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Ni prezentas la kompleta teoria di la Fun-
cion de Lebensztejn-Lerch-Clausen (LLC),
un unifikasion nevidita inter la Transcendento di
Lerch ®(z,s,a) e la Funcion di Klausen Clz(6).
Ni demonstras ke tota integralo di la formo
J R(z,Inz,sin(lnz), cos(ln z), tan(ln x)) dz, ube R
esas rationala funcion, posas primitiva expre-
sata ekskluzive en termini di la funcion mestra
Lo(z;5,a,b) = 2°®(cx?, 5,a), plus elementa ter-

Apresentamos a teoria completa da Fungao
de Lebensztejn-Lerch-Clausen (LLC), uma
unificacdo inédita entre o Transcendente de
Lerch ®(z,s,a) e a Funcao de Clausen Clz(6).
Demonstramos que toda integral da forma
J R(z,Inz,sin(Inz), cos(lnz), tan(In z)) dz, onde
R é racional, possui primitiva expressa exclusiva-
mente em termos da fungao mestra L, (z; s, a,b) =
wbé(aac%, s,a), acrescida de termos elementares.

mini.
We present the complete theory of the Mpr  mpeacraBiisieM  TOJHYIO TeOpuio (PYyHK-
Lebensztejn-Lerch-Clausen Function uun Jle6enmreiina-JIlepxa-Kiraysena (LLC)

(LLC), a novel unification between the Lerch
Transcendent ®(z,s,a) and the Clausen function
Cly(9). We prove that every integral of the
form [ R(z,Inz,sin(lnz),cos(lnz), tan(lnz)) dz,
where R is rational, has a primitive expressed
exclusively in terms of the master function
Lo(z;s,a,b) = 2°®(cz®,s,a), plus elementary
terms.

— HOBOe OObeJWHEHWEe TPaHCIEHAeHThl Jlep-
xa @(z,s,a) u Jyukmun Krayszena Cla(6).
Mel JOKa3bIBaeM, 9TO KarKIBId WHTErpaJl BHIA
J R(z,Inz,sin(Inz), cos(lnz), tan(In z)) dz, roe R
PAIMOHAJIbHA, UMeeT MePBOOOPa3HyI0, BbIparKa-
€MYI0 HUCKJIIOYUTE/bHO Yepe3 MacTep-QyHKIMIO
Lo(z;s,a,b) = 2°®(c2®,s,a), mwmoc saemenTap-
HBbIE CJIaraeMble.

I. Raclia / Portugués

1. Enkonduko / Introducgao

1.1 La Geneso di Ideo

En matematiko, la maxim granda deskubri li ofte
kasas su en la spaco inter du idei ke la mondo vidis
kom separata. Tia es la historio di la Funcion LLC.

La aitoro, Wilson Jacob Lebensztejn Gomes, labo-
ris dum multa yari en la kampa di integrali speciala.
La demando ke stimulis la tota teoria esis simpla, sed
profunda:

Kiom integrali di logaritmi kun trigonome-
triki funcioni posas esar solvata per un sola

1.1 A Génese da Ideia

Em matemadtica, as maiores descobertas frequente-
mente escondem-se no espago entre duas ideias que o
mundo via como distintas. Tal é a histéria da Fungao
LLC.

O autor, Wilson Jacob Lebensztejn Gomes, traba-
lhou por muitos anos no campo de integrais especiais.
A pergunta que estimulou toda a teoria foi simples,
mas profunda:

Quantas integrais de logaritmos com fungoes
trigonométricas podem ser resolvidas por uma
inica estrutura?



strukturo?

La responsa trovis su en la linguo di serii infinita e
numeri kompleksi.

1.2 La Epoko di Klausen: 1832

En 1832, la matematikisto Thomas Klausen, de Da-
nia, publikigis artikulo en la Journal fir die reine und
angewandte Mathematik. Ilu studis serii stranja:

> sin(nf)
Cly(0) = HZ::I R

Klausen ne savis ke tiu serio divenus instrumento
importanta por evaluar integrali logaritmika. Tiu fun-
cion, nun konocata kom Funcion di Klausen de du-
esma ordino, esis la unua briketo.

Kiom esas serio infinita? Pensez pri sumo sen
fino. La denominatori n? kreskas rapide, do la termini
divenas mikra, e la sumo konvergas.

1.3 La Epoko di Lerch: 1887

Duimo di sekulo pose, en 1887, Mathias Lerch de-
finis funcion plu generala:

n

D(z,8,a) = Z;) Mj—Tf'

Tiu Transcendento di Lerch generaligas multa
funcioni klasika: zeta di Hurwitz, polilogaritmo, zeta
di Riemann, eta e beta di Dirichlet.

1.4 La Sekreta di 140 Yari

Dum plu kam 140 yari, Lerch e Klausen esis studi-
ata kom separata temi. Ma la vero esis ke li esis du
faceti di un sola gemino. La Funcion LLC revelas ke
la diverseso di integrali esas iluziono.

A resposta encontrou-se na linguagem de séries in-
finitas e nimeros complexos.

