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Preface to the Second Edition

I suppose it does not happen very often that a second edition of a scientific book
is requested 17 years after the first edition was published. In this case, however, it
is exactly what happened. My wife and I were sitting in a small café preparing a
workshop that we were supposed to give 2 hours later when my mobile phone rang.
On the other end was a friendly gentleman from Switzerland asking whether I was
the author of this very book. When I agreed he asked me whether there was only
the first edition that he was aware of or whether there is a newer version with some
errata or some extra material. To fully understand my perplexity about this call out
of the blue I should explain that over the past 17 years I had dedicated my work life
not to the study of complex analysis, but to the subject of information security and
to teaching students the basics of mathematics and computer science at the Provadis
School of International Management and Technology. Puzzled, I answered that the
gentlemen should contact Birkhduser Publishing on these matters, which he said he
would do. Obviously, he did. A few weeks later I received the official request from
Birkhiuser to write a second edition. The requirement, however, was that the new
edition should not only correct typos, but contain about 10-15% new material. Hints
to the exercises would be nice. Now I had a problem. In the course of 17 years my
office had seen several PCs, laptops and external hard drives, but on none of them I
could find any remains of the documents or exercise collections from my university
days. And, to be honest, I was not able to recollect half of the solutions. So it was
a lucky strike when, by pure chance, I met a former colleague of mine, who turned
out to have collected his old university material, which contained a great deal of
the exercises I assigned to him when he took the course on complex analysis in
several variables. So my big thanks go out to Dr. Thomas Eckert and his habit of
not throwing away university documents even after almost two decades. Not all the
exercises in the book stemmed from our common university days, so I had to sit for
a few weeks and work my way into the subject again, finding solutions and finding a
way to give out hints that help readers to get so a solution without taking all the fun
of finding it away. There’s nothing better that the HEUREKA! moment of solving
a mathematical puzzle, which you have really struggled with. So I hope you enjoy
this new edition of Introduction to Complex Analysis in Several Variables as much
as I enjoyed writing it. Have a lot of HEUREKA! moments.
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I would like to thank Ms. Dorothy Mazlum of Birkhéduser Publishing for her
friendly encouragement and her always prompt replies to my questions.

Frankfurt am Main, Germany Volker Scheidemann



Preface to the First Edition

The idea for this book came when I was an assistant at the Department of
Mathematics and Computer Science at the Philipps-University Marburg, Germany.
Several times I faced the task of supporting lectures and seminars on complex
analysis of several variables and found out that there are very few books on the
subject, compared to the vast amount of literature on function theory of one variable,
let alone on real variables or basic algebra. Even fewer books, to my understanding,
were written primarily with the student in mind. So it was quite hard to find
supporting examples and exercises that helped the student to become familiar with
the fascinating theory of several complex variables.

Of course, there are notable exceptions, like the books of R.M. Range [9] or
B. Kaup and L. Kaup [6]; however, even those excellent books have a drawback:
they are quite thick and thus quite expensive for a student’s budget. So an additional
motivation to write this book was to give a comprehensive introduction to the theory
of several complex variables, illustrate it with as many examples as I could find and
help the student to get deeper insight by giving lots of exercises, reaching from
almost trivial to rather challenging.

Exercises are spread throughout the text and their results will often be referred
to, so it is highly recommended to work through them.

Above all, I wanted to keep the book short and affordable, recognizing that
this results in certain restrictions in the choice of contents. Critics may say that I
left out important topics like pseudoconvexity, complex spaces, analytic sheaves or
methods of cohomology theory. All of this is true, but inclusion of all that would
have resulted in another frighteningly thick book. So I chose topics that assume only
a minimum of prerequisites, i.e., holomorphic functions of one complex variable,
calculus of several real variables and basic algebra (vector spaces, groups, rings
etc.). Everything else is developed from scratch. I also tried to point out some of
the relations of complex analysis with other parts of mathematics. For example,
the Convergence Theorem of Weierstrass, that a compactly convergent sequence of
holomorphic functions has a holomorphic limit, is formulated in the language of
functional analysis: the algebra of holomorphic functions is a closed subalgebra of
the algebra of continuous functions in the compact-open topology.

Also the exercises do not restrict themselves only to topics of complex analysis
of several variables in order to show the student that learning the theory of several
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complex variables is not working in an isolated ivory tower. Putting the knowledge
of different fields of mathematics together, I think, is one of the major joys of the
subject. Enjoy!

I would like to thank Dr. Thomas Hempfling of Birkhduser Publishing for his
friendly cooperation and his encouragement. Also, my thanks go to my wife Claudia
for her love and constant support. This book is for you!
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Elementary Theory of Several Complex
Variables

In this chapter we study the n-dimensional complex vector space C" and introduce
some notation used throughout this book. After recalling geometric and topological
notions such as connectedness or convexity we will introduce holomorphic func-
tions and mapping of several complex variables and prove the n-dimensional ana-
logues of several theorems well-known from the one-dimensional case. Throughout
this book n, m denote natural numbers (including zero). The set of strictly positive
naturals will be denoted by N, the set of strictly positive reals by R .

1.1  Geometry of C"

The set C" = R" +iR" is the n-dimensional complex vector space consisting of all
vectors z = x + iy,where x, y € R"and i is the imaginary unit satisfying i*> = —1.
By z = x — iy we denote the complex conjugate. C" is endowed with the Euclidian
inner product

n
Glw) =Y zjw; (1.1)
j=1
and the Euclidian norm
lzll> := V/(zl2). (1.2)

C" endowed with the inner product (1.1) is a complex Hilbert space and the mapping
R" x R* - C", (x,y) > x + iy

is an isometry. Due to the isometry between C" and R” x R" all metric and
topological notions of these spaces coincide.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023 1
V. Scheidemann, Introduction to Complex Analysis in Several Variables,
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2 1 Elementary Theory of Several Complex Variables

> Remark 1.1 Let p € N be a natural number > 1. For z € C”" the following
settings define norms on C":

Izl := max |z
j=1

and

n
lzllp = | D 2"
j=1

I.lloo 1s called the maximum norm, ||. ||[, is called the p- norm. All norms define
the same topology on C". This is a consequence of the fact that, as we will show
now, in finite dimensional space all norms are equivalent.

Definition 1.2

Two norms Nj, N> on a vector space V are called equivalent, if there are
constants ¢, ¢’ > 0 such that

cNi (x) < Na(x) <c'Ny(x) forallx € V.
Proposition 1.3

On a finite-dimensional vector space V (over R or C) all norms are
equivalent.

Proof 1t suffices to show that an arbitrary norm ||.|| on V is equivalent to the
Euclidian norm (1.2), because one shows easily that equivalence of norms is an
equivalence relation (Exercise !). Let {b1, ..., b,} be a basis of V and put

M :=max {[|b1ll, ..., [Iball}.
Letx € V, x = 37_, a;b; with coefficients «; € C. The triangle inequality and

Holder’s inequality yield

[lx 1l

IA

> o ]

1
2

IA

n 2 é n 2
Do lel™) {22 il
j=1 j=1

Ixll2 v/n M.

IA
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Every norm is a continuous mapping, because |||x| — [|¥|l| < [|lx — y||, hence, ||.||
attains a minimum s > 0 on the compact unit sphere

S={xeV]lxll,=1}.
S is compact by the Heine-Borel Theorem, because dim V < oo. Since 0 ¢ S the

identity property of a norm, i.e. that ||x|| = O if and only if x = 0, implies that
s > 0. For every x # 0 we have

X
€S,
llxl2
which implies
>s5 > 0.
llxll2

This is equivalent to ||x|| > s ||x||, . Putting both estimates together gives
slxlly < llxll < V/nM |x|,,
which shows the equivalence of ||.|| and |||, . |

Exercise 1.4
Give an alternative proof of Proposition 1.3 using the 1-norm.

Exercise 1.5
Show that limp_, o lIzll , = llzllo forall z € C".

If we do not refer to a special norm, we will use the notation ||.|| for any norm
(not only p-norms).

Example 1.6

On infinite-dimensional vector spaces not all norms are equivalent. Consider the infinite-
dimensional real vector space C'[0,1] of all real differentiable functions with continuous
derivative on the interval [0, 1]. Then we can define two norms by

[ flleo == sup [f (x)]
xel0,1]

and

Ifller =1 Flloo + | £ -

The function f (x) := x", n € N, satisfies

[fllo =1, Ifllct =1+n.
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Since n can be arbitrarily large, there is no constant ¢ > 0 such that

Ifller = cllflloo

forall f e C'[0,1].

Exercise 1.7
Show that C! [0, 1] is a Banach space with respect to ||.||o1 , but not with respect to |||l -

Let us recall some definitions.

Definition 1.8

Let E be areal vector space and x,y € E.
1. The closed segment [x, y] is the set

,y]:=={tx+ (A -0)y|0 =<t <1}.
2. The open segment |x, y|[ is the set

I, y[={tx+ 1 -1y |0<t <1}.

(98]

. A'subset C C E is called convexif [x,y] C C forallx,y € C.

4. Let M C V be an arbitrary subset. The convex hull conv (M) of M is the
intersection of all convex sets containing M.

5. An element x of a compact and convex set C is called an extremal point of C

if the condition x € ]y, z[ for some y, z € C implies that x = y = z. The

subset of extremal points of C is denoted by 9., C.

Example 1.9
Letr > 0 and a € C". The set

B! (a) ::{ZE(C”| ||z—a||<r} (1.3)
is called the n-dimensional open ball with center a and radius » with respect to the norm ||.|| . It is

a convex set, since for all z, w € B, (a) and ¢ € [0, 1] it follows from the triangle inequality that
ltzz+ A =nwll <tlzl+ A=) llwl <tr+(0—-)r=r

The closed ball is defined by replacing the < by < in (1.3).

Exercise 1.10

Show that the closed ball with respect to the p-norm coincides with the topological closure of the
open ball. Show that the closed ball is compact and determine all its extremal points.



1.1 Geometry of C" 5

The open (closed) ball in C” is a natural generalization of the open (closed) disc
in C. It is, however, not the only one.

Definition 1.11

We denote by R’ the set of real vectors of strictly positive components. Let
r=(ri,...,rp) €R} anda € C".

1. The set
Pl (a):={z€C"| |zj —aj| <rj forall j=1,...,n}

is called the open polycylinder with center a and polyradius 7.
2. The set

T" (a) = {ze(C”| |zj—aj| =r; forall j = 1,...,n}

is called the polytorus with center a and polyradius r. If r; = 1 for all j and
a = 0 it is called the unit polytorus and denoted T".

» Remark 1.12 The open polycylinder is another generalization of the one- dimen-
sional open disc, since it is the Cartesian product of n open discs in C.Therefore

we also use the expression polydisc. For n = 1, open polycylinder and open ball
coincide. P (a) is also convex.

Lemma 1.13
Let C be a convex subset of C". Then C is simply connected.

Proof Lety :[0,1] — C be aclosed curve. Then
H:[0,1]1x[0,1] = C", (s,1) = sy (0) + (1 —s) y (1)
defines a homotopy from y to y (0) . Since C is convex we have
H(s,t)eC
forall s, t € [0, 1]. |
As in the one-dimensional case, the notion of connectedness and of a domain

is important in several complex variables. We recall the definition for a general
topological space.
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Definition 1.14

Let X be a topological space.

1. The space X is called connected if X cannot be represented as the disjoint
union of two nonempty open subsets of X, i.e., if A, B are open subsets of X,
A#P,ANB=Pand X = AU B, then B = (.

2. An open and connected subset D C X is called a domain.

There are different equivalent characterizations of connected sets stated in the
following lemma.

Lemma 1.15
Let X be a topological space and D C X an open subset. The following
statements are equivalent:

1. The set D is a domain.
2. If A # () is a subset of D which is both open and closed then A = D.
3. Every locally constant function f : D — C is constant.

Proof 1. = 2. Let A be a nonempty subset of D which is both open and closed
in D. Put B := D\ A. Then B is open in D, for A is closed, AN B = ¢ and
D = AU B. Since D is connected and A # {J we conclude B = @4, hence, A = D.

2. = 3. Letc e Dand A := f~'({f (¢)}). In C, sets consisting of a single
point are closed (this holds for any Hausdorff space). f is continuous, because f is
locally constant, so A is closed in D. Since ¢ € A, the set A is nonempty.Let p € A.
Then there is an open neighbourhood U of p, such that f (x) = f (p) = f (¢) for
allx e U,i.e.,U C A. Thus, A is open. We conclude that A = D, so f is constant.

3. = 1.1If D can be decomposed into disjoint open nonempty subsets A, B, then

1, z€e A
:D C, ’
f - ZI_>{0,ZEB

defines a locally constant, yet not constant function O

» Remark 1.16 In the one-variable case the celebrated Riemann Mapping Theorem
states that all connected, simply connected domains in C are biholomorphically
equivalent to either C or to the unit disc. This theorem is false in the multivariable
case. We will later show that even the two natural generalizations of the unit disc,
i.e., the unit ball and the unit polycylinder, are not biholomorphically equivalent.
This is one example of the far-reaching differences between complex analysis in
one and in more than one variable.
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Exercise 1.17
Let X be a topological space.

1. If A, B C X, suchthat A C B C A and A is connected, then B is connected.

2. If X is connected and f : X — Y is a continuous mapping into some other topological space
Y, then f (X) is also connected.

3. The space X is called pathwise connected if to every pair x, y € X there exists a continuous
curve

Yay : [0,1] —> X

with yyy (0) = x, yr,y (1) = y. Show that a subset D of C" is a domain if and only if D is
open and pathwise connected. (Hint: You can use the fact that real intervals are connected.)

4.1f (U /)j . 1s a family of (pathwise) connected sets which satisfies
(u; #9.
jelJ
then {J;¢, U; is (pathwise) connected.

5. Show that for every R > 0 and every n > 1 the set C" \ B (0) is pathwise connected.
6. Check the set

1
M::{ze(C‘O<Rez§1,Imz=sin }U[—i,i]
Rez
for connectedness and pathwise connectedness.

Exercise 1.18 )
We identify the space M), (C) of complex n x n matrices as a topological space with C" with the
usual (metric) topology

1. Show that the set GL,, (C) of invertible matrices is a domain in M,, (C) .
2. Show that the set U,, (C) of unitary matrices is compact and pathwise connected.
3. Show that the set P, (C) of self-adjoint positive definite matrices is convex.

Exercise 1.19
Let C C R”" be a compact convex set.

1. Show that
d.xC C aC.
2. Let P/ (a) be a compact polydisc in C" and T, (a) the corresponding polytorus. Show that

9ex P () =T (a).
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> Remark 1.20 By the celebrated Krein—Milman Theorem (see, e.g., [11, Theorem
VIII.4.4]) every compact convex subset C of a locally convex vector space
possesses extremal points. Moreover, C can be reconstructed as the closed convex
hull of its subset of extremal points:

C = conv (0, C)

Notation 1.21 In the following we will use the expression that some proposition
holds near a point a or near a set X if there is an open neighbourhood of a resp. X
on which it holds.

1.2  Holomorphic Functions in Several Complex Variables

1.2.1 Definition of a Holomorphic Function

Definition 1.22

Let U € C" be an open subset, f : U — C™,a € U and ||.|| an arbitrary norm
in C".

1. The function f is called complex differentiable at a if for every & > 0 there is
ad =4 (e,a) > 0 and a C-linear mapping

Df (a) : C*" - C™,
such that for all z € U with ||z — a|| < § the inequality
If () — f(a)—Df(a)(z—a)l <ellz—all
holds. If Df (a) exists it is called the complex derivative of f ina.
2. The function f is called holomorphic on U if f is complex differentiable at
alla e U.
3. The set
O (U, (Cm) = {f U — (C’"| fholomorphic}
is called the set of holomorphic mappings on U. If m = 1 we write
owWw):=0W,0C
and call this set the set of holomorphic functions on U.
This definition is independent of the choice of a norm, since all norms on C"

are equivalent. The proofs of the following propositions are analogous to the real
variable case, so we can leave them out.



1.2 Holomorphic Functions in Several Complex Variables 9

Proposition 1.23

1. If f is C-differentiable in a then f is continuous in a.
2. The derivative Df (a) is unique.
3. The set O (U, C™) is a C— vector space and

D (Af + pg) (@) = ADf (a) + nDg (a)

forall f,g e OWU,C™)yandall 1, n € C.
4. (Chain Rule) Let U C C", V C C™ be open sets, a € U and

feOW,V):={¢:U — V| ¢ holomorphic},
g€ O(V,(Ck).Thengof € (’)(U,(Ck)and
D (go f)(a)=Dg(f (a)) o Df (a).
5. Let U C C" be an open set. A mapping
f=U. fm):U—>C"
is holomorphic if and only if all components fi, ..., fim are holomorphic
functions on U.

6. OU)isaC— algebra. If f,g € O (U) and g (z) # Oforall z € U, then
geO(U).

Example 1.24
Let U C C" be an open subset and f : U — C be a locally constant function. Then f is
holomorphic and Df (a) =0 foralla € U.

Proof Leta € U and ¢ > 0. Since f is locally constant there is some § > 0, such
that f (z) = f (a) forall z € U with ||z — a|| < . Therefore

If @ —f@l=0=<elz—all

for all z € U with ||z —all < 4, i.e., f is holomorphic with Df (a) = 0 for all

ael. O
Example 1.25
Foreveryk=1,..., n the projection

pr; :C" - C, (z1,..., ) B> 2k

is holomorphic and D pr;, (a) = ey (the k-th canonical basis vector) for all a € C".
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Proof Lete > 0anda € C". Then

pry (2) — pry (@) — (z —aler)| =0 < ¢ |z —all
forall z € C". O

Example 1.26
The complex subalgebra C [z, ..., z,] of O (C") generated by the constants and the projections
is called the algebra of polynomials. Its elements are sums of the form

E ca?®
aeN?

with ¢, # 0 only for finitely many ¢, € C, where for z € C" and « € N" we use the notation

o . 2] «,
=7 2"

For instance, by the Laplace expansion formula, the determinant function
det: C"" — C: Z > detZ

is a polynomial function in the n? variables zj; for k,1 = 1, ...n, where z3; denotes the entry in
row k and column / of the matrix Z.
The degree of a polynomial

p@) = > caz”

aeN"
cq=0 for almost all

is defined as
degp::max{oq 4+ tay |laeN", ¢ ;AO}.
For example, the polynomial p (z1,2z2) := sz + z?z% has degree 6. By convention the zero

polynomial has degree —oo.The following formulas for the degree are easily verified by direct
computation:

deg (pq) = deg p + deggq,
deg (p + ¢) < max {deg p,degq}.

Exercise 1.27
Show that for all z, w € C" and all « € N”" there exists a polynomial g € C [z, w] of degree
la| := |le]l; such that

Z+w)*=z"+q(, w).

Exercise 1.28
Show that the polynomial algebra C[zy, ..., z,] has no zero divisors.
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Exercise 1.29
Show that the zero set of a non-constant complex polynomial in n > 2 variables is not compact in
C". (Hint: Use the Fundamental Theorem of Algebra). Compare this to the case n = 1.

Exercise 1.30
Show that every (affine) linear mapping L : C" — C™ is holomorphic. Compute DL (a) for all
aeCr.

Exercise 1.31
Let Uy, ..., U, beopensetsin Candlet f; : U; —> C be holomorphic functions, j =1, ..., n.

1. Show that U := U; x --- x U, is open in C".
2. Show that the functions

fiU—C G..coa e [] £i ()

j=1

and

g:U—>(C,(Zl,~.,Zn)'—>ij(zj)
j=1

are holomorphic on U.

1.2.2 Basic Properties of Holomorphic Functions
We turn to the multidimensional analogues of some important theorems from the

one variable case. The basic tool to this end is the following observation.

Lemma 1.32

Let U C C"beopen,a € U, f €¢ OWU),b € C"and V := Vyp.y =

{teCla+tbeU}.ThenV isopeninC, 0 € V and the function
8apb:V—=>Cit— f(a+1bh)

is holomorphic.

Proof From a € U follows that 0 € V.If b = Othen V = C. Let b # 0. If
to € V then zg := a + 1tob € U. Since U is open, there is some ¢ > 0, such that
B: (z0) € U.Put z; :=a +tb. Then

llzo — zell = llbll |0 — 1] <&
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for all r with |fg — ] < Hi\l’ ie., B”Z“ (to) C V. Since g, p is the composition of the
affine linear mapping ¢ — a + tb and the holomorphic function f, holomorphy of
8a,p follows from the chain rule. O

Conclusion 1.33
We have analogues of the following results from the one-dimensional theory.

1. Liouville’s Theorem: Every bounded holomorphic function
f:C¢"=cC

is constant.

2. Identity Theorem: Let D C C" be a domain, a € D, f € O (D), such
that f = QO near a. Then f is the zero function.

3. Open Mapping Theorem: Let D C C" be a domain, U C D an open
subset and f € O (D) a non-constant function. Then f (U) is open, i.e.,
every holomorphic function is an open mapping. In particular, f (D) is a
domain in C.

4. Maximum Modulus Theorem: If D C C" is a domain, a € D and f €
O (D), such that | f| has a local maximum at a, then f is constant.

Proof

1. Let a,b € C". The function g, »—, from Lemma 1.32 is holomorphic on C,
satisfies

8ab—a (0) = f(a), gap—a (1) = f (D)

and

8ab—a (C) C f(C").

Since f is bounded, g, »—s is bounded. By the one-dimensional version of
Liouville’s Theorem g, 5, is constant, hence, f (a) = f (b) foralla, b € C".
2. Let

U:={z€D| f=0nearz}.

By prerequisite a € U. U is closed in D, because either U = D (if f is the zero
function) or, by continuity of f, to every z € D \ U there exists a neighbourhood
W, on which f does not vanish, i.e., W C D \ U. Let c € U N D. There is
a polyradius » € R”, such that the polycylinder P, (¢) is contained in D and
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such that P. (¢) N U # @. Choose some z € P (c) and w € P, (c) N U. From
Lemma 1.32 we obtain that the set V,, ;_,,: p is open in C and because P; (c) is
convex, we have [0, 1] C V), ;—y:.p. Since f vanishes near w, there exists an
open and connected neighbourhood W C C of [0, 1] on which g, ;—,, vanishes.
This implies that P, (¢) C U, so U is open in D. However, since D is connected,
the only nonempty open and closed subset of D is D itself. Hence, U = D, i.e.,
f=0onD.

3. f (D) is connected, because D is connected and f is continuous (cf. Exer-
cise 1.17). We have to show that f (U) is open. Let b € f (U). There is some
a € U with b = f (a). Since U is open, there is a polycylinder P, (a) C U.
By the Identity Theorem f is not constant on P, (c¢), since otherwise f would
be constant on all of D, contradicting the prerequisites. This implies that there
is some w € C", w # 0, such that g, ,, from Lemma 1.32 is not constant on
V = V4,uw: P,(a)- From the one-dimensional theory we obtain that g, ,, (V) is an
open neighbourhood of b. Because

begawV)Cf(P(a)CfU),

f (U) is a neighbourhood of b. Since b was arbitrary, f (U) is open in C.
4. f (D) is openin C. Since

[.] : C — [0, +o0]

is an open mapping (Exercise !), the assertion follows.

Corollary 1.34 (Maximal Modulus Principle for Bounded Domains)

Let D C C" be a bounded domain and f : D — C be a continuous function,
whose restriction to D is holomorphic. Then | f| attains a maximum on the
boundary o D.

Proof Since D is bounded, the closure D is compact by the Heine—Borel Theorem.
Thus, the continuous real-valued function | | attains a maximum in a point p € D.
If p € 3D we are done. If p € D the Maximum Modulus Theorem says that f|p is

constant. By continuity, f is constant on D and thus | f| attains a maximum also on
aD. |

In the one-dimensional version of the Identity Theorem it is sufficient to know
the values of a holomorphic function on a subset of a domain, which has an
accumulation point. This is no longer true in more than one dimension.



14 1 Elementary Theory of Several Complex Variables

Example 1.35
The holomorphic function

f:(C2—>(C,(z,w)»—>zw

is not identically zero, yet it vanishes on the subsets Cx {0} and {0} x C of C2, which clearly have
accumulation points in C2.

Exercise 1.36
Let U C C" be an open set. Show that U is a domain if and only if the ring O (U) is an integral
domain, i.e., it has no zero divisors.

Exercise 1.37
Let D C C" be a domain and F C O (D) be a family of holomorphic functions. We denote by

N((F):={zeD| f(z)=0forall f e F}
the common zero set of the family F.

1. Show that either D \ N (F) =@ or D\ N (F) is dense in D.
2. Show that GL,, (C) is dense in M,, (C) .

Exercise 1.38
Consider the mapping

[0 — C% (z,w) > (2, zw)

Show that f is holomorphic, but is not an open mapping. Does this contradict the Open Mapping
Theorem?

Exercise 1.39
Let

f:X—E

be an open mapping from a topological space X to a normed space E. State and prove a Maximum
Modulus Theorem for f.

Exercise 1.40
Let D C C”" be a domain, B C D an open and bounded subset, such that also the closure B is
contained in D. Let d B denote the topological boundary of B and let f € O (D). Show that

da(f(B) C f(@B).

Does this also hold in general if B is unbounded?
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Exercise 1.41

Let B} (0) be the n-dimensional unit ball and f : B} (0) — C be holomorphic with f (0) = 0.
Let M > 0 be a constant satisfying |f (z)| < M for all z € B} (0). Prove the following n-
dimensional generalization of Schwarz’ Lemma:

1. The estimate | f (z)| < M ||z|| holds for all z € Bf (0).
2. The following estimate holds:

IDf Ol := sup |Df (0)z| <M.

lzll=1

1.2.3 Partially Holomorphic Functions and the Cauchy-Riemann
Differential Equations

As in real calculus one may consider all but one variable of a given holomorphic
function

@1,z f (@, 20)

as fixed. This leads to the concept of partial holomorphy.

Definition 1.42

LetU C C"beanopenset,a € Uand f : U — C.For j =1,...,n define
Uj:={zeC| (a1.,....aj-1,2,aj41,...,a,) € U}
and
J/‘; U —-Cz> f(al,...,aj_l,z,ajH,...,an).
f is called partially holomorphic on U if all f/ are holomorphic.
A function f holomorphic on an open set U C C" can also be considered as
a totally differentiable function of 2n real variables. Taking this point of view we
define

ck (U):={f:U — C| fis k — times R — differentiable} ,

where, as usual, &k = 0 denotes the continuous functions. In this case we leave out
the superscript. Let @ € U and f € C! (U) . Then there is an R-linear function

daf:RZ”—>(C
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called the real differential of f at a, such that

f@=f@+daf c=a)+0 (Iz—al?).

Comparing this to Definition 1.22 we can say that f is C-differentiable at a if
and only if d, f is C-linear. This shows that it makes sense at this point to look a
little closer at the relationships between R-linear and C-linear functions of complex
vector spaces.

Lemma 1.43
Let V be a vector space over C and V¥ its algebraic dual, i.e.,
V¥ ={u:V—>C| pisC— linear}.

Further, we define

v ={u:V —> C| nisC— antilinear}
={u:V—->C| nisC— linear}
and

Vf{::{/LIV%C| wis R — linear}.

. #
Then Vf{ is a complex vector space, V¥, V" are subspaces of VE and we have
the direct decomposition

vi=vta v

Proof The first propositions are clear. We only have to prove the direct decompo-

.. . # . . .
sition. To this end let & € V# N V" and z € V. Since p is both complex linear and
antilinear we have

miz)=in(@)=-in@@,
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which holds only if 4 = 0. To prove the decomposition property let u € Vﬂg. We
define

n1 (@) = _ (@) —ip(iz)),

[N NS

n2(2) == | (k@) +ip(iz)).

An easy computation shows that w1, uo are R-linear and that ;1 + w2 = . Now
. Lo .
w1 (iz) = ) (m(iz) —ip (=2))

1
= i2 (m (@) —ip(iz) =ip(2)

and
. 1 . .
u2 (iz) = ) (n@z)+ip(=2))
! . .
=-i, (@) +ipn(iz) = —ipn2(2),
which shows that z; € V* and jo € V" O

We use this lemma in the special case
V.=C"=R"+IiR".
Letw =u+ive V.Forj=1,...,n consider the linear functionals
dxj,dy; :C" = C, dx; (w) :=uj, dy; (w) :=v;.
Clearly, dxj, dy; € Vi and
dxj(iw) =—vj, dy; (iw) =uj.
Now define
dz; (w) :=dx; (w) +idy; (w), dz; (w) :=dx;(w) —idy; (w).
We then have

dzj (W) =uj +iv; =dx; (w) —idx; (iw),

dzj (W) =u; —iv; =dx; (w) +idx; (iw).



18 1 Elementary Theory of Several Complex Variables

As in Lemma 1.43 we obtain
# #
dz; e V', dzj eV .

By applying linear combinations of the dz; resp. dz; to the canonical basis vectors
e1,...,e, of C" we find that the sets {dzi,...,dz,} resp. {dz1,...,dz,} are

linearly independent over C, thus forming bases for V# resp. V" Their union then
forms a basis for Vfg by Lemma 1.43. This leads to the following representation of
the real differential d, f :

dof =3 (aj (f.aydz; + B (f,a)dz)) (1.4)

j=1
with unique coefficients «; (f, a), B; (f,a) € C.

Notation 1.44 Let o (f, a), Bj (f, a) be the unique coefficients in the representa-
tion (1.4). We write

N
0z (@) :==waj(fia), 3;f (a):= 0z (a):==Bj(f.a).

d jf (a) :=
Definition 1.45
The linear functional

af

0z; (@w,;

n a n
Baf::Za; (a)dz; :(C"—)(C,wr—)Z
j=1

J j=1

is called the complex differential of f at a. The antilinear functional

n 8f n 8f
0 f == dz; : C" - C, .
of Z b, @42 € > Cwe Z Oy
Jj=1 j=1
is called the complex-conjugate differential of f ata.

With these definitions we can decompose the real differential

dof = 0uf +0af € (C) @ . (1.5)
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These results can be summarized in

Theorem 1.46 (Cauchy-Riemann)

Let U C C" be an open set and f € C' (U) . Then the following statements

are equivalent:

. The function f is holomorphic on U.
. Forevery a € U the differential d, f is C-linear, i.e., d, f € (C*)*.
. For every a € U the equation 9, f = 0 holds.

B W=

equations

0
f (@y=0forallj=1,...,n
0z;

onU.

Exercise 1.47
(Wirtinger Derivatives) Let U C C" be open, a € U and f € C' (U).

1. Show that

of L (af . of of . L[(of . of
a2, (”)_2<axj ’ayj)(“)’ 9z, (“)_z(aij“'ayj)(”)’

where 5){ B :j _ denote the real partial derivatives.
J J

. For every a € U the function f satisfies the Cauchy—Riemann differential

19

2.LetU c C"beopen,a € Uand f = (fi,..., fn) € OU,C™). Let Df (a) = () €

M (m, n; C) be the complex derivative of f in a. Show that

b
g = fi (@)
dz;

forallk=1,...,mandl =1,..., n.

3. LetE- be defined as in Definition 1.42. Show that if f is holomorphic on U then f is partially

holomorphic and satisfies the equations

9 N
/ @ = f; (aj) forall j=1,....n.
9z;

Exercise 1.48

Let U Cc C" beopen and f = (fi,..., fm) : U — C™ differentiable in the real sense. Prove the

formulas

d fi a a af;
fk:<fk) fk:(fk)forj:1,...,nandk:1,...,m.

9z az; ) " 0z 9z
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> Remark 1.49 It is a deep theorem of Hartogs [5] that the converse of Exer-
cise 1.47.3 also holds: Every partially holomorphic function is already holomor-
phic. The proof of this theorem is beyond the scope of this book, however, we
will use the result. Note the fundamental difference from the real case, where a
partially differentiable function need not even be continuous, as the well-known
example

0, if (x,y)=1(0,0)
‘R? > R, (x, .
PR REIIE i 0 £ 0,0

shows. Readers who are not familiar with this example should consider
lim ¢ (x, x).
x—0

Exercise 1.50
Show that the inversion of matrices
inv:GL, (C) > GL,(C),Z+ Z!

is a holomorphic mapping (Hint: Cramer’s rule).

Exercise 1.51
Letm € Ny and f € O (C") be homogenous of degree m, i.e., f satisfies the condition

fa)=1"f(2)

for all z € C" and all r € C. Prove Euler’s identity

n

of .
> 4., @z=mf @

=1

for all z € C".

1.3  The Cauchy Integral Formula

Probably the most celebrated formula in complex analysis in one variable is
Cauchy’s Integral Formula, since it implies many fundamental theorems in the one-
dimensional theory. Cauchy’s Integral Formula allows a generalization to dimension
n in a sense of multiple line integrals. We start by considering the polytorus 7" (a).
Fora € C" and r € R’} let

T! (a) := {ze(cn ||Zj—aj|=rj, j:l,...,n}.
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T (a) is a copy of n circles in the complex plane and is contained in the boundary
of the polydisc P/ (a) . Let

f:T" (@ —C

be continuous and define i : P/ (a) — C by the iterated line integral

(Y J (w)
h(z) = <2m,> ot

T (a)

'_< 1 )" / / fw)dw; ---dwy

' 27i (Wp —zn) - (w1 —21)
|wp—an|=rn |lwy—ayl=r

where the notation f|w —aj|=r; stands for the line integral over the circle around a;
J JI—]

of radius r;. Recall that the integral is independent of a particular parametrization,
so we may use this symbolic notation.

Lemma 1.52
The function h is partially holomorphic on P (a) .

Proof Let b € P! (a). Choose some § > 0, such that |z/~ - aj| < rj forall z
satisfying |zj — bj| <8, j=1,...,n. Then the function

o~

hj:Bs(bj) = C,zjr>h(bi,....bj—1,2j,bjs1,...,by)

is continuous. Choose a closed triangle A C Bal (b j) . The theorems of Fubini—
Tonelli and Goursat yield that

[ #eyaz =o.
I
By Morera’s theorem 17] is holomorphic. O

Applying Hartogs’ theorem we see that £ is actually holomorphic.

