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Preface

Real analysis and complex analysis are fundamental in modern mathemat-
ical education at the graduate and advanced undergraduate levels. The
material covered in courses on those subjects has varied over the years.
The tendency has been toward periodic revisions reflecting a changing con-
sensus in the mathematical community. The aim of this book is to present
a modern approach to the subjects as they are currently viewed.

The reader is assumed to be familiar with such terms as continuity,
power series, uniform convergence and uniform continuity, derivative, Rie-
mann integral, etc. On the other hand, a considerable effort has been made
to provide, in the union of the text proper, the SYMBOL LIST, and the
GLOSSARY/INDEX, complete definitions of all mathematical concepts
introduced. The following notations obtain for assertions in formal logic:

{A} = {B} for A implies B
{A} & {B} for Aiff B
AANB: for Aand B
AV B for A or B.

Among the novel and unique features of the text are the following.

In Chapter 1.

a) Topology discussed three ways: via open sets, via nets, and via
filters.

b) Two proofs of Brouwer’s Fixed Point Theorem.

¢) Uniform spaces.

In Chapter 2.

a) Integration viewed as a Daniell functional.

b) A detailed exploration of the connection between measure as de-
rived from a Daniell functional and classical Lebesgue-Caratheo-
dory measure.

¢) The Riesz Representation Theorem as a consequence of Daniell’s
approach.



vi

Preface

In Chapter 3.
a) Functional analysis and weak topologies.
b) Banach algebras.
¢) Axiomatics of Hilbert space and linear operators.
In Chapter 4.
a) The Fubini-Tonelli Theorems via Daniell’s techniques.
b) A unified approach to nonmeasurable sets.
c) Differentiation by direct methods that avoid parameters of regu-
larity, nicely shrinking sequences, etc.
d) Haar measure by Daniell functionals.
In Chapter 5.

a) Singular homology of the plane via the formulse and theorems of
Cauchy.

b) Elementary exterior calculus as applied to complex function the-
ory.

In Chapter 6.

a) Subharmonic functions, barriers, and Perron’s approach to Dirich-
let’s problem.

b) Poisson’s kernels and approximate identities in Banach algebras.

In Chapter 7.

a) Runge’s Theorem and its application to Mittag-Leffler’s Theorem:;
the latter as a source of Weierestrall’s product representation.

b) Entire functions and their orders of growth.

In Chapter 8.

a) Riemann’s Mapping Theorem and its connection to Dirichlet’s
problem.

b) Bergman’s kernel functions and conformal mapping.

¢) Automorphic functions.

d) Green’s functions.

In Chapter 9.
a) Picard/Montel Theorems and their consequences.
In Chapter 10.

a) A thorough treatment of analytic continuation.

b) The Riemann-WeierstraB-Weyl concepts of Riemann surfaces as
well as Riemann surfaces defined as connected one-dimensional
complex analytic manifolds.

c) Covering spaces, sheaves, lifts.

d) The General Uniformization Theorem derived via a sequence of
carefully graded Exercises.

In Chapter 11.

a) Thorin’s Theorem.

b) Applications to M. Riesz’s Convexity Theorem and related parts
of functional analysis.

In Chapter 12. An introduction to the theory of complex functions of
more than one complex variable.



Preface vii

Within each section, all the numbered items save Figures, e.g., THE-
OREMs, Exercises, equations, are numbered consecutively as they appear.
Thus in Section 3.2, the first item is 3.2.1 LEMMA, the second item is,
3.2.2 COROLLARY, the third item is (3.2.3), (the first) numbered equation,
etc.

State University of New York at Buffalo B. R. G.
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1
Fundamentals

1.1. Introduction

The text is addressed to readers with a standard background in under-
graduate algebra, analysis, and elementary topology. Hence, when refer-
ence is made to concepts such as groups, maps, posets, topological spaces,
etc., there is an underlying assumption that the reader is familiar with
them. Nevertheless, all terms and notations essential for the understand-
ing of the material are defined or explained in the Chapters, the GLOS-
SARY /INDEX, or the SYMBOL LIST.

Real analysis deals with the study of functions defined on a set X and
taking values, for some n in N, in the set R" of n-tuples of real numbers or
occasionally in the set C" of n-tuples of complex numbers.

On the other hand, complex analysis is confined to the study of locally
holomorphic functions, i.e., for some nonempty connected open subset, i.e.,
region, Q of C, functions f in C? and differentiable throughout Q.

Beginning with a system, e.g., that of Zermelo-Fraenkel, (ZF) [Me], of

) . def
axioms for set theory, one can construct in turn the system N = {1,2,...}

of natural numbers, the ring Z of integers, the field Q of rational numbers,
and finally the field R of real numbers [La]. The result is a field endowed
with an order < (a transitive relation such that for any two (different)
elements x and y, precisely one of z < y and y < x is true); R is complete
with respect to <, i.e.,for every subset bounded above there is a unique
supremum (least upper bound). Since any two complete ordered fields are
field- and order-isomorphic [O], one may proceed directly as follows.

1.1.1 DEFINITION. THE SET R IS A COMPLETE ORDERED FIELD.

The multiplicative identity 1 of R gives rise to 1,1+ 1,..., i.e., to the
set N of natural numbers. The ring Z of integers is the set of R-equivalence
classes of N?:

{(m,n)R(m'.n")} & {m+n"=m' +n}.
The field Q of rational numbers is the set of all S-equivalence classes of

Z x (Z\ {0}):
{(p.q)S(P,d")} & {pd =1'q}.
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The field C of complex numbers is the set

R Y {(a,b) : {a,b} cR}ERxR

in which the algebraic operations addition (4) and multiplication (-) as well
as the symbols 0 and ¢ are defined according to:

(a,b) + (c, d (a—&—c,b—i—d),
def

(a,b) - (c,d) <! (a,b)(c, )déf (ac — bd, be + ad),

0% (0,0),i = (0,1).

Furthermore, R is identified with R x {0} and then (a,b) L' 4+ ib. When

e+ pt R(2) + i3(z) € C, the absolute value of z is |z| = ' Va2 + b2,
(When a € R and a is regarded as a + 10, an element of C, the definition
of |a| as just given and the definition

|a|d£f{a ifa>0
—a ifa<0

. {ef def @ — 1b
are equivalent.) If z = a+ib # 0 and w ‘= EER wz=zw = 1.

[ 1.1.2 Note. Below and throughout the book, to avoid impera-
tives, most Exercises are phrased as assertions to be proved.]

1.1.3 Exercise. a) The set N is the intersection of all R-subsets S contain-
ing 1 and such that if x € S, x4+ 1 € S. b) The order in R is Archimedean,
le.,if € > 0 and M > 0, then for some n in N, ne > M.

[Hint: b) Otherwise, for some positive € and M and each n in N,
ne < M, whence {ne : n € N} has a supremum.|

1.1.4 Exercise. If a,b € R, then |a+b| < |a| + |b|. Equality obtains iff
for some nonnegative constants A, B, not both zero, Aa = Bb.

1.1.5 Exercise. a) Addition and multiplication in C are commutative op-
erations. b) If a + ib € C, |a + ib| < |a| + |b| and equality obtains iff ab = 0.

The following special types of subsets of R and C appear frequently in
the text:

e when —oo < a < b < o, the oriented real intervals:

(a, )def{a‘ ca<x<b}, (open),

la, & {z : a<ax<b}, (right-open),
(a b] ot {z : a<zx<b}, (left-open),
[a,

]def{ ca<x<b}, (closed);
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° whenSCR,S"'dﬁfSﬂ[O 00);

e when {p,q} C C the oriented complex intervals:

(pyq) = {= =(1—t)p+tqg, 0<t <1}, (open),

P, q) o {z:2=(1—-t)p+tq, 0<t <1}, (right-open),
(p, 4| gef {z :z2z=(1—-t)p+tqg, 0<t <1}, (left-open),
[p, q] def {z :2=(1—-t)tp+1tqg, 0<t <1}, (closed);

([a,b), (a,b], [p,q), and (p,q] are half-open complex intervals);

e the subgroup T dof {z : z€C, |z] =1} of the multiplicative group of
nonzero elements of C.

The (possibly empty) interior of any of the real intervals above is (a, b).
For a set {X,} yer Xweer is the Cartesian product of the sets X,

Le., X.,ErX = {f : f:T>y— f(v)e X,}. Since f(vy) € X,, occa-

sionally the notation x, is used for f(v) and an f is a vector {a}

When, for some X, X, = X, then X,Yeer = X", the set of all maps from
[ into X.

An n-dimensional interval I in R™ is either the empty set (0) or the
Cartesian product of n one-dimensional intervals each of which has a non-
empty interior. For n in N, a half-open n-dimensional interval in

def def :
R" = {x= (21,...,2,) : .1'.,-611{,151511}

is the Cartesian product X::1 lak, bg) of right-open intervals. If by — ay
is k-free, the half-open n-dimensional interval is a half-open n-dimensional
cube. When n > 1, elements of R™ or C" are regarded as vectors and are
denoted by boldface letters: a, x, ... . The vector (0,...,0) is denoted O.

The length or norm of the vector x et (1y... @) is ||x]|2 qef

The cardinality of X is denoted # (X)), e.g., # (N) L Ry, # (R) e e
The ordinal number of the well-ordered set of equivalence classes of well-
ordered countable sets is €2. (The previously introduced use of 2 to denote
a region—causes no difficulty since the two contexts—ordinal numbers and
regions—do not occur together in the remainder of the book.)

When n is a cardinal number the phrase—n objects—means there is
a set S consisting of pairwise different objects and #(S) = n. Thus, the
phrase—two points x and y—implies = # y.

On the other hand, the phrase—the points x and y—carries no such
implication: both x = y and x # y are admissible.
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1.2. Topology and Continuity

1.2.1 DEFINITION. A TOPOLOGICAL SPACE IS A SET X PAIRED WITH A
SUBSET T OF ‘B(X), THE SET OF ALL SUBSETS OF X. THE SET T IS THE
TOPOLOGY OF X AND THE ELEMENTS OF T ARE THE OPEN SETS OF X.
THE AXIOMS GOVERNING T ARE:

a) DeT aAND X € T;

b) T 1S CLOSED WITH RESPECT TO THE FORMATION OF ARBITRARY
UNIONS AND FINITE INTERSECTIONS.

The set of open sets of X is also denoted O(X).
When A C X, a) and b) hold for the set

TAE{ANU : UeT),

which endows A with the relative topology induced by T.

1.2.2 Exercise. For a topological space X, the set F(X) of complements
of elements of O(X) is governed by:

a') e F(X) and X € F(X);
b’) F(X) is closed with respect to the formation of arbitrary intersections
and finite unions.

When T and T’ are topologies for X and T C T, T’ is stronger than
T while T is weaker than T'.

1.2.3 Example. For any set X there are:

a) the strongest or discrete topology SB(X ) consisting of all subsets of X;
b) the weakest or trivial topology consisting only of @ and X.

1.2.4 Example. For R, the customary topology consists of all (arbitrary)
unions of open intervals. Unless the contrary is stated, R is regarded as
endowed with its customary topology.

On the other hand, the Sorgenfrey topology T, for R consists of all
(arbitrary) unions of left-closed intervals, i.e., unions of all sets of the form

[a,b)q—sf{l' : Roaa<z<beR}.
def

For a topological space X a subset B = {Uy}, 5 of T is a base for T
iff every element (open set) in T is the union of (some) elements of B.

1.2.5 Example. In both the usual and Sorgenfrey topologies for R, Q
meets every open set.

The countable set { (a,b) : Q> a < be Q} is a base for the custom-
ary topology. By contrast, if B is a base for T, and [a,b) € T4, a must
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belong to some base element B contained in [a,b). Thus #(B) > #(R):
there is no countable base for T..

If B is an arbitrary subset of (X)), B is contained in the discrete
topology ‘P(X): the set of all topologies containing B is nonempty. The
intersection Ty of all topologies containing B is the topology for which B
is a base: B generates Tg.

When, for (X, T), there is a countable base for T, X is second countable.
When X contains a countable subset meeting every element of O(X), X is
separable.

1.2.6 Example. The set { (a,b)" : {a,b} C Q, a < b} is a countable base
for the customary topology for R™.
When X and Y are sets and f € Y, f is:

o injective iff
{f(a) = f(b)} = {a = b};
o surjective iff f(X) =Y

e biyjective iff f is injective and surjective;
e autojective iff X =Y and f is bijective.

Injective, surjective, ... maps are injections, surjections, ... .
When (X, T;) and (X5, T,) are topological spaces and f € X;‘ (the
set of all maps from X, into X,), [ is:

e continuous iff =1 (Ty) C Ty;

e open iff f(T) C Ts.

e a homeomorphism iff f is bijective and f is both continuous and open,
i.e., iff f is bijective and both f and f~! are continuous.

The set of continuous maps in X;'' is denoted C (X1, X5).

1.2.7 Exercise. If (f,g) e C(X,Y)x C(Y,Z), then go f € C(X, Z).
When A C X and O(A) is the set of open subsets of A,

Ae &t J v.
UcO(A)

is the (possibly empty) interior of A. For a nonempty subset A of X, a

neighborhood N(A) is a set such that A C N(A)°. For simplicity of no-

tation, when z € X, N(x) ef N({z}). The set of neighborhoods of A is

N(A).

1.2.8 Exercise. If A # 0, for F “< N(A), the following obtain:

a) F#£0, 0 ¢ F;
b) {F,F' e F} = {FNF' e F};
c) {FeF}In{F CG}}={GeF}
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A base of neighborhoods at a point r in a topological space X is a
set B such that: a) B C N(x); b) every N(x) is a union of elements of B.
A base of neighborhoods for X is a set B such that: ¢) each element is a
neighborhood of some x in X; d) each neighborhood N(z) of each x in X
is a union of (some) elements of B.

1.2.9 Example. A metric space is a set X paired with a map
d: X?3 (z,y) = d(z,y) € [0,0)

such that a) d(z,y) = 0iff x =y and b) d(z, z) < d(x,y) + d(z,y) (whence
d(z,y) = d(y,x)). The notation (X, d) is analogous to (X, T). When z € X
and r > 0, the open (closed) ball B(x,r)° (B(x,r)) centered at x and of
radius 7 is {y : d(z,y) <r} ({y : d(z,y) <r}). The metric d induces
a topology T for which a base is the set of all open balls and a base of
neighborhoods at x is the set of all open balls centered at x. Furthermore,
(X, T) is a Hausdorff space and T is a Hausdorff topology, i.e., if x and y
are two elements of X, there is a neighborhood N(x) and a neighborhood
N(y) such that N(z)n N(y) = 0.

1.2.10 Example. The function

Bj=

d:R" xR" > [(Ils---s*rn)e(yls--wyn)] = (Z (-Tk _yk)z)

k=1

is the customary (Euclidean) metric for R". The sequence S el {zn},en

contained in (X,d) converges iff for some x in X, lim d(x,,z) = 0; when
n—od

lim d(x,,,z,) =0, S is a Cauchy sequence. The metric space is com-
m,n—00

plete iff each Cauchy sequence {z,}, .y converges.

The next discussion is facilitated by the introduction of the extended

real number system: R < RU {—oc} U {oc} and the use of ertended R-

valued functions, i.e., functions that may assume the “values” +oc. The
topology of R is determined by the neighborhood base consisting of all
neighborhoods in R together with the following sets of subsets of R:

e the complements of all closed sets bounded above and unbounded be-
low (the neighborhoods of ~0)

e the complements of all closed sets bounded below and unbounded
above (the neighborhoods of —o0).

In R, limiting operations admit the possibility that limits can be +oc.

Thus, e.g., if {In}neN, and z, < x,41,n €N, lim z, is either a number
] n—oo

(in R) or co. In the latter instance, for each N(oo), there is an ng such
that if n > ng, x,, € N(oc). Similar observations apply when other relevant
operations in R are encountered.
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For f in ﬁ'\.. a in X, and N'(a),

lim f(x) LU sup f(x), lim f(x) e sup inf f(z).

r=a NeN (a) zEN r=a NeN(a) zEN
= lef : : ; ;
In R, 0-(+00) = 0. When {an}, cn is a monotone sequence contained in
R, lim a, exists and is in R.
n—oc

[ 1.2.11 Note. Neither of the possibilities

lim f(z) = £o0, lim f(z) = £o0

r=a Tr=a

is excluded.]

According as lim f(x) = f(a) resp. lim f(x) = f(a), f is upper semi-
r=a r=a
continuous (usc) resp. lower semicontinuous (lsc) at a; when f is usc resp.

Isc at each a in some set S, f € usc(S) resp. f € Isc(S).

1.2.12 Exercise. A function f in R" is usc resp. Isc at a iff for each « in
R, {x : f(x) <a}resp.{x : f(z)>a} is open.
[Hint: If f € use(X) and f(x) < a, there is an N(x) such that

sup f(y) <a. If fé&usc(X), for some r and some positive
yEN ()

e, f(z) < lim f(y) — 2¢. Then {z : f(2) < lim f(y) —e} is not

y=x y=x
open, since otherwise there emerges the contradiction:

@y =) f(y) < lim f(y) — € < lim f(y).]

=2 y=r
When A is a subset of [ and for each § in A, As is a subset of X3,

3 ({Aﬁ}a‘eA) = XdeaAS X Xver\AXv

is a cylinder. When #(A) € N, 3 ({As}scn) is a finite cylinder.
When each X, is a topological space, an element B of a base for the

product topology of X.,,erX.,, is determined by:

a finite subset {v,,...,7,} of T,
points z,, in X, ,1 <1 <n,
neighborhoods N, (z+,),..., N5, (24, ),

and B < B [Vais ¢ 5 55 V3o s 5 5% § Wi (@ ) 5508 4 5Ny, (2, )] 18 the finite

cylinder determined by the finite subset A e Y1y -y Yn} of T and neigh-

borhoods N, (z+,),1 <17 < n. The set of all finite unions of such cylinders
is closed with respect to the formation of finite intersections.
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1.2.13 Example. For n in N, the customary topology for R™ is the product
topology derived from the customary topology for R.

1.2.14 Exercise. For n € N, p fixed in (0,>), x def (ry,...,x,) a typical

element of R". and

n
n o def def
BF(x,r)°? = {y : Z (zr —yx)" = Ix—yllh < 7‘} ,

k=1

the set { BP(x.7)° : x € R",0 < r} is a base for the product topology of
R™.

1.2.15 Exercise. For a set {X‘Y}—yer of topological spaces, if A € I', the

. . le = e = e .
projection my : X def Xwer)&.,. 2 X o {x,} — x) € X, is a continuous open
map with respect to the product topology for X.

A partially ordered set (poset) is a pair (r et {7}, ~<) (or simply I') in

which the order < is transitive and the relation v < 7' (also written 7' = ~)
obtains for a (possibly empty) set of pairs (v,7'). The partially ordered
set [ is directed iff for each pair (v,7’) in %, for some 7" in I', 4" > v and
~" = ~". A directed set I is a diset and a subdiset of I is a subset that is
a diset with respect to the partial order in '

1.2.16 Example. For any set S the set ®(S5) consisting of the empty set
@ and all finite subsets of S is a diset with respect to inclusion as a partial
order <: ACBCS& A<B.

1.2.17 Example. For a point r in a topological space X, the set N'(x) of
all neighborhoods N(x) of x is a diset with respect to the partial order of
reversed inclusion: Ny(x) < Na(x) & Na(x) C Ny(x).

1.2.18 DEFINITION. A MAP n: A3 A — n(A) € X OF A DISET
AE N <)

IS A NET. WHEN X IS A TOPOLOGICAL SPACE, THE NET n CONVERGES
TO a IN X IFF FOR EACH N(a) AND SOME Ao[N(a)] IN A,

{Mo[N(a)] < A} = {n()\) € N(a)}.

WHEN X = R,

—def s def . . lef .
n = limn(\) = inf supn(A) and limn()\) = sup inf n()).
AEA HEN X» AEA PEN A i

A point a is a limit point of a set A (a € A®) iff every N(a) meets
A\ {a}. A point a in A is isolated iff for some N(a), N(a) N A = {a}.
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The closure A of A is AU A® and A is closed iff A= A. A subset D
of a topological space X is dense (in X) iff D = X. The boundary d(A) of
Ais An X\ A.

1.2.19 Exercise. A subset A of a topological space X is: a) closed iff the
complement X \ A is open; b) dense iff A meets every member of O(X).
Furthermore,

cl) A= A;

c2) AUB = AUB;
c3) A C A;

c4) 0 = 0;

c5) A®* = A%

c6) (A*)* C A*

Subsets A and B of X are separated iff (Zﬂ B) U (A H—E) = 0. The
space X is connected iff X is not the union of a pair of separated and
nonempty sets, i.e., iff X contains no nonempty proper subset that is both
open and closed, i.e., iff X is not the union of two nonempty and disjoint
open subsets, i.e., iff X is not the union of two nonempty and disjoint closed
sets.

When C is regarded as R? with the product topology, a nonempty
connected open subset of C is a region, usually denoted €2, the same symbol
introduced earlier for a special ordinal number.

1.2.20 Exercise. The only connected subsets of R are intervals, i.e., <
denoting < or <, sets of the form {z : —0 <a <z <b<00}.
A net n: A— X is eventually in A iff for some A,

{A>= Ao} = {n(A) € A};

n is frequently in A iff for every A, there is an a A’ such that A’ = A\ and
n(\N)e A, Twonets n: A3 A= X and n' : A" 5 X — X are essentially
equal (n = n') iff for some Xy resp. A}, in A resp. A/,

{A = Ao} A{N = Ao} = {n(A) = n (X))}

= is an equivalence relation.

When A is a diset and A" C A, A’ is cofinal with A iff for each A in
A, there is in A’ a X'(\) such that A'(A\) = A. If A’ is cofinal with A and
n: AN — X is a net, the net nlN, the restriction of n to N, is cofinal with n.

1.2.21 Exercise. a) a € A iff some net n with range in A converges to
a; b) a € A® iff some net n with range in A\ {a} converges to a; c¢) A is
closed iff A* C A; d) a is an isolated point of A iff a € A\ A°®.
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1.2.22 Exercise. If, for some x, the net n: A — X, is frequently in each

N(zx), N contains a subdiset [ such that some net m : ' — X converges to
xT.

1.2.23 DEFINITION. A TOPOLOGICAL SPACE X IS compact IFF FOR EVERY

SET {Uqs},ca OF OPEN SETS SUCH THAT U U, = X, THERE IS A FINITE

aEA
n

SUBSET {Uq, },cp<c, SUCH THAT U U.. = X. (Every open cover admits
k=1

a finite subcover.) A SUBSET K OF X IS COMPACT IFF K IN ITS induced

topology 1S A COMPACT SPACE. THE SPACE X 1S locally compact IFF SOME

NEIGHBORHOOD BASE FOR X CONSISTS OF COMPACT SETS.

The set of compact subsets of a topological space X is denoted K(X).

[ 1.2.24 Remark. Analogously, X is locally connected iff some
neighborhood base for X consists of connected sets. In Chapter
10 locally curve-connected spaces are defined. They play a role in
the study of Riemann surfaces, v. Chapter 10.]

1.2.25 Exercise. If F %' {Fx},ca is a set of closed subsets of a com-

pact space X and the intersection of any finite subset of F is nonempty,

m Fy # 0. (The set F enjoys the finite intersection property (fip).)
AEA

1.2.26 Exercise. a) A closed subset of a compact set is compact. b) A
compact subset of a Hausdorff space is closed.

1.2.27 Exercise. If X is compact and f € C(X,Y), f(X) is compact.

1.2.28 Exercise. If X is a locally compact Hausdorff space and
K(X)> KcUeO(X),

for some V in O(X), V is compact and K C V C V C U. In particular, X
is locally compact iff each N(x) contains a compact neighborhood of .

[Hint: Each z in K is in some compact neighborhood N(x) con-
tained in U]

1.2.29 LEMMA. A HAUSDORFF SPACE X IS LOCALLY COMPACT IFF FOR

EACH x THERE IS SOME N(xr) SUCH THAT N(x) IS COMPACT.

Proor. If X is locally compact the conclusion above follows by definition.

Conversely, if Ny(z) is given, there is some Ny(x) such that Ny(x) is

compact, whence N(x) def Ni(x) N Ny(x) is a compact neighborhood of .

However, owing to 1.2.19, N(x) = N(x). O]
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1.2.30 THEOREM. (Tychonov) IF {Xx},ca IS A SET OF COMPACT SPACES,
def
X= H X IS COMPACT (WITH RESPECT TO ITS PRODUCT TOPOLOGY).

AEA

PROOF. Among all fip subsets G Qef {Gs}ies of B(X) there is a partial order

< defined according to the rule: {G; < G2} & {G, C Go}. If F e {Fo},cp
is a set of closed subsets of X and F enjoys the fip, Zorn’s Lemma implies
that F is contained in a set G,,. that is maximal with respect to the
given partial order. The following obtain: a) if A € G,,ax and B € G ax,
then ANB € Gax; b) if A C X and A meets each element G of Gpax,
A E gma.x-

The projection m, : X 3 (...,xx,...) = z, € X, engenders the set

def: f———
max.jt — {ﬂ"Gs}a‘ES
of closed subsets of X,. Each Gyax, enjoys the fip. Hence, if, for each

pin A, x, € H’JT#GS, then (...,%4,...) CreXx. If N(z) is a (prod-
seS
uct topology) neighborhood of x, for some finite subset {A;,..., A,} of A

and neighborhoods Ny, (zy,), 1 <i < n, N(z) = ﬂ Ty [Na, (za,)]. Since,
i=1

for each s in S, Ny, (x),) meets my, (Gy), it follows that for each s in

S, ﬁ;!l [Ny, (zx,)] meets G¢, whence Tl'}:l [N, (z3,)] € Gmax. Hence N(x)

meets each F,: for each p, x € _E = Fp, i.e., ﬂ F, # 0. ]

pEP

1.2.31 Exercise. For the Cantor set

= €
def n
Co = 37:6,1200r6n:
n=1

o0 oG
and the map ¢ : Cy 3 Z % - Z €a , it follows that ¢ (Cy) = [0, 1].
n=1 n=1

2n+l

1.2.32 Exercise. If X and Y are topological spaces and T € YX, T is open
iff for each # in X and each neighborhood N(z) there is a neighborhood
N[T(z)] contained in T[N (x)].

1.2.33 Exercise. If ¢ is a monotonely increasing function in R¥,
# [Discont (¢)] < Ry.

[Hint: To each discontinuity a of ¢ there corresponds the nonemp-

ty open interval (li%n o(x), liin qb(a:)), which meets Q.
rla €Tla



14 Chapter 1. Fundamentals

1.2.34 Exercise. In C(R,R) there is no function f such that for each a
in R, # [f_l(a)] =2.
1.2.35 Exercise. If f € C(R,R) and f(z +y) = f(z) + f(y), for some A,
f(x) = Ax.

[Hint: Ifn € N, f(nz) =nf(x); A= f(1).]

1.2.36 Exercise. a) If (X,d) is a metric space, F € F(X), K € K(X),

and FNK =0, 5L inf d(x,y) > 0. b) If
reF ye K

def
Fl - {(J,y) : (I,y)ERz,:l:y=l},

F, = {(z,y) : (z,y) €eR?, y=0},

then Fy and F5 are disjoint closed subsets of R* and  inf  d(x,y) = 0.
xeFy,yeF;

[Hint: a) If

def
{Zn},en €K, S = {ynt,en COWU), and d (2, yn) 1 0,

then S contains a convergent subsequence.|

. def s ; _— 5.5 i
1.2.37 Exercise. If 7 = {F;}._| is a finite set of pairwise disjoint closed
subsets of a compact metric space (X, d), there is a positive constant ¢(F)
such that for each x in X there is a set Fj(,, for which

d (z, Fyz)) L inf d(a,y) > o(F).
YEFi(z)

[Hint: For n in N, the (possibly empty) sets
def 1
Gy = {1‘ : osup d(x, F;) < —}, neN
1<i<n n

are closed and GG,, D G,, 1. If the conclusion is false, some z is in

) Gn and x € ﬂ F;]
=1

nelN

1.2.38 Exercise. For a finite set F < {F.;},_, of closed I .bsets of a
compact metric space (X, d), there is a positive §(F) such that if

diam (S) et sup{d(x,y) : {z,y} C S} <§(F)
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[Hint: For each subset F; of pairwise disjoint elements of F,
c(F;) > 0and 6(F) =infc(F).]

1.2.39 Exercise. (Lebesgue’s covering lemma) For an open cover

def
U = {Ui}lﬁign

of compact metric space (X,d): a) there is a positive A(U) such that
each z in X is in some U; while d [z, (X \ U;)] > A(U); b) if S € X and
diam (S) < A(U), S is a subset of some U,.

[Hint: If F; = X\ U; and F < {F}, ..., AU) = §(F)]
[ 1.2.40 Note. The numbers §(F) resp. A(U) are the Lebesgue

numbers of F resp. U.]

For a topological space X and an f in C¥, the support of f is

def

supp (f) = {z : f(x) #0}.

When K is a compact subset of an open set V' in a topological space X,
f€C(X,R), and f(X) C [0,1], the notation K < f resp. f < V signifies
f(K) = {1} resp. supp (f) C V.

1.2.41 LEMMA. (Urysohn) Ir K 1S A COMPACT SUBSET OF AN OPEN
SUBSET V OF A LOCALLY COMPACT HAUSDORFF SPACE X, FOR SOME
CONTINUOUS f, K < f < V.

PROOF. Since X is locally compact, K may be covered by finitely many
compact neighborhoods contained in V, whence K is contained in an open

set U such that U is compact, i.e., V may be assumed to be compact.
def

Thus Fy = (V) and Fy LK are disjoint compact (hence closed) sub-
sets of the compact set V. For x fixed in Fy and each y in F; there are
disjoint open neighborhoods N,(x) and N,(y). Hence there are neigh-
borhoods N, (y;),1 <1 <mn, such that F} C U Ny (yi) =t U,;. Then

1<i<n

W (x) qef ﬂ Ny, (x) is open and W (xz) N U, = 0. It follows that

1<i<n

Uy 9 U W(x)

xeFy
is open, Uy N U; = 0, whence U, N U, = Uy N U, = (. Similarly, the pairs

(Fo,V \Uy) and (Uo, )
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of disjoint compact sets can be treated to yield open sets Uy, p,q € {0,1}
such that Fy C Uy, (V\Uo) C Uy, —lf_o C Ujg, F1 C Uy, qu N Upfqi =0 if
(p,q) # (p',q'). By induction, for each finite sequence (p,q,r,...) of zeros
and ones (binary markers) there is an open set Up,, . Each finite sequence
(p,q,7,...) of binary markers defines a dyadic rational number

in [0,1]. If t <, then U(t) = Uppr.. C Uprgrrr.. C Uprgrrr = U (t'). The
function

: _ )0 ife gV
f'Xax'_}f(m)_{sup{t cx¢U@)} ifxeV’

is continuous and K < f < V. O

1.2.42 Exercise. The last two sentences above are valid.

def
1.2.43 DEFINITION. FOR AN OPEN COVER U ‘= {Ur},.p OF A TOPO-

- def .
LOGICAL SPACE X, THE FUNCTIONS IN ® = {¢x}, ., ARE subordinate TO
U IFF ¢y < Uy, A € A. THE SET ® 1S A partition of unity 1IFF, TO BOOT,
FOR EACH A: a) ¢, >0, b) FOR EACH = IN X, ONLY FINITELY MANY
ox(x) # 0, AND ¢) qu,\(r) =1.

AEA

1.2.44 THEOREM. IF K IS A COMPACT SUBSET OF A LOCALLY COMPACT
def -~
HAUSDORFF SPACE X AND U = {Uy},cp IS AN OPEN COVER OF K, FOR

K REGARDED AS A TOPOLOGICAL SPACE, THERE IS A PARTITION OF UNITY
def

® = {dxr}rep CONTAINED IN C(X,R) AND SUBORDINATE TO U.
ProoOF. Each x in K is in some Uy and belongs to a compact neighborhood
N(z) contained in U,. For some finite set {z;}, ,.,, K C U N (z;).
- 1<i<n
For each A, K = U N (x;) is a compact subset of Uy and 1.2.41
N(z;)CUx
implies there is a gy such that K, < gy < Uy. Since there are only finitely
many pairwise different K, there are only finitely many g). At each x

in K, S(x) ef Zg)\(:r) >0 and ¢ {%}Ae/\ def {da}ren meets the

AEA
requirements. H

1.2.45 Exercise. The last sentence above is valid.

1.2.46 THEOREM. (Dini) HYPOTHESIS: X IS COMPACT; A IS A DISET; n
1ISAMAP n:Ax X 3 (A\z)— n(\z) € R SUCH THAT:
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a) FOR EACH A, n(A,z) € C(X,R);
b) FOR EACH x, n(\,x) IS A NET, {A < u} = {n(\,x) > n(y,z)}, AND
n(A,r) CONVERGES TO ZERO.

