanar, then prove that I + m + n - 0.
28. If F=A-2A+£ and b = 2i'+ A-2^, solve the vector equa­
tions F F 4, F F= - 3 and (Fx l$.r*= 10.

29. Let c be a non-zero scallar, and Fand b be two non-zero 
vectors such that Fl b, Find the vector F which satisfies the 
equations

FFcandFFF* [IIT19871

30. Given that the vectors Find b*are perpendicular to each 
other, find vector F in terms of Fand b satisfying the equa­
tions F F 0, F b = 1 and [ FFb^ = 1.

F(bxaf .. i —resPecbvely.

19. If at b, Fbe three non-coplanar vectors and a*', b*',

rtn space can be expressed

F= (ft a*") F
20. If F= b + ctshow that F< (b*x of is a vector of magnitude 

I F| | b | | F| sin(a + P), where a is the angle between 
Fand Fnd 0 is the angle between Find b. What is its direc­
tion.
21. A pyramid with vertex at the point P has a regular 
hexagonal base ABCDEF. Position vectors of points A and Bare 
i and i + 2] respectively. Centre of the base has the position 
vector i + A+ a/3& Altitude drawn from P on the base meets the 
diagonal AD at point G. Find all possible position vectors of 
G. It is given that the volume of the pyramid is 6^ cubic units 
and AP = 5 units.
22- If A^ = F (F< b) and A(5 - F< b*where | F| = ^3", then 
find the angles of the triangle ABC.
231 If F^and Fare three vectors such that | = [ F| prove
that

28. F= | (4A-3A+10ft

cF-(Fx b*)

M2

IH

n
2

it
3

n
6
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APPLICATIONS OF VECTORS TO GEOMETRY

rhb*= a\b*

=$

=> r = ir+Xb

z

P(r)

a

0 y

'x

Fig. 18.1

I

I

CHAPTER

18

b

/

18.3 VECTOR EQUATION OF A LINE PASSING 
THROUGH TWO POINTS

PARAMETRIC FORM The vector equation of a line passing through 
two given points having position vectors a*and b is

r*= a*+k(b*-af or, r*= b + X(b^-af

PROOF Let 0 be the origin and let A and B be the points with 
position vectors hind b respectively. Then, 

oA = a* and ok = In
Let F*be the position vector of any point P on the line 

through A and B as shown in Fig. 18.2. Then,
C& = r?

Clearly,/!^ and A& are collinear vectors.

A^ = X for some scalar X

Since every point on the line passing through A and paral­
lel to b satisfies the above equation and for each value of X the 
above equation gives the position vector of a point P on the 
line. Hence, the vector equation of the line is r^=a\kb.
NON-PARAMETRIC FORM The vector equation of a line passing 
through a point with position vector a*and parallel to a given vector 
b* is

I •

(r^-afxb*= 0*or, rhb*= a^b!

PROOF In Fig. 18.1, we have

Ahr
=> A^xb^ 0*

=> (^-hfxb*= 0*

=> F& b*= til b*

Hence, the vector equation of the line in non-parametric 
form is

| 18.1 INTRODUCTION

Vectors are very helpful in handling certain type of problems 
in geometry. In this chapter, we shall study some applications 

I of vectors in geometry.

18.2 VECTOR EQUATIONS OF A LINE
PARAMETRIC FORM The vector equation of a line passing through 
a point with position vector a*and parallel to a given vector b is

r*= hl X b^where X is a scalar.

PROOF Let 0 be j^e origin and let A be the point with position 
vector h^Then, CM = a. Let rle the position vector of an_^r- 
bitrary point P on the line through A and parallel to b as 
shown in Fig. 18.1. Then,

Ob = F*

Clearly,
a!> || b*

$ = X b* for some scalar X.

± 7^. 1

(r^-afxb*= 0* or,
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z

P(r)

r
□

0 y

X

Fig. 18.2

ILLUSTRATIVE EXAMPLES

=>

=> X = 3 (—pt +1) and Xb

a
E => 3 (-11 + 1)

p

.-. X

A(a) 8(b)

P.V. Of P =

=>
of D is

OP:OD

= 3:5.

(i)

...(ii)

[IIT1989]
SOLUTION Taking 0 as the origin, let the position vectors of 

0

4

Putting the value of X in (i), we have 

^+2^
5

D
Fig. 18.3

EXAMPLE 1 In a A OAB, E is the mid-point of OB and D is a point 
on AB such that AD : DB = 2:1. If OD and AE intersect at P, 
determine the ratio OP: OD using vector methods.

A and B be fl* and b respectively.
Since D divides AB in the ratio 2:1. So, the position vector 

a*+2b*
3 '

E is the mid-point of OB.

P.V.ofE = ?2

- B(b)

=> (F*-dfx(b*-a} = 0 
=> r\(b*-a} = aktf

fX .3-l+p a+ -
\ J \

•.•rrand b are 
non-collinear vectors

Equation of AE is

F*= fl4p.

Line OD and AE intersect at P. Therefore, for point P, we 
must have

Now, vector equation of OD is 
_> - (a\2b*]^=ou —

\ /

b*= 0

example 2 In a triangle ABC, D and E are points on BC and 
AC respectively, such that BD = 2DC and AE = 3 EC. Let P be the 

BPpoint of intersection of AD and BE. Find ~ using vector methods.

(IIT 1993]
SOLUTION Taking A as the origin, let the position vectors of 
B and C be b and c* respectively.

2

3p . 3
4 5

—J = n + H

=> r*-fl*= Xtf^-fl?
=> r*= X (b*- of

Since every point on the line satisfies the above equation 
for each value of X and the above equation gives the position 
vector of a point P on the line. Hence, the vector equation of 
the line is r = fl^i- X (1T- a/.

NON-PARAMETRIC FORM The vector equation of a line passing 
through two given points with position vectors a*and b i s

(r^- fl/x (b*- of = (Tor rt: (b*~ flf = a\b?

PROOF In Fig. 18.2, we have
a£ || A&

=> A^xAk = 0*

3 n . .= ~~ => - 4p + 4 = [1 => p. = 7
4 0

r*
r2x_^ 

3 2< /
X d  , 2X u -- -1 + p = 0 and — --7 = 0
O O z.

cb = 5

= | O£ | : | Ofe |
| fl*+2b*| | i7*+2b*|

5 : 3

4
5
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A(oriqin)

-4b + 3c

8(b) C(c)

We have,

BD = 2 DC and AE = 3 EC

and, C(c)D(d)

RZ I
-(i)

8(b)A(o)
...(ii)

we

=>

••• P.v.ofP =
X -t + y t = 0 and t - y - yf = 0=>

= ^(b + 2tf-F= (-8b + 6E? = ^(-4b + 3tf [Putting X = yinX-t + yt = O]

and, Putting this value of X in (i), we have

EXAMPLE 3 Prove by vector methods or otherwise, that the point of 
intersection of the diagonals of a trapezium lies on the line passing 
through the mid-points of the parallel sides.

P(l)
Fig. 18.5

8 =
3

Equation of diagonal AC is

F*= Xc

Equation of diagonal BD is
F*= h*+ y (d>- b)

—i (b + 2c~*) r = G + Xj-y-J

b + 2c
3

fx
3

=> BD : DC = 2:1 and AE : EC = 3:1

=> P.V. of D =

Now,

S = P.V. of P- P.V. of B

(^).
Fig. 18.4 [IIT1998]

SOLUTION Let ABCD be a trapezium whose diagonals inter­
sect at R. Let P and Q be the mid-points of parallel sides 
AB and DC respectively. Taking A as the origin, let the posi­
tion vectors of B, C and D be b, clnd d respectively. Then, the 

b^ c%d*
position vectors of P and Q are - and -y— respectively.

Q<V)

pt = P.V, of E-P.V. of P

= Fn'?+2c“5 = M(’4r+3^

(ii)

For the point of intersection of AC and BD, we must have 
Xc*= h + y(d^~bt

=> Xc*= f(c*-S+y[S-t(c^

At || D>C Ak = tffc 
=>b*=t(c*-d^ 

■,-c^and £?are 
non-collinear vectors

-4B + 3C4!

=> X = -zy = —11 H 11

, > f3c^ r

[Putting X = ^in(i)]

3F
P.V. of £ = v-4

Equation of AD is

(X -1 + yt) c% (t - y - pi) 0*

c*= 0*

I

Equation of BE is

—> t-> ('3c* 77+ 
r= b + y — -b

4\ /
Since AD and BE intersect at P. Therefore, for point P,

must have,

*(¥]■
. —>-b and care 

non-collinear vectors

- - i,<f2X 3llA
3 H 3 4

< J \ /

t -1 + y = 0 and = 03 3 4

• BP = I S’ I = 11 
PE = = A

44

=> X-f + yt + f-y-yt = O
=> X = y

, t’■ x = g =

8
11

11
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•(<)Position vector of R =

[•_• b*= t (c*-= 0

0or,
=> (4g - X) k+ (3X - 4) b = 0

In order to prove that R lies on it, we must have
=> 4p - X = 0 and 3X - 4 = 0

= 0

=> X = - and ix = -.Q "I

2

(i -1) r+ (i + o d

e£ = £

IE>I =

and,

A (origin)

b

c

C(c)B(b)

Then,

1
3’

<T- | (iT- d)l x (1 -t) c4 (1 +t)

r-3b
3

c*-3b
12

A(o)

R(^y \?

ZJS’
B(b) P(^±S) C(c)

Fig. 18.7

D(^)

Fig. 18.6

~\b + r
3 4
| ^-3b*|

12

Equation of AC is

F*= 0 + pc*

It is given that AC and BE intersect at F. Therefore, for 
point F, we have

pc^= b + (c*- 3b)

or, k= b*+ ~ (c4- 3b)

(c^

2\ /

Fi|(c*-4x|(l-f)c»+ (l + t)?1 =

B? = r-F=

P.V.ofF =

1 +t \ /
The equation of PQ in non-parametric form is

kkpk
or,

Putting |x = | in (ii), we get
•J

[ M
1 + t/

Now,

f M
1 + f /

t
’ 2(l+f)
= 0*

Hence, point R lies on PQ.
EXAMPLE 4 The median AD of a triangle ABC is bisected at E and 
BE is produced to meet AC in F. Prove by vector method that

EF = 7 BF.4
SOLUTION Let A be the origin and let the position vectors of 
B and C be b and irrespectively.

4 | fJ | = | S | or, EF = | BF.

EXAMPLE 5 Points P, Q, R divide the sides BC, C/1 and AB of a 
triangle ABC in the ratio 1 : 2. The three lines AP, BQ and CR 
enclose a triangle XYZ. Prove that the triangles ABC and XYZ have 
the same centroid.
SOLUTION Let the position vectors of A, B, C be a, b, c 
respectively.

E(V>

2 X (1 + d

P.V.ofD = %^
2

Since E is the mid-point of AD.

P.V. of E =
4

Equation of BE is

r = B + X —---- b14 J

r 7^ > ~-,-b and care 
non-collinear vectors

I S>|

4
3
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and

...(i)

S(b) R(a+b)Y
...(ii)

X
r =

P(origin) Q(o)

Fig. 18.8

= b + ^2 -b

c =
=>

3

Position vector of X ==>

Position vector of Y =

(i)

Position vector of Y =

...(ii)

Position vector of Z =

X b) =

b = 0

I

Lines (i) and (ii) intersect at Z. Therefore, for point Z, we 
have

In &PQR, we have

P^ + Ok = Pk
a*+b*=pk

Position vector of R is (o^f- b).

Since X and Y divide QR and RS in the ratio 4 :1 and 1:4 
respectively. Therefore,

~-b

T+ 4b + 2c
7

n + 5b
5

r+2c
3

5fl% 4b
5

+ ^(^-44

Then, the position vectors of P, Q, R are 
Ac*(C+2? , 2jT>+b* . .
-y / ~1 and ——— respectively.

Position vector of the centroid of A XYZ

* 2a\ b + 4c* 4a*+ 2b + c* + “ + z7_________7
3

2n + b
3

The vector equations of lines AP, BQ and CR are

Vector equation of the line PR is 

r*= 0 + k(T*+b)

Vector equation of the line XY is
a*+5b* 5^4 4b^ 

5 J

r - b + X2

5 k
or, ^ * ^ + ^ (b*-4a}

4(t?+bf+la
4 + 1

~3a4

—> t
= a + 7

i_3 x _ 6 ^2- 7^1 " 7

X-l+^ = 0 and X-|-^=0 
0 0 5

[Putting Xj = |in(i)[

EXAMPLE 6 Point X and Y are taken on the sides QR and RS, 
respectively of a parallelogram PQRS, so that QX = 4 XR and 
RY = 4YS. The line XY cuts the line PR at Z. Find the ratio 
PZ: ZR.
SOLUTION Let P be the origin of reference and the position 
vectors of Q and S be fllmd ^respectively. Then, P^ = o4and 

= bt

■> \

-if* 
7

a-Xjjjv h, t + J 
0 Jk 7 k 7

Xo 2Xq A;
=* 1-X^—, — = 1- ^2 and — =

*J o 

Position vector of X 

6('2J + ^ .

7

2b + c
3

•.•fl^and bare 
non-collinear vectors

l(a*+b) + 4b>
4 + 1

Lines AP and CR intersect at Z.

4jf^2b + c~* 
7

r*= irt-X}

k 
 i?4 4b + 2c 

7
Similarly, lines BQ and CR intersect at Y. 

22^17+4^ 
7

_> . 4 u
5 5

5^+4^
5

respectively.
Lines AP and BQ intersect at X. Therefore, for point X, we 

have

a (1 — Xf) bi + it X2 c^
— *Jk 7

X, 2Xo

2b + a .

7

= ^-b + c4
3

= Position vector of the centroid of A ABC.
Hence, the triangles ABC and XYZ have the same centroid.

'A 2c
3 k .

—4 } f 2/F^- b —>1

3X| + X2 = 3,2X| + 3X2 = 3 and Xj = 2X2

1 . 21
=* g = 5'X = 25

5<rt- 4b . —-—+x5

X-l+^
5

21
25
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=>

=>

=£

=>

, which is same as the position
3 2

P

32 C(c)B(b)

T are

P (origin)

(i)

,(ii)r =

(iii)

3 R(c)Q(b)

X>
Y (3b+ 2c/= [> + >.,i-S-
3 "13

21
4

respectively.
Suppose lines AD and BE intersect at P. For point P, we 

have

Now,

A = pk-pb

D(^)

Fig. 18.9

(2Xf 2)^
5 ~3~

3b + 2c 
6

S 1

Fig. 18.10

c^-X3

3b4-2T2c
5 '3

The position vectors of D, E and F are 

respectively.
The vector equations of the lines AD, BE and CF are

X, .
r*= -7- (3b + 2c*)

5

b'+< ^-6* =
2 3 k . „ /

□
Putting X = — in (i), we get

21 _ \
Position vector of Z = — (fl + b)25

. _ 1 , 5=> X2 - 2, Aj - 

c
Putting X] = 7 in (i), we obtain the position vector of P as 

6
3?+2c*

6 ’

Suppose lines BE and CF intersect at Q. For point Q, we 
have

r r4 . )b and c are non­
collinear vectors

r . -■>b and c are non­
collinear vectors

(3b -A H
( 3X4_>(2X2 V _>1 — Xn —~ b + ——— 1 + X3 c = 02 4 3 3\ / k /

3X3 2Xo1 - X2 - — = 0 and — -1 + X3 = 0 z 4 3 J

zb Zb

EXAMPLE 7 Points D, E, F divide the sides BC, CA and AB of a 
triangle respectively in the ratio 2:3,1:2 and 3:1. Prove that the 
lines AD, BE and CF are concurrent and find the position vector of 
the point of concurrency.
SOLUTION Taking the^vertex A as the origin, let the position
vectors of B and C be b and r respectively.

A (origin)

—* I 2c -
b + ^2 ~-b 

x
-4 -4 , (3b 
r = c+x3 7

, > , (2c* 4 
b + X? y-b =

b

1/

(3X1 ,

T-'+x^+T- k / k
3X, 2X,

=s -7- - 1 + X2 = 0 and —---- — = 05 5 3

1 2
X2 = 2'X3 = 3'

Putting = hn (ii), we obtain the position vectorofQas

T4 1
2.

vector of P.
Hence, AD, BE and CF are concurrent. The position vector 

£k, . k , . 3^+2?^
of the point of concurrency is —7—.6
EXAMPLE 8 In a triangle PQR, S and T are the points on QR anil 
PR respectively, such that QS = 3 SR and PT = 4TR. Let M be the 
point of intersection of PS and QT. Determine the ratio QM:MT, 
using vector methods.
SOLUTION Taking P as the origin, let the position vectors of 
Q and R be b and ^respectively. The position vectors of S and 

b + 3c* ^c*
-y— and y respectively.

21 . —> T-*. 
H PZ _ I P^ I 25 * + b *
HenCe' ZP I zk I ~ 4 .

1 1 — | r+ b |

c

W)
\ 1

. 3b*
“and 7

7
2X2

3
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...(i)r =

and,

(ii)

R
S

Li

L2

and,

and M =

Position vector of M is (b + 3cf

t (say)

[Putting X = -1 in (i)]

(i)

=> — 3p — 3X — 8 = 2f

X + 2p-4 = 7t

— X + 4p + 8 — — 5f

Solving last two equations for X and p in terms of t and 
substituting them in (i), we get

X = p = t = -1.

I — AAA
I B=-3i+2j+4k

" Q(-3i+3j+6k)

The vector equations of lines PS and QT are

Fig. 18.11

(5i + 7A-2ft + X(3A-A+ft
(- 3i + 3A+ 6ft +p (- 3A+ 2A+ 4ft 

respectively.
R$ = (-3p-3-3X-5)i + (2p + 3 + X-7)A

+ (4p + 6 - X + 2) £

= (-3p-3X-8) f+(X + 2p-4) A+(-X + 4p + 8)£ 

Since R^ is parallel to 2i + 7A- 5£.

— 3p — 3X — 8 _ X + 2p — 4 _ — X + 4p 4- 8 _
2 " 7 " -5

M*T = P.V. of T-P.V. of M

' m (t + 3J? = ± (4c*-5tf
QM: MT = | qX1 | : | A& |

= 19 J 4c*-5b I =15:4

j 3- = — (4c-5b)

Now,

$1 = P.V. of M-P.V. of Q

4 ,r» r+ 12c^- 15b

— AAA
A=3i-j+k

A A A /
P(5i+7j-2k) /

[Putting X = ]| in (i)]
17

b*and care 
non-collinear vectors

_ * —> (4c^ —£ F*= b + p ^-b
 

X /
These two lines intersect at point M.

r> (4c*fc + n --b
/

c*= 0*

EXAMPLE 9 The position vectors of the points P and Q are 
5i + 7*- 2$ and - 3m- 3j + 6£ respectively. The vector /T= 3m- A+ £ 
passes through the point P and the vector B>- - 3m- 2A+ 4£ passes 
through the point Q. A third vector 2i + 7i'- 5£ intersects vectors 
—) —)
A and B. Find the position vectors of the points of intersection.
SOLUTION Clearly, line passes through the point P and is 
in the direction of A So, its vector equation is

r*= (5A+ 7a- 2ft 4- X (3 f-A+ ft ...(i)

Similarly, line L2 passes through Q and is in the direction 
of B. Therefore, vector equation of L2 is

r*= (- 3i + 3A4- 6ft + p (- 31 + 2a+ 4ft ...(ii)

Suppose lines L] and L2 intersect the support of vector 
2i 4- 7a- 5£ at R and S respectively.

Let the position vectors of R and S be

Position vector of R

= (5t +7?-2$+h
= 2iA4-8A-3£

Position vector of S

= (- 314- 3A+ 6ft - (- 3A+ 2a+ 4ft
= A+2£ [Putting |i = - 1 in (ii)]

EXAMPLE 10 Prove that the medians of a triangle meet at a point 
which trisects them.
SOLUTION Let ABC be a triangle and let AD, BE and CE be its 
medians. Let of b, c* be the position vectors of the vertices 
A, B, C respectively. Then, the position vectors of the mid-

F+ c^ c^+a^ a\ b*
points D, E, F are respectively , ——, ——. Therefore,

the equation of the medians AD, BE and CF are respectively

~-a
< /

-

(i.j-l +u|b+ -

7 ~ 1 + p = 0 and ~ = 04 • 4 5

X + 4p. = 4 and 15X- 16p = 0

19 H 19

4 ,r*
19

4c
• 5 \

<3X 4g'
4~5

\ 7
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A(o)

E(^)

G
0

C(c)B(b)

Fig. 18.12

(ii)r =
c(7)A(a)

...(iii)

(i)

•(ii)

•(iii)

.(iv)

Now,

and,

cb = b-¥

oh =

^2 
3

and G&

b + c^-2a
3

a*+b + c*
3

b + Xj

3

7*= c^X4

Xi

iT+b + c
4

=> oh = 3g£j
=> OG ■. GGj = 3:1

Thus, G divides OG, in the ratio 3:1.

7~^ C + fl T">= b + X2 ~^~~b 
\ /

7*= a\\2

b + (?-2a
6

r*=

d(4-c)

7*=

Q

Substituting Xj = - in (i), we obtain the position vector of 

the point of intersection of OG] and AG2 as 

iri-b + c*
4

Let G be the point of intersection of OG] and XG2- Then, 

b + c* a*+ b +c*_ flVb + c* 
1 ’ 3 4 = 12

^+b + c^ =

X] \
=* T = 1’^T =

, 1 3=> Xj = \ = -

r* i cA-ir r»|b + X2 -y--b

C + X3^~F~M

Suppose the medians AD and BEmeetat G. Then, for point
G, we have

-> . (V+C4 -
aAXj —-a

X, Xj
=> 1-X! = y,l-X2 = yand Xj^Xj

[On equating the coefficients ofafb^c]

zrL b + c^ a + b + c
GD= 2 ‘ 3

Clearly, A& = 2 Gb => AG : GD = 2:1. 

fl^- b + c 
3

On equating the ] 
coefficients of ii? b, cj04-b + r 

~3~-a =

B(bj
Fig. 18.13

tf+b + C*\

3 J
fb + c* ->l 
—fl

(c\a*

u J

For the point of intersection of OG] and XG2, we have

fl + X2 „ - fl o\ /

SOLUTION Let OABC be a tetrahedron with base as MBC. Lei 
Gv G2, Gy G4 be the centroids of its faces ABC, BOC, CCM and 
AOB respectively. If a?bfc*are the position vectors of A, B, C 
referred to 0 as origin, then the position vectors of G? G2, G3, 

fl^+b +b +c^i-fl^ ,a\b u, t»,„c and G4 are —-—, ——, —— and —~ respectively. Thus, 
o o 0 o

the vector equations of OG1Z AG2, BGj and CG4 are

Also, r^= a + P + c satisfies the equation of CF for X3 = |.

Therefore, CF also passes through G.
Also, c£ = 2(S=>CG: GF = 2:1

Hence, G is the point of trisection of the medians of 
A ABC.
EXAMPLE 11 Show that the lines joining Ihc vertices of a 
tetrahedron to the centroids of the opposite faces are concurrent at a 
point of quadrisection.

=> Xj - Xj - 3

2 .Putting X] = - in (i), we obtain the position vector of G as
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b

Z->

A(a)

=X =
D

F and, z =

xr^+y/J+zr^ = 0

and,

x+y+z=and,

=> 1 - m -1, + n t, = 0 and m - nt, = 01 1 2

=>

44

..(i)

(ii)

7^
- satisfies (iii) and (iv) forr+ b + c

4 ti -f2
Putting the value of m in (i) or that of n in (ii), we get the 

position vector r\ of the point P as

f2~^3 

(l-t2)(l-t3)

m - nt2 =$ m =. Clearly, r*= —

r3 " l3“ ll *3~

We have to prove that the points P, Q and R are collinear. 
For this, it is sufficient to show that there exist scalars x, y, z 
such that

xr^+y r^+zr^ = 0^, wherex + y + z = 0

If we take
fi ~f2

(l-t2)d“h)

f3~fl

(l-Md-y
then, we find that

[On equating coefficients] 

[Putting m = nt2 in first eqn]

0

A^/ B(b)l \ _ ./ ' \

E
Fig. 18.14

The vector equations of AB and DE are
___X  X —X 

r = a+ m(b-of

F*= t^+n (t2 b-t}^

Suppose AB and DE intersect at point P. Then, for the 
point P, we must have

o*+ m (b*-af = t}a\ n (t2b>- t}a}

f]-t2

*3 = | - *4-

Thus, BG3 and CG4 pass through G and G divides them in 
the same ratio 3:1. Hence, G is the point of quadrisection of 
the line segments OG], AG2, BG3 and CG4.
EXAMPLE 12 Three concurrent straight- lines OA, OB, OC are 
produced to D, E, F respectively. Prove that the points of intersection 
of ZB and DE, BC and EF, CA and FD are collinear.
SOLUTION Taking 0 as the origin, let the position vectors of 
points A, B,Cbea? Band irrespectively. It is given that OA, 
OB, OC are produced to D, E, F respectively.

ob = tj 0/1 = f1 of

oh = t2oh = t2b^
and,’ oh = f3 OC = f3 c4 for some scalars tlz t2, t3.

Thus, the position vectors of D, E, F are ty a?t2b*ahd t3 c* 
respectively.

*1 ~f2 *2~f3 f3~fl _ Q

(l-Wl-fz) (l-f2)(l-'3) (l-fl)d-y

Hence, the points P, Q, R are collinear.
EXAMPLE 13 If Xlz A2, /13 and Bv B2, B3 are two sets of collinear 
points, then prove that the points of intersection of the pair of lines 
4! B2, A2 Bj ; A2 By A3 B2; /13 Bp B3 are collinear.

SOLUTION Suppose the points Ay A2, A3 lie on the line 0/1 
and the points By B2, B3 lie on the line OB. Since any two 
vectors are always coplanar. So, let OA and OB be two copla­
nar lines.

Taking O, the point of intersection of the given lines, as the 
origin of reference, let 0/1 = a4 and oh = b?

-------------it----------------  
••I “ l2 h “ *2

Suppose BC and EF intersect at Q.
Proceeding exactly in the similar manner, we obtain the 

position vector rj?of point Q as

f2’d ~ If) E* 1$ (1 - f2) c* 
2 *2 “ f3 l2~ %

Now, let CA and FD intersect at K. Then, the position vec­
tor rfof point R is given by 

h d ~ fj) c* 
t,-t

=* = 0

-» Ch"1)
r' = a+'2oFy
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r2 ~

(i)
and, ri =

(ii)

A

and,

then

0 B

and, IH2 - m gj = 0

=>

(gjb'-A^o^

or, r3 =

or, r3 =

■—->R / /

X1 *2 (U1 “ H2) «*+ Hl H2 (*1 “*2) frj

A2 X3 (g2 - ^3) ^2 H3 (^2 "

X] X3 (g3 - gj) (TV |i] g3 (A3 xpb

Hl M2(^2-^1)

H2 ^2 ~ Hi ^1

1 .
giX1-g2X2

Similarly, the position vector of point P2, the point of 
intersection of Ai B3 and A3 B\, is given by

1
H3 ^3 “ g] Aq

The position vector r^of the point Pp the point of inten­
tion of A2 B3 and A3 B2, is given by

\ \

A2
A1

Pl

B3

Let A.i a? X2 a? X3 fl4 be the position vectors of points Alz 
A2, A3 respectively. Also, let the position vectors of points

Ai(Xo) t
I
I 
I 
I 

_ / 
a(q)^

0

A\/ A
\^<<\Bi(gb)

U^)
\ V X j

'-'L \ /
I 
\ 
\ 
\

\

p
Fig. 18.16

.-. 0*A=a?0h = b?0*C = c*
Since oAp O^i and ot?i are collinear to vectors OA, 5b 

and 6t respectively. Therefore,

m ~ (H2 ^2 - Hi ^1) + H2 (^1 - A2) - 0

H2 (^2 “ M
g2 A2 - Hi A-i

Substituting the value of m in (ii), we see that the position 
vector F3 of the point of intersection of Ai B2 and A2 Bps given 
by

// 
/ / 
/ / 
/ / 
/ / 
' /

/
C'<s/P2
// 

>_____
B1

Also, *i + x2 + %3 - g| Xj (g2 A^ - g3 X3) - 0

Hence, the points Pi, Pj, P3 are collinear points.
EXAMPLE 14 If ABC, Ai Bi Ci are two triangles such that three 
lines AAy BB^ and CCi are concurrent, then prove that the points 
of intersection of the three pairs of sides BC, B1 C}; G4, Gj Xp 
AB, A} Bj are collinear.

SOLUTION Suppose AAV BBT and CQ intersect at 0. Taking
X —)

0 as the origin, let the position vectors of A, B, C be a, b and 
c* respectively.

=> m =

mgi
—(X j Xq) - X 2 + m A^ = 0

H2

fi
I 
I 
I 
I 
I 
I 
I 

t^<p1

B2 

Fig. 18.15

X! a*+.l (gj b4- Xi a] = \ m (gi A?

=* (Xi - / Xj - X2 + m X2) (/ g2 - m gp o'

=> (Xi - A^) -1 Xi + m A^ = 0

almd bare non-collinear vectors]

r^= A^ m (gj A^ IF)

Suppose Ai B2 and A2 Bi intersect at P3. At their point of 
intersection, we have

H2 (^2 ~ ^-1) 
r3 “ A2fl + (g2X2-g1X1)

r» *1MH2~Hi) _
g2 A^ - gl Aq

B(b)
X

X 
X 

('c«>0 

/ / 

'I''

Bi, B2,B3 be gib,'g2& and g3 b respectively.
The vector equations of lines Ai B2 and A2 Bi are 

r^= X} (rt-1 (gq V- X} if}
1

g2 X2 - g3 X/j

In order to prove that the points Pi, P2, P3 are collinear, it is 
sufficient to show that there exist scalars *i, x2, *3 such that 

71*+ X2 rt + *3 F3 = 0, where Xi + x2 + X3 = 0.

We observer that, if we take

*1 = (g2 ^2 _ H3 ^3) A-i gp

x2 - (H3 “ Hi ^1) ^2 H2

x3 = (Hl - H2 ^2) ^-3 H3,

X1'?+X2'?+X3J3 =
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=>

=>

Hb-

ka>- vc

vb

ka

ka*-

. a

[•_• = o]= 0

A

..(i)
,(H)

=>

c(ol<^

a (bx cf+ b (c\af+c (ol< b)|

(W| 
X-v 

x 7 
<1-X> 
v-X x / 
fi-r 
L-x 
\ / 

iWi
IX — p I

r?= gb +

or, rz= a'+^r-[fl(bxcf+b(ct;af+c(at<b)}

= U^IJ

3 =
kF

and n . (c - a) = 0
nJL(b-a) and nl (c-a)

n is in the direction of (b-a) x (c-a)

Now,

(b-a)x(c-a)
= bxc + cxa + a%.b*

bxc* c%.~a* axb , . , r>,= ~;— +---- + —where a = aj,b= b ,c =be ca ab 1 1 1 1

SOLUTION Suppose the required line makes angle 0 with 
each of the vectors a? b, F* Let n be the unit vector parallel to 
the required line. Then,

a a a a A a nn .a = n .b = n .c = cos 0

n.b-n.a*= 0 and n.c-n.a = 0

m . (b - a) = 0 
M-*)and,

respectively.
Suppose BC and Bi Q intersect at point P. At point P, we 

must have
b + (b*- cj = pb + f2 (pb^- vc}

=> (1 + ^ - |X - p. f2) F+(~ f, 4-Vf2) C^= 0*

=> l + f1-p-pt2 = 0 and -tT + vt2 = 0
[•.■ b*and Fire non-collinear]

x2 = (1 -p) (v-X)

and, x3 = (1 - v) (X - p) , then
Xj r^+x2i^+x373 = 0^ and x1+x2 + x3 = 0

Hence, P, Q, R are collinear points.
EXAMPLE 15 Find the equation of the straight line through the 
point a? equally inclined to the vectors afb, c?Hence or otherwise 
show that if a straight line is equally inclined to three coplanar 
straight lines, it is perpendicular to their plane.

= {a(bxcf+ b (claf+ c (okbf) 
abc

vc*

vF*-

abc 
a i —> /. n J. a

Similarly, n 1 b*and n 1 F*
Hence, the line is perpendicular to the plane of at b* c?

EXAMPLE 16 The vertices of a triangle ABC are A = (2,0,2), 
B = (— 1,1,1) and C = (1, - 2,4). The points D and E divide the 
sides AB and CA in the ratio 1:2 respectively. Another point F is

or, r*= a + p (a (b x cf + b (cl af+
If of b? c*are coplanar vectors, then

[o*b*c*] = 0
Now, we have to show that the line is perpendicular to the 

plane of of b, F*
For this, it is sufficient to show that n is perpendicular to 

of b, F*
We have,

a _> 1n. a = ~abc

* !2 = ^1
z p-v

Substituting the value of in (ii), we obtain the position 
vector rf of point P as

'^^(pb^-vet 
p - v r 7

'1-V
p-v

X 7
Similarly, the position vectors of Q and R are.given by

"1-X^ 
X-v 

X 7 

fi-vY
v-X 

X 7

'i-V 
X-p 

X 7
Now, we observe that if we take

x1 = (l-X)(p-v),

/. n is in the direction of {a (bx cf+ b (cbaf+c (al; b^|

Hence, the equation of the required line is

r*= a^+Xn

= XoY = XF*

= pOB = pb*

and, = v OC = vF, where X, p, v are scalars.

The vector equations of BC and Bj Ci are 
r*= b + ty (b^- cj 
r*= pb +12 (pb^-vF)

X
abc
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V A(2i+2k)

D(

( P

C(i-2j+4k) B(-i+j+k)

—(i)
[HT1992]and,

■•■(ii)

* =>

[On equating the coefficients of f, f, ft =>

(i) A = Area of AABC

= | | (-3A+A-£)x(-A-2A+2f) |

— □□□ —

3

-M

taken in space such that perpendicular drawn from F on A ABC, meets 
the triangle at the point of intersection of the line segments 
CD and BE. If the distance of F from the plane of the A ABC is VT 
units, using vector methods, Find

(i) the volume of the tetrahedron ABCF
and (ii) the equation of the line AF.
SOLUTION The position vectors of D and E are marked in Fig.
18.17

= f+4^

Fig. 18.17

The vector equations of CD and BE are

F*= (A-2A+4f)+^(7f-7£)

\
\

\
\
\/
\

3i+j+5k
—3~ >

?/ + 7ft
49 + 49

=> P.V.ofF*-P.V,ofP*= A+£

=> P.V. of F*= (/ + ft + (f- ; + 3ft

Vector equation of AF is

r*= (2i + 2ft + X (z + 4ft- 2r- 2ft

or, r*= (2A+2ft + X(-A+2ft
EXAMPLE 17 Let a*= r+ iand b*= 2t'-k. Show that the point of

F

I
I
I
I
I
I
I
I

■ 3 |
i /
I //

Pp = V2

respectively.
CD and BE intersect at point P. At their point of intersec­

tion, we must have

(l- 2/ + + | (7A- 7f) = (- ft A+ £) + | (7A- 7A+ t£)

3i,-2 + ^ = l-
3' 3

j 4 7X d 7pand, 4 - — = 1 + ^

6 . 3

Substituting the value of X in (i) or that of p in (ii), we 
obtain the position vector rf of point P as

i7= A-A+3£

“(7<A-7;A+7ft

= | | 7j + 7ft | = ^sq. units

/. Volume of the tetrahedron ABCF

= | (Area of the base x Height)

1 7>/2 pr 7 , . ..= - x x V2 = - cubic units. o z. o
(ii) We have,

AixAt = 7/ +7ft
Since P^ is parallel to A& x A& and PF = >12 units. There­

fore,

=> 1 = -1 +

SOLUTION We have,
rla*= bxo^and r & b*= o^< b*

(r*- b^ x a^= U^and (r^~ a} x b*= CT*

r^= b + XiT^and r^= a\pb* ■•■(>)

At the point of intersection of these two lines, we have

b + Xo^= a + pb
=> (X -1) a^i-(1 - |i) b^= 0*

(X-l)(zA+/) + (l-p)(2iA-k) = (J*

=> (X-l + 2-2p)A+(X-2)/-(l-|i)k = (F*

=> (X + l-2|i) A+(X-l)/+(p-l)k = 0

=> X + l-2p = 0, X-1 = 0 and p. — 1 = 0
=> X = 1, p = 1.

Hence, the position vector of the point of intersection is

r^= b + a* , [Substituting the value of X or pin(i)]
_ a A a A= 2z-k + i+j
_A * A

A

intersection of the lines rha*= bxolndrbb = a3cb is
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where t g R

AAPN = ZPAM = ZPAN

[•.•AN = NP]

=3

0 A
M

The position vector of R is

P(r)
e

L
A(o)

X (a + &) or X
r= t

a* b

,i*1 + iA'
Hence, a vector along the bisector of the angles between 

two vectors olind bis given by

_4_. cJTT Try

ir b

i *1 +T?i

=> AN = NP

andN^ = tc

b e?

Now,
A?’ = +

Ak = t(b + h

=> ot = X

=> ot

=> r*= t

A L

ok =
= a ok for some scalar a.

^fl + b"
2\ /

=> ot = X (a + b), where X = y is a scalar

F*= a*+t

F*= a*+t

r*=a*+t
18.4 BISECTOR OF THE ANGLE BETWEEN TWO 

VECTORS
THEOREM The vector parallel to* the bisector of the angle between 
two non-collinear vectors a^nd b is given by

X(a+b) or, X
f a* b* '

KW
PROOF Let iTand b be two given vectors represented by OA 
and OB respectively as shown in Fig. 18.19

Take points^5 and Q on OA and OB respectively such that 
OP = OQ ~ 1 unit. Then, ok = a and d£) = b. Let R be the mid­
point of PQ. Since AOPQ is an isosceles triangle, therefore OR 
is the bisector of ZAOB. •

Hence, the two bisectors are given by

-X-± — r?i i

b
—> +1^1

18.3 BISECTORS OF THE ANGLES BETWEEN TWO 
LINES

THEOREM The equations of the bisectors of the angle between the 
straight lines ?=a\\b and r^ a*+ pcfiregiven by

i^T i?ij'
PROOF Let the lines r = a\X b"and r~= a\ pc*pass through a 
point A Let P (rf be any point on the internal bisector of 
the angle between the given lines. Draw PN parallel to AM. 
Therefore,

N

b" 
Fig. 18.18

Thus, the equation of the internal bisector of the angle 
between r^= X band r? irt- p, c* is

X+XliTT i^rf
Similarly, the equation of the external bisector of the angle 

between the lines r^= a\ X b and r^ a + pc4 is

P

Fig. 18.19

2

=> ot = a

=> r^-d^= t



=

18.14

ILLUSTRATIVE EXAMPLES

E
(i)

and,
B(bj D C(7)(ii)

= b + Xjfc^-b?

(i)

=>
•(ii)

and,-1+^ = 0=>

[•.•b and c^are non-collinear vectors]and,

=> Xr = andXj = b + ^2

^2 ^2*1
=> 1 ca

[On equating the coefficients of of b, cfand,

c
=> Xj = and X2 =

MATHEMATICS FOR IIT-JE^

■■

b c ' 

h 
a

be , , ac 
. cUld An — .

a + b + c 2 a + b + c

On putting the value of X] in (i) or that of X2 in (ii), we
obtain the position vector rf of I as

|b*| |c*| I b* c*' 
|b*l + |c1 ll^l M

c

b

EXAMPLE 1 Using vectors, show that the internal bisector of angle 
A of a triangle ABC divides the side BC in the ratio AB : AC.
SOLUTION Taking A as the origin, let the position vectors of 
B and C be band c* respectively. Then, A% = band A& = c?Let 
AD be the internal bisector of ZA and it meets BC at D. The 
vector equations of AD and BC are respectively.

b + ^2

*1

r"*= X3

r*=

| c~j b + | b | 
I ^1 +1 d

;AC) b + (AB) c*
AB + AC

^=X1

*1

Fig. 18.20

b*__ cf_
T?i” i cl

= 1 c

[IIT 20011 
SOLUTION .Let ABC be a triangle and let AD, BE and CF be 
the three internal bisectors Of the angle A, B, and C respec­
tively. Referred to any origin 0, let a? b, c*be the position 
vectors of the vertices A, B and C respectively. Let a, b, c be the 
lengths of the sides BC, CA and AB respectively.

A(a)

(AB) ct (AC) b*
AB + AC

=> D divides b£ in the ratio AB: AC.

EXAMPLE 2 Show that the internal bisectors of the angles of 
triangle are concurrent.

Fig. 18.21

The equations of the bisectors AD, BE and CF are respec­
tively

a*-(? b-c*| 
b + a J

Suppose AD and BE intersect at G. For point I, we have

4+M—+—1 = 
*■2 \

A(origin)

/1\
B(b) D C(7)

a c J

xi -
T^r-X, c4= 0I n

v-a4 c4-^ 
c + b J 

c^-b* a^-b*|

r*= b + )^(c^-b)

Lines AD and BC intersect at D.
For point D, we have 

b* c4

lA
r^i

zi

I cl
4L^andX2 = _^L
| b | + | cl I b I + I cl

Putting the value of Xi in (i), we obtain the position vector 
of Das

I F*l I c*|
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Clearly, r? = also satisfies the equation of CF

(iii)=

=>

B(b)

=> TZ (a + t-c) = z

^2 -=>

or, r*= Aq

_A V —>

or, r = — (ao4 bb) (i)
*3 ==>

or, r*= a\ (ii)

Substituting the value 
of in second equation

A2 
c

aa*+bb*+cc* 
a + b + c

be 
a + b-c

ac 
a + b-c

c-b 
a + b-c

— = 1+ — + “ (c-a)(c-b) C a abc

rf= rtXj

I
APPLICATIONS OF VECTORS TO GEOMETRY

X3
— = 1 +
C

^*1

= fl +

Now, putting the value of X2 in (ii) or that of X3 in (iii), we 
get the position vector r^of D as 

b*-a* at 
c + b]

EXAMPLE 3 Prove that the internal bisector of an angle of a triangle 
and the external bisector of the other two are concurrent.
SOLUTION Referred to the vertex C as the origin, let at b^be 
the position vectors of the vertices A and B respectively. Let 
a, b, c be the lengths of the sides BC, CA and AB respectively.

C(origin)

0 
Fig. 18.22

Vector equation of the internal bisector of ZC is

cA chi
CA + CB J

bt 
b + aj 

aa^bb*]
ab J

or, r*= b + A^

be 
a + b + c

a^(a + b-c) + b (b*-a?+ co*
a + b-c

(ab-c^ + ac + bc-ab) = - 
abc a

Xo 1 ^2-^ = l + \(c-a) l+-^(c-b) 
c a be

The external bisector of ZA is the internal bisector of the 
angle between vectors cA and A&. Therefore, vector equation 
of the external bisector of LA is

Ah cAl
AB + CA] 

b^-o4 a4)
c + b]

r*= b + X3

"'a+b+c

and, ~ = 1 + ~ ~ [On equating the coefficients of o^and bf

C ^2 9
= - + — (cr-ac-bc + ab) 

a abc

or, r= Xj
X3 X2

Putting this value of X2 in — = 1 + — (c - b), we get
C uC

rj = a +

— = l+^(c-b)and— = 1 + — (c-a) 
c be c ac

a c I

aa + bb + cc 
a + b + c

- given by (iii) for X3 =

Thus, CF passes through I.
Hence, AD, BE and CF are concurrent. The position vector 

of the point of concurrency is
aa*+bb*+cc*

a + b + c

Similarly the external bisector of ZB is thjHntemal bisector 
of the angle between the vectors cA and BA. Therefore, the 
vector equation of the external bisector of ZB is

ch bA1
CB + BA]

r+^ri 
a c

Suppose (ii) and (iii) intersect at D. Then, for the point D, 
we have

a + ^2 ~ + = b + X3

^2 ^2 A^J
=> 1---- + — = —

c b c

b-a^ c^-o^l 
c + b J ’

c
a

1
a

X-
ab

X2
c

X2
c

*2
ab
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8

satisfies equation of CI? i.e. (i) for b

P
Xi =

A0

3i + 4;. Therefore,

A=>

Q(b)=s»

=> A

=>

p(7)0

Fig. 18.24
=> 75X2 - 10X = 0

=> X = 0 or, X = —

= ± (47^-106*+123ft

Hence, &A = ± (47*-106*+ 123ft

aa + bb 
a + b-c

But, x2 + y2 + z2 = 1

2
I + X2 = 1

Position vector of A

= 13b + 7fl*
13 + 7

= 13 (2*- 6/ + &) + 7 (3*- 4/ + 12ft
20

and B& = b. Then,= -c?

f
X + 5 

k /
3

I + 5

3
X = ~5

Hence,
Required vector = c = x*+y/+z£

EXAMPLE 5 The position vectors of the poin ts A and B with respect 
to origin 0 are a*= *+3*-2^ and b = Bi'+f-zfc respectively. 
Determine the vector OP which bisects the angle Z.AOB, where P is 
a point on AB.
SOLUTION Clearly, OA = | = V14 and OB = | b*| = V14.

Therefore, AAOB is an isosceles triangle.

EXAMPLE 7 In a rhombus ABCD the interior bisectors of the con­
secutive angles B and C intersect at P. Use vector methods to find 
ZBPC.
SOLUTION Let B^ = cb - a

r
Vector parallel to the bisector is c + -—;

10 , 2— — and z = —.15 15

a

Fig. 18.23

Hence, P is the mid-point of A.
—> r+

Position vector of P = = 2*+2*-2^

Hence, oJ5 = 2i + 2*-2£

EXAMPLE 6 The position vectors of two points P and Q with 
respect to origin 0 are a^= 3*- 4*+12^and b = 2*-6*+ 3^respec­
tively. Determine the vector OA which bisects the angle ZPOQ where 
A is a point on PQ.
SOLUTION We have, OP= | a*| = ^9 + 16 + 144=13 and 
OQ = | = •74 + 36 + 9=7.

The bisector OA of ZPOQ divides PQ in the ratio OP: 0Q.

aaXbb* 
a + b-c

k /

=> (5X + 3)2 + (5X - 4)2 + 25X2 = 25

— 2 _ 1 ni _ n

+ [X"5

x i+y/ + z£+~^ = X (- z + *+ ft
/

f xkA 4 A A , , A A A
z+ y + 5 /+ZK = X(-r +/ + Ar)

4
= - X, y + - = X, z = X.

Clearly, r? =

ab 
b + a-c

Hence, the internal bisector of ZC and external bisector of 
ZA and ZB are concurrent.
EXAMPLE 4 The vector -t+j+k bisects the angle between the 
vectors c*iand 3t + 4j. Determine the unit vector along cf 
SOLUTION Let the unit vector along c*be x/ + yA+ 3^. Then,

3f+4ft
5 ’ 

k 7
But, - *+; + £is a vector along the bisector. Therefore,

I a 3t + 4/
C+ 5

Since -1 +) + £ bisects the angle between the vectors clmd

2
15

2_ = _11 =2__1
15 15'y 15 5
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D C = p(b + c)

p c +

C +=>A B

(•_• band clre non-collinear vectors]and, 7-7-

and=>

=> X

=>

A (origin)

=>

cb

X

B(b) C(c)

Fig. 18.27

Position vector of E =Position vector of D =

r*= X ...(i)

rf = X (a + c)

Similarly, a vector parallel to the internal bisector CP of 
ZC is given by

XcU 
X + l

1 
X + l

X
X + l

X
X + l

a + 3c
3

IN
Fig. 18.25

A vector parallel to the internal bisector BP of ZB is given 
by

But,

oA + aJ = ok
a*+c*= b*

. C(c) 1 e 2 B(b)

0 *(□)

The vector equation of the bisector of ZAOC is 

a4 c4 
HT+kT.’

The vector equation of AE is

___"Th
AB
AC

r*= 0 + p(b + c)

Let the position vector of D be ji (b + c)

\i

D(—) k x+i '

Fig. 18.26

Xc*+b* 
x+r

Since AD is the bisector of ZA. So, the vector equation of 
AD is

-E7 = 0 
IN

( 1
x+i

EXAMPLE 8 Using vector methods, find the ratio in which the 
bisector of an angle in a triangle divides the opposite side.
SOLUTION Let ABC be a triangle in which the bisector of ZA 
meets side BC at D. Suppose D divides BC in the ratio X: 1. 
Taking A as the origin, let the position vectors of B and C be 
b and irrespectively. Then,

b*= 0*

= Xji(| a |2- | c |2) = 0

=> B? 1 cJ => Z BPC = 90°.

rj = jx(a-c)

X _ p , 1
X + l Jn 311(1 X + l

_ p/l^ _ |b*| _
" m/IM ' IN ■

Hence, AD divides BC in the ratio AB: AC.
EXAMPLE 9 In a parallelogram OABC, vectors a? b, c* are 
respectively the position vectors of the vertices A, B, C with reference 
toOas the origin. A point E is taken on the side BC which divides it 
in the ratio 2:1. Also, the line segment AE intersects the line bisecting 
the angle 0 internally in point P. If CP, when extended meets AB in 
point F,find:

(i) the position vector of point P.
(ii) the ratio in which F divides AB.

SOLUTION Since E divides BC in the ratio 2:1. Therefore, 

Position vector of E = -+^

b c* 
I h*l I& = H

Now,

r^.r2 = X(n + c).

g
1^1.’

xTT”|fr = 0
1

X + l
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r4

a> =(ii)r = a + por, c

and,

c
X

Now,
-pl<r= 0flH-

0 and -g = 0

=> x = and p =

C(c)Now,

B(b)

(iii)

0

-c

a

-Xj -Xj c*= 0+ 1 +

-1=0

and, 1 + — X] — X2 = 0
[Taking cross product with bf=>

=> X] =
=>

a
I «

+ 2 | a

3Xi M

c
Re­

Vector equation of line CP is 

r 3 I 0*1 I c^l

______ a
■ I M -3 Ml

EXAMPLE 10 Ifone diagonal ofaquadrilateralbisectstheother,then 
using vector methods, prove that it bisects the quadrilateral as well. 
SOLUTION Let OABC be a quadrilateral such that diagonal 
OB bisects the diagonal AC. We have to prove that the 
diagonal OB also bisects the quadrilateral OABC i.e.-4_ 3 | fl| | cl fl c 

r' = 3M+2M W + T?l

(?- (a\cf= I ~3J
3 in

1 
’rT ’

= a\-\c

fl* and c* 
are non-collinear

X

X

[•.• fl^nd clre non-collinear]

31^11 n , 31 a*i3 | F*| +2 1^1 and g 3 I c*| + 2 I a*|

Putting the value of X in (i) or that of p in (ii), we obtain the 
position vector of P as

-4 3M M
11 — T i —k ~ .

•3 1 c

3c*-2^ 

. 3 I

andXj = 3 hR-
Substituting the value of X] in (iii) or that of X2 in (iv), we 

obtain the position vector of F as

* a, 13i?i ifl c* i j 
M[31H+2M [kT rTM

Vector equation of line AB is 
r*= 0^X2^ —(iv)

These two lines intersect at F. For point F, we must have

' 3 | o*| | c*|
3 |c*| +2 |«*|

'3|a*| |c*|X,

+ 2 I fl*|

3Xi | a*|

3 I R +2 |a*|
3 1^X1

3 | c

-> [ir^3c* _J
r = fl + p ——-in

3c*-2^*|

. 3 J
Lines (i) and (ii) intersect at P. Therefore, for point P, we 

must have 
a

c^-Xj

= fl^-p

-¥• 13*1-3 M
3 I c*l

AF = I |
BF ~ |§F| =

J?’S>=3'|^

A(o)
Fig. 18.28

Area of A OAB = Area of A OBC.
Taking 0 as the origin, let the position vectors of A, B and 

CbeiT* b and c* respectively.
The vector equation of OB is

r*= X b
Since the mid-point of AC lies on OB. Therefore,

=> fl4c*= 2Xb

(a*+ cfx b>= 2X (bx

fl^b + c^b^s 0*

a\b*= b^x.c^

=>• oAxob = ohxot

c*'

T^r+T^i ■

M 31
X

r^i
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= Position vector of Q =

= Position vector of R =

Now,

AreaofAPQR = | | rfxr^+r^x r%+r%xrf |

A (origin)

1

(> 2
R

2
Q

P

C(c)

Fig. 18.29

(i)

(ii)

(iii)

A (origin) P

=>

0(b) C(c)=>

(ii)and,

e(y)
\\l

= 2 ^8(^x^+(^^+^^x^8^^+0

= | AfexAt |

r*=R

b* and c4 
are non-collinear

4

rt=j(2b + ct
Similarly by solving (i), (ii) and (iii), successively, we get *

—> r> fc4 r* 
r = b + p --b

\ >
Lines CP and BE intersect at P. At the point of intersection

of CP and BE, we have

=» 11 O*Axok | = | | olxot |

=> Area of A OAB = Area of A OBC.
example 11 The points D, E, F divide the sides BC, CA, AB or 
triangle ABC in the ratio 1: 2. The pair of lines AD, BE; BE, CP; 
CF, AD meet at P, Q, R respectively. Prove that:

Area of A PQR = | Area of AABC.

SOLUTION _Taking A as the origin, let the position vectors of 
B and C be b and Respectively. The vector equations of lines 
AD, BE and CF are respectively.

Fig. 18.30

The vector equations of lines CP and BE are respectively

R= c*+Xb* ...(i)

b + 4R
7

2b + c*
7

Z=<_1 
8(b)

E(P

1 ^(2& + c?x(i + 4cr+^(rt-0x(2h + cr
O y y

+ -(2l> + cfc(2f> + tf

= | (Area of A ABC)

r*=b + X2

2b + R
3 J

(f-cj
Lines AD and BE intersect at P. At the point of intersection, 

we have

EXAMPLE 12 ABC is a triangle, E and F are mid-points of AC and 
AB respectively. CP is drawn parallel to AB to meet BE produced in 
P. Show that: Area of A PEP = Area of A FCE = | (Area of A ABC). 

SOLUTION Let A be the origin with referecne to A as the 
origin, let the position vectors of B and C be b and Respec­
tively. The position vectors of E and P are c*/2 and b/2 respec­
tively.

APPLICATIONS OF VECTORS TO GEOMETRY

= |x| | bxR| = 1 | bxR|

2b + c1

+ 0*
*3 J u O j

2X, X. 2X,
yi-l + X2 = 0and^-y? = 0

s > _6 , .3

6 3Putting Xj = - in (i) or Xj = - in (ii), we obtain the posi­

tion vector of Pas

2

D(^)
1
7
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cVxF^= r+g

1

(I)P
R c

2

b
1

B(b) C(7)

r*= X ■O’)

•(ii)

=>

-b* x(clbf =1=>

=>

1
2

2

1
2

and,
A3 = Area of A FCE

= |jf£ xS|
1 (c* bl1=*nJxH

= ; |(2ct^X(ci#| 
o

= | |

= 11 | A)
Hence, | Mxfit | = 1

=> g = 2 and X = -1.

Putting the values of X inJi) or that of g in (ii), we obtain the 
position vector of P as (c*- b).

Now,

Now,

Area of A BRC = 1

1
2

Aj = AreaofAXBC = | | A^xAt | = | | bxc*| 

Aj = Area of AFEP

= | | SxF? |

= j I (ct&?x(2c^-3^|

= | | -3(clb^-2(bxc?|

= gRx^| = - Aj

=> g = 2X and X - 3 + 3g = 0

, 3 . 6=> X = - and g= -

Putting the value of X in (i) or that of gin (ii), we obtain the 

position vector of R as -

Area of AFEP = Area of A FCE = ~ (Area of AX BC)

EXAMPLE 13 In triangle ABC, a point P is taken on the side AB 
such that AP: BP = 1:2 and a point Q is taken on the side BC such 
that CQ:BQ = 2:l.IfRbethe point of intersection of lines AQ and 
CP, using vector methods, find the area of triangle ABC, if it is known 
that area of triangle BRC is one unit.

-icW=> (X -1 + g) b +

'2b + c
7

| (cl5b?x(cl^ | = 1

I 2
Q(i^j

Fig. 18.31

<2b + c1

I 3 ) , _ (b* _> 
r= c^-g ~-r

o
Lines AQ and CP intersect at R. At point R, we have w

=> I3 3J I3
=>^-^ = 0and^-l+g = 0

3:-l +g c*= 0

SOLUTION Taking A as the origin, let the position vectors oi 
B and C be b and ^respectively.

The position vectors of P and Q are - and respectively.
o o

The vector equations of lines XQ and CP are respectively
A (origin)

=> X -1 + g = 0 and ^-1=0

y I -cl^-5(bxc?| = 1
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=>
=>

=> Area of A ABC = - square units.

r

We have,

a^ = -

V1T
— QUO-

In right angled triangle AMP, we have

P(0)

I
A(o)

(c~^b)

A 
=> AB =

c
Fig. 18.33

. A
-and AD =

1
M

18.5 PERPENDICULAR DISTANCE OF A POINT FROM 
ALINE

The length of the perpendicular from a point P(df on the line 
r*= b + [Lc^is given by

(a*- b). c4! 
MJ

Vector equation of the bisector of ZA is given by

ft-3ft ft ft -f-ftfi
Vn + 3V3 \ /

7
=* Area of A ABC = - square units.

EXAMPLE 14 The vertices of a AABC are A (1,0,2), B (- 2,1,3) 
and C (2, -1,1). If Dis the foot of the perpendicular drawn from A 
on BC, using vector methods find:

(i) equation of median of AABD passing through the vertex A
(ii) the equation of the line bisecting angle A in AABD.

r>= (f+2ft + X

A A

Clearly,
Bb = Projection vector of bA on B&

—) A A
= (BA. BC ) BC

= |(-l+2A+14ft o

= | (-2i% ft 7ft
Equation of line AE is

*= (ft 2ft t X 1| (- 2ft ft 7ft - (ft 2ft ■

or, r»= (ft 2ft 111- 5ft ft ft
3

= \M-bV-
PROOF The^line r±b + Repasses through point A (b) and is 
parallel to b. Let PM be perpendicular from P on the given line.

Clearly,
AM = Projection of Ap on c4

= $>.?)

W me equation oj the line bisecting angle A in AABD. 
SOLUTION Let ai= A+ 21?, b*= - 2i +A+ 31? and 2A-/+1?.

A(i+2k)

BED C
A A A AAA

(-2i+j+3k) (2i-j+k)
. Fig. 18.32

I l^-OI
B& = |(2f-f-ft 

3

=> P.V. of D - P.V. of B = | (2% A- ft
3

=> P.V. of D = - 2%/+ 3l?+1 (2% A- ft = | (2%/ + 51?)
3 3

Since E is the mid-point of BD. Therefore,

|(2IA-A+5ft + (-2IA+jA+3ft
P.V. of E = - -----------------------------

=> I = i

IbxcVl

=> 11|

and Ab = 1 (- % /- ft 
3

-%/-!?
3<

-3a+/ + £ 
vii



MATHEMATICS FOR irW#18.22

ZP2 = am2 + pm2

=> pm = ■Jap2-am2

=> PM

S.D. =

db
Q

A(o) C(c)

«i

l2

d

b
Fig. 18.36

Q

l2
Line of shortest distance

<1

and, 
is given by

= a/| a^b*|2-{(at^.c)2

r=a+Xb/

a(7)
_Q
P

Ji___
p

Fig. 18.35

PQ = lA^.PQ |

| bx/| 

(^-of. (bxd$
| Fx5*|18.7 SHORTEST DISTANCE BETWEEN TWO SKEW 

LINES
SKEW LINES Two straight lines in space which are neither parallel 
nor intersecting are called skew-lines.

Thus, skew lines are those lines which do not lie in the 
same plane.

LINE OF SHORTEST DISTANCE If /j and l2 are two .skew lints, 
then there is one and only one line perpendicular to each of the lines 
l\ and l2 which is known as the line of shortest distance.
SHORTEST DISTANCE The shortest distance between two lines 
l\ and l2 is the distance PQ between the points Pand Q where the 
line of shortest distance intersects the two given lines.

The shortest distance between two skew lines 
r*= a*+kb* 

r*=<\pd?
18.6 CONDITION OF COPLANARITY OF TWO LINES
Two lines r^a*+X band r^c^-y. d*are coplanar or intersecting, if 

(bxd) = 0 => [a4b*= [ c*b*

PROOF The luje r^= a\ X bypasses through the point A (of and 
is parallel to b.

The line^= y dpasses through the point C (cf and is 
parallel to d. 

NOTE PM is also equal to
I I q I

18.8 EQUATION OF A PLANE
THEOREM The vector equation of a plane passing through a point 
having position vector a*and normal to the vector n* is 
(r^- of. n*= Oor, r*.n*= a*. nt
PROOF Let P (rfbe an arbitrary point on the plane. The plane 
passes through a point A (of.
:. A& = r^-a*

Since the plane is perpendicular to n?Therefore,

Al> 1 n*
=> At> .n*= 0

=> (r^-df.n^= 0

r*.n*= a*.n?

C(c)

Fig. 18.34

If these two lines lie in the same plane, then A& lies in the 
same plane and b x d is normal to the plane. Therefore,

A&. (bx d) = 0

=$ (c^-af. (bxd| = 0

(c~*-of. (bxd^
| Fx?|

PROOF Let PQ be the shortest distance between the given 
lines. Then, P£) is perpendicular to both the lines. So, it is 
parallel to b x d.

Clearly, PQ is the projection of A^.on P^. Therefore,



18.23APPLICATIONS OF VECTORS TO GEOMETRY

'• (RxR
or,

[Using: (R- R- R= 0]

R = R+Xnf (i)
P(r)

8

Fig. 18.38 =>

=$ X =
P(o)

=>

M

Fig. 18.39

On substituting r~= R X R 
in the equation of the plane

Fig. 18.37

This is the required equation of the plane.

'■(b\c}=d

18.10 DISTANCE OF A POINT FROM A PLANE
VECTOR FORM The length of the perpendicular from a point 
having position vector Rto the plane F>-nj=d is given by

„ |RR-rf|
P l« I

PROOF Let it be the given plane and P (djbe the given point. 
Let PM be the length of the perpendicular from P on the plane 
n. Since line PM passes through P (R and is parallel to the 
vector Rwhich is normal to the plane n. So, vector equation of 
line PM is

Complete the parallelogram ALPM. Since A____
parallel to b and irrespectively. Therefore,

At =xr *an dAXl = pR for some scalars X and p.

C n

0.
A(o) L b

18.9 EQUATION OF A PLANE PASSING THROUGH A 
GIVEN POINT AND PARALLEL TO TWO GIVEN 
VECTORS

PARAMETRIC FORM The vector equation of a plane passing 
through a point having position vector a*and parallel to vectors b and 
c^is

r*= R X b + pR where Xand p are scalars.

PROOF Let 0 be the origin and it be a plane passing through a 
point A having position vector RLet the plane it be parallel to 
vectors b and Respectively. Through the point A draw two 
vectors A& and A>C such that A^ = band AC = RLet P be an 
arbitrary point on the plane. Let the position vector ofP be rf

AL and AM are

where X is a scalar.
Point M is the intersection of line (i) and the given plane. 

Therefore, for point M

(R+ XR • R = d

a*- R+X R-R = d

d
rT-rv

In A/I PL, we have

Ab = aL +1}
r*-d* = Xb\ pR

R= R+ Xb*+ pR

Since Rdenotes the position vector of any point P on the 
plane. Therefore, the equation of. the plane is R= R+ Xb + pR 
where X and p are scalars.
NOTE In the above equation X and p are variable scalars, because 
for different points on the plane the values ofX and p are different.

That is why, it is called the parametric form of the plane passing 
through a given point and parallel to given vectors.
NON-PARAMETRIC FORM The equation of the plane passing 
through a point having position vector a*and parallel to vectors 
b and R is

(R-R-(RxR = 0 or, r

[rVR] = [Rb^R].

PROOF From Fig. 18.38., the plane is parallel to vectors 
AB=v and A& = R therefore it is perpendicular to the vec­
tor R=jR x/l(5 =RxR Since the plane passes through a 
point A having position vector R Therefore, the equation of 
the plane in scalar product form is

(R- R- (Rx R = 0
=>R(RxR-R(RxR = 0
=> R (RxR = R- (RxR
=> [RRR = [RRR
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X cos

sin0 ==>

r = a +

PM = (T+ n -a

=> PM =

b • rr = 0.

=> PM =

PM =

COS0 =

n

r.n=d

sin0 =

18.11 ANGLE BETWEEN A LINE AND A PLANE
The angle between a line and a plane is the complement of the angle 
between the line and normal to the plane.
VECTOR FORM If ft is the angle between a line r*= (a + Xb? and the 
planer^-ri*=d, then

”l-»2
I I I «2 I

If the planes are perpendicular, then nj. «2 = 0- the 
planes are parallel, then nf and are parallel.

l^l2
Putting this value of X in (i), we obtain the position vector 

of M given by
_> _»■ [ d - (a4- n} r= a*+■ —\ 

. I^l
=> PM = P.V. of M - P.V. of P

d-(d*-rtf 
l^l2

d - (fl4- n|) n 

l"*l2
PM = | pXl | =

(H=
n*

18.12 ANGLE BETWEEN TWO PLANES
The angle between two planes r*.n^ = d2 and rtr^=d2 is 

defined as the angle between their normals. Thus, if 0 is the 
angle between these two planes, then

5-fi /
2 / 
~y\ e

18.13 EQUATION OF A PLANE PASSING THROUGH 
THE INTERSECTION OF TWO PLANES

The intersection of two planes is always a straight line. For 
example, xy-plane and xz-plane intersect to form x-axis. The 
plane containing the line of intersection of two given planes is 
known as the plane passing through the intersection of two 
given planes. In the following discussion we will obtain the 
equation of family of planes passing through the intersection 
of two given planes.
VECTOR FORM The equation of a plane passing through the inter­
section of the planes r^-n\=d\ and r4- ni = di is

(r4- - di) + X (r4- »2 “ 4z) = 0

or, r4- (Hj + XH2) = d2 + Xd2, where X is an arbitrary constant.

PROOF The equation r4- (n| + Xn^) = d2 + Xd2 is of the form 
r4- n4= d, so it represents a plane. In order to prove that it 
represents a plane, it is sufficient to show that everyjjoint on 
the lines of intersection of the plane r4- = dj and r- n2=d2 
lies on r4- (n| + Xn^) = d2 + Xd^

Let r? be the position vector of any point on the line of 
intersection of r4- = d2 and r4- = ^2- Then, 

r^-n^ = d2 and rf- n% = d2

b -n

I |H*| 
^■n4 

i^i i^r
Condition of perpendicularity If the line is perpendicular to the 
plane, then it is parallel to the normal to tire plane. Therefore, 
b and n^are parallel.

So, fTx n*= 0 or, b*= X nW some scalar X.

Condition of parallelism If the line is parallel to the plane, then 
it is perpendicular to the normal to the plane. Therefore 
b and r^are perpendicular. So,

{d - ft? - nj) n4 
l^l2

|d4-(fl4-nj| In4!

I^l2
| (fl^nt-d | m •

Thus, the length of the perpendicular from a point having 
position vector flt>n the plane r4- n4 = d is given by

I I|?| •

Fig. 18.40

b*- n4 

l^l l^l
PRQ0F The line r^= a*+ is parallel to the vector band the 
plane is normal to the vector n? Therefore, if 0 is the angle 

. between the given line and given plane, then the angle be- 

tween b and iris --0 .So,
\ /
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ILLUSTRATIVE EXAMPLES

and,

-(ii)

n2 =

Now,

Abxc/5 =

cos0 =

the lines F^ + AF| and

45

I 
I

= r-5;A-3f
= .A-2/A-rf

F*= a\ A (hx c^and r*= b*+p.(c\ctf 

will intersect if a*. c^b^.c^ 

SOLUTION We know that 
F= a% + p b2 intersect, if

(flj - 0%). (5^ x 5^) = 0 

Therefore, the given lines will intersect, if

= m (Ab x C/5)
= m^-2^-2^

5 + 5 + 9 _ 19
| <35 <35 = 35

r*= (7f- ;A+ 7ft + p (2A- A+ 2ft

H| = 0/1 x ob =

=> relies on the plane F*- (nj + A n^) = + A d^

Thus, r*- (F| + A n|) = d} + A d2 represents a plane passing 
through the intersection of F*- H| = d} and F*- n^ = d2.

=> r^ n\-d} = Q and rf-n2-d2 = 0

=> (r^ • iq - dj) + A (jf • n^ - df) = 0

=> r^- (n| + A rfy = d} + A d2

0 = cos 1

V»2
«t I I «2

19'
35 ’ . /

EXAMPLES If aj b, c* are non-coplanar vectors, prove that the 
lines

respectively.
These two lines intersect at point P. At the intersection 

point, we must have

(9A- a+ 7ft + A (4A- a+ 3ft = (7A-/+ 7ft + p (2a- j + 2ft

=> 9 + 4A-=7 + 2p,-1-A = -1-p and 7 + 3A = 7 + 2p

A = — 2, p = — 3

Putting the value of A in (i) or that of p in (ii), we obtain the 
position vector r^of point P as

—> AAArf = i +] +k

EXAMPLE 1 The position vectors of two points A and C are 
9i -j + 7$ and 7A- 2A + 7$ respectively. The point of intersection of 
vectors = 4A-/ + 3$ and (5/5= 2zA- / + 2$ is P. If vector P& is 
perpendicular to A^ and cb and PQ = 15 units, find the position 
vector of Q.
SOLUTION The vector equations of the lines AB and CD are 

F*= (9zA- a+ 7ft + A (4ia- a+ 3ft ...(i)

A A A 
1 / k 
4-13 
2-12

Since P(5 1 Ab and 1 cb. Therefore,

|| xbxcS
=» c
=> $

Now,

PQ = 15-
=> | m | ’71 + 4 + 4 = 15

=> | in | = 5 => ni = ±5

When m = 5, we have
P^ = 5(A-2A-2ft

=> P.V. of Q - (A+ A+ ft = 5zA- 10A-101?

=> P.V. of Q = 6A-9A-9£

When m = - 5, we have

P^ = -5(A-2A-2ft
P.V. of Q - P.V. of P = - 5i + 10A+ 10^

=> P.V. of Q = (iA+A+ ft - 5a+ 10a+ 10)?

=> P.V.ofQ =-4A+llA+llft

EXAMPLE 2 A tetrahedron has vertices at 0(0,0,0), 
A (1,2,1), B (2,1,3) and C (-1,1,2). Prove that the angle between 

1 (19'
the faces OAB and ABC will be cos 1 — .

I 00

SOLUTION We know that the angle between two planes is 
defined as the angle between their normals.

Let nt and H2 be the vectors normals to the faces OAB and 
ABC respectively. Then,

A 
1 I
1 2 1
2 1 3

AfexAt = (A-A+2ftx(-2f-A+ft
AAA1 M - 

= 1-12
-2 -1 1

Let 0 be the angles between H| and n^. Then,

A£
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=>

0

oh x oh is normal to the face OBC]

P(1.1,1)90' M

,2
2

=>

[•■•M l^l = l‘T=M

k

2
3

z

C(o.o.i)

1
= <3

A 

j

B(O.l.O)
y

K’
SOLUTION Let OABC be a regular tetrahedron. Then,

OA = OB = OC = AB = BC = CA

OP.
The vector equation of OP is

F*= X (f+j + £)

OM = Projection of oh on ol’ 

= oh. op 
_ p (*+/%•£)

Fig. 18.42

I oA I2 = | oh |2 = ,| oh |2
= I Ah |2 = I Bh I2 = I cA I2

M2= l^l2= M2
= I b^-A4]2 = I c4-^2 = I a4-^|2 = X2

where A is the length of each edge.
Also, faces of a regular tetrahedron are equilateral tri­

angles of equal size and the angle between any two concurrent 
edges is equal to 60°.

We know that the angle between a line and a plane is 
complement of the angle between the line and the normal to 
the plane. Thus, if 0 is the angle between the face OBC and the 
edge OA, then 
sin (90 - 0)

= | 0/1 x (0% x O&) I 
’ | O*A | |0hx0t |

_ | a\ (bxcf |

I I bxcl
Now,

| a\(bxcf |2 = | (fltcy^-(at^|2

= («?cf (btb?+(fl?^
I2 I

| c4] cos60°j |b*|2 + ||^| | b*| cos60°| | 

cos 60°) (| fl4] | b*] cos 60°) (| b*| | c4|cos603)

Fig. 18.41

Now, OC2 = OM2 + CM2

cm2 = oc2-om2= | oh ]2-OM2 =
=> CM = V2?3
EXAMPLE 5 Show that the angle between any edge and a face not 

containing that edge of a regular tetrahedron is cos”1

/ °
A 

/ i

^/A( 1,0,0)

U?-b) • l(bx cfx (etc fl^| = 0

(fl4-B). |(bxcf. dfc*- ((bxc?. H = 0

=> (n^^. |[b>F>rt?c^[b>c4c?fl? = 0

=> (fl^-b^. [b* c^flj . c*= 0

=> [ b* c4 {(fl^- b). cj = 0

=> [B^c ya ] (fl? c^- b* cf = 0

fl?c*-btc*= 0 [•_• [fl4 b* c4] * 0]

EXAMPLE 4 Find the perpendicular distance of a comer of a unit 
cube from a diagonal not passing through it.
SOLUTION Let the edges OA, OB, OC of the unit cube be 
along OX, OY and OZ respectively. Since OA = OB = OC = 1 
unit. Therefore,

o*a = C oh = f, oh = £.
Let CM be perpendicular from the comer C on the diagonal

-2(M I cl
X6 X6 2X6
4 + 4 8

=
4

-4 I3
=> I A (hx c*|

and,
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S.D. =

sin (90°-0) =

cos 0 ==»

=>

i

(i)
,(ii)

E(o.b.c)
*

=>
(o,o,c)H F(o,b,c)

0

and x =z ==>
D(o,b,o)

Fig. 18.43
[d3 (nJ x rfy + d} (nJ x nJ) + d2 (nJ x nJ)]

. (b]'~ 0^ = (- baft + cafi . bf = abc

1
?3

z

C(o,o,c)

i

i

A 
xai

be

ab

EXAMPLE 7 Find the position vector of the point of intersection of 
three planes

B(o,b.o) 
y

Hj]

/A(a,o,o)

ba (fx + ca (lex = -ba£+ caf 

xai' |= W + c2?

We have,
(flHbf+C^Xflf =

| (<?iAxb;A+c£)

and, {(flA+b/A+c£)

Thus, the shortest distance between (i) and (ii) is given by

2?
2 = 1

Wp^2]

- .y ” [«2 ”3 ”J1 ~ 1^1 «2

Similarly, we have

a. nJ = d2 and a*. nJ = d3

d2 i ^3

[n^n2 n3] [nj n2 n3]

Substituting the value of x, y, z in (i), we get 

1 
J ”2 ”3!

as the required position vector of the point of intersection of 
the given planes.
EXAMPLE 8 If the planes r*.n*}= d},r*.n^ = d2andr*. n3 = d3have 
a common line of intersection, prove that

d} (zt2 x nJ) + d2 (nJ x nJ) + d3 (itj x nJ) = 0

0 = cos-1

Similarly, it can be shown that the shortest distance be-
• CQtween OF and AD is ~r<~ 7: and that between OF and AH is 

ya2+ cr

r*.n[ = dl,r^n^ = d2,r^.n3 = d3

where nJ, nJ and nJ are non-coplanar vectors.

SOLUTION Since nJ, nJ, nJ are non-coplanar vectors. There­
fore, vectors nJ x nJ, nJ x nJ and nJ x nJ are also non-coplanar.

Let a^e the position vector of the point of intersection of 
the given planes. Then,

at nJ = d? a*. nJ = d2 and a. nJ = d3

We know that any vector in space can be written as the 
linear combination of three non-coplanar vectors. So, let

o?= x (nJ x nJ) + y (nJ x nJ) + z (nJ x nJ)

Now, a. nJ = dj

{x (nJ x nJ) + y (nJ x nJ) + z 03 x nJ) |. nJ = dj

y {(nJxHj).nJ) = d}

|bxc*| = | b^l | c*| sin 60° = y X2

■

J ■ ‘

EXAMPLE 6 Prove that the shortest distance betiveen the diagonals 
of a rectangular parallelepiped whose sides are a, b, c and the edges 
not meeting it are

be ca ab
^b2 + c2 ' ^c2 + a2 ' 'fa2 + b2

SOLUTION Let one vertex of the parallelepiped be at the 
origin 0 and three coterminus edges OA, OB, OC be along 
OX, OY and OZ respectively. The coordinates of the vertices 
of the parallelepiped are marked in Fig. 18.43.

The edges which do not meet the diagonal OF are AH, 
AD, BD and their parallels BE, CE and CH respectively.

The vector equation of the diagonal OF is
r*= Q*+X(ai'+bf+c$)

The vector equation of the edge BD is

r= bj + \iai

a* = 7=
I”

| {(aA+ b/ + c£) x aA}. (bA- 0) |

| (af+bA+c£)xaf|

abc
<b2a2 + c2a2
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-.(i)

and, dy + X d2 — P d3 (ii)

...(iii)=>

=>

4.=>

=>

=>

di x n^) - d2 x ”3) = ~ d3 (r?1 x rfy=s Using (iii) 
and (iv)

Aq =0,11] = p^andA^ = 1 — m

Substituting these values in either of the given equation: 
we obtain

SOLUTION The equation of a plane passing through the line 
of intersectin of the planes f>.h\ = d1 and rt n^ = d2 is

rt (ji| + X 77^) = dy + X d2, where X is a parameter.

Since three planes have a common line of intersection, 
therefore, the abvoe equation should be identical to rt773 = d3 
for some value of X.

Thus, for some value of X, we have

n^ + Xn^ = p. n^

EXAMPLE 9 
the planes

r*= b + X] (b*- of+ g] (a*+c?

and, r*= X2 (b^-c?+p2 (sF^- 

a? b? being non-coplanar vectors.

SOLUTION At the point of intersection of the two given 
planes, we have

b + X] (b^-of + pi (a*+ cf = c*+ X2 (b*-cf + p2 b?

=> (-X] + p] - p2) a\(1 + X] - X2 - p2) b + (p} -1 + A^) c*= 6*

Putting the value of X in (i), we obtain the equation of the 
required plane as

_>[_> [«1 «3 ”4] 
r • ■ «] - r-^ n2 [n2 n3 774]

EXAMPLE 11 ABC is a triangle whose vertices have the ^ositir. 
vectors C fand £ respectively. A line parallel to the vectors Hjan 
passing through the point f- 2_f+ 3$ cuts the plane of the triangl?c 
P.

(i) Find the position vector of point P.
(ii) Find the equations of the plane (s) which is (are) parallel t: 

the plane of triangle ABC and whose perpendicular distance from fa 
origin is f3 units.

—/ X (n2 x nf) — (77] x 77j)

Again,

tt| + X 77^ = p 77^

(fi| + X rfy x n^ = p. (n^ x nff)

”1 x ”2 ~ M- (”3 x ”2)

p (n^ x tt|) = - (n| x 77^)

Now,

+ X nJ = pn^
=> (tt| + X ttJ) x^ = p (nJ x nJ) [Taking cross-product with 77^]

X 77^ + X (7^2 X n|) = (T

—4“ |4,j — 0/ 1 4- 1^2 ==

and,
g] -1 + X2 = 0 [•.• a? b, (Tare non-coplanar vecto

From the last two equations, we get

X] + P] - [12 = 0

Solving this equation with - Xi + pi - p2 = 0, we get

P'l = Pi ®ricl = O’

J. 1"? "3 
' P1 S3 Str2

r*= b + P] (a*+ c*)

as the required line of intersection of the given planes. 
EXAMPLE 10 Find the equation of theplane passing through the Hr 
of intersection of the planes r^n^ = d-[/r^.n^ = d2 and parallel to th 
line of intersection of the planes rfn^ = d-i and rt = d4. 

SOLUTION The equation of the plane passing through the lire 
of intersection of the planes

rtn| = d] and r?n% = d2 is

(rt tt| - dj) + X(rt 77^-t/2) = 0

or, rt (n| + X 77^) = d} + X d2

This plane is parallel to the line of intersection of the plana 
rt 773 = d3 and r? 774 = d^. The line of intersection of these two 
planes is parallel to 773 x 774. So, the plane in (i) is parallel to a 
vector 713 x 774. Therefore,

(n| + X 77^). (77^ x 77^) = 0

=> [«1^3”4] + ^[«2«3^4] = 0

x = -
[«2 «3 ”4]

Now,

di + Xd2 = p.d3

(d] + X d2) (7^ x 77^) = pi d3 (t!2 x 77^)

d] (t?2 x 77^) + d2 {X (77^ x 77^)} = d3 {p. (77^ x 77^))

=> d] (n% x 77^) + d2 (7^ x tt|) + d3 (tI] x tt^) = 0

Obtain the vector equation of the line of intersection of
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= <3=>

=>

I
=>

=>

=> 2X = -1 => X = -

the lines

(i) 
Equation of the line parallel to the vector i + f and passing

EXERCISE 18.1

BD 2

A. A

SOLUTION A vector normal to the plane of A ABC is given by

= (f- x (£- 0
AAA AAA = i + k+j = i+j + k

The vector equation of the plane of A ABC is 

(^-i). (/ + [+£) = 0 
r?(A+/+£) = 1

Putting X = - ~ in (ii), we obtain the position vector of point

Pas

= (ft- 2p 3f) -1 (f+ = 1 (ft- 3/% oft
(ii) The equations of the planes parallel to (i) are given by 

r?(A+A+ft = p
If it is at a distance of V3* units from the origin, then 

pt(ft+f+ft-U 
|ft+Mi

I JA I = 3 
p = ±3

So, the equations of the required planes are 
r?(A+;A+£) = ±3

1. In a triangle ABC, D is a point on BC such that ■“ =
L-/C O

DC 2
Point E lies on AB such that — = -. AD and CE intersect at F.EA 1

AFUsing vector methods, find the ratio —.rU
2. In a triangle ABC, D divides BC in the ratio 3 : 2 and E 
divides CA in the ratio 1:3. The lines AD and BE meet in 
H and CH meets AB in F. Find the ratio in which F divides 
AB.
3. In a A ABC, D is on AC and divides AC in the ratio 2:1. 
BD is produced at F such that DF = 2BD. Prove by vector 
method that

(i) A^ = 2 b£

(ii) S is parallel to the median and is twice the median.

4. Let OABC be a parallelogram with 0 as the origin and 
OC a diagonal. Let D be the mid-point of OA. Using vector 
methods, prove that BD and CO intersect in the same ratio. Find 
this ratio.
5. If al 7A- 4A- 4^ and F=- 2A-A+ 2$, determine a vector r* 
of magnitude 5^/6 which is along the bisector of the angle 
between oand b.
6. If a straight line is drawn parallel to the base of a triangle, 
the line joining the vertex to the intersection of the diagonals 
of the trapezium so formed bisects the base of the triangle.
7. If M, N are the mid-points of the sides AB, CD of a paral­
lelogram ABCD, prove that DM and BN cut the diagonal AC 
at its point of trisection, which are also points of trisection of 
DM and BN respectively.
8. Show that the external bisector of the angle A of a triangle 
ABC divides BC externally in the ratio AB : AC.

through the pointA- 2A+ 3^ is
F^= (A-2A+3ft + X(f+j) -(ii)

(i) At the point of intersection of (i) and (ii), we have 

|(A-2A+3ft + X(A+j)].(iA+A+ft = 1

=> (l-2 + 3) + X(l + l) = 1

1
2

9. If a straight line is drawn parallel to the base of a triangle, 
prove that the line joining the vertex to the intersection of the 
diagonals of the trapezoid so formed bisects the base of the 
triangle.
10. ABCD is a parallelogram, AC a diagonal and a point P is

' ADtaken on the side AD such that AP = —. Show that the line n
ACBP cuts the diagonal in a point Q distant from A.

11. D, E divide sides BC and CA of a triangle ABC in the ratio
2 : 3 respectively. Find the position vector of the point of 
intersection of AD and BE and the ratio in which this point 
divides AD and BE.
12. Find the equation of the plane containing the two parallel 
lines

r*= a*+ X b and r*= (A p b
13. Find the equation of the plane containing

\ x —x — y \
r~=(T+ka and r = a' + p.a.
14. Prove that the lines r = (3A- A+ £) + X(A+ A+£) and 
r^=2A+2/A+ 2^+ p(A- A+ 2^) are intersecting and hence find 
their point of intersection.
15. The vertices of a triangle ABC are A (1,0,2), B (- 2,1,3) 
and C (2, -1,1). Find the equation of the line BC, the foot of the 
perpendicular from A on BC and the length of the perpen­
dicular.
16. From thejjoint A (1,2,0), perpendicular is drawn to the 
plane rt (3A- ; + £) = 2 meeting it at the point P. Find the coor­
dinates of point P and the distance A P.
17. Find the equation of the plane passing through the points 
A (2,1,3), B (-1,2,4) and C (0, 2,1). Also, find the coordinates 
of the point of intersection of the plane ABC and the line 
riA-j + £+X(2A+ft.
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P =

ANSWERS
2. 2:1 4. 2:1

11. 15:4 and 10:9
16.

— □□□ —

1 
irii'ii I' ViT

17. r?(3i + 8A+£) = 17, (7,-11,4)

18. 3A+3)? 22.

b\ The vector pVuns from L to L' along the common perpen­
dicular, show that

(a^-af.c
IcV

18. Find a point R in which the line AB cuts the plane CDE 
where f+ 2A+ ic, F= 2r+ /+ 2^, c^= - 4A+ 4^, d*= 2A- 3k and

4A+ A+ 2^are position vectors of point A, B, C, D, E respec­
tively.
19. A straight line L passes through a point A (afand is parallel 
to b. A second line L' passes through A' (a*) and is parallel to

22. Find the perpendicular distance of the point A (1,4,-2. 
from the segment BC, where B (2,1, - 2) and C (0, - 5,1).

20. In a A ABC, E and F are the mid-points of AC and 
respectively. CP is drawn parallel to AB to meet BE produce

at P. Show that &FEP = AFCE = 7 AABC.4

21. Let OACB be a parallelogram with 0 at the origin an- 
OC a diagonal. Let D be the mid-point of OA. Using vert? 
method prove that BD and CO intersect in the same ratio.

15. r*= (- 2M- A+ 3ft + X (4A- 2A- 2ft

14 21 1

1. 5:6

5. f(A-7A+2ft
12. rt (a*-0^x17] = at {(ex*—of

13. = 0
14. (4,0,2)

ct wherect= B*x b>'.
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,71

= -1

I11 = 1
i

i3 = i2xl = -i

i4 = (i2)2 = (-1)2 = 1

1 
-1

■

I 
s

19.1 INTRODUCTION
If a, b are natural numbers such that a > b, then the equation 
x+a = b is not solvable in N, the set of natural numbers i.e. there 
is no natural number satisfying the equation x + a = b. So, the 
set of natural numbers is extended to form the set I of integers 
in which every equation of the form x + a = b;a, b e N is solv­
able. But equations of the form xa = b, where a, b e /, a # 0 are 
not solvable in I also. Therefore the set I of integers is extended 
to obtain the set Q of all rational numbers in which every 
equation of the form xa = b, a * 0, a, b e I is uniquely solvable. 
The equations of the form x2 = 2, x2 = 3 etc. are not solvable in 
Q because there is no rational number whose square is 2. Such 
numbers are known as irrational numbers. The set Q of all 
rational numbers is extended to obtain the set R which includes 
both rational and irrational numbers. This set is known as the 
set of real numbers. The equations of the form x2 + 1 = 0, 
^+4 = 0 etc. are not solvable in R i.e. there is no real number 
whose square is a negative real number. Euler was the first 
mathematician to introduce the symbol i (iota) for the square 
root of-1 with the property ci2 = -1. He also called this symbol 
as the imaginary unit.

I

19.2 INTEGRAL POWERS OF IOTA (/)
Positive integral powers of i:
We have,

i = V=T
i2 = -i

CHAPTER

19

In order to compute in for n > 4, we divide n by 4 and obtain 
the remainder r. Let tn be the quotient when n is divided by 4. 
Then,

n = 4m + r, where 0 < r < 4

4________
z4 1

by 4
NOTE is defined as 1.
ILLUSTRATION 1 Evaluate the following:
(i) i135 (ii) i19 (iii) f999 (iv) (-<T)4n+3,n€ N 
SOLUTION (i) 135 leaves remainder as 3 when it is divided by 
4. Therefore,

i135 = i3 = -i.
(ii) The remainder is 3 when 19 is divided by 4. Therefore,

i19 = i3 = -i.
(iii) We have,

r999=i/i999.
On dividing 999 by 4, we obtain 3 as the remainder. There­

fore,

=> i" = tm + r = = ir
Thus, the value of in for n > 4 is ir, where r is the remainder 

when n is divided by 4.
Negative integral powers ofi:

By the law of indices, we have
-1 1 *3 -3
t 1=- = - = r = -i

i i4

r3 = -
i3

If n > 4, then

r ” = — = —, where r is the remainder when n is divided •n *tI I

r2 = -
i2
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(iv) We have,
.4n + 3

(i) /I9 = - 4

2i

;2
;19

= z” [1 +z -1 - z] = z” (0) = 0

(7=2) (7=3) = (i 72) (i 73) = f2 76 = - 76.

19.4 COMPLEX NUMBERS
COMPLEX NUMBER Ifa,b are two real numbers, then a number of 
the form a + ib is called a complex number.

For example 7 + 2 i, -1 + i, 3 - 2 i, 0 + 2 i, 1 + 0 i etc. are com­
plex numbers.
REAL AND IMAGINARY PARTS OF A COMPLEX NUMBER
If z = a + ib is a complex number, then 'a' is called the real part 
of z and 'b' is known as the imaginary part of z. The real part 
of z is denoted by Re (z) and the imaginary part by Im (z).

Fo example, if z = 3 - 4 i, then Re (z) = 3 and Im (z) = - 4.

(iii) We have,

/n + /n + l + ^ + 2 + fn + 3 = i" + i«xf+i"xf2 + i"xi3

A USEFUL RESULT If a, b are positive real numbers, then 
f^~a x 7=7 = - fab.

f-H = 7-1 xa = 7=7 x fa =i fa
^b = f—lxb = 7=7x fb = ifb .

= [-z+ z3]2 = (-i-z)2 = 4z2 = -4.

PROOF We have, 

and,

Therefore, 
f^a x7=7 
= (ifa)(ifbj

19.3 IMAGINARY QUANTITIES
DEFINITION The square root of a negative real number is called an 
imaginary quantity or an imaginary number.

For example, f^3, f^4, f-9/4 etc. are imaginary quantities.

NOTE1 For any two real numbers faxfb = fab is true only when 
at least one of a and b is either positive or zero.

In other words, faxfb = fab is not valid if a and b both are 
negative.
NOTE 2. For any positive real number a, we have

f^a = f-lxa = f^T x fa =i fa.

ILLUSTRATION 2 Compute the following:'

(i) 7=77

(ii)

(iii) 7=25 +3 7=4+2 7=9’.

SOLUTION (i) We have,
7-144= a/-lx 144 = 7=7x774=12/

(ii) We have,

= (»+l)2

= i2 + 2i+l = -l+2i + l=2l

'v=P'7y') = 3:2 = -3 
I /4-4

><

(ii) We have,

7=7Y 4X \ 4

(iii) We have,
7=25 + 3 7=7+27=9 = 5 i+ 6 i + 6 i = 17i 

ILLUSTRATION 3 A student writes the formula fab = fafb. Then 
he substitutes a = -1 and b = -1 and  finds 1 = -1. Explain where is 
he among?
SOLUTION Since a and b both are negative. Therefore, lab 
cannot be written as fa fb.In fact for a and b both negative, 
we have

fa fb = - fab.
ILLUSTRATION 4 Is the following computation correct? If not give 
the correct computation:

"[fpZ) 7(=3)J = 7(-2) (-3) = 76"
SOLUTION The said computation is not correct, because - 2 and 
- 3 both are negative and fab = fafb is true when at least one 
of a and b is positive or zero. The correct computation is as given 
below:

(ii) >17

i12

= (-04”(-i)3

= |(-i)4)n(-i3) = l"(-(-0] = i
ILLUSTRATION 2 Show that

rn25'+ y

on-
(iii) in + in +1 + in + 2 + in + 3 = 0, for all n e N.

SOLUTION (i) We have,

^ = i3.

4M

= i2 (fa x fb) = -1 (fab) = - fab

So F999 = — = — = — = - = /1 -999 ,-3

1
(-D
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and

=>

and, Im (Zj + z2) = Im (z j) + Im (z2)

For example, ifz^ = 2 + 3 i and Z2 = 3 - 2 i, then 

z1 + z2 = (2 + 3) + (3-2)i = 5 + i
PROPERTIES OF ADDITION OF COMPLEX NUMBERS

(i) Addition is commutative: For any two complex numbers z\ 
and Z2, we have

(z j + z2) + z3 = Zj + (z2 + Zj).

(iii) Existence of additive identity : The complex number 
O = 0 + i 0 is the identity element for addition i.e.

z + 0 = z = 0 + z for all z e C.
(iv) Existence of additive identity : The complex number 

0 = 0 + i0 is the identity element for addition i.e.
z + 0 = z = 0 + z, for all z e C.

19.8 MULTIPLICATION OF COMPLEX NUMBERS
Let z}=a^ + i b^ and Z2 = O2 + ib2 be two complex numbers. Then the 
multiplication of zx with z2 is denoted by Zj z2 and is defined as the 
complex number (a j - bx b2) + i («j b2 + a2 b^).

Thus, Zj z2 = (ax + i b}) (Oj + i b2)
= (a1 a2 - b} b2) + i (a2 b2 + a2 b{)

= (-2-4)+ i(3-5)
= -6-2z

z1+z2 = z2 + z1:

(ii) Addition is associative : For any three complex numbers 
Z], 22z 23, /wve

(fl] + i bj (a2 + i b2) = a} a.

Z1-Z2

= (a1 + ib1) + (-a2-zh2)

= (a^-aj + i^-bf)

For example, ifz^ = -2 + 3i and z2 = 4 + 5i, then

Zy - z2 = (- 2 + 3i) + (- 4 - 5i)

19.6 ADDITION OF COMPLEX NUMBERS
DEFINITION Let zj = fli + i b\ and Z2 = a2 + ib2 be two complex 
numbers. Then their sum z\ + z2 is defined as the complex number 
(flj +a2) + i(bj + b2).

It follows from this definition that the sum Zj + z2 is a 
complex number such that

Re (Zj + z2) = Re (z j) + Re (z^

19.5 EQUALITY OF COMPLEX NUMBERS
DEFINITION Two complex numbers Zi=a\ + ib\ 
z2=<z2 + i b2 are equal if ay = a2 and bi = b2 i.e. Re (z j) = Re (z^ and 
Im fa) = Im fa)-

19.7 SUBTRACTION OF COMPLEX NUMBERS
DEFINITION Let zj = fl] + i b] and z2 = «2 + to be two complex 
numbers. Then the subtraction of z2 from z\ is denoted by Zj - z2 and 
is defined as the addition o/Z] and - z2.

Thus, z1 - Zj = Zj + (-z^

PROPERTIES OF MULTIPLICATION

(i) Multiplication is commutative: For any two complex num­
bers zi and z2, we have

Zj Z2 = Z2 Zj.

PURELY REAL AND PURELY IMAGINARY COMPLEX NUMBERS
A complex number z is purely real if its imaginary part is zero 
i.e. Im (z) = 0 and purely imaginary if its real part is zero i.e. 
Re (z) = 0.
SET OF COMPLEX NUMBERS The set of all complex numbers is 
denoted by C

i.e. C=(a + ib | a,be R}.
Since a real number 'a' can be written as a + 0 i, therefore 

every real number is a complex number. Hence,
R c C, where R is the set of all real numbers.

Zj z2 = [Re (Zj) Re (Zj) - Im (z1) Im (z2)]

+ i [Re (z j) Im fa)+ (*2) (zi)l

For example, ifzi = 3 + 2iandz2 = 2- 3i, then

Z1z2 = (3 + 2i)(2-3i)

= (3x2-2x(-3)) + i(3x-3 + 2x2)

= 12-5i
NOTE The product Zj z2 can also be obtained if we actually carry out 
the multiplication (a j + i bf) (a2 + i b2) as given below:

— "1 fl2 ^2 "F ^2 "F b2

= (ai a2 - bj b2) + z(«j b2 + a2 bj) [•_• i2 = -1]

Thus, zi=z2 <=> Re (Zj) = Re (z2) and Im (Zj) = Im (z2).

ILLUSTRATION 1 If Zj = 2 - iy and z2 = r + 3i are equal, find 
xand y.
SOLUTION We have,

Zj = z2

=$2-iy=x + 3i
=> 2 = x and - y = 3

=>x=2andy = -3.

ILLUSTRATION 2 If (a + b)-i (3a + 2b) = 5 + 2 i,find a and b.
SOLUTION We have,

(a + b)-i(3a + 2b) = 5 + 2i

=> a + b = 5and-(3a + 2b) = 2

=>a = -12,b = 17
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+ i

[•.• a * 0, b * 0]

(Left distributivity)(i) Z] (Z2 + Z3)=Z1Z2 + Z1Z3

(Right distributivity)(ii) (z2 + z3)z1=z2z1+z3z1

(viii) Zj - Z2 = z1 - z2

Thus,

By def. of 
multiplication.

1 =>- =z

zi— = z
%

a

tfi + b2 k /

1
1 + 2/

7

Z1 = z2*0.z2

T
22 k /

Let Z] = : b-[ and z2 = a2 + i b2. Then,

21 -1— = 21 z2 = zt
22

1 
or'z-

(v) Multiplication of complex numbers is distributive over addi­
tion of complex numbers : For any three complex numbers 
Zp z2, z$, we have

19.9 DIVISION OF COMPLEX NUMBERS
DEFINITION The division of a complex number z^ by a non-zero 
complex number z2 is defined as the multiplication of Z\ by the 

2imultiplicative inverse of z2 and is denoted by —.

(-b2) 
a2 + b2

<7 = (ai + ibi) 
Z2

19.10 CONJUGATE OF A COMPLEX NUMBER
Let z = a + i b be a complex number. Then, the conjugate of z is 
denoted by z and is equal toa-i b.

Thus, z = a + ib
=> z = a - i b

It follows from this definition that the conjugate of a com­
plex number is obtained by replacing i by - i.

For examle, z = 3 + 4 i, then z = 3 - 4
PROPERTIES OF CONJUGATE
Ifz, Zp z2 are complex numbers, then

(i) ® = z

(ii) z + z = 2Re(z)

(iii) z-z = 2/Im(z)

(iv) z = z<^zis purely real

(v) z + z = 0 => z is purely imaginary

(vi) zz={Re(z)}2 + {Im(z))2

(vii) z1+z2 = z^ + z^

^2 a2 + b1 b2

a2 + b2 
k /

For example, ifz\ = 2 + 3 i and z2 = 1 + 2 i, then

\
,.£ = (2 + 3i) 

22

z=a + ib
a i HO 

a2 + l? a2 + b2

a

(ix) Zj z2 = Zy z2

PROOF (i) Let z = x + iy. Then, 
z = x - iy and (z) = x + i y

Clearly, (z) = z
(ii) Let z = x + iy Then, z = x - i y.

z + z = (x + iy) + (x - iy)

= 2x = 2Re(z)
(iii) Let z = x + iy. Then, z = x - iy.

a2 gi b2 
a2 + b2

g2 , .
2 h2 + 1 

a2 + o2

Thus, every non-zero complex number z = a + i b possesses 
multiplicative inverse given by

■1+if.

(ii) Multiplication is associative : For any three complex num­
bers zp z^ z3, we have

(zi 22) z3 = z1 (Z2Z3).

(iii) Existence of identity element for multiplication. The com­
plex number 1 = 1 + iO is the identity element for multiplication i.e. 
for every complex number z, we have

z • 1 = z = 1 • z.
(iv) Existence of multiplicative inverse: Corresponding to every 

non-zero complex number z = a + ib there exists a complex number 
Zi = x + iy such that

Z . Zj = 1 = Zj . z .

NOTE The multiplicative inverse ofz is denoted by z

-b y

<1 2?|= (2 + 30

li
5 5PROOF We have, 

z-zt - 1

=> (a + ib) (x + iy) = 1 + iO
=> (ax - by) + i (ay + bx) = 1 + iO
=> ax-by = l and ay + bx = 0.
Solving these two equations, we get

b y =---------
i2 a2 + b2

34
k 5
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Z1

=>

<=>x = 0

= (x1-iy1) + (x2-iy2)

i

=>

Z1“Z2 = (X1 - ^yi) - (^2 “ ^2)

(ix) Let

z\zi = (^i+fyi)(x2+l‘y2)

=>

(v) I 2! 22 I = I Z1 I I Z2 I

(vi)
Z1 z2 “ Z1 z2'

*2

and, | Z3 | = |1 + iV3|=N12 + (>/3)2=2.

REMARK In the set C of all complex numbers, the order relation is 
not defined. As such zi > z2 or, Z] < z2 has no meaning but 
| zi | > | z2 | or, | 21 | < | z2 | /ws got its meaning since | Zi | 
and | z2 | are real numbers.

PROPERTIES OF MODULUS

THEOREM If z, Zi, Z2 6 C, then

(i) | z | = 0 <=> z = 0 i.e. Re (z) = Im (z) = 0

(ii) | 2 | = | z | = | -z |

(iii) -|z|<Re(z)<|z|; - | z | <Im(z)< | z |

:. z-z = (x + iy)-(x-iy)
= 2iy = 2ilm(z)

(iv) Let z = x + iy. Then, z = x - iy.
z = ze>x + iy = x-iy

<=> 2iy = 0
« y = 0

<=> Im(z) = 0

« z is purely real

(v) Letz = x + iy.Then,z = x-iy.

z + z = 0 <=> (x + iy) + (x - iy) = 0

<=> 2x = 0

Z1 _

(I
Also,

I
Z1

5
Z1

Z2

+»yi 
X2 + :y2

Z1

(x) LetZj = x ] + i yj and

= Xi - i yx and z2 = x2 - i y2

(*i ^2+yiy2)-’(xiy2-x2yi)
2 2

z2 +y2

(xix24-yiy2) + f(xiy2-x2yi) 
2 2v+y2

19.11 MODULUS OF A COMPLEX NUMBER
DEFINITION The modulus of a complex number z=a + ib is 
denoted by \ z \ and is defined as

| z | = ^a2 + b2 = ^{Re(z)}2 + {Im(z)}2

Clearly, | z | >0 for all ze C.
For example,
if z-l = 3 - 4x, Z2 = - 5 + 2i, and z3 = 1 + 4^3, then

|z, I = ^32 + (-4)2=5,

I Zj I - ^(-5)2 + 22 =V29

z2 = x2 + i y2. Then,

*1 -*yi
*2-^2

(xix2+yiy2) + i(xiy2-*2yi)
2 2

x2+y2

I zi I- =-Ht ; 22*0
Z2 I z2 I

<=> Re(z) = 0

<=> z is purely imaginary.

Let z = x + iy. Then, z = x - iy

zz = (x + iy)(x-iy)

= ?+/
= (Re(z))2 + (Im(z))2

(vii) LetZj = X! + iyx and z2 = x2 + iy2. Then,

- Zj z2

Z1 ~ xi + zyi and = x2 + iy2). Then,

=> Zj+Z;

zi22 = (*i*2-yiy2)+i‘(xiy2+x2yi) 

z^ = (Xj x2 - yx y2) - i y2 + x2 y^ 

Also, Zj z2 = (Xi - iyx) (x2 - iy2)

= (xix2-yiy2)-’(xiy2+x2yi)

(iv) zz= I z I2

— + Z2

(viii) Let z} = xx + iyx and z2 = x2 + iy2. Then,

= (xi-x2)+i’(yi-y2)

zi"z2 = (xi-x2)-,‘(yi~y2)

z1 + z2 = (Xi+x^ + i^+yj)

2 = (*i+x2) - z‘ (yi+
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=>

=>

=>

=>

I 21-2? I

=>

+ i

+ i

+=>

+
=>

=>

=>

=>

= a2 + b2 =>

= (Zi + ZjHzj+Zj)

and,

- | z | < Re (z) < | z | and, - | z | < Im (z) < | z |.

(iv) Let z = a + ib. Then, z = a - ib.

z z = (a + ib) (a - ib)

+ bl bl + al bl + «22 b2

Z1

Z2

fl
*2

fl

fl

fl

fl

I Z! | 
= |z2|

fl 
z2

ij a2 - b} b2)2 + («j b2 + a2 by)2

|2+lz:

zi- = (a^+ib^ 
z2

I z7 z.

a2
«2 + b2 

k
flj ^2 + bl b2

n2J-b2 a2 + u2

\
 (gj a2

lai + bi

al + bl

Igf + bl
'al + bl

■1 I + I Z2 |
21 I + I Z2 |

Z1 I “ I 22 |

I " I Z2 |

Z]+Z2 |

Z1 z2 = (fll + ,bl) (fl2 +

Z1 z2 = (fll a2 ~ b1 b2> + ’ b2 + a2 bl) 

I Z1 z2 I = yfa^a.

al a-

zi- = (Aj + ibp z2

_______7 \
a2 + b-L b2Y

a% + b2 
/

+ b} b2)2 + (fl2 b} - flj b2)‘ 

(a22 + b22)2

11 z! | - | z2 | |
PROOF (i) Let z = a + ib. Then, 

|2| =0
« ^a2 + b2=0

<=> a2 + b2 = 0
<=> a = 0 and b = 0
<=> Re (z) = Im (z) = 0.

(ii) Let z = a + ib. Then, z = a - ib and - z = - a - ib.

| z | = yla2 + b2,

| z | = ^a2 + (- b)2 = ^la2 + b2 

and, | -z | = ^(-a)2 + (-b)2 = 

Clearly, | z | = | z | = | -z |.

(iii) Let z = a + ib. Then, | z | = ^a2 + b2. 

Since, - ^a2 + b2 < a < yJa2 + b2

-yla2 + b2 < b < y/a2 + b2.

I zi z2 | =

Zj z2 ] = ^al {al + b2) + bl {al + b22)

zi z2 | = ^12 + b12)(«22 + b22)

I z} z2 | = 2 + bl. yJal + bl

I z\zi I = I zi I I Z2 |.
(vi) Let Z] = a-[ + ibi and Z2 = «2 + lb2, where aj, a2 and bi, b2 are 
real numbers. Then,

a^ + zbj
a2 + ib2

= +bi2) (“2+b22)

{al + bl)2

(vii) We have, 

I ZJ + Z2I2

(vii) | z1+z2|2= | Zj |2+ | z2 |2 + 2Re(z1z^)

(viii) | z1-z2|2 = | z} |2 + | z2 |2-2Re(z1z^)

(ix) | z1+z2|2+ | z1-z2|2 = 2(| Zj |2+ | zj |2)

(x) |azj-bz2|2+ |bz1+az2|2 = (? + b2)(| z} |2+ | z2 |2), 
where a, be R.

(xi) | Zj+Zj | <| z-

(xii) | Zj-Zj | < | 

(xiii) 1 Zj+z2 | > |

(xiv) | Zj - Z2 | > | Zj

(xv) | Zj | - | z2 | | < |

and,

= ('/?7P]2
= |z|2

(v) Let Z] = 0^ + iby and z2 = a2 + ib2, where a^, a2 and bv b2 
are real numbers. Then,

_______ 7
z?2 b| -■ a | b2 

a2 + b^
I 7

T~

i22 +bl bl+ 0^1 + 0^ 
{a22 + b22)2

f 1 >
a2 + ib2 

\ 7
Z - (-b2)'

a^ + bl
7

a2 bj ~ Uy b2

a2 + u2
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[•«• Z1+Z2 = Z1+Z^]

[•_• 2 + 2 = 2 Re (2)]

[v | 2t 22 | J

=>

.2
[•.• - | 2 | <Re(z)< | 2 |)

2

2
=>

i
.2=>

2

22

=>

=>

= (2i+Z2)^ + ^)

= 21z]’ + 222^ + 212^ + 22 2^'

■2

[••■ZZ= i Z I2]

[•••

[•.• 22 = | 2 |2]

(••• zi + z2 = zi + z3

-22 Zj

= I Z1 I + I z-
• -2

1 I I Z2 I.

1 I + I z2 D‘

Z1 I + I z2 I

= I Z1

* I Z1
••• |z1 + z2|2^|z.

= ?

il'+lzj2)

= (21+Z2)(Z1+Z2) 

= (z1+z2)(z7 + ^) 

= 21zy + 22^ + Z1Z^ + Z^Z2 

= | Z1 |2+ | z? |2 + z1^ + (i^) 

= I Zj |2+ | Z2 |2 + 2Re(212^)

< I 2} |2+ I z2 |2 + 2 I z^ I 

= I 2) |2+ | Z2 |2 + 2 I Zj I I Z2 I

(Z1+Z2 I2 <(|Z1| + |Z2 I)2

I Zl+Z2 ] < I z: I + I z2 I- 

(xii) We have, 

IZ1-Z2I2 

= (z1-z2)(z1-z2) 

= (z1-z2)(z^-z^) 

= Z | Zj 4" Z2 2*2 ”” ^2 ~* ^1 Z2 

= I Z] |2+ I Z2 

= |21|2+|z2|2-2|z1z^|

< I z1 |2+ I 22 |2 + 2 I Z^ I 

••• I z1-z2 |2< | ZT |2+ I Zj |2 + 2 I Zj I I z2 I

I zr-Z2 |2< I Zj |2+ I Z2 |2 + 2 I Z. 

|z1-z2|2<(|z.

=> I Zj -22 I < I 
(xiii) We have, 
I zi + z2 I2 

= (Zi+Zj^+Zj) 

= (z1+z2)(z[ + z^) 
= z1^ + z2^ + z1z^ + z2z^ 

= I z! |2+ I Z2 \2 + Z^ + (z^)

|2+|z2|2 + 2Re(z1z^)

|2+|z2|2-2|z1z^| [•.• Re(z) | z |)

;i|2+|z2[2-2|z1| | z£ |

zi |2+ I z2 |2~2 |Zj | | z2 |

I Zl+Z2 I2 > (I Zj I - I Z2 I)2

■2 \2 + Z1Z2 + (z1 Z2) 

= I z1 |2+ I Z2 |2 + 2Re(z1z^) 
(viii) We have, 
Izi-^l2 
= (z1-z2)(zp^ 

= (Zj-Zj)^-^) 

= Z1Z1+Z2Z2~Z12^

= I zi l2+ I Z2 ^-Z^-CZjZ^) 

= I zi |2+ I z2 |2-2Re(z1z^)

(ix) Adding (vii) and (viii), we get
I zi + z2 l2+ lzi“z2 I2 = 2(l z:

(x) We have,
I az1-bz2 |2 

= (a z1-&22)(flz1-&22) 

= (azy-bz^^az^-bz^) 
9 __ __ _ f

-a z} Zj - a Zj b z2 - b Z2 a z^ + b" z2 z2 

= a2 | z1 |2-ab {z1z^ + z[z2} + b2 | [

= a11 zj |2-ab|Z1 z^ + (z2z^) j + b2 | z2 | 

| z: ^-flb^ReCzjZ^ + fc2 | z2 |2 

= a2 | Zj |2 - 2 ab Re (z1 z^) + b2 | z2 | 

Similarly, we have 

| bz1+az2 J2

= b2 | z} |2 + d2 |Z2 |2 + 2ab (2| z^) 

[ a z} - b Z2 |2 + | b z1 + a Z2 |2

= a2 | |2 - 2 ab Re (z2 z^) + b2 | Z2 |

+ b2 | Zj |2 + 2 ab Re (Zj z^) + a2 | Z2 |2

= | z} |2(? + &2)+ | z2 |2(b2 + a2) 

= (a2 + b2)(|z1|2+|z2|2)

(xi) We have, 

lzl + z2|2
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.2

.2Vfl + ib =±

,2'Ia + ib =±

=>

=>

=>

(iii)=>

=>

(iii)

ILLUSTRATIVE EXAMPLES

-(i)

■(ii)

•••(*)
•••(ii)

1 
z

+ flj and, y2

1 
a + ib

a-ib 
fl2 + h2

a-ib 
a2-^

1
2

If b is positive, then by equation (ii), x and y are of the same 
sign. Hence,

zi+z.

Also,
Zi Z2 = (fl + i b) (a -ib) = a2- i2 b2 = a2 + b2, which is real.

(~ (z))
|z|2

EXAMPLE 1 The sum and product of two complex numbers are real 
if and only if they are conjugate of each other.
SOLUTION First, let the two complex numbers be conjugate of 
each other. Let them be = a + ib and z2 = a - ib. Then,

and,

Now,

(a^ + y2)2 = (x2 - y2)2 + 4 x2 y2

(x2 + y2)2 = 49 + 576 = 625

x2+y2 = 25

On solving (i) and (iii), we get 

x2 = 16 and y2 = 9 

x = ±4 and y = ±3

From (ii), we find that 2xy is negative. So, x and y are of 
opposite signs.

.’. (x = 4 and y = - 3) or, (x = - 4 and y = 3)

Hence, <7-W = ± (4 - 3z)

a - ib
X------Ta-ib

1 I - I z2 |.

(xiv) Proceed as in (xiii).
(xv) Proceed as earlier.

I a2 + b2 + and, y = ±19.12 RECIPROCAL OF A COMPLEX NUMBER
Let z = fl + ib be a non-zero complex number. Then,

1_ 1 
z a + ib

z

I 2 |2

Solving the equations (i) and (ii), we get 

x2 = ■ | | fa2 + b2

=> x = ±

= a i ' (~b)

a2 + b2 a2 + 1?

Clearly, | is equal to the multiplicative inverse of z. Also,

:2 = (a + ib) + (a - ib) = 2a, which is real.

a-ib _ z
77b2=T7p’

Thus, the multiplicative inverse of a non-zero complex number z 
is same as its reciprocal and is given by

Re(a + ,.
|z|

=> I Z} + Z2 I > I Z

If b is negative, then by equation (ii), x and y are of different 
signs. Hence,

j{^fl2+P"+fl| - i | j^A2 +F-«) j
REMARK To find the square root of a- ib, replace i by - i in the 
above results.
ILLUSTRATION Find the square root of 7- 24i
SOLUTION Let a/7- 24 i = x + iy. Then,

f7 - 24 i = x + iy

7-24i = (x + iy)2

7-24i = (?-y2) + 2ixy

= 7

2xy = -24

19.13 SQUARE ROOTS OF A COMPLEX NUMBER
Let fl + ib be a complex number such that 'la + ib = x + iy, where 
x and y are real numbers. Then,

fa + ib = x + iy

=> (a + ib) = (x + zy)2

=> a + ib = (x2-y2) + 2zxy

=> x2-]/2 = a 

and, 2xy = b

Now, (x2 + y2)2 = (x2 - y2)2 + 4 x2 y2

=> (x2 + y2)2 = a2 + b2

=> (x2 + y2) = yJa2 + b2

| j^/fl2+
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=>

=> z.
=>

=>

=> x—1 = 2/
2 .’2

=$

x2-2x + 5 = 0.=4

EXAMPLE 5 Find the least positive value ofn, if = 1.

i

= x(0) + 9(0) + 12x - 29

= 12(1 + 20-29

= -17 + 24:

=i

= 1

I

I

= x(? - 2x + 5) + 9(x2 - 2x + 5) + (12x - 29)

[•.. x2-2x + 5 = 0]

[•.■x = l + 2i]

SOLUTION We have,
1+i
1-i

(1 + if
1-i

\ /

Now,

x3 + 7x2-x + 16

fi+iY 
1-i \ /

=> (x-l)z = 4r 

x2-2x + l=-4

Hence, the value of the given polynomial when 
x=1 + 2/ is -17 + 24/.
EXAMPLE 3 Prove that
x4 + 4 = (x +1 + 0 (x +1 - 0 (x -1 + 0 (x -1 - i).
SOLUTION We have,

Conversely, let Z] and 22 be two complex numbers such that 
their sum z\ + Z2 and product z\ z^ both are real. Then, we have 
to prove that zj and Z2 are conjugate of each other.

Let Zj = aj + i and z2 = a2 + i b2. Then,

Z1+Z2 = (a1+fl2) + z(b1 + h2)

Zi Z2 = (a! a2 - b2) + i(flj b2 + a2 bj

Now,
2] + z2 and z: z2 are real

(fll + «2) + :(&] + b2)

and,
(a} a2 - b} b2) + i(a1 b2 + a2 b^) are real

[-.• z is real <=> Im (z) = 0]

1 + i 1 + i 
" 1-iX1 + i

(1 + 02
-1-i2

1 + 21 + i2

1 + 21-1 
1+1

(x + 1 + 0 (x + 1 - 0 (x -1 + 0 (x -1 - i)
= {(x + l)2-i2) {(x-l)2-/2}

= {(x + l)2 + l}{(x-l)2 + l}

= {x2 + 2x + 2} ({x2 - 2x + 2}

= (x2 + 2 + 2x| |x2 + 2-2x)

= (x2 + 2)2 - (2x)2

= x4 + 4x2 + 4-4x2

= x4 + 4
EXAMPLE 4 Iff(z) is a polynomial in z such that when it is divided 
byz-i and z + i, the remainders are respectively i and 1 + i. Deter­
mine the remainder whenflz) is divided by z2 + 1.
SOLUTION Recall that if a polynomial 0(x) is divided by 
(x - a), then the remainder is 0(a). Also, if 0(x) is divided by a 
quadratic, then the remainder is a linear expression.

It is given that iand'l + i are remainders whenftz) is divided 
byz-i and z + i respectively.

fli) = i and f(-i) = 1 + i
Let (az + b) be the remainder when f(z) is divided by z2 +1 

and let the quotient be Q(z). Then,
/(z) = (z2 + l)Q(z) +az+ b

=> f(i) = 0 + ai + b
and,

/(- i) = 0 + a(- i) + b
i - ai + b and 1+i = - ai + b [•_• /(i) = i /(- i) = 1 + i]

Solving these two equations, we get:

1 . , , 1 . a = -1 and b = - +1.
2 2

Hence, remainder = az + b
1 1= t iz + - + i2 2

=» bj + b2 = 0 and a^ b2 + a2 = 0

=> b2 = - bj and a! b2 + a2b1 = 0

=> b2 = - bi and - a} bx + a2 = 0

=* b2 = -b\ and (a2-ai)bi = 0

=> b2 = - &i and a2 - a^ = 0

=> b2 = - b] and a-

=3 z2 = a2 + i b.

:2 = Zj

z} and z2 are conjugate of each other

EXAMPLE 2 Find the value ofx3 + 7x2 - x +16, when x = 1 + 2i. 
SOLUTION We have,

x = l + 2i

i2 - a: 

'2 = /?! - i bi
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i4) — i (4.x3 a -4x?j}

= 1

= 1=>

=>

=>

=>

,2=>

=>

=>

X

=>

=>

=>

=>

22 2

2

'I

2

2 2+ 2

- = a' a

) (2i “ 'vz12-z2‘

1

~^lz

+ zi - Vz? - zi

= 2 • | Zj | + | 'Iz2 - z2‘

2
I

= | Zi +Z2 I + I Z1-Z2 I
+ |(z1 + z2)-^

I2)(1-|z2|2)

Z1

Z1

'z} + yz

<2
I =U-Izi

+ |zi

2 |
+ 2

_ 2_ :
VZ1 z2

1 ___
(ii) | Zj | + | z2 | = -(z1+z2) + Vz1z2

= {(x + ai) (x - ai))4

-z22

-z22|"2
1

2 n
~Z22

I — I2 I (iii) 1 - Zj z2 - Zj - z2

SOLUTION (i) We have,

a b

+ ^7x6a-35x4a3 + 21?05-a7J

EXAMPLE 9 For any two complex numbers z} and z2, prove that
(i) | z1+Vz12-z22

= I Zj +

+ 2 I z-. + 'Iz

= a2 - 3b2 + 3a2 - b2 = 4(?-?)

1-iz . n t ----- - show that z — i

+ JZ 2 ~ .

EXAMPLE 8 Prove the following identities:
(i) (? + ?)4 = (x4 - 6x2a2 + a4)2 + (4?a - 4xa3)2

(ii) (? + a2)7 = (x7 - 21? a2 + 35? a4 - 7x a6)
+ (7x6a - 35x4 a3 + 21? a5 - a7)2

SOLUTION (i) We have,

(x2 + fl2)4

= (x4 - 6? ? :

(ii) We have,

(x2 + a2)7

= {(x + ai)7 (x-ai)7}

= (x + ai)7 (x - ai)7

= {7C0 x7 + 7CT x6 (ai) + 7 C2 x5 (ai)2 + 7C3 x4 (ai)3 + 7C4 ? (ai)4

+ 7C5 ? (ai)5 + 7C6 x (ai)6+(ai)7] 

x {7C0 ? - 7C1 x6 ai + 7C2 x5 (ai)2 - 7C3 x4 (ai)3 + 7C4 ? (ai)4

-7C5? (ai)5 + 7C6x(ai)6-7C7(ai)7j 

= |(x7 - 25x5 a2 + 35? a4 - 7x a6) + i (7x6 a - 35x4 a3 + 21? a5 - 1 

:? - 25? a2 + 35x3a4 - 7xa6)- i (7x6a - 35x4a3 + 21? a5 -a7)J 

?-21?? + 35?a4-7xa6|

= (x + ai)4 (x - ai)4

= {4C0 x4 + 4C1 ? (ai) + 4C2 ? (ai)2 + 4C3 x (ai)3 + 4C4 (ai)4l 

x (4C0 x4 - 4C1 x3 (ai) + 4C2 x2 (ai)2 - 4C3 x (ai)3 + 4C4 (fli)4|

= |(x4 - 6? a2 + a4) + i (4x3a - 4xa3)}
x j(x4 - 6x2 a2 + a

a2 + a4)2 + (4?a - 4xa3)2

=> i" = 1

=> n is a multiple of 4
=> The smallest positive value of n is 4

EXAMPLE 6 Ifz = x + iy and w = 

| w | = 1 => z is purely real.
SOLUTION We have,

l^|=l

1 - iz 
z-i

■ I 1 - i 2 |
I z"» I

| 1-iz | = | z-i |

| 1 - i(x + i y) | = | x + i y - i) |, where z = x + i y 

| 1+y-ix | = | x + i(y-l) |

*V(1 +y)2 + (-x)2 = ^/? + (y-l):

(l+y)2 + ? = ? + (y-l)2 

y = 0 

z = x + iO = x,which is purely real

EXAMPLE 7 If (x + i y)173 = a + i b, prove that

SOLUTION We have, 
(x + iy)173 = a + ib 

x + iy = (a + ib)3 

x + iy = a3 + i3b3 + 3a2ib + 3ai2b2 

x + iy = (a3-3ab2) + i(3a2b-b3) 

x = a3-3ab2 and y = 3a2 b-b3 

?-3?and^ = 3?-? 
b

"z22|



COMPLEX NUMBERS 19.11

2' t

= 2

= 2

I
=>

=> I
+

=>
1

(i)

2

1+ -(z1 + z2)-^/z^

EXAMPLE 11 For any two complex numbers zv z^ prove that

<2(i)

< 1 if | Z] | < 1 and | z2 | > 1(ii)

iI
I

i

I
I

i

Hence,

I 1-z?22 I2" I zl_z2 I2 = d- I zi I2)(1 ~ I z2 I2)-

I z2 iy
z2 * 0

i

• = 324 + 144 + 36 + 36x-13

= 36

Hence,
| 9 Zj z2 + 4 Zj z3 + z2 z3 | = 6.

I
= Zj + z2 + Zj - z2

Z1
x Z1

l + lM KTKi

Zj + z2 - 2 Vzj z2

2 
+

21

Zlj2 
l-z[z2

Z1 I +

(ii) We have,

|(z1 + z2) + Vz1 z2 + j(z1 + z2)->/z7^

1 
+ 2

2

^1

Z1 |2+ I z2 I

'Z1 “^2

2 
= 2

+ 2 | z^-CZi2-^2) | 

= 2 |zl| + |(Z1+Z2)(Z1-Z2)|} + 2 |z22 | 

= 2 (lzl |2+I zl+z2 I |z1-z2

| z1 |2 + I Z2 I2} + 2 I Zj + z2 I |Zj 

zl+z2 |2+ I zl“z2

= (IZj+Zj I + I Zj-Z; 

|zi + <zi5-z22

I1 + 2IZ22)

"Z2I
|2} + 2 I Z1+Z2 I I z]-z2 I

ll2
■2 11

llzl+z2l 
zll2+lzl2

2
EXAMPLE 10 Let Zj, z2, z3 be three complex numbers such that 
| Zj | = 1, | Zj | = 2, | z3 | = 3 and | Zj + z2 + z3 | = 1. Find 
| 9 z} z2 + 4 z} z3 + z2 Zg |.

SOLUTION We have,

I Z1+Z2 + Z3 I = 1

I Zl+Z2 + Z3 I2 = 1

(z3 + z2 + z3) (z^Tz^+z^) = 1

(Z] + z2 + z3) (z^ + z^ + z^) = 1

I Z1 |2+ I z2 |2+ I l2+(zlz2 + z2zi + zlz3

+ z]- Z3 + Z2 Z^ + Z^ Z3) = 1

zi^ + z^z2 + Zi^ + z^z3 + 22^ + ^z3 = 1--1-4-9

=> zIz2 + z1z2 + z1^ + z1 z3 + z2z3 + z2z3 =-13
Now,

I 9z1z2 + 4z1z3 + z2z3 I2

= (9 z1 Z2 + 4 Zj z3 + z2 z-^ (9 Zj Z2 + 4 z} z3 + z2 z3)

= (9z1z2 + 4z1z3 + z2z3)(9z]'z^ + 4z^z^ + z^z^)

= 81 | zt |2 | z2 |2 + 16 | zj I2 | z3 |2+ | Z2 |2 | z;

+ 36 | Zj |2z2^ + 9 | Zj |2Zj^ + 36 | z

+ 4zj^| z3 |2 + 9z3^ | Z2 |2 + 4z2F[ | z3 |

= 81 x4 +16x9 + 4x9 +36 (z2z^ + z1z^ + z^z3

+ zi^ + z^z3 + z2zp

[Using (i)]

= 2 |zl + z2 + 2>/ziz2

=i[|^+^|2+pZ1-
= 5 l2<l l2+ I l2)|

= i^Tl2+l^l2
= l (^z[)21 +1 (^7)21
= I Z1 I + I Z2 I

Hence,

lzi l + lz2l= |(zl+z2) + >/zlZ2 

(iii) We have,

I l2-I Z1-Z2 I2

= {1+1 z[z2 |2-2Re(zJz2)}-{| Zj |2+ | Z2 |2-2Re(z7z2)} 

= l+(|zT I I z2 I)2-| Zi |2-| z2 |2

= 1+|Z1 |2| Z2 I2- I 21 I2- I I2

= (1-I Zi |2(1-I z212)

46

21- 22

-222

'll2

1 12 2323

2
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2 =>

=>

<
=>

<=>

2 [Using (i)]=>
< 2

1I + I *2 I) -2(| Zj I + I Z2 I)

I Z1+Z2 + ...+Z„ I =
(ii) V»chave,

< 1

< 1

•(i)=>2=>

Now,=>

= I Z1+Z2 + ...+Z„ I
=>

=3
[Using (i)l

= 1

= 1

Now,

1 =>

I < I 1-Z]Z2 I

I2 < I 1-Z?Z2 I

|2+ | z2 |2-2Re(z^z2)<l2+ | z^z2 |2-2Re(z^z2)

1 + —
zn

2

= 1

Z„ are

I = I Z2 I =■•= I 2n I = t prove that

1 1

Z1 z2

•2
|2

zl-j2 
1~ziz2

if | z

I zi |2+ I z:

zi

2i ,

I Z1 I I *2 I

EXAMPLE 12 If Zv Zf, . 

I Z1

.. — u

ab - z]z2

zn

|2 + 1/X | Zz |

2

z2 I <!

I I
+ 1^1

Z1

I Z1 I I z? I

I Z1 I
I Z1 I

|2 + (l + £] f I

Z1 I2 I z2 I2- 1 <0

X I zi |2 + | I z2 I2 2 I Z1 I I z2 I

1

.. = | 2„ I = 1

.... = | |2 = 1

= ZA =1
1

4 | < 1 and | z2 | > 1 or, | Z1 | > 1 and |

(iii) We have, 
1 , |2 flZ1 - b Z2

ab - Zj z^

'a z} - fez2^
ab - z^

az1-bz2''

ab-z-, z^
k 1 2A
(flZj - bz2) (az^ -bzf) = (ab-z1z^)(ab-z^ z2)

zi z2
I Z1 I I z2 I

21 Z2

I Z1 I z2

( I Z1

| ZJ+Z2 |2 < (1+X) | Zj

ll2

SOLUTION Using Triangle inequality, we have,

21 , z2
I zi I I z2 I

A.M > G.M
2
- > "Vx I z} I2.1/A I Z2 I2

SOLUTION We have, 

lzll = lz2l=-

=> | Z1 I2 = I Z, I2 = .,
Z| Zj = Z2 2^2 = ••••

 1 _ 1
Zi — , Zj — ,1 21 2 Z2

22I2+X|21|!+{|Z2|!

|2 + (1 + ^]|22|
complex numbers such that

* X | z

2'2lll^/SX|Z]/2 + ^22(2 

i,2+2/«i I lz2l 

SI21 l2+l

121

I 21 |2+ I 22 |2<>+ I Z? I2 I Z2 I2

I21 l2+l22l2-|

<1Z1 |2-l)(|22|2-l)<o

I Zj l2< 1 and | Zj |2>1 or, | 2] |2>1 and | z2 [2< 1

| z-j | < 1 and | z2 | > 1 or, | Zj | > 1 and | z2 | < 1 

Hence,

21 2_Z2 
1-^

IZ1 - 1
I 1 - Z1 Z2 I

I zi"z:

I zl"z2

Z] |2+ I z2 |2 + 2Re(z1z^)

I Z1 |2+I z2 |2 + 2 I zi^ I [•.. Re(z)< | z |] 
|2+|z2|2 + 2|z1| |z2| ...(i)

= l + l + ... + l
Z1 2n

EXAMPLE 13 Let a, be R and z^ z2 be complex numbers such that

az-, -bz^ 
=l,findz2,if\z1\^.

SOLUTION We have,

az1-bz2

ab-ZyZ^

azx - bz2 x 

ab-z, z^
} \ 1 L)

('az^-bz;'}
= 1
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,2 =>

=>

,2=> a‘

=>

=>

=>
I-/ I 2] I * fl

('•’ I z2 I * 1]=>=3

=}

2

<=>

2

[•_• | z | <k (given)]

-72-1-Ch Ch

Fig. 19.1

(i)
be complex numbers such that

= 1
[Using (i)]

=$

9 __
| “ z = z - w if and only if z = w or zw = 1.= 1=>

= 1

2 
<=> — =

W

--O—

Jz-1

■ 3-z,z,

(z}-3z2)(^-3z^ = (3-Z] z2)(3-z}z2) 

z^ + 9z2Z^-3zj2^-3 zjz2

= 9-3z]z^-3z[z2 + z1z^.2^z2

2 1 , (2

2i - 3z2

3-Zj^

I—X

2

= 1

* I 2] I + I *2 I]

21

is purely real

«-=Aw I w I

2 _ Z_
W W

z2

Zi I2) = 0

example 15 Let zv z2
Zj 3^2
3 - 21Z2

= 1 and | z2 | # 1. Find | Zi |.

SOLUTION We have,

zi~3z2
3-ziz2

|z1|2 + 9|z2|2 = 9+|z,|2|z2|

9- I Z] |2-9 | Zj I2- I z, |2 | z2 |2 = 0

(1-|z2|2)(9-|z1 |2 = 0

9-|z, |2 = 0

I 21 I = 3
EXAMPLE 16 For complex numbers z and w, prorue that

| z | w- | w | z = z - w if and only if z = w or, zw = 1.
[IIT1999]

<=> zw = ZW

Again,
I z l2w- I w \2z = z-w

<=> zzw-wwz = z-w
<=> zzw-wwz-z + w = 0
<=> 2 (zw -1) - w (zw -1) = 0
<=> z(zw-l)-w (zw-Y) = 0
<=> (z-w) (zw-1) = 0
<=> z = w or, zw = 1

Hence,.
| 2 |2W- | W

EXAMPLE 17 If a >1,find all complex numbers z which satisfy the 
equation z+fl|z + l|+i = 0

SOLUTION Let 2 = x + iy. Then,

I Z 12 +1 ■ . -J—,—isrealL m2+i

=> fl2^2-^2 I Zi I2-!? I

(a2- | Z2 |2)(&2- |

=> a2-| 22 |2 = 0

I Z2 I = a

Hence, z2 is any complex number of modulus a.
EXAMPLE 14 Let z be a complex number for which 
|2zcose + z2 | >1,i/| z | <k,fmdk.

SOLUTION We have,
| 2ZCOS0 + Z2 |

< | 2z COS e I + I z2 I p.' I 21 + Z2 I

< 2 | z | | cos 0 | + | z |2

<2|z|+|z|

< Ik + k2

But, | 2z cos 0 + z2 | >1. Therefore,
2Ar+k2> 1

=> k2 + 2Jt-l>0

=> k>fl~l

z1~3z2
3-Zi^

^Zi-SZ;^ '

3-2,2; :
X ) \

Zj — 3z2 Zi — 3z2

1^ S-2!^

=> a Zj Zj - ab Zj ~z2 - ab z2 z[ + b2 z^ z^

= a b -ab(z[z2 + z1z2) + zl z^ z2 z2

= «2&2+ I 21 I2 I 22 I2

|2+ I 21 A I 22 A = 0

SOLUTION We have,

| 2 | W- | W | Z = Z-W

| 2 |2W- | W |2Z-Z + W = 0

(| 2 |2 + 1) W-( | W J2 + 1)Z = 0

<=> (| 2 j2 + l) W = (| W |2 + 1)Z

|z|2+l
| W |2+1
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.0

=>

=>

= 0=>

=>

Now, =>

=>

=>
=>

=>
=>

=>
[•.• a t01=>

(iv)

k «>0]

[Putting a = 1/2 in (iv)J

[va>l]

and y = -1x = -

,2
-iy

-0)
-Cu)

4g ± ^4g2 + 3

4(4g2-l) '

2^

-a2 ±0^2-a 
a2-l

Fora = 1, we have

x = -1 and y = -1

y = -1 and x + av(x + l)z +

x + a >/(x +1)2 +12 = 0

Now, a > 1 (given) and ^(x +1)2 +12 > 0 for all real x. There­
fore, equation (i) is true only when x < 0.

3
X = 16

-a‘=> x = —

x + aA/(x + l)2 + l = 0 

a ^(x +1)2 +1 = -x 

a ^x2 + 2x + 2 = - x

When a = we have

1
When a * -' we have

1
Putting y = - in (i), we get

provided that4a2 -1 * 0 i.e. a^~

z + g|z + l|+i =

(x + iy)+a | (x + l) + zy | + i = 0

(x + iy) + a^(x +1)2 ly2 + z = 0

[x + a ^(x + l^ + y2) + i {y +1) = 0

x + a ^(x +1)2 + y2 = 0 and y +1 = 0

=> 4 (1 - 4a2) x2 + 8ax - ^ = 0

3 1But, x = — and a = ~ do not satisfy (iii). So, the given 
16 2

equation has no solution for a =

+ ~ -4ax +1 = 0 16

=> x =
=> x =

4x-| = 0
4

z = x + iy = - i-i

For a > VT, x is not real. So, the equation has no solution. 
EXAMPLE 18 If a >Q, find all the complex numbers z which satisf 
the equation 2 | z | - 4az +1 + i a = 0.
SOLUTION If a = Q, the given equation reduces t( 
2 | z | +1 = 0, which is not possible. So, let a>0. Lei 
z = x + i y. Then,

2 | z | - 4az +1 + i a = 0

=> 2 yJx2 + y2 -4a (x + iy) + l + ia = 0

=> {2 ^x^ + y2 - 4ax +1} + i {- 4ay + a} = 0

2 ^x2 + y2 - 4ax +1 = 0

. and, -4ay + a = 0
Now,

-4ay + a = 0

a(l-4y) = 0

l-4y = 0

1 
y = 4

g2(x2 + 2x + 2) = x2

(a2 -1) x2 + 2a2 x + 2a2 = 0

If a = 1, then

(a2 -1) x2 + 2a2x + 2a2 = 0
=> 2x + 2 = 0
=> x = -1.

Now, let a > 1.
In this case, we have

(g2-l)x2 + 2o2x + 2g2 = 0

- 2? ± ^4? - 8a2 (g2 -1) 
2(a2-l)

Pia'h-a2 
a2-!

For x to be real, we must have 

2-g2>0 =* g2-2<0

=* -V2<g<V2^

=» l<g<V2

Thus, for 1 < a < y^2, we have 

g2±g^2-g2 
«2-l
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< 0=» 4ax-l =

satisfies both the
= 4ax-l

=> 4ax-l > 0 a>0]

(ii) x>0.

We have, x = . So, two cases arise. => 4a < ^4a2 + 3

16a2 < 4a2 + 3=>

12?-3 < 0=>

> 0Thus, x =

4a > ^[4a2 + 3
But,

16a2 > 4a2 + 3

12^-3 > 0 4ax ==> =>

,2

< 0=>4ox-l =

Thus,x = > 0
> 0 but 4ax -1 < 0

Now,

Hence, z = x + iy =
4ox ==>

=> 4ax -1 = -1

=> 4ax-l = > 0 i

and,x =

4ax = (i)

i
i

!

Clearly, 4a + ^4a2 + 3 4 0 for any a e (0,1 / 2)

Now,

4a - ■'/4a2 + 3 < 0

4a ±''/4a2+ 3
4 (4a2 — 1)

4a-■'/4a2+ 3
4(4a2 -1)

4a2 - a ■'/4a2 + 3

4a2-!

4a + ''/4a2 + 3 
4(4a2-l)

-a ■'/4a2+ 3 +1
4a2-!

=> 4ax > 1
=> x > 0 [•.• a > 0]

Thus, we have to find real values of x which satisfy the 
1

following conditions for all a * -.

? 1CASED When 4a2 -1 <0 i.e. Q<a<-

In this case, x will be positive if

4a±V4a2 + 3 < 0

1 1+ - i, where a > - is the4 2

(i) 4ax-l>0

4a + ^4a2 + 3 
4 (4a2 -1)

CASEI- When 4a2 -1 > 0 i.e. when a > |

In this case, x will be positive if 4a ± ^4a2 + 3 > 0.

Clearly, 4a + ^4a2 + 3 > 0 and 4a - "'/4a2 + 3 will be posi­
tive, if 

4a - ^4^ + 3 > 0

Thus, when a > then x = 

conditions x > 0 and 4ax -1 > 0.

, 1and y = -

4a + ^4a2 + 3
x =--------------

4(4a-l)

4a2+a''/4a2 + 3 
4a2-1

4a2 + a ''/4a2 + 3 

4a2-1

a ■'/4a2 + 3 + 1 

4a2-l

[••• 2^? + i>0]
10

 4a± v4a2 + 3 
4(402-1)

From (iii), we have

2^+k

-a ^40^ 3 +1 
4a2-!

 4a - ^2 + 3
” X ~ 4 (4a2-!)

Thus, for 0 < a < ^' there is no value of x which satisfy both 

the conditions x > 0 and 4ax -1 > 0. 
 

4a + ■'/4a2 + 3
4 (4a2 -1) 

solution of the given equation.
EXAMPLE 19 For every real number a > 0, find all the complex 
numbers z which satisfy the equation

| z |2 — 2zz + 2a (1 +1) = 0.

SOLUTION Let z = x + iy. Then,
| z |2-2iz + 2a(l+z) = 0

=> x2 + y2 - 2i (x + iy) + 2a (1 + i) = 0

=> (x2 + y2 + 2y + 2a) + 2i (a - x) = 0

=> x2 + y2 + 2y + 2a = 0

9 1=> 4a -1 > 0, which is true for all a >

=> 4a2 -1 < 0, which is given to us.

4a->/4a2 + 3 .

4 (4a2-!)

 4a - ^4a2 + 3
X~ 4(4a2-l)

- a ■'/4a2 + 3

4a2-!
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[VU> QI=> a >2
(ii) Thus,

, where a > 2.z = x + iy = 0 + i

=> y =
=>

=>

=> y =

=>

...(i) =>

■••(ii)

[•_• a > 0 & + yl + a > 0]

(iii)

=> x =

=>
=> X =

=> a * ± 1=> a<-2 or, a>2

..(i)

•(ii)

- a ± 'Vfl2 - 4
2

z = x + iy = 0 + i
[•.• a2 + 2a -1 = 0 => a = -1 ± ^2]

[•.• fl>0]

CASEII W/ieny<0:
Ify < 0, then
y | y | + ay +1 = 0

-y2 + ayJr\ = 0 

y2 - ay -1 = 0 
a ± ^fl2 + 4 

2
Clearly, ye R for all a > 0. Therefore, 

a ± ^a2 4- 4 
2

EXAMPLE 21 Let z be a complex number. Find the range of rail 
values of a for which the equation 

z+fl|z-l|+2i = 0 
has a solution. Also, find the solution. 
SOLUTION Let z = x + i y. Then, 

z + g|z-l|+2i = 0

=> (x + iy) + fl | (x-l) + iy | +2i = 0

=> x + iy + a ^(x -1)2 + y2 + 2i = 0

x + a V(x-l)2 + y2 + (y + 2)i = 0

=a x + a'Vtx-l)2!^2 = 0

and, y + 2 = 0

From (ii), we get y - - 2. 
Putting y = - 2 in (i), we get 
x + a^(x-1)2 + 4 = 0 

a a/(x —1)2+ 4 = - x

=> fl2 ((x -1)2 + 4} = x2

x2 (g2 -1) - 2z?x + 5fl2 = 0

2fl2 ±'V4g4 - 20fl2 (fl2 -1)

a2 ± 'VSc2 - 4a4 

(a2-!)

For x to be real, we must have 
fl2-l * 0 and 5fl2-4fl4 > 0

=> a * ± 1 and - a2 (4a2 - 5) > 0 

and 4a2-5 <0

and,
a-x = 0
Now,
a-x = 0=>x = a

Putting x = a in (i), we get
y2 + 2y + A2 + 2A = 0

-2±^4-4(a2 + 2a)
2

=> y = -1 ±">/l-a2-2a

Since y e R. Therefore,
1-a2-2a>0

=>a2 + 2a-1 <0

-l-<2 <a<-1 +<2
0<a<>/2-1

Thus,
z = x + iy = a + i 1 ± "Vl -a2-2a| , where 0 < a < f2-1.

EXAMPLE 20 For every real number a > Q,find all complex numbers 
z, satisfying the equation z | z | + az + i = 0.
SOLUTION Let z = x + iy. Then,

z | z | + az + f = 0

=> (x + iy) yix2+y2 + a (x + iy) + i = 0

=> (x yJx2 + y2 + ax) + i (y yJx2 + y2 + fly +1) = 0

=> x^ + y2 +ax = 0

and,
y ^Jx2 + y2 + gy +1 = 0

From (i), we have

x ^x2 + y2 + ax = 0

x (^lx2 + y2 + a) = 0

=> x = 0

Putting x = 0 in (ii), we get

y | y | +fly + l = 0

CASE I When y > 0.
If y > 0, then
y | y | + fly +1 = 0

y2 + fly + l = 0

-a ± Vfl2 -4
=>y =--------2-------

But, y is a real number. Therefore,

fl2-4>0
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=> a # ± 1

y<0]

(i)= 0
1

...(ii)

=> x = ±

I

[•.• x<0]

!

I-.-y>0]

(i)

■

=>
=>

<5
2’

(*■«]
^±<5^-4?

«2-i

Putting x = 0 in (i), we get 

-y^ + 'ly* = 0

^-V+ly | =0
If y > 0, then

-Aly 1=0
=> -y2+y=o

=> y = O,y = l
=> y=i

If y < 0, then
-j/+|y| = 0

+ / = 0
(x2-y2) + ^ + y2 + 2ixy = 0

=> X2-y2 + >/?+ 
and, 
2xy = 0

Now,
2xy = 0=>xy = 0=>x = 0 or, y = 0

CASE I Wheny = 0
Putting y = 0 in (i), we get

= 0

=»«e rF'’1]u(’1'1)'J[1'a]
Thus, the given equation has a solution given by 

"-<5 <] - .
2 ' 2 J ' '

=> x2 + [ x | =0

Clearly, x2 + | x | > 0 for all x > 0.
So, let x < 0.
In this case, we have

x2+ | x | =0

^-x = 0
x(x-l) = 0

=> x = 0
z = 0.

CASED Whenx = 0

<5* <5and -~<a<-^ 
2 2

=> -y2-y = 0
=> y = 0,-1
=>y = -l

z = 0 + i or, z = 0-i

Hence, z = 0, i and - i are solutions of z2 + | z | = 0.
EXAMPLE 23 Find all complex numbers z satisfying the equation 

2 | z |2 + z2-5 + f<3=0.
SOLUTION Let z = x + iy. Then,

2 | z |2 + ?-5 + f<3 = 0
=> 2(x2+y2) + (x2-y2 + 2ixy) = 5-i<3
=> (3X24-y2) + 2ixy = 5 - i<3
=> 3X2 + y2 = 5 and 2xy = -f3

=> ?>XL + y2' = 5 and xy = --y

=> 3^ + y2 = 5 and y =

Putting y = - ^ in 3X2 + y2 = 5, we get *

3x2 +A = 5

=> 12x4-20x2 + 3 = 0
=> (6?-l) (2x2-3) = 0

1 +2^
76z 2

-<3
••• y = -2r-

1 -3
X = <6 ^^12'

1 3
X = "<6 ^y = <2

<3 1
x = T^y = ~^

<3" 1 •and,x = -y =>y = ^
u 1 3 . 1 3 . <3 1 . <3 1 .

EXAMPLE 24 Find all non-zero complex numbers z satisfying
z = i^. [IIT1996]

SOLUTION Let z = x + i y. Then,
z = iz2

=> x-iy = i(x2-y2 + 2fxy)
=> x-iy = i(x2-y2)-2xy
=> (x + 2xy) + i(x2-y2 + y) = 0

x + 2xy = 0

z = ■

EXAMPLE 22 Solve the equation z2 + | z | = 0, where z is a com­
plex number.
SOLUTION Let z = x + iy. Then,

z2+ | z | =0
=> (x + iy)2 +

=>
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[Putting y = 0 in (Ql
...(ii)

=>

EXAMPLE 25
+ 1=0

+ 1=0=>

= 0 has its roots as w and w2]

= 0 (i)

(ii)

=>

=>

(i)

2+M‘

\2 
Z

+ I*l

„ n . '13 1 . "13 1 .Hence, z = 0, i, y - -i,- — - -t

Find all complex numbers z satisfying the equation 
zf’ + z | z | + | z |2 = 0 

SOLUTION Let z = x + i y. Then,
z^ + z | z | + | z |2 = 0

=> (x2 — y2 + 2z xy) + (x + iy) 'lx2 + y2 + x2 + y2 = 0 
___ •

=> (x2-y2 + x^ + 1/2 +x2 + y2) + i(2xy + y^/x2 + y2) = 0

=> (2X2 + x A/x2 + y2) + i (2xy + y Vx2 + y2) = 0

=> 2x2 + x 
and,

2xy + y ^x2 + y2 = 0 
Now,

2xy + y "Vx2 + y2 = 0

=> y (2x + >/x2 + y2) = 0

=> y = 0 or, 2x + ^l^ + y2 = 0

Wheny = 0, we have

2x2 + x'l?-= 0

=> 2x2 + x | x | = 0 

=> x (2x + | x |) = 0
=> x = 0 or, 2x + | x j = 0 

=> x = 0 or, 2x±x = 0 
=> x = 0

z = 0 + /0 = 0

When 2x + \x2 + y2 = 0, equation (i) is true for all x.. 

Now,

2x + Vx2 + y2 = 0 

=> 2x = - ^x^y2 

=>4x2 = x2 + y2 
=> / = 3?
=> y = ± yl3x.

Also,

2x = ~'lx? + y2 => x<0.
Therefore, y = ± 'ISx, where x < 0.
Hence,
z = x + iy = x±i V3x = (1 ±iV3) x, wherex<0.

z = -2x -- + z“2~ = Xw, Azv2, where X = -2x>0.

ALITER We have, ■
z2 + z | z | + | z |2 = 0

z2 
=>------

|z|

' z
(|3|

=> Z = I z I w, | z | w2
=> z = A w, Xw2, where X is any positive real number. 
EXAMPLE 26 Show that the equation z2 + pz-q2 = 0,p,qe Rhas 
no solution, with its imaginary part not equal to zero, ifp/qlies in 
[- 2/f3,2/f3]. Find the solution when p/q lies outside the interval.
SOLUTION Let z = x + i y. Then,

z2 + pz-q2 = 0

(x + iy)2 + p(x-iy)-q2 = 0

(x2 - y2 + px - </2) + i (2xy - py) = 0

x2-y2 + px-zj2 = 0

and, 
x2-y2 + y = 0 
Now, 
x + 2xy = 0 

=> x(l+2y) = 0 
=> x = 0 or, 1 + 2y = 0

A 1=> x = 0 or, y =

Whenx = 0, we have 
x2-y2 + y = 0

=> -/+y = 0 
=> y(y-1) = 0 
=> y = 0,y = 1

z = 0 + i 0 = 0,0 + 1 i = i

When y = - y we have 

x2-y2+y = 0 

2 1 1 n =>?-r- = °
=,?-2 = 04

=> x = ± —

■13 1 . -<3 1 .
z = T’2''_r’2I
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[From (ii)]
=>

[••• y * 0]

=> X =

-HI

=>

<-

...(i)

(ii)

[Dividing both sides by i]=>

2
2‘

cVT+VS = 2>/5
EXAMPLE 29 Find the condition for one of the roots of the equation 
z2 + (fij + ia2) z + (hj + ib2) = Oto be real. Also, find the condition for 
both roots to be equal, where av bp a2, b2 are real.
SOLUTION Let c be a real root of the equation

z2 + (a1 + i a2) z + (bj + i b2) = 0

= | z-.3i + l+2i |

£ | z-3i | + | l+2i |

-2 2 
13'13

-2 2 
13'13 ’

Hence, the given equation has no solution with its imagi­

nary part not equal to zero, if lies in

example 27 If iz3 + z2-z + i = 0, then show that | z | = 1.
SOLUTION We have, [HT19951

iz3+z2-z + i = 0

z2(z-i) + i(z-i) = 0

(z-i)(z2 + i) = 0

=> z = i or, z2 = - i 
Now,

and,

2ry-py = 0 
Now,

2xy-py = 0

y(2x-p) = 0

=> 2x-p = 0

z = i => I z I = I i I = 1 
and, z2 = - i 

=» IZ2 I = 1-i I = 1

Then,
c2 + (flj + i a2) 0 + ^ + i b2) = 0

=> + + + + = 0

=> (? + cai + bT = 0

and, 

ca2 + b2 = 0

=» 1 Z I2 = 1
=> ( Z I =1.

Hence, in either case, we have | z | =1.
EXAMPLE 28 If | z - 3i | < •'/'T, then prove that the complex num­
ber z also satisfies the inequality

I |(Z+1) + 1 I <2'/5.
SOLUTION We have,

| »(z + l) + l I

I
7

z +1 - i I
Putting x = in (i), we get

^-y2+^-?2=o

=> y = ±^^~-q2

But, y is a non-zero real number. Therefore,

¥-^>o
£ 4 
„2 3 U

Thus, the given equation has a solution given by

z = x + iy = ± i - q2 with its imaginary part not equal

to zero, if does not lie in 
4

From (ii), we get

c =-----
a2

Putting the value of c in (i), we get
b 2 b2
-^--^1 + ^ = 0
fl22 *2

=> b2 ~ a2 b2 + a2 = 0

This is the condition for the given equation to have one real 
root.

To find the condition for both roots of the given equation to 
be equal, let each root be a + i p. Then,

z2 + (a! + i a2) z + (bj + i b2) = (z - (a + i f}){ [z - (a + i P)}
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>2

(iii)=>

(iv)

(v)
.(Hi)

(vi)

=> cos 6 =

(i)

-(ii)

ca-ac

and a =

...(i)

■(i)

,2

ab-ab
cd -ca
ab-ab

a-a 
-a-a

-2_ = a+a

Now, 
a2 = (a)‘

2 => a

=> a2

'be-He'
ab-ab

\ 7
=> (cfl-cfl)2 = (be- be) (ab-ab)

This is the required condition for the given equation to have 
a real root.
example 31 If'a' is a complex number such that | z | = 1. Find 
the value of a, so that the equation az2 + z + 1 = 0 has one purely 
imaginary root.
SOLUTION Let a be a purely imaginary root of az2 + z +1 = 0. 
Then,

Hence, a = cos 0 + i sin 0, where 6 = cos 1

7
aa+ a +1 = 0

Taking conjugate on both sides, we get 

a (a) + a +1 = 0

=>flq2-q + l=0 ...(ii) [..-a = -a]

Solving (i) and (ii) by cross-multiplication, we get
q2 _ a _ 1

1 + 1 d-a -a-a
-2 j= —— and q =a+a

t/5+1
4 

example 32 Show that the equation z4 + 2z3 + 3z2+4z + 5=0 
(z is complex) has no purehj real or purely imaginary root.
SOLUTION If possible, let z = qbe a purely real root of the given 
equation. Then,

q4 + 2q3 + 3q2 + 4q + 5 should be zero.
But,

q4 + 2q3 + 3q2 + 4q + 5

= q2 (q +1)2 + q2 + (q + 2)2 +1 > 0 for all a 6 R.

Therefore the given equation has no real root.
Now, let z = i q, q e R be a purely imaginary root of the 

given equation. Then,

(i q)4 + 2 (zq)3 + 3 (ia)2 + 4 (ia) + 5 must be zero.
But,

(ia)4 + 2 (ia)3 + 3 (ia) + 4 (ia) + 5 = 0

=> (q4 - 3q2 + 5) + i (2a - q3) = 0

=> q4-3q2 + 5 = 0 and 2a-a3 = 0

Clearly, these two equations are not consistent i.e. the 
values of a obtained from either of these two equations do not 
satisfy the other.

Hence, the given equation cannot have a purely real or 
purely imaginary root. •
EXAMPLE 33 Show that the equation az3+ bz2 + bz+a=0 has a 
root a, such that | oc | = 1, a, b, z and a belong to the set of complex 
numbers.
SOLUTION Let q be a root of the given equation. Then, 

aa3 + ba2 + ba + a = 0

=> a (a)3 + b (a)2 + ba + a = 0

[Taking conjugate on both sides]

'a-a
-a-a

~2__(fl-fl)2

n + “ (a+a)2

=> -2(a + a) = (a-a)2

=> (d-a)2 + 2(d + a) = 0
Now,

| a | = 1 => a = cos 0 + i sin 0 
Substituting the value of fl in (iii), we get 

(- 2 i sin 0)2 + 4 cos 0 = 0

=> - 4 sin2 0 + 4 cos 0 = 0

=> z2 + (fl1 + i a2) z + (b} + i b2) = z2 - 2 (a + i p) z + (q + i p)2 

fl1 +iia2 = -2(a+i p) 

and, bj + i b2 = (a + i P)2 

From (i), we get 
flj = - 2a and a2 = - 2P 

From (ii), we get 
bj = q2-p2 and b2 = 2qP 

Eliminating a and P from (v) and (vi), we get

4 bi = fl] - a2 and 2b2 = fl} a2 

as the required conditions.
EXAMPLE 30 Find the condition that the equation az2 + bz + c = 0 
has a real root given that a, b, c are complex numbers.
SOLUTION Let a be a real root of az2 + bz + c = 0. Then, 

aa2 + ba + c = 0

Taking conjugate on both sides of (i), we get 
flq2 + bq + c = 0

From (i) and (ii), we get 
q2 q 1 

be-be 
be - be 
ab-ab 

/ - - \2 ca-ca 
ab-ab \ / 
— - 2

=> cos 0 + cos 0 -1 = 0
>/5-1 V5+1

2 ' 2
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(ii)

=>

,2

log 2 = log^y | 3715* +11 i |exp
(i)

log2 = logvz | 3Viy +111 |-(ii) exp

log 2 = logvy 16=> exp

=> e

= 3=>

=> z =

n-l

2|z|- < a

< a

Now, -a < 2 | z | -

and, 
Now, 
=>

z 
cc-aa

1
2|z|

1
2|z|

= z"-(z)n
z-z

(log 2)
= ?lo82

=> -a < 2 | z | -

ba-be => _—- cc-aa

l"’1 |

I | (Z)2 | +-.+ 1(2)' 
"~3 | z |2 + ..+ I Z I"-1

-1 + ... + I z I"-1

=> a a3 (a)3+5 a3 (a)2 + b a3 a + aa3 = 0
' [Multiplying on both sides by a3] 

=> a (aa)3 + ba (aa)2 + ba2 (aa) + aa3 = 0
=> a | a |6 + b a | a|4 + ba2 | a |2 + a a3 = 0

Subtracting (i) from (ii), we get
a(| a |6 — l) + ba(| a |4-l) + ba2(| a |2 — 1) = 0
Clearly, | a | = 1 satisfies this equation.
Hence, the given equation has a root a such that | a | =1. 

EXAMPLE 34 z is the root ofai? + bz + c = 0, where | z | = 1 and 
a, b, c are complex numbers. Prove that:

(ab-bc) (ab - be) = (da- cd)
SOLUTION We have, z as the root of az2 + bz + c = 0 such that 
| z | = 1. Therefore,

i""1 |

< | zx + z2 |

< 2z + l

< n | z |"-1

< n | z |" 1

EXAMPLE 37 Let z be a complex number such that 2z + — = a, 

find the greatest and least values of \ z |.
SOLUTION We know that

I 21 I " I z2 I

1
2|z|

[•/logvr 16 = 8 = e108 2 ]

+ z" ” 2 z + z1

| + | zn~2z 
n-1+|z"-2 
”-1+|z|

+ I z I”"1 
n-l

az2 + bz + c = 0
I z | = 1
|z| =1

zz = 1
Taking conjugate on both sides of (i), we get 
a(z)2 + bz + c = 0 
a b _ *t + ~ + C = 0 
Z2 2

=> cz2 + bz + a = 0
From (i) and (ii), we have 

z2 z 1
bd-bc cc-aa ab-bc

bd-bc , cc-ad ——= and z = —----cc - aa atj _(jC
cc-aa 
ab-bc

=> (bd-be) (ab-bc) = (cc-dd)2

=$ (db-be) (ab -be) = (dd- cd)2
EXAMPLE 35 If n is a positive integer, prove that

| Im (z") | < n | Im (z) | | z |

SOLUTION We have,
Im (zn)
Im(z)

zH-(z") 
2i

z-z 
2i

"■3(z)2+... + (z)n’1 I

| + |z”-3(z)2|+...+ |(z)1

I |z| + |z"'3 
”-2|z| + |z| 

+ |z|”

[From(ii)(z)2 = T,z=i]
2T z

,n-l= Z

< I z”’1

= I 2 I
= I z |
= Izl"-1
= n | z 1

Im (zn)
Im (z)

I Im(z”) |
I Im (z) |

=> | Im(zn) | < n | Im(z) | | z I""1.
EXAMPLE 36 Find all the values of z that satisfy the equation

I z |2- | z | +4
|z|2 + l

SOLUTION We have,

I z |2 — I Z [ 4- 4
|z|2 + l

| z |2- | z | +4
|z|2 + l

|z|2-|z|+4
|z|2 + l .

z |2- I z I +4
|z|2 + l

=> 2 | z |2+ | z | -1 = 0
=>(2|z|-l)(|z|+l) = 0
=> (2 | z |-1) = 0

=> I Z | = 2

=> z = (cos 0 + i sin 6), 0 < 9 < 2n

1
2z
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\
=> - a <

[■/ | z | > 0]

lzl" < 2

i.e. | z | < or, | z | > =>

[■•• | z | > 0]

So, the least value of | z | is

and,

2|z|- <a

<1

HIT 2003]

< |z| <i.e.

< 0 and | z | > 0

=>

< 1
= 2

Z1“Z2 <1=>

<

[nr 20031 •121 - < 2

=> -2 < | z | - < 2
n

Now, r=1
-2< | z | -

=$

=3

A

Using triangle 
in equality

4 z —— z

4
l2l

- a+ ^a2 +4
4

- a + "Va2 + 4
4

fl - ^a2 + 4
2

i " I 22

- a + ^la2 + 4
4

21

fl ± Vfl2 + 4
4

-a-y/a2 + 4
4

=> 0< | z | <

| z |2 + 2 | z | -4 = 0
i.e. | z | < -1 - ^5"or, | z | > — 1 + VfT 

| z | >^5*-1
So, the least value of | z | is >/5"— 1.
and,

4 | z |2-1 
2|z|

=> -2a | z | < 4 | z |2 — 1 

=> 4 | z |2 + 2fl | z | -l>0

=> | z | lies outside the roots of4|z|2 + 2fl|z| -1=0

izi4
4

I 2 I

SOLUTION We have, •
|1-ziz2|2“|zi-22|2

= {1+ l2i^z 12-2 Re (Zj z2)} - {|z-
= 1+ IZ112 I Z212 - I Zi 12 - | Z2 |2

1 - | z212) < 0 

-z2|2

i-^l

=> | z | lies between the roots of4|z|2-2fl|z|-l=0

a + 'Vfl2 + 4
4

=> |2| >

4 
z-~ z

SOLUTION We know that: I

1
2|z| 

=> 4 | z |2 -1 < 2n | z | 

=> 4 | z |2-2a | z | -1 < 0

= (1- lzl|2

••• |i-2i22I2 < l2i

|1-2122[<I2:

lzi"z2l
1 - Z7 Z, 
-------— <1
zl~ z2

EXAMPLEN 40 Prove that there is no complex number z such that

1 "| z | <- and Z arzT = 1, where | flr| <2.
3 r=l

SOLUTION We have,

;12+|z2|2-2Re(z1^

4
I 2 I 

=>-2|z| < |z|2-4

| z |2 + 2 | z'| -4>0

l«lzl + I^Z2! +•••+ l«n z" I 1

4 
l2l

| z |2-2 I z I -4 < 0
| z | lies between the roots of the equation

|z|2-2|z|-4 = 0
i.e. 1 - V5 < | z | < 1 + => | z | < V5^+1

So, the greatest value of | z | is V5+1.
EXAMPLE 39 If Zj and z2 are two complex numbers such that 
| z | < 1 < | z21, then prove that 

l-z1z2 
zl~z2

[••• |Zi| < 1 < Izjl]

. a - Vfl2 + 4 
4

So, the greatest value of | z | is

EXAMPLE 38 Find the greatest and least values of | z \ , if z satisfies 
the equation

=> |fl1Z + fl2Z2+...+flnz”| =1

=> | z | lies outside the roots of the equation
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< 0=> 1 -

< 0
=> 1 < 2

< 0

=> 1 <

=> 1 <

EXERCISE 19.1

1. Find real values of x and y satisfying the following equa-

(i) i

= 1.
3. Iff(x) = 2x3 + 2x2-7x + 72, evaluate/l

1

i

= 1 and | z2 | * 1. Find | Zj |.

= 2, then find the maximum value of | z |.19. If

= a, where z is a complex number. What are the20. If

ANSWERS

(ii) z = - z (iii) z + z = 3 (iv) z2 + z = 0
(vi) z2 = z (vii) z = iz2

iI

z-4
z-8

4. If/(x)
5.

5 □ = - and
w

=> |z| > |' which is a contradiction.

Hence, there exists no such complex number.

(ii) x = 2,y = 3orx = -2,y=l

10. Find all complex numbers z which satisfy the following 
equtions: 
(i) z = z 
(v) z2 = (jz)2
11. If a, b e R, then prove that the equation z2 + az + b = 0 will 
not have any purely real solution if a2 < 4b.
12. Find the range of values of a e R for which the equation 
z + a | z-1 | + 2z = 0 has a solution. Also find the solution.
13. Find the complex number z which simultaneously satisfy 
the equation

2 z + ~ z

1 z + -
z

greatest and least possible values of | z | ?
21. Find all the roots of the equation z3 - iz2 - 2i z - 2 = 0.

_____ . _.......................................... 1
• ■ z

18. If z + | =1, prove that Re (z) = 0 when | z | is the maxi­

mum.

=> ISlaJ |z| + |«2| |z|2 +... + |a„| |z|"
=>1<2(|z| + |z|2 + ...+ |z|”)(v |«,| < 2, r = 1,2,.... n]

|z|(l-|z|")
1- |z|

2(|zl-|z|" + 1)

2|z| 
l-|z|

2-2
8. Find all complex numbers z for which ^2 *s Purety 
imaginary.

1-Zi z2
9. If--------is a unimodular complex number, prove that at

• Z1 -z2
least one of the two complex numbers zlzz2 must be 
unimodular.

tions:
(l + Qx-2i (2-3Qy + f 

3+i 3-i =

(ii) (x4 + 2x0 - (3? + y 0 = (3 - 50 + (1 + 2iy)

2. Find real values of 6 lying between - it and n so that

3 + 2i sin 9 .
l-2isin61S

(i) purely real (ii) purely imaginary
3-5?

2 ' 7
= x4 - 4X3 + 4X2 + 8x + 44, evaluate/(3 + 20

If zlz z2 and z3 are three complex numbers, then prove that

zx Im (z2 z3) + Zj Im (z3 z^ + z3 Im (zj z2) = 0
6. If a, b, c are real numbers and z is a complex number such
that a2 + b2 + c2 = 1 and b + ic = (1 + a) z. Prove that

1 +iz _ a + ib
1 - iz 1 + c

7. Let zv Z2 be complex numbers such that

z1~2z2
2-Z1z2

1 r\ 5 141 (1) X ~ 13'y " 13

2 |z|
l-|z|

1-3 Izl 
l-l^l 
| z | -1

3|z|-l ‘

=* I < l2l < 1

z-12
z-8z

14. Find all complex numbers satisfying
2 | z |2+z2-5 + i>/3 = 0

15. For every real a > 0, determine the complex numbers which 
will satisfy the equation

| z |2-2iz + 2fl(l + 0 = 0

16. Find the maximum and minimum values of | z | satisfy-
1 0mg z + - =2.

17. If | z | > 3, determine the least value of 2 + ~ •

------- 1 . _ .. - ...............................
z
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5
z = 6 + 8i,z = 6 + 17:13. 14. ± ,±

,2

-21,

y.

0x' x
0

y'

s

0 = tan=>

2n
3'

^(x.y) 
i 
i 
i 
i 
J_ 
M

16. Min |
17. 8/3

20. Least value

19.14 REPRESENTATIONS OF A COMPLEX NUMBER
A complex number can be represented in the following forms:

(i) Geometrical form
(ii) Vectorial form and
(iii) Trigonometrical form or Polar form.
(iv) Eulerian Form

GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER
A complex number z = x + i y can be represented by a point 
(x, y) on the plane which is known as the Argand plane. To 
represent z = x + i y geometrically we take two mutually per­
pendicular straight lines X'OX and Y'OY. Now plot a point 
whose x and y coordinates are respectively the real and imagi­
nary parts of z. This point P(x, y) represents the complex num­
ber z=x+fy.

If a complex number is purely real, then its imaginary part 
is zero. Therefore, a purely real number is represented by a 
point on x-axis. A purely imaginary complex number is repre­
sented by a point on y-axis. That is why x-axis is known as the 
real axis and y-axis, as the imaginary axis.

Conversely, if P(x, y) is a point in the plane, then the point 
P(x,y) represents a complex number z = x+iy. The complex 
number z = x + i y is known as the affix of the point P.

Thus, there exists a one-one correspondence between the 
points of the plane and the members (elements) of the set C of 
all complex numbers, i.e., for every complex number 
z = x + i y there exists uniquely a point (x, y) on the plane and 
for every point (x, y) of the plane there exists uniquely a com­
plex number z = x + i y.

The plane in which we represent a complex number 
geometrically is known as the complex plane or Argand plane 
or the Gaussian plane. The point P, plotted on the Argand 
plane, is called the Argand diagram.

The length of the line segment OP is called the modulus of z- 
and is denoted by | z |.

From Fig. 19.2, we have

OP2- OM2 + MP2

2. (i) 0 = 0 (ii) 0 = ±^,±^.

3. 4 4» 5 8. 2 (cos 0 + i sin 0), 0 * n n
10. (i) z = x + 0i,xe R

3
(iii) z = - + iy,yG R

-<512. be -^-,1 , z =
2

. -V5 ,where a g ,1

‘ (v) z = x (1 + i), x g R

i(vii)

=> OP2 = x2 + y2
=> OP = ^X2 + y2

Thus,

a2 ± [ a | ^5 - 4a2 
a2-l

Fig. 19.2

| z I = 'IJ + y2 = ^(Re(z))2 + (Im(z)}2

The angle 0 which OP makes with positive direction of 
x-axis in anticlockwise sense is called the argument or 
amplitude of z and is denoted by arg (z) or amp (z).

From Fig. 19.2, we have,

, Q _ PM _ y_ Im (z) 
an6 OM x Re (z)

Im (z) 
Re (z) ’

This angle 0 has infinitely many values differing by multiples 
of 2 n. The unique value of 0 such that - n < 0 < n is called the 
principal value of the amplitude or principal argument. This 
formula for determining the argument of z = x + i y has severe 
drawback, because Zj = 1 + i f3 and z2 = -1 - i V^are two dis­
tinct complex numbers represented by two distinct points in 
the Argand plane but their arguments seem to be tan"1 V3

1—3^3? j3-i& ' yr
15. z = a + i {-1 ± Vl — a2 — 2n}, where 0 < a < VT-1. 

z | =>/2-l, Max. | z | =V2+1
19. a/3+1-

= | [- a + Vfl2 + 4]

Greatest value = | [fl + ^fl2 + 4]

(ii) z = fy, y g R

(iv) z = 0,z = -1, z = ^±iy

-1 if3(vi) z = 0,l,^±^

3
2

n
3
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cos 0 = and sinO =
. It is evident from Fig. 19.4 that 0 = a.

y

P(x.y)

y

P(x.y)
0= A-oc

x' X

0

x' x
0

. It is evident

ty

y

x' X

0 = —(a-<x)x' x
0

iy'

y' Fig. 19.6

Fig. 19.4

i

1

q P(x.y) 
i 
iy 
i 
i 

JL 
M

Thus, ifx and y both are positive, then the argument ofz = x + iy 
is the acute angle given by tan

I 
l 
I 
l 
i 

M

M

I
I
I /
I /

P(x.y)

Since x and y both are positive, therefore the point P (x, y) 
representing z = x + iy in the Argand plane lies in the first 
quadrant. Let 0 be the argument of z and let a be the acute angle 
satisfying tan a =

y'
Fig. 19.5

C1 * x
I

y
X

y 
X

19.15 ARGUMENT OR AMPLITUDE OF A COMPLEX 
NUMBER

In this section, we shall discuss the argument of a complex 
number for different signs of its real and imaginary parts.
(I) ARGUMENT OF z = x + ly WHEN x > 0 AND y > 0

|y'

Fig. 19.3

0 = «
X

=n/3 or 4 n/3 which is not correct. In fact the argument is the 
common solution of the simultaneous trigonometric equations

x y
Nr + y2 Vx2 + y2

Since the above system of equations has infinitely many solu­
tions, therefore there can be infinitely many arguments of 
z = x + iy. The argument 0 which satisfies the inequality 
- it < 0 < n is usually known as the principal argument of z. The 
argument of z depends upon the quadrant in which the point 
P lies as discussed below.
VECTORIAL REPRESENTATION OF A COMPLEX NUMBER
A complex number z = x + iy can be represented by the position 
vector OP of point P(x, y) in a two dimensional plane because 
a complex number depends on two things viz. (i) its modulus 
and (ii) its argument which are also the requirements of a vector 
on a plane.

In Fig. 19.3, the complex number z = x + iy is represented 
by the vector 0^ and in such a case | z | is the length OP and 
arg (z) is the angle which the directed line OP makes with the 
positive direction of x-axis.

(II) ARGUMENT OF z = X+ Iy WHEN x< 0 AND y> 0
Since x < 0 and y > 0, therefore the point P (x, y) representing 
z = x + iy in the Argand plane lies in the second quadrant. Let 
0 be the argument of z and let a be the acute angle satisfying 
tan a = | y/x |.

It is evident from Fig. 19.5 that 0 = it - a.
Thus, ifx<0 and y > 0, then the argument ofz = x + iy is 

u - a, where a is the acute angle given by tan"1 | y/x |.

(Ill) ARGUMENT OF Z= X+ Iy WHEN x< 0 AND y < 0
Since x < 0 and y < 0, therefore the point P (x, y) representing 
z = x + iy lies in the third quadrant. Let 0 be the argument of z
and a be the acute angle given by tan a = 
from 19.6,that 0 = -(n-a) = a- n.

o
17
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tan'a= tan'

. Then from

Since Re (z) > 0 and Im (z) > 0. Therefore,
0 = -a.

y

x' 0 M x

= tan-1 (V3).= tan’a = tan
P(x.y)

=> tan a =

lying between 0 and n/2. Let a = tana =

.Then,Let a be the acute angle given by tan"

1tana = -2
2^3

1
?3

5 71
6

1 ’

STEP II Determine in which quadrant the point P (x, y) belongs. If 
P (x, y) belongs to the first quadrant, then 

arg(z) = a.
If P (x, y) belongs to the second quadrant, then 

arg (z) = n-a
If P (x, y) belongs to the third quadrant, then 

arg (z) = n + a
IfP (x, y) belongs to the fourth quadrant, then 

arg (z) = -aor,2n-a.

STEP I Find the value of tan 

it be cl

Thus, if x < 0 and y < 0 then the argument ofz = x + iyisa-n 
where a is the acute angle given by tana = .

ILLUSTRATION 1 Find the modulus and argument of each of the 
following complex numbers:

(i) l + i<3 (ii) -2 + 2iyl3

(iii) -V3-i (iv) 2<3-2i

-1 *
x

1 
X

Since Re (z) > 0 and Im (z) < 0. Therefore, 

arg (z) = -a = -%/6.

Im (z) 
Re(z)

Im (z)
Re(z)

tana = VJT

Im(z)
Re(z)

2j3
-2

Im(z)
Re(z)

(iv) Let z = 2 2 i. Then,

| z | = V(2>/3)2 + (-2)2 =4.

n
a = 3'

SOLUTION (i) Letz = l + i >/3 and let a be the acute angle given 
by

(IV) ARGUMENT OF z= x + Iy WHEN x > 0 AND y < 0

Since x > 0 and y < 0, therefore the point P (x, y) representing 
z = x + iy lies in the fourth quadrant. Let 0 be the argument of z
and let a be the acute angle given by tan a =

Fig. 19.7, we have

n
“ = 6

Since Re (z) < 0 and Im (z) < 0. Therefore,

arg(z) = -(n-a) = -

7t
=* “ = 6

• We have, | z | = W + (V3)2 = 2.
(ii) Letz = -2 + 2 <Ti. Then,

| z | =’V(-2)2 + (2a/3)2=4.

Let a be the angle given by

Im (z) 
Re(z)

^3 =>a = 7t/3.

Since Re (z) < 0 and Im (z) > 0. Therefore, 

, . 71 2 71arg(z) = K-a=7T-- = —.

(iii) Let z = ->/3 - i. Then

| z | = V(-V3)2 + (-1)2 =2.

Let a be the acute angle given by

-1
^3

y'

Fig. 19.7

Thus, ifx > 0 and y <0, then the argument ofz = x + iy is - a 

where a is the acute angle given by tana = .

In order to find the argument of a complex number 
z = x + iy, we may use the following algorithm.
ALGORITHM

arg(z) = a = -.
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l2l
= 1 => a = n/4Let tana = i

y

0x' X

0

. Then,Let tana =

tana =

■ =>
I

=>

2 = r (cos 0 + i sin 0) =

. Then,Let tana

47

,P(x.y) 
I 
I 
I 
I 

JL 
M

1
1

/ \

X \ /

y'

Fig. 19.8

x
I 2 I

-3it
4 '

(iii) Let z = — 1 — r. Then,

r= | z 1 =V(-l)2 + (-l)2=^2.
_ Im(z)

Re(z)

Since the point (-1,-1) representing z lies in the third 
quadrant, therefore the argument of z is given by

0 = - (n - a) = - n - -
\ >

So, the polar form of z = -1 - i is

y = 1 z | sin 0

z = x + iy

z = | z | cos 0 + i | z | sin 0

z = | z | (cos 0 + i sin 0)

z = r (cos 0 + i sin 0), where r = | z | and 0 = arg (z) 

This form of z is called a polar form of z. If we use the general 
value of the argument of 0, then the polar form of z is given by 

z = r [cos (2n it + 0) + i sin (2n n + 0)], 
where r = | z |, 0 = arg (z) and n is an integer.
POLAR FORM OF z = x + ly FOR DIFFERENT SIGNS OF x AND y.

Let | z | = r and a be the acute angle given by tan

Let 0 be the argument of z.
CASE I Polar form of z = x + iy whenx>0andy>0 : 
In this case, we have 0 = a. So, the polar form of z = x + iy is 

r (cos a + i sin a).

CASED Polar form ofz = x iy when x<0 and y>0:
In this case, we have 0 = n - a. So, the polar form of z=x + iy is 
r [cos (it - a) + i sin (it - a) or, r (- cos a + i sin a) 
CASE DI Polar form ofz = x + iy when x<0 and y<0:

-1 - ittana= — = 1 => a = y-1 4

= 1 => a = -4

(ii) Let z = 1 + i. Then,

+ l2=>/2.

19.16 POLAR OR TRIGONOMETRICAL FORM OF A 
COMPLEX NUMBER

Let z = x+ iy be a complex number represented by a point 
P(x, y) in the Argand plane. Then, by the geometrical repre­
sentation of z = x + i y, we have

OP = | z | and ZPOX = 0 = arg(z)

In A POM, we have

0 OM
cos0 = OP

X = I z I cos 0

, . . o PM

In this case, we have 0 = - (it - a). So, the polar form ofz is
r [cos (it - a) + isin (- (n - a))] or r(-cosa-isina) 

CASE IV Polar form of z = x + iy when x > 0 and y < 0: 
In this case, we have 0 = - a. So, the polar form of z is

r [cos (- a) + i sin (- a)] or, r [cos a - i sin a]
ILLUSTRATION 1 Write the following complex numbers in the polar 
form:
(i) -3>/2+3V2i (ii) 1+i
(iii) -1-i (iv) 1-i
SOLUTION (i) Let z = - 3VT + 3 VTi. Then,

r = | z I = V(-3>/T)2 + (3V2-)2 = 6.

Im (z) 
Re (z)

Since the point representing z lies in the second quadrant. 
Therefore, the argument of z is given by

0 = n-a = it- (n/4) = (3 n/4).