Notation 1.53 Leta = (ay, ..., a,) € N*. We call o a multiindex and define

PEET IR R
a+1:=(a1+17-'-aan+1)7

ol i=ap! oyl
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For z € C" and a multiindex o« we write

o
Xi=z

and we define the partial derivative operators

glal

D% := .
8z .. 9z

Theorem 1.54
Let U C C" be open, a € U, r € R, such that the closed polycylinder

P (a) is contained in U. Let f : U — C be partially holomorphic. Then for
allo e N" and all z € P} (a):

1. Cauchy’s Integral Formula, CIF:

prro= [T

Qmi)" (w—zt
T} (a)
2. Cauchy inequalities:
al
|D* f (2)| < o ) o

Proof

1. We prove the formula by induction on n. The case n = 1 is known. Chose r’ €
R%, such that r; < r;. for all j and such that P/' (@) C P/ (a) C U. Let
z=(z21,...,2n) € P[ (a). Then the function of one complex variable

g'_)f(zla...,anlsg)

is holomorphic on the open disc defined by |, — a,| < r},. The one-dimensional
version of CIF yields

1 e Zn—1, W
f@,....z) = i / f “nl n)dU)n.
i w

n — Zn
|wn—an|
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For fixed w,, the function

(le "'7an1) = f(zls ---7Zn717 wn)

is partially holomorphic on the polydisc defined by |zj| < r}, j=1...,n—1
The rest of the proof now follows by the induction hypothesis and differentiation
under the integral.

2. Standard estimate for line integrals over circles, as in one dimension.

Exercise 1.55
Let T" C C" be the unit polytorus and p, v € N". Compute the integral

1 n g/_‘,
(ani) [ ot

T

1.4 O (U) as aTopological Space

This section studies convergence in the space O (U) of holomorphic functions on
an open set U C C". To this end we introduce the compact-open topology on
O (U), which turns O (U) into a Fréchet space. The major results of this section
are Weierstrass’ Convergence Theorem and Montel’s Theorem. Readers with a
profound knowledge of functional analysis may skip the part about locally convex
spaces.

1.4.1 Locally Convex Spaces

We collect some basic facts about locally convex spaces, i.e., topological vector
spaces whose topologies are defined by a family of seminorms.

Definition 1.56
Let k be one of the fields R or C and V a k-vector space. A seminorm on V is a

mapping p : V — [0, +oo[ with the following properties:

1. The mapping p is positively homogenous,i.e., p (ax) = |a| p (x) foralle € k
andallx € V.
2. The mapping p is subadditive,ie.,p (x +y) < p(x)+p (y) forallx,y e V.

Example 1.57
Every norm ||.|| on a vector space V is a seminorm.
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Example 1.58
Let R [a, b] be the space of (Riemann-)integrable functions on the interval [a, b] and let

b
p:’R[a,b]—)]R,f»—)/ |f()|dt.

Then p is a seminorm, but not a norm, because p (f) = 0 does not imply f = 0. For instance,
take the function

1,t=a

f:[a’b]_)R’tH{O,t;éa'

Seminorms on vector spaces can be used to construct topologies on these spaces.
In contrast to the topologies defined by norms, topologies defined by seminorms
need not be Hausdorff.

Lemma 1.59
Let I be an index set, V a (real or complex) vector space and (p;);c; a family
of seminorms on V. For a finite subset F C I and ¢ > 0 put

Up.e =[x €V | pi(x) <&}
ieF

and define
U:={Up.| € >0, F C I#F < oo}.
Then the set

T :={0 C V| Forall x € O there is some U € |, such that x + O C U}

defines a topology on V.

> Remark 1.60 A vector space with a topology induced by a family of seminorms
as above is called a locally convex space. The topology 7 turns V into a
topological vector space, i.e., vector addition and multiplication with scalars are
continuous mappings with respect to this topology. Locally convex spaces are
studied in depth in functional analysis.
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Proof Trivially, 7 contains V and the empty set. Let J be an index set and (0 j)je 7
be an arbitrary family in 7. Put

0:=Jo;

jeJ

andlet x € O. Then x € O; for some index j. Since O; € T, there is some U €
with

hence, O € 7. Now let Oy, ..., O, be open sets, i.e., elements of 7. Put

0= ﬁ 0;
j=1

and let x € O. Since every O; is open, there are sets U; € 4, such that
x+Uj € 0.
Every U; is of the form
Uj=Urjs,

with F; a finite subset of I and ¢; > 0. Put

n
n
g€ :=ming;, F = | |Fj.
j=1 .
j=1

Then ¢ > 0 and F is also a finite subset of /. Further
Ur.. C O,

thus,

n
x4 Up. C ﬂ(x+U,~)c 0.
j=1
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Exercise 1.61

Show that a locally convex space (V, 7) is a Hausdorff space if and only if the family (p;);<; of
seminorms separates points, i.e., if for all x € V, x # 0 there is some index i € I, such that
pi (x) > 0.

Exercise 1.62
Let V be a locally convex Hausdorff space whose topology 7 is induced by a countable family
(pi)ien of seminorms. Show that the definition

(o)

n Pn(x—y)
d(x,y):= 27" forallx,y e V
() ngo 1+ oy G ) orall x, y

defines a metric on V and that the topology 7, induced by this metric coincides with 7.

» Remark 1.63 Topological vector spaces whose topologies can be induced by a
metric are called metrizable. If the topology can be induced by a norm they are
called normable. Note that the metric of Exercise 1.62 is not induced by a norm,
since

d@0,x) <2
for all x € V. If d were induced by a norm ||.|| then forall A € Cand all x € V,
d (0, 2x) = [|Ax || = [A] x| -
If x # 0 we can choose A with |A| > HJZCH‘

In the abstract setting of general locally convex spaces the sets Ufr.. play the
role of the open e-balls B} (0) in C" or R”", ie., they form a basis of open
neighbourhoods of zero. This analogy is mirrored in the definition of convergence.

Definition 1.64

Let (V, (Pidie 1) be a locally convex space, 7 the topology induced by the family
(pi);c; of seminorms and 4l the basis of neighbourhoods of zero as defined in
Lemma 1.59.

1. A sequence (xj)jEN in V converges to the limit x € V if for every U €
there is some N = Ny € N, suchthatx — x; € U forall j > N.

2. The sequence (x /)j <y 18 called a Cauchy sequence if for every U € U there is
some N = Ny € N, such that x; — x; € U forallk,/ > N.

3. The space V is called sequentially complete with respect to the topology 7 if
every Cauchy sequence convergesin V.

» Remark 1.65 In functional analysis the general notion of completeness is defined
by means of so-called Cauchy nets, which are a generalization of Cauchy
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sequences. The interested reader may refer to standard literature on functional
analysis, e.g., [11]. For our purposes the notion of sequential completeness
suffices.

Lemma 1.66
A sequence (x f)j oy convergesto x € V if and only if

lim p; (x/~ —x) =0

J—>00

foralli e 1.

Proof The sequence (x j)j o convergestox € V if and only if forall U € U there

is some Ny € N, such that
x—x;jeU

for all j > Ny. By definition of 4l this is equivalent to the condition that for every
e > 0andeveryi € [ there is some N; € N, such that

Di (x—x]-) <é
forall j > N;. a

Exercise 1.67
Let D C C" be a domain and K C D be a compact subset. Define px : C (D) — R by

pr () =] flx| -

1. Show that pg defines a seminorm on C (D) .

2. If K has interior points, then pg defines a norm on the subspace O (D) of holomorphic
functions.

3. Give an example in the case n = 2 that O (D) is not generally complete with respect to pg.

Exercise 1.68
Let R[a, b], p be as in Example 1.58 and let R [a, b] be equipped with the locally convex
topology induced by p. Please show:

1. Restricted to the subspace C [a,b] C R [a, b] of continuous functions, p defines a norm on
Cla,b].
2. Is (C[a, b], p) a Banach space?
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1.4.2 The Compact-Open TopologyonC (U, E)

The results about locally convex spaces and the notion of convergence in these
spaces will be applied to the space C (U, E) of continuous mappings on an open set
U c C" with values in a Banach space (E, ||.||g) - The reason to consider Banach-
space-valued mappings here is mainly that the results apply to scalar-valued and
vector-valued mappings at the same time. It is well known that for a compact set K
the space C (K, E) is a Banach space with respect to the norm

1fllE.00 :=sup [If ()l -
xekK

The important fact here is the completeness of C (K, E) . This can be generalized to
continuous functions defined on open sets by choosing a compact exhaustion of U.

Lemma 1.69
Let U C C" be open. For every j € N4 define

. " 1
K;:= {z e U | lzlloo < Jj, dist) (Z,(C \U) > j}' (1.6)

Then the following holds:
1. Every K is a compact set.

2. Forall j > 1 we have K; C K;.’_H.
3. The set U is the union of the K ;:

(0.¢]
U=|Jk;
j=1

4. If K is an arbitrary compact subset of U then there is some jg € N4, such
that K C Kj .

Proof

1. Every K is the intersection of two closed sets and is contained in the ball of
radius j. By the Heine-Borel theorem K ; is compact.
2. The set

1
eU  + 1, dist ,C"\U
{z | llzlla < j + 1, dis, (2, C"\ U) > j+1}

o

is open, contains K; and is contained in K11, thus K; C Kj+1‘
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3. If U = @ there is nothing to show. Let U # @. Since U is an open set, every z € U
has a positive distance to the complement of U, i.e., there is some j; € N, such
that

CliSt”_HOO (Z, c" \ U) > ],1 .
1

Also, there is some j, € N ,such that

lzlloo < J2.

Then z € Kj;, where j3 := max{ji, j2}. Since every K; is a subset of U, 3.
follows.
4. If K is a compact subset of U the sets i K}’

Compactness of K implies the existence of some jg € N4, such that

j € N+} form an open cover of K.

JK
K C U Kj,
j=1

but since the K; C K4 for all j this implies K C K.
O

» Remark 1.70 A sequence of compact sets having the properties 2. and 3. from
Lemma 1.69 is called a compact exhaustion. A locally compact Hausdorff space
X having a compact exhaustion is called countable at infinity. Thus, in the
language of general topology, Lemma 1.69 states that every open set in C" is
countable at infinity.

Using the normal exhaustion of Lemma 1.69 we define a topology 7., on the
space C (U, E) by the family (pk;) y, Of seminorms

je

pk; :C(U.E) > R, f = sup [If (D)llg

xEKj

(cf. Exercise 1.67). Note that this turns C (U, E) into a metric space as was shown
in Exercise 1.62.
Definition 1.71

The topology 7., on C (U, E) is called the compact-open topology or the
topology of compact convergence.
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The name topology of compact convergence stems from the following result.

Proposition 1.72
A sequence ( f f)j oy € C (U, E) converges with respect to the topology Tc, if

and only if (f/)jeN converges compactly on U.

Proof Let K C U be compact. By Lemma 1.69 there is an index jg such that
K C Kj.If fj — f with respect to 7., then

Sullz lfi )= f@|z=rx(fi—f) =< PKjy (fi—f)—0,
xe
hence the sequence ( f j)j <y converges uniformly on K. Conversely, if
lim sup ||fj (x) — f(x)HE =0
J7®xeK

for every compact set K C U, then this holds in particular for the compact
exhaustion (1.6). Lemma 1.66 implies that f; — f with respect to 7. O

It can be shown that the topology 7., does not depend upon the special choice of

the compact exhaustion, i.e., if ( K ; o is any compact exhaustion of U, then the
JE

topology induced by the seminorms p .+ coincides with 7., defined above. We skip

the proof of this, because we do not neéd the result in the following. The interested
reader may refer to [3] for details.

Proposition 1.73
(C (U, E), 1) is complete.

Proof Let (f/)jeN be a Cauchy sequence in C (U, E) and K C U be a compact
set. Then (fj |K)jeN is a Cauchy sequence with respect to the norm ||.|| g o, . Since

(C(K,E),|l.lIlg.o) is a Banach space there is an fX € C (K, E), which is the
uniform limit of ( fi | K)jeN. Let z € U be an arbitrary point. There is an open

neighbourhood U; of z such that the closure U, is compact and is contained in U.
By the above argument we have lim; . f; |U- = fUz. When we define

f:U—=C,z— lim f;(2)
Jj—00
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we find that f; |U- converges uniformly towards |, = f%: €C (Uz) , hence, f is
continuous at z. Since z € U is arbitrary we conclude f € C (U, E) . O

» Remark 1.74 Looking at the above proof we find that the only characteristic we
needed from the open set U was the fact that every point z € U has a compact
neighbourhood contained in U. Therefore Proposition 1.73 holds for the space
C (X, E) of continuous mappings on every locally compact Hausdorff space X.
A complete metrizable topological vector space is called a Fréchet space. Thus,
C (X, E) is a Fréchet space. More precisely, since multiplication in C (X, E) is
continuous, it is a Fréchet algebra.

We return now to the investigation of the space O (U, C™) of holomorphic map-
pings. As a subspace of C (U, C™) it inherits the topology of compact convergence
from C (U, C™).

Theorem 1.75 (Weierstrass)
Let U C C" be an open set. Then O (U,C™) is a closed subspace of
C (U, C™) with respect to the topology of compact convergence. For every
a € N" the linear operator

D*:0(U,C") - O0(U,C"), f+>D*f

is continuous. In case m > 1, i.e., f = (f1, ..., fm) the operator D* has to
be applied to every component.

Proof Since the assertion holds if and only if it holds in each component separately,
we may without loss of generality assume m = 1. Since C (U) is metrizable it
suffices to show that for every sequence ( f j)j o € O (U) converging compactly
towards some f € C(U) we have f € O (U) and the sequence (D"‘fj)jeN
converges compactly towards D f. As in one variable the major tool used here is
Cauchy’s integral formula. If a € U there is a polydisc P (a), which is relatively

compactin U. The sequence ( fi

pr (“))jeN" converges uniformly towards f| Pra) -

Let T (a) be the polytorus contained in the boundary of P/ (a) . Forallw € T (a)
and all z € P! (a),

i fi) @)

jmo(w—2) (w-2)!
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uniformly in w. Cauchy’s integral formula yields

f@= jli)ngo fi @

1\" i
= lim ( ) fi ) dw
j—oo \ 27 (w—z)l
T3 (r)

( ! ) fw
. w
2mi (w—2)!

T3 (r)

and Lemma 1.52 says that f is holomorphic. Moreover, by CIF we have

o _ 1" f(w)
Df(z)-a!(zm,) /(w—z)"‘“dw.

T3 ()
Let K C U be compact. There is a compact set K’ C U and a polyradius ' € R’}
such that for all ¢ € K the polydisc P/} (a) is relatively compact in K'. By the
Cauchy inequalities,

o! o!

‘mﬂm_mﬁ@

sup |f = /il

o
(r") T (a

1
(r/)oz S;P|f - f]| :

Since f; converges compactly towards f and a € K is arbitrary we find that D* f;
converges towards D* f compactly on U, hence, D® is continuous. O

Exercise 1.76
Let D := {(z, w) € (C2| Rez > 0,Rew > 0} and

1
B:D — C,(z,w) — / =t = lar.
0
B is called Euler’s beta function. Please show:

1. D is a convex domain.

2. B is holomorphic on D. (Hint: Construct a sequence (B j)
to B.)

3. B satisfies the functional equation

j=1 C O (D) converging compactly

1 z
B(,w) = w’ B(z+1,w)=z+wB(z,w)
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and the estimate
|B (z,w)| < B (Rez,Rew)

on D.

Exercise 1.77
Let D C C" be a bounded domain with boundary d D and

AMD):={fec(D) | flpecoD]}.

1. Show that A (D), equipped with the norm

| flloo :=sup | f (2)]

zeD

is a complex Banach algebra, i.e., a C— algebra, a Banach space and for all f, g € A (D) the
inequality

f8lloo < 11/ oo g lloo

holds.
2. The restriction mapping

p:AD)—C@OD), f+ flap

is an isometric! homomorphism of complex algebras. Is it bijective?
3. The image p (A (D)) is a closed subalgebra of C (9 D) with respect to the topology induced by
[I.lloo (i-e., the topology of uniform convergence) on C (dD) . Is p (A (D)) anideal in C (dD)?

1.4.3 The Theorems of Arzela-Ascoli and Montel

We consider the question of compactness in the spaces C (U, E) and O (U, C™)
leading to the multivariable version of Montel’s Theorem. Recall that in one variable
theory Montel’s Theorem is an important tool in the proof of the Riemann Mapping
Theorem. Ironically, in Chapter III we will use the multidimensional version of
Montel’s Theorem to give a proof that the Riemann Mapping Theorem does not
hold in C" if n > 1. The proof of Montel’s Theorem uses the Arzela—Ascoli
Theorem, which we include in a rather general form, and which has applications
outside complex analysis as well.

Definition 1.78

Let (X, dx) be a metric space, (E, ||.||g) a (real or complex) Banach space, U C
X an open subset and F a family of functions f : U — E.

e, 1 fllos = N0 (llog forall f € A(D).
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. The family F is called bounded if for every compact subset K C U there

exists a constant 0 < Mg < oo such that

sup sup || f ()|lg < Mk.
feF xek

. The family F is called locally bounded if for all a € U there exists an open

neighbourhood V = V (a) such that

Flv:={fla | feF}

is bounded.

. The family F is called equicontinuous if for every ¢ > 0 there exists some

8 = 8¢ > 0 such that

If @) —=fWll<e

forall f € Fandall x,y € U satisfyingdy (x,y) < 4.

. The family F is called locally equicontinuous if for all a € U there is an open

neighbourhood V = V (a) such that /|y is equicontinuous.

Trivially, if F is equicontinuous then F C C (X, E). The next proposition
shows that for families of holomorphic functions the weaker condition of local
boundedness already implies equicontinuity. This will be used in the proof of
Montel’s Theorem.

Proposition 1.79
Let U C C" be open and F C O (U, C™) be a locally bounded family. Then
F is locally equicontinuous on U.

Proof Since all norms in C™ are equivalent it suffices to consider the maximum
norm ||.||o inC",a € U,r > 0, M > 0 such that

and

P@)={zeC"| lz—alo <r}cU

| 1w

<M
o =

for all f € F. This is possible, because U is open, P (a) is compact and F is
locally bounded. Put

K := Py (a)
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andlete > 0, f € Fand x, y € K be arbitrary. Applying the Mean Value Theorem
in R* to f gives

If ) = f WMlloo = Ix = ylleo sup [IDf 21l ,
zekK

where

sup [[Df ()l =sup sup [[Df (2) x|l -

zek z€K |Ix]lpo=1

Assume without loss of generality that

n

9 0 fm
Df(z)xz(z U S (Z)xk>

o 0% Pl

attains its maximum absolute value over K and the sphere ||x||o, = 1 in the first
component, i.e.,

sup sup | Df (2)xllo = sup sup

z€K [lx[lo=1 2€K [lx[loo=1

" Bfi (z)Xk‘

0zk

k=1

zekK k=1

af1 (2)

n
< n max sup
0Zk

k=1 ek

Forze K = P; (a) and ¢ € T (a) we have for all k,
t =zl >
k — 3kl = 2

This, together with the Cauchy Integral Formula, implies

1" f1 )
= d
(27”'> / (cx — z1)? ¢
T (a)

r

‘afl (2)

0zk

< 4" sup |fi(©)] <4"77M.
€T ()
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Choosing

5= °
T4y

gives that for all x, y € K with [|[x — y|l,, < § we have
If &)= F Wl <&

hence, F is locally equicontinuous. O

Lemma 1.80

Let X be a locally compact and connected metric space and K C X a proper
compact subset. Then there is a compact set H C X such that K C H° and
dist(K,dH) > 0.

Proof X is locally compact. Therefore, every x € K has an open neighbourhood
U =U (x) CC X. The set

U:={Ux) |x € K}
then forms an open cover of K containing a finite subcover
Ui (x1), ..., Ui (x) .

Since X is connected it contains no proper subsets that are both open and closed.
This implies that

ke, ) < U, (o) = A

j=1

By construction H is compact and contains K in its interior. Since the boundary 0 H
is closed we have

KNoH =9,
thus,

dist (K, 9H) > 0.
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Lemma 1.81

Let X be a locally compact and connected metric space, K C X a compact
subset, A C K a dense subset, E a Banach space, F C C(K,E) an
equicontinuous family of continuous mappings and ( f j)j>1 C F a sequence

converging pointwise on A. Then ( f j)j>1 converges uniformly on K.

Proof We only have to show that ( f /)j>1 is a uniform Cauchy sequence on K.
Convergence then follows from completeness of E. Let ¢ > 0. From Lemma 1.80
we know that there is a compact set H containing K in its interior such that K has
a positive distance to the boundary of H. Equicontinuity of 7 on K implies that we
can find some § = §, such that

1
0<é< ) dist (K, d0H)
and
£
I i =1l <5
forall x, y € K satisfying d (x, y) < é and all j > 0. The open é-balls
{Bs(x) | x € K}

form an open cover of K and because § < ; dist (K, 0 H) we have.

kcl|JB®c|]BswcH.

xekK xekK

This open cover contains a finite subcover and because A is dense in K we can
choose finitely many points

Xl,...,Xxp €A
such that
p
K c | Bs(x))
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( f f)j>0 is pointwise a Cauchy sequence on A, hence, there is N = N, € N such
that

[ i (e3) = i ()] <

forallk,/ > Nandall j = 1,...,p.If x € K thereis anindex g € {1, ..., p}
such that x € K,, which implies d (x, xq) < §. Now we can conclude that for all
k,l > Nandallx € K,

I fi ) = fi N < [ fie @) = S (xq) | + [ fic (xg) = S (xq) |
+ | fi (xg) = fi 0]

<8+8~|—8—8
3 3 37

Theorem 1.82 (Arzela-Ascoli)

Let X be a locally compact connected metric space, K C X a compact subset
containing a countable dense subset A C K, E a finite dimensional Banach
space over R or C, F C C (K, E) a family of equicontinuous functions and
(fj)j>1 C F a bounded sequence, i.e., there is a constant C > 0 such that

sup sup H fi (x)H <C.
K

j>lxe

Then ( f j)j>0 contains a subsequence converging uniformly on K.

Proof Since A is countable, we may write A = {x1, x2, ...} . Because of

supsup || f; ()| = €
j=11=>1

the sequence ( f; ()cl))j>1 is bounded in E. Since E is of finite dimension the
Theorem of Bolzano—Weierstrass is valid in E. Hence, there is a convergent
subsequence (fpk (xl))k>1 of (fj (xl))j>1 . Because of

SC’

sup fp, (x2)
k>1
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by the same argument, we obtain a convergent subsequence

(ft[k (x2))k21

of (f,,k (xl))k>1 , where (qr)> is a subsequence of (pg);>; - An iteration of this

process yields a series of subsequences of ( f j)

jzr
for fpo fps .- convergentin xq
Ja1 foo fg3 ... convergentin xi, x2

fr1 fra fry ... convergentin xi, x2, X3

Here, the sequence in the k-th row forms a subsequence of the sequence in the
(k — 1)-th row. Hence, the diagonal sequence f,, fy,, fr;, ... converges pointwise
on all of A. Lemma 1.81, however, states that the convergence is uniformon K. O

Corollary 1.83
IfU C X is openand (fj)j>1 is a locally bounded and locally equicontinuous

sequence, then ( f j)j>1 contains a subsequence converging locally uniformly
onU.

Proof Since X is locally compact every a € U possesses a relatively compact
neighbourhood V. CC U. Apply the Arzela—Ascoli Theorem on the compact set
V. ]

» Remark 1.84 In the case X = C" a suitable choice for the set A is the set of
points in K with rational coordinates, i.e.,

A=KN@Q+iQ

We are now ready to consider compact sets in the space O (U, C™) of holo-
morphic mappings. Remember that in a metric space the notions of compactness
and sequential compactness coincide. In the space O (U, C™), provided with the
topology of compact convergence, a sequence ( f j) converges if and only if it
converges uniformly on every compact subset K of D. The next proposition states
that O (U, C™) has the Bolzano—Weierstrass property.
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Proposition 1.85

Every locally bounded sequence ( fj) Cc O U, C™) contains a convergent
subsequence.

Proof From Proposition 1.79 we know that every locally bounded sequence in
O (U, C™) is locally equicontinuous, hence, it contains a subsequence converging
locally uniformly on D by Corollary 1.83. O

Theorem 1.86 (Montel)
Let U C C" be an open set and F C O (U, C™) be a family of holomorphic
mappings. Then the following are equivalent:

1. The family F is locally bounded.
2. The family F is relatively compact in O (U, C™) .

Proof 1. = 2.Let ( f j) C F be asequence. Then ( f j) is locally bounded and from

Proposition 1.85 we know that ( f j) contains a convergent subsequence. Thus, F is
sequentially compact, hence, compact.
2. = 1.Let K C U be a compact set. The function

9: F>Re fe | flely
is continuous and since F is compact, ¢ (.7-' ) is bounded. Hence,

30 | Fli oo < o0

Corollary 1.87
A subset F C O (U, C™) is compact if and only if F is closed and bounded.

Proof If F is compact F is closed and bounded. This holds in every metric space.
If F is closed and bounded, Montel’s Theorem states that F is compact. |
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> Remark 1.88 Locally convex spaces in which the compact sets are exactly those
which are closed and bounded are called Montel spaces. Note the analogy to the
characterization of compact sets in R” or C" given by the Heine—Borel Theorem.

Example 1.89
Montel’s Theorem does not hold for real-analytic functions. For instance, the family F consisting
of the functions

fi R —= R, x > cos(jx)
is bounded in C (R), but not relatively compact. This can be seen as follows. Since

[ £i], <1foralljeN,

the family F is bounded. If F were compact every sequence in F would contain a convergent
subsequence. However, on the compact set K := {7} we have

—2,ifk =1mod2,/ =0mod?2
cos (k) —cos (Imr) = 0 ifk=0mod2,/ =0mod?2 ,
2 ifk=0mod2,/ =1mod2

thus ( fil K)j <y contains no Cauchy subsequence.

Definition 1.90

Let D C C”" be a domain. A subset A C D is called a set of uniqueness if for
every f € O (D) the condition f|4 = 0 implies that f = 0.

Example 1.91
If D C C”" is a domain then every open subset A C D is a set of uniqueness by the Identity
Theorem. Also, every dense subset of D is a set of uniqueness, because O (D) C C (D).

Exercise 1.92

Prove Vitali’s Theorem: Let D C C" be a domain, A C D a set of uniqueness and (fi)iey
a bounded sequence in O (D), which converges pointwise on A. Then the sequence (fi)ien
converges towards a holomorphic function f € O (D). Hint: Apply Montel’s Theorem to the
set

{/fklk € N}

1.5 Power Series and Taylor Series

In one dimension Cauchy’s integral formula is used to prove that every holomorphic
function can be expanded into its Taylor series everywhere it is defined. The same
holds in several variables and the proof is also analogous. Before we come to this
we introduce general power series of n complex variables. Since N" does not carry
a natural ordering, we start by recalling some well-known facts about summability
in Banach spaces.
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1.5.1 Summable Families in Banach Spaces

Let (E, ||.]|) be a Banach space and / be a countable set.

Definition 1.93
Let (aq)qc; be a countable family in E. (aq),c; is called absolutely summable,
if there exists a bijection

T:N—>I1,

such that the series ) - Haf(n) H converges.

The following two lemmas are well-known (see, e.g., [1, Ch. 5.5])

Lemma 1.94
Let (aq)qe; be absolutely summable in the Banach space E. Then the
following holds:

1. ano ay(n) converges for every bijection ¢ : N — I to the same limit.
2. If I = N", the limit can be computed from the homogenous expansion

Ya=3 2w

aeN" k=0 \|o|=k

» Remark 1.95 Thanks to this lemma the expression

S de = Y v

ael n>0

is well defined. We say that )_ ., a, converges absolutely.

ael

Lemma 1.96
The following statements are equivalent.

1. The family (ay)yc; is absolutely summable.

2. The series ),  aq converges absolutely.

3. There exists a constant C > 0, such that )", p llaqll < C for all finite
subsets F C 1.
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1.5.2 Power Series
Definition 1.97
Let (cq)yene be a family of complex numbers. The expression

Yo et =) Caray @ —an)® - (2n —an)®

aeN? aeN?

is called a power series in n complex variables z1, .. ., z, centered at a € C".

For simpler notation we will mainly consider a = 0. As in one dimension, a
power series always converges for z = a, so it makes sense to ask for the set of
points in C", on which a power series converges.

Definition 1.98
Let ), cnn Caz® be a power series. The interior of the set of points on which the

series converges is called the domain of convergence of the series.

Example 1.99
The geometric series

2

aeN"

converges on the unit polycylinder. This can be seen as follows. Let z € PJ' (0) and F a finite
subset of N". Then there is some g € [0, 1[, such that |zj| <gforall j =1,...,n. Hence,

n o0
; 1
DL =D el el = Y gt < [T el =
aeF a€eF a€eF k=1 j=0 q
Moreover, the limit can be computed from the homogenous expansion

oo

Y=yl X
aeN"? k=0 \ |a|=k
o0 o0
= Z"'Zﬁ”'"zﬁ”
k=0  ky=0
o0 o0 n 1
=S ) (X )10
k=0 kn=0 j=1 Zj

As in one variable, this example can be generalized, which finally leads to the
Taylor expansion formula for holomorphic functions in n variables.
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Lemma 1.100 (Abel)

Let (co)gent be a family of complex numbers, t € R”_, such that the family
(cat®)genr is bounded and r € R”_, such that ry < ty forallk = 1,...,n.
Then the power series

S e

aeN?

converges absolutely and uniformly on the closed polycylinder P} (0).

Proof Puts := supyenn |cafy' -+ 1p"| . Since (cat®)yenn is bounded, we have 0 <
s < oo. Put
n Tk
‘=max .
1 k=1 Ig
For z € P/ (0) we have
o
-
Jeaz®| < [eat®| | | < sq".

hence,

S
2 leadl = X sq= 7 <00

aeN" aeN"?

Corollary 1.101 (Taylor Expansion)
Let U C C" be an open set, a € U, r € R, such that P!' (a) C U and
f € O(U). Then the following holds:

1. The power series

Z Dafy(a) (z —a)”
ol

aeN?

converges compactly on P} (a) .

(continued)
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Corollary 1.101 (continued)
2. The function

C(
JjriP' @) —> Cz— Z f(a) —a)®
aeN"
is holomorphic.
3. For all z € P! (a) the equation
f@=jr@
holds.
Proof

1.

Let K C P! (a) be a compact subset and 7} (a) be the compact polytorus. By
the Cauchy inequalities

H D“f (a)

7 (a)

Since K is compact it is bounded. Hence, for z € K the family

(Dafv(a) (z— a)a)
(e2) aeNn

is bounded. The proposition now follows from Abel’s lemma.

. It follows from 1. that

DC{
i@ = tim 3P gy

lee] <k

compactly on P, (a). Holomorphy of polynomials and Weierstrass’ theorem
imply that j; is holomorphic on P/ (a).

. Let z € P (a) be fixed. Choose p € R} suchthatp; <r;, j=1,...,nand

ze Pla)C P! ().

If w € T} (a) then
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uniformly in w € T (a) . Cauchy’s integral formula yields

f(z)=(21.> f(w)d
Tl

w—2z
T} (a)

S (w)
(27‘[1) Z (€= / (w —a)""“dw

T (a)
=jr@.

Exercise 1.102
Let f € O(C") and v € N”" be a fixed multiindex. Show that if there is a constant C > 0 such that

If @l <Cl'|

for all z € C", then f is a polynomial of degree at most |v|. Which result follows for |[v| = 0?

Exercise 1.103
Show that for all v € N” the domains of convergence of a power series )y, c,z* and its derived
series ), co (D"z%) coincide.

Exercise 1.104
Let f(z) = Y ,aq42% and g (z) = Y, bez* be defined by convergent power series and let
f (z) = g (2) for all z in some open set U C C". Then oy, = by for all « € N”.

Exercise 1.105
Let weC”" and let (cq)yene be a family in C such that (cq w*)yenn is unbounded in C. Show that
the power series

> e

aeN!

diverges for every z € C", which satisfies |zj| > ,j=1,...,n

Exercise 1.106
Let D be a domain and f € O (D) such that the function

1fllz: D= R,z [If @l

is constant. Show that f must already be constant (Hint: Use Exercise 1.48).
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1.5.3 Reinhardt Domains and Laurent Expansion

This section studies ways to expand a holomorphic function f into a series other
than a power series. It turns out that the geometry of the underlying domain on
which f is defined plays a crucial role. The results of this chapter will lead to a
phenomenon alien to the theory in one variable, i.e., in more than one variable there
are domains D C C” such that every function f € O (D) extends holomorphically
to a strictly larger domain. Extension phenomena will be examined in depth later
in this book. We start by taking a closer look at the geometry of the domain of
convergence of a power series. This will lead to the definition of Reinhardt domains.

For the study of subsets of C", sometimes a picture of the so-called absolute
space is useful. We regard the mapping

T:Cn%Rn,(Zl,...,Zn)f_)(lZ]l,...,lan)- (17)
If U C C" the set T (U) is called the absolute space of U.

Example 1.107
Let B be the unit ball in C2 with respect to the Euclidian norm ||.||, . The absolute space of B is
the set

t (B ={(allah e R | 12iP + P < 1]

which is the planar domain enclosed by the two axes and the quarter circle in the positive quadrant
inR2.

24

1.5

0.5

Absolute space 7(B)
Note that every point in absolute space in this picture represents a 2-torus.

Exercise 1.108
Determine the domains Dy, D, of convergence of the power series

f1 @z, w) = Z !

k,1=0
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and

k
frew =)

ki>0 "

and sketch the absolute spaces t (D1), v (D3) .

If a power series Y, coz® converges absolutely in z € C”, then by Abel’s
Lemma also the power series

3 o Q2D -+ (Guz)™

converges for all {1, ..., ¢, € T Let

Tnzylx...x'ﬂ'iz{g‘e((j"| |§j|=1,j=1,...,n}

n times

be the unit polytorus in C". T" carries an abelian group structure defined by
componentwise multiplication

& =(ié1, ..., 0én) .
The neutral element is the vector (1,...,1) € T".

Definition 1.109

Let G be a group with neutral element e and X an arbitrary set.
1. G is said to act on X from the left if there is a mapping
nw:GxX—>X
with the properties
ue,x)y=xforallx € X
and
w(ab,x)=pu(a,ub,x)) foralla,b € Gandall x € X.

Actions from the right are defined in the obvious way.
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2. Let E be a vector space and L (E) be the vector space of linear endomor-
phisms of E. A homomorphism

uw:G— L(E)
is called a representation of G on E.

Example 1.110
Representations of groups always exist, since the mapping defined by

n(g) :=idg forall g € G,

where idg denotes the identity mapping of E, is a representation, called the trivial representation.

» Remark 1.111 The concepts of group action and group representation are
equivalent in the following way. If © : G x E — E determines a left group
action on a vector space E, which has the additional property that p is linear in
the second argument, we can define a representation of G on E by

G— L(E), g ug,

where u, (x) := (g, x) forall x € E. Vice versa, if i : G — L(E)isa
representation of G on E, then G acts on E from the left by

w:GxE—E, (gx)— (g (x).