CONCLUSION: IF € > 0, FOR SOME A(€), IF A > A(€) AND z € X, THEN
n(A, x) < e.
ProoF. If the conclusion is false, for some positive € and each A in A,

Ky < {z : n(A\x) > e} is closed and nonempty. The hypothesis implies

that {Kx},.a enjoys the fip, whence S wf ﬂ Ky # 0. For x in S and each
AEA

Ain A, n(\,xz) > €, a contradiction. O

[ 1.2.47 Note. Paraphrased, Dini’s Theorem says that a diset of
nonnegative continuous functions converging monotonely to zero
on a compact space converges uniformly to zero.|

1.2.48 Example. If X is compact, {f,}, o C C(X,R), and f, | 0,
fn = 0.

[ 1.2.49 Note. For a topological space (X, T), a subset A of
X in its induced topology T 4, and a subset S of A, topological
properties such as openness, closedness, connectedness, etc., may
differ for S according as S is viewed as a subset of A or as a subset

of X.

Thus, if X =R, A= (0,00) and S = (0,1], then S is a relatively
closed subset of A and is not a closed subset of X. Similarly if
A =10,00) and S =1[0,1), S is a relatively open subset of A and
is not an open subset of X]

1.2.50 Exercise. Compactness is an absolute topological property: if
(X, T) is a topological space, A C X, and S C A, Sis T 4-compact iff S is
T-compact.

[ 1.2.51 Remark. Owing to 1.2.49, the following locution is
entrenched in the language of mathematics.

The subset S of A (contained in X) is relatively compact
iff SN A is compact.]

1.2.52 Exercise. There exist relatively compact sets that are not com-
pact.
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[Hint: The set S = (0.2,0.3) is a relatively compact subset of the
def

subset A = (0.1,0.4) of R.]

1.3. Baire Category Arguments

1.3.1 DEFINITION. A SUBSET S OF A TOPOLOGICAL SPACE X IS: a)
nowhere dense 1FF EACH NEIGHBORHOOD CONTAINS A NEIGHBORHOOD
THAT DOES NOT MEET S; b) OF THE first (Baire) category 1FF S 1S THE
UNION OF COUNTABLY MANY NOWHERE DENSE SETS; c¢) OF THE second
(Baire) category 1IF S IS NOT OF THE FIRST CATEGORY.

1.3.2 Exercise. A union of finitely many nowhere dense sets is nowhere
dense.

1.3.3 Exercise. A subset S of a topological space X is nowhere dense iff
X\S=X.
1.3.4 THEOREM. A COMPLETE METRIC SPACE (X, d) IS OF THE SECOND

CATEGORY.

Proor. If X = U A, and each A, is nowhere dense, for any N(z), by
neN
induction there are sequences {:r.,,}nEN and {N(Jr,,_)}neN such that: a)

{N (xn)}neN C N(z); b) for each n,

N (zn) D N (Zn+1),
sup { d(y,z) : {y,z} C N (zn) } (déf diam [N(.'rn))] < 277,

and N (z,)N A, =0. Since d(z,,,x,4+1) <2 ", if k € N, then
d(:17‘rn£'u+k) < 2”_] :

¥ . o def .
{zn},en is a Cauchy sequence. Since X is complete, w = lim z, ex-

Tn—r 00

ists. On the one hand, for some ng, w € A,, and on the other hand,
w € N (xn,+1) C N (z,,), a contradiction since N (z,,) N A,, = 0. ]
def

1.3.5 Example. a) In R, Q is a set of the first category and I = R\ Q is

of the second category. b) For an enumeration {g, }, oy of Q, if 2 <m € N,

the complement N,, in R of the set S,, et U (Qn —m~ ", q, + TTF”) is

nelN
def . . .
nowhere dense. Thus A = l | N,,, is of the first category and 1.3.4 implies

meN
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B¥ R \A= n S,n 1s of the second category. If € > 0, B is contained in

meN
a countable union of open intervals and the sum of their lengths is less than
€.

1.3.6 THEOREM. (Baire's Category Theorem) Ir (X,d) IS A COMPLETE
METRIC SPACE AND {U, }, .y IS A SEQUENCE OF DENSE OPEN SUBSETS OF

lef
X, THEN U = m U, 1S DENSE IN X.
neN

Proor. If each U, is replaced by V,, 2 Uu,n---nu,, each V, is open and

def i
dense, n V, = ﬂ U, = U, and, to boot, V,, D V,,.;. Thus it may be
neN neN
assumed at the outset that U,, D U,,,,. Since each U, is dense, if V is

a nonempty open subset of X, induction leads to a sequence {x,}, .y in
X and a sequence {e,}, . such that: a) 0 <e; <1, B(x,e;) CU NV}
b)if n>1,0<e, <2 ", and B(x,,€e,) C B(xn_1,6n—1)° NU,. Then
{#n},en is a Cauchy sequence and, since X is complete, there is an = such

that lim d(x,z,) = 0. Furthermore,
n—oc

T e m B(l'n-i»lsfn+l) C m B(-rnafn)o N Un C Va
neN neN

whence r € V NU: U meets every nonempty open set V. O

1.3.7 THEOREM. IF (X,d) AND (Y,4) ARE METRIC SPACES, T' € Y, AND
T(X)=Y, T 1S OPEN IFF FOR EACH y IN Y, WHENEVER A SEQUENCE
{Un}nen IN Y CONVERGES TO y AND y = T(x), FOR SOME SEQUENCE
{zn nen CONVERGING TO x, T (2,) = yn, n € N.

Proor. If T is open, y,, = y as n — oo, T'(x) = y, and

’ 1
Ni(z) & {g L d(€, 1) < I}

def % .
then 7' [Ni(z)] = Uy is open and y € Ui. For some least ny, if n > ny,

then y, € Uy. By definition, Ni(x) contains a &, such that T (&,) = y,.
Since Up D Ugs1, np < ngpyy. If np <n < npyy, then y, € Up,. Hence
7! (Yn) N Ni(x) # 0. Thus the formula

an element of 7! (y,,) if 1 <n<n
Tn =1 &, if n = ny
an element of 7! (y,) N Ni(x) if np <n < npyy

defines a sequence {x,}, such that T'(x,) = y,, n € N. Furthermore if
k € N and n > nyg, then z,, € Ni(x), whence x,, — = as n — oc.
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If T' is not open and y € Y, for some x in X, y & T(x), while for
ae 1 #
some N(z) and each n in N, T[N (x)] 2 Nn(y) Lf { n o o(ny) < — }, ie.,
n
in N, (y) there is a y, not in T[N(z)]. Hence y,, = y as n — oo, but if
T (x,) = yn, then x, ¢ N(z), i.e., some sequence {yn}n@\I converges to y
and no sequence {xn}neN such that T (x,,) = y,, n € N, converges to .

[

1.4. Homotopy, Simplices, Fixed Points

The results in the current Section are widely applicable in many parts of
mathematics. The main result is Brouwer’s Fixed Point Theorem. The
machinery that leads to a proof is important in and of itself.

e Homotopy plays a central role in Section 5.5 where the relation of
holomorphy and homotopy is explored.

e Simplices or rectangular versions of them occur in Section 4.6 in the
treatment of differentiation, in Section 5.3 where the fundamental
theorems and formulze of Cauchy are discussed, and in Section 7.1 to
provide a direct approach to Runge’s Theorem.

e In Section 4.7, Brouwer’s Fixed Point Theorem appears to be essen-
tial in the derivation of the formula for change of variables in multi-
dimensional integration. More generally, Brouwer’s Fixed Point The-
orem is central for many of the developments in general and algebraic

topology, e.g., dimension theory, antipodal point theory, etc. [HW,
Kel, Sp, Tuc].

1.4.1 DEFINITION. FOR TOPOLOGICAL SPACES X AND Y., A SUBSET A
OF X, AND SOME F' IN C'(X x [0,1],Y) THE MAPS {v AND 4} IN C(X,Y)
ARE F-homotopic in A IFF FOR EACH (x,s) IN X x [0,1], F(z,s) € A AND

{re X} = {{F(z,0) =~v(x)} AN{F(z,1) =d(x)}}. (1.4.2)
THE MAP F 1S A homotopy in A OF ~ INTO d; THE CIRCUMSTANCE DE-
SCRIBED IS SYMBOLIZED ¥ ~p 4 0, ¥ ~p 0, OR v ~ 0.

1.4.3 Exercise. If y~p 6 and 6 ~g A1, ¥ ~goF.A 1N, 1.€., ¥ ~ ) sym-

bolizing that for some F', v ~p 4 4, ~ is an equivalence relation among the
elements of C'(X,Y).

The homotopy equivalence class of a curve 7 is {v}.

1.4.4 Example. If ~(t) = 3¢2™ | §(t) = 2™ and F(t,s) = (3 - 25)e2mit,
then v ~p ¢ 0.
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def : . o
For x = (xoy ..., 2pn) in R*! dasin 1.2.10, and a positive r, the sets

B (x,7) def {y : d(x,y) <r} (aclosed (n+ 1)-ball),
B (x,r)° def {y : d(x,y) <r} (an open n + 1-ball), and

S™(x,r) e {y : d(x,y)=r} (an n-sphere)

are related according to

B"(x,r) = BrH(x,7)° and 8 [B"1(x,r)] = S"(x,7).

In particular,B"! s B"t1(0,1) is the n + 1-ball and is homeomorphic

to every n + 1-ball. Similarly, S™ =S "(0,1) is the n-sphere and is home-

omorphic to every n-sphere.

1.4.5 Exercise. a) The n + l-cell, [0, 1]"*! is homeomorphic to B"*!. b)
The boundary 9[0,1]""" is homeomorphic to S™.

The object of the subsequent discussion is to prove that the identity
map id : S" +— S™ and any constant map c: S" — S" for which ¢(S") is
a single vector in 8™ are not homotopic in S™. The technique involves the

decomposition of S™ into small pieces, the spherical n-simplices described
below.

1.4.6 DEFINITION. FOR A k + 1-TUPLE {X¢,X),...,X;r} OF VECTORS IN

k k
‘ def .
+1 lef . A _
R"*' THE SET o0 = E ,\J-xj.)\j>0,0§3§k,§,\j_1 , DE-
j=0 §=0
NOTED (Xo,...,Xg) IS A k-simplex 1FF {Xq,...,Xx} IS linearly indepen-

dent. OTHERWISE, o IS A degenerate k-simplex. THE closed k-simplex
resp. closed degenerate k-simplex 1S

k

k
TaE Y Nx A 20,0<5<k > A=1 ¢,
7=0 =0

DENOTED [Xq, ..., Xk

FOR A SUBSET {ip,...,i,} OF {0,1,...,k}, THE CORRESPONDING p-
face OF o 1S

P P
(X,j”,...,xip)d;f ZAJ'X,'_) : /\J>0,OSJSP,Z}\J:1
j=0

=0

A 0-FACE IS A vertex; A 1-FACE IS AN edge.
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[ 1.4.7 Note. Every face of g,, resp. 7, is a relatively open subset
of o,, resp. 7,,. Thus an edge is homeomorphic to (0,1); a 2-face
is homeomorphic to B*(O, 1)°, etc.]

1.4.8 Exercise. Ifoin R™ is a k-simplex: a) m > k; b) o is an open subset

of the hyperplane H, &« Xp + span {x; — Xq, ..., X — X0} in the topology
induced on H, by R"™; ¢) each vector in @ belongs to one and only one face
of @; d) @ is a closed subset of R” and is homeomorphic to B*. A (possibly
degenerate) simplex is a conver set.

wmnx¢0mmr¥”g
2

1.4.9 Exercise. If {xq,....x,} C 8", d(x;.x;) <1,0< 14,5 <n, and

€ 8" is the radial projection of x onto S™.

def
X € (X0,...,Xn) = 0,

then x # O. (The set p (o) is the spherical ssmplex (uniquely) determined
by o,,. Its faces are the radial projections of the faces of o,,.)

[Hint: If Zt,j =landt; >0,0<i<n,then
—

Ztixi = Z t; (%; — Xg) + Xo-

1=0 1=0
The inequality
Ix = yllz = [lIx[l2 = [Iyll2|
applies (v. 3.1.2 and (3.2.12)).]

When S™ is the union of nondegenerate spherical n-simplices and any
n — 1-face is in the intersection of precisely two spherical n-simplices, the
spherical n-simplices constitute a triangulation of S™.

1.4.10 Exercise. When 1 <i < n + 1, the vectors

i
; def .
e’ = | 1 | < ith component
0/
determine 2" ™! nondegenerate n-simplices (+e',...,+e"""). Their radial

projections constitute a triangulation of S".

def

1.4.11 Exercise. The diameter of the n-simplex o0 = (Xg,...,X,) is

max { [|x; — x;||, : 0<i,j<n}=diam (o).
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Thus diam (o) is the maximum of the lengths of the (finitely many) edges
of o, whence diam (o) is the length of some edge of o.

1.4.12 DEFINITION. THE barycenter OF THE n-SIMPLEX

def
o = (Xgy--.,Xp)
d 1 n
of
IS THE VECTOR b (o) = 3 E Xi. FOR THE PARTIAL ORDER < DE-
n
k=0

FINED AMONG THE FACES OF g BY

{(xiu"”’xip) = (xjm""qu)} At {{x‘in""’xirv} C {xjt)""’qu}}’

THE SIMPLICES OF THE barycentric subdivision OF ¢ ARE THOSE AND ONLY
THOSE DETERMINED BY BARYCENTERS {b(0,,),...,b (0, )} SUCH THAT
Op, = Op, -+ < 0, . THE UNION OF THE SIMPLICES OF THE BARYCENTRIC
SUBDIVISION OF ¢ 1S DENOTED o'. MORE GENERALLY, ¢/) DENOTES THE

UNION OF n-SIMPLICES OF THE BARYCENTRIC SUBDIVISION OF ALL THE
SIMPLICES IN oU~1 2 < j.

1.4.13 LEMMA. IF o IS AN n-SIMPLEX AND 7 IS AN n-SIMPLEX IN o',
THEN diam (7) < —
T

diam (o).

Proor. If b(o,) and b (o,) are vertices of 7 and o, < 0,, via appropri-
ate labelling, 0, = (X0,...,%,) and 04 = (Xo,...,Xp. Xpt1,...,Xq). Direct
calculation leads to the equation

p q
q—p 1 1

b(og,) —bl(o,) = E Xp — —— X
(P) (q) q 1 ;U+1 k k

k=0 1P, 500
. R 1 < _
Since m;)xk,q_pkzzp;lxk C oy,
b (cp) —b (o), < 7P 4iam (o) < diam (o). ]
g+ 1 n+1

1.4.14 COROLLARY. IF ¢ IS AN n-SIMPLEX AND 7 IS AN n-SIMPLEX IN

)
o) diam (1) < ( " ) diam (o).
n+1

PROOF. Mathematical induction, based on the conclusion of 1.4.13 applies.

L
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1.4.15 Exercise. If ¢ > 0, S™ admits a triangulation T such that the
diameter of each simplex of 7" does not exceed €. (The triangulation 7 is
of mesh €.)

If F'is a homotopy in S™ of id to ¢ and T is a triangulation of S,

def
to each s and each vertex x of T there corresponds a vector F (x,s) = X,

of S™. Because S™ x [0, 1] is compact, F is uniformly continuous (v. Sec-

. . . def i
tion 1.6). Hence, if the mesh of T is small, and o B (X0y....Xp) 1S a

spherical n + 1-simplex in 7', for all s in [0, 1], the diameter of the (possibly

degenerate) simplex o'+ def (F (x0,8),...,F(xy,s)) is also small.

[ 1.4.16 Note. For fixed s, the set TF () def {aF("S)} of
ocT

spherical simplices does not necessarily constitute a triangulation
of S™. The union of the constituent spherical simplices need not
cover S™; the intersection of two or more of them can have a
nonempty interior relative to S™—they can overlap.]

When x € 8™ and x is not on the boundary of any o/"***) | the cardinal-

ity of the set of spherical n-simplices o **) to which x belongs is denoted
N(x, F(-,s),T).

1.4.17 Exercise. a) If s’ is near s, then
N(x,F(,s),T)= N(x,F (-,s"),T).

b) When x remains fixed and s traverses [0, 1], the number N(x, F(-,s),T)
remains constant. ¢) Where N(-, F(-,0),T) is defined, N(-, F(-,0).T) = 1.

[Hint: The function N(-, F'(-, s),T) is continuous and N"-valued.]

1.4.18 Exercise. If T is a triangulation of S™ and F' is any map of the
vertices of T' into TF in the manner described above (F is a vertex map),
there is a vertex map F’ such that: a) for TF ", each spherical n-simplex is
determined by linearly independent vectors; b) if x is on no boundary found
in T, x is on no boundary found in TF" and N (x, F,T) = N (x, F', T).

[Hint: A hyperplane in R**! is nowhere dense.]

1.4.19 Exercise. If neither x nor y is on any boundary found in T'F
and the vectors determining each spherical n-simplex of TF are linearly
independent, there is a path 7 connecting x and y on S™, meeting each
n — 1-face of T at most finitely often. If & > 1, 7 meets no n — k-face.

[Hint: The union of the spherical n-simplices determined by T
is connected. The hypothesis of linear independence implies that
an escape from one spherical n-simplex to another can always be
managed through an n — 1-face. There are only finitely many
spherical n-simplices in 7]
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1.4.20 Exercise. At each crossing of m from one spherical n-simplex to
another, the number N(-, F,T") changes by +2 or 0.

[Hint: If the adjoining n-simplices overlap, crossing through their
common n — 1-face involves either entering or leaving both. If the
adjoining n-simplices do not overlap, the number N (-, F,T) does
not change.]

1.4.21 Exercise. For a given triangulation 7" and a vertex map F' such
that the spherical n-simplices of T* are determined by linearly independent
vectors, the number N(x, F,T) is. modulo 2. independent of x.

In sum, the vertex map F' and the triangulation T" determine a
number N(F,T) such that for all x in S,

N(x,F,T)= N(F,T) (mod 2).

Since, modulo 2, N(-, F'(-,0),T) =1 and N(-,F(-,1),T) =0, the
homotopy F' does not exist: id and ¢ are not homotopic.

[1.4.22 Remark. When f € C'(S™,S5") and T is a triangulation
of S™, f confined to the vertices of T" is a vertex map Fy. The
number N (Fy,T) (mod 2) is the degree modulo 2 of the pair
{f.T}. In fact, N (Fy,T) does not depend on 7" and is an intrinsic
property of the pair {f, S"}.

If orientation of simplices is taken into account, a more general
Brouwer degree (taking values in Z) of the map f can be defined.
The Brouwer degree, which may be viewed as counting the number
(positive or negative) of times f wraps S" about itself, is a fun-
damental and important topological invariant of the pair {f, S™}.

For example, if n € Z, the map
" S' 3 (cosh,sinf) — (cosnb,sinnh) € S*
wraps S! about itself n times.

Among other applications of the Brouwer degree is a proof of the

Fundamental Theorem of Algebra (FTA) [Du, DuG, Sp].|

1.4.23 Exercise. There is no map g : B""! — S™ such that Q‘va: id .
[Hint: The map F : S™ x [0,1] 3 (x,s) — g[(1 — s)x] is a forbid-
den homotopy.|

Brouwer’s Fixed Point Theorem says that a continuous map f of B"*!
into itself leaves some point x fixed: f(x) = x.
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1.4.24 Exercise. If g € C([-1,1],[-1,1]), for some z in [—1,1],

g(z) =z,

i.e., Brouwer’s Fixed Point Theorem is valid when n = 0.

On the other hand, slight modifications of the hypothesis invalidate
the conclusion.

1.4.25 Exercise. The map

. B%(0,1)° (% D(0,1)°) 5 2+ 2"
[:B%0,1)° (¥'D0,1)°) 32 71—

maps B*(0,1)° onto itself and leaves no z in B*(0,1)° fixed.
1.4.26 Exercise. The map

-~

wamn\mnam+§
maps D(0,1) \ {0} onto itself and leaves no z fixed.

Here is an intuitive argument for Brouwer’s Fixed Point Theorem.

If the conclusion is false, for some continuous f and each x in B" 11,
f(x) # x. The half-line starting at f(x) and through x meets S™ in a
point g(x). The map g is continuous and g gn= 1d. Intuition suggests g
does some tearing, i.e., g is not continuous.

As the following material reveals, via the technology developed above,
the intuitive argument just offered can be made rigorous.

1.4.27 THEOREM. (Brouwer’s Fixed Point Theorem) IF f : B"*! s B"*1
IS CONTINUOUS, FOR SOME x IN B"™! f(x) = x.

ProoOF. Otherwise, for each x, f(x) # x and the line

{fx)+tx—f(x)] : t>0}

meets S™ in a vector g(x). The map ¢g: B""" — B""! is continuous and if
x € S™, then g(x) = x: g|5n= id , a contradiction of 1.4.23. OJ

1.4.28 Exercise. If X and Y are homeomorphic and each f in C(X, X)
leaves some x in X fixed, each g in C'(Y,Y') leaves some y in Y fixed.

The fixed point property is a topological invariant

An important aspect of the development above is that for the purpose
in hand, discussions of continuous maps may be reduced to discussions of
maps of finite sets of points, e.g., the vertices of the triangulations T. A
significant block of topology is devoted to a finitistic approach—simplicial
approximation. In this direction, the work, e.g., of Alexander, Cech, Eilen-
berg, Hurewicz, Lefschetz, Massey, Mayer, Spanier, Steenrod, and Vietoris,
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gave rise to modern algebraic topology [Bro, Du, DuG, Sp]; v. also [F,
Tuc].

In the discussion below, a similar finitistic analysis provides an alter-
native derivation of Brouwer’s Fixed Point Theorem.

def
1.4.29 LEMMA. (Sperner) I¥ 0, = (Xq,...,X,) IS AN n-SIMPLEX AND
w:al oy

IS SUCH THAT FOR EACH p-FACE 0, OF 0,, w[b(0,)] IS A VERTEX OF 0,,
: lef
i.e., IF w IS A Sperner map, THEN FOR SOME 7,, = (Yo,...,Yn) OF o/

{""' (yﬁ')}.::() = {xk}::() .

(FOR SOME PERMUTATION 7 OF {0,...,n}, w (Y&) = Xx(k),0<k<n-)

[ 1.4.30 Note. Sperner's Lemma is purely combinatorial. No
topological or algebraic properties, e.g.., continuity, linearity, are
assumed for w.]

PROOF. When n = 0 the conclusion is automatic since w = id. If the re-
sult obtains when n = m — 1, a relabeling of the vertices permits the as-

sumption that w[b(o,,)] = X,,. Furthermore, for w confined to the sim-
def . . .
plex 0,1 = (X0,...,Xm—1), Sperner’'s Lemma obtains. Hence there is an

. def . .
(m — 1)-simplex 7,1 = (Yo,...,¥m—1) contained in o/, , and such that

~1 1 . .
{w(yr) sy = {xk}i—, - However 7, is the face of some m-simplex 7,,
in o/, . The vertices of 7, are the vertices of 7,,_; together with b (o,,).

Since w [b (6,,)] = X, w maps the vertices of 7, onto the vertices of o,,.

O

1.4.31 Exercise. If n = 1, barycentric subdivision is simply bisection and
Sperner’s Lemma is a triviality.

n

Since each vertex of ¢!*) is a barycenter b (Uff—”) of some o F~1) a

Sperner map wy, : ') — o'F 71 carries b (a,f:"_ 1)) onto a vertex of 07(:'"'*”,

(k—2)

n

(k—2)

which is a barycenter b (O‘ s Hence a Sperner map

) of some o

wn_y :oF D 5 62 carries b (aff‘”) onto a vertex of ¢'¥=2_ The

[}
.. . k—92) . . .
composition wy, 1 0w, :a,,(,.") — 0’,5, ) is a Sperner map. By induction,

(k) def

there is a Sperner map w Wy O-+-0OWp: Jff") — 0.
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2 3 2 R 3

Figure 1.4.1.

1.4.32 Example. The marking of the vertices in Figure 1.4.1 is quite
arbitrary.

1.4.33 Exercise. The counterpart of Sperner’s Lemma obtains for w*).

[Hint: For a l-simplex, the result is an instructive consequence
of simple counting and induction. For the general case, induction
applies.|

In Table 1.4.1 there are two examples w; : 05 — 09, 1 = 1,2, of Sper-
ner maps of ¢ into o5. Only the actions of the linear maps w; on the
vertices are described. If x € o), X is in some unique 0-, 1-, or 2-simplex T

of o’,. Hence x is a convex (linear) combination of the vertices of 7.

Wi wao
131 1531
232 232
3543 3233
P2 P&
S 3 S¥31
R 2 R3 2
Q33 Q532
T2 (l,P,(J) (‘SaQaS)

Table 1.4.1
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Correspondingly, w;(x) is assumed to be the same convex combination
of the w;-images of those vertices.

In each instance, 75 is a Sperner simplex, i.e., a simplex behaving as
stated in Sperner’s Lemma.

Below the description of each map, a corresponding Sperner simplex
75 is indicated by its vertices.

| 1.4.34 Note. As the calculations for the two maps w; and ws
reveal, the respective associated Sperner simplices are different.
However, for each map, further calculations show that each 7 is
the only Sperner simplex: all the remaining five simplices fail to
satisfy the defining conditions for a Sperner simplex. In general,
the 7,, in Sperner’s Lemma is unique. The proof of uniqueness is

omitted since the uniqueness of 7, is not essential for the work
that follows.]

The penultimate step in the PROOF of Brouwer’s Fixed Point The-
orem is the next consequence of Sperner’s Lemma. Both the statement
and PROOF of 1.4.35 display essential links between the combinatorics
in Sperner’s Lemma and the underlying topological structure of the con-
text. The combinatorial aspects may be termed finitistic—various technical
counting procedures are involved—but no appeal is made to continuity or
related topological notions. The topological arguments deal with the met-

ric properties of covers of a simplex. The essential fact proved in 1.4.35 is
the following:

If a cover consisting of closed sets is sufficiently redun-
dant, the intersection of all elements of the cover is non-
empty.

The statement above is a rather elaborate extension of the pigeon-hole
principle:

If n objects are placed in fewer than n pigeon-holes, at least one
pigeon-hole contains two objects.

The argument relies on the metric properties of coverings.

def def )
1.4.35 LEMMA. IF 0, = (xq,...,Xy,) IS AN n-SIMPLEX, F = {Fi}i_o 18

A SET OF CLOSED SUBSETS OF G,, AND FOR EACH SUBSET {ig,...,%,} OF

2 n
{0,...,n}, (x,;o,...,xip) C U F;,, THEN ﬂ Fi. # 0.

k=0 k=0
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n

Proo¥r. By hypothesis, x; € F;, 0<i<n, o, C U F;, and every vertex of

1=1
mn

a barycentric subdivision is in some F}. If ﬂ Fj. = 0, then
k=0

lef __
U= {7, \ Fi }ngkg-n

is an open cover of 7,,. From 1.4.14 it follows that for some r, the maximum

diameter of any simplex in o\ is less than the Lebesgue number A(U)

(v.1.2.36-1.2.40). Each y in (U(")) is in some F;, which contains x;.

n

For some Sperner map w, the map o\ 3y — x; is w"). Sperner’s

. . . ; def : .
Lemma implies that for some n-simplex 7,, = (yo,...,y») in J-E:)

]

{w(r) (y?')}” = (X0y.--,Xp) -

=)

The vertices y; (relabeled as needed) may be assumed to be such that
yi € F;, 0<i<n. Thus7, N F; # 0,0 < i < n, and so diam (7,,) > A(U),
a contradiction. ]

The trapezoids Fy, F5, and F3 in Figure 1.4.2 exemplify the closed
3

sets described in the LEMMA: ﬂ F; is the shaded triangle.

=1

2 D B 3
F,=1CD2, F, =2FEF3, F3 =1AB3

Figure 1.4.2.
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1.4.36 THEOREM. (Brouwer’s Fixed Point Theorem, again) IF X AND B"
ARE HOMEOMORPHIC AND f € C'(X,X), SOME z IN X IS A FIXED POINT
FOR f: f(z) = x.

PrRooOF. Owing to 1.4.8d) and 1.4.28, the truth of the result when X is
the closed simplex

an ‘;éf [eU (‘léf (0,0,...,0),61 :’..(laov"'ao)a"‘aeﬂ

implies the result for any X as described. If X =@, and x € X, there are
unique nonnegative \x(x), 1 < k < n, such that

> Ak(x) =1
=0

T
and x = Z Ak(x)eg. Then 1.2.15 implies that the functions
k=0

Ak :En, 9 X = /\k(X), 0 S k S 'n,,
are continuous. Since f (7, ) C 7,, if x € 7,, and
n
def
F) =) Mf0)ler E ) pr(x)ex,
k=0 k=0
the functions g, 0 < k < n, are continuous. Hence the sets

Fio € (x : x €T, m(x) < M(x)},0<k <n,

are closed. Furthermore, if {i,...,i,} C {0,...,n},

p

(e.l-n,...,eip) C U F,‘k.

Thus, according to 1.4.35, F = ﬂ Fy. # 0.

1= pe(x) =D Ai(x),

Hk(%) = Ae(x), 0 < k <, e, f(x) = x. 0



32 Chapter 1. Fundamentals

1.5. Appendix 1. Filters

1.5.1 DEFINITION. FOR A SET X, A filter F et {F} INB(X) IS A SUBSET
CONFORMING TO a)—c) OF 1.2.8. A FILTER F’ refines OR IS A refinement
OF OR IS finer THAN A FILTER F IFF F' DO F IN WHICH CASE ONE WRITES
F'— F. WHEN F’' IS FINER THAN F, F IS coarser THAN F'.

The set of all filters in B(X) is partially ordered by > and for a given
filter F there is, by virtue of any one of the equivalents— Hausdorff Maz-
imality Principle, Aziom of Choice, Well-ordering Aziom, etc., [Me]—of
Zorn's Lemma, a maximal filter I/ such that &4 > F. A maximal filter i is
an ultrafilter.

The filter consisting of the single set X is coarser than any filter. For
x in X, the filter consisting of all the supersets of {z} is an ultrafilter.

1.5.2 DEFINITION. A SUBSET B OF ‘B(X) IS A FILTER BASE IFF:

a) B# 0,

b) 0 ¢ B;

¢) THE INTERSECTION OF ANY TWO ELEMENTS OF B CONTAINS AN EL-
EMENT OF B.

1.5.3 Exercise. The set of all supersets of a filter base B is a filter F.

1.5.4 Exercise. The intersection of all filters containing a filter base B is
a filter F, the filter generated by B.

1.5.5 Exercise. Every filter F is a filter base; F generates itself.

1.5.6 Exercise. For amap f: X — Y: a) If B is a filter base in B(X),

{f(B)} gep = f(B) is a filter base in B(Y). b) If C is a filter base in P(Y),

{f7HO) } oo = £71(C) is afilter base in P(X) iff for all C, { ~1(C) # 0}.

When X is a topological space, a filter F converges to = in X iff every
N(x) contains an element of F: F invades every N(z). Since N (z) is itself
a filter, F converges to x iff F refines A'(x). When F converges to z, = is

the limit of F.
def

A filter F = {F} in P(X) is a diset with respect to the partial order
induced by reversed inclusion among the elements of F: F' = F iff F' C F.
A map n: F3 Fw—n(F) e F (C X) is thus a net corresponding to the
filter F. Conversely, when A is a diset, n: A 3 A — n(\) € X is a net, and

B, & {n(u) : p>= X}, {Ba}yep is a filter base that generates the filter
F. corresponding to the net n. The correspondence net — filter is an
injective map. The correspondence filter — net is not a map since there
can be more than one net corresponding to a given filter.

[ 1.5.7 Note. Owing to the correspondences between nets and
filters, any notion formulable in terms of nets is equally formulable
in terms of filters.]
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1.5.8 Exercise. A filter F converges to x iff every net n corresponding
to F converges to .

1.5.9 Exercise. If the filter F corresponds to the net n, then n converges
to x iff F converges to x.

1.5.10 THEOREM. A TOPOLOGICAL SPACE X IS COMPACT: a) IFF EVERY
ULTRAFILTER IN ‘PB(X) CONVERGES: b) IFF FOR EVERY NET n:A— X
THERE IS A CONVERGENT COFINAL NET "'N'

Proor. a) If X is compact and U et {F} is an ultrafilter in P(X), each

F is closed. If ﬂ F =, then for some finite subset {Fy,...,F,} of U,
Feld

T T
ﬂ F. C m Fi. = 0, which is impossible for elements of a filter. Hence
=1 k=1
some r is in m F. For the filter N'(z),
Feu

{N(@z)nF : N(z) e N(z), FeU}

generates a filter V that converges to x. Furthermore, V = U and, since U
is an ultrafilter, V = U.

. def .
Conversely, if every ultrafilter converges, and £ = {E} is an fip set

of closed sets, then £ generates a filter F, contained in an ultrafilter U
that converges, say to x. For N(x) and E, in £ there is in {4 a U that
is contained in N(z) and N(x) D U N Ey # (0. Since Ej is closed, z € Ejy:
o= ﬂ E. In other words, if a set £ of closed sets is an fip set (v. 1.2.25),

Ee&
the intersection of all the sets of £ is nonempty. Hence X is compact.

b) If X is compact and n : A — X is a net, the corresponding filter
o {B,\ o« {n(p) : p=A }} is a subset of an ultrafilter & converging

to some x in X. Hence r is in the closure of each element U of U, in
particular = is in the closure of each B). Thus, for each N(z) and each A
in A, there is a U contained in N(xz). In the nonempty set By N U there is
an n (\) and ' = A. The set A’ of all such X\’ is cofinal in A and the cofinal
net n| A converges to .