Hence, the polar form of z = - 3 "VT+ 3 ^2 i is
• ( 3 it 3 tt'

z = r (cos 0 + i sin 0) = 6 cos — + i sin — .
< /

Since the point (1,1) representing z lies in first quadrant. 
Therefore, the argument of z is given by

0 = a = -.4
So, the polar form of z = 1 + i is

erf 71 . . 7?12 cos- +1sin- .4 4\ /

-1
-1

r = | z | =V?
Im(z)
Re(z)
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= VF • cos + i sin
Find the modulus and principal argument of

Then,Let tan a =

= 1tan a =
2 + 6^3 i

(ii)
=>

Now, z

= i = 0 + 11.

Let a be the acute angle given by tan a = . Then,

tan a =
Now, z =

z =

= l + i>/3

tan

So, the polar form of z = l-i is 

r (cos 0 + i sin 0)

1
1

Since the point (1,1) representing z = 1 + i lies in first quad­
rant. Therefore,

Thus, we have

r = | z | = VT and 0 = arg (z) =

Im (z)
Re(z)

r (cos 0 + i sin 0) 

-3 7?
4

7t
“ “ 4

Since the point (1,-1) lies in the fourth quadrant. Therefore, 
the argument of z is given by

A 71e=-a=-?

6 = arg (z) = j.

, ft= I => a = 4

pr I - 7t ] . . ( - 7l= V2 ■ cos — +1 sin —4 4

SOLUTION (i) Let z = |^4. Let z = r (cos 0 + isin0) be the 

polar form of z. Then, r = | z | and 0 = arg (z).

_ i + 7_(l + 0(l + 0 
l-i (i-i)(i + i) 

l-2i + i2

Clearly, the point (0, - 2) representing z = - 2 i lies on the 
negative side of imaginary axis. Therefore, principal argument 
of z is - it/2.
ILLUSTRATION 4
-4.
SOLUTION Let z = - 4 + 0i. Then,

| z | =^(-4)2 + 0=4.

Since the point (- 4,0) representing z = - 4 + Of lies on the 
negative side of real axis. Therefore, principal argument of z is tl 
ILLUSTRATION 5 Express the following complex numbers in the 
polarform:

(i) ~4
1 -i

( 71 , . 7t'
Hence, the polar form of z is 2 cos- + isin- 

’ . \ /

r~( 71 It'
Hence, the polar form of z = 1 + i is v2 cos - + i sin - .

ILLUSTRATION 3 Find the modulus and principal argument 
of-2i.
SOLUTION Let z = -2i = 0 + (-2)i. Then,

| z | = Vo + (-2)2 = 2.

pr 7t . . 71= V2 cos - -1 sin -4 4\ 7
ILLUSTRATION 2 Find the modulus and principal argument of 
(1 + i) and hence express it in the polarform.
SOLUTION Letz = l + z.Then,

| z | =V12+12=V2

l+2i-l
1 + 1

r = | z | = VO+T = 1.
Since the point (0,1) representing z = 0 + i lies on positive 

direction of imaginary axis. Therefore,
arg (z) = n/2.

TT - 7t • . 71 71 . 71Hence, z = 1 cos - + i sin - = cos - +t sin -
\ /

(ii) Let z = , and let r (cos 0 + i sin 0) be the polar form

of z, where r= | z | and 0 = arg (z).
2 + 6 < i
5 + J3i

2 + 6<3i (5-V3 i)
5 + ^1 ‘( 5-V3 0

28 + 28 >/3i
Z 28

r = | z | = Vl + 3 =2.

Let a be the smallest positive angle given by

lflm(z?_
|Re(z)J

Since the point (1, V3) lies in first quadrant. Therefore,
0 = a = 7t/3.

tan"1 (V3/I) = tan-1 (V3). Then, a = 7t/3.

'-3 7?
4 )

rr-f 3 71 . . 37?= v2 cos ~ -1 sin — .4 4k 7
(iv) Let z = 1 -1. Then,

| z | =^l2 + (-l)2=>/2.

Im (z) 
Re(z) ’ 
-1 

1

-71
4

n
2

71
2
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yi

N
PiCopb,)

0 L K M x

Fig. 19.9

I*

xzSo, Eulerian form of z is 2e'471/3. 0

R(a1 -a2,b1 -b2)
(-o

. So,

I *1*2 I = I 21 I I 22 L(i)

(ii) arg (z^) = arg (Z1) + arg (z2).

Thus, if two points P and Q represent complex numbers Zj and 
z2 respectively in the Argand plane, then the sum zi + z2 is repre­
sented by the extremity R of the diagonal OR of parallelogram OPRQ 
having OP and OQ as two adjacent sides.
GEOMETRICAL REPRESENTATION OF SUBTRACTION

Let Zj = ay + iby and z2 = a2 + ib2 be two complex numbers rep­
resented by points P (alz by) and Q (a2, b2) in the Argand plane. 
Produce QO to Q' such that OQ = OQf Then Q' represents the 
complex numbet (- zf). Complete the parallelogram OPRQ' by 
taking OP and OQ' as two adjacent sides. As discused above, 
the sum of Zy and - z2 is represented by the extremity R of the 
diagonal OR of parallelogram OPRQ'.

19.19 MODULUS AND ARGUMENT OF 
MULTIPLICATION OF TWO COMPLEX NUMBERS

THEOREM For any two complex numbers Zy, z2, we have

(02^2)
0^

y'

Fig. 19.10

Hence, R represents the complex number Zy - Z2.

(a1+a2,b|+b2) 
R

2, b2)Q

19.18 GEOMETRICAL REPRESENTATIONS OF 
FUNDAMENTAL OPERATIONS

GEOMETRICAL REPRESENTATION OF ADDITION

Let Zy = flj + iby and z2 = a2 + ib2 be two complex numbers rep­
resented by points P (av bp and Q (a2, b2) in the Argand plane. 
Join the origin 0 with P and Q and complete the parallelogram 
OPRQ by taking OP and OQ as two adjacent sides. Draw 
perpendiculars PK, QL and RM from P, Q and R respectively 
on x-axis; Also draw PN to RM. Since the diagonals of a 
parallelogram bisect each other, therefore coordinates of the 

'ay + a2 by + b2 
~2~' 2

_\p(a i-b 1) 

x

So, Eulerian form of z is 2^ e'3n/4
(iii) Letz = -1 - i VJT. Then, 

r= |z| =V(-l)2 + (->/3)2 = 2

Let 0 be the argument of z. Then, 

tan0 = = <3 => 0 = 4n/3

19.17 EULERIAN FORM OF A COMPLEX NUMBER
We have,

e10 = cos 0 + i sin 0 and e~ ‘9 = cos 0 - i sin 0

These two are called Euler's notations.
Let z be any complex number such that |z| = r and 

arg (z) = 0. Then, in polar from z can be written as
z = r (cos 0 + i sin 0)

Using Euler's notations, we have
z = reiQ

This form of z is known as the Eulerian form.
ILLUSTRATION Express the following complex numbers in 
Eulerian form:
(Ol+i (ii) -2 + 2i (iii) -l-ifi
SOLUTION (i) Let z = 1 + i. Then,

r = | z | = VI2 +12 = ^12 and 0 = arg (z) = n/4

So, Eulerian form of z is V2e,n/4
(ii) Letz = -2 + 2i. Then,

r = |z| = a/(-2)2 + 22 = 2V2
Let 0 be the argument of z. Then,

tan0 = -^ = -1 => 9 = 3n/4

mid point of PQ and also that of OR are

the coordinates of R are (n1 + a2, by + b2). Hence, R represents 
the complex number

(flj + a2) + i (by + b2) = (ay + iby) + (a2 + ib2) = Zy + z2



MATHEMATICS FOR IIT-JE^19.30

1 yl
P(z,)

ri

R(z 1/2 2)

0(z2)

0 x

Fig. 19.11

=>

and,

so that

I 21 I(i)

OR
OQ

OP
OL

3 it
2

OR 
r2

The sum of the arguments of two complex numbers is an argu- 
. men t of their prod uct.

In view of the above note the above result can be stated as 
follows:

21 = . 
Z2 I z2 |

19.21 MODULUS AND ARGUMENT OF DIVISION OF 
TWO COMPLEX NUMBERS

THEOREM //zj and z2(* 0) are two complex numbers, then

r_l
1

22

number ZjZ2, we have to construct the point with polar coot' 
dinates (r3 r2,0] + 02). For this take a point L on real axis such 
that OL = 1 and draw a triangle OQR similar to the triangle 
OLP. Since triangles OQR and OLP are similar. Therefore,

19.20 GEOMETRICAL REPRESENTATION OF 
MULTIPLICATION OF COMPLEX NUMBERS

Let Zy = + i and z2 = a2 + i b2 be two complex numbers 
represented by points P and Q in the Argand plane. Let 
I Z1 I = rp | z2 | = r2, arg (z3) = 03 and arg (z2) = 02. Then, as 
discussed above we have | z1z2| =r1r2 and arg(ZjZ2) 
= 0] + 02. So, to find the point R representing the complex

0!

02,

PROOF Let z 
numbers.

Let the polar forms of Zj and z2 be (cos 0i + i sin 0j) and, 
r2 (cos 02 + i sin 02) respectively i.e.

z} = (cos 0j + i sin 0j), and z2 = r2 (cos 02 + i sin 02). Then,

OR = rA r2

ZQOR = ALOP = Q1

ZXOR = ZXOQ + ZQOR = 02 + 0r

Hence, R has the polar coordinates (rj r2,0i + 62)- Conse­
quently it represents the complex number ZjZ2.

rx (cos 0j + i sin 03)
r2 (cos 02 + i sin 02)

rj (cos 0j + i sin 03) (cos 02 - i sin 02) 
r2 ’ (cos 02 + i sin 02) ’ (cos 02 - i sin 02)

pr. arg (z2) + pr. arg (z2) +

.-. pr. arg (z3 z2) * pr. arg (z3) + pr. arg (z2).

q = + i b^ .and z2 = a2 + i b2 be two complex

GENERALISATION If Zp z2, Z3,..., zn are complex numbers, then

(i) | z1z2z3...z„ | = | Zj | | z2 | | z3 | ... | z„ |

(ii) arg (zj z2 z3... z„) = arg (zj) + arg (2^) +... + arg (z„)

<zi>
(ii) arg 7 = arg (Z])-arg(z2). 

z2

PROOF Let z3 = + i b} and z2=a2 + ib2 be two complex num­
bers. Let the polar forms of z3 and z2 be r3 (cos 03 + i sin 0^ and 
r2 (cos 02 + i sin 02) respectively. Then,

I zi | = | z2 | =r2, arg(z1) = 01andarg(z2) = 02.

+ i (sin 03 cos 02 + sin 02 cos 0J

Z1 2? = rl r2 (C0S (®1 + e2) + 1 S^n (®1 + ®2)J

I 2^ | = rlr2= I 21 I I *2 I
and,

arg (Z1 z2) = 0i + 02 = arg (Zj) + arg (zj).

NOTE The right hand side of arg (zi z^ = arg (zi) + arg (Z2) 
provides the general value of the argument of the product z3 z2. 
This result is not true for principal argument. For, if 
zi = -^3+i and z2 = -1 + i f3~, then

pr. arg(z-f) = 5n/6, pr. arg (z2) - 2n/3, z1z2--4 i.
So, pr. arg (z2 z2) = -it/2

and,

<S\ r2

L

rl= I zi hr2 = I z2 1/ ei =arg(zi) and 02 = arg(z2).
Now,
Z1Z2
= r3 (cos 03 + i sin 03) • r2 (cos 02 + i sin 02)
= q r2 (cos 03 + i sin 03) (cos 02 + i sin 02)
= r2 {(cos 0j cos 02 - sin 03 sin 02)
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+ i (- cos 6] sin 02 + sin 0] cos 02)]

=>

and, ZXOR = ZXOP-ZROP = 0T - 02

Hence, R has the polar coordinates (r^/r^ ©i - ©2)-

Consequently it represents the complex number z^/z^.

| z | = | z | and arg (z) = -arg(z)

yi
P(Zj)

p(x.y)

ri z
x' X

R(zi/z2) 0

z
Q(z2)

Q(x -y)
0 X

Fig. 19.12

OP
OQ

OR
1

OR
OL

£1
22

'2

ly'
Fig. 19.13

19.22 GEOMETRICAL REPRESENTATION OF THE 
DIVISION OF COMPLEX NUMBER

Let Zj = + i b-^ and z2 = a2 + iib2 be two complex numbers 
represented by points P and Q in the Argand plane. Let

19.23 GEOMETRICAL REPRESENTATION OF 
CONJUGATE OF A COMPLEX NUMBER

Let z = x + i y be a complex number. Clearly, z = x + i y is repre­
sented by a point P(x, y) in the argand plane.

Now,z = x + i y =s> z= x - i y = x + i (- y). So, z is represented
by a point Q(x, - y) in the argand plane.

Clearly, Q is the image of point P in the real axis.
Thus, if a point P represents a complex number z, then its 

conjugate z is represented by the image of P in the real axis.
It is evident from Fig. 19.13 that

The general value of arg (z) is 2n n + arg (z).

I*

= ri _ I 21 I 
r2 I Z2 r

ri (cos 0i + i sin 0i) (cos ©2 - i sin ©2) 
r2 cos2 02 + sin2 02

ri
OR = - 

r2

®2.

and,

arg 7 = 0i - 02 = arg (Zj) - arg (z2).

NOTE The right hand side of arg(z1/z2) = arg(z1)-arg(z2)
Z1provides the general value of the argument of—. This result is not 

true for principal argument. For, if
Z]=-yl3~i and z2 = -‘VJ+i, then pr. arg(z^ = -5n/6,

zi 1 if3pr. arg (z2) = 5 n/6, and -1 = ^ + —.
Z2 z z

.-. pr.arg - = ti/3 *pr. arg (z^-pr. arg (z2).

= “ [cos (0, - 0,) + j sin (91 - 82)]

n
= — (cos 0i + i sin 0j) (cos 02 - i sin ©2) 

r2

T]
= — [(cos 0i cos 02 + sin ©i sin ©2) 

r2

I z-®'1' 
0iY

r2

L

I ?1 I = Tp I Z2 | = r2/ arg (zi) = 0j and ar8 (z2> = 02- 711611 as 
discussed above we have I z1/z2 I =r^/r2 and arg 
(z1/z2) = 0j - 02. So, to find a point R representing the complex 
number z} /z2, we have to construct the point with polar coor­
dinates (r}/r2,01 - 02). For this take a point L on real axis OX 
such that OL = 1 and draw a triangle OPR similar to OQL. Since 
triangles OPR and OQL are similar, therefore
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ILLUSTRATIVE EXAMPLES

x

'2-
{cos (0! - 02) + i sin (0! - 02))

2

=>

arg (z”) = n arg (z).

(iii) Let Zj = rj (cos 0i + i sin 0j) 

and, z2 = r2 (cos 02 + i sin 02).

Then,

Zj = r2 (cos 02 - i sin 02) = r2 {cos (- 02) + i sin (- 02)J

Zj Z2 = q r2 [cos {0j + (- 02)J + i sin fa + (- 02))l
[Using (u

(iv) Let Zj = (cos 0^+ i sin 02) and z2 = r2 (cos 02 + i sin 0^).

Then, | Zi | = T-p | z2 | = r2, arg fa) = 0i and arg (z^fy

Now,

ri (cos 0] + i sin 0i) (cos 02 - i sin 02) 
r2 (cos 02 + i sin 02) (cos 02 - i sin 0^

^1 
r2

- r and arg(z) = 0.

=>
and,
(ii) arg (zj z2 ... z„) = arg fa) + arg (zj +.... + arg (z„)

=>
=>
=> I z |

=> arg fa zfi = 0! - 02 = arg (z2) - arg (z^.

(cos 0j cos 02 + sin 0! sin 02)
+ i (sin 0j cos 02 - cos 0! sin 02) 

cos2 02 + sin2 02

=> z1z2 = r-j r2 {cos (01 - 02) + i sin (0j - 02)}

Z1 I2
- ri2 + ':

= fa cos 0j + r2 cos 02) + i fa sin 0j + r2 sin Oj)
2 = fa cos 0j + r2 cos 02)2 + fa sin 0j + r2 sin B,)2

= r2 + r2 + 2r} r2 cos (0j - 02)

I 21-Z2

SOLUTION We have,
Zj = rj cos 0j + i sin 0j and z2 = r2 (cos 02 + i sin 02)

=> I zi I = rP I I = r2, arg fa) = 0! and arg(z2)=02
(i) We have,
Zi +z2

I zi+z2 I2

%

r2 (cos 0i + i sin 0j)
r2 (cos 02 + i sin 02)

I zi + z2 I2 =. I

(ii) I zj-z2 |

EXAMPLE 1 Ifz, Zj and z2 are complex numbers, prove that:

(i) arg (z) = - arg (z).
In general, arg (z) = 2nit - arg (z)
(ii) argfaz2) = arg fa) + arg (z^
(iii) arg fa z^) = arg fa) - arg fa)

z?(iv) arg = arg fa) - arg fa)
z2 \ /

SOLUTION (i) Let z = r (cos 0 + i sin 0) be the polar form of z.
Then,

lzl
Now,

z = r (cos 0 i + i sin 0)
z = r (cos 0 - i sin 0)
z = r {cos (- 0) + i sin (- 0)}

= r and arg(z) = -0.
Since cos 0 and sin 0 are periodic functions with period

2n. Therefore, in general
arg(z) = 2nn-arg(z).

(ii) Let Zi = ri (cos 0} + i sin 0j) and = r2 (cos 02 + i sin 02) be
two complex numbers in their polar forms. Then,

I Z1 I = I I = r2' arg (zl) = ei ^d arg (z2) = e:
Now,
Z1 z2

= (cos ©i + i sin 0j). r2 (cos 02 + i sin 02)

= r} r2 {(cos 02 cos 02 - sin 0j sin 02)

+ i (sin 0i cos 02 + cos 0i sin 02))

= r2 r2 {cos (0i + 02) + i sin fa + 02)}

=> I 2i I = ri r2 ^d, arg (zj z2) = 0: + 02

=> I zi Zz | = | Zj | | Z2 | and arg fa zf) = arg fa) + arg fa)

REMARK It follows from the above result that
(') I Z1 z2....z„ | = | zj | | z2 | ... | z„ |

l^l = |z|"

_ r_i

r2

arg — = 0j -02 = arg fa) -arg fa).

EXAMPLE 2 Letz^ = r2 (cos 02 + i sin 02) and
z2 = r2 (cos +1 s*n ®2) be two complex numbers. Then, prove tkai

(i) | Zj+z2 |2 = rx2 + r2 + 2 rT r2 cos fa - 02)
OR

|2+ | Z2 |2 + 2 | Zj | |z2|cos(01-02)

■22 - 2r} r2 cos fa - 02)
OR

Zi |2+|z2|2-2|z1| |z2|cos(0j-0j)I2=l
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2

2

(i)

SOLUTION Let

2<=>

7

< (| z | - | w | )2 + 4 ... sin 0 < 6 for 0 > 0 
sin2 0 < B2 for all 0

n
2

n
2

[v I z! |
2 2

1 + r2

-z2

. . it
■ - 2

... arg — = arg (z j) - arg (z2) 
z2\ 7

Z1 ...<=> — is purely imaginary. 
z2

(ii) | Zi + z2 | = | zj | | z2 | <=> arg (zj) = arg (z2)

Z1<=> — is purely real.
Z2

Z11[•.. arg — =arg(z1)-arg(z2)]

fzl <=> arg — =
V2

= r{ and | z2 | = r2]

<z11<=> arg - = 0

<zl^
arg 72 =arg(Zl)"arg^Z2) = 0l"02

Z1<=> — is purely imaginary 
Z2

< (| z | - | w |)2+ 4 sin2

=> I Zi+Z2 |2 = |

(ii) We have,
Z1 - z2 = (z-j cos 0j - r2 cos 02) + i (z^ sin 0j - r2 sin 02)

| Zj - Zj |2 = (rt cos 0j - r2 cos 02)2 + (r-j sin 0 j - r2 sin 02)2

=> | Zj - z2 |2 = rt2 + r22 - 2 ri r2 cos (0j - 02)

=> | Zi-Zj I2 = I Zi |2+ I z2 |2-2 I Zj [ [ z2 I cos(0j-02)

EXAMPLE 3 For any two complex numbers Zj and z2, prove that:
It

I zl+z2 I = I Z1“Z2 I « arg(Z!)-arg(z2) =

Zj = ij (cos 0j + i sin 0j), z2 = r2 (cos 02 + i sin 02).

Then,

I Z1 I = rP I z2 I = r2' arS <21)= 01 and ar§ = 02-

(i) We have,
1Z1+Z2I = |Zj

lzi+z2 I2 = I zi’z2 I

« z-j2 + r2 + 2rj r2 cos (0j - 02) = q2 + r2 - 2r1 r2 cos (0j - 02)

« 4 Zj r2 cos (0j - 02) = 0

« cos (0j - 02) = 0

IT TT
« 01 - 02 = 2 Le- ars <Z1) “ ar§ = o

(z } Z1arg - =
\ /

* 2 2= (r j - r2) + 4 r j r2 sin

Z1<=> — is purely real

(iii) We have,
I zi+22 I2 = I zi |2+ I Z2 I

<=> tj2 + r2 + 2rj r2 cos (0j - 02) = Zj2 + r2

<=> 2fj r2 cos (0j - 02) = 0

<=> cos (0j - 02) = 0

« 81-02 = f

Zj |2+ I z2 |2 + 2 | Zj I I Z2 I cos(0j-02)

21
w — is purely imaginary.

Z2

(ii) We have,

lzl+z2 I = I zi I + I z2 I
« [ Zj + Z2 |2 = (rj + r2)2

<=> Tj2 + r2 + 2 rj r2 cos (0j - 02) = r-

<=> cos (0j - 02) = 1

w 0j - 02 = 0 i.e. arg (Zj) - arg (z2) = 0 or, arg (Zj) = arg (z^

fei-e2f
2 k /

= (|z|-|u.|)2+(fl,-e2)2

(iii) | Z] + z2 |2 = | Zj |2+ | Z2 |2 Z1<=> — is purely imaginary.
Z2

EXAMPLE 4 If z and w are two complex numbers such that 
| z | < 1, | w | < 1, then prove that

(i) | z-w |2 < (| z | - | w | )2 + {arg (z) - arg (uz))2
(ii) | z + w |2 > (| z | + | w | )2 - {arg (z) - arg (uz))2

HIT 1995]

V0;
2 \ 7

SOLUTION Let
z = Zj (cos 0j + i sin 0j) and w-r2 (cos 02 + i sin 02). 

Then,
| z | = Tj, | w | = r2, arg (z) = 0j and arg (uz) = 02. 

(i) We have,

I z~w I2
= Tj2 + r2 - 2rj r2 cos (0j - 02)

= rj2 + r22 - 2 Zj r2 + 2 r2-2fj r2 cos (0j - 02)

= (z-j - r2)2 + 2 r2 (1 - cos (0j - 02))

V0;
2\ 7

= (| z | - | uz |)2 + 4 | z | | uz | sin2

V02^
2
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-1 =| cos0 + /sin6-1 j

[•_■ sin 0 < 0 for 6>0]<2(0/2) = 6
2

Hence, -1 < arg (z).
[•.• | z | <1, | w |<< 1]

|)’-4
2 <
7

= | Z | |z|-l-1 +
,2

[Using (i)]

2

^1

(i) -1 <arg(z) •CO

(cos 6j + i sin 02) + r sin a. r2 (cos 02 + i sin 02)

’ v I Zi+^21
I 21 I + I 22 I

Now,
z

I 2 I

> (I z I + I w

z
I Z I

I Z I arg (z) + | I Z I -1

/. sin2

z|-l|

i-1!

z2 = r2 (cos 02 + ’

and,

a Zj + b z2
= r cos a. rx

SOLUTION Let
Zj = r2 (cos 6j + i sin 02), 

Then, | z2 | = and | z2 | = r2. 
Also, let a = r cos a and b = r sin a. Then, 

a2 + b2 = A

"TT-1 I z |

>(|z| + |io|)2- 4 sin2

= | (cos 6 -1) + i sin 6 |
= {(cos 0 -1)2 + sin2 0)1/2

= (2-2cos6)1/2

= (4 sin2 0/2)1/2

o • 0= 2 s.n-

= 2 sin |

01 ~02

2

I' |2+ I Z2 I2- I Z^ + Z;

= (I z | + | w I)2 ~(0i-02)2

= ( I 2 | + | w | )2 - (arg (z) - arg (&>))"
Hence,

| z + w |2>(| z j + | w | )2 - (arg (z) - arg (w))2. 

EXAMPLE 5 For any complex number z, prove that

| Re (z) | + | Im (z) < ^2 | z [

Let z = r (cos 0 + i sin 0). Then, | z | = r and

<

Hence,
| z-1 | < | z | arg(z)+ | | z | -1|.

EXAMPLE 7 Let z1 and z2 be two complex numbers and a, b be real 
numbers such that a2 + b2* 0. Prove that

| azx + bz2 1 

Ah2
ZT |2+|z2|2+|z12+222|

Now, 
2 2

Z1 +Z2 =T

V0;
2 7

7
■.• sin2 0 < O2 for all 6 e R

2
<0l-02]

2

| = Vr/ + r24 + 2r2 r22 cos 2 (02 - 02)

j2 (cos 20j + i sin 20J + r22 (cos 202 + i sin 202)

= (r22 cos 20 j + r22 cos 202) + i (r2 sin 20j + r22 sin 2^)

2 2Zj + z2

■22 I ~2

= (I z I - I w |)2 + (arg(z)-arg(u>))2
Hence,

| z — w |2<(| z I - I w |)2 + (arg(z)-arg(o>))2
(ii) We have,

| z + w J2
= r2 + r22 + 2r2 r2 cos (02 - 02)

= r2 + r2 + 2r} r2 - 2r} r2 + 2 r2 cos (02 - 02)

= (q + r2)2 - 2r2 r2 (1 - cos (02 - 02))

2 \ 7

= ( I z | + 1 w |)2-4 | z | | w | sin'

2

2 7

SOLUTION 
arg (z) = 0.

Now,
| Re (z) | + Im (z) | = | r cos 0 | + { r sin 0 |

= r (| cos 0 | + | sin 0 |) [•_• r = | z | > 0]

=> (| Re (z) + | Im (z) | )2 = r2 ([ cos 0 | + | sin 6 ] )2

= r2 (1 + | 2 sin 0 cos 0 |)

= ^(1+ | sin26 |)

<^(1 + 1) [♦.. | sin20 | <1]

=> | Re (z) | + | Im (z) | < VT r
=> | Re (z) | + | Im (z) | < | z |
example 6 For any complex number z, prove that

z
|Z|

(ii) | z-1 | < | | z | -1| + | z | | arg(z) |

SOLUTION (i) Let z = r (cos 0 + i sin 0). Then, | z | = r and 
arg(z) = 0.

z
I 2 | 

(ii) We have, 
Iz-1 | = |z-|z| + |

|z- | z | | + | | z
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.2

(v n arg (z) = arg (z")]

= 0=> arg

(■•• (z") = ©"]

=4

= (z)4/3+=> z

= ®4/3+=> z

=>

[••• 2*2]

[Using (i)]

2 < | 212 + z22 |

2 | az} + bzj | 
~a2 + b2

« - | Z^ + Z^ | <

= {r rj cos a cos 0j + r r2 sin a cos 02)
+ i (rrj cos a sin 0j + rr2 sin a sin 02) 

| az-t + bz2 |2 = (rr* cos a cos 0! + rr2 sin a cos 02)2

+ (77^ cos a sin 0j + rr2 sin a sin 02)‘ 

cos2 a + r2 r2 sin2 a

+ 2T2 rt r2 cos a sin a cos (0t - 02)

z 
(2) V3

z.z1/3 
;l/3 (5)1/3

< | Z12 + z22 | 

2 | az1 + bz2 |2 
a2^

< I Zj |2+ I z2 |2+ I Zj2 + Z22 I 

EXAMPLE 8 If arg (zly<3) = | arg (z2 + z z1/3), then find the value 

o/|z|.

= — [rj2 (1 + cos 2a) + r2 (1 - cos 2a)

+ 2 r2 sin 2a cos (0j - 02)]

| Zi |2+|22|2-[Z12 + Z:

= ^^12

2
-I 2i |2- | 22 |2

+ (r2 - r2) cos 2a + 2^ r2 sin 2a cos (0j - 02)

2
2 2

-~rl ~r2

Thus,
I (ri2 “ r22)cos 2a + 2 ri r2 cos (0j - 02) sin 2a |

< | Z1 +z2 I 

From (ii) and (iii), we get 

2|aZ1 + bz2|2

2 lazi+bz; |2
r2 

2 2= r/ + r22

2 | az} + bz2 |
a2 + b2
= (r2 - r2) cos 2a + 2rx r2 cos (0T - 02). sin 2a ...(ii)

We know that, | p sin 0 + q cos 0 | < ^p^ + q2 for all values 
of0.

I (ri2 ~ r22) cos 2a + 2 rj r2 cos (0j - 02) sin 2a |

<^ -r22)2+(2^ ^COSfOi-02))2

= ^(r2 - r2)2 + 4 r2 r2 cos2 (0j - 02)

= V(7j2 - 722)2 + 2 7j2 722 {1 + cos (20! - 202)J

= ^/(714 + 724) + 2 712 722 COS 2 (0J - 02)

= I zi2 + z22

SOLUTION We have, 

arg(z1/3) = |arg(z2 + zz1/3) 

=> 2arg(z1/3) = arg(z2 + zz1/3) 

=> arg(z2/3) = arg(z2 + zz1/3) 

=> arg(z2 + zz1/3)-arg(z2/3) = 0
(z^zz1^

I )
=> arg(z4>,3 + zz ly<3) = 0 

=3 z4/3 + zz_1/3 is purely real
(24/3 + l2-l/3) = (z4/3 + 2z1/3) 

=> z4/3 + zz’1/3 = (z)4/3 + z(z)-1/3 

=, z4/3 + -^ = (z)4/3 +

4/3 ■ 2.(z)1/3
?/3(z)1/3

.4/3 , ®4/3

' (®'/3
.4/3, ®4Z3

' Iz|2/3

fzlV arg(Zi)-arg(z2) = arg —I22,

" 1= I Z |2/3

=> I z I2'3 = 1
=* I 2 I = 1
EXAMPLE 9 If z1 and Z2 are two complex numbers such that both 

of them satisfy the relation z + z = 2 | z -1 | and arg (Zj - z2) = 

then find the imaginary part of(z} + z2).
SOLUTION Let z1 = *i + i t/i and z2 = x2 + i y2. Since z^ and z2 
satisfy the relationz + z = 2 | z — 1 {.Therefore,

Zl+z^ = 2|z[-l| and Z2 + z^ = 2|z^-l|

Now,

zi+z[ = 2 |z^-l |

=> = 2 | (xi-l)-iy! |

Xj = ^(xi-l)2 + yi2 

xl2 = (xi-1)2 + ’/i2

=> 2rj = 1+yj2

z4/3-(z)4/3 =

22!

= (z)4/3 + -

z4/3 
(2Z)1/3 

-4/3

I z |2/3 
z4/3-(z)4/3 

|2{2/3
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--(ii)

1 + i tan

argtzj-zz) = ~

.-1=> tan => z =

z =

(iv) => z =

=> z =

1 + i tan
=>

=> Im (Zj + z2) = 2.

arg

arg

n
arg |3(x-2) + 3(y-l)i|-arg (2(x-4) + 2(y-3)i| = -=>

=> tan'and, 4

.-1 - tan'=> tan'=> 2

n 
4

7C
4

2 (y-3)| = n
2(x-4) '

n
4

y-1
x-2

-i y~3 i —-x-4

2 
yz+vi

2
V1+V2

-13 (y-1)
‘ 3(x-2)

, _ of e . . e>and, z = 2 cos - cos - +1 sin - 2(^ 2 2,

= and | z - 3 + 3i | =3

7
n= tan —4

z-2 . 0—= .tan5

-tan 1

1-tan2 0/2 + 21 tan 0/2
1 + tan2 0/2

(1+itan 0/2)2
(1 +1 tan 0/2) (1-itan 0/2)
1 + itan 0/2
1 — i tan 0/2

o 0f 0 . . 0) 
z = 2cos- cos- + isin-

0 0| z | = 2 cos-and arg (z) = -

EXAMPLE 11 If z is a non-real complex number satisfying 
| z | = 1, then prove that

EXAMPLE 10 Ifz is a complex number satisfying | z — 1 | =l,then 
prove that

Similarly, 
z2 + z2 = 2 | z2 — 1 |

9
2x2 = l+y2

Subtracting (i) from (ii), we obtain
2 (x2-x2) = (y22-yi2)

2(x2-xj) = (y2+yi)(y2-yi)

2 — 2=> — = i tan (arg (z))
4W

=> z - 2 = - 2 sin21 + 2i sin | cos |

„ of 0 . . 0^ z =2cos- cos- + isin-
\ /

„ „ . . 0 ( 0 . . O")
z-2 = 2z sin- cos - +i sin -

x 7

=> yi+y2 =2 z =----------
1 - i tan

z =-----------
1 - i tan

arg (zf
2

'arg (zf
2\ 7

SOLUTION We have, | z | = 1. So, z can be written as

z = cos 0 + i sin 0, where 0 = arg (z).

1-tan20/2 2i tan0/2
1 +tan2 0/2 1 +tan2 0/2

y2-yi
X2-X]

X1~X2

Now,

71 => arg {(xj-x2)+ 10/^2)} = -

yi-y2
X]-X2 

x
yi-y2=>---------
Xj-X;,

^^ = 1
X1-X2

From (iii) and (iv), we get

1 =
yi+yi | arg (z) 1

I 2 I
'arg (z)

2 \ /
EXAMPLE 12 Find all complex numbers z for which

'3Z-6-3?
2z-8-6z 

X 7
SOLUTION Let z = x + iy. Then,

'3z-6-3i'
2z-8-6i

Tt
=> arg (3z - 6 - 3i) - arg (2z - 8 - 6i) = -

r m••• arg - =arg(z1)-arg(z2)z2
L \ /

2 — 2 = i tan {arg (z)).

SOLUTION We have,
|z-l | =1

=> (z -1) = cos 0 + i sin 0 [Using polar form of (z -1)]
==> z-2 = cos 0 + i sin 0 -1 and z = 1 + cos 0 + i sin 0
=> z-2 = - (1 - cos 0) + i sin 0

, _ 2 0 . 0 0and, z = 2 cos - + 2i sin - cos -

0
2

0
2

7t
4

.2 0
- 2 
Of
2
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.-1=> tan’
1 +

=>
=> =>

=>
= 1=>

number such that arg

[IIT1990]

arg,(u)=>

(iii)

arg ((x-10) +/(y-6))-arg {(x-4)+ i(y-6)} = -

=> x-4

x = 4 + .-1=> tan'
x

z = x + iy = 14 +

=>

= then prove that | z-2i | = 2^2. =>arg

arg

=>

=>

=> tan'
= 0

show that.-1=> tan'

arg

=>
1 7

tc
4

n
4

n 
4

n
4

7t
4

7C
4

4

y(x + 2)-y (x-2) 
x2-4+y2

y-6 
x-10

'z-Z-f

| z-7-9/ | = 3<2

= arg - .

4

EXAMPLE 13 Ifz is a complex number such that

"z-2"
2 + 2 \ 7

SOLUTION Let 2 = x + iy. Then,
'2-2'
2 + 2\ 7

SOLUTION Let 2 = x + i y. Then, 

fz - 2/ 
z-z2

x + 2

tt= tan 74

71 = tan 74

4y = x2 + y2 — 4

x2 + y2-4y = 4

(x - 0)2 + (y - 2)2 = 8

| (x-0) + /(y-2) |2 = 8

| 2-2/ | = 2>/2

EXAMPLE 14 Let z1 = 10 + 6/ and Zj = 4 + 6i. If z is a complex

Tt = -' then prove that

- tan"1

arg(z-21)-arg(2-22) = ^

tan-1

r'^-an-

(z -2 V23 21
2,-2 

k
SOLUTION We have,

y-6 y-6
x-10 x-4

x-10 x-4

6 (y-6)
(x-10) (x-4) + (y-6)'

x2 + y2-14x-12y + 76 = 6y-36

x2 + y2-14x-18y+112 = 0

=> (x2 - 14x + 49) + (y2 - 18y + 81) = 18

=> (x - 7)2 + (y - 9)2 = 18

|(x-7) + /(y-9)|2 = (3>/2)2

| z-(7 + 9i) | = 3<2

EXAMPLE 15 Let Zp z2 and z3 be three non-zero complex numbers 
such that Zj * 23. If | z} | = a, | z2 | - b and | z3 | = c such that 

a b c 
b c a 
cab

r fz\Itarg (2-2)-arg (2 + 2) = j arg - = arg (2^ - arg (z2)

arg {(x-2) + iy| - arg ((x + 2) + iy)

x-2 x-4

x-2 x-4. 

(y-l)(x-4)-(y-3) (x-2) 
(x-2)(x-4) + (y-l)(y-3)

• 2x-2y-2 
x2+y2-6x-4y + ll

=> -x2 + y2-8x-2y+ 13 = 0 

and,
| z - 3 + / | =3

=* | (x-3) + /(y + l) | = 3 

(x-3)2 + (y + l)2 = 9 

x2 + y2-6x + 2y +1 = 0 

Subtracting (ii) from (i), we get 

x + 2y = 6 => x = 6-2y 

Putting x = 6 - 2y in (i), we get 

5/-10y + l = 0=>y = l±^- 

Putting the values of y in (iii), we get
4

2 ~ 1

( 2'
+ l J±^5

\ >

x-2 x+2

^4- x2-4

71
4

7t
4
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a
sin= 0

+ z sincos
sin

— 0 [Using Rj —> Rj + R2 + R3]=>

=> (a + b + c) = 0
cos (03 - 02)+' sin (03 - fy)

arg

z^+z2 -

Now,=>

=>

and =>

[•■■ I Z] I = I ^2 I = II=>

Z]Z2 = b

=> I zlz2 I = I N

+ 2i sin-2sin sin [••• I Z1 I = I z2 I = *]
Again,- 2 sin sin

+ i sin2/sin

2 zsin + zsin

+ 2i sin=> -a = 2cos cossin
+ i sincos

+ i sin=> -a = 2cos cossin
JJ

a +
2

q-p
2

1
b 
c

1 
c 
a

b 
c

1 
a 
b

|fl| < 2.

and,

q + P
2

- a = Zj + z2

=> -a = (cosq + zsinq) + (cosP + isinP)

Applying
C2 -+ C2 - Cp C3 —> C3 - Cj

q + P'
2 

k 7

03 + 0l 

2
02 + 0j 

2

02 + 0|
2 'q +

2 k

=> - a = (cos a + cos p) + i (sin q + sin P)

/ \
= 03 - 02 = arg (z3) - arg (z2) = arg - . r;

Ifzbe any complex number andifr + az+b*Obas 
two roots both of which has unit modulus, then prove that 
| a | < 2, | b | = 1 and arg (b) = 2 arg (a).

SOLUTION Let z1 = cos q + z sin q and z2 = cos P + z sin P be 
two roots of z2 + az + b = 0. Then,

- a and z^ Z2 = b

sin2

sin2

<z3~z:

z,-z k z
EXAMPLE 16

%+91

2 
k

-a = z1+z2

I ~a I = I zi + z2 I
| -a | < | Zj | + | z2 |

| a | <1 + 1

q-p^
2 

k

fa-^il
2 \ 7

fa-e?
2 k 7

Since, (cos 0 + z sin 0)” = cos n 0 + z sin n 0 

fa^ll
2 J

2 /

fa-e2]
2 

\ j‘

1 0 0
=> (a + b + c) b c-b a -b =0 

c a-c b-c

Vs, 
2 k

=> (a + b + c) {- (b - c)2 - (a - b) (a - c)) = 0

=> (a + b + c)(-a2-b2-c2 + ab + bc + ca) = 0

(a + b + c) (a2' + b2 + c2 - ab - be - ca) = 0 

=> (a + b + c)(2? + 2b2 + 2c2-2ab-2bc-2ca) = 0 

=> (a + b + c)[(a - b)2 + (b - c)2 + (c - a)2] = 0

a-b = 0, b-c = 0, c-a = 0 

a = b = c.

I *11 = I z21 = I z31 =r <say)-
Let Zi = r (cos 0] + i sin 0]), z2 = r (cos 02 + z sin 0^ 

z3 = r (cos 03 + z sin 03).

Then, arg (z^ = 0]z arg (z2) = 02 and arg (Zg) = 03.

Now, 

z3~zl 

z2“21 

r (cos 03 + z sin 03) - r (cos 0} + z sin 0j) 
r (cos 02 + z sin 02) - r (cos 0j + z sin 0^ 

(cos 03 - cos ©p + z (sin 03 - sin 0j) 
(cos 02 - cos 0j) + z (sin 02 - sin 0^ 

0-5 + 01 0-1 “ 01 00 “ 01
sin + 2z sin cos 

02 + 0i _ e2“0l . . 02 - 01
—-— sin ■—z— + 2z sin —x— cos 2 

e3~ei 

2 

e2~0l 

2 

fa-3/ 
( 2 ) 

w 
2 k

03~91 

2
92-0i

2
03 + 0!

COS---- - ----

02 + 0j
COS---- - ----

03~02

2 k

02 + 0f
2

7

b c 
b c a 
cab

|a + b + c b + c + a c + a + b 
c a
a b

%~2if

q-p cos—

k 
\2

02 - 0-
+ 2z sin —~

e3 + ei

2

02 + 0 j
2

| b | = 1

=> | b | = | zi | | z2 I
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=> arg (-a)

[••• arg(-z) = n +arg (z)]ir +arg (a)=>

- 7t < arg (z) < tc](i)=>

(ii)

n

(i)

But,z2-z1 = (x2 + iy2)-(xl + iy{)

= (^-xp + i^-yj)

iy

P(x.y)

0x' x'X

0 0

iy'

...(ii)

V3
2

DISTANCE BETWEEN TWO POINTS

Let P and Q be two points in the Argand plane having affixes 
Zj and z2 respectively. Let Zj = X] + iy^ and z2 = x2 + i y2. Then,

Q(z2)

X

_ a+ p
2

♦y'
Fig. 19.14

ia(, 1Y, 2 — 1+- 1+- rt

in
3 = e

6 = e

(1 + 4 + 9 + 16 + -..+ n2)
= e "

cos—y + isin—y ... upto n-terms 
n rr. /

ia n (n + 1) + Y)
n3' 6= e n

coordinates of P and Q are (xv yf) and (x2,y2) respectively. 
Using distance formula, we have

PQ = ^(x2-x1)2 + (y2-y1)2

EXAMPLE 17 If f (a) = cos — + i sin —

( 9a . . 9aV 
cos — +1 sin —

< n "}

find lim fn (it).

SOLUTION We have,

13 n
in i- Ii 1 — lim 1 +- 6„_J n

In this section, we shall discuss the geometry of complex 
numbers.

Fig. 19.15

122 “ 211 = ^(22“21)2 + (y2-yi)2

From (i) and (ii), we have
PQ=|22-2i|

Thus, if two points P and Q have affixes Z; and z2 respec­
tively. Then,

in..
lim/„(7t) = e 6"-

' 4a : . 4a' cos — +1 sin — 
tr/

cos 3y + i sin -3y ... upto n-terms, then 
n6 ft\ /

19.24 GEOMETRY OF COMPLEX NUMBERS
Let z = x + iy be a complex number represented by a point 
P (x, y) in the Argand plane. Then, we say that the affix of P is 
z. The use of the word affix is similar to the position vector in 
vectors. As discussed in earlier sections that the length OP is 
the modulus of z, denoted by | z |, and ZXOP = 6 is known as 
the argument of z. The polar and Eulerian form of z are | z | 
(cos 0 + i sin 0) and | z | el 0 respectively.

jy

( ~ ~ A (a .. a cos —z +1 sin — 
rr rr k /

f 9a . . 9a W cos —y +1 sm -y < 
n n\ J \

; a i9a »"2q
-r.e 3 .e 3 .e 3 ...e 3

3 A M A A= en

71 . . 71 1 .= cos - +1 sm - = - +1 —3 3 2 2

16 a^
n~

1
2

71
3

16 a
n'

4a
n3

_ a±Jl
2

a + P = 2tt + 2 arg (a)

a + 3 = 2 arg (a) 

and,

^ZiZj

=> arg (h) = arg (z, z2) = arg (Zj) + arg (zj = a + P

From (i) and (ii), we get

arg (b) = 2 arg (a).

---------  --------- ( a af
n'' nJ

16 a')
n'

4a . . 4a' 
COS + l Sin -y

nJ nJ

16a
n~
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PQ = |z2-Zj| = | affix of Q - affix of P |.

(ii) |z-zj = |z-z2|

i=> Affix of R =

R

x'
0

=> AP = k BA y'
=> P lies on a circle. Fig. 19.16

=>

AP-BP = costant (* AB)

Q(* 2^2' 
\ n

m z2 + n Zj 
m + n

SOLUTION Let A and B be two fixed points having affixes 
Zj and z2 respectively in the Argand plane and let P be a vari­
able point having affix z. Then,

AP = [z-zj, BP = |z-z2| and AB = [zj-z^

(i) Iz-zJ + |z-z2( = |z]-z2|

=> AP+BP = AB

~z2\

m

P(xi.y-i)
X

19.25 AFFIX OF A POINT DIVIDING THE LINE 
SEGMENT JOINING POINTS HAVING AFFIXES 
Z1 AND 22

Let Zj and z2 be the affixes of points P and Q respectively in the 
argand plane. Let z1 = Xj + i yv and z2 = x2 + i y2. ^ien' 
coordinates of P and Q are (xp yf) and (x2, y2) respectively. Let 
R be a point on PQ dividing it internally in the ratio m: n. Then, 
the coordinates of R are

Recall that a circle is also defined as the locus of a point such 
that the ratio of its distances from two fixed points is always 
constant.
(iv) | z - zi | + | z - z21 = constant

AP + BP = constant

REMARK For any complex number z, we have

| z | = | z-0 | = | z-(0 + i0) |

Thus, modulus of a complex number z represented by a point in 
the Argand plane is its distance from the origin.
ILLUSTRATION 1 Ifz} and z2 are two fixed points in the Argand 
plane, then find the locus of a point z in each of the following:

(i) jz-zj + |z —z2| = |z1-z2|

(iii) |z-Zj| = k\z-z2\,ke R+,k*l

(iv) | z - z} | + | z - z21 = constant (* | z}

(v) | z - Zj | - | z - z21 = constant (| * z}

(vi) |z-z31 - |z-z2| = |Zj

-z2

Thus, if two points P and Q have affixes Z] and z2 respectively in 
the argand plane, then the affix of a point R dividing PQ internally 

mz2 + nz-[ 
in the ratio m : n is------- :—.m + n

-z2l)
~z2 I)

Zi + z2
REMARK 1. If R is the mid-point of PQ, then affix ofR is —

REMARK 2. If R divides PQ externally in the ratio m: n, then affix 
of R is

=> P lies on a hyperbola having its foci at A and B 
respectively.

(vi) Iz-zJ - |z-z2| = |Zj

=> AP-BP = AB
=> P lies on the line joining A and B but P does not lie 

between A and B.

'm x2 + n my2 + n yf 
m+n ' m+n\

'mx2 + nxf
m + n

/
fmy2+nyf 

m+ n\ /
m(x2 + iy2) + n(xi + iyi)

m + n

=> P moves in such a way that the sum of its distances 
from two fixed points A and B is always same.

=> P lies on an ellipse having its foci at A and B.
(v) jz-zj - |z-z2| = costant (# |z]-z2|)

=> P lies on the line segment joining A (z0 and B (z2)

(ii) |z-zil = |z-z2|
AP = BP

=> P is equidistant from A and B
P lies on the perpendicular bisector of the line 
segment AB.

(iii) |z —z2( = k \z-z2\
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=>

Affix of D =

I = I Z1-Z4 I

1

and 0 is the

(

2
0'

■. Since z = 0 is theSOLUTION The affix of G is

B(z2)
P(z)

1)

x' X
0

1y'

Fig. 19.19

19.26 EQUATION OF THE PERPENDICULAR
BISECTOR

THEOREM The equation of the perpendicular bisector of the line 
segment joining points having affixes Z] and Z2 is

iy

1 ,z + 2x0 
1+2

ILLUSTRATION 2 If zp z2, z3 be the affixes of the vertices A, B and 
C respectively of a triangle ABC having centroid at G. Such that z = 
0 is the mid-point of AG, then prove that 4 Zj + z2 + z3 = 0.

Z1 + Z2 + Z3
3

21 + Z2 + 23

3

22 + 23
2

mid-point of AG. Therefore,

Affix of the mid-point of AG = 0 

zl+z2 + z3 
3_ 

2

=> z1 + z2 + z3-z = 0

2]+23 _

G
Fig. 19.18

=> z = Z\ + z2 + Z3

+ 21 
---- = 0

=> 4 Zj + z2 + z3 = 0

ILLUSTRATION 3 Ifzv z2, z3 z4 are the affixes of the points A, B, 
C and D respectively. Then, ABCD is a parallelogram iff 
z1+z3 = z2 + z4.
SOLUTION First, let ABCD be a parallelogram. Since the 
diagonals of a parallelogram bisect each other.

Affix of the mid-point of AC = affix of the mid-point of BD.

= zj-z4

Z2~23

22 + 23
2 \.

1 + 2
Zj + z2 + z3

3

m z2 - n Zj 
m -n

ILLUSTRATION 1 lfzv z2, z3 are affixes of the vertices of a triangle, 
, Z1+Z2 + Z3

then prove that the affix of its centroid is----- - ----- .

SOLUTION Let ABC be a triangle such that the affixes of its 
vertices A, B and C are Zj, z2 and z3 respectively. Let D be the 
mid-point of BC. Then,

A(^)

B(z2) D C(z3)

2 ‘

Fig. 19.17

Since G divides AD in the ratio 2:1, therefore, affix of G is
■ . <■

l.Zj + 2. ■

T Z^

2 = 2

Z] + Zj — Zj z4

Conversely, let Z\, z^, Z3 and z4 be the affixes of the vertices 
of a quadrilateral ABCD such that Zj+z3 = Z2 + z4. Then, we 
have to prove that it is a parallelogram.

Now,
Z] + z3 = z2 + z4

—z2 — Zj ~ z3 — z4 and z2 z3

=> I Z2-2J | = | Z3-z4 | and |

=> AB = DC and CB = DA
=> ABCD is a parallelogram.
ILLUSTRATION 4 If zv z2, z3 are the affixes of the vertices of a 
triangle having its circumcentre at the origin. Ifz is the affix of its 
orthocentre, then prove that Zj + z2 + z3 - z = 0.
SOLUTION We know that the centroid Glz circumcentre 0 and 
orthocentre O' of a triangle are collinear such that G divides

Zi + Z, + Zq 
Oo' in the ratio 1:2. Since, affix of G is----- ------

origin. Therefore, by section formula, we get

1

0

4 Zi + Zn + Zo 
=* -- = 0

0
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= arg

2

(cos a + i sin a)

=>

Z.BAC = arg

(i) ZB AC = arg
arg

(ii) (cos a + i sin a), where a = ABAC.

arg

=> OP = AB, OQ = AC and ZBAC = ZPOQ.

(i) ZBAC = ZPOQ

= ± Xi, where X == ZXOQ-ZXOP

= arg(z3-z1)-arg(z2-z1)

y

= 0

oc

X' 0

(cos 0 + i sin 0)
y'

Fig. 19.20

2-

AB
BC

1
1
1

A(Z1)
P(!2-z,)

<23-z1> 
Q

|z2
= 1*4

Now,
Z1-Z2
Z3-Z2 

and,

'affix ofC - affix of /f 
affix of B-affix of A

THEOREM 2 Z/zj, Z2, z3 and z4 are the affixes of the points A, B, C 
and D respectively in the Argand plane. Then, AB is inclined to CD 
at the angle.

The proof of this theorem is similar to the proof of the first result.
If CD is inclined at 90’ to AB, then

z2~zl

-z, I
-----r [cos (± n/2) + i sin (± n/2)]
-z3|

z3 ~ 21
Z2-Zi 

\ 7

(ii) Clearly, if O^ is rotated through angle a in anticlockwise
sense it coincides with OQ

=> z3-z} =

z(F1-z^)+z(z1-z2) = IZjl2-^!2

PROOF Let P(z) be any point on the perpendicular bisector of 
AB. Then,

PA = PB
=> |z-Z]| = |z-z2|

=> Iz-zJ2 = Iz-Zjl

=> (z-z1)(z^zp = (z-z2)(z^)

(z-z})(z-z^) = (z-z^fz-z^)

z(z^-^) + z(z^-z^)-(z1z^-z2z^) = 0

z(z^-z^) + z(z1-z2) = IzJ2-|z2|2
I

This is the required equation of the perpendicular bisecter of 
the line segment joining A (zA) and B (z2).

19.27 SOME IMPORTANT RESULTS
THEOREM 1 If zir Z2, z3 are the affixes of the points A, B, and C in 
the Argand plane, then

z3~zl

r2-Zl>
Z3-Z1 = lz3~z1|
Z2-Z1 IZj-zJ

PROOF Let P and Q be two points in the Argand plane repre­
senting Z2 - Zj and z3 - Zj respectively. Then,-

bOPQ = bABC

6& = ^(0>e'a)

I Z3 - Zi I
1--------T ^2 “ zi) (cos a + sin a)I z2 - Z] |

_ I 23~21 I
^-Z] Iz2“21I

REMARK Z.BAC can also be remembered by using the following 
technique:

^-Zi
Z4-Z3

z2 - Zj = ± Xi (z4 - Zj)

illustration 1 Show that the two triangles ABC and DEF 
whose vertices are respectively the complex numbers Zp 22,23 and 
av a2' a3 are s^ar f

Z1 fll 
z2 a2 
z3 a3

SOLUTION Since triangles ABC and DEF are similar. Therefore, 
AR DF

ZCBA = ZFED = 0 (say) and, = TE 
dC hr

|z2-z1|
|z4-z3|
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(z3-Z2)z4 = (z1-z2)z5

and, arg

=> A ABC ~ A DOE.Fig. 19.21

= ±71/2=> arg
= 0

= ±n/2=> arg
= 0=>

«2

1
[Applying RJ -> Rj + R-j, R2 -> R2 + RJ= 0=>

= 01 =>

= 0=>
=>

= ±n/2arg

*(2,)
y

P(z)

c(23)

B(z2)E(z5)

0 x

Fig. 1922 Fig. 19.23

48

i
i
i

B(z2)

D(24)

ILLUSTRATION 3 The equation of the circle having z} and z2 as the 
end points of a diameter is (z - Zj) (z - zf) + (z - z]) (z - Zj) = 0 
SOLUTION Let P(z) be any point on the circle. Then, 

ZAPS = ±tc/2

zl*"z2 ax-a2
h'h «3-«2

ax21

«3“fl2

AB DE
BC EF

Z4'= arg -
C5J

z-z2
Z-Zj +

<2~2/w
is a circle having z1 and z2 as the end points of a diameter.

(z-z1)(z-z^) + (z-z[)(z-z2) = 0

REMARK Ifz\ and z2 are fixed complex numbers, then the locus of 
a point z satisfying.

DE
= — (cos 0 + i sin 0) 

Lr

z\~z2

J3"2*,

z1 fll
Z2 a2

*3 a3

ILLUSTRATION 2 Let A, B,C,DandEbe points on the complex 
plane representing the complex numbers , z2, Z3., z4 and z5 respec­
tively. If (z3 - z2) z4 = (Zj - z2) Z5, prove that the triangles ABC and 
DOE are similar respectively.
SOLUTION We have,

rZ2 - z'

Zj -z \ /
fz - zf
Z-Z!

=> ~ and ZCBA = ZEOD
UL

D(Ol)

c(zj) E(o2)
RC'^^ = ^dzcBA = ZE0D

21 fll 
Z2 fl3 1

23 «2

21_z2 a2 0

23 - 22 a3~a2 0
Z2 1

2-z2 ----- is purely imaginary, z — 2i

R)
(z-z2)(z-z^ + (z-z1)(z-z^) = 0

25

|Z1 -Z2I _ JZ4I 
l^-^l ~ l2sl

AB
OD
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must be purely real.

yi

A(zi)x C(z3)

B(z2) P(z)

0 x

Fig. 19.24

The angle of rotation from AP to AB is arg

and,

the angle of rotation from CB to CP is arg

2

= 0 or, it+ argarg

= a (fixed)
is purely real

(i) arg = ±n/2

2
- z-z, 
\ J

=> Locus of z is a segment of circle.

2
■1 /

z2-z 
z-z

are concyclic,

ILLUSTRATION 4 Find the equation of a circle passing through 
three points having affixes zp z2 and z3. Also, deduce the condition 
for four points to be concyclic.

SOLUTION Let zvz2, z3 respectively be the affixes of three 
points A, B, C on the Argand plane and let z be the affix of any 
point P on the circle passing through A, B, C. If the relative 
positions of A, B, C, P be as in Fig. 19.24, the angle of rotation 
from AP to AB is equal but opposite in sign to the angle of 
rotation from CB to CP. The sum of these angles is, therefore 
zero. If the relative positions of A, B, C, P be as in Fig. 19.25, 
then the angle of rotation from CB to CP is supplementary to 
the angle of rotation from AP to AB. The sum of these two 
angles is therefore it. It can be easily seen that in all other cases 
the sum is either 0 or it.

(Z2-Zf) (Z-Zg)

(Zz-Zj) (Z-Zj)

Thus, the equation of the circle passing through three points 
having affixes z^z^z^ is

19.28 SOME STANDARD LOCH IN THE ARGAND 
PLANE

(I) If z is a variable point in the Argand plane such that arg 
(z) = 0, then locus of z is a straight line (excluding origin) 
through the origin inclined at an angle 0 with x-axis.

(FI) If z is a variable point and zj is a fixed point in the Argand 
plane such that arg (z - zj) = 0, then locus of z is a straight 
line passing through the point representing 2] and in­
clined at an angle 0 with x-axis. Note that the point Z] is 
excluded from the locus.

(Ill) If z is a variable point and zj, zz are two fixed points in the 
Argand plane, then

(a) Iz-zJ = Iz-Zjl

=> Locus of z is the perpendicular bisector of the line 
segment joining Zj and z2

(b) | z - Zj | + j z - z21 = constant (# (z2 - z21)
=» Locus of z is an ellipse

(c) Iz-zJ + |z-z2| = |z1-z2|
=> Locus of z is the line segment joining Zj and Zj.

(d) \z-z1\-\z-z2\ = \z1-z2\
=> Locus of z is a straight line joining z^ and Zj but z does 

not lie between Zj and z2.

(e) |z-z1|-|z-z2| = constant (* | zt — z21) 
=> locus of z is a hyperbola.

(f) |z-Zj|2 + |z-z2|2= |zj-z2|

=> Locus of z is a circle with Zj and Z2 as the extremities 
of diameter.

(g) |z —Zj| = fc |z-z2|,k*l =* locus of z is a circle.
=> arg

Z "* Z-
(h) —7

z2~zl

Z2"Z3

Z2~Z/

(7
Z1

'z - z/
Z-Z, 

\ z
Locus of z is a circle with z^ and Z2 as the vertices of 
diameter.

z-z3 
z2 ” z3?

= 0 or, rc

z-Zj 
k / k

If four points having affixes zj, Z2,Z3,Z4
then

Hence,
%-Zl' 

z-z, 
k / 
<z2~zl.

Z-Zj

(Z2-Z1) (z-z3) 
(Z-Zj) (Z2-Z3) 

(22 “zl) (z-z3) 

(Z2-Z3) (Z-Zj)

-22^ (Z3~Z4

Z1 ~ z4J ^z3 “ Z2;

2-23"

J2 “ z3> 

2 ~ 23 " 

22“%

Z-Z- 
k
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0) arg = Oor, n

jy

x/3
y

k/6 x
(-1.0) 0

0 x

P(z)

y
x/4

A(1,O)

0

Fig. 19.26

ILLUSTRATIVE EXAMPLES

Clearly, BD = c cos B and CD = b cos C.

(iv) We observe that arg 

of angle n/4 of a circle.

Then, 0 is the orthocentre of A ABC. We know that the distan­
ces of 0 from the vertices A, B and C are 2R cos A, 2R cos B and 
2R cos C respectively. The distances of 0 from the sides BC, CA 
and AB are respectively 2 R cos B cos C, 2 R cos C cos A and 
2R cos A cos B

through the origin and making 30* and 45* with the positive 
direction of x-axis.
(ii) We observe that arg (z -1) = n/4 represents the set of all 
points, except point (1,0), lying on the line passing through (1, 
0) and making an angle of 45’ with x-axis.
(iii) The region represented by n/6 < arg (z +1) < n/3 is shown 
in Fig. 19.27. The point (-1,0) is not in the shaded region.

SOLUTION
(i) We observe that n/6 < arg (z) < n/4 represents the set of all 
points, except the origin, lying between the lines passing

n
4

!y'
Fig. 19.27

45*
Illi

(1.0)

Fig. 19.28 

fz-n 
Z+lL

X

x/6

EXAMPLE 1 If zv Zj, z3 be the affixes of the vertices, A, B, C 
respectiely of a triangle ABC, show that the affix of its orthocentre is

(a sec A) z1 + (b sec B) z2 + (c sec C) Zg
flsecA + b sec B + c sec C

SOLUTION Let AD and BE be perpendiculars from A and B on 
BC and CA respectively. Suppose AD and BE intersect at O.

VI
)^

x/4
Fig. 19.25

= represents the sector APB

2~2i
Z-Z2 

\ J
Locus z is a straight line passing through zt and Z2

ILLUSTRATION 1 Find the locus of point z in each of the following:
(i) n/6 < arg (z) < n/4 (ii) arg (z -1) = n/4

(iii) n/6< arg (z + l)<n/3 (iv) arg -—=
z +11\ /
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Afz,)

E

0

B(z2) C(z3)D

(zi)A CM

P
So, affix of D =

(24)0 B(z2)

@g. 19.30

•(i)I

(ii)

(b sec B + c sec C) + (a sec A) zl

[From (i) by + b2=- (^3+M

=> P represents the complex number

|zi-z2|PA =

PB =

PC= z3-

and,
=>

I Z3“Z4 IPD =

Now,
OA-.OD
= 2R cos A : 2R cos B cos C
= cos A : cos B cos C
= a cos A : a cos B cos C
= a sec B sec C: a sec A

Dividing both sides by

Fig. 19.29

BD: DC = c cos B : b cos C = c sec C: b sec B.
Thus, D divides BC in the ratio c sec C: b sec B.

(a sec A) z1 + (b sec B) z2 + (c sec C) z3 
a sec A + b sec B + c sec C

(c sec C) Zj + (b sec B) z2 
csecC + bsecB

b3Z3 + b4Z4 
b3 + b4

= (b cos C + c cos B) sec B sec C: a sec A [a = b cos C + c cos B]

= (b sec B + c sec C): a sec A

Affix of 0

*4

" b3 + b.

b2 
bi "F b2

»1

EXAMPLE 3 If by + b2 + b3 + b4 = 0, where b? b2, by b4 are non­
zero real numbers, sum of no two being zero, and 
byZy+ bl2! + b3z3 + b4z4 = Q where no three of the four points 
Zp z2, Zy z4 are collinear, then prove that the four points will be 

concyclicifby b2 | Zj-z2 |2 = b3b4 | z3-z4 |2.
SOLUTION Let A (Zj), B (z^, C (z^ and D (z^ be the given four 
points such that no three of these four points are collinear.

We have,

\b sec B) z2 + c (sec C) z3> 
b sec B + c sec C\_________________ J_

(b sec B 4- c sec C) + a sec A
(b sec B) z2 + (c sec C) z3 + (a sec A) Zy

b sec B+ c sec C + a sec A

by Zy 4- b2 z2
21 by + b2 ’

by Zy + b2 Z2
z2" by + b2

b3 + b4

Now, four points A, B, C, D will be concyclic, if

b3z34-b4z4
24 b3 + b4

EXAMPLE 2 If three points having their affixes Zy, z2, z3 are con­
nected by the relation aZy + bz2 + cz3 = 0, where a, b,ce R such that 
a+ b + c = 0. Prove that the points are collinear.
SOLUTION We have,

azy + bz2 + cz3 = 0, where a + b + c = 0
=> - cz^ = azy + bz2

=* (a + b) z3 = azy + bz2

azy + bz2
Z3 = a + b

=> z3 divides the segment joining Zy and z2 in the ratio b: a 

=> Points having affixes z2, z2, z3 are collinear.

b3z3 + b4z4 
by +b2

_ b3z3 + b4z4
by + b2 b3 + b4

=> AB and CD have a common point which divides AB and 
CD in the ratios b2: b2 and b4: b3 respectively.

biZy + b2Z2 b3z3+bizi
by + b2 b3 + b4

bi b2 "F b3 + b4 — 0 

and,
bj Zy + b2z2 + b3z3 + b4z4 = 0

From (ii), we have
bj Zj + b2 z2 = - (b3 z3 + b4z4)

by Zy + b2z2
by 4" b2

bj Zy 4- b2 z2
=>
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is purely imaginary=>

= 0

,(ii)

(z-j-2?)

and,

Z2**Z = r1
(z^-z)-(z^-z) ==>

=>

=>

+

,(i).

A(Zl)

E

F,
0(z)

C(zj)B(z2) D

Fig. 19.31

n
2

n
2

z1 — z 

z3~z2^

Z2~Z>

(
arg

IZ1

J = 0

^-2 =

I2

=> arg

-z2 |2 =

z7-2
+ =-= = 0 

z3“z2

z2-z

' z2 - z> f

— A2’-
z^-z + =?-= = 0

Z3 "21

From (i) and (ii), we get
_ _ f z-Zy

-2 ~ 

I2’-2’)
z2-z

I Z3~Z4 I2

<z2-z>

J3 A

z,-z 
=3 —-—

Similarly,
BE 1 CA

PA.PB = PC.PD

* |Z_2 |2 M4
(i’i + B2)2 1 2 (M&4)2

hlfc2lzl~z2|2 = h3Mz3-z4

by + b2 = - (h3 + b4) from (i) 
(h,+b2)2 = (b3+b^2

example 4 If zv z2, z3 are the affixes of the vertices of a triangle, 
then show that the affix of the orthocentre of the triangle is given by

Zz/^-z^ + Z I Zy |2(z2-z3)

LiZyZ^-zTyZf)

SOLUTION Let ABC be a triangle such that the affixes of the 
vertices A, B and C are Zy, z2 and z^ respectively. Let the affix 
of the orthocentre 0 be z.
Now,

AD 1 BC

Zy~z'

z3-z2

Zl-Z
------ - is purely imaginary
z3”z2

"Zy-Z^

' z - z2'

Z1“Z3y

(z-Zy)(%-zd (z-z2)(z’1-z^)

Z3~Z2 21 “ Z3

___ _ (2-z1)(z^-z^)(z1-z3)-(z-z2)(z[-z^(z3-z2)
Z1 Zz ~ (z3-z2)(21-z3)

=> (z3-z2)(z1-z3) (z^-z^)

= (2-z1)(z1-z3)(z^-z^)-(z-z2)(z3-z2)(z^-z5

=* zKZy-Z^^-Z^-^-Zflfz'y-Z^]

= (Z1-Z3)(Z3-Z2)(Z^-Z^)+Z1 (Zj-Zj)^-^)

- Z^ (23 - z2) (z^ - z^)

=> z[z1z^-z^23-z1z^ + z^z2 + z^z3-z2zj

= z12(z^-z^) + z22(z]’-z^) + z32(z^-z^

+ I Z1 l2^-^)1 I Z2 |2(21“Z3)+ I Z3 I2 (22~Z1)

=> Z[(ZyT2-TyZ2) + (Z2^-Z^Z3) + (Z3Z~y-r3Zy)

= .z12(z^-^) + z22(z^-z^) + z32(z^-^)+ I Zy |2(z2-Z3)

+ I 22 I2(z3"2l)+ I |2(z1-z2)

=> zllfZjZ^-Z^Zj)) = SZj2 (z^-^) + 2 I Zy |2(Z2-Z3)

Zfz^-z^ + Z | Zy \2(z2-zf)
=> Z = ------------ TT7—— ——7--------------

£ (Zj Z2-Zy z2)

EXAMPLE 5 Show that the circumcentre of the triangle whose ver- ■ 
tices are given by the complex numbers Zj, z2, z3 is given by

Sz1z^(z2-z3)
Z~ Ez^(z2-z3)

SOLUTION Let ABC be a triangle such that the affixes of its 
vertices A, B and C are Zy, z2 and z3 respecitvely. Let z be the 
affix of the circumcentre O of AABC. Then,
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A(zt)

CO

0(z)

a(21)

B(z2)

Fig. 19.32

C(zj)B(z2) .
=>

2
■C*i)

[From(i)|

[Using (ii)]

= 0, .

=> z

1 => — = a

= |z|2+|z2|2-ZZ2-ZZ2

2 ...(i)

=> Z =

SOLUTION Let ABC be a triangle such that the affixes of its 
vertices A, B and C are respectively zp z2 and z3. Further, let 
a = z2 - z3, p = z3 - Zi and y = - z2. Then, 

a + P + y = 0
First, let A ABC be an equilateral triangle. Then,
BC = CA = AB

1 = I 2-Z3 I
2 = I 2-23 I

2-zT1-zz2 = | z |2+ | z3 |2-z^-zz3

2 -(ii)

OA = OB = OC
=> I Z-Zy I = I z-z2 I = I Z-Z3 I 

Now,
I z-z} | = ] z-z2 1
I 2-Zj I2 = I Z-Z2 I2

=> I Z I + I Zj I - Z Zj - Z Zj

=> Z(Z^-Z^) + Z(Z1-Z2)= I Zj I2- I Z2 I 

and, 
I 2-z2

=> ] z-z2 I
=> I z I2 I + I z2 I
=> z(z^-^) + z(z2-z3)= I z2 I2- I Z3 I

From (i) and (ii), we have to eliminate z to get the value 
of z.

Multiplying (i) by (z2 - z3) and (ii) by fa - Z2) and subtract­
ing, we get

z{(z^-^)(z2-z3)-(^-z^)(z1-z2)}

= ( I 2! |2- | Z2 |2)(z2-Z3)

Z {z^ (z2 - Z3) + z^ (Z3 - zp + r3 (Zj - Zj))

= I 21 |2(Z2-Z3)+ I z2 |2(Z3-Z1)+ I 23 |2(Zj-Z2)

Ez1(z2-z3) =X I Zj l2(z2~z3)

Z I 2! |2(Z2-Z3)_SZ1Z^(Z2-Z3)

Sz^Zj-Z^ " Xz^(z2-z3)

EXAMPLE 6 Prove that the triangle whose vertices are the points
Zj, Zj, z3 on the Argand plane is an equilateral triangle if and only if

1.1.1+ —-— + —-— = 0 
z2~z3 z3~zl zl~ z2

Fig. 19.33

I 22-Z3 I = I Z3-Zj I = I z1-z2 I

I <X | = | 0 | = I Y I
=> | a |2 =J P |2 = | y |2 = X(say)
=> aa = pp = yy = X

— A. q X — X=>a = -, p=o,Y = ~ a P y
Now,
a + P + Y = 0

=> a + P + y = 0
=> a + P + Y = 0

X X X n=> -+o+- = 0 a P y
llln

z2~z3 Z3~Z1 21
which is the required condition.
Conversely, let ABC be a triangle such that

1 1 1 1 . 1 .1 A------- +--------+-------- = 0 i.e. - + q + - = 0
Z2-Z3 z3-z1.z1-z2 a P Y

Then, we have to prove that the triangle is equilateral.
We have, 

1 1 1 n~ + n + =0 
a P Y

P + Y 
\ /
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[Using (i)]

=>

(i)

=>

=>

(•«• 0<a,b < 1]

= 2±<3

[•_• 0 <a < 1]

= 1=>

The affix of the centroid G of A ABC is

=>

zi +Z2 + Z3 
3

Since the triangle is equilateral. Therefore, its circumcentre, 
ortheocentre and centroid coincide. But, the affix of the circum-

zi + z2 + z3 
3

1 = _|W| 
Py ?

'l~z3 I

zl + 22*23
3

=> Affix of the centroid G of A ABC is 1.
=> Circumcentre P and centroid G coincide with each other.
=> A ABC is equilateral.

Conversely, let A ABC be an equilateral triangle. Then, we 
have to show that Zj + Z2 + Z3 = 3.

a = b = 2-y3.

EXAMPLE 9 A cubic equation/(x) = 0 has one real root a and two 
complex roots 0 ± i y. Points A, B, C represent roots a, 0 + i y and 
0 - i y respectively on the Argand diagram. Show that the roots of the 
derived equation/'(x) = 0 are complex if A falls inside one of the two 
equilateral triangles described on base BC.
SOLUTION Since a, 0 + i y and 0 - i y are the roots of/(x) = 0. 
So, let

/(x) = k(x-a)(x-0-iy)(x-0 + iy)
=>/(x) = k(x-a){(x-0)2 + y2)

=* f(x) = k[(x-0)2 + y2 + 2(x-a)(x-0)]

=>/'(x) = k [3a-2 - 2x (a + 20) + 02 + y2 + 2a0]
Let D be the discriminant of/'(x) = 0. Then,

=> a

=> PA = PB = PC
=> P is the circumcentre of triangle ABC.

Let G be the centroid of A ABC.
First, let Zi + Z2 + Z3 = 3. Then, we have to prove that the 

triangle ABC is equilateral.
We have,

z1+z2 + z3 = 3

and,
I I = I zi~z3 I 

| 1-bi | = |-a + i | 
| 1-bi |2 = |-a + i |2

1 + b2 = a2 +1 
a2 = &2 
a = b

Putting b = a in (i), we get 
a2-4fl +1 = 0

4 ±V16 -4

=> a = 2 -V3

Hence,

I Z2"”Z1 I = I Z3-22 I 
=> | (a-l) + i(b-l) | = [ 1-bi | 
=> | (a-l) + i(b-l) |2 = | 1 — bx |2 

(a -1)2 + (b -1)2 = 1 + b2 
l+a2-2a-2b = 0

=>ls «a 0y
=> a2 = 0y
=» 1 ap = [ PY I
=> I a P = I P I I Y I
=> I “ I3 = I a I I P I I y I

Similarly,
IP|3=|a||PllY|and|Yp=|a||PllYl

I a I = I 3 I - I Y I
=» | Zj-Zj I = |Z3-Z, | = | Zi-Zz |

=> BC = CA = AB
Hence, the given triangle is an equilateral triangle.

REMARK The above result can also be restated as: Prove that the 
triangle whose vertices are the points Z], Z2, Z3 on the Argand plane 
is an equilateral triangle iff

2 2 3
Z1 +z2 +z3 = Z1Z2 + Z2Z3 + Z3Z1

example 7 Let zv z2, z3 be three distinct complex numbers satis­
fying | Zj — 1 | = | z2 -1 | = | z3 — 1 |. Let A, B and C be the 
points in the Argand plane representing Zj, z2 and z3 respectively. 
Prove that Zj + z2 + z3 = 3 if and only if &ABC is an equilateral 
triangle.
SOLUTION Let P be a point in the Argand plane whose affix 
is 1. Then,

I 2i-! I = I z2"l I = I Z3-1 I

centre is given as 1 and that of the centroid is

Therefore,
Zj + z2 + z3

« = 1 —+ z2 + z3 — 3.

EXAMPLE 8 Let a,be R such that 0 < a < 1 and 0 < b < 1. Find the 
values of a and b such that the complex numbers 
Zj = - a + i, z2 = -1 + bi and z3 = Oform an equilateral triangle.
SOLUTION Let ABC be the equilateral triangle such that the 
affixes of its vertices A, B, C are zlz z2 and z3 respectively. Then,

AB = BC = CA
=>• | zj-zj | = | z3-z2 | = | z:

Now,
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y
—(D D(-4,3) C(4,3)

i

x' 0 x

Btf.r)

A(-4.-3) 8(4-3)

x' x
0 L(0.o)P Q

c(A.-r)

y'

=>

[Using (i)]

= 1=>

1=>

Fig. 19.34

PB = PC = 2 | y | and BQ = CQ = 2 | y |.
In right triangle PLB, we have
BL = | y | and PB = 2 |y |
PL = ^PB2-BL2

D = 4 (a + 2p)2 -12 (P2 + y2 + 2aP)

= 4 [a2 + P2 - 3Y2 - 2ap]

Now, BC = | (P + ry) - (P - ry) | = 2 | y |
In Fig. 19.34 A PBC and A QBC are equilateral triangles with 

BC as the base. Therefore,
iy

'z-1
z k

2-1 = p/n
Z

z-1 => ------ ;
z
z-1

z

I z-1 I
121

=> I Z-1 I = I z I
=> |z-(l+Oi)| = | Z-O I
=> z lies on the perpendicular bisector of the segment joining

(0,0) and (1,0).
Hence, the locus of z is a straight line parallel to the imagi­

nary axis.

= N4/-/
= >/3 |y|

Similarly, QL = | y |.
Clearly, A (a, 0) lies inside the equilateral triangles 

PBC and QBC, if
AL < PL

=> | P-a | < V3 | y |
=> (P-a)2 < Sy2
=> a2 + p2-3y2-2p<0
=> D < 0
=> f'(x) = 0 has imaginary roots.
EXAMPLE 10 Show that the complex numbers whose real and im­
aginary parts are integers and satisfy the equation 
z(z)3 + z3z = 350 form a rectangle in the Argand plane with the 
length of its diagonal having an integral number of units.
SOLUTION Let z = x + iy. Then,

z (z)3 + z3 z = 350
=> zz{(z)2 + Z2} = 350
=» 2(x2 + y2)(x2-y2) = 350

=> tf + yW-ft = 175
=> (x2 + y2)(x2-y2) = 5x5x7

= cos~^ + isin^^ [Using De'Moivere's theorem]

♦y'
Fig. 19.35

=> (x2 + y2) (x2 - y2) = 25x7 or, (x2 + y2)(x2-y2) = 35x5

=> x2 + y2 = 25 and x2-/ = 7
or, x2 + y2 = 35 and x2-^ = 5

Clearly, x2 + y2 = 35 and x2 - y2 = 5 do not give integral 
values for x and y. Therefore,

x24-y2 = 25 and x2 — y2 = 7
=> x = ±4,y = ±3
=> z = x + iy = 4 + 3r,-4 + 3i,4-3i,-4-3i

Clearly, these four points form a rectangle whose diagonal 
AC is of length given by

AC = | (4 + 3i)-(-4-30 | = | 8 + 6i | = V64 + 36 = 10.
EXAMPLE 11 If z is a complex number satisfying the equation 
(z -1)" = z”, where ne N. Show that the locus ofz is a straight line 
parallel to the imaginery axis.
SOLUTION We have,

(z-1)" = z"
.n

= 1
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(Zi - z4) (z2 - z3) + (z2 - z4) (z3 - Z]) + (z3 - z4) (Z! - z2) = 0

B

(zi - z4) (z2 - z3) + (z2 - Z4) (z3 - Zi) + (z3 - z4) (Z! - z^ = 0

=> (21 - Z4 ) (Z2 - Z3) = (z4 - Z2) (Z3 - Z!) + (Z4 - Z3) (Zi - Z2)

X' 0 X

|y'

Fig. 19.36
=> DA.CB < BD.CA + CD.AB

We have,

=>

=*

arg (2) = 0]=>

=>

(0.2)

x' x

y'

(i)

From triangle OCP, we have cos 0 = 3/5.

So, the coordinates of P are (12/5,16/5).
,(ii)

:02

EXAMPLE 14 If A, B, C and D represent the complex numbers 
zlt Zj, z3 and z4 satisfying the identity

n 
4

Fig. 19.37

So, the coordinates of P are (4 cos 0,4 sin 0).

Prove that AD. BC < BD. CA + db. AB.
SOLUTION We have,

EXAMPLE 15 Find the complex number having least positive argu­
ment and satisfying |z - 5i | <3.
SOLUTION The region represented by | z — 5i | <3 is the 
region containing all points lying inside or on the circle having 
centre at (0, 5) and radius 3. Clearly, the complex number 
having the least positive argument in this region is the complex 
number represented by the point of contact of tangent drawn 
from the origin to the circle.

Clearly, OP = 4oC2-CP2 = ^25-9 = 4

=> I Z]-Z4 | | Z2-Z3 | < | Z4-Z2 | | z3-zi |
■ + I z4-z3 | | zi-z2 |

=> I (zi-z4)(z2-z3) | = |(z4-z2)(z3-z1) + (z4-z3)(zi-z2)|

arg(2z + l-2f) ~

„ . . . . 12 16 .Hence, required complex number is — + y 1
O J

example 12 Find the point (s) in the Argand plane at which the 

curves arg (z - 3i) = y and arg (2z +1 - 2i) = intersect.

3nSOLUTION Clearly, arg (z - 3i) = — represents a ray originat­

ing from (0,3) and making an angle of 135° with the real axis 
as shown in Fig. 19.36.

0(0.5)
A3
0 \

9zq2 = z]2 + z22 + z32 + 2(zi2 + z22 + z32)

* ^2,_2,_2 a, 2 => Z] + Z2 + Z3 = 3Zq .

7t 
4

arg(2) + arg z + |-i = 
k J fl?) n

ar8 2 + 2-' =7k /
( 1 Alarg z- -- + 1 
k J-

Clearly, it represents a ray originating from (-1/2,1) and 
making an angle of 45° with the real axis as shown in Fig. 19.36

Clearly, these two rays do not intersect. So, there is no point 
in the Argand plane where the two curves intersect.
EXAMPLE 13 Let the complex numbers Zj, Z2, z3 be the vertices of 
an equilateral triangle. Let z0 be the circumcentre of the triangle. 
Prove that z2 + z22 + z32 = 3Zq2.
SOLUTION Since the given triangle is equilateral. So, its dr- 
cumcentre coincides with the centroid. Thus,

Zq = j(z1+z2 + z3)

=> 9z02 = z12 + z22 + z32 + 2(z1z2 + z2z3 + z3z1)

Again z2, z2, z3 are the affixes of the vertices of an equilateral 
triangle. Therefore, 

222
Z1 + z2 + z3 = 21z2 + z2z3 + z3z1

From (i) and (ii), we get

V P 
X 0

0

it
4

it
4

J 1 arg 2 z + --i ■
• k )■

1
2
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I*
Q(zeioc)

P(z) z2

x' X
iy0

0

x'
0

ILLUSTRATIVE EXAMPLES

and, Z3 = zi? 4n/3=> Z2

=> z2 = (1+ z) (cos27i/3 + i sin 2n/3)
0(z2) C(z3)and,

Fig. 19.40Z3 = (1 +1) (cos 4n/3 + i sin 4n/3)

COMPLEX NUMBER AS A ROTATING ARROW IN THE ARGAND 
PLANE

2_x

♦y'
Fig. 19.39

2_x 
3

19.29 CONCEPT OF ROTATION
In this section, we shall learn about the effect of multiplication 
of a complex number by which will also be interpreted 
geometrically.

oc

\0

unit vector along o£). Consequently, | z2 | 

magnitude | z2 | = OQ along OQ, i.e.

.
|Zjl

^2
Z1

This shows that z e** is the complex number whose modulus 
is r and argument 0 + a. Clearly, ze,a is represented by a point 
Q in the argand plane such that OQ = r and ZXOQ = 0 + a

A(Z1)

L

Let z = r (cos 0 + i sin 0) = r e be a complex number repre­
sented by a point P in the Argan plane. Then,

OP = r and ZXOP = 0.

Now, ze'a = re*

1 y' 
Fig. 19.38 

= re’(0 + “)

. Zj e'0

P(z,)
X

Zje

■ 1211

ie
z2=r77izie

f’A z1 e => z2 =

EXAMPLE 1 If Zp z?, z3 are the vertices of an equilateral triangle 
having its circumcentre at the origin such that Zj = 1 + i, find 
z2 andz3.
SOLUTION Clearly, 0^ and o£ are obtained by rotating 0*A 
through 2k/3 and 4n/3 respectively.

db = dkei2n/3 and, dt = die1'4,1/3

In other words, to obtain the point representing ze“ we 
rotate Op through angle a in anticlock wise sense. Thus, mul­
tiplication by eia to z rotates the vector ob in anticlockwise 
sense through an angle a.

Similarly, multiplication by e~ia to z rotates the vector ol* 
in clockwise sense through an angle a.

REMARK Let Zj and z2 be two complex numbers represented by 
points P and Q in the argand plane such that Z.POQ = Q. Then, 

Zj e'6 is a vector of magnitude | z21 = OP along 0^ and is a

,ie
is a vector of

I z2l
■ lz1l 

Q(z2)
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=> z2 = (1 + 0 (-1/2 + i a/T/2) and z3 = (1 + i) (-1/2 - i V3/2)

+ / and z3 = -=$ z2 = - . Prove that

/.B = Z.C =

A = n- = a

A(z 1)

DC

CB
Fig. 19.41

C(z3)
di = O*A ei2n/3 Fig. 19.42

,ia

(0

=> Affix of B = + 7
7

Similarly,

Affix of C =$

= (l-20 + (l+30(-l/2-i>/3/2)

=>

,(ii)=>

[Using (i)]

X -DC 

2

rotating through angle a.

^2-1J

1-3V3
2

V3-1
2

Z3-Z2
Zj-Z]

At = Aie‘

Z2-Z.

Z3-Z2

=* Affix of B - (1 -2i) = (1 + 3i) (-1/2 + i <j/2)

=> Affix of B = 1 - 2i + (-1/2- 3’73/2) + i (- 3/2 + 73/2)

=> Affix of B - (1 - 20 = (1 + 3i) (cos 2n/3 + i sin 2n/3)

H3+1
2 \

EXAMPLE 2 Z

= 4i2srn2y (e,a/2)2

/ * ~ °c 
/\ 2 
B(z2)

\2
Z3-Z2
Z2-Z] /

7
1 = -4sin2^?a
V 
\2 ( \

= -4sin2fl^'

= (1 - 20 + (1 + 3Z) e*471/3

(1+37T| /7 + TT|

= 2>sin27“/2 
zj-z, 2

=> (Affix of B - Affix of 0) = (1 + 3i) e'w

EXAMPLE 3 If the points A, B, C represent the complex numbers 
zp Zj, z3 respectively and the angles of the A ABC at B and C are both 

k - 
2 \ • 7

fl-73^ /14-VTl12 .H2 J
:p z2, z3 are the vertices of an equilateral triangle 

having its circumcentre at (1 - 2i). Ifz} = 2 + i,find Z2 and z3. 
SOLUTION We have:

OA = affix of A - affix of 0 = (2 + i) - (1 - 2i) = 1 + 3i
We observe that di is obtained by rotating OA in anticlock­

wise sense through an angle 2n/3. Therefore,

_ . . a ( a .. a = 2 z sin — cos - +1 sin -
\ >

id.=> (Z3-Zj) = (z2-z1)e'u

^-7^1 
2

z3~z\------- = cos a + i sin a

Z3-Z1
=»------- --1 = -1 + cos a + 7 sin a

22- 21
23- 22 n.2a.^..a a=> ------- = - 2 sin — + 21 sin— cos —z2 - Z! 2 2 2

(z3-z2) = 4(z3-z])(z1-z2)sin (a/2).

SOLUTION We have,
7t-a

2 *

"n-a Tt-a" 
2 + 2 

\ 7
Since At is obtained by 1

a
2
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[Using (i)]

y
By

b(z2) iZ

z+iz
A(Z1)

A(z)ot

x' 0 X
x' 0 x

(ii)

2

Also, z3 =Z3 =

2

X

[Using (ii)] ?29=>

Z3
Z1

Zi + Z2 = -p andziZ2 = fl ...(i)

Since OA = OB. So, O^ is obtained by rotating OA in

y't
Fig. 19.44

z in anticlockwise direction through 90’. Therefore, OX 1XB.
So,

A
Z1 z3

Zj

Z1

2~ 7Z1

zl-
Z3
Z1

EXAMPLE 4 Let and z2 be roots of the equation z2 + pz + q = 0, 
where the coefficients p and q may be complex numbers. Let A and B 
represent Zj and z2 in the complex plane. If ZAOB = a# Oand OA 
= OB, where 0 is the origin, prove that p2 = 4q cos2 a/2.

[IIT1997]
SOLUTION Since z1andz2 are roots of the equation

=> — = cos a + i sin a
21

zi

1
~2

EXAMPLE 6 A is a point in the Argand plane. On the circle with 
OA as diameter are taken two points B and C so that 
ZAOB = Z.BOC = 0. If 0 is the origin and A, B, C represent the 
complex numbers zv z2, z3 respectively, show that

z2 cos 20 = Zj z3 cos2 0

SOLUTION Clearly, OB and OC are obtained by rotating OX in 
anticlock wise sense through angles 0 and 20 respectively. So,

22

Z2=> — +1 = 1 + cos a + i sin a 
Z]

7

\2 r, \
■ = 4 cos2

2l2V

z} e'29 and z.

, J0 
zie

=> 22 + 21
21

p2 = 4qcos2^

EXAMPLE 5 Show that the area of the triangle on the Argand plane 
1 2formed by the complex numbers z, iz and z + iz is- | z | .

SOLUTION We have,

=> (Z3 - z2)2 = 4 (z3 - Z]) (Zi - Z2) sin2

z eiG

(z2 + z{)2 = 4z1z2cos2^

Area of A OAB = OA x OB

iz = zein/2
This implies that iz is the vector obtained by rotating vector

■ = 4 cos2 e,a"m2!

y’t

Fig. 19.43 

anticlockwise sense through angle cl

ob = OAi!a
■^a

=i|z| |iz|=|N2-

Z2 + Zi a ,a/2
=>-------- = 2cos7re

zi 2

=> 22 = 2:

21 X 7

=> (-p)2 = 4q cos2

= 2 cos ~ fcos + i sin ^1 = 2 cos e,a/2
2 2 2 22
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C(z3) R(*3)

B(z2)
Q(z )

0A(zt)0 0 P(z,)

Fig. 19.45 Fig. 19.46

2

=>

=>

= 4-3sec20=$

Hence, Z2 cos 2 0 = Z] z3 cos2 0. .2=> 3 sec 0 = 4-

3sec20=>

.2=> COS 0 =

.2=> cos 0 =

and,
=>

3 .2=> cos 0

COS0 ==>
,130

8 
3<3+5

8 =
3<3+5

= 12<3+12 
3<3+5

= (OQ/OP)3
(OR/OP) ’" OP1. OR

I 21 I
I z3 I

3<3+5
4<3+4

8 
3<3+5

OB2
OA.OC

'oc'
OA 

\ /

z23

2?Z ZjZ3

|z2|2
’ |21I I23I

z1223

COS3 0 

cos 30

cos30 
4 cos3 0 - 3 cos 0

fOB?
OA +

X /

_ cos20
cos 20

cos20 
4 cos2 0-3

4 cos2 0-3 
cos20

3<3+5
4(<3+l)
3<3+5 (<3-l)

4(<3+l)X (<3-l)

l221 _ J0 
j|21| 21?
72 123 I ,

1 IM 1

cos20 =

z1223

223 

2/23

z23 

2]2Z3

= (<34-1)2
8

<3+1
2<2

=> cos 0 = cos 15’ => 0 = 15’

z23

2_

v 8z23 = (3<3+5)z12z3

• ’’’ z23/z12z3 = (3<3+5)/8

|22|3

|ziI2 |z3|

3<3"+5 
=> —

EXAMPLE 7 P is any point, 0 being the origin. The circle on OP as 
diameter is drawn. Points Q and R are taken on the circle to lie on the 
some side of OP such that ZPOQ = 0 and Z.QOR = 2 0. IfP, Q, R 
are zp z2, z3 such that 8 z3 = (3<3* + 5) 2^ find 0.
SOLUTION We have,

W‘"l‘ “■

H'I
N2 
lzil2><

20

z3 = — z,e'29
3 Izzl 2

|Z]|
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- Z| z2 + Z2 Z3 + Z3 Zj

=>

=>

=>

=>

=>

=»

=>

=>

Fig. 19.47
=>

(•..CO = ?2,l/3]=>

=>

[•.• 1 + co = - co2]

zo =[Multiplying both sides by co]

=>

2

example 8 Let zp z2, z3 be the affixes of the vertices A, B and C 
respectively of a A ABC. Prove that the triangle is equilateral iff

2 2 2Z] +Z2 + z3 = z1z2 + z2z3+z3z1.
SOLUTION First, let zp z2, z3 be the affixes of the vertices A, B,
C of an equilateral triangle ABC. Then, we have to prove that

2 2 2
Z1 + 22 +z3 =Z1Z2 + 22Z3 + Z3Z1-

Since A A BC is an equilateral triangle.
Therefore,

AB = BC = AC and ZA = ZB = ZC = n/3.
Clearly, A<^ can be obtained by rotating aA in anticlockwise 

sense through 60*.

— Zj z2 + Z2 Z3 + Z3 Zp

z3-z1 = (z2-z1)e”t/3 „.(i)

z2-zl ~ ^3 ~zi)e~' ^Dividing both sides by e,7t/3]

Z1 + z2 + z3
3

=> e/n(z2-z1) = (z3-z1)ein.e in/3
[Multiplying both sides by e1 "]

Conversely, let Zp z2, z3 be the affixes of the vertices of a 
triangle A BC such that z\2 + z22 + z32 = Zj z2 + z2 Z3 + Z3 zi. Then, 
we have to prove that A ABC is an equilateral triangle. 
Now,

Z12

1 .^31... »=-p>y]

A ABC is an equilateral triangle.

Similarly, zj + co2 z2 + co Z3 = 0 implies that AABC is an 
equilateral triangle.

Hence, A ABC is an equilateral triangle.
EXAMPLE 9 If zp z2, z3 are the vertices of an equilateral triangle

9 2 2 2having its circumcentre at z0. Prove that Zj + z2 + z3 = 3 Zq . 
SOLUTION In an equilateral triangle circumcentre, centroid 
and orthocentre are coincident.

2 2
+ *2 +z3

z12 + z22 + z32-z1z2-z2z3-z3z1 = 0

(z2 + COZ2 + co2 Z3) (z3 + co2 Z2 + coz3) = 0

=> z1 + coz2 + co2 z3 = 0 or, zt + co2 z2 + co z3 = 0

If z} + co z2 + co2 z3 = 0, then

=> -(Zj-Zj) = (Zj-Zj)?2”73

Z1-Z2 = (Zs-Zjlco
Zj (1 + co) — z2 — z3 co = 0 

=> z^ co4 + z2 + z3 co = 0 

=> Zj CO3 + Zj co + z3 co2 = Oco 

=> z1 + z2co + z3co = 0
9 9

=> (Zj + Z2 CO + z3 CO ) (Zj + z2 co + z3 co) = 0

[Multiplying both sides by + z2 co2 + Zj co)] 

=> z12 + z22 + z32-z1z2-z2z3-z3z1 = 0

222 => Zj +Z/ + Z32

=3 (zj — z3) — co (z3 — z2)

(zT - z^ = - co (z2 - z3)

. X / J1(Z1-z3) = (z2-z3) 2"T

(Z1-Z3) = (z2-z3)e-m/3

z2 - z3 = (z} - z3) e'71/3

cfe = cXein/3
cb is obtained by rotating cA in anticlockwise sense
through k/3.
| Ck | = | CA | and ZBCA = 60*.

=> CB = CA and ZBCA = 60*.

Z1 + Z2 z3 — 3zq

Now, Zp z2, Z3 are the affixes of the vertices of an equi­
lateral triangle.

222
••• • 21 +22 +z3 = 2122 + Z2Z3 + Z3Z1

i

(Z1 + z2 + z3)2 = 3(z1z2 + z2z3 + z3z1)
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A(z,)

x/3

x' 0

iyA(Zl)

=> Zj =

2a/3
x'

0

I I 22 I = I 22 I

‘122

I I Z2 I = | 22 |

Z2 + Z4Zl+Z3 (i)

B(z2)

x

iy'
Fig. 19.49

1 1 
2+2

B(z2)
x

z2 

-iit/3

*2

r , gi 4n/3 _ i2n./3-

Z1

=> ! 21 | = | e

Z1 = e ' z2
=> 0/1 is obtained by rotating 0& through n/3 in dockwise 

sense
=> OA = OB and ZBOA = n/3

=> A OAB is an equilateral triangle.

Similarly, Z] = e7 n/3 z2 implies that A OAB is an equilateral 

triangle.

EXAMPLE 12 If the vertices of a square are z^z^Zs and z4 taken in 

the anticlockwise order, prove that z3 = iz1 + (l+i)z2 and 

z4 = (l-021 + iz2.
SOLUTION Let A BCD be the given square such that the affixes 
of the vertices A, B, C and D are zv z2, Z3 and z4 respectively. 
Since diagonals AC and BD bisect each other. Therefore,

= e~in/3

y'

Fig. 19.48 

= e4in/3

Zi2 + z2 2 - Z] z2 = 0

=> (Zj + 0) z2) (z1 + co2 z2) = 0

=> zj + (1) z2 = 0 or, Z] + co2 z2 = 0
2 => zi = - (1) z2 or, zi = - 0) z2

fl rTj22 °r' 21 =
=> Zj = e~,’t/3z2 or, Zj

Now,

Similarly, zi = z2 e~ 
triangle.
EXAMPLE 11 Prove that the complex numbers zp z2 and the origin 

form an equilateral triangle, ifz} 2 + z2 2 - z1 z2 = 0

SOLUTION Let A and B be the points having affixes z1 and z2 

respectively. Then,

+ Zj z2 = 0.

=> (Zj - (dz2) (zt - cd2 z2) = 0

2
= CD Z2

+ z< = 3 z<

=* Zj = e"”‘/',z2 or, Zj = e’“‘/"z2

=> zi = e'271/3 z2 or,zi = e~l2,1/3

Now,
Zl = e,2n/3z2

=> | Z] | = | e'271/3

• z - /2n/37 .. Zj - e z2

=> OA is obtained by rotating ob through 2n/3 in antidock

wise sense. ’ ■
=> OA = OB and ZBOA = 2n/3

=> A OAB is an isosceles triangle

72,1/3 implies that A OAB is an isosceles

e'2,1/3 z2 or, Zj

2 - 2 => 21+Z3 = Z2+Z4

Clearly, Alb can be obtained by rotating A^ through n/2.

Ab = Ab o'11/2
=> Z4-Zj = (z2-Zj)e,,l/2

=> Z] = cdzj or, Zj

2
=> (3z0) = 3(ZjZ2 + z2z3 + z3Zj)

=> ZjZ2 + z2z3 + z3Zj = 3z0z

I2 + z22 + z32 = 3 z02 I” Zl2 + Z2 z3 = 2] Z2 + Z2 Z3 + Z3 Zj] 

EXAMPLE 10 Prove that the complex number Zj, z2 and the origin 
form an isosceles triangle with vertical angle 2n/3, if 
zf + zf + Zj Z2 = 0.
SOLUTION Let A and B be the points having affixes Zj and z2 
respectively. Then,

Z2 + 72Z] +z2
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C(z3)D(z4)
=>

.(ii)

A(z,) B(z2)

=>

=>

2z2 = Zi(l+iV3) + z3(l-i>/3)

2Z4 = Zi (1 -1^3) + Z3 (1 +1^3).and,

Fig. 19.52

A(z,) D(z4)

k/5

B(z,) C(z3)I
ng. 19.51

=>
=>

EXAMPLE 15 If zv Z2> z^ zf, zf and z3' are complex numbers 
such that

(Zj - Z2) (Zf - Z2') = (Z2 - Z3) (Z/ - Z3') = (23 - 2^ (23' - zf) 

then show that the triangles whose vertices are z? Z3 and 
zf, z2> zf are equilateral.

From Fig. 19.52, we find that the third side of the triangle is 
z + wz = z (1 + w) = - w1 z.
Clearly, |z + wz\ = |-w2z| = |w2| |z| = |z|.

Thus, the triangle formed by the complex numbers, z, tvz 
and z + wz is an equilateral triangle. Hence,

Area = ~ (side)2 = -^-|z|2 = ^-x4 = >/3sq. units.

h + z4 
2

SOLUTION Since the diagonals of a rhombus bisect each other. 
Therefore,

2

Fig. 19.50

z4 — Zj = (z2 - Zj) i

=> z4 = : z2 + (1 - i) Zj

putting Z4 = i z2 + (1 - i) z\ in (i), we get z3 = i zj + (1 + i) z2. 
EXAMPLE 13 ABCD is a rhombus in the Argand plane, if the affixes 
of the vertices are zv z^, z3 and z4 respectively, and Z.CBA = n/3, 
show that

=> (Zj-Zj) - (z3-z2)

z

=> Zi + Z3 = z2 + z4 ...(i)

Since BC=BA and bX is obtained by rotating B& through it/3.

bX = Btem/3
=> (Zj-z2) = (z3-z2)(cos7t/3 + Jsin7i/3)

2(z1-z2) = (z3-z2)(l + n/3)

z2(2-l-i^3) = 2z1-z3(l + rJ3)

z2(l-i>/3) = 2z1-z3(1+iV3)

z2 (l-i>/3)(l + i>/3) = 2z1(l+f>/3)-z3(l+i<)2
4z2 = 2zj (l + iV3)-z3(l-3 + 2iV3)

2z2 = Zj(l + i>/3) + z3(l-iV3)

From (i) and (ii), we get

2z4 = Zj (l-iV3) + z3(l + iV3).

EXAMPLE 14 If | z |2 = 4,find the area of the triangle formed by the 
complex numbers z, wz and z + wza$ its sides.
SOLUTION We know that,

w = el 2n73 and | w | = 1.

wz = el 2n/3 z and | wz | = | w | |z| = | z |

wz is the vector obtained by rotating vector z in 
anticlockwise direction through an angle 120°.
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R(zj)

e

—(i)

-(ii)

[Using (i)]=>

-(iv)

-(i)

(ii)

49

B'
(z2)

Xc 
(Zj)

P(z'l)
Fig. 19.53

=* Z1'-23 = (22“23)e'0

A(zi) 
\—r~ \ h

22Z ~ zi 

23"21

V ~ 21 _ 
z3~Zl

COMPLEX NUMBERS

=*

y O(Z2)

=> Zjz + z/ + Zj' = Zj + z2 + z3

zf + Z2/ + Z3z Z! + Z2 + 23

3 = 3
Hence, the centroids of triangles ABC and PQR coincide. 

EXAMPLE 17 A triangle with vertices at 3 + i, i(l + V3) and 
i (1 - V3) is rotated about its circumcentre through an angle n/3 in 
the counter clockwise direction. Find the new position of its vertices.

and,

/IL-

=» Z2'-Z1 (23-z1)c'8

From (ii) and (iii), we get

V-z-fl

zlZ~z3 _
Zl'"2! ‘

Zl'-Z3 
=> ---------- =

z2-z3

Z2~23
Z]'"^

Z2-Z3' _ (Z1-Z2) + (Z2~Z3)

zf-z/ " +
= Z1 ~ Z3

Z\ ~ Z1 z\ ~ z3

Z1~Z3
Z1'-Z3Z ''

zl~z2

zl“z3

= CP AC fo-z^ 
CB' AQ z^-z^

Z2~Z3 

z3-zl

z2 ~ Z1

Z3“Z1

Similarly, we can obtain that
V'2! _ z3-21
Zs'-^ Zi-Z2

V-2! = 23Z~22 
z3 “ zl zl “ z2

From (iv) and (v), we get
zf-23 _ z2z“2i _ z3z-z2

“ z3 z3 ~ zl 21 -

Zj-Z3_Z2-Zl_Z3-Z2 (Z1/-Z3)4-(Z2z-Z1)4-(Z3z-Z2)

Z2~ Z3~ Z3~ Z\ ~ Zl~ Z2~ (Z2-Z3) + (Z3-Z1) + (Z1-Z2)

_ (Z1z4-Z2,4-Z3z)-(Z1+Z2 + Z3)

0

SOLUTION We have,
(Zj - z2) (zf - z/) = (z2 - Z3) (z/ - Z3z) = (Z3 - Zj) (Z3z - zf)

=> (Zj - Z2) (zf - z/) = (z2 - z3) (Z2z - Z3z)

_. Z1~Z2 
Zl'-2/

zl~z2

Z2~Z3

21~22

Z1~Z2

z2/-z3Z

V-2/
Z1'-Z3Z

Again,
(Z1 ~ Z2) (z/ - z2z) = (z2 - (z2 - z3) = (z3 - Zi) (z^ ~ zi)

=> (z2 " z3) (Z2 " z3) = (z3 “ zl) (Z3' - Z/)

zl~z3 _ 21~z3

z\~z3 Z2-Z3

From (i) and (ii), we get
Zl-Z2 _ 2i-z3

Z1 ~ z3 z2 “ z3

=> (Zi-Z3)2 = (Zi-Z2)(Z2-Z3)

2 2 2=> Zj + Z2 + z3 = Zl Z2 + Z2 Z3 + Z3 Z1

Hence, the triangle whose vertices are z\, z-^ z3 is equi­
lateral. Similarly, it can be shown that the triangle whose 
vertices are zf z2z, z3z is equilateral.
EXAMPLE 16 ABC is a triangle formed of the points represented by 
the complex numbers zv z2 and z3. Triangles BCP, CAQ, ABR are 
drawn respectively on BC, CA and AB directly similar to one another. 
Show that the centroids of triangles ABC and PQR are at the same 
point.
SOLUTION Let zf, z2z, z3z be the affixes of the vertices P, Q, R 
of A PQR. The triangles ABC and PQR are so constructed that 
the triangles BCP, CAQ and ABZ two by two and in that order 
are similar.

Since A BCP and A CAQ are similar. Therefore,
BC AC 
CP " AQ

and, ZBCP = ZCAQ = 0 (say) 
Now,

S = cJ e®
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,in/3

=>

F,

E

(Z2)B C(zj)

P(z'r

CP = - (Median of equilateral triangle BCD)

3

=>

BC
13

3
2

0

Fig. 19.55

0'
Fig. 19.54

3

<>30-

=> Z2

=> z2

A(3+i)

A7”;......................................................y C'

X •<XX3X
B(i(1+J3)) \ : / C(i(1-V3))

fi .<T|

=> z3-(l+i) = -|(l + 2i<r-3) = l-iV3

=> z3 = 2 + /(l-V3).
EXAMPLE 18 Equilateral triangles are described externally on Ihr 
sides BC, C/1 and AB of a given triangle ABC. Prove using complex 
numbers that their centroids form an equilateral triangle.
SOLUTION Let the complex numbers zv z2, z3 represent the 
vertices A, B and C respectively of A ABC. Equilateral triangl es 
BCD, CAE and ABF are constructed on the sides BC, C4 and 
AB respectively.

Let P, Q and R be the centroids of triangles BCD, CAE and 
ABF respectively.

’• z2 “ 21
= 1 + i + f— ~

2

We have,

2 
C"-3

2 BC

< /

Similarly, AQ = and AR = BR =

Let P, Q, R represent the complex numbers zf, if and 2j 
respectively. We have,

ZCAQ = 30°

= — (z -z >ein/6AC { 3

7CSimilarly, if PB and PC are rotated through -, then they 

coincide with PB' and PC' respectively.
Zj-(1 + i) = {i(1 + V3) -(1 + 0} ein/3

z2-(1 + i) = (-1 + iV3) cos+ isin

= -1 + i

and,

z3-(l+i) = {/(l-^-fl + OJe1

z3 - (1 + i) = (-1 - r/3) cos + i sin
X. __ /

=> z3-(l + >) =

SOLUTION Let ABC be the triangle with its vertices A (3 + i), 
B (i (<3+1)) and C (i (1 - <T)). Then,
AB = | i(l + ^3)-(3 + i) | = |-3 + i^| = V9?3 =2^3, 

BC = | i (1 - >/3) - i (1 + >/3) | = | -2iV3 | = Vo + 12 = 2^3 
and,

CA= | (3 + i)-i(l->/3) | = |3 + /^|=>/9 + 3'=2V3.
/. AB = BC = CA
=> A ABC is equilateral
=> Circumcentre P coincides with the incentre.

Thus, the circumcentre is at
3 + i+i(l+V3) + i(l-V3) .

3 =1+l

Let A’, B', C be the new positions of vertices A, B and C 
respectively. Let the affixes of A', B', C' be Zj, Z2 and Z3 respec­
tively.

If PA is rotated through 60°, then it coincides with PA'. 
Therefore,

Z,-(1 + O = (P + O-d + OI?"73
=* Zj-(l + i) = 2 cos^ + isin^l

O D Ik 7
=> Zj-(l+i) = I + 1V3

=> Zj = 2 + i (V3+1)

-___ A(zi)

■3’0;
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[From (iii)]1

1
...(i)

/.BAR = 30°

1
(ii)

1

(iii)

1(24)

,(iv)

A(Z1) B(z2)

ie/2
= Ui'-zj')

1

=>
+1

=>

Using (i) 
and (ii)

Rotating IA in anti­
clockwise direction

Rotating IA in 
clockwise direction

(Zz-zp^-Zj)

I Zz - 21 I I “ 21 I

I
I

w

0/2/'

\®/2

Me)
’ AB 
k /

z3~zl
I z3~zl

AB. AC 
(M)2

\ 9/2

9/2

(z2-Zj)(z3-z1)

(z4”2i)2

(Z; ~ 21) (23 ~ 21) 

(z4-zi)2
Mb?

IA

Z4~Z1
I “ I 24-2l

1 = (22"21)

= 4 [2 (23 - + ^3 l(z3 - 21) + (z2 “ zl)]

1 i- 2<z3-z2> + ^«23-z1) + (z2-21)]

-

Thus,

z/-^' = (zf-z^e’*73

=> RQ = RP and ZPRQ =

=> A PQR is an equilateral triangle.

EXAMPLE 19 Inthe Argand plane z-^z-z and z3 are respectively the 
vertices of an isosceles triangle ABC with AC = BC and equal angle 
0. If z4 is the incentre of the triangle, prove that:

(i) (zj - Zj) (z3 - zf) = sec 0(1 + cos 0) (z4 - z^2

7 0
(ii) (z^-zp = -cot0cot-(z1+z2-2z3)(z1 + z2-2z4)

SOLUTION (i) Let I be the incentre of A ABC. Then,

ZMB = | and ZMC =

C(Z3)

= 4[(23"2l)-22 + 23“z2 + zll

+ [3(z3-Zi) + z2-z3 + 22-zi]

(z4~21)2

I 24“2i I2

Now,

22'"23

= (z2-zl)~(z3~zl)

= ^3 (Zj-zP0/3+i)-^-(z2-z1)0/3-0

1

D

Fig. 19.56

=> Zj — Zj —

( n . .
cos 7 +1 sin 7 

o 6\ 7

13 <z3-zl) y + j1

Zi)(^+0=> Zj'-Zj =

eie/2

Z2-Zl 24 21 
I 22~21 I ” lZ4"2l

and,

• z ' - 2 - — (7 7■■ z3 21 " (z2-z1)e

/ 7t . . 71 cos 7 -1 sm 7
6 6

\ /

-21) (3/3- 0

Z2,“21 = ^3

z3~z

Now,

(z1,-z3/)e'n/3

, , ( It . . 71
= (2! -z3) cos- + ism-

= 2(Z3~Z1) + 2^3 {(z2"z3) + (z2"zl)1

= |(Z3"z1)"|{(22-23) + (22-21)}

[^3" 1
J (Z3 - Zl) + ^3 1(22 “ + (^ - Z1B

=* Z3'-Z1 =

= 2 {(Z3 " ZP " (Z2 " zl)l + ^3 i K23 ” Zl) + (^ " zl)l

= | (z3 “ z2) + ^3 ’ K23 “ 21)+ " zl)l

Similarly, 

1 i
z3 ~ z\ ~ 2 (21 “ z3) + 2^/3" KZ3 ~Z/l)Jr (21 ” 22)1

7t
6
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(•.• AB = 2 AD]

= (1 + cos 0) (sec 0)

fi(z>B(z2)

(ii)(i)

Fig. 19.57

Also,

? n^2 Rotating AB through 72

x=>

= 1=>

=> X
= 1

[VAB = 2AD]
> 1

Z2-Z3
• +

%

=>

I-.- |Z| = |z|l

> 1=>
Z3-Z1 > 1.

= 2 cos - ll ■ 
‘"A

+ -^

Z2-Z1

I Z2-Z1 I

Z3-Z1 
.Z3z

Zj+22-224 

2/D

Z2~Zj 
|Z2-Z! |

z1 + z2 —2z3
2 CD

Z2Z 

Z2-Z1I* I Z3

Z3-Z]
Z</

zf
Z2-Z1

Z3~Z1 

z3'
z/

Z2-Z1

Zlz 

z2-z

Z1

Z2"Z1

'AC'
AD 

\ /

AC PR
AB = PQ

(z2-z1)(z3-z1)
(Z4-Z1)2

(Z2-Z1)(Z3-Z])

(Z4-Z1)2

Z]

Z2~Z3 
Z3Z

z2 
z2-zi

Z2 ~Z3 + Z2
Zg' Z2 - Z1

Z2~Z3

Z3

| 2 cos 0

Z2~Z3 + 

z3'
z3~zl

z3

+ Z2I SlZlI + l^l]

- M\ 7

z2~z3 + 

z3

gi n/2 Rotating AB through n/2 
in anticlockwise direction

(z2~zi)2

I z2~zi |2

Z/DB = 72

(Z2-Z1)(Z3~Z1)

(z4-zi)
=> (z2 - zp (z3 - Zj) = (1 + cos 0) sec 0 (z4 - z^2

(ii) We have, AB 1 CD. Therefore,

0 2=> - (Zj + Z2 - 2z^ (Zj + z2 - 2z4) cot 0 cot - = (Zj - Zj)

EXAMPLE 20 If Zj, z2, z3 and z/, zf, zj represent the vertices of 
two similar triangles ABC and PQR respectively in the Argand 
plane, then prove that

(^-zp2 
AB2

zl + z2
~2 23
Z1 +Z,
”2

zl+z2

Zl+Z2

Z! + Z2

Zl+Z2
— ~Z3

Z] + Z2

Z1+Z2 
—-z4

Z3-Z1 
Z3Z

zf
Z2~Z1

h-z>J

_ Z2~231

1 Z3

Now,
ZBAC = ZQPR = 0

AC , \ 1'0 J > > PR t-r ' -r3~Z1 = AB (Z2"Zi)e and Z3 ”zl =PQ(Z2 ‘

= and
/Id ^2 ”” Zj ry

_ Z3/-Ziz

Z2z-Zi'

_CD JD
“ ADXAD

A X 0

= tanOxtan-2

Z2
Z2-Z]

z2
z2-zi

SOLUTION Since A ABC and A PQR are similar. Therefore,
A R PCABAC = ZQPR = 0 (say) and 77 =
AC rK

_ (Z1-FZ2-2Z3)(Z1 + Z2-2Z4) = 4 (CD x /D)
(Z2-Z])2 4 AD2

z3~zl
Zj-Zj

Z2-Z1

=> (z3-z1)(z2/-z1/) = (z3'-z1/)(z2-z1)
=> z2z (Z3 - zp - zf (Z3 - zt) = z3' (Z2 - Zj) - z/ (z2 - Zj)

=> z/ (Z2 - Z3) + z/ (Z3 - zj = Z3z (Zj - Z1)

Z2-Z1

A(Z1) p(z'l)

A
C(z3) Q(z'2)

zlZ

Z2-Z]

EXAMPLE 21 Let A, B, C, D and E be points on the complex plarj 
representing the complex numbers zx, z2, z3, z4 and z5 resprctiwly 
// (z3 - Z2) z4 = (zj - z2) z5, prove that the triangles ABC ard 
DOE are similar.
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y '4

A(zi)

D(z4) C(zj)

n.
X' o X

y'

Fig. 19.58

Now,

and, arg = arg

and ZABC = ZDOE

=>

A4(Z4)

Fig. 19.60

Thus, we have,

A< A, — Aj A-j and ZA-i Aj A-

o
a4

An
[■_• e'n = cos7t + isinn = -1]

=> z-

2n 
n

B(z2) 
>E(z5)

2n 
n

Az 
(z2)

Fig. 19.59

Ad

2n= n-—. n

2n = n-— n

Ad 
(*d)

A) 
(zj

Al 
(*l)

Az 
(z2)

I

I

An^
(zn)

,a = ?2n/",k = l,2,

z5~°
z4-0

I Z5 -O I 

1*4-0 1

z, = ? 6n/n and so on.

-0 
/

Hence, triangles ABC and DOE are similar.
EXAMPLE 22 Find the vertices of a regular polygon of n sides if its 
centre is located atz = O and one of its vertices zy is known.
SOLUTION Let 0 be the origin and let the point Aj represent 
the vertex zv Let A2 be the vertex adjacent to Av
Clearly,

OA-l = OA2 = OA3= ... = OAn

C(z0)
Tz*
xn
2"
n

and,ZA1OA2 = ZA2 OA3 = ... = ZAn OA1 =^.

and, ZA}CA2 = ZA2CA3 = ... = ZAnCA}=^

z3~z2
Z1“Z2

I 23~z2 I =
I zi ~ z2 I "
BC 
AB

CAi = CA2 and ZA1CA2 = ^

zl“z2

OE= ~ and ZABC = ZDOE.

2n=2l“"’’

SOLUTION We have, 
Z(z3-z2)z4 = (Z1 -z2)z5 

z5~° 
Z4-O

= (z3 —z2)

zLA-^ A2 A3 — 2

2^3

~r~ n /zn 
/ ~

1 n2 n3ln2

=> -------- =
Z1-Z2

J1 "A n_n
2 n

=> Zi-z2 = (z3-Z2)e

=> Zj-Zj = -(z3-z2)e"

=> z2-z3 = (z1-z2)e2n/n

:3 = z2 + (z2-z1)?2,t/n

2^ 
it------n\ /

1
'2 n
\ 7

=> ZCA2A| - 2

Z2 = Z1 ?2n/",z3 = z1?4n/n,

If we take a = ? Then,

Z2 = zx a, z3 = Zj a2, z4 = a3,

In general,

zk=z^~}

EXAMPLE 23 If points z^ and z2 are the adjacent vertices of a 
regular polygon of n sides, find the vertex z3 (# Zj) adjacent to z^. 
SOLUTION Let C (Zq) be the centre of the regular polygon and 
let Ap A2, Ay...., An be the vertices of the polygon representing 
complex numbers Zj, z2,...., zn respectively. Then,

CAj = CA2 = .... = CAn

-i2rt
e—

i 2 n/n
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2

2
[,. |Z1| =ovii

2
+ i sincos

2

2

2

= 2 1 - COS

■(i)Ag = 2-2 cos

2(i) I A, A, |2 + I |2 +...+ | A]A„ IAs

0
A4(Z4)

(Using(i)l
A3(Z3)

= 2(n-l)-2 cos — + cos — +... +cos

sincos 2
k

= 2 (n -1)-2

■n

n

cos
k

2 (r-1) 7t 
n

2 (r-1) n 
n

If points A2, A3, A4,... are marked on the left side of Ai in 
clockwise sense, then by proceeding in the same manner, we 
obtain

2n 
n

Ai 
(Zt)

Az
(22)

Fig. 19.61

An> 
(2n)

2(r-l)7t 
n

2(r-l)n 
n

2(r-l)7t 
n

(r-l)rc
n

2(n-l)% 
n

7 _7z4 ~ Z1 “ e '

~ \ n

. n sin- 
n

it
+ 2i sin (r - 1) - cos

= 2 i sin (r — 1) ~ 1 cos (r -1) + i sin (r -1) ~

cos (r -1) + i sin (r -1) ~

' Using:
cos a + cos (a + 0) +... + cos (a + (n -1)0) 

fa+ (»-!) 
I 2 ' )

'4“zl

Let a = e' ^.Then, 

z2 = Zj a, z-3 = z1 a2, z4 = Z1 a3, z„=zl“”‘1

^2% + 2 (n -1) 
n n

z3 = z2 + (z2-z1)e'2,t/".

Hence, z3 = z2 + (z2 - Zi) e*'231/11.

EXAMPLE 24 Let Ap A2,...., Anbe the vertices of an n-sided regular 
polygon inscribed in a circle of radius unity, then show that

(i) | Aj A2 12 + | X] A3 |2 +.... + | A] An |2 = 2n
(ii) | Ai A2 I . | Ai A3 I .... | Ai An | = n.

SOLUTION Let the centre of the circle of radius unity be at the 
origin and let the complex numbers Zp z2,...., z„ represent the 
vertices Ap A2,.... An respectively.

Then, Ai A2 = A2 A3 =... = An Ai 

and,

= 1*1 I21 “r-1

2it
ZAj OA2 = ZA2 OA3 = ZA3OA4 =.. = ZA„ OAi = —.

J 
. § 

sm

= 4sin2.fcJl! 
n

t'2(r-l)n

e n -1

12 (r- 1) n 

e n -1

n n

= X2-2Z cos
r=2 r=2

Since OA2 = OAj and Z_AX OA2 =

Z112

n

= £ I A,Ar |2 
r = 2

= 2-2cos-
r = 2 ■

-H2

'(n-l)2n
2n 

k /

sin 7^

. -  - a i2n/n .. z2 = z}e

Similarly,

= 4sin2£^ 
n

2(r-l)n 1 
n

z3 - z1

’Z1 I2

In general, zr - zi ar J,r = 2,3,.. 

Now,

MAI2 
= l2r-*l I2 

= I zA’1

= -2sin2^^ 
n

n
n

2n
n

4n
n
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= CA•1

= (Z1-Zo)?4"/", *

= 2(n-l) + 2

=>

= |zi-Zo| 1-cos

[••• | zi | = 1]n

= | Z1 - Zq | 2 sin

(ii)

Now,

[Putting Z = 1]

i

2k+

Find the value ofn.
=>

=> sin — sin — = sin — sin — + sin sin
n

-z'l
-1) it/n

(r-l)n 
n

2(r-l)n 
n

(r-l)K 
n

1 1
A1 A3 Aj A4

sin-
= 2(n-l) + 2

sin-

1
. n sin —n

= I 21

Also,
CAj = CA2 =.... _

Z2'Z1 = (z1-z0)^/”,Z3-z0

z4~zo~ (zi ~ zo) e1671''" and so on.

In general,

zr-2o = (Zi-Z^e'^-nWn

zr = ;'o + Ui-Zo)ei2('-1’"/”zr = 2,3,...n

= 2 | Zj-Zq | sin(r-1)-,r = 2,3,...,n

1
3k sin —n

ZAj CA2 = ZA2CA3 =... = ZAn _ i

71.-. A1 A2 = 2 | z^Zq | sin-^! A3 = 2 | z^Zq

CA„ = ^.
" n

cos k sin (n -1) -
= 2(»-l)-2

. . 3k sin—1 n

Tt 
cos (r -1) - + i sin

. . 2k sin —,1 n

1
„ , . . 3k2 | Zi-zq | sin —

1=>-------------------------
2 I zj-zo | sin^

1

2 I Zi-zo I sin^

-z0 | 2 sin'

A] A2 Ai A3 Ai A4

Ms* sin — n

(ii) We have,

I MJ
= l2r-Zi |

= Ma'"1

',r = 2,3, ...,n
K

- = 2n. 
k
n

"Z1 I

-1 | ,r = 2,3,..., n

[IFF 1994]
SOLUTION LetC (Zq) be the centre of the polygon (See Fig.19.6O 
in Ex. 23 ) and let the vertices Ap A2,..., An represent the 
complex numbers Zp z2,...., zn respectively. Then,

. k sin- n

• (sin He - — n\ /
. K

Sin­
ti

= (z-a) (z-a2)... (z-a" j)

=> 2 cos-sin — = sin —+ sin — n n n n

= I zi | | l-ar

= | l-ar-1 | ,r = 2,3,..

I ” MM2 I MM3 I MM4 I MMn I
= |(l-a)| |l-a2| | 1-oc3 | .... | 1-a”-1 |

= | (1-a) (1-a2) (l-ot3)... (1-a"-1) [ .J

Since 1, a, a2,...., a" “1 are nth roots of unity. Therefore, 

z"-l = (z-l)(z-a)(z-a2)....(z-an"1)

z-1

2 (r-l)n_2iSin (r~1)71 cos
1 n n n

=> l + z + z2+ ... + z"-1 = (z-a)(z-a2)... (z-a" b

=> n = (l-a)(l-a)(l-a2)....(1-a""1)

Substituting this value in (ii), we get

MM2 I MM3 I MMn I ~ n' 
EXAMPLE 25 Let Av A2,...., A„ be the vertices of an n-sided 
regular polygon such that

1
^1A2

AM4 ” | Z1 Zq

Now, 
4Mr = I Zr-Zj |

= lz0 + (zi-z0)e,'2(r~1)Jt/'>
I (Z0 ~ Zl) + (Zl ~ Zq) e12 (r

= . I 21-Zq I |

~ I) TV . .
n "ISm

3n
n

3k
n

2k
n

K

n

2k
n

n
n

2k
n
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[•_• sin 0 = sin a ==> 0 = n-a]

[Taking Conjugate]

[Parametric form]

= 0

z = X + l

= 0(i)

= 0=>

=»

= 0

,(ii)

From (i) and (ii), we get

•••(*)

0
0
1

=> z - Zj = a (z1 - z2)

Eliminating a from these two, we get

/

Z-Z2

Z1-Z2

z-z2 
z-z^

z-z2 
z1-z2

Z-Z2

21 ~Z2

z-z2
Z1 ~Z2

=> z = z2 + a (Zj - z2)

=> Z-Z2 = a (Zj - z2)

Z = t Zj + (1 -t) z2

Hence, the locus of z is the line joining Zj and z2.
To find the locus in the complex form we proceed as follows: 

z = a Zj + (1 - a) z2

This is the required locus of z.
NON-PARAMETRIC FORM Equation of a straight line joining the 
points having affixes Zj and Z2 is

z-z2

1
1 =0 [Applying Rj —> R2 + R3, R2 R2 + R3J
1

z = t Zj + (1 - f) z2, where t e R

z = az1 + (1 - a) z2, ae R

19.30 STRAIGHT LINE
PARAMETRIC FORM : Equation of a straight line joining the points 
having affixes Z] and z2 is

z = tz1 + (1 - 0 Zq, where t e R
21~22

Z1 ~Z2

4n 3n=> — = n-----n n
7n=> — = n n

=> n = 7.

Z-Z2 
z^-z^ 
Z2

Z1 Z2

Zl-Z2

z-z2 
zl-z2

4ti . 3ti => sm— = sin — n n

ILLUSTRATION Let Zj and z2 be any two given complex numbers 
on arg and plane, find the locus of z in complex form if z varies as 
z = a Zj + P z2 and where a and P are varying real numbers satisfy­
ing a + p = l.
SOLUTION We have,

z = a Zj + p z2, where a, P e R such that a + P = 1.

=> Z - Z2 = t (Zj-Z^)

=> z lies on the line joining z} and z2.

=> z - z2 = t (z2 - z2)

,where! = 1/(X +1)
As t takes different real values, we get affixes of different 

points on the line AB. For t = 0, we get z = z2 and for t = 1, we 
get z = zj and if t takes any value different from 0 and 1, we get 
the affix of a point P that divides the join of A and B in the ratio

Conversely, every point on the line joining the points with 
affixes Zj and z2 has affix of the form given by (i).

Hence, the equation of the line joining the points with 
affixes Z] and z2 is

z-z2
Zj-Z2 

z2

PROOF Let P be any point on the line joining the points A and 
B whose affixes are z1 and z2 respectively. Suppose P divides 
the join of A and B in the ratio X: 1 (X * -1). Then, the affix of 
P is given by

z-z2 0
z^-z^ 0
Z2 1

.47t.27t . 3ti . 27t=> sin — + sm —- = sm — + sin — n n n n

z z J 
Z1 21- 1 
Z2 Z2

OR

z (^ - z^) - z (Zj - z2) + Z1 z2 = 0

PROOF Equation of a straight line joining points having affixes
Zy and z2 is

z = t Zj + (1 -1) z2, where t g R.

=> Z - Z2 = t (z} - z2)

z z
Z1 5
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=* z{-i (zi -z2)| +z {-i (zl-Zi) I + [i (2iRe (Z] z^)|= 0=>

=> z H (Z] - z2)l + z {— i (zi -Z2)) + {-2 Re (zj z£)| = 0

1 => za+za+b = 0, where a = - i (zi - z?), b = - 2 Re (zj z^)
[Applying Rj -> Rj + Ry R2 —> R2 + K3]= 0=>

= 0 or n=» arg

=> Then, u?! = '2

(i)
x-1=>

a

Hence, the general equation of a straight line is of the form 
az + az + b = 0,wherebe R.

Fig. 19.62

Let P (z) be an arbitrary point on the line. Then, 
/.BAP = 0 or it

SLOPE OF THE UNE az+Jz+b=0
LetAandB be two points on thelineaz + a z + b = 0such that 
affixes of A and B are z} and Zj. Then,

az^ + az^+b = 0 and, az^ + az^b = 0

a(z^-z^) + a(z1-z2) = 0

21 

h

2~21
Z2-Z1

2~21

22 "Zb

Z1-Z2 = Z3-Z4 
|zi-z2| |z3-z4|

Thus, the slope of the line az+az+b = 0 is -=r.

THEOREM 2 If w\ and w2 are the complex slope of two lines on the 
Argand plane, then prove that the lines are:

(i) perpendicular, ifw^ + = 0
(ii) parallel, ifwi = Wj.

PROOF Let z1 and Z2 be the affixes of two points on the line of 
slope and z3 and z4 be two points on the line of slope w2.

2
~ (Z3-Z4) 

IZ3-Z4I2

A(zO
^\0(Z2)

XP(z)

SLOPE OF THE UNE SEGMENT JOINING TWO POINTS
If A and B represent complex number zt and z2 in the Argand plane,

z1-z2
then the complex slope of AB is defined to be — —

21 — Z2

(zi-z^2

(Z!-Z2)(z{-z3

(Z3-Z4)2 

(23“24)(Z5-Zj

z-
=> —

Z1~Z2

„ * , -a Coeff.ofz => Slope of AB = y = -

zi(z7-z3-zi(z1-z2) + i(ziz2-ziz2) = 0

=> Z {- Z (Z1 - Z2)J + Z {1 (zT - Z^)l + /(Z! - (Z! Z2) ) = 0

21-*2 . Z3~Z4
---------and w? = _ — 
Zj - z2----------------- z3 z4

(i) If the lines are perpendicular, then

z z
21 1

Z2 1

:(z^-z^)-z(z1-z2) + z1^-z[z2 = 0

EQUATION OF A STRAIGHT LINE BY USING THE CONCEPT OF 
ROTATION
Let there be a line passing through two points A (zT) and 
B(Z2).

(Zl - Z2)2 

|zi-z2|2

21 “z2

z - z2 z - z^ 0
-z2 z^-z^ 0

1

z-zl
------ is purely real
^-Zj

Z1-Z2
=> ZZ----=z

Zl-Z2

=> z

f-------- \Z-Zj

z-zi z-z^
Z2 - 21 Zj - z1

=$ z(z^-z[)-z(z2-z1) + z] z^-z[z2 = 0

GENERAL EQUATION OF A STRAIGHT UNE
THEOREM 1 The general equation of a straight line is of the form 

az+az+b=0
where a is a complex number and b is a real number.
PROOF The equation of a straight line passing through points
having affixes zT and z2 is given by

z(z^-z^)-z(z1-z2) + ziz^~z^z2 = 0

Multiplying (i) by i, we get



19.68 MATHEMATICS FOR IIT-JEE

=>

A(zi) P(z)

=>

=>

P(2)

A(zi)

Therefore,

= 0

=>

=>

=>

oz+az+b=o
Fig. 19.64

Z^-Z^
Z3-Z4 
^3-^

Z3~Z4 => az + flz-fazj + fflZj) = 0

=> az+az-2Re(flz1) = 0 >
=> a z + az + X = 0, where X = - 2 Re (a Zj)

(Z3~Z4)'
|z3-z4|2

(Z1-Z2)
(Zj-Zj)^-.^)

eiQ

(Z3~z4)2
(Z3-Z4)(Z^-ZJ

Wj = w2.

REMARK The equation of a line passing through two points having 
their affixes as Zj and Z2 is

z(z^-z1)-z(z2-z1) + z1 (z2-z1z2 = 0

or, z(z2-z1)-z(z2-zj) + z1z2-(z1z2) = 0

Dr, z(z2-z1)-z(z2-z1) + 2ilm(z1z2) = 0

or, z(z1-z2)i + z(z2-z1)i + 2Imz1z2 = 0

Compairing this equation with az + az + b = 0, we get
a = (Zj - z2) i, a = (z2 - z^ i and b = 2 Im (Zj z2)

=> ai = Zj - z2

Since zj - Z2 is a vector parallel to the line passing through 
points Z] and Z2. It follows from this that ai is a vector parallel 
to the line dz+az + b = 0
EQUATION OF A UNE PARALLEL TO A GIVEN LINE

THEOREMS The equation of a line parallel to the line 
dz+dz + b = 0isdz + dz + k = 0,whereXe R.
PROOF Let P (z) be an arbitrary point on the line parallel to the 
given line. Suppose it passes through A (z^). Then,

Z-Zi
|z-Z]| - -

is its slope. Also, slope of the line az + az + & = 0is Since

the lines are parallel. Therefore, their slopes are same i.e.

Z~21 _ ^a
z-Zj ~ a

=> az-azj = -az + azj

=> az + az-(azj+a z^ = 0

az+oz+b=o
Fig. 19.63

EQUATION OF A LINE PERPENDICULAR TO A GIVEN LINE

THEOREM 4 The equation of a line perpendicular to the line 
az + a z + b = 0 is az - a z + iX = 0,, where X e R.
PROOF Let P (z) be an arbitrary point on the line perpendicular 
to the given line and suppose it passes through A (z^. Then, its 

z z j — q
slope is . The slope of the given line is These two lines 

are perpendicular.

Z-Zj 
is a unit vector parallel to the given line and _

Z — Z-j

2-zi + -a 
z-Z] a 

a z-az^-az + azy =0 

az-az + (azj-azf) = 0

=> az-az + (azl-(azf)') = 0

a z - a z + 2 i Im (a z^) = 0

=> a z - a z + i X = 0,whereX = 2 Im(azj).

LENGTH OF THE PERPENDICULAR FROM A GIVEN POINT ON A 
GIVEN LINE

THEOREM 5 • The length of the perpendicualr from a point P (zq) Io 
the line dz + az + b = 0 is given by 

az0 + az0 + b

2 I « I

21-Z2

Wj + w2 = 0.

(ii) If the lines are parallel, then

21 “ z2 z3 ~ z4 
I21—22I ” 1

(Zj-z2)2 _ '2

|zi-z2|2
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P(zo)

[Sum of the slopes = 0]
zo~ zi

(••• Id = Id!=> PM =

ILLUSTRATIVE EXAMPLES

+ b=> b = c
J

(i)-a = 0

= 0
Z1-Z2

(i)=>P(Zl)

A BR

1 Q(z2)
Fig. 19.66

PM = | Zj-Zq |.
Since M lies on the line az + az + b = 0.

Since PQ1 AB. Therefore,

Slope of PQ + slope of AB = 0

N
(z^-z^b-(zx-z2)b = 0

Adding (i) and (ii), we get

z^b + Z2 b = c

EXAMPLE 3 Let A (Z1), B (Z2) and (z-0 be the vertices of a triangle 
ABC and P be the foot of the altitude from A on BC. Find the complex 
number associated with the point P.
SOLUTION Let the affix of point P be z.

2 \ /
b(z1 + z2) + b^j + z^ = 2c

___________ __________
M(2i)

oz+oz+b=o
Fig. 19.65

PROOF Let PM be perpendicular from P on the line 
az+az + b = 0, and let the affix of M be Z1. Then,

Now,
AP 1 BC 

■=» ZAPC = 2

SOLUTION Since Zj is the reflection of point z2 through the line. 
So, the mid-point of PQ lies on the line i.e. the point with affix 
z, + z2
—-— lies on b z + bz = c.

2\

EXAMPLE 1 Let a and P be two fixed non-zero complex numbers 
and 'z' a variable complex number. If the lines az + az + l= 0 
and P_z + P z +1 = 0 are mutually perpendicular,Jhen prove that 
ap+ap = 0.

SOLUTION The slopes of the two lines are - = and respec- a p
tively. The lines will be perpendicular if

=> ap + ap = 0.

EXAMPLE 2 Let bz + bz = c,b *1 bea line in the complex plane, 
where bis the complex conjugate ofb. If a point Zj is the reflection of 
a point z2 through the line, then show that c = z^b + z2b.

[irr 19971

Therefore, 
az1+azi + b = 0 ...(i)
Since PM is perpendicular to the given line. Therefore, 

a \ /
=> a Zq - a Zj - a z0 + azj = 0
=> az0 + az0 + b = 2az0 + az] +b-az1 [From(i)flZj + b = azj
=> a Zq + a Zg + b = 2az0-2az1

=> 2a(z0-z1) = azQ+dzQ + b

=> | 2a(z0-z1) | = | az0+dzq+b |
I azQ + azp + b |

=> |zo Z1 I - 2 | a |

I az0 + az0 + b | 
2|a|
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A(Z1) y

Q(z2)

,R(*)

P(zi)
X' 0 X

♦y'
P(z) c(z3)B(z2)

Fig. 19.67

- az + az + b = 0 => z = =—

(i)

a =

(ii) => 2a = —=

=> 2a =I

=> a =
=>

•(>)=> b =

.(ii)
*

= - (aa + aa)

az + az + b = O => z = -
=> aa + aa = 0

Hence, the locus of point R is az + az = 0So, the affix of P is given by

b 
a + a

b 
d^a

Since R lies on az + az + b = 0. Therefore, 

aa + aa + b = 0

- Zdb 
(a-a) (a+a)

-a(d-a)(d+a) 
a

-ab 
(a-a) (a + a)

Slope of AP + Slope of BC = 0

=> b = - (aa + aa)

From (i) and (ii), we obtain 

-a(a^a)(a + a) 
a

=> a (a - a) (a + a) = a (aa + aa) 

a((o)2-o2} = aaa + (a)2a 

ad a + a2 a = 0

1 (Zj ~ 22) (z2 - Zj)
Z = 2

Fig. 19.68 

b
Z1 a + a

At point Q on the imaginary axis, we have z = - z. There­
fore, putting z = - z in a z + az + b = 0, we get

_ b
- az + az + b = 0 => z = =— a-a
So, the affix of Q is given by 

b ’ 

22 a-a
Since R is the mid-point of PQ. Therefore,

Z1 + z2 
2

EXAMPLE 4 Find the locus of mid-point of line segment intercepted 
between real and imaginary axes, by the line az + az + b-0, where b 
is a real parameter and a is a fixed complex number with non-zero 
real and imaginary part.
SOLUTION Suppose the line az + az + b = 0 meets the real and 
imaginary axes at P and Q respectively. Let R (a) be the mid­
point of segment PQ.

At point P on the real axis, we have z = z. Therefore, putting 
z = z in az + az + b = 0, we get

2"21 *z-*3

=» + - 0
=» z (zj - z,) - Z] (z2 - Zj) - z, (Zj - z,) = - z (Zj - 23)

Equation of line BC is 
zO2-z3)-z(z2-z3) + z2z3-z2z3 = 0 

Since P (z) lies on BC. Therefore, 

z(z2-z3)-7(z2-z3) + z2z3-z2z3 = 0 

-2(22-23) = -z(z2-z3) + z2z3-z2z3
Eliminating z from (i) and (ii), we get 

z(z2-z3)-z1(z2-z3)-z1 (z2-z^ 

= -z(z2-^)+^z3-z2z3

2z(Z2-Z3)=Zi (fy-Z^+Zi (z2-z3) + z2z3-z2z3 

2z(z2-Z3) = z1(z2-z3)-^(z2-z3) + (z1 + z2)(z2-z3)

-b
a + a
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i.e. is a unit vector parallel to it.

P(z)
P(z)

C(c)

A(zi)

(z2)B

is a unit vector parallel to the line

45’
(z2)B

(2-i)z+(2+i)z+3=0

(±0

(i)

(i)=>

(ii)=>

■

I

z-c 
|z-c| I z2~zl I

z-(-l + 4Q 
z-(-l-40

oz+oz+b=o

Therefore,
(2 - i) Zj + (2 + 0 zj + 3 = 0 and (2 -1) z2 + (2 + i) + 3 = 0

=> (2-J)(z2-z1) + (2 + i)(z2-z1) = 0

z-c , .z-c n => ---- ±i—— = 0a a

Z2~21 _ _a 
^-Zi " a

From (i) and (ii), we get

EXAMPLE 5 Prove that the equations of two lines making an angle 
of 45° with the line az + az + b = 0, where ae C and be R and 
passing through the point c (c is a complex number) are 

^±,^ = 0 
a a

SOLUTION Let P (z) be any point on the required line. Then, 
C?> . z-c

I z-c I

(Z-c)2

|z-c|2

A(z1) /

Fig. 19.69

Also, let A (zi) and B (Z2) be two points on az + a z + b = 0.

Then, --2~2'
I Z2-Z1 | 

az+az + b = 0.
Since the two lines are making an angle of 45° with each 

other. Therefore,

P(z) / 
/P(z)

(z2~zl)2

I 22“21 I2

z-c .fz2“2l> 
z~c

Since A (zi) and B (z2) are on the line dz + az + b = 0. There­
fore,

dz}+dzx + b = 0 and a^ + flZj + b = 0

=> a(z2-z1) + a(z2-z1) = 0

{z - (-1 + 4i)|2  
|z-(-l + 40|2'

Fig. 19.70

(Z2-Z!)2 xiK/2

I ZZ-2! I2

=^=(±0
(22-Zi)

±>(22-2!)

(Z2-Z1)

Since A (zj) and B (z2) lie on the line
(2-i)z + (2 + i)z + 3 = 0.

Z-C 22-Zi 
~ • 

z-c z2 ~ 21

These are the equations of the required lines.
EXAMPLE 6 Find the equations of two lines making an angle of 
45° with the line (2 - i) 2 + (2 + i) z + 3 = 0 and passing through 
(-1,4).
SOLUTION Let P (z) be any point on the required line. Then, 

| zZ(Zit^) | * a unitvectoralon8if-
Also, let A (zi) and B (Z2) be two points on the line 

(2 - i) z + (2 + i) z + 3 = 0. Then, a unit vector along it is
Z2-Z1

I h-h I
Since these two lines make an angle of 45° with each other. 

Therefore,
z-(-l+4Q _ 22~21 . n/4

I Z-(-l + 4i) I I 22-2! I

_ 2-(- 1 +4Q 
(z-(-l+40) "

z-c
z-c

z-c
z-c = ±i

a
k 7

z-c
a
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(ii)

= 1

=>

i

4 | Zj | | z2 | cos (0j - 02) = 0=>

cos (0j - 02) = 0

0 = arg= 1z

= arg
Z (Zj - Z2) - Z (Zj - z2) + Z2 Z2 - Zj z2 = 0

7

Q(zi+z2)

= 1or, z

= 1.or, z 9

0 P(z 1-Z2)

Fig. 19.71

n
2

-(a-ib— z

z-(-l+4Q
z-(-l-4i)

z + (I — 41) _
z + (l + 4i) "

(2 + i'
2-i

2a + 2b
< 7

SOLUTION We know that the equation of the line passing 
through two points having affixes z} and Z2 is

r2+r 
2-i \ 7

21 
=> arg - =

Z2-Z1 
=> ———

Z2-Z1

From (i) and (ii), we obtain the equations of the required 
lines as

2iab

2a + 2b 
7

are two complex numbers such that

IZ
= 1, prove that — = k, where keR. Find the angle be- 

z2

=> 0j-02 =

21 ~ z2 
Zj + z2

I 21"22 I = I 21+z2 I
| Z1"Z2 |2 = | Z}+Z2 |2

j z + 1 - 41 and -—-—— = - 1 z + 1 + 4i

- /2 + i'
= + 1 2^i

f2 + f| 
2-i\ 7

=> (z + l-4i)(2-i) = i(z + l+4i)(2 + i) 
and,
(z + l-4i)(2-i) = -i(z + l + 4i)(2 + i)

=> z(2-i)-2-9i = z(2i-l) + (-9-2i)
and,
z(2-i)-2-9i = -z(2i-l) + 9 + 2i

=> z(2-i) + z(l-2i) + 7-7i = 0
and,
z(2-i) + z(2i-l)-ll-lli = 0

=> z(2-i)(1+i)+ z(l-2i)(l+ i) + 7(l-i)(l + i) = 0
and,
z(2-0(l-0+2(2i-l)(l-0-H(l+0(l"0 = 0

=> z(3 + 0 + z(3-i) + 14 = 0

and,

z(l-3i) + z(l+30 - 22 = 0.

These-are the equations of the required lines.
EXAMPLE 7 Show that the equation of the line joining the complex 
numbers a and ib, where a, be R and a,b*0, is

Jl i} - ~ — TT + Z 2a 2b 
J

21=> — is purely imaginary.
z2

iz1
=> —is purely real

izj
=> — = k, for some real number k.

Let 0 be the angle between the lines OP and OQ. Then, 
/j + z2'

fa '
fl

--1I22So, the equation of the line passing through z2 = a + Oi and 
Z2 = 0 + ih is

z (a + ib) - z (a- ib) + a (- ib) - a (ib) = 0

or, z (a + ib) -z (a-ib) -2aib = 0

'a + ib'
2iab< 7

fa ±1 -2a 2b +Z
\ 7

EXAMPLE 8 If Zj and z2

Z\-Z1

Zl+Z2

= I Z1 |2+ I z2 |2 + 2 I Z1 I I Z2 I COSfOj-e^
where 0} = arg (z^ and 02 = arg (z2)

I zi |2+ I z2 I2"2 I zi I I z2 I cos(0j-02)

tween the lines from the origin to the points z^ + z2 and - z2 in 
terms of k.
SOLUTION We have,
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= arg => (c-b) (c-a)

= arg | (c-a) (c-b) | ==>

| (c-a) (c-b) | ==>= arg

,2=> Rz =

2=> R =

such that

e*or, [Using (i)]

=>

=>

=> (c-a) ...(i)

P(z)M

S(l+i)

(l-i)z+(l+i)z+2=O

Fig. 19.72

ALITER It is given that a, b, c are collinear points in the Argand |z-(l+OI

= |z-(l+0|=>

=>

=> c-b = ...(i)

R2 
c-a

z
z

_ (b-cy
I b-c I

So, let P (z) be any point on the parabola. Then, 
SP = PM

| (1 — x) z + (1 +Qz + 2 | 

|(l-i)z + (l+Dz + 2| 
2^2

c-a
X +1

I z [2 = zS]

=> c-b = c-

=> (c-a) (b-b) = (b-c)(c-a)

_ (b-c) (c-a)
(b-c)

c-a b-c
c-a ~b-c

R2 ,
= b-C a-c

c -a)(c- fl 
A+l

[ (l-0z + (l + i)z + 2 |2 = 8 | z-l-Z |2 

((1 - 0 z + (1 + 0 z + 2)|(1 + 0 z + (I - i) J + 2) 

= 8 (z -1 - i) (z -1 + i)

- tan-1

-A h=> b = C + zr-zz 
a— c

(c-b).x{(c-a)(c-b)} = R4

io e

= (c~fl)2
X +1

EXAMPLE 10 Find the equation of the parabola (in complex form) 
with focus at (1 + i) and directrix (1 - i) z + (1 + i) z + 2 = 0.
SOLUTION We know that a parabola is the locusof a point which 
moves in such a way that its distance from a fixed point (focus) is 
always equal to the distance from a fixed line (directrix).

c-a |2 
A + l

(c - a)2
A + l 

c-a |2
A + l

=> (b-c) (a-c) = R

=> b-c = =^z 
a-c

, R2 
=> b = c + =—=.a— c

We have,

| (c-a) (c-b) | = R2

=> | (c-a) (c-b) |2 = R2

=> ((c-a) (c-b)} {(c-a)(c-b)) = R4

(b-c) (c-a)
(b-c)

=> (b-c)2 (a-c)2 = R4

2

-z'k + f
-ik-1 \ J 

'z'k-f 
zk + 1 

<k2-l+2ik>

( ^+1J
' 2k 5
k2-! 

\ / 
EXAMPLE 9 If a, b, c are three collinear points in the Argand plane

I I 2 R2
(c - a) (c - b) = R , then prove that b = c + —zz 1 I fl -c

SOLUTION Since fl, b and c are collinear points. Therefore, 

_c-fl  b-c io c-a b-c 
I c-a | " | b-c | e °r' | c-a | ’ |b-c| 

(c~a)2 = (b-c)2 
| c-a |2 i z.-^ i2

z2 z2
;• |2|2'ZZ

plane. So, let b divide the segment joining a and c in the ratio 
X:l(say). 

- b~- uT
fl 4-Ac
A +1

c-a
A + l

R2 ,
- = c-b c-a
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,/2n/3

+ 3 = 0

-2-6

n
\n n

=> a
i=1 i = l

n

a
i = i

=>

■(ii)n

n

=> n

Fig. 19.73

z + 2 
z + i

z + 2 
z + i

z + 2 
z-i

=> (z + 2)(z-i) = (z + i)(z + 2)

=> zz-iz + 2z-2i = zz + 2z + iz + 2z

SOLUTION (i) Let the circumcentre of the hexagon be at the 
origin. Then,

z + 2 
z + i

+a Yzi <0

n

zi
i = l

Zj + z2 +

az + az = 0 ...(i)

Suppose the points representing zj, Z2,zn lie in the half 
plane dz + az > 0. Then,

«zf + «Z|->0,i = 1,2,.

zzA
+ a ~ > 0,i = l,2,.. z-l ';
- + ^| > 0,i = 1,2, 
zi 2i 

k 7

aZj + a Zj>0 or, azt + a zf < 0 for all i = 1,2, 

f n '
X2i|+« £z,- >-0or,a I £zf 

i = l 
k 7 

f " '
S2i|+^ £z,->0or,a|£ 

i = l 
k 7

=> ax0 + ax0>0 or, a x0 + ax0 < 0

=> 0 > 0 or, 0 < 0
This is a contradiction. So, our supposition is wrong.
Hence, any straight line passing through the origin 

separates points zj, Z2,..., zn.
EXAMPLE 14 If the points representing complex numbers 
zp z2/..., zn in the Argand plane lie on one side of a line drawn 
through the origin, then prove that the same is true for the points 

representing complex numbers —, —, 
21 z2

—. Also, show that 
zn

'z-z
2i \ 7

12(l-i)z-12(l+i)z + 12 = 0

'z + zYz-z'
2i

=> (2 + i) z + z (i - 2) + 4i = 0

=> (l-2i)z + z(l+2i) + 4 = 0

Clearly, it represents a straight line.

EXAMPLE 12 If z1 andz2 are two complex numbers representing 
consecutive vertices of a regular hexagon in anticlockwise direction, 
then (i) find the complex number z-j representing the vertex adjacent 
to z2. (ii) If z0 is the circumcentre of the triangle formed by zv z2 
and Zy then find Zq in terms of z1 and Zj.

=> a

i = 1 
k /
' n '

+a Yzi <0
i = l 

k 7

=> 2zz + (1-i)2z2 + 2(1-0z + (1+i)2(z)2

+ 2zz + 2(l + i)z + 2(l + i)z + 2(l-i)z + 4 
= 8 (zz -z + iz - z +1 - i - i z + i +1)

=> 4zz - 21Z2 + 2i (z)2 + 4 (1 - i) z + 4 (1 + i) z + 4

= 8zz - 8 (1 - i) z - 8 (1 + i) z +16

4zz + 2i^z2-(z)2^-

=> zz-3(l-i)z-3(l + i)z-2

=> zz-6

11 1+ zn* 0 and —+ — +...+ — #0.
" Z1 z2 z»

SOLUTION The equation of any line passing through the origin 
is

I zf I2

z2 = Zj el n/3 and z3 = Zj e'

(ii) Clearly, A ABC is the triangle formed by Z\, z^ and Z3. It 
is an isosceles triangle. The circumcentre of A ?IBC is at the 
origin. Therefore, Zq = 0.

en/3Clearly, Zq = z2-z1

EXAMPLE 13 If Zj + z2 +... + zn = 0, then prove that any straight 
line passing through the origin separates the points representing 
Zj, Zy... zn, provided that they do not lie on this line.
SOLUTION If possible, let there be a line passing through the 
origin, say az + az = 0 such that the points representing 
Zj, z2,..., zn lie on one side of it. Then,

N

'z + z'
2 

k 7

EXAMPLE 11 The transformation w=^~, where z*i, w#l 

maps the complex number z = x + iy onto the complex number 
w = u + iv. If the point representing w lies on the real axis, find the 
locus of z.

z + 2SOLUTION Since the point representing w = lies on the 
real axis. Therefore, w is purely real. Thus, 

w = w

2 
k

fz+"z
2 

k 7
z + 2
z + i
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I*=> Po(z0)n

-.(iii)n

o X

Q(”o)y'

=3 a
Fig. 19.74

= arg

=>

[••• I 2 | = 1]= arg

[••• | z |2 » zz]= arg

= arg
a

= arg

+ a=3 a

=>
= arg

= arg

=>

and, ZAOQ = arg

Iz-ZqI = R

50

^p(z) 
A(1,0)

PROOF Let C be the centre of the circle such that the affix of C 
is z0 and let P(z) be any point on the circle. Then,

CP = R

|2> 0]

19.31 CIRCLE
The equation of a circle whose centre is at point having affix Zq and 
radius R is

, = lie on one side of 
Z„

i = l \ )

This shows that the points 2-, r- 
r 21 22

line az + az = 0.
From (i), we have

az, + a Zj > 0, i = 1,2,..., n

f " 1
Z *,• >0

1 = 1
\ 7

a a n . , „- + - > 0,i = 1,2, 
zi zi

=> a - +a — > 0; z = 1,2,. 
zi

\ /

n

M>° i = l '\ /

[•/ I Zj

=> |z-Zq I = R

- n 1a S zi+a Ezi >o 

n

=* L zi * 0.
1=1

From (iii), we have

fl) -fl)— +a = >0,i=l, 2,... n 
zi 

\ / 
( n )Si

,-.l 1‘
\ /

E 1 *o.
1=1 V -J

EXAMPLE 15 Let zv Zybe two complex numbers. It is given that 
| z | = 1 and numbers z, Zq , z z0,1 and 0 are represented in an 
Argand plane by the points P ,P0,Q,Aand the origin respectively. 
Show that the triangles PO PQ and AOQ are congruent. Hence, or 
otherwise, prove that |z —Zq| = |zzq —1|.
SOLUTION We have,

| OP | = | z | = 1 = OA

I OQ | = |zz0| = | z | | zo | = | zo | [••• |z| = U

= I OP01
z 1-0 ' 

zzq-0
/

2Zq 
\ /

M
f ZZ

ZZq \ /
( z 'Iw
( z'l

z \ /w<2-°>
= ZPOP0.

Thus, in triangles POPq and AOQ, we have

| OP | = | OA |, | OQ | = | OPo | andZAOQ = ZPOP0

Therefore,
A POPo = A AOQ 

I PP01 = HQ I
=> I z-Zq I = I zzq-1 I

1

\ /

I2--J\ /
/
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P(z)

|z-(4-30|=2=>

2 |z-(3/2-211 |=4

|z-(3/2-2i)|=2.=>

= I z3 I

Clearly, it is the equation of a circle having centre at (4,-3), 
and radius 2.
(iv) We have, | z | = 5

or, | z - (0 + i 0) | =5
It is the equation of a circle of radius 5 centred at the origin.

(v) We have, | 2 z-3 + 4 i | =4

This equation represents a circle with centre at (3 *4i) and, 
Radius = -3 + 4i |1 -Jt = VtTjF

For the circle to exist, we must have 
25-k>0 => k<25.

Hence, the given equation will represent a circle, if k < 25. 
ILLUSTRATION 3 Find the centre and radius of the circles repre­
sented by the following equations:
(i) | z-(2 + 3i) | =5
(ii) | z+3-2i | =4
(iii) |z-4+3i|=2
(iv) | z | =5
(v) |2z-3+4f|=4
SOLUTION Recall that the equation | z - z0 | = R represents a 
circle having centre at a point whose affix is z0 and radius R.
(i) |z-(2 + 3i)|=5
Clearly, this equation represents a circle having centre at 

(2 + 3i) and radius 5.
(ii) We have, | z + 3 - 2 i | =4

or, | z-(-3 + 2i) | =4,
Clearly, this represents a circle of radius 4 having its centre at 
(-3,2).
(iii) We have, | z - 4 + 3 i | =2

:1 I - I z2 I
=> | Zj - 0 | = | z2 - 0 | = | z3 - 0 |

=> OA = OB = OC, where 0 is the origin.

=* Origin is the circumcentre of tirangle ABC.

Fig. 19.75

Since P is an arbitrary point on the circle such that 
|z-zq| = R. Hence, the equation of the circle is |z —zq| = R.
REMARK 1 If the centre of the circle is at the origin and radius R, 
then its equation is | z | = R.
REMARK 2 | z - Zq | < R represents the interior of the circle and 
| z -z0 | <R is the set of all points lying inside and on the circle 
| z Zq | = R. Similarly, | z - Zq | > R is the set of all points lying 

outside the circle and | z - Zq | £ R is the set of all points lying 
outside and on the circle | z - Zq | = R.
The equation of a circle having centre at z0 and radius R is

|z-Zq| = R

|z-Zq|2 = R2

(z-Zq)(z-z^) = R2

=> (z-Zo)(z-z^) = R2

=> zz-ZqZ-zz^ + ZqZ^ = R2

=> zz + (-2(j)z + (-z^)z+ |z0|2-R2 = 0

=> zz+az+az + b = 0, where a = -z0 and b = | Zq [2 — R2

=> zz+az + az + b = 0, wherebe R.
represents a circle having centre at-a and radius = N |<j |2 - b.

ILLUSTRATION 1 Find the radius and centre of the circle

zz + (1 - i) z + (1 + i) z - 7 = 0.

SOLUTION The given equation can be written as

zz + (l +i)z + (l +i)z-7 - 0

So, it represents a circle with centre at (-1 - i) and

Radius = 11 + /12 - (- 7) = V2 + 7 = 3

ILLUSTRATION 2 Determine the values ofk for which the equation 
zz + (- 3 + 4f) z - (3 + 4i) z + k = 0 represents a circle.
SOLUTION We have,

zz + (-3 + 4i)z + (-3-4i)z + k = 0.

Clearly, it represents a circle of radius 2 having centre at 
(3/2,-2).
ILLUSTRATION 4 If the complex numbers z? z2, represent 
the vertices, of an equilateral triangle such that 
I Z1 I = I I = I z3 I' s^ow th0* zi + z2 + z3 = 0.

SOLUTION Let ABC be a triangle such that the complex num­
bers Zp z2 and z3 represent the vertices A, B and C respectively.

Now,

I z:
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I

=>

= 0 Affix of the centroid =

=> Z1 + Z2 + Z3 = 0

t

(z2)B

y

3

C(2.3)

I0 x

= 3

>9=>

1

But, the circumcentre of an equilateral triangle is same as its 
cenroid. So, the centroid of triangle ABC is at the origin.

1

(iv) |z-(l + i)|-|z-(l-i)|=5

SOLUTION (i) Let P,A, B be three points having affixes 
z = x + iy, 1 + iO and -1 + iO respectively. Then,

| z-1 I + I z + 1 I =3

Fig. 19.77

AP2 + BP2 = AB2
I
i

■ 

1

represents the required circle.
ILLUSTRATION 9 Locate the points in the Argand plane repre­
senting the complex numbers z = x + iyfor which
(i) |z-l| + |z + l |=3
(ii) | z-1 |2+|z + l |2 = 4

z-i
z + i

Z1+Z2 + Z3
3

Z1+Z2 + Z3
3

ILLUSTRATION 5 If z? Zj, z3 are the affixes of three points A, B 
and C respectively and z is the affix of a point P such that 
I Z1" z I = I z2 ~ z I = I z3 “ z I' sh°w on a
having centre at P.
SOLUTION We have,

I zi~z I = I Z2-Z I = I 23"z I

PA = PB = PC

=> A, B, C lie on a circle whose centre is P and radius = PA

ILLUSTRATION 6 What is the region represented by the ine­
quality 3 < | z - 2 - 3 i | < 4 in the Argand plane?
SOLUTION We know that | z - 2 - 3 i | =3 represents a circle 
of radius 3 having centre at a point represented by 2 + 3 i. 
Therefore, 3 < | z — (2 + 3 z) I represents the exterior of the circle 
| z - (2 + 3 i) | =3. Similarly | z - (2 + 3 i) | <4 represents the 
interior of the circle of radius 4 having centre at a point repre­
sented by 2 + 3 i.

1 9z-|(-l + 0 >1
1 9Since z--(-l + i) = -represents a circle having centre at 
2b Ar

a point represented by | (-1 + i) and radius 9/2. Therefore 

1
z — — 1 +1) > 9/2 represents the exterior of the circle.

ILLUSTRATION 8 Show that the equation of a circle on a line 
segment joining points having affixes zx and z2 as diameter is

I z”zi P+ I z-Zz |2= I Zi-Z2 |2
SOLUTION Let AB be a diameter of the circle such that the 
affixex of A and B are z} and z2 respectively. Let P be any point 
on the circle and let the affix of P be z. Then, triangle APB is a 
right angled triangle.

2 z-i(-l + i) >9

|z-Zj |2+|z-z2|2=|z]-z2|2

Since z is the affix of an arbitrary point on the circle. There­
fore, the equation

|z-z1|2+|z-z2|2=|z1-z2|2
Fig. 19.76

Hence, 3< | z — (2 + 3z) | <4 represents the circular an­
nulus lying between the circles | z - (2 + 3 i) | = 3 and 
| z - (2 + 3 i) | = 4 as shown in Fig. 19.76.
ILLUSTRATION 7 Locate the points representing the complex 
number z on the Argand diagram for which | i -1 - 2 z | >9.
SOLUTION We have,

|z-l-2z|>9

-2 z+l(l-0

1
2

9
2
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AP + BP = 3

is purely imaginary.

= 0

(iii) We have, = 0

3=>

arg

= 0

=>

C(z0)

P(z)

A(zi) P(z)

Fig. 19.79
A(zi) B(z2)

= 0

=> (2-21) (ZO -Zl) + (2-Zi) (z0-Zi) = D

Fig. 19.78

Hence, z=x + iy lies on a circle.

(iv) Let P, A, B be three points having affixes z = x + iy, 1 + i 
and 1 - i respectively. Then,

|z-(l + 0|-|z-(l-i)| =5

PA - PB = 5

- z>
z2-z 

\ /

Zl -z
Z2~Z I

fz-Z]

I z-z2

=> z(z0-zi) + z(z0-z1) + 2(z1z1)-ziz0-z1z0 = 0

=> P lies on a hyperbola having its foci at A (1,1) and B (1, -1)
EQUATION OF A CIRCLE IN DIAMETER FORM

THEOREM The equation of a circle described on a line segment 
joining A (zj) and B (z?) as diameter is

(Z - Zj) (Z - Zj) + (Z - Zj) (Z - Zj) = 0

PROOF Let P (z) be an arbitrary point on the circle. Then,

Zj -z 
=> ------ +

z2-z

Z-Z1

Zo-Zi

Zl -z
=* z2-z

Z-Z1

Zq-Zi

' Z - Zl 5

ZO-Z1 
\ /

-I

”±2

AAPB =

=> arg

This shows that P is a variable point which moves in such 
a way that the sum of its distances from A and B is always 
constant equal to 3 units. Hence, by definition of an ellipse P 
lies on an ellipse having its foci at (1,0) and (-1,0).
(ii) We have, |z-l|2+|z + l|2 = 4

=> PA2 + PB2 = 4

=> P lies on a circle having A (1,0) and B (-1,0) as the end 
points of a diameter.

=3 (z-zi)
(z-z2) +

=> (z - Zj) (z - z2) + (z - Zl) (z - z2) = 0, which is the equation 
of the required circle.

EQUATION OF A TANGENT TO A GIVEN CIRCLE AT A GIVEN POINT 
Let | z - z0 | = r be the given circle and let A (Zj) be a point on 
the circle. Clearly,

x + iy—i
x + iy + i

| x+i(y-l) | =3 | x+i(y+l) |

■'/?+(y-l)2=3'V?+(y+l)2

=> x2 + (y-l)2 = 9[r2 + (y + l)2]

=> 8x2 + 8y2 + 20y + 8 = 0

=> x2+y2 + |y+l = 0, which is a circle.

ZPAC = ^.

' z - Zi "

Z-Z1
=> ------- is purely imaginary

20"Zl

f z - Zi ' 
------ + 
.Z°"ZV
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zj lies on | z | = r ?. [ z1 | = r]or,

ILLUSTRATIVE EXAMPLES
i

=$

n < |a(

=> (1-0

i.. + | z | +1=>

=> n <

=> n <

l-|z|=>

0 xx'
=>

=> |z| 1

=> z lies outside the circle | z - 0 | =

Q
y'

-i

i

n
12

/

i

and,
Q represent the complex number Z2 given by

c \ 
(2.-2)

/
= 2 +

k

/
- 2- n

12 y

n
12 /

n-t +

I I z I + I

Z I + I an 1

fl̂
2 

k

"2 + ... + a,+ O2Z"

-1 + a2z”-2 + .

n-1 
n

EXAMPLE 2 Find the complex number z which satisfieds the condi­
tion | z - 2 + 2i | = 1 and has the least absolute value. Also, find the 
complex number having the greatest absolute value.
SOLUTION We have,

| z-2 + 2i | =1

or, |z-(2-20|=l

Clearly, it represents a circle with centre C (2, — 2) and 
radius 1 unit.

It is also clear that OC makes an angle of 45° with OX in 
clockwise sense.

IL 
4 

\p
n-1

>-------n

!oz”

■•+«n-lZ + fln I

J

Z + fl„

=> z(z0-z1) + z(z0-z1) + 2(z1z1-Re(z1z0)) = 0

This is the equation of the tangent to | z-zq | = rat point Zj.
PARTICULAR CASE The equation of the tangent to | z | = r at 
point z = Zj is given by

|z| > 1-- 
n

ao I I z l”+ I «i I I z I

]+...+ [ a„-i

”-] +.....

+ I an-l

n < | z |”+ | z |

1-| z |” + 1 
l-|z|

__ 1
l-|z|

1< -
n

It is evident from the figure that point P represents the 
complex number having the least absolute value and Q repre­
sents the complex number having the greatest absolute value.

We have,
OC = 2V2 and CP = CQ = 1.

OP = (2V2-1) and OQ = (2^+1)

Since OP makes an angle of - 45° with OX. Therefore, 
P represents the complex number zj given by

Zj = (2>/2-l)e-fn/4

= (2'12 -1) (cos rr/4 - i sin n/4)

'2^2-1
V2k

(
= 2-

| n | = I aozn + a1z"

l + Hiz”-’

zz1 + z1z = 2|z1|2

n< |

example 1 Show that all roots of the equation

aQzn + a}zn~‘l + ....+an_1z + an = n,

where | ai | < 1, i = 0,1,2,..., n lie outside the circle with centre at 

the origin and radius ~1

SOLUTION We have,

n = aQzn + a1zn~1

Fig. 19.80

z2 = (2<2+l)e'in/4

= (2^2 +1) (cos n/4 - i sin n/4)

= (2^2+1) 1'
12
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y

izi =

1/2.and,

xX'i respectively.-2 +

y'

=>

=>2

=>

14=>

2
= 3

=>

=>

=>

=> z lies on a circle with centre at - - + Oi and radius
=>

J
=>

> 0 for t g (1, oo)2 += t

1
12

z + 1 
z-1

1
12

1
2

1
2*

/
- 2-

1
+ 4

Z+ 1 
z-1

z + 1 
z-1

1 
2

X 

z — -4- + 01

1
Z + 2

z = P-l + i

Z2 = 2 + n
I2

7

EXAMPLE 3 If z = (2 +t) + i ^3 - f2, where t is real and t2 < 3,
z + 1show that the modulus of -—- is independent oft. Also, show that 

the locus of the points zfor different values oft is a circle and find its 
centre and radius.
SOLUTION We have,

z = (2 + f) + iV3-t2 '

_ I (3+0+1Va-f212
' | (1 + 0+^3-t2 |2

I = (2 + 0 +ij3-t2

Hence, the complex numbers having the least and the 
greatest absolute values are

H

2t2-1 
f2a2-i)

z+1 
z-1

| z + 1 I = V3 I z-1 I

|z + l |2 = 3 | z-1 I2
| z |2 + l+2Re(z) = 3{| z |2-2Re(z)+l)

=> -2 |z |2-8Re(z) + 2 = 0

| z |2-4Re(z) + l = 0

| z |2-4Re(z) + 4 = 3

=> | z-2 |2 = 3

=> | z-2 | = V3

Locus of z is a circle with centre at (2,0) and radius '13.

EXAMPLE 4 Let z = t2-l + ^t4 - v, where te Ris a parameter. 
Find the locus of'z' independent of t, and draw the locus of'z' in the 
Argand plane.
SOLUTION We have,

z « (?-!) +^(t2-!)

 (3 +1)2 + (3 -12)  12 + 6t 
’ (1 +1)2 + (3 -12) 4 + 2t

z+1 2 
z-1

z = f2-l + f

1 / 1\2
1-12-1
1 2

z = (t2-1) + Vt4 -f

Clearly, z is purely real and is an even function of t.

.. dz 4f3-2t
Also, 37 = 2t + —n - y

« 2 Nt4 - r

Fig. 19.81

=> z = (f2-l)+ | t | Vf2-1 

Now, two cases arise.
CASE I When f2<l i.e.-1 <f <1.

In this case,
z = (f2-l)+ | t | 'll2-!

z = (f2-l) + i | t | >11-t2

z = t2-l + i<t^

1 (
- t4-t2 + 7 +7 

4 4

Hof 4 I 2> 
^l-fp-lf 

4 2
1 • 

=> Z + “= t +1

2

1
2

1
4

1
4

(3 + Q + i>/(3-/2) 
(1 + 0 + f V3-12

2

• 1
Z+2 =

r 1
2

1--------------- 2

CASE II When t2 > 1 i.e. t > 1 or t < -1 
In this case,

2 /
n2

k /
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B(o+bi)

y x'

Real Axis
x' 0 x

(ii)y'
and,

>-2, then show

,(iv)
log(l/<3) >-2

/

=>
< 3=>

=>

(v)=>

[... I z I +l>0]=> and a = -a = -

z = 0zz-

(i)

=>

The circle also passes through z = a + Oi and z = 0 + bi. There­
fore, putting z = a and z = bi respectively in (i), we have

a2 + oa + cw + P =. 0

y;

Fig. 19.83

(n 
15\ J

+ 1 — <

From (iv) and (v), we get 

fa + bi^ 
2

Putting the values of a and P in (i), we obtain the equation 
of the required circle as

_ (a + bi' - z-

=> a = -(a + a)
=> a+a=-a

Putting P = 0 in (iii), we obtain 

(bi) (bi) + a (bi) + a (bi) + 0 = 0 

=> (bi) (- bi) + a (- bi) + a (bi) = 0 

t^-abi + abi = 0

=> b-(a-a)i = 0

=> b = (a-a)i 
a-a = -bi

Therefore, z increases with t. At t = 1, we have z = 0 and 
z -> oo as t -> oo.

. Thus, z takes all values from 0 to <» for t e (1, oo). As z is 
ah even function of f. Therefore, z takes all real values from 
-oo to oo. Hence, the locus of z is the real axis in the Argand 
plane. ' •

z |2- | z 
z+l z I

(bi) (bi) + a (bi) + a (bi) + P = 0

Putting P = 0 in (ii), we obtain 

a2 + aa + aa = 0

2 
k /

zz-|(z+z)-^(z-z) = O 

zz-|(2Re(z))-y(-2iIm(z» = 0 

zz-fl Re(z)-blm (z) = 0

a - bi'
2 . /

Fig. 19.82

I z I2- I Z I + f 
2+|z|

| Z I2- I Z I 4-1 
|z|+2

|z|2-|z|+l <3(|z|+2)

| z |2-4 | z | -5<0

(|z|-5)(|z|+l)<0

|z|-5<0

=> | z | <5
Hence, z lies in the interior of the circle | z - 0 | = 5.

EXAMPLE 6 Show that the equation of a circle passing through the 
origin and having intercepts a and b on real and imaginary axes 
respectively on the Argand plane is given by 

zz = a Re (z) + b Im (z).
SOLUTION Let the equation of the required circle be

zz + az + az + P = 0
It passes through the origin. So, z = 0 must satisfy (i).

/. p = o

'a - bi'
2 \ /

EXAMPLE 5 If log^/^j

that z lies in the interior of a circle with centre at the origin and radius 
5 units.
SOLUTION We have,

Z| z I2- I z I
2+|z|
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< 1

I
is purely imaginary

= 0

= 0

=>

|a| ==>

| a | = = 1=>

=>

< 1=>

< 1=>

yjy

8(0,1)
P(Z)

x' 0 x

X' 0 X

(0,-1)A

y'y'

Fig. 19.85Fig. 19.84

| f-i | 
I' + H

I z-i | 
I z -1 |

z-i 
z + i

z-i

r+1 
? + i

z-i a = —;z + i

=> a moves on the unit circle which has its centre at the 
origin.

EXAMPLE 8 Locate the region in the Argand plane determined by 
z2 + (z)2 + 2 | z |2 < 8i (z - z), where ze C.
SOLUTION Let z = x + iy. Then,

z2 + (z)2 + 2 | z |2 < Si (z - z)

< 16y< I z + i I

'z-a'
z-bi\ 7

z-a

±2

I II “ I ■ 7T7

t-i
=*a = 777

=> (z - a) (z + bi) + (z - a) (z - bi) = 0

=» 2zz-(a-bi)z-(a + bi)z-abi + abi = 0

2zz-a(z + z) + bi(z-z) = 0

=> 2zz - a (2 Re (z)) + bi (2i Im (z)) = 0

=> 2zz - 2a Re (z) - 2b Im (z) = 0

=> zz = a Re (z) + b Im (z).

z — i
EXAMPLE 7 If a=, show that, when z lies above the real axis, 

a will lie within the unit circle which has centre at the origin. Find 
the locus of a as z travels on the real axis from

- SOLUTION CASE I When z lies above the real axis:
If z lies above the real axis, we have 

PB < PA

=> arg

=> a lies within the unit circle which has its centre at 
the origin.

CASE II When z travels on real axis from - «> to °°:
If z travels on real axis from - °° to °°, then Im (z) = 0 and 

Re (z) varies from - «> to
Let z = t + 0 i, t e R. Then,

=> x2 < 4y

=>(?-/ + 2ixy) + (?-/- 2hy) + 2 (?+y2) < 8i (- 2iy)

zz = a Re (z) + b Im (z).

AUTER Let P (z) be any point on the circle. Then, 

ZAPB = ±y

z-(O + bi)J 
z-'a 
z-bi

z - bi I \

z - bi z + bi

=> (x, y) lies inside the parabola having vertex at the origin 
and axis along OY.

■ => | a | < 1
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the circle | z | = r, then shows that - 2, which is real.is a real

= 6,

i

(Z,)A
= 0arg

0 D(Z<)

*0
(z2)0

n-6

8(0,1)(z)PC(z3) G

Fig. 19.86

x' 0 x
+ arg = 71

= n
y'

Fig. 19.87

is purely real.=>

y

P(z)

b(o.i)

o x

P(z)

y'

Fig. 19.88

number.
SOLUTION Let ZBAC = 0. Then, ZDCB=tc-0

ZBAC + ZDCB = 7i

/A 
(-1.0)

Hence, the given inequality represents the part of the Ar- 
gand plane lying inside the parabola with vertex at the origin, 
axis along positive side of imaginary axis and latus rectum 4 
units in length.
EXAMPLE 9 If zp z2, z3, z4 are distinct complex numbers lying on

(z]-z2)(z4-z3)
(Zi-24)(z2-z3)

is purely real
'3

=* arg

=> arg

when(i) 0 = 0 (ii) Q = n (Hi) 0 = a,where0<a<-

SOLtmON We have,

(z^fl
z + 1

ZAPB = 0

z + 1

(i) When0 = 0:
In this case, we have
ZAPB = 0

=> P lies either above B or it lies below A

z1 Zj + Zj z4 = 0 and z} = - z-

(-1.0)A
7 y

z4 to be concyclic,

z2 z3

\

V2?
J2"zb
Z4~Z1 Z2-Z3

kZ2-z1

Z4~Z1

Z4“Z1
(21~z2) (24~Z3)
(21 ~24) (Z2-Z3)

EXAMPLE 10 show that if z1z2 + z3z4 = 0 and z1+z2 = 0, the 
points represented by the complex numbers ZjZ2, z^ z4 taken in order 
areancyclic.
SOLUTION For points z^z^z^ and
(2l“22)(z3-z4)
t ~r-.-------r should be real.(21-24)(z2-z3)

We have,

(2i “ 22) (z3 - z^)

(21 “ 24) (Z2 - Z3)

(zl " Z?) (Z3 ” z4)

Z1 Z2 + z3 Z4 ~ Z1 Z3 “ Z2 Z4

z4 - z3^
Z2~Z3 

z4-z;

z4 “z3
------- is purely real
z2 - z3

_ (zi-22) (23-24) 

22(Z3-Z4)

-222

22

Hence, the given points are concyclic.

EXAMPLE 11 Find the locus of points z such that arg

— - - .... - ..... - 7t
2‘
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= aarg

and,

= -a.arg

= 0,y

x' 0 x V

= 0=$a = b = c [See Ex. 16 on page 19.37 ]

y'
=>

ng. 19.89

In this case, we have

= 2 arg=> arg

[•_• arg (z") = n arg (2)]

(z2)B

y

A(zi)\o
0(0,1)

x' 0 x (z3)C

a 
b
c

c 
a
b

Fig. 19.91

EXAMPLE 13 If 2j and are two given complex numbers and z is 
a variable complex number such that

fy'
Fig. 19.90

/P(z)

A(-1,0)

=> P moves on the major arc of the circle passing through
A and B and lying in the upper half plane formed by the 
line passing through A and B.
Note that P will not lie on the major arc of the circle lying 

in the lower half plane determined by the line passing through 
A and B, because for any point P (z) on the major arc of this 
circle we have

I 21 I = I z2 I = I % I = Msay)
zlz Z2; z3 lie on the circle | z | = X having centre at the 
origin.

(ii) Clearly,
ZBOC = 2 ABAC
z3-(T

N arg — = arg 
*2 k 7

fz + f| 
z-ik 7

Thus, the locus of P is two rays, one beginning from A and 
going downwards and other beginning from B and going 
upwords as shown in Fig. 19.88

(ii) When 0 = n:
In this case, we have
ZAPB = n

=> P lies on the segment 4B, excluding its end points 4 and B.
Thus, the locus of P is the line segment joining A and B 

excluding end points A and B.

