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PREFACE TO THE SECOND EDITION 

The principal change from the first edition is the addition of 
a new chapter on linear programming. While linear program- 
ming is one of the most widely used and successful applications 

of linear algebra, it rarely appears in a text such as this. In 

the new Chapter Ten the theoretical basis of the simplex algo- 

rithm is carefully explained and its geometrical interpretation 
is stressed. 

Some further applications of linear algebra have been 

added, for example the use of Jordan normal form to solve 

systems of linear differential equations and a discussion of ex- 

tremal values of quadratic forms. 

On the theoretical side, the concepts of coset and quotient 

space are thoroughly explained in Chapter 5. Cosets have 

useful interpretations as solutions sets of systems of linear 

equations. In addition the Isomorphisms Theorems for vector 

spaces are developed in Chapter Six: these shed light on the 

relationship between subspaces and quotient spaces. 

The opportunity has also been taken to add further exer- 

cises, revise the exposition in several places and correct a few 

errors. Hopefully these improvements will increase the use- 

fulness of the book to anyone who needs to have a thorough 

knowledge of linear algebra and its applications. 

I am grateful to Ms. Tan Rok Ting of World Scientific 

for assistance with the production of this new edition and for 

patience in the face of missed deadlines. I thank my family 

for their support during the preparation of the manuscript. 

Derek Robinson 

Urbana, Illinois 

May 2006 
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PREFACE TO THE FIRST EDITION 

A rough and ready definition of linear algebra might be: that 
part of algebra which is concerned with quantities of the first 
degree. Thus, at the very simplest level, it involves the so- 
lution of systems of linear equations, and in a real sense this 
elementary problem underlies the whole subject. Of all the 
branches of algebra, linear algebra is the one which has found 

the widest range of applications. Indeed there are few areas 

of the mathematical, physical and social sciences which have 

not benefitted from its power and precision. For anyone work- 

ing in these fields a thorough knowledge of linear algebra has 

become an indispensable tool. A recent feature is the greater 

mathematical sophistication of users of the subject, due in 

part to the increasing use of algebra in the information sci- 

ences. At any rate it is no longer enough simply to be able to 

perform Gaussian elimination and deal with real vector spaces 

of dimensions two and three. 

The aim of this book is to give a comprehensive intro- 

duction to the core areas of linear algebra, while at the same 

time providing a selection of applications. We have taken the 

point of view that it is better to consider a few quality applica- 

tions in depth, rather than attempt the almost impossible task 

of covering all conceivable applications that potential readers 

might have in mind. 

The reader is not assumed to have any previous knowl- 

edge of linear algebra - though in practice many will - but 

is expected to have at least the mathematical maturity of a 

student who has completed the calculus sequence. In North 

America such a student will probably be in the second or third 

year of study. 

The book begins with a thorough discussion of matrix 

operations. It is perhaps unfashionable to precede systems 

of linear equations by matrices, but I feel that the central 

1x 



BX Preface 

position of matrices in the entire theory makes this a logical 

and reasonable course. However the motivation for the in- 

troduction of matrices, by means of linear equations, is still 

provided informally. The second chapter forms a basis for 

the whole subject with a full account of the theory of linear 

equations. This is followed by a chapter on determinants, a 

topic that has been unfairly neglected recently. In practice it 

is hard to give a satisfactory definition of the general n x n 

determinant without using permutations, so a brief account 

of these is given. 

Chapters Five and Six introduce the student to vector 

spaces. The concept of an abstract vector space is probably 

the most challenging one in the entire subject for the non- 

mathematician, but it is a concept which is well worth the 

effort of mastering. Our approach proceeds in gentle stages, 

through a series of examples that exhibit the essential fea- 

tures of a vector space; only then are the details of the def- 

inition written down. However I feel that nothing is gained 

by ducking the issue and omitting the definition entirely, as is 

sometimes done. 

Linear tranformations are the subject of Chapter Six. 

After a brief introduction to functional notation, and numer- 

ous examples of linear transformations, a thorough account 

of the relation between linear transformations and matrices is 

given. In addition both kernel and image are introduced and 

are related to the null and column spaces of a matrix. 

Orthogonality, perhaps the heart of the subject, receives 

an extended treatment in Chapter Seven. After a gentle in- 

troduction by way of scalar products in three dimensions — 

which will be familiar to the student from calculus — inner 

product spaces are defined and the Gram-Schmidt procedure 

is described. The chapter concludes with a detailed account 

of The Method of Least Squares, including the problem of 
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finding optimal solutions, which texts at this level often fail 
to cover. 

Chapter Eight introduces the reader to the theory of 
eigenvectors and eigenvalues, still one of the most powerful 
tools in linear algebra. Included is a detailed account of ap- 
plications to systems of linear differential equations and linear 
recurrences, and also to Markov processes. Here we have not 
shied away from the more difficult case where the eigenvalues 
of the coefficient matrix are not all different. 

The final chapter contains a selection of more advanced 

topics in linear algebra, including the crucial Spectral Theo- 

rem on the diagonalizability of real symmetric matrices. The 

usual applications of this result to quadratic forms, conics 

and quadrics, and maxima and minima of functions of several 

variables follow. 

Also included in Chapter Nine are treatments of bilinear 

forms and Jordan Normal Form, topics that are often not con- 

sidered in texts at this level, but which should be more widely 

known. In particular, canonical forms for both symmetric and 

skew-symmetric bilinear forms are obtained. Finally, Jordan 

Normal Form is presented by an accessible approach that re- 

quires only an elementary knowledge of vector spaces. 

Chapters One to Eight, together with Sections 9.1 and 

9.2, correspond approximately to a one semester course taught 

by the author over a period of many years. As time allows, 

other topics from Chapter Nine may be included. In practice 

some of the contents of Chapters One and Two will already be 

familiar to many readers and can be treated as review. Full 

proofs are almost always included: no doubt some instructors 

may not wish to cover all of them, but it is stressed that for 

maximum understanding of the material as many proofs as 

possible should be read. A good supply of problems appears 

at the end of each section. As always in mathematics, it is an 
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indispensible part of learning the subject to attempt as many 

problems as possible. 

This book was originally begun at the suggestion of 

Harriet McQuarrie. I thank Ms. Ho Hwei Moon of World 

Scientific Publishing Company for her advice and for help with 

editorial work. I am grateful to my family for their patience, 

and to my wife Judith for her encouragement, and for assis- 

tance with the proof-reading. 

Derek Robinson 

Singapore 

March 1991 
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Chapter One 

MATRIX ALGEBRA 

In this first chapter we shall introduce one of the prin- 

cipal objects of study in linear algebra, a matrix or rectan- 

gular array of numbers, together with the standard matrix 

operations. Matrices are encountered frequently in many ar- 

eas of mathematics, engineering, and the physical and social 

sciences, typically when data is given in tabular form. But 

perhaps the most familiar situation in which matrices arise is 

in the solution of systems of linear equations. 

1.1 Matrices 

An m x n matrix A is a rectangular array of numbers, 

real or complex, with m rows and n columns. We shall write 

aj; for the number that appears in the ith row and the jth 

column of A; this is called the (2,7) entry of A. We can either 

write A in the extended form 

Qi11 aj2 Gin 

a21 a22 a2n 

Gm1 GAm2 °‘**' Amn 

or in the more compact form 

(an an 

Thus in the compact form a formula for the (i,7) entry of A 

is given inside the round brackets, while the subscripts m and 

n tell us the respective numbers of rows and columns of A. 

i! 



2 Chapter One: Matrix Algebra 

Explicit examples of matrices are 

AS on 2 eee 

ie 2: J/—-2 3/5 -1/)° 

Example 1.1.1 

Write down the extended form of the matrix ((—1)*j + i)32 . 

The (i, 7) entry of the matrix is (—1)*7 +7 where i = 1, 
203,000 7: = 1, 2. oOtne matrix is 

Pee 

3 4 

Z 1 

It is necessary to decide when two matrices A and B are 

to be regarded as equal; in symbols A = B. Let us agree this 

will mean that the matrices A and B have the same numbers 

of rows and columns, and that, for all i and j, the (i, 7) entry 

of A equals the (7,7) entry of B. In short, two matrices are 

equal if they look exactly alike. 

As has already been mentioned, matrices arise when one 

has to deal with linear equations. We shall now explain how 

this comes about. Suppose we have a set of m linear equations 

in nm unknowns 27, 22, ..., Yn. These may be written in the 

form 

Qipvi re Boro eee 8 <> on di, tye ee 

Goiv1 + dee%o + SMGl Pagar Flas: 90h4 

Qmilt  Omglo peli) + Ayyt, = Om 

Here the a;; and 6; are to be regarded as given numbers. The 

problem is to solve the system, that is, to find all n-tuples 

of numbers 21, %2, ..., _ that satisfy every equation of the 



1.1: Matrices 3 

system, or to show that no such numbers exist. Solving a set 
of linear equations is in many ways the most basic problem of 
linear algebra. 

The reader will probably have noticed that there is a ma- 
trix involved in the above linear system, namely the coefficient 
matrix 

A= (Ch 

In fact there is a second matrix present; it is obtained by using 

the numbers }1, bo, ..., bm to add a new column, the (n+1)th, 

to the coefficient matrix A. This results in an m x (n + 1) 
matrix called the augmented matrix of the linear system. The 

problem of solving linear systems will be taken up in earnest 

in Chapter Two, where it will emerge that the coefficient and 

augmented matrices play a critical role. At this point we 

merely wish to point out that here is a natural problem in 

which matrices are involved in an essential way. 

Example 1.1.2 

The coefficient and augmented matrices of the pair of linear 

equations 

2p +307 nba o= tl 

—%, +2 — £3 =4 

are respectively 

2 -3 5 d Quon (Lh Lil 

ee aR Py es ae 

Some special matrices 

Certain special types of matrices that occur frequently 

will now be recorded. 

(i) A 1 x n matrix, or n — row vector, A has a single row 

Ar (a11 G12 6% Qin): 
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(ii) An m x 1 matrix, or m-column vector, B has just one 

column 
bi1 

Oni 

(iii) A matrix with the same number of rows and columns is 

said to be square. 

(iv) A zero matriz is a matrix all of whose entries are zero. 

The zero m x n matrix is denoted by 

Omn or simply 0. 

Sometimes 0, is written 0,. For example, 023 is the matrix 

(eee () 

Ce 0a 

(v) The identity n xn matriz has 1’s on the principal diagonal, 

that is, from top left to bottom right, and zeros elsewhere; thus 

it has the form 
Ths Oui eaten 
0 L.- thal 

070° bieedl 

This matrix is written 

I. Or, “simply Tf. 

The identity matrix plays the role of the number 1 in matrix 

multiplication. 

(vi) A square matrix is called upper triangular if it has only 
zero entries below the principal diagonal. Similarly a matrix 
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is lower triangular if all entries above the principal diagonal 
are zero. For example, the matrices 

are upper triangular and lower triangular respectively. 

(vii) A square matrix in which all the non-zero elements lie 
on the principal diagonal is called a diagonal matriz. A scalar 

matriz is a diagonal matrix in which the elements on the prin- 

cipal diagonal are all equal. For example, the matrices 

1) +0 

a O 

Nery ae) ae) |= 

(7G 

b6 O and 

Ui ae SiS f=) 

are respectively diagonal and scalar. Diagonal matrices have 

much simpler algebraic properties than general square matri- 

ces. 

Exercises 1.1 

1. Write out in extended form the matrix ((—1)*/ (i+ j))a,4. 

2. Find a formula for the (7,7) entry of each of the following 

matrices: 

leon Barletow “A 
Eo Gieelieeaas 

Ot VOL og paOhudlonl2 
1314 15 16 
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3. Using the fact that matrices have a rectangular shape, say 

how many different zero matrices can be formed using a total 

of 12 zeros. 

4, For every integer n > 1 there are always at least two zero 

matrices that can be formed using a total of n zeros. For 

which n are there exactly two such zero matrices? 

5. Which matrices are both upper and lower triangular? 

1.2 Operations with Matrices 

We shall now introduce a number of standard operations 

that can be performed on matrices, among them addition, 

scalar multiplication and multiplication. We shall then de- 

scribe the principal properties of these operations. Our object 

in so doing is to develop a systematic means of performing cal- 

culations with matrices. 

(i) Addition and subtraction 

Let A and B be two m x n matrices; as usual write a;; and bj; 

for their respective (i, 7) entries. Define the sum A+B to be 
the m x n matrix whose (7,7) entry is a;; + 6,;; thus to form 

the matrix A+ B we simply add corresponding entries of A 

and B. Similarly, the difference A-— B is the m x n matrix 

whose (i,j) entry is a,; — b;;. However A+ Band A-—B 
are not defined if A and B do not have the same numbers of 

rows and columns. 

(ii) Scalar multiplication 

By a scalar we shall mean a number, as opposed to a matrix 

or array of numbers. Let c be ascalar and A an m Xx n matrix. 

The scalar multiple cA is the m x n matrix whose (i, 7) entry 

is ca;;. Thus to form cA we multiply every entry of A by the 

scalar c. The matrix (—1)A is usually written —A; it is called 
the negative of A since it has the property that A+(—A) = 0. 
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Example 1.2.1 

If 

(iii) Matrix multiplication 

It is less obvious what the “natural” definition of the 

product of two matrices should be. Let us start with the 

simplest interesting case, and consider a pair of 2 x 2 matrices 

ie \ ak en Orie O12) 
a21 422 bo1 bee 

In order to motivate the definition of the matrix product AB 

we consider two sets of linear equations 

41191 + Q12y2 = TZ 61121 + bi222 = Yi 
and 

a21Y1 + G22y2 = T2 b2121 + b222%2 = yo 

Observe that the coefficient matrices of these linear systems 

are A and B respectively. We shall think of these equations 

as representing changes of variables from yj, y2 to 71, %2, and 

from 21, 22 to yi, y2 respectively. 

Suppose that we replace y; and yp in the first set of equa- 

tions by the values specified in the second set. After simplifi- 

cation we obtain a new set of equations 

(ay1b11 + @12b21)21 + (@11012 + A12b22)22 = 21 

(a21b11 + @22b01)21 + (G21b12 + a22b22)22 = Z2 
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This has coefficient matrix 

441611 + 412621 1112 + ai2gb22 
@21b11 + 422621 d21b12 + a22be2 

and represents a change of variables from 21, 22 to 41, X2 which 

may be thought of as the composite of the original changes of 

variables. 

At first sight this new matrix looks formidable. However 

it is in fact obtained from A and B in quite a simple fashion, 

namely by the row-times-column rule. For example, the (1, 2) 

entry arises from multiplying corresponding entries of row 1 of 

A and column 2 of B, and then adding the resulting numbers; 

thus 

b 
(ai1 412) ee — 411012 + ay2b22. 

Other entries arise in a similar fashion from a row of A anda 

column of B. 

Having made this observation, we are now ready to define 

the product AB where A is an m x n matrix and B is ann x p 

matrix. The rule is that the (7,7) entry of AB is obtained by 

multiplying corresponding entries of row 7 of A and column 7 

of B, and then adding up the resulting products. This is the 

row-times-column rule. Now row 7 of A and column 7 of B are 

bi; 

bo; 

(ait Ager. . Qin ) and 

bn; 

Hence the (i, 7) entry of AB is 

41615 + Ajab; + +++ + dindn;, 
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which can be written more concisely using the summation 
notation as 

n 

oe QikDK;- 

[s=al 

Notice that the rule only makes sense if the number of 

columns of A equals the number of rows of B. Also the product 

of an m xX n matrix and an n x p matrix is an m X p matrix. 

Example 1.2.2 

Let 

02 0 
alient y) and B= (1 1 1 

{ SEH OL 4 

Since A is 2 x 3 and B is 3 x 3, we see that AB is defined 

and is a 2 x 3 matrix. However BA is not defined. Using the 

row-times-column rule, we quickly find that 

0 FAO taut? 
aa fb 16 ag 

Example 1.2.3 

Let en ae. ssid ise 2b) 
In this case both AB and BA are defined, but these matrices 

are different: 

0 O71 
AB= (1 5) = Gos and BA= (4 ae 
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Thus already we recognise some interesting features of 

matrix multiplication. The matrix product is not commuta- 

tive, that is, AB and BA may be different when both are de- 

fined; also the product of two non-zero matrices can be zero, 

a phenomenon which indicates that any theory of division by 

matrices will face considerable difficulties. 

Next we show how matrix mutiplication provides a way of 

representing a set of linear equations by a single matrix equa- 

tion. Let A = (a;;)m,n and let X and B be the column vectors 
with entries 71, 12, ..., Yn and bj, bo, ..., bm respectively. Then 

the matrix equation 

Axe 

is equivalent to the linear system 

41121 + ayo%q + +++ + QAtn®n = 04 
Oa ete Ig EIS oer Fab PhP Matte! 4°02 

Omalyaa Nplate IIS Ae Nei yh (ee 

For if we form the product AX and equate its entries to the 

corresponding entries of B, we recover the equations of the 

linear system. Here is further evidence that we have got 

the definition of the matrix product right. 

Example 1.2.4 

The matrix form of the pair of linear equations 

22) 9 32) ph OTR bail 

a OE, ee ee aed, 

is 
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(iv) Powers of a matrix 

Once matrix products have been defined, it is clear how to 
define a non-negative power of a square matrix. Let A be an 
n X nm matrix; then the mth power of A, where m is a non- 
negative integer, is defined by the equations 

A) =T,,.and A™+!— A™4A. 

This is an example of a recursive definition: the first equation 

specifies A°, while the second shows how to define A™+!, un- 

der the assumption that A™ has already been defined. Thus 

A eae, AAA A® = WAZ Arvetes Werdomot attempt:to 
define negative powers at this juncture. 

Vial eae a 

Then 

atop Pde be at te feOis) 0 iL 0 a(4 2). #=(0 BD waate(} 2), 
The reader can verify that higher powers of A do not lead 

to new matrices in this example. Therefore A has just four 

distinct powers, A° = Iz, A! = A, A? and A?. 

Example 1.2.5 

Let 

(v) The transpose of a matrix 

If A is an m X n matrix, the transpose of A, 

Al 

is the n X m matrix whose (i, 7) entry equals the (j,7) entry 

of A. Thus the columns of A become the rows of A!. For 

example, if 
i“ 6 

Ave roe ds] 4 

Fy 
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then the transpose of A is 

5 peed see Ghoee 
Lijeers ie dimel ) 

A matrix which equals its transpose is called symmetric. On 

the other hand, if A? equals —A, then A is said to be skew 

symmetric. For example, the matrices 

Cc) amt (S 0): 
are symmetric and skew-symmetric respectively. Clearly sym- 

metric matrices and skew-symmetric matrices must be square. 

We shall see in Chapter Nine that symmetric matrices can in 

a real sense be reduced to diagonal matrices. 

The laws of matrix algebra 

We shall now list a number of properties which are sat- 

isfied by the various matrix operations defined above. These 

properties will allow us to manipulate matrices in a system- 

atic manner. Most of them are familiar from arithmetic; note 

however the absence of the commutative law for multiplica- 

tion. 

In the following theorem A, B, C are matrices and c, d are 

scalars; it is understood that the numbers of rows and columns 

of the matrices are such that the various matrix products and 

sums mentioned make sense. 

Theorem 1.2.1 

(a) A+ B= B+A, (commutative law of addition); 
(b) (A+ B)+C=A+4+(B+0O), (associative law of 
addition); 
(c) A+0= A; 
(d) (AB)C = A(BC), ( associative law of multiplication); 
(e) Al = MSTA: 
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f) A(B+C) = AB+ AC, (distributive law); 
g) (A+ B)C = AC + BC, (distributive law); 

oe Hea a = 

k) c((A+ B)=cA+cB; 

l) (c+ d)A=cA+ dA; 

Peace Bb) = A’ Be. 

( 
( 
( 
(i) 
a (AB) = (cA)B = A(cB); 

( 
( 
(n) (AB)? = BT AT. 

Each of these laws is a logical consequence of the defini- 

tions of the various matrix operations. To give formal proofs 

of them all is a lengthy, but routine, task; an example of such a 

proof will be given shortly. It must be stressed that familiarity 

with these laws is essential if matrices are to be manipulated 

correctly. 

We remark that it is unambiguous to use the expression 

A tela, for.bothy A.B) + Cand AB .C),Hor by 
the associative law of addition these matrices are equal. The 

same comment applies to sums like A+B+C+D., and also 

to matrix products such as (AB)C and A(BC), both of which 
are written as ABC. 

In order to illustrate the use of matrix operations, we 

shall now work out three problems. 

Example 1.2.6 

Prove the associative law for matrix multiplication, (AB)C = 

A(BC) where A, B, C are m x n, n X p, p X gq matrices re- 

spectively. 

In the first place observe that all the products mentioned 

exist, and that both (AB)C and A(BC ) are m x q matrices. 

To show that they are equal, we need to verify that their (7, 7) 

entries are the same for all 2 and j. 
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Let dix be the (i,k) entry of AB; then di, = )>)_, aitbir. 

Thus the (i,j) entry of (AB)C is )\7_, dixcz;, that is 

n 

> Ovnsabis cine 

After a change in the order of summation, this becomes 

n Pp 

>i aad? bik Cea 
k=1 (al 

Here it is permissible to change the order of the two summa- 

tions since this just corresponds to adding up the numbers 

ailbinck; in a different order. Finally, by the same procedure 

we recognise the last sum as the (7,7) entry of the matrix 

A(BC). 

The next two examples illustrate the use of matrices in 

real-life situations. 

Example 1.2.7 

A certain company manufactures three products P, Q, R in 

four different plants W, X, Y, Z. The various costs (in whole 

dollars) involved in producing a single item of a product are 

given in the table 

biguolletatun aie wf vl eiiRina 
material | 1 [2 [1 
F Tabor mo pera vezi 
overheads [2 [a [2 

Co) 

= 

i) 

The numbers of items produced in one month at the four 

locations are as follows: 



1.2: Operations with Matrices 15 

The problem is to find the- total monthly costs of material, 
labor and overheads at each factory. 

Let C be the “cost” matrix formed by the first set of 
data and let N be the matrix formed by the second set of 
data. Thus 

Hii Qe a 2000 3000 1500 4000 

Ce Diny 2) e2eieandeN.—.| 1000 »500 500 1000 

ies 32 2000 2000 2500 2500 

The total costs per month at factory W are clearly 

material : 1 x 2000 + 2 x 1000+ 1 x 2000 = 6000 

labor : 3 x 2000 + 2 x 1000+ 2 x 2000 = 12000 

overheads : 2 x 2000+ 1 x 1000 + 2 x 2000 = 9000 

Now these amounts arise by multiplying rows 1, 2 and 3 of 

matrix C times column 1 of matrix N, that is, as the (1, 1), 
(2, 1), and (3, 1) entries of matrix product CN. Similarly the 

costs at the other locations are given by entries in the other 

columns of the matrix CN. Thus the complete answer can be 

read off from the matrix product 

6000 6000 5000 8500 

CN = { 12000 14000 10500 19000 

9000 10500 8500 14000 

Here of course the rows of CN correspond to material, la- 

bor and overheads, while the columns correspond to the four 

plants W, X,Y, Z. 
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Example 1.2.8 

In a certain city there are 10,000 people of employable age. 

At present 7000 are employed and the rest are out of work. 

Each year 10% of those employed become unemployed, while 

60% of the unemployed find work. Assuming that the total 

pool of people remains the same, what will the employment 

picture be in three years time? 

Let e, and uy, denote the numbers of employed and un- 

employed persons respectively after n years. The information 

given translates into the equations 

Cy he = Yen + .0Uy, 

bp del Cer Ay 

These linear equations are converted into a single matrix equa- 

tion by introducing matrices 

b X/Tes, + OFS X.6 x= (St) anaa= (28). 
The equivalent matrix equation is 

Xn4i = AXp. 

Taking n to be 0, 1, 2 successively, we see that X; = AXo, 

Xq = AX, = A?Xo, X3 = AX2 = A® Xp. In general 

EA Ls 

Now we were told that e¢9 = 7000 and up = 3000, so 

7000 
sia an) 

Thus to find X3 all that we need to do is to compute the power 
A’, This turns out to be 
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861 .834 

a3 by .166) / \ 

8529 X8 = AMX = ( ). 

Hence 

1471 

so that 8529 of the 10,000 will be in work after three years. 

At this point an interesting question arises: what will 

the numbers of employed and unemployed be in the long run? 

This problem is an example of a Markov process; these pro- 

cesses will be studied in Chapter Eight as an application of 

the theory of eigenvalues. 

The inverse of a square matrix 

An n X n matrix A is said to be invertible if there is an 

n Xn matrix B such that 

Aba Lo DA. 

Then B is called an inverse of A. A matrix which is not invert- 

ible is sometimes called singular, while an invertible matrix is 

said to be non-singular. 

Example 1.2.9 

Show that the matrix 

(3 9) 

If fe 2) were an inverse of the matrix, then we should 
Cc 

is not invertible. 

have 
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(siete tien: 
which leads to a set of linear equations with no solutions, 

wat3c <= 1 

b+3d = 

3a+9c = 

36+9d =1 

Indeed the first and third equations clearly contradict each 

other. Hence the matrix is not invertible. 

Example 1.2.10 

Show that the matrix 

s-(5 3) 
is invertible and find an inverse for it. 

a 
Suppose that B = sa is an inverse of A. Write out 

the product AB and set it equal to Jz, just as in the previous 

example. This time we get a set of linear equations that has 

a solution, 

a—20 = | 

b= 2d =0 
(é = 

d al 

Indeed there isa uniqueselution.g =-1,6='2,c=0, ad = 1. 

Thus the matrix 

1002 

B=(5 1) 
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is a candidate. To be sure that B is really an inverse of A, we 
need to verify that BA is also equal to Io; this is in fact true, 
as the reader should check. 

At this point the natural question is: how can we tell if 
a square matrix is invertible, and if it is, how can we find an 

inverse? From the examples we have seen enough to realise 

that the question is intimately connected with the problem of 

solving systems of linear systems, so it is not surprising that 

we must defer the answer until Chapter Two. 

We now present some important facts about inverses of 

matrices. 

Theorem 1.2.2 

A square matrix has at most one inverse. 

Proof 

Suppose that a square matrix A has two inverses B; and Bo. 

Then 

AB, == AB» = f' — BiA — BoA. 

The idea of the proof is to consider the product (B,A)Bo; 

since B,A = I, this equals [Bj = Bz. On the other hand, 

by the associative law it also equals B,;(ABz2), which equals 

B,I = B,. Therefore B, = Bo. 

From now on we shall write 

Ane 

for the unique inverse of an invertible matrix A. 
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Theorem 1.2.3 

(a) If A is an invertible matriz, then A~* is invertible 
and (A7+) 3" 
(b) If A and B are invertible matrices of the same size, 

then AB is invertible and (AB)~1 = B~1A7}?. 

Proof 

(a) Certainly we have AA~? = I = A~1A, equations which 
can be viewed as saying that A is an inverse of A~!. Therefore, 

since A~! cannot have more than one inverse, its inverse must 

be A. 

(b) To prove the assertions we have only to check that B~1A7? 
is an inverse of AB. This is easily done: (AB)(B~1A7!) = 
A(BB~')A™~', by two applications of the associative law; 
the latter matrix equals A[A~1 = AA! = J. Similarily 
(B-!A~1)(AB) = I. Since inverses are unique, (AB)~* = 
YS ieee: ee 

Partitioned matrices 

A matrix is said to be partitioned if it is subdivided into 

a rectangular array of submatrices by a series of horizontal or 

vertical lines. For example, if A is the matrix (a;;)3,3, then 

Git, Sao waa ats 

Goiee A298 |i. 293 
ean ee Seer ae | epee 

431 432 | 433 

is a partitioning of A. Another example of a partitioned matrix 

is the augmented matrix of the linear system whose matrix 

form is AX = B ; here the partitioning is [A|B]. 
There are occasions when it is helpful to think of a matrix 

as being partitioned in some particular manner. A common 

one is when an m x n matrix A is partitioned into its columns 

Ay, As; Oa Sate 
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Me rAwiAs|.. |A,). 

Because of this it is important to observe the following fact. 

Theorem 1.2.4 

Partitioned matrices can be added and multiplied according to 

the usual rules of matrix algebra. 

Thus to add two partitioned matrices, we add correspond- 

ing entries, although these are now matrices rather than 

scalars. To multiply two partitioned matrices use the row- 

times-column rule. Notice however that the partitions of the 

matrices must be compatible if these operations are to make 

sense. 

Example 1.2.11 

Let A = (a;;)4,4 be partitioned into four 2 x 2 matrices 

A fA A 

ret Gi a 

Qi1 412 _ {413 414 
Ai = ) Aj2 = ’ 

a21 422 a23 424 

~ of 231 .. 432 ee 433 434 

Asi = ( G41 442 ) phy ( Q43 G44 ) 

Let B = (bj;;)4,4 be similarly partitioned into submatrices By,, 

Biz, Bai, Booz 
B= Bi ad) . 

Boi Boe 

where 

Then 

mee at Py aaa 

asia Ago + Boo 
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by the rule of addition for matrices. 

Example 1.2.12 

Let A be an m X n matrix and B an n x p matrix; write Bj), 

Bg, ..., By for the columns of B. Then, using the partition of 

B into columns B = [B,|B)| ... |Bp], we have 

AB = (AB,|AB3| ... |AB,). 

This follows at once from the row-times-column rule of matrix 

multiplication. 

Exercises 1.2 

1. Define matrices 

i£2Qu o 3 Donk Jn Ge 
A= | 0: 4 oll, R= lil lees C =) 0 ee 

Derd anierO) Ai Ne 

(a) Compute 3A — 2C. 
(b) Verify that (A+ C)B=AB+CB. 
(c) Compute A? and A? . (d) Verify that (AB)? = 

BAe 

2. Establish the laws of exponents. A™A"™ = A™*” and 
(A™)”" = A™” where A is any square matrix and m and n are 
non-negative integers. [Use induction on n : see Appendix.] 

3. If the matrix products AB and BA both exist, what can 

you conclude about the sizes of A and B? 

0 -1l 
/: a ae i= iy 7) what is the first positive power of A 

that equals Ij? 

5. Show that no positive power of the matrix is “1 equals 

jo | 
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6. Prove the distributive law A(B+C) = AB+ AC where A 
ism xn, and B and C aren x p. 

7. Prove that (AB)? = BT? AT where A is m x n and B is 
tr x 

8. Establish the rules c(AB) = (cA)B = A(cB) and (cA)? = 
cA”. 

9. If A is an n X n matrix some power of which equals I, 
then A is invertible. Prove or disprove. 

10. Show that any two n x n diagonal matrices commute. 

11. Prove that a scalar matrix commutes with every square 

matrix of the same size. 

12. A certain library owns 10,000 books. Each month 20% 

of the books in the library are lent out and 80% of the books 

lent out are returned, while 10% remain lent out and 10% 

are reported lost. Finally, 25% of the books listed as lost the 

previous month are found and returned to the library. At 

present 9000 books are in the library, 1000 are lent out, and 

none are lost. How many books will be in the library, lent 

out, and lost after two months ? 

13. Let A be any square matrix. Prove that $(A + A’) is 
symmetric, while the matrix $(A — A”) is skew-symmetric. 

14. Use the last exercise to show that every square matrix 

can be written as the sum of a symmetric matrix and a skew- 

symmetric matrix. Illustrate this fact by writing the matrix 

1 3. 4 

2 4 sme 

ioe, 5 

as the sum of a symmetric and a skew-symmetric matrix. 

15. Prove that the sum referred to in Exercise 14 is always 

unique. 
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16. Show that an n x n matrix A which commutes with every 

other n x n matrix must be scalar. [Hint: A commutes with 

the matrix whose (7,7) entry is 1 and whose other entries are 
all 0.] 

17. (Negative powers of matrices) Let A be an invertible ma- 
trix. If n > 0, define the power A~” to be (A~*)”. Prove that 
Ase (ge 

18. For each of the following matrices find the inverse or show 

that the matrix is not invertible: 

ar Goa) rf Md, 
19. Generalize the laws of exponents to negative powers of an 

invertible matrix [see Exercise 2.] 

20. Let A be an invertible matrix. Prove that A” is invertible 

aiid” WAP} =A(An A: 

21. Give an example of a 3 x 3 matrix A such that A® = 0, 
Bur ASE) 

1.3. Matrices over Rings and Fields 

Up to this point we have assumed that all our matrices 

have as their entries real or complex numbers. Now there are 

circumstances under which this assumption is too restrictive; 

for example, one might wish to deal only with matrices whose 

entries are integers. So it is desirable to develop a theory 

of matrices whose entries belong to certain abstract algebraic 

systems. If we review all the definitions given so far, it be- 

comes clear that what we really require of the entries of a 

matrix is that they belong to a “system” in which we can add 

and multiply, subject of course to reasonable rules. By this we 

mean rules of such a nature that the laws of matrix algebra 
listed in Theorem 1.2.1 will hold true. 
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The type of abstract algebraic system for which this can 
be done is called a ring with identity. By this is meant a set 
R, with a rule of addition and a rule of multiplication; thus 
if r; and rg are elements of the set R, then there is a unique 
sum 7; + T2 and a unique product r;r2 in R. In addition the 
following laws are required to hold: 

(a) ry +r2=re+ri, (commutative law of addition): 
(b) (r1 +r2) +73 =7T1+(r2 +73), (associative law of 
addition): 
(c) R contains a zero element Or with the property 

r+Or=r: 

(d) each element r of R has a negative, that is, an 
element —r of R with the property r+(—r) =0r: 
(e) (rir2)r3 = 71(rer3), (associative law of 

multiplication): 
(f) R contains an identity element 1p, different from Op, 
such that wly =r =I1rr: 

(g) (r1 +1r2)r3 =71r3 + Tears, (distributive law): 

(h) ri(r2+7r3) =7T1r2 +7173, (distributive law). 

These laws are to hold for all elements 71, r2, 73, r of the 

ring R. The list of rules ought to seem reasonable since all of 

them are familiar laws of arithmetic. 

If two further rules hold, then the ring is called a fteld: 

(i) ryrg = rer1, (commutative law of multiplication): 
(j) each element r in R other than the zero element OR 
has an inverse, that is, an element r~! in R such that 

ened Lt. 

So the additional rules require that multiplication be a 

commutative operation, and that each non-zero element of R 

have an inverse. Thus a field is essentially an abstract system 

in which one can add, multiply and divide, subject to the usual 

laws of arithmetic. 

Of course the most familiar examples of fields are 
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C and R, 

the fields of complex numbers and real numbers respectively, 

where the addition and multiplication used are those of arith- 

metic. These are the examples that motivated the definition 

of a field in the first place. Another example is the field of 

rational numbers 

Q. 

(Recall that a rational number is a number of the form a/b 

where a and 0 are integers). On the other hand, the set of all 
integers Z, (with the usual sum and product), is a ring with 

identity, but it is not a field since 2 has no inverse in this ring. 

All the examples given so far are infinite fields. But there 

are also finite fields, the most familiar being the field of two 

elements. This field has the two elements 0 and 1, sums and 

products being calculated according to the tables 

+ Pees 

0 Ql 

1 rae) 

and 

x Laer 

0 0.0 

1 Or i 

respectively. For example, we read off from the tables that 

1+1=0Oand1x1= 1. In recent years finite fields have be- 

come of importance in computer science and in coding theory. 

Thus the significance of fields extends beyond the domain of 
pure mathematics. 

Suppose now that R is an arbitrary ring with identity. 

An m xX n matric over R is a rectangular m x n array of 

elements belonging to the ring R. It is possible to form sums 
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and products of matrices over R, and the scalar multiple of 
a matrix over R by an element of R, by using exactly the 
same definitions as in the case of matrices with numerical 
entries. That the laws of matrix algebra listed in Theorem 
1.2.1 are still valid is guaranteed by the ring axioms. Thus in 
the general theory the only change is that the scalars which 
appear as entries of a matrix are allowed to be elements of an 

arbitrary ring with identity. 

Some readers may feel uncomfortable with the notion of a 

matrix over an abstract ring. However, if they wish, they may 

safely assume in the sequel that the field of scalars is either 

R or C. Indeed there are places where we will definitely want 

to assume this. Nevertheless we wish to make the point that 

much of linear algebra can be done in far greater generality 

than over R and C. 

Example 1.3.1 

Pet AS ; : ald, ‘be = 2 ; be matrices over the 

field of two elements. Using the tables above and the rules of 

matrix addition and multiplication, we find that 

cae te glial A+B=({ A and AB = (5 “a 

Algebraic structures in linear algebra 

There is another reason for introducing the concept of a 

ring at this stage. For rings, one of the fundamental structures 

of algebra, occur naturally at various points in linear algebra. 

To illustrate this, let us write 

M,,(R) 

for the set of all n x n matrices over a fixed ring with identity 

R. If the standard matrix operations of addition and multipli- 

cation are used, this set becomes a ring, the ring of alln x n 
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matrices over R. The validity of the ring axioms follows from 

Theorem 1.2.1. An obviously important example of a ring is 

M,(R). Later we shall discover other places in linear algebra 
where rings occur naturally. 

Finally, we mention another important algebraic struc- 

ture that appears naturally in linear algebra, a group. Con- 

sider the set of all invertible n x n matrices over a ring with 

identity R; denote this by 

GL,(R). 

This is a set equipped with a rule of multiplication; for if A 

and B are two invertible n x n matrices over R, then AB 

is also invertible and so belongs to GL,(R), as the proof of 

Theorem 1.2.3 shows. In addition, each element of this set 

has an inverse which is also in the set. Of course the identity 

nxn matrix belongs to GL,,(R), and multiplication obeys the 

associative law. 

All of this means that GL,,(R) is a group. The formal 
definition is as follows. A group is a set G with a rule of 

multiplication; thus if g; and gg are elements of G, there is 

a unique product gig2 in G. The following axioms must be 

satisfied: 

(a) (g192)93 = (9192)93, (associative law): 
(b) there is an identity element 1g with the property 

leg=9 = gle 
(c) each element g of G has an inverse element g~! in G 

such that gg! =lg=g-'g. 

These statements must hold for all elements g, 91, g2, 93 of G. 

Thus the set GL,,(R) of all invertible matrices over R, a 
ring with identity, is a group; this important group is known 

as the general linear group of degree n over R. Groups oc- 

cur in many areas of science, particularly in situations where 

symmetry is important. 
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Exercises 1.3 

1. Show that the following sets of numbers are fields if the 
usual addition and multiplication of arithmetic are used: 

(a) the set of all rational numbers; 
(b) the set of all numbers of the form a + b\/2 where a 
and 6 are rational numbers; 

(c) the set of all numbers of the form a+ b\/—1 where 
where a and 0 are rational numbers. 

2. Explain why the ring M,,(C) is not a field if n > 1. 

3. How many n x n matrices are there over the field of two 

elements? How many of these are symmetric ? [You will need 

the formula 1+2+3+---+n = n(n+1)/2; for this see 
Example A.1 in the Appendix ]. 

4. Let 

O-silieth 

and B= | 1. 14.1 

il SU 

an | 

Sey Se ore 

be matrices over the field of two elements. Compute A+ B, 

A? and AB. 

5. Show that the set of all n x n scalar matrices over R with 

the usual matrix operations is a field. 

6. Show that the set of all non-zero n x n scalar matrices over 

R is a group with respect to matrix multiplication. 

7. Explain why the set of all non-zero integers with the usual 

multiplication is not a group. 
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SYSTEMS OF LINEAR EQUATIONS 

In this chapter we address what has already been de- 

scribed as one of the fundamental problems of linear algebra: 

to determine if a system of linear equations - or linear system 

- has a solution, and, if so, to find all its solutions. Almost 

all the ensuing chapters depend, directly or indirectly, on the 

results that are described here. 

2.1 Gaussian Elimination 

We begin by considering in detail three examples of linear 

systems which will serve to show what kind of phenomena are 

to be expected; they will also give some idea of the techniques 

that are available for solving linear systems. 

Example 2.1.1 

Cd ete. 8D MeO ST Ae 

ey +38 ty -— 3%, =! 

To determine if the system has a solution, we apply 

certain operations to the equations of the system which are 

designed to eliminate unknowns from as many equations as 

possible. The important point about these operations is that, 

although they change the linear system, they do not change 
its solutions. 

We begin by subtracting equation 1 from equations 2 and 

3 in order to eliminate x; from the last two equations. These 

operations can be conveniently denoted by (2) — (1) and (3) — 
(1) respectively. The effect is to produce a new linear system 

30 
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Cif leo tlafacter Lar) = 

229 = 204 = 1 

4x9 za Ar 4 = -—] 

Next multiply equation 2 of this new system by oT an opera- 
tion which is denoted by 4(2), to get 

Ge (e-Niad ia) CHOag = 2 
1 

22 = Obl = 5 

4x9 — 474 =-—1 

Finally, eliminate x2 from equation 3 by performing the op- 

eration (3) — 4(2), that is, subtract 4 times equation 2 from 
equation 3; this yields the linear system 

fie (9) oo os + ta) = 2 

v2 —-%4 = 5 

0 =-3 

Of course the third equation is false, so the original linear 

system has no solutions, that is, it is inconsistent. 

Example 2.1.2 

Z, +4x%q + Zia = — 2 

—22%1 = 82ro a 323 == Oe 

02 wt £3 a 

Add two times equation 1 to equation 2, that is, perform the 

operation (2) + 2(1), to get 

4, +4rq +2¢3 =-2 

723 == 28 

HD a ea 1 
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At this point we should have liked x2 to appear in the second 

equation: however this is not the case. To remedy the situ- 

ation we interchange equations 2 and 3, in symbols (2)++(3). 
The linear system now takes the form 

%, +42. +2273 =-2 

Cy ba ee 

723 =—Z5 

Finally, multiply equation 3 by 7 that is, apply 7 (3), to get 

1 <k 4029 + 2%3.,>= —2 

tS Seg 

L3 =2 4 

This system can be solved quickly by a process called back 

substitution. By the last equation x3 = 4, so we can substi- 

tute x3 = 4 in the second equation to get r2 = —3. Finally, 

substitute 73 = 4 and rg = —3 in the first equation to get 

x1 = 2. Hence the linear system has a unique solution. 

Example 2.1.3 

CF OLS 4 Shs a ete eT 

22, +62. +9273 +574 = 5 

ib oe a 322 Oe 323 == 6) 

Apply operations (2) - 2(1) and (3) + (1) successively to 
the linear system to get 

G4, +320 +3273 +27, =1 

Brg FSO PS 

Since Z2 has disappeared completely from the second and third 

equations, we move on to the next unknown 23; applying +(2), 
we obtain 
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Dieuwets 322 = 323 i Dr a | 

43 alts 304 =1 
6%3a0 445.224.) =.6 

Finally, operation (3) - 6(2) gives 

Pie eee Phe 325 Sid 2Gance lL 

Hh a 304 = 

Od s=0 

Here the third equation tells us nothing and can be ignored. 

Now observe that we can assign arbitrary values c and d to 

the unknowns x4 and x2 respectively, and then use back sub- 

stitution to find x3 and x). Hence the most general solution 

of the linear system is 

Y= —2—c— 3d, te Gd, ha ; ba = Ee. 
wla 

Since c and d can be given arbitrary values, the linear system 

has infinitely many solutions. 

What has been learned from these three examples? In 

the first place, the number of solutions of a linear system can 

be 0, 1 or infinity. More importantly, we have seen that there 

is a systematic method of eliminating some of the unknowns 

from all equations of the system beyond a certain point, with 

the result that a linear system is reached which is of such a 

simple form that it is possible either to conclude that no solu- 

tions exist or else to find all solutions by the process of back 

substitution. This systematic procedure is called Gaussian 

elimination; it is now time to give a general account of the 

way in which it works. 
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The general theory of linear systems 

Consider a set of m linear equations in n unknowns 2}, Z2, 

Reena iB 

14101 + @io%o + +s + SGinen = D4 

Qi, + aoe%q “PP ++* +)" Gontn = be 

Amity FF Panga Oe a Or, 

By a solution of the linear system we shall mean an n-column 

vector 

L1 

Z2 

In 

such that the scalars 71, Xo, ..., Zn Satisfy all the equations 

of the system. The set of all solutions is called the general 

solution of the linear system; this is normally given in the form 

of a single column vector containing a number of arbitrary 

quantities. A linear system with no solutions is said to be 

inconsistent. 

Two linear systems which have the same sets of solutions 

are termed equivalent. Now in the examples discussed above 

three types of operation were applied to the linear systems: 

(a) interchange of two equations; 
(b) addition of a multiple of one equation to another 

equation; 

(c) multiplication of one equation by a non-zero scalar. 

Notice that each of these operations is invertible. The critical 

property of such operations is that, when they are applied 

to a linear system, the resulting system is equivalent to the 

original one. This fact was exploited in the three examples 

above. Indeed, by the very nature of these operations, any 
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solution of the original system is bound to be a solution of the 
new system, and conversely, by invertibility of the operations, 
any solution of the new system is also a solution of the original 
system. ‘Thus we can state the fundamental theorem: 

Theorem 2.1.1 

When an operation of one of the three types (a), (b), (c) is 
applied to a linear system, the resulting linear system is equiv- 
alent to the original one. 

We shall now exploit this result and describe the proce- 

dure known as Gaussian elimination. In this a sequence of 

operations of types (a), (b), (c) is applied to a linear system 

in such a way as to produce an equivalent linear system whose 

form is so simple that we can quickly determine its solutions. 

Suppose that a linear system of m equations in n un- 

knowns 21, £2, .... Zn is given. In Gaussian elimination the 

following steps are to be carried out. 

(i) Find an equation in which x; appears and, if necessary, 

interchange this equation with the first equation. Thus we can 

assume that x; appears in equation 1. 

(ii) Multiply equation 1 by a suitable non-zero scalar in 
such a way as to make the coefficient of x; equal to 1. 

(iii) Subtract suitable multiples of equation 1 from equa- 
tions 2 through m in order to eliminate x; from these equa- 

tions. 

(iv) Inspect equations 2 through m and find the first equa- 

tion which involves one of the the unknowns Z9, ..., Zn , Say 

Zi, By interchanging equations once again, we can suppose 

that x;, occurs in equation 2. 

(v) Multiply equation 2 by a suitable non-zero scalar to 

make the coefficient of x;, equal to 1. 

(vi) Subtract multiples of equation 2 from equations 3 

through m to eliminate x;, from these equations. 
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(vii) Examine equations 3 through m and find the first 
one that involves an unknown other than x; and 2;,, say Zj,. 

By interchanging equations we may assumethat x,, actually 

occurs in equation 3. 

The next step is to make the coefficient of x;, equal to 1, 

and then to eliminate x;, from equations 4 through m, and so 

on. 

The elimination procedure continues in this manner, pro- 

ducing the so-called pivotal unknowns 21 = Zj,, Zig, «--, Li,; 
until we reach a linear system in which no further unknowns 

occur in the equations beyond the rth. A linear system of this 

sort is said to be in echelon form, it will have the following 

shape. 

pee a Late ar oe ot KDE = 

Ta ae ts ot wk Te ee 

Bi, +++ + *2_ = 
@) = 

0 ak 

Here the asterisks represent certain scalars and the 7; are in- 

tegers which satisfy 1 = 71 < 19 <... <%, <n. The unknowns 

x;, for 7 = 1 tor are the pivots. 

Once echelon form has been reached, the behavior of the 

linear system can be completely described and the solutions 

— if any — obtained by back substitution, as in the preceding 

examples. Consequently we have the following fundamental 

result which describes the possible behavior of a linear system. 

Theorem 2.1.2 

(i) A linear system is consistent if and only if all the entries on 
the right hand sides of those equations in echelon form which 

contain no unknowns are zero. 
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(ii) If the system is consistent, the non-pivotal unknowns can 
be given arbitrary values; the general solution is then obtained 
by using back substitution to solve for the pivotal unknowns. 
(iii) The system has a unique solution if and only if all the 
unknowns are pivotal. 

An important feature of Gaussian elimination is that it 

constitutes a practical algorithm for solving linear systems 

which can easily be implemented in one of the standard pro- 

gramming languages. 

Gauss-Jordan elimination 

Let us return to the echelon form of the linear system 

described above. We can further simplify the system by sub- 

tracting a multiple of equation 2 from equation 1 to eliminate 

x;, from that equation. Now z;, occurs only in the second 
equation. Similarly we can eliminate z,;, from equations 1 

and 2 by subtracting multiples of equation 3 from these equa- 

tions. And so on. Ultimately a linear system is reached which 

is in reduced echelon form. 

Here each pivotal unknown appears in precisely one equa- 

tion; the non-pivotal unknowns may be given arbitrary values 

and the pivotal unknowns are then determined directly from 

the equations without back substitution. 

The procedure for reaching reduced echelon form is called 

Gauss-Jordan elimination: while it results in a simpler type of 

linear system, this is accomplished at the cost of using more 

operations. 

Example 2.1.4 

In Example 2.1.3 above we obtained a linear system in echelon 

form 

qeests 322 + 323 = i a4 = <4 

L3 + 304 = 

Oic=—>0 
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Here the pivots are 7; and x3. One further operation must 

be applied to.put the system in reduced row echelon form, 

namely (1) - 3(2); this gives 

LZ, + 322 + 24 \oSsem2 

repeal et eee 
On aU 

To obtain the general solution give the non-pivotal unknowns 

x2 and x4 the arbitrary values d and c respectively, and then 

read off directly the values x, = —2—c—3d and x3 = 1—c/3. 

Homogeneous linear systems 

A very important type of linear system occurs when all 

the scalars on the right hand sides of the equations equal zero. 

rer eaygtye Te? FE eae. OU 

5 G3 al a 30 9 9 bet hte cla ee Delp te id 

GpAcy  - -a7eto° 4 AN ee 

Such a system is called homogeneous. It will always have the 

trivial solution x; = 0, 2 = 0,..., Yn = 0; thus a homogeneous 

linear system is always consistent. The interesting question 

about a homogeneous linear system is whether it has any non- 

trivial solutions. The answer is easily read off from the echelon 
form. 

Theorem 2.1.3 

A homogeneous linear system has a non-trivial solution if and 

only if the number of pivots in echelon form is less than the 
number of unknowns. 

For if the number of unkowns is n and the number of 

pivots is r, the mn —r non-pivotal unknowns can be given arbi- 

trary values, so there will be a non-trivial solution whenever 
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n—r > 0. On the other hand, ifn = r, none of the unknowns 
can be given arbitrary values, and there is only one solution, 
namely the trivial one, as we see from reduced echelon form. 

Corollary 2.1.4 

A homogeneous linear system of m equations in n unknowns 
always has a non-trivial solution ifm <n. 

For if r is the number of pivots, then r < m < n. 

Example 2.1.5 

For which values of the parameter t does the following homo- 

geneous linear system have non-trivial solutions? 

It suffices to find the number of pivotal unknowns. We 

proceed to put the linear system in echelon form by applying 

to it successively the operations (1), (2) — t(1), (2) (3) 
and (3) — <(2): 

The number of pivots will be less than 3, the number of un- 

knowns, precisely when 1 — t/6 — t?/6 equals zero, that is, 

when t = 2 or t = —3. These are the only values of t for 

which the linear system has non-trivial solutions. 

The reader will have noticed that we deviated slightly 

from the procedure of Gaussian elimination; this was to avoid 

dividing by t/6, which would have necessitated a separate dis- 

cussion of the case t = 0. 
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Exercises 2.1 

In the first three problems find the general solution or else 

show that the linear system is inconsistent. 

A es 
Z, +2xq — 38473 +244 =7 

—% + 4 -— £3 +244 =4 

2. 
Cr So tray Ye 0 

Cy - eyes PrP 

20, 205  i4° ole = 

3. 
i aiers isp 223 aery 4 

dale Sei oO ai —l 

224 = Are = 5x3 = 1 

4. Solve the following homogeneous linear systems 

Le Ly Le ee 

(a) < 24, +2¢79 +23 +24, =0 

Z, +22 —-23 +24 =0 

224 Be at 323 an, () 

(b) Ady, teito + ' 20 =. 1) 
—20) + 0X2 — 473 == 

5. For which values of t does the following homogeneous linear 

system have non-trivial solutions? 

127, BD: + L3 =) 
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6. For which values of t is the following linear system consis- 
tent? 

Ly a aE ie OSS 12 

3%2 — 273 +24 =14 

221 ere ee ei 10 

(27 P4ry UH 249 + 2, = 16 

7. How many operations of types (a), (b), (c) are needed in 
general to put a system of n linear equations in n unknowns 
in echelon form? 

2.2 Elementary Row Operations 

If we examine more closely the process of Gaussian elim- 

ination described in 2.1, it is apparent that much time and 

trouble could be saved by working directly with the augmented 

matrix of the linear system and applying certain operations 

to its rows. In this way we avoid having to write out the 

unknowns repeatedly. 

The row operations referred to correspond to the three 

types of operation that may be applied to a linear system dur- 

ing Gaussian elimination. These are the so-called elementary 

row operations and they can be applied to any matrix. The 

row operations together with their symbolic representations 

are as follows: 

(a) interchange rows i and j, (Ri ~ R,); 

(b) add c times row j to row 7 where c is any scalar, 

(R; + cR;); 
(c) multiply row 7 by a non-zero scalar c, (cR;). 

From the matrix point of view the essential content of The- 

orem 2.1.2 is that any matrix can be put in what is called 

row echelon form by application of a suitable finite sequence 

of elementary row operations. A matrix in row echelon form 
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has the typical “descending staircase” form 

0 0 

0: 0) 

Oh ac 0 

0: 0) 

QUAL NOU Oi 1ei2ps. 19 9tG) 10 1o. Bene | ee OajUss 

Here the asterisks denote certain scalars. 

Example 2.2.1 

Put the following matrix in row echelon form by applying 

suitable elementary row operations: 

Applying the row operations Rz — 2R,; and R3 + Ri, we 

obtain 
ES a | 

Us UF oral &3 

Oe Uae) i 

Then, after applying the operations zRo and R3 — 6R2, we 

get 

which is in row echelon form. 

Suppose now that we wish to solve the linear system with 

matrix form AX = B, using elementary row operations. The 

first step is to identify the augmented matrix M = [A | B]. 
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Then we put M in row echelon form, using row operations. 
From this we can determine if the original linear system is 
consistent; for this to be true, in the row echelon form of M 
the scalars in the last column which lie below the final pivot 
must all be zero. To find the general solution of a consistent 
system we convert the row echelon matrix back to a linear 

system and use back substitution to solve it. 

Example 2.2.2 

Consider once again the linear system of Example 2.1.3; 

i, + eto + 0t3 (+ 274 =1 

204 —<e-+ 6800-4 92%3..44 9045 -= 

—2%, —3%2 + 328 a 

The augmented matrix here is 

Py) 3b 2 TL 

20 61-9) Sif 5 
Se Oe |b 

Now we have just seen in Example 2.2.1 that this matrix has 

row echelon form 

Puy Gh MSH Te Ty 
ARES iil ks 0 in| 
Beegeties OF Vie G 

Because the lower right hand entry is 0, the linear system is 

consistent. The linear system corresponding to the last matrix 

is 

t1 + 3x2 + 323 +2%4=1 

Pee Bas 374 

0=0 
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Hence the general solution given by back substitution is x; = 

—2—c—3d, x2 =d, 43 = 1—c/3, 24 =c, where c and d are 

arbitrary scalars. 

The matrix formulation enables us to put our conclusions 

about linear systems in a succinct form. 

Theorem 2.2.1 

Let AX = B be a linear system of equations in n unknowns 

with augmented matriz M = [A | B). 
(i) The linear system is consistent if and only if the matri- 

ces A and M have the same numbers of pivots in row echelon 

form. 
(ii) If the linear system is consistent and r denotes the 

number of pivots of A in row echelon form, then the n — r 

unknowns that correspond to columns of A not containing a 

pivot can be given arbitrary values. Thus the system has a 

unique solution if and only if r=n. 

Proof 

For the linear system to be consistent, the row echelon form 

of M must have only zero entries in the last column below the 

final pivot; but this is just the condition for A and M to have 

the same numbers of pivots. 

. Finally, if the linear system is consistent, the unknowns 

corresponding to columns that do not contain pivots may be 

given arbitrary values and the remaining unknowns found by 
back substitution. 

Reduced row echelon form 

A matrix is said to be in reduced row echelon form if it is 

in row echelon form and if in each column containing a pivot 

all entries other than the pivot itself are zero. 
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Example 2.2.3 

Put the matrix 

in reduced row echelon form. 

By applying suitable row operations we find the row ech- 
elon form to be 

Notice that columns 1, 3 and 4 contain pivots. To pass to 

reduced row echelon form, apply the row operations R; —2Ro, 

R, +2R3 and Rz — 2R3: the answer is 

bh alah 0 

Umer Lea’ 

OO Oy ad 

As this example illustrates, one can pass from row echelon 

form to reduced row echelon form by applying further row op- 

erations; notice that this will not change the number of pivots. 

Thus an arbitrary matrix can be put in reduced row echelon 

form by applying a finite sequence of elementary row opera- 

tions. The reader should observe that this is just the matrix 

formulation of the Gauss-Jordan elimination procedure. 

Exercises 2.2 

1. Put each of the following matrices in row echelon form: 

2 -3 -4 —3 ee. 

Patan ee on (med: ated 24}; 
ivigl 00 smb. 9 
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ey em eh 

(old be ali ner chew: 
Sit 9,1 

2. Put each of the matrices in Exercise 2.2.1 in reduced row 

echelon form. 

3. Prove that the row operation of type (a) which interchanges 
rows 7 and 7 can be obtained by a combination of row opera- 

tions of the other two types, that is, types (b) and (c). 

4. Do Exercises 2.1.1 to 2.1.4 by applying row operations to 

the augmented matrices. 

5. How many row operations are needed in general to put an 

nm X nm matrix in row echelon form? 

6. How many row operations are needed in general to put an 

nm X n matrix in reduced row echelon form? 

7. Give an example to show that a matrix can have more than 

one row echelon form. 

8. If A is an invertible n x n matrix, prove that the linear 

system AX = B has a unique solution. What does this tell 

you about the number of pivots of A? 

9. Show that each elementary row operation has an inverse 

which is also an elementary row operation. 
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2.3 Elementary Matrices 

Ann Xn matrix is called elementary if it is obtained from 
the identity matrix J, in one of three ways: 

(a) interchange rows i and j where i # j; 
(b) insert a scalar c as the (i,j) entry where i ¥ J; 
(c) put a non-zero scalar c in the (i,7) position. 

Example 2.3.1 

Write down all the possible types of elementary 2 x 2 matrices. 

These are the elementary matrices that arise from the matrix 

‘Goma §, 
h=({ 1) they at 

Uae ere aU m= (to) P= (9 1)e=( 4) 
fc) +0) beti() w=(5 1):#=(9 ¢): 

Here c is a scalar which must be non-zero in the case of F4 

and Es. 

The significance of elementary matrices from our point of 

view lies in the fact that when we premultiply a matrix by an 

elementary matrix, the effect is to perform an elementary row 

operation on the matrix. For example, with the matrix 

Ae res a12 ) 

a21 422 

and elementary matrices listed in Example 2.3.1, we have 

BA = (3 aa ora oy Rogie es 
Q11 12 21 222 

and 
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and 
BA = ( ou ale 

ca21 Cag22 

Thus premultiplication by FE, interchanges rows 1 and 2; pre- 

multiplication by Ez adds c times row 2 to row 1; premultipli- 

cation by Es multiplies row 2 by c. What then is the general 

rule? 

Theorem 2.3.1 

Let A be anm xX n matrix and let E be an elementary m x m 

matrix. 

(i) If E is of type (a), then EA is the matrix obtained 
from A by interchanging rows i and j of A; 

(ii) if F is type (b), then EA is the matriz obtained from 
A by adding c times row 3 to row 1; 

(iii) of E is of type (c), then EA arises from A by multi- 
plying row 1 by c. 

Now recall from 2.2 that every matrix can be put in re- 

duced row echelon form by applying elementary row opera- 

tions. Combining this observation with 2.3.1, we obtain 

Theorem 2.3.2 

Let A be anymxn matric. Then there exist elementary mxm 

matrices fy, Eo, ..., Ey such that the matrix Ey, E,_1--:E,A 

1s in reduced row echelon form. 

Example 2.3.2 

Consider the matrix 

o10/ Ores \ 2 Ae oa) oS 
We easily put this in reduced row echelon form B by applying 
successively the row operations Ri © Ro, sR, Ry - 5R2 : 

a eth 0 Is \i/2,. 0 Ip - Opel 
Aa( 1 I~ ( 1 eat 1 pe. 
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Hence £3E5,A = B where 

a(t 3).8-(1f ).2-(3 2) 
Column operations 

Just as for rows, there are three types of elementary col- 
umn operation, namely: 

(a) interchange columns i and j , ( C; + Cj); 
(b) add ¢ times column j to column i where ¢ is a scalar, 
(C; =e cl): 

(c) multiply column 7 by a non-zero scalar c, ( cC;). 

(The reader is warned, however, that column operations can- 

not in general be applied to the augmented matrix of a linear 

system without changing the solutions of the system.) 

The effect of applying an elementary column operation 

to a matrix is simulated by right multiplication by a suitable 

elementary matrix. But there is one important difference from 

the row case. In order to perform the operation C; + cC; to a 

matrix A one multiplies on the right by the elementary matrix 

whose (j,i) element is c. For example, let 

B=(7 i mad he esti 
at a21 22 

mia ing + cai2 fake 

a21 +Ca22 422 

Then 

Thus E£ performs the column operation Cy; + 2C2 and not 

Cz +2C;. By multiplying a matrix on the right by suitable 

sequences of elementary matrices, a matrix can be put in col- 

umn echelon form or in reduced column echelon form; these 
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are just the transposes of row echelon form and reduced row 

echelon form respectively. 

Example 2.3.3 

Put the matrix A = ( : A) in reduced column echelon 

form. 
Apply the column operations $Ci, Cz — 6C1, C3 — 2C1, 

Cy Saar, C3, 2 Co, and C7 = 3C2 : 

i Le 6.4 92 és hulsO s9u0 ‘i 

© vlelSia2aul, 1/3 0 19/3 

1 Oi at0 a. Lin OQ 

Liao 0 Lf Sign de Oe 

2 Ta a) 

Ord baal 

We leave the reader to write down the elementary matrices 

that produce these column operations. 

Now suppose we are allowed to apply both row and column 

operations to a matrix. Then we can obtain first row echelon 

form; subsequently column operations may be applied to give 

a matrix of the very simple type 

(io) 
where r is the number of pivots. This is called the normal 
form of the matrix; we shall see in 5.2 that every matrix has 
a unique normal form. These conclusions are summed up in 
the following result. 
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Theorem 2.3.3 

Let A be anmxn matrix. Then there exist elementary m xm 
matrices Ey,...,E,% and elementary n xn matrices F,,..., F; 
such that 

Ey, -+» Ey, AF... F, = N, 

the normal form of A. 

Proof 

By applying suitable row operations to A we can find elemen- 

tary matrices Ff), .... Ex, such that B = E,---E,A is in row 

echelon form. Then column operations are applied to reduce 

B to normal form; this procedure yields elementary matrices 

Fi; oeey F; Such that NV = BF, aye a = Ex he Ey, AF, : oe a) is 

the normal form of A. 

Corollary 2.3.4 

For any matriz A there are invertible matrices X and Y such 

that N = X AY, or equivalently A= X~1NY~, where N is 
the normal form of A. 

For it is easy to see that every elementary matriz is in- 

vertible; indeed the inverse matrix represents the inverse of the 

corresponding elementary row (or column) operation. Since 
by 1.2.3 any product of invertible matrices is invertible, the 

corollary follows from 2.3.3. 

Example 2.3.4 

(Ey Erne. 
LetA=|,5 3 4 

N as the product of A and elementary matrices as specified 

1 2.345. 

All we need do is to put A in normal form, while keeping 

track of the elementary matrices that perform the necessary 

row and column operations. Thus 

. Find the normal form N of A and write 
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lyk? Lye? Ttand 
Aa (4 -1 PEA ey sei listgesrd 

1 0 0 
a \.0 Bipscere 

which is the normal form of A. Here three row operations and 

one column operation were used to reduce A to its normal 

form. Therefore 

E3E2h, AF, = N 

where 

0 BAL 0 ee tl bear 

ma=(2 1) %=(5 1) B=(9 a) 
and 

1yhiOsis=2 

1 [al 0 

OU il 

Inverses of matrices 

Inverses of matrices were defined in 1.2, but we deferred 

the important problem of computing inverses until more was 

known about linear systems. It is now time to address this 

problem. Some initial information is given by 

Theorem 2.3.5 

Let A be annxn matriz. Then the following statements about 

A are equivalent, that is, each one implies all of the others. 