Conversely, if U is an ultrafilter in P(X ) and n is a net corresponding
to U, by hypothesis there is a cofinal net converging to some x in X. Hence
U converges to x, whence every ultrafilter converges and X is compact.

[

The following proof of Tychonov’s Theorem (1.2.30) is phrased in
terms of filters.

. def ) )
PRrROOF. For A in A, the map 7y : X 3 x = {.r”}uef\ — x)\ € X, is contin-

uous. If U is an ultrafilter in X, 7, (i) is a filter base of a filter ) in
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X . Since 71';1 (Uy) contains U, Uy is itself an ultrafilter. Because X is
compact, Uy converges to some xy in X,. The filter & converges to the

; def ;
point x = {zx}yen in X. O

1.6. Appendix 2. Uniformity

For a metric space (X, d) there is in B (X?) an associated filter base

Bdif{B(déf{(I.y) : (x,y) € X2, d(z,y) <€}}

f>l)

The operations

o : P (X?) x P (X?) 3 (A, B)
= {(z.y) + 3){((z,2) € A) A ((z,y) € B)} },
' AoBeP(X?), and

TP (X340 {(2y) ¢ (o) e AYE AT

9

permit a succinet description of two fundamental properties of the filter
generated by B, viz.:

a) If U € U, then U™!
b) If U € U, for some V in U, V o V-lcU.

For the particular filter U associated with the metric d it is true also
that

NU={(zz2) : 2eX}=A
veld

The preceding discussion motivates the following

1.6.1 DEFINITION. FOR A SET X, A FILTER U IN P (X?) 1S A unifor-
mity IFF a) AND b) OBTAIN. IF ¢) OBTAINS AS WELL, U 1S A Hausdorff
uniformity.

A PAIR (X,U) CONSISTING OF A SET X AND A UNIFORMITY U IS A
UNIFORM SPACE, USUALLY DENOTED SIMPLY X. EACH ELEMENT OF U 1S
A VICINITY.

Uniform spaces are discussed in [Bou, Tuk, Wel].

1.6.2 Example. When G is a topological group (v. Section 4.9) and N (e)
is the filter of neighborhoods of the identity e of G, the set

def def .
uz{U 3 T ‘eN}
N {(1 x') xx’ } —
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is a uniformity for G and (G,U) is a uniform space.

1.6.3 DEFINITION. FOR A UNIFORM SPACE (X,U) WHEN z € X AND
U € U THE U-INDUCED NEIGHBORHOOD OF x 1S

def
U, ={y : (z,y) eU}.

1.6.4 Exercise. The system {U,}.cx is a base of neighborhoods of a
Ueld

topological space (X, Ty).
When (X,U) and (Y,V) are uniform spaces, a function f: X — Y is
uniformly continuous iff for each V in V there 1s in U a U such that

{(z,y) €U} = {(f(x), fly) € V}.

A net n: A— X is a Cauchy net iff for each U in U there is in A a Ay such
that {{\ > Ao} A {u > Ao}} = {(n(N\),n(n)) €U}. Anet n:A—C¥ isa

uniform Cauchy net iff for every positive € there is in A a A\g such that

Va {{A > Ao} A{n = Aot} = {|n(A)(z) — n(u)(x)] <€}

1.6.5 Exercise. If (X,U) and (Y,V) are uniform spaces and f: X —» Y
is uniformly continuous, f is (T, Ty )-continuous.

1.6.6 Exercise. If (X,U) is a uniform space compact in the U-induced
topology, (Y,V) is a uniform space for which V is a Hausdorff uniformity,
and f € Y is continuous with respect to the uniformity induced topologies
Ty and Ty, each of the following obtains. a) The map

F:X xX53(a,b)— [fl(a),f(h)] €Y xY

is continuous. b) If W € ), then W is open in Y x Y, V et F_I(VV) is
open in X x X, and the diagonal A in X x X is contained in V: A C V.

c) If V is not in U:

« FE (U\V)},, < 1s an fip set of closed subsets of the compact space

X x X (whence AL ﬂ F #0);
FeF
e the diagonal A = ﬂ U, is compact, and AN ( ﬂ F) =
Ueu FeF

o if (z,y) € A, each neighborhood of (z,y) meets A (whence (z,y) € A)
and (z,y) € (X x X \ A), a contradiction: V € U.

d) The map f is uniformly continuous.
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A continuous map of a compact uniform space into a uni-
form Hausdorff space is uniformly continuous.

1.6.7 THEOREM. IF: a) (X,U) AND (Y,V) ARE UNIFORM SPACES, AND
Ty AND Ty ARE THEIR UNIFORMITY INDUCED TOPOLOGIES, b)

n:A3 A= fieC(X,Y)

IS A NET, AND ¢) f € YX, AND FOR EACH VICINITY V IN V, THERE IS A
Ao SUCH THAT {A > Ao} = {Vz {[fa(z), f(x)] € V}}, THEN f € C(X,Y).

The uniform limit of continuous functions is continuous.

Proor. It z € X, y = f(x) and N(y) is a neighborhood derived from a
vicinity V' in V, there is a vicinity Z such that Z7' o Z ! ¢ V and there
is a vicinity W such that W o W C Z~!'. For some \g, if A = )y, then
Vava' {[fa(z), f (z)] € W} A{[fx(2)), f(a')] € Z}, and for some N(z) de-
rived from a vicinity U, {2’ € N(z)} = {[fa,(2), fr, (z')] € W}. Since
WoWoZ 'cZ oz ' CV,itfollows that [f(z), f (z)] € V. ]

For uniform spaces (X,U) resp. (Y,V) and their uniformity-induced

topologies Ty and Ty, aset S = {fa}rep of elements in C'(X,Y) is equicon-

tinuous iff for each vicinity V' of V there is in U a vicinity U such that if
(z,2") € U, for all A, [fa(z), fa (z")] € V.

1.6.8 THEOREM. IF (X,U) RESP. (Y,V) ARE UNIFORM SPACES THAT ARE
COMPACT HAUSDORFF SPACES IN THEIR UNIFORMITY-INDUCED TOPOLO-
GIES AND THENETn: A3 A fy € C(X,Y) IS AN EQUICONTINUOUS SET
OF FUNCTIONS, SOME COFINAL SUBNET n : A’ 3 X' — f\» CONVERGES UNI-
FORMLY TO AN f (NECESSARILY IN C'(X,Y)).

PROOF. For each z in X if Y, ot Y, then XY = XxexYx and 1.2.30 im-
plies YX is compact. Consequently, 1.5.10 implies there is a cofinal subnet
n:N 3 )X — f\ that converges to some f in YX.

If V is a vicinity in V, there is a vicinity Z such that Z7'oZ ' C V
and there is a vicinity W such that W oW C Z~!. The equicontinuity of
the functions in { fa' },-5, implies there is in ¢/ a vicinity U such that for all
N (@, y) € U = {[fw(x), fx(y)] € W}. The set {Ny(x)},ox of derived
neighborhoods is a cover of X and hence, for some finite set {z;,}, ., <>

U Nu (z,) = X. If z € X, for some m, (z,z,) € U, whence for all
1<m<M
N, [fa(x), fr (@,)] € W. By a similar argument, if A" = A\ and g’ = py,
[fr (2), fur (xm)] € Z7'. The convergence of

{f/\' (‘r"’”)})\-'e/\' 11 S m S M,
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implies that for some z-free (g, ),

{{X - /\i)} A {Juf ~ .U-:)}} = {[f)\' (Tm) s fur (-Tm)] € VV} :

Consequently, if X' = A\ and g’ = pg, then [fy (), fur(x)] € V, ie., the
convergence is uniform: fy — f. O

1.6.9 COROLLARY. (Arzela-Ascoli) IF (X, d) 1S A COMPACT METRIC SPACE
AND {fn},en IS A UNIFORMLY BOUNDED EQUICONTINUOUS SEQUENCE IN
C(X,R), SOME SUBSEQUENCE {fy, },cn CONVERGES UNIFORMLY ON X
TO A g IN C(X,R).

Proovr. Although the PROOF of 1.6.8 applies directly, the following proof
uses a diagonalization technique of independent interest.

For each positive » in Q, B(x,r)? = X and since X is compact,
p p

zeX
there are finitely many z;(r),1 < i < I(r), such that

X = U B (z;(r),r).

1<i<I(r)

. de
Hence {zi(r)},_,cq1<i<r(r) I8 @ countable dense subset D < {Pn}pen of
X. -

Since { f, }, ¢y is uniformly bounded, there is a convergent subsequence

fnl (pl) sf‘n,-z (pl) yrr oy

a convergent subsubsequence

fnkl (pQ) -.fn;.-.z (p2) L

etc. The diagonal sequence

def
f"‘]’fnk'Q’f”k'Ig"" — 913921931--'

converges at each point of D.
The equicontinuity of {f, }, o,y implies that if z € X, for a suitable py,
the first and third terms in the right member of

|gm () — gn(x)| < |gm(x) — gm (Pr)| + |gm (Pr) — gn (Pr)|
+ ‘g‘n (pk) - g?z.(I)I )

are small, and then for large m and n, the second term is small: {g,}
converges at each x in X, say to g(x).

nelN
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If € > 0, there is a positive 1 such that

{d(z,y) <n} = {Vn{dgn(z),gn(y)] < €}}.

Furthermore {N]— - {z ¢ di{zp;)<n }} . is an open cover of X and
JE

thus contains a finite subcover {N;} _._;. There is a k(e) such that if

m,n > k(e) and 1 < j < J, then d[gm (p;),9n (p;)] < €. Thus, if z € X,

for some j in [1,.J], x € N, and if m,n > k(e), then

d [gm (I) gn (I)] <d [gm (.I‘) 9m (pj )] +d [gm (pj) »9n (Pj)]
+ d[g” (Pj) !gn(‘T)] < 3e.

It follows that g, — g, whence g is continuous. O

[1.6.10 Note. There are many variations and extensions of 1.6.8.
Some of these are discussed in [Is, Kel].

Viewed as a subset of C'(X,R) topologized by the metric

b

d:C(X.R)* 3 (f, g) Sup |f(z) = g(x)

{fﬂ}neN is a precompact set, i.e., its closure is compact.

The set {fa}yep resp- {fn},en Of 1.6.8 resp. 1.6.9 is an example
of a normal family F. The general context for a normal family is:

e two sets X and Y, and some topology T for a subset S of
}/X.

e a set F contained in S and such that F is compact (F is
T-precompact).

In several applications of this notion, X and Y are themselves
topological spaces and S = C(X,Y).]

1.7. Miscellaneous Exercises

1.7.1 Exercise. If X and Y are topological spaces and f € YX then: a)
f is continuous iff for every z in X and every net n: A3 A — n(A\) € X
converging to x, f on converges to f(x): b) the filter formulation of a) is
valid; ¢) f is open iff for each = in X there is a neighborhood N(x) such
that f[N(z)] is open. What are the filter and net formulations of ¢)?
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1.7.2 Exercise. If a set N of subsets of a set X is such that: a) each
x of X is in some U, (an z-neighborhood in N'); b) if U, and V, are z-
neighborhoods in NV, for some z-neighborhood W, in N', W, € U, N V,; ¢)
for each z-neighborhood U, in A and each y in U,, some y-neighborhood

U, in N is a subset of U,, then N is a neighborhood base for a topology
for X.

1.7.3 Exercise. If {f,g} C RY: a)

f+g+|f -4

3 ,f/\gqéflnin{f,g}:f+g_1f_g|;

2
b){fVvg, fArg}cCX,R)iff {f,g} C C(X,R)); c) f is continuous iff f is

Isc and usc.

fVvg e max{f,g} =

1.7.4 Exercise. If X is a compact space and Y is a topological space,
and f: X — Y is a continuous bijection, then f~! is continuous, i.e., f is
bicontinuous.

1.7.5 Exercise. Some f in R¥ is continuous and not open.

1.7.6 Exercise. If {r,}, . is an enumeration of Q and

I.(&) def {1 ifz € {ry,....,ry

L0 otherwise

a) lim f,(x) % f(z) exists for each x in R; b) each f,, is Riemann inte-
n—roQ

grable on [0,1]; ¢) f is not Riemann integrable.

1.7.7 Exercise. If

| p

- fQoxz==,p€eZ,q€eN, plg=1
flx) =4 4 q ,
0 otherwise

f is continuous at x iff x ¢ Q.

1.7.8 Exercise. A point a is a limit point of a set A (a € A*®) iff for each
N(a) and each net n: A — A\ {a}, n is frequently in N(a), v. 1.2.22.

1.7.9 Exercise. If X and Y are topological spaces, X is connected, and
feC(X,Y), then f(X) is connected.

1.7.10 Exercise. If X is a topological space, C' is a connected subset of
X, AC X, and C meets both A and X \ A, then C meets 9(A).

1.7.11 Exercise. a) If Q is a region in C and {a,b} C Q, there is a
finite set {[zn, 2nt1]}, <, « 5 Of complex intervals, each contained in Q and
such that z; = a and zy = b. Their union is a polygon: Q is polygonally
connected. b) A similar result obtains for a region Q in R", n € N.
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[Hint: a) The set { z : =z is polygonally connected to a } is open,
relatively closed in Q, and nonempty.]

1.7.12 Exercise. If X is a second countable topological space, X contains
a countable dense subset, i.e., X is separable.

1.7.13 Exercise. a) In a topological space X, the closure of a subset A
is the intersection of the set of all closed sets containing A. b) If X is a
locally compact Hausdorff space and K € K(X), then K is the intersection
of the set of all open sets containing K. ¢) If X is a second countable locally
compact Hausdorff space, each K in K(X) is the intersection of a countable
set of open sets containing K: each compact set is a compact Gs. d) If X
is a metric space, every closed set is the intersection of a countable set of
open sets: each closed set is a Gj.

1.7.14 Exercise. For N regarded as a diset ordered by < and a net
n:N3kw— n(k) e PB(X),

x € n resp. x € n iff x is in infinitely many sets n(k) resp. x is in all but
finitely many sets n(k).

1.7.15 Exercise. For a topological space X, an a in X, the filter N(a),
and an f in RY, there is a corresponding net

n:N(a) 3 N(a) — n[N(a)] € R

such that lim f(zx) resp. lim f(z) is

r=—a r=a

lim n[N(a)] resp. lim n[N(a)].
N(a)eEN(a) N(a)eEN

1.7.16 Exercise. If X is a topological space and f € RY |

®: X 3z limf(y) resp. ¢: X >z lim f(y)

y=x y=cx
is Isc resp. usc.
1.7.17 Exercise. (Weierstraf}) If (X,d) is a compact metric space and

{zn},en C X, for some z in X and some sequence {ng};

lim d(x,, ,z)=0.
k— o0

1.7.18 Exercise. If (X,d) is a compact metric space and 4 is an open
cover of X, there is a positive 4 such that for each x in X and some U in

U, B(z,8)° c U.
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[Hint: Lebesgue’s Covering Lemma (1.2.39) applies.|

1.7.19 Exercise. The product topology for a Cartesian product
def
XY XerX,

of topological spaces X,: a) is the weakest topology with respect to which

all the projections my : X 3 x & {x,}— ) € X, are continuous; b) con-

sists of the set of all unions of finite intersections of sets of the form

m HU), NeT, U € 0(Xy).
1.7.20 Exercise. If X is a set, Y has the topology T, and F C YX, the

t { () fo'(U) : #(o) €N, fie F, U, € T} is a topology for X and

sco
is the weakest topology with respect to which each f in F is continuous.

1.7.21 Exercise. If (X,d) and (Y, D) are complete metric spaces and
F C C(X,Y), then F is normal iff:

a) for each z in X, { f(z) : f € F} is precompact in C(X,Y);
b) F is equicontinuous at each x in X, i.e., if ¢ > 0 then for some positive
§ and all f in F, {d(z,2") <} = {D[f(x), f(z")] < €}.

1.7.22 Exercise. If K is compact and f is usc resp. Isc on K, for some a

in K, f(a) = sup f(z) resp. f(a) = 1'151ff\f(r)

reK

1.7.23 Exercise. (Tietze’s Extension Theorem) If K is a compact subset
of a locally compact space X, and f € C(K,R). for some F' in

def

Coo(X,R) = {f : feC(X,C), supp(f) € K(X)},

F lh': f-
[Hint: The assumption f(K) C [—1,1] is justifiable. Applied to

K+d£f{:z; : f(:r)zé} resp. K~ def{:ﬂ 5 f(x)ﬁ_l}’

1.2.41 implies there is in Cyo( X, C) an f; such that

_L if re K~
fl(fﬂ): 13 ’
g ifre KT
2 1
|f(1)_f1(f)lﬁgs on K |f1(1)\§§0nX.
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The argument above applied to f — f; Vields an fy. Induction

def

yields a sequence {f,}, cne Finally, F'= Z fn exists and meets

n=1
the requirements.|

1.7.24 Exercise. a) f A3 A~ f\ €usc(X) resp. A3 A= fy € Isc(X)

is a net, and fy | f resp. fa T f. then f € usc(X) resp. f € Isc(X). b) If
X is a locally compact Hausdorff space and 0 < f € lsc(X) there is a net

A3 A fx € Coo(X,R) such that fy 1 f. c) If f &' Z Xy § 18 15

but for no net A3 A — f,\ € Co(R,R) is fa T f valid.
[Hint: a) {x : f >a}—ﬂ{r: r)>a}l.
AeA
b)IfS L {¢ : ¢ € Coo(X,R), 6< f}, then f = sup S (1.2.41).
If A is the inclusion-ordered poset of all finite subsets of S, for the

net/\a{qﬁl,...,qﬁﬂ}(tf)u—)@; eV Py diff,\a T f]

1.7.25 Exercise. If X € {(z,y) : z € R,0 <y € R} (the upper half-
plane), a topology T for X is defined by the following base B: B is in B iff
either for some positive r, B e { (z,y) : (x—a)’+(y—0b)?<r?<b? }

or B={(a,0)}u{(z,y) : (x—a)’+ (y— h)? < b? }. The space X is sep-
arable but not second countable.

1.7.26 Exercise. a) If 1.2.19a)-d) are taken as the axioms for a closure
operation and a set A is defined to be closed iff A = A, the set of comple-
ments of closed sets satisfies the axioms 1.2.1 for open sets. b) (S. Mrowka)

The axiom d) and the added axiom AUB = AU AU B imply a)c).

1.7.27 Exercise. A topological space (X, T) is a Hausdorff space iff: a)
each filter contained in P(X) converges to at most one point; b) each net
A — X converges to at most one point; ¢) the intersection of the set of all
closed neighborhoods of a point x is x itself.

1.7.28 Exercise. If X is a locally compact space, y ¢ X, and

tlt

X' = Xy},

then: a) { X"\ K : K € K(X)}UO(X) is a base of neighborhoods for a
topology for X*; b) if X is a Hausdorff space so is X*; ¢) in the given
topology, X* is compact (X™ is the one-point compactification of X).

1.7.29 Exercise. If X =R and X" is the one-point compactification of

X, forno fin C (X", R) is f‘ = id: there is no continuous extension of
sin: X 2r—=sinzx to X*, v. 3.7.19.
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1.7.30 Exercise. If X is a complete metric space, F C C(X,C), and for
each z in X and each f in F, sup |f(z)| < oo, then on some nonempty open
feF

subset V of X, sup |f(x)| < oc.

eV
ferF

[Hint: For some n in N, {I : ;u;;_]f(.r)| < n} # 0.]
€

1.7.31 Exercise. If f € R®* N> k > 1, and for each y in R,
# ()] =k,

f is not continuous.
[Hint: The intermediate value property of continuous functions
applies.|
1.7.32 Exercise. a) If
def def —— def .
&= {xn}nem CR, L = lim Tp, I = lim zn, € >0,

n—oc n—00

then:

#{n o, >L—-€})=Nog,#({n : z,>L+¢€}) <Ny,
#{n : zp<l+e})=Ro, #({n : =z, <l—¢€}) <Ry,
S§* c [, L]
What are [, L, S®*,sup (S*®), and inf (S®*) when, for n in N,

lef

20 E (=)0, 2 En(-1)" = 1), 2, € n((-1)" +1) and
de —1 Lt _1 m de . S
Ym l=f 1+ u.‘ Zmpy=—1+ ( ) y L f-_-f Ym lf " am + 1.?
L m Zm Un=2m

b) If n: A+— R is a net, L def limn(\) resp. = limn(A), and € > 0: bl)
AEA XEA
for each g in A and some A such that A > pu, n(A) > L — €; for some p in

A, if A > u, then n(A) % n(p); b2) for each g in A and some A such that
A= p, n(A) <1+ € for some pin A, if A > p, then n(A) £ n(u).
For a subset S of R,

N(S) et {z : x€ SN (0,00), for infinitely many nin N, nz € S'}.

1.7.33 Exercise. If S C [0,0c) and S is open and unbounded, then
N(S) = [inf(S), 00).

[Hint: For m in N, if S,, = {z : mx €S}, S, is open, U o
meN

is dense in [inf(S),00), and N(S) = m U Sin; 1.3.6 applies. |

n=1m=n
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Integration

2.1. Daniell-Lebesgue-Stone Integration

L
The function | | : R 3 & — |z| is in C(R,R), whence inf(z,0) = 5(.r — |z|)
X .
and sup(z,0) = 5(1 + |z|) depend continuously on z. Therefore

LY C([a,b),R)

is a function lattice, more particularly a vector space closed with respect
to the operations inf (A) and Sup : {f,geL}y={fANng, fVvge L}
Furthermore, if f,, | 0, then f, 30 (Cf 1.2.46 and 1.2.48).

b
For the Riemann integral/ themap/:L> f— I(f def / f(z

is a nonnegative linear functional, i.e.,

{f >0} = {I(f) >0} (Iis nonnegative),
I(af + Bg)dx = aI(f) + 31(g) (I is linear).

(If f < g then I(f) < I(g): I is a monotonely increasing functional.)
Furthermore, 1.2.46 implies

{fn L0} = {I(fn){0}. (2.1.1)

The purpose of this Chapter is to develop a general theory of inte-
gration based on the paradigm above, i.e., a nonnegative linear functional
I defined on a function lattice L and sub]ect to the condition (2.1.1).

For a set X, L denotes a function lattice in R , le., a)

{f,geLy={fAng,fVgelL}

(L is a lattice); b) when f,g € L and o € R, then af € L; ¢) for a in R, the
conventions

0 ifa=0
+tota=atoco=*d00, anda-tco=< oo ifa>0
Foo ifa<0

44
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are observed and when {f, g} C L

f+g:X3IF${ﬂﬂ+gm)iﬂﬂﬂ+g®%#im+(¥m)

0 otherwise.

Hence L is a vector space and f + (—f) is the additive identity of L:
f+(—=f)=0o.
The following discussion takes place in the context of a set X, a func-

tion lattice L contained in Rx, a nonnegative linear functional
I:Lsf—I(f)eRrR
Thus: a) {f >0} = {I(f) > 0}; b) when {a,b} C R and {f,g} C L, then

I(af +bg) = al(f) + bI(g).

The crucial added assumption about [ is:

{{Felnen CL}A{fu L0}} = {I(fn) L O}.

A functional I for which the preceding obtain is a Daniell-Lebesque-Stone
functional, abbreviated as DLS functional.

The next results lead to a function lattice L' such that L C L' C R™
and to an extension of I from L to a nonnegative linear functional

J:L'> f— R

Various forms of abstract integration are special cases of the general context
provided. The associated concepts and theories of measure and measura-
bility (v. Section 2.2) are derivable as well.

The motivation for what follows is the improper Riemann integral. For
example, when 0 < a and

Fﬂ&ﬂarHFhfg{Iﬂ ifz>0
00 if =0

1
the determination of the improper Riemann integral / F(x)dx (improper
0

because F' is unbounded and R-valued on [0, 1]) is made by evaluating the

1 1
proper Riemann integrals / F(z) Andx ] / F,(z)dzr, n € N, and cal-
0 0

culating the result as n 1 co. The sequence {F),}, -\ increases monotonely

1
which implies that lim ] F,(z)dr exists in R. According as a < 1 or

n—r00 0

a > 1 the limit is in R or oo (in @).
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Limits of monotonely increasing sequences of continuous
(hence Riemann integrable) functions provide a larger
class of functions to which an extension of the Riemann
integral is definable.

In the context of L, when L 3 f,, 1T f, the analogous procedure is to

define f(f) &t lim 7(f,) [: sup [ (f,,)] . The set of functions that are the

n—roo

limits of monotonely increasing sequences drawn from L is denoted L,,.
Since I maps Lonto R, if L3> f,, t f € L,. then

—oo < I(fp) <ocand —oo < I(f) < o0.

As 2.1.2 - 2.1.4 show, if {fn}, .y C Ly and a > 0, then f,, + fn, € Ly,
afn, € L, and, if f,, T f, then f € L,,.

However, although F in the paradigm above belongs to the corre-
sponding L,, —F does not since no function continuous on [0, 1] lies below
—F: L, is not necessarily closed with respect to multiplication by nega-

def RX (= R), then

tive constants. (If X consists of a single element and L = .
L, = @J\. which zs closed with respect to multiplication by arbitrary real
constants.)

Owing to the preceding observations, there is a temptation to extend L
to the set of limits of all monotone sequences—not only monotonely increas-
ing sequences. However, the goal of the DLS construction is achieved —and
more economically—without resorting to the more elaborate procedure.

2.1.2 THEOREM. IF {fu}, cns{9m}men € Ly AND f T f,gm T f, THEN

lim 7(f,)= lim I(gmn).

n—o0 m—oo

Proor. Since f,, < f = lim g,,.
m— X

h-m -: (fn - gm) Vo0 »Lm 0 and [ (h“m) l' 0.

Moreover, I (h,,) > I (f, — gm), whence

0> lim I(f,—gm)=1(f)— lim I(gm).

m—o2C m—oC

Hence lim [I(g,,) > lim I(f,). The argument is symmetrical in the pair
m— oo n— oo

{{f”}neN ) {9771}711€N}' D
[ 2.1.3 Note. Thus if

L3 fotfand I(f) E lim I(f,),

n—oc
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then I(f) (in R!) is independent of the sequence {fn},.en- Hence
I is a map from L, to R.]

2.1.4 THEOREM. FOR f AND g IN L, AND a IN R*: a) f+g¢€ L,,
af € Ly, AND I(f+q)=1(f)+ 1(g), I(af) =alf, i.e., I 1S ADDITIVE

A
AND semihomogeneous; b) fvg € L,; ¢)

(f <o} = {1 <Tg)}:

d) IF L, 3 fo T f, THEN f € L, aND I (fn) T I(f).

PROOF. a) In L there are sequences {f,,}, .y and {gn},cy such that

fﬂ Tf? gnjga fﬂ _f_gn T~f+g~
I(fa) 1 I(f). 1(g2) 1 1(g).
I(f)+1(g) = lim I(fa)+ lim 1(ga) = lim I(fu+ga)=1(f +g).

Since af, T af and I (af,) = al (f,), T(af) = af(f).
b)IELS futf, L3 gntg and f(z) < g(z), then L 3 fann + ng.
c)IfL> f, 1 fand L 3 g, Tg, then

fn(z) A gn(z )

< { ) S 1+1($) n+1($) /\gn+1(I) if fn-l—l(r) S gn—i—l(‘r)
( ) € Gns1(T) = gns1 () A frgar(z)  if gnyi () < frga(z)

whence f, Agn < frnsi Agnser- f fuAgn Tk, then k< fAg. If
k(x) < f(x) A g(z),
then for large n, k(z) < f.(x) A gn(x) < k(x), a contradiction:
faNgn T fNg.

Hence I(f) = lim I(gn A f,,) < lim I(g,) 1 1(g).
n—oc n—o

d) For n in N, L contains a sequence {gyn },,cy such that

g'"'l.‘“ T'H fm-

Hence, if &, def sup{gi; : 1 <i,5<n}, then L3k, <k, < frnt1 < f.
For some kin L, k, T kand k < f. If m <n, then g,., < k,,, whence for
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each m, f,, = lim g, < lim k, =k < f. Thus f= lim f, <k<f
n—00 n—oc m—o0
and so f =k (€ L,).

Furthermore, since k,, T k = f,
I(kn) 1 I(k) = I(f), I (kn) < T(fn) <I(f),

whence f(fn) 0 f(f) ]
The next development is the basis for the construction of L', the cen-
tral aim of the discussion to this point.

2.1.5 DEFINITION. FOR f € @X, WHEN {U : UeL,,U>f}=0,

~

WHEN {U : U€ Ly, U> fY#0, Tf % inf {I(U) : UeLu,UZf}.
FURTHERMORE, I(f) = — [I(-f)].

2.1.6 THEOREM. FOR THE FUNCTIONAL I:

a)

{f <g}y={{I(f

{a >0} =

)} {L(f) < I(9)}},
=al(f)}

-

) < I(
{I(af

i.e., I AND I ARE NONNEGATIVE AND semihomogeneous:

b) I(f +g) <I(f) +1(g). resp. I(f+g) > L(f)+I(g), IF THE RIGHT
MEMBERS OF THE PRECEDING INEQUALITIES ARE DEFINED, i.e., I, IS
ESSENTIALLY SUBADDITIVE resp. l IS ESSENTIALLY SUPERADDITIVE;

o) 1() <T(9); ~
d) {f e L} = {1 = 1(H =T}

e) {{0<fn}/\{ ‘”an}} {T(f)SZT(fn)};

PRroor. a) If f<gand L, 3 U > g, then U > f, whence I(f) <I(g). If
a>0,then {L,>V > f} e {L,>aV >af} and I(aV) = aI(V). Hence

I(af) = al(f).

byIf f<helL, g<ke€lL, then f+g<h+ke€elL, and

o~

I(f +g) < I(h+k)=I(h)+I(k),
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whence I(f + g) < I(f) + I(g) if the right member of the inequality is de-

fined; the inequality I(f + g) > I(f) + 1(g) follows from similar arguments.
(When L ef C([0,1],R), I is the Riemann integral, and

—1 '
f:[O,l]BJ‘»—){“‘r if >0

00 i a=0
S
g:[Oﬁl]Brl—){‘r }f.r>0’
oo ifx=0
then I(f) = —oo and I(g) = oo, whence I(f) +j(g) is not defined.)
¢) If I(f) = oo, the result is automatic. If I(f) < oo, then

is defined, whence

0=T1(0)=TI[f + (=N <T(f) + I(=f) =1(f) — [-I(=f)] =1(f) — L(f);

o~

d) Since f < f,if f € L, then I(f) < I(f). If f < g € L,. then

—~ ~

I(f) < 1(g),

whence I(f) < T(f): T(f) = I(f).

Owing to the linearity of I and the last equality, if g € L,

Thus I(g) = —T(ig) =—|-I(g)]=1(g). If feL, and L> g, 1 f, then
.I.(gn) = I (gn) _<_ I(f) alld SO

I(f) <T(f)=1(f) = lim I(gn) = lim I(gn) < I(f):
1(f) = 1() = 1(4)-

e) If any I (f.) = oo, the implication is automatic. If each I(f,) is
finite and € > 0, then for some g, in L,,

I~

gn > fn and I(gn) 8 I(f,,)+;_ n € N.

Moreover, by virtue of 2.1.4d), Z gn € L, and

n=1

I(g) => I(gn) 27 fa) +
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Furthermore, g > f and hence I f (g) Z ]

[ 2.1.7 Note. Although the implication

{f > Sijlf} = {T(f) > 1 (ZZ:I f) }

is valid, the implication

1s not ]

2.1.8 DEFINITION. A FUNCTION f IN @X 1S IN L' IFF
—oo < L(f)=1(f) < oo

For f IN L', J(f) 1S THE COMMON VALUE OF I(f) AND I(f). THE
MAP J : L' 3 f — J(f) 1S THE DANIELL-LEBESGUE-STONE (DLS ) FUNC-
TIONAL. N

(If f € Ly, then I(f) > —oo. Hence, if f € L, and I(f) < 0o, then
-0 < f(f) =I(f)=1I(f)= I(f) < o0, i.e., if f € L, and I(f) < 00, then
felL')

The properties listed in 2.1.6 for I lead to

2.1.9 THEOREM. a) L C L' AND J|, = I; b) L' IS A VECTOR SPACE AND
J 1S LINEAR ON L'; ¢) f € L' IFF FOR EVERY POSITIVE ¢ AND SOME ¢
AND —h IN L,, h < f <g AND f[g-l—(—h)] <e€ d) L' 1S A FUNCTION
LATTICE; e) THE MAP J IS A NONNEGATIVE (LINEAR) FUNCTIONAL ON
LY; f)1r L' > f, T f AND FOR ALL n, J (f,) < M < oo, THEN f € L' AND
J (fu) T J(f). CONVERSELY, IF f € L' AND L' 3 f, 1 f, THEN

J(f) T I(f).

Proor. a) If f € L and g, = fyneN, then L 3¢, 7T f, whence f € L,:
L C L,. Furthermore, I(f) = I(f): I|

L= I, whence

oo > T(f) = I(f) = I(f) > —c0: f € L".