If D ¢ C”" is the domain of convergence of some power series it is easy to see
that T" acts on D by componentwise multiplication

p:T" x D— D, (&, 2) = (G121, Sn2n) - (1.8)
Furthermore, for every ¢ € T” the mapping
pue:D — D,z pn(§,2)

is holomorphic. Note that T" does not act on arbitrary subsets of C". We use the
following notation. If 6 = (01, ..., 6,) € R" we write

el 7= (e’glzl, e, e’g"zn) .

Example 1.112
Let D C C be a domain. If T! acts on D, then D is either the whole complex plane or a disc
centered at zero or an annulus centered at zero.
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Proof If T 'acts on D and z € D, then D also contains the circle
Cp = {IZIei’ |0<1t< 271}.

Because z € C|;) C D forall z € D we have

D= U Clzls

zeD

which is either the whole plane or a disc centered at zero or an annulus centered at
Zero. ]

Definition 1.113

A subset D C C" is called polycircular if T" acts on D by componentwise
multiplication. If D is a domain then D is called a Reinhardt domain.

With the above definition we can say that the domains of convergence of power
series are Reinhardt domains. Note that the property of being a Reinhardt domain is
not invariant under biholomorphic equivalence. For instance, the Riemann Mapping
Theorem in one variable says that every simply connected domain D properly
contained in C is biholomorphically equivalent to the open unit disk, which is a
Reinhardt domain, even if D isn’t.

Example 1.114
Let p € NU {oo} and r > 0. Then the ball of radius r with respect to ||.|| p centered at zero

B! (0)={zeC" | zll, <R}

is a Reinhardt domain, because for all € T" and p € N,

1 1
n 4

n P
ezl =D lezl” | =D l="] =1zl
j=1

j=1
The case p = oo follows from Exercise 1.5.
Exercise 1.115

Let D C C”" be a domain and t be the mapping (1.7) into absolute space. Show that D is a
Reinhardt domain if and only if z~! (v (D)) = D.
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Definition 1.116

Forj=1,...,nlet0 <r; < Rj < +o0o.Leta € C". The set
A;"R(a) :={ze(C" | rj < |zj—aj| < Rj, j:l,...,n}

is called a polyannulus with polyradii » and R centered at a.

A polyannulus is the Cartesian product A x - - - x A, of one-dimensional annuli.
If a = 0 then a polyannulus is a Reinhardt domain.

Exercise 1.117
Let D be a Reinhardt domain. Show that for every a € D there are polyradii » < R such that

ae Al (0)CD.

In particular, every Reinhardt domain is the union of polyannuli.

Theorem 1.118 (Laurent Expansion)
Let A := A:"R (a) be a polyannulus centered at a € C" and f € O (A) . Let
ri <pj<Rj,.j=1,...,n. Then f has a Laurent expansion

f@=) caz—a)

aeZn

converging compactly on A. The coefficients c,, are given by

c —< ! >n / / f (w) dw
“ 7\ 2mi (w—a)tt

[wn—an|=pn lwi—ail=p1

Proof We prove the theorem by induction on n. The case n = 1 is known. Suppose
n > 2. For z € C" we write

z=(z1,7)

where 7/ = (z2,...,2,) € C" 1. For fixed w; with lw; — a;| = p; the function
f (w1, .) is holomorphic on A x - -+ x A,. By induction hypothesis we have

o' eZn—1

f (wl’ w/) /
* / o / (w —a)*t! dw.

[wn—an|=pn lwy—az|=p2
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Also, for fixed 7’ we have the one-dimensional Laurent expansion

1 f (w1, 2)
f(z1,2) = E (z1 —an™ . / 1
2mi —ap)at!
ol o ey (wy —ar)

Combining these two expansions yields that for all z satisfying
rj <z —aj| <p),
for all j the equation
2mi (w — a)*t!
aeZl = g l=
[wn—an|=pn lwi—ail=p1

holds pointwise on A. To prove the compact convergence let K C A be a compact
set. If we put

p; :=min|z; —a;|, p; :(=max|z; —a;
j Z€K| J Ji> Fj ZEK| J /|
and choose r;, R; such that

— — + —
<r. <p. <pT <R, <R;
rj <7 p; = P; R/ R;,

we conclude from Cauchy’s integral theorem (homotopy version) that the coeffi-
cients ¢, satisfy

c —< ! >n / / S w) dw
* 7\ 2w (w_a)aJrl ’

|wy—an ‘:rzgnan |lwy—ay |=r;gnal
where
+ .
sgna Vj,lfOthO
r°o = .
J - i
ri ifa; <0

Then for all z € K and all @ € Z" we obtain from the standard estimate for line
integrals over circles

no o\ n e\l
e c—a)*] < ] (R’. [1(~ sup | f (w)l.
j=1 J

. P n
j=1 J weA”_ R
OljZO Otj<0 "o @
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With
n o] Ty
¢ := max L,
=R P
and
Mg = sup |f(w)
weA’r’in(a)
we have
Mg
> leate—a| = mx Y gt = TF
aeZl aeZl 4
on K. m|

With Exercise 1.117 in mind we can say that Theorem 1.118 holds locally for
every function holomorphic on a Reinhardt domain. We use the Laurent expansion
to give another series expansion for holomorphic functions on Reinhardt domains.

Theorem 1.119
Let D C C" be a Reinhardt domain and f € O (D) . For every a € Z" define

, LN [ f&-2)
fo:D—>C, 7z~ (2711') po+! e, (1.9)

TV!

where { -7 = (121, -+ - » CnZn) - Then fo € O (D) and the series

Y fa@

aeZn

converges compactly on D towards f.

Proof Since D is a Reinhardt domain for every z € D, the set
X.:={¢eC"| ¢ -zeD}

is polycircular and contains the unit polytorus T". It is also open in C”, because the
mapping

{8z
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is continuous. Thus, there exists an open polyannulus A, centered at zero such that
™ C A, C X,.
Define
8::A; > C o= f(L-2).

Then g, is holomorphic on A;. From Theorem 1.118 we obtain the Laurent
expansion at zero

g (1) =) cu ()"

aeZn

_ L' [8:©)
cq (2) = (27”> / Ca—H dg

’]I‘n

(VY [f@D
B <2m'> cotl a¢

’]I‘n

= fu (2).

with

Choosing ¢ = (1, ..., 1) we find that

f@=) fa@

aeZ
pointwise on D. Let K C D be compact. Then also
T"-K:={¢-z|¢eT ze K}

is compact by continuity of the action and is contained in D. This implies the
existence of some R > 1 such that

(R—1)sup lizllew < & :=disty (T" - K,0D).
zeK

We claim that for all z € K the compact annulus

A::{;e(C"lIle§|§j|§R,j=1,...,n}
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is contained in A,. This can be seen as follows. If Ile < |§ j| < R, then

1 R-1
|;j|—15R—1,1—|;j|51—R= g <R-1L

hence, ||¢j| = 1| < R—1.1fz € K, thenforall j =1,...,n,

g ¢j
$jzj — zj| = |(|¢j] — 1 Zj
J%] |§j| J ‘(|J| )|§j| J

= llesl =111
= (R-1Dllzllo

<4,

thus ¢ - z € D. This implies { € A;. By the homotopy version of Cauchy’s Integral
Theorem we have

11\" .
fa(z)=<2 ) F€-2,,
Tl

é‘OtJrl

Tn
S e
27 §a+1 ’
|Zn |=Rsgnan ‘Cl ‘:Rxgnozl

Put
1 .
Mg :=maX{|f(§z)I lze K, 5|§;|§R,J=1,...,n}.

Then the standard estimate yields

Mk
| fa (2)] < Rlal’

which implies that ), ;. fu (z) converges absolutely and uniformly on K. O

Exercise 1.120
Let f, be the function (1.9).

1. Show that f, is homogenous of order & on T", i.e.,

fo(C-2)=¢"fa (2)

forall{ € T"and z € D.



56 1 Elementary Theory of Several Complex Variables

2. Prove the formula

fo (@) = (2;) / f (eie ~z> i@ g

[0,27]"

Exercise 1.121
A domain D C C" is called circular if T! acts on D by scalar multiplication, i.e.,

w:T'xD— D, (¢, )~ ¢z:=(z1,...L20)

Let D be a circular domain and f € O (D).

1. Show that for all k € Z the formula

R Y A (9
fo@i= | i de
T!

defines a holomorphic function on D which satisfies

fi ) = fi (@

forall e T!, z € D.
2. The series

ka

keZ

converges compactly on D to the function f.
3. If0 € D then f; = 0forall k <O.
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Continuation on Circular and Polycircular 2
Domains

In one-dimensional function theory it is known that for every domain D € C
there exists a function f € O (D) which cannot be holomorphically extended
to a strictly larger domain (see, e.g., [4, Satz VIII, 5.2]. We will prove this
result in a general setting in Chap.7.). For example, the function f defined by
f@ = Z/?io s holomorphic on the unit disc Bl1 (0) and is unbounded
near every boundary point of Bl1 (0) . Thus, it cannot be expanded to any domain
strictly larger than Bl1 (0).! In n > 2 dimensions the situation changes. Here
we encounter domains D having the property that every function f € O (D)
can be holomorphically extended to a larger domain. This has many interesting
consequences, which illustrate a big difference between complex analysis in one
and in more than one variable. This chapter studies extension phenomena for
holomorphic functions based on the geometry of their domain of definition. We will
encounter deeper extension theorems (Riemann’s Removable Singularity Theorems,
Hartogs’ Kugelsatz, Bochner’s Extension Theorem for tube domains) in the next
chapters, finally leading to the notion of holomorphy domains and the theory of
Cartan and Thullen.

2.1 Holomorphic Continuation

Definition 2.1

Let Dy, D be two domains in C" with D1 C D and f € O (D). We say that
f can be holomorphically extended (or continued) to D if there is a function

! The reader who is unfamiliar with this example should carry out a proof by considering the values
f(te?)y with0 <t < 1and € Q.
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F € O (D) whose restriction to Dy coincides with f, i.e.,

F|D1 =f'

Example 2.2
Let PJ' (0) be the unit polydisc in C". The function

f:Pl(©0)—~C
defined by the geometric series
f@=Y
aecN"?
can be holomorphically extended to C" \ A by
n

F@ =[] L

j=1

where

A:={ZG(C" |Elj:1§j5n;zj:1}.

Proposition 2.3
Let ) # D1 C D C C" be two domains. If a function f € O (Dy) allows a
holomorphic extension F € O (D), this extension is necessarily unique.

Proof If F,G € O (D) are two holomorphic extensions they coincide on Dy,
which is open. By the Identity Theorem F = G on D. O

An equivalent formulation of Proposition 2.3 is that the restriction mapping
p:0(D)— O(Dy),Fr Flp, (2.1)
is injective. p is a (continuous) homomorphism of complex algebras, so a natural
question is under what circumstances is o an isomorphism? p is surjective if and

only if every f € O (Dy) is the restriction of some F € O (D), that is, if every
f € O (D) allows a holomorphic continuation to D.

Definition 2.4

A domain D C C" is called balanced if 0 € D, D is circular and star-shaped
with respect to the origin.
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Example 2.5
For every p € Nt U {oo} and every r > O the ball

[zeC"| Iz, <r}

is a balanced domain.

Lemma 2.6
Let D C_C" be a circular domain and O € D. Then there exists a unique
domain D, called the balanced hull of D, with the following properties:

1. The set D is balanced and contains D. ~
2. If D' is any balanced domain containing D then D C D’.

Proof
1. We define D by
D:=1[0,11-D:={tz|t€[0,1],z € D}.

Then0 € D C D and D is star-shaped with respect to 0, hence, connected. Since
0 € D we have

The sets 1D = {rz | z € D} are open, because for > 0 the mapping z > 7z is
a homeomorphism. This shows that D is also open.

2. Let D’ O D be a balanced domain. Since D’ is star-shaped with respect to the
origin we have

tze D

forall t € [0, 1] and all z € D, hence, DcD.

O
Exercise 2.7
The domain
2 1 2 1
Dy = ZEC)|Z||<E,|ZQ|<1 U ZEC‘|21|<1:E<|ZZ‘<1 (2.2)

is called a Hartogs figure. Determine the balanced hull 1371 and sketch the sets 7 (Dp) and T (5;;)
in absolute space.
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Theorem 2.8 (Continuation on Circular Domains) _
Let D C C" be a circular domain with 0 € D and let D be the balanced hull
of D. Then the restriction

p:0(D)— O(D),Frs Flp

is an isomorphism of algebras.

Proof By Lemma 2.6 D is a domain. Together with Proposition 2.3 this shows that
p is injective. Let f € O (D). For k € N define f; : D — C by

1
fi(e) = —— f©2)

27T §k+]
T!

de.

As was shown in Exercise 1.121 each f is holomorphic and the series
o0
2 fi
k=0

converges to f compactly on D. We show that this series even converges compactly
on D and thus defines a holomorphic extension F of f. A domain in C" is locally
compact. Therefore, there is an open cover

Usen

of relatively compact subsets of D. Let K’ C Dbea compact subset. Then

K' C U UIUAZB.

0<t<1reA

Since all sets tU;, are open and K’ is compact, this open cover contains a finite
subcover, i.e., there are M, N € N such that

The set
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is then a compact subset of D. Hence, the series ) ;. fx converges absolutely and
uniformly on K. By construction we have

K c[0,1] K.

Since fort € [0, 1] and 7 € K,

i) = |* i @] = 1 @)
we have

sup | fx (@)| < sup | fx (2)].

zeK’ zek

This implies that ) ;. fi converges absolutely and uniformly on K'. Thus the
function

F:D>Czr Y fi2)
k>0

defines a holomorphic continuation of f to the balanced hull D, which proves the
surjectivity of p. O

Note that this theorem reveals its strength only if n > 2, because if n = 1 then
every circular domain D C C containing zero coincides with its balanced hull.

Definition 2.9
If D ¢ C" is a Reinhardt domain containing the origin, its polybalanced hull D
is defined as

D:={(hz1,....tnza) |z€ D, 1; €[0,11,j=1,...,n}.

Exercise 2.10
Show that the polybalanced hull of a Reinhardt domain is again a Reinhardt domain.

Exercise 2.11 ~
Determine the polybalanced hull of the Hartogs figure (2.2), sketch t (D H) and compare this to

T (5[1) .
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Theorem 2.12 (Continuation on Reinhardt Domains) ~
Let D C C" be a Reinhardt domain containing the origin and D its
polybalanced hull. Then the following holds:

1. Forall f € O (D) the series

Z DYf(0) ,
o! ¢
aeN"

converges to f compactly on D.
2. The restriction

p:O(B)—)O(D),Fl—) Flp

is an isomorphism of algebras.

Proof

1. Since 0 € D there is a polydisc P C D containing O such that the Taylor
expansion

DY f (0
f@= Z —f‘( )z”
veNnr :

converges compactly on P. Thus, for all « € Z" and all z € P we have

1 )" f@Z)dg

Jo (2) = <— Tatl
']I'n

2mi

1\" d¢ D'f© , ,
:<%)/c“+‘<z V! “)

T veN”

converges uniformly for £ €T”

D'f©O) ,/ 1\ "
2. o c (g) fgtmdé“

veN~ T

=34y by Exercise 1.55

_ ) 2O iy e v
0, ifag¢gN'’
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Since D is a domain and P C D is open this equality holds on all of D.
Theorem 1.119 implies

f0=Y =Y e=y 2O

aeZn aeN"? aeN?

compactly on D.
2. Since D is open in C" there is an open cover (Uj)yep Of D consisting of

relatively compact subsets of D. Then the polybalanced hulls U, are relatively
compact subsets of D and form an open cover of D.IfK C Disa compact set,
then there is a finite subcover (ﬁ;;) of K. Put

j=1,..m

m
K = U U_A]
j=1

Then K’ is compactin D and K C K'.Now forall @ € N" we have the estimates

DYy , DYf(0) 4 DYf(0) 4
sup |———z%| < sup |——z%| = sup |———z"|.
€K ol -2 ol €K’ ol

DYf(0)

From 1. we know that ), z% converges to f compactly on D, so by

ol
the above estimate this holds on the polybalanced hull D, too. Hence, the function

o

F: %C,ZHZMZQ

|
aeN" o

defines a holomorphic continuation of f from D to D.

Exercise 2.13
Show that the isomorphism constructed in the above theorem is also a homeomorphism.

In the next continuation result we can weaken the prerequisite that D contains
the origin. The key to this is the following theorem about Laurent expansion on
Reinhardt domains.
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Theorem 2.14

Let D be a polycircular subset of C". We define a partition of the set
{1,...,n} by

=f{kell,...,n} |Ize D:z =0},
Jp:={le{l,...,n} |Vze D:z #0}
and put
N> x 70 .= {a €Z"|aj=0forall j e ID}.
If D is a Reinhardt domain and f € O (D) then

3 D f (0) -«

o!

f@=

aeND x7'D

compactly on D.

Proof From Theorem 1.119 we know that ), . fo converges to f compactly on
D, where, as usual,

é‘OtJrl

fu@ = (2 ) 7&2)
Tl
T

We show that for every @ € Z" the following holds:

1. If there is some j € Ip witho; < O then f, = 0.
2. Ifa; > 0forall j € Ip then fy (z) = L@ e

Leta € Z" be fixed such that «; < O forsome j € Ip. Without loss of generality
we may assume j = 1, i.e., there is some z € D with z; = 0. Since D is open there
is an open disc B, (0) C C and an open polydisc P’ € C"~! such that

D' := B, (0) x P' C D.

Laurent expansion on D’ gives

f@ =) caz

aeZ”
a1 >0
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implying
AR Fs)
Jo (2) = <27”.) {a+1 dg
'H‘n
1\ 1
~(5) [ Zarstas
T HEZ"
n1>0
1\ cH
=2 o (5) [ e
/,LEZ” Tn
n1=0 ————

=8apn

Since @1 < 0 we conclude that f, = 0 on D’. By the Identity Theorem f, = 0 on
D.
Now let @ € Z" such that o; > O for all j € Ip. Then the function

DYf () ,
> ——Z
o!

is holomorphic on D, because by definition of Jp we have z; # 0 for all j € Jp.
Choosing a polydisc P C D and comparing the Laurent expansion of f on P
with the homogenous expansion ), f, from Theorem 1.119 gives by analogous
arguments as above

D*f (0
fa (@) = —f,( )z"‘

on P. Apply the Identity Theorem again to see that this equation holds on all of
D. O

Corollary 2.15
Let D C C" be a Reinhardt domain. Let 1 < p < n such that for all k =
1,..., p there is some z € D withzy = OQand foralll = p+1,...,n we
have z; # 0 for all z € D. Further, let
D:={(tnz1,. - tp2p, 2pt1s--v2n) 12€D,0<t;<1,j=1,..., p}.
Then

p:0O(D)— O(D),F+ Flp

is an isomorphism.
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Proof The proof is analogous to the case 0 € D, i.e., p = n. m|

» Remark 2.16 Note that if n = l, Corollary 2.15 is trivial, because in that case
we have 0 € D, which implies D = D.

2.2  Representation-Theoretic Interpretation of the Laurent
Series

The results about Laurent expansion can be interpreted in a representation- theoretic
framework. If D is a Reinhardt domain the action

T™xD— D,(,2)—~> ¢ 2
defines a representation
7 :T" - L(O (D))
of T" on the space O (D) of holomorphic functions on D by

T ()@= [f(&- 2. (23)

For simplicity, put G := T". Generally, in representation theory, one is interested
in the simultaneous eigenvectors of the representation, i.e., in this case, in all
holomorphic functions f € O (D), f # 0, for which there is a function x : G —
C such that

T@H=x®f

for all g € G. This notion, of course, applies to representations of generic groups
G on a vector space V. From the fact that i is a representation it follows that yx is
a group homomorphism from G to ((CX, ) . Such group homomorphisms are called
group characters of G. For every o € Z" we have a continuous group character

Xe : G — C*, 0 > 7.

Theorem 2.17
Let D be a Reinhardt domain, let w be the representation (2.3) and for a € 7"
let fy be the function (1.9). Then the following holds:

1. The eigenvectors of w are exactly those monomials z%,z € D,a € 7",
which can be extended to all of D. In other words, if there is a z € D with
zj = 0 for some j then only those o € Z" with a; > 0 appear.

(continued)
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Theorem 2.17 (continued)

2. For every a € Z" the function py : O (D) — O (D) defined by py (f) :=
fo defines a continuous projection onto the eigenspace corresponding to
the character .

3. The eigenvectors of w span a dense subset of O (D) .

Proof

1. If f € O (D) with Laurent expansion f (z) = ),z caz®, then

TN @=FC-2= ) cat®s"

aeln

It follows from the uniqueness of the Laurent coefficients that f is an eigenvector
if and only if there is an « € Z" such that f (z) = c,z%. From Theorem 2.14 we
obtain thate; > 0if z; = 0.

2. From the uniform convergence of the Laurent series on the compact set T" - z we

obtain
(LN [ G2
Po () (2) = <_2ni> N d¢

’]I‘n

_ 8B B—a—1
=2 Gaiy? /§ %

Bezr Tn
cs B o
= E — 2 80 = CaZ".
pezr 2mi)

In particular, py (cy id%) (2) = coz%.
3. This is an immediate consequence of Theorem 1.119.
0

> Remark 2.18 Theorem 2.17 gives a representation-theoretic interpretation of the
Laurent expansion of holomorphic functions on Reinhardt domains. Within this
framework there are theorems which contain the Laurent expansion theorems on
Reinhardt domains as special cases. This theory, however, requires a much deeper
background in functional analysis. The reader familiar with this theory might
have noticed that one could use the theorems of Peter—Weyl and Harish—Chandra
(see [10], for instance) about continuous representations of compact Lie groups
on Fréchet spaces and the convergence of the corresponding Fourier series.
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2.3  Hartogs’ Kugelsatz, Special Case

As an application of Corollary 2.15 we prove a special form of Hartogs’ Kugelsatz.
It states that every function holomorphic on a ball shell can be extended to the full
ball. As a consequence it follows that holomorphic functions of n > 2 variables
have neither isolated singularities nor isolated zeros. Taking into account that in one
variable a good part of the theory is based on the existence of isolated singularities,
especially the theory of residues with all its applications, for instance in analytic
number theory, this is a rather remarkable fact.

Theorem 2.19 (Kugelsatz, Special Case)

Letn > 2,0 <r < R < o0, ||| an arbitrary norm in C" and B}! (0) , B (0)
the balls of radius r resp. R with respect to ||.|| (in case R = oo this means
all of C"). Let

B" (r, R) := By (0) \ B (0).
Then the restriction
p:O(BE(0) — O(B"(r,R)),F — Flgn,r)

is an isomorphism of topological algebras.

Proof Clearly, B" (r, R) is a Reinhardt domain. Let ey, ..., e, be the canonical
basis of C" and fix some A € ]r, R[. Then B" (r, R) contains all vectors Ae; having
A in the j-th component and zero otherwise, i.e., we have p = n in Corollary 2.15.
Hence,

BT (r,R) = {121, tazn) |2€ B, R),0<t; <1,j=1,...,n)

={(tz1,....taz0) |r <2l <R O<t;<1,j=1,...,n}
={zeC"0< |zl <R}
= B} (0).

Corollary 2.15 says that
p:O(BR () — O(B"(r,R)),F+ Flpr

is an isomorphism of algebras. It follows from Exercise 2.13 that this isomorphism
is also topological. O

This theorem has a striking consequence.
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Corollary 2.20
A holomorphic function of n > 2 variables has no isolated non-removable
singularities.

Proof Let f be holomorphic on an open set U C C" withn > 2 andleta € U. By
a shift of coordinates we may assume a = 0 without loss of generality. Since U is
open we can choose 0 < r < R such that

0¢ B"(r,R) C U.

Since f € O (U) the restriction f|pn () is holomorphic. By Theorem 2.19 there is
aunique F € O (B;’e (0)) , which extends f holomorphically, hence the singularity
0 is removable. o

Example 2.21
Let Q := B> (%, 1) N (Cx {0}) and

1

T
)

f:Q2—>C,(z,0) —~

f allows no holomorphic extension to B2 (%, 1), because if there was an extension

Feo(s (i
>
of f, application of Theorem 2.19 would produce another holomorphic extension
Geo (312 (0))

of F. This extension, however, cannot exist, because G would have to be bounded near the point
(% 0) e 812 (0), while f isn’t. Contradiction!

Exercise 2.22
Let Dy be the Hartogs figure (2.2). Show that every f € O (Dy) has a unique holomorphic
extension to the unit polydisc in CZ.

Exercise 2.23
Give an example that Theorem 2.19 does not hold for the case n = 1.

Exercise 2.24
Letn >2,r,R e R suchthat0 <r; < R; <ooforall j=1,...,nand

P" (r, R) := P (0) \ P (0).
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Show that
p:O(PR(O) = O(P"(r,R) . f+ flpre.r)

is an isomorphism.

Exercise 2.25
Letn > 2, P apolydisc in C" and D an open and connected neighbourhood of the boundary 9 P.
Show that

OMD)=0(DUP)

Exercise 2.26
Show that a holomorphic function in n > 2 variables has no isolated zeroes.
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Biholomorphic Maps

In this chapter we study biholomorphic maps of domains in C" and prove the
biholomorphic inequivalence of unit ball and unit polydisc if n > 2. We start with
examining the question when a holomorphic map locally has a holomorphic inverse.

3.1 The Inverse Function Theorem and Implicit Functions

Definition 3.1

Let U € C" be an open set and f € O (U, C™). f is called biholomorphic if
there is a holomorphic map

g: fWU)—->U
such that g o f =idy and f o g = ids(v). If g exists we write
f=g
Biholomorphic maps can only exist between equidimensional spaces.
Lemma 3.2

Let U C C" be open and f € O (U,C™) be a biholomorphic map. Then
n=mand det Df (a) # 0.
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Proof Leta € U and b := f (a). It follows from the chain rule that for the
derivatives D (f o g) and D (g o f) we have

iden = D (g o f) (a) = (Dg (f (@) Df (a),
iden = D (f 0 g) (b) = (Df (b)) Dg (b) .
If n # m then either Df or Dg would not be of maximum rank. By symmetry of

the above equations we may without loss of generality assume rgDf (a) < n. Then
there would exist a nonzero vector z € C" with

Df (a)z =0,

which is a contradiction to idcr = D (g o f) (a) . Hence, n = m and rgDf (a) is
maximal, which is equivalent to det Df (a) # 0. O

The next theorem is the holomorphic version of the Inverse Function Theorem

from real calculus.

Theorem 3.3 (Inverse Function)
Let X C C" be open, a € X and f € O(X,C"). Then the following
statements are equivalent:

1. The functional determinant det Df (a) # 0.
2. There exist open neighbourhoods

U=U@CcCX,V=V(f(a)cC"
such that f (U) C V and
flU:U—V

is biholomorphic.

Proof The direction 2. = 1. was just proven. Let det Df (a) # 0. From the
real version of the Inverse Function Theorem we obtain the existence of open
neighbourhoods

U=U@cCX,V=V(f@)cC

and a real differentiable map

g:V->U
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fog=idy, go f=idy.

We have to show that g is actually holomorphic. To this end we note that fog = idy
is holomorphic. The Cauchy—Riemann differential equations then say that near a we
have

0

af g
0= —— (£ -
ow °8 <az°g)°aw
i
9z

is invertible near a = g (f (a)) by the real Inverse Function Theorem, hence,

0
£ =0
ow
near f (a), i.e., g is holomorphic near f (a) .

Theorem.

O
As in real calculus we obtain the holomorphic version of the Implicit Function

Theorem 3.4 (Implicit Functions)

Let X c C", Y C C™ be open sets, f € O (X x Y,C™),

N(f) ={z,w)e X xY| f(z,w) =0},

and (a,b) € N (f) such that rg% (a,b) = m. Then there are open
neighbourhoods

U=Ua)CX,

W=W(®cCcY
and a holomorphic function

h:U—> W

having the property that (z, w) € (U x W) N N (f) if and only if w
h(@), z,w)elU xW.
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Proof We apply the Inverse Function Theorem. From

rg% (a,b) =m
it follows that there are open neighbourhoods
U=U@CX,W=W®»)CY,V=V(a0)CXxY
such that the mapping
F:UxW—V, (z,w)r (z, f(z, w))

is biholomorphic. By eventually shrinking U we may assume that U x {0} C V. Let
pren denote the projection onto the first n coordinates. Then we can write

Fl= (pren, H): V> Ux W
and we can define a holomorphic function 4 : U — W by
h(z):=H(z,0).

Now if (z, w) € U x W such that w = h (z) = H (z, 0), then (z, w) = F~' (z,0).
Hence,

(z,0)=F (Ffl (z, O)) =F(z,w) = (z, f (z, w)),

ie., f(z,w) = 0. Conversely, if (z, w) € (U x W) N N (f), then there is some
v € V such that

(z,w) = F~' (v) = (prew (v), H (v))

thus,
F(z,w)=(z, f(z,w) =F (F_l (v)) =v=(v,v"),
where
V=1, ...,0), V' = Wattl, s Unam) -
This implies

V=z,1"=Ff(w=0,
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thus,

w=H@W=H(,0)=hr()=h(@).

Corollary 3.5
Let f € O(C?),

Y =N (f) = {zec2|f(z)=0},

X = {zeY|%(z)7€O}

and let pr;, denote the projection onto the k-th coordinate. Then the following
holds:

1. The set X is openinY.
2. Every a € X has an open neighbourhood W = W (a) C C? such that

prilxnw : XNW — pr; (X NW)

is a homeomorphism.

Proof
1. The mapping ¢ : C> — C : z > % (z) is continuous, thus,
X=yny ' (C\{0h
isopeninY.
2. Let a = (a1,a2) € X. By the Implicit Function Theorem there are open
neighbourhoods W; = W; (a;) C C, j = 1, 2 and a holomorphic function
h: W — W,

such that

(b1,b2) € (Wi x Wr)NY
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if and only if
by =h(b1), (b1,b2) € Wy x Wp =2 W.
Letz, w € W N X satisfy pr; (z) = pr; (w) . Then
pry (2) = h (pr; (2)) = h (pry (w)) = pry (w),
i.e., z = w. This shows that
prilxnw : XNW — pry (XN W)

is bijective. Since pr; is holomorphic and non-constant, it is a continuous and
open mapping. Therefore, the inverse mapping

-1
(prylxaw) " tpr (XN W) = XN W

is continuous.

Example 3.6
Consider the function

f:(C2 — C, (z1,22) — z1 —exp(22) -

Then Y = N (f) = {(exp¢, ¢) | ¢ € C} and because of
af 2
Py (z1,22) = —exp(z2) # O forall (z1,22) € C
2

we have in this case X = Y. X carries the structure of an Abelian group by
(z1,22) - (w1, w2) == (z1w1, 22 + w2)
with neutral element
(1,0) = (exp0,0) .
The inverse element to (exp z, z) is (exp (—z), —z) . If we define the functions
Exp:C— X, ¢+ (exp&,¢)
and

log: X — C, (expw, w) — w,
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then log is holomorphic! and satisfies
log (z - w) =logz + logw
and
logoExp =idc, Exp olog =idy.

X is called the Riemann surface of the logarithm.

Exercise 3.7 (Riemann Surface of the Square Root)
Let

f:(Cz—> C,(z1,22) — 71 —z%.

1. Determine X, Y as in Example 3.6.
2. Define an Abelian group structure on X and a holomorphic function

Ji X — C\ {0}
such that
Viow=Vivw

forall z, w € X.
3. Determine a holomorphic function \)%:C \ {0} = X which satisfies

(o /i=idx, /o () =idey)

Exercise 3.8
Let A C C3 be the set of solutions of the system of holomorphic equations

sin(z1 +z2) — z%zs 0,

exp (z1) — exp (z2) = z3.
Show that there is an open neighbourhood U C C of zero and a holomorphic mapping

o:U—> A

such that ¢ (0) =0and ¢ : U — ¢ (U) is a homeomorphism.

3.2 TheRiemann Mapping Problem

A high spot in every introductory course on function theory in one variable is
Riemann’s Mapping Theorem, which states that every simply connected domain
D properly contained in C is biholomorphically equivalent to the open unit

1
C such that f|xny = log |xnu.

i.e., toevery a € X exists an open neighbourhood U  C? and a holomorphic function f : U —
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disc. This is especially remarkable, because a purely topological property—simple
connectedness—implies a very restrictive analytical property. In more than one vari-
able, however, there are simply connected domains which are not biholomorphically
equivalent. In particular, this holds for unit ball and unit polydisc. This fact was first
discovered by H. Poincaré in 1907 [8] by proving that the groups of holomorphic
automorphisms of B} (0) and P{' (0) are not isomorphic if n > 1.

Theorem 3.9
Let
B (0)={zeC"| |zll, < 1}
be the Euclidian unit ball and
PO ={zeC"| llzlo < 1}
the unit polydisc in C". Then there exists a biholomorphic map
F : P (0) — Bj (0)

ifand only if n = 1.

Proof Since Bl1 0 = Pl1 (0) we can choose F =id, if n = 1. Letn > 1. Assume
that F is holomorphic. For fixed w € Pl1 (0) € C we define the mapping

or
F, : P1”71 0 —C" 7+ " (z’, w).
n

Let <Z/]) -~ - PI"_1 (0) be a sequence converging towards the boundary apl"—l )
je

and define
Fj :Pll(O)—> Bl (0), w — F(z;-,w).
Then

sup sup || Fy ) < 1.
jeNwePl(0)

i.e., the sequence (F./)jeN is bounded in O (Pl1 0), (Cn) . By Montel’s Theorem

there exists a subsequence (F jk) converging compactly on Pl1 (0) to a function

keN

@ : P} (0) - B} (0).
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By Weierstrass’ Theorem & is holomorphic. Because of

lim z; € 3P (0)

j—o00 J

for every w € Pl1 (0) the sequence

((E52))
converges towards the boundary
dP' (0) ={z € C" | |zk| = 1 for at least one k} .

Put

gy = lim F (z’j, w) e BT (0).

j—o00

We claim that a,, € 3B} (0) . This can be seen as follows: if a,, ¢ 9B (0) then

9P (0) > lim (z’j, w) = F " (ay) € F' (B (0)) C P! (0),
j—00

which is a contradiction, because Pl" (0) is an open set. Hence,
(Pl ©) coB ©.
This shows that the function

w = [P W)l

is constant on Pl1 (0), which is equivalent to ® = const. = 1, as was shown in

Exercise 1.106 This implies
& T 4 T l
thus

lim  F, () =0.
=3P H(0)

Hence, F,, is continuously extendible to the boundary 8P1”7] (0) by

Fw |8P1n—1(0) = O
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Applying the Maximum Modulus Theorem to every coordinate function of F,, we
find that F,, = 0. Now if ¢, = (0,...,0, 1)T denotes the n-th canonical basis
vector of C", we have

0=F, () =DF (z,w) ey,
thus,
det DF (z', w) =0.
This, finally, contradicts the Inverse Function Theorem. O

Exercise 3.10
Show that P (0) and Bf (0) are homeomorphic for all » > 1. Hint: Consider the mapping

0, ifz=0
. n n
®: PO > o {z'lzzn";,ifz#o.