(a) A is invertible; 
(b) the linear system AX = 0 has only the trivial solution; 
(c) the reduced row echelon form of A is In; 
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(d) A is a product of elementary matrices. 

Proof 

We shall establish the logical implications (a) — (b), (b) > 
(c), (c) — (d), and (d) — (a). This will serve to establish the 
equivalence of the four statements. 

If (a) holds, then A~‘ exists; thus if we multiply both 

sides of the equation AX = 0 on the left by A~1, we get 

A~'AX = A~!0, so that X = A~!0 = 0 and the only solution 
of the linear system is the trivial one. Thus (b) holds. 

If (b) holds, then we know from 2.1.3 that the number of 
pivots of A in reduced row echelon form is n. Since A isn xn, 

this must mean that I, is the reduced row echelon form of A, 

so that (c) holds. 
If (c) holds, then 2.3.2 shows that there are elementary 

matrices F,...,£, such that E,-.--£,A = I,. Since elemen- 

tary matrices are invertible, F,--- is invertible, and thus 

A= (&,.---E;)~+=E, ja, 4,so that (d) is true. 
Finally, (d) implies (a) since a product of elementary ma- 

trices is always invertible. 

A procedure for finding the inverse of a matrix 

As an application of the ideas in this section, we shall 

describe an efficient method of computing the inverse of an 

invertible matrix. 

Suppose that A is an invertible n x n matrix. Then 

there exist elementary n x n matrices Fy, Eo,...,E% such that 

Ey, --+ Eo, A = Ip, by 2.3.2 and 2.3.5. Therefore 

A-'=1,A7! = (Ex: +: Eg AJA = (Ex: EE) In. 

This means that the row operations which reduce A to its 

reduced row echelon form J,, will automatically transform I, 

to A~!. It is this crucial observation which enables us to 

compute A~?. 
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The procedure for computing A7! starts with the parti- 

tioned matrix 

[A | In] 
and then puts it in reduced row echelon form. If A is invertible, 

the reduced row echelon form will be 

In | A~], 

as the discussion just given shows. On the other hand, if the 

procedure is applied to a matrix that is not invertible, it will 

be impossible to reach a reduced row echelon form of the above 

type, that is, one with J, on the left. Thus the procedure will 

also detect non-invertibility of a matrix. 

Example 2.3.5 

Find the inverse of the matrix 

2aeerl 0 

A=j| -l 2 = 

A al 2 

Put the matrix [A |J3] in reduced row echelon form, using 
elementary row operations as described above: 

Dive Md Ogrll ale Om 
hf 2ts=lint OxvloOabete 
CMF: fy2 Dien CO) KO etl 

aml / 210 80 
at Zee eel ae lee ()) Lee 

DO EAL ui amid 

lee S1/2Q8ve004 1/20 20 
Onitend (Dai lial te 14/Qouriliy Geb) tress 
Of) cz] Lem PROw GO 
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1 apt g2 Os ltbi2s t:Qsan0 
0 Me dud bf 3602 /32.0\o— 
a] a aa re 

Esiviet (2/31/38 eo 
Ba P3RI OI S) 9 [De is 
4 1/3. 2 /3to 

Pees 3 13°C 
ites : ee Saeetien) 
0 0 yell Pekeey 

EOL aleeay4ted /2itty /4 
Meriaolpplyneink iq (dey 
Celdetpefinayd Ayobaya 

which is the reduced row echelon form. Therefore A is invert- 

ible and 
B12 walpcatel sa 

maa) 2 alee 1) 2 
Liat) 28 3 4 

This answer can be verified by checking that AA~! = Iz = 
AtiiA. 

As this example illustrates, the procedure for finding the 

inverse of a n X n matrix is an efficient one; in fact at most 

n” row operations are required to complete it (see Exercise 

2.3.10). 

Exercises 2.3 

1. Express each of the following matrices as a product of 

elementary matrices and its reduced row echelon form: 

ie 2 

Oleueay Ur ee uae 
ee ee 
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2. Express the second matrix in Exercise 1 as a product of 

elementary matrices and its reduced column echelon form. 

3. Find the normal form of each matrix in Exercise 1. 

4. Find the inverses of the three types of elementary matrix, 

and observe that each is elementary and corresponds to the 

inverse row operation. 

5. What is the maximum number of column operations needed 

in general to put an n x n matrix in column echelon form and 

in reduced column echelon form? 

6. Compute the inverses of the following matrices if they exist: 

4 3 24-3 1 EA PT 

(a) les a (b) tay O°F 2) i; (@) G21 4 re 
Ce Lees eal bs 

7. For which values of t does the matrix 

6 

t 

0 HOF 

1 

1 

t 

not have an inverse? 

8. Give necessary and sufficient conditions for an upper tri- 

angular matrix to be invertible. 

9. Show by an example that if an elementary column opera- 
tion is applied to the augmented matrix of a linear system, the 
resulting linear system need not be equivalent to the original 
one. 

10. Prove that the number of elementary row operations 
needed to find the inverse of an n x n matrix is at most n2. 



Chapter Three 

DETERMINANTS 

Associated with every square matrix is a scalar called the 
determinant. Perhaps the most striking property of the de- 

terminant of a matrix is the fact that it tells us if the matrix 

is invertible. On the other hand, there is obviously a limit 

to the amount of information about a matrix which can be 

carried by a single scalar, and this is probably why determi- 

nants are considered less important today than, say, a hundred 

years ago. Nevertheless, associated with an arbitrary square 

matrix is an important polynomial, the characteristic poly- 

nomial, which is a determinant. As we shall see in Chapter 

Eight, this polynomial carries a vast amount of information 

about the matrix. 

3.1 Permutations and the Definition of a Determinant 

Let A = (a;;) be ann xn matrix over some field of scalars 
(which the reader should feel free to assume is either R or C). 
Our first task is to show how to define the determinant of A, 

which will be written either 

det (A) 

or else in the extended form 

O44 20049 Ds Yai 

Aa MOLAgan | reloLadany 

Qn1 Gn2 ‘*** OGnn 

For n = 1 and 2 the definition is simple enough: 

aii 412 

a21 422 
|a11| = @11 and = 411422 — 412421. 

57 
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US 
4 l = 14. For example, |6| = 6 and 

Where does the expression @11@22 — @12@21 come from? 

The motivation is provided by linear systems. Suppose that 

we want to solve the linear system 

Q4121 + a1272 = 01 

2101 +2272 = be 

for unknowns xz; and zg. Eliminate x2 by subtracting aj2 

times equation 2 from az2 times equation 1; in this way we 

obtain 

(a11A22 - 442421) 21 = b1a22 — Q12b9. 

This equation expresses 2; as the quotient of a pair of 2 x 2 

determinants: 

a21 422 

provided, of course, that the denominator does not vanish. 

There is a similar expression for Zo. 

The preceding calculation indicates that 2 x 2 determi- 

nants are likely to be of significance for linear systems. And 
this is confirmed if we try the same computation for a lin- 
ear system of three equations in three unknowns. While the 
resulting solutions are complicated, they do suggest the fol- 
lowing definition for det(A) where A = (a;;)3 3; 

211422033 + @12423431 + A13021432 

— 412421433 — 1302203] — 411023032 
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What are we to make of this expression? In the first place it 
contains six terms, each of which is a product of three entries 
of A. The second subscripts in each term correspond to the 
six ways of ordering the integers 1, 2, 3, namely 

eter? 2 21,3! 321 1.3.2. 

Also each term is a product of three entries of A, while three 
of the terms have positive signs and three have negative signs. 

There is something of a pattern here, but how can one 

tell which terms are to get a plus sign and which are get a 

minus sign? The answer is given by permutations. 

Permutations 

Let n be a fixed positive integer. By a permutation of 

the integers 1,2,...,m we shall mean an arrangement of these 

integers in some definite order. For example, as has been 

observed, there are six permutations of the integers 1, 2, 3. 

In general, a permutation of 1,2,...,n can be written in 

the form 

41, 12, +++ 4 In 

where 71,%2,..-,%n are the integers 1,2,...,n in some order. 

Thus to construct a permutation we have only to choose dis- 

tinct integers 71,i2,...,%n from the set {1,2,...,n}. Clearly 

there are n choices for i; once 7; has been chosen, it cannot 

be chosen again, so there are just n — 1 choices for 72; since 

i; and ig cannot be chosen again, there are n — 2 choices for 

iz, and so on. There will be only one possible choice for i, 

since n — 1 integers have already been selected. The number 

of ways of constructing a permutation is therefore equal to the 

product of these numbers 

n(n —1)(n—2)--+2+1, 
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which is written 

n! 

and referred to as “n factorial”. Thus we can state the follow- 

ing basic result. 

Theorem 3.1.1 

The number of permutations of the integers 1,2,...,n equals 

Mia nl ees 2d 

Even and odd permutations 

A permutation of the integers 1,2,...,n is called even 

or odd according to whether the number of inversions of the 

natural order 1,2,...,n that are present in the permutation 

is even or odd respectively. For example, the permutation 1, 

3, 2 involves a single inversion, for 3 comes before 2; so this 

is an odd permutation. For permutations of longer sequences 

of integers it is advantageous to count inversions by means of 

what is called a crossover diagram. This is best explained by 

an example. 

Example 3.1.1 

Is the permutation 8, 3, 2, 6, 5, 1, 4, 7 even or odd? 

The procedure is to write the integers 1 through 8 in the 

natural order in a horizontal line, and then to write down the 

entries of the permutation in the line below. Join each integer 
7 in the top line to the same integer i where it appears in the 
bottom line, taking care to avoid multiple intersections. The 
number of intersections or crossovers will be the number of 
inversions present in the permutation: 
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ee ee eee Aa | 

Beemer sO TO |) 4.7, 

Since there are 15 crossovers in the diagram, this permutation 
is odd. 

A transposition is a permutation that is obtained from 

1,2,...,n by interchanging just two integers. Thus 

2,1,3,4,...,n is an example of a transposition. An important 

fact about transpositions is that they are always odd. 

Theorem 3.1.2 

Transpositions are odd permutations. 

Proof 

Consider the transposition which interchanges 7 and 7, with 

1 <4 say. The crossover diagram for this transposition is 

et ig Pe os Werle ee a ey i a 

ie Lad eae FRCS ey he nd ET 

Each of the 7 —i—1 integers 7+ 1,7+ 2,...,7 —1 gives rise 

to 2 crossovers, while i and 7 add one more. Hence the total 

number of crossovers in the diagram equals 2(j — 7 — 1) +1, 

which is odd. 

It is important to determine the numbers of even and odd 

permutations. 
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Theorem 3.1.3 

If n > 1, there are 5(n!) even permutations of 1,2,...,n and 

the same number of odd permutations. 

Proof 

If the first two integers are interchanged in a permutation, 

it is clear from the crossover diagram that an inversion is 

either added or removed. Thus the operation changes an even 

permutation to an odd permutation and an odd permutation 

to an even one. This makes it clear that the numbers of even 

and odd permutations must be equal. Since the total number 

of permutations is n!, the result follows. 

Example 3.1.2 

The even permutations of 1, 2, 3 are 

1, 2, Sez aoe ee aL 

while the odd permutations are 

Pace A Rees SO a bet WS Ye A 

Next we define the sign of a permutation 71, 72,...,%n 

sign(?1, 12, OCG) 7) 

to be +1 if the permutation is even and —1 if the permutation 

is odd. For example, sign(3, 2, 1) = —1 since 3, 2, 1 is an odd 
permutation. 

Permutation matrices 

Before proceeding to the formal definition of a determi- 
nant, we pause to show how permutations can be represented 
by matrices. An n x n matrix is called a permutation matriz if 
it can be obtained from the identity matrix J, by rearranging 
the rows or columns. For example, the permutation matrix 
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0 

0 

1 oOo KF oro 

is obtained from J3 by cyclically permuting the columns, C; — 

Cz — C3 — C,. Permutation matrices are easy to recognize 

since each row and each column contains a single 1, while all 

other entries are zero. 

Consider a permutation 71, 72,..., in of 1,2,...,n, and let 

P be the permutation matrix which has (j,7;) entry equal to 

1 for 7 = 1,2,...,n, and all other entries zero. This means 

that P is obtained from J, by rearranging the columns in 

the manner specified by the permutation 2),...,7, , that is, 

Cj; — Cj,. Then, as matrix multiplication shows, 

ii 14 

2 12 
PEA = 

n in 

Thus the effect of a permutation on the order 1,2,...,n is 

reproduced by left multiplication by the corresponding per- 

mutation matrix. 

Example 3.1.3 

The permutation matrix which corresponds to the permuta- 

tion 4, 2, 1, 3 is obtained from J, by the column replacements 

C, — C4, Cz - Ca, C3 > Ci, C4 — C3. It is 

Se Se Oo oF © I SS) Eee) S19 OO = 
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and indeed 

me wd Re Wrenwpm 

Definition of a determinant in general 

We are now in a position to define the general n x n 

determinant. Let A = (ai;)n,n be an n x n matrix over some 

field of scalars. Then the determinant of A is the scalar defined 

by the equation 

det (A) = ya sign(t1, 12, 50a in )Q1iy A2is oe ‘Anin 

41 12)++In 

where the sum is taken over all permutations 711, 72,...,% of 

eee eee it 

Thus det(A) is a sum of n! terms each of which involves 
a product of n elements of A, one from each row and one 

from each column. A term has a positive or negative sign 

according to whether the corresponding permutation is even or 

odd respectively. One determinant which can be immediately 

evaluated from the definition is that of I,,: 

lett lee ols 

This is because only the permutation 1,2,...,n contributes a 

non-zero term to the sum that defines det(I,). 
If we specialise the above definition to the cases n = 

1,2,3, we obtain the expressions for det(A) given at the be- 
ginning of the section. For example, let n = 3; the even and 
odd permutations are listed above in Example 3.1.2. If we 
write down the terms of the determinant in the same order, 
we obtain 
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11422433 + 412023031 + Q13021439 

— 12921433 — A13022031 — 4110423032 

We could in a similar fashion write down the general 4 x 4 de- 
terminant as a sum of 4! = 24 terms, 12 with a positive sign 

and 12 with a negative sign. Of course, it is clear that the 

definition does not provide a convenient means of comput- 

ing determinants with large numbers of rows and columns; 

we shall shortly see that much more efficient procedures are 
available. 

Example 3.1.4 

What term in the expansion of the 8 x8 determinant det((a;;)) 
corresponds to the permutation 8, 3, 2, 6, 5, 1, 4, 7 ? 

We saw in Example 3.1.1 that this permutation is odd, 

so its sign is —1; hence the term sought is 

— 418 423432946455461974487. 

Minors and cofactors 

In the theory of determinants certain subdeterminants 

called minors prove to be a useful tool. Let A = (a;;) be an 
n xX n matrix. The (i,j) minor Mj; of A is defined to be the 

determinant of the submatrix of A that remains when row 1 

and column j of A are deleted. 

The (i, 7) cofactor A;; of A is simply the minor with an 

appropriate sign: 

Aig = (-1)' Mi. 
For example, if 

aTT “@i12’ “G13 

a22 a23 ; 

Qa31 432 433 

aN | =) bo paar 
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then 

Qi1 412 
Mo3 = 

ae Qa31 432 
= 411932 — 412431 

and 
243 

Ag3 = (—1)*T° Mo3 = @12431 — 411432. 

One reason for the introduction of cofactors is that they 

provide us with methods of calculating determinants called 

row expansion and column expansion. These are a great im- 

provement on the defining sum as a means of computing de- 

terminants. The next result tells us how they operate. 

Theorem 3.1.4 

Let A =(ai;) bean xn matmaaiinen 

(i) det(A) = Soy, ain Aix , (expansion by row i); 

(ii) det(A) = Sop, @xj Anz, (expansion by column j). 

Thus to expand by row 2, we multiply each element in 

row i by its cofactor and add up the resulting products. 

Proof of Theorem 8.1.4 

We shall give the proof of (i); the proof of (ii) is similar. It 

is sufficient to show that the coefficient of a;, in the defining 

expansion of det(A) equals A;,. Consider first the simplest 

case, where 1 = 1 =k. The terms in the defining expansion of 

det(A) that involve a; are those that appear in the sum 

a sign(1, 12, Ore tn. )JQ1102;, OFD ‘Anin: 

Here the sum is taken over all permutations of 1,2,...,n which 
have the form 1, 72,73,...,%,. This sum is clearly the same as 

au(>> Sign(i2, 13, ..- , tn)@2i243ig ++ Ani.) 
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where the summation is now over all permutations agyerseay 
of the integers 2,...,n. But the coefficient of a1, in this last 
expression is just My, = Aj;. Hence the coefficient of a1, is 
the same on both sides of the equation in (i). 

We can deduce the corresponding statement for general i 
and k by means of the following device. The idea is to move 
diz to the (1, 1) position of the matrix in such a way that it 
will still have the same minor M;,. To do this we interchange 

row 2 of A successively with rows i—1,i—2,...,1, after which 

aiz will be in the (1, &) position. Then we interchange column 
k with the columns k—1,k—2,..., 1 successively, until a;, is in 

the (1, 1) position. If we keep track of the determinants that 

arise during this process, we find that in the final determinant 

the minor of aj;z is still Miz. So by the result of the first 

paragraph, the coefficient of a;, in the new determinant is 

Mix. 

However each row and column interchange changes the 

sign of the determinant. For the effect of such an interchange 
is to switch two entries in every permutation, and, as was 

pointed out during the proof of 3.1.3, this changes a permu- 

tation from even to odd, or from odd to even. Thus the sign 

of each permutation is changed by —1. The total number of 

interchanges that have been applied is (i —- 1) + (k-—1) = 
i+k—2. The sign of the determinant is therefore changed by 

(—1)'+*-2 = (-1)'**. It follows that the coefficient of aj, in 

det(A) is (—1)***M;x, which is just the definition of Aix. 

(It is a good idea for the reader to write out explicitly 

the row and column interchanges in the case n = 3 and 7 = 2, 

k = 3, and to verify the statement about the minor M93). 

The theorem provides a practical method of computing 

3 x 3 determinants; for determinants of larger size there are 

more efficient methods, as we shall see. 
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Example 3.1.5 

Compute the determinant 

teu? 0 

thence 

6 2 2 

For example, we may expand by row 1, obtaining 

9|2 —1 hace | es ec rey Ke 
1(-1) Sitan, + 2(-1) 6 9 + 0(-1) 6 2 

= § —28 +0 = —272. 

Alternatively, we could expand by column 2: 

3/4 —1 ae Mant wea! 0 
2(—1) See: + 2(-1) 6 2 + 2(-1) gel 

= —28 + 4+ 2:= —22: 

However there is an obvious advantage in expanding by a row 

or column which contains as many zeros as possible. 

The determinant of a triangular matrix can be written 

down at once, an observation which is used frequently in cal- 

culating determinants. 

Theorem 3.1.5 

The determinant of an upper or lower triangular matrix equals 

the product of the entries on the principal diagonal of the ma- 
brian: 

Proof 

Suppose that A = (ai;)njn is, say, upper triangular, and ex- 
pand det(A) by column 1. The result is the product of a1; 
and an (n — 1) x (n — 1) determinant which is also upper tri- 
angular. Repeat the operation until a 1 x 1 determinant is 
obtained (or use mathematical induction). 
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Exercises 3.1 

1. Is the permutation 1, 3, 8, 5, 2, 6, 4, 7 even or odd? What 
is the corresponding term in the expansion of det((a;;)s,g)? 
2. The same questions for the permutation 8, 5, 3, 2, 1, 7, 6, 
9, 4. 

3. Use the definition of a determinant to compute 

4. How many additions, subtractions and multiplications are 

needed to compute an n x n determinant by using the defini- 

tion? 

5. For the matrix 

jad +) 

A= 4 3 1 

S21 Ot 2 fis-6 

find the minors M,3, M23 and M33, and the corresponding 

cofactors A13; Ag3 and A33. 

6. Use the cofactors found in Exercise 5 to compute the de- 

terminant of the matrix in that problem. 

7. Use row or column expansion to compute the following 

determinants: 

a, 4 
—2 2 3 ; ‘ ar: 

Voltas CH erty Rs 



70 Chapter Three: Determinants 

8. If A is the n X n matrix 

Om Oe Ome: 

OMe (ea Goees 0 

One ee Ome 

show that det(A) = (—1)"("-))/2a,a9--- an. 

9. Write down the permutation matrix that represents the 

permutation 3, 1, 4, 5, 2. 

10. Let i1,...,%, be a permutation of 1,...,n , and let P be 

the corresponding permutation matrix. Show that for any n x 

n matrix A the matrix AP is obtained from A by rearranging 

the columns according to the scheme C; — C;,. 

11. Prove that the sign of a permutation equals the determi- 

nant of the corresponding permutation matrix. 

12. Prove that every permutation matrix is expressible as a 

product of elementary matrices of the type that represent row 

or column interchanges. 

13. If P is any permutation matrix, show that P~! = P7. 

[Hint: apply Exercise 10]. 

3.2 Basic Properties of Determinants 

We now proceed to develop the theory of determinants, 
establishing a number of properties which will allow us to 
compute determinants more efficiently. 

Theorem 3.2.1 

If A is ann xn matriz, then 

det(A) = det(A). 
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Proof 

The proof is by mathematical induction. The statement is 
certainly true if n = 1 since then A? = A. Let n > 1 and 
assume that the theorem is true for all matrices with n — 1 
rows and columns. Expansion by row 1 gives 

Let B denote the matrix A?. Then aij = 6;;. By induction on 

n, the determinant Aj; equals its transpose. But this is just 

the (j,1) cofactor Bj; of B. Hence A,; = Bj; and the above 
equation becomes 

det (A) = Db 651 By. 

i 

However the right hand side of this equation is simply the 

expansion of det(B) by column 1; thus det(A) = det(B). 

A useful feature of this result is that it sometimes enables 

us to deduce that a property known to hold for the rows of a 

determinant also holds for the columns. 

Theorem 3.2.2 
A determinant with two equal rows (or two equal columns) is 

zero. 

Proof 

Suppose that the n x n matrix A has its jth and kth rows 

equal. We have to show that det(A) = 0. Let 71, %2,...,%n be 

a permutation of 1,2,...,n; the corresponding term in the ex- 

pansion of det(A) is sign(71, 12, .-. 5 in)@1i,@2ig --- Ani, Now 

if we switch i; and 7, in this product, the sign of the permuta- 

tion is changed, but the product of the a’s remains the same 
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since aj4, = Qk, and Aki, = @5:,. This means that the term 

under consideration occurs a second time in the defining sum 

for det(A), but with the opposite sign. Therefore all terms in 

the sum cancel and det(A) equals zero. 

Notice that we do not need to prove the statement for 

columns because of the remark following 3.2.1. 

The next three results describe the effect on a determi- 

nant of applying a row or column operation to the associated 

matrix. 

Theorem 3.2.3 

(i) If a single row (or column) of a matriz A is multiplied 
by a scalar c, the resulting matriz has determinant equal 

to c(det(A)). 
(ii) If two rows (or columns) of a matrix A are 
interchanged, the effect is to change the sign of the 

determinant. 

(iii) The determinant of a matriz A is not changed if a 

multiple of one row (or column) is added to another row 
(or column). 

Proof 

(i) The effect of the operation is to multiply every term in 
the sum defining det(A) by c. Therefore the determinant is 
multiplied by c. 

(ii) Here the effect of the operation is to switch two entries 
in each permutation of 1,2,...,n; we have already seen that 
this changes the sign of a permutation, so it multiplies the 
determinant by —1. 

(iii) Suppose that we add c times row j to row k of the matrix: 
here we shall assume that j < k. If C is the resulting matrix, 
then det(C) equals 

‘y Sign(t1,...,%n)@1i, ++ Qi, +++ (Qki, + C04, ) +++ Oni, 
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which is turn equals the sum of 

5 sign(71,..., in )Q1i, °° "Asi; °° Aki, Ani, 

and 

Cc ) sign (21, Ls 5 tnd Q1i; he Aji; "Agi, Onin: 

Now the first of these sums is simply det(A), while the second 
sum is the determinant of a matrix in which rows 7 and k are 

identical, so it is zero by 3.2.2. Hence det(C) = det(A). 

Now let us see how use of these properties can lighten the 

task of evaluating a determinant. Let A be an n x n matrix 

whose determinant is to be computed. Then elementary row 

operations can be used as in Gaussian elimination to reduce A 

to row echelon form B. But B is an upper triangular matrix, 

say 
bi bi2 aN bin 

Bes lf Mis cit sali be eich. 
0 0 + ban 

so by 3.1.5 we obtain det(B) = b31b22:++bnn. Thus all that 

has to be done is to keep track, using 3.2.3, of the changes in 

det(A) produced by the row operations. 

Example 3.2.1 

Compute the determinant 

Ome | 2. 3 
h svt stedrato 1 

[oN Oe Pare A 
eo 5 ee 

Apply row operations R,; «+ Rz and then R3 +21, R4- 

R, successively to D to get: 
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1 i 1 1 1 1 1 il 

0 if Yalta a al 1 2 

DE S| ny se RY a Neh Os mene 
1 -2 -2 -3 0 -3 -3 -4 

Next apply successively Ry + 3R2 and 1/5R3 to get 

1a, lee Te lanes ap 

Om ele 2a oes i lips 

oS (Osa 5 ott eal ONC 
Ome weer G) AU es ents 

Finally, use of Ry — 3R3 yields 

Lvoljud Sel 

Ojer lac 2 a3 
esl G 011 = —10. 

We AU hae 

Example 3.2.2 

Use row operations to show that the following determinant is 

identically equal to zero. 

G20 tbs 20 piceH2 

Ce ey aera 

20 0) Vly bee 2neIc 

Apply row operations R3 + R, and 2Ro. The resulting 

determinant is zero since rows 2 and 3 are identical. 

Example 3.2.3 

Prove that the value of the n x n determinant 

Zea MO. mee wee, 10 
Poe! = 0 0 0 

CPM Ge Gh ooh ania 
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isn+1. 

First note the obvious equalities D,; = 2 and D5 = 3. Let 
n > 3; then, expanding by row 1, we obtain 

a re 
Oheat 1b 0 4 bina 0. 0.60 

Dy =2Dq24 {002 2 Lor 0.0 0) 

OR OnjOqnd 2 cs 42h id 
FONT a ies 

Expanding the determinant on the right by column 1, we find 

ito pe 1,5: lL hus 

Dp = 2Dn1 — Dn-2- 

This is a recurrence relation which can be used to solve for 

successive values of D,,. Thus D3 = 4, Ds = 5, Ds = 6, etc. 

In general D, = n+ 1. (A systematic method for solving 

recurrence relations of this sort will be given in 8.2.) 

The next example is concerned with an important type 

of determinant called a Vandermonde determinant; these de- 

terminants occur frequently in applications. 

Example 3.2.4 

Establish the identity 

1 1 1 

Ly r2 In 

aq) 91a} tic beeen) tf pilsesis-ra})s 
iJ 

ao ps ee 

where the expression on the right is the product of all the 

factors x; — 2; with i <j andi,j =1,2,...,n. 
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Let D be the value of the determinant. Clearly it is a 

polynomial in 71, 22,...,2n. If we apply the column operation 

C;—C; , withi < j, to the determinant, its value is unchanged. 

On the other hand, after this operation each entry in column 2 

will be divisible by x; —x;. Hence D is divisible by x; — 2; for 

all i,j =1,2,...,n andi <j. Thus we have located a total of 

n(n —1)/2 distinct linear polynomials which are factors of D, 
this being the number of pairs of distinct positive integers 2, 7 

such that 1 <i<7<n. But the degree of the polynomial D 

is equal to 

rit 2) 
es i 

for each term in the defining sum has this degree. Hence D 

must be the product of these n(n—1)/2 factors and a constant 
c, there being no room for further factors. Thus 

Lie ce] [( ie 

with <j =1,2,...,n. In fact c is equal to 1, as can be seen 

by looking at the coefficient of the term lz2x3---a"~+ in the 

defining sum for the determinant D; this corresponds to the 

permutation 1,2,...,m, and so its coefficient is +1. On the 

other hand, in the product of the x;—«, the coefficient of the 

term is 1. Hence c= 1. 

The critical property of the Vandermonde determinant D 
is that D = 0 if and only if at least two of x1,22,...,2%n, are 
equal. 

14+24+---+(n-l= 

Exercises 3.2 

1. By using elementary row operations compute the following 
determinants: 

pute ne was 1 "Opes 2 

(A) 2. 4 071. (b) 10. 4 Pa ears elcome ae dl 

1\25o ee g10g 
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2. If one row (or column) of a determinant is a scalar multiple 
of another row (or column), show that the determinant is zero. 

3. If A is an nm x n matrix and c is a scalar, prove that 
det(cA) = c™ det(A). 

4. Use row operations to show that the determinant 

a2 : 2 C2 

Pero 1+6 +c 

Qe Sq = i WQbeS pe 1c? —c-—1 

is identically equal to zero. 

5. Let A be an n X n matrix in row echelon form. Show that 

det(A) equals zero if and only if the number of pivots is less 
than n. 

6. Use row and column operations to show that 

= (a+b+c)(—a? — b? —c? +ab+ be + ca). 
Cr on So S Go co oe 276 

7. Without expanding the determinant, prove that 

a4 oto 
chlgnh hai tassel = 2) eer yz). 
r3 y? 2 

[Hint: show that the determinant has factors r—y , y—2z, 

z—a , and that the remaining factor must be of degree 1 and 

symmetric in 2, y, 2 |. 

8. Let D,, denote the “bordered” n x n determinant 

0) oxonl, Oct. 2aix:0i 0 

b AOisia dads ya0 vO 

0 6b Oevwoallot Ord 

0=-OF..0 CP a 
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Prove that Don_1 = 0 and Deon = (—ab)”. 

9. Let D,, be the n x n determinant whose (7,7) entry isi+ 7. 

Show that D,, = 0 if n > 2. [Hint: use row operations]. 

10. Let up, denote the number of additions, subtractions and 

multiplications needed in general to evaluate an n x n deter- 

minant by row expansion. Prove that un = nUn_-1 + 2n — 1. 

Use this formula to calculate uy, for n = 2, 3,4. 

3.3 Determinants and Inverses of Matrices 

An important property of the determinant of a square 

matrix is that it tells us whether the matrix is invertible. 

Theorem 3.3.1 

Ann xn matrix A is invertible if and only if det(A) 4 0. 

Proof 

By 2.3.2 there are elementary matrices £1, E2,...,H, such 

that the matrix R = E,E,_\-::EoE,A is in reduced row 

echelon form. Now observe that if E is any elementary n x n 

matrix, then det(#A) = cdet(A) for some non-zero scalar c; 
this is because left multiplication by EF performs an elementary 

row operation on A and we know from 3.2.3 that such an 

operation will, at worst, multiply the value of the determinant 

by a non-zero scalar. Applying this fact repeatedly, we obtain 

det(R) = det(E,---E2E,A) = ddet(A) for some non-zero 
scalar d. Consequently det(A) ¥ 0 if and only if det(R) 4 0. 

Now we saw in 2.3.5 that A is invertible precisely when 
Rk =I, . But, remembering the form of the matrix R, we 
recognise that the only way that det(R) can be non-zero is if 
R=TI,. Hence the result follows. 

Example 3.3.1 

The Vandermonde matrix of Example 3.2.4 is invertible if and 
only if %,...,2, are all different. 
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Corollary 3.3.2 

A linear system AX = 0 with n equations in n unknowns has 
a non-trivial solution if and only if det(A) = 0. 

This very useful result follows directly from 2.3.5 and 
3.3.1. Theorem 3.3.1 can be used to establish a basic formula 

for the determinant of the product of two matrices. 

Theorem 3.3.3 

If A and B are any n x n matrices, then 

det(AB) = det(A) det(B). 

Proof 

Consider first the case where B is not invertible, which by 

3.3.1 means that det(B) = 0. According to 2.3.5 there is a 
non-zero vector X such that BX = 0. This clearly implies 

that (AB)X = 0, and so, by 2.3.5 and 3.3.1, det(AB) must 
also be zero. Thus the formula certainly holds in this case. 

Suppose now that B is invertible. Then B is a product 

of elementary matrices, say B = FE, E2--: Ex; this is by 2.3.5. 

Now the effect of right multiplication of A by an elementary 

matrix E is to apply an elementary column operation to A. 

What is more, we can tell from 3.2.3 just what the value of 

det(AF) is; indeed 

—det(A) 

det(AF) = det(A) , 

c det (A) 

according to whether £ represents a column operation of the 

types 

C;i are OF 

C; 5 we cC; 

cC; 
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Now we can see from the form of the elementary matrix 

that det(E) equals —1, 1 or c, respectively, in the three cases; 

hence the formula det(AE ) = det(A) det(£) is valid. In short 

our formula is true when B is an elementary matrix. Applying 

this fact repeatedly, we find that det(AB) equals 

det (AE; eyes E2F;) = det (A) det (Ex) Soe det (E2) det(F1), 

which shows that 

det(AB) = det(A) det(E;,--- £1) = det(A) det(B). 

Corollary 3.3.4 

Let A and B ben xn matrices. If AB=T,, , then BA—T,,, 

and thus B= A“. 

Proof 

For 1 = det(AB) = det(A) det(B), so det(A) 4 0 and A is in- 
vertible, by 3.3.1. Therefore BA = A1(AB)A= A ?1I,A = 
Vie 

Corollary 3.3.5 

If A is an invertible matrix, then det(A~') = 1/ det(A). 

Proof 

Clearly 1 = det(I) = det(AA~*) = det(A)det(A~?), from 
which the statement follows. 

The adjoint matrix 

Let A = (a;;) be an n x n matrix. Then the adjoint 
matrix 

adj (A) 
of A is defined to be the n xn matrix whose (i, 7) element is the 
(j,2) cofactor A;; of A. Thus adj(A) is the transposed matrix 
of cofactors of A. For example, the adjoint of the matrix 

1 au 

Ort leas 

25s 4 
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is 

Detscrid L vf 

= 16 2 3 

She 13 

The significance of the adjoint matrix is made clear by 
the next two results. 

Theorem 3.3.6 

If A is anyn xn matriz, then 

A adj(A) = (det(A))I, = adj(A)A. 

Proof 

The (7,7) entry of the matrix product A adj(A) is 

n n 

ss Qik (adj(A)) x; = Se) Gi Age: 

k=l kaa 

If 1 = 7, this is just the expansion of det(A) by row 7; on the 
other hand, if 7 # j, the sum is also a row expansion of a 

determinant, but one in which rows 7 and 7 are identical. By 

3.2.2 the sum will vanish in this case. This means that the 

off-diagonal entries of the matrix product A adj(A) are zero, 
while the entries on the diagonal all equal det(A). Therefore 

A adj(A) is the scalar matrix (det(A))Jn, as claimed. The 
second statement can be proved in a similar fashion. 

Theorem 3.3.5 leads to an attractive formula for the in- 

verse of an invertible matrix. 

Theorem 3.3.7 
If A is an invertible matriz, then A~* = (1/det(A))adj(A). 
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Proof nia j 

In the first place, remember that A-' exists if and only if 

det(A) 4 0, by 3.3.1. From A adj(A) = (det(A))Jn we obtain 

A(1/det(A))adj(A)) = 1/det(A)(A adj(A)) = In, 

by 3.3.6. The result follows in view of 3.3.4. 

Example 3.3.2 

Let A be the matrix 

2 -1 0 

—] 2 -1 

0 -1 2 

The adjoint of A is 
Serre 

2eaae 2 

i PE 

Expanding det(A) by row 1, we find that it equals 4. Thus 

3/4 1/2 1/4 
Ae toe a (oN nie 

1/4 1/2 3/4 

Despite the neat formula provided by 3.3.7, for matrices with 

four or more rows it is usually faster to use elementary row 

operations to compute the inverse, as described in 2.3: for 

to find the adjoint of an n x n matrix one must compute n 

determinants each with n — 1 rows and columns. 

Next we give an application of determinants to geometry. 

Example 3.3.3 

Let Pi(21, yi, 21), Po(X2, yo, z2) and P3(x3, y3, z3) be three 
non-collinear points in three dimensional space. The points 
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therefore determine a unique plane. Find the equation of the 
plane by using determinants. 

We know from analytical geometry that the equation of 
the plane must be of the form az + by +cz+d= 0. Here 
the constants a, b, c, d cannot all be zero. Let P(z,y,z) be 
an arbitrary point in the plane. Then the coordinates of the 

points P, P,, P2, P3 must satisfy the equation of the plane. 

Therefore the following equations hold: 

B25 echtot OU achules aid rod oe 

Pee ea 2 by; +  C2Zgiesk dy = 

Qazq + Ob. + cz + d = 

is PA baevus: Psp \ C23: Gt hd =] =.0 

Now this is a homogeneous linear system in the unknowns 

a, b, c, d; by 3.3.2 the condition for there to be a non-trivial 

solution is that 
Le ya zal 

CF Pom td 
Ze Yo 22 \1) 
eee Yates il 

This is the condition for the point P to lie in the plane, so it 

is the equation of the plane. That it is of the form ax + by + 

cz +d =0 may be seen by expanding the determinant by row 

iF 

For example, the equation of the plane which is deter- 

mined by the three points (0, 1, 1), (1, 0, 1) and (1, 1, 0) 

is 
‘aienad Te a | 

Wika Wash apace 

SG ea eB 

A ad 8 coal | 

which becomes on expansion x+y+2z—2=0. 
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Cramer’s Rule 

For a second illustration of the uses of determinants, we 

return to the study of linear systems. Consider a linear system 

of n equations in n unknowns 2j,%2,...,%n 

AX =B, 

where the coefficient matrix A has non-zero determinant. ‘The 

system has a unique solution, namely X = A~1B. There is a 

simple expression for this solution in terms of determinants. 

Using 3.3.7 we obtain 

X =\A-'B =1/det(A)(adj(A):B). 

From the matrix product adj(A)B we can read off the ith 
unknown as 

= Ul adj(A));;b;)/ det(A) = cory Aj:)/ det(A). 
Gail 

Now the second sum is a determinant; in fact it is det(M;) 
where M; is the matrix obtained from A when column 7 is 

replaced by B. Hence the solution of the linear system can be 

expressed in the form 2; = det(M;)/det(A), i = 1,2,...,n 
Thus we have obtained the following result. 

Theorem 3.3.8 (Cramer’s Rule) 
If AX = B is a linear system of n equations in n unknowns 
and det (A) is not zero, then the unique solution of the linear 
system can be written in the form 

a, = det(M;)/det(A),i=1,...,n, 

where M; is the matrix obtained from A when column i is 
replaced by B. 
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The reader should note that Cramer’s Rule can only be 

used when the linear system has the special form indicated. 

Example 3.3.4 

Solve the following linear system using Cramer’s Rule. 

is Le 4 

th ae oie 

224 — 8 | 

Here 

1 -1l -l A 

Aju Dihel theandnbyssipt2 

2 0 1 1 

Thus det(A) = 9, and Cramer’s Rule gives the solution 

AS 1th) 
z,=1/9/2 2 -1|=13/9, 

ae Ue 

$014) 1 
t=1/9|1 2 -1| = -2/3, 

best oft 

ced 
az=1/9\1 .22|.. = 17/9 

P piaa ee 

Exercises 3.3 

1. For the matrices 

6 3 et 6s 
18 Hf) ond B= (4 2) 
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verify the identity det(AB) = det(A) det(B). 

2. By finding the relevant adjoints, compute the inverses of 

the following matrices: 

rr’ rb a 

Ome 
4 -1 Oly ak ® 21 3),0 

oO OF) aaa 0 0 

3. If A is a square matrix and n is a positive integer, prove 

that det(A”) = (det(A))”. 

4, Use Cramer’s Rule to solve the following linear systems: 

24, — 3% +23 =-l 

(a) Ti = + 3fo 1 oe —) 6 

20 ee oo Cee 

a) = 23 tee = —1] 

(b) 204 = 3D) = 162) — 4 

Cy =w2tod 303. =p) hs 

5. Let A be an n x n matrix. Prove that A is invertible if and 

only if adj(A) is invertible. 

6. Let A be any n x n matrix where n > 1. Prove that 

det(adj(A)) = (det(A))"~1. [Hint: first deal with the case 
where det(A) #4 0, by applying det to each side of the identity 

of 3.3.6. Then argue that the result must still be true when 

det(A) = 0]. 

7. Find the equation of the plane which contains the points 
(1, 1,—2), (1,—2;7) and (0,1, —4). 

8. Consider the four points in three dimensional space 
i Ue, te 1, 2, dnt Prove thatta necessary and suffi- 
cient condition for the four points to lie in a plane is 

Ci Viens 

coe es 2a" 7 is 

3 es ae) 
Lam Yat, V1 



Chapter Four 

INTRODUCTION TO VECTOR SPACES 

The aim of this chapter is to introduce the reader to the 

notion of an abstract vector space. Roughly speaking, a vec- 

tor space is a set of objects called vectors which it is possible 

to add and multiply by scalars, subject to reasonable rules. 

Vector spaces occur in numerous branches of mathematics, as 

well as in many applications; they are therefore of great im- 

portance and utility. Rather than immediately confront the 

reader with an abstract definition, we prefer first to discuss 

some vector spaces which are familiar objects. Then we pro- 

ceed to extract the common features of these examples, and 

use them to frame the definition of a general vector space. 

4.1 Examples of Vector Spaces 

The first example of a vector space has a geometrical 

background. 

Euclidean space 

Choose and fix a positive integer n, and define 

R” 

to be the set of all n-column vectors 

Lj 

L2 
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where the entries x; are real numbers. Of course these are 

special types of matrices, so rules of addition and scalar mul- 

tiplication are at hand, namely 

L1 Y1 Lie 

Lo y2 Loses 
SF 5 = : 

In Un In + Yn 

and 
Ly CLT 

r2 CX2 

Cc => 5 

Ln CLn 

Thus the set R” is “closed” with respect to the operation 

of adding pairs of its elements, in the sense that one cannot 

escape from R” by adding two of its elements; similarly R” is 

closed with respect to multiplication of its elements by scalars. 

Notice also that R” contains the zero column vector. 

Another point to observe is that the rules of matrix alge- 

bra listed in 1.2.1 which are relevant to column vectors apply 

to the elements of R”. The set R”, together with the op- 

erations of addition and scalar multiplication, forms a vector 

space which is known as n-dimensional Euclidean space. 

Line segments and R? 

When n is 3 or less, the vector space R” has a good 

geometrical interpretation. Consider the case of R°. A typical 
element of R®° is a 3-column 

Assume that a cartesian coordinate system has been chosen 
with assigned x, y and z -axes. We plan to represent the col- 
umn vector A by a directed line segment in three-dimensional 
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space. ‘To achieve this, choose an arbitrary point I with co- 
ordinates (u1, uz, ug) as the initial point of the line segment. 
The end point of the segment is the point E with coordinates 
(uy + a1, U2 + a2, ug + a3). The direction of the line segment 
IE is indicated by an arrow: 

E(u, + a4, Up + a, U3 + a3) 

I(U4,U,U3) 

The length of IE equals 

l= 4/a? + a2 + a 

and its direction is specified by the direction cosines 

a;/l, a2/l, a3/l. 

Here the significant feature is that none of these quantities 

depends on the initial point I. Thus A is represented by in- 

finitely many line segments all of which have the same length 

and the same direction. So all the line segments which repre- 

sent A are parallel and have equal length. However the zero 

vector is represented by a line segment of length 0 and it is 

not assigned a direction. 
Having connected elements of R° with line segments, let 

us see what the rule of addition in R® implies about line seg- 

ments. Consider two vectors in R® 

Qi by 

A=| az) and B= | bo 
a3 b3 
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and their sum 
Gwar by 

A+B= a2 + be 

a3 + b3 

Represent the vectors A, B and A + B by line segments IU, 

IV, and IW in three dimensional space with a common initial 

point I (ui, ue, us), say. The line segments determine a figure 

IUWYV as shown: 

U 

where U, W and V are the points 

(ui +a, uU2+a2, u3+a3), (uy +a1+0, ugt+ag+bo, u3t+a3+bs) 

and 

(ui + bi, U2 + be, ug + bs), 

respectively. 

In fact IUWV is a parallelogram. To prove this, we need 

to find the lengths and directions of the four sides. Simple 

analytic geometry shows that [U= VW= ,/a? + a2 + a2 = I, 
and that IV = UW = ,/bi+63+6% = m, say. Also the 
direction cosines of TU and VW are aj/l, a2/l, a3/1, while 
those of TV and UW are b;/m, b2/m, b3/m. It follows that 
opposite sides of TUWV are parallel and of equal length, so 

it is indeed a parallelogram. 

These considerations show that the rule of addition for 
vectors in R® is equivalent to the parallelogram rule for addi- 
tion of forces, which is familiar from mechanics. To add line 
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segments IU and IV representing the vectors A and B, com- 
plete the parallelogram formed by the lines IU and IV; the 
the diagonal IW will represent the vector A+ B. 

An equivalent formulation of this is the triangle rule, 
which is encapsulated in the diagram which follows: 

WwW 

Note that this diagram is obtained from the parallelogram by 

deleting the upper triangle. Since IV and UW are parallel 

line segments of equal length, they represent the same vector 

'B. 

There is also a geometrical interpretation of the rule of 

scalar multiplication in R°. As before let A in R® be repre- 

sented by the line segment joining I(u1, u2, u3) to U(u1 +41, 

U2 + a2, U3 +a3). Let c be any scalar. Then cA is represented 

by the line segment from (uj, U2, u3) to (ui + cai, U2 + cae, 

uz + ca3). This line segment has length equal to |c| times the 
length of IU, while its direction is the same as that of IU if 

c > 0, and opposite to that of IU if c < 0. 

Of course, there are similar geometrical representations 

of vectors in R? by line segments drawn in the plane, and in 

R! by line segments drawn along a fixed line. So our first 

examples of vector spaces are familiar objects if n < 3. 

Further examples of vector spaces are obtained when the 

field of real numbers is replaced by the field of complex num- 

bers C: in this case we obtain 

Ci 
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the vector space of all n-column vectors with entries in C. 

More generally it is to carry out the same construction with 

an arbitrary field of scalars F’, in the sense of 1.3; this yields 

the vector space 

BE 

of all n-column vectors with entries in F’, with the usual rules 

of matrix addition and scalar multiplication. 

Vector spaces of matrices 

One obvious way to extend the previous examples is by 

allowing matrices of arbitrary size. Let 

Me athe) 

denote the set of all m x n matrices with real entries. This 

set is closed with respect to matrix addition and scalar mul- 

tiplication, and it includes the zero matrix Om». The rules of 

matrix algebra guarantee that My, n(R) is a vector space. Of 

course, if n = 1, we recover the Euclidean space R™, while if 

m = 1, we obtain the vector space 

Ry 

of all real n-row vectors. It is consistent with notation estab- 

lished in 1.3 if we write 

M,,(R) 

for the vector space of all real n x n matrices, instead of 
Mn,n(R). Once again R can be replaced by any field of scalars 
F’ in these examples, to produce the vector spaces 

Minn(f), M,(F) and Pe 
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Vector spaces of functions 

Let a and b be fixed real numbers with a < b, and let 
C{a, 6] denote the set of all real-valued functions of x that are 
continuous at each point of the closed interval [a,b]. If f and 
g are two such functions, we define their sum f +g by the rule 

f +9(x) = f(x) + 9(z). 

It is a well-known result from calculus that f + g is also con- 

tinuous in [a,b], so that f + g belongs to C{a, b]. Next, if c is 
any real number, the function cf defined by 

cf(x) = (f(x) 

is continuous in [a,b] and thus belongs to C/a,b]. The zero 
function, which is identically equal to zero in [a,b], is also 

included in Ca, }]. 
Thus once again we have a set that is closed with respect 

to natural operations of addition and scalar multiplication; 

Cla, | is the vector space of all continuous functions on the 
interval |a, b]. In a similar way one can form the smaller vector 

space D{a, b] consisting of all differentiable functions on [a, }], 

with the same rules of addition and scalar multiplication. A 

still smaller vector space is D..[a,b], the vector space of all 

functions that are infinitely differentiable in [a, 5] 

Vector spaces of polynomials 

A (real) polynomial in an indeterminate x is an expression 

of the form 

f(a) =a0 + a12 + -+>-+ Gn” 

where the coefficients a; are real numbers. If a, # 0, the 

polynomial is said to have degree n. Define 

P,(R) 
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to be the set of all real polynomials in x of degree less than n. 

Here we mean to include the zero polynomial, which has all 

its coefficients equal to zero. There are natural rules of addi- 

tion and scalar multiplication in P,(R), namely the familiar 

ones of elementary algebra: to add two polynomials add cor- 

responding coefficients; to multiply a polynomial by a scalar 

c, multiply each coefficient by c. Using these operations, we 

obtain the vector space of all real polynomials of degree less 

than n. 

This example could be varied by allowing polynomial of 

arbitrary degree, thus yielding the vector space of all real poly- 

nomials 

P(R). 

As usual R may be replaced by any field of scalars here. 

Common features of vector spaces 

The time has come to identify the common features in 

the above examples: they are: 

(i) a non-empty set of objects called vectors, including a 
“zero” vector; 

(ii) a way of adding two vectors to give another vector; 

(iii) a way of multiplying a vector by a scalar to give a 
vector; 

(iv) a reasonable list of rules that the operations 
mentioned (ii) and (iii) are required to satisfy. 

We are being deliberately vague in (iv), but the rules should 
correspond to properties of matrices that are known to hold 
in R” and M,, n(R). 
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Exercises 4.1 

ha Give details of the geometrical interpretations of R! and 
R*. 

2. Which of the following might qualify as vector spaces in 
the sense of the examples of this section? 

(a) the set of all real 3:column vectors that correspond to 
line segments of length 1; 

(b) the set of all real polynomials of degree at least 2; 
(c) the set of all line segments in R? that are parallel to 
a given plane; 

(d) the set of all continuous functions of x defined in the 
interval [0, 1] that vanish at x = 1/2. 

4.2 Vector Spaces and Subspaces 

It is now time to give a precise formulation of the defini- 

tion of a vector space. 

Definition of a vector space 

A vector space V over R consists of a set of objects called 

vectors, a rule for combining vectors called addition, and a 

rule for multiplying a vector by a real number to give another 

vector called scalar multiplication. If u and v are vectors, the 

result of adding these vectors is written u + v, the sum of u 

and v; also, if c is a real number, the result of multiplying v 

by c, is written cv, the scalar multiple of v by c. 

It is understood that the following conditions must be 

satisfied for all vectors u, v, w and all real scalars c, d: 

(i) u+v=v+u, (commutative law); 
(ii) (u+v)+w=u+(v+w), (associative law); 
(iii) there is a vector O, called the zero vector, such that 

v+O0O=v; 

(iv) each vector v has a negative, that is, a vector —v 

such that v + (—v) = 0; 
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(v) cd(v) = c(dv); 
(vi) c(u+v)=cu-+cv: (distributive law); 

(vii) (c+d)v =cv + dv; (distributive law); 

(vill eelve=ave 

For economy of notation it is customary to use V to denote 

the set of vectors, as well as the vector space. Since the vector 

space axioms just listed hold for matrices, they are valid in 

R"”; they also hold in the other examples of vector spaces 

described in 4.1. 
More generally, we can define a vector space over an ar- 

bitrary field of scalars F by simply replacing R by F in the 

above axioms. 

Certain simple properties of vector spaces follow easily 

from the axioms. Since these are used constantly, it is as well 

to establish them at this early stage. 

Lemma 4.2.1 

If u and v are vectors in a vector space, the following state- 

ments are true: 

(a) Ov =0 andcO=0 where c is a scalar; 
(b) ifu+v=0, then u = —v; 

(c) (-1)v = -v. 

Proof 

(a) In property (vii) above put c = 0 = d, to get Ov = Ov + 
Ov. Add —(0v) to both sides of this equation and use the 
associative law (ii) to deduce that 

0 = —(0v) + Ov = (—(0v) 4+ Ov) + Ov, 

which leads to 0 = Ov. Proceed similarly in the second part. 
(b) Add —v to both sides of u+v = 0 and use the associative 
law. 
(c) Using (vii) and (viii), and also (a), we obtain 

vt (—1)v = Iv + (—1)v S81) vor ks 
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Hence (—1)v = —v by (b). 

Subspaces 

Roughly speaking, a subspace is a vector space contained 
within a larger vector space; for example, the vector space 
P,(R) is a subspace of P3(R). More precisely, a subset S of 
a vector space V is called a subspace of V if the following 
statements are true: 

(i) S contains the zero vector 0; 
(ii) if v belongs to S,, then so does cv for every scalar c, 

that is, S is closed under scalar multiplication; 

(iii) if u and v belong to S, then so does u+v that is, S 

is closed under addition. 

Thus a subspace of V is a subset S' which is itself a vector 

space with respect to the same rules of addition and scalar 

multiplication as V. Of course, the vector space axioms hold 

in S since they are already valid in V. 

Examples of subspaces 

If V is any vector space, then V itself is a subspace, for 

trivial reasons. It is often called the improper subspace. At 

the other extreme is the zero subspace, written 0 or Oy, which 

contains only the zero vector 0. This is the smallest subspace 

of V. (In general a vector space that contains only the zero 

vector is called a zero space). The zero subspace and the 

improper subspace are present in every vector space. We move 

on now to some more interesting examples of subspaces. 

Example 4.2.1 

Let S be the subset of R? consisting of all columns of the form 

(i) 
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where ¢t is an arbitrary real number. Since 

2ty ze 2te = 2(ty Se ta) ) 

—3t1 —3t2 —3(t; + te) 

2t ed act 

Thee 8 thy) ieee Satan 9 

S is closed under addition and scalar multiplication; also S 

and 

contains the zero vector Kar as may be seen by taking ¢ to 

be to 0. Hence S is a subspace of R?. 
In fact this subspace has geometrical significance. For 

E, of S may be represented by a line 

segment in the plane with initial point the origin and end point 

(2t, —3t). But the latter is a general point on the line with 

equation 3x + 2y = 0. Therefore the subspace S corresponds 

to the set of line segments drawn from the origin along the 

line 3x2 + 2y = 0. 

Example 4.2.2 

This example is an important one. Consider the homogeneous 

linear system 

an arbitrary vector 

AX a1) 

in n unknowns over some field of scalars F' and let S denote 

the set of all solutions of the linear system, that is, all the 

n-column vectors X over F that satisfy AX =0. Then S isa 

subset of F’” and it certainly contains the zero vector. Now if 
X and Y are solutions of the linear system and c is any scalar, 
then . 

AX Y= AX AY=U and Acxl)=cin |=, 

Thus X + Y and cX belong to S and it follows that S is a 
subspace of the vector space R”. This subspace is called the 
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solution space of the homogeneous linear system AX = 0; it is 
also known as the null space of the matrix A. (Question: why 
is it necessary to have a homogeneous linear system here?) 

Example 4.2.3 

Let S denote the set of all real solutions y = y(x) of the 
homogeneous linear differential equation 

y” + 5y’ + by =0 

defined in some interval |a, b]. Thus S is a subset of the vector 

space C[a,b] of continuous functions on [a,}]. It is easy to 
verify that S contains the zero function and that S is closed 

with respect to addition and scalar multiplication; in other 

words S is a subspace of C/a, 5]. 

The subspace S in this example is called the solution space 

of the differential equation. More generally, one can define the 

solution space of an arbitrary homogeneous linear differential 

equation, or even of a system of such differential equations. 

Systems of homogeneous linear differential equations are stud- 

ied in Chapter Eight. 

Linear combinations of vectors 

Let vi, V2,..-,V% be vectors in a vector space V. If cy, 

C2, ++. , Ck are any scalars, the vector 

CyVy + CoV2 +s + ChVE 

is called a linear combination of v1, V2,..-,Vk- 

For example, consider two vectors in R? 

n-().=(3) 
The most general linear combination of X, and X2 is 

2; = sal 
1X1, +eX2 = ( usta 
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In general let X be any non-empty subset of a vector 

space V and denote by 

oo es 

the set of all linear combinations of vectors in X. Thus a typical 

element of < X > is a vector of the form 

C1X1 + CoX2q +-°* + CEXE 

where x1, X2,...,Xx are vectors belonging to X and cj,Cc2,..., 

cy are scalars. From this formula it is clear that the sum of 

any two elements of < X > is still in < X > and that a scalar 

multiple of an element of < X > is in < X >. Thus we have 

the following important result. 

Theorem 4.2.2 

If X is a non-empty subset of a vector space V, then < X >, 

the set of all linear combinations of elements of X, is a sub- 
space of V. 

We refer to < X > as the subspace of V generated (or 
spanned) by X. A good way to think of < X > is as the small-- 

est subspace of V that contains X. For any subspace of V that 

contains X will necessarily contain all linear combinations of 

vectors in X and so must contain < X > as a subset. In par- 

ticular, a subset X is a subspace if and only if X = < X >. 

In the case of a finite set X = {x1,X2,...,xx}, we shall write 

<p eon AeeeX pee 

ior A >" 

Example 4.2.4 

For the three vectors of R? given below, determine whether 
C' belongs to the subspace generated by A and B: 

i = 1 

AS lod 108 ABee 21, C= 5 
4 1 6 
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We have to decide if there are real numbers ¢ and d such 
that cA +dB =C. To see what this entails, equate cor- 
responding vector entries on both sides of the equation to 
obtain 

ec — d =-1 

Gort 2diy = 5 

AGU ps d. 4 6 

Thus C’ belongs to < A, B > if and only if this linear system 
is consistent. It is quickly seen that the linear system has the 

(unique) solution c = 1,d = 2. Hence C = A+ 2B, so that C 

does belong to the subspace < A,B >. 

What is the geometrical meaning of this conclusion? Re- 

call that A, B and C can be represented by line segments in 

3-dimensional space with a common initial point I, say IP, 

IQ and IR. A typical vector in < A, B > can be expressed in 

the form sA +tB with real numbers s and t . Now sA and 

tB are representable by line segments parallel to IP and IQ 

respectively. We obtain a line segment that represents sA+tB 

by applying the parallelogram law; clearly the resulting line 

segment will lie in the plane determined by IP and IQ. Con- 

versely, it is not difficult to see that any line segment lying in 

this plane represents a vector of the form sA++tB. Therefore 

the vectors in the subspace < A,B > are those that can be 

represented by line segments drawn from I lying in the plane 

determined by IP and IQ. What we have shown is that IR 

lies in this plane. 

Finitely generated vector spaces 

A vector space V is said to be finitely generated if there 

is a finite subset {v1, V2,..., ve} of V such that 

V =< Vi, V2,---,Vk >, 

that is to say, every vector in V is a linear combination of the 

vectors V1, V2,-.-,Vx, and so has the form 

C1V1 + CoVo ++ °° + CEVE 
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for some scalars c;. If, on the other hand, no finite subset 

generates V, then V is said to be infinitely generated. 

Example 4.2.5 

Show that the Euclidean space R” is finitely generated. 

Let X 1, X2,...,Xn be the columns of the identity matrix 

elt 

an 

is any vector in R”, then A = a,X1 + agXo4+--::- + ay,Xn; 

therefore X,,Xo,...,Xn generate R” and consequently this 

vector space is finitely generated. 

On the other hand, one does not have to look far to find 

infinitely generated vector spaces. 

Example 4.2.6 

Show that the vector space P(R) of all real polynomials in x 
is infinitely generated. 

To prove this we adopt the method of proof by contradic- 

tion. Assume that P(R) is finitely generated, say by polyno- 

mials p1,p2,...,pPr, and look for a contradiction. Clearly we 

may assume that all of these polynomials are non-zero; let m 

be the largest of their degrees. Then the degree of any linear 
combination of p1,p2...,px certainly cannot exceed m. But 
this means that x™*!, for example, is not such a linear com- 
bination. Consequently p;,p2,...,px do not generate P(R), 
and we have reached a contradiction. This establishes the 
truth of the claim. 
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Exercises 4.2 

1. Which of the following are vector spaces? The operations 
of addition and scalar multiplication are the natural ones: 

(a) the set of all 2 x 2 real matrices with determinant 
equal to zero; 

(b) the set of all solutions X of a linear system AX = B 
where B # 0; 

(c) the set of all functions y = y(z) that are solutions of 
the homogeneous linear differential equation 

An(x)y™ = rated i aay + +--+ a (x)y’ + ao(x)y = 0. 

2. In the following examples say whether S is a subspace of 

the vector space V : 

(a) V = R’ and S is the subset of all matrices of the form 
2 a : Y 

( :) where a is an arbitrary real number; 

(b) V = C(0, 1] and S is the set of all infinitely 
differentiable functions in V. 

(c) V = P(R) and S is the set of all polynomials p 
such that p(1) = 0. 

3. Does the polynomial 1 — 2x + x? belong to the subspace of 

P3(R) generated by the polynomials 1 +27, 2? —a@ and 3—22? 

3 

1 -2 

M2(R) generated by the following matrices: 

Cha)» (ays 4)» (8 2); 
5. Prove that the vector spaces Mp »(F) and P,(F) are 

finitely generated where F is an arbitrary field. 

4. Determine if the matrix i is in the subspace of 
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6. Prove that the vector spaces C[0, 1] and P(F’)) are infinitely 

generated, where F is any field. 

7. Let A and B be vectors in R?. Show that A and B generate 

R? if and only if neither is a scalar multiple of the other. 

Interpret this result geometrically. 

4.3 Linear Independence in Vector Spaces 

We begin with the crucial definition. Let V be a vector 

space and let X be a non-empty subset of V. Then X is said to 

be linearly dependent if there are distinct vectors Vi, V2,..., Vk 

in X, and scalars c1,C2,...,Cx, not all of them zero, such that 

CyV1 + CoVeg +++: +cevy, = O. 

This amounts to saying that at least one of the vectors v; can 

be expressed as a linear combination of the others. Indeed, if 

say c; # 0, then we can solve the equation for v;, obtaining 

For example, a one-element set {v} is linearly dependent if and 
only ifv = 0. A set with two elements is linearly dependent 
if and only if one of the elements is a scalar multiple of the 
other. 

A subset which is not linearly dependent is said to be 
linearly independent. Thus a set of distinct vectors TV hes acc 
vx} is linearly independent if and only if an equation of the 
form c;v1+:::+cKV, = 0 always implies that QF Cp 2 ie 
Ck = 0. 

We shall often say that vectors vi,...,v,% are linearly de- 
pendent or independent, meaning that the subset {Vine coe 
has this property. 
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Linear dependence in R° 

Consider three vectors A,B,C in Euclidean space R3, 
and represent them by line segments in 3-dimensional space 
with a common initial point. If these vectors form a linearly 
dependent set, then one of them, say A, can be expressed as 
a linear combination of the other two, A = uB + vC; this 

equation says that the line segment representing A lies in the 

same plane as the line segments that represent B and C. Thus, 

if the three vectors form a linearly dependent set, their line 

segments must be coplanar. 

Conversely, assume that A, B,C are vectors in R? which 

are represented by line segments drawn from the origin, all of 

which lie in a plane. We claim that the vectors will then be 

linearly dependent. To see this, let the equation of the plane 

be ux + vy + wz = 0; keep in mind that the plane passes 

through the origin. Let the entries of A be written aj, a2, a3, 

with a similar notation for B and C’. Then the respective 

end points of the line segments have coordinates (aj, a2, a3), 
(b;, b2, 63), (C1, C2, ¢3). Since these points lie on the plane, we 

have the equations 

ua, +vag+wa3z =0 

ub, + vbo wb3 ai () 

uc, + vcg + we3 = 0 

This homogeneous linear system has a non-trivial solution for 

u, Vv, w, so the determinant of its coefficient matrix is zero by 

3.3.2. Now the coefficient matrix of the linear system 

ua, + vb) +wcey =0 

uag +vbg+weg =0 

uaz +vb3+wc3 =0 

is the transpose of the previous one, so by 3.2.1 it has the same 

determinant. It follows that the second linear system also has 
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a non-trivial solution u, v, w. But then uA+vB+wC = 0, 

which shows that the vectors A, B, C are linearly independent. 

Thus there is a natural geometrical interpretation of lin- 

ear dependence in the Euclidean space R®: three vectors are 

linearly dependent if and only if they are represented by line 

segments lying in the same plane. There is a corresponding in- 

terpretation of linear dependence in R? (see Exercise 4.3.11). 

Example 4.3.1 

Are the polynomials x +1, 7 +2, x* — 1 linearly dependent in 

the vector space P3(R)? 