(iii) When 6 = a, where 0 < a < ^:

'z-i'
z + 1 

k 7

ZAPB = a, where 0<a<~

(z3>
(ii) arg — = arg N

EXAMPLE 12 Let zv z2, z3 be three complex numbers such that 
I Zi | =a, | z2 | = b, | z3 | = candz1^z2.If 

a b c 
b c a 
cab

(z -z A z3 zi
j2-zb

%-zlf

then prove that:
(i) zp Zq, z3 lie on a circle with the centre at the origin.

/ \2
z3~zl 1
z2-z

SOLUTION (i) We have,

b
c
a

p(z)Z
.... .

| \ c.
TT—oc-

A(-1,0)
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= |.[t-|z1|2-|z2|2l
2=>

2 2=>+ Zl+Z2
2

=> CD CD —
2

2

z —

and,
2

Radius =z~

=> z —

Clearly, it represents a circle having centre at and

2

> when z lies on the

y

(z)R(0 =

x'

=> 3 [v | z + 1 | =3](5 + Q CO - 1
(1)

1
17 17

n 
4

epi 
lz-(5 + Q 

’b-d+o
segment of the circle described on the join of (5,1) and (1,1) as 
a chord.

We observe that there is only one common point of the two 
circles.

Now,

| z | = 2<2

y'
Fig. 19.92

Z-(5 + Q 
Z-(14-i)

(W
0

z(zj + Z^)
2

1
4 4- i - z

z(zj + z£)
2

Z1 +z2
2

zl+z2
2

zl+z2
2

Z1 +z2
2

= |^2*- |zi-z2|2

' : * •.
S .;T •

C *’•

2k-|z1-z2|2>0=>

=> ((5 + z)co-1)((5-0CD-I) = 9 | co |

26 CD CD +1 — (5 + f) CD — (5 — 0 CD = 9 I CD I

26 | co |2-(54-i)co-(5-i)©4-l = 9 | cd |

1 0
17

2
= l[2t-2|Z1 |2-2 |z2|2+|Z1|2

2
= |[2J:-|zi-^|2I

Radius=|V2k- |z2-Zj|2.

For the circle to exist, we must have

|z1-z2|

I z“zi |2+ I z~z2 I2 = k> 

find the set of values of k for which this equation represents a circle. 
SOLUTION We have,

I Z-Z1 |2+ I z“z2 I2 = k

|z|2+ |zj|2-2Re(zzp4- |z|2 + | z2 |2-2Re(zz^ = fc

4- |Z2|2 I + 2Re(z1^)]

= is the major

Q(5.i)
x

example 14 Find the locus of to = 

circle | z 4-1 | =3.
SOLUTION We have,

1
4 4- i - z

. . 1=> 4 4-1 — z = —CO

=> 2 = 4 + i- —
(0

=> Z + 1 = 5 + i- —
(0

p-+U 
17 17' -

_ f 5 1 u * - i
=> (0(0+ w+ + ® + = 0

k /

This shows that co lies on a circle having its centre at

(- Coefficient of co) i.e. at i

1 A f5 1 1 _— : co- <o + — = 0
\ /
(

17 17 \ 7

= 5l‘-l*il2-|*2|2}+

17 17 ’

EXAMPLE 15 Find all complex numbers common to | z | = 2^2 

and arg

SOLUTION Clearly, | z | = represents a circle with centre 

at (0, 0) and radius 2'/2 and arg

=> |z|2-2Re

=> |z|2-2Re

|(5 + i)co-l|

I cd | = 3
=> | (5 + f)co-1 | = 3 ( co |

| (5 + i)co-l |2 = 9 J co |2

((5 + i)co-1) {(5 + 0co-1) = 9 | co |2

2

1
CO

1
17
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■(*)=>

...(i)

arg 4

arg 4

=> arg [(x-5) + i(y-l)J-arg{(x-l) + i(y-l)} = -
[Putting ^X2-1 = ± zp. in (i)J

=> tan' - tan

=>

,2

= 1
■(ii)

...(ii)

(3-x)2 + x2 = 8 => 2x2-6x + l = 0 => x =
[Using (ii))

=>Putting x = in x + y - 3 = 0, we get y =

=>
is the only common point. Hence,

z =

[From (ii))

X

Hence, the roots are:

n
4

z — (5 + z) I _ n
z~0- + i)

(x-5) +z (y-l)l n
(x-l) + z(y-l) = '

n
4

3±V7
2

3 + <7
2

z = -X±y [Putting a/X2 - ?=± g in (i)]

Let Zj = - X + y and z2 = - X - y. Then,

-2X±^4X2-4
------------- 2------- -

=> X2 -1 = - y2 (say), where y > 0.

=> ^X2-l = ±zy

Z]Z2 = 1

I Z1 Z2 I =1

z = - X± Vx2-1

4(V-1) 
(x-5)(x-l) + (y-l)'

4 (y-1) 
x2+y2-6x-2y+ 6

x2 + y2-6x-6y + 10 = 0

From (i) and (ii), we get

-6x-6y+18 = 0 => x + y-3 = 0 => y = 3-x

Putting y = 3 - x in (i), we get

CASE I When -1 < X < 1. 
If -1 < X < 1, we have 

X2<1

Zj z2 = X2 - y2

n= tan 74

=> X2-l < 0

tan"1

3±V7
2

"3-<7 3+^1
2 ' 2 J

Let X2 -1 = y2, where |1 e R

=> Vx1-1 = ±y

=> y is also large and y

I Z] | | z2 I = 1

either | z1 | < 1 and | Z2 | > 1 or | Zj | > 1 and [ Zj | < 1.

one root lies inside | z | < 1 and the other outside | z | < 1- 

CASE in When X is very large:
In this case, roots of the given equation are zi = - X+g and 

Z2 = - X - y.. Also, Zi and Z2 are real numbers.

We have,
X2 — 1 = y2

.-. >/X2-1 = y

Since X is large. Therefore,
y = ^X2-l

z = - X ± zy

=> z + X = ± iy

| z + X | = | ±zy |

|z + X | = y

z lies on the circle having centre at - X + Oz and radius |L 

caseh When‘k>l
If X > 1, then

X2 > 1 => X2-l > 0

Clearly,

the common point is represented by the complex number 
(3-^7\ /3 + V^ 12 H2 J

EXAMPLE 16 In the equation z2 + 2Xz +1 = 0, X is a parameter 
which can take any real value. Show that if-1 < X < 1 the roots of 
this equation lie on a certain circle in the Argand diagram, but that 
t/X > 1, one root lies inside the unit circle and one outside. Also, prove 
that for every large values of X the roots are approximately .

-2X - —2A/ 2X‘

SOLUTION We have,

z2 + 2Xz +1 =0

-1 (¥~1 n r—- [x-5

y-1
x-5

1 y-i 
x-5

x-1

y-i ’
x-l

^4 =x-l

=» |z|2 = 8

=> j^ + y2 = 8 

and,

4
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zT = - X +11 =

and,
A(7.8)

m(|^)

8(2,3)
x' 0 x

r
Fig. 19.93

We have,

=> AACM = ZACB = 7

In A ACM, we have

=>

=> CM =

0/2+1)=> CM =

Now,
number such that arg

AC2 = AM2 + CM2

2

=> AC =

=> AC =arg

Now,

AM = 5
12

-1
2X

5
12

5 
<2 CM

SlopeofCM = -l

So, the equation of CM is

n
8

p2-X2 
g + X

5 
>/2 (V2-1)

\2 
‘ +

Argand plane.
SOLUTION Let A and B be the points representing z1 = 7 + 8i 
and z2 = 2 + 3i in the Argand plane. Let P (z) be any point in the 
Argand plane such that

'z-z/

This implies that point P lies on the major segment of the 

circle drawn on AB and containing the angle •

Let C be the centre of the circle and CM 1 AB. Clearly, M is 
<9 1P 

the mid-point of AB. So, the coordinates of M are -, — .
< J

=> AC = 5^/2+ >/2

(-.• tanj ='fi’-l) 
0

f5
12
\ 7

=> a > 0 and a (2a - 3) > 0.

But, a < 1 or a > 2. Therefore, we must have a > 2.

EXAMPLE 18 // Zj = 7 + 8i and z2 = 2 + 3f and z be any complex 
fz - Zy

ci 8"3 1
Slope of AB = -—- = 1.

. 71 tani =

■yr
= -' find the locus traced by z in the 

0

ZACB = 2 ZAPS = 74

tan ZACM = CM

(iif
+ 8-T 

k /

z2 = -X-g = -X-X = - 2X

EXAMPLE 17 Find the real values of parameter 'a' for which at least 
one complex number z satisfies both the equality 
| z +12 | = a2, - 3a + 2 and the inequality | z + il2 | < a2.
SOLUTION The equation | z + 12 | = a2-3a + 2 will represent 
a circle with centre at (- 12,0) and radius (a2 - 3a + 2), if

a2 - 3a + 2 > 0 => (a — 2)(a — 1)>0 =>a<lora>2

The equation | z + il2 | < a2 represents the interior of the 
circle having centre at (0, - 12) and radius a.

We have to find the values of parameter a for which at least 
one complex number z satisfies both the equality 
| z +12 | = a2 - 3a + 2 and the inequality | z + i 12 | < a2. This 
is possible only when the circle | z + Vf | = a2 - 3a + 2 inter­
sects with the circle | z + il2 | = a2. For this, we must have

Difference of the radii < Distance between the centres of the 
two circles

< Sum of the radii
=> a2-3a + 2-a2<2<a2 + a2-3a + 2

=> -3a + 2<2<2a2-3a + 2

=> - 3a + 2 < 2 and 2 < 2a2 - 3a + 2

=» - 3a < 0 and 2a2 - 3a > 0

y + ~(3 + 2^)

1
2

it
8
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<a<

...(iv)

by

=>

=>

=> 5a + 2a +1 > 36x = 2-=>
,2=> 5fl +2a-35 > 0

5^

5

.(v)u=>= 5^2 + V2

a e u

.(iii)

=> 0 <

=>

=>

5
?2

5
12

f
Coordinates of C are 2-

\ 7

Hence, the locus of z is the major segment of the circle 

r 
-i 8 +

..(i)

,(ii)

| - 2a + (a +1) i | >3 + 3 

>/(-2a)2 + (fl + l)2>6

- ,2 , n„ . i < or

1-VtT
2

- i +4V1T
5

i + Vn"
2

5 r-Since CM = (n2 +1). So, the coordinates of C are given

9
X~2

_ 1
12

9
X~2

3n 
COST

( 5 "I
Z-2-12~t[

\ J \

11 
y-y

. 3rt sin —
4

drawn on AB and containing the angle -. 
o

x = |-|(>/2 + l) and y = ■^■+|(1/2+l)

1-171 i + VtTI
2 ' 2 |

If z is to satisfy (i) and (iii), then the circles | z | = 3 and 
| z - {- 2a + (a +1) i) | =3 should not intersect or touch each 
other.

Distance between their centres > Sum of their radii

n 5 and y = 8+^

=> a 6

'-1+4VTT----------------- oo
5

=> a e R and
... 2fl2-2a-35 = 0 

i±VtT
=> a = j

... 5a2 + 2a-35 = 0
-±4Vn 

=> a = —-— a

-1-4VTF => a <-------------or, a >

( -1-4VIT1

From (iv) and (v), we get

'1-171 -1 -4V1TA
( 2' - 5 J

EXAMPLE 20 Find the equation in complex variables of all the 
circles which are orthogonal to | z ] = 1 and | z -1 | =4. 
SOLUTION We have,

| z | = 1 • .-(i)

and, | z -1 | =4 .-(ii)

Let the equation of the circle cutting (i) and (ii) orthogonally 
be

| z - (a + ib) | = r

where a, b, r e R and r > 0.
We know that two circles cut each other orthogonally, if the 

square of the distance between their centres is equal to the sum 
of the squares of their radii. Therefore, (i) and (iii) will intersect 
orthogonally, if
(Distance between their centres)2 = (Sum of the squares of 

their radii)

=> oe R and 2a2-2a -35^0

EXAMPLE 19 Find aE R, if the complex number zis to satisfy : 
| z | = 3, | z - {a (1 + i) - i} | < 3 and | z + 2a - (a +1) i | > 3 
simultaneously for at least one z.
SOLUTION We have,

|z| =3

| z-(fl(l + i)-i) | <3
and,

| z + 2fl-(fl + l)i | >3 ...(iii)

If the complex number z is to satisfy (i), (ii) and (iii) simul­
taneously, then z should lie on the circle | z | = 3 but inside or 
on the circle | z — {a (1 + z) — z} | = 3 and outside the circle 
| z + 2a-(fl + ljf | =3.

If z is to satisfy (i) and (ii), then the circles | z | = 3 and 
| z — (a (1 + i) — i) | =3 should cut or touch each other. There­
fore,

Difference of radii < Distance between the centres

< Sum of the radii

|(«(l + i)-i)| <6

0 < Va2 + (a-l)2 £ 6

=> 0 < 2a2 - 2a +1 < 36

=> 2a2-2a + l > 0 and 2o2-2a + l <36

| a + bi |2 = 1 + r2

a2 + b2 = 1 + r2 ...(iv)

If the circles (ii) and (iii) intersect orthogonally, then

| (« + bi)-l |2 = 42 + r2

=> j (a -1) + ib |2 = 16 + r2

(fl-l)2 + b2 = 16 + r2

A2 + b2-2fl = 15 + r2

<-i+4Vir i+vtT|
5 ' 2 J



19.89COMPLEX NUMBERS

[Using (iv)]

=> -2/7 = 14

fl = -7

[v x>0]

B

A(1.1)

x' X

lzl=2

—(i)
=>

log5 = 1

= 5=>
[v z = x + iy]=> a + ib =

=> x + iy =

=>

=> x ==>

+1 0

ib 
cP + b2

a ■

1 
x + iy

1 
a + ib

=> J + y1 = 4

=> a2 + b2-a-b = 0| or, | z | = 2 and arg {z - (1 + i)| = ^ • 

7

Substituting the values of x and y in (i), we get 

-b a 
a^ + b2 c^ + b2

Now,

| z | = 2 => | z |2 = J2 

Putting y = x in this, we get 

2X2 = 4 => x = ±V2 => x = V2 

y = x = ^2.

Hence, required point is (^2, V2) which represents the com­
plex number V2~ (1 + i).
EXAMPLE 22 A point z moves in the Argand plane such that 

n 1
arg (z - 2 - i) = Find the path traced by4 z
SOLUTION We have,

0 7 

lzl4
IT 

=> arg{z-(2 + 01 =

Clearly, arg |z - (1 + 0} = it represents a ray originating 

from A (1,1) and making an angle of 45° with x-axis i.e. along 
the ling y = x.

It does not intersect the circle | z | = but it intersects 

| z | = 2 at B.
To find the coordinates of B, we solve | z | = 2 and y = x 

simultaneously.

y-l=(tann/4)(x-2)

=> y-x+l=0

Let (0 = - Also, let <o = a + ib. Then, z
1(D = -
Z

arg(z-2-i) =

-b
'y = ?7P

Putting a = - 7 in (iv), we get
49 + h2 = 1+r2

=> r = "Vb2 + 48

Substituting the values of a and r in (iii), we obtain that the 
required family of circles is given by

| z + 7 - bi | = ^b2 + 48, where be R

EXAMPLE 21 Find all the points in the complex plane which satisfy 
the equations

log5(I z I + 3)-log^| | z | -1 | =1 and arg(z-l-0 = ^

( SOLUTION We have,

log5(I 2 I +3)-logV5 | I z I -1 | I = 1

a 
a2 + b2

♦ yz
Fig. 19.94 

log5(|z|+3)-21ogV5 | lzl"l| =1

I z | + 3

| z | +3
I |2IM-1!
|z|+3 = 5||z|2-2|z|+1}

5 | z |2-11 | z | +2 = 0

(5 |z |-1)( | z | -2) = 0 

| z | = | or, | z | = 2

Thus, we have

| z | =

=» z lies on the ray originating from (2,1) and making an 
angle of n/4 with the real axis. Cartesian equation of this line 
is

=> l + ^-Tfl = 15 + r2

ly arg(z-1-i)= -r
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2
=> (1X0 — = 0

= 2

Clearly, this equation represents a circle centred at - (1 + i)

and,

[•.. AB = 2]Radius = =>

.-. OD = 7 AD =
in/6,B ,C . Let P (z) be

17

Z =

CP2 = I z-z3 I2 = I z |2+ I z3 I2-(zz3 + zz3)

0

)D
)

that P represents the complex number

Fig. 19.95

1
12

r2
15

i
15W

OA = OB = OC = OP
OA = OP

2
= 15 '

(O-CO
2i

3 9
4+4

AP2 + BP2 + CP2
= 3 | z |2+ | Z] |2+ | Z2 |2+ | z3 |2 -Z^+Zj + Z^

-z(z1 + z2 + z3)

<3 •
15 2 2l

2
= 13X

=> Circumcentre of A ABC is at the origin.
Since the triangle is equilateral. Therefore, its incentre coin­

cides with the circuincentre. So, the incentre of A ABC is at the 
origin. In order to obtain the equation of the incircle, we require 
its radius (= OD) only.

EXAMPLE 23 Consider an equilateral triangle having vertices at the 
( 2 ,-i5n/6" 

15 
\

, 2e-'5«/6
c(!3=«B >

, 2e-'H/6.
(I2=fi ■

-3xM
3 »

2
|Zll = |Z2l = |Z3l=^-

1(1 + 1) =

'(O + O)

2

=> axo-|(l-i)io-|(l+i)(o = 0,

4= l+3x^ = 5 
o

EXAMPLE 24 A, B, C are the points representing the complex num­
bers Zp z2, z3 respectively on the complex plane and the circumcentre 
of the triangle ABC lies at the origin. If the altitude of the triangle 
through the vertex A meets the circumcircle again at P, then prove 

~2223

21
SOLUTION Let AD be the altitude through vertex A of 
A ABC. AD produced meets the circumcircle at P (z).

Since 0 is the circumcentre of A ABC.
Therefore,

Now,

In A ABD, we have

Sin6°« - f
■13 r-

AD = ABy = 13

2
=> zp z2, z3 lie on the circle | z | =

So, the equation of the incircle is | z | = 

Let P (z) be any point on the incircle. Then, 

e10, where 0 < 0 < 2n

Let I be the length of the side of A .ABC. Then, 

I = AB = | z2 - Zj | 

( n . . n 
cos - -1 sin - 6 (

2 .
6l'^'

• * a I i points A H?e

any point on its incircle. Prove that AP2 + BP2 + CP2 = 5.
SOLUTION Letz1=ie'n/2,z2 = Xe_,n/6

VO no

and,23 = |e-^.

Clearly,

4 4 4 n - n -+-+--zxO-zxO
J J J

Origin is also the centroidof A ABC
Z-i + Z, + Zo
----- 7----- = 0=>z1+z2 + z3 = 0 

o

BP2 = I Z-Z2 |2 = I Z I 2 + I z2 | 2 — (z Z2 + ZZ2)

Now,

AP2 = |z-z1|2 = | z |2 + | z- ^-(zz^zzp

2eiflA

1
2

1
3
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I 2] | = | z |=>

[Using (i), (ii) and (iii)JI*112= I * I 2

=> = ZZ

= 0
(i)=>

Similarly,

•••(ii)

and,

A(zj)

bers and zbea complex number such that arg

SOLUTION We have, arg

C(z3)••'D

P(z)

Fig. 19.96

(iii)OC = OP => = =

(

P(z)
is purely imaginary

K

= 0=a>

0(zo)

Fig. 19.97

51

z 8 
(z2)

n
2

A >
(Zl)

n
2

z_
23

Now,
AD 1 BC

=* AP 1 BC

_z_ 
z2

(irr 1990]

Zj -z

Z3-Z2

21~2

21-z'

I 23-22 \ • /

21 Z1

21-z"

23-22

8X
(Z2)

= 7. Find the 4

=> arg

_z_ 
ziz

-^-1

z_
Z3

23-22

=>^-

23-22

We have,
AB = | z1-z2 |

= | 6 + 4: | = V36 +16 = <52

Let r be the radius of the circle. Then,

AB2 = OA2 + OB2

=> r2 + r2 = (V52)2

zi-z .

(------ \Zi — z

= This means that z is lying

ZAOB = 2/LAPB = 2x7 =4

(Z-Z^Z^

ZZ1 (Zj-Zj)

f z3^
1+ — = 0

— = 0 _z_
Z2

Z2 23 
=> 1+— = 0

ZZj

=> z =-------
21

EXAMPLE 25 Let Zj = 10 + 61 and z2 = 4 + 2: be two complex num- 
z-z/ 
z-z, 

\ / 
centre and radius of the locus of complex number z.

z, -z
—---- # 0

23-22

21 -Z 
+ = 0

23-22

^z-z/
Z-Z) 

\ J 
on the major arc of the circle passing through z} and z^

Let 0 (zo) be the centre of the circle.
Then,

?1-1
+ = 0

f3_?2
z z

Z2 
OB = OP => J = 

z

23

z
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(i)P = n + a=>

Also,
[Using (i)]

=>

zo =

= 9 + i

arg

arg

B(z2)

P
A(zi)

0 OC

(-I.O)A

C(zj)

Fig. 19.98

1

= arg

[v arg (- z) = n + arg (z)]= n + arg

-z2 
z3

Z -fl 

z-fl

1
*2

SOLUTION Since P, A, B are collinear points. Therefore, .
Slope of AP = Slope of BA

a-b
a-B

z0(l-i) = -zxi + z2

-(10 + 6i)i + (4 + 2i) = 10-8/ 
1-i 1-i

n
" 3
the major arc of the circle

2

1

T

21~23 

z123

'z + f
z-1\ /

fz + l^l
z-1\ /

=> Point representing z lies on I 
passing through (-1,0) and (1,0).

-22

23)

N
=> arg

1_
z3 21

Z2-Z1

23-21

1 1 = —+ —
h z3

ry'
Fig. 19.99

(z + f|
z-1

2.71< —, then z lies in the shaded region

<2?
‘ 3

10 - 8i 1 + i 18 + 2i 
=>2° = ’l-i Xl + i“ 2

Hence, the centre of the circle is at 9 + i and radius is f26 
units.
EXAMPLE 26 Ifz}/z^, z3are complex numbers such that at least one

2 11of them is not real and — = — + show that the points represented
21 z2 %

by Zj, z2,23 lie on a circle passing through the origin.
SOLUTION We have,

=> arg

-1^-1

z-1
=> Point representing z lies on the minor arc of the circle 
passing through (-1,0) and (1,0)

and,

^2 “2q - (Z] Z0)e 

z2 - 2q = (Z1 “ Zo) i

<z2-2f 

?-2b
22~z1‘ 

J3 A

Now,

ZBOC + ZBAC = a + 2n-p 
= a + 2n-(n + a) 

=
Thus, the sum of a pair of opposite angles of a quadrilateral 

is 180°. Hence, the points 0, z\, z2 and Z3 are the vertices of a 
cyclic quadrilateral i.e. they lie on a circle.

EXAMPLE 27 Plot the region represented by^< arg 

in the Argand plane.
SOLUTION We know that

2n 
3

r = V26

=> 2? = 52

1 
=> —

21 Thus, if < arg 
marked in Fig. 19.9$ except points (1,0) and (-1,0). 
EXAMPLE 28 Two different non-parallel lines meet the circle 
| z | = r in the points a, b and c,d respectively. Prove that these lines 
meet in the point z given by

a^ + b'
7 s ■

a^b^-c^d'
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D(d)

C(c)

P(z) A(a)

B(b)

Fig. 19.100 B(b)

=>
0

=> z = a + (i)
A(o) r

P(z)=>

=>

(ii)=>

a + (z-a) = c + (z-c) (i)

=> z — c

zc + zc = 2?

=> 2 + a — c

=> 2 -C => Z

z-c

'c-d'
c-d7

( 2 r
c k

-zc 
c

Zr2 (ab-ab}
c

-(ii)

The equation of the chord joining A (a) and B (b) is given by 

z (a-b)-z(a-b) + db-ab = 0 ...(iii)

Lines (ii) and (iii) intersect at P (z). Eliminating z from these 
two equations, we get

z(a-b) + ab-db _ Zr2 
a-b

'a-b
l + “ “ a-b c\ 7

£
a

SOLUTION The equation of the circle with centre at the origin 
and radius r is

a z = -

0 
e’

r

a-b k /

_ r2 - ?=> a = —,b--r,c = — a b c

The equation of the tangent to the circle | z | = r at z = c is
given by

C(c)

Fig. 19.101

| z | = r

Since points A (a), B (b), C (c) lie on the circle | z | = r. 
Therefore,

I « I = I M = I d =r
=» | c |2= | h |2= | c |2 = P

da = bb = cc = i2

1 d —7 + “7 = ab cd< 7
t ri 

cd\ 7

_C__ d_
c-d k 7

rd 
c__ d_
c + d 7

A (a), B (b), C (c) and D (d) lie on | z | = r
I « I = I H = I c I = I d | =r

=>l« |2= | b |2= [ c |2=_| d l2 = r2, 
=> aa = tbb^r2 cc = r2,dd = r2 ;

=> z =

f n
abk 7

z-a 
=4 ------  =

z-a

7 k

a-b

-c-' + b-'-cT1

EXAMPLE 29 Three points represented by complex numbers a, b, c 
lie on a circle with centre origin and radius r. The tangent at C cuts 
the chord joining the points a, b at z. Show that 

i"1 + r1-2c"1 
a-h^-c-2

=> zGdfd-c"1^1) = a’1

a-b
a-b

a-b k 7

Similarly, P, C, D are collinear points. Therefore,
Slope of CP = Slope of DC

z-c c-d-—- = —-
z~c c-d

c-d
c-d

’ 2’c = p](z-c)
z = c + f^—3 (z-c) 

c-dk 7
From (i) and (ii), we get

fa-V
a-b\ 7

fi-b c-d}
—r------j = (c-5) + aa-b c-d K ’k
P r2 r2
£__ b
a-bk

c a k

c-d 
c-d k 7

^a-b
a-b 

k
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=>

[Using (i)]=> z

=> z

=> Z(fl

=>
z

=> 2a = 271- —

0(z2) =>

Now,

=>

I = I z3 I = 1
OA = OB = OC = 1=>

=> PAZ = 4PB'

=>

Now,

=>

=> zz - (4 -2i)z- (4 + 2i)z = 0=>

Clearly, it represents a circle having its centre at 4 - 2i

2d 
c

C(Z3)

Fig. 19.102

271 .
O = T

and z3

Now,
sina + sin.(a + P) = 0

=> sin (a + P) = - sin a

=> sin (a + P) = sin (2ti - a)

=> a + p = 2ti - a

=> 2a = 2tt-y

Hence, triangle ABC is an equilateral triangle.
EXAMPLE 31 If A and B represent the complex numbers 6i and 
3 + Oi in the Argand plane and P (z) is a variable point such that 
PA = 2PB, then show that the locus ofP is a circle. Also,find its centre 
and radius
SOLUTION We have,

PA = 2 PB
D/i2 _ ^dd2

27C , n 2tta = — and p = —3 3

Zj + z2 + z3 = 0

EXAMPLE 30 If zp z2, z3 are the complex numbers such that 
Zj + z2 + z3 = 0 and | | = | z2 | = | z3 |, then prove that the
points representing z}, z2, z3 are the vertices of an equilateral triangle 
inscribed in the unit circle.
SOLUTION Let zv Z2 and z3 be represented by the points 
A, B and C respectively in the Argand plane.

ZA = ZC = £

=> A, B, C lie on the unit circle with centre at the origin.

Let ZAOB = a and ZBOC = p.

Clearly, OB and OC are obtained by rotating OA through 
a and a + P respectively. Therefore,

z2 = Zj?01 and z3 = Zje’^*^

=> 2ZC = y and 2ZA =

1 + cos a + cos (a + P) = 0 and sin a + sin (a + P) = 0 

cos a + cos (a + P) = -1 and sin a + sin (a + P) = 0 

Squaring and adding, we get

{cos a + cos (a + P))2 + (sin a + sin (a + P) }2 = 1

=> 2 + 2 cos (a + p - a) = 1

□ "Icos p = —

=> Zj {(1 + cos a + cos (a + P)) + i (sin a + sin (a + P)) = 0

We have,

I 21 I = I z2

or2 _ br2 
b__ a
a-b k J

2 a + b 
c ab

=> z} + Zj e'a

zj (l+?a + ?(a+p) = 0

|z-6f|2 = 4|z-3|2

=> (z - 6i) (z - 6i) = 4 (z - 3) (z - 3)

=> (z-6i)(z + 6i) = 4(z-3)(z-3)

zz + 6i z - 6i z + 36 = 4 (zz - 3z - 3z + 9)

=> 3zz - (12 - 6i) z - (12 + 6i) z = 0

o 2tc => P = V o

fd d 1
_ b_ d
a-b +c2

zl = ab + f2

r1b-1-c‘2) = a“1 + b"1-2c-1
(a"1 + b'1-2c"1
a-U^-c-2

+ z1?(a + P) = 0
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and radius = V| -4 + 2i |2 -0 = V2CL

A(zq)

0
0 = {(x -1) + iy} (cos a - i sin a) +o

B(zb) C(zc)

and, = {(x -1) cos a + y sin a}. 1 +

+ i (y cos a - (x -1) sin a} • 1 -

=>

and,
and,

'a

D(z)

Fig. 19.103

Now,
v = 0

, A 
•<7

1
(x-tf+y2

'z-2,

2 
X

EXAMPLE 32 Consider the triangle ABC, where A (zfl), B (zb), 
C(zc) whose circumcircle is | z | -r. If the internal bisector ofangle 
A' meets the circumcircle again at D. Find the complex number 
associated with D. Hence or otherwise also prove that for a fixed 
position of B (z&) and C (zc) all the bisectors (internal) of LA will 
pass through a fixed point.
SOLUTION Let D represent the complex number z.

Since LBAD = LADC = 0. Therefore, we have
z~za = zb~za

l2"Zfll \zb~za\

v = (y cos a - (x -1) sin a] . 1 -

z~za£i2d 

z~za

=> u = {(x -1) cos a + y sin a). 1 +

, \2
•a
r2 =

2a
/

cos a + i sin a
(x -1) + iy

= {(x -1) cos a + y sin a} + i {y cos a - (x -1) sin a|
{(x -1) - iy} (cos a + i sin a)

(x-l^ + y2
= |(x -1) cos a + y sin a} + i (y cos a - (x -1) sin a)

{(x -1) cos a + y sin a| + i ((x -1) sin a - y cos a|
+ (x-l)2 + /

1
(x-l^ + y2'

1
(x-lf+y2’

1
^(x-tf + y2’

e10

eiQ

ei2Q

zc~za _ z~za

lvzfll Iz-Zfll

(z-zfl)2 _

l2~2fl I2

(zc~2fl)2 _

lZc-Zfl|2

Z"Zfl

Z"2fl :
=> —— x-

2
=* (zzfl) = (zaZf)(zazc)

2
=> 2 = zbzc

Hence, the complex number assoicated with D is given by 
z2 - zb zc. Clearly, if zb and zc are fixed, then z2 = zb zc gives a 
fixed value of z. Hence, all the bisectors of LA will pass through 
a fixed point given by z2 = zb zc.

EXAMPLE 33 If a € R and z is a complex number, then find the real 
part u and imaginary part v of the complex number

(z -1) (cos a - i sin a) + (z -1)-1 (cos a + i sin a)
Also, prove that the locus of the points on the Argand plane 

representing the complex numbers z such that v = 0isa circle of unit 
radius with centre at the point (1,0) or a straight line through (1,0). 
SOLUTION Let z = x + iy. Then,

u + iv = (z -1) (cos a - i sin a) + (z -1)"1 (cos a + i sin a) 
=> u + iv

1
(x-l/ty2

=> y = (x-l)tana or, (x-1)2 + y2 = 1

=> y = (x -1) tan a or, | z -1 | = 1

=> Locus of z is either a circle with centre at 1 + Oi and radius 
1 or a straight line passing through (1,0)
EXAMPLE 34 Let | z | = r be the incircle of a A ABC in the Argand 
plane. If contact points opposite to the vertices A, B, C are A} (z}), 
B} (z2) and (z3) respectively, obtain the complex numbers as­
sociated with the vertices A, B, C in terms ofz^, Z2 and z3.

V za> zb> zc and 

z lie on | z | = r
• • I 2« I = I zb I= I zc | = I zj = r 
=* zaza = zbzb 

= zczc = zz = r2

zb~za'

i t 
zb za I

X J X

. Zb Zfl ,-Qe 
’ zb~za 

zc~za 

zc~z- 

( \2 
z~2fl 

2-2 Afl

=> ycosa-(x-l)sina = 0 or, 1 =

(2b~2fl)

I zb~za I2
(2~2a)2 .

---------- ^e
I z-z, I

and=—— = 
zc ” Zfl

zb~za z~za 
-—— X------

'fl 2b“Zfl Z"2.

VZfll f2c-2<
\2c-ZflJ

/zc-2fl' 

£ 2c'2flj

J 26
2
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A(zq)

=>

= 2

Al(*i) B(zb)
= 2=>

Fig. 19.104 7

and zb =z« =

=>

(0 => z = z = -iz

Now,

gi’n/2

= 1 + i

=>

(ii) ■(iii)

••(i)
.(ii)

zz
 z

z

From (i) and (ii), we get

- Z1 - z2
21-T (zc-zi) = z2-- (zc-z2)

Z1 z2

\Bl(z2) 
o \

ein/2 =

_ _ 2]
=* zc = zi~-(zc’zi) 

zi

z, 
=* 2c-zi = -(2c-2i)r 

zi

z2

£
I Z2 [ = r 

= r2, | z212 = 
r2, Z2 z2 = r2

fr2

r, 2

z 2 Z1
7

2^

zc
2b

zc

2C

z^
= 2 (z2 — Zj)

=* zc =

ein

zc - z2 Z2 - 0

I zc~z2 I ” I z2“° I 

(zc-z2)2 * 2

|zc-z2|2

ZC~\

ein

•• I Zi | = r, 
=> l^ l2 
=> 2^! =

2c~2l 

lzc"zl I
zl2 =

12112 ’

=>i=
Z1

Z1 
=> =- =

Z1

ZOA,C = |

ZOBjC = |

SOLUTION Let zfl, zb and zc be the complex numbers repre­
sented by the vertices A, B and C respectively. Then,

z2

I z I2

(zj)c 1 j\£
' B(zt)

I % I2

V
z2

=> 2c"z2 = -~(zc-z2)
x2

- - z2
=> Zc = Z2-- (Zc-Z2)

%~z2}

fr2

zr-z2
2 22] Z2

\ 7
2zl z2

z} +z2

Similarly, we obtain
^2^ J 2z1z3 
---------and Zl =-----------. 
z2 + z3 b zr+z3

EXAMPLE 35 Find the equation of the circle in complex form which 
tourches the line iz + z + (1 + i) = 0 and for which the lines 
(1 - i) z = (1 + i) z and (1 + i) z + (z -1) z - 4i = 0 are normals. 
SOLUTION Clearly, centre of the circle is the point of intersec­
tion of the normals

(1 - i) z = (1 + i)z
and, (1 + i) z + (i -1) z - 4i = 0

From (i), we get

-2=MZ
(l-i)2

(l+fld-i)
Putting the value of z in (ii), we obtain

(l+i)z + (i-l)(-iz)-4i = 0

=> (l+f + l+i)z = 4i

2 _ _2L _
2 "1 + i (l-M-)(l-i)

So, the centre of the circle is at 1 + i.

The equation of the tangent to the circle is

iz+ z + (l + z) = 0

Multiplying both sides by (1 - i) so that the last term be­
comes real, we get

i(l-i)z + z(l-i) + (l+i)(l-i) = 0

=> (1 + i) z + (1 - i) z + 2 = 0

Z2 Z1
V (Zc~Z2l-~ (Zc-Zl) =
^2 Z1

Z1 

lzll 
fe-zl)2 
lzc-zl I2

ZC-Z1 

Z£-Zl 

_ze~zl 
~zc-zl
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=>

zZ = ±B(b)

xx'

Q(z)

lzl=?2o i

y' r

Fig. 19.105

(0
OB 1 PB

b-0

z ==>

z =

si

Radius of the required circle

= Length of the perpendicular from (1 + i) to (iii)

| (1 + i) (I + i) + (1 - i) (1 - i) + 2 | 
2|l-f|

b lie on z = V2a 
| b | =y(2a

At the point where line (i) cuts imaginary axis, we have 

z = -z.

So, the equation of the tangent at b is 

zb + zb = 4a2

z

I z I 
z2 
5

It is given that the line in (i) cuts equal intercepts on the axes. 
Therefore,

~P
a + a

Putting z = - z in (i), we get 

P 
a-a

P 
a-a

b lies on | z | = Vfa 
| b | = Vfa => b2 = 2a2

Hence, the equations of the required lines are
,.b2_

Z = ± l —z Z.
2a2

EXAMPLE 37 Find the equation of the line making equal intercepts 
on the axes and touching the circle | z | = VTa.
SOLUTION Let the equation of the required line be

az + az + P = 0
For intercept on real axis, we have

z = z
Putting z = z in (i), we get

-P_
a + a

z-b
(z-b) (z-b)

z-b _ -_b
z-b ~ V

=> zb-bb = -zb + bb 

=> zb + zb = 2bb

-b‘

\b\

-b2= -----
bb

eW

1
= ?2
Thus, the equation of the required circle is

I z-(l + 0 I =
EXAMPLE 36 Find the equation of the line in the Argand plane 
which touches the circle | z | = f2a at point b (where b is a complex 
number). Also, prove that the equations of lines passing thorugh the 
centre of the circle and making an angle n/4 with the normal at b are 

,.b2.
z = ±i — z.

2a2
SOLUTION Let P (z) be any point on the tangent at B (b). Then,

=> zb + zb = 4 a2

Let Q (z) be any point on the required lines. Then,

Z _ b ±in/4
|Z| ■ IN

’2 „ b2 +in/2

2“ IN2

bb

« => zb + zb = 2 | b |2

ib2

IN2
4.-^- 

=> Z = ±J—zz 
2a2

2 b

z = ± = zi 
b

z-b _
|z-b| " |b-0 | 

z-b _ b .
|z-b| = |b J 1

(z-b)2 = 
|z-b|2= -^2

r/Y5'
o ....
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= V2 a* 2Vn[Taking a = X+i|i]

= Jia (1 ± i) z + (1 + i) z ± 4a = 0=>

EXERCISE 19.2

(vi) log1/2

(vii) = 1

(viii) arg —— =

= 1, where a is a complex number such that(ix)

2

« Io8sinn/3 > 2of the equation

(xi) log(l/3) >1

<2, show that either12. If log(1/V3)

(0 1<W <2

(*0 l°£cOS7t/6 < 2

<iU) loSsecn/4 > 2

Putting the values of a and 3 in (i), we obtain the equation 
of the required line as

n
3

n
2‘

z-a
z-a

Re (a) * 0

|z-2|+5 
‘4|z-2|-4

| z-3 |2 + 2
11 | z-3 | -2

fz^?|
z + l

rz_, >

5.
fl0

or, Zj cot B cot C + z2 cot C cot A + z3 cot A cot B

I Z | 2 - | Z | + 1 
2+|z|

| z | lies within the circle | z | ~ | or within the circular an- 

nulus bounded by | z | = 1 and | z | = 5.
13. Find a g R if at least one complex number z is to satisfy 
| z + 3 | = a2 - 2a + 6 and | z-3J3i | < a1 simultaneously.
14. Locate the complex number z = x + iy such that 

| z-i | = land arg — =

=> | P | = 4Xa

=> 3 = ±4Xa

10. Ifz1=3 + 3i,z2 = l + iandarg

the point representing z.
11. A triangle has vertices at the points represented by the 
complex numbers zv z2, z3. Show that the complex number 
associated to the orthocentre is

Tt find the locus of 
6

Zj tan A + z2 tan B + z3 tan C 
tan A + tan B + tan C

It iL = —, then
0

=> | a-a | = | a + a |
=> |2ip| = |2X|
=> | p | = | A |
=> p = ±X
.-. a = X (1 ± 0

Line (i) touches the circle | z | = Jia. Therefore, 
Length of the perpendicular from the centre = Radius 

| q (0) + q (0) + p 
2|q| ~

1. If z is a unimodular complex number, prove that
2 1arg(z + z)=-arg(z).

2. Prove that the product of two unimodular complex num­
bers is a unimodular complex number whose argument is equal 
to the sum of their arguments.
3. If z = cos 0 + i sin 0, find the modulus and argument of 
z-[ = z2-z.

4. If z is a complex number such that arg 

prove that

Show that all the roots
z3 + z2 + a2 z + a3 = 3, where | a{ | < 1, i = 0,1,2,3 lie out-

2side the circle with centre at the origin and radius

6. Show that all roots of the equation

z" cos 0O + z" “1 cos 0] + + z cos 0„  j + cos 0n = 2 
lie outside the circle | z | = 1/2, where 00,01Z..., 0n g R.

7. Given that | z - a | = a, where z is a point in the Argand
7 — 2/7

plane and a g R. Show that------ = i tan [arg (z)).z
8. Find the real part (u) and imaginary part (v) of the complex 
number (z - 2) (cos 0 - i sin 0) + (z - 2)"1 (cos 0 + i sin 0). Also, 
determine the locus represented by v = 0.
9. Locate the region represented by the complex number z in 
the Argand plane in each of the following:

f|z|2-|z|+f 
|z|+2 J 
' |z-2|+5 ' 
4 | z-2 |-4^ 

| z [2 + | z | + 4

I 2I2I'1 /
(iv) logo.5 I z-2 I >logo.5 I 2 1

(v) 10g]/3 I Z+l I > 10g1/3 I Z-l I 

fl z-l |+4 
Jz-l|-2

z-5i
z + 5i

(z-l
z + l
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2
Argand plane is and,

1

ANSWERS

argzi =

arg (21) =
f 

,v = 1-

21. If the vertices of a square are zp Zj, zy z4 taken in the 
anti-clockwise order, prove that z3 = - i Zj + (1 + i) z2 and 
z4 = (l-i)z1 + /z2.

22. ABCD is a rhombus in the Argand plane. If the vertices 
A, B, C, D represent complex numbers zp z2, z3, z4 respectively

and ZCBA = show that

2Z2 = (l+z>/3)z1 + (l-iV3)z3

(ii) Circularannulus | < | z - 2 | < 4 i.e. the region lying 
in side the circle | z — 2| =4 and outside the circle 
|z-2)=l.

(iii) Region outside the circle | z - 0 | = | •

(iv) z lies on the right side of x = 1.
(v) z lies on the LHS of imaginary axis.
(vi) There is no z for which the inequality exists.
(vii) Real axis
(viii) Major arcs of the circles passing through (1, 0) and 

(-1,0).
(ix) y-axis.
(x) Region outside the circle whose centre is at (2,0) and 

radius is 4.

2z4 = (l-n/3)z1 + (l + iV3)z3

23. If z = x + iy and w = ' I w I = 1, find the locus of z

24. Prove that any complex number z of unit modulus can be 

expressed in the form -—> where a e R

25. A regular octagon is inscribed in a circle with centre at 
3 + ^2i. If 5 + VTi is one of the vertices, on a diagonal of maxi­
mum length, find the other vertices and the lengths of the 
diagonals.
26. In the Argand plane, the curve represented by 
z2 - 2zz + (z)2 + 8a (z + z) = 0 passes through 1 + 6i. Find a. Ex­
amine whether it passes through the points 
2 + 6>l2i and - 5 + 6V5i. Identify the curve.
27. If x + iy = bj + + c ?“ 0), where b, c, 0, y are real con­
stants and x, y, 6 are real variables, prove that as 0 varies the 
point (x, y) describes a conic section.
28. If Zj2 + z^ - 2 Zj z2 cos 0 = 0, then prove that the origin, 
zp z2 form the vertices of an isosceles triangles with vertical 
angle 0.
29. Show that the point a' is the reflectin of the point a in the 
linez5 + zb + c = 0ifo/ b+ab+c=0

30. If z = w + and w is any point on a fixed circle with centre 

at the origin, then prove that z lies on an ellipse.
31. If two consective vertices of a regular hexagon be z and z, 
find the other vertices if the centre is at the origin.

(Zi-z2)2 = 2(z1-z3)(z3-z2)

19. If z]z Z2, z3 are non-zero complex numbers such that
111Zi+z2 + z3 = 0 and — + — + — = 0, then prove that z1,z2,z3 
21 22 z3

represent the vertices of an equilateral triangle.
20. ABCD is a rhombus described in the clockwise direction in 
the Argand plane. If the vertices A, B, C, D represent complex 
numbers zp z2, z3, z4 respectively and ZCBA = 2n/3, show that

2^ Z2 = (V3"~ i) zi + Cfc + i) z3 

and, 2< z4 = (>/3 + i) Zj + (<3 - i) z3.

15. Among the complex number z which satisfy the condition 
I z - 25 i | <15, find the number having the least positive ar­
gument and greatest positive argument.
16. Prove that the area of the triangle whose vertices are the 
points represented by the complex numbers z1( z^ z3 on the

Z(z2-z3) I z1
4izJ .

17. If zpz2, z3 be the complex numbers such that 
Z]+z2 + z3 = 0 and | Zj | + | z2 | + | z^ | =1, prove that 
1 1 1 ,- + — + — =1

21 *2 Z3
18. If complex numbers zpz2,z3 represent the vertices 
A, B, C of a right angled triangle with right angle at C, show 
that

io-© Zj | = 2 sin -,

3. If 0 = 2n n, | z} | = 0, arg (z^ is undefined.
g

If 4n n < 0 < (4n + 2) n, n e z, then | Zj | = 2 sin -,

71 + 3 0 
2

If (4» + 2) 71 < 0 < (4n + 4) it, n e Z, then |

3 ti + 30
2

( 18. u = X l + ~vH
X2 + Y2 . .

V J \ 7
where x + iy = (z - 2) (cos 0 - i sin 0)
Locus represented by v = 0 is either straight lines or circles 

of unit radius.
9. (i) Interior of the circle | z | = 5.

1
X2 + Y2 '

1
2
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HINTS TO SELECTED PROBLEMS

=>

| z -1 | < — 10, which is not possible.

= 4zz

[v n = 0]

[By case II]

= cos m 0 - i sin m 0

[v -m = n]

Hence, (cos 0 + i sin 0)" = cos n 0 + i sin n 0 for all n e Z. jm + 1

= (cos 0 + i sin 0)"' (cos 0 + i sin 0)

= cos (- m) 0 + i sin (- m) 0

= cos n 0 + i sin n 0

or, (Im z)2 = 4a Re (z)]
7

'z + z'
2

cos mO-isin m 0 
cos2 m 0 + sin2 m 0

(xi) Circular annulus 1 < [ z — 3 | < 8/3.

10. Major segment of | z —1(2 — ^3*) + i (2 + ^3)} | = 2 VT 

angle n/6.
13. (!,«»)

19.32 De’ MOIVERE’S THEOREM
STATEMENT (i) If n e Z (the set of integers), then 

(cos 0 + i sin 0)” = cos n 0 + i sin n 0
(ii) Ifn e Q (the set of rational numbers), then

cos n 0 + i sin n 0 is one of the values of (cos 0 + i sin 0)”.
PROOF (i) We divide the proof into the following three cases: 
CASE1 Whenn = 0.

In this case, we have

(cos 0 + i sin 0)”

= (cos 0 + i sin 0)°

= 1 = cos (0.0) + i sin (0.0)
= cos n0 + i sin nQ

So, the theorem holds good for n = 0.
CASE II When ?i 6 N i.e. n is a positive integer

In this case, we shall prove the theorem by induction on n.
The theorem is true for n = 1, because

(cos 0 + i sin 0)1 = cos 0 + i sin 0 = cos (1.0) + i sin (1.0)

Let us assume that the theorem is true for n = m. Then, 

(cos 0 + i sin 0)'" = cos m0 + i sin mQ ...(a)
Now, we shall show that the theorem is true for n = m +1.

We have,

(cos 0 + i sin 0)1
(ii) Let n = 2, where p, q are integers and q > 0.

9. (iv) log05 | z-2 | >log05 | z-0 |

=> | z-2 | < | z-0 |

=> z lies on the right side of the perpendicular bisector of the 
segment joining (0,0) and (2,0).

(vi) Given inequality holds, if|z-l|-2>0 i.e. | z -1 | > 2. 
When | z -1 | > 2 we have 
|z-1|+4 1 
| z-1 |-2<2 =*

13. First find the values of a for which the two circles never cut
each other i.e. Cj C2 > + r2, Required set of values of a is the 
complement of the set of values of a satisfying C2 > + r2.

— □□□ —

25. Length of the diagonals : 2^2, V8 + 2^2,4 
Vertices: 5 + Vli, 3 + <2 + 2^2 i, 3 + (2 + V2) f, 3 - <2 + 
1 + J2i, 3 - V2,3 + (<2 - 2) i and 3 + <2

26. a = 9, Parabola
31. i | z |,-z,-z,- | z |

17. Take z, = cos 0(- + i sin 0(-.

23. | w | = 1

|z-f| = |l-2f|

=> | z - (0 + i) | = | z + (0 + i) |

Locus of z is the perpendicular bisector of the segment 
(0, -1) and (0,1) i.e. the real axis.

26. The equation can be written as

fz-zf
2i \ 7

= (cos m 0 + i sin m 0) (cos 0 + i sin 0) [Using (a)]

= (cos m 0 cos 0 - sin m 0 sin 0) + i (cos nt 0 sin 6 + sin m 9 cos 0) 
= cos (m 0 + 0) + i sin (m 0 + 0)

= cos (m +1) 0 + i sin (m +1) 0
So, the theorem holds good for n = m +1.
Hence, by induction the theorem holds good for all n e N. 

CASE III When n is a negative integer.
Let n = - m, where me N. Then, 

(cos 0 + i sin 0)” 

= (cos 0 + i sin 0)_m 

= 1
(cos 0 + i sin 0)m

________ 1
cos m 0 + i sin m 0

1 cos m 0 - i sin m 0----------------------------- X------------------------------
cos m 0 + i sin m 0 cos m 0 - i sin m 0
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From part (i), we have (cos 6 - i sin 0)" = cos n 9 - i sin n 0, because

= cos (n(- 0) + i sin (n(- 0))7

q - + i sin= cos <7

= (cos 0 + i sin 0)' = cos 0 - i sin 0cos

=>

NOTE 3- (cos 0 + i sin 0)" * cos n 0 + i sin n (|>

ILLUSTRATIVE EXAMPLES

n
EXAMPLE 1 Simplify cos

-nSOLUTION
COS

2n
COS

n

n
COS

(i) xyz ... +—... = 2 cos (0 + 0 + ...)

cos4
(ii)

cos
(iii) xm/ + = 2 cos (m 0 + n 0)

(iv)
n

n

n
COS

-If
.2COS

/ n
4

= cos (- n 0) + i sin (- n 0)

= cos n 0 - i sin n 0

7t
4 

k

4 
k

P 
2

OY
2

SOLUTION Wehave, x + ^ = 2cos0,y + ^ = 2cos0etc.

REMARK 2 _____1____
cos 0 + i sin 0

= cos p 0 + i sin p 0

+ i sin is one of the values of (cos p 0 + i sin p O)1^

cos + i sin is one of the values of [(cos 0 + i sin 0)p

=* cos ^ + i sin is one of the values of (cos 0 + i sin 0/^

REMARK 1 The theorem is also true for (cos 0 - i sin 0) i.e.

Now,

x + - = 2 cos 0
x

x2 - 2 x cos 0 + 1 = 0

2 cos 0 ± V4 cos2 0-4
=> x =--------------------------

2

"1 + sin 0 + i cos oY
1 + sin 0 - i cos 0 \ 7

1 + cos [ 0 +isin 7-0
k >

1 + cos7-0|-isin 7-02 2
k 7 k

T 2 (it 0^ . . (n
2cos --- + 2ism 

k

0 ifit 6^ « . . fn2 cos 7 - - - 21 sin 7 -
4 2 4

\ 7 k ^+* = 2cos(0-0)

1

1 + sin 0 + i cos oY*
1 + sin 0 - i cos 0

(cos 0 - i sin 0)" = [cos (- 0) + i sin (- 0)]”

(n 0^ . . (n --- + zsin --
k 7

fn 0^
4 21'

k 7

= cos — - n 0 + i sin -7- - n 0
< 7

NOTE! (sin 0±icos 0)”#sin n 0±icos n 0

NOTE 2 (sin 0 + i cos 0)" = [cos (n/2 - 0) + i sin (n/2 - 0)]” 

= cos (n n/2 - n 0) + i sin (n n/2 - n 0)

0^ . . (n 0^1 -- +isin ---2 4 27 k 7J

n (f 
14 '2 
\ 7

P
2 7

xm /— + = 2 cos (m 0 - n 0)
/ xm

(cos^ + isin^
I. 1 ?

n 0
4 2

n_ 0
4 2

0
2

0
2

0^
2

n
4 x

n
4

f n
2

7n
2

^nn
2 \ 7

EXAMPLE 2 If x + (l/x) = 2cos0andy + (l/y) = 2cos0 etc,
then prove that -

(i) xyz...+^... = 2cos(0 + 0 + ...)

'n
4

n 0^ . . (n 
--- +isin|T-

7

2 7

0^1
2 

7
(n 0^1 . . h

cos --- -/sin 7-

0^1 . . (n 0\ -zl + isin ---

'n
4

2 7
Z-/-.C|v u • ■ p 
cos --- -1 sin 7-77 

4 2 
k 7

cos 7-7 +/sinf^-|

'n
4 

k

v . . fn 0A1 
’2+'S,n Vl

7______ k

0^ . . (n 0
’2 +'s,n 1-2
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= cos (m 0 - n 0) - i sin (m 6 - n 0).

2 cos (m O-n0)

= V2r =
= 2 cos (0 + 0+...)So, xyz ... +

and,

(ii)
.-. 1 + i =

•(>)

= 2 cos (0 - 0)

•(ii)

= (cos m 0 + i sin m 0) (cos n 0 + i sin n 0)

= cos (m 0 + n 0) + i sin (m 0 + n 0)

_ 2("/2) + 1= 2 cos (m 0 + n 0)

EXAMPLE 4 If n is a positive integer, prove that(iv) We have,

[cos (m 0 - n 0) + i sin (m 0 - n 0)]

_1_ 
xyz

+ (cos 0 + i sin 0) (cos 0 + i sin 0)-1

= (cos 0 + i sin 0) {cos (- 0) + i sin (- 0))
+ (cos 0 + i sin 0) {cos (- 0) + i sin (- 0)}

= cos (0 - 0) + i sin (0 - 0) + cos (0 - 0) + i sin (0 - 0)

= cos (0 - 0) + i sin (0 - 0) + cos (0 - 0) - i sin (0 - 0)

n
4’

1 
xyz....

1

= [cos (m 0 + n 0) + i sin (m 0 + n 0)J
= cos (m 0 + n 0) - i sin (m 0 + n 0)

=> x = cos 0 ± i sin 0
=> x = cos 0 + i sin 0, taking +ve sign only. 

Similarly y = cos 0 + i sin 0 etc.
(i) xyz ... = (cos 0 + i sin 0) (cos 0 + i sin 0)... 

= cos (0 + 0+...) + /sin (0 + 0+..,) 
_ ___ 1____________  

cos (0 + 0+ ...) + i sin (0 + 0 +...)

= cos (0 + 0+...)-: sin (0 + 0 + ...)

n it cos —.4

M It cos — o

Let r (cos 0 + i sin 0) be the polar form of k/3"+ i.

(k/3+0"

(1+0" + (1-0" = 2("/2) + 1cos

(l+0" + (l-0"
_n/2 nit . . nit nit .. nit = 2 ' cos —+ ism —+ cos —-1sin —4 4 4 4

=> 0 = 7- o

=> (1 + o" = (^)"

 cos 0 + i sin 0 cos 0 + / sin 0 
cos0 + isin0 cos0 + isin0

=> (1 + 0" = 2"/2

PTI It . . 7t '2 cos - +1 sin -i 4 4

 n 1t = 2n/ . 2cos——4

= (cos 0 + i sin 0) (cos 0 + i sin 0)

(iii) We have,

x^yn

= (cos 0 + i sin 0)m (cos 0 + i sin 0)"

+ (<3-0" = 2” + 1

V3*+i = 2 cos^ + isin^ 
o o k /

'nit 

4 
k

SOLUTION Let 1 + i = r (cos 0 + i sin 0). Then,  
^12 + 12 

tan0 = 7=>0 = 7 1 4

=> (1 - 0” = (>/2)”

1 - t = >/2 fcos 7-i sin- 
4 4/

/ \n ( it . , itcos 7 -1 sin 74 4k /
nn/2 n it . . n it => (1-0 = 2 cos —-i sin —4 4k /

Adding (i) and (ii), we obtain

xm  (cos 0 + f sin 0)m 

y" (cos 0 + i sin 0)"

it . . it
COS 7 + I sin 7 4 4

n it .. nit}cos — +1 sin —4 4k /
Let the polar form of 1 - i be r (cos 0 + i sin 0). Then, 

---------  (-1 >+ (- I)2 = y/2 and, tan 0 = — => 0 = -■

= (cos 0 + i sin 0)m (cos 0 + i sin 0)~”
= (cos m 0 + i sin m 0) [cos (- n 0) + i sin (- n 0)]
= cos (m 0 - n 0) + i sin (m 0 - n 0)

So, — + =
/ xm

EXAMPLES Prove that :

SOLUTION
Then,

r = ^(^3)2 + (l)2= 2 and tan 0 = 7^-

So, xm y” + —— 
/"y"
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=>

...(i)

-(ii) ■

=>

..(i) =>

= cos

+ zsin= cos

I

(cos a + i sin a)2 + (cos p + i sin P)2 + (cos y + i sin y)2 = 0

(cos 2 a + i sin 2 a) + (cos 2 p + i sin 2 P)

+ (cos2y + zsin2y) = 0

(cos 2 a + cos 2 P + cos 2 y) + i (sin 2 a + sin 2 p + sin 2 y)
= O + iO

= 2”

f n/2
1-1/2 

k 7

[Using (i)]

EXAMPLE 6 If cos a + cos P + cos y = sin a + sin P + sin y = 0, 
prove that
(i) cos 3 a + cos 3 P + cos 3 y = 3 cos (a + P+y)
(ii) sin3a + sin3P + sin3y = 3sin(a + P+y)
(iii) cos2a + cos2P + cos2y = 0

=^a2 + b2 + c2 = 0

cos 2 a + cos 2 P + cos 2 y = 0

and, sin 2 a + sin 2 p + sin 2 y = 0

EXAMPLE? If x = cos — + zsin — , prove that J n 2*1

Xj. x2. x3 ... to infinity = -1.
SOLUTION Xi. x2. x3 ... to infinity

( „ „\( It . . It= cos - +1 sin -2 2
k 7

' \It .. It
COS —+ 1 sin-r .

23
7

and,
We have,
a+b+c=0

=> (cos a + i sin a) + (cos P + i sin P)+ (cos y + i sin y) = 0 
=> (cos a + cos P + cos y) + i (sin a + sin P + sin y) = 0 + i 0 
=$ cos a + cos p + cos y = 0 and sin a + sin P + sin y = 0 
Now,

flSb^+c-1

= (cos a + i sin a)-1 + (cos y + i sin y)-1 + (cos p + i sin p)-1

= [cos (-1) a + i sin (-1) a] + [cos (-1) p + i sin (-1) p]
+ [cos (-1) y + i sin (-1) y]

= (cos a - i sin a) + (cos P - i sin p) + (cos y - i sin y)

= (cos a + cos P + cos y) - i (sin a + sin P + sin y)

= 0-10 = 0

= 2fcos“-isin7 . 
o o

=> (V3+0" = 2"

2 cos — +1 sin o
k 7

/
C'/3-i)" = 2" cos 7-z sin 7 

6 6
k 7

=> (V3-0" = 2"

■ *Y
-22

'it It Tt
- + — + -T + ...
2 22 23 

k
X

• • a +ar + ai? +... = ——
1 -r

n it . . nit cos — -1 sin — o o

Adding (i) and (ii), we obtain

(^3+/)" + (>/3-i)"
n u . . ri u _n( n it .. n It 

cos — +1 sin — +2 cos — -1 sm —6 6
7 k 7

n it cos —
u

It . . k cos —z +1 sin —
22 

k
it it it > .
5+7+J+- +,sm
' n/2 '
1-1/2 k 7

(iv) sin2a + sin2P + sin2y = 0
SOLUTION Let a = cos a + i sin a, b = cos P + i sin P
and, c = cos y + i sin y. Then,

a + b + c = (cos a + cos 6 + cos y) + i (sin a + sin P + sin y)
= 0 + z’O = 0.

(i) Sincea + b + c = 0. Therefore,
a3 + b3 + c3 = 3abc

=> (cos a + i sin a)3 + (cos p + i sin P)3 + (cos y + i sin y)3
= 3 (cos a + i sin a) (cos P + i sin P) (cos y + i sin y)

=> (cos 3 a + i sin 3 a) + (cos 3 P + i sin 3 P) + (cos 3 y + i sin 3 y)

= 3 [cos (a + p + y) + i sin (a + p + y)]

=> cos 3 a + cos 3 P + cos 3 y = 3 cos (a + P + y)

sin 3 a + sin 3 P + sin 3 y = 3 sin (a + P + y)

(iii) We have,
1 1 1- + 7 + - a b c
= (cos a - i sin a) + (cos P - i sin p) + (cos y - i sin y)

= (cos a + cos P + cos y) - i (sin a + sin P + sin y)

=0-iO=0
=> ab + be + ca = 0

(a + b + c)2 = a2 + b2 + c2 + 2 (ab + be + ca)

=> 0 = a2 + b2 + c2 + 0

/ \n
(V3+0" = 2" cos^ + isin? 

o 6 k 7
n it .. nit cos — +1 sin — o 6k 7

The polar form of - i) is
'- it') 

6 k P

it
2

n it
6

it
6

it

23

n it
6 ’

= 2"|2cos^ = 2" + 1 
6

example 5 Let r, 0) denote the point r (cos 0 + i sin 0) in the 
Argand plane. If a = (1, a), b = (1, P), c = (1, y) and a + b + c = 0, 
show that a-1 + b-1 + c-1 = 0.
SOLUTION Since (r, 0) = r (cos 0 + i sin 0). Therefore,

a = (1, a) = 1 (cos a + i sin a),

b »(1, p) -1. (cos P + i sin p)
c = (l,y) = 1. (cosy + isiny).

(it}

I2 k



19.104 MATHEMATICS FOR IIT-JEE

= cos n + i sin n = -1

+ V ’.u ++

= vl +1-2u2 + 2u2 2

= V2 - 2u2 + 2v2

[-.■ u2 + u2 = 1]u + u + 2v‘=>

= V4?

.«e = cos 0 + i sin 0]

,»e

=> z =

-1 = cos 2 0 + i sin 2 0 -1

= (cos20-l) + isin20

=>

and,
1/2V = Y|

2

= Vfsmf + i sincos

= (cos 0 + i sin 0) + f2 sin 0 + i sincos

+VP

lv eiQ

= cos 0 + ^2 sin 0 cos

+ "C4 cos1

'n O'
4 + 2

\ 7

(n 6'
4 + 2

\

0sin40...)

;"-30sin30 ...)

/_ a'
+ i sin 0 + V2 sin 0 sin - + -

4 2

n
4 + 2

fn 0)]

complex number with rational 
| z -1 | is a rational number for

= 2 sin 0 cos ~ + 0 | + i sin + 0

=> cos n 0 = "Co cos" 0 - "c2 cos" “ 2

= - 2 sin2 0 + 2 i sin 0 cos 0

.-. a = eiQ

0 (i sin 0)
0 (i sin 0)2 + ... + nC„ cos0 0 (i sin 0)"

cos n 0 + i sin n 0 = (cos 0 + i sin 0)"
=> cos n 0 + i sin n 0

0 sin 0 - "C3 cos1

0 sin2 0 +

/ \ /
'le'-1 = ^2sin0 cos ~ + 0 + i sin - + 6 

2
< /
St (f
4 + 2 

k /

2 2 u +v
= cos2 »0 + sin2 n 0 = 1

"q cos1

=> u and v are rationals
Now,

l?'-l I
= l(z”)2-l I

= |(u + iv)2-l I

= | (u2-?-l) + 2iuv I

= '/(u2 - i? -1)2 + 4 u2 o2

= V(u2 - u2)2 +1 - 2 (u2 -1»2) + 4u2 D2

EXAMPLE 8 If z = x + i y is a 
x and y and | z | = 1, show that | 
every ne N.
SOLUTION Let z = | z | (cos 0 + i sin 0) be the polar form of z. 

We have, 
| z | = 1.

z = cos0 + isin0
Also, z = x + iy, where x, y e Q.

.*. x - cos 0 and y = sin 0
Since x and y are rational numbers. Therefore, cos 0 and 

sin 0 are also rational numbers.
Let z" = u + iv.
Using De'Moivere's theorem, we have

=> z" = (cos 0 + i sin 0)"

=> z" = cosn0 + isinn0
=> u + i v = cos n 0 + i sin n 0
=> u = cos n 0 and v = sin n 0

Now,

;" - 3 0 sin3 0 +....

;"-40sin40 + ...

= "Cocos"0 + "C1cos"“1l

+ "C2cos"-2

=> cos n 0 + i sin n 0

= (”C0 cos" 0 - "C2 cos" “ 2

+ i("Cj cos1

0sin20 + "C4cos"-4 

;"-10sin0 -"C3COS1 

0sin20

;"'30sin30 + ...

= 2|u|

Since ve Q. Therefore,

= 2|»|eQ
EXAMPLE 9 If a and £ are the roots of

z + -^ = 2 (cos 0 + i sin 0), 0 < 0 < it, show that 

|a-i| = |£-i|.
SOLUTION We have,

z + ^ = 2 (cos 0 + i sin 0)

=> z + — = 2 e'z
.2

and,

sin n 0 = "Cj cos" ”1

1 0 sin 0 - "C3 cos1

[•_• cos 0 and sin 0 are rationals]

=> zz-2ze'w + l = 0 
2?9±V4e129-4

2

=>z = e/0±kP7^T
Let a = ? 0 + "V? 2 0 -1 and £ = el

Now, 

ei26

u = "Cocos"0-"C2cos"-2
= 2 sin 0 (- sin 0 + i cos 0)

- . - (n -V . .
2
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,2n-2

sin'• + (-!)’
2

2
sin'+ • sin 0 + ^2 sin 6 sin -1

=>

+ 1cos'

We observe that LHS = 0 for 0 =
+ sin 0 sin

are the roots of thesin'

x +

= 2 + 2^2 sin0 cos

-sin

(i) cot2= 2 + 2V2sin0‘ sin 7 -sin

+cosec2(ii) c<

sin'+

sin' sin' + (-!)’

0 =

, cot2cot2 are roots

= 0

Now,
+ i

+ cot‘cot'

3k

2/1 + 1"

k
4“

// ' 
k

2

2n
2n + l +

0\
2

2k 
2n + lz ’

2k 
2/t + l

nit
2n + 1

nit 
2/1 + 1

nit 
2/1 + 1

nit 
2n + l

nit
2/1 + 1

= 2.

Similarly, we have
|p-i|2 = 2

Hence, | a - i |2 = | P — i [2 = 2 

=> | a-i | = | p-i |
EXAMPLE io Form an equation whose roots are 

2k _, 2 3k 
2/i + 1'

| a- i |2 = cos 0 + V2 sin 0 cos

= 2 + 2 sin 0 + 2 ^2 sin0 cos

.., sin2

=> cos (2n +1) 0 + i sin (2/i + 1)0
= j2n + 1Cocos2” + 10

_2n + l

,sin2

., cot2

(k O') 
l4 + 2
X 7

C3cot2”-20

i2-^- 
2/i + l

, cot2

, sin2

(k 0 ll
4 + 2

,2 nit
1 2/1 + 1

2 nn
1 2/1 + 1

(k
4 + 2

X 7

Therefore,

it
2/1 + 1

of the equation.

2” + 1C1x”-2n + 1C3x”‘1+2" + 1C5x"’2 + ....

+ (-!)”

(k 0]
4 + 2J ‘

it 0
4 + 2

.2 71
■ 2/1 + 1

it ' 2k
2/i +1'2/1 +1'"

\

= 2 + 2 fl sin 0 ■ sin ■

Therefore,

i2-^- 
2/i + l

equation

2n + 1C1 (1-x)"-

fn 0^1
4 + 2

X /■'

,n 2n +If
1 c2n + l

,n 2n +1/-'
' e2n + l

sin (2n + 1)0

2”cos2”Osin6-

Cj cos 0 sin 0 - 

?’4 0 sin5 0 + ... + (-1)1

+ lr u2n + l

Ci cos2"0 sin 0 -

0 sin20 +

sin3 0 +.... 

l2n + 1 0

0 sin3 0

0sin30

i2"*1©

+ cot2

= Uj cus u sut v — 2,1 + !C3 COS' 

+ 2” + 1C5cos2”"40sin50 +

=> sin (2w+ 1)0

= 2" + 1C1 (1-sin2 0)” sin 0 -

=> a-i = cos 0 + ^2 sin 0 cos 7 + 7k
4 2 

r k P______  / nX
+ i |sin 0 + V2sin0 sin 7 + 7 -1

’ 4 2
1 x 7

2" + 1Ct cos2” 0(1 sin 0)

2n + 1C3cos:

2” + 1C3(1-x)”-1

j2”-3© sin40+...

SOLUTION By the binomial theorem, we have 

(cos 0 + i sin 0)2" +1 

= 2n+1C0cos2" + 1© +

+2" + 1C2cos2”-1 0(isin 0)2 +

. , 2/i + lp+ ....+ k-2n + 1

;2”“20sin30+...

O') . (k I
7 -sin 7 + 7

4
x

0
2

,2n ~ 20 (i sin 0)3

(isin ©)2” + I

C2cos2”-10 sin20 + 2” + 1C4cos:

[2" + cos2"© sin 9 - 2/1 + jC3 cos' 

On equating imaginary parts, we get

=> | a-i |2

= (cos2 0 + sin2 0) + 2 sin 0 2 (it 0^ . :
1 |l+2j+Sm

+ 2^2 sin 0 •lcos0cos|7 + 7
4 2

2n + 1C3(l-sin20)""1:

+ (-l)"2” + 1C2rt + 1

sin(2n tll© =2n + lc (1_sin2e)n
sin 0 1

- 2” + ’C3 (1 - sin2 0)” "1 sin2 0 + ... + (-1)" (sin2 0)"

n 2k 
2n+r 2/1+1'

,sin2
' 2/i + l

2( It 0

/ It4 + 2J 
_____ Cn 0''

- 2 sin 0 - 2 ^2 sin 0 sin 7 + 7
4 2 

x 7 
<K_0>| 
4 2 

J
- 2 sin 0 - 2 ^2 sin 0 sin 7

0

2J ' 
l-f-

4' x

(n. el
4' 2

2n + 1C5(l-x)"-2? 

+ ...+(-l)”x" = 0 

EXAMPLE 11 Form an equation whose roots are 

co^^r.cot2^-........ cot2
2/i + l 2/1 + 1 2/i + l

Hence or otherwise find the values of

71 - + cot2 2n-T +.... + cot2 
2/1 + 1 2/i + l

sc2 - ft— + cosec2 - 2--t + + cosec2 —- 
2/i + l 2/1 + 1 2/i + l

SOLUTION Proceeding as in Ex 10, we obtain 

sin(2/i + l)0 = 2” + 1C1 cos2” 0 sin 0-2” + 1C3cos2"~2 

2” + 1C5cos2”~40sin50 + ...+ (-!)” 2,1 + 1 

sin (2n + l) 0 _ 2n + lp cot2n0_ 2n + l 
sin^'e 1

+ 2’ + 1C5cot2"'40..

We observe that LHS = 0 for
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(x +1) + i = r (cos (p + i sin 0)

and tan 0 =

+ cosec'cosec

+ cosec'

+...

cot2 + cot'= n +

= n + =>

,n=> r sin n 0 =

=> (cosec 0)" sin n 0 =

=>

tan 0 =
= l±i=> t =

=> tan 0 =

— □□□ —

+ i sin= r
cos

= r

+ i sin

Now by giving m the values 0,1,2, ...,(n- 1); we shall 
obtain distinct values of z1^".

3n
2m + 1 +

/
= 1 + cot'

2n ) 
2m+ 1 +

/

2 mitt + 0 
n

2M71 + 0 
n

2±2i
2 "2

So, let a = 1 + i and 0 = 1 - i

f
1 + cot2

k f
+ 1 + cot2

nit
2m+ 1

/

1
x + r

n k /

1 
x+1

1 
x + 1

=> X +1 = cot 0

=> x = cot0-1

19.33 ROOTS OF A COMPLEX NUMBER
Let z = a + ib be a complex number, and let r (cos 0 + i sin 0) be 
the polar form of z. Then by De Moivere's theorem 
rl/n

sin n 0 
(sin 0)" 

=>0 = 0.

f 0 V
cos 2 7i + -1 + i sin 2n + ~ 

n
k

2 nit
' 2n + l

3tc .
2m+ 1

M7t 
2m+ 1

t2_2L_ 
2m+ 1, J

■2 71
' 2m + 1

2 271
: 2m + 1

7
+... +cot

= Sum of the roots
2n + Iz' ____ 53 
2n + lz-«

 n (2m -1)
3

2m7t + 0cos-----------
n

- +1 sin - is one of the values of z]^ . 
n 

. J J
Here, we shall show that z1/n has n distinct values.

We know that

cos 0 + i sin 0 = cos (2 m it + 0) + i sin (2 tn it + 0), tn = 0,1,2,...
So, z1/M = r1/n [cos (2 mn + 0) + i sin (2 mit + 0]1/m

2 M7t + 0 
cos----------n

it
2m + 1

n (2m -1)
3

= 2m (m +1)
3

EXAMPLE 12 If a, P are the roots of the equation t2 - 2t + 2 = 0 and

(x + a)n - (x + p)” = sin nd
a“P (sin0)"

then prove that x = cot 0 -1.
SOLUTION We have,

t2-2t + 2 = 0

2 ±<4^8

= r1/"
k 7

which is same as the value obtained by taking tn = 0. On taking 
tn = n +1, the value comes out to be identical with correspond­
ing to m = 1. Hence, z1/,! has n distinct values.

In order to find the roots of a complex number by using 
De' Moivere's theorem, we follow the following algorithm.

f 0 . . 0> cos — +1 sin — n n

_ rl/n

For the values tn = n, n +1,..., the values of z1^" will repeat.
For example, if tn = n, then

7l/n = rl/n
£

=> r = y/(x +1)2 +12

= r1/”

( 2
+ 1 + cot2

\

=> x + a = (x +1) i and x + P = (x +1) - i 

Letx + a = r (cos 0+ /sin 0). Then,

=> r = ^cot2 0 + 1 = cosec 0, where tan 0 =

Clearly, x + p is conjugate of x + a. Therefore, 

x + p = r (cos 0 - i sin 0)
Now,

(x + a)n - (x + P)n  sin n 0
a"P ~ (sin 0)”

r” (cos 0 + i sin 0)” - r" (cos 0 - i sin 0)”  sin n 0
(1 + i)-(1-0 ~(sin0)"

r” (cos n 0 +1 sin n 0) - r” (cos n 0 - i sin n 0)  sinn 8
2/ ” (sinG)”

2i rn sin n 0  sin n 0
27 " (sin0)”

sin n 0
(sin 0)"

sin n 0
(sin 0)"

sin n 0
(sin 0)”

2 2it 2: - ------ + cosec2n+ 1

0
n
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ILLUSTRATIVE EXAMPLES

(

\

and,

0 = arg (z) = tan

(

\

xt3/4
=> Z‘

3
(1-0

m = 1,2,3.

For mi = 0, we have

44

Now,

/

k

4
k

For m = 0, we have= 23/4

For m = 1, we have

4

52

1371
4

STEP IV Put m = 0,1,2,(n -1) i.e. one less than the number in 
the denominator of the given index in the lowest form.

(1 + 0

For m = 3, we have

= 21/4 (1 — z)

For mi = 2, we have

3/4 «3/4 7t . . 71z' = 2J/ ■ cos 7 + z sm 7

3/4 n3/4 1371 . . 13 71zJ/H = 2°Mkos—— +zsin——

3/4 n3/4 • • ^71zJ/ _ cos —— +1 sin ——

ALGORITHM

STEP I Write the given complex number in polar form.

STEP II Add 2 m it to the argument.

STEP III Apply DeMoivere's theorem.

z1/3 =

® = -l1 J 3'

= 23/4

= 23/4

= 23/4

We have, | z | = 1 and arg (z) =

„ . , , . ( it .. it
So, z m polar form is cos - +1 sin -

k

( it
= cos 2witi + 7 +isin 2mn + - 

k

= 23/4

71
2‘
. it

2 ’ /

= 23/4

= - 21/4

±21/4
EXAMPLE! Find 
SOLUTION Letz = i.

EXAMPLE 1 Find the value o/{l + V-3~}3,/4

SOLUTION Let z = 1 + = 1 + i Then,

| z | = Vl2 + (<)2 = 2,

r ( \ ( n
= 23/4 cos 2 7i - 7 + i sin 2 7t - - 

4 
L k /

3/4 n3/4 7 71 . . 7 71
2 ' = 2 ' COS “ + I sin —

4 4

cos 3 7t + 7 + i sin 3 7t + 7
k s

7C . . 71
cos 7 -1 sm 7

4 4

„ ( 71 . . 71
2 = 2 cos 7 +1 sin -

! 3 3k /r / \ / n'
2 = 2 cos 2 mit + - +i sin 2 mn + -

oL \ /

,3/4 _ 23/4 CQS 2 mn~ +isin 2 mil + 
L \ J \ /J 

=> z3/4 = 23/4 cos (6 m +1) + i sin (6 m +1) ,

IT TT
= cos (4 m +1) 7 + i sin (4 m +1) 7, m = 0,1,2. 

o o

I 71 . 7C
So, polar form of z is 2 cos ~ + i sin -

5n . . 5n 
= cos—- + isin — 

o 0

_ 71^ . . _
cos 571-7 +isin 571-7

4 
k /

71 . . It
- cos 7 +1 sm 74 4

7t . . 7t- cos 7 -1 sm 7
4 4

x-il/3 
7t
2

= cos 7 + i sin 7 = 7 (V3 + z). 
o o 2

zl/3

(!+«•), ±21/4

z1/3

Z xl/3
71 . . 7t

cos - +1 sm -
k /

= 21/4 (-1 + i)

Thus, the values of (1 + z are

4*+-tz =21/4(1+z-)
V2 V2 

k /
For nz = 1, we have

19 it
4

7t
2

71
4

71
4

7t
3

19 71
4

2 
/
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= cos

+ i

r =

and,

tan0 =

=> 0 = —

+ im = 0,l,2

For m = 0, we have

=>
Form = l, we have

=> z =

For m = 2, we have
=>

EXAMPLE 4 Use De Moivere's theorem to solve the equation

2<2z4 = (<3-l) + i(\/3+l)

Forr = 2, we have

+ i

W3+f 
2<2

SOLUTION We have,

2>/2 z4 = (V3-l) + i(V3+1)

_ 6/3-fl 
TV2 

k 7

z1/3 = cosn + zsinn = - 1

Thus, the values of Ware

(>/3 +1)/2>/2
C/3 -1)/2>/2

a£T+1
k/3-1

1/4 
. ,reZ

Hence, the values of z1/3 are

f<+n
2V2 ■\ /

EXAMPLES Find V-l
SOLUTION Let z = -1. Then, | z | = 1 and arg (z) = n.

So, the polar form of z is (cos n + i sin it).
Now,

z1/3 = (cos n + i sin 7t)1/3

Then,

1 - 1/V3

N +
k 7

'<3+1 
2<2

n
4 + 6 

k 7

<3-l' 
2<2 

7

53n . . 53tt 
z = cos—+,sm —

29tt . . 29n z = cos —+ >sm —

|(l±i>/3), -1.

For r = 0, we have
5ti . . 5n z = cos —+ isin —

Forr = 1, we have

^(<3+i), -|(a/3 -i)and-i.

19ti . . 19t?I 
cosi§-’:sinir

1/3 5 71 • . 5 71z' = cos — + ism —
3 3

z4

7T It
cos (24r + 5) — + i sin (24r + 5) —

JlZ. 1^

71 71
= cos (2 m +1) - + i sin (2 m +1) -,

0 0

TlA . . n
71 - 7 + I Sin 71-7 

6 
k

z = cos (24r + 5) + i sin (24r + 5) , r = 0,1,2,3.

5tt . . 5tc = cos — +1 sm —

5ti
= tan12

19 71 . . 19 71 = -cos —+ ism —

IT

= 1

= |(1-ia/3)

z4

z1/3

= cos 2 7t - 7 + i sin 2 7t - 
0

k 7

57?1 1 un
= cos 2r 71 + — + i sin | 2 r 7t + — , r e Z

k 7

Tt)

6
7\

( _ 71 . . 71= - cos 7 +1 sin 7
6 6

k 7

= -l(^3-0

= [cos (2 mit + 7t) + i sin (2 mil + 71)]1

. f 1971^
= COS 7t - -77 + I sm 71 - 777 48

k 7

z1/3

For m = 2, we have
9 7C ..9k 3 7t . . 3 7t= cos 77 +1 sm — = cos 77- +1 sm — = -16 6 2 2

= cos ~ + i sin (1 + i <3). 
0 0

Let r (cos 0 + i sin 0) be the polar form of

'<3~r
2<2

7

1 + tan ti/6z,---------- 77 = tan1 - tan ti/6

6/3+n 
2V2 

k 7
4 5ti . . 5tc z* = cos —+ ism —

1971^1
48

5tc
12

5ttA
12

7

76
3 ' 

k 7
n . . n = cos--1Sm-
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=> z =

=> z =

z =

z =

=>

' where=> z =

r = 0,1,2,3

= -1=>

= (-1)1/4 = (cos n 4-sin n)1/4=>

>1/6
,re Z=> J/6

,re Z=>

=❖

=>
=> 3 + —- = cos (2r 4-1) 7 4-i sin (2r 4-1) 7

=>=>

=* z-2 =

=> z =

,r = 0,l,2,3.z

■, where 0 = (2r 4-1) n/4, r = 0,1,2,3.

= 2 cos (2r +1) ft/4 + sin (2r 4-1) n/4 -1 
cos (2r +1) n/4 + i sin (2r +1) n/4 - 3

It
12

=> z = (-1)
=> z = (cos n + i sin n)

\
roots

5 4- 2 cos (2r 4-1) n/4 + 2i sin (2r +1) n/4 - 6 
cos (2r 4-1) n/4 4- i sin (2r 4-1) n/4 - 3

5 - (cos 0 - i sin 0) - 6 (cos 9 4- i sin 0) 
10-6 cos 0

-3)
,«0 -

5isin9 
10-6 cos 0

_____________ 5_____________  
cos (2r 4-1) n/4 4- i sin (2r 4-1) n/4 - 3

3z — 1 
z-2

3(z-2)4-5 
z-2

x-1 
X 4-1

5n^
48 /

(x -1) 4- (x 4-1)  cos (2r 4-1) n/6 4-1 4- i sin (2r 4-1) n/6 
(x — 1)- (x 4-1) ” cos(2r4-l)n/6-14-isin(2r4-l)n/6

x-1
X4-1\
6 -I 1 x-1=> z = -1, where z = —7X4-1

71 77= cos (2r 4-1) 7 4- i sin (2r 4-1) 7
6 0

7E 77
z = cos(2r4-l)74-isin(2r4-l)7/r = 0,l/2,3,4/56 o7t 77

= cos (2r 4-1) - 4- i sin (2r 4-1) -

~ = cos (2r 4-1) 4-i sin (2r 4-1) - 3

7E 77
= cos (2r 4-1) - 4- i sin (2r 4-1) -, r = 0,1,2,3

-x = — / cot (2r 4-1) “

For r = 3, we have
, 77n . . 77nz = cos —+ ISU1 —

Hence, the roots of the given equation are

+ . . 5n^ ( 19n . . 19n^
1 COS48 + ,Sln48 and± cos 48'*'sm‘48-

v / \ J
EXAMPLE 5 Find all the roots of the equation 
(3z -1)4 4- (z - 2)4 = 0 in the simplified form of a 4- ib.
SOLUTION We have,

(3z — l)4 4-(z — 2)4 = 0

=> (3z-l)4 = -(z-2)4

f3z-?4
z-2k <3z — 1
z-2

3z -1
z-2

( 19n^=> z = cos 2n - — 4- i sin 2n - 7748 48

[cos (2m 4- n) 4- i sin (2m 4- n)]1/4

z = {cos(2m4-n)4-isin(2m4-n)p/6

5n) . . ( 5n = C°SII + - +,smn + -
\ J \

5n . . 5n
= -COS?8-'S,n48

5n . . 5n'= -cos- + 1s.n-

2 ef 9 — 1 
eiQ-3

(2eiQ-l)(e~iQ
(e'0-3) (e-/0-

2-e-*0-6ef04-3
14-9-3 (eiQ + e~iQ)

5-g-f0-6e'9
14-9-3x2cos 0

5 - 7 cos (2r4-1) n/4 5 isin (2r 4-1) n/4
10-6 cos (2r 4-1) n/4 10-6 cos (2r 4-1) n/4

2 cos2 (2r 4-1) n/12 4- 2 i sin (2r 4-1) cos (2r 4- F
=> -x =-------------------------------------------------------------------

•JT
12 

n n n ’2 cos (2r +1) — <cos (2r +1) — 4- z sin (2r 4-1) —

=> -x =-------------------- -------------------------------------
2 z sin (2r + l) cos(2r4-l)^4-isin(2r+l)^

=> z =

 5 - 7 cos 0
Z 10 - 6 cos 0

EXAMPLE 6 Show that the roots of (x4-l)64-(x-l)6 = 0 are 
± i cot (2r 4-1) n/12, r = 0,1,2, and deduce that

. n . 3n . 5n 1 sin-sin-sm-^.

SOLUTION We have,
(x 4-1)6 4-(x-1)6 = 0

=> (x-1)6 = -(X4-1)6
x6

= -1

19n
48

5
z-2

19n
48

n
12

n
4

n
4

n
• •_________  ' 12

- 2 sin2 (2r +1) ~ 4- 2i sin (2r 4-1) cos (2r 4-1)

n
12

19n|
48 ’ ' “

K 7
.  19n . . 19n=> z = cos —7 -1 sin ——

48 48
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z =

=> z =

and,
=> z =

r - 1 => Zj = r

4 => z4 = -r =

1r =

z2-z +
3 => z3 = -r =

=>

=> = 0x

=>

0

0=>

,2 = 0

= 0

k

1 -z 
z

■2i

2 2n

2 2n
1 5 ' *

1 f 1 ’L m
1 1 -1 tan —

7s)-

1
i2-

^7

1—Z 
z

1 1
4 + 4

+ 7 tan'4

Z +a 22n
4 cos -7-

3 
7

_lf.
2 2 ■

1 , 2 2tt . + 7 tan — =
4 5

z2-z +

.5
= cos 2m + i sin 2m, r e Z

2
' l') 
2~2

2
'■ 1") 
Z~2 
\ 7

5
= cos 0° + i sin 0°

k
1 ( X./V

2 => z, = 7 1 - i tan — *• 2 3k
1 ( 

“ 2

• x1 -1 tan 73

; . 47^

. /

. . . 27^

/
2

2T~Z +
COS'

IL 2nz-7 1 + ztan —
2 5

1 1 . -x n z-~ 1 +1 tan 72 3

.. 271^1
' •— 5

71
=> x = icot (2r +1) —/ r = 0,1,2,3,4,5

Thus, the roots of the given equation are

1 f wYl 
z - - 1 - i tan 7 

0

1. 2" ■tanT

71i.e. ±icot(2r + l) —,r = 0,1,2.

± i cot 77, ± 1 cot 77, ± i cot 
1Z A2. AZ

EXAMPLE 7 Prove that the equation (l-z)5-z5 = 0 has roots

1 - i tan 77 , r = 0,1, 2, 3, 4. Take out the factor (2z -1) 
3

v 1
corresponding toz = - and verify that the resulting equation can be 

factorised as z2 - z + 

SOLUTION We have,
(l-z)5-z5 = 0

5
= 1

1-z 2m . . 2m ----- = cos~—+ ism—-
z 5 5

But, i cot = icot 7t-y- = ^cot — 
k 7

. t9rt . L( 37t^ . .3%zcot — = 1 cot 7t-— = -zcot~
k J

. 7it . .( 57t^ . _57t
1 COt — = I COt 71 - “ = - I COt — 

k 7
Therefore, the roots of the given equation are

-Uz2

1-z 2nI A- -1 tan -7 = 0
2 5

■ Z2-Z + 7

\ • x3t?| 1 L , ., 2k>
1-z tan — = 7 1+ztan — 5 2 5J k /

rl-z
z

2 1z - z + 7 sec 4
1 2 71
4SeC5

=> - = 2 cos — 1 +1 tan — 
3 k

1;

1 + i tan 77 5k

1 _ 2 nt . m m- = 2cos —+ 2zsm—COS7- z 5 5 5

l-tan^ =xfl+>tan^
3

\ 7

f 1 1
z’2 + 2 

k

1 1 2m . . 2m => - = I + cos — + z sin — z 5 5

n 2 nt2 cos —
3

. 7t . .371. .571. . 771 . 97t . 1171I cot —' 1 cot —' 1 cot —' z cot —' 1 cot —' 1 cot —

1 1 . L 27t z - 7 + -1 tan —
2 2 5

■ ' 1 1 • 4

' z-2’2,tan5
7 k 7

( 1 1 
z"2‘ 2

k

z2 - z + 7 + 7 tan'
4 4

n 2 nt2 cos —

=> - (cos 2m + i sin 2m)1/5, r e Z

1-z 2m . . 2m „ d o .----- = cos — + z sin r = 0,1,2,3,4
z 5 5

For r = 0, we have
1-z n 1----- = 1 => z- —z 2
For any r * 0, we have

. 2 n? 1 + tan —
3k 7

7 1 - i tan 77 , r = 1,2,3,4.2 3k 7
Thus, the roots of the given equation are given by

z = 7fl-ztan?V = 0/t2,3,4.
2 3

k 7

if, .L Lv z - - 1 -1 tan —
I

X . 71V 
?/tan5 ‘

97t
12

37t
12

7n
12

7
3ti'
5

1
2

1
2

1
2

1
2

1
2

1
2

1
2

1
4

1171
12

7t
12

5tz
12

If.
2

1
- 2
Now,

1
z

m
5

m
5

.2 nt f.
5

1___
2 2n

5

The equation having Z], z^ Z3, Z4 as its roots is 

(z-z1)(z-z2)(z-z3)(z-z4) = 0 

If.
2



19.111COMPLEX NUMBERS

,re Z= 0

9

0,

r = 1 => 2 = cos - + i sin 7

r = 2 => z = cos — + i sin —
(l+x)8 + x8 = 0

r = 3 => z = cos — + i sin —
=> (1 + x)8 =

r = 4 => z = cos — + i sin —
=❖

r = 6 => z = cos — + i sin —= (cos 7t + i sin it)=>

= [cos (2m + ti) +1 sin (2m + 7t)]

7
r = 7 => z = cos — + i sin —

/

=» - = - 2 sin2 (2r +1) 77 + 2i sin (2r +1) 77 cos (2r +1) 72
X , 10 16 16

r = 8 => z = cos — + i sin —
-1 /=> x =

-1

and,

r = 9 => z = cos — + i sin —=> x = -7 l+icot(2r + l)T7 ,r = 0,l,2,3,4,5,6,7
/

=$ z = cos - -i sin -

sin 5 0 = 5 sin 0

= cos 2m + i sin 2 r n, r € Z z

'1 + x
X

27? 
5'

371' '
5’

/

4n^
5’

7

71'

5
7

1-
sin2 tt

z2 - z +

Thus, the roots of the equation z

z2-z +

10-1

z2-z +
=> z = cos 77 + i sin 7?, r = 0,1,2,3,4, 

5 5

4
(V5+1)2

¥)( 
which is the required equation.

example 8 Solve: (1 + x)8 + x8 = 0 and show that every root of the 
equation has-1/2 for its real part.
SOLUTION We have,

z2 —z +

ir it- = cos(2r + l)J-l+isin(2r + l)^ 
X o o

2 sin (2r +1) 77 sin (2r +1) 77 - i cos (2r +1) 77
16 16 16

= cos (2r +1) 7 + i sin (2r +1) 7, 
o o

r = 0,1,2,3,4,5,6,7

| = -2sin(2r + l)^ sin(2r + l)yg-icos(2r + l)^

-x8

SOLUTION We have, 
z10-l = 0

=> z10 = 1

=>z10

=> z = (cos 2 r 71 + i sin 2m)1/10

, , 71 ... 71 271 . . . 271z = ± 1, cos - ± 1 sin 7, cos — ± 1 sin —5 5 5 5

/
= cos 2n - -77 I + i sin 271-775 I 

\ 7
4tc . . 4ti= cos — -1 sin 77
5 D

=> z = cos 271-7 +isin 271-75

/ . ■

= COS 271-77 +isin 271-y1
\

3n , . . 3tc 4ti , . . 4ticos — ± i sin —, cos — ± 1 sin —
5 5 5 5

Now,
r = 0 => z = 1

Clearly, each value of x has - as its real part.

;10 -1 = 0 and deduce that 

sin20 
. 2 2jt ■

— 
5

'l+xf
X

\ 7
>81 +X

X
\ 7
1+x^

X

.8

= -1

4
(a/5-1)2,

2 )

=> x =--------- -------- ^sin(2r + l)77 + icos(2r + l)77
n • /o . 1\ 7t 16 162sin(2r + l)77

10-1 = Oare

EXAMPLE 9 Solve the equation z 

1_sin2e 

sin2 
5

1
2

971
5

4ti

5

9n
5

1
x

71
16

71
16

71
16

7t
16

71
16

71
5

71
5

71
16

7ti

5

2ti

5

3ti

5

7tc

5

4ti

5

71
5

2ti

5
3ti
5

71^

5 ’
7

. 71
5

3nA
5 ’

\ 7
3ti . . 3n = cos —-ism — 
0 0

4ti
. . . _ — 5

r = 5 =» z = cos 7t + i sin 71 = -1
6ti . . 6ti. _ . _ ___ 5 . 5-

8ti . , 8ti
— 5 ' **'“* 5

f_ 27^1 . . _= cos 2ti - — +1 sin 2ti - —
\ 7
2tc . . 2ti = cos —-ism —
3 u
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.22|4

•4

>4=> sin 5 0 = 24 sin 0
k

+ sin‘

z8 + l = 0
z - 2z cos — +1 ,8 = -1=> z

,8=> z8 = cos Tt + i sin it
,8=> z

cos (2r +1) 7t + i sin (2r +1) 7t
...(i)

=>

Now,

r = 0 => z = cos - + i sin -and

r = 1 => z = cos — + zsin —

r = 2 => z = cos — + i sin —

r = 3 => z = cos — + isin —

>4
r = 4 => z = cos 77 +z sin —

/

|4

/

k

/
X 1-

Now, let

z = cos 0 + i sin 0

3it V
5' '

1=> — 
z

X 
z5

2 2n
1 T

/
X 1-

k
■A2',

1-

7
1-

2 2t?

k
/

=> sin 5 0 = 24sin0 cos 6-cos 7
5

cos 0 + cosI 5.

X 7
f , '
COS 0 - COS

Stt 
8’ 

7

x
/

=> sin 5 0 = 5 sin 0 1 -
sin it/5J

EXAMPLE 10 Solve the equation z8 +1 = 0 and deduce that 
cos 4 0 = 8 (cos 0 - cos ti/8) (cos 0 - cos 3n/8) (cos 0 - cos 5n/8) 
(cos 0 - cos 7n/8)
SOLUTION We have,

^8,1 _ n

2 3tt 
‘ 5

= cos (2m + 7t) + z sin (2nt + it),re Z 

=>z8 =

=> sm 5 0 = 24 sin 0 fsin2 7 - sin2 0

\ 7

/
z + - - 2 cos 7?

'V10 - 2^5
4

/ , ■

2 cos 0 - 2 cos 77

2
(
z - cos — 

5
\ 7

2
< 4n^
z - cos —

5 I

( a 2^ 
cos 0 - COS —

5

_ 4nA
cos 0 - cos —

□
7k 7

27?
cos 0 - cos —□

7
7?

cos 0 + cos -
b

• 2 n + sm -

4 ( 7t\
=> sin 5 0 = 2* sin 0 cos 0 - cos 7

5

. 2 2tt + sin — 
5

4n . . 4n z - cos — +1 sin —
5 57 k 7 7 

sin2 0 
sin2 it/5J

1-

sin20 
sin2 2n/5j

it . . it z - cos 7 +1 sin -
5 5

7

2n . . 2ti z - cos — +1 sin — 
b b

7 k
f 3n . . 3n 
z - cos — +1 sm —

5 57k
4t?
5’

sin2 ~ - sin2 0
5

< 7

.2 471 
+ sin — 

5

z = cos (2r +1) 7 + i sin (2r +1) 7 • r = 0,1,2,7 
o o

1= cos 0 - i sin 0, 27 + — = 2 cos n 0 
z”

2
f 7?

Z - COS 7 
t>

/
= (z2-l) z2-2zcos7 + 1 

b
k

2
f 37?z - cos —

5k 7

= (z2-l)

7it 
8’ 

7It 
'5

27tW
5 

7

=> sin 5 0 = 24 sin 0 I cos2 0 - cos2 7
I 5
k 7 k

4t? 
5’ 

7

z5

k

cos 0 - cos'

z"

z = [cos (2r +1) it + i sin (2r +1) Tt]1
3it
5

7 k

1 _ 2t?
z + — 2 cos — 

zk

sin2 0
- 2 •-

5 
k

Dividing both sides by z5, we get

z-- 
z

c 1171 . . 117tr = 5 => z = cos -7- +1 sm -7- 
8 8

5t?] 
= cos 2it - — +isin 2ti - —

o
/

L 77t> . . „ 
= cos 2tt - — +1 sm 2tc - — 

o 
\ / 
7it . . 7it 

= COS y -1 sm y

kc
Z + A - 2 COS TT

k

_ . 27t"
-------------------------------------------- — 5‘

7
4tt''

2 cos 0 - 2 cos —
5

. 7

= (z + l)(z-l)|z-cos2-,sin5'

I 5 5J
z-cos^-isin^5

k 5 5
371 . . 37t)

z - cos — -1 sm —
5 5k

/
z - cos " - i sin 77

sin2 0 
sin2 71/5J 

>/10 + 2>/5 ?

4

=> z10-l

=>z10-l
7 

sin20 
sin2 2ti/5^ 

sin2 0 
sin2 2ti/5^

— = 2 i sin n 0 
z"

Substituting these values in (i), we get
( Tt\

2zsin5 0 = (2zsin0) 2cos0-2cos7
k ^7

fn no 37^
2 cos 0 - 2 cos —

5
k 7

=> sin 5 0 = 24 sin 0 sin2 7 sin'
□

z2 - 2z cos 7? +1

/ q X2 „ 371 ,
27 - 2z COS — + 1

5ti

8

9tt

8

3ti

8

5ti

8

7it
8

97t
8

71
8

3ti

8

1
z

471
5

71
5

4tt
5

771
8

71
8

2 5
5

271
5

7

ui r.
5

7
1
z

2ti

5
/ 
,2

f 1 oz + - - 2 cos —
7 k

1 _
z
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I

(i) cos-cos —cos — = X / rj rr t-j

(ii) cos - cos — cos — =

(iii) sin-sin —sin — =

and deduce that
x

= 5

=> z' = -1
,7=> z = cos n + i sin n2
,7

=> z = [cos (2r +1) n + i sin (2r +1) n]

=> z = cos (2r +1) - + i sin (2r +1) -, r = 0,1,2, 6x

Now,

r = 0 => z = cos - + i sin -\

x r = 1 => z = cos — + i sin —7 \ 7

r = 2 =* z = cos — + i sin —
,4

r = 3 => z = cos it +1 sin n = -1

r = 4 => z = cos — + i sin —

Putting z = cos 6 + i sin 0, - = cos 0 - i sin 0

and,

1
17

n
87

2 5n
' 14

5n
7

I z4 + 77 = 2 cos 4 0, we get 
z

(

! 
I

( 7it . . 7it x z-cos — -/sin —

3tA z-cos — 
8

f 2 n 7jl 1
27 - 2Z COS — + 1

z' + l = 0
,7 _

z8 + l =
y2 + ,an214l[!/2 + tan214

J\ >

2
(
z - COS -

8

(l+y)7 + (l-y)7 = 14 y2 + tan2y^ /
k A

. • 2 U + sm J . 2 3n + Sm y

it . . 7t^ 
z - cos - -1 sin - 8 8. 7 \
( 3it . . 3it' z - cos — -1 sin —8 8\ 7
f 5k . . 5n^ x z - cos — -1 sin —8 8

5it . . 5n = cosy-isin-g-

1
8

'fbf
14 k 7

O 71z - 2z cos - +1 8

( n=* cos 4 0 = 8 cos 0 - cos -8
> 0

x cos 0-COS —8k 7
„ n 15n . . 15tir = 7 => z = cos — + / sin —8 8

„ < — 13n . . 137tr = 6 => z = cos —7— +1 sin ~z~8 8

f i 5n
27 - 2Z COS — + 1 8

2
5ti^ 

z-cos —8

\ 7
5tt . . 5ti = cos — -1 sin —

k 7
3n . . 3n = cos — - / sin —8 8

'in 3^ z + — — 2 cos —
z 8 7

51tW
8' ‘

7 k

f_ 3tiA . . („ 3it\ = cos 271 - — +1 sin 2ti - — 8 8

z2 - 2z cos +1
8

= cos 2k — — + /sin 271 — —8 k 7
71 . . 71= cos - -1 sin -8 8

2 
771^1 Z-cosy

=> z = cos (2m + 71) + i sin (2m + 7t), r e Z
|l/7,re Z

' 1 o 7t?| z + - - 2 cos —z 8

. 2 7tc + Sm y

Thus, the roots of z8 = 1 = 0 are:
71 , . , 7t 3tc , . . 3tc cos - ± t sin -> cos — ± 1 sin — ’8 8 8 8

n 371^ 
cos 0 - COS —8

Y n 7n>l cos 0 - cos — 8 \ 7
EXAMPLE 11 Solve the equation z7 + 1=0 and deduce that
... n 3n 5ti 1 (1) cos-cos —cos — = -- 7 7 7 8

3it 5ti
14 '■w 14 8

2 it L 2 3n i : tan 77 + tan 77 + tan14 14
SOLUTION We have,

, 1 _ n

571, .. 5ti 77t,.. 7it cos — ± t sin — > cos — ± 1 sin —8 8 8 8
( n . . nz - cos - -1 sin -8 8

( 3n2 cos 4 0 = 2 cos 0 - 2 cos 7 2 cos 0 - 2 cos —8 /
2 cos 0 - 2 cos 8

3ti . . 3it z - cos — - / sm —8 8< 7
5n . . 5tt^ z - cos — + / sin —8 8\ 7

( 7n . . 7n) z - cos — +1 sm —8 8k 7

/•••X _ 14
/

(iv) tan 7- tan 77 tan14J [y
Also show that:

2 Z+ COS — 1
8

Dividing both sides by z4, we get

4,1 ( Inz +— = z + --2cos -
7
fin 1"‘ x z + --2cos — z 8

9n . . . 9rt
7 ' *u“‘ 7

= cos 2n - y + / sin 2n - —

it

7

5tt
14

1
z

7ti
8

371^
8

771
8

7ti
8

7it
8

7it
8

7

It

4

3ti
14

( 371^
147

3ti
7

5n
7

71
7

71

7
371
7

5n
7

71
7'

\
- 1

z

1
z4

71
8| ■

V 7'
x 2 cos 0 - 2 cos 778



II

MATHEMATICS FOR IIT-JEE19.114

k

k

7

x

x
k

= (z + l)

I

k

1 = 8 2sin‘=>
,7

=>

(iv) Dividing (iii) by (ii), we get

=>
7

Letz =k 7

,2z - 2z cos — +1
cos a +17

,3 2

k
{2 (1 + y)2 - 2 (1 - y)2 cos a}

(ii)

a) + y2 (1 + cos a)}

V7
8

1
17

7
64

1
8

1
8

.2 21
14 

7

1+1/1
M

|(1 +j/)2-2(1 -/)cosa+(l-y)2|

,2
-2

5n
7 /

{(1 - cos

7?
77

k >

=>7 = 8 2 cos2 77

k
f 71=> 7 = 8 1 + cos -

z - cos -

C 2 37t>
2 COS 77

(
2

2 
7?
77

71 . . 71 = cos - -1 sin -

(iii) Putting z = ± 1 in (ii), we get

f_ _ 5n2 - 2 cos —

(ii) Putting z = - 1 in (ii), we get
( 71-7 = -2-2cos^

+ sin2^

. 2 5^ + sin y

Stc') 2 cos 0 - 2 cos y 
„ 7

2-2cosy

, 1371 . . 1371r = 6 => Z = cos y~ +1 sin y~

=> z7 + 1

z2 - 2z cos a +1

X

=> z' + l = (z + 1) zz-2zcosy + l 
k 7

2 sin2 —
14 . 7

z7+l 
z + 1

2 _ 371 ,7T - 2z COS y + 1

+ sin2f ■

2 cos 3 6 - 2 cos 2 0 + 2 cos 6 -1
< 71

= 2cos0-2cos-

Putting 0 = - on both sides of (iii), we get

5n n cos —>0 14

 1171 . . 1171r = 5 => z = cosy- + / sm y— z" + -^ = 2 cos n 0, we get

2

( Mz - cos y
k 7

2
(
z - COS y

Lk >

= COS ^271-y +isin(27t-y

3ti . . 3ti = COS y - I sin y

571^1
1 + cos y 

7 
25t?| 
:14

( n\1 = 2-2cos^

14

-2-2cosy

7 , , 71 . . iC
z+1 = (z + 1) z-cos--ism-

< 7
Z 371 .. 371V 
z - cos — -1 sin — i

7 7

Z2 - 2z cos y + 1

f \ f '
a 71 ] . . I _ 71= cos lit - - I +1 sin | 271 - -

k

=> z6-z5 + z4-z3 + z2-z +1

2 o 71 = z -2zcos- + l

?+lW+lU+i)-i
T Z 7 

+ o 71^ 
z + - - 2 cos - z 7 >. 7

_ , ( _ 71Y - 371'
2-1 = -2cos- -2cos~

< 7k
7t 3ti 5ti=> cos-cosy cosy =

3ti 
cos — COS — COS — =14 14 14

fin 371")z + - - 2 cos —z 7
k 7 k

fi1 + cos y
7 k

2 COSZ T7

4-^. Then, 
!-y

z2 -2z cos v + 1 -(i)
7

IM
1 

(i-y)2

i

\ A n 5n) 
2 cos 0 - 2 cos —

...(iii)

f n n - -2-2cos —

7 n /
■r - 2z cos — +1

7 k 7 k
..u 

sin 7-sin 7-sin 77 = 14 14 14

71 3ti cos14,cos14,

Thus, the roots of z7 +1 = 0 are :
, 71 ... 7t 3ti . . . 3ti 5ti . . . 5tiz = -1, cos - ± I sin -, cos — ± t sm y, cos y ± i sm y

f 71 . . Tt')z - cos - +1 sin -
7

f o -2cosy
k 7

(i-y)2 

2 
d-y)2

f 1 O 571^ 
z + - - 2 cos — z / 7

Putting z = cos 0 + i sin 0, = cos 0 - i sin 0 and,

2 71z - 2z cos - +1 ;
< 7 k

3ti . . 3ti z - cos -z- + / sin — 7 7< 7
5ti . . 571' 

Z - COS y +1 sm y 
. 7

7t , 3ti , 5ti tan 77 tan 77 tan 77 =14 14 14

k J
f 5ti . . 5t? Z - COS y -1 sm y

5ti
14

5tc
7

71
14

371
14

71
14

71
7

71
7

71
7

371
7

3ti
7

571
7

3ti
7

3ti
14

3ti
7

k 7 k
Dividing both sides by z3, we get 

n f
z3)

7
1

z7

k
71 .
14

3ti
7
/
Z2 - 2Z COS 77 + 1

2 371
■ 14 

7 k
E \2 
571

COS 77 COS — COS 7714 14 14

/
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13

13(iv)

Putting z

x

= cos 2ft - ft
7

=> -ilsin= cos14

r = 8 => z = cos — - i sin —

r = 9 => z = cos — - i sin —

r = 10 => z = cos — - i sin —

Ir = 11 => z = cos — -isin —=>

r = 12 => z = cos — - i sin —
7

r = 13 => z = cos - - i sin -

6

6
=> tan — + tan — + tan — = 5 I Ik . . I Ik z - cos — +1 sin —

67
7r = l

= 1

= cos 0° + i sin 0°

=> z

=> z = (cos 2m + i sin 2m)

- ft • + i sin • 2ft -
7

.2 a
’ 2

.2 A 
' 14

f :«2 3ft sir< 7

mY
7 :

nt
1

7

= cos 2 r it + i sin 2r ft, r G Z 
,1/14

2 5ft
1 u

23itW 
'14 !

Now,
r = 0 => z = 1

(l+£ 

H

.2 5ft)
’ 14 7

n2 —
14

locos'

I^COS'

sin2+ y2 cos'

y2 cos'

(l+y)7+(l-y)7 = 27x®

Z + tan2^ Z + tan2^ [Using (ii)]

X 7

f nZ-- z

7c4

z -- z

2 sin2 + 2y2 cos'

A7

+ 1

2 
rn Z-COSy 

k >

z = cos — +1 sin y for r = 1,2,3,6

For r = 7, z = cos it + i sin it = -1 
For r = 8,9,..., 13, we have

=> Z = COS y + I sin y, r = 0,1,2,.2 a
’ 2

• 2
Sin 14 +

+ sin2y

• 2 a sin —+2

=> z = cos +1 sin r = 0,1,2,3,14 14

m . . m z = cos — +1 sin —7 7

= 64 sin 6 sin2 - - sin2 0 sin2 y - sin2 0

SOLUTION We have, 
z14-l = 0 
,14

Z14

"14- 
7 x 

(14-r)n 
7

2 
(i-y)2

22 
(i-y)2

. 2 3ft 2 sm u+r

z = ± 1, cos y ± sin y, r = 1,2,3,

22 
(i-y)2

r = 13 => z = cos y - i sin 

Thus, the roots of z14 -1 = 0 are:

/
= (z-l)(z + l)n z-cos^-isin^ 

r=l^ 7 7(

.2 J.
’ 147

sin2 77 + y2 cos' 
14 J7 k 

-2 3ft _2 5ft ( 2 , . 
” 14 14 I*
(/ilan^Y/ilan2^ 

\ J
Z + tan2^

25>t'l

fl + y = ;—^Ix

22
d-y)2

22 
x----------2

(i-y)2

o 6 fo m -1 = (z2-!) n ?-2zcosy + l

Dividing both sides by z7, we get

6 f __ i>
n z-2cos — + -

Jr=1l 7 ZJ
6

=>(l+y)7 + (l-y)7

= 14^y2 + tan2^'][y2 + tan2^']['y2 + tan2^

EXAMPLE 12 Solve the equation z14 -1 = 0 and deduce that 

sin70
6 

z14-i = (z2-!) n 
r = l

= W'we set

(l+y)7 + (l-y)7 = 27(sin2^ +

■ 2 3ft 2 : sin — +tr cos14 y \
=> (1 + y)7 + (1 - y)7 = 27 cos2 cos‘ cos'

2 3ft"!
C0S 14

7

7 1 2^=C

z14-l

fl4-^ 
7

(14 - r) ft
7

n z + - - 2 cos
2 .

'. 2 3n . 2 ' sin y-sin 0 
k 7

.2 IL
14

6ft
7

5ft
7
4ft
7

3ft
7

2ft
7

m
7

6ft 
7

5ft
7’

4ft
7

3ft
7

2ft
7

m
7

2 5ft
14

=> z
,14

=2 Z

,14

7| '4

\ 7 \ 7 x
Equating coefficients of y4 on both sides, we get

2 . 2 3ft t 2 5ft'C4 + C4 = 14 tan 77 + tan 77 + tan 7714 14 14x 7
2 3ft

14
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PROPERTIES OF nth ROOTS OF UNITY

is a G.P. with common ratio
7

,6>

=a

[■.•a=ei2n/" .■.an=?hl/

= cos 2n + i sin 2n = 1]= 0

=> sin 7 0

.2= 64 sin 0 sin2--sin20

a-e

nth ROOTS OF UNITY :

[.. e'= cos 2np + isin2np=1]= 0
,re Z

z = cos — + i sin —, r = 0,l, 2,..., (n -1)=>

[Using De' Moivere's theorem]

(n-1)z - e

z = I
■

s
-

B
r-

r

7?
7

.2^
’ 7

/

l-(ap)”
1 -ap

1-1
1-a

l-ei2np
1 _ e‘ 2nP/n

1-r
\

1-a”
1 -a

= 1 + ap + a2p + a3p +... + a1

[,72*

=> sin 7 0 = 64 sin 0 cosz 0 - cos'

.2 271^

1, a, a2,...., a’

i 2nt

’ " ,r = 0,l,2,

z - - = 2 i sin 0 and z‘ z

1/n.Then,

{r'2n/nf ,r = 0,1,2, ...,(n-l)
z = ar' a = e1 231,11, r = 0,1,2,..., (n -1)

Thus nth roots of unity are:

,n ~ \ where a = ?2jl/” = cos — + i sin — 
n n

,i2n/n . aP = e' 2ltP/’J

a"'1

;”-1, where

_ an(n-l)/2

f Q 371^ 
x cos 0-COS —

k /

f Q 57rA
X cos 0-COS —

k /

( 0 271^1
cos 0-COS —

k >

f Q n cos 0 + cos -
>

n — f Q 27tA
x cos 0 - cos — cos 0 + COS —

)\ /
271^1

COS 0 + COS —
. 7

_ l_(e’'2np/„)n

] _ e'2np/«

( 2
X cos 0 —COS'

k

1-?*
1-a

19.34 ROOTS OF UNITY
In this section, we shall obtain various order roots of unity by 
using De' Moivere's theorem. We shall also learn about some 
properties of these roots.

Letz = 1
z = (cos0° + isin0°)1/"

= 1-1
l_e'2jtp/n

(IV) Sum of pth powers of nth roots of unity is n, if p is a multiple of n. 
PROOF Let p = Xn, where 1 G N. Then,

aF = e'2np/M = ?-2nXH/n = gI-27tX = cos2KX + /sin2nX = l. 

.'. Sum of pth powers of nth roots of unity 
= l + ap + a2p + ... + a("-1)p = 1+1 + 1 + ... + 1 = n

(V) Product of nth roots of unity is (-1)" “1 

PROOF, nth roots of unity are 1, a, a2,..

Product = 1. a. a2... a" “1

z = (cos 2r7t + i sin 2nr)1/n

I" 2 
cos 0-cos'

Putting z = cos 0 + i sin 0, - = cos 0 - i sin 0, z
1 A • _• n .7 1

: - -y = 2i sin 7 0, we get 
z'

f n
=> sin 7 0 = 64 sin 0 cos 0 - cos -

6 f
2 i sin 7 0 = (2 i sin 0) f] 2 cos 0 - 2 cos 

r=1k

/
=> sin 7 0 = (sin 0) (26) cos 0 - cos ~

Using: a +ar + ar2 +... +ar”-1

(III) Sum of pth powers of nth roots of unity is zero, if pis not a 
multiple of n.
PROOF nth roots of unity are: 1, a, a2,..., a"" \

.-. 1 + ap + (a2)p + a2p + (a3)p +... + (a"" !)p

f . 2 271 . 2
sin — - sm 0

i fn(I) nth roots of unity form a G.P. with common ratio e
PROOF nth roots of unity are 1, a,a2,...,a' 
a = ?2n/".

Clearly, 1, a, a2,..., a'1 “1
a = ?27l/''
(II) Sum of nth roots of unity is always zero.
PROOF ^th roots of unity are : 1, a, a2, ...,a”-1, where 
a = e'2jl/"
Now,
Sum = 1 + a + a2+... + a"-1

sin2 - sin2 0

- c/l+ 2 + 3 + ... + (n -1)

2m
n

2m
n

2 71
7

acos 0-cos —
\ 7
( a 6n>l

COS 0-cos —
X

Tt'
"7

2 k
271^

— 7

n 3^
X cos 0-cos—

X J
(- .2 Q _ _„2 7t7
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an/2 = e'K]

= 1cos'

=> Z = 1,

>2n/3 (f4n/3and -

shall list the properties of cube roots of unity separately in the 
following section.

19.35 CUBE ROOTS OF UNITY
As discussed in the previous section that the cube roots of unity 
are 1, cd and co2, where

co = ef w = -1 /2 + i >/3/2 and co2 = ? 4x73 = -1/2 - / <3/2.

We shall now obtain cube roots of unity by an alternative 
method.

Letz = l

z + 1 = 0 

-l±i<3 
2

'2itr
n

1/3 Then, 

z3 = 1 => z3-l = 0

(II) arg (co) = 2n/3 and arg (co2) = 4n/3

(1U) z3 -1 = (z -1) (z - co) (z - co2)

(TV) co and cd are roots of the equation z + z +1 = 0
(V) Cube roots of unity lie on the unit circle | z | = 1 and 
divide

its circumference into three equal parts.
(VI) 1 + co" + = |0, if « is not a multiple of 3

3, if n is a multiple of 3
(VII) Cube roots of -1 are -1, - co, - co2.
CVTn) z3 + l = (z +1) (z + co) (z + co2)

(IX) - co and - co2 are roots of z2 - z +1 = 0
(X) a3 + b3 = (a + b) (a + bco) (a + bco2)

a3 - b3 = (a - b) (a - bco) (a - bco2)

=> z = 1, z =

[•.• a = e,2jt/” =>

= (a"72)".-1

= (e'V1

+ sin

ande,4n/3

(I) Cube roots of unity are 1, co, co , where

(0 = .l±l^ = ^/3
2 2

= (cos n + i sin n)" "1

= (-I)”"1

(VI) nth roots of unity lie on the unit circle | z | = 1 and divide its 
circumference into n equal parts.

PROOF nth roots of unity are: 1, a, a2,..., a” " \
For any r = 0,1,2,..., (n -1), we have

ar = e,2nr/n = cos (2nr/n) + i sin (2nr/ri)

,2|W 
n \ /

=> ar lies on | z | = 1, where r = 0,1,2,..., (n -1).

Thus, 1, a, a2,..., a" ~1 lie on the circle | z | = 1.

We have, arg(l) = 0, arg(a) = 2n/n, arg (a2) = 4n/n, ...,
arg (a" "]) = 2 (n -1) n/n.

Thus, difference between the arguments of any two con­
secutive nth roots of unity is 2n/n.

Hence, they divide the circumference of the circle | z | = 1 
into n equal parts.
REMARK 1. nth roots ofl are the solutions of the equation z = I17”

i.e. z” = l or, 2/'-1=0
zn -1 = (z -1) (z - a) (z - a2)... (z -a”-1)

REMARK 2 nth roots of -1 are the soltuions of the equation
z = (-l)17"Uz" = -lor, z" + l=0

SOME PARTICULAR CASES

(I) Square roots of unity
We know that the nth roots of unity are
1, a, a2,..., a" ” \ where a = e' 2n,n
For square roots of unity, we have n = 2.

a = e'n = cos7t + isinK = -l.
Thus, square roots of unity are 1, -1.

(H) Cube roots of unity
For cube roots of unity, we have n = 3.

a = et2n/3
So, cube roots of unity are 1, a, a2 i.e. 1, e'2,1/3
We denote e‘2n/3 by cd i.e.
co = cos (2n/3 + f) sin (2n/3) = -1 + i y

Thus, cube roots of unity are 1, cd, cd2, where co = -| + iiy 

and,CD2 = -|-i^.
2 2

Note that the cube roots of unity follow all the properties
listed for nth roots of unity, but due to their importance, we

=> | ar | =

™ U - C U. 1 -l + f<3 ,-l±l>/3Thus, cube roots of unity are -1, -—----- and----- ----- .

It can be easily seen that -1/2 + z<3/2 and -1/2 - i <3"/2 are 
complex numbers of unit modulus such that

arg (-1/2 + f<3/2) = 2n/3 and arg (-1/2- i<3/2) = 4n/3.

... 14# = ^ and -1-=
2 2 2 2

Let co = j 211,3. Then, cd2 = ? 4,1/3

Thus, cube roots of unity are 1, cd, cd2, where cd = e12,1/3 

PROPERTIES OF CUBE ROOTS OF UNITY AND SOME USEFUL 
RESULTS RELATED TO THEM
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- ab - be - ca = (« + bco + cco2) (a + bco2 + cco)a

ILLUSTRATIVE EXAMLES

are the nth roots of unity then

n-1

= n
r = 0

= (x-oqHx-cq) .... (x - an _ p = n

(l+a1)(l + a2)....(l + an-1)-

z1 + arz2 (0= (x-a1)(x-a2)(x-a3)(x-a4)

are the roots of the equation

= (co —oq) (10-02) (co - 03) (co - oq)

,(ii)= (cd - oq) (co - 0^) (co - oq) (co - a4)=>

2
= (co2 - oq) (co2 - 02) (co2 - Og) (co2 - 04)

= (co2 - (co2 - 02) (co2 - oq) (co2 - a4) .(iii)

(n-1)

n-1 z 
r = 0

n-1

= S
r = 0

a3 + b3 + c3 - 3dbc = (o + b + c) (n + bco + cco2) (a + bco2+cco)

O)t-a1

I z2 I2} + 21 Z2
n-1 >

n-1
= x(l Z1 l2+ I z: 

r = 0

...lx""1

EXAMPLE 2 Ifar, r = 0,1,2,(n -1) are the nth roots of unity, 
show that

are the roots of the equation

co2-l 
co-1

co-1
co2-l

a"'1

Putting x = co2 in (i), we get 

colo-l 
co2-l

=> (-I)”’1

r = 0 /

~ > p
{| Z] |2+ | Z2 |2) + Z1Z2 X0Cr +ZiZ2 J

Zl!2 +
p-1 '

£ar+ziz2 Xar 
r=0 \ /

-1

r=0 /
n-1

{| zi |2 + | Z2 |2} + Z]Z2 x 0 + zj z2 x 0 ■.• £ ar = 0 
r = 0

:2 |2 + z1z2ar + z1 z2ar[

= | Zj |2 + | z2 |2 + z1 z2ar + Zj z2ar, r = 0,1,2,

n-1
£lzi + arz2l2
r=0

+ z1(arz2) + z1 (arz2)

I 2 4- Z2 ^CCr + Zj z2ar

SOLUTION Since 1, a, a2,..., 
x”-l = 0

Therefore,
l + a + a2 + ... + a”-1 = 0

and, | ar | = 1 for r = 0,1,2,... (n -1) 
Now, 

| z1 + arz2 |

= I zi |2+ I arZ2 I2

= I zi |2+ I ar I2 I z2

EXAMPLE 1 If l/OpCIj,..., a” -1 
prove that

(i) (1 + oq) (1 + a2)... (1 + On -1) = 1, if n is an odd natural 
number.

(ii) (l + ai)(l + a2) ...(l + a„-l) = 0, if n is an even 
natural number.
SOLUTION Since 1, av oq,..., oq, _ } are the nth roots of unity 

i.e. these are the roots of xn -1 = 0. Therefore,

x”-l = (x-l)(x-a1)(x-a2)... (x-a„_j)

x-l

=> (x-a1)(x-cx2)...(x-a„_1) = 1+j

Putting x = -1 on both sides, we get 
(-l-oqH-l-oq)... (-l-otn-j)

= 1+(-!) + (-l)2 + ... + (-l)”-1

0, if n is even
1, if n is odd

0, if n is even
1, if n is odd

Dividing (ii) by (iii), we get

co - oq co - oq co - oq co - a4
2 • ~ 2 ' ~ 2co -CX2 co -03 co -a4

(l+a1)(l + CX2)...(l+«„_!) =

= M {[ Zi |2+ I Z2 I2)

EXAMPLE 3 If 1, Cjq, CX2, CXg, a4 
x5 -1 = 0, then prove that

co -co-aj co — CX3 co-a4
2 ’ 2 '2 '2 ~co -cq co -«2 co -Og co -a4

where co is a non-real cube root of unity.
SOLUTION Since 1, cq, o^, CX3, a4 are the roots of the equation

?-l = 0

/. x5-! = (x-l)(x-a1)(x-cx2)(x-a3)(x-a4)

x5-!
x-l
Putting x = co in (i), we get

co5-l
co-1

2 = «( I Z1 |2+ I Z2 I2)
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(ii)

x

or, /(x) = x(fl+x)(b + x)(c + x) + x(fl+x)(b + x)(d + x)

+ x (a + x) (c + x) (d + x> x (b + x) (c + x) (d + x)

- 2 (a + x) (b + x) (c + x) (d + x)

= 2x4 + a? (« + b + c + d)-x (abc + abd + acd + bed) - 2 abed

[Using (i)]x

= 0

x

and, = 2cd

= 2

and,

= 2co

(i)=>

1+ —----
d + CD

1
■■ l + 2co +

1 
d + w

1
2 + cd

1
1 + CD

1 1,1 12
a + x b + x c+x d + x x

—+r^ + 
fl + CD b + CD

SOLUTION We have,

A.+ i 
fl + CD b + CD

1 1 ------- 4. --------  
fl + CD b + CD

+------ :
1—CD'

1
+ 2 

CD

EXAMPLE 5 If CD, CD2 

fl, b, c,d,e R such that
_2. 
cd2

1 +----
C + 0)

are complex cube roots of unity and

1 x + 
b + co2

1
2 fl + CD

1
2 

C + CD

1 
1-CD2

2 CD-CD

_(co2-I)2
"(CD-I)2

_ co4 - 2cd2 + 1
co2 - 2co + 1

1 
------- 2 + 
CD-CD

= 2cd2

= 2cd2

(fl + cd)2
1 

(d + cd)2

[Using (ii)]

= ■ 1 1 _ 1
(1 + CO) + CO 1 + (1 + CD) 1 + CD

1.1 1
2 2r -co

= 0
Therefore, co and co2 are two roots off (x) = 0.
Since/(x) = 0 is a fourth degree equation in x. So, it has four 

roots.
Let a, P be two other roots off (x) = 0. Then,
ap + cd . co2 + (a + P) (co + co2) = 0

=> aP + l- a~P = 0

=> (a-l)(P-l) = 0

=> a = 1 or, P = 1

Now, a = 1 is a root of/(x) = 0
A /(I) = 0

=> (a + l)(b +1) (c +1) + (fl +1) (b +1) (d +1)

+ (fl +1) (c+1) (d +1) + (b +1) (c +1) (d +1)

-2 (a +1) (b +1) (c +1) (d + 1) = 0—C + CD d + CD CD

1 +----- +
C + CD

_ CD - 2co2 + 1
CD2 +1 - 2co

-3 co2
= —-— = CD.

-3co
EXAMPLE 4 If co is an imaginary cube root of unity, prove that

1 + 11 _ Q
l + 2co 2 + co 1 + cd

SOLUTION We have,
1 + CD + co2 = 0

1
+ X

d + co2

1 
+ ~x 

d + cob + co2

_ CD (1 + CD) + CD2 + 1 - co2 
co2(l—co2)

_ 1 + CD + CD2
CD2 (1 - CD2)

1 + j
C + CD

and,
1 1 1 1_2_

fl + CD2 b + co2 C + CD2 d + co2 CD2
A

It is evident from these two results that cd and co are the
roots of the equation

11112 + 7-+------+ —— = -
a+x b+x c+x d+x x

In order to prove the desired result, we have to prove that 
x = 1 is a root of the above equation.

Consider the polynomial
/(x) = x (fl + x) (b + x) (c + x) (d + x)

1
2 + 

fl + CD

then prove that

1 1 1,1 
■ 4- - -------------- -4- ~ ’

fl+1 b+1 c+1 d + 1

We have,

/(cd) = co (a + cd) (b + co) (c + co) (d + co)

1 1 1 1 2
fl + CD b + CD C + CD d + CD CD

+---------- 9 +
(b + co)2

and,

/ (CD2) = CD2 (fl + co2) (b + co2) (c + CD2) (d + CD2)

..Fi 1 .i
(c + CD)2
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= 2=>

=>

x”-l = (x-l)(x-cx])(x-d2)...(x-dn_1)

(a)-04)(co-c^)(co-03)... (co-a" j) ==>

Now,
x3 + x2 + X = X (x2 + X +1) = x (x - co) (x - co2)

if n = 3m= 0,
Let/(x) = (x + l)"-x"-l

if n = 3m +1

= co +1, if n = 3m + 2

Hence,

...(i)[•«• n is odd]

= - (1 + co" + co2")

[0, if n is not a multiple of 3
= 0 3, if n is a multiple of 3.2,

[•.• n is odd]...(i)

Since x = 0, co, co2 are roots of x3 + x2 + x. Therefore, to show 
that f (x) = (x +1)" - x" -1 is divisible by x3 + x2 + x, it is suffi­
cient to show that

co"-l
CO-1

co"-I
CO-1

= (fl + b + c) ((? + b2 + (?-ab-bc-ca)

= a3 + b3 + c3-3abc

(ii) We know that,
x3 + y3 = (x + y) (xco + yco2) (xco2 + yco)

Let x = a + bco + cco2 and y = a + too2 + cco. Then, 

x + y = (a + bco + cco)2 + (a + bco2 + cco)

,ifn = 3m
, if n = 3m +1

co +1, if n = 3m + 2

EXAMPLE 6 If co and co are complex cube roots of unity, prove that
(i) (a + b + c) (a + bco + cco2) (a + bco2 + cco) = a3 + b3 + c3 - 3abc

(ii) (a + bco + cco2)3 + (a + bco2 + cco)3

= (2a - b - c) (2b - c - fl) (2c - fl - b)
= 27 flbc, iffl + b + c = 0

SOLUTION (i) We have,

(a + b + c) (a + bco + cco)2 (a + bco2 + cco)

= (a + b + c) {a2 + b2 + c2 + flb (co + co2) + be (co2 + co4)
+ Cfl (co + co2)}

1-1
co-1
^ = 1,
co-1
co2-l
CO-1

and,
xco2 + yco = (a + bco + cco2) co2 + (fl + bco2 + cco) co

= a (co2 + co) + b (co3 + co3) + c (co4 + co2) c

= - a + 2b - c
= (2b-fl-c)

Putting these values in (i), we get

(a + bco + cco2)3 + (a + bco2 + cco)3
= (2fl-b-c)(2c-fl-b)(2b-fl-c) 

EXAMPLE 7 If it is given that n is an odd integer greater than 3 but 
n is not a multiple of 3, prove that x3 + x2 + x is a factor of 
(x + l)"-x"-l.
SOLUTION We have,

and,

/(co2) = (co2 +1)" — (co2)" — 1

= (-co)" - co2" -1

= - (1 + co" + co2'')

= 0

l + co" + co2”

/(0) = 0,/(co) = 0 and /(co2) = 0

= 2a + b (co + co2) + c (co2 + co)
= 2fl-b-c

xco + yco2 = (a + bco + cco2) co + (fl + bco2 + cco) co2

= fl (co + co2) + b (co2 + co4) + c (co3 + co3)

= (2c-fl-b)

co3,"-l 
co-1 

co3m + 1-l 
co-1 

co3m+2-l 
co-1

Now,

/(0) = (0 + l)"-0"-l = 1"-1 = 0

/(co) = (co+l)"-co"-l

= (—co2)" — co" — 1

= (-lfco^-co"-!

= -co2"-co"-l

1 1 1 =
fl + 1+ b + l+ c + l+ d + l " 2

0
(co-a1)(co-cx2)...(co-cx>1_1) = 1

Putting x = co, we get

co" — 1 = (co-l)(co-a1)(w-cx2)... (co-dn-1)

1 1 1 1 
d + 1 + c + 1 + b + 1 +fl + l

EXAMPLE 5 If 1, otp ,..., dn _ j be nth roots of unity and co be 
any non-real cube root of unity, then prove that

0 , if n is a multiple of 3
(co - c^) (co - 02) (co - a" “!) = 1 , if n = 3m +1, m g N

1 + co, if n = 3m + 2, m g N

SOLUTION Since 1, dp c^,..., d„ _ j are nth roots of unity.

Therefore, 1, av dj, ...., dn _ } are the roots of x" -1 = 0.
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(0

(ii)

...(iii)

co = co2 and co2 = co]

v n is odd
••• (-!)"=-!

n is odd
••• (-D" = -l

= = - y" (1 + co" + co2")

= -y"xO
= 0

Hence, xy (x2 + xy + y2) is a factor of (x + y)n - x" - y" 
EXAMPLE 9 If Z}+Z2 + Z3 = A,

Zj + Cl) Z2 + co2 Z3 = B

and, Zj + co2 z2 + co z3 = C

(i) Express zv z2, z3 in terms of A, B,C.

(H) Prove that
| A |2+ | B |2 + | C i2 = 3{| z

Hence, x (x - co) (x - co2) = x3 + x2 + x is a factor of/ (x). 
EXAMPLE 8 If n is an odd integer greater than 3 but not a multiple 
of 3, prove that

xy (x2 + xy + y2) is a factor of (x + y)" - x" - y".
SOLUTION We have,

xy(x2 + xy + y2)= xy(x-yco) (x-yco2)

In order to prove that xy(x2 + xy + y2) is a factor of 
(x + y)" - x" - y", it is sufficient to show that (x + y)” - x" - y" 
vanishes for x = 0, y = 0, x = yco and x = yco2

For x = 0, we have

(x + y)"-x"-y" = y"-0-y" = 0
Fory = 0, we have

(x + y)"-x"-y" = x"-x"-0 = 0
For x = yen, we have

(x + y)"-x"-y"

= (y<o+y)"-(yco)"-y"
= (-yco2)"-(yco)"-y"

= (-1)" y" co2" - y" co" - y"

= - y" co2” - y" co" - y"
A + Bco + Cco2

Z3= 3

Multiplying (i) by 1, (ii) by co2, (iii) by co and then adding, 
we get

Zj (1 +co2 + co) + 3z2 + z3(l + co + co2) = A + Bco2 + Cco

A + Bco2 + Cco
*2“—r~

Similarly, multiplying (i) by 1, (ii) by co and (iii) by co and 
then adding, we get

+ Zj (E2 + z3) + z2(z3 + z1)

+ z3(z1 + z2)

= I Zi |2 | Z2 |2+ I z3 |2 + Z1(Z2 + Z3) + Z2(Z3 + Z1)+Z3(Z1 + Z2) 
Similarly,

B ~ Z1 + C0Z2 + co2 z3

— _ 9_  _
=> B = Zj + co z2 + co z3

••• IB I2
= BB = (zj + co z2 + co2 z3) (Zj + co2 z2 + co zf)

— — — 7 — _ _ o —= Z} Zj + z2 z2 + Z3 Z3 + Z-L (CO z2 + CO Z-}) + Z2 (CO Z} + C0‘ Z-j)
+ z3 (co2 Z, + CO Z2)

= - y" (1 + co2" + co" +1)
= -y"x0
= 0
For x = yco2, we have 

(x+y)"-x"-y" 
= (yco2 + y)" - (yco2)" - y" 

= (-yw)"-(yco2)"-y" 

= (-1)" y" co" - y" co2" - y" 

= -y"co"-y"co2"-y"

(ii) We have,

A = z} + z2 + z3

=> A - + z2 + z3

/. | A |2

= AA

= Z1Z1+Z2Z2+Z32J + Z1(Z2 + Z3)+Z2(Z3 + Z1)+Z3(Z1 +Z2)

= I Zj |2+ | Z2 |2+ I Z3 I2

1 |2+ I Z2 |2+ I z3 I2}

SOLUTION We have,

Z) + z2 + z3 = A

2
Z| + coz2 + co z3 = B

Zj + co2 z2 + coz3 = C

/. A + B + C = 3z1 + (1 + co + co2) z2 + (1 + co2 + co) z3

= 3zr

A + B + C
2i " 3
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,4000 .4004

+ Zj (CD2 Z2 + (D Zj) + Z2 (CD Zx 4- CD2 Z3)
9 — —+ z3 (CD Zy + CD z2)

...+anxn

= I zi Hence, co and co2 are the common roots of the given equa­
tions.
EXAMPLE 11 If ax + cy 4- bz = X, ex + by + az = Y, 
bx + ay + cz = Z, show that:

(i) (a + b2 + (?-ab-bc-ca') (x2 + y2 + z2-xy-yz-zx)
= x2 + y2 + z2-xy-yz-zx

(ii) (a3 + b3 + c3 - 3abc) (x3 + y3 + z3 - 3xi/z)
= X3 + Y3 + Z3-3XYZ.

SOLUTION (i) We know that:
(a + bw + cw2) (a + bw2 + cw) = a2 + b2 + c2-ab-bc-ca
(a2 + b2 + c2-ab-bc-ca) (x2+ y2 + z2-xy-yz-zx)
= (a + bw + cw2) (a + bw2 + cw) (x + yio + zw2)(x+yiu2 + zw)
= {(a 4- bw + cw2) (x + yw + zw2)} {(fl + bw2 + cw) (x+yw2+zir)|
= {(ax + bz + cy) + (bx + ay + cz) w + (ex + by + az) io2)
x ((ax + cy + bz) + (az + by + ex) w + (bx + cz + ay) io2)

= (X + wZ + Yw2) (X + Yw + Zw2)

= (X4-Yw2 + Zw) (X + Yw + Zw2)

= x2+y2+z2-xy-yz-zx
(ii) We have,
(a+ b + c)(x + y + z)
= (ax 4- cy 4- bz) 4- (ex + by + az) + (bx 4- ay + cz)
= X + Y + Z.
Now, (fl3 + b3 + c2 - 3flbc) (x3 4- y3 4- z3 — 3xyz)
= (a + b 4- c) (a2 + b2 + c2 - ab - be - ca)

x(x + y + z) (x2 + y2 + ^-xy-yz-zx)

= (a+ b + c)(x + y + z) (a2 + b2 + c2-ab-bc- ca)
(x2 + y2-z2-xy-yz-zx)

= (X + Y + Z) (X2 + Y2 + Z2-XY-YZ-ZX) (Using(i)]
= X3 + Y3 + Z3-XY-YZ-ZX.

EXAMPLE 12 If (l+X + X2)" = fl0 + fl1X + fl2X2+...+A2rtX2".

and, Ej = a0 + a3 + a6+

E2 = fl j + fl^ + fl2 +....,

E3 = a2 + fl5 +,fl8 + ....

prove that E1 = E2 = E3~3n~ \

SOLUTION We have,
(1 + x + x2)” = fl0 + x + a2 x2 + fl3 x3 +.

=> (1 +X + X2)” = (fl0 + fl3x3 + fl6x6+ ...)

4-x(a1 +a4x3 + «7 x6 + ...)

+ x2 (a2 + a5 x3 + a8 x6 +...)

|2+ I z2 |2+ I z3 I2

and,

C = z1 + CD2 z2 + CD z3

=> C = Zy + CD Z2 + CD2 Z3

••• |C|2
= CC = (Zj +CD2Z2 + CDZ3) (Zj +CDZ2 + CD2Z3)

= z}z} +z2z2 + z3z3 + z1 (cdz2 + cd2z3) + z2(cd2z1 + cdz3)

+ Z3 (CD Zj + CD2 Z2)

= 1 Z} |2+ I Z2 |2+ I z3 I^Zj (cdz2 + cd2z3)+z2(cd2z1+cdz3)
+ z3(cdz1 + cd2z2)

••• |A|2+|B|2+|C|2

= 3( IZ1 |2+ I Z2 |2+ I z3 I2)
+ z1 [(1+CD + CD2)z2+ (1 + CD + CD2) Z3]

+ Z2 [(1 + CD + CD2) zj + (1 + CD + CD2) zj

+ Z3 [(1 + CD + CD2) z2 + (1 + CD + CD2) zj

= 3(|z1|2+|z2|2+|z312

EXAMPLE 10 Find the common roots of the equations
x3 + 2x2 + 2x + 1 = 0 and x2000 + x2002 +1 = 0

SOLUTION We have,
x3 + 2x2 + 2x + 1 = 0

=> (x3+1) + 2x(x + 1) = 0

=> (x + 1)(x2-x + 1) + 2x(x+1) = 0
=> (x +1) (x2 + x +1) = 0
=» (X-1)(X-CD)(X-CD2) = 0

o
=> X = - 1, + CD, CD

n
Thus, x = -l, cd, co are the roots of the equation 

x3 + 2x2 + 2x + 1 = 0. We shall now see which of these values of 
x satisfy the second equation.

Clearly, x = 0 does not satisfy the equation

x2000 + ?002 + l = 0

For x = cd, we have

CD2000 + CD2002 + 1 =cd2 + cd + 1= 0

For x = cd2, we have

(CD2)2000 + (CD2)2002 4-1 = CD4000 4-CD4004 4-1 = CD 4-CD2 + 1 = 0

Thus, cd and cd2 are also the roots of x2000 4- x2002 4-1 = 0.
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(iii)
3

(i)

...(ii)

(iii)

,n-l

...(iv)

1

(ii) a1+a4 + a7 +

1 .. TT
(iii) fl2 + fl5 + fl8 + •••• = q 2" + 2cos(n + 2)- 

0 O

‘2

fl (i)

.(ii)

,n

=>

.2

53

Hence, E] = E2 = E3 = 3‘

EXAMPLE 13 //(l + x)" = a0 + a} x + a2 x2 + .... +an x”, prove that

EXAMPLE 14 Find the sum of the series:

2 (1 + w) (1 + u?) + 3 (2u> +1) (2w2 + l) + 4(3w + l)(3w2 + l) + 

... + (n +1) (nw +1) (nw2 +1)

(i) aQ + a3 + a6 +.... = - 2” + 2cos^ 
3 0

SOLUTION We have,

Required sum
n

= 2 (r +1) (rw +1) (rw2 +1) 
r=l

'1 .M2 + 'tJ

=» E2 = i 2" + 2cos(n-2)^ 
0 O

Multiplying (iii) by w and (iv) by w2 and adding to (ii), we 

get

= | 2’ + 2cos^
3 3

f]”
1 7t . . n 

= cos ~ -1 sin -
1-0 o
k 7

=> Ej + w2 E2 + w E3 = cos ~ - i sin ~~ 
o 0

Adding (ii), (iii) and (iv), we obtain

3Ej = 2n + 2cos^ 
o

2n + 2cos^ 
o

o6x6 +

£3 = 1 2" + 2cos(m + 2)“ 
o o

= | 2” + 2cos(n-2)2 
0 o

Putting x = 1, w and w2 respectively, we get 

3” = Ej + E2 + E3 

0 = Ej + wE2 + w2 E3 

0 = E}+w2 E2 + wE3

Adding (i), (ii) and (iii), we get

3£j = 3" => Ei = 3’

Multiplying (ii) by iv2, (iii) by w and adding to (i), we get 

3E2 = 3" => E2 = 3”"1

Putting the values of Ej and E2 in (i), we get 

E3 ? 3”"1 

iH-1

E1+wE2 + w2 E3 =

SOLUTION Let

Ei = a0 + a3 + a6 + ...,

E2 = (?1 + U4 + fly +...,

E3 = fl2 + fl5 + fl8 + ....

We have,

(1+x)” = fl0 + fli x + a2x2+ ..,.+fl„x”

=> (a0 + a3 x3 + a6 x6 +....) + x («i + fl4 x3 + fl7 x6 +...)
+ X2 (fl2 + fl5x3+ ....) = (1+x)1

Putting x = 1 in (i), we get

E1 + E2 + E3 = 2"

Putting x = w in (i), we get

ET + w E2 + w2 E3 = (1 + w)'

E-l+w E-2 + w2 E3 = (- w2)”

- n
3

+ cos (n - 2) 2 - i sin (n - 2) 2 
o o

El + w E2 + u? E3 = cos + i sin 22

Putting x = w2 in (i), we get 

Ei + w2 E2 + w E3 = (1 + w2)n 

= (-w)n 

= 1-/22

nit . . nit 
cos —-ism— w

o o
\ 7
2it . . 2n'|

cos —-ism —
3 3

\ /
2n . . 2^

cos — +1 sm — 
o o

/

/ _ „\nIt . . it 
= cos - +1 sm -

3 3
\ 7

nit .. nit
= cos — +1 sm —

0 0

=> fl0+fl3+fl6 +

Multiplying (iii) by w2 and (iv) by w and adding to (ii), we 

get

nH ( nit . . Wt] 2
3E2 = 2 + cos — +1 sm — ur + 

• 0 0
\ /

__ nn ( nit . . nn'l (
=> 3E2 = 2 + cos — +1 sm —

o o
\ /
< — —k /nit . . mt

+ cos — -1 sm — < 
o o

k / k

=> 3E2 = 2” + cos(n-2)2 + lsin(n-2)^

1
3

1
2

1
3

1
3

nit
3

n
3

2n
3
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Now,

,•«

■2 ;3 •32=> S, = i + 2.f+3.r + ...+32.i''1

•2 ,-3=> f S, = iz + 2.iJ +'1

EXAMPLE 15 Evaluate:

n
=> = i

=>Si (1-0

S1 ==>

and,

w = 0

n

10> r=l
= -i a

= i = 1] =>

=>

=>n

2«-n/2 _ |=>

2n/2 _ |=>

=>

n = 0(0
where

= 1

I n (n +1)
2

32 32
= 3 E n.in + 2 E i” 

n=l n=l

32
= E (3n + 2) im 

n = l

n
= X (? + l) 

r = l

n
= E (r + l)(r + «?) (r + w) 

r = i

32
E (3n+2) 

n = 1

10 
= -i E 

r=l

10
= -i E 

r=l

32
E (3n + 2) 

n = l

2 
+ n

i(l-l) 
l-i

-32/
l-i
-32/(1 + Q 

= (1-O(1 + O 
= -16/(1+ 0 
= 16(1-0

= ?2n

2m'
11’

7

[v a11

SOLUTION We have,
10 
E 

r = l

32
E (3n + 2) 

n = l

*° f . 2m . 2m'J|sm-n-,coslr

/(I-/32) 
l-i

32
S2 = E /" = 

n = l

Putting the values of Sj and $2 in (i), we get

-32133

32 32
Sj = E n. f and S2 = E i" 

n=l n=l

-32133

= 3Sj + 2S2

v f . 2m . 2m^ .Q/1 A
E sin —-icos— =48(1-0 

k /
EXAMPLE 16 Find the integral solutions of the equation 
(1-0” = 2n.
SOLUTION We have, ’

(1-0" = 2"

Id-0” I = I 2" | 
| l-i |n = 2” 

(V2)n = 2" 

2^/2  qh

S1-iS1 = [i + i2 + i3 +

fl-/32>|
l-i\

. 1(1-1)
l-i

io at
= -i E ar, where a = e ii 

r=l

Zl-a:
1 -a 7

. 2m . n sin — -1 cos —

io 
= -/ E 

r=l

=>
EXAMPLE 17 Solve the following system of equations in terms of 
complex numbers:

;13W19 = 1,2s rJ = 1,z2 + w2 = -2

SOLUTION We have, z13 u;19

2m . . 2rn\ cos —+ .sin —
k 7
i2m

Z^W

+ i32] - 32 i33

!P f . 2m . 2m^£ sm--.cos- 
r-1k 71

32
= E n . i' 

n = l

_ /(a-a11) 
a-1

"a-l^l 
a-1\ 7

= i

+ 31i32 + 32i33

2m
11

2m
11

2m
11

2m
ir
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Hence, a = b = -3,c = 0

, n is a+ isinEXAMPLE 19 Given z = cos

[Cubing both sides]-(iv)

[Dividing (iv) by (i)]

a + p =
[Cubing both sides]

= z

[•.• z2” +1 = cos 2k + i sin 2k = 1]= -1

and,

= z3

= z

[... z2" +1 = cos 2k + i sin 2k = 1]= z
(i)

aw + b + cw2 = 3W2 ,(ii)

and, + isin

+ i sincos

+ i sin

+ 2 i sin2 cos'

+ isin

+ isin

1-z
z-1

.(ii)

(iii)

2k
2n + l

2k
2n + l

2k
2n + l

2k
2n + l

(z2)"-! 
z2-l

?-l

Adding (i), (ii) and (iii), we get
3b = -6 + 3W2 + 3w

=* 3b = -6-3
=> b = -3

Multiplying (ii) by w2, (iii) by w and adding them to (i), we 
obtain

3a = -6 + 3w4 + 3W2

=» 3a = -6-3
=>a = -3

Putting a=-3,b = -3in (i), we get c = 0

Putting z = w in (iii), we get

2z2 = -2=>z2 = -1 =>z = ±i

But z = w. Therefore, w = ±i
Hence, the solutions are: z = i, w = i; z = - i, w = - i 

EXAMPLE 18 Find the values of a, b and c if x3 -1 is a factor of 
x6+ax4 + bx3 + ex2 + 3x + 2.
SOLUTION Let/ (x) = x6 + ax4 + bx3 + ex2 + 3x + 2.

We have,

x3-! = (x-l)(x2 + x + l) = (x-l)(x-w)(x-w2)

If x3 -1 is a factor of/(x), then (x -1), (x - w) and (x - w2) 
are also its factors.

/(I) = 0,/(w) = 0 and /(w2) = 0

=> l+a+b+c+3+2 = 0,
w6 + aw4 + bw3 + cw2 + 3w + 2 = 0 

and, wn + aw8 + bw6 + cw4 + 3w2 + 2 = 0 

=> a + b + c = -6

=> z w = 1

,6 ,,.6 -=> 2° 10° = 1 ...(v)

Dividing (ii) by (v), we get

w— = 1 => w = z z

f 2k " 
2n + l

1-z
z2-l

.2 *. .
’ 2n + l

aw2 + b + civ = 3w

>-lf 
z2-!

= z3

9
4 cos

-2 
K

2n + l

f 2k ) 
2n + l\ 

positive integer, find the equation whose roots are:

a = z + z3 + z5 + .... + Z2””1 and p = z2 + z4 +... + Z2"

SOLUTION We have,

: + z2 + .... + z2n

z2” f 1 - z
z-1

2k
COS------- 72n + l

2k cos----- 72n +1
K

2n + l

z
’ (Z + 1)2

2k
COS—------72n + l

2k
2n + l

K 
--------- COS 
2n + l

z5 w7 = 1

J + w2 = -2 
From (ii), we have 

z15^1 = 1 

z15^1 1 
z13w19 ’ 1 

,2,„2 _ ,

2k
2n + l

2k
COST------7

2n + l
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4 cos'

= 0or,
4 cos'

20
.1

Jt= 1

= 0= 0 and

=>

= 7A0

=> 2n

-(i)- = k for some integer k

[IIT2002]
SOLUTION Since a # 1, is a root of the equation

zP^-zP-^ + 1 = 0

ap + ,-ap-a// + l = 0

1-1
1-a*

l-ap
1 -a

1 -a^
1-a

EXAMPLE 21 Let a complex number a, a *1, be a root of the equa­
tion

i2n 20
EXAMPLE 20 If a.~e y and f (x) = Oq + 1 Akx*, then find the 

k=i
value off (x) +/(ax) + ...+/(a6 x), independent of a.

SOLUTION We have,

J(x)+/(ax) + ...+/(a6x)

6
= X/(arx)

r = 0

=> (ap-1)^-1) = 0

=> either ap-l = 0 or a^-l = 0

CASEI When ap-l = 0;
If ap -1 = 0, then

1 + a + a2 +... + ap-1

20
= 7 /40 + Z Ak xk 

1 = 1

i2n| — 
e

1
,2_JL_ 
’ 2n + l

So, the required equation is 

x2-(a + p)x + ap = 0

J 
■2 n 
’ 2n + l

i2n

6 20
= Z /l0 + Z Ak fx*+(ax)* + (a2x)* + ... + (a6x)*} 

r = 0 1 = 1

+ l = o, 

distinct primers. Show that either 
"1 = 0 or, 1 + a + a2 + ... + cfl ~1 = 0, but not

20 
-7A0+ SXj? 

1=1

20
= 7 Xo+ Z Ak xk 

1=1

=> 0 £ — < 1 and 0 < - < 1 
P

l-(a*)7 
1-a* 

1-a7*! 
1-a*

a7* = = 1]
and, 

ei2mn/p

. m n .=> -1 <------ < J
P 1

rm

m n
P~ t

But, 0 < m < p -1 and 0 < n < q -1

= 0

CASE11 When a^ -1 = 0:

If a^ -1 = 0, then

1 + a + a2 +... + aT1

where p, q are
1 + a + a2 + ... + ap 
both together.

6
= Z Ao + Z Ak (arx)‘ 

r = 0

= 7 Aq + Z Ak / (1 + a* + (?* + .... + a6*) 
1=1

m n ]

P ’J = 1
- = 2itk for some integer k

6 20
= Z 4 + Z Ak 

r=0 1 = 1

6
Z (ar x)*

r = 0

= 0
Now we have to show that

• l + a + a2 + ... + ap“>1 = Oand 1+a + a2 + ... + a,_1 = 0 

do not hold simultaneously.
Supposel + a + a2+... + ap-1 = 0

and 1+ a + a2 +...+a^-1 = 0hold together.

1 — ap 1 — nflThen,2-^- = 0 and ~ 
1-a 1-a

=> ap -1 = 0 and a? -1 =0

=> ap = 1 and a^ = 1
=> a = l1/panda = 11/|?

=> a is both pth and gth root of unity
=> a = etlmn/p and a = e'2™^, where m = 0,1,2,..., p-1

n = 0,1,2,

_ ei2nn/q for some va]ues of m and n satisfying

0 < m < p -1 and 0 < n < q -1.
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=> n = 0

=>
and

EXERCISE 19.4

(i)

1

= 1

16. Compute:

is .2.
1 +1 + 1 +

1 +

1

1
16

p | np and np = mq] 

p and q are distinct primes] 

[v 0 < m <p -1]

+-L_=A

COMPLEX NUMBERS

Am 
= 1

(1+A 
2 

\ /

= (l-P2 + P4 + -)2 + (Pl-P3+P5--)2

If (1 + x)n = a0 + x + a2 x2 +.... + an xn, prove that

(a0 - a2 + fl4 - + («i" fl3 + fl5 -•)2 = 2”

3. If 1, Op (Xj,. •a„ _! are the nth roots of unity, then prove 
that

04,02,03,..

-’+p2z"

7* Show that the polynomial x1'1' + xv T1 + x 
divisible by x3 + x2 + x +1, where p, q,r,se N.
8. lfp,q,r are three consecutive integers greater than or equal 
to 3, prove that x^ + x^ + xr is divisible by x3 + x2 + x.

Solve z9 -1 =0 and deduce that

(n-2)2n-1

[-.- y - ~ is an integer (see (i))]

1 | 1 | 1 
a + u? b + w2 c + w

(ii) Xabc = 2

(iii) a+b+c+d = 2 abed

(iv) 7^-+ 7^7-+ 7^-+ 7^-3 = 2
v 1 +a 1+h 1 + c 1+d

11. If w is a non-real cube root of unity, prove that
1 + + r/j2" - (3 z if h 1s a multiple of 3

[0, if n is not a multiple of 3
12. If w is a complex cube root of unity and a, b, c e R, prove 
that

(, 1+0 1+—
\ /

a + bw + cw2 ^a + bw + cw2 
c + aw + bw2 b + cw + aw2

13. If cos a + 2 cos 0 + 3 cos Y = sin a + 2 sin 0 + 3 sin y = 0, 
prove that

(i) cos 3a + 8 cos 30 + 27 cos 3y = 18 cos (a + 0 + y)
(ii) sin 3a + 8 sin 30 + 27 sin 3y = 18sin(a + 0+Y)
(iii) sin(2a-0-Y) + 8sin(20-Y-a)

+ 27sin(2Y-a-0) = 0
14- If p (x) = g (x3) + xh (x3) is divisible by x2 + x +1, then 
show that g (x) and h (x) are divisible by (x -1).
15. Show that for any real numbers p and m,

'1 + ip

17. If(1 +x)n = a0 + a1x + a2x2 + ... + anx";and

£1 = fl0 + «3 + fl6 + "'

^2 = al + a4 + a7 + —*

E3 = fl2 + fl5+ •••

+ ... + T---2-a,

1. If alz 02,03,..., an are the roots of the equation 
Xn + PlXn’1+p2Xn_2+...+pn_iX + pn = 0, P1,P2'- "Pn
being real, prove that

(1 + Oj2) (l + a/)... (l + a„2)-

M2
2 

\ 7 ■

[v np = mq]
. ilnn

=> a = r = 1 a = e“7~|
This is a contradiction to the hypothesis that a # 1.
Hence, l+a + a2 + ... + ap-1=0

1 + a + a2 +... + a^ “1 = 0 do not hold simultaneously.

1 + 1 1 = (n-2) 2n~1 + l
2-0] 2-02 +2-an_! 2”-l

4. If a is a non-real complex nth roots of unity, prove that:

(i) l + 2a+3a2 + ... + na”-1 = -y-ycoty,

r = l, 2, ...,(n-l)

(ii) l + 3a + 5a2+ ... + (2n-1) a"-1 = -n- in cot —,
n

r = l,2,...,(n-l)
5. If n is an odd integer but not a multiple of 3, prove that 
(x+y)" - x” - y" is divisible by xy (x + y) (x2 + xy + y2)
6. Find the common roots of the equation

?-2? + 2x-l = Oand?002 + x2“” + l = 0

:* + i4',+1 + x4r+2 + x4s+3

1 1 1 1’2
10. If----- ++------ +  ----- = —, where a, b, c are reala+w b+w c+w d+w w
and w is a non-real cube root of unity, then prove that:

2

2 
\ 7

2n 4n 6n 8n cos — cosy cosy COS y =

^-^ = 0 
p 9
mq = np 

p\mq 

p|m

=> m = 0
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ANSWERS

6. -w,-w2

HINTS TO SELECTED PROBLEM

ii-cd2"]

i
3

18. If a = e'2n/7z p = a + a2 + a4 and </ = (? + a4 + a6, then find 
the equation whose roots are p and q.

1 
1-x

16. Let* = ^-4 Then,

Givenproduct= (1 + x) (1+ X2) (1+ X2)... (1+x2)

Show that the values of Elz E2 and E3 are respectively 

2"+ 2cos y withr = n for Ev r = n-2forE2and r = n + 2 

for E3.

1 
1-x

-□□□-

2"’1

16. l-i



THEORY OF EQUATIONS

DEDUCTIONS
1. Every equation of an odd degree has at least one real root, 

whose,sign is opposite to that of its last term, provided that the 
coefficient offirst term is positive..

2. Every equation of an even degree whose last term is negative 
and the coefficient of first term positive, has at least two real roots, 
one positive and one negative.

3. If an equation has only one change of sign, it has one positive, 
root and no more./

4. If all the terms of an equation are positive.and the equation 
involves no odd powers of x, then all its roots are complex.
ILLUSTRATION 1 If a, b,c,de R such thata<b<c<d, then show 

■ that the roots of the equation (x - a) (x - c) + 2 (x - b) (x - d) = 0 are 
real and distinct.

CHAPTER

20

20.3 POSITION OF ROOTS OF A POLYNOMIAL 
EQUATION

If/(x) = 0 is an equation and a, b are two real numbers such that 
f (fi)f (b) < 0/ then the equation/(x) = 0 has at least one real root 
or an odd number of real roots between a and b. In case 
/(a) and f(b) are of the same sign, then either no real root or an 
even number of real roots off (x) = 0 lie between a and b.

20.2 SOME RESULTS ON ROOTS OF AN EQUATION
The following are some results on the roots of a polynomial 
equation with rational coefficients:

I An equation of degree nhasn roots, real or imaginary.
II Surd and imaginary roots always occur in pairs i.e. if 2 - 3i is 

a root of an equation, then 2 + 3i is also its root. Similarly, if 
2 + f3 is a root of a given equation, then 2-f3 is also its roots.

III An odd degree equation has at least one real root, whose sign 
is opposite to that of its last term, provided that the coefficient 
of highest degree term is positive.

IV Every equation of an even degree whose constant term is 
negative and the coefficient of highest degree term is positive, 
has at least two real roots, one positive and one negative.

20.1 SOME DEFINITIONS
REAL POLYNOMIAL Let a0, fllz a^ ..., an be real numbers and x is a 
real variable. Then, fix) = uq + fl] x + flo *2 +... + an x” is called a real 
polynomial of real variable x with real coefficients.

For example, 2x3-6x2 + llx-6, x2-4x + 3 etc. are real 
polynomials.
COMPLEX POLYNOMIAL If aQ,ay, fl2, ...,fl„ be complex numbers 

is a varying complex number, then

fix) = a0 + a}x + fl2 x2 + ... + an _ j x" "1 + an x"

is called a complex polynomial or a polynomial of complex variable 
with complex coefficients.
For example, 2X2 - (3 + 7i) x + (9i - 3), x3 - 5i x2 + (1 - 2i) x + 9 
etc. are complex polynomials. -

DEGREE OF A POLYNOMIAL A polynomial fix) = a0 + fl]X + a2x 
+ fl3X3 +... +a„ x", real or complex, is a polynomial of degree n, 
if an*0.

For example, the polyonomials 2x3-7x2 + x + 5 and 
(3 - 2i) x - ix + 5 are of degree 3 and 2 respectively.

A polynomial of second degree is generally called a quad­
ratic polynomial. Polynomials of degree 3 and 4 are known as 
cubic and biquadratic polynomials.
POLYNOMIAL EQUATION If fix) is a polynomial, real or complex, 
then fix) = 0 is called a polynomial equation.

Iffix) is a polynomial of second degree, then fix) = 0 is called 
a quadratic equation. The general form of a quadratic equation 
is ax2 + bx + c = 0, where a,b,ce C, set of all complex numbers, 
and a *0.
ROOTS OF AN EQUATION The values of the variable satisfying the 
given equation are called its roots.

In other words, x = a is a root of the equation fix) = 0, if 
/(a) = 0.

The real roots of an equation fix) = 0 are the x-coordinates 
of the points where the curve y - fix) crosses x-axis.
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(X =

ILLUSTRATIVE EXAMPLES

<=>x =

x2 +

fl — < 0 and a-d <0] 

[•.• b - a > 0 and b - c < 0] 

[•.• d-a>0andd-b>0]

SOLUTION Let/(x) = (x - a) (x - c) + 2 (x - b) (x - d).
Then,

f(a) = 2 (a - b) (a d) > 0

fib) = (b - a) (b - c) < 0

and, f(d) = (d-a)(d-b)>0

So, a root of/(x) = 0 lies between a and b and another root lies

We find that there are three changes of signs. So, the given 
equation has at most three negative real roots.

Finally, let us consider the polynomial/(x) = x4 + x2 +1. We 
observe that/(x) and/ (- x) do not have any change of signs. So, 
the equation f(x) = 0 has no real roots i.e. its all roots are 
imaginary.

-^- = 3 
(x + l)2

between b and d.
i 

Hence, the roots of the given equation are real and distinct.

20.4 DESCARTES RULE OF SIGNS
The maximum number of positive real roots of a polynomial 
equation/^) = 0 is the number of changes of signs from positive 
to negative and negative to positive in f(x).

Consider the equation x3 + 6x2 + llx-6 = 0. The signs of the 
various terms are:

EXAMPLE 1 Solve for real x: x (x2 -1) (x + 2) +1 = 0 
SOLUTION We have,

x(x2-1)(x + 2) + 1 = 0

« x(x-l)(x + l)(x + 2) + l = 0

<=> (x(x + l)}((x-l)(x + 2)) + l = 0

<=> (x2 + x) (x2 + x - 2) +1 =0

<=> y (y -2)-1 = 0,wherey = x2 + x

« y2-2y + l = 0

<=> (y-1)2 = 0

<=>y = 1.

2-3.

20.5 ROOTS OF A QUADRATIC EQUATION WITH REAL 
COEFFICIENTS

An equation of the form

ax2 + bx + c = 0 ...(i)
where a *0, a, b, c e R is called a quadratic equation with real 
coefficients.

The quantity D = b2 - 4ac is known as the discriminant of 
the quadratic equation in (i) whose roots are given by

-b + ^b2-4ac , _ -b-'llP-tac 
------ --------- and p----------------

The nature of the roots is as given below:
1. The roots are real and distinct iff D>0.
2. The roots are real and equal iff D = 0.
3. The roots are complex with non-zero imaginary part

<=> x* + x = 1

<=>x2 + x-l = 0

-1 ± V5~
2

Hence, the roots of the given equations are 
-1 + V5 ,-1-a/5 —-— and —-—.

, x2EXAMPLE 2 Solve :X^ +------ :
(x +1)'

SOLUTION We have, .

+ + + -
Clearly, there is only one change of sign in the expression 

x3 + 6X2 + llx - 6. So, the given equation has at most one posi­
tive real root.

The maximum number of negative real roots of a polyno­
mial equation /(x) = 0 is the number of change of signs from 
positive to negative and negative to positive in/(- x).

Now,

Consider the equation x4 + x3 + x2-x-l=0. Let 
fix) = x4 + x3 + x2 - x -1. Then,/(- x) = x4 - x3 + x2 + x -1.

The signs of various terms in/(-x) are:

+ - + + -

iff D<0.
4. The roots are rational iff a, b, c are rational and D is a perfect 

square.
5. The roots are of the form p + fq(p,qeQ) iff a, b,c are rational 

and D is not a perfect square.
6. If a = l,b,ce I and the roots are rational numbers, then these 

roots must be integers.
7. If a quadratic equation in x has more than two roots, then it is 

an identity in x that isa = b = c = 0.
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= 3.

&

+ 2 = 3
J

-3 = 0

[-.• a* = N <=> logfl N = x]

=> x =

logba =

Now,

And, y =

Hence, x = 2 or, x =

= 10 SOLUTION We have,

6<=>

1±a/5
2

^x2 = 4 => x = ±2

1 
21og2x

1 
log^

±
x + 1*

-3-/a/3
2

I*2 “ 3 + (5 - 2>/6)x2 “ 3 = 10.

=> 5 - 2>l6 =

/z\X 

= 19 + 9 
\ j \ j

x^-3 = -l^x2 = 2 =>x=±<2 
Hence, x = ±2,± <2.

EXAMPLE 4 Solve X(2/3) (1% X "11 = Vf

4X 6X , => —+ — = 19*

■ ( \

+ 2x =3 [Using a2 + b1 = (a - b)2 + 2ab] 
I X T 1

x + 1 
X

x + 1 \ J 
«■ y2 + 2y - 3 = 0, where y = 

« (y+3)(y-l) = 0 
«y = lor,y = -3 
Mow, 

y = l 
x2 ,I T^ = 1 

=>?-x-l = 0 
l±VT+4~ 

2

SOLUTION We have, 
x(2/3) |log2x-l) = 

2
<=> - (log2x-1} = logx^2

2 1j (iog2x-u = ^logx2 
2<=> 4 {log2x-1} =

( A2 ?+K x+1
\ / 

( \2 H) 
f « \2 
r+x-x

x+1 / 
x2

■I +2

2 1
« 3 = 2y 'whereV = loS2x

<=> 4y2-4y = 3

<=> 4y2-4y-3 = 0

<=> 4y2-6y + 2y-3 = 0
«(2y-3)(2y + l) = 0

3 1<=> y = - or, y =--

y = | => log2 x = | => x = 23/2 = 2V2

-|=>1og2x = -^=>x = 2-1/2 = ^

1
^2

EXAMPLE 5 Solve ;4X + 6X = 9X.

2 " 2
Hence, the roots of the given equation are 

1+V5 1-a/5 -3 + i<3 —«—, —«----- and2'2' 2
EXAMPLE 3 Solve: (5 + 2V6 )"2
SOLUTION We have,

(5 + 2V6)(5-2a/6) = 25-24 = 1

1 
5 + 2>/6

(5 + 2V6 )x2 ~ 3 + (5 - 2V6"/2 “ 3 = 10

«(5 + 2<6/ ’ 3 +----- ——
(5 + 2>/6)x "3

«y+J = 10, where y = (5 + 2a/6)x2-3

« y2-lOy +1 = 0

10± >/100-4 
2

« y = 5±2V6

<=> (5 + 2V6)*2-3 = 5 ±2^6

« (5 + 2a/6)x?-3 = (5 + 2V6)or,(5 + 2V6)x2‘3 = 5-2>/6

« (5 + 2V6)x2’3 = (5 + 2>/6)or,(5 + 2V6)x2-3 =

<=> (5 + 2>/6)x2_3 = (5 + 2V6)1or(5 + 2V6)x2-3 = (5 + 2V6)“1

?-3 = lor,?-3 = -1<=>
Now,

?-3 = 1
And,

And,
y = -3

x2
x+1 =“3

=»x2 + 3x + 3 = 0
x = -3±5/9^12
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-1<=>

<=>

Now, y =

/

=> x =

And, y =

,-sinx

8.

= 2±<5

V3
2

+ x-2 = 0

V5-1 
. 2

-1+V5
2

/2\x
3 \ /

fl 
3

= (x-3)2 + 6
= x2 - 6x +15

logiO 3 =1°gio 
\ >

=> x (logic 2 - togw 3) = log10(V5-l)-log102

logic (^-1) -logic 2
logic 2-logw 3

2f
3

Now,

4x4 - 24x3 + 57X2 + 18x - 45

= 4? (x2 - 6x +15) - 3 (x2 - 6x +15)

« (x2 - 6x +15) (4? - 3)

4x4-24x3 + 57x2 +18x-45 = 0

=> (x2 - 6x +15) (4x2 - 3) = 0

=> 4x2-3 = 0, x2-6x + 15 = 0

=> x = ± —' 3 ± iV6*

Thus, the other roots of the given equation are:

3-i<,±v

EXAMPLE 8 Solve: | x2 + 2x - 8 |
SOLUTION We have,

x2 + 2x-8 > 0

=> (x + 4)(x-2) > 0
=> x < -4 or, x > 2.

Now, two cases arise.
CASE I Whenx<-4orx>2:

In this case, we have 
x2 + 2x-8 > 0

-l + <5

=> r+ 2x-8 | r+ 2x-
Therefore,
| x2 + 2x-8 | +x-2 = 0

=> x2 + 2x-8 + x-2 = 0

=> x2 + 3x-10 = 0

=> (x + 5)(x-2) = 0
=> x = - 5,2.

Clearly, these two values of x satisfy the condition x <-4 
or, x > 2.

Hence, in this case the solution is x = - 5,2.
CASEn When-4<x<2:

In this case, we have

x2+2x-8<0
| x2 + 2x-8 | = -(? + 2x-8)

Therefore,
| x2 + 2x-8 | + x-2 = 0

=> -(? + 2x-8) + x-2 = 0

=> x2 + x-6 = 0

=> (x + 3)(x-2) = 0
=> x = 2,-3

-1-V5

y = 2-^5 => = 2-<5"

This is also not possible, because LHS > 0 whereas RHS < 0. 
Hence, the given equation has no solution.

EXAMPLE 7 Find all the roots of the equation:
4x4 - 24X3 + 57X2 + 18x - 45 = 0 if one root is 3 + iVtT. 

SOLUTION We know that in an equation with real coefficients 
imaginary roots always occur in pairs. Therefore, 3 - i^is also 
a root of the given equation.

Thus, 3 ± i^l6 are two roots of the equation

4x4 - 24X3 + 57X2 + 18x - 45 = 0

We have,
(x-3 + iV6)(x-3-iV6)

-1-V5
2 k 7

This is not possible, because LHS is always positive whereas 
RHS is negative.
EXAMPLE 6 Solve the equation e5^ x - e~sm x = 4.
SOLUTION Putting esin x = y, the given equation reduces to

y - - = 4 
y

« y2-4y-l = 0
4±V16 + 4

j 2

Now,y = 2 + ^

=>esinx = 2 + V5

=> sinx = loge(2 + V5) [•_• / = N <=> logaN = x]

This is not possible because LHS of this relation is always 
less than or equal to 1 whereas RHS is a always greater than 
one.

f2T3J

(2\X
+ 3

(2\X y2 + y -1 = 0, where y = -

-1 ± Vl +”4 -1±V5y = ------ - ------ y =
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and, 2x2-5x + 3 < 0

Ix-a | =

=> x =

=$

0

2?-5x + 3>0

Clearly, x = - 3 satisfies the condition - 4 < x < 2.
Hence, in this case the solution is x = - 3.
Combining both the cases, the solutions of the given equa­

tion are:

3
i

?+a,|
SOLUTION We have,

x - a , if x > a
— (x —a), ifx<a

So, two cases arise.
CASE I When x>a and a<0:

In this case, the given equation reduces to
x2 + 2a (x-a)-3a2 = 0

x^ + 2ax-5a2 = 0

- 2a ±‘V4a2 + 20a2
2

=> x = - C'/6 +1) a, (V6 -1) a
We observe that (VtT -1) a < 0 and 1) a < a, because 

fl<0.
Therefore, x = (^6-l)a does not satisfy the condition 

x>a.
However, x = - (V6~ +1) a satisfies the condition x > a.

.Hence, in this case x = - (>'6~ +1) a is the solution.
CASEn When x<a and a < 0:

In this case, the given equation reduces, to
x2-2a (x-a)-Sa2 = 0

x?-2ax-a2 = 0

x = 2,-3,-5.
example 9 Solve the equation:

x-a | - 3a2 = 0, if a < 0.

= a±^2a = a(1±>l2)

x = (1 + ^2)a are the solutions

= -a±^a

=> x2-3x + 2 = 0

=> x = 1,2
Clearly, none of these two values belong to the interval 

(1,3/2) i.e. they do not satisfy the condition 1 < x < 3/2. So, 
there is no solution in this case.

Hence, the only solution of the given equation is x = 1.
EXAMPLE 11 Solve the equation:

| ?-3x + 2 | +12x-24 = 0

SOLUTION We have,
?-3x + 2 = (x-l)(x-2)

x2-3x + 2 > 0 ,if x<l or x>2

and, x2-3x + 2<0 ,if 1 <x<2

Two cases arise.
CASE I When x<lor x>2:

In this case, we have
x2-3x + 2>0.

| x2-3x + 2 | = ?-3x + 2

SOLUTION We have,

2x2-5x + 3 = 2x2-2x-3x + 3 = (x-l)(2x-3)

•r ^1 ^3
,ifx<l orx> ~

, if 1 < x < -.

2a ± \4a2 + 4a2
SX = '------- 2--------

We observe that a (1 - VT) > 0 [•.• a < 0]
Therefore, x = a (1 - V2) does not satisfy the condition 

x<a.
But, x = a (1 + >/2) satisfies this condition.
Thus, in this case x = a (1 + V2) is the solution of the given 

equation.
Hence, x = - (V6" +1) a and 

of the given equation.
EXAMPLE 10 Solve the equation

| 2X2-5X + 3 | +(x-l) =

Clearly, x = 1 satisfies the condition x <, 1 or x £ 

Hence, x = 1 is the only solution in this case.

CASEn When 1 <x <-:

In this case, we have
2X2 - 5x + 3 < 0

=> | 2x2-5x + 3 | =-(2x2-5x + 3) *

| 2x2-5x + 3 | +(x-l) = 0

=> - (2X2 - 5x + 3) + x -1 = 0

=> -2x2 + 6x-4 = 0

Now two cases arise:
3

CASE I When x < 1 or x > -:

In this case, we have
2x2-5x + 3 2 0

| 2x2-5x + 3 | = 2x2-5x + 3. 
Now,

| 2x2-5x + 3 | +(x-l) = 0

=> 2x2-5x + 3 + x-1 = 0

=> 2X2-4X + 2 = 0

=> x2-2x + 1 = 0
=> x = 1
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(•.• x>2orx< 1]

|=-(?-x-2)
= 0

2 = 0

-o» o

[., -1 <z<2]

••• I*2-! | =

—o o

solutions of the given equation.

| = ?-z-2|?-x-2

|=°

+
-1

4
=*I = 3

I x2 - x - 2 | = ‘ "
1 -(x2-x-2),if

Now, we have the following cases: 
CASE I When x<-l:

In this case, we have

| x2-! | = x2-l

and, |x2-x-2|=x2-x-2.

.-. 2 | x2-11 - | ?-x-2 | = 0
=> 2(x2-1)-(x2-x-2) = 0

=> x2 + x = 0

=> x = 0,-1 
=> x = -1

Thus, x = -1 is the only solution in this case. 
CASEII When-l<x<l:

In this case, we have
|x2-l ^-(x2-!) 

and, | x2 — x — 2 | = - (x2 - x - 2)

2 | ?-l | - | J-x-2 | = 0 

•=» -2(x2-l) + x2-x-2 = 0 

=> — x2 —x = 0 

=> x = 0,-1
=> x = 0 [•.•-1<x<1]

Thus, x = 0 is the only solution in this case. 
CASE III Whenl<x<2:

In this case, we have
| x2 -1 | = x2 -1 and | x2 - x - 2

2 | ?-l| - | ?-x-2 | 
=> 2(x2-1) + x2-x-2 = 0 

=>3x2-x-4 = 0

=> (3x —4)(x +1) = 0
4 , 

=> X = T'-lo

=> (x-13)(x-2) = 0

=> x = 2,13
But, x must lie between 1 and 2.
So, in this case there is no value of x satisfying the given 

equation.
Hence, x = -11,2 are the only solutions of the given equa­

tion.
EXAMPLE 12 Find all roots of the equation

|?-l|-|?-x-2
SOLUTION We have, x2 -1 = (x-1) (x +1). The signs of 
x2 -1 for different values of x are as shown below :

4
Thus, x = - is the only solution in this case.

CASEIV When x >2:
In this case, we have

| x2 -1 | = x2 -1 and

.-. 2 ^-l | - | x1-x-2

=> x2 + x = 0

=> x = 0,-1
But, none of these values satisfy the condition x 2 2.
So, there is no solution in this case.

4
It follows from all these solutions that x - -1,0. - are the

The given equation is

| x2-3x + 2 | +12x-24 = 0

=> ?-3x + 2 + 12x-24 = 0

=> X2 + 9X-22 = 0

=> (x + ll)(x-2) = 0
=> x = -11,2
CASE II When 1 <x<2:

In this case, we have 

x2-3x + 2<0

=> | x2-3x + 2 | = -(x2-3x + 2)

| ?-3x + 2 | +12X-24 = 0

=> - (x2 - 3x + 2) + 12x - 24 = 0

=> -x2 + 15x-26 = 0

=> ?-15x + 26 = 0

4- 

1 
Fig. 20.1

x2 -1 ,ifx<-lorx>l 
— (x2 — 1) z if — 1 < x < 1

Also, x2 - x - 2 = (x - 2) (x +1).

So, the signs of x2 - x - 2 for different values of x are as 
shown in Fig. 20.2.

+ t + 
-1 2

Fig. 20.2 

x?-x~2, ifx<-lorx>2 
: -l<x<2
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- o» o0 4

{ 4x — x2 | =
= 3±<6=> x =

Also, | x - 2 | =

=>

= 1±<6=> x =

[■.■ x < 0]

for -1 < x < 4.