Exercise 3.11
Show that the mapping

0 PLO) = B0, @ w) = (2 wvT—2w)

1

is bijective and that ¢ and ¢~ are real-analytic.

Exercise 3.12
An automorphism of a domain D C C" is a biholomorphic self-map f : D — D.

1. Show that the set Aut (D) of automorphisms of D forms a group with respect to composition.

2. Show that if Dy, D, are biholomorphic domains, then Aut (D) and Aut (D;) are isomorphic
as groups.

3. Prove that Aut (D) acts on D by the mapping

Aut(D) x D — D, (f,2) — f(2)

Exercise 3.13
Show without using Theorem 3.9 that if

f Pl (©0)— By (0)

is a linear isomorphism then n = 1. (Hint: Note that f has an extension F to all of C". Consider
F (0P (0)).
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3.3 Cartan’s Uniqueness Theorem

The following theorem by H. Cartan can be viewed as an n-dimensional analogue
of Schwarz’ Lemma.

Theorem 3.14 (Cartan)
Let D C C" be a bounded domain, a € D and

f:D— D

a holomorphic map satisfying f (a) = a and Df (a) = idcn. Then f is the
identity mapping.

Proof Without loss of generality we may assume a = 0. Let r be a polyradius with
0 < |Irllso < 1 such that the polydisc P := P, (0) C P C D. Let p; (z) be the
homogenous polynomial of degree j defined by?

D*f (0
pj(2) = Z %z“.
loe|=j '

Then we have the expansion on P,

f@=)p@.

j=0

From f (0) = 0 and Df (0) = idc» we deduce that this expansion actually has the
form

f=id+) p;

Jjzk
with k > 2. Since f (D) C D we can consider the iterated mapping

fm:=fo---of:D— D.
—_—

m times

Computation gives

f™ =1idp + mpy + terms of higher order. (3.1

2 D® £ (0) 7%,

i.e., the vector with polynomial coefficients Z‘ al<j —al
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Now we can estimate for all m € N,

sup Z D/ O f’(O) %

Impclp o !

2€P ||a|=k

= 17"l
< 1f oo

Since D is a bounded domain and f (D) C D we have || f|l,, < oo. The right-hand
side of the above estimate is independent of m. From this we conclude py = 0 for
all k > 2. Hence, f =idp. a

» Remark 3.15 The theorem is false if D is not bounded. This can already be seen
in one dimension. For instance, consider the function

f:C>C,z—~>expz—1.
Corollary 3.16

Let D1, D be bounded circular domains in C" such that 0 € D1 N D> and let
f : D1 — D> be a biholomorphic mapping with f (0) = 0. Then f is linear.

Proof Fort € R define
F,:D; — Dy, z+— f~! (e_”f (e”z)).

Then F; (0) = 0 and DF; (0) = idcr, hence, by Cartan’s Uniqueness Theorem,
F; = idp,. This implies

f (e”Z) =e'f(2). (3.2)

Expansion of f into a series of homogenous polynomials gives

f= Zpl,‘,

j=0

thus

f (eif1> =0 (ei’Z) =) i@ 2 > €'pi @

j>0 j=0 j=0
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Hence, for allt € R,

0=> p;@e" (e“/—”f — 1) .

j=0

Comparing coefficients we find that p; = 0 for all j # 1, i.e., f = pi, which is
linear. O

Exercise 3.17
In this exercise we give an alternative proof of Theorem 3.9. For a € Bf (0) let [a] denote the
subspace of C" spanned by a. Let
P, :C" — [a]
denote the orthogonal projection onto [a] and

PaJ' :C" > [a]t

the projection onto the orthogonal complement of [a] . Put

2
sa 1= (1 lall3)

and define

a— P,z — saPaLz

:B"(0) = C' 7z~
Pa 1() Z 1= Gla)

5

where (z]a) denotes the standard inner product in C".

1. Show that ¢, (B} (0)) C B} (0).
2. Prove the equations

D@ (0) = =5z Py — s Pyt
and
Dy, (a) = —s2P, —s; ' P,
(Hint: It is useful to determine explicit formulas for P,z and PaJ'z.)
3. Show that ¢, o ¢, = idB?(o).
4. Show that the group Aut (B{' (0)) acts transitively on By (0), i.e., for every pair

(z,w) € BY (0) x B} (0)

there is some g € Aut (B’l1 (0)) such that g (z) = w.
5. Show that if D C C" is a circular, bounded domain containing the origin and

F:B'(0)— D
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a biholomorphic map, then there exists some 7' € G L,, (C) such that
T (Bf‘ (O)) =D.

6. Conclude again that B} (0) and P{’ (0) are not biholomorphically equivalent if n > 2.
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Analytic Sets

In this chapter we give an introduction to analytic sets. Roughly speaking, analytic
sets are sets whose elements are locally solutions of holomorphic systems of
equations. We will introduce the notion of codimension of an analytic set and show
that in most cases analytic sets are “thin enough” that holomorphic functions defined
outside an analytic set can be extended across the analytic set.

4.1 Elementary Properties of Analytic Sets

Definition 4.1

Let D C C" be open. A subset A C D is called analytic in D if A is closed and
for every a € A there exists an open neighbourhood U C D and finitely many
functions f1, ..., f,, € O (U) such that

ANU={zeU| fix=-= fu()=0}.

Example 4.2

The empty set ¥ and D itself are analytic in D. D is the zero set of the zero function on D,
is the zero set of the constant function f = 1. If Aj, A, are analytic in D then so are A; U Ay
and A| N Aj. If an analytic set A is the union of two proper analytic subsets then A is said to be
reducible, otherwise irreducible.

Example 4.3
If V is a k-dimensional (affine) subspace of C” then V is an analytic set in C".

Proof By a shift of coordinates we may assume that V is a proper, non-affine sub-
space of C". Let {by, ..., by} be a basis of V. Then there are vectors b1, ..., b,
such that {by, ..., b,} forms a basis of C". For z = 27:1 by let pr; : Cc" - C
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denote the linear projection defined by
pr; (2) == «aj.
Then pr; is a holomorphic function for all j and

n

V =N (prgyrs....pr,) = m N (pr;).
j=k+1

Since intersections of closed sets are closed, V is closed in C”. a

A k-dimensional subspace of C" has codimension n — k. This notion can be
generalized to analytic sets. In the case of a k-dimensional (affine) subspace of C”
both notions coincide.

Definition 4.4

Let A C D be an analytic set,a € A and m € N. We say that
codimz,A > m

if there is an m-dimensional affine complex subspace E containing a such that a
is an isolated pointin £ N A. We say that

codimy,A =m
if codim; A > m, but codim, A % m.If A # () we define

codimA := inf codim,A.
acA

Example 4.5
If f : D — Cis a holomorphic function, f # 0, then the zero set

N(f)=f"{oh

has codimension 1.

Proof 1f n = 1 the assertion is trivial. Letn > 1. Leta € N (f). Since f # 0
there is an open and connected neighbourhood U = U (a) C D such that f (b) # 0
forsomeb € U,b # a. Let

Ei:=a+Cb
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be the complex line through @ and b. E; N U is connected and one-dimensional,
thus, a is an isolated zero of f|g,ny, i.e.,

codim; N (f) > 1.

If codim, N (f) > 2 there would exist a two-dimensional complex subspace E>
containing a such that a is an isolated pointin E; NN (f) . From Chap. 2, however,
we already know that holomorphic functions in more than one variable have no
isolated zeroes, thus codim, N (f) ;ﬁ 2. |

Proposition 4.6
Let D C C" be openand A C D be an analytic set. Then the following holds.

1. IfcodimA > 1, then D \ A is dense in D.

2. If D is connected and if the interior A° of A is non-empty, then A = D.
3. If D is a domain and A # D, then codimA > 1.

Proof

1. Let a € A. There is a complex affine subspace E of dimension > 1 such that a
is an isolated point in £ N A. This implies that for every k > 1 there is some

2 € Bl (a)NE,
k

which is not contained in A. Hence, the sequence (zx);> is contained in D \ A
and satisfies

lim zx = a.
k— 00

2. Leta € A°. There are an open and connected neighbourhood U = U (a) C D
and holomorphic functions f1, ..., f € O (U) such that

UNA={zeU|fj@=0j=1..m}.

Since a € A° we have U N A° # () and U N A° is open in D. The Identity
Theorem implies

fi==fn=0,
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ie, U =UNA C A, hence,a € A°. Since a was an arbitrary element of A°
this shows that

A° = A°.

As was shown in Lemma 1.15, the only non-empty subset of a domain D which
is both open and closed is D itself.

3.Leta € A, U, fi,..., fm € O(U) as above. 2. implies A° = {J, because
A # D by prerequisite. Then there is some b € U such that f; (b) # 0 for some
k e {l,...,n}.Let E be the complex line through a and b, i.e.,

E :=a+Cb.
Then ANU C N (fx) and
(ANEYNUCN (fiyNUNE.

N (fi) N U N E consists only of isolated points, because otherwise the holomor-
phic function of one variable

f:C—>C, A+ fr(a+2rb)
would have a non-isolated zero, while not being the zero function, which

contradicts the Identity Theorem.
0O

Exercise 4.7
Which of the following sets A are analytic in D?

1. D:=C% A:={zeC*%z1z, =0}
2.D:=M@m,nC), A:=GL, (C).
3. D :=C", A c C"adiscrete subset.

Decide in each case, if A is analytic in D, whether A is the zero set of some f € O (D).

Exercise 4.8
LetU c C",V ¢ C" beopensetsand f € O(U,V).Let A C V be analytic in V. Show that
£~ (A) is analytic in U.

Exercise 4.9
Show that a k-dimensional (affine) subspace V of C" has codimension n —k in the sense of analytic
sets.

Exercise 4.10
Let Ay, A be analytic sets. What can you say about

codim (A N Aj)
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and

codim (A; U Aj)?

Exercise 4.11
Let p,g € N, p,q > 1,gcd (p, qg) = 1 and consider the analytic set

Apg = {(z,w) e C?|zP —wt :O}.

1. Show that the mapping
¢:C— Apg b (69.¢7)

is a holomorphic homeomorphism.
2. Show that there is no function ¥ holomorphic in a neighbourhood U of 0 € C? such that

w [¢] d)ld)*l(U) = id(f)*l(U)‘
(Hint: By Euclid’s Algorithm there are a, b € Z such that ged (p, q) = ap + bq.)

3. Show that ¢ (T) C T2.
4. Letg; := prjo¢,j= 1,2 and

y :[0,1] = T, 1 > &7,

89

Compute the winding numbers of the curves ¢ ; oy at zero and interpret this result geometrically.

Can you sketch ¢ (T) in the case (p, ¢) = (2, 3)? (Imagine the torus T2 embedded in R3.)

4.2 The Riemann Removable Singularity Theorems

Analytic sets give rise to continuation results for holomorphic functions, which are
independent of the geometry of the underlying domain of definition. In one variable
theory the Riemann Removable Singularity Theorem states that holomorphic
functions, which are defined outside an isolated point a and which are bounded near
a, can be extended across a. The next theorem generalizes this result to analytic

sets.

Theorem 4.12 (1st Riemann Removable Singularity Theorem)

Let D C C" be open, A C D an analytic set with codimA > 1 and f €
O (D \ A) a holomorphic function, which is locally bounded at A, i.e., for

every a € A there is an open neighbourhood U such that

flovanu

is bounded. Then f has a unique holomorphic continuation F : D — C.
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Proof 1f F exists it is unique, because D \ A is dense in D and F is continuous.
(Note that D need not be connected, hence, we cannot apply the Identity Theorem
on D!). If n = 1 the result is known, so we consider the case n > 2. Since a global
extension is also a local extension, uniqueness of F implies that it is enough to prove
the theorem in a neighbourhood of each a € A. Hence, without loss of generality,
we may assume that

A={zeD| i@ == fn(x)=0}.
From codimA > 1 we deduce that there is a complex line E through a such that a is
an isolated point in A N E. By change of coordinates and shift of the origin we may
assume that a = 0 and E is the z,-axis. Choose some r > 0 such that the polydisc
Pl0)={zeC"| llzllo <r}
is contained in D. Then there is 0 < § < r such that
freC o= =z21=0lz =8} C P/ (0)\ A.

Since D \ A is an open set there is some ¢ > 0 such that

R:i={zeC"| |zj|<e,j=1,....n—=1,|zal =8} C D\ A.

For every w’ € C"~! with ‘w; <e j=1,...,n—1theset

W, = {(u/, Zn) | lznl < V}
intersects A only in isolated points, because f; (w’ , zn) # 0 for |z,| = §. Define

U:={zeC"| |zj|<ej=1,....n— 1, |z] <8}

and
1 f(Z.¢)
F:U—C,z=(Z, de.
> Ce=(a)e ¢ -z O
1g]1=4
Then F is continuous and partially holomorphic in the variables z1, ..., z,—1. We

show that F is also partially holomorphic in z,,. Let 77 € C"~! be fixed such that
Hz/ || ~ < €. Then the function of one complex variable

@)= f(Z.¢)
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is holomorphic on the disc defined by |{| < r with the possible exception
of isolated points. Near these points ¢ is bounded, because f is bounded. The
Riemann Removable Singularity Theorem in one dimension states that ¢ can be
holomorphically extended to the whole disc. Cauchy’s Integral Formula yields

@ ()

1
fR@=¢@)=, . é__znd§=F(Z)

g]=8

onU \ A. |

Corollary 4.13
Let D C C" be a domain, A C D an analytic subset with codimA > 1. Then
D \ A is connected.

Proof Assume D\ A = U UV, where U, V are disjoint, nonempty open subsets
of D\ A. Then the function

1,ifzeU

U U
f:u V—>(C,z+—>{01ifzev

is holomorphic and bounded near A. By Theorem 4.12, f has a holomorphic
extension F € O (D). Since D is connected the Identity Theorem then implies
that ¥ = 0 and F = 1, which is absurd. m]

Theorem 4.14 (2nd Riemann Removable Singularity Theorem)
Let D C C" be open and A C D an analytic set with codimA > 2. Then the
restriction

p:0(MD)— OMD\A), fr flpna

is an isomorphism of complex algebras.

Proof Leta € Aand f € O(D\ A). By applying Theorem 4.12 we see that it
suffices to show that f is bounded near a. Without loss of generality assume a = 0
and that a is an isolated pointin A N E, where

E::{ZEC”|Z1=...=Z’1_2=0},
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Hence, there are 0 < ' < r such that
[zeC"z1==2,2=0, F' <l|zu1l.lzal <r} C D\ A.
Since D \ A is open there is ¢ > 0 such that the compact set
K:={zeC"||zj|<e.j=1,....n =2, <lzp-1l.lzal <r}

is contained in D \ A. Compactness of K implies that f is bounded on K. f can be
holomorphically extended to

K':={zeC"| |zj|<e.j=1,....n =2, |zpm1|, |zl <r}

and from the Maximum Modulus Theorem we deduce

£ lovmynk ]| o < 11k lloo < 00

Hence, f is bounded near zero. O

Exercise 4.15
Give an example of a real-analytic function f : R?" — R such that R?" \ N (f) is not connected.

Exercise 4.16
Let A, C GL, (C) denote the set of regular right upper triangular matrices. For which n > 2 is
the restriction

O(GLy (C) > OGL (C)\ An), f ¥ floL,na,

an isomorphism of complex algebras?

Exercise 4.17
Let f, g € O (C") such that | f (z)| < |g (z)| for all z € C". Show that f is a multiple of g, i.e.,
there is some A € C such that f = Ag.

Exercise 4.18
Show that S**~! := {z € C" | |izll, = 1} is not an analytic set in C".
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Hartogs’ Kugelsatz

The goal of this chapter is to state and prove a theorem of Hartogs known as the
“Kugelsatz”. We encountered a special case of the Kugelsatz already in Chap. 2,
where it was shown that every function holomorphic on a ball shell B (r, R) =
{ze C"|r < |zll, < R} has a unique holomorphic extension to the full ball
Br (0) . While this special case is the origin of the name “Kugelsatz” (Kugel is one
possible German word for ball) the general case of the Kugelsatz yields the result
that every function holomorphic on the complement D \ K C C" (n > 2) of some
compact set K, provided this complement is connected, can be holomorphically
extended across K. As a consequence we will see that the zero set of a holomorphic
function in more than one variable is never compact unless it is empty.

5.1 Holomorphic Differential Forms
We start by giving a brief introduction to holomorphic differential forms in C", but
assume that the reader is (at least roughly) familiar with the calculus of differential
forms in R”. Let us first collect the necessary basics from linear algebra.
5.1.1 Multilinear Forms
Let V be an n-dimensional real vector space and denote by
v#.={u:V > R | pu R-linear}

its algebraic dual. For k € N we then consider the so-called k-th outer product

/\k v# .= { uw: vk SR | u R-multilinear and alternating} , G.D
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where
/\0 v#.=Rand /\1 v#.=v*

An element u € /\k V*# is called an alternating k-form or simply a k-form. k is
called the degree deg v of u. As is known from linear algebra, if vy, ..., v; are
linearly dependent then

mr,...,u)=0
for every u € /\k v# which implies

k4 )
N VF=1{0}ifk >n.

This in mind we define

AV =P /\k %8 (5.2)

k>0

IfT : V — Wis alinear mapping and w € /\k W# we define a k-form T*w €
AF V# | called the pullback by T, by

T*w (v1,...,v) = (Tvy, ..., Tv). (5.3)

Denote by Si the symmetric group of k variables, i.e., the set of permutations of the

numbers 1, ..., k. For o € S the signum of o is defined by
. i—j
signo = l_[ _ 5.4
et 0 () =0 ())

signo equals +1 if it takes an even number of transpositions to reorder the numbers
o(l),...,o (k)

into their original order 1, ..., k and —1 if this number of transpositions is odd. It
is easy to see that a k-form satisfies

p i, ... o) = signo - w (Vo(1), - - -5 Vok)) -
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If u e AP V¥ and w € A\? V¥ are two p- resp. g-forms we define their product
wAwe NPT VHby

/LAco(vl,...,vp,vp+1,vp+q) (5.5

p!! Z signo - /,L Ul,..., VU ) (v,,+1,...,vp+q).

UES])+q
By bilinear continuation this defines a mapping
/\:/\V#x /\V#—> /\V#, (0,0) > oA,

which turns A\ V# into an associative unital algebra called the exterior algebra of
vH,

Lemma 5.1

The mapping (a), ' ) — w A ' has the following properties:

1. The wedge-product A is R-bilinear and associative.

2. The wedge-product A is a natural mapping, i.e., if T is a linear mapping,

then
T*(wA&) =T 0o ANT*o.

3. The equation 1 A w = w holds.
4. Commutation formula:

/
A @] = (_l)degwdegw @l A .

5. If deg w is even, then w A w = 0.
6. If w1, ..., Uk € V#andvl,...,vk eV, then

k
(1 A= A k) (Ui, .o, o) = det (g (Uj))i’jzl-
7. If{e1, ..., ek} isabasisofV#, then
leqpn-nepll<ji<-<je<n}

is a basis of /\k v# In particular,

k
dimg A\ v = (Z)
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Proof Left to the reader. O

We now turn to the complexification of a real vector space V. To this end we note
that the mapping

J:VxV->VxV (uv)— (—v,u)

is bilinear and satisfies J> = —id. Hence, V x V becomes a complex vector space
Vc by the definition

i-(u,v):=J w,v)=(-—v,u)
satisfying i - (V x {0}) = {0} x V, hence,
Ve=VaaiV. (5.6)

If Vg denotes the real dual space of V¢ then
/\k Vg = { uw: Vé | w is R-multilinear and alternating}
= /\k Viei /\k v#
is a complex vector space. We define conjugation in /\k Vg by

mp, ..., ) = vy, ..., Ug). 5.7

Exercise 5.2
Let wp, wy, o, be alternating p-, g- and r-forms. Under what condition does the equation

Wp Nwg Nwp = wp ANy Ao

hold?

5.1.2 Complex Differential Forms

We introduce complex differential forms on open sets in C*. All definitions and
results can be transferred to complex manifolds as well.

Definition 5.3

Let X C C" be an open set and a € X.
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1.If y : ]—e,e[ — X is a real differentiable curve with y (0) = a then the
vector

. d
y ()=

o Oy(t)

1=

is called a tangent vector at a.
2. The set T, X of all tangent vectors at a is called the real tangent space of X at
a.

Exercise 5.4
Show that the tangent space 7, X of an open set X ata € X is all of C".

» Remark 5.5 One may ask why we give a rather complicated definition of tangent
space of an open set in C”" if it turns out to coincide with all of C". The reason is
that this definition of tangent space also generalizes to differentiable manifolds.
The real dual space Ta#X of T, X is called the real cotangent space of X at a.

Definition 5.6

A mapping o from X into the disjoint union

w: X > U/\(TfX)C

acX

is called a complex differential form of degree k if for alla € X,

w(a) € /\k (TfX)(C ,
i.e.,ifforalla € X,
w(a): (T,X)* > C
is R-multilinear and alternating.

Example 5.7
If f € C! (X), then the real differential

df : X —> U/\(Ta#x)c,

aeX

—(3f f o
ar> duf:;(azj (a)dz; +%(a)d2,~>
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of f is a complex differential form (cf. (1.4)). Especially the differentials

dzj = dpr; =dx; +idyj,
dedeTjdej’—idyj

are complex differential forms.

Combining Lemmas 1.43 and 5.1 we see that a complex differential form w of
degree k can generally be written as a finite sum

w=Yadz NdZ], (5.8)

finite
where fork = p + ¢,
dz; 1 =dz, A“'Adzip, I <ij<---<ip=<n,

dﬁ::dzleu-Adzjq, I1<ji<---<js=n,

ar,j: X — C.

Definition 5.8

w is called a smooth differential form of degree k, if all functions a; ; in (5.8)
are smooth, i.e., ar y € C* (X,C).

Notation 5.9 We write
EX):=C*(X,0),

EX(X) 1 = {w | w smooth complex differential form of degree k on X},

EPI(X): =1 w= Z ay jdzy ANdzy | ag.j smooth, #1 = p,#J = ¢

finite
» Remark 5.10 It is easy to see that

X = @ .

ptq=k

If (Kj)j < 18 @ compact exhaustion of X and « € N" we can define a countable

family of seminorms

Pin 1 €EX) =R, f > sup |D°‘f(z)’

z€K;
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which turns each £7°9 (X) into a Fréchet space. The Fréchet structure of £7-7 (X)
is induced by the Fréchet structure of £ (X), since every differential form

w = Z ar.jdzy Ndzj € EP1(X)
finite

can be identified with its set of coefficients a; ; € £ (X). In particular, this
means that a sequence

wp = Z aj yndzy AdzZg € EP9 (X)
finite

converges to some @ = Zfim»te ay,jdz; Adzy € EP9 (X) if and only if

lim ay j., = ay yforall I, J.
n— o0

The Exterior Derivative
fw=> Finite A, 7dzr A dzy is a smooth complex differential form all a; j are

differentiable functions. Thus we can define a mapping

o do:= Y daj; ndz AdZ, (5.9)

finite

called the exterior derivative of . If w = ay ; is a differential form of degree zero,
i.e., a smooth function, the exterior derivative is simply the real differential of ay_;.
The following properties are easily verified and the proof is left to the reader.

Lemma 5.11
The exterior derivative satisfies:

1. The equation d o d = 0 holds.
2. The exterior derivative of a wedge-product is given by

dwno)=doro + (—D)%E? oy A do.

3. Forall f € £(X) we haved f = df.
4. The mapping d is C-linear.

(continued)
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Lemma 5.11 (continued)
5. The mapping d can be decomposed into d = d' + d’, where d’,d" are

induced by

LEX) = EN X)), fedf = Z—dz,,
j=1 "

EX) > EYN X)), fed f = Z —dz;.

10z)

6. The equations
dod =d"od =0,
dod +d" od =0

hold.
7. We have

If=d'F.
d'f=d7.

> Remark 5.12 We encountered the mappings d’, d” already in Chap. 1, where
we used the notation 3f = d’f and 3f = d”f in (1.5). For the rest of the
book we will use the more general d’, d”, because they apply to both functions
and differential forms. We also already know that a function f € & (X) is
holomorphic if and only if d” f = 0, which is just a short formulation of the
Cauchy-Riemann Differential Equations. This leads to the notation

QP (X) := ker (51”0 (X) 4 en (X)) (5.10)

=I{w= Z ardzy | ay € O(X)

finite

QP (X) is called the space of holomorphic differential forms of degree p on X.

Definition 5.13

A holomorphic differential form w € QP (X) is called exact or total if there
exists a n € QP! (X)), called a primitive of w, such that = dn. w is called
closed if dw = 0.
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Lemma 5.14
Every exact differential form is closed.

Proof This follows from d o d = 0. O

Example 5.15
The differential form

w=dz Adz € Q*(C"),n =2,
is exact, because w = dn with n = z1dz,. The differential form
w=7z1dzy Ndz3 € Q2 ((C"),n >3
is not exact, because
dw =dz; Ndzy Ndz3 # 0,

thus, w is not closed.

» Remark 5.16 It can be shown that on an open subset X of C" the equation
dw = n can always be solved locally, i.e., for every a € X there is an open
neighbourhood U, such that the equation dw = 7 has a solution that is valid
on U. This follows from a result known as Poincaré’s Lemma, which will be
discussed in the exercises. For this and also in the following chapters we need the
following notion from general algebra(see, for example, [7]).

Definition 5.17

A sequence (Ej, (pl')jeN of vector spaces (groups, rings, modules,...) E; and
corresponding homomorphisms ¢; : E; — E ;4 is called an exact sequence of
vector spaces (groups, rings, modules,. . .), if imgg; = ker ¢ for all j.

Example 5.18
Let G be a group with neutral element ¢ and N <1 G a normal subgroup. Let inc denote the natural
inclusion, 7 : G — G/ N the canonical projection

w(g):=gxN:={g*n| neN}
for all g € G and let ¢ be the trivial homomorphism ¢ (g) := e for all g € G. Then the sequence

inc inc

SN GE G/ND (o) (5.11)

is exact. It is customary to write O instead of {e} and to omit the trivial homomorphisms inc and ¢
if the choice is clear from the context, so the sequence (5.11) would usually be written

0>N—>G>5G/N—o0.
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Definition 5.19

An exact sequence of the form
0> E 4 B8 E 50 (5.12)

is called a short exact sequence.

Lemma 5.20
If0 - E; % E> 2 E3z — 0 is a short exact sequence, then ¢ is injective
and ¢y is surjective.

Proof By definition ker ¢; = imginc = 0, hence, ¢ is injective. ¢ is surjective,
because imggy = ker¢p = E3. O

Exercise 5.21
Let X C C be a simply connected domain, A C X a discrete subset and

w:= fdz € Q' (X \ A).

Show that w is exact if and only if res, f = O foralla € A.

Exercise 5.22 ,
Let f : C — C\ {0} be a holomorphic function and w := dez. Determine a function g € O (C)
such that dg = w.

Exercise 5.23
Let X C C" be an open set and F = (fi, ..., fn) € O (X, C"). Find a relation between df; A
c-Adfypanddzy A - Adzy.

Exercise 5.24
Let0 < p,q <n, X,Y, Z be open subsets of C"and

f:Z—-Y g:Y—>X

holomorphic mappings. For w € £P:9 (Y) we define the pullback f* by f*w := w o f. Please
show:

1. f*is alinear mapping
f*EPI(Y) > £ (2),
which satisfies

(go N* = fFog", idy =idera(x).
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2. The pullback commutes with all outer derivatives, i.e., if 9 € {d, d, d”} then
f*0w) =0 (fw).

Exercise 5.25
Let1 < p <nand X C C" be a domain, which is star-shaped with respect to the origin. We put
)4
. k—1 T
Oiy..iy = Z (=D zidziy Ao ANdzig ANdzigpr Ao A dZiy,
k=1
where dzA,k means that this factor is omitted. Let

n=fdziy A+ Adzi, € QP (X).

We define an operator I : QP (X) — Qr-1(x) by

1
In(z) == (/ lp_lf(fZ)dl> Oiy...i,
0

and extension by linearity. Please show:

. The equation do..., = pdz1 A --- A dz), holds.
.Forj=1,...,nwehavedzj Aoy p=—0j1.p+2zjdzy A--- Ndzp.
. Forall w € QP (X) we have I (dw) +d (lw) = w.

. (Poincaré’s Lemma) The sequence

N W N -

0-Co0X) 5% ... LX) -0

is exact. (C is identified with the set of constant functions on X.)
5. Interpret Poincaré’s Lemma in the case n = 1. Which classical theorem in function theory of
one complex variable corresponds to it?

Exercise 5.26

Let X C C" be an open set, which is star-shaped with respect to the origin and let by, b2, b3 €
O (X) such that

> ob;
— =0 on X.
i=1 9z

J

Show that the system of partial differential equations

wn o,
9z 0z3 '
afi  afs
— - == =b,
dzz 0z
af  9fi

9z 0m
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has a solution f = (f1, f2, f3), fj € O(X).Is this solution unique? (Hint: Apply Poincaré’s
Lemma.)

» Remark5.27 The first statement of Remark 5.16 follows from Poincaré’s Lemma
in the following way: if X is an open subset of C" every a € X has a star-shaped
open neighbourhood U C X, for instance, an open ball, on which Poincaré’s
Lemma holds. In particular, Poincaré’s Lemma says that the mapping

o) S @ U

is surjective. Note that even though the equation dw = n always has a local
solution near every point a € X this does not mean that it has a global solution.
For example, take n = 1, X = C\ {0} and n = % Finding a global solution
w of the equation dw = 1 would mean finding a global logarithm function on
all of C \ {0}, which does not exist. When diving deeper into the question of
the existence of global solutions of the equation dw = 7 it is well known that
one encounters merely topological obstructions, which lead to the notion of the
so-called de Rham cohomology groups. The interested reader may refer to [9] for
more details on this matter. General cohomology theory is studied in depth in
Algebraic Topology.

5.2 Theinhomogenous Cauchy-Riemann Differential
Equations

A differentiable function f of one complex variable is holomorphic if f is a solution
of the homogenous Cauchy—Riemann Differential Equation

af
7

0.

It is natural to ask also for solutions of the more general equation

o _

9z =9,

where ¢ is a differentiable function. We will answer this question, at least in a
special case.
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Proposition 5.28
Let U C C" be an open set and let ¢ : CxU — C be a smooth function such
that for all w € U the function

(= w)
has compact support. Define f : C x U — C by

£ w) ;:L @ (¢, w)

2mi Jo ¢ —z dg ndg.

Then f is smooth on C x U and satisfies
af
oz 7
Proof Let z € C be fixed. Every ¢ € C can be expressed in polar coordinates

¢ =z+rexp(it),

sod¢ Adt = —2ir dr A dt. Hence,

1 2w 00
f(z,w)=——/ / o (z+rexp(it),w)dr Andt,
7 Jo Jo

which shows that f exists and has the stated properties with respect to the parameter
w. Now let (a, w) € C x U be fixed. Then, if we replace ¢ by ¢ + z in the integral,

af _ 1 [y dc Adt
—_(z,w)—zm./caz(z+§,w) -

Z

Replacing 3% by -L and ¢ by ¢ — a we find

s
af _ 1 [ dc AdT

1 . o, w)
" o / "(ﬁdf)‘

[¢—al>e
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By Stokes’ Theorem, applied to B, (a) \ B; (a) for suitable » > ¢, the latter equals

1 , 1 2 .
—— lim / Md; = — lim / ) (a +ee', w) dt
2mi e—>0+ {—a 21i e—0+ Jo

l¢—al=¢

=¢(aw).

5.3 Dolbeault’s Lemma

Proposition 5.29

Let P’ C P C C" be polydiscs such that P’ is concentric and P’ is a compact
subsetof P. Let p > 0,q > 1. Thento every w € EP- (P) satisfyingd"w = 0
there exists some n € EP471 (P’) such that

d'n=wlp.

Proof Forv =0, ...,n we use the following notation for index sets / C N:
I <v:&e maxI <v.
Put
Ay(P):={wel(P)|lw= ) ajsdz NdZ]
1,J<v
Then {0} = Ag C Ay C --- C A, = EP9(P). We use induction on v. If v = 0
then w = 0, because ¢ > 1, so we can choose 7 := 0. Now assume the proposition

holds for j =0, ..., v — 1. Choose some open concentric polydisc P” such that P’
is compact and

P CcP'CcP'CP
and let w € A, (P) satisfy d”@ = 0.w can be written in the form

=Y apsdz; NdZ].
I,J<v
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It follows from J < v that

0
al_’J =0forallk > v,
0Zk
i.e., the coefficients ay j depend holomorphically on z,41, ..., z,. Now we can

decompose w into
w=dz, No + B,

where 8 € A,_1 (P) and

o= Z brjdzy NdzZg
I1,J<v—1

with coefficient b;, ;, which coincide with some a;/ ;- up to the sign. In particular,
they depend holomorphically upon z,41, ..., z,. There exists a smooth function
x : P — C with compact support such that

X|W: 1.

Proposition 5.28 states that for x - by j there exist smooth functions ¢; j € &€ (P” )
such that

acy g
. = b ",
PE rJlp
and the ¢y ; depend holomorphically upon z,+1, ..., z,. Put

y = Z cr,ydzy Ndzy.
1,J<v—1

Then
d"y =dzy nolpr+8
with some § € A,_; (P”). Thus, @ — d"y|pr = Blx» — §. In particular,
Blpr —8 € Ap_i (P"), d" (Blpr —8) =0.
The induction hypothesis yields that there is 7 € £7+4! (P/ ) such that

d't=(B-8Ilp.
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Choose n .= y'P’ + 1. Then ne 5p,q—1 (P/) and

d//77 =d”y|pr+d”‘c
=owlp+(B—=8)Ip+B—-0Ip

= olp,

proving the proposition.

Lemma 5.30

Let (Ey)g>0 be a family of complete metric spaces and let
Vi i Ex = Ex—1, k> 1

be continuous mappings such that yy (Ey) is dense in Ex_y for all k > 1.
Then there exists a sequence (Xi)g>o With xx € Ej such that

Vi (Xk) = X—1.

Proof Letx; € E| be an arbitrary element. Put xo := y; (x1) and define
X00 ‘= X0] ‘= X0, X10 := X1] := X1.