To answer this, suppose that c,, c2,c3 are scalars satisfy- 

ing 

e,(2 +1) + co(a + 2) + c3(z? — 1) = 0. 

Equating to zero the coefficients of 1, x , x”, we obtain the 
homogeneous linear system 

This has only the trivial solution c; = cp = cz = 0; hence the 
polynomials are linearly independent. 

Example 4.3.2 

Show that the vectors 

are linearly dependent in R2. 

Proceeding as in the last example, we let Ci, €9, C3 be 
scalars such that 

(2) +a(2)+(4)=(0): 
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This is equivalent to the homogeneous linear system 

Sei C2 205 = 0 

2¢, + 2c2 — A4c3 =a") 

Since the number of unknowns is greater than the number 

of equations, this system has a non-trivial solution by 2.1.4. 

Hence the vectors are linearly dependent. 

These examples suggest that the question of deciding 

whether a set of vectors is linearly dependent is equivalent to 

asking if a certain homogeneous linear system has non-trivial 

solutions. Further evidence for this is provided by the proof 

of the next result. 

Theorem 4.3.1 

Let A, A2,...,Am be vectors in the vector space F” where 

F is some field. Put A = [A;|A2|...|Am], ann x m matric. 
Then A,, A2,...,Am are linearly dependent if and only if the 

number of pivots of A in row echelon form is less than m. 

Proof 

Consider the equation c; A, + c2A2 +-::+CmAm = 0 where 

C1, C2, --. , Cm are scalars. Equating entries of the vector on 

the left side of the equation to zero, we find that this equation 

is equivalent to the homogeneous linear system 

Cm 

By 2.1.3 the condition for this linear system to have a non- 

trivial solution c,,¢2,...,;Cm is that the number of pivots be 

less than m . Hence this is the condition for the set of column 

vectors to be linearly dependent. 
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In 5.1 we shall learn how to tell if a set of vectors in an 

arbitrary finitely generated vector space is linearly dependent. 

An application to differential equations 

In the theory of linear differential equations it is an im- 

portant problem to decide if a given set of functions in the 

vector space C/a,b] is linearly dependent. These functions 

will normally be solutions of a homogeneous linear differential 

equation. There is a useful way to test such a set of func- 

tions for linear independence using a determinant called the 

Wronskian. 

Suppose that fi, fo,..., fn are functions whose first n —1 

derivatives exist at all points of the interval [a, b]. In particular 

this means that the functions will be continuous throughout 

the interval, so they belong to Ca, b]. Assume that c1,c2,..., 

Cn are real numbers such that c; fy +c2fe+:::+enfn = 0, the 

zero function on [a ,b]. Now differentiate this equation n — 1 
times, keeping in mind that the c; are constants. This results 

in a set of n equations for c,,c2,..., Cn 

er fie? + Coa 21> Fe Cr fp haa 

Ci fp 24 Cofg +e-+ + Cafi,. = 0 

Cry? Migk eg fat woss9g: + en fe? -=0 

This linear system can be written in matrix form: 

fi jo ee a C1 
cael ei ead (alee 

fern porn poe 
By 3.3.2, if the determinant of the coefficient matrix of the 
linear system is not identically equal to zero in [a,b], the 



4.3: Linear Independence in Vector Spaces 109 

linear system has only the trivial solution and the functions 
fi, fa,---,fn will be linearly independent. Define 

Wiese tn) fi fo oat fh 

b iH Bi ME nanere 26. 
ee pay, are plac) 

This determinant is called the Wronskian of the functions 

fi, f2,..-, fn. Then our discussion shows that the following is 
true. 

Theorem 4.3.2 Suppose that fi, fo,...,fn are functions 

whose first n — 1 derivatives exist in the interval [a,b]. If 
W (fi, fo,.--,fn) 1s not identically equal to zero in this inter- 

val, then fi, fo,.--,fn are linearly independent in [a,b]. — 

The converse of 4.3.2 is false. In general one cannot 

conclude that if fi, fo,..., fn are linearly independent, then 

W (fi, fo,.--,fn) is not the zero function. However, it turns 

out that if the functions fj, fo,..., fn are solutions of a ho- 

mogeneous linear differential equation of order n, then the 

Wronskian can never vanish. Hence a necessary and sufficient 

condition for a set of solutions of a homogeneous linear differ- 

ential equation to be linearly independent is that their Wron- 

skian should not be the zero function. For a detailed account 

of this topic the reader should consult a book on differential 

equations such as [16]. 

Example 4.3.3 

Show that the functions 2, e”,e 

dent in the vector space C(0, 1]. 

The Wronskian is 

~2@ are linearly indepen- 
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which is not identically equal to zero in 0, 1]. 

Exercises 4.3 

1. In each of the following cases determine if the subset S of 

the vector space V is linearly dependent or linearly indepen- 

dent: 
(a) V =C? and S consists of the column vectors 

Be | 1 —5 

2 ; 3+ V—-l1 ) 37-1 } 

V/—-1 —2 —6+2/-1 

(b) V = P(R) and S = {r—-1, 2? +1, 2° - 2? —2+3}; 
(c) V = M(2, R) and S consists of the matrices 

2 -3 3 1 12 -7 

GGA /PUVE P28 3 yt en PGs 

2. A subset of a vector space that contains the zero vector is 

linearly dependent: true or false? 

3. If X is a linearly independent subset of a vector space, every 

non-empty subset of X is also linearly independent: true or 

false? 

4. If X is a linearly dependent subset of a vector space, every 
non-empty subset of X is also linearly dependent: true or 
false? 

5. Prove that any three vectors in R? are linearly dependent. 
Generalize this result to R”. 

6. Find a set of n linearly independent vectors in R”. 

7. Find a set of mn linearly independent vectors in the vector 
space Mm »(R). 

8. Show that the functions xz, e* sin x, e* cos x form a lin- 
early independent subset of the vector space C/O, z]. 
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9. The union of two linearly independent subsets of a vector 

space is linearly independent: true or false? 

10. If {u,v}, {v, w}and{w, u} are linearly independent sub- 

sets of a vector space, is the subset {u,v,w} necessarily lin- 
early independent? 

11. Show that two non-zero vectors in R? are linearly de- 

pendent precisely when they are represented by parallel line 

segments in the plane. 



Chapter Five 

BASIS AND DIMENSION 

We now specialize our study of vector spaces to finitely 

generated vector spaces, that is, to those that can be generated 

by finite subsets. The essential fact to be established is that 

in any non-zero vector space there is a basis, that is to say, a 

set of vectors in terms of which every vector of the space can 

be written in a unique manner. This allows the representation 

of vectors in abstract vector spaces by column vectors. 

5.1 The Existence of a Basis 

The following theorem on linear dependence is fundamen- 

tal for everything in this chapter. 

Theorem 5.1.1 

Let Vi, V2,...;Wm be vectors in a vector space V and let S = 

<V1,V2,-..,Wm >, the subspace generated by these vectors. 

Then any subset of S containing m+ 1 or more elements is 
linearly dependent. 

Proof 

To prove the theorem it suffices to show that if uj, Ug,..., 
Um+1 are any m+ 1 vectors of the subspace S, then these vec- 
tors are linearly dependent. This amounts to finding scalars 
C1,C2,-.+,Cm, not all of them zero, such that 

Cyuy + CoUg +++ + Cm4+1Um41 = 0. 

Now, because u; belongs to S, there is an expression 

Uy = dyiV1 + dave +--+ + dmivm 

ay, 



5.1: Existence of a Basis is 

where the d;; are certain scalars. On substituting for the u,, 
we obtain 

m+1 m 

Cj uy + C9Ug +--+ Cm4+1Um4+1 = > G oe avy) 

ct i 

Here we have interchanged the summations over i and j. This 

is permissible since it corresponds to adding up the vectors 

c,d;;,v; in a different order, which is possible in a vector space 

because of the commutative law for addition. 

We deduce from the last equation that the vector c, uj; + 

C2Ug +++: +Cm+1Um-+1 will equal O provided that all the ex- 

pressions 5) d,;c; equal zero, that is to say, C1,C2,...,Cm+1 
form a non-trivial solution of the homogeneous linear system 

DC = 0 where D is the m x (m+ 1) matrix whose (j,i) en- 
try is dj; and C is the column consisting of c1,Cc2,...,Cm41- 

But this linear system has m+ 1 unknowns and m equations; 

therefore, by 2.1.4, there is a non-trivial solution C’. In conse- 

quence there are indeed scalars cj, C2,...,Cm+1, not all zero, 

which make the vector cyu; + CgU2 + +++ +Cm41Um+1 Zero. 

Corollary 5.1.2 

If V is a vector space which can be generated by m elements, 

then every subset of V with m-+1 or more vectors is linearly 

dependent. 

Thus the number of elements in a linearly independent 

subset of a finitely generated vector space cannot exceed the 

number of generators. On the other hand, if a subset is to 

generate a vector space, it surely cannot be too small. We 

unite these two contrasting requirements in the definition of 

a basis. 
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Bases 

Let X be a non-empty subset of a vector space V. Then 

X is called a basis of V if both of the following are true: 

(i) X is linearly independent; 
(ii) X generates V. 

Example 5.1.1 

As a first example of a basis, consider the columns of the 

identity n x n matrix Ip: 

1 0 0 

0 1 0 
fy = ’ ki = : ) » En = 

0 0 1 

From the equation 

(6, + cobo +++: +c, = 

Cn 

it follows that EF, Eo,..., Ep, generate R”. But these vectors 

are also linearly independent; for the equation also shows that 

c,h, + coE2 +-++-+c,Ep cannot equal zero unless all the c; 

are zero. Therefore the vectors Ey, E2,...,En form a basis of 
the Euclidean space R". This is called the standard basis of 
Re 

An important property of bases is uniqueness of express- 
ibility of vectors. 
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Theorem 5.1.3 

If {v1,V2,-..,Vn} is a basis of a vector space V, then each 
vector v in V has a unique expression of the form 

V=C1Vi + CoV2 + +++ +CnVn 

for certain scalars c;. 

Proof 

If there are two such expressions for v, say cjv1 ++-:+¢nVn 

and divi +---+d,vn, then, by equating these, we arrive at 

the equation 

(c; — dy)vi +--+ + (Cn — dn)Vvn = 0. 

By linear independence of the v; this can only mean that c; = 

d; for all 7, so the expression is unique as claimed. 

Naturally the question arises: does every vector space 

have a basis? The answer is negative in general. Since a zero 

space has 0 as its only vector, it has no linearly independent 

subsets at all; thus a zero space cannot have a basis. However, 

apart from this uninteresting case, every finitely generated 

vector space has a basis, a fundamental result that will now 

be proved. Notice that such a basis must be finite by 5.1.2. 

Theorem 5.1.4 

Let V be a finitely generated vector space and suppose that Xo 

is a linearly independent subset of V. Then Xo is contained in 

some basis X of V. 

Proof 

Suppose that V is generated by m elements. Then by 5.1.2 

no linearly independent subset of V can contain more than m 

elements. From this it follows that there exists a subset X 

of V containing Xo which is as large as possible subject to 

being linearly independent. For if this were false, it would be 
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possible to find arbitrarily large linearly independent subsets 

of V. 

We will prove the theorem by showing that the subset 

X is a basis of V. Write X = {vi, Vv2,..-, Vn}. Suppose that 

u is a vector in V which does not belong to X. Then the 

subset {v1,V2,.--,Vn,u} must be linearly dependent since it 
properly contains X. Hence there is a linear relation of the 

form 

C1V1 + CoVg +++: +CnVn +du=0 

where not all of the scalars c,,c2,...,€n,d are zero. Now if 

the scalar d were zero, it would follow that cyv,; + cev2 + 

-+++¢nVn = 0, which, in view of the linear independence of 

Vi, V5,. 4 Vnwcould only meanithat.¢y =cy — 4p ee: 

But now all the scalars are zero, which is not true. Therefore 

d #~ 0. Consequently we can solve the above equation for u to 

obtain 

u= (—d-+e1)v1 =P (—d~+c2)vo <1 abitiani (da Fea ®. 

Hence u belongs to < vj,...,Vn >. From this it follows that 

the vectors v1,..., Vn generate V; since these are also linearly 

independent, they form a basis of V. 

Corollary 5.1.5 

Every non-zero finitely generated vector space V has a basis. 

Indeed by hypothesis V contains a non-zero vector, say v. 
Then {v} is linearly independent and by 5.1.4 it is contained 
in a basis of V. 

Usually a vector space will have many bases. For exam- 
ple, the vector space R? has the basis 
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as well as the standard basis 

And one can easily think of other examples. It is therefore 
a very significant fact that all bases of a finitely generated 
vector space have the same number of elements. 

Theorem 5.1.6 

Let V be a non-zero finitely generated vector space. Then any 

two bases of V have equal numbers of elements. 

Proof 

Let {uj,U2,...,Um} and {v1, v2,...,Vn} be two bases of V. 
Then 

Vee RPI ak lip ee 

and it follows from 5.1.2 that no linearly independent subset 

of V can have more than m elements; hence n < m. In the 

same fashion we argue that m < n. Therefore m = n. 

Dimension 

Let V be a finitely generated vector space. If V is non- 

zero, define the dimension of V to be the number of elements 

in a basis of V; this definition makes sense because 5.1.6 guar- 

antees that all bases of V have the same number of elements. 

Of course, a zero space does not have a basis; however it is 

convenient to define the dimension of a zero space to be 0, 

so that every finitely generated vector space has a dimension. 

The dimension of a finitely generated vector space V is de- 

noted by 
dim(V). 

In fact infinitely generated vector spaces also have bases, 

and it is even possible to assign a dimension to such a space, 
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namely a cardinal number, which is a sort of infinite analog 

of a positive integer. However this goes well beyond our brief, 

so we shall say no more about it. 

Example 5.1.2 

The dimension of R” is n; indeed it has already been shown 

in Example 5.1.1 that the columns of the identity matrix I, 

form a basis of R”. 

Example 5.1.3 

The dimension of P,(R) is n. In this case the polynomials 
1,z,x7,...,2"~+ form a basis (called the standard basis) of 
P, CRY. 

Example 5.1.4 

Find a basis for the null space of the matrix 

[Pei oe! 2 

A=n152 l tes 2 

1 Ord 2 

Recall that the null space of A is the subspace of R4 

consisting of all solutions X of the linear system AX = 0. To 

solve this system, put A in reduced row echelon form using 
row operations: 

[ere Ay seen 3 
Demag Pubes, a 
Deel om wal 0 

From this we read off the general solution in the usual way: 

—4c¢/3 — 4d/3 
y | —¢/3+ 24/3 

Cc 

d 
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Now X can be written in the form 

—4/3 —4/3 
4.1 "1/3 2/3 WW =ic i 8 

0 1 

where c and d are arbitrary scalars. Hence the null space of 
A is generated by the vectors 

~4/3 4/3 
98. 

Xy = A ) X2 = rie 

0 1 

Notice that these vectors are obtained from the general solu- 

on X-py putting c= 1/d = 0, and then.c = 0;d = 1. Now 

X, and X2 are linearly independent. Indeed, if we assume 

that some linear combination of them is zero, then, because 

of the configuration of 0’s and 1’s, the scalars are forced to be 

be zero. It follows that X; and X»2 form a basis of the null 

space of A, which therefore has dimension equal to 2. 

It should be clear to the reader that this example de- 

scribes a general method for finding a basis, and hence the di- 

mension, of the null space of an arbitrary m xn matrix A. The 

procedure goes as follows. Using elementary row operations, 

put A in reduced row echelon form, with say r pivots. Then 

the general solution of the linear system AX = 0 will con- 

tain n — r arbitrary scalars, say C1,C2,...,Cn—r. The method 

of solving linear systems by elementary row operations shows 

that the general solution can be written in the form 

X =X HegXaF et: +. Cnr Xner 

where Xj,..., Xn—r are particular solutions. In fact the solu- 

tion X; arises from X when we put c; = 1 and all other c;’s 
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equal to 0. The vectors X1,X2,...,Xn—,r are linearly inde- 

pendent, just as in the example, because of the arrangement 

of 0’s and 1’s among their entries. It follows that a basis of 

the null space of A is {X,, Xo,...,Xn—r}. We can therefore 

state: 

Theorem 5.1.7 

Let A be a matrix with n columns and suppose that the number 

of pivots in the reduced row echelon form of A is r. Then the 

null space of A has dimension n — Tr. 

Coordinate column vectors 

Let V be a vector space with an ordered basis 

{vi,...,;Vn}; this means that the basis vectors are to be writ- 

ten in the prescribed order. We have seen in 5.1.3 that each 

vector v of V has a unique expression in terms of the basis, 

Vi = CyVi +2: ++ CnhVn 

say. ‘Thus v is completely determined by the scalars c1,..., Cn. 

We call the column 
Cj 

C2 

Cn 

the coordinate vector of v with respect to the ordered basis 
{V1,---,Wn}. Thus each vector in the abstract vector space V 
is represented by an n-column vector. This provides us with 
a concrete way of representing abstract vectors. 

Example 5.1.5 

Find the coordinate vector of ( : ) with respect to the ordered 

basis of R? consisting of the vectors 
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First notice that these two vectors are linearly indepen- 
dent and generate R?, so that they form a basis. We need to 
find scalars c and d such that 

abeens sy na) 
This amounts to solving the linear system 

et Je> = 

c+ 4d*=3 

The unique solution is c = —1, d = 1, and hence the coordi- 
: —] 

nate vector is l 

Coordinate vectors provide us with a method of testing a 

subset of an arbitrary finitely generated vector space for linear 

dependence. 

Theorem 5.1.8 

Let {vi,...,Wn} be an ordered basis of a vector space V. Let 
Uj,..-,Um be a set of vectors in V whose coordinate vectors 

with respect to the given ordered basis are Xj,..., Xm respec- 

tively. Then {uj,...,Um} is linearly dependent if and only 
if the number of pivots of the matriz A = [X,|Xo|...|Xm] is 
less than m. 

Proof 
Write u; = >_j_, 2jiV;; then the entries of X; are a1;,...,@ni, 
so the (j,7) entry of A is aj;. If c1,...,¢m are any scalars, 

then 

m n Tie 

CyUy ++ * +CmUm = Dies feds, A iV5) = Se dysCalvge 

1 a 
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Since v,,...,Vm are linearly independent, the only way that 

C1U, +++: +CmUm can be zero is if the sums EAT aj,c; Vanish 

for 7 = 1,...,n. This amounts to requiring that AC = 0 

where C is the column consisting of c1,...,Cm. We know 

from 2.1.3 that there is such a C’ different from 0 precisely 

when the number of pivots of A is less than m. So this is the 

condition for uj,...,Um to be linearly dependent. 

Example 5.1.6 

Are the polynomials 1—2+22?—2°, r+23, 2+2+42?+2° 
linearly independent in P4(R)? 

Use the standard ordered basis {1,z,27,2°} of Py(R). 
Then the coordinate columns of the given polynomials are the 

columns of the matrix 

Mh 

ike Anil 

Zee 

cate Iho oi 

Using row operations, we see that the number of pivots of 

the matrix is 2, which is less than the number of vectors. 

Therefore the given polynomials are linearly dependent. 

The next theorem lessens the work needed to show that 

a particular set is a basis. 

Theorem 5.1.9 

Let V be a finitely generated vector space with positive dimen- 
sionn. Then 

(i) any set of n linearly independent vectors of V is a 
basis; 

(ii) any set of n vectors that generates V is a basis. 

Proof 

Assume first that the vectors v1, v2,...,Vn are linearly inde- 
pendent. Then by 5.1.4 the set {v1,vo,... ,Vn} is contained 
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in a basis of V. But the latter must have n elements bys5els6i 
and so it coincides with the set of v;,’s. 

Now assume that the vectors v1, v2,...,Vn generate V. 
If these vectors are linearly dependent, then one of them, say 
v;, can be expressed as a linear combination of the others. 
But this means that we can dispense with v; completely and 
generate V using only the v,’s for 7 4 i, of which there are 
n—1. Therefore dim(V) < n—1 by 5.1.2. By this contradiction 
V1, V2,---,Wn are linearly independent, so they form a basis 
of V. 

Example 5.1.7 

The vectors 

1 3 0 
16 Ltedal nel | 

a] 2 2 

are linearly independent since the matrix which they form has 

three pivots; therefore these vectors constitute a basis of R°. 

We conclude with an application of the ideas of this sec- 

tion to accounting systems. 

Example 5.1.8 (Transactions on an accounting system) 

Consider an accounting system with n accounts, say 

Q1,Q2,...,Q@p. At any instant each account has a balance 

which can be a credit (positive), a debit (negative), or zero. 

Since the accounting system must at all times be in balance, 

the sum of the balances of all the accounts will always be zero. 

Now suppose that a transaction is applied to the system. By 

this we mean that there is a flow of funds between accounts of 

the system. If as a result of the transaction the balance of ac- 

count a; changes by an amount ¢;, then the transaction can be 

represented by an n-column vector with entries t,t2,...,¢n. 

Since the accounting system must still be in balance after the 

transaction has been applied, the sum of the t; will be zero. 
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Hence the transactions correspond to column vectors 

ty 

tn 

such that t] +---+t, = 0. Now vectors of this form are easily 

seen to constitute a subspace T' of the vector space R”; this 

is called the transaction space. Evidently T is just the null 

space of the matrix 

jo Teese: Let 

Aah ty fh. 
0” 10* 6 te 0 

Now A is already in reduced row echelon form, so we can read 

off at once the general solution of the linear system AX = 0: 

ag es, 
C2 

X= C3 

Cn 

with arbitrary real scalars c2,c3,...,Cn. Now we can find a 

basis of the null space in the usual way. For 7 = 2,...,n define 

T; to be the n-column vector with first entry —1, ith entry 1, 
and all other entries zero. Then 

X = CoT2 + 6373 + +++ + nT 

and {T>, T3,..., 7} is a basis of the transaction space T. Thus 
dim(T) = n—1. Observe that T; corresponds to a simple 
transaction, in which there is a flow of funds amounting to 
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one unit from account a, to account a; and which does not 
affect other accounts. 

Exercises 5.1 

1. Show that the following sets of vectors form bases of R°, 
and then express the vectors E), F2, E3 of the standard basis 
in terms of these: 

L cro Mi 

(a) Xj = 2 ; X2 = 2 , X3 = 3 } 

1 cn 0 

1 ere 5 

(b)Yi=[{ 1],Y%=(1),¥%=]2 
et! 0 2 

2. Find a basis for the null space of each of the following 

matrices: 

pany) wees gi ong Sud 
(ay [i taepaeer|s2(b)h 49) Spence? 

gli RAG o aly Taide dy low 

3. What is the dimension of the vector space Mm n(F’) where 

F is an arbitrary field of scalars? 

4. Let V be a vector space containing vectors V1, V2,.--,;Vn 

and suppose that each vector of V has a unique expression 

as a linear combination of v1, Vv2,...,Vn- Prove that the v;’s 

form a basis of V. 

5. If S is a subspace of a finitely generated vector space V, 

establish the inequality dim(S) < dim(V). 
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6. If in the last problem dim(S) = dim(V), show that S=V. 

7. If V is a vector space of dimension n,.show that for each 

integer i satisfying 0 < i < n there is a subspace of V which 

has dimension 2. 

6 

8. Write the transaction | —4 } as a linear combination of 

—2 

simple transactions. 

9. Prove that vectors A, B, C generate R® if and only if 
none of these vectors belongs to the subspace generated by 

the other two. Interpret this result geometrically. 

10. If V is a vector space with dimension n over the field of 

two elements, prove that V contains\exactly 2” vectors. 

5.2 The Row and Column Spaces of a Matrix 

Let A be an m X n matrix over some field of scalars F. 

Then the columns of A are m-column vectors, so they belong 

to the vector space F'”, while the rows of A are n-row vectors 

and belong to the vector space F;,. Thus there are two natural 

subspaces associated with A, the row space, which is generated 

by the rows of A and is a subspace of F;,, and the column space, 

generated by the columns of A, which is a subspace of F™. 

We begin the study of these important subspaces by in- 
vestigating the effect upon them of applying row and column 
operations to the matrix. 

Theorem 5.2.1 

Let A be any matriz. 

(i) The row space is unchanged when an elementary row 
operation is applied to A. 

(ii) The column space is unchanged when an elementary 
column operation is applied to A. 
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Proof 

Let B arise from A when an elementary row operation is ap- 
plied. Then by 2.3.1 there is an elementary matrix E such 
that B = EKA. The row-times-column rule of matrix multi- 
plication shows that each row of B is a linear combination of 
the rows of A. Hence the row space of B is contained in the 
row space of A. But A = E~!B, since elementary matrices are 
invertible, so the same argument shows that the row space of 

A is contained in the row space of B. Therefore the row spaces 

of A and B are identical. Of course, the argument for column 

spaces is analogous. 

There are simple procedures available for finding bases 

for the row and column spaces of a matrix. 

(1) To find a basis of the row space of a matrix A, use 
elementary row operations to put A in reduced row echelon 

form. Discard any zero rows; then the remaining rows will 

form a basis of the row space of A. 

(II) To find a basis of the column space of a matrix A, 
use elementary column operations to put A in reduced column 

echelon form. Discard any zero columns; then the remaining 

columns will form a basis of the column space of A. 

Why do these procedures work? By 5.2.1 the row space 

of A equals the row space of R, its reduced row echelon form, 

and this is certainly generated by the non-zero rows of R. Also 

the non-zero rows of R are linearly independent because of the 

arrangement of 0’s and 1’s in R ; therefore these rows form a 

basis of the row space of A. Again the argument for columns 

is similar. This discussion makes the following result obvious. 

Corollary 5.2.2 

For any matriz the dimension of the row space equals the num- 

ber of pivots in reduced row echelon form, with a like statement 

for columns. 
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Example 5.2.1 

Consider the matrix 

Ore ere a ee 

= 1m lee 

sire aKipeelii. isetiegl 
GO. "ly see ae 

The reduced row echelon form of A is found to be 

Te 06. Cpe 

Cla Ot Lael 

tae eee er 

Our Oey Os O.c9 0) 

Hence the row vectors [1001 0], [0101 1], [00101] form 
a basis of the row space of A and the dimension of this space 

is 3. 

In general elementary row operations change the column 

space of a matrix, and column operations change the row 

space. However it is an important fact that such operations 

do not change the dimension. 

Theorem 5.2.3 

For any matriz, elementary row operations do not change the 

dimension of the column space and elementary column opera- 

tions do not change the dimension of the row space. 

Proof 

Take the case of row operations first. Let A be a matrix 

with n columns and suppose that B = EFA where E is an 
elementary matrix. We have to show that the column spaces 
of A and B have the same dimension. Denote the columns 
of A by Ai, A2,..., An. If some of these columns are linearly 
dependent, then there are integers i; < ig < --- < i, and 
non-zero scalars c;,,C;,,...,¢;, such that 

Cay = Cray eis ce Ay. =7(), 
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Consequently there is a non-trivial solution C of the linear 
system AC’ = 0 such that c; £0 for j = 7,...,i,. Using the 
equation B = FA, we find that BC = EAC = E0 = 0. This 
means that columns 7,...,7, of B are also linearly dependent. 

Therefore, if columns j),...,7,; of B are linearly independent, 

then so are columns j),..., 7, of A. Hence the dimension of 

the column space of B does not exceed the dimension of the 

column space of A. 

Since A = E~'B, this argument can be applied equally 

well to show that the dimension of the column space of A does 

not exceed that of B. Therefore these dimensions are equal. 

The truth of the corresponding statement for row spaces 

can be quickly deduced from what has just been proved. Let 

B = AE where E is an elementary matrix. Then B? = 

(AE)? = E’ A’. Now E” is also an elementary matrix, so 

by the last paragraph the column spaces of A? and B? have 

the same dimension. But obviously the column space of A? 

and the row space of A have the same dimension, and there is 

a similar statement for B: the required result follows at once. 

We are now in a position to connect row and column 

spaces with normal form and at the same time to clarify a 

point left open in Chapter Two. 

Theorem 5.2.4 

If A is any matrix, then the following integers are equal: 

(i) the dimension of the row space of A; 
(ii) the dimension of the column space of A; 
(iii) the number of 1’s in a normal form of A. 

Proof 

By applying elementary row and column operations to A, we 

can reduce it to normal form, say 

Ip 30 ve(§ 9) 
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Now by 5.2.1 and 5.2.3 the row spaces of A and N have the 

same dimension, with a like statement for column spaces. But 

it is clear from the form of N that the dimensions of its row 

and column spaces are both equal to r, so the result follows. 

It is a consequence of 5.2.4 that every matrix has a unique 

normal form; for the normal form is completely determined 

by the number of 1’s on the diagonal. 

The rank of a matrix 

The rank of a matrix is defined to be the dimension of the 

row or column space. With this definition we can reformulate 

the condition for a linear system to be consistent. 

Theorem 5.2.5 

A linear system is consistent if and only if the ranks of the 

coefficient matrix and the augmented matrix are equal. 

This is an immediate consequence of 2.2.1, and 5.2.2. 

Finding a basis for a subspace 

Suppose that X 1, Xo,...,X, are vectors in fF" where F 

is a field. In effect we already know how to find a basis for 

the subspace generated by these vectors; for this subspace is 

simply the column space of the matrix [X1|X2|...|X,]. But 
what about subspaces of vector spaces other than F'”? It turns 

out that use of coordinate vectors allows us to reduce the 

problem to the case of F'”. 

Let V be a vector space over F with a given ordered 
basis v1,V2,-.-,Vn, and suppose that S is the subspace of 
V generated by some given set of vectors w1,W2,...,Wm- 
The problem is to find a basis of S. Recall that each vec- 
tor in V has a unique expression as a linear combination of 
the basis vectors v1,...,V, and hence has a unique coordi- 
nate column vector, as described in 5.1. Let w; have co- 
ordinate column vector X; with respect to the given basis. 
Then the coordinate column vector of the linear combination 
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C1 Wi + CoW2 +++: +CRWe is Surely c1X1 + cCoXo4+-+:+c,Xzq. 
Hence the set of all coordinate column vectors of elements of S 
equals the subspace T’ of F” which is generated by X,,..., Xx. 
Moreover w1, W2,..., Wx will be linearly independent if and 
only if X1,X2,...,X, are. In short w,,wo2,...,w, form a 

basis of S if and only if X,, X2,...,X,% form a basis of T; thus 

our problem is solved. 

Example 5.2.2 

Find a basis for the subspace of P,(R) generated by the poly- 

nomials 1 — x — 22°, 1+ 23, 1+2+ 423, 2?. 

Of course we will use the standard ordered basis for P4(R) 
consisting of 1,2,27,2°. The first step is to write down the 

coordinate vectors of the given polynomials with respect to the 

standard basis and arrange them as the columns of a matrix 

A; thus 
1? TE th tO 

i 8 Mg 

OF Vall lade 

=2 eae 

To find a basis for the column space of A, use column opera- 

tions to put it in reduced column echelon form: 

ce on oR CFO eee S 

0) 
1 

0 

3 

The first three columns form a basis for the column space 

of A. Therefore we get a basis for the subspace of P4(R) gen- 

erated by the given polynomials by simply writing down the 

polynomials that have these columns as their coordinate col- 

umn vectors; in this way we arrive at the basis 

pigeon 32°, x’. 
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Hence the subspace generated by the given polynomials has 

dimension 3. 

Exercises 5.2 

1. Find bases for the row and column spaces of the following 

matrices: 

—] Gt 
2 -3 9 @) ( ),@( 3 11 4 —5 36 1 13 3 

2. Find bases for the subspaces generated by the given vectors 

in the vector spaces indicated: 

(a) 1—2e—2°, 3a—2?, lt+a+2?+27,44+72+07 +229 
in P, (R); 

S04 peas OR lave 7 
(b) (| >) (| i) & i Dn Maiey 

3. Let A be a matrix and let N, R and C be the null space, 

row space and column space of A respectively. Prove that 

+) 

i) 

15 

dim(R) + dim(N) = dim(C) + dim(N) = n 

where n is the number of columns of A. 

4. If A is any matrix, show that A and A? have the same 
rank. 

5. Suppose that A is an m x n matrix with rank r. What is 

the dimension of the null space of A?? 

6. Let A and B be m x n and n x p matrices respectively. 

Prove that the row space of AB is contained in the row space 
of B, and the column space of AB is contained in the the 
column space of A. What can one conclude about the ranks 
of AB and BA ? 

7. The rank of a matrix can be defined as the maximum num- 
ber of rows in an invertible submatrix: justify this statement. 
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5.3 Operations with Subspaces 

If U and W are subspaces of a vector space V, there 
are two natural ways of combining U and W to form new 

subspaces of V. The first of these subspaces is the intersection 

UNW, 

which is the set of all vectors that belong to both U and V. 

The second subspace that can be formed from U and W 

is not, as one might perhaps expect, their union U U W;; for 

this is not in general closed under addition, so it may not be 

a subspace. The subspace we are looking for is the sum 

U+W, 

which is defined to be the set of all vectors of the form u+w 

where u belongs to U and w to W. 

The first point to note is that these are indeed subspaces. 

Theorem 5.3.1 

If U and W are subspaces of a vector space V, then UMW 

and U + W are subspaces of V. 

Proof 
Certainly UMW contains the zero vector and it is closed with 

respect to addition and scalar multiplication since both U and 

W are; therefore UM W is a subspace. 

The same method applies to U+W. Clearly this contains 

0+0=0. Also, if uj, ug and wi, we are vectors in U and 

W respectively, and c is a scalar, then 

(u, + wi) + (U2 + We) = (ui + U2) + (wi + Wo) 

and 

c(u; + wi) = cu; + cw), 
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both of which belong to U + W. Thus U + W is closed with 

respect to addition and scalar multiplication and so it is a 

subspace. 

Example 5.3.1 

Consider the subspaces U and W of R* consisting of all vectors 

of the forms 
a 0 

b and : 
Cc e€ 

0 f 

respectively, where a, b, c, d, e are arbitrary scalars. Then 

UMW consists of all vectors of the form 

0 
b 

Cc 

0 

while U + W equals R* since every vector in R* can be ex- 

pressed as the sum of a vector in U and a vector in W. 

For subspaces of a finitely generated vector space there is 

an important formula connecting the dimensions of their sum 

and intersection. 

Theorem 5.3.2 

Let U and W be subspaces of a finitely generated vector space 
V. Then 

dim(U + W) + dim(U NW) = dim(U) + dim(W). 

Proof 

If U = 0, then obviously V+ W = W and UNW = 0; in this 
case the formula is certainly true, as it is when W = 0. 
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Assume therefore that U #4 0 and W ¥ 0, and put 
m = dim(U) and n = dim(W). Consider first the case where 
UNW = 0. Let {uj,u2,...,um} and {wi,wo,...,wn} be 
bases of U and W respectively. Then the vectors uj,...,Um 
and wj,...,W,p surely generate U + W. In fact these vectors 

are also linearly independent: for if there is a linear relation 
between them, say 

C1Uy +++ + CmUm + diwi +++» +dnWn = 0, 

then 

CjUy + +++ +CmUm = (—di) wi +--+ + (—dn)Wn, 

a vector which belongs to both U and W, and so toUNW, 

which is the zero subspace. Consequently this vector must be 

the zero vector. Therefore all the c; and d; must be zero since 

the u; are linearly independent, as are the w;. Consequently 

the vectors Uj,...,Um,W1,...,Wn form a basis of U+ W, so 

that dim(U + W) = m+n = dim(U) + dim(W), the correct 
formula since UMW = 0 in the case under consideration. 

Now we tackle the more difficult case where UN W 4 0. 

First choose a basis for UMW, say {z1,...,2r}. By 5.1.4 this 
may be extended to bases of U and of W, say 

i is mt Pee A sage dk Ua 

and 

{Zige 0 Zs Weel Wn} 

respectively. Now the vectors 

Z1-++)Zr,Upti1,--+)Um, Wr+1;-++,Wn 

generate U + W: for we can express any vector of U or W in 

terms of them. What still needs to be proved is that they are 
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linearly independent. Suppose that in fact there is a linear 

relation 

mr 

Spun ante ot Vila +S d,pw, = 0 

I J=Paes k=r-+1 

where the e;, cj, dx are scalars. Then 

De fs ABs —e;)2; + oa —C;)Uy;, 

k=r+1 ti g=r+1 

which belongs to both U and W and so to UMW. The 

vector ) > d, wy, is therefore expressible as a linear combination 

of the z; since these vectors are known to form a basis of 

the subspace UW. However 2Z1,...,Z,-,Wr+1,---,Wn are 

definitely linearly independent. Therefore all the d; are zero 

and our linear relation becomes 

Yew + Sse cju; = 0. 

j=rt+l1 

But Z1,...,Zr,U,p41,,Um are linearly independent, so it fol- 

lows that the c; and the e; are also zero, which establishes 
linear independence. 

Wer concludesthat the vectors/zi, «2, 2,) ery) eee ee 

Wr+1;:++;Wn form a basis of U+ W. A count of the basis 

vectors reveals that dim(U + W) equals 

r+(m—r)+(n-r)=m+n-—-r 

=dim(U) + dim(W) — dim(U NW). 

Example 5.3.2 

Suppose that U and W are subspaces of R!° with dimensions 
6 and 8 respectively. Find the smallest possible dimension for 
UNW. 
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Of course dim(R*°) = 10 and, since U + W is a subspace of 
R’°, its dimension cannot exceed 10. Therefore byes73.2 

dim(U 1 W) = dim(U) + dim(W) — dim(U + W) 
Seba Reiel0.— 4. 

So the dimension of the intersection is at least 4. The reader 

is challenged to think of an example which shows that the 

intersection really can have dimension 4. 

Direct sums of subspaces 

Let U and W be two subspaces of a vector space V. Then 

V is said to be the direct sum of U and W if 

Va ew yand UTIW =0. 

The notation for the direct sum is 

V=U0W. 

Notice the consequence of the definition: each vector v of V 

has a unique expression of the form v = u+w where u belongs 

to U and w to W. Indeed, if there are two such expressions 

v =u, + Ww, = Uu2+ we with u; in U and w; in W, then 

u, — Ug = We — Wi, which belongs to UMW = 0; hence 

u,; = U2 and Wi, = W2. 

Example 5.3.3 

Let U denote the subset of R® consisting of all vectors of the 

form 
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and let W be the subset of all vectors of the form 

0 

0) 

é 

where a, b, c are arbitrary scalars. Then U and W are sub- 

spaces of R3. In addition U+W = R* and UNW =0. Hence 

R° =UOW. 

Theorem 5.3.3 

If V is a finitely generated vector space and U and W are 

subspaces of V such that V =U ®@W, then 

dim(V) = dim(U) + dim(W). 

This follows at once from 5.3.2 since dim(U NW) = 0. 

Direct sums of more than two subspaces 

The concept of a direct sum can be extended to any finite 

set of subspaces. Let U;,U2,...,Ux be subspaces of a vector 

space V. First of all define the sum of these subspaces 

CEs tH OF 

to be the set of all vectors of the form u, +--+: + u, where 

u; belongs to U;. This is clearly a subspace of V. The vector 
space V is said to be the direct sum of the subspaces U,,... Us, 
in symbols 

V =U, 06U2@:::@Uk, 

if the following hold: 

Gi) V=U,+---+U,; 
(ijstomeachys— 150.4 a ,k the intersection of U; with the 
sum of all the other subspaces U;, j 4 i, equals zero. 
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In fact these are equivalent to requiring that every ele- 
ment of V be expressible in a unique fashion as a sum of the 
form u; + ---+ ug where u; belongs to Uj. 

The concept of a direct sum is a useful one since it often 
allows us to express a vector space as a direct sum of subspaces 
that are in some sense simpler. 

Example 5.3.4 

Let U,,U2,U3 be the subspaces of R® which consist of all 
vectors of the forms 

SoS 1S eres Solo Ce © Op Sy eye] fe 

respectively, where a, b, c, d, e are arbitrary scalars. Then 

R° =U, @U2 OB U3. 

Bases for the sum and intersection of subspaces 

Suppose that V is a vector space over a field F' with posi- 

tive dimension n and let there be given a specific ordered basis. 

Assume that we have vectors uj,...,U, and w),..., Ws, gen- 

erating subspaces U and W respectively. How can we find 

bases for the subspaces U-++W and UMW and hence compute 

their dimensions? 

The first step in the solution is to translate the problem 

to the vector space F”. Associate with each u; and w,; its 

coordinate column vector X; and Y; with respect to the given 

ordered basis of V. Then X,...,X, and Yj,..., Y, generate 

respective subspaces U* and W* of F”. It is sufficient if we 

can find bases for U* + W* and U* 1 W* since from these 

bases for U + W and UNW can be read off. So assume from 

now on that V equals F’”. 
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Take the case of U + W first — it is the easier one. Let A 

be the matrix whose columns are uj,...,U,;: remember that 

these are now n-column vectors. Also let B be the matrix 

whose columns are W1,..., Ws. Then U+W is just the column 

space of the matrix M = [A | B]. A basis for U + W can 
therefore be found by putting M in reduced column echelon 

form and deleting the zero columns. 

Turning now to UNW, we look for scalars c; and d; such 

that 

cj, +++: +c,u, = djwi +:::+dsw, : 

for every element of UN W is of this form. Equivalently 

cjU, + ---+c,u, + (—d)wi + ---+ (—d,;)w, = 0. 

Now this equation asserts that the vector 

Cy 

—d; 

belongs to the null space of [A | B]. A method for finding a 
basis for the null space of a matrix was described in 5.1. To 
complete the process, read off the the first r entries of each 
vector in the basis of the null space of [A | B], and take these 
entries to be c,,...,c,. The resulting vectors form a basis of 
UNW. 

Example 5.3.5 

Let 
1 0 2 I. 

2 1 5 
M= 

2° -2 -1 -1 

1 1 5 3 
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and denote by U and W the subspaces of R* generated by 
columns 1 and 2, and by columns 3 and 4 of M respectively. 
Find a basis for U + W. 

Apply the procedure for finding a basis of the column 

space of M. Putting M in reduced column echelon form, we 

obtain 
1 0° 0 0 

0 1 0 0 

0 0 10 

3-1/3 -2/3 0 

The first three columns of this matrix form a basis of U + W; 

hence dim(U + W) = 3. 

Example 5.3.6 

Find a basis of UMW where U and W are the subspaces of 

Example 5.3.5. 

Following the procedure indicated above, we put the ma- 

trix M in reduced row echelon form: 

Pero) 

Une en 

040. 1 1 

Oe0 “Uv 0 

From this a basis for the null space of M can be read off, as 

described in the paragraph preceding 5.1.7; in this case the 

basis has the single element 

=] 

1 

Therefore a basis for UM W is obtained by taking the linear 

combination of the generating vectors of U corresponding to 
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the scalars in the first two rows of this vector, that is to say 

1 

3 

—2 0 

2 ep bp 

Thus dim(U 1 W) = 1. 

Example 5.3.7 

Find bases for the sum and intersection of the subspaces U and 

W of P,4(R) generated by the respective sets of polynomials 

{14+27+a3,1—2—27} and {x +2? — 32°, 24 2r — 22°}. 

The first step is to translate the problem to R* by writing 

down the coordinate columns of the given polynomials with 

respect to the standard ordered basis 1, x, x7, 2° of P4(R). 
Arranged as the columns of a matrix, these are 

fe BO 4y2 
Sy > ie te ey 
Aloe 2 ig 10 

y § 23 g22 

Let U* and W* be the subspaces of R* generated by the 
coordinate columns of the polynomials that generate U and 
W, that is, by columns 1 and 2, and by columns 3 and 4 of 
A respectively. Now find bases for U* + W* and U* W*, 
just as in Examples 5.3.5 and 5.3.6. It emerges that U* +W%, 
which is just the column space of A, has a basis 

if 0 0 

0 i 0 
Oufisitel cOn 12 1 

—3 2 —5 
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On writing down the polynomials with these coordinate vec- 
tors, we obtain the basis 1-323, 7+223, 12-523 for U*+W*. 

In the case of UMW the procedure is to find a basis for 
U*W*. This turns out to consist of the single vector 

1 

“a 

1 

—1 

Finally, read off that the polynomial 

1-(14+22+2°)+1-(l-a2—2’?)=2+a¢-274+23 

forms a basis of UM W. 

Quotient Spaces 

We conclude the section by describing another subspace 

operation, the formation of the quotient space of a vector 

space with respect to a subspace. This new vector space is 

formed by identifying the vectors in certain subsets of the 

given vector space, which is a construction found throughout 

algebra. 

Proceeding now to the details, let us consider a vector 

space V with a fixed subspace U. The first step is to define 

certain subsets called cosets: the coset of U containing a given 

vector v is the subset of V 

v+U={v+u|uecJ}. 

Notice that the coset v + U really does contain the vector v 

since v= v+0€v+U. Observe also that the coset v + U 

can be represented by any one of its elements in the sense that 

(v+u)+U=v+U foralluecvU. 
An important feature of the cosets of a given subspace is 

that they are disjoint, i.e., they do not overlap. 
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Lemma 5.3.4 

If U is a subspace of a vector space V, then distinct cosets of 

U are disjoint. Thus V is the disjoint union of all the distinct 

cosets of U. 

Proof 

Suppose that cosets v + U and w+ U both contain a vector 

x: we will show that these cosets are the same. By hypothesis 

there are vectors u,, U2 in U such that 

X = Veil —tw, +B 

Hence v = w+ u where u = Up — uy € U, and consequently 

v+U =(w+u)+U =w+JU, since u+ U =U, as claimed. 

Finally, V is the union of all the cosets of U since vEv+U. 

The set of all cosets of U in V is written 

VieU. 

A good way to think about V/U is that its elements arise by 

identifying all the elements in a coset, so that each coset has 

been “compressed” to a single vector. 

The next step in the construction is to turn V/U into a 
vector space by defining addition and scalar multiplication on 

it. There are natural definitions for these operations, namely 

ft toe Beh ea 

c(v+U)=(cv)+U 

where v, w € V and cis a scalar. ! 
Although these definitions look natural, some care must 

be exercised. For a coset can be represented by any of its 
vectors, so we must make certain that the definitions just given 
do not depend on the choice of v and w in the cosets v + U 
and w+ U. 
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To verify this, suppose we had chosen different represen- 
tatives, say v’ for v+U and w’ forw+U. Then v’ =v+u, 
and w’ = w+ uz where uj, us € U. Therefore 

vi +w =(v+w)+(uj+ug) € (v+w) +, 

so that (v’ + w’)+U =(v+w)+U. Also ev’ =cv+cu, € 
(cu) + U and hence cv’ +U =cv+U. These arguments show 
that our definitions are free from dependency on the choice of 

coset representatives. 

Theorem 5.3.5 

If U is a subspace of a vector space V over a field F', then V/U 

ts a vector space over F where sum and scalar multiplication 

are defined above: also the zero vector is 0+ U =U and the 

negative of v+U is (—v)+U. 

Proof 

We have to check that the vector space axioms hold for V/U, 
which is an entirely routine task. As an example, let us verify 

one of the distributive laws. Let v,w € V and let c € F. 

Then by definition 

c((v+U)+(w+U)) =c((v+w)+U)=c(v+w)+U 
= (cv + cw) + U, 

which by definition equals (cv+U)+(cw+U). This establishes 
the distributive law. Verification of the other axioms is left to 

the reader as an exercise. It also is easy to check that 0 is the 

zero vector and (—v) + U the negative of v + U. 

Example 5.3.8 

Suppose we take U to be the zero subspace of the vector space 

V: then V/0 consists of all v + 0 = {v}, ie., the one-element 

subsets of V. While V/0 is not the same vector space as V, 

the two spaces are clearly very much alike: this can be made 

precise by saying that they are isomorphic (see 6.3). 
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At the opposite extreme, we could take U = V. Now 

V/V consists of the cosets v + V = V, ie., there is just one 

element. So V/V is a zero vector space. 

We move on to more interesting examples of coset forma- 

tion. 

Example 5.3.9 

Let S be the set of all solutions of a consistent linear system 

AX = B of m equations in n unknowns over a field F’. If 

B = 0, then S is a subspace of Ff”, namely, the solution 

space U of the associated homogeneous linear system AX = 0. 

However, if B 4 0, then S is not a subspace: but we will see 

that it is a coset of the subspace U. 

Since the system is consistent, there is at least one solu- 

tion, say X;. Suppose X is another solution. Then we have 

AX, = B and AX = B. Subtracting the first of these equa- 

tions from the second, we find that 

peel A Nite Al Keak gl 

so that X —X; € U and X € X,+U, where U is the solution 

space of the system AX = 0. Hence every solution of AX = B 

belongs to the coset X; + U and thus S C X,+U. 

Conversely, consider any Y € X,; + U, say Y = X14+Z 

where Z € U. Then AY = AX,+AZ = B+0= B. Therefore 

Yes ands xXreus 

These considerations have established the following re- 
sult. 

Theorem 5.3.6 

Let AX = B be a consistent linear system. Let X, be any 
fied solution of the system and let U be the solution space of 
the associated homogeneous linear system AX =0. Then the 
set of all solutions of the linear system AX = B is the coset 
X,+U. 
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Our last example of coset formation is a geometric one. . 

Example 5.3.10 

Let A and B be vectors in R? representing non-parallel line 
segments in 3-dimensional space. Then the subspace 

U — <A; BB > 

has dimension 2 and consists of all cA+ dB, (c,d € R). The 

vectors in U are represented by line segments, drawn from the 

origin, which lie in a plane P. Now choose X € R?, with 

AS (x1, LD, x3)", 

A typical vector in the coset X +U has the form 

X+cA+dB, withc,dé€ R, ie., 

(z1 +ca, + db, r2+cag+dbp x3 + ca3 + db)? . 

Now the points (4; +ca; +db,, r2+ca2+db2, +3 +ca3 +db3) 

lie in the plane P, passing through the point (21, 22, x3), 
which is parallel to the plane P. This is seen by forming the 

line segment joining two such points. The elements of X + U 

correspond to the points in the plane P: the latter is called 

a translate of the plane P. 

Dimension of a Quotient Space 

We conclude the discussion by noting a simple formula 

for the dimension of a quotient space of a finite dimensional 

vector space. 

Theorem 5.3.7 

Let U be a subspace of a finite dimensional vector space V. 

Then 

dim(V/U) = dim(V) — dim(U). 
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Proof 

If U = 0, then dim(U) = 0 and V/0 = {{v} | v € V}, which 

clearly has the same dimension as V. Thus the formula is 

valid in this case. 

Now let U # 0 and choose a basis {uj,..., Um} of U. By 

5.1.4 we may extend this to a basis 

{ure sh Umi -comblath 

of V. Here of course m = dim(U) and n = dim(V). A typical 

element v of V has the form v = 5° c;u;, where the c; are 
ca 

scalars. Next 

nr n 

v+U =( > cu;) +U = > en uz U )y 
i=m+1 i=m+1 

; m 

since pS cju; € U. Hence u,z+1+U, ..., un, + U generate 
(reaal 

the quotient space V/U. 

On the other hand, if }) ¢(uj+U) =O0y/y =U, then 
i=m+1 

n 

>» cu; € U, so that this vector is a linear combination of 
i=m+1 

U1,...,Um. Since the u; are linearly independent, it follows 
that Cm41 = ++: = Cy, = 0. Therefore uyz41+U, ...,un+U 
form a basis of V/U and hence 

dim(V/U) =n — m = dim(V) — dim(U). 

Exercises 5.3 

1. Find three distinct subspaces U, V, W of R? such that 
R’=U®V=VOW=WouU. 
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2. Let U and W denote the sets of all n x n real symmetric 
and skew-symmetric matrices respectively. Show that these 

are subspaces of M,,(R), and that M/,,(R) is the direct sum of 
U and W. Find dim(U) and dim(W). 

3. Let U and W be subspaces of a vector space V and suppose 

that each vector v in V has a unique expression of the form 

v = u+ w where u belongs to U and w to W. Prove that 

Vrs=U 8 W. 

4. Let U,V,W be subspaces of some vector space and suppose 

that U C W. Prove that 

(U+V)aWw=U+(Vi a W): 

5. Prove or disprove the following statement: if U, V, W are 

subspaces of a vector space, then (U+V)NW =(UNW)+ 
(VOW). 

6. Suppose that U and W are subspaces of Pi4(R) with 
dim(U) = 7 and dim(W) = 11. Show that dim(UN W) > 4. 
Give an example to show that this minimum dimension can 

occur. 

7. Let M be the matrix 

3.3 PAR 

| as ed be 

| 3.5 

—2 4 es 

and let U and W be the subspaces of R* generated by rows 1 

and 2 of M, and by rows 3 and 4 of M respectively. Find the 

dimensions of U + W and UN W. 

8. Define polynomials 

fr=1l—2r+2°, fo=at2?—2°. 
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and 

gy = 2420 — 422 +23, 99 = 1-2 +2", 93 = 2430-27. 

Let U be the subspace of P4(R) generated by {f1, fo} and let 

W be the subspace generated by {g1, 92, 93}. Find bases for 

the subspaces U + W and UN W. 

9. Let U;,...,U,% be subspaces of a vector space V. Prove 

that V = U; ®:--@U, if and only if each element of V has a 

unique expression of the form u; + --:+u, where u; belongs 

to UF. 

10. Every vector space of dimension n is a direct sum of n 

subspaces each of which has dimension 1. Explain why this 

true. 

11. If U,,...,U,% are subspaces of a finitely generated vec- 

tor space whose sum is the direct sum, find the dimension of 

U,®--- @Ux. 

12. Let U,, Uz, U3 be subspaces of a vector space such that 

U; a) U2 = U2 a) U3. = Us M U, = 0. Does it follow that 

U;, + Ug + U3 = U; @U2 @ U3? Justify your answer. 

13. Verify that all the vector space axioms hold for a quotient 

space V/U. 

14. Consider the linear system of Exercise 2.1.1, 

Cae eGo OLS Fit, = 1 

Slijeet 2g hg et aa 

(a) Write the general solution of the system in the form 
Xo+Y, where Xo is a particular solution and Y is the general 
solution of the associated homogeneous system. 

(b) Identify the set of all solutions of the given linear 
system as a coset of the solution space of the associated ho- 
mogeneous linear system. 
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15. Find the dimension of the quotient space P,(R)/U where 
U is the subspace of all real constant polynomials. 

16. Let V be an n-dimensional vector space over an arbitrary 

field. Prove that there exists a quotient space of V of each 

dimension 7 where 0 <i <n. 

17. Let V be a finite-dimensional vector space and let U and 

W be two subspaces of V. Prove that 

dim((U + W)/W) = dim(U/(UNW)). 
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LINEAR TRANSFORMATIONS 

A linear transformation is a function between two vector 

spaces which relates the structures of the spaces. Linear trans- 

formations include operations as diverse as multiplication of 

column vectors by matrices and differentiation of functions 

of a real variable. Despite their diversity, linear transforma- 

tions have many common properties which can be exploited 

in different contexts. This is a good reason for studying linear 

transformations and indeed much else in linear algebra. 

In order to establish notation and basic ideas, we begin 

with a brief discussion of functions defined on arbitrary sets. 

Readers who are familiar with this elementary material may 

wish to skip 6.1. 

6.1 Functions Defined on Sets 

If X and Y are two non-empty sets, a function or mapping 

from X to Y, 

P:xX > Y, 

is a rule that assigns to each element x of X a unique element 

F(a) of Y, called the image of x under F. The sets X and 

Y are called the domain and codomain of the function F' re- 

spectively. The set of all images of elements of X is called the 

image of the function F; it is written 

Im(F). 

Examples of functions abound; the most familiar are quite 
likely the functions that arise in calculus, namely functions 
whose domain and codomain are subsets of the set of real 
numbers R. An example of a function which has the flavor 

152 
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of linear algebra is F : My n(R) — R defined by F(A) = 
det(A), that is, the determinant function. 

A very simple, but nonetheless important, example of a 
function is the identity function on a set X; this is the function 

ly :X —~X 

which leaves every element of the set X fixed, that is, 1x(x) = 
x for all elements x of X. 

Next, three important special types of function will be 

introduced. A function F': X — Y is said to be injective (or 

one-one) if distinct elements of X always have distinct images 

under F’, that is, if the equation F(x,) = F'(x2) implies that 

Z1 = X2. On the other hand, F' is said to be surjective (or 
onto) if every element y of Y is the image under F of at least 

one element of X, that is, ify = F(x) for some z in X. Finally, 

F is said to be bijective (or a one-one correspondence) if it is 
both injective and surjective. 

We need to give some examples to illustrate these con- 

cepts. For convenience these will be real-valued functions of 

a real variable a. 

Example 6.1.1 

Define F; : R — R by the rule F(x) = 2%. Then F; is 

injective since 2” = 2% clearly implies that x = y. But F) 

cannot be surjective since 2” is always positive and so, for 

example, 0 is not the image of any element under F’ 

Example 6.1.2 

Define a function F) : R > R by Fo(x) = 2?(x — 1). Here 
F> is not injective; indeed F2(0) = 0 = Fo(1). However F» is 

surjective since the expression z*(x—1) assumes all real values 

as x varies. The best way to see this is to draw the graph of 

the function y = x?(x — 1) and observe that it extends over 

the entire y-axis. 
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Example 6.1.3 

Define F3: R > R by Fo(x) = 2x — 1. This function is both 

injective and surjective, so it is bijective. (The reader should 

supply the proof.) 

Composition of functions 

Consider two functions F : X — Y and G: U — V such 

that the image of G is a subset of X. Then it is possible to 

combine the functions to produce a new function called the 

composite of F and G 

EOG tO 

by applying first G and then F’; thus the image of an element 

x of U is given by the formula 

F 0G(z) = F(G(z)). 

Here it is necessary to know that Im(G) is contained in X, 
since otherwise the expression F'(G(x)) might be meaningless. 

Example 6.1.4 

Consider the functions F : R? — R and G: C > R? defined 

by the rules 

F(§) = fo? +? and G(a+V=1b) = ex 
2b 

Here a and b are arbitrary real numbers. Then FoG:C—->R 
exists and its effect is described by 

FoG(a+ V—1b) =F) = 4a? + 402. 

A basic fact about functional composition is that it sat- 
ishes the associative law. First let us agree that two functions 
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F' and G are to be considered equal — in symbols F = G - if 
they have the same domain and codomain and if F(x) = G(z) 
for all zx. 

Theorem 6.1.1 

LetF:X —>Y,G:U—-V andH:R-—S be functions such 

that Im(H) is contained in U and Im(G) is contained in X. 
Then Fo(GoH)=(FoG)od. 

Proof 

First observe that the various composites mentioned in the 

formula make sense: this is because of the assumptions about 

Im(#) and Im(G). Let x be an element of X. Then, by the 
definition of a composite, 

Peete oH Cry PilG oH )(r)) — PF (G He) 

In a similar manner we find that (F'oG) 0 H(z) is also equal to 
this element. Therefore F0(GoH) = (F'0G) oH, as claimed. 

Another basic result asserts that a function is unchanged 

when it is composed with an identity function. 

Theorem 6.1.2 

If F:X —Y is any function, then Folxy =F=l1yoF. 

The very easy proof is left to the reader as an exercise. 

Inverses of functions 

Suppose that F : X — Y is a function. An inverse of 

F is a function of the form G : Y — X such that FoG and 

G o F are the identity functions on Y and on X respectively, 

that is, 

F(G(y))=y and G(F(z))=2 

for all x in X and y in Y. A function which has an inverse is 

said to be invertible. 
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Example 6.1.5 

Consider the functions F and G with domain and codomain 

R which are defined by F(x) = 2x — 1 and G(x) = (+ 1)/2. 

Then G is an inverse of F since Fo G and Go F are both 

equal to 1p. Indeed 

F 0 G(x) = F(G(2)) = F((e +1)/2) = U(e +1)/2)-1=2, 
with a similar computation for Go F(z). 

Not every function has an inverse; in fact a basic theorem 

asserts that only the bijective ones do. 

Theorem 6.1.3 

A function F : X — Y has an inverse if and only if it is 

bijective. 

Proof 

Suppose first that F’ has an inverse function G: Y — X. 

If F(x,) = F(a), then, on applying G to both sides, we 
obtain Go F(z) = Go F(z2). But Go F is the identity 
function on X, so 21 = X2. Hence F is injective. Next let y 

be any element of Y; then, since F'0G is the identity function, 

y = FoG(y) = F(G(y)), which shows that y belongs to the 
image of F and F is surjective. Therefore F is bijective. 

Conversely, assume that F' is a bijective function. We 

need to find an inverse function G: Y — X for F. To this end 

let y belong to Y; then, since F' is surjective, y = F(z) for 
some x in X; moreover zx is uniquely determined by y since 
F' is injective. This allows us to define G(y) to be x. Then 
G(F(x)) = G(y) = x and F(G(y)) = F(x) = y. Here it is 
necessary to observe that every element of X is of the form 
G(y) for some y in Y, so that G(F(x)) equals x for all elements 
x of X. Therefore G is an inverse function for F. 

The next observation is that when inverse functions do 
exist, they are unique. 
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Theorem 6.1.4 

Every bijective function F : X — Y has a unique inverse 
function. 

Proof 

Suppose that F has two inverse functions, say G; and Go. 

Then (G, 0 F) 0 Gz = 1x 0 G2 = Go by 6.1.2. On the other 

hand, by 6.1.1 this function is also equal to G; 0 (Fo G2) = 
Gi fe) ly = G\. Thus Gi = Go. 

Because of this result it is unambiguous to denote the 

inverse of a bijective function F: X — Y by 

Bain VEX: 

To conclude this brief account of the elementary theory of 

functions, we record two frequently used results about inverse 

functions. 

Theorem 6.1.5 

(a) If F: X —Y is an invertible function, then F~! is 
invertible with inverse F. 

(b) [fF :X —-Y andG:U—X are invertible 
functions, then the function FoG:U —Y 

is invertible and its inverse is G~1o F7}. 

Proof 
Since Fo F~! = ly and F-!oF = 1y, it follows that F is 

the inverse of F~'. For the second statement it is enough to 

check that when G~! o F~' is composed with Fo G on both 

sides, identity functions result. To prove this simply apply the 

associative law twice. 
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Exercises 6.1 

1. Label each of the following functions F' : R — R injective, 

surjective or bijective, as is most appropriate. (You may wish 

to draw the graph of the function in some cases): 

(a) F(a) = 27; (b) F(x) = 2°/(x? + 1); 
(c) AF (2%) =0(t 1) (= 2) de F (a) aa eP AE 2. 

2. Let functions F and G from R to R be defined by F(x) = 
2x —3, and G(x) = (x?—1)/(x?+1). Show that the composite 
functions F oG and Go F are different. 

3. Verify that the following functions from R to R are mutu- 

ally inverse: F(x) = 32 — 5 and G(x) = (x + 5)/3. 

4, Find the inverse of the bijective function F : R — R 

defined by F(x) = 2x? — 5. 

5. Let G: Y — X be an injective function. Construct a 

function F': X — Y such that F'oG is the identity function 

on Y. Then use this result to show that there exist functions 

F,G:R—Rsuch that FoG=1p but GoF Alp. 

6. Prove 6.1.2. 

7. Complete the proof of part (b) of 6.1.5. 

6.2 Linear Transformations and Matrices 

After the preliminaries on functions, we proceed at once 
to the fundamental definition of the chapter, that of a linear 
transformation. Let V and W be two vector spaces over the 
same field of scalars F. A linear transformation (or linear 
mapping) from V to W is a function 

T:V—W 

with the properties 

T (vi + v2) = T(vi) + T(v2) nd T(cv) =cT(v) 
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for all vectors v, v1, V2 in V and all scalars ¢ in F. In short 
the function T is required to act in a “linear” fashion on sums 
and scalar multiples of vectors in V. In the case where T is a 
linear transformation from V to V, we say that T is a linear 
operator on V. 

Of course we need some examples of linear transforma- 

tions, but these are not hard to find. 

Example 6.2.1 

Let the function T : R® — R? be defined by the rule 

T( yew). 

Thus T simply “forgets” the third entry of a vector. From 

this definition it is obvious that T is a linear transformation. 

Now recall from Chapter Four the geometrical interpreta- 

tion of the column vector with entries a, b,c as the line segment 

joining the origin to the point with coordinates (a, b,c). Then 

the linear transformation T projects the line segment onto the 

xry-plane. Consequently projection of a line in 3-dimensional 

space which passes through the origin onto the xy-plane is a 

linear transformation from R? to R?. 

The next example of a linear transformation is also of a 

geometrical nature. 