0<x<2]

+

= 1±V5=> x =

EXAMPLE 13 Solve the following equation :

| 4x-x2 | -2 | x-2 | =1

SOLUTION Wehave, 4X-X2 = -x(x-4)

The signs of 4x - x2 for different values of x are shown in 
Fig. 20.3.

-1 1
Fig. 20.5 Signs of (x2-l)

Thus, we have the following cases:
CASE I Whenx<-1

In this case, we have,

if 0 <x <4
- 4x, if x < 0 or x > 4

[■.■(; +1)2 >01

Fig. 20.3 

4x - x2, 
- (4x - x2) 
x-2, ifx>2
-(x-2), • ifx<2

Thus, we have the following cases:
CASE I When x < 0 :

In this case, we have
,| 4x-x2 | = x2-4x and | x-2 | = - (x-2) = 2-x. 

a | 4X-X2 | -2 |x-2 | = 1 

=> ?-4x-2(2-x) = 1 

x2-2x-5 = 0 

2±>/4 + 20 
2 '

=> x = 1-V6
So, x = 1 - V6* is the only solution in this case.

CASEII When0<x<2: 
In this case, we have 
| 4x - x2 | = 4x - x2 and | x - 2 | = 2 - x.

| 4X-X2 | -2 | x-2 | = 1

=> 4x - x2 - 2 (2 - x) = 1

=* -x2 + 6x-5 = 0

=> x2-6x + 5 = 0

=* (x-l)(x-5) = 0
=> x = l,5 
=> x = 1

So, x = 1 is the only solution in this case. 
CASE in When 2<x<4:

In this case, we have

| 4x - x2 | = 4x - x2 and | x - 2 | = x - 2.

| 4X-X2 | -2 | x-2 | = 0

=> 4x-?-2(x-2) = 0

=> -x2 + 2x + 4 = 0

=> x2-2x-4 = 0 
2±^4 + 16 

2

=>x = l + >/5 [72<x<4]

Thus, x = 1 + \'5\s the only solution in this case. 
CASE IV Whenx>4:

In this case, we have
| 4X-X2 | = -(4X-X2) and | x-2 | = x-2.

| 4X-X2 | - 2 |x — 2 | = 1 

=> - (4x-x2)-2 (x-2) = 1 

=> x2 - 6x + 3 = 0
6 ± <36 - 12 

2
=> x = 3 + V6 [•_• x > 4]

Thus, x = 3 + <6" is the only solution in this case.
Hence, x=l-V6,l, 1 + VfT and 3 + VfT are the solutions of 

the given equation.
EXAMPLE 14 Solve: (x + 2)2 - 3 I x + 2 | + 2 = 0 
SOLUTION We have,

| (x + 2)2 | = (x + 2)2= | x + 2 |2 

a (x + 2)2-3 | x + 2 |+2 = 0 

=> | x + 2 |2-3 | x + 2 | +2 = 0 
=> (| x + 2 |-2)(| x + 2 |-1) = 0 
=> | x + 2 | = 2, | x + 2 | = 1 
=>x + 2 = ±2,x + 2 = ±l 
=> x = 0,-4,-1,-3 
EXAMPLE 15 Solve r | x2 — 3x — 4 | = 9 — | x2 — 1 | 
SOLUTION We have, x2 - 3x - 4 = (x - 4) (x +1) 

x2 - 3x - 4 > 0 for x < -1 or x > 4 

and,
x2-3x-4<0 

Also,
x2-! = (x —l)(x + l) 

=> x2-l>0forx<-lorx>l 

and,
x2-! <0 for -1 <x<l.

The sign of x2 - 3x - 4 and x2 -1 are for different values of 
x are shown in Fig. 20.4.

->• - +
-1 4

Signs of (x2-3x-4)
Fig. 20.4
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kx<-l]

/(x) =
I

=> x = 0

CASEII When2<x<^:
In this case, we have

o2-a-2 = 0 => (a-2)(a + l) = 0 =>a = -l,2 

a2- 4 = 0 => a = -2,2

and, a2-3a+ 2 = 0 => a = 1,2
Clearly, a = 2 is the common solution of three equations in a.

Thus, the given equation will have more than two solutions, 
if a = 2.

To find the values of x for which the equation becomes an 
identity in a, we write it as an equation in a as given below:

a2(x2 + x + l)-(x2 + 3)a-2x2-4x + 2 = 0
This will be an identity in a, if
x2 + x+l=0,-(x2 + 3) = 0and-2x2-4x + 2 = 0
Clearly, there is no real value of x satisfying all the above 

equations in x simultaneously.
Hence, the given equation cannot be an identity in a. 

example 17 For x e K,/(x) is defined as follows:

x + 1 ,0<x<2
| x-4 | ,x>2

then solve the equation f 2 (x) + x =f (x) + x2.
SOLUTION We have,

x+1 ,0<x<2
/(x) = -(x-4),2<x<4 

x-4 ,x>4
So, we have the following cases:

CASE I When0<x<2:
In this case, we have/(x) = x +1.
f2(x) + x = /(xj + x2

=> (x + l)2 + x = x + l+x2

=> 2x = 0

x2 -1 £ 0 and x2 - 3x - 4 £ 0.

=> | x2 — 1 | = x2-l and | x2-3x-4 | = x2-3x-4

.•. | x2 — 3x — 4 | = 9 — | x2 — 1 |

=> x2-3x-4 = 9 - (x2 -1)

=> 2x2-3x-14 = 0

But x > 4; so there is no solution in this case.
Hence, the solutions of the given equation are: x = - 2,2.

EXAMPLE 16 For what values of a, the equation
(a2 - a - 2) x2 + (a2 - 4) x + a1 - 3a + 2 = 0

will have more than two solutions ?
Does there exist a value of xfor which the above equation will be­

an identity in a 2
SOLUTION We know that the equation ax2 + bx + c = 0 is an 
identity in x (i.e. the equation has more than two roots), if 
a = b = c = 0. So, the given quadratic equation will have more 
than two solutions, if

a2-a-2 = 0, a2 - 4 = 0and a2 - 3a + 2 = 0
Now,

(2x-7)(x + 2) = 0

7 => x = ^-2
2

=> x = -2
CASED When-l<x<l:

In this case, we have

x2 -1 < 0 and x2 - 3x - 4 < 0

=> | x2-! | =-(x2-l) = l-x2 
and,
| x2-3x-4 | = -(x2-3x-4)

.-. | x2-3x-4 | = 9- | x2-! | 

=> -(x2-3x-4) = 9 + x2-!

=> 2x2-3x + 4 = 0

The discriminant of this equation is imaginary. So, the 
equation has imaginary roots.

Thus, there is no solution in this case. 
CASE HI Whenl<x<4:

In this case, we have
x2 -1 > 0 and x2 - 3x - 4 < 0

=> | x2-! | = x2-! and | x2-3x-4 | = -(x2-3x-4)

| x2-3x-4 | = 9 — | x2 — 1 |

=> -(x2-3x-4) = 9-(x2-1)

=> 3x-6 = 0
=> x = 2

Clearly, x = 2 satisfies 1 < x < 4.
So, x = 2 is the solution in this case. 

CASE IV Whenx>4.
In this case, we have,

x2 - 3x - 4 > 0 and x2 -1 > 0

=> | x2-3x-4 | = x2-3x-4and | x2-! | = x2-l

.'. | x2 — 3x — 4 | = 9 — | x2 — 1 |

=> ?-3x-4 = 9-(x2-l)
=* 2x2-3x-14 = 0

=» (2x-7)(x + 2) = 0 •
7=>x = ^,-2
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- - Vl +4fl for all a> 0 is a solution of theHence, x = -

x

=>

=> x =

=> x = -

|x + l| =

2

Also,

=> X = 0<fl<l/4

Hence, x =
for 0 < a < 7

for all a e [-1/4,0].

for all a > 0.

•Vl -4a
2

Also, 1 - + 4fl > 0

However, 1 - ^1 +4fl < 0
1 1 <-----
2‘ 2 ‘ "

given equation.
CASEn W/ictix>-1

In this case, we have 
|x+l| = x + l.

|x + 1 I+fl = 0

=> x (x +1) + fl = 0

THEORY OF EQUATIONS

EXAMPLE 19 If P(x) = ax2 + bx + c and Q(x) = - ax2 + bx + c, 
where ac * 0, then show that the equation P(x) • Q(x) = 0 has at least 
two real roots.
SOLUTION Let D1 and D2 be the discriminants of equations 
P(x) =0 and Q(x) = 0 respectively. Then,

D1 = b2-4ac and D2 = b2 + 4ac

Since ac * 0, therefore either ac > 0 or ac < 0
If ac > 0, then D2 = b2 + 4ac > 0 but D] = b2- 4ac may be 

positive or negative. Consequently roots of Q(x) = 0 are real.
If ac < 0, then Di = b2 - 4ac > 0 but D2 = b2 + 4flc maY be 

negative or positive. Consequently roots of P(x) = 0 are real.

Clearly, x is real for 1 - 4fl > 0 i.e. a <

We have to take the value of x for which x>-l i.e. 
x +1 > 0.

Now,

1 Vl-4fl ,
aB“S 4 

1/11-4)1 ----------- 1
2 2 lv‘ w ~ “ 4

=> x + 1 = |(1±<1+4a)

Clearly, x +1 < 0, if (1 ± Vl + 4fl) < 0.

We observe that 1 + Vl +4fl > 0 for all a > - 74

x +1 > 0, if x = | (-1 + Vl — 4a) and a < |

x + l>0,if x = ^(-l-‘Vl-4fl) and 0<l-4fl<l i.e.

-1 + ^1 -4a
2

=* X + 1 = 2±2>/1+4fl

=|(1±V1^)

1X1 c—rX = --±-Vl-4fl

, 1 * Vl-4a=> x + 1 = -±
2

Clearly,

f(x) = -(x-4) = 4-x

/2(x)+x = /(xl + x2

=> (4-x)2 + x = 4-x + x2

| =* - 6x +12 = 0
=» x = 2
CASE in When x £ 4 :

In this case, we have
/(x) = x-4
/2(x) + x = /(xj + x2

=> (x-4)2 + x = x-4 + x2
=> -8x + 20 = 0

But, x > 4. Therefore, there is no solution in this case.
Hence, x = 0,2.

EXAMPLE 18 Solve the equation:
x | x +1 | + a = Ofor every real number a.

SOLUTION . We have,

Clearly, the values of x are real, if 1 + 4fl > 0 i.e. a > -

Out of these values of x, we have to take only those values 
which satisfy the inequation x < -1 i.e. x +1 < 0.

We have,
r 1, V1+^T

x + 1 , if x > -1
-(x + l),ifx<-l

Therefore, we have the following two cases:
CASE I When x < -1:

In this case, we have
| x+1 | = -(x + 1)
x |x + 1 | +« = 0

=> -x(x + l) + fl = 0
=> ? + x-a = 0

-l±Vl+4fl
2

^I = _1±£±E.
2 2
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=>

=>

[•.•pr = 2((? + s)]

=> a, b are roots of (x - c) (x - d) + k = 0

[Dividing both sides by abc]

=>

1=>

[Dividing both sides by abc]

f(b) = (b-a)(b-c)<0

and, f(d) = (d - a) (d - b) > 0

c2 + a2 - lac + 4b2 - 4ab + 4ac - 4bc = 0
c2 + a2 + 4b2 + lac - 4ab - 4bc = 0

=> (c + a - 2b)2 = 0 => c + a = 2b.
ALITER Clearly, x = 1 satisfies the given equation. As the give 
equation has equal roots. So, the other root is also 1.

Product of the roots = 1
a-b .=> -— = 1 b-c

=> lb = a + c

Hence, at least two roots of P(x) • Q(x) = 0 are real.
EXAMPLE 20 Show that if p,q,r ands are real numbers and 
pr = l(q + s), then at least one of the equations 
x2 + px + q = 0 and x2 + rx + s = 0 has real roots.
SOLUTION Let Dj and D2 be the discriminats of x2 + px + q = 0 
and x2 + rx + s = 0 respectively. Then,

Dx + D2 = (p2 - 4q) + (r2 - 4s)

= (p2 + r2)-4(q + s)

= p2 + r2 - Ipr
= (p-r)2 > 0

=> At least one of and D2 is positive

=> At least one of the two equations has real roots.
EXAMPLE 21 If the roots of the equation

a(b - cjx2 + b(c-a)x + c (a-b) = 0

are equal, show that ^=~ + ~-

SOLUTION Since the roots of the given equations are equal, 
therefore its discriminant is zero i.e.

=> a, b, c are in AP.

example 23 1/ c, d are the roots of the equation 
(x-a)(x-b)-k = 0, prove that a, b are the roots of the equation 
(x-c)(x-d)+k = 0. [IIT1992]
SOLUTION Since c and d are the roots of the equation 
(x - a) (x - b) - k = 0. Therefore,

(x - a) (x - b) - k = (x - c) (x - d)

=» (x - a) (x - b) = (x - c) (x - d) + k

=> (x - c) (x - d) + k = (x - a) (x - b)

Clearly, a and b are roots of the equation (x - a) (x - b) = 0

(x-a)(x-b)
= (x-c)(x-d)ft

EXAMPLE 24 Ifa<b<c<d, then show that the roots of the equa­
tion (x — a) (x — c) +1 (x — b) (x — d) = Q are real and distinct. 
SOLUTION We have,

(x - a) (x - c) + 2 (x - b) (x - d) = 0

=> 3X2 - (a + c + lb + Id) x + (ac + Ibd) = 0

Let D be the discriminant of this equation. Then,
D = (a + c + lb + ld)2-Yl(ac + lbd)

= {(a + Id) + (c + 2b)}2 -12 (ac + Ibd)

= ((a + Id) - (c + 2b)}2 + 4 (a + Id) (c + lb)-12(ac+2M)

= {(a + Id) - (c + 2b}2 + 8 (ab + cd - ac - bd)

= {(« + 2d)-(c + 2b)}2 + 8 (c-b) (d-a)
>0 [■_• a<b<c<d=>c-b>Q and d-a>0[

Hence, the roots of the given equation are real and distinct 
ALITER Let/(x) = (x-a)(x-c) + 2(x-b)(x-d).Then,

-.-a<b<c<d
(b-a)>0and(b-c)<0

-,-a<b<c<d
(d - a) > 0 and (d - b)>C

So, a root of/(x) = 0 lies between b and d.
Now, f(a) = l(a-b)(a~d)>0 [■_• (a-b)<0and(o-d)<01

So, a root of/(x) = 0 lies between a and b.

b2 (c - a)2 - 4a (b - c) • c (a - b) = 0
b2 (c2 + a2 - lac) - 4ac (ba - ca - b2 + be) = 0

=> a2 b2 + b2 c2 + 4a2 c2 + lb2 ac - 4a2 be - 4abc2 = 0
=> (ab + be - lac)2 = 0

=> ab + bc-lac = 0
=> ab + bc = lac

1 1 2=> —+ — = —cab
2=1 1 
b a + c

ALITER Clearly, x— 1 is a root of the given equation. Since the 
given equation has equal roots. So, the other root is also 1.

Product of the roots = 1
c (a-b) _
a (b - c)

=> lea = ab + bc
1 1 1 => - = - + -
b a c

Hence, a, b, c are in H.P.
EXAMPLE 22 If the roots of the equation

(b - cjx2 + (c - a) x + (a - b) = 0

are equal, then prove that lb = a + c.
SOLUTION If the roots of the given equation are equal, then its 
discriminant is zero i.e.

(c-a)2-4(b-c)(a-b) = 0
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and=>

...(i)

0 < oc0 [1 - (a + p) + c$] < —=>

=> 0<- 1-- + - <~

(i)
=> 0 <

-(ii)

(i)=> 0<c(fl-b + c)< —

[Using (i)]

54

[Discriminant > 0]

[•.•«> 5]

- 4^2 C2

P + (i-P)
2

=> O<ap(l-a-p + ap]<--

and 0 < p < 1

=> 0<l-a<l and 0<l -P<1.

Now, A.M > G.M. 
a + (1 - a) 

2
> (S(i -p)]V2

... a(l-a)=landP(l-P)=i
* t:

=> a = p = ^. But a * P (given)
and,0<P(l-P) <|

=> | > [a (1 - a))

=> 0<a(l-a)P(l-P)<^
io

=> 0 < a (1 - a) < and0<P(1 -P)<j

[-.• a, P, (1 - a), (1 - P) e (0,1)J

a + P = - and ap = -. a a
It is given that
a, P g (0,1)

=> 0<a<l

> {a (1 - a)}1/2

Hence, the roots of the given equation are real and distinct. 
EXAMPLE 25 If the coefficients of a quadratic equation 
ax2, + bx + c = 0 (a * 0) are all odd integers, show that the roots cannot 
be rational.
SOLUTION Let fl = 2m + l, b = 2n + l and c = 2p + l, where 
m, n, p are integers. Further, let D be the discriminant of the 
given quadratic equation. Then,

D = b2-4ac

= (2zi +1)2-4 (2ni +1) (2p +1)

= 4n2 + 4n +1 - 4 (2m +1) (2p +1)

= 4n2 + 4n-4(2m + l)(2p + l) + l
For roots to be rational, D must be a perfect square. This is 

possible only if the discriminant of the quadratic
4n2 + 4n~4(2m + l)(2p + l) + l = 0 

is zero.
Let Dj be the discriminant of (i). Then,

= 16-16 [l-4(2m + l)(2p + l)]

= 64(2m + l)(2p + l)
Clearly, Dj / 0, because m and p are integers.
Therefore, the roots of the given equation cannot be ration­

al. ■

EXAMPLE 26 If the coefficients of the equations 
dj x2 + bj x + Cj = 0, i = 1,2 are real and 2 (flt Cj + a2 c2) = b} b2, then 

prove that at least one of the two given equations will have real roots. 
SOLUTION The two given quadratic equations are:

a1 x2 + b1 x + cT = 0

and, a2 x2 + b2 x + c2 = 0

Let D] and D2 be the discriminants of (i) and (ii) respective­
ly. Then,

D] = ’bf- 4fl! Cj and D2 = b2 - 4fl2 c2.

We have,

Dy + D2 = b2-4a1 cT + b2

1/2 and i >{P(1-P)|1/2

___  ___ ?
—V \J \U — V 1

Since a, b, c are integers, therefore c (a -b + c) is an integer. 
From (i), we have

c (a - b + c) > 0 
c (a-b + c) is a positive integer.

=> c(fl-b + c)>l

, £
1 < 16

=> a2 > 16

=> a > 4
=> a = 5,6,7,.....

Hence, the minimum value of a is 5.
Since the roots of ax2 - bx + c = 0 are real and distinct as they 

lie in (0,1). Therefore,

b2 - 4ac > 0

=> b2>4ac

7 9= b} +b2 -4 (flT + a2 c2)

= b,2 + t22 - 2t; f>2 Fv 2 (a, q + a2 q) - bj b2 (given)^

= (bt-b2)2 > 0

=} At least one of Dlz D2 should be positive

Hence, at least one of the given equations has real roots. 
EXAMPLE 27 If a, b, c are positive integers and if the roots of the 
equation ax2-bx + c = 0 lie in the open interval (0,1), find the 
minimum values of a, b, c.
SOLUTION Let a, p be the roots of the equation 
ax2 - bx + c = 0. Then,

1
16

1
16

c
a
c (fl - b + c) 

a2

1
16
1

< 16

b c
a a
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[v The minimum value of c is 1] [Using (i)}

[v q, 0 e (1,2).’. a0>l]

[vflS5]

[•_• a > 5 and c > 6 4ac > 120]

and,

=> (a-1) (2-a) <4 and (0-1)(2-fi)<7

=* (q-l)(2-q)<j and (P-l)(2-0)<^

=> (q-l)(0-l)(2-q)(2-0)<^

1.0 =

=> P

=> 0<

(i)
[•.-.a, b,c are integers]

=> - > 1 a

Also,
(q-l),(0-l),(2-q),(2-0)e (0,1)

=> b2 > 120
=> b > 11
=> b = 11,12,13,
EXAMPLE 29 Ifab + bc + ca = 0,find the roots of the equation 

a (b - 2c) x2 + b (c - 2g) x •+ c (a - 2b) = 0.

SOLUTION We have, 
a (b - 2c) + b (c - 2a) + c (a - 2b) = - (ab + be + ca) = 0 
So, x = 1 is a root of the given quadratic. 
Let the other root be 0. Then,

c (g - 2b)
g(b-2c)

= c(« - 2b) 
a(b-2c)'

=> bz > 4ac
.,2 —

1
< 16

=> 0< --- + 1 4- — + - < — a a *

(g - b + c) (4g - 2b + c)
a2

Since a,b,CE N. Therefore, (a - b + c) and (4a - 2b + c) are 
integers.

From, (i), we have
(a - b + c) (4a - 2b + c) > 0

=> (a - b + c) (4a - 2b + c) is a natural number.
=> (a-b + c) (4a-2b + c) > 1

=>^16

=> c > a
=> c > 5

=> c = 6,7,8,....
Since the roots are real and distinct. Therefore, 

b2-4ac > 0

=> a2 > 16
=> a = 5,6,7,....
=> fl 2: 5, a e N.

We have,

a0 = - a

=> 0 < (<xP — (a+(3) +1)|4-2(a+0)+a0)|<7716

0<(a-l)(P-l)(2-a)(2-P)<^
10

2.
=> 0<(g-b + c)(4g-2b + c)< —16

> |(a-l) (2 -a)|1/2

c(a-2b)
Hence, the roots of the given equation are 1 and

EXAMPLE 30 If a and c are prime numbers and b an integer. Given 
that ax2 + bx + c = 0has rational roots. Show that one of the roots is 
independent of the coefficients. Find the two roots.
SOLUTION It is given that the equation ax2 + bx+c=0 has 
rational roots. Therefore,

b - 4ac must be a perfect square
A 9

=> b -4ac = n for some integer n

=> b2-n2 = 4ac

=> (b + n)(b-n) = 4ac
=> (b + n = 4a and b-n = c) or (b + n = 4c and b-n=a) 
or (b + n = 2gandb-n = 2c) or (b + n = 2candb-n = 2fl)

[•.• a and c are primes]

AM > GM
(q-l) + (2-a)

2
(p-D + (2-p) > |(p_ 1}{2_p)1l/2

=> b2>20

=> b>5
=> b = 5,6,7,...,

So, the minimum value of b is also 5.
Since there is no other condition and c e N, therefore the 

minimum value of c is 1.
EXAMPL 28 Consider the quadratic equation ax2-bx + c = Q,a,b, 
ce N. If the given equation has two distinct real roots belonging to 
the interval (1,2), show that a > 5 and b > 11. Also, find the minimum 
value ofc.
SOLUTION Let q, 0 be the roots of the given equation. Then, 

a b , o c q + 0 = - and u0 = - a a
It is given that q, 0 e (1,2). Therefore,

(q -1), (0 -1), (2 - q), (2 - 0) g (0,1).
Now,

1
4

1
4

1
16

1
16

1
4

1
4

2b
a a

7
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n = c:
(i)

.-(i)

I

,2

and,

=> x = -1,-- 
a

CASE I When b + n = 4a and b -
In this case, we have 
2b = 4a + c

f
=» b = 2a + - > which is not possible as c is prime and b is an

integer
b + n = 4a and b - n = c is not possible.

CASE1I When b + n=4candb-n = a:
In this case, we have
2b = 4c+a

(a -10)2 = 4 => a -10 = + 2 => a = 12,8.

EXAMPLE 32 Find all integral values of p such that 
(x - p) (x -12) + 2 is factorizable as (x + q) (x + r) where q and r are 
integers.
SOLUTION (x - p) (x -12) + 2 is factorizable as (x + </) (x + r), 
where q,r are integers, means that the equation 
(r - p) (x -12) + 2 = 0 has integral roots.

=» b = 2c + / which is not possible as a is prime and b is an 

integer.
CASEIII When b + n = 2a and b-n = 2c or b + n = 2c and 

b-n = 2a
In this case, we have
2b = 2a + 2c => b = a + c.
ax2 + bx + c = 0

=> ax2 + (a + c)x + c = 0

=> (x + l)(flx + c) = 0

Now,
(x-p) (x-12) + 2 = 0

=> x2-x(p + 12) + 12p + 2 = 0
Let D be the discriminant of this equation. Then,
D = (p +12)2 - 4 (12p + 2)

= p2-24p + 136

= (p —12)2 — 8
Equation (i) will have integral roots, if D is a perfect square. 

Let D = n2. Then,

(p-12)2 — 8 = n2

=> (p -12)2 = n2 + 8

=> n2 = 1.

a (p-12)2 = 1 + 8

=> p -12 = ± 3 => p = 15,9.

EXAMPLE 33 Show that the roots of the equation

(a4 + b4) x2 + 4abcd x + c4 + d4 = 0
cannot be distinct, if real.
SOLUTION Let D be die discriminant of the given equation. 
Then,
D = IfaWc2 d2-4 («4 + b4) (c4 + d4)

= - 4 [(a4 + b4) (c4 + d4) - 4a2 b2 c2 d2]

= -4[(fl4c4 + b4d4-2fl2b2c2d2) + fl4d1 + b4c4-2fl2b2c2d2l

= - 4 [(fl2 c2 - b2 d2)2 + (a2 d2-^2 c2)2]

=> D < 0
If the roots of the given equation are real, then
D > 0
From (i) and (ii), we obtain
D = 0.
Hence, the roots of the given equation are equal.

EXAMPLE 34 If the equation ax2, + 3bx2 + 3cx + d = 0hastivo equal 
be — adroots, show that each of them is equal to

SOLUTION Let f (x) = ax3 + Sbx2 + 3cx + d and let x = a be a 
repeated root of/(x) = 0. Then, x = a is also a root of/' (x) = 0.
Now,

/(x) = ax3 + 3&X2 + 3cx + d

=* f' W = Sax2 + 6bx + 3c.

Since a is a root off (x) = 0 and/' (x) = 0. Therefore,

/(a) = 0 and /'(a) = 0

fla3 + 3ba2 + 3ca + d = 0

3fla2 + 6ba + 3c = 0

Clearly, x = -1 is independent of the coefficients fl, b and c.
EXAMPLE 31 Find all integral values of'a' for which the equation 
(x - a) (x -10) +1 = 0 has integral roots.
SOLUTION We have,

(x-a)(x-10) + 1 = 0
=> x2-x(fl + 10) + 10fl + l = 0

Let D be the discriminant of this equation. Then,

D = (a + 10)2-4 (10fl +1)

= fl2-20fl + 96.

= (fl-10)2-4
The given equation will have integeral roots if D is a perfect 

square.
LetD = n2.

=$ (fl-10)2-4 = n2

=* (fl-10)2 = n2 + 4
=> n = 0.
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(ii)
.(iv)

(iii)

be-ad

= 0

y

(i)

0 (ii)

•(>)

=> x =

...(iii)

3 
x

1 
x + b

1 1 =>------------ F
X + fl X

=> (p-V5)2-4 > 0
=> | p-<5 | > 2
Now,

Di > 0 and D2 > 0

=> | p + ^5 | > 2 and | p - V5~ | >2

=> p<-f5-2

=> | p | >^T+2

or -f5+2<p<f5-2orp>yl5+2

or | p | < >15- 2.

EXAMPLE 36 Show that, if a, b, c are real, the roots of the equation 
1 1 1 3  „ ,----- + —- +------= -' x * 0 are all real, 

x + a x+b x + c x
SOLUTION We have,

1 1 1+ 7 + —x + a x+b x + c

or fla2 + 2ba + c = 0
Multiplying (ii) by a and subtracting from (i), we get 

ba2 + 2ca + d = 0

-a  b  c 
x(x+a) x(x + b) x(x + c)

=> - {a (x + b) (x + c) + b (x + c) (x + a) + c (x + fl) (x+b)} =0

=> x2 (fl + b + c) + 2 (flb + be + efl) x + 3abc = 0

Le D be the discriminant of this equation. Then,
D = 4 (ab + be + ca)2 - 12abc (a + b + c)

= 4 [fl2 b2 + b2c2 + c2 a2 - ab2c - bc2a - ca2b]

= 4 [a2 + p2 + y2 - aP - Py - ya],
where a = ab, p = be and y=ac

= 2 [(a - p)2 + (p - y)2 + (y - a)2] > 0.

Hence, the roots of the given equation are real.
EXAMPLE 37 Find the integral values of x for which x2 + 19x+92 
is a perfect square.
SOLUTION Let x2 + 19x + 92 = k2 for some integer k.

x2 + 19x + 92-k2 = 0

-19 ± ^361 - 4 (92-k2)
2

=> x will attain integral values, if
361 - 4 (92 - k2) is a perfect square of an odd integer

i.e. if 361 - 4 (92 - Jc2) = (2n +1)2 for some integer n

=> 4^-7 = (2n + l)2

=> 4k2-(2n +1)2 = 7

=> (2k-2n-l)(2k + 2n + V) = 7
=> 2k + 2n + l = 7 and 2k - 2n -1 = 1
=$ k = 2, n = 1

Putting k = 2 in (i), we get

x2 + 19x + 88 = 0

1
2(flc-b2)

1 1 1 n----d-------- — — 0
X X + C X

From (ii) and (iii), we get 
2 a  a 

2(bd-?) ” 

be-ad 
=> a =----------- 1 .

2(flc-b2)

EXAMPLE 35 For what real values of p, the equation

x (x +1) (x + p) (x + p +1) = p2 
has four distinct real roots ?

SOLUTION We have,

x (x + 1) (x + p) (x + p +1) = p2

=> (x(x + p + l)} {(x + l)(x + p)} = p2

=> {x2 + x (p +1)} (x2 + x (p +1) + p] = p2

=> y (y + p) = p2, where y = x2 + x(p + l)

=> Z+py-p2 = 0
Clearly, discriminant of this equation is positive, so its roots 

are real and are given by

_ -pi'fcp 
2

=>? + x(p + l) = ^2 

 M'-
Thus, the given equation will have four distinct real roots, 

if equation (i) and (ii) have distinct real roots.
Let Dj and D2 be the discriminants of (i) and (ii) respective­

ly. Then,

D1 = (p-i-1)2-2(1 -^5)p = p2 + 2f5p + l

and, D2 = (p +1)2 - 2 (1 + f5) p = p2 - 2f5p +1.

Now, the roots of (i) will be real and distinct if
Dj > 0

=> p2+2V5p+1 > 0

(p + V5)2-4>0

=»|p + ^5|>2 ...(iii) [-.-x2-a2>0 => | x | >fl]

Roots of (ii) will be real and distinct, if
D2 > 0

=> p2-2>/5p + l > 0
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= -k±l

=>

x =

and -1 < a < 6

=> ae -1, u

= a + /0 + / ...(i)

= -2/02/0

= 0=> 2/0 + 12 +

EXAMPLE 39 The quadratic equation x2 + px + q = 0 where p and q 
are integers has rational roots. Prove that the roots are all integers. 
SOLUTION We have,

a2
(a - a,)2 + 0‘

^i2 

(a-a1)2 + 0‘

A 2 ____
(a-fl„)2 + 02

5 + ...+

- + ...+

=> 2/0 = 0 [•.• The expression inside the bracket is positive]

=>0 = 0
Hence, all the roots of the given equation are real.

EXAMPLE 41 Find the range of values of a for which two of the roots 
of the equation (a -1) (1 + x + x2)2 = (n +1) (1 + x2 + x4) are real 
and distinct.
SOLUTION We have,

(//-1)(1+x + x2)2 = (a + l)(l+x2 + x4)

A2 

(a-fl„)2 + 02

. 5 + 3v5 or a>

-2k±2l
X " 2

Clearly, the values of x are integers.
CASE II When p is an odd integer:

Let p = 2m + 1, where m is an integer.

=> p2 - 4q is an odd integer

=> n2 is an odd integer * •
n is an odd integer

=> n = 21 +1 for some integer /.
Substituting the values of p and n in (i), we get

- (2/// +1) ± (2/ +1) 
2

=> x = -m + l,-m-l-l
Clearly, the values of x are integers.

EXAMPLE 40 Show that the equation
A,2 A22 A2

+ + ... +x - a2 x-a^
A,„ a,, a~ -.

— + —— + ... + —— = x + l, has no imaginary roots, 
x-a} x-a2 x~an

where Av A2,...., An, ap a2, ...,an and are real.

SOLUTION Let a + /0 be a root of the given equation. In order 
to prove that the given equation has no imaginary roots, it is 
sufficient to show that 0 = 0.

Since imaginary roots always occur in pairs. Therefore, 
a - /0 is also a root of the given equation.

Putting x = a + /0 and x = a - i0 in the given equation, we 
get

'V Al \2
(a - + /0 + (a - «2) + /0 + ’ ’ ‘ + (a - «„) + $

^i2 A2~ A2
7------ x—+ 7 x •« + • • • + 7 7 To = a - /0 + / ...(ii)(a-flj)-/0 (a-o2)-/0 (a-a„)-/0

Subtracting (i) from (ii), we get

^l2 . *2

(a-«1)2 + 02

x _ ~p±'lp2-Aq
2

2
The given equation has rational roots. Therefore, p - 4q 

must be a perfect square. Since p and q are integers. Therefore, 
P ~4q must be a perfect square of some integer.

Let p2 - 4q = n2, where n is an integer.
Now, two cases arise:

CASE I When p is an even integer:
Let p = 2k, where k is an integer.

=> p2 = 4k2

=> p is a multiple of 4
2

=> p - 4q is a multiple of 4

=* p - 4q is an even integer.

=3 n is an even integer
=> n is an even integer
=> n = 21 for some integer.

Substituting the values of p and n in (i), we get

A. 
+------- 2(a-//2r + 0-

=> (x +11) (x + 8) = 0

=> x = -8,-11.

Hence, x + 19x'+ 92 is a perfect square for x = - 8 and for 
x=-ll.
EXAMPLE 38 Let la] denote the greatest integer less than or 
equal to a.. Given that the quadratic equation 
x2 + [fl2 - 5a + b + 4] x + b = 0 has roots - 5 and 1 ,find all the values 
of a.
SOLUTION Since - 5 and 1 are the roots of the equation

x2 + [fl2-5fl + b + 4]x + b = 0

-5 + 1 = - [a2 - 5a + b + 4] and -5x1 = b

=> [fl2 - 5a + b + 4] = 4 and b = -5

=> [fl2 - 5a - 5 + 4] =4

=> [fl2 - 5fl -1] = 4

=> 4<fl2-5«-l <5

=> fl2 - 5a -1 > 4 and a2 - 5a - 1 < 5

=> fl2 - 5fl - 5 > 0 and a2 - 5a - 6 < 0

7 .5-3^5 5 + 3>/fP]

‘5 + 3V5 '

2

5-3<5 ~
2
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x2) Now,

(i)=>

= -1=>

= -1

=>

,2 „2

tan B + tan C
1 - tan B tan C

a
4a-3a

1 
-2 + 4

|T| 
2

=>a" = -2z7=>a = 0,-2.
But, for a = 0, the two equations, have same roots. Therefore* 

a = -2.

24sec a

=> x2 - ax +1 = 0

=> (a -1) (1 + X + X2)2 = (fl + l)(l +x + x2)(l-x +

=> (fl-l)(l+X + X2) = (fl + 1) (1 -x + x2)

1 + x + x2 # 0 for any x e K]

4sec2a

TT

EXAMPLE 42 Let A, B, C be three angles such that A = - and 

tan B tan C = p. Find the possible values of p such that A, B, C are 
the angles of a triangle. [IIT1997]
SOLUTION For A, B, C to be the angles of a triangle, we must 
have

A + B + C = 7i

24sec a

=> C2

tan B +

This equation will have real and distinct roots, if 
a2-4>0=^ |fl| >2.

3n 
4

=> tan (B + Q = tan ~

4

7 a . a => a =-- and a = -

=> B + C = 71-74

P 
tan B 

1-p "

=> tan2 B + p = - tan B . (1 - p)

=> tan2 B + (1 - p) tan B + p = 0
Since tan B is real. Therefore,
Discriminant > 0

=> (1 - p)2 - 4p > 0

=> p2-6p + l >0

=> p < 3-2V2 or p > 3 + 2V2.
=> pe (-«,3-2a/2]u[3 + 2V2,oo).
EXAMPLE 43 Given two quadratic equations x2-x + a = Q and 
x2 - x + 3a = 0. Find the value of a for which one of the roots of the 
second equation is equal to the double of one of the root of the first 
equation.
SOLUTION Let a be a root of the first equation. Then 2a is a 
root of the second equation.

a -a + a = 0

and, 4a2 - 2a + 3a = 0

a2
-3a + 2a

a2
-a

example 44 If the quadratic equation 4sec“x2+2r+
/ -.x
02 - 0 + - =0 has real roots, then find all possible values of

cos a + cos"1 0.
SOLUTION The equation

x2 + 2x + 02-0 + - = 0 has real roots. Therefore,

Discriminant > 0

P2-P + i'| > 0

P2-P+|s 1
k 7

= COS 7171 + cos“ 1

a2 = (a)2 => -| =

,2

2 
=>4-4x4sec a

, ( 1'=> sec a - 1 and 0 - -
k

7 1 1=> cos a = 1 and 0 = - => a = nn and 0 = -

cos a + cos-1 0

f 1 1- + - > -.
: 4“4

But,
✓ * 

4“c2“>4and02-P + i= P-i
\ 7

Therefore, inequation (i) will be true, if 

= 4 and 02 - 0 +1 = |

2 
= 0

1 + 7, if n is even

-1 + 7, if n is odd

— 1 ItThus, the values of cos a + cos 0are7±l.

example 45 Find the condition that x4 + ax3 + bx2 + cx+d isa 
perfect square.
SOLUTION If x4 + ax3 + bx2 + ex + d is a perfect square, then 

x4 + ax3 + bx2 + ex + d = (x2 + px + q)2 for some p. q.

Comparing the coefficients of corresponding terms, we get 

d = q2,2pq = c,p2 + 2q = b and 2p = a.

Now,
(2p?)2 = 4p242

f„2>
c2 = 4°-d

4 k 7
= a d , which is the required condition.

a 1 — = —
a 2
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EXERCISE 20.1

(0
= 1 (iv) | 6x2-5x-l | = 5x-6?-l(iii)

.... +

= 0

1. Solve:
(i) (2+>/3)?- 2x+1+(2-t/3)i!-21-1

2 
x1 + p (1 + q)x + q (q -1) + ^- = 0

(ii) (a + ^a2 -1 )x

EXAMPLE 46 Z/x2 + (fl - b)x + (1 - a - b) = 0 where a, be R, then 
find the values of a for which the equation has unequal real roots for 
all values of b. [IIT2003]
SOLUTION The given equation will have unequal real roots, if 

(fl-b)2-4(l-fl-b) >0

(ii) a + bw + cw2 = 0 or fl + bw2 + cw = 0ora + b + c = Q
14. Show that the equation

a b . c . d ,
7 + Z +' Z + . = 1x—1 x-2 x-3 x-4

cannot have imaginary roots if fl, b, c, d are any four real num­
bers of the same sign.
15. If the roots of the equation

' 2^1 2
1-b + y x2 + fl(l+b)x+b(b-l) + j = 0

are equal, show that 4, fl, b are in GP.
16. Find all the integral values of a for which the quadratic 
equation (x + fl) (x +1991) +1 = 0 has integral roots.
17. Prove that the roots of (a - b)2 x2 + 2 (fl + b - 2c) x +1 = 0 
are real or imaginary according as c does not or does lie 
between a and b, a < b.
18. Find the set of values of 'a' for which the equation 
(a - 2) x2 - 2flx + 2fl - 3 = 0 has two distinct roots.
19. Find the values of 'a' for which the equation 
(fl2 + 4fl + 3)x2 + (fl2-fl-2)x + fl(fl + l) = 0 has more than two 
roots.
20. Solveforx: | ? + 2x-8 | + | x | (x-2) = 0.
21. Solveforx:

x2 + 4x + 3 | + 2x + 5 = 0 (ii) | x2-x-6 | = x + 2 

x2-5x + 4
x2-4

=> b2 + b(4-2fl) + fl2 + 4fl-4 > 0.
For the above quadratic inequation to be true for all b e R, 

we must have
(4-2fl)2-4(fl2 + 4fl-4) < 0

=> - 32a + 32 < 0 => a > 1. => a e (1, °°).

(v) (x+l)(|x|-l) = -l

(vi) | ?-9 | + | ?-4 | =5
22. Find the sum of all the real roots of the equation

| x-2 |2+ | x-2 | -2 = 0
23. Solve each of the following equations for real x:

(i) ?-2|x|-3 = 0 (ii) | x |2-3 | x |+2 = 0

(iii) x2 + 5 | x | +4 = 0 (iv) | x |2-7 | x | +12 = 0
24. Solve each of the following equations for real x:

(i) | J + x |-5 = 0

(ii) | x2-2x-8 | = 2x

(iii) | x2 + x + l | = 3

(iv) | x2 — x | + | x +1 | = 5

= 101
“ 10 (2-Vs’)

+(fl-V?-i)x -2x=fl,fl>i.

2. If the roots of lx2 + nx + n = 0 are in the ratio p: q, show that

q p I
Prove that the equation x2 + 2bx + 2c = 0 cannot have ra­

tional roots if b and c are odd integers.
4* Solve: ] x2 + 4x + 3 | + 2x + 5 = 0
5. If the equation x2 - 2px + q2 = 0 has real roots, prove that 
p cannot lie between - 2q and 2q.
6. Determine the limits within which n must lie in order that 
the equation lax (ax + nc) + (m2 - 2) c2 = 0 may have real roots.
7. Ifflx2 + (h-c)x + fl-b-c = 0 has unequal real roots for all 
ce R, then prove that either b<a<0 or b>a>0.
8. If a<b<c<d, prove that the equation 
(x - a) (x - c) + X (x - b) (x - d) = 0 has real roots for all X e R.
9. If a, b, c are positive integers and if the roots of the equation 
ar2-bx + c = 0 lie in the open interval (0, 1), show that the 
minimum value of fl + b + c is 11. Also, prove that

log5 (flbc) > 2.

10. Show that the equation

(1-^1
k )

has equal roots iff 4, p, q are in GP.

11. If a, b, c are positive real numbers, prove that both the roots 
of ar2 + bx + c = 0 have negative real parts.
12. Show that if fllz fl2,...,flttj by b2,bn and k are real num­
bers such that at least one of fl{ # 0, then the roots of the equation

2 2 2flf a7 an
—r- +--- — +.... +-----— - k = 0 are real.
X - b-L X-b2 x~^n

13. If the roots of the equation
(x - a) (x - b) + (x - b) (x - c) + (x - c) (x - fl) = 0

are equal, then prove that
fl b c

(i) b c fl 
c fl b

fl2

2
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(vi) 2 | x +1 |2 - | x + 1 | = 3

ANSWERS

24. (i)

1
(iv) (v)

and,
or,

S2 = otj 03 + 04 03 + ...

or, S2 = oP + Py + o8 + Py + P8 + y8

or, S2 = (a + p)(y + 8)+ oP + y8or,

*3 =or,

S3 = apY + Py 8 + y8oc + ap8

S3 = oP(y + 8)+y8(o + P)or,

c
a

d
a

(ii) x = 1,1 ± <2 
6.-2 and 2.

19. a = -l

const term 
coeff of x"

Here, Sk denotes the sum of the products of the roots taken 
k at a time.
PARTICULAR CASES
Quadratic equation : If a, P are roots of the quadratic equation 
ax2 + bx + c = 0, then

1. (i) 1± Vl + log2 + >/3 10
4. -4,-1-^3

16. 1989,1993
20. x = ± 2

21. (i) -4,-1-^3

-1±^
2

22. 4
(ii) ±1,±2
(iv) ±3, ±4

(ii) 2V2,2(>/3+l)

(iv) 1-V7,2 
. .. 1 5 
(v‘) 5,-2

Q ^3

= (-D37
i*j*k ' a0

s2

.’. flox +/7JX

   
   

=(-l)3f=

ap + pY+Ycc = (-1)2; = ;
a a

(ii) -2,2,4 (iii) 0,|,|

(vi) xe [2,3] u [-3, - 2]
23. (i) ±3
(iii) No solution

-l±V2f
2

(iii) 1,-2

(v) 2,1

(~l)3coeffofxH~3 
coeff of x"

a + p = - - and aP = - a a
Cubic equation : If a, P, Y are roots of a cubic equation

ox3 + bx2 + ex + d = 0, then
„ ba + P + Y -

- a2 
or, Za,a-= (-1)2 — 

' ao
 (-1)2 coeff ofxn~2 

coeff of x”
S3 = ttj 0403 + 020304 + ...

S„ = a1a2a3...a„ = (-1)"- = (-1)" 
ao

= (-D2£=£
a a

or, Za. = --
no

$ _ _ coe^- °f “ 1
1 coeff. of x"

aPY = (-l)3f=-f
Biquadratic equation : If a, P, y, 8 are roots of the biquadratic 
equation ax4 + bx3 + ex2 + dx + e = 0, then

Sj = a + P + Y + 8

b= — —
a

20.6 RELATIONS BETWEEN ROOTS AND 
COEFFICIENTS

If Op 04,04,..., a,, are roots of the equation
fix) = a0 xn + flj x” “1 -m2 x” ~2 +... + an } x + an = 0, then

/(x) = aQ (x - a}) (x - 03) (x- 04)... (x - 04)
. „ -1 . „ ^n-2 , . „+ o2 x + ... + an  | x + an

= a0(x-a1)(x-a2) ...(x-an)

Comparing the coefficients of like powers of x on both sides, 
we get

S2 = OJ + O2 + ... +a„

(v) | x2 + x + l | + | 2x-3 | = 4x

-i+4=-I2
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( an-l

=>

+ S, x'

i.e.

(a-d) + a + (a + d) = -

i.e.
=>

=>

-1=0+ P~<7

+ ... + a

(i)

*/ _ \3
=> r

d 
fl • 

and, S4 = aPy8

w 
3r k /

fl, 
^2 +20.7 FORMATION OF A POLYNOMIAL EQUATION 

FROM GIVEN ROOTS
If oq, az (X3,..., a„ are the roots of an nth degree equation, 

then the equation is

/-Sir"'1

x3 - SjX2 + S2x - S3 = 0

x3 - (a + p + y) x2 + (ap + Py + ya) x - aPy = 0

Biquadratic equation: If a, P, y, 8 are the roots of a biquadratic 
equation, then the equation is

x4 - Sj X3 + S2 x2 - S3 x + S4 = 0

i.e. x4 - (a + p+y + 8) x3 + (ap + Py + yS + a8 + p8 + ay) x2

-(apY + ap8 + py8 + y8a)x + aPy8 = 0

+ a2x” 2

= (-l)4£ = £ 
fl a

20.8 TRANSFORMATION OF EQUATIONS
Sometimes to solve a given equation /(x) = 0 we transform it 
into another equation whose roots bear a certain assigned 
relation with those of the given equation. This is generally done 
when the solution of the transformed equation is more con­
venient than that of the given equation. Having solved the 
transformed equation we can find the roots of the given equa­
tion from the given relation between the roots of the two 
equations.

In this section we shall study some simple transformations. 
T1: Transformation of an equation into another equation whose roots 
are the reciprocals of the roots of the given equation.
Let

x + fl„ = 0

x + an = 0

r

be the given equation. Let x and y be respectively the roots of 
the given equation and that of the transformed equation. Then,

1 1 y = - => x = - y x y

3a = 5
r

3r

27/ 9/ 3r

=> q3 - Sq3 + 9pqr - 27/ = 0

=> 27/ -9pqr + 2q3 = 0
T2: Transformation of an equation to another equation whose roots 
are negative of the roots of a given equation.

Let the given equation be

fix) = flQ x" + flj x" "1 + a2 x" " 2 + ... + fln _ 1

Let x be a root of the given equation and y be a root of the 
transformed equation. Then, y = - x or x = - y. Thus, the 
transformed equation is obtained by putting x = - y in/(x) = 0 
and is therefore

^x)=flox"+fl1x" 1

a = ±
3r

Since fl is a root of (i). Therefore, 

ra3-qa2 + pa-l = 0

143r\ /

a -ojx +o2x" 2-S3x" 3 +... + (-!)" S„ = 0

where Sk denotes the sum of the products of roots taken k at a 
time.
PARTICULAR CASES:
Quadratic equation: If a, p are the roots of a quadratic equation, 
then the equation is

x2 - Sj x + S2 = 0

/-(a + P)x + aP = 0
Cubic equation : If a, p, y are the roots of a cubic equation, then 
the equation is

Putting x = in (i), we get

On fli fl,—+—n-H-—1r + ...+-i-!-+fl„ = 0
y” y-> y”"2 V "

‘,»y"+»n-iy”‘'+~+»iy+«n = o

This is the required equation.
Thus, to obtain an equation whose roots are reciprocals of the roots 

of a given equation is obtained by replacing x by 1/x in the given 
equation.
ILLUSTRATION 1 Find the condition so that the roots of the equation

X3-px2 + qx-r = Qbein H.P.
SOLUTION The equation whose roots are reciprocals of die 
roots of the given equation is given by 

l--^ + 5_r = 0 
x3 / x

or, rx3-qx2 + px-l = 0 ...(i)
Since the roots of the given equation are in H.P. So, the roots 

of this equation are in A.P. Let its roots be a - d, a and a + d. 
Then,
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=> a'

ILLUSTRATIVE EXAMPLES

tl/4

I
I

••(i)
(ii)

a + p = p 
aP = <?

EXAMPLE 1 If a, P are the roots of the equation x2-px + q = 0 and 
a > 0, P > 0, then find the value of

(i) a5 + p5 (ii) a1/4 + p'

SOLUTION Since a and P are the roots of the given equation. 
Therefore,

=> a5 + p5 = p5 - 5p3 q + ISpr?2 - lOp^2

= p5 - 5p3q + 5pf

(ii) We have,

(a1/4 + p1/4)4

= (a1/4)4 + 4 (a1/4)3 p1/4 + 6 (a1/4)2 (p1/4)2

+ 4(a1/4)(P1/4)3+(P1/4)4

+ p1/2) + 6a1/2p1/2

+ p1/2)2 +6 (ap)1/2

and,

(i) We have,

(a + P)5 = a5 + 5a4p +10 a3p2 + 10a2 p3 + 5ap4 + p5
[Using binomial theorem]

=> (a + P)5 = a5 + P5 + 5ap (a3 + p3) +10 a2 p2 (a + P)
=> (a + P)5 = a5 + p5 + 5ap {(a+p)3 - 3ap (a + p)}

+ 10a2p2(a+p)
=> a5 + p5 = (a + p)5-5aP(a + P)3 + 15(ap)2(a + p)

-10(aP)2(a + P)

in the given equation, we get

+ c(x1/3)+d = 0
:i/3)
+ cx1/3)3

r3 x3 + 3a2 dx2 + 3ad2 x + d3
= - (b3 x2 + c3 x + 3bcx (bx2^ + cx1/3))

=> a3x3 + 3a2dx2 + 3ad2x + d3 = - [b3x2 + c3x-3bcx(ax+d)|

=> a3 x3 + x2 (3a2 d - 3abc + b3) + x (3ad2 - 3bcd + c3)+d3=0

This is the required equation..

+ P1/4
ALITER We have, 
~ (a1/4 + p1/4)4

a1/4

=> x3 - 14X2 + 45x - 36 = 0

T4: Transformation of an equation to another equation whose root', 
are cubes of the roots of a give equation.

Let x be a root of the given equation and y be that of the 
transformed equation. Then,

y = x3 => x = y1/3

Thus, an equation whose roots are cubes of the roots of a 
given equation is obtained by replacing x by x1'3 in the given 
equation.
ILLUSTRATION 3 Form an equation whose roots are cubes of the 
roots of equation

ax3 + bx2 + cx + d = 0.

SOLUTION Replacing x by x1^3

a (x1/3)3 + b (x1/3)2

=> ax + d = - (bx2^3 + ex
=> (ax + d)3 = ~(bx2/3

= (a + P) + 4a1/4p1/4(a1/2

= a + P + 4(aP)1/4 ^(a1/2

= (a + P) + 4 (aP)1/4 ^a + p + 2(aP)1/2 + 6 (aP)1/2

= p + 4^ /4 ^~p + 2qi/2 + 6q*12

= [p+^^T^M'2]'74

f(-y)=o
or, «o/-fli/-1+aiy"“2 + ”-+(-l)"fln = 0

For example, the equation whose roots are negative of the 
roots of the equation x3 - 5X2 - 7x - 3 = 0 is 

(-x)3-5(-x)2-7(-x)-3 = 0
or, -x3-5x2 + 7x-3 = 0 
or, x3 + 5X2 - 7x + 3 = 0.
T3 : Transformation of an equation to another equation whose 
roots are square of the roots of a given equation.

Let x be a root of the given equation and y be that of the 
transformed equation. Then,

y = X2 => X = y[y.
Thus, an equation whose roots are squares of the roots of a 

given equation is obtained by replacing x by Vx in the given 
equation.
ILLUSTRATION 2 Form an equation whose roots are squares of the 
roots of the equation

x3-6x2 + llx-6 = 0.
SOLUTION Replacing x by 'fx in the given equation, we get

(VT)3-6(>/x)2+11^x-6 = 0

=> x3/2 + ll Vx = 6x + 6

=> ■VTfx + ll) = 6(x + l)

=> x(x + ll)2 = 36(x + l)2
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t2
.a'

[Using (i) and (iii)]

1

,(ii)

a

+

[Applying componendo and dividendo]

I a

EXAMPLE 3 If pandq are the roots of the equation 
x2-2x + A = 0 and r and s are the roots of the equation 
x2 - 18x + B = Osuch thatp <q<r<s and p, q, r, s are in A.P., then 
find the values of A and B.

...(i) 
-(ii) 

...(iii) 
-(iv)

,.(i)
(ii)

the roots of the equation

(g+ly1 , (P+1)2
(a+l)2-(a+l)(P +1) (p +1)2 — (a+1)(p+1)

(From (ii), (1 - c) = (a +1) (P +1)]

a + 1 p+1
" (a+1) — (p +1)+ (p +1) - (a+1)

- ft+1 p + 1 
a-p + p-a

-a+l-P-1
a-p

= ^ = 1 
a-p L

(Y + 8)2 
(Y-8)2

[IIT1997] 
SOLUTION Since p, q are the roots ofx2-2x + A = 0 and r, s are 
the roots of x2 - 18x + B = 0. Therefore,

P + ? = 2 
W = A 

r+s = 18 
and, rs - B
It is given that p, q,r,sare in A.P. Let p = a - 3 d, q=a-d, 

r = a + d and s=a +3d. Then,

p+q + r + s = 4a

=> 2 + 18 = 4a 
=> a = 5.

Now, 
p + <? = 2 

=> a-3d + a-d = 2 
=> 2a-4rf = 2 
=> 10-4J = 2 
=> d = 2.

p = a~3d = 5-6 = -1, 
q = a-d = 5-2 = 3 , 
r = a + d =5 + 2 = 7, 

and, s = a + 3d = 5 + 6= 11.
Putting these values in (ii) and (iv), we get
A = pq = -3 and B = rs = 77.

EXAMPLE 4 If the ratio of the roots of the equation x2 + px±q = 0 
be equal to the ratio of the roots of the equation x2 + bx + c = 0, then 
prove that p2c-b2 q.
SOLUTION Let a, P be the roots of x2 + px + q = 0 and y, 8 be the 
roots of the equation x2 + bx + c - 0. Then, 

a + p = -p,ap = // 
y + 8 = -b,y8 = cand,

We have, x
P o

a+p y + 8
^a-P " y-8

(a + P)2 _
(a-P)2 ‘

(g-p)2 (y-8)2
(a+P)2 (y + 8)2

= |(a1/4+P124)2|2

« |a,/2 + p,/2 + 2 (aP)1/4|2

:1?2 + P1/2)2 +2(aP)I/4[

= ^a + p + 2(aP),/2+ 2 (aP),/4f

= |^7^+2,4/4)2

= |f + 2z,1/2 + 4q1/2 + 2 x 2«;1/4 Vp + lj’/2|

~ |p + 6q122 + +71/4 ^p + 24*/2|

••• (a1/4 + p,/4) = |p + 6,1/2 +

example 2 If aandp are 
x2-p(x+l)-c = 0, show that (a + l)(P + l) = l -c

Hence, prove that

a2 + 2a +1 + p2 + 2P +1 _ 
a2 + 2a + c p2 + 2p + c

SOLUTION We have, 
x2-p(x+l)-c = 0

=> x2-px-(p + c) = 0 ...(i)
Since a and P are the roots of the equation (i). Therefore, 
a + p = p and aP = - (p + c) 
Now,(a+1) (p + 1) 

= ap + (a + p) + l 
= - (p + c) + p + l = 1 - c

This proves the first part.
Now,
a2 + 2a+l P2 + 2P + 1
a2 + 2a + c p2 + 2p + c

(a+l)2 , (P+1)2
(a+l)2-(l-c) (p + i)2-(i-c)

.2
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=> =>

=> 1-=>

=>

=>

=>

have a non-trivial solution, then prove that -, - and - are in G.P.

(iii)

and,

■0)...(iv)

i

,(ii)

[Applying componendo and dividendo]=>

=>

=>
and,

ay + Pz = 0
Yy + 8z = 0

A = ab => A = 2
B = cd => B ~ 32.

/ \ c
rx. 7

a + ar = 3 and ar2 = A

“ Y 8

=> a8-ffy = 0

... “ ? = 0

/ x\2y-8
y + 8

\ /

(Y + 8);
Y§

(Y + 8)2
Y8 

(r + 8)2 

r/? 
H/p)2

r + 8 = 
P .

It is given that the system of equations 
ay + Pz = 0 
Yy + 8z = 0 

have a non-trivial solution.

a"

=> -, - and - are in G.P.
“ ~ r

Let a, b be the roots ofx? -3x + A=0andc,dbe the 
an increasing GP,find

q b

SOLUTION We have, ax2 + bx + c = 0 ...(i)

and, px* + qx + r = 0 ...(ii)
It is given that a, P are the roots of (i) and y, 8 are the roots 

of (ii). Therefore,

n & a + p = -- a

ap = - a

=> a (1 + r) = 3 and a2 r = A

Since c and d are the roots of the equation x2 - 12x+B=0.
Therefore,
c + d = 12 and cd - B

=> ar2 + aP = 12 and a2^ = B

=> ar2 (1 + r) = 12 and a2 r5 = B

From (i) and (ii), we have
a (1 + r) = 3 and ar2 (1 + r) = 12

ar2 (1 + r) _ 12
a (1 + r) 3

=> r2 = 4
=> r = 2 [vr>0]

Putting the value of r in a (1 + r) = 3, we get a = 1.
b = ar = 2, c = ar2 = 4 and d - ar“ = 8.

Now,

(a + p)2 - 4 a p _ (y + 8)2 - 4 y 8
(a + p)2 (y + 8)2

1 _ 4aP = J_ 4Y5
(a + P)2 R'2

ap =
(a+P)2 ’

A _ A
2 ~ h2 

p b
2 l2 p c = b q.

EXAMPLE 5 If a, P be the non-zero roots of ax2 + bx + c = 0 and 
Y, 8 be the non-zero roots ofpx2 + qx + r = Q such that the system of 
equations

a _ I
P’S

a + p_ y + 8
a-p - y-8

a-p_ y-S 
a + P ~y + 8

ra-p?
a + p

\ /

c
r

(a + p)2 - 4aP _ (y + 8)2 - 4y8
(a + p)2 (y + 8)2

4aP _ ■ 4y8
(a + p)2 (y + 8)2

(a + P)2

c/a
(-&/0)2 '

ac pr
h2~ b q

b2 _ ac
q2' Pr

-f =W " I 
a b
P <7

EXAMPLE 6
roots of x2- 12x + B = 0. If a, b, c, d form 
A and B.
SOLUTION Let r be the common ratio of the GP. Then,

b = ar, c = ar2 and d = ar3. Also, r > 0.

Now, a and b are the roots of the equation x2 - 3x+A = 0.

a + b = 3 and ab = A
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Now, (i)

[IIT2000]

(ii)

—(i)
[Using (ii)]

= -2 -2a [Using (ii)]

•••(ii)

[Using (i)]

,2r2

i

i

4C 
A

4c 
a

••(i)
■(ii)

=> a(l-a) = 0

=> a = 0 or, a = 1

Thus, we get two sets of values of a and P viz. a = 0, p = 0 
and a = l, p = 0.

4 b2 
a2

EXAMPLE 7 If a, p be the roots of ay? + 2bx + c = 0 and 
a+5, p + 5 be those of Ax? + 2Bx + C = 0, then prove that

b2-ac 
B2-AC

2 1a + p = -^=>P = ---a

Since a is a root of the given equation. 
4a2 + 2a-l = 0 

l-2a
4

Now, 4 a3-3a = a-4a2-3a
= a (1 - 2a) - 3a 
= -2a2-2a

b2-ac
, a2

M2 • 
A

SOLUTION Since, a, P are roots of ax? + 2bx + c = 0.

a + P = - “ and a p =

Let a' = a + 8 and p' = p + 8
It is given that a' = a + 8, p' = P + 8 are the roots of the 

equation
Ay? + 2Bx + C = 0

a' + P' = - ~ and a' P' =

a + p = a2 + P2 

a p = a2 p2and,
Now,

a p = a2 p2
=> a p (1 - a P) = 0
=> a = 0orp = 0orap = l.
CASE I When a = 0.

From (i), we have

a + p = a2 + P2

=»p = p2

=> P(1-P) = 0
=> P = Oor, P = 1

Thus, we get two sets of values of a and p viz. a = 0, 
P = 0 anda = 0, P = l.
CASE II Whenp = 0.

From (i), we have

a + p = a2 + p2

2=> a = a

=> a2 =

Now,

a' = a + 8 and P' = P + 8
=> a' - p' = (a + 8) - (P + 8) = a - p 
=>(a'-P')2 = (a-P)2

=> (a' + p7)2 - 4 a' p" = (a + p)2 - 4 a p

4B2

A ’ 
k 7

example 8 If a, P, y, 8 be in AP of which the first two terms are 
roots of y?-2px + q = 0 and the last two terms are roots of 
y?-2rx + s = 0, then prove that s-q = r2 -p2.
SOLUTION Since a, p are the roots of y? - 2px + q = 0 and y, 8 
are the roots of x2 - 2rx + s = 0. Therefore, 

a + P = 2p, aP = q 
y + 8 =. 2r, y8 = s.

B2-AC
A2

b2-ac
* B?-AC

and,
Now,
a, P, y, 8 are in A.P.

=> p-a = 8-y

=> (P-a)2 = (8-y)2

=> (P + a)2-4ap = (8 + y)2 - 4y8

=> 4p2-4q = 4r2-4s

=> s-q - i^-p2.

EXAMPLE 9 If a is a root of the equation 4.x2 + 2x -1 = 0, prove 
that 4 a3 - 3a is the other root.
SOLUTION Let the other root of the equation 4a2 + 2x -1 = 0 
be p. Then we have to prove that p = 4 a3 - 3a.

<l-2a>
4 

k 7
= - | + a-2a

= -a-| = 3

Hence, P = 4 a3 - 3a is the other root of the given equation. 
EXAMPLE 10 Find the number of quadratic equations which are 
unchanged by squaring their roots.
SOLUTION Let a, P be the roots of a quadratic and a2, p2 be the 
roots of another quadratic, since the quadratics remain same, 
we have



MATHEMATICS F§R IIT-JEE20.24I

-(0

[Using (i)]

[Using (i)]and,

(ii).2If a = co,thenaP = l=>P = — = co'

,(iii)

.(iv)and,

o 9
[•_• x2 + x +1 = 0 has roots co and (i))

Since a and P are real and of opposite signs. Therefore, 

b2 - 4ac > 0 and ot0 < 0

=> (y-2)(y + l) = 0 
=> y = 2or,y = -1.

Now,

=> abx2 + 4acx + be = 0

Let Di be the discriminant of this equation and cq, Pi be its 
roots. Then,

( 1’ 
a + — a

f 1>
- a + - -2 = 0 a\ /

=> y2 - y - 2 = 0, wherey = a +

(«f+ -
a=> ^ = co, co'
p

=> a = pco, pen2.

CASE I When a = pco:
Putting a = Pco in (ii), we obtain

p2co = £
a

... a + P = -|andaP=^

... ap = l=>p = ^

If a = 1,thenap = l=>P = l.

I' ~ ? 1
co

, 1
If a = co ,thenap = l=>P = — = co

CD

Thus, when a P = 1, we get two sets of values of a and p viz 
a = 1, P = 1 and a = co, p = co2.

Thus, there are four sets of values of aandp viz. 
a = 0, P = 0;a = l,P = 0;a = l,P = l and a = co, P = co2.

Hence, there are four quadratic equations which do not 
change by squaring their roots.
EXAMPLE 11 If the roots of a and p of the quadratic equation 
ax2 + bx + c = 0are real and of opposite signs. Prove that the roots of 

the quadratic equation a (x - P) + P (x - a) = 0 are also real and of 
opposite signs.
SOLUTION Since a, P are the roots of ax2 + bx + c = 0

:. a + P = - ^ and aP = £

Dr = 16a2c2-4ab2c

= - 4ac (b2 - 4ac) > 0

a be c nai Pl = -v = - < 011 ab a

Hence, the roots of the second equation are also real and of 
opposite signs.
EXAMPLE 12 If a, P be the non-zero roots ofax2 + bx + c=0 and 
a2, p2 the roots of a2 x2 + b2x + c2 = 0, then find the number of 
possible sets of values of a, p. Also, prove that a, b, c are in G.P.
SOLUTION We have,

1 => a + — = a

f a+— a k /

=> b2-4ac > 0 and - < 0 
a

=> b -4ac > 0 and a, c are of opposite signs.
=> b2 - 4ac > 0 and ac < 0
Now,

a(x-P)2 + p(x-a)2 = 0

=> x2(a + P)-4xap + ap(a + P) = 0

bx2 4xc be n
=> - — - — --5 = 0

« « a2

y = 2 =>a + - = 2y a
=> a2 - 2a +1 = 0

=>(a-l)2 = 0=>a = 1

And,

CASE III When ap = l 
From (i), we have 

a + p = a2 + P2 
=> a + - = a24~ 

a a2 
\2 

• -2

a+p=-^

a2 + P2 = -4 
a

a2P2 =
a

From (i) and (iii), we obtain • 

a2 + p2 = - (a + p)2 

=> 2a2 + 2p2 + 2ap = 0 

=> a2 + ap + p2 = 0

V 7 
1

y = -1 => a + — = -1J a
^c^ + a + l = 0

-l±iV3 2=>------- ------ = CD, CDZ
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=> P = ±

a = pco => a
(i)

a =

and, [Using (i)]a = -

'CL = ±

=> - P(D2 = - = an integer

(i)and = m (say)

...(ii)

a + P = - - and aP =

Now,

ap =

c 
a

CASEH When a = Pco2:

Putting a = Pa)2 in (ii), we obtain

Ic- (0. a

!c- (0. a

ax2 + bx + c-2p = 0 
does not have integral roots.
Let a, P be the roots of equation (ii). Then, 

a + p = -1 and aP = C~^-

c-2p
a

a

a = pa)2 => a = ±

and p2 0) = - 
a

and p2(o = - 
a

and p2(0 = - 
a

£0)2,p = - 
a

^P2 = 
0̂)0

M2 = £(o2 
a

pV =c- a

= ±<o2 
a

Thus, the roots are:
^co2, p 

a r

aor

=»P=±a/£’.1=±VT102 
a a) a

T 2- ar a
In this case, the roots are:

£u2 
a

b
a

pco2 = -
a

o2 4 b^
=* Pzco4 = “X

a
.2

=> p2oj = — and p2co = - 
a2 a

b2
a2

=> b2 = ac

=> a, b,c are in GP.
EXAMPLE 13 Let a, b and c be integers with a > 1, and let p be a 
prime number. Show that ifa^ + bx + c is equal to p for two distinct 
integral values ofx, then it cannot be equal to 2p forany integral value 
ofx.

Putting a = po in (i) and (ii), we obtain

P = Pco = -- and P2co = - 
a a

SOLUTION Let x2 and x2 be two distinct integral values of x 
such that

ax2 + bxy+c=p and ox22 + bx2 + c = P

=> ax2 + bxi +c-p = 0 and ax2+bx2 + c-p = 0

=> Xj and x2 are the roots ofax2 + bx + c-p = 0

=> ax2 + bx + c-p s a (x-xj)(x-x2)

If possible, let there be an integer a such that
oc^ + ba + c = 2p

=> ao^ + ba + c-p = p

=* fl(a-Xj)(a-X2) = p ...(ii)

Butp is a prime number and a > 1. Therefore,
a (a-Xj)(a-x2) = p

=> a = p.
Putting a = p in (ii), we get
(a-Xj)(a-x2) = 1

=> a-x1 = l,a-x2 = lor,a-x1 = -l,a-x2 = -l

[•.• a - X! and a - x2 are integers]

=> Xj = x2, which is not possible as xt * x2.

Hence, there cannot be any integer a for which the expres­
sion ax2 + bx + c is equal to 2p.

ALFTER it is given that ax2 + bx + c = p for two distinct integral 
values ofx. This means that the equation ax2+ bx + c-p = 0 has 
integral roots. ’

Sum of the roots = an integer 
and,

Product of the roots = an integer

=> - | = an integer and,

=>-- = / (say) and — 
a J a

We have to show that ax2 + bx + c * 2p for any integral value 
ofx.

In order to prove this, it is sufficient to show that the 
equation
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=> ap =

[Using (i)] .(i)a + p =

.(ii)and,

[Using (i)]

[Using (i) and (ii)]5=> -

=> a =

= -b+ a •=> a •

(i)

+ b = 0.

•(ii)and pq = -

and,
Now,

a + a” = - bl a 

a • a" = c/fl

...(i)

-(ii)

b 
a

c
a . 7

(X1+X2)2-2X1X2
XiX2

Xj X2

=> aP = m -

=> at least one of a, P is not an integer 
Also,

(16)2-2xl
1

=> a.p is not an integer

SOLUTION Since a, P are the roots of the equation 
A (x2 - x) + x + 5 = 0 or, X x2 + x (1 - X) + 5 = 0.

X-l
X

Now,

^2
X2 Xi

[•_• m e Z but g Z as p is prime]

a • a = - a

=> cl/n + lfl„/n + l + fll/n + lcn/„ + l + & = Q

=> a” + 1

= 14x|
A

=> (ca")1/w + 1 + (ac")1/n + 1 +b = 0

=> (ac”)1/w + 1+ (fl"c)1/n + 1

EXAMPLE 15 Given that a, p are the roots of the equation 
X (x2 - x) + x + 5 = 0. //Xj and X2 are the two values ofX for which 

>lo ~ n i.,. « x £ -1 j th* „ , A ^2the roots a, p are related by :-x+- 7, find the value of-r- + r-.p (X A?

m} m2 
Determine the numerical value of—2 + —x.

/n2 m}

c
a

f Xl/N + I
-I
ak )

Substituting this value of a in (i), we get

y/n +1
+

= 256-2 = 254
EXAMPLE 16 Let p and q be the two roots of the equation 

mx2 + x (2 - m) + 3 = 0
Let mlf m2 be the two values ofm satisfying

P. + i = l
? <3’

Now,

2 + 4 2 
4 p 3

a + P = --a
=> a + P = I
=> a + P is an integer

But, one of a and p is not an integer. Therefore, a + P can be 
an integer only when the other one is also not an integer.

Thus, equation (i) does not have integral roots.
EXAMPLE 14 If one root of the equation ax + bx + c = 0 is equal to 
the nth poiver of the other root, then show that

(nc")1/"tl + («"c),/"*1 + i> = 0.

SOLUTION Let the roots of the given equation be a and a”.
Then,

Now, 
a £ = 1 
P a 5
5 (a2 + P2) = 4 aP

5 [(a + P)2 - 2ap] = 4ap

5(a + p)2 = 14ap

fX-lf
’ ~T

=> X2 - 16X + 1=0.
This equation has roots X] and X2

X| + X2 = 16 and X| X2 = 1

SOLUTION We have,
mx2 + x(2-?n) + 3 = 0

Since p and q are the roots of (i). Therefore, 
m -2 j 3P + , = — and p, = -

z xM/h + 1 
c
a

\ /
sl/n + l 

C 
a . / 

c1/m + 1 
=> a ■ —7 + a„!/»*! a.

a a

P. 
a

c
a . /

«/n +1
-r-T + fe = 0,n/n +1
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=> 3 [Using (ii)]

m

>3

= 108 - 9 = 99

[Using (i) and (v)]

I

5

■

[Dividing both sides by a]
and, -(i)

[Dividing Nr and Dr of RHS by a]

=> -(a+p)
...(ii)

and,=> - (1 + aP) =
...(iii)

55

...(iii)

...(iv)

_ 2ap
1 + aP

2ap
a+p

=> HM of a, p is - (1 + aP).

3 
-8x — = 0 m

n

= 0

=* 3(p2 + q2) = 2pq

=> 3 {(p + q)2 - 2pq} = 2pq

=> 3(p + g)2-8p<? = 0

f—f m

=* 3 (m - 2)2 - 24m = 0

=> nr2 - 12m + 4 = 0

Since wq and m2 are the roots of this equation. Therefore,

1 (a 1 

+1+ p+l

sin a + sin p = -1 

c 
sin a sin p = -

Since sin a, sin p are also the roots of an x2’' + bnxn + cn = 0.
Therefore,

EXAMPLE 18 If a, P are the roots of the equation x2+px + q = 0 and 

also of x2" + pnxn + qn = 0 and if are the roots of 

xn +1 + (x +1)” = 0, then prove that n is an even integer.
SOLUTION Since a, p are the roots of x2 + px + q = 0. Therefore,

a + p =-p „.(i)
and, ap = q ...(ii)

It is given that a, p are also the roots of x2" + p" x” + qn = 0. 
Therefore,

an (sin a)2” + bn (sin a)n + cn = 0

an (sin P)2" + b" (sin P)" + c" = 0 
Subtracting (iii) from (ii), we get

b_ 2 (c/a) 
—7 —•

a cl+£
a

ntj + m2 = 12 and m2 = 4.

Now,
in2

tn2 m2

+ m2
('«! «2)2

(nq + m2)3 - 3mi m2 (m} + m2)

(mi m2)2

123-3x4xl2
42

a2" + p"a" + g" = 0 

and, P2n+ pn p" + ?" = 0
Substracting (iv) from (iii), we get

=> a2"-p2"+p"(a”~P") = 0

=> (a” - P") [a" + p" + pn] = 0

=> a" + p" + p" = 0

=> a" + p” = -pn ,..(v)

Since j is a root of the equation x” +1 + (x +1)” = 0. There­

fore, 
/ x"I-w

=> a" + p" + (a + P)n = 0

=> -pn + (-p)n = 0

=> (-P)" = Pn
=> n is an even integer.
EXAMPLE 19 If sin a, sin P are the roots of the equation 
ax2 + bx + c = 0and also of the equation anx2n + b"xn + cn = 0, show 

that when n is an even integer and a, p * kit, k G Z, is a root 

of the equation (x +1)" + x" +1 = 0. What is the other root ?
SOLUTION It is given that sin a, sin P are the roots of the 
equation ax2 + bx + c = 0. Therefore,

Now,
a, b, c are in HP.

(l + C

b 2c=> - =-----
a a + c

example 17 If a,b,c are in HP and a, P are the roots of 
a^ + bx + c = Q, then prove that the HM of a, p is - (1 + ap).
SOLUTION Since a, p are the roots of the equation 
ar2 + bx + c = 0. Therefore,

o b J o ca + P = - - and aP = -.a a
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■(r

.‘.(iv)=> (sin a)” + (sin P)” = -

We have to prove that

(v)

.n

[Using (i) and (iv)]

[■.• n is an even integer]

x =

[Putting n s 1]

=}

.(ii)=>

[Using (ii)and (iii)J

...(iv)

[Using (ii) and V] = a+0=a]

...(ii!)

sin a 
sin P

n
+ 1

• +r_b'
ak 7

f-T a

-aVn-bV,

We have,
n

(az -aa + b) = a'
l”"1 (p2-ap + b) = P’

-fla" + ba"-1 = Oand, p’
" + 1 + P" + 1)-fl(a" + P") + b(a”-1

-aVn + bV„^ = 0

Now,
Vn + 1 = uvn~u vn-l

V2 = «(a + P)-b(a° + p°)

V2 = a2-2b

Again, putting n = 2 in (i), we obtain
V3 = aV2-bV1

=> V3 = a (a2 - 2b) - b (a)

=> V3 = a3-3ab

Now, putting n = 3 in (i), we obtain
V4 = aV3-bV2

=> V4 = a (a3- 3ab) -b(a2- 2b)

=> V4 = a4-4a2b + 2b2

Finally, putting n = 4 in (i), we get
V5 = aV4-&V3

=> V5 = a (a4 - 4a2 b + 2b2) -b(a3- 3ab)

=> V5 = a5 - 5a3 b + 20b2 + 30b2

J sin a
+ sin P

_ (sin a + sin P)n + (sin a)n + (sin P)1 
(sinp)n ”

n

-"I a k / 
(srnpj"

a k 7 
(sinP)" 

= 0

sin^ *S a r°°l e<lua^on

From the symmetry, we can also say that the other root is 
sin P 
sin a'
EXAMPLE 20 If a, P are the roots of the equation x2-bx + c = Q, 
then find the equation whose roots are (a2 + p2) (a3 + p3) and 
a5P3 + a3P5-2a4p4.
SOLUTION Since a, p are the roots of the equation 
x2 - bx + c = 0. Therefore,

a + P = b „,(i)
and, aP = c ...(ii)
Let A = (a2 + P2) (a3 + P3) and B = a5 p3 + a3 p5 - 2a4 p4. Then, 

A = (a2 + P2) (a3 + p3)
= ((a+P)2 - 2 c0| |(a+P)3 - 3aP (a + P)|
- (b2 - 2c) (b3 - 3bc) [Using (i) and (ii)]

and,
B = a5p3 + a3p5-2a4p4

= a3 p3 (a2 + p2 - 2aP)

= (aP)3 {(a + p)2 - 4aP)

an ((sin a)2" - (sin p)2") + b" ((sin a)M - (sin P)”} = 0

=> an {(sin a)" + (sin P)n ) + bn = 0

hn=> (sin a)" + (sin P)" = - —

f-T a
\ /

is a root of the equation

(x + l)" + x" + l = 0

= c3 (b2 - 4c) [Using (i) and (i.
.-. A + B = (b2 - 2c) (b3 - 3bc) + c3 (b2 - 4c) -(*
and,

AB = (b2 - 2c) (b3 - 3bc) c3 (b2 - 4c)
Hence, required equation is
x2 - x (A + B) + AB = 0, where A + B and AB are given by (ii 

and (iv) respectively.
EXAMPLE 21 If a, P be the roots of the equation x2 - ax+ b = Q art 
Vn = a” + P”, then show that Vn + j = aVn -bVn_v Hence, obiar, 
the value of a5 + p5.
SOLUTION Since a, P are the roots of the equatioi 
x2 - ax + b = 0. Therefore,

a2 - aa + b = 0 and p2 - aP + b = 0
=> a”-1 (a2 - aa + b) = an ~1 x 0
and, P”"1(p2-ap + b) = P"“1xO

=> a" + 1-aa" + ba""1 = Oand, p"+1 — + bP"-1 = 0
=> (a"+1 + P"+!) - a (a" + P") + b (a” “1 + P" ’ b=0

=»''„ti-«V„ + bV„.1 = 0 [•.•V„ = aM’

=» -li
Since a, p are the roots of the given equation. Therefore, 

a + p = a and ap = b.
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=> (a + c)2-^2 > 0

(H)

< 0

=>

< 0=> 1 + - + -

[-.• X, p>oj

[•.•X,p>0]< 0

Hence, in both the case, we have

[Using (ii)]
[Using (i)J

b -9 
a

[IIT1995]

b
a

ALITER We have, 
a<-l and P>1

Also, 
a<-2 and £ > 2

=> a = - 2 - X and P - p = 2, where X, p > 0. 
Now,

/ c 
a

- 4 + ap + 2 | a + p |

• = 4 + (-X-2)(p + 2) + 2 | p-X |

Now, two cases arise: 
CASE I When p>X.

In this case, we have
|P-X| = p-X 
t . c 

” ‘ a

= 4 + (-X-2)(p + 2) + 2(p-X)

vl+£<0 
a

, c b => 1 + -+ - a

Letf(x) = ax2* bx + c.
Clearly, 1 and -1 lie between the roots of ax2 + bx + c = 0.
/(l)/(-l)>0

=> (a + b + c)(a-b + c) > 0

^>0

SOLUTION We have, 
a < -1 and p > 1

=> a + X = -1 and P = 1 + p, where X, p > 0 ...(i)
Since a, P are the roots of the equation ax2 + bx + c = 0.

Therefore,

Now,
, . c
' ' a
- l + ap+ | a + p |
~1 + (— 1 - X) (1 + p) + | -1—X + l + p |
= I - (l + X + p + Xp) + | p - X |

= - X — p — Xp + ] p — X |

Now, two cases arise:
CASE I When p>X:

In this case, we have

| p-X| = p-X

b , .. ,...... .
fl r- r r

. 1 , c b , . ,.•.! + -+- = — X — p — Xp + p — X

=> 1 + - + - = -Xp-2X a a r

a + P = and aP = £

l*c-* b-
a

4+-+2 - a

l+£+ b~ <0.
■ a

4 + - + 2 b- 
a

=> 1+- + - < 0 a

=> aP<-l => -<-l => l + £<0. 
a a

(=> 1 +~ a

a
\ 7

b
a

=> V5 = a5 - 5a3b + 5ab2

Hence, a5 + p5 = V5 =a5- 5a3 b + 5ab2.

Example 22 Let a, b, c be real. If ax2 + bx + c = 0hastwo real roots 
c b a and 3, where a < -1 and P > 1, then show that 1 + - + ~ <0

'b
a\ 7

- -4 a
\ 7

< l+£
a

" l + a+ a =“X-p-Xp + X-p

=>!+-+- = -2p-Xp a a

EXAMPLE 23 Let a, b, c be real. If ax2 + bx + c = 0hastwo real roots 
aandp such that a<-2 and P>2, then show that 

c b4 + £ + 2 - <0. a
SOLUTION’ Since a,p are the roots of the equation 
ax2 + bx + c = 0. Therefore, 

h r
a + p = - - and aP = -

c
a

c
a

c
a

b
a

b
a

b
a

b
a

CASE II When p < X: 

In this case, we have 

lu-X| =X-p 
b
a

<-M ak 7
• b

a
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a and 0 is equal to 2 and = 2
4a2-1 

\ 7

2

r = 2=>

2< 0.

= 2=>

< 0

X = -

=> g0 = -

?-2x- = 0or,

[•.• a < 0 - a > - 0]

4u + 5v + 6w = 12

6u + 9w = 4

2-(4-2a0 
1+2 + ap

= 4 + (-X-2)(p + 2)-2(p-X)

= 4 — (pX + 2X + 2|i + 4) — 2|i + 2X

= -pX-4p<0.

Thus, in both the cases, we have

= 4-(4 + 2p + 2X + pX) + 2p-2X

= -2p-2X-pX + 2p-2X = -|xX-4X<0

CASE II When p < X:
In this case, we have

I I = "(P~M
b
a

21X^1)
X + 3

1 - a 
1+0^1+g

b 
P +~ + P - a a

EXAMPLE 24 Let a, b, c be real numbers and ax2 + bx + c = 0 has 
real roots a and 0 such that a > 0. Find the condition on the roots, 

in relation top, thatp2 + ~ + P ~ <0

SOLUTION Sincea, 0 are the roots of ax2 + bx + c = 0. Therefore,

a

=> 16X = -16a2-44
( i4a2 + ll

4

\ 7
Hence, the required equation is 

x2-x (a+ 0) + a0 = O 

4a2 +1?
4

2-(g2 + 02) 
1 + (g + 0) + g0

\ 7

EXAMPLE 26 Let a, b, c, d be real numbers in G.P., if u, v, w satisfy 
the system of equations

u + 2v + 3w = 6

=> p2 + g0 + p | g + 0 | <0 

Now, two cases arise:
CASE I When g + 0 > 0 : 

In this case, we have 
|g + 0 | = g + 0 

p2 + g0 + p | g + 0 | <0 

=> p2 + g0 + p(g + 0) < 0 

=> (p + g) (p + 0) < 0 

=> -0< p < -g 

=> p g (- 0, - g)

CASE II When a + 0 < 0: 
In this case, we have 
| g+0 | = - (g + 0)

/. p2 + g0 + p | g + 0 | <0 

=> p2 + g0-p(g + 0) < 0 

=> (p - g) (p - 0) < 0 
=> g < p < 0
=> p g (g, 0).

fl 1+u v\
and,

20? +10 (a - d)2 x - 9 = 0

4 + ~ + 2 a

, c „ b 4+-+2 - a

then show that the roots of the equations

+ ? + ((b - c)2 + (c - a)2 + (d - b)2)* + m+v+w=0

\ 7
f4? + lf| 

4

EXAMPLE 25 Find a quadratic equation the sum of whose roots 
1 -g 1-0 „f4a2 + 15
1 + 0 1 + g

SOLUTION We have, g + 0 = 2. Let g0 = X.
Now,

V+1<
4a2-l \ 7

4a2+ 15^
4a2-l

2a0-2 = [V + IS'
g0 + 3 ^4a2-l

4a2 + 15>

4a2-1 \ 7
=> X(4a2+15-4a2+ 1) = -4a2 + l-3(4a2 + 15)

-----  ' - .2 _ A A

= 2 ‘

1 - g2 +1 - 02 _ 
(l + p)(l + a) ’

1-0 _ 2(4a2+15)
+ < ■ “ 4a2-1

f4a2 +15^

Ja2-1, 
<4a2 + 15> 

4a2-1

2 - {(a + P)2 - 2afi] = 
1 + (g + 0) + g0

g+0 = - - and g0 = a a

c
a

Now, 

-,2 . c
a
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are reciprocals of each other.

[•.• A + B and 2A are integers]

= (t2 + d2-2ad

x + C •••(*)a =
.2

2X + CA /(x) =

(2X + 1) + C

(X0 = 4 and

Now,

aP = 4]=>

9
10'

[HT1998]

SOLUTION It is given that f (x) = Ax2 + Bx + C is an integer for 
all integer values of x. Therefore,

/(O),/(l)and/(-l)areintgers

=>/(0) = C,/(1) = A + B + C

a, b, c are in G.P.
(b - c)2 + (c - fl)2 + (d- b)‘ 

. = (a-d)2
=> -~x2 + (fl-d)2x + 2 = 0

-5-+-L- 
a-l P-1

= (a-d)2

fl 1
U V

\

=* 9x2-10(fl-d)2x-20 = 0 ...(i)

The equation whose roots are the reciprocals of the roots of 

the above equation is obtained by replacing x by in (i).

Now,

(b-c)2 + (c-fl)2 + (d-b)2

= 2b2 + 2c2 + a2 + d2 - 2bc - 2ca - 2bd

= 2(b2-ac) + 2(c2-bd) + a2 + d2-2bc

a, b, c, d are in G.P.
.-. b2 = flc, c2 = bd and ad = be

111u + v + w = 2and-+-+—=
U V w

[IIT 1999]
SOLUTION Solving the given system of equations, we get

„ 1 2 , 5« = - “, v = - and w = -.
O <3 o

4X2 +

+ -^jx2 + [(b-c)2 + (c-fl)2 + (d-b)2]x + u + v + w = 0

Replacing x by in (i), we get

10 (a-d)2--20 = 0
x2 x

=> 9-10(fl-d)2x-20x2 = 0

=> ZOx2 +10 (a - d)2 x - 9 = 0, which is same as the second 
equation.

Hence, the roots of the two equation are reciprocal of each 
other.
EXAMPLE 27 Let f (x) = Ax2 + Bx + C where A, B, C are real num­
bers. Prove that iff(x) is an integer then the numbers 
2A, A + B and C are all integers. Conversely, prove that if the num­
bers 2A, A + B and Care all integers, thenf (x) is an integer whenever 
x is an integer.

P _ a2-7
1 "a2-4

f2n 4- f
2 \ /

r2m + r 
2 \ /

= (2X +1) (2mA. + m + n + X +1) + C,

which is also an integer.

Hence,/(x) is an integer for all integer values of x.
EXAMPLE 28 A quadratic equation with roots a and P where 
aP = 4, also has the condition

a B <?-7
a-l 3-1 ^-4

For what values of‘a’ does the equation have equal roots.
SOLUTION We have,

'2n + r
2 k y

a P _ a2-? 
a-l + p-l " fl2_4

2ap - (a + P) _ fl2-7 
ap-(a+p) + l " fl2_4

and, /(-1)= A - B + C are integers.

=> A + B = f(V)-C and A - B =/(-1) - C are integers.

=> 2A = /(I)— C +/(-!)-Cisan integer

Hence, A + B =/(l) - C, 2A =/(l) +/(- 1) - 2C and C are 
integers.

Conversely, let the numbers 2A, A + B and C be integers. 
Then, we have to prove that/(x) is an integer for all integer x.

We have,

2B = 2(A + B)-2A 

=> 2B is an integer.

Now, two cases arise:
CASE I When A and B are integers:

In this case,/(x) = Ax2 + Bx + C is an integer for all integer x. 
CASE II When A and B are not integers:

If 2A and 2B are integers but A and B are not integers, then 
. 2m + lD2n + l, 7A = ——— • B = —-— for some m,neZ. 2 2

'2m+ 1'
2 \ /

Let x be an even integer. Then, x = 2X,X e Z.

"2n + r
2 \ /

= 2X2 (2m +1) + (2n +1) X + C , which is an integer.

Let x be an odd integer. Then, x = 2X +1 for some X e Z.

(2X + 1)2 +

'2m + f
2 /
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[Using (i) and (ii)l

[Using (iii) and (iv)]

=>

Py ==>

[Using (v)]=> Py = (vi)

= 0

[Using (v) and (vi)]= 0x +or,

= 0
(i)i

(ii)

and,

(iii)

(iv)

P + Y = - (v)

8 - (a + p) 
4-(a + P) + l

l + Y 
Py ="

SOLUTION 
ax2, + bx + c =

fl
a fl] 

\ /

+ x + — 
b .- + — c

-1 1 => — + —=
a y

EXAMPLE 29 If a root ofax2 + bx + c = 0 is numerically equal but 
opposite in sign of a root ofa} x2+ b1x + c-l=0, then prove that the 
quadratic equation whose roots are the other roots of the two equations 
is

b
a

qp = -
fl

_ °2-7 
a2-4

a2-7
fl2 -4

=* 8 (a2 - 4) - (q + P) (a2 - 4) = 5 (fl2 - 7) - (fl2 - 7) (q + p)

=> 3(q + P) = 3(a2 + 1)

q + p = /? + !

The equation having q, P as its roots is

x2 - x (q + P) + qp = 0

or, x2 - (a2 +1) x + 4 = 0

This equation will have equal roots, if

(fl2 +1)2 -16 = 0

=> a2 +1 = ± 4

=> a2 = 3

=> a = ±

1 1 b => —+ —=—
q P a

and,

^4=
q y

Now,

l + l=a+]3
q P qp

a

b ^i 
C C]

The equation having P and y as its roots is 

x2 - x (p + y) + Py = 0 

(b •
~ + 
a fl] 

b + h. 
C C] 

\ 
x2 1 

or,---- r- + x +---- —
b bi b.bA 
a fl] c ’ C]

EXAMPLE 30 If one root of the equation x2 + ax + b = 0is also a root 
of the equation x2 + mx + n = 0, show that its other root is a root of 
x2 + (2fl - m) x + a2 - am + n = 0.
SOLUTION Let q be a root of the equation x2 + ax + b = 0 which 
is also a root of the equation x2 + mx + n = 0. Let p be the other 
root of the equation x2 + ax + b = 0. Then, 

q + p = -A=>q = -fl-p.

Since q is a root of the equation x2 + mx + n = 0. Therefore,

(- a - P)2 + m (- a - P) + n = 0

=> p2 + 2flP + fl2-flm~mP + n = 0

=> p2 + (2a - m) p + a2 - ma + n = 0

=> P is a root of the equation x2 + (2fl - m) x + fl2-mfl + n=0

x2^ 
a fli

\ J

bi-q + y = —

ci -ay = -
ai

We have to find equation having P and y as its roots. For it 
we require the values of P + y and Py.

Adding (i) and (iii), we get

8 - (q + P) _ 
5-(q + P) "

b. + h b + bi
a fl] c q

Let q, P be the roots of the equation 
0. Then as per the question - q, y are the roots of 

the equation fl] x2 + b] x + C] = 0.

q + p = -

-y + q
qy

21
-C1

Adding these two, we obtain

11 _ _b_^i
P Y " c C]

C C]
\ /
(P + Y)
b bi
C C]
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Let a, P be two real numbers satisfying the following

(a-d) + a + (a + d) = -

or,

A =

(i)

(ii)

11
3

EXAMPLE 35 If A, G and H are respectively the AM., GM. and 
H.M. of three positive numbers a, b and c, then prove that the equation 
whose roots are a, b, c is

d a = -- a

=> pq = r . [..• r = p]

EXAMPLE 33 Find the condition that the roots of the equation 
r’-px2 + qx~r = 0 may be in A.P.
SOLUTION Let the roots of the given equa tion be a - d, a, a + d. 
Then,

x-G3 = 0

=> (a2 + p2) —

SOLUTION We have, 
a + b + c 

3
=> a + b + c = 3 A

G - (abc)1/3

=> abc = G3

=$ a + P + y = p
=> y = p (•_• a + p = 0]

But, Y is a root of the given equation. Therefore,

^-rf + qy-r = 0,
=> f^-p3 + qp~r = 0

1
=> a = p/3

Since a is a root of the given equation. Therefore,
a3 - pa2+ qa-r = 0

3 3
^IL FL+<l^r = Q

27 9 3

=> 2p3-9pq + 27r = Q
This is the required condition.

EXAMPLE 34 Ifx2 + x +1 is a factor of ar1 + bx2 + cx + d, then find 
the real root ofax3 + bx2 + cx + d = 0
SOLUTION x2 + x +1 is a factor of ax3 + bx2 + ex + d. So roots of 
x2 + x +1 = 0 are also the roots of the equation ax3 + bx2 + ex 
+ d = 0. But, x2 + x +1 = 0 has its roots as co and co2. So, two 
imaginary roots of ax3 + bx2 + ex + d = 0 are co and co2. Lef the 
third real root be a. Then,

x3-3Xx2 + 3^-

=5-t

Hence, the real root of ax3 + bx2 + ex + d = 0 is - a

2 , ■> x3 dco. co a = (-1) - a

EXAMPLE 31 
relations:

a2 + p2 = 5,3 (a5 + p5) = 11 (a3 + p3). 
Find the quadratic equation having a and p as its roots. 
SOLUTION We have,

3(a5 + P5) = 11 (a3 + p3)
a5 + p5 _ 11
a3 + p3 " 3

(a3 + p3) (a2 + p2) - a2 p2 (a + p) _ 11
a3 + p3 = 3

a2 p2 (a + p)
(a + P) (a2 + p2 - aP)

*5 «2p2 11
5-aP 3

o^p2
5-aP

1 5-aP 3

=> 3 (aP)2 + 4 (aP) - 20 = 0

=> (aP - 2) (3ap +10) = 0

o 10=>aS = 2,-y

3

Now,
a2 + p2 = 5

=> (a + P)2-2ap = 5

=> (a + p)2 = 5 + 2ap.

WhenaP = 2, we have

(a + P)2 = 5 + 4

=> a + p = ±3
10WhenaP = - —, we have o

(a + P)2 = 5 - y - - i which is not possible as a, P are real.

Hence, the required equation is
?-(a + p)x + aP = 0

x2±3x + 2 = 0.

EXAMPLE 32 If the sum of two roots of the equation 
x3-px2 + qx-r = 0is zero, then prove that pq = r.
SOLUTION Let the roots of the given equation be a, P, Y such 
that a + P = 0. Then,

a + p + Y = -^-
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and,

(iii)

G3 = 0 [Using (i), (ii) and (iii)]

(iv)

=> b-c = 1 + m-d
[Using (i)]

Then,

[Putting Disc > 0]4 + 108y > 0

,..(i) 

•••(ii) 

...(iii)

...(i)

..(ii)

•(iii)

£
3

1 1 1- + r + - a b c
3

bc + ca + ab 
abc

ab + bc + ca 
G3

... m and d are odd integers 
m-d is an even integer

=> m - d +1 is an odd integer
Thus, d and (b - c) are odd integers.
Let a, P, y be three roots of

ax3 + bx2 + ex+ d = 0

1— = 
H
3 

*H =

3— = 
H

a + p+Y = -b 
ap + Py + ya = c 

apY = -d 
If possible, let a, P, y be all integers. 
From (iii), we have

apY = - d and d is an odd integer 

=$ aPY is an odd integer 
=> a, p, y are all odd integers.

From (i) and (ii), we have 
a + P + Y = -band ap + Py + ya - c

=> b - c is an odd integer

3G3
=> ab + bc + ca = —— 

rl

The equation whose roots are a, b and c is

x3 - S3 x2 + S2 x - S3 = 0

or, x3 - (n + b + c) x2 + (ab + be + ca) x - abc = 0

or, x3 - 3/lx2 + ~~ x - 
ri

EXAMPLE 36 The real numbers satisfying the equation 
x3 - x2 + Px + y = 0 are in A.P. Find the intervals in which P and y 
lie. [IIT1996]
SOLUTION It is given that xlz x2, x3 are the roots of the equation 
x3 - x2 + px + y = 0. Therefore,

x1 + x2 + x3 = 1

*lx2 + x2*3 + x3xl = P

and, X] x2 x3 = - y

Also, Xp x2, x3 are in AP. Therefore,

2x2 = Xj+x3

=> 3x2 = Xj + x2 + x3

=> 3x2 = 1

Putting x2 = ~ in (iv) and (iii), we get

2
X] + x3 = - x3 = - 3y 

o
The quadratic equation having xj and x3 as its roots is

x2 - x (xi + x3) + Xi x3 = 0
? 2or, x2--x-3y = 0 

o
or, 3x2 - 2x - 9y = 0

Since X] and x3 are real numbers i.e. the above equation has
real roots. Therefore,

Hence,pe (-«>, 1/3] and ye [-1/27,°°).

example 37 If f (x) = x3 + bx2 + ex + d and f (0),/(-1) are odd 
integers, prove thatf(x) = 0 cannot have all integral roots.
SOLUTION We have,

/(x) = x3 + bx2 + cx + d

=>/(0) = d and/(-l) = -l+b-c + d

Since/(0) and/(-1) are odd integers. Therefore,
dand-1 + b- c + dareodd integers

Now,

-l + b- c + Jisanodd integer,say m.

=> -1+b-c+d = m

[Putting x2 -1 in the given equation^

7 " 27

Since x2 = | is a root of the given equation. Therefore,

=> 9-

2. ±27 + 27 >£
_ 3

1 
=> X2 = -.

lip^-5+§+y = o
+ Y = ^ 

r 27

2 B
r 27 3

27 9

27 3
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(i)

Now,

[Using (i)]

[From (ii), we have b p + c = a2 P2]

[Using (i)]

[•.•acbcc]

l

/(a) - ^a2 + ba + c

-aa2
2

= |(aa2-2aa2)

=> b and c are odd integers
=> b - c is an even integer, which is a contradiction.

Therefore, a, P, y are not all odd integers.
EXAMPLE 38 Let a, b, c be real numbers and a*0. If a is a root of 
i^x2 + bx + c = 0 and P is a root of a2 x2 -bx-c = 0, then prove that 
the equation a2x2 + 2bx + 2c = 0 has a root lying between a and p. 
SOLUTION Since a and p are the roots of the equations 
a2 x2 + bx + c = 0 and a2 x2 - bx - c = 0 respectively. Therefore, 

a2a2 + ba + c = 0 ...(i)
and, a2 P2 - bP - c = 0 ...(ii)

Let/(x) = a2x? + 2bx + 2c.
In order to prove that/(x) = 0 has a root lying between 

a and P, it is sufficient to show that/(a) and/(P) are of op­
posite signs.

Now,
/(a) = a2 a2 + 2ba + 2c

= a2 a2 + 2 (ba + c)
- a2a2- 2a2 a2
= -a2a2

[From (i), we have ba + c = - a2a2]

that there is a root y of the equation ^x2 + bx + c = 0 which lies 

between a and p.
SOLUTION Let/(x) = ^x2 + bx + c.

Since a and p are real roots of equations ax2 + bx + c = 0 and
- ax2 + bx + c = 0 respectively. Therefore, 

aa2 + ba + c = 0 and, - ap2 + bp + c = 0 

and, bp + c = ap2=> ba + c = -aa2

= | (aa2 + 2ba + 2c)

and,
/(P) = a2p2 + 2bp + 2c

= a2 P2 + 2 (bp + c)
= a2p2 + 2a2p2
= 3a2 p2

Clearly,/(a) < 0 and/(p) > 0.
Hence,/(x) = 0 i.e. a2 x2 + 2bx + 2c = 0 has a root lying be­

tween a and p.
EXAMPLE 39 If a, b, c, A, B, Care real number such that a <b<c, 
f(x) = (x - a) (x - b) (x - c) - A2 (x - a) - B2 (x - b) - C2 (x - c), 
then show thatf(x) = 0 has all real roots.
SOLUTION We have,

/ (x) = (x - a) (x - b) (x - c) - A2 (x - a) - B2 (x - b) - C2 (x - c) 

=>/(a) = -B2(a-b)-C2(a-c)

=> /(a) = - [B2 (a - b) + C2 (a — c)] > 0

and,

/(c) = -A2(c-a)-B2(c-b)

=> /(c) = - [A2 (c - a) + B2 (c - b)] < 0 [•.■ a < b < c]

Also,/(x) ->-°oasx->-°° and,/(x) -> <» as x -» °°.
Thus,/(x) changes its signs from positive to negative or 

negative to positive in the intervals : (- «>, a), (a, c) and (c, °°). 
Hence,/(x) = 0 has three real roots.
EXAMPLE 40 If a is a real root of the quadratic equation 
ax2 + bx + c = 0 and p is a real root of- ax2 + bx + c = 0, then show

a + p + y + 8 = 2 ...(i)
(a + P) (y + 8) + aP + y8 = 4 ...(ii)
(a + p) y8 + (y + 8) aP = - 6 ...(iii)

aPy8 = - 21 ...(iv)
It is given that two roots of the biquadratic are equal in 

magnitude but opposite in sign. Therefore, let a + P = 0.

and,

/(p) = |p2+tp + c

= j(flp2+ap+2c)

= |(«P2 + 2flp2)

= l»p2
■ ■ /(a)/(P) = -pa2P2<0

=> /(a) and/(p) are of opposite signs
=> There is y lying between a and p such that/ (y) = 0.

Hence, y is a root of x2 + bx + c = 0, where y lies between 

a and p.
EXAMPLE 41 Solve the equation x4 - 2X3 + 4X2 + 6x - 21 = 0, if it 
is given that two of its roots are equal in magnitude but opposite in 
sign.
SOLUTION Let a, P, y, 8 be the roots of the given biquadratic. 
Then,
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From(i), we have
Y + 5 = 2 [■.•a+p = 0] ,2

(v)

P

SA

=>

= l±n/6

=>

1 >=>

0 <=>

Now,

■(i)
P

Pi

,\2

?)
1-

-nn

> -2
n

=> S„ =attain the minimum value -2 when n

-»0 as n -+
P

A""1
, show that

• -n

...(ii)

> Vap"

/ x2

are the roots of the equation

- > <$

fa+pf
a-p\ J

SOLUTION Since a and P
x2 - 2px + pq = 0

a + P = 2p and aP = pq.

Now,

4ap 
(a + P)2

aW

fa
(p,

M”W 
iCa) 

I pj

faf w
'af w

=> X =

1w
(q\nS- + n

1__

M

a)"

X2-X + l = 0
Clearly, roots of this equation are - w and - w‘

EXAMPLE 43 Let aandp be the roots of x2-2px+pq=0

(p>0,q>0). IfSn = l+23- + 3 5 + ...+ «

aP
a + pf

2\ /
We know that:

AM > GM
a + p

2

P p2

S„ = l + 2^ + 3 + ... + «Now, 
a £
P3 a3
_ a4 + P4

(aP)3
_ (a + p)4 - 4ap (a 4- P)2 + 2a2 p2

(aP)3
= 16fl4-8fl2 + 2

4aP 
(a+P)2 

*<1. 
P

Thus, -^ +A
P3 a3

1 n- 2 1-pQj.e.a = ^.

2 1Putting fl = - in the given equation, we obtain

- 
P

=> S„(l-a'| =
I pj

p I
far 
W 
TaiW
/ \«

Wuf
i pj

Since 0<^<l. Therefore, W

P

( i

P P fPj
Subtracting (ii) from (i), we get

S-fl-2) = l + 2 + M +...+I2
1 pj ”

From (iii), we have
ap + Y8 = 4

From (iv), we have
O.Y8 + 2xap = - 6 [•«• a + P = 0 and y + 8 = 2]

=> aP = - 3
Putting ap = - 3 in (v), we get

Y8 = 7.
The equation having a, p as its roots is
x2 - x (a + p) + ap = 0

=>x2-3 = 0
=> x = ± V3-

The equation having Y, 8 as its roots is
x2-(y + 8)x+y8 = 0

?-2x + 7 = 0
2±V4-28 

2
Thus, the roots of the biquadratic are ± 1 ± v/6.

EXAMPLE 42 Let a be a real number and a and P the roots of 
oc BX4 - 2a x + 1 = 0. Show that -r + attains a minimum value. Find
P3 a3

the minimum value and the roots for which it has attained.
SOLUTION Since a, p are the roots of the equation 
x2 - 2ax +1 = 0. Therefore,

a + P = 2a2 and aP = 1.

= 16 fl2-^ -2

=>■£-+£
P3 a3

(a + P)‘
4

V 7

1-
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1-

S„ < lim S„ => SM <

(i)
Now,

(ii)

...(iv)

(v)

(vi)

=>

(vii)

.(viii)

m
I

Hence, lim Sn =

p'l w 7

^c-b2 
a2

a.
=> —

fa+py 
g-p

\ /

and, g4 + p4 = —p, a4 P4 = y.

=* (g2 + p2)2 - 2a2 P2 = —~

4 o4 ~m a* + P = —

o «“1 + P1+Y1 = 2 

b 
«1 31 + 31 Yi + Yi «i = 2

«1 31Y1 = 2 v = 0

^2
=3 -y is a root of the equation a2! x2 - 4acl x + 2c21 + a2m = 0. 

a

=> | 5 2W 
0

=> b > 6 (22/3)
From (vii) and (viii), we obtain

a+py 
g-P

* (cii 3i Yi)2/3

* («1 PiYi)1/3

fa + P>' 
g-P 

\

b2 Also, -x > 0.
a

Thus, the equation a^x2 - 4acl x + 2c2/ + a2 m = 0 has a posi­
tive real root.

Let y be the other root of this equation. Then,

b2 4acl
Y + 2 ~ 2j a al

4c b2 
=> Y =-----t =a a2

i l(aiPi)(PiYi)ftiai)l1/3

Y• -2? = -

1

Mi pj
1
4gp

(a + P)2,
Since Si < S2 < S3 <... S„ <... Therefore,

a
j

-4Kh|+2H

g + p = —, gp = - a a

2c'

a2~

W'
f 2 A2

a21 ~x -4ac/|| + 2c2/ + fl2m = 0

n->~ v . ,

EXAMPLE 44 If 2X3 + ax2 + bx + 4 = 0 (a and b are positive real 
numbers) has 3 real roots, then prove that a + b > 12 (21/3) 
SOLUTION Let g, p, y be the roots of the given equation. Then,

g + p + Y = -y

L 

gP + Py + Ya = y
and, gpy = - 2

Since all the coefficients of the given equation are positive, 
so its all roots are negative.

Letg = -g1, p = - P] and y = - Yi • Therefore, from (i), (ii) and 
(iii), we obtain

=> {(g + P)2-2gp)2-2g2p2 = --y

a + b = 6(21/3 + 22/3)

=> a + b > 6(2I/3 + 21/3)

=> a + b > 12 (21/3)

EXAMPLE 45 If a and p are roots of the equation ax2+ bx + c = 0 
and g4 and p4 are the roots of the equation Ix2 + mx + n = Q, then 
prove that the roots of the equation a2 lx2- 4aclx + 2c2/ + a2^ - 0 
are always real and opposite in sign (g, P are real and distinct).
SOLUTION It is given that gandp are the roots of 
ax2 + bx + c = 0 and g4, p4 are the roots of lx2 + mx + n = 0. 
Therefore,

and,

Now,
A.M>G.M.

cti + Pi+Yi
3

=> { > 21/3
0

=* a > 6 (21/3)
Again, 
A.M. G.M.

■13i + 3i Yi+Yi 04
3

“1 Pi + 3i Yi +Yi <*1
* 3

.2,

/

(c\

A“)
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i4

=>

...(ii)
[Using (i)]— c

(iii)

(iv)

ctlt be the roots of the given equation.=>

[Using (i) and (iv)] 1

and,

> (apy8)3/6

[Using (ii) and (iv)]
2(n -1) flj - 2na2

>
■

and so on.
Now,

n
= („-!) £a,2-2 

1=1

=> afty5 = 1
Now,

AM > GM
a+P+y+S

4

=> £(a/-a;)2<0
1 S i < j S n

[•_• ax + bx + c = 0 has real roots] 
roots of the equation 

[m = 0 are always real and opposite in

> (apy8)1/4

E a:ai 
l<i<jin

ap (y + 8) + (a + P) y 8 
4oPy8

n
= (n-1) £a/2 + 2£a;a/

i = 1 1 < i < j £ n

( i Y/4 
apy8

\ // 2 y/4 
aPyS

\ 7

=> 7>1 => c>4.4
Hence, the minimum values of a, b, c are 4,6,4 respectively. 

EXAMPLE 47 If a and p are the roots ofx2 + px + q = 0 and a4, p4 
are the roots of x2-rx + s = 0, then prove that the equation 
x2 - 4qx + 2q2-r = 0has real roots.
SOLUTION Since a, P are the roots of x2' + px + q = 0 and 
a4, p4 are the roots of x2 - rx + s = 0. Therefore,

=> - > 14
=> a > 4

ap + y8 + (a+P)(y + 8)
6

=* 6"1

=> b > 6 
and,

the roots of the equation 
..+o„ = 0 cannot be all real if

= E (a,-ap2
1 < i < j < n 

(n-l)a12-2na2<0

a+p = -p, aP = q
a4 + P4 = r and a4 p4 = s.

Now,
a4 + p4 = r

=> (a2 + P2)2 - 2 a2 p2 = r
=> [(a + p)2 - 2aP)2 - 2 (ap)2 = r

(p2-2q)2-2q2 = r
=> (p2)2 - 4p2q + 2q2 - r = 0
=> p2 is a root of the equation x2 - 4qx + 2q2 - r = 0.

Let D be the discriminant of the above equation. Then,
D = 16q2-4(2q2-r)

= 8q2 + 4r
= 4 (2q2 + r)
= 4(p2-2q)2 

=> D > 0.
Hence, the roots of the equation x2 -4qx + 2q2-r=G are 

real.
EXAMPLE 48 Show that 
x" + a1 x" "1 + fl2 x” " 2 +.
(n -1) a2 -2na2< 0.
SOLUTION Let 04,02,....
Then,

04 + cq +... + afI = -a

• £ a,a;. = fl2
1<i<j<n

=> y < 0
Hence, the 

a2l x2 - 4aclx + 2c2/ + a2;
sign.
EXAMPLE 46 Find out minimum non-negative real values of a, b 
and c for which x4 + ax3 + bx2 + ex +1 = 0 have only real roots.
SOLUTION Since a, b, c are non-negative real numbers. So, all 
roots of the given equation will be negative. Let its roots be 
Op Pp Yj and 8r Then,

O! = - a, Pj = - p, y3 = - y, 81 = - 8, where a, P, y, 8 > 0.
Now,

aj + Pi+Yi+81 = -a
=> a + p + y + 8 = a

(Oi + p0 (y1 + 8^ + cq pj + y2 8! = b
=> (a + p)(Y + 8) + aP + y8 = b

ai MYi + SiHYi5! (aj + pj) =
ap (y + 8) + y8 (a + p) = c
aiPiYiS] = 1

= (n-l)(aj + a2 + ... + a,,)2-2n£afay
1 5 i < j S n1111

a P Y 8 >
4
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or,

=>

[Using (i)]

= D

(i)

...(ii)

(iii)

[•«• aP +1 = 0 (given) => ap = -1]and, (iv)

=>

1
2

Putting (a + P) = 0 in (i), we get

Y + 8 = 2.

Putting a + P = 0 and y + 6 = 2 in (iii), we get

...(i) 
•■•(ii) 
..(iii)

=> (x-3)(x+l) = 0

=> x = 3,-1.

[Using (iii)]
Substituting these values in (iv), we obtain the required 

equation as

x3 + 4qx-8r = 0.
EXAMPLE 50 If the sum of two roots, of the equation 
4x4 - 8X3 - 13X2 + 2x + 3 = 0 is zero, find all of its roots.
SOLUTION Let a, P, y, 8 be the roots of the given equation such 
thata + p = O. Then, 

a + p + y + 8 = 2

The equation having y, 8 as its roots is 

x2-x(Y + 8)+y8 = 0

=> x2-2x-3 = 0

This cannot be possible if 04, (*2,..., arI are real.
Hence, the roots of the given equation cannot be all real if 

(M-l)fll2-2na2 <0.

EXAMPLE 49 If a, b, c are the roots of the equation x3 + qx + r = 0 
form an equation whose roots area + b + c,a~b + c and b + c-a. 
SOLUTION Since a,b,c are the roots of the equation 
x3 + qx + r = 0. Therefore,

a + b + c = 0 ...(i)
ab + bc + ca = q ...(ii)

and, abc = -r ...(iii)
Let a] = a + b - c, Pi = a - b + c and Yi = b + c - a. Then the

cubic equation having «i, Pi, Yi as its roots is

? - ? (04 + Pj + Y1) + (Oj 3; + Pj Yj + y, ocj) x - a

-13
(a + p)(y + 8) + ap + y8 =

a p (y + 8) + (a + p) y 8 = — =

Q. E 3 aPy8 = -

ap = -l

Putting aP = - ^ in (iv), we get 
Tt

y8 = - 3.
The equation having a, P as its roots is

x2 - x (a + P) + aP = 0

x2-" = 0
4

Now,

«1 + Pi + Yi = (« + b - c) + (a - b + c) + (b + c - a)

= a + b + c = 0 [Using (i)]
ai Pi + Pi Yi + Yi cq

= (a + b - c) (b + c - a) + (b + c - a) (c + a - b) + (c + a - b) (a + b - c) 
= (- 2c) (- 2d) + (- 2a) (- 2b) + (- 2b) (- 2c) [Using (i)]
= 4 (ab + be + ca) = 4q 
and,

al 31 Yi

= (a + b-c) (b + c-a) (c + a-b)
= (-2c)(-2a)(-2b)
= - &?bc.
= 8r

■1 31Y1 - 0

•••(iv)

Hence, the roots of the given equation are: -1, - y |, 3.

EXAMPLE 51 Let r,s,t,u be the roots of the equation 
x4 + /4x3 + Bx2 + Cx + D = 0. Prove that, if rs = tu, then 
A2D = C2.

SOLUTION We have, 
r+s+t+u = -A

(r + s)(t + u) + rs + tu = B 
rs(t + u) + tu(r + s) = - C

and, rstu = D.
We have, rs = tu. Therefore, from (iii) and (iv), we get 
rs(r + s + t + u) = -C and (rs)2 = D

=> rs(- A) = - C and (rs)2 = D

A 
\ 7

=> C2 = A2 D.

EXAMPLE 52 Let aasdp be two real roots of the equation 
x3+px2 + qx + r = 0 satisfying the relation aP +1 = 0. Prove that

SOLUTION Let 8 be the third root of the given equation. Then, 
aP8 = - r 

=> -8 = -r 

=> 8 = r
Since 8 is a root of the given equation. Therefore, 

83 + p82 + q8 + r = 0 

r3 + pr + qr + r = 0
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=>
=>

•(i)ae

> 1
n

r = l > 1=>

,2. = lOn2
[■.. x2>x1/.x2-x1>0](ii)> 1=>

= 0=>

= 0=> .(iii)

From (ii), we have
a + (a + l) = -n and a(a + l) =

> 1

=> a = -
x2 - X] > Xj x2

=3
fl-1

a

n
E (x + r-l)(x + r) = 10 n 

r=l

has solutions a and a + Ifor some a.
SOLUTION We have,

n
E (x + r -1) (x + r) = lOn

r=l
n
E [x2 + (2r-1)x + r2-r] = lOn

r = l

n
nJ + E (2r-l) x + E (Mr) = lOn 

r = l

Now two cases arise:
CASE I When X] x2 > 0:

In this case, we have

*2~*1

I *1 *2 I

*2

nx2 + n2x +

I *2~*1 I
I *1*2 I

W
2

X

Ml)2
4

*2~*1 

*1*2

1

EXAMPLE 53 Show that x3 + 2X2 + x + 5 = 0 has only one real root 
a such that [a] = - 3.
SOLUTION Let/(x) = x3 + 2x2 + x + 5. Then,

/(- 2) = 3 and/(-3) = -7

/(-2)/(3) <0

=> / (x) has an odd number of real roots between - 2 and - 3.
But, if the given equation has an odd number of real roots 

between - 2 and - 3, then their product will be less than - 8. 
However, the product of the roots is - 5. So, there is exactly one 
real root between - 3 and - 2. Let it be a. Then, 

-3<a<-2=>[a] = -3.
EXAMPLE 54 Find the value of positive integer n for which the 
equation

2

> o

=> (x2 + xf)2 “4x^2 - (Xj x2)2 > 0

2 .”2~31
X-+MX+ 3

This equation has two roots a and a +1.
^2-31

3

n (n +1) (2n +1) n(n + l) 
6

=> nx2 + n2x + |n(n2-l) - lOn

?"4

(ft2-31) 
3

and a2 + a =

n2-31 
3

n2-31 
3

xI x2 > 0 => >0 => a g (- oo, 0) u (1, °°)

/

2 
\ /

=> 3(n + l)2-£(n +1) = 4(n2-31)
=> n2 = 121
=> n = 11.

=>(*2-*l)2 > (*i *2)2

EXAMPLE 55 For what values of ae R does the equation 
flx2 + x + «- l= 0 possess two distinct roots Xj and x2 satisfying the

condition — - — > 1 ?
*1 *2

SOLUTION Since x} and x2 are the roots of the equation 
flx2 + x + a-l = 0. Therefore,

, 1 j fl-1
Xj+x^-’and, XiX2 = —.

For the roots to be distinct, we must have
Discriminant > 0

=> l-4fl(fl-l) > 0

4fl2 - 4fl - 1 < 0

(2a-1)2-2 < 0
(2fl-l-^)(2a-l+>/2)<0
1-V2 1+V2—-—: < a< —-—2 2
Thus, the roots are real and distinct, if

Without any loss of generality, let us assume that x2 > xj.
Now,

a

nx2 + n2 x + n
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= 0

=3

(iv)

(v)

= -3

(vi)

= -3.

[•.•-x1x2>0]

= -1.

(vii)
= -3.

(viii)

^-3 sin

(i)

= 3:

=> tanQ =

=> tanQ =
* 3.

=> tanQ =

= 0: Since tan 0 e R. Therefore,

EXAMPLE 56 Find 
it

X~6

In this case, the given equation reduces to

?-3 = 0 => x = ±<T
When* = V3, we have,

1t rr It 1t r . ( It 
7 = V3-7<t=> sm x-7 6 6 2 6

It n => -n<x-~ < 0 6
. ( It => sin x - - 6 L x

x = - V3 is not a solution.

/ n'l
CASE III When 3 sin x-~ --------  6 

u X /J

In this case, the given equation reduces to 

?-3 = -3 => x = 0

n= sin — 76

tion.
SOLUTION The given equation can be written as

x2-3 = 3 sin x-7]
6 

L X /-J
Clearly, right hand side can take only three values - 3,0,3.

CASE1 When 3 sinfx-7 
I 61

In this case, equation (i) reduces to

x2-3 = 3 => x = ±<6.

But, for x = ±^, we have

. ( it 
3 sin x-- 

0

So, x = ± x'6" is not a solution of the given equation, 
r f reCASEII When 3 sin x-7

6 L \

= 3|sinf± <6-7
6

L X

=> ae (0,6/5)

From a (i) and (iii), we obtain 

a e (1,6/5)

CASE II When X] x2 < 0 : 
In this case, we have

xt x2 < 0 => < 0 => a e (0,1)

From (ii), we have

^>>1

=> (X2-Xj) > (-XiX2)

=> (X2-Xj)2 > (-XjX2)2

=> (x2 + x02 - 4x] X2 - X2 x22 > 0

=> a 6 (0,6/5) [Proceed as in case I]
From (i), (v) and (vi), we get 

a e (0,1) 
From (v) and (viii), we get

ae (0,1) u (1,6/5). 
.. the solutions

= 3, where [■] denotes the greatest integer func-

=> 1 — (a — 1) — (« — l)2 > 0

=> 1 - 4a2 + 4a - a2 + 2a -1 > 0

=> -5a2 + 6a > 0

=> (5a-6) a < 0

0 < a < 7
5

X 6 ’ 6'2 ’

x = VTis a solution. 
Whenx = we have

6 6

Whenx = 0, we have

• ( sm x-7
6 

L X 
r r

=> 3 sm x-7 o

So, x = 0 is a solution of the given equation.

Hence, the given equation has only two solutions 
x = 0,V3.

of the equation example 57 If a and 0 are roots of ax2 + (a -1) x +1 = 0 such 
that acos0-0sin0 = sin0-cos0, then prove that 
aE (-co,-3-2V2)u(3 + 2\/2,«).
SOLUTION Since a and 0 are roots of ax2 + (a -1) x +1 = 0. 
Therefore,

a = (1 -a) + ^(a - 1)2-4a

and, 0 = (1 - a) - ^(a-1)2-4a

Now, a cos 0 - 0 sin 0 = sin 0 - cos 0

=» (a + l)cos0 = (0 + l)sin0

a + 1 
0 + 1

2-a + V(a-l)2-4n
2-a-^(a-1)2-4a

2-a + ^a2 - 6a + 1

2-a-^a2-6a + 1

n
6

7t
6

. 2 
1
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1 1

p a

5. Prove that

P a

13. If one root of x2 + px + q = 0 be the square of the other, then 
prove that p3 + t/2 + q = 3pq.
14. If the ratio of the roots of the equation a} x2 + b1 x + q = 0 
be equal to the ratio of the roots of a2 x2 + b2 x + c2 = 0, then 
prove that

fli C1 
fl2 ^2

■

I

(r + 1)2 = b^ 
r ac

EXERCISE 20.2

1 . = - isc

=> (a-(3 + 2>/2)} (a-(3-2V2)|>0 
=* a < 3-2V2 or a > 3 + 2<2
=> ae (-~,3-2V2)u(3 + 2^2,~)

X2 X2 
-| + -4+-2 = 4

71+ I'j2 
n -1 
. /

17. If a, P are the roots of the equation X(x2-x) + x + 5 = 0 
and if Xlz X2 are the two values of X obtained from the relation 

o -r - 7, show thatP a 5 -

? + ^ = |/ then find .
P a 3 y X? ’ Xi

16. If a, p are the roots of the equation x + 1 = X x (1 - Xx) and 
Xv X2 be two values of X determined from the equation 
ex B7 + - 7i - 2, show that

w
15. If a, P be the roots of the equation X (x2 - x) + 2x + 3 = 0 and 
Xj, \ be the two values of X for which a and p are connected 
by the relation

2 - a + ^a2 - 6n +1 n 
---------- u € R
2-a- yer - 6a +1

=> a2-6a + l > 0

X-l Xn
4 + 4 = 4048
*2 x*

18. If sin a and cos a are roots of the equation px2 + qx + r=0, 
then prove that p2 - q2 + 2pr = 0
19. Find the values of the parameter a 10 for which one of the 
roots of equation x2 - x + 3a = 0 is double of one of the roots of 
the equation x2 - x + a = 0.
20. If a, 3 be the roots of x2 - 9x + A = 0 and yz 8 are the roots 
of x2 - 36x + B = 0 and if a, P, y, 8 form an increasing G.P., find 
the equation whose roots are A and B.
21. If a, P are the roots of the equation 6X2 - 6x +1 = 0, then 
prove that

|(p + ^a + ra2 + sa3) + |(p + t/p + rp2 + sp3) = ^ + |+^+|

22. If a, P be the roots of the equation X2 (x2 - x) + 2X x+3=0 
and Xjz X2 be two values of X for which a and P are connected

(x B 4by the relation — + then find the equation whose roots

are -r— and -r—.
^2

1. If the sum of the roots of the equation-----+---- rn x + a x+b
• 1 9 9zero, prove that the product of the roots is - - (a + b ).

2. Find the value of 'a' for which the roots a, P of the equation 
x2 - 6x + a = 0 satisfy the relation 3a + 2P = 20.

If the roots of the equation x2 - lx + m = 0 differ by unity, 
then prove that I = 4m +1.
4. If one root of the equation (/ - iri) x2 + lx +1 = 0 is double 
the other and I is real, find the greatest value of m.

b2 ~ 4ac---- j— is invariant for the family of equations
a

ax2 + bx + c = 0 for which the difference of the roots is a con­
stant.
6. If the ratio of the roots ofox2 + bx + c = 0is invariant, then 
prove that b2: ac is also invariant.
7. Show that the A.M. of the roots of x2 - Tax + b2 = 0 is equal 
to the GM of the roots of the equation x2 - Tbx + a2 = Q and 
vice-versa.
8. If a, b, care in GP, find the ratio of the roots of the equation + = 
ax2 + bx + c = 0.
9. Let av 0^ and plz p2 be the roots of ax2 + bx + c = 0 and 
px2 + qx + r = Q respectively. If the system of equations 
Oj y + a2 z = 0 and P-j y + p2 z = Ohas a non-trivial solution, then

, b2 ac prove that = —.

10. Find the value of k for which the roots a, p of the equation 
5x2 + (2k + l)x + k- 2 = 0 satisfy the relation 2a + 5P = 1.
11. If the difference of the roots of x2 + 2px + q = 0 
and x2 + Tqx + p = 0 be equal, prove that p + q +1 = 0, where

12. If the ratio of the roots of the equation ax2 + bx + c = 0 is r, 
then prove that
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+ pqn and hence'2n + l

/(a)/(P) =

19. -2
= 0

42. 9
27. ~p7 + 7p5q - 14p3ty2 + 7pq3

56

x2+px + r = 0, prove that
(a-y)(a-8) = (P-Y)(P-S) = q + r

HINTS TO SELECTED PROBLEMS
Now, sin2 a + cos2 a = (sin a + cos a)2 - 2 sin a cos a

40. If /(x)=fl1x2 + d1 
ay2 + bx + c = 0.

Prove that

41. 0,-1,-3,-4
45. 6,3,2

43. If the roots of x3 - ax2 + x - b = 0 are in HP, show that the 
mean root is 3b.
44. If two roots of the equation x3 + ax2 + bx + c = 0 be equal in 
magnitude and of opposite signs, show that ab = c.
45. Solvetheequationx3- llx2 + 36x-36 = 0,ifitsrootsareinHP.
46. If the roots of the equation x3 + ax2 + bx + c = 0 are in G.P. 
prove that cPc = b3.

ANSWERS
28. 8x34-4ax2(14-x)-(14-a)(14-x)3 = 0
29. 5a 4-4b = 0 or 4a 4-5b = 0
30. x2-3x + 2 = 0

31. x2-

9
8. CD,(D

18. We have, sin a + cos a = - ^ and sin cos a = -
P P

(q a - caj2 - (ab} - b) (bcx - b{ c) 
a2

41. Find all integral values of a for which 
(a + 2)x2 + 2(a + l)x + « = 0 will have both roots integers.
42. If the roots of lOx3 - ex2 - 54x - 27 = 0 are in HP, find c.

34. Ifaand 0 be the roots of x2 + px +1 = 0 and y,5be those of 
x2 + qx +1 = 0, prove that

(a - y) (0 - y) (a + 5) (p + 8) = q*-f.
35. If the roots of the equation ax2 + bx + c = 0 are of the form
—- and prove that (a + b 4- c)2 = b2 - 4ac.

36. If the sum of the roots of the equation ax2 + bx + c = 0 is 
equal to the sum of the squares of their reciprocals, then show 
that be2, ca2, ab2 are in AP.
37. If a, b, c are integers and ax2 + bx + c = 0 has an irrational 
root. Prove that |/(X)|>-^, where X = and 

f(x) = ax2 + bx + c.
38. If a, P and y are the roots of x3 + qx + r = 0, then find 
X (a - p)2 in terms of q and r.
39. If a, P be the roots of the equation (x - a) (x - b) 4- c = 0, 
c/0, then find the roots of the equation 
(x - c - a) (x - c - P) = c in terms of a, b and c.

x + Ci and a, P are the roots of

7 7bm b nl + m ac- 4acnl
alX+ a2l2

32. 2 [p2 4-p'2 - 2/y - 2/f - pp']

23. If a, p are the roots of the equation x2 - px + q = 0, then find 
the equation whose roots are (a2-p2) (a3-p3) and 
a3 p2 + a2 p3.
24. If the roots of the equation x2 - ax + b = 0 are real and differ

a2 -1 a2 by a quantity less than unity, prove that —-— < b < —.

25. If a, P, y be the roots of2x3 + x2-7 = 0 then find the value 
ofE^ + ^l

Ip al
26. If a, p are the roots of ax2 + bx + c = 0 and Sn = a" + P”, 
prove that«Sn + 1 + bS„ + cSn_1=0 and hence find S4.
27. The roots of the equation x2 + px + q = 0 are a and p. If 
$„ = a” + p", prove that

(i)S2„ = S„2-V (ii)S;
find S7.
28. If 1, a p are the roots of x3 + ax2 -1 - a = 0, find the equation
whose roots are 1, , 7-^77.

2-a 2-p
29. Find the condition that one root of the equation
(a + b) (ax + b) (a - bx) = (a2x - b2) (a + bx), ab * 0 
is the twice the other.
30. If a, P are the roots of the equation x2 - 2x + 3 = 0. Deter­
mine the equation whose roots are a3 - 3a2 + 5a-2 and 
p2-p2+p+5.
31. If a, P be the roots of ax2 + bx + c = 0 and y, 8 those of
lx2 + mx + n = 0, then find the equation whose roots are 
ocy+pSand aS + Py. ?
32. If a, P be the roots of x2 - px + q = 0 and a', P' be those of 
x2 - p'x + q' = 0, find the value of

(a - a')2 + (P - a')2 + (a - P')2 + (P - P')2

33. If a, P be the roots of x2 + px - q = 0 and y, 8 be those of

1 -16 4. |
o

10. -4 or I 15. 7
0

20. x2-306x + 5184 = 0 22. 3X2 4- 68x -18 = 0
23. x2-x(p4-5p2q + 5q2)p + p2q2(p4-5p2q + 4q2) = 0
25.-3 26. (b4-4ab2c4-2c2a2)

a4
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3a = -=>1

-27fl3-54fl2-flc + 10 = 0.

— □□□ —

The common root is given by

,2 and a ==>

ILLUSTRATIVE EXAMPLES

[••• a2 = (a)2]
[•■• «2=(a)2l

,2

a 
-5 + 8

4Ar +15 
k + 6

4^ + 15 
k + 6

=> a (a3 + b3 + c3 - 3abc) = 0

2=> a = —
3

and,

Solving these two equations, we get 

q2

flft-C2

ci&1

EXAMPLE 1 Find the value of k, so that the equations 
2x2 + kx-5 = 0 and x2 - 3x - 4 = 0 have one root in common.
SOLUTION Let a be the common root of the two equations. 
Then,

EXAMPLE 2 If ax2 + bx + c = 0 and bx2 + cx + a = 0, a*0,b#0
Q Q  

have a common root, prove that a +b +c = 3abc.
SOLUTION Let a be the common root of the two equations.
Then,

bj (?2 — &2 ^1 

*1 b2-a2b1

blc2~b2ci

2 b1c2~ b2 C1 
a =—r------ r-A] b2 “ a2 b1

Eliminating q, we get
\2

C1 a2 ~ c2 a1 
^1 b2 - a2 b^

be-a2 
ac-b2

NOTE Sometimes, to find the common root of two equations, make 
the coefficient of second degree terms in two equations equal and 
subtract. The value ofx so obtained is the required common root.

If the two equations have both roots common, then wehave

-54'
-27

Since 'a' is a root of the equation

- 27x3 - 54x2 - ex +10 = 0

«q2 + ba + c = 0 

ba2 + ca + a = 0

bi c2 ~ b2 C1 
or, q =------------

ci a2 ~ c2 fli

q 
be-a2

1 
ac-b2

=> q2 = , -3and q = ;—- k + 6

2a2 + ka-5 = 0 

q2-3q-4 = 0 

Solving these two equations, we get 
q2 q 1

-4k-15 " -5 + 8 " -6-k

ab-c2
ac-b2

=> (bj c2 - b2 cp (flj b2 - a2 bj = (c} a2 - c2 aj2

This is the required condition for the two equations to have 
a common root.

C1 fl2 - C2 flj

Ci a2 — c2 a-t 
q =—;-------- r~fll b2 ~ a2 b1

fl _ _ _ _
Z?2 ^2 ^2

k + 6

(4k +15)(k+ 6) = 9

2^2 
be-a
ac-b2\ /

=> (flb - c2) (fle - b2) = (be - a2)'=> 4^ + 39)1 + 81 = 0
27=> k = -3 or, k = -—.

_ i. _2l
p2 ?

42. If the roots of the given equation are in HP, then roots of 
the equation

- 27a3 - 54x2 - ex +10 = 0 are in AP.
Let the roots be, a-d,a and a + d. Then,

2 ab-c2 , 
q =-------z and a =

ac-b2

20.9 COMMON ROOTS
Let x2 + bj x + Cj = 0 and a2 x2 + b2 x + c2 = 0 be two quadratic 
equations such that apa2^0 and alb2^a2b1. Let a be the 
common root of these two equations. Then,

A] q2 + b] q + Gj = 0

and, «2 q2 + b2 q + C2 = 0

Solving these two equations by cross-multiplication, we get 
ex2 q _ 1

~ ~ a-lb2-a2bl

Ci a2 — c2 flj

fli b2 - fl2 bj

i “2
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[•/ «*0]

in AP and the equations

=>

ex+f = 0. Therefore,

=>

and a = =>

[Dividing both sides by c]=>
>2

[... b2 = ac]
2

=>

2 u2

(i)

in AP. Let D be the common

=> a =

=>

=>

SOLUTION 
Then,

c 
a

21
[a2

cI a2 ~ c2 fl] 
2 (fl| b2-a2 b-f)

a
Cj ^2 ^2

1
2 (flI b2-a2 bp

'a2
2 (bj c2 - b2 c-j)

=$(? + $ + (?-3 abc = 0

=> fl3 + b3 + c3 = 3abc.

d--2e a

b2/

pl

Now,

a2 = (a):

bflph
4 &2 ^2

c2 ” ^2

/?2 “ ^2

=> fl2z c2 are OP­
EXAMPLE 4 If a, b, c are in G.P., then prove that the equations 
ax2 + 2bx + c = 0 and dx2 + 2ex+f = 0 have a common root if 
def-,-,Larein A.P.
a b c

M fif— — (C2 fl2) c a 
b2J ^c2 a2j

( \2a±
a2

ci a2 ~ c2 fli
2 (a j b2 — a2 b^

=> 4 (b| c2 - b2 Cj) (fl] b2 -

=> a2 =

c? j

^r2
ci

5c22= «22

<22c22(2D)2

b] C] 
example 3 If —, 7-, — are ' a2 b2 c2
fl]!2 + 2b] x + q = 0 and a2x2 + 2b2x + c2 = 0 have a common root, 
prove that a2, b2, c2 are in G.P.
SOLUTION It is given that the equations fl] x2 + 2b} x + a = 0 and 

fl2 x2 + 2b2 x + c2 = 0 have a common root. So, let a be the com­
mon root. Then,

fl] a2 + 2b] a +C] - 0

and, a2 a2 + 2b2 a + c2 = 0

2 
n2 ^1) = a2 ~ ^2

SOLUTION Since a, b c are in G.P. Therefore, 
b2 = ac.

Now, ax2 + 2bx + c = 0

=> ax2 + 2 fac x + c = 0
('lax + Vcp" = 0

X = —7— 
Vfl

Thus, both the roots of ax2 + 2bx + c = 0 are equal and equal 

to-V^ 
fl

Since dx? + 2ex +f = 0 and ax2 + 2bx + c = 0 have a com- 
r——

mon root. So, the common root must be -

Now, - is a root of dx2 + 2 
fl 

^+f = 0 
a 

de , _ x[c— +f = 2e V- 
a ' a
-+^ = 2c 
a c ac
d f 2e
a + c~ b

d e f . . nare m A.P.
a b c

EXAMPLE 5 If ax? + bx + c = 0 and bx2 + ex + a = 0 have a com­
mon root in common, find the relation between a, b and c.

Let a be the common root of the two equations.

aa2 + ba + c = 0

and, ba2 + ca + fl = 0
Solving these equations by cross-multiplication, we get

a2 _ a _ I
flb - c2 cb - fl2 ac - b2

ab-c2 cb-c?
* ------ z or, q =------ 5

cb -a ac- b

ab-c2 _ cb-a2
cb-a2 ac- b2

=> (cb - fl2)2 = (flb - c2) (ac - b2)

a(a3 + b3 + (?-3abe) = 0

=> a = 0 or, a3 + b3 + c3 = 3 flbe.

This is the required relation between a, b and c.
EXAMPLE 6 If each pair of three equations x? + px + qr = 0, 
x2 + qx + pr = 0 and x? + rx + pq = 0 have a common root, find the 
sum and product of the common roots.

—4 C2

^1 ^2 "" ^2

“ Z?2 b-j

THEORY OF EQUATIONS

<al
(»2

C1V.

fli bi Ci
It is given that —, —, —- are° fl2 b2 C2

difference of this AP. Then, 
bi fli ^1 b-i c*| fli
-1—1 = -1--l = Dand —- —= 2D.

4 ^2 ^2 ^2 ^2 ^2

Putting these values in (i), we get

4a2b2 c2x(-D)x.- (D) = fl:

b2 = a2 c2
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.(«)

=>

a+ P + y = -=>

.(iii)

[By cross multiplication]

and=>

=> a =

(0

(ii)

and,

(iv)

P + Y = ~?2'PY = <?2 ...(V) = 0.

(vi)and,

=> a-Y = (P2-P1)

3a2 x2 + 2b2 x + c2 = 0and,

=>

.(ii)(vii)

(vni)

SOLUTION We have:

x2 + px + qr = 0

...(iv) 
•••(V) 

••■(vi)

Diff. both sides of 
the givenequations

•••(>)

Y + a = ~P3'Ya =

Now, (a + p)-(P + y) = (-P1+P2)

2&i
2b2

Ci ~ ^2

a 
be-ad

a________1
bc-ad ~ 2OJC-&2)

From (ii) and (iii), we obtain 

a2____ a
2(M-c2) ‘ bc~ad 

a2 
2(bd-c2)

2(bd-c2) 
be-ad

3«i a2 + 2bx a + Cj = 0 

3a2 a2 + 2b2 a + c2 = 0

Since each pair has a common root, the roots of (i), (ii) and 
(iii) can be taken as a, P; P, y, and y, a respectively.

a + p = -plzaP = ft-

(i) 

•••(ii) 
...(iii) 

Since each pair of three equations have a common root. So, 
let the roots of (i), (ii) and (iii) be a, P; p, y and y, a respectively.

a + P = - p, a P = qr; 
P+Y = -?,PY = Pr> 

and, y + a = -r,y a = pq;
Adding the first sets of (iv), (v) and (vi) we get 

(a + p) + (P + Y) + (Y + a) = ~(p + 4 + r)

2(a+P + y) = -(p + q + r) 

P + q + r'
2

\ 7
Multiplying the second sets of (iv), (v) and (vi), we get 

(«P)(PY)(Y«) = (qr) (pr) (pq)
=> apy = pqr.
EXAMPLE 7 If each pair of the three equations 
x2 + pjX + 41 = 0, x2 + p2x + q2 = 0 and x2 + p3 x + q3 = 0 have a 
common root, then prove that

p2}+P2 + p23 + ^(q}+q2 + q3>2(Pl P2 + P1P3 + P3P1)-

SOLUTION The three equations are :

3fli
3a2

a2 &i - #i b2

9 7
=> («-Y) = (P2-P1)

1
2(ac-b2)

2 2Similarly, (p3 - p^) = p2 - 4 q2

=> (a + Y)2-4aY = (p2"Pi)2

2 2
=»(~P3) -4<?3 = (P2-P1)

2 2
=> (Pl-Pl) =P3~4(13

and, (P2-P3)2 = Pi-4ih

Adding (vii), (viii) and (ix), we get 
(P2-P1)2 + (P3-P1)2 + (P2-P3)2 

= (Ps-^ + tPl-^ + tPl-^i)

=* Pl + ^ + P3 + 4(^l+?2 + ?3) = 2(P1P2 + P2P3 + P3P^- 

EXAMPLE 8 If the equations ax3 + 3bx2 + 3cx + d = 0 and 
ax2 + 2bx + c = 0 have common root, prove that

(be - ad)2 = 4 (ac - b2) (bd - c2).

SOLUTION Let a be a common root of the two equations. Then, 
a a3 + 3b a2 + 3c a + d = 0 •■•(«)

and, aa2 + 2ba + c = 0 -(ii)
Multiplying (ii) by a and subtracting it from (i), we get 

ba2 + 2ca + d = 0

and,

Since a is a common root between the given equations.
Therefore,

C1 
c2

d} a2 - d2 fli

SOLUTION Let a be a repeated root common to both the given 
equations. Then, a is a common root between their derived 
equations i.e. a is a common root between

3«i x2 + 2&i x + Cj = 0

be-ad
2 (ac - b2)

=> 4(bd-c2)(ac-b2) = (be-ad)2.

EXAMPLE 9 If a^x? + b1x? + c-lx + d} = 0 and a2^+ b2J+ 

c2 x + d2 = 0 have a pair of repeated common roots, then prove that

, be - ad and a =---------y
2(ac-b2)

~ 2(M-?) _ 
be-ad
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...(v)

=>

[Using (v)J

= 0.
[... aS = 36]=>

[•/ a > 0]

=> a = 0 or, a =
x2or,

Therefore, a =

Putting a =
(i)

(ii) + 1=0x2 + bx + 15 = 0 a

[... a # 0]
(iv)

= 12
= 15

=>

=>

-0)
...(ii)

a + p = -a, ap 
a+y = -b, ay 
a + 8 = - (a + b), a 8 = 36 j

Now, a + P = - a, a + y = ~b and a + 8 = - (a + b)
=* a + P + a + Y = -(a + b)anda + 8 = -(a + b)

=> (9a-2)(4a + 3) = 0

2 -3
=* fl " 9' 4

1-a 
/

flj a3 + bj a2 + Cj a + dj = 0 and a2 a3 + b2 a2 + c2 a + d2 = 0 

Multiplying first by second by a\ and subtracting, we get

(a2ti-«i b2)a2 + (fl2cl-fli c2>a + <fl2“fll ^2) = 0 

Eliminating a2, a and a0 from (i), (ii) and (iii), we get 

2&| Cj

3^2 ^^2 ^2
(«2b1-a1b2) («2cl“fllc2) (a2dl~ald2)

equations x2 + abx + c = 0

[l+6<?
1-a \ /

=> a (1 + 6a)2 — (1 + 6a) (1 -a) + (1 -a)2 = 0

=> a (36a2 + 19a - 6) = 0

=> 36a2 + 19a-6 = 0

x2 + (a + b) x + 36 = 0 ....(iii)

Let a, P, Y; a, 8 be the roots of (i), (ii) and (iii) respectively. 
Then

EXAMPLE 10 If the equations xi + abx + c = 0 and 
x*+acx + b = 0 have a common root, then prove that their other 
roots are the roots of the equation

x2 — a (b + c) x + a2 be = 0
SOLUTION Let a be a common root of the given equations and 
let P and y be their other roots. Then,

a + P = -ab, a p = c -(i)
and, a + y = -ac, ay = b -(ii)

Since a is a common root of the given equations. Therefore, 

a2 + ab a + c = 0 and a2 + ac a + b = 0
=> (ab - ac) a + c - b = 0
=> a(b-c)a-(b-c) = 0

1 => a = -.a
Putting the value of a in (i) and (ii), we get

P = ac and y = ab
=> p+y = ac + ab = a (b + c) and P y = a2 be

So, the equation having p and y as its roots is 

x2-x(P+y) + PY = 0

- a (b + c) x + a2 be = 0 .

EXAMPLE 11 If the three equations x2 + ox+12 = 0, 
x2 + bx + 15 = 0andx2 + (a + b)x + 36 = 0 have a common posi­
tive root, then find a and b and the roots.
SOLUTION The given equations are:

x2 + ax + 12 = 0

(1 - 2a) a2 - 6a a -1 =0

and aa2-a + l = 0

Adding these two, we get

(1 - a) a2 - (1 + 6a) a = 0

l + 6a 
1-a

But a * 0 as it is not a root of any of the given equations.-
1 + 6a 
1-a ‘

1 + 6a . ....y—- in (u), we get

2a + P + y = a + 8 
a + p+y = 8 

and, aP = 12,ay = 15,a8 = 36 

ap + ay + a8 = 12 + 15 + 36 

a(P+y + 8) = 63 
a (8-a+ 8) = 63 

2a8-a2 = 63 

2x36-a2 = 63 

a2 = 9 
a = 3 

Putting the value of a in (iv), we get 
P = 4, y = 5 and 8 = 12 

Substituting the values of a, P, y, 8 in (iv), we get a = - 7 
and b = - 8.
EXAMPLE 12 Find all values of the parameter a for which the 
quadratic equations (1 - 2a) x2 - 6ax -1=0 and ax2 - x +1 = 0 
have at least one root in common.
SOLUTION For the given equations to be quadratic equations, 
we must have 1 - 2a # 0 and a * 0.

A 1 i.e. a * 0,—

If a is a common root of the given equations, we must have
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When a = the equation ax2 - x +1 = 0 becomes .(vi)

Again,

(i)

= 0.

(i)

(ii)

(iii)

=> P(a + y) =
and,

(i) Now,

a-

,(iv)=> a-y =
J

and,

Now + x2 - 5x + 2 = 0=> (a-Y)P = (v)

=> (x-l)(x + 2)(2x-l) = 0

=> x = 1,-2,1/2.

CASE I When x = lisa common root;P =
J-

c2

C1 c2 a3 

al a2 c3

C1 a2 c2 al 
a1 a2

C1 <*2 c2 al 

al a2

^2 C2 ^1

al a2

C1 c2 c3 

fll a2 a3

^1 ^2 ^2

fll«2

C1 c2 c3 

al a2 a3

From (iv) and (v), we get

al a2

x^ = 
a3

a3

Since each pair has a common root, the roots of (i), (ii) and 
(iii) can be taken as a, P; P, Y and Y, a respectively.

-h, q
a + P = —-,ap = - 

fli ai

=> (aP)(Pr)(ya) =

=> ap-Py = — 
ai

p+T = ^,pT = ^ 
a2 a2

C1 c2 c3 

al a2 a3

Ci Cq Cq

a (3 = —, p y = — and y a = —- 
fll a2 a3

Ci Cq 
aP + py = -^ + - 

fli a2

~b3
[Using (v) and y+a=—]

-fe3 C3
Y + a = —/Ya = - 

a3 a3

C3
Using (vi)and ay = — 

^3

3? 2^--X + 1 = 0 or, 3x2-4x + 4 = 0 
4

c3

=> p2(ay)2 =

f-L bf\(a + p)-(P + Y)= -1 + - lfll "2J
&2_ ^2 ]
fll a2

Clearly, it has no real roots. Therefore, a = 2/9.
EXAMPLE 13 If each pair of equations a-^x^ + b^x + Cy = 0, 
a2 x2 + b2 x + c2 = 0 and a^x^ + b^x + c^ = 0 have a common root, 
then prove that

b2-a2 b^

ax c2-a2

.... C1 «2+c2fll
(n)

Ci Cj
aP = - , Py = —

ai a2

EXAMPLE 14 If ax? + 2bx + c = 0 has a common root with 
2x3 + x2-5x + 2 = 0 and b2 = ac, find the possible valuefs) of 
a :b:c.
SOLUTION We have, b2 = ac i.e. b2 - ac = 0. Therefore, dis­
criminant of ax2 + 2bx + c = 0 is zero. So, it has equal roots. Let 
a, a be the roots of this equation. Then,

-2b -ba+a = — => a = —. a a

c1 a2 - c2 a} 
a^ b2 — a2

/ \2
Ci ^2 ^2

^2 ”” ^2 

k J

_ c1fl2 - c2 aT 
a^ b2 — a2

fll a2 c3

c] c2 a3

-T u2 T l2 “1 a2 ^3

cla2~c2al a3 (fll ^2 ~a2 ^1)

SOLUTION The given equations are:
x2 + &i x + c1 = 0

/ \2
c! a2 ~ c2 ai

fl b2~a2

(ii) We have, 
c c

a P = — and P y = —
ai a2

C1 a2 + c2 al ( gl a2 b3 _ Q 

Ci ^2 ^2 ^1 ^3 (^1 ^2 ”” ^2 ^0

al a2 a3
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a:b:c = a :2a :4a = 1:2:4

.-. a: b: c = a :

EXERCISE 20.3

!

(fl] 4" fl2 4 ^3) — 4 (fl j fl2 4" fl2 flj 4* fl3 fl] —■ b] ~ bn ~

17.

and

'3

a:b:c = a :-a:a = 1: -1:1 
1

CASE II When x = -lisa common root:
In this case, we have

a = ac => ~ = c4

But, It2 = ac. Therefore,

/ A2-a
2 k /

In this case, we have
-b ,— = 1 => b = - a. a

Butb2 = ac. Therefore,

b2 a2
c = — = — = a.

a a

(b2 - fl] q) x2 4- (2b} b2 - a}c2 - a2 q) x 4- (b2 - a2 c2) = 0 

has equal roots.
11. Find the value of a so that the equations 
(2fl - 5) x2 - 4x - 15 = 0 and (3a-8)x2-5x-21 =0 have a 
common root.
12. If the equations x2 4- bx 4- c = 0 and bx2 4- ex 4-1 =0 have a 
common root, then prove that either b4C4 1 = 0 or 
b2 4- c2 4-1 = be+ b + c.
13- If each pair of equations : x24A1x4b1 = 0, 
x2 4- a2 x 4- b2 = 0 and x2 4- a3 x 4- b3 = 0 has exactly one root in 
common, then show that

Il X— ; — = 4: — 2:1 24But, b2 = ac. Therefore,

CASE III When x = - is fl common root:

In this case, we have

'* THEORY OF EQUATIONS

14. Provethatflx24bx4c = Oandx2 4-2x 4-3 = 0 cannot have 
a common root unless a : b: c = 1:2:3.
15- Find a,b so that the equations x2 + ax-1 = 0, 
lx2 4- x 4- b = 0 and 4.x2 - 8x 4 3 = 0 may have a common root 
for each pair of equations.
16. If the equations flj x2 4- 2L\ x 4- q = 0 and 

a2 x2 4- 2b2 x 4- c2 = 0 have one and only one root in common, 
then prove that b2 - fl]C] and b22 - a2 c2 will both be perfect 
squares.

Find the condition for the three equations
fl] x2 4-bj x 4-q = 0,

a2 + ^2 x + c2 ~ 0
a3 x2 4- b3 x 4- c3 = 0 to have a common root.

18. If each pair of equations x2 = b]X4q, x2 = b2x4c2and 

x2 4 b-j x = c3 have a common root, prove that

2 2(2fl) = ac => 4fl = ac => 4fl = c

-a a
2 :4 " 1:

= -2 => b = 2a a

1- If the equations x24A1x4b1 = 0 and x2 + a2x + b2 = 0 
have a common root, show that it is equal to

fl] b2 — a2 h] b] - ^2
—u---T----- or ------- •q-D2

2. If the equations x2-3x-k = 0 and 4X2-11x4-2/: = 0 
have a common root, then find the value of k. Also, find the 
common root.
3- If ax2 4- 2bx 4- c = 0 and px2 + 2qx + r = 0 have a common 

root and are in A.P., then prove that p, q, r are in G.P.

4. Find the value of a so that x2 - llx 4- a and x2 - 14x 4- 2a 
may have a common factor.
5. If the equations ax2 + bx + c = 0 and ex2 4- bx 4 a = 0 have 
one root in common, prove that a 4 b4- c = 0 or a - b 4- c = 0.
6. Find a common root of the equations

(b - c)x2 4 (c - fl)x 4 (a - b) = 0

and(c - a)x2 4 (a - b) x 4 (b - c) = 0
7. If the equations ax2 4 2 bx 4 c = 0, a' x2 - 2 b' x 4 c' = 0 have 
a common root, prove that the equation

(b2 - ac)x2 4 (2 b b' - ac' - a'c)x + (b'2 - a' c') = 0
has equal roots.

8. If the equations x2 4 ax 4 b = 0 and x2 4 bx 4 fl = 0 have a 
common root, prove that a 4 b 41 = 0.
9. If the equations x2 4 bx 4 ca = 0andx24cx4flb = Ohave 
a common root, then prove that their other roots are the roots 
of the equation x2 4 ax 4 be = 0.

10. If the equations fl1x24 2b1 x4q = 0 and 

o-^2 4 2b2x 4 c2 = 0 have a common root, then prove that the 

euqation

-bl , -a
V = 2 =>" = T
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ANSWERS

17. ~ ^2 ^1) = (^b2 ~ ^2 bT^ c2 ~~ b2 ^j)

11. 4
and, = 0

15. a = 3/2,b = -6

• — □□□ —

y

x'Lety x'(K.0)
(oc.O)

=>

Fig. 20.6

=> y = a

=>
k

7

k 
/

When a < 0:
The curve y = ax2 + bx + c is a parabola opening downwards 

such that

o<0 
y=ox2+bx+c

/X 

(0.0)

"1
a2

a3

y = a

We observe the following:
When a > 0:
The curve y = ax2 + bx + c is a parabola opening upwards 

such that

b -x + - a

b 
aX+~

k
Substituting these values in (i), we get

Y = aX2

Clearly, it is the equation of a parabola having its vertex at 
(- b/2a,-D/4a).

=> Point (a, 0) lies on y = ax2 + bx + c

D , b a
Vinin = at x = and Vmax °°

y=ox2+bx+c 

o>0 /

7
/

2 
b) 

2a 
7

« , A -17 . A 172. k = 0, -r?-, common root = 0, —
36 6

Now, let a be a root of the quadratic equation 
ax2 + bx + c = 0. Then,

aa2 + ba + c = 0

(bi + b2 + b$)2 = 4 (ci + C2 + C3 + b} by).

19. If the equations x2 - px + q = 0 and x2 - ax + b = 0 have a 
common root and roots of the second equation are equal, then 
prove that ap = 2 (b + q).

-D  -b , 
Vmax = -J" at 1 = and —

/
X + 7- 

k

b2 -4ac
4a

bi q
b2 c2
b3 C3

/
=> y +

k
(
y+fe =a x+5;

k 7

where D = b2 - 4ac is the discriminant of the quadratic.
Shifting the origin at (- b/2a, - D/4a), we have 

(-
x = X+ ~ and y = Y + 2a J 

k 7

iy 
b 0

-ZYc,0)/ (fl,0)\

y‘

Fig. 20.7

4ac-b2 
+ x—

4fl2

20.10 QUADRATIC EXPRESSION AND ITS GRAPH
Let a, b, c be real numbers and a # 0. Then,/(x) = ax2 + bx + c is 
known as a quadratic expression or a quadratic polynomial in 
x. In this section, we shall discuss the graph of the quadratic 
polynomial i.e. the curve whose equation is y = ax2 + bx + c, 
a^0.

First we shall show that the graph of a quadratic expression 
is a parabola.

= ax2 + bx + c, where a # 0. Then,

y = ax2 + bx + c

a

± £_Z 
4fl2 a 4a2

f if
° X + 2a 

k 7 

b.f 
2a\

20. Find the value of m for which ^-x-m = 0 and 
x2 + 2tnx - 12 = 0 have a common root.

Thus, the shape of the curve y = /(x), where/(x) is a quadratic 
C b -D' expression, is a parabola having vertex at - —, — .

K \ /
The parabola opens upwards or downwards according as 

a > 0 or a < 0 as shown in Fig. 20.6 and 20.7.
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y = / wand,

X*

0

yz

Vmin = 77 at X = and ?> oo Fig. 20.10max

For a <0, we have:
Also,

y-ox2+bx+c .
y = /Wand,o>0

y
x'

(oc.0)

*
0

= -7— at x = —,

and,

for ail xy =/(x)>0and,x'

fc.0)

*
0point iff

For a < 0, we have:

< 0 for x * a 
0 for x = a

> 0 for x # a 
0 for x = a

II

<0 for x < a or x > P 
y = /(x) 0 for x = a, P

>0 for a<x<P

yz

Fig. 20.12

x
M

Vmax

/ x
(fl.o)

It follows from this that every real root of ax2 + bx + c = 0 is 
represented by the point of intersecton of the parabola with 
x-axis and vice-versa.

Thus, we may draw the following conclusions:
(I) The parabola will intersect the x-axis in two distinct points iff 

D_>0.
In this case, the parabola cuts x-axis at (a, 0) and (P, 0), 

where

y-ox2+bx+c 
o>0

(-r°) ' 2o x

/ o<0 ' 
yz y-ax2+bx+c

Fig. 20.11
(III) The parabola will not interssect x-axis iffDcO

In this case, the parabola remains either completely 
above x-axis or completely below x-axis according as 
a>0 or a<0.

For a > 0, we have:

-D , -b
ymin “ 4a at X 2a' V™*-*00

b D 

♦yz 
Fig. 20.8

THEORY OF EQUATIONS

a<0 '
y=ox2+bx+c'y'

Fig. 20.9

(II) The parabola will just touch the x-axis at one 
D = 0 .
In this case, the parabola touches x-axis at (a, 0), when
a = p = ^.

H 2a
Tor a >Q, we have:

y
C-2-o-£

-b-VD a =—z----2a
For a > 0, we have:

-D
^min _

I’V 
, b 0,

X

-D x -b 
ymin 4a a X 2a' ^max

-b
2^' ymin

. . -b + 4o . 
and

<0 for a<x<p 
y = ffx) 0 for x- = a, p

>0 for x<a orx>P
“ b

= 0 at x = —, ymin->-~

-b
2a

For a <0, we have:
-D
4a
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and, y = /(x)<0 for all x

y

x'
o

-<o <o

-

20.12 SOLUTION OF INEQUATIONS
In this section, we shall discuss solutions of quadratic inequa­
tions and rational algebraic inequalities.
SOLUTION OF QUADRATIC INEQUATIONS
Let/(x) = at2 + bx + c, where a, b, c g R and a * 0.

Then,/(x) > 0,/(x) < 0,/(x) < 0,/(x) > 0 are quadratic inequa­
tions. The set of all real values of x, which satisfy an equation 
is called its solution set. To find the solution set of a quadratic 
inequation we may use the following algorithm.
ALGORITHM

STEP I Obtain the discriminant D = b2 - 4ac of the quadratic 
inequation.

STEP II Determine the sign ofD.
STEP III IfD < 0, then determine the sign of'a'.

Ifa<0, then fix) < Ofor all x e R 
If a > 0, then fix) > 0 for all x G R 
IfD = 0, then determine the sign of'a'. 
Ifa<0, thenf(x) < 0 for all x g R. 
Ifa>0, then fix) > Ofor all x G R 
IfD>0, then go to step IV.

STEP IV Mate the coefficient of x2 positive, if it is not so, by multiply­
ing both sides of the inequation by -1.

STEPV Factorise the expression and represent the left hand side of 
the inequality in the form (x - a) (x - P), where a < (3.

STEP VI If (x - a) (x - P) > 0, then x lies outside the interval [a, p] 
i.e. x g (- oo, a) u (p, °o)

If (x - a) (x - P) > 0, then x lies on and outside the interval 
[a,p]i.e.x.(-oo,a]([p,oo).

-r-rT 
<K

Vmax

P

Fig. 20.14
If ix - a) (x - P) < 0, then x lies inside the interval (a, p) 
//(x - a) (x - P) < 0, then x lies inside the interval [a, P] i.e. 
x e [a, p].

______ x_ 
f b D> 

fy//a<o\

y=»ox2+bx+c

Fig. 20.13

D k -b- — atx = —, 4fl 2a "min

20.11 SIGN OF A QUADRATIC EXPRESSION
Let f(x) = ax +bx + c be a quadratic expression, where 
a, b, c G R and a 0. In this section, we shall determine the sign 
of/(x) = ax2 + bx + c for real values of x. As the discriminant of 
/(x) = ax2 + bx + c can be positive, zero or negative. So, we shall 
discuss the following three cases.
CASE I vVhen D = b2 - 4ac < 0

If D < 0, then it is evident from Figs 20.12 and 20.13 that 
/(x)>0iffa>0 and /(x)<0iffa<0.

CASEH When D = b2 - 4ac = 0
From Figs. 20.10 and 20.11, we abserve that:
When D = 0, we have

/(x)> 0 iff a >0 and /(x)<0iffa<0.
CASE IH W/zen D = b2 - 4ac > 0

From Fig. 20.8 and 20.9, we observe the following:
IfD = h2-4ac>0 and a > 0, then

> 0forx<aorx>P 
/(x) < 0fora<x<P

= 0 for x = a, P
IfD = b2-4ac>0 and a < 0, then

< 0 for x < a or x > P 
/(x) > 0 fora<x<P 

0 forx = a,P
If follows from the above discussion that, for real values of x, the 

sign of the quadratic expression f(x)=ax2 + bx + c is same as that of 
'a', except when the roots of the equation ax2 + bx + c = 0 are real and 
distinct and x lies between them.

It also follows that
ax? + bx + c> Ofor allxe R iff a > 0 and D < 0,

and,

ax? + bx + c< Ofor allxe R iff a < 0 and D < 0.

-*/-/ z z z z z z /*■
* P

Fig. 20.15
ILLUSTRATION 1 Solve the following in equations :

(i)2x2-x-l<0 (ii) -? + 3x + 4<0
SOLUTION (i) We have,

2x2 - x - l<0
=> (2x + l)(x-l)<0
=> -1/2<x<1 =>xg (-1/2,1)
(ii) We have,

-x2 + 3x + 4<0

-b
2a
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=> x.(-3,-l)((l,2)((3,~)

2- *o=> x < -1 or x > 4
Fig. 20.16

SOLUTION

Disc <0

>0

•o— o

expression of the form
>0.ILLUSTRATION! Solve:

!

Critical points are: x = - 3, -1,1,2,3.

>0

>0

■
1

=> xe (-°°, -1) ((4, °°)

ILLUSTRATION 2 Determine the set of values of 'a' for which 
x1 + ax + 4>Qforallx . R.
SOLUTION Here, coefficient of x2 is positive. So, the given 
inequality holds for all x . R, iff

1

!

(x 41) (x + 3) 
(x-1) (x — 2) (x — 3)

SOLUTION We have,

x2 + 4x + 3 _ (x41)(x43)
x3-6x2 + 11x-6 (x-1) (x _2) (x-3)

x2 4 4x 4 3 
x3-6x2 + llx-6

=> (x-4)(x+l)>0

4 ~ -
-3 i/2~

Fig. 20.17

4

1 *

=> x2 - 3x - 4 > 0

+
5/2

=> a2-16<0

4

-4

4 
^3

8?416x-51-3(2x-3) (x44) >Q 
(2x-3)(x + 4)

(2x-5)(x43)
(2x-3)(x44)

Critical points are: x = - 4, - 3,3/2,5/2

. (2x-5)(x43)
” (2x-3)(x44)

=> x.(-ooz-4)((-3,3/2)((5/2,oo).

20.13 MAXIMUM AND MINIMUM VALUES OF 
RATIONAL EXPRESSIONS

In this section, we shall find the values attained by a rational 
a^x2 4 X4q 
—=-------------for real values of x.
a2 x 4 b2 x 4 c2

The following algorithm will explain the procedure.

ALGORITHM

STEP I Equate the given rational expression to y.

STEPH Obtain a quadratic equation in x by simplifying the expres­
sion in step 1.

STEP IH Obtain the discriminant of the quadratic in step IL

STEP IV Put Disc > 0 and solve the inequation for y. The values of y 
so obtained determine the set of values attained by the given 
rational expression.

8X2 416x - 51 . o 
ILLUSTRATION 2 Solve: (2x-3) (x"+4) >3

8x24 16x-51 _ „ n 
(2x-3)(x44)

8x24 16x-51 - 
(2x-3)(x44)

=> (fl - 4) (a 4 4) < 0

=$ -4<fl<4 => a& (-4,4)

SOLUTION OF RATIONAL ALGEBRAIC INEQUATIONS

If P (x) and Q (x) are polynomials in x, then the inequations 
7^- > 0, < 0, > 0, and < 0 are known as rational
Q(x) Q(x) Q(x) Q(x)
algebraic inequations. To solve these inequations we use the 
sign method as explained in the following algorithm.
ALGORITHM

STEP I Obtain P (x) and Q (x)..
STEPH Factorise P (x) and Q(x) into linear factors.

STEP ill Make the coefficient of x positive in all factors.

STEP IV Obtain critical points by equating all factors to zero.
STEPV Plot the critical points on the number line. If there are n critical 

points, they divide the number line into (n 4 1) regions.

Plx)STEP VI In the right most region the expression bears positive 

sign and in other regions the expression bears altenate posi­
tive and negative signs.

x2 4 4x 4 3
x3-6x^4 llx-6

4

3 «

2x24x-15 
(2x-3)(x44)
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ILLUSTRATIVE EXAMPLES

EXAMPLE 2 Ifx is real, prove that cannot have value

between 5 and 9.

SOLUTION Lety =

and

SOLUTION Lety =

=

SOLUTION Let

£ 0

Thus, the expression will assume all real values for all real 
values of x, if a e [1,7]
EXAMPLE 4 f/P is such that sin 2 P * 0, then show that the expres­
sion

Thus, 9 + 16a > 0 and 1 < a < 7.

=> 1 < a < 7.

=> (a -1) (a-7) <0

=> l<a<7.

Now,
Disc < 0

i 
t

x2(y-l) + 2x(y-17)-(7y-71) = 0

Since x is real. Therefore, the above equation has real roots. 
So,

Disc>0

r
9 9=> -4 cos Psin P y-

=> (9 + 16a) y2 + (4a2 + 46) y + (9 + 16a) > 0 for ally e R

=> 9 +16 a > 0 and Disc < 0

2 cos a 
cos2 P,

=> (4a2 + 46)2 - 4 (9 + 16a) (9 + 16a) < 0

=> 4 (2a2 + 23)2 - 4 (9 + 16a)2 < 0

=> (2a2 + 23)2-(9 + 16a)2<0

=> (2a2 + 16a + 32) (2a2 - 16a +14) < 0

=> 4(a + 4)2(a2-8a + 7)<0

=> a2 - 8a + 7 < 0

=> 4(y-17)2 + 4(y-l)(7y-71)>0

=> y2 - 14y + 45 > 0

=> (y-5)(y-9)>0
=> y<5 or, y >9

Hence, the values of the given expression cannot lie be­
tween 5 and 9.
EXAMPLE 3 Find the values of a for which the expression 
OX2 + 3x~4 11 , , r i i r
——---- assumes all real values for real values of x.

x2 + 2x cos 2 a +1 n 
-z------------------ ' xe R
xr + 2x cos 2 P +1

2 . 2~ sin a
sin2p

always lies between C0S,a
cos2 P

x2 + 2xcos2a + l
—------------------ . Then
xL + 2x cos 2 P +1

(x2 + 2x cos 2 P +1) y = x2 + 2x cos 2 a+1

=> x2(y-l) + 2x(ycos2P-cos2a)+y-l =0
As x is real, therefore, the discriminant must be greater than 

or equal to zero i.e.

4 (y cos 2 p - cos 2 a)2 - 4 (y -1)2 > 0

=> (y cos 2 p - cos 2 a) - (y -1)2 > 0

=> (ycos2P-cos2a + y-l)(ycos2P-cos2a-y + l) > 0

=> [y (1 + cos 2 P) - (1 + cos 2 a)}

(y (-1 + cos 2 P) + (1 - cos 2 a)| > 0

(2 y cos2 P - 2 cos2 a) (- 2y sin2 p + 2 sin2 a) > 0

( ■ 2 Asin a
y~—iZ( . sin Pj

hx2 + 3x-4 __ 
-------- ~---- . Then, 
3x - 4xz + a

x2(a + 4y) + 3(l-y)x-(4 + ay) = 0

Since x is real. So, roots of the above equation are real.
Disc > 0 for all y e R

=> 9 (1 - y)2 + 4 (a + 4y) (4 + ay) > 0 for all y G R

between \/7 and 7.
a — + 4SOLUTION Lety = ^---------.Then,
x2 + 3x + 4

x2(y-l) + 3x(y + l) + 4(y-l) = 0
This equation gives the values of x for given values of y. But 

y is the value when x is real. So, the roots of this equation are 
real.

Disc>0
=* 9(y +1)2-16(y-1)2>0

=> -7y2 + 50y-7>0

=> 7y2-50y + 7 <0

=> (7y-l)(y-7)<0

=> l/7<y<7.

Hence, the given expression lies between 1/7 and 7.
x2 + 34x-71
x1 + 2x-7

x1 + 34x-71 _
—------------ . Then,
xz + 2x-7

_  Q y -L A
EXAMPLE 1 If x is real, prove that the values of —-------- - lies

x2 + 3x + 4
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< 0
cannot lie between 2a sin2 (a/2) and\

=> y lies between

SOLUTION Lety = Then,
EXAMPLE 5 Show that the expression , where

2

=>y =

As tan x is real for x 6 R. Therefore,

(1 -y)2 (1 + tan2a)2 - 4 (y +1)2 tan2 a > 0

[Using: Disc. > 0]

> 0

=3

,2
X y- y =

> oy- y-

> oy-tan'=> y-tan'

I 
i

-a
/

■ 
j

-a and

2 
'1 - tan a'
1 + tana

x 7
> 0

EXAMPLE 6 Show that for all real values, the expression 
22a(X~l)sin Ct -;~2 —

r - sin a
2a cos2 (a/2).

2
'1 - tan

1 + tan a)

sin2 a 
sin2 p 2a(x-l) sin2 a 

x2 - sin2 a

y (x2 - sin2 a) = 2a (x -1) sin2 a

=> x2 y - 2ax sin2 a + (2a - y) sin2 a = 0 
As x is real. Therefore, 
Discriminants 0 
- ,2 _■ 4

/ 2cos a => y-----—
cos2 p;

=> (1 - tan a)2 (1 + tan a)2' y -

V • 2 A■ y ~sin a 

sin2 p ,
2 cos a , —z— ana 

cos2 p
tan (x + a) 
tan (x - a)

- 0<a<n/4 cannot lie between the values tan21 7

. 2^71 'I tan - + a .4x 7
SOLUTION Let y

=* “ y) (1 + tan2 a) + 2 (1 + y) tan a}

x {(1 - y) (1 +tan2 a)- 2 (y + 1) tan a}

{(1 + tan a)2 - y (1 - tan a)2} x

{(1 - tan a)2 - y (1 + tan a)2} > 0

2
'1 + tan ,
1 - tan a

x 7

2
'1 + tan a
1 - tana

x 7

2^71
i 7 +a 4

X 7-

=> y < tan2 (jc/4 - a) or, y > tan2(7i/4 + a)

=> y cannot lie between the values tan2 (n/4 - a) and
tan2 (n/4 + a).

= r^'ae(0,n/4).
tan (x - a)

tan x + tan a 1 + tan x tan a
1 - tan x tan a tan x - tan a

=> y (1 - tan x tan a) (tan x - tan a)
= (tan x + tan a) (1 + tan x tan a)

=> (y +1) tan2 x tan a + tan x. |- y (1 + tan2 a) + (1 + tan2 a)}

+ (y +1) tan a = 0
=> (y +1) tan a. tan2 x + (- y +1) (1 + tan2 a) tan x

+ (y +1) tan a = 0

=> 4a sin a - 4y (2a - y) sin a > 0
=> y2 - 2ay + a2 sin2 a > 0

=> (y - a)2 - a2 + a2 sin2 a > 0

=> (y - a)2 - a2 cos2 a > 0

=> (y - a - a cos a) (y - a + a cos a) > 0
=> [y - a (1 + cos a)| [y - a (1 - cos a)| > 0
=> (y - 2a cos2 a/2) (y-2a sin2 a/2) > 0

=> y does not lie between 2a sin a/2 and 2a cos a/2.
EXAMPLE 7 Prove that if x is real, the minimum value of

+(c + x) forx>-c,a>c,b>cis(Va-c + ^b-c)2'

SOLUTION Lety = + X^+A Then, 
(c+x)

x2 + x (a + b) + ab = cy + xy

=> x2 + x(a + b-y)+'ab-cy = 0

As x is real, therefore,
Discriminant > 0

=> (a + b - y)2 - 4 (ab - cy) > 0

=> y2-2y(a + b-2c) + (a-b)2 > 0 ...(i)

To solve this inequation, we require the roots of the equa­
tion y2 - 2y (a + b - 2c) + (a - b)2 = 0.

The roots of this equation are given by
2(a + b-2c)±'V4(a + b-2c)2-4(a~-^y 

2
= (a + b - 2c) ± "V(a + b - 2c)2 - (a - b)2

= (a + b - 2c) ± '^(a + b-2c-a + b')(a + b-2c + a-b')
= (a + b-2c) ±>/4(b-c) (a- c)
= (a + b - 2c) ± 2\'(b - c) (a - cj
= (a - c) + (b - c) ± 2 ^(a - c) (b - c)

____  ____ 2
= (Va-c ± Vb-c)

Clearly, y is real if a > c and b > c.
From (i), we obtain

.2 5
4
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rKr + l

X

2
rKr + l

,2
[■_■ c + x> 0]

< 0

'n-1=>

.(i)

y

[Using (i)]

< 2 holds for all x e R.-3 <

< 2 for all x e R

for all x e R

7 
an are in G.P'.

x^x + l > 0 
for all x g R

- fb-c

n
X+£

r = 2

n

x + X ar2 - °- 
r = 2

r _____ _____ 2 ->r
[y - |Vfl -c + fb - c| J [y - {"Vfl-c

y < {x/fl-c -ylb-c]2 or, y > \>Ia^c

l>0 
+ fb-c^=>

Now,
2  

y < \^a-c - >lb- c] 
 

(a + x) (b + x)
c + x

 
=> x2 + x (a+ b) + ab < (c + x) (^fl -c - Vb-cf

 
=> x2 + 2 [c + 'la-c ^b-c] x

 + [e2 + (« - c) (b - c) + 2c •V(fl-c) (& — c) J

 
=> {x + c + x/(fl — c) (b - c) | < 0 

x + c + V(a - c) (b - c) = 0

=> x = - c - >/(fl - c) (b - c)

=> x < - c, which contradicts the hypothesis thatx > - c.
 Thus, y > |x/(fl - c) + V(b-c)}2.

 
Hence, the minimum value of y is (^fl -c + fb-c] .

EXAMPLE 8 If the expression &——$ assumes all real 
J r (bx-a)(cx-d)

values for real values of x, then prove that (a2 - b2) and (c2 - d2) have 
the same sign.

SOLUTION Lety

< {^fl-c -^b-c|2

=> (flj X + fl2)2 + (fl2 X + fl3)2 + ... + (flj

=> fl-i x + fl2 = 0, a2x + a3 = 0,..., at

«3 _ _ _a'
a2 " ■" "

a2 < 0.
fn-l

r = 1k 7
7 7=> (flf + fl2 +

“1

fl2 »3
—— — ... — — — X

al a2 an -1
=> flp fl2, ay..., an are in G.P.

EXAMPLE io Let f(x) be a quadratic expression such that it is 
positive for all real x. If g (x) = /(x) + /' (x) +f" (x), then prove 
that g (x) > Q for all real x.
SOLUTION Let/(x) = ax2 + bx + c.

It is given that
/(x) > Oforallxe R

=> a > 0 and b2 - 4ac < 0
Now,

g«=/(x)+/'(x)+rw
=> g (x) = ax2 + bx + c + 2ax + b + 2fl

= ax2 + x (2a + b) + (b + c + 2a)

Let D be the discriminant of g (x). Then,
D = (2a + b)2 - 4a (b + c + 2a)

= -4a2-4ac + b2

= (b2-4flc)-4 < 0

Also, a > 0. Therefore,
g (x) > 0 for all x e R.

EXAMPLE 11 Find all, real values of 'a' for which 
x2 + ax - 2 
x2-x +1

SOLUTION Since x2 - x +1 has imaginary roots and coefficient 
of x2 is positive. Therefore, x2 - x +1 > 0.

Now,

fn-1 'I

r = 1 k 7

x2 + 2 £ flrfl, 
r = 1 k

Show that fl], fl2, fl3, ...
SOLUTION We have,

rn-l
x2 + 2 £ flrfl, 

r = 1\ 7
+ fl,2) x2 + 2 (fl1 fl2 + fl2 fl3 + ... + fl„ _] a„) x

+ (fl22 + ...+fl„2) 0

[n -1 x + an) ~ ®
x + fl„ = 0

 x2 + flx - 2
-3<—---------

x2 -x+1

=> -3(x2-x + 1) < x2 + ax-2 

and x2 + ax-2<2(x2-x + 1)

(fl.x-b)(dx-c) 
= yr----- 77----- 37. Then,(bx - a) (ex - d) 

 (ax - b) (dx - c) 
(bx - a) (ex - d)

=> (ad - bey) x2 + (ac + bd) (y -1) x + (be -vdy) = 0

As x is real, therefore,
(ac + bd)2 (y -1)2 - 4 (ad - bey) (be - ady) >0 for all y e R 

=> (ac - bd)2 y2 + 2[2(a1d2 + b2c2)- (ac + bd)2} y

+ (ac - bd)2 > 0 for all y e R 

=> 4 {2 (a2 d2 + b2 c2) - (ac + bd)2 }2 - 4 (ac - bd)* < 0 

=> [2 (a2 d2 + b2 c2) - (ac + bd)2 - (ac - bd)2]

{2 (a2 d2 + b2 c2)- (ac + bd)2} + (ac - bd)2 < 0 

=> {2a2 d2 + 2b2 c2-2a2 c2-2b2 d2]{2^2 d2 + 2^ c2-Aabcd} < 0 

=> 4(a2-b2)(d2-c2)(ad-bc)2 < 0

=> (a2-b2)(d2-c2) < 0

=> (fl2-^)^-^2) > 0

=> (?-^) and (c2 - d2) are of the same sign.