A similar argument shows that J | =1
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b) If f € L', c € R, then

{T(Cf) 1nfL 5h>f[(Ch)—CiIlfLu3h f( )—CI(f) if(:20
I(cf) = ~I(—cf) = = [~cI(f)] = ¢ ( ) = cI(f) ife<0’

whence cf € L.

If {f,g} C L', then the preceding argument and the subadditivity of
T imply

I(f+9) <I(f)+1I(g) = J(f)+ J(g),
—I(f+g)=I1(—f—9) <-1(f) —1(g) = —J(f) — J(g],
I(f+9) > I(f+9) = J(f)+J(9) > I(f +g),

whence J is a linear functional on L!'.
¢) If f € L' and € > 0, then for some g in L,, ¢ > f and

I(g) < J(f)+

B | ™

Similarly for some —h in L,, —f < —h and f(—h) <J(-f)+
h<f<gand

. Hence

B ™

Tg+ (=h) = I(g) + I(=h) < J(f) + J(=f) +e= J(0) + e = €.

Conversely, if there are g and —h as described, then, as noted after the
introduction of L,, for any k in L,,, —oo < I(k). Since

d)IfL,>h; < fi<gi€L,, i=1,2, then

A A A A AN
hi ho < < —hy hy < —h — )
1V12_f1Vf2_91V92, 91,92 1, 2 < (g1 1) + (g2 — h2)

When {fi, f2} C L' and gi and h;, 1 = 1,2, are chosen as in ¢), then
A V
— (hl Vh.'z) = —h T ho € L,

—~

T(QIng) +T[— (hl hz)] < f~(91 —hy)+1(gs — hy) <,
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N
whence f; Vf2 e L.

e) Since Iis nonnegative on L, I is nonnegative on L,. Since J L= T,
J is nonnegative on L',
~
f)If g o f— fi,theng>0and g = Z (fn+1 — fn). The subadditiv-

n=1

ity of T, 2.1.6d), and the hypothesis J (f,,) < M < oo imply

I(g) €Y I (furr = fa) = lim J(f) = J (f1),

n=1

I(f)=T(fi+9) <J(fi)+1(g) < nler;OJ(fn) < 00,
I(f) > i(fﬂ) = J(fn)»

)
I(f) 2 lim J(fa) 2 I(f),

whence f € L' and J(f) = dim J (fn).
If f e L', then, because .J is nonnegative and 0 < f — f,, € L',

0L J(f=fu)=J(f) =T (fn):

J(fn) < J(f) < oo. The argument in the previous paragraph applies.

[
[ 2.1.10 Note. The result 2.1.9f) is Lebesgue’s Monotone Con-
vergence Theorem as it applies to the functional J.]

2.1.11 DEFINITION. THE SET L,; CONSISTS OF ALL g SUCH THAT FOR
SOME SEQUENCE {gn},cny CONTAINED IN Ly, gn | g, —00 < lim I(g,),
n— o0

AND T(gl) < 00.

2.1.12 Exercise. L, C L'.
[Hint: 1f g € L, and g,, are as described in 2.1.11, for each n,

{gn-« _gn} C Ll and — Gn T —qg.

Lebesgue’s Monotone Convergence Theorem applies.]

Although any function considered in the preceding development is R-
ialued._ some of the functionals introduced are R-valued and others are
R-valued. In sum:

e Any function in L, L,, L' or L,; is R-valued.
e The functionals I~ and J are @_R-valued.
e The functionals [ and I are R-valued.
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2.1.13 THEOREM. AN f 1S IN L! IFF FOR SOME ¢ IN L,; AND SOME
NONNEGATIVE FUNCTION p IN L', J(p) =0 AND f =g — p.

PROOF. If f = g — p as described, then 2.1.9 shows f € L!.
If fe L', then I(f) € R and for n in N, and some f, in Ly, f, > f

- _ 1 .
and I (f,) < I(f)+ — Thus {gn 45 fi /\---/\f,,} . is a sequence such
ne
def

that for some g in Ly, g, | g. Moreover, I(g) = J(f),0<g— f = pe L',
J(p) =0, and f =g —p. O

2.1.14 Exercise. a) (Fatou’s Lemma) If 0 < f,, € L', n € N, then

J( Ll_ﬂ_l fn) S .l_lﬂl_ J(fn)‘

n—o n—o

b) If | fu] < |f1], n > 2, then J ( Tim f) > Tm J ().

n—oo n— oo
The functional J is an emphasizer. It makes inferior limits more
inferior and superior limits more superior.

[Hint: a) Only if lim J(f,) < oo is an argument needed. If

.— 20
def . lef
gk = Il;f; fn, k€ N, and g, o fe N A f;.-+n, then
n>k

Ll =] Gkn Jrn gk 2 0'

2.1.12 implies g € L', k € N, and gx T lim f,. Furthermore,

n—eo

'](gk‘) = i?’f'}(fk-!—n) S llﬂ J(fn)a

n—oo

whence Lebesgue’s Monotone Convergence Theorem [2.1.9f)] ap-
plies. b) The mnemonic lim (-) = —lim(—-) and 2.1.14a) apply.]

2.1.15 Exercise. (The Dominated Convergence Theorem) If
{f”}nGN C Lla Ifnl S g€ Lla

and lim f, et f.then f € L' and lim J (f,) = J(f).

n—oo TL—F DO

[Hint: The results in 2.1.14 apply.]

Lebesgue’s Monotone Convergence Theorem, Fatou’s Lemma, and
the Dominated Convergence Theorem are central features of the
DLS functional J. Each result can be described crudely by the
mnemonic: lim.J = J lim.
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In particular, Fatou’s Lemma is an extension of the fundamental in-

equality {{{fn},en C L} A{fn 1 0}} = {1 (fn) | 0} with which the devel-
opment began.

2.1.16 Exercise. When X ™ R, L is the set of R-valued functions f
such that supp (f) is compact and f is Riemann integrable on an interval
[a,b] containing supp (f), and [ is the Riemann integral, if {f,},.y C L

and f, | 0, then ff,,_(;r) dr | 0.
[Hint: Since —f,, 10, 2.1.19f) applies.]

2.1.17 Exerc1se When X & N, L = Coo(N,R), and I is defined by

I:L>f— Zf , then: a) L' is the set of (real) sequences {an}, cy

n=1

such that Z la,,| < oo; b) the Dominated Convergence Theorem implies

n=1
o0
that if Z a, is an absolutely convergent series and 7 is an autojection
n=l oo o0
(permutation) of N, then Z Ur(n) = Z Ly, -
n=1 n=1
2.1.18 Exercise. If {f,}, . C C([0,1],R), sup |fn(x)] < M,, and
re[0.1]
o0
Yy M, < o,
n=1

o
then f:[0,1] 3z — Z fn(x) is continuous (and in L').
n=1

For a set FE, the characteristic function of E is

E 0 otherwise

2.1.19 Exercise. a) If X TR and L is the set of all real linear combi-

nations of characteristic functions of bounded right-open intervals, then

N
I:LBZanx[”_" HZO‘” n — Gn)
n=1 =

n=1

is a DLS functional. b) If X ' R, L % Cyo(R,R), and [ is the Riemann
integral, then I is a DLS functional. ¢) The L! created via a) is the same

as the L! created via b).
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2.1.20 Exercise. a) If X C'R™ and L is the set of all real linear com-

binations of characteristic functions of half-open n-dimensional intervals,
N

N N
then I:L > Zanx[ X”: [an.bn)} o Zan H (b, —a,) is a DLS func-

n=1 n=1 n=1

tional. b) If X ' R", L ¥ Oy (R",R), and I is the n-fold iterated Rie-

mann integral, then I is a DLS functional. ¢) The L! created via a) is the
same as the L! created via b).

2.1.21 Exercise. a) For an arbitrary set X, a in X, and the function
sublattice L of RN, 6, : L 3 f + f(a), the Dirac functional at a, is a DLS
functional. b) What are L, and L'?

2.1.22 Exercise. a) For a set X in the discrete topology PB(X), Coo( X, R)

is a function lattice Ly. b) The functional X : L; > f — Z f(z) is a DLS

zeX
functional. ¢) What are (L4), and L}? (The vector lattice L} is usually
denoted ¢'(X).)

2.2. Measurability and Measure

The works of Lebesgue and Caratheodory in the field of measurable func-
tions, measurable sets, and measures (of measurable sets) are natural de-
velopments from the DLS functional. In the DLS development of these

concepts, measurability of functions is introduced first. It takes a useful
form in terms of the following

2.2.1 DEFINITION. WHEN {a,b,c} C R,

mid (a,b,¢) = (@ Ab)V (aAe)V (bA ) S mid(a,b,c) € R

CORRESPONDINGLY, FOR FUNCTIONS f,g,h (IN RX) AND z IN X,

mid (f,g,h) () = mid[f (z) g (z), h(2)).

[ 2.2.2 Note. Although mid (a,b,c) € {a,b,c}, mid (f,g.h) is not
necessarily in {f, g, h}, e.g., if

X =R, f(z) = |z, g(x) = 1,h(z) = 3 — [x] ]

2.2.3 Exercise. a) mid (a,b,c) = (aVb)A(aVe)A(bVe); for functions

f.ig,h, if g < h, then g <mid(f,g,h) < h. b) A function lattice is mid-
=X

closed. ¢) If L C R" and L is closed with respect to addition and multi-

plication by scalars, then L is a function lattice if some nonzero constant
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function is in L, each element of L is bounded in absolute value, and L is
mid-closed, i.e., {{f,g,h} C L} = {mid (f,g,h) € L}.
[Hint: c) If |f| < M then |f| = mid (M, f,—f).]

2.2.4 Exercise. For a set X, if a € R\ {0} and {f,g,h,p, fn} CEX,

then: a)
. ; g h
{Imd(af,g,h) = amid (f,a,g)}, (2.2.5)
p+mid(f,g,h) =mid(p+ f,p+g,p+ h), (2.2.6)
{fi < f2} = {mid (f1,9,h) <mid (f2,9,h)}, (2.2.7)
. \% . Vo
mid (fi farg,h) = mid (fi.9,h) | mid (f2,9,h),  (2.2.8)
mid (‘li_?l frs9s h.) = lim mid (fn,g,h). (2.2.9)

b) If g(z) < h(z), then

hAf(z)—gA flx)

h(x) —g(z) ifmid(f,g,h)(xz) = h(z)
={ f(2) — glx) if mid(f,g,h)(z) = fla) - (2:2.10)
0 otherwise

¢) The functional mid is not additive: for some {f,g,h,p,q} contained in
R , mid (p + ¢, g, h) # mid (p, g, h) + mid (q, g, h).

e X
2.2.11 DEFINITION. FOR A FUNCTION LATTICE L CONTAINED IN R AND
AN f IN RY | f 1s DLS measurable, i.e., f € D(L), IFF

{L>g<helL}={mid(f,g,h) € L}.

A motivation for 2.2.11 derives from consideration of the functions

f:[(],l]B.rl—){(l) if z €Q

otherwise

and when 0 < a,

F:[0,1] BJ‘HF(;L')(EL—{{I_Q if$>0
oo ifx=0

considered in the development leading to 2.1.2.
Although f is bounded, it is not Riemann integrable (every upper
Riemann sum is 1, every lower Riemann sum is 0). If g(x) 4 92 and

h(x) = 3z, then g < h, g and h are Riemann integrable, but mid (f, g, h)
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is not Riemann integrable. Thus if L is the function lattice consisting of
functions Riemann integrable on [0,1], f fails to belong to L not because
f is unbounded but because the part of it that is trapped between g and
h behaves badly with respect to Riemann integration: f is not Riemann
measurable.

On the other hand, F' is unbounded and yet, for the L where F'is in-
troduced, if L 3 g < h € L, then {mid (F,g,h),mid (—F,g,h)} C L so that
+ F' may be viewed as Riemann measurable.

In what follows, for the particular function lattice L', D (L') is denoted
D.

[ 2.2.12 Note. Owing to 2.2.4, the spaces L,, L, L', and D
are mid-closed. In particular, L' C D.]

2.2.13 THEOREM. a) THE SET D IS A FUNCTION LATTICE AND A monotone
class of functions. b) {f € Ll} & {{f € D} A {|f| € Ll}}. c)

{(feP}e{{o<gel'} = {mid (f,—g,9) € L'}}.

PROOF. a) By virtue of (2.2.8) and 2.1.9d), D is a lattice. If f;, fo € D
and L' 3 g < h € L', then for n in N,

bin = mid [fi, —n(|g| + |h]),n(lg| + |h])] € L}, i =1,2,

. def : y
@N- = nlld (@1“ + (D‘ZN‘-g' h) € Ll.

q S an S hv 'dIld gb'”. T Il]id (fl + f2wgv h) .

Then 2.1.9f) implies mid (f, + f2,9.h) = lim ¢, € L' fi+ fe€D. If
n—o0
a # 0, (2.2.5) implies af; € D: D is a function lattice.

fL'3g<heL'andD > f, 1 f, thenm,, € nid (fn.g.h) € L' and
—o0 < J(g) < J(m,) < J(h) < <. The conclusion follows from (2.2.9). If
D 3 f, | f a similar proof applies. Thus D is, by abuse of language, lim-,

lim-, and lim-closed.

b) The result follows from the formula: mid (f, —|f|,|f]) = f.
c) =: L' is a vector space.
= If L' 3p<qe L', (2.2.6) implies

I%—I—mid (f!_q—pgq—p) = mid (f+p+q pq).

2 2 2 ? 7

Hence f + ? € D. Since L' € D, a) implies f € D. |
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2.2.14 THEOREM. A NONNEGATIVE f IS IN D: a) IFF FOR ALL g IN L',
fAg€ELY b)IFF FOR ALL h IN L, fAh € L'.

PROOF. a) Since L' ¢ D,if0 < f € Dand g € L', then g € D and 2.2.13a)
implies f A g € D. Since |f Ag| < |g| € L', 2.2.13b) implies f A g € L.
Conversely, if 0 < f and {g € Ll} = f A g € L', the conditions

L'sg<helL!
imply fAge L', fAhe L', and gAh (= g) € L', whence
(fAGV (fAR)V (g Ah) =mid(f,g,h) € L'

feD.
b)If0< f € Dand h € L, then h € L': a) implies fAh € L'.
Conversely, if 0 < f and for all hin L, fAh € L', then, since L! is a
lattice, 2.1.9f) implies that if k € L, and I(k) < oo, then f Ak € L' and
that if ¢ € L, then f Aq€ L'. If g € L', then, according to 2.1.13, for
some ¢ in L,; and some nonnegative r in L', g = ¢ — r and J(r) = 0. Since
g < g, as in (2.2.10),

g f(x)—gA f(x)

qg(x) —g(z) =r(z) >0 ifg(z) < f(x)
=4 f(x)—g(x) >0 if g(z) < f(z) < q(z) . (2.2.15)
0 if f(z) < g(x)

Owing to (2.2.15),0< fAg— f ANg <r. Since J(r) =0,
0<ST(fAq—fAg)<I(r)=J(r)=0,

ie., fAq— fAge€ L' However, fAq€e L' and so fAg e L'. Thus a)
implies f € D. ]

2.2.16 DEFINITION. A SUBSET S OF ‘B(X) IS A ring resp. o-ring IFF S
[S CLOSED WITH RESPECT TO THE FORMATION OF SET DIFFERENCES AND
FINITE resp. COUNTABLE UNIONS, i.e.,

{{An},cn C S} = {A1\ A3 €S},

N
{N e N} = {U A, € S}resp. U A, €S.

n=1 neN

A 0-RING S IS A 0-ALGEBRA IFF X € S.
For any set X and a subset E of B(X), oR(E) is, the o-ring generated
by E, i.e., oR(E) is intersection of all o-rings containing E.
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When X is a topological space, Sz(X) xf oR[O(X)] is the set of all

Borel subsets of X.
WhenfE]R",aER and o is one of <, <, >, > =, #,

Eo(f.a) € {x : x€ X, f(z)oa}.

(Hence Ex(f,0) =supp(f).)

When S is a o-ring in P(X) an f in RY is by definition S-measurable
iff f71(Sz) N EL(f,0) CS. (The presence of E.(f,0) in the formulation is
related to the possibility that X ¢ S, i.e., that S is not a o-algebra.)

When f € Y™, T is a o-ring in B(Y) and EL(f,0) is meaningless, f
is (S, T)-measurable iff f~'(T) C S. In particular, when X is a topological
space and S = oR[O(X)] [=Ss(X)], an f that is (S, T)-measurable is Borel
measurable.

[ 2.2.17 Note. It is convenient to observe the convention whereby

sans-serif fonts, e.g., S, denote subsets of ‘P(X ) and cursive fonts,

e.g., S, denote subsets of RY or @X. For example, when S is a

o-ring (cf. 2.2.16) contained in P(X ), the set of functions that

: =X :
are in RX or R™ and are S-measurable is denoted S.]

[ 2.2.18 Remark. Since X € F(X), Sg(X) = oR[F(X)].]

2.2.19 Exercise. In P (R"), Sz (R") is the o-ring generated by: a) the
set of all open balls; b) the set of all closed balls; ¢) the set of all half-open
intervals; d) the set of all cubes.

A set E is a DLS measurable subset of X iff X, € D. The set of DLS

measurable subsets of X is denoted D.

2.2.20 THEOREM. THE SET D 1S A 0-RING AND IF 1 €D, D 1s A o-
ALGEBRA.

def .
PROOF. For C = U A,,, from the equations

neN

XauB) ~ Xa ViXpg Xa\B) ~ XauB) ~ Xp'Xc \/ X(A,.)’
neN

and 2.2.13 it follows that D is a o-ring. When 1 € D, the formula

X(x\A) — 1-X,

implies D is a o-algebra. ]
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2.2.21 THEOREM. I¥ f € RY, THEN f~1[S3(R)] C D IFF FOR EACH REAL
a, E<(f,a) €D.

Proor. If f~'[S(R)] C D, for each real a,
E<(f,a) = f~'(~o0,a) €D.
Conversely, if each E-(f,a) is in D and if a < b, then

f_l ([a,b)) = E<(frb) \ E<(faa) = D.

Since S3(R) = oR({[a.b) : a < b, a,beR}), f~1[Ss(R)] C D. O

2.2.22 Exercise. The assertion in 2.2.21 remains valid if F_ is replaced
by E<, F~, E>, or Ex (v. the last paragraph of 2.3.5 for a discussion of

E_).
2.2.23 THEOREM. Ir 1 € D, THEN f € D IrF {a € R} = {E< (f,a) € D}.

ProOOF. If f € D, then, since 1 € D, it follows from 2.1.9b) and 2.1.9d)
that for n in N,

n(a—f) €D, 1An(a—f)€eD, and [1 An(a— f)]V0eD.

Furthermore, x — lim [1 An(a — f)] V0, whence 2.1.9f) implies
< ey

) n—oo

E-(f,a) € D.

Conversely, if f € RY, then f=fVO0+ fAO = f* 4+ f, whence f

is the difference of the two nonnegative functions: f = f* — (— f _). For k
and n in N, if f:k. is the characteristic function of

E< (FH k2 ")\ B< (f* (k= 1)27"),

n2™

k—1
th
en )
k=0

def
:k = ft 1 f*. For every a,

1] ifa<0
E<(f", @) :{Eg(f,a) fa>0"

Hence, if E<(f,a) € D for every a, then ft €D. A similar argument
applies to —f~, hence to f~: f=f" + f~ € D. O

2.2.24 Exercise. If [f| < M < oo, then f,7 5 f* and f, = f~.

2.2.25 Exercise. If S is a o-ring in P(X) and f € R¥, then f € S iff for
each a in R, F-(f,a) N Ex(f,0) € S: f is S-measurable iff for each a in R,
E.(f,a) N Ex(f,0) €5.
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On D there is defined the R-valued set function:

,LL:DBE:{J(XE) ifXEELl_

oC otherwise

Thus (D) C [0,00]. Furthermore, if {F,}, . is a sequence of pairwise
N

U ”ENE.,,, then EY € D and Z Xp T X

n=1
Lebesgue’s Monotone Convergence Theorem (2.1.9f)) implies

# (U ;;_eNE") - i p(Ey,) .

n=1

i v X def
disjoint subsets in D and E =

i.e., jt is a nonnegative countably additive set function, that is to say, a
measure. The triple (X, D, ) is a measure space, i.e., a set X, a o-ring or
a o-algebra D contained in B(X), and a measure p : D — [0, o0].

2.2.26 Exercise. a) For a measure space (X,D,pu), p(@) =0 and if
D> AC BeD,then u(A) < u(B). b) If

{E"}REN C Da En 2 En—H» ﬂ En = wa and U’(El) < oQ,
nelN

then p (F,) | 0.

2.2.27 Exercise. IfS is a o-ring and ¢ : S [0,00) is a finitely additive
set function, then ¢ is countably additive iff

{{S 5 E, D FEny1,n € N} A { ﬂ E; = w}} = {¢ (F,) | 0}.

nel

[Hint: For n in N,

El — (El \E2) ORE ‘U(E'n.—l \E'n) UE‘H = U (En \ Eu+l)7
neN

n

¢ (Er) — Zcb(Ek\EkH) = ¢ (En) .|

k=1

For a measure space (X,S,u), a set A in S is a null set iff p(A) = 0.

The set N < {N : NCAE€S, u(A) =0} consisting of subsets of null

sets in S, gives rise to the completion S, consisting of all sets of the form

(E\N1)U(N2), E€S, Ni,No € N. For F ' (E\ N;)U(N>) in S,
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2.2.28 Exercise. If S is a o-ring resp. o-algebra, then S is a o-ring resp.
o-algebra and (X,g, ﬁ) is a measure space. (When S = S, S and (X,S, u)
are complete.)

For two functions f,g in L', f = g iff f — g differs from zero only on
a null set. More generally, the notation a.e. is used to indicate that a
statement is true almost everywhere, i.e., except (at most) on a null set.

. a.c. - .
For example, lim f, = f a.e. or f,, = f means lim f, exists a.e.
n—oo n—oc

and lim f, = f. A function f in L' is a null function iff J(|f|) = 0.

n—oo

2.2.29 Exercise. a) The relation = is an equivalence relation. b) If f is
a null function, g € R, and lg| < f. then g € L' and g is a null function.
¢) An f is a null function iff f = 0. d) The o-ring D is complete; ) D is a
o-algebra if {f € L} = {1 A f € L}.

[Hint: For b), 0 < I(|g]) < I(|g|) < J(f) =0 applies. For c), if
f # 0, one may assume f V 0 # 0. Then for n in N,

def 1
E. lzl{:r 2 f\/0>—}

n

applies. For d), b) applies.]

The quotient set L'/ = of =-equivalence classes is usually identified
with L! itself. (When the identification is not made, L'/ = is sometimes
denoted £'. In all the results that are of interest in the remainder of this
book, the distinction between L' and L' is of no consequence. Thus, for
simplicity and ease of presentation, the distinction is henceforth ignored:

L'=1')

2.2.30 Exercise. The map

d: L' x L' 3 (f,9) — d(f,g) Z I(f —g]) € |If — gl

is a metric for L'.

2.2.31 Exercise. In the context of the DLS construction, L is dense in
L' metrized by d as described in 2.2.30.

[Hint: The criterion in 2.1.9c¢) for membership in L' applies.]

2.2.32 THEOREM. METRIZED BY d AS IN 2.2.30, L' IS A COMPLETE
METRIC SPACE.

PROOF. For a Cauchy sequence {f,}, . in L', there is a sequence

{ny <ng <---<my <---}
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such that if &k > 2, then ank = i ||1 2 F, Lebesgue’s Monotone Con-
vergence Theorem (2.1.9f)) implies that for some g in L!,

|fm|+Z|f,,,~ Frnei| T

K
Thus for some f, Kh_r}n(x - +Z (f”k - fna-f.) o Kli—rgcf'"“ =f. feD

k=2
and since |f,, | < |g|, the Dominated Convergence Theorem (2.1.15) im-

plies f € L' and Klim | fnx — fll; = 0. Consequently, for any n in N,
—00

def
Since {f.},,en is a Cauchy sequence in L', for large n and large K, I + I1
is small, i.e., lim | f, — f[|, =0. O

For a measure space (X,A,pu), when {E,} . ., is a set of pair-

wise disjoint elements of A and {a,},., .y C R, the linear combination
N - N

def . . . . . .
Zaan = s is a simple function. When Zanp (E,) is meaningful,

n=—1 n—I1

f "“fza,,u ) [=J(s)]. If0< f eD,
X

n=1

/ f(z)du(x) & sup{ / s(x)dp(xr) : ssimpleand 0 <s< f } ;
X X

For finD, f=fVv0+ f A0 and, when the right member below is mean-
ingful, i.e., when at least one of the terms in the right member is finite,

du(z) & dulz) —
/Xf(m) () [(fvﬂ)( 2 ds(z) ﬁ —(f AO)(x) dua(z).

An f in D is integrable iff —oo < / f(z)du(x) < co. The set of integrable
functions is denoted L'(X, u). For f in L'(X, ) and E in S,

| ran [ xg-ran

[ 2.2.33 Note. The distinction between L'(X, u) and £'( X, u),
the set of equivalence classes with respect to the relation = defined

according to {f =g} & {f |f —gldup = 0}, is usually ignored.
=
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The notation L'(X, 1) emphasizes the involvement of the measure
it, whereas the notation L' used in the DLS construction suggests
that there is no a priori measure used to define L'. The next
results sort out the relations between L'(X, ) and L'.]

2.2.34 THEOREM. (Stone) IF p IS THE MEASURE DEFINED ON D VIA THE
FUNCTIONAL J AND LA1C L, AN fIND1s IN LY(X,u) 1FF f € L', IN

WHICH CASE /x f(z)du(z) = J(f).

PROOF. According to 2.2.13b), {f e L'} & {(f e D) A (|f| € L") }.

Since f = fT + f and |f| = f* — f, the discussion may be confined
to the set of nonnegative functions.

If 0 < f € L', then, since L A1 C L, as in the PROOF of 2.2.23, there

is a sequence {fn},  of nonnegative simple functions such that f, 1 f.
Lebesgue’s Monotone Convergence Theorem implies

/f ) du( /f,. Ydu(z) = T (f2) 1 J(f).

If] f(z)du(x) > J(f), for some simple function s,
X
0<s< fandJ(s)>J(f),

in denial of the nonnegative character of J: / flz)du(x) = J(f).
X
If 0< feL'(X,pu), for some simple functions {Sn}tnens Sn T f and
] sp(z)dp(z) = J (sn) T/ f(x)dp(x) < co. Consequently, 2.1.9f) im-
X

n—oc

plies lim s, s e L! and J(s / f(x)du(z). On the other hand, the
(z) dp(

preceding paragraph implies

X e
fx f(x) dp(x) = [\ s(x) du(x).

If f— sisnot 0 a.e., there emerges the contradiction

o< [ U@ = s@ldn < [ U@ - s@la@ 0

x) = J(s) and so

2.2.35 THEOREM. IF (X,S,£) IS A MEASURE SPACE AND L IS THE SET

OF SIMPLE FUNCTIONS § SUCH THAT / sd¢ € R, THEN
X

IZLBS}—-)I(S)dér/Sd£ER
X
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IS A DLS functional, i.e., A NONNEGATIVE LINEAR FUNCTIONAL SUCH
THAT {s, { 0} = {I(s,) ] 0}.

Proor.If E, = 4=t {z : sp(x) >0}, then £, D E,4, and ﬂ E, = 0. Fur-

nelN
thermore, £ (E,) < oc, whence 2.2.27 implies £ (E,,) | 0. Since

I(s,) = [\ Spd€ = /L s, dé < sup s,(x)-E(FE,),

o re E,

and sup s, () < sup s;(x) < o, 1 (s,) 0. ]
€ E, rEX

In the context of 2.2.35. the DLS functional I gives rise to f, 1.J,D,
D, u, and, via 2.2.34, / ~dp. The next discussion deals with the relations

between S and D resp. £ and p resp. L'(X,€) and L' (which, according to
2.2.34is L'(X, p)).

If £ €S, then g & D, whence SCD. If 0 < f € L'(X,€). there is a
sequence {s, }, - of simple functions such that

0<s,1Tfand /

JX

SpdE T / fd€.
JX

On the other hand, Lebesgue’s Monotone Convergence Theorem for the
DLS functional J derived from [ and the associated measure p implies

/ fdé =J(f / fdp: L' (X, &) c L'. Since D is always complete,
if S is not complete, S %D However, since L is dense in both L'(X,§)

(metrized according to

1 [2NX.0]% 3 (f.9) H/u— 1 de < N1f — gllh)

and L', it follows that modulo null functions, L'(X,€) = L' = L' (X, u).

The previous developments offer justification for largely ignoring, in the
remainder of the book, the distinctions among L'(X, &), L', and L'(X, ).
They also establish that Daniell’s approach and Lebesgue’s approach to
integration (v. 2.2.50) are logically equivalent. As circumstances dictate,
for exploring a problem one approach might appear superior to the other.

For example, as formulated by Kolmogoroff [Kol], probability theory
lends itself to Lebesgue’s ideas (v. 2.2.50). On the other hand. the elegant
presentations of integration on locally compact groups [Loo, Nai, We2]
and the Riesz Representation Theorem (2.3.2 below) are more readily un-
derstood from the perspective of Daniell’s theory.

[ 2.2.36 Note. The basic results, Lebesgue’'s Monotone Conver-
gence Theorem (2.1.9f)), Fatou’s Lemma (2.1.14a)), and the
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Dominated Convergence Theorem (2.1.15) are valid for the func-

tional J and hence for the functional / i
Jx

2.2.37 Exercise. If 0 < f € D: a) for the map

6:03 B oB) ™ [ fladute)

(X,D, ®) is a measure space; b) if 0 < g € D, then / gdop = gfdu, a
X

relation that may be summarized by the equation d¢ = f du, v. Section

5.8.

[Hint: For a), Lebesgue’s Monotone Convergence Theorem ap-
plies. For b), the general result follows from the treatment of the
special case when ¢ is the characteristic function of a set F in D:

2.2.38 Exercise. If X & [0 1] and, for f in C([0,1],R), I(f) is the

Riemann integral / f(z)dx of f, then D D oR[K ([0, 1])] = Sz ([0, 1]), the

o-algebra of Borel sets in [0,1]. If 0 < a < b < 1, u([a,b]) =b— a.

[ 2.2.39 Note. Although D is complete (v. 2.2.28), the following
discussion concludes that D %Sg([o, 1]) and that Sz([0,1]) is not

complete.]

2.2.40 Example. When a € [0,1), the Cantor set C, is constructed by
deleting from [0, 1] a sequence of open intervals:

L
o [yoo centered at —;

e [y1,1, 51 centered at the midpoints of the two components of

[0, 1] \ IUYQ(J:_

e [,y,...,1,9n centered at the midpoints of the 2" components of

n—1 )
[0, 1] \ U U I«,,:‘?J' §
i=0 \ j=0

etc.
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The intervals in any group I,,,,...,I, o~ are of equal length, say a,,
o0

Qp > Apt1, and 1 —a = Z 2"av,,. It follows that C, is a closed set and

n=0
w(Cq) =a. If a, =37", then a@ =0 and there emerges the Cantor set
o0
Cy. A direct calculation shows that Cy = { % : €, =0o0r 2 } The
n=1

mn 1 (3 .
map Cy 3 Z ‘ Z 5 2€!+1 carries Cy onto [0,1] (v. 1.2.31). Hence

#(00,1]) 2% (Co) > #([0,1]): # (Co) =<
Because 1 (Cpy) = 0 and D is complete, B (Cy) C D. Furthermore,

2° < #(D) < #[P(R)] = 2°.