Example 6.2.2 

Suppose that an anti-clockwise rotation through angle @ about 

the origin O is applied to the xy-plane. Since vectors in R? 

are represented by line segments in the plane drawn from the 

origin, such a rotation determines a function T’ : R’ — RR’. 

here the line segment representing TX) is obtained by rotat- 

ing the line segment that represents X. 
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To show that T is a linear operator on R’, we suppose that 

Y is another vector in R?. 

T(X+Y) 

Referring to the diagram above, we know from the trian- 

gle rule that X+/Y is represented by the third side of the trian- 

gle formed by the line segments representing X and Y. When 

the rotation is applied to this triangle, the sides of the result- 

ing triangle represent the vectors T(X), T(Y), T(X)+T(Y), 
as shown in the diagram. The triangle rule then shows that 

T(X+Y)=T(X)+4+T(Y). 
In a similar way we can see from the geometrical inter- 

pretation of scalar multiples in R? that T(cX) = cT(X) for 
any scalar c. It follows that T is a linear operator on R?. 

Example 6.2.3 

Define T : D..[a, b] > D.|a, b] to be differentiation, that is, 

Here D(a, b] denotes the vector space of all functions of x 

that are infinitely differentiable in the interval [a ,b]. Then 
well-known facts from calculus guarantee that T is a linear 
operator on D,|a, d}. 

This example can be generalized in a significant fashion 
as follows. Let a1, a2,...,@n be functions in D.[a, b]. For any 
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f in Dx[a, b], define T(f) to be 

Onf™ + anf) + +--+ arf! + aof. 
Then T is a linear operator on D,.[a,b], once again by ele- 
mentary results from calculus. Here one can think of T as a 

sort of generalized differential operator that can be applied to 

functions in D,[a, 5}. 

Our next example of a linear transformation involves quo- 

tient spaces, which were defined in 5.3. 

Example 6.2.4 

Let U be a subspace of a vector space V and define a function 

T:V—V/U by the rule T(v) = v+U. It is simple to verify 
that T is a linear transformation: indeed, 

T(vi + V2) = (vi +2) +U =(v, + U) +: (v2 + U) 

=T(vi) + T(v2) 
by definition of the sum of two vectors in a quotient space. In 

a similar way one can show that T(cv) = c(T(v)). 

The function just defined is often called the canonical 

linear transformation associated with the subspace U. 

Finally, we record two very simple examples of linear 

transformations. 

Example 6.2.5 

(a) Let V and W be two vector spaces over the same field. The 
function which sends every vector in V to the zero vector of W 

is a linear transformation called the zero linear transformation 

from V to W;; it is written 

Ov,w or simply 0. 

(b) The identity function ly : V — V is a linear operator on 

Vv. 

After these examples it is time to present some elemen- 

tary properties of linear transformations. 
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Theorem 6.2.1 

Let T:V > W be a linear transformation. Then 

T(Ov) = Ow 

and 

T(cyvi tcovet::++CkVE) = c1T' (v1) +c2T (v2) +: + :+cenT (ve) 

for all vectors v; and scalars c;. 

Thus a linear transformation always sends a zero vector 

to a zero vector; it also sends a linear combination of vectors 

to the corresponding linear combination of the images of the 

vectors. 

Proof 

In the first place we have 

T(Oy) =T(Oy + Oy) = T(Ov) +T (Ov) 

by the first defining property of linear transformations. Addi- 

tion of —T(Oy) to both sides gives Ow = T(Ov), as required. 
Next, use of both parts of the definition shows that 

(CrViece = Cho VR—1 + CR Vy) 

is equal to the vector 

T(cyvi ++ +++ Ck-1VK-1) + RT (ve). 

By repeated application of this procedure, or more properly 
induction on k, we obtain the second result. 

Representing linear transformations by matrices 

We now specialize the discussion to linear transformations 
of the type 

i 
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where F' is some field of scalars. Let {E1, Eo,...,E,} be the 
standard basis of F'” written in the usual order, that of the 
columns of the identity matrix 1,. Also let {D, Do,..., Dm} 

be the corresponding ordered basis of F'. Since T(E;) is a 
vector in fF’, it can be written in the form 

Q1j , 

E (Ey) = = aijD, eh ees AmjD = Yomi 

Amj 

Put A = [aij]m,n, So that the columns of the matrix A are 

the vectors T(F}),...,7(E,). We show that T is completely 
determined by the matrix A. 

Take an arbitrary vector in F'”, say 

Ly 

Ka [hp St By port cp = LE 

In 

Then, using 6.2.1 together with the expression for T(E;), we 

obtain 

T(X) =T() )ajBj) =) aiTE )= Yad) 

Therefore the ith entry of T(X) equals the ith entry of the 

matrix product AX. Thus we have shown that 

T(X) = AX, 

which means that the effect of T on a vector in F™” is to 

multiply it on the left by the matrix A. Thus A determines T’ 

completely. 
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Conversely, suppose that we start with an m x n matrix 

A over F; then we can define a function T: F" — F'™ by the 

rule T(X) = AX. The laws of matrix algebra guarantee that 

T is a linear transformation; for by 1.2.1 

A(X, = X2) = AX, ap AX» and A(cX) = c(AX). 

We have now established a fundamental connection between 

matrices and linear transformations. 

Theorem 6.2.2 

(i) Let T : F" — F™ be a linear transformation. Then 
T(X) = AX for all X in F” where A is the m x n matriz 
whose columns are the images under T of the standard basis 

vectors of F™. 

(ii) Conversely, if A is anym xn matrix over the field F’,, the 

function T : F" — F™ defined by T(X) = AX is a linear 
transformation. 

Example 6.2.6 

Define T : R® > R? by the rule 

x 

EY é = ree: 
323 aD ’ 

One quickly checks that T is a linear transformation. The 
images under T’ of the standard basis vectors FE, E>, E3 are 

(0): (2): (8) 
respectively. It follows that T is represented by the matrix 

dh feestarn 2119-6 
tel errenbs “a 
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Consequently 

Ty 4 | 

te r2 ) =A r2 ) 

T3 r3 

as can be verified directly by matrix multiplication. 

Example 6.2.7 

Consider the linear operator T : R? — R? which arises from 

an anti-clockwise rotation in the ry-plane through an angle 0 

(see Example 6.2.2.) The problem is to write down the matrix 
which represents 7. 

All that need be done is to identify the vectors T(F;) 
and T(£2) where £; and EF» are the vectors of the standard 
ordered basis. 

(-sin 6, cos 0) (0,1) 

(cos 6, sin 8) 

O (1,0) 

The line segment representing F is drawn from the origin O to 

the point (1, 0), and after rotation it becomes the line segment 
6 

from O to the point (cos 0, sin 0); thus T(£,) = es a 

Similarly T(£2) = wae ab It follows that the matrix 

which represents the rotation T’ is 

cos 6 —sin 6 

sin 0 cos 0)” 
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Representing linear transformations by matrices: 

The general case 

We turn now to the problem of representing by matrices 

linear transformations between arbitrary finite-dimensional 

vector spaces. 

Let V and W be two non-zero finite-dimensional vector 

spaces over the same field of scalars F. Consider a linear 

transformation T: V — W. The first thing to do is to choose 

and fix ordered bases for V and W, say 

B= {vj, vo.)..3Vn} and.C. ={wijcwaee Wee 

respectively. We saw in 5.1 how any vector v of V can be 

represented by a unique coordinate vector with respect to the 

ordered basis B. If v = cyvi +:+:+:+CnVn, this coordinate 

vector is 

Cl 

Cn 

Similarly each w in W may be represented by a coordinate 
vector [w]c with respect to C . 

To represent T’ by a matrix with respect to these chosen 

ordered bases, we first express the image under T of each 

vector in B as a linear combination of the vectors of C, say 

m 

T(v;) seh des Walest = ae of amjwm = ) Ajj Wi 

1=1 

where the a;; are scalars. Thus [T'(v;)]c is the column vector 
with entries a1;,...,@m ;. Let A be the m x n matrix whose 
(2,7) entry is a;;. Thus the columns of A are just the coordi- 
nate vectors of T(vi),...,T(vn) with respect to C. 
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Now consider the effect of T on an arbitrary vector of V, 
say V = C1Vi ++::+CnVn. This is computed by using the 
expression for T’(v,;) given above: 

T(v) = Ld. CjVj) = Du Si (¥5) io atid or Qij Wi) 

On interchanging the order of summations, this becomes 

T(v) = Pot i;C;) Wi. 

el 

Hence the coordinate vector of T(v) with respect to the or- 
dered basis C has entries we digcy lotic 42iq -45itae his 

means that 

[T(v)]e = Alv]z. 

The conclusions of this discussion can be summed up as 

follows. 

Theorem 6.2.3 

Let T:V —W be a linear transformation between two non- 

zero finite-dimensional vector spaces V and W over the same 

field. Suppose that B and C are ordered bases for V and W 

respectively. If v is any vector of V, then 

IT(v)ic = Aluls 

where A is themxn matrix whose jth column is the coordinate 

vector of the image under T of the jth vector of B, taken with 

respect to the basis C. 

What this result means is that a linear transformation 

between non-zero finite-dimensional vector spaces can always 

be represented by left multiplication by a suitable matrix. At 

this point the reader may wonder if it is worth the trouble 
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of introducing linear transformations, given that they can be 

described by matrices. The answer is that there are situations 

where the functional nature of a linear transformation is a 

decided advantage. In addition there is the fact that a given 

linear transformation can be represented by a host of different 

matrices, depending on which ordered bases are used. The 

real object of interest is the linear transformation, not the 

representing matrix, which is dependent on the choice of bases. 

Example 6.2.8 

Define T : P,ii(R) — P,(R) by the rule T(f) = f’, the 
derivative. Let us use the standard bases B = {1, 2, 2,...,x"} 

and C = {1,2,27,...,2"—'} for the two vector spaces. Here 
T(x’) = iz'~', so [T(x*)]c is the vector whose ith entry is i 
and whose other entries are zero. Therefore T is represented 

by the n x (n+ 1) matrix 

Oe apd 0 

UU) 0 

ie 0. .0. 90 0 

Oph Oine 0 n 

Ome Oioa0 0 

For example, 

é 1 al ik 
3 6 

A 0 = ) 

0 0 

which corresponds to the differentiation 

T(2—2+ 327) =(2-24327) =62.—1. 
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Change of basis 

Being aware of a dependence on the choice of bases, we 
wish to determine the effect on the matrix representing a linear 

transformation when the ordered bases are changed. The first 

step is to find a matrix that describes the change of basis. 

Remy) yoe 4 v, hand "BV yy. iv P be twooor- 
dered bases of a finite-dimensional vector space V. Then each 

v, can be expressed as a linear combination of v1,...,Vn, say 

Tr 

/ ——. vs 

Mian SiiV5 
jz! 

for certain scalars s;;. The change of basis B’ — B is deter- 

mined by the n x n matrix S = [s;;]. To see how this works 
we take an arbitrary vector v in V and write it in the form 

n 

/ / 

wet Ci Vi ; 

Gal 

where, of course, c;’,...,Cn’ are the entries of the coordinate 
vector [v]. Replace each v;’ by its expression in terms of the 
v,; to get 

From this one sees that the entries of the coordinate vector 

[v]~ are just the scalars }7j_, 8;4cj, for j = 1,2,...,.n. But the 

latter are the entries of the product 
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Therefore we obtain the fundamental relation 

Ivls = Sivle 
Thus left multiplication by the change of basis matrix S trans- 

forms coordinate vectors with respect to B’ into coordinate 

vectors with respect to B. It is in this sense that the matrix 

S describes the basis change B’ — B. Here it is important 

to observe how S is formed: its ith column is the coordinate 

vector of vi, the ith vector of 6’, with respect to the basis B. 
It is a crucial remark that the change of basis matrix S 

is always invertible. Indeed, if this were false, there would 

by 2.3.5 be a non-zero n-column vector X such that SX = 0. 

However, if u denotes the vector in V whose coordinate vector 

with respect to basis B’ is X, then [u]g = SX =0, which can 
only mean that u= 0 and X = 0, a contradiction. 

As one would expect, the matrix S~! represents the in- 

verse change of basis B — B’: for the equation [v]g = S[v]p. 
implies that 

Ivls = SIv]p. 
These conclusions can be summed up in the following 

form. 

Theorem 6.2.4 

Let B and B' be two ordered bases of an n-dimensional vector 
space V. Define S to be then x n matrix whose ith column is 
the coordinate vector of the ith vector of B' with respect to the 
basis B. Then S is invertible and, if v is any vector of V, 

[v] 6 = S|v] and [v] 8) = S~"Iv]p. 
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Example 6.2.9 

Consider two ordered bases of the vector space P3(R): 

idl) eo crn e Bf llr; 4x7.=2}. 

In order to find the matrix S which describes the change of 

basis B’ — B, we must write down the coordinate vectors of 

the elements of B’ with respect to the standard basis B: these 

are 

1 0 —2 
[TAL Oe) Fo Bale il 2r]ipicl4n2? 2le Soh ».0 

0 0 4 

Therefore 
1 0 -2 

= Pen 
0 ao 

The matrix which describes the change of basis B — B’ is 

Laake arg i 42 
eae me bd 0 

: YOivil A 

For example, to express f = a+ br + cz? in terms of the basis 

B’, we compute 

a a+c/2 
if] =i9 [fle = S-* b|= b/2 

C c/4 

Thus f = (a+c/2)1 + (b/2)2x + (c/4)(4x? — 2), which is of 

course easy to verify. 
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Example 6.2.10 

Consider the change of basis in R?’ which arises when the z- 

and y-axes are rotated through angle @ in an anticlockwise 

direction. As was noted in Example 6.2.6, the effect of this 

rotation is to replace the standard ordered basis B = { £1, 2} 
by the basis B’ consisting of 

cos 0 aad —sin 0 

sin 0 cos 6 } © 

The matrix which describes the change of basis B ’ — B is 

ga (98 04 sin @ 
Ne \ OST Oy eu COsmds Ia 

so the change of basis B — B’ is described by 

gta ( cos @ sin i" 

—sin 6 cos 0 

a 
b 

spect to the basis B’ is 

Hence, if X = , the coordinate of vector of X with re- 

iMinesGaes ( a cos 6+ 6b sin a 

—a sin 06+ 6 cos 6 

This means that the coordinates of the point (a,b) with re- 
spect to the rotated axes are 

a’ =a cos 9+b6 sin 6 and b’=~—a sin 0+5 cos 8, 

respectively. 
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Change of basis and linear transformations 

We are now in a position to calculate the effect of change 
of bases on the matrix representing a linear transformation. 

Let B and C be ordered bases of finite-dimensional vector 
spaces V and W over the same field, and let T: V — W be 
a linear transformation. Then T is represented by a matrix A 

with respect to these bases.’ 

Suppose now that we select new bases B’ and C’ for V 
and W respectively. Then T will be represented with respect 

to these bases by another matrix, say A’. The question before 

us is: what is the relation between A and A’? 

Let X and Y be the invertible matrices that represent 

the changes of bases B — B’ and C — C’ respectively. Then, 

for any vectors v of V and w of W, we have 

[v]e- = X[v]p and [wle = Y[wlec. 

Now by 6.2.3 

T(w)le = Alvls and [T(v)Jer = A' ver. 
On combining these equations, we obtain 

[T(v)]e = Y[T(v)le = YAlv]g = YAX™"[v]p:. 

But this means that the matrix Y AX! describes the linear 
transformation T with respect to the bases B’ and C’ of V and 

W respectively. Hence A’ = YAX7?. 
We summarise these conclusions in 

Theorem 6.2.5 

Let V and W be non-zero finite-dimensional vector spaces over 

the same field. Let B and B’ be ordered bases of V, and C 

and C’ ordered bases of W. Suppose that matrices X and Y 

describe the respective changes of bases B > B’ andC — C’. 

If the linear transformation T : V — W is represented by a 
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matriz A with respect to B and C, and by a matrix A’ with 

respect to B’ and C’, then 

Al = Adee 

The most important case is that of a linear operator 

T :V —V, when the ordered basis B is used for both domain 

and codomain. 

Theorem 6.2.6 

Let B and B’ be two ordered bases of a finite-dimensional vec- 

tor space V and let T be a linear operator on V. If T is repre- 

sented by matrices A and A’ with respect to B and B’ respec- 
tively, then 

Ags Aca. 

where S is the matrix representing the change of basis B — B’. 

Example 6.2.11 

Let T be the linear transformation on P3(R) defined by 
T(f) = f’. Consider the ordered bases of P3(R) 

Bei a pean he oe Agee ae 

We saw in Example 6.2.9 that the change of basis B > B’ 
is represented by the matrix 

TAG = Fro 
U=|0 1/2 0 

0 0 1/4 

Now T' is represented with respect to B by the matrix 

Ceol =*0) 
ASF tO Me? 

0 20ReG 
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Hence T’ is represented with respect to B’ by 

0 
UAU-'=1|0 

0 Sor of © 

This conclusion is easily checked. An arbitrary element of 
P3(R) can be written in the form f = a(1)+b(2x)+c(4a?—2). 
Then it is claimed that the coordinate vector of T(f) with 
respect to the basis B’ is 

0. 620.0) a 2b 

0- @, 4 b = Ac 

i eth & 0 

This is correct since 

2b(1) + 4c(2x) + 0(4x? — 2) = 2b + 8cx 
= (a(1) + b(2x) + c(4x? — 2))’. 

Similar matrices 

Let A and B be two n x n matrices over a field F’; then 

B is said to be similar to A over F if there is an invertible 

n X n matrix S with entries in F’ such that 

B=SAS"!. 

Thus the essential content of 6.2.6 is that two matrices which 

represent the same linear operator on a finite-dimensional vec- 

tor space are similar. Because of this fact it is to be expected 

that similar matrices will have many properties in common: 

for example, similar matrices have the same determinant. In- 

deed if B = SAS“, then by 3.3.3 and 3.3.5 

det(B) = det(S) det(A) det(S)~* = det(A). 
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We shall encounter other common properties of similar matri- 

ces in Chapter Eight. 

Exercises 6.2 

1. Which of the following functions are linear transforma- 

tions? 
(a) T, : Rg > R where T;([z12273]) = \/27 + 23 +23; 

(b) To: Minn(F) > Mnjm(F) where T2(A) = Al 

(c) T3 : M,(F) — F where T3(A) = det(A). 

. If T is a linear transformation, prove that T(—v) = —T(v) 
7H all vectors v. 

3. Let | be a fixed line in the ry-plane passing through the 

origin O. If P is any point in the plane, denote by P’ the 
mirror image of P in the line /. Prove that the assignment 

OP — OP’ determines a linear operator on R?. (This is 
called reflection in the line l). 

4. A linear transformation T : R* — R? is defined by 

Ty 
ro a a CO ae 803 Oe at 

T( Ee eas 2%, +22 — 23 

ti —-2£ = v4 2 gw Ue 

Find the matrix that represents T’ with respect to the standard 

bases of R* and R°. 

5. A function T : Py(R) — P,(R) is defined by the rule 
T(f) =af" —2af’+ f. Show that T is a linear operator and 
find the matrix that represents JT with respect to the standard 
basis of Py(R). 

6. Find the matrix which represents the reflection in Exercise 
3 with respect to the standard ordered basis of R”, given that 
the angle between the positive x-direction and the line 1 is ¢. 
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7. Let B denote the standard basis of R® and let B’ be the 
basis consisting of 

2 —1 1 

fa es otis tL 

0 0) 1 

Find the matrices that represent the basis changes B — B’ 
and B’ — B. 

8. A linear transformation from R° to R? is defined by 

r(| «2 ‘ell <a hat 
—Z1 ma ike 

Let B and C be the ordered bases 

(0), ("2), (1}) am (8). (2) 
of R? and R? respectively. Find the matrix that represents T 

with respect’ to these bases. 

9. Explain why the matrices (; i and e hoa cannot 

be similar. 

10. If B is similar to A, prove that A is similar to B. 

11. If B is similar to A and C is similar to B, prove that C 

is similar to A. 

12. If B is similar to A, then B7 is similar to A7: prove or 

disprove. 
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6.3 Kernel, Image and Isomorphism 

IfT: V — W isa linear transformation between two vec- 

tor spaces, there are two important subspaces associated with 

T, the image and the kernel. The first of these has already 

been defined; the image of T, 

Im(T), 

is the set of all images T'(v) of vectors v in V: thus Im(T)) is 
a subset of W. 

On the other hand, the kernel of T 

Ker(T) 

is defined to be the set of all vectors v in V such that T(v) = 
Ow. Thus Ker(T’) is a subset of V. Notice that by 6.2.1 the 
zero vector of V must belong to Ker(T), while the zero vector 
of W belongs to Im(T). 

The first thing to observe is that we are actually dealing 

with subspaces here, not just subsets. 

Theorem 6.3.1 

If T is a linear transformation from a vector space V to a 

vector space W, then Ker(T’) is a subspace of V and Im(T) is 
a subspace of W. 

Proof 

We need to check that Ker(T’) and Im(T) contain the relevant 
zero vector, and that they are closed with respect to addition 

and scalar multiplication. The first point is settled by the 
equation T(Oy) = Ow, which was proved in 6.2.1. Also, by 
definition of a linear transformation, we have T(v; + v2) = 
T (vi) + T(v2) and T(cv,) = cT'(v;) for all vectors v1, vo of 
V and scalars c. Therefore, if v; and v2 belong to Ker(T), 
then T'(v1 + v2) = Ow, and T(cv,) = Ow, so that v; +v> and 
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cv; belong to Ker(T); thus Ker(T) is a subspace. For similar 
reasons Im(T) is a subspace. 

Let us look next at some examples which relate these new 
concepts to some more familiar ones. 

Example 6.3.1 

Consider the homogeneous: linear differential equation for a 
function y of the real variable z: 

y™ + an_i(x)y-) +... 4+ a1 (2)y! + ao(x)y = 0, 

with zx in the interval [a,b] and a;(x) in D.[a,b]. There is 
an associated linear operator T' on the vector space D,[a, }] 

defined by 

T(f) = f™ +an—1(2)f"-Y +--+ + a1(2) f’ + a(x) f. 

Then Ker(T)) is the solution space of the differential equation. 

Example 6.3.2 

Let A be an m X n matrix over a field F. We have seen that 
the rule T(X) = AX defines a linear transformation 

Pisa ay Fal 

Identify Ker(T) and Im(T)). 

In the first place, the definition shows that Ker(T) is 
the null space of the matriz A. Next an arbitrary element of 

Im(T) is a linear combination of the images of the standard 
basis elements of R”; but the latter are simply the columns 

of the matrix A. Consequently, the image of T coincides with 

the column space of the matriz A. 

Example 6.3.3 

After the last example it is natural to enquire if éuendi is an 

interpretation of the row space of a matrix A as an image 
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space. That this is the case may be seen from a related linear 

transformation. 

Given an m x n matrix A, define a linear transformation 

T, from F,, to F, by the rule 7;(X) = XA. In this case 
Im(T;) is generated by the images of the elements of the stan- 
dard basis of F;,, that is, by the rows of A. Hence the image 

of T; equals the row space of A. 

It is now time to consider what the kernel and image tell 

us about a linear transformation. 

Theorem 6.3.2 

Let T be a linear transformation from a vector space V to a 

vector space W. Then 

(i) T is injective if and only if Ker(T) is the zero subspace 

OfVe. 

(ii) T is surjective if and only if Im(T) = W. 

Proof 

(i) Assume that T is an injective function. If v is a vector in 
the kernel of T, then T(v) = Ow = T(Ov). Therefore v = Oy 
by injectivity, and Ker(7’) = Oy. Conversely, suppose that 

Ker(T) = Oy. If v, and v2 are vectors in V with the property 
T(v1) = T(v2), then T(vi — v2) = T(v1) — T(ve2) = Ow. 
Hence the vector v; — v2 belongs to Ker(T) and v; = vo. 
(ii) This is true by definition of surjectivity. 

For finite-dimensional vector spaces there is a simple for- 
mula which links the dimensions of the kernel and image of a 
linear transformation. 

Theorem 6.3.3 

Let T : V — W be a linear transformation where V and W 
are finite-dimensional vector spaces. Then 

dim(Ker(T)) + dim(Im(T)) = dim(V). 
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Proof 

Here we may assume that V is not the zero space; otherwise 
the statement is true for obvious reasons. By 5.1.4 it is possi- 
ble to choose a basis vj,...,Vn of V such that part of it is a 
basis of Ker(T’), say v1,...,V,; here of course 

n = dim(V) > r = dim(Ker(T)). 

We claim that the vectors T(v,+1),...,7(vn) are linearly in- 
dependent. For if cp41T(vr4i) +--+: + ¢nT (vn) = Ow for 
some scalars c;, then T(¢p4i1Vr41 +++: + CnVn) = Ow, so 

that c,41Vr4+1 +--+: +¢nVn belongs to Ker(T) and is there- 

fore expressible as a linear combination of vj,...,v;. But 

Vi1,--+-,Wr,---;Wn are certainly linearly independent. Hence 

Cr+1,-+-,€n are all zero and our claim is established. 

On the other hand, the vectors T(v,41),...,T'(Wn) by 
themselves generate Im(T) since T(v,) =--- = T(v,) = Ow; 
hence T(v;+1),-.-,Z (Wn) form a basis of Im(T). It follows 
that 

dim(Im(T)) = n — r = dim(V) — dim(Ker(T)), 

from which the formula follows. 

The dimension formula is in fact a generalization of some- 

thing that we already know. For suppose we apply the for- 

mula to the linear transformation T : fF” — F'™ defined by 

T(X) = AX, where A is an m x n matrix. Making the inter- 
pretations of Ker(7’) and Im(T’) as the null space and column 
space of A, we deduce that the sum of the dimensions of the 

null space and column space of A equals n. This is essentially 

the content of 5.1.7 and 5.2.4. 

Isomorphism 

Because of 6.3.2 we can tell whether a linear transforma- 

tion T : V — W is bijective. And in view of 6.1.3 this is the 

same as asking whether T has an inverse. A bijective linear 

transformation is called an isomorphism. 
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Theorem 6.3.4 

A linear transformation T : V — W is an isomorphism if and 

only if Ker(T) is the zero subspace of V and Im(T’) equals 

W. Moreover, if T is an isomorphism, then so is tts inverse 

T1:W-V. 

Proof 
The first statement follows from 6.3.2. As for the second state- 

ment, all that need be shown is that T’—’ is actually a linear 

transformation: for by 6.1.5 it certainly has an inverse. This 

is achieved by a trick. Let v; and v2 be any two vectors in V. 

Then certainly 

T(T~*(v1 + v2)) = vi + va, 

while on the other hand, 

T(T~*(vi1) + T*(ve)) =T(T* (v1) + T(L*(va)) 
=Vit Vo, 

because T’ is known to be a linear transformation. Since T 

is an injective function, this can only mean that the vectors 

T~*(vi +v2) and T~!(v1)+T71(v2) are equal; for they have 
the same image under 7’. 

In a similar way it can be demonstrated that T’~'(cvj) 
equals cT~1(v,) where c is any scalar: just check that both 

sides have the same image under J. Hence T'~! is a linear 
transformation. 

Two vector spaces V and W are said to be isomorphic if 
there is an isomorphism from one to the other. Observe that 
isomorphic vector spaces are necessarily over the same field of 
scalars. The notation 

V~w 

is often used to express the fact that vector spaces V and W 
are isomorphic. 



6.3: Kernel, Image and Isomorphism 183 

How can one tell if two finite-dimensional vector spaces 
are isomorphic? The answer is that the dimensions tell us all. 

Theorem 6.3.5 

Let V and W be finite-dimensional vector spaces over a field 
F’. Then V and W are isomorphic if and only if dim(V) = 
dim(W). 

Proof 

Suppose first that dim(V) = dim(W) = n. If n = 0, then V 
and W are both zero spaces and hence are surely isomorphic. 

Let n > 0. Then V and W have bases, say {v1,..., Vn} and 

{W1,...,Wn} respectively. There is a natural candidate for an 

isomorphism from V to W, namely the linear transformation 

T:V —W defined by 

T(civi +++: +CnVn) = C1W1 +++: +CnWn.- 

It is straightforward to check that T is a linear transformation. 

Hence V and W are isomorphic. 

Conversely, let V and W be isomorphic via an isomor- 

phism T': V — W. Suppose that {vj,..., Vn} is a basis of V. 
In the first place, notice that the vectors T(vi),...,T (vn) are 
linearly independent; for if cjT'(v1)+--:+¢nT (vn) = Ow, then 

T(c1Vi+:::+CnVn) = Ow. This implies that cyv1+-++-+¢nVn 

belongs to Ker(7’) and so must be zero. This in turn implies 
that c; =--: = Cy, = 0 because vj,..., Vn are linearly inde- 

pendent. It follows by 5.1.1 that dim(W) > n = dim(V). In 
the same way it may be shown that dim(W) < dim(V); hence 
dim(V) = dim(W). 

Corollary 6.3.6 

Every n-dimensional vector space V over a field F' is isomor- 

_ phic with the vector space F’”. 

For both V and F” have dimension n. This result makes 

it possible for some purposes to work just with vector spaces 

of column vectors. 
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Isomorphism theorems 

There are certain theorems, known as isomorphism theo- 

rems, which provide a link between linear transformations and 

quotient spaces (which were defined in 5.3). Such theorems 

occur frequently in algebra. The first theorem of this type is: 

Theorem 6.3.7 
IfT :V —W is a linear transformation between vector spaces 

V and W, then 

V/Ker(T) ~ Im(Z). 

Proof 

Write K = Ker (T). We define a function S : V/K — Im(T) 
by the rule S(v+ K) = T(v). The first thing to notice is that 
S is well-defined: indeed if u € K, then 

T(v+u) =T(v)+T(u) =T(v)+0=T(v), 

since T(u) = 0. Thus S(v+K) does not depend on the choice 
of representative v of the coset v+ K. 

Next it is simple to verify that S is a linear transforma- 
tion: for example, 

S((vi + K) + (v2 + K))=S((vi + v2) + K) 

SSH RS + V2) 

=T(v;) +T (vo), 

which equals S(v; + K)+ S(v2+ K). Ina similar way it can 
be shown that S(c(v + K)) =cS(v+ K). 

Clearly the function S' is surjective, so all we need do to 
complete the proof is show it is injective. If S(v + K) = 0, 
then T(v) = 0; thus v € K andv+K = Ov;x. Hence, by 
6.3.2, S is injective. 
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The last result provides an alternative proof of the dimen- 
sion formula in 6.3.3. Let T.: V — W be a linear transfor- 
mation. Then dim(V/Ker(T)) = dim(Im(T) by 6.3.7. From 
the formula for the dimension of a quotent space (see 5.3.7), 
we obtain 

dim(V) — dim(Ker(T’)) = dim(Im(T)), 

so that dim(Ker(7’)) + dim(Im(T)) = dim(V). 

There is second isomorphism theorem which provides 

valuable insight into the relation between the sum of two sub- 

spaces and certain associated quotient spaces. 

Theorem 6.3.8 

If U and W are subspaces of a vector space V, then 

(U+W)/W ~ U/(UNW). 

Proof 

We begin by defining a function T: U — (U+W)/W by 
the rule T(u) = u+W, where u € U. It is a simple matter 
to check that T is a linear transformation. Since u+ W is a 

typical vector in (U + W)/W, we see that T’ is surjective. 
Next we need to compute the kernel of T. Now T(u) = 

u+W equals the zero vector of (U+W)/W, i.e., the coset W, 
precisely when u € W, which is just to say that ue UNW. 

Therefore Ker(T’) = UNW. It now follows directly from 6.3.7 
that U/(UNW) ~ (U+ W)/W. 

We illustrate the usefulness of this last result by using it 

to give another proof of the dimension formula of 5.3.2. 

Corollary 6.3.9 

If U and W are subspaces of a finite dimensional vector space 

V, then 

dim(U + W) + dim(U NW) = dim(U) + dim(W). 
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Proof 

Since isomorphic vector spaces have the same dimension, we 

have dim((U + W)/W) = dim(U/(UNW)). Now use the 

formula for the dimension of a quotient space in 5.3.7 to obtain 

dim(U + W) —dim(W) = dim(U) —dim(UNW), 

from which the result follows. 

The algebra of linear operators on a vector space 

We conclude the chapter by observing that the set of all 

linear operators on a vector space has certain formal properties 

which are very similar to properties that have already been 

seen to hold for matrices. This similarity can be expressed by 

saying that both systems form what is called an algebra. 

Consider a vector space V with finite dimension n over a 

field F. Let TJ, and T> be two linear operators on V. Then 

we define their sum T; + T> by the rule 

T\ + T> (v) = T; (v) + T> (v) 

and also the scalar multiple cT\, where c is an element of F, 

by 
cT\(v) = c(Ti(v)). 

It is quite routine to verify that T; + T> and cT; are also linear 
operators on V. For example, to show that T; + T> is a linear 

operator we compute 

Ti Sic T2(vi =e V2) = 17 (vy =+ V2) ae T2(vi = V2) 

=T;(v;) “+f: Ti (v2) ot T2(v1) ts T2(v2), 

from which it follows that 

T, + To(vi + v2) = (T, + Ty(v1)) + (Ty + To(vo)). 
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It is equally easy to show that T; + To(cv) = c(T; + To(v)). 
Thus the set of all linear operators on V, which will henceforth 
be written 

Liv), 

admits natural operations of addition and scalar multiplica- 
tion. ; 

Now there is a further natural operation that can be per- 

formed on elements of L(V), namely functional composition 
as defined in 6.1. Thus, if JT; and T> are linear operators on 

V, then the composite T, 0 72, which will in future be written 

fk To, 

is defined by the rule 

T,T> (v) = T; (T> (v)). 

One has of course to check that T;T> is actually a linear trans- 

formation, but again this is quite routine. So one can also form 

products in the set L(V). 
To illustrate these definitions, we consider an explicit ex- 

ample where sums, scalar multiples and products can be com- 

puted. 

Example 6.3.4 

Let T, and T> be the linear operators on D.[a, b] defined by 

Ti(f) = f’ —f and Th(f) = xf” — 2f'. The linear opera- 

tors T; + To, cT; and T,T> may be found directly from the 

definitions as follows: 

T.+Ta(f)=T(f) + Taf) =f — f+ of" — 2 
Seep ie 

Also 
cTi(f) =cf’ —cf 
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and 

TiT(f) = Ti(Te(f)) =Ti(af" — 2f) 
= (arf —— DRA ae. Cafe ae. De tae 

which reduces to T;T2(f) = 2f’ — (a + 1)f"” + xf®, after 
evaluation of the derivatives. 

At this point one can sit down and check that those 

properties of matrices listed in 1.2.1 which relate to sums, 

scalar multiples and products are also valid for linear oper- 

ators. Thus there is a similarity between the set of linear 

operators L(V) and M,,(F), the set of n x n matrices over F 
where n = dim(V). This similarity should come as no sur- 
prise since the action of a linear operator can be represented 

by multiplication by a suitable matrix. 

The relation between L(V) and M,,(F’) can be formalized 
by defining a new type of algebraic structure. This involves 

the concept of a ring, which was was described in 1.3, and 

that of a vector space. 

An algebra A over a field F' is a set which is simultane- 

ously a ring with identity and a vector space over F’, with 

the same rule of addition and zero element, which satisfies the 

additional axiom 

c(xy) = (cx)y = a(cy) 

for all x and y in A and all c in the field F. Notice that this 

axiom holds for the vector space M,,(F') because of property 

(j) in 1.2.1. Hence M,,(F) is an algebra over F. Now the 
additional axiom is also valid in L(V), that is, 

c(T,T2) = (cT\)T> = Ty (cT>). 

This is true because each of the three linear operators men- 
tioned sends the vector v to c(T;(To(v))). It follows that 
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L(V), the set of all linear operators on a vector space V over 
a field F’, is an algebra over F. 

Suppose now that we pick and fix an ordered basis B for 
the finite-dimensional vector space V. Then, with respect to 
B, a linear operator T on V is represented by an n x n matrix, 

which will be denoted by 

M(T). 

By 6.2.3 the matrix M(T) has the property 

[T(v)|s = M(T)[vz. 

It follows from 6.2.3 that the assignment of the matrix 

M(T) to a linear operator T determines a bijective function 
from L(V) to M,,(F’). The essential properties of this function 
are summarized in the next result. 

Theorem 6.3.10 

Let T; and T> be linear operators on an n-dimensional vector 

space V and let M(T;) denote the matriz representing T; with 

respect to a fixed ordered basis B of V. Then the following 

equations hold: 

(i) M(T, + Te) = M(T1) + M(T2); 
(ii) M(cT) =cM(T); 
(iii) M(T1T2) = M(T1)M(T2) for all scalars c. 

It is as well to restate this technical result in words to 

make sure that the reader grasps what is being asserted. Ac- 

cording to part (i) of the theorem, if we add linear operators 

T, and T>, the resulting linear operator T; + T is represented 

by a matrix which is the sum of the matrices that represent 

T, and Ty. Also (ii) asserts that the scalar multiple cT) is 

represented by a matrix which is just c times the matrix rep- 

resenting 7}. 
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More unexpectedly, when we compose the linear opera- 

tions T, and T», the resulting linear operator 772 is repre- 

sented by the product of the matrices representing JT; and T>. 

In technical language, the function which sends T' to 

M(T) is an algebra isomorphism from L(V) to M,(F). The 
main point here is that isomorphic algebras, like isomorphic 

vector spaces, are to be regarded as similar objects, which 

exhibit the same essential features, even although their un- 

derlying sets may be quite different. 

In conclusion, our vague feeling that the algebras L(V) 

and M,,(F') are somehow quite closely related is made precise 
by the assertion that the algebra of all linear operators on an 

n-dimensional vector space over a field F is isomorphic with 

the algebra of alln x n matrices over F. 

Example 6.3.5 

Prove part (iii) of Theorem 6.3.10. 

Let v be any vector of the vector space; then, using the 

fundamental equation [T'(v)]z = M(T)[v]s, we obtain 

[T,T2(v)]B = M(T1)[To(v) |e = M(T,)(M (T2)[v]s) 

= M(T,)M (T»)[v]z, 

which shows that M(7,T2) = M(T\)M(T>), as required. 

Exercises 6.3 

1. Find bases for the kernel and image of the following linear 
transformations: 

(a) 7: R* — R where T sends a column to the sum 
of its entries; 

(b) T: P3(R) — P3(R) where T(f) = f’; 

(c) T: R* — R? where T( : i= pamtaet) 
y 4x + 6y 
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2. Show that every subspace U of a finite-dimensional vector 
space V is the kernel and the image of suitable linear operators 
on V. |Hint: assume that U is non-zero, choose a basis for U 
and extend it to a basis of V]. 

3. Sort the following vector spaces into batches, so that those 
within the same batch are isomorphic: 

R®, Re, C*, Ps(C), M2,3(R), C(O, |e 

4. Show that a linear transformation T : V — W is injective if 

and only if it has the property of mapping linearly independent 

subsets of V to linearly independent subsets of W. 

5. Show that a linear transformation T : V — W is surjec- 

tive if and only if it has the property of mapping any set of 

generators of V to a set of generators of W. 

6. A linear operator on a finite-dimensional vector space is 

an isomorphism if and only if some representing matrix is 

invertible: prove or disprove. 

7. Prove that the composite of two linear transformations is 

a linear transformation. 

8. Prove parts (i) and (ii) of Theorem 6.3.10. 

9. Let 7 :V —W and S: W — U be isomorphisms of 

vector spaces; show that the function ST: V — U is also an 

isomorphism. 

10. Let T be a linear operator on a finite-dimensional vector 

space V. Prove that the following statements about T’ are 

equivalent: 

(a) T is injective; 

(b) T' is surjective; 
(c) T is an isomorphism. 

Are these statements still equivalent if V is infinitely gener- 

ated? 

11. Show that similar matrices have the same rank. [Use the 

fact that similar matrices represent the same linear operator]. 
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12. (The third isomorphism theorem). Let U and W be sub- 
spaces of a vector space V such that W C U. Prove that U/W 

is asubspace of V/W and that (V/W)/(U/W) ~ V/U. [Hint: 
define a function T: V/W — V/U by the rule T(v+ W) = 
v+U. Show that T is a well defined linear transformation and 

apply 6.3.7]. 

13. Explain how to define a power 7” of a linear operator T 

on a vector space V, where m > 0. Then show that powers of 

T’ commute. 



Chapter Seven 

ORTHOGONALITY IN 
VECTOR SPACES 

The notion of two lines being perpendicular, or orthogo- 
nal, is very familiar from analytical geometry. In this chapter 

we show how to extend the elementary concept of orthogonal- 

ity to abstract vector spaces over R or C. Orthogonality turns 

out to be a tool of extraordinary utility with many applica- 

tions, one of the most useful being the well-known Method 

of Least Squares. We begin with R”, showing how to define 

orthogonality in this vector space in a way which naturally 

generalizes our intuitive notion of perpendicularity in three- 

dimensional space. 

7.1 Scalar Products in Euclidean Space 

Let X and Y be two vectors in R”, with entries 71,...,2n 

and yj,..-,Yn respectively. Then the scalar product of X and 

Y is defined to be the matrix product 

Y1 

Y2 
Vly (1122 08 en) = 71 Yi + LoYyo +++: +2nYn- 

Yn 

This is areal number. Notice that X7Y = Y7 X, so the scalar 

product is symmetric in X and Y. Of particular interest is the 

scalar product of X with itself 

XTX =a? 4+224---+2%. 

193 
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Since this expression cannot be negative, it has a real square 

root, which is called the length of X. It is written 

|X| = VET = fob adt bak 
Notice that ||X|| > 0, and ||X|| = 0 if and only if all the z; 
are zero, that is, X = 0. So the only vector of length 0 is the 

zero vector. A vector whose length is 1 is called a unit vector. 

At this point it is as well to specialize to R® where geo- 

metrical intuition can be used. Recall that a 3-column vector 

X in R3, with entries x1, x2, x3, is represented by a line seg- 

ment in three-dimensional space with arbitrary initial point 

(a1, G2, a3) and endpoint (a1; +21, ag+22, a3 +23). Thus the 

length of the vector X is just the length of any representing 

line segment. 

This suggests that we look for a geometrical interpreta- 

tion of the scalar product of two vectors in R?°. 

Theorem 7.1.1 

Let X and Y be vectors in R?. Then 

XTY = ||X|| [Yl cos 0. 

where @ is the angle in the interval [0, 7] between line segments 
representing X and Y drawn from the same initial point. 

Proof 

Consider the triangle rule for adding the vectors X and Y —X 
in the triangle JAB, as shown in the diagram below. 
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The idea is then to apply the cosine rule to this triangle. 

B 

YoX 

Thus we have 

Ae AED et OTA. Cos 6. 

which becomes in vector form 

|¥ — XI]? = |X|? + IVI? — 21.X]| [|¥ |] cos 4. 

As usual let the entries of X and Y be 2, 22, rg and y1, yo, 

y3 respectively. Then 

|X? =27 +23 +23, IYI? =yi +ye+y3 

and 

in@ a X ||? = (y1 -_ t1)° 4 (yo ee t2)° “i (y3 = 13)?. 

Now substitute these expressions in the equation for ||Y —X'||?, 
and solve for the expression ||X'|| ||Y|| cos 6. We obtain after 
some simplification the required result 

|X|] ||¥ cos 6 = a1yr + xoy2 + e3y3 = XY. 
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The formula of 7.1.1 allows us to calculate quickly the 

angle 6 between two non-zero vectors X and Y; for it yields 

the equation 
XY 

con! 
tl YA 

Hence the vectors X and Y are orthogonal if and only if 

X Yaw 

There is another more or less immediate use for the for- 

mula of 7.1.1. Since cos 6 always lies between —1 and +1, we 

can derive a famous inequality. : 

Theorem 7.1.2 (The Cauchy — Schwartz Inequality) 

If X and Y are any vectors in R°, then 

IX*Y| < |X| IYI. 

Projection of a vector on a line 

Let X and Y be two vectors in R® with Y non-zero. 

cY 

We wish to define the projection of X on Y. Now any vector 
parallel to Y will have the form cY for some scalar c. The 
idea is to try to choose c in such a way that the vector X —cY 
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is orthogonal to Y. For then cY will be the projection of X 
on Y, as one sees from the diagram. 

The condition for X — cY to be orthogonal to Y is 

ee ea Y —cY Yj x 1 Y —c |}. 
» 

The correct value of c is thetefore X7Y / ||Y||? and the vector 
projection of X on Y is 

Deby 
Peat 

WY |? 

The scalar projection of X on Y is the length of P, that is, 

pe ar = "TI 
We will see in 7.2 how to extend this concept to the projection 

of a vector on an arbitrary subspace. 

Example 7.1.1 

Consider the vectors 

1 2 
teil, Yaa 

2 1 

in R3. Here || X|| = V6 ||Y | = V14 and XTY = 2-34+2=1. 
The angle 6 between X and Y is therefore given by 

1 
V84 

and @ is approximately 83.74°. The vector projection of X on 

Y is (1/14)Y and the scalar projection is 1//14. 

cos ¢.= 
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The distance of a point from a plane 

As an illustration of the usefulness of these ideas, we will 

find a formula for the shortest distance between the point 

(Zo, Yo, 20) and the plane whose equation is 

ax + by+cz=d. 

First we need to recall a few basic facts about planes. 

Suppose that (21, y1, 21) and (2, y2, z2) are two points 

on the given plane. Then ax, +by; +cz; = d = axq+by2+c2Z2, 

so that 

a(x; — Z2) + W(y1 — y2) + c(z1 — 22) = 0. 

Now this equation asserts that the vector 

a 

IN c= 

(6 

is orthogonal to the vector with entries 7; — 22, yi —y2, 21 —22, 

and hence to every vector in the plane. 

N 

(Xo, Yo; Zo) 

(X4, ¥4, 24) 

Thus N is a normal vector to the plane ax + by + cz = d, 
which is a familiar fact from the analytical geometry of three- 
dimensional space. 
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We are now in a position to calculate the shortest distance 

l from the point (xo, yo, 20) to the plane. Let (x, y, z) bea 
point in the plane, and write 

x ZO 

eee and, i= | Yo 

it Id Zo 

Then / is simply the scalar projection of Xo —X on N, as may 

be seen from the diagram below: 

(Xo; Yo: Zo) 

Meads | 

(x, y, Z) 

Therefore * 

|(Xo — X)*" N| fae 

INI 
Now 

(Xp -X)IN =a(xo—2)+ d(yo —y) + cl20 - z) 
= aro + byo + cz — a: 

for ax + by +cz = d since the point (a, y, z) lies in the plane. 

Thus we arrive at the formula 

_ |axo + byo + cz — d| 
l 

/a2 + b2 + c? 
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Vector products in R® 

In addition to the scalar product, there is another well- 

known construction in R® called the vector product. This is 

defined in the following manner. 

Suppose that 

Ly Y1 

X, = |¢o8| and yo =s1S1e 

X3 Y¥3 

are two vectors in R°. Then the vector product of X and Y 

Xe 

is defined to be the vector 

T2Y3 — L3Y2 

U3Y1 — 7193 

T1Y2 — T2Y1 

Notice that each entry of this vector is a 2 x 2 determinant. 

Because of this, the vector product is best written as a 

3 x 3 determinant. Following a commonly used notation, let 

us write i, j, k for the vectors of the standard basis of R?°. 

1 0 0 

Ls COR ee) ale lale ance sien 
0 0 1 

Then the vector product X x Y can be expressed in the form 

Xx Y = (f2y3 — xgy2)it+ (eay1 — 21y3)j + (eiy2 — r2y1)k. 

This expression is a row expansion of the 3 x 3 determinant 

AME ies ti Lp We 
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Here the determinant is evaluated by expanding along row 1 
in the usual manner. 

Example 7.1.2 

—] 2 
The vector product of X = 3 | and Y = [ —-1 } is 

2 4 

i j k 

AY =) —1 3 Ay 2ate, 

2 -1 4 

which becomes on expansion 

14 

XxX Y =14i+4+ 8j —5k= 8 

—5 

The importance of the vector product X x Y arises from 

the fact that it is orthogonal to each of the vectors X and Y; 

thus it is represented by a line segment that is normal to the 

plane containing line segments corresponding to X and Y, in 

case these are not parallel. To see this we can simply form the 

scalar product of X x Y in turn with X and Y. For example, 

Zi, IQ 3 

a AE x ie) = ity ACO A 

Yi Yaxy Y3 

Since rows 1 and 2 are identical, this is zero by a basic property 

of determinants (3.2.2). 
In fact the vectors X, Y, X x Y form a right-handed 

system in the sense that their directions correspond to the 

thumb and first two index fingers of the right hand when held 

extended. 
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Theorem 7.1.3 

If X and Y are vectors in R?, the vector X x Y is orthogonal 

to both X and Y, and the three vectors X,Y, X x Y forma 

right-handed system. 

The length of the vector product, like the the scalar prod- 

uct, is a number with geometrical significance. 

Theorem 7.1.4 

If X andY are vectors in R® and 6 is the angle in the interval 

[(0, 7] between X and Y, then 

|X x Y]| =||X]] | |[sin 2. 

Proof 

We compute the expression ||X||?||Y ||? — ||X x Y||?, by sub- 

stituting ||X ||? =x} +23 +23, ||Y ||? =y? + y2 + 3 and 

|X x Y ||? = (ways — xay2)? + (wayi — 21y3)? + (eiy2 — t24y1)°. 

After expansion and cancellation of some terms, we find that 

WUFIY I? — 1X x YI? = (iy + coyo + rays)? = (XTY)?. 

Therefore, by 7.1.1, 

WXIPY IP — |X x YP = [XP [IY ||? cos? 9. 

Consequently ||X x Y||? = ||X||? ||Y||?sin? 6. Finally, take 
the square root of each side, noting that the positive sign is 
correct since sin @ > 0 in the interval (0, 7]. 

Theorem 7.1.4 provides another geometrical interpreta- 
tion of the vector product X x Y. For ||X x Y|| is simply 
the area of the parallelogram JPRQ formed by line segments 
representing the vectors X and Y. Indeed the area of this 
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parallelogram equals 

(IQsin 0)IP = ||X|| ||Y||sin 0 = |X x YI]. 

Q 

Vs 

| <2) 
Xx 

Orthogonality in R” 

Having gained some insight from R°, we are now ready 

to define orthogonality in n-dimensional Euclidean space. 

Let X and Y be two vectors in R”. Then X and Y are 

said to be orthogonal if 

XY. = (). 

This a natural extension of orthogonality in R°. It follows 

from the definition that the zero vector is orthogonal to every 

vector in R” and that no non-zero vector can be orthogonal 

to itself: indeed X7X = 2?+23+---+22 >Oif X £0. 
It turns out that the inequality of 7.1.2 is valid for R”. 

Theorem 7.1.5 (Cauchy - Schwartz Inequality) 
If X and Y are vectors in R”, then 

IX*Y| < XI IYI. 

We shall not prove 7.1.5 at this stage since a more general 

fact will be established in 7.2: see however Exercise 7.1.10. 
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Because of 7.1.5 it is meaningful to define the angle between 

two non-zero vectors X and Y in R” to be the angle @ in the 

interval [0, 7] such that 

xTy 
cos §@ = ————— 

Ipeiaip ale 

An important consequence of 7.1.5 is 

Theorem 7.1.6 (The Triangle Inequality) 
If X and Y are vectors in R”, then 

|X +Y¥ |] < |X|] + |/¥1- 

Proof 

Let the entries of X and Y be 21,...,%n and ¥i,...,Yn Te 

spectively. Then 

[ee alee OXY. |e (Ney) = XN oe rey Ye 

and, since X7Y = Y7 X, this equals 

XI? + V1? + 2x7y. 

By the Cauchy-Schwartz Inequality |X7Y| < ||X'| ||Y'|, so it 
follows that 

IX+¥ 1? < XI? + (VI? + 2X] IY = (LX + IY), 

which yields the desired inequality. 
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When n = 3, the assertion of 7.1.6 is just the well-known 
fact that the sum of the lengths of two sides of a triangle is 
never less than the length of the third side, as can be seen 
from the triangle rule of addition for the vectors X and Y. 

Y 

X+ Y 

x 

Complex matrices and orthogonality in C” 

It is possible to define a notion of orthogonality in the 

complex vector space C”, a fact that will be important in 

Chapter Eight. However, a crucial change in the definition 

must be made. To see why a change is necessary, consider the 

complex vector X = va ROT rene en, ae ee] SOF? —. (), 

Since it does not seem reasonable to allow a non-zero vector 

to have length zero, we must alter the definition of a scalar 

product in order to exclude this phenomenon. 

First it is necessary to introduce a new operation on com- 

plex matrices. Let A be an m x n matrix over the complex 

field C. Define the complex conjugate 

A 

of A to be the m x n matrix whose (i, 7) entry is the complex 

conjugate of the (i,j) entry of A. Then define the complex 

transpose of A to be the transpose of the complex conjugate 

At =(A)?. 
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For example, if 

then 

Usually it is more appropriate to use the complex transpose 

when dealing with complex matrices. In many ways the com- 

plex transpose behaves like the transpose; for example, there 

is the following fact. 

Theorem 7.1.7 

If A and B are complex matrices, then (AB)* = B* A”. 

This follows at once from the equations (AB) = (A)(B) 
and 104 B) =p eat 

Now let us use the complex transpose to define the com- 

plex scalar product of vectors X and Y in C”; this is to be 

ya a Riyt st eens 

which is a complex number. Why is this definition any better 

than the previous one? The reason is that, if we define the 

length of the vector X in the natural way as 

Pa VAS evel Eee 

then ||X|| is always a non-negative real number, and it can- 
not equal 0 unless X is the zero vector. It is an important 
consequence of the definition that Y*X equals the complex 
conjugate of X*Y, so the complex scalar product is not sym- 
metric in X and Y. 
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It remains to define orthogonality in C". Two vectors X 
and Y in C” are said to be orthogonal if 

x = (): 

We now make the blanket assertion that all the results estab- 
lished for scalar products in.R” carry over to complex scalar 
products in C”. In particular the Cauchy-Schwartz and Tri- 
angle Inequalities are valid. 

Exercises 7.1 

—2 i! 

1. Find the angle between the vectors 4 | and | —2 

3 3 

2. Find the two unit vectors which are orthogonal to both of 
—2 1 

the vectors Si anda th 

—1 1 

3. Compute the vector and scalar projections of 

—2 1 

at bin ive 

—1 3 

4. Show that the planes 7 — 3y+4z = 12 and 27 —6y+ 8z = 6 

are parallel and then find the shortest distance between them. 

2 0 

5. If X = | —1 | and Y = | 4 J], find the vector product 

“ 2 

X x Y. Hence compute the area of the parallelogram whose 

vertices have the following coordinates: (1, 1, 1), (3, 0, 4), 

(NS 7 (S04, 6): 

6. Establish the following properties of the vector product: 

@e we = 0; fb) Me(Y +2) = XxX VY +X x Z; 

(c)XxY¥ =-YxX; (d) Xx(cY) =e(XxY) = (cX)xY. 
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7. If X, Y, Z are vectors in R3, prove that 

XIV ZY (Gar) 2 eae 

(This is called the scalar triple product of X, Y, Z). Then 

show that that the absolute value of this number equals the 

volume of the parallelopiped formed by line segments repre- 

senting the vectors X, Y, Z drawn from the same initial point. 

8. Use Exercise 7 to find the condition for the three vectors 

X,Y,Z to be represented by coplanar line segments. 

9. Show that the set of all vectors in R” which are orthog- 

onal to a given vector X is a subpace of R”. What will its 

dimension be? 

10. Prove the Cauchy-Schwartz Inequality for R”. [Hint: 

compute the expression ||X||?|/Y ||? — |X7Y|? and show that 
it is is non-negative]. 

11. Find the most general vector in C? which is orthogonal 
to both of the vectors 

—,/—1 1 

+ 4/—1 and ‘A 

3 4/—2 

12. Let A and B be complex matrices of appropriate sizes. 
Prove the following statements: 

(a)(A)? = (AT); (b)(A+ B)* = A* + BY; (0)(A*)" = A. 
13. How should the vector projection of X on Y be defined 
in @2r 
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14. Show that the vector equation of the plane through the 
point (Zo, yo, 20) with normal vector N is 

(X — Xo)7N =0 

where X and Xo are the vectors with entries x, y, z and Zo, 

Yo, Zo, respectively. 

15. Prove the Cauchy-Schwartz Inequality for complex scalar 

products in C”. 

16. Prove the Triangle Inequality for complex scalar products 
ee Oe 

17. Establish the following expression for the vector triple 

product in R°: X x (Y x Z) =(X-Z)Y —(X-Y)Z. (Hint: 
note that the vector on the right hand side is orthogonal to 

to both X and Y x Z|] 

7.2 Inner Product Spaces 

We have seen how to introduce the notion of orthogonal- 

ity in the vector spaces R” and C” for arbitrary n. But what 

about other vector spaces such as vector spaces of polynomials 

or continuous functions? It turns out that there is a general 

concept called an inner product which is a natural extension 

of the scalar products in R” and C”. This allows the intro- 

duction of orthogonality in arbitrary real and complex vector 

spaces. 
Let V be a real vector space, that is, a vector space over 

R. An inner product on V is a rule which assigns to each pair 

of vectors u and v of V a real number < u, v >, their inner 

product, such that the following properties hold: 

(i) <v,v>2>0 and<v,v> =Oifand only ifv =0; 

GireuewS i= <yv, u>; 

(iii)< cu+-dv,w>=c<u,w>+d<v,w>. 
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The understanding here is that these properties must hold for 

all vectors u, v, w and all real scalars c, d. 

We now give some examples of inner products, the first 

one being the scalar product, which provided the original mo- 

tivation. 

Example 7.2.1 

Define an inner product < > on R” by the rule 

OX, Yay 

That this is an inner product follows from the laws of matrix 

algebra, and the fact that XX is non-negative and equals 0 

only if X = 0. This inner product will be referred to as the 

standard inner product on R”. It should be borne in mind 

that there are other possible inner products for this vector 

space; for example, an inner product on R? is defined by 

< X,Y >= 221y1 + 3xr2y2 + 4r3y3 

where X and Y are the vectors with entries x1, £2, 73 and yj, 

Yy2, y3 respectively. The reader should verify that the axioms 

for an inner product hold in this case. 

Example 7.2.2 

Define an inner product < > on the vector space Ca, b] by 
the rule 

b 
een IML es =| Fiajya(a da. 

This is very different type of inner product, which is im- 
portant in the theory of orthogonal functions. Well-known 
properties of integrals show that the requirements for an in- 
ner product are satisfied. For example, 

b 
SE =f f(z)?dx > 0 
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since f(x)? > 0; also, if we think of the integral as the area 
under the curve y = f(x)?, then it becomes clear that the 
integral cannot vanish unless f(z) is identically equal to zero 
in [a , b]. 

Example 7.2.3 

Define an inner product on the vector space P,,(R) of all real 
polynomials in x of degree less than n by the rule 

<f,g>= S— f(xi)9(xi) 
t=1 

where 21,...,2Zn are distinct real numbers. 

Here it is not so clear why the first requirement for an 

inner product holds. Note that 

Sige Ne bape eal 
Deal 

also the only way that this sum can vanish is if f(z,) = ... 
= f(rn) = 0. But f is a polynomial of degree at most n—1, so 

it cannot have n distinct roots unless it is the zero polynomial. 

Orthogonality in inner product spaces 

A real inner product space is a vector space V over R 

together with an inner product < >on V. It will be con- 

venient to speak of “the inner product space V”, suppressing 

mention of the inner product where this is understood. Thus 

“the inner product space R”” refers to R” with the scalar 

product as inner product: this is called the Euclidean inner 

product space. 

Two vectors u and v of an inner product space V are said 

to be orthogonal if 

<1 0: 
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It follows from the definition of an inner product that the zero 

vector is orthogonal to every vector and no non-zero vector can 

be orthogonal to itself. 

Example 7.2.4 

Show that the functions sin z, m = 1,2,..., are mutually 

orthogonal in the inner product space C'[0, 7] where the inner 

product is given by the formula < f,g > = 3 f(x)g(ax)dz. 

We have merely to compute the inner product of sin mz 

and sin nz: 

T 

<sinvmz. sin na > =i} sin mx sin nx dz. 
0 

Now, according to a well-known trigonometric identity, 

1 
sinmaz sin nz = 5 (cos(m —n)x — cos(m+n)zx). 

Therefore, on evaluating the integrals, we obtain as the value 

Ol <— Sinaia, 9S) a, 

sin(m — n)x — sin(m + n)a]p = 0, 3G =m) 2(m +n) 
provided m # n. This is a very important set of orthogonal 

functions which plays a basic role in the theory of Fourier 
series. 

If v is a vector in an inner product space V, then 

< v,v > = 0, so this number has a real square root. This 

allows us to define the norm of v to be the real number 

IIvIl=V<v,v 5. 

Thus ||v|| > 0 and ||v|| equals zero if and only ifv = 0. A 
vector with norm 1 is called a unit vector. It is clear that 
norm is a generalization of length in Euclidean space. 
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Example 7.2.5 

Find the norm of the function sin mz in the inner product 
space C0, 7] of Example 7.2.4. 

Once again we have to compute an integral: 

us as 1 

|| sin mz||? = “ sin* mz dz = i 5 SO Se SN Uo a 
0 ‘ 0 

Hence ||sin mz|| = \/(7/2). It follows that the functions 

[2 
Se i a oe ae iy ae 
1 

form a set of mutually orthogonal unit vectors. Such sets are 

called orthonormal and will be studied in 7.3. 

There is an important inequality relating inner product 

and norm which has already been encountered for Euclidean 

spaces. 

Theorem 7.2.1 (The Cauchy - Schwartz Inequality) 
Let u and v be vectors in an inner product space. Then 

|<u,v >| <ul lvl. 

Proof 
We can assume that v # 0 or else the result is obvious. Let 

t denote an arbitrary real number. Then, using the defining 

properties of the inner product, we find that < u—tv, u—tv > 

equals 

Siig lbet sialiVos ty wv, Uintt dwive Gi, 

which reduces to 

|ju|l? —2<u,v >t+ |lv|l72? > 0. 
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For brevity write a = ||v||?, b= <u, v > andc = |lul|?. Thus 

at? — 2bt +c =< u—tv,u—tv > 20. 

To see what this implies, complete the square in the usual 

manner; 

b e (ie 2 2 = =i a at? — 2bt +c = a(( - ss oH) 

Since a > 0 and the expression on the left hand side of the 

equation is non-negative for all values of t, it follows that 

c/a > b*/a”, that is, b? < ac. On substituting the values of 
a, b and c, and taking the square root, we obtain the desired 

inequality. 

Example 7.2.6 

If 7.2.1 is applied to the vector space Cla, b| with the inner 

product specified in Example 7.2.2, we obtain the inequality 

b b b 

| i fla)g(a)de) < ( (i f(a)?de)"? ( / g(x)2dx)/, 

Normed linear spaces 

The next step in our series of generalizations is to extend 

the notion of length of a vector in Euclidean space. Let V 

denote a real vector space. By a norm on V is meant a rule 

which assigns to each vector v a real number ||v||, its norm, 
such that the following properties hold: 

(i) ||v|| => 0 and ||v|| = 0 if and only if v = 0; 

(ii) |lev|l = |el [lvll; 
(iii) |Ju + v|| < |lul| + ||v||. (The Triangle Inequality). 

These are to hold for all vectors u and v in V and all scalars 
c. A vector space together with a norm is called a normed 
linear space. 
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We already know an example of a normed linear space; 
for the length function on R” is a norm. To see why this 
is SO, we need to remember that the Triangle Inequality was 
established for the length function in 7.1.6. 

The reader will have noticed that the term “norm” has 
already been used in the context of an inner product space. 

Let us show that these two usages are consistent. 

Theorem 7.2.2 

Let V be an inner product space and define 

IVIL V< Vv, v >. 

Then || || ts a norm on V and V is a normed linear space. 

Proof 

We need to check the three axioms for a norm. In the first 

place, |/v|| = /<v,v > > 0, and this cannot vanish unless 
v = 0, by the definition of an inner product. Next, if c isa 

scalar, then 

ev = ¥/ acy, ev & Ea/(e vues) = Iclilv ||: 

Finally, the Triangle Inequality must be established. By the 

defining properties of the inner product: 

jut vi? = <utv, utv> =llul?+2<u,v> +IvP, 

which, by 7.2.1, cannot exceed 

Jul]? + lull [ivi] + vil? = (lull + ilvll)?- 

On taking square roots, we derive the required inequality. 