Let &€ > 0 be arbitrary. Then x;; € Ej, j =0, 1 and

Y1 (le) =Xj_1,1, d(le,xjo) =0<2 e

By induction on k > 1 we obtain elements xj; € E;, j =0, ...,k, such that

vi (xjk) = xjke d (xji xja-1) <2756
Then, if k > 1 4+ 1 > j, the triangle inequality yields

k—(+1)
d(xjixj) < D d(Xjkoms Xjkom—1)

m=0

k—(+1)

S Z 2—k+m8 =¢ (2—1 _ 2—1{) ,

m=0
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which shows that (X-/k)kzo is a Cauchy sequence in E;. Hence, since E; is
complete, x; := klim Xk exists in E;. x; satisfies
X —00

vj () = lim y; (xje) = lim xj 16 =xj-1 € Ejoi
by continuity of y;. O

Theorem 5.31 (Dolbeault’s Lemma)
Let P C C" be a polydisc and p + q = n. Then the sequence

05 QP (P)— 0Py L ert(py L. L erapy 50

is exact.

Proof Letg > 1and w € £P*9 (P) such that d”w = 0. We have to show that there
is some € £P4~! (P) such that d"n = w. Let

PPCPhCPLCP C---CP

be an exhaustion of P by concentric and relatively compact polydiscs. Define for
keN,

My = |negrat (P 1 d"n=wlp}.
Lemma 5.29 says that My # ¥, so we have
N#EMyC My C My C---
(with the suitable restrictions of the elements). Let ny € Mj. We proceed by

induction on g. If g = 1 and 0/, n" € My, thend” (n' — ") = 0, ie.n — 7" €
QP (Py) . Consider the mappings

Vi 0 QP (P) = My, n = n+ng,
7t QP (Pr) = QF (Pi—1) ., n > n+ (g — nk—1) -

Y 1s surjective, 1 is continuous and has dense image, because the Taylor
polynomials of the coefficients of n + n;r — nx—1 approximate the coefficients of
an arbitrary element of Q7 (Px_1) . Furthermore, if px : My — Mj_| denotes the
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restriction, the diagram

QP (Py) =5 QF (P_i)
Vi 4 Y-
M, — Mg

commutes. From Lemma 5.30 we obtain holomorphic p-forms oy € Q7 (P) , such
that 7y (o) = ox—1. Put

Mk = Y (ok) = ok + k.

Then 7| p,_, = 1k—1. Hence, we can well-define n € £7°0 (P) by n|p, := ;. for all
k. Then

d"nlp, =d"ox +d"n =0+ o|p,
i.e.,, d’n = w. The case ¢ = 1 is thus proven. Let now ¢ > 2 and n’, n” € M.
From the induction hypothesis we obtain o € £7:4~! (P) such that d"o = ' — 1",
i.e., the mapping
Uit EPITE(P) = My, 0 > do 4 mi
is surjective. Define
Tt EPI(P) > EP9TE (Pio1) .0 > 0 4 it

where d”yx_1 = o) — ox—1. Tx is continuous and since to every compact set K C

Py_1 there exists a smooth function s € £ (Py), whose support is contained in Pj_|
and which satisfies s|x = 1, 7 has dense image. The diagram

EPa=2 (P -5 £P4=2(P_))
Y d 4 Y

Pk
M;, — My

commutes. It follows again from Lemma 5.30 that there are oy € 7972 (P;) such
that 7 (o) = o}_1. Finally, define € £P-4~! (P) by

nlp, = nk +d"ox.

Then d//ank = d//nk = a)|Pk, i.e., d”?] = w. o
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Corollary 5.32
Letn > 2 and let o € %' (C") have compact support and satisfy d"w = 0.

Then there is a smooth function f : C" — C with compact support such that
d"f = w.

Proof By Dolbeault’s Lemma there is a smooth function 2 € £ (C"*) = £0.0 (Cmy
such that d”h = w. Let K be the support of w. There is a bounded ball B such that
K Cc BC B.OnC" \E we have d”"h = 0, i.e., h is holomorphic outside B. It
follows from Theorem 2.19 that 4 has a unique holomorphic continuation g to C".
Put f := h — g. Then the support supp f of f is closed per definition and contained
in B, soitis compactandd” f =d"h —d"g =d"h = . ]

5.4 The Kugelsatz of Hartogs

Hartogs” Kugelsatz generalizes Theorem 2.19. In order to give a proof we need
some basic results from general topology.

Lemma 5.33
Let X be a locally connected topological space, W C X and a,b € W. Then
the following defines an equivalence relation ~ on X :

a ~b: <= Thereis aconnected set U C W such thata,b € U.

Proof a ~ a, because X is locally connected. Symmetry is trivial. If a ~ b and
b ~ c then there are connected sets U,V C W such that a,b € U,b,c € V.
Because b € U NV the set U U V is connected and contains a, b, ¢, hence, a ~ c.

O

Definition 5.34

The equivalence class of an element a € W under the above relation is called
the connected component of a in W. We denote it by W¢. If a is not specified W
denotes any connected component of W.
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Lemma 5.35
Let X be a locally connected topological space, W C X an open subset and
a € W. Then the following holds:

1.
We = U v (5.13)
Vcw

V connected
acV

2. Wis openin X.
3. Let K be a compact subset of C*. Then C" \ K contains exactly one
unbounded connected component.

Proof

1

_If b € W¥ there is a connected subset U C X that contains a and b, i.e., the

inclusion “C” holds. On the other hand, if b is contained in some connected set
V', which also contains a, then b ~ a, hence, b € W4,

. The assertion is trivial if W = 3. If W #£ @ leta € VT/, i.e., W = W¢ Since W is

open and X is locally connected there is a connected open neighbourhood U of
a, which is contained in W. Thus, U C W, which shows that W is open.

.Put V := C"\ K. Since K is compact, it is closed and bounded. Therefore, V

is open and there is some r > 0 such that K C B (0). Then C" \ B/ (0) is an
unbounded and connected set, which is contained in V. Choose

acC'"\B"(0)CV
and let V¢ denote its connected component in V. Then C" \ B! (0) C V4, hence,

V4 is an unbounded connected component in V. If V is an arbitrary unbounded
connected component of V then

N(C"\ B (0)) # ¢

Since C" \ B! (0) C V4, we conclude V = V4.
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Theorem 5.36 (Kugelsatz)
Let X be an open set in C",n > 2 and K C X a compact subset such that
X \ K is connected. Then the restriction

p:0(X) = OX\K)

is an isomorphism of C-algebras.

Proof As usual, we only prove that p is surjective. Choose an open and relatively
compact set C such that K C C C X and a smooth function ¢ : X — [0, 1] with
compact support suppg such that

¢lc =1

Let f € O (X \ K) and define the smooth function

lI-9@)f@),ifze X\ K

h:X C, .
- ZH{ 0, ifze K

Then

h|X\suppga = f|X\suppgo' (5.14)

In particular, we have d” f = d”h = 0 outside suppg. d”h can thus be extended by
zero outside X, i.e., d’h € E*! (C"). The support of d”h is a closed subset of the
compact set suppg, hence it is itself compact. We obtain from Corollary 5.32 that
there is a function g € £ (C™") with compact support, which satisfies d’g = d"h. g
is holomorphic on C" \ suppeg, because of d”h = 0 outside suppg. Since d"h = d”g,
we can define a holomorphic function F : X — C by

F:=h—-g.
We claim that F is the desired holomorphic extension of f. This can be seen as
follows. If W denotes the unique unbounded connected component of C" \ suppg
the Identity Theorem implies that g vanishes on W, because suppg is compact. It
follows from the fact that X is an open set and from
dW C 3 (C" \ suppp) = dsuppp C X
that X N W # @. Now note that X N W is an open set and that

P#XNWCXN(C"\suppp) = X \ suppg.
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It follows from (5.14) that

Flxnw = hlxnw = flxnw.

From ¢|x = 1 we obtain K C suppg, thus, X \ suppp C X \ K. By prerequisite
X\ K is adomain and F|x\ g and f coincide on the open nonempty subset X N W.
Hence, the Identity Theorem implies

Flx\k = f,

and the proof is complete. O

Corollary 5.37
Let D be a domain in C",n > 2, and let f € O (D) have at least one zero.
Then the zero set N (f) is not compact.

Proof 1If f is the zero function the proof is trivial. Let f # 0. It was shown
in Example 4.5 that in this case the analytic set N (f) has codimension 1.
Corollary 4.13 states that D \ N (f) is connected. The function Lis holomorphic
on D\ N (f).If N(f) were compact the Kugelsatz would imply that there is a
holomorphic function F € O (D) such that

1

Fip\n(p) = I3

Multiplication by f yields F- f = 1on D\ N (f) . Since f is not the zero function,
D \ N (f) is a nonempty open subset of the connected set D \ N (f), thus, the
Identity Theorem says that F - f = 1 on all of D, contradicting f|y(r) = 0. O

Example 5.38
The statement of the corollary does not hold for real analytic functions. For example, the zero set
of the function

f:C" = Cz flzlp -1

is the compact unit sphere in C".

Example 5.39
The zero set of the polynomial p (z1, ..., z,) := z1 is {0} x €1, which is not compactifn > 1.

Exercise 5.40
Give examples that the Kugelsatz does no longer hold if X \ K is not connected or if n = 1.
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Exercise 5.41
Letn > 2 and K C C”" be a compact and convex set. Let X := C" \ K and f € O(X) be a
nonconstant function.

1. Show that there is a sequence (Zf)jeN in X such that jlin;o |f (z))] = oo.

2. Can one of the prerequisites compact resp. convex be weakened such that 1. still holds?
3. Does 1. also hold if we only demand f to be smooth?

Exercise 5.42
Let D be a bounded domain in C", n > 2, with connected boundary 9 D. Let

AD)={fec(D) | flp 0D}
and
p:A(D)—>C@®BD), fr flap.

1. Let f € A (D). Find the implications in the following two statements:
(@ N(f)ND #0.
®) N(p(f)#0.

2. Determine the set C := {f € A(D) | |p (f)| = const.}.
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Continuation on Tubular Domains

An especially important class of domains in C" are tubular domains (or tube
domain), i.e., domains of the form D := Q + iR", where Q2 is a domain in R”. Q is
called the basis of the tubular domain D. In particular, C" = R” 4 iR" is a tubular
domain with basis R"”. The aim of this chapter is to give a proof of a continuation
theorem due to Bochner, which states that every function holomorphic on a tubular
domain D can be holomorphically extended to the convex hull of D. Bochner’s
Theorem, unlike Hartogs’ Kugelsatz, holds also in dimension 1. However, if n = 1
the theorem is trivial, because every tube domain in C coincides with its convex
hull.

6.1 Convex Hulls

Recall from Chap. 1 that for a subset X of a real vector space the convex hull
conv (X) of X is the smallest convex set that contains X, i.e.,

conv(X)= [ C.

C convex
COX
If X = {x0,...,xp} is a finite set, then conv (X) is called the simplex spanned by
X0y v ey Xime
Example 6.1

The convex hull of the set {0, 1, i} C C is the closed triangular surface A with corners 0, 1, i.

In R” the convex hull of a set X can be computed as the union of all simplices
spanned by a maximum of n + 1 elements of X. This is the content of the following
lemma due to Carathéodory.
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Lemma 6.2 (Carathéodory)
Let X C R". Then the convex hull of X is given by

n n
conv (X)=1{ Y Ajx;| x;€X,2;€[0,1],) i =1
j=0 j=0

Proof “D>7: Letxp,...,x, € X andletA; € [0,1], Z?:o Aj = 1. We show by
induction on n > 1 that 7% _oA;x; € conv(X).If n = 1 this is an immediate
consequence of the convexity of conv (X) . Assume that the proposition holds for
n — 1. If &, = 1 then all other A ; vanish and nothing is to show. If A,, < 1 then

n n—1 A
-_0)\,]‘)(?]' :)\,an +(1 —A,n)j_o 1 _)Lnxj.

Because of Z'};é 13 = 1 the induction hypothesis yields that

n—1

A
Yp 1= Z 1 —]knxj € conv (X).
j=0

Hence,
n
ijxj = ApXp + (1 — A,) y, € conv (X),
j=0

because it is a convex combination of the two elements x,,, y, € conv (X).
“C”: Using the first part of the proof it is easy to see that

m m
conv(X)=J D ajxj|xjeX.n;€00.11.) aj=1
m>1 | j=0 j=0
To complete the proof we have to show that for m > n every convex combination

> = Xjx; can be written as a convex combination »7_; A;x;. We may assume
that A; > 0, otherwise we simply drop the summand. Since m > n the vectors

Xm — X0y --.,X1 — X0
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are linearly dependent in R". Thus, there are coefficients o; € R, j = 1,...,m,
not all of them zero, such that

m
0= Zocj (xj —xo).
j=1

Put o := — 3L &;. Then 3°7_ e = O and
m
Zajxj- =0.
j=0

After an eventual renumbering we may assume that |‘;—’| < % forall j > 0.In
J

particular, og 7 0. We can now put

~ ajro
)‘j IZ)\J'—J—,_] =O,...,m.
(200]

Then &g = 0, i; > 0 for j > 0 and

m

S5 - ZXJ_ZA ——Zao—l—o—l
j=1

Finally,
Z =D x »xj—a—Zajx,:Zijj,
= =0 05=0 =0

which completes the proof. O

If we identify C" with R?" the lemma is valid for subsets of C" as well. Another
useful, but less geometric characterization of the convex hull of a compact set can
be given by means of linear functionals. Let, as usual, (C™* denote the algebraic
dual of C", i.e., the space of all linear functionals u : C" — C.

Lemma 6.3
If K C C" is a compact set, then its convex hull is compact and given by

Rep (z) < supRew (¢) ¢ . (6.1

conv (K) = ﬂ [ZE(C” P
e

neCh
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Proof Denote by § = {1 e B> | 4; € (0,11, X)_y 4j = 1] the 2n-dimen-
sional unit simplex. By Carathéodory’s Lemma conv (K) is the image of the
continuous mapping

n
K7l x5 — C", (koy .., kony Aoy« . o A2n) > Z)»jkj.
=0

Since K21 ~and S are compact, conv (K) is compact. Denote the right-hand side
of (6.1) by K. . For every n € ((C”) the linear functional Reu : C" -  Ris R—
linear. Thus, K is convex. Since K C K, we also have conv (K) C K. On the
other hand, if p ¢ conv (K) the Hahn—Banach separation theorem (see, e.g., [11],
Theorem II1.2.4) states that there is an R-linear functional &t : C" — R such that
I (p) > supfi (K) . We define 1« € (C")* by the complex-linear extension
p()=j(z) —ip(iz),
which satisfies Reu (p) = i1 (p) > sup it (K) = supReu (K) . |

Exercise 6.4
Let U C R” be a subset. Please show:

1. If U is open then conv (U) is open in R".
2. If U is bounded then conv (U) is bounded.

Exercise 6.5
Determine the convex hull of the sets

X = {(x,y)eR2|1<x2+y2<2}
and
X7 = X1 U{(0,0)}.

Sketch the relevant sets.

Exercise 6.6
Let D = Q + iR" be a tubular domain in C". Please show:

1. D is convex if and only if €2 is convex.
2. The convex hull satisfies conv (2 4+ iR") = conv (2) + iR".

Exercise 6.7
Let D = Q + iR” be a tubular domain in C" and let T € GL, (R) be a regular real matrix.

1. Show that D’ := T (D) is a tubular domain, D’ = Q' + iR".
2. If the basis £ is star-shaped with respect to the origin then so is .
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6.2  Holomorphically Convex Hulls

Formula (6.1) describes the convex hull of a compact set in terms of linear
functionals. Replacing the linear functionals by holomorphic functions leads to the
definition of the holomorphically convex hull of a subset K C C”.

Definition 6.8
Let U € C" be open and K C U. The set

I?UZZ ﬂ {ZGU

feo@)

|f (@) < sup |f(§)|} (6.2)

rek

is called the holomorphically convex hull of K with respect to U.

From the definition it is immediate that K C K, v. If K is a compact set we have
sup | f (K)| < oo in (6.2), otherwise it might happen that this supremum is infinity.
In most cases we will consider compact sets K. It is important to notice that the
holomorphically convex hull of a set depends on the surrounding open set U.

> Remark 6.9 Replacing the set O (U) by an arbitrary family F of functions on U
leads to the general notion of F-convex hull. For instance, if we take F to be the
family of monomials

{za |a € N"} ,
we obtain the monomially convex hull. If F is the family of polynomials
Z cez* | keN
lor| <k

we speak of the polynomially convex hull and so on.

Example 6.10
Let T be the unit circle in C. Then
Tex =T
and
Tc = B (0)

Proof The functions id¢gx and @ are holomorphic on C* and both have constant

absolute value 1 on T, which shows that z € ’TT(CX if and only if |z| = 1. Since id¢
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is holomorphic and has constant absolute value 1 on T, we see that
Tc C B! (0).

On the other hand, if f € O (C) and |z| = r > 1 the Maximum Modulus Theorem
implies that the function

‘f|Br1(0)‘:Br1(O)—>]R

attains its maximum on the circle Tr1 0) = BB,1 (0) . Thus, z ¢ TC, which shows
that B! (0) c Tc. 0

To get acquainted with the definition the reader should check the following

properties of K.

Lemma 6.11
Let K C L c U C V C C" be subsets such that U, V are open. Then

1. Ky = (Ku),-
2. Ky C Ly.

3. I/(\U is closed in U.
4.(KnU), =Ky
5. I/(\U C k\v.

Lemma 6.12
Let U C C" be open, K C U compact. Then the following holds.

1. The holomorphically convex hull is contained in the convex hull: I?U C
conv (K) .

2.If M C U\ K _is a connected component, which is relatively compact in
U, then M C Ky.

Proof
1. If & € (C")* we regard the holomorphic function

fi=expoply € O(U)
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which satisfies | f| = exp oReu and thus we obtain from (6.1) that
K v Cconv(K).
2. Let f € O(D).Since M C U\ K is arelatively compact connected component,

we have M C U and thus 0M C K. The Maximum Modulus Theorem implies
that forall z € M,

|f (@] =sup|f (@M)| <sup|f (K)I,

hence, z € Ky.

ad

Example 6.13
We generalize Example 6.10. Let

K =S¥ .= {zeC"| llzll, = 1}
be the unit sphere. Then

R = B0

and

Rengo = {# s! %fn =1

L ON\{0}, ifn > 1

Proof We have conv (Sz"’]) = BY (0). The only relatively compact connected
component of C* \ K is B} (0). Lemma 6.12 gives

B! (0) C Kcn € B (0).
Since also K C I/(\(Cn, it follows that
i(\ Cn = B{l (O)
We know from Example 6.10 that for n = 1 we have fc\{o} =T.If n > 2 we can
apply the Kugelsatz to extend every function holomorphic on C" \ {0} to C" and can
thus apply the above argument, which shows that

Kooy = BY (0)\ {0} forn > 2.

Note that 1?((:"\{0} is compact in C" if and only if n = 1. O
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For a proper subset U C C" let U¢ := C" \ U denote the complement with
respect to C"*. We consider the boundary distance function

distyy : C" — R, z > disty (AU, 2) := inf {||lz — |} -
wedl

For any subset A C C" we define

disty (A, AU) := inf distyy (z) .
zeA

distyy is uniformly continuous and its zero set coincides with C" \ U.

Lemma 6.14 (Thullen’s Lemma)
Let U C C" be a proper open subset and K C U compact. If u € O (U)
satisfies

lu (z)| < distyy (z) forallz € K,

then for every f € O (U) and all a € I’(\U the Taylor series
D%f (a
DA
aeN? &

convergesto f on{z € U | ||z — allo < u(a)|}.

Proof Fort € ]0, 1] put

M; :={z € U | Thereis w € K suchthat ||z — w|y <t |u (w)|}.

We claim that M, is compact. For every z € M, there is some w € K such that
lzlloo < llwlloo + lu ()],

so M, is a bounded set, because K is compact and u is continuous. Let (z j)/. ey ©

M, be a sequence converging to some z € M,. Then there is a sequence (w.,‘) C

K such that

jeN

lzp — willoo <t lu (wy)l.

Since K is compact there is a subsequence of (w j) converging to some w € K.

jeN
Without loss of generality we assume that (w /)j o itself converges to w. If w = z
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then z € M,. Otherwise, we obtain from the triangle inequality
Iz = wloo = [z = 2j ] + |2j = wjfl oo + [w) = w]-

Taking the limit j — oo yields

0<llz—wle = tlu(w)| < |u(w)| < distye (w) .
It follows from the definition of disty¢ that z € U, hence, z € M;, i.e., M; is closed.
By the Heine—Borel theorem, M, is compact. Let f € O (U) . The compactness of
M; implies that there is some C; > 0 such that

sup [ f (Mp)] = C;.

Since M; contains the polytorus T, (w)| (w) the Cauchy Inequalities yield for every
o € N" that

sup 1 ) < .

D* f (w)
wekK al

The function D* f - u!?! is holomorphic on U, hence, the same estimates apply
to w € Ky. Choosing w = a yields the convergence of the Taylor series for
lz —alles < u(a)l. 0

Corollary 6.15 _
Let U, K be as in Thullen’s Lemma and let a € Ky. Then every function
f € O(U) has a holomorphic extension to the polydisc P(;list( k.ou) (@)

Proof Apply Thullen’s Lemma to the constant function

u = disto (K, 3U) .

Lemma 6.16
Denote by ey, . . ., e, the canonical basis of C" and put

A :=[0,1]e; U0, 1] e3.

(continued)
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Lemma 6.16 (continued)
Fore € ]O, %[ let

0 <xp,x2,x1+x2 <1, }

= (x1€1 + xpe
Qe {1] 22 x1+X2—8(X%+X%)§1—8

and

A = {x+iyeA

2, 2 1 .
y1+)’2§g,h—0f0r}23 o

Further, let D = Q+iR" be a tubular domain such that conv (A) C Q2. Then
foralln € R",

Q: +in C (Ae +in)p.

Proof We can assume that n = 0, because D = D +in, so the general case follows
from the case n = 0. Regard the set

M, = {zlel + z2e0 € C"

0 < Rezj,Rezp, Rez; +Rezp < 1, }
n+tn-—e(d+3)=1-c¢

For z = x 4+ iy € M, we have
2 2 2 2\ _
x1+xz—8(x1 +x2>+8(y1 +y2> =1-¢6 0=<xi,x, x1+x <L
IfzeMs,thenxf+x§§x1+x2§ 1 and
8(1—(x%+x22))+8(y12+y§)=1—x1—ng1. 6.3)

It follows that yf + y% < %, hence, M, is compact. Since ¢ < % we have for z € M,,

5
g(zrl-zz—s(zf—i-z%)) —1— 262 #0.
1

The Implicit Function Theorem shows that z; is locally a function of z, (and vice
versa). It follows that every nonconstant holomorphic function on M, attains its
maximum absolute value on

5M8 :={z € M, | Rez; = Rezp =0orRez; +Rezp =1}.



6.2 Holomorphically Convex Hulls 127

Every holomorphic function f € O (D) thus satisfies for every z € M, the estimate
If @) < sup|f (9Me)|.

IfRezi+Rezp = 1 forsome z € M., Eq.(6.3) implies y; = y, = Oandx%—i—x% =1,
i.e., z € {e1, e2} . Hence, oM, C A, so

| f ()] <sup|f (A,

which implies M, C (Z\s) D- In particular, (5\8) contains the set

D

0<xy,x2,x1+x2 =1, }

"= 1x1e1 + x2e
Q {11 2¢2 X+ —e(xi+x3)=1-¢

FromtA, C A, forall ¢ € [0, 1] we obtain

Qsz U tQ;C(Z\s)D~

tel[0,1]

Exercise 6.17
Let

D:={zeC"|1< |zl <3}
and
Ki={zeC"| lzl,=2}.

Determine K p.

Exercise 6.18 R
Let U C C" be an open set and let K := {p} C U consist of a single point. Determine K.

Exercise 6.19 R
Let K C C”" be a compact set. Show that K¢» is compact.

Exercise 6.20 =

Let D C C" be a domain and K C D a compact subset. Show that K (p is the union of K with all
relatively compact connected components of D \ K. (Geometrically: K p arises from K by “filling
the holes of K”.)

Exercise 6.21
Let D C C" be a domain and K C D a compact subset. Show that

disteo (K, 9D) = distoo (Kp, 9D)
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in the following cases:

l.n=1.
2. n arbitrary, D = B} (0).

Exercise 6.22
Let

2 2

1
)

2

K = {(z,w)e(C2 7

1 1 —_
+\w|221,‘w—— +|z|22}m31"<0>

and
f:C" > R, (z,w) — exp (Rez — Rew).

Determine all maxima of f on K. (Hint: Regard I/(\(CZ 2)

6.3  Bochner’s Theorem
Now we have all the technical tools to prove the main result of this chapter.
Theorem 6.23 (Bochner)
Let D = Q + iR" C C" be a tube domain. Then the restriction
p:O(conv (D)) - OMD), f+ flp

is an isomorphism of complex algebras.

Proof As usual, we only have to show that p is surjective, i.e., that every function
f € O (D) can be extended to the convex hull conv (D) .

Step 1 1In this first step we assume that the basis 2 of D is star-shaped with respect
to some p € 2. By a shift of the coordinate system we may assume p = 0. If
D = C" there is nothing to show, so we assume D # C". If Dy, D, are two tubular
domains such that all holomorphic functions on D can be extended to D, D, and
if their bases 2, 2, are star-shaped with respect to the origin, then

DiND=Q1 N +iR"

is a tubular domain. In particular, DN D,ND # @.1f f; € O (D;) are holomorphic
extensions of f € O (D), then

f1lpinpnp = f2IDinDoNDs
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hence, by the Identity Theorem, they coincide on D; N D,. We obtain thus a
holomorphic continuation to the tubular domain Dy U D,, whose basis is also
star-shaped with respect to the origin. Let D be the union of all tubular domains,
whose bases are star-shaped with respect to the origin and to which all holomorphic
functions can be extended. By the above argument,

D=Q+iR"

is a tube domain with the same property and D contains D. We show that the basis
Q is convex. If x, x' € § are linearly dependent elements then the segment [x, x' ]
is contained in €, because 2 is star-shaped with respect to the origin. If x, x” are
linearly independent over R, then there is a regular matrix 7 € GL, (R) such that
Tx =e,Tx' =eand T (l~)) is a tube domain whose basis is star-shaped with
respect to the origin (see Exercise 6.7). Hence, without loss of generality we may
assume x = ej,x’ = ep. Let A be chosen as in Lemma 6.16 and let 0 < § <
infdistyp (A) . We consider the set

E:={tel0,1] | tconv(A) C 2} 30,

which is open in [0, 1], because Q is open and conv (A) is compact. Let r € E and
O0<e< % and put

Lig:= (1 —g)tconv (A).
From Lemma 6.16 we obtain that there is a compact set K C R” such that
Lie C (tﬁK)E.

Choosing u to be the constant function u = dist (tA +iK, 56) in Thullen’s
Lemma 6.14 we see that the Taylor series of every function f eO (5) converges
at some point a with Rea € L; ; for ||z — a|l, < 8, i.e., onthe seta + P (0).If
a’ is another point with Rea’ € L, . then the intersection

P{ (a) N P§ (a')
is convex. If this intersection is # ¢ there is some a” € [a, a/] . This implies Rea” €
L;.¢, thus,a” € D. It follows that the two holomorphic continuations of f to Pg’ (a)
and to Py (a’ ) coincide. We obtain a holomorphic continuation to the tube domain
Lis+ P (0) +iR".

Maximality of D implies

Lie+ P} (0) +iR" C D.
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Put?:= (1 — &)t + 8. Then
fconv (A) C Ly s + PJ (0) +iR".
Letting ¢ — 0 we obtain that
fconv(A) C D

for every?< t+4. It follows that sup £ = 1, i.eN., E =0, 1]. Thus, conv (A) C Q.
Since conv (A) contains the segment [e], e2], €2 is convex.

Step 2 In the second step we free ourselves from the assumption that the basis €2 of
D is star-shaped. Let 2 C R" be an arbitrary domain. By a shift of coordinates we
may assume that 0 € Q. Let

D=Q+iR"

be the maximal tube domain, which is star-shaped with respect to the origin, such
that to every f € O (D) there is an f € O (D), which coincides with f near the
origin. From Step 1 we know that D is convex. We only have to show that D C D.
This is clear if 2 C €2, otherwise let x € \ €. The pathwise connectedness of 2
implies that there is a continuous curve

y:[0,1] > 2, y(0) =0, y (1) =x.
Put s := sup {t e [0, 1] | y ([0,¢]) C SNZ} and x5 := y (s) . Then

x5 ¢ Q, (6.4)
because otherwise openness of € would imply that s = 1, ie.,, x = x5 € 5
which contradicts the choice of x. Let 5 C €2 be an open convex neighbourhood
of xs;, feO(D)and f € O (D) such that f and f coincide near the origin. Put

I:={rel0,s]]|f=f neary([0,1])}.

Then I is an open subinterval of [0, 1] and 0 € I. Put v := sup /. Assume T < s.
Then y (k) € Q.If U is an open connected neighbourhood of y (7) contained in
D N D there is a 19 < T with g € I and y (t9) € U. Hence, f and fcoincide
in an open neighbourhood of y (7p) and thus, by the Identity Theorem, on all of U,
which contradicts the choice of 7. This shows that t = s and there is some 71 < s
with y (1) € C;. Using the same argument as above we see that f and f~ coincide
on an open subset of the tubular domain

D, = Q; +iR",
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and thus, on all of the convex domain D N 5, defining a holomorphic continuation
of f to Dy U D.1In Step 1 we saw that the maximal domain Dyy,x, which is star-
shaped with respect to x; and to which all f € O (DS U 5) can be extended,
is convex. Hence, Dpax is star-shaped with respect to the origin. Because of the
maximality of D we conclude Dpax C D. This, however, implies Dy C l~), which
contradicts (6.4). Finally, we can conclude that

D cC D,

hence, every f € O (D) has a holomorphic extension to conv (D) C D.

Corollary 6.24
Let f € O (C") be an entire function and let

Q= () {xeR"| f@x+iy) #0}.

yeR”

o
Then every connected component of the interior Q¢ of Q is convex.

Proof Let C s be aconnected component of 2 7 and put Dy := C¢+iR". Then lf €

O (Dy). By Bochner’s Theorem  has a holomorphic extension to conv (Dy),

hence
N (f) Nconv (Df) = 0.
This shows that if x, x" € Cy and t € [0, 1],
ftx+ A —0)x"+iy) #0forall y € R",

hence, tx + (1 —1)x" € Cy. |
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Cartan-Thullen Theory

In the preceding chapters we have learned that in C" with n > 2 there are many
domains with the property that every holomorphic function on the domain can
be holomorphically extended to a strictly larger domain. Those domains were not
domains of holomorphy in the intuitive understanding that a domain of holomorphy
should be the maximal domain of existence of some holomorphic function. In this
chapter we will work on the task to characterize those domains D C C”, on which
no simultaneous extension phenomena occur.

7.1 Holomorphically Convex Sets

In Exercise 6.19 we saw that for every compact set K C C" the holomorphically
convex hull K, cn is compact. It is a trivial observation that no function f € O (C")
can be extended to a larger domain in C". However, we also know from the
Kugelsatz, that every function holomorphic on the domain C" \ {0},n > 2,
can be extended to an entire function. We also saw in Example 6.13 that the
holomorphically convex hull of the unit sphere in C" \ {0} is not compact if n > 2.
This turns out to be a crucial observation.

Definition 7.1

LetU C C" be anopen set. U is called holomorphically convex if for all compact
subsets K C U the holomorphically convex hull Ky is compact.

» Remark 7.2 In general we speak of F-convexity if in the above definition the
family O (U) is replaced by the family F of functions on U, e.g., monomial
convexity, polynomial convexity etc.
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Example 7.3
C" is holomorphically convex (Exercise 6.19), while C" \ {0} isn’t unless n = 1. (see
Example 6.13).

Holomorphic convexity of a domain D can be used to assert the existence of

certain unbounded holomorphic functions on D.

Lemma 7.4
Let D C C" be a holomorphically convex set. Then D has a compact
exhaustion (K j)jeN by holomorphically convex sets.

Proof From Lemma 1.69 we know that D has a compact exhaustion (C;)

- jeN -
Holomorphic convexity of D implies that the sets (C}) , are compact. Put
K1 := (CDp.
Then K is compact and K| coincides with its holomorphically convex hull. We
inductively assume that K, ..., K,, are holomorphically convex compact sets such
that K; C K]‘?Jr] forall j =1,...,m — 1. Since (Cj)jEN is a compact exhaustion

there is some index [, such that K,, C C l(:n . Put

—

Km—H = (Clm)D

This construction yields the desired exhaustion . O

Lemma 7.5
Let D be a domain and C C D an arbitrary subset. Then for every & >
0,M > 0and p € D\ Cp there is a function f € O (D) such that

sup [f(C)| < ¢

and

Lf (P> M.

Proof Since p ¢ Cp there is a function g € O (D) such that

0 <sup g (O)] <lg(pl.
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If we put

3;:1(M—1> and A := ﬂ
2 \sup|g (O)| lg (P)I

then 6, A > 0 and

Mgl =1+68>1,

1 C
Asup g (O)] = 5(%+1> < 1.

Now put f := (rg)X for a sufficiently large k.

Lemma 7.6
Let (K j)jeN be a compact exhaustion by holomorphically convex sets of the

domain D C C" and let w; € Kj1 \ K; for all j > 1. Then there is a
Sfunction f € O (D) such that

Jim |£ (wj)] = oo.

Proof We inductively construct a sequence f; by the following. Put f; = 0. By
Lemma 7.5 we may assume that we have constructed f1, ..., f;, such that for all
j =1,..., m the following holds:

| filk; | <277, (7.1)

j—1

£ (i) > J+ 14D [ fi (w)] - (1.2)

k=1

Since w41 ¢ K/m: Lemma 7.5 produces a holomorphic function f,4+1 €
O (D), which also satisfies the estimates (7.1) and (7.2). It follows from (7.1) that
the series

> fi

Jj=0
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converges compactly on D. Hence, by Weierstrass’ Theorem, f = > =0 fi
defines a holomorphic function on D, which by (7.2) satisfies

1w = [ ()] =Y 1wl >+ 1= | fi (wy)]

k=0 k>j
k#j

forall j > 2. O

Lemmas 7.4 and 7.6 can be combined to give a characterization of holomorphic
convexity that gives a hint of what holomorphic convexity has to do with the
problem of finding domains without simultaneous extension phenomena.

Proposition 7.7
Let D C C" be a domain. The following are equivalent:

1. D is holomorphically convex
2. For every sequence (u) j)j oy C D without accumulation point in D there

isan f € O (D) such that sup |f (wj)| = 00.
jeN

Proof 1. = 2. Using Lemma 7.4 we find a compact exhaustion (Kj)j>0 of D by
holomorphically convex sets. If (wj)jzo C D has no accumulation point in D there
are sequences (k;), (/;) C N such that

wg; € Ki;,, \ Kj; forall j > 0.