Thus #(D) = 2°.
On the other hand, as the next lines show, # [Sg(R)] = ¢. Hence some
subset of Cy is not in Sz(R): Sz(R) is not complete and, to boot, D ;S,;(R)

Since every singleton set is in Sz([0,1]), # (Sg) ([0, 1]) > ¢. Further-

more, S5([0,1]) = oR ({(a,b) : 0<a<b<1l,abeQ}) ™ sR(Ey), i

S5([0,1]) is generated by the countable set E;. For every ordinal number
a in (0,9Q), if E, is the set of all unions of countably many set differences

drawn from U E., then S5([0,1]) = U E.. However,

y<o a<Q

#{a :a<Q})<

whence # [S3([0,1])] = «¢.
Customarily, the complete o-algebra D in the context of 2.2.38 is
denoted S)([0,1]), the set of Lebesgue measurable subsets of [0,1]. By the

same token, the measure p is usually denoted A, and the measure space is
([0,1],5x([0,1]), A

2.2.41 Example. For « in [0,1) there is the Cantor function ¢, defined
as follows: ¢, () = { k=1

g 2 € Lgn, 1<k <2M

Thus far ¢, is defined only on [0,1] \ C,. However, if y € C,, then

def

lim (,bn(' ) — d’tl( )

Tr—Yy

IE[U-l]\C‘u

exists. The function ¢, is continuous, monotonely increasing, and

APa (Co)]=1=1—= Ao ([0,1]\ Cy)] -
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2.2.42 Exercise. a) ¢,([0,1]) = [0,1]; b) there is a measure space

(10.1],Sx([0, 1)), 1)

such that for [a,b) contained in [0, 1], p([a,b)) oy {#alla,b)]}; c) if

def
2’@[“(1(2) =z + (bn(z)a

then v, : [0,1] — [0, 1] is a homeomorphism.
2.2.43 DEFINITION. FOR A SET X, AN outer measure
p'P(X) 3 E v 1 (E) € [0,00]
IS A SET FUNCTION THAT IS countably subadditive, i.e.,
w (U En) < ZM* (En),
n€EN n=1
MONOTONELY INCREASING, i.e., {A C B} = {y*(A) < u"(B)}, AND SUCH

THAT p*(0) = 0.
A SET H CONTAINED IN ‘B(X) 1S hereditary 1FF

{{EeH}A{F CE}}={FecH}.
WHEN A C B(X), H(A), THE hereditary o-ring of A, 1S THE INTERSECTION

OF ALL HEREDITARY 0-RINGS CONTAINING A.
FOR A MEASURE SPACE (X, S, u),

p* HS) S E—inf{u(F) : ECFeS}
IS THE outer measure induced by p on H(S);
pe :H(S) D E—sup{pu(F) : EDFeS}

IS THE inner measure induced by p on H(S).
For A IN H(S), A C IN S 1S A measurable cover OF A IFF C D A AND

{S3BCC\A}= {u(B)=0}; A K IN S 1s A measurable kernel oF A
IFF K C AAND {S3> B C A\ K} = {u(B) = 0}.

2.2.44 Exercise. a) In the context of the DLS construction,

pwoPX)3EsT (XE) E ur(E)
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is an outer measure. b) For a measure space (X,S,u): bl) if C; and Cy
are measurable covers of an A in H(S),

1 (CLAC) E p[(Cy\ C2) U (C2\ )] = 0;

b2) if A € H(S), some K in S is a measurable kernel of A; b3) if A € H(S)
and A is contained in a countable union of sets of finite measure (A is
p*-o-finite), some C in S is a measurable cover of A.

2.2.45 Example. In the context of 2.1.22, the measure corresponding to
the functional ¥ on the o-ring D is counting measure:

U:SBE&—}{#(E) if#(E)EN.

o0 otherwise

Contained in D is the sub-o-ring S consisting of ) and the set of all finite
or countable subsets of X. If #(X) > Ry, A C X and #(A) > Ny, no C is

a measurable cover of A.

For a set X and an outer measure pu*, a subset E of X is Caratheodory
measurable iff for all A in P(X)

pwr(A) = (ANE)+u" (A\E) (2.2.46)

(E splits every set A p*-additively.) The set of Caratheodory measurable
sets is denoted C. (As 2.2.48 reveals, the condition (2.2.46) implies that

1| is countably additive.)

2.2.47 Exercise. A set F is in C iff

{{PcE}A{QC X\ E}} = {0 (PuQ) = p"(P)+ 1" (Q)}.

2.2.48 THEOREM. THE SET C IS 0-ALGEBRA, (X,C,u*) IS A MEASURE
SPACE, AND C IS COMPLETE.

Proor. If {E,}, .y CC, PCE\ Ez,and Q C X\ (E; \ Es), then
PN(Q\E;))Cc PnQ=0.
When F in (2.2.46) is E; \ E5. there emerges

p*(P) +p*(Q) = p*(P) + p* (Q N Ez) + pu* (Q \ Es)
= " [PU(Q\ E2)] + p* (Q N E3) = p*(PUQ.)

Hence F, \ E, € C.
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Since E, U Ey = E1W(FEy \ Ey), the previous conclusion implies that
to show F, U FE, € C, it suffices to assume E; N Fy; = (). Then for any set
A, since

pr[(ANENU(ANE)=p" {(ANE)U[(AN E;) N E;]}
+u{[(ANE)U(ANE)]\ Ei}
=u"(ANE)+u" (AN Ey),
it follows that
pt [AN(ElUES)] + u” [A\ (BhWE?))
— 1 (AN E)U(ANE)] + 4 [(A\ Ey) \ o)
= (ANE) + i (ANE) + i [(A\E)\ Ea]. (%)
On the other hand,
W (A\Ey) = 0 [(A\ Ex) N B3] + 0 [(A\ By) \ B3]
=p* (AN Ep) +u* [(A\ E1) \ E2],
whence the last two summands in the right member of (*) may be replaced
by p* (A\ E,). There emerges
pr[AN(EW\WE)] 4+ u™ [A\ (B \UE,)] = u* (AN Ey) +u* (A\ Ey)
= p(A):
E,UE; € C.

Since C is closed with respect to the formation of set differences, in-
duction shows that for N in N,

SvE |J En=Ewul) EN\NE)E) Faeq

1<n<N 2<n<N 1<n<N
def
S = |J E.=|J F.eoR(Q).
1<n<oc 1<n<oc

For N in N and A in *B(X), since each F,, is in C, induction and the
monotone character of p* imply that

pr(A)=pu" (ANSy)+pu" (A\ Sn),
p*(ANSy) =p" (ANSyNEN)+p* ((ANSy)\ Fn)
=p " (ANFN)+p" (ANSy 1)

N—1 N
=p (ANFN)+ ) w (ANF,) =) p (ANF,),
n—=1 n=1

N
pr(A) =D W (ANF,) +p" (A\SN),

pH(A) 2 ) Wt (ANF,) +p* (A Sx)

Vv
=
* |l

ANSx)+p"(A\Sx).
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Hence S € C; if A = S, the preceding calculations imply

Iy (U F) =) u(F,)

<n<2o n=1

e., (X,C,u") is a measure space. The definition of Caratheodory measur-
ability implies: a) if E € C, then X \ E € C; b) if u*(A) =0, then A € C.

The monotone character of ¢* implies that C is complete. |

2.2.49 THEOREM. IF 1 € D, AN E IN ‘B(X) 1s DLS MEASURABLE IFF E IS
CARATHEODORY MEASURABLE WITH RESPECT TO THE OUTER MEASURE
u* OF 2.2.44.

PROOF. If D is DLS measurable and p*(A) = oo the subadditivity of I
implies p* (A) =p* (ANE)+u" (A\ E).
If u”*(A) < oc and € > 0, for some g in L,. g > X, and

T(XA)-i-t?ZT(Q)ZI(QAl):f QAXD+QAX(X\D))
Zf(gf\x) ( X(_\'\D))
( (A\D))‘

(A4
~
/'_"\
I
D
S
S
°-~I

l.e.,
W(AND)+ p*(A\ D) > u*(A) +¢ > " (AN D) + u*(A\ D) :

DLS measurability implies Caratheodory measurability.

When C is Caratheodory measurable its DLS measurability is estab-
lished by showing that X €D, ie, that for all g in L, X-NgE€ L', (v.
2.2.14a)).

Case 1: [ (Xc') < oo. If € > 0, for some h in L,,

hszandf(il)<T(xc)+e<oo.

Sincel1€e D, L'31Ag> X Each of a)—e) below follows from its prede-
cessors or from the statements made thus far:

a) 1A h € D;

b) BY Es (1Ah,1) € D;

c) thBED

d) T(XB) < I(h) < oo, whence XBGLI;

&) Xy 2 Xy
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Since x € L', B is DLS measurable and hence Caratheodory measur-
able. The fo?lowing equations and inequalities are validated, i.a., because:

both B and C are Caratheodory measurable;
X, €LY

T is subadditive:

for all sets A, T(x A) = u*(A) (by definition):

Thus Xg— Xp € Ao X = X~ (XB—XC) e L' ie., CeD.

Case 2: [ (XC) = 00. Since the range of Xo is the set {0, 1}, it suf-

fices to show: {{g€ L} A{0<g<1}} = {Xc AgE Ll}. If A= FE-(g,0),
owing to 2.2.22, A € D.

Case 2a: X, € L'. Then A is DLS measurable, hence Caratheo-
dory measurable and

Thus C'N A is Caratheodory measurable and since

0<

1

1 (X(Cr‘\A)) < o0. The conclusion in Case 1 shows that

)‘(Crm) NgEL,

whence X.NgE€E | £
Case 2b: X, € (D\ L"). For € > 0, if A, e E-(g,¢€), then

€

- (1 1
X, € D and I (Xm) <1 (— '9‘) = EI(Q) < 00.

Hence X, E L'. The conclusion in Case 2a implies that C N A € D. Set-

: 1 .
ting € at —, n € N, yields the result. O
n
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[ 2.2.50 Note. The theory of integration, due to Lebesgue, per-
2T

mits meaning to be ascribed to () dx when
0

o0

f(zx) et Z a, cos nx + b, sin nx,

n=1

o

and |a,, cosnx + b, sinnz| < oo for all z, even, as well might
n=1

be the case, when f fails to be Riemann integrable. Such a func-
2w

tion is integrable when the symbol f(x)dx is viewed as the

0
Lebesgue integral.

Lebesgue’s idea for a partition of the domain of a function f in
R(*? was contrapuntal to Riemann’s. A Riemann partition of
[a, b] is determined by points a = o< <...< ey 4t § and con-
sists of the sets

[ciyciy1),0<i<n—2, and [cn_1,¢n],
a partition made without regard to the function f.

Lebesgue partitioned the domain [a, b] of f by direct reference to
f via its range. If p > ¢ > r, the sets

are disjoint. If f is sufficiently restricted, the sets E,, are in the
o-ring Sg. Whereas the length of E,, is not necessarily meaningful
without modification of the notion of length, Lebesgue developed
a theory that consistently assigns a value to the size of any E,,
in S; and indeed to any set E in Sz. Successive elaborations
by Lebesgue, Daniell, Stone, and others led to the development
presented above and to the following discussion.]

2.2.51 DEFINITION. FOR AN ELEMENT FE OF P(X), A PARTITION

def
P = {P'Y}—Yer
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OF E 1S A SET OF PAIRWISE DISJOINT SETS SUCH THAT U qu, =F. IN
vE

THE CONTEXT OF A MEASURE SPACE (X,S,u), WHEN E € S, THE PARTI-
TION P IS MEASURABLE IFF EACH P, € S. THE PARTITION P IS FINITE
IFF #(l) € N.

2.2.52 Exercise. For the measure space (X,S,u), if 1 is measurable,
0< fel' (X,u),P et {Pr},cr<, is a finite measurable partition of X,

n

and sp(f) ) Z inf f(x)u (Py), then

] fdp =sup{sp : P a finite measurable partition of X }.
X

2.2.53 Exercise. a) Each f, in 1.7.6 is Riemann integrable; b) {f.}, oy
is a bounded sequence; ¢) lim f, Qef f exists; d) by contrast with 2.1.9
n—oc

and 2.1.15, f is not Riemann integrable; e) f is Borel measurable and for

1
the measure space ([0, 1],S3, A), / f(z)dA(x) exists and
0

T—OC

1 1
lim /( f,l(;r)ci:lrzﬁ f(x)d\(z) = 0.

2.2.54 Exercise. For f as in 2.2.53, in C ([0,1],R) there is a se-
quence {g,}, oy such that: a) lim g, Qn[0.1] exists and is f|@m[n ) b)

n—oo

1
each g, is nonnegative; ¢) sup g,(z)=1; d) / gn(x)dr >0, n€N;e)
0<z<1 0

n—oC

1 1
lim ] gn(.r)d:c:/ f(x)dA(x), cf. 1.3.5.
0 0

[ 2.2.55 Note. As shown next, the results in 2.2.53 and 2.2.54
show that the DLS construction can provide a proper extension
of the original DLS functional.

1
When the Riemann integral / - dx is used to define the (DLS )

0

1
functional I : C([0,1],R) > f »—}/ f(z)dx € R, the DLS exten-
0
sion (/) yields the measure space ([0, 1],Sx, A) and the (Lebesgue)
1
integral / -dA(x). The function f in 2.2.53 is Lebesgue inte-

0
grable but not Riemann integrable.]
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2.2.56 Exercise. If f € L'([0,1],)\) and € > 0: a) for some positive M,

if Apy < E<(|f], M), then A([0,1]\ A) < € and

i

1
b) for some Isc h, h > f and / h — fdA(z) < €; ¢) for some usc k, k < f

0

f—XA-f‘ dA(z) <€

1
and j f—kdX\(z) <.
0

2.2.57 Exercise. For a set X and a function lattice L contained in ]RX,
the smallest monotone class of functions containing L, i.e., the Baire space
B(L) associated to L, is a function lattice.

[Hint: For f in B(L) if M(f) consists of all g such that

{9.f +9.f Vg, fAg}CB(L),
M(f) is a monotone class.]

2.2.58 Exercise. The set function

o :D3> E— J(XE) if.erLl
sup{J(xF) : D> FCE, XFELI} otherwise

is a measure and if f € L', then J(f) = / f(z)dpo(z). Furthermore, if
X
p1:D 3 Ew— py(F) € [0,0¢] is a measure and for all f in L',

10 = [ f@dn)

then for all E in D, puo(E) < py(E).

2.2.59 Exercise. a) The set R([0,1] of functions f that are Riemann

integrable on [0, 1] is a function lattice. b) If X et [0,1], L def C([0,1],R),

1
and when f € L, I(f) def / f(z) dr (Riemann integral), then L ¢ R C L.
0

1
¢) If R([0,1]) D {fn},en and fr, L 0, then fn(x)dx | 0.
0

[Hint: If f € R([0,1]), for a sequence {s,} .y of step-functions,
sn T f a.e.()). If s is a step function, there is a sequence {c, }neN
of continuous functions such that ¢,, 1 s.|
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2.2.60 Exercise. For the Dirac functional 6, in 2.1.21, what are D, D,
and the corresponding measure?

2.3. The Riesz Representation Theorem

An important consequence of the preceding development is the following
theorem of F. Riesz. The result applies, when X is a locally compact
Hausdorff space, to nonnegative linear functionals defined on Cpo (X, R), the
set of continuous functions f such that supp (f) is compact. In Chapter
4 the result is extended for continuous C-valued linear functionals defined
on C()()(X, (C) .

For a locally compact Hausdorff space X, the class of Baire sets Sp(X)
is the intersection of all o-algebras contained in PB(X) and including, for
each f in Cyo(X,R) and each a in R, the set E-(f,a). Hence if o denotes
any one of <, >, > and a € R, then S;(X) contains E,(f,a). However,

B>(fa)= () B> (fa+ 1)

neN

is a compact G5, whence S;(X) is the o-algebra generated by the set of
compact Gjs.

2.3.1 Example. If #(X) > R, O(X) = PB(X) (the topology of X is the

discrete topology), and X~ et XJ{y} is the one-point compactification of

X (cf. 1.7.28), each neighborhood of y is closed (and, by definition, open).
Each finite subset of X is a compact G5, whereas the set {y} is compact
but is not a G5. An infinite subset A of X is not compact, since its elements
regarded as sets constitute an open cover V of A, and no finite subcover
of V exists. Thus the o-algebra S¢, generated by the compact Gss of X*
is the o-algebra Sy (X)) generated (in X*) by the finite subsets of X. The
construction given in 2.2.40 for Sz implies, in the current instance, that
{y} ¢ Sy (X). Thus Sz (X™) %Sb (X™): the sets Sg and Sy, need not be the
same.

2.3.2 THEOREM. (F. Riesz) FOR A LOCALLY COMPACT HAUSDORFF SPACE
X AND A NONNEGATIVE LINEAR FUNCTIONAL

I:Coo(X,R) > f I(f) €R,

FOR SOME MEASURE SPACE (X,S;, 1) AND ALL f IN Cpo(X,R),

1) = [t duo)
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Proor. If Cyp(X,R) 3 f, 1 0, since supp (fy) is compact and

supp (f1) O supp (fn),n € N,

Dini’s Theorem (1.2.46) implies f,, — 0. Urysohn’s Lemma (1.2.41) im-
plies there is in Cyo(X,R) a g such that 0 < g <1 and g > 1 on supp (fy).

If m € N, for some ng, 0 < f,(z) < A if n > ng, whence
=

1) <1(2) = 1)

m m

Hence lim I(f,) =0. Since I (f,,) > I (fu+1), I (fn) 1 0: Iis a DLS func-

TL—>OC
tional.

By abuse of notation, 1 A Cyo(X,R) C Coo(X,R), whence [2.2.29d)]
the set D of DLS measurable sets is a complete o-algebra that includes, for
each f in Cyo(X,R) and each a in R, E-(f,a): D D Sp(X). O

2.3.3 Exercise. If X is a locally compact Hausdorff space,

K € K(X), and K < f € Cyo(X,R),

 + 1 - —
then for n in N: a) E. (" Tl 1) 0, € 0(X); b) 0, € K(X); ¢)
T

K CFE-(f,1) = ﬂ O,,. In sum, every compact set K is contained in a
neN
compact Gs.
[ 2.3.4 Remark. When X is a locally compact space, KG; is the

set of all compact sets each of which is a G5. Some define S;(X)

to be the o-ring generated by KGs: S;(X) 'R (KGs) and some

define S;3(X) to be oR[K(X)]. The reader is encouraged to explore
the relations among these definitions and those used in this book.]

2.3.5 Example. In 2.1.22, if X @ R, D consists of all functions f such
that supp (f) is empty, finite, or countable while

{fer'} e {{fev}/\ {Df(.rn < oo}}

reER

Consequently, R ¢ D.
The function f : R 3 x — 2 € R is such that #[supp (f)] > No, whence

f ¢ D, although for each a in R, E_(f,a) = {a} € D (cf. 2.2.22).

2.3.6 Example. In its customary topology, again R is a locally compact

Hausdorff space. If f € Cgo(R,R) and I(f) g f f(z)dx (the Riemann

R
integral of f), Urysohn’s Lemma implies that oR[K(R)] = D.
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2.3.7 Exercise. In 2.3.2: a) if £ € Sg,
p(E)=inf{p(U) : ECUUE€OX)};

b) if u(F) < oo, then p(E) =sup{ (k) : K CE, K € K(X) }.

The conclusions a) and b) above motivate the following terminology.

2.3.8 DEFINITION. FOR A MEASURE SPACE (X,S,u), A SET E IN S IS
outer regular (inner regular) 1FF

p(E)=inf{u(U) : ECUe€O(X)},
(w(E) =sup{pu(K) : EDKeK(X)}).

AN E THAT 1S BOTH OUTER REGULAR AND INNER REGULAR IS regular.
WHEN EVERY E IN S IS OUTER REGULAR (INNER REGULAR) (REGULAR),
(X,S, ) AND 1 ARE OUTER REGULAR (INNER REGULAR) (REGULAR).

2.3.9 Exercise. In 2.3.2,if X &f [0,1] in its customary topology and [ is

the Riemann integral ca) u= A\ (cf. 2.2.40); b) if E € Sz([0,1]) and
[0,1]
x € R, then

_I-__|_Ed§f{1'-+—y : yEE}ESB([Ovl])ﬂ
AE) = Az + E)

(S5([0,1]) and X are translation-invariant); c) if

{E,F} CSz, 0< AE) - A(F) < o0, and = € R,

then f(x) = AlEN (x4 F)] = f X (¥ — )X (y)dy and f is continuous;
R

d) E-F def {z—y : 2 € E, ye F}, contains a neighborhood of zero.
[Hint: If E is an interval, b) and c) are valid. For d), ¢) applies.]
[ 2.3.10 Note. In the context of 2.3.9, the measure space is
[R,SA(R)),A] and A is Lebesgue measure. The sets in Sy[R)] are
the Lebesgue measurable sets. Corresponding definitions apply for

the notions of Lebesgue measurable functions, Lebesque integrable
functions, Lebesgue integrals, etc.]

2.3.11 Exercise. (Vitali-Caratheodory) In the context and notation of
2.3.2, the conclusion in 2.2.56 obtains.

[Hint: Urysohn’s Lemma (1.2.41) applies.]
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2.4. Complex-valued Functions

Little difficulty and much advantage follow from admitting C-valued func-
tions to the discussion. From this point forward, functions with numerical
ranges are to be assumed as C-valued unless the contrary is stated.

The image +* = v(R) of the curve
1—t2 2t

Rat— 1
L 112 e

eC (2.4.1)

is {z : |z|=1,z¢-—1}d§f']1‘\{—l}. The function

def [* 2
G:RBtHB(t)Q/

d 2.4.2
T2 ® (2.4.2)

1s continuous and strictly monotonely increasing. For some (finite) number,
denoted 7, lim 6(t) = +m: v is rectifiable and
t—+oo
def
length of v = {(v) = 27.

The inverse of # is the function t : (—m,7) 3 6 — ¢(0) e (—o0,00):

1(0) =0, lim(6) = oo, lim #(8) = —oo, t(n) e 4. (2.4.3)

The two trigonometric functions,

— ()2

cos: [—m,m| 30— i—{-—f‘zg% (2.4.4)
6

sin: [—7, 7] 2 6 — 1_2:(7‘)’)2 (2.4.5)

are infinitely differentiable on (—m,7) and

cos’ @ = —sinf, sin’ § = cos .
The formal
0% o1
1_54_5_...1 (2.4.6)
93 95
G—ET-I-E!——--- (2.4.7)

converge for all 8 in C. The remainder formule associated with the Maclau-
rin polynomials for cos f and sin € show that (2.4.6) resp. (2.4.7) represent
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cos f resp. sinf on (—m,7) and define cosf and sinf throughout C. Com-
bined, they yield

oo ‘.9 n .
cosf +isinf =1+ Z (i 3 wef exp(i0) (Euler’s formula)
n!
n=1

and the definition

5 oo g
exp(0) L+ Z =

n=1
The right member of (2.4.8) converges throughout C. On R, the series
(2.4.6)—(2.4.8) represent three infinitely differentiable functions mapping R
into R. (By virtue of the argument in 5.3.2, they are infinitely differentiable
throughout C.) Direct calculations using (2.4.8) show

(2.4.8)

n!’

exp(u + v) = exp(u) exp(v), (2.4.9)
whence if e = exp(1), successively,

exp(n) =e¢", ne€N, exp(m)=e" meZ expr=e,reQ. (2.4.10)
Owing to the continuity of exp, the definition e’ ot exp(f), 8 € C, is con-
sistent with the formula in (2.4.10).

. 1
If 0 eR, ‘e"el = (C0829 + sin? 9) * = 1. By virtue of (2.4.3),

™

e™ =cosm+isinm = —1, (2.4.11)
; 0

whence, for k in Z, €2*™ = 1. If § € C, then C?S(e + 2k) = C?S )
sin(# + 2km) sin 6

If » € R, for a unique k in Z, 6 &= ¢+ 2km € (—m,w|. If cos¢ =1, then

cosfl =1, 1ie.,t(0)=0=0,¢€2Zr. If 2 e +iyand e” =1, then z =0
and e'"Y = 1 whence e* = 1 iff z € 2Zmi. (The last conclusion is alternatively
deducible from the formula

6 2\ ¢ 0
osf=1— (= [(1-=)+—=(1-—)+--
o8 (2 ( 12) T (1 56) i )

applied when 6 € [—m,7].)
2.4.12 Exercise. The least positive period of both cos and sin is 27.

[Hint: sinf = — cos’ 6.]

2.4.13 Exercise. a) exle is a strictly monotonely increasing function; b)
the function inverse to the exponential function exp on R is the logarithmic
function In : (0,00) 3 y — In(y) € R, i.e.,

expoln: (0,00) 3y — vy,

Incexp: R 3 z — x;
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c¢) lim exp(z) =00, lim exp(x)=0;d)if z =z + 7y,

r—oc Tr——0o0

e* =¢e" (cosy +isiny);

e) for z in C\ {0} and some unique € in (—m, 7], z = exp(ln|z| + i0); e)
exp’ = exp.

2.4.14 Note. For v as in (2.4.1), if 2 e o+ 1y € v*, there is in

[ .
(—m, m) a unique ©(z) such that ¢'®() = > Hence, if e® = z, then
e?~"®(2) = | and so for some k in Z, ¢ = i[O(z) + 2kn].

The signum function sgn is defined by:

def if z#0

sgn :C3 2z sgn(z) = z
0  otherwise

Hence: a) z -sgn (z) = |z]; b) sgn is continuous on C\ {0}; c)

I%m(ﬂl={1 if 2 #0

0 otherwise.
The unit circle {z : |z| =1} (=~"U{~-1}) is the same as T.
If z € (C\ {0} and z = |z|e", =7 < 8 < 7, the half-line

def ;
lp = {w s w =re, 7'20}

meets T in exactly one point, which is sgn (z). If U is open in C, U NT is
relatively open in T and

def ’
S@—WHZ{S:{Z:MOUHT¢@}ﬁO¢Q'
Su{o} otherwise

Hence sgn ~'(U) is either open or the union of an open set and a sin-
gle point: sgn is (¢R[O(C)],oR[O(C))]-measurable. When = 4+ iy and

sgn (z) def u(x,y) + iv(x,y), then u,v € D.
For X, L, and [ in the DLS development, a function

f: X2z flz)=Rf(x) +iSf(x) = u(z) +iv(z) € C

is defined to be DLS measurable, D-measurable, or Caratheodory measur-
able iff u and v are: f € L' iff both {u,v} C L', in which event,

1£1l <" J() 1))
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For a measure space (X, S, ), by definition,

{f‘*éf Wi € 5} & {{u,v} C S},
{(fel'(X,n)} & {Ifle L'(X.m)}.

In the circumstances, since max{|ul,|v|} < Vu2 +v2 < |u|+ |v|, f € L!
resp. f € L' (X, p) iff

T([u]) + J(|o]) < o0 resp. / |u|du-|-f o] dp < oo.
X X

Unless the contrary is stated, henceforth, functions will be assumed to be
C-valued.

2.4.15 Exercise. The map R 3 & — exp(2mixz) € T is a continuous open
epimorphism of the additive group R onto the multiplicative group T. (In
particular, if & € Z, then exp((2k + 1)7i) = —1.)

2.4.16 Exercise. If z # 0: a) Arg(z dp{ {0 : 0eR, z=|z[e" } # 0; b)
6, — 6
#[Arg (z)] = No; ¢) {01,602} C Arg (z) implies 12 2 e Z.
T

2.4.17 Exercise. If —7m <6 < 7: a) qb C\lgdz— @[sgn(z)] is a non-
constant continuous map; b) ¢ (C\ lp) U Arg (w
H’E(C\[g

2.4.18 THEOREM. a) IF THE CURVE 7 :[0,1] 3t — ~(t) € C 1S NONCON-
STANT AND « € 7", FOR SOME NONCONSTANT ¢,

poy:[0,1)>t U Arg (w — a)
wey*
IS CONTINUOUS. b) A MAP @ DEFINED ON «¥[[0,1)] AND SATISFYING
Yoy:[0,1)Dt— U Arg (w — @) (2.4.19)
wey*

IS CONTINUOUS IFF FOR SOME m IN Z, o~y — ¢ oy = 2wm.
~ def .
PROOF. a) For the curve v = y—a,if0=tg<t;<---<t, =1and
def
d = max{ty —trp—; : 1<k<n}

is sufficiently small (and positive), the arc ¥ [tx_1,tx] is contained in some
C\ lp where 2.4.17 applies: there is a ¢ such that ¢, o7 is continuous on
[tk—1,tk]. Owing to 2.4.16c¢),

for some my in Z, ¢1 0y (t1) = P2 0y (t1) + 2mmy,
for some my in Z, ¢g 075 (t3) = ¢3 075 (tz) + 2wmeo,
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etc. Thus if

($107(t) if t € [0,8,)
CH def J ¢20(t)—27T7n1 lftE [tl,tg)

\ ¢11—1 o?(t) —2m (Tnl s AL o m-n—l) if t € [tn—ls 1)

then &5 is continuous on [0,1) and if t € [tx_y,tx), then

o~

doF(t) = dp oN(t) + 2mmy_y.
Since the correspondence 7(t) < ~(t) is bijective, the equation

def 7+

dory(t) = dor(t)

defines the required ¢.

b) If m € Z, then 2rm + ¢ o~ is continuous on [0,1) and satisfies
(2.4.19).

Conversely, since the map ¥ o+ — ¢ o~ is continuous, the result in
2.4.16¢) implies that ) oy — ¢ 0 v is 2wZ-valued. Hence oy —¢po~vyis a
constant. 0

2.4.20 Exercise. In the context of 2.4.18: a) If ¢ is sufficiently small

(and positive), then ¢ o+ is monotone on each interval [tx_1,tx). b) For
def . . def N — ¢ 0 v(0)

A= ]tlTr111qbo'y(t), ind 4 (a) = o

is in Z. ¢) On each component of C\ ~*, ind ,(«) is a continuous (hence

constant) function of a. d) Only one component of C\ v* is unbounded.

e) If a lies in the unbounded component of C \ v*, then ind - (a) = 0.

, the index of v with respect to a,

[Hint: e) If € > 0 and |a| is large enough, then in the notations of

2.4.18, sup |do §| <el
te[0,1)

When z € C)\ {0}, the countably infinite set In(|z]) + Arg(z) is de-
noted Ln (z).

2.4.21 Exercise. a) If v:[0,1] 3t — ~(t) € C is continuous and 0 ¢ ~*,

for some £ defined on ~[[0,1)], Lo~ :(0,1) 3t~ U Ln (w) is contin-
wenre

uous. b) If 2#0 and e“ =z, then w € Ln(z). ¢) If ¢t in [0,1), then

efor(t) — ~(t).

[Hint: The argument in the proof of 2.4.18 applies.]

There are profound connections between the map {~v,a} + ind(a)
and basic topology, e.g., the Jordan Curve Theorem, Brouwer degree of a
map, etc. A dense but useful reference here is [Sp] where an extensive
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bibliography is offered. The discussion provided above for the basic topics
of this subject is adequate for the current and later purposes of this book.

2.5. Miscellaneous Exercises

An element A in a o-ring S is defined to be indwvisible iff every proper

S-subset B of A is 0, i.e.. {S 5B ;A} = {B = 0}.

2.5.1 Exercise. a) If the set 7 of indivisible elements of o-ring S is finite
and U is their union, S {A\U : A €S} isao-ring and no element of

S is indivisible. b) If 7 is infinite, #(S) > Ny. ¢) If S is infinite, then S is
infinite and #(S) > Ny. In sum, if S is a o-ring, then #(S) # X,.

[Hint: 1f S>3 A # (0, some nonempty S-set B is a proper subset of
Al

2.5.2 Exercise. For a group G, a function lattice L contained in R®,
a DLS functional /: L— R, an f in RY, and an a in G, if the left a-
translate of f is fiq) : G 3 x + f(ax), and for each a in G' and each f in L,
I (f[u]) = I(f), then: a) for all f in D, f|,) € D; b)

{fel't = {{fle L} A{J(fg) =J(N)}};
c) {E €D} = {{aE € D} AM{u(aE) = u(E)}} (cf. 2.3.9).
2.5.3 Exercise. If f € L'(X,u) and lim p(E,) =0, then

n— o

lim / |fl du = 0.
n—o0 E"

[Hint: If f is a simple function the result is a consequence of the
nonnegativity of u. For the general case the density of the set of
simple functions in L'(X, u) applies.]

2.5.4 Exercise. If n: A>3 X +— n(A) € P(X) is a net, then

2.5.5 Exercise. An f in R”!Y Riemann integrable iff: a) for some finite
M and all z, |f(z)| < M and b) the Lebesgue measure of the set Discont ( f)
of discontinuities of f is zero: A[Discont (f)] = 0.

2.5.6 Exercise. If S is a o-algebra contained in P(X),

h:R?*3 (x,y) = h(z,y) €ER
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is continuous, and f; : X 3z — f;(x) € R,i = 1,2, are S-measurable, then

HYh (f1, f2) is S-measurable.

[Hint: a) The set E_(h,a) is an open subset U of R*; b) E.(H, a)
consists of all x such that [f;(z), f2(x)] € U; ¢) U is a union of
(countably many) pairwise disjoint half-open rectangles

[a’n.u }(371) X [F)/'n'! 67‘!)171‘ E N]

2.5.7 Exercise. If {1, f} C D, then sgn(f) € D.

[Hint: The set E< E_(f,0)isin S and f(X \E)cC\{0};

C\ {0} 3w+ sgn(w) is continuous, whence sgn (f) is measur-

able on X \ F]

2.5.8 Exercise. If S is a o-ring contained in ‘P(X), S is the associ-
ated set of S-measurable functions, and f € S, there is in § a 6 such that

fz) = |f(x)|e?™).

2.5.9 Exercise. a) If S is a o-ring contained in *B(X ), § is the associated
set of S-measurable functions, and f € S, then |f| € S§. b) The converse of

a) is false. ¢) {f e L'} & {{f e S} {|fle L'}}.
[Hint: For b), if E € P(X)\ S5(R), then \X’E < X(R\E)\ = 1]

2.5.10 Exercise. What is the result of applying the DLS procedure to
the lattice L %' L'(X,p) and the functional I : L 3 f / fdu?
X

2.5.11 Exercise. If R is a ring of sets and is monotone, i.e.,

{{{En}nEN C R} A {En C En—H}} = { U Eu € R} ’

neN

{{{En}neN - R} N{E, D E,l+1}} =3 { m Enx € R} \

neN

then R is a o-ring.