Theorem 7.2.2 enables us to give many examples of 

normed linear spaces. 
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Example 7.2.7 

The Euclidean space R” is a normed linear space if length is 

taken as the norm. Thus 

|X|] = V XTX = Lona ee 

Example 7.2.8 

The vector space C[a, b] becomes a normed linear space if || f|| 
is defined to be 

1g "f(@)%dx)'?, 
Example 7.2.9 (Matrix norms) 

A different type of normed linear space arises if we consider 

the vector space of all real m x n matrices and introduce a 

norm on it as follows. If A = [a;;]m,n, define || Al] to be 

OY SB cans 
i=1 j=1 

On the face of it this is a reasonable measure of the “size” of 

the matrix. But of course one has to show that this is really a 

norm. A neat way to do this is as follows: put A equal to the 

mn-column vector whose entries are the elements of A listed 

by rows. The key point to note is that ||A|| is just the length 
of the vector A in R™”. It follows at once that || || is a norm 
since we know that length is a norm. 

Inner products on complex vector spaces 

So far inner products have only been defined on real vec- 
tor spaces. Now it has already been seen that there is a rea- 
sonable concept of orthogonality in the complex vector space 
C”, although it differs from orthogonality in R” in that a dif- 
ferent scalar product must be used. This suggests that if an 
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inner product is to be defined on an arbitrary complex vector 
space, there will have to be a change in the definition of the 
inner product. 

Let V be a vector space over C. An inner product on V 
is a rule that assigns to each pair of vectors u and v in V a 
complex number < u, v > such that the following rules hold: 

(i) <v,v > >0 and <v,v > =0 if and only if v = 0; 
ieeth v= <—viu >; 
(iii) <cu+dv,w>=C<u,w>+d<v,w>. 

These are to hold for all vectors u, v, w and all complex scalars 

c, d. Observe that property (ii) implies that < v,v > is 
real: for this complex number equals its complex conjugate. A 

complex vector space which is equipped with an inner product 

is called a complex inner product space. 

Our prime example of a complex inner product space is 

C” with the complex scalar product < X,Y > = X*Y. To 

see that this is a complex inner product, we need to note that 

et A an 

aed aY, 2 >= (cXi0dV,)*Z =eX*Z+aY"Z, 

which is just ¢<X,Z>+d<Y,Z>. 
Provided that the changes implied by the altered condi- 

tions (ii) and (iii) are made, the concepts and results already 
established for real inner product spaces can be extended to 

complex inner product spaces. In addition, results stated for 

real inner product spaces in the remainder of this section hold 

for complex inner product spaces, again with the appropriate 

changes. 

Orthogonal complements 

We return to the study of orthogonality in real inner prod- 

uct spaces. We wish to introduce the important notion of the 

orthogonal complement of a subspace. Here what we have in 



218 Chapter Seven: Orthogonality in Vector Spaces 

mind as our model is the simple situation in three-dimensional 

space where the orthogonal complement of a plane is the set 

of line segments perpendicular to it. 

Let S be a subspace of a real inner product space V. 

The orthogonal complement of S is defined to be the set of all 

vectors in V that are orthogonal to every vector in S: it is 

denoted by the symbol 

Se 

Example 7.2.10 

Let S be the subspace of R® consisting of all vectors of the 

form 
a 

b 

0) 

where a and 6 are real numbers. Thus elements of S corre- 

spond to line segments in the ry-plane. Equally clearly S+ is 

the set of all vectors of the form 

0 

0 

GC 

These correspond to line segments along the z-axis, hardly a 

surprising conclusion. 

The most fundamental property of an orthogonal com- 
plement is that it is a subspace. 

Theorem 7.2.3 

Let S be a subspace of a real inner product space V. Then 
(a) S+ is a subspace of V; 
(Dies pio = 0; 
(c) if S is finitely generated, a vector v belongs to St if 
and only if it is orthogonal to every vector in some set of 
generators of S. 



7.2: Inner Product Spaces 219 

Proof 

To show that S+ is a subspace we need to verify that it con- 
tains the zero vector and is closed with respect to addition 
and scalar multiplication. The first statement is true since 

the zero vector is orthogonal to every vector. As for the re- 

maining ones, take two vectors v and w in S+, let s be an 

arbitrary vector in S and let'c be a scalar. Then 

eves nr VS > = (), 

and 

Vv Wee — VS > ft <w,s > = 0. 

Hence cv and v + w belong to St. 
Now suppose that v belongs to the intersection $M St. 

Then v is orthogonal to itself, which can only mean that v = 

0. 

Finally, assume that v,,...,Vm are generators of S' and 

that v is orthogonal to each v;. A general vector of S has the 

form ik c;v; for some scalars c;. Then 

™m m™m 

"Vy pete eye ayy ver. 

= w=) i=l 

Hence v is orthogonal to every vector in S and so it belongs 

to S+. The converse is obvious. 

Example 7.2.11 

In the inner product space P3(R) with 

Sepa {h f(x)g(xz)dz, 

find the orthogonal complement of the subspace S generated 

by 1 and az. 
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Let f = a9 +a ,2+a22” be an element of P3(R). By 7.2.3, 

a polynomial f belongs to $+ if and only if it is orthogonal 

to 1 and x; the conditions for this are 

: 1 1 
<fii>= fo fade =a + 50+ 542 =0 

0 2 8 

and 

1 
1 1 1 

SOR BE aa xf (x)dx = —a9 + —a1.+.—a2 = 0. 
p Quitheg or aka 

Solving these equations, we find that ap = t/6, a; = —t and 
ag = t, where t is arbitrary. Hence f = t(x?—x+ &) is the most 
general element of S+. It follows that S+ is the 1-dimensional 

subspace generated by the polynomial x? — x + z. 

Notice in the last example that dim(S) + dim(S$+) = 3, 
the dimension of P3(R). This is no coincidence, as the follow- 
ing fundamental theorem shows. 

Theorem 7.2.4 

Let S be a subspace of a finite-dimensional real inner product 

space V; then 

V=S@S* and dim(V) = dim(S) + dim(S+). 

Proof 

According to the definition in 5.3, we must prove that V = 
S+S+ and $M S+ = 0. The second statement is true by 
7.2.3, but the first one requires proof. 

Certainly, if S = 0, then St = V and the result is clear. 
Having disposed of this case, we may assume that S is non- 
zero and choose a basis vj,..., Vm for S. Extend this basis of 
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S to a basis of V, say v1,...,Vm, Vm+1)+++,Wn: this possible 
by 5.1.4. If v is an arbitrary vector of V, we can write 

n 

v= ) CjV>j- 

fel 

By 7.2.3 the vector v belongs to S*+ if and only if it is orthog- 
onal to each of the vectors vj,...,Vm; the conditions for this 
are 

mr 

ea oe See Veneer C, — U. See Sy Nar TT 

j=l 

Now the above equations constitute a linear system of m equa- 

tions in the n unknowns ¢j,Co,...,Cn. Therefore the dimen- 

sion of S+ equals the dimension of the solution space of the 

linear system, which we know from 5.1.7 to be n — r where r 

is the rank of the m x n coefficient matrix A = [< v;,v; >]. 
Obviously r < m; we shall show that in fact r = m. If this is 

false, then the m rows of A must be linearly dependent and 

there exist scalars d.d2,...,dm, not all of them zero, such that 

m m 

= ppl: <Vi,Vj > H< ST avi, vj > 

for 7 = 1,...,n. But a vector which is orthogonal to every 

vector in a basis of V must be zero. Hence )>;", divi = 0, 
which can only mean that dj; = dz = ::: = dm = 0 since 

V1,...;Vm are linearly independent. By this contradiction 

PEt 

We conclude that dim($+) =n—m = n-—dim(S), which 

implies that dim(9)+dim(S+) = n = dim(V). It follows from 

5.3.2 that 

dim(S + S+) = dim(S) + dim($*) = dim(V). 
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Hence V = $+ S+, as required. 

An important consequence of the theorem is 

Corollary 7.2.5 

If S is a subspace of a finite-dimensional real inner product 

space V, then 
(Sam \aa inh 

Proof 
Every vector in S is certainly orthogonal to every vector in 

S+: thus S is a subspace of (S+)+. On the other hand, a 

computation with dimensions using 7.2.4 yields 

dim((S+)+) =dim(V) — dim(S*) 
= dim(V) — (dim(V) — dim(S)) 
= dim(S) 

‘Theretore, oi (o =). 

Projection on a subspace 

The direct decomposition of an inner product space into 

a subspace and its orthogonal complement afforded by 7.2.4 

leads to wide generalization of the elementary notion of pro- 

jection of one vector on another, as described in 7.1. This 

generalized projection will prove invaluable during the discus- 

sion of least squares in 7.4. 

Let V be a finite-dimensional real inner product space, let 

S be a subspace and let v an element of V. Since V = S@S+, 
there is a unique expression for v of the form 

v=si+st 

where s and s~ belong to S and S+ respectively. Call s the 
projection of v on the subspace S. Of course, st is the projec- 
tion of v on the subspace S+. For example, if V is R3, and 
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S' is the subspace generated by a given vector u, then s is the 
projection of v on u in the sense of 7.1. 

Example 7.2.12 

Find the projection of the vector X on the column space of 
the matrix A where 

1 i 3 

ANShhal Hh tand)A-—01):2>54—1 

1 1 4 

Let S denote the column space of A. Now the columns 

of A are linearly independent, so they form a basis of 5. We 

have to find a vector Y in S such that X —Y is orthogonal to 

both columns of A; for then X — Y will belong to S+ and Y 
will be the projection of X on S. Now Y must have the form 

1 3 z+ 3y 

kes ite| o2hirehey, [ys bet = a] ear y 

i 4 x + 4y 

for some scalars x and y. Then if A; and Ag are the columns 

of A, the conditions for X — Y to belong to S+ are 

< X-Y, A; > = (1—2z—3y)+2(1-2¢+y)+(1—2—4y) =0 

and 

< X-Y, Ap > = 3(1—x—3y)—(1—24+y)+4(1—x—4y) = 0. 

These equations yield x = 74/131 and y = 16/131. The pro- 

jection of X on the subspace S is therefore 

1 Ip 

Y= — | 132 
131 138 
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Orthogonality and the fundamental subspaces of a 

matrix 

We saw in Chapter Four that there are three natural sub- 

spaces associated with a matrix A, namely the null space, the 

row space and the column space. There are of course corre- 

sponding subspaces associated with the transpose A’, so in 

all six subspaces may be formed. However there is very little 

difference between the row space of A and the column space 

of A’; indeed, if we transpose the vectors in the row space of 

A, we get the vectors of the column space of A’. Similarly 

the vectors in the row space of A’ arise by transposing vec- 

tors in the column space of A. Thus there are essentially four 

interesting subspaces associated with A, namely, the null and 

column spaces of A and of A?. These subspaces are connected 

by the orthogonality relations indicated in the next result. 

Theorem 7.2.6 

Let A be a real matrix. Then the following statements hold: 

(i) null space of A = (column space of A™)+; 
(ii) null space of A? = (column space of A)t; 
(iii) column space of A = (null space of AT)+; 
(iv) column space of A? = (null space of A). 

Proof 

To establish (i) observe that a column vector X belongs to the 
null space of A if and only if it is orthogonal to every column 
of A”, that is, X is in (column space of A7)+. To deduce (ii) 
simply replace A by A” in (i). Equations (iii) and (iv) follow 
on taking the orthogonal complement of each side of (ii) and 
(i) respectively, if we remember that S = (S+)+ by 7.2.5. 
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Exercises 7.2 

1. Which of the following are inner product spaces? 
(a) R” where < X,Y > = —XTY, p56 
(b) R” where < X,Y > =2XTY, 7° 
(c) C[0, 1] where < f,g> = [> (f(x) + g(x))dr\0 

2. Consider the inner product space C[0, 7] where < f,g > = 
fo f(x)g(x)dz; show that the functions 1//7, \/2/m cos mz, 
m= 1,2,..., form a set of mutually orthogonal unit vectors. 

3. Let w be a fixed, positive valued function in the vector 

space C[a, b]. Show that if < f,g > is defined to be 

b 

| s@w@ateae, 

then < > is an inner product on C[a,b]. [Here w is called a 
weight function]. 

4. Which of the following are normed linear spaces? 

(a) R® where ||X|| = 2? + 23 + 23; 

(b) R° where ||X|| = ./2? + 22 — 23; 
(c) R° where ||X|| = the maximum of |], |x|, |x3|. 

5. Let V be a finite-dimensional real inner product space 

with an ordered basis vj,...,Vn. Define a;; to be < vi, vj >. 

If A = [a;;] and u and w are any vectors of V, show that 

<u, w > = [u]’ A[w] where [ ul] is the coordinate vector of u 
with respect to the given ordered basis. 

6. Prove that the matrix A in Exercise 5 has the following 

properties: 

(a) XT AX > 0 for all X; 
(br AX. =O only 1 X= 0; 
(c) A is symmetric. 

Deduce that A must be non-singular. 
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7. Let A be a real n xX n matrix with properties (a), (b) and 

(c) of Exercise 6. Prove that < X,Y >= XT AY defines an 

inner product on R”. Deduce that ||X|| = VX7 AX defines a 

norm on R”. 

8. Let S be the subspace of the inner product space P3(R) 
generated by the polynomials 1 — x? and 2 eer x”, where 

Ugh) SS ik f(z)g(x)dx. Find a basis for the orthogonal 
complement of S. 

9. Find the projection of the vector with entries 1,—2, 3 on 
Re ae sb 

the column space of the matrix | 2 —4 

3 5 

10. Prove the following statements about subspaces S and T' 

of a finite dimensional real inner product space: 

(a) Git Da 1S Sis 

(b) S+ =T* always implies that S = T; 

(C) (6 Re gaa oe Ea 

11. If.S is asubspace of a finite dimensional real inner product 

space V, prove that S+ ~ V/S. 

7.3 Orthonormal Sets and the Gram-Schmidt Process 

Let V be an inner product space. A set of vectors in V is 
called orthogonal if every pair of distinct vectors in the set is 
orthogonal. If in addition each vector in the set is a unit vec- 
tor, that is, has norm is 1, then the set is called orthonormal. 

Example 7.3.1 

In the Euclidean space R®° the vectors 

Lo | —_ Oo 
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form an orthogonal set since the scalar product of any two of 
them vanishes. To obtain an orthonormal set, simply multiply 
each vector by the reciprocal of its length: 

1 1 gash 

Example 7.3.2 

The standard basis of R” consisting of the columns of the 

identity matrix 1, is an orthonormal set. 

Example 7.3.3 

The functions 

4/2) 1 SINYINGHN, = 52. AV. 

form an orthonormal subset of the inner product space 

C|0, 7]. For we observed in Examples 7.2.4 and 7.2.5 that 
these vectors are mutually orthogonal and have norm 1. 

A basic property of orthogonal subsets is that they are 

always linearly independent. 

Theorem 7.3.1 

Let V be a real inner product space; then any orthogonal subset 

of V consisting of non-zero vectors is linearly independent. 

Proof 

Suppose that the subset {vi,...,Vn} is orthogonal, so that 

<vi,vj > =Oifi# J. Assume that there is a linear relation 

of the form c,v, +: +: +¢nVn = 0. Then, on taking the inner 

product of both sides with v;, we get 

n n 

C= x < CiVi, Vj >= De IG: < Vi, Vj > =Cj < Vj, Vj > 

i=l t= : 

=¢;||v5| 
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since < vi,v; > = 0 ifi 4 j. Now ||v;|| 4 0 since v; is not 

the zero vector; therefore c; = 0 for all j. It follows that the 

v,; are linearly independent. 

This result raises the possibility of an orthonormal basis, 

and indeed we have already seen in Example 7.3.2 that the 

standard basis of R” is orthonormal. While at present there 

are no grounds for believing that such a basis always exists, 

it is instructive to record at this stage some useful properties 

of orthonormal bases. 

Theorem 7.3.2 

Suppose that {v1,...,Vn} 1s an orthonormal basis of a real 

inner product space V. If v is an arbitrary vector of V, then 

gh Soe) vi >v; and ||v||? = D<w, vi > 
(il 

Proof 

Let v = Deo c;v; be the expression for v in terms of the 

given basis. Forming the inner product of both sides with v,, 
we obtain 

n 

aevhevyylinan) CA eve teal) Ci < Vi, Vi > = Cj 

since <vi,vj > =Oift#j and <v,j,v; > =1. Finally, 

n n 

Ill? =< V.Vi> S.< Sey So civ; 4 

j=1 j=l 

which reduces to 5~""_, c?. 
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Another useful feature of orthonormal bases is that they 
greatly simplify the procedure for calculating projections. 

Theorem 7.3.3 

Let V be an inner product space and let S be a subspace and 

v a vector of V. Assume that {si,...,Sm} is an orthonormal 

basis of S. Then the projection of v on S is 

m 

) <aV,1Sj->) Sj. 

— 

Proof 

Putiopye we < v,S; > s;, a vector which quite clearly 

belongs to S. Now < p,s; > = < v,8; >, so 

<V > ps7 > =<V, 87> — < p, 87> 

=< V, 84 > — SV, 8; > 

AW 

Hence v — p is orthogonal to each basis element of S, which 

shows that v — p belongs to S+. Since v = p+(v-—p), and 

the expression for v as the sum of an element of S and an 

element of $+ is unique, it follows that p is the projection of 

von S. 

Example 7.3.4 

The vectors 

1 1 X,=—|-2), %=—>. 
i DTG Ne op hpters sol VEN 9 

re bO 

form an orthonormal basis of a subspace S of R%; find the 

projection on S of the column vector X with entries 1, —1,1. 
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Apply 7.3.3 with s; = X, and sp = X92; we find that the 

projection of X on S is 

P=<X,X,>X1+<X, Xe > Xe 

16 4 1 Liifentcs 
62 ies Foon AN Oi 

Having seen that orthonormal bases are potentially useful, let 

us now address the problem of finding such bases. 

Gram-Schmidt orthogonalization 

Suppose that V is a finite-dimensional real inner prod- 

uct space with a given basis {u,,...,U,}; we shall describe 

a method of constructing an orthonormal basis of V which is 

known as the Gram-Schmidt process. 

The orthonormal basis of V is constructed one element 

at a time. The first step is to get a unit vector; 

i 
Vii.=—= 7, lic 

|u| 
Notice that u,; and v; generate the same subspace; let us call 

it S;. Then v, clearly forms an orthonormal basis of S$ ,. Next 

let 

Pres < Ug, Vi DEV 

By 7.3.3 this is the projection of ug on S$). Thus ug — p, 

belongs to Sj and uz — p, is orthogonal to v;. Notice that 
uz — p, # O since u, and wu, are linearly independent. The 

second vector in the orthonormal basis is taken to be 
; 

= Fe hla = Dy)? fu — py? PY 
By definition of v; and vo, these vectors generate the same 
subspace as Uj, U2, say Sp. Also v; and v> form an orthonor- 
mal basis of So. 
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The next step is to define 

Po =< ug, V1 - Via a ug, V2 a V2, 

which by 7.3.3 is the projection of u3 on Sy. Then us — Po 
belongs to Si and so it is orthogonal to v; and vo. Again 

one must observe that u3 — p. # 0, the reason being that uz, 

U2, U3 are linearly independent. Now define the third vector 

of the orthonormal basis to be 

1 
Ne =} pesos 2 (ugic= py): 

[us — Pall ; 
Then v,, V2, v3 form an orthonormal basis of the subspace 

S53 generated by uj, Ug, U3. 

The procedure is repeated n times until we have con- 

structed n vectors v1,..., Wn; these will form an orthonormal 

basis of V. 

Our conclusions are summarised in the following funda- 

mental theorem. 

Theorem 7.3.4 (The Gram - Schmidt Process) 
Let {u,...,Un} be a basis of a finite-dimensional real inner 

product space V. Define recursively vectors V1,...,Vn by the 

rules 

: d (u P;) Vi a Oe Vee — 7s Fit, Bi) 
|| a2 | fap. ‘ 

where 

P; =\< Us41, Vi > Vi Fe F< Uj41, Vi > Vi 

is the projection of Uj+1 on the subspace S; =< Vi,...,Vi >: 

Then V1,.-.;Vn form an orthonormal basis of V. 

The Gram-Schmidt process furnishes a practical method 

for constructing orthonormal bases, although the calculations 

can become tedious if done by hand. 
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Example 7.3.5 

Find an orthonormal basis for the column space S' of the ma- 

LPL 
2 

3 

1 

6 Rohs 

1 

1 

t 

Ih 

In the first place the columns X,;, X2, X3 of the matrix 

are linearly independent and so constitute a basis of S. We 

shall apply the Gram-Schmidt process to this basis to produce 

an orthonormal basis {Y1, Y2, Y3} of S, following the steps in 

the procedure. 

1 
1 ert 

Y, = —X,=- 
jeu peal 

1 

Now compute the projection of X2 on S; =< Yj >; 

1 

Ne AA AROS 

1 

The next vector in the orthonormal basis is 

4 —1 

am oes 7 Cane rd 
—1 

The projection of X3 on Sy =< Yj, Yo > is 

es ae een ee ee 

Row sp 
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The final vector in the orthonormal basis of S’ is therefore 

—) 

E 1 1 ee eye yp) a x, ep er) a FG ot 
2 

Example 7.3.6 

Find an orthonormal basis of the inner product space P3(R) 

where < f,g > is defined to be be f(x)g(x)dz. 

We begin with the standard basis {1, x, x7} of P3(R) and 
then use the Gram-Schmidt process to construct an orthonor- 

mal basis {f1, fo, f3}. Since ||1|| = Ataf x) = V2, the first 
member of the basis is 

1 1 
fi ae ee 

Irie v2 

eee oe fT (@/v2)de =), 60 Du=< 2, i> iL, 

Hence 
1 a 

fe=—Zzt= is L 

||| 2 

since ||z|| = AC ie gar y= z, 

Continuing the procedure, we find that < cages gia 

Woo ont, fe a, ence Pg oo = fi eae 

fo > fo = 1/3, and so the final vector of the orthonormal 

basis is 

Sa 
[eee ay 24/2 3 

Consequently the polynomials 

1 3 3/5(x? — 1/3) 
a’ ee and Th ewyga 

f= 
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form an orthonormal basis of P3(R). 

QR-factorization 

In addition to being a practical tool for computing or- 

thonormal bases, the Gram-Schmidt procedure has important 

theoretical implications. For example, it leads to a valuable 

way of factorizing an arbitrary real matrix. This is generally 

referred to as QR-factorization from the standard notation for 

the factors Q and R. 

Theorem 7.3.5 

Let A be a realm X n real matrix with rank n. Then A can 

be written as a product QR where Q is a realm X n matrix 

whose columns form an orthonormal set and R is a realn x n 

upper triangular matrix with positive entries on its principal 

diagonal. 

Proof 

Let V denote the column space of the matrix A. Then V is 

a subspace of the Euclidean inner product space R™. Since 

A has rank n, the n columns Xj,...,X, of A are linearly 

independent, and thus form a basis of V. Hence the Gram- 

Schmidt process can be applied to this basis to produce an 

orthonormal basis of V, say Y1,..., Yn. 

Now we see from the way that the Y; in the Gram-Schmidt 

procedure are defined that these vectors have the form 

Yi = Ome 

Yo = b12X1 + bo2X2 

Vp vinay a binXe2 a PES Unnein 

for certain real numbers b;; with bj; positive. Solving the 
equations for X,,...,X, by back-substitution, we get a linear 
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system of the same general form: 

Xy =711Y; 

X2q=112Y1 + r22Y2 

Xn Tint + TanY2 OR ee 

for certain real numbers rij, with rj; positive again. These 
equations can be written in matrix form 

ipo restatyy] 

18s a Sea alt 

27S a PS, 

(Pee 

The columns of the m x n matrix Q = [Yi Yo ... Y,] form an 

orthonormal set since they constitute an orthonormal basis of 

R™, while the matrix R = [rij|njn is plainly upper triangular. 

The most important case of this theorem is when A is a 

non-singular square matrix. Then the matrix Q is n x n, and 

its columns form a orthonormal set; equivalently it has the 

property 

Q7Q =I, 

which, by 3.3.4, is just to say that Q~' = Q?. 

A square matrix A such that 

At = Aa} 

is called an orthogonal matrix. We shall see in Chapter 9 that 

orthogonal matrices play an important role in the study of 

canonical forms of matrices. 

It is instructive to determine to investigate the possible 

forms of an orthogonal 2 x 2 matrix. 
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Example 7.3.7 

Find all real orthogonal 2 x 2 matrices. 

Suppose that the real matrix 

a b 

Arc eww) 
is orthogonal; thus A? A = Iz. Equating the entries of the 

matrix A’ A to those of Iz, we obtain the equations 

a2+c?=1=0%4+d? and ab+cd=0. 

Now the first equation asserts that the point (a,c) lies on the 
circle x? + y* = 1. Hence there is an angle @ in the interval 
(0, 27] such that a = cos 6 and c=sin @. Similarly there is 
an angle ¢ in this interval such that b= cos ¢andd=sin @. 

Now we still have to satisfy the third equation ab+cd = 0, 

which requires that 

cos 8 cos ¢+sin 8 sin 6=0 

that is, cos(¢ — 6) = 0. Hence ¢ — 6 = +7/2 or +37/2. We 
need to solve for b and d in each case. If ¢ = 0+ 7/2 or 

@ = 0 — 37/2, we find that b = —sin @ and d=cos @. If, on 
the other hand, ¢ = 6 — 7/2 or 6 = 64+ 37/2, it follows that 
b=sin @ and d= —cos @. 

We conclude that A has of one of the forms 

cos? —sin@ cos 0 sin 

sin 0 cos 6 }’ sind —cos6 

with @ in the interval [0, 27]. Conversely, it is easy to verify 
that such matrices are orthogonal. Thus the real orthogonal 
2 x 2 matrices are exactly the matrices of the above types. 
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We remark that these matrices have already appeared 
in other contexts. The first matrix represents an anticlock- 

wise rotation in R? through angle 0: see Example 6.2.6. The 

second matrix corresponds to a reflection in R? in the line 

through the origin making angle 6/2 with the positive x- 

direction; see Exercises 6.2.3 and 6.2.6. Thus a connection 

has been established between 2 x 2 real orthogonal matrices on 

the one hand, and rotations and reflections in 2-dimensional 

Euclidean space on the other. 

It is worthwhile restating the QR-factorization principle 

in the important case where the matrix A is invertible. 

Theorem 7.3.6 

Every invertible real matriz A can be written as a product QR 

where Q is a real orthogonal matriz and R is a real upper tri- 

angular matrix with positive entries on its principal diagonal. 

Example 7.3.8 

Write the following matrix in the QR-factorized form: 

wu. 2 

Selb 2. 3 

i Ps a | 

The method is to apply the Gram-Schmidt process to 

the columns X,, X2, X3 of A, which are linearly independent 

and so form a basis for the column space of A. This yields an 

orthonormal basis {Y1, Y2, Y3} where 
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and 
1 2 

= ae 0 nt tl Me SN/DiXn 

v2 \ 4 2 

Solving back, we obtain the equations 

KH SY 

Xo = 4V/3/3 Y, + V6/3 Yo 

X3 = 2V3Y, + V6/2 Yo + V2/2 Y3 

Therefore A = QR where 

i/V3 -1/v6  1/v2 
Q. = |Plyev/ Site 26 0 

1 fn/ Smad) VG teal M2 

and 
V3 4/V/3  2V3 

R= | 70 »/6/8 6/2 
0 O } 3/2/2 

Unitary matrices 

We point out, without going through the details, that 

there is a version of the Gram-Schmidt procedure applicable 

to complex inner product spaces. In this the formulas of 7.3.4 

are carried over with minor changes, to reflect the properties 

of complex inner products. 

There is also a QR-factorization theorem. In this an im- 

portant change must be made; the matrix Q which is pro- 

duced by the Gram-Schmidt process has the property that 

its columns are orthogonal with respect to the complex inner 

product on C™. In the case where Q is square this is equiva- 
lent to the equation 

OG) = In 
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or 

a aN 1 

Recall here that Q* = (Q)?. A complex matrix Q with the 
above property is said to be unitary. Thus unitary matri- 

ces are the complex analogs of real orthogonal matrices. For 
example, the matrix / 

cos? isin#@ 

t SIN Oy COS OJ 

is unitary for all real values of 6; here of course i = /—1. 

Exercises oe 

1. Show that the following vectors constitute an orthogonal 

basis of R? : 
1 2 1 
se ec aa ee 

=f 2 i 

2. Modify the basis in Exercise 1 to obtain an orthonormal 

basis. 

3. Find an orthonormal basis for the column space of the 

matrix 

0 iL Ft. 

Te ec 

1 ye 

4, Find an orthonormal basis for the subspace of P3(R) gen- 

erated by the polynomials 1 — 6x and 1 — 62? where < f,g > 

= ie f(x)g(x)dz. 



240 Chapter Seven: Orthogonality in Vector Spaces 

3 

5. Find the projection of the vector 4 | on the subspace 

—2 

of R3 which has the orthonormal basis consisting of 

1 y 1 

—{|1] andvl18|{ —4 

NG 1 

6. Express the matrix of Exercise 3 in QR-factorized form. 

7. Show that a non-singular complex matrix can be expressed 

as the product of a unitary matrix and an upper triangular 

matrix whose diagonal elements are real and positive. 

8. Find a factorization of the type described in the previous 

exercise for the matrix 

—i 1 

Peet 2S 

where 1 = /—1. 

9. If A and B are orthogonal matrices, show that A~! and AB 

are also orthogonal. Deduce that the set of all real orthogonal 

n Xn matrices is a group with respect to matrix multiplication 

in the sense of 1.3. 

10. If A= QR = Q’R’ are two QR-factorizations of the real 

non-singular square matrix A, what can you say about the 

relationship between the Q and Q’, and R and R’? 

11. Let L be a linear operator on the Euclidean inner product 

space R”. Call L orthogonal if it preserves lengths, that is, if 
|| Z(X)|] = ||X|| for all vectors X in R”. 

(a) Give some natural examples of orthogonal linear 
operators. 

(b) Show that L is orthogonal if and only if it preserves 
inner products, that is, < L(X), L(Y) >=<X,Y> 
for all X and Y. 
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12. Let L be a linear operator on the Euclidean space R”. 
Prove that L is orthogonal if and only if L(X) = AX where 
A is an orthogonal matrix. 

13. Deduce from Exercise 12 and Example 7.3.7 that a lin- 

ear operator on R? is orthogonal if and only if it is either a 

rotation or a reflection. 

7.4 The Method of Least Squares 

A well known application of linear algebra is a method 

of fitting a function to experimental data called the Method 

of Least Squares. In order to illustrate the practical problem 

involved, let us consider an experiment involving two measur- 

able variables x and y where it is suspected that y is, approx- 

imately at least, a linear function of x. 

Assume that we have some supporting data in the form 

of observed values of the variables and x and y, which can be 

thought of as a set of points in the zyplane 

(a1, 61), ORD 42 5) (oanlrae 

This means that when x = a,;, it was observed that y = };. 

Now if there really were a linear relation, and if the data were 

free from errors, all of these points would lie on a straight line, 

whose equation could then be determined, and the linear rela- 

tion would be known. But in practice it is highly unlikely that 

this will be the case. What is needed is a way of finding the 

straight line which “bests fits” the given data. The equation 

of this best-fitting line will furnish a linear relation which is 

an approximation to y. 
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It remains to explain what is meant by the best-fitting 

straight line. It is here that the “least squares” arise. 

Consider the linear relation y = cx+d; this is the equation 

of a straight line in the zy-plane. The conditions for the line 

to pass through the m data points are 

caj +d = bi 

cag +d = bo 

CO 1d =a 

Now in all probability these equations will be inconsistent. 

However, we can ask for real numbers c and d which come 

as close to satisfying the equations of the linear system as 

possible, in the sense that they minimize the “total error”. A 

good measure of this total error is the expression 

(ca; + d— bi)? +++: + (Cam +d —bm)?. 

This is the sum of the squares of the vertical deviations of 

the line from the data points in the diagram above. Here the 

squares are inserted to take care of any negative signs that 
might appear. 

It should be clear the line-fitting problem is just a par- 

ticular instance of a general problem about inconsistent linear 

systems. Suppose that we have a linear system of m equations 

in n unknowns 71,..., 2p, 

AX =1B, 

Since the system may be inconsistent, the problem of interest 
is to find a vector X which minimizes the length of the vector 
AX — B, or what is equivalent and also a good deal more 
convenient, its square, 

E = ||AX — B\l?. 
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In our original example, where a straight line was to be fitted 
to the data, the matrix A has two columns [a;a2...am] and 

ei e.. ti white x — and B is the column [b,b2...bm]7. 
( c 
d 

Then £ is the sum of the squares of the quantities ca; +d—);. 

A vector X which minimizes EF is called a least squares 

solution of the linear system AX = B. A least squares solution 

will be an actual solution of the system if and and only if the 

system is consistent. 

The normal system 

Once again consider a linear system AX = B and write 

= ||AX — B||*. We will show how to minimize FE. Put 
A — |a;;|m,n and let the entries of X.and B be xj,...,2, and 

b,...,0m respectively. The ith entry of AX — B is clearly 

(Soy -1 2ij23) — 6;. Hence 

E=||AX —B|/? = ye (9 Qigh5) — bi) 
i=l j=l 

which is a quadratic function of 71,...,%n. 

At this juncture it is necessary to recall from calculus 

the procedure for finding the absolute minima of a function 

of several variables. First one finds the critical points of the 

function E, by forming its partial derivatives and setting them 

equal to zero: 

Hence 
m nm 

S y AiR jL;i = y aikd;, 

ea Ga 
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for k = 1,2,...,n. This is a new linear system of equations 

in 21,...,2n Whose matrix form is 

(AVA) xe= Ages 

It is called the normal system of the linear system AX = B. 

The solutions of the normal system are the critical points of 

E. 
Now F surely has an absolute minimum — after all it is a 

continuous function with non-negative values. Since the func- 

tion EF is unbounded when |z,| is large, its absolute minima 
must occur at critical points. Therefore we can state: 

Theorem 7.4.1 

Every least squares solution of the linear system AX = B is 

a solution of the normal system (A? A)X = AT B. 

At this point potential difficulties appear: what if the 

normal system is inconsistent? If this were to happen, we 

would have made no progress whatsoever. And even if the 

normal system is consistent, need all its solutions be least 

squares solutions? 

To help answer these questions, we establish a simple 

result about matrices. 

Lemma 7.4.2 

Let A be a realm xn matrix. Then A? A is a symmetricnxn 

matrix whose null space equals the null space of A and whose 

column space equals the column space of A’. 

Proof 

In the first place (A7 A)? = AT(AT)T = ATA, so ATA is 
certainly symmetric. Let S be the column space of A. Then 

by 7.2.6 the null space of AT equals S+. 
Let X be any n-column vector. Then X belongs to the 

null space of A’ A if and only if A7(AX) = 0; this amounts 
to saying that AX belongs to the null space of A? or, what 
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is the same thing, to S+. But AX also belongs to S; for it is 
a linear combination of the columns of A. Now SS is the 
zero space by 7.2.3. Hence AX = 0 and X belongs to the null 
space of A. On the other hand, it is obvious that if X belongs 
to the null space of A, then it must belong to the null space 
of A? A. Hence the null space of AT A equals the null space of 

A. , 

Finally, by 7.2.6 and the last paragraph we can assert 

that the column space of A? A equals 

(null space of A?.A)+ = (null space of A)t. 

This equals the column space of A7, as claimed. 

We come now to the fundamental theorem on the Method 

of Least Squares. 

Theorem 7.4.3 

Let AX = B bea linear system of m equations inn unknowns. 

(a) The normal system (A? A)X = A’ B is always con- 
sistent and its solutions are exactly the least squares solutions 

of the linear system AX = B; 

(b) if A has rank n, then ATA is invertible and there is 

a unique least squares solution of the normal system, namely 

Beet A ae At B. 

Proof 
By 7.4.2 the column space of A” A equals the column space of 

A’. Therefore the column space of the matrix 

[A7.A | AT B] 

equals the column space of AT A; for the extra column A? B 

is a linear combination of the columns of A’? and thus belongs 

to the column space of A? A. It follows that the coefficient 

matrix and the augmented matrix of the normal system have 
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the same rank. By 5.2.5 this is just the condition for the 

normal system to be consistent. 

The next point to establish is that every solution of the 

normal system is a least squares solution of AX = B. Suppose 

that X, and X> are two solutions of the normal system. Then 

AP A(X = X%q) = ALB UTR iSO sorthat esa Xe 

belongs to the null space of A? A. By 7.4.2 the latter equals 

the null space of A. Thus AY = 0. Since X; = Y + Xe, we 

have 

AX,;-B=A(Y + X2)-B=AX2-B. 

This means that E = ||AX — B||? has the same value for 
X = X; and X = Xp». Thus all solutions of the normal 

system give the same value of E. Since by 7.4.1 every least 

squares solution is a solution of the normal system, it follows 

that the solutions of the normal system constitute the set of 

all least squares solutions, as claimed. 

Finally, suppose that A has rank n. Then the matrix 

A’ A also has rank n since by 7.4.2 the column space of A? A 

equals the column space of A? , which has dimension n. Since 

ATA is n x n, it is invertible by 5.2.4 and 2.3.5. Hence the 
equation A? AX = A’ B leads to the unique solution 

Xt An Ale ALB. 

which completes the proof On the other hand, if the rank of 
A is less than n, there will be infinitely many least squares 
solutions. We shall see later how to select one that is in some 
sense optimal. 

Example 7.4.1 

Find the least squares solution of the following linear system: 

oy bo) t30 >= 

ib] PEPE ree) 
ola ye ed et | 

Ly + Z3 = 2 
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Here 
1 ts. | 4 

Ale = Tou} ei 0 
AS 7g and p= i}? 

if 0 1 Z 

so A has has rank 3. Since the augmented matrix has rank 

4, the linear system is inconsistent. We know from 7.4.3 that 

there is a unique least squares solution in this case. To find 

it, first compute 

Boru t ie 3 
ALAS 10.3.1. Waid APP omy Deal leg 3 

Mea) at -3 -3 9 

Hence the least squares solution is 

1 8 

e=(f A A B= Slop 
6 

thawis, 2) = 8/5eomi= 3/Stes =6/'5: 

Example 7.4.2 

A certain experiment yields the following data: 

[z |—1 [0 |1 [2 | 
FARREREREE 

It is suspected that y is a quadratic function of x. Use the 

Method of Least Squares to find the quadratic function that 

best fits the data. 

Suppose that the function is y=a+bx+ cxz*. We need 

to find a least squares solution of the linear system 

ib Spun “= 0 
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Again the linear system is inconsistent. Here 

lee = lobes 0 

Lom Ra Oy pet 
A= 1 The and B= 3 

1 204 9 

and A has rank 3. We find that 

4. 2 6 

ATA=12 6 8 
OMS bk 

and 
1 44 12 —20 

(AZ A) at = =| ed 2ee 36 np 20 
80 \ _o9 -20 20 

The unique least squares solution is therefore 

11 
33.9 
25 

1 
X =(ATA)*ATB= — 

that is, a = 11/20, b = 33/20, c = 5/4. Hence the quadratic 
function that best fits the data is 

Least squares and QR-factorization 

Consider once again the least squares problem for the 

linear system AX = B where A is m x n with rank n; we 
have seen that in this case there is a unique least squares so- 
lution X = (A? A)~1A?B. This expression assumes a simpler 
form when A is replaced by its QR-factorization. Let this be 
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A = QR, as in 7.3.5. Thus Q is an m x n matrix with or- 
thonormal columns and R is an n x n upper triangular matrix 
with positive diagonal elements. Since the columns of Q form 

an orthonormal set, Q7Q = I,,. Hence 

ATA= RTQ'QR= RR. 

Thus X = (R?R)~'R7Q7B, which reduces to 

X =R'Q'B, 

a considerable simplification of the original formula. However 

@ and R must already be known before this formula can be 

used. 

Example 7.4.3 

Consider the least squares problem 

ty PH MSP 2974 1 

CA 2g AP sas 2 

ty Pda eg 1 

Here 
Li jadared 

Aced oh DDoS Bin oerkdh = 

bh Zrostl 

It was shown in Example 7.3.8 that A = QR where 

1/V3 -1/v6 Liale 
Q=| 1/v3_ 2/v6 

1/v3_ —-1/v6 “1/2 

and A 4/V3 a/3 

R=| 0 6/3 V6/2 
0 Gi) MiWOy¥2 
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Hence the least squares solution is 

0 

X= R-3OB — 1 ) 

0 

that is, 2) = lot — 0773 =: 

Geometry of the least squares process 

There is a suggestive geometric interpretation of the least 

squares process in terms of projections. Consider the least 

squares problem for the linear system AX = B where A has 

m rows. Let S denote the column space of the coefficient 

matrix A. The least squares solutions are the solutions of the 

normal system A? AX = A’ B, or equivalently 

AP EB tAdG) 10: 

The last equation asserts that B — AX belongs to the null 

space of A’, which by 7.2.6 is equal to S+. Our condition 
can therefore be reformulated as follows: X is a least squares 

solution of AX = B if and only if B— AX belongs to S+. 

Now B= AX + (B-— AX) and AX belongs to S. Recall 
from 7.2.4 that B is uniquely expressible as the sum of its 

projections on the subspaces S and S+; we conclude that 

B—AX belongs to S+ precisely when AX is the projection of 

B on S. In short we have a discovered a geometric description 

of the least squares solutions. 

Theorem 7.4.4 

Let AX = B be an arbitrary linear system and let S denote 

the column space of A. Then a column vector X is a least 

squares solution of the linear system if and only if AX is the 
projection of B on S. 

Notice that the projection AX is uniquely determined by 
the linear system AX = B. However there is a unique least 



7.4: The Method of Least Squares 251 

squares solution X if and only if X is uniquely determined by 
AX, that is, if AX = AX implies that X = X. Hence X is 
unique if and only if the null space of A is zero, that is, if the 
rank of A is n. Therefore we can state 

Corollary 7.4.5 

There is a unique least squares solution of the linear system 

AX = B if and only if the rank of A equals the number of 
columns of A. 

Optimal least squares solutions 

Returning to the general least squares problem for the 

linear system AX = B with n unknowns, we would like to be 

able to say something about the least squares solutions in the 

case where the rank of A is less than n. In this case there 

will be many least square solutions; what we have in mind is 

to find a sensible way of picking one of them. Now a natural 

way to do this would be to select a least squares solution 

with minimal length. Accordingly we define an optimal least 

squares solution of AX = B to be a least squares solution X 

whose length ||X|| is as small as possible. 
There is a simple method of finding an optimal least 

squares solution. Let U denote the null space of A; then U 

equals (column space of A? )+, by 7.2.6. Suppose X is a least 
squares solution of the system AX = B. Now there is a unique 

expression X = Xo + X1 where Xo belongs to U and X, be- 

longs to U+; this is by 7.2.4. Then AX = AX9+ AX, = AX; 

for AXo = 0 since Xo belongs to the null space of A. Thus 

AX —B = AX,-—B,s0 that X, is also a least squares solution 

of AX = B. Now we compute 

|X]? = || XotXall? = (Xot+-X1)" (XotX1) = XG Xot XT X1. 

For Get 0, en Ae ge, since Xo and X, belong to U and 

U+ respectively. Therefore 

|X|? = |Xoll? + Xa? = 
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Now, if X is an optimal solution, then ||X|| = ||X1||, so that 
|| Xo|| = 0 and hence Xp = 0. Thus X = Xj belongs to U*. It 
follows that each optimal least squares solution must belong 

to Ut, the column space of A’. 
manele we show that there is a unzque least squares so- 

lution in Ut. Suppose that X and X are two least squares 

solutions in U + Then from 7.4.4 we see that AX and AX are 

both equal to ine projection of B on the column space of A. 

Thus A(X — X) =0 and X — X belongs to U, the null space 
of A. But X and X also belong to U+ , whence so does X — 0,44 

Since UN U+ = 0, it follows that nae X =Oand X = X. 

Hence X is the unique optimal least squares solution and it 

belongs to U+. Combining these conclusions with 7.4.4, we 

obtain: 

Theorem 7.4.6 

A linear system AX = B has a unique optimal least squares 

solution, namely the unique vector X in the column space of 

A” such that AX is the projection of B on the column space 
PINE 5 

The proof of 7.4.6 has the useful feature that it tells us 

how to find the optimal least squares solution of a linear sys- 
tem AX = B. First find any least squares solution, and then 
compute its projection on the column space of A?. 

Example 7.4.4 

Find the optimal least squares solution of the linear system 

TT 0 a aa| 

Li) noe 223 =o 

221 see Hoe = 4 
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be The first step is to identify the normal system (A? A)X = 
A’ B; 

621 —= 323 ee 

205 wes 8Tencsn 1 

aor 3% + 675 =—7 

Any solution of this will do; for example, we can take the 
solution vector 

re) 

 -—— 2 

1 

To obtain an optimal least squares solution, find the projec- 

tion of X on the column space of A’; the first two columns 

of A? form a basis of this space. Proceeding as in Example 

7.2.12, we find the optimal solution to be 

1 i 
rn 

so that 1; = 67/42, ro = —3/14, x3 = —10/21 is the optimal 
least squares solution of the linear system. 

Least squares in inner product spaces 

In 7.4.4 we obtained a geometrical interpretation of the 

least squares process in R” in terms of projections on sub- 

spaces. This raises the question of least squares processes in 

an arbitrary finite-dimensional real inner product space V. 

First we must formulate the least squares problem in V. 

This consists in approximating a vector v in V by a vector in 

a subspace S of V. A natural way to do this is to choose x in 

S so that ||x — v||? is as small as possible. This is a direct 

generalization of the least squares problem in R”. For, if we 

are given the linear system AX = B and we take S to be the 

column space of A, v to be B and x to be the vector AX of 

S, then the least squares problem is to minimize || AX — B||?. 
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It turns out that the solution of this general least squares 

problem is the projection of v on S, just as in the special case 

Oye 

Theorem 7.4.7 

Let V be a finite-dimensional, real inner product space, and let 

v be an element and S a subspace of V. Denote the projection 

of v on S by p. Then, if x is any vector in S other than p, 

the inequality ||x — v|| > ||p — v|| holds. 

Thus p is the vector in S which most closely approximates 

v in the sense that it makes ||p — v|| as small as possible. 

Proof 

Since x and p both belong to S, so does x — p. Also p — v 

belongs to S+ since p is the projection of v on S. Hence 

<p-—v,x —p>=0O. It follows that 

|x — vl?’= <@— p)+(p- v), («- p)+(p-v)> 
=X DP Xe Ip <p Veep Vv 

= |X Di epee ape le 

since x — p #0. Hence ||x — v|| > ||p — v|j. 

In applying 7.4.7 it is advantageous to have at hand an 
orthonormal basis {v1,...,Vm} of 9. For the task of comput- 
ing p, the projection of v on S, is then much easier since the 
formula of 7.3.3 is available: 

m 

Dead Se rey aysyh 

i=1 

Example 7.4.5 

Use least squares to find a quadratic polynomial that approx- 
imates the function e® in the interval [—1, 1]. 
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Here it is assumed that we are working in the inner prod- 
uct space C|—1, 1] where < f,g > = ibe f(x)g(x)dx. Let S 
denote the subspace consisting of all quadratic polynomials in 

x. An orthonormal basis for S was found in Example 7.3.6: 

eyelter wl. 3/5 1 
=F fr = be f3 = ites =n 

By 7.4.7 the least squares approximation to e” in S is simply 

the projection of e* on S; this is given by the formula 

ee i ee ee oe; fa S38: 

Evaluating the integrals by integration by parts, we obtain 

x Cy ey) 
e 5 fr S SM eee ele 

i) 
<2 intact ete —7e_*), 

The desired approximation to e” is therefore 

, <e", fo> = vVbe™? 

and 

15 i iN 
5(¢ —~e!)4+3e t+ qe — Te +) (x? — 3)° 

Alternatively one can calculate the projection by using the 

standard basis 1, 2,2. 

p= 

Exercises 7.4 

1. Find least squares solutions of the following linear systems: 

fT, (Ws =0 

eo + te =U 

AGS +" 23 =0 
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1 +22 — 243 =3 

224 on ey 323 aad 

(b) 1 + 2% = 

Zin tro + 234 

2. The following data were collected for the mean annual tem- 

perature t and rainfall r in a certain region; use the Method 

of Least Squares to find a linear approximation for r in terms 

of t (a calculator is necessary): 

3. In a tropical rain forest the following data was collected for 

the numbers x and y (per square kilometer) of a prey species 

and a predator species over a number of years. Use least 

squares to find a quadratic function of x that approximates y 

(a calculator is necessary): 

4. Find the optimal least squares solution of the linear system 

4 + 273 .=1 

Loe oboe 

Tie cy. eg a 

STAB 323 = 1 

5. Find a least squares approximation to the function e~* by 

a linear function in the interval [1, 2]. [Use the inner product 

Sante = |p lenin, 
6. Find a least squares approximation for the function sin x 

as a quadratic function of x in the interval [0, 7]. [Here the 
inner product < f,g > = fj f(x)g(x)dz is to be used]. 



Chapter Eight 

EIGENVECTORS AND EIGENVALUES 

An eigenvector of an n x n matrix A is a non-zero n- 

column vector X such that AX = cX for some scalar c, which 

is called an eigenvalue of A. Thus the effect of left multiplica- 

tion of an eigenvector by A is merely to multiply it by a scalar, 

and when n < 3, a parallel vector is obtained. Similarly, if T 

is a linear operator on a vector space V, an eigenvector of T is 

a non-zero vector v of V such that T(v) = cv for some scalar 
c called an eigenvalue. For example, if T is a rotation in R°, 

the eigenvectors of T are the non-zero vectors parallel to the 

axis of rotation and the eigenvalues are all equal to 1. 

A large amount of information about a matrix or linear 

operator is carried by its eigenvectors and eigenvalues. In 

addition, the theory of eigenvectors and eigenvalues has im- 

portant applications to systems of linear recurrence relations, 

Markov processes and systems of linear differential equations. 

We shall describe the basic theory in the first section and 

then we give applications in the following two sections of the 

chapter. 

8.1 Basic Theory of Eigenvectors and Eigenvalues 

We begin with the fundamental definition. Let A be an 

n X n matrix over a field of scalars F. An eigenvector of A is 

a non-zero n-column vector X over F' such that 

Axe cox 

for some scalar c in F; the scalar c is then referred to as the 

eigenvalue of A associated with the eigenvector X. 

257 
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In order to clarify the definition and illustrate the tech- 

nique for finding eigenvectors and eigenvalues, an example will 

be worked out in detail. 

Example 8.1.1 

Consider the real 2 x 2 matrix 

are 
The condition for the vector 

ly 
to be an eigenvector of A is that AX = cX for some scalar 

c. This is equivalent to (A — clz)X = 0, which simply asserts 

that X is a solution of the linear system 

3° 4) (2) = (0): 
Now by 3.3.2 this linear system will have a non-trivial solution 

£1, Lq if and only if the determinant of the coefficient matrix 

vanishes, 

Sait 
2—-c -l 

2 4-—c¢ 

that is, c? —6c+ 10 = 0. The roots of this quadratic equa- 
tion are c; = 3+ /—1 and cp = 3 — V—1, so these are the 

eigenvalues of A. 

The eigenvectors for each eigenvalue are found by solving 

the linear systems (A — c,I2)X =0 and (A—coI2)X = 0. For 
example, in the case of c, we have to solve 

faery r2=0 

201 +(1— /—1)22=0 
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The general solution of this system is z; = $(—1+./—1) and 
£2 =d , where d is an arbitrary scalar. Thus the eigenvectors 
of A associated with the eigenvalue c; are the non-zero vectors 
of the form 

a(+ ea) (5) | 

Notice that these, together'with the zero vector, form a 1- 

dimensional subspace of C?. In a similar manner the eigen- 

vectors for the eigenvalue 3—./—1 are found to be the vectors 
of the form 

a pay oula 

where d ~ 0. Again these form with the zero vector a subspace 

GRC? 

It should be clear to the reader that the method used in 

this example is in fact a general procedure for finding eigen- 

vectors and eigenvalues. This will now be described in detail. 

The characteristic equation of a matrix 

Let A be an n Xn matrix over a field of scalars F’, and let 

X be a non-zero n-column vector over F. The condition for X 

to be an eigenvector of A is AX = cX, or 

(A —clI,)X =0, 

where c is the corresponding eigenvalue. Hence the eigenvec- 

tors associated with c, together with the zero vector, form 

the null space of the matrix A —cI,. This subspace is often 

referred to as the eigenspace of the eigenvalue c. 

Now (A—clI,,)X = 0 is a linear system of n equations in n 

unknowns. By 3.3.2 the condition for there to be a non-trivial 

solution of the system is that the coefficient matrix have zero 

determinant, 
det(A —cI,) = 0. 
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Conversely, if the scalar c satisfies this equation, there will 

be a non-zero solution of the system and c will be an eigen- 

value. These considerations already make it clear that the 

determinant 

QL aed a12 a Qin 

21 OSD ot eee A2n det(A — xI,) = 

anil Qan2 ott Ann — & 

must play an important role. This is a polynomial of de- 

gree n in x which is called the characteristic polynomial of 

A. The equation obtained by setting the characteristic poly- 

nomial equal to zero is the characteristic equation. Thus the 

eigenvalues of A are the roots of the characteristic equation 

(or characteristic polynomial) which lie in the field F. 
At this point it is necessary to point out that A may 

well have no eigenvalues in F’. For example, the characteristic 

polynomial of the real matrix 

(1 0) 
is x? +1, which has no real roots, so the matrix has no eigen- 

values in R. 

However, if A is a complex n x n matrix, its characteristic 

equation will have n complex roots, some of which may be 

equal. The reason for this is a well-known result known as 

The Fundamental Theorem of Algebra; it asserts that every 

polynomial f of positive degree n with complex coefficients can 

be expressed as a product of n linear factors; thus the equation 

f(z) = 0 has exactly n roots in C. Because of this we can be 
sure that complex matrices always have all their eigenvalues 

and eigenvectors in C. It is this case that principally concerns 
us here. 

Let us sum up our conclusions about the eigenvalues of 
complex matrices so far. 
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Theorem 8.1.1 

Let A be ann x n complex matriz. 

(i) The eigenvalues of A are precisely the n roots of the 
characteristic polynomial det(A — xI,); 

(ii) the eigenvectors of A associated with an eigenvalue c 
are the non-zero vectors in the null space of the matrix 

A-—cl,. 

Thus in Example 8.1.1 the characteristic polynomial of 

the matrix is 

ete ao See gia y: 
2 4-2 

The eigenvalues are the roots of the characteristic equation 

xz? — 62 +10 =0, that is, c. = 3+ /—1 and co = 3-— y-1; 

the eigenspaces of c; and cg are generated by the vectors 

(4 + ree ms et + yr) 

respectively. 

Example 8.1.2 

Find the eigenvalues of the upper triangular matrix 

aji1 — az a2 Cig Qin 

0 og — 2 Agae***" a2n 

6) 0 0 es Qnn om 4b 

The characteristic polynomial of this matrix is 

ary i a2 ON le Qin 

0) Opa L, , G23 4+ a2n 

0 0 0 TP an WL 
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which, by 3.1.5, equals (a;; — 2)(a22 — X) ... (€nn — £). The 
eigenvalues of the matrix are therefore just the diagonal entries 

G11, 422,-+-,4nn- 

Example 8.1.3 

Consider the 3 x 3 matrix 

2a es 

A=j|-1 21 

ooh ees 0 

The characteristic polynomial of this matrix is 

2-2 —l —]l 

—] Den ol a Ae ee ty 

—] —l —2x 

Fortunately one can guess a root of this cubic polynomial, 

namely x = —1. Dividing the polynomial by x + 1 using long 

division, we obtain the quotient —x?+5xr—6 = —(x—2)(x—3). 
Hence the characteristic polynomial can be factorized com- 

pletely as —(x+1)(a — 2)(x — 3), and the eigenvalues of A are 
—1,2 and 3. 

To find the corresponding eigenvectors, we have to solve 

the three linear systems (A + I3)X = 0, (A — 213)X =0 and 
(A — 3J3)X = 0. On solving these, we find that the respective 
eigenvectors are the non-zero scalar multiples of the vectors 

1 1 i 
deilt 1 hirer 
2 = 0 

The eigenspaces are generated by these three vectors and so 
each has dimension 1. 
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Properties of the characteristic polynomial 

Now let us see what can be said in general about the 
characteristic polynomial of an nxn matrix A. Let p(x) denote 
this polynomial; thus 

Q11 —2& a12 avi Qin 

Q21 CI Oa & a2n 
p(x) = 

An an2 MEM Conny, eae 

At this point we need to recall the definition of a determinant 

as an alternating sum of terms, each term being a product of 

entries, one from each row and column. The term of p(x) with 
highest degree in x arises from the product 

(Gi et) (Ann — 2) 

and is clearly (—x)". The terms of degree n — 1 are also easy 
to locate since they arise from the same product. Thus the 

coefficient of x”~} is 

(—1)""*(a11 eae Cn) 

and the sum of the diagonal entries of A is seen to have sig- 

nificance; it is given a special name, the trace of A, 

tr(A) = G41) G90 +r A Onn: 

The term in p(x) of degree n — 1 is therefore tr(A) (—x)"~". 

The constant term in p(x) may be found by simply 

putting x = 0 in p(x) = det(A—aI,), thereby leaving det(A). 

Our knowledge of p(x) so far is summarized in the formula 

p(x) = (—x)" + tr(A)(—a)"~* + +++ 4+ det(A). 
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The other coefficients in the characteristic polynomial are 

not so easy to describe, but they are in fact expressible as 

subdeterminants of det(A). For example, take the case of 
x2"-2. Now terms in «”~? arise in two ways: from the product 

(a1; — £)-++(G@nn — @) or from products like 

—@12421(a33 — 2) +++ (Ann — 2). 

So a typical contribution to the coefficient of x”~? is 

411 412 
=—1)"= "(Gian Ossetia (—1) (11422 12421) = (—1) beat Ya 

From this it is clear that the term of degree n — 2 in p(z) is 

just (—x)"~? times the sum of all the 2 x 2 determinants of 
the form 

Ait Qi; 

Aji O53 
where 7 < j. 

In general one can prove by similar considerations that 

the following is true. 

Theorem 8.1.2 

The characteristic polynomial of the n x n matrix A equals 

where d; is the sum of all the i x i subdeterminants of det(A) 
whose principal diagonals are part of the principal diagonal of 
A. 

Now assume that the matrix A has complex entries. Let 
C1,C2,...,Cn be the eigenvalues of A. These are the n roots of 
the characteristic polynomial p(x). Therefore, allowing for the 
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fact that the term of p(x) with highest degree has coefficient 
(—1)", one has 

p(x) = (ec: — z)(co — 2) +++ (Cn — 2). 

The constant term in this product is evidently just c1c2...Cn, 

while the term in x"~' has coefficient (—1)"~1(c, +-+-+ en). 
On the other hand, we previously found these to be det(A) and 

(—1)"—'tr(A) respectively. Thus we arrive at two important 
relations between the eigenvalues and the entries of A. 

Corollary 8.1.3 

If A is any complex square matriz, the product of the eigenval- 

ues equals the determinant of A and the sum of the eigenvalues 

equals the trace of A 

Recall from Chapter Six that matrices A and B are said 

to be similar if there is an invertible matrix S such that B = 

SAS~+. The next result indicates that similar matrices have 

much in common, and really deserve their name. 

Theorem 8.1.4 

Similar matrices have the same characteristic polynomial and 

hence they have the same eigenvalues, trace and determinant. 

Proof 

The characteristic polynomial of B = SAS~? is 

det(SAS~+ — xI) =det(S(A — r1)S~") 
= det (S) det(A — x) det(S)~? 

=det(A-— az). 

Here we have used two fundamental properties of determi- 

nants established in Chapter Three, namely 3.3.3 and 3.3.5. 

The statements about trace and determinant now follow from 

8.1.3. 
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On the other hand, one cannot expect similar matrices to 

have the same eigenvectors. Indeed the condition for X to be 

an eigenvector of SAS! with eigenvalue c is (SAS~1)X = 
cX, which is equivalent to A(S~1X) = c(S~!X). Thus X is 
an eigenvector of SAS~! if and only if S~1X is an eigenvector 

of A. 

Eigenvectors and eigenvalues of linear transformations 

Because of the close relationship between square matri- 

ces and linear operators on finite-dimensional vector spaces 

observed in Chapter Six, it is not surprising that one can also 

define eigenvectors and eigenvalues for a linear operator. 

Let JT. : V — V be a linear operator on a vector space 

V over a field of scalars F. An eigenvector of T is a non-zero 

vector v of V such that T(v) = cv for some scalar c in F: 
here c is the eigenvalue of T associated with the eigenvector 

Vv. 

Suppose now that V is a finite-dimensional vector space 

over Ff’ with dimension n. Choose an ordered basis for V, say 

Bb. Then with respect to this ordered basis T is represented 

by an n xX n matrix over F’, say A; this means that 

[T(v)]B = Alv]s. 

Here [u]g is the coordinate column vector of a vector u in V 
with respect to basis B . The condition T(v) = cv for v to 
be an eigenvector of T' with associated eigenvalue c, becomes 

A[v]s = clv]e, which is just the condition for [v]g to be an 
eigenvector of the representing matrix A; also the eigenvalues 
of T and A are the same. 

If the ordered basis of V is changed, the effect is to replace 

A by a similar matrix. Of course any such matrix will have 

the same eigenvalues as T’; thus we have another proof of the 

fact that similar matrices have the same eigenvalues. 
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These observations permit us to carry over to linear Op- 
erators concepts such as characteristic polynomial and trace, 
which were introduced for matrices. 

Example 8.1.4 

Consider the linear transformation T : D.[a,b] — D,.|[a, b] 
where T(f) = f’, the derivative of the function f. The con- 
dition for f to be an eigenvector of T is f’ = cf for some 

constant c. The general solution of this simple differential 

equation is f = de where d is a constant. Thus the eigen- 

values of T are all real numbers c, while the eigenvectors are 

the exponential functions de“ with d £ 0. 

Diagonalizable matrices 

We wish now to consider the question: when is a square 

matrix similar to a diagonal matrix? In the first place, why 

is this an interesting question? The essential reason is that 

diagonal matrices behave so much more simply than arbitrary 

matrices. For example, when a diagonal matrix is raised to 

the nth power, the effect is merely to raise each element on 

the diagonal to the nth power, whereas there is no simple 

expression for the nth power of an arbitrary matrix. Suppose 

that we want to compute A” where A is similar to a diagonal 

matrix D, with say A = SDS~!. It is easily seen that A" = 
SD"S—'!. Thus it is possible to calculate A” quite simply 
if we have explicit knowledge of S and D. It will emerge in 

8.2 and 8.3 that this provides the basis for effective methods 

of solving systems of linear recurrences and linear differential 

equations. 

Now for the important definition. Let A be a square 

matrix over a field F. Then A is said to be diagonalizable over 

F if it is similar to a diagonal matrix D over F’, that is, there 

is an invertible matrix S over F such that A = SDS7! or 

equivalently, D = S~'AS. One also says that S diagonalizes 

A. A diagonalizable matrix need not be diagonal: the reader 
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should give an example to demonstrate this. It is an important 

observation that if A is diagonalizable and its eigenvalues are 

C1,..+,Cn, then A must be similar to the diagonal matrix with 

C1,...,Cn on the principal diagonal. This is because similar 

matrices have the same eigenvalues and the eigenvalues of a 

diagonal matrix are just the entries on the principal diagonal 

— see Example 8.1.2. 

What we are aiming for is a criterion which will tell us 

exactly which matrices are diagonalizable. A key step in the 

search for this criterion comes next. 

Theorem 8.1.5 

Let A be an n X n matriz over a field F and let ci,..:.¢- 

be distinct eigenvalues of A with associated eigenvectors 

X1,...,Xp. Then {X1,...,X,} ts a linearly independent sub- 
set of F”. 

Proof 

Assume the theorem is false; then there is a positive integer 

2 such that {X,,...,X;} is linearly independent, but the ad- 
dition of the next vector X;;1 produces a linearly dependent 

set {Xj,...,Xi+i1}. So there are scalars d;,...,dj41, not all 
of them zero, such that 

Oya ee ke dew Aw = 0). 

Premultiply both sides of this equation by A and use the equa- 
tions AX; =c;X, to get 

Gide Aa tye peitiGia dian Xe gy: oO, 

On subtracting cj; times the first equation from the second, 
we arrive at the relation 

(cy = Ci41)d,Xy she ee (c; = C141) dX; at ON 
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Since X,,...,X; are linearly independent, all the coefficients 
(c; —ci41)d; must vanish. But c,...,cj,1 are all different, so 

we can conclude that d; = 0 for j =1,...,7; hence dj41Xj41 = 

0 and so d;+; = 0, in contradiction to the original assumption. 