The existence of the desired f follows then from Lemma 7.6.
2.= 1.Let K C D be compact and let (w;) ., C Kp be a sequence. Then for
all f € O (D)

sup | £ (w;)| < 1 flklloo < 0.
Jj=0

The condition 2. implies that the sequence (w j)/.> must have an accumulation

0
point w € D, but since the holomorphically convex hull Kp is closed, we even
have w € Kp. Hence, Kp is compact. O

» Remark 7.8 If D is a bounded holomorphically convex domain, Proposition 7.7
especially says that to every boundary point p € 9D there is a function f, €
O (D), which is unbounded near p and thus cannot be extended across any part
of the boundary, which contains p.
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Example 7.9
Every simply connected domain D C C is holomorphically convex.

Proof From the Riemann Mapping Theorem we obtain a biholomorphic function
¢:D — Bl (0).

If (z /)j>0 C D is a sequence without accumulation point on D then

(¢ () 20

is a sequence in Bl1 (0) without accumulation point in Bll (0) . Since the unit disc is
bounded this sequence must have an accumulation point in D on the boundary T.
Hence, the function

!
co Y

k>0

is unbounded on ((p (z.,')) O

j=0"

» Remark 7.10 In fact, the assumption that D is simply connected is superfluous:
every domain in C is holomorphically convex. This will be a consequence of the
Theorem of Cartan—Thullen.

Definition 7.11

A continuous mapping f : X — Y between topological spaces is called proper
if for every compact subset K C Y the inverse image f~! (K) is compact in X.

Proposition 7.12
Let X ¢ C", Y C C" be domains and f : X — Y a proper holomorphic
mapping.

1. If Y is holomorphically convex then so is X.
2. If f is biholomorphic and X is holomorphically convex then so is Y.

Proof

1. Let K C X be compact and put C := f(K). C is compact, because f is
continuous. Since Y is holomorphically convex, the holomorphically convex hull
Cy is compact. Hence, f~! (Cy) is compact, for f is a proper mapping. Since
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closed subsets of compact sets are again compact, we have that
F(E)nXcc
is compact. Let z € I?X and ¢ € O (Y). Then

[(@o f)(2)] =max|(¢o f)(z)| =max | ().
wek teC

It follows that
f@eCr={teY |lp®l=l¢lcle Vo e O M)},

thus, I?X C f_l (Ey) N X. Since I?X is closed and f_1 (6)/) NX is compact,
we conclude that Ky is compact. Hence, X is holomorphically convex.
2. If f is biholomorphic, then f~! is a proper holomorphic mapping and part 1.
applies.
0

Example 7.13
The set § = {(z/,zy,) eC | Imz, > Hz’”;} is called the Siegel upper half plane. 1t is

holomorphically convex, because S is biholomorphically equivalent to the unit ball B} (0) by the
Caley map

1
Bl (O) > S () > g (i (1= 20).

Zn

The inverse mapping is given by

2i i

1 n 4 / .

. > B" (0), LW, == —wy) ).
c S 1 ) (w w,) = T <w 2 (i uu))

The reader should carry out the details, i.e., he or she should show that
c (B} () c S, 7' (S) C B} (0)

1

and ¢, ¢~ ' are inverse to each other.

Exercise 7.14

Let D := Bll (0)\[O, 1[ . Determine a function f € O (D), which is unbounded on every sequence
(Z j) 20 € D without accumulation point in D.

Exercise 7.15
Let U c C" be an unbounded open set and f : U — (C™ a continuous mapping such
thatH luim I f (z)|l = co. Show that f is a proper mapping.

z]|l—> o0
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7.2  Domains of Holomorphy

Definition 7.16

A domain D C C" is called a domain of holomorphy if the following holds: if
##V c U c C" are domains with the properties

H1 V C D,
H2 For every f € O (D) thereisa F € O (U) such that f|y = Fly,

then U C D.

We shall later see that a domain in C” is a domain of holomorphy if and only
if it is holomorphically convex (Theorem of Cartan-Thullen). Before we come to
this deep result, we examine the notion of domain of holomorphy in more detail.
One can interpret Definition 7.16 in such a way that, on a domain of holomorphy,
there are functions which cannot be holomorphically extended across any part of the
boundary. We have seen such an example in dimension 1 by the function f (z) =
» k>0 X' which is holomorphic on the open unit disc, but cannot be extended across
the unit circle. So we can say that the unit disc in C is a domain of holomorphy. In
fact, this is true for every domain in C.

Example 7.17
Every domain D C C is a domain of holomorphy.

Proof Assume there are domains V C U C C with the properties H1, H2 of
Definition 7.16, but such that U ¢ D. Then there is some a € U \ D. Consider the
holomorphic function

1

z—a

f:C\{a} > C,z—~

The restriction f|p is holomorphic, because @ ¢ D. H2 implies that there is a
holomorphic function F € O (U) such that F|y = f|y. The Identity Theorem
yields that

1
F(z)=——

for all z € U \ {a}. This, however, is absurd, because F is continuous at a, hence,

bounded in a neighbourhood of a, while z — Z%g is not. O
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Proposition 7.18
Let D C C" be a domain such that for all a € 3D there is a larger domain
D, D D and a holomorphic function f € O (D) such that

aeDy f@=0, DOAN(f)=0. (7.3)

Then D is a domain of holomorphy.

Proof Assume that D is not a domain of holomorphy. Then there are domains ¢ #
V. Cc U c C" with the properties H1, H2 of Definition 7.16, but U g D. Since
V C U C D, there is a connected component W of U N D, which contains V. If
g € O(D),F € O(U) such that g|y = F|y the functions coincide on W by the
Identity Theorem. Let y : [0, 1] — U be a path such that y (0) € V,y (1) ¢ D and
put

t:=inf{r € [0,1] | y (t) ¢ D}.

Then T > 0, a := y (r) € dD. By prerequisite there is a domain D, D D and a
holomorphic function f € O (D,) such that (7.3) holds. Since WNN (f) = @,there
is a holomorphic function F € O (U) such that

F| !

w=—Zl -

Ilw

In particular, f (y (¢)) F (y (¢)) = 1 for all ¢ < 7. Continuity implies
f(a)F(a) =1,

which is a contradiction to f (a) = 0. |

Corollary 7.19
Let D C C" be a domain of holomorphy and f € O (D), f # 0. Then
D\ N (f) is a domain of holomorphy.

Proof From Corollary 4.13 we know that D\ N (f) is a domain. The case N (f) =
() is trivial, so we assume N (f) # 0. Let @ # V C U C C" satisfy the conditions
of Definition 7.16 and assume U € D \ N (f), i.e., we assume that D \ N (f) is
not a domain of holomorphy. Then there is some

acUNJID\N(f)).
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Case 1: a € N (f).
Then f (a) =0, f(z) #0forallz ¢ N (f), hence we can put

D,:=D > D\N(f)
in Proposition 7.18.
Case 2: a € 0D.
Let g € O (D). Then the restriction g|p\n(f) is holomorphic. Thus, there is
F € O (U) such that
Fly =glv, VC D\ N (f) C D.
Since D is a domain of holomorphy, we conclude U C D. This, however,

contradictsa € V NU NaD, because D is open and thus, DN dD = @.
O

Example 7.20
The set GL, (C) € M (n,n; C) = " of regular matrices is a domain of holomorphy, because
the determinant function

det: M (n,n;C) - C
is holomorphic and GL, (C) = M (n,n; C) \ N (det) .
Our next result shows that all convex domains in C" are domains of holomorphy.

In particular, balls and polydiscs are domains of holomorphy.

Proposition 7.21
If D c C" is a convex domain, then D is a domain of holomorphy.

Proof This is clear, if D = C". If D # C" there is some a ¢ D. By the Hahn—
Banach separation theorem there is a real linear form pu satisfying

n(z) < p(a)
for all z € D, because D is convex. Put

uc:C"—->C:iz> n@) —in(iz).
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Then pc is C-linear and pc (z) # uc (a) for all z € D. For every a € 9D we put
D, :=C", f:=pc— uc(a)
and use Proposition 7.18 O

Exercise 7.22
Show that a tube domain €2 4 iR" is a domain of holomorphy if and only if & C R" is convex.

Exercise 7.23
Which of the following sets is a domain of holomorphy?

L {Gzw eC?| Izl < |w| <1} (Hartogs’ triangle).
2. P, (C) (the set of self-adjoint positive definite matrices).
3. GL, (O)\ U, (©).

7.3  The Theorem of Cartan-Thullen
The Theorem of H.Cartan and P.Thullen says that the notions of holomorphically

convex domain and domain of holomorphy coincide. Another characterization is
given by means of the boundary distance function.

Lemma 7.24
Let K ¢ D c C" and assume
distes (K, D) = disto (Kp, D).

Then K D IS compact.

Proof By Lemma 6.1%we have K. p C conv (K )/,\which is bounded, because K is.
We have to show that K p is closed in C". Since Kp is closed in D by Lemma 6.11
we have

I/(\_D ND=K D.
The prerequisite and the compactness of K yield

0 < distss (K, 0D) = distoo (Kp. 0D) = disto, (I?_D aD) ,

hence, Kp N @D = #. This implies Kp = Kp. O
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Theorem 7.25 (Cartan-Thullen)
Let D C C" be a domain. Then the following are equivalent:

1. The domain D is a domain of holomorphy.
2. For all compact subsets K C D the equation

distos (K, dD) = disto (Kp, 3 D)

holds.

3. The domain D is holomorphically convex.

Proof 1. = 2. Let D be a domain of holomorphy, K C D a compact subset and
r = disty (K, D) . Then

r > distes (Kp, 8D), (7.4)

because K C Kp.Letz € Kp and U := rPll (z) be the concentric polydisc of
polyradius » centered at z. Choose V to be the connected component of z in D N U
and let f € O (D). It follows from Thullen’s Lemma that

Da
g (w) = Z #(U’—z)“

aeN"

defines a holomorphic function on U and that g = f near z. Hence, we obtain from
the Identity Theorem that g = f on V. Since D is a domain of holomorphy, we can
conclude U C D. This implies

distso (z, dD) > r forall z € Kp. (7.5)

2. = 3. This was shown in Lemma 7.24.

3. = 1. Since it is clear that C" is a domain of holomorphy we may assume
D # C". We know from Proposition 7.7 that to every sequence in D, which has no
accumulation point in D there is a holomorphic function, which is unbounded on
this sequence. The idea is now to construct a sequence that has every point of the
boundary as limit point. The corresponding function cannot be extended at any point
outside D, which shows that D is a domain of holomorphy. In order to construct this
sequence we consider the set

DN (Q"+iQ")
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—~~—D

of rational points in D. For z € D let P! (z) denote the connected component of
P!' (z) N D, which contains z. Since Q"+iQ" is countable, also the set

—~~—D
B = {Prn ()

ze DN(Q"+iQ"),re Q" P'(2) ¢ D}

is countable. Let
P:N—B,j— P;

be bijective and let (K j)j>0 be a compact exhaustion in the sense of Lemma 7.6.

We recursively construct a sequence (w il j+1) in D x N such that for every j,

j=0
wj € PN (Kip \ Kiy)

in the following way: Choose an arbitrary wo € Pp N (K1 \ Ko) . Having chosen
(wj—1.1;) fix some w; € P;\ K;; and a number [ such that w; € K;;_,. This is
possible, because (K ) ., is an exhaustion of D. Lemma 7.6, applied to (K ;)
yields a function f € O (D) satisfying

j=0

|f(wj)| > j forall j.

We show that this function is not extendible at any point outside D. Assume, that
this is wrong. Then there is a polydisc P; (z0) ¢ D with zp € D on which the
Taylor series jr (zo) of f at zg converges. f and jr (zo) coincide on the connected

D D
component P,’g (zo) . Now we recursively construct a sequence (Pz:f (zk) ) in
k>0

—~~—D
Pwithzg € P (zx) and0 < < ﬁ for all k > 0 such that

Pl (aret) CC Pl ()
e Zk+1)  CC P (zi)

—~—D —— D
Then the corresponding w, € Py (zx) form a subsequence of (w j)ij in Py (z0) »
which converges to some w € Py (z0) . Now this implies a contradiction, because
although j converges on Py (z0), we have

iy 0] = Jim [ ()] = oo,
which is absurd. a

We use the Cartan—Thullen Theorem to identify several domains as domains of
holomorphy.
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Proposition 7.26

Let D c C", D' c C™ be domains of holomorphy and f : D — C™ a
holomorphic mapping. Then every connected component of Q = f~! (D/ )
is a domain of holomorphy.

Proof LetK C f~! (D’) be a compact set. For every g € O (D/) we have go f €
O (D), hence,

lg (f @) < sup |g(w)| forallz € Kg.
we f(K)

This implies f (z) € f/(?) p forall z € EQ. Since D is holomorphically convex
by the Theorem of Cartan—Thullen, we have

?Q C ?D = I? p C D.
Continuity of f and holomorphic convexity of D imply

f(Ra) c £ (Ka) € F(K)p = F(K)p € D,

Thus, ?9 C f_1 (D/) = Q. It follows that I?Q is compact, i.e., 2 is holomorphi-
cally convex and we can apply the Cartan—Thullen Theorem. O

Example 7.27
Let f1,..., fm € O(C"). The set

Q={zeC"||fij@| <1, j=1,....,m}

is called an analytic polyhedron. Every connected component of €2 is a domain of holomorphy, for
we canput D :=C", D' := P[' (0) and f := (f1,..., fi) in Proposition 7.26.

Exercise 7.28
Isthe set {z € C" | 1 < ||z|l, < 3} holomorphically convex?

Exercise 7.29

Give an example that the union of two domains of holomorphy (with nonempty intersection) need
not be a domain of holomorphy any longer. What can you say about intersections of domains of
holomorphy?

Exercise 7.30
Show that for a domain D C C" the following two statements are equivalent:

1. The domain D is a domain of holomorphy.
2. A closed subset K C D is compact if and only if sup | f (K)| < oo forevery f € O (D).
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7.4  Holomorphically Convex Reinhardt Domains

We conclude this chapter with the characterization of those Reinhardt domains
which are domains of holomorphy. It turns out that a complete Reinhardt domain is
a domain of holomorphy if and only if it is the domain of convergence of a power
series. Another characterization is given by the geometric notion of logarithmic
convexity.

Definition 7.31

A Reinhardt domain D C C" is called logarithmically convex if the set

log7 (D) := {(loglz1|,...,loglzal) |z€ DN(C*)"} CR"

n

is convex. It is called complete if PT"(Z) (0) C Dforeveryz € DN (CX)

Proposition 7.32
Let D C C" be the domain of convergence of a power series Y, onn CaZ”.
Then D is a complete logarithmically convex Reinhardt domain.

Proof Abel’s Lemma implies that D is a complete Reinhardt domain. Let x, y €
logt (D) andt € [0, 1]. We choose z, w € D and A > 1 such that Az, Aw € D and
forall j =1,...,n,

Xj :10g|z/~ V) =log|wj|.

Since the power series ), n Co2® converges at Az and Aw there is some constant
0 < C < oo such that

max {lea | 22 leal 21 [u| | < .
It follows that for all € [0, 1] and all « € N" we have the estimate
leal 211 |22 ]~ < C.
Abel’s Lemma implies that ), .nn ¢o2* converges near

1- 1-
g o= (1l ol daal Tl ),
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i.e., & € D. We conclude that for all ¢ € [0, 1],
tx+ (1 —ty) elogt (D),
hence, log 7 (D) is convex. O
Proposition 7.33

Let D be a complete logarithmically convex domain. Then D is monomially
convex.

Proof Let F := {z* | « € N"} be the family of monomials and for K C D denote
by

I?]:Z: ﬂiZGD

feF

|f (@) < sup If(;“)l}
cek

the F—convex hull of K in D. We have to show that K £ N D is relatively compact
in D for every compact set K C D. By the Heine-Borel theorem K F 1S compact,
so it suffices to show that K - does not intersect the boundary of D. Compactness of
K implies that there is a finite cover of K consisting of polydiscs Pf(w(,)) CcD,l=

1,...,k, where w® eDandwﬁ.l);«éOforj:1,...,n.Put
W [, ).

Then I/(\]: C Wf. The proof is complete if we show that WfﬂaD =0{.Letw € 9D
and put

w* = (log|wi], ..., log|wyl|).

Obviously, w* € 9 (logz (D)). By prerequisite, log t (D) is convex, thus, the
Hahn-Banach separation theorem states that there is a linear functional
n
LE) =) v&, vieR
j=1

such that

L&) <L (w*) forall§ €logt (D).
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Observing that

& € logt (D) implies {x eR"|xj <§&jforall j = 1,...,n} C logt (D)
(7.6)

we deduce that the coefficients y; are nonnegative. Let W* C logt (D) be the

finite set of points which corresponds to W. Density of Q in R implies that there are
rational numbers

q;>vj=0
such that for L &) = Z;’-:l q;&; we have
L) <L (w*) forallg € W*. (1.7)

This equation remains true if we multiply both sides with the common denominator
of the numbers g1, . . ., g,, so we may assume that ¢; € N. Let m,, be the monomial

My (z) 1= 7% = Z(lxl "'Zz"-
Then sup |mq (W)| < |my ()|, ie., w ¢ Wf. For the remaining points p € 9D

we can renumber the coordinates so that there is an index 1 < k, < n such that
pj#0forl < j<k,and p; =0forj > k,. Let

pr(ckp : (Cn - (Ckp, (Zla ey Z)’l) = (Zlv cees ka)
be the projection onto C¥». Then logt (pr(ck,,) is convex and satisfies Eq. (7.6).
Hence, we can apply the same argument as above to prox, (p) and obtain a
monomial m in zy, ..., Zk, satisfying
sup [m (W)[ < |m (p)],
ie,p ¢ Wf. This completes the proof. O
Corollary 7.34

If D is a complete logarithmically convex Reinhardt domain then D is
holomorphically convex.

Proof This is trivial, since all monomials are holomorphic. O

We can now give a complete characterization of the domains of convergence of
a power series.
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Theorem 7.35
Let D be a complete Reinhardt domain with center 0. Then the following are
equivalent.

. D is the domain of convergence of a power series.
. D is logarithmically convex.

. D is monomially convex.

. D is holomorphically convex.

. D is a domain of holomorphy.

W B W =

Proof 1. = 2. Proposition 7.32.

2. = 3. Proposition 7.33.

3. = 4. Corollary 7.34.

4. = 5. Theorem of Cartan—Thullen.

5. = 1. By Cartan-Thullen and Proposition 7.7 there is a function f € O (D)
which is unbounded near every boundary point of D. The Taylor series of f
converges on D and since f is unbounded near every boundary point, it obviously
does not converge on any domain strictly larger than D. O

Example 7.36
The set {(z, w) e C?| |z < 1} is a complete logarithmically convex Reinhardt domain, for it is
the domain of convergence of the power series

(see Exercise 1.108).

Example 7.37
Every convex complete Reinhardt domain is logarithmically convex, because every convex set is a
domain of holomorphy by Proposition 7.21.

Exercise 7.38
Give an example of a complete Reinhardt domain which is not logarithmically convex.

Exercise 7.39
Letr > 0.

1. Show that the set
D, = {(z, w) € C? | Jzw] < r}
is a complete Reinhardt domain.

2. Show by direct computation that D, is logarithmically convex.
3. State a power series which has D, as domain of convergence.
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Local Properties of Holomorphic Functions

Every student remembers from her or his first (or, at least, second) course on
calculus that the function

0, ifx=0
fR>Rx—{ _1
e 2, ifx#0
is of class C*°, but its Taylor series represents f only at the origin, since f® (0) = 0
for all k € N. One major difference between real and complex analysis is that a
holomorphic function on a domain is determined completely by local information.
If two holomorphic functions f, g € O (D) coincide on an open subset U of
a domain D they coincide on all of D by the Identity Theorem. Locally, a
holomorphic function is represented by its Taylor series. In this final chapter we
study holomorphic functions from this local point of view, i.e., we do not take into
account the domain of definition of a function, but only its local representation. This
leads to the concept of germ of a holomorphic function. An equivalent approach is to
examine the rings C {z1, ..., z,} resp. C[[z1, . .., z,]] of convergent resp. of formal
power series and to study algebraic properties of these rings. The reader not familiar
with the algebraic concepts needed in this chapter may refer to [7].

8.1 Local Representation of a Holomorphic Function

8.1.1 Germ of a Holomorphic Function

Definition 8.1

Let X C C" be an arbitrary subset and f : X — C™ a mapping. We say that
f is holomorphic on X if there is an open set Uy C C" with X C Uy and a
holomorphic mapping g : Uy — C™ such that g f| x=1/
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Notation 8.2 We write OX for the set of all holomorphic functions on X in the sense
of the above definition, i.e., OX consists of all pairs (U, g), where U is an open set
containing X and g € O (U).

OX has no natural algebraic structure, because of the variable domains of
definition of the functions in OX . To get rid of this problem we define an equivalence
relation on O by the following:

Definition 8.3
We call (U, f) € OX and (V, g) € OX equivalent modulo X, written

~g, 8.1
3¢ 8.1
if there is an open set W C U NV with X C W such that f|wy = g|w.

The reader easily checks the next lemma.

Lemma 8.4
Formula (8.1) defines an equivalence relation on OX . An equivalence class of
(U, f), denoted by

Fx.

is called a germ of f modulo X. The quotient

ox:zox/~
X

carries the structure of a commutative unital complex algebra by the defini-
tions

}x +<§x3=(f‘.f‘g)x,

}X'(%:Xi:(f.'g)x,

Afy:=Of)y, AeC.

Every germ in Oyx has a well-defined value at every point of X. If we want to
stress the dimension of the surrounding space we also write , Ox. We are especially
interested in the case where X consists of a single point a. In this case we write

L]
O, resp. ,O,4. A function germ f,carries all the local information about f in a



8.1 Local Representation of a Holomorphic Function 153

neighbourhood of a and so does the Taylor series of f at a. It is a natural question
to ask about the relationship between the algebra of germs at a and the algebra of
convergent power series at a. Before dealing with this question in detail we note that
we can restrict ourselves to the case where a is the origin: if f is holomorphic near
a we consider the translation

uf@:=f@a—2z). (8.2)

Then 7, f (0) = f (a) and 7, f is holomorphic near zero. Hence, 7, induces an
isomorphism of algebras

Ou = O, fo > (Tafo- (8.3)

Lemma 8.5
Oy is an integral domain.

Proof Let f, éo be nonzero function germs. Then no representative f, g of those
germs is the zero function near 0, hence, fg # 0 by the Identity Theorem. This

implies (fg)y # 0. o

8.1.2 The Algebras of Formal and of Convergent Power Series

Abel’s Lemma states that a power series

> e

aeN"?

converges near zero if and only if there is some r € R” withr; > O forall j =
1, ..., n such that (cur*)gene is bounded. By the Identity Theorem a convergent
power series is determined completely by its set of coefficients (cq)yenn, thus, it
can be identified with the mapping

N' - C,a — cq,
where the numbers c, satisfy the conditions of Abel’s Lemma. Dropping these

convergence conditions leads to the concept of formal power series. Formal power
series can be considered over arbitrary commutative unital rings R.
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Definition 8.6

Let R be a commutative ring with unit 1. A formal power series with coefficients
in R is a mapping

N'" - R, o+ cq4

where ¢, € R. This mapping is denoted by the symbol

Z ca XY,

aeN"?

where X = (X1, ..., X;) and X1, ..., X, are indeterminates over R. The set of
all formal power series with coefficients in R is denoted by

RI[X1, ..., Xull.
A formal power series f =),y Co X* has a well-defined “value at zero”

f(0) :==co..0.

Notation 8.7 If R is a ring and a1, . .., a; € R we denote by

(al LA al)
the ideal in R generated by ay, . .., a;. If we want to emphasize the ring or if there
is danger of confusion with the tuple with components ay, ..., a; we will write
(ar,...,ang

to make clear the difference.

For the proof of the following we refer to [7, Ch. IV, §9].

Theorem 8.8
Let R be a commutative unital ring. Then the following holds.

1. R[[X1, ..., X]] is a commutative unital ring by the definitions
Z ag X® + Z b X% : = Z (aq + by) X<,
aeN" aeN? aeN?

(Z aaX“> A DY bpxf )= D o x”
aeNn BeNn yeNn

(continued)
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Theorem 8.8 (continued)
where

Cy)i= Z agbg.
a+p=y

Moreover, if R is an algebra over a field K, then R [[ X1, ..., X, ]] becomes
a K-algebra by putting

A Z CaX® = Z (Acg) X%, 1 e K.

aeN"? aeN?

2. R[[X1, ..., X,]] contains the polynomial ring (algebra) R [X1, ..., X,]
as a subring (subalgebra).

RI[[X1,..., X,]]

(RI[X1, ..., Xp—11D [[Xn]]
= =((R[[X(]D ... [[Xa]D .

4. If R is Noetherian, then so is R [[ X1, ..., Xn]l-
5.If R =Kis afield, then K[[ X1, ..., X,]1] is a factorial algebra.

The statements of the above theorem can be proved in a purely algebraic
manner, since no notion of convergence is involved. When considering questions
of local complex analysis one works over the field C of complex numbers and
in the subalgebra C{zy, ..., z,} of convergent power series. While the first three
statements of the above theorem are proven in exactly the same way, besides the
fact that convergence of the relevant series must be checked separately, the fourth
and fifth statements require deeper insight into the structure of C {zy, ..., z,}, which
is defined as follows.

Definition 8.9

The set of convergent power series at zero is defined by

Clz1, ..., 22} = { Z caz”

aeN"?

Ir e R, sup [cg|r® < o0t .
aeN?

We have a chain of strict subalgebras

(C[Zl,...,Zn],C«_(C{Zl,...,Zn}g_(c[[zla-..,Zn]]-
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In an obvious fashion one can define power series at an arbitrary point a and obtain
the set C{z; —ay, ..., zy — a,}, but just as in the case of germs of holomorphic
functions it is immediate that the algebras
Clzi—a1, ...,z — an}
and
C{Zla "'7Zn}
are isomorphic. The following result is no surprise.
Lemma 8.10

The complex algebras ,Oy and C{zy, ..., z,} are isomorphic. An isomor-
phism is given by

jO: nOOQC{Zl,---:Zn}’fO'_)jOfy

L]
where jo f is the unique Taylor series expansion of a representative f of f .

Proof Left to the reader. ]

Thanks to this lemma we need not distinguish between germs of holomorphic
functions and convergent power series. The next lemma gives us first insight into
the analytic structure of the algebra of convergent power series. These results will
be needed in the proof of the Weiserstrass Preparation Theorem.

Lemma 8.11
Forr € R} let

B(r) = Z cez® | sup |cg|r® < o0

n
aeN" aeN

and

gy : B >R, Y caz® = > lealr®.

aeN” aeN?

(continued)



8.1 Local Representation of a Holomorphic Function 157

Lemma 8.11 (continued)
Then the following holds:

1. The set B (r) is a complex algebra without zero divisors, which satisfies

Clzt.ozd= | B@).

n
reR

2. If s < r (componentwise) then B (r) C B (s).
3. The inclusion B (r) C O (Pr” (O)) holds.

4. The mapping | .|| defines a norm on B (r).
5. (B r), ||.||(r)) is a Banach algebra.

6.If f =3, caz® € B(r) then

1)

re

leol <

for every a € N

Proof 1.and 2. are left to the reader.

3. Since every convergent power series determines a holomorphic function on a
polydisc we have

B(r) Cc O(P(0)).
4.1tis clear that || f||, = 0 if and only if f = 0 and that [Af I,y = ALl fllr)

for all A € C. To see that the triangle inequality holds let f = )", aqz® and g =
>y baz®. Then

Lf+ 8l =D lau+ balr®

aeN"?
<Y laalr® 4+ Y el r®
aeN"? aeN"?

1y + gl -
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5. With the notation as in 4. we have

(2 e (T ot

aeN BeN

I7&le)
@)

= Z Z (labﬂ Zy

yeNt \a+B=y )

~ X T a
yeN" |a+p=y

< Z Z lagbg|r? by the triangle inequality
yeN" a+p=y

=<Z|aa|r°‘> > bsl P =11l gl -
aeN" BeN?

Let ( f ]) =0 C B (r) be a Cauchy sequence with respect to ||.||). We identify f;
with the holomorphlc function on P (0) defined by z — f; (z). If K C P! (0)isa
compact subset then

3 Pz

aeN"

Z c

aeN"?

=[4ill¢)-

sup | £ (z)| = sup
zek zek

IA

Hence, since (fj) is a Cauchy sequence with respectto |[|. | (), (f, )jZO
compactly on P/ (O) We apply Weierstrass’ Theorem on compact convergence to
see that there is some holomorphic function

converges

feO(P(0)
such that

lim sup }fj (z) — f(z)| =0.
J 7P zeK

The Taylor series of f at zero is an element of B (r) by Corollary 1.101. Hence,
B (r) is complete with respect to ||.|| ).
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6.1f f = Y 5 cpzf and & € N” then

£l o
o =leal+ D leal
BeN"
B
ie.,

||f||(r) Z ol 7® ”f”(r)

lcal =
BeN!
/375&
O
Definition 8.12
Let f =) e caz® € Cllz1, ..., z4]] be a formal power series. The order (or
subdegree) of f is defined as
ord f := i too, ?ff =0 .
min {|a| | cq # 0}, if f # 0
Example 8.13
ord (z‘]1 + z2 sin (z]z2)> =
because
2Uet1
sin (z1z22) = z122 + k; (2k—|— Dl (z122)
Lemma 8.14

Let f, g € C[lz1, .-, 2a]]- Then the following holds:
1. The order satisfies
ord fg = ord f + ord g.
2. The estimate
ord (f + g) > min {ord f, ord g}

holds.

(continued)
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Lemma 8.14 (continued)
3. The algebra C[[z1, . .., zn]] of formal power series is an integral domain.

4. We have ord f = 0 if and only if f is a unit in C[[z1, ..., Za]]-

Proof

1. Every formal power series f = ), Coz® has a unique expression as a series
of k-homogenous polynomials

f=> P(f).
k=0

where

Pi(f) =) caz®

loe| =k
Then ord f = min {k > 0 | Py (f) # 0}. It follows that

e (5 ) (S0

k=0

=> > PP

j=0k+i=j
o0
=Y P (f2),
j=0

which implies

ord fg =min{k +1 € N| P (f) P (g) # 0}
=min{k e N| P (f) #0} + min{l e N| P (g) # 0}
=ord f +ord g.

2. Since

f+g=) (ag+bo) 2%

aeN?
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we have
ord (f + g) = min{le| | aq + by # 0}
> min {min {|a| | ay # 0}, min{|a| | by # 0}}
= min {ord f, ord g} .
3.1f f,g € C[[z1, ..., z4]] are # O they are of finite order. From 1. we deduce

ord fg =ord f +ord g < o0,

thus, fg # 0.

.Iford f = Othen f = f (0) € C*, thus % € C*, i.e., f is a unit. Vice versa, if

f is a unit there is a formal power series g such that fg = 1. It follows from 1
that

O=ordl =ord fg =ord f 4+ ord g.

Since the order of a power series is always nonnegative it follows that ord f = 0.
O

Proposition 8.15

Let m = {f €Cllz1,.--,za]1] | f(0) =0} be the set of non-units in
Cllz1,---,2nl] - Then m is a maximal ideal in C[[z1, ..., z,]] . Moreover,
m is unique.

Proof The evaluation mapping

g :Cllz1,...,zall = C, f = f(0)

is a surjective algebra homomorphism with kernel ker &g = m. The quotient

Cllzi, ..., zall/m

is isomorphic to the image of gg by the well-known isomorphy theorem from general
algebra. Since g is surjective this image is C, which is a field. Hence, m is a
maximal ideal. Let n be another maximal ideal in C[[zy, ..., z,]]. Then n contains
no unit of C[[zy, ..., z,]], 1.e., n C m. However, since n is maximal, it follows that
n=m. O

>

Remark 8.16 A commutative unital ring (algebra) with a unique maximal ideal
is called a local ring (algebra). We have thus proven that C[[z1, ..., z,]] is a
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local algebra. The same is true for the algebra of convergent power series and the
proof is identical.

Exercise 8.17
Show that a commutative unital ring (algebra) is local if and only if its nonunits form an ideal.
Prove that this ideal of nonunits is necessarily the unique maximal ideal.

Proposition 8.18
The maximal ideal w is generated by z1, . . ., 2.

Proof Clearly, z1,...,z, € m. Since m is an ideal, m also contains the ideal
(z1,...,2n) generated by z1, ..., Z,. On the other hand every f € m has order
> 0, hence, f is divided by some z;, which proves that m C (z1, ..., zx). O

A common misperception, especially for students who are just beginning to learn
algebra, is that properties of a ring (or some other algebraic structure) etc. do not
necessarily hold for a subring. We have just seen that C[[z, ..., z,]] is a local
algebra. The set of polynomials C [z1, ..., z,] is a subalgebra of C[[z1, ..., z,]],
however, we have the following:

Example 8.19

Clzi, ..., zn] is not a local algebra.

Proof 1f C[zy, ..., z,] were a local algebra its nonunits would form an ideal in C[z1, ..., z,].
However, the units in C [z, .. ., z,] are precisely the nonzero constant polynomials. For example,

the polynomial

f=1+2z1
is not a unit. By the same argument as in Proposition 8.15 it is shown that a maximal ideal m in
Clzi, ..., zx] is the ideal generated by z1, ..., z,. If C[z1, ..., z,] were a local algebra m would

contain f. However, then m would also contain the constant 1, because m contains z; and since it
is an ideal it also contains the difference

f—u=1

This implies m =C [zy, . . ., 2, ], which is false. o

Exercise 8.20
Let f € C{z1, ..., zx}. Show that

lim || £l = 1f O
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Exercise 8.21
Let R, be the complex algebra of either formal or of convergent power series and let m be the
maximal ideal in R,,. For k € N we define

mk = Zf]fk fiemj=1.. k.

finite
Prove the following statements:

1.
mk={feR,| od f>k}.

2. Each mF is an ideal in R,,.

3. Determine a minimal set M, of generators for m* and prove an explicit formula for the number
of elements of M.

4. Show that m is a principal ideal in R, if and only if n = 1.

Exercise 8.22
Let R,, m be defined as in the previous exercise and put

U := {mk |keN+}.
We define a set 7 of subsets of R, by

M €T : <= Forall f € M there is some U € U, suchthat f +U C M,

where f + U := {f + u | u € U}. Prove the following statements:

1. The set 7 defines a topology on R,,.

2. The set U/ is a fundamental system of neighbourhoods of 0, i.e., every neighbourhood of 0 € R,
contains an element of I/.