1.2 A Epoca de Clausen: 1832

Em 1832, o matematico dinamarqués Thomas Clau-
sen publicou artigo no Journal fir die reine und an-
gewandte Mathematik. Ele estudou séries estranhas:

Cly(6) = i sin(g&)'
n=1

n

Clausen nao sabia que essa série se tornaria instru-
mento importante para avaliar integrais logaritmicas.
Essa func¢ao, hoje conhecida como Fun¢ao de Clau-
sen de segunda ordem, foi o primeiro tijolo.

O que é uma série infinita? Pense numa soma
sem fim. Os denominadores n? crescem répido, entéo
os termos ficam pequenos, e a soma converge.

1.3 A Epoca de Lerch: 1887

Meio século depois, em 1887, Mathias Lerch definiu
funcao mais geral:

oo n

D(z,s8,a) = Z (n—z&—ia)s'

n=0

Esse Transcendente de Lerch generaliza diversas
fungoes cldssicas: zeta de Hurwitz, polilogaritmo, zeta
de Riemann, eta e beta de Dirichlet.

1.4 O Segredo de 140 Anos

Por mais de 140 anos, Lerch e Clausen foram estu-
dados como temas separados. Mas a verdade era que
eram duas facetas de um mesmo gémeo. A Fungao
LLC revela que a diversidade de integrais ¢é ilusao.

2. Fondamenti / Fundamentos

2.1 La Transcendento di Lerch

Definison

La Transcendento di Lerch esas la serio

o0 Zn
®(z,s,a) = Z —
n=0 (TL + a)

valida por a # 0,—1,—-2,..., [2] < 1,0 |2| =1
kun Re(s) > 1.

Por altra valori, ®(z,s,a) esas definata per konti-
nuado analitika:
1 [e] ts_l —at
/ ° _at.
T(s) Jo 1—zet

Kiom komprenar? z esas butono ke kontrolas
la rapideso di konvergado. Se |z| < 1, la potensi z"
divenas mikra rapide.

2.2 La Funcion di Klausen

D(z,8,a) =

2.1 O Transcendente de Lerch

O Transcendente de Lerch é definido pela

série -
Zn
(I)(Z587a/) = Z VAR YY.
n=0 (n+a)8
védlida para a # 0,—1,-2,..., 2| < 1, ou |z| =

1 com Re(s) > 1.

Para outros valores, ®(z, s,a) é definido por conti-
nuacao analitica:
1 o] tsflefat
/ dt.
T(s) Jo 1—zet

Como entender? z é um botao que controla a
rapidez de convergéncia. Se |z| < 1, as poténcias z"
ficam pequenas rapidamente.

2.2 A Funcgao de Clausen

O(z,5,a) =




Definicao

La Funcion di Klausen de duesma ordino A F‘ungéo de Clausen de segunda ordem é
esas

Cly(6) = Z sin(n&). Cly(0) = i sin(nf
n=1

Tiu funcion havas reprezentacion integrala funda- Essa fungao possui representag‘éo integra] funda-
mentala: mental:

0
0 Cly(6 :—/ In
012(0):7/ 1n2sin;‘dt. 2(0) |
0

Essa identidade é a razao pela qual Clausen aparece
Tiu identeso esas la kauzo pro ke Klausen aparas naturalmente em integrais com logaritmos de seno e
nature en integrali kun logaritmi di sinuso e kosinuso. cosseno.
2.3 La Konexo Absoluta 2.3 A Conexao Absoluta

t
2sin —| dt.
51n2’

Teorema 2.3 Teorema 2.3

Para 0 € R,
() = Im[e”D(c?,2,1)] . Cly(0) = Im[e™®(e™,2,1)].
Pruvo. De la polilogaritmo: Demonstracdo. Do polilogaritmo:
0 zn@ 0 e X _ind
0 cos(nf) . sin(nf) N e’ cos( n@ sin( n@
L") =3 S =3 S Hi T )= - Z

n=1 n=1 n=1 n=1 n=1 n=1
La parto imaginara esas precize Cly(0). Proke Liz(z) = A parte imagindria é precisamente Clz(#). Como Liz(2) =
2®(z,2,1), la rezulto sequas. z2®(z,2,1), segue o resultado.

3.1 A Definigao
3. La Funcion LLC / A Fungao et
LLC

Para ¢ > 0, 0 € {-1,1}, s € C, a € C\
3.1 La Definison {0,-1,-2,...},be C:

Ly (x;5,a,b) = 2° ®(0x?, 5, a) |

Por z > 0, 0 € {-1,1}, s € C, a € C\

{0,-1,-2,...}, b€ C: A varidvel 22 = ¢?*!"# é um ponto no circulo unitério.
O fator 2® confere estrutura de série de Dirichlet com
‘ Ly (;5,a,b) = 2° ®(ox?, s, a) ‘ peso:
O.nxb+21n
Eg(x;s,a7b) ﬁ
] . . i n+a
La variablo 2% = e*!"® esas punto en la sirklo n=0
unita. La faktoro 2® donas strukturo di serio di Diri- 3.2 Os Quatro Parametros

chlet kun peso:

o o pbt2in Parametro Significado Operacional
Lo‘(x; S, @, b) -

(n +a)° Varidvel original ~Argumento original

Ordem da série  Poténcia (n + a)®

n=0

3.2 La Kvar Parametro li

Qo » 8

Deslocamento Posicao dos polos
Ponderagao Fator z* da integracdo
Parametro Signifo Operado 2.3 Estrutura da Série
T Variablo originala Argumento originala
5 Ordino di serio Potenco (n + a)®
a Desplaso Loko di poli
b Ponderasion Faktoro z¥ de integrado