Therefore the statement of the theorem must be correct. 

The criterion for diagonalizability can now be established. 

Theorem 8.1.6 

Let A be ann x n matrix over a field F. Then A is diagonal- 

izable if and only if A has n linearly independent eigenvectors 

MeL. 

Proof 

First of all suppose that A has n linearly independent eigen- 

vectors in F'”, say X1,..., Xn, and that the associated eigen- 

values are C1,...,Cn. Define S to be the n x n matrix whose 

columns are the eigenvectors; thus 

5 — (Xy aay WA). 

The first thing to notice is that S is invertible; for by 8.1.5 its 

columns are linearly independent. Forming the product of A 

and S in partitioned form, we find that 

AS = (AX, ah .AXn) = (c;X4 eB: ee Ce 

which equals 

cyan 0 10 0 

(Sin aa als lorplon attic, Wea) 9-621 
DAO aio fey 

where D is the diagonal matrix with entries c1,..., Cn. There- 

fore S~1AS = D and A is diagonalizable. 
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Conversely, assume that A is diagonalizable and that 

S-1AS = D isa diagonal matrix with entries ci,...,Cn. Then 

AS = SD. This implies that if X; is the ith column of S, 

then AX; equals the ith column of SD, which is c;X;. Hence 

X1,...,Xn are eigenvectors of A associated with eigenvalues 

C1,...,Cn. Since X1,..., Xn are columns of the invertible ma- 

trix S, they must be linearly independent. Consequently A 

has n linearly independent eigenvectors. 

Corollary 8.1.7 

Ann xn complex matrix which has n distinct eigenvalues is 

diagonalizable. 

This follows at once from 8.1.5 and 8.1.6. On the other 

hand, it is easy to think of matrices which are not diagonaliz- 

able: for example, there is the matrix 

a=(2 2). 

Indeed if A were diagonalizable, it would be similar to the 

identity matrix Jz since both its eigenvalues equal 1, and 

S~1AS = I for some S; but the last equation implies that 

A= S155) = Ib, which is not true. 

An interesting feature of the proof of 8.1.6 is that it pro- 

vides us with a method of finding a matrix S which diagonal- 

izes A. One has simply to find a set of linearly independent 

eigenvectors of A; if there are enough of them, they can be 

taken to form the columns of the matrix S. 

Example 8.1.5 

Find a matrix which diagonalizes A = & sh 

In Example 8.1.1 we found the eigenvalues of A to be 
3+ 7-1 and 3—/-1; hence A is diagonalizable by 8.1.7. We 
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also found eigenvectors for A; these form a matrix 

5 ny Shin 2) 
> 1 

Then by the preceding theory we may be sure that 

S71 As = ae 5a) 

Triangularizable matrices 

It has been seen that not every complex square matrix is 

diagonalizable. Compensating for this failure is the fact such 
a matrix is always similar to an upper triangular matrix; this 

is a result with many applications. 

Let A be a square matrix over a field F. Then A is said 

to be triangularizable over F if there is an invertible matrix S 

over F such that S~!AS = T is upper triangular. It will also 

be convenient to say that S triangularizes A. Note that the 

diagonal entries of the triangular matrix JT will necessarily be 

the eigenvalues of A. This is because of Example 8.1.2 and the 

fact that similar matrices have the same eigenvalues. Thus a 

necessary condition for A to be triangularizable is that it have 

n eigenvalues in the field F. When F' = C, this condition is 

always satisfied, and this is the case in which we are interested. 

Theorem 8.1.8 

Every complex square matriz is triangularizable. 

Proof 
Let A denote an n X n complex matrix. We show by induction 

on n that A is triangularizable. Of course, ifn = 1, then A is 

already upper triangular: let n > 1. We shall use induction 

on n and assume that the result is true for square matrices 

with n — 1 rows. 
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We know that A has at least one eigenvalue c in C, with 

associated eigenvector X say. Since X # 0, it is possible 

to adjoin vectors to X to produce a basis of C”, say X = 

X,,X2,...,Xn; here we have used 5.1.4. Next, recall that left 

multiplication of the vectors of C” by A gives rise to linear 

operator T on C”. With respect to the basis {Xj,..., Xn}, 
the linear operator T will be represented by a matrix with the 

special form 

where A; and Ap are certain complex matrices, A; having 

nm — 1 rows and columns. The reason for the special form 

is that T(X1) = AX, = cX, since X is an eigenvalue of 
A. Notice that the matrices A and By, are similar since they 

represent the same linear operator 7’; suppose that in fact 

ia h 1 AS; where S; is an invertible n x n matrix. 

Now by induction hypothesis there is an invertible matrix 

S_ with n — 1 rows and columns such that By = 55,541 So is 

upper triangular. Write 

1 $= 51( 5 cai 

This is a product of invertible matrices, so it is invertible. An 

easy matrix computation shows that S~!AS equals 

ieee a jean) 

(0 1) (Sr'450(5 5): 
which equals 

A 
Replace B, by i. a and multiply the matrices together 

to get 
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= A2S c A2S: st Bs he a ee 202 x 202 
is Sz1A1S2 ie eta Lh 

This matrix is clearly upper triangular, so the theorem is 
proved. 

The proof of the theorem provides a method for triangu- 

larizing a matrix. 

Example 8.1.6 

Triangularize the matrix A = ( & ahh 

The characteristic polynomial of A is x? — 47 +4, so both 

eigenvalues equal 2. Solving (A — 2I2)X = 0, we find that 

all the eigenvectors of A are scalar multiples of X; = ({). 

Hence A is not diagonalizable by 8.1.6. 

Let T be the linear operator on C? arising from left mul- 

tiplication by A. Adjoin a vector to X2 to Xj, to get a basis 

Bo = {X1, Xo} of (oz Say X92 = Gul Denote by B, the 

standard basis of C?. Then the change of basis B, — Bz is 

ae . Therefore by 6.2.6 
—1 1 

the matrix A which represents T with respect to the basis Bz 

is sf 
=i) 

S,AS; > \= (i 5 

1 

1 

described by the matrix S; = ( 

Hence S = 5, = ( i triangularizes A. 
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Exercises 8.1 

1. Find all the eigenvectors and eigenvalues of the following 

matrices: 

redo deioan 
lr agales x 74 2 2 achnigunig 
Bi) \ 4 eae la 

0 1-1 4 

2. Prove that tr(A+B) = tr(A) + tr(B) and tr(cA) = c tr(A) 
where A and B are n x n matrices and c is a scalar. 

3. If A and B are n x n matrices, show that AB and BA have 

the same eigenvalues. [Hint: let c be an eigenvalue of AB and 

prove that it is an eigenvalue of BA |. 

4. Suppose that A is a square matrix with real entries and 

real eigenvalues. Prove that every eigenvalue of A has an 

associated real eigenvector. 

5. If A is a real matrix with distinct eigenvalues, then A is 

diagonalizable over R: true or false? 

6. Let p(x) be the polynomial 

(—1)"(2" 2 Cae ee =i ee peee pt ao). 

Show that p(x) is the characteristic polynomial of the follow- 
ing matrix (which is called the companion matriz of p(x)): 

ingell noms omen cual Wate 
DO. 0 —ajy 

Ce ik eee 

(ORD Weer 2 yetaalay 

7. Find matrices which diagonalize the following: 
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1 5) 1 Qi] 

(a) fs iO 101 

8. For which values of a and b is the matrix ( 4) diago- 

nalizable over C? 

9. Prove that a complex 2 « 2 matrix is not diagonalizable 

if and only if it is similar to a matrix of the form lg :) 

where b £ 0. 

10. Let A be a diagonalizable matrix and assume that S' is 

a matrix which diagonalizes A. Prove that a matrix T diago- 

nalizes A if and only if it is of the form T = C'S where C is a 

matrix such that AC = CA. 

11. If A is an invertible matrix with eigenvalues cj,...,Cn, 

show that the eigenvalues of A~! are cy',...,c7!. 

12. Let JT : V — V be a linear operator on a complex n- 

dimensional vector space V. Prove that there is a basis 

{vi, ..., Vn} of V such that T(v;) is a linear combination of 
ewe Ee UR a Pe ea 

13. Let T : P,(R) — P,(R) be the linear operator corre- 
sponding to differentiation. Show that all the eigenvalues of 

T are zero. What are the eigenvectors? 

14. Let ci,...,Cn be the eigenvalues of a complex matrix A. 

Prove that the eigenvalues of A™ are c{’,...,c/” where m is 
any positive integer. [Hint: A is triangularizable]. 

15. Prove that a square matrix and its transpose have the 

same eigenvalues. 
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8.2 Applications to Systems of Linear Recurrences 

A recurrence relation is an equation involving a function y 

of a non-negative integral variable n, the value of y at n being 

written y,. The equation relates the values of the function at 

certain consecutive integers, typically yn+1,Yn,---)Yn—r- In 

addition there may be some initial conditions to be satisfied, 

which specify certain values of y;. If the equation is linear in y, 

the recurrence relation is said to be linear. The problem is to 

solve the recurrence, that is, to find the most general function 

which satisfies the equation and the initial conditions. Linear 

recurrence relations, and more generally systems of linear re- 

currence relations, occur in many real-life problems. We shall 

see that the theory of eigenvalues provides an effective means 

for solving such problems. 

To understand how systems of linear relations can arise 

we consider a predator-prey problem. 

Example 8.2.1 

In a population of rabbits and weasels it is observed that each 

year the number of rabbits is equal to four times the number 

of rabbits less twice the number of weasels in the previous 

year. The number of weasels in any year equals the sum of 

the numbers of rabbits and weasels in the previous year. If 

the initial numbers of rabbits and weasels were 100 and 10 

respectively, find the numbers of each species after n years. 

Let r, and w, denote the respective numbers of rabbits 

and weasels after n years. The information given in the state- 

ment of the problem translates into the equations 

Wn+1= Trt Wn 

together with the initial conditions rg = 100, w)9 = 10. Thus 

we have to solve a system of two linear recurrence relations 

for r, and wp, subject to two initial conditions. 



8.2: Systems of Linear Recurrences 2G 

At first sight it may not seem clear how eigenvalues enter 
into this problem. However, let us put the system of linear 
recurrences in matrix form by writing 

4 15 Kwesi (ile = Ga) and A (" ok 

Then the two recurrences are equivalent to the single matrix 

equation 

ART = AXn, 

while the initial conditions assert that 

These equations enable us to calculate successive vectors Xn; 

thus X; = AXo, X2 = A? Xo, and in general 

Arg Fade o> 

In principle this equation provides the solution of our prob- 

lem. However the equation is difficult to use since it involves 

calculating powers of A; these soon become very complicated 

and there is no obvious formula for A”. 
The key observation is that powers of a diagonal matrix 

are easy to compute; one simply forms the appropriate power 

of each diagonal element. Fortunately the matrix A is diago- 

nalizable since it has distinct eigenvalues 2 and 3. Correspond- 

ing eigenvectors are found to be ( ) and ( i) ; therefore the 

er ®] 

re Ean D=S As =(¢ ad 

matrix S = (; a diagonalizes A, and 
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Itcisonow teasy:itonfind xy fonsdA WHAGGDS eS DES *. 

Therefore 

Ar AlX= SD2Sa KG 

f Cae? 2 mt) —1 ys 100 

Pa Pe Ores” 1 -1l iN ay 

which leads to 

180 - 3" — 80.2” 
Xn = ( sarah AF Ol 

The solution to the problem can now be read off: 

Tn = 180-3” — 80-2” and w, = 90-3” — 80: 2”. 

Let us consider for a moment the implications of these equa- 

tions. Notice that r, and w, both increase without limit as 

nm — oo since 3” is the dominant term; however 

The conclusion is that, while both populations explode, in the 

long run there will be twice as many rabbits as weasels. 

Having seen that eigenvalues provide a satisfactory so- 

lution to the rabbit-weasel problem, we proceed to consider 

systems of linear recurrences in general. 

Systems of first order linear recurrence relations 

A system of first order (homogeneous) linear recurrence 

relations in functions yi), ee ye of an integral variable n is 
a set of equations of the form 

es = ayy? imme aii Qimy” 

(2) (1) (m) 
Gna O2TUA a neeer et Bey A2mUn 

yr eu ge tafe apie, Storsant beg () 
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We shall only consider the case where the coefficients aij are 
constants. One objective might be to find all the functions 

y) bee y™ which satisfy the equations of the system, i.e., 

the general solution. Alternatively, one might want to find a 

solution which satisfies certain given conditions, 

1 2 
ys? = br, yo) = be, ..., ye? = bm 

where b;,...,6 are constants. Clearly the rabbit and weasel 

problem is of this type. 

The method adopted in Example 8.2.1 can be applied 

with advantage to the general case. First convert the given 

system of recurrences to matrix form byintroducing the matrix 

A = [aij|m,m, the coefficient matriz, and defining 

vn by 
: b 

Ao i and = ; 

patie Om 

Then the system of recurrences becomes simply 

Ynt+i = AYn, 

with the initial condition Yo = B. The general solution of this 

is 
Yves Bo: 

Now assume that A is diagonalizable: suppose that in 

fact D = S~1!AS is diagonal with diagonal entries d;,...,dm. 

Then A = SDS~! and A” = SD"S“!, so that 

Se pwiigraD: 

Here of course D” is the diagonal matrix with entries 
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d,",d_”...,dm,". Since we know how to find S and D, all we 

need do is compute the product Y,,, and read off its entries to 

obtain the functions yp,“,..., yn”. 
At this point the reader may ask: what if A is not di- 

agonalizable? A complete discussion of this case would take 

us too far afield. However one possible approach is to exploit 

the fact that the coefficient matrix A is certainly triangular- 

izable by 8.1.8. Thus we can find S$ such that S~1AS = T is 
upper triangular. Now write U, = S~'Y,, so that Y, = SUp. 
Then the recurrence Y,4; = AY, becomes SU,nj+1; = ASUn, 

or Uns, = (S~1AS)U, = TUyn. In principle this “triangular” 
system of recurrence relations can be solved by a process of 

back substitution: first solve the last recurrence for us, then 

substitute for rie in the second last recurrence and solve for 

ie as and so on. What makes the procedure effective is the 

fact that powers of a triangular matrix are easier to compute 

than those of an arbitrary matrix. 

Example 8.2.2 

Consider the system of linear recurrences 

{ Gael = Un Pen 

Znt1 =—Yn + 32n 

: Loppient. 
The coefficient matrix A = 1 3)% not diagonalizable, 

but it was triangularized in Example 8.1.6; there it was found 

that 

ws iene Ala 2ee ok i b110 
Tes As=(4 >) where $= ( } ia 

Put U, = S~1Y,; here the entries of U,, and Y, are written tine 

Un and Yn, Zn respectively. The recurrence relation Y,41; = 

AY,, becomes U;,+1 = TU,. This system of linear recurrences 
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is in triangular form: 

ETO Quy vy, 

Un+1 = 2Un 

The second recurrence has the obvious solution v, = d22” 

with dz constant. Substitute for v, in the first equation to 

get Un41 = 2un + d22”. This recurrence can be solved in a 

simple-minded fashion by calculating successively u1,ug,... 

and looking for the pattern. It turns out that u, = d,2" + 

dyn 2"—' where d, is another constant. Finally, y, and z, can 

be found from the equation Y,, = SU,,; the general solution is 

therefore 
Updo" AAdon2™ 2 

{ Zn = d,2" + do(n + 2)2"7} 

Higher order recurrence relations 

A system of recurrence relations for yw), Fe ys”) which 

expresses each yo, in terms of the yi) fOr f= Ph —T-Fh, oo5 1, 

is said to be of order r. When r > 2, such a system can 

be converted into a first order system by introducing more 

unknowns. The method works well even for a single recurrence 

relation, as the next example shows. 

Example 8.2.3 (The Fibonacci sequence) 

The sequence of integers 0, 1, 1, 2, 3, 5,. .. is generated by 

adding pairs of consecutive terms to get the next term. Thus, 

if the terms are written Yo, Y1, Y2,..-, then yp satisfies 

Ure hie Un + Yn-1, 1 2 1, 

which is a second order recurrence relation. 

To convert this into a first order system we introduce the 

new function zy, = Yn—1, (n > 1). This results in an equivalent 
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system of first order recurrences 

Yn+1 =Yn + 2n 

2n+1 = Un 

with initial conditions yo = 0 and zo = 1. The coefficient 

matrix A = ; has eigenvalues (1 + /5)/2 and 

(1 — ,/5)/2, so it is diagonalizable. Diagonalizing A as in 
Example 8.1.5, we find that 

MEER WO Maar we 
esp as = (‘ sit pees) 

where 
Ne SY Ai yp hk OY fa ame voy/2 ( vr), 

Then Vek AY (So 3) Yor oY. Lnisevaelde 

the rather unexpected formula 

tinge ={ (? ie 
Paahs 

for the (n + 1)th Fibonacci number. 

Markov processes 

In order to motivate the concept of a Markov process, we 

consider a problem about population movement. 

Example 8.2.4 

Each year 10% of the population of California leave the state 

for some other part of the United States, while 20% of the 

U.S. population outside California enter the state. Assum- 

ing a constant total population of the country, what will the 

ultimate population distribution be? 



8.2: Systems of Linear Recurrences 283 

Let yn and z, be the numbers of people inside and outside 
California after n years; then the information given translates 
into the system of linear recurrences 

Yn41 = -9Yn + 22, 

Zn+1 = lyn + 82n 

rey es tf tothe 
x, = (%) and A= (4 le 

we have X,41 = AX,. The matrix A has eigenvalues 1 and 

.7, So we could proceed to solve for y, and z, in the usual way. 

However this is unnecessary in the present example since it is 

only the ultimate behavior of y, and z,, that is of interest. 

Assuming that the limits exist, we see that the real object 

of interest is the vector 

ee i Xe Irie bea 
n—oo Hinman; Zn 

Writing 

Taking the limit as n — oo of both sides of the equation 

Xn41 = AXn, we obtain X = AX; hence X is an eigenvec- 

tor of A associated with the eigenvalue 1. An eigenvector is 

quickly found to be re . Thus X. must be ascalar multiple 
1 

of this vector. Now the sum of the entries of X.. equals the 

total U.S. population, p say, and it follows that 

So the (alarming) conclusion is that ultimately two thirds of 

the U.S. population will be in California and one third else- 

where. This can be confirmed by explicitly calculating y, and 

zp, and taking the limit as n — oo. 



284 Chapter Eight: Eigenvalues and Eigenvectors 

The preceding problem is an example of what is known as 

a Markov process. For an understanding of this concept some 

knowledge of elementary probability is necessary. A Markov 

process is a system which has a finite set of states S1,..., Sn. 

At any instant the system is in a definite state and over a fixed 

period of time it changes to another state. The probability 

that the system changes from state S; to state S; over one 

time period is assumed to be a constant p;;. The matrix 

P= Deslage 

is called the transition matriz of the system. In Example 8.2.4 

there are two states: a person is either in or not in California. 

The transition matrix is the matrix A. 

Clearly all the entries of P lie in the interval [0, 1]; more 
importantly P has the property that the sum of the entries in 

any column equals 1. Indeed Bees Pij = 1 since it is certain 

that the system will change from state S; to some state Sj. 

This property guarantees that 1 is an eigenvalue of P; indeed 

det(P — I) = 0 because the sum of the entries in any column 
of the matrix P—I is equal to zero, so its determinant is zero. 

Suppose that we are interested in the behavior of the 

system over two time periods. For this we need to know the 

probability of going from state S; to state S; over two periods. 

Now the probability of the system going from S; to S; via S;, 

iS PikPkj, SO the probability of going from state S; to S; over 

two periods is 
nm 

Do pinay: 
k=1 

But this is immediately recognizable as the (i, 7) entry of P?; 

therefore the transition matrix for the system over two time 

periods is P?. More generally the transition matrix for the 

system over k time periods is seen to be P* by similar consid- 
erations. 
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The interesting problem for a Markov process is to deter- 
mine the ultimate behavior of the system over a long period of 
time, that is to say, limy_...(P*). For the (i,7) entry of this 
matrix is the probability that the system will go from state 5; 
to state S; in the long run. 

The first question to be addressed is whether this limit 

always exists. In general the answer is negative, as a very 

simple example shows: if P = pane ) , then P* equals either 
&\0 

2, A0 0 1 : 
A lees bath Qed according to whether k is even or odd; 

so the limit does not exist in this case. Nevertheless it turns 

out that under some mild assumptions about the matrix the 

limit does exist. Let us call a transition matrix P regular 

if some positive power of P has all its entries positive. For 

example, the matrix € | is regular; indeed all powers 

after the first have positive entries. But, as we have seen, the 

matrix is not regular. A Markov system is said to 
pag 

ig) 
be regular if its transition matrix is regular. 

The fundamental theorem about Markov processes can 

now be stated. A proof may be found in [15], for example. 

Theorem 8.2.1 

Let P. be the transition matrix of a regular Markov system. 

Then limg+soo(P*) exists and has the form (X X ... X) 
where X is the unique eigenvector of P associated with the 

eigenvalue 1 which has entry sum equal to 1. 

Our second example of a Markov process is the library 

book problem from Chapter One (see Exercise 1.2.12). 

Example 8.2.5 

A certain library owns 10,000 books. Each month 20% of the 

books in the library are lent out and 80% of the books lent out 
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are returned, while 10% remain lent out and 10% are reported 
lost. Finally, 25% of books listed as lost the previous month 

are found and returned to the library. How many books will 

be in the library, lent out, and lost in the long run? 

Here there are three states that a book may be in: S; = 

in the library: Sp = lent out: S3 = lost. The transition matrix 

for this Markov process is 

10 p10" 320 

P= Fee 0 

UNIT SAfo 

Clearly P? has positive entries, so P is regular. Of course P 

has the eigenvalue 1; the corresponding eigenvector with entry 

sum equal to 1 is found to be 

1 45 

X = — | 10 
59 4 

So the probabilities that a book is in states $1, So, S3 after a 

long period of time are 45/59, 10/59, 4/59 respectively. There- 

fore the expected numbers of books in the library, lent out, 

and lost, in the long run, are obtained by multiplying these 

probabilities by the total number of books, 10,000. These 

numbers are therefore 7627, 1695, 678 respectively. 

Exercises 8.2 

1. Solve the following systems of linear recurrences with the 

specified initial conditions: 

Yn4+1. = 7 AL a 
( ) Intt =Yn + aoa 

(b) hd = 2yn + 102, . 

Zn41 = 2Yn + 32n 

where yo = 0, 2 = 1; 

where yo = 0, 29,=.1. 
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2. In a certain nature reserve there are two competing animal 
species A and B. It is observed that the number of species A 
equals three times the number of A last year less twice the 
number of species B last year. Also the number of species B 
is twice the number of B last year less the number of species A 

last year. Write down a system of linear recurrence relations 

for a, and b,, the numbers of each species after n years, and 

solve the system. What are the long term prospects for each 
species? 

3. A pair of newborn rabbits begins to breed at age one 

month, and each successive month produces one pair of off- 

spring (one of each sex). Initially there were two pairs of rab- 

bits. If r, is the total number of pairs of rabbits at the begin- 

ning of the nth month, show that r,, satisfies rn41 = Tn+Tn—1 

and r; = 2 =r. Solve this second order recurrence relation 

foF ore 

4. A tower n feet high is to be built from red, white and blue 

blocks. Each red block is 1 foot high, while the white and 

blue blocks are 2 feet high. If u,, denotes the number of dif- 

ferent designs for the tower, show that the recurrence relation 

Unt+1 = Un + 2Un—1 must hold. By solving this recurrence, 

find a formula for un. 

5. Solve the system of recurrence relations yn+1 = 3Yn — 22n, 

2Zn+1 = 2Yn — Zn, With the initial conditions yo = 1, zo = 0. 

6. Solve the second order system Yn+1 = Yn—-1) 2n¢1 = Yn + 

4z,, with the initial conditions yo = 0, yy = 1 = 21. 

7. In a certain city 90% of employed persons retain their jobs 

at the end of each year, while 60% of the unemployed find 

a job during the year. Assuming that the total employable 

population remains constant, find the unemployment rate in 

the long run. 
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8. A certain species of bird nests in three locations A, B and 

C. It is observed that each year half of the birds at A and half 

of the birds at B move their nests to C,, while the others stay 

in the same nesting place. The birds nesting at C are evenly 

split between A and B. Find the ultimate distribution of birds 

among the three nesting sites, assuming that the total bird 

population remains constant. 

9. There are three political parties in a certain city, conserva- 

tives, liberals and socialists. The probabilities that someone 

who voted conservative last time will vote liberal or socialist 

at the next election are .3 and .2 respectively. The proba- 

bilities of a liberal voting conservative or socialist are .2 and 

.l. Finally, the probabilities of a socialist voting conservative 

or liberal are .1 and .2. What percentages of the electorate 

will vote for the three parties in the long run, assuming that 

everyone votes and the number of voters remains constant? 

8.3 Applications to Systems of Linear Differential 

Equations 

In this section we show how the theory of eigenvalues 

developed in 8.1 can be applied to solve systems of linear 

differential equations. Since there is a close analogy between 

linear recurrence relations and linear differential equations, 

the reader will soon notice a similarity between the methods 

used here and in 8.2. 

For simplicity we consider initially a system of first or- 

der linear (homogeneous) differential equations for functions 

Y1,--+;Yn Of x. This has the general form 

Yo =An4% + ++ +. GinYn 

Yo =anyi +--+ + GanYn 

un Jn 1YIP Pay te Fr AnnYn 
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Here the a;; are assumed to be constants. The object is to 
find the most general functions y;,...,Yyn, differentiable in 
some interval [a , b], which satisfy the equations of the system. 
Alternatively one may wish to find functions which satisfy in 
addition a set of initial conditions of the form 

Y1(Zo) ii bi, y2(Zo).= b2, sng Vaktnd = by. 

Here the 6; are certain constants and Zp is in the interval (a, d}. 
Let A = [a;;], the coefficient matrix of the system and 

write 
Y1 

Y2 
wis 

Yn 

Then we define the derivative of Y to be 

vi 
/ 

y'= Y2 

Yn 

With this notation the given system of differential equations 

can be written in matrix form 

Yo =A, 

By a solution of this equation we shall mean any column 

vector Y of n functions in Da, b] which satisfies the equation. 

The set of all solutions is a subspace of the vector space of all 

n-column vectors of differentiable functions; this is called the 

solution space. It can be shown that the dimension of the so- 

lution space equals n, so that there are n linearly independent 

solutions, and every solution is a linear combination of them. 
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If a set of n initial conditions is given, there is in fact a 

unique solution of the system satisfying these conditions. For 

an account of the theory of systems of differential equations 

the reader may consult a book on differential equations such 

as [15] or [16]. Here we are concerned with methods of finding 
solutions, not with questions of existence and uniqueness of 

solutions. 

Suppose that the coefficient matrix A is diagonalizable, 

so there is an invertible matrix S such that D = S~1AS is 

diagonal, with diagonal entries d,,...,d, say. Here of course 

the d; are the eigenvalues of A. Define 

U=S"'Y. 

Then Y ='SU and’ Y” = SU"/since’ Shas constant’ entries. 

Substituting for Y and Y’ in the equation Y’ = AY, we obtain 
SU ASU Por 

UT = (3 peAS)U = DU, 

This is a system of linear differential equations for u1,..., Un, 

the entries of U. It has the very simple form 

U} = dyuy 

Us = dzu2 

ua sid n = AdnUn 

The equation ui = d;u; is easy to solve since its differential 

form is 

Thus its general solution is u; = c;e%* where ¢; is a con- 

stant. The general solution of the system of linear differential 
equations for u1,..., Un is therefore 

r | 
uy = ce, 0. 5 Un = Cnet”. 
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To find the original functions y;, simply use the equation Y = 
SU to get 

n n 

= > Bi : d; 
Y= SjjUuj = SijCje gee 

j=l ga 

Since we know how to:find S, this procedure provides 

an effective method of solving systems of first order linear 

differential equations in the case where the coefficient matrix 

is diagonalizable. 

Example 8.3.1 

Consider a long tube divided into four regions along which 

heat can flow. The regions on the extreme left and right are 

kept at 0°C, while the walls of the tube are insulated. It is 

assumed that the temperature is uniform within each region. 

Let y(t) and z(t) be the temperatures of the regions A and 
B at time t. It is known that the rate at which each region 

cools equals the sum of the temperature differences with the 

surrounding media. Find a system of linear differential equa- 

tions for y(t) and z(t) and solve it. 
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Thus we are faced with the linear system of differential equa- 

tions 
ye =H —Qyymehate 
2's Tak dy ees 

Fe (ieremetss premenyesl |: 
Now the matrix A is diagonalizable; indeed 

(AE RM gg’ dag tracers’ 
Die S AS = ( 0 4) where $= (5 ele 

Setting U = S~+Y, we obtain from Y’ = AY the equation 
U' = DU. This yields two very simple differential equations 

Here 

t where u; and wg are the entries of U. Hence u; = ce * and 

uz = de~*', with arbitrary constants c and d. Finally 

ce’ + de~*# 
hell Ms ic —de~*t }° 

The general solution of the original system of differential equa- 
tions is therefore 

y=ce '+de—* 

peace! — ert 

Thus the temperatures of both regions A and B tend to zero 
AS\ tac. 

In the next example complex eigenvalues arise, which 

causes a change in the procedure. 
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Example 8.3.2 
Solve the linear system of differential equations 

Coat 

Yo =Y1 t+ Yo 

The coefficient matrix here is 

“py gai eer 
sehr 

which has complex eigenvalues 1 + i and 1 — 7; we are us- 

ing the familiar notation i = /—1 here. The corresponding 

eigenvectors are 

a —4 

G1) (4). 
respectively. Let S be the 2 x 2 matrix which has these vectors 

as its columns; then S~!AS = D, the diagonal matrix with 

diagonal entries 1+ 7% and 1 —i. If we write U = S~'Y, the 

system of equations becomes U’ = DU, that is, 

u, =(1+i)uy, 

Uy = (1 —t)ue 

where w; and ug are the entries of U. 

The first equation has the solution u; = e(+)© while the 

second has the obvious solution ug = 0. Using these values 

for u; and uz, we obtain a complex solution of the system of 

differential equations 

ie(itie 
Yarns (‘Stns ) 

Of course we are looking for real solutions, but these are in 

fact at hand. For the real and imaginary parts of Y will also 
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be solutions of the system Y’ = AY. Thus we obtain two real 

solutions from the single complex solution Y, by taking the 

real and imaginary parts of Y; these are respectively 

—e* sin £ e” COS. x 

sie ( e* cos ¥) ei eicio Cae 5) 

Now Yj and Y% are easily seen to be linearly independent solu- 

tions; therefore the general solution of the system is obtained 

by taking an arbitrary linear combination of these: 

Y = c1Y, + c@2Y2 = e” eiccee x + C2 COs a 

cj cOSs X+c2sin & 

where c, and cz are arbitrary real constants. Hence 

{ y1 =e*(—c, sin x + c2 cos 2) 

y2 =e"(c, cos © +c28in 7) 

Of course the success of the method employed in the last 

two examples depended entirely upon the fact that A is diag- 

onalizable. However, should this not be the case, one can still 

treat the system of differential equations by triangularizing 

the coefficient matrix and solving the resulting triangular sys- 

tem using back substitution, rather as was done for systems 

of linear recurrences in 8.2. 

Example 8.3.3 

Solve the linear system of differential equations 

‘ y= wo + y 
Yo =—-Y1 + 3y2 

In this case the coefficient matrix 

4=(5 5) 
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is not diagonalizable, but it can be triangularized. In fact it 
was shown in Example 8.1.6 that 

Rivets 1 ensle Safe pastas=(2 1) 
1 

where S = a : Pure > -Y and write u,, us for 

the entries of U. Then Y = SU and Y' = SU’. The equation 
Y’ = AY now becomes U’ = TU. This yields the triangular 
system 

uy = 2u1 + U2 

Us = 2u2 

Solving the second equation, we find that ug = ce?” with 

C2 an arbitrary constant. Now substitute for w2 in the first 

equation to get 

Us tr, 2u4 = we. 

This is a first order linear equation which can be solved by a 

standard method: multiply both sides of the equation by the 

“integrating factor” 

a ace Meal 

The equation then becomes (uje = C2, whence uje~2” = 

Coz +c, with c; another arbitrary constant. Thus uj = 

cove?” + c,e?". To find the original functions y; and y2, we 

form the product 

Zz 34 Cj + cam 
et — ve) EP ened vi) 

i 

Thus the general solution of the system is 

y1 = (ci, + cox)e?*, 

yo = (c1 + co(x + 1))e?* 
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Finally, suppose that initial conditions y;(0) = 1 and 

y2(0) = 0 are given. We can find the correct values of c; and 

C2 by substituting t = 0 in the expressions for y; and yo, to get 

Cc, = 1 and cp = —1. The required solution is y; = (1 — x)e2* 

andijo = ne 

The next application is one of a military nature. 

Example 8.3.4 

Two armored divisions A and B engage in combat. At time t 

their respective numbers of tanks are a(t) and b(t). The rate 
at which tanks in a division are destroyed is proportional to 

the number of intact enemy tanks at that instant. Initially 

A and B have ag and bo tanks where ao > bo. Predict the 

outcome of the battle. 

According to the information given, the functions a and 

b satisfy the linear system 

ai === kb 

bY ai — kag 

where k is some positive constant. Here the coefficient matrix 

is 

0 -—k nee 
The characteristic equation is x7 — k? = 0, so the eigenvalues 
are k and —k and A is diagonalizable. It turns out that 

Iyasi leuigito Ag) bag $ As=D=(5 mp 

where S = €: A If we set Y = ee the system of 

differential equations becomes Y’ = AY. On writing U = 
S~'Y, we get U’ = DU. This is the system 

ho — in 1} 

vo =—kv 
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u 
where U = i ) Hence u = ce** and v = de~**, with c and 

d arbitrary constants. The general solution is Y = SU, which 
yields 

G = aire" + de, ** 

bce teh de kt 

Now the initial conditions are a(0) = ap and b(0) = bo, so 

{ c+d=apo 

co d= bo 

Solving we obtain c = (ao — bo) /2, d = (an + bo) /2. Therefore 
the numbers of tanks surviving at time ¢ in Divisions A and 

B are respectively 

— b 
a= (2S) ett 4 (2 oes 

_ _ (20-50) crt ao + bo \ kt ee ( 5 Je +( 5 Je 

It is more convenient to write a(t) and b(t) in terms of the 
hyperbolic functions cosh(r) = $(e* + e~”) and sinh(x) = 
$(e” — e~*). Then the solution becomes 

a =agcosh(kt) — bosinh(kt) 

b = bocosh(kt) — agsinh(kt) 

Now Division B will have lost all its tanks when b = 0, 

i.e., after time 

ah byt h= tank bali 

Observe also that 

2 
a? —b*=a2-b 
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because of the identity cosh?(kt) — sinh?(kt) = 1. Therefore 
at the time when Division B has lost all of its tanks, Division 

A still has a tanks where a? — 0 = a2 — bg. Hence the number 
of tanks that Division A has left at the end of the battle is 

\/ az — 02. 

Not surprisingly, since it had more tanks to start with, Divi- 

sion A wins the battle. 

However, there is a way in which Division B could con- 

ceivably win. Suppose that 

: b va <5 09 BGG: 

Suppose further that Division A consists of two columns with 

equal numbers of tanks, and that Division B manages to at- 

tack one column of Division A before the other column can 

come to its aid. Since bo > $ao, Division B defeats the first 

column of Division A, and it still has ,/b3 — ja? tanks left. 

Then Division B attacks the second column and wins with 

ae 703 F 703 Eilat ws 503 

tanks left. 

Thus Division B wins the battle despite having fewer 

tanks than Division A: but it must have more than ao/,/2 
or 71% of the strength of the larger division for the plan to 

work. This explains the frequent success of the “divide and 

conquer strategy”. 

Higher order equations 

Systems of linear differential equations of order 2 or more 

can be converted to first order systems by introducing addi- 

tional functions. Once again the procedure is similar to that 

adopted for systems of linear recurrences. 
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Example 8.3.5 

Solve the second order system 

eh =-2y. + yL + 2y5 
Yo = yn +2y, - yb 

The system may be converted to a first order system by 

introducing two new functions 

y3=Yy) and ys = >. 

Thus yi = ys and yS = y). The given system is therefore 
equivalent to the first order system 

Yi =Y3 

Y9 =A 

ys = —2y2 + y3 + 2y4 
/ 

Y4 = 2y1 + 2y3 — Ya 

The coefficient matrix here is 

0 Otel 0 

0 0 0 1 

Ae CO 2 sh 2 

Z 0 2 -1l 

Its eigenvalues turn out to be 1, —1, 2, —2, with corresponding 

eigenvectors 

1 2 1 1 
2 =f : et 
eee te el 
2 2 2 

Therefore, if S denotes the matrix with these vectors as its 

columns, we have S~1AS = D, the diagonal matrix with di- 

agonal entries 1,—1,2,—2. Now write U = S~*Y. Then the 
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equation Y’ = AY becomes U’ = (S~'AS)U = DU, which is 
equivalent to 

/ / / / 
Uy = U13 Ug = HUe, Ug = 2U3,.. U4 = —2U4. 

Solving these simple equations, we obtain 

ap Pin iS ~2 
us cet) ugsicgeh id te aes, buen 

The functions y; and yz may now be read off from the equation 

Y = SU to give the general solution 

yi =" ce? SJE tees Ce 

2 = 2eV— oe” ~t ae” =aqe = 

Exercises 8.3 

1. Find the general solutions of the following systems of linear 
differential equations: 

/ / 

Yi=— it Ye Yi = 3y. — 2y2 a b 
(a) [VS 2y1— 3y2 oo) {4 =— 2y, + 3y2 

yi =yitye + y3 
(c) > = Y2 

Y3= Yyotys 

2. Find the general solution (in real terms) of the system of 
differential equations 

{ Y= N+ Y 

Yo = —2y1 + 3y2 

Then find a solution satisfying the initial conditions y; (O)resldy 
Y2 (0) =p A 
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3. By triangularizing the coefficient matrix solve the system 
of differential equations 

(es = 5y, + 3y2 

Yo =—3y1 — Yo 

Then find a solution satisfying the initial conditions y;(0) = 0, 

y2(0) = 2. 
4. Solve the second order linear system 

eh = 2 + y + yi, +y5 
yy =—5y. +2y2 +5y, — yf 

5. Given a system of n (homogeneous) linear differential equa- 
tions of order k, how would you convert this to a system of 

first order equations? How many equations will there be in 

the first order system? 

6. Describe a general method for solving a system of second 

order linear differential equations of the form Y” = AY, where 
A is diagonalizable. 

7. Solve the systems of differential equations 

wy =" -— = imate @) {4 ee. 
[Note that the general solution of the differential equation 
ul” = a?u is u = cycosh(az) + cesinh(az)). 

8. (The double pendulum) A string of length 2/ is hung from 

a rigid support. Two weights each of mass m are attached 

to the midpoint and lower end of the string, which is then 

allowed to execute small vibrations subject to gravity only. 

Let y; and yz denote the horizontal displacements of the two 

weights from the equilibrium position at time t. 

(a) (optional) By using Newton’s Second Law of Motion, 

show that y; and yo satisfy the differential equations 
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yf = a?(—3y1 + y2), yy = a? (yr — yo) where a = y/g/I and g 
is the acceleration due to gravity. 

(b) Solve the linear system in (a) for y; and y2. [Note: 
the general solution of the differential equation y” + a?y = 0 
is y=c, cos ax+cosin az]. 

9. In Example 8.3.4 assume that Division A consists of m 

equal columns. Suppose that Division B is able to attack 

each column of A in turn. Show that Division B will win the 

battle provided that bp > ee 



Chapter Nine 

MORE ADVANCED TOPICS 

This chapter is intended to serve as an introduction to 
some of the more advanced parts of linear algebra. The most 
important result of the chapter is the Spectral Theorem, which 

asserts that every real symmetric matrix can be diagonalized 
by means of a suitable real orthogonal matrix. This result 

has applications to quadratic forms, bilinear forms, conics and 

quadrics, which are described in 9.2 and 9.3. The final section 

gives an elementary account of the important topic of Jordan 

normal form, a subject not always treated in a book such as 

this. 

9.1 Eigenvalues and Ejigenvectors of Symmetric and 

Hermitian Matrices 

In this section we continue the discussion of diagonaliz- 

ability of matrices, which was begun in 8.1, with special regard 

to real symmetric matrices. More generally, a square complex 

matrix A is called hermitian if 

A=A", 

thatis. Ai (A)?. Thus hermitian matrices are the complex 

analogs of real symmetric matrices. It will turn out that the 

eigenvalues and eigenvectors of such matrices have remark- 

able properties not possessed by complex matrices in general. 

The first indication of special behavior is the fact that their 

eigenvalues are always real, while the eigenvectors tend to be 

orthogonal. 

303 
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Theorem 9.1.1 

Let A be a hermitian matriz. Then: 

(a) the eigenvalues of A are all real; 

(b) eigenvectors of A associated with distinct eigenvalues 

are orthogonal. 

Proof 

Let c be an eigenvalue of A with associated eigenvector X, so 

that AX = cX. Taking the complex transpose of both sides 

of this equation and using 7.1.7, we obtain X*A = CX™ since 

A = A*. Now multiply both sides of this equation on the right 

by X to get X*AX = GX*X = 4||X||?: remember here that 
X*X equals the square of the length of X. But (X*AX)* = 
X* A* X** = X* AX; thus the scalar X* AX equals its complex 

conjugate and so it is real. It follows that @||X ||? is real. Since 
lengths of vectors are always real, we deduce that ¢, and hence 

c, is real, which completes the proof of (a). 

To prove (b) take two eigenvectors X and Y associated 
with distinct eigenvalues c and d. Thus AX = cX and AY = 

dY. Then Y*AX = Y*(cX) = cY*X, and in the same 
way X*AY = dX*Y. However, by 7.1.7 again, (X*AY)* = 
Y*A*X = Y*AX. Therefore UXExi)ireickaikXs or Hina 

cY*X because d is real by the first part of the proof. This 

means that (c—d)Y*X = 0, from which it follows that Y*X = 
0 since c#d. Thus X and Y are orthogonal. 

Suppose now that {X,,...,X,} is a set of linearly inde- 

pendent eigenvectors of the n x n hermitian matrix A, and 

that r is chosen as large as possible. We can multiply X; by 

1/||.X;|| to produce a unit. vector; thus we may assume that 
each X; is a unit vector. By 9.1.1 {X,,...,X,} is an orthonor- 

mal set. Now write U = (X,...X;,), ann x r matrix. Then 
U has the property 

AU = (A Xi taeeAX hopes aac oe in 
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where cj,...,c, are the eigenvectors corresponding to 
Xj ,...,X, respectively. Hence 

BK y10 = AeA 
ee 8 | La, 

Die) glen Nos cy 

where D is the diagonal matrix with diagonal entries cj,..., 

cr. Since the columns of U form an orthonormal set, U*U = 
i BS 

In general r < n, but should it be the case that r = n, 

then U is n x n and we have U~! = U*, so that U is unitary 
(see 7.3). Therefore U* AU = D and A is diagonalized by the 
matrix U. In other words, if there exist n mutually orthogonal 

eigenvectors of A, then A can be diagonalized by a unitary 

matrix. The outstanding question is, of course, whether there 

are always that many linearly independent eigenvectors. We 

shall shortly see that this is the case. 

A key result must first be established. 

Theorem 9.1.2 (Schur ’s Theorem) 
Let A be an arbitrary square complex matrix. Then there is a 

unitary matrix U such that U* AU is upper triangular. More- 

over, if A is a real symmetric matriz, then U can be chosen 

real and orthogonal. 

Proof 
Let A be an n X n matrix. The proof is by induction on n. 

Of course, if n = 1, then A is already upper triangular, so 

let n > 1. There is an eigenvector X, of A, with associated 

eigenvalue c; say. Here we can choose X; to be a unit vector 

in C”. Using 5.1.4 we adjoin vectors to X, to form a basis of 

C”. Then the Gram-Schmidt procedure (in the complex case) 

may be applied to produce an orthonormal basis Xj,...,Xn 

of C”; note that X, is a member of this basis. 
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Let Up denote the matrix (X,...X,); then Up is unitary 

since its columns form an orthonormal set. Now 

Uj AX, = U5 (crx) = c1(U5 X1). 

Also X}X, = 0 ifi > 1, while X7X; = 1. Hence 

Ie “1 

U5 AX1 =)C} : = 

X*X, 

Since 

Oj AUg — Us AUX ©: Xn) = Op AAT Up Ang. Ugtien 

we deduce that 

where A, is a matrix with n — 1 rows and columns and B is 

an (n — 1)-row vector. 
We now have the opportunity to apply the induction 

hypothesis on n; there is a unitary matrix U; such that 

Us A,U, = T; is upper triangular. Put 

Lf '0 

which is surely a unitary matrix. Then let U = UpU2; this 

also unitary since U*U = UZ(UjUp)U2 = UZU2 = I. Finally 

U* AU = Uz(U% AUp)U2 = Us ies fed Bey 
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which equals 

(; BY ny ee Ce BL 
O efit ati) WMD UTA, 

This shows that 

an upper triangular matrix, as required. 

If the matrix A is real symmetric, the argument shows 

that there is a real orthogonal matrix S$ such that S7 AS is 

diagonal. The point to keep in mind here is that the eigenval- 

ues of A are real by 9.1.1, so that A has a real eigenvector. 

The crucial theorem on the diagonalization of hermitian 

matrices can now be established. 

Theorem 9.1.3 (The Spectral Theorem) 
Let A be a hermitian matriz. Then there is a unitary matrix U 

such that U* AU is diagonal. If A is a real symmetric matriz, 

then U may be chosen to be real and orthogonal. 

Proof 

By 9.1.2 there is a unitary matrix U such that U*AU = T 

is,upper triangular, ‘Then .7* = U* A'U = U* AU = 1, so 

T is hermitian. But T is upper triangular and 7” is lower 

triangular, so the only way that T and T* can be equal is if 

all the off-diagonal entries of T are zero, that is, T is diagonal. 

The case where A is real symmetric is handled by the 

same argument. 

Corollary 9.1.4 

If A is ann x n hermitian matria, there is an orthonormal 

basis of C” which consists entirely of eigenvectors of A. If 

in addition A is real, there is an orthonormal basis of R” 

consisting of eigenvectors of A. 
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Proof 

By 9.1.3 there is a unitary matrix U such that U* AU = D is 

diagonal, with diagonal entries d,,...,d, say. If X1,...,Xn 

are the columns of U, then the equation AU = UD implies 

that AX; =d,;X; fori =1,...,n. Therefore the X; are eigen- 

vectors of A, and since U is unitary, they form an orthonormal 

basis of C”. The argument in the real case is similar. 

This justifies our hope that an n x n hermitian matrix 

always has enough eigenvectors to form an orthonormal basis 

of C”. Notice that this will be the case even if the eigenvalues 

of A are not all distinct. 

The following constitutes a practical method of diago- 

nalizing an n x n hermitian matrix A by means of a unitary 

matrix. For each eigenvalue find a basis for the correspond- 

ing eigenspace. Then apply the Gram-Schmidt procedure to 

get an orthonormal basis of each eigenspace. These bases are 

then combined to form an orthonormal set, say {X1,..., Xn}. 

By 9.1.4 this will be a basis of C”. If U is the matrix with 

columns Xj,...,Xp, then U is hermitian and U* AU is diago- 

nal, as was shown in the discussion preceding 9.1.2. The same 

procedure is effective for real symmetric matrices. 

Example 9.1.1 

Find a real orthogonal matrix which diagonalizes the matrix 

ae i 

The eigenvalues of A are 3 and —1, (real of course), and 
corresponding eigenvectors are 

(1) ek Gage 
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These are orthogonal; to get an orthonormal basis of R?, re- 
place them by the unit eigenvectors 

a(t) 33 (%) 

oma(i 2) 
which is an orthogonal matrix. The theory predicts that 

panlaaica Be (0 sas = (5 wel 

as is easily verified by matrix multiplication. 

Finally let 

Example 9.1.2 

Find a unitary matrix which diagonalizes the hermitian matrix 

3/Qriet (2 ‘TO 
ABET OST /ZONZ FILO! | 

0) eee 

where 7 = /-1. 

The eigenvalues are found to be 1, 2, 1, with associated 

unit eigenvectors 

hae 1//2 0 
bf JOA eh odin Blasted 

0 0 1 

Therefore 
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where U is the unitary matrix 

—i 1 0 

P\o 0 vp 
Normal matrices 

We have seen that every n xn hermitian matrix A has the 

property that there is an orthonormal basis of C” consisting 

of eigenvectors of A. It was also observed that this property 

immediately leads to A being diagonalizable by a unitary ma- 

trix, namely the matrix whose columns are the vectors of the 

orthonormal basis. We shall consider what other matrices 

have this useful property. 

A complex matrix A is called normal if it commutes with 

its complex transpose, 

ALA= AA, 

Of course for a real matrix this says that A commutes with 

its transpose A’. Clearly hermitian matrices are normal; for 

if A = A*, then certainly A commutes with A*. What is the 

connection between normal matrices and the existence of an 

orthonormal basis of eigenvectors? The somewhat surprising 

answer is given by the next theorem. 

Theorem 9.1.5 

Let A be a complex n xX n matriz. Then A is normal if and 

only if there is an orthonormal basis of C” consisting of eigen- 
vectors of A. 

Proof 

First of all suppose that C” has an orthonormal basis of 

eigenvectors of A. Then, as has been noted, there is a uni- 

tary matrix U such that U* AU = D is diagonal. This leads 
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to A = UDU* because U* = U-!. Next we perform a di- 
rect computation to show that A commutes with its complex 
transpose: 

ae tt = UD D*U", 

and in the same way 

fae DU DU" SUD DU". 

But diagonal matrices always commute, so DD* = D*D. It 

follows that AA* = A*A, so that A is normal. 

It remains to show that if A is normal, then there is an 

orthonormal basis of C” consisting entirely of eigenvectors of 

A. From 9.1.2 we know that there is a unitary matrix U such 

that U*AU = T is upper triangular. The next observation 

is that T is also normal. This too is established by a direct 

computation: 

te tele Anta AU Ue AsA ey 

In the same way TT* = U*(AA*)U. Since A*A = AA’, it 
follows that T*T' = TT™. 

Now equate the (1, 1) entries of T*T and TT™; this yields 
the equation 

léaa|? = |tra|? + [tr2|? + «++ + [tanl?, 
which implies that ti2,...,tin are all zero. By looking at the 

(2, 2);(3;3),..-,(2,n)) entries of T*7) and T7*,; we see that 
all the other off-diagonal entries of T vanish too. Thus T' is 

actually a diagonal matrix. 
Finally, since AU = UT, the columns of U are eigenvec- 

tors of A, and they form an orthonormal basis of C” because 

U is unitary. This completes the proof of the theorem. 

The last theorem provides us with many examples of di- 

agonalizable matrices: for example, complex matrices which 

are unitary or hermitian are automatically normal, as are real 

symmetric and real orthogonal matrices. Any matrix of these 

types can therefore be diagonalized by a unitary matrix. 
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Exercises 9.1 

1. Find unitary or orthogonal matrices which diagonalize the 

following matrices: 

2 1 1 

@ (} ER ib Sock he 
1 -—2 43 

2. Suppose that A is a complex matrix with real eigenvalues 

which can be diagonalized by a unitary matrix. Prove that A 

must be hermitian. 

3. Show that an upper triangular matrix is normal if and only 

if it is diagonal. 

4. Let A be anormal matrix. Show that A is hermitian if and 

only if all its eigenvalues are real. 

5. A complex matrix A is called skeuw-hermitian if A* = —A. 

Prove the following statements: 

(a) a skew-hermitian matrix is normal; 
(b) the eigenvalues of a skew-hermitian matrix are purely 
imaginary, that is, of the form a\/—1 where a is real; 

(c) anormal matrix is skew-hermitian if all its eigenvalues 
are purely imaginary. 

6. Let A be a normal matrix. Prove that A is unitary if and 
only if all its eigenvalues c satisfy |c| = 1. 

7. Let X be any unit vector in C” and put A = J, — 2X X*. 

Prove that A is both hermitian and unitary. Deduce that 

At Aces. 

8. Give an example of a normal matrix which is not hermitian, 

skew-hermitian or unitary. [Hint: use Exercises 4, 5, and 6]. 
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9. Let A be a real orthogonal n x n matrix. Prove that A 
is similar to a matrix with blocks down the diagonal each of 
which is Jj, —I,,, or else a matrix of the form 

cos 8 —sin 0 

sin @ cos 0 

where 0 < @ < 27, and 6 4 x. (Hint: by Exercise 6 the 
eigenvalues of A have modulus 1; also A is similar to a diagonal 

matrix whose diagonal entries are the eigenvalues]. 

9.2 Quadratic Forms 

A quadratic form in the real variables x1,..., Z» is a poly- 

nomial in 71,...,£» with real coefficients in which every term 

has degree 2. For example, the expression ax? + 2bry + cy? 

is a quadratic form in x and y. Quadratic forms occur in 

many contexts; for example, the equations of a conic in the 

plane and a quadric surface in three-dimensional space involve 

quadratic forms. 

We begin by observing that the quadratic form 

q = ax” + 2bry + cy’ 

in x and y can be written as a product of two vectors and a 

symmetric matrix, 

T 
_ a b : lh inal ao ii 

ee toe) ae Playa eek es Ceol GU 

In general any quadratic form q in 21,...,%p can be written 

in this form. For let g be given by the equation 

n n 

= > Pe jj DiL; 
pep 
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where the a;; are real numbers. Setting A = [aijlnzn and 

writing X for the column vector with entries 71,..., Zn, we see 

from the definition of matrix products that q may be written 

in the form 

qg= XTAX. 

Thus the quadratic form q is determined by the real matrix 

A. 
At this point we make the crucial observation that noth- 

ing is lost if we assume that A is symmetric. For, since X7 AX 

is scalar, gq may also be written as (X7AX)? = XTATX; 
therefore 

q= 5(XTAX + XTATX) = XT( 5(A + AT) )X. 

It follows that A can be replaced by the symmetric matrix 

+(A+A?). For this reason it will in future be tacitly assumed 

that the matriz associated with a quadratic form 1s symmetric. 

The observation of the previous paragraph allows us to 

apply the Spectral Theorem to an arbitrary quadratic form. 

The conclusion is that a quadratic form can be written in 

terms of squares only. 

Theorem 9.2.1 

Let q= X? AX be an arbitrary quadratic form. Then there is 

a real orthogonal matriz S such that q = c,0)," Se Cnxl, 

where x1,..., x1, are the entries of X' = STX and CieenCe 

are the eigenvalues of the matrix A. 

Proof 

By 9.1.3 there is a real orthogonal matrix S such that STAS = 

D is diagonal, with diagonal entries c1,...,¢, say. Define X’ 

to be S7X; then X = SX’. Substituting for X, we find that 

qg=XTAX =(SX )TA(SX')=(X )T(STAS)X 
=(X')T DX’. 



9.2: Quadratic Forms 315 

Multiplying out the final matrix product, we find that (a 
Ey + sb egal,?. 

Application to conics and quadrics 

We recall from the analytical geometry of two dimensions 
that a conic is a curve in the plane with equation of the second 

degree, the general form being 

az? + 2bry + cy? +dxr+ey+f =0 

where the coefficients are real numbers. This can be written 

in the matrix form 

AX fi(deyx * f=0 

Kral and A= (5 a 
y OIC 

So there is a quadratic form in x and y involved in this conic. 

Let us examine the effect on the equation of the conic of ap- 

plying the Spectral Theorem. 

Let S be a real orthogonal matrix such that S7AS = 
/ 

ii vA) where a’ and c’ are the eigenvalues of A. Put X’ = 

STX and denote the entries of X by x’,y’; then X = SX’ 

and the equation of the conic takes the form 

where 

Slat tr a X' + (de)SX’+ f =0, 

or equivalently, 

a'r’? + cy’? aD di ay" ft =() 

for certain real numbers d’ and e’. Thus the advantage of 

changing to the new variables x’ and y’ is that no “cross term” 

in z’y’ appears in the quadratic form. 
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There is a good geometrical interpretation of this change 

of variables:. it corresponds to a rotation of axes to a new set 

of coordinates x’ and y’. Indeed, by Examples 6.2.9 and 7.3.7, 
any real 2 x 2 orthogonal matrix represents either a rotation 

or a reflection in R?; however a reflection will not arise in the 

present instance: for if it did, the equation of the conic would 

have had no cross term to begin with. By Example 7.3.7 the 

orthogonal matrix S has the form 

cos@ —sin#@ 

sin 0 cos 0 

where @ is the angle of rotation. Since X = SX, we obtain 

the equations 

/ — 

a9 xcos@ + ysin@ 

y =—xsin@+ ycosé 

The effect of changing the variables from z,y to x’,y’ is 
to rotate the coordinate axes to axes that are parallel to the 

axes of the conic, the so-called principal azes. 

Finally, by completing the square in zx’ and y’ as nec- 

essary, we can obtain the standard form of the conic, and 

identify it as an ellipse, parabola, hyperbola (or degenerate 

form). This final move amounts to a translation of axes. So 
our conclusion is that the equation of any conic can be put in 

standard form by a rotation of axes followed by a translation 
of axes. 

Example 9.2.1 

Identify the conic x? + 4ry + y?+32+y—1=0. 

The matrix of the quadratic form x? + 4zy + y? is 

(22) 
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It was shown in Example 9.1.1 that the eigenvalues of A are 
3 and -1 and that A is diagonalized by the orthogonal matrix 

Lat (let 1 

BeaF ac: 
Put X° = STX where X" has entries x’ and y’; then X = SX 
and we read off that 

y = S50 +y’) 

So here 6 = 7/4 and the correct rotation of axes for this conic 
is through angle 7/4 in an anticlockwise direction. Substitut- 

ing for x and y in the equation of the conic, we get 

ap ye + or oy tT 0, 

From this we can already see that the conic is a hyperbola. 

To obtain the standard form, complete the square in 2’ and 

y": 

CP HW +P =F 
Hence the equation of the hyperbola in standard form is 

3a"? — y'? = 7/6 

where x” = 2! + ./2/3 and y” = y+ 1/,/2. This is a hy- 

perbola whose center is at the point where 2’ = —,/2/3 and 

y’ = —1/,/2; thus the zy - coordinates of the center of the 

hyperbola are (1/6, —5/6). The axes of the hyperbola are the 

lines x” = 0 and y” = 0, that is, c+y = —2/3 andx—-y=1. 
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Quadrics 

A quadric is a surface in three-dimensional space whose 

equation has degree 2 and therefore has the form 

ax? + by? + cz? + 2dry + 2eyz + 2fzxt+gr+hy+iz+j=0. 

Let A be the symmetric matrix 

Gpd f. 

dA ec 

Ay: ee 

Then the equation of the quadric may be written in the form 

XTAX+(ghi)X+j=0. 

where X is the column with entries g, y, z. 

Recall from analytical geometry that a quadric is one the 

following surfaces: an ellipsoid, a hyperboloid, a paraboloid, a 

cone, a cylinder (or a degenerate form). The type of a quadric 

can be determined by a rotation to principal axes, just as for 

conics. Thus the procedure is to find a real orthogonal matrix 

S such that SAX = D is diagonal, with entries a’, b’, c’ say. 
Putax’ SySUe Then Xess nd MEAMes 6X) Rp Ge 
the equation of the quadric becomes 

(X')?DX +(ghi)SX +f =0, 

which is equivalent to 

wil ail? + bly!” abtglold t+ g’x' +h'y! +i'2! ejve= 0; 

Here a’,b’,c’ are the eigenvalues of A, while g’,h’,i’ are cer- 
tain real numbers. By completing the square in x’, y’, z’ as 
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necessary, we shall obtain the equation of the quadric in stan- 
dard form; it will then be possible to recognise its type and 
position. The last step represents a translation of axes. 

Example 9.2.2 

Identify the quadric surface 

x? + y? + 27 + Qry + Qyz 4+ 222 —2+2y—z=0. 

The matrix of the relevant quadratic form is 

1 

Asset 

i fond feet et 

1 

1 

1 

and the equation of the quadric in matrix form is 

XTAX + (-1.2-1)X =0. 

We diagonalize A by means of an orthogonal matrix. The 

eigenvalues of A are found to be 0, 0, 3, with corresponding 

unit eigenvectors 

1/,/2 0 1/V3 
—1//f2 |, b/ 27 pw 1/3 

0 teify/e 1/3 

The first two vectors generate the eigenspace corresponding to 

the eigenvalue 0. We need to find an orthonormal basis of this 

subspace; this can be done either by using the Gram-Schmidt 

procedure or by guessing. Such a basis turns out to be 

1 1 1 : 
el Paar 
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Therefore A is diagonalized by the orthogonal matrix 

i/y2 1/6 1/3 
Kid WS wy Dani io ome i 

0 oa 13 

The matrix S represents a rotation of axes. Put X ‘= STX, 

then X = SX’ and 

XTAX =(X )™(STAS)X =(X)™DX , 

where D is the diagonal matrix with diagonal entries 0, 0, 3. 

The equation of the quadric becomes 

NEW BR ro ea OE SR), Cott 

or 

12 d 1 / / = —~7' —- —y. i ree (Kp 
This is a parabolic cylinder whose axis is the line with equa- 

tions Wey Sathe> =0. 

Definite quadratic forms 

Consider once again a quadratic form g = X7 AX in real 

variables x1,...,2%n, where A is a real symmetric matrix. In 

some applications it is the sign of q that is significant. 

The quadratic form q is said to be positive definite if q > 0 

whenever X # 0. Similarly, q is called negative definite if q < 0 

whenever X # 0. If, however, q can take both positive and 

negative values, then q is said to be indefinite. The terms 

positive definite, negative definite and indefinite can also be 

applied to a real symmetric matrix A, according to the behav- 

ior of the corresponding quadratic form g = X7 AX. 

For example, the expression 2x? + 3y? is positive unless 

x =0=y, so this is a positive definite quadratic form, while 
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—2x? — 3y” is clearly negative definite. On the other hand, 
the form 2x? —3y? can take both positive and negative values, 
so it is indefinite. 

In these examples it was easy to decide the nature of the 
quadratic form since it contained only squared terms. How- 

ever, in the case of a general quadratic form, it is not possible 

to decide the nature of the form by simple inspection. The 

diagonalization process for symmetric matrices allows us to 

reduce the problem to a quadratic form whose matrix is diag- 

onal, and which therefore involves only squared terms. From 

this it is apparent that it is the signs of the eigenvalues of the 

matrix A that are important. The definitive result is 

Theorem 9.2.2 

Let A be a real symmetric matriz and let q= X? AX: then 

(a) q is positive definite if and only if all the eigenvalues 

of A are positive; 

(b) q is negative definite if and only if all the eigenvalues 

of A are negative; 

(c) q is indefinite if and only if A has both positive and 

negative eigenvalues. 

Proof 
There is a real orthogonal matrix S such that S7AS = D 

is diagonal, with diagonal entries c1,...,¢n, say. Put X’ = 

ST X; then X = SX’ and 

q = XTAX =(X')T(STAS)X =(X)™DX, 

so that g takes the form 

g = C2? + cote? +++ + Cn zi,” 

where x/,...,Z,, are the entries of X ‘. Thus q, considered as 
. . / . 

a quadratic form in z},...,2;,, involves only squares. Now 

observe that as X varies over the set of all non-zero vectors 
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in R”, so does X = STX. This is because S? = S~* is 
invertible. Therefore g > 0 for all non-zero X if and only if 

q > 0 for all non-zero X ', In this way we see that it is sufficient 

to discuss the behavior of g as a quadratic form in x},...,2},. 

Clearly q will be positive definite as such a form precisely when 

C1,..+,€m are all positive, with a corresponding statement for 

negative definite: but q is indefinite if there are positive and 

negative c;’s. Finally c,,...,Cn are just the eigenvalues of A, 

so the assertion of the theorem is proved. 

Let us consider in greater detail the important case of a 

quadratic form q in two variables x and y, say 

gq = ax? + 2bry + cy”; the associated symmetric matrix is 

a b 

“at a zl 

Let the eigenvalues of A be d, and dg. Then by 8.1.3 we have 

the relations det(A) = didz and tr(A) = d, + dz; hence 

didg = ac—06* and di +d. =a+c. 