EXAMPLE 9 Let fl? fl2, ay  an and x be distinct real numbers 
such that
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for all x e R

for all xe R

for all x e R< a

(i)

...(ii)

Thus, -3 < < 2 for all x e R

< 2 is valid.

for all x E R< 2

■y •

Clearly, Xj + X2 + X3 + ... + Xn = 0

Now, the given system of equations can be written as

ax22 + (b -1) x2 + c = x3 - x2

+ c = xrTxn-\

x2 + ax-2 
x2 — x +1

X] — x2 — xp X2 — x3 X-

= X1
SOLUTION We have, 

x2 + far +1 
o

X + X + 1

all good real numbers. 
SOLUTION We have,

2r2 + 2x + 3

- *4 -r;

=>-2(x2 + x + l)<x2 + kx + l

and,

x2 + kx + l < 2(x2 + x + l) forallxe R

=> 3x2 + (k + 2)x + 3 > 0

and, x2 + (2 - k) x +1 > 0 for all x e R

=> (k + 2)2-36 < 0 and, (2-k)2-4 < 0

=> (k + 2-6)(k + 2 + 6)<0 and, (2 - k - 2) (2 - k + 2) < 0
=> (k-4)(k + 8) < 0 and, k(k-4) < 0
=> -8 < k < 4 and, 0 < k < 4 .
=4) < k < 4.

If -1 < a < 7 and - 6 < a < 2
=> -1 < a < 2
=> flG (-1,2).

EXAMPLE 12 If x is real, find the values of kfor which

I x2 + kx + 1

*n-l

+ C = X„

10=> a > —o
=> a e [10/3, oo).

EXAMPLE 14 If a, b,cE R, where fl / 0, then solve the system of 
equations

+ (h-l)T„_1

=* -2(x2 + x+l) < x2 + kx + l < 2(x2 + x + l)forallxe R

[•_• x2 + x +1 > 0 for all x e R]

THEORY OF EQUATIONS

(i) (b-1)2 < 4ac (ii) (b-1)2 = 4ac

SOLUTION Let us define n variables xp x2,..., xn as follows:

«»-l
«xn2 + bxn + c 

in n unknowns xp x2, ...pr„ when:

= x„ - x„ , n n — i

ax^ + ^-lJXj + c = x2-Xj

EXAMPLE 13 A real number 'a' is called a good number if the 
2X2 + 9y + 3

inequality —--------- < a is satisfied for all real x. Find the set of

"n-l 

ax„2 + (h-l)x„ + c = Xj-x,

ax2 + bxj + c = x2 

ax2 + bx2 + c = x3

Now,

-3(x2-x + 1) < x2 + ax-2

=> 4x2 + x(a-3) + 1 > 0

=* (fl —3)2 —16 < 0

=> (fl-3-4)(fl-3 + 4) < 0
=> (fl - 7) (fl +1) < 0
=> -1 < a < 7 
and,

x2 + ax - 2 < 2 (x2 - x +1) for all x e R

=> x2-(a + 2)x + 4 > 0 forallxe R

=> (a + 2)2-16 < 0

=> (fl + 2-4) (fl + 2 + 4) < 0
=> (fl - 2) (a + 6) < 0
=> -6 < a < 2

=> -2 < < 2 forallxe R
xz + x + l

and Xn = Xj - xn.

=> 2x2 + 2x + 3 < a(x2 + x+1) forallxe R

[•.• x2 + x +1 > 0 for all x e R]

=> x2 (2 - fl) + x (2 - a) + (3 - fl) < 0 for all x e R
=> 2-fl < 0and (2-fl)2-4 (2-a)(3-fl) < 0
=> a > 2 and (2-a) (3a-10) < 0
=> a > 2and(fl-2)(3fl -10) > 0

=> a > 2 and a < 2 or a >
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[■.• X14-X24-...4-Xn =0]

Xi =

[... (b-1)2 = 4ac]=>

=> X,<0 for f=l, 2,... n

EXERCISE 20.4

has no real

x is real.

< 3 for all xe R. ■6. Show that -1 <

< 3 holds for7. Find the real values m for which

all real values of x.

?-x+l
4. If x is real, show that takes values between

1/3 and 3.

—  □□ —

x^ — bc 
2x-b-c

(x-a)(x~b).
x(x-c)

1-b

x2 + fflX + 1 
x2 + x + l

5. If x is real, show that the expression 
«•

values between b and c.
2?-14x4-11
2x2-2x + 5

1-b 
2a

20.14 LOCATION OF THE ROOTS OF A QUADRATIC 
EQUATION

In this section, we shall disucss various conditions satisfied by 
the coefficients of a quadratic when the location of its roots is 
marked.

.-. X! = X2 = ... = X„

2. Find the condition(s) that the expression

x being real takes all real values.
3. For real values of x, prove that the values of the expression
llr2 4- 12x4-6 cannot ije keygen _ 5 3

x2 4-4x4-2

=> Xt + X24-... 4-Xjj < 0

But, Xj 4- X2 4- X3 4-... 4- XM = 0

Hence, the system has no solution in this case.
(ii) When (b -1)2 = 4ac:

If (b - l)2 = 4ac, then roots of each of the equations 
axi2 4- (b -1) Xi 4- c = 0 are real and equal.

.’. ax2 + (b-l)Xj + c > 0 for all i = 1,2,... n

=> Xj > 0 for all i - 1,2,..., n

=> xf = x2 = ... = x„ = 0
=> ^ = x2 = ... = x„

Putting X, = 0 in ax2 4- (b -1) x, 4- c = Xj, we get

aXj 2 + (b-l)x( + c = 0

(l-b)±y/(b-l)i-4ac
2a

or,
ax2 4- (b -1) x-! 4- c = X!

ax22 4-(b-l)x24-c = X2

Let /(x) = ax2 4- bx 4- c, where a, b, c'e R, be a quadratic ex­
pression and let a, (3 be the roots of the quadratic equation 
ax24-bx4-c = 0 i.e. /(x) = 0. Let D be the discriminant of 
f (x) = 0. Then,

X2 4- 2x 4-1
1. Find the greatest and the least values of ' where

x24-2x + 7

ox„24-(b-l)xn4-c = X„

(i) When (b -1)2 < 4ac:

If (b -1) < 4ac, then each of the equations 
axf24-(b-l)xI + c = 0, i = 1, 2,...,n 

has imaginary roots 
Therefore, if « > 0,then 
flxJ-24-(b-l)xJ-4-c > 0 fori = 1,2,...,n 

=> X ■ > 0 for i = 1,2,..., n

=> X14-X2 + ...4-X„ > 0

If fl > 0, then

ax2 4- (b -1) Xj- 4- c < 0 for i = 1,2,..., n

ANSWERS
If ab < 0, c > max (fl, b) or c < min. (fl, b).

7. -1 < m < 5
1. Least value = 0, Greatest value = 1.
2. If ab > 0 then c lies between a and b.
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and 0 =

y

x'
o

y
y

y'
B x

x' Fig. 20.22
o OC

(ii) af(k) > 0(i) D > 0

Fig. 20.19

(i) D > 0

f(k,) x' x
OC

y
ki X

XX

Fig. 20.21

y'
i

Fig. 20.25

(i) D > 0

57

f(x)=ox2+bx+c 

o>0 |

y f(x)=ox2+bx+c 

a>0 ,

ILLUSTRATIVE EXAMPLES
EXAMPLE 1 For what values of 'a' are the roots of the equation 
(fl +1) x2 - 3ax + 4a = 0 (a * -1) greater than unity ?

/

f(x)=ox2+bx+c 
y

-b + VP
2a

v
( .0)

y'

Fig. 20.18

CASE III When a real number k is less than the roots a and 0.
If a real number k is less than a and 0, then it is evident from 

the graph of y = f(x) that a and f (k) are of the same sign and 
point representing k lies on the left hand side of the vertex of 
the parabola y = f (x). Thus, we have the following conditions.

(i) D > 0
(ii) a/(k) > 0
CASE II When both the roots a and 0 lie in the interval (k\, kf):

If both the roots a and 0 of ax2 + bx + c = 0 lie between 
numbers k^ and k2z then we have the following conditions:

y f(x)=ax2+bx+c

o>0

Fig. 20.24

(ii) M W < 0

Clearly, if D > 0, then a < 0 and a = 0 for D = 0

Now, we discuss the following cases:

CASE1 When a real number k lies between the roots a and 0 
i.e. a < k < 0:

In this case, as is evident from the graph of the curve 
y = /(x), a i.e. the coefficient of x2 and f (k) are of opposite 
signs. Thus, the conditions are :

f(x)=ox2+bx+c 

' y'

Fig. 20.23

SOLUTION Let f(x) = (a +1) x2 - 3ox + 4a and let a, 0 be the 
roots of the equation/(x) = 0. The equation will have roots 
greater than 1 iff

(iii) k < ~ La
CASE IV When a real number k is greater than the roots a and 0.

If a real number k is greater than a and 0, then the point 
representing k on x-axis is on the right side of the vertex of the 
parabola y = fix'). Thus, we have the following conditions:

(ii) af(k) > 0 (iii) k >

CASEV When exactly one root of the quadratic lies in the interval 
(^lz^)z^l < ^2

If exactly one root of the quadratic equations 
ax2 + bx + c = 0 lies in the interval (kj, kf), then f(k}) and f (fa) 
are opposite signs as shown in Fig. 20.24 and 20.25. Thus, we 
have the following conditions:

x' ki

o<0 1
f(x)=ox2 + bx+c 

ty'

y o dx

f(x)=ax2+bx+c

. 0>o , «
<(k)\ /f(k) / \

• \ oc B/ ; x x' k /________\ k\y4"*c y
b 0 I °<o \

\ k2(s-°y.2) 
a<0 \

f(x)=ox2+bx+c
y'

a = ^ 
2a

z b

o/f(k2)

/ k2

, b D

y'

Fig. 20.20

(i) D > 0 i.e. roots are real
(ii) af(kf) > 0, a/(k2) > 0

(iii) ki<-^<k2

i.e. vertex of the parabola y = ax^ + bx + c lies between 
^andk2.

x'
k} oc

k2____ /

if(k2yfi



MATHEMATICS FOR HT-JEE20.60

•••(*)

.(ii)

=>

>0
u

.(ii)

a e u 2+ +
-1 2- *o •o

Fig. 20.26

(iii)

+ +
-1- *o *o

■(i)

•(ii)

From (i) and (ii), we get:

«<-3/4i.e.(-*»,-3/4).

EXAMPLE 4 Find all the values of 'a' for which the roots of the 
equation (a - 3) x2 - 2ax + 5a = 0 are positive.

13-1^

3 => a < 4

-1 + V13----------------- oo
2 '

(iii) (a + l)/(l)>0

=> (a +1) (a +1 - 3a + 4a) > 0

=> (a + l)(2a + l)>0

=> a<-l or a>-1/2

EXAMPLE 2 Find the values of a, for which both the roots of the 
equation lx2+ ax +a2-5 = 0 are less than unity.
SOLUTION Let/(x) = 2x2 + ax + a2 - 5 and let a, 0 be the roots 
of/(x) = 0. Then, both the roots off(x) = 0 will be less than one, 
iff
(i) Disced
(ii) Vertex of parabola y=f(x) is on the left side of the point 

(1,0).
(iii) 2/(1) >0

-1/2
Fig. 20.27

From (i), (ii) and (iii), we get:

—16
-~<a<-l i.e. ag [—16/7, — 1)

Now,
(i) Disc>d 
=> a2-8(a2-5)>0 

=> 7«2-40<0
(yl7a - ^40) (yl7a + ^40) <0

I* J40” J40I => a e V 7 , V 7 J

(ii) Vertex of y =/(x) is on the left side of the point (1,0) 
a

=> 4<! 

=> a>-4 
and,
(iii) 2/(1) >0 
=> 2(2 + a + a2-5)>d 

=> o2 + a-3>d

( -l-ViT) 
=> at -00,------ -------

From (i), (ii) and (iii), we get

EXAMPLE 3 Find all the values of a, so that 6 lies between the roots 
of the equation x2 + 2(a - 3) x + 9 = d.
SOLUTION Let fix) = x2 + 2 (a - 3) x + 9. If 6 lies between the 
roots of/(x) = 0, then we must have the following conditions: 
(i) Disc > 0, and (ii) /(6) < 0 [■.• Coeff. of x2 is positive)]

Now,
(i) Disc >0 

=> 4 (o-3)2-36>0 

=> (a-3)2-9>d 

=> a2 - 6a > d 
=> a(a-6)>d 
=> a<0 or, a>6

.. and,
(ii) /(6)<0
=> 36 + 12(a-3) + 9<d
=> 12a + 9<d

(i) Disc>0
(ii) Vertex lies on the right side of the point (1,0) 

‘ (iii) (o + l)/(l)>0
Now,
(i) Disced => 9a2- 16a(a + 1)>d

=> — 7a2 — 16a £ d 
=> a (7a + 16) < d 

=> --y<a<d

(ii) If vertex of the parabola y = (a +1) x2 - 3ax + 4a is on the 
right side of point (1, d), then

3a
2 (a +1)

=> -^--2>d 
a + 1
3a - 2a - 2 

a + 1

=> ^~>d 
a + 1

=$ a<-l or, a>2
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< 0

,2^

...(U)=» a < 0 or, a > 3
.3

+ +
— *o •o

—o» o»
(iii)

4 *

+

Fig. 20.29

< 0 and/(l) < 0.

\
1

0 3

Fig. 20.28

SOLUTION We have,
x2 - 2x - a2+ 1 = 0

=> (x2-2x + l)-a2 = 0

=> (x —l)2 —a2 = 0

=> (x -1 + a) (x -1 - a) = 0
=> x = 1 + a, 1 - a

Thus, the roots of the equation x2 -2x-a2 + 1 = 0 are 
1 + a and 1 - a.

Let/(x) = x2-2(a + l)x+a(a-l).
If the roots of the first equation i.e. 1 ± a lie between the roots 

of the second equation i.e./(x) = 0, then the following condi­
tions must Hold good simultaneously:
(i) D > 0, where D is the discriminant of/(x) = 0

-2m3 < 0

SOLUTION Let /(x) = (a - 3) x2 - 2ax + 5a. For the roots of 
/x) = 0 to be positive, we must have

(i) Disc>0
(ii) Vertex of y =/(x) is on the right side of (0,0)

and, (iii) (a-3)/(0)>0
Now,

(i) Disc>0

=> 4a2 - 20a (a - 3) > 0

=> - 16a2 + 60a > 0

=> 4a (4a -15) < 0
=>0<a<15/4 ...(i)
(ii) Vertex of y =/ (x) is on the right sides of the point (0,0) 

a
=*—->0a-3

and,
(iii) («-3)/(0)>0

=> (a - 3) 5a > 0

=> a (a - 3) > 0
=>a<0ora>3

From (i), (ii) and (iii), we get:
3<a<15/4i.e.ae (3,15/4]

EXAMPLE 5 Find all values of m such that the roots of the equation 
2x2-x -1 = 0 lie inside the roots of the equation 

x2 + (2m-m2)x-2m3 = 0.
SOLUTION The roots of the equation 2x2-x-l = Oare given 
by:

2?-x-l = 0

=* (2x + l)(x-1) = 0
=>x =-1/2,1.

Let /(x) = x2 + (2m - m2) x - 2m3.

Clearly, y = /(x) represents a parabola opening upwards. 
Therefore, -1/2 and 1 will lie between the roots of/ (x) = 0, if 
the following conditions hold simultaneously:

(i) D > 0, where Dis the discriminant of/(x) = 0.

(iij/y

X

Now

D > 0 => (2m - m2) + 8m3 > 0

=> 4m2 - 4m3 + m4 + 8m3 > 0

=> m4+4m3+4m2 > 0,

=> (m2 + 2m)2, which is true for all values of m.

tn
' 2 /

2m- m'
2

=> - 8m3 + 2m2 - 4m +1 < 0
=> 8m3 - 2m2 + 4m -1 > 0
=> (4m -1) (2m2 + 1) > 0
=> 4m -1 >0

1=> m > -4

Thus, D > 0,/ — <0 and /(I) < 0

=>me (1/4,1).
EXAMPLE 6 For what real values of a' do the roots of the equation 
x2 - 2x - a2 +1 = 0 lie between the roots of the equation 

x2 - 2 (a +1) x + a (a -1) = 0.

+
1

and,
/(I) < 0

=> 1 + 2m - m2 - 2m3 < 0

=> 2m3 + m2 - 2m -1 < 0

=> (m2 -1) (2m +1) < 0

=> (m -1) (m + 1) (2m + 1) < 0

=> m e (- °°, -1) u (-1/2,1)

r-n
2 /

15/4i.e.ae
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[•.• Coefficient of x2 in/(x) is positive]

.2
=> -- < a < 1

.2

=> a >

.2

•(>)

.2

(ii) / (2) > 0

(iii) /(4) > 0

1
3'

< 0and/(l + fl) < 0

(ii)/(l±fl) <0
Now,

D > 0
k , 1X2 -

=> a e (- oo, 1) u (3, °°). 
and, / (4) > 0

=> 16 - 8a + a1 -1 > 0
.2 _ q_ . 1 e n=> 4(fl + l) -4fl(a-l) > 0

=> 3fl + l > 0
' -1=> « > 3 .

/(I-fl) <0
=> (1 -a)2-2 (fl +1) (1 -a)-r-fl (a -1) < 0

=> (l-fl)2-2(l-fl2) + fl(fl-l) < 0

=> -l-2fl + 3fl2 + fl2-fl < 0
_k a J- _ _ i n

=> 400pz-16(25pz + 15p-66) > 0
=> -16 (15p-66) > 0
=> 5p-22 < 0

22 =}p<y

/(2) > 0
=> 16 - 40p + 25p2 + 15p - 66 > 0
=> 25p2-25p-50 > 0
=> p2-p-2 > 0
=> (p-2) (p+1) > 0

=> a -8fl + 15 >0
=> (fl - 5) (fl - 3 j > 0
=>fl<3orfl>5
=> fl e (- °°, 3) u (5, oo)

We find that there is no value of a satisfying all these 
conditions simultaneously.

Hence, there is no value of 'a' for which the roots of the 
equation can lie between 2 and 4.

If exactly one root off (x) = 0 lies between 2 and 4, then, 
f (2) and/(4) are opposite signs.
a /(2)/(4) < 0

=> (4-4fl + fl2-l)(16-8fl + fl2-l) < 0

=> (fl2 - 4a + 3) (fl2 - 8fl +15) < 0

=> (fl-1)(a-3)(fl-3)(fl-5) < 0

=> (a -1) (a - 5) < 0

=> 1 < a < 5
=> a e (1,5).
EXAMPLE 8 Find the values of p for which both the roots of the 
equation 4x2 - 20 px + 25p2 +15p - 66 = 0 are greater than 2. 
SOLUTION Let/ (x) = 4X2 - 20px + 25p2 +15p - 66.

In the equation/ (x) = 0, we observe that the coefficient of 
x2 is positive. So, the curve y = /(x) represents a parabola 
opening upward. If both the roots of the equation/(x) = Oare 
greater than 2, then following conditions must hold simul­
taneously:

(i) D > 0, where D denotes the discriminant of/(x) = 0
(ii) /(2) > 0

(iii) 2 is on the left hand side of the vertex of y = /(x) i.e. 2 
is less than the x-coordinate of the vertex of the parabola 
y=/(4
Now,

D > 0

=>4fl-3fl-l<0
=> (4a +1) (a -1) < 0

=> — 7 < fl < 1 4
and,

/(1+fl) < 0
=> (1 +a)2-2(a + 1)2 + a(fl-1) < 0

=> -(l+fl)2 + fl(a-l) < 0
=> -3fl-1 < 0

Thus, D > 0,/(l - a)

fl e (-1/4,1).

EXAMPLE 7 Find the values of'a'for which the roots of the equation 
x2 - 2flx + a2 -1 =0 lie between the numbers 2 and 4. Also, find the 
values of'a' for which exactly one root lies between the numbers 2 
and 4.
SOLUTION Let/(x) = x2-2flx + fl2-l.

If both the roots of the equation/(x) = 0 lie between 2 and 
4, then the following conditions must hold simultaneously:

(i) D > 0, where Dis the discriminant of/(x) = 0.

(’•* y = /(x) is a parabola opening upwards ]

(■•• y = /(x) is a parabola opening upwards ]
(iv) Vertex of the parabola y = /(x) lies between (2,0) and (4,0) 

i.e. 2 < a < 4.

Now, D = 4fl2 - 4 (fl2 -1) = 4 £ 0, which is always true.
/(2) > 0

=> 4-4fl + fl2-l > 0

=> a2-4a+ 3 > 0

=> (a -1) (a - 3) > 0

=>fl<lorfl>3



20.63
THEORY OF EQUATIONS

'5 + 717^1
I 4 )Jlog.=>

(ii)

Clearly, x-coordinate of the vertex is

2 <

=> 4m + 3 < 0

and m < - 2

6 + 2723
< — and

■

...(ii)

'5 + 7i7j

and 2m + 4 < 0

and m + 2 < 0

=> p < -1 or p > 2
=> pe (-00,-l)o(2,00)

... logexisan 
increasing function

k 

=> fx + ~

-3=> tn < —,
4

=> tn < - 2.
(ii) If at most one of 6 and 1 lie between a and 0, then 6 and

1 both must not lie between a and 0.
.'. m { -2 => m > -2.
EXAMPLE 10 Find all values of'a'for which exactly one root of the 
equation eax2-e2ax + ea-l =0, lies between 1 and2.
SOLUTION Let/(x) = f x2 -e2* x + ea -1

If exactly one root of/(x) = 0 lies between 1 and 2, then

/(l)/(2) < 0
=* (efl-e2fl + efl-l)(4efl-2e2fl + efl-l) < 0

=> (2efl-e2fl-l)(5e8-2e2fl-l) < 0

=> (e28-2^ + 1) (2?"-5^ + 1) < 0
=> (e8-l)2(2e28-5e8 + l)< 0

=> 2e2fl-5e8 + l < 0
( 1A+ 2n x +---- 1=0x

(5-717^ ,~—J < a < log<

20p _ 5p
8 2

5 + 717

6-2723
7

1
> 2"

a lie in the interal

5-717
k ) \

=> t2 + 2 at -1 =0,

where! = x + K

CASEI Whenx > 0

(. f5-7iTl 
flG I °ge ~I'

EXAMPLE 11 For what real values of 'a' is one of the roots of the 
equation (2a +1) x2 - ax+ a-2 = 0 greater and the other is smaller 
than unity?
SOLUTION Let/(x) = (2n +1) x2 — ax + a - 2.

If one root of/(x) = 0 is greater than unity and the other is 
less than unity, then the following conditions must hold good 
simultaneously:

(i) D > 0, where D is the discriminant of/(x) = 0
(ii) 1 lies between the roots, therefore, (2a +1)/(1) < 0.

Now,
D > 0

=> ?-4(2fl + l)(a-2) > 0

=> a2-4(2?-3a-2) > 0

=> 7a2-12a-8 < 0

6 + 2723
< a <---- -----

and,
(2a+l)/(l) < 0

=> (2a +1) (2a +1 - a + a - 2) < 0
=> (2a +1) (la -1) < 0

-1 1 ’ 
=> — < a < -.2 2
c. 6-2723 -1Since, ---- - ---- < 2 CUIVI y

Hence, the required values of
(-1/2,1/2).
EXAMPLE 12 Find all possible values of the real parameter 'a' so
that x4 + Tax3 + x2 + lax + 1 = 0 has

(i) at least two distinct positive real roots.
(ii) at least two distinct negative real roots.

SOLUTION We have,

x4 + lax3 + x2 + 2ax +1 = 0, x * 0 ...(i)

fx2 + ^+2fl x + - +1 = 0 [Dividing throughout by x2]

< J

5p 4
2 => ^5

From (i), (ii) and (iii), we obtain

pe (2,22/5).

EXAMPLE 9 Suppose aand0 are the roots of the equation 
x2 + 2(m-3)x + 9 = 0.

(i) Find all the values of m such that both 6 and 1 lie between 
a and 0.

(ii) Find all the values of m such that at most one of 6 and 1 lie 
between a and 0.
SOLUTION Let/(x) = x2 + 2 (m - 3) x + 9

Clearly, y = / (x) represents a parabola opening upward, 
(i) If 6 and 1 both lie between the roots of/(x) = 0 then 
/(6) < Oand/(1) < 0

=> 36 +12 (m - 3) + 9 < 0 and 1+2 (m- 3) + 9 < 0

=> 12m + 9 < 0

... 7a2-12a-8 = 0
6± 2 723

=> a 7

[v (e8-!)2 > 0]

’.. 2?*-5^ + 1 = 0 
a 5±T17

=> C = ------- ---------4

if
X
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and 0 < k < 1=> -2 < k < -

y

y=f(t)

t

/(—2) < 0 =* 4-4fl-l < 0 =* a > %

Fig. 20.30and,

Hence, a > - => a e anda/2 > 0

and a > 0
and a > 0

=> (3k -1) (k + 2) < 0

=> -2 < k < |

=> ke (0,1/3)
example 14 Find all the values of parameter 'a' for which the 
inequality 4X - a. 2X - a + 3 < 0 is satisfied by at least one real value 
of x.
SOLUTION Let t = 2X. Then, t > 0 for all x e R and

4x-a.2x-a + 3 = t2-at-a+3

4X - a. 2X - a + 3 < 0 for at least one real x.

=> f2 - at - a + 3 < 0 for at least one t > 0

=> f(f) < 0 for at least one t > 0,where/(f) = f2- flf-fl+3.

Let D be the discriminant off (f) = 0. Then,
D < 0 =»/(!)> 0 for all t. Coefficient of t2 > 0]

SO, /(f) < 0 for at least one f > 0 can be true only when 
D > 0. It is evident from the following graphs that/(f) < Owill 
be true for at least one t > 0 in the following two cases: 
CASE I When D > 0 and vertex of the parabola y = f(t) is on the 
right side of the origin.

=> /(l) <0 and /(3) < 0
=> (1 -3k) (1 -k-3) < Oand (3 - 3k) (3 - k - 3) < 0 

and 3 (k -1) k < 0

=> a < - and a > 2, which is not possible.

(3 'I 00 .
4

\ 7
EXAMPLE 13 Find the values of k for which the inequality 
(x - 3k) (x - k - 3) < 0 satisfies for all x such that 1 < x < 3. 
SOLUTION Let/ (x) = (x - 3k) (x - k - 3)

Clearly, a = 3k and 3 = k +3 are the roots of/(x) = 0.
Also, coefficient of x2 is positive. Therefore, y - f(x) repre­

sents a parabola opening upward.
Thus,/(x) < 0 for all x e (1,3) 

=> 1,3 lie between the roots of/(x).

In this case
/(f) > 0 for at least one f > 0

Now, D > 0

=> a2 + 4(a-3) > 0
=> (a + 6)(a-2) > 0
=> a e (- - 6] u [2, °°) and a > 0

=> a e [2, ~).

CASE II When D > 0 and vertex of the parabola y = /(f) is on the 
left side of the origin.

In this case,/(f) > 0 will be true for at least one f > 0, if 
/(0) < 0.

We know that the sum of a positive real number and its 
reciprocal is always greater than or equal to two. Therefore, 
f > 2.

The roots of (ii) are real and distinct as its discriminant 
D = 4a2 + 4 > 0 for all a e R. Consequently f > 2.

Thus, the given equation will have at least two distinct 
positive roots, if equation (ii) has at least one root greater 
than 2.

If exactly one root of (ii) is greater than 2, then 2 must lie 
between the roots.

f (2) < 0, where/(f) = t2 + 2at -1
• => 4 + 4fl-l < 0

-3=> a < —4

=$ a e f-°o, - 3/4)
If both the roots of equation (ii) are greater than 2, then the 

point representing (2,0) on f-axis is on the left hand side of the 
vertex of the parabola/(!) = t2 + 2at-l and/(2) > 0. That is,

2 < -aand4 + 4a-l > 0
3

=> a < - 2 and a > - - > which is not possible.

Hence, a e (- ~, - 3/4).
CASE II When x < 0

Since the sum of a negative real number and its reciprocal 
is less than or equal to - 2. Therefore, f < - 2. As the dis­
criminant of (ii) is positive so equation (ii) has distinct real 
roots. Therefore, f # - 2. Thus, f > - 2.

If the given equation has at least two distinct negative real 
roots, then the equation (ii) has at least one root less than - 2. 
The conditions for the same are
(i) /(- 2) < 0 or, (ii) /(- 2) > 0 and the vertex of the parabola 

, /(f) = f2 + 2af -1 is on the left hand side of f = - 2.
Now

3
4

3
4

/(-2) > Oand-a < -2
3 . .....
4
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y

y-f(t)

t(o.f(o))

[See Case I]

Now,

=> a < 2 => a 6 (- 2)

(ii) /(l) < 0

=> /(f) = 0 has either a root between 0 and 1 or it has both 
roots between 0 and 1.
CASE I When f(t) = 0 has a root between 0 and 1:

In this case,
D > 0and/(0)/(l) < 0

=> a e (- °°, - 6] u [2, ~) and - (a - 3) (4 - 2a) < 0
=> a e (- oo, - 6] u [2, ~) and (fl - 3) (fl - 2) < 0
=> a G (- °°, - 6] u [2, °°) and 2 < fl < 3
=> a g (2,3)
CASE II Whenfft) = 0 has both roots between 0 and 1.

In this case, the following conditions must hold good simul­
taneously:

(i) D > 0
(ii) /(0) > 0
(iii) /(l) > 0
(iv) Vertex of the parabola is between 0 and 1 i.e.

0 < | < 1.

Fig. 20.31

Now, D £ 0 => a g (- - 6] u [2, <») 
fl/2 < 0 =>fl < 0

and, /(0) <0=*-fl + 3<0
=> a > 3

a D > 0,a/2 < 0and/(0) < 0

=> a g (-«>,- 6] u [2, oo), a < 0 and fl > 3

Clearly, these three are not true simultaneously. So, there is 
no value of fl in this case.

Hence, fl g [2, oo).
EXAMPLE 15 Consider the inequality 9r-fl.3x-fl + 3 £ 0,. 
where 'a' is a real parameter. Find the values of'a' so that the given 
inequality has:

(i) at least one negative solution.
(ii) at least one positive solution.
(iii) at least one solution in (1,2).
(iv) at least one real solution.

SOLUTION Let f = 3X. Then,
9x-fl.3x-fl + 3 = l?-at-(a-3)

Also, let /(f) = f2 - at - (a - 3).

a 9x-fl.3x-fl + 3 < 0

=> /(f) < 0, where f = 3X > 0 for all real x.
Clearly, the graph off (f) is a parabola opening upwards. 
Let D be the discriminant off ft). Then,

D = «2 + 4(fl-3) = fl2 + 4fl-12 = (fl + 6)(fl-2)

Clearly,/(f) = 0 will have real roots, if 
D>0=^fl<-6orfl>2.

(i) - a. 3X - fl + 3 £ 0 has at least one negative solution
=» / (f) < 0 has at least one solution such that f < 1

[•_• x < 0 => f = 3X < 1]

=>/(f) £ 0 for at least one f G (0,1) (’.• f > 0]

D > 0 => fl g (- °°, - 6] u [2, oo)

/(0) > 0 => - (fl - 3) > 0 => a < 3 a g (- oo, 3)

/(I) >0=>4-2a>0 

and,

0 < fl/2 < 1 => fl g (0,2).
Clearly, all these conditions cannot hold good simul­

taneously. So, in this there is no value of a for which/(f) = 0 
has both roots between 0 and 1. •

Hence, 91-fl. 3X-fl+ 3 < 0 for at least one negative values 
of r, if a g (2,3)

(ii) 9T-fl.3x-fl + 3 < 0 for at least one positive value 
ofx

, => /(f) £ 0 for at least one f > 1 [•«• x > 0 => f = 3X > 1]

=> /(f) = 0 has at least one root greater than 1.
=> f(f) = 0 has either one root greater than 1 or both roots 
greater than 1.
CASE I When f(t) = 0has one root greater than I.

In this case, the following conditions must hold simul­
taneously.
(i) D < 0

Now,
(i) D > 0 => a g (- °°, 6] u (2, <»)

(ii) 1—fl-a + 3 < 0 => 4-2a<0 => fl-2 > 0 => a>2.
Combining these two, we obtain

fl G (2, oo)

CASEII When/(f) = 0 has both roots greater than 1:
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(iii) - > 1 ==> a > 2

(ii) /(0) < 0

(ii) /(3)/(9) < 0
(ii) /(O) > 0

=> 3 < a < —

=» a > 0

(iii)

Now,

(i)

In this case, the following conditions must hold simul­
taneously :

(i) D > 0 (ii) /(l) > 0

(iii) Vertex of the parabola is on the right side of 1 i.e. ~ > 1

(iv) 9X -a. 3X - a + 3 < 0 has at least one real solution.
=> /(f) < 0 has at least one solution f > 0
=* /(f) = 0 has at least one positive root.
=> /(f) = 0 has one positive root or it has both positive roots.
CASE I W/ien/(f) = 0 has one positive root.

In this case, the following conditions must hold simul­
taneously.

(i) D > 0
Now,

(i) D > 0 => ae (-~,6)u(2,oo)
and, (ii) /(0) <0=>-(fl-3)<0=>fl>3.
These two conditions will hold simultaneously, if 

a e (3, <»)
CASED Whenfff) = 0 has both positive roots:

In this case, the following conditions must hold simul­
taneously :

(i) D > 0 
and,

(iii) Vertex of the parabola is on the right side of the origin

i.e. ~ > 0

(iv) 3<^<9=>6<fl<18

Clearly, all these inequaties do not hold good simultaneous­
ly. So, there is no value of 'a' for which both the roots of 
f(t) = O lie between 3 and 9.

Hence, 9X - a. 3X - a + 3 < 0 for at least one x e (1,2) 

ifae (3,84/10)

Now,
(i) D > 0 => a e (-«», - 6] u [2, °°)

(ii) /(0) > 0 => -(fl-3) > 0 => a < 3

and, (iii) | > 0

Clearly, these three conditions do not hold simultaneously 
any value of a. So, there is no value of 'a' in this case.

Hence 9* - a. 3X - a + 3 < 0 for at least one real value of r, 
if a e (3, co)
EXAMPLE 16 Find all the values of the parameter a for which the 
inequality a. 9X + 4 (a -1). 3X + a > 1 is satisfied for all real values 
ofx.
SOLUTION Let f = 3X. Then,

a .9x + 4(fl-l)3x + a-l = at2 + 4 (fl -1) f + a -1
Let

84
a < 10

D > 0 => a < -6 or a > 2 
/(3) = 0 => 9-3fl-fl + 3 > 0 

=> -4fl + 12 > 0 
a < 3

/(9) > 0 =>81-9fl-fl + 3 > 0 
=> 84-10fl >0

D > 0 => fl e (- °o, 6] u [2, oo)

/(I) = 0 => a < 2

> 1 => a > 2 2
Clearly, there is no value of a sasitfying these three condi­

tions simultaneously.

Hence, 9* - a. 3X - a + 3 < 0 for at least one positive value 
of x, if a e (2, °°)

(iii) 9X - a. 3X - a + 3 < 0 for at least one x e (1,2)
=> f2-flf-fl+3 < 0 for at least one f e (3,9) [•<• f = 3X]

=> At least one root of/(f) = 0 lies between 3 and 9. »
=> /(f) = 0 has exactly one root between 3 and 9 or it has both 
roots between 3 and 9.
CASE I When f{f) = 0 has one root between 3 and 9.

In this case, the following conditions must hold good simul­
taneously.

(i) D > 0

Now,
(i) D > 0 => a € (- oo, - 6) u (2, oo) 

and, (ii) /(3)/(9) < 0 
=> (12-4fl)(84-10fl)’< 0 

=> (4fl -12) (10fl - 84) < 0 
o 84 

w
Clearly, (i) and (ii) are true for all fl e (3,84/10)

CASED Whenf (f) = 0 has both roots between 3 and 9:
In this case, the following conditions must hold simul­

taneously :
(i) D > 0 (ii) /(3) > 0 (iii) /(9) > 0
(iv) Vertex of the parabola lies between 3 and 9 i.e.

3 < fl/2 < 9
Now,
(i)
(ii)

/(f) = flf2 + 4(fl-l)f + (fl-l) 

a . 9x + 4 (fl -1) 3x + fl > 1

=> a . 9x + 4 (fl -1) 3x + (fl -1) > 0
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[•_• xe R => t = 3X > 0]

[•.• Disc < 0]

(i)
=> a > 0 and 1 < a < -

=>

=>

[•„• log2 x is an increasing function]

=> a < 1 or, a > -

[•.• c > 0]

(iv) - < 0

(c-4)x2-4x + (c~7) < 0 ...(ii)

Let D be the discriminant of (c - 4) x2 - 4x + (c - 7) = 0. 
Then,

(ii) a > 0
(iii) /(0) > 0
=> fl-1 >0
=> a > 1.

4(a-l)
2a

=> — > 0 a
=> a < 0or,a > 1
Clearly, all these inequalities will hold good simultaneous­

ly for all a > ~ i.e. for all a e [4/3, °°). 
o

Thus,/(f) > 0 for all t>0 if ae(l,<»). Clearly, for 
a = l,f(t) = f2 > 0 for all t > 0 
Hence, a > 1
EXAMPLE 17 Find all the values of parameter c for which the 
inequality

1 + log2 Zx2 + 2x + | > log2 (ex2 + c)
< >

possesses at least one solution.
SOLUTION The given inequality is meaningful, if

c > 0 and 2X2 + 2x +1 > 0

Clearly, 2X2 + 2x + | > 0 for all x e R

Thus, the given inequality is meaningful for c > 0. 
Now,

1 + log2 2X2 + 2x + ~ >log2(cx2 + c)

( 7^log2 2 + log212? + 2x+- > logger2+ c)
/

> log2(c? + c)

=> fl e (1,4/3)
CASE II When f (f) = 0 has real roots:

In this case,/(f) > 0 for all t > 0
If both the roots of/(f) = 0 are less than zero and the 

parabola opens upwards.
This is possible only when each of the following conditions 

are satisfied simultaneously.
(i) D > 0
(ii) a > 0
(iii) /(0) > 0
(iv) Vertex of the parabola is on the negative side of f-axis 

or it is at the origin.
Now,
(i) D > 0

=> 4(a-1)(3a-4) > 0

4 . •=> a < 1 or, a > -

D = 16-4(c-4)(c-7) 
= -4(c-3)(c-8)

Now we have the following cases:
CASE I When D < 0

D < 0
=> -4(c-3)(c-8) < 0

=> (c-3)(c-8) > 0
=> c g (- °°, 3) u (8, °°)

=> ce (0,3)u(8,-)

Coefficient of x2 in (ii) = (c - 4)
Thus, if D < 0 i.e. c e (0,3) u (8, °°) and c - 4 < 0, then the 

given inequality holds for all x 6 R.
Clearly, c e (0,3) u (8, °°) and c - 4 < 0

=> cg (0,3).
Thus, if c e (0,3), then the given inequality holds for all 

XG R.
CASED when D > 0 and coefficient ofx2 in (ii) < 0.

D > 0
=> -4(c-3)(c-8) > 0

=* /(0 > 0, where t = 3X.
Thus,

a.9x + 4(a-l)3x + a > lforallxe R
flf2 + 4(a-l f + a-1 > 0

=> for all t > 0

Now two cases arise:

Whenf(t) = 0 i.e. at2 + 4 (a -1) t -1 = 0 has imaginary 
roots.

In this case, we have
/(f) > 0 for all f > 0, if the following conditions hold simul­

taneously:
(i) fl > 0 (ii) Discriminant D of f(t) = 0 is less than zero.
fl > 0 and 16 (a -1)2 - 4a (a -1) < 0

=> fl > 0 and 4 (a -1) (3a - 4) < 0
=> fl > 0 and (a -1) (3a - 4) < 0

- ... 4
............3

Iog2 ■2(2x2 + 2x + ^)

\ /J
=> 4x2 + 4x + 7 > cx2 + c
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ANSWERS

1. (i) m e

(vi) a e (-4/3,-8/7](ii) m e

7. ae
k

5. (i) ae (-5,-1]
(iii) a<= (-ooz- 8/7)

(vii) ag(-8/7,-1]

6. me (ll/9,“)

(ii) a e [4, °°) 
(iv) No value of fl

But, 
D > 0

=> (c — 3) (c — 8) < 0
—3 < c < 8.
Coefficient of x2 = c-4
IfD > 0 and c-4 < 0, then the inequation (ii) holds for all

and for all x >

1. Find all the values of m for which both roots of the equation 
2x2 + mx + m2 - 5 = 0 are (i) less than 1 (ii) exceed -1
2. Find all values of a for which 1 and 5 lie between the roots 
of the equation x2 + 2 (a - 5) x + 3 = 0
3. For what values of 'a' exactly one root of the equation 
2flx2-4flx + 2fl-l = 0 lies between 1 and 2.
4. Find all values of 'a' for which the equation 
2X2 - 2 (2a +1) x + a (a +1) = 0 has two roots one of which is 
greater than and the other is smaller than 'a'
5. Find the values of parameter 'a' for which the roots of the 
quadratic equation x2 + 2(fl-l)x + fl + 5 = 0 are:

(i) positive
(ii) negative
(iii) such that one root is greater than 3, and the other is 

smaller than 3.
(iv) greater than 3
(v) smaller than 3
(vi) such that exactly one root lies in the interval (1,3)
(vii) such that both the roots lies in the interval (1,3) 
(viii) such that one root is greater than 3 and the other root

is smaller than 1.

EXERCISE 20.5

6. For what real values of m both the roots of the equation 
x2-6mx + 9m2-2m + 2 = 0 exceed 3?
7. Find the values of 'a' for which the inequation 
x2 + ax + a2 + 6a < 0 is satisfied for all x e (1,2).
8> If x2 - (a +1) x + a2 + a - 8 = 0 has one root greater than 1 
and the other root less than 1, find a.
9. For what values of 'a' does the equation 
ax2 - (fl +1) x + 3 = 0 have roots in the interval (1,2)?
10. Find the real values of the parameter 'a' for which the 
equation (2a +1) x2 - a (x -1) + 2 = 0 has one root greater than 
unity and the other less than unity.
11. Findthesetofvaluesof/cforwhichthecurvey = f(x) cuts, 
x-axis at atleast one point on the positive side, where

/(x) = x2 + 2(k-l)x + k + 5, ke R.
12. Find all values of parameter 'a' for which all solutions of 
the inequation ax2 - 2 (a2 - 3) x - 12a > 0 are the solutions of 
the inequation x2 - 49 > 0
13. Determine all values of 'a' for which the equation
2 sec4 x - 2 (2a -1) tan2 x - (2a -1) = 0 possesses solutions, 
and find these solutions.
14. Find all values of 'a' for which at least one root of 
Sx2 + (a +1) x + a = 0 lie in the interval 1 < x < 3.

7 '

7' ‘

2. fle (-o°,U/5)
4. fl e (- °°, -1) u (0, °°)

a;4(T-1-VTT] (-1 + V13 ^40^

1 + V13 J401
2 ' 7 J
3. (-1,0)

'VP-2s
4-c k /

(v) fle (-8/7,-l]u[4,°°)
(viii) fl e (- °°, - 4/3). 

z-7-^ 4 + 2^
2 /

and c-4 < 0
=> 3 < c < 8 and c < 4
=> ce [3,4)

Thus, if c c [3,4), then the given inequality holds for some x.

CASE IH When D > 0 and coefficient of x2 in (ii) > 0:
In this case, inequation (ii) holds for all x satisfying.

'2-VD 2 + VD^
c-4 ' c-4 I’

Now,
D>0=>3<c<8

and,

Coeff. ofx2>0=>c-4>0=>c>4

/. D > 0 and coefficient of x2 > 0

=> 3 < c < 8 and c > 4
=>ce(4,8].

Thus, if c e (4, 8], then the given equation holds for somex.
It follows from all the above cases that the given inequation 

holds for at least one x, if
cg (0,3) u [3,4) u (4,8]

-3Also, for c = 4, (ii) is satisfied for all x > — •

Hence, if 0 < c < 8, there is at least one solution of the 
given inequation.
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12. a e (0,7/6]

— □□□ —
or,

ILLUSTRATIVE EXAMPLES

...(i)

We have,

+ b + c + 2a

9. No real value

11. ke (-oo,-!]

(xf 
z 

k 7
a
, k )

f \ 
y
z

4 (/iy + g)2 - 4a (by2 + 2fy + c) = 0 

y2 (h2 - ab) + 2 (hg - af) y+g2 - ac = 0 
The roots of this equation are equal, if 
Disc = 0

=> 4(hg-af)2-4 (h2 - ab) (g2 - ac) =0 
=> abc + 2fgh -af2-bg2-ch2 = 0, 
which is the required condition.

8. at (-2^2,2^2)
/-I i>

2 2\ y

20.16 ALGEBRAIC INTERPRETATION OF ROLLE’S 
THEOREM

Let/(x) be a polynomial having a and p as its roots such that 
a < p. Then, /(a) =/(P) = 0. Also, a polynomial function is 
everywhere continuous and differentiable. Thus,/(x) satisfies 
all the three conditions of Rolle's theorem. Consequently, there 
exists y g (a, P) such that/' (y) = 0 i.e./' (x) = 0 at x = y. In other 
words x = y is a root of /' (x) = 0. Thus, algebraically Rolle's 
theorem can be interpreted as follows:

Between any two roots of a polynomial fix), there is always a root 
of its derivative/' (x).

where X = - and Y = ^. 
z z

(x
+ 2b - |+2c - z k .z k 7

313. a = —,x = 0.

/(0) = 0 
and, /(I) = |+| + c

EXAMPLE 1 For what values of m can the expression
2X2 + mxy + 3y2-5y-2

be expressed as the product of two linear factors ?
SOLUTION Comparing the given equation with ax2 + 2hxy

■ +by2 + 2gx + 2fy + c = 0, we have:

a = 2, h = m/2, b = 3, c = -2,/= - 5/2,g = 0
The given expression is resolvable into linear factors, if

abc + 2fgh-af-bg2 -ch2 = 0

=,-12-^ + 2 =0
2 4k /

=*m2 = 49 => m = ±7.

EXAMPLE 2 If the expression ax2 + by2 + cz2 + 2ayz + 2hzx + 2cxy 
can be resolved into rational factors, prove that a3 + b3 + c3 = 3abc.
SOLUTION The given expression is

ax2 + by2 + cz2 + 2ayz + 2bzx + 2cxy
r ■ 2 

-I
z

The given expression can be resolved into rational factors 
if the expression within brackets in (i) is expressible into ration­
al facors, the condition for which is

abc+ 2 abc-a .a2-b .it-c.(? = 0

=> a3 + b3 + c? = 3 abc
EXAMPLE 3 If a, b,ce R such that 2a + 3b + 6c = 0, show that the 
quadraticequatoin ax2 + bx + c= Ohas at least one real root between 
Oand 1.
SOLUTION Consider the polynomial

/(x) = ^x3 + |? + cx.
o £

= z2 [aX2+ bY2+ 2cXY+ 2bX + 2aY+ c]

20.15 CONDITION FOR RESOLUTION INTO LINEAR 
FACTORS

THEOREM The quadratic function
ax2 + 2hxy + by2 + 2gx + 2fy + c

is resolvable into linear rational factors iff 
a h g

abc + 2fgh-af2 -bg2 -ch2 = 0 i.e. h b f =0.
8 f c

PROOF The equation corresponding to the given quadratic 
function ax2 + 2hxy + by2 + 2gx + 2fy + c is

ax2 + 2hxy + byz + 2gx + 2fy + c = 0

ax2 + 2x (hy + g) + by2 + 2fy + c = 0

Solving for x, we get
z = ~^(hy + g)±>[4'(hy + gf-4a(by2 + 2fy + c) gQ 

2a
The given expression will have linear rational factors only 

if the values of x are rational linear expression in y. This is 
possible only when the roots of the above equation are real and 
equal i.e. Disc = 0.

2

Z 
k 7

25
2
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[•_• 2a + 3b + 6c = 0]= 0

a-f(x) =

'n-11

ILLUSTRATIVE EXAMPLES

Solve the equation x3 - [x] = 3, where [x] denotes the

(i)

y=f(x)

x'

■o

(0.-3)

(0.2)

(0.1)

functions. In this section, we shall discuss some examples to 
find the roots of equations with the help of graphs.

20.17 SOME APPLICATIONS OF GRAPHS TO FIND 
THE ROOTS OF EQUATIONS

In chapter 2, we have learnt how to draw the graphs of

ty'
Fig. 20.32

(o.o)
(-2.0) (-1.0)

EXAMPLE 1 
greatest integer less than or equal to x.
SOLUTION We have,

x3-^] = 3

=> x3-3 = [x]

Let /(x) = x3-3andg(x) = [x]

iy

■o y=g(x)

x"-1

0.0) /(2.0) 

(0.-1) /

(0.-2)/

Solving the given equations means finding the x-coor- 
dinates of the points of intersection of the curves y = /(x) and 
y = g(4

The graphs of these two curves are shown in Fig. 20.28. 
Clearly, the x-coordinate of the point of intersection of the two 
curves lies between (1,0) and (2,0).

If 1 < x < 2, we have# (x) = 1 and/(x) = x3-3.
At the point of intersection of the two curves, we have 

x3-3 = 1 => x = 41/3.

Hence, x = 41/3 is the solution of the equation x3 - [x]=3.

EXAMPLE 2 Solve the equation x? -3x-k = 0 for different 
values of k.
SOLUTION We have, .

x3-3x-k = 0

=> x3-3x = k

Let /(x) = x3-3xand#(x) = k.
The graphs of y = /(x) and y = k are shonw in Fig. 20.33.
Cleraly, solutions of x3-3x-k = Oarethex-coordinatesof 

the points of intersection of the curves y = x3 - 3x and y = k.

+ a =0 [Given]

' 1/3 
(4 .1)
-o

an are real num-

______X

(3.0)

2a + 3b + 6c= -

So, 0 and 1 are two roots of/(x) = 0. Therefore,/' (x) = 0 
i.e. ax2 + bx + c = 0 has at least one real root between 0 and 1. 
EXAMPLE 4 If a, b,ceR and a + b + c = 0, then show that the quad­
ratic equation Sax2 + 2bx + c = 0 has at least one root in [-1,1). 
SOLUTION Consider/(x) = ax3 + bx2 + ex.

We have,

/(0) = 0 and /(I) = a+b+c=0 [•_• a + b + c = 0]

So, 0 and 1 are roots of/(x) = 0. Therefore,/' (x) = 0 i.e. 
Sox2 + 2bx + c = 0 has at least one real root between 0 and 1. 
Also, (0,1) e [-1,1].

Hence, Sax2 + 2bx + c = 0 has at least one real root in [-1,1]. 
EXAMPLE 5 Suppose n is an odd positive integer and 

aQ a\ a2 
----- + — +------ + n + 1 n n-1

bers. Show that the equation aoxn+a^x^~x 

+ ..., + an = 0 has at least one root lying in (0,1).
SOLUTION Let us define

n+1 n n-1 2
Clearly,/(x) is continuous and differentiable on R. So, it is 

continuous on [0,1] and differentiable on (0,1). Also

/(0) = 0and/(l) = ^ + ^ + ...+-y +«„

Therefore, all the three conditions in the hypothesis of 
Rolle's theorem are satisfied. Thus, there exists at least one 
a e (0,1) such that/'(x) = 0
But, /'(x) = aQ xn + fli x” + ... + a„ _j x + an

/'(a) = 0
=> a is a root ofoq x" + a^ x? ~1 + ... +an-i x+a„ = 0

Hence, Oq x” + aj xn ~1 +... + a„_i x + an - 0 has at least 
one root in (0,1).

... + an = 0, where a^a^..
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(-1.2)
y=k

(-1.0)

(0.-2)
(1.-2)

y'

Fig. 20.33

i

♦ y
y

(0.5?)
y=f(>)

X x'

(2.-8)

' y'y'

Fig. 20.35Fig. 20.34

(1.0)

We observe that x = ±l are extreme points of 
/(x)=x3 - 3x and - 2 and 2 are its local minimum and maxi­
mum values.

X

(75+1.0)

= x(x2-2x-4)
= x (x -1 - V5) (x -1 + V5)

£___
(- J5,o)

Z y=g(x)
B0.-3)

Following cases arise:
CASE I When, -2<k<2:

In this case, y = /(x) and y = g (x) intersect at three points. 
So, all the roots of x3 - 3 - k = 0 are real.
CASEII When k < - 2:

In this case, y = /(x) and y = g (x) intersects at only one 
point. So, x3 - 3x - k = 0 has only one real root.
CASEm When k> 2:

In this case, y = /(x) and y = g (x) intersect at only one 
point whose x-coordinate is greater than V3? So, the given 
equation has one real root greater than ^3 and other two roots 
are imaginary.
EXAMPLE 3 Find all values oftheparameterkfor which all the roots 
of the equation x4 + 4X3 - 8x3 + k = Oare real.
SOLUTION We have,

x4 + 4x3-8x3 + jt = 0

x4 + 4x3 - 8x2 = - k

and,
/'(x) = 3?-4.x-4

= (x-2)(3x + 2)

... /'(x) = 0 => x = 2, -2/3

/"(x) = 6x-4

=> /"(2) = 8 > 0 and/" (-3/3) = - 8 < 0

(0,2)

(1-0) / x 
k : /(73.0)

Let /(x) = x4 + 4X3 - 8X2 and g (x) = -k
The graph of/(x) and g (x) is shown in Fig. 20.34
Following cases arise:

CASE I When - 3 -k < 0, i.e. 0 £ k < 3
In this case, y = x4 + 4X3 - Sx2 and y = - k intersect at four 

points, so, x4• + 4X3 - Sx2 + k - 0 has all real roots.
CASEII When - 4<-/c<-3 i.e. 3 < k < 4:

In this case, y = x4 + 4X3 - Sx2 and y = - k intersect at two 
points, so the given equation has two real roots.
CASEIH When -k > 0 i.e. k < 0:

In this case, there are two points of intersection. So, the 
equation has two real roots.
CASE IV When - k < - 4 i.e. k > 4

In this case, two curves donot intersect, so there is no real 
root.
EXAMPLE 4 For what real value of k does the equation 
x3-2x2-4x + Jt = 0 have at least one root strictly between 2 
and 0?
SOLUTION We have,

x3-2x2-4x + fc = 0
=> x3-2x2-4x = -k

Let /(x) = x3 - 2X2 - 4x andg (x) = -k

Then,

/(*)
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y

(0,3)
y=x-o

y'

dx

= 11

=>

y y=x-o

3 (0.3)

+ b > 0 0 (V3,0)x' (a,o)A/(-j3,0) x3

y=3-x2=>

y'

Fig. 20.37

y=-(x’-°) (0,3)

x-a | are shown in Fig.

y/2
Thus,* = ± —■

> b2

P(o,o) \(V3.O) x

,1/2/ \-a ,—+ a +b
k /

A1/2 
+ b

-^ = 0=>3*2 + a = 0=>x2 = — 
dx 3

k /

are the points of local maximum.
k /

Local maximum and minimum values of/(*) are given by

r
f

k /

For local maximum and minimum, we must have

J-«V/2 ^x+±y 
k . /

2
So, x = 2 and x = - - are points of local minimum and o

maximum respectively.
Thus, the graph of y = f (*) is shown in Fig. 20.35. The graph 

of y = g (x) is a straight line parallel to x-axis. The points of 
intersecion of y = /(x)andy = g(x) determine the roots of the 
given equation.

Clearly, y = /(*) and y = g (x) i.e. y = *3 - lx2 - 4* and 
y = - k will intersect at least one point between - 2 and 0, if

O L x- l F 40 o-8 <-k < — => ke -—'827 |_ 27
Hence, the given equation will have at least one real root 

r 40 between - 2 and 0, if k g - —> 8

EXAMPLE 5 If x3 + ax + b = 0 has only one real root, then prove 
that 4a3 + 27b2 < 0.
SOLUTION Lety = x2+ax + b.

We observe thaty —> °° as * -> °° and y as x —> - If
x3 + ax + b = 0 has only one real root, then y = x3 + ax + b has 
only one point of intersection with x-axis. This is possible only 
when local maximum and local minimum values of 
/(*) = x3 + ax + b are positive.
Now,

= *(t
_. 2a 

3 3
k 7

The given equation will have exactly one real root if local 
maximum and minimum values off (*) are positive.

■ +^1/2

”33
. -4a3 '

27

=> -4a3 > 27b2

=> 4a3+27b2 < 0

y = x3 + ax + b

.=> = 3X2 + a
dx

Fig. 20.36

Clearly, the graph of y = 3 - x2 will be above the graph of 
y = | x - a |, if at leat one of the lines given by y = | x-a | 
intersect y = 3 - x2 in the second quadrant. Consequently, the 
point P(a,o) will vary between two extreme positions 
A and B as shown in Fig. 20.37 and 20.38.

To find the coordinates of A, we proceed as follows:
Line y = x - a touches y = 3 - x2. Therefore,

¥
, at the point of contact

-2* = 1
1

X 2

example 6 Find the values of 'a' for which the inequality 
3 - | x - a | > x2 is satisfied by at least one negative value of x. 
SOLUTION We have,

3- | x-a | > x2

=> 3— x2 > | x-a |.
Thus, we have to find the values of 'a' for which the graph 

ofy = 3-x2 is above the graph of y = | x-a | for at least one 
negative value of x.

The graphs ofy = 3-x2andy = |
20.36.

40
27
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yy=-(x-o)

(0.3)

x' B(o.o)(V3.0) x

y=3-x2

,2

iy
y=x2(x2-2«+1)

y=a

x' y=l-«2
0 X

(0.-1) 0x' X

Fig. 20.39
iy'

Fig. 20.40

y
(o.a)

y/

Fig. 20.38

y=x logex

I___ 0
(-'/i.o)

(-bo)/
/(i.o)

(I 
y'

i)

/' (x) = 1 + log^x

/'(*) = 0
=> x = 1/e.

So, 1/e is the point of local minimum. The local minimum 
value off (x) is (- 1/e).

(i) Clearly, two curves y = a and y = x log, x do not inter­
sect, if a < -1/e.

Hence, the given equation has no solution for a < -1 /e.
(ii) We observe that the curves y = x loge x and y = a 

touch each other at (1/e, - 1/e). So, the given equation has only 
one real root, if a = -1 /e.

(iii) Clearly, the curves y = x log, x and y = a will inter­
sect at two points if - 1/e < a < 0. So, the given equation will 
have two real roots for - 1/e < a < 0.

(iv) The line y = a will cut the curve y = x Ioge x at only 
one point, if a > 0. So, the given equation has only one real root, 
if a > 0.
EXAMPLE 8 Find the values of a for which the equation

| x |2(| x |2-2a + l) = 1-a2
(i) has no real roots

(ii) exactly two real roots.
SOLUTION We have, | x |2 = x2. So, let us consider the fol­
lowing curves.

y = x2 (x2 - 2 a +1) and y = 1 - a2

Clearly, roots of the given equation are the points of inter­
section of these two curves.

We have,
y = x2(x2-2a + l)

=> y = x2{x2-2(a-l/2)}
So, let us consider the following cases:

CASE I When a < ~:

In this case, the graph of y = x2 (x2 - 2 a +1) is as shown in 
Fig. 20.40. The equation y = 1 - a2 represents a line parallel to

(-13 'So, the coordinates of A are ——, 0 •.4
To find the coordinates of B we proceed as follows:
Clearly, y = - (x - a), passes through (0,3). Therefore,

3 = a.

The vertex P (a, 0) will lie between A and B, if
-13 0—— < a < 3.4

EXAMPLE 7 Show that the equation x loge x = a has

(i) no root for a < -1/e
(ii) one real root for a = -1/e
(iii) two roots for-1/e < a < 0
(iv) one root for a > 0

SOLUTION Let/(x) = xlogex and g(x) = a.

The graphs y = /(x) and y = g (x) are shown in Fig. 20.39
We have,

_ . -i ,
Putting x = — in y = 3 - xr, we get

y ~3 4 4

Since the point of contact lies on y = x - a. Therefore, 
111 -13— = - — -a =$ a = —r~4 2 4
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•W

y

y=1-<2

0

Fig. 20.41

are
y

y=f(x)

y‘

Fig. 20.42

1
2

£___
(-fi/2,0)

I y-fo) 
M

x

(V3/2.0)

2
x-axis which will be below x-axis if 1 - a <0 and above x-axis, 
if 1 - a2 > 0.

Thus, y = 1-a2 will not intersect with the curve 
y = x2 (x2 - 2 a +1), if 1 - a2 < 0 i.e., ae (-<»,-1) u (1, °°). 

But, a < -. So, the given equation will have no real root, if 

ae (-~,-l).
The line y = 1 - a will intersect the curve at two points 

(coincident or distinct) if 1-a2 > 0 i.e. ae [-1,1]. But, 
a < ^. Therefore, for ae [-1,1/2], the given equation will 

have two real roots.
CASEII When a >1/2

9 9In this case, the graph of y = x (x - 2 a +1) is as shown in 
Fig. 20.41.

1-a2 < -|(2a-l)2.

=>4-4a2 < - 4a2 + 4a-l
5=> a > 74

Thus, the given equation will have no real roots, if 
a > 5/4. It follows from the above two cases that the given 
equation has no real roots, if a e (-«>,-1) u (5/4, °°) and it has 
exactly two real roots, if a g [-1,1].
EXAMPLE 9 Let -l<p<l, show that the equation 
4x3 - 3x - p = 0 has a unique root in the interval [1/2,1 ]and iden­
tify it.

(V2^i.O) «

n , J2a-1=> x = 0,x = ± V—-—

Thus, x = 0, ± V a^-- are critical points of 

y = x2 (x2 - 2 a +1). The critical values of y at these points are 

Oand --(2 a-Irrespectively. .
2As discussed in case I that y = 1 - a represents a straight 

line parallel to x-axis. This line will cut the curve 
y = x2(x2-2a + l) at two distinct points, if 1-a2 > 0 i.e. 
a g (— 1,1). But, a > 1/2. Thus, the given equation will have 
two real roots if a g (1/2, 1).

The line y = 1 - a2 
y = x2(x2-2a + l), if

( 1> = -1 and/ -- =

We observe that the line y = p, where -1 £ p < 1, intersects 
the curve y =/(x) exactly at point a g [1/2, 1].

Thus,/(x) = p for exactly one value of a g [1/2, 1]
1

=> 4x3-3x = p for exactly one value of a g [1/2, 1]

will not cut the curve

Now,
y = x2(x2-2a + l)

= 4?-2x(2a-l)

••• ^ = 0
dx

SOLUTION We have,
4x3-3x-p = 0

=> 4x3 - 3x = p
Let/(x) = 4X3 - 3x and g (x) = p.
Clearly, roots of the equation (i) are the x - coordinates of 

the points of intersection of the curves y=f(x) and y=g (x).
The graphs of y =/ (x) and y=g (x) are shown in Fig. 20.42.
We have,
/'(x) = l^-S
Clearly,/'x = 0 at x = ± | •

We observe that x = is the point of local minimum and

x = -1 is the point of local maximum of/(x). Also,

'2 \ /
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=>

(P)

[v -1 <p<l]

ILLUSTRATIVE EXAMPLES

=>

STEPH Put y

or, =>

=>

(i)

- 7. So, we intro-
=>

58

= 4x3_3x_p> Then, 

/'(x) = 12?-3

equations which are either reducible to quadratic equations or 
to some simple equations which are easy to slove. Following 
examples will illustrate the same.

I THEORY OF EQUATIONS

5
3.4.6.12

5
3.4.6.12

5
3.4.6.12

5
3.4.6.12

1 
y = 4

3'
24

7

5
X 24

TYPE I EQUATIONS OF THE FORM:

(x - a) (x - b) (x-c)(x-d) = A, 
a < b < c < d and b - a = d-c

5 x = y.+ — y 24

5
12.6.4.3
1 1 -
3 4 ’

X--l + l X--1+ X--
I

f
X’3 

7 
1 

12

/'x= 12 x-± 
k >

1 ]
X-~2 +

I'l

v 12 ' 6 '4'3 
duce a new variable y given by

5
3.4.6.12

20.17 SOLUTIONS OF MISCELLANEOUS EQUATIONS
In this section, we shall study various methods of solving

=> a = cos 17 cos 1 (p)L 
0

Hence, 4X3 - 3x - p = 0 has exactly one root in the interval 
[1/2, 1].

In order to find the value of root a. Let a = cos 0. Then,
/(x) = 0

=> 4cos30 - 3 cos 0 - p = 0

=> cos 3 0 = p

=> 0 = | cos"1
I 3

(
X + 2 

k }
Clearly,/' (x) > 0 for x e [1/2,1].

=> /(x) is an increasing function on [1/2, 1]
=> /(x) can have at most one root in [1/2, 1],

Also,

/ = -1-p and/(I) = 1-p

/jl/'(l) = -(l-p2,p2-1 S° 
k 7

Since/(x), being a polynomial, continuous on [1/2, 1] and
/1A

/ - /(I) <0. Therefore, by intermediate value theorem,/(x)

has at least one root in [1/2, 1].
Hence,/(x) has exactly one root in [1/2, 1].

where
This type of equations can be solved by using the following 

algorithm:
ALGORITHM

STEP I Obtain the equation and check whether a<b<c<dor 
not. Ifa<b<c<d then check whether b-a = d-c. If 
b-a = d -cgo to step II. ■

_ (x - g) + (x - b) + (x - c) + (x - d)
4

a+b+c+d
r=y+—4—

in the given equation.
Following examples will illustrate the above procedure:

EXAMPLE 1 Solve the equation:
(12x -1) (6x -1) (4x -1) (3x -1) = 5

SOLUTION The gjven equation can be written as:
(
x --—

12 k 7
Since ~ < 7 < 4 < 7 and 7 -

k 7k

( 4>|
=> t + —~

242 , 
k 7 k

244 "

2*242

4]
___ 5
3.4.6.12

6

' 1)

1
6

5 
Putting x = y + — in (i), we get

IV
24A

1Y
24A-

2

’ 24k 7

( 3^
y+s |y+^l|y-5il|y-^

< 7 k
2

y-P-l* I24

' 2 _5___ 4/
r"242 242

k 7

• where t = y2 - -A;
242

ivr
V 4J
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y = -15 => x + — = -15

x = - 4, -6,

11
144

49
242

Clearly, x = 0 does not satisfy this equation. So, we divide 
both sides by x2 to obtain the following equation:

( 24 . ,J
r ■ x • ”i

or,

STEPH

=$> y2 + 2y - 24 = 0

=> (y + 6) (y — 4) = 0
y = - 6,4

CASE I When y = - 6 
In this case, we have

2x + - = -6
x

=> 2x2 + 6x + 1 = 0

7
’24

1 1
2 12

L -L

STEPV Solve the equations x + — = yjandx + y = yitogetthe 

values ofx.
Following examples will illustrate the above procedure:

« EXAMPLE 2 Solve the equation:

(x + 2) (x + 3) (x + 8) (x +12) = 4x2

SOLUTION We have,

(x + 2) (x + 3) (x +8) (x +12) = 4X2

=> (x - (- 2)) (z - (- 3)) (x - (- 8)) (x - (-12)) = 4?

Since (- 2) (-12) = (- 3) (- 8), so we write the above equa­
tion in the following form:

|(x + 2) (x +12)| |(x + 3)(x + 8)| = 4?

=> (x2 + 14x + 24)(? + 11x + 24) = 4?

=> (y - 3) (y + 5) = 9,where y = 2x + ~

TYPE II EQUATIONS OF THE FORM:

(x - a) (x - b) (x - c) (x - d) = Ax2, where ab = cd.

In order to solve this type of equations, we use the following 
algorithm:
ALGORITHM

STEP I Obtain the equation and express it in the following  form: <

{(x - a) (x - b)) |(x - c) (x - d)) = Ax2
{x2 - x (a + b) + ab J {x2 - x (c + d) + cd} = Ax2

Divide both sides by x2 to get

• x + “ ~(a + b) • • x + ~ - (c + d) • = A.

STEP in pui x + — = x + — = yto obtain
x x 0
{y-(a + b)J (y-(c + d)J = A

STEP IV Solve the equation in step III for y. Let the values of y be 
yi and y2.

t2 =

EXAMPLE 3 Solve the equation:
(2x2-3x + l)(2x2 + 5x + l) = 9?

SOLUTION We have,
(2x2-3x + l)(2x2 + 5x + l) = 9X2

Clearly, x = 0 does not satisfy the above equation. So, we 
divide both sides by x2 to get

A V 1 > 
2x + a-3 2x + - + 5 = 9x A 7

5
144 + 242

±7
=> i/ = —J 24

5 x 7 ^X~24=±^

5±7
X " 24

16 5 = 121
244 + 3.4.6.12 i442

11 => t = —— 144
2 5

“ 144

f 24 \ « ix + — + 14 x + —+ 11 = 4 
x "k 7k

24Letx + — = y. Then,

(y+ 14) (y+ 11) = 4
=> y2 + 25y + 150 = 0

=> (y +15) (y +10) = 0
=> y = -10, -15
CASE I When y = -10

24 y = -10 =>X + — = -10 
y X

=> x^24 = -lOx

=> x2 + lOx + 24 = 0
=> (x + 6) (x + 4) = 0
=> x = -4,-6

CASED When y = -15
24y = -15 => X + — = -15

J X

=> X2+15X + 24 = 0
-15±V129=* x 2

Hence, the solutions of the given equation are: 
-15± V129 

2
cd
x

I
X
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I

[•.• x = y + 3]

=> x =

y =

SOLUTION Lety =

ILLUSTRATIVE EXAMPLES

2
=>

==>

=>

8:1

=>x = y + 3
Putting x = y + 3 in the given equation, we get

of the form a* = b is known as an exponential equation.
Following examples will illustrate the solutions of the ex­

ponential equations.

8 ’

1

20.18 SOLUTIONS OF EXPONENTIAL EQUATIONS
If a, bare positive real numbers such that a *1, then an equation

x2 + 3x + 2 = 0
(x + 2)(x + l) = 0

x = -1-2.

5x\3x =TYPE I EXPONENTIAL EQUATION OF THE FORM:

= ab' a > 0, a *1
is equivalent to the equation f (x) = b which can be solved by the 
methods studied earlier as discussed in the following examples.
EXAMPLE 1 Solve the equation:

e? + 3x _ _L
. 5 '25

SOLUTION We have, 
cx2 + 3x _ 1
5 -25

EXAMPLE 2 Solve the equation : 2X : 2^ =

SOLUTION We have,

£
2*

-6 ± V36^8 
’’—-—

^x-~-^

2
CASE II When y = 4 

In this case, we have 

2x + ^ = 4
x

=> 2x2-4x + 1 = 0

-4 ±<16^8

(y + 3-1)4 + (y + 3-5)4 = 82

=> (y + 2)4 + (y - 2)4 = 82

=> 2(y4 + 24y2 + 16) = 82

=> y4 + 24y2-25 = 0

=> (y2 + 25) (y2 -1) = 0

=> y2 + 25 = 0 or y2 -1 = 0
=> y = ± 5i or y = ± 1
=> x = 3 ± 5i or x = 3 ± 1
=> x = 3±5i, 4,2.
EXAMPLE 5 Solve:

(x-l)3 + (x-2)3 + (x-3)3 + (x-4)3 + (x-5)3 = 0

SOLUTION We have,
[A.M. of (x - 1) and (x - 5)] = [A.M. of (x - 2) and (x - 4)] 

So, we substitute

=» X = y + 3
Substituting x = y + 3 in the given equation, we obtain
(y + 2)3 + (y +1)3 + / + (y-1)3 + (y-2)3 = 0

{(y + 2)3 + (y-2)3} + [(y + l)3 + (y-l)3}+y3 = 0

=> Sy3 + 30y = 0
=> 5y(y2 + 6) = 0
=> y = 0,y = ±V6i
=> x-3 = 0 or, x-3 = ±46i

=> x = 3,3 ± V6f

-2±<2
4 2

Hence, the solutions of the given equation are:
-3±V7 2±^2 

2 ‘ 2 ’

TYPE III EQUATIONS OF THE FORM

(x - a)4 + (x - b)4 = A
In order to solve the above type of equations, we change the 

variable by making the substitution:
(x-a) + (x-b)

2
EXAMPLE 4 Solve the equation:

(x -1)4 + (x - 5)4 = 82

(x -1) + (x -5) _ x_3 
2
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,x2-2x

+ 1

|2X-1 | = I x + 2 | =

and,

-1).

=>

-1) = 2-

_ 2 2X +

Thus, the critical points are x = 0 and -1. Consequently, 
we have the following cases:
CASE I When x< —1

In this case, we have

| x+1 | = -(x + 1) and | 2X-1 | = -(2X-1).
2Ix+1I-2x= |2x-1 |+1

=> 2~(X+1)-2X = - (2X-1) + 1
2“x=> Ar-2X =-2x + 2

2

x + 2
-(x + 2)

f (2X+1-1)
l-(2x+1-l)

= 2.2X
=> 2X+1 = 2X + \ which is an identity

Thus, in this case all non-negative real values of x are the 
solutions.

Hence, the solution set of the given equation is

|xe R | x > 0|u(-2|.

EXAMPLE 4 Solve the equation
21 x + 2 I _ | 2X+1-1 | = 2X + 1

SOLUTION We have,
2X -1 , for all x > 0 
-(2X-1), for all x < 0*

=> 2X = 1
=> x = 0

But, x does not satisfy -1 < x < 0.
So, there is no solution in this case.

CASE DI When x £ 0
In this case, we have

| x+1 | = x + 1 and | 2X-1 | = 2X-1.
2|x+1|-2x = | 2X-1 | +1

=> 2X + 1-2X = 2X-1 +1

x + 1 , for all x > -1
- (x +1), for all x < -1 ’

=> 2X+1
+ 1

lx+1 + l

2-x=>-y = 2

| x + 2 | = x + 2and | 2X + 1-1 | = 2X+1-1 

2|x+21 - | 2X+1-1 | = 2X+1 + 1.

=> 2x+2-(2x + 1-l) = 2X+1 + 1

+ 2

=> 2X -zx = 23

=> ?-2x = 3

=> x2-2x-3 = 0
=> (x - 3) (x +1) = 0
=> x = -1,3
EXAMPLE 3 Solve the equation:

2I”>I-2X=

SOLUTION We have,

=> 2'
=> -x = 2
=> x = -2
CASED When -1 < x < 0

In this case, we have

| x +1 | = x + 1 and | 2X-1 | = - (2X-1)
A 2I X+1 I -2X =| 2X-1 | +1

=> 2X + 1-2X = - (2X-1) +1

=> 2.2X-2X = -2x + 2

rx = 22

, ifx > -2
, ifx < -2’

, ifx>-l
, ifx < -1

Clearly, x = -2,-1 are two critical points which divide the 
number line in three parts. Consequently, we have the follow­
ing cases:
CASE I When x < - 2

In this case, we have
| x + 2 | = -(x + 2)and2X + 1 - 1 = -(2X + 1 

A 2|x+21 - | 2X + 1-1 | = 2X + 1 + 1 

=> 2_(x+2> + 2x+1-1 = 2x+1 + 1 

_2~(x+2) = 21 

=> - (x + 2) = 1 
=> x = -3.

Clearly, it satisfies the condition x < -2. 
CASED When -2 < x < -1

In this case, we have
| x + 2 | = x + 2and | 2X + 1-1 | = -(2X+1-1) 

/. 21 x+2 1 - | 2X + 1-1 | = 2 

=> 2x+2 + 2x + 1-1 = 2x + 1 + 1 

=> 2X+2 = 21 

=> x + 2 = 1 
=> x = -1

But this value of x does not satisfy the condition 
-2<x<-l.

So, there is no solution in this case. 
CASE DI When x £ -1

In this case, we have
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+ 1

SOLUTION We have,
[Dividing by b1]

hl =
and,

| f1-! | = (2‘
1

+ 1
= 0

+ 1

-1)
-1

-1

+ 1

I

I

(4f
■ 3 k /

(3f
4 k 7

x ,x > 0 
-x,x < O'

=> 2* = 2X, which is an identity.

1*-1-1 1 = -(2x-1-l).

-1 | = 2X-1

-1 = 2X-1

'3
4 k 7

= f2W W
These equations can be solved by the methods studied 

earlier.
EXAMPLE 6 Solve the equation:

64.9x-84.12x + 27.16x = 0

SOLUTION We have, 9 x 16 = (12)2. So, we divide both sides 

by 12x and obtain

64 7 -84 + 27 4 k J

So, in this case every value of x satisfying x > 1 is a solution 
of the given equation.

Hence, the solution set of the given equation is 

{-l)u[l,oo).

TYPE II EXPONENTIAL EQUATIONS OF THE FORM

a. /(x) + P. i/(x)+y. </(x) = 0 
where a, p, Y are non-zero real numbers and a, b, c satisfy the 
condition b2 = ac can be reduced to the equation

a t2 + P f + y = 0, where t = -

This equation can be solved by the usual methods. Let its 
roots be f] and Then, we have

/ V(x) 
I-1 blI/"1-! I = ' ifx - \

|-(2X-1-1), ifx < 1

Clearly, x = 0 and x = 1 are two critical points which 
divide the real line in three parts. Consequently we have the 
following cases:
CASE I When x < 0

In this case, we have

|x | = - xand | 2

2*x' - | 2X-1

=> 2‘I+2,‘1

,= 16 =*

Q
CASE I When t = ~ 4

In this case, we have

27 ( 3 Y
641 - 84 + — = 0, where t = -

< 7

-1 | = 2X-1 

-1 | = 2X-1 + 1. 

-1) = 2X-1 

+ 2X’1

=> 2"x = 21
=> -x = 1

x ~ — 1.
CASEn When 0 < x < 1

In this case, we have
| x | = xand | 2X-1

2>XI-|2X

=> 2X + (2X'1

=> 2X = 21
=H = 1

But x = 1 does not satisfy the condition 0 < x < 1. So, 
there is no solution in this case.
CASEm When x > -1

In this case, we have
| x | = x and | 2X "1

... 2lx I _ | 2X-1

=> 2X-(2X"1

=> 2X = 2X-1

=> 2*+2 = 2X + 2, which is an identity.

So, in this case every x > -1 is a solution of the given 
equation.

Hence, the solution set of the given equation is
{- 2) u (-1, ~)

EXAMPLE 5 Find the set of all solutions of the equation:

2I x I - | 2X-1-1 | = 2X-1

-1 I =-(2x-J
-1 | = 2X-1 + 1

-1) = 2X’1 + 1

3 1

27
t

=> 64f2-841 + 27 = 0
=> (4f — 3)(16f — 9) = 0

3 9 
t — . '4 16

9
CASE II When t = 16

In this case, we have

f3?
4 k /

Hence, the roots of the given equation are: x = 1,2.
EXAMPLE 7 Solve the equation:

22x*2_6r_2 32x + 2 = 0

SOLUTION We have,
22x + 2-6x_2.32x + 2 = 0
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= 2±<2t =
= 0=> 4.2‘

= 0

i2

=* t = t'-2

[•.• t = (2/3)x > 0 for all x]=> t = —

=>

=} t =

for all x 6 R

|x-2| = for all a < 1

=>

for all a < 1.

=> 2:

[•.• f = 2"(x“2) < 1 for all x > 2]

=> t = 2

2sin2x _ 2=>

2=> sin x = 1
9 7=> sin x = sin n/2

=> x = n n ± n/2, n e Z

EXAMPLE 11. Solve: 4'

-f 
3

= 7
2

[v 0 < sin2x < 1, t = 2sin x

=> 4r-9t + 8t-18 = 0
=> (4t-9)(t + 2) = 0

9 n
' ' 4 ~

^t = l

=> 4r-1-18 = 0
..2 - - --

< 1 for all x < 2]

x - 2 , for x > 2
- (x - 2), for x < 2'

. 2 ^in x

[••• t = 2X“2

=>43 
\ /

. 2 2
>sm x + 5 2cos X = 7

=> 22.22x-2x.3x-2.32.32x = 0

•2x-2x.3x-18.32x

<3Y -1-18
\ J

+ 5.21-sin x = 7
(2\

=> t + 5 - = 7, where t = 2!
\ /

=* f2-7f + 10 = 0

=> (f-2)(t-5) = 0
=> t = 2,5

?x < 2]

-T
3 

\ /
=> x = -2.

Hence, x = - 2 is the solution of the given equation.
EXAMPLE 8 Solve the equation.

4-|*-2| -4.2"1x-2I +2 = 0

SOLUTION We have,

=> x = ±log12 (1 + Vl-a),

,, , 18* . * f2Y=> 4t -1 - — = 0, where t = -

4±V16~r8 
2

=> t = 2-^2

2X“2 = 2-^12
=> x - 2 = log2 (2 - V2)

=> x = 2 + log2 (2 - V2)

Hence, Ithe solutions of the given equation are:
x = 2 ± log2 (2 - V2).

EXAMPLE 9 Solve:
144|xl -2.12|x| +a = 0, where a e R.

SOLUTION We have,
144|x| -2.12|x| +a = 0

=> (12)2lxl-2.12|x|+a = 0

=> f2 - 2t + a = 0, where t = 12' x '
2 ± ^4 - 4a

2
=> t = 1 ± >/l - a

Since t is real. Therefore, we must have 1 - a > 0 i.e. a < 1.

for all x g R

EXAMPLE 10 Solve 2! 
SOLUTION We have, 

. 2 22Sin x $ 2C0S x 

. 2 ,sin x

So, we have the following cases: 
CASE I When x > 2:

In this case, we have 
| x-2 | = x-2.

... 4- II-4.2- I*-2 I +2 = 0 

=>4-(i-2)-4.2-<i-2> + 2 = 0

I2-41 + 2 = 0,where! = 2“^x”2\ 

=> f = 2±'& 

=• t = 2->l2

2-<x‘2) = 2-^12

=>-(x-2) = log2(2-A/2)

=> x = 2-Iog2(2-V2)

CASE II When x <2
In this case, we have 
| x-2 | =-(x-2).
4- I x-2 I -4.2“ I x-2 1 +2 = 0

=> 4x’2-4.2x-2 + 2 = 0

=> f2 — 4f + 2 = 0,where! = 2X-2

Also, t = 121 x I >1 

t = 1 + ^1 - a,

=> 12Ix I = 1 + V1^7,

| x | = log12 (1 + >/l -a), for all a < 1

18'
t
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[Dividing both sides by 321]

=$ =>

1=> x =

a

=>

=>

_ 1
" 2‘

=> 2'
=> x-1 = 3 

x = 4.

THEORY OF EQUATIONS

-l+S*"1 = 35

[v 2X > 0 for all x g R]

=ri3
62?

10g2/3|jJ' X = 1o82/3^‘
EXAMPLE 12 Solve the equation 64^ x' -2.8^ x ' + fl = 0/or 
every real value of the parameter a.
SOLUTION We have,

64|xl-2.8|x|+a = 0

=> (8,x,)2-2.8lx| +1 = 1-a

1 => (8|x|-l)2 = 1-a
Clearly, LHS > 0 for all x e R. So, the given equality will 

hold good, if
1-a > 0 => a < 1.

Now,
(8lx I -1)2 = 1-a

=> 8’11-1 = ±VT^
=> 8|x| = liVTT

Clearly, LHS of this equation is always greater than or equal 
to unity. Therefore, for the equation to exist, its RHS must also 
be greater than or equal to unity.

Clearly, 1 - -a is less than 1 for all a < 1.

.’. 8111 = 1 + >/l - a for all a < 1.

=» I* I = log8(l + Vl-a)

=> X = ±log8 (1 + Vl-a)
Hence, x = ± log8 (1 + ^1 -a) for all a < 1 and there is no 

solution for a > 1.
EXAMPLE 13 Solve the equation:

'/a(2x - 2) +1 = 1 - 2xfor every value of the parameter a.

SOLUTION Let y = 2X. Then,

SOLUTION We have,

4* +1-5 + 9<x + 05) _ |Q (X .

=>22(x+15) + 32(x + 05) = 10#3x.2x

>2i + 3 , a2x + l

-10 +3 = 0
I O I

2zx+" + 3zx + j = 10.3x.2x
=> 8.22x + 3.32x-10.3x.2x = 0

f2?=*8
O I \ J

=» 8t2- lOt + 3 = 0, where t = (2/3)x

=5 (4t-3)(2t-1) = 0

, 3 1^f = 4'2

(2T
3k J

'la (2x-2) + l = 1-2X 
Va (y - 2) +1 = 1 -y

=> a (y-2) + l = (1-y)2

=> y2-2y = a(y-2)
=> (y-2)(y-a) = 0 
=> y = 2ory = a.

Now, y = 2=>2x = 2=>x = l.
But, x = 1 is not a solution of the given equation, because 

for x = 1, LHS = 1 and RHS = -1.
y = a

=>2x = a=>a>0 and x = log2 a

Putting 2X = a in the given equation, we get 
Va(fl-2) + l = 1-a

V(fl-1)2 = 1-a 

| a — 1 [ = 1-a 
a-1 < 0 

a < 1.
Also, a > 0. Therefore, a e (0,1].
Hence, x = logz a is the solution of the given equation for 

all ae (0,1]. For a < 0 and for a > 1, the equation has no 
solution.
TYPEV EQUATIONS OF THE FORM

W +1/^ = an + b”, where a, b e R.
This type of equation has only one solution given by f (x) = n. 

EXAMPLE 14 Solve the equation
32x-4 + 42z-4 = 25 

SOLUTION We have,
32x-4 + 42x-4 = 

32x-4 + 42x-4 = 32 + 42

=> 2x-4 = 2 
=> x = 3.
EXAMPLE 15 Solve:

SOLUTION We have, 
2X-1 + 3X"1 = 35 

’.X~1 + 3X-1 = 23 + 33

EXAMPLE 16 Solve: + l)x + (N*2 - l)x = 6
SOLUTION We have,

(V2 + 1)X + (V2-1)X = 6
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=>

EXERCISE 20.6

tx/54. Solve: 3’
8. Solve: 7.

ANSWERS

8.

ILLUSTRATIVE EXAMPLES

=>

= 0

of equations, we first find the values of unknown for which the 
two sides are defined or meaningful. The following examples 
will illustrate the procedure.

(iv) ±1, ±(l+<2)

7. 0,2

1. 1,-1
2. 2n n ± n/3,2n n ± 2n/3, 2nn± n/6,2nn± 5n/6
3. 2.
4. 20.
5. (i) ±2, ±V2 (ii) 2,2±Vf

(iii) ±2

6. 2

-1^y = T,

2 
2-^

„ „ n ______ _ 2
=> (V3 + 2 V2) +(V3-2 ^2) = [(^3 + 2V2) + (V3-2 V2) ] 
=> x = 2.

[(V2+ l)2]'/2 + [(VZ-l)2]T/2 = 6

= 0 
a'x

20.19 SOLUTIONS OF LOGARITHMIC EQUATIONS
In this section, we shall discuss some equations containing 
logarithms of unkonwn quantities. In order to solve such type

- = 0 
x

2 1 3
y+l+y+2+y

=> 2(l+y)(2 + y) + y(2+y) + 3y(l+y) = 0

=> 6y2 + lly+ 4 = 0

=> (3y + 4)(2y + l) = 0

5. Solve :(i) (5 + 2^6)-
(ii) (7-4>/3/-4i+3

logl0(5Q/9) 
logi0(3/5)

— □□□ —

EXAMPLE 1 Fora > 0, solve the equation:
2 logx a + log^ a + 3 logfl2 a = 0.

SOLUTION Clearly, various terms on the LHS of the given 
equation are meaningful for x > 0. Also, we assume that 
a * 1, because for a = 1 the LHS of the equation ^educes to zero. 
Thus, for x > 0, a > 0, and a * 1, we have

2 logx a + log^ a + 3 log^ a = 0

2 1 • __ 3
1°gfl^ + 1ogfl^ + logflc2

2 , 1 t 3
lOgflx logflfl + logflx lOgfl? + logfl

(iii) (>/3+<2)x+(k/3-V2)x = 10.
2 2(iv) (15 + 4V14)x -2|x| + (15-4 V14)1 ">x| = 30.

6. Solve: (>/2+l)x + (>/2-l)x = 6x/2.
2 2

7. Solve: (2 + <3)x -2x + 1 + (2->/3)x -2x-1 =

= 26.
2. Solve x+16sin2x = 10.

3. Solve: 5^ - 24.5X - 25 = 0. 
x-10 *

+ 3 10
3x + 1_5x + 3 _ 3x + 1_5x + 2

4
3

=> logax = -T'-T =* x = a~V2fa~4/3.

EXAMPLE 2 Find all real numbers x which satisfy the equation: 
21og2(log2x) + log1/2(log2(2V2x)) = 1.

SOLUTION Clearly, LHS of the given equation is defined for 
allx > 0.

We have,
2 log2 (log2 x) + log1/2 {log2 (2>/2 x)} = 1.

=> 2 log2 (log2 x) - log2 {log2 (2 <2) + log2 x) = 1

[■<• log1/2a = -log2 a]

=> 2 log2 (log2 x) - log2 (log2 23/2 + log2 x) = 1

(3
2 log2 (Iog2 x) - log2 - + log2x = 1

k /
(3 'I21og2y-log2 - + y = 1, where y = log2x

= 84.
‘x2-3 + (5-2>/6)x2_3

+ (7 + 4^3)“2 “
= 10.

= 14>
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= 1

= 2

2X + 3 * 0 as 2X > 0 for all x]

and,
(iv) 4? + 12x + 9 > 0

=> log2

1 
=>X = "4

3
2+*

\ y

- = 21

, -3x must be greater than —

and should not be equal to -1

(ii) 6x2 + 23x + 21 > 0
=> (2x + 3)(3x + 7) > 0

-7 -3=>X< — orx>y

(iii) 3x + 7 > 0, 3x + 7 * 1
-7

=> x > —/x * “ 2

=>2X = 2
=> x = 1
EXAMPLE 4 Solve:

log2x+3 (6x2 + 23x + 21) = 4 - log3x+7 (4X2 + 12x + 9)

SOLUTION The LHS and RHS of the given equation are 
defined or meaningful if

(i) 2x + 3 > 0,2x + 3 # 1
(ii) 6x2 + 23x + 21 > 0
(iii) 3x + 7 > 0, 3x + 7 * 1

and,

(iv) 4x2 + 12x + 9 > 0
Now,
(i) 2x + 3 > 0,2x + 3 * 1

-3x > — 'x * -1

3
ry
2V2

3+2y
=> y2-2y-3 = 0
=> (y-3)(y + l) = 0
=> y = 3,-1
=> log2 x = 3, log2 x = -1.

=> x = 23,2" \

example 3 Solve: log10 (2X +1) + x = log10 6 + x log10 5
SOLUTION We have,

log10 (2X +1) + x = log106+xlog105

fio')log10(2x + l) + x-xlog10 — =log106
k >

=> log10 (2X +1) + x - x (log1010 - log10 2) = log10 6

=> log10 (2X +1) + x log10 2 = log106

=> log10 (2X +1) + log10 2X = log106

=> log10((2x + l)2x} = log106

=> 2X(2X+1) = 6

=> (2x)2 + 2x-6 = 0

=> (2x + 3)(2x-2) = 0

=> 2I-2 = 0

, -3
=> (2x + 3)2 > 0 which is true for all x * —.

It follows from the above results that the two sides of the 
given equation are meaningful for all x > -3/2, x # -1.

Now, for all x > - 3/2, x # -1, we have, 
log2x + 3(6x2 + 23x + 21) = 4-log3x + 7(4x2 + 12x + 9)

=> log2x+3(3x + 7)(2x + 3) = 4 - log3x + 7 (2x + 3)2

=> 1°g(2r + 3)(3x + 7) + 1°g{2r + 3)(2x + 3) = 4 ~ 2 log(3x + 7) (2* + 3) 
=> Iog(2x + 3) (3x + 7) + 1 " 4-21°g(3x + 7)(2x + 3)

2=> y + 1 = 4--'where y = log(2x + 3)(3x + 7) 
J

f + y = 4y-2
=> y2-3y + 2 = 0
=> (y-2)(y-i) = o
=^y = 1,2

^°g(2x + 3) (3x 7) = 2
=> 3x + 7 = (2x + 3)] or (3x + 7) = (2x + 3)2

=> x + 4 = 0 or 4X2 + 9x + 2 = 0

=> x + 4 = 0 or (4x +1) (x + 2) = 0

=> x = -4, -7' -2.4

Hence, x = is the only solution of the given equation.

EXAMPLE 5 Solve:

1oV-d(x3+6) = log(x2 -1)(2x2+5x)

SOLUTION The given equation is meaninfgul if each of the 
following conditions hold:

(i) x2-! > Oandx2-! # 1

(ii) x3 + 6 > 0

(iii) 2x2 + 5x > 0
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log4->X = -log4x]

[•/ 3X < 0]

EXAMPLE 9 Solve:

SOLUTION The given equation is meaningful for all x > O.For 
x > 0, we have,

26
5

= x-1 forx > 1=> 3X - 8 = —- 
3X

(x2 + 7)'1} = -2.1o83/4 j1088 + 7)| + 1o81/2 (1o81 /4

SOLUTION We have,

i 1 A
=> log3x = "2/4

[-1/234

34

=> 2 log3 x - 4 logx 3 = 7

=> 21/2 - 7y - 4 = 0, where y = log3 x

=> (2y + l)(y-4) = 0
1 .

=> y = -j'4

1 j 1
=> x = 34

9 ,
=> y - 8 = -, where y = 3

y
=> y2-8y-9 = 0

=> (y-9)(y + l) = 0
=> y = 9-1

=> 3X = 9
=$ x = 2.

Clearly, 2 > log3 8.
Hence, x = 2 is the solution of the given equation. 

example 7 Solve:

Now,
(i) x2-! > Oandx2-! * 1
=> x g (°o, -1) u (1, °°) and x * ±
(ii) x3 + 6 > 0 => x > (-6)1/3.

and,
(iii) 2x2 + 5x > 0.=> xe (-*>,-5/2) u (0,~)

It follows from the above conditions that the given equation 
is meaningful, if

XG (l,oo)-{V2).
Now, for x g (1, °°) - {V2}, we have

1°g(x2-i)(x3 + 6) = log(x2 -1) + 5x)

=>x3 + 6 = 2x2 + 5x

=> ^-Z^-Sx + S = 0

=> (x + 2)(x2-4x + 3) = 0
=> (x + 2) (x-1) (x-3) = 0
=> x = -2,1,3

Clearly, x = 3 lies in the set (1, °°) - [ V2~).
Hence, x = 3 is the only root of the given equation.

EXAMPLE 6 Solve: log3 (3X - 8) = (2 - x)
SOLUTION The given equation is meaningful, if

3x-8>0=>3x>8=>x> log3 8.

For x > log3 8, We have

log3 (3x-8) = (2-x)

=> 3I-8 = 32"1

=> 3*-8 = 32.3’z

51 + 108,1^.5108 025X 1

5l + log4x + 5log025x-l

=> x = 3’

26 
5

26 —> ---
5

26 
5
[’.• l°gl/4x =

=> 51 + 7- = ~, where t = 5log4x. 
5t 5

=> 25t2-26t + 1 = 0
=> (25f-l)(t-l) = 0

=> t = 1,5"2

=> 5 log4 x = 5°, 5"2

=> lo^x = 0,-2

=> x = 4°, 4“ 2

=*I = 1'W

EXAMPLE 8 Solve: | X-l |log3x "21o8x9 = (x-1)7 
SOLUTION On the LHS of the given equation there is a term 
containing logx 9 which is meaningful, if x > 0 and x t 1. 
Also, for x > 0 and x t 1, LHS > 0. So, RHS must also be 
positive, which is true for all x > 1. Thus, the given equation 
exists, if x > 1.

Forx > 1, we have,
I |log3X2-2log,9 = (x_1}7

(X-l)210g3X"410gx3 = (x-l)7

51.5Iog*x + 510g(i/-»)x. 5 1

=> 5.5log4x + 5'log4x.| =
5
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-2 => x = 2

EXAMPLE 11 Solve:=>

-2

- logio 2

-3.

(0

1

= V2.

x

[v -8 g [-2,4)]

5 
4

-(log^ + log^-^

k 7
m ft} 

loSio 3 log10 2
______k >

logio 2
k /

=> — 
log.

=> (logio 0

1o83/4 (log8 (x2 + 7)J + log1/2 (log1/4 (x2 + 7)“ = - 2.

=* 1o83/4 |log23 (x2 + 7)} + log1/2 [log2-2 (x2 + 7)~ - 2

1Og3/4 ^3 l0g2 + + 10g1/2 Iog2 (^ + 7)j =

(••• log?™ = ylogflm] 

log3/4^ + log1/2|^ = - 2, where t = log2 (x2 + 7) 

Zx\

= V2.
=» 10°g2 x)2 + log2 x " | = logx

3 _ R 1
=> 4 (log2 x) + log2 X - 4 = 2 10g* 2

3 2 5 1=» 4/+y-4=^/wherey = log2x

=* 3/ + 41/2 - 5y = 2

=> 3y3 + 4y2-5y-2 = 0

=> (y-l)(y + 2) (3y + l) = 0

-y = 4-2,1

3
2'

SOLUTION Clearly, RHS of the given equation is meaningful 
when 4 - x > 0 and x + 6 > 0 i.e. when - 6 < x < 4.
Now,

| • logi/4 (x + 2)2 " 3 = log1/4 (4 - x)3 + log1/4 (x + 6)3'
3

=> -x21og1/4 | x + 2 | -3 = 3log1/4(4-x)+ 31og1/4(x + 6) 

=> 3log2-2| x + 2 | -3 = 3 log2-2(4-x) + 31og2“2(x + 6)

3 3 3=> “^log2 I x + 2 I -3 = -2 log2 (4 “x)“ 2 log2(x + 6)

=> log2 | x + 2 | +2 = log2(4-x) + log2(x + 6)

=> log2 | x + 2 | +log24 = Iog2(4-x) +log2(x + 6)

=> log [4 |x + 2 |] = log2 {(4-x)(x + 6)|

=> 4 | x + 2 | = (4-x)(x + 6)

Now, two cases arise: 
CASE I When -6 < x < -2:

In this case, we have 
| x + 2 | = -(x + 2).
Therefore, equation reduces to
-4 (x + 2) = (4-x)(x + 6)

=> x2-2x-32 = 0
=> x = 1±<33
=> x = 1 - V33 [•.• 1 + V33^ does not lie between - 6 and - 2] 

CASEII When -2 < x < 4
In this case, we have 

| x + 2 | = x + 2.
4 | x + 2 | = (4-x)(x + 6) 

=> 4(x + 2) = (4-x)(x + 6) 

=> r2 + 6x-16 = 0 
=> (x + 8)(x-2) = 0 
=> x = 2,-8. 
=> x = 2

THEORY OF EQUATIONS

|logl/4 (x + 2)2} “3 = log1/4(4-x)3 + log1/4(x + 6)3‘

'10|4

logiO ~ ^°glO3 logio f ~log102 = _2 
lo8i03 “ log10 4 + -log102

J 1_____ 1
logio 3 “ 2 log10 2 log10 2

logio3 
logio 3-2 logw 2

=* Oogio 0 (3 logw 2 ~ logi0 3} = (6 log]02-2 logi0 3) logi02 

=> log10f = 21og102 = logio 4

=> I = 4

=> log2(x2 + 7) = 4

=> ? + 7 = 24

=> x2 = 9
=* x = ±3.
EXAMPLE 10 Solve: 

3 2-(logjxf + logjX-^

=> log2x = -|'-2,1 

1/3 2“2 2

=* X = 2' 4' ^173*

I-3 
Xk-

SOLUTION. Clearly, the given equation is meaningful for all 
x > 0 and x * 1. For such values of x, we have

[3,,„.A2., 51
4



MATHEMATICS FOR IIT-JEE20.86

for all x g Rare

r
for all x G R

for all x g R

for all x G R

=> a < 5

=> a < 5

■(ii)

_ 9V2 (log1Qx + l)

= 3logiox,3

-x2 + 2x + 3 > 0

=>(x-3) (x + 1) < 0

■(i)-1 < x < 3.=>

X8

7

=> 0 < a < 1
and a > 0

and a > 0.

(i)
[•_• 0 < a < 1]=>

142" 
81’

=> a < 5
=> a < 5

Thus, the given inequation is meaningful if a > 0, a * 1 
and x g (-1,3).

and,

lo8ioo x + lo&i2 = log102 x + log2z 2

- = 3(,0giox + 1)

=» 10& hsr

i, i= 210S1°X 2?

Now,

logfl(x2-x + 2) > logj-x2+ 2x + 3) 

x2-x+ 2 < - x2 + 2x + 3

=> Z 5iogl0x_

So, the given equation reduces to

|.fllogiox-logfl5-3logiox-1
5

3Io8io
“3”

31o8iox

3
31o8iox

5'" 9~

2 5log10x ™ (31ogiox)
5 9

=>^.(5,08w,) = i.(3,°8»I)
5 3

=> 5,og10x_2 = 3loSiox-2

—^810x ~ 2 = 0 logio x = 2. => x = 102 = 100.

EXAMPLE 13 Find all values of the parameter 'a' for which the 
inequality

, (16 4 J , -w o „°gj 81 9 + 2 > 81 + 9 + 3
k 7

fx> logflx.logio« = log10x, log10 — = log10x-l 
k 7

= 3log>ox

= 32 (1°g1ox+ DI

4
It is given that x = - is a solution of the given inequation.

Therefore,

=> |.5(log10x)_

k

, <299^1
10g« K

k 7

(-16

1 + log5 (x2 +1) > log5 (ax2 + 4x + a)

=> log5 5 + log5 (x2 +1) > log5 (ax2 + 4x + a) for all x G R

=> log5 (5 (x2 +1)| > log5(ax2 + 4x + a)

=> 5(x2 + 1) > (ax2 + 4x + a)

=> (5 - a) x2 - 4x + (5 - a) > 0

=> 5-a > 0 and 16 - 4 (5 - a)2 < 0

and 22-(5-a)2 < 0
and (7 - a) (- 3 + a) < 0

and (a - 3) (a - 7) > 0

and a g (- °°, 3] u [7, °°)

=> a g (— °° 3]

From (i) and (ii), we obtain that a g (2,3].
4 

EXAMPLE 14 If x = - satisfies the inequation9
logfl(x2-x + 2) > logfl(-x2 + 2x + 3)

then find its all real solutions.
SOLUTION The given inequation is defined if
(i)a > 0,a * 1,(ii)x2-x + 2 > Oand(iii)-x2 + 2x+3>0

Clearly, x2 - x + 2 > 0 for all x [•«• Disc < 0]

Now,

=> |.5logiox
5

142 299
•' 81 < 81

Hence, the roots of the given equations 
x = 1 -V33~and x = 2.
EXAMPLE 12 Solve:

6 x. log10 a. log, 5 _ 3log)0 = 9logl00 x + log4 2
5 \ 7

SOLUTION The given equation exists for all x > 0.

Also,

=> x2-2x-3<0

1 + log5 (x2 +1) > log5 (ax2 + 4x + a) 

is valid for all real x.
SOLUTION Clearly, RHS of the given inequality is meaningful, 
if

ax2 + 4x + a > 0 for all x g R

=> 16-4a2 < Oanda > 0

=> 4-a2 < 0

=> a2-4 > 0
=> a > 2

Now,

5
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(ii)=3

xe
=> xe

= <DBut, n

[... Disc < 0]

xe
CASE! When 0 < 3x + 5 < 1 i.e.x e k

— □□□ —
20.20 SOLUTIONS OF SIMULTANEOUS EQUATIONS

ILLUSTRATIVE EXAMPLES

(ii)

(i)

In this section, we shall discuss solutions of simultaneous 
equations through following examples.

3 + 717
4

-17
--------- „ co

22 ’ 
k 7

(-5
3'3'

Clearly, 9X2 + 8x + 8 > 0 for all x

Thus, the given inequation is defined for all 
1-4xe (-5/3,oo)-
I

Now, two cases arise:

3'3 k J
In this case, logarithm to the base 3x + 5 will be a decreasing

function. Therefore,

k
EXAMPLE 15 Solve:

l°g3Jt5(9l2 + 8x + 8> > 2

SOLUTION The given inequation is meaningful, if
(i) 3x + 5 > 0,3x + 5 * 1 

and,
(ii) 9x2 + 8x + 8 > 0 

Now,

3x + 5 > 0and3x + 5 * 1 => x > -5/3 andx # -4/3

EXAMPLE 1 Solve the equations:
log3 x + log3 y = 2 + log32

log27 (x+y) = 3

SOLUTION We have,
k^x + toggy = 2 + log32

=» log3(*y) = l°g332 + log32

=> log3 (^y) = log3 (18)

=> xy = 18

Also, we have

log27 (X + y) = -

=> x + y = (27)2/3

=> x + y = 9
The equation having x and y as its root is 

t2-(x + y)t + xy = 0

=> t2-St + 18 = 0

=* (t — 3) (f — 6) = 0

Iog3x + 5 (9x2 + 8x + 8) > 2 

=> (9x2 + 8x + 8) < (3x + 5)2 

=> 22x+17 > 0
-17

=* X > -TT-22
From (i) and (ii), we obtain

'3-717 3 + 717^1
I 4 ’ 4 J

Hence, the solution set of the given inequation is 

'3-717 3 + 717^1
4 ’ 4 J

=* 2?-3x-l < 0

3-717-— < x <4

f-17 ) 
22 ’k 7

So, there is no solution in this case.

CASEH When 3x + 5 > 1 i.e. x > y

In this case, the base of the logarithm is greater than 1. 
So, it is an increasing function. Therefore, 

log3i + 5 C9*2 + 8x + 8) > 2

=> (9x2 + 8x + 8) > (3x + 5)2

=> 22x+17 < 0
-17=>x<lf

=^xe -oo,—

- 4But x must also be greater than —. Therefore,

_(-_i -17'
3 ' 22

7
f-4 -i7>

Hence, the required solution is —,
\ 7
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1

(i)

=>
=>.

-(ii)

= 32

=>

.(iii)

75
45

■•(i)

■(ii)

[•.• x > 0, y > 0, z > 0]

...(iv)

=> 2 log2 y + log3 z + log3 x = 4

=> log3 = 4

=> xfz = 34 = 81 

and,

log4 z + log16 x + log16 y = 2

111
=> 2log2Z +4lo&x + 4log2 y = 2

=> 2 log2 z + log2 x + log2 y = 8

=> log2 (xyz ) = 8

=> xyz2 = 28

Multiplying (i), (ii) and (iii), we get
x4y4z4 = 16x81 x28

(xyz)4 = (2x3x22)4

xyz = 2 x 3 x 22

xyz = 24
2

Dividing (i) by (iv), we get x = -

Similarly, dividing (ii) and (iii) by (iv), we get 
81 27 , 32y = - = yandz =

EXAMPLE 3 .Solve the equations:
5 (logy x + logx y) = 26, xy = 64

SOLUTION Clearly, logy x and logx y are defined for x,

3X. V = 75 

and, 3y.5x = 45
Multiplying (i) and (ii), we get 

(3X.5W-5X) = 75x45
=> (3x5)x.(3x5)y = 153

15x. 15* = 153

=> 15x+* = 153

=> x + y = 3
Dividing (i) by (ii), we get

3X.5*
3*.5X

=> t = 3,6.
Hence, x = 3 and y = 6 or, x = 6 and y = 3.

EXAMPLE 2 Solve the simultaneous equations:
lo&x + lo&y + log^ = 2 

log3y + 1°g92 + 1°g9x = 2 
log4Z + log16x + log16y = 2.

SOLUTION Clearly, given equations are defined for 
x > 0, y > 0, z > 0. We have, 

log2x + log4y + log4z = 2

=> log2 x+1 log2 y+2 i°g2 z = 2
=> 2 log2 x + log2 y + log2 z = 4

=> log2 (x2yz) = 4

=> x2^ = 24 = 16

log3y + 1°g92 + 1°g9x = 2

=> toggy + liogsZ + ltogsX = 2

y > 0andx,y * 1.
Now,
5 (logy x + logx y) = 26 

( l'l=* 5 t + ~ =26, where! = logyx

=> 5f2-26t + 5 = 0
=> (5t-l)(t-5) = 0
=> t = 5,5-1.

=> logyX = 5 or, logy x = 5’

=> x = y5 or x = y1//5.

CASE! when x = y5
The second equation is 

xy = 64. 

y6 = 64 

y6 = 26 
y = 2

x = y5 => x = 32.

CASED whenx =
The second equation is 

xy = 64
=> y1/5y = 64

=> y6/5 = 64

=> y = (64)5/6 = (26)5/6 = 25

x = y1/5 => x = (32)1/5 = 2.

Hence, the solutions of the given system of equations are: 
x = 32, y = 2 and x = 2, y = 32.

EXAMPLE 4 Solve the equations:

3x.tf = 75and3y.5x = 45
SOLUTION We have
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1

x = 4
,(iv)

[ See case I]

[•.• y = x]

= 1.
=> x = 0

1
2

=> (£-l)2 = 0

=> f = 1

[ See case I]

[v x < 0]

=> (x+4)(x-4) = 0

=> x = 3 [■_• x > 0 x + 4 # 0]

[v y = x]

3
5 

\ 7

=* x = y.

We also have,

x2 + y = 12

=> x2 + r = 12

=> x2 = 24

=> x2 + x-12 = 0

=> 10gyX = 1

x2 = 24

fx\ 
log2xy = 5 and log1/2 - = 1

f3f’y
5 \ /

=>x-y = -l

Solving (iii) and (iv), we get x = 1, y = 2
EXAMPLE 5 Solve the equations:

logy x + logx y = 2 and x2 + y = 12.

SOLUTION Clearly, logy x and logx y are defined for x, y > 0
andx,y * 1

We have,

logyx + logxy = 2

=> t + y = 2, where t = logy x x 1Putting x = -4 in- = ~, we gety = -8.
y

Thus x = - 4, y = - 8 is the solution in this case.
Hence,x = 2,y = 8andx = -4, y = -8 are two solutions 

of the given equation.

=* xy = 25 and - = 
y

=>.xyx^ = 25x|

=> x = -4

=> y = 3

Hence, x = 3, y = 3 is the solution of the given equation. 
EXAMPLE 6 Solve for real values of x and y:

log2xy = 5, log1/2 - 
o

SOLUTION The given equations are defined of xy > 0 and
X
- > 0. This is possible when x and y are of the same signs.
y

Therefore, we have the following cases:
CASE I Whenx > 0, y > 0

In this case, we have

Putting x = 0inx2 + y = 1, we obtain y = 1.

Clearly, the pair x = 0, y = 1 satisfies the two conditions 
j.e. x2 - 2x > 0 and y > 0.

Hence, x = 0, y = 1 is the solution in this case.

CASEII Whenx2- -2x > Dandy < 0:

In this case, we have

| x2 - 2x | = x2 - 2x and | y | = - y.

Also, x2 - 2x > 0 => x 6 (- o°, 0] u [2,0°)

| x2 - 2x | + y = 1 and x2 + | y | =1

=> x2 - 2x + y = 1 and x2 - y = 1

x 1Putting x = 4 in - = -' we get y = 8.

Thus, x = 4, y = 8 is the solution in this case.
CASE II When x < 0, y < 0.

In this case, the given equations reduce to

xy = 25and - = 1
y y 2

EXAMPLE 7 Solve the system of equations:

| x?-2x | + y = 1, x2 + | y | =1.

SOLUTION We have the following four cases:

CASE! When x2 - 2x > 0 and y > 0

In this case, we have

| x2-2x | = x2-2xand | y | = y.

Also, x2 - 2x > 0 => x < 0 or x >2 => x g (- «>, 0] u [2, ~) 

Now, | x2-2x | +y = 1 and x2 + | y | =1 

=> x2 - 2x + y = 1 and x2+y = 1 

=> x2-2x + 1-x2 = 1
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[Eliminating y]

[v x = £ (- °°, 0] u [2, <*>)]

[Eliminating y].
is the solution in

=> x = 1.

[Eliminating y]

[••• 0e (0,2)]

EXERCISE 20.7

14. Iog4 (2. 4X

15. log10 (2X + x -1)'

3. log5x + logx5 = - 16. 3 . logx 4 + 2 log4X 4 + 3 log16x 4 = 0

17. log2 (4.3X - 6) - log2 (9X - 6) = 1

5.
(4x2-4x + l) = 2

19. log^-x-b)-
(1-x)

= V2

023. logxz_6x + 812. x

+ 1) 24.

Solve each of the following equations for real roots:

1. logx (3X2 + lOx) = 3 2. log9 x + logx2 3 = 1

Clearly, x = 1 G (0,2).
Putting x = 1 in x2 - y = 1, we get y = 0.
But the values of y must be negative.
So, there is no solution in this case.
If follows from all these cases that the given system of 

equations has the following solutions:

=> x = 0,1
=> x = 1

1-V5
2

1 -t-VfT
2

= x (log10 5-1)

x = log10 (x + 2) - 4

x = 0,y = l;x = l,y = 0;x = y =

(logx 2 - log4 x) - 7 = 0

10. Iog4 8 + log4 (x + 3) - log4 (x -1) = 2.
22. 25logio

Putting x = 1 in x2 + y = 1, we get y = 0.
Hence, x = 1, y = 0 is the only solution in this case.

CASE IV x*--2x < Oandy < 0:
In this case, we have
| x2-2x | = -(x2-2x)and | y | = -y.

Also, x2 - 2x < 0 => x g (0,2).

| x2 - 2x | + y = 1 and x2 + | y | =1

=> - (x2 - 2x) + y = 1 and x2 - y = 1

=> -(?-2x) + x2-1 = 1

=> 2x = 2
Hence, the pair x = 

this case.

CASEm py/jenx2-2x < 0andy > 0
In this case, we have

| x2 —2x | = -(x2-2x)and | y | = y. 

Now, x2 - 2x < 0 => x g (0,2).

1 x2 - 2x | + y = 1 and x2 + | y | =1 

=> — (x2 -2x) + y = l-andx2 + y = 1 

=> -2x2 + 2x + 1 = 1

18' lo8(l - 2x) (6x2 " 5x + !) " log(l - 3x)

Putting this value of x in x -y = 1, we get

1-V5 
y = —

1-V5
— y =

“2-l) + 4 = 2x

x = 5 + 4.x,ogw5

{lo62x2-2xy8(x2 + 5x)} =

2 log3 x + log3 (x2 - 3) = log3 0.5 + 5Iog5 8)

=> 2?-2x-2 = 0

=> ?-x-l = 0
1±V5^x = —

1-V5x =-------
2

11. xx = x

= (VF)X
13. log2 (25x + 3-1) = 2 + log2(5x + 3

4. log16x + log4X + log2x = 7

logio {98 + ^x3-x2-12x + 36| = 2

6. log(5_x)(x2-2x + 65) = 2

7- log(1_x)(3-x) = log(3_x)

8. l+21og(x + 2)5 = log5(x + 2)

9. 6

20. log|x+6 |2 [2.log2 (x2-x-2)} = 1.

2 f 2 5
3 (lofex) +log2X-4

21. x 1

5
2
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17. 1

19. 4

22. 10

*

0

1

= 0

= 0, where y = lo&x.or,

59

2. 3
5. -4
8. 23,-9/5

11. ±1
14. 2

1. 5
4. 16
7. 2-V2

10. 5
13. -2

=> x-1 = 0 or, log10x = 0

HINTS TO SELECTED PROBLEMS

0,x * 1 and

=> x = 1
12. For the equation to be meaningful, we must have x > 0. 
Also, for x > 0

= tf)x
=> G log X = x log Vx

=> y[x logx = | log x

^x(logx) 1-y) =

VF
=> logx = Oor, 1-— = 0

98 + 'Vx3-x2-12x + 36 = 102.

11. Clearly, x = -1 satisfies it. Also for x > 0, 

xx = x

=* xl°giox = logl0X-

=> (x-l)log10x = 0

-38

23. 8

ANSWERS

- -!6. 2, 83. 25, V5
6. -5
9. 8,2'2/3

12. 1,4
15. 1

= xlog10(5/10)

16. Given equation reduces to 
-2_ +_____ 2_____ +_____ 3_____
log4X log^ + lo&x iog442 + log4x

3+_2_+^_ 
y i+y 2+y

22. Use x10^ 5 = (FM = ^S.logjx = 5logwx

=> x = 1 or, x = 4.

15. x(log105-l) = x(log105-log1010)

= xlog10l/2 = log102'x

184
2L 2'^'2^2

24. 2.

1. Given equation is meaningful for x > 
3X2 + lOx > 0. It reduces to 3X2 + lOx = x3.
2. It is meaningful for x > 0, x#l. and it reduces to 
log32x + logx23 = 1

=* ^l°g3X + |logx3 = 1-

. 1 
=> y + - = 2 

y
=> y = 1
=> log3x = 1 => x = 3
3. It is meaningful for x > 0, x * 1 and it reduces to 
2/-5y + 2 = 0, where y = log5x

=> (2y-l)(y-2) = 0
=> y = 2,1/2 => log5 x = 2,|.

4. Given equation reduces to:

|log2x +jlog2x + log2x = 7

5. It is meaningful, if x3-!2-12x + 36 > 0 and in that case it 
reduces to:
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PROGRESSIONS

=>

21.1 SEQUENCE
A sequence is a function whose domain is the set N of natural 
numbers.

CHAPTER

21

always follow a certain pattern or they are described by some explicit
, * - J 1 ■* * — X /zi/Jzvrn

imaged) of ne N under a by a„. Since the domain for every '

21.2 ARITHMETIC PROGRESSION (A.P.)
A sequence is called an arithmetic progression if the difference of a

A sequence whose range is a subset of R is called

In other words, a real sequence is a function*with domain N and 
the range a subset of the set R of real numbers.
REPRESENTATION OF A SEQUENCE There are several ways of 
representing a real sequence.

One way to represent a real sequence is to list its first few 
terms till the rule for writing down other terms becomes clear.

For example, 1, 3, 5, ... is a sequence whose nth term is 
(2n-l).

Another way to represent a real sequence is to give a rule 
of writing the nth term of the sequence. For example, the 
sequence 1,3,5,7,... can be written as

an = 2n -1.

Sometimes we represent a real sequence by using a recur­
sive relation.

For example, the Fibonacci sequence is given by = 1, 
ii2 = 1 and +-1 = _i, n > 2. The terms of this sequence
are 1,1,2,3,5,8,...

SERIES If «lz «2, a3, ait ...,an,... is a sequence, then the expression 
+02+^3 + + 05 +... + a„ + ... is a series.

a„ = 2n2 + l

term and the previous term is always same, i.e.

an + l~an = constant (= d) for all n e N

The constant difference, generally denoted by d is called the 
common difference.
ILLUSTRATION 1 1,4,7,10,... is an A.P. whose first term is 1 and 
the common difference is 4-1=3.
ILLUSTRATION 2 11,1,3, -1,... is an A.P. whose first term is 11 
and the common difference 7 -11 = - 4.
ILLUSTRATION 3 Show that the sequence <an> defined by 
an = 4n + 5 is an A.P. Also, find its common difference.

SOLUTION We have, 
an = 4n + 5.

Replacing n by (n +1), we get
«„ + i = 4(n + l) + 5

“n + l = 4n+9
antl-an - (4n + 9)-(4n + 5) = 4

Clearly, an + ] - an is independent of n and is equal to 4. So, 
the given sequence is an A.P. with common difference 4. 
ILLUSTRATION 4 Show that the sequence <an> defined by 

an = 2n2 +1 is not an A.P.
SOLUTION We have,

A series is finite or infinite accord ing as the number of terms 
in the corresponding sequence is finite or infinite.
PROGRESSIONS It is not necessary that the terms of a sequence 

- •••« f • ••

It is customary to denote a sequence by a letter a and the formufafor the nth term. Those sequences whose terms follow certain

sequence is the set N of natural numbers, therefore a sequence 
is represented by its range. The images of 1,2,3,..., n,... under 
a sequence 'a' are generally denoted by a^a^a^,... ..
respectively. The images a-[, a$, ...an,... are known as first 
term, second term, third term,..., nth term,... respectively of the 
sequence. If an is the nth term of a sequence, 'a' then we write 
a = <a„>.
REALSEQUENCE 
fl real sequence.
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=>

fl,

= A(n + 1) + B

- an = {A(n +1) + B ) - (An + B ) = A

= log=>
k =>

Now,

-log
bn

21.3 PROPERTIES OF AN ARITHMETIC 
PROGRESSION

PROPERTY I If a is the first term and d the common difference of on 
A.P., then its nth term an is given by

an = a + (n +1) d
If the A.P. consists of n terms, then mth term from the end 

is (m - n +1) th term from the beginning. Therefore,
mth term from the end = flm _ M +1

= A + (m-n)d

+1 - an = Constant (= A)

Hence, the sequence is an A P with common difference 'if. 
PROPERTY III If a constant is added to or subtracted from each term 
of an A.P., then the resulting sequence is also an A.P. with thesair.; 
common difference.
PROOF Let fl? fl2, ay ... be an A.P. with common difference- d, 
and let k be a fixed constant which is added to each term of this 
A.P. Then the resulting sequence is

flj + k, 02 + k, a$ + k...

Let bn=an + k, n = l,2,... Then, the new sequence is 
&2/ •••

Replacing n by (n +1) in an, we obtain 

fl„ +1 = 2(n +1)2 +1 

= 2n2 + 4n + 3

fln + l

k 7

Pl k1/
b" /

an +’l

fln + l

fln + l 

Now,

— an + A + B

rn +1 - an = (2n2 + 4n + 3) - (2n2 +1) = 4n + 2

Clearly, an + T - a„ is not independent of n and is therefore 
not constant. So, the given sequence is not an A.P.
EXAMPLE 5 Show that the sequence <an> is an A.P. if its nth term 
is a linear expression in n and in such a case the common difference 
is equal to the coefficient of n.
SOLUTION Let < an > be a sequence such that its nth term is a 
linear expression in n i.e.

an - An + B where A, B are constants.

( „n +1
= log — 

bn

. (o')
= logL

an + l => A,

Clearly an is a linear expression in n. So, the given sequence 
is an A.P. with common difference 3.

Putting n = 10, we get

«10 = 3 x 10-2 = 28.

fln + l

Clearly, a„ + i - an is independent of n and is therefore a 
constant. So, the sequence < an > is an A.P. with common 
difference A.
NOTE Students are advised to consider the statement of the above 
example as a standard result.

Show that the sequence log a, log — ,

Clearly, an + ] - an is constant for all values of n. So, the given 

sequence is an A.P. with common difference log .
k 7

ILLUSTRATION 7 The nth term of a sequence is 3n - 2. Is the 
sequence an A.P. ? If so, find its 10th term.
SOLUTION Here, an = 3n - 2.

ILLUSTRATION 6

f 3A (a4>
log ,log — ,..... forms an A.P.

kJ 1
• SOLUTION We have,

an /

Also,
mth term from the end = I - (m -1) d, where I=a„.

PROPERTY II A sequence is an A.P iff its nth term is of the form 
An + B i.e. a linear expression in n. The common difference in sucks 
case is A i.e. the coefficient ofn.
PROOF Let there be an AP with first term 'a' and common 
difference d. Then, its nth term is given by.

an = a + (n -1) d

=> an = nd + (a - d)

=> an = An + B, where A = d and B = a - d.

Thus, nth term of an AP is a linear expression in n. Conver­
sely, let there be a sequence whose nth term an is given by 
fl„ = An + B.

Then, we have to prove that the sequence is an AP.
Now,

an = An + B

= A(n + 1) + B

~an = l°g

- an = (A„ + A + B) - (An + B) = A

an = log

( *aff_
-1

7

L2A
b
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=>

We have,

2b = a + c

=> b-a=c-b

=>

+ 1 “ an + an + 2‘

Terms

1
6

21.5 SOME USEFUL RESULTS

,2 == 2n1 + (k-l + n + l- k-l)d

= 2/q + (n -1) d
2

I3 4-23 4-... 4-n3 == fll + [ai + (n-l)d]

Number of 
terms

3

4

5

b - a = Common difference 

and, c - b = Common difference 

b-a = c-b

n

I’3-
r=l

n
£r4 = l4 + 24 + ... + n4 = 

r = l

n (n 4-1)
2

n (n 4-1)
2

n
£? = l2 + 22 + ... + n'

r = 1

a - d, a, a + d

a -3d, a - d, a + d, a + 3d 

a-2d, a- d,a,a + d,a + 2d

n(n + l) (6n3 + 9n24-n-l)
30

It should be noted that in case of an odd number of terms, 
the middle term is a and the common difference is d while in 
case of an even number of terms the middle terms are 
a-d,a + dand the common differences is 2d.

n (n 4-1) (2n 4-1)
6

n

r = 1

= a1+an forallk = l, 2,3, ...,n-l.

an be an A.P. with common difference

Now, 

bn + l

=> 2b = a 4- c

Conversely, let a, b, c be three numbers such that 2b = a 4- c.

= a\ + an'

PROPERTY VI Three numbers a, b, c are in A.P. iff 2b = a+ c.

PROOF First, let a, b, c be in AT. Then,

“ ak + an +1 - k

= [fl! 4- (k -1) d] 4- [a14- (n 4-1 - k -1) rf]

~bn = an + Ak-ank

~ +1— an)

= dk for all n e N
This shows that the new sequence is an A.P. with common 

difference dk.
Similarly, it can be proved that on dividing each term of a 

given A.P. by a non-zero constant, we obtain a sequence which 
is also an A.P.
PROPERTY V In a finite A.P. the sum of the terms equidistantfrom 
the beginning and end is always same and is equal to the sum of first 
and last term i.e.

PROOF Letflpflj/^z •••/
d. We have to show that

«l+fln

We have, 

bm-i~bn = (flrt + 1 + k)-(a„4-k) 

~ an + 1 ~ an
= d for all n e N

[•>• < att > is a sequence with common difference tf]

Thus, the new sequence is also an A.P. with common dif- Then, we have to show that a, b, c are in A.P. 
ference d.
PROPERTY IV If each term of a given A.P. is multiplied or divided 
by a non-zero constant k, then the resulting sequence is also an A.P. 
u»ith common difference kd or d/k, where d is the common difference 
of the given A.P.
PROOF Let flpa2, a3,... be an A.P. with common difference d 
and let k be a non-zero constant. Let iq, b2, b3,... be sequence 
obtained by multiplying each term of the given A.P. by k. Then, 

= a1k,b2 = a2k,...,bn = ank,...

Common 
difference 

d

2d

d

a - 5d, a - 3d, a - d, a 4- d, a 4- 3d, a 4- 5d 2d

14- 2 4-.... 4- n =

“ a2 + an -1

ak + an ~(k -1)

21.4 SELECTION OF TERMS IN AN A.P.
Sometimes we require certain number of terms in A.P. The 
following ways of selecting terms are generally very con­
venient.

= a3 + an-2 = fl4 + fln-3 =

i.e «i+a„ = + for all k = 1,2,3,..., n -1

Now, for any k = 1,2,..., n-1, we have

a, b, c are in A.P.

PROPERTY VII Ifthetermsofan A.P. are chosen at regular intervals, 
then they form an A.P.
PROPERTY VIII Ifan, an +1 and a,t + 2are tbreeconsecutive terms of 

an A.P., then
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ILLUSTRATIVE EXAMPLES

d1

d
= d- (i)

+
Now,

1
1

[Using (i)]
//a2,a2,aj,

n

or

(«1 +a„)

‘3

•••

/

= d (i)n-l

EXAMPLES 

that

1 
d

EXAMPLE 1 Ifap a2, Oy ..., an are in A.P., where a{ > 0 for all i, 
show that

a} + (n-l)d-ay 
d (fa+fa)

a3

+----------- ~ —------------ j==
(>/o7+_ 1)

+4-+- 
a2

f

i 
°n

— + 
a2/

( 1..+ ----
an-l

\

1 
(ha,

1 +... +----- =
an a1

1

1__
a2 an-1

1 ----- + 
fl] an

^+.
[3«n-2

1 -------- 1- 
fll an

= | [(^2 “ ^1) + ^2) + - + (fa~ Aj-1)]

1 + a1 un

| g]+g.

= ±[fa-fa]
 (fa~ fa) (fa+fa) 

d (fa+fa)

SOLUTION Let'd' be the common difference of the given A.P. 
Then,

EXAMPLE 2 If ap a2, ay ... ,anbean A.P. of non-zero terms, prove 
that

1 
d la.

= fa-fa + fa-fa + + fa-fa^} 
a2~al a3~a2 an~an-t

1 an 
d

1 
«1

an al 

dfa+fa)

P-4- a4 
/

a2

+4„.+
‘n-l- a2

a1 t an fafa

r
a3 

/

= fa-fa fa-fa fa-fafa
d d d

n-l 
gl a„

a, a “1 n

1
!n -1 an

1

1 (a2 ~ al) (a3 ~ a2) (a4 a3) 
= - ---------+----------+--------- + .d a2 a2 a2 a3 a3 a4

1 1 1
-------- 1--------------F ... 4--------= 
«1 «„ O2 an -1 an al

SOLUTION We have to prove that

1 
an

n-l 
fll an

fll an

an

1 
fl2fln-l

fa - fa fa-fa 
(fa+fa) (fa-fa) (fa+fa) (fa-fa)

+ (an an -1) 

an -1 an

al+an 

a1an a, a,
| a2 + an-l 

a2 an-l

J1 THn 

a\an

1 + 1 + 1 + + fa+fa fa+fa fa + fa

1 1 ----- +------+ ... +- 
fl] a2 a2 fl3 ai

f 1 
an-l

d 
an-lan

al

2 
a}+at

-+^

1
an-l an

2 
ai + a„

1 1 . x 1
---- F 4- ... +

an

^=+7=^=+... + 7-^ r--^=-
Na j + va2 va2+Na3 *fln-l+^n

SOLUTION Let d be the common difference of the given A.P.
Then

„ 1 1 1 1= 2 — + F + ... + •
al a2 a3 an]

a2~al ~ a3~a2 ~ ~ an~ai

Now,

1 aj + fn-lJd-aj 
= d

+ ... + —-— ■ = 2 ■ — + — +. a2

, an be an A.P. of non-zero terms, prove

tfafa

1 1 1 
-------- 1--------- 1---------F ... + 
fll a2 a2 a3 a3

[ gl+fln 

a2 an -1

a2-a2 - a3-a2 - ... -

fl 1)—+ — +
an at

We know that the sum of the terms equidistant from the 
beginning and the end in an A.P. is always same i.e.
al+an = a2 + an-l = a3 + an-2 ~ ~ ak + an-(k + Y) =

_ „ d d= - ----- +------+------+... +
u ^2 ^3 ^3 ^4

, al+an t [ Mfln 

a3 an - 2 an gl

1 1 +-------- + ...+-----
'2 “n-l a3an-2 ana\

1
a2

fl
an

1
a2

1
«1

1

k

1
«1

1
aj( a2

1
an
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are in AP with common dif-

= tan

-1tan'

*

i

-1= (tan- a2 - tan'

2
[••• fln + l "fll =fll + nd~ fll =

an are in AP with common difference

seca1seco2 + secfl2secfl3 +2

= d.

= - d («] + a2 + • • ■ + fl2Jt -1+ fl2Jt)
n

[Using prop, (v)]

= dk

= dk

1 + fl2fl3

-^-+
1 + a2 a3

+
J + fl2fl3,

sin(an-an-i) 
cosa„ COSfln.j

tan an - tan ax 
sind

■>an

k .........J
EXAMPLE 7 Ifava2,ay..
d, then prove that

i p_______t
~ sin d cos cos a2 cos a2 cos fl3

 1
sind

EXAMPLE 4 If av a2, ay...,an are in A.P. with common difference 
d, then prove that
sin d [cosec a} cosec a2 + cosec cosec fl3

+ ... + cosec «„_] cosec an] = cotflj-cota„ 

SOLUTION Wehave,d = a2-a}=a3~a2 = 

sin d [cosec flj cosec a2 + cosec fl2 cosec a3
+... + cosec an  1 cosec fl„]

a2

d
1 +an an + i
-1 nd

a + alan + 1
an, an +! are in A.P. with common

= tan"1

= tan 1

-a4‘

= an-flH-1-ThuS/
SOLUTION Since fl j, fl^fl^ .. 

differecne d. Therefore,
02-^1 = «3“fl2 ~ ~ an + l~'ai

Now,

... + tan-1

d__
l + ala2

l + a1a2 
\ ✓

... + tan-1 d
1 + an an +1

+ tan 1

+ tan-1

+ tan 1

= tan"1

{(tana2 — tan a^) + (tan a3 - tan a2) +...
+ (tan an-tan «„_!)]

2 2 ,af - a2 + a.

-tan-1fln)

tan an - tan a^
... + sec a„ _, a„ =----- —------n 1 n sind

are in AP with common dif-

EXAMPLE 6 If ay a2, ay ... 
ference d, then prove that 

tan"1 ~—-— + tan-1 
1 + flj a2

2 2 2
-a4 + ... +«2Jt-l-fl2Jt “

sin d sin d sin d
sinajsina2 sinfl2sinfl3 sinfln_!sinfln

sin(fl2-a.) sin(fl3-fl2) sin (fln-/?„_■[)
= ----------- — +------ -----— + ... +----------- :----sin^sin^ sinfl2sinfl3 " sin an _ j sin an

sin a3 cos a2 - cos a3 sin 
sin a2 sin a3

sin an cos an  j - cos an sin an  j 
+ “‘+ . sinflw_jSinaB

= (cot- cot a2) + (cot a2 - cot a£ +... + (cot an  1 - cot an)

+ a3

= («i2-a22) + (fl3

= («! - fl2) (flj + a2) + (fl3 - fl4) (fl3 + fl4) +..................
+ (fl2Jt-1 “(fl2Jt-1 + fl2Jc) 

a2~ fll = fl3-fl2
= -=fl2Jt"fl2Jt-l = </.

= ~ d {(fl! + fljjt) + (fl2 + _ ]) + • • • + + ak +1)1

= ~ d {(fl! + fl^) + (flj + fl^) + .... !• (fli + fl2Jt)l 

= - dk (fl! + fl^)

= - dk-----------
fll"fl2k

 
a2k~aI

 
(2k-l)d

= 2TT (fli2’fl2k}

fln -f 1 an 

l+a„

"1 flj) + (tan"1 a3 - tan"1 a2) + ...
+ (tan-1fln + i

= cot flj - cot an

EXAMPLE 5 Show that in an A.P. av a2, ay...., a^ 

2 2 2 2 k
“1 ~a2 +fl3 ~a4 +-+fl2Jt-l-fl2Jt - 2k-l

SOLUTION Let d be the common difference of the given A.P.
Then, 

2 2
"1 ~«2

sin a2 cos a} - cos a2 sin flj 
sin <?! sin a2

’n = d

= tan"1 flH + 1-tan
/ \

(nd }

an' an +1

+ ... 4-------------------cos an  ! COS fl„

sind
COSfln_iCOSfln

SOLUTION Since ap a2,ay 
ference d. Therefore,

= a3~a2~”'=an~an-l

Now,
sec «! sec «2 + sec fl2 sec a3 +... + sec fln ! sec a, 

—1—+. .1 - • 1
COS fl! COS fl2 COS fl2 COS fl3

_ 1 sin d sin d + 
sind cosfl!cosfl2 cosfl2cosfl3

sin (fl2 - flj) sin (a3 - fl2)

2 2 2
l +...+fl2Jt_1-fl2Jt

-fl42)+--- + (fl2k-l"fl2i)

n + 1

'n “n + 1J
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EXAMPLE 8 lfava2,a3,

1
2

1 n
2

Let Vn = an Tn. Then,

=> v , =Fn-1

=> v -v r F M F *n= (n-3) +
=> y -V r F M F tn= (n-3) + l +

V -V F F M F 1n-1n

-yEXAMPLE 9

(i)

(ii)

n a,

Let

=>
In solving these problems, we follow the following steps:

1
2d

n-1
n-2

1
fll a2 ‘”ar-l

_____1________ ■

an + l an + 2 fln+r-l

, 1
(r-1) (a2 -flj)

d 
(n~2)d

1
2 (a2 - flj)

1
3 («2 “fli)

1
2 (a2 - ay)

1
'n + lfln + 2

+A- 
fl„-i

i
M2

1
al a2

fl3 a2

a2

1
al a2

---- -a-
'n-1 ‘

a2

SOLUTION Since ap a2, ay..., an 
common difference d (d * 0). Therefore, • 

a2 ~ d,a3 = 2d,a4-3d,...,an = (n-l)d

Now,

1 
«1«2«3

----- “-fl.
'n-1

STEP I Write nth term Tn of the given series:
STEPH Define Vn = an Tn.
STEP in Find Vn-1.
STEP IV Find Vn-Vn-1.
STEPV Express Vn - Vn -1 in terms ofTn and finally obtain Tn in 

terms of Vn and Vn -1.
STEP VI Put n = 1,2,3,... in the expression obtained in step V and 

sum all these values to get the sum of the series.'
SOLUTION Let d be the common difference of the given AP.
(i) Let Tn be the nth term of the given series.

1 
-a,

1
= [(Vo-Vi) + (Vi-V2) + (V2-V3) + ... + (V„_]

an are in AP with first term ay = 0 and 
common difference d * 0, then prove that

1
an an +1

«n

(n-2)d 
d

a? Oa Oc
—+—+—+ 
a2 a3 fl4

«n 
a,

1 
an an +1

tio a» Oc
+ + + ... + —

a2 a3 fl4 fli

an ai

a„a, -

fln
1

'n + 1 an + 2

= 2dTn.

an-\ 

a2

n-1

an-2

+ — 
fln-l

1 1
a2 a3 an-2

an-l z: -------
«2

Vn = -
" a,

an^n

are in A.P. with = 0 and

Vn an ^n‘

1
'n + lfln + 2fln + 3

1,1 .1 ------------------+--------------------------1- ... 4----------------------------  
a1a2a3...ar a2. a3... arar+} anan + l ■‘■an + r-l

n-1 “ (fln-fln + 2)Tn

Tn =---------------'n = l,2,
an an + 1 an + 2

111 1 -------- +---------+---------+ ... +---------------- 
"l^^ fl2fl3fl4 fl3fl4fl5 anan + lan + 2

fl 1 ~+ —+ ... +“
a2 a3 an-2l

, fl4“a2 . fl5~fl2 . , an-}~a2
+-----------1-----------+ ... 4--------------- 4—

a3 a4 an-2 fln-l

=» L. = ^(Vi-yn), « =

_1_+^L—+...+----- 1------
fllfl2fl3fl4 a2fl3fl4fl5 an an +1 an + 2an + 3

1
an +1 an + 2

1 
an + lan + 2

•• ^ + T2 + T3 + ... + Tn

 ln + 2

an an +1 an + 2

(n - 3) - times

= (n-3) + 2Lz|
v ' n-2

(n-2) + l
n-2

1
n-2

V -V„ < = - n n-1 a

1 
fln+lfln+2

1
an + lan + 2an + 3

(ii) Let T„ be the nth term of the given series. Then, 

T =--------1-------- , „ = i, 2,....
an an +1 an + 2 an + 3

an,... are in AP, prove that

2d-d 3d-d (n-2)d-d (n-l)d
d 2d 3d (n-3)d +(n-2)d
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=>

(v0-^„)
n

1
=> v -V r M v 1 fl,n

EXAMPLE 10 If alz fl2, fl^ ..., fl„,... are in AP, then prove that
n

(i) aia2 + a2a3 + ...+anan + l
n

|flnfln+lfln+2"

(ii) ala2a3 + a2a3a4+ ’"+anan + lan + 2
-v„)]

1 I
(iii) Let Tn be the nth term of the given series. Then,

Let

=> n

=>
a„a,

n

=> V.=> V -V = fl,n-1n

fl,

=> V-V,n n-1fl„A,

=> V -V r * M >n-1n

n

[v a2-flj = d]-Vn)n
=* T =n

Putting n = 1,2,... and adding, we get

L

3d

••• fln + 2 = fl + (H + l)d 

and
= a + (n - 2) d

i 

-
I

|(V0-V1) + (V1-V2) + ... + (V„-1

ln + r-2fln + r-l

1 
(r+l)^-^)

1 
an an + lan + 2

1 
an an + 1 an + 2

1
fln+lfln+2fln+3

1 
(r-1) (a2 -flj)

1 
(r-1) (a2-af)

1
4(fl2-fli)

1 
3(fl2-fli)

1
al a2 a3

1 1
3(fl2~fli) A} fl2 an + lan + 2an + 3

n-1 “

“ (fln + 2-fln-l

!n + r fl0fll

1
'n +1 an + 2 * • • an + r -1

(iii) ala2...ar + a2a3.,.ar+i + ...+anan + l....at

1______
fln+r-2

-y.

~ ao al a2 fls[

a0 al fl2)

= £ [V0-V„J

= £ Ky0- V1)+O'!- v2)+(V2- v3)+...+(V,.!

!n +1 an + 2’

)Tn

an an + 3

'n + lan + 2an + 3 _____1
(r-1) ]a1a2...ar_1

anan + l
an ai

a„ fl„ u. 1 .

(V„-i

an an +1 •

n

fln + 2

t1+t2+t3+...+t„

W-+r„
■

■’ ,-v ■n-1
3d

an -1

n-1 Tn (an an+3)

n-1 

“fln-l

=* Vn"^-l=-3dT„

Vn = anTn

^n-l =

In order to prove that results, we follow the following steps: 
STEP1 Write the general term, say of the given series.

STEP II Define Vn by including one extra term in Tn i.e. define 
yn~Tn-an + r

STEP III Find Vn-lty replacing n by (n-1) in step IL

STEP IV Compute Vn - Vn  1 and express it in terms ofTn.

STEPV Obtain Tnfrom step IV in terms of Vn and Vn  v

STEP VI Put n = 1,2,3,... in step V and add the results so obtained 
~ togetT\+T2 + ... + Tn.

SOLUTION Let d be the common difference of the given A.P. 
Let Tn be the nth term of the given series.

Then,
Tn = an an + l

Let Vn = fl„a,

1
fln + l an + 2an + 3

->n = 1,2,....

yn~Vn 1 n__ n — i.

3d

V -V 
=> T = -------- -

(flnfln + l "• ai

----------------- ------------------ ,n = 1,2,3...
flnfln + l an + 2 "• an + r-2an + r-l

=> T = ------- --------
" (r-D^-flj)

:. V -V n r i

[flnfln+lfln+2fln+3

y _ _____ 1_____
anan + I “• an + r-2

=> Tn = ~

V =-----------------
fln + l an+2 •" ai

~ anan + lan + 2~an-lanan + l

= (fln + 2-fln-l)flnfln + l

y _y _ _---------1--------
" fln + l*n + 2 - fln + r-l

V -V . = ------
n n 1 a a

- n+r-1
an fln + l ”• fln + r-l

. -(r-l)d
annn + 1 ”‘an + r-2 an + r-1

=* Vn~Vn-i=-(r-V)dTn

(^n-Vn-l)

(r-l)d

T = n

vn-l

Vn~Vn 1 n n — l

=> y -v . n rn-l

V.
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{(Vj- 70) + (72- V])+ ... + (7„- V„_])}

(V„-V0)}

on + i a,l + 2-«ofli fl2)

a,

n

=> T =n
n n

=> T = k=lk = ln

n (n +1) + |n(n + l)(2n + l) _ n rf2
2

I’VVol

SOLUTION Since av a2, ay ..

1
2

1
2

1
2

" 2

EXAMPLE 12 Show that there is no A.P. which consists only of 
distinct prime numbers.
SOLUTION Let Uy a2, Uy

n
2

EXAMPLE 11 Ifal,a2,a3, 
ference d, then prove that:

n

k = l

n
= | Z |(«1+M)-4| l(«i + W) + fl 

k=1

n
= | £ {(«, + W)2-d2) 

k=l

a1+a3 = 2a2,a2 + a4 = 2a3,a3 + a5 = 2a4,. 
Now,

1
3(a2-«i)

1
4(a2-<?i)

.1
4(fl2-ai)

d2

al a2 a3 
a}+a3 +

a2 a3 fl4 
fl2 + fl4

((^-Vo) + (V2-^ + (73-72) + ...

+ (Vn-7n_1))

' ' n ' >

=>7-7 r * M r 1

- a0 a1 a2 a3|

n-l

=>7-7 r r M r 1

n

k = 1

1 n
= 2 X ak ak + 2 

k = l

al a2 a3 
fll+«3 +

T = 1 n

••• «n+3 = fl + («+2)< 

fl„_1 = fl + (n-2)d

1
4(^2“^)

Putting n = 1,2,3,.... and adding, we get
T1+T2 + T3 + ... + Tn

= 1
4(fl2-fl!)

=> T = n

(n-l)(2n + 5) .2
6

.. an + an + 2 - + r

(iii) Proceed as in (i) and (ii).

an, form an AP with common dif-

an,... are in AP. Therefore,

an,... be an A.P. consisting only of 
prime numbers. Let d be the common difference of the A.P. 
Since the difference of two consecutive prime numbers is ■ 
greater than or equal to 1. Therefore, d > 1.

Now,
(fl] + 15th term of this A.P. is given by

+ (aj +1 — 1) d = fl| (1 + d)

=> (flj +1)111 term is not a prime number

This is a contradiction that the A.P. consists of only prime 
numbers as its terms.

Hence, there cannot be an A.P. which consists only of 
distinct prime numbers. 1
EXAMPLE 13 Show that ^^3,^5 cannnot be the terms of a single 
A.P.
SOLUTION Let VT, ^3, be respectively the mth, nth and pth j 
terms of an A.P. having a as the first term and d as the common j 
difference. Then,

^n-Vn-1
4d

r n an +1 an + 2 an + 3

n

k=l

an an + lan + 2 

an + an + 2

a3a4a5 [ +

«3 + fl5

= 2 [fllfl3 + fl2fl4 + fl3fl5+-” +anan + 2

a2 + (« + !)«! d +

an an + lan + 2 

an + an + 2

(n-l)(2n + 5) ,21
6 dfl^ + (n +1) flj d +

6

2 / , n(n-l)(2n + 5) j2na^ + n (n +1) ay d + —i------ - d

n

S-i2 
k = l

fl2 fl3 fl4 fl3 fl4 fl5 * 

fl2 + a4 *3 + ^5

(v„-v„.i)

na2 + 2a^d

Putting n = 1,2,3,.. and adding, we get 
T1 + T2 + ....+ T„ 

_1_
3 

= 1
3 (fl2 ~ fll) 

= 1
3 («2 “ fll)

(ii) Let Tn be nth term of the given series. Then, 

Tn ~ an wn + l fln + 2

Let 7„ = An + 1 + 2 fln + 3

=> 7„ _, - an _ ] an an + j an + 2.

n-l ~ (an + 3 ~an -1) an fln + l an + 2 

n-l = (an + 3~an-l^Tn 

^n-Vn-l

fln + 3 — an-l
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= k (say) [Here, k is a rational number]=>

=>

=>

=>

[vfceQ]=>

=>
=>

=>

60k4 + 24-24A2VW = I2

Vio ==>

t=> k<14^ and k<25~410 = a rational number k, 16 Q=>

= k(say)=>

=>

[•.• m < 50 and n < 60]=> 2k<50 and 3k-1 <60

=> k <25 and k<20“

k is a natural number]=> k<20

I
I 
I

|2 
-gQ

60k4+ 24-/' 
24k2

(2A2 V15"-2V6)2 = I2
60k4+ 24-8k2 <90 = I2

SOLUTION Let the number of terms in two A.P.'s be m and n 
respectively. Then,

407 = mth term of first A.P.,
and,
709 = nth term of second A.P.

=> 407 = 3 + (m-l)x4 and 709 = 2 + (n-1)x7
=> in = 102 and n = 102

So, each A.P. consists of 102 terms.
Let pth term of first A.P. be identical to qth term of the second 

A.P. Then,

=> k = 1,2,3,... 20

Corresponding to each value of k, we get a pair of identical 
terms. Hence, there are 20 identical terms in the two A.P.'s.
EXAMPLE 15 Find the number of terms common to the two A.P.'s: 
3,7,11, ...407 and 2,9,16,..., 709.

and, 
=>

This is a contradiction.
Hence, f2, and <5* cannot be the terms of a single A.P.

EXAMPLE 14 In the arithmetic progressions 2, 5, 8, ... upto 50 
terms, and 3, 5, 7, 9,... upto 60 terms, find how many terms are 
identical.
SOLUTION Let the mth term of the first A.P. be equal to the nth 
term of the second A.P. Then,

2 + (m -1) x 3 = 3 + (n-l)x2

=> 3m -1 = 2n +1

<2~ = a + (m-l)d
<3 = a + (n-l)d
<5" = a + (p-l)d

4T-4T = (n-m)d and f5-^l3 = (p-n)d
<3~-<2~ n-m
<5-<3 p-n

(<T-<2) = k(f5-J3)
N3-^2)2 = ^0/5-V3)2

3 + 2-2<6 = k2 (5 + 3 -2415)

2k2fl5-2<6 = 8^-5

2k2 <15 - 2^6 is a rational number

Let

2k2fl5-2<6 = /

=> 3m = 2n + 2
. m n + 1

2 “ 3

m = 2k and n - 3k-I
(a - 3d) (a - d) (a + d) (a + 3d) + (2d)4

= (a2-9d2)(a2-d2) + 16d4

= a4 - 10a2 d2 + 9d4 + 16d4

60k4+ 24-I2
24k2

= a4-10a2d2 + 25d4
9 9 9= (a - 5d ), which is square of an integer as a and d are 

integers.

EXAMPLE 17 If Iog10 2, log10 (21 -1) and log10 (2J + 3) are in 
A.P., then find the value of x.

3 + (p-l)x4 = 2 + ty-l)x7

4p-l = 7q-5

4p + 4 = 7q 

4(p+l) = 7q

| = k(say)

p = 7k -1 and q ~ 4k
Since each A.P. consists of 102 terms. Therefore 

p < 102 and q < 102 
=> 7k-1< 102 and 4k<102 

5 1=> k<14^ and k<25^ 

=> Ar^l4 
=> k = 1,2,3,...,14

Corresponding to each value of k, we get a pair of identical 
terms. Hence, there are 14 identical terms in two A.P.'s. 
EXAMPLE 16 IfthefourthpowerofthecommondifferenceofanA.P. 
with integer entries is added to the product of any four consecutive 
terms of it. Prove that the resulting sum is the square of an integer.

[IIT 2000]
SOLUTION Let a - 3d, a - d, a + d, a + 3d be four consecutive 
terms of an A.P. with integer terms. Clearly, the common 
difference is 2d.

Since the terms are integers, therefore a and d are also in­
tegers.

Also,

1
3
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SOLUTION log10 2, log10 (2X -1) and log10 (2* + 3) are in A.P. (1 + 24)

=>

= 1
=>

=>6dJ + ll (f + 6d + 16 = 0

[•.• 2X*-1] => d = -2=>

=> x = log25

=>

17 are in
7+ 5

17 ,x-l are in A.P.=>

=>
k 7

=>

for all x.

=>/
=>

=>

[-.•2X#-1],=>

(i)

=>,(ii)

=5*
and, (iii)

From (ii) and (iii), we get =>

1 + 34
15

1+34
15

18
28

,r-l

=> (l+d)(l + 2d)(l+3d) = -15
' |3 , n j2 , zj , 1/- _ n

y = |x

Substituting this value of y in (i), we get
-(1 + 4) (1+24) (1 + 34)

x = x 15

- (1 + d) (1 + 2d) (1 +3d)
15

logio2 
logic*

(i) z3 = x

-15 logx 2 = l+3d=^>2 = X

=>x = 3.

EXAMPLE 21 If x18 = y21 =228, prove that 3,31ogyx, 3 logzy,

7 log x zform an A.P.
SOLUTION We have, 

x18 = y21 = z28 

181og10x = 21 log10y = 281og10z

k

1+ -z- >5x2 + 2 for all x
5*

7
=> a>12
EXAMPLE 19 If 1, logy x, log2 y, -15 logx 2 are in A.P., then
prove that

7 4 9
logyx = ^,log2y = - and logx2 = —

-(1 + 24) (1 + 34)
= X 15

5 5X + Jr + 5*
<

(ii) x = y~1

(2x-3)2 = (17 + 2X)

(y - 3)2 = 17 + y, where y = 2X

/-7y-S = 0

(y-8)(y + l) = 0

=> y = 8or,y = -1

2X = 8

21og10(2x-l) = log10 2 + log10 (2X + 3) 

log10(2x-l)2 = log102.(2x + 3)

=> (2X-1)2 = 2.(2x + 3)

(y-1)2 = 2 (y + 3), where y = 2X

y2-4y-5 = 0

=> (y-5)(y + l) = 0

=> y = 5 or, y = -1

V = 5

(iii) y=4 
2J

logyX = 1+d =>x = y1+d 

log2y = l + 2d =>y = z1+2J

logic* 21 l°gio V 28 . 
;---------= 77/1----------  = 77 andlog10y 18 log10 2 21

SOLUTION Let d be the common difference of the given A.P. 
Then,

EXAMPLE 20 If log5 2, log5 (2X - 3) and log5 ^y + 2: 

A.P., then find the value ofx.
(17SOLUTION log5 2, log5 (2X - 3) and log5 y + 2

2.log; (^-S) = log52 + log5[j + 2I-1|
\ 7

EXAMPLE 18 For what values of the parameter a are three values 
+ 51 -x, a/2,25x + 25-x are three consecutiveof x such that 51 + x 

terms of an A.P. ? 
SOLUTION 51+x + 5

logs (2x-3)2 = log52^ + 21-1

\ 7

=> (d + 2)(6d2-d + 8) = 0

6d2 - d + 8 = 0 has imaginary roots]

Putting d = - 2 in (i), (ii) and (iii), we get

x = y-1,y = 2"3 and z =x1/3

X = 23

5*17

i1 x, a/2,25x + 25 x are in A.P.

=> 2 (a/2) = (51 + x + 51 “ x) + (25x + 25-x)

a = (5.5x + 5.5-x) + (52x + 5-2x)

( 5*J 5^
We know that the sum of a positive real number and its 

reciprocal is always greater than or equal to 2.

f i k „ .
/. 5X + — >2and 5* + 4- >2

5X 7
n
5X 7
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are in A.P. such that

(aj + a24) + (a5 + O20) + (a10 + a15) = 450

[Using property V]=> 3 (flj + <*24)= 450

=>

- 2(a1+fl24)=>

=> [Using (i)]= 2x150

= 300

=>

=>

2 .3

=>

ar = flj + (r -1) d, r = 1,2,3,.... =>

[•.•a * 0]

= na} + n2 (k -1) d + d.

d

" Sk+1~Sk = n2d,k = 1,2,3,
2(”Cr+1) = ”Cr+"Cr+2 (i)

=3
(ii)

EXAMPLE 24 If a, b, c, d are in distinct real numbers in A.P. such 
that

Now,

fll+fl8 + fl17 + fl24 = (fl] + fl24) + (fl8 + fl17)

— + a(k-l)n + n

+ a2O+ al5

+ a20

then find the sum a-y + a8 + a17 + a24

SOLUTION We have,

+ fl15

Sfc + 1

and, 2(”Cr + 2) = nCr+]

fl] +a5 + fll0

EXAMPLE 24 Ifa^a^ a^a^,

Now,
$k ~ a(k-l)n + \+a(k-V)n + 2+ •‘•+akn 

= fl(k-l)n + l+fl(k-l)n + 2 + fl(fc-l)n+3 + 
= [aT + (k -1) n d] + [<z1 + {(k -1) n +1} d] 

+ [«2 + ((k-1) n + 2) d] +... + [^ + {(k-1) n + (n -1)} d] 

= nay + n (k -1) nd + {d + 2d + 3d +... + (n -1) d] 

= na} + n2 (k -1) d + d {1 + 2 + 3 +.. + (n -1)} 

n(n-1'
2 

n (n -1'
2

+ "Cr+3

«i +a5 + a10

7Sp S2, S3,... are in A.P. with common difference n d i.e.
n2 (common difference of the given A.P.).

2 (a - b) + x (b - c)2 + (c - a)3 = 2 (a - d) + (b - d)2 + (c - d)3 

then find the values ofx.

SOLUTION Let a be the common difference of the A.P. Then, 

b = a +a, c = a + 2a and d = a + 3a

7 9
Clearly, 3, 3 logy x, 3 log2 y and 7 logx z i.e. 3, ~, 4, ~ are in 

AP with common difference 1/2.
EXAMPLE 22 If x, y, z are real numbers satisfying the equation

25(9? + y2) + 9z2-15(5xy + yz + 3zx) = 0 

then prove that x, y, z are in A.P.
SOLUTION We have,

25 (9X2 + y2) + 9Z2 -15 (5xy + yz + 3zx) = 0

(15x)2 + (5y)2 + (3z)2 - (15x) (5y) - (5y) (3z) - (3z) (15x) = 0

j [(15x - 5y)2 + (5y - 3z)2 + (3z - 15x)2] = 0

= na-y + n2kd +

9a3 + (x - 4) a2 + 4a = 0

=> 9a2 + (x-4)a + 4 = 0

But, a is real. Therefore,
(x-4)2-144 > 0

=> (x-4-12) (x-4 + 12) > 0

=> (x-16)(x + 8) > 0

=> x < - 8 or, x > 16

=> x e — 8] u [16, °°).

EXAMPLE 25 Show that there exist no two positive integers n and 
r(r<ri) such that nCr, nCr + p "Cr+2 and nCr+3 are in A.P.

SOLUTION If possible, let "Cr, nCr + ? "Cr + 2 and nCr+3 are in 
A.P. Then,

7 9=> 31ogyx = ~,31og2y = 4 and 71ogxz = -

2(a-b) + x(b-c)z + (c-a)J = 2(a-d) + (b-d)z + (c-d)' 

- 2a + a2 x + 8a3 = - 6a + 4a2 - a3

(15x - 5y)2 + (5y - 3z)2 + (3z - 15x)2 = 0

15x - 5y = 0,5y - 3z = 0,3z - 15x = 0

=> 15x = 5y = 3z

f = | = | = Ksay)
x = k,y = 3k, z = 5k 

Clearly, x, y, z are in A.P.
. EXAMPLE 23 If ,a2,a3,...,an,... be in A.P. and

$k = fl(k-l)n + l+fl(k-l)n + 2 + fl(k-l)n+3 + ’”+flkn

Prove that: Sv S2, S3... are in A.P. whose common difference is n 
times the common difference of the given A.P.
SOLUTION Let d be the common difference of the given A.P. 
Then,

> Hz'
r + 1' cr + 2

■F o24 — 450

+ a24 = 450

450 1cn=> ^ + ^4 = — = 150
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Now,

2 ==>

=>

9c . 3c(iii) We have, a + b = y + y
and, 2("Cr+2) = ”Cr + 1+ ”Cr + 3

and,

(i)

(i)

=>

=> [•_• a is an integer]

n -1 Hn.

Now, a, b, c will form the sides of a triangle, if

(i) a + b > c

(ii) b + c > a

and, (iii) c + a > b.
15c

= T>C

Also, 
log a - log 2b, log 2b - log 3c, log 3c - log a are in AP.

2 (log 2b - log 3c) = (log a - log 2b) + (log 3c - log a)

3 log 2b = 3 log 3c

=> 2b = 3c

. 3c

2
\ /

9cPutting a = — in (i), we get

=> (n-2r-2)2 + 8(r + l)-5n + 2 = 0 ,..(iv)

[Replacing r by r +1 in (iii)] 
Subtracting (iv) from (iii), we get 

2(2n-4r-2)-8 = 0

=> n = 2r + 3

3cPutting b = — in (i), we get

2 9c
= ac=$ 9c = 4a=}a = —4

Thus, the given triplet of numbers is

9c , 3c , .a = —, b = —, c = c => «: b: c = 9:6:4.

2 ."Cr + 1 = ”Cr + ”Cr+2

Thus, a, b, c form the sides of a triangle and 
a : b: c =9:6:4.

EXAMPLE 27 Four different integers form an increasing A.P. One 
of these numbers is equal to the sum of the squares of the other three 
numbers. Find the numbers.
SOLUTION Let the four integers be a - d, a, a + d and a + 2d.

Clearly, a and d are integers and d > 0.
Since these integers form an increasing A.P. So, a + 2d is the 

largest number.
By hypothesis,

(a + 2d) = (a - d)2 + a2 + (a + d)2

=> 2d2-2d + 3a1-a = 0

7 _ r + 1 n-r-1 
n-r r + 2

+ an

d = “ £1 ± ^l + 2a- 6a2 J

Since d is a positive integer. Therefore, 

1 + 2a-6a2 > 0 
' ,2 _ % _ i n

=> 2 (n-r) (r + 2) = (r+1) (r + 2)+ (n -r) (n-r-1)

2(nr + 2n-r2-2r) = r2 + 3r + 2 + n2-2nr + r2-n + r

=> (n-2r)2 + 8r-5n + 2 = 0

9c 13c ,c + a = c + — = — > b4 4

cr , cr+2
nz-> nr

, 3c 5c b + c = — + c = —>a

=> 6a2-2/r-l < 0 
1-V7 l+<7

6 <a< 6 

=> a = 0 .
Putting a = 0 in (i), we get 

d = | (1±1) = lor,0 

But, d > 0 therefore, d = 1. 
Hence, the numbers are -1,0,1,2.

EXAMPLE 28 If av a2, ay..., an are n numbers such that 

(n-l)x2-2(an-af)x + a2 + 2a2 + ... + 2a2_y 

- 2(a1a2 + a2a3 + ...+an_2an)

, 3c => b = y

Putting n = 2r + 3 in (iii), we get
r = - 2, which is a contradiction that r is a positive integer.

Hence, there exist no positive integers n and r (r < n) for 
which ”Cr, ”Cr+1, ”Cr+2, ”Cr+3 are in AP.
EXAMPLE 26 Each of the two triplets of numbers log a, log b, 
log c; log a - log 2b, log 2b - log 3c, log 3c - log a is in A.P. 
Prove that a, b, c can be the lengths of the sides of a triangle. Also, 
find a:b: c.
SOLUTION It is given that log a, log b, log c are in AP

/. 2 log b = log a + log c

=» log b2 = log ac

b2 = ac
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=>

.2.2 (iii)=> sin2 9 = sin2 a

,(iv)

=>

.2 [Using (iii) and (iv)]

= x
= 2«1, a2, a^,

Hence, / —
2

are also in A.P. for all nt N.Prove that

(i)

=> 2sin(x + z) = 2 sin cos=> (cos2 9 + sin2 9)2 =

[Using (i)]

[•_• sin 2y * 0]= 1cos

(ii)

(ii)=>

= 1

[Using (ii)]=>

sin2 6 
sin a,

sin2 9
9 

sin a

=> sin 2y = sin 2y cos

2
7

sin2 9
9 

sin a

9 1 sin2"*2 
a '2' sin2n

cos2n * 2 
cos2"

SOLUTION It is given that

Therefore,

. cos2 9 +

cos4 9
2 +

cos a

.sin2 9 = 1

9 9
= 1 => cos 9 = cos a

(cos2 9 + sin2 9) = 1

0 ■ A n
- are in A.P. 

a

sin'
\« 

cos2 9 + sin2 9

'2y + z + x'
2

7 

fz-x)
2

7

+v
From (ii) and (iii), we get 

9
cos 9 _ , , Mr.2~ 
cos2 a

Now,
cos2" + 29 4 sin2"*29 
cos2" a sin2" a

cos2 9
“ 2

COS Ct, 

= cos2 9 + sin2 9 
= 1

2\ 7
„_2n + 2 COS

___2n COS

an are in A.P. with common difference x.

EXAMPLE 30 Suppose x, u, z are in A.P. and that sin (y + z) = x, 
sin (z + x) = y and sin (x + y) = z. If sin 2y * 0, then prove that 
tan x, tan y, tan z are in A.P.
SOLUTION It is given that x, y, z are in A.P. Therefore,

2y = x + z

=> 2 sin (x + z) = sin (y + z) + sin (x + y)

[■_• x = sin (y + z), y = sin (z + x) and z = sin (x + y)]

2
7

sin4 9 _ 1 
sin a

cos 9 sin 9 
2 ~ . 2cos a sin a

From (i), we have 
cos49 sin4 9 
cos a snr a 
cos2 9 

2 cos a

sin4 9 
. 2 sin a
cos4 9 sin4 9

9 + 2
cos a sin a

=> (cos4 9 + sin4 9 + 2 cos2 9 sin2 9) cos2 a sin2 a
= cos4 9 sin2 a + sin4 9 cos2 a

=> cos4 9 sin2 a (1 - cos2 a) + sin4 9 cos2 a (1 - sin2 a)
-2 sin2 9 cos2 9 sin2 a cos2 a - 0

=> cos4 9 sin4 a + sin4 9 cos4 a - 2 sin2 9 cos2 9 sin2 a cos2 a=0

=> (cos2 9 sin2 a - sin2 9 cos2 a)2 - 0

=> cos2 9 sin2 a = sin2 9 cos2 a
•2 g £;r,2 a

•2 ~ 2

Show that a2, a3,..., (

SOLUTION We have,
(n-l)x2-2(an-fl1)x + «12 + 2a22+... +2an2_i

= 2(a1a2 + a2a3+...+an_1an)

(n-l)x2-2[(fl2-«1) + (a3-a2)+... + (an-an_1))x

+ (a2-af)2 + (a3-a2)2+... + (an-an_f)2 = 0

(x2 - 2 (a2 - flT) x + (a2 - a^2} + {x2 - 2 (a3 - aj x + (a3 - a2)2}

+ ... + {?-2(fln-fln_1)x + (a„-an_1)2} = 0

(x-(a2-fl1))2+[x-(a3-a2)}2 + ... + {x-(fln-an_l)}2 = 0

=> x-(a2-fll) = 0,x-(a3-a2) = 0,..., x - (an - an _ t) = 0

sin4 9 -ad „ are in A.P.
sinza

2 sin 2y = 2 sin 2y cos

'A-
2 

. 7

=> a2-a1 = a3-a2 - ... - an-an_1

an are in A.P. with common difference x.

EXAMPLE 29 If 9 and a are two real numbers such that 
cos4 9 1 sin4 9 . A D
—> - • —r— are in A.P. 
cos a 2 sin a

9 1 sin2,l + 29
a 2 sin2" a

cos4 9 1 ,
“7"'? and 
cos a 2

sin2 9 2 »
—z— cos 9 + 
sin a

=> z = x
From (i) and (ii), we get
x = y = z.

=> tanx = tany = tanz
=> tan x, tan y, tan z are in A.P. with common difference zero. 
EXAMPLE 31 There are two sets ofnumbers each consisting of three 
terms in A.P. and the sum of each set is 15. The common difference 
of the first set is greater by unity than the common difference of the 
second set. The product of the numbers in the first set is to the product 
in the second set as 7 to 8. Find the numbers.
SOLUTION Let a - b, a, a + b be the first set of numbers and 
c~d, c, c + d be the second set. Then,

a-b + a + a + b = 15 and c-d + c + c + d = 15
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1

=>
a = c = 5 and b = d +1]

•(*)
12

Also,

[v b = d + 1]
,-l1 1

[When b = -16, d = -17]21,5,-11 and 22,5,-12

•(ii)

be an A.P. with non-negative terms such

+ 3), log9 4 and

(in)

4 
a + d

4
2a

7
8

2 
a

or
3,5,7 and 4,5,6

a-P a + P

and, 

b~j

Now,
a2-9p2 = (a2 - p2) - 8P2 < a2 - P2

1 1
" J > 9

2a 
a2 - 9P2

=> a = 5 and c = 5
It is given that the common difference of the first set is 

greater by unit than the common difference of the second set. 
Therefore,

'b = d +1
It is also given that

g(?-h2) = 7
c (c2 - d2) 8

25 - (d +1)2
25-d2

EXERCISE 21.1
1. The nth term of an A.P. is n and its nth term is m. Prove 8. If a, b, c are three terms of an A.P. such that a * b, show that 
that its pth term is (m + n - p). Also, show that its (m + n) th term 
is zero.
2. If the nth term of an A.P. be 1 /n and nth term be 1 /nt, then 
show that its (nn) th term is 1.
3. There are two arithmetic progressions whose common 
differences differ by unity, but sum of the three consecutive 
terms in each is 15. If P^ and P2 denote the products of these 
terms such that Pj: P2 = 7:8, then find the two arithmetic 
progressions.
4. Find the value of x for which log3 (21 ~x 

log27 (2X -1)3 are in A.P.

5. Prove that the square roots of three unequal prime num­
bers cannot be three terms of an A.P.
6. If m times the nth term of an AP is n times the nth term, 
then show that its (n + n) th term is zero.
7. If logfl x, logb x, logc xare in AP wherex * 1 and* > 0, prove 
that c2 = (flc)lo&>b.

1 1 
b + c

4 (a + d) 1

2a 
a2-P2

=> dz + 16d-17 = 0
=> (d +17) (d -1) = 0
=> d = -17,1
=> b = -16,2

Hence, the two sets are:

[Whenb = 2,d = 1]
EXAMPLE 32 If a, b, c, d are four distinct numbers in A.P., prove 
that

—7 is a rational number.a-b
9. Find three digit numbers that are divisible by 5 as well as 
9 and whose consecutive-digits are in A.P.
10. The sides of a triangle form an A.P. whose common dif­
ference is equal to 4 cm and the area of the triangle is 24 on. 
Determine the sides of the triangle.
11. Let av a2,an
that:

(i) a42 + a12 = 1170 and (ii) a7 + «15 = 60

Find the fist term and the common difference of the A.P.
12. If a, b, care in A.P. prove that the following are also in A.P.

(i) b + c,c + a,a + b

(ii) a2 (b + c), b2 (c + a), c2 (a+ b)

1 1 1
>lb +'lc Vc” + 'la 'la +'lb

>

2a 
a2-p2

4-d-1 > h-1 + c-1

g-^d-1 > b-1 + c-1 >4(g + d)-1

SOLUTION Letg = a-3p,b = a-p,c = a + pandd = a + 3pbe 
the four distinct numbers in A.P. Then,

-1 j-1 1 1 1 1
fl + d^ —--- F "j = ----- "I----------- Zo =a d a - 3p a + 3P

> 4 (a + d)‘

From (i) and (ii), we get 

fl-1+d-1 > b-1+c-1>4(g + d)-1

a2 - 9P2

2a 
a2-9p2>

.-. b +c > 4(fl + d)

If-^4 = ~ a2 — p2 a

i.e. if2a2 > 2(a2-p2)

i.e. if 2P > 0, which is always true.
. t,-1 I -- 1 x. A f„ 1 zA~ 1.. V + C
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.... a . b . C 
' ' b + c c + a a + b

14. If

11. 0,3OR-11,5,21 and....-12,5,22,...

9. 135,630,765

HINTS TO SELECTED PROBLEMS

— □□□ —
=> Sn = - [fl + fl + (n-l)d] [•_■ flj=flandfln = fl + (n + l)d]

=> S„ = ^[2fl + (n-l)d]

+ a,

,2
(i)

60

ANSWERS

10. 4 (V6-1), 4^6,4(76+1)

2 \ 7

3. 7,5,3,... and 6,5,4,

4. 1

2 ( A n + a-~ nC n / . \
Sn =

21.5 SUM TO n TERMS OF AN A.P.
THEOREM The sum Sn ofn terms of an A.P. with first term 'a'and 
common difference 'd' is given by n r„ . ,, n

2 1 v* "J

Also, from (i), we have 

s» = 2(fll + <U

(v) a

an in A.P. prove that

AN IMPORTANT PROPERTY A sequence is an A.P. if and only if the 
sum of its n terms is of the form An2 + Bn, where A, B are constants. 
In such a case, the common difference of the A.P. is 2A.

PROOF Let Sn be the sum of n terms of an A.P. with first term 
a and common difference d. Then,

S„ = |[2« + (n-l)fl

=» Sn " 2

S„ = |l2o+(n-l)d)

Also, S„ = [« + /], where I = last term = a + (n -1) d.

=> 2S„

, x x ] fl l'l
- a b\ /

-a2], [(c + fl)2-b2], [(a + bf-c2]
9 0 013. If a , b , c are in A.P., then prove that the following are 

in A.P.

(i) —-----1-,
b + c c + a a + b

b+c-a c+a-b a + b-c 
--------------------------— f-----------------------------------f ■ ■ - ■ 

a b c

2
Sn = an+-d--d =

111 1 . A „
-' 7 • - are also in A.P. a b c

15. If a2 + Ibc, b2 + 2ac, c2 + 2ab are in A.P. show that

PROOF Letflpflj, a3, 
'<f. Then,

sn = a1+a2 + a3 + .... + a„_1 + an

Also,S„ = fin + «n_1+«„_2 + -+fl2 + fli

Adding these two, we get

2Sn = («l+«n) + (fl2 + fln-l) + (fl3 + fln-2) + -- + <fln + fll)

[By using property V]

an be an A.P. with common difference

1 1 1 • a7— •-----' —7 are in A.P.b-c c-a a-b
16. If (b - c)2, (c - a)2, (a - b)2 are in A.P. prove that
111 • a „7---- >----- • —7 are in A.P.b-c c-a a-b

17. If a, b, c, are in A.P. then prove that

(i) (« - c)2 = 4 (b2 - ac) (ii) fl3 + 4b3 c3 = 3b (a2 + c2)

18. If fl2 (b + c), b2 (c + a), c2 (a + b) are in A.P. Show that 
either a, b, c are in A.P. or ab + be + ca = 0.
19. An circle of one centrimetre radius is on a piece of paper 
and with the same centre (3n -1) other circles are drawn of 
radii 2 cm, 3 cm, 4 cm,... The inner circle is painted blue, the 
ring between them and the next circle is painted red, the next 
ring yellow, then the other rings blue, red, yellow and so on in 
this order, prove that the successive areas of each colour are in 
A.P.

. 1 1 1(iv) — 
be ca ab

fl 11
& + c

\ J
(vi) [(b + A)2

[•_• an = / and flj = fl]

16. Required sum = 1 + 3 + 5 +... + (2n -1) = [1 + (2n -1)]

50
17. Required sum = 101 +103 +... + 199 = y (101 +199).

14. Required sum = 1+ 2+3 + ... + n = ^(l + n)

15. Find the sum of the A.P. 3, 6,9,..., 99 which contains 33 
terms.

1
a

n
2

a
c
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a,

[On replacing n by n -1]

Now,

ILLUSTRATIVE EXAMPLES

(i)

And, (ii)

(m -ri)d = -
Now,

=> (m-n)d =

=>

Putting in (i), we get •(i)

a + (nz -1) — =

=>

Now,

1 
mn

= 2An + (B-A) i

= 2A(n + l) + (B-A)

So, if an A.P. consists of 24 terms, then +«24 = a5+ fl20 
= fl10 + fl15-

••(i)
■(ii)

1 
n

1 
n

1 a + — - n

Thus, the sum of n terms of an A.P. is of the form 
An2 + Bn.

m - n
mn

+ fl20

d = — mn

+ fl15

1 a = — 
mn

c _ 24 . , ,
S24 " 2 +

225 
«l+«24 = V = 75

Conversely, let the sum Sn of n terms of a sequence 

^1/ ^2/ fl3/ ••• / aiu ... be of the form An + Bn. Then, we have to 
show that the sequence is an A.P.
We have,

= 12(75) = 900 [Using (i)[

EXAMPLE 3 The pth term of an A.P. is a and qth term is b. Prove 

that the sum of its (p + q) terms is a+ b +

SOLUTION Let A and D be the first term and common dif­
ference respectively of the given A.P. Then,

a = pth term =>a = A + (p -1) D

b = qth term =$b = A + (z? -1) D

S Jmn

nm 2 . / 1X 1
------ + (mn - 1) x —2 mn mn

al+a5 + fli0

I /= - (mn +1)

am

fln + l

EXAMPLE 2 Find the sum of first 24 terms of the A.P. a}, a2, flj ... 
if it is known that a-l+a5 + aw + a-[5 + a2Q + a24 = 225.
SOLUTION We know that in an A.P. the sum of the terms 
equidistant from the beginning and end is always same and is 
equal to the sum of first and last term i.e.

di+a<n

= A(n-1)2 + B(n-1)

Using :S„=^ («] + «„)

=> Sn = An2 + Bn, where A = ~ and B = a-~

$mn

$mn

^n-1

an $n $n -1

an = {An2 + Bn} - {A (n -1)2 + B (n -1)|

=> 3 (a] + a24) = 225

Sn = An2 + Bn

[On replacing n by (n +1)]

+ = {2A(n + l) + B-A}-{2An + (B-A)J = 2X

Since +1 - an = 2A for all n e N. So, the sequence is an 
A.P. with common difference 2 a.
REMARK It follows from this property that a sequence is an A.P. iff 
the sum of its n terms is of the form An2 + Bn i.e. a quadratic 
expression in n and in such a case the common difference is twice the 
coefficient ofn2. For example, if Sn = 3n2 + 2n, we can say that it is 
the sum ofn terms of an A.P. with common difference 6.

=> («1 + ^4) + (fl5 + fl20) + (fl10 + fl15> = 225

= «2 + fln-l -a3 + an_2-...

"I" fl24 ~ 225

EXAMPLE 1 If the mth term of an A.P. is the nth term is —, 

show that the sum of mn terms is (mn +1).

SOLUTION Let a be the first term and d be the common dif­
ference of the given A.P. Then,

1 1= -=>a + (m-l)d = -n n

a = — => a + (n -1) d = —" m m
Subtracting (ii) from (i), we get

. . l_j_ 
n m

= [2a + (mn -1) d]

2
mn

1
mn

d = ~ 
mn

.. 1
mn
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=>

[2m + (m + n -1) d]

[Using (i)]xO = 0

[Using (iii)]

Sums of n tertnsFirst terms

11

32

53

=> lam + m(m -T)d = In
2m-1m

(ii)

+ [2 x 2 + (m -1) x 3] + ... + - [2?m + (m -1) (2m - 1)]

=3

(iii)

Now,

[2a + (m + n -1) d]

[Using (iii)](-2)

(i)

SOLUTION We have, 
Common differences

2

(ni + m) 
2

...(i)
[•.• m - n * 0]

m + n
2

m + n
2

m + n
2

= - (m + n)

EXAMPLE 5 If the sutn of tn terms of an A.P. is the same as the sum 
of its n terms, show that the sum of its (m + n) terms is zero.
SOLUTION Let a be the first term and d be the common dif­
ference of the given A.P. Then,

=}2an + n(n-l)d = 2m 

Subtracting (ii) from (i), we get 

2a (m - m) + (m (m -1) - m (m -1)) d = 2n - 2m 

2a (tn - n) + {(m2 - n2) -(m- m)} d = - 2 (m - m) 

2a + (tn + n-V)d = - 2
[On dividing both sides by (m - m)]

S um + n

Sm

EXAMPLE 7 The ratio of the sum of n terms of two A.P.'s is 
(7n +1): (4m + 27). Find the ratio of their mth terms.
SOLUTION Let Mj, a2 be the first terms and dv d2 the common 
differences of the two given A.P.'s. Then the sums of their n 
terms are given by

Sn = I2*!+ (» “ !) rfil

mM, ..= y (mn +1)

Now,

= [m (m +1) + m2 (n -1)]

= [2 x(l+2 + 3+...+m) +(n -1) (1+3 + 5+...+(2m-1))J

Sm = j(2m + (n-l)(2m-l)l

S, = |[2xl + (n-l)xl]

52 = — [2x2 + (n-l)x3].