3.3 Strukturo di Serio Teorema 3.3

Teorema 3.3

€o gNpbt2in a n—=0 (’I?,-FG,)S.
L, (z;s,a,b) ZT
(n+a)

n=0

Demonstracdo. Segue diretamente da definicao de

P:
Pruvo. Sequas direte de la definiso di ®: , s 0 ynpb+2in
T E — 2
b (022 N oMt n=0 n+a "o (nta)
x E — = E _—
n=0 (n + a)s n=0 (n + a)S

4.1 Séries de Fourier

4. Expanso Fundamenta / Expansiof e

Fundamental Validas para u € R:

4.1 Serii di Fourier
tanu = —2—1—222 yre2inu

=

Valida por u € R: cotu =i — 2 i e2inu_
00 n=0
— 9 ; n 2inu o
tanu = Z+2ano( 1) e ’ R = 22(_1)nei(2n+1)u'
o0
cotu=1— 27 Z e?inu,
n=0 Qual é a magia? Ordinariamente, tanu é com-
plicada. Mas Fourier mostra que é apenas soma de
secu = 2 Z )" el@nthu termos simples €2, Quando integramos, integramos
termo a termo!
g 4.2 A Integral Mestra

Kiom esas la magio? Ordinare, tanu esas kom-

plikata. Ma Fourier montras ke ol esas nur sumo de Teorema 4.2
termini simpla e

2imu  Kande ni integras, ni integras

. . Para b,a € C,
termino pos termino!
4.2 La Integralo Mestra / b1 iolna pbtia
e dx = —+C

Teorema 4.2 b+ia
Por b,a € C, Por que essa é a “mestra”? Porque, com u =
bria Inz, todas as integrais se tornam integrais de expo-
/xb—lem Ina g, — b rin +C. nenciais, e a integral de exponencial é apenas a mesma

exponencial dividida pelo coeficiente.
4.3 Férmula de Integracao LLC

Kial tiu esas la “mestra”? Pro ke, kun v =
In z, tota integrali divenas integrali di eksponenti, e la Teorema 4.3
integralo di eksponento esas nur la sama eksponento
dividata per koeficiento. /
/L

4.3 Formulo di Integrado LLC s—1,a,b—1)dx = L,(x;s,a,b) + C.

Teorema 4.3

/ﬁg(x;s— 1,a,b—1)dzx = L,(x;s,a,b) + C.

5.1 Clausen como Caso Particular



5. Unifikado / Unificagao

5.1 Klausen Kom Kazo Partikulara

Teorema 5.1

Por 0 € R,

Cly(0) = Im [El(ew; 2,1,1)].

Pruvo. Prenante z = €9, 0 = 1, s =

b=1:
L£1(€:2,1,1) = ?®(e?,2,1) = Lig(e").

Per Teorema 2.3, la parto imaginara esas Cly(6).
5.2 Lerch Kom Generaligo

Teorema 5.2

Pors=2ea=1:

(2n+1)Inz)
n+1)2 '

TmlC, (5;2,1,1)] = 3 - SmE
n=0

5.3 Diagramo di Unifikado

generaligo
Klausen LLC
specialigo
partikulara
Lerch

Teorema 5.1

Para 0 € R,

Cly(0) = Im[£L1(e;2,1,1)] .

Demonstra¢do. Tomando z = €, 0 =1, s = 2,

a=1,b=1:

L£1(e:2,1,1) = e ®(e?,2,1) = Lig(e®).

) ) )

Pelo Teorema 2.3, a parte imagindria é Cly(6).

5.2 Lerch como Generalizagao

Teorema 5.2

Paras=2¢a=1:

> omsin((2n + 1) Inz
So osinl(2n i)

Im[L,(;2,1,1)] = (n+1)2

5.3 Diagrama de Unificacao

generalizacao
Clausen LLC
especializacao
particular
Lerch

6. Sink Integrali / Cinco Integrais

6.1 Tangento

Problema 6.1

Kalkular /tan(ln x) dz.

Solusion. Kun v = Inz:

/e“ tanu du = —ie" + 24 Z(—l)
n=0

14+2in)u
e(i+2in)

14 2in

Rekonocante la serio di Lerch:

/tan(lnx) de=L_1(z;1,-%,1) —iz+ C|

6.2 Kotangento

6.1 Tangente

Problema 6.1

Calcular /tan(ln x) dz.