Now according to 9.2.2 the form q is positive definite if and 

only if d; and dz are both positive. This happens precisely 

when ac > b* and a > 0. For these conditions are certainly 

necessary if d; and dz are to be positive, while if the conditions 

hold, a and c must both be positive since the inequality ac > b? 

shows that a and c have the same sign. 

In a similar way we argue that the conditions for A to be 

negative definite are ac > b? and a < 0. Finally, q is indefinite 

if and only if ac < 67: for by 9.2.2 the condition for g to be 

indefinite is that d; and dz have opposite signs, and this is 

equivalent to the inequality djdz < 0. Therefore we have the 

following result. 
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Corollary 9.2.3 

Let q = ax? + 2bry + cy? be a quadratic form in x and y. 
Then: 

(a) q is positive definite if and only if ac > b2 anda> 0; 
(b) q ts negative definite if and only if ac > b? anda < 0; 
(c) q is indefinite if and only if ac < b?. 

Example 9.2.3 ‘ 
Let q = —2x? + ay — 3y?. Here we have a = —2, b = 1/2, 
c = —3. Since ac — b? > 0 and a < 0, the quadratic form is 

negative definite, by 9.2.3. 

The status of a quadratic form in three or more variables 

can be determined by using 9.2.2. 

Example 9.2.4 

Let g = —2ax? — y* — 2z” + 6xz be a quadratic form in z, y, z. 

The matrix of the form is 

iE edi neoend 
1 Za polis ihe Ps 

Wager 89: 

which has eigenvalues —5, —1,1. Hence q is indefinite. 

Next we record a very different criterion for a matrix to 

be positive definite. While it is not a practical test, it has a 

very striking form. 

Theorem 9.2.4 

Let A be a real symmetric matrix. Then A is positive definite 

if and only if A= B7B for some invertible real matrix B. 

Proof 

Suppose first that 4 = B’B with B an invertible matrix. 

Then the quadratic form gq = X T AX can be rewritten as 

g=X' BBX =(BX)'BX =|BX||’. 
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If X £0, then BX £0 since B is invertible. Hence ||BX'|| is 
positive if X #0. It follows that qg, and hence 4A, is positive 

definite. 
Conversely, suppose that A is positive definite, so that 

all its eigenvalues are positive. Now there is a real orthogonal 

matrix S$ such that S7AS = D is diagonal, with diagonal 

entries d,,...,dn, say. Here the d; are the eigenvalues of A, so 

all of them are positive. Define VD to be the real diagonal 

matrix with diagonal entries //d1,...,/dn. Then we have 
A=(5.) Uo =o So site & ean omeer ann ielee 

A= S(VDVD)s? = (VDS?)? (VDS"). 

Finally, put B = VDST™ and observe that B is invertible since 

both S and VD are. 

Application to local maxima and minima 

A well-known use of quadratic forms is to determine if 

a critical point of a function of several variables is a local 

maximum or a local minimum. We recall briefly the nature of 

the problem; for a detailed account the reader is referred to a 

textbook on calculus such as [18]. 
Let f be a function of independent real variables 7j,..., 

Xn Whose first order partial derivatives exist in some region 

R. A point P(a1,...,a,) of R is called a local maximum (min- 
imum) of f if within some neighborhood of P the function f 
assumes its largest (smallest) value at P. A basic result states 
that if P is a local mazimum or minimum of f lying inside 

R, then all the first order partial derivatives of f vanish at P: 

Seg Gr dekan Geil! = Opforat eT. 28 bn) 

A point at which all these partial derivatives are zero is called 

a critical point of f. Thus every local maximum or minimum 

is a critical point of f. However there may be critical points 

which are not local maxima or minima, but are saddle points 
Offa 
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For example, the function f(x,y) = x? — y? has a saddle 
point at the origin, as shown in the diagram. 

The problem is to devise a test which can distinguish 

local maxima and minima from saddle points. Such a test is 

furnished by the criterion for a quadratic form to be positive 

definite, negative definite or indefinite. 

For simplicity we assume that f is a function of two vari- 

ables x and y. Assume further that f and its partial deriva- 

tives of degree at most three are continuous inside a region R 

of the plane, and that (zo, yo) is a critical point of f in R. 

Apply Taylor’s Theorem to the function f at the point 

(Xo, Yo), keeping in mind that f,(xo, yo) =0 = fy(Zo, yo). Ifh 
and k are sufficiently small, then f(xo +h, yo + k) — f (Xo, yo) 

equals 

(h? fer (0, yo) + 2hk fry (Zo, yo) + ian i Can yo)) inl “ac 
dol ke 

here S is a remainder term which is a polynomial of degree 3 

or higher in h and k. Write a = frz(Xo, yo), b = fay(Zo, Yo) 

and c= fyy(Xo, yo); then 

1 
f(xo +h, yo tk) — f(xo, yo) = 5 (ah + 2bhk + ck”) + S. 

Here S is small compared to the other terms of the sum if h 

and k are small. 
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Let g = ax? + 2bry + cy”. If q is negative definite, then 
f(tot+h, yotk) < f(xo, yo) when A and k are small and P is 

a local maximum. On the other hand, if q is positive definite, 

then P is a local minimum since f(%o +h, yo tk) > f (Xo, yo) 
for sufficiently small h and k. Finally, should q be indefinite, 

the expression f(xo+h, yo+k)—f (Xo, yo) can be both positive 
and negative, so P is neither a local maximum nor a local 

minimum, but a saddle point. 

Thus the crucial quadratic form which provides us with 

a test for P to be a local maximum or minimum arises from 

the matrix 

Wee Say ) 
P= \ 
( f. ry f yy 

If the matrix H(2o0, yo) is positive definite or negative definite, 

then f will have a local minimum or local maximum respec- 

tively at P. If, however, H(xo, yo) is indefinite, then P will 
be a saddle point of f. Combining this result with 9.2.3, we 

obtain 

Theorem 9.2.5 

Let f be a function of x and y and assume that f and its 

partial derivatives of order < 3 are continuous in some region 

containing the critical point P(x, yo). Let D = fra fyy — is, : 

(a) If D(xo, yo) > 0 and frx(Xo, Yo) < 0, then P is a 

local maximum of f; 

(b) If D(xo, yo) > 0 and frz(x0, yo) > 0, then P is a 

local minimum of f ; 

(c) If D <0, then P is a saddle point of f. 

The argument just given for a function of two variables 

can be applied to a function f of n variables 71,...,2,. The 

relevant quadratic form in this case is obtained from the 
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matrix 

if aes fata vee Fevz, 

H ae lee ipo axa ii ie 

fs ets fies) * AR ree veeat 

which is called the hessian of the function f. Notice that the 
hessian matrix is symmetric since fy, 2; = fx;x;, provided that 
f and all its derivatives of order < 3 are continuous. 

The fundamental theorem may now be stated. 

Theorem 9.2.6 

Let f be a function of independent variables 11,...,%. As- 

sume that f and its partial derivatives of order < 3 are contin- 

uous in a region containing a critical point P(a1,a2,...,@n). 
Let H be the the hessian of f. 

(a) If H(aj,...,@n) is positive definite, then P is a local 

minimum of f; 

(b) if H(a1,...,@n) is negative definite, then P is a local 

maximum of f; 

(c) if H(a,...,@n) is indefinite, then P is a saddle point 

Off 

Example 9.2.5 

Consider the function f(x,y) = (a* — 2xr)cos y. It has a 
single critical point (1, 7) since this is the only point where 

both first derivatives vanish. To decide the nature of this point 

we compute the hessian of f as 

H= 2cos y —(2x—2)sin y 
~ \ —(2x — 2)sin y —(x? —22x)cos y } 

—2 0 
Hence H(1,7) = o Mat ), which is clearly negative defi- 

nite. Thus the point in question is a local maximum of f. 

Notice that the test given in 9.2.6 will fail to decide the 

nature of the critical point P if at P the matrix H is not 
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positive definite, negative definite or indefinite: for example, 

H might equal 0 at P. 

Extremal values of a quadratic form 

Consider a quadratic form in variables 71,...,2n 

Ci Xi Ade 

where as usual A is a real symmetric n x n matrix and X is the 

column consisting of 21,...,£2n. Suppose that we want to find 

the maximum and minimum values of g when X is subject to 

a restriction. One possible restriction is that 

|X|] = a 

for some a > 0, that is, 2? +---+ 2% = a*. Thus we are 
looking for the maximum and minimum values of q on the n- 

sphere with radius a and center the origin in R”. One could 

use calculus to attack this problem, but it is simpler to employ 
diagonalization. 

There is a real orthogonal n x n matrix S such that 

ST AS = D, where D is the diagonal matrix with the eigen- 
values of A, say d,,...,dn, on its diagonal. Put Y = S7!X: 

thus we have X = SY and 

G2 ee YS. ASY Ye DY cae ce ae 

where 4yj,...,Yn are the entries of Y. 

In addition we find that 

Xb Xe sAXGh (STDs = nb Vi 

since $7 = §~!, Therefore our problem may be reformulated 

as follows: find the maximum and minimum values of the ex- 

pression d,y?+---+dny? subject to y?+---+y2 = a?. But this 
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is easily answered. For assume that m and M are respectively 
the smallest and the largest eigenvalues of A. Then 

q= dy? +-- -+dnye < M(y? + + y%) = Ma?, 

and 

q=dyyj +-+>+dny? > m(y? +--+ + y2) = ma?. 

Suppose that the largest eigenvalue M occurs for k differ- 

ent y;’s; then we can take each of the corresponding y;’s to be 

equal to a/,/k and all other y;’s to be 0. Then y?+---+y2 = a? 
and the value of q at this point is exactly 

Mk(a//k)? = 

It follows that the largest value of gq on the n-sphere really is 

Ma?. By a similar argument the smallest value of q on the 

n-sphere is ma”. We state this conclusion as: 

Theorem 9.2.7 

The minimum and maximum values of the quadratic form q = 

XT AX for ||X|| =a > 0 are respectively ma? and Ma? where 
m and M are the smallest and largest eigenvalues of the real 

symmetric matrix A. 

We conclude with a geometrical example. 

Example 9.2.6 

The equation of an ellipsoid with center the origin is given as 

XTAX =c, where A is a real symmetric 3 x 3 matrix and c 

is a positive constant. Find the radius of the largest sphere 

with center the origin which lies entirely within the ellipsoid. 

By a rotation to principal aS We can nite the equation 

of the ellipsoid in the form dx’? + ey’ ae fz? = c, where the 
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eigenvalues d,e, f of A are positive. Hence the equation of the 

ellipsoid takes the standard form 

12 p2 12 

cian ofeneciean 
Clearly the sphere will lie entirely inside the ellipsoid pro- 

vided that its radius a does not exceed the length of any of 

the semi-axes: thus a cannot be larger than any of 

Ve Ve Vi ai e’ ye 

Therefore the condition on a is that a < \/77, where M is 

the biggest of the eigenvalues d,e, f. Thus the largest sphere 

which is contained entirely within the ellipsoid has radius 

Cc 
Wa 

Exercises 9.2 

1. Determine if the following quadratic forms are positive 

definite, negative definite or indefinite: 

(a) 2a? — Qry + 3y?; 
(b) 2? — 3nz — Qy? + z?: 
(c) 7 + y? + gaz 4 yz. 

2. Determine if the following matrix is positive definite, neg- 

ative definite or indefinite: 

de ge 

ee? 

phe ds. a 

3. A quadratic form g = X7 AX is called positive semidefinite 
if q > 0 for all X. The definition of negative semidefinite is 
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similar. Prove that q is positive semidefinite if and only if all 
the eigenvalues of A are > 0, and negative semidefinite if and 
only if all the eigenvalues are < 0. 

4. Let A be a positive definite n x n matrix and let S bea 
real invertible n x n matrix. Prove that $7 AS is also positive 
definite. 

5. Let A be a real symmetric matrix. Prove that A is nega- 

tive definite if and only if it has the form —(B7 B) for some 
invertible matrix B. 

6. Identify the following conics: 

(a) 142?—-16ry+5y? = 6; (b) 277+4ry+2y?+2—3y = 1. 

7. Identify the following quadrics: 

(a) 2a? 4 2y?4327+4yz = 3; (b) 227+2y?4+27+422 = 4. 

8. Classify the critical points of the following functions as 

local maxima, local minima or saddle points: 

(a) x? + 2ry + 2y? + 42; 

(b) (2 +y)? + (z—y)* — 1282+); 
(c) 2% + y? +327 — ary + 2xz- z. 

9. Find the smallest and largest values of the quadratic form 

gq = 2x? + 2y? + 327 + 4yz when the point (z, y, z) is required 
to lie on the sphere with radius 1 and center the origin. 

10. Let X7 AX =c be the equation of an ellipsoid with center 

the origin, where A is a real symmetric 3 x 3 matrix and cis a 

positive constant. Show that the radius of the smallest sphere 

with center the origin which contains the ellipsoid is \/<, 
where m is the smallest eigenvalue of A. 

11. Show that 5x? + 2xy + 2y? + 5z* = 1 is the equation of 

an ellipsoid with center the origin. Then find the radius of 

the smallest and largest sphere with center the origin which 

contains, respectively is contained in, the ellipsoid. 
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9.3 Bilinear Forms 

Roughly speaking, a bilinear form is a scalar-valued linear 

function of two vector variables. One type of a bilinear form 

which we have already met is an inner product on a real vector 

space. It will be seen that there is a close connection between 

bilinear forms and quadratic forms. 

Let V be a vector space over a field of scalars F' and write 

Vex 

for the set of all pairs (u, v) of vectors from V. Then a bilinear 
form on V is a function 

enV de Fr 

that is, a rule assigning to each pair of vectors (u, v) a scalar 

f(u,v), which satisfies the following requirements: 

(i) f(ui + u2,v) = f(ui,v) + flue, v); 
(ii) f(u, Ni cl V2) = f(u, vi) te f(u, v2); 

(iii) f(cu,v) = ef (u,v); 
(iv) f(u,cv) = cf(u, v). 

These rules must hold for all vectors u, ui, u2, Vv, V1, V2 in V 

and all scalars c in F. The effect of the four defining properties 

is to make f(u,v) “linear” in both the variables u and v. 
As has been mentioned, an inner product < > ona real 

vector space is a bilinear form f in which 

f(u,v)=<u,v>. 

Indeed the defining properties of the inner product guarantee 
this. 

A very important example of a bilinear form arises when- 
ever a square matrix is given. 
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Example 9.3.1 

Let A be an n X n matrix over a field F. A function 

f :f" x F” = F is defined by the rule 

Ff (KGY) =X TAY, 

That f is a bilinear form on F'” follows from the usual rules of 

matrix algebra. The importance of this example stems from 

the fact that it is typical of bilinear forms on finite-dimensional 

vector spaces in a sense that will now be made precise. 

Matrix representation of bilinear forms 

Suppose that f: VxV — F isa bilinear form on a vector 

space V of dimension n over a field F. Choose an ordered basis 

B= {vi,.-.,Vn} of V and define a;; to be the scalar f (vj, v;). 
Thus we can associate with f the n x n matrix 

An lasrle 

Now let u and v be arbitrary vectors of V and write them 

in terms of the basis as u = )0j_, bv; and v = DO5_, cjV53 
then the coordinate vectors of u and v with respect to the 

given basis are 

by Ci 

fwl=[op \and vie 
bn Cn 

The linearity properties of f can be used to compute f(u, v) 

in terms of the matrix A. 
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Since f(v;,v;) = aij, this becomes 

f(uvp= pe 
i=1j 

mr nr 

biai7C;, 

=) 

from which we obtain the fundamental equation 

f(u,v) = ({ujs)’ Alves. 

Thus the bilinear form f is represented with respect to the 

basis B by the n x n matrix A whose (i, 7) entry is f (vi, v;). 
The values of f can be computed using the above rule. In 

particular, if f is a bilinear form on F” and the standard 

basis of F” is used, then f(X,Y) = X7 AY. 

Conversely, if we start with a matrix A and define f by 

means of the equation f(u, v) = ({u]g)? A[v]g, then it is easy 
to verify that f is a bilinear form on V and that the matrix 

representing f with respect to the basis B is A. 

Now suppose we decide to use another ordered basis B’: 

what will be the effect on the matrix A? Let S be the invertible 

matrix which describes the change of basis B’ — B. Thus 
[u]g = S[ulp-, according to 6.2.4. Therefore 

f(u,v) = (Slule’)” A(S[v]a") = (ule)? (S7 AS) [Vv], 

which shows that the matrix $7 AS represents f with respect 
to the basis B ’. 

At this point we recognize that a new relation between 

matrices has arisen: a matrix B is said to be congruent to a 

matrix A if there is an invertible matrix S such that 

B=S'AS. 

While there is an analogy between congruence and similarity 

of matrices, in general similar matrices need not be congruent, 

nor congruent matrices similar. 
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The point that has emerged from the preceding discussion 
is that matrices which represent the same bilinear form with 
respect to different bases of the vector space are congruent. 
This result is to be compared with the fact that the matrices 

representing the same linear transformation are similar. 

The conclusions of the the last few paragraphs are sum- 

marized in the following basic theorem. 

Theorem 9.3.1 

(i) Let f be a bilinear form on an n-dimensional vector space 

V over a field F and let B = {vj,..., Vn} be an ordered basis 
of V. Define A to be the n x n matrix whose (i,j) entry is 
LNG: A then 

f(u,v) = ({uls)" Alva, 

and A is then xX n matrix representing f with respect to B. 

(ii) If B’ is another ordered basis of V, then f is represented 
with respect to B’ by the matriz S? AS where S is the invertible 

matrix describing the basis change B' — B. 

(iii) Conversely, if A is any n x n matrix over F’, a bilinear 

form on V is defined by the rule f(u,v) = ([u]s)7 A[v]s. It 
is represented by the matriz A with respect to the basis B. 

Symmetric and skew-symmetric bilinear forms 

A bilinear form f on a vector space V is called symmetric 

if its values are unchanged by reversing the arguments, that 

is, if 

f(u,v) 7 Hake u) 

for all vectors u and v. Similarly, f is said to be skew 

symmetric if 

f(u,v) = —f(v, a) 

is always valid. Notice the consequence, f(u, u) = 0 for all 

vectors u. For example, any real inner product is a symmetric 
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bilinear form; on the other hand, the form defined by the rule 

f((2) ) (*)) = LLY oi=7 LOY 

is an example of a skew-symmetric bilinear form on R?. As 

the reader may suspect, there are connections with symmetric 

and skew-symmetric matrices. 

Theorem 9.3.2 

Let f be a bilinear form on a finite-dimensional vector space 

V and let A be a matrix representing f with respect to some 

basis of V. Then f is symmetric if and only if A 1s symmetric 

and f is skew-symmetric if and only if A is skew-symmetric. 

Proof 

Let A be symmetric. Then, remembering that [ul]? A[v] is 
scalar, we have 

f(u,v) = [ul* Aly] = ([ul* Aly])? = [vy]? A? [ul] sale 

Therefore f is symmetric. Conversely, suppose that f is sym- 

metric, and let the ordered basis in question be {v1,..., Vn}. 

Then ai; = f(vi, vj) = f(v;, Vi) = a;i, so that A is symmet- 
ric. 

The proof of the skew-symmetric case is similar and is 
left as an exercise. 

Symmetric bilinear forms and quadratic forms 

Let f be a bilinear form on R” given by f(X,Y) = 
XTAY. Then f determines a quadratic form q where 

Le OGRE Ge: 8a 
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Conversely, if q is a quadratic form in 71,...,2,, we can 
define a corresponding symmetric bilinear form f on R” by 
means of the rule 

F(X,Y) = 5falX + ¥) — aX) —a(¥)} 
where X and Y are the column vectors consisting of 71,..., 2 

and y1,-..,Yn- To see that f is bilinear, first write q(X) = 

X? AX with A symmetric; then we have 

pees Geer) ARG X ANS YEA) 
= 1(XTAY + YT AX) 

= XT AY, 

since X7 AY = (X7 AY)? = Y7 AX. This shows that f is 
bilinear. 

It is readily seen that the correspondence gq — f just 

described is a bijection from quadratic forms to symmetric 

bilinear forms on R”. 

Theorem 9.3.3 

There is a bijection from the set of quadratic forms in n vari- 

ables to the set of symmetric bilinear forms on R”. 

From past experience we would expect to get significant 

information about symmetric bilinear forms by using the Spec- 

tral Theorem. In fact what is obtained is a canonical or stan- 

dard form for such bilinear forms. 
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Theorem 9.3.4 

Let f be a symmetric bilinear form on an n-dimensional real 

vector space V. Then there is a basis B of V such that 

f(u, v) SU Vie Ay SU UE SS UR Cee NE 4 UI 

where Uj,...,Un and v1,...,Un are the entries of the coordi- 

nate vectors [u|g and |[v|g respectively and k andl are integers 
satisfyingO<k<l<n. 

Proof 

Let f be represented by a matrix A with respect some basis 

B' of V. Then A is symmetric. Hence there is an orthogonal 

matrix S such that S? AS = D is diagonal, say with diagonal 
entries d,,...,d,; of course these are the eigenvalues of A. 

Here we can assume that d;,...,d, > 0, while dyii,...,d) < 0 

and dji; =:::=d, = 0, by reordering the basis if necessary. 

Let E be the n x n diagonal matrix whose diagonal entries are 

the real numbers 

1V/s/ day whe lifs/ dey L/./—deer, a. 411) eee eee 

Then 

(SE)? A(SE) = E7(S7 AS)E = EDE, 

and the final product is the matrix 

Jie | 0 tea 

Piltsedr Diruls atid-qubded 

Osa 0 ar!) 

Now the matrix SE is invertible, so its inverse determines a 

change of basis from B to say B. Then f will be represented 

by the matrix B with respect to the basis B. Finally, f(u, v) = 
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({uls)* B[v]z, so the result follows on multiplying the matrices 
together. 

Example 9.3.2 

Find the canonical form of the symmetric bilinear form on R? 

defined by f(X,Y) = x1y1 + 2x1 y2 + 2roy1 + Foy2. 

The matrix of the bilinear form with respect to the stan- 

dard basis is 
te 2 

4=(2 1): 
which, by Example 9.1.1, has eigenvalues 3 and —1, and is 

diagonalized by the matrix 

rE 1 -l 

s=—5(1 1): 

(X,Y) = XTAY = (X')TSTAS Y' =(Xx')? ( oH y’, 

then 

so that 

F(X, Y) = 82) yy — egyo. 
Here x, = ga (r1 +22) and 25 = olen + £2), with corre- 

sponding formulas in y. 
To obtain the canonical form of f, put «= /324, yf = 

V/3y}, and ry = ©}, yy = yp. Then 

f(X,Y) = al yy — 2242, 

which is the canonical form specified in 9.3.4. 

Eigenvalues of congruent matrices 

Since congruent matrices represent the same symmetric 

bilinear form, it is natural to expect that such matrices should 
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have some common properties, as similar matrices do. How- 

ever, whereas similar matrices have the same eigenvalues, this 

is not true of congruent matrices. For example, the matrix 

(6-3) 
has eigenvalues 2 and —3, but the congruent matrix 

(1 1)(0 3) (0 1) = @ =) 
has eigenvalues —2 and 3. 

Notice that, although the eigenvalues of these congruent 

matrices are different, the numbers of positive and negative 

eigenvalues are the same for each matrix. This is an instance 

of a general result. 

Theorem 9.3.5 (Sylvester’s Law of Inertia) 
Let A be a real symmetric n x n matriz and S an invertible 

nxn matrix. Then A and St AS have the same numbers of 

positive, negative and zero eigenvalues. 

Proof 

Assume first of all that A is invertible; this is the essential 

case. Recall that by 7.3.6 it is possible to write S in the form 

QR where Q is real orthogonal and R is real upper triangular 

with positive diagonal entries; this was a consequence of the 

Gram-Schmidt process. 

The idea of the proof is to obtain a continuous chain 

of matrices leading from S to the orthogonal matrix Q; the 

point of this is that Q7 AQ = Q-! AQ certainly has the same 
eigenvalues as A. Define 

S(t) =tQ + (1—1)S, 

where 0 <¢ <1. Thus S(0) = S while S(1) = Q. Now write 
U =tIl+(1—t)R, so that S(t) = QU. Next U is an upper 
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triangular matrix and its diagonal entries are t + (1 — t)ris; 
these cannot be zero since r;; > 0 and 0 <t <1. Hence U is 
invertible, while Q is certainly invertible since it is orthogonal. 
It follows that S(t) = QU is invertible; thus det(S(t)) 4 0. 

Now consider A(t) = S(t)? AS(t); since 

det(A(t)) = det(A) det(S(t))? ¥ 0, 

it follows that A(t) cannot have zero eigenvalues. Now as t 
goes from 0 to 1, the eigenvalues of A(0) = S7 AS gradually 
change to those of A(1) = Q? AQ, that is, to those of A. 
But in the process no eigenvalue can change sign because the 

eigenvalues that appear are continuous functions of t and they 

are never zero. Consequently the numbers of positive and 

negative eigenvalues of S7 AS are equal to those of A. 

Finally, what if A is singular? In this situation the trick 

is to consider the matrix A+ el, which may be thought of as 

a “perturbation” of A. Now A+ el will! be invertible provided 

that ¢€ is sufficiently small and positive: for det(A +z) is a 
polynomial of degree n in z, so it vanishes for at most n values 

of x. The previous argument shows that the result is true for 

A-+ el if € is small and positive; then by taking the limit as 

€ — 0, we can deduce the result for A. 

It follows from this theorem that the numbers of posi- 

tive and negative signs that appear in the canonical form of 

9.3.4 are uniquely determined by the bilinear form and do not 

depend on the particular basis chosen. 

Example 9.3.3 
: 2 aL 1a 

Show that the matrices pie and Do are not con- 

gruent. 

All one need do here is note that the first matrix has 

eigenvalues 1, 3, while the second has eigenvalues 3, —1. Hence 

by 9.3.5 they cannot be congruent. 
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Skew-symmetric bilinear forms 

Having seen that there is a canonical form for symmetric 

bilinear forms on real vector spaces, we are led to enquire if 

something similar can be done for skew-symmetric bilinear 

forms. By 9.3.2 this is equivalent to trying to describe all 

skew-symmetric matrices up to congruence. The theorem that 

follows provides a solution to this problem. 

Theorem 9.3.6 

Let f be a skew-symmetric bilinear form on an n-dimensional 

vector space V over either R or C. Then there is an ordered 

basis of V with the form {uj,Vi,..-,UkK,Vk,W1,---,Wn_—2k}, 

where 0 < 2k <n, such that 

f (ui, vi) =l= = 1(Vg Ula). t= yes da. Ke 

and f vanishes on all other pairs of basis elements. 

Let us examine the consequence of this theorem before 

setting out to prove it. If we use the basis provided by the 

theorem, the bilinear form f is represented by the matrix 

0 1 DV19 | OMe Es 0 

—] 0 OR | Ql) Ege? 0) 
. | . 

0 0 (eeu | Oates 0 

0 0 —1 0 | Osfeaieetas 0 

0 0 Oo 0 | 0 0 

l 

0 0 OF = °0 | 0 0 

where the number of blocks of the type pe ii is k. This 

allows us to draw an important conclusion about skew- 
symmetric matrices. 
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Corollary 9.3.7 

A skew-symmetric n x n matriz A over R. or C is congruent 
to a matriz M of the above form. 

This is because the bilinear form f given by f(X, Y) = 
XT AY is skew-symmetric and hence is represented with re- 
spect to a suitable basis by a matrix of type M; thus A must 
be congruent to M. 

Proof of 9.3.6 

Let Z1,...,Zn be any basis of V. If f(z;,z;) = 0 for alli and J, 

then f(u,v) = 0 for all vectors u and v, so that f is the zero 

bilinear form and it is represented by the zero matrix. This is 

the case k = 0. So assume that f(z,;,z,;) is not zero for some i 
and j. Since the basis can be reordered, we may suppose that 

f(zi, 22) =a #0. Then f(a~*z1, 22) = a" f(z, 22) = 1. 
Now replace z; by a~+z}; the effect is to make f(z1, z2) = 1, 

and of course f(Z2, Z1) = —1 since f is skew-symmetric. 
Next put b; = f(z1,2;) where i > 2. Then 

TZ, Zi — bz2) = f (Z1, Z) = bf (z1, Z2) =e = 0, 

This suggests that we modify the basis further by replacing z; 

by z; — 0z2 for i > 2; notice that this does not disturb linear 

independence, so we still have a basis of V. The effect of this 

substitution is make 

ea, Ze) O 10l Fd, ce TH 

Next we have to address the possibility that f(z2, z;) may 

be non-zero when i > 2; let c = f(Ze, z;). Then 

f (Zo, 2; + cz) = f (22,2) + ef (Z2,z1) =e+c(-1) =0. 

This suggests that the next step should be to replace 2; by 

z,; +cz, where i > 2; again we need to observe that z1,...,Zn 
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will still be a basis of V. Also important is the remark that this 

substitution will not nullify what has already been achieved; 

the reason is that when z > 2 

f (21,2; + cZ1) = f(z, 2) + ef (zi, z1) = 0. 

We have now reached the point where 

f(z1,%2) =1=—f(Ze,z1) and f(z1,2z;) =0 = f(Z2, zi), 

for all i > 2. Now we rename our first two basis elements, 

writing u, = Z; and vj = Zo. 

So far the matrix representing f has the form 

0 Lary 0) 0 

=1 DF 0 0 
a == | Ais a 

0 0 | B 

where B is a skew-symmetric matrix with n — 2 rows and 

columns. We can now repeat the argument just given for the 

subspace with basis {z3,...,2Zn}; it follows by induction on n 
that there is a basis for this subspace with respect to which 

f is represented by a matrix of the required form. Indeed 

Leto 59,. ilk se 2 94, View Wily oxo ¥en ok, be this basis, .By 

adjoining u, and vj, we obtain a basis of V with respect to 

which f is represented by a matrix of the required form. 

Example 9.3.4 

Find the canonical form of the skew-symmetric matrix 

0 0 2 

A= De a an | 

2 21 0) 

We need to carry out the procedure indicated in the proof 

of the theorem. Let {£,, £2, E3} be the standard basis of R3. 
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The matrix A determines a skew-symmetric bilinear form f 
with the properties f(£1, £3) = 2 = —f(E3,E,), f(E3, E2) = 
1=—f(Ho, Es), f(fi, Eo) =0= f(E, A). 

The first step is to reorder the basis as { F1, £3, E>}; 

this is necessary since f(£,,E2) = 0 whereas f(E,,E3) # 
0. Now replace ees) by {5 Ey, E3, E2}, noting that 

f(§Fi, Es) = Silas —f(E3, 3). Next f(E3, Ee) = = ', sO Wwe 

replace E2 by 

1 1 
Eo + f(Es, F2)5F\ = 5H lg: 

Note that f($ 1, 5H + FE) =0 = f(E3, $i + E)). 
The procedure is now complete. The bilinear form is 

represented with respect to the new ordered basis 

1 1 
{5 FA, Fz, gf + Eo} 

by the matrix 
Urais 10. 

Vise tee Oe Oh: 

ND 3 ah, 

which is in canonical form. The change of basis from 

{5F, E3, 5E; + FE} to the standard ordered basis is repre- 

sented by the matrix 

28! QTD 
gt All iouyt tlepore 

Gans gj 

The reader should now verify that $7 AS equals M, the canon- 

ical form of A, as predicted by the proof of 9.3.6. 



346 Chapter Nine: Advanced Topics 

Exercises 9.3 

1. Which of the following functions f are bilinear forms? 

(ale t ky Yo) ee One 

(bY (eM, Yo) = Na mOupeR. 

(c)-f(g, hy) = ie g(x)h(x) dx on C{a, 6]. 

2. Let f be the bilinear form on R? which is defined by the 

equation f(X,Y) = 2x,y2 — 3z2y1. Write down the matrices 
which represent f with respect to (a) the standard basis, and 

qneane basis {() ({) 

3. If f and g are two bilinear forms on a vector space V , define 

their sum f +g by the rule f + g(u,v) = f(u,v) + g(u,v); 
also define the scalar multiple cf by the equation cf(u,v) = 

c(f(u,v)). Prove that with these operations the set of all 
bilinear forms on V becomes a vector space V'. If V has 

dimension n, what is the dimension of V’? 

4. Prove that every bilinear form on a real or complex vector 

space is the sum of a symmetric and a skew-symmetric bilinear 

form. 

5. Find the canonical form of the symmetric bilinear form on 

R? given by f(X,Y) = 3a1y1 + riyo + ray1 + 3zr2yo. 

6. Let f be a bilinear form on R”. Prove that f is an inner 

product on R” if and only if f is symmetric and the corre- 

sponding quadratic form is positive definite. 

7. Test each of the following bilinear forms to see if it is an 
inner product: 

(a) f(X,Y) = 301y1 + e1y2 + ray + Srey; 

(b) F(X, Y) = 2aiy1 + 21y2+21y3+22y1 + 3r2y2 — 2r2y3 
+23y1 — 2L3Y2 + 3z3y3. 
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8. Find the canonical form of the skew-symmetric matrix 

0) 2-1 

A= | -2 0 i 

ial 0 

and also find an invertible matrix S such that S7AS equals 
the canonical form. 

9. (a) If A is a square matrix and 3 is an invertible matrix, 
prove that A and S7 AS have the same rank. 

(b) Deduce that the rank of a skew-symmetric matrix 
equals twice the number of 2 x 2 blocks in the canonical form 

of the matrix. Conclude that the canonical form is unique. 

10. Call a skew-symmetric bilinear form f on a vector space 

V_ non-isotropic if for every non-zero vector v there is an- 

other vector w in V such that f(v,w) # 0. Prove that a 
finite-dimensional real or complex vector space which has a 

non-isotropic skew-symmetric bilinear form must have even 

dimension. 

9.4 Minimum Polynomials and Jordan Normal Form 

The aim of this section is to introduce the reader to one 

of the most famous results in linear algebra, the existence of 

what is known as Jordan normal form of a matrix. This is a 

canonical form which applies to any square complex matrix. 

The existence of Jordan normal form is often presented as the 

climax of a series of difficult theorems; however the simpli- 

fied approach adopted here depends on only elementary facts 

about vector spaces. We begin by introducing the important 

concept of the minimum polynomial of a linear operator or 

matrix. 
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The minimum polynomial 

Let T be a linear operator on an n-dimensional vector 

space V over some field of scalars F’. We show that 7’ must sat- 

isfy some polynomial equation with coefficients in F’. At this 

point the reader needs to keep in mind the definitions of sum, 

scalar multiple and product for linear operators introduced in 

6.3. For any vector v of V, the set {v, T(v),...,T”(v)} con- 
tains n + 1 vectors and so it must be linearly dependent by 

5.1.1. Consequently there are scalars ao, a@1,...,@n, not all of 

them zero, such that 

agv + a,T(v) +:+:+a,T"(v) = 0. 

Let us write fy for the polynomial aj -+a,2+:--+a,x”". Then 

Ma Ooh Or eee 

where 1 denotes the identity linear operator. Therefore 

fv(T)(v) = aov + a1T(v) +++: + anT"(v) = 0. 

Now let {vi,...,Vn} be a basis of the vector space V and 

define f to be the product of the polynomials fy,, fv,,..., fv,- 
Then 

f(T)(vi) = fv, (T) «+ fv, (L) (vi) = 0 

for each i = 1,...,n. This is because fy,(T)(v;) = 0 and 
the fy, (7) commute, since powers of T commute by Exercise 
6.3.13. Therefore f(T) is the zero linear transformation on V, 
that is, 

f (Ene, Oe 

Here of course f is a polynomial with coefficients in F’. 

Having seen that T' satisfies a polynomial equation, we 

can select a polynomial f in x over F of smallest degree such 

that f(Z) = 0. In addition, we may suppose that f is monic, 
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that is, the highest power of x in f has its coefficient equal to 
1. This polynomial f is called a minimum polynomial of T. 

Suppose next that g is an arbitrary polynomial with coef- 
ficients in F. Using long division, just as in elementary algebra, 
we can divide g by f to obtain a quotient g and a remainder r; 
both of these will be polynomials in x over F. Thus g = fq+r, 
and either r = 0 or the degree of r is less than that of f. Then 
we have 

A(T) = f(T)q(T) + r(T) = r(F) 

since f(Z’) = 0. Therefore g(T’) = 0 if and only if r(T) = 0. 
But, remembering that f was chosen to be of smallest degree 

subject to f(Z) = 0, we can conclude that r(T) = 0 if and 
only if r = 0, that is, g is divisible by f. Thus the polynomials 

that vanish at T are precisely those that are divisible by the 

polynomial f. 

If g is another monic polynomial of the same degree as 

f such that g(T) = 0, then in fact g must equal f. For g is 
divisible by f and has the same degree as f, which can only 

mean that g is a constant multiple of f. However g is monic, 

so it actually equals f. Therefore the minimum polynomial of 

T is the unique monic polynomial f of smallest degree such 

fiat sir = U. 
These conclusions are summed up in the following result. 

Theorem 9.4.1 

Let T be a linear operator on a finite-dimensional vector space 

over a field F with a minimum polynomial f. Then the only 

polynomials g with coefficients in F such that g(T) = 0 are 

the multiples of f. Hence f is the unique monic polynomial 

of smallest degree such that f(T) = 0 and T has a unique 

minimum polynomial. 

So far we have introduced the minimum polynomial of 

a linear operator, but it is to be expected that there will be 
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a corresponding concept for matrices. The minimum poly- 

nomial of a square matrix A over a field F' is defined to be 

the monic polynomial f with coefficients in F of least degree 

such that f(A) = 0. The existence of f is assured by 9.4.1 
and the relationship between linear operators and matrices. 

Clearly the minimum polynomial of a linear operator equals 

the minimum polynomial of any representing matrix. There 

is of course an exact analog of 9.4.1 for matrices. 

Example 9.4.1 

What is the minimum polynomial of the following matrix? 

oe) aL 

ASU PeO? 2690 

QUE BZ 

In the first place we can see directly that (A — 213)? = 0. 
Therefore the minimum polynomial f must divide the poly- 

nomial (x — 2), and there are two possibilities, f = 2 —2 and 
f =(a—2)?. However f cannot equal x — 2 since A—2I £0. 
Hence the minimum polynomial of A is f = (x — 2)?. 

Example 9.4.2 

What is the minimum polynomial of a diagonal matrix D? 

Let di,...,d, be the distinct diagonal entries of D. Again 

there is a fairly obvious polynomial equation that is satisfied 

by the matrix, namely 

Csi lee ee Sait 

So the minimum polynomial divides (x — d,)---(a —d,) and 
hence is the product of certain of the factors 2 —d;. However, 

we cannot miss out even one of these factors; for the product 

of all the A—dj;I for 7 #7 is not zero since d; 4 d;. It follows 

that the minimum polynomial of D is the product of all the 

factors, that is, (ec — d,)---(a —d,). 
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In the computation of minimum polynomials the next 
result is very useful. 

Lemma 9.4.2 

Similar matrices have the same minimum polynomial. 

The quickest way to see this is to recall that similar ma- 
trices represent the same linear operator, and hence their min- 

imum polynomials equal the minimum polynomial of the lin- 

ear operator. Thus, by combining Lemma 9.4.2 and Example 

9.4.2, we can find the minimum polynomial of any diagonal- 

izable complex matrix. 

Example 9.4.3 

Find the minimum polynomial of the the matrix (3 a 

By Example 9.1.1 the matrix is similar to ( ey 

Hence the minimum polynomial of the given matrix is 

(x — 3)(x4 +1). 

In Chapter Eight we encountered another polynomial as- 

sociated with a matrix or linear operator, namely the charac- 

teristic polynomial. It is natural to ask if there is a connection 

between these two polynomials. The answer is provided by a 

famous theorem. 

Theorem 9.4.3 (The Cayley-Hamilton Theorem) 
Let A be annxn matriz over C. If p is the characteristic poly- 

nomial of A, then p(A) =0. Hence the minimum polynomial 

of A divides the characteristic polynomial of A. 

Proof 

According to 8.1.8, the matrix A is similar to an upper tri- 

angular matrix T; thus we have S~'AS = T with S invert- 

ible. By 9.4.2 the matrices A and T' have the same minimum 

polynomial, and we know from 8.1.4 that they have the same 
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characteristic polynomial. Therefore it is sufficient to prove 

the statement for the triangular matrix T. From Example 8.1.2 

we know that the characteristic polynomial of T is 

(ti = L) Oho "0 tbe = x). 

On the other hand, direct matrix multiplication shows that 

(ti: —T)--++(tnnI —T) = 0: the reader may find it helpful to 

check this statement for n = 2 and 3. The result now follows 

from 9.4.1. 

At this juncture the reader may wonder if the minimum 

polynomial is really of much interest, given that it is a divisor 

of the more easily calculated characteristic polynomial. But in 

fact there are features of a matrix that are easily recognized 

from its minimum polynomial, but which are unobtainable 

from the characteristic polynomial. One such feature is diag- 

onalizability. 

Example 9.4.4 

Lieel 

4 Pll 

these have characteristic polynomial (x — 1)?, but the first 
matrix is diagonalizable while the second is not. Thus the 

characteristic polynomial alone cannot tell us if a matrix is 

diagonalizable. On the other hand, the two matrices just con- 

sidered have different minimum polynomials, x—1 and (x—1)? 
respectively. 

Consider for example the matrices Jz and ( iE both of 

This example raises the possibility that it is the mini- 

mum polynomial which determines if a matrix is diagonaliz- 

able. The next theorem confirms this. 

Theorem 9.4.4 

Let A be ann x n matriz over C. Then A is diagonalizable if 

and only if its minimum polynomial splits into a product of n 

distinct linear factors. 
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Proof 

Assume first that A is diagonalizable, so that S~!AS = D,a 
diagonal matrix, for some invertible S. Then A and D have 
the same minimum polynomials by 9.4.2. Let d,,...,d, be 
the distinct diagonal entries of D; then Example 9.4.2 shows 

that the minimum polynomial of D is (x — d,)---(x — d,), 
which is a product of distinct linear factors. 

Conversely, suppose that A has minimum polynomial 

f = (v= di)+++(e—dy) 
where dj,...,d, are distinct complex numbers. Define g; to be 

the polynomial obtained from f by deleting the factor x — dj. 

Thus 
f 

Sieh mation) 2 

Next we recall the method of partial fractions, which is 

useful in calculus for integrating rational functions. This tells 

us that there are constants b),...,6, such that 

Gf mee) di 

Multiplying both sides of this equation by f, we obtain 

1 = bigi +++: + brgr 

by definition of g;. 

At this point we prefer to work with linear operators, so 

we introduce the linear operator T on C” defined by T'(X) = 

AX. It follows from the above equation that bi9i(T) +--+ + 

b,g-(T') is the identity function. Hence 

X = b19:(T)(X) +++ + brgr(T)(X) 
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for any vector X. Let V; denote the set of all elements of the 

form gi(T)X. with X a vector in C”. Then V; is a subspace 
and the above equation for X tells us that 

C"=V,+---+V,. 

Now in fact C” is the direct sum of the subspaces V;, which 

amounts to saying that the intersection of a V; and the sum 

of the remaining V;, with 7 4 i, is zero. To see why this 

is true, take a vector X in the intersection. Observe that 

gi(P)g;(1) = 0 if t AJ since every factor «— d, is present in 

the polynomial g;g;. Therefore 9,(T)(X) = 0 for all k. Since 
X = Vy, ongn(T)(X), it follows that X = 0. Hence C” is 
the direct sum 

C°=V,@:::@V,. 

Now the effect of T on vectors in V; is merely to multiply 

them by d; since (T — d;)g;(T) = f(T) = 0. Therefore, if we 
choose bases for each subspace V,,...,V; and combine them 

to form a basis of C”, then T will be represented by a diagonal 

matrix. Consequently A is similar to a diagonal matrix. 

Example 9.4.5 

The matrix 
2 hind! 

OLIZ5"0 

Ea 

has minimum polynomial («—2)?, as we saw in Example 9.4.1. 

Since this is not a product of distinct linear factors, the matrix 

cannot be diagonalized. 
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Example 9.4.6 

The n x n upper triangular matrix 

Cee ae cs? a (. () 

Discra, a O 0 

Hee. : ee aa ea 

U0 90 eDiets: - mab cyt 1 

Os eel) oot ee Odie 

has minimum polynomial (x —c)"; this is because (A—cI)” = 
0, but (A—cI)""' £0. Hence A is diagonalizable if and only 
ifn = 1. Notice that the characteristic polynomial of A equals 

(c— x)”. 

Jordan normal form 

We come now to the definition of the Jordan normal form 

of a square complex matrix. The basic components of this are 

certain complex matrices called Jordan blocks, of the type 

considered in Example 9.4.6. In general an n x n Jordan block 

is a matrix of the form 

Core Uae tt 

oie Sapa zepeké bo, 

Jigzab brads ob in 
pm a pt pei i Sena 

ee ee eon 

for some scalar c. Thus J is an upper triangular n x n ma- 

trix with constant diagonal entries, a superdiagonal of 1’s, and 

zeros elsewhere. By Example 9.4.6 the minimum and charac- 

teristic polynomials of J are (x—c)” and (c—«)” respectively. 
We must now take note of the essential property of the 

matrix J. Let E,,...,E, be the vectors of the standard basis 

of C”. Then matrix multiplication shows that JE, = ck, 

and JE; = ch; + E;-; where 1 <i<n. 
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In general, if A is any complex n x n matrix, we call a 

sequence of vectors X,,...,X, in C” a Jordan string for A if 

it satisfies the equations 

AX, = cX4 and AX; = CAL + Xj-1 

where c is a scalar and 1 <i<_r. Thus every n x n Jordan 

block determines a Jordan string of length n. 

Now suppose there is a basis of C” which consists of 

Jordan strings for the matrix A. Group together basis elements 

in the same string. Then the linear operator on C” given 

by T(X) = AX is represented with respect to this basis of 

Jordan strings by a matrix which has Jordan blocks down the 

diagonal: 
Ji 0 anne 0 

ilgaraf arnaenng 
Ou (Git has, Fan le 

Here J; is a Jordan block, say with c; on the diagonal. This 

is because of the effect produced on the basis elements when 

they are multiplied on the left by A. 

Our conclusion is that A is similar to the matrix N, which 

is called the Jordan normal form of A. Notice that the diagonal 

elements c; of N are just the eigenvalues of A. Of course we 

still have to establish that a basis consisting of Jordan strings 

always exists; only then can we conclude that every matrix 

has a Jordan normal form. 

Theorem 9.4.5 (Jordan Normal Form) 
Every square complex matrix is similar to a matrix in Jordan 

normal form. 

Proof 

Let A be an n x n complex matrix. We have to establish the 

existence of a basis of C” consisting of Jordan strings for A. 

This is done by induction on n; if n = 1, any non-zero vector 
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qualifies as a Jordan string of length 1, so we can assume that 
ge lt 

Since A is complex, it has an eigenvalue c. Thus the 
matrix A’ = A —cl is singular, and so its column space C 
has dimension r < n. Recall from Example 6.3.2 that C 
is the image of the linear operator on C” which sends X to 
A'X. Restriction of this linear operator to C produces a linear 

operator which is represented by an r x r matrix. Since r < n, 

we may assume by induction hypothesis on n that C has a 

basis which is a union of Jordan strings for A. Let the ith 

such string be written X;;, 7 =1,...,1;; thus AXi, = ¢ Xi 

and m™m addition AX;; = ¢;X;,\+ X;,;-1,for 1/< 7 <1;, Then 

A’Xj1 = 0 and AX;; = Agee A aaa 

Next let D denote the intersection of C with N, the null 

space of A’, and set p = dim(D). We need to identify the 

elements of D. Now any element of C’ has the form 

Miss pty Ds; ae; 

tJ 

where a;; is a complex number. Assume that Y is in D, and 

thus in N, the null space of A’. Suppose that a;; 4 0 and let 

3 be as large as possible with this property for the given 2. If 

3 > 1, then the equations A’X;; = 0 and A’Xi, = Xix-1 will 

prevent A’Y from being zero. Hence j = 1. It follows that 

the X;; form a basis of D, so there are exactly p of these Xj. 

Every vector in C is of the form A’Y for some Y, since C’ 

is the image space of the linear operator sending X to A’X. 

For each i write the vector Xj, in the form Xi, = A’Y;, for 

some Y; ,i =1,...,p. There are p of these Y;. Finally, N has 

dimension n — r, so we can adjoin a further set of n —r—p 

vectors to the X; to get a basis for N, say Z1,...,Zn—r—p- 

Altogether we have a total of r+p+(n—r—p)=n 

vectors 

Xi; Yr; Zm: 



308 Chapter Nine: Advanced Topics 

We now assert that these vectors form a basis of C” which 

consists of Jordan strings of A. Certainly 

A Vase (A’ a cl) Yx, = AY. ae ton, =A CY aan op 

Thus the Jordan string X41,..., Xx, has been extended by 

adjoining Y,. Also AZ, = cZm since Z, belongs to the null 

space of A’; thus Z,, is a Jordan string of A with length 1. 

Hence the vectors in question constitute a set of Jordan strings 

of A. 

What remains to be done is to prove that the vectors 

Xij,Yx,Zm form a basis of C”, and by 5.1.9 it is enough to 

show that they are linearly independent. To accomplish this, 

we assume that e;;, fk,9m are scalars such that 

»~ ie Ci Ni; +5 SF SeYe = Sy (i em == |), 

Multiplying both sides of this equation on the left by A’, we 

get 

Le de orl 0 On Mis cad ats yi FreX ket Ys 

Now Xj, does not appear among the terms of the first sum 

in the above equation since 7 — 1 < l,. Hence f; = 0 for all 

k. Thus 

yh Im2m, = -S- he Crea: 

which therefore belongs to D. Hence e;; = 0 if 7 > 1, and 

>> GmZm = — >> 1X. This can only mean that g,, = 0 

and e;; = 0 since the X;; and Z,, are linearly independent. 

Hence the theorem is established. 

Corollary 9.4.6 

Every complex n x n matriz is similar to an upper triangular 

matriz with zeros above the superdiagonal. 

This follows at once from the theorem since every Jordan 

block is an upper triangular matrix of the specified type. 
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Example 9.4.7 

Put the matrix 

in Jordan normal form. 

We follow the method of the proof of 9.4.5. The eigen- 

values of A are 2, 2, 2, so define 

1 th seal 

Ava Ai fo) ti ey () 

Oy 4 0,.0 

The column space C of A’ is generated by the single vector 
1 

X = | —1 |. Note that AX = 2X, so X is a Jordan string 

0 
of length 1 for A. Also the null space N of A’ is generated by 

X and the vector 
0 

0 

1 

Thus D=CNN =C is generated by X. The next step is to 

write X in the form A’Y; in fact we can take 

ib 

9 feed 

9) 

0 

Thus the second basis element is Y. Finally, put Z = | 0 J, 

i! 

so that {X, Z} is a basis for N. Then 

AX S00 AVS XKpA'zZ=0 
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and hence 

AX =2X, (AY =} 2+ and AZ = 2Z, 

It is now evident that {X, Y, Z} is a basis of C® consisting 

of the two Jordan strings X, Y, and Z. Therefore the Jordan 

form of A has two blocks and is 

7 eal hase 
AoA honk’ | HL 

i hed Mone 7 

As an application of Jordan form we establish an inter- 

esting connection between a matrix and its transpose. 

Theorem 9.4.7 

Every square complex matrix is similar to its transpose. 

Proof 

Let A be a square matrix with complex entries, and write N 

for the Jordan normal form of A. Thus S~!AS = N for some 

invertible matrix S by 9.4.5. Now 

NI 24 ed By A pit SoA tS 

so N? is similar to A’. It will be sufficient if we can prove that 

N and N? are similar. The reason for this is the transitive 

property of similarity: if P is similar to Q and Q is similar to 

R, then P is similar to R. 

Because of the block decomposition of N, it is enough 

to prove that any Jordan block J is similar to its transpose. 

But this can be seen directly. Indeed, if P is the permutation 

matrix with a line of 1’s from top right to bottom left, then 

matrix multiplication shows that P~!JP = J’. 
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Another use of Jordan form is to determine which matri- 
ces satisfy a given polynomial equation. 

Example 9.4.8 

Find up to similarity all complex n x n matrices A satisfying 
the equation A? = J. 

Let N be the Jordan normal form of A, and write N = 
S~'AS. Then N? = $~!A?S. Hence A? = J if and only if 
N? =I. Since N consists of a string of Jordan blocks down the 

diagonal, we have only to decide which Jordan blocks J can 

satisfy J? = I. This is easily done. Certainly the diagonal 

entries of J will have to be 1 or —1. Furthermore, matrix 

multiplication reveals that J* 4 I if J has two or more rows. 

Hence the block J must be 1 x 1. Thus JN is a diagonal 

matrix with all its diagonal entries equal to +1 or —1. After 

reordering the rows and columns, we get a matrix of the form 

Touma Se, 
where r+s =n. Therefore A? = 1 if and only if A is similar 

to a matrix with the form of N. 

Next we consider the relationship between Jordan nor- 

mal form and the minimum and characteristic polynomials. 

It will emerge that knowledge of Jordan form permits us to 

write down the minimum polynomial immediately. Since in 

principle we know how to find the Jordan form — by using the 

method of Example 9.4.7 — this leads to a systematic way of 

computing minimum polynomials, something that was lacking 

previously. 

Let A be a complex n x n matrix whose distinct eigenval- 

ues are C),...,C,. For each c; there are corresponding Jordan 

blocks in the Jordan normal form N of A which have c; on 

their principal diagonals, say Ji1,..., Jit;; let nij be the num- 

ber of rows of J;;. Of course A and N have the same minimum 
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and characteristic polynomials since they are similar matrices. 

Now Jj; is an nij X nyj upper triangular matrix with c; on 

the principal diagonal, so its characteristic polynomial is just 

(c; - x)". The characteristic polynomial p of N is clearly the 
product of all of these polynomials: thus 

G li 

p= |\(q—a2)™ where m= y mgt 

i=1 j=l 

The minimum polynomial is a little harder to find. If f 

is any polynomial, it is readily seen that f(NV) is the matrix 

with the blocks f(J;;) down the principal diagonal and zeros 

elsewhere. Thus f(V) = 0 if and only if all the f(J,;) = 0. 
Hence the minimum polynomial of N is the least common 

multiple of the minimum polynomials of the blocks J;;. But 

we saw in Example 9.4.6 that the minimum polynomial of the 

Jordan block Jj; is (x — c;)™%. It follows that the minimum 

polynomial of N is 

n 

i = [[@ a c;)* 

i=1 

where k; is the largest of the n;; for 7 =1,...,]j. 

These conclusions, which amount to a method of com- 

puting minimum polynomials from Jordan normal form, are 

summarized in the next result. 

Theorem 9.4.8 

Let A be ann xn complex matrix and let c,..., cp be the dis- 

tinct eigenvalues of A. Then the characteristic and minimum 
polynomials of A are 

[te —x)™ and Bie rae bil 
i=1 i=1 
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respectively, where m; is the sum of the numbers of columns 
in Jordan blocks with eigenvalue c; and k; is the number of 
columns in the largest such Jordan block. 

Example 9.4.9 

Find the minimum polynomial of the matrix 

0 

oor No 

acct aa 
yep, | oy 

(PAL woh Integy 

by Example 9.4.7. Here 2 is the only eigenvalue and there are 

two Jordan blocks, with 2 and 1 columns. The minimum poly- 

nomial of A is therefore (x — 2)”. Of course the characteristic 
polynomial is (2 — x)°. 

Application of Jordan form to differential equations 

In 8.3 we studied systems of first order linear differential 

equations for functions y1, y2,...,Yn Of a variable x. Such a 

system takes the matrix form 

ye Ay. 

Here Y is the column of functions y1,...,Yn and A is an n x 

nm matrix with constant coefficients. Since any such matrix 

A is similar to a triangular matrix (by 8.1.8), it is possible 

to change to a system of linear differential equations for a 

new set of functions which has a triangular coefficient matrix. 

This new system can then be solved by back substitution, 
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as in Example 8.3.3. However this method can be laborious 

for large n and Jordan form provides a simpler alternative 

method. 

Returning to the system Y’ = AY, we know that there is 

a non-singular matrix S such that N = S~'AS is in Jordan 

normal form: say 

Yodl OSuek: 0 

ies bene Jo. 
@) (Oe eace ee F 

Here J; is a Jordan block, say with d; on the diagonal. Of 

course the d; are the eigenvalues of A. Now put U = S7lY, 

so that the system Y’ = AY becomes (SU)’ = ASU, or 

U' = NU, 

since N = S~1AS. To solve this system of differential equa- 

tions it is plainly sufficient to solve the subsystems U/ = J;U; 

fori = 1,...,k where U; is the column of entries of U corre- 
sponding to the block J; in N. 

This observation effectively reduces the problem to one 

in which the coefficient matrix is a Jordan block, let us say 

LSA SV peep | is 8 

gm lit Wan adn 8 ete 8 

OmlalOriy itdarl 

O yea) = 0 dd 

Now the equations in the corresponding system have a 

much simpler form than in.the general triangular case: 

uy =du, + U2 
Us — dug + us 

/ al ee = Gy PsP ME, 

Un = dun 
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The functions wu; can be found by solving a series of first 
order linear equations, starting from the bottom of the list. 
Thus u}, = dun yields un = cn_1e% where c,_ 1 is a constant. 
The second last equation becomes 

ee Oty tT = Chie 

which is first order linear with integrating factor e~?. Multi- 

plying the equation by this factor, we get (un_1e7%)! = cn_1. 
Hence 

itp 1 =|(En—2 + CnLizje™ 

where Cy—2 is another constant. The next equation yields 

/ a dx 
i oes GU te 8 Gn Se Nim) eRS 

which is also first order linear with integrating factor e~”. It 

can be solved to give 

Cn—2 (ky 
Un—2 = (Cn-3 + aaa ta 7 Wee ) 

where c,,_2 is constant. Continuing in this manner, we find 

that the function u,_; is given by 

Cn-i Cn-1 4 
Leet gece. Un-i = bea at 7 Al 

where the c; are constants. The original functions y; can then 

be calculated by using the equation Y = SU. 

Example 9.4.10 

Solve the linear system of differential equations below using 

Jordan normal form: 

eS syi th ye 
=p ay 

Y3 2y3 
<< <= oan 

ll | 
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Here the coefficient matrix is 

1) 

14.0 

Oo ae 

The Jordan form of A was found in Example 9.4.7: we recall 

the results obtained there. There is a basis of R® consisting 

of Jordan strings: this is {X,W, Z}, where 

1 1 0 
X=|-1|,W=[0] andZ=]| 0 

0 0 1 

Here AX = 2X, AW =2W4+X, AZ = 22. 

The matrix which describes the change of basis from 

{X,W, Z} to the standard basis is 

Hehe ne 

S=+/r—-1—0F0 

OF Ose 

By 6.2.6 the matrix which represents the linear operator aris- 

ing from left multiplication by A, with respect to the basis 

{X,W, Z}, is 

SAS = J = 
Sreors ON Fr woAore 

Now put U = S~'Y, so that Y = SU and the system of 
equations becomes U’ = S~!ASU = JU, that is, 

(os 2uy + U2 
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We solve this system, beginning with the last equation, and 
obtain uz = cge**. Next us = 2ug, so that up = c,e2”. Finally 
we solve 

/ ey — 2th, = cye?", 

a first order linear equation, and find the solution to be 

Uy = (co in c,x)e*. 

Therefore 
Co Cre 

Ue Ci e7= 

C2 

and since Y = SU, we obtain 

Co Cy ex 

e— CY ta CLL, Cans, 

C2 

from which the values of the functions y;, y2, y3 can be read 

off. 

Exercises 9.4 

1. Find the minimum polynomials of the following matrices 

by inspection : 

Gig HOC a) wera 5) 
3 0 0 

(ay 027 1 
(0 a2 

2. Let A be an n X n matrix and S an invertible n x n ma- 

trix over a field F. If f is any polynomial over F’, show that 

f(S~1AS) = S-1f(A)S. Use this result to give another proof 
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of the fact that similar matrices have the same minimum poly- 

nomial (see 9.4.2). 

3. Use 9.4.4 to prove that if an n x n complex matrix has n 

distinct eigenvalues, then the matrix is diagonalizable. 

4. Show that the minimum polynomial of the companion ma- 

trix 

OOF ce 

TAP tal 0 Fp 

0 1 —-a 

is 3 +ax7+bx+c. (See Exercise 8.1.6). [Hint: show that 
ul +vA+wA? = 0 implies that u=v = w =O]. 

5. Find the Jordan normal forms of the following matrices: 

il ripe) mdb Fa tele Ja 1 
6. Read off the minimum polynomials from the Jordan forms 

in Exercise 5. 

7. Find up to similarity all nxn complex matrices A satisfying 

AvarA2 

8. The same problem for matrices such that A? = A®. 

9. (Uniqueness of Jordan normal form) Let A be a complex 

m x n matrix with Jordan blocks J;;, where J;; is a block 

associated with the eigenvalue c;. Prove that the number of 

r x r Jordan blocks J;,; for a given 7 equals d-;_; — d,, where 

d; is the dimension of the intersection of the column space of 

(A — ¢;I,)* and the null space of A — c;I,. Deduce that the 
blocks that appear in the Jordan normal form of A are unique 

up to order. 

10. Using Exercise 9.4.4 as a model, suggest an n xX n matrix 

whose minimal polynomial is 2” + an_12"~1+-++-+a,0+a. 
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11. Use Jordan normal form to solve the following system of 

differential equations: 

Yi = Y¥1 + Y2 + Y3 

5 hae Y2 

OS yo + Y3 



Chapter Ten 

LINEAR PROGRAMMING 

One of the great successes of linear algebra has been the 

construction of algorithms to solve certain optimization prob- 

lems in which a linear function has to be maximized or min- 

imized subject to a set of linear constraints. Typically the 

function is a profit or cost.Such problems are called linear 

programming problems. 

The need to solve such problems was recognized during 

the Second World War, when supplies and labor were limited 

by wartime conditions. The pioneering work of George Danzig 

led to the creation of the Simplex Algorithm, which for over 

half a century has been the standard tool for solving linear 

programming problems. Our purpose here is to describe the 

linear algebra which underlies the simplex algorithm and then 

to show how it can be applied to solve specific problems. 

10.1 Introduction to Linear Programming 

We begin by giving some examples of linear programming 

problems. 

Example 10.1.1 (A productionproblem) 

A food company markets two products F\ and F», which are 

made from two ingredients J; and Ig. To produce one unit 

of product F; one requires a;; units of ingredient J;. The 

maximum amounts of J; and Iz available are m, and mo, 

respectively. The company makes a profit of p; on each unit 

of product F; sold. How many units of F, and Fy», should 

the company produce in order to maximize its profit without 

running out of ingredients? 

370 
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Suppose the company decides to produce x j units of prod- 
uct F;. Then the profit on marketing the products will be 
Z = piX1 + pox2. On the other hand, the production process 
will use a1121 +a 2%2 units of ingredient I, and a1 22 +4992 
units of ingredient Jz. Therefore x; and x2 must satisfy the 
constraints 

Q11%1 + 412922 Sm, and aX, + aq2%2 < mg. 

Also x; and x2 cannot be negative. 

We therefore have to solve the following linear program- 
ming problem: 

Maximize: Z =p ,21 + poe 

44121 +Q12%2 <M 
subject to: A912, + A92%Qq <™Me 

1,02 zz 0 

Example 10.1.2 (A transportationproblem) 

A company has m factories F),..., Fy, and n warehouses 

W,,...,Wn. Factory F; can produce at most r; units of a 

certain product per week and warehouse W; must be able to 

supply at least s; units per week. The cost of shipping one 

unit from factory F; to warehouse W; is c;;. How many units 

should be shipped from each factory to each warehouse per 

week in order to minimize the total transportation cost and 

yet still satisfy the requirements on the factories and ware- 

houses? 

Let z;; be the number of units to be shipped from factory 

F;, to warehouse W; per week. Then the total transportation 

cost for the week is 

n 

) Cij Liz 

= 
i 

ie II i ) 
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1) 

The condition on factory F; is that $) 2; <17i, while that on 
j=l 

m 

warehouse W; is )> x4; => s;. We are therefore faced with the 
tl 

following linear programming problem: 

m n 

minimize: z= ) ) CijLij 

i=1 j=1 

Tm 

TAP OROY AVO SOM TI. 
j=! 

subject to: ue } 
Dae Pe a ee aly 
i=l 

Lij a 0 

The general linear programming problem 

After these examples we are ready to describe the general 

form of a linear programming problem. 