2.5.12 Exercise. For a o-ring S, if {f,},, . is contained in the corre-

sponding set & of S-measurable functions, each of lim f,, lim f,, and

. TL—r o0 n—oc
(when it exists) lim f, is in S.

n—og

2.5.13 Exercise. If: a) (X,S.p) is a measure space; b) X is totally
finite, i.e., X € S and pu(X) is finite; ¢) p* is the induced outer measure; d)
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(X, C, z) is the measure space for the o-algebra of Caratheodory measurable
sets, then C =S (the completion of S).
[Hint: If EC F € S and pu(F) =0, then p*(FE) = 0: SccC. If
A € C, then for sequences {A,}, . and {B,}, oy contained in S,
EC An 2 An—i—l: n e N? ED B'n & Bn-’rl: n e N:l and

a(A) = p*(A) = lim p(Ay) = lim p(By).]

2.5.14 Exercise. In 2.5.13 the conclusion remains valid if X is the
countable union of sets of finite measure, i.e., if X is totally o-finite.

2.5.15 Exercise. For a curve v:[0,1] 3t — ~(t) € C and an a not in v*:
f itive §, inf t) —al > é and
a) for some positive 4, . |v(t) — a| > 4 an
=) 1};

{{0§t1<t2}/\{t2~t1<5}}:>{H—%;:—Z—l

b)if0=t <ty <---<t, =1, sup tp —ty_; <9, and
2<k<n
7 (k) — @

_ bk
— ek, 0 <6 < 2r,
v (tp—1) — @ = "

def

then for some m in Z, © = Z i = 2mm; ¢) ind 5 (@) = m.

k=2
2.5.16 Exercise. If f EER, f(R) C [~o0,00), and f is usc: a) f is

Lebesgue measurable; b) A(F) < oo implies either ] f(x)dx € R or, by
E

abuse of notation, ] f(z)dr = —oo. Corresponding statements are valid
E

when f(R) C (—o0, x<].

2.5.17 Exercise. If X is a set and {E,} . C B(X), then: a) There are

e lef — ; lef
sets lim E, = F resp. lim F, = E such that
n— 00 n—r 0o

lim x, =xgand lim x_ =x,.

n—oo " n—+o0

(o o]
lim E, = {z : z is in infinitely many E, } = ﬂ U
n—oo meNn=m

o0
lim F, = {2z : zisin all but finitely many F,, } = U ﬂ E..
n—oo -
meNn=m
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¢) lim B, C lim E,. d) If Sis a o-ring and {Eﬂ.,}nEN C S, then

n— oo n—od

lim E, €S and lim E, €S.
n—oc T— 00
2.5.18 Exercise. If (X,S, ) is a measure space and L is the set of simple

functions s such that / sdu € R, how does the completion of £ with re-
X

spect to the metric 6 : £2 3 {f, g} — 8(f,9)
LY(X,pu)?

dpf/ |f — g| dp compare with

2.5.19 Exercise. (Egorov) If: a) (X,S, u) is totally finite; b)

{f”}neN C S;

c) for each z, f,(z) = f(x); and d) € > 0, there is in S a set E such that
(X \ E) < € and f,,IE—> fIE (v. [GeO]).
For each z in R, lim X, (x) =0yetifoo > A(E)>0,on R\ E,

[n,n+1])
then X ((nnt1]) 0.
[Hint: If En,, el U {:1: | fu(z) = fz)] > 1 }, for large N,
n=N m

p(Enm) < €27™]

The symmetric difference AAB of two sets is (A\ B)U (B '\ A).
2.5.20 Exercise. If (X,S,u) is a measure space: a) S is closed with
respect to the formation of symmetric differences; b) for elements A and B

of S, the relation {A ~ B} & {y(AAB) = 0} is an equivalence relation.
The ~-equivalence class containing A is denoted A...

d(‘f

2.5.21 Exercise. For ~ as in 2.5.20, the set S.. = S/ ~ of equivalence

classes, the map
p:(S<)? 3 {AL,B.} — u(AAB)

is well-defined, i.e., independent of the choice of the representatives A resp.
B of A. resp. B.. Furthermore, p is a metric in S...

2.5.22 Exercise. In the context of 2.5.20 and 2.5.21, if

X TR SYs,4R), p < A,

then (S;p) is not a complete metric space. Its p-completion is f), i.e., Sis

p-dense in D.
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2.5.23 Exercise. If X is a set, S C ‘P(X), and

ML (S, : S, CS, #(Sa) <No},

then oR(S) = U oR (S4).
S«EM

[Hint: The right member of the preceding equation is a o-ring,.]

2.5.24 Exercise. If F' € S)(R), then f: R >t~ f(t) B ([0,t) N E) is

continuous. The previous assertion is valid if [0,1) is replaced, for any a in
|[—00, 00) by any of [a,t), (a,t), (a,t], [a,t], or by any of the last four when
a and t are interchanged. If g: R 5t — g(t) € R is Lebesgue measurable
and t in the first sentence is replaced by g(t), is f:t+— A{[a,g(t)] N E}
Lebesgue measurable?

2.5.25 Exercise. a) For measure spaces (X,S, u,), n € N, such that

_ _ 1
fn & i f o sup iy, is a measure. b) For (R, Sy, A) if u, e -\, n€eN,
. n

T

def . i
then g = inf u,, is not a measure.
n

2.5.26 Exercise. If f € (Lu N ]RX), for some nonnegative p in L, and
some f1in L, f=p+ fi.

[Hsz If L > f-n_ T f, Z (f—n - fn—]) € LU']

n=2

2.5.27 Exercise. For some sequence {f,}

fn — 0, while / frdX 1 o00.
R

nen contained in L'(R,\),

2.5.28 Exercise. If E,, = [n,00), n € N, then:

L4 S)\ =) En D) En—i—l; '

. ﬂ E, =0;

nclN
o \(F,) = oc;

cf. 2.2.26.
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Functional Analysis

3.1. Introduction

For a set X, there are various important subsets of C¥ | e.g., L', L' (X, p),
C'(X,R), etc. Each of these is an R-vector space or a C-vector space and is
endowed with a topology related to its manner of definition. Thus L' and
LY(X, ) are metric spaces, whereas C'(X,R) inherits a topology from C¥
viewed as a Cartesian product. In short, each is a paradigm for a topological
vector space.

3.1.1 DEFINITION. A topological vector space (TVS) (V,T) (OR SIMPLY
V) 1s A C-VECTOR SPACE ENDOWED WITH A HAUSDORFF TOPOLOGY T
SUCH THAT THE MAPS

VxVasxy —»x+yeV,
CxV3(z,x)—»2xeV,

FOR VECTOR ADDITION AND MULTIPLICATION OF VECTORS BY SCALARS
(ELEMENTS OF C) ARE CONTINUOUS. THE ORIGIN (THE ADDITIVE IDEN-
TITY) OF V 1S DENOTED O. WHEN SOME NEIGHBORHOOD BASE FOR T
CONSISTS OF CONVEX SETS, V' IS A locally convex topological vector space
(LCTVS).

The class of locally convex topological vector spaces includes the class
of normed spaces, i.e., the class of those vector spaces V for which there is
a norm, namely a map || || : V' 3 x — ||x]|| € [0,00) such that:

a) |[x]| =0 iff x = O;
b) lIx + vl < [Ix[| + Iy |l;
c¢) for z in C and x in V, ||2x]|| = |z]| - ||x]|-

3.1.2 Exercise. If (V.

||) is a normed space, then

Ix =yl =[xl = llyll I

When (V, || ||) is a normed space, d : V? 3 (x.y) + [|x — y|| is a metric
for V. When (V,d) is complete, V is a Banach space.

THEOREM 2.2.32 implies L' and, for any measure space (X.S, i),
L'(X, 1) are Banach spaces.

89
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When 1 < p < oo, the set L resp. L¥(X, pu) consists of the DLS mea-
surable resp. S-measurable C-valued functions f such that

def

11717l = (IFIE < oc.

In Section 3.2 it is shown that if 1 < p < co and, according to the
convention adopted, each null function is regarded as O, || ||, is a true

norm and that L? and L”(X, ) are complete with respect to || ||,: each is
a Banach space.

For a topological space X, C¥ contains:

a) Cpo(X,C), the set of continuous functions f for which supp (f) is com-
pact (v. 1.7.23);

b) Cuy(X,C) consisting of those continuous functions f such that for each

positive €, K.(f) ef {z : |f(x)| > €} is compact.

; x - def
For f in Cyo(X,C) or in Cy(X,C), |[flle = sup |f(z)| < co.
reX

3.1.3 THEOREM. WITH RESPECT TO || ||, Co(X,C) 1S A BANACH SPACE.
ProOF. The verification of the norm properties a)-c) for || ||~ is straight-
forward.
If {fa},en is a Cauchy sequence in Cy(X,C), then for each = in X,
{fn(2)}, ey is @ Cauchy sequence (in C), whence f(x) ' Jim fn(x) exists.
n—oo

If € > 0, since || ||oc-convergence is uniform convergence, for some N and
all z, {m,n > N} = {|fm(z) — fu(x)| < €}, whence

i | fin () = fu(@)] = |f (@) = fa(2)| < e
In short, f, — f, i.e., lim ||f — falloo = 0. (The preceding argument is
TL— 00
valid as well if {fn}neN is a Cauchy sequence in Cpyo(X,C): for some f,
fn = f. However, as shown in 3.1.5, Cjo(R,R) is not || ||-c-complete.)
Ife>0,5 et {x : |f(z)| > €}, and m > 2, then for some n,, and all

1 ef . .
n greater than n,,, S, C {.‘B s fa(x)| 2 (1 - —) e} = K,... By defi-
m

o " " def . . ”
nition, each K,,, is compact and S, C ﬂ ﬂ K,.,, = K, which is also

m>2n>n,,
compact.

On the other hand, if r € K, m > 2, and n > n,,,, then
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whence |f(z)| > (1 - i) eand r € S;: S, = K. Thus f € Cy(X,C).
m

[]
[ 3.1.4 Note. When X is compact,

Coo(X,C) = Cyp(X,C) = C(X,0C) ]

dae 2
3.1.5 Example. If X =R and f,(z = ZX[L k411 %E n € N, then

sin 27r:r def

{fa}nen € Coo(X,C) and fr(x Z Xpews1]' "B - f(x) although

f & Coo(X,C): Cho(X,C) need not be a Banach space with respect to the
norm || ||oc-

3.1.6 Example. The LCTVS Cyo(R,C) is a || ||;-dense subset of L'(R, \)
and Cpo(R, C) %Ll(R, A). Hence Cyp(R,C) is not || ||-complete.

The following construction, of independent interest, validates the pre-
ceding statements and provides an explicit || ||;-Cauchy sequence contained
in Coo(R, C) and for which the || ||;-limit is in L'(R,A) \ Cgo(R, C).

For n in N,

( 1 1
1 if —<r<1--—
n , n
fn:RBIHTnI f0sz<
_ 1
n(l—z) ifl-—<x<1
n
L0 otherwise

1s in C()()(R., CC) and fn “_[Ll X

01" If a < b, there are real constants a, 3 such

that if g, (x) e frn(ax + 3), then g, i X(oi]
| |l:-dense in L'(R, \).
For a in (0,1) and an enumeration {Ix}, y of the intervals deleted

in the construction of the Cantor set C, (v. 2.2.40) there are real con-

stants ay, B such that if fux(z) % f. (axz + Bk), then supp (fuk) = Ir

o0
Il | def .
and fo I Xy If g, = Z fuk, then {g, }, o is a || [l1-Cauchy sequence
k=1
contained in Cyo(R, C) and if its || ||;-limit is g, then Xy~ 9= X

It follows that Cyp(R, C) is

1S
(Ca)
not a null function and is not in Cyy(z, C).
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3.2. The Spaces L",1<p < o

Henceforth, L' denotes some L' (X, i) or some L' derived from a DLS func-
tional /. As noted earlier, L'(X, ) and L' are, for appropriately related
it and I, essentially the same. Similarly & and D differ only by a set of
dé'f{f . feS8,|f|P e L'} and, when

null functions. For p in [1,00), L?

fFe L2 IR = AP -

3.2.1 LEMMA. (Young) IF: a) ¢ 1S A STRICTLY MONOTONELY INCREASING

CONTINUOUS FUNCTION DEFINED ON [0,00); b) 6(0) = 0; ¢) ¥ & ¢71; d)

def

O(zr) = LI o(t)dt, AND W(y) o ]0'9 P(s)ds;

AND e) {a,b} C [0,00); THEN ab < ®(a)+ V(b). EQUALITY HOLDS IFF

b= ¢(a).

PROOF. In the context, the roles of ¢ and ¥ resp. ® and ¥ resp. a and
b are symmetric. Hence it may be assumed that ¢(a) < b. The geometry
of the situation in Figure 3.2.1 implies that the rectangle [0,a] x [0, ] is
contained in

{(z,y) : €[0,a],0<y<p(x)}U{(z,y) : ye[0,b],0<2<Y(y)},

whence ab < ®(A) + V(b). Equality holds iff b = ¢(a). |
1 1
For p in (1,00), there is in (1,00) a unique p’ such that — + — =]
‘ p P
p = —pl— The numbers p, p’ form a conjugate pair.
p —_—
y — axis

1
: (a, ¢(a))
ab=®(a)+ ¥ (b)

(0, b) w | -(g}%ﬂl

N =Y )Y y=9

V.

(0, 0) (a, 0)
Figure 3.2.1.

x — axis
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3.2.2 COROLLARY. IF p€ (1,00), f € LP, g€ LP, THEN fg € L' AND
N falli < Ifll, - llgll,r, (HOLDER'S INEQUALITY)

PRrooF. The measurability of fg is a consequence of 2.5.6. If ¢(x) def pp—1 ;

. P P
then ¥(z) = ¢ '(x) = 277 and ®(z) = f—, V(x) = L . Thus 3.2.1 im-
p P
plies
NP )P
|f(x)g(x)| < |f(;)| k1 lg(;,)l . (3.2.3)

If || fll, = llgll,» = 1, integration of both members of (3.2.3) yields

Ifgllx < 1.
If either f or g is O, the conclusion is automatic. If neither f nor g is O,
they may be replaced by F ) “J'cf” resp. G = ﬁ, in which case the
previous argument applies to F' andpG L - |

3.2.4 COROLLARY. EQUALITY IN HOLDER'S INEQUALITY OBTAINS IFF

Vi
W fllp - llgllpr = 0 OR || fllp - llgllpr # 0 AND p ===
I~ ol

PRroor. Trivialities aside, if, for all  in a set of positive measure,

[f@)P , lg(a)l”
AP lgllE,

for some n in N and all = in a set E of positive measure,

f@P g
LA Nall?,

>
on

1
n’

Owing to the criterion for equality in Young’s inequality (3.2.1), for some

Y . p N P
positive € and all z in £, /()| - l9(@)| < /()] + l9() . Integration
£l - llgllp 11l llgllp
over F/ of both members of the inequality above yields
1£glly < £y - lgllp- O

3.2.5 COROLLARY. IF f.g € LP, THEN f+ g € L? AND
f+all, < fllp + llgll, (MINKOWSKI'S INEQUALITY).

EQUALITY OBTAINS IFF FOR SOME NONNEGATIVE CONSTANTS A, B, NOT
BOTH ZERO, Af = Bg.
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PROOF. Since | f|?, |g|” € L', a vector lattice, h |f|” V ||g|F € L', whence

f +gP <2he LY. Since |f +gl" < |f + g/~ - || +|f +glP~* - |g], inte-
gration of both members of the last inequality, the identities relating p

and p', and Holder's mequaliy imply [ + gl < 15 + gl (171 + ol
Division by || f + g||,ﬂ’ leads to Minkowski’s inequality.
If equality obtains, |f + g|” = |f + g|" " (|f] + |g]), i.e
|f+ gl = 1f]+ gl

and the elementary properties of C (v. 1.1.4, 1.1.5) imply that for some
nonnegative constants A, B, not both zero, Af = Bg. ]

[ 3.2.6 Remark. For notational consistency, whenp = 1, p’ = def

Furthermore, the discussions, when p = 1, of the appropriate ex-
tensions of Holder’s and Minkowski’s inequalities and the criteria
for equality in them, take slightly different forms.

First, when f € S,

HfHOOdcf{lllf{m cfl <moae} if{m : |[f|<m de};é(z)

otherwise

~ def
and L™ = {f : f€S, [[fllec <}
Young’s inequality no longer applies when p = 1 since 2P~ ! =1
and z — 2P~ ! is not strictly monotonely increasing.]

If fe L' and g € L™, then

Ifalls = [ 1fold < ol [ 1f1di= 151 -l

If f,g € L', then
Ilf+g||1=/X|f+g|du§/Y(|f|+|g\)dﬂ=||flI1+l|g||1-

Thus, when p = 1, both Hélder’s and Minkowski’s inequalities are
valid.

If |g(x)| # ||g]|c, for some positive € and all  in a set E of positive
measure, |g(z)| < ||g||~ — €. Hence

flfgld#=f +] | fgldu
x X\E E

< gl /X\B'f'd“ lglloe — € / fldu
<171l lglloe.
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When p = 1, equality obtains in Holder’s inequality iff
l9(x)| = llglloc-

If |f+g|#|f|]+]g|, for some positive € and for all  in a set E of
positive measure, |f(z) + g(x)| < [f(z)| + |g(x)| — €. Thus, as in the cal-
culation of the preceding paragraph, ||f + gl < Ifllx + ||g||1 Hence, if
equality obtains in Minkowski’s inequality, |f(z) + g(z)| = | f(x)| + |g(z)].
It follows (v. 1.1.4) that there are nonnegative functlons A, B, not both
zero, such that almost everywhere, A(z)f(z) = B(z)g(z). Almost every-

B(xz) _ f(=x)

where on F(fg,0), A(x)B(z) > 0 and — > 0.
£(f9,0), A(x)B(x) e
When p = 1 equality obtains in Minkowski’s inequality iff almost
everywhere on E.(fg,0), ﬂ:ﬂ > 0.
g(x)

3.2.7 THEOREM. IF p € [1,00), d: (L”)* 3 (f,g) = ||f — gll, € R SERVES
AS A METRIC AND (LP d) IS A COMPLETE METRIC SPACE.

PROOF. The conventions about L¥ together with Minkowski's inequality
and the criteria that it be an equality, imply that (L”,d) is a metric space.
When f € S, and p € [0, 0c), for some © in S,

f=¢e®|f| and fP o eP'©| f|P
(cf. the discussion following 2.4.14). The map
J:LP > f— J(fP)

is a DLS functional that generates a functional J and a corresponding space

£'. A sequence S wf {fa}nen in LP is a || ||,-Cauchy sequence iff S C 1y
and S is a J-Cauchy sequence in £'. Since £! is J-complete, v. 2.2.32, L?
is complete. O]

3.2.8 Exercise. The conclusion in 3.2.7 is valid when p = oc.
[Hint: Off the null set

‘“(U{w:m ) > N fell o }

keN

U U {z : |foml(@) = fu(@)] > | frn — fullc }

{m,n}Ci?

{fn},en 1s a uniform Cauchy sequence.]
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3.2.9 Exercise. For the map

(,): (L3 2 {f.9} = (f,9) dff/f Gdu e C:

def T\

a) [|/]l> <" /T, 7) > 0 and equality obtains iff f = O; b) (f,g) = (g, /); ¢)
for w,z in C, (wf + zg,h) =w(f,h) + 2(g, h); d)

d: (L*)" 5 {f.9} = |If = gll2 € [0,0)

is a metric for L?; e) (Lz, d) is a complete metric space.

3.2.10 Exercise. If § is a vector space, and an inner product
(,):(®*3{x ¥y}~ (x,y)€C

is such that a)—e) of 3.2.9 obtain, for all x,y in 9,

|, ¥)| < Ixll2 - Iy l2, (3.2.11)
Ix +yllz < [Ixllz + llyll2. (3.2.12)

Equality obtains in (3.2.11) or (3.2.12) iff for some A, B, not both zero,
Ax = By.

[Hint: For (3.2.11), trivialities aside, 3.2.9a)-d) imply that the
quadratic polynomial

p(z) = (2x+y,2x+Yy)

is nonnegative. For (3.2.12), (3.2.11) applies in the calculation of
(x+y,x+y)]

[ 3.2.13 Note. The inequality (3.2.11) is Schwarz’s inequality;
(3.2.12) is the triangle inequality.]

When (x,y) =0, x and y are orthogonal or perpendicular: x 1 y.
When S C 6, S+ consists of all vectors y such that for each x in S,y L x.
A subset S of § is orthogonal (O) iff whenever x,y € S and x # y, then

x 1L y. The set S is orthonormal (ON) iff it is orthogonal and for each x
in S, ||x|| = 1.

3.2.14 Exercise. a) An ON set is linearly independent. b) If $ # {O}, the
set ON of all nonempty orthonormal subsets of § is a poset with respect to

the order < defined by inclusion: §; < S, iff S; C S,. For an orthonormal
set § & {xx}1cn and an element x in §, the set ® of all finite subsets of A

is a poset with respect to the order provided by inclusion: ® 3 6 <1 € ®
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iff o CvY. c) If x € $H and ay 1o (x,%y), then ||x||* > Z |aA|2; d) The ON

AEA
set S is <-maximal iff for each x in §, ||x||* = Z lax|? iff for each x in 9,
AEA
y def
the net n: ® 3 ¢ — n(o) = Z a)X, converges to X.

AEQ
[Hint: For c), Schwarz’s inequality applies to

Z (x,x,\).z (x,%))

AEP AED

For d), ¢) applies to prove that n(\) converges to some y in
(even if S is not maximal) and that x —y € S*. For e), d) and
the maximality of S apply.]

[ 3.2.15 Note. The customary name for § is Hilbert space. The
results c) resp. d) in 3.2.14 are Bessel's inequality resp. Parseval’s
equation. A maximal orthonormal set is often called a complete
orthonormal (CON) set. Hence, if {x)},.5 is @ CON and

() 2 [ #A) I #A) <o

00 otherwise

(v is counting measure), ) engenders a measure space

(A, B(A), )

so that § and L*(A,v) are isometrically isomorphic.

3.2.16 Exercise. If T % {Xn}1<n<n<n, 18 a linearly independent subset

of 9, the algorithm represented by the formula

y def X1
i =
%12
et Xn = Yop—y (Xns Y1) Vi
Yn = n—1 ,n > 1,
HX” - k=1 (xn-y#:)ykllz

lef .
produces an orthonormal set S = {y,},., .. Furthermore, if n € N,

x, €Espan ({yx : 1<k<n}),y,€span ({x; : 1<k <n}),and
span (1) = span (S).

In particular, if T spans £, then S is a CON set.
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[ 3.2.17 Note. The algorithm in 3.2.16 is known as the Gram-
Schmidt process.]

3.2.18 Example. For L*(A,v), the set {e,\ qef X{’\}},\ \ is a CON set.
€

3.2.19 Exercise. If X is a finite set endowed with the discrete topology,
p € [1,00], and v is counting measure defined on P(X), as sets,

C(X,C),Co(X,C),Cop(X,C), and LP(X,v), 1 < p < oo,

are all CX. As Banach spaces they have various norms. If f € C¥, then

| flloc = sup |f(z)| when f is regarded as a member of any of the first three
zeX

1

or L™(X,v); when 1 <p<oo, |f|l, = (Z |f(x)|p) . If V,W is any
zeX

pair of these Banach spaces, the map

d:VafefeW

is a norm-bicontinuous bijection.

3.2.20 Exercise. For a set X, a countable subset E of P(X), and

g e oR(E), if (X,S, ) is o-finite, then L?*(X, ) is norm-separable. Any

CON set in a norm-separable Hilbert space is finite or countable.

3.2.21 Exercise. For (X,S,u), if X €S, u(X) =1, and f € L*(X,pn),

hen 2
t [ i@~ [ sduw)| duto

= [ U@ dute) - [ | 1@ fw(m} 2

3.2.22 Exercise. a) If

x def {0, 1}, g def PB(X),0<p<1, u({l}) = o dﬁfl_ll({o})

and f = e X(1y then

def def
ml—ff ) dp( )—p,mz=/,[ (1)) duly) = p,

/X (f(y) —ma)® du(y)I/X[f( 2 dp(y U fly du(y} ,

:mg—mlzp—p > 0.
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b) If
def n def .f def
{0,1) -{ (W15 >9m) |+ 97 = i S & PX),
0<p< L, u(y) = pn (Yree. v yn) = o=y Yk (1 — )™ Lokmr ¥,
def Z::l Yk
f(y) - n )
then

def 1 1
M [ 1) i) = S [ din(y) = oo =,
X n 1 X n
def E:
M, —][f( ) dptn(y) = 712 Zf vi d#n+Z/ Yy dpin (y
X

]X [f(y) = Mi]* dpa(y) = Z (g _ ,,)2 (z) S5 (1 — )it

k=0

< (3.2.23)

1
4n

3.2.24 THEOREM. (The Weierstral Approximation Theorem) IF
feC(0,1],R) AND € > 0,
THERE IS A polynomial function B SUCH THAT

def
sup{|f(z) = B(z)| : 0<2<1} = [|f - Bl <€
Proor. There is a positive d such that

{le =9l <6} = {If(@) - 1) < 3}
If n > sup {5-4, 4”{2”9'" } then Z (:) z¥(1 — )" % = 1 implies

£ () (-
i )

k=0
vz

|f(z) = Bn(f)(x)

IA

1
k. == |-
;—.rlzn. El

ZI%—T‘<R_%
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Since — > 1 in the second summand of the right member above,
n-z
€ L /n\ . ek
UW—&UWMSTJMMZIJﬂHﬂd‘
k=0
k ’
N
€ n
< — + 2| f]|x : k(1 — )"k
AR S EIE
<Ehofflent = [v. (3:223)
- o "NZ - — v. (3.2.
- 2 4n
- 2 nz
If ”;HEC < %, then || f — B, (f)||.. <¢e. Thus f is uniformly approximable
nz

by one of the Bernstein polynomials

B.(f):[0,1] 3z~ z": f (g) (Z)l"(l —z)"* neN.
k=0 .

[l

3.2.25 COROLLARY. IF a <b, € >0, AND f € C([a,b],R), THERE IS A
POLYNOMIAL FUNCTION B SUCH THAT ||f — B||~ < €.

3.2.26 COROLLARY. THE FUNCTION | | :[=1,1] 3 2 = |z| 1S UNIFORMLY
APPROXIMABLE BY POLYNOMIALS.

An alternative approach to the Holder-Minkowski-Schwarz inequalities
flows from the following discussion of convex functions and their elementary
properties.

3.2.27 DEFINITION. A FUNCTION ¢ : (a,b) 3 z — ¢(x) € R 1S convex IFF
WHENEVER 0 <t <1 AND a <p < q < b,

Oltz + (1 — t)y] < t(p) + (1 - 1)é(q). (3.2.28)

3.2.29 THEOREM. IF —oo < a < b < oo, THEN ¢ IN R(®?) Is CONVEX IFF

o(p) — d(q)

FOR ¢ IN (a,b), THE MAP (a,b) \ {¢} 2 p = —————= INCREASES MONO-
p

-9
TONELY, i.e., IFF THE SLOPE OF THE LINE (P(Q) THROUGH P et [p, &(p)]

def ; B
AND Q = [q, (D((])] DOES NOT DECREASE WHEN P MOVES RIGHT.
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y-axis

P.‘

<
I
p- Y
.
5

Q

L < ) I (SPSEECTT), e

I
|
|
]
I
i
I
P q " b x-axis

Figure 3.2.2.

PRrRoOOF. In English, the condition (3.2.28) says that on any subinterval of
(a,b), the graph of y = ¢(x) lies below the chord through P and Q. Thus,
if ¢ i1s convex, as in Figure 3.2.2, then

slope(PQ) = slope(RQ) > slope(P'Q),
slope(PQ) < slope(PR) = slope(PP’), (3.2.30)

which, for the two possibilities, p < p’ < ¢ and p < g < p' is the burden of
the assertion that the slope increases as the determining point P moves
right.

Conversely, if the slope of (PQ) increases as P moves to the right, e.g.,

when p < p’ < ¢, and ¢ 1 , then
q—p
0<t<l,
P =tp+(1—t)g,
¢(q) — o(p) _ 8(q) — & (p)
g-p ~— q-p
oltp + (1 — t)q] < to(p) + (1 —t)9(q).

O
3.2.31 Exercise. If ¢: (a.b)— R is convex and a<p<r<s<q<b,
for some constant L(p, q), |¢(s) — ¢(r)| < L(p,q)|s — 1.

A function ¢ convex on (a, b) is Lipschitzian on every subinterval of
(a,b). Hence a convex function ¢ is absolutely continuous on every
subinterval of the (open) interval that is its domain, i.e., if € > 0,
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foraposltlveé 1fa<p1 << pr<ga << pp<qgp<band
Z|qk—p5|<(5then2|(ﬁ (qr) — & (pr)| < €.

[ 3.2.32 Note. In 3.2.27 the hypothesis that ¢ is defined on an
open interval (a,b) is essential; e.g., if

ydef fO ifx€l0,1)
(b(‘])_{ if r =1

)

then ¢ is convex on [0, 1] but ¢ is not continuous when z = 1.]

3.2.33 Exercise. a) If ¢” exists on (u,v), then ¢ is convex if ¢” > 0 on
(u,v). b) If ¢ is convex, then ¢" > 0 on (u,v). ¢) exp is convex on R.

K
3.2.34 Exercise. a) Ift;, >0, 1<k<K, Z ti. =1, and {ak}?:] C R,

k=1
K
then min a; < Zt;\ak < max ag; b) If ¢ is convex, then, via mathe-
1<k<K <k<
k=1
K
matical induction, ¢ (Z fgag) < z tho (ag).
k=1 k=1

3.2.35 THEOREM. (Jensen’s inequality) IF: a) ¢ 1S CONVEX ON (a,b);
b) (X,S,u) 18 sSUCH THAT X €S AND u(X)=1; ¢) f e LY(X,pu); d)

f(X) C (a,b), THEN (b(/\_fd,u) /qbofd,u

Proor. If a < z < b, then 3.2.29 implies that the right-hand derivative
resp. left-hand derivative i.e.,

D+¢(z)dﬁf1 o) — o(2) a5, :
tl.. t—z t1z

exists and A sup D™ ¢(p) < inf DVo(q) < B.
a<p<z z<g<b
Hence, if A< m < B and a <t < b, then

o(t) > o(z) + m(t — 2),

i.e., the graph of any supporting line lies below the graph of ¢.

If 2 & / fdu, a <z <b, and t = f(z), then {t,2} C (a,b) and
X

m (f(z) — 2) + 6(2) < B [f()]. (3.2.36)
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Since ¢ is continuous and f is measurable, integration of both members
(3.2.36) is perm1s&,1ble Furthermore, p(X) =1 and z is fixed, whence

/ o(z)du(x) = ¢(z) and Jensen’s inequality follows. O

[ 3.2.37 Remark. The conclusion in 3.2.34b) is an elementary
instance of and a motivation for Jensen’s inequality. The PROOF
above is an efficient replacement for a tedious limiting argument
based on approximations of f by simple functions.]

The inequality (3.2.3), the heart of the proof of Holder’s inequality, is
a consequence of the convexity of exp. Indeed, if f(z)g(xz) # 0, for some

. Thus |f(x P i lg(a)|?’
' p

a and b in R, exp(a) = |f(x)| and exp(b) = |g(x) p
P

]

the right member of (3.2.3), is the convex combination

exp(ap) . 25D (bp')
p P

The convexity of exp implies

£(@)] - |g(z)] —exp(“’” 9—) — expla+ B) < 20\ | 2plbp)
P P P P

. . . . def : i
Jensen’s inequality applied when ¢ = exp shows that if f is measur-

able and R-valued and exp(—o0) 49, then exp (/ f d,u,) < f exp(f) dpu.
¥ X

If X% {ar,.. a0}, we ™ expf (ar)], and p(ar) oy, 1<k <n, then
T

T
Z o) = 1 and the preceding inequality reads H upt < Z QpU:
k=1 k=1

Geometric means do not exceed arithmetic means.

; . 1 i1 .
In particular, if n =2, a; = —, and ay; = —, again the essence of
P

(3.2.3) follows.

3.3. Basic Banachology

In many parts of mathematics, the study of a set S is carried out in part
by the study of a well-chosen set M of maps of S into a concrete and better
understood structure Y. The more the maps in M can and do respect the
structure of S, the more likely is M to reveal the nature of S.

A map m in M respects the structure of S if m respects both the alge-
braic and topological character of S. More specifically, if S is a topological
vector space V', m is useful if it is a vector space homomorphism of V into
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C: m(ax + by) = am(x) + bm(y) (m € [V,C]), whereby m is respectful of
the algebraic structure; and m is continuous: if n: A3 A n(A) € Sis a
net and n(\) converges to x, then m[n(\)] converges to m(x), whereby m
is respectful of the topological structure. Such an m is a continuous linear
functional.