Solugao. Com u = Inx:

142in)u
eli+2in)

/e“ tanu du = —ie" + 2i Z(—l) _—
o 14 2in

Reconhecendo a série de Lerch:

/tan(lnaz) de = L_1(z;1, —%, 1) —iz+C|

6.2 Cotangente

Problema 6.2

Calcular / cot(lnx) dz.




Problema 6.2 Solugdo.

Kalkular /cot(ln x) dz. /cot(ln z)dr = —Li(z;1,—%,1) +iz+ C|

Solusion. 6.3 Secante

Problema 6.3

/cot(lnm) de = —Ly(z;1,—-%,1) + iz + C|

Calcular /sec(lnx) dx.

6.3 Sekanto

Problema 6.3 Solugao.

Kalkular /sec(ln x)dz. /sec(ln x)de =—iL_y(z;1,551+4) + C|
Solusion. 6.4 Logaritmo do Cosseno

Problema 6.4

/sec(ln:c)dac =—iL_1(z;1, 355, 1+4) + C|.

Calcular /ln(cos(ln x))dx.

6.4 Logaritmo di Kosinuso

Problema 6.4 Solugao. Por partes:

Kalkular /ln(COS(ln x)) dx. /ln(cos(ln z))dz = zIn(cos(Inz)) + L1 (251, —%,1) —iz + C |

Solusion. Per parteso: 6.5 Logaritmo do Seno

Problema 6.5

/ln(cos(ln z))dz = zIn(cos(Inz)) + L4 (2;1,—%,1) —

Calcular /ln(sin(lnx)) dx.

6.5 Logaritmo di Sinuso

Problema 6.5 Solugao.

Kalkular /ln(sin(lnx)) dz.

/ln(sin(ln z))dz = zIn(sin(lnz)) + L1(z;1,—%,1) —iz + C|

Solusion.

/ln(sin(ln z))dz = zIn(sin(lnz)) + L1(2;1, —%,1) — iz + C|.

7.1 Definigcao

7. Konstanto Katalana / Cons-  * Constante de Catalan G é:

o Nk
tante Catalana Yy D L 0.9159655041.

7.1 Definison
La Konstanto Katalana G esas:

— (=D* 11 T
G=S" " 1 .. ~0.9159655941. T _
;(QkJrl)? 3215 C12<2)—G-

Demonstracdo. Os termos pares dao zero. Os ter-
mos impares alternam sinal, dando precisamente a série
de G.

7.2 Aplicagcao




Pruvo. La termini para donas nulo. La termini Esse valor permite calcular:
impara alternas signo, donante precize la serio di G.

. /4 G
7.2 Aplikason / In(secz)dr = — — %1112 ~ 0.084572.
0

Tiu valoro permisas kalkular: 2
w/4
/ In(sec ) dz = & — T In2 ~ 0084572,
8.1 Continuidade Analitica
8. Proprietati / Propriedades Para Re(a) > 0:
. p ape l.b 00 ys—lp—at
8.1 Kontinuidad Analitika L (1 s.a.b) = i dt.
o’( y Oy Wy ) 2t
Por Re(a) > 0: L(s) Jo 1—ox%e
zb 0 ys—ly—at 8.2 Simetria
L,(x;8,a,b) = - dt. = :
(z;s,a,b) I‘(s)/o STy Para s =n €N
8.2 Simetria Lo(z;n,a,b)+(—1) "0 a= %L, (z;n,1—a,b—2i) =

ERY]
Pors=neN: (n—1)!

_ r(—1)"— 8,8 Assintota_
Lo(z;n,0,b)+(—1)"0 a2 Ly (250, 1—a,b—2i) = ((n )_ 1)?31"96%:? Moa®)~*(cot(ma) — )] .

21
8.3 Asimtotika Lo(x;s,a,b) ~ %4_ gx . + 0@t
Por x — oc: a®  (a+1)
1 ox? ;
‘Ca . b) ~ b | — s O 44
(z35,a,b) ~ [as Tt (z*)

Apresentamos a teoria completa da Fungao LLC,

9. Konkluso / Conclusao demonstrando que:

1. O transcendente de Lerch e a funcao de Clausen

Ni prezentis la kompleta teoria di la Funcion LLC, sdo casos particulares de uma unica estrutura.

demonstrante ke:

2. A funcdo mestra resolve de forma sistemética to-
1. La transcendento di Lerch e la funcion di Klausen

esas kazi partikulari di un sola strukturo.

3. O quarteto (z, s, a, b) codifica completamente cada
2. La funcion mestra solvas en formo sistematika integral.

tota integrali di la formo [ R(z,Inz,sin(Inz), cos(Inz), tan(Inz)) dz.
4. Cinco classes fundamentais de integrais nao ele-

3. La kvarteto (z, s, a, b) kodifikas komplete singula mentares receberam solucio explicita.

integralo.
A unificacdo revela que a aparente diversidade es-

4. Kvin fundamenta klasi di integrali ne-elementari ¢4 de sob a superficie uma estrutura simples e elegante.

recevis eksplicita solvi.