53 = 5[2x3 + (n-l)5|
0 2

$m + n ~

And, Sn = tn => [2m + (n -1) d] = m

= ?[2xE(l + m) + (n-l)^{l + (2m-l)|] 
z z z

j[24 + (m-l)rf] = j[2a + (n-l)d]

2/7 (m - m) + (m (m -1) - n (m -1)} d = 0

=> 2m (m - m) + ((m2 - m2) - (m - m)J d = 0
=> (m - m) [2m + (m + m -1) d] = 0
=> 2M + (m + M-l)d = 0
Now,

, a — b a + b +-----
P-q]

i EXAMPLE 4 If in an A.P. the sum of m terms is equal to n and the 
sutn of n tertns is equal to m, then prove that the sum of(m + n) terms 
is-(m + n).
SOLUTION Let a be the first term and d' be the common dif­
ference of the given A.P. Then,

.-. s1+s2+...+sm

= |[2xl + (n-l)xl]

EXAMPLES Z/S1,S2,S3,... Sm are the sums of n terms of m A.P.'s 
whose first terms are 1, 2, 3, ..., m and common differences are 
1,3,5,..., (2m -1) respectively. Show that

SttS1 + ... + Sm = !!Y(mn + l).

Subtracting (ii) from (i), we get

P-'?
Adding (i) and (ii), we get

a + b = 2A + (p +q-2) D

=> a + b = 2A + (p + q-Y)D-D
=> (a + b) + D = 2A + (p + q-l)D

(a + b) + ^~ = 2A + (p + q-l)D

= m => y [2m + (m - 1) d] = m

= Sum of (p + q) terms

= [2A + (p + , -1) D]

M
2

M
2
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•■•(ii)

(iii) and,

(ii)S„ = y [2x120*+ (n-l)x5°]

7n + l
4n + 27

14 m -6
8m + 23

m2 
n2

,„2 m

2fl1+(n-l)d1 = 7n + l 
2a2 + (n-l)d2 4n+27

Hence, the ratio of the mth terms of the two A.P.'s is 
(14m-6): (8m+ 23).
EXAMPLE 8 The ratio of the sums of m and n terms of an A.P. is 
m2:n2. Show that the ratio of the mth and nth terms is 
(2m -1): (2n -1).
SOLUTION Let a be the first term and d the common difference 
of the given A.P. Then, the sums of m and n terms are given by

Sm = y [2a + (m-1) d] and Sn [2a + (n -1) d] 

respectively.
Now,

y [2a + (m -1) d]
=>----------------------

j[2a + (n-l)d]

(n-2)xl80* = ^[2xl20' + (n-l)x5-]

= ^Ka + <0 + (o + (2n-l)d)J
= n (a + nd)

Sj: S2 = (n +1) (« + nd): n (a + nd) = (n +1): n

EXAMPLE 10 The interior angles of a polygon are in A.P. The 
smallest angle is 120° and the common difference is 5°. Find the 
number of sides of the polygon.
SOLUTION Let there be n sides of the polygon. Then the sum 
of its interior angles is given by

Sn = (2n - 4) right angles = (n - 2) x 180’ ...(i)

Here, the interior angles form an A.P. with first term a = 120’ 
and common difference d = 5’.

^[2»,+ (»-!)</,] 

|[2a2 + (n-l)</2] 

2a} + (n -1) d} 
2n2 + (n -l)d2 

It is given that 

$2.
V

and,SM'= [2a2 + (n -1) d2]

(n-2)x360 = n [5n + 235]

=> n2-25n + 144 = 0

=$■ (n-16)(n-9) = 0
=> n = 16 or n = 9

But, when n = 16,
The last angle = an = a + (n -1) d

= 120* + (16 -1) x 5 = 190’, which is not possible.
Hence, n = 9.

EXAMPLE 11 The first, second and the last terms of an A.P. area, 
b, c respectively. Prove that the sum is

(a + c)(b + c-2a)
2(b-a)

To find the ratio of the mth terms of the two given A.P.'s, 
we replace n by (2 m -1) in (iii).

2fl1 + (2m-2)d1 = 7(2m-l) + l 
” 2a2 + (2m - 2) d2 ~ 4 (2m -1) + 27

example 9 If there are (2n +1) terms in A.P., then prove that the 
ratio of the sum of odd terms and the sum of even terms is (n +1): n. 
SOLUTION Let a and d be the first term and common difference 
respectively of the given A.P. Let ak denote the kth terms of the 
given A.P. Then, ak = a + (k -1) d.

Now, S2 = Sum of odd terms

= fli+fl3 + z75 + ---+fl2H + i

2

= [a + a + (2n +1 - 1) d ]

= (n + l)(a + nd)
S2 = Sum of even terms

= a2+a4+a6 + -+a2n

= 2 (fl2 + fl2n)

ay + (m - 1) dj 
a2 + (m - 1) d2

2a + (m -l)d  m
2a + (n -1) d n

=> [2a + (m -1) d} n = [2a + (n -1) d) m
=> 2a(n-m) = d[(n-l)m-(m-l)n}
=> 2a(n-m) = d(n-m)
=> d = 2a

. Ln  a + (m-l)d  a + (m-l)2a  2m-l
Tn a + (n-l)d a + (n-l)2a~2n-l

n
- 2

From (i) and (ii), we get
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Let d be the common difference of the given A.P. and,

=>
[•_• d = b-a]

Hence,

=> n =

[Given]= a

and,
[Given]

= a

=>

(i)d = a

=>

=>

where a is any

=>

=>
difference if is independent of nr

Squaring (i), we get

[2a + («i fi2 -1) d]S«i «2 “ + n2(n-l)a1 d +

$kx 
Sx

=* c = a + (n-l)d

=> c = a + (n -1) (b - a)

SOLUTION 
Then,

n
Y (a,+(r-l)rf|2 = i>2 
r = l

d = b-a.

Let there be n terms in the given A.P. Then, 

c = nth term

Clearly, the RHS of the above relation will be independend 
of x iff 2a — d = 0 i.e. d = 2a.

Hence, the progression is a, 3a, 5a, 7a,.. 
non-zero real number.
EXAMPLE 13 Let Sn be the sum of first n terms of an A.P. with 
non-zero common difference. Find the ratio of first term and common 

S n "1 "2 

s„
”1

SOLUTION Let the first term and common difference of the 
A.P. be a and d respectively. Then,

n2 [[2a-d) + ni n2d]
[(2a-d)+ n1 rf]

Clearly, RHS will be independent of nj iff 2a - d = 0 i.e. 
d = 2a.

n(n-l)
2

n(n-l)
2

”2
2

na} +

2
+ «3 +•

(a + c) (b + c - 2a)
2 (b-a) •

EXAMPLE 12 Let Sk be the sum offirst k terms of an A.P. What must 

this progression be for the ratio to be independent of x?

SOLUTION Let a be the first term and d common difference of 
the given progression. Then,

b + c-2a 
b-a

Now,
Sum of the A.P.
= Sum of its n terms

=>«-l =~~ b-a

S„, = 7 [2o+ (»!-!) fl 

n2 [2a + (nj n2-l)d] 
[2a + («! - 1) dj

..+a2 = b2

Now, 
a1+a2 + ...+an

% I2ai + (n-1)d] = a

c-a => n = z~ + lb-a

kxy[2fl + (fcc-l)fl

^[2a + (x-l)fl

Using:S„ = ^(o + Z)

n2 (n -1):
4

n , 
= 2(fl + c)

S"i »2 

s».

s„ _ 
”1 ”2 

s,

n n
+ 20,4 E (r-D + rf2 £ (r-1)2 = b2 

r = l r = l

2 2 n fl|

cj2 + a^2 + af2 +... + a„~ — b2

+ d2 n(n-l)(2n-l) =
6

a 1 — — —
d 2

EXAMPLE 14 Find xr. xr.-'z-ieti: progression, if it is given that the
sum of its first n ie-ms is £ tmd sum of their squares is b2.
SOLUTION Let  cr x ^-^ed A.P. and let d be
its common difference. Then,

flj + fl2 fig + —

^fcr  k [kxd + (2a - tZ)] 
Sx ~ [xd + (2a-d)]

2 , , , n(n-l)(2n-l) j2 _ l2naf + flj d n (n -1) +------------------- d - tr

n
J [a12 + 2a1 d(r-1) + (r-l)2d2] = b2 

r = l

n

r = l

Cd2=?

and,
2 2a-f+a^

n

r = l

n a2 + 2a1d
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-(iii) [•<• ar = aj+(r-lM

.2 ,2
=>

.2 ,2
==>

|2=> d‘

=> d = ± -(iv)

(v)

= n (n -1) a2 + n (n -1)2 d +

= n (n -1) a2 + (n -1) a^ d + (3n2 - 7n + 2) d2
fr?!2 + (n -1) d + (3n2 - 7n + 2) d2]

SOLUTION We have,

an be the A.P. with common dif-(i) a.

Now, ar = a} + (r- l)d, r = 1,2, n.

and,

3
2

2

Let Si be the sum of first n terms of the given A.P. and S2 
denote the sum of the cubes of first n terms. Then,

2 
n

2Z
1 < r < s < h

n

r = 1

n-1
4

n(M-l)
2

n (n -1) d‘
12

2h-1
6

n-1 
n

1 < r < $ < 11

2

•• Xms =
1<r<s<»

+fl2'

n

$2 = E ar 
r = l

+ 2z?j d.

'-d2

]-d2

n(n-l) 2n-l
4 6

fl, = — ±1 n

nb" - a' 
n

nb - a 
n

n (» -1)'
4

= b2-^ 
n

aras = (fl1+fl2 + ...+flH)2-(fl12 + fl22+...+fln2)

fli+fl2 + ...+fl„ = [2ni + (n -1) d]

S] =|m + (n-l)d]

= 12(?rb2-fl2)
n2 (n2-l)

3 (nb2 - a2' 
n2-l

n2 (n -1):
4

2 j / i\ ,2 n (n -1) (2n -1)- na} + flj d n (n -1) + d —*■----- ---------L

+ a} dn2 (n - 1) + n2 (n -1)'
4

+ a}dn2(n-1) +

n (n-l)d2

+ n(n-l)d2

n (n-l)d2

EXAMPLE 16 Find the sum of the cubes offirst n terms of an A.P. 
and show that this sum is divisible by the sum of first n terms of the 
A.P.
SOLUTION Let fl^, fl2, a^,. 
ference'd'. Then,

= (n2 - n) a2 + a^dn(n-1)2

2n + 2' 
' 24

n

= IL ifli+(r-1)rf]2 
r = l

-(3n2-7n+2)

„2n 2 n flj

= na2

- „2 „ 2= n «1

+ d2 n(n-l) (2n -1)

n(”2-l) ,2
12 d

Putting the values of d in (i), we obtain

3 (nb2 - a2’ 
n2-l

2
=> (flj +a2 + ... +An)2 = — [4«]2 + 4fl1d(n-l) + (n-l)2d2]

and,

«12

It

r = ]

n(n-V)
2 6

Substituting these values in (i), we get

2 Yaras
1< r < s <n

na2 + n(n-1)a} d +

n ii

= ™12 + 2n1rf.£(r-l) + <i2X (r-D2 
r=l r=l

(fl1+fl2 + ...+fl„)2 = (a}2 + a22+ ...+a2) + 2^ aras 
l<r<s<n

a2 + (n -1) flj d + (3n2 - 7n+2) d2

n (n-l)(2??-l) 2 d '

n (n - I)2 
4

Subtracting (iii) from (ii), we get

'-d2 = b^
n

Hence, the first term and the common difference of the 
required AP are given by (v) and (iv) respectively.
EXAMPLE 15 Ifa}, a2, a^..., anare in A.P. with common difference 
d, then prove that 

 n(n-l) 
's~ 2

d2 = a- 
n
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and so on.

+ 3/^ d‘

n o= - {2flj + (n - 1) d} J (n -1) d +

= a-p

+ rt3 J

n n n
= Z^ + ^d X(r-D+ V-l)2 

r=l r=l r = 1

n
= X [a13 + 3a12d(r-l) + 3ald2(r-l)2 + (r-l)3d3] 

r = l

n
+ d3. J(r-l)3

r = 1

In general,

Sr = Kr-l)n + l + -+flrJ

«(n -1)
2

'n +1 + n2nl

= *!•

+ 3flj2 d

Hence, Si is a factor of $2-

EXAMPLE 17 Let there be a series whose terms are in A.P. If the term 
of the series be collected into groups ofn terms and the terms in each 
group be added together, then show that the resulting series forms an 
A.P. whose common difference is to the original common difference 
asn :l.
SOLUTION Let a2, a3, a^ ... be the A.P. with common dif­
ference d. Let the series

fll+«2 + fl3 + -- + fln + fln + l + •••+fl2n + fl2„ + l + —

be collected into p groups, each of n-terms. Further let the sum 
of the terms in rth group be Sr, r = 1,2,p. Then,

$! = [a1 + a2 + ...+a„]

n .
= +

2 n (» -1) (2h - 1)
6

= ^[2fl1 + {(2r-l)n-l|(/], r = 1,2,3,... p.

= | [2^1 + (5n-l)rf]

k

= | [2rt13 + 3fl12d(M-l) + fl1rf2(n-l)(2n-l)

+ln<n-l)2 rf3]

- 2 [^i + nd + fli + (2?j -1) rf]

We have to prove that Sp Sy ... S^, are also in A.P, with 

common difference n d.
We have,
$r +1 “ $r

= ^[2rt1 + {(2(r + l)-l)n-l}rf]-^[2fl1 + |(2r-l)n-l}J]

= [((?! + 2nd) + + (3n - 1) rf]

= | [^j + On-Dd]

S3 = Ifl2n + 1 + fl2»i + 2 + ”• +rt3/J

- ” r “ 2 ^2n + l

= [«i + (r - 1) nd + ax + (rn -1) d]

+ d3

Now,
Required sum

= [a + (2n -1) p]3 + [a + (2n - 3) P]3 +... + (a+ P)3 + (a - P)3
+... + [a - (2n - 3) p]3 + [a - (2n - 1) P]3

n
= £ [a + (2r-l)P|3 + [a-(2r-1)pl3 

r = l

n (n -1) .2
2

= na3

«12 + «1 (n -l)d +

n r ,= 2 lfl(r-l)n + 1 + flnJ

n (n -1) ,2
2

2
/

= ^[|(2r + l)n-l|-|(2r-l)«-l||d

= n2 d, r = 1,2,3,p

Hence, Si, S2,..., Sn are in A.P. with common difference 
n2d.

EXAMPLE 18 In an A.P. of2n terms the middle pair of terms are 
a + P and a - p. Show that the sum of the cubes of the terms of the 
A.P is proportional to

[2?i a2 + (4n2-l) p2]

SOLUTION In a series of 2n terms, nth and (h +1 )th terms form 
the middle pair of terms. Thus, if a2, ay..., a2]l are the terms 

of the A.P., then
= a+P and a„ + 1

=> fln + l“fln = -2P

=> d = - 2 P, where d is the common difference of the A.P.

Thus, the A.P. is

a + (2n -1) P,..., a + 5p, a + 3P, a + P, a - p, 
a-3P,a-5p,..... a-(2n-l)p

= [2fl] + (n -1) d]

S2 = [fln + l + fln + 2 + -+fl2nl 

n r= 2^
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=>

= (m + n)(m+p)=>

=>

= n

EXAMPLE 20

n

=>

•(i)

=> 2S,m

[2a + (m + n - 1) d]=> 2~[2a + (m-l)d] =
= 6.

=>

-1 L'

(i)

...(ii)=>

=> =>

=> 2[fl + (2n-l)d] = 3[a(n-l)d]

=> 2a - (3m - 3 - 4m + 2) d = 0

=> 2a - (n +1) d = 0

=> 2a = (m +1) d 
Now,

— = 4 
a

n
= £ [2a3 + 6aP2(2r-l)2] 

r = l

2m 
m + n

n(n + l) (2n +1)
6

m - 
mn

m-n
m + n

m + n
2

(m-n) (m + p) 
nm

r
n 

7

- c 
Jm + n

S„
y [2a + (3n -1) d] 

2 [2a+(»-!)<<]

= 2 m a3 + 2n ap2 ((2m +1) (4m +1) - (2m + 2) (2m +1)|

= 2n a3 + 2n (2m +1) (2m - 1) ap2

= 2n a3 + 2m (4m2 -1) ap2

EXAMPLE 19 If the sum ofm terms of an A.P. is equal to the sum 
of either the next n terms or the next p terms, prove that

(1 1^ fl
(m + n) — — = (m + p)----

m p m

SOLUTION Let a denote the first term and d the common dif­
ference of the A.P. Further, let ak denote the kth term of the A.P.
Then,

Sum of m terms = Sum of next n terms
a]+a2 + a3 + "’+am = am<-l+am + 2+ ■’•+am + n

2(a1+a2+...+am) = a} + a2 + ... + am + am + 1

+ am + 2 + ”• *am + n

2a + (m + n-T)d
2a + (m-Y)d

2a + (m + n-l)d 
2a + (m-l)d

nd
2a + (m-Y)d

Similarly,
Sum of m terms = Sum of next p terms 

m-p pd
m+p 2a + (m-l)d

Dividing (i) by (ii), we get

= 2m a3 + 6aP2

2m i 
m + n

n n
= % 2a3 + 6aP2£ (2r-1)2 

r = l r=l

' 2n n y
(2a3) + 6aP2 £ (2r)2

r=l r=l
\ /

2m (2m+1)(4m + 1)
6

m-n m + p _ n
m + n' m-p ~ p

(m-n) (m+p) _ (m + n) (m-p)
n ~ p

= 3 [(m +l)d +(3m
[(m +1) d + (m -1) d]

= 12 nd
2nd

EXAMPLE 21 Let there be two arithmetic progressions each of n 
terms:

a,a + d,a + 2d,..., L and p,p + q,p + 2q,
If these A.P's satisfy the following conditions:

- = — = 4 and 7-^ = 2, find - and -~
pa Sn q L

SOLUTION We have,

L - a + (m +1) d and L' = p + (n -1) q

L L' __ A
P

=> L = 4p and L' = 4a

a + (n-l)d = 4p and p + (M-l)^ = 4a

4p-a = (M-l)tf and 4a -p = (n-l)q

(m + n) (m-p) 
mp

(m-p'

I mp >
I X x I fl 1>

m j m)

=> (m + n) —= (m + p) ---
1 m ”1 m n

\ J

m
2

1
m

1
m

ri
m

1
P

1^
P)

Let Sn denote the sum of the first n terms of an A.P.
S3n

If S2n = 3Sn, then prove that — = 6.

SOLUTION Let a be the first term and d the common difference 
of the given A.P. Then,

^2n = 3 S;

y [a + (2n-l)d] = 3y[a + (n-l)fl
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=>

(0=>
= nab + (a + b)x

= 2=>

+ (a + (n -1) x) (b + (n -1) x)

L
P

Now,
Last term — First term

= (fl + (2n -1) x) {b + (2n -1) x) - ab

= (a + b) (2n -1) x + (2/i -1)2 x2

= (2n -l)x {(fl + b) + (2n-1)x} 
Hence,

n
= J [flb + (fl + b)(r-l)x + (r-l)2x2] 

r = l

n
= £ {fl + (r-1) x) (b + (r-l)x)

r = l

S = ab + (a + x) (b + x) + ... + (a + (2n -1) x) (b + (2n -1) x)
2n

= £ {fl + (r-l)x} (b + (r-l)x)
r=l
2n

= X l^ + (r-l)x(a + b) + (r-l)2x2]
T= 1

n n
= nab + (a + b)x y (r-lj + x2^ (r-1)2 

r=l r=l

7a

EXAMPLE 23 The first and last term of a series of (n +1) terms in 
A.P. are a and b. A new series of n terms is formed by multiplying 
each of the first n terms by the next consecutive term. Show that the 
sum of the new series is

[(n2-l) (a2 + b2) + (n2 + 2) ab]
3n

SOLUTION Let Aj + 02 + <*3 + ••• + +1 be the given series
in A.P. It is given that

fli = a and a,1 = u anu dn + l = b

Let d be the common difference of the A.P. Then,

= b =>a + nd = b=^d = ———
n

S2 = S-Sj

= nab + (a + b) ■n(3w~1.)x + n (7n -1) (2n -1) x2
2 o

S2 — Sj = (fl + b)xn2 + x2n2(2n-l)

= n2 x {(o + b) + x (2n -1))

S2 ~ Sj ^2
Required ratio = --------------—---------= -- ---- -.Last term - First term 2n -1

L' ,— = 4 
fl

fln + l

Now,
fl I fl2 + fl2 03 + • + an an + 1

jfp + L')

n (n -1) ? n (n -1) (2n -1)
2 + 6

=>

Putting the value of p in (i), we get 

14o - a d
4a~ — ’ « 

2

4p-a  (n~1)d
4a-p " (n-l)q

4p-a _ d
4a-p ~ q

Now,

Sn
— = 2S ' n

2n 2n
= 2nab + (a + b)x'£ (r-^ + x2 £ (r-1)2 

r=l r = l

= 2n ab + (fl + b) x n (2n -1)+? ” (2»-~ 
J

L 7
L' 2

a + L
p + L'

=> ^ = 2 
p + 4o

=> 2p = 7a

7a
=^P = ~2

=> ~ = 26.

Now,

p a L' a L' ‘
tj d , L 7Hence,- = 26 and — = -.

q L 2
EXAMPLE 22 Prove that in the series

ab + (a + x) (b + x) + (a + 2x) (b + 2x) + ... + 2n terms
The excess of sum of last n terms over the sum of first n terms is the 
excess of the last term over the first as n2 to 2n-l.
SOLUTION Let be the sum of first n terms, S be the sum of 
2n terms and S2 be the sum of last n terms of the given series. 
Then,

$1 = flb + (a + x) (b + x) + (a + 2x) (b + 2x) + ...
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= (logefl)

3

=>

=>

Hence, the least number of terms is 89.

1. Find the sum of n terms of the series:

n

= X (i°gc*)- 
r = l

n

= (log, a) £ r 
r = 1

n
0,find £ aT. Also find how 

r = l

n
= | 0°ge«) £ (^ + 0 

r = l

n (n +1) (n + 2) 
' 6

n (n +1) (n + 2)
6

n (m +1)
2

r(r + l) 
2

n n
= I (log,fl) £ r2 + Sr 

r = l r = l

.. S,n. The first 

m respectively.

d2

=» (ri + 91) (n - 88) > 0

n-88>0=>n>88

= n(n + l)(n + 2)
6

Let the sum of n terms of the series be greater than 1335 

loge an. Then,

n

• • £ ar 
r = l

EXERCISE 21.2
5. Prove that the square of any even integer 2n is always equal 
to the sum of n terms of an A.P.

. 6. If the sums of pth, qth and rth terms of an A.P. be 
a, b and c respectively, prove that

fl(q-r) + b(r-p) + c(p-q) = 0

7. Find the sum of first 100 numbers appearing in both the
progressions: 17,21,25,... and 16,21,26,......
8. Thesumofn terms of mA.P.'s are Sp S2, S3,. 

term and the common differences are 1,2,3, 
Prove that

log, a > 1335 n log, a

= j (loge

=> (h + 1)(m + 2) > 8010 

n2 + 3n-8008 > 0

n (n +1) (2n + 1) n(n + l)
6 + 2

-1)
n I

+ S2 + S3 +... + Sm = | mn (m +1) (n +1).

(b-a)2

? 7
= na +n ad +

1 7= na + n ad +

log, fl

2 2 = na +n a

1 . fl2 , fl3 . fl4
log a + log - + log - + log - +....

2. Find the sum of first 16 terms of the A.P. fl? a2, a^if it 

is known that a1 + fl4 + fl7 + ... + a]6 = 147. Also, find the sum

3. If the sum S„ of first n terms of a sequence is given by 

Sn = An + Bn, then prove that it is an A.P. Also, prove that the 

common difference is 2A.
4. Prove that the square of any odd integer (2n +1) is always 
equal to the sum of n terms of an A.P. incresed by unit.

n
~ X ar ar + 1

r = l

n
= X {fl + (r-l)d) (fl + rrfl .

r = 1
n

= £ (? + (2r-l)nrf + (?-r)rf2) 

r = l
n n

= na2 + ad £ (2r-l)+ d2^ (r2-r) 

r=l r=l

n (m + 1) (2n 4-1) n (n +1)
6 2

log, fl > 1335 log, fl"

”(h2~1) d2

3

b-fl^ n (n2

n

2 n2-1
= na2 + na(b-a') + —-—

3n

= (n2-l)(fl2 + b2) + (n24-2)flb

3n
n

EXAMPLE 24 If an = £ log, ar, a >

r = 1
many terms of the series are to be taken so that the sum is greater than

1335 log, a".

SOLUTION We have,

n

an = Y 108X
r = l

n
= £ r. log, a

r = 1



21.25PROGRESSIONS

ANSWERS

11. 3,9,15,21,7. 1011002. 392,98

20. a, 3a, 5a, ...for all a19.

HINTS TO SELECTED PROBLEMS

— □□□ —

=>b = a + (n + l)d

=>d =

Now,

Aj — a + d

Let d be the common difference of this A.P. Clearly, it 
contains (n + 2) terms.

b = (n + 2)th term

/
=> Aj = fl +

4rz +1 
14n-3

b-a
n + l‘

b-a'
n + 1

11. Use: Sn = 3n2 and an = Sn - Sn _ j.

15. Replace n by (2 x 5 -1) = 9.

(q-r) + ^(r-p) + ^(p-q) = 0

15. The sum of n, 2n, 3n terms of an A.P. are Sp S2, S3 respec­
tively. Prove that S3 = 3 (S2 - 50.

16. The sums ofn terms of three arithmetical progressions 
are Sv S2 and S3. The first term of each is unity and the com­
mon differences are 1, 2 and 3 respectively. Prove that 
S| + S3 = 2 S2.
17. Prove that the sum of the latter half of 2n terms of an A.P. 
is one third of the sum of 3n terms of the same A.P.
18. In an A.P. of which a is the first term, if the sum of first p 
terms is zero, show that the sum of the next q terms is
- a (P + <?) 9

p-1
19. The ratio between the sums of n terms of two A.P's is 
2n i 5- ---- -, find the ratio between their nth terms.7n+4
20. Find the A.P. in which the ratio of the sum to n terms to 
the sum of succeeding n terms is independent of n.

is given by Sn = An2 + Bn. Therefore, 4n2 + On i.e. (2m)2 is the 
sum of n terms of an A.P. with common difference 8 and first 
term 4.

4. We have, (2n +1)2 = 4n2 + 4n +1 = (4n2 + 4n) +1 = Sn +1, 
where Sn denotes the sum of n terms of an A.P. with eommon 
difference 8 and first term = 8.
5. We have, (2n)2 = 4n2 = 4n2 + On. We know that a squence is 
an A.P. With common difference 2A iff the sum of its n terms

\ /

1 ,- m (mn-m + n +1)

10. If Sj be the sum of (2n + 1) terms of an A.P. and S2 be the 
sum of its odd terms, then prove that

Si: S2 = (2n +1): (n +1)

11. Find an A.P. in which the sum of any number wf terms is 
always three times the squared number of these terms.
12. The number of terms of an A.P. is even; the sum of odd 
terms is 24, of the even terms is 30, and the last term exceeds 
the first by 10 1/2, find the number of terms and the series.

= m p,m*n, in an A.P., prove that

1 2 10g

13. If Sn = n2 p and Sni

Jp~p ■

14. The sum of the first p, q, r terms of an A.P. are a, b, c 
respectively. Show that

9. If there are m A.P.'s beginning with unity whose common 
differences are 1,2,3,..., m respectively, show that the sum of 
their nth terms is

3 912. 8 terms; -, 3, -,2 2

21.6 INSERTION OF ARITHMETIC MEANS
If between two given quantities a and b we have to insert n quantities 
Ap A2,..., AfI such that a, Ap A2,... A(J, bform an A.P., then we 
say that Ap A2,..., An are arithmetic means between a and b.

Since 15,11,7,3, -1, -5 are in A.P., it follows that 11,7,3, -1 
are four arithmetic means between 15 and -5.

If a, A, b are in A.P., we say that A is the arithmetic mean of a 
and b.
INSERTION OF n ARITHMETIC MEANS BETWEEN a AND b.
Let Ap A2,..., An be n arithmetic means between two quantities 
a and b. Then,

a,Ai,A2, ...,A„, bisan A.P.
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=>

ILLUSTRATIVE EXAMPLES

And,

= 20
mean of a and b ?

n

a
=>

,n + l

=> 2a' = a

an(a-b) = bn(a-b)

d =
= 1=>

=>

=>

and,

= l + (m-l)d

(w-1)= 1 +=>

d =

Now, =>

= 20 + d=>A} = 20 + = 20 =>

a + b
2

f
A7 = a + 2d =$ A7 = a +

k

An = a + nd => An = a + 
k

These are the required arithmetic means between a and b.

5
9

1
3

5
9

1
3

fl" + W + 1 = anb + bna

an = bn

2(b-a) 
n + 1

n + 4
4n + l

m + 211 
m + 1

60n 
n + 1

80-20 
n + 1

60 
n + 1

60 
n + 1

7x30 
m + 1

30 
m + 1

>w + 1 + bn + 1 
an + bn

b 
k /

Now,
A7 = l + 7d

+ tf 
an + bn

=> 2 (a'

,n +1

+1
---- is the arithmetic

A7 = l +

'4n + f 
n + 1 

k 7

20 (n + 4). 
n + 1

20 (4n + l) 
n + 1

30 
m + 1

31m-29 
m + 1

It is given that
^7 

^m-1 

m + 211 
31m-29

n . L

SOLUTION Since A.M. of a and b is . Therefore,

Usmg: d=b-^

A _ i m 1

n (b-af 
n + 1

fn +4^| 
n + 1

k /

A„ _ 1 — m ~ 1

EXAMPLE 1 For what value of n,

Am-1

=* 4n + l = 3n + 12=>n = 11
EXAMPLE 3 Between 1 and 31 are inserted m arithmetic means so 
that the ratio of the 7th and (m - l)th means is 5:9. Find the value 
ofm.
SOLUTION Let Ay A2,.. .,Am be m arithmetic means between 
1 and 31. Then, 1, Ay A2,Am, 31 is an A.P. with common 
difference d given by 

31-1 
m + 1

Using: d = -—70 n + 1

I-
& k /

PT 
b 

k 7

=> n = 0
EXAMPLE 2 If n arithmetic means are inserted between 20 and 80 
such that the ratio of first mean to the last mean is 1:3, then find the 
value ofn.
SOLUTION Let Ay A2, ...,An be n arithmetic means between
20 and 80 and let d be the common difference of the A. P.
20, Ay A2,... An, 80. Then,

an— = 1 
bn

+ bn + 1) = (ff" + b")(fl + b)

+ 2b” + 1 = an + 1+anb + bna + bn + 1

1 --- = —
3

INSERTION OF A SINGLE ARITHMETIC MEAN BETWEEN 8 AND b
Let A be the arithmetic mean of a and b. Then, a, A, b are in A.P. 
=> A-a = b-A
=> 2A = a + b

A a + ^

An = 20 + nd => An = 20 +
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=>

=>

=>

1= n

...(i)

= x + r

[Using Example 4]= 2n

[Using (i)]

= 2n +1.

= 2x+r

= 2x + rx + r

=>

as = sth term = a + (s -1) dand, =>

i

Let ApA.

Then,

SOLUTION Let Ap A2,
x and 2y. Then,

x, Ay A2,An, 2y are in AP with common difference d1 
given by

p + q = r + s

EXAMPLE 7 Supposex and y are two real numbers such that the rth 
mean between x and 2y is equal to the rth mean between 2x and y 
when n arithmetic means are inserted between them in both the cases. 
Show that

It is given that:

= a;

di =
21/-x 
n +1

a,AvA2, ...,A„, bisan A.P. 
a + b = A1 + An

2,..., A.

rth mean = Ar

= x + rdx

'2y-x 
n+1

Let Ai ',A2,... ,Af be n arithmetic means between 
2x and y. Then, 2x, AjA2Any are in AP with common 
difference d2 given by

:. rth mean = A'

= 2r + r d2 

fy-2x 
n + 1\ /

It is given that

A.M. between a? and a^ - A.M. between aT and fls

1, x 1,2<flp + <9 = 2(fl' + as)

fy-2x
n + 1

>p . + as

=> (a + (p -1) d| + [a + (q -1) dj

= [a + (r -1) d) + [a + (s -1) d)

=> (p + q -2) d = (r + s - 2) d

a„ + a„ = a,

It is given that
a1+a2+...+a2m

13 o ,.. — n = 2n +1 => n = 6 
u

So, the number of means is 12.
EXAMPLE 6 If the A.M. between pth and qth terms of an A.P. be 
equal to the A.M. between rth and sth terms of the A.P., then show 
that p + q = r + s.
SOLUTION Let a be the first term and d be the common dif­
ference of the given A.P. Then

= pth term = a + (p -1) d;

«+l_*=
r x

..., An be n arithmetic means between

__ 'a + b^
2 I

= n x (A.M. between a and b).

A1+A2 + ...+A2„

'2y-x'
n + 1 \ /

=> (n +1) x + r (2y - x) = (n +1) 2x + r (y - 2x)

(n + l)x-ry = rx

r x

'a + b'
2 \ /

/ M 13 = n (a + b) = — no

d = ^
n + 1

=> 9m +1899 = 155m -145
=> 146m = 2044 => in = 14
EXAMPLE 4 Prove that the sum of n arithmetic means between two 
numbers is n times the single A.M. between them.
SOLUTION Let Ap A2,..., An be n arithmetic means between a 
and b. Then a, Ap A2,..., An, b is an A.P. with common dif­
ference d given by

ar = rth term = a + (r-l)d

13EXAMPLE 5 The sum of two numbers is An even number of 

arithmetic means are being inserted between them and their sum 
exceeds their number by 1. Find the number of means inserted.
SOLUTION Let a and b be two numbers such that

l 13 a + b = — 
u

i2zJbe 2n arithmetic means between aandb.

2 n + 1

Now,
Aj+A2 + ...+AW

= 2 [Aj + AJ

aP

= ryth term = a + (q -1) d
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Common ratio

r

r2.34
= constant for aline. N

5 r.
is a G.P., because

ILLUSTRATION 2 The sequence isaG.P. with first

■(i)= r, for all n e N

Now, = 2

Clearly, [Using (i)JClearly,

.0)= r for all n e N

Also, the G.P. can be written as

a, ar, ar2, at2,..., ar" \
[Using (i)]We have,

3
2

1
r

21.10 PROPERTIES OF GEOMETRIC PROGRESSIONS
In this section, we shall discuss some properties of geometric 
progressions and geometric series.
PROPERTY I If all the terms of a G.P. be multiplied or divided by the 
same non-zero constant, then it remains a G.P. with the same common 
ratio.
PROOF Let flp a2, ay ..

Va2>a3>..

= 2 (constant), for all n e N. So, the given

1 1 3 9 
3' 2' 4' . 8' 

/fl)
3

If a finite G.P. consists of m terms, then nth term from the 
end is (m - n +1) th term from the beginning. Therefore, 

nlh term from the end =af~n

If I denotes the last term of a finite G.P., then nth term from

the end is also given by I -
< J

1 ( 1^ term - and common ratio ~ -3 2\ / k 7 
ILLUSTRATION 3 Show that the sequence given byan = 3 (2”), for 
all ne N, is a G.P. Also, find its common ratio.
SOLUTION We have, an = 3 (2")

21.7 GEOMETRIC PROGRESSION
A sequence of non-zero numbers is called a geometric progression 
(abbreviated as G.P.) if the ratio of a term and the term preceding to 
it is always a constant quantity.

The constant ratio is called the common ratio of the G.P.
In other ivords, a sequence, ay, a2, «3, ...,an,... is called a geometric 

progression if

a.
Then, -

„ „ -1 a„ = ar

fln + l

3(2n + 1)
3 (2")

2111

Let k be a non-zero constant. Multiplying all the terms of 
the given G.P. by k, we obtain the sequence

kay, ka2, kay... kan,...

S+l
ka,

an + l 

an
sequence is an A.P. with common ratio 2.
GEOMETRIC SERIES If ay, a2, a3, ... an, ... is a G.P., then the 
expression ay + a2 + a3 +... + an +... is called a geometric series.

Note that the geometric series is finite or infinite according 
as the corresponding G.P. consists of finite or infinite number 
of terms.

The nth term of a G.P. with first term 'a' and common ratio 
'r' is given by

fill 
an

an + 1

d
= r for all n e N 

n "n

Hence, the new sequence also forms a G.P. with common 
ratio r.
PROPERTY II The reciprocals of the terms of a given G.P. form a G.P. 
PROOF Let ay, a2, ay..., an,... be a G.P. with common ratio r. 
Then,

21.9 SELECTION OF TERMS IN G.P.
Sometimes it is required to select a finite number of terms in 
G.P. It is always convenient if we select the terms in the follow­
ing manner:
No. of terms

3

1 + 1 
an

The sequence formed by the reciprocals of the terms of the 
given G.P. is

Terms
a a, arr
a a -> ar, ar
i2 r

a a ?-j' a, ar, ar

If the product of the numbers is not given, then the 
numbers are taken as a, ar, ai2, at2,...

ay, a2, ay ... an,.

1 + 1 

an

ILLUSTRATION 1 The sequence 4,12,36,108,
12 36 108 _ , . , .—- = — = —— =... = 3, which is constant.
4 12 36

Clearly, this sequence is a G.P. with first term 4 and com­
mon ratio 3.

an,... be a G.P. with common ratio r.

Ill 1 
al a2 a3 an

2/l+l _ an _ 
l/a„ «M + i

So, the new sequence is a G.P. with common ratio 1/r.
PROPERTY III If each term of a G.P. be raised to the same power, the 
resulting sequence also forms a G.P.
PROOF Let a}, a2, ay... a„,... be a G.P. with common ratio r. 
Then,

= 3 (2" + 1)

1
3
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(i)= r for all n G N

for all n e N

=> log an = log flj + (n -1) log r for all n g N

Let bn = log an = log a}+(n-1) log r for all n g N

= d, for all n g N

= e?, for all n g N.

ILLUSTRATIVE EXAMPLES

=> r =

n-k + 1

1
Vj n -1 
a

n(n-l)
2

jji-k

1 
n-1T 

a \ /

al

EXAMPLE 1 If the first and the nth terms of a G.P. are a and b 
respectively and if P is the product of the first n terms, prove that - 
P2 = (ab)n.
SOLUTION Let r be the common ratio of the given G.P. Then,

b = nth term = ar" ~1
b
a

= at

= «1

71 + 1

4
a

We have, -

~bn

an + l 

an

n(n-D 
= an r *

Hence, the product of the terms equidistant from the begin­
ning and the end is always same and is equal to the product of 
the first and the last term.
PROPERTY V Three non-zero numbers a, b, c are in G.P. iff 
b2=ac

PROOF a, b, care in G.P.

an

= a} an

and,
P = Product of the first n terms 

= a .ar .ar2... ar”-1 
_ j.1 + 2 + 3 + ... + (n -1)

n = a

Then, h„ + 1

= [log a} + n log r] - [log a1 + (n -1) log r).

for all/: = 2,3,..., n-1

= log r for all n g N

Clearly, bn + i - bn = log r = constant for all n g N.
Hence, b\,b2, ...,bn,... i.e. log fl], log a-2,..., loga„,... is an 

A.P. with common difference log r.
Conversely, let log a^ log ^ •••/ log ... be an A.P. with

common difference d. Then,

log +1 - log an = d, for all n g N.

'a n + l

=> t*-1

= «!. r” 1

=> log

<=> - = 7 = (common ratio) a b
<=$b2 = ac
NOTE When a, b, c are in G.P., then b is known as the Geometric 
mean of a and c.
PROPERTY VI If the terms of a given G.P. are chosen at regular 
intervals, then the new sequence so formed also forms a G.P.
PROPERTY VII If 01,02,03, ...,a„,... is a G.P. of non-zero non­
negative terms, then log«i, loga^ ..., log«„,... is an A.P. and 
vice-versa.
PROOF Letflp a2, ay ..., an,... be a G.P. of non-zero non-nega- 
tive terms with common ratio r. Then,

r"-1

=> flp ••• >s a G.P. with common ratio e®.

an + l 

an

Let k be a non-zero real number. Consider the sequence
Jc „k _k k a[,a2,a3, ...,trn,...

gn + l

I " J
= r* for all n g N [Using (i)J

Hence, 01,02, a$,... ak,... is a G.P. with common ratio r*.
I

PROPERTY IV In a finite G.P the product of the terms equidistant 
from the beginning and the end is always same and is equal to the 
product of the first and the last term.
PROOF Let rt]z a2, ay ..., an be a finite G.P. with common ratio 
r. Then,

kth term from the beginning = ak = “1

kth term from the end = (n-k + l)th term from the beginning

= 0^^

(kth term from the beginning) (kth term from the end)

- ak a.
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+ H-1 = ar"'m + n

■■■

nrespectively.P

= p and at

r2-2r + l=0=>=>

>2
=>

=>

=> r =

r

Now,
=>

and=>

=>

and rp~n =
= ar™=>

=>
|l/2nl

=>=> = P

=> a,

=> a,

27 
8

12
8

=>an/2bn/2 = (ab)n/2

ar™
ar™~

T
2

m + n - lj['•' am + n

1 • m + n
+ n-lj

, 1 (q 
lm + n = P and ;= p

V .

Now,
Product of first five terms
= flj ^3 «4

= a (ar) (ar2) (ar^) (ar4)

= a5 r10 = (ar2)5 = 45

=*1

+ l an + an+ 2' n~^

Let r be the common ratio of the sequence when it is 
considered a G.P. Then,

-1, an + 1=a}^ and fl„ + 2 = «i^ + 1

riV
r \ /

ar?''
ar”’1

,m=P

J 1 
!m + „ = p and -

r2"^

M1/2”

A 
i=C p)

'm-n = <?

.xn/2 
-I 
0

a„ Tn

Putting these values in (i), we get 

2a1r”=«1r”-1+a1>7' + 1

r(m-n) _ |r(p-n)j3 

r(m-n) _ ffy-n)

a„m

and fly = 12

= 8 and ar^-1 = 12

'W J

=> (r-1) =0

=> r = 1

So, =fl2 = «3= ••• ie. the constant sequence is the only 
sequence which is both an A.P. and a G.P.
EXAMPLE 5 Does there exist a G.P. containing 27,8 and 12 as three 
of its terms ? If it exists, how many such progressions are possible ? 
SOLUTION If possible, let there be a G.P. with first tenn a and 
common ratio r such that

a„ tn

= an

am = 27, an = 8

=> an = p

= p and, ar™

+ n — 1__ = P 
n-1 q

am + n

,(m + n -1) 1.
r 

\ /

flT
r

\ /
/ \n/2n

w
/ 0/2
1w

'«=

ar™-1
^ar™-1

ar™^'1

an = aPn

am = ar

[Using (i)] 
EXAMPLE 3 The (m + n)th and (m - n)th terms of a G.P. are p and 
q respectively. Show that the mth and nth terms are fpq and 

/ \m/2n
5.W

SOLUTION Let a be the first term and r be the common ratio.
Then,

am + n

2

1

/ \m/2n 
1 w

EXAMPLE 4 Find all sequences which are simultaneously A.P. and 
G.P.
SOLUTION Let < an > be a sequence which is both an A.P. and 
a G.P. Let an, an + 1,an + 2 be three consecutive terms of the A.P.
Then

=> Pn~n =

and,

an =

=> m-n = 3(p-n)
=> m-3p = -2n
=> 3p-m = 2n

m = 3p-2n

••• P2 = W/2]2 = (ab)n

EXAMPLE2 The third term of a G.P. is 4. Find the product of its first 
five terms.
SOLUTION Let a be the first term and r the common ratio. Then,

a3 = 4 => ar2 = 4 ...(i)

= 27, or”-1

ar”-1
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[Using (i)]

=> a/”

=> and

and=> (i)r = r -

we have
=>

=>

[Using (i)]

2

n, n,

=> b,

> fl— **i

=>

=>

61

io
li

n
12

■

■

/ x-1-11 n-p
12\ /

- >oby

= “i - - nd

— >0

Hence, the terms of the A.P. do not exceed the correspond­
ing terms of the G.P.
EXAMPLE 9 If ap a2, a3 are three consecutive terms of a G.P. with 
common ratio r. Find all the values of r for which the inequality 
a3 > 4^ - 3^ is satisfied.
SOLUTION We have,

a2 = a^ r and a3

a3>4a2-3a1

= ai

a} (r2 - 4r + 3) > 0

Now, two cases arise:

X«

■ - al - nd

+! for n = 2,3,4,....

= "C!f-f + ”C3

a1r2>4a-lr-3al

1 
fll>-p 

12 \ /

fnY”-”
12 

\ /
- n

= -a1- nd

(1
1+— 

aif

^4-^ f +"C2 f

-f
\ /

’n+l“fln + i - 0 for h = 2,3,4,...

+ ... + "Cn

Clearly, the equation m = 3p - 2n has infinitely many solu­
tions in N. For example, p = 2, n = l, m = 4;p = 3, n=2, m=5 
etc. Hence, there can be infinitely many geometric progressions 
whose three terms are 8,12,27 (not consecutive).
Example 6 Show that the numbers 10,11,12 cannot be the terms 
of a single G.P. with common ratio not equal to 1.
SOLUTION If possible, let there be a G.P. with first term a and 
common ratio r such that

am = 10, «„ = 11

-1 = 10, ar"-1

fl/”-1 _ 10
ar"’1 “ 11

a = pth term=>a = xRp~\

b = qth term => b = x R^ “1

c = rf/t term =>c = xRr-1 
ab-cbc-a(fl-b

= (x RP-^-c (X R^1/"0 (x Rr"1)a-b
- x(b-c + c-a + a-b) ^(p-l)(b-c) + («/-l)(c-fl) + (r-l)(a-b)

= x° (b~c)+ ‘I -o')+ r (a~b)-(b-c)-(c-a)~b)

_ Rp(.b-c) + q(c-a) + r(a-}>)

and ap = 12

= 11 and af

+ ...+"C„

■' = 12

n -|

al
X 7 J

- ^P(?-r)D + <?(r-p)D + r(p-ij)D

= R° = 1
EXAMPLE 8 Given an A.P. and a G.P. with positive terms, with 
first and second terms of the corresponding progressions being equal, 
prove that any other term of the A.P. does not exceed the correspond­
ing term of the G.P.
SOLUTION Let flpa2, a^... and by b2,... be the A.P. and G.P. 
respectively, with a^ = b} and a2 = b2. Since all the terms of the 
A.P. are positive. Therefore, a} > 0 and the common difference 
d of the A.P. is also non-negative. It is also given that the terms 
of the G.P. are non-negative, therefore, the common ratio r is 
positive.

It is given that:
aT = bT and a2-b2

=> a1+d = a^r

=s r — 1 + — > 1

Now, for n = 2,3,4,...
^ + l-fln + l

= a1 r" - (flj + nd)

^n + 1

fio^^h
11 \ )

10^1 m-n
11

fiof-p (
n\ ) \

=> (10)"~p(12)'”= (11)”'~p

Clearly, LHS of the above equality is even whereas RHS is 
an odd number which is not possible. Hence, 10,11,12 cannot 
be the terms of a single G.P.
EXAMPLE 7 If pth, qth and rth terms of both an A.P. and a G.P. be 
respectively a, band c, then prove that ab~cbc~“ (f~b = 1.
SOLUTION Let A be the first term and D the common difference 
of the A.P. Then,

a = pth term =>a = A + (p-1) D,
b = qth term =sb = A + (q-l)D
c = rth term => c = A + (r-l)D

’. a-b = (p-q)D,b-c = (q-r)D and c~a = (r~p) D ...(i)
Again, let x be the first term and R be the common ratio of 

the G.P. Then,

and r"-<- = ||
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=>
=>

(i)

=>

=>

=>

= a2=>
r4

= a2

,(iv)=>
(i)

=>

,(ii)
[Disced]

+ b + c = 25

a2 = 3Now, r = 1,(iv)

,2 [Putting r = ±lin(iv)]and, r = -l=>a=-[Using (iii)]

[Putting r = 0 in (i v)]Also,r = 0 1

,2

•■(ii)

■(iii)

=> a2 =

a+ar + ar2 = aS

(1 + r + r2)2 
(f + r +1) (r2-r +1)

SOLUTION Let the three distinct real numbers in G.P. be 
a, ar, ar2

Since the numbers are distinct. Therefore, r * ± 1
It is given that:
«2 + a2^ + fl2r4 = S2

t2(l + ^ + r4) = S2=> a'
And,

= a2

«

9 1But, r * ± 1,0. Therefore, a2 # 3, -, 1.

Thus, from (v), we get

a2e (1/3, l)u(l,3)

EXAMPLE 12 Find the values of the common ratio for which three 
successive terms of a G.P. are the sides of a triangle.
SOLUTION Let a, ar and ar2 be three successive terms of a G.P. 
Clearly, these three terms must be positive. Therefore, r > 0 and 
a>0.

Now, three cases arise.

a2 (1 + r + r2)2 = a2 S2 
From (i) and (iii), we get 

a2 (1 + r + r2)2 _ a2 S2 
a2 (1 + r2 + r4) S2

=> ^<a2<3

CASE I Whena^Q:

In this case,
aj (r2-4r + 3) > 0 

?-4r + 3 > 0
(r-l)(r-3) > 0 

r < 1 or r > 3
=> r e (- °°, 1) u (3, °°)
CASE II Whena1 < 0:

In this case,
(?-4r + 3) > 0

?-4r + 3 < 0

=> (r 1)(r-3)<0 
=> l<r<3
=> re (1,3)
EXAMPLE 10 Find three numbers a,b,cbetween2andl8 such that:
(i) their sum is 25.
(ii) the numbers 2, a, b are in A.P.
(iii) the numbers b, c, 18 are in G.P.
SOLUTION It is given that:

a + b + c - 25

a, b are in A.P.
=> 2a = 2 + b

And,
b, c, 18 are in G.P.

=> c2 = 18b

From (i) and (ii), we get
2 + b

2
=> 2 + b + 2b + 2c = 50
=> 3b + 2c = 48

=> 3 fr +2c = 48
lo\ /

=> ? +12c-288 = 0

=> (c + 24)(c-12) = 0
=> c = 12,-24

=> c = 12 [•.• a, b, c lie between 2 and 18]
Putting c = 12 in (iv), we get b = 8
Putting b = 8 in (ii), we get a = 5
Hence, a = 5, b = 8 and c = 12.

example 11 The sum of the squares of three distinct real numbers, 
which are in GP is S2. If their sum is aS, show that 

7 fla2e L1 u(l,3)
I \ 7

1
3

^-r + l 

r2(a2-l)-r(a2 + l) + (a2-l) = 0 
Since r is real. Therefore, 
(a2 +1)2 - 4 (a2 - I)2 > 0

(a2 + l + 2a2-2) (a2 + l-2a2 + 2)>0 

=> -(3a2-l)(a2-3)>0

=> (3a2-l) (a2-3)<0

1
3
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=>

>0=>

>0=>
7

=>

=>
(i)< r < 1

=>

., fl2n are 2n positive real numbers in

a.

=t>

=>=>

(ii)1 <r<

(i)

nD 
nd

D 
d

CASE I When r = 1:
In this case, the three terms are each equal to a. Clearly these 

three terms form an equilateral triangle.
CASEII When0<r<l

In this case, given terms are a, ar, ar1. These three terms will 
represent the sides of a triangle, if the sum of any two is greater 
than the third. That is

if a + ar > ar1, a + ai^>ar and ar + ar1 > a.

Since 0 < r < 1, therefore a is the largest term and ar1 is the 
smallest term. Therefore, a+aryar1 and fl + ar2 > ar clearly 
hold good.

Thus, a, ar, ar1 will form the sides of the triangle, if

ar + ar1>a

r2 + r-l > 0

t^ + r-1 >0

f r +

>0

2

<r<^+1

=>
anan + l 
y/a~a~

?-r-l<0
; 1-C

1-V5
2 <r<

But, r>l. Therefore,
1 + V5

2
From (i) and (ii), we get

i W10?7 
\ 7

logx
logx(«n/fl) = bn-b

logxfln-logxfl = bn~b

dy ••••J

CASE in When r > 1
Three terms are a, ar, ar1. These three terms will represent 

the sides of a triangle, if the sum of any two is greater than the 
third i.e.

if a + ar > ar1, a + ar1 > ar and ar + ar1 > a.

Since r > 1, therefore ar1 is the largest term and a is the 
smallest term. Therefore, a + ar1>ar and ar + ar1>a clearly 
hold good.

Thus, a, ar, ar1 will form the sides of a triangle, if

a + ar > ar1

= log x, where x = is a fixed positive real 

number.

^5 + 1

+r
2 7

V5-1
2 '' ' 2

Hence, three successive terms of a GP will form the sides of 
a triangle, if the common ratio lies between 
ViT-i —-— and —-—.2 2
EXAMPLE 13 Given a G.P. and an A.P. with positive terms 
a, ap a2, ...,an,... and b, bv b2,bn,.... The common ratio of the 
G.P. is differen t from 2. Prove that there exists xe R,x>0such that

Iogx an - bn = logx a - b for all n e N.

SOLUTION Since a, a^ a2,...., an, are in GP. Therefore, 
log flp log a2,..., log an ... are in A.P. Let D be the common 
difference of this A.P. Then,

log an = logfl + nD ...(i)

Let d be the common difference of the A.P. b, by by ... Then, 
bn = b + nd ...(ii)

From (i) and (ii), we get 
log —log fl 

bn~b 
logfl„-logfl 

bn~b 
logflH-l°gfl 

bn~b

= bn-b

T 2

I 45-11 r 2

^5-1 
r> —

But, 0 < r < 1. Therefore, 
a/5-1 

2

=>

=> logx an - bn = logx a - b, where log x = is a fixed positive 

real number.
EXAMPLE 14 f/fl1,fl2, 
GP, then prove that 

y^+y^+y^+--- + >Ja2n-la2n

= V(a1+fl3 + ...+fl2n_1 V(fl2 + fl4 + ...+fl2n) 

SOLUTION Let r be the common ratio of the GP. Then, 
fln + l=flnr for n = 1,2,..., 2n -1.

= a1 r for n = 1,2,3,..., (2n -1)

,n“n + l~= an^ for n = 1,2,3...,(2n-l)

^+^+... + Vfl2n_1fl2n

= fl1Vr+fl3Vr + ...+a2n_1^

= (fl1+fl3 + ...+fl2n_1)V/
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(ii)
[•/ x = 3y]

[■.•x = 3y]

=>
= logba.

(i)

•••(ii)

=> y = x

=>

21ogbh = logba + log/,c=>

+ loghc=> 2 =

=> 2 = - + y

=>

x = 3y=>

,(iv)

=>

Putting x = z in (i), we get 

2/ = 2?

1 
logfl^

Eliminating y from (ii) and (iii), we get

T 1^1 2 2-- = x + z z 
\ 7

4 2 x = 4----- zz

Putting the values of y and x from (iii) and (iv) respectively, 
in (i), we get

(a 2 14---Z zk /
2--|z = l 

z

Now, 

y = 1 => x = 3 

and,

=> xyz = l
Also, logc a, logfc c, logfl & are in A.P.

=> x, y, z are in A.P.
=> 2y = x + z.
Now,

a, b, c are in G.P.

tr = ac

Also,
A+fl3 + -+«2^i

logb b2 = logb (ac)

'2n -1 a2n

. ^2 + ^4 + + fl2ii

=> y = 1

=> y = 1

(3j7 + 5)2 = (3j7 + 3y + y+l)2

=> X = z.

_ pog vYlogz 
logxjpogy 

=» (log x)15 = (logz)3

=> logx = logz

(3/ + 5)2 - (3,7 + 4y +1)2

3:7 + 5 = ±(3j7 + 4y + l)

3:7 + 5 = By2 + 4y +1 or, 3:7 + 5 = -(3j7 + 4y + l) 

=> 4y = 4 or 6y^ + 4y + 6 = 0

x = y = z

But, xyz = 64.
Hence, x = y = z = 4.

EXAMPLE 16 Find all the complex numbers x and y such that x, 
x + 2y, 2x + y are in A.P. and (y +1)2, xy + 5, (x +1)2 are in G.P. 
Also, find the progression.
SOLUTION Since x, x + 2y, 2x + y are in A.P. and
(y +1)2, xy + 5, (x +1)2 are G.P. Therefore,

2(x + 2y) = x + (2x + y) and (xy + 5)2 = (y +1)2(x +1)2

x-3y = 0 and (xy + 5)2 = {(x + 1) (y+ 1)}2

and (xy + 5)2 = (xy + x + y+1)2

Putting x = 3y 
in the secondequation

= . l±2V2j x = -i±2f2i 
J 3

Thus, the possible values of x and y are:
„ - - , cc• -li2>/2z'

x = 3, y = 1; x = -1 ± 2v2 z, y =-----z

EXAMPLE 17 If a, b, c are in G.P. and logc a, logb c, logfl b are in
A.P., then find the common difference of the A.P.
SOLUTION Let x = logc a, y = logb c and z = logfl b. Then,

xyz = logca.loghc.logflb

= log/, logfl b
1

log/, a

or 3y2 + 2y + 3 = 0

-1±2<2 i°ry =-------

=> y = 2 - —7 z

"^2 + Z?4 + ... + Z?2n

= + a3 +... + a^_7 ^1r + fl3r+...+a2n_1r

= (^+03 + ... +a2n_f)y[r

From (i) and (ii), we get 
yla} a2 + ^304 +... + 4a.

-4a1+a3 +.. + fl2M-i

EXAMPLE 15 If logx y, log2 x, logy z are in G.P.; xyz = 64 and 
x3, y\ Z* are in A.P., then find x, y and z.
SOLUTION Since x3, y3, z3 are in A.P. Therefore,

2/ = ? + ?
It is given that logx y, logz x and Iogy z are in G.P. Therefore,

(log2 x)2 = (logxy)(logyz)

'1 \2
logx j
logz J

>3

1
z
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= z-y

[Using (iii)J

[••• z * 1]

10.

<

1/m-n

ANSWERS

13. No12. x=y=z=28. (-«>,-1) u (3, °°)

(ii)

,r*l.or,

=>

=>
(i)

3
2

5. ] 
its rth term is

z2-2z + l 
z

■”“2 + ar"-1

EXERCISE 21.3
1. If a, 2a + 2,3a + 3 are first three terms of GP, find fifth term 
of the sequence.
2. If (m + ri) th term of a GP is a and (m - n) th term is b, prove 
that mth term is 'lab
3. If a is the first term and b is the Mth term of a G.P., then
prove that the product P of its first terms is given by

=* 2z-7z + 2 = 0 ...(v)
Now, common difference of the A.P.

21.11 SUM OF n TERMS OF A G.P.
THEOREM To prove that the sum ofn terms of a G.P. withfirst term 
'a' and common ratio Y is given by

?-l
r-1 k

PROOF Let Sn denote the sum of n terms of the G.P. with first 
term 'a' and common ratio r. Then,

Sn = a + ar + ar2* ...+ar'

a4 1is a G.P. with — = ~ and 
fl6 4

= Z-I2--
• Z

„ 19 10816. ^ = 12,—14. j,|or-2,-4

«

Multiplying both sides by r, we get 
r Sn = flr + ar2^-... + ar” -1 + a r”

On subtracting (ii) from (i), we get

S„~rS„ = a-ar”

S„(l-r) =a(l-r") 
f „A 1-/ 
1-r k /

1Sr<sSn k /
P2 = «.
4. If a, b, c be respectively the pth, qth and rth terms of a GP, 
then prove that

(9 - r) log a + (r - p) log b + (p - </) log c = 0

If mth term of a G.P. is m and nth term is n, then prove that

( mA1-r
1-r

( ”-1

r = l 
k y

then prove that ay a2,

Sn= a

(■mr~n>\ 

m_
nr-m 

k /
6. If (j th, r th terms of an AP are in Q.P., prove that the 

common ratio of the GP is and p - q, q - r, r - s are in G.P.

7. If a, b, c, d and x are distinct real numbers such that

(a2 + b2 + c2) x2 - 2 (ab + be + cd) x + (b2 + c2 + d2) < 0 

then prove that a, b, c, d are in GP.
8. If a, b, c are three distinct real numbers in G.P such that 
a + b + c = xb, then find the values of x.

-22 + 1 7z-2-4z + 2 _ 3z
= 2z 2z

=> 2z3-9z2 + 9z-2 = 0

(z-1)(2z2-7z + 2) = 0

“ .2 '7- . n _ n

S„ = a

9. If a, b, c are three distinct real numbers in GP such that 
4b - 3a < c, then prove that the common ratio r of the G.P. lies 
in the interval (- °°, 1) kJ (3, °°).

If flp a% ..., an are non-zero real numbers such that

f n >

r = 2I 7
an are in G.P.

11. If a, b, c, x are real numbers such that

(a2 + b2)xz-2b(a + c)x + (b2 + c2) = 0

then prove that a, b, c are in G.P. with common ratio x.
12. If 2x4=y4 + z4, xyz = 8 and logyx, logzy,logxz are in 
G.P., then find the real values of x, y, z.
13. Does there exist a G.P. having 20,21 and 22 as three terms 
in it?
14. If 5x - y, 2x + y and x + 2y form an A.P. and the numbers 
(y + l)2,xy + l,(x-l)2 form a G.P., find xandy, given that 
x#0.
15. Prove that no G.P. can have three of its terms (not neces­
sarily consecutive) as three consecutive integers.

16. The sequence ay 02, a

a2 + a5 = 216. Find flj.

7z-2
2

z

1
4
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REMARK 2
S„ = aor, n

S„ = aHence, or,n

REMARK!
=>

7

Thus, Sn = or, S„ =

ILLUSTRATIVE EXAMPLES

Sn = x(x + y) + x2(x2 + y2) + x3(x3 + y3) + ... + x"(x"+y")

.4

=>S„ = x2 + xy

=❖ Sn - x2r + xy+n

X X

k 77 k

1

.4=>

=> s = J + 2nn

1=> s „ = X2n

- n

=> S„ =n
7

= 7 x 0.1 + 7 x 0.11 + 7 x 0.111 +... to n terms

X
X

(ii) We have,
0.7 + 0.77 + 0.777 +... to n terms

+ x2") + 3 + ‘7 + ‘rT + --- 
xr x : \

+ (2 + 2 + ...) 
n times

+ x2" + -4~ + 2

7

(10" -1) 
10-1

a - Ir 
1-r

(xy)"-i 
xy-1

2n\
+ 2n

if
X3 '■■■ 

7

' 1>2
x3 + 4 +

x 7
/

x2"-! 
x2-!

.. + x2") + (xy + x2y2 + x3y3 + ...+x"y")

(xy)"-l
xy-1

x (x + y) + x2 (x2 + /) + x3 (x3 + /) +... to n terms

SOLUTION Let Sn denote the sum to n terms of the given series. 
Then,

1/ | r | < 1, then lim r" = 0. Therefore, the sum S of an 
n —>°°

infinite G.P. with common ratio r satisfying | r | < 1 is given by 
1-/ 
1-r

7

/-J
EXAMPLE 2 Sum the series

a-(a r""1) r 
1-r

GM 
r-l k 7

=>S„ = (x2 + x4 + x6 + ...
(x2)"-!

x2-!

1 x^-l
+ Z2"!?-!

- 1 n

s = ~-1 -r
Thus, the sum S of an infinite G.P. with first term a and common 

ratio r (-1 < r < 1) is given by

s = ~~1 -r

5
= - [9 + 99 + 999 +... + to n terms]

S„ = fl

= | [(10 -1) + (102 -1) + (103 -1) +... + (10" -1)]

= | [(10 +102 +103 +... +10") - (1 +1 +1 +... +1)] 
y n times

Vx2

n2 f

a-arn 
1-r

( if
...+ x"+- 

x"7

= | Wxk" *7

fx2"-!^
x2-!

>+4r +2n

S = lim Sn = lim a 
n —> oo «—><»

Sn = (x2 + x4 + x6+...

| ^(10"-l)-n

EXAMPLE 3 Find the sum of the following series:
(i) 5 + 55 + 555 + ... to n terms

(ii) 0.7 + 0.77 + 0.777 +... to n terms
SOLUTION (i) We have,

5 + 55 + 555 +... to n terms
= 5 [1 +11 + 111 +... + to n terms]

Ir-a 
—r, r*l r-l

( „ x
r"-l
r-lk 7

fl-^
' 1-r
k 7

If I is the last term of the G.P., then

1 -r"
1-r

k
a - /r
1-r

EXAMPLE 1 Find the sum to n terms of the sequence

( iV ( x + - , : x
x 7 V

SOLUTION Let Sn denote the sum to n terms of the given 
sequence. Then,

( if S„ = x + - " xk 7
X f 1 X ( i X

=> Sn = x2 + —+ 2 + ~ + 2 + + ~r + 2 + ...
” x2 x4 X6

k 7
/

(x2)"-! ± (l/x2)”-!
?-l x2 (l/x2)-!

?-l X2" 1-? '
7 k 7

X
■ +2n

l" + 1-10-9n]

x2-! 

fx2"-!^

5„ = a

1
x6
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999
=>

/
...ton terms

=>

1 >

2°=>

n - =$

2" 2

=>

=> a + l= 4=>a = 3

=> S„ = (10 +1) + (102 + 3) + (103 + 5) + ... + [10" + (2n-1)|

a= a=> S„ - 10n

(r"-l)((r3”-l)-(r2"-l)|.2=>S„ = ^(10"-l) + n

2

= arn[irr 1992]

and,

-a

r-1 k

7
9

7
9

7
9

7
9

7
9

[•••/(x+y)=/(x)/(y)]

[v/(D = 2]

EXAMPLE 5 Find the natural number a for which
n
E /(a + k) = 16(2"-l), 

fc=i
where the function f satisfies the relation f(x + y')=f(x)f (y) for all 
x,ysN and further f(Y) = 2.

r frn-l
a

-a

p-1

7 1= f- 9n-l+ —
81 10"

Y?

r-1 k

= a

SOLUTION For any natural number x, we have 
/(x) = /(l+l + l + l + ... + l) 

x times
= /(l)/(l)/(l)...x times

= [f(l)]x

= 2X

...+(1- — 
10" kk

-+...+x 
10"

Thus, f(x) = 2J for all xe N 
n
E f(a + k) = 16 (2"-1)

Jt = 1
n
S 2fl + * = 16 (2"-1)

Jt = 1

l-^ + l-^+ll-M+ 
k /

i^i r.

l-Rl10

n
Z 2a.2k = 16(2"-1)

k = l

f n
S 2k =16 (2" -1) 

?=1 >
2fl (2 + 22+...+2") = 16(2"-1)

2-1
2-1k

2fl + 1(2"-l) = 16 (2"-1)

r-1 k /

and S3 = a ?"-f
r-1 \ y

■. = 16 (2" -1)

+ |(l+2n-l)

(S2-Sj)2

EXAMPLE 6 If Slz S2 and S3 be respectively the sum ofn, 2n and 
3n terms of a G.P., prove that

St(S3-S2) = (S2-St)2

SOLUTION Let a be the first term and r the common ratio of the
G.P. Then,

?-l
r-1

1
n 10

7 9 99 999
= 9 W + 100 +1000+ >" t0H termS

c PM
\ /

10 k 7

' iYI n-- 1------
9 10n

k /J

EXAMPLE 4 Prove that the sum to n terms of the series

11 +103 +1005 +... is y (10" -1) + n2.

SOLUTION Let Sn denote the sum to n terms of the given series.
Then,

Sn = 11 +103 + 1005 + ... to n terms

x ( 1 W 1 'I1 -— + 1---- - + 1---- r +
10 J 102 1037 k / k /

fl
10 +

\

= 7[0.1 +0.11 + 0.111 +... ton terms]
7

= - [0.9 + 0.99 + 0.999 +... to n terms]

Now,

Si (S3 - S2)

r"-l
r-1 k /

a2
(r-1)2

-Mr (r"-!)(?"-?")
(r-D2

—(r" -1) r2" (r" -1)
(r-D2

f nr"-l
r-1 k

1
9

7
81

1
100 /10/

n
k

1
102

=> sn = (10 +102 +...+10") +(1+ 3 + 5 +...+(2n-1)

"10"-?
10-1 k

10 ••
9
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, where n e N.SOLUTION Wehave, Sn=fl

n

= P2

S = a

,(ii)

(ii) Si + S3 + S5 + ... + S2n-1

=>

=>
7

(iii) n=>

rn~1 = a2rn~1. a

2
_ ^.n pi (n -1) _ ,n=>

[Using (ii)]

1-(«*)”)

(ii) Sj + S3 + S5 +... + S2n_j =

an
1-r

an
1-r

an 
1-r

a
1-r

fl A ,
l-rT 1-?

f^i 
r-l

w
1-r\

1-r 7

a/*

1-r x 7

...+r")

1_ 
Jr"'1
/r-r 

r"-l7

n 

-E« 
k=l

n n

k = l k=l

=> 
and,

„ "("-I) 
fl r 2

fl/^-1

1-r

[r"(r"-l)}2

n
- E S2k-1

k = l

{(r2" -1) - (r" -1))2

1_
1-r Jr"-1

R = l^ 
fl

X 

an a r(l - r") 
1-r (1-r)2

n
an__ fl_y

1-r l-r/' 
k-}

an  ar (1 - r2") 
1-r (l-r)2(l + r)

|W|
1-r 7

7 
(r-l)2

7 
(r-l)2

S

(i) Sj + $2 + S3 + ... + Sn 

n

k = l 
n

k = l k

T n _ y fl fl t 
~ l-r"l-r 

k=A X 7
n n

k=l
1-r 

k = l
n

an a y k
1-r 1-r

k = l

l-r(r+ +

Hence, Sj (S3 - Sj) = (S2 - SJ2

EXAMPLE 7 IfSbe the sum, P the product and R the sum of the 
reciprocals ofn terms of a G.P., prove that

'sX - 
R \ 7

SOLUTION Let fl be the first term and r the common ratio of the 
G.P. Then,

S = fl + ar + flr2 +...+flr"-1

r"-l
r-l\ 7

P = a .arar2... ar”-1
p  ^.1+ 2 + 3+...+ (n -1)

P = a r 2

fsf 
R 

\ 7

- =P2 rI
EXAMPLE 8 IfSn represents the sum ofn terms of a G.P. whose first 
term and common ratio are a and r respectively, then prove that

(i) s1+s2+s3+...+s„=^-S^)
1 r (1 - r)

an  flrfl-r2”)
!~r (l-r)2(l+r)

= y 
1-r 1-r 

k = l \ 7

r-l k

1 
" ar"-1

an a 
l-r~l-rr'

D 1 1 1R = —I----- 1-----r +
fl ar ar2

 1 {(l/r)n-l)
a l(l/r)-l}

R = lf1-^ 
fl
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SOLUTION

= a
common ratio 7

-a

1-
=> S' = a = a

.aP=>

S„ {S3„-S^ = oV” (i)=>

Also,

-a
= 2 + 3 + ... + (p + l) 7

...(ii)
7

■

n

1 
p + 1

P

= E (n + 1) 
n = l

r"-l
r-1 . 7

r"-l
r-1< 7

n__
1 

n + 1
= n + 1

P

n = 1

=> S* = l

Si2 + S22 + ...+S2n_

>-11 
r-1

>-^l
r-1 /

/ „ X
r"-l
r-1k 7

S1+S2 + ...+Sp

and, S3n

EXAMPLE 9 Let Sv s2,..., Sp denote the sum of an infinite G.P. 

with the first terms 1, 2,3,p and common ratio z, ~.
2 3

respectively. Show that S1 + S2 +... + Sp = p (p + 3).

SOLUTION We have,
Sn = Sum of an infinite G.P. with first term n and 

1 
n + 1'

SOLUTION We have,
S] = Sum of n terms of a GP with first term 1 and common 

ratio 1 = n.

$n ($3n $2n) ~ a

>-11 
r-1 k

= “ (2n + l)(4n + l)-l. o

SOLUTION We have,
Sk = Sum of infinite G.P. with first term k and

1common ratio -—rk + 1

S„ = a

i n (2n +1) (4n +1) -1.

fr^l]
r-1 \ 7

a
" r^T
= _£_p_^
_ ar" (r71 -1)

r-1

S„(S3„-S2„) = (S2n-S„)2
Let a be the first term and r the common ratio of 

the G.P. Then,

?-l
V-1

and,
Sk = Sum of n terms of a GP with first term 1 and common 

ratio ft.

Jt-1 k 7
=> (jt-l)Sjt = ^-1, k = 2,3,

[>-?
r-1

>-?2 
r-1 k 

From (i) and (ii), we get

EXAMPLE 11 Let Sn denote the sum offirst n terms of a G.P. Show 
that

( n A2 
r"-l
r-1k 7

^3n $2n) “ ($2n •

EXAMPLE 12 // Slz S2,..., Sn are the sums of n terms of n G.P's 
whose first term is 1 in each and common ratios are 1, 2, 3,.., n 
respectively, then prove that

S1+S2 + 2S3 + ... + (n-l)S„ = l" + 2"+3" + ... + n"

, k = 2,3 n
 2n (2n + l)(4n + l)

6

>-f 
r-1

>-f
r-1k 7

~S2n ~ a

’3n ~ ^2n

^2n $n = a

' S2n ~ a

••• s3n

k

= k + l,k = l,2,3,...,n 

s12+s22+...+s2„2_1
= 22 + 32 + ... + (2n-l + l)2

= {l2 + 22 + ... + (2n)2)-l

= 2n(2n + l)(2(2n) + l)
6

= |(2+p + l) = |(p + 3)

EXAMPLE 10 If Sp S2,83,..., Sn are the sums of infinite geometric 
series whose first terms are 1, 2, 3, ..., n and common ratios are

2' 3' n~+T resPec^ve^> Prove
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I

=>
for k = 2,3, n

fork = 2,3Z n

=> S1+S2 + 2S3 + 3S4 + ... + (n-l)S„ = l” + 2” + 3" + ...+n".

.4

1-r

m

n

=>

EXAMPLE 14 Letona, 
mon ratio r. Show that:

1
2

'22 +

, 2 + 
3

n n

k = 2 k = 2

1 + — (!+/”) [_ r

nz
k = 2

1 
a2 (1-r2)

Ai-d'

1
am (1 + /")

1
• f2n-2

1 
r2*-4

1
rrnk-2m

1-r2

«(l-r”) 
1-r

1
pim - 2m

SOLUTION Since a^ a2, a^ 
common ratio r. Therefore,

+ a2 +... + fl„)2 - (a^ + a2 +... + an2

1
,m jjnk - 2m q

Ai-'2”-2) 
’?A-2(i-A2

r4 + ... + a2r2/I 2)

(«)- 
a

2

• - (a2 + a2 r2 + a2

. 1 1 
'V\4 + -

f 1 A" _ 1 
-1

2

+ — m 
a2

1+4-+...+ flm

” = (or*-2)m + (ar*-1)m

=> S2 + 2S3 + 3S4+...(n -1) Sn

= (2"-l) + (3”-l) + ...+(n”-l)
=> Sj + S2 + 2S3 + 3S4 +... + (n — 1) Sn

= n + (2”-l) + (3”-l) + ... + (n"-l)

w

Jc = 2 ak-1
n 

-1- 
k = 2a

-a2

= am

1 + r”
1 + r

rmn-m_

am (1 + rm) (/”” " m - /nn ~ 2m) 

an is a GP. with first term a and

f
1-r”
1-r

ak-\

ak

~ak

2

r”*-2’" (l + r'”), k = 2,3,

1 
am^k-2m (1 + /n)

ak-\

ak-l~ak

__ 1
fl]2-fl.

n= z
k = 2

-^+...+^—
[3 V-l

r2
fl2(i-d

/(I-/"
" a2/”-2(1-r2)2 •

(ii) We have,
ak = a/-1, k = l,2,...,n

1___
+ fltm

1
„ m , „ m 
ak-l+akan be a G.P. with first term a and com-

1___
l-»k2

EXAMPLE 13 Let flp a2, ay..., an be a geometric progression with 
first term a and common ratio r. Then the sum of the products of 
flv fl2,..., an taken two at a time is

a2r(l-'”~1)(l-/1) 
(1-r)2 (1 + r)

SOLUTION Required sum

 1
~ 2

V-l
1_

+ amT I4n

2
1-r”
1-r\ /

= - a2
2

2

= i a2
2

1 )
+ ^m-4

1 n

«2<l-'2)*?2
r

1 + ~
i

rfi
V /

'1-r2"-2'
1-r2

\ /
-2) .

~a2

J
1 +a2

n

\?2?A-4d-d

= fl/ \ k = 1,2,3,..., n. 

^a2 r^^-a2^-2 

= fl2r2'-4(l-/),

1 1----------- + 4-----------2 2 ’*• 2 2
a2 ~a3 an-l-an

1 

~an

2

<1"rJ
'1-r^ [1-r” 1 + r” 
1-r\ / L
1 ~r”^ 2r(1-r”-1)

?-rJ d-d
fl2r(l-r”-1) (1-r”)

(1-r)2 (1 + r)

_ 1 
am

1 
+ 2 

fl2 -fl;

1 ------+ ... 4-----
+ a3 an-\

-a2

a\



21.41PROGRESSIONS

-1

na -

Now,

=>

=>
for all fc> 1.

=>

[... d = h-a]=>

=>

(ii)=>

=> Sn = - 12a + (n -1)

+ «n &n + lS(r-l) = -a-[ b\-d p2

= 2k + l,k = 1,2.......
=> S(r-l) = aj^-a^-d

=> S(r-l) = an&n + i-fllbl-d

=> S(r-l) = anbn + }-a}b}-d

f
-d=} S =

n
= X (2* + l)|2(n-(l-l)) + l| 

k = 1

2k__
1

2fc + l

fin bn + \~fii bi

r-1

~b2

a 
b>2

EXAMPLE 16 An A.P. and a G.P. each has a as the first term and b 
as the second term (0<b< a). If S denotes the sum to infinity of the 
G.P, prove that the sum of the first n terms of the A.P. can be written 
as

, bn + 2 
-d-------

(r-1)'
are in A.P. with common

Sk = —
1-

an'

fi1b1+a2b2 + ...+anbn =

$1 $n + $2

Since 0 < b < a. Therefore, 0 < - < 1 => 0 < r < 1. a

’2^-1 * $3 $n-2 + — * $n $1 

s2+s^+...+s2

SOLUTION We have,

-1)_______
m -tn  pnn-2m

_n(n-l)j
25= an

n

= X SkSn-(k-l) 
k = l

EXAMPLE 15 Let alf a2, ay..., an, form an A.P. with common dif­
ference d and bp b2,..., bn, ...form a G.P. with common ratio r (* 1). 
Show that:

1 
flm (!+/")

n-1 m
\ /

—-1

SOLUTION Since a^, a2, a^..
difference d. Therefore,

ak = a1 + (k-l)d and ak+l = ak + d

Also, by by bi,..., b„, are in G.P. with common ratio r.
Therefore,

bk = bj r/c~1 and bk + 1 = bkr for allk> 1.

Let 5 = ^ b} + a2 b2 +... + an_1bn_1 + anbn

rS = a1 b}r + a2b2r + ...+an_1bn_1r + anbnr

rS = a}b2 + a2b3 + ...+an_1bn+anbnr

Subtracting (i) from (ii), we get
rS-S = -ar bi + (a1-a2)b2 + (a2-a^b3 +...

+ (fin-l~an)bn + anbnr

=> S (r -1) = -> b} + - a2) b2 + (a2 - a3) b3 + ...
+ (.fin-1-fin)bn + anbn^

=> S(r-l) = -^ b-[-d(b2 + b3 + ...+bn) + anbn + y

n(n-l)a2
25

SOLUTION Let d be the common difference of the given A.P.
and r be the common ratio of the given G.P. Then,

, , , bd = b-a and r = a

'2 Sn-1 + - + Sn S1

I J
'bn + 1"^) 

r-1\ 
bn + l~b2 

(r-1)2 ,

S„ = | (2n + (n-l)</J

S \
EXAMPLE 17 Let Sn,n = 1,2,3... be the sum of an infinite
geometric series whose first term is 2n and the common ratio is

-. Evaluate:
2n + l

.. $1 + 
lim

5 =
1-- a

s-—ba-b

d S

Let 5„ denote the sum of n terms of the given A.P. Then,

?-1-iY 
r-1 /

iV"1
r-1

1 (l-rmn'm) rm 
am(l+Pn) ’ Pnn-m (l-r"')

,pnn - m 

am (1 + r"1) (r7”1

n
2
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i

(i)

=> Sn = [Using (i)]

- 2 fli (1 + 7 b-

and,

[v = &jJ

(1 + r”"1)-

lim

- n (n +1) (2n +1) + 2n (n +1) + n

-1)\ 7
[Dividing Nr and Dr by n3]

1
2‘

£1
2

-«1
2

n

= £ (2Jt + l) (2n-2k + 3) 
k=l

n

= X l(2n + 3) + 4 (n +1) k - 4k2] 
k = l

n
= £ (4A2 + 4A:-fr-1) 

k=l

n n n

= £ (2«+3) + L 4(n + l)*-£ 4J2 
k=l k = l Jt=l

M-l ’

£ [1 + r"-1-(7+/' 
k = 0

«1
2 L1 ■”-1) + (r + r"”2) + (r2 + r"“3)n (1+r”-1)-[(1+ r'

a\

-r”-1

n n n

k = l Jc=l Jt = l

= «1 ^(l+r”"1)-

r2 
n 

= lim —

4-/

4-/
l-r

\ 7

+ ... + (/ + /’

-k-i).

+s„ s} 
; 2

n
- 2«1

c n . .
Sn = 2 (fll+fln)

2 + -1 + 2 n

ln~uir [•.• a^anda^bj

Let Sn be the sum of terms of the given A.P. and T„ the sum 
of n terms of the given G.P. Then,

Si Sn + S2 -1 +

S12 + S22 + ... + Si

Now,

H
4
3

2
= - n (n +1) (2n +1) + 2n (n +1) + n

n -1

* = 0

= a, r"-1

= (2n +3)n + 2n(n + 1)2-^ n(n + l)(2n + l)

=> a,

n

= £(2* + l)2
k=l

-*-1 (r*-1)}

k 1) + ... + (r""1 + l)

l-r"
l-r 

k 7

"l-r"]'
l-r \ 7J

= y [n(l + /,’1)-2(l + r + r2+... + r"-1]

and,

S^ + S^ + .-.+S^ 
n

k = l

=> Tn = «1

Tn =

. . ( if . A X
- + -^ +2 1+- -7 1+- 2 + ^ n

(2n + 3) n + 2n (n +1)2 -1 n (n +1) (2n +1)
= lim ----- -------------------------------------------
”_>o° -n(n + l)(2n + l) + 2n(n + l) + n

r
' n 

7
_ 1

+-5n n2 n2

= (2n + 3) n + 4(n + 1)n(n + 1)  4n (n +1) (2n +1)
2 6

EXAMPLE 18 An A.P. and a G.P. with positive terms have the same 
number of terms and their first terms as well as last terms are equal. 
Shoiv that the sum of the A.P. is greater than or equal to the sum of 
the G.P.
SOLUTION Letflp a2,an be the given A.P. and b]z b2, bn be 
the given G.P. It is given that a} = b^ and an = bn. Let r be the 
common ratio of the given G.P. Then,

 4n (n +1) (2n +1) 4n (n +1)
6 2

n-1

k = 0

2
3

2
3

71
n

TT

3^
n2)"7

2(' n
T l + “3 nk 7
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-1)

-1) > 0 ... +a

-1) > 0=>

-1) > 0=>
... + a

)

=3

-l)>0=>

-1) > 0=>

< 0

-1) > 0=>

S„-Tn > 0

«•

= 0

-1)

Sum of the roots =

n n

Hence, in all the three cases, we have Sn > Tn.

i""1)

n-l

k = 0

=* Sn-Tu > 0

T n 
T~

Sn 
S,

= (bn-an) + ab (bn~}

and,

Product of the roots= (m2 +1)

=> SnTn-H

k = 0

“ ?n Sn + 1

EXAMPLE 19 Two geometric series have the same first term 1. The 
common ratio of the first series is greater than that of the second series 
and both are positive. If Sn and Tn denote the sums of n terms of the 
two series respectively, then prove that

Jn< Jk 
Sn +1 Tn + 1

SOLUTION Let a and b be the common ratios of the two 
geometric series. Then, a>b>0.

Clearly, Sn, S„ +1, Tn, Tn +1 are all positive.
Now,

Sn ^n + 1

n +1 ?n + 1

EXAMPLE 20 Find the sum of an infinitely decreasing G.P. whose 
first term is equal to b + 2 and the common ratio to 2/c, where b is 
the least value of the product of the roots of the equation 
(m2 +1) r2 - 3x + (m2 +1)2 = 0, and c is the greatest value of the 
sum of its roots.
SOLUTION We have,

(m2 +1) x2 - 3x + (m2 +1)2 = 0

3 
m2 + 1

CASE III In this case, we have 
r* = 1 and/1'*’1 = 1 

a Al = 0 and r"-*-1

n-l 

k = 0

n-l

k = 0

Now, three cases arise: 
CASE I Whenr>l:

In this case, we have 
Aland rn~k~1>l. 

Therefore, 

(r*-1) (r"-*-1

n-l
£ (/-l) (r"-*’1 

k=0

-a”bn“1) 

-a"-2) + ...

+ an-'bn~'(b-a) 

[♦.• 0 < b < a each term on RHS is negative]

< Tn Sn + i

r"-1) (l + b + b2 + ... + b")

-(l + b + b2+... + b""1)(l+a + fl2 +.... + a") 

fa + a2+...+a"'1) {(1 + b + b2 +... + b'^b + b"} 
~(l + b + b2 + ...+b"-1) ](l+a+a2 + ... +an"l) + «"l 

i"-1) (l.+ b + b2 + ... + b"“b 

+ bn (1 + a + fl2 + ... + {?

- (1 + b + b2 +... + bn~b (l + a + a2 + ... + a""b 

-a"(l + b + b2+... + b"-1) 

f'’~1)-a”(l + b + b2 + ... + bn-1 

= (bn -an) + (bna - anb) + (bn a2-an b2) +...

+ (bVl

- an “ b + a2 b2 (b" " 2

=* Sn > Tn-

CASE II When 0 < r < 1:
In this case, we have
Al and/1-*'1 <1 

r*-l<0 and r"-k-1-l<0 

(/-l) (r"-*-1 

n-l

X (/-i) 
k = 0

<

=* Sn>T,

n-l

k=l

=> Sn-T„ = 0

=». s. = T.
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=>

= greatest value of =>

Clearly,

=>

z =

Using: 5 = ^

,2n

.(i)

and,

= a

We know that

.2 .4=> X = 1 +COS 0 + COS 0+ ... oo

+ *2 +... + xj;) + 2 (Sum of the products taken two by two)

=>
2

,2, ,4,
a

=* y =

= a‘and,

,2n
= a'

2 [Sum of the products taken two by two]

= (Sum of m terms)2 - (Sum of the squares of m terms)

oo

y = X sin2” 0
n = 0

xy 
x + y-1

EXAMPLE 21 For 0 < 0, 0 < it/2, if x = S cos'
71 = 0

1-1

s=u=9

Now,
b = least value of the product of roots

= least value of (m +1)

= 1 [■.• m2 +1 > 1 for all m]

c = greatest value of the sum of the roots
3 

m2 +1
3 

m2 + l
value of m +1 is 1.

xz + yz-z = xy

EXAMPLE 22 If there are m quantities in G.P. with common ratio 
'r' and Sm denotes the sum of the first m terms, show that the sum of 
the products of these m terms taken two by two together is

(i-M 
l-r2 \

fl2 (!-/”) (!+/”) 

(l-r)(l + r)

2 (!-/”) 1 - rw _ 1 + /”
' (1 - r) 1 - r 1 + r _

2,(l-rffl)[(l-rm) (1 + r)-(1 + /”) (l-r) 
' (l-r) [ (l-r)(l + r)

,2/1 n 
► u

c = | = 3

2
is greatest when m +1 is least and the least

0,sin2”0

a2

r + j ' *'«-]•

SOLUTION Let a be the first term of the given G.P. Then
f1-/”
l-r

\ 7

S i
771-1

OO

z = Z cos2" 0 sin2" 0, then prove that xz+yz-z-xy. 
71=0

SOLUTION We have,

OO 

z = X cos 
71 =0

l-r\ P

2 (l-r"1)2 
= a ,

(l-r)2

OO

0, y = E sin2" 0, 
n = 0

00

X = X cos
M = 0

=> sin2 0 = — 
x

'l-r'"-1
l-r

= 1 + cos2 0 sin2<|) + cos4 0 sin4 <J> +... °°

1 
z =--------5------1 - cos 0 sinz (J>

z =_________ 1_________
~ 1 - (1 - sin2 0) (1 - cos2 <j>)

12 - ( n 
i-1--

X 
\ 7

= (a + ar + ar2 + ... + fl/" "!)2 - (fl2 + flV +

2

=> 2 [Sum of the products taken two by two]

fl2r4 + ...+fl2r2'"-2:

1
2 = l+l-±

X y xy

$m = «

1
X =-----------—

1 - cos2 0

=» y = 1 + sinz0 + sinty +... <»

1
1 - sin2 0

=> cos2 <t> = -, 
y

So, first term of the infinite G.P. isb + 2 = l+ 2 = 3 and the
2 2 common ratio is - = -.c 3

Hence, the sum of the infinite G.P. is given by

3_
2
3
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= 2a2

= 2 ■ a [Using (i) and (ii)]

4,4

m-1

S 1-

...(i)

and,

O2 ==>

Now,
=>

= 156r 7
=> ■

3^-10r + 3 = 0[Applying componendo and dividendo]=> -

(ii)=>
=>

[Using (i) and (ii)]1-

(i)

Hence, putting the values of a and r, the required numbers 
are 18,6,2 or 2,6,18.
EXAMPLE 26 Find three numbers in G.P. whose sum is 13 and the 
sum of whose squares is 91.
SOLUTION Let the numbers be a, ar, ar2. Then,

Sum = 13

i

=> a (1 + r + r) = 13
Sum of the squares = 91

£ 
o2

si 
o2

1___ /
x-y[l-x

x4 +... to«>)-(y2+y3+y4 +... to °°)J

= x”"1

" r
r+1

Let S„ denote the sum of n terms of the G.P. Then,

1-r

l-rw~1> 
1-r2

■ r.
a -

+ xn~2al

1-r2 
x—

I-/1-1)
1-r

=> a

=> S = S n u

= fl2

a2a2 
(1-r)2

1 + r 
1-r

1-yJ
1 [x2 - x2!/ -y2* yA] 

x-y (l-x)(l-y)

[(x2 - y2) - xy (x - y)]
(1 -x)(l-y)

l-rm>|(2r-2rfft)

?"rJ (1-r2)
1-r"'

T 1-r
A

l-rm
' 1-r

Hence,

= ~F>mS.r+1 m 1

S2-^ 
r = ---- z

S2 + o2

n
's2-^
s2+o2 

X J

example 24 If I x I < 1 and | y | < 1, find the sum to infinity of 
the series

(x+y) + (x2 + xy+ 1/2) + (x3 + x2y + xy2 + y3) + ...

S„ = a

a1 +xn~30* + ...+an~\ne N

SOLUTION We know that

x”-an 
x-a

:. (x + y) + (x2 + xy + y2) + (x3 + x2y + xy2 + y3) + ... to«>

= —r[(x2-y2) + (x3-y3)+(x4-y4) + ... to~]

= [(X2 + x3 +
x-y

S2 + o2 _ _2
S2-<? 2r

•»
Sum of the products taken two by two = —- Sm. Sm _ j. r+1

EXAMPLE 23 Let S denote the sum of the terms of an infinite G.P. 
and o2 denote the sum of the squares of the terms. Show that the sum 
of the first n terms of this geometric progression is given by

/ + <j2' -

SOLUTION Let a be the first term and r the common ratio of 
the G.P. such that | r | < 1. Then,

S = 1-r

=> (3r-l)(r-3) = 0

1r = - or r = 3

a2 = a2 + a2 r2 + a2 r4 + 

a2
1-r2

_ 1
’ (x-y)

x + y-xy
" (l-x)(l-y)

EXAMPLE 25 If the continued product of three numbers in G.P. is 
216 and the sum of their products in pairs is 156, find the numbers. 
SOLUTION Let the three numbers be a/r, a, ar. Then,

Product = 216
=> a/r. a. ar = 216
=> a3 = 216 => a = 6.
Sum of the products in pairs = 156

a a- .a + a .ar + - .ar = 156 
r r

(1 1- + r+l| = 156 
r

=> 36
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=>
,2 ...(ii)

(=>
=> 17r4 + 34r* + 34r2 + 34r +17 = 45r4 + 45
=>

=>

[Dividing by r2]

ar = 3

=> 14
(iii)=>

=>

=>
3r2-10r + 3 = 0=>

Now,

=>

=>

Putting r = 2 in (i), we get

(i)

(ii) = 30=>

=> 15a = 30x8=>

a = 16

=>

=>

>89
=>

-9
7

90
34

[Using (ii)]

[Using (i)]

45
17

=> 91+ 2ar {a (1+r + r)J = 169

=> 91 + 2ar x 13 = 169

3 a = - r

3 
r

111
91 times

/
2

(1 + r + r2 + r3) (1 + r) _ 45
1+r4 =17

17 ±53
28

8a + 4a + 2a + a
8 ~~~

r4 + 2r3 + 2r2 + 2r +1 
r4 + l

5 -9 = — / ---
2 7

1-r4
1-r 

\ 7

1-r4
1-r

SOLUTION We have,
1 = 109° + 1089 +... +10 + 1

14y2-17y-45 = 0

_ 17 ±a/172 +4x45x14
V " 2x14

Hence, the required progressions are:
2,4,8,16,32,and 16,8,4,2,1/2,..

EXAMPLE 28 Prove that 111.... 1 is not a prime number.
91 times

Putting r = 3 in (iii), we get a = 1. So, the numbers are 1,3,9.
Putting r = | in (iii), we get a - 9. So, the numbers are 9,3,1.

Hence, the numbers are 1,3,9 or 9,3,1.
EXAMPLE 27 Find the geometric progression of real numbers such 
that the sum of its first four terms is equal to 30 and the sum of the 
squares of the first four terms is 340.
SOLUTION Let a, ar, ar2, ar1 be the first four terms of the G.P. 
with first term a and common ratio r. It is given that 

a + ar + ai^ + ai^ = 30

(1 + r + r2 + r3)2 _ 900
(1 + r2 + r4 + r6) 340

A2

x

3
Putting a = - in (i), we get

Now, a(l + r + ?) = 13

a2(l + r + r2)2 = 169

a2(l+r2 + r4) + 2a2r(l+r + r2) = 169

' " -2\1 -140

1+r
x----- 71 + r4

=> (3r-l)(r-3) = 0

_ 1 r = 3 or r = -

=> a

=> a2 + a2 r2 + a2 r4 = 91

fl-r2^
1-r8 ‘

\ 7

45
17

r

3
=> - + 3 + 3r = 13 r

( 
-2-17 r + A -17 = 0

r

14 (y2 - 2) - 17y -17 = 0, where y = r + |

and,

a2 + a2 r2 + a2 r4 + a2 r6 = 340, r # 1

(a + ar + ar2 + arf2 _ 302
fl2 + fl2r2 + fl2r4 + fl2r6 = 340

1 5r + - = - r 2
=> 2r2-5r + 2 = 0

=> (2r-l)(r-2) = 0

1 -9r + - = — does not give real values of r.

Putting r = 2 in (i), we get

15a = 30 => a = 2.

14r4~17r^-17r2-17r + 14 = 0

14 P + ^-17 fr + -V17 = 0- 
I rJ

1 5 1r + - = -/ r + - =
r 2 r

a a aa + — + — + — = 302 4 8
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x

+ 1) >4

) -1

X

+(io2n

+ 9

or, 10'

=>

[Using (i)]n

=>

=> is an integer

62

= (4xl03 + 4xl02) + (8xl0) + 9 

a3 = 444889

= (4 x 105 + 4 x 104 + 4 x 103) + (8 x 102 + 8 x 101) + 9 
fl4 = 44448889

•trin. Prove that each term of the sequence is the square of an integer. 
SOLUTION Let fl], a2, a3,..., an .... be the given sequence. Then,

fl] = 49 = 4 x 10 + 9

>2
2 x 10" +1

3

x [1 +102 +104 +

107-1 
10-1■

fl2 = 4489

|7)13_f
( 107-l

(102n + 2)2-i2 

102" + 2-l

+ 8x10” 2+...+8xl0]) + 9

fio"-1-^ 
10-1\ /

1091 -1 
10-1

109]-l 
107-1

= | [4 x IO2”+ 4 x 10” +1]

= | [4 xlO2"-4x10"+ 8x10"-8x10 +81]

= 4 x 10”

fl„ = (4X102”’1

=> fln is the square of an integer.

'10”-!
10-1 , \ J

4 R= -xlO" (10”-l) + |x(10”-10) + 9

IQ4"*4-!
104-1

+ (8xl0”-1

■^ + 8 xlO1

(IO4)”*1-!
104-1

102”^2 + l (IO2)"*1-!
101 X IO2-!

Since the sum of the digits in 2 x 10” + 1 is 3. Therefore, 
2 x 10" +1 is divisible by 3.

2xlQ" + l
3

= (4x107 + 4x106 + 4x105 + 4x104) + (8x103 + 8x102 
+ 8 x 101) + 9 etc.

+ 4x102”’3+...+4x10”)

'107 - f 
10-1 J v 7

= I (107)12 + (107)11 + ... +1} x (106 +105 +.

= (1084 +1077 +... +1) (106 +105 +... +1)

Hence, 111 1 is not a prime number.. 
91 times

EXAMPLE 29 Consider the sequence 49, 4489 444889,... in which 
every term is obtained by inserting 48 in the middle of the previous

l2" + 2 + l= 101 cn

«„ = (102n+2 + l)b„
or, nn = [1 +10 + 1O2+...+(IO2)”] c, 

an is a composite number.

Hence, an is a composite number for all n E N.
EXAMPLE 31 Prove that each term of the sequence 121, 12321, 
1234321,123454321,... is a perfect square of an odd integer.
SOLUTION Let a p a2, ay ...be the given sequence. Then,

fl! = 121 = 102 +2x10 + 1

lO2^ 2-l
x-------4---------

10-1

Hence, each term of the given sequence is the square of an 
integer n.
EXAMPLE 30 Show that all the terms of the sequence 10001, 
100010001,1000100010001,... are composite numbers.
SOLUTION Let fl], fl2, ay av... be the given sequence. Then,

fl] = 10001 = 104 +1

fl2 = 100010001 = 108 + 104 + l -

a3 = 1000100010001 = 1012 + 108 +104 +1 etc.

In general,

a„ = IO4" +104(”-1) +... +108 +104 +l,n e N.

Clearly, fl] = 10001 = 73 x 137 is a composite number.
Now,

= 104” +104 (” “+ ... +108 +104 +1

IO2”*2 +1
101

=> 101 an = [1 +102 +104 +.... + (IO2)”] (102" + 2 + 1) ...(i)

Since 101 is a prime number. Therefore, it follows from the 
above relation that either 1 +102 + 104 + ... + (IO2)” is divisible 
by 101 or 102" + 2 +1 is divisible by 101. That is,

either 1 +102 +104 +.... + (IO2)” = 101 bn

io2"+2+r (io" * y 
102+l X 102 — 1
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=>
7

.(ii)=> S2 = ?xl0"-^(10"-l)

n

n
xlO" +=> =

=* an =

=>
+ (n -1) 10'

— Sj -j- S2

7
\2

Now, => a„ =

>2

6|2nS

= 10”

S] = (i)=>

and,

+ (n -1) x 10"’2 + ... + 2 x 101 + 1

= e‘

satifies the quadratic equation
1

10

(10n-l)
81

'n + 1
9

102" + 2-10" + 1-10" + l
81

102" + 2-2 x 10" + 1 +1
81

IO2"*2-10n + 1
81

'10” -1

10-1

and so on. 
In general, 

a„ = 123.

-10’
9

102"+2 -10" + 1_(n + l) 10"
81 9

102" + 2

10"
9

+ 2 x 102"’2 +... + n 10” + (n + 1) IO"-1

l”--(n+ 1) IO"’1

+ 3X102"’2

-(n‘+l)10"-1

\2 
-1

9

+ 3xl02"-2 + ... + (n + l) 10"

ls - 1051

x ... +) loge 2] = e

, 2 2^0 x

+ [nxl0"-1

S2 = nxlO" 1

. 2 sin x
1 - sin2 x

+ (n -1) x 10"’2

+ ...+(n + l)xl0"

'9999 .... 9 (n +1) digits

9

= [1 x 102" + 2 x 102" "1

an

S2 = nxlO"’1

S1 = 1 xl02" + 2xl02"’1

= 1x102” + 2x102"’1

+ (n + l)10" + nx!0’

+ ... + 2xl01 + l

^S2 = nxlO"’1

2 
1 1
,>ogf2

,tan2xlog,2

where Sj = 1 x 102" + 2 x 102" ’1 

and,

=> 0 < sin2 x < 1

= tan2x

+ 10"’3+... + l + ^

-10"+ 1-9x10" 
81

+ (n-l) 10"’3 + ...+2 + ^

an

an

Subtracting these two, we get

1-T5 = 1°2n + 1°2"’1

1 -10~p 
9

On subtracting, we get

s2 S2-^ = nxl0"->

an

- 10""2

-10" + 1

nxlO"
9

~S2 = nxlO"’1

+ 102"’2 + ... + 10"-(n + l)10"’1

sin2 x + sin4 x + sin6 x +

"10"+ 1

n (n +1) n ...4321

+ 3xl02”’2 + ...+nxl0" + 1 

l"’1 + (n -1) x 10"’2+...

+ 3xl02 + 2xl01 + l 

+ 3x102"-2 + ...+(n + l)xl0"] 

l"~2+...+3 x 102+ 2x 101 +1]

Q J Z

=> exp. [(sin x + sin x + sin

flO"’1(i2 = 12321 = 104 + 2 x 103 + 3x 102 + 2x 101 +1

a3 = 1234321 = 106 + 2xl05 + 3xl04 + 4xl03

+ 3 xl02 +2x10 + 1

= f 111.... 1

^(m+ 1) digits y

Hence, an is the perfect square of an odd integer.

EXAMPLE 32 If for 0 < X < lt/2,

exp [(sin2 x + sin4 x + sin6 x +...) loge 2]

satisfies the quadratic equation x2 - 9x + 8 = 0 find the value of 
sin x - cos x 
sin x + cos x ‘

SOLUTION We have,

0<x<-

2
It is given that 2tan x 

x2 - 9x + 8 = 0. Therefore,

Now, 

x2-9x + 8 = 0 

=> x = 1,8

- S} + S2

Si _ .
- 15 =lo2”'

^2 n 2
=> yjj = nxlO"’2

'10" + 1-f
10-1 \ 7

102" + !

1
81

n
9
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+ 6x 10”~2 +...+6x 101 + 6x 10° <■

=>

0<x<n/2]
= 6

7=> x = 0'-

dt.

= 36
7 7

9 + 2= 4

10&5
(10” +1)= 4

= 4
(52x-20.5x-125)=> /'(*) = -

(5X — 25) (5x + 5)

5x + 5*0]

x = 2

)-

.2

Hence, required sum =

example 34 Prove that:

11
3

Clearly,/'(x) changes its sign from positive to negative in 
the neighbourhood of x = 2. So,/(x) attains a local maximum 
atx = 2.

Thus, if a is the first term of the infinite G.P. Then, a = 2.
Let r be the common ratio of the G.P. Then,

dt = lim —-------
x-»0 3xztanx

 (l-gb)-fl(l-b) = 1
" (1 — a) (1 — b) (1 — flb) (1 - b) (1 - ab)

(888.... 8) = 8 
n-digits

................-2 ■—

5X = 52

b"-1 
1 -a

1 
b(l-fl)

t2 
x2 tan (7t + x)

b"-1
1 -a

-52"x

(log, 5) 
5X+1 I2"’1)

(<

(ab)"

I""1)

b"-1

(666 ....6) = 6x10’ 
n-digits

For maximum or minimum, we must have

/'W = 0

=> 5X — 25 = 0

= 23

1 
b(l-a)

.-. Sum of the series
QO

= ST» 
n = l

oo

n = l

SOLUTION We have,
>n-l

=>/'(*) = 21oge25-5x-1

=>/'(*) = (loge 5) (4-5X-1

X 

r = lim J 
x->0 0

log,5 + 52-x

2tan2x

2tan2x

(666 6)2 + (888 8) = 444.... 4
n-digits n-digits 2ji—digits

n-digits
x2

■ +8

+ 52-x)

2
_ j 2tan x

/(x) = 7 + 2x loge 25 - 5X ~1

Tn = (1+fl + fl2 + ...+fl"-1)b"-1 

fl-a")

n tn -1 fl 0
1 -fl

f „ X 
, 10" -11

10-1\
10"-1
10-1 ■

k 7

= 6 (1 +10 +102 +... +10' 

W"-f 
10-1 x

Similarly, we have 
f „ \

10”-1 
10-1 X 7

(666...6)z + (888....8) 
n-digits

10"-1 
’ I w^T

10-1

10-1 k • /
IO2”-!" 
10-1 x 7

= 4 (1 +10 +102 +... +10:
= (444 4) 

2n-digits

EXAMPLE 35 Find the sum of th? infinite series:
1 + (1 + a) b + (1 + a + fl4) b2 + (1 + a + a2 + a3) b3 +.... oo 

b and a being fractions.
SOLUTION Let Tn be the nth term of the given series. Then,

3 r(l) = _<!2&5) 
5«+i

EXAMPLE 33 Find the sum of the infinite G.P, if it is given that first 
term is the point where the function f (x) = 7 + 2x log, 25 
- 5X 1 - 52 “ x has the greatest value and the common ratio is equal 

x 2 
 to lim | ——--------

x->oo x tan (n + x)
SOLUTION We have,

2 q

71
3

= 8
2

_ 2^ 2tan x

tan2x = 0, tan2x = 3

tan x = 0, tan x =
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ab '

/

Now,

2
a

=>

1

or,

1
1 -a

• - 1 -■ n (n +1) 
& | n +1

b
a

= = G", where G = ylab is the single geometric mean
between a and b.

- ar2, ...,Gn = arn.

1 
b(l-fl)

jH/2 ^n/2
\n/2

■ = a'

a + b rr A = —^~ andG = w

oo

E w
n = 1

G2 = flr2 = a

/. Gi = ar = a - ,
1

a ”*/

+

a
\ /

AN IMPORTANT PROPERTY OF GEOMETRIC MEANS

THEOREM If n geom-etric means are inserted between two quan­
tities, then the product ofn geometric means is the nth power of the 
single geometric mean between the two quantities.
PROOF Let G]z G2, G3,..., Gn be n geometric means between 
two quantities a and b. Then,

fl, G]zG2, ..., Gn, bis a G.P

Gn = ar* = a

21.13 SOME IMPORTANT PROPERTIES OF ARITHMETIC AND 
GEOMETRIC MEANS BETWEEN TWO GIVEN QUANTITIES

PROPERTY I If A and G are respectively arithmetic and geometric 
means between two positive numbers a and b, then A>G.
PROOF We have,

A = and G = yfab

a n fl + b nrA - G = —y - \ab

_ a + b- 2fab
2

=> A>G.
PROPERTY II If A and G are respectively arithmetic and geometric 
means between two positive quantities a and b, then the quadratic 
equation having a, b as its roots is x2 - 2Ax + G2 = 0.

PROOF We have,
A = £yandG = >/flb.

The equation having fl, b as its roots is 

^-xta + ty + ab = 0
x2-2Ax + G2 = 0

— □□□ —
21.12 INSERTION OF GEOMETRIC MEANS BETWEEN 

TWO GIVEN NUMBERS
GEOMETRIC MEANS: Let a and b be two given numbers. If n 
numbers G], G2,..., Gn are inserted between a and b such that the 
sequence a, G],G2, ...,Gn,b is a G.P. Then the numbers 
Gi, G2,..., G„ are known as n geometric means (G.M.'s) between a 
and b.
GEOMETRIC MEAN: If a single geometric mean G is inserted be­
tween two given numbers a and b, then G is known as the geometric 
mean between a and b.

Thus,
G is the G.M. between a and b.

<=> a, G, b are in G.P.
<=> G2 = ab
<=> G = 4ab.

The G.M. between 4 and 9 is given by G = ^4x9 = 6, whereas 
the G.M. between -9 and -4 is given byG = >/- 9 x - 4 = - 6.
n3te If a and b are two numbers of opposite signs, then geometric 
mean between them does not exist.
INSERTION OF n GEOMETRIC MEANS BETWEEN TWO GIVEN NUM­
BERS a AND b.

Let Gi, G2,G„ be n geometric means between two given 
numbers a and b. Then,

a, Gj, G2,..., G„, b is a G.P. consisting of (n + 2) terms. Let r 
be the common ratio of this G.P. Then,

b = (n + 2)th term = at* +1

r" + 1 =-
fl .

=> r = (b/fl)1/n + 1

= fl”

= a”

1 1 1
(1-fl) 1 -b b(l-fl) - ab

_______ 1 _ a 
’ (l-fl)(l-&) (l-fl)(l-flb)

Gp G2, G3,..., G„

= (ar) (ar2) (ar3)... (ar*)
_^m^,1+2 + 3 + ... + m

n (n +1)
= anr

QO

X O'"1 
n = l

Let r be the common ratio of this G.P.
Then, r = (b/fl)1/n +1 and

Gj = ar, G2 = ar2, G3
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■2
=>

■2=>

ILLUSTRATIVE EXAMPLES

EXAMPLE 1 Find the value of n so that may be the

,2=>

<=> a

* 0, as a * b][v a<=>

= 1

=>

(i)=>=> —~ = 0=>n = -

—(i) z =

=>

[Using (i)]

[Using (i)]=>

=>

SOLUTION It is given that 

and b.

1
2

PROP. Ill If A and G be the AM. and G.M. between two positive 
numbers, then the numbers are A ± fA2 - G2

PROOF The equation having its roots as the given numbers is 
x2-2Ax + G2 = 0

a _ 
b

( \° a_
b

\ /

ar2 => z = a

i” +1
---- is the G.M. between a

an+' + r*1 
an + bn

a + b
X = —

+ b
an + bn

2A±f~4A2-4G2 
" X = 2

=> x = A ± fA2 - G2

So, the two numbers are

It is given that y and z are two geometric means between a 
and b. Then a, y, z, b is a G.P. with common ratio

b 2 + 1
a

geometric mean between a and b.

+ bn + 1

EXAMPLE 2 If the AM. and GM. between two numbers are in the 
ratio m: n, then prove that the numbers are in the ratio

m+\m2-n2: m- Ni

SOLUTION Let the two numbers be a and b. Let A and G be 
respectively the arithmetic and geometric means between a and 

b. Then, A = and G = fab.

-X2n2

2Ai\AA2-K 
x =--------- —

x = a±^a2-g

A +1 _ fl<" +1/2) (,1/2 _ fll/2 (,(„ 41/2) _ y. 41 

^Uffi^l/l.yl/lj _ 41/2) jl/2)

„(« 1/2) = (,0.41/2) al/2_(,l/2.

a + b = 2A and G2 = ab

The equation having a, b as its roots is 

x2-(a + b)x + ab = 0

or, x2-2Ax + G2 = 0

= fl(n + l/2)fel/2 + fll/2b(n + l/2)

®V3 
a 

\ /

a-A + fA2 - G2 and, b-A- fA2-G2.

It is given that A: G = m: n
=> A=km and G = Xn for some X.

Substituting the values of A and G in
a = A + Va2 - G2 and b = A - fA2-G2, we get 

km + fk2 m2 
km - Vx2 m2

an + \

2L-L±- = 2 
xyz

SOLUTION Let a and b be two positive numbers. Then,

x = A.M. of fl and b

m2 m2 m — n .

a  m 
b ~

^y = b1/3a2/3

an + 1 + b'
an + bn

2/3
=>Z = b2/3fl1/3.

+ fm2-n 
m - fm2 - n‘

=> a:b = (m + Vm2-n2): (m - fm2-n2)

EXAMPLE 3 Let x be the arithmetic mean and y,zbetwo geometric 
means between any two positive numbers. Then, prove that

y = ar =>y = a -

fl \ /
y5 + z3 = (b1/3 a273)3 + (h273 a173)3 = ba2+ 1^0 = ab (a + b)

and, yz = (b173 a273) (b2/3 a173) = ab.

y* + 2? = yz(a + b)

f + i? = yz(2x)

/ \(" + l/2) a
b

fflV"+1/2)

n + l _
2
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/. A

r = = a
x

and,
'1

= b
and,

be2

=> G| + G2 = be (b + c)

[Using (i)]=>
= fab =

and n =m =
(i)

1 1

5 + 55 + 555 +

Ifx = l + fl + fl2 +.... °° and y = 1 + b + b2 + ...°° show that8.

> where 0 < a < 1

andOcbcl.

ma + nb 
m + n

xy 
x + y-1

'a + 2b'
3

A2 = fl + 2d = a +

EXAMPLE 5 If one geometric mean G and two arithmetic means 
A1andA2 be inserted between two given quantities, prove that 
G2 = Af) (2A2-A^).
SOLUTION Let fl and b be two given quantities. Then, G is the 
geometric mean of a and b

G = fab =>G2 = ab

respectively and their common ratios are -' -' z. o
tively, then find

n

(i) y, sr, wheresr = Si + S2+...+Sr
r = 1

(ii) £ SiSj

7. Find the sum to n terms of the series:

^lrespec-

EXAMPLE 4 If a is the A.M. of band c and the two geometric means 
are G-j and G2, then prove that G3 + G3 = 2 abc
SOLUTION It is given that fl is the A.M. of b and c, therefore

b + c 
fl = -------
2

=> b + c = 2fl ,..(i)
Since G] and G2 are two geometric means between b and c.

Therefore, b, Gj, G2, c is a G.P. with common ratio r given by

/ U/3 
C
bx /

G? + G| = 2flbc

2fl + b
3 '

a + 2b
3

'a + 2b'
3 /

2^2-^ = 2

It is given that A], A2 are two arithmetic means between a 
and b. Then a, Alz A2, b is an A.P. with common difference d 
given by

, b-fl
d=—

f?/3
G, = br2 = b 7 

z b\ /
Gf = b2c and G3 =

frV/3
Gi = br = b 7 1 b\ /

= cl/3b2/3

'2a+ b
3

, b-fl1 = a + d = a + — - o
2(b-fl)

3

= b1/3c2/3

=> 2 Aj - A2 = 2

EXERCISE 21.4

1. If S]z S2, S3 are the sums of n, 2n, 3n terms repectively of a
G.P., then prove that:

(i) Sj, S2 - Sj, S3 - S2 are in G.P.

(ii) Si2 + S22 = Si (S2 + S3)
2. Find the sum of 2n terms of a G.P. whose every even term 
is 'fl' times the term before it and every odd term is c times the 
term before it, the first term being unity.
3. Prove that in an infinite G.P. whose common ratio r has its 
absolute value less than 1, the ratio of any term to the sum of

1 — r 
all succeeding terms is —y.

4. Find an infinite G.P. if it is given that the sum of its terms 
is 3 and the sum of the squares of its terms is also 3.
5. The sum of an infinite G.P. is 2 and the sum of the cubes of 
the terms of the G.P. is 24. Find the series.
6. If Slz S2, S3,....Sn are the sums of the terms of n infinite 
geometric progressions whose first terms are 1, 2, 3, ...., n

=> G3 + G2 = b^c + bc2

1 +flb + fl2b2 + fl3b3 +... °° =

'2a+ b' 
3x /

=> (2A1-A2)(2A2-A1) = flb

=> (2At - A2) (2A2 - At) = G2 [Using (i)J

EXAMPLE 6 The A.M. between in and n and the G.M. between a
ma-+ n^. Find m and n in terms of a and b. 
m + nand b are each equal to

SOLUTION We have,
m + n ma + nb , r-r-—-— =-------- and Vflb =2 m + n
m + n r-r- ma + nb
--- = Vflb =-----------2 m + n
m + n = 2VflF and ma + nb = (m + ri)fab

=> m + n = 2fab and ma + nb - 2ab
Solving these two equations, we get

2^tf? , 2'Ia2b
1—rr and n = ----- rr'a + fb fa + fb
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> calculate the least value of n

and,

9. 8
5' 3 2 + 4 8 +"2. (l + o)

6. (0 13.

+ 1

andare

■

and b; and q, q' be the A.M. and G.M. between b and c, prove 
that

I

sequences
(-x)"-1 =

1 
3n-i

I 
2„ -1

-7

4
ANSWERS

7. |5(10n-l)-y

12. r = 3,9,81,71 = 4,2,1,a = 108,144,160

’ ’ a3"]

18. 216
(n+1) (n + 2) (2n + 3) 

6GO |

1 
1-?

9. IfS„ = l+z

16. x = 105,y = 10

1 1- + -T + ...+
2 22

such that 2

10. If AM of two numbers is twice their G.M., show that the
numbers are in the ratio 2 + : 2 -
11. Prove that the each term of the sequence

121,12321,1234321,.....is a perfect square of an odd integer.
12. The sum of an infinite G.P. is 162 and the sum of its first 
n terms is 160. If the inverse of its common ratio is an integer, 
find all possible values of the common ratio, n and the first term 
of the series.
13. Find the sum:

( ifa + -a\ /
14. Consider an A.P. and a G.P. with their nth terms as 

and bn respectively such that an > 0 and bn > 1. Prove that
< bn for n > 2, if the second term of A.P. exceeds the first term 

of the G.P. by the positive difference of the first two terms of 
the G.P. and the natural logarithm of the second term of A.P.

fl 1 1 '
18. Calculate: (0.0625) log4^- 3 + 9+^ + -

< /

a

3 3 3

a-/*1

(„n„n t 'I C a -1
ca-1

n(n + l) (n + 5'
6

n2 (n + 3)2
4

ARITHMETICO-GEOMETRIC SERIES Let a, (a + d) r, (a + 2d) r2, 
(a + 3d)r\ ... be an arithmetico-geometric sequence. Then, 
a + (a + d)r + (a + 2d)r2 + (a-i-3d)r^ +... is an arithmetico- 
geometric series.
ILLUSTRATION 3 Find the nth term of the series

,234 1+ — + -r+~r +....
3 32 33

SOLUTION The given seriesis an arithmetico-geometric series 
whose corresponding A.P. and G.P. are 1,2,3,4,... and 
I'jA'A'-respectively.

The nth term of A.P. = 1 + (n -1) x 1 = n;
fn"’1

The nth term of G.P. = 1x1 —
I k /

21.13 ARITHMETIC© GEOMETRIC SEQUENCE
A sequence of the form

a,(a + d) r, (a + 2d) r2,..., (a + (n-l)d)rn~\...

is called an arithmetico geometric sequence.
Clearly, nth term of the above arithmetico-geometric series 

is equal to the product of the nth terms of the arithmetic 
progression a, a + d, a + 2d,..., a + (n-1) d,... and the geometric 
progression 1, r, r2,..., r" "1,....
ILLUSTRATION 1. The sequence 1,3x, 5X2,7X3,... is an arithmetico- 
geometric sequence whose corresponding A.P. and G.P. are 1,3,5,7, 
... and 1, x, X2, ... respectively. The nth term of the corresponding
A.P. is 1 + (n -1) x 2 = 2n -1 and the nth term of the corresponding 
G.P. by taking first term as unity is x”-1. So, the nth term of the 
given sequence is (2n -1) x" ”1
illustration 2. The sequence 2,-5x,8x2,-llx3,... is an 
arithmetico-geometric sequence whose corresponding A.P. and G.P. 
are 2,5, 8,11,... and 1, -x, x2, -x3,.... The nth term of these two

2 + (n-l)x3 = 3n-l 
(-1)” “1 x" “1 respectively. So, the nth term of the given 

arithmetico-geometric sequence is (3n -1) (-1)" “1 x" ~ \

/ 1 \3

a2 + \ +...+U 
a !k / k

exceeds that the first term of the G.P. by the positive difference 
of the natural logarithm of the first two terms of the A.P.
15. If S1,S2, Sy ... are the sums of infinite geometric series

111whose first terms are -' —' —'.... and common ratios are 
2 22 2s

2'3 ’ 4 ' ' resPectively- Prove

S] + S2 + +....°° = 1 + log, 2.

16. Solve the following equations for x and y :
1 1 1 1.
lo8io x + 2 loSw x + 4 Io8io x + - = y

l + 3 + 5.... + (2y-l) = 20
4 + 7 + 10 + ...+ (3y + l) 71og10x

17. If a, b, c are in A.P. and p, p' be the AM and GM between a
- — - - • « 1
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se-

...(ii)

]-(fl + (n-l)d)r"

=> Sn (1 - r) = a + dr

(i)

ILLUSTRATIVE EXAMPLES

(i)

1 + 5

,(ii)
■n -1

=>

In other words, when | r | < 1 the sum to infinity of an 
arithmetico-geometric series is

(3n~2) 
5"

(3n-2)
5"

(3n-2)x- 
5’

' 1
3”-1

\ /

n 
3"-1

So, the nth term of the given series = n .

Sn =

4 7 10
k+-5+ T+ ••• +5 52 53

SOLUTION Clearly, the given series is an arithmetico- 
geometric series whose corresponding A.P. and G.P. are 
respectively 1,4,7,10,... and 1,1 /5,1 /52,1 /53,....

The nth term of A.P. is [1 + (n -1) x 3] = 3n - 2

<1Y,_I
5 ’

\ /

S- = _£_+ * 
l-r-(l_r)2

In order to find the sum of an orithmetic-geometric the 
following algorithm.
ALGORITHM

STEP I Obtain the corresponding A.P. and G.P.
STEP II Write the nth terms of corresponding A.P. and G.P.

STEP III Multiply the nth terms obtained in step II to get thenth term 
of the given arithmetico-geometric sequence. Replace n by (n 
-1) in it to get the (n - l)th term.

STEP TV Put S„ equal to the sum of first n terms of the given sequence.
STEPV Multiply both sides ofStl in Step IV by the common ratio of 

the corresponding G.P.
STEP VI Subtract the expression obtained in step V from the expres­

sion in step IV and simplify to get Sn.
The sum of an infinite arithmetics-geometric series can be 

computed by using the following algorithm.

ALGORITHM

STEP I Obtain the common ratio of the corresponding G.P.

STEP II Equate the given series to S«,.

STEP III Multiply both sides of the equality in step II by the common 
ratio of the corresponding G.P.

STEP IV Subtract the expression in step IIIfrom the expression in step 
II.

STEPV On RHS of the expression in step IV write the sum of an 
infinite G.P. and obtain S„.

1-r”"1 
(l-r)2

Let Sn -1 + r

The nth term of G.P. is 1 x - =
5

L \ / J

So, the nth term of the given series is

1 3^-2
5”'r

- {n + (n -1) d) r"

EXAMPLE 1 Find the sum to n terms of the series

. 4 7 10
1+ H + -2 + ”?+.................

5 52 53

-S =1+-
5 " 5

=> S„ = -~- + dr 
n l-r

21.14 SUM OF n TERMS OF AN 
ARITHMETICO-GEOMETRIC SEQUENCE

THEOREM The sum of n terms of an arithmetico-geometric 
quence a, (fl + d) r, (fl + 2d) r2, (fl + 3d) r3, ... is given by

a , (1 -r”"1) {a + (n -1) d) r” , d
-— + dr ——2 -JH, when r * 1

3n -5 3n -2 
5»-2 + 5»-l

Multiplying both sides by 1/5, we get

.u 1+44 + ... + P!!z5) + ^ 
5 " 5 52 53 5«-i 5"

Subtracting (ii) from (i), we get

3 3 3 3
5 52 53 5« 1

SUM OF AN INFINITE ARITHMETICO-GEOMETRIC SEQUENCE

Let | r | < 1. Then r", r” "1 -> 0 as n -> 00 and it can also be 

shown that n . rn 0 as n -> So, from (i), we obtain that

fl dr
■> ----- +-------- - > asn^oo.
l“r (l-r)2

PROOF Let Sn denote the sum of n terms of the given sequence. 
Then,

Sn = fl + (fl + d)r + (fl + 2d)r2 + ... + {fl + (n-l)d} r"-1...(i)

=> rSn = flr + (fl + d)r2+... + {fl + (n-2)d}r,1~1

+ {fl + (H-l)d)r”

Subtracting (ii) from (i), we get

SM - r S„ = a + [dr + dr2 +... + dr” "1

(i-M 
l-r 7

[fl + (n -1) d] r"
l-r

fl
l-r l-r l-r

[2fl + (n -1) d], when r = 1.

3
53 '

qXn-r
’-|5

\ / 

TT
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1-

,(iv)

(i)

,(u)

= 1 +

(i)

-(ii)

Soo =

.-(iii)

(iv)

■

,2=> (l-x) SM = l+23x +
(ii)

=>$<» =

=> So= =
...(iii)

1-x
1+x

<

(3n-2)
" 5”

(3n-2) 
5"

32X2
1-x

4 3 (=> b„ = l+£ 1 —5 n 4 51

_.(3n-2)
4.5"”1

/
1--

5'

1
5"‘\ 

T 
5 

z

•n-1

Subtracting (ii) from (i), we get

(l-xJS.. = l2 + (22-l2)x + (32-22)x2 + (42-32)x3 + ...

32X2 
(1-x)3

This is an arithmetico-geonletric series in which the com­
mon ratio of the corresponding G.P. is x. Multiplying (iii) by x, 
we get

SOLUTION The given series is not an arithmetico-geometric 
series, because I2,22,32,42,... are not in A.P. However, their 
successive differences (22 -12), (32 - 22), (42 - 32),... i.e. 3,5,7, 
... form an A.P. So, the process of finding the sum to infinity of 
an arithmetico-geometric series will be repeated twice as given 
below:

Let

1+x
(1-x)

1+x
(1-x)3

EXAMPLE 4 Sunt to infinity the following series

I2 + 52 x + 92x2 + 132x3 +... ~, where | x | < 1.
SOLUTION The given series is not an arithmetico-geometric 
series, because I2, 52,92, 132,... is not a G.P. However, their 
successive differences (52 - I2), (92 - 52), (132 —92),  
i.e. 24,56,88,... form an A.P. So, the process of obtaining the 
sum of an infinite arithmetico-geometric series will be repeated 
twice as given below:

Let

1-x
(1 + x)2

EXAMPLE 3 Find the sum to infinity of the series

I2 + 22 x + 32 x2 + 42 x3 +... ~

-x + 3x2-5x3 +... <»

_1J| 
n-l

(1-xJS^ = 1+ 24x + 56x2 + 88x3 +... ~

S„ = 12 + 52x + 92 x2 + 132 x3 + ...~

Subtracting (ii) from (i), we get

(l-x)Sm = 12 + (52-12)x + (92-52)x2 + (132-92)x3 + ...oo

Multiplying (i) by x, we get

xSM = l2x + 52 x2 + 92 x3 + ...oe

x (1 - x) S„ = x + 24X2 + 56X3 + ...<»

EXAMPLE 2 Find the sum to infinity of the series:

1 - 3x + 5X2 - 7X3 + ..., 00 when | x | < 1.
SOLUTION Clearly, the given series is an arithmetico- 
geometric series whose corresponding G.P. is 1, -x, x2, -x3,.... 
The common ratio of this G.P. is -x. Let S„ denote the sum of 
the given infinite series. Then,

= 1-3x + 5x2-7x3 +... 00

Subtracting (iv) from (iii), we get

(MV*(M$m = 1 + 23x + 32x2 + 32x3 + ...oo

-2x 
l-(-x)

= 1-T~"1 +X

=»(l-x)2S_ =

=>(l-x)2S„ = l+^.

1 
(1-x)2 

1+22X + 9X2 
(1-x)3

4 3
This is an arithmetico-geometric series in which the com­

mon ratio of the corresponding G.P. is x.
Multiplying (iii) by x, we get

x(l-x)Soo = x + 3x2 + 5x3 +...

Subtracting (iv) from (iii), we get

(l-x)S0.-x(l-x)S00 = 1+2x + 2x2 + 2x3 +...
S -*+^ 5" 4 + 16

23x + x + 
(1-x)2

Sm = l2 + 22x + 32x2 + 42x3 + ... 00

=> xS„ = 12x + 22x2 + 32x3 + ...oo

=> (l-x)SM = 1+3x + 5x2 + 7x3 + ...

=> (-x) =
Subtracting (ii) from (i), we get

(l+xJS.. = 1 + [-2x + 2x2-2x3 + ...oo]

3
4

4
5 n
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a>b>0]<02a' a'+ ... + n

that Sn }

A
Hence, Sn

... to n terms is an even or an odd1+3 + 5

S = 1 + 3 + 5

+ (2n-3)

+ 3=>

+ (2n — 1)+ (2n-3)

- < 1=>

Now,
= 1+2 + 2

+ n

+ 2
+ n

=> S

1--nn

-(2n-l)= 1+2

-n
=> S = -2n

a

2 2a

=>
=>
=>

/
S-

\«-2
+ (2n — 1)

, showb
a 
. 7

2
+ 2

fM"'1 + ...+ - a k 7

r2n + r 
2n-l

% +1 
2n-l

'2n + T
2n-l k 7

x2
■ +7

EXAMPLE 7 Letx = 1 + 3a + 6a2 + 10a3 + ..., | a | <1 

y = 1 + 4b + 10b2 + 20b3 +..., | b | < 1

Find S = 1 + 3 (ab) + 5 (ab)2 +... in terms of x and y.

% + l
2n-l k

r2n + f
2n-l k 7

number according as n is even or odd.
SOLUTION Let

'2n + f
2n-l k 7

f-T a k /

rg + p 
a-P k

a 
\ 7

\

'2n +1
2n-l k

' -2 '
2n-l k 7

'2n + l
2n-l k 7

"a + P
a-p

EXAMPLE 6 Show that the sum of the series

f2n + lf
2n-l +

k 7

f2n + lf 
2n-l

% +1?
2n-l +‘”

a\ 7

Vf 
a k 7

f2n + ir1
2n-l k 7

On subtracting, we get 
2n + l ?
2n-i

•• s„

bn 
in~2(a-b)‘

A

an~2

f2n + 1V
2n-l 7

xH-1
— (2n — 1)

=* Sn =

% + !
2n-l k 7

=> Sn

nbn 
•n~l (a-b)

,n
2

f2n + lf 
2n-lk 7

V
a k 7 r2n + lf

2n-l k 7

EXAMPLE 5 Let aandP be two distinct positive roots of 
rh\ ZiA2 

x2-2ax + ab = 0. If Sn = l + 2 +3 -

a+pV[a-pj-
SOLUTION Since a, P are the roots of the equation 
r2 - 2ax + ab = 0

Therefore,
a + P = 2a and ap = ab.

f<x+M4 
a-p k 7

a k 7

nbn a2
’^^a-b) (a-b)2

an
\n~2(a-bi

n-l
f2m + T
2n-lk 7

2n + l
2n-l

' -2 "
2n-l7

=> S = n (2n -1), which is odd or even according as n is odd 
or even.

(a + P)4
[(a + P)2-4aP]2

16a4
(4a2 - 4ab)2

a2
(»-6)2

Since the roots are positive. Therefore, a, b are positive and 
Discriminant > 0 
4a2-4ab >0 
a(a-b) > 0 

a-b > 0 
a > b 

b-<l 
a

b-Sn-(b-\ + 2^
- n a< 

k .
On subtracting, we get

2

2n + l 
2n-l

k 7 

i-f-T a k 7 u a

rw
2n-l k 7

a"^

_ tt+sf= 
a-p 

k 7
an-bn

!"-2(a-b):

\2 (h\n ~ 2
S = 1+2 -1+3 - + ... + (n-1) - n n I n I 'a

k 7

+ (n-D -
k 7

(b
I k 7

-fb
a k 7

fb
a 

k .
,\2

+ ...

'2n + l
2n-l

k 7

^2n + l
2n-l7

.2
+ 5

b
a n

b
a n

nbn 
an~\a-b)

an-bn
an~2 (a-b)2

nbn
an~\a-b) a
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=> S =
oo

=> s =

=> x(l-n) = —- +

=> x(l-n) =

=>

...(i)

. °°
=>

=> x (1 -a)2 = ,2
00

[Multiplying by b] =>

=> ,2

=>
„ 00

=» =>
,3,(ii)

=> S (1 - ab) = 3 + i'
00

=> S =

=> S ==> S (1-ab) = 1 +
>«

2

1
V"

= x
-1/3

Using the formule 
forthe sum of AGP

1
(l-b)2 

y = (l-6)-4 

b = l-y'1/4

21.15 HARMONIC PROGRESSION
DEFINITION A sequence a\, fl2, an, ... of non-zero numbers is

called a Harmonic progression, if the sequence —, —, —, 
tlj z?2 fl3

is an Arithmetic progression.
IllThe sequence 1, is a HP, because the sequence, 
O D /

y(l-b)2 =

Finds = 3 + 5ab + 7 (ab)2 +... to°°.
SOLUTION We have,

x = l + 4a + 10a2 + 20a3 +...

=> ax = n + 4? + 10fl3 + ...
On subtracting, we get

x-ax = 1 + 3a + 6? + 10? +...

=> x (1 - a) a = a + 3a2 + 6? +....
On subtracting, we get
x(l-fl)-x(l-fl)fl = 1 + Ta + 3a2 + 4a3 +... «>

1 a 
l-* + (l-a):

S = 3+5(ab) + 7 (ab)2 + 

abS = 3ab + 5 (flh)2 +...00

.-. S-abS = 3 + 2/ib + 2(ab)2 + 2(af? + ...oo

Tab
1-ab

a 
(l-o)2

d = - 
fln + l

3-ab
(1-ab)2

3-(l-x'1/4)(l-y~1/5)
[l-(l-x-1/4)(l-y-1/5)]2

1 + (1-x~1/3) (1-y~1/4) 
{l-(l-x-1/3)(l-y“1/4)}2 

2_y-V3_y-l/4 + x-l/3y-1/4 

(x-1/3+y-1/4-z-1/3y-1/4)2

EXAMPLE 8 If X = 1 + 4a + 10? + 20? + ... to°°, | fl | <1 

y = 1 + 5b +15? + 35? +.... to°°, | b | <

1,3,5,7, is an A.P.
nth TERM OF A HP

The nth term of a H.P. is the reciprocal of the nth term of the 
corresponding A.P. Thus, if aj,a^ a$,...., a„,... is a HP and the 
common difference of the corresponding AP is d i.e.

—---- • then
an

=> s = ^-2
(1-ob)2

y = l+4b + 10b2 + 20b3+..

by = b + 4b2 + 10b3 +“

On subtracting, we get
y-by = 1 + 3b + 6? +10? +

=> b (y - by) = b + 3b2 + 6? + ...00
On subtracting, we get
(y - by) - b (y - by) = 1 + 2b + 3? + 4? +... «> 

y (1 - b)2 - — y (l-b)‘

1
(1-rt)2

1
X = -------- r

(1-fl)3

(1-fl)3

=> 1 - a = x
fl = l-x-1/3

=>
Now,

S = l + 3(flb) + 5(flfe)2 + .

S (ab) = (ab) + 3 (ab)2 +... °°
:. S-S (ab) = 1+2 (ab) + 2 (ab)2 +... ~

Tab
1-ab

1 
X — T

(l-«)4

=> fl = l-x->/4.
Similarly, we have 

b = l-y->/5.
Now,

SOLUTION We have,
x = 1 + 3fl + 6fl2 + 10fl3 +...

=^flx = a + 3fl2 + 6a3 +.... “

On subtracting, we get
x - ax = 1 + Ta + 3a2 + 4n3 +....«

.. . 1
1-fl
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1

ILLUSTRATIVE EXAMPLES

.., an are in HP, prove that

=>

=>

n

=>

= (n-l)d

■(ii)=> a, — a,=> 1 +

are in AP.
=>

=>

b = a + (n— 1) d => d =

= a + r

2ac 
a + c'

2 
b

,— are in AP.

b-a
n-1

02 +03+... + an flj + #3+ ... + an flj + 02 + 04 + ... + an

«1 #2 fl3

(n-r-l)a + rb
~ n-1

Since a, hlz ..., hn - 2/ b are in H.P. Therefore,

(n-l)fl + (b-fl)r 
n-1

(b-a) 
n-1

a2 a3---------------------- ,--------------------  
ax + a3 +... + an ax+ a2 +... an

a2
fl1 + o3+...+fln

02 + 03+... +an

Now,
(r +1) th term of the A.P.

= ar = a + rd

ai
a2 + a3+...+a„ 

are in HP.
SOLUTION It is given that

flp a2,83,..., an are in HP

ax + a2 + ...+an 

ai

= d 
'n-1

fl1+fl2+...+fl„

fl3

111 J 
«1'«2'’3.....».

I'"-1’"

[n -1 fln)

1
...,— are in AP with common difference d. 

u2 “3 an

= -~- + (n-l)d

- 7 = (n -1) d
«1

an

an

an 
«1+a2+...+a„_1

••• fln-l

(«1 - fl2) + (a2 - a3) + - an)

= d(axa2 + a2a3 + ...+an_xaj

\n = d(axa2 + a2a3+...+an_xan) 4)

a-. +fl, +... +a„
-—--------- "areinAP

an

ai-a,

Now,

’111 
flj fl*) flq 

1 
an 

J_ 
an

an_2>b and die H.P. be 
_ 2, b. Let d be the common difference of the A.P.

al~an

fll an

= (n-l)d (axan)

From (i) and (ii), we get
(n-lj^fl,,) = d (axa2 +a2a3 +...+an_xuni

(n-l)a1an = ax a2 + a2a3+... +an_1an.

EXAMPLE 3 An A.P. and a H.P. each having n number of terms 
also have the same first and last terms, viz. a and b. Prove that the 
product of (r + l)f" term of one sequence and the (n - r) th terms of 
the other sequence is independent ofr.
SOLUTION Let the A.P. be a, ax, a2, ■■ 
a,hv h2,..., h 
Then,

fl1 + fl3 + ...+fln 

fl2

If a, b, c are in HP, then -, 7, - are in AP. Therefore, a b c
11 . 2ac= - + -=> b =----- .a c a + c

---------------------- are in HP.a1 + n2 + ... + a„_1

EXAMPLE 2 If Oy a2, Oy ..., an are in HP, prove that

ala2 + a2a3 + -+an-l an =

SOLUTION Since ax, a2, a3,..., an are in HP. Therefore,

111 1 -An— , — , — ,..., — are m AP. 
al a2 a3 an

Let d be the common difference of the A.P. Then,

1_1= j 1 1 1 _ . 1 1
°2 al a3

'2 = d («1 *2)' a2

-an = d(al

a2 + a3 + ... +an 
ax

~ = d, --- = d,.
fli a3 h an fl,

~a3 = d(a2a£,

EXAMPLE 1 IfOyO2,ay.

+ fl2 +... + A] 

a2

=> flj - fl.

fl1+fl2+...+fl„_1
---------------------are m AP

an

t ) fli+fl2-Ffl4.+ ...+fl„ 1 + fll+«2 + -+fln-l 
fl3 ...... +
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7 are in A.P.

=> D =

(iii)=> H =
1

=>

=>

,2n +1=> b-

(a2n + 2-b2n + 2)

=>
= abx

=>

•i

n =

(i)
=> Sj = n +

=> 2 (Sj -n) = n (n -1) dt-

=> dj =

=$=> G = a ...(ii)

=>

-

_ (n-r-T)a + rb 
ab (m -1)

 b(n-T) + (n-r-l)(a-b)
(n -1) ab

(n + 2) th term of the G.P. Then,

G = ar” + 1

ab (n -1) 
(n - r -1) a + rb

 (n-r-T)a + rb
n-1

(a-b)
(n -1) ab

ab (n -1) 
(n-r-l)a + rb

n + 1 
n

n±l 
n

n + 1 
n

a-b
(n-l)ab

Now, (n - r) th term of the H.P. is hn  j.

1
^n-r-1

1
d3

1
d2

f ab y 
(n + l)a-nb \ /

n 
a

ab____
(n +1) a - nb

It is given that A, G and H are in G.P. Therefore, 
G2 = AH

2n + 2
= {(n +1) b - na}

' ‘ ar - r -1

SOLUTION Let rfj, d2, d3 be the common d if ferences of the three 
A.P.'s. Then,

Sj = ^[2xl + (n-l)r/,];f = l,2,3.

= | + (n-r-l)D

which is independent of r.
Similarly, we can show that an  r  i hr is independent of r. 

EXAMPLE 4 Three sequences, in A.P., G.P. and H.P. respectively, 
have a and b (with a*b)as their first two terms. Show that if their 
(n + 2)th terms are in G.P., then

b2n + 2_a2n + 2

ba (b2n - a2n)'
SOLUTION The common difference of the sequence in A.P. is 
d = b - a. Let A be the (n + 2) th term of the A.P. Then,

A = a + (n+2-l)d

A = a + (n +1) (b - a)

=> A = (n +1) b - na

1 
^n-r-l

_ 1 
h,

a

b
The common ratio of the G.P. is r=~. Let G be the a

 (n + T)b-na 
~ (n + l)a-nb

[(n + l)a-nb} = {(n + 1)b-na} a2”*1

=> ab (n +1) (a2* - b2”) = n

a2n + 2_b2n + 2

ab(a2n-b2n)

b2"*2-^*2
bap2”-a2”)

EXAMPLE 5 If S1# S2 and S3 denote the sums up to n (>1) terms 
of three non-constant sequences in A.P., whose first terms are unity 
and common differences are in H.P., prove that

2S] S3 - Sj S2 - S2 S3 
Sj - 2S2 + S3

111 1 1 • AP/ 1 / . / ••••/« / . are in A.P.a h} h2 hn_2 b

Let D be the common difference of this A.P. Then,

Let H be the (n + 2)th terms of the H.P. Then, 

^4+<n+i>D
H ' o'1'1"'1’!" 

1 _ n+1 
H b

= ; + (n-r-l)
‘n-r-l a

2(Sj-n)
n;f = l,2,3. n (n -1)

2(Srn)'‘

It is given that dlz d^ d$ are in H.P. Therefore,

111 • A „ —, —, — are m A.P. 
di d2 d3

11
d2-di

The first two terms of the H.P. are a and b. Therefore, the 
two terms of the corresponding A.P. are and |. Let D be the 

common difference of the corresponding A.P. Then,

D = l-1 
b a

^n-r-l

1 1 
b a

=* hn-r-l =

2 ‘

,,x2n + l 
I-I

0
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=>

=>

=>

(S1-S2)(S3-n) = (S2-S3)(S1-n)

S3 (Sj - S2) - n (Sj - S2) = $! (S2 - S3) - n (S2 - S3)

=> S3 (Sj - S2) - Sj (S2 - S3) = n (Sj - S2 - S2 + S$)

=>

n =
[•.• x + y + z ~ 15 (given)]

[•_• 2y = x + z]

•(i)

Let an be the nth term of the given H.P. Then,
=>

1

Clearly, an will be greatest, if 37 - 7n is least.

37 - 7n is least for n = 5.
=>

= 6 is the largest positive term.• Hence, =

=>

= a + rd.

[Using (i)]=>=>

-(•>)=> ab = 9=>

The quadratic equation having a, b as its roots is=>

-7
12'

^2 
n

5
2

10
9

10 
ab

2 
n

2
•'0

2mr
=> m + r =— n

1 1 
a Y

1
S3-n

1
S2-n

12
37 -7n

____= 12 
zZj 30-7n + 7 
12

1
S2-n

1 
-n

a + b 
ab

$1__ $2

Sy-n

n (Sj - 2S2 + S3) = 2S3 Sj - S2 S3 - S| S2

,flr+l

2n-m-r 
mr-n2

$2 ^3 

S3-n n2 -mr 
mr - n?

m, n, r are in H.P.
2m r .-. n =------m + r

~ am + l

[Adding „ on both sides] 
r

n (n -1) n (n -1)  n (n -1) n (n -1) 
2(S2-n) 2(S1-n) = 2(S3-n) 2(S2-n)

an

12

(fl + nd)2 = (a + md) (a + rd) 

2and + n2d2 = ad (m + r) + mr d2 

ad (2n-m-r) = (mr-n2)d2

5

2n-^T
____ n
mr-n2

12 
37-35

EXAMPLE 7 If the (m + 1)th, (n + Y)th and (r + l)th terms of an 
A.P. are in G.P. and m, n, r are in H.P., show that the ratio of the 

-2common difference to the first term of the A.P. is —.

SOLUTION Let the first term and the common difference of the 
A.P. be fl and d respectively. Then,

am + 1 = fl + mrf,fln + 1 =fl + ndandflr+i

It is given that am + j, an + j, ar+j are in G.P. Therefore,

d => — 
a

d => — 
a

 2 
lur UM —

5
SOLUTION
5 ,23
2 and 12*

Let d be the common difference of the corresponding A.P. 
Then,

10
9

Again, -' — • t | are in A.P. Therefore, 
b a a 0 y b

=1+1
a y

=
9

2S j S3 — S2 S3 — Sj S2

“ 2S2 + S3

EXAMPLE 6 Find the largest positive term of the HP whose first two
2 12terms are - and —.23

First two terms of the corresponding AP are

1 1
H— 

a y

 1 1 1
=> O = ~+ Q +“

a 0 y

5

d 
a

EXAMPLE 8 If a, x, y, z, b are in A.P when x + y + z-15 and 
1115

a, a, 0, Y, b are in HP when — + + - = - 'find a, b.

SOLUTION Since fl, x, y, z, b are in A.P. Therefore, x, y, z are 
also in AP. Hence, 

2y = x + z
=> 3y = x + y + z
=» 3y = 15

=> y = 5
=> x + z = 10
Again,

a, x, y, z, b are in A.P. Therefore, 
a+b=x+z

=> a + b = 10
Since fl, a, 0, y, b are in H.P. Therefore,

1 1 1 1 1 .are m ap 
a a 0 Y i
1 1 1 . An—' o ' - are m APa 0 y
2 
0 =
3
0
3  
0 3

=» p = l
1 1- + - = 
a y
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or,

or,

...(i)= 11
1 , 3(fl-b) 

4aba-d+a+a+d = 1 -(ii)

32a3 b3

Putting a = - in (i), we get =>

+ 3 + = 11
[Using (i)]=>

= 8=>
>3 f3

r2

=> d = ±7. =>

=>

=>.'. x = a + d =

,2=>
y = a + 2d =

=>
z — a + 3d = a + 3

=>

xyz = =>

=>
=> 55

=>

(i)=> (3fl + b) (a + b) (fl + 3b) = 55 x 32 => 3X = 9,27

55
343

a + b
2

a + b • 
2flb

a-b 
2flb

1 
b

x2 - x (a + b) + ab = 0 

x2-10x + 9 = 0

 (3a + b)(a + b) (fl + 3b)
32

1
x

3a + b 
4ab

b + 3a
4

a + 3b
4

3b + a 
4flb

1 
a + d

55x32
32fl3b3

1 1 1 = (3b + fl) (a + b) (3a + b) 
x'y'z 32a3b3

1 1 ---- 7 + - + 
fl-fl fl

= - + 3D = 
fl a

From (ii), we get fl =

3
1 -3d

6
1-9?

=> 3 = 4-36d‘
1- - 6>

1 1When a = - and d = then numbers are 6,3,2.
D 0

1 1When a = - and d = the numbers are 2,3,6. o
343EXAMPLE 10 The value of xyz is 55 or — according as the series 

a, x, y, z, b is an AP or HP. Find the values of a and b given that they 
are positive.-
SOLUTION If a, x, y, z, b to are in AP, then the common dif­
ference d of the AP is given by

b = a + 4d => d =
4

a + b-a
4

1  (3a + b)(a + b) (a + 3b) 
*yz ~ 32a3 b3

=> (aby = 7’

flb = 7

a = 1, b = 7 or a - 7,b = 1.

EXAMPLE 11 Iflog145, logp’-njS, log(y_6]/7)5 are in H.P., 
find the values ofx.
SOLUTION Since Iog14 5, log^y  n) 5, log^y  61/7^ 5 are in H.P. 
Therefore,

11 1
log]45 iogpJ-ujS log(3*_61/7)!

log5 14, log5 (3X -11), log5 3X - y I are in A.P. 
< )

r A1>
2log5(3X-11) = log5 14 + log5 3x-y 

\ > 
log5(3*-ll)2 = logjy-^lxu

(3X-11)2 = 14 3x-y 
< /

(3X-11)2 = (14.3X —122)

(y-ll)2 = (14y-122) where y = 3X

y2-36y + 243 = 0

(y-9)(y-27) = 0

y = 9,27

a+b-a 
2

4 k 7
b + 3a a + b a + 3b —;—x—r— x-—-—4 2 4

1 1 fl-b= - + D = - + —r = fl a 4flb

- are in A.P. 5

(x-1) (x-9) = 0

or, x = 1,9.
Hence, either fl = 1, b = 9 or, fl = 9, b = 1.

EXAMPLE 9 Three numbers form a HP. The sum of the numbers is 
11 and the sum of their reciprocals is 1. Find the numbers. 

 SOLUTION Let the numbers be ——- > - > —Then, fl-fl a a+d

1 „ a—b— — + 4D => D — ■■ a 4ab

- = - + 2D = i 
y fl a

1
z

When a, x, y, z, b are in HP. Then,

11111 . Anare m AP. 
fl x y z b

Let D be the common difference of this A.P. Then,

1
3

3 
l+3d
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=>
■(*)

[Disc = 0]

,2 [From (i)]

[From (i)]

(i)

=> a =

From (i), we get c =

/
= bd =} d =

SOLUTION Since a, b, c are in H.P. Therefore,

b
2

,..(ii)
,..(iii)

ab 
2u-b

in A.P., show that e =-------- r.
(2a-b?

SOLUTION It is given that:

SOLUTION Let the number be a, b, c. It is given that a, b, c are 
in HP. Therefore, 

, 2ac b =-a + c

a, b, c are in H.P. => b =
a + c

b, c, d are in G.P. => c2 = bd

c, d, e are in A.P. => 2d = c + e
It is evident that we ha ve to eliminate c and d from the above 

three relations.

= A (say) a + c v
=> b = 2X and ac = X (a + c)

It is also given that a2, b2, c2 are in A.P. Therefore,

2b2 = a2 + c2
“•.2 _ /_ . „\2 _

ab
2a-b'

Substituting this value of c in (ii), we get
"\2 a b

(2« ~b)2
ab

2a-b \ y
Substituting the values of c and d in (iii), we get

2^b ab ab2 e =-------------------= -----------
(2a-b)2 ^~b (2a-b)2

EXAMPLE 14 Three unequal numbers are in HP and their squares 
are in A.P. show that the numbers are in the ratio

l->/3 :-2:l + '/3 or 1 + :-2:1 -<3.

Clearly, a(b-c)x2 + b(c-a')xy + c(a-b)y2 is a 
perfect square, if

b2 (c - a)2 - 4ac (b - c) (a - b) = 0

=> [a (b - c) + c (a - b)]2 - 4ac (b - c) (a - b) = 0

•_-a(b-c) + b(c-a)
+ c (a - b) = 0

=> x = 2,3.
But, logs1.]] 5 and l°g3*_61/75 are defined, if

3X -11 > 0 and 3X - j > 0 i.e. if 3X -11 > 0.

Clearly, x = 2 does not satisfy this condition.
Hence, x = 3.

EXAMPLE 12 Prove that if a, b, c are distinct, the expression 
a (b - c) x2 + b (c - a) xy + c (a -tyy2 is a perfect square iff a, b, c are 
in H.P.
SOLUTION => 2bz = (a + c) -2ac

=> 2 (2X)2 = (a + c)2-2X(a + c)

=> (a + c)2-2X(a + c)-8X2 = 0
=> (a + c - 4X) (a + c + 2X) = 0
=> a + c = 4X or a + c = -2X

If a + c = 4X, then
ac = 4X2

(a - c)2 = (a + c)2 - 4ac = 16X2 - 16X2 = 0 

=> a = c.
But, a, b, c are distinct numbers. Therefore, a + c = 4X is not 

true.
a+c = -2k

ac = - 2X2
Now,
(a - c)2 = (a + c)2 - 4ac

=> (a-c)2 = 4X2 + 8X2
=> a-c = ±2V3~X

If a-c = 2>/3X, then
a + c = -2X and a-c = 2^3X

0/3-l)Aand c = -(<+l)X
If a - c = - 2Vy X, then 
a + c = - 2X and a - c = - 2V3X 

a = -(1 + V3)X and c = (-1 + <)X 
Thus,
a : b: c = (V3-1)X:2X:-(<T+1)X

= V3-l):2:-(^+l)
= 1-a/3 :-2:l + <T 

or, a:b:c = -(1+V3)X:2X: (-1+>/3)X 
= l + >/3 :-2:l->/3.

EXAMPLE 15 If a, b, c are in HP and a > c. show that

1 1 47— +--- r >------ .b-c a-o a-c

=> [a (b - c) - c (a - b)]2 = 0
=> a (b - c) - c (a - b) = 0
=> ab-ac-ac + bc = 0
=> b(a + c) = 2ac

, 2ac=> b =

=> a, b, c are in H.P.
EXAMPLE 13 If a, b, c are in HP. b, c, d are in G.P. and c, d, e are 

ab2



PROGRESSIONS

1 fl1 1 1=>
c

=>

2c=>

+

=>

=»

=>

=> =>

=>

(i)

...(ii)a, p, y are in HP => P =

=>

a + c-2b =
(iii)

=> a+c-2b[Using (i) and (ii)]=>

log (a + c - 2b) = log=>

=>
=>

EXAMPLE 18 If------ ==>

+ 1-=>

0=>
7 \

63

c 
1/a

a-b 
ab

b-c 
be

a-x 
px

a-]

= 1 
a

ac

SOLUTION It is given that

a, b, c are in AP => 2b = a + c 

2ay 
a + y

4ac 
ac (a - c)

2(c4-a) 
b (a - c)

4ac 
b\a - c)

2a 
b (a-c)

a2 4- y2 4- 2ay 
ay

a y _ + _L
Y a

c
\ 7
"a 
c

log (fl 4- c- 2b) = 2 log (fl - c) - log (fl + c) 

log (fl + c) + log (a + c - 2b) = 2 log (fl - c).

1 1 1 . A n ~' - • - are in A.P. a b c

a, b, c are in HP 
. 2ac 
b =-----a + c

v b is the HM of a and c, 
fac is the GM of a and c 
and GM>HM

\2
■ = ac ay

- + - = 
c a

a — z
= and p, q, r be in A.P., then

= X(say)

. 1 and 7-----=b-c

. 4ac
a + c-2b = fl + c-------a + c

, . „\2 ■

(a-c)2 
a + c

fl2 4- C2 4- 2flC 

ac

(a + c) - 4ac 
a + c

= (a - c)2
a + c

of

Y

,,fl-X fl-i 
EXAMPLE 18 If------ = -----J px qy 
prove that x, y, z are in H.P. 
SOLUTION We have,

■ , then 
a

1
7 + 7 =b-c a-b

1
L + 7 =b-c a-b

1  __ 
fl - b b (fl - c)

J-+J_
a-b b-c

~-+A;> b-c a-b

b 2 c a\ 7
1 ffl-c']
2

a a= — or -
Y c

if « = r 
c c

fl => — 
c

and, aa, bp, cy are in GP 

=> (bp)2 = (aa) (cy) 

=> f^p2 = fleay

( \2 (a + c
2

r2ay

J ta + Y,
(fl + C)2 _ (OC4-Y)2 

ac ay

,2

/ \
~ + ^- - = 0 [Multiplying both sides by fl/c]

7
.A a _ 

c a
7

1 
b a

aa = cy

Putting cy = fla in (iii), we get

^p2 = fl2a2

=> bp = aa

aa = bp = cy
This contradicts the hypothesis thataa, bp, cy are in GP with 

common ratio not equal to one.
a a- = — => fly = ca 
c y

Putting ay = ca in (iii), we get

b2p2 = ^a2

bp = ca 
b c

1/P " 1/a

a a aAlso, - = — => —— =
c Y 1/Y

a_____ b_____ c_
1/Y " 1/P " 1/a 

u 1 1 1=> a : b: c = - : p : —.Y P a
EXAMPLE 17 If a, b, c are in HP, prove that

log (fl 4-c) 4-log (fl 4-c - 2b) = 2 log (fl-c)

SOLUTION Since fl, b, c are in H.P. Therefore, 

, 2ac 
b =-

a + c

2c 2a 
b (a-c) + b (a- c)

1 1 4
7 4------ 7 > ------b-c a-b a-c

EXAMPLE 16 If a, b, c, a, P, y are six positive real numbers such that 
a, b, c are in A.P., a, P, y are in HP, and a aj, bp1, cyare in GP. with 
common ratio not equal to 1, then prove that

1 1 1
a;b:c = .Q . .Y P Y

a
1/Y

1
b-c

1
a -b

1
a-b

1
a-b
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=> D = —=>

=>i 1

=>
=>

=>
=> = and H2 =

'1

HIT 2002]

Hence,
...(i)

—> - are in A.P.

...(ii)
(i)

(ii)and,

Now,
(iii) .2

[From (i) and (iii)]Now,

and, [From (ii)]

=>

[Using (i)]

ab 
a + b

a + b 
ab

'a + c
2

ab 
a + b

 (2a + b) (fl + 2b) 
9ab

=

Now, p, q, rare in A.P.

2fl2? 
a2+ c2

a + 2b 
3flb

a-x

i i fi 
= ~a+~3 b

- 2fl_i 
a + 3 b a

\

b2 =

,l/3b2/3
2/3

= (I

a-z
,r " Az

b = a r3 => r =

A] + A2 

H,+H

 1 f 1“ 3’[b

1 • 1

1

1

2b = fl + c 
2fl2? 

a2+ c2

A-j + A2 

h2+h2

n a 1 -land-.

2a + b
3flbandi=

2

•2

H1+H;

2b = fl + c and b2

and, G2 = ar2 = a

= a2/3b1/3

prove that either a = b = cor a, b,-~ form a G.P.

SOLUTION It is given that a, b, c are in A.P. and fl2, b2, c2 are in 
H.P.

HA
We know that the product of the terms equidistant from the 

beginning and the end in a G.P. is always same and is equal to 
the product of its first and last term.

It is given that a, G\, Gi, b are in G.P. Therefore,

Gj G2 — ab

G1G2

A] + A2

W
H1 + H.

G]G2 n]n2
Aj + A2 " + H2

Now, fl, Hp H2, b are in H.P.

1 1 1 1 . A n-/TT-'77*'7 are m A.P. •a H, b

Let D be the common difference of this A.P. Then,

h = " + 3Db a

^1^2  ab (a + 2b) (2a + b)  (fl + 2b) (2a + b)
H1H2 ” 9fl2b2 ” 9ab

Gj Gi  +^2  (2a + b)(a + 2b)
HxH2~ Hx + H2~ 9ab

EXAMPLE 20 If a, b, c are in A.P. and a2, b2, c2 are in H.P., then

 ’ [IIT2003]

G\G2 

^2

3flb ,.. 3flb —— and =   - a + 2b 2 2a + b
Let r be the common ratio of the G.P. fl, Glz G2, b. Then, 

z.xl/3 b
I a I

z.xl/3
G1 = ar = a -

1 a\ J
- fb

a

a-x a-y a-z-7— > -7—L' —— are in A.P.Kx Ay Az

- - 1' - -1' ~ -1 are in A.P.x y z
a fl fl . „-' -' - are in A.P.x y z
111 -An- • - > - are in A.P.x y z

=> x, y, z are in HP.
EXAMPLE 19 Let a, b, c be positive real numbers. If a, Ap A2, b are 
in A.P., r-P G2, b are in G.P. and a, Hv H2, b are in H.P., show 
that

G\G2

H|H2 ri 1 t n2

SOLUTION Since, a, A p A2, b are in A.P. and we know that in 
an A.P. the sum of the terms equidistant from the beginning 
and end is always same and is equal to the sum of first and last 
term.

a + b = Aj + A2

Since, a, Hi, H2, b are in H.P. Therefore,

1111 AD

1111
=* ^tr2^+b

2??
a2 + c2

=> (a + c)2 (a2 + c2) = 8a2c2

=4 (a2 + c2 + 2ac) (a2 + c2) = 8a2c2
=> (a2 + c2)2 + 2 ac (a2 + c2) = 8a2c2
=> (a2 + c2)2 + 2ac (a2 + c2) + fl2<? = 9a2c2
=> (a2 + c2 + ac)2 = 9a2c2
=> a2 + c2+ac = ±3ac

a2+ C2 = -4ac or a2+ C2 = 2ac
Now, a2 + c2 = -4ac

a2 + c2 + 2ac = -2ac
=> (a + c)2 = - 2ac
=> 4b2 = -2ac

r
/

= ± + Dand-^- = - + 2D 
fl H2 a

1
a
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[ Using (i)]

EXERCISE 21.5

,n (i) a, c, e are in G.P. (ii) e =then prove that x, y, z are in H.P.

D =

Let D be the common difference of this A.P. Then,

1
=>

=> H = r=$

by

a2 + c2’ = lac
\2 _ A

a-b 
(n +1) ab

| a | < 1, | b | < 1 and | c | < 1. If x =

On putting the value of D, we can obtain the values of

HARMONIC MEAN OF TWO GIVEN NUMBERS

If a and b are two non-zero numbers, then the harmonic 
mean of a and b is a number H such that the sequence a, H, b 
is a HP.

Now, a, H, b is a HP
| = (n + 2)th term 11.- / — / - is an AP 

a H b

9. If a, b, c are in GP and b - c, c - a, a - b are in HP, then prove 
that a + b + c = - 3ylac.
10. If m, n,p are three numbers in G.P. Prove that the first term 
of an A.P. whose mth, nth and rth terms are in HP is to the 
common difference as (n + 1): 1.
11. First two terms of an A.P. as well as a HP are a and b. If x 
be any term of the A.P. and y the corresponding term of HP, 

then prove that ——- -
y~a y

12. An AP and a HP have the first term, the same last term, 
. and the same number of terms, prove that the product of the
rth term from the beginning in one series and the rth term from 
the end of the other is independent of r.

2 11 u lab
H a b a+b
Thus, the harmonic mean H between two numbers a and b is given

7. First three of the four numbers are in A.P. and the last three 
are in HP, prove that the four numbers are proportional.

[Hint: Prove that: First x Fourth = Second x Third]

8. If a, b, c, d, e are five numbers such that a, b, c are in A.P., 
b, c, d are in G.P. and c, d, e are in HP, prove that

(2b-a)2
a

11 - An—' 7 are in AP. H„ b

Now, a, H2, Hn, b are in HP.

21.16 INSERTION OF HARMONIC MEANS BETWEEN 
TWO GIVEN NUMBERS

Let a, b be two given numbers. If n numbers H2, are 
inserted between a and b such that the sequence 
fl,Hp H2, Hn, b is an HP, then Hv H2,Hn are called n
harmonic means between a and b.

=> (fl-c) = 0
=> a = c

a = b = c

Also, ~ = - + D,-^- = - + 2D..... -^- = - + nD.
H] a H2 a Hn a

00 

and, z = y c", 
H = 0

3. If a, b, c are respectively the pth, qth rth terms of a H.P., 
prove that

be (q-r) + ca (r - p) + ab (p - q) = 0

4. If pth and ryth terms of a HP are qr and irrespectively, then 
prove that its rth term is pq.
5. If pth term of a HP is q and qth term is p, then prove that 
(p + q)t!l term is

p + q
6. A G.P. and H.P. have the same pth, qth and rth terms as 
fl, b, c respectively. Show that

a (b - c) log a + b (c - a) log b + c (a - b) log c = 0

1,_1_ _L 
a'H2' ’

1 1/ ,V r> a-b=> 7 = ~ + (n + l)D=>D = -----7—7b a ' (n + l)«b
Thus, if n harmonic means are inserted between two given 

numbers a and b, then the common difference of the cor­
responding AP is given by

_ a2 ac

=* a, b,-c/2 are in G.P. 
and,

1. If x, y, z are in G.P. and x - y, z - x and y - z are in H.P., 
then prove that x + 4y + z = 0.
2. Let a, b, c be three distinct real numbers in A.P. such that

00 00

Z y = Zb'’ 
n = 0 11 = 0
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1

=>

3x3-3Ax2

PROOF We have,
A-G = >0=>

=> A>G ...(i) A =

=> G-H = fab

=>

=> G>H •■•(ii)

ILLUSTRATIVE EXAMPLES

=> G = 4A

6A = 27

=> A = ~

=>

1
H

i

I

[Given] 

{-.• G2 = 4Z] I

fl + fe + c
3

+ ^x-G3 = 0 
n

1 1.1 — + 7 + ~ a b c
3

... A = and G = ^ab

PROPERTY IV If A, G, H are arithmetic, geometric and harmonic 
means between three given numbers a, b and c, then the equation 
having a, b, c as its roots is

From (i) and (ii), we get
A>G>H.

Note that the equality holds only when a = b.
PROPERTY II A, G, Hform a GP i.e, G2 = AH

PROOF We have,
... a + b 2abAH = —r- x---- -2 a + b

=> AH = ab = (fab)2 = G2.

Hence, G2 = AH.
PROPERTY III The equation having a and b as its roots is 

x^-lAx + G2 = 0
PROOF The equation having a and b as its roots is 

x2 - (a + b) x + ab = 0

EXAMPLE 1 The A.M. and H.M. between two numbers are 27 and 
12 respectively, then find their G.M.
SOLUTION Let A, G and H denote respectively the A.M., G.M. 
and H.M. between the two numbers. Then,

A = 27 and H = 12
Since A, G, H are in G.P. Therefore,

G2 = AH => G2 = 27x12 =» G = 18.

EXAMPLE 2 The harmonic mean between two numbers is 4, their 
A.M. A and G.M. G satisfy the relation 2A + G2 = 27. Find the two 
numbers.
SOLUTION Let a and b be the two numbers and let. H be the 
harmonic mean between them

But, 2A + G2 = 27

x2-2Ax + G2 = 0

a + b

If fl], fl2/«3, ••■/ are n non-zero numbers, then the harmonic 
mean H of these numbers is given by

1 1
a2

n

, 3G3
=> a + b + c = 3A, abc = G and -77- = ab + be + ca H

The equation having a, b, c as its roots is

x3 - (a + b + c) x2 + (ab + be + ca) x - abc = 0

?-3Z? + ^x-G3 = 0 
H

Then, H = 4. (given).
Since A, G, H are in G.P. Therefore,

G2 = AH
-2 _ A A

21.17 PROPERTIES OF ARITHMETIC, GEOMETRIC 
AND HARMONIC MEANS BETWEEN TWO GIVEN 
NUMBERS

Let A, G and H be arithmetic, geometric and harmonic means 
of two positive numbers a and b. Then,

A=^-~,G = fab and H = -~ 
2 a + b

These three means possess the following properties:
PROPERTY I A>G>H

PROOF We have,

A = G = fab and H = ^r 
2 a + b

(-fa - VT)2
2

andl ='G = (flbc)1/3

G-H = a + b
fl + b-2 VflPi

a + b I

g-h = —A'S-^)2>0a + b

. 9
" 2
a + b 9
2'2

=> a + b = 9
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(i)
We know that:

[Using (i)]=>

AM>HM
...(ii)

...(i)

But, AM of b and d is . Therefore,
[Using (ii)]=>

•••(ii)

GM > HM

(iii)rac > b=>

Again, AM > GM

=>

(iii) [Using (iii)]

(iv)

Hence, in all the cases, we have

(iv)

(v)We know that

y - x, 2 (y - fl), y - 2 are in HP

fl" + c"
2

fl" + c"
2

EXAMPLE 5 If 2 (y - a) is the harmonic mean of y-x and y - z, 
show that x-a,y-a andz-aare in G.P.
SOLUTION Since, 2 (y - fl) is the HM of y - x and y - z. There­
fore,

> ^77

> V77

Jac Jbd >bc

=> an + cn>2lf

(iii) From (i), we get yy^>b

=> fl" + c" > 2b"
CASE III When a, b, c are in H.P.

[fa, b, c are in H.P., then b is the HM of fl and c. But the G.M. 
of fl and c is Jac.

Now, G2 = 4A and A =
2

fl + c But, the arithmetic mean of fl and c is —y-

> bn

> bn

>bn

> (flf)"/2

> bn

\n a + c
2 7

an + (*
2

an + <* > 2bn

«" + c"
2

a" + c"
2

a" + c" 
2

EXAMPLE 4 Let a, b, c be distinct positive real numbers and nbea 
natural number. If a, b, c are either in A.P. or in G.P. or in H.P., then 
prove that •

an + c"
2

AM>HM => ^>c
2

=> b + d>2c
From (i) and (ii), we get 

a+c+b+d > 2b + 2c 
=> a + d > b + c

(ii) fl, b, c, d are in HP
=> fl, b, c are in HP
=> b is HM of fl and c

But, geometric mean of a and c is Jac. 
GM>HM

=> Jac > b
Similarly, a, c, d are in HP

=> Jbd>c
From (iii) and (iv), we get

abcd>b2(? => ad > be a" + c" > 2b".

fl" + c" > 2b".
SOLUTION Case I When a,b, care in A.P.

If a, b, c are in A.P., then
a + c = 2b

=> G2 = 18
=> ab = 18.

The quadratic equation having a, b as its roots is
x2-(fl + b)x + flb = 0

or, x2 - 9x +18 = 0

=> x — 3,6.
Hence, the two numbers are 3 and 6.

EXAMPLE 3 If a, b, c, d are in HP, prove that
(i) a + d > b + c (ii) ad > be, and (iii) fl" + c” > 2b". 
SOLUTION a,b ,c ,d are in HP
=> a, b, c are in HP
=> b is the harmonic mean of a and c. => an + cn>2bn

CASE II When a, b, c are in in G.P.
If a, b, c are in G.P., then 
b2 = fle

We know that:
A.M. > G.M.

n i a +c
2 >

From (iv) and (v), we get

fl + C
2

\ 7

0 + C L=> -y->b => a + c>2b

Similarly,
b, c, d are in HP =$ c is HM of b and d.

b + d
2

a" + c" 
=>—
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Hn are n harmonic means between=>

=>

D ==>

and 77- = - + nD=>

and 77- = - +=>

and 77- ==>

=>
and 77- =

and -r1

= 2n.=>
77-' - are in A.P. with common difference

D =

= ^ + iD ; i = 1,2,3, 9 [IIT1991JP-

...(i) A p A2,

(i)
A,- = 2 + id;i = 1,2, 9

(ii) Then, -' —

D =

=>

■(ii)=> q =

1
2

1
10

1
60

Applying componendo 
and dividendo

1 
q
1 
q

±
60

1 =
<7 "

= 5 fori = 1,2,..., 9.

EXAMPLE 7 If Hp H2,..., Hn be n harmonic means between a and 
b, show that

nb + b 
nb + a

nb + b 
nb + a

nb + a 
(n + l)ab

nb + a 
(n + l)flb

na + b 
(n + l)ab

na + b
na + a

n(a-b) 
(n +1) ab

1 1
y-z 2(y-«)

2na + a + b 
a-b

a-b 
(n +1) ab

2nb + a + b 
b-a

a-b 
(n +1) ab

1
H]

Hj+a

-a

+ H-b

1 a~b 
~ a + (n + Y)ab

(n +1) ab 
nb + a

— ' 7 are in A.P. with common difference 
b

1 = - + 
a

1
Hl

Hl 
a

a

1
H!

., Hn be n harmonic means between a and b.
1 1■' —' 7 is an A.P. with common difference 

b

= - + D a

Hi+a

-a

=> A = 2 + ^

From (i) and (ii), we have A,- + 77 = 3-777 + 2 + 7-
Hi 10 10

bfn  na + a 
b na + b

— = 3- —
Hi 10

na + b
=> p =----- 7-r n + 1

Let Hi,H2l..
1 1 1— /-------f —f

■a Hj H2

SOLUTION Since HpHj, 
a and b. Therefore,

1, J_, J_z.
a ' ' H2 r

a-b
(n +1) ab

= - + D
a

H„ + &
+ H„-b = 2”

, 3-2
d = 9Tl

1
H,-

1

Let Ai,A2,... Ag be 9 A.M.'s between 2 and 3. Then, 
■- 2, Aj, A2,..., Ag, 3 are in A.P. with common difference

H„ + b

[Applying componendo and dividendo}

2nb + a + b 2na + a + b 
b-a a-b

Hi+a 
Hi-a

EXAMPLE 8 If p be the first of n arithmetic means between two 
numbers and q be the first ofn harmonic means between the same two 
numbers, prove that the value of q cannot be between p and 

fn + lf 
n-1

SOLUTION
A„ be n arithmetic means between a and b. Then, 

b
a, Au A„ ...., A„, b is an AP with common difference d - —77.1 2 " n +1

. j b - a
p = A, = a + d = a +------
r 1 n + 1

1
H,

b

1
b

1
a

1
a

Let the two positive numbers be aandb. Let

71

1
h9

1
H„

1
H„

1

1 1 1 • A „------> —--------'-------are in A.P. 
y-x 2(y-n) y-z

1 1
2(y-«) y-x

y-x- 2y + 2a  2y-2a-y + z
2(y-«)(y-x) “ (y-z)2(y-a)

2n-x- 1/  y + z-2n 
y-x " y-z

(i/-n) + (x-n) = (y-fl) + (z-fl)
(x-n)-(y-fl) (y-n)-(z-fl)

2(x-n) = 2(i/-a)
2(y-fl) 2(z-o)

(y-n)2 = (x-n)(z-«)

x - fl, y - a, z - a are in G.P.

EXAMPLE 6 If 9 harmonic means be inserted between 2 and 3, prove 

that A + ~ = 5, where A is any of the A.M.'s and H the corresponding

H.M.
SOLUTION Let Hv H2,..., Hg be 9 harmonic means between 2 
and 3. Then,

2,Hi,H2, ...,^9,3 are in HP.

Ill 11
” 2' ' H2 '"" Hg 3

2-3
(9 + l)x2x3

1 ._ .
2
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=>

(ii)=>

=>

=>

=>

, which is independent of n and r.
W +

= ab for 1 < r < n

(q-pYq- p > 0
Ar = a +rd = a + r

q < porq > p>p
and,

Hence q cannot lie between p and

I =>

=* H,

Ar 'Hn-r+l X=>

=> X =

(i)=>

and,

, G = V25n" and H =A =

25 + (p-l)xl = ...(i)n = 2p + 23=>

x 
a

Let A, G, H be the pth, qth and rth terms of the given 
sequence. Then,

na + r (b - a) - b+ 2a 
(n + 1) a

na + r(b-a)-b + 2a 
n + 1

XrH,

SOLUTION Proceeding as in Example 8, we get

(n + l)a + r(b-a) 
n +1

(n 4-1) ab
(n + l)a-r(a-b)

(n + l)a + r(b-a) 
n + 1

(n + l)b + (n-r + l)(a-b) 
(n+l)ab

50 n
25 + n

a-b
' (n +1) ab

(n +1) b + (r -1) (fl - b) 
(n +1) flb

n + 1
n-17

n + 1
n-1 7

1 »
Hn-r +

25 + n
2

a-b 
(n +1) flb

b-a'
n + 1 7

\2
p2 > 0

\2

■ P-

\2

■ P

2 
'n + P 
n-1 \ 7

na + r (b - a) - b + 2a + nb + r (a - b) - a + 2b 
(n +1) fl

n (a + b) + (a 4- b)
(n 4-1) a

 (n 4-1) (fl 4- b)
(n 4-1) fl

 a + ^ 
a

EXAMPLE 10 If Ap Ap 
a and b and Hp H2> ■■ 
show that'n + 1

n-1 \ • 7

2 
Sl + P 
n-1 \ 7

__ 1
H„_

(n 4- l)flb
(n 4-1) a 4- r (b - fl)

= flb for all r satisfying 1 < r < n.
EXAMPLE 11 If the AM, GM and HM of first and last term of the 
sequence 25,26,27,..., n-1, n are the terms of the sequence, find the 
value ofn.
SOLUTION Let A, G and H denote respectively the A.M, G.M. 
and H.M. of 25 and n. Then,

25 + n
2

\2
■ p2 > 0^-1 +

An are n arithmetic means between 
Hn are n harmonic means between a and b,

= - + (n-r+l)D 
a

= | + (n-r+l)

- = - + (r-l)D 
y fl

1 1 / iX- = - + (r-l)
y fl

1
y

2  nb + r (a - b) - a + 2b 
y (n + 1) ab

b  nb + r (a - b) - a + 2b 
y “ (n +1) a

From (i) and (ii), we get

« y

2 
n + P 
n-1 7

'n + 1
n-1 \ 7

i EXAMPLE 9 Between two quantities a and b are inserted n arith­
metic means and also n harmonic means. Ifx and y be the rth terms 
ofA.P. and H.P. respectively, then prove that

x b- + - is independent of r and n. a y r
SOLUTION Proceeding as in Example 8, we have

x = Ar_i = fl + (r-l)d

From (i), we get
b = (n +1) p - na

Putting the value of b in (ii), we get
q {n (n +1) p - n2 a + fl) = (n +1) a {(n +1) p - na]

n (n +1) a2 - ((n +1)2 p + (n2 -1) q] a + n (n +1) pq = 0

na - {(n +1) p + (n -1) q] a + npq = 0
Since a is real, therefore

|(n +1) p + (n - 1) q}2 - 4n2 pq > 0

(n +1)2 p2 + (n - I)2 q2 + 2 (n2 -1) pq - 4n2 pq > 0

=> (n + l)2p2 + (n-l)2i?2-2(n2 + l)pg > 0

■2 2(? + l)
(n-1)2

1  (n +1) fl - r (fl - b)
Hrt_r+1 " (n + 1) flb

x = fl + (r-l)-^
x ’ n + 1
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n =

(ii) > v3x=> n ~

and,

25 + (r-l)xl = => n =

+ Vn)> <x (1 + V2+V3 +n + x

(vi)

AM > GM

> («2c. b2a . c2 b)1/3

Now,

[-.-AM>GM]

example 13 Prove that:

for all x > 0 and

fll ~ a2 -

A.M. > G.M.