Let £1,2%2,...,Zn be variables. There is given a linear 

function of the variables 

Z= CiL] Cola + Cn In, 

called the objective function, which has to be maximized or 

minimized. The variables x; are subject to a number of linear 

conditions, called the constraints, which take the form 

Qjy1X1 + Ai2QT2 +++++Qintn < or = or > B, 

1 = 1,2,...,m. In addition, certain of the variables may be 

constrained, i.e., they must take non-negative values. The gen- 

eral linear programming problem therefore takes the following 
form: 



10.1: Introduction to Linear Programming StS 

maximize or minimize: z= c,2} +:+-+¢n%py 

eects tar | Ui ly OL = OF = 'D;, 

subject to: sal aay daate Wp 

certain 2x; > 0. 

The understanding here is that a;;,b;,c; are all known quan- 

tities. The object is to find 21,...,2, which optimize the ob- 

jective function z, while satisfying the constraints. Evidently 

Examples 10.1.1 and 10.1.2 areproblems of this type. 

Feasible and optimal solutions 

It will be convenient to think of X = (21,22,...,%n)7 
in the above problem as a point in Euclidean space R”. If 

X satisfies all the constraints (including the conditions x; > 

0), then it is called a feasible solution of the problem. A 

feasible solution for which the objective function is maximum 

or minimum is said to be an optimal solution. 

For a general linear programming problem there are three 

possible outcomes. 

(i) There are no feasible solutions and thus the problem 

has nooptimal solutions. 

(ii) Feasible solutions exist, but the objective function has 
arbitrarily large or small values at feasible solutions. 

Again thereare no optimal solutions. 

(iii) The objective function has finite maximum or 
minimumvalues at feasible points. Then optimal 

solutions exist. 

In a linear programming problem the object is to find an 

optimal solution or show that none exists. 
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Standard and canonical form 

Since the general linear programming problem has a com- 

plex form, it is important to develop simpler types of prob- 

lem which are equivalent to it. Here two linear programming 

problems are said to be equivalent if they have the same sets 

of feasible solutions and the same optimal solutions. 

A linear programming problem is said to be in standard 

form if it is a maximization problem with all constraints in- 

equalities and all variables constrained. It therefore has the 

general form 

maximize: Z=cCj%1+°:::+Cntn 

subject to: 

GUTH G reer, 8170 ee Oy 

anny Ct Pazaroh G2 Slag, Dy S005 

AmiL1 4 Am202 £6" + Apntn bm 

x; 2 0, thee ere 

This problem can be written in matrix form: let A = (a;;)mn, 

Beat BOs Mitek 20a) ee Cr, CoN es Cn Jos And, oes 

(x1 2 ...2%n)*. Then the problem takes the form: 

maximize: z—=C!X 

AX B 
subject. to: { x 0. 

IV IA 

Here a matrix inequality U < V means that U and V are 
of the same size and u,;; < v,; for all i,j: there is a similar 
definition of U > V. 
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A second important type of linear programming problem 
is a maximization problem with all constraints equalities and 
allvariables constrained. The general form is: 

maximize: z—=C?7X 

AX B 

X 0. IV Il 
subject to: { 

Such a linear programming problem is said to be in canonical 

form. 

Changes to a linear programming problem 

Our aim is to show that any linear programming problem 

is equivalent to one in standard form and to one in canoni- 

cal form. To do this we need to consider what changes to a 

program will produce an equivalent program. There are four 

types of change that can be made. 

Replace a minimization by a maximization 

If the objective function in a linear program is z = C7 X, 

the minimum value of z occurs for the same X as the maxi- 

mum value of (—C)? X. Thus we can replace “minimize” by 
“maximize” and C7? X by the new objective function (—C)? X. 

Reverse an inequality 

The inequality a;321+:+:+@in%n > 0; is clearly equivalent 

to (—a41)41 +--+ + (—G@in)En < —Bi. 

Replace an equality by two inequalities 

The constraint @;1%1 +:::+@inIn = by is equivalent tothe 

two inequalities 

i121 + °° + Gintn < 

(—aj1)21 ee ai (—Gin)£n —— 
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Elimination of an unconstrained variable 

Suppose that the variable x; is unconstrained, i.e., it can 

take negative values. The trick here is to replace x; by two 

new variables es re which are constrained. Write x; in the 

form 2; = co — i? where wha z; 20. This is possible since 

any real number can be written as the difference between two 

positive numbers. 

If we replace x; by ee — 2; in each constraint and in 

the objective function, and we add new constraints ay Pe; 

x, = 0, then the resulting equivalent program will have fewer 

unconstrained variables. 

By a sequence of operations of types I-IV a general linear 

programming problem may be transformed to an equivalence 

problem in standard form. Thus we have proved: 

Theorem 10.1.1 Every linear programming problem is 

equivalent to a program in standard form. 

Example 10.1.3 

Put the following programming problem in standard form. 

minimize: z = 3x7, + 272 — x3 

%,+2%2+27%3 >6 

subject to: %y+%+323 <2 

1,23 2 0 

First of all change the minimization to a maximization 

and replace the constraints involving = and > by constraints 
involving < : 



10.1: Introduction to Linear Programming 377 

maximize: z= —32; — 279 + 23 

a Si eb are 223 = —6 

wie tT a th tS 

subject to: —%1 — Z2— 43 <4 

Pie ee ors 

Z,03 - 0 

Next write 2, which is an unconstrained variable, in the form 

«3 — 2. This yields a problem in standard form: 

maximize: z= —32z, — 2 oa ea 

subject to: 

—7 ear Pw kPa = 1 se i oe 223 <-6 

tT + 2 - 2+ 23.< 4 

—z, + ap+ ap - 23 <-4 

toe nts. Js fe ave 2 
+ = 

L1,%9q ,%q ,%3 = 0 

Slack variables 

If we wish to transform a linear programming problem 

to canonical form, a method for converting inequalities into 

equalities is needed. This can be achieved by the introduction 

of what are called slack variables. 

Consider a linear programming problem in standard form: 

maximize: z= C!X 

AX <B 
subject to: { xX>0 

where A is m x n and the variables are 41, %2,...,%n. We 

introduce m new variables, 2n41,.--,;@n+m, the so-called slack 
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variables, and replace the ith constraint a;1%1+-+:+@in&n < 0; 

by the new constraint 

Q4101 +++ + Ainkn + In4i = b;, 

for ie= 1,2).00 om, togetherewithtny -yeO at tle 7 

The effect is totransform the problem to an equivalent linear 

programming problem incanonical form: 

maximize? -2-= Cy LT + areata 

subject to: 

Qt12iy “yw? ee Gindn, toni by 

a2121 + ++5 + A2nrn + bys bo 

Amity +++ +a4mntn + 2nim = OF 

Lj 2s © ed, 2h. Bee Tee 

Combining this observation with 10.1.1, we obtain: 

Theorem 10.1.2 Every linear programmingproblem is 

equivalent to one in canonical form. 

Exercises 10.1 

1. A publishing house plans to issue three types of pamphlets 

P;, Pz, Ps. Each pamphlet has to be printed and bound. 

The times in hours required to print and to bind one copy 

of pamphlet P; are u; and v; respectively. The printing and 

binding machines can run for maximum times s and t hours 

per day respectively. The profit made on one pamphlet of 

type P; is p;. Let x1,2%2,x3 be thenumbers of pamphlets 

of the three types to be produced per day. Set up a linear 

program in 21, 22,23 which maximizes the profitp per day 
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and takes into account the times for which the machines are 
available. 

2. A nutritionist is planning a lunch menu with two food types 
A and B. One ounce of A provides a, units of carbohydrate, 
af units of fat and ap units of protein: for B the figures are 

bc, by, bp, respectively. The costs of one unit of A and one 

unit of B are p and q respectively. The meal must provide at 

least m, units of carbohydrate, m; units of fat and m, units 

of protein. Set up a linear program to determine how many 

ounces of A and B should be provided in the meal in order to 

minimize the cost e, while satisfying the dietary requirements. 

3. Write the following linear programming problem in stan- 

dard form: 

minimize: z = 2%; —%—2%3+2%4 

%1+2%2+%3-%4>5 

subject to: 32, + 22-43 +74 <4 

4;02 2 0 

4. Write the linear programming problem in Exercise 10.4.3 

in canonical form. 

5. Consider the following linear programming problem in 

X1,22,.--,Xn with n constraints: 

maximize: z= C7 X 

Aes 
subject to: { xX>0 

where A is an n X n matrix with rank n. 

(a) Show that there is a feasible solution if and only if 

A1B>0. 
(b) Show that if a feasible solution exists, it must be 

optimal. 

(c) If an optimal solution exists, what is the maximum 

value of z? 
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10.2 The Geometry of Linear Programming 

Valuable insight into the nature of the linear program- 

ming problem is gained by adopting a geometrical point of 

view and regarding the problem as one about n-dimensional 

space. 
We will identify an n-column vector X with a point 

(liptoee ia) 

in n-dimensional space and denote the latter by R”. The set 

of points X such that 

12, +++: + AnFn = D, 

where the real numbers a;,b are not all zero, is called a hy- 

perplane in R”. Thus a hyperplane in R? is a line and a 

hyperplane in R? is a plane. 
Let A = (a, a2 ... Gy); thus the equation of the hyper- 

plane is AX = b: let us call it H. Then H divides R” into 

two halfspaces 

H, ={X €R"| AX <}} 

and 

Hz = {X € R" | AX > 5}. 

Clearly 

R” = Hy U'HS and? H=="H ity rs. 

In a linear programming program in 2),...,2», each con- 

straint requires the point X to lie in a half space or a hyper- 

plane. Thus the set of feasible solutions corresponds to the 

points lying in all of the half spaces or hyperplanes correspond- 
ing to the constraints. In this way we obtain a geometrical 

picture of the set of feasible solutions of the problem. 
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Example 10.2.1 

Consider the simple linear programming problem in standard 
form: 

maximize: z=x+y 

2c + Ue x8 
subject to: Ce OG DINE 

r,y 20 

The set S of feasible solutions is the region of the plane which 

is bounded by the lines 2x + y = 3, r+ 2y=3, 27 =0, y=0 

(0, 4 (1, 1) 

¥ (3.0) 
The objective function z = x + y corresponds to a plane 

in 3-dimensional space. The problem is to find a point of S 

at which the height of the plane above the xy-plane is largest. 

Geometrically, it is clear that this point must be one of the 

“corner points” (0,0), (2, O) 19510; 3). The largest value of 

z=a+y occurs at (1,1). Therefore x = 1 = y is an optimal 

solution of the problem. 

The next step is to investigate the geometrical properties 

of the set of feasible solutions. This involves the concept of 

convexity. 
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Convex subsets 

Let X, and X2 be two distinct points in R”. The line 

segment X,Xz joining X, and X9 is defined to be the set of 

points 

{tX,+(1-—t)X2|0<t< 1}. 

For example, if n < 3, the point tX, + (1 — t)X2, where 
0<t<1, isa typical point lying between X, and X2 on the 

line which joins them. To see this one has to notice that 

X2—- (tXy aie (1 = t)X2) = t(X2 - X1) 

and 

(tXy ae (1 == t)X2) —X,= (1 = t)(X2 = X1) 

are parallel vectors. 

*ssp
iee 
ao
e 

tX,+ (1 —t) Xp 

(Keep in mind that we are using X to denote both the point 

(21, 2,3) and the column vector (x1 x2 x3)? .) 

A non-empty subset S of R” is called convez if, whenever 

X, and X2 are points in S, every point on the line segment 

X1Xq is also a point of S. 

xX 
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It is easy to visualize the situation in R2: for example, 
consider the shaded regions shown. 

The interior of the left hand figure is clearly convex, but the 

interior of the right hand one is not. 

The following property of convex sets is almost obvious. 

Lemma 10.2.1 

The intersection of a collection of convex subsets of R” is 

either empty or convex. 

Proof 

Let {S; | i € I} be a set of convex subsets of R” and assume 
that S = () S; is not empty. If S has only one element, then 

iel 
it is Boca convex. So assume X, and X 9 are distinct 

points of S and let 0 <t <1. Now Xj and X2 belong to S; 

for all 1, as must tX, + (1 —t)X2 since S; is convex. Hence 
tX; + (1—t)X2 € S and S is convex. 

Our interest in convex sets is motivated by the following 

fundamental result. 

Theorem 10.2.2 

The set of all feasible solutions of a linear programming prob- 

lem is either empty or conve. 
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Proof 
By 10.1.1 we may assume that the linear programming prob- 

lem is in standard form. Hence the set of feasible solutions 

is the intersection of a collection of half spaces. Because of 

10.2.1 it is enough to prove that every half space H is convex. 

For example, consider H = {X € R” | AX < b} where A 
is an n-row vector. Suppose that X,,X2 ¢€ H andO<t< 1. 

Then 

A(tX,+(1—t)X2) = t(A Xi) +(1-t)A Xp < tb+(1-1)b = b. 

Hence tX, + (1 —t)X2 € H and Z is convex. 

The convex hull 

Let X,,X2,...,Xm be vectors in R”. Then a vector of 

the form 
ml 

Sy Chin 

i=1 

where 
m 

c, -30 and wars =a 

i=1 

is called a convex combination of X,, Xo,...,Xm. For exam- 

ple, when m = 2, every convex combination of X,, X> has the 

form t X;+(1—t)X2, where 0 <t < 1. Thus the line segment 

XX consists of all the convex combinations of X; and Xo. 

The set of all convex combinations of elements of a non- 

empty subset S of R” is called the conver hull of S: 

C(S). 

For example, the convex hull of {X1, X2}, where X; # Xo, is 
just the line segment X1Xo. 

The relation between the convex hull and convexity is 
made clear by the next result. 
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Theorem 10.2.3 

Let S be a non-empty subset of R”. Then C(S) is the smallest 
convex subset of R” which contains S. 

Proof 

In the first place it is clear that S C C(S). We show next 
that C(S) 4 a convex set. Let X,Y € C(S); then we can 

write X = ae and (Y¥o= pute oahers Dare, Gs Sane 
(1. Vil 

eed: = 1and a =a eS se dd Then for any t 
i=l i=l 

satisfying 0 < t < 1, we have 

Consequently tX + (1—t)Y € C(S) and C(S) is convex. 

Next suppose J’ is any convex subset of R” containing 

S. We must show that C(S) C T; for then C(S) will be the 

smallest convex subset containing S. % 

Let Xx © C(S) and write X = 5} c¢;X,, where X; € S, 
i=1 

c; > 0 and — c; = 1. We will show that X € T by induction 
Geib 
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on m > 1, the claim being clearly true ifm = 1. Now we have 

m—1 
@ 

li Cin 
i 

m—1 

Next, since 5) c; = 1— cm, we have 
i-1 

m—1 

Also 0 < en <'l*sinee’t;"<"cy tt" + Gn = [= Caaior 

1<i<m-—l1. Hence 

by the induction hypothesis on m. Finally, 

A A ca) tec ha el, 

since T’ is convex. 

Extreme points 

Let S be a convex subset of R”. A point of S is called an 

extreme point if it is not an interior point of any line segment 

joining two points of S. For example, the extreme points of 

the set of points in the polygon below are just the six vertices 

shown. 
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The extreme points of a convex set can be characterized 
in terms of convex combinations. 

Theorem 10.2.4 

Let S be a convex subset of R” and let X € S. Then X is an 

extreme point of S if and only if it is not a convex combination 

of other points of S. 

Proof 

Suppose X is not an extreme point of S; then 

X =tY+(1-#)Z, 

where 0<t<1land Y, Z€S. Then X is certainly a convex 

combination of points of S, namely Y and Z. 

Conversely, suppose that X is a convex combination of 

other points of S. We will show that X is not an extreme 
m 

point of S. By assumption it is possible to write X = >> ¢,X; 
(esi 

where X; € 5S, X; # X, 0 < c; < Mand’':5> c= 1: Notice 
i=1 

that c; # 1; for otherwise 5) cj; = 0 and cj = 0 for all 

i#j,so that X = X;. 
Just as in the proof of Theorem 10.2.3, we can write 

Also 
m—1 

(eS enbeyhdakre nat 

é — 1—Cm 
ll 

and 0 < ~%~ < 1, since cj < ¢1 +++ +m-1 = 1— Cm if 

i<m. It follows that 

m-1 x 

= : KMSCAS ys Ss 
sy es EEE a (S) 

t=1 
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and X = (1—¢m)Y +CmXm is an interior point of the line 

segment joining Y and X,,. Hence X is not an extreme point 

of S, which completes the proof. 

It is now time to explain the connection between optimal 

solutions of a linear programming problem and the extreme 

points of the set of feasible solutions. 

Theorem 10.2.5 (The Extreme Point Theorem) 

Let S be the set of all feasible solutions of a linear program- 

ming problem. 

(i) If S is non-empty and bounded, then there is an 

optimal solution. 

(ii) If an optimal solution exists, then it occurs at an 

extreme point of S. 

Here a subset S of R” is said to be bounded if there exists 

a positive number d such that —d < x; < d, fori =1,2,...,n 

and alli (ayutager Awa, ins. 

Proof of Theorem 10.2.5 

Suppose that we have a maximization problem. For simplicity 

we will assume throughout that S is bounded and n = 2: 

thus S can be visualized as a region of the plane bounded by 

straight lines corresponding to the constraints. 

Let z = f(x,y) = cx + dy be the objective function: we 

can assume c and d are not both 0. Since S is bounded and f 

is continuous in S, a standard theorem from calculus can be 

applied to show that f has an absolute maximum in S. This 

establishes (i). 

Next assume that there is an optimal solution. By an- 

other standard theorem, if P(x, y) is a point of P which is an 
absolute maximum of f, then either P is a critical point of 

S' or else it lies on the boundary of S. But f has no critical 

points: for fz =c, fy =d, so f, and fy cannot both vanish. 

Thus P lies on the boundary of S and so on a line. By the 
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same argument P cannot lie in the interior of the line. There- 
fore P is a point of intersection of two lines and hence it is an 
extreme point of S. 

We can now summarize the possible situations for a linear 

programming problem with set of feasible solutions S. 

(a) S is empty: the problem has no solutions; 
(b) S is non-empty and bounded: in this case the problem 

has an optimal solution and it occurs at an extreme point 

of S. 

(c) S is unbounded: here optimal solutions need not exist, 
but, if they do, they occur at extreme points of S. 

We will see in 10.3 that if S is non-empty and bounded, 

then it has a finite number of extreme points. By computing 

the value of the objective function at each extreme point one 

can find an optimal solution of the problem. We conclude 

with two examples. 

Example 10.2.2 

maximize; z= 27 + 3y 

i ills a ae) 

subject to: ¥ —t ~ > 1 

ay 20 

Here the set of feasible solutions S corresponds to the region 

of the xy-plane bounded by the lines 7 +y=1, 2-y=~—l, 

x = 0, y=0. Clearly it is unbounded and z can be arbitrary 

large at points in S. Thus no optimal solutions exist. 
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Example 10.2.3 

maximize: z= 1—-— 12x —3y 

ei ienee 

subject to: zx-y 2-1 

t,y 20 
In this problem the set of feasible solutions is the same set S 

as in the previous example. However the maximum value of 

z in S occurs at x = 0, y = 1: this is an optimal solution of 

the problem. 

Exercises 10.2 

In Exercises 10.2.1-10.2.3 sketch the convex subset of all 

feasible solutions of a linear programming problem with the 

given constraints. 

Z- y <-2 

es 5 Ns Gy hs 7, 

zy 20 

cH 2y V9 

2. lt eS 

z,.y20 

Cora 28 0 

bo. er —y Fz eaF0 

r,y,z20 

4. Find all the extreme points in the programs of Exercises 

10 2oksand 10.2.2. 

5. Suppose the objective function in Exercise 10.2.2 is 

z = 2x + 3y. Find the optimal solution when z is to be 
maximized. 

6. Let S be any subspace of R”. Prove that S is convex. 

Then give an example of a convex subset of R? containing 
(0,0) which is not a subspace. 
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7. Let S be a convex subset of R” and let T be a linear 
operator on R”. Define T(S) to be {T(X) | X € S}. Prove 
that T(S) is convex. 

8. Suppose that X, and X» are distinct feasible solutions 
of a linear programming problem in standard form. If the 
objective function has the same values at X, and Xo, prove 

that this is the value of the objective function at any point on 

the line segment joining X, and Xo. 

10.3 Basic Solutions and Extreme Points 

We have seen in 10.2 that the extreme points for a linear 

programming problem are the key to obtaining an optimal 

solution. In this section we describe a method for finding the 

extreme points which is the basis of the Simplex Algorithm. 

Consider a linear programming problem in canonical form 

— remember that any problem can be put in this form: 

maximize: z = C’ X 

AX =B 
subject to: { xX>0 

Suppose that the problem has n variables x1,...,2%, and 

m constraints, which means that A is an m x n matrix, while 

X,C eR" and BeR”™. 

The linear system AX = B must be consistent if there is 

to be any chance of a feasible solution, so we assume this to be 

the case; thus the matrix A and the augmented matrix (A | B) 

have the same rank r. Hence the linear system AX = B is 

equivalent to a system whose augmented matrix has rank r, 

with its final m — r rows zero. These rows correspond to 

constraints of the form 0 = 0, which are negligible. Therefore 
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there is no loss in supposing that A is an m x n matrix with 

rank m; of course now m < n. 

Since A has rank m, this matrix has m linearly indepen- 

dent. columns, say Aj,,Ajgys--sAjise(G1e <d21<neseIm)s 

Define 

Aga Ag EAs se 

which is an m x m matrix of rank m, so that (A’)~" exists. 
The linear system 

NE ca a) a 

therefore has a unique solution for (xj, 2j, ... 2j,,)7 

namely (A’)~!B. 
This solution is in R™, not R”. To remedy this, define 

A SiGiawe xclagean by) putting 270M wails emai 
Then 

’ 

Ax = A(x 86). on say 8 a ae Oe + eet ao ee i 

Therefore X is a solution of AX = B with the property that 

all entries of X, except perhaps those in positions 71,...,Jm, 

are zero. Such a solution is called a basic solution of the 

linear programming problem; if in addition all the z,, are 

non-negative, it is a basic feasible solution. The x;, are called 

the basic variables. 

The next step is to relate the basic feasible solutions to 

the extreme points of a linear programming problem in canon- 
ical form. 

Theorem 10.3.1 

A basic feasible solution of a linear programming problem in 

canonical form is an extreme point of the set of feasible solu- 
tions. 
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Proof 

Suppose that the linear programming problem is 

maximize: z= C! X 

; AALASB 
subject to: , X>0 

and it has variables 7,,...,2,. Here A may be assumed to be 

an m X n matrix with rank m: as has been pointed out, this 

is no restriction. Then A has m linearly independent columns 

and, by relabeling the variables if necessary, we can assume 

these are the last m columns, say Aj,..., A‘. Let 

Oe aed ns) 

be the corresponding basic solution. Assume that X is feasi- 

ble, i.e., x, > 0 for 7 = 1,2,...,m. Our task is to prove that 

X is an extreme point of S, the set of all feasible solutions. 

Suppose X is not an extreme point of S; then 

Xiat + (1-2)V, 

where 0 <t<1,U,VES and X £U,V. Write 

Ean. Vary & <0) Seine ae ee 

and b 
Veet Ae my Were UW 

Equating the jth entries of X and tU + (1 —t)V, we obtain 

m n-— 

/ / <m 
ia eee 
tu, +(1—t)y; =2;, 183 

Since 0 < t < 1 and u;,v; > 0, the first equation shows that 

uj =O0=0; forj =1,...,.n—m. 
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Since U € S, we have AU = B, so that 

ui Ai t+:-:+u,4,, =B 

and 

pA. to! ALB, 

since AX = B. Therefore, on subtracting, we find that 

(uy — 24) Ay + +++ + (Un — Pin) Am = 0. 

However A{,...,A;, are linearly independent, which means 

that uy = 2). UL, Sid -Can UU pees phichyds axconitas 

diction. 

The converse of this result is true. 

Theorem 10.3.2 

An extreme point of the set of feasible solutions of a linear 

programming problem in canonical form is a basic feasible so- 

lution. 

Proof 

Let the linear programming problem be 

maximize: z= C!X 

AX =B 
subject to: { X>0 

where A is an m x n matrix of rank m. Let X be an extreme 

point of the set of feasible solutions. 

Suppose that X has s non-zero entries and label the vari- 

ables so that the last s entries of X are non-zero, say 

REET 0 ee ey. 

Let A, be the column of A which corresponds to the entry x". 

We will prove that A{,...,A4 are linearly independent. 
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Assume that d, Ai +---+d,A‘, = 0 where not all the d; 
are 0. Let e be any positive number. Then 

‘3 (x’ + i>. x’, A’, + e( ye d; A‘) 
j=l j=l j=l 

=A 

=B. 

In a similar fashion we have 

8 

S- (2), — ed;) Ai, = B. 
j=l 

Now define 

U=(0...0 24+ ed; ... x, +ed,)? 
Vi =\(05 20.0, — edgy. “2 ed)" 

(hensAU = Be AV. 

Next choose e so that 

/ 

pecan ry: € Tq? J = 4p Spee By 
Iq; 

if d; # 0. This choice of e ensures that x, + ed; > 0 for 

4 =1,2,...,8. Hence U > 0.and V > 0, so that U and V are 

feasible solutions. However, X = 5U + sV, which means that 

X =U or V since X is an extreme point. But both of these 

are impossible because e > 0. It follows that A{,..., Aj are 

linearly independent and X is a basic feasible solution. 

We are now able to show that there are only finitely many 

extreme points in the set of feasible solutions. 
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Theorem 10.3.3 

In a linear programming problem there are finitely many ex- 

treme points in the set of feasible solutions. 

Proof 

We assume that the linear programming problem is in canon- 

ical form: 

maximize: z = C7 X 

AX =B 
subject to: ‘ A>0 

We can further assume here that A is an m x n matrix 

with rank m. Let X be an extreme point of S, the set of feasi- 

ble solutions. Then X is a basic feasible solution by 10.3.2. In 

fact, if the non-zero entries of X are z;,,...,2j,, the proof of 

the theorem shows that the corresponding columns of A, that 

is, Aj,,...,Aj,, are linearly independent and thus s < m. In 

addition we have 

ai ag, pee ee = B. 

By 2.2.1 this equation has a unique solution for z;,,...,2;,. 

Therefore X is uniquely determined by j1,...,j;. Now there 

are at most (") choices for 71,..., js, so the total number of 

extreme points is at most )>"" 9 ("). 

The last theorem shows that in order to find an optimal 

solution of a linear programming problem in canonical form, 

one can determine the finite set of basic feasible solutions and 

test the value of the objective function at each one. The sim- 

plex algorithm provides a practical method for doing this and 

is discussed in the next section. 

In conclusion, we present an example of small order which 

illustrates how the basic feasible solutions can be determined. 
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Example 10.3.1 

Consider the linear programming problem 

maximize: z= 3x2 + 2y 

Ai oh ane pain paanal 6 

subject to: MU oll) 

r,y20 

First transform the problem to canonical form by intro- 

ducing slack variables wu and v: 

maximize: z= 37+ 2y 

20 say ep 6 

subject to: et + ty 10 

£,9,4,u 230 

The matrix form of the constraints is 

x 

aichia Haehoipeyiiae 1 Ales 
ys qoogar) U i” 10 

v 

The coefficient matrix has rank 2 and each pair of columns 

is linearly independent. Clearly there are (5) = 6 basic solu- 
tions, not all of them feasible. In each such solution two of the 

non-basic variables are zero. The basic solutions are listed in 

the table below: 

HF y MD type a 

0 0 6 10 feasible 0 

ee 30>" 16 Su feasible 20 

3 0 Oo x4 feasible 9 

4) 0 -4 0O infeasible 55 

4 2 Oy 0 feasible 16 

0 —-6 0 16 infeasible —12 
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There are four basic feasible solutions, i.e., extreme points. 

The one that produces the largest value of z is x = 0, y = 10, 

giving z = 20. Thus x = 0, y = 10 is an optimal solution. 

Exercises 10.3 

In each of the following linear programming problems, 

transform the problem to canonical form and determine all the 

basic solutions. Classify these as infeasible or basic feasible, 

and then find the optimal solutions. 

i 

maximize: 2 = 37 — y 

LEP NOY 6 

subject to: Crane yn LD 

avypee0 

2. 

maximize:-z = 27 + 3y 

25 Af 5 ha 0 

subject to: Ze Py = Polo 

r,y 20 
3. 

maximize: z= %, +272+2%3 

221 ae 409 473 sf 12 

subject to: Arisa sacqiesd rg ieulsto [4 

L1,22,t3 20 

4. A linear programming problem in standard form has m 

constraints and n variables. Prove that the number of extreme 

points is.at most) jo9( 2") 
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10.4 The Simplex Algorithm 

We are now in a position to describe the simplex algo- 
rithm, which is a practical method for solving linear program- 
ming problems, based on the theory developed in the preced- 
ing sections. The method starts with a basic feasible solution 
and, by changing one basic variable at a time, seeks to find 

an optimal solution of the problem. It should be kept in mind 

that there are finitely many basic feasible solutions. 

Consider a linear programming problem in standard form 

with variables 7), 72,...,2,, and m constraints: 

maximize: z= C’X 

AX <B 
subject to: { x>0 

Thus A is an mxn matrix. For the present we will assume 

that B > 0, which is likely to be true in many applications: 

just what to do if this condition does not hold will be discussed 

later. 

Convert the program to one in canonical form by intro- 

ducing slack variables tn+1,..-;2n+m: 

maximize: z= C7 X 

Hea Xe. Ax Xe =. 2 
subject. to: xX>0 

where 

A’ = (A | Im); 

an m x (n +m) matrix. Also X = (21 Z2 ... A eee ns 

C =(c1 cp ... Cn 0... 0)”. Notice that A’ has rank m since 

columns n+ 1,n+2,...,2 +m are linearly independent. 
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Recall from 10.3 that the extreme points of the set of 

feasible solutions are exactly the basic feasible solutions. Also 

keep in mind that in a basic solution the non-basic variables 

all have the value 0. 

The initial tableau 

For the linear programming problem in canonical form 

above we have the solution 

y= 2g = Sa = ON = OF, inte — One 

Since B > 0, this is a basic feasible solution in which the basic 

variables are the slack variables £n41,...,%n+m- The value of 

z at this point is 0 since 2 = cyxz] + -+-+ Cnn. 

The data are displayed in an array called the inztial 

tableau. 

Here the rows in the array correspond to the basic vari- 

ables, which appear on the left, while the columns correspond 

to all the variables, including z. The bottom row, which lies 

outside the main array and is called the objective row, displays 

the coefficients in the equation —c,27, —+::— cnt, + z = 0. 

The z-column is often omitted since it never changes during 

the algorithmic process. The right most column displays the 

current values of the basic variables, with the value of z in the 

lower right corner. 
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Entering and departing variables 

Consider the initial tableau above. Suppose that all the 

entries in the objective row are non-negative. Then c; < 0 
Tr 

and, since z = )> c;x; = 0, if we change the value of one of 
j=l 

the non-basic variables 71,...,2, by making it positive, the 

value of z will decrease or remain the same. Therefore the 

value of z cannot be increased from 0 and thus the solution is 

optimal. 

On the other hand, suppose that the objective row con- 

tains a negative entry —c;, so c; > 0. Since z= c1%, +--:+ 

Cn£2, and 1 < j < n, it may be possible to increase z by in- 

creasing 2;; however this must be done in a manner that does 

not violate any of the constraints. 

Suppose that the most negative entry in the objective 

row is —c;. The question of interest is: by how much can we 

increase the value of z;? Since all other non-basic variables 

equal 0, the 7th constraint requires that 

QijLj + 2n4j = 5i, 

so that. tpi; = b)— aijxj 2 0. Hence 

OEE ee 

fori =1,2,...,m. Now if a;; < 0, this imposes no restriction 

on x; since b; > 0. Thus if a;; < 0 for all 2, then x; can be 

increased without limit, so there are no optimal solutions. 

If a;; > 0 for some 7, on the other hand, we must ensure 

that 

The number 
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is called a 0-ratio for x;. Hence the value of x; cannot be 
increased by more than the smallest non-negative 6-ratio of 

x;; for otherwise one of the constraints will be violated. 

Suppose that the smallest non-negative 6-ratio for x; oc- 

curs in the ith row: this is called the pivotal row. One then 

applies row operations to the tableau, with the aim of making 

the 7th entry of column 7 equal to 1 and all other entries of the 

column equal to 0. (This is called pivoting about (2,7) entry). 
The choice of 7 and 7 guarantees that no negative entries will 

appear in the right most column. Replace z; (the departing 

variable) by x; (the entering variable). Now x; becomes a 
basic variable with value nt replacing z;. With this value of 

x;, the value of z will increase by b;c; / aij, at least if b; > 0. 

After substituting x; for x; in the list of basic variables, 

we obtain the second tableau. This is treated in the same way 

as the first tableau, and if it is not optimal, one proceeds to a 

third tableau. If at some point in the procedure all the entries 

of the objective row become non-negative, an optimal solution 

has been reached and the algorithm stops. 

Summary of the simplex algorithm 

Assume that a linear programming problem is given in 

standard form 

maximize: z= CO? X 

AX <B 
subject to: { X>0 

where B > 0. Then the following procedure is to be applied. 

1. Convert the program to canonical form by introducing 

slack variables. With the slack variables as basic 

variables, construct the initial tableau. 

2. If no negative entries appear in the objective row, the 

solution is optimal. Stop. 

3. Choose the column with the most negative entry in 
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the objective row. The variable for this column, say x ee 
is the entering variable. 

4. If all the entries in column j are negative, then there 
are no optimal solutions. Stop. 

5. Find the row with the smallest non-negative 0-value 

of x;. If this corresponds to x;, then 2; is the departing 

variable. 

6. Pivot about the (7,7) entry, i.e., apply row operations 

to the tableau to obtain 1 as the (7, 7) entry, with all other 
entries in column 7 equal to 0. 

7. Replace x; by x; in the tableau obtained in step 6. 

This is the new tableau. Return to Step 2. 

Example 10.4.1 

maximize: z = 87, + 9%2 + 5x3 

Z+242+2%73 <2 

2%, +3272+4273 <3 

321 + 322 + X3 <4 

©1,%2,23 2 0 

subject to: 

Convert the problem to canonical form by introducing 

slack variables 24, 75, %6: 

maximize: z = 8x, + 972 + 5243 

“1 +22 +273 +24=2 

27, +3272 + 4034+ 275 =3 

32, + 3272 + 73+ %e = 4 
subject to: 

The initial basic feasible solution is 7] = Z2 = 73 = 0, 

gq = 2, 25 = 3, Xe = 4, with basic variables 14, 5, Xe. The 

initial tableau is: 
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L1 *TQ FB Za X5 “6 

Here the z-column has been suppressed. The initial basic 

feasible solution r4 = 2, x5 = 3, rg = 4 is not optimal since 

there are negative entries in the objective row; the most neg- 

ative entry occurs in column 2, so £2 is the entering variable, 

(indicated in the tableau by *). 
The 6-values for x2 are 2, 1, ‘, corresponding to £4, ©5, X6. 

The smallest (non-negative) 0-value is 1, so x5 is the departing 
variable (indicated in the tableau by **). Now pivot about the 
(2,2) entry to obtain the second tableau. 

The objective row still has a negative entry, so this is not 

optimal: the entering variable is x;. The smallest 0-value for 

x1 is 1, occurring for x6, so this is the departing variable. Now 

pivot about the (3,1) entry to get the third tableau. 

Couey et Mal OVERS 
Ost mien) 1 -—2/3 |1/3 

IGNOW SD. aol I 

QheQoiul 0 1 2 
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Since there are no negative entries in the objective row, 
this tableau is optimal. The optimal solution is therefore 7; = 

1, 22 = 4, v3 = 0, giving z = 11. 

The next example shows how the simplex method can 

detect a case where there are no optimal solutions. 

Example 10.4.2 

maximize: z = 52, — 429 

Di = 9 < 2 

subject to: —27, +22 <2 

21,22 20 

Introduce slack variables x3 and x4 and pass to canonical 

form: 

maximize: z = 52%; — 4%9 

cy Parga org t= 2 

subject to: —27, +%2+%4 = 2 

Z1,%2,23,24 2 0 

The initial basic feasible solution is x; = 0 = Zo, r3 = 2, 

x4 = 2, with basic variables x3,24. The initial tableau is 

therefore 

The entering variable is x; and the departing variable 73. 

The second tableau is: 
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The next entering variable is x2; however all the entries 

in the x9-column are negative, which means that x2 can be in- 

creased without limit. Therefore this problem has no optimal 

solution. 

Geometrically, what happened here is that the set of fea- 

sible solutions is the infinite region of the plane lying between 

the lines 21 — x2 = 2, —2271 + 29 = 2, 41 =0, Tg = O. In this 

region z = 52%, — 4x2 can take arbitrarily large values. 

Degeneracy 

Up to this point we have not taken into account the pos- 

sibility that the simplex algorithm may fail to terminate: in 

fact this could happen. 

To see how it might occur, suppose that at some stage 

in the simplex algorithm the entering variable has two equal 

smallest non-negative 6-values. Then after pivoting one of the 

basic variables will have the value zero, a phenomenon called 

degeneracy. If in the next tableau the basic variable whose 

value was 0 is the departing variable, the objective function 

will not increase in value. This raises the possibility that at 

some point we might return to this tableau, in which event 

the simplex algorithm will run forever. 

In practice the simplex algorithm very seldom fails to ter- 

minate. In any case there is a simple adjustment to the algo- 

rithm which avoids the possibility of non-termination. These 

adjustments involve different choices of entering and departing 

variables, as indicated below. 

(i) To select the entering variable, choose the variable 

with a negative entry in the objective row which has the 

smallest subscript. 

(ii) To select the departing variable choose the basic 

variable with smallest non-negative 6-value and smallest 

subscript. 

This procedure is known as Bland’s Rule. It can be shown 
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that the simplex method, when combined with Bland’s Rule, 
will always terminate, even if degeneracy occurs. 

The Two Phase Method 

The reader may have noticed that our version of the sim- 
plex algorithm does not work if some constraints have nega- 

tive numbers on the right side. We consider briefly how this 
situation can be remedied. 

Consider a linear program in standard form: 

maximize: z= C7X 

AX <B 
subject to: { xX>0 

where A is m x n. As usual we introduce slack variables 

Ln4+1,-+-)Ln+m to obtain a problem in canonical form: 

maximize: z= C!X 

A Xu, 
subject to: { xX >0 

where A’ = [A | 1,,]. If some }; is negative, we can multiply 
that constraint by —1 to get an entry —b; > 0 on the right 

hand side. The problem now is that we do not have a basic 

feasible solution — for the obvious solution 7,4; = 5; is not 

feasible. What is called for at this point is a general method 

for finding an initial basic feasible solution for any linear pro- 

gramming problem in canonical form. 

Suppose we have a linear programming problem in canon- 

ical form: 
maximize: z= C?X 

Xoo 
subject to: { X>0 (I) 

where A is m xn. The problem is to find an initial basic 

feasible solution. Once this is found, the simplex algorithm 
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can be run. There is no loss in assuming that B > 0 since we 

can, if necessary, multiply a constraint by —1. 

The method is to introduce new variables yj, y2,.--,;Ym 

called artificial variables. These are used to form the auziliary 

program: 
™m 

maximize: z= — yS Yi 

i=1 

A Y= 
subject to: ‘ X,Y>0 (II) 

If (II) has an optimal solution X,Y with z = 0, then 

all the y; must equal 0 and thus AX = B. Hence X isa 

basic feasible solution of (I). On the other hand, if the optimal 
solution of (II) yields a negative value of z, there are no feasible 

solutions of (II) with Y = 0, i.e., there are no feasible solutions 
of (1). Thus if we can solve the problem (II), we will either find 
a basic feasible solution of (I) or else conclude that (I) has no 
feasible solutions. 

But can we in fact solve the problem (II)? The answer 
is affirmative:) forwX) =00,:yy = 4) -). jn = by is clearly 

a basic feasible solution of (II), so it can be used to form the 

initial tableau for problem (II). After solving (II), either we 
will have a basic feasible solution of (I) or we will know that 
no feasible solutions exist. In the former event the simplex 

algorithm can then be run for problem (I). This is known as 
the Two Phase Method. 

We summarize the two phases for solving the linear pro- 

gramming problem (1). 

Phase One 

Apply the simplex method to the auxiliary program (II). If 

there is no optimal solution or if the optimal solution yields 

a negative value z, then there are no feasible solutions of (1). 
Stop. Otherwise a basic feasible solution to problem I is found. 
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Phase Two 

Starting with the basic feasible solution obtained in Phase 

One, use the simplex algorithm to find an optimal solution of 

(1) or show that none exists. 

In conclusion, the Two Phase Method can be applied to 

any linear programming problem in canonical form. 

Example 10.4.3 

maximize: z = 27; — 2479 — 3473 + 274 

T+ 209 7+ °%3 + v4 =I8 

subject to: 32, + 6%2 + 223 ==-24 

This problem is given in canonical form. The Two Phase 

Method will be applied, the first phase being to find a basic 

feasible solution. To this end we set up the auxiliary problem: 

maximize: 2 = —Yy; — 42 —Y3 

21 + Qxe+ 2%3 + Uy =12 

eT zy + 220+ 23+ tat yo =18 
eRe cnc te 35-682 -283 + yg = 24 

The initial tableau for this problem is: 

Here the initial basic feasible solution is y; = 12, yo = 18, y3 = 

24, with z = —54. But notice that the entries in the objective 
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row corresponding to the basic variables are not 0; this is 

because z is expressed as —y1 — Yo — y3. We need to replace 

Y1, Y2, y3 by expressions in 21, 22,23, £4 and thereby eliminate 

the offending entries. Note that —y; = x1 + 2%2 + 2x3 — 12, 

—yo = 41 +2%9+273+24—-18 and —y3 = 3%, + 6%2 +273 — 24. 

Adding these, we obtain 

Z=—-Y1 — yo — y3 = 92, + 10%Q + 543 4+ X4 — 54. 

The next step is to use this expression to form the new 

objective row: 

This is the first tableau for the auxiliary problem. The enter- 

ing variable is x2 and the departing variable y3. The second 

tableau is: 

Ge Myre Ts 
Ome iP 

0 
1 

goin spared pe Pa apes 
0 

The entering variable is x3 and the departing variable is 
y1. The third tableau is: 
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The entering variable is x4 and the departing variable is 
y2. The fourth tableau is 

This tableau is optimal with z = 0. Hence we have a 

basic solution of the original problem, x; = 0, rq = 3, z3 = 3, 

t4 = 9. 

Now Phase Two begins. To obtain an initial tableau, in 

the final tableau of Phase 1 delete the columns corresponding 

to the artificial variables y1, y2,y3. The new basic variables 

are 23, 24,22. Replace the objective row by the entries of the 

original objective function, but retain 0 in the bottom right 

hand corner: 

Next eliminate the non-zero entries in the objective row 

corresponding to the basic variables x3,2%4,22. This is done 

by adding to the objective row (—2) x row 3, (—3) x row 1 

and 2 x row 2. This yields the tableau: 

*U1 VQ &3 Ba 
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The entering variable is x, and the departing variable is x2. 

The next tableau is: 

This tableau is optimal with solution 7; = 6, r2 = 0, r3 = 3, 

ia Qeande rsa pe 

In conclusion we remark that there is one possible situa- 

tion that the Two Phase Method cannot handle. It could be 

that in the final tableau of Phase One at least one artificial 

variable is basic. There is a modification of the Two Phase 

Method to deal with this possibility. The reader is referred to 

a text on linear programming such as [12] or [13] for details. 
Needless to say, we have merely skimmed the surface of 

linear programming. Recently an improvement on the simplex 

method known as Kamarkar’s algorithm has been discovered. 

Again the interested reader may consult one of the above ref- 

erences for details. 

Exercises 10.4 

In the following problems use the simplex method to solve 

the linear programming problem or show that no optimal so- 

lution exists. 

1, 

maximize: z= 3x — y 

ie oe ane tS ee ey 

subject to: 6 otf eee 

a AfeeeN 
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maximize: z= 24+ 3y 

ee nie <4 6G 

subject to: 22+ y° <10 

Ty 0 

minimize: z= —2x2 + 3y 

Bay Weep >? 

subject to: fe 2y < 4 

ery 0 

minimize: z = 3x, — 2%2 

Z1 +22 +273 <7 

subject to: 204 le G5 Ss 4 

Xj = 0 

maximize: z= 2%, + 2%. + %3-— 24 

371+. Zo +, 223 - 24 

subject to: 27, +422 — 423 

Lj = 0 

IA IA 

) 

maximize: z= 271 +%2+ 3%3 — X44 

subject to: 

ei ete bee ape bits 8 

2%, + 322 +4r4 < 6 

Sainte @2 +223 < 18 

LyveieD 
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7. Use the Two Phase Method to solve the following linear 

programming problem, noting that only one artificial variable 

is needed. 

maximize: z = 71 + 2% — 73 

subject to: 

221 oe ee L3 < 4 

4 | =f D2 ae 223 raged 

ceo 
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MATHEMATICAL INDUCTION 

Mathematical induction is one of the most powerful meth- 
ods of proof in mathematics and it is used in several places 
in this book. Since some readers may be unfamiliar with in- 

duction, and others may feel in need of a review, we present 
a brief account of it here. 

The method of proof by induction rests on the following 
principle. 

Principle of mathematical induction 

Let m be an integer and let P(n) be a statement or propo- 

sition defined for each integer n > m. Assume furthermore 

that the following hold: 

(i) P(m) is true; 
(ii) if P(m — 1) is true, then P(n) is true. 

Then the conclusion is that P(n) is true for all integers n > m. 

While this may sound harmless enough, it is in fact an 

axiom for the integers: it cannot be deduced from the usual 

arithmetic properties of the integers and its validity must be 

assumed. 
We shall give some examples to illustrate the use of this 

principle. 

Example A.1 

If n is any positive integer, prove by mathematical induction 

that the sum of the first n positive integers equals 5n(n + 1). 

Let P(n) denote the statement: 

1 
14+2+---+n= ann + 1). 

415 
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We have to show that P(n) is true for all integers n > 1. Now 
clearly P(1) is true: it simply asserts that 1 = 5 (2). Suppose 
that P(n — 1) is true; we must show that P(n) is also true. 
In order to prove this, we begin with 1+2+---+(n—1)= 
+(n—1)n, which is known to be true, and then add n to both 2 
sides. This yields 

1 1 
1+2+---+(n-1)+n=5(n—1)n+n= 5n(n + 1). 

Hence P(n) is true. Therefore by the Principle of Mathemat- 
ical Induction P(n) is true for all n > 1. 

Example A.2 

Let n be any positive integer. Prove by mathematical induc- 

tion that the integer 8"+1! + 92"~! is always divisible by 73. 

Let P(n) be the statement: 73 divides 8"*'+9?"-1. Then 
we easily verify that P(1) is true. Assume that P(n — 1) is 
true; thus 8" + 9?"~3 is divisible by 73. We need to show 
that P(n) is true. The method in this example is to express 
grtt 4 927-1 in terms of 8+ 92"—3: thus 

grt ss g2n-1 ae (8” zw aml i g2n-1 {ii Shorey 8 

8(8" i ie 2 aa, Sale (oe sh, 8) 

8(8” + 92"—3) + 73(92"—3), 

Since P(n—1) is true, the last integer is divisible by 73. There- 
fore P(n) is true. 

Occasionally, the following alternate form of mathemati- 

cal induction is useful. 

Principle of mathematical induction - alternate form 

Let m be an integer and let P(n) be a statement or propo- 

sition defined for each integer n > m. Assume furthermore 

that the following hold: } 
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(i) P(m) is true; 
(ii) if P(x) is true for all k <n, then P(n) is true. 

Then the conclusion is that P(n) is true for all integers n > m. 

Example A.3 

Prove that every integer n > 1 is a product of prime numbers. 

Let P(n) be the statement that n is a product of primes; 
here n > 2. Then P(2) is certainly true since 2 is a prime. 

Assume that P(k) is true for all k < n. We have to show 
that P(n) is true. Now if n is a prime, P(n) is certainly true. 
Assume that n is not a prime; then n = njn2 where n; and 

m2 are positive integers less than n. Hence P(n;) and P(ng) 
are true, so both n; and ng are products of primes. Therefore 

nm = N,Nz is a product of primes and P(n) is true. It now 
follows from the second form of the Principle of Mathematical 

Induction that P(n) is true for all n > 2. 

Exercises 

1. If n is a positive integer, prove by induction that the sum 

of the squares of the first n positive integers equals 

an(n + 1)(2n + 1). 

2. If n is a positive integer, prove by induction that the sum 

of the cubes of the first n positive integers equals ($n(n+1))?. 

3. Let uo, ui, U2,... be a sequence of integers which satisfies 

the recurrence relation Uni; = 2Un+3 and also up = 1. Prove 

by induction that u, = 2"t? — 3. 

4. Prove by induction that the number of symmetric n x n 

matrices over the field of two elements equals 2™("+))/2, 

5. Use the second form of mathematical induction to prove 

that each integer > 1 is uniquely expressible as a product of 

primes. 



ANSWERS TO THE EXERCISES 

Exercises 1.1 

i in ae de 2. (a) (—1)it5-1; (b) 464+ 5 — 4. 

Bee) be Oro; 06,2; 043, 03,4, 026; 01 12. 4. n should be prime. 

5. Diagonal matrices. 

Exercises 1.2 

3150 if 

Hips (E%) Omari Sale 
Ja Dyes 

lalate i Dek 2 eee 

(CLAt = | =) Ome le lens oly d eee 
Pips 5 ny 1 

3. Aismxnand Bisnxm. 4. AS=I5. 9. True. 
12. Numbers of books in library, lent out, lost are 7945, 1790, 

265 respectively. 

14. The matrix equals 

1 Bie Tt /o i iweb i apa 2: 
5/2 esc eae Ulin ch Be 
ipod aPy72 5 Sy meas 0 

18. (a) The inverse is + = a (b) not invertible. 

Oa 2 6 

A Wall aA Sle (Bre wh 

Co Ue 

Exercises 1.3 

2. A non-zero matrix need not have an inverse. 
3. gn? gn(n+1)/2- 

418 
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1 90 

AB = 0 pl 

i 

7. The integer 2 does not have an inverse. 

Exercises 2.1 

1. 2 =—c/3+ 4/3 — 1/3, ro = 4c/3 — 2d/3 + 11/3, x3 =, 
4 = 

a — 2¢/3 — 9/3, 22 = 2c/3 +. 7/3, 23 = c/3 4+ 2/3, 24 = 
Inconsistent. 

tee re, — Cyr. = U4 — 0. (bi tt = 7. = 7% = 

AOR WN Por? ——“Vors. 6.t 4-3. 7: n(n'+ 1)/2. 

Exercises 2.2 

le £32 = 2 gpm. 
Lf) f0 1 4/5 Js (goer 

Baz —3 0) 

Opin gue 1/5 
0 0 1 

ig0. L775 yu 245 0 
a) Is; (b = (eeti/s\ cy | 0 1 11 saeo 

0 0 0 0 0 O- 1 

: taal 
5. n(n+1)/2. 6. n*. 7. Ip and eae e 

8. The number of pivots equals n. 
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Exercises 2.3 

1 (29) (G $)(0 1) (0 1 2): 

tet iM dys Dd | egal gi, Leet beeen 
Teme engaged | UT he tha Baer 

A aul UP ge Digureeet tyne! 060.0 

(These answers are not unique). 

2. 

Le DING Bo 8 fae ee) 1 O02 

Os Bit un Usk 4 eee) ae Only @ 
le ee Ou. ~ lh UpeCae? tp athe Al 

lest 0 

Oateiany0 
ee 0 Se 

“oo OF 0 
3. (a) - (b) | 0 1) 0 }--5. n(n+1)/2 and n?. 

Ouel 0 00 0 

9 _3 2 -10 -6 

6. (a) 4 i: aL (b) —4 3. = Gy 3 1 cnos 
—1 24.03 

invertible. 

7. t = —3 or 2. 8. Entries on the principal diagonal must be 

non-zero. 

Exercises 3.1 

1. Odd; —a1142303g045052066074087.- 
2. Even; €18025033042051A67A76Ag9Qg4. 
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Beh Q eA, n(n!) —l. 5. M3 aL lis A413, M3 = os —Ao3, 

M33 = —6 = Az3. 6. 84. 7. (a) —40, (b) —30, (c) —36. 
OO wl re: . O 
1 sOo 0 x0 0 

9 Os O21 0 

OT/0 oO cf.) 4 

OL TOs 707 0 

Exercises 3.2 

1. (a) 133; (b) 132; (c) —26. 10. ua = 3, ug = 14, ws = 63. 

Exercises 3.3 

3] 16 CLy4! 0) 
2 @) (34) (b)-s | -15 -1l1 8]; 

Oe \ SF 28 
fa ee Oh 0 
(ie inthe vs 0 

Cc) /1 fy or Yo suai > St 
Oo 0. ~*0' 24 

4. (a) eee tee ee = Os (Drie eo 0, ee 

Fn 20 = HY eS = it, 

Exercises 4.1 

2. (a) No; (b) no; (c) yes; (d) yes. 

Exercises 4.2 

‘1. (a) No; (b) no; (c) yes. 2. (a) No; (b) yes; (c) yes. 3. 

Yes. 4. No. 

Exercises 4.3 

1. (a) Linearly independent; (b) linearly independent; 

(c) linearly dependent. 2. True. 3. True. 4. False. 

9. False. 10. No. 
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_ Exercises 5.1 

1. (a) Ey = 1/138(9X1+3X_2—8X3), Ep = 1/13(-3X1 —Xo+ 
7X3), EB = 1/13(—-17X, Se 10Xo + 18X3); 

(b) EB, = —-2Y, + 4Y2 — Y3, Bo = 4%, — 7Y24+ 2Y3, Bs = 

Y, — 3Y2 + Y3. 

2. (a) (-2.~11)?; (b) ()—11 0)* and (=2 104)" 
3.mn. 6. S=V. 8. —4(—110)? —2(-101)7. 

Exercises 5.2 

1. (a) Basis of the row space is (1 0 63/2), (0 1 18), basis of 
the column space is (1 0)7, (0 1)7; (b) basis of the row space is 
(1 0 5/19 25/19), (0 1 4/19 20/19), basis of the column space 
is.(1 04)’ (Om\h)} 
2. (a) 1+523/3, 2+ 23/3, 2? + 2°; 

©) (sjreir)> (aye -irn) 
5. m—r. 6. They are < rank of A and < rank of B. 

Exercises 5.3 

1. The subspaces generated by (1 0)7,(1 1)7,(01)7. 
2. dim(U) = n(n+ ie and dim(W) = n(n —1)/2. 5. False. 
6. Let U =< fi |i=1,...,.7> andW =< f; |i=4,...,14> 
where f; = a *. 
7. dim(U WW ) =33, dim(U 04) 1. 
8. Basis for U+-W is 1, x, x”, x3, basis for UNW is 1—2x+2?. 
11. dim(U;) +---+dim(U,). 12. No. 

—1/3 c/3+ 4/3 
ree: a es pars 

0 d- 
15. n—-1. 
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Exercises 6.1 

1. (a) None of these; (b) bijective; (c) surjective: (d) injective. 
ae Peta) = {94 5) / 2h 1/8, 

Exercises 6.2 

0; (b) yes; (c) no, unless n = 1. 

jog nn ; Oe 04 we 0 

ede ste tf 0e) at separa” 

Gem Oey: <5 

6. cos 2¢ sin 2 

sin 2p ..— cos 2¢ 

1/2 1/4 —3/4 yak ad: 
; on lee Ue 2 ot 

1 Oe -OF 1 

( 3 1-3) 9. They have different determinants. 

. The statement is true. 

Exercises 6.3 

1. (a) Basis of kernel is (—1 10 0)7,(-1010)7,(—100 1)", 
basis of image is 1; (b) basis of kernel is 1, basis of image is 
1, x; (c) basis of kernel is (—3 2)”, basis of image is (1 2)”. 
3. R°, Re and M(2,3, R) are all isomorphic: C° and P5(C) 
are isomorphic. 6. True. 10. They are not equivalent for 

infinitely generated vector spaces. 

Exercises 7.1 

We, 984%, 2s) 1/2/42(441e— 5) ws 1/1423) and 
1/V14. 4. 9/\/26. 5. Vector product = (—14 —4 8)7, area 

= 2,/69. 8. det(X Y Z)=0. 9. Dimension =n—lorn, 

according as X #0 or X = 0. 
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11. t(3—V243(V2+1)i (/2—-3)(1+4) 4)” wherei = /—1 
and t is arbitrary. 13. (X*Y/||Y||?)Y. 

Exercises 7.2 

1. (a) No; (b) yes; (c) no. 4. (a) No; (b) no; (c) yes. 
8. 23 — 1202+ 110x?. 9. 1/105(17 — 190 331). 

Exercises 7.3 

2.01//2(0 Oy — 1)7, 1/3(2 HAPM1/Vis =4 147. 
3. 1/V2(0.1.1)? 1 /3(@ — 2) 2)7, 1/V18(4 1 1)7. 
4, 1//7(1—6z2), ./5/154(2 +302 —4227). 5. (1/2 4 1/2)". 

1/3 4/18 
6G (ay —2/3  1//18 | and 

1//2 2/3 —1/V18 

Vv ne Wk 
R= |e 3 1/3 

0 0 5/718 

—i//3 \/3/10(2 + 42) /3 
8. The product of @ aes \/3/10(3 + 1) /3 ) and 

(v301=204/98) 10, Qo’ and R= R 
Exercises 7.4 

Ts a) ey 8/5, ey 193 [59 08) "1631, /665, 
nr, = —88/95, r3 = —66/95. 2. r = —70t/51 + 3610/51. 
3) pS Ha Ta/2 = 2/2. ory = 13/35, 2y°= 17/70, 
t3 = 1/70. 5. (—8e~* + 26e~) + (6e~1 — 18e-?)z. 
6. 12(71? — 10)/m? + 60(—m? + 12)x/m4* + 60(2? — 12) 2? /n5. 

Exercises 8.1 

1. (a) Eigenvalues —2, 6; eigenvectors t(—5 3)7, ¢(1 1)7; 
(b) eigenvalues 1, 2, 3, eigenvectors t(—1 1 2)7, ¢(—2 1 4), 
t(—1 1 4)7; (c) eigenvalues 1, 2, 3, 4, eigenvectors 
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(2=4=11)7,(0 —201)7,(0011)7,(0001)7. 5. False. 

ce @) ( 3 i)i@ Peas » hi 
OE) 4. 4 

8. They should be both zero or both non-zero. 13. Non-zero 
constants. 

Exercises 8.2 

d. (8) aS 4639 S30 det1) 2 = 3th 4 antl, 
(b) ym = 1/9(10-7"+5(—2)"+1), z, = 1/9(5-7" —2(—2)"*1), 
Be Mig SE 1/3(ao + 2b9 + 2.4" (ao = bo)), b= 1/3(ao + 2bo + 

4”(—ag + bo)) : if ag > bo, species A flourishes, and species B 
dies out: if ag < bo, the reverse holds. 

3. ry = 2/V5{((1 + V5)/2)" — ((1 — v5)/2)"}. 
4g = (22 7" + (-1)")/3 

a it one, — en ye CR Pe 
Zn = (38.4"~* + 3(—1)” — 5)/30. 
7. Employed 85.7%, unemployed 14.3%. 8. Equal numbers 

at each site. 9. Conservatives 24%, liberals 45%, socialists 

31%. 
4 

# 

Exercises 8.3 

1. (a) yy = —cye7*” + 2cpe", yo = cye~*” + coe"; 

(b) or = cre? — coe", yo = ce" + c2e**; 

(c) yr = cre + c3€8”, yo = —2cge", yz = coe” + ce”. 
2. yi = e?*(cos x+sin 2), yo = 2e7* cos x. 

3. y1 = (3cox — exe, Y2 = (—3eg2 +c, + C2 )e?” : particular 

solution y; = 6xe?*, ya = (2 — 6z)e?*. 
A. yy = ce” +c9e7* +c3€9" + c4e 3”, yo = —c1e* + 5cge7* + 
G26°*-7 Scans: 

5. nk. 7. (a) yr = —t1 + U2, Yo = U1 — 3ug where u; = 

c,cosh S2e + dysinh 2x and uz = cecosh 2x + dgsinh 22; 

(b) yy = —4u1 — U2, Yo = U1 + U2 where ui = cycosh 7+ 

d,sinh x and ug = cecosh 2x + dgsinh 272. 
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8. y, = (-1- J2)u1 +(-1+ V2)we, Yo = W1 + we where 

W, = c cos ux+d,sin ux and wa = c2cos vx + dgsin vx 

with u = aV2+ V2 and v =av2- v2. 

Exercises 9.1 

10a =1/,/3 2/./6 0 
1. (@) t/y2(_t 7 )80) ( 1/v3 a/ve -1/y2 } 

1/3 1/6 1/72 

Exercises 9.2 

1. (a) Positive definite; (b) indefinite; (c) indefinite. 
2. Indefinite. 6. (a) Ellipse; (b) parabola. 
7. (a) Ellipsoid; (b) hyperboloid (of one sheet). 
8. (a) Local minimum at (—4, 2); (b) local maximum at 
(—1 — 2, 1 — 2), local minimum at (14+ //2, -—1+ 2), 
saddle points at (,/2 — 1, /2+1) and (1 — /2, —1 — ,/2); 
(c) local minimum at (—2/5, —1/5,3/10). 

9. The smallest and largest values are sue and EE re 

spectively. 

11. The spheres have radii 0.768 and 0.434 respectively. 

Exercises 9.3 

eaaLNe Lik cere, le: 5 Ji (3 za 

3. dim(V ) =n?. 5. 224 yf +404, y§. 7. (a) Yes; (b) no. 

Pango Me 0. iyo 
eo) Nery eee |e Ms 

Veen 4 U 
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Exercises 9.4 

1. (a) x—2; (b) (a — 2)(x — 3); (c) 2? —1; (d) (x — 2)? (a — 3). 

42 0 \h Buhle) . ee 5.0) (5 1): (9 a):@ {011 
6. (a) (x — 4)(x + 1); (b) (x — 2 cg 1). 

7. A must be similar to G ‘e) where r+s =n. 

8. A must be similar to a block matrix with a block I,, t 

blocks ( 7 and a block 0, where r+ 2t+s=n. 

10. 

0 0 --- QO —a9 

Ly OSS POG a7 

O 1 «QO —a2 

Ee rs aa 

V1. yr = ($c0n? + (cr + co) + (co + c1))e”, yo = cre”, 
y3 = (cox + c)e”. 

Exercises 10.1 

i 

maximize: p= p121 + pot2 + p3X3 

Uj,21 + U2L2 + Uzr3 <8 

subject to : V1 21 + VeXq +323 <t 

Lj 2 0 

2. 

minimize: e=pxr+qy 

AceX + bey 2 Mc 

aru + bry 2 mz 

Apt + boyy 2 Mp 
r,y 20 

subject to : 
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a: 

maximize: z= —2%,; + %2+ aa = Eq = a4 

—21 — 242-2 +25 +244 <-5 

subject to: 321 +22 —- oe ba es gis ee 

Ei, Ua Ly , Bp = 0 

4. 

maximize: z= —27,; + 2%) + ce — Lf + Th 

—21 — 2249 —a} +23 +24+2%5 = —9d 

subject to: 321 + £2 — ios +i +i4a+2g=p4 
eo 

21,%2,%3 ,%3 ,%4,75,%G a 9) 

5. (c) eG AGEB: 

Exercises 10.2 

4. (a) In Exercise 10.2.1 the extreme points are (0, 2), 

(1/3, 7/3), (0, 3). 
(b) In Exercise 10.2.2 the extreme points are (0, 0), (3, 0), 

: 1), (6, 0), 
5. The optimal solution is x = 0,y = 6. 

Exercises 10.3 

1. The optimal solution is x = 3, y = 1. 

3. The optimal solution is x = 0, y = 10. 

4. The optimal solution is 7; = 0, rg = 2, z3 = 0. 

Exercises 10.4 

Lie 3,09 =) 

Sree. Oe iges d; 



Answers 

3. No optimal solution. 

4. at =U, Lp = 4, one ea ap 

Bry ely Tots 443: Batol 3, Ts aad: 

6. Ly =(), macy? 13, ts = 26/3, beamed 

7. Te; rs ta, Ea 10: 
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