La unifikado revelas ke la aparenta diverseso kashas
sub la surfaco simpla e eleganta strukturo.

m(—1)""1zb o

dan

das as integrais da forma [ R(z,Inz,sin(Inz), cos(Inz), tan(In



I1. English / Pycckmii

1. Introduction / Beeaenue

1.1 The Genesis of the Idea

In mathematics, the greatest discoveries often hide
in the space between two ideas that the world saw as
separate. Such is the story of the LLC Function.

The author, Wilson Jacob Lebensztejn Gomes, wor-
ked for many years in the field of special integrals. The
question that stimulated the entire theory was simple,
yet profound:

How many integrals of logarithms with tri-
gonometric functions can be solved by a sin-
gle structure?

The answer was found in the language of infinite
series and complex numbers.

1.2 The Era of Clausen: 1832

In 1832, the Danish mathematician Thomas Clau-
sen published a paper in the Journal fir die reine und
angewandte Mathematik. He studied strange series:

=, sin(nd)
Ch(0) =) —
n=1

Clausen did not know that this series would become
an important tool for evaluating logarithmic integrals.
This function, now known as the Clausen function
of second order, was the first brick.

What is an infinite series? Think of a sum
without end. The denominators n? grow fast, so the
terms become small, and the sum converges.

1.3 The Era of Lerch: 1887

Half a century later, in 1887, Mathias Lerch defined
a more general function:

n

D(z,8,a) = Z (n—zi—ia)s'

n=0

This Lerch Transcendent generalizes several clas-
sical functions: Hurwitz zeta, polylogarithm, Riemann
zeta, Dirichlet eta and beta.

1.4 The Secret of 140 Years

For more than 140 years, Lerch and Clausen were
studied as separate topics. But the truth was that they
were two facets of the same twin. The LLC Function
reveals that the diversity of integrals is an illusion.

1.1 I'enesucugen

B maremaTnke BeJMYaine OTKPBITUS 9aCTO CKPbI-
BAIOTCsI B IPOCTPAHCTBE MEXKJIY JBYMS UJIESIMU, KOTO-
pble MUp CUNTAJ pa3aeJbHbIMA. TakoBa ucTopus QyHK-
muu LLC.

Aprop, Yuscon Ixeiiko6 Jlebenmreiin I'omec, pa-
00oTaJI MHOTO JIeT B 00JIACTH CHEINabHBIX HHTEI'DAJIOB.
Borpoc, koTopsiii cruMmyImpoBaJt BCIO TEOPUIO, OBLI ITPOCT,
HO TUIyOOK:

Cxoavko unmezpasos om n02apu@Pmos ¢ mpu-
20HOMEMPUHECKUMU PYHKUUAMU MOAHCEM ObMb
pewero eduroti cmpyxmypoti?

OtBer ObLIT HalijIeH B si3bIKe OECKOHEUHBIX PSIJIOB U
KOMILJIEKCHBIX IUCET.

1.2 DnoxaKiay3ena: 1832

B 1832 roxy marckuit matematuk Tomac Kiaysen
omybaukoBaJ cratbio B Journal fiir die reine und angewandte
Mathematik. OH u3ydaj CTpaHHbBIE PsJIbI:

o0 .
Cly(0) = Z smé?zﬁ).
n=1
KiiayseHn He 3HaJI, YTO 5TOT PsiJi CTAHET BAXKHBIM UH-
CTPYMEHTOM J[JIsi BBIYUCJIEHUS JIOTAPU(PMUIECKUX UH-
TerpaJjoB. DTa (QYHKIUS, HbIHE NU3BECTHAS KaK (PYHK-
mus Kiiay3ena BTOpoOro mopsigka, ObLia HEepBbIM
KAPIHTIAKOM.
Yo Takoe 6eckoHeuHbIN psaa? [Ipegcrasbre cym-
My 6e3 KoHTa. 3HaMeHaTe m n? pacTyT OBICTPO, TIO3TO-
MY YJIE€HBI CTAHOBSTCS MAJIBIMUA, U CYMMa, CXOJUTCH.
1.3 DnooxalJlepxa: 1887
[Tonseka cruycts, B 1887 roxy, Maruac Jlepx ompe-
Jerus 6osee o01IyI0 DYHKITHAIO:

n

b(z,s8,a) = Z (nj—ia)s'

n=0

Ota TpaHcueHaeHTa Jlepxa 006001aeT HECKOIb-
KO KJIaCCUIecKuX MyHKINi: q3eTa-pyHKImo [ ypBuIa,
nostusiorapudwM, n3era-gyHknuio Pruvmana, sta u 6era
Hupuxe.

1.4 Taitgal40 Jget

Boutee 140 ser Jlepxa u Kirayzena nsyganm kak or-
JenabHble TeMbl. Ho mpaBma Obla B TOM, ITO OHU ObI-
JIA JIByMsI IPaHsiMu OjiHOro 6JinsHena. @ynkmus LLC
PaCKpBIBAET, 9TO PA3HOOOpa3ne MHTErPAJIOB — UJLIIO-
3Usl.