The set of all continuous linear functionals on V' is its dual space or
dual denoted V', [V, C]. or simply [V].. When the elements of V are de-
noted v, ..., the elements of V' are denoted v’,... and when v € V and
v/ € V', the number v'(v) is written (v,v'). Thereby a v in V reveals it-

self as an element of (V') = V”. In analogy with the situation in $, when

g %= {va}iea CV resp. g et {VA}AeA c V',

5l déf{v' cvieV i (vy,v) =0},

8 df‘f{v cveV(v,vi)=0}.

3.3.1 DEFINITION. THE TOPOLOGICAL VECTOR SPACES V,W CONSTI-
TUTE A dual pair {V,W} 1FF: a) V.C W' AND W C V'; b) FOR v resp.
v/ FIXED, (v,v') =0 1FF v/ = O’ resp. v = O.

[ 3.3.2 Note. The set of not necessarily continuous linear maps
of V into C is denoted V* by some. In extensive treatments of
the subject of topological vector spaces, e.g, [Kot, Sch], the dis-
tinction between [V,C], and [V,C]. (= V') is explored at some
length.

By definition, V' € V*. The Hausdorff Maximality Principle im-

plies that a vector space V contains a maximal linearly indepen-

dent subset H & {XA}ren» usually called a Hamel basis. When

the topological structure of V' is sufficiently rich, e.g., when V' is an
infinite-dimensional Banach space such as L'([0,1],\), a Hamel

basis for V leads to the conclusion V' %V*, [Ge3, GeO)].

The results in Section 3.2 imply that if p € [1,00) and V = L?,
then L’ C V'. Later arguments (v. Section 4.3) show that in
mildly restricted circumstances: a) if p € [1,00), then (L?) = L?;
b) if X is a locally compact Hausdorff space, corresponding to
each continuous linear functional F' operating on one of Cy(X, C)
or Cyo(X,C), there is a complex measure space (X,Sg, ) such

that for each f in Cy(X,C) or Cyo(X,C), / fdu.]
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3.3.3 THEOREM. IF (B,| ||) AND (F,|| ||) ARE BANACH SPACES, A T IN
[B, F] 1S CONTINUOUS IFF EITHER: a) 1" IS CONTINUOUS AT O; OR b) FOR
SOME K IN [0,00) AND ALL X IN B, ||[T'(x)]] < K||x]|.

PROOF. Since lim x, = xiff lim (x, —x) = O, the linearity of T" implies

n—od n— oo

the truth of a).
For b) note that if some K as described exists, T' is continuous at O.
Conversely, if no such K exists, for each n in N, there is an x,, such that

T( X, ) def
[

= ||T (y»)|| > n. How-
ever, ||y,| = 1, whence lim B 0, whereas ||T Iz

n—o0 T \/ﬁ

tradiction of the continuity of T" at O.

T (x,,)|| > n||x,]| or, equivalently,

> v/n, in con-

[ 3.3.4 Note. In the context above, the norm of T is

IT|| < inf { K : |T(x)|| < K] }]

3.3.5 Exercise. With respect to the norm defined in 3.3.4, the set [B, F|.
of continuous elements of [B, F] is a Banach space.

3.3.6 Exercise. For T in [B, F].,

||T|l - sup{ ”T(X)“ < x ?é 0}
x|

=sup { ||[T(x)[| : 0<|lx[| <1}

=sup{[[T(x) : [lx[| =1}

=sup{\M el ) #0

[l - 1]

The results that follow are at the heart of Banachology. The first is
formulated in terms of a seminorm, i.e., for a vector space V, a map

p:V 3xm p(x)€0,)
such that p(x +y) < p(x) + p(y) and, for z in C, p(2x) = |z|p(x).

3.3.7 THEOREM. (Hahn-Banach) IF p IS A SEMINORM ON A VECTOR SPACE
V, W is A subspace oF V, m € [W,C], AND FOR ALL W IN W,

im(w)| <p(w),
THERE 1S IN [V, C] AN m SUCH THAT FOR ALL X IN V,

Im(x)| < p(x)
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—~

AND 'm|W — m: m IS AN EXTENSION OF 1.

PRrROOF. The argument is carried out in three steps: a) It is assumed that
m(W) C R and for some y in V., W ;U ={w+zy : weW,zeR}. b)

One of the equivalents of the Hausdorff Maximality Principle is used to

remove the restriction on U. c¢) The restrictions m(W) C R and z € R are
removed.

a) For all w in W, some a in R, and all z in R, the formula

m(w + zy) 1 m(w) + za

defines a linear functional on U and m\w = m. The condition
Im(u)| < p(u)

for all u in U places a demand on a, since |m(w + zy)| < p(w + zy) for all
w in W iff for all nonzero z and all w in W,

|Im(—2zw + zy)| < p(—2w + z2y)
iff (after division by |z|) [m(w) —a| < p(w —y) = p(y — w) iff
m(w) —ply —w) <a<m(w)+ply —w). (3.3.8)
(A similar argument appears in the PROOF of 3.2.35 where the existence
of an m in | sup D™ ¢(p), :ix;fd)D*'qS(q)} is used.)

a<p<z
For any u,v in W,

m(u)—m(v) =m(u—-v) < p(u—v) =plu-y+y—v) < plu—y)+p(v-y),
m(u) —p(u—y) <m(v) + ply — v),

sup [m(u) — p(u—y)] < inf [m(v) +p(y —v)].

ucW veW

Since m

w = MM, at least one a satisfying (3.3.8) exists.

b) The set S of proper superspaces of W to which m can be extended
correctly is nonempty since S includes U. With respect to consistent in-
clusion as order, i.e., U; < U, iff U; C U, and the extension of m to U,
coincides on U; with the extension of m to Uy, S is a poset. The Hausdorff
Maximality Principle applies and provides a maximal extension M of m. If
the domain of M is not V, the discussion in a) implies a contradiction of

the maximality of M: M is defined on all V.

¢) If m(W) C C and r(w) R [m(w)], on W,

[F(w)| < [m(w)| < p(w).
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The arguments in a) and b) apply to 7 since a vector space over C is
automatically a vector space over R. If R is the extension of ¥ to V, then

M:V 3x— R(x)—iR(i1x)

maps V into C and M is an extension of m. If x € V and e'™ = sgn [M(z)],
then e"*M(x) = [M(x)| {=R [emﬂxf(x)}} and

|M(x)| = M (e"*x) = R (e'“x) < p (e"x) = p(x). O

3.3.9 COROLLARY. IF B 1S A BANACH SPACE AND O # x € B, THERE IS
IN B’ AN x’ sucH THAT ||x'|| =1 AND (x,x') # 0.

PRrOOF. The set W & {zx : 2 € C} is a subspace of B. The formula

m: W 3 z2x — m(zx) ] z||x|| € C

defines a linear functional on W and m(x) = ||x|| # 0. With || || serving as
pin 3.3.7, it follows that for some x’" in B’, x’lw = m and for each y in B,

Ix"(y)| < |ly|l. The result in 3.3.6 implies ||x’|| < 1, and since (x,x") = ||x||,
it follows that [|x'|| = 1. O

3.3.10 COROLLARY. IF W IS A CLOSED SUBSPACE OF A BANACH SPACE
B AND x ¢ W, FOR SOME x' IN B'|

(x,x") =1, x(W) = {0},

ef . 1
e, x e Wt 1Fd¥ inf{|lx —w| : we W}, THEN [|X|| < 7
PROOF. The subspace Y = {zx+w : z€C, we W}isclosed. The for-
mula m:Y 3 zx+wr— m(zx+w) 1T, defines a linear functional on Y
. w
and (W) = {0}. If 2 £ 0, [|l2x + w| = |2| Hx 1=

> |z| d, whence

~ 1
im(zx +w)| = |z| < E[|zx+w||. (3.3.11)

Hence m € (W, C|., and the Hahn-Banach Theorem (3.3.7) implies for some
x" in B', x/ y = m, (x,x') =1, x’ € W+. Moreover (3.3.11) implies

1
/
& —
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1
3.3.12 Exercise. For x’ as in 3.3.10, ||x'|| = 7
[Hint: For some sequence {w,, },  contained in W, |
and |[m (wy, — x)| = 1L < [|X']| - [[xn — wl|]

wy — x| L d

3.3.13 Exercise. If {v,}, .y is a linearly independent set in a Banach
space the statements:

def
X1 = Vi,

! !
for some x7, (x,,x}) =1,

n—1
def ]
Xn = Vyu — E (_Vls:a x“_l) Xk
k=1
f ! / 1
or some X,,, X,, € span [(X1,...,Xn—1)]",

and (x,,x,) =1,
engender an analog of the Gram-Schmidt process and lead to a biorthogonal
pair ({Xn},en {x},},en) such that for m,n in N,

:):{1 if m=n def

(XX, . = Omn (Kronecker’s function),
0 otherwise

and for which span ({v,n}, o) = span ({xu},cn)-

3.3.14 Exercise. A proper closed subspace M of a Banach space B is
nowhere dense in B.

COROLLARY 3.3.10 implies that for any Banach space B, B’ is not only
nonempty but is equipped with a ready supply of separating elements that
distinguish any nonzero x from O and hence any two elements of B from one
another: if x # y, for some x' in B', (x —y,x') #0, i.e., (x,%x') # (y,x).

3.3.15 Exercise. With respect to || || as defined in 3.3.4, B’ is a Banach
space.
Although topological completeness plays no role in the Hahn-Banach

Theorem, topological completeness is an essential ingredient in the next
results.

3.3.16 THEOREM. (The Open Mapping Theorem) IF B AND F' ARE Ba-
NACH SPACES, T € [B, F., AND T(B) = F, THEN T 1S OPEN: A CONTINU-
OUS LINEAR SURJECTION ( A CONTINUOUS epimorphism) OF ONE BANACH
SPACE ONTO ANOTHER IS OPEN.

Proor. To show T' is open, it suffices to show that for some positive p,
T [B(0,1)°] contains some B(O, p)°.
Since B = U B(O,n)°, it follows that F = U T[B(O,n)°]. Be-

nelN nelN
cause F'is complete, F' is of the second category, i.e., F' is not the union
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of countably many nowhere dense sets. Thus some T [B (O,R())o] is not
nowhere dense, i.e., T [B (O,n())o} is somewhere dense: for some positive

R and some y, T [B (O,no)o] contains B(y, R)? = L' W. Since for some X,
T(x) =y, if ||x|| = D, then

T [B (O,Tlu + D)O] OT [—X + B (O T o] 2 B(O, R)O‘

R def
5) O

ng +

T[B(O,1)°] > B (O,
(The technique just used may be described as translation/scaling.) If
e € (0,1) and z € B(O,r)°, for some x; in B(0,1)°,

T (xy) L B(O,r)° and ||z — 2| < er

(whence z — z; € B(O,er)?). For some x5 in B(O,€)”,

T (x2) < 2, € B(O,er)® and ||z — z) — 22| < €2r

(whence z —zy —z, € B (O,ezr)o). Induction yields sequences {Xj},
{2k} e such that for k in N,

%k || < g1 (Whenco X, € B (O?J‘—l)o) :

T(Xk) déf 7z, € B (O,EA'il‘T‘)O,

k
= E Z:
i=1

< ékp,

Hence x( ZxL eB (

) and, owing to the continuity of T,
T (x)=2. Thus T [B (O —) ] D B(0O,r)?. Since T is linear,
€

T[B(0.1)°] > B[O, (1 - e)r]° = B(O, p). (]

3.3.17 THEOREM. FOR BANACH SPACES B AND F, v T € [B, F],., T™'
EXISTS, AND T(B) = F, THEN T~ ! € [F, B]...

A continuous linear bijection between Banach spaces is
bicontinuous.

ProoF. The graph G = {{x,T(x)} : x€ B} of T is a subset of B x F.

Normed according to the formula I{x,T(x)}|| = ef x|l + | T (x)||, B x F is



110 Chapter 3. Functional Analysis

a Banach space and G is a closed subspace, hence is itself a Banach space.
Moreover, for T : G > {x,T(x)} — T(x) € F, T~ exists. The Open Map-
ping Theorem (3.3.16) implies T is open, whence 7! is continuous. Since
m G 3 {x,T(x)} — x € B is (automatically) continuous (v. 1.2.15 and
1.7.19), and since 7, o 7! = T-', T~ is continuous. ]

3.3.18 COROLLARY. (The Closed Graph Theorem) Ir B AND F' ARE Ba-

- {ef
NACH SPACES, T' € [B, F|, THEN T € [B, F]. IFF THE GRAPH G(T) = G 1s
CLOSED IN B x F' NORMED AS IN THE PRECEDING PROOF.

PRrOOF. If G is closed, it is a Banach space. The map

—_~—

T:B>xm [x,T(x)]|€G
is in [B, g], T exists, and T~! € G, B]. 1If

lim [x,, T (x,)] € (x,y),

n—od

—~

then T~ ' [x,, T (X,)] = X, and, since lim x, = x, 7' is continuous. The
n—oo

Open Mapping Theorem implies T 'is open, whence T is continuous. Since
TGO [x, T(x)] = T(x) €F

is also automatically continuous, T' (= 75 o 'f) 1s continuous.
Conversely, if T'is continuous, and [x,,, T' (x,, )] converges to some (x,y)
in B x F', then x,, converges to x and the continuity of 7" implies 7" (x,,)
converges to T'(x): y = T'(x), i.e., (x,¥) € G, G is closed. ]
The context for 3.3.18 is the theory of Banach spaces. In a more
general context of topology there is the following analogous result.

3.3.19 Exercise. If X and Y are compact topological spaces, f € Y,

the graph of f, G(f) L {(x,y) : y= f(x)} is closed iff f is continuous.

That a Banach space is a set of the second category is essential in the
PROOF of

3.3.20 THEOREM. (Banach-Steinhaus) IF B AND F' ARE BANACH SPACES,
{Th}aen C (B, Fle,

AND FOR EACH X IN B, sup |[|T)\(x)|| < oo, FOR SOME POSITIVE M,
AEA

sup ||Th] < M.
Ae
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PROOF. If, for n in N, E, & {x . sup || Ta(x)| < n } then B = | J E,..
AEA nelN

Thus some FE,, is somewhere dense and, by virtue of the translation/scaling
device used in the PROOF of the Open Mapping Theorem (3.3.16), for
some positive r, F; is dense in B(O,r)°. Hence, for all x in F,

sup || T3 (x)| < 1.
AEA

If ||z|| < r, some sequence {X,}, .y contained in E); converges to z. For
each A,

[T (@) < ITx ()| + (17| - ||z — xa]] - (3.3.21)
For large n, the second term in the right member of (3.3.21) is small,

: A 1
whereas the first term in the right member does not exceed 1: ||T)| < —.
r

When the translation/scaling is reversed, the required assertion follows.

O

def
3.3.22 DEFINITION. A SEQUENCE S = {X,}, . IN A NORMED (VECTOR)

ne
o0

SPACE V 1S summable IFF an € V. THE SEQUENCE S 1S absolutely

n=1

o0
summable 1FF Z |xn|| < oo.

n=1

3.3.23 Exercise. a) A normed vector space V is complete iff every abso-
lutely summable sequence is summable. b) The result in a) offers another
proof that LP is a complete metric space.

[Hint: If: If {xn}neN is a Cauchy sequence, for some subsequence

2y Yonn By = x‘”k}keN is absolutely summable. A modifi-
cation of the argument in 3.2.7 applies.

JN
Only if: The partial sums S, qaf Z X, form a Cauchy sequence.]

n=1

3.4. Weak Topologies

The results in Section 3.3 deal with the uniform or norm-induced topology
for the set [B, F].. of continuous linear operators between the Banach spaces

B and F'. For some important investigations, other topologies are more
useful.

For a Banach space B, the sequence

B.B.(BY ¥ p" . . .
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is meaningful. For any fixed x in B, (x,x’) is a continuous function on B’
and thus x may be regarded as an element of B”.

3.4.1 Exercise. If B is a Banach space, the map £ that identifies each x
in B with its correspondent in B” is an injection, and for each x in B,

€GO = [Ix]]-

3.4.2 Exercise. If B, F' are Banach spaces, T' € [B, F| and for each x in
B, [|[T(x)|| = ||Ix|| (T"is an isometry), then T € [B, F]. and T'(B) is a closed
subspace of F. (Hence £(B) is a closed subspace of B".)

Owing to the last two results, whenever convenience is served, no dis-
tinction is drawn between B and &(B).

3.4.3 DEFINITION. THE BANACH SPACE B 1S reflezive 1FF £(B) = B”.

3.4.4 Exercise. The Banach space B is reflexive iff B is reflexive. (hence,
iff B”,B",... are reflexive).

For an infinite-dimensional Banach space B and its dual B’ there are
two important topologies different from those induced by their norms.

3.4.5 DEFINITION. FOR THE DUAL PAIR {B,B’'} OF BANACH SPACES,
o (B.B') resp. o (B, B) 1S THE WEAKEST TOPOLOGY SUCH THAT EVERY X’
resp. X IS CONTINUOUS ON B resp. B'. THESE TOPOLOGIES ARE THE weak

resp. weak’ TOPOLOGIES FOR B resp. B'. THE NOTATIONS B" resp. (B')"
ARE USED TO SIGNIFY B resp. B’ IN ITS WEAK resp. WEAK' TOPOLOGY.

3.4.6 Exercise. a) For a Banach space B the set

- lef
N(O;x),...,x.;e) = {x : X, € B',e >0,

(x,x})| <€, 1<i<n},

is a convex o (B, B')-neighborhood of O. Dually,

N (O ;45 3 Xi1€) déf{x’ : X; € B,e > 0,|(x;,x')|<e,1<i<n},

is a convex o (B’, B)-neighborhood of O'. Furthermore, each such neigh-
borhood is circled, i.e., if A € C and |A| < 1, then AN C N.

b) The set N resp. N* of all such o (B, B')-neighborhoods resp.
o (B, B)-neighborhoods is a base of neighborhoods at O resp. O’.

¢) The sets x},...,x), and x1,...,X, may be chosen to be linearly
independent without disturbing the conclusions in a).

d) With respect to these topologies B and B’ are LCTVSs.

3.4.7 Exercise. For a Banach space B, the weak resp. weak’ topology
for B resp. B’ is weaker than the norm-induced topology. The weak resp.
weak’ topology is the same as the norm-induced topology iff dim (B) € N.
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3.4.8 LEMMA. IF B 1s A BANACH SPACE, FOR THE TOPOLOGIES o (B, B')
AND o (B',B), {B, B’} 1S A DUAL PAIR AND EACH MEMBER OF THE DUAL
PAIR IS THE DUAL OF THE OTHER.

PROOF. Since B and &£(B) may be regarded as indistinguishable, a) in 3.3.1
is satisfied. If x’ € B’ and (x,x’) = 0. then x’ = O’ by definition. If x # O
the Hahn-Banach Theorem (3.3.10) implies that for some x’, (x,x’) # 0,
whence b) in 3.3.1 is also satisfied.

If m € (B")', since o (B, B') is weaker than the norm-induced topol-
ogy, m is norm-continuous, whence (B“) C B’. On the other hand, if
x" € B' and € > 0. for any x in N (O;x';¢), |(x,x)| < ¢, whence

B' C (B“”’)' - B' = (B“')’.
Ifme ((B = there is a weak’ neighborhood
g

{ef -~
N = N(O:xy,....X,:0)

such that {x;,...,x,} is linearly independent and if y’ € N, then
Im (y')| < 1.

i ; oy’ Jy’
For any y', if a = sup [(xk,¥')|, then — € N, whence m | — ) < 1,
1<k<n . 2y 20

: 2 : :

e, m(y') < 5 sup |(xk,y")|. In particular, if y' € [span (x1,...,%,)]",
1<k<n

then m (y') = 0.

For the biorthogonal pair (c¢f. 3.3.13) {{yk}l<,‘.<n . {y;‘.}1<k<"} asso-
ciated with {x,,...,x,}, if 2’ € B’, then

T

z' = (ykaz’)Y;\:_‘_ (Z’—Z(YA-»Z’)YL) d;-f 11’+V’,

k=1

Since v' € [span (x1,..., X )| s
T dvf n
() = m (W) = 3" (m (¥} yeoy') (z akyk,y)
k=1 k=1
Consequently, m may be identified with Z Qryk. ]

k=1
In a topological vector space V', a set S containing {O} is absorbent
iff for each v in V' there is a nonzero t such that tv € S.
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3.4.9 Exercise. For a topological vector space V' and a neighborhood N
of O:

a)

N is absorbent; if a # 0, then aN is a neighborhood of O; U AN
IAl<1
is circled; for some positive ¢, if |r| < € then rN C N; at O there is a

base of circled neighborhoods;

Ax,N) = {a : a>0,x€eaN}#0;if N is circled and

py:Voaxm—inf{a : a>0,x€aN},

then:

b) {{a € A(x, N)} A {8 > a}} = {8 € A(x, N)}:

b2) for some N, {x # O} = {pn(x) # 0};

b3) pn(O) =0;

b4) for t in C, py(tx) = |t|pn(x);

b5) if N is convex, then py(x+y) < pn(X) + pN(¥Y);

if pny is a function for which b1)-b5) obtains, then {x : py(x) <1}
i1s a convex, circled, absorbent set;

V' is a LCTVS iff for some set {py},. of functions conforming to b1)-
b5), the set N &' {NA N, & {x : pr(x) <1} A€ /\} is a base of

neighborhoods at O, and for each v in V' \ {O}, there is a A such that
A% ¢ N,\.

' B

[Hint: b5): If € > 0, for some positive a and [3, {x y} CN,
a—€e<pn(x) <aand B —e < py(y) < 3. Furthermore,

X+y  «a X . o}
a+;3_a—|—[3a a+ 3

y
5 EN.
g

Hence py(x+y) < a+ 3 < pn(x) + pn(y) + 2¢.]

[ 3.4.10 Note. The function py is the Minkowski functional as-
sociated to the neighborhood N [K6t, Sch]. Owing to ¢)-d), pn
is a seminorm. If A(x, N) = 0, by definition, py(x) = oc. If, for
each x and each N, A(x, N) # 0, py is a norm.]

3.4.11 LEMMA. IF B 1S A BANACH SPACE, THEN £(B) 18 o (B”, B')-DENSE
IN B”.

ProoF. Otherwise for some weak’ neighborhood

NENO)E{y" |y <e1<k<n}
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and some x" in B”, (x" + N)n&(B) = 0. For w” in

e span [x" + &(B)],

the map m : L 3 w” < ax’’ + &(x) — a is a linear map of L into C.

Since (x"” + N)N&(B) =0, py [x" + &(x)] > 1. Since N is circled, and
&(B) is a vector space, if x € B and a # 0, then

pv (W) =px (a (x"+€[2))] = lal,

i.e., [m(w")| < py (w"), an inequality that remains valid when a = 0.
The Hahn-Banach Theorem (3.3.7) implies that there is a linear func-
tional m : B” 3 u” — m (u”) € C such that

|m (u”)] < py (") and ﬁ1|L= m.

Furthermore, if § > 0 and u” — v” € §N, then py (u” — v") < §, whence
|m (u” —v")| < 4. In short, m is o (B”, B')-continuous. However, 3.4.8

o~

implies that for some z’ in B, m (u”) = (2’,u"). Since m[¢(B)] = {0}, it
follows that z' = O, whence m is the zero functional. However, m (y") = 1,
a contradiction. ]

3.4.12 LEMMA. (Alaoglu) Ir B 1s A BANACH SPACE, THEN B (O’,1) 18
o (B', B)-COMPACT.

PROOF. For each x in B, { (x,x') : x' € B(0',1)} C [0, |x||] &' L. Ty-
chonov’s Theorem implies K e Xxe plIx 1s compact in the product topol-
ogy T. The map 0 : B(O',1) 3 x' — 6 (x) e {(x,X)}xeB(0.1) € K is, by
virtue of the Hahn-Banach Theorem, injective and o (B’, B) — T continu-

ous, whence on 6 B (0, 1)] def Y,0 'is T— o (B, B) continuous. For x,
y in B, and « in C, the maps

Exy : K 3 {ax}cp ¥ x4y —ax —ay € C,

Nax : Cx K3 (a. {ax}xeB) = aax — Aax € C,

are continuous. Hence, for each map, the inverse image kyx, resp. ko x

of {0} is closed. Thus, #[B(0O’,1)]=Y = kxy | N kox | is a
y
X,y a,x

closed, hence compact set. It follows that B (O’,1) is o (B’, B)-compact.
[]

3.4.13 THEOREM. THE BANACH SPACE B IS REFLEXIVE IFF B(O,1) Is
WEAKLY COMPACT.
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PRrRoOOF. If B is reflexive, then (B) = B”, £[B(0,1)] = B(0",1), and the
topology inherited by £[B(O, 1)] from the weak’ topology of B” is the same

as the weak topology of B(0O,1). By virtue of 3.4.12, B(0O, 1) is weakly
compact.

Conversely, if B(0, 1) is weakly compact, the o (B,B’) — o (B", B')-
continuity of £ implies £[B(0,1)] is o (B"”, B')-compact. However, 3.4.11
implies £[B(0,1)] is o (B"”, B')-dense in B (0", 1), whence

¢[B(O,1)] = B(0",1),

which implies £(B) = B". ]

3.4.14 DEFINITION. FOR BANACH SPACES B AND F AND T IN [B, F]_
THE ADJOINT 7" IS THE UNIQUE ELEMENT OF [F', B']_ SUCH THAT FOR
EACH (x,y') IN Bx F', [x,T'(y')] = [T (x),¥y'].
[ 3.4.15 Remark. The notation 7" for the adjoint is consistent
with the notation V' for the dual space. Some writers use V*
instead of V’; correspondingly they use T* instead of 7".]

3.4.16 Exercise. a) The statement in 3.4.14 is meaningful, i.e., 7" exists
and is unique. b) ||T"|| = ||T||. ¢) If {a,b} C C and {S,T} C [B, F]., then
(aS + bT) =aS’' + bT".
[Hint: a) The Closed Graph Theorem (3.3.18) applies. b) 3.3.6
applies. |

3.5. Banach Algebras

Gelfand [Gelf] introduced the notion of a normed ring, known today as a
Banach algebra. 1t combines the concepts of Banachology and algebra to
form a discipline with many useful developments. Only the outlines of the
subject are treated below. Details are available in [Ber, HeR, Loo, Nai,
Ri].

Some Banach spaces, e.g., function algebras such as Cy(RR, C), form the
context for introducing not only addition and scalar multiplication of their
elements but also a kind of addition-distributive product of elements. The
basic aspects of this development are treated below.

3.5.1 DEFINITION. A BANACH SPACE A THAT IS ALSO A C-algebra 1s A
Banach algebra 1FF FOR a AND b IN A AND z IN C:

lab|| < [|a][ [[b][;

z(ab) = (za)b;

[zal| = |=| [lal]
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3.5.2 Example. When X is a locally compact Hausdorff space, the Banach
def . ;

space Cy(X,C) = A, normed by || ||, is a commutative Banach algebra

with respect to pointwise multiplication of its elements; A has a multiplica-

tive identity e iff X is compact, in which case e = 1.

3.5.3 Example. For a Banach space B, the set [B], 4 A of continuous
endomorphisms (of B), normed according to the discussion in 3.3.4, is a
Banach algebra with respect composition of its elements; A is commutative
iff dim (B) < 1; the identity endomorphism id is always the identity for A.

3.5.4 Exercise. If the Banach algebra A contains a multiplicative identity
e such that ea = ae = a: a) e is the only identity; b) renormed according

to ||x]|’ et sup M, A is again a Banach algebra and ||e||’ = 1; ¢) for some
a#0 ”a”
positive K and all x, K||x|| < ||x||" < ||x]|. Thus || || and || ||" are equivalent

norms:

If A contains an identity e,

e|| may be taken as 1.

3.5.5 DEFINITION. WHEN A BANACH ALGEBRA A CONTAINS AN IDENTITY
def
e, Ac = A; WHEN A CONTAINS NO IDENTITY, € IS A SYMBOL SATISFY-

lef
INGeg A AND Ae = {ze+x : 2€C, x€ A}. WHEN A CONTAINS NO
IDENTITY AND {z;e +X;},_, » C Ae,

def

z1€+ X1 + 226 + X2 = (21 + 22) e + (X1 + X2),

def
(z16 + Xx1) (228 + X2) = z120€ + 21X2 + 22X + X1 X2,

AND A IS NORMED ACCORDING TO ||ze + x|| o || + |Ix]|.

If A= Ae and ab = e, a is a left inverse of b and b is a right inverse
of a.

3.5.6 Exercise. For a Banach algebra A : a) Ag is a Banach algebra; b)
the map A 3 x — 0e + x € A, is an isometry.

3.5.7 Exercise. If A = A, and u and v are left and right inverses of x,

def _ p . . . -
then u = v = x~! and every left inverse (right inverse) of x is x .

3.5.8 Example. When v is counting measure, the classical Hilbert space

(v. Section 3.6) is L*(N,v) 4 42 consists of all vectors a % (ay,asz,...)

OO

of complex numbers such that Z |a,,‘[2 < oc. The set [(’2} . of continuous

n=1
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endomorphisms of A is, with respect to composition of endomorphisms as
product, a noncommutative Banach algebra. The maps

T : 0?3 (a,asz,...)— (az,as,...),
S (2 = (al,ﬂ,g,...) — (0,@1,(12,...).

are continuous endomorphisms. Furthermore, T'S = id but ST # id. Thus
T[S+ (id — ST)] =id: both S and S+ (id — ST') are different right in-
verses of 1": absent commutativity, right inverses need not be unique. Since
S'T" =id’' =id and T'S’" # id a similar argument shows left inverses need
not be unique.

In Ae, the identity (e — x)(e —y) = e — (x +y — xy) introduces the
expression X +y — xy. If e —x has a right inverse, it may be written as
e—y,and (e—x)(e—y)=eorx+y—xy=0: Xx+y — Xy is meaning-
ful even when A contains no identity.

3.5.9 DEFINITION. FOR X AND y ELEMENTS OF A BANACH ALGEBRA A,

Xoy 5 +y —xy. WHEN xoy = O, y IS A right adverse OF x (AND X
IS A left adverse OF y).

3.5.10 THEOREM. THE BINARY OPERATION o IS ASSO?IEA\TWE. IF u AND
V ARE LEFT AND RIGHT ADVERSES OF X, THEN u = Vv = X°, THE adverse
OF X AND xx° = x°x.

PROOF. The associativity of o follows by direct calculation.
Ifuox =xo0ov =0, then

u:uoO:uO(xov):(uox)ov:Oov:vdéfxc’

and u = xu — X = ux — x. Hence x°x = xux — x> = xx°. ]
3.5.11 Exercise. a) The adverse x° exists iff (e — x) ™! exists in Ae. b)

o0
If ||x]| < 1, then x° exists and x° = — Z x". ¢) In Ag,

n=1
(xoy)(e —x) = (e —x)(y o x);
d) If x° exists, for any z,
(z—x")(e—x)=2zoxand (e —x)(z—x")=xo0z.
e) If x° and y° exist, then x oy is advertible and (xoy)® =y°ox°. f)

In A, if le —x| < 1, then x™! exists. g) In A, if x ™! exists, for some
positive r, y ! exists if ||y — x|| < r.

In Ae the set H of invertible elements is nonempty and open.
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[Hint: f) The series e + Z(e — x)" converges and

n=1
[e — (e — x)] (e + Z(e - x)”) = e.
=1
1 ) ) T .
g) If ||v|| < 1)’ f) implies e + x~ v is invertible.]

[ 3.5.12 Note. The result g) has a counterpart for adverses, v.
3.5.14.

3.5.13 Exercise. a) In A, the set of H of invertible elements is: a group
relative to the operation of multiplication in A. b) The map

Hox—x'eH

is a bicontinuous bijection, i.e., an auteomorphism.

3.5.14 DEFINITION. FOR A BANACH ALGEBRA A, THE SET adv (A) CON-
SISTS OF THE ADVERTIBLE ELEMENTS, i.e., THOSE FOR WHICH THERE IS
A (UNIQUE) LEFT AND RIGHT ADVERSE.

3.5.15 LEMMA. FOR A BANACH ALGEBRA A, adv (A) IS AN OPEN SUBSET

(cf. 3.5.11g)) AND °:adv(A) 3> g+ g° IS AN AUTEOMORPHISM.
1

P f dv(A d — < ——— . th
ROOF. If x € adv (A) and |y — x|| Tl en

x“oy =(y—x)—z°(y — x),
yox® =(y —x)—(y —x)x°,
[x* oyl < lly — x| (1 + [Ix°]]) < 1,
ly ox®[| < [ly — x| (1 + [x°]]) < 1,
whence x° oy and y o x° are advertible. If w is the adverse of x° oy, then
w o x° is a left adverse of y. If z is the adverse of y o x°, then x° o0z is a

right adverse of y. Thus y is advertible: adv (A) is open.
If x € adv(A) and x + h € adv (A), then

b —hx?[| < {[h]| (1 + [Ix*]]),

and if ||h|| is small, then u “'h — hx° € adv (A). Furthermore, 3.5.11
implies
(x +h)ox° = u,
(x +h)° =x"ou®,
(x+h)° —x” =u” — x°u®,
[1Ge+h)" = x| < Jlu®[| (1 + [1x°]]).
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Since |[u|| < ||h||(1 + ||x]]), when [|h]| is small enough, ||u|| < 1. Thus

bl (1 +[[x°])) = [lull = [lu® = wa®|| = [Ju®|| = |luf| [u®]],
lull _(hff (1A (]2

Jue] < < |
< T2l S T= R+ e

whence the map ° : adv (A) — adv (A) is continuous. The symmetry of the
definition of x o y implies that (u®)® = u and thus adv (4)° = adv (A).