3. The equation

(' = (0}

k=0

holds.

4. The topology 7 is Hausdorff.
(7 is called the m-adic or Krull topology on R,,.)

5. A sequence (f j) C R, is called a Cauchy sequence if to every U € U there is some ng € N
such that

j=1

fx— fieU forallk,l > ny.
It is called convergent with limit f € R, if to every U € U there is some ng € N such that
f— fi € U forall k > ny.

Show that every Cauchy sequence in (R,,, 7) converges, i.e., R, is complete with respect to the
Krull topology.
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6. Let f € R,, ord f > 0. Show that the series
[e ]
2 f
k=0

converges with respect to the Krull topology and determine the limit.

8.2 The Weierstrass Theorems

In this and the following sections R, = C{zy,..., z,} denotes the algebra of
convergent power series. In case n = 1 it is a simple consequence of the Taylor
expansion that a holomorphic function which has a zero of order k at the origin can
locally be written in the form

f@=72n@ (8.4)

with a holomorphic function / satisfying 4 (0) £ 0. In particular, 4 is a unit in C {z}.
The zero set of f near the origin thus coincides with the zero set of the monomial z*.
The generalization of this rather basic observation to dimension # is the celebrated
Weierstrass Preparation Theorem, which, together with the Weierstrass Division
Formula, is the subject of this section. These theorems and their consequences are
of fundamental importance in the local investigation of the zero sets of holomorphic
functions. We start by generalizing formula (8.4).

Definition 8.23
An f € R, is called z,-general of order m if there is an h € C{z,}, h (0) # 0
such that

f(Oa "'705 Zn) = Zyr:lh (Zn)-

Example 8.24
If n = 1, by (8.4), every f € R; is z1 - general. However, if n > 1 this need not be the case. For
instance

fz1,22) =72122 € R»

is neither z;- nor zp-general.

Lemma 8.25
Let f1,..., fx € Ry \ {0}). Then fi, ..., fx are z,,-general if and only if their
product f - - - fr is z,-general.
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Proof “=":1f fi,..., fi are z,-general of order m j then

k
S 0,00, 20) = 2 T T by (2a)
j=1

with i € Ry, h (0) % 0.
“<=”: Let

S fu0,...,0,20) = 20k (z0)

with some 7 € R,, h (0) #0.Let 1 < j < k. Then
fi@=Y P
aeN"

hence,

£10. 0.z =)+ 3y 2k,
k>1

If f;0,...,0,z,) =0thenalso f1--- fx (0,...,0,z,) =0, contradicting the z,-

generality of f; -+ fi. Thus, fj (0,...,0,2,) # 0.If ¢§’ ) # O then £ is a unit in
Ry, thus, z,-general of order 0. Otherwise, f; is z,-general of some order m; > 0.
O

It turns out that in the Weierstrass Theorems z,,-generality of some power series
is a crucial prerequisite. Therefore, the following result is important.

Proposition 8.26

Let hy,...,hy € R, with hy---hy # 0. Then there are complex numbers
€1, ..., Cp—1 and a shearing
o:C"—=C"
defined by
) = {Zj+0jzn, 1 ;j <n
Zn’ J =n

such that forall j =1, ...,n,
o*hj:=hjoo

(continued)
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Proposition 8.26 (continued)
is z,-general of some order mj. In particular, since o is linearly invertible,

thus biholomorphic mapping it induces an algebra automorphism

oc*: R, — R,. (8.5)

Proof Let g € R,, g # 0. Because of the absolute convergence we can freely
reorder terms and can thus write g as a sum of j-homogenous polynomials

g@ =Y g Q.

j=0

Letm :=ord g.Then g; = 0 for j < m and g;, # 0. Hence, there is a vector

(Wi, ..., wy) € c"
such that g, (w1, ..., w,) # 0. By continuity we may without loss of generality
assume w, # 0. Put

W

cj = —j, j=1,...,n—1.
. W,
Then
G*gj ©,...,0,zy) = 8j (C1Zn, -+ Cn—12Zn, Zn)
=ZI{lgj (C], "‘7C}’l7]9 1)5

hence,

0" 8 (0,...,0,z) =2 | D gjem(cr,ocat, D | =120 f @),
j=0

f(o) = gm (clv "'9Cn—11 l) # O
In particular, this holds for g := hy - - - k.
o*(hy---hy) =0%h;---0"hy

is z,-general, which is equivalent to all o*hy,...,o%h; being z,-general by
Lemma 8.25. |
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Example 8.27
The germ defined by

. 2
f(z1,22) :=sin (zlzz>
is neither z;- nor z;-general, because

f0,22) = f(z1,0)=0.

However, with the shearing o defined by

o (z1,22) = (21 + 22, 22)

we have
o f (z1,22) = sin ((Zl +22)° 12)
(=D* 412 2k

= g kDl (z1 +22)

_ Z (=D 2kz+:l (Zk—‘,— 1) j 6k+3—j

= Z 7(2]( N Z j 212y ,
hence,

(=D*

o*f0,z2) = Z T 1),ng+3
k>0 :

3 (=DF 5
1
25 +; (2k+1)‘ ,

i.e., o™ f is za-general of order 3.

Exercise 8.28
Let f (21,22, 23) := 212223 c0s (21 + 2z3). Determine a shearing o such that o* f becomes z3-
general of order 3.

Exercise 8.29
Let f € R,. Show that f is z,-general of order m if and only if there are f; € R,—1, k > 0, such
that for z = (z/, z,,) we have

f@=Y fi()z
k=0
and min {k € N | f; (0) # 0} = m.

Exercise 8.30
Prove in detail that for a shearing o the induced map o* from (8.5) is an algebra automorphism.
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8.2.1 The Weierstrass Division Formula
Weierstrass’ Division Formula is an analogue for the division with remainder in Z or

in the polynomial ring K [X], where K is a field. The proof of the theorem requires
the following auxiliary result.

Lemma 8.31
Letr € R} and let
feO(P0). f#0
be z,-general of order m > 0. Then there is an s € R", and polydisc
P! (0) C P (0)
such that for all a € C"~ satisfying \aj| <sj, j=1,...,n—1, the mapping
n > f(ar, ..., an-1,2n)

has m zeros in the disc Bxln 0).

Proof Since f is z,-general of order m, the function
Z}’l = f(ov"'sovzn)

has an isolated zero of order m in z,, = 0. Therefore, there is some s, € ]0, r,[ such
that

FQ0,...,0,2,) #0
for all z,, satisfying O < |z, | < s,. Compactness of the circle

p:=A{zn € C| |zn| = su}

implies
e:=min|f (0,...,0,z,)| > 0.
n€p
Letr’ := (r1,...,ry—1). There is a compact set K C Pr'f_l (0) with 0 € K such

that K x p is a compact subset of P/ (0), hence, f|gx, is uniformly continuous.
This implies that to the chosen ¢ there is some § > 0 such that for all z € C" with
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Izlloo < & We have
I3
If i, eooizn) = (0,0, 0,z0)] < 3

Leta € C"~! such that |||, < 8 and put

D:={z, € C|0 < |za| < sn},
F:D—C,zp— f(ar,...,an-1,2n),
GZD—)C:Zan(O""vo’Zn)'

Then for all z,, € p we have the inequality
|F (zpn) — G (zn)| < |G (za)] -
By Rouché’s Theorem, F and G have the same number of zeros in D. O
For the proof of the Weierstrass Division Formula we need a simple, but useful

result from functional analysis, which is an analogue of the classical geometric
series.

Lemma 8.32
Let (A, ||.Il) be a Banach algebra with neutral element e and let a € A be an
element such that

le —al < 1.

Then a is invertible in A and the inverse element is given by the Neumann
series

a_1=2(e—a)k.

k>0

Proof Lets; := 21;:0 (e —a)/ and let k > [. Then

n

n
j k
Ise —sill=| > (e—a)| < > le—al*.

Jj=m+1 j=m+1
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Since |le — all < 1 we see as in the case of the geometric series that (sg)gs¢ is a
Cauchy sequence in A. A is complete, thus, (si);>0 has a limit s € A. If we regard

k k
ska=Z(e—a)ja=Z(e—a)j(e—(e—a))

j=0 Jj=0
k k+1
=) (e—a) =) (e—a)
j=0 j=1

:e_(e_a)k-i-l’

since lim |e — a|/**t! = 0 we conclude that
k— o0

lim s; = a '
k— 00

Theorem 8.33 (Weierstrass Division Formula)

Let f € R, be z,-general of order m and let g € R,,. Then there is a unique
power series q € R, and a unique polynomial r € R,,_1 [z2,] of degree < m
such that

g=qf tr

Proof Uniqueness: Suppose we have

g=qf+rn=qf+n.
Without loss of generality we may assume that f, g1, g2, r1, 2 are all holomorphic
on some polydisc P (0). By Lemma 8.31 there is some s € R, s < r
(componentwise) such that for fixed 7’ := (z1,...,zs—1) satisfying |z.,~| < §j,
j=1,...,n—1, the function

> f (2 2n)

has m zeroes in the disc len (0). Hence, the function

> (@1 —q2) f () 2n)
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has m zeroes in len (0). However, because

(1 —q2) f =r2—711 € Ryt [z4]

is a polynomial of degree < m, rp — r1 must be the zero polynomial. Since f # 0
and because R,, has no zero divisors, we conclude

q1 = q2.
Existence If m = 0 then f is a unitin R, and we can put
g =gf Lr==0.

If m > 0 we write

f@=> fi(d)z

k>0

with fi € R,—1, min{k € N | fi (0) # 0} = m. After multiplication with a suitable
unit we may assume that f,, = 1. We define gy € R,_1 by

g(2) = Z Ca?”

aeNt
=: Z 8k (Z/) Zﬁ
k>0
m—1
=Y &)+ ()
k=0 k>m

i.e., if we put
m—1 00
be ()= & () 2k ag @ =) grym ()2
k=0 k=0
we have a unique decomposition
g (@) =zyag (2) +bg (2). (8.6)

We apply Lemma 8.11 to find some r € R’} such that g, f € B (r). Consider the
linear operator

Tr:B(r)— B(r),gr agf + b,.
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Then T is injective, because a,, b, are uniquely determined by (8.6). With the
notation of Lemma 8.11 we have

ey =D Ngellon = lagll oy i+ I6g -
k>0

Thus,
1778 =gl = las (f =),
< gl If ==l
We can choose 0 < ¢ < 1 and ||r ||, small enough such that
| £ =2l <em
This implies that
1778 =2l < &gl »

thus, the linear operator id —7'y has operator norm < 1. Applying Lemma 8.32 we
conclude that the Neumann series

> (id—T)

k=0
converges to Tf_ ! This shows that the operator T is bijective, which completes the
proof.
O
> Remark 8.34 If we drop the condition that f must be z,-general, the division
formula becomes false. For instance, we regard the function f (z1, z2) = z122

and decompose z7 in two different ways:

zi=1-z1z2+ (=222 + 21

=(z+1)z122+ (—z1) Z% + (—z1) 22 + 22,

thus, uniqueness is no longer given.

8.2.2 The Weierstrass Preparation Theorem

The Weierstrass Preparation Theorem is fundamental in the local study of the zero
set of a holomorphic function, because, among other things, it says that near the
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origin the zero set N (f) of a function f coincides with the zero set of a so-
called Weierstrass polynomial @, which we obtain from a unique decomposition
f = uw, where u € R, is a unit. This means that N (f), together with the
natural projection C* — C"~! is locally a branched covering of C"~! with m
branches. Furthermore, it can be used to obtain deeper insight into the algebraic
structure of the ring of convergent power series or, if you prefer, the ring of germs
of holomorphic functions.

Definition 8.35
A polynomial
w = ZZl + am—IZZl_l +---+ap € Ry—1[zx]
which satisfies a; (0) = O for all j = 0,...,m — 1 is called a Weierstrass

polynomial of degree m.

Example 8.36

w(z1,22) = z% + 22 (1 — 005311) +z? +expzy — |
is a Weierstrass polynomial of degree 3 with

ay(z1) =0, ay (z1) = 1 —cos® z1, ag (z1) = 2} +expzy — L.

Theorem 8.37 (Weierstrass Preparation Theorem)
Let f € R, be z,-general of order m € N. Then there are a unique
Weierstrass polynomial € R,_1 [z,] and a unique unit u € R,, such that

f=u-ow.

Proof We apply the Weierstrass Division Formula to the function germ defined by
g1, ..., zn) =2y
to obtain unique elements g € R,,, r € R, _1 [z,] with degr < m such that

o =qf +r.
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We write

r@=r(z) = b ) A

j=1

From the z,,-generality of f we obtain that there is a unit 2 € C {z,,} such that

q(ov"'aovzl’l)f(o’"-70’Zi’l)Zq(oa"-aoazn)zl;:lnh(zl’l)

=2z, —r(0,z).

If we puta; := —bj forall j =1,...,m and

m
r1(z) = Zaj (Z/) ZZI_/,
j=1
we see that

q0,....0,2) 2k (zy) = 2 + ia,- (OFAs
j=l

If z, = O this implies a,, (0) = 0. Iterating this process m times gives that

aj(0)=0, j=1,...,m,
i.e., zy —r is a Weierstrass polynomial. Hence,

2 =q0,...,0,z0) z0 h (zn),

which for z,, # 0 implies

1=¢q(,...,0,2,)h(zn).

Since & (0) # 0 we conclude that g (0) # 0, i.e., ¢ is a unit in R,,. Now we can put

which completes the proof. O

> Remark 8.38 There are analogues of the Weierstrass Division Theorem and the
Weierstrass Preparation Theorem for differentiable real-valued germs. Those
analogues are known in the literature as Malgrange’s Theorems. The interested
reader may find details in [2].
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Example 8.39
Let f (z1.22) i= €% (¢2 — e¥1)" € C{z1. 22). Then

f0,2) = (e — 1) = <

i.e., f is zo-general of order 3 and we obtain the decomposition f = uw, where

3

(z1 + 22)F
u(z1,22) = E — |
=0 (k+1)!

®(21,22) = (21 +22)° = 2] + 32221 + 32321 + 23.

Exercise 8.40
Let f be defined as in Example 8.39 and let g (z1, 22) := z%. Find the decomposition

g=qf +r

according to the Weierstrass Division Formula.

Exercise 8.41
Let w1,...,0oy € Ry—1[z4] be normed polynomials. Show that every w; is a Weierstrass
polynomial if and only if their product

5
w = ij
j=l1

is a Weierstrass polynomial.

Exercise 8.42
Let f € R, be z,-general of order 1.

1. Deduce the Weierstrass Preparation Theorem from the Implicit Function Theorem.
2. Vice versa, use the Weierstrass Preparation Theorem to prove the following version of the
Implicit Function Theorem: Let f € R, satisfy

af

0z,

f©0) =0, ©) #0.

Show that there is a unique ¢ € R,_1, which satisfies

90 =0, f(<,¢(<)) =0near0 e C"".
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8.3 Algebraic Propertiesof C{z1, ..., z,}

Two well-known important theorems in the theory of polynomial rings in indeter-
minates X1, ..., X, are the following results:

Theorem 8.43 (Hilbert’s Basis Theorem)
Let R be a commutative ring with unit 1. Then R is Noetherian if and only if
the polynomial ring R[X1, ..., X,] is Noetherian.

Theorem 8.44 (Gauss)
Let R be a commutative ring with unit 1. Then R is a factorial ring if and only
if the polynomial ring R [X1, ..., X,] is factorial.

The Weierstrass Theorems can be used to obtain equivalent results for the algebra
R, of convergent power series. Before we come to that let us stress the importance
of Hilbert’s Basis Theorem for the investigation of systems of polynomial equations.

Example 8.45
Let # C R:=C|zy,..., zy] be an arbitrary family of polynomials and
N@F) =[N
feF

their common zero set. Then there is a finite family
Fi1 CR,

which has the same zero set, i.e., the eventually infinite (or even uncountable) system of equations
has a solution equivalent to the solution of a finite system of equations. This can be seen as follows.
If we put

I=INEFE):= [ «

FcCa
a Ideal in R

then J is an ideal in R, the so-called vanishing ideal of N (F). By Hilbert’s Basis Theorem, J is
finitely generated, say, by functions fi, ..., fi,, € R. Hence,

NF)=N(fi..os fm) -

We now come back to R,,.
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Theorem 8.46
R, is a Noetherian algebra.

Proof We use induction on n. If n = 0 then R, = C, which is a field, thus
Noetherian. Now assume that R, is Noetherian and let ¢ << R, be an ideal. Let
f € a, f # 0. By Proposition 8.26 we may assume without loss of generality that
f is z,-general of order m, because every shearing induces an automorphism of
R,.If m = O then f is a unit, hence, a = R, - f = R,,. If m > 0 the Weierstrass
Preparation Theorem says that there are a unit u € R,, and a Weierstrass polynomial
w € R, _1 [zx] such that

f =uw,
ie.,
u ' f =weanRy_1[za] < Ru—i [z4].

R,,_1 is Noetherian by induction hypothesis, so R,,_1 [z,,] is Noetherian by Hilbert’s
Basis Theorem. Hence, there are finitely many polynomials

81,---,8 € Ry_1[za]

which span J := a N R,_1 [z,]. If g € a is an arbitrary element we obtain from the
Weierstrass Division Formula a unique decomposition

g=q- (u'r)+r
with r € J, hence,
ge(figr,---,8)=1(8g1,---,81)-
This shows that
ac(g,....,g)=TJCa,
i.e., a is finitely generated. O

It is important to notice that this is a local result, which becomes false in the
global case.

Example 8.47
O (C) is not Noetherian.
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Proof For k € N regard
Je:={feO) | f(m)=0forallm e N,m > k}.
Then Jg is an ideal in O (C) and we have an ascending chain
JoCTI  CTrC---. 8.7
By the Weierstrass Factorization Theorem there is an f; € O (C) such that
N (fi)=1{k+1|1eN},
i.e., fx € Jg+1 \ Jr. This means that the chain (8.7) does not terminate. Hence,

O (C) is not Noetherian. O

Lemma 8.48
Let o € R,_1[zn] be a Weierstrass polynomial. Then the following are
equivalent:

1. The polynomial w is prime in R,_1 [z,].
2. The polynomial w is prime in R,.

Proof We first note that an element p of a ring R is a prime element if and only
if the quotient R / (p) 1s an integral domain and that for every unit # € R, the
element g := uw is z,-general. Furthermore, w and g generate the same ideal in R,,.
Consider the inclusion

i Ry—1[za] = Ry
and natural projection

TRy —> Ru/(o -
We also have a projection

7' Ru—1[zn] = Ru—1lz4] /(w) .

Put o := m oi and let f € R,. The Weierstrass Division Formula gives a unique
decomposition

f=qg+r
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withg € R, andr € R,_1 [z,]. Since gg € (g) we see that « is surjective. We have
g = uw, thus, w € kera, i.e.,

(w) C kera.
Also, if h € ker « there is some b € R, such that
h=bg =buw € (w),

i.e., kera C (w). Hence, by the Isomorphism Theorem from algebra, we obtain an
isomorphism

¢: Ruzilznl /) = Ru /(o)
which makes the diagram
Rii[za]l  — Ra )
n' a

Rn—11zx] /(w)

commutative. This shows that @ is a prime element in R, [z] if and only if it is
prime in R,,. O

Theorem 8.49
Ry, is a factorial algebra.

Proof We use induction on n. If n = 0 then Ry = C. Since C is a field it contains
no elements # 0, which are not units, so it is trivially a factorial ring. Now suppose
that R,_; is factorial and let f € R,. Once again, by Proposition 8.26, we may
assume without loss of generality that f is z,-general of some order m, because f
can be factored into prime components

f=ri---p
if and only if the sheared germ o * f can be factored into prime components

o*f=(o"p1)---(o"p).
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The Weierstrass Preparation Theorem gives a unique decomposition
f=uw
with a unit ¥ € R, and a Weierstrass polynomial w € R;,_1 [z,] of degree m. By

induction hypothesis R,_1 is factorial, so we can use Gauss’ Theorem to see that
Ry, —1 [z,] is factorial, too. Hence, w can be factored

— W s

0= 0.
into a product of prime elements wi,...,ws; € R,—1[z,]. We have seen in
Exercise 8.41 that all w; are Weierstrass polynomials, because  is one. Lemma
8.48 finally states that all w; are also prime in Rj,. O

> Remark 8.50 This theorem gives even deeper insight into the local structure
of the zero set of a holomorphic function near the origin. If f € R, then
there is a shearing o such that o*f is z,-general and o*f = uw by the
Weierstrass Preparation Theorem, where the unit # has no zeroes near the origin.
Furthermore, w factors into prime components i, ..., ws. Thus, we have near
the origin

N (f)

o ' (N(c*f)) =07 (N (uw))
=0 " (NW) =0 " (N (- wy))

N

=o! UN(a)‘])’) =o~! QN(wj)

Example 8.51
Let f € R, be defined by

f@,z) =72 -1 -z + 2.
Because of f (0,0) =0, f is not a unit. Taylor expansion gives

(z1 — 22)!

2
f(z1,22) = (21 — 22) ]Z(:) G+

The series

(z1 — 22)!
W=y G2
= G +2)!
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is a unit in Ry, because u (0, 0) = % # 0. The factor
g,z =z1—22

is prime in R, because it is a Weierstrass polynomial in z;. Hence, by Lemma 8.48 it is prime
in Ry if and only if it is prime in Ry [z;]. Since the degree of g with respect to zj is 1, g is
irreducible in Rj [z1] and since Rj [z;1] is a factorial ring, it is also prime. Hence, we have the
prime decomposition of f in R, given by

Theorem 8.52 (Hensel’s Lemma)
Let w € R,,—1[zn] be a normed polynomial of degree m > 0, such that for
some s € N,

s

®©,...,0,z0) =[] (za — ;)™ (8.8)

j=1

with pairwise distinct complex numbers cj andmj € N, my + - -- +ms = m.
Then there are uniquely determined normed polynomials

w1, ..., 05 € Ry_1[zx]
such that the following holds:

1. The polynomial w has a factorization w = l—[;:l wj.
2. For each wj we have w; (0, ..., 0, z,) = (zn — cj)mj, j=1,...,s.
3. The w; are pairwise relatively prime in R,_1 [z,].

Proof We use induction on s. If s = 1 the proposition is clear, for we can choose
w1 = w. If s > 1 we consider

q 1,0, 20) = w(21, ..., 2Zp—1,2n +C1) .
Then ¢ € R,—_1[z,] is a normed polynomial and ¢ is z,-general of order my,
because

N

q0,...,0,z,) = 2" H(Zn+61—cj)
j=2

and c; # c; for j > 1. From the Weierstrass Preparation Theorem we obtain a
unit u € R, and a Weierstrass polynomial g; € R, _1 [z,] of order m; such that
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q = uq. Define

w1 () =q1(21,...,2n—1,2n —C1),

w/(z):=M(Z1"'°7anlvzn_cl)'

Then w = wjw’, | is normed and o’ (c;) # 0. By construction, ' must also be a
normed polynomial in R,,_; [z,] and it follows from w = w;w’ and (8.8) that

@' (0,...,0,z,) = H(Zn _C./')mj'

j=2

Now we proceed by induction to uniquely factor @’ in the same way, which proves

1 and 2. We also may assume by induction that wy, ..., ws are pairwise relatively

prime. We only need to show that w; is relatively prime to all w;, j > 1. This,

however, is clear, because otherwise w; (0, ..., 0, z,) and ®; (0, ..., 0, z,) would

have a common factor, which is not the case, because all ¢; are distinct, i.e., 3. also

holds. |
Definition 8.53

Let A be a local Noetherian complex algebra with maximal ideal m 4, X an
indeterminate over .A and let

7 ALX] = (A[X] [my ) [X]

be the canonical projection. A is called Henselian if the following holds: if f €
A[X] and

7 (f)=p1-p2
is a decomposition into relatively prime normed polynomials
p1,p2 € (AIX] /my) [X],

then there are polynomials f1, f» € A[X]suchthat f = fi- fand 7 (f;) = pj,
=12

» Remark 8.54 Consider the inclusion
i:C—A
and the projection

n:A—)A/mA.
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Since m 4 is a maximal ideal, A / ma is a field, which contains 7 (C) = C as a
subfield. Because A is Noetherian

ALy 17©

is a finite field extension and because C has characteristic zero, this extension is

simple, i.e., there is some a € A / m 4 Such that

A/‘“A ~C(a).

Let p, € C[X] be the minimal polynomial of a. By the Fundamental Theorem of
Algebra, p, splits into linear factors over C, from which we conclude thata € C,
ie.,

Al =c

Theorem 8.55
The algebra Ry, is Henselian.

Proof The mapping
T Rn—] [Z}’l] - C[Z}’l]aa)(z) = a)(oa "'703 Zn)
satisfies the prerequisites of Hensel’s Lemma. O

Exercise 8.56
Give another proof that O (C) is not Noetherian by showing that

J:={fe€eO(@) | f (k) =0 for almost all k € N}

is an ideal in O (C), which is not finitely generated.

Exercise 8.57
Is O (C) a factorial ring?

Exercise 8.58
Let p,g € Nand f (z1,22) == 25 — 2.

1. Show that f is irreducible in R; if ged (p, q) = 1.
2. Let p = q. Determine the prime factorization of f in R5.
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8.4 Hilbert’s Nullstellensatz

Let D C C be a domain, V a nonempty open subset of D and f, g € O (D) such
that

N (flv) CN@glv) #V. (8.9)

For all ¢ € O (V) we define a divisor on V by
divgp : V — N,z dive (z) ;= zero order of ¢ at z.

Then it is easily seen that

divoy = dive + div . (8.10)
Leta € V and K C V be a compact neighbourhood of a. Then div f and div g
attain at most finitely many positive values on K by the Identity Theorem. From
this and from (8.9) it follows that there is some m € N such that

mdiv g (z) > div f (z) forallz € V.

From (8.10) we obtain that on V the equation
gm
0 <mdivg —div f = div (7)

holds, which means that the meromorphic function g has at most removable
singularities on V. By the Riemann Removable Singularities Theorem there is an
h € O (V) such that

hf =g",
i.e., f|y divides g”*|y in O (V). In the words of Algebra we can say that g” |y lies
in the principal ideal of O (V) generated by f|y. Hilbert’s Nullstellensatz (zero set
theorem) generalizes this result to power series in n variables.

8.4.1 Germs of a Set

As with germs of functions we define an equivalence relation on subsets of C" by
the following.
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Definition 8.59
Let X, YcC'andae XNY.

1. We call X and Y equivalent at a if there is an open neighbourhood U of a
such that

XNU=YnNU.

2. An equivalence class of X under this equivalence relation is called a germ of
X at a and will be denoted by

L]
X,

L]
If the point a is not of importance we simply write X for any germ of X.

3. If X, Y are set germs we define

4.1f f €, O is represented by some f € O(U), where U C C" is a
neighbourhood of the origin, we put

N (f) = N(f).

5. If X¢ is a germ at zero and f €, Op we say that f vanishes on X if X C

v (7) .

6. The germ X is called an analytic germ if there are finitely many germs f, ...,

fx €n Op such that

k
XzﬂN(fj):N(fl»--wfk).-

j=1
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Lerpma 8.90 . . . .
If X and Y are analytic germs then soare X NY and X U'Y.

Proof Let U, V be neighbourhoods of zero such that X and Y can be written as

X

={zeUl|l il == fi(x) =0}*,
Y=lzeV]g@=-=g@=0".
Then
X0V =(eUnVifim==f@=g@==g& =0
and

)}U;:N({}iéj|1§i§k,1§j§l}).
O

One of the problems when dealing with analytic sets, i.e., solutions of holomor-
phic equations, is that there is no structure on these sets that allow one to make
computations. A very common way to solve this problem is to translate questions
of analysis or of geometry into the language of Algebra. This is basically what
algebraic geometry is about, where solutions of polynomial equations are studied
by examination of associated ideals in the ring of polynomials. We copy this idea
for our purposes.

Proposition 8.61
Let X be an analytic germ at zero and A C Opy. We define

3(3) = Fea|ien (7))

N (A) := ﬂN(f)

Fea

and

(continued)
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Proposition 8.61 (continued)
Then the following holds:

1. The set 3| X ) is an ideal on Oy, called the vanishing ideal of X.
2. The set N (A) = N ((A)) is an analytic germ.

Proof

l.Letf,8e3 (x) and i € Op. Then

)}CN<}>0N(§)=N<},§>cN(}Jré)

and

e

This shows that ].”+ E; eJ (5() and l.z eJ ()?) ,le,J <).() is an ideal in

0-
2. The ideal (A) generated by the elements of A can be written as

(4) = { S 7k

finite

}jeA,;zjeOo},

since Oy is a commutative ring with 1. From Theorem 8.46 we know that Oy is

L]
Noetherian, so there are finitely many function germs f,..., f; € A, which

generate (A). Hence,
N((A) =N ((}], fk>> -

Let f € (A). Then

k
fZijhja

j=1
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which implies

N(}l,...,}‘k)czv<}),

ie., N ((A)) C N (A).Now, forall j =1,...,k, we have {fj} C A. From this

N (4) C N({}j}) =N(},-),

we conclude

SO

k
N(A)cﬂN(fj>=N((A))-

j=l1

It can be shown easily that N ((A)) does not depend on the choice of generators
of (A). The reader may carry out the details.
O

Example 8.62
The vanishing ideal of the set germ defined by the origin is

J ({6}) = {].‘ € Oy | ].‘vanishes on {6}}
= {f holomorphic near 0 | f (0) = 0}
=m,

the unique maximal ideal in Oy.
Example 8.63

N©) = N<})=w,

feOq

because Oy contains the constants.

Exer.cis.e 8.64
Let X, Y be analytic germs and let a, b be ideals in Op. Show the following:

1. If).( C )",thenj().’) CS().().

2IX 7Y, thenj(f(> ” 5(?).
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3. Ifa C b,then N (b) C N (a).
4. The inclusion a C J (N (a)) holds.

Exercise 8.65
An analytic germ X is said to be reducible if there is a decomposition

X=vuz,

L] L] L] L]
where Y, Z are analytic germs properly contained in X. If no such decomposition exists, X is said
to be irreducible.

1. Show that an analytic germ X is irreducible if and only if its vanishing ideal J (X) is a prime
ideal in Oy.

2. Is the germ X at zero defined by the set
X = {(Z,w)eczlzw:O}

irreducible? If X is reducible, determine its irreducible components.

8.4.2 The Radical of an Ideal

In the introductory example we saw that the condition (8.9) that the zero set of some
function f is contained in the zero set of a function g leads to the algebraic statement
that f divides a certain power of g, or, equivalently, that a power g” of g lies in the
ideal (f) generated by f. This observation leads us to the following definition.

Definition 8.66

Let R be a commutative ring with 1 and let J be an ideal in R. The radical of J
in R is defined as

radJ := {x € R | There is some m = m, € N, such that x" € J}.

Example 8.67
Consider the ideal 4Z = (4) C Z. Then

rad (4) = {k € Z | There is some m € N, such that 4|k" } = (2) = 2Z.

Example 8.68
Let m C R, be the maximal ideal. Then

radm = {f € R, | There is some m € N, such that /™ (0) = 0}
={feR,| f(0)=0}

=m.
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Lemma 8.69
Let R and J be as in Definition 8.66. Then

1. J Crad7.

2. The radical rad J is an ideal in R.
3. If J is a prime ideal then radJ = J.

Proof

1. This is clear, because x = x! for all x € R.
2. Let x, y € rad J. Then there are m,, m, € N such that

x"Me oy e .
Letm := my+m,. Since R is commutative we can apply the Binomial Theorem:
2\ (m
x+n"= ]; (k>xky’”_k.
If k < my then m — k > my, and since J is an ideal this implies that

xkymfk eT

forall k =0, ..., m, hence, since J is additively closed, we have
x+yeradd.

Now let r € R be an arbitrary element. Since x”** € J and J is an ideal we also
have

Mty e 7,
i.e.,rx € radJ. Hence, rad J is an ideal in R.

3. Let J be a prime ideal and let x € radJ. Then x™ € J for some m € N. Assume
that m > 1. Then
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Since J is a prime ideal, this implies that x € Jor x"~! € 3. If x € J we are
done, otherwise we proceed by induction to see that x € J. Thus,

radJ C J.

Together with 1 this proves 3.

Proposition 8.70
o
Let X be an analytic germ. Then

N (3 (X)) —X.
Proof LetJ (5() be generated by ]:1, ceey ];k. Then

(%)) =w(F i) o %,

;}:N(gl,...,gl)czv(gj) forall j=1,...,1.

Therefore, g.j eJ <X> forall j=1,...,[.IfN (3 (X)) were not contained in

ven(a(¥))x

This would imply that ¥ ¢ N (§ j) forall j, ie.,

).( there would be some

gjly #0,
which contradicts the fact that é ;€T (X ) andY e N (3 (X )) O

> Remark 8.71 Proposition 8.70 gives rise to considering the following. Let X be
the set of all analytic set germs at zero and let JJ be the set of all ideals in Oy.
Then we have mappings

N:J—=>X,TJ—>N@O)
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and
3:%—>3,).(|—>3<}‘(>.

Proposition 8.70 says that the composition N o J is the identity mapping on X.
In particular, J is injective and N is surjective. It is now a natural question to ask
what the composition JoN looks like and whether there is a one-to-one relation
between analytic germs and ideals in Og. Hilbert’s Nullstellensatz answers this
question.

As we have seen in Example 8.67 it is not always true that J =rad J for an ideal
J, whereas this equation holds, for example, if J is a prime ideal. Our next aim is to
find a general way to express the radical of an ideal.

Proposition 8.72
Let R be a commutative ring with 1 and let x € R. Then the following are
equivalent:

1. x is nilpotent, i.e., there is some m € N such that x™ = 0.
2. x € p for all prime ideals p < R.

Proof 1. = 2.If x™ = 0 for some m € N then
xx™ lep

for all prime ideals p. Since p is prime we have x € p or x”~! € p. If x € p we are
done. If x™~! € p we proceed by induction to find again that x € p for all prime
ideals p.

2. = 1. Assume that x™ # O for all m € N. We consider the multiplicatively
closed set

S = {xj | je N}
and the set
G :={b|bidealin R,bN S = 0}.