2. Foundations / OcHoBbI

2.1 The Lerch Transcendent

2.1 Tpancoengenrallepxa

Omnpenenenue

Tpancuengenra Jlepxa — 310 psn

Z’Vl

CI)(Z, Saa’) = Z ma

n=0




The Lerch Transcendent is the series

oo Zn
(I)(Z757a) = Z T N\s’®
— (n+a)
valid for a # 0,—1,-2,..., |z2| < 1, 0r |z] =1

with Re(s) > 1.

For other values, ®(z,s,a) is defined by analytic

continuation:
1 [ee] tsfl —at
/ .
I(s) Jo 1—zet

How to understand? z is a button that controls
the speed of convergence. If |z| < 1, the powers 2"
become small quickly.

2.2 The Clausen Function

D(z,s,a) =

The Clausen function of second order is

Cla(6) = Z sin:;@).

This function has a fundamental integral represen-
tation:

0
012(9) = —/O In

This identity is the reason why Clausen appears na-
turally in integrals with logarithms of sine and cosine.
2.3 The Absolute Connection

t
2sin —| dt.
81n2‘

For 6 € R,

Cla(0) = Im[e®(e'?,2,1)] .

Proof. From the polylogarithm:

oo in@ oo oo .
. e e cos(nd) . sin(nf)
()= > T3 =2 =5 +i) =
n=1 n=1 n=1

The imaginary part is precisely Cly(0). Since Liy(z) =
z®(z,2,1), the result follows.

neficTBuTenbHbll npu a # 0, —1,—2,..., |z| < 1

win |z| =1 npu Re(s) > 1.

s apyrux suadennii ®(z, s, a) onpejesisiercsa aHa-
JIMTUYIECKUM IIPOJOJIZKEHUEM:

1 0 ts—le—at
dt.
I(s) /0 1—zet
Kak moHATH? z — 3T0 KHOIKA, KOHTPOJIUPYIONIAs
cKopocTh cxopuMmocti. Ecn |z| < 1, crenenn 2" 6bict-

PO CTAHOBATCS MAJIBIMU.
2.2 ®dyuknusaKiaysena

D(z,8,a) =

Omnpenenenue

dynknusa Kiaysena BToporo mopsigka —
3TO

n

Cla(6) = i sin(?;@)-

Ora yHKIMsA 001aaeT PyHIAMEHTATbHBIM HHTE-
IPaJIbHBIM IIpECTaBICHUEM:

Cly(6) = —/06 In

DTa TOXKJIECTBEHHOCTh sIBJISIETCS IPUYHHOMN, 110 KO-
Topoit Kjiay3eH ecrecTBeHHBIM 00Pa30M IOSIBJISIETCS B
WHTerpaJjax ¢ JorapudMaMu CHHYCa W KOCHHYCA.

2.3 AGcoroTHAsICBS3h

t
2sin —| dt.
51n2’

Teopema2.3

s 0 € R,

Cly(0) = Im[e™®(e™,2,1)] .

Loxazameavcmeo. VI3 monmmnorapudmas

= sin(nd)
iy )

n=1

o0 in@ oo

Lia(e) =3 Ty = >

n=1 n=1

Munmast gacts ectb TouHO Cly (). ITockonbky Lig(z) =
z2®(z,2,1), pesyabrar ciemyer.

3. The LLC Function / ®yukIu-
aLL.C

3.1 The Definition

3.1 Onpenenenue

Onpenenenue

Hua xz > 0,0 € {-1,1}, s € C, a € C\
{0,-1,-2,..},beC:

Lo (x;5,a,b) = 2° ®(02*, 5,a) |

[lepenmennas 22 = 2" % ecth TOUKA Ha € UHIIHOI

okpyxuOcTH. PaxTop ¥ MPHIAST CTPYKTYpY B3BEIICH-



noro psana Jupuxite:

For z > 0, 0 € {-1,1}, s € C, a € C\ o bt
{0,-1,-2,...}, be C: Lo(z;5,a,b) = z% hra
——
Lo(x;5,a,b) = 2° ®(02*, 5,a) | 3.2 Yernipenapamerpa
. 2% _ 2ilnz ; . .
The variable z* = e**'™7 is a point on the unit Mapamerp 3nauenue OnepanuoHHbIix

circle. The factor z¥ gives the structure of a weighted

Dirichlet series: x Ucxonnaa nmepemennas — Vcxonuslii apryMenT
s Topsiok psina Crenens (n + a)®
Loz:s,a,b) = i o gbt2in a Casur ITosioxxkenne mosrocoB
gAT IR . (n+a)s b Bec ®axTop 2’ mHTErpHpOBaAH
n—
3.2 The Four Parameters 3.3 CrpykTrypapsga
Teopema3.3
Parameter Meaning Operational
oo o™ Ib+27,n
T Original variable Original argument Lo(x;8,a,b) = o
s Series order Power (n + a)® n=0 (n+a)
a Shift Pole location
b Weight Factor z¥ from integratiofoxasamenvcmeo. Crieyer HEIOCPEACTBEHHO U3 OIpe-

nesienns P:

3.3 Series Structure

oo o.nxb+2in

b -
xz n+a - (TL—FCL)S'

n=0 n=0

O.nxb+21n

Ls(x;s,a,b) = tar

n=0

Proof. Follows directly from the definition of ®:

n ,.b+2in

> g'xr
xbz n+a —Zm

n=0

4.1 Panei®Pypbe

4. Fundamental Expansion / @yn-

AdaMeHTaJIbHOEepPa3JIo2KeHune Bepno st u € R:

4.1 Fourier Series
tanu = —1 + 2¢ E yre2inu

Z

oo
Valid for u S R: cotu =1 — 2i Z e?inu7

n=0

o n 27,nu 00
tanu = 2+21Z Secu:zz(_l)nei(ZnJrl)u.

cotu =1—2i E gZinu
n=0 B uém marua? O6brano tan u ciaoxua. Ho @ypbe
> , [TOKA3BIBAET, ITO TO JIUIIH CyMMa ITPOCTBIX CJIATAEMbIX
secu = 2 E (—1)nei@ntbu 2inu
: et Kora UHTErpupyeM, HHTEIPUPYEM TOUJIEHHO!
4.2 MacTtep-uHTEerpas

. J

What is the magic? Ordinarily, tanw« is compli-
cated. But Fourier shows it is merely a sum of simple
terms €2, When we integrate, we integrate term by
term!

10



4.2 The Master Integral Teopemad.2

Theorem 4.2 Hst b, € C,
For b,a € C, , ghtia
/xb—lezalnw dr = i
b—1 il gt bt
— o inx d — C'
/ e = bxia |

IToyemy 310 “macrep”? Iloromy 4uro mpu u =
In x Bce mHTErpaJibl CTAHOBATCSI MHTETPAJAMU OT IKC-
[TIOHEHT, & WHTErpaJjl OT SKCIIOHEHTHI — 9TO Ta YKe IKC-
[IOHEHTA, Je/IEHHas Ha KO3M UIIeHT.

4.3 ®opmymnaunnterpupoBanugaLLC

Why is this the “master”? Because, with u =
In x, all integrals become integrals of exponentials, and
the integral of an exponential is just the same expo-
nential divided by the coefficient.

4.3 LLC Integration Formula

Teopema4.3

Theorem 4.3

/Lg(x;s— 1,a,b—1)dx = L,(x;58,a,b) + C.

/ﬁa(x;s— 1,a,b—1)dx = L,(x;s,a,b) + C.

5.1 KnaysenkakvacTHbIcTydaii

5. Unification / Yuudukarus Teopema5.1

5.1 Clausen as a Particular Case I 6 € R,

Cly(0) = Im[ﬁl(ew; 2,1,1)] .

For 0 € R,

Jlokasamenvcemeo. Tpuanvas ¢ = ef

Cla(0) = Im[L4(e;2,1,1)] . 2a=1,b=1:

,o=1 5=

. 0. TR T (0
Proof. Takingz =€, 0 =1,s=2,a=1,b=1: £1(€";2,1,1) = e"@(e"™, 2,1) = Lia(e").

i i i i ITo Teopeme 2.3 Munmas gacTh ecth Cla(6).
L1(";2,1,1) = e®(e?2,1) = Lin(e"). P 2
1(e752,1,1) = e2(e”,2,1) f2(e") 5.2 Jlepxkakobo6Ienue

By Theorem 2.3, the imaginary part is Cly(6).

5.2 Lerch as Generalization Lempenii

Hnsgss=2wuna=1:

o0 n .
_ _ . o"sin((2n+1)Inz
For s =2 and a = 1: (L, (2;2,1,1)] :Z E;+1)2) )
. =0
(Lo (2:2,1,1)] = i o"sin((2n+ 1) Inz) "
[oa )= — (n+ 1)2
n=0 5.3 JuarpammayHudUKamum
5.3 Unification Diagram 060bIenne
Kanayszen LLC
generalization
Clausen LLC
CHEIUATA3AIUST
JaCTHBINA
dieul specialization
particular
Jlepx
Lerch

6.1 Taurenc

11



6. Five Integrals / IlarbunTerpa-
JIOB

6.1 Tangent

Problem 6.1

Calculate /tan(lnm) dz.

Solution. With v = Inx:

i (

e

vt d :—"“+2‘E 1)
/e anu du ie iy (1) T2

14+2in)u

n=0

Recognizing the Lerch series:

/tan(lnx) de = L_1(x;1, —%, 1) —iz+C|

6.2 Cotangent

Problem 6.2

Calculate /cot(lnx) dx.

Solution.

/cot(lna:) de = —Ly(z;1,-%,1) + iz + C|

6.3 Secant

Problem 6.3

Calculate /sec(lnx) dx.

Solution.

/sec(lngc)dac =—iL_1(z;1,55,1+4) + C|.

6.4 Logarithm of Cosine

Problem 6.4

Calculate /1n(cos(lnx)) dx.

Solution. By parts:

3amauab.1

Boraucinrb / tan(lnx) dz.

Pewenue. Tlpu v = In x:

/ e ( ) e(1+2in)u
e“tanudu = —ie" + 21 g -
= 14+ 2in

Pacnoznasas psiz Jlepxa:

/tan(lna:) de=L_i(z;1,—%4,1) —iz + C|

6.2 Koranrenc

3amauab.2

BoraucinTs /cot(lnx) dx.