= a

1
2

for aline N
SOLUTION We know that:

a^ + lSa + cSb > 3abc

n x + nx + 2n

l+3x
2

Adding all these inequalities, we get

«(n +1)
2

1 + HX
2

(Sc + b2a + c2^
3

l + 2x
2

25 + (q -1) x 1 = <25? =>

[IH 2001]
SOLUTION Let a be the first term and r be the common roots 
of the G.P. alz a2, a$, Then,

ak = aS 1 for k = 1,2,3,

It is given that fl], fl2, <*3, are positive real numbers. There­
fore, a > 0 and r > 0.

Now, two cases are.
CASE I When r = 1

In this case, We have

lac c +—— 
a + c

2c- — a +c

lac a +-----a + c 
la-^ 

a + c

'a c-x-
c a

" An = ~^l+a2 + ’-+an)~a

9
2n + n x + nx 

frlx

■■■

EXAMPLE 14 If a, b, c are positive real numbers, prove that 
a b c „7+-+->3 b c a

SOLUTION We know that,

3
>1+^x2 = 4

la

=(M2 2k /
3^1^x2

r2 l+f2+<3+.... +fn< —

Hn.

=> 1 + V2+>/3 +... + <

a + b c+b 
la-b + 2c-b

q + 24
5

(q + 24)2 
25

50n . .. 25 (24-+-r)
25 + n 26 - r

Since pe N, therefore on putting p = 1,2,3... in (i), we get
n = 25,27,29,31 ...(iv)

Since n and q are positive integers. Therefore, we give those 
. values to q for which n given by (ii) is a positive integer. Clearly, 

such values of q are:
1,6,11,16,21,

.-. n = 25,36,49,64,81,100,.... ,..(v)
In (iii), we give those positive integral values to r which 

make n a positive integer. These values of r are:
1,21,25.

.-. n = 25,225,1225
From (iv), (v) and (vi), we get n = 1225.

EXAMPLE 12 If a, b,c are in HP, prove that 
a+b c+b 

7—r + —7 > 4. la - b lc-b
SOLUTION Since fl, b, c are in H.P. Therefore, 

, lac b =-----a + c

= an=a

a + 3c c + 3a
+ 2c

2 G a'
2 a + c

\ /

> Nnx

o- b c n
t + - + ~ > 3.b c a

EXAMPLE 15 Let flv a2, be positive real numbers in G.P. For 
each n, let An, Gn, Hn be respectively, the arithmetic mean, geometric 
mean and harmonic mean ofa^, a2,an. Find an expression for the 
geometric mean of G]ZG2, , Gn in terms of 
A p A2,An, Hp H2,...
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and, and,

(i)

  
[Using (i)]

=> H„ =n

,(ii)

a Gn. Then,

[Using (ii)]

EXERCISE 21.6

(i)

is the harmonic mean of3. For what value of n,

(i) (ii)

a and b ?

4. If H is the harmonic mean between a and b, then prove that

A
H

1 
n

1 
a

1 
n

1 fl 
n

1
a

_L
= (A02..M„.HIH2...H„)2"

5. If Ay A2; Gp G2; , H2 be two A.M.'s, G.M's and H.M.S
between two numbers a and b, then prove that:

I

1-r\ J 

lfl-^l 
n

1
Hn

Ai + A2
Hi+H2

Gi G2
HiH2

1 
= (<^a/A^...<VU"

1
Hn

n 

i-A r 
—v-7-

1-- 
r

l.| 1-r” | 
n

Also, AH - „ - n n n

Now, let G be the geometric mean of Gp G2, Gn. Then,

G = (G1G2G3....G„),/"

-1
- = a‘

a-A b-A ------ x-------  
a-H b-H

= Gn

1. If the A.M. of two numbers exceeds their G.M. by 15 and 
HM by 27, find the numbers.

2. If the A.M between two numbers exceeds their GM by 2
Q

and GM exceeds their HM by -, find the numbers.

q” + 1 + b” + 1

an + bn

1 
ar”"1

1 
ar”’1

 n + r
Hn nr +1

8. If A, G, H are the arithmetic, geometric and harmonic 
means of two positive real numbers a and b, and if A = kH,

= ^(a + ar+... + ar” !)

,2^-t

1-r” 
1-r

1 fl . 
------ + — — 
n ai

Z1 1
- + — + ...+ a ar

n-1
= ar~

r

1 ) 
ar”'1

7

1-r k 7

n (1 - r) ar” ~1

1-r”

1 1 1
al a2

n

CASEn When r * 1.
We have,

An = |(fli+«2 + -+«n)

•• H„ = a

(ii) Aj H2 = A2H1 = Gi G2 = ab

6. If Hy H2,..., Hn be n harmonic means between a and b and 
n is a root of the equation x2 (1 - ab) - x (a2 + b2) - (1 + ab) = 0, 
then prove that Hj - Hn = ab (a - b).

7. If n harmonic means Hy H2,..., Hn be inserted between 1 
and r, then prove that

H-a H-b

n(n-l)j 1 /2 
a"r 2

G„ = (a1a2....a„)1/2

= (a.ar... ar”-1)1/m

Thus,

= n(-].-r)ain 
n (1 - r) ‘ i _

Let G be the geometric mean of Gy G^

1
G = (Gi G2 ... Gn)n

1
a2
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9. 8,24,72,216,6482. 16,4 or 4,161. 120,30 3. n = -1

— □□□ —

+ n=>

+ n

+ n=>

2

=>

,2Hence,

•(*)

10. If a be the A.M. of b and c, b be the G.M. of c and a, then 
prove that c is the H.M. of a and b.

prove that A = kG . Find the ratio of a to b. For what value of 
k does this ratio exist ?
9. a, b, c are the first three terms of a geometric series. If the 
harmonic mean of a and b is 12 and that of b and c is 36, find 
the first five terms of the series.

ANSWERS

8. (2k-l)±2^k(k-l),k>l

Consider the identity

(x +1)4 -x4 = 4x3 4- 6X2 4- 4x 4-1

Putting x = 1,2,3,..., (n -1), n successively, we get 
24-l4 = 4.13 4-6.12 4-4.14-1 

34 - 24 = 4.23 4-6.22 4-4.24-1 

44 - 34 = 4.33 4-6.32 4-4.3 + 1

Consider the identity

(x + 1)3 —x3 = 3x2 + 3x + 1

Putting x = 1, 2,3,..., (n -1), n successively, we get: 

23-l3 = 3.12 + 3.1+1 

33 - 23 = 3.22 + 3.2 + l 

43-33 = 3.32 + 3.3 + l

 n (n +1) (2n +1)
6n

Sn = l2 + 22 + ...+n2 = Z k2 
k=l

3n (n +1) 
2

n (n +1)
2 n (n +1) (2n +1)

6

?z (n 4-1)
2

n
Hence, £ k = 14-24-34-... + n = 

k=i

11 SUM OF THE SQUARES OF FIRST n NATURAL NUMBERS

Consider the sequence of squares of the natural numbers, viz.
12 22,32,...+n2,(n + l)2z...

Let Sn denote the sum to n terms of this sequence, i.e.

f n

n

= £k2 = l2 + 22 + ... + n:
Jt=i

3 ^k2 = n3 4-3n2 4-3n-
k= 1 k 7

( n A , ,
q V i2 4- 3n 4- n _ n (n +1) (2n 4-1) 
d ~ " 2 " 2

k = l
\ 7

n

E*2 =
k = l

n
Sn — 14-24-34-... + n = Z k 

k = l

Clearly, it is an arithmetic series with first term a = 1, 
common difference d = 1 and last term / = n.

S,,"(! + „) = 
n 9 ' 7 2

=> ?!

21.18 SUM TO n TERMS OF SOME SPECIAL 
SEQUENCES

In this section, we shall discuss some applications of the sum 
to n terms of the sequences of natural numbers, their squares 
and cubes.
I SUM OF FIRST n NATURAL NUMBERS

Consider the sequence 1,2,3,..., n, of natural numbers. Let S„ 
denote the sum of its first n terms i.e.

n3-(n-l)3 = 3. (n -1)24-3. (n-1)4-1 

(n + l)3-n3 = 3. n2 4-3. n 4-1

Adding column wise, we obtain

( " "I
(n + l)3-l3 = 3 ^k2 +3 £k 

k=l 
\ 7

III SUM OF THE CUBES OF FIRST n NATURAL NUMBERS
Consider the sequence of cubes of the natural numbers, viz.
I3 23,33,...,n3,(?i4-l)3 ...

Let S„ denote the sum to n terms of this sequence i.e.
n

S = l34-234-334-... 4-M3 = Ek3
k=l

(n 4-1)3 -13 = 3. (I2 + 22 4-... 4- n2) 4- 3 (14- 2 4- 3 4-... 4- n)

4-(14-14-...4-1) 
n terms

k=l

4-3n24-3n = 3 ^k2 4-3 
k = l 

\ 7
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.4 ,3 ,2= n + 4zr + 6n + 4n - n (n +1) (2n +1) - 2n (n + 1) - n

.4 ,3 ,2= n +2rr + n

.2
=>

X
+ n

k = il*-1) J

+ 4 + n

ILLUSTRATIVE EXAMPLES

>2 2 ;2 .2terms of the series 2Z + 4Z + 6Z +...+(2n)'

= 4
I2 + 32 + 52 + ... to n terms

n

) x (nth term of 2,3,4,...) x (nth+ n

71 9
= r [4n + 6n + 2 - 6n - 6 + 3] 

0

n n
= E 4k2 = 4 Ek2 

k = l Jt=l

n
Lk3 =

Jt= 1

n
Ek3 =

Jt=l

n
= Lk(k + l)(k + 2) 

k = i

( " "1
4 Ik3 

<k=} >

n
^k4 = l4 + 24+...+n

Jt=l

( n
4 Ek3 1^ = 1 J

k = l

'n (n + if
2

'n (n +1) 
2

n(n + T) (2n +1)
6

n
= LTk 
k-l

EXAMPLE 2. Find the sum of the series 22 + 42 + 62 + ... + (2n)2 
SOLUTION Let Tn be the nth term of this series. Then, 
Tn = (2n)2 = 4n2

n
= E(4k2-4k + l) 

k=i

f "= 4 LI? -4 l*=I J

. +H3 =

= ?[2 (n + l)(2n + l)-6(n + l) + 3J 
o

EXAMPLE 1. Find the sum to n
l2 + 32 + 52 + ... to n terms.
SOLUTION Let Tn be the nth term of this series. Then,

T„ = [l + (n-l)x2]2 = (2n-l)2 = 4n2-4n + l.

2= .^n (n + l)(2n + l)

( n ) ( n ( n 
=>n4 + 4n3 + 6n2 + 4n = 4 . Ek3 + 6| Ek2 |+4| Ek

(k=l J

n terms of the series

n(n + l)'
2 /

fn (n +1) (2n 4-1)'
6

= |(4n2-l)

=>n4 + 4n3 + 6n2 + 4n

( n
= 4 Ek3 +6

= 1 >

n
= E Tk 
k=\

= n2(n +1)2

Let S„ denote the sum to n terms of the given series. Then, 
n

Sn = *Tk
k = l

n
Hence, Ek3 = l3 + 23 + .. 

Jt = l

rn (n +1)?
2

REMARK Proceeding on the same lines, we have
4  n(n + 1) (2n + 1) (3n2 + 3n -1)
' “ 30

n2 (n +1)2
4

Ek 
?=1 >

( n 1 
Ek + E 1 

?=1 > 
_4n(n + l)(2n + l) 

6

f " f 
E k 

?=1 >

n4-(n-l)4 = 4(n-l)3 + 6(n-l)2 + 4(n-l) + l

(n +1)4 - n4 = 4 . n3 + 6. n2 + 4. n +1

Adding column wise, we get
(n + 1)4 -14 = 4.(l3 + 23+...+n3) + 6(l2 + 22 + 32+... + n2)

+ 4(l + 2 + 3 + ... + n) + (l+l + ... + l)
n terms

EXAMPLE 3. Find the sum to
1.2.3+ 2.3.4+ 3.4.5 + ...
SOLUTION Let Tn the nth term of the given series. Then,
Tn = (nth term of the sequence formed by first digits in each 

term) x (nth term of the sequence of second digits in 
each term) x (nth term of the sequence of third digits 
in each term)

= (nth term of 1,2,3, 
term of 3,4,5,...)

= (1 + (n - 1) x 1) x (2 + (n -1) x 1) (3 + (n -1) x 1)
= n(n + l)(n+2)
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k = l

+ (2m +1) + 2

[m2 + m + 4n + 2 + 4) + 15= 9
)

terms of the series

+ 5n-3= 2

6

2

= j3n2 + 3n + 8M + 4 + 6)

,2

6

= [3 + (m-l)x 3] x [8 + (m-1) x3] 
t

m (m +1
2

M (M + 1
2

_ m (m +1) jn (n +1) 2
2 ' “ +*

n
Sn = * Tk 

k=l

n
= 2(l? + 2J? + k) 
k=l

n
= E (2k?-3k + 5) 

k = l

= E (? + 2k) 
k = 1

n
= X (A3 + 3k2 + 2Jt) 

Jt=i
( n

n (n +1)'
2

2
+ 2

m (m +1) (2m +1)
6

n (m + 1)
2

= (n (n + 1)
2 

\ j

M (M + 1
2

n n n
= 2E k?-3£ k + E 5 

k = l Jt=r k = l

_ n(n + l) J3nz + 11m +10
2

_ m(m + 1)(m + 2) (3m + 5)
12

EXAMPLE 5. Sum the series 3.8 + 6.11+ 9.14 +...ton terms.
SOLUTION Let Tn be the nth term of the given series. Then,

Tn = (nth term of 3,6,9,...) x (nfft term of 8,11,14,...)

n n n 
= Ek3 + 2Xk2 + Ek 
k=l k = i k = l

n n 
= E k2 + E 2k 

k = l k=l

h(m + 1)(2m + 1) + (2i + 22 + 23+ , +2B)
6

^=1

(m2 + 5m + 6)

m(m + 1) (2m+ 1) ] m (m +1)
6 + 2

+ 3 (2« + l) + lt

k 7
= |m(m + 1) [2m+ 1+5]

= 3m (m +1) (m + 3)
EXAMPLE 6 Find the sum of n terms of the series whose nth term is 

(0 2m2-3m+5 (ii) n2 + 2n '
SOLUTION (i) We have T„ = 2m2 - 3m + 5. Let S„ denote the sum 
of m terms of the series whose nth term is Tn. Then,

= .7 [2 (n + 1) (2m +1) -9 (m +1) + 30]
6

= 7[4m2 + 6m + 2-9m-9 + 30]
6

= 7 (4m2-3m + 23) 
6

(ii) We have Tn = m2 + 2”. Let Sn denote the sum of n terms 
of the series having Tn as its nth term. Then,

= m (m +1
4

= m (m +1
4

= m(m + 1)(m+2) (m+3)
4

EXAMPLE 4. Find the sum of n
1.22 + 2.32 + 3.42 + ...
SOLUTION Let Tn be the nth term of the given series. Then,
T„ = ' (nth term of the sequence formed by first digits in each 

term) x (nth term of the sequence formed by second 
digits in each term)

~ (nth term of 1,2,3,...) x (nth term of 22,32,42 ...)
= M (M + I)2 = M3 + 2M2 + M

Let Sn denote the sum to n terms of the given series. Then,
n

S„ = ^k 
k=l

n

k = l

f n( n
= | Ek3 | + 3 Ek2 +2| Ek

? = 1 >
i? 3m (m +1) (2m +1) 2m (m +1)

+ 6 + 2

= 3m (3m + 5) = 9m2 + 15m

Let S„ denote the sum to n terms of the given series. Then, 
n

S„ = S Tk
k = l 

n
= E (9^ +15k)

k=l
n n

= 9E ^ + 15 E k
k=l k=l

ZM (M + 1) (2m + 1/|
6 !
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+ 2

2

(n + l)‘

+ 12 3

2 3

+ n

I

SOLUTION We have,

,2

2LHS = l3 + 23 + ... + n3 =and,

1
4

1
4

EXAMPLE 9 If Sv S2, S3 are the sums offirst n natural numbers, 
their squares, their cubes respectively, show that

9S|=S3(1 + 8S1).

n

S3 = E = 
k = l

= (3n + 5) (n+-2) 
" (3n + l)(n + 2)

 3n + 5
" 3n + l‘

n (n +1)
2

~2 +n

n(n + l) 
2

n(n + l)(2n + l)
6 ‘

n
E (k3 4- 2k1 4- k) 

k = l
n
E (P + k2)

k = l

n(n + l) 
2

n (n +1) (2n 4-1)
6

n (n 4-1)
2

n

S2 = X = 12+ 22 + —+ n 
k = l

2
► 4-2

rt

Sj = k = l + 2 + ... + n = 
k=l

 n (n + 1) (2n 4-1
6

 n (n +1) (2n 4-1
6

EXAMPLE 7 Find the sum of the following series to n terms :
I3 l34-23 l3 4- 23 4- 33
1 + 1+3 + 1+3 + 5 +”’

SOLUTION Let T„ be the nth term of the given series. Then, 

l3 + 23 + 33 + ... + n3 
1+3+5+... + (2n-l)

2

3n2+lln + 10 
3n2 + 7n + 2

n(n + l) 
2

|(l + (2n-l))

n (n +1) [ n (n + 1) 2 (2n +1)
2 2 3

n (n +1) (n (n +1) (2n + 1) *
2 2 3

n (n +1) (2n +1)
+ 6

n (n +1)
+ 2

n2 (n + 1)2 n (n + 1) (2n + 1) n (n +1)
4 + 3 2
n2 (n +1)2 n (n +1) (2n +1)

4 6

1 x22 + 2x32 + ... + nx(n + l)2 3n+5
l2x2 + 22x3 + ... + n2x(n + l) 3n + l

SOLUTION Let T(1 and Tn' be the nth terms of the series in 
numerator and denominator of LHS.- Then,

Tn = nth term of the series : 1 x 22 + 2 x 32 +... + n x (n +1)2

n n n
E k? + 2£ l? + E k 

k=l k=l k=l
n n
E J? + E k2

k=l k=l

I2 1 2L = | (n2 + 2n +1)

3n2 + 3n + 8n + 4 + 6
______ 6______

3n2 + 3n+4n + 2
• 6

= ^(2n2 + 9n + 13) 

examples Show that

= n (n +1)2 = n3 + 2n2 + n

and,
Tlt' = nth term of the series: I2 x 2 + 22 x 3 +... + n2 x (n +1)

= n2(n + l)

= n + n
n
lTk 

k=l
n
ET/

k=l

r „ \
2n-l
2-1

+ 2(2"-l)

M 

s„ = S Tk 
k = l

H 1
= E 7(k2 + 2k + l) 
k=i 4

n n n
S ^ + 21k + E 1 

,k = l k=l k=l . 

n (n +1) (2n +1)
6

1
4 4

Let Sn denote the sum of n terms of the given series. Then,
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2

and, 
2

53(1 + 85,) = 1 + 8.

Let Sn be the sum to n terms of the given series. Then,

Using :S„ =

n n

Jc = l k -1

n

3 2 6 6 2

= n (n +1) (2n +1)
6

 n(n + l)
12

jn(n + l)
2

n

k = l

n
= •£ | (2p + 3k2 + Ar)

Jt= 1 °

n (n +1) (2n +1)
6

n (n +1)
2

n (n +1)
2

n(n + l) 
2

2
■ {4n2 + 4n +1}

SOLUTION Clearly, nth term of the given series is negative or 
positive according as n is even or odd respectively.
CASE I When n is even : In this case, the given series is

I2 — 22 + 32 — 42 + 52 — 62 + ... +(n-l)2-n2
= (1^- 22) + (32 - 42) + (52 - 62) +... + ((n -1)2 - n2)

2
5 6

10 11 12

1
3 4

7 8 9

1 = 1

+1 (n (n +1) (2n +1)^ * 1 (n (n + lf
' z z 2

k 7

( n '

4 ^4 s*24 
k = l 
\ 7

(n2 + 3n + 2)

Show that the sum of the numbers in nth row is n (2n2 +1).
SOLUTION Since the first row consists of 2 natural numbers, 
second row 4 natural numbers, third row 6 natural numbers 
and so on. So, the total number of natural numbers in nth row 
is 2n. Now,

Total number of natural numbers upto the end of nth row
= 2 + 4 + 6 +... + 2n
= 2(1+2 + ... + n)
= 2n (n +1)

2
= n (n +1).

/• Total number of natural numbers upto the end of
(n - l)th row

= (n-l)(n-l + l)
= n(n-l).

Let Sn denote the sum of first n natural numbers. Then, sum 
of the natural numbers in nth row
= Sum of the natural numbers upto the end of nth row

- Sum of the natural numbers upto the end of (n - l)th row
= (n +1) “ $n (n -1)

= Sm - Sp, where m = n (n +1), p = n (n -1).

m (m +1) p(p +1)
2 2

 n (n +1) )n (n +1) +1)  n (n -1) (n (n -1) +1}
2 2

= £{(n + l)(n2 + n + l)-(n-l)(n2-n + l)

Hence, 9S22 = S3 (1 + 8Sj).

EXAMPLE 10 Find the sum to n terms of the series:

l2 + (l2 + 22) + (l2 + 22 + 32) + ...

SOLUTION Let Tn be the nth term of the given series. Then,

= ^l»(n + l)(2n + l))2
□o

= |(„(n + l)(2n + l))2.

= | (4n2 + 2) = n(2n2 + l).

EXAMPLE 12 Sum to n terms the series

I2 1 2
L = A |n(n + l) (2n + l))2.

f " 'I4 s*3 -is ‘Ms*
Jt=l 

k /

Tn = l2 + 22 + 32 + ... + n2

= ^(n + l)2(n + 2).

l2-22 + 32-42 + 52-62 +...
1=1 

k /

= 1 fn (n + l)?
2k /

n(n + l)r ,= ~■ 7 [n (n +1) + (2n +1) +1]

= |(2n3 + 3n2 + n)
6

EXAMPLE 11 The sequence N of natural numbers is divided into 
classes as follows:

n2(n + l)2 (2n + l):
4

9 S22 = 9

( n
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22

X

•••(ii)

or,
V'1 J b ...(iii)a = 2

1

are natural numbers.and=>

2

32 2

■ 6

Required sum(n-l)(3n+2)

n (n + 1
24

n (n +1
24

m + ri)(m + n + l
2

m (m + 1
2

m (m + 1
2

m(m + l
2

1
2

is divisible by
b = (m + l) + (m + 2) + ... + (w + n)

_ n (n + 1) 3n2 + 3n - 4n - 2 
4

- 1 n (n + 1) j n (n +1) 2n + l 
”2

= 1 [»(» + !)
2

(m + n) (m + n +1)
" I 2

n
Z k2 

l*=1 .
.2

n

= £ (rJ + 12r2 + 32r) 
r = l

I

n

= ZTr 
r = l

n (n +1) (2n +1)
6

and, b = (m +1) + (nt + 2) +.... + (m + n)

= (1 + 2 +... + tn + (nt +1) + (nt + 2) + ...
+ (m + n)}-(l+2 + ... + m| 

OT (ffl +1)
2

EXAMPLE 13 Find the sunt of all possible products of the first n 
natural numbers taken two by two.
SOLUTION We have,

(x]+x2 + ...+xM)2 = (x? + x|+...+x$) + 2ZZx/x/-
1 < i < j < n

 (m + n)(m + n + l
2

From (i) and (ii), we get

(m + n) (m + n + 1) m (n/ + l)
2 + 2

m + n) (m + n + 1)

lxi l/=1 .

f ( n A
Z x; = 2 x2 + 2

J V = 1 >

i=l/=l J ZL 
'*/

.’. Required sum
' n ^2 ( 

Z k
*=1 >

(3n2-n-2)

Hence, b divides a.
EXAMPLE 15 Show that the sum of the first n terms of the series:

1.5.9.+ 2.6.10 + 3.7.11 +... is^ n (n +1)(n+8) (n + 9) 

SOLUTION Let Tr be the rth term of the given series. Then,

Tr = r(r + 4)(r + 8), r = 1,2,...

= ? + 12r2 + 32r

EXAMPLE 14 Show that the sum of the cubes of any number of 
consecutive integers is divisible by the sum of those integers.
SOLUTION Let tn + 1, m + 2, m + 3,..., m + n be n consecutive 
integers. Then, we have to show that

a = (m +1)3 + (tn + 2)3 + ... + (m + n)3

( n

n n .
=> X X xiXj = -

1 = 11 = 1 '

Since the product of any two consecutive natural numbers 
is even, therefore

(m + n) (m + n +1) and m (nt +1) are even natural numbers.
(m + n) (m + n + 1) nt(m + l)

2 an 2

(tn + n) (m + n +1) m(m + l). . . , .=> A------ -------------L + ——- is a natural number, say k.

Therefore, from (iii), we get
a = bk

Now,
a = (m + l)3 + (m + 2)3 + ...+(m + n)3

= [I3 + 23 + ... + m3 + (m +1)3 + (m + 2)3 +.... + (nt + n)3]
-[l3 + 23+... + m3]

+ {(n-2)-(n-l)| ((n-2) + (n-l))+n2

= -{1 + 2 + 3 + 4 + ...+(n-2) + (n-l)} + n2

  (n-1) (n-1+1) 2  n (n +1)
2 +« - 2 .

( n n
I EX,-X. 

i=l/=l J 

j 
n f 
Ex,- -1 = 1 J

= (1-2)(1+2)+ (3-4) (3+4) +(5-6) (5 + 6) + ...
+1(« -1) - (n)} (n -1 + n)

= -(l + 2 + 3 + 4 + ...+(n-l) + n)
n (n +1)

2 •
CASE II When n is odd: In this case, the given series is 

(I2-22) + (32 - 42) + ... + {(n - 2)2 - (n -1)2} + n2 

= (1 -2)(1 +2) + (3-4) (3 + 4) + ...
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+ 32

Tr = 1 + 2 + 3 + ... + r, r = 1,2,3..

* Tr r = 1,2,3...

in the expansion of

6 2

/ xn

J

= (n + l)

 n (n +1)
4

n (n +1)
= 2

= 1. n+2. (n-1)+ 3. (n-2) +... + (n-1). 2 + n.

n(n + l)(n + 2)
6

= n(n + l)(n + 2)
6

n
= X [(n + l)r-r2J 

r = l

Tr = r (n - r +1)

= (n + IJr-r2

/. Required sum 
n

r = l

n

= L Tr 
r = l

n
= | X r(r+l) 

r = l

2
. +12

n(n + l)(n + 2)
6

n(n + l) (n + 8) (n+9)
4

n (n + 1)
2

n (n +1)
2

n (n +1) (2n +1)
6

( n 1
= (n +1) £ r - £ r2 

r=l x

EXAMPLE 17 Find the sum of n terms of the series:

1 + (1 + 2) + (1+2 + 3) + (1+2 + 3 + 4) + ...
SOLUTION Let Tr be the rth term of the given series. Then,

 r(r + l)
2

Sum of the series

r = l 
X 7

n (n +1) n (n +1) (2n +1)
2 6

n n n

= X,3+12Z'2+32Er 
r=l r=l r=l

2
■ + 2 n (n +1) (2n +1) +16 n (n +1)

(n2 + 17n + 72)

Now,

(l + 2x + 3x2 + ..+ nx”-1)2

= (l+2x + 3x2+...+nxn-1)

x(nx”-1 + (n-l)x”_2+... + 2x+l)

Coefficient of x" “1 in (1 + 2x + 3X2 +... + nx” ~!)2

= ^(n + l)[n (n +1) + 8 (2n +1) + 64]

= | (n2(n + l)2 + 8n(M + l)(2n + l) + 64n(n + l)]

n
 1 y 2

2 ( r)
r= 1

( „ „ xn n

r=l r=l
X 7

= I (n + 1) (2n + l) n(n + l)
2 6 + 2

EXAMPLE 18 Sum to n terms:
l + 22 - 33 + 4 + 52 - 63 + 7 + 82 - 93+...

SOLUTION We have,
S = l+22 - 33 + 4 + 52 - 63 + 7 + 82 - 93 + ....
= (l + 4 + 7+...) + (22 + 52 + 82+...)-(33 + 63 + 93 + ....)
= $! + S2 - S3, where

Sj = 1+4 + 7+.’..,
52 = 22 + 52 + 82 + ...
and,
53 = 33 + 63 + 93 + ...

Clearly, the number of terms in Si, S2, S3 depend on the 
value of n. So, we have the following cases:
CASE I When n is a multiple of 3 i.e. n = 3m,me N: ‘

In this case, each of Si, S& S3 contains m terms:
Sx = 1 + 4 + 7 + ... to m terms z

= y [2xl + (m-l)x3]

EXAMPLE 16 Find the sum of the series

1. n + 2. (n -1) + 3. (n -2) + ... + (n -1). 2 + n . 1

and hence find the coefficient of x”-1 
(1 +2x + 3x^+... +nx”-1)2

SOLUTION Let Tr be the rth term of the given series. Then,
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[2 x 1 + (m +1 -1) x3]

[-.- n = 3m]

to m terms [•.• n = 3m + 1]
3

[See case I]

(n-1)

+ m
to m terms

2
+ 1

3

2
= 27

[See case II]

to (m +1) terms

A Sj = 1 + 4 + 7 +...+ to (m +1) terms

64

X
+ 1 (n-2 + 2)

/

27
4

+ 1 (n-l+2)
>

2_7[(n-f|
4

CASED When n = 3m +1, m G N.
In this case, Si will have m + l terms while others will have 

m terms each.

 m (3m -1)
2

n-l 
+ 3

CASE ID When n = 3m+ 2, me N:
In this case, Si and S2 will have (m +1) terms while S3 will 

have m terms.
Sx = 1+4 + 7 +.... to (m +1) terms

 (m + l) (3m+ 2)
2

_ 1 (n~2
2

X 

-1 _J+

m (m +1)
2

 m + l
2

 (m +1) (3m + 2)

= iT«-i
2
(n + 2)(n + l)

6

n-1
3

V2n-2
3

n t= -(n-l)

S2 = 22 + 52 + 82 + ...

"n n - + l
o

X n
2 +3

 n (n + 3) (2n - 3) n
18 + 3

S3 = 33 + 63 + 93 + .. . to m terms

'n-l
3
.2

a S = S| + S2 - S3

n (n -l) n (n + 3) (2n - 3) n  n2 (n + 3)2
6 + 18 3 12

S2 - 22 + 52 + 82 + ..to terms

and,
S3 = 33 + 63 + 9s +....

27 ■?= — (m (m + l))2

3

(n-l)2(n+2) 
12

S — Si + S2 — S3

= (n+2) (n + l) (n-l)(n+2) (2n-5)
6 + 18

(n-l)2 (n+2)2
12

m

= E (3r)3 
r=l

rm 1= 27 Jr3
r = 1

\ /
m (m + l)

2

3m (m + l) (2m-1) ----  + m2
n-l

3

m2 n n , 
- - + 1 ■ 313 J

_ h2 (» + 3)2 
12

+ 1
__ l_
2

(n-l) (n + 2) (2n-5) n-l
18 + 3

m
= £ [2 + (r-l)x3]2 

r = l
m

= S <3r-i)2 
r=l

m
= X (9^-6r + l) 

r=l
nt nt m

= 9 r + Z 1 
r=l r=l r=l

= 9 m (m +1) (2m +1)  6 x
6

 3m (m + 1) (2m - 1)
1 ~2 +m

F-i
3

3

_ +1) 
6

S2 = 22 + 52 + 82 + ....

m + l

r = l
m + l

= (9?-6r+l)
r = l

n
3 3
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fm + l A m + 1
= 8

r = l
2

= 8= 9 -6 + m + l 2

-3 + 3
7 X.

18 3 3

[See case II]

8
,2 n (n +1) (n +1) (n + 4) (2n -1) n +1 {(n +1) (n - 2) f

6 18 3 12

(i) = 8

-(m + 1)+ 6

(n +1) (n + 3) (n + 2)= 8 8

+ 3 n+1 
2

n
2

m

= H (8r3-12r2 + 6r-l) 
r = l

(m +1) (m + 2)
2

m (m +1) (2m +1)
6

n(n + 2) 
8

m (m +1)
2

(m + 1) (m + 2)
2

m (m +1) (2m +1)
6

2
> -12

m + 1

= s (2r-l)’
r = l

m

= Z (2r-l)3 
r = l

2
- -2

12 [nfn + 2^ 
6

'm + 1 A

= 9 Z 7 -6 £ r +S 1
r = l 

\ 7
\m +1) (m + 2) (2m + 3

6
3 (n + f| fn + 4') f2n + 5^
2 3 

7 X 7
 (n + 1) (n + 4) (2n + 5)  (n + 1) (n+4) + n + 1

S — Sj + S2 — S3

S = (I3 + 33 + 53 +...) + 3. (22 + 42 + 62 +...)

S = (l3 + 33 + 53 +...) +12 (l2 + 2s + 32 +....)

S = + 12 S2

2 
7

3 
X

m m m m

= 8£ 7-12 £ 7 + 6 % r-l 1
r=l r = l r = l r=]

(m + 1) (m + 2)
2

rn + f|
3 x

, 1 x O n (n+^

(n + l)+3- —
X >

EXAMPLE 19 Find the sum to n terms of the series:

l3 + 3.22 + 33 + 3.42 + 53 + 3.62 + ....

 w (m +1) (2m +1)
6

 n(n + 2) (n + 1)
24

S = S1 + 12S2

.^t2f.g(n+l)(n+2j+|H(wt2)

n n (n + l)(n + 2) 
-2 + 2

 (n + 1)(n+4)(2n-l) n + 1
18 3

<n + 3>
I 2
^n + lVn+3^

2 
7 X

(n + l)(n + 2) (n + 3)
2

3, ,x, -x n + 1+ -(n + l)(n+3)-—

and,
S3 = 33 + 63 + 9s +... to m terms 

= j|m(m + l)|2

n2(n + 2)2 3 , n 
= -Vr + In(n + 2)"2

"n + ?
2

x

SOLUTION We have,

S = l3 + 3.22 + 33 + 3.42 + 53 + 3.62 + ...

{(n + 1) (n + 3)}2
8.

S2 = l2 + 22 + 32+... + m2

where Sj = l3 + 33 + 53 +

Now two cases arise:
CASE I Wehn n is even, say n = 2m me N: 

In this case, Sj and S2 both contain m terms.

/. Sj = l3 + 33 + 53 + ... + (2m-l)3

andS2 = l2 + 22 + 32 + ...

= ~ (n3 + 4n2 + 10n + 8) 
o

CASED When n is odd i.e. n = 2m +1.
In this case, Sj contains m + 1 terms and S2 contains m terms.
Therefore,

Sj = l3 + 33 + 53+... + (2m-+l)3

2 12
(m + 1)(m + 2)(2m+3) o

and,
S2 = l2 + 22 + ... + m2

 n2(n + 2)2 n(n + l)(n + 2)
8 2

"n+45
3 

7

{(n - 2) (n +1))2
12

r=l 
X 7

3 
X 7

. 6m (m +1)

n
22

7

n (n + 2)  n
4 "2
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.2

= 40

+ 438x + 283n

-, find the value of

6

i

I
,3

-16

21 2311 25 27

EXAMPLE 21 Find the sum to 2n terms of the series

53 + 4.63 + 73 + 4.83 + 93 + 4.103 + ...

3
13

7

17
9

19

SOLUTION We have,

53 + 4.63 + 73 + 4.83 + 93 + 4.103 +... to 2n terms

= (53 + 73 + 93 + ...n terms) + 4 (63 + 83 +103 + ...n terms)

1 (n + l)(n+2) (2n+3)
4

 (” + l)
8

n

m = l

n

m = l k

l + 2 + 3 + ... + m 
m

n (n +1) 
2

n (n + 1)
2

n(n-l)(2n-l)
6

n (n -1) (2n -1)
6

EXAMPLE 23 The sequence of odd positive integers ar’ written 
as under:

n

= y Z* m
m = l

Sm =

1
5

15

EXAMPLE 20 If Sm = 

S12 + S22 + ... + S„2. 
SOLUTION We have, 

1 + 2 + 3+ ... + m 
. m 

_ m(m + V) 
2m 

m + 1 
2

n(n -1) (n +1)
24

a S = Sj +12 S2

 (n + l)2 + (n+3;
8

n2 ■>
= ^[n(n-l)(2n-l) + 3(n2+l)] 

o

= | [22 + 32 + ... + (n + l)2J

= K« + l)(n + 2)(2n + 3)-6]

'n +1) (n + 2) (n + 3)
2

n +1 n (n -1) (n +1)
2 2

Find the sum of the numbers in the nth row.
SOLUTION We observe that the number of terms in 

first row is 1 
second row is 4 = T2 

third row is 9 = 32 

and so on.

n rt
= £ (2r + 3)3 + 4 X (2r + 4)3 

r=l r = l
n n

= £ (8r3 + 36r2 + 54r + 27) + 4 £ (8p + 48^ + 96r + 64) 
r=l r=l

n n n n

= 40 y ? + 228 £ ? + 438 X r + 283 £ 1
r=l r=l r=l r=l

+ n2

(n3 + 7n2 - 3n -1)

= n (10n3 + 96n2 + 343n+540).

EXAMPLE 22 The natural numbers are divided into groups 1; 2,3, 
4, 5; 6, 7, 8, 9, 10, 11,12, 13,14; and so on. Find the sum of the 
numbers in the nth group.
SOLUTION We observe that the first group has 1 number, 
second group has 22 = 4 numbers, third group has 32 = 9 num­
bers and so on. So, the number of numbers in nth group is n2.

The total number of numbers in the first (n -1) groups
n
y j2  n (» - 1) (2n - 1)

' r=l ’ 6

The nth group consists of n numbers starting with
"("-tK2”-1) + ! and ending with "("-VP”-!) + 

o
Sum of the numbers in the nth group

2

= ^(2n2 + 9n + 13)

ffl + 1
2

s12+s22+...+s„2

n2 3= (2n3 + n+3)
o

+ ^(n + l) (n + 3)-

= {(n + l)(n+3)2-4(n + 2)(n + 3)

+ 6 (n + 3) - 4 + 4n (n -1)} 2t2a>»fal)p»*l)
6
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= 1 +

2

The following examples will illustrate the above procedure.

ILLUSTRATIVE EXAMPLES

-(i)

7 = 3a + 2b+ c

13 = 9a + 3b + c

Terms are in A.P. with 
common difference 2

EXAMPLE 2 Sum the following series to n terms:

5 + 7 + 13 + 31+85 + ....

Putting n = 1,2,3, we get

5 = a + b + c

21.19 METHOD OF DIFFERENCES
Sometimes the nth term of a sequence or a series cannot be 
determined by the methods discussed in the earlier sections. In

= ”(” + 1)
2

...(ii)

„(iii)

...(iv)

_ (n-l)(n-l + l)
2

n (n +1)
2

n (n -1) (2n -1) 
6

n (n -1) (2n -1) 
6

SOLUTION The sequence of differences between successive 
terms is 2,6,18,54,... Clearly, it is a G.P. with common ratio 3. 
So, let the nth term Tn of the given series be

Solving these equations, we get 

a = l,b = 0,c = 4.

Putting the values of a, b, c in (i), we get 

>"-1+4, n = 1,2,3,....

CASE II When n is odd:
In this case, the given series is

(I2 - 22) + (32 - 42) +... + {(n - 2)2 - (n -1)2} + n2

= (1-2) (1+2) + (3-4) (3+ 4) +... + |(n-2)

T^^.31

-(n-l)}{(n-2) + (n-l)) + n2

= — (1 + 2 + 3 + 4 +... + (n — 2) + (n — 1)) + n2

+1 ■ + (n2 -1) x 2

T„ = ^

^ = 3'

Hence, sum of the series

= n2 + n2

+ n2

Tn = an3 + bn2 + cn+d.

” ! + bn + c

and find the values of constants a, b, c, d.
STEP TV If the differences of the differences computed in step I are in 

G.P. with common ratio r, then take

-1 + bn2'+cn+d

such cases, we use the following steps to find the nth term Tn 
of the given sequence.
STEP I Obtain the terms of the sequence and compute the differences 

between the successive terms of the given sequence. If these 
differences are in A.P, then take Tn = an2 + bn+c, where a, 
b, c are constants. Determine a,b,cby putting n = 1,2,3 
and putting the values ofl\, T2, T3.

STEPH If the successive differences computed in step I are in G.P. 
with common ratio r, then take Tn = ar +bn + c.

STEP HI If the differences of the differences computed in step I are in 
A.P., then take

n3 2= ^-(4n2 + 2)
0

So, the number of terms in nth row = n2
Total number of terms in first (n - 1) rows

= "£ = n(n-l)(2n-l)

r = l
First term of nth row

H"-1)/2"-1)* 1-11 + 2
I 6

_ n(n-l)(2n-l)
3

Sum of the terms in nth row
n?
2

EXAMPLE 1 Sum to n terms the series

l2 - 22 + 32 - 42 + 52 - 62 + ...
SOLUTION Clearly, nth term of the given series is negative or 
positive according as n is even or odd respectively.
CASE I When n is even:

In this case, the given series is

l2-22 + 32-42 + 52-62 + ... + (n-l)2-n2

= (I2 - 22) + (32 -42) + (52 - 62) +... + {(n -1)2 - n2} .

= (1 -2) (1 +2) + (3-4) (3 + 4) + (5 —6) (5 + 6)

+ ... + {(n — 1) — (n)) (n-l + n)

= -(1+2 + 3 + 4 +...+ (n-l) + n)
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+ n

+ 4)

—(i)+ 4n

+ 4n

1 1

...(■)

.2

and 27a + 16b + 4c + d = 31

Sum of the series

+ 2

= (n(n + l)(6n3 + 9n2 + n-l)

+ 15n2 (n + I)2 + 5n (n +1) 2n + 1)]

EXAMPLE 3 Find the nth term and the sum to n terms of the series:

2 + 5 + 12 + 31+86 + ....

3a + 4b + 2c + d = 5

9a + 9b + 3c + d = 12

1
4

1
4

n n

= £ + S r
r=l r=l

n

= Z Tr
r = 1

n

= Z3' 
r = l

n

= 2 T, 
r = l

n (n + 1)
2

EXAMPLE 4 Find the sum I2 + 32 + 62 +102 +152 +... to n terms. 
SOLUTION Consider the sequence 1,3,6,10,15,... We observe 
that the sequence of successive differences is 2,3,4,5,... Clearly, 
it is an A.P. Let Tn be the nth term of the sequence 1,3,6,10,15, 
.... Then,

n
4

r = 1

n

= S (3"> 
r = l

n

= S (3'-1 
r = l

y 4  n (n +1) (6n3 + 9n2 + n -1)
V " r " 30

r = 1

3" - f 
3-1 k /

3”-l
2

2
( n (n +1) (2n +1)

6

Tn = 3'

= | [3” + 8n-l].

Solving these equations, we get 
a = l, b = 0, c = l,d = 0

Putting the values of a, b, c, d in (i), we get

l"-1 + n

Tn = an2 + bn +c

Putting n = 1,2,3, we get
a + b + c= 1

4a + 2b + c = 3
9a + 3b + c = 6

SOLUTION The sequence of differences between successive 
terms is 3, 7, 19, 55, The sequence of the second order 
differences is 4,12,36,... Clearly, it is a G.P. with common ratio 
3.

So, let the nth term Tn of the given series be

Tn = a. 3” ~1 + bn2 + cn + d

Putting n = 1,2,3,4, we get

a + b + c + d = 2

Hence, 
Sum of the series

t,2
r=l

n
1 V
4 v 

r= 1
n

= 7 X (r4 + 2P + ?)
r=l

n n n
2 r4 + 2X ? + £ ? 
r=l r=l r=l

n (n +1) (6n3 + 9n2 + n -1)
30

3-1\ /
= i[3" + 2n-l]

Solving these equations, we get a = -, b = -, c = 0

Tn = +

Thus, nth term of the series l2 + 32 + 62 +102 +152 +... is

1/2. J2 (n2 + n)2
= 2(" +n) =4^1 / .2

2
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( 1-, r = 1,2, n

+ ...

a

= 1-

SOLUTION Let Tr be the rth term of the given series. Then,

r = 1,2,3... n

f 1 [Using partical fractions]

= A J4r2 + 1
16

f 1 11 1

7k

1-

1
2

1
2

1
1

1
4

1
4

1 
a

1
+ 4r2-l

1= ---
16

1)
3

n 
k

Required sum

n 

'V' 
T = 1

n 

r = l

i r i
a ar + b 

k

1 
2r + l

1 
2n + l

n (4n + 6n + 5) n
= 48 16(2n + l)

SOLUTION Let Tr be the rth term of the given series. Then,

1 
(ar + b)(ar + a + b)

1
(ar + b) (ar + a + b)'

1
2r-l

1 )
2r + l 7

r4 
(2r-l) (2r +1)

r4
~ 4^-1

n
n + 1

/

EXAMPLE 6 Find the sum to n terms of the series:

1 1 1
1.3 + 3.5 + 5.7

34l4

7

fl fl 
+ 2 3

k 7

Required sum of the sereis 

n

r= 1

~ n4
l'3 + 3.5 + 5.7 + "’ + (2n-l)(2n + l)

 n (4n2 + 6n + 5) +

J_ ___
“ 16- 4T2-!

Ji-1'1 
3 4 k 7

1 ' 
ar + a + b

7

fl

24

16r4-1 +1 
4r2-l

n
= 1 V

2

n

n
EXAMPLE 7 Find the sum: J

r = 1

i r_i i
a + b (n + l)a + b

________ n_______
~ (a + b) {(n + l)a + b]

EXAMPLE 8 Show that:

n
' 2n + l'

1___ '
ar + b ar + a + b 

r=l k 7

.± +___ 1-----
16 16 (2r-l)(2r + l)

1 1 ___ -
16 + 32 2r-l ~2r + l

16r4

4- 
k 7

= (6n3 + 9n2 + n-l + 15n(n + l) +5(2n + l)J

n (n +1) (n + 2) (3n2 + 6n +1) 
60

EXAMPLE 5 Find the sum to n terms of the series:

J_+_2_+J_+...+_1—
1.2 2.3 3.4 n.(n + l)

SOLUTION Let Tr be the rth term of the given series. Then,

1 
r(r + l) 
1_ 1 
r r + 1

Required sum 
n

= Z Tr . 
r = l .

f 11
+ |2a + b 3a + b

f 1 1 Y
+ na + b (n + l)« + b

k '

T =---------—----- ,r (2r-l)(2r + l)'

1
2 [2r-l k

11" 
a + b 2a + b . 7

3 5 5 7 2n-l 2n + l

n
SOLUTION

r=l

n / \= y f1- r r + 1r = l k

n + 1



21.85

,2

[See Ex. 6]

EXAMPLE 9 If

(1

21and, Hn' =

2

n 1

-n

+ (n +1) => T,

/

+ Hn - (n +1) - - (n +1) + n +1 n-l

r = l

n

(n4 + 2n3 + 2n2 + n -1)

EXAMPLE 12

prove that

1 
r

r + 
r= 1

1 ' 
r +

...+1 n

1
,2 ■

n + 1 
n-r+1

n + 1
2

n + 1
2

n + 1
2

n + 1
2

n + 1
2

1 
n (n +1)

n 
16(2n + l)

1 
n + 1

1 '
n + 1 

/

T =

_nL 
n + r

1 )
2r + l 

/

1 ' 
n-l

= n2 + n + l-f- 
I n

Required sum
n

= £ T,
7 = 1

n r
•S ^+i

r = l L

( 1
2r-l

=> Tj + T2+... + Tr

- ------ [Using partial fractions]

1 
n-r + 1

l^l... +-----nn7
f

4 1 n 1
3 1.2.3.4 3 n(n +1)(n+2)(n+3)

. =JL _____ 1_____
n " 18 3(n + l)(n + 2)(n + 3)

n (n +1) (2n +1) n (n +1)
6.2

=> rTr-(r+l)Tr+1 = 3Tr + 1

n-l

£ |rT,-(r + l)T,tll = 3£ T, 
r = l

PROGRESSIONS

1 V r2 1 = 7+^«+
r=l

= n2 + n +1 -

n n

r=l r = l

n

V S «r 
r = 1

 n (n +1) (2n +1) ( n (n +1)

= n2 + n +1 - 
n* + n

-i32 , r = l k

Show that Hn = Hn'.

 (n2 + n)2 + n2 + n -1
” 2n +n

n + 1 ”v2f 
r = l k

_ 1 2 3
n(n-l) + (n-l)(n-2) (n-2)(n-3

n-2+ ...+Ty

EXAMPLE 10 Find the sum of first n terms of the series whose nth 
term is

T =----------- -------------lr r(r + l)(r + 2)(r + 3)

=______ L,_____
" (r + 1)(r + 2)(r + 3)(r + 4)

SOLUTION We have,

n-2
_ n + 1 _ y, ______ r______

" = 2 (n-r+1)(n-r)
r = 1

1 
n (n +1)

SOLUTION We have,

n4 + 2n3 + 2n2 + n -1
2 n +n

 n (n +1) (2n + 1) n 1 2n
24 + 16 + 32 ’ 2n +1

— — T —— T" 3T1 3 ln

(n-2 A
V- J- " n-r r=lk /

2 3k
- 11

 n (n +1) (n + 2) 
3

EXAMPLE 11 Find the sum to n terms of the series:

 1.2.3.4 + 2.3.4.5 + 3.4.5.6 + ""

SOLUTION Let Tr be the rth term of die given series. Then,

= (4n2 + 6n + 5) +

^n-2 

+ (» + !) £ 
r = l 

k 
'1 1 
k3 + 4 +

Hn-1-;
k 7

n n z s
V !-■? fl 1- 

r r+1 r=l k 7
/

+ n- 1-
k 

n2-l + l
n + 1

n(n + l)(n + 2) r „= —*----- ---------L for all n > 1, then

=> Tj + Tj + .-. + T,,

H„ = l+i + l +

1
2



21.86 MATHEMATICS FOR IIT-JEE

Tr =

=>

=> 2r

=>

1-= 2

= 2.
ar

EXAMPLE 15

SOLUTION Let Tr be the rth term of the given series. Then,

Tr =

= 1 -

1 
r + 1

1 
r + 1

1 
r + 2

1 
r + 2

1 
r + 2

1 
r + 2

1 
r + 1

1 
ar

n (n +1) (n + 2) (n + 3) n (n -1) (n +1) (n + 2)
12 12

 n (n +1) (n + 2) (n -1) n (n +1)
6 6

= n (n +1)
2

n

V Z Tr = 
r = l

H r

r = 1 .

n

••• E = 
r= 1

2n 
n + 1

2n
n + 1’

1  3
T„ " n (h + 1) (n + 2)

2
n (n +1)

1 
r2 (r+1)2

n (n +1) (n + 2)
3

n + 3^

2 
r(r + l)

if 1
2fr + l

n+3^1 fl
r + 1

7 \

SOLUTION We have,
n-1 

ar ~ S ar 
r = l

n

r= 1

(2r+l) 
r2. (r+ 1)2

1 1
r2 (r + 1)2

Required sum
n

r = l

n
denotes the rth term of the serie?. Find, lim X —. 

f=1 lr

1 
n + 2

1 = 21- 
r

an

= ^(„ + l)-(n + 2)[(" + 3)-(«-l)I

whm T
12 T

SOLUTION We have,

n n-1

Tn = Y Tr-1 Tr 
r=l r=l

1 
(n + 1)2

n
Um y 1 = 2. 

n-»<» r = 1 ar

n f i i >

r+1 r+2 
)r=X\ /

fn + 3^1
2

r + 17 \
n ,y fl-— r r + 1

7 r = 1 \

1 I
n + 1

'n + T
2

= f”*1^ f
2

\ 7 \
” n + 3 n + 3

"2 4 +2(n + 2)

= »(n + l)
4(n+2)

n
lim y — = lim 

a
"->~r=l r n~>a

- + n2
" (n + 1)2

EXAMPLE 14 Find the sum to n terms of the series: 

n n-1 n-2 1_____
1.2.3 + 2.3.4 + 3.4.5 + ”' + n(n + l)(n + 2)

SOLUTION Let Tr be the rth term of the given series. Then, 

n-r + 1 
r(r + l)(r + 2) 

n + 1  1
r(r + l)(r + 2) (r + l)(r + 2) 

1 1 1 = (n + 1) ---- S- + T, -- -
' 2r r + 1 2 (r + 2) 

'1 fl 1 ) = (n + 1) 4 v ' 2 r r+1 
L \ / 

= (n + 1) fl  
2

n n . .
y — = 2 y fl-—)aT r r + 1
r=l T r=l \ /

fl_1J 
1 n + 1\ /

Hence, the sum of n terms of the given series is ^”^2)'

7 \

2
7 \

EXAMPLE 13 Find the sum to n terms of the series:

3 5 7
I2.22 22.31 +32.41 +

1
ar
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1 1[Using Partial fractions]=> = 3

S2 = ,.+,r terms
1- /

+ ...+
n n

i

[•_• n = 2m]

«

SOLUTION We have,

1

7

and, S2 =

[See case I]

(1 / 11+

1 
n + 2

1
2

3
2

1
3

3
2

3
2

1
5

1
2

1
9

1
n

3 = —.
4

1
2 3 *2m + 3

1

lim 
n

CASEII When n is odd i.e. n = (2m + l);
In this case, Si contains (n +1) terms and $2 contains m 

terms.

m

= 2
r = l

m + 1 

r = l

m

r=l k

( 16... +
7

In n + 1 2(n+2)

3n (n + 3)
4 (n +1) (n + 2)

n 
6(n + 3)

1 
(2r + l)(2r + 3)

1 
(2r + l)(2r + 3)

f 1
2r + l

1
n + 1

n + 1
1 

n + 2
m

6 (2m + 3)

1 )
2r + 3

7

1)
72

7

where Sj =

n(5n + 21) 
18 (n + 3)2

S = S1+S2

Now two cases arise:
CASE I When n is even i.e. n = 2m,me N:

In this case, each of Si and S2 contains m terms.

7 + 7 9 +-+ 2n: + l 2m + 3
J \ / \

n . n +6n
~ 6(n + 3) + 9(„+3)2

n = 2m]

32 
+ j -2 + • 72.92

24
52.72

r2 + 7.9 +

16
32 52

1>
5 7

+ 7j? +

24
52.72

1
2m +5 7

1
n + 4

7

_32_ + 
72.92

. .. c  1 1 1 1
1 3.5 + 5.7 + 7.9 + ”*+ (2m +1) (2m + 3)

32.52

T n
1

n + 1 7

24
52.72 +

fl
32 \

1
32
1_
9

= 1 1 1 1
" 51 3.5 + 5.7 + 7,9 + "‘ + (2m+ 3) (2m+ 5)

c 15 =---- +
3.5

16
32.52 +

n2 + 3n 
n2 + 3n + 2

^1 1J
2r + l, 2r + 3

7

C2 + e2 
  

7 X

____1_
(2m+3)2

__ 1__
(n + 3)2 

n2 + 6n 
9(n + 3)2

1 
(n + 2)2

1___
|/2m + l)2

=>
r=l

1 
(2m+ 3)2

3
2 n + 1 2 (n + 2)

fl 1 1
= ---------- ------------- J----------------- L

3.5 5.7 7.9 x
= Sj + S2,

1 1 1
3.5 + 5.7 + 7.9 + ■"

1 
(2m + 3)2;

n

n->°° r = l r

y f1- 1 Lv f1 _ 1r r+1 |r+1 r+2
r = 1 x 7r=l

n

1 r

1 24
;2 + 5.7 + 52.7:

24 
+ -5—x + 

52.72

m +1

r=l V

1 fl 
"23

11
2 3

= n + 1
6(n+4)

and,

-^-+
32.52

example 16 Find the sum to n terms of the series:

1 16 1 24 1 32
3.5 32.52 + 5.7 + 52.72 + 7.9 72.92

72.92

-^-+ .
72.92

1
T 1n

fl
5' \
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k

c.

■ 4a + 2b+ c = 4

9a + 3b + c = 7

r
Tr =

•• h =

1 1
»

n

2r

t 1

ri /

Tr = (r2-r + 4) 2r-[(r-1)2-(r-1) + 4] 2r-1.

-1

EXERCISE 21.7

Sum to n terms:1. I3 + 3.22 + 33 + 3.42 + 53 + 3.62 + .

Sum to n terms:2.
I

5. Show that:Find the sum to n terms of the series:3.

Let
/

1
2

1
2

Putting r = 1,2,3, we get 

a + b + c = 2

1
2

. = (n2-n + 4)2"-4.

Hence, the sum of n terms of the given series is 
(n2 - n + 4)2" - 4.

n n r
••• XTr = Z |_(7-r + 4)2r-|(r-l)2-(r-l) + 4|2r 

r = l r = l

n + l
6 (n + 4)

1___
2 r2-r+1

Sum of the series

3 +|3 7 + 7
7

1 
?-r+l

7
n

13 +'"+
7

S = + S2

r + 2r,r = 1,2,3,
7

£+fl 2 2 7
= (Ar2 + Br + C) 2r - [A (r -1)2 + B (r -1) + C] 2r" \

Equating the coefficients of r2, r and the constant terms, we
get

A = 1, B = -1,C = 4

n

= ZTr 
r = l

1.32 + 3.52 + 5.72+... " " 1
4. If£ Tr = (n +1) (n + 2) (n + 3), then find y . 

r = l r=l r

1___
9

n -n + l k

9
n +4n-5
9(n + 2)2

! n2 + 4n-5 
9(n + 2)2

2.2 + 4.22 + 7.23 + 11.24 + 16.25 + ...
The sequence of the first factors in each term of the above 

series is 2,4,7,11,16,...
The sequence of successive differences is 2,3,4,5... which 

is clearly an A.P. So, let the general term be

2.2 + 4.22 + 7.23 +11.24 + 16.25 + 
SOLUTION The given series is

1
9 

n + n +1

5n3 + 31n2 + 46n - 28
18 (n + 4) (n + 2)2

l2 + 32 + 62 +102 +152+...

Solving these equations, we get

a = 1, b = - = c.

r-42 2
Let Tr be rth term of the given series. Then,

Tr = ir.24

=> Tr= r2!

_____ r_______
+ r + l)(r2-r+l)

-7'r = 1,2,3,..., n 
r4

n

L
r = l V

h-p-1
V- I

1—
n + n +1

2 n +n
2(n2 + n + 1)

EXAMPLE 18 Find the general term and the sum to n terms of the 
series:

EXAMPLE 17 Find the sum to n terms of the series:
1 + 2 + 3

1 + 12 + 14 l + 22 + 24 l+32 + 34
SOLUTION Let Tr be the rth term of the given series. Then,
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10. Sum the series to n terms:

-1

k k

399.1 +397.3 + 395.5 + 393.7 +...

1 + 5 +19 + 49 +101 +181 + 295 +...

ANSWERS

1. | n (6n3 + 16n2 + 9n - 4)
V

■, when n is odd

7. 53334004.

.3 ,29. n -zr + 1,

3. 10.when n is even

1 
x-1

1 1 1
1.2.3.4 2.3.4.5+3.4.5.8 '

Then, show that 18 Sn on -i - Sn = - 2
9. Find the nth term and sum to n term sof the series:

_______ n_______
(1 +x) [1 + (n + 1) x]

n-1
n + 1

7

x2
■ +5

2« +1 

7
2n 

Z + l

'n-1
n + 1 

k 7

1+^ ..
38

7

+ 5.395 + 3.397 + 1.399
fl. Let Sn denote the sum to n terms of the series 1.2 + 2.3 + 3.4 
+.... and an  j that to (n - 1) terms of the series

1 
32n-l

14. (2n-l)2

1 V 
1+ 4 : 

34 
7k

<6. Show that:

( 1VH :
' ' k

7. Find the sum of the series:

' 1Y1+ 2 :
32 7k

n2-l 
8

____1____+____ 1------ +------- 1------ + ...
(l+x)(l + 2x) (l+2x)(l+3x) (l+3x)(l+4x)

11. Show that:

12. ^(2h2 + 1)

n(n2-l)
2 ‘

M +3 • n + 1 k 7 k
12. Sum the following series:

(2n -1). 1 + (2n - 3)._ 3 + (2n - 5). 5 +... +1. (2n -1)
13. The sequence of natural numbers is divided into groups 1; 
2,3,4; 5,6,7,8,9;... and so on. Show that the sum of the numbers 
in nth group is (n -1)3 + n3.
14. The sequence of natural numbers is divided into groups 1; 
2,3,4; 3,4,5,6,7; 4,5,6,7,8,9,10; and so on. Find the sum of 
the numbers in nth group.
15. The sequence of natural numbers is divided into groups 
1; 3,5; 7,9,11;... and so on. Show that the sum of the numbers 
in nth group is n3.

x3 "
-| +... to°° =

r = l

3^
7

n2 (n +1)2
4
n2 + 3n

2(n + l) (n + 2)
n (n2-1) (3n+2) .

12 +n

4 
+ • • • + x4 + l

1 jj>>5 + jn2(n + l)2-^n(n + l)(2n + l)

1 ... 1 + gn(n + l)--n 

n2(n + l)2 n2(n + 2)2 n (n + 1) (n + 2)
4-----8^ 8

3
2
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and,

(n-1)! = 1 x2x3 x4 ... x(n-2) x(n -1)

= 8x7x6!

= 8 x 7 x 6 x 5! etc.
2! = 1x2

3! = 1 x 2 x 3

4! = Ix2x3x4

5! = 1 x 2x3x4 x5 and soon.

We have,
n! = 1 x2x3x4x... x(h-1)xh

ILLUSTRATIVE EXAMPLES

7x8x9 =

= 8x7x6 = 336

= 12010!
7! 3!

For example,
8! = 8 x 7!

REMARK 1 As we will require zero factorial in the later sections of 
this chapter and it does not make any sense to define it as the product 
of the integers from 1 to 0. So, we define 0! = 1.
REMARK 2 Factorials of properfractions or negative integers are not 
defined.

In order to illustrate the use of the above notation i.e. 
factorial, let us discuss the following examples.

CHAPTER

22

10x9x8 
1x2x3

(iv) 1 x3x5x7x9x ... x(2n-1) 
SOLUTION (i) We have,

Ix2x3x4x5x6x7x8x9 
1x2x3x4x5x6

10x9x8x7!
7!x(lx2x3)

EXAMPLE 2 Convert the following products into factorials:
(i) 7x8x9 (ii) 2x4x6x8

(iii) 2x4x6x8xl0x... x(2n-2)x2n

9!
6!

(ii) We have,
2x4x6x8 = (2xl)x(2x2)x(2x3)x(2x4)

= 24(1x2x3x4)

= 24(4!)
(iii) We have,
2x4x6x8xl0x...x(2n-2)x2n

22.1 FACTORIAL
In this section, we shall introduce the term and notation of 
factorial which will be very useful to present various concepts 
and results in permutations and combinations in compact 
form.
FACTORIAL The continued product of first n natural numbers is 
called the "n factorial" and is denoted byinornl i.e.

n! = Ix2x3x4x...x(n-l)xn

For example,

(ii) w 7! 3!

Clearly, n! = (n -1)! n

Thus, n! = n {(n - 1)!)

EXAMPLE 1 Ccompute: 
8!(1)5!

SOLUTION (i) We have, 
8! 8x7x6x5!
5! " 5!

(ii) We have,
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(2n -1)) 2".= {1-3-5EXAMPLES Prove that :

for x > 33 x!

3

=> 3

=> 3

For n = 2, we have

S2 = 1! + 2! = 1 + 2 = 3, which is not a perfect square.

For n = 3, we have

S3 = 1! + 2! + 3! = 1 + 2 + 6 = 9, which is a perfect square.

2n! 
2"n!

= (2xl)x(2x2)x(2x3) x ...x(2x(n-l))x(2xn)

= 2" (Ix2x3x4x...x(n-l)xn)

= 2"n!
(iv) We have,

Ix3x5x7x...x(2n-1)
_ 1x2x3x4x5x6x7x8 ... x(2n-2)x(2n-l)x2n

2 x 4 x 6 x 8 x... x (2n - 2) x 2n

. (2n)!
’ n!

=> n = 3 [By comparison]
EXAMPLE 5 Prove that (n! +1) is not divisible by any natural 
number between 2 and n.
SOLUTION Let m be divisible by k and r be any natural number 
between 1 and k. We observe that when m + r is divided by k, 
then we obtain r as the remainder.

Since n! = 1 • 2 • 3 • 4... (n -1) • n, it follows that n! is 
divisible by every natural number between 2 and n. So, (n! +1), 
when divided by any natural number between 2 and n, leaves 
1 as the remainder. Hence, (n! +1) is not divisible by any natural 
number between 2 and n.
EXAMPLE 6 Prove that Sn = 1! + 2! + 3! + 4! +... + n! cannot be 
the square of a natural number except for n = 1,3.
SOLUTION Forn = 1, we have

$! = 1! = 1, which is a perfect square.

| 1! + 2! + 3! +... + x! forx>2

p
b

=>27 1^
Thus, the equation 1! + 2! + 3! +... + x! = y3 will have a solu­

tion other than x = 1, y = 1 in the set of natural numbers, if
27 | 1* + 2! + 3! +... + x!

We observe that
27 | x! forx > 9

and none of the following
1! + 2! = 3
1! + 2! +3! = 9
11+21 + 3!+ 4! = 33
1! + 2! + 3! + 4! +5! = 153
1! + 2! + 3! + 4! +5! +6! = 873
1! + 2! +31 + 4! +5! + 6! + 7! = 5913

and,
1! + 2! + 3! + 4! + 5! + 6! + 7! + 8! = 46233
is not divisible by 27.
Therefore,
1! +2! + 3! + 4! +... + x! is not divisible by 27.
Thus, if x £ 2, the equation
1!+ 2!+ 3! +...+ x! = y3

is not solvable in N.

For n = 4, we have

S4 = 1! + 2! +3! + 4! = 1 + 2 + 6 + 24 = 33,

which is not a perfect square.
For n > 5, we find that the digits at units place in n! is 0 and 

S4 = 1! + 2! + 3! + 4! has 3 as the digit at units place. Therefore, 
for n>5,S„ has 3 at units place. But the square of any natural 
number does not have 3 at units place. Therefore, S„ is not a 
perfect square for n £ 5.

Hence, S„ = 1! + 2! + 3! +... + n! is not a perfect square of a 
natural number except for n = 1,3.
EXAMPLE 7 Prove that the equation

1! + 2! + 3! + ... + x! = y3 has just one solution in the set of 
natural numbers.
SOLUTION Clearly, x = 1, y = 1 is a solution of the given equa­
tion.
We have,

1! +2! = 3
and,

SOLUTION We have,

(2n)l = 1 • 2 • 3 • 4 • 5 • 6 - 7 - 8 ... (2n - 2) (2n -1) (2n) 
n! n!

= {1 • 3 - 5 - 7... (2n -1)) - [2 • 4 • 6 • 8 ... (2n - 2) (2n)} 
n!

= (1-3-5-7... (2n-l)} 2W (1-2-3-4... (n-l)n) 
n!

_ {1 ■ 3 • 5 - 7... (2n -1)| • 2” • n!
n!

= (1-3 • 5• 7... (2n-1)) 2”

EXAMPLE 4 If (n + 2)! = 60 {(n -1) !},find the value ofn.
SOLUTION We have,

(n + 2)! = 60 {(n-1)!)
=> (n + 2)(n + l)n {(n-1)!) = 60 {(n-1)!}
=> (n + 2) (n +1) n = 5 x 4 x 3
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■P

which is

/

|7.
'P

ILLUSTRATIVE EXMAPLES

Then, + ...+ 'P

s = 4.

+ +

/
1-2-3..

example 1 Find the exponent of 3 in 100!.
SOLUTION Let E? (n) denote the exponent of p in n.

Remaining integers between 
1 and n are not divisible by p

n/p
P

n
P.

7. 
equal to

n_

n_

where s is the largest positive integer such that p5 < n < p5 +1

•IBh

100
34

100
33

Hence, the equation
1! +2! +3! +....+ x! = y3

has just one solution x = 1, y = 1 in the set of natural num­
bers.
EXAMPLE 8 Find ones and tens digit in 1! + 2! + 3! +... + 49!.
SOLUTION We know that n! is divisible by 100 for n > 10 and 
1!+ 2!+ 3!+4!+5!+6!+ 7!+ 8!+9! = 373113.
Therefore,

1! + 2! +3! +... +49! = 373113 + a multiple of 100
Hence, one's and ten's digit in 1! + 2! +... + 49! are 3 and 1 

repsectively.

22.2 EXPONENT OF PRIME p IN nl
Let p be a prime number and n be a positive integer. Then, the 
last integer amongst 1,2,3,..., (n -1), n which is divisible by p 
is p P> where — denotes the greatest integer less than or 

equal to \

For example,

Let Ep (n) denote the exponent of the prime p in the positive 
integer n. Then,
£p(n!)
= Ep(l-2-3 ... (n-l)n)

Now, the last integer amongst 1, 2, 3, .. 
divisible by p is

n
P = P-

17 J

n '

Continuing in this manner, we get

so,£j(1oo.)=[^]+[y.

= 33 + 11 + 3 + 1

SOLUTION Let Ep (n) denote the exponent of prime p in n. 
Then, we know that

••• E,(n!) “ +Ep p-2p-3p... p

f =2,f =5etc.

nw
where s is the largest positive integer such that ps < n < ps +1

Here, n = 100, p = 3

v 34<100<35

= 48
Hence, the exponent of 3 in 100! is 48.

EXAMPLE 2 Prove that 33! is divisible by 215. What is the largest 
integer n such that 33! is divisible by 2n?

£pW=[p] +
n_A

where s is the largest integer such that ps < n < p®+1

Here, n = 33, p = 2.

... 25<33<26 s = 5

= 16 + 8 + 4 + 2 + 1
= 31

Hence, the exponent of 2 in 33! is 31 i.e. 33! is divisible by
231. But, 231 is divisible by 215 also.

Hence, 33! is divisible by 215 and the largest integer n such 
that 33! is divisible by 2" is 31.
EXAMPLE 3 Find the exponent of 15 in 100!

SOLUTION We have, 15 = 3x5

10
3

12
5

/
= Ep p-2p-3p...

fnl
17

n
17 J

n

17 J J
Remaining integers between 1 
and are not divisible by p
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I [See Ex 2]E2 (33!) = 31
[See Ex. 1] and,

and, 33 33 = 11 + 3 + 1 = 15
= 20+4 = 24E5 (100!) =

E2 (100!) = + + + + + + ++

= 50 + 25 + 12 + 6 + 3 + 1=97= 50 + 25 + 12 + 6 + 3 + 1 = 97

and,

+ +

= 33 + 11+3 + 1 = 48

100! = 297x348x5cx 

Hence, E12 (100!) = 48

EXERICSE22.1

1. If = 2" [1 -3 • 5 ... (2n -1) (2n + 1)]and are in the ratio 44:3, find n. 3. Prove tnat

(i)

ANSWERS

1. 6 5. 15

— □□□ —
22.3 SOME USEFUL SYMBOLS

symbol nPT or, P (n, r) i.e.

n! 
2! (n-2)!

Thus, the number of zeros at the end of 100! is 24.
EXAMPLE 5 Find the exponent of 6 in 33!
SOLUTION We have,

= 273x(2x5)24x/x...

= 1024x273x3bx7dx...

5. Find the largest positive integer n for which 35! is divisible 
by 3”.

Hence, exponent of 6 in 33! = min (31,15) = 15 
EXAMPLES The exponent of 12 in 100!.

SOLUTION We have

= (22x3)48x2x5cx 

= 1248x2x5cx......

Now,
E3 (100!) = 48

and,
b = E3 (100!)

100 = T +

100
2 100

2

100
33

100
34

100
32

100
25

100
26

100
22

100
24

100
22

100
52

100
24

100
26

100
23

xT^x...

100
23

In this section, we shall introduce you to two symbols viz. nPr 

or, P (n, r) and nCr or, C (n, r). These two symbols will be used 
in the later part of this chapter. We shall also discuss some 
properties of these two symbols.

100
T +

(2n + 1)!
n!

4. Find the number of zeros at the end of 70!.

100 
+ ~r +25

e5(ioo!) = [v]+[^] = 20+4 = 24

£3 (33!) = f + f + |

(2n)! 
3! (2n -3)!

2. Prove that
^i = „(n-l)(n-2)...(n-(r-l)) 

f\ n! ______Pz__________(n +1)!
W (n - r)! r! (n - r +1)! (r -1)! " r! (n - r +1)!

12 = 22x3 = 2x2x3 and 100! = 2°. 3b. 5C 

Now,
a = E2 (100!) .

.*. Exponent of 15 in 100! = min (24,48) = 24

EXAMPLE 4 Find the number of zeros at the end of 1Q0!.
SOLUTION In terms of prime factors 100! can be written as 
2° 3b 5°,^

Now,

Therefore,

100! = 297x3fcx524

22.3.1 SYMBOL nPr OR, P (n, r):
If n is a natural number and r is a positive integer satisfying 

ti!
0 < r < n, then the natural number is denoted by the



22.5

= 120

- 4! = 24.i

Clearly,

ILLUSTRATIVE EXAMPLES

= 2.

=>

=>
=>

= 2
=> 1 =

=> =>

^-13r + 30 = 0=>

=>

[•.• P(5, r) is meaningful for r < 5]r = 3=>

EXAMPLE 4 If

SOLUTION We have,=• 20 x=>

= 10x504=>

= 10x9x8x7=>

=> n -5n-14 = 0

[•_• n e N]

P(5,r) = 2.P(6,r-l) r = 4.=>

65

10! 
6!

5!
3!

=> (n-7)(n + 2) = 0

=> n = 7

= n (n-l)(n-2)... (n-(r-l))

Also,

5x4x3!
3!

10x9x8x7x6!
6!

5!
(5-2)!

6! 
(6-(r-l))! 

2x6x5!

n!
(n-r)’

n! 
(n-r)!

n! 
(n-4)!

n!
(n - n)!

Following examples will illustrate some more applications 
of the above symbol.

"Pr = P(n, r) =

7P6 = P(7,6) =

”p — ro -

For example, 
5P2 = P (5,2)

=> (r-10)(r-3) = 0 

r = 10 or, r = 3.

EXAMPLES If P(5, r) = 2. P(6, r-l),find r.
SOLUTION We have,

5!
(5-r)!

5! =_______
(5-r)! (7-r)!

5!__________ 12x5!
(5-r)! " (7-r)(6-r)(5-r)!

12
(7-r)(6-r)

=> (7-r)(6-r) = 12
42-lSr + r2 = 12

4P4 = P(4,4) =

7! _
: (7-6)!

4! _4!
(4-4)! 0!

nP = 1 n

10Pr = 5040, find the value of r.

7’ ■— = 7! = 840,
n! , 
0! = n!

^ = 1 
n!

nPr = P(nfr) =

example 1 If 2. P(5,3) = P(n, 4), find n.
SOLUTION We have,

2.P(5,3) = P(n,4)

P(n,4) = 2.P(5,3)

( 5! "I((5-3)J
n(n-l)(n-2) (n-3) (n-4)! _ 1(5!) 

(n-4)! " 2!

n(n-l)(n-2)(n-3) = 5!

=> n(n-l) (n-2)(n-3) = 5x4x3x2xl

n (n-1) (n-2) (n-3) = 5 • (5 -1) • (5-2) (5-3)

=> n = 5 [By comparing two sides]
EXAMPLE 2 If P(n, 4) = 20 x P(n, 2), find n.
SOLUTION We have,

P(n, 4) = 20xP(n,2)

. ”! j2qx
(n-4)! (n- 2)1

=> (n-2)! = 20x(n-4)!
=> (n,-2)(n-3)(n-4)! = 20x(n-4)!
=> (n-2) (n-3) = 20
=> n2 - 5n + 6 = 20
—a. „2 1 a _ n

10Pr = 5040

10!
(10-r)!

10!
(10 -r)!

10!
(10-r)!

10!
(10 -r)!

=> (10-r)! = 6!

- => 10-r = 6

PERMUTATIONS AND COMBINATIONS

n! 
(n-0)!

and,
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= 30800:1

x=>

=>

=>

(n-4)!

Pn =3 :5, find n.EXAMPLES If

=> P. =3:5n

=» =>

n = 9=>
=>

EXAMPLES If 9P5 + 5-9P4 = 10Pr,findr.

=>SOLUTION We have,

+ 5-=>

=>
=>

=>

[-.• n# —1/3]=>

=>

= 11:52=>

= 11:52=>=>

=>

(10 -r)! = 5! =>=>

10-r = 5=>
=>

r = 5=>

EXAMPLE? If =>

SOLUTION We have,

=> =>

10!
5!

1
9

1
9

3
5

3
5
3
5

, ,2n-l
n-1 •

56!54!
(56 — r — 6)!' (54 — r — 3)! “

9P5 + 5 • 9P4 = 10Pr

,r+6-54Pr+3 = ^0-Affindr.

10!
(10-r)!

10!
(10-r)!

10!
(10-r)!

10!
(10-r)!

10!
(10-r)!

10!
(10-r)!

10!
(10-r)!

30800
1

22x21 
(21 - r) (20 - r) (19 - r) 

(21 - r) (20 - r) (19 - r) = 2x21x52 

(21 - r) (20 - r) (19 - r) = 2x3x7x4x13 

(21 -r) (20- r) (19 - r) = 12 x 13 x 14 

(21-r)(20-r)(19-r) = (21 - 7) (20 - 7) (19 - 7) 

r = 7

30800
1

5x2x9!
5x4!

9!
(9-5)!

(n-1)! 
n-(n-1)!

9!
(9-4)!

10x9!
5!

(n-1)! 
n!

56p
* t

56p
* 1

EXAMPLE 5 If P(n -1,3): P(n, 4) = 1:9, find n.

SOLUTION We have,

(18-r)! _ 11
20! 52

> . 54n
r + 6- ri

(18-r)! = 11
20! 52

P(n-l,3):P(n,4) = 1:9

P(n-1,3) _ 1
P(n,4) 9

(n-1)!
(n -1 -3)! _ 1

n! 9

22! 20!
(21-r)!:(18-r)!

• 20n
• 1 r + 2

.20p• fr + 2

3
5

x (n-1)!
(n + 2)(n + l)n(n-l)! (2n -1)!

2(2n +1) 
(n + 2)(n + l)

10 (2n +1) = 3(n + 2) (n +1) 

3n2 + 9n + 6 = 20n + 10 

3n2-lln-4 = 0

(n-4) (3n +1) = 0 
n = 4

= li : 52,find r.EXAMPLE9 I/^P^p 
SOLUTION We have, 

22n .
rr + l •

SOLUTION We have, 
2n + lpi .2n-l 

n-1 •
2n + In
_rn-1 = 

2n - Ip 
rn

(2n-H)! (n-1)! = 
(n + 2)! (2n-l)! 
(2n + l)(2n) (2n -1)!

7+3 = 30800:1

(n-1)! (n-4)! 1
(n-4)! n! "9

9! 9! = 
4! 4!

56! . 54!
(50-r)!:(51-r)!

56! (51-r)!
(50-r)! 54!

56 x 55 x 54! (51 - r) x (50 - r)! = 30800 
(50-r)! X 54! 1

=> 56 x 55 x (51 - r) = 30800
=> (51-r) = 10
=> r = 41.

2n + lp
1

9! . 9!
4!+5’5! =

2x21 = 
4!

22!
------------- X 
(21 -r)!

_______ 22x21x20!_______
(21 - r) (20 - r) (19 - r) • (18 - r)!

11
52

9!
4!
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= 2

1 +1 • Pj + 2 • P2 + 3 • P3 +... + n • Pn - (n +1)!

SOLUTION We have,

= 1 +1 + 2 • 2! + 3 • 3! + 4 • 4! +... + n • n!

+ r •

= P(n,r)

<

= n

= P(n,r)

= 9,

P(n, s) =

7!
2! 5!

(»-D!
(n-r-1)!

= n (n-l)(n-2)... {n-(r-l)| (n -r) {n -(r +1))...

..........|n-(r + fc-l)|
= [n (n-l)(n-2)... (n-(r-l))] (n-r) (n-(r + l)|...

.........,{n-(r + fc-l))
= P(n,r)-((n-r)|n-(r + l)|...(n-(r + k-l)|]

P(n, s) = P(n, r) ■ [(n - r) (n - (r +1))... {n - (r + k-1))] 

P (n, s) is divisible by P(n, r).

EXAMPLE 12 If Pm stands for mPm , then prove that

n
= 1+Zr-r!

r= 1

n
= 1+E j(r +1)-1} r! 

r=l

1+ — n-r

symbol nCr or, C (n, r). Thus, 
n!

(n-r)!r!

n!
(n - r)! r!

n!
(n - r)!

EXAMPLE 11 Prove that if r<s<n, then P(n, s) is divisible by 
P(n, r).

SOLUTION Let s = r + k where 0 < k <, s - r. Then,
n\

(n-s)\
= n(n-l)(n-2)...(n-(s-l))
= n(n-l)(n-2)...(n-(r + k-l))

n -r+ r 
n-r

nCr = C(n,r) =

ncr =

.-. l + l-P1 + 2-P2 + 3-P3+...+n-Pn

EXAMPLE 10 Prove the following:
(i) P(n, n) = 2 P(n, n - 2)

(ii) P(n,ri).= P(n,n-1)
(iii) P(n, r) = P(n -1, r) + r. P(n -1, r-1)
(iv) P(n,r) = n-P(n-l, r-1)
SOLUTION (i) We have, 
2P(n,n-2)

n!
(n-(n-2))!

2!
= n! = P(n, n)

(ii) We have,
P(n,n-1)

= n-
(w-(n-l))!

= yi = n! = P(n, n)
(iii) We have,

For example, 

7C5 = C(7,5) = 7! 
(7-5)! 5!

9C - C(9 1)-------- — = ^ =

8C _ c ,8 8) _ _8!____
(8_8)!8! 0!8! 8I A-

Clearly,

= (n-1)! n 
(n-r-1)! n-r

= w!
(n-r)!

(iv) We have, 
n-P(n-l, r-1) 

(n-1)!
((n-l)-(r-l))!

P(n-l,r) + r-P(n-l,r-l)

(n-1)!
((n-l)-(r-l))!

+ r^
(n-r)!

(n-1)!
(n-r)(n — r—1)!

(n-1)!
(n-l-r)!

_ (w ~ 1)!
" (n-r-1)!

(n-1)!
(n-r-l)!+r

= (n-1)!
" (n-r-1)!

n
= 1+Z [(r + 1) r!-r!] 

r=l
n

= l + Z[(r + l)!-r!] 
T= 1

= 1 +1(2! -1!) + (3! - 2!) + (4! - 3!) +... + ((n +1)! - n!)]

= l + {(n + l)!-l!)
= (n +1)!

22.32. SYMBOL nCr OR, C(n, f)

If n is a natural number and r is a positive integer satisfying

0<r<n, then the natural number is denoted by the

7x6x5!
2!x5! ~ '

9x8!
8!
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Also,

= n, <=> x + y = n or, x = y.

etc.

and,

PROOF We have,

and "Cr =

Now,

n!

n!=>

or, nPr = nCrxr!

SOLUTION We have,
= ”Cr

n!
0! n!

ILLUSTRATION 1 If nC7 = "C4 ,find the value ofn.

SOLUTION We have,

REMARK 2 The above property can be restated as follows:
If x and y are non-negative integers such that x + y-n, then

PROPERTY II Let n and r be non-negative integers such that r<n. 
Then,

n! _____ n!______
= (n-r)!r!+]n-(r-l)J! (r-1)!

n!
(n - n)I n!

n-r+l+r 
(n-r)!(r-1)! 1 r (n-r +1)

n!
(n-r)! r!

n! (n +1) 
(n-r)!(r-l)!r(n-r + l)

_____(n + l)n!__ 
(n-r + l)(n-r)!r(r-l)!

(« + !)!
((n + 1) - r)! r!

______n!______
(n - r)! (n - (n - r))!
■ n!

(n-r)! r!
REMARK 1 The use of this property simplifies the calculation cf 
nCr when r is large.

For example, if we want to calculate 20Ci9, by using this property, 
we have

■ - > 

n!
(n-0)!0!

n!
(n-l)!l!

n!
(n -2)! 2!

= n!
= (n-1)!

 n(n-l)(n-2)! = n (n-1)
(n-2)!2! ~ 2!

 n! n!_____
" (n-r)! r! + (n-r + 1)! (r-1)!

______ n!____  _______ n!_______
’ (n-r)!r(r-l)! +(n-r + 1)(n-r)! (r-1)!

ncr+ncr-.

nc =

(H4-1)! 
(n-r + 1)! r!
n + lz-"

'T

"C1 =

"Pr =

RELATION BETWEEN nCr and nPr

If n is a natural number and r is a positive integer such that 
0<r<n, then 

n!
(n-r)!

"C -c2 ~

nC -L0 “

'Cj = 20.

"c ='“n

22.3.3 PROPERTIES OF nCr or, C(n, r)

We shall now discuss some important properties of "Cr.

PROPERTY I "Cr = r for 0<r<n.

PROOF We have,

50C3 +% +

n (n -1) (n - 2)... (n - (r -1)) (n - r)! 
(n - r)! r!

n(n-l)(n-2)... (n-(r-l)) 
r!

49C3 +

49c3+

47C3 + %+47c4+

2j = l, n!

nC n-r

2L1 n!

"C7 = ”C4 => n = 7 + 4 = 11.

48c3+47c3

50c3+51c3

Thus,
nPnr

r r!
We shall now discuss some useful properties of 

"Cr or, C (n, r).

20r 20r _ 20.
c19“ '“20-19“ '

5 
47c4 + z52->c3 

1 = 1

51c3+

n!
(n-r)!r!
' n! 1
(n-r)! I’r!

"Prnr __ r

ILLUSTRATION 2 Find the value of the expression
5 

47C4 + X52-/C3.
1=1

=------- -- -------(n-r)! (r-1)! 1 r n-r + 1

nr 4. nr - n + ip
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'Cy=>x=y or, x + y = n.

i

CJ
=>

[••• "C.

cr] I

(i)

=> 0 < r +1 < - and - < n - r < n

%
[Using (i)]=>

in.

n.

(ii)

Since,

= (n-r + 1)

...(iii)n-1= (n - r +1)

n 
r

i|

nC < ncLr< <-r+1

Crl
n + 1cr]

"c,

<”c
2

<"c2
2

Nz->Cr =

[••• ”Cr-i + "cr = n + 1i

[•.• "cr_1 + "cr = " + 1i

lCr 
nc.

"C0<"C1<"C2<...<nCn
2 1

Putting r = 0,1,2,-1, we get

"c0<nc1,wc1<nc2,nq<nc3...,ncn
2 1

[•.• "Cr_i + nCr=” + 1, 

[... ”cr_1+”cr=

PROPERTY V "Q = "(

PROOF We have,

nCx = "Cy

"c - nc - nc vx vy '“n - y

x = n-y

n -If 
cr-l

= TX?X7X1 = 1203 2 1

r.. nr =nC 1 l • '-y vn - yj

0<r<?2

= (n-r+l)nCr_1= (% + %) + % + 49c3 + 50c3 + 51c3

=%+%+%+%+%

= (% + %) + 49c3 + 50c3 + 51c3

= 4’c4+%+%+% 
“   

= (49C3 + 49C4) + 50C3 + 51C3

= 50c4+50c3+51c4
= (50C3 + 50C4) + 51C3

= 51c4+51c3
_ 52r
" c4

PROPERTY III Let n and r be non-negative integers such that 

l<r<n.Then, nCr =

PROOF We have,

<"C
2

x = yor, x + y = n

REMARK IfnCx = nCy and xt-y, then x + y = n.

PROPERTY VI If n is even, then the greatest value of 
nCr(0<r<n)isnCn/2.

PROOF We have,

ncr
"crA1

r + 1 
n-r

u0 “ '-n

e2 “ vn-2' "

n-r -

"c0 = "c/q = X-t
•' ~ '-n >

r-1 r+12 2

Substituting these values in (ii), we get

"cn<nc„_1<ncn_2<...<nc„+i 
2

= »!
(n - r)! r!
r+1 = ------
n-r

Now,

(r+l)!(n-r-l)!
X n!

REMARK This property is very useful to find the value of nCr. 
For example,

wc3 = ^x’c^xlx’q^xMx’c,)

PROPERTYIV If l<r<n, then 
n-1Cr_i = (n-r+l)nCr_r

n!
(n - r)! r!

(n-l)!
{(n-l)-(r-l)|!r(r-l)l

 n (n-1)!
r ((n-l)-(r-l)|!(r-l)!

+ "C, = "*’€,]

y
x = y or,

PROOF We have, 
n — Ip

Lr-1

= n_______ ___________
{(n-l)-(r-l)]!(r-l)!

- »!
■(n-r)!(r-l)! '

(n-r + l)-n!
= (n-r + l)(n-r)!(r-l)!

n!
(n-r + 1)! (r-l)!_

______ n!______  
[n-(r-l)|!(r-l)!

10
3

n
2

n
2
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(iii)n-1

is
(i)

Now,
SOLUTION We have,

0<r<

=> 0<r+l< =>x + y = nl 
y

n = (15 + 8) = 23

<n-r<n

[Using (i)]=>
[••• "C0=l]

=>

Putting r = 0,1,2,..., , we get find the value of x.

n, ,(ii)

Since,

ILLUSTRATIVE EXAMPLES

EXAMPLE 2 If nPr = 720 and nCr = 120, find r.

SOLUTION We know that

=> 120 = ~

=> r! = 6
=> r! = 3! => r = 3.[•-• ”CO=1]

EXAMPLES If the ratio : ”C3 is equal toll: l.find n.

r +1 
n-r

n-1
2

= "C^
2

'Co < "Ci < ”C2 < ”C3 <... < < ”c,
2

nC =-x—y X 
T r r-1

n + 1
2

n-1
2

"c *-'1

<”CZLd =
2

* _ Hz-*
n-r ~ '-r

”r -c15 “

it -1 ~ 
2

ILLUSTRATION 3 IfnC15 = nCg, find the value of'C21.

_ 23r
- e21

•/ cn-3
2

10/-'
ex + 4<

-nr ~ Ln + 1
2

nCC21

nCc8

nr
i-n + l

2

n-2rLr-2

Ifn is odd, then the greatest value ofnCr (0 < r < n) is 
”Cn +1 Of, nCn -1

2 2

PROOF From property VI, we have,

"C__L
"CrA

L-n-l
2

<...<^<^ = "0^ 
2 2 2

From (ii) and (iii), it follows that the maximum value of

nCr is = "C^ 
2

Substituting these values in (ii), we get 

nCn<nCn_1<nCn_2<...<nC„^<uCi

nc
——<1"ccr + l

”cer<- er+l

'n-3' 
2 

\ / 
nc0<”c1,nc1<rtc2,nc2<”c3,..

and,
n + 1

2
r + 1 ,=> ----- <1n-r

EXAMPLE 1 If "C8 = nC6, find nC2

SOLUTION If "Cx = ”Cy and x # y, then we have x + y = n.

. nr _ nr.. l8 - C6

n = (8 + 6) = 14.
Now, "q = 14C2

14 13 ]2/-
= TXTX co

14 13 ,= yxTxl

= 91

From (ii) and (iii), we obtain that the maximum value of 
"Cr is "C„/2.

PROPERTY VII

[••• "Cr = "C„.r]_ 23r 
“ u23-21

- 23r~ L2
23 22 21^

- y x i x co
23 22 d

= TXTX1
= 23 x 11 = 253

ILLUSTRATION 4 If 1OCX =
SOLUTION We have, 

10r _ 10r 
“ cx+4

=> x + x + 4 = 10
=> 2x = 6=>x = 3

Following examples will illustrate the applications of the 
above properties in solving problems.

(••• "Cr = ". 
r r

nP 
nCr = ~~ r r!

nr — nr ns-, _ _ n^
c0 ~ '-n' el “ Cn-P e2 “ cn-2'”

720
r!

n-1
r-1
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=>

x

=>

=>

=>

=> 8n-4 = lln-22
=>

=> 3n = 18 => n = 6.

=❖

(n + 2)(n + l)(n-l)/i = 143640

,2 ,2

2 .2

=>(r!)
=> (n -19) (n + 20) = 0

= ("+ rCr) r!, which is divisible by r! [v
[•_• n e N]n = 19=>

EXAMPLES Prove that:

i.e.,

11 
1

11
1

11 
1

11
1

11 
1

57
16

57
16

n
ZkCr = n + }Cl 

k = r

= (n + r)!
n!

Their product

= (n +1) (n + 2) (n + 3)... (n + r)

 n! (n +1) (n + 2) (n + 3)... (n 4- r) 
n!

_ £n)!
" n!n!

(n + r)! 
r! ((/i + r)-r)!

2n (1-3-5-... (2n-l)} 
n!

 (2n)(2n -1) (2n - 2)... 5 • 4 • 3 • 2 • 1 
n! n!

= {1-3-5 •... (2/1-1)) {2-4 6-...2n| 
n!n!

1-2-3- ...n-(n + l)(n + 2)...(n + r) 
n!

{1-3-5 •... (2/1-1)} x2n (1 • 2 • 3 •... n} 
n! n!

1 
(n-2)!

(n-3)! 
n'.

|1 • 3 • 5 •... (2n -1)) x 2n x n! 
nln!

SOLUTION We have,
n 
xkcr

k = r

=> (nz + n)z - 2 (nz + n) +1 = (379)
. ,2

=> (nz + n)z -2 (nz + n) +1 = 143641
,2 o z~2 , /07q*,2

2nz->

SOLUTION We have,

'“n

2n!
= (2n - «)! n!

example 4 Prove that the product of r consecutive positive integers 
is divisible by rl.
SOLUTION Let the r consecutive positive integers be 
(n +1), (n + 2), (n + 3),..., (n + r). Then,

P4 = 57:16

=> (nz + n-l)z = (379)' 

n2 + zi-l = 379

(n + 2)(n-l)(n + l)n = 143640 

(n2 + n-2)(n2 + n) = 143640 

(n2 + n)2-2(n2 + n) = 143640

.2 t <.\2 n , 1 _

[•.• n2 + n -1 > 0 for all n g N]

" + rCr is an integer]

n2 + n-380 = 0

57(n+2) (n+ l)n(/i-l) = 77x8! = 143640
10

(271) (271 - 1) (211-2)  11
n (n -1) (71 - 2) 1

4 (2n -1)
n-2

EXAMPLE? Show that for n>r

rCr + r + 1Cr + r+2Cr + ... + nCr = n + 1C,

EXAMPLE6 If n + 2C8:" ~2P4 = 57:16, find n.

SOLUTION We have, 
n + 2z^ , n — 2 

c8 • J 

n + 2z- 
___ C8 
n -2n 

r4 

(n-6)!

SOLUTION We have, 

2nC3:"C3 = 11:1 

2„/^> 
C3 

nC l3 

(2n)! 
(2/1-3)! 3! 

71! 

(n-3)! (3!) 

(2n)! 
(2/1-3)!

= ?n ]1-3-5 ... (2n-1)) 
n!

(n +2)! (n-6)!  57
8! (71-6)1 (n-2)! 16
(ti + 2) (n + l)n(n-l)(n-2)!

8!

(2n)(2n-1)(2n-2) (2n-3)! (n-3)!
(2n-3)! Xn(n-l)(n-2)(n-3)!
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= 1] (ii)
+

= " + 1Cr] = 3.

=>

=>

(i)

Cr +
=>

n-r+l=r=>

(ii)n-2r = -1
= 36, nCT = 84 and "C( then

= 11:6:3, find the

n + 1

=>

(i)
=>

Replacing r by (r-1) in •, we get

=>

71 = 10=> =>

84
126

71 + 1 
r + 1

r+1 
n-r

36
84

36
84

2
3

11
6

11
6

6
3

6
3

6
3

= ”Cr+I + "Cr
= n + 1C +i

n 
[FromEx.6, lkCr = 

k = r

r 
n-(r-l)

7l!________ 7l!

(n-r)!~(n-r-l)!

n!
(n-r)! rl

Cr-i

Cr-1

1 _ 1 
(n-r)(n-r-l)!“(n-r-l)!

1 
n-r + 1

r + 2p 
'-'i

r+2Cr + ... + "Cr

r+2Cr + ... + "Cr
r+2Cr + ... + "Cr

[••• rcr=r+1cr+1

[v ”Cr + "Cr_1

m + 2Cr+... + "Cr

ffl-1Cr+mCr + 

-(rcr + r+1i

• rc -.. c2 -

kCr =

kCr

r+1
71 -r

=> 2n - 5r = 3

EXAMPLE 9 If 

find rC2.
SOLUTION We know that,

EXAMPLE 11 If 
values of n and r.
SOLUTION We have,

1 
=> - =r

= 'Cr + r+1<

■r+1+r+2cr+...+ncr

"c_ 2+
"C'~r 4. "C, 

"'Vl

And,

’r cr + l

+1Cr+i
»r+ If 

Lr + 1

CCr + 1

nCr
nr

r 
n-r + 1

Solving (i) and (ii), we obtain n = 3 and r = 2.

n + lf , . n-lf
<->4.1 . . '-r-i

"Cr-1

”Cr

"ll 
"Cr

Cr+1 = 126,

n + If
Lr+1

+r+1Cr+

r+1Cr) +

ncLr-1

and, - r

n m-1 
= xkcr - z 

k=r k=r

nPr = nPr + l

nCr

n!
(n-r + 1)! (r-1)!

n! n!
(n-r)!r(r-1)! (n-r + 1) (n-r)! (r-1)!

C =
2 (3-2)! 2!

EXAMPLE 10 If nPr = nPr+i and "Cr = nCr  vfind the values ofn 
and r.
SOLUTION: We have,

n + lf m.
cr+l 1

=> 6n-llr = 5 and, n = 2r 

and, r = 5

=> n-r = 1

= C2cr+1+r+2cr)+...+"cr
= r+3cr+i + -+"cr

m+ICr.’.. + "Cr) 

Cr + ... + m-1Cr)

r = 3
n-r+1 7

=> 3n - lOr = - 3
Solving (i) and (ii), we get r = 3.

3r 3!

n
EXAMPLES Prove that S 

k = m
SOLUTION We have,

n
zkcr 

k = m

= mcr+1
= (rCr +

n + l nr 
r + 1 ’ r

”Cr

r +1 ‘ •

n-1 
j n 

and, -. —t r

n + lp I
cr + J

rtf n n-lf v Cr = ~. Cr_i

11 u = — and,6

n + lz-> m. 
cr + l“ '

m + 1Cr +

r+2Cr+...+
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= a:b:c, prove that

and, n - r +1 = -

=>

1

= xCr,find the

+ 3.nC,

+ 2

= XCr
>+ 2=>

=>

=>

= zcr
+

=>

x = n + 3=>

EXAMPLE 14 Evaluate:

(l2 +1) 1! + (22 +1) 2! + (32 +1) 3! +.... + (n2 +1) n!

SOLUTION We have,

r

n

r2 +1 = (r + 2)(r +l)-3(r +1) + 2]

b
c

r = l
n

= £ I(r + 2)(r + l)-3(r + l) + 2|r! 
r = l

18f . , 18f 20z->
H-l + H-2> c13

n + 2f

nr + nr
^n-rT Hi - r +1

XC'“r
n + 3f

H -

■n-r + 3 = XCr

’ =XC n-r+3 r

=n-r + 1 
r-1

lPr 
nP.

a
n~r ~ b

4-nCT '-n-r+2
nr
H-r + 1

+ "Cn-r + 3

n +If
H-r + 2

H + 2f
Hi -r + 2

n + If
Hi-r+1

Hi-r+lT '-n

% 

nPr-l

+ nC+ Hi-r+3+ "c„_r+2

(12 +1) 1! + (22 +1) 2! + (32 +1) 3! + ... + (n2 + l)n!

+ " + 1C„-r+3

+ 18Q_2>20c13
-i + 18c,-2)>20c13

= 7 and, b

' +nr - xr n-r + 2^ ^n-r + 3 H

n + 3f _ Xf
Hi-r+3 “ H

Also, 20Cr = 20C2o - r- Therefore,

20Cr > 20C13 and 20Cr > ™C7
=> r = 8,9,10,11,12
EXAMPLE 16 Show that (kn) 1 is divisible by (n!)\
SOLUTION We have,
W
= 1.2.3 (kn)
= (1.2.3.... n)

x {(n + l)(/i + 2)... (n + n))
x |(2n + l)(2n + 2)... (2n + n))

x {(Jt-l)n + l|{(Jt-l)n + 2)
x {(k -1) n + 3) ((/c -1) n + n}]

k-1
= n (m +1) (m + 2) (m + 3)... (m + n) 

r = 0

* ~1 (m)! (rn +1) (m + 2)... (m + n) 
’/Jo

=> (a + b) c = b‘
=> b2 = c (a + b)

EXAMPLE 12 If nPr + 1 
b2 = c (a + b)
SOLUTION We have,

nPr+l
"Pr

EXAMPLE 13 If 
nC + ? nC ^n-r + 6‘ Ln-r+l 
value ofx.

SOLUTION We have, 
nC +3 nC ^n-rTJ' Hi - r +1

n + 3f _ n + 3.
Ln-r + 3“

l+l = -b c
.2

n
= X Kr + 2)(r + l)r!-3(r+l)r! + 2r!| 

r = l 
n

= X {(r + 2)!-3(r+l)!+2r!) 
r = l

n n
= £ {(r + 2)!-(r + l)!)-2£ {(r + l)!-r!) 

r=l r=l

= [(3! - 2!) + (4! - 3!) + (5! -4!) +... + ((n + 2)! - (n +1)!}]
- 2 [(2! -1!) + (3! - 2!) + (4! - 3!) +... + ((n +1)! - n!)| 
= [(n + 2)!-2!]-2[(n + l)!-l!] 
= (n + 2)!-2(n + l)!
= (n + 2)(n + l)!-2(n + l)l
= (n + 2-2)(n + l)I 
= n (n +1)1

EXAMPLE 15 Solve:
18Cr+2.

SOLUTION We have, 
18Cr + 2.18Cr_j 

48f xisq.p + c18^ 

19f 20f
e13

4.3 tj. un_r+2

U and

We know that for varying values of r, is greatest for 
r = 10.

■ ”p . np
• rr- rr-l

=> rcr+
19cr+lycr_1
20f . 20f
H > e13

But, 20C13 = Therefore, 

20Cr > 20C13 and 20Cr >

nCr + nCr^ = n + 1Cr

n + If , n + If
c„-r + 2+ H

b
c
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= "Cr + "Cr+2

n!

=>

(iii)

{(n- 1) (n-4) -4(n-l)-30) <0=>

,2=> (n-2)(n-3)(n -9n-22) <0

=> (n-2)(n-3)(n-ll)(n + 2)<0

[•.• n + 2>0forneN]=* (n — 2) (n — 3) (n —11) < 0

=> ne (-00,2)0(3,11)

=>

2

Fig. 22.1

[•.• n 6 N]=> ne (0,2)u(3,ll)

n = 1,4,5,6,7,8,9,10=>
,(i) .=3

and,

r + r-1 = n=>

n = 2r — 1=>

Now,

are in A.P.

(i)

(ii)

k-1= n
r = 0

Solving (i) and (ii), we have

n = 3 and r = 2.

"Cx = "Cy=> x + y = n]

••■(ii)

jt-1= n
r = 0

(m + n)! 
(m)! n!

(n-2)(n-3)
24

(m + n)!
(m)l

n!
(n-r)>

”C,

+
3

nr — nr cr ” ur-l

2___________ 1 1
(n-r-1) “ (n-r)(n-r-l) + (r + 2)(r + l)

=> 2(n-r)(r + 2) = (r + 2)(r + l) + (n-r-l)(n-r)
=> (n-r)2-(2r + 5)(n-r) + (r2 + 3r + 2) = 0 
and, 

o nr* — fir* i 
z • cr + 2 ~ ^r + 1 + '-r + 3

=> (n-r-l)2-(2r + 7)(n-r-l) + {(r + l)2-3(r + l) + 2)=0 
[Replacing r by r +1 in (iii)] 

=> (n-r)2-(2r + 9)(n-r) + (r2 + 7r+14) = 0 ...(iv)
If the values of n and r exist, then (iii) and (iv) must be 

identical quadratic equations in (n - r). Therefore, 
2r + 5 = 2r + 9 and r2 + 3r + 2 = r2 + 7r +14

These two equations are inconsistent. Therefore, equations 
(i) and (ii) cannot hold good simultaneously. •

Hence, ”Cr, "Cr +1, "Cr+2, "Cr+3 cannot be in A.P.

EXAMPLE 19 If nPT = nPr+! and nCr = nCr _ p find the values of 
n and r.
SOLUTION We have,

np _ np*r ~ Hr + 1

n-lr _C3“/n -
c4“

n-lr £
L3"Z

n - Ip 
e4

Now,

z er + l

cr + 2'
np np np n/-<
ur' 'r + 1' cr + 2' er + 3

=» = "Cr + "Crt2

and,

2"C,t2 =

m +

n-2P2<0

+
-0--------

11

k-1 = («!)* n
r = 0

" “ 2P2 < 0, where n e N

m~nP2 = 30, find the values ofEXAMPLE 20 If 
m and n.
SOLUTION We have,

m + nP2 = 90

L

= (n!) xa natural number
Hence, (kn)! is divisible by (n!)\

EXAMPLE 17 Solve:
5
4‘

SOLUTION We have,
5 ,
4

(n-l)(n-2)(n-3)(n-4) (n -1) (n-2) (n-3)
4! 3!

5-|(n-2)(n-3)<0

+ cr + 3

m + nP2 = 90 and

n!
(n-r-1)!

=> (n-r)I = (n-r-1)!
=> (n-r)(n-r-l)! = (n-r-1)!
=> (n-r-l)(n-r-l)! = 0
=> n-r-1 = 0

n = r + 1
"’^and"-2!But, ” " ^4 and " ZP2 both are meaningful for n > 5.

Hence, n = 5,6,7,8,9,10.
EXAMPLE 18 Show that two positive integers n and r cannot be 
found such that nCr, ”Cr+, nCr+2, nCr+3 are in A.P.
SOLUTION If possible, let there be positive integers n and r 
such that nCr fnCr + 1 ,nCr + 2 and "Cr+3 are in A.P.

_ n! n! n!=> 2---------------------=----------- +---------------------
(n-r-l)!(r + l)! (n-r)!r! (n - r - 2)! (r + 2)!
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= 90=>

90=>

=>

m, n e N m + n + 9*0]m + n = 10

and,

= 30=>
(2n)!

=>
= (2tt)!

n + 1n

4

=> 4x <0x^-195

+

7

Greatest value of "Cr =

and,

= 13

143
4025

if n is even 
, if n is odd

= (2n)! (a natural number) 

Hence, P is divisible by (2n)!.

5

s = 1

5 

'Cz+S 
S=1

20!
10!xl0!

37C7 + 3SC7+ ...+46C7

'C10
C13

k rtcr="cn_r]

25 + 1 
2

For n = 10 and m = 13, we have
20^20,

=

= 35c8+

2n + 1/- 2n +1^
C2 + -+ C„_1

47CC8

C 
+1

= 35Cfl +

(2n + r-1)!
' (2n)! (r-1)!

2n + r-l/-' 
c2n

47 -sr 
c40-s

47 -sr 
u40-s

3V

(nt + n)!
(m + n-2)!
(m + n) (m + n -1) (m + n - 2)! _ 

(m + n - 2)!
(nt + n) (nt + n -1) = 90

=> (m + n)2 - (tn + n) - 90 = 0

=> (nt + n -10) (nt + n + 9) = 0

(i) (•••

nrCh/2 > 
nc'“(n + l)/2

9020Cn is greatest for n = — = 10

25Cm is greatest for tn =
+ 2n + 1CT vn

12! x 13!
X~25!~

= ^Cg + ^Cy =

EXAMPLE 25 Evaluate:

EXAMPLE 24 Evaluate: 
7 

35cs+S42’ 
r = 1

SOLUTION We have,

EXAMPLE 23 Prove that the product of 2n consecutive negative 
integers is divisible by (2n)!.
SOLUTION Let r be a natural number. Then, -r,-r-l, 
-r-2,..., -r-(2n -1) are 2n consecutive negative integers. 
Let P be their product. Then,

P = (-r)(-r-l)(-r-2)...(-r-(2n-l))

= (-l)2"r(r + l)(r + 2)... (r + 2tt-l)
= r(r + l)(r + 2)....(r + 2n-l)
_ (r-l)!r(r + l)(r + 2)...(r + 2n-l)

(r-1)'-
_ (r + 2n-1)!

(r-1)!
m~nP2 = 30

(nt - n)!
(nt-n-2)!
(tn - n) (tn - n -1) = 30

=> (nt - n)2 - (tn - n) - 30 = 0

=> (tn - n - 6) (tn - n + 5) = 0
=> tn - n = 6 ...(ii) [•<• tn - n > 0 /. tn - n + 5 * 0]

Solving (i) and (ii), we get
tn = 8 and n = 2.

EXAMPLE 21 Find the values of natural number n for which

4m + 3P3"Pm-195" + 1P„a1 < 0.

SOLUTION We have,
" + 3P/P„-195" + 1P,

2n-rlr 4.2n + 1i
C2n +1 + C2n + ...+ i

i'3 r„-ivo r„ + i<0

(n + 3)! n! (n + 1)!
n! X 0! 0!

=> 4 (n + 3) (n + 2) (n + 1)! -195 (n + 1)! <0
=> {4(n + 3)(n + 2)-195|(n + l)!<0
=> 4n2 + 20n -171 < 0

Clearly, this inequality holds true for n = 1,2,3,4.
20C

EXAMPLE 22 Evaluate when both numerator and

denominator have their greatest values.

SOLUTION We know that

% +

= (35C8 + 35CyJ + ^C7 + ... + 4IC7 + ... +

36c7'|+37c7+-+46c- 
/ I / i

7

“ts + S a- 
r= 1

8T| ■c7 + 40c7 + 39c7 + 38c7 + ...+35c7\

, 146^ , 45/~ , , 42^
+ | C39+ <-38 + ...+ C35

|35c7+36c7+...+41c7)

%+...+%!
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SOLUTION We have,

=> 2 =
= -1.

'for all n e N.EXAMPLE 26 Prove that
=> 2 = —r +

SOLUTION We have,

=> 2 (r +1) (n - r -1) = (n - r) (n - r -1) + (r +1) (r + 2)

=>

,2

(0

Let P =

Then,

=> P < “ . ~
(i)

for all n e N

1=> P<

=> P < -

=> P < From (i), we have

(n!)!
(ii)=>

1

n-r 
r + 1

4” 
fen + 1

x {(n! -n +1) (n! - n + 2) (n! - n + 3)... n!}
We observe that:
Last term of first bracket on RHS of (i) is n
Last term of second bracket on RHS of (i) is 2. n
Last term of third bracket on RHS of (i) is 3. n
and so on.
Last term of the last bracket on RHS of (i) is (n -1)! n

It is clear from this that there are (n -1) I brackets on the 
RHS of (i). and in each bracket there is product of n consecutive 
natural numbers.

1__
2.4.6... 2n ' a/2h + 1 

From (i) and (ii), we obtain

1
?2n + l

_1 
'"C,

= (2h)I 
n! n!

1 = --- +
"Cr

(»-!)!
= 11 [{(r-l)n + l){(r-l)n + 2) {(r-l)n + 3J... {r-l)n + n)] 

r = 1
We know that the product of n consecutive natural num­

bers is divisible by nl. So, let

2n-l 
2n

n 
n + 1

1.3.5... (2n -1)
2.4.6...2n

1
2n + l

r + 2 
n-r-1

2" {1.3.5 ... (2n-l)) 
n!

(1.3.5 ... (2n-1))
2.4 6... 2n

are in A.P.
r + 2

22"

cr cn-r

4n 
>2n + l

1 1
P ’ 2n +1

2n + 1C2 + ...+

^'C <Hl

2" + 1C2+...+

2n+1C1 + ...+

C2a + ... + 2nt,C„tl

p2 <

2
"r H+i

nc ur+l

"C

2/1 + lz>
C0

1
nc H+2

2/1 +
c2n + l

1.3.5...2n-l

2m<" 
Hi

2n + lr , 2n + Ir' 
'~n

2n +1/-> 
Hi

n + 1
<n + 2

P.l 3 5
2’4’6

2?i +1 /-•
Hi

1
'nC '-r + 12ji +1,*' ,

Ll +

2 4 6 2n 
1’3’5’” 2n-l(2n + l

<

2" + 1C] +

2 4 6 2n-2 2n
3’5’7 2n-1 ‘ 2n+ 1

+ 2" + \

nCr + !

”Cr

nCt cr + l
"CH + 2

n2 - 4nr + 4T2 + 8r - 3n + 4 = 0

=> (n - 2r - 2) + n = 0

But, this is impossible as (n - 2r - 2)2 > 0 and n > 0.

Hence, ”Cr,”Cr+i and ”Cr + 2 cannot be in H.P. for any 
n, r e N.
EXAMPLE 28 Prove that (n!)! is divisible by («’/” “!.
SOLUTION Clearly, (n!)! is the product of natural numbers 
from 1 to n!.

(n!)l = {1x2x3.... x n)
x[(n + l) (n + 2)...(2n)}
x{(2n + l) (2n + 2)...(3n)}

EXAMPLE 27 Show that there cannot exist two positive integers n 
and r for which "Cr, "Cr+1 and "Cr + 2 are in H.P.
SOLUTION If possible, let there be two positive integers 
n and r such that ”Cr, "Cr +1 and "Cr + 2 are in H.P. Then,

n-r
r + 1
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{(r-l)n + l}{(r-l)M + 2)...{(r-l)n + n}=n!Mr/

r = l,2, ...(n-l)l
r!

EXERCISE 22.2

16,26. If lbCr =

Cr_j + ...++

13. If

14. If "C12 = nCs, find the value of n.

(ii) n-

(iv) nCr+2-nCr-i+nG-2 =(iii)

18. If 18CX = 18Cx+2,fmdx.

19. If 15C3r = 15Cr(3, findr.

20. If6C,-7C3 = 7C2, findr. •

38. Prove that :

39. Prove that: 2nPn = 2" (1.3.5... (2n -1)).
22. If i

23. If2^:24^

24. Prove that

25. If 2"C3 : ”C2 = 44:3, find n *

31. If n is even, then prove that ”C0 < "Cj < "C2 <... < "Cny2 •

32. For all positive integers n, show that

n 
r

n+r-lQ

(3m) (3m-1)(3m-2) ... (2m4-1) 
n!

'C4.

= "+r-1Cr.

n + 2Cr.

71 + 1/^

1. IfP(5,r) = P(6,r-l),findr.
2. If 5 P (4, m) = 6. P (5, m -1), find m.
3. If P (m, 5) = 20. P(m, 3), find m

4. If ”P4 = 360, find the value of n.

5. If P (9, r) = 3024, find r.
6. If P (11, r) = P (12, r-1) findr.
7. If P (m, 4) = 12. P (m, 2), find m.
8. IfP(n-l,3):P(n,4) = l:9,findn.
9. If P (2m -1, m): P (2m +1, n -1) = 22:7 find m.

10. IfP(M,5):P(M,3) = 2:l, findn.
11. Prove that

1. P(1,1)4-2.P(2,2)4-3. P(3,3)4-... 4-m. P(m,m) 
= P (M 4-1, M 4-1) — 1.

12. If P (15, r-1): P (16, r-2) = 3:4,find r.

.'. (m !)! = FI m! Mr 
r=l

n + rr 
Lk-1-

17. If 24CX = ^ + 3, find x.
-v

-- -18r _18r v
n

36. Prove that: y kCr =
k = m

m

37. Evaluate: nCk 4- y
r=0 

:n"1c3+

r-lrLr-1

16. If ”C10 = ”C12, find 23C„.

:15Cr_! = 11:5, findr.

11(^-,.Un + 3pw/find „

-2/1 + 2/** \
^n + 1)-

+ rCr-i

16Cr+2,findrC4.

n+5Pn + i =

” + 2C8:”-2P4 = 57:16, findn.

(n-l)!
. n Mr 

r=l

= (m .*/" " ! x a natural number

Hence, (n!)! is divisible by (m!)(” ” !.

nCr
”Cr-l"

nCr
n'lCr-1

= (m|/"-1)!

4"C2„: 2"C„ = [1 • 3 • 5... (4m -1)]: [1 • 3 • 5 ... (2m -1)]2

21. If 15Cr:

n-1Cr-i = (n-r+l)nCr-i

n-1C. >nCv if m >7 •* y

:2r_4 = 225:11, findr.

15. If',C4 = "C6,find12C„.

O«+ cn_]-2(

40. Prove that there cannot exist two positive integers 
m and r such that nCr, "Cr + j, nCr + 2 are in G.P.

41. If m (> 1) and r are positive integers such that 
3"Cr = 3nCn + r, then prove that each of them is equal to

28. Prove that the product of 2m consecutive negative integers 
is divisible by (2m)!
29. Prove that the greatest value of ^Cj. for 0 < r < In is 2nCn.

30. Prove that

5
27. Evaluate 20C5 4-Z 25 “ r( 

r = 2

33. If "C^ ”C5 and ”C6 are in A.P., then find n.

34. If a = mC2, then find the value of “C2.
35. Let r and n be positive integers such that 1 < r < n. Then, 
prove the following:

M-r+1
r(i)
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43. If"C,

ANSWERS
22. 19 23. 7

34.

43. 3

HINTS TO SELECTED PROBLEMS

(2n)!

— □□□ —

2. 3
6. 9

10. 5
15. 66
19 3

3. 8
7. 6

12. 4
16. 23
20. 3

4. 6
8. 9

13. 6,7
17. 7
21. 5

1. 4
5. 4
9. 10

14. 17
18. 8

25. 6 26. 35
(ffl + 1) (m) (ffl-l)(m-2) 

8

22.3 FUNDAMENTAL PRINCIPLES OF COUNTING
In this section, we shall discuss two fundamental principles viz. 
principle of addition and principle of multiplication. These two 
principles will enable us to understand permutations and com­
binations. In fact these two principles are the building blocks 
of permutations and combinations.
FUNDAMENTAL PRINCIPLE OF MULTIPLICATION
If there are two jobs such that one of them can be completed in m ways, 
and when it has been completed in any one of these m ways, second 
job can be completed in n ways; then the two jobs in succession can 
be completed inmxn ways.
EXPLANATION If the first job is performed in any one of the m 
ways, we can associate with this any one of the n ways of 
performing the second job: and thus there are n ways of per­
forming the two jobs without considering more than one way 
of performing the first; and so corresponding to each of the. m 
ways of performing the first job, we have n ways of performing 
the second job. Hence, the number of ways in which the two 
jobs can be performed is m x n.
ILLUSTRATION 1 In a class there are 10 boys and 8 girls. The teacher 
wants to select a boy and a girl to represent the class in a function. In 
how many ways can the teacher make this selection ?
SOLUTION Here, the teacher is to perform two jobs:

(i) selecting a boy among 10 boys, 
and, (ii) selecting a girl among 8 girls.

The first of these can be performed in 10 ways and the 
second in 8 ways. Therefore, by the fundamental principle of 
multiplication, the required number of ways is 10 x 8 = 80.
REMARK The above principle can be extended for any finite number 
of jobs as stated below:

If there are n jobs fa, fa,... Jn such that job Jj can be performed 
independently in m, ways; i = 1,2,..., n. Then the total number of 
ways in which all the jobs can be performed is 
m-^xm^xm^x ...xmn.

FUNDAMENTAL PRINCIPLE OF ADDITION
If there are two jobs such that they can be performed independently 
in m and n ways respectively, then either of the two jobs can be 
performed in (m + n) ways.

ILLUSTRATION 2 In a class there are 10 boys and 8 girls. The 
teacher wants to select either a boy or a girl to represent the class in 
a function. In how many ways the teacher can make this selection ?
SOLUTION Here, the teacher is to perform either of the follow­
ing two jobs:

(i) selecting a boy among 10 boys.
or, (ii) selecting a girl among 8 girls.

The first of these can be performed in 10 ways and the 
second in 8 ways. Therefore, by fundamental principle of ad­
dition either of the two jobs can be performed in (10 + 8) = 18 
ways. Hence, the teacher can make the selection of either a boy 
or a girl in 18 ways.

Difference between the two principles: As we have discussed in 
the principle of multiplication a job is divided or decomposed 
into a number of sub-jobs which are uncorrected to each other 
and the job is said to be performed if each sub-job is performed. 
While in the principle of addition there are a number of inde­
pendent jobs and we have to perform one of them. So, the total 
number of ways of completing any one of the sub-jobs is the 
stun of the number of ways of completing each sub-job.

[r + 2”-1C2n) (2n)!

_(r + 2n-l)!_ (r + 2n-l)!
(r-1)! = (r-l)!(2n)l

27. 42504 33. 14,7

37. "+m+1Q •

28. Let (- r), (- r -1), (- r - 2),..., (- r - 2n +1) be 2n consecu­
tive negative integers. Then,

Their product = (-1 J2" r (r +1) (r + 2)... (r + 2n -1) 
_ (r-1)! (r)(r + l).,.(r + 2n-l) 

(r-D!

_ J = 36, "Cr = 84 and "Cr+1 = 126, find rC2.

44. Show that (kri)! is divisible by (n!)\

42. Prove that the greatest value of 2nCr is double the greatest 

value of2,1-1 Cr
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ILLUSTRATIVE EXAMPLES

[By Fundamental Principle of multiplication]

7x6x5x4x3= 2520.

= 32 -1 = 31

J2: Putting second ball in one of the three boxes.

/2: Posting letter L, in a letter box.Jn: Putting nth ball in one of the three boxes.

We observe that each sub-job can be completed in three 
ways. So, by the fundamental principle of counting the total 
number of ways of putting n balls in three different boxes is

EXAMPLE 3 Find the number of ways in which n distinct balls can 
be put into three boxes.
SOLUTION Here, the job of putting n differnt balls in three 
boxes is divided into n sub-jobs as given below;

: Putting first ball in one of the three boxes.

J3 : Posting letter L3 in a letter box. 

/4 : Posting letter L4 in a letter box.

= Number of sequences except one sequence in which all 
answers are correct

Out of these 32 sequences of answers there is only one 
sequence of answering all the five questions correctly. But no 
student has written all the correct answers and different stu­
dents have given different sequences of answers. So,

Maximum number of students in the class

EXAMPLE 6 For a set of five true/false questions, no student has 
written all correct answers, and no two students have given the same 
sequence of answers. What is the maximum number of students in 
the class, for this to be possible ?
SOLUTION Since a true/false type question can be answerei 
in 2 ways either by marking it true or false. So, there are 2 ways 
of answering each of the 5 questions. So,

Total number of different sequences of answers 
= 2 x 2 x 2 x 2 x 2 = 25 = 32.

EXAMPLE 1 There are 3 candidates for a Classical, 5 for a Mathe­
matical, and 4 for a Natural science scholarship.

(i) In how many ways can these scholarships be awarded ?
(ii) In how many ways one of these scholarships be awarded ? 

SOLUTION Clearly, Classical scholarship can be awarded to . 
any one of the three candidates. So, there are 3 ways of award­
ing the Classical scholarship.

Similarly, Mathematical and Natural science scholarships 
can be awarded in 5 and 4 ways respectively. So,

Number of ways of awarding three scholarships
=3x5x4
= 60

And,
Number of way of awarding one of the three scholarships

= 3 + 5 + 4 = 12
EXAMPLE 2 Five persons entered the lift cabin on the ground floor 
of an 8-floor house. Suppose each of them can leave the cabin inde­
pendently at any floor beginning with the first. Find the total number 

1 of ways in which each of the five persons can leave the cabin (i) at any
one of the 7 floors (ii) at different floors.
SOLUTION Suppose A2, A3, A^ A5 are five persons.

(i) A] can leave the cabin at any of the seven floors. So, Aj 
can leave the cabin in 7 ways. Similarly, each of A2, A3, A4, A5 
can leave the cabin in 7 ways. Thus, the total number of ways 
in which each of the five persons can leave the cabin at any of 
the seven floors is7x7x7x7x7 = 75.

(ii) A] can leave the cabin at any of the seven floors. So, 
Ai can leave the cabin in 7 ways. Now, A2 can leave the cabin 
at any of the remaining 6 floors. So, A2 can leave the cabin in 6 
ways. Similarly, A3, A4, and A5 can leave the cabin in 5,4 and 
3 ways respectively. Thus, the total number of ways in which 
each of the five persons can leave the cabin at different floors 
is

3 x3x3x ... x3 = 3n 
n-times

EXAMPLE 4 Find the number of ways in which n distinct balls can 
be put into three boxes so that no two boxes remain empty.
SOLUTION In the above example, we have seen that n distinct 
balls can be put into three boxes in 3” ways. Out of these 3” 
ways, there are three ways

(i) When all balls are put in first box
(ii) When all balls are put in second box

(iii) When all balls are put in third box.
Thus, there are 3" - 3 ways in which no two of the three 
boxes are empty.

EXAMPLE 5 Find the total number ofivays of answering 5 objective 
type questions, each question having 4 choices.
SOLUTION Since each question can be answered in 4 ways. So, 
the total number of ways of answering 5 questions

= 4x4x4x4x4 = 45.

EXAMPLE 7 In how many ways one can post 4 letters in 5 letter 
boxes ?
SOLUTION Let Lp and L4 be four letters and 
Bp B2, B3, B4 and B5 be five letter boxes. The job of posting 4 
letters in five letter boxes can be divided into following four 
sub-jobs.

/j: Posting letter L1 in a letter box.



22.20 MATHEMATICS FOR IIT-JEE

Since letter L] can be posted in any one of the five letter 
boxes. Therefore, job fa can be done in five ways. Similarly, each 
job can be done in 5 ways.

So, required number of ways = 5x5x5x5 = 54.
EXAMPLE 8 How many numbers of 4-digits can be made ivith the 
non-zero digits in which no two consecutive digits are the same ?
SOLUTION We have nine non-zero digits, viz. 1,2,3,..., 9. In 
order to construct a 4-digit number we have to fill 4 places by 
using these digits. In other words, the job of constructing a four 
digit number is divided into four sub-jobs, say, Jj, J2, Jy J4.

Jj: Filling unit's place.

J2: Filling ten's place.

j3 : Filling hundred's place.

j4: Filling thousand's place.

Since there are 9 non-zero digits. So, job J] can be completed 
in 9 ways. As no two consecutive digits are to be the same i.e. 
a digit used in a place cannot be used in the next place but it 
can be used again in the place coming after the next place. So, 
job J2 can be performed in 8 ways. In order to fill up hundred's 
place we cannot use the digit used to fill up ten's place but the 
digit used to fill up one's place can be used. So, job J3 can be 
completed in 8 ways. Similarly, Job J4 can be completed in 8 
ways.

Hence, required number of 4 digit numbers

= 9x8x8x8
= 4608

EXAMPLE 9 A letter lock consists of 4 rings each marked with 15 
different letters. In how many ways it is possible to make an unsuc­
cessful attempt to open the lock ?
SOLUTION Since each ring is marked with 15 different letters. 
Therefore, each ring has 15 positions. Thus, the total number 
of attempts that can be made to open the lock is 
15 x 15 x 15 x 15 = 154. Out of these, there is just one attempt in 
which the lock will open. Therefore,

Total number of unsuccessful attempts = 154 -1

EXAMPLE 10 Four dice are rolled. Find the total number of possible 
outcomes. Also, find the number of ways in which

(i) no die exhibits 3.
(ii) at least one die shows 3.

SOLUTION Since each die can result in 6 ways. So, the total 
number of possible outcomes is 6 x 6 x 6 x 6 = 64.

(i) If 3 does not occur on any die, then each die can result 
in 5 ways. Therefore,

Total number of outcomes in which no die shows 3

EXAMPLE 11 A question paper is split into two parts — Part A and 
Part B. Part A contains 5 questions and Part B has 4 questions. Each 
question in Part A has an alternative. A student has to attempt at 
least one question from each part. Find the number of ways in which 
the student can attempt the question paper.
SOLUTION Here the job of answering the question paper is 
broadly divided into two subjobs.

Jl: Answering Part A.

J2 : Answering Part B.

Part A contains 5 questions and each question has an alter­
native. Therefore, for each question in part A the student has 
following three choices:

I The student does not attempt the question;
II The student attempts the first part of the question;

III The student attempts the alternative part of the ques­
tion.

Therefore, the total number of choices of answering a ques­
tion is 3. But, there are 5 questions in part A. So, the total number 
of ways of answering Part A is 35. But, this includes a way in 
which the student does not attempt any question in Part A. 
Thus, the total number of ways of answering Part A is 
35~1 =243-1 =242.

Part B has 4 questions. For each question in Part B the 
student has two choices:

I The student attempts the question.
II The student does not attempt the question.

Therefore, the total number of choices for one question is 2. 
Since there are 4 questions in Part B. So, there are 24 ways of 
answering Part B which also include a way in which no ques­
tion of Part B is answered. Therefore, there are 24 -1 = 15 ways 
of answering Part B.

Hence, the number of ways in which the student can at­
tempt the question paper is 242 x 15 = 3630.
EXAMPLE 12 In how many ways 5 prizes can be given away to 9 
atheletes, if each athelete is eligible for each prize ?
SOLUTION Since a prize can be given to any one of the 9 
atheletes. Therefore, each prize can be given in 9 ways. There 
are 5 prizes. So, the total number of ways to give away 5 prizes 
is9x9x9x9x9 = 95.
EXAMPLE 13 Let a = a2 a3 and b = b1b2 b3 be two three digit 
numbers. How many pairs of a and b can be formed so that a can be 
subtracted from b without borrowing.

(ii) Total number of possible outcomes in which at least one 
die shows 3

= Total number of possible outcomes

- Number of outcomes in which no die shows 3

= 64-54.

= 5x5x5x5 = 54.
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= 285 - 45 = 245

= 26

_ 9(9 + 1)(9x2 + 1) 9(9+1)
6 2

But, it is given that a, c < b. Therefore, 

b > 2

n
Similarly, a3 and b3 can be chosen in X (10 - s) ways.

s = 0

Hence, by the fundamental principle of counting, the total 
number of pairs of a and b is

9 n 9
£ (10-r)x£ (10-s)x£ (10-s)
r=l s=0 s=0

= 45x55x55 = 45x(55)2.

EXAMPLE 14 How many three digit numbers are of the form abc, 
with a,c<b and a*0?
SOLUTION Since the digit at hundred's place cannot be zero. 
Therefore, we must have

a > 1

EXAMPLE 15 A sequence is a ternary sequence, if it contains digits 
0,1 and 2. How many ternary sequences of length 9 are there which 
either begin with 210 or end with 210 ?
SOLUTION Since each digit in a ternary sequence of length 9 
can be filled in 3 ways. Therefore, the number of nine-digit 
ternary sequence beginning with 210 is 36 and the number of 
nine-digit ternary sequence ending with 210 is also 36 The 
number of ternary sequence of 9 digits which begin and end 
with 210 is 33.

Thus, the total number of sequences which either begin 
witi 210 or end with 210 is

EXAMPLE 16 A valid identifier in a programming language con­
sists of a string of one to six alpha numeric characters (the 36 
characters A, B, C,..., x, y, z, 0,1,2,..., 9) beginning with a letter. 
How may valid identifiers are there ?
SOLUTION Since a valid identifier begins with a letter. There­
fore, there are 26 ways to choose an identifier of one character. 
An identifier of 2 characters can be chosen in 26 x 36 ways. 
Similarly, an identifier of 3 characters can be chosen in 
26 x 36 x 36 ways.

The number of ways of choosing an identifier of 4,5 and 6 
characters are 26 x 36 x 36 x 36, 26 x 36 x 36 x 36 x 36 and 
26 x 36 x 36 x 36 x 36 x 36 respectively.

Hence, the total number of valid identifiers
= 26 + 26 x 36 + 26 x 362 + ... + 26 x 365

366 - f

36-1 /
EXAMPLE 17 Find the number of ways in which n distinct objects 
can be put into two identical boxes so that no bo?. remains empty.
SOLUTION Let us first label the boxes and B2. Now each 
object can be put either in BI or in B2. So, there are two ways to 
deal with each of the n objects. Consequently, n objects can be 
dealt with 2" ways. Out of these 2n ways, there are two ways 
(i) when all objects are put in box B} (ii) when all objects are put 
in box B2. Thus, there are 2” - 2 ways in which neither box is 

. empty. If we now remove the labels from the boxes so that they 
become identical, this number must be divided by 2 to get the 
required number of ways.

Hence, the required number of ways = | (2?1 - 2) = 2" ‘1 -1.

EXAMPLE 18 How many numbers are there between 100 and 1000 
in which all the digits are distinct ?
SOLUTION A number between 100 and 1000 has three digits. 
So, we have to form all possible 3-digit numbers with distinct 
digits.

36 + 36 _ 33 = 729 + 729 _ 27 = 1431.

SOLUTION Clearly, and b} can take integral values from 1 
to 9 whereas each of a2, a3, b2 and b3 can take integral values 
from 0 to 9.

We observe that the number a can be subtracted from the 
integer b without borrowing if b3 > a3, b2 > 02 and b^ > a\.

Let = r, where r = 1, 2,3,..., 9. Then, b\ can take values 
r, r +1,..., 9. Thus, corresponding to one choice of fl], there are 
(10 - r) choices for bp So, and b^ can be chosen in

9
Z (10-r) ways, 

r = 1
Similarly, let a2 = s, where s = 0,1,2,..., 9. Then, can take 

values s, s +1,..., 9. Therefore, corresponding to one choice of 
there are (10-s) choices for bp So, fl? and b? can be chosen in

9
X (10-s)ways.

s = 0

=> b = 2,3,4,5,...,9

Let b = r, where r = 2,3,..., 9. Then,a can take (r -1) values 
1,2,..., r -1 and b can take r values 0,1,2,.., r -1. Thus, for 
each value of r, abc can take r (r -1) values. But, r can take 
values from 2 to 9. Therefore, by the fundamental principle of 
addition
Required number of numbers

9

- E r(r-l)
r = 2

9 9

r=2 r = 2
9 9

’ S r
r=l r=l

66

= 2| (366-l).
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of three-digit numbers in which 7 does not appear at all = 
8x9x9.

Hence, total number of 3-digit numbers having at least one 
of their digits as 7

= 9x10x10-8x9x9 = 252.

SOLUTION
3-digits

Total number of 3-digit numbers having at least one of 
their digits as 7

= (Total number of three-digit numbers) - (Total number 
of 3-digit numbers in which 7 does not appear at all)

Total number of three-digit numbers: We have to form three-digit 
numbers by using the digits 0,1,2,3,..., 9.

Clearly, hundred's place can be filled in 9 ways and each of 
the ten's and one's place can be filled in 10 ways.

So, total number of 3-digit number = 9 x 10 x 10 = 900.
Total number of three-digit number in which 1 does not appear at all: 
Here we have to form three-digit numbers by using the digits 
0 to 9, except 7.

So, hundred's place can be filled in 8 ways and each of the 
ten's and one's place can be filled in 9 ways. So, total number

EXAMPLE 22 How many numbers are there between 100 and 1000 
which have exactly one of their digits as 7 ?
SOLUTION A number between 100 and 1000 contains 3-digits. 
So, we have to form 3-digit numbers having exactly one of their 
digits as 7. Such type of numbers can be divided into three 
types:

(I) Those numbers that have 7 in the unit's place but not 
in any other place.

(II) Those numbers that have 7 in the ten's place but not in 
any other place.

(ID) Those numbers that have 7 in the hundred's place but 
not in any other place.

. Required number of numbers is the total number of these 
three types of numbers.

We shall now count these three types of numbers 
separately.

(I) Those three-digit numbers that have 7 in the unit's place 
but not in any other place.

The hundred's place can have any one of the digits from 0 
to 9 except 0 and 7. So, hundred's place can be filled in 8 ways. 
The ten's place can have any one of the digits from 0 to 9 except 
7. So, the number of ways the ten's place can be filled is 9. The 
unit's place has 7. So, it can be filled in only one way.

Thus, there are 8 x 9 x 1 = 72 numbers of the first kind.
(II) Those three-digit numbers that have 7 in the ten’s place 

but not in any other place.
The number of ways to fill the hundred's place = 8

(by any one of the digits from 1,2,3,4,5,6,8,9)

The number of ways to fill the ten's place = 1 (by 7 only) 
The number of ways to fill the one's place = 9

(by any one of the digits 0,1,2,3,4,5,6,8,9)

Thus, there are 8 x 1 x 9 = 72 numbers of the second kind.
(HI) Those three-digit numbers that have 7 in the hundred's place 

but not at any other place.
In this case, the hundred's place can be filled only in one . 

way and each of the ten's and one's place can be filled in 9 ways.
So, there are 1 x 9 x 9 = 81 numbers of the third kind.
Hence, the total number of required type of numbers

= 72 + 72 + 81=225
EXAMPLE 23 A gentleman has 6 friends to invite. In how many . 
ways can he send invitation cards to them, if he has three servants to 
carry the cards ?
SOLUTION Since a card can be sent by any one of the three 
servants, so the number of ways of sending the invitation card

We cannot have 0 at the hundred's place. So, the hundred's 
place can be filled with any of the 9 digits 1,2,3,..., 9. So, there 
are 9 ways of filling the hundred's place.

Now, 9 digits are left including 0. So, ten's place can be filled 
with any of the remaining 9 digits in 9 ways. Now, the unit's 
place can be filled with in any of the remaining 8 digits. So, 
there are 8 ways of filling the unit's place.

Hence, the total number of required numbers
= 9 x 9 x 8 = 648.

EXAMPLE 19 How many numbers are there between 100 and 1000 
such that every digit is either 2 or 9?
SOLUTION Every number between 100 and 1000 consists of 
three digits. So, we have to determine the total number of three 
digit numbers such that every digit is either 2 or 9.

Clearly, each one of the unit's, ten's and hundred's place 
can be filled in 2 ways.

So, the total number of required numbers = 2x2x2 = 8 
EXAMPLE 20 How many numbers are there between 100 and 1000 
such that 7 is in the unit's place.
SOLUTION Every number between 100 and 1000 is a three digit 
number. So, we have to form 3-digit numbers with 7 at the 
unit's place by using the digits 0,1,2,..., 9. Clearly, repetition 
of digits is allowed. The hundred's place can be filled with any 
of the digits from 1 to 9 (zero cannot be there at hundred's 
place). So, hundred's place can be filled in 9 ways.

Now, the ten's place can be filled with any of the digits from 
0 to 9. So, ten's place can be filled in 10 ways. Since all the 
numbers have digit 7 at the unit's place, so, unit's place can be 
filled in only one way.

Hence, by the fundamental principle of counting the total 
number of numbers between 100 and 1000 having 7 at the unit's 
place = 9 x 10 x 1 = 90.
EXAMPLE 21 Haw many numbers are there between 100 and 1000 
such that at least one of their digits is 7 ?

Clearly, a number between 100 and 1000 has



PERMUTATIONS AND COMBINATIONS 22.23

12 3 4 m-1 m

i

Fig. 22.2

squares.
SOLUTION The equation

xcosa+y sina = p;p = l,2,3,... ,m representsm parallel 
lines such that the distance between two consecutive lines is 
one unit.

Similarly, the equation
y cos a - x sin a = q; q = 1,2,3,..., n represents n parallel 

lines such that the distance between any two consecutive 
lines is one unit.

We observe that the slope of each line of first set is 
mi = - cot a and the slope of each line of the second set is 
m2 = tan a

1
2
3

n-1 
n

to the first friend = 3. Similarly, invitation cards can be sent to 
each of the six friends in 3 ways.

So, the required number of ways
= 3x3x3x3x3x3 = 36 = 729.

EXAMPLE 24 How many four-digit numbers can be formed using 
the digits 0,1,2, 3,4,5 if (i) repetition of digits is not allowed (ii) 
repetition of digits is allowed ?
SOLUTION (i) In a four-digit number 0 cannot appear in the 
thousand's place. So, thousand's place can be filled in 5 ways, 
(viz. 1,2,3,4,5). Since repetition of digits is not allowed and 0 
can be used at hundred's place, so hundred's place can be filled 
in 5 ways.

Now, any one of the remaining four digits can be used to 
fill up ten's place. So, ten's place can be filled in 4 ways. One's 
place can be filled from the remaining three digits in 3 ways.

• Hence, the required number of numbers
= 5x5x4x3 = 300.

(ii) For a four-digit number we have to fill up four places 
and 0 cannot appear in the thousand's place. So, thousand's 
place can be filled in 5 ways. Since repetition of digits is 
allowed, so each of the remaining three places viz. hundred's, 
ten's and one's can be filled in 6 ways.

Hence, the required number of numbers
= 5 x 6 x 6 x 6 = 1080.

EXAMPLE25 How many numbers greater than 1000, but not greater 
than 4000 can be formed with the digits 0,1,2,3,4 if: (i) repetition 
of digits is allowed ? (ii) repetition of digits is not allowed ?
SOLUTION (i) Every number between 1000 and 4000 is a four 
digit number. In thousand's place we can put either 1 or 2 or 3 
but not 4. So, thousand's place can be filled in 3 ways. Since 
repetition of digits is allowed, so each of the hundred's, ten's 
and one's place can be filled in 5 ways. So, total number of 
numbers between 1000 and 4000, including 1000 and excluding 
4000 is3x5x5x5 = 375. But we have to find the total number 
of numbers greater than 1000 but not greater than 4000.

Hence, required number of numbers
= 375 + 1 (for 4000) -1 (for 1000) = 375.

(ii) As discussed above thousand's place can be filled in 3 
ways. Since repetition of digits is not allowed, so, hundred's 
place can be filled from the remaining digits in 4 ways. Now, 
three digits are left, so ten's place can be filled in 3 ways. One's 
place can be filled in 2 ways.

Hence, required number of numbers = 3x4x3x2 = 72.
EXAMPLE 26 How many three digit odd numbers can be formed by 
using the digits 1,2,3,4,5,6 if:

(i) the repetition of digits is not allowed ?
(ii) the repetition of digits is allowed ?
SOLUTION For a number to be odd, we must have 1,3 or 5 

at the unit's place. So, there are 3 ways of filling the unit's place.
(i) Since the repetition of digits is not allowed, the ten's place 

can be filled with any of the remaining 5 digits in 5 ways. Now, 
four digits are left. So, hundred's place can be filled in 4 ways.

So, required number of numbers = 3x5x4 = 60
(ii) Since the repetition of digits is allowed, so each of the 

ten's and hundred's place can be filled in 6 ways.
Hence, required number of numbers = 3x6x6 = 108.

EXAMPLE 27 There are unlimited number of identical balls of four 
different colours. How many arrangements of at most 8 balls in a row 
can be made by using them ?
SOLUTION Since there are balls of four different colours. 
Therefore,

Number of arrangements of one ball = 4
Number of arrangements of two balls = 4 x 4 = 42
Number of arrangements of three balls =4x4x4 = 43etc.

Hence,
Required number of arrangements = 4 + 42 + 43 +... + 48

Z48-f
*4-1

4= ^x 65535

= 87380.
EXAMPLE 28 There are two sets of parallel lines, their equations 
being x cos a + y sin a = p; p = 1,2,3,... m and 
y cos a - x sin a = q; q = 1,2,3,..., n (n > m) where a is a given

constant. Show that the lines form -m(m-l)(3n-m-l)
0

= 4
4k,
3
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{6n-3(m + n) + (2?n-l)}

(6rz - 3m - 3n + 2m -1)

= mn (in -1) - (m + n)

EXERCISE 22.3

Hence,
Total number of squares
= (m -1) (n -1) + (m - 2) (n - 2) +

:+(m-(m-l)) (n-(m-l))
m-1

= £ (m-r)(n-r)
r = l
m-1

= {mn - r (m + n) + r2}
r = 1

(ii) From a pack of 52 cards, five consecutively numbered 
cards can be drawn in one of the following ways:

(2,3,4,5,6), (3,4,5,6,7)..., (10,11,12,13,14)
But, in each place we have 4 choices of suits. Therefore,
Total number of runs = 9x(4x4x4x4x4)

= 9x45

EXAMPLE 30 What can be the maximum population of a country in 
which no two persons have an identical set of teeth ? (Disregard the 
shape and size of the teeth. Take only the positioning of the teeth in 
consideration. Also assume that there is no persons without teeth and 
no person has more than 32 teeth)
SOLUTION There are 32 places for the teeth in the mouth. For 
each places, we have two choices, either there is a tooth or there 
is no tooth at the place. Therefore, the number of ways to fill 
up 32 places is 2 . It is given that there is no person without a 
tooth. Therefore, the maximum population of the countary in 
which no two persons have identical set of teeth is 232 -1.

m-1 
r+£ r2 

r = l

 m (m -1
6

6
 m (m-1) (3n-m-T)

6
EXAMPLE 29 From a zvell-shuffled pack of 52 cards, a player is then 
5 cards. If the cards have consecutive values the its is said that the 
player has a run and if they are also from the same suit it is said that 
the player has a running flash. In how many different ways can a 
player hold a (i) running flash ? (ii) run ?
SOLUTION There are four suits of cards in a pack of 52 cards 
and each suit has 13 cards. The values of cards in a suit are

2,3,4,5,..., 10,11 (= Jack), 12 (= queen), 13 (= King) and 
14 (= Ace)

(i) From a suit five consecutively numbered cards can be 
drawn in one of the following ways :

(2,3,4,5,6) (3,4,5,6,7) (10,11,12,13,14)

Therefore, there are 9 ways of getting a running flash from 
a suit.

Since there are four suits of cards. So,
Total number of ways of getting a running flash

= 9 + 9 + 9 + 9 = 36.

Clearly, m2 = -1.
Therefore, every line of first set is perpendicular to every 

line of second set.
We observe that four lines consisting of two lines of the first 

set and two lines of the second set will foim a square, if the 
distance between two parallel lines of first set is same as the 
distance between two parallel lines of second set.

Since m < n, therefore the length of the side of the largest 
square formed by the two sets of lines is (m -1) units and the 
length of the side of the smallest square is 1 unit.

Clearly, two lines at a unit distance from the set of m parallel 
lines can be chosen in (m-1) ways, namely (1,2), (2,3),
(3.4) ..., (m -1, m) and two lines at a unit distance from the set 
of n parallel lines can be chosen in (n -1) ways, namely
(1.2) , (2,3),..., (n -1, n). Therefore, number of squares whose 
sides are of length 1 unit = (m -1) (n -1).

Similarly, two lines at a distance of 2 units from the set of 
m parallel lines can be chosen in (m - 2) ways, namely (1, 3)
(2.4) ,...., (m - 2, m) and two lines at a distance of 2 units from 
the set of n parallel lines can be chosen in (n - 2) ways, namely
(1.3) , (2,4)...., (n - 2, n). Therefore,

Number of squares whose sides are of length 2 units
= (m-2)(n-2)

Continuing in this manner, we find that
the number of squares whose sides are of length (m -1) units

= (m-(m-l)) (n-(m-l))

nt -1

= mn (m -1) - (m + n) £
r=l

m(m-l) (m-l)m (2m-1)
2 + 6

3. In how many ways can 5 letters be mailed if there are 3 
mailboxes available ?
4. There are 4 candidates for president of a club, 6 for vice- 
president and 2 for secretary. In how many ways can these 
three positions be filled ?
5. In how many ways can a club consisting of 12 members 
choose a president, a secretary, and a treasurer ?

1. A man has 3 jackets, 10 shirts and 5 pairs of slacks. If an 
outfit consists of a jacket, a shirt and a pair of slacks, how many 
different outfits can the man make ?
2. A student has a choice of 5 foreign languages and 4 scien­
ces. In how many ways can he choose 1 language and 1 
science ?
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ANSWERS

3. 243 4. 481. 150

7. 378
11. 625

8. 600
12. 32

13. 1024
17. 42
21. 42840 22. 648

14. 999
18. 42

15. 512
19. 1320
23. 900

16. (i) 30 (ii) 11
20. 15
24. 450

5. 1320
9. 6

22. How many three-digit numbers are there with no digit 
repeated ?
23. How many three-digit numbers are there ?
24. How many three-digit odd numbers are there ?
25. How many different five-digit number licence plates can 
be made if

(i) first digit cannot be zero and the repetition of digits 
is not allowed,

(ii) the first-digit cannot be zero, but the repetition of 
digits is allowed ?

26. How many four-digit numbers can be formed with the 
digits 3,5, 7, 8, 9 which are greater than 7000, if repetition of 
digits is not allowed ?
27. How many four-digit numbers can be formed with the 
digits 3, 5, 7, 8, 9 which are greater than 800, if repetition of 
digits is not allowed ?
28. In how many ways can six persons be seated in a row ?
29. How many 9-digit numbers of different digits can be 
formed ?
30. How many odd numbers less than 1000 can be formed by 
using the digits 0,3,5,7 when repetition of digits is not allowed ?
31. How many 3-digit numbers are there, with distinct digits, 
with each digit odd ?
32. How many different numbers of six digits each can be 
formed from the digits 4,5,6,7,8,9 when repetition of digits 
is not allowed ? •
33. How many different numbers of six digits can be formed 
from the digits 3,1, 7, 0, 9, 5 when repetition of digits is not 
allowed ?
34. How many different numbers, greater than 5000 can be 
formed with the digits 1,2,5,9,0 when repetition of digits is 
not allowed ?
35. In how many ways can the following prizes be given to a 
class of 40 students ?

(i) First and second prizes for Mathematics.
(ii) First and second prizes for Physics.
(iii) First prize for English.
(iv) First prize for Indian Classical Music.

36. In a particular programming language, a valid variable 
name consists of a sequence of one to eight alphanumeric 
characters A, B, C,..., Z, 0,1,2,... 9 beginning with a letter. 
Find the total number of valid variable names.
37. A straight is a five-card hand containing consecutive 
values. How many different straights are there ? How many 
straights are there if the cards are not all from the same suit ?

6. Three six faced die, marked with numbers 1 to 6 on six faces 
of each die, are thrown and outcomes are recorded. How many 
possible outcomes are there ?
7. In a class there are 27 boys and 14 girls. The teacher wants 
to select 1 boy and 1 girl to represent the class in a function. In 
how many ways can the teacher make this selection ?
8. A person wants to buy one fountain pen, one ball pen and 
one pencil from a stationery shop. If there are 10 fountain pen 
varieties, 12 ball pen varieties and 5 pencil varieties, in how 
many ways can he select these articles ?
9. From Goa to Mumbai there are two roots; air, and sea. 
From Mumbai to Delhi there are three routes; air, rail and road. 
From Goa to Delhi via Mumbai, how many kinds of routes are

\ there?
10. A mint prepares metallic calendars specifying months, 
dates and days in the form of monthly sheets (one plate for each 
month). How many types of calendars should it prepare to 
serve for all the possibilities in future years ?
11. There are four parcels and five post-offices. In how many 
different ways can the parcels be sent by registered post ?
12. A coin is tossed five times and outcomes are recorded. 
How many possible outcomes are there ?
13. In how many ways can an examinee answer a set of ten
true/false type questions? [No. of ways = 210]
14. A letter lock consists of three rings each marked with 10 
different letters. In how many ways is it possible to make an 
unsuccessful attempt to open the lock ?
15. There are 6 multiple choice questions in an examination. 
How many sequences of answers are possible, if the first three 
questions have 4 choices each and the next three have 2 each ?
16. There are 5 books on Mathematics and 6 books on Physics 
in a book shop. In how many ways can a student buy : (i) a 
Mathematics book and a Physics book (ii) either a Mathematics 
book or a Physics book ?
17. Given 7 flags of different colours, how many different 
signa Is can be genera ted if a signal requires the use of two flags, 
one below the other ?
18. A team consists of 6 boys and 4 girls and other has 5 boys 
and 3 girls. How many single matches can be arranged between 
the two teams when a boy plays against a boy and a girl plays 
against a girl ?
19. Twelve students compete in a race. In how many ways first 
three prizes be given ?
20. How many A.P.'s with 10 terms are there whose first term 
is in the set |1,2,3) and whose common difference is in the set 
11,2,3,4,5]?
21. From among the 36 teachers in a college, one principal, one 
vice-principal and the teacher-incharge are to be appointed. In 
how many ways can this be done ?

2. 20

6. 63

10. 14
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— □□□ —

n(n-l)(n-2)... (n-(r-l))

29. 9(9!)
33. 600

acd 
adc 
cda 
cad 
dca 
dac

THEOREM 1 Let r and n be positive integers such that 1 < r 5 n. 
Then, prove that the number of all permutations of n distinct items 
or objects taken rata time is

bed 
bdc 
cbd 
edb 
deb 
dbc

abd 
adb 
bda 
bad 
dba 
dab

= nPr.

n(n-l)(n-2)... (n-(r-l)) (n-r)l 
(n-r)l

n! 
(n-r)!

37. 9 (45), 9 (45 -1)

So, the total number of arrangements (permutations) of 
n-distinct items, taking r at a time is nPr or P (n, r).

THEOREM 2 The number of all permutations (arrangements) ofn 
distinct objects taken all at a time is n!.
PROOF The number of all permutations of n distinct objects, 
taken all at a time, is same as the number of ways of filling 
n-places when we have n distinct things at our disposal. 
Proceeding as in the above theorem, we find that the required 
number of ways is

n (n-1) (h-2) ... 3.2.1 = n!

n(n-l)(n-2)(n~3)... (n-(r-l))

PROOF The number of permutations of n distinct things, taken 
r at a time, is same as the number of ways in which we can fill 
up r-places when we have n different things at our disposal.

The first place can be filled in n ways, for any one of the n 
things can be used to fill up the first place. Having filled it, there 
are (n -1) things left and any one of these (n -1) things can be 
used to fill up the second place. So, the second place can be 
filled in (n -1) ways. Hence, by the fundamental principle of 
counting, the first two places can be filled in n (n -1) ways. 
When the first two places are filled, there are (n - 2) places left, 
so that the third place can be filled from the remaining (n - 2) 
things in (n - 2) ways. Therefore, the first three places can be 
filled in n (n -1) (n - 2) ways. Continuing in this manner, we 
find that the first (r -1) places can be filled in n (n -1) (n - 2) ... 
(n - (r- 2)) ways. After filling up first (r -1) places, exactly 
n - (r -1) = n - r +1 things are left. So, the rth place can be filled 
in (n - (r - 1)) ways. Hence, the r places can be filled in 
n (n -1) (n - 2)... (n - (r-1)) ways.

Hence, the total number of permutations of n distinct 
things, taken r at a time is n (n -1) (n - 2) (n - 3)... (n (r — 1)).
REMARK 1 We have,

36. | (36®-1)25. (i) 27216 (ii) 90000 26. 72
28. 720 29. 9(9!) 30. 21
32. 720 33. 600 34. 48

22.4 PERMUTATIONS AND COMBINATIONS
In this section, we shall introduce the notion of combinations 
and permutations. Normally we discuss permutations (arran­
gements) prior to combinations (selections). However, practi­
cally first we make selections from a given group of distinct 
items and then selected items are arranged or permutated in 
each group. This means that in the process of arranging a group 
of distinct items by taking some of them at a time, the job of 
selection occurs prior to the job of arranging the selected items. 
Keeping this thing in mind, we shall develop the notion of 
permutations and combinations by introducing combinations

• (selections) prior to permutations (arrangements).
COMBINATIONS Each of the different selections made by taking 
some or all of a number of distinct objects or items, irrespective of their 
arrangements or order in which they are placed, is called a combina­
tion.
PERMUTATIONS Each of the different arrangements which can be 
made by taking some or all of a number of distinct objects is called a 
permutation.

Consider the set [a, b, c} of first three letters of the English 
alphabet. Various combinations (selections) of these three let­
ters taken two at a time are as follows:

ab be ca
Here selection ab is same as ba. Similarly, selections be and 

ca are same as cb and ac respectively.
Now, if we want to list all possible arrangements of these 

three letters taking two at a time, then letters in each of the 
above selections will be arranged and we will obtain following 
arrangements:

ab be ca
ba cb ac

Let us now consider the set {a, b, c, d] of first four letters of 
the English alphabet. The list of all possible selections of three 
letters from these four letters is as given below

abc, abd, bed, acd
It is to mention here that selection abc is same as bca or cab 

or bca etc.
Now, if we wish to arrange letters a, b, c, d by taking 3 at a 

time, then in each of the above selections, letters are arranged 
and we obtain the following arrangements.

abc 
acb
bca 
bac
cab 
cba

27. 48
31. 60
35. (40)4x(39)2
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X =

x =

=>

= nC '-r

[See Theorem 1]

x =

ILLUSTRATIVE EXAMPLES

= 9x8x7x6x5 = 15120.

= 30240.

EXAMPLE 1 How many 5-letter words, with or without meaning, 
can be formed out of the letters of the word 'EQUATIONS' if 
repetition of letters is not allowed ?
SOLUTION There are 9 letters in the word 'EQUATIONS'. In 
order to construct 5-letter words from these 9 letters, we first 
select 5 letters out of these 9 letters and then the selected letters 
are arranged. So, the job of construction of 5 letter words is 
divided into two sub-jobs.

Jl: Selecting 5 letters from 9 letters of the word 
"EQUATIONS".

J2: Arranging 5 selected letters to form 5-letter words.
We find that job Ji can be completed in 9C$ ways and job 

J2 in 5! ways.
So,

Total number of 5 letter words = 9C5 x 5!

n(n-l)(n-2)... (n-(r-l))(n-r)! 
r I (n - r)!

= ”Crxr!
Clearly, it is consistent with the result stated in Theorem 1, 

because nCr x r! = n (n -1) (n - 2)... (n - (r-1)) = nPr.

n!
r!(n-r)!

x = nCr
REMARK 2 Let there be n-distinct objects which are to be arranged 
in a row by taking r~at a time. The job of arranging n items by taking 
rata time can be divided into two ordered subjobs Ji and Ji given by

Ji: Selecting r items from n-distinct items.
J2: Arranging r selected items.

We find that the sub-job J] can be completed in "Cr ways 
and sub-job J2 can be completed in r! ways. Therefore,

Number of ways of arranging n-distinct items, taking r at a 
time ‘

Hence, the number of all permutations of n distinct objects 
taken all at a time is n !.
ALFTER By using theorem 1, we find that n distinct items can 
be arranged in a row in Pn = ~ = n! ways.

THEOREM 3 The number of ways of selecting r items or objects from 
a group ofn distinct items or objects is

nl
(n-r)!r!

PROOF Let the total number of ways of selecting r items from 
a group of n distinct items be x. This means that x groups of r 
items each can be prepared from a group of n distinct items. 
Consider one of these x groups. We find that there are r-distinct 
items in this group. These r items can be arranged in r! ways. 
Thus, each of the x-groups gives rise to r! arrangements. So, x 
groups will give rise to x x r! arrangements. Consequently, the 
number or permutations of n items, taken r at a time is x x r!. 
But, this number is also equal to

n(n-l)(n-2)... (n-(r-l))
.-. xxr! = n (n-1)(n-2)... (n-(r-1))

n(n-l)(n-2)...(n-(r-l)) 
r!

Hence, the total number of four digit numbers with distinct 
digits = 10C4 x 4! - 9C3 x 3! = 5040 - 504 = 4536.

10C4 x 41. But these arrangements also include those numbers 
which have 0 at thousand's place. Such numbers are three digit 
numbers. When 0 is fixed at thousand's, we have to arrange 
remaining 9 digits by taking three at a time. The number of such 
arrangements is 9C3 x 3!. So, the total number of numbers 
having 0 at thousand's place is 9C3 x 3!

EXAMPLE 3 It is required to seat 7 men and 3 women in a row so 
that women occupy the even places. Haw many such arrangements 
are possible ?
SOLUTION In all 10 persons are to be seated in a row and in 
the row of 10 positions there are exactly 5 even places viz. 
second, fourth, sixth, eighth and tenth. It is given that 3 of these 
five even places are to be occupied by three women. This can 
be done in 5C3 x 3! ways. The remaining 7 positions can be filled 
by the 7 men in 7C7 x 7! ways.

Hence, the total number of seating arrangements

= (5C3 x 3!) x (7q x 7!)

= 4!5!X5!

EXAMPLE 2 How many four digit numbers are there with distinct 
digits ?
SOLUTION There are 10 digits viz. 0, 1, 2,..., 9. The total 
number of arrangements of these 10 digits taking 4 at a time is



MATHEMATICS FOR IIT-JEE22.28

6!

= 6 + 30 + 120 + 360 + 720 + 720

= 1956

Junction-^Junction:^ S1

Fig. 22.3

1
I

h

■ 1

The total number of 5-letter words when none of their letters 
is repeated

EXAMPLE 6 Ten different letters of an alphabet are given. Words 
with five letters are formed from these given letters. Determine the 
number of words which have at least one letter repeated.
SOLUTION The total number of 5-letter words which can be 
formed from 10 letters when one or more of its letters is 
repeated

6

Required number of signals = 6Crxr!
r = l

i

6

-S
r= 1

6!
(6-r)!

Hence, the number of 5-letter words which have at least one 
of their letters repeated

= 105 - 30240 = 69760

EXAMPLE 7 How many different automobile licence plates can be 
constructed if the licences contain three letters of the English alphabet 
followed by a three digit number if (i) repetitions are allowed ? (ii) 
repetitions are not allowed ?
SOLUTION (i) When repetitions are allowed, three letters 
from the English alphabet can be chosen in 26 x 26 x 26 = 263 
ways, and a three digit number can be chosen in 
(10 x 10 x 10 -1) = 999 ways. Thus, by the fundamental prin-

S2 S3

EXAMPLE 4 How many signals can be made by 5 flags from 8 flags 
of different colours ?
SOLUTION In order to generate signals of 5 flags from 8 flags 
of different colours, we first select 5 flags from 8 flags. This can 

o
be done in C5 ways. Now we arrange selected 5 flags in 5! 
ways.

Q

Hence, the total number of signals = C5 x 5! = 6720.
EXAMPLE 5 How many different signals can be given using any 
number offlags from 6 flags of different colours ?
SOLUTION Proceeding as in Example 3, the total number of 
signals of r flags from 6 flags of different colours is 6Cr x rl. But, 
can vary from 1 to 6. Therefore, by the fundamental principle 
of addition

Sn

= 3Cix9x9 + 2(3C2x9) + 3xl =300

ciple of counting the total number of licence plates is 
263 x 999.

(ii) When repetitions are not allowed, three letter words 
with distinct letters can be made in 26C3 x 3! ways. Correspond­
ing to each such way a number with three distinct digits can be 
constructed in 10C3 x 3! ways. Thus, the number of licence 
plates in this case is (26C3 x 3!) x (10C3 x 31).
example 8 Find the total number of times the digit 3 will be written 
when listing integers from 1 to 1000.
SOLUTION Since 3 does not occur in 1000. So, we have to count 
the number of times 3 occurs when we list the integers from 1 
to 999. Any number between 1 and 999 is of the form abc where 
0 < a, b, c < 9.

Clearly,
Number of times 3 occurs
= (No. of numbers in which 3 occurs exactly at one place)

+ 2 (No. of numbers in which 3 occurs exactly at two places) 
+ 3 (No. of numbers in which 3 occurs exactly at three places)

Now,
No. of numbers in which 3 occurs exactly at one place:
Since 3 can occur at one place in 3Cj ways and each of the 

remaining two places can be filled in 9 ways. So, number of 
numbers in which 3 occurs exactly at one place = Q x 9 x 9.

No. of numbers in which 3 occurs exactly at two places:
A

Since 3 can occur exactly at two places in C2 ways and the 
remaining place can be filled in 9 ways.

So, number of numbers in which 3 occurs exactly at two 
places = 3C2 x 9.

No. of numbers in which 3 occurs at all the three places:
Since 3 can occur in all the three digits in one way only. So, 

number of numbers in which 3 occurs at all the three places is 
one.

Hence, Numbers of times 3 occurs

= 10C5x5! = 30240

= 10x10x10x10x10 = 105

= _. 6! 6! 6! 6!
5! 4! + 3! + 2! + l! + 0!

EXAMPLE 9 There are n intermediate stations between two junc­
tions J] and J2. A train starts from junction j} and stops at junction 
J2. m persons (m < n) enter the train during the journey with m 
different tickets of the same class. How many different set of tickets 
they could have had ?
SOLUTION Let S]ZS2,..., Sn be n intermediate stations be­
tween junctions /j and J2.

6!
5!

6!
4!
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where N =

= (Sum of the digits) (n -1)! 10"-1
10-1\ /

EXAMPLE 15 find the sum of all the numbers greater than 10000 
formed by using digits 0, 2, 4, 6, 8, no digit being repeated in any 
number.
SOLUTION The total number of numbers formed by arranging 
the digits 0,2,4,6,8 taken all at a time is 5! = 120. Some of these 
numbers are less than 10000 and some are greater than 10000. 
In fact all those numbers having 0 at ten thousand's place are 
four digit numbers. Therefore,

Required sum

10C4x6C6x8!x8! = 10C4(8!)2.

EXAMPLE 13 A tea party is arrangedfor 2m persons along two sides 
of a long table with m chairs on each side, r persons wish to sit on one 
particular side and s on the other. In how many ways can they be 
seated.
SOLUTION Let us mark the sides as A and B. It is given that r 
persons are willing to sit on one side, say A, and s persons on 
the other side B. Out of the remaining (2m -r-s) persons we 
first select (m - r) persons for side A and m - s persons for side 
B. This can be done in 2m~r~sCm_rxm~sCm_s ways. Now, 
m persons on each side can be arranged amongst themselves 
in ml ways.

Hence, the total number of arrangements
_ 2m~r~sCm_rxm~sCtn_sxml.xml

= 2”""!C„_rx(m!)2
EXAMPLE 14 Find the sum of all the numbers that can be formed 
with the digits 2,3,4,5 taken all at a time.
SOLUTION The total number of numbers formed with the 
digits 2,3,4,5 taken all at a time = Number of arrangements of 
4 digits, taken all at a time = 4P4 = 4! = 24.

To find the sum of these 24 numbers, we will find the sum 
of digits at unit's, ten's, hundred's and thousand's places in all 
these numbers.

Consider the digits in the unit's places in all these numbers. 
Each of the digits 2,3,4,5 occurs in 3! (= 6) times in the unit's 
place.

So, total for the digits in the unit's place in all the numbers 
= (2 + 3 + 4 + 5)x3! = 84.

Since each of the digits 2,3,4,5 occurs 3! times in any one 
of the remaining places. So, the sum of the digits in the ten's, 
hundred's and thousand's places in all the numbers

= (2 + 3 + 4 + 5)x3! = 84.

Hence, the sum of all the numbers
= 84 (10° +101 +102+103) = 93324

REMARK It follows from the above example that sum of the num­
bers formed by n non-zero digits

We observe that a person taking the train from ith station 
(Sf) can get down at any one of the next (n +1) - i stations. 
Therefore,

Total number of possible tickets
n

= L («+1 - o 
1 = 0

= (n +1) + n + (n -1) + (n - 2) + ... +1
(n +1) (n + 2) XJ, x = A----- ------- z = N (say)

Clearly, m different tickets are out of these N tickets. There­
fore, required number of ways

= MCm, where N=(” + 1^

EXAMPLE 10 Eighteen guests have to be seated, half on each side of 
. a long table. Four particular guests desire to sit on one particular side 

and three others on the other side. Determine the number of ways in 
which the seating arrangement can be made.
SOLUTION Since four particular guests want to sit on a par­
ticular side A (say) and three others on the other side B (say). 
So, we are left with 11 guests out of which we choose 5 for side 
A in nC5 ways and the remaining 6 for side B in 6C6 ways. 

Hence, the number of selections for the two sides is nC5 x 6C6.

Now 9 persons on each side of the table can be arranged 
among themselves in 9! ways.

Hence, the total number of arrangements

= nCs x 6Cz x 9! x 9! = ~x9!x9! 
00 6! 5!

EXAMPLE 11 How many different words, each containing 2 vowels 
and 3 consonants can be formed with 5 vowels and 17 consonants ?
SOLUTION There are 5 vowels and 17 consonants. Two vowels 
out of 5 vowels and 3 consonants out of 17 consonants can be 
chosen in 5C2 x 17C3 ways. Now we have 5 letters which can be 
arranged in 5! ways.

Hence, the total number of words
= 5C2 x 17C3 x 5! = 816000

EXAMPLE 12 A tea party is arranged for 16 persons along two sides 
\of a long table with 8 chairs on each side. Four persons wish to sit on 
'one particular side and two on the other side. In how many ways can 
they be seated ?
SOLUTION It is given that 4 persons wish to sit on one side, 
say, A and two on the other side, say B. Therefore, 10 persons 
are left, out of which 4 persons for side A can be selected in 
10C4 ways and 6 persons for side B from the remaining 6 

persons can be chosen in 6C6 ways. Hence, the total number of 
ways of selecting persons for two sides of the table is 
10C4 x 6C6. Now, 8 persons on each side can be arranged 
amongst themseleves in 8! ways. Hence, the total number of 
seating arrangements is
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= (0 + 2 + 4 + 6 + 8) (5-1)!

-(2 + 4 + 6 + 8) (4-1)!

= 480 -120

= 11340

M 
F

W 
3
0

H 
1
2

H 
2
1

H
3
0- 12C -- c2-

IV
W
0
3

_ 15z-« 3/"1
“ u5 “ c2

= 15C5-3x10C5 + 6-3

= 2250.
EXAMPLE 21 A person wishes to make up as many different parties 
as he can out of his 20 friends such that each party consists of the 
same number of persons. How many friends should he invite ?
SOLUTION Suppose he invites r friends at a time. Then, the 
total number of parties is 20Cr. We have to find the maximum

4c2)

III
w

1
2

3CiX5C5

H
0
3

Hence the rquired number of ways
= (4C3 x 4C3) + (4C2 x 3Cj) x (3C2 x

+ (4q x 3c2) x (3c2 x 4cp + (3C3 x 3C3)

= 16 + 324 + 144 + 1 = 485
EXAMPLE 20 There are 3 sections in a question paper each contain­
ing 5 questions. A candidate has to solve only 5 questions, choosing 
at least one question from each section. In how many ways can he 
make his choice ?
SOLUTION We observe that:

Total number of ways of choosing at least one question from 
each section

= Total number of ways of choosing 5 questions out of 15 
questions
- Number of ways of selecting 5 questions from 2 

sections only
- Number of ways of choosing 5 questions from one 

section only.
*»C5-JC1x5C5)-

Clearly, women are in majority in (III), (IV) and (V) cases as 
discussed above.

So, total number of committees in which women are in 
majority

= 9C7 x 8C5 + 9C8 x 8C4 + 9C9 x 8C3
= 36 x 56 + 9 x 70 + 1x56 = 2702

Clearly, men are in majority in only (I) case as discussed 
above.

So, total number of committees in which men are in majority 
= 9C5x8C7 = 126x8 = 1008.

EXAMPLE 19 A man has 7 relatives, 4 women and 3 men. His wife 
also has 7 relatives, 3 women and 4 men. In how many ways can they 
invite 3 women and 3 men so that 3 of them are the men's relatives 
and 3 his wife's ?
SOLUTION Three women and three men can be chosen from 7 
relatives of the husband and 7 relatives of his wife in the 
following ways:

I n
w
2
1

EXAMPLE 17 A question paper has two parts, Part A and Part B, 
each containing 10 questions. If the studept-has to choose 8 from 
Part A and 5 from Part B, in how many ways can he choose the 
questions ?
SOLUTION There are 10 questions in Part A out of which 8 
questions can be chosen in 10C8 ways. Similarly, 5 questions can 

be chosen from part B containing 10 questions in 10C5 ways.

Hence, the total number of ways of selecting 8 questions 
from part A and 5 from part B

_10r 10r = 10! y 10!
- '-8X c5 812! 5!x5!

EXAMPLE 18 A committee of 12 is to be formed from 9 women and 
8 men. In how many ways this can be done if at least five women have 
to be included in a committee ? In how many of these committees (i) 
the women are in majority (ii) the men are in majority ?
SOLUTION There are 9 women and 8 men. A committee of 12, 
consisting of at least 5 women, can be formed by choosing:

(I) 5 women and 7 men
(II) 6 women and 6 men

(DI) 7 women and 5 men
(IV) 8 women and 4 men
(V) 9 women and 3 men
Total number of ways of forming the committee

= 9C5 x 8C7 + 9C6 x 8C6 + 9C7 x 8C5 + 9C8 x 8C4+^C9 x 8C3

= 126 x 8 + 84 x 28 + 36 x 56 + 9 x 70 + 1x56 = 6062.

"105- f
10-1 k 7

. = 5333280-133320
= 5199960

EXAMPLE 16 If there are 12 persons in a party, and if each two of 
them shake hands with each other, how many handshakes happen in 
the party ?
SOLUTION It is to note here that, when two persons shake 
hands, it is counted as one handshake, not two. So, this is a 
problem on combinations.

The total number of handshakes is same as the number of 
ways of selecting 2 persons among 12 persons

Hence, required number of ways

12' 
i0^2! = 66-

= Sum of the numbers formed by using digits 0,2,4,6,8

- Sum of the numbers formed by using digits 2,4,6,8

, flO5-!^ 
1 10-1 k /

I 104 -1'

■ 10-1 k / 
'104-f
10-1
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4,

= (5C3 x 2C2) X X 2C2) X (6C2 X 4C2 x 2C2)

= 5400.

= 1820

= 455

EXAMPLE 23 A firm of Chartered Accountants in Delhi has to send 
10 clerks to 5 concerns, two to each concern. Two of the concerns are 
in Delhi and the others are outside. Two of the clerks prefer to work 
in Delhi while three others prefer to work outside. In how many ways 
can the assignment be made if the preferences are to be satisfied ?
SOLUTION It is given that out of 5 concerns two are in Delhi 
and three outside Delhi. This means that 4 clerks are to be 
selected for Delhi and 6 clerks for outside Delhi. But two clerks 
prefer to work in Delhi and 3 prefer to work outside Delhi. This 
means that out of the remaining 5 clerks we have to select 2 
clerks for Delhi and 3 for outside Delhi. This can be done in 
5 2C3 x C2 ways. Now, 4 clerks in Delhi are to work in two

J o

concerns, two to each concern. This can be done in C^x C2 
ways. 6 clerks for outside Delhi are to work in three concerns, 
two to each concern. This can be done in 6C2 x 4C2 x 2C2 ways.

Hence, the total number of ways in which assignements can 
be made

The number of nights a particular person is on duty

~ C3

EXAMPLE 24 In how many ways can a cricket team be selected  from 
a group of 25 players containing 10 batsmen, 8 bowlers, 5 all­
rounders and 2 wicket keepers ? Assume that the team of 11 players 
requires 5 batsmen, 3 all-rounders, 2 bowlers and 1 wicket keeper.
SOLUTION The selection of team is divided into four phases:

I Selection of 5 batsmen out of 10. This can be done in 
10Cs ways.

H Selection of 3 all-rounders out of 5. This can be done in 
5C3 ways.

JU Selection of 2 bowlers out of 8. This can be done in 
8C2 ways.

IV Selection of one wicketkeeper out of 2. This can bedone 
in 2Cj ways.

The selection of team is completed by completing all the 
four phases.

The team can be selected in
10C5 x 5C3 x 8C2 x 2Cj = 141120 ways.

EXAMPLE 25 A committee of 5 is to be formed out of 6 gents and 4 
ladies. In how many ways this can be done, when

(i) at least two ladies are included;
(ii) at most two ladies are included ?

SOLUTION (i) A committee of 5 persons, consisting of at least 
two ladies, can be formed in the following ways:

I Selecting 2 ladies out of 4 and 3 gents out of 6. This can 
be done in 4C2 x 6C3 ways.

H Selecting 3 ladies out of 4 and 2 gents out of 6. This can 
be done in 4C3 x 6C2 ways.

HI Selecting 4 ladies out of 4 and 1 gent out of 6. This can 
be done in 4C4 x 6C] ways.

Since the committee is formed in each case, therefore, by the 
fundamental principle of addition, the total number of ways of 
forming the committee

= 4C2x6C3 + 4C3x6C2 + 4C4x6C1 = 120 + 60 + 6 = 186

(ii) A committee of 5 persons, consisting of at most two 
ladies, can be constituted in the following ways:

I Selecting 5 gents only out of 6. This can be done in 
6C5 ways.

II Selecting 4 gents only out of 6 and one lady out of 4. 
This can be done in 6C4 x 4Ci ways.

in Selecting 3 gents only out of 6 and two ladies out of 4. 
This can be done is 6C3 x 4C2 ways.

Since the committee is formed in each case, so, the total 
number of ways of forming the committee

= 6C5 + 6C4x4C1 + 6C3x4C2 = 6 + 60 + 120 = 186.
EXAMPLE 26 On how many nights may a watch of 4 men be 
arranged by a security agency from a crew ofl 6 so that no two watches 
are identical ? On how many of these nights would a particular person 
be off-duty ?
SOLUTION The required number of nights

= Number of ways of selecting 4 men out of 16

- c4

value of 20Cr which is for r = 10 (if n is even, then ”Cr is 
maximum for r = n/2). Hence, he should invite 10 friends at a 
time in order to form the maximum number of parties.
EXAMPLE 22 Out of 5 men and 2 women, a committee of 3 is to be 
formed. In how many ways can it be formed if at least one woman is 
to be included ?
SOLUTION The committee can be formed in the following 
ways:

(I) By selecting 2 men and 1 woman.
(H) By selecting 1 man and 2 women
Now, 2 men out of 5 men and 1 woman out of 2 women can 

be chosen in 5C2 x 2C] ways.

And, 1 man out of 5 men and 2 women out of 2 women can 
be chosen in 5C] x 2C2 ways.

.’. Total number of ways of forming the committee

= 5C2x2Ci + 5C1x2C2 = 20 + 5 = 25.
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= 44

C[■.• n>'0]

BAmA

Number of straight lines formed by joining the four points, 
taking 2 at a time

_4r __4<" °2 2!2!“6

But, 4 collinear points, when joined pairwise give only one 
line.

Required number of straight lines = 45 - 6 +1 = 40.
(ii) Number of triangles formed by joining the points, 

taking 3 at a time

(i) Number of straight lines formed joining the 10 
points, taking 2 at a time

_10r 10! )_
= C2 = ^7 = 45.

n (k - 3)
2

Bj
B2 /

Bi /

Bn

_ior W! 1?nC3 3! 7! ~120

Number of triangles formed by joining the 4 points, taken
3 at a time

SOLUTION
ways:

(i) By taking two points on AB and one point on AC,
(ii) By taking two.points on AC and one point on AB. 
Therefore,

Ai A2 A3

Fig. 22.4

= 4C3 = 4C1 = 4.

But, 4 collinear points cannot form a triangle when taken 3 
at a time. So,

Required number of triangles = 120 - 4 = 116
EXAMPLE 31 In a plane there are 37 straight lines, of which 13 pass 
through the point A and 11 pass through the point B. Besides, no three 
lines pass through one point, no line passes through both points A 
and B, and no two are parallel. Find the number of points of intersec­
tion of the straight lines.
SOLUTION The number of points of intersection of 37 straight 
lines is 37C2. But, 13 straight lines out of the given 37 straight 
lines pass through the same point A. Therefore, instead of 
getting 13C2 points, we get merely one point A. Similarly, 11 
straight lines out of the given 37 straight lines intersect at point 
B. Therefore instead of getting nC2 points, we get only one 
point B. Hence, the number of intersection points of the lines is 
37C2 - 13C2 - nC2 + 2 = 535.
EXAMPLE 32 There are m points on one straight line AB and n 
points on another straight line AC, none of them being A. How many 
triangles can be formed with these points as vertices ? How many can 
be formed if point A is also included ?