L

3.5.16 THEOREM. IF x IS AN ELEMENT OF A BANACH ALGEBRA, THEN
1y A
lim ||x"||» ExisTs. IT IS DENOTED sr(x) AND THERE OBTAINS THE

n—o0
EQUATION sr(x) = inlf\l||x”||%. FURTHERMORE: a) 0 < sr(x) < ||x||; b)
=

FOR z IN C, sr(zx) = |zlsr(x); ¢) sr(xy) =sr(yx), AND FOR n IN N,
st (x") = [sr(x)]"; d) IF Xy = yx, THEN sr(xy) < sr(x)sr(y).

Proor. If € > 0, for some m in N, ||xm|]# <sr(x)+e. If n €N, for some
p,gin N, n=pm+q, 0<qg < m, whence

1 PRSINSE -4 9 2y
I < ™ 1l < (st () + €)1

pm
As n — oo, — — 1, whence
n

m [x™]|" < sr(x) = inf [x"[|" < lim [[x"||",
n— 00 neN — 00

i.e., lim ||| exists and is sr(x).
n— o

Items a)-d) follow by direct calculation. ]

3.5.17 DEFINITION. FOR x IN A BANACH ALGEBRA A, THE spectrum of

x 1S sp(x) ) {z : (x —ze)”' does not exist in A }.

3.5.18 Exercise. a) If A ;Ae and x € A, then
sp(x) = {0} U { z 290, (z_lx)o does not exist } g
b) If A= Ae, x € A, and 2z # 0, then z € sp(x) iff (5) does not exist;
2
0 € sp(x) iff x ™! does not exist, i.e., iff x is singular.
[Hint: If z # 0: a) xy = e iff z7x.zy = e; b)

(x—ze) '=z""(z"'x - e)_1 i
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3.5.19 THEOREM. IF x IS AN ELEMENT OF A BANACH ALGEBRA, FOR
SOME z IN sp(x), sr(x) < |z|.

[ 3.5.20 Remark. Hence sp(x) # 0.]

PrROOF. (Rickart [Ri]) If 0 ¢ sp(x), then A = A, and x ! exists. Hence
3.5.16d) implies 1 = sr(e) < sr(x)sr (x~ ). Thus, if sr (x) = 0, then x "

does not exist, i.e., 0 € sp(x): the result is established if sr (x) = 0.

If sr(x) et p > 0, the idea of the argument is to show by contradiction
that sp(x) ¢ D(0, p)°. Indeed, if sp(x) C D(0, p)°, then

{lw] 2 p} = {w ¢ sp(x)},
l.e., (w_lx)o exists. From 3.5.15 it follows that
w — f(w) def (w_lx)o
is a continuous map from s« {uv lw| > p} to A. Since

lim Hw x“—O

|w|—oc

the basic inequality ||y°|| < %, which is valid when |[|y|| < 1 by virtue
— Y
of the calculations in 3.5.15, implies I llim ‘ (u_'_lx)o
w|—oc

uniformly continuous on S.

If n in N, the equation z" — 1 = 0 has as solutions the n distinct nth
. def rle 2" g 2min—1)
roots of unity: 1 = wy,...,wy, l,e'~,....¢e n

lef
For z in C and the general notatlon zJ- = 'w,, 1 < j < n, direct cal-

culation (via induction) shows that = = (21 ) (z;lx).
n n—1
lef ko k
The equation Z wi = 0 implies that if R; = Z z; kx*  then
k=1 k=1
T
> R;=0.
k=1
Furthermore, if z € S, then z7"x" = :j_]x oR;. From the identity

aoc0O=0o0a=a
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there follow

f (Zj) o} z”’“x” =0o R] = RJ a,nd f (ZJ) = RJ (o] (Z_“'x")o .

Since zn:Rj =€),

=

LS e = ) (3.5.21)

The uniform continuity of f in S implies that for each positive € there is

a o such that o > pand || f (p;) — f(0;)]| <€, 1 < j <n. However, (3.5.21)
implies that for all n in N,

— 2\ © _ ’ a
H(p "x") = (67"x") || < e (3.5.22)
As in earlier calculations, lim ||(0)*"‘x" = 0, whence
n—0o00
. — o
lim .[(o) ”‘x”] =0,
nN—>00
. = . o= o] .
Because p < o, lim ¢ "x" = O, whence lim (0 ”x“) = 0. Since
n—oo n—o0

e may be arbitrarily small (and positive), by virtue of (3.5.22),

- — . [e]
lim (p ”x”) =0,
n—ro

whence

him Hpﬂnxn
n—oo

= 0. (3.5.23)

1
However, since p = sr(x), ing HPH”X" " =1, and (3.5.23) yields a contra-
mn

diction. L]

[ 3.5.24 Remark. The derivation above is given in terms the
properties of exp as derived in Chapter 1. An alternative proof
can be based on Liouville’s Theorem in the theory of holomorphic
functions on C, cf. 5.3.29.]

3.5.25 LEMMA. IF X IS AN ELEMENT OF A COMMUTATIVE BANACH AL-
def
GEBRA A, THEN sr(x) 1S sup{|p| : p €sp(x)} = P(x).

PROOF. a) For some z in sp(x), sr(x) < |z| (v. 3.5.19), whence

sr(x) < P(x).
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On the other hand, if w € sp(x) and |w| > |z|, then

st (w™'x) = w| st (x) < 1.

1
Hence, if y e w™'x, for all large n and some t, ||y"||" <t < 1, and so

o0
. Z yn.

n=1

converges to y° (cf. 3.5.6¢)). Hence w™'x is advertible, whereas, since
w € sp(x), w™'x, is not advertible, a contradiction:

{{z €sp(x)} A{sr(x) < |z[}} = {|z| = P(x)}.

If sr(x) = (1 — €)P(x) < P(x), the argument above shows

; . —1.\© e ;
converges and its sum is (z lx) , a contradiction since z € sp(x):

[l

[ 3.5.26 Note. Owing to 3.5.25, the notation sr (x) and the term
spectral radius of x for P are justified.]

3.5.27 LEMMA. IF X 1S A BANACH SPACE AND Y IS A CLOSED SUBSPACE,
THE quotient space X/Y ENDOWED WITH THE quotient norm

I lle: X/Y 3&—inf{[x] : x/Y =£}

IS A BANACH SPACE.

PROOF. That || ||¢ is a true norm is a consequence of the definitions and
the elementary properties of inf. If {£,}, en is a Cauchy sequence in X/Y,
for each n, there is an x,, such that x,,/Y = &, and ||x,|| < ||€n| o+t 27",

Thus [[xn — Xm|| < |€n — &mllo +27™ +27™ and so {xn}, oy is a Cauchy

sequence. If nleoo Xn 4 x and £ Qef x/Y, then HILI’I;O €n=€& X/Y is a

Banagh space. ]
[ 3.5.28 Note. By definition, if § = x/ Y, then |||/ < ||x||. Thus

the map X 3 x— x/Y def € is norm-decreasing.]
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3.5.29 DEFINITION. A left (right) ideal IN AN ALGEBRA A IS A PROPER
SUBSPACE R sucH THAT AR C R (RA C R). A SUBSPACE THAT IS BOTH
A LEFT AND RIGHT IDEAL IS AN ideal. THE IDEAL R 1S regular OR mod-
ular IF THE quotient algebra A/R CONTAINS AN IDENTITY. WHEN R IS A
REGULAR IDEAL AND u/R 1S AN IDENTITY IN A/R, u IS an identity mod-
ulo R. CORRESPONDING DEFINITIONS APPLY TO LEFT (RIGHT) identities
modulo right (left) ideals.

3.5.30 Exercise. For a Banach algebra A: a) If u is an identity modulo
the (regular) ideal R, then u is an identity modulo every ideal that contains
R. b) If R is a regular left (right) ideal, then R is contained in a regular
left (right) maximal ideal. ¢) Every maximal ideal is closed. d) An element
x has a right adverse iff x is not a left identity modulo any regular right
maximal ideal. e) If A C A, a proper subset S of A is a regular maximal

ideal iff for some maximal ideal M, in A and different from A, S = A N M.

[Hint: a) For every x, ux —x and xu — x are in R. b) Some
version of Zorn’s Lemma applies to the poset of ideals containing
R. ¢) The continuity of multiplication applies. d) If x has no right
adverse, then R = {xy—y : y € A}isaright ideal, x ¢ R, and
x is a left identity modulo R, and b) applies.]

3.5.31 Example. In the Banach algebra Cy(R,C), Cpo(R,C) is a dense
ideal contained in no maximal ideal: Cyo(R, C) is not a regular ideal.

3.5.32 THEOREM. (Gelfand-Mazur) IF A 1S A COMMUTATIVE BANACH
ALGEBRA AND M IS A MAXIMAL REGULAR IDEAL IN A, THEN A/M 1s
IsoMORrRPHIC TO C.

Proor. With respect to the quotient norm || ||, A/M is a Banach field
(with identity e) and so if £ # O, 0 ¢ sp(€). On the other hand, sp(§) # 0
and if z € sp(§), then & — ze is singular and since A/M is a field, £ = ze.
The correspondence & — z is an isomorphism between A/M and C. ]
Owing to the fact that A — A/M is an algebra-homomorphism, for a
commutative Banach algebra A, each regular maximal ideal M may be re-
garded as a special element x’ of the dual space A": x" is a multiplicative lin-
ear functional. Furthermore, if x € A, then ||£]| < ||x||, whence ||x’|| < 1.

3.5.33 DEFINITION. THE SET OF REGULAR MAXIMAL IDEALS IN A COM-
MUTATIVE BANACH ALGEBRA A IS Sp (A), THE spectrum of A.

[ 3.5.34 Note. The uses of the word spectrum as in spectrum of
x (when x is an element of a Banach algebra A) and spectrum of
A can be misleading. However, the distinction between the two
usages is clear:

e sp(x) is a set of complex numbers;
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e Sp(A) is a set of regular maximal ideals.]

3.5.35 THEOREM. IF A 1S A COMMUTATIVE BANACH ALGEBRA CONTAIN-
ING AN IDENTITY, Sp(A), REGARDED AS A SUBSET OF A’ IS A WEAK'-
COMPACT SUBSET OF THE UNIT BALL B (O’,1) IN A'.

PrOOF. If A3 A— My € Sp(A) is a net and My o (B’, B)-converges to
some x' in B (0O’, 1), for each pair {x.y} in A,

(x, Mx) (y, My) = (xy, My).

The left resp. right member of the equation converges to (x,x’) (y,x’) resp.
(xy,x'), whence x" is a continuous multiplicative linear functional: Sp (A)
is weak’-closed. Owing to 3.4.12, B(O’,1) is weak’- compact. O

For x in A and M in Sp(A) the complex number (x, M) is denoted
x(M) and the map : A3 x+— x € C(Sp(A),C) is the Gelfand map. The
preceding development implies that ||x(A)|| . < [|x]|.

3.5.36 Exercise. If A is a commutative Banach algebra and M € Sp (A),
then x(M) € sp(x).

[ 3.5.37 Note. If z € sp(x), for some M in Sp(A), z 'x is an
identity modulo M. If y ¢ M, then g(M) (2~ '%x(M) — 1) = 0 and

)=
so X(M) = z. Hence ||x||_ >sup{|p| : p € sp(x)} o P(x).

However, if M € Sp(A) and x(M) = w # 0, then w 'x(M) = 1

fef .
and w~'x is an identity modulo M. If y = (u* lx)o exists, then

wlx+y —wlxy = 0O,
l1+y—1y =0,

a contradiction: w~'x has no adverse, w € sp(x),

w| < P(x):

~

pS

= P{x).

I ocC

In C(Sp(A),C), Sp(A) is to be viewed in its weak’ topology.
Thus =~ may be viewed as a covariant functor from the cate-
gory BA, of Banach algebras containing an identity (and contin-
uous C-homomorphisms) to the category CF of continuous func-
tion algebras on compact Hausdorff spaces (and continuous C-
homomorphisms) [Loo, Mac].]

3.5.38 Exercise. If §:C — C is a C-automorphism, then # = id.
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[Hint: 1f z € C, then 6(z) = 6(z-1).]

3.5.39 Exercise. If A is a commutative Banach algebra, and x € A, then

p(x) if A= Ae
X[Sp (A)] = p(x) or sp(x) \ {0} if A %A

Since function algebras of the form C(X, C) arise naturally in the study
of commutative algebras, the Stone- Weierstraff Theorem below takes on
added importance. The result is phrased in terms of the notion of a sepa-
rating set of functions in a function algebra.

3.5.40 DEFINITION. A SUBALGEBRA A oF C¥ Is separating IFF FOR ANY
TWO ELEMENTS a,b OF X, SOME f IN A IS SUCH THAT f(a) # f(b); A 1S
strictly separating IFF FOR SOME f, f(a) =0 =1— f(b).

3.5.41 Exercise. If A is a commutative Banach algebra,
AL % i xe A}

is a strictly separating subalgebra of Cy(Sp (A), C).

3.5.42 Exercise. If A is a strictly separating subalgebra of R, a,b are
two elements of X, and {¢,d} C R, then, for some f in A, f(a) = ¢ and
f(b) =d.

3.5.43 Exercise. If X is a compact Hausdorff space and A is a || ||-
closed subalgebra of C'(X,R), then A is a vector lattice.

[Hint: If f € A, the Weierstral Approximation Theorem (3.2.24)
implies that |f| is approximable by polynomial functions of f.]

3.5.44 THEOREM. (Stone-Weierstral) Ir X 1S A coMPACT HAUSDORFF
SPACE, ANY CLOSED STRICTLY SEPARATING SUBALGEBRA A OF C(X,R)
1s C(X,R). (EACH STRICTLY SEPARATING SUBALGEBRA OF C(X,R) IS
| [|~c-DENSE IN C(X,R).)

Proor. If f € C(X,R) and a,b are two points in X, A contains an f,,
such that f,(a) = f(a), fos(b) = f(b). If € > 0, then

Uah = {x ¢ far(z) < f(x) + €} and Vi {2 : fup(z) > f(z) — €}

are open. If b is fixed, {Uqu},. v is an open cover of X. Hence there is a fi-

nite subcover {U,p,...,U, .} and, owing to 3.5.43, f, = lnf fu p € A.

If z € X, for some p, z € U, ;, and fy(z) < f(x)+e€ On the other hand, if
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P
xr eV, qet ﬂ Va,b, then fy(x) > f(x) — €. The open cover {V}},.  admits
p=1
a finite subcover {Vb1 ey Vbq} and 3.5.43 implies ¢ o sup qu e A If
1<¢<Q
x € X, for some g, x €'V}, and f(x) —e < ¢(x) < f(x) + €. O

[ 3.5.45 Note. a) If A is merely separating, A can fail to be
C(X,R), e.g., if X =[0,1], the set A of all polynomial functions
that vanish at zero is separating. However,

A=C(X,R)n{f : f(0)=0}.

If R is replaced by C in the discussion above, the corresponding
conclusions are false, v. Chapter 5. What is true and what
follows directly from 3.5.44 is that if A is a closed strictly sepa-
rating subalgebra of C(X,R) and f € C(X,C), then f = u+ iv,
{u,v} € C(X,R) and by abuse of notation, C(X,C) = A + iA.
There is a corresponding statement if A is merely separating. |

3.5.46 Exercise. If X is a compact Hausdorff space and a subset A of
C'(X,R) is both A-closed and V-closed, the || ||~-closure of A contains each
continuous function approximable on every pair of points by a function in

A.
3.5.47 Exercise. a) The set

; cCoOs N - sin nx
¢d;f{qraem T e }
vV 27T vV 271' ncN+

is strictly separating. b) The smallest algebra A over T and containing ®
is the R-span of ®. c¢) The algebra A +iA is || ||.o-dense in C(T,C). d)
2m

The map I : C(T,R) > f — f (ei‘r) dx is a DLS functional (with an
0
associated measure 7). e) For the maps

W : [0, 27] Sz e eT, W*:CF > f foW e Clo27]

W* [L*(T,7)] = L2([0,27], ) and || f]l2 = [[W*(f)l,- f) The set W*(®) is
a CON in L%([0,27], \).

3.5.48 Exercise. For a commutative Banach algebra A such that A = Ag,
if xe A: a) {x(M) : M €Sp(A)} is a compact subset of C; b) for the
closure A(x) of the set of all polynomials

T
ape + E akx"', ap € C, n € N,
k=1
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the map h : Sp[A(x)] 2 M — x(M) € C is a homeomorphism.

3.6. Hilbert Space

The groundwork for studying Hilbert space $ was laid in the material
starting with 3.2.9 and ending with 3.2.18. The function ( , ) is a positive
definite and conjugate bilinear form. The current Section is devoted to
deriving some fundamental results about the character of operators, i.e.,
for various Banach spaces X, elements of [$), X]..

3.6.1 THEOREM. (F. Riesz) IF x’ € ', FOR SOME x IN §),
(¥, x) = (x,x').

[ 3.6.2 Remark. In the preceding sentence there is a possibility
for notational confusion: the symbol (y,x) in the left member of
the identity denotes the value of the inner product in ; (x,x’) in
the right member denotes the value of the functional x’ acting on
the vector x. The content of the THEOREM and the nature of the
PROOF should clarify any distinction.]

PROOF. The kernel M {z : (z,x') =01} is a closed subspace of 9;

Zorn’s Lemma implies that M contains a maximal orthonormal subset

M < {my}, 5. If M = $, then O serves for x. If M GHand v € (9\ M),

then (v,x’') # 0. Moreover, u e (vvx’) € 9\ M and (u,x’) = 1. For any
W, m f w — (w,x")u e M. Thus, if z - Z (y,ay)ay, then z # O,
AEA
z € M+, and if a ﬁ, then {{a}uM} is a CON set in . Hence, if
z
x < (a,x')a, for any y, y = (y,a)a + Z (y, my,) m, and
AEA
def
(v,¥) = (v,a) (a,x) = (v, (a,x)a) ¥ (y,%). O

"

3.6.3 Exercise. The correspondence ' 3 x' — x € § is a conjugate-
linear bijection. If {a,b} C $, then (a,b) = (a’,b’).

In view of the conjugate character of the bijection, § and §’ are es-
sentially the same.

3.6.4 Exercise. If {U,V} C [$]. and {x,y} C $, then

{(Ux),x) =[x, Vx)]} & {(Ux),y) =[x V(y)l}-
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[Hint: (U(x+tiy),xtiy)=[x=*iy,V(x=*1iy)]. The replace-
ment technique x — x + ¢y is known as polarization.]

3.6.5 DEFINITION. WHEN S C §, THEN S+ @ {x : (S,x)={0}}.

3.6.6 Exercise. a) For any S, S+ is a closed subspace. b) If M is a
closed subspace and x € § there is in M x M™* a unique pair {a,b} such
that x =a+b: § =M@ M™*. ¢) the projection Pyy - H3x+—aec M is
in [9].. d) Pyy = Py and [|Pyl| = 1.

[Hint: A maximal ON subset M = {my},cp of M is contained

in a CON set H for § and a = Z (x,my) my.]|
AEA

3.6.7 DEFINITION. FOR T IN [$)]., THE kernel oF T 1s

ker (T) < 71(0)

AND THE image OF T 1s im (7)) de! T($).
3.6.8 LEmMma. IF {T1,T5} C [9].: a)
[T1(x),y] =[x, T1(y)];
b) (T})' = Ty; ¢) (aTy + bTp) =aT}| + bT%; d) (T\Tz) = ToTl; e)
1Ty = 1T

f) id + T, T} 1S INVERTIBLE.

PRroor. The results a)-d) follow from direct calculation.
e) On the one hand,

1Ty TY]| = sup [TWTi(x)] < [|T3] Sup TGOl < Tl - T30 = 1T

|Ix|[=1 |x||=1

and on the other hand, if ||x|| = 1, then
IMTI )l 2 (T T7(x). %) = 1T} (0]

Thus 7] > 17717 = T3,

f) Since ([id + T177] (x),x) = ||x||> + |77 (x)||* > |x|?, it follows that
ker (id + T\ T]) = {O}. Thus im (id + T17}) is dense in $. If x € ), there
is a sequence {y,}, .y such that [id + T1T{] (y,) converges to x. Because
id +T1Tf IS norme-increasing, {y,,}n(EN 1s a convergent sequence, and if
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11111 y,, = y, then [id + T177] (y) = x: id + T, T} is bijective and thus is

n—r

mvertlble ]

[ 3.6.9 Note. When dim ($)) < oo, every injective element of [)] is
invertible. By contrast, S in 3.5.8 is injective and is not invertible.
An invertible operator T is not only injective but also bijective.]

3.6.10 Exercise. If T € [§)]., then ker (T') = [im (7")]" (cf. 3.4.14).
[Hint: {(T'(x),y) =0} & {(x,T'(y)) = 0}]

3.6.11 DEFINITION. A T IN [$]. 1S self-adjoint 1vF T' =T; T 18 normal
IFF TT' =T'T.

3.6.12 Exercise. If T' € [9]., then T'+ T" and i (T — T') are self-adjoint;
if T is normal, T+ T" and T'— T' commute.

3.6.13 THEOREM. (The Spectral Theorem) IF 7' 1S NORMAL, THE (COM-
MUTATIVE) BANACH ALGEBRA Ap GENERATED IN [9]. BY {id,T,T'} 1s,
VIA THE MAP " isometrically isomorphic To C (Sp (Ar),C).

Proor. The map ~ is linear (v. 3.5.28). Owing to 3.5.37, for any
. =~ . S+ 5 s -5 dpf
S in Ap, sr(S) = ”SH . Since S = U+iV, Sis a

-+ 1
o 2 21

linear combination of the self-adjoint operators U and V. Furthermore,

S'=U"—iV' and &’ = U’ — iV’ = § (cf. 3.4.16). Hence

88 =UU' - VvV' +i(VU' +U'V),
1SS'|| = ||S||* = ||52|| (cf. 3.6.9),

I8l = 57 == 57" sris) =[]

l.e., is an isometry and hence (v. 3.4.2) A7 is a closed subspace of
C(Sp (Ar),C).

If M €Sp (A7), S is a self-adjoint element in Ap, S(M) Lot ib,
a€R, and b#0, for LY S +iaid,

¥ A 2 © ¥ “
a? + b2 + 2ba + o < ”LH < |ILI? = ILE| = ||S% + 2|
<ISI? + a2

Thus a® + b* 4 2ba < ||S||?, which is false if ab is sufficiently large. Hence
b=0: S(M) € R.

By definition, if M; and M, are two elements in Sp (Ar), for some
self-adjoint S in A, S (M) # S (M3) and a direct calculation shows that



Section 3.7. Miscellaneous Exercises 131

D { S : S a self-adjoint element of Ay } is strictly separating. The

Stone-Weierstrafl Theorem implies D is dense in C(Sp (A7),R). Hence
D+iD (: E}) is a dense (v. 3.5.45) and, as shown above, a closed sub-
space of C' (Sp (Ar),C). ]
[ 3.6.14 Remark. The isometric isomorphism established yields
an interpretation to be given to f(7") when f € C(Sp(A),C). This
observation is the basis for a functional calculus for normal oper-
ators. Furthermore, T': Sp(A) 3 M — T (M) € C is a continuous

injection that permits the identification of Sp (A) with a compact
subset sp(T'), the spectrum of T, in C. |

3.6.15 DEFINITION. A LINEAR MAP T : 9, — 99 (T € [91, $H2]) BETWEEN
HILBERT SPACES $); resp. $)2 ENDOWED WITH INNER PRODUCTS ( , ) resp.
[|]1s: a) unitary 1FF T ($H1) = H2 AND (x,y) = [Tx|Ty]; b) AN isometry
IFF ||x|| = ||Tx]-

3.6.16 Exercise. a) A unitary operator is an isometry. b) An isometry

need not be unitary. ¢) If T' € [$] and T is unitary, then 7" is normal and

bijective. Furthermore, 7" =T""'. d) If § ' 2 endowed with the inner

product
(,):(C) 3 {(z1,22), (Y1,42)} = T1J1 + 2273
and 7' in [$)] is such that

T [(zy,22)] = {z1cos0 + x2sinf, —x; sinbh + x5 cosb}},

then 7" is unitary (hence normal) but T is not self-adjoint.
[Hint: For b), 3.5.8 applies.]

3.7. Miscellaneous Exercises

3.7.1 Exercise. In the context of Young’s inequality (3.2.1), if ¢ > 0,
then

c o(c)
[ otsrds+ [ us)ds = A(onel x [o.0(e)) = cote)

(The equation above implies Young’s inequality without recourse to argu-
ments based on geometry.)

3.7.2 Exercise. If (XS, u) is a measure space and f € S, then

/ fdu} = [ \fldw (3.73)
X X
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iff for some o in R, sgn (f) - f = e f, ie., |f| = e“F.

/ fdp #0, and sgn (A) = e'*, for
X
def def

e'*f = g = h+ ik, it follows that

/gd;.tz]h.d,u—i—i/kd,u.:fei“fdu,
X X X X
/fdu'=/ |fl dp.

JX X

]Qdﬂ:/ hdu»Sf || dp
X X X
g] (h? + K?)* du=[ g dp,
X X

kiO,/gduzf lg| dpe, and  a.e.,
X X

0<g=ef=|ef| =|fl =sgn(f)f ae]

[Hint: 1If (3.7.3) holds, A %

Hence

3.7.4 Exercise. If By and B, are Banach spaces and T € [By, Bs], then
T is continuous iff for some S in [Bj, B}], each x; in B;, and each yj in
Bj:
S (v3) (x1) = y3 [T (x1)],
in which case, S = T", i.e., T is continuous iff 7" exists.
[Hint: The Closed Graph Theorem (3.3.18) applies.|

3.7.5 Exercise. a) If 1 < p < oo, the set S of simple functions is dense
in LP(X,p) metrized by || ||,. b) For some (X,S,u), S is not dense in
L>(X,pn). ¢) If 1 <p<oc and L? is derived from a DLS functional I
defined on a function lattice L, then L N L? is a dense subset of LP. d) For

some function lattice L and some DT < functional I defined on L, L N L™
is not dense in L°°.

3.7.6 Exercise. If X is a compact Hausdorff space and A is a || ||cc-

closed subalgebra of C'(X,R), then A is closed with respect to the lattice
operations A and V.

[Hint: The relation between the lattice operations and | | and the
Weierstrafl Approximation Theorem (3.2.24) apply.]

For f in L?([0,1],\) the sequence of its Fourier coefficients is

1
def 1 / —2nmit
Cpn = —— f(t)e dt} :
{ vam Jo nez
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The following relevant functions figure in the Exercises below.

def § 2n'.rr-i!

n=—

def 1 sin (2N + 5) mt

(Dirichlet’s kernel),

s . mt
sin —
2
_ ((N + 1)m) 2
1 sin | ————
def
Fn(t) = jér’ 1).
(1) (N + 1) . (m‘) (Fejér’s kernel)
sin | —
2
1 N
3.7.7 Exercise. a) Fiy = N Z D,.. b) Dy and Fy are periodic and
n=>0
each is of period one. c)
1 1
D dt = / Fndt =1, (3.7.8)
]

D;\ t —s)f(s)ds < Dy * f(2),

0

N 1
Z f Fu(t = 5)f(s)ds == Fy x f(t).

1
d) If0<e< , then FN|[01]\[ iom ]—>Oas N — o0. e) If f e C(]0,1],C)
and f(0) = f( ) then A}Im |E~n * f — fll., =0 (Fejér’s Theorem).

il
[Hint: For e), if € € (O, 5), since 'y > 0,

By« S0 - 10l < [ / fll_EFN(t—.st(s)—f(t)lds

ey 11+ 111

Because f is bounded, if N is large, then I + Il is small since
u . 1 . . .
Fny — 0on [0,e]U[1 —¢€,1]. If € is near 5 since f is continuous,

(3.7.8) and the nonnegativity of Fly imply /1] is small.]

3.7.9 Exercise. Fejér's Theorem (3.7.7e)) implies the Weierstral} Ap-
proximation Theorem (3.2.24).
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[Hint: 1f f € C([0,1],R), in C([0,27],R) there is an f such that

_—

ﬂ 0.1]= f while f(27) = f(0). A change of scale applies.]

3.7.10 Exercise. a) If 1 <p < oo f € LP([0,1],A), then

Jim [|Fyx f— £, =0

[Hint: The results 3.7.7e) and 3.7.9 apply.]

For a measure space (X, S, 1), a sequence { f,}, oy of measurable func-

meas
tions converges in measure to f (f, — f) iff for each positive ¢,

llnl H { |fn (l)l > 6}) ==

3.7.11 Exercise. If (X,S,u) is a measure space, each f,, increases mono-
tonely, f, "= f, and f is continuous at x (x € Cont (f)), then

lim f,(z) = f(x).

n—oo

[Hint: If h is small, for some §(h), f(x) = f(x + h) + 6(h) while
|6(h)| is small. If € > 0, h > 0, and for infinitely many n,

Inlx) — f(l) 2 €y
then for infinitely many n,
fa(z+h) — f(x+h) > fulz) = f(x) +6(h) 2 €+ (h).

If h is small, € + d(h) > Hence, for infinitely many n,

2’
{y : f'n.(y)_f(y)}

contains a fixed interval of positive measure. If f(z) — f,,(z) > €
for infinitely many n, the argument applies for |h| small and h
negative.|

3.7.12 Exercise. If (X,S,u) is a totally finite measure space, f € S, f is
strictly positive a.e. (i), and for a sequence {E,}, . of measurable sets,

lim ] fdu =0, then lim pu(FE,)=0.

n—og

it ({1 > 2 1) 1u(x)]
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3.7.13 Exercise. (Schwarz) If ¢ is a finite set and {a,}, .5 and {ba}
are two sets of complex numbers, then

= (er)- ().

Equality obtains in the preceding inequality iff for some A and B, not both
zero, Aa, = Bb,, a € 4.

[Hint: 3.2.10 applies.|

@E€d

EE:aaE;

acd

3.7.14 Exercise. (Fischer-Riesz) If {x,},c5 is a CON set in $ and

X € 9, then Z |(x, x,:,)l2 < oo. Conversely, if Z |a(,,|2 < 00, for the poset
acA acA
A(A) of all finite subsets of A, the net n: A(A) 30 — Z 1o X, CONvVerges

aEd
to some x in $ and for each «, (X,X,) = a,.

Zaaxa = Z Ia‘a|2']

aEd aEd

[Hint: 1f 6 € A(A), then

3.7.15 Exercise. If {xﬂr}me(s is a finite orthonormal set and x € §, then

2 2

X — E A Xy

aEd

min
Ay eﬂé‘

X — Z(x,xa)xa

acd

aEd
3.7.16 Exercise. (Holder’s inequality extended) If

1
1
1<p,,-,15f§1,2—=1,
— Pi

! I
and f; € L" (X, p), then f = T fi € L'(X, ) and || £l < J] 111

=1 1=1

|P;"

I —1
1
[Hint: If p qef p, then p’ = (Z p—) and induction applies.]
i=2 Ot



136 Chapter 3. Functional Analysis

3.7.17 Exercise. If (X,S, ) is a measure space, f € S, and

def
A={p : 0<p<oo, |[fllp<oo}:

a) Ais convex; b) A 3 pw— | f||, is continuous; ¢)

{r <p <s}={lflly <max{[[fll [Iflls}}

(regardless of whether any of r,p, s is in A); d)

(470} = { im 171 = 1l |

e) when X €S and u(X) < o<, {p < a} = {Ifll, < I ll}.

3.7.18 Exercise. For each z in [0,1], the value B, (f)(x) of the nth
Bernstein polynomial is a convex linear combination of the values of f at

k
the points —, 0 < k < n.
n

3.7.19 Exercise. a) If X is a Hausdorff space B is the set of bounded
continuous R-valued functions on X, with respect to the norm || ||, B is a
Banach space. b) For x in X, the evaluation map ¢, : B> f+— f(x) is an
element of B and ||¢,|| € 1. ¢) Themap | : X 3 z — ¢, € B’ is a continuous
injection. d) The weak’ closure 3(X) of I(X) is weak’-compact. (The space
B3(X) is the Stone-Cech compactification of X.) e) If F € C(X,R), for some
Fin C(B(X),R), f’l = F': each continuous function on X has a continuous
extension to 3(X), cf. 1.7.28.

A subset S of a topological vector space V is bounded iff for every
neighborhood N of O and some real A\, S C AN.

3.7.20 Exercise. (Kolmogorov) A Hausdorff topological vector space
(V. T) is normable, i.e., T is norm-induced by some norm || ||, iff there is in
V' a bounded convex neighborhood of O.

[Hint: If V is normable, then N e {x : ||x]|| £1} is a bounded

convex neighborhood of O.

If N is a bounded convex neighborhood of O, then N contains
a circled neighborhood U for which Conv (U) is bounded. The
Minkowski functional p;; is a norm that induces T.]
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More Measure Theory

4.1. Complex Mea