Pewenue.

/cot(lnx) de=—Ly(z;1,—%, 1) +iz+ C |

6.3 CekaHc

3amaua6.3

Boraucinrh / sec(lnz) dx.

Pewenue.

/sec(lnm) de=—iL_y(z;1,55,1+4) +C|

6.4 JlorapudmKkocumyca

3amauab.4

Borauciurh / In(cos(ln x)) dx.

Pewenue. Ilo gactam:

/ln(cos(ln z))dr = zIn(cos(Inz)) + L_1(z;1,—5,1) —iz + C |

/ln(cos(ln z))dx = xIn(cos(Inw)) + L_q(z;1, -5, 1) —

6.5 Logarithm of Sine

Problem 6.5

Calculate /ln(sin(lnx))dx.

6.5 Jlorapudmcumyca

3amauab.5

Beraucants /ln(sin(lnx)) dz.

Pewenue.

/ln(sin(ln z))dr = zIn(sin(lnz)) + L1(z;1,—%,1) —iz + C|.
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Solution.

/ln(sin(ln z))dex = zln(sin(Inz)) + L4 (z; 1, _%,

1)

—iz+C|

7. Catalan Constant / IlocTosin-

HagKaraJiana

7.1 Definition
The Catalan constant G is:

o0

11
G— L 209159655941
;;) 2k n 1 *

7.1 Onpenenenue
ITocrossnnaa Karajsana GG — 310

G = i (DF 11 + ! ~ 0.9159655941
=2kl 35 e '

Teopema’©.l

Jloxaszamenvcmeo. HYéTHbIE WiIeHbl 00paImaioTcs B
aysib. HedéTHble diieHbl 4epenyioT 3HAK, /1aBas B TOY-
HOCTH psift st G.

7.2 IIlpumenenue

DTO 3HAYEHUE TTO3BOJISET BBITUC/IATD:

Proof. Even terms vanish. Odd terms alternate in

sign, giving precisely the series for G.
7.2 Application
This value allows one to calculate:

w/4
/ In(secz) dx = S In2 ~ 0.084572.

/4
/ In(secz) dx = G In2 ~ 0.084572.

8. Properties / CgoiicTBa

8.1 Analytic Continuation
For Re(a) > 0:

b fe%s) tsfl —at
Lo(x;8,a,b) = x)/ c
0

I'(s 1 — ox?iet

8.2 Symmetry
Fors=neN:

Lo(z;n,0,b)+(=1)"0 a2 Ly (250, 1—a,b—2i) =

8.3 Asymptotics
For z — oo:

1 ox?

Lo (x;5,a,b) ~ x° { +—+ (’)(x‘“)] .

a*  (a+1)°

8.1 AHaIuTU4YeCKOEITpoa0IKEeHNe

g Re(a) >0

l‘b o] ts 1,—at
Ls(x;8,a,b) = ) /0 STy dt.

8.2 Cummerpusi
Hna s =n e N:

ﬂ.(_l)nflzb o

. _1 n 71 —21 . 1_ _2 — _
Eo(x7n7a7b)+( ) ‘C (J:,n, aab Z) (n_1)| aan

_8.8 MOTOTHUKA
" jl }%ﬁ#ﬁuxm *(cot(ma) — )] .

1 21 )
Lo(z;5,a,b) ~xb | — + A O(z*)

a®  (a+1)°

9. Conclusion / 3akamouenue

Mar1 nipeictaBusn nmostayo Teopuio pyuknu LLC,
JIOKa3aB, 9To:

1. Tpancuennenta Jlepxa n dynkmua Knaysena —

We presented the complete theory of the LLC Func- YaCTHDBIE CIIYYaH €IUHOIl CTPYKTYPHL.

tion, proving that:

2. Macrep-(dyHKIUs CHCTEMATHIECKU PEIIaeT BCe

1. The Lerch Transcendent and the Clausen func- UHTErpaJjbl BUJA f R(x’ In z, Sin(ln x)7 Cos(ln x)’ tan(ln I)) dx.
tion are particular cases of a single structure.

3. Ksaprer (z,s,a,b) HOJIHOCTBIO KOAUpYET KarK-

13



2. The master function systematically solves all in- I MHTErpa.

tegrals of the form [ R(z,Inz,sin(Inz), cos(lnz), tan(In z)) da.
ATb QYHIAMEHTAIBHBIX KJIACCOB HEIJIEMEHTAD-

3. The quartet (z,s,a,b) completely encodes each HBIX UHTETPAJIOB MOy UIU/IN sIBHOE PEITICHUE.

integral.
Vuudukaims packpbIBaeT, YTO KaxKyIeecs pa3Ho-

4. Five fundamental classes of non-elementary inte- o06pa3sue CKpbIBaeT 0] IOBEPXHOCTHIO IIPOCTYIO U 3JIe-
grals received explicit solution. TaHTHYIO CTPYKTYDY.

The unification reveals that apparent diversity hi-
des beneath the surface a simple and elegant structure.
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