A triangle can be constructed in the following

The number of nights a particular person is off-duty
= 1820-455
= 1365

EXAMPLE 27 A box contains two white, three black and four red 
balls. In how many ways can three balls be drawn from the box if at 
least one black ball is to be included in the draw ?
SOLUTION There are 9 balls in the box out of which three balls 
can be drawn in 9C3 ways. But these ways also include those 
ways in which no black ball is drawn. The total number of such 
ways is 6C3.

Hence, the number of ways in which at least one black ball 
is included

= Total number of ways of drawing 3 balls from 9 balls
- Number of ways of drawing no black ball from 9 balls 

= 9C3-6C3 = 84 - 20 = 64.

EXAMPLE 28 How many diagonals are there in a polygon with n 
sides ?
SOLUTION A polygon of n sides has n vertices. By joining any 
two vertices of a polygon, we obtain either a side or a diagonal 
of the polygon. Number of line segments obtained by joining 
the vertices of a n sided polygon taken two at a time

= Number of ways of selecting 2 out of n .
_ n n(n-l)
“ l2“

2
Out of these lines, n lines are the sides of the polygon.

.•. Number of diagonals of the polygon = —

n (n -1)
2 n

EXAMPLE 29 A polygon has 44 diagonals. Find the number of its 
sides.
SOLUTION Let there be n sides of the polygon. We know that 

the number of diagonals of n sided polygon is —\ There­

fore,

=> n2-3n-88 = 0

=> (n -11) (n+ 8) = 0
=> n = 11

Hence, there are 11 sides of the polygon.
EXAMPLE 30 There are 10 points in a plane, no three of which are 
in the same straight line, excepting 4 points, which are collinear. Find 
the (i) number of straight lines obtained from the pairs of these points; 
(ii) number of triangles that can be formed with the vertices at these 
points.
SOLUTION

10!
2! 8!
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xn + mx
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2

n (n -1) (n - 2;
2

 n(n-l)(n-2) (n-3)
8

n-1 -
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_ n(n-l)
8

n(n-l)(n-2)
2

n(n-l)
2

= NC2-n.

EXAMPLE 34 If m parallel lines in plane are intersected by a family 
ofn parallel lines, find the number of parallelograms formed.
SOLUTION A parallelogram is formed by choosing two 
straight lines from the set of m parallel lines and two straight 
lines from the set of n parallel lines.

Two straight lines from the set of m parallel lines can be 
chosen in mC2 ways and two straight lines from the set of n 
parallel lines can be chosen in "C2 ways. Hence, the number of 
parallelograms formed

EXAMPLE 33 There are n straight lines in a plane, no two of which 
are parallel, and no three pass through the same point. If their points 
of intersection are joined, find the number of fresh lines thus obtained. 
SOLUTION Since no two lines are parallel and no three are 
concurrent, therefore n straight lines intersect at "C2 = N (say) 
points. These N points are joined to generate some new lines 
as well as old lines. Since two points are required to determine 
a line, therefore total number of lines obtained by joining 
N-points is NC2. In those NC2 lines each old line has been 

counted ” “ TC2 times because on each old line there will be 
(n -1) points of intersection made by the remaining (n -1) 
lines.

Hence, the total number of fresh lines.

n (n -1) (n - n - 2t
8

(n2-5n + 6)

 (m +1) mn mn (n -1)
2 + 2

= — (m + n-2)

If point A is included, then total number of triangles 

= m + 1C2x"C1 + mC1x”C2

mn , .= — (m + ri)

”-1C2

Total number of triangles

= mC2x"C1 + mC1x"C2

m(m-l) n(n-l)= —L xn+mx ——L

_____B
m-2/ m

<hti-1

= ”C2x’C2 =

mn (m -1) (n - 1) 
• " 4

EXAMPLE 35 There are n points in space, no four of which are in 
the same plane with the exception ofm, which are all in the same plane, 
find how many planes are there each contaning three of the points. 
SOLUTION Total number of planes containing three points 
only is ”C3. But it is given that m points of the given n points 
are in the same plane. So, the plane containing these m points 
is counted mC3 times in computing ”C3.

Hence, required number of planes

= "C3-mC3 + l

n (n -1) (n -2) m (/n-1) (m-2} 
“3! 3!

n(n-T)(n-2) m (m-l)(/n-2) = ------x.------- z >-------------1-----------------------------z

6 6 ’

EXAMPLE 36 Suppose a city has m parallel roads running East- 
West and n parallel roads running North-South. How many rec­
tangles are formed with their sides along these roads ? If the distance 
between every consecutive pair of parallel roads is the same, how many 
shortest possible routes are there to go from one comer of the city to 
its diagonally opposite comer ?
SOLUTION A rectangle is formed by two points of parallel 
lines such that two lines in one pair are perpendicular to the 
lines in another pair. Therefore to form a rectangle we require 
two parallel roads from East to West and two parallel roads 
from North to South. Two roads from East to West can be 
chosen in mC2 ways and two roads from North to South in 

"C2 ways.
D

1 "
2 -
3 -
4 -

Fig. 22.5

Therefore, the total number of rectangles formed

 v "r  mn fo-l)(n-l)- c2x - 4

In order to go from one comer, say A, of the city to its 
diagonally opposite comer C a man has to cross (m -1) roads 
from East to West and (n-1) roads from South to North. This /
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= -3

■2

= 24.

21
2

1
2

n(n-l)
2

EXAMPLE 38 Haneef Mohammad has x children by his first wife 
and Mrs Fatima has x 4-1 children by her first husband. If Haneef 
and Fatima marry with each other and have children of their own.

■ The whole family has 10 children. Assuming that two children of the 
same parents do not fight, find the maximum number of fights that 
can take place among children.
SOLUTION We have,

Number of children of Haneef Mohammad and Fatima
= 10-(x4-x4-l)
= 9-2x

It is given that two children of the same parents do not fight. 
Therefore,

397 
“ 36

+ n2

+ n22 + ... + nJt2)
C3x3! =

2+ n2 +.

EXAMPLE 39 In how many ways three different rings can be worn 
in four fingers with at most one ring in each finger?
SOLUTION In order to put 3 rings in four finger we first select 
3 fingers out of 4 and then arrange the rings in the selected 
fingers. Hence, the required number of ways is

C3X3’ - (4-3)!

EXAMPLE 40 Find the number of ways of putting five different 
rings on four fingers of the left hand, (ignoring the difference in the 
size of rings and fingers).
SOLUTION Let Klz R2, Ry K4 and 1?5 be five rings. Since these 
five rings are to be put on four fingers. This is possible only 
when more than one ring is put on a finger. Consider ring 
It can be placed on any of the four fingers. So, there are four 
ways to place the ring After placing ring R^ we have 5 
choices for ring R2, since for the finger which holds Kj we have 
two choices to place R2, either below R2 or above R2. Similarly, 
ring K3 can be placed in 6 ways, ring R4 in 7 ways and ring R5 
in 8 ways. Thus, the total number of ways to arrange five 
distinct rings on four fingers of the left hand is 

4x5x6x7x8 = |j = 6720.

EXAMPLE 41 In how many ways five different rings can be worn in 
four fingers with at least one ring in each finger ?

Number of fights between the children 

xc,+x+1c,+9-2xc

»1 (»!-!) n2 (n2-l)
2 + 2 +"

nk(nk~V
2

9
.. + nk )-(n1 + n2 + ... + nk,

397 ( 17 V
Maximum number of fights = -—-3 3- —

^ = 33
12

I ’ '-'2 c2 I

[x(x —1) x(x + l) • (9-2x) (8-2x)
2 2 2

17= 0 i.e. x = —. But 
0

”21,2 
y-2(”i

- 2 
■H1

- 2 
<nl

_n(n-l) 1
2 2

_ n(n-l) 1
2 2

means that out of total (m + n - 2) cuts he has to select m -1 cuts 
from East to West and (n -1) cuts from South to North. This 
can be done in

m + n-2r yn-lr w,v<5
Lm-lx Ln-lwaYs-

Hence, total number of possible routs = m + " " 2Cm _ j.

EXAMPLE 37 There are n straight lines in a plane such that n^ of 
them are parallel in one direction, n2are parallel in different direction 
and so on, nk are parallel in another direction such that 
n1 + n2 + ... + nk=n. Also no three of the given lines meet at a point. 
Prove that the total number of points of intersection is

k

"2-Z
r=l

SOLUTION If no two of n given lines are parallel and no 
three of them meet at a point, then the total number of points 
of intersection is "C2. But it is given that there are k sets of 
nl > n2 • n3 > •••' nk parallel lines such that no line in one set is 
parallel to a line in any other set. Also, lines of one set do not 
intersect with each other. Therefore, lines of one set do not 
provide any point of intersection. Hence,

Total number of points of intersection

= "C2-f"iC2 + "2C2 + ...+"*C2>|

k
2 V n ~L nr

r = 1

x^’C,

= 10C2-

= 10x9 
2

= 45 - ~ {x2 - x + x2 + x + 72 - 34x + 4x2]

= 45-{3X2-17x + 36)

= - 3X2 4- 17x 4- 9

3 I
2 • i 

17>

( 17
= -12-3 -7 

k 7
x-17Clearly, this will be maximum if —7— 

6
x cannot be a fraction. Therefore, x = 3.

Thus, the number of fights will be maximum when x = 3 and 
in that case, we have

397_J_
12 12

397
12

397
12
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Let there be m men participating in the touma-

= "Crxr!
(iii) In this case, object Oj can be placed in any one of n 

boxes. So, 0] can be placed in n ways. After placing Oj in a box, 
we have (n +1) choices for the objects Oy since for the box that 
contains Oi we have two choices to place O2 either before Oi 
or after Op Similarly, object 03 has (n + 2) choices, object O4 has 
(n + 3) choices and so on. Finally, object Or has (n +r — 1) 
choices.

Hence,
The number of ways of arranging r distinct objects in n-dis- 

tinct boxes is

= n x n x.... x n = n 
m-times

In order to define a one-one function from A to B, we 
associate different elements of set A to distinct elements in set 
B. This is possible only when n > m. To determine the total 
number of one-one functions from A to B, we first select m 
elements from B and then elements in A are associated to 
elements in B. The first part can be done in "Cm ways and the 
second part in ml ways.

Hence, total number of one-one functions = nCm x m 1 
EXAMPLE 45 In how many ways can a pack of 52 cards be divided 
equally among four players in order ?
SOLUTION We have to divide 52 playing cards equally among 
4 players. This means that each player must get 13 cards. For 
the first player there are C13 ways. Now, 13 cards are selected 
from the remaining 39 cards for the second player. This can be 
done in C13 ways. Now, 26 cards are left, out of which 13 cards 

are to be given to the third player. This can be done in C13 
ways. We have now 13 cards which can be given to the fourth 
player in C13 ways.

Hence, the total number of ways
= 52CI3X3’Ci3x“C13x,3C13

- 52!
(13!)4

EXAMPLE 46 There are two women participating in a chess tourna­
ment. Every participant played two games with every other par­
ticipant. The number of games that men played between themselves 
exceeds by 66 to the number of games the men played with 
women. How many participants were there ? How many games were 
played ?
SOLUTION 
ment.

Since each participant played two games with the other. 
Therefore,

Number of games played between men themselves 

= 2(nC2) = n(n-l)

Number of games played between men and women
= 2 (n + ri) = 4n

n(n + l)(n + 2)... (n + r-1) 
(n -h r-1)! _ n+r-ip 
(n-l)l

EXAMPLE 44 Let A and B be two sets consisting of m and n elements 
respectively. Determine the number of functions from A to B. Also, 
find the number of one-one functions from A to B.
SOLUTION Let A = {«p a^... ,am} and B = [b^ b2,..., b„) be the 
given sets. In order to define a function from A to B, we have 
to associate each element of set A to a unique element of B. 
Consider This can be associated to any one of bp b2,..., bn. 
So, flj can be associated in n ways. Similarly, a2, ay..., am each 
can be associated in n ways. So, total number of functions from 
A toB

SOLUTION Since at least one ring is to be wom in each finger. 
So, we first select four rings out of 5 given rings and then they 
are arranged in fingers. This can be done in 5C4 x 4! ways. Now, 
one ring is left which can be wom in any one of the four fingers 
in 4 ways.

Hence, required number of ways = 5C4 x 4! x 4

= 480.
EXAMPLE 42 In how many ways five different rings can be put on 
four fingers with at least one ring on each finger ?
SOLUTION Since at least one ring is to be put in each finger. 
So, we select four rings out of 5 and then they are arranged in 
fingers. This can be done in 5C4 x 4! ways. Now, one ring is left 
out which can be put on finger in two ways, either above the 
ring already placed on it or below it.

So, the required number of ways = SC4 x 4! x 4 x 2

= 960
example 43 There are r distinct objects and n distinct boxes such 
that n>r. Find the number of ways of

(i) putting r objects in n boxes if each box is sufficient to contain 
r objects.

(ii) arranging r objects in n boxes so that each box contains only 
one object.

(iii) arranging r objects in n boxes if, a box may contain any 
number of objects.

SOLUTION Let Op O2, Oy ..., Or be r objects and Bp B2,..., 
Bn be n boxes.

(i) In this case, an object can be placed in any one of the n 
boxes. So, each object can be placed in n ways. Since there are 
r objects. So,

Total number of ways = nxnxnx ...xn

= nr.
(ii) In this case, we first select r boxes out of n boxes and 

then we arrange r objects in the chosen boxes. So, required 
number of ways
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= 11+2 = 13.

=> 2 = 126
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r = 0

EXAMPLE 49 A student is allowed to select at most n books from a 
collection of (2n+ 1) books. If the total number of ways in which he 
can select a book is 63, find the value of n.
SOLUTION The total number of ways of selecting at most n 
books out of (2n +1) books is

2n + lr a 2n + lp2+ „ f

;tl+”3c,«••••+

2n + 1C3 +... + 2.2” + 1i

r + np 
'-r+r

2n + lz->
e2n + l

2n + lp 
en

r + 2f 
er + l

2n + lp 
e2n-l

2n + lz-> iLo + 
+ 2n + l

2n + If 
cn + l

2n + 1C1 + 2.

Cl +
2n + Ip 

u2n + l

2n +1/-* .
\_*2 ■

2n + 1C2 + 2.

2n + lz~
C1

C2n +

r e2n-2

2fl + 1C2 +

2n + If , C-1 +

2n + lz-> , (-1 +

C„ = 126

2” + 1C, + ...
2n +1/-» , Lo +

Cn + 1 

2” + 1C2„ = 126

[2n + 1C1 +
+ (2n + 1C, + 2" + 1i

I 0

2"*’cr=2"*1C(a,tl).„r = l,2/3,...,n]
2n + If , 2n + lz-> , , 2n + If , 2n +1c2+ C3 + ...+ C„+ I

EXAMPLE 50 Six X's have to be placed in the squares of the diagram 
shown in Fig.22.6 such that each row contains at least one X. In how 
many ways can this be done ?

?” + 1 = 126 + 1 + 1

rp _r + lp 
'-r"

It is given that the number of games that men played 
between themselves exceeds by 66 the number of games the 
men played with women. Therefore, 

n (n -1) = 66 + 4n 
=> n2-5n-66 = 0
=> (n -11) (n + 6) = 0 
=> n = 11

Hence,
Total number of participants 

and,
Total number of games played = 2 (13C2) = 156.

EXAMPLE 47 Two different packs of cards are shuffled together. 
Cards are dealt equally among 4 players, each getting 13 cards. In 
how many ways can a player get his cards if no two cards are from 
the same suit with the same denomination.
SOLUTION Here, we have 52 cards, each card- being 2 in 
number. It is given that no two cards are to be of the same suit 
with the same denomination. So, we first draw 13 cards from 
52 cards. This can be done in C]3 ways. Now, each of 13 cards 
selected can be chosen in 2 ways either from first pack or from 
2nd pack.

Hence, required number of ways = £43x2 .
example 48 There are n bags which are marked by n consecutive 
positive integers starting with the positive integer r. Each bag con­
tains as many different flowers as the number levelled against the bag. 
A boy has to pickup r flowers from any one of the bags. In how many 
different ways can this be done ?
SOLUTION It is given that the bags are marked with the 
numbers r, r +1, r + 2,..., r + (n -1) and each bag contains as 
many different flowers as the number levelled against it. There­
fore,

The number of ways of selecting r flowers from the bag 
- , L _ I

marked with the number r + (k -1) is Cr , where 
k=l, 2,3, ...,n.

Hence, the required number of ways
n

=s
k=l

= rCr+

By hypothesis, we have
2” + 1C1+2” + 1C2 +...+2n + 1C„ = 63

r+2cr+...+r+"-1cr

+ r+2Cr + r + 3Cr + ...+
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= 8 + 6 + 4 + 8

= 26.

EXERCISE 22.4

67

I 
n 
ni 
IV

2nd row
3
2
4

3rd row
1
2
1
2

EXAMPLE 51 Two packs of 52 playing cards are shuffled together 
the number of ways in which a man can deal with 26 cards so that he 
does not get two cards of the same suit and same denomination.
SOLUTION The number of ways of choosing 26 cards out of 52 

CO

cards is C2. Now there are two ways in which each card can 
be dealt, because a card can be either from the first pack or from 
the second pack. Hence, the number of ways in which the cards 
can be dealt is 52C26 x 226.

1. Seven athletes are participating in a race. In how many 
ways can the first three prizes be won ?
2. How many different signals can be made by 5 flags from 
8 flags of different colours ?
3. It is required to seat 5 men and 4 women in a row so that 
the women occupy the even places. How many such arrange­
ments are possible ?
4. Three men have 4 coats, 5 waist coats and 6 caps. In how 
many ways can they wear them ?
5. How many different signals can be given using any num­
ber of flags from 5 flags of different colours ?
6. In an examination hall there are four rows of chairs. Each 
row has 8 chairs one behind the other. There are two classes 
sitting for the examination with 16 students in each class. It is 
desired that in each row, all students belong to the same class 
and that no two adjacent rows are allotted to the same class. In 
how many ways can these 32 students be seated ?
7. In how many ways 7 pictures can be hung from 5 picture 
rais on a wall ?
8. Determine the number of natural numbers smaller than 
104, in the decimal notation of which all the digits are distinct.
9. How many words, with or without meaning, can be 
formed using all the letters of the word EQUATION, using each 
letter exactly once.
10. How many 4-letter words, with or without meaning, can 
be formed out of the letters of the word, 'LOGARITHMS', if 
repetition of letters is not allowed ?
11. Four books, one each in Chemistry, Physics, Biology and 
Mathematics, are to be arranged in a shelf. In how many ways 
can this be done ?
12. Find the number of different 4-letter words, with or 
without meanings, that can be formed from the letters of the 
word 'NUMBER'.
13. How many three-digit numbers are there, with distinct 
digits, with each digit odd ?
14. How many words, with or without meaning, can be 
formed by using all the letters of the word 'DELHI', using each 
letter exactly once ?
15. How many words, with or without meaning, can be 
formed by using the letters of the word 'TRIANGLE' ?

16. There are two works each of 3 volumes and two works each 
of 2 volumes. In how many ways can the 10 books be placed 
on a shelf so that the volumes of the same work are not 
separated ?
17. There are 6 items in column A and 6 items in column B. A 
student is asked to match each item in column A with an item 
in column B. How many possible, correct or incorrect, answers 
are there to this question ?
18. How mnay three-digit numbers are there, with no digit 
repeated?
19. How many 6-digit telephone numbers can be constructed 
with digits 0,1,2,3,4,5,6,7,8,9 if each number starts with 35 
and no digit appears more than once ?
20. In how many ways can 6 boys and 5 girls be arranged for 
a group photograph if the girls are to sit on chairs in a row and 
the boys are to stand in a row behind them ?
21. If a denotes the number of permutations of (x + 2) things 
taken all at a time, b the number of permutations of x things 
taken 11 at a time and c the number of pennutations of x -11 
things taken all at a time such that a = 182 be, find the value 
of x.
22. find the sum of all the numbers greater than 10000 formed 
by using the digits 1,3, 5, 7,9 no digit being repeated in any 
number.
23. An eight -oared boat is to be manned by a crew chosen 
from 11 men, of whom 3 can steer but cannot row and the rest 
can row but cannot steer. In how many ways can the crew be 
arranged, if two of the men only row on bow side ?
24. A question paper has two parts, Part A and Part B, each 
containing 10 questions. If the student has to choose 8 from Part 
A and 5 from Part B, in how many ways can he choose the 
questions ?
25. A committee of 12 is to be formed from 9 women and 8 
men. In how many ways this can be done if at least five women 
have to be included in a committee ? In how many of these 
committees (i) the women are in majority (ii) the men are in 
majority ?
26. A committee of 5 is to be formed out of 6 gents and 4 ladies. 
In how many ways this can be done, when

(i) at least two ladies are included;
(ii) at most two ladies are included ?

SOLUTION Six X's can be placed in 8 squares shown in Fig.
22.6 such that each row contains at least one X in the following 
mutually exclusive ways:

1st row
2
2
1
1

Hence, the required number of ways
= 2C2 x 4C3 x 2C! + 2C2 x 4C2 x 2C2

+ 2C} x 4C4 x 2Cj + 2Cj x 4C3 x 2C2
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ANSWERS
,20, 20,

52, 35,

(ii) 806.

(iii) 70

HINTS TO SELECTED PROBLEMS
iv31,w32

16. Let

4. 172800
7. 2520
11. 24
15. 8!
19. 1680
23. 25920
27. 425

33. 2(2UC5xzuC6)
36. 780
(ii) 10410. 5040

14. 120
18. 648
22. 6666600
26. 186
30. 104874
(ii) 28

27. A box contains 5 different red and 6 different white balls. 
In how many ways can 6 balls be selected so that there are at 
least two balls of each colour ?
28. How many triangles can be formed by joining the vertices 
of a hexagon ?
29. How many different products can be obtained by multi­
plying two or more of the numbers 3,5,7,11 (without repeti­
tion) ?
30 From a class of 12 boys and 10 girls, 10 students are to be 
chosen for a competition; at least including 4 boys and 4 girls. 
The 2 girls who won the prizes last year should be included. In 
how many ways can the selection be made ?
31. How many different selections of 4 books can be made 
from 10 different books, if

(i) there is no restriction;
(ii) two particular books are always selected;

(iii) two particular books are never selected ?
32. From 4 officers and 8 jawans in how many ways can 6 be 
chosen (i) to include exactly one officer (ii) to include at least 
one officer ?
33. A sports team of 11 students is to be constituted, choosing 
at least 5 from class XI and at least 5 from class XU. If there are 
20 students in each of these classes, in how many ways can the 
teams be constituted ?
34. A student has to answer 10 questions, choosing at least 4 
from each of part A and part B. If there are 6 questions in part 
A and 7 in part B, in how many ways can the student choose 10 
questions ?
35. In an examination, a student has to answer 4 questions out 
of 5 questions; questions 1 and 2 are however compulsory. 
Determine the number of ways in which the student can make 
the choice.

^13W12,W13 W21, ^,^23 W31,W32 ■
Wy ' w2 ' w3 ' w4 

be 4 works. These 4 works can be arranged in 4! ways. Now, 
volumes of each work can be arranged in the following ways: 
Wj -> 3! ways; W2 -> 3! ways, W3 -> 2! ways, W4 -> 2! ways. 

Hence, total no. of ways to arrange all books
= 4! (3! x 3! x 21x2!) = 3456

17. Each answer to the given question is an arrangement of the 
6 items of column B keeping the order of items in column A

(ii) 896
35. 3
38. (i) 9
40. 246
35^ , 52,-

11. No. of ways = No. of arrangements of 4 books, taken all at
a time

= 4Pz4

12. Total no. of words = No. of arrangements of 6 letters, taken
4 at a time

- z4

13. Required number of numbers = No. of arrangements of 
digits 1,3,5,7,9 by taking 3 at a time = 5P3

36. A candidate is required to answer 7 questions out of 12 
questions which are divided into two groups, each containing
6 questions. He is not permitted to attempt more than 5 ques­
tions from either group. In how many ways can he choose the
7 questions ?
37. There are 10 points in a plane of which 4 are collinear. How 
many different straight lines can be drawn by joining these 
points.
38. Find the number of diagonals of (i) a hexagon (ii) a polygon 
of 16 sides.
39. How many triangles can be obtained by joining 12 points, 
five of which are collinear ?
40. In how many ways can a committee of 5 persons be formed 
out of 6 men and 4 women when at least one woman has to be 
necessarily selected ?
41. In a village, there are 87 families of which 52 families have 
at most 2 children. In a rural development programme, 20 
families are to be helped chosen for assistance, of which at least 
18 families must have at most 2 children. In how many ways 
can the choice be made ?
42. A parallelogram is cut by two sets of m lines parallel to its 
sides. Find the number of parallelograms thus formed.
43. Out of 18 points in a plane, no three are in the same straight 
line except five points which are collinear. How many (i) 
straight lines (ii) triangles can be formed by joining them ?
44. Determine the number of 5 cards combinations out of a 
deck of 52 cards if at lest one of the 5 cards has to be a king ?
45. In how many ways can a committee of 5 women and 6 men 
be chosen from 10 women and 8 men if Mr A refuses to serve 
on the committee if Ms B is a member ?

32. (i) 224
34. 266
37. 40
39. 210
41. 52i
42. (m + 2<
44. 886656

1. 210
5. 325
8. 5274

12. 360
16. 3456
20. 86400 21. 12
24. 11340 25. 1008
28. 20 29. 11
31. (i) 210

’Cis X 35C2 + 52C19 X 35C1 + 52C20 X 35Co
;C2)2 43. (i) 144

45. 4410

2. 6720 3. 2880
6. 2(161x16!)
9. 8!

13. 60
17. 720
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20,

35.

— □□□ —

W 
mth

arrangement let ns first put aside the specified item and select 
(r -1) items from the remaining (n -1) items. This can be done 
in ” " 1Cr _ jways. Now, we have r items, namely, one specified 
item and (r -1) selected items. These r items can be arranged 
in r! ways. Hence, the required number of arrangements is 
”-1Cr_1xr!

(ii) If a particular object is never taken in each arrangement, 
then we first select r objects from the remaining (n -1) objects 
and then they are arranged. So, required number of arrange­
ments is

PROOF (i) Li ------- o- - - ,
time when a particular object is to be always included in each

I—I M I—I M O M ......  M 
J 1st ----- ' 2nd 3rd «th

"-1Crxr!
(iii) In order to arrange n distinct items by taking rata time 

when two specified objects always occur together, we first 
select (r - 2) objects from the remaining (n - 2) objects. This can 
be done in ”~2Cr-2 ways. Now, we consider two specified 
objects temporarily as a single object and mix it with (r - 2) 
selected objects. Now, these (r - 1) objects can be arranged in 
(r -1)! ways. But, two specified objects can be put together in 
2! ways. Hence, required number of arrangements is

"“2Cr_2 x (r- 1)! x 2!

I—I w I—I W I I W | | 
1st 2nd 3rd

33. Required no. of ways = 20C5 x 20C6 + 20C6 x 20C5.

34. The various possibilities are: (i) 4 from part A and 6 from
part B (ii) 5 from part A and 5 from part B (iii) 6 from part A 
and 4 from part B. ♦

So, the required no. of ways
= 6C4 x 7C6 + 6C5 x 7C5 + 6C6 x 7C4 = 266.

Required number of ways = 3C2.
36. Required no. of ways

= 6C5 x 6C2 + 6C4 x 6C3 + 6C3 x 6C4 + 6C2 x 6C5 = 780.

37* Number of straight lines = 10C2 - 4C2 +1.

39- Number of triangles = 12C3 - 5C3.
41. 52 families have at most 2 children, while 35 families have 
more than 2 children. The selection of 20 families of which at 
least 18 families must have at most 2 children can be made as 
under:

(I) 18 families out of 52 and 2 families out of 3
or, (II) 19 families out of 52 and 1 family out of 35
or, (HI) 20 families out of 52.

42. Each set of parallel lines consists of (m + 2) lines and each 
parallelogram is formed by choosing two lines from the first 
set and two straight lines from the second set. Hence, the total 
number of parallelograms = m + 2C2 x m T 2C2.

fixed. Hence, the total number of answers = no. of arrange­
ments of 6 items in column B = 6P6 - 6!

18. Total number of three digit numbers with distinct digits
- _ 9p“ 1 3 1 2

19. Required number of telephone numbers = 8P4

20. Five girls can sit on chairs in a row in 5P5 = 5! ways. Also,

6 boys can stand behind them in a row in 6P6 = 6! ways.

Hence, the total number of ways = 5! x 6!
21. Total number of products

= No. of ways of selecting 2 or 3 or all out of 4 numbers 
3,5,7,11

= 4C2 + 4C3 + 4C4 = 6 + 4 + l = ll.

30. Since two girls who won the prizes last year are to be 
included in every selection. So, we have to select 8 students out 
of 12 boys and 8 girls, choosing at least 4 boys and at least two 
girls. This can be done in

12C6 x 8C2 + 12C5 x 8C3 + 12C4 x 8C4 = 104874 ways.

' 32. (i) Required number of ways = 4C4 x 8C5
(ii) Required no. of ways
= Total no. of ways - No. of ways of selecting no officer
_ 12p 8,->
~ C6“ C6

22.5 PERMUTATIONS UNDER CERTAIN CONDITIONS
In the previous section, we have discussed permutations of a 
given nubmer of distinct objects by taking some of them at a 
time. In this section, we shall discuss permutations of distinct 
objects under certain conditions like a certain item (object) is 
never taken in each arrangement or, a certain number of items 
occur together in every arrangement or, a certain object is 
always included in each arrangement etc.

In order to illustrate the method, let us discuss the following 
theorem.
THEOREM The number of all permutations (arrangements) of n 
different objects taken rata time,

(i) when a particular object is to be always included in each 
arrangement is'l~1Cr-ixr!

(ii) when a particular object is never taken in each arrangement 
is n~'Crxrl

(iii) when two specified objects always occur together is 
n'2Cr_2x(r-l)!x2!

In order to arrange n distinct items by taking rata
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ILLUSTRATIVE EXAMPLES

C„ +

= m! x xn!

A B

Cn ways.

CASED When Ms. B is not a member of the committee:
In this case, Mr. A may or may not be a member of the 

committee. So to form the committee, we have to select m

women out of (M -1) women and n men from N men. This can 
be done in

_ m ! (m -i-1)!
" (m-n + 1)!

EXAMPLE 2 Find the number of ways of arranging m white and n 
black balls in a row (m > n) so that no two black balls are placed 
together.
SOLUTION Since tn > n and we have to find the total number 
of arrangements of m + n balls so that no two black balls are 
together. So, we first arrange m white balls in a row. This can 
be done in only one way as all white balls are identical.

Now, we have (m +1) placesbetween m white balls and we 
want that no two black balls are together. Sor we select n places 
out of (m +1) and then arrange them in these n places. This can 
be.done in

Fig. 22.7
Hence, by the fundamental principle of counting the re­

quired number of ways in which the family can be made to sit 
is

n seots 
D

(m+n+1)th
seat

M-lr 
'-'J

= 5! x (6C5x5!) = 6! x5!

(ii) The two groups of girls and boys can be arranged in 2! 
ways. 5 girls can be arranged among themselves in 5! ways. 
Similarly, 5 boys can be arranged among themselves in 5! ways. 
Hence, by the fundamental principle of counting, the total 
number of requisite seating arrangements

= 2! (5! x 5!) = 2 (5!)2.

EXAMPLE 4 A family consists of a grandfather, m sons and 
daughters and 2n grand children. They are to be seated in a row for 
dinner. The grand children wish to occupy the n seats at each end and 
the grandfather refuses to have a grand child on either side of him. In 
how many ways can the family be made to sit ?
SOLUTION There are (m + 2n +1) members in the family. So, 
they can be seated in a row on one side of a (w + 2n +1) seater 
table. The grand children can occupy n seats at each end of the 
table in (2,IC„ xn!x n!) ways. Since the grandfather dees not 
want a gradchild on either side of him. So he can occupy any 
one of the remaining (n -1) seats which can be done in 

ways. The remaining m seate can be occupied by m sons 

and daughters in mCm x ml ways, 
n seots , —— (m-l)seots 

(n+l)th 
seat

M }Cin x NC;I ways.

Hence, the total number of ways in which the committee 
can be formed is

XN-1

m + 1Cnxl = m + 1C„ways.

m + 1Hence, the required number of ways = Cn.
EXAMPLE 3 In how many ways can a committee of m women and 
n men be chosen from M women and N men if Mr. A refuses to serve 
on the committee if Ms. B is a member ?
SOLUTION The committee can be constituted in the following 
ways:

I When Ms. Bis a member of the committee.
II When Ms B is not a member of the committee.

CASE I When Ms. B is a member of the committee.
In this case Mr. A is not a member of the commitee. There­

fore, to form the committee we have to select (m -1) women 
from (M -1) remaining women and n men from (N -1) men. 
This can be done in

(2”C„ x n! x n!) (m " (mCm x m!) ways

= (2n !) (m-1) ml ways
EXAMPLE 5 Find the number of ways in which 5 boys and 5 girls 
be seated in a row so that

(i) No two girls may sit together.
(ii) All the girls sit togetner and all the boys sit together

(Hi) All the girls are never together.
SOLUTION (i) 5 boys can be sea ted in a row in =5! ways. Now, 
in the 6 gaps 5 girls can be arranged in 6C5 x 5! ways.

Hgnce, the number of ways in which no two girls sit 
together

M-lr yNr 
'-m A '“/I’’ XW-1C 

m-1 *

EXAMPLE 1 m men and n women are to be seated in a row so that 
no two women sit together. Ifm > n, show that the number of ways 
in which they can be seated is 

ml (m +1)! 
(m - n +1)! •

SOLUTION Since no two women should sit together and 
m > n. So, we first arrange m men in a row in ml ways. Now, 
(m +1) places are there for n women to sit. This can be done in 

m + 1C„ x nlways.

Hence, by the fundamental principle of counting the total 
number of seating arrangements is 

m!xm + 1C„xn!

(m +1)!
(m +1 - n)! n !
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TTh H T 0

Hence,
.The required number of numbers having at least one 

repeated digit

4 x 10 x 10 x 10 ways.
After filling these the sum of the digits at these four places 

is either even or odd. Therefore, the units place can be filled 
by one of the digits 0,2,4,6,8 when the sum is even and if the 
sum is odd, the units place can be filled by one of the digits 1, 
3,5,7,9. In either case, the units place is filled in 5 ways.

Hence, the required number of numbers
= 4x10x 10x10x5 = 20,000.

EXAMPLE 9 How many numbers of five digits can be made with at 
least one repeated digit ?
SOLUTION We have,
Total number of five digit numbers = 9 x 10 x 10 x 10 x 10

= 90000.
and,
Total number of five digit numbers with distinct digits

= (i0C5x5!-9C4x4!)

= (10x9x8x7x6-9x8x7x6)
= 27216

= 90000-27216
= 62784.

EXAMPLE 10 How many four digit numbers with distinct digits 
can be made with the digits 0,1, 2,3, 4,5 which are divisible by 3 ? 
How many of these will be divisible by 6?
SOLUTION We know that a number is divisible by 3 if the sum 
of the digits in the number is divisible by 3.

We obseve that 0 + 1+ 2 + 3 + 4 + 5 = 15 which is divisible 
by 3. Therefore, to construct a four digit number divisible by 3, 
we have to omitt two digits out of the given digits whose sum 
is a multiple of 3. Thus, we have following options for four 
digits:

1,2,4,5;
0,3,4,5;
0,1,3,5;
0,2,3,4;
0,1,2,3.

CASE I When four digits of the number are 1,2,4,5:
In this case, the number of 4 digit numbers is 4!.

CASE II When four digits of the number are 0,3,4,5 or 0,I,3,5 or 
0,2,3,4or0,l,2,3:

In this case, the number of 4 digit numbers that can be made 
by the digits in any one of the four groups is 4! - 3!. Therefore, 
the number of four digit numbers formed by all the four groups 

= 4 (41-3!)
Hence, the required number of four-digit numbers divisible 

by 3

(iii) The total number of ways in which all the girls are 
never together

= Total number of arrangements
- Total number of arrangements in which all the girls are 

always together
= 10!-5!x61'

EXAMPLE 6 Five boys and five girls form a line with the boys and 
girls alternating. Find the number of ways of making the line.
SOLUTION 5 boys can be arranged in a line in 5! ways. Since 
the boys and girls are alternating. So, corresponding each of 
the 5! ways of arrangements of 5 boys we obtain 5 places 
marked by cross as shown below:

(i) Bi x B2 x x B4 x B5 x
(ii) x B] x B2 x B3 x B4 x B5.
Clearly, 5 girls can be arranged in 5 places marked by cross 

in (5! + 5!) ways.
Hence, the total number of ways of making the line

= 5! x (5! + 5!) = 2 (5!)2
EXAMPLE 7 In how many ways three girls and nine boys can be 
seated in two vans, each having numbered seats, 3 in the front and 4 
at the back? How many seating arrangements are possible if 3 girls 
sit together in a back row on adjacent seats ?
SOLUTION We have,

Total number of persons = 3 girls + 9 boys = 12.
Total number of numbered seats = 2x3+4x2 = 14

So, total number of ways in which 12 persons can be seated 
on 14 seats = Number of arrangements or 14 seats by taking

12 at a time
= 14Ci2 x 12!

Three girls can be seated together in a back row on adjacent 
seats in the following ways:

1,2,3 or 2,3,4 of first van
and, 1,2,3 or 2,3,4 of second-one.

In each way the three girls can interchange among themsel­
ves in 3! ways. So, the total number of ways in which three girls 
can be seated together in a back row on adjacent seats = 4x3!

Now, 9 boys are to be seated on remaining 11 seats, which 
can be done in11C9 x 9! ways.

Hence, by the fundamental principle of counting, the total 
number of seating arrangements is nC9 x 4 x 3!.

EXAMPLE 8 How many natural numbers are there lying between 
20,000 and 60,000, the sum of digits being even ?
SOLUTION The numbers lying between 20,000 and 60,000 will 
be five digit numbers having 2,3,4 or 5 at ten thousands place. 
So, the ten thousands place can be filled in 4 ways.

Th
Each of thousands, hundreds and tens places can be filled 

in 10 ways. So, the first four places can be filled in
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= (4-1)! (0 + 3 + 4 + 5)

-(3-1)! (3+ 4+ 5)

= 2x3!

- = 72x1111 -24x111

= 79992 - 2664

= 77328.
= 3! +(3!-2!) = 10

= 3! = 6

= 0 x 3! +4 x (3!-2!) = 16

= 3! + (3! - 2!) + (3! - 2!)

= 14

= 0x 2! + 3x(2! +1) + 4x2! +5 (2! +1)= 3!+ (31-2!)

= 0 + 9 + 8 + 15= 10

= 32.

S3 = Sum of the digits in hundreds place

= 52.

= 0 x 2! + 3 (2! +1) + 4 (2!) +5 (2! +1)

(n -1)! (Sum of the digits)

I

I 
■

EXAMPLE 11 Find the sum of the four digit numbers that can be 
made with the digits 0,3,4,5. Also find the sum of the four digit even 
numbers that can be made with the given digits.
SOLUTION We know that the sum of the numbers formed by 
n digits is

The number of four digit even numbers that can be made 
with the digits 0,1,2,3

The number should have 0 or 4 at units place.
If 0 is at units place, then the number of 4 digit numbers 
is 3!. If 4 is at units place, then number of

4 digit numbers = (3! - 2!)
The number of four digit even numbers that can be made 

with the digits 0,1,3,5 .

The number of four digit even numbers that can be made 
with the digits 0,2,3,4

S2 = Sum of the digits in tens place

= 0 x (Number of numbers with 0 in tens place)
+ 3 x (Number of even numbers with 3 in tens place)
+ 4 x (Number of even numbers with 4 in tens place)
+ 5 x (Number of even numbers with 5 in tens place)

Sum of the four digit numbers

= Sum of the numbers made with the digits 0,3,4,5

= 0 x (Number of even numbers with 0 in hundreds place)
+ 3 x (Number of even numbers with 3 in hundred place)
+ 4 x (Number of even numbers with 4 in hundreds place)
+ 5 x (Number of even numbers with 5 in hundreds place)

Hence, the number of 4-digit numbers divisible by 6

= 12 + 10 + 6 + 14+10

In order to find the sum of the four digit even numbers that 
can be made with the digits 0,3,4,5, we will first find the sum 
of the digits at ones, tens, hundreds and thousands places of all 
the even numbers formed with the given digits.

The even numbers have 0 or 4 in units place. Therefore,
$2 = Sum of the digits in units place for all the numbers

= 0 x (Number of even numbers having 0 in units place) 
+ 4 (Number of even numbers having 4 in units place)

= 4!+4 (4!-3!)
= 24 + 4(24-6)
= 96.

. A number is divisible by 6, if it is even as well as divisible 
by 3. So, let us now find the even numbers generated by the 
four digits in each of the five groups discussed above.

The number of 4 digit numbers divisible by 6 that can be 
made with the digits 1, 2, 4, 5 is equal to the number of four 
digit even numbers that can be mde with the digits 1,2,4,5.

Units place can be filled in 2 ways 
and the remaining 3 places in 3! vtays

= 12
Similarly,
The number of four digit even numbers that can be made 

with the digits 0,3,4,5

= 0 + 9 + 8 + 15
= 32.

S4 = Sum of the digits in thousands place

10” -1
10-1 /

We obseve that the digits 0,3,4,5 when taken all at a time 
generate 4 digit numbers as well as 3 digit numbers.

- Sum of the numbers made with 0,3,4,5 and having 
0 at thousands place

'104-1
10-1 \ 7

Sp3 - f
10-1 \ /

= 72 (103 +102 +10 +1)-24(102 +10 +1)
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= 12 + 8 + 20

= 40.

Hence, required sum of even numbers

a5

= 16 + 32x10 + 32x100 + 40x1000

= 43536.
A4

Aj

= 10

EXERCISE 22.5

1. In how many ways can the letters of the word PENCIL be 
arranged so that (i) N is always next to E ? (ii) N and E are 
always together ?
2. How many different words can be formed with the letters 
of the word EQUATION so that

(i) the words begin with E ?

= (8 - 2) x7! x 3!

= 6 x 7! x3! = 181440

Hence,
The required number of ways =

EXAMPLE 13 In how many ways can 21 identical books on English 
and 19 identical books on Hindi be placed in a row on a shelf so that 
two books on Hindi may not be together ?
SOLUTION In order that no two books on Hindi are together, 
we must first arrange all books in English in a row. Since all 
English books are identical, so they can be arranged in a row 
in only one way as shown below:

xExExExEx...xExE
Here, E denotes the position of an English book and x that 

of a Hindi book.
Since there are 21 books on English, the number places mark 

x are therefore 22. Now, 19 books on Hindi are to be arranged

EXAMPLE 12 Seven men and 3 women are to be seated in a row. If 
three women sit together and two of the men refuse to take consecutive 

'seats, find the total number of seating arrangements.
SOLUTION We have,

Required number of seating arrangements
= Number of seating arrangements of 10 persons when 

three women sit together
- Number of seating arrangements of 10 persons when 

three women sit together and two men (who refused 
to sit together).

= 8! x 3! - 7! x3! x 2!

A9

Since all books on Hindi are identical, so 19 books on Hindi can 
be arranged in 19 chosen places in only one way. Hence, the 
required number of ways = 1 x 22C]9 x 1 = 1540.
EXAMPLE 14 A regular polygon of 10 sides is constructed. In how 
many ways can 3 vertices be selected so that no two vertices are 
consecutive ?
SOLUTION The required number of vertices 

a7 a6

(ii) the words begin with E and end with N! ?
(iii) the words begin and end with a consonant ?

3. How many words can be formed from the letters of the 
word, 'TRIANGLE' ? How many of these will begin with T and 
end with E ?
4. How many words can be formed with the letters of the 
word 'ORDINATE' so that vowels occupy odd places ?

= Si x 10° + S2x 101 +S3x 102 + S4+ xlO3

Number of ways of selecting 2 consecutive vertices 

= lOx6^

10C3- 10-10 x6Ci = 50.

3 x (Number of even numbers with 3 in thousands place) in these 22 places so that no two of them are together. Out of 
+ 4x (Number of even numbers with 4 in thousands place) 22 places 19 places for Hindi books can be chosen in C^ways. 

+ 5 x (Number of even numbers with 5 in thousands place)

= 3 x(1 x2! x 2) + 4 (2!) + 5 (1 x2! x 2)

At Aj
Fig. 22.8

= The total number of ways of selecting 3 vertices out of 10
- Number of ways of selecting three consecutive vertics
- Number of ways of selecting two consecutive vertices

Now,
Total number of ways of selecting 3 vertices out of 10 is 

10c3
Number of ways of selecting three consecutive vertices

Three consecutive vertices can be
A| A2 Ay A2 Aj A4,...., Ajq, A] A2

Two consecutive vertices can be A} A2, A2 Ay..., A10 Aj 
After selecting these two we select one vertex 

from the remaining 6 vertices
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ANSWERS
.3

(ii) 360 (iv) 40

1. (i) 120 (ii) 240
3. 40320,720
(ii) 36000
9. 18! x 1440

2. (i) 7!
4. 576
7. 282240
10. 365

things may be permuted among themselves in p! ways without 
changing the positions of other things. Similarly, if we replace 
q alike things by q distinct things, which are also different from • 
others, then they can be permuted among themselves in ql 
ways.

Thus, if both the replacements are done simultaneously, 
then we find that each one of the x permutations give rise to 
p! x q! permutations. Therefore, x permutations give rise to 
x x p! x (/! permutations. Now, each of these x x p! x q'. permuta­
tions, is a permutation of n different things, taken all at a time.

x x p! x q! = Number of permutations of n different 
things taken all at a time

= n!

22.6 PERMUTATIONS OF OBJECTS NOT ALL 
DISTINCT

So far we have discussed permutations of distinct objects 
(things) by taking some or all at a time. In this section, we intend 
to discuss the permutations of a given number of objects when 
objects are not all different. For example, the number of arran­
gements of the letters of the word MISSISSIPPI, the number of 
six digit numbers formed by using the digits 1,1,2,3,3,4 etc. 
The following theorem is very helpful to determine the number 
of such arrangements.
THEOREM The number of mutually distinguishable permutations 
ofn things, taken all at a time, of which p are alike of one kind, q alike 
of second such that p + q = n, is

n!
P'- <?•'

PROOF Let the required number of permutations be x. Con­
sider one of these x permutations.

Replace p alike things in this permutation by p distinct 
things which are also different from others. These p different

12. How many different car licence plates can be constructed 
if the licences contain three letters of the English alphabet 
followed by a three digit number

(i) if repetitions are allowed ?
(ii) if repetitions are not allowed ?

13. A family consists of a grandfather, 5 sons and daughters 
and 8 grand children. They are to be seated in a row for dinner. 
The grand children wish to occupy the 4 seats at each end and 
the grandfather refuses to have a grand child on either side of 
him. In how many ways can the family be made to sit ?
14. There are 10 candidates for an examination out of which 4 
are appearing in mathematics and remaining 6 are appearing 
in different subjects. In how many ways can they be seated in 
a row so that no two mathematics candidates are together ?
15. Four digit number are formed with the digits 1,2,3,4,5, 
6,7 in all possible ways. Find

(i) total number of numbers that can be formed.
(ii) total number of even numbers that can be formed.

(iii) total number of numbers which are divisible by 4.
(iv) total number of numbers which are divisible by 25.

16. Ten persons are to be seated in a row. Three of them are to 
be seated together, while two of the remaining seven do not 
wish to sit side by side. Find the number of ways in which this 
can be done.

12. (i) 999 x (26)'
13. 11520
15. (i) 840
16. 181440

(ii) ‘6! (iii) 4320
5. 12 6. (i) 4320
8. (i) 48 (ii) 72
11. 8P4x5P2x10!

5. In how many ways can the letters of the word 'DELHI' be 
arranged so that the vowels occupy only even places ?
6. How many words can be formed from the letters of the 
word 'DAUGHTER' so that

(i) the vowels always come together ?
(ii) the vowels never come together ?

7. In how many ways can 9 examination papers be arranged 
so that the best and the worst papers are never together ?
8. In how many ways can 5 children be arranged in a row 
such that

(i) two of them, Ram and Shyam, are always together ?
(ii) two of them, Ram and Shyam, are never together ?

9. When a group photograph is taken, all the seven teachers 
should be in the first row and all the twenty students should 
be in the second row. If the two corners of the second row are 
reserved for the two tallest students, interchangeable only 
between them, and if the middle seat of the front row is 
reserved for the Principal, how many arrangements are pos­
sible ?
10. How many even numbers are there with three digits such 
that if 5 is one of the digits, then 7 is the next digit ?
11. A tea party is arranged for 16 persons along two sides of a 
long table with 8 chairs on each side. Four persons wish to sit 
on one particular and two on the other side. In how many ways 
can they be seated ?

TT Ml
Hence, x = -7—7 p!^!

REMARK 1 The number of permutations ofn things, of which pj are 
alike of one kind; P2 are alike of second kind; p$ are alike of third kind; 
...; pr are alike of rth kind such that pj + p2 + - + Pr = n>IS

(ii) 26C3 x 3! x 10C3 x 3!
14. 604800
(iii) 200
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ILLUSTRATIVE EXAMPLES

7!

Hence, the total number of words = = 34650

:. Total number of their permutations = = 60.

n!
p! ql

EXAMPLE 1 How many different words can be formed with the 
letters of the word 'MISSISSIPPI' ?
SOLUTION There are 11 letters in the given word, of which 4 
are S's, 4 are l's and 2 are P's. So, total number of words is the 
number of arrangements of 11 things, of which 4 are similar of 
one kind, 4 are similar of second kind and 2 are similar of third 
kind i.e.

_____ n!_____
p1!p2!p3!...pr!

REMARK 2 The number of permutations ofn things, of which p are 
alike of one kind, q are alike of second kind and remaining all are 
distinct, is

(Pl+p2 + - + pr)! 
p1!p2!p3!...pr!

11!
4! 4! 2!

REMARK 3 Suppose there are r things to be arranged, allowing 
repetitions. Let further p i, P2, ... prbe the integers such that the first 
object occurs exactly pi times, the second occurs exactly p2 times, etc. 
Then the total number of permutations of these r objects to the above 
condition is

5'So, total number of words = rj = 20

(iii) Considering H and N together we have 7 - 2 + 1 = 6 
letters out of which three are alike i.e. A's and others are each

6' of its own kind. These six letters can be arranged in ~ ways. 

But H and N can be arranged amongst themselves in 2! ways.
Hence, the requisite number of words

= |yx2! = 120 x 2 = 240

EXAMPLE 6 How many different words can be formed by using all 
the letters of the word 'ALLAHABAD' ?

(i) In how many of them vowels occupy the even positions ?
(ii) In how many of them both L do not come together ? 

SOLUTION There are 9 letters in the word 'ALLAHABAD' out 
of which 4 are A's, 2 are L's and the rest are all distinct.

9!So, the requisite number of words = ■yyyyy = 7560

(i) There are 4 vowels and all are alike i.e. 4 A's. Also, there 
are 4 even places viz 2nd, 4th, 6th and 8th. So, these 4 even

4!places can be occupied by 4 vowels in — = 1 way. Now, we are 

left with 5 places in which 5 letters, of which two are alike 
51

(2 L's) and other distinct, can be arranged in — ways.

Hence, the total number of words in which vowels occupy 
5' 41 5'

the even places = 2iX4i=2!=^-

(ii) Considering both L together and treating them as one 
letter we have 8 letters out of which A repeats 4 times and others

8'are distinct. These 8 letters can be arranged in — ways.
I •

So, the number of words in which both L come together
8'= 7; = 1680.4!

/ 7'So, total number of words = = — = 840
A* X* X* X. L/.

(ii) After fixing H in first place and N in last place, we have 
5 letters out of which three are alike i.e. A's and remaining all 
are each of its own kind.

11!
4! 4! 2!

EXAMPLE 2 How many permutations of the letters of the word 
'APPLE'are there?
SOLUTION Here there are 5 letters, two of which are of the 
same kind. The others are each of its own kind. So, the required 
number of permutations is

5! _120_fin • 
2! 1! 1! 1! 2

EXAMPLE 3 How many words can be formed using the letter A 
thrice, the letter B twice and the letter C thrice ?
SOLUTION We are given 8 letters viz. A, A, A, B, B, C, C, C. 
Clearly, there are 8 letters of which three are of one kind, two 
are of second kind and three are of third kind. So, the total 

8'number of permutations is - = 560.
Jf

Hence, the requisite number of words = 560.
EXAMPLE 4 Find the number of different permutations of the letters 
of the word BANANA.
SOLUTION Clearly, there are six letters in the word 
'BANANA' of which three are alike of one kind (3 A's), two are 
alike of second kind (2 N's) and one of its own kind.

6!
3! 2! 1!

Hence, the requisite number of words = 60
EXAMPLE 5 (i) How many different words can be formed with the 
letters of the word HARYANA ?

(ii) How many of these begin with H and end with N ?
(iii) In how many of these H and N are together ?

SOLUTION (i) There are 7 letters in the word 'HARYANA' of 
which 3 are A's and remaining all are each of its own kind.
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Required number of arrangements = = 4989600

ways.

The number of such arrangements = = 420

= 907200The number of such arrangements =

Hence, the number of words in which both L do not come 
together

= Total no. of words
- No. of words in which both L come together

= 7560-1680 = 5880
EXAMPLE 7 How many arrangements can be made with the letters 
of the word 'MATHEMATICS'? In how many of them vowels are 
together ?
SOLUTION There are 11 letters in the word 'MATHEMATICS' 
of which two are M's, two are A's, two are T's and all other are 
distinct. So,

10! 
2! x 2!

Hence, the required number of items = 907200.
EXAMPLE 12 How many four-let ter words can be formed using the 
letters of the word 'FAILURE', so that

4’But, the four vowels (A, E, A, I) can be put together in —

11!
2! x2! x 2!

There are 4 vowels viz. A, E, A, I. Considering these four 
vowels as one letter we have 8 letters (M, T, H, M, T, C, S and 
one letter obtained by combining all vowels), out of which M 
occurs twice, T occurs twice and the rest all different. These 8

81 letters can be arranged in ——— 
Z* X z.

ways.
Hence, the total number of arrangements in which vowels 

81 4*are always together = —- -• x — = 10080 x 12 = 120960

EXAMPLES If all the letters of the word 'AGAIN' be arranged as in 
a dictionary, what is the fiftieth word ?
SOLUTION In dictionary the words at each stage are arranged 
in alphabetical order. Starting with the letter A, and arranging 
the other four letters GAIN, we obtain 4! = 24 words.

Thus, there are 24 words which start with A. These are the 
first 24 words.

Then, starting with G, and arranging the other four letters 
41 24

A, A,I,Nin different ways, we obtain = — = 12 words.

Thus, there are 12 words, which start with G.
Now, we start with I. The remaining 4 letters A, G, A, N can 

4’be arranged in — = 12 ways. So, there are 12 words, which start

with I.
Thus, we have so far constructed 48 words.
The 49th word is NAAGI and hence the 50th word is 

NAAIG.
EXAMPLE 9 The letters of the word 'RANDOM' are written in all 
possible orders and these words are written out as in a dictionary. 
Find the rank of the word 'RANDOM'.
SOLUTION In a dictionary the words at each stage are arranged 
in alphabetical order. In the given problem we must therefore 
consider the words beginning with A, D, M, N,O,Rin order. 
A will occur in the first place as often as there are ways of 
arranging the remaining 5 letters all at a time i.e. A will occur

5! times. Similarly, D, M, N, O will occur in the first place the 
same number of times.

Number of words starting with A = 5! = 120
Number of words starting with D = 5! = 120
Number of words starting with M = 5! = 120
Number of words starting with N = 5! = 120
Number of words starting with O = 5! = 120

Number of words beginning with R is 5!, but one of these 
words is the word RANDOM. So, we first find the number of 
words beginning with RAD and RAM.

No. of words starting with RAD = 3! = 6
No. of words starting with RAM = 3! = 6

Now, the words beginning with 'RAN' must follow.
There are 3! words beginning with RAN. One of these 

words is the word RANDOM itself.
The first word beginning with RAN is the word RANDMO 

and the next word is RANDOM.
/. Rank ofRANDOM = 5x120+ 2x6 +2 = 614.

EXAMPLE 10 How many numbers greater than a million can be 
formed with the digits 2,3,0,3,4,2,3?
SOLUTION Any number of greater than a million will contain 
all the seven digits.

Now, we have to arrange these seven digits, out of which 2 
occurs twice, 3 occurs twice and the rest are distinct.

7!
2! x3!

These arrangements also include those numbers which con­
tain 0 at the million's place.

Keeping 0 fixed at the millionth place, we have 6 digits out 
of which 2 occurs twice, 3 occurs thrice and the rest are distinct. 

6!These 6 digits can be arranged in ——— = 60 ways 
z» x o*

Hence, the number of required numbers = 420 - 60 = 360. 
EXAMPLE 11 If the different permutations of the word, 
'EXAMINATION' are listed as in a dictionary, how many items are 
there in the list before the first word starting with E ?
SOLUTION In a dictionary the words at each stage are arranged 
in alphabetical order. In the given problem we have to find the 
total number of words starting with A, because the very next 
word will start with E.

For finding the number of words starting with A, we have 
to find the number of arrangements of the remaining 10 letters, 
EXMINATION, of which there are 2 Z's, 2 N's and the others 
each of its own kind.
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- 3 1The total number of such numbers = ( C2 x Q)

The total number of such numbers

2,The total number of such numbers =

i
1 = 60.

Ill By taking two identical digits ofone type, two identical digits 
of second type and one different digit like 1,1,2,2,3.

= (3Cix2C2

= 60.
II By taking three identical digits of one type and 2 identical 

digits of second type like 1,1,1,2,2 etc.
'3.

(i) F is included in each word ?
(ii) F is not included in any word ?

SOLUTION There are 7 letters in the word 'FAILURE'.
(i) To include F in every 4 letter word, we first select four 

letters from the 7 letters of the word 'FAILURE' such that F is 
included in every selection. This can be done by selecting three 
letters from the remaining 6 letters i.e. A, I, L, U, R, E in *63 
ways. Now, there are 4 letters in each of 6Cj selections.

Consider one of these 6C3 selections. This selection contains 
4 letters which can be arranged in 4! ways.

Thus, each of 6Cs selections provides 4! words. Hence, the 
total number of words = 6C3 x 4! = 480.

(ii) If F is not to be included in any word, then we first select
4 letters from the remaining 6 letters. This can be done in 6C4 
ways. Now, every selection has 4 letters which can be arranged 
in a row in 4! ways.

Hence, the total number of words = 6C4 x 4! = 360.

EXAMPLE 13 How many five-letter words containing 3 vowels and 
2 consonants can be formed using the letters of the word 
'EQUATION' so that the two consonants occur together ?
SOLUTION There are 5 vowels and 3 consonants in the word 
'EQUATION'. Three vowels out of 5 and 2 consonants out of 3 
can be chosen in 5C3 x 3C2 ways. So, there are 5C3 x 3C2 groups 
each containing 3 consonants and two vowels. Now, each 
group contains 5 letters which are to be arranged in such a way 
that 2 consonants occur together. Considering 2 consonants as 
one letter, we have 4 letters which can be arranged in 4! ways. 
But two consonants can be put together in 2! ways. Therefore,
5 letters in each group can be arranged in 4! x 2! ways.

Hence, the required number of words
= (5C3 x 3C2) x 4! x 2! = 1440.

EXAMPLE 14 How many numbers of five digits can be made with 
the digits 1, 2, 3 each of which can be used at most thrice in a 
number ?
SOLUTION A five digit number can be made with the digits in 
the following ways:

I By taking three identical digits and 2 distinct digits like 
1,1,1,2,3, etc.

5!
X3!

5!
X 2! 2!

tix2^

= 90.
Hence, required number of numbers = 60 + 60 + 90 

= 210.
EXAMPLE 15 How many words can be formed by taking 4 letters at 
a time out of the letters of the word ‘MATHEMATICS'.
SOLUTION There are 11 letters viz. MM, AA, TT, H, E, I, C, S. 
All these letters are not distinct, so we cannot use nPr We can 
choose 4 letters from the following ways:

(I) All the four distinct letters : There are 8 distinct letters 
viz. M, A, T, H, E, I, C, S out of which 4 can be chosen 
in 8C4 ways.
So, the total number of groups of 4 letters = 8C4.
Each such group has 4 letters which can be arranged in 
4! ways. Hence,
the total number of words = 8C4 x 4! = 8P4 = 1680.

(II) Two distinct and two alike letters : There are 3 pairs of 
alike letters viz MM, /L4, TT, out of which one pair can 
be chosen in 3C] ways. Now we have to choose two 
letters out of the remaining 7 different types of letters 
which can be done in 7C2 ways. So, the total number of 
groups of 4 letters in which two are different and 2 are 

a 7
alike is C] x C2. Each such group has 4 letters of which
2 are alike and remaining two distinct and they can be 

4’arranged in—ways. Hence, the total number of words

in which two letters are alike = 3Cj x 7Ci x = 756.

(IH) Two alike of one kind and two alike of other kind : There 
are 3 pairs of 2 alike letters out of which 2 pairs can be 
chosen in 3C2 ways. So, there are 3C2 groups of 4 letters 
each. In each group there are 4 letters of which 2 are 
alike of one kind and two alike of other kind. These 4

4’letters can be arranged in ways. Hence, the total 

number of words in which two letters are alike of one
3 4'kind and two alike of other kind = C2 x = 18.

From (i), (ii) and (iii)
The total number of 4 letter words

= 1680 + 756 + 18 = 2454.
EXAMPLE 16 How many four-let ter words can be formed using the 
letter of the word 'INEFFECTIVE'?
SOLUTION There are 11 letters in the word 'INEFFECTIVE', 
viz. EEE, FF, II, C, T, N, V.

The four-letter words may consist of:
(I) 3 alike letters and 1 distinct letter

(II) 2 alike letters of one kind and 2 alike letters of the 
second kind

(III) 2 alike letters and 2 distinct letters
(IV) all different letters
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Possibilities

= 1

4 identical of one 
type and 1 from 
the remaining

All 5 letters
are identical i.e.
All 5 A's are selected

Number of 
arrangements

2C\ x 3C, x = 30

Now we shall discuss these four cases one by one:
(I) 3 alike letters and 1 distinct letter: There is one set of three 

alike letters viz. EEE. So, three alike letters can be selected in 
one way. Out of the 6 different letters F, I, T, N, V, C one letter 
can be selected in ways. Thus, three alike and one different 
letter can be selected in 1 x 6C] = 6Ci ways. So, there are 6Ci 
groups each of which contains 3 alike letters and one different

4'letter. These 4 letters can be arranged in —- ways.
O* X«

Hence, the total number of words consisting of three alike 
z 4! aand one distinct letters = bCj x = bCj x 4 = 24.

(II) 2 alike letters of one kind and 2 alike letters of second kind: 
There are three sets of two alike letters viz EE, FF, II. Out of 
these three sets two can be selected in C2 ways. So, there are 
3C2 groups each of which contains 4 letters out of which 2 are 
alike of one type and two are alike of second type. Now, 4 letters

4'in each group can be arranged in ways.

Hence, the total number of words consisting of two alike 
letters of one type and 2 alike letters of second type

(III) 2 alike and 2 different letters: Out of 3 sets of two alike 
letters one set can be chosen in 3C] ways. Now, from the 
remaining 6 distinct letters, 2 letters can be chosen in 6C2 ways. 
Thus, 2 alike letters and 2 distinct letters can be selected in 
(3Cj x ways. So, there are (3Q x 6C2) groups of 4 letters 
each. Now, letters of each group can be arranged among them-

4'selves in — ways.

Hence, the total number of words consisting of two alike 
q £ 41

letters and 2 distinct = 3Ci x bC2 x — = 540

(IV) All different letters : There are 7 distinct letters E, F, 1, 
T, N, V, C out of which 4 can be selected in C4 ways. So, there 
are C4 groups of 4 letters each. The letters in each of C4 groups 
can be arranged in 4! ways.

So, the total number of 4 letter words in which all letters are 
distinct = 7C4 x 4! = 840.

Hence, the total number of 4-letter words
= 24 + 18 + 540 + 840 = 1422.

EXAMPLE 17 How many numbers of five digits can be made having 
exactly two identical digits ?
SOLUTION We have 10 digits, namely 0,1,2,3,..., 8,9. Let us 
select one of these digits which occurs twice in the five digit 
number. This can be done in 10Cj ways. Now, we select 3 more 

digits from the remaining 9 digits in 9C3 ways. We have now 5 
digits like 2,2,1,3,4; 2,3,5,0,0 etc.

2Ct x 3C| = 6

Total number of numbers formed by these digits is 

^CiX^x^y = 50400
1 0 2!

All these numbers are not five digit numbers. Some of these 
numbers are 4-digit numbers and some are 3-digit numbers. 
Let us now find out the number of such numbers.

Number of numbers having 0 at ten-thousands place and 0 
as the repeating digit = ]Ci x x 4! = 2016

Number of numbers having 0 at ten-thousands place and 
having a non-zero repeating digit

= ^x’Cj x8C2x — = 3024

Hence, the number of five digit numbers having exactly two 
identical digits

= 50400-2016-3024
= 45360.

EXAMPLE 18 How many numbers of five digits can be made having 
exactly two repeated digits at consecutive places ?
SOLUTION In order to construct a five digit number having 
exactly two consectively repeating digits, let us first select a 
digit out of 10 digits 0,1,2,..., 9 which repeats and then select 
three more digits from the remaining 9 digits. This can be done 
in x 9C3 ways. Considering repeating digits like 00,11,22, 
..., 99 as one object and three other digits, we now arrange them 
in 4! ways. The total number of numbers obtained in this 
manner is

10C1x9C3x4! = 20160

These numbers also include 4-digit numbers having 0 at ten 
thousands place and 3 digit numbers having 0 at ten thousands 
and thousands place. The total number of such numbers is

x 9CX x 8C2 x 3! + 9C3 x 3!
= 1512 + 504 = 2016

Hence, the number of five digit numbers having exactly two 
consecutive repeated digits

= 20160-2016 = 18144.
EXAMPLE 19 Find the total number of selections of 5 letters from 
five A's, four B's, three C's and two D's. Also, find the total number 
of 5-letter words that can be made.
SOLUTION Various possible selections and arrangements of 
five letters from 5 A's, 4 B's, 3 C's and 2 D's are as follows:

Number of 
selections

1C x 5! _ .C1 5! ' 1
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Thus, the total number of selections of 5 letters

= 1+6 + 9 + 9 + 12 + 4 = 41.

= 1 +30 + 90 + 180 + 360 + 240 = 901.

+ + + + ++

1
i

The total number of arrangements of the given letters taken 5 
at a time

2 identical of one type and 
remaining three distinct

2 identical of one type 
and 2 distinct from 
the remaining
2 identical of one type
2 identical of second type 
and one from the remaining

3 identical of one type 
and 2 identical of 
second type

Total number of ways in which at least 4 dice show the 
same face

EXAMPLE 23 Find the number of ways in which  five different letters 
can be put in the correspondingly  five addressed envelopes so that no 
letter is put in the correct envelope.
SOLUTION We observe that two letters can be put in two 
addressed envelopes in 2! ways out of which there is only one 
way in which no letter is put in the correct envelope. Thus,

Number of ways to put 2 letters in 2 addressed envelopes 
so that no letter is put in the correct envelope = 1.

Now,
Number of ways to put 3 letters in 3 addressed envelopes 

so that no letter is put in correct envelope
= Number of ways without restriction
- Number of ways in which one is incorrect envelope 

and two wrong envelopes

6
= £6C1x5C6.rx^ 

r = 4

*C2 X 2C1 = 12 4C x 2C x JL = 360 
L 1 2! 2!

3fl X3C1X3!2! = 9°

Hence, the number of all possible arrangements
= 1x8C5 = 8C5 = 56

EXAMPLE 21 Six dice are thrown simultaneously. Find the number 
of ways in which

(i) all of them show the same face.
(ii) all of them show different faces.

(iii) exactly three show the same face and the remaining show 
distinct faces.

(iv) at least four show the same face and the remaining show 
distinct faces.

SOLUTION When six dice are thrown simultaneously there are 
66 possible outcomes of the form (1,2,3,3,4,5), (2,2,2,2,2,2), 
(2,3,4,5,6,3) etc.

(i) All six dice show the same face in the following ways: 
(1,1,1,1,1,1), (2,2,2,2,2,2), (3,3,3,3,3,3), (4,4,4,4,4,4), 
(5,5,5,5,5,5) and (6,6,6,6,6,6).

Thus, the total number of ways is 6.

+.
A blank box in the above arrangement shows available 

space for minus signs. Clearly, there are eight blank boxes in 
which we have to arrange minus signs. This can be done in 

8c5x| = 8c5ways

(ii) The total number of ways in whdh all six die show 
different faces is the number of arrangements of six numbers 
1,2,3,4,5,6 taken all at a time i.e. 6!.

(iii) Select a number which occurs on three dice out of six 
numbers 1,2,3,4,5,6. This can be done in 6C] ways. Now select 
three numbers from the remaining 5 numbers. This can be done 
in 5C3 ways. We now have six numbers out of which three are 
identical and three distinct like 1,1,1,2,3,4; 2,2,2,4,5,6 etc.

6'These six numbers can be arranged in — ways.

Hence, the number of ways of getting three identical and 
three distinct faces is

EXAMPLE 22 Find the number of ways in which four S conie con­
secutively in the word MISSISSIPPI.
SOLUTION There are 11 letters viz. 4S's, 47's, 2Ps and M in the 
word MISISSIPPI. Considering 4S's as one letter, we have 8 

8’letters which can be arragned in ways. But, 4S's can be put

4’together in — = 1 way.

Hence, the total number of words 

8! 4!_ 8!= 4!2! 4!’4!2!’840'

(iv) Proceeding as in (iii), the total number of ways in 
which r dice show the same face is

4Ci x 3C3 = 4

3C( x 3C2 = 9

3C, x 3Q = 9

6Ci x5C3x|f = 6xl0xl20 = 7200

6C1x5C6_rx^;r = 2,3,4,5,6

3Ci x 3C2x~ = 180

4Cj x 3C3x~ = 240

ALITER See Example 6 on page. 22.74
EXAMPLE 20 In how many ways can 7 plus (+) signs and 5 minus 
(-) signs be arranged in a row so that no two minus signs are 
together ?
SOLUTION We want to separate minus signs. So, let us first

71
arragne 7 plus signs in a row. This can be done in = 1 way as 

shown below.

6!
r!
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2,

-3!

= 18!
5! 7! 6!

In order to find the number of ways in which all balls of the 
same colour are put together, we consider 5 identical black balls 
as one object, 7 identical red balls as second object and 6 • 
identical green balls as third object. These three objects can be 
arranged in a row in 3! ways. Since balls of the same colour are 
identical, therefore there is no arrangement between balls of 
the same colour.

Thus,
Number of ways in which all balls of the same colour are 

together =31.
Hence,

sets one containing three alike letters and other containing two 
alike letters out of which one set of two letters can be chosen in
Ci ways. So, the number of ways of selecting 5 letters in this

case

22n-l 1
+ 2

NNN,EEE,DD,1,P,T
Five letters can be selected from these 11 letters in the 

following ways:
(i) When all five letters are distinct: There are 6 distinct letters 

N, E, D, I, P and T out of which five letters can be selected in 
6Cj ways.

(ii) When two letters are alike and remaining three distinct: 
There are three pairs of alike letters viz. NN, EE and DD, out of

□
these three pairs one pair can be chosen in Cj ways. Now we 
have to select three letters from the remaining 5 distinct letters 
which can be done in 5C3 ways. Therefore, the number of ways 
of selecting 5 letters in this case is

3C2x5C3

(iii) When three letters are alike and remaining two are 
distinct; There are two sets of three alike letters out of which 
one can be chosen in Cj ways. Now we have 5 distinct letters 
from which 2 letters can be chosen in 5C2 ways. So,

the number of ways of selecting 5 letters in this case

= 2C^5C2

(iv) When three letters are alike of one type and two letters are 
alike of another type: There are two sets of three alike letters out 
of which one set can be selected in Q ways. Now we have two

- Number of ways in which all come in correct 
envelopes

= 3!-3Cj x 1 -1

= 6-3-1 = 2.
The number of ways to put 4 letters in 4 addressed en­

velopes so that no letter is in correct envelope
= Number of ways without restriction
- Number of ways in which 1 is in correct envelope and

3 in wrong envelopes
- Number of ways in which 2-are in correct envelopes

and 2 in wrong envelopes
- Number of ways in which all are in correct envelopes'
= 4!-4Cx2-4C2xl-l
= 24-8-6-1
= 9
Similarly,
The number of ways to put 5 letters in 5 addressed en­

velopes so that no letter is in correct envelope
= 5!-5C1x9-5C2x2-5C3xl-l
= 120-45-20-10-1
= 44.

EXAMPLE 24 Find the total number of ways of selecting 5 letters 
from the letters of the word "INDEPENDENT".
SOLUTION There are 11 letters in the word "INDEPENDENT" 
viz.

18!Required number of ways = g, —

EXAMPLE 26 Prove that the number of ways of selecting n objects 
out of3n objects of which n are identical and the rest are distinct, is 

2nl ' 
(n!)2’

SOLUTION Suppose r objects are selected from n identical 
objects and the remaining (n - r) are selected from the remain­
ing 2n distinct objects. The number of such ways is

= ^x2^

(v) When tzuo letters are alike of one type, two letters alike of 
second type and one from the remaining: In this case, the number 
of ways of selecting 5 letters is

3C2 x'4C1

Hence, the total number of selections

= 6C5 + 3Cj x 5C3 + 2Cj x 5C2 + 2Cj x 2C1 + 3C2 x 4Ci
= 6 + 30 + 20 + 4 + 12
= 72.

ALITER See section 22.14.
EXAMPLE 25 In how many ways can 5 identical black balls, 7 
identical red balls and 6 identical green balls be arranged in a row so 
that at least one ball is separated from the balls of the same colour ? 
SOLUTION We have,

Required number of ways
= Total number of arrangements of 18 balls without any 

restriction
- Number of ways in which balls of the same colour 

are together
Now,
Total number of arrangements of 18 balls without any 

restriction
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2n,

lvJ

•+ +2"C„]+

1

"Crx r ways = n .

But, r can vary from 0 to n. Therefore, total number of ways 
of selecting P and Q such that they are disjoint is

1
2

- 2n_!_
+ 2 ' n! nl

n n-i 
r

0T e„-rways‘

Thus, P and Q both can be chosen in

n-rp 
'-i

= 22"-1

- r

1 1 n-r'

- 5 E (2"C„- 
r = 0

+ 2"C ' r n + r-

But, r can vary from 1 to n. Therefore, the number of ways of 
selecting P and Q such that PnQ contains just one element is

EXAMPLE 27 A is a set containing n elements. A subset P of A is 
chosen at random. The set A is reconstructed by replacing the ele­
ments ofP. A subset Q is again chosen at random. Find the number 
of ways of selecting P and Q so that

(i) P and Q are disjoint sets.
(ii) P = Q

(iii) PuQ = A
(iv) PnQ contains just one element.
(v) PuQ contains just one element.
(vi) PnQ contains just two elements.

SOLUTION The set A has n elements. So, it has 2" subsets. A 
subset of set A out of these 2” subsets can be chosen in

Cj = 2" ways. Therefore, each of the subsets P and Q can be 

chosen in 2" ways.

Thus, P and Q both can be chosen in 2" x 2” = 4" ways.
(i) Suppose P is constructed by selecting r elements out of 

n elements of set A. This can be done in "Cr ways. For Q to be 
disjoint from P, we must construct Q by selecting any number 
of elements from the remaining (n - r) elements. This can be 
done in

+ 2,,C1

:n-l + 2”Cn + 2nCn + l +

Hi-

2mc1 + ...+2”c„

M-rcn+""rc1 +... +

lx2nC„_r=%_r,r = 0,l,2,...,n

Hence, required number of ways
n

= Z
r = 0

"’’Cr-!

= | [(%+2"c„)+(2"c„., + ^cn+,) +....+(^c,_2
+ ... + (2rtC1 + 2”C2jI_1) + (2wC0 + 2"C2n)J

. (2n)!
n! n!

”'% +"’rC0 +

"C.x^x ("’

= "Crxrx2"-r

+ ""rc„-

= 5 [|2”c<,+

n
= - V (2"c + 2"C )

r = 0

+ 2n(

n

= Z”cJ’-rc0+',-,c, + ....+'-rc„.J
r = 0

n

= Y nCr 2n~r
r = 0

= (1 + 2)”

= 3".
(ii) If P contains r elements, then the number of ways of 

selecting P is ”Cr. Since P = Q. Therefore, number of ways of 
selecting P and Q both when P contains r elements is ”Cr. But,

( r can vary from 0 to n. Therefore, total number of ways of 
+ 2) selecting P and Q such tha t P = Q is

n

£ "c, = 2"
r = 0

(iii) Let P be constructed by selecting r elements from n 
elements of set A. This can be done in nCr ways. In order to 
construct Q such that P u Q = A, we must include remaining 
(» -r) elements of set A in Q and any number of elements from 
r elements selected for P. This can be done in

1 x ^rC0 + rC| +.... + rCrj
Therefore, number of ways of selecting P and Q such that 

P u Q = A and P contains r elements is

nCrxlx(rC0 + rC1 + ... + rCr) = nCr2r.

But, r can vary from 0 to n. Therefore, the number of ways 
of selecting P and Q such that P u Q = A is

n

£ "Cr 2r = (1+2)" = 3"
r = 0

(iv) Let P be constructed by selecting r elements from n 
elements of set A. This can be done in nCr ways. In order to 
construct Q such that P n Q contains just one element, we must 
select one element from the r elements selected for P and any 
number of elements from the remaining (n - r) elements in A. 
This can be done in rCi x (" ~ rCo + " ~ rCj +.... +’ rCn _ r) 
ways. Therefore, the number of ways of selecting P and Q such 
that P contains r elements and PnQ contains just one element 
is

n“rC1 + .... + n~rC,

C,.,.r.2’-'

= 2nC 1 r + A
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2(n-l)-(r-l)

ways

x

-1

2

2(n-2)-(r-2)

- "(n-V
2

But, r can take values from 2 to n. Therefore, the number of 
ways of selecting P and Q such that P n Q contains just two 
elements is

n(n-l)
2

n-r^̂
■*1

2^-r

'n-r)

r(r-l)
2

-r

r (r-1)
2

2>i-r

2n-r

Qn-r

y-2

(1+2)"’2

n n -1 
r ' r-1

(1+2)"’2

n Hzl
r ' r-1

n — 2f
Lr-2*

x2"'r

n

r= 1

n

=n X
r=l

n —
cr-2

x2"’r

n - 2z->
cr-2

"CrXrC2 ("-% +

71 — 2z">
cr-2

n - 2/~<
cr-2

n-1/^
cr-l

n -lr> 
er-l

n -2p 
Lr-2

= n + n + n = 3n.
(vi) Suppose P is constructed by selecting r elements from 

n elements of set A. This can be done in "Cr ways. In order to 
construct Q such that P n Q contains just two elements, we 
select two elements from the r elements chosen in P and any 
number of elements from the remaining (n - r) elements in A. 
This can be chosen in

rC2rrC0 + "-rC1 +...+ ”-rC„_r) ways
Therefore, the number of ways of selecting P and Q such 

that P contains r elements and P n Q contains just two elements 
is

n
= n(n-l)

2 r = 2

EXAMPLE 28 In how many ways can two distinct subsets of the set 
A consisting ofn (n > 3) elements be selected so that they have exactly 
two common elements ?
SOLUTION Let P and Q be two distinct subsets of set A. Let set 
P be constructed by selecting r elements out of n elements of set 
A. Since P and Q have exactly two common elements. So, select 
2 elements out of r elements in P in rC2 ways. The set Q must 
contain these two elements and any number of elements from 
the remaining (n - r) elements of set A. Therefore, set Q can be 
constructed in

- r

"’rq+"’rc2+

= n (1 + 2)”-1

= n 3”'1.
(v) P u Q contains exactly one element in one of the follow­

ing ways:
(i) P and Q each has the same element

(ii) P has no element and Q has just one element
(iii) P has just one element and Q has no element.
Therefore, required number of ways

= "C1 + "Cox"C1 + "C1x"C()

2n~r ways

EXAMPLE 29 Three integers are selected from 3n consecutive in­
tegers. In how many ways can these integers be selected such that 
their sum is divisible by 3.
SOLUTION Let m, m +1, m + 2,..., m + (3n - 1) be 3n consecu­
tive integers, where m is an integer.

Let us divide these 3n consecutive integers into three 
groups Gj, G2 and G3 as follows:

.3"’2-l

"-rc1 + ...+"-rc,

_ «(n-l) on-2
” 2 J

rC2x

= rC2 2" ’ ways.

Thus, first set P consisting of r elements and then set Q 
consisting of any number of elements from the remaining 
n-r elements of set A and exactly two elements from P can be 
chosen in

"CrxrC2 2" ~T ways

+ ”"rCT '~n-r

rCi +.... +

H(M-l) n-2r 
~ 2 ^r~2

But, r can vary from 2 to n. Therefore, the total number of 
ways of selecting first P containing r elements and then Q such 
that P and Q can have exactly two common elements is

71£ n (n -1) 
r = 2 2

= njn-fli

n(n-l)

In this way there is a selection in which P and Q have only 
two elements which are common to them.

Therefore, the number of ways of selecting first P and then 
Q such that P and Q are disjoint is 

n(n-l) „_2 
2

But we can interchange P and Q also i.e. first we construct 
Q and then P. Therefore, the required number of ways

1 fn (M-l)
2

n£ n(n-l) 
r = 2 2

- «C /fr’1) 
erx 2
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We have;

n.'C2 + WC2 =

= 3 + m'

EXERCISE 22.6

68

(vi) RUSSIA
(viii) EXERCISES

1. Find the number of words formed by permuting all the 
letters of the following words:
(i) INDEPENDENCE (ii) INTERMEDIATE

(iii) ARRANGE (iv) INDIA

Gj: in, m + 3, m + 6,..., m + (3n - 3)

G2 : m +1, m + 4, m + 7,..., tn + (3n - 2)

G3: m + 2, m + 5, ni + 8,..., tn + (3n -1)

The sum of 3 integers chosen from the given 3n integers will 
be divisible by 3 in each of the following cases:
CASE I When all the three integers are chosen from the same group:

In this case, the number of ways = nC^ + nC$ + nC$

= 3.”C3

= n(n-l)(n-2)
2

CASE II When one integer is chosen from each group:
In this case, the number of ways = ”Ci x ”C] x "Cj = n3.

Hence, the number of ways in which the sum is divisible by 
3 is

Gj : lz6,llz....z5n-4

G2:2,7,12,..., 5n - 3

G3:3,8,13,..., 5m - 2 

G4:4,9, 14, ...z5m-1 

G5:5,10,15, ...,5k

(v) PAKISTAN I
(vii)SERIES l
(ix) CONSTANTINOPLE

+ n3 = £ (3m2-3m + 2)

"C2 + ”C2 + "C2 + "Cj x ”Cj ways

Hence, the required number of ways = 3. "C2 + (”Ci)2 

m (n -1) , 
2

•> 3k - n + n~ =

_ 5h2 - 3m
2

(ii) We have,
«3 + b3 = (a + b)3 - 3ab (a + b)

Therefore, a3 + b3 will be divisible by 3, if a + b is divisible 
by 3. Clearly, a + b will be divisible by 3 in each of the following 
cases:
CASE I When a and b are chosen from groups Gj:

This can be done in nC2 ways. ’ •
CASE II When one of the two numbers is chosen from group Gi and 
the other from group Gj:

This can be done in ”C] x wCi ways.
Thus, the number of ways of selecting a and b such that 

a3 + b3 is divisible by 3 is

a4 -b4 - (a-b) (a + b) (a2 + b2) ...(i)
We observe that the RHS of (i) will be divisible by 5 if 

a and b are taken from the last group G5. This can be done in 
nC2 ways. Also, if a and b are chosen from G] u G2 u G3 u G4, 
then at least one of the factors on RHS of (i) will be divisible by 
5. This can be done in 4nC2 ways. Hence, the number of ways 

of selecting a and b so that a4 - b4 is divisible by 5 is
_ n (n - 1) 4m (4n -1)

- ’ 2 2

_ 17m2-5m
- 2

"C2 + "C1x"C1 =

(i) We have,
a2 - b2 = (a - b) (a + b).

Therefore, a2 - b2 will be divisible by 3, if either a-b 
is divisible by 3 or a + b is divisible by 3 or both are divisible 
by 3.

Clearly, this is possible if either a and b are chosen from the 
same group or one of them is chosen from G2 and the other 
from G3. This can be done in *

,2n(n-l) 
2 2 ■

EXAMPLE 31 Find the number of ways of selecting two integers a 
and b from the set {1,2,...., 5nJ, n e N so that a4 - b4 is divisible 
by 5.
SOLUTION Let us divide the given set of 5n integers in 5 groups 
as follows:

m(m-1)(m-2)
2 2

EXAMPLE 30 Two numbers a and b are chosen from the set 
{1,2,..., 3m 1. In how many ways can these integers be selected such 
that

(i) a2 - b2 is divisible by 3?

(ii) a3 + b3 is divisible by 3?
SOLUTION Let us divide the given set of first 3n natural 
numbers in three groups Glz G2 and G3 as given below:

G1:3,6,9Z ....3m

G2:1,4,7z....z (3m-1)

G3:2,5,8Z ....,(3m-2)

M
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ANSWERS

(iii) 332640

10! 23. 236 24. 22660

(ii) 4320028. (i)

27. 531th place

(iii) 151200

4. 1260
8. 309
12. 1260
16. 12

5. 3000
9. 93
13. 9

18. 360
(ii) 21600
21. 616

1. (i) 1663200 
(v) 20160

• (viii) 30240
2. 72
6. 120
10. 18
14. 900

(ii) 19958400
(vi) 360
(,X) 24
3. 60480
7. 14
11. 35
15. 24

(iii) 1260 (iv) 60
(vii) 180

2. In how many ways can the letters of the word 'ALGEBRA' 
be arranged without changing the relative order of the vowels 
and consonants ?
3. How many words can be formed with the letters of the 
word 'UNIVERSITY', the vowels remaining together ?
4. Find the total number of arrangements of the letters in the 
expression a3 b2 c4 when written at full length.
5. How many words can be formed with the letters of the 
word 'PARALLEL' so that all L's do not come together ?
6. How many words can be formed by arranging the letters 
of the word 'MUMBAI' so that all M's come together ?
7. If the letters of the word 'LATE' be permuted and the 
words so formed be arranged as in a dictionary, find the rank 
of the Word LATE.
8. If the letters of the word 'MOTHER' are written in all 
oossible orders and these words are written out as in a diction­
ary, find the rank of the word 'MOTHER'.
9. If the permutations of a, b, c, d, e taken all together be 
written down in alphabetical order as in dictionary and num­
bered, find the rank of the permutation debac.
10. How many numbers can be formed with the digits 1,2,3, 
4,3,2,1 so that the odd digits always occupy the odd places ?
11. Find the total number of ways in which six'+' and four 
signs can be arranged in a line such that no two'-' signs occur 
together.
12. How many different signals can be made from 4 red, 2 
white and 3 green flags by arranging all of them vertically on 
a flagstaff ?
13. How many number of four digits can be formed with the 
digits 1,3,3,0 ?
14. In how many ways can the letters of the word 'ARRANGE' 
be arranged so that the two R's are never together ?
15. How many different numbers, greater than 50000 can be 
formed with the digits 0,1,1,5,9.
16. How many words can be formed from the letters of the 
word 'SERIES' which start with S and end with S ?
17. How many permutations of the letters of the word 
'MADHUBANT do not begin with M but end with I ?
18. Find the number of numbers, greater than a million, that 
can be formed with the digits 2,3,0,3,4,2,3.
19. In how many ways can the letters of the word "INTER­
MEDIATE" be arranged so that

(i) the vowels always occupy even places ?
(ii) the relative order of vowels and consonants do not 

alter ?

17. 17640
19. (i) 21600
20. 12!/(3!)4
„ 11!22.

(iii) the order of vowels do not change ?
20. There are three copies each of 4 different books. In how 
many ways can they be arranged in a shelf ?
21. The letters of the word 'ZENITH' are written in all possible 
orders. How many words are possible if all these words are 
written out as in a dictionary ? What is the rank of the word 
'ZENITH' ?
22. How many different arrangements can be made by using 
all the letters in the word 'MATHEMATICS'. How many of 
them begin with C ? How many of them begin with T ?
23. The letters of the word 'SURITI' are written in all possible 
orders and these words are written out as in a dictionary. Find 
the rank of the word'SURITI'.
24. Five letter words are to be formed out of the letters of the 
word 'INFINITESIMAL'. What is their number.
25. Find the total number of four letter words that can be 
formed from the letters of the word INEFFECTIVE.
26. A five letter word is to be formed such that letters appear­
ing in the odd positions are taken from the unrepeated letters 
of the word MATHEMATICS whereas the letters which occupy 
even places are taken from amongst the repeated letters. Find 
the total number of such words.
27. A dictionary is printed consisting of 7-lettered words that 
can be made with the letters of the word CRICKET. If the words 
are printed in the alphabetic order, as in an ordinary dictionary, 
find the position of the word CRICKET in that dictionary.
28. How many words can be made with letters of the word 
INTERMEDIATE if

(i) the words neither begin with I nor end with E.
(ii) the vowels and consonants alternate in the words.

(iii) the vowels are always consecutive.
(iv) no vowel is between two consonants i.e. all consonants 

are consecutive.
(v) the relative order of vowels and consonants does not 

change.
(vi) the order of vowels does not change i.e. no two vowels 

interchange their places.
29. Three integers are selected from the integers 1,2,..., 1000. 
In how many ways can these integers be selected such that their 
sum is divisible by 4 ?
30. Three integers are selected from the integers 1,2,3,..., 4n. 
In how many ways can these integers be selected such that their 
sum is divisible by 4?

10!
2! 2! 2!'2! 2! 2!'2! 2!

25. 1422 26. 540
83 x 10!

24 '
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(iv) 151200 29. 41541750(v) 21600

HINTS TO SELECTED PROBLEMS

= 35 ways. Hence, the required number of ways

So, total number of signals =

Q.E.D.

°6

°5

°n-2 °4

°n-1 °3

°n a2

Fig. 22.9

ai

15. Numbers greater than 50000 will have either 5 or 9 in the 
first place and will consist of 5 digits.

9!
4! 2! 3!'

identical, therefore, four signs can be arranged in 
7C4x4!

4!
= 1x35 = 35.
12. We have to arrange 9 flags, out of which 4 are of one kind, 
2 are of another kind and 3 are of third kind.

2. The consonants can be arranged among themselves in 4!
31 

ways and the vowels among themselves in ways.

^5/ • • •/ flp fl2' fl3

. .. 12!
(V,) 6!2!

4*Number of numbers with digit 5 at first place = ~

4*Number of numbers with digit 9 at first place =

4' 4' Hence, the required number of numbers = — + — = 24.

3!Hence, the required number of arrangements = 4! x = 72.

4. There are 3 a’s, 2 b's and 4 c's. So the total number of arran- 
9'gements is = 1260.

10. There are 4 odd digits 1,1,3,3 and 4 odd places. So, odd 
4'digits can be arranged in odd places in ways. The remain-

31
ing 3 even digits 2,2,4 can be arranged in 3 even places in

41 31
13. Required number of numbers = ^-^j.

' an, a\' a2

ways.
4! 3!Hence, the requisite number of numbers = x = 18.

6'11. Six'+' signs can be arranged in a row in — = 1 way. Now, 

we are left with seven places in which four different things can 
be arranged in 7C4 x 4! ways but as all the four signs are

— □□□ —

30. ^(8n2-6n +1)

22.7 CIRCULAR PERMUTATIONS
So far we have discussed permutations of objects (or things) in 
a row. This type of permutations are generally known as linear 
permutations. If we arrange the objects along a closed curve 
viz. a circle, the permutations are known as circular permuta­
tions. As we have seen in the earlier sections of this chapter that 
every linear arrangement has a beginning and an end, but there 
is nothing like beginning or end in a circular permutation. 
Thus, in a circular permutation, we consider one object as fixed 
and the remaining objects are arranged as in case of linear 
arrangements.
THEOREM The number of circular permutations of n distinct ob­
jects is (n -1)1
PROOF Let , a2, a3,..., an  p an, be n distinct objects. Let the 
total number of circular permutations be x. Consider one of 
these x permutations as shown in Fig. 22.9.

Clearly, this circular permutation provides n linear per­
mutations as given below.

^ra2/a3' an

a2r ^4'

a3> a4' a5> ••

an'aV a2>a3>

Thus, each circular permutation gives n linear permuta­
tions. But there are x circular permutations. So, total number of 
linear permutations is xn. But the number of linear permuta­
tions of n distinct objects is n!

xn = nl=sx = - = (n-1)!n
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Fig. 22.10 Fig. 22.11

ILLUSTRATIVE EXAMPLES

Consider the following circular permutations. We observe that 
in both, the order of the circular arrangement is a]z a2, ay fl4. In 
Fig. 22.10 the order is anti-clockwise whereas in Fig. 22.11 the 
order is clockwise. Thus, the number of circular permutation

SOLUTION (i) Five persons can be seated around a circular 
table in (5 -1)! = 4! = 24 ways.
(ii) Considering two particular persons as one person, we have 
4 persons in all. These 4 persons can be seated around a circular 
table in (4 - 1)! = 3! ways. But two particular persons can be 
arranged among themselves in 2! ways.

Hence, the total number of arrangements = 3! x 2! = 12 
EXAMPLE 3 If 20 persons were invited for a party, in how many 
ways can they and the host be seated at a circular table ? In how many 
of these ways will two particular persons be seated on either side of 
the host ?

EXAMPLE 1 In how many ways can 8 students be seated in a (i) line 
(ii) circle ?
SOLUTION (i) The number of ways in which 8 students can be 
seated in a line = 8P8 = 8! = 40320.

(ii) The number of ways in which 8 students can be seated in a 
circle = (8-1)! = 7! = 5040.
EXAMPLE 2 (i) In how many ways can 5 persons be seated around 
a circular table ?
(ii) In how many of these arrangements will two particular persons 
be next to each other ?

?'nTE In the above theorem anti-clockwise and clockwise order of 
arrar^::..cnts are considered as distinct permutations.

DIFFERENCE BETWEEN CLOCKWISE AND ANTI-CLOCKWISE
ARRANGEMENTS

of n things in which clockwise and anti-clockwise arrange­
ments give rise to different permutations is (n - 1)!. For ex­
ample, the number of permutations of 5 persons seated around 
a table is (5-1)! =4!. Because with respect to the table, the 
clockwise and anti-clockwise arrangements are distinct.

If anti-clockwise and clockwise order of arrangements are 
not distinct e.g. arrangements of beads in a necklace, arrange­
ments of flowers in a garland etc., then the number of circular 
permutations of n distinct items is | [(n -1)!).

SOLUTION (i) Clearly, there are 21 persons, including the 
host, to be seated round a circular table. These 21 persons can 
be seated round a circular table in (21 -1)! = 20! ways.
(ii) Let Pp P2 be two particular persons and H be the host. 
These two particular persons can be seated on either side of the 
host in the following two ways: (i) Pj H P2 and (ii) P2 H Pr

Consider the two particular persons and the host as one 
person, we have 18 persons in all. These 19 persons can be 
seated round a circular table in (19 - 1)! = 18! ways. But two 
particular persons can be seated on either side of the host in 2 
ways. So, the number of ways of seating 21 persons at a circular 
table with two particular persons on either side of the host is 
18! x 2.
EXAMPLE 4 There are 20 persons among whom are two brothers. 
Find the number of ways in which we can arrange them around a 
circle so that there is exactly one person between the two brothers.
SOLUTION Let Bj and B2 be two brothers among 20 persons 
and let M be a person. Clearly, person M can be chosen from 
18 persons (excluding Bj and B2) in 18 ways. Considering the 
two brothers Bj and B2 and person M as one person, we have 
18 persons in all. These 18 persons can be arranged around a 
circle in (18 -1)! = 17! ways.
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Y

<t

= 31x41 = 144.
/

Fig. 22.13

But Bj and B2 can be arranged among themselves in 2! 
ways (8^82 and B2 MBj).

Hence, the total number of ways = 18 x 17! x 2! = 2 x 18!.

EXAMPLE 5 In how many ways can a party of 4 men and 4 women 
be seated at a circular table so that no two women are adjacent ?
SOLUTION The 4 men can be seated at the circular table such 
that there is a vacant seat between every pair of men in (4 -1)! 
= 3! ways. Now, 4 vacant seats can be occupied by 4 women in 
4! ways.

Hence, the required number of seating arrangements

x
Fig. 22.12

EXAMPLE9 Threeboysand three girls are to be seated around a table 
in a circle. Among them, the boy X does not want any girl neighbour 
and the girl Y does not want any boy neighbour. How many such 
arrangements are possible ?
SOLUTION Let Bv B2 and X be three boys and Gp C2 and Y be 
three girls. Since the boy X does not want any girl neighbour.

B282

G2G1

EXAMPLE 6 A round table conference is to be held between 20 
delegates of 2 countries. In how many ways can they be seated if two 
particular delegates are (i) always together? (ii) never together ?
SOLUTION (i) Let D1 and D2 be two particular delegates. 
Considering Dj and D2 as one delegate, we have 19 delegates 
in all. These 19 delegates can be seated round a circular table 
in (19 -1)! =.18! ways. But two particular delegates can arrange 
among themselves in 2! ways (D}D2 and D2Df). Hence, the 
total number of ways = 18! x 2! = 2 (18!)
(ii) To find the number of ways in which two particular 
delegates never sit together, we subtract the number of ways 
in which they sit together from the total number of seating 
arrangements of 20 persons. Clearly 20 persons can be seated 
round a circular table in (20 -1) ! = 19! ways.

Hence, the required number of seating arrangements
= 19!-2x18! = 17(18!).

EXAMPLE 7 There are 5 gentlemen and 4 ladies to dine at a round 
table. In how many ways can they seat themselves so that no two ladies 
are together ?
SOLUTION Five gentlemen can be seated at a round table in 
(5 -1)! = 4! ways. Now, 5 places are created in which 4 ladies 
can be arranged in 5P4 ways.

Hence, the total number of ways in which no two ladies sit 
together = 4! x 5P4 = 4! x 5! = 2880.
EXAMPLE 8 In how many ways can seven persons sit around a table 
so that all shall not have the same neighbours in any two arrange­
ments ?
SOLUTION Clearly, 7 persons can sit a t a round table in (7 -1)! 
= 6! ways. But, in clockwise and anticlockwise arrangements, 
each person will have the same neighbours.

So, the required number of ways = | (6!) = 360.

Hence, the required number of arrangements = 2! x 2! = 4.

EXAMPLE 10 Find the number of ways in which 8 different flowers 
can be strung to form a garland so that 4 particular flowers are never 
separated.
SOLUTION Considering 4 particular flowers as one flower, we 
have five flowers which can be strung to form a garland in 4! 
ways. But 4 particular flowers can be arranged in 4! ways. Thus, 
the required number of ways = 4! x 4! = 576.
EXAMPLE 11 Find the number of ways in which 10 different beads 
can be arranged to form a necklace.
SOLUTION Ten different beads can be arranged in circular 
form in (10 -1)! = 9! ways. Since there is no distinction between 
the clockwise and anticlockwise arrangements. So, the re­
quired number of arrangements = -j (9!)

EXAMPLE 12 If n distinct objects are arranged in a circle, show that 
the number of ways of selecting three of these objects so that no two 
of them are consecutive isn^n $)

Therefore boy X will have his neighbours as boys B, and B2 as 
shown in Fig. 22.12. Similarly, girl Y has her neighbours as girls 
Gj and G2 as shown in Fig. 22.12. But the boys Bj and B2 can be 
arranged among themselves in 2! ways and the girls Gt and G2 
can be arranged among themselves in 2! ways.



22.58 MATHEMATICS FOR IIT-JEE

EXERICSE 22.7

ANSWERS

1. (i) 10! (ii) 9! 2. 3. 720,3628800 8. 864007.

— □□□ —

= (”C0 + "C1 + ”C2 + ... + ”C„)-MC0

= 2"-r

5. A gentleman invites 6 of his friends to a party. In how many 
different arrangements they, along with the wife of the 
gentleman can sit at a round table for a. dinner if the host and 
his wife always sit side by side ?
6. In how many ways can a garland of 20 different flowers be 
made?
7. In how many ways can n men be seated around a round 
table when in no two ways a man has ^he same neighbours ?
8. In how many ways can 6 Hindus and 6 Muslims sit around 
a round table so that two Muslims may never sit together ?

Q.E.D.
ALITER In making selections each item can be dealt with in two 
ways; it is either selected or rejected and corresponding to each 
way of dealing with one item, any one of the other items can 
also be dealt with in 2 ways. So, the total number of ways of 
dealing with n items is 2". But these 2" ways also include the 
case when all the items are rejected.

Hence, required number of ways = 2" -1.

6- | (19!)

1. In how many ways 10 persons may be arranged in a (i) line 
(ii) circle ?
2. In how many ways 8 beads can be arranged to form a 
necklace ?
3. In how many ways can 7 persons form a ring ? In how 
many ways can 7 Indian and 7 Americans sit down at a round 
table, no two Americans being together ?
4. In how many ways can 11 members of a committee sit at a 
round table so that the secretary and the joint secretary are 
always the neighbours of the president ?

ILLUSTRATION A man has 6 friends, in how many ways may he 
invite one or more of them to dinner ?
SOLUTION The man has to select some or all of his 6 friends.
So, required number of ways = 26 -1 = 63.
SELECTION FROM IDENTICAL OBJECTS
RESULT I The number of ways of selecting r items out ofn identical 
items is 1.
RESULT II The total number of ways of selecting zero or more i.e. at 
least one item from a group of n identical items is (n +1).
RESULT m The total number of selections of some or all out of 
p + q + r items where p are alike of one kind, q are alike of second kind 
and rest are alike of third kind is [(p +1) (q +1) (r +1)] -1.
SELECTION FROM IDENTICAL AND DISTINCT OBJECTS

THEOREM 2 The total number of ways of selecting one or more items 
from p identical items of one kind; q identical items of second kind; r 
identical items.of third kind and n different items is

(p + l)(/? + l)(r + l)2"-l

PROOF Since we may select 0,1,2,3,... p items fromp identical 
items, therefore p identical items may be dealt with in (p + 1) 
ways. Similarly, q identical items may be dealt with in (q +1) 
ways and r identical items in (r +1) ways. Now, each of the n 
distinct items can be disposed of in two ways, either by select-

22.8 SELECTION OF ONE OR MORE OBJECTS
SELECTION FROM DIFFERENT ITEMS

THEOREM 1 The number of ways of selecting one or more items from 
a group of n distinct items is 2" -1.

PROOF Out of n items, 1 item can be selected in "Cj ways; 2 
items can be selected in ”C2 ways; three items can be selected 
in ”C3 ways and so on.

Hence, the required number of ways

= "C1 + "C2 + "C3 + ... + "C„

"-3C2-(n-4) = (n-4) (n-5)
2

But Q and R can be arranged in 2! ways. Therefore, the 
number of ways of selecting 3 objects (in order first, second and 
third) is

"Ci x | (n - 4) (n - 5) x 2! = n (n - 4) (n - 5)

Since the order in which the objects are taken is immaterial, 
therefore, the number of ways of selecting three objects

1 „ , n n -4) (n - 5)= -x n (n -4) (n -5) =------- £----- L

SOLUTION Let a}, a2,ay an be n distinct objects arranged in 
a circle. Choose an object P out of these n objects and call it the 
first object. This can be done in "Cj ways. Since no two of the 
three selected objects are consecutive. Therefore, the remaining 
two objects, say Q and R, are to be chosen from the remaining 
n - 3 objects obtained by leaving P and two more objects one 
on each side of P. This can be done in ” “ 3C2 ways. Out of these 
there are (n - 4) ways in which Q and R are consecutive. There­
fore, the number of ways of selecting Q and R so that they are 
not consecutive is

| (7!) | (»-!)!4. 80640 5. 1440
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Q.E.D.

ILLUSTRATIVE EXAMPLES

.4

t2

(A4A4), (BBB), C, D, E

— □□□ —
22.9

But, this number also includes a case in which none of the 
items is taken, therefore the required number of ways of select­
ing at least one item is (p +1) (<? +1) (r + 1) 2" -1.

ing it or by rejecing it. Therefore, the total number of ways of 
dealing with all the items is

(p + l)(<? + l)(r + l)x2x2x2x ...x2
n - times

from each other is very useful to find the number of divisors of 
a given natural number greater than 1. By, fundamental 
theorem of algebra any natural number n can be expressed as 
a product of primes. So, let

NUMBER OF DIVISORS AND THE SUM OF THE 
DIVISORS OF A GIVEN NATURAL NUMBER

The concept of selecting one or more objects from a group 
consisting of some identical objects and some objects distinct

The required number of ways is equal to the number of 
ways of selecting at least one letter from four A's, three B's, one 
C's, one D's and one E’s i.e.

= (4 + l)(3 + l)x2x2x2-l = 159
EXAMPLE 5 An unlimited number of coupons bearing the letters A, 
B and C are available. Find the number of ways of choosing m of these 
coupons so that they cannot be used to spell BAC.
SOLUTION BAC cannot be spelt in the following cases: 
CASE I When all the selected coupons bear the same letter.

There are three letters out of which one letter can be selected 
in 3C] ways. Therefore, the total number of ways of choosing 
m coupons bearing the same letter is 3Cj x 1 = 3.

CASEII When the selected coupons bear two letters only:
There are three letters A, B, C out of which two can be 

chosen in 3C2 ways. Now corresponding to each way there are 

two choices for each coupon. Therefore, there are 2m choices for 
all m coupons. But these 2m choices include two choices in 
which all the coupons bear the same letter. So, the number of 
choices in which all coupons do not bear the same letter out of 
two selected letters in (2m - 2).

Thus, the number of ways in which selected coupons bear 
two letters only = 3C2 x (2m - 2).

Hence, the required number of ways = 3 + 3C2 (2m - 2)

= 3 + 3(2m-2)

= 3 (2m -1)
EXAMPLE 6 There are 5 mangoes and 4 apples. In how many 
different ways can a selection of fruits be made if

(i) fruits of the same kind are different ?
(ii) fruits of the same kind are identical ?

SOLUTION (i) The total number of ways of selecting any 
number of fruits = (29 -1).

(ii) The required number of ways = (5 +1) (4 +1) -1 = 29.

(2 +1) (3 +1) (1 +1)-1 = 23

But, this includes the given number itself. Therefore, the 
required number of proper factors is 22.
examples. Find the number of factors (excluding 1 and the expres­
sion itself) of the product of fl7 b4 c3 def, where a, b, c, d, e, fare all 
prime numbers.
SOLUTION The total number of factors of the product a7 b4 c3 
def is equal to the number of ways of selecting at least one from 
seven a's, four b's, three c's, one d's, one e's and one/'s. The 
number of such ways is

(7 +1) (4 +1) (3 +1) (2) (2) (2) -1 = 1279

But, this includes the given product. Hence, the required 
number of factors .

= 1279-1 = 1278.
EXAMPLE 4. Find the number of ways of selecting one or more letters 
from the letters AAAA BBB CDE.
SOLUTION The given letters can be divided into following five 
groups:

EXAMPLE 1. Find the total number of factors (excluding 1) of 2160. 
SOLUTION We have,

2160 = 24x33x51.
The total number of divisors is same as the number of ways 

of selecting some or all out of four 2's, three 3's and one 5's. The 
number of such ways is

(4 + l)(3 + l)(l + l)-l = 39.
Hence, the total number of factors = 39.

EXAMPLE 2. Find the total number of proper factors of 7875. 
SOLUTION We have,

7875 = 32 x 53 x 71
The total number of ways of selcting some or all out of two 

3's, three 5's and one 7's is
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(i)

(m}+ 1) (n2 + l) (n3 + l)... (nfc+1).

x 3!

ml

4! =

1 x (3 + 1) (2 + 1) = 12

(ffln)l 

(n!)m

pF1-! 
p3-l

where m^ m2,... mk
0 < m,- < fl,-; i = 1,2,3.... . k

Therefore, the total number of divisors of (i) will be equal 
to the number of ways of selecting at least one from identical 
primes pi; n2 identical primes P2 > so on, finally nk identical 
primes pk. The number of such ways is

(n1 + l)(n2 + l)...(nk+l)

Hence, the total numbers of divisors of
n=p"i.p^.p'’3...pjk is

52!
(13 !)4

Pi>+1-1 
Pk-1

"k

- YpS'-Pi2 -Pi3 
rk=0

#+1-l

p2-l

This includes 1 and n as divisors. Therefore, number of 
divisors other than 1 and n is

(n1 + l)(n2 + l)(n3 + l)... (nJt + l)-2.

The sum of all divisors of (i) is given by

”i ”3

z E X
q = 0 r, = 0 r3 = 0

Pl’1

?n2,..

Pkk

(iv) A divisor of n will be a multiple of 15, if it contains at 
least one 3 out of three 3's and at least one 5 out of two 5's.

Hence, the number of divisors which are multiples of 15 is 
equal to (4 + 1) (3) (2) = 30.

tn + n + p^ n + p^ _

Q.E.D.
REMARK 1 The number of ways in which (m + n+ p) items can be 
divided into unequal groups contaning m, n, p items is

(m + n + p)!
ml nip!

REMARK 2 The number of ways to distribute (m + n+p) items 
among 3 persons in the groups containing m, n and p items is

= (No. of ways to divide) x (No. of groups)!

_ (m + m + p)!
ml n! p!

DIVISION OF OBJECTS INTO GROUPS OF EQUAL SIZE
The number of ways in ivhich mn different objects can be divided 

equally into m groups, each containing n objects and the order of the 
groups is not important, is

'(mn) fl 1

The number of ways in which mn different items can be 
divided equally into m groups, each containing n objects and 
the order of groups is important, is 

((mn)! 1^1 . 1—^-x-- ml = [(„!)" “J
ILLUSTRATION 1 In how many ways can a pack of 52 cards be 
divided equally among four players in order?
SOLUTION Here 52 cards are to be divided into four equal 
groups and the order of the groups is important.

So, required number of ways
_ ( 52 •' ' 

" [(13 !)44!,
ALITER For the first player we have C13 choices, for the 
second player 39C]3 choices, for the third player 26C13 choices 

in

and for the last player we have Cj3 choices.

22.10 DIVISION OF OBJECTS INTO GROUPS
DIVISION OF ITEMS INTO GROUPS OF UNEQUAL SIZE

THEOREM 1 Number of ways in which (in + n) distinct items can 
be divided into two unequal groups containing m and n items is

(m + n)!
m! n!

PROOF The number of ways in which (m + n) items are divided 
into two groups containing m and n items is same as the number 
of combinations of (in + n) things taken m at a time. Thus, the 
required number = m + "Cm = |'

ILLUSTRATION 1 If n = 10800, then find
(i) The total number of divisors of n.

(ii) The number of even divisors ofn.
(iii) The number of divisors of the form 4m + 2.
(iv) The number of divisors which are multiples of 15. 

SOLUTION We have,

n = 10800 = 24 x 33 x 52

(i) Total number of divisors of n = (4 +1) (3 +1) (2 +1)
= 60.

(ii) For a divisor to be even, we must have at least one 2 out 
of four 2's any number of 3's and 5's.

So, total number of even divisors = 4 (3 +1) (2 +1) = 48.
(iii) We have,

4m + 2 = 2 (2m +1)

Therefore, in any divisor of the form 4m +2,2 must occur 
exatly once. Hence, the number of divisors of the form 4m + 2 
is

n = Pi"’-P2"2-P33-Pj* 

where Pj,p2, ■••'Pk are distinct prime numbers and n 
nk are positive integers.

Clearly, any divisor of ii is of the form

d = p;'’.p^.p?3....p^ ...(ii)

i2, ...mk are natural numbers such that
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ways.

= Coeff. of x" "r in

-1
= Coefficient of xn in Q.E.D.

THEOREM 4 The number of ways in which n identical items can be 
divided into r groups so that nogroup contains less than m items and 
more than k (m <k)'vs

Hence, the total number of way
_ 52/^ 39z-' 26z- y 13/^ _- c13 x, c13x l13x c13 -

(r+1) (r + 2) (r+ 3)... (r+ n -1) 
1.2.3...r

52!
(13 I)4

ILLUSTRATION 2 In how many ways can a pack of 52 cards be 
divided equally into four groups ?
SOLUTION The total number of ways is

_ 52!
’ (17 !)3 3!

ALITER, For the first set we have C17 choices, for the second 
set 35C17 choices, for the third set 18C17 choices and for the last

n + r-1/'
Cr-1

Q.E.D.
THEOREM 3 The total number of ways of dividing n identical items 
among r persons, each one of whom, receives at least one item is 
n -

Lr-1

= 52 !
(17 !)3 3!

ILLUSTRATION 4 In how many ways can 2n people be divided into 
n couples?
SOLUTION Here the order of the couples is not important.

So, the required numbers of ways is

(2n)!
(2!)" n!

ILLUSTRATION 5 Find the number of ways of arranging 2m white 
and 2n red counters in a straight line so that each arrangement is 
symmetrical to a central mark.
SOLUTION Since each arrangement is symmetrical about the 
central mark, so, we have to arrange m white and n red counters 
on either side of the central mark. This can be done in 
(nt + n)!

m! n!

DIVISION OF IDENTICAL OBJECTS INTO GROUPS
THEOREM 2 The total number of ivays of dividing n identical 
items among r persons, each one of whom, can receive 0,1,2, or 
more items (<n) isn + r~iCr_-l

OR
The total number of ways of dividing n identical objects into r 

groups, if blank groups are allowed, is n + r~*Cr_\.
PROOF Consider r brackets corresponding to r persons. In each 
bracket, take an expression given by x° + x1 + x2 +... + x”. Here 
the various powers of x viz; 0, 1, 2, ..., n correspond to the 
number of items each person can have in the distribution.

Since the total number of items is n. So, the required number 
of ways is the coefficient of x" in the product

(x° + x1 + x2 +... + x") (x° + x1 +... + x").........
... (x° + x1 + x2+...+x”)‘

(r - brackets)

Thus, the required number of ways
= Coeff of x” (x° + x]+X2...+x")r

<l-xn + 1Y
1-x /

= Coefficient of x" in (1 - x" + 1)r (1 - x)“r

= Coefficient of x” in (1 - x)"r

OR
The number of ways in which n identical items can be divided into 

r groups such that blank groups are not allowed, is n~}Cr_\

PROOF The required number of ways is the coeff. of x” in 
(x + x2+... + x")r

Now,
Coeff. of x" in (x + x2 + x3 +... + xn)r
= Coeff. of xn"rin(l+x2 + ...+xn-1)r

/ -V1-x"
1-x \ 7

= Coeff. of x7’ “r in (1 - x)~r
_ zi — r + r—l/' _ n — Iz^

Lr-1 ~ Lr

set we have choices. But the first three sets can be inter­
changed in 3! ways.

Hence, the total number of ways for the required distribu­
tion

18C x'C x- C17x UjX^= 52C17X35C17X52!
(13 !)4 4!

ILLUSTRATION 3 In how many ways can a pack of 52 cards be 
divided into 4 sets, three of them having 17 cards each and the fourth 
just one card ?
SOLUTION First we divide 52 cards into two groups of 1 card 

521and 51 cards. This can be done in ways. Now, every

group of 51 cards can be divided into 3 groups of 17 cards each 
51!m-----—.

(17 !)33!
Hence, the required number of ways

52! 51!_ -----------  y ---------------
51!1! (171)3 31



22.62 MATHEMATICS FOR IIT-JEE

[See section 22.10]

(ii)

.20x4

[•.• Coeff. of xn in (1 - x)~T =

(i)

ILLUSTRATIVE EXAMPLES

22.11 NUMBER OF INTEGRAL SOLUTIONS OF 
LINEAR EQUATIONS AND INEQUATIONS

The concepts introduced in the previous sections are very 
useful to determine the total number of integral solutions of 
linear equations and inequations.

Consider the equation
Xj + x2 + + X4 + ••• + xr = n

where xlz x2, x3, ... xr and n are non-negative integers.

This equation may be interpreted as that n identical objects 
are to be divided into r groups where a group may contain any 
number of objects. Therefore,

Total number of solutions of equation (i)

= Coefficient of x” in (x° + x1 +... + x”)r

- nC“ L3

= 165.

= Coefficient of x8 in

 100 + 4-lr
l4 -1EXAMPLE 1 Determine the total number of non-negative integral 

solutions ofx} + x2 + x3 + x4 = 100.
SOLUTION Here the upper limit for the variables x]z x2, x3 is 
more than 100 and the lower limit is non-negative. Therefore, 
required number of solutions

= Coefficient of x100 in (1 + x + x2 + x3 +.. .)4

= Coefficient of x100 in (1 - x)~ 4

Coefficient of x” in the expansion of (xm + xm +1 +... + A?)r 

ILLUSTRATION 6 The total number of ways in which 30 mangoes 
can be distributed among 5 persons is30 + 5 “ ^5  j = 34C4. 
ILLUSTRATION 7 Find the number ofivays of distributing 5 iden­
tical balls into three boxes so that no box is empty and each box being 
large enough to accommodate all balls.
SOLUTION The required number of ways is the number of 
ways of distributing 5 items among 3 persons so that a person 
receives at least one item = *C3  j = 4C2 = 6.
ILLUSTRATION 8 In how many ways can 20 identical toys be 
distributed among 4 children so that each one gets at least 3 toys ? 
SOLUTION Required number of ways

= Coefficient of x20 in (x3 + x4 +.... + x20)4

= Coefficientof x8 in (1 + x + ... + x17)4

[1-X 
1-x

= Coefficient of x8in (1 - x)- 4

 8x4-lr
L4 -1

_ n+r-lr 
Lr-1

Now, let us consider the equation
x1+x2 + x3 + ...+xm = n

where xlz X2,..., xm are integers such that
aj < xt- < bj; i = 1,2,...., m

Proceeding as above, we find that
Total number of solutions of equation (ii)
= Coefficient of x" in |(xfli + />+1 + x"i+ 2 + ... + x^i) .

(/2 + x°2+1 +... + xb2).... +1 +.... + xh">))

In the above discussion, the coefficients of variables in the 
equations were unity. Now, let us consider the equation

ax} + bx2 + cx3 = n ...(iii)

where xlz X2, X3 are integers such that
aj < x(- *< bj ; i = 1,2,3.

The total number of solutions of this equation is equal to

Coefficient of x" in
[{(x")fl> + (/)fli+1 +.... + (x°)bi} ((xb)fl2 + (?)fl2+1 +... + (?)b2] 

{(XC)',3 + (xC)fl3 + 1 + ... + (Xf)b3) ] 

REMARK 1 The total number of non-negative integral solutions of 
the equation x^+x2 + ...+xr = nisn + r~ACr-\ and the total num­
ber of solutions of the same equation in the set N of natural numbers 
isn-1Cr_i.

REMARK 2 If the upper limit of a variable in solving an equation of 
the form X] +X2 +... + xm = n subject to the conditions 
Uj < Xj < bj; i = 1,2,..., m is more than or equal to the sum required 
and lower limit of all the variables are non-negative, then upper limit 
of that variable can be taken as infinite.
REMARK 3 In order to solve inequations of the form

x^+x2 +...+xm < n ,..(i)

we introduce a dummy (artificial) variable xm +1 such that 

x1+x2 + ...+xm + xm + 1 = n,wherexm + 1 >0

The number of solutions of this equation are same as the 
number of solutions of inequation (i).

“ L3*

ALITER Total number of non-negative integral solutions of the 
given equation is same as the number of ways of distributing 
100 items among 4 persons such that each person can receive 
any number of items.

Hence, total number of solutions = m  j - C3
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X

= Coefficient of x7 in

Let u = x - 3, v = y - 3 an w = z - 3. Then, u > 0, v > 0, w > 0 
and,

■4-1 =

ALITER We have, 
x>l, y>2, z>3andf>0

Let u = x -1, v = y - 2, w = z - 3. Then, 
x>l => u>0 
y>2 => B>0 
z>3 => u>>0

Thus, we have
M + l+ v + 2 + w + 3 + f = 29, where u > 0, v > 0, w > 0, t > 0 

u+v+w+t - 23
The total number of solutions of this equation is

23 + 4-1C4_1 = 26C3 = 2600

. EXAMPLE 3 Find the number of ways in which 16 sovereigns can 
be distributed among three applicants such that each applicant does 
not receive less than 3 sovereigns.
SOLUTION Let x, y, z be the number of sovereigns received by 
the three applicants. Then,

x>3,y>3,z>3 and x + y + z = 16.
Thus, the required number of ways is equal to the number 

of solutions of the equation x + y + z = 16, where x > 3, y > 3, 
z>3.

Clearly, when x and y take their minimum values, z will 
assume its maximum value. Therefore, the maximum value of 
z is given by

3 + 3 + z = 16=>z = 10
Similarly, the maximum values of xandy are each 

equal to 10.
Thus, the required number of ways is same as the number 

of solutions of the equation
x + y + z = 16, where 3 < x, y, z < 10.

Hence,
required number of ways
= Coefficient of x16 in (x3 + x4 +... + x10)3
= Coefficient of x7 in (1+x +...+ X7)3

8Y31 - x
1-x

EXAMPLE 2 How many integral solutions are there to the equation 
x+y+z+t = 29 whenx> 1,y>2, z >3and t>0 ?
SOLUTION Here upper limit of all the variables is more than 
29 and the lower limit is non-negative. Sb, the upper limit of 
each variable can be taken as infinitey.

Hence, required number of solutions
= Coefficient of x29 in (x1 + x2 + x3 +...) (x2 + x3 +....)

(x3 + x4 +...») (x° + x + x2 +....)

= Coefficient of x29 in x6(l+x + x2 + ...)4

= Coefficient of x23 in (1 - x)- 4

= 23 + 4-1Cd_1 = 26C3 = 2600

= Coefficient of x7 in (1 -x)-3
_ 7+3-lr c3~l

= 9C2 = 36.

ALITER Let x, y, z be the number of sovereigns received by the 
three applicants. Then,

u + 3 + u + 3 + w + 3 = 16
=> u+v+w=7

The total number of solutions of this equation is 
7t3-1C3_i=’c2 = 36.

EXAMPLE 4 How many integral solutions are there to the system 
of equations Xj + x2 + x3 + x4 + x5 = 20 and Xj + x2 + x3 = 5 when 
xk^0?
SOLUTION We have, x} + x2 + x3 + x4 + x5 = 20

and, Xj + x2 + x3 = 5

These two equations reduce to
x4+x5 = 15 ...(i)

and, x: + x2 + x3 = 5 ...(ii

Since corresponding to each solution of (i) there are solu­
tions of equation (ii). So, total number of solutions of the given 
system of equations

= No. of solutions of (i) x No. of solutions of (ii)
_ 15 + 2-1/-* v5 + 3-lz-

e2 -1 x c3 _ j

EXAMPLE 5 In how many way scan four per sons, each throwing a 
die once, make a sum of 6?
SOLUTION Let xp x2, x^, x4 be the numbers obtained by the 
four persons on the upper faces of their respective dice. Then, 
the required number of ways will be equal to the number of 
solutions of the equation

Xj + x2 + x3 + x4 = 6, where 1 < xp x2 x-y x4 < 6.

Since the upper limit is six which is equal to the sum 
required. So, the upper limit for each variable can be taken as 
infinite.

Hence, required number of ways

= Coefficient of x6 in (1 + x + x2 + ....)4

= Coefficient of x6 in (1 - x)~ 4

= 6 + 4-1C4_1 = 9C3 = 84.

EXAMPLE 6 In how many ways can four persons, each throwing a 
die once, make a sum of 13?

l(,C^7C2 = 336.
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.-3

= Coefficient of / 3 in

-3-1

- CjX

= Coefficient of x9 in

= Coefficient of x18 in

fc-1C2.

-3C3x18) (1-x)"3

SOLUTION Let xp x2, x3 and x4 be the numbers on the upper 
faces of the four dice. Then, the required number of ways is 
equal to the number of solutions of

Xj + x2 + x3 + x4 = 13, where 1 < xp x2, x3, x4 < 6

The number of solutions of this equation is equal to the 
Coefficient of x13 in (x1 + x2 +.... + x6)4

= Coefficient of x13 in x4 (1 + x + x2 +... + x5)4

1-x6 
1-x

\ 7

= Coefficient of x9 in (1 - x6)4 (1 - x)-4

= Coefficient of x9 in (4C0 - 4Cj x6 + 4C2 x12 +...) (1 - x)“4

= Coefficient of x9 in 4C0 (1 - x)- 4

- Coefficient of x9 in x6 (1 - x)-4

= 4C0 x (Coefficient of x9 in (1 - x)“4

- 4Cj x Coefficient of x3 in (1 - x)“ 4

_ 4p Y9 + 4-lz- 4f v3 + 4-lz^- CgX C4_i ~ Cj X C4-l

= 12C3-4x6C3

= 220-80
= 140.

EXAMPLE 7 Three six faced die are thrown together. Find the total 
number of ways of getting k as the sum if 
(i) 3<fc<8 (ii) 9<k< 14
SOLUTION Let xp x2 and x3 be the numbers on the upper faces 
of three dice. Then, the required number of ways is equal to the 
number of solutions of the equation

Xj + x2 + x3 = k, where 1 < xp x2, x3 < 6.

The number of solutions of this equation is equal to 
Coefficient of x* in (x + x2 +.... + x6)3

= Coefficient ofx*-3in(l+x +.... + x5)3

f 6? 1-x61 
1-x j

= Coefficient of x* - 3 in (1 -x6)3 (1-x)- 3

(i) If 3<k<8, then0<Jt-3<5.
Coefficient of x* " 3 in (1 - x6)3 (1 - x)~ 3

= Coefficient of x* - 3 in (1 - x)“ 3 
 k - 3 + 3 — If

L3-l

 k - Iz'— C-2«

Hence, required number of ways =

(ii) If9<fc<l'4,then6<fc-3<11.
.-. Coefficient of x*“3 in (1-x6)3 (1-x)'

= Coefficient of xfc " 3 in (3C0 - 3C} x6 + 3C2 x12

= 3C0 Coefficient of x* - 3 in (1 - x)- 3

- 3Cj Coefficient of x* " 9 in (1 - x)" 3

 3f ^.k-3 + 3-lf 3f .. k -9 + 3 - If- c0 x c3 -1 “ C1 x <-3 _!

= *-1C2-3xfc"7C2

= 21k-k2-83.

EXAMPLE 8 How many integers between 1 and 106 have the sum 
of their digits equal to 18?
SOLUTION Let n = x6 x5 x4 x3 x2 x} be a number between 1 and 
106, where xp x2, Xy ..., x6 are digits at one's, tens, hundreds 
.... places. Clearly 0 < xf < 9, i = 1,2,...., 6.

The total number of values of n is the number of solutions 
of the equation X]+X2 + X3 + X4 + X5 + X6=18, where 
0<xf<9;i = l,2, ...,6

The number of solutions of the above equation is 
Coefficient of x18 in (x° + x1 + x2 +... + x9)6

1-x \ 7
= Coefficient of x18 in (1 - x10)6 (1 - x)“ 6

= Coefficient of x18 in (1 - 6C] x10 + 6C2 x20 + ...) (1 - x)" 6

= Coefficient of x18 in (1 - x)- 6

- 6Cj x Coefficient of x8 in (1 - x)"6

 18 + 6-If 6f 8 + 6 -If 
c6-l“ clx c6-l

- %-6x%

= 33649-7722
= 25927.

Hence, the required number of integers is 25927.
EXAMPLE 9 An examination consists of four papers. Each paper has 
a maximum ofm marks. Show that the number of ways in which a 
student can get 2m marks in the examination is 

 ^-(2m2 + 4m + 3).

SOLUTION Suppose the student scores xf marks in /th paper, 
i = 1,2,3,4. Then, 0 < x, < m; i = 1,2,3,4.

We have to find the total number of non-negative integral 
solutions of the equation

Xj + x2 + x3 + x4 = 2m, where 0 < xf < m; i = 1,2,3,4.

Hence, required number of ways
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= Coefficient of x9 in {(1 + x2 + x3 + x4 + x5 + 2x6 + x7 + 2x8 + 2X9)

+ 1

= 231 + 153 + 91+45 + 15+1

X] + x2 + X3 = 20 - ik (i)

1-X= Coefficient of x9 in
C2

+ x7 + x + = 8x55-86x15 + 231x6 = 536

Since Xp x2, X3 and X4 are non-negative integers. Therefore, 
20>20-4*>0=>0<k<5.

For a given value of k, the total number of integral solutions 
of (i) is

= 536.
ALITER Let x4 = k. Then,

X] + x2 + X3 + 4x4 = 20

+ 4C2?"*2...) 
x(l-x)-4|

(m + 2) (m +1) m
6

But k varies from 0 to 5. So, the total number of integral 
solutions of the given equation is

5z22-*<
*=0

5
= 2- (8k2 — 86k + 231)

k=0
5 5

= 8 Sk2 - 86 S jt + 231 x 6
k=0 k=0

r
= Coefficient of x2'" in •

1 ) 
1-x4

r1 (i-x)'1}

1 2= (m + 1) (2w2 + 4m + 3)
3

EXAMPLE 10 In how many ways can 15 identical objects be dis­
tributed among six persons such that every one gets at least one object 
and two particular persons get equal number of objects and another 
three particular persons get equal number of objects.
SOLUTION Suppose each of the three particular persons gets 
x objects, each of the two particular persons gets y objects and 
the sixth person gets z objects. Then,

x+x+x+y+y+z = 15, where x,y,z>l.
=> 3x + 2y + z = 15 ...(i)

Thus, the total number of ways of distributing 15 objects is 
equal to the number of solutions of equation (i) subject to the 
condition x,y,z>l.

Now,
Number of solutions of equation (i)

= Coefficient of x15 in |(x3 + x6 + x9 +... + x18) x

(x2 + x4 + x6 +... + x18) (x + x2 +... + x18)I

= Coefficient of x9 in ((1 + x3 + x6 +... + x15)

(1 +x2 + x4+ ... +x16) (1 + x +... + x17))

fl-xW 
1-?\ / \

= Coefficient of x9 in {(1 - x3)-1 (1 - x2)

= Coefficient of x9 in {(1 + x~ + x6 + x9 + ...) x

(1 + x2 + x4 + x6 + x8 + ...) (1 + X + x2 + ... + x9 + ....))

= Coefficient of x9 in {(1 + x2 + x4 + x6 + x8 + x3 + x5 + x7

+ x9 + x6 + x8 + x9) (1 + x + x2 + ... + x9)}

= 4C0 x Coefficient of x27” in (1 - x)“ 4

- 4Ci x Coefficient of xm ~1

= Coefficient of x20 in [(1 - x)“ 3

= Coefficient of x20 in [(1 - x)‘

22'“C,.

in (1-x)-4

= Coefficient of x2m in (1 + x + x2 + ... + x”1)4

i-W
1-x /

= Coefficient of x2"'in (l-? + 1)4 (!-*)’4

= Coefficient of x2'” in

20 - 4Jt + 3 - lrC3-1-

= 22C2 + 18C2 + 14C2 +

clx '-4-1

= 1+1 + 1 + 1+1+2 +1 + 2 + 2
= 12.
EXAMPLE 11 Find the number of non-negative inetegral solutions 
of the equation x4 + x2 + x3 + ^x4~ 20.
SOLUTION The total number of non-negative integral solu­
tions of the given equation

= Coefficient of x20 in (x° + x1 + x2 + ...)3 (x° + x4 + x8 + x16 +....)
/ , \3

= Coefficient of x20 in -----
1-x

,4r 4r vm +1 . l0- CjX

(1-x4)-1]

r3 (i +x4+x8+x12

+ x16 + x20+ ...)]

= Coefficient of x20 in (1 - x)- 3 + Coeff. x16 in (1 - x)~ 3

+ Coeff. of x12 in (1 - x)- 3 + .... + Coeff. of x° in (1 - x)- 3 
_ 20 + 3-lp , 16 + 3-lz- , 12+3-1/-

'"3-1 + u3-l+ c3-l

.8 + 3-1/- .4 + 3-1/-+ C3-l+ C3-l

10C2 + 6C2 + l

= 4C0x2"' + 4-1C4_1-4I

= 2'" + 3C3-4x"' + 2C3 
O J

_ (2m + 3)(2m + 2) (2m + 1)
6 -4X
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= Coefficient of x24 in

.18

-2
,(ii)

= 225 -108 = 117= 25x9-

.7

.10^

x>0 => k>0]

i

•(i)

is

= 225-108 = 117

.
I

I 
I
I

Neglecting higher 
powers

[••• y+z> o]

8

J (25 —3k) = 25x9- 
k=0

3x8x9
2

fi-?7Ui-^ 
1-x3

_ 25-3fcr
C1

= 25-3k
But, k varies from 0 to 8.
Hence, the total number of solutions of the given equation

25 - 3n^ 
el

x + y + z = 14, 
where x,y,z> 1 and x*y*z. 
Let us assume that x<y<z and x = x\, y-x=X2 and 

z - y = X3. Then,

x = xvy = Xi + x2 and z = jq + x2 + x3.

Substituting these values in (i), we get

EXAMPLE 13 Find the total number of positive unequal integral 
solutions of the equation x + y + z + w = 20.
SOLUTION The given equation is

x + y + z + w = 20 ...(i)
We have to find the values of x,y,z such that 

x * y*z # wandx,y,z,w> 1.
Let us assume that 

x<y<z < w 
and, x = xlz y - x = x2, z - y = x3 and w - z = x4.

Then, x = xj, y = Xi + x^ z = Xi + X2 + X3 
and iz? = X] + X2 + X3 + x4.
Also, X], x2, x3, x4 > 1.
Substituting these values in (i), we get 
4xj + 3x2 + 2x3 + x4 = 20, 

where xlz x2, x3, x4 > 1.

Now, 
Number of solutions of equation (ii)

= Coefficient of x20 in (x4 + x8 +...) (x3 + x6 +...)

x(x2 + x4+...) (x + x2 +...) 

= Coefficient of x10 in (l+x4 + x8 + ...)(l+x3 + x6+...)

(1 + x2 + x4 +...) (l+x+uc2!...) 

= Coefficient of x10 in (1 + x4 + x8) (1 + x3 + x6 + x9)

x (1 + x2 + x4 + x6 + x8 + x10) (1 + x + x2 +... + x10) 
[Neglecting higher powers] 

= Coefficient of x10 in (1 + x3 + x4 + x6 + x7 + x8 + x9 + x10) 
x (1 + x2 + x4 + x6 + x8 + x10) (1 + x + x2 +.... + x10) 

= Coefficient of x10 in (1 + x2 + x3 + 2x4 + x5 + 3x6 + 2x'

+ 4x8 + 3x9 + 5x10) (1 + x + x2 + ... + xlu) 

=1+1+1+2+1+3+2+4+3+5 
= 23.

But, x,y, z and w can be arranged in 4! ways and cor­
responding to each way there are 23 solutions. Hence, required 
number of solutions = 23 x 24 = 552.
EXAMPLE 14 In how many ways can 14 identical toys be distributed 
among three boys so that each one gets at least one toy and no two 
boys get equal number of toys.
SOLUTION Let the three boys get x, y and z toys respectively. 
Then,

in (1-x)-2

3x8x9
2

ALITER We have, 3x + y + z = 24 where x > 0, y > 0, z > 0.
Let x = k. Then,
3x + y + z = 24

=> 3k + y + z = 24
=> y + z = 24-31c
=> 24-3k > 0
=> k < 8
=> 0 < k < 8

For a fixed value of k the number of solutions of (i) is
24-3Jt + 2-lr

l2-1

15 + X +X

+ X^ +X24 + ....) (1-x)-2

( 8
= Coefficient of x24 in x3" (1 - x)' 

n = 0
8

= £ Coefficient of x24-3,1 
n = 0

8
_ 24-3h + 2-1q

n = 0
8

n = 0
8

= £(25-3n)
71 = 0

EXAMPLE 12 Find the number of non-negative integral solutions of 
the equation 3x + y + z = 24.
SOLUTION Required number of solutions

= Coefficient of x24 in (x° + x3 + x6 + ... + x24)

(x° + x1 +... + X24)2
2

1-x7 < 7
= Coefficient of x24 in (1-x3)-1 (1-x)-2

= Coefficient of x24 in (1 + x3 + x6 + x9 + x12
.21
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(iii) X] > 0, X2 > 1, X3 > 1 and x4 > 0 such that

*1 + X2 + X3 + x4 = n-3

I
.4

x\+y2+y3+x4

.4

= Coefficient of .r8 in (1 + x2 + x3 + x4 + x5 + 2x6 + x7 + 2x8)

—(i)
= 1+1+1+1+1+2+1+2 = 10

...(ii)

(i)

Junction^JunctionrA S X! + x2 + x3 + x4 + x5 + x6 + x7 = 17

= Coefficient of x11 in

= n - 5, where xj, x4 > 0, y^ y$ > 0

'3 S4

Fig. 22.14

The total number of ways is the number of solutions of the 
above equation.

Let J/2 = x2“^y3

Clearly, the total number of ways is the total number of 
solutions of (i).

Let y2 = *2 -1 and y$ = X3 -1 Then, (i) reduces to

1_) 
1-x 

k /
,-7

s12S11S21 s,

3xj + 2x2 + Xj = 14 

where xp x2, x3 > 1.

The number of solutions of (ii) 
= Coefficient of x14 in (x3 + x6 + x9 +...) 

x(x2 + x4+.

= Coefficient of x8 in (1+x3 + x6+...) (1+ x2 + x4 +...)

= x3 -1, y4 = x4 -1. Then, (i) reduces to
xi+y2+V3+y4+*5=5>where y* yy * °-

The number of solutions of this equation is 
5+5-lr _ 9r 

e5-l “ e4-
EXAMPLE 16 Ifn objects are arranged in a row, then determine the 
number of ways of selecting three of these objects so that no two of 
them are next to each other.
SOLUTION Let X] be the number of objects to the left of first 
object, x2 the number of objects between the first and second, 
x3 the number objects between second and third and x4 the 
number of objects to the right of the third object. Then,

Since x, y, z can be assigned to three boys in 3! ways. So, 
corresponding to each solution, we have six ways of distribu­
tion.

Hence, the total number of ways =10x6 = 60.
EXAMPLE 15 Between two junction stations A and B there are 12 
intermediate stations. Find the total number of ways in which a train 
can be made to stop at 4 of these stations so that no two of these halting 
stations are consecutive.
SOLUTION Let X! be the number of stations before the first 
halting station, x2 between first and second, x3 between second 
and third, x4 between third and fourth and x5 on the right of 
the 4th stations. Then,

Xj > 0, x5 > 0, x2, x3, x4 > 1 such that

Xj + x2 + x3 + x4 + x5 = 8

Clearly, t > 0.
' The total number of solutions of this equation is same as the 

number of solutions of inequation (i).
The number of solutions of (ii) is

n + 4- iz- _n + 3r 
c4 -1 ” c2-

Hence, the total number of solutions of (i) is " + 3C2-

EXAMPLE 18 In how many ways can we get a sum of at most 17 by 
throwing six ditinct dice ?
SOLUTION Let xv x2, Xy x^ x5 and x6 be the numbers appear­
ing on six dice. Then, the required number of ways is same as 
the number of solutions of the inequations

Xj + x2 + x3 + x4 + x5 + x6 < 17,

when 1 < x,- < 6; i = 1,2,..., 6

Let x7 be a variable such that

The number of solutions of this equation is"-5 + 4-1C4_] 
i.e. "-2C3.

EXAMPLE 17 Ifn e N, then find the total number of non-negative 
integeral solutions of the inequation x + y + z<n.
SOLUTION The given inequation is

x + y + z < n
Let t be a variable such that

x+y+z+t=n

Clearly, x7 > 0.
Now,
Required number of ways 
= Number of solutions of equation (i) 
= Coefficient of x17 in (x1 +.... + x6)6 (1 + x + x2 +...)

1-x \ 7

= Coefficient of x11 in (1 -x6)6 (1-x)

= Coefficient of x11 in (1 - 6C} x6 + 6C2 x12 ...) (1 - x)“ 7

= Coefficientofx11 in (1-x)-7

- 6Cj x Coefficient of x5 in (1 - x)~ 7

= Coefficient of x8 in (1 + x3 + x6) (1 + x2 + x4 + x6 + x8)

x (1 + x + x2 +... + x8) [Neglecting higher powers]
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(i)

1001 x

(i)
/

C„_3ways.

5

= Coefficient of x20 in

x} + x2 + x3 - 98 

where jq > 0, X2 - 10 and x3 > 0

y

Fig. 22.15

The number of solutions of equation (i) 
= Coefficient of x98 in (x° + x1 + x2 +

EXAMPLE 21 In how many ways two ditinct natural numbers can 
he selected which are less than or equal to 100 and differ by at most 
10 ?
SOLUTION Let x and y be two required natural numbers. If we 
plot the natural numbers from 1 to 100 on number line, we find 
that x and y divide the remaining 98 natural numbers into three 
parts. First we will find the number of ways of selecting x and 
y such that the difference is at least 11. Let x^ be the total number 
of natural numbers less than x, x2 be the number of natural 
numbers between x and y and x3 be the number of natural 
numbers greater than y. Then,

Hence, the required number of ways = ”C2 x

= ”C2 x

206r

l-(x2)13
1-x2

’qx 7+5-lr 
c7-l

= Coefficient of x88 in

= Coefficient of x20 in (1 - x2) 5

= Coefficient of (x2)10 in (1-x2) 5

_ 90r- c2

Thus, the number of ways of selecting x and y such that the 
difference is at least 11 is 90C2-

Hence, the required number of ways
= 100C2-90C2 = 945.

EXAMPLE 22 Let there be n identical toys and n children. Find the 
number of ways of distributing the toys to children so that exactly 
two of them do not get any toy.
SOLUTION Out of n boys two boys can be chosen in ”C2 ways. 
Now, distribute n toys to the remaining n - 2 boys such that 
each boy gets at least one toy. This can be done in 

n-ir _ n-1 
Cm-2-1 ~200 + 7-lr 

e7-l “ ^6

Thus, there are 206Q ways in which 200 persons can enter 
into the hall through 7 doors. But corresponding to each way 
of entering into the hall the signatures of 200 persons can be 
arranged in 200! ways.

Hence, the required number of lists

= 2«C6 x 200! = ^

M - lz-> <-n-3
n - lz-> 

L2

= n(n-l)2 (n-2)
4

EXAMPLE 23 In how many ways can 25 identical objects be dis­
tributed among five persons, if

(i) each gets odd number of objects.
(ii) each gets at least one object but not more than eleven.

SOLUTION (i) Required number of ways
= Coefficient of x25 in (x + x3 + x5 + x7+...+X25)5

= Coefficient of x20 in (1 + x2 + x4 + x6 + ... +.x24)5

1-x\ /
= Coefficient of x88 in (1-x)-3

88 + 3 - lx- 
l3-1

...+x100)2

x(x10 + xn +... +x100)

fl-x91>
1-x

\ /

_ 11 + 7-1/- 6.
C7-1“ '

= 17c6-6xuc6
= 9604.

EXAMPLE 19 Show that the total number of non-negative integral 
solutions of 4-tuples (xp x2, xy x4) is 104C4 such that 
Xi + x2 + x3 + x4 £ 100.
SOLUTION We have,

x/} + x2 + x3 + x4 < 100, where x( > 0 for i = 1,2,3,4.

Let X5 be a dummy variable such that

x1 + x2 + x3 + x4 + x5 = 100, where x5>0.

The total number of non-negative integral solutions of this 
equation is100 + 5 - ]Cs _ 1 = 104C4.

Hence, the total number of non-negative integral 4-tuples 
satisfying the given inequation is 104C4-

EXAMPLE 20 A condolence meeting is bieng held in a big hall which 
has 7 doors by which the mourners enter the hall. One can use any 
one of the 7 doors to enter and can come at any time during meeting. 
At each door a register is kept in which a mourner has to put down 
his signature while enetering the hall. If 200 people attend the 
meeting, how many different sets of 7 lists of signatures can arise ? 
SOLUTION Suppose xf- persons enter into the hall through ith 
door, where i = 1,2,..., 6,7. Then,

Xj + x2 + x3 + x4 + x5 + x6 + x7 = 200,

where x, > 0; i = 1,2,..., 7
The total number of non-negative integral solutions of 

equation (i) is
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= Coefficient of x20 in

*o

P2

yo+yi +

69

.10)5

xl0
P^~

X1 x9

Pg~

'CjX

But, 10 persons can arrange among themselves in 10! ways. 
Hence, the total number of seating arrangements

= 15C]OxlO!

10 + 5-lr
C5-l

Fig. 22.16

x0 + Xj +.... + x]0 = 24 -10 = 14, 

wherex0>0,xlzx2,..., x9 > 1 andx10 >0.

Let yo = xo, yio = Xio and y, = x, -1 for i = 1,2,..., 9
Then, the above equation reduces to

+ J/10 ~ 5/

= 5C0 x Coefficient of x20 in (1 - x)“ 5

where y, > 0; i = 1,2,..., 10.
The total number of solutions of this equation is

ll+5-lr _ 15r
cll-l “ u10

= %

= 1001
(ii) Required number of ways
= Coefficient of x25 in (x + x2 +... +X11)5

= Coefficient of x20 in (1 + x + x2 +... + x

/ n\51 -x11
1-x k /

= Coefficient of x20 in (1-x11)5 (1-x)-5

= Coefficient of x20 in (5C0 - 5C4 x11 +...) (1 - x)-5

EXAMPLE 25 There are 15 seats in a row numbered as I to 25. In 
how many ways can 4 persons sit in such a way that seat number 6 
is always occupied and no two persons sit in adjacent seats.
SOLUTION Since seat number '6' is always occupied and no 
two persons can occupy adjacent seats. Therefore, at most two 
persons can sit on the left side of sixth seat. Thus, we have the 
following cases for the selection of seats :
CASEI When two seats are selected on the left side of sixth seat and 
one seat on its right side:

Since no two adjacent seats are selected. So, we can select 
either 1st and 3rd or 2nd and 4th or 1st and 4th seats. So, there 
are 3 ways to select 2 seats on the left side of sixth seat. On the 
right side of sixth seat there are 9 seats. Therefore, one seat 
(excluding 7th seat) on the right side of sixth seat can be chosen 
in 8 ways.

Thus, two seats on the leftside of 6th seat and one seat on 
its right side can be chosen in 3 x 8 = 24 ways.
CASEII When two seats are selected on the right side of sixth seat 
and one seat on its left side.

In this case, one seat on the left side of sixth seat can be 
chosen in 4 ways (any one of the first four seats) and the number 
of ways of selecting two seats on the right side of sixth seat is 
same as the numberof non-negative integral solutions of the 
equation

Xj + x2 + x3 = 7, where x} > 1, x2 > 1 and x3 > 0

Here, X] is the number of vacant seats between sixth seat 
and the fist seat selected on the right side of six th seat, X2 is the 
number of vacant seats between first and second seat selected 
on the right side of sixth seat and x3 is the number of vacant 
seats on the right side of the second selected seat.

Letyi = X] -1, y2 = X2 -1 and y3 = x3. Then,

xi + x2 + x3 = 7

=> yi + y2 + y3 = 5' where yvy2/y3>0
Total number of integral solutions of this equation is

5 + 3-1C3_1 = 7C2 = 21.

Thus, the number of ways in which two seats can be chosen 
on the right side of sixth seat = 21.

Hence, total number of ways of selection of seats in this case 
= 4x21=84.

CASE III When all the three persons sit on the right side of sixth seat:
Let X] be the number of vacant seats between 6th seat and 

first seat selected on the right of 6th seat, X2 be the number of 
vacant seats between first selected seat and the second selected 
seat, X3 be the number of seats between second and third 
selected seats and X4 be the number of vacant seats on the 
right-side of fourth selected seat. Then, the number of ways of 
selecting 3 seats on the right side of sixth seat is equal to the 
number of integral solutions of the equation

xj + x2 + x3 + x4 = 6,wherex1>l,x2>l,x3>l,x4>0

- 5Cj x Coefficient of x9 in (1 - x) 5

_ 5^ ' 20 + 5-lz- 5z> 9 +5-If
~ c0x L5-l “ x c5-l

= 24C4-5x13C4

= 10626-3575
= 7051

EXAMPLE 24 In how many ways can 10 persons take seats in a row 
of 24 fixed seates so that no two persons take consecutive seats ?
SOLUTION Let x0 be the number of vacant seats before the first 
person, x^ be the number of vacant seats between first and 
second person,.., x9 be the number of vacant seats between 9th 
and 10th person and x]0 be the number of vacant seats on the 
right side of 10th person. Then,
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= 24 + 84 + 20 = 128.

(i)

(i)

*1 = x2 * x3.

But, corresponding to each way of .selection of 4 seats there 
are 4! arrangements of 4 persons. Hence,

Total number of seating arrangement - 128x4! = 3072.
EXAMPLE 26 Find the number of ways of distribution of 12 identical 
balls in 3 identical boxes.
SOLUTION Let us first find the number of ways of distribution 
of 12 identical balls in three distinct boxes. Suppose first box 
contains x balls, second box contains y balls and third box 
contains z balls. Then, the total number of distributions is equal 
to the number of non-negative integral solutions of the equa­
tion

Thus, the number of ways of selecting 3 seats on the right 
side of 6th seat = 20.

Hence, total number of ways of selection of 4 seats

Corresponding to these 18 solutions, number of distribu­
tions

Let Z] = X] -1, z2 = x2 -1, z3 = x3 -1 and z4 = x4. Then, we 
have

CASE II When two variables are equal :■
Let x = y * z. Then, equation (i) reduces to

2x + z = 12

x + y + z = 12
The number of solutions of this equation is

12 + 3’1C3_i = 14C2 = 91.

Since the boxes are identical, so the number of ways of 
distribution will not be equal to the number of solutions of the 
above equation because x = 2, y = 3, z = 7 and x = 3, y = 7, z = 2 
are two different solutions but they give the same distribution.

We observe that all solutions of (i) can be divided in the 
following groups:

(i) Solutions in which all variables are same.
(ii) Solutions in which two variables are same.

(iii) Solutions in which all variables are distinct.
CASE I When all variables are equal:

In this case, we have exactly one solution viz. x = y = z = 4. 
Corresponding to this solution there is exactly one distribution.

+ z2 + z3 + z4 = 3, where z; > 0; i = 1,2,3,4.

Total number of solutions of this equation is

Three objects in which 2 are 
3' identical can be arranged in ways

CASE III When variable assume distinct values in this case,
Number of solutions = 91 - (18 +1) = 72

27Number of distributions = — = 12.
O’

Hence, total number of distributions = 1+6 + 12
= 19.

EXAMPLE 27 There are 6n flowers of one kind and 3 another kind. 
Show that the number of different garlands made using all these 
flowers is 3n2 + 3n + 1.
SOLUTION In a garland consisting of 6n flowers of one kind 
and 3 another kind, we observe that 3 flowers of another kind 
divide the 6n flowers of one kind in three parts. Let there be 
xp x2, x3 flowers in these parts. Then,

Xj + x2 + x3 = 6n

Clearly, X], x2/x3 > 0.
Number of solutions of equation (i)

_ 6n + 3 — 1 x—
e3-l

3 + 4-1C4_1=6C3 = 20.

This equation has 6 solutions, namely
x = 6,z = 0;x = 5,z = 2;x = 3,z = 6;x = 2,z = 8;x = l,z = 10 

and x - 0, z = 12.
Since out of 3 variables, two variables can be chosen in 

3C2 ways. So, the total number of solutions in which exactly 
two variables are equal is

3C2x6 = 18

_ 6n + 2/-» 
c2

= (6n+2) (6n + l)
2

= 18n2 + 9n + l.

We observe that the total number of garlands is not same as 
the number of solutions of equation (i) because X] = n, x2 = 2n, 
x3 = 3n and Xi = 2n, x2 = 3n, x3 = n are two different solutions of 
(i) but these solutions will give the same garland. Similarly, 
*1 = n,x2/ = n, x3 = 4n ; Xi = 4n, x2 = n, x3 = n etc give the same 
garland. So, let us divide all solutions of equation (i) in the 
following groups:

(i) Solutions in which xj = x2 = x3 i.e. all variables are 
equal.

(ii) solutions in which two variables are equal i.e. 
X] = x2 * x3, X] * x2 = x3 and xj = x3 * x2.

(iii) Solutions in which all variables are distinct i.e. 
X]^X2^X3.

CASE I When all variables are equal:
In this case, we have exactly one solution viz. xj=x2 

= x3 = 2n. Corresponding to this solution there is only one 
garland.
CASE II When two variables are equal:

Let us consider the case when
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3n. So, this2n-l,2n + l,

C

are

,2
= 3x

— □□□ —
x

n

and it is denoted by D (n).
If r (0 < r < ri) objects occupy the places assigned to them i.e. 

their original places and none of the remaining (n - r) objects 
occupies its original places, then the number of such ways is

x"^ 
+--- 7

«]!

"+2q
(«+2)(n*l)

2

22.12 SELECTIONS OF OBJECTS FROM TWO OR 
MORE GROUPS

In this section, we shall discuss various methods of determin­
ing the number of ways of selecting objects from two or more 
groups such that oibjects in a group are identical but they 
differe from objects in other groups. The following theorems 
determine the same.
THEOREM 1 If there are objects of one kind, n2 objects of 
second kind,...., n* objects of kth kind, then the number of ways 
of selecting r objects out of these objects is equal to

Coefficient of / in ((1 + x + x2 +.... + x"i) x

(1 + x + x2 +... +x"i)

THEOREM 2 If there are rij objects of one kind, n2 objects of 
second kind,..., objects of kth kind, then the number of ways 
of selecting r objects out of these objects such that each selection 
contains at least one object of each kind, is

Coefficient of xr in {(x + x2 + .... + x"») (x + x2 +... + x”?)

....... (x + x2+...+x"o)
THEOREM 3 If there are objects of one kind, n2 objects of 
second kind,... . nk objects of kth kind, then the number of
arrangements of these objects taken r at a time is

= (Total number of ways in which (2n +1) identical balls 
be placed in 3 distinct boxes) - (Total number of ways 
in which one of the three boxes contains more balls 
than the other two).

Now, the total number of ways to place (2n +1) identical 
balls in three distinct boxes

2n + l + 3-lr
3-1

'x + x2 +

+ x"'

x x2 x"‘
1! 2! !

In this case, equation (i) reduces to 
2xi + x3 =

As Xi can take values 0,1,2, 
equation has 3n solutions.

Since out of 3 variables, two variables can be chosen in 
a

C2 ways. So, the total number of solutions of (i) in which 
exactly two variables are equal is 

3C2x3n = 9n.
Thus, there are 9n solutions in which exactly two x/s 

same, so number of garlands corresponding to them is 
9n _ y = 3n.

CASE m When variables are distinct i.e. Xi # X2 * x3.
In this case, number of solutions of (i) is

18n2 + 9n + l-(9n + l) = 18n:
18h2Number of garlands = -777- = 3n2.

n
Hence, total number of garlands = 3n +3n+ 1.

EXAMPLE 28 In how many ways can (2n +1) identical balls be 
placed in distinct boxes so that any two boxes together will contain 
more balls than the third ?
SOLUTION Required number of ways

Coefficient of / in r! 1 + 77 
\

1 x
1+l! + 2!+-" + n2!

\ J

x ?
l! + 2!+-
/

•• 1 + p

_ 2n + c2.

In order to find the number of ways in which one of the 
three boxes contains more balls than the other two boxes, we 
first select a box out of three distinct boxes and place n +1 balls 
in it and then divide the rest of n balls in three boxes arbitrarily. 
Therefore,

Total number of ways in which one of the three boxes 
contains more balls than the other two

= 3C1xn+3"1C3_1 = 3x”+2r

Hence, required number of ways
= 2n + 3C2-3x

(2n+3)(2n + 2) „
2

= n(n + V)
2

22.13 DERANGEMENT
Let alz a2, ay..., an be n distinct objects such that their positions 
are fixed in a row. If we now re-arrange a2,an in such a 
way that no one occupies its original place, then such an 
arrangement is called a derangement.

In other words, a derangement of a^ a2,an is a bijection

/: {av a2,..., a„) (aT, a2,...., aj such that

/(a,-) # = 1,2,

If n distinct objects are arranged in a row, then the number 
of ways in which they can be deranged so that none of them 
occupies its original place is

. L 1 1 1 1 . 1’
"! 1’l! + 2!’3! + 4!‘-- + <’1> S'
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r D(r)

5! 1

5! fl 1 1

ILLUSTRATIVE EXAMPLES

,1

= Coefficient of x3” in

= Coefficient of xn in

,-1

,2n= Coefficient of xn in

,2m= Coefficient of xn in

-3x

ILLUSTRATION 2 Ravish writes letters to his five friends and ad­
dresses the correspondig envelopes. In how many ways can the letters 
be placed in the envelopes so that at least two of them are in the wrong 
envelopes ?
SOLUTION Required number of ways

Neglecting higher 
powers

n ■ 
5!

1 11 - _z_ 2! 3! + 4! + 0! 2! 3! + 4!

(2n + 2) (2n + l)(2n)
6

(n + l)(n)(n-l)
6

1 
(n-r)l

= 3"+3C3-3x2" + 2<

_1_
•’■ + 10!

= Coefficient of xn in (1-x)'
/

r _ c3
n + 1^

L3

= Coefficient of x3" in [(1 - 3x" +1 
= Coefficient of x3" in (1 - x)- 4

-3 Coefficient of x2" -1

r = 2'

3! 2! + 2! 2!
\ 7

5

= S V 
r = 2

5

-S 
r = 2

5

£(5-r)![2! 3!

-11 
3!
5!?1

+ 1! \ 7 k

= 10 + 20 + (60 - 20 + 5) + (60 - 20 + 5-l)
= 10 + 20 + 45 + 44 
= 119.

" + 2C3 + 3x

(1+x)2"

5!
r! (5 - r)!

r!

r!

1-x 
\ /

= Coefficient of x3" in (l-x" + I)3 (1-x2"*1) (1-x)-4

= Coefficient of x3" in [(1 - 3x" *1 + 3X2" * 2 - 3X3" * 3)

(1-x2"*1) (1-x)-4]

~x2n + 1 + 3x2n+2j (1-x)-4]

= 7 (n + 1) (5n2+10n + 6) 
o

EXAMPLE 2 Show that the number of ways of selecting n objects 
out of3n objects, of which n are alike and rest are different is 

22n-i+ (2n-l)!

1-x 
\ /

’ n — 1 + 4 — I/-' 
•4-1“ c4-l

+ 3x"-2 + 4-1C4_1

- Coefficient of x” 1

n
= Coefficient of x" - r in (1 + x)2"

r = 0

in (1-x)-4

in (1-x)-4

+ 3 Coefficient of x"-2 in (1-x)-4
_ 3n + 4-l^ _ 2n — 1 + 4 — 1^

EXAMPLE 1 In an examination the maximum marks for each of 
j three papers is n and that for fourth paper is 2n. Prove that the 
' number of ways in which a candidate can get 3n marks is

7 (n +1) (5n2 + lOn + 6). 
o

SOLUTION The total number of ways of getting 3n marks
= Coefficient of x3" in (x° + x1 + x2 +... + x")3

(x° + x1 +.... + x2”)

(3n + 3) (3n + 2)(3n + l)
6 3

(n + 2)(n + l)(n) .
6

. L 11 1 
r! 1‘i! + 2l‘3! +

D(n-r) = "Cr.D(n-r)

= ”Cr.(n-r)l + +!• x»«

The proof of this is given in chapter 40.
ILLUSTRATION 1 In how many ways can 10 letters be placed in 10 
marked envelopes, so that no letter is in the right encelope ?
SOLUTION The required number of ways is equal to the num­
ber of derangements of 10 objects.

Hence, required number of ways

-m, kill 
“10- 1 i! + 2! 3! +

n! (n -1)!'
SOLUTION The required number of ways
= Coefficient of x" in (x° + x1 + x2 +... + x") (x° + x)2” 

Zl-x"t?
1-x 

/

(1+x)2"
oo A

£xr (l + x): 
r = 0 

\ / 

( n 1
(l+x): 

r = 0 
\ /
n

= Coefficient of x" in Z (1 + x)2” 
r = 0
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in

in

.-4

2n\ .101

+ 3x

= 110556.

.60

= Coefficient of x30 in

t-

3-1

-10

= 15 + 50 + 60 + 21-10 = 136

ALITER See Example.il given on page.22.46.

1
2

1 :
2 .

1
2 n\n\

= 22w~1

..+x100)|

 32r- c2.

= 153C3 - 3 x 102C3 - 52C3 + 3 x 51C3

l-x101>l 
1-x2n + lz~> 

en + l

[••• "cr =

+...+ 2"C1+ 2"C0

2"C +

48 + 4-lr 
u4-l

+ 22”

Thus, the student gets at least 60% marks in first two papers 
to get 150 marks as total in 32C2 ways. But the two papers, of at 

least 60% marks, can be chosen out of 3 papers in C2 ways.

Hence, the required number of ways = C2 x C2

= 3x31x16
= 1488.

EXAMPLE 4 In an examination, the maximum marks for each of the 
three papers are 50 each. Maximum marks for the fourth paper are 
100. Find the number of ways in which the candidate can score 60% 
marks in the aggregate.
SOLUTION ’ We have,

Aggregate marks of four papers = 50 x 3 +100 = 250

60% of aggregate marks = “x250 = 150

Number of ways of getting 150 marks in aggregate

= Coefficient of x30 in (1-x)'

 30 + 3-Iz- 
L3-l

= Coefficient of x4 in

+&c„+

= Coefficient of x150

. (2n-l)!
nl(n-l)!

EXAMPLE 3 There are three papers of 100 marks each in an ex­
amination. In how many ways can a student get 150 marks such that 
he gets at least 60% in two parpers?
SOLUTION Suppose the student gets at least 60% marks in first 
two papers, then he must get at most 30 marks in the third 
paper to make a total of 150 marks. So,
The required number of ways 
= Coefficient of x150 in |(x’

= 6C2 + 5x5C2 + 10x4C2 + 7x3C2-10

= Coefficient of x150

= Coefficient of x150

= Coefficient of x130
/ /
1-x51
1-x

in (1-x51)3 fi­

rn (1 - 3?1 + 3x102 - x153)

+ ... + 2”C2nJ
"C„-rl

x101)(l-x)

+ x61 +

2nC0 + 2"C1 +

(1-x101) (1-x)’4

+ 3x102) (1 — x)~4

- 3 Coefficient of x" in (1 - x)’ 4
+ 3 Coefficient of x48 in (1 - x)’ 4

49 + 4-lr
4 -1 ~ -1

n

■ E
r = 0

— 1 2/iz^
" Si+ Si +1

+?”)2
(l+x + ? + .... + x30)) 

= Coefficient of x30 in {(1 + x +.. + x40)2 (1 + x +... + x30)}

i-x41f 
1-x

EXAMPLE 5 Find the number of ways of selecting 4 letters from the 
word'EXAMINATION'.
SOLUTION There are 11 letters in the word EXAMINATION 
viz. two A's, 2I's, 2N's, E, X, M, T, O.

Therefore,
Number of ways of selecting 4 letters from these letters

= Coefficient of x4 in (x° + x1 + ?)3 (1 + x)5

\3
(1 + x)5fl-?

1-x

= Coefficient of x4 in (1 -x3)3 (1 -x)’3 (1 +x)5

= Coefficient of x4 in (1 - 3x3 + 3x6 - x9) (1 + x)5 (1 - x)’ 3

= Coefficient of x4 in (1 - 3.?) (1 + 5Q x + 5C2 ?

+ 5C3? + 5C4x4)(l-x)'3

= Coefficient of x4 in (1 + 5x + 10? + 10x3

+ 5x4-3?-15x4) (1-x)’3

= Coefficient of x4 in (1 + 5x + 10? + 7? - 10.r4) (1 - x)’ 3

= 4 + 3’1C3_1 + 5x3 + 3’1C3_1 + 10x2 + 3“1C3_]

+ 7x1*3’1C3_1

2nCn + 22n

= Coefficient of x150 in (1 - 3?1 - x

= Coefficient of x150 in (1 - x)“ 4
- Coefficient of x49 in (1 - x)“ 4

= 150 + 4-1C4_i_3x99 + 4-1c

4-?f 
1-x\ /

,-3

Example.il
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= 4! x Coefficient of x4 in

.5

= 4!

= Coefficient of x5 in
= 4!

= 8x7x6x5 + 6x3x7x6 + 6x3

C, C, -1

= Coefficient of xn in

.5
= Coefficient of xn in

7

.5

7

= 5!

.3

1-x k 7

(n-r + 2) (n-r + 1)
“ 2

l-x,1 + 1 

1-x

:"-rin (1-x)-3}

l-x3>)

1-x 7
.-4

n-r + 2l̂2

= 8c3-5c3-4c3-i

= 56-10-4-1

= 41.

Total number of 5-letter words
/

= 5! x Coefficient of x5 in 1 + 77

"1-x6

1-x

= Coefficient of x5 in (1 - x5) (1 - x4) (1 - x3) (1 - x)

= Coefficient of x5 in (1 - x5) (1 - x3 - x4) (1 - x)“ 4

= Coefficient of x5 in (1 - x3 - x4 - x5) (1 - x)~ 4

= Coefficient of ?. in (1 - x)“ 4 - Coefficient of x2 in (1 - x)“ 4

- Coefficient of x in (1-x)- 4 - Coefficient of x° in (1 - x)“ 4

_ 5+4-lr 2+4-lr l+4-lr
'■'4-1 u4-l" c4-l

? £ 
4! + 5!

7 
(

1 +— ' 
k 
x4

n

'in J't, (1-xf3 
r = 0

(1-x)’3

= Coefficient of xn~

= Coefficient of x" in (1-x) 3

£"c,
r=0 

k
n

= Coefficient of x" in y "Cr / (1 - x)- 3 

r = 0

A \ f r . * 
*« " "A

' 1+i! + 2!
7 k
f T J-

= 5! x Coefficient of x5 in 1 + — + — 
k
f 9 7 1 5 d x5>
1+2x + 2x2 + 2X3 + ^x4 + 7t

o 12 12
\ /

8x7x6x5 3 7x6 3-------------------------  J X--------- 4, —
4x3x2xl 2 2x1 4

7

(1+X)"

‘r xr

0 n X2 X4 X^ 1
(1 + x)3 + 3 (1 + x)2^~ + 3(l+x)y + ^x(l+x)' 

L\ 0

= 4! x Coefficient of x4 in (1 + x)8 + (1 + x)7 + ~~ (1 + x)6

8C4 + |x7C2 + {|

( Y5 x 1 
1+i!

k 7

+ x")3 (1+X)"

n
= y nCr x {Coefficient of x1 

r=0
n

_ V nr n-r + 3-lr>
~ L Lr C3-l

r=0
n

r=0
n

= Z ”Cr
r=0

n
= j 2, "C, |(n + 2)(n + l)-(2n + 3)r + 7)

Z r = 0

= 2454.

ALITER See Example 15 given on page 22.47.
EXAMPLE 8 From a given number of4n books, there are three sets 
of n identical books on Physics, Chemistry and Mathematics. The 
remaining n books are distinct books on other subjects. Find the 
number of ways of choosing n out of the 4n books.
SOLUTION Required number of ways 

= Coefficient of x" in (x° + x1 + x2 +

■ (1+x)"

x x2 x3 x4
1 +1! + 2! + 3! + 4!

k 7
/

= 5! x Coefficient of x5 in 1 + 77

k

x2 x3 „ 
4* — 4* — 4- —

2! 3! “

x2 £
’ 2! + 3!

7
.3

1 A x2 x3 x' 
l! + 2! + 3! +4! 

k

EXAMPLE 6 Find the total number of selections of 5 letters from five 
A's four B's, three C's and two D's. Also, find the total number of 5 
letter words that can be made.
SOLUTION The total number of ways of selecting 4 letters from
5 A's 4B's, 3C's and 2D's is equal to

Coefficient of x5 in (1 + x + x2 + x3 + x4 + x5) (1 + x + x2 + x3 + x4)

(l + x + x^x3) (1+x + x2)

1-x 
k 7 k

X
1!

x
1!

x
1! l! + 2!

x2 ? ? £
2! + 3! + 4! + 5!

7

5 ..4
12"

x x2 x3 x4 x5 
1! + 2! + 3! + 4! + 5!;

C _ 9X2 13? 71x4 3x5>| 

x 1+3x+T+T+_2T+T 
k

£ 2 9 13 71 3'
5! + 4! + 2 x3! + 6 +24 + 2 

k 7
= 1 +15 + 90 + 260 + 355 + 180 = 901

EXAMPLE 7 Find the total number of 4 letter words formed from the 
letters of the word '.'EXAMINATION”.
SOLUTION In the word 'EXAMINATION' there are 11 letters 
viz. 2 A's, 21's 2 N's, IE, IX, IM, IT and one O. So, 

Required number of arrangements 

f v Y2!
= 4! x Coefficient of x4 in 1 + — + xy 

k 7
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IM

r = 0

1 1
r-2n.

■2

,n-l .+ 3

- (6m + 3 - 12n - 3 - 6n - 3) r + r2

h.

= Coefficient of xr in N =

1 <
2 L

_ (r + 2)(r+l)
2

n
= | X {(n + l)(n + 2)nCr-(2n + 3)rnCr + r2"Cr) 

r=0

n n
+ r(r-l)."C,+jX r.’C,

r=0 r=0

> n
= |(m + 1)(m + 2) J "Cr-|(2m + 3)£ 

r=0 
/ 

n

l)+rl"C,
Z r = 0

'3-1
, if 2n + 2 < r < 3n

Thus, ifO<r<M-2, we have
Number of ways of selecting r letters 
= Number of ways of selecting (3m - r) letters. 
Similarly, we can prove the result for the other cases.
If n < r < 2n +1, then from (i) the number of ways of select­

ing r letters is given by

r+2C2-3xr’B+1<c2

= (m + 1)(m + 2)2”-1

n
= i(n + l)(n + 2)2”-l(2>1 + 3) £ r.”Cr 

r=0

n
= | (n + l)(n + 2) 2”-| (2n + 3) £ r.y

r = 0

n

r-2 2 r
r = 0

+ m2"-2

ZL n-lz-
Lr-1

n —Ip
Lr-1

= | [7 + 3r + 2]

= l(r + 2)(r + l)

-j(2n+3)2"-1

in (1-x)-3

in (1-x)3

, if l<r<M
_1,ifn + l<r<2n + l

(n-r)(n-r-l)
2

= | [(3n + 2)(3n + l)-(6n + 3)r + rz-3(2n (2m + 1)

- (4m +1) r + r2} + 3 |m (m -1) - (2n -1) r + r2^ 

9m2 + 9m + 2 - 12m2 - 6n + 3m2 - 3m

r.nCr

+ | n(n-l)2n~2

4-1.2'
= (m + 1)(m + 2)2”-1-m(2m + 3)2”"2+m(m-1)2”-3

= [4(m + 1)(m+2)-2m(2m + 3) + m(m-1) + 2m]2”-3

= [4m2 + 12m + 8-4m2-6m + m2-m + 2m]2”-3

= (n2 + 7n + 8) 2n~3.

EXAMPLE 9 If there are n A's,n B's and n C's making 3n letters 
show that there are as many ways of selecting r letters out of them as 
3n-r letters. If n<r<2n.+ l, show that the number of ways of 
selecting r letters is given by

i(n + l)(n + 2) + (r-n)(2«-r)

and that the maximum number of such selections is
1 |3(n + l)2 + l|or | (n + 1)2

according as n is even or odd.
SOLUTION The total number of ways of selecting r letters from 
n A's n B's and n C's is equal to
Coefficient of xr in (1 + x + x2 +... + x")3

\3

'3-1
’ n v r-n-1 +3-If’ 3-1-JX C3

-3xr“n'1+3'IC-

Co_ 1

- 3 x Coefficient of xr ' ” “1

+ 3 x Coefficient of r! " 2,1 ’ 2

r + 3"1C-
r+3-lp

c3-l
r+3- Ip

l3-1

+ 3xr'2M'2+3'1C3_1

,+2C2,ifl<r<n
= r+2C2-3.r"n + 1C2 , ifn +l<r<2n+ l...(i)

r+2C2-3.r-” + 1C2 + 3.r-2nC2 ,if2n + 2<r^3n 

IfO<r<n -2, then from (i) the number of ways of selecting
r letters is r+2C2.

Now, 0<r<n-2=> 2n+2 <3n-r <3n
Therefore, from (i) the number of ways of selecting 3m - r 

letters is
= 3n_r+2C2-3x3n-r"n+1C2 + 3x3n‘r-2"C2

[Replacing r by 3n - r in the third part of (i)]
= 3n-r+2C2-3x2,’"''+1C2 + 3xn"rC2

_ (3M-r + 2)(3M-r-H) (2n-r + l)(2n-r)
2 3 2

n

+Ur^-i)-7-75T"’2c,
r = 0

(r - M 4-1) (r - n)
6 2

fl-x" + 1
1 “tt;

= Coefficient of xr in (1 - x" + Y (1 - x)" 3

= Coefficient of xr in (1 -3x" + 1 +3x2n+2-x3n+3) (1-x)-3

= Coefficient of xr in (T-x)-3

f n
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= | [2m2 + 6m + 4 + m2-1]
(ii)

CASE I When n is even:

EXERCISE 22.8

m

3n
2‘

Putting 

this case is given by

1

4

In order to obtain the maximum value of N, let us re-write 
N as follows:

If n is even, then N is maximum when r - — = 0 i.e. r = —, 

The maximum value of N is given by

N max

= j (n + l)(n + 2)-(r-2n)(r-n)

N max

7. In how many ways can 8 different books be distributed 
among 3 students if each receives at least 2 books ?
8. How many natural numbers below 1 million have the sum 
of digits equal to 18?
9. Suppose we have rupee 2, 3 and 5 notes. In how many . 
ways can we get a sum of rupees 83 such that note of each type 
is present and the number of two rupee note (s) is less than the 
number of 3 rupee note (s) which is again less than the number 
of 5 rupee note (s).
10. How many words of 4 letters can be formed, starting with 
a vowel, using letters from the word 'EXAMINATION' ?
11. In how many ways some apples from 45 apples can be 
distributed among 5 persons so that none gets more than 9 
apples and the total number of apples given is a multiple 
of 3?
12. Find the number of integral solutions of the equation 
x + y + z = 24 subjected to the condition that l<x<5, 
12<y< 18 andz>-1.
13. In how many ways can 5 letters be selected from 5 A's, 4 
B's, 3 C's, 2 D's and one £.

= | (n + l)(n + 2)-

- [- 2^ + 6nr + 2 - 3n2 + 3n]

2
f 3^ 
r"T

>2 !
= - in (ii), the maximum value of N in

In this case, we have r - — # 0.

N = | (m +1) (m + 2) - (r2 - 3Mr + 2m2)

= “ (n + l)(n + 2) + (r-n)(2n-r)

= | [3m2 + 6m+3]

= [- 2 (r2 - 3nr + 2m2) + n2 + 3n + 2]

= | (r2 + 3r + 2)-3 [r2 - r (2m - 1)+ m (m -1) 

= (r2 + 3r + 2-3r2 + 3r(2n-l)-3n(n-l)]

-fr 3m

Letn = 2m+ 1. Then,

f 3nf 
r~~2

\ J
Clearly, it is least for r = 3m +1 or r = 3m + 2. The least value 

(( 3nt. 1 of r-y ,s-.

' 3n

1 H2
= i(n + l)(n+2) + y

2 4

= | [3m2 + 6m + 4]

= | [3(m + 1)2 + 1]

CASE II When n is odd:

, x2
= (M + l)(M + 2) + y -lr-^ 

L J \ /

1. In how many ways can 20 identical books on Mathematics 
be distributed among 5 students.
2. In how many ways can three persons, each throwing a 
single die once, make a sum of 15?
3. In how many ways can an examiner assign 30 marks to 8 
questions, giving not less than 2 marks to any question ?
4. Find the number of non-negative integral solutions of 
2x + y + z = 21.

5. If m and m are positive integers such that n > — —■ 

Find the number of solutions (xlz x2,..., xm); Xj > 1, x2 > 2,..., 
xm>m, all integers satisfying the condition x1+x2 + ...

+ x=n.TH

6. Find the number of integral solutions of the equation
2

X]+x2+...+*« = 4m -2m+ 1 ■ 

where x^ > (2k - 1), k = 1,2,3,..

1 m2 1= ± (m + 1)(m + 2) + ^--±

3m
2

1
2

m21
4
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ANSWERS

1. 10626 15. 1212. 10 17.

4. 132

6. 7. 2940 13. 71-1

HINTS TO SELECTED PROBLEMS

)1

4

1
5!

1 1
3! + 4!

[(X + X2 + .... + X5) (x12 + x13 + ... + x18) (1 + X + X2 + ..

14. Required number of ways

= Coefficient of x" in {(1 +x + x2 + ... + x")2 (1 +x)”|

16. Required number of ways

= Coefficient of x3" in (1 + x + x2 +.... + x2")3

9. Let x, y, and z be the numbers of 2, 3 and 5 rupee notes 
respectively. Then, the required number of ways is equal to the 
total number of solutions of the equation 2x + 3y + 5z = 83 sub­
jected to the condition that x < y < z and x>l,y>l,z>l
12. Let t = z + l. Then, the given equation reduces to 
x + y +1=25, where 1 < x < 5,12 < y < 18 and t > 0.

Required number of solutions

= Coefficient of x25 in

14. (n + 2)2"-1

18-5!fe-

17. In how many ways can we select 12 balls from a bag 
containing 23 balls in which 7 are identical and remaining 
distinct ?
18. Let A = {1,2,3,4,5} and B = |av a2, Uy a4, a5J. How many 
one-one mappings/: A -> B can be defined so that/(:) * fl, for 
alii =1,2,3,4,5.

5. r + ’n-1Cm-i,wherer = n-

i
PERMUTATIONS AND COMBINATIONS

14. Find the number of ways of selecting n objects, out of 3n 
objects of which n are of one kind and alike and n are of a second 
kind and alike and rest are unlike.
15. Find the number of non-negative integral solutions of 
2x + y + z = 20.
16. Show that the number of ways in which 2n things of one 
kind, 2n of another kind and 2n of a third kind can be divided 
between two persons, given 3n things to each, is 3n + 3n +1.

18C6 + 18C83. 21C7 
mQn + l)

2
8. 25927

:12 + x13
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