Then G is inductively ordered by inclusion and G # @, because (0) € G. If

b]C sz
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is an ascending chain of elements of G their union

b:=Jb,

j=0
is an ideal, which satisfies

bns=]J(;ns) =2
Jj=0

sob € G.By Zorn’s Lemma, G has a maximal element p. We claim that p is a prime
ideal. Assume the contrary. Then there are u, v € R\ p such that

uv € p.
Denote by (P, #) the smallest ideal in R which contains p and u. Then
pC @ ¢G,
because p is maximal in G. This implies that
F.u)NS £ 0.
Analogously,
G v)NS %0,
Then there are m 1, my € N such that
x™e@®@uyns, x™ e @ v)NSs.
Hence, there are «, 8, ', B’ € R, p, p’ € p such that
X" =ap+ Bu, x™ =a'p + p'v.
Since S is multiplicatively closed we have
S o2 x™x™ = af'vu + Ba’up’ + o’ pp’ + BB uv €p,
i.e., SN # @, which contradicts p € G. Hence, p is a prime ideal. By prerequisite

this implies that x € P, but this contradicts the fact that no power of x meets p.
Hence, x = 0 for some m € N. O
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Corollary 8.73
The radical radJ of an ideal J is the intersection of all prime ideals p which
containJ :

radJ = m p.

p>OJ
p prime ideal CR

Proof Apply Proposition 8.72 to the factor ring R / 5 O

Exercise 8.74
Let a be an ideal in Oy.

1. Prove the equation N (a) = N (rad a).
2. Show thatrada C J (N (a)).

Exercise 8.75
Find an example of a commutative ring R with unit element 1 and an ideal J < R with the
following two properties:

1. The equation rad J = J holds.
2. The ideal J is not a prime ideal in R.

Exercise 8.76
Let f € Oy, f # 0. Show that there is a prime ideal p in Op, which contains no power of f.

8.4.3 Hilbert’s Nullstellensatz for Principal Ideals
Hilbert’s Nullstellensatz in the analytic version states that
J(N (a)) =rada

for all ideals a in Oy, i.e., there is a bijective relationship between analytic germs
and radical ideals, i.e., ideals, which coincide with their radicals. In particular, this
establishes a one-to-one correspondence between irreducible germs of analytic sets
and their vanishing ideals, as was shown in Exercise 8.65. With the knowledge we
have gained so far, however, we are only able to prove Hilbert’s Nullstellensatz
in the case where a is a principal ideal. Those readers interested in a proof of the
general case are referred to [6], §47. We need another auxiliary result.
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Lemma 8.77
Let f, g € R, have greatest common divisor gcd (f, g) = 1. Then there are a
shearing o, germs A, 0 € R, and p € R,_1, p # 0 such that

p=xs* (f)+po*(g).

Proof From Proposition 8.26 we obtain a shearing o such that o* (f) and o * (g)
are z,-general, so by the Weierstrass Preparation Theorem we find units u, v €, Op
and Weierstrass polynomials P, Q € R,_ [z,] such that

o*(f)=uP, 6*(g) =v0. (8.11)
Then
1 =ged(f. 8)
=ged (0™ (). 0" (9)
=gcd (uP,vQ)
=ged (P, Q),

ie., P, Q are relatively prime in R,. Thus, they are also relatively prime in
Ry—11[zn]. Let F be the quotient field of R,—;. Then there are some P’, Q', T €
F [z,] with

deg T < min {deg P, deg O}

such that
P=PT, Q=0T
If we write
deg T
fi@i, s znm)
T (21, z) =y S
0 8 (@1 Zn-1)
j_
we find that
degT deg T 'degT
[Tei|T@=2 i) [] e (@)
j=0 j=0 k=0

k]
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This implies that P, Q are also relatively prime in F [z, ]. Since I [z,] is a principal
ideal ring we conclude that there are A, B € F [z,] such that

gcd(P, Q) =1=AP + BQ.

We can then find @, 8 € R, and A/, u’ € R,_1 [z,] such that

A:A—/, B:E. (8.12)
o p
Putting
pi=aB, A:=ANBu"l, pi=pav!
we obtain from (8.11) and (8.12) that
p=210"(f)+no*(g),
which proves the lemma. O

Theorem 8.78 (Hilbert’s Nullstellensatz)
L ]
For all f € Oy we have

L]
Proof We identify the germ f € Op with the Taylor series of a representative
f € R,. Since R, is a factorial ring we can decompose f into prime powers

v
f:fll rvr’

SO

r

N(f)= LiJN(p}’) =UN ().
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Thus, using the result from Exercise 8.74 we have

rad(f) cIWN (N =3[ |JN(p))
j=1

,
=3 (p))-
j=1
Letp; := ( p j) be the principal ideal generated by p; and let

-
X € ﬂp/‘.
j=l1
Then forevery j =1, ..., r there is some r; € R, such that
l)j_ Vj vf
R

thus,

r r r
. Vi 1%
XV = l_[x”-f = Hrj’ Hpj] =rfe(f).
Jj=1 Jj=1 Jj=1

——
=rr

It follows that

(b Crad(f),

j=1

so what is left is a proof that J(N (p)) = (p) for an irreducible p € R,.
Furthermore, we know from Proposition 8.26 and from the Weierstrass Preparation
Theorem that it is no loss of generality if we assume that p is an irreducible
Weierstrass polynomial. Let f € J (N (p)). We have to distinguish two cases.

Case 1 ged(p, f) = p.
This means that p divides f in R,, so f € (p).

Case 2 ged(p, f) = 1.

We claim that this cannot happen. Use Lemma 8.77 to find a shearing o and the
mentioned A, u € R,, g € Ry—1[za], g # 0, such that

g =xo*(f)+po*(p). (8.13)
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There is some s > 0 such that all representatives from Eq. (8.13) are holomorphic
on the symmetric polydisc P;' (0). On P;' (0) we have

0(0)=0,0"p(,...,0,2y) =z
for some m € N. Lemma 8.31 yields that there is a polydisc

P (0) C P! (0)

such that for all (zq, ..., Zp—1) € P(”;II o) (0') the function
Zn > 0" (p) (21,0 s20)

has exactly m zeroes in the one-dimensional disc defined by |z,| < p,. Now we
have the result that if f € J (N (p)), then

" (f)eI(N (" (p)),
SO
o™ (f) IN@*(py) = 0.
Applying this to (8.13) we find that

q(z)=0forallz € P(np_u,l.‘.,pn—l) ().

The Identity Theorem implies ¢ = 0, which contradicts the choice of g. This shows
that the case gcd (p, f) = 1 is impossible. O

Exercise 8.79
Determine generators for the vanishing ideals of the following analytic set germs at zero:

1.

<o

= {(Z,w) eC? Iz2 = w3}.

~e

= {(z, w) € C? | zzzwz}.
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Hints to the Exercises

In this chapter we give some hints to the exercises. This should help students to find
solutions on their own. We give more hints to the exercises of the early chapters
than to the exercises of the later chapters, because we believe that with growing
experience on the subject the exercises should become a little more challenging.

9.1 Exercises in Chap. 1

Hints to exercise 1.4: Mimic the proof of Proposition 1.3 replacing .|, by |||l ,
which makes the proof even easier.

Hints to exercise 1.5: Show that | z||, < &/n ||zlloo and compute lim, . o {/n.

Hints to exercise 1.7: Show that if (f,) is a Cauchy sequence in C' [0, 1] with
respect to ||.||o1 then the sequences (f,) and ( f,;) converge uniformly on [0, 1].
What does that say about lim,_,« f,? Use a well-known theorem from real
calculus!

To show that C' [0, 1] is not complete with respect to II.ll oo find a sequence (fy,) in
C' [0, 1] converging uniformly to the zero function, whose derivatives fo converge

pointwise to a function, which is not continuous on [0, 1].

Hints to exercise 1.10: We may assume that the center of the balls considered is
zero. If B°P°" and B'%¢? are the open resp. closed balls with respect to the p-norm
then we have a decomposition

Bclosed — Bopen |y {Z c (Cn; ”Z”p — }’} .
It is easy to see that B°P°" is an open set in C", hence, you are done when you can

show that {Z eC"llzll, = r} coincides with the topological boundary of B°P¢".
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For proving that B'%¢? is compact think of the probably most prominent theorem
about compactness in finite dimensional spaces. To get an idea about the extremal
points consider the case n = 1, p = 2 and take a look at the sketch

Are there any extremal points on the line running through the interior of the ball?
Hints to exercise 1.17:
1. Consider a locally constant function
f:B—C
and its restriction to A. What do the prerequisites A C B C A and the fact that
a locally constant function is continuous imply?
6. The set M \ [—i, i] can easily be identified as the graph of a continuous function
f:10,1] — C.
Once you found the function f show that
M\ [—i,il=M
and apply part 1 of this exercise.

To show that M is not pathwise connected consider the point

1 1
—+i-0=—=+isiny €M
b4 b4 1
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If M were pathwise connected there would be some continuous curve
n:[0,1] — M

satisfyingn (0) =0e€ M andn (1) = % Then, by the Intermediate Value Theorem,
the continuous function

Ren:[0,1]— R:t+— Ren(r)

must attain every value between 0 and %

A

0.6 0.8 0O 0.12 0.14 0.A6 0.18 0.2

A wvisualization of M near the origin

Show that there must exist a sequence (x,) in [0, 1] such that Re n (x,) converges
towards zero, but Im n (x,)) attains only very special values in every neighbourhood
of the origin. See the above visualization to get an idea, which values to aim at.
However, what does the Intermediate Value Theorem imply for the function

Imn:[0,1] — [—1,1]?
Hints to exercise 1.18:

1. Use the Jordan normal form J of a matrix A € GL,, (C) and the fact that C\ {0}
is pathwise connected to construct a continuous mapping

¢ : [07 ]] — GLn ((C)
satisfying ¢ (0) = I and ¢ (1) = J to show that G L, (C) is pathwise connected.

You may start with the case n = 1 to come up with an idea. To see that GL,, (C)
is also open write G L, (C) as the complement of a certain closed set in M,, (C) .
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2. Use the Heine-Borel-Theorem for compactness. For boundedness show that
the absolute values of the entries in a unitary matrix are bounded by 1. For
closedness consider the continuous mappings

n
i M, (C) — C:Z+— ZZI{]‘E
Jj=1
and the sets
{Z e My (C); ki (Z) = dui}s
where 8y denotes the Kronecker delta. How does U (n) relate to those sets?
3. Self-adjointness and positive definiteness of two matrices P, Q € P, (C) is
inherited by convex combinations
tP+(1—1t)Qwitht € [0, 1],
as can be shown by direct computation.
Hints to exercise 1.19:
1. Since C is closed we have

dxC CC=0CUC"°.

What would happen if there were some x € 9,,C NC°? By applying a translation
you may assume x = 0. Put

1
£ = > dist (0, 0C),

consider the ball B (0) C C° and the vectors
Ze = g€, W, 1= —¢&ey,

where e denotes the first canonical basis vector of R". Which point lies in the
open segment |z, we| that is not supposed to lie there?

2. For abbreviation put K := P (a) and, without loss of generality, assume a = 0.
To show that d.x K C T} (0) you may as well show that no z € K \ Ty (r) can be
an extremal point. What is the difference between a point in K \ Ty (r) and one
in Ty (r) in terms of absolute value of coordinates?

For the inclusion Ty (r) C 0ex K write an arbitrary z € Ty (r) as an element of
the open segment |x, y[ with some x,y € K. You can show by standard inequality
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handling that the coordinates of z, x, y must all coincide by absolute value. What
does it mean for complex numbers to have the same absolute value? Once you
figured that out you can proceed by some elementary computations and conclude
that x = y = z. What have you shown then?

Hints to exercise 1.27: Standard computation using the Binomial Theorem.

Hints to exercise 1.28: If pq is the product of two non-zero polynomials what do
you know about deg (pq)?

Hints to exercise 1.29: Let N (p) be the zero set of a polynomial p €
Clz1,...,zn] withn > 2 and fix some vector 7' := (z1, ..., Zn—1) , such that

q (zn) = p (. 20)

is a non-constant polynomial in C [z,). The n—th coordinate is chosen without loss
of generality, because if p is not constant there must be at least one coordinate with
respect to which p is not constant. By renumbering the coordinates we may assume
that it is the n—th coordinate. Apply the Fundamental Theorem of Algebra to q and
vary 7.

Hints to exercise 1.30: Remember that every affine linear mapping
L:C"—C"

can be written as L (z) = Az + b with some matrix A € M (m,n; C) and some
vector b € C". What do you expect the complex derivative DL (a) at a pointa € C"
to look like, provided it exists?

Hints to exercise 1.31:

1. You can either prove this by using elementary set-theoretic topology or, if you
are familiar with it, by quoting a familiar fact about the product topology on a
product space.

2. Remember that zj = pr; (z1, ..., 2n) and apply the standard rules from calculus
(complex version).

Hints to exercise 1.36: If U is decomposable into disjoint open sets, U = AU B,
it is easy to construct zero divisors in O (U) . If U is open and connected and f, g €

O (U) satisfy

fg=0o0nU, but g #0,
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what would this mean for f in a neighbourhood of a point a € U satisfying g (a) #
0? And what have you learned about the characteristics of holomorphic functions
on domains so far?

Hints to exercise 1.37:

1. In which case is N (F) = D? How must F look like? Think in the simplest
possible way! Then consider the case N (F) # D. What would it mean for the
elements of F if

D\ N (F)

were not dense in D?
2. Apply part 1 of this exercise by putting D := M, (C) and F := ...

Hints to exercise 1.38: Are the components of f holomorphic functions? If so

what does that say about the holomorphy of f?
To see that f is not an open mapping consider the set

A::(Cx(C*zi(z,w)E(Cz;w;AO}.

Show that A is open in C%, but f (A) is not. You can show the latter by proving that
C2\ £ (4)

contains a sequence with an accumulation point outside of C> \ f (A), hence,
C2\ f (A) is not closed. The question whether this example contradicts the Open
Mapping Theorem can be answered easily by looking closely at the formulation of
the theorem. Which prerequisite of the theorem is not met by this example?

Hints to exercise 1.39: A formulation of a general Maximum Modulus Theorem
could be as follows: if

f: X — E

is an open mapping, U an open subset of X and a € U then there is some x € U
satisfying

Il > 1f @l

To prove this you may first look at the case f (a) = 0. What would it mean if

If I = If @l
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for all x € U? Is that possible under the given prerequisites? Then assume
f(a) # 0. Since f is an open mapping, f (U) is an open subset of E and
f (a) € f (U).Now think of what openness in normed spaces means geometrically.
Once you figured that out you can construct some x € U that satisfies the claimed
inequality.

Hints to exercise 1.40: If f is constant this is a trivial statement. If f is not
constant it is an open mapping (why?), hence, f (B) is an open set. Now consider
the closure B of B. What topological characteristics does B have and how can you
express B in terms of B and 3 B? What does this say about f (j"

If B is unbounded it is easy to construct a counterexample to this statement in
dimension 1. Taking this into account make sure you used the boundedness of B
somewhere in the first part of the exercise.

Hints to exercise 1.41: As mentioned, the statement is an n-dimensional analogue
of Schwarz’ Lemma. For an arbitrary z # 0 consider the function

goZ:Bll(O)—)(C:w —f( Z)

llzll

and check whether you can apply the one-dimensional version of Schwarz’ Lemma
to it.

Hints to exercise 1.51: Fix z € C" and consider the function
g C—C:t— f(t2).
Is g, holomorphic? If yes apply some calculus to it!
Hints to exercise 1.55: This is the only exercise in the chapter on Cauchy’s Integral
Formula. Have an educated guess what theorem you may apply to the integral in

question. The result can be expressed in terms of the Kronecker delta.

Hints to exercise 1.61: If V is a Hausdorf{f space and x # 0 you can find two open
environments U, V of the origin such that

x+U0)NV =49.
Take a look at the definition of the locally convex topology generated by the

seminorms (p;);cy - You may assume that V has some special appearance (why?)
that tells you that p; (x) # 0 for some index i € I.
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If the family (p;);c; separates points pick x # y and some index iy € I such that
Dio (x —y) > 0. Put

1
&= 5 Pio x =y
and think about what this € may be used for. If you are stuck you may have a look
at the case where V is a normed space, i.a, a space whose topology is defined by a
single norm, which then must coincide with p;,. Seeing it this way will give you an
idea that can be generalized to locally convex spaces.

Hints to exercise 1.62: The defining properties of a metric can be shown easily
by computation and using the result of the previous exercise. To show that the
topology 1y coincides with the locally convex topology compare the open sets of
both topologies.

Hints to exercise 1.67: The Identitity Theorem may be of use in part 2 of the
exercise.

Hints to exercise 1.68:

1. Recall from calculus that for a continuous function satisfying f (x) # 0 there is
some neighbourhood U of x, such that f (x) # 0 forall x € U.
2. Consider the example [a, b] := [0, 1] and the discontinuous function

j 1
f:00,1] — R:x 0, 1f)'ce[0, [
I, ifx=1
and construct a sequence of continuous functions converging towards [ with
respect to p.

Hints to exercise 1.76: In order to find a sequence of holomorphic functions
converging compactly towards B you can use the result about the holomorphy of
integrals that depend holomorphically on a parameter.

Hints to exercise 1.77:

1. It should be clear that C (5) is an algebra and a Banach space that contains
A (D) as a subalgebra. Use Weierstrass’ Theorem on compact convergence to
see that A (D) is also a Banach space.

2. D is compact (why?). What does this say about | f| attaining a maximum? And in
which subset of D must this maximum lie, since f is holomorphic? The restriction
p is not generally surjective, a counterexample is easily found for n = 1. The
same holds for the proof that p (A (D)) is not generally an ideal in C (9 D) .
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Hints to exercise 1.102: Use the Cauchy inequalities for Taylor coefficients to
show that all but a finite number of them must be zero. Hence, f must be a
polynomial.

Hints to exercise 1.106: Use Wirtinger calculus to show that all partial derivatives
of f vanish.

Hints to exercise 1.115: Consider the mapping
p:T' xC" — C": (£, 2) = (1215 -+ -+ EnZn)
and show that for any subset X C C" the equivalence
n(MxX)CcX < 't (X) =X
holds. Then check what this means for the domain D.
Hints to exercise 1.120:

1. To get an idea consider the case n = 1. In this case

1 (¢ -
Gy = [ LD,

2ri Jsi notl

[ e

= 2ni g1 npetl
_ L f(TICZ) a+1
© 2w /Sl (ng)aﬂg dn

_ [ fgz)
- 2mi sl (né‘)a+1

dn

¢dn

Since ¢,n € S', we also have ¢n € S'. If we make the substitution £ := {1 we
get d§ = ¢dn, hence,

¢ J (éz) _ ¢ f ¢z)

ﬁ sl (né-)ol'i-l _% sl EO[+1

dE =% fo (2).

Thus, we have proven the result in one dimension. Generalize this to n > 2 and
keep in mind that T" = S! x --. x SL.
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2. We also considern = 1:

Jo (@) = dn

% st naJrl
1 2 . .
— e—lot@f <619> d0

2r Jo

T o7 0 eif(a+1)

L[ f@, 1 7 f(%) a(e)

The generalization to n > 2 shouldn’t be too hard now.
Hints to exercise 1.121:

1. Since D is circular, the function

f2)

§k+l

Fo:S'xD—C:(¢,2)—~

is well-defined, continuous und depends holomorphically on z. Work out the
details! Now use a result on parameter-dependent integrals to show that fi €
O (D). The k-homogenity can be shown in a similar way as in the previous
exercise.

2. Proceed in two steps. Step 1: prove that ) ", ., fx converges compactly on D. The
Cauchy Integral Theorem may be useful here. Step 2: show that the limit of the
series is f. If z € D consider the function

g:(0) = f (),

where ¢ can be chosen in a certain annulus A C C, and examine the Laurent
expansion of g;.
3. If k < O then

¢ g (0) ¢ E D

is holomorphic on an open disc contained in D, which contains the origin. Find
that disc and use Cauchy’s Integral Theorem.
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9.2  Exercisesin Chap. 2

Hints to exercise 2.7: Your sketches should look something like this:

|z, ]

|4

EA

|Z4 ]

Figure out which shape corresponds to which set and find an exact description for
Dy.

Hints to exercise 2.13: Continuity of the restriction mapping
p:O<l~)) — OWD):F— F|p

is, of course, meant with respect to the compact-open topology, which, as you may
remember from Exercise 1.62, can be metrizised. Hence, you can show the continuity
of p and its inverse by considering sequences of holomorphic functions, which

converge compactly on D resp. on D.

Hints to exercise 2.22: What ist the difference between the Hartogs figure Dy and
the unit polydisc P? Sketching the two in absolute space and thinking geometrically
may help. It is then easy to construct a bilomomorphic map between Dy and a set
that meets the requirements of the special case of the Kugelsatz.
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Hints to exercise 2.23: Since we are in dimension one here, you may consider non-
removable singularities.

Hints to exercise 2.24: Think of the polydisc as a ball with respect to a particular
norm.

Hints to exercise 2.25: Ifr € R} is the polyradius of P we apply the the mapping

21
r

p:P—C':z> | |,

n
n

which maps P biholomorphically to the unit polydisc. Thus, we may assume without
loss of generality that P, in fact, is the unit polydisc, hence,

n

P =|J{zeCh|z|=1}.
j=1
Since D is an open and connected neighbourhood of O P there are §1,...,8, €

10, 1[ such that by setting
P :={zeP;lzx| <8 fork=1,...,n}
we have
P\P' CDUP.

Now apply the Kugelsatz to O (P \F), then show that D U P is a domain. From

this you can construct a unique extension of an arbitrary f € O (D) to some F €
O (D U P), which proves the proposition.

Hints to exercise 2.26: [f there were a holomorphic function with isolated zeroes
there would also be a holomorphic function with something a holomorphic function
of more that one variable never has.

9.3  Exercisesin Chap.3

Hints to exercise 3.7: You can go along the lines of the example of the Riemann
surface of the logarithm and use very similar ideas. Unsurprisingly, the set X in
this exercise is called the Riemann surface of the square root.
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Hints to exercise 3.8: Consider the function

21 . .
F:C—C: 5]+~ ( sin (21 + 22) — 2523 )
z exp (z1) —exp (z2) — 23

and apply the Implicit Function Theorem to it.

Hints to exercise 3.11: Of course, you may use all your knowledge on real-analytic
functions in R* and the isomorphy between R* and C? without proving it here again.
Then, basically, the task is to find a formula for ¢ (', w') for (z/, w') € Bl2 0).
Even if you don’t manage to find this formula note the big difference between a
bijective and real-analytic function and a biholomorphic one, since, by the Riemann
Mapping Theorem, there is no biholomorphic mapping between P12 (0) and Bl2 ©).

Hints to exercise 3.17:

1. Show by direct computation that for a, z € By (0) the inequality

1+ llall3 | Pazll3 — 2 Re (a] Pa2)
1 — 2Re (a|Pyz) + |(Pazla)|?

(¢a (D) @a (2)) <

holds and find an argument why the right side of this inequality equals 1. Cauchy-
Schwarz may help.

2.Ifa = O0then P, = 0. Ifa # 0 then P,z = « (2) z,where « is a linear form
that can (and should!) be explicitly computed. By applying the geometric series
(carry out the details!) we obtain

— 2
1——(Z|a) =1+ (Z|a) + 0 <||Z||2) s

which then can be used to derive, after some computations, that for z € Bj (0)
we have

0u @ = 0a O + (=52 Pa = saPF) 2+ 0 (11213)

By a uniqueness argument you can obtain the desired formula for Dg, (0) .
Now consider for some h € C" sufficiently close to the origin the equation

@a (@ +h) = @4 (@) + Do, (0)h + O (IIhII%) :

The left-hand side of this equation can also be computed using the definition of

@a-
3. Investigate the mapping ¢, o ¢, with Cartan’s Uniqueness Theorem in mind.
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4. This is straightforward.
5. Puta == F7'(0) € B} (0) and use the corollary to Cartan’s Uniqueness
Theorem to show that

T:=Fog,:Bl(0)— D

must be linear.
6. Answer the question why By (0) and P{' (0) cannot be linearly isomorphic if
n > 2. Remember that P' (0) is a Cartesian product of n copies of Bl1 ).

9.4  Exercisesin Chap. 4

Hints to exercise 4.7:

1. Recall what an analytic set is and you almost have your answer.

2. What are the topological properties of G L, (C) with respect to the surrounding
domain D? Once you figured that out compare this to the topological properties
of analytic sets.

3. If Aisdiscrete every a € A has an open neighbourhood U such that UNA = {a} .
Writing

a=(ay,...,a,) €C"
it is pretty easy to find holomorphic functions f1, ..., fun € O (C") such that
UNA=N(ft,---s fa)-
When considering the question whether A is the zero set of a single holomorphic
function distinguish the cases n = 1 and n > 1. In the case n = 1 you will
need a famous theorem from one-dimensional function theory about holomorphic

functions with prescribed zeroes.

Hints to exercise 4.8: If f (z) € A for some z € U there is an open neighbourhood
B C V of f (z) and functions

gl,...,ngO(B)
such that
BNA=N(g1,---,8K)>

because A is analytic in V. What can you say about f~' (B)?
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Hints to exercise 4.9: For z € V put
E,:=z+ vt
Since dimV = k, E, has dimension n—k. Show that 7 is an isolated pointin E;.NV.
What does that say about codim, V?
To show that

codim;V <n —k

assume there is a (n — k 4+ 1) —dimensional subspace F of C", such that 7 is an
isolated point in

z+F)NV
and keep in mind that, by the dimension formula from linear algebra, the equation
n=dimF +dimV —dim (F NV)

holds. What does that say about dim (F N V) and what can you conclude from the
answer?

Hints to exercise 4.11:

1. It is pretty obvious that ¢ is holomorphic (because...), hence, it is also continuous.
To show that it is a homeomorphism you need to find a continuous function

YAy, — C

which satisfies Y o ¢ = idc and ¢ oy =ida,,, . The crucial idea is this: if such
a  exists it must satisfy the equation

Y (€7, ¢P) = (Y o ¢) (§) = ¢ = ¢&P D) = gartba — pappbq

with suitable a, b € 7, which must also satify ab < 0 (because...). This idea may
help you to find a suitable definition of ¥ (z, w) for (z, w) € Ap 4. Once you
have that, check that v is the inverse function of ¢ and that  is continuous.

2. Assume there were an open neighbourhood U C C? of the origin and some

v € O (U) such that

o) lg-1w) = dy-1(1)-
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We may even assume that U is connected, since it contains an open ball around
the origin. Taylor expansion at the origin yields for all ¢ € ¢~ (U)

t=Wop) ()= (¢F.¢h) = augh .

k,1>0

Use the Identity Theorem to investigate the coefficients ay;, which eventually
leads to a contradiction.

3. Easy

4. The computations are standard one-dimensional function theory. Your sketch
should look something like this

(The graphics is by Jim Belk , Creative Commons, https://commons.wikimedia.org/w/index.php?
curid=9798622)

Hints to exercise 4.15: It is easy to picture the case n = 1, which can then be
generalized. The important thing here is to note that such a thing cannot happen
with a holomorphic function.

Hints to exercise 4.16: Show that A, is an analytic set of codimension '# The
easiest way to do this is to examine the algebraic structure of A,,. Then distinguish
the cases n = 2 and n > 2. And, of course, have the main theorems of this section
in mind.

Hints to exercise 4.17: Re-write the given inequality as

D)

<l1forallze€ C*"\ N (g).
g (x)

What would you conclude if n = 1?7 How can you generalize this ton > 1?
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Hints to exercise 4.18: What does an analytic subset of a domain never do to the
surrounding domain? The answer to this question puts you on the right track.

9.5 Exercisesin Chap.5

Hints to exercise 5.2: A standard computation of the wedge product of the alter-
nating forms yields an equation that the numbers p, q,r have to fulfill in order to
make the given equation right.

Hints to exercise 5.4: It is not hard to express an arbitrary vector z € C" as y (0)
with a differentiable curve y passing through a at zero. Be careful, however, to check
that y does not leave X.

Hints to exercise 5.21: This is basically an exercise in one-dimensional function

theory, which involves the Residue Theorem and a well-known criterion on the
existence of holomorphic primitives.

Hints to exercise 5.22: A primitive of f%dz is not hard to find if you make sure that
there is one at all. To this end use Cauchy’s Integral Theorem.

Hints to exercise 5.23: For j = 1,...,n write

n
df;
dfj =Y —du,.
Pt Bij

Computing dfi A - -- A df, gives a lengthy n—fold sum, which can be re-written as

afl afn
P dZ 1 /\.../\dz s
Z 9z0(1) 2o o (1) o (n)

oges,

where S, denotes the symmetric group of order n, i.e., the set of all permutation of
{1,...,n}. Re-order

dzey N+ Ndzgn)
to obtain dzi A --- A dz,, but be careful of the changes this process yields. Once

you did that (correctly!) a familiar formular from linear algebra is useful to obtain
a rather elegant relation between dfy N --- Ndf, anddzy N --- Ndz,.
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Hints to exercise 5.24:

1. Every w € EP'1 (Y) can be written in coordinates as some finite sum

0= 2811 dzj Ndzy,
1.J

hence, the pullback f*w = w o f can be written in a similar way. Keep in mind
that summation and taking exterior derivatives are linear processes.

2. First, answer the question why the cases d € {d’, d"} both follow from the case
d = d. For proving the equation for 8 = d distinguish the cases w € %0 (X)
and w € EP9(X) with p + q > 0. The first case involves some lengthy, yet
standard computations from real calculus, e.g., the Chain Rule, whereas there is
a shortcut to the second case if you keep in mind that you have already proven
the case w € E%0 (X) and the fact that d o d = 0 holds.

Hints to exercise 5.25: 1., 2. and 3. can be proven by direct computations using

the calculus of exterior derivatives.
4. The crucial part in proving Poincaré’s Lemma is to show that

ker (QP x) -4 qrt! (X)) C img (QIH x) -4 qr (X))
forall p € {1,...,n — 1}. To do this, take a look at what you have already proven

in 3.
5. In dimension 1 Poincaré’s Lemma yields the short exact sequence

d
0—C—0X) - X —0
This says something about the existence of primitives of holomorphic functions
defined on a star-shaped domain and what it says is equivalent to some very famous
theorem in dimension 1.
Hints to exercise 5.26: Consider the differential form
w :=bidzo Ndzz + badzz Adzy + b3dzy Adza

and compute dw.

Hints to exercise 5.40: There are certainly many examples for this. If you fail to
find one choose, for instance,

X :=C" K :=S§""!
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and define a locally constant function on X \ K, which cannot be holomorphically
extended to X.

Hints to exercise 5.41: In this exercise it is useful to show that the convexity of the
compact set K implies that X \ K must be connected.

1.

3.

If there were no sequence (z j) jeN in X on which f is unbounded f would be a
bounded function on X. What would this imply if you apply the Kugelsatz to f?
Remember that K is compact!

. Look closely on the prerequisites of the Kugelsatz and you will see that one of the

prerequisites of compactness and convexity of K in this exercise can be replaced
by a weaker requirement. Find an example that shows that the other prerequisite
is necessary.

Find an example that smoothness is not enough.

Hints to exercise 5.42:

1.

Show that (a) implies (b), but (b) does not imply (a). To see that N (f) N\ D # ()
implies N (p (f)) # @ assume the contrary, i.e., N (p (f)) = 0. Find some
reasoning why there is an open neighbourhood U of the boundary o D such that

1
—eOWUND
fE ( )

and explain why L must have a holomorphic extension F € O (D) . Then, finally,
explain why this yields a contradiction to

N(f)ND # 9.

The fact that (b) does not imply (a) can be proven by a counterexample in two
variables.

. The set C certainly contains the constant functions. For arbitrary f € C and

a € D consider the function
g:D—C:z— f@)—f(a).
then g (a) = 0. Show that there must be some b € 9D satisfying f (a) = f (b).

What does this imply for the function | f| on D? Use the result of 1) here. Now
conclude that f must be a constant function.
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9.6 Exercisesin Chap.6
Hints to exercise 6.4:

1. For every x € U, by the openness of U, there is an open neighbourhood B of the
origin such that

x+BCU.

If x € conv (U), by Caratheodory’s Theorem, x can be written as
n
X = Z ij]'
j=0
with x; € U and Zl}:o Aj = 1. Find a reason why there must be some strictly
positive A € {Aq, ..., Ay} such that
AB C conv (U).
2. Use Caratheodory’s Theorem again.
Hints to exercise 6.5: Remember that a convex set C has the property that for any
given x,y € C the line that connects x and y is also contained in C. Visualize this
for the given sets X1 and X». Once you have got a geometric idea the proof should
not be too hard.
Hints to exercise 6.6:
1. If Q is not convex it is easy to see that
D=Q+iR"

cannot be convex either. If Q2 is convex then every two points x,y € Q can be
connected within Q2 by the segment

x+[0,17(y —x).

Use this to prove that the same holds for z, w € Q + iR".
2. This is easy when you use the result of 1.

Hints to exercise 6.7:

1. OnR" every linear isomorphism is also a homeomorphism. If you are not familiar
with this fact prove it. The proposition follows from this.
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2. Remember that star-shaped with respect to the origin means that for every x € Q
the segment [0, 1] - x, which connects x with the origin, is also contained in 2.
Apply the same ideato Q' =T (Q).

Hints to exercise 6.17: Distinguish the cases n = 1 and n > 1, they yield different
results. In the case n > 1 the Kugelsatz and the Maximum Principle are useful.

Hints to exercise 6.18: Remember that K, v C conv (K).

Hints to exercise 6.19: Since K is compact, by the Heine-Borel Theorem, it is
closed and bounded. Hence, K is contained in a suitably large closed polycylinder

P (0) cC"
with polyradius r € R} . If
VS I’(\Cn

what can you say about the maximum absolute value of its coordinates zj? Think of
the 7y as the images of z under some holomorphic functions defined on C".

Hints to exercise 6.21:

1. The case D = C is almost trivial, so let’s consider D # C. In this case we have
dD # (. Find a rationale why

0 <r:=disty (K,dD) < 00
and pick some w € D \ K satisfying
0 < p:=dist (w,0D) < 1.
Figure out why you can find some w' € 3D such that
lw — w'| = disto (w, ID)

and consider the function

1

z—w’

f:D—C:z—
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You will find out that w ¢ ED, which implies
distos (Kp, dD) > distoo (K, 3D) .

To see that also dists (I?D, BD) < disty, (K, dD) is much easier.
2. If K = {0} there is not much to show. If K # {0} put

r:=disty (K, 0D).
A compactness and continuity argument yields that there is some
(k,x) e K xaD

such that ||k — x||oo =1 and 0 < ||k| o < 1. Use a convexity argument to show
that

I?D C Bjk 0).
Hints to exercise 6.22: Note that f (z, w) = |g (z, w)| for an easy-to-determine

function g € O ((Cz) . We give an outline of the steps you need to carry out, but
leave the details to you.

Step 1:  Show that all maxima of } g|K| must lie on the boundary ofI?Ez. A look
at exercise 6.19 may help.
Step 2:  Show that K contains the sphere

S3 = {(z, w) € C%; 121> + |w|* = 1}.

Step 3: Show that K2 = B2 (0).
Step 4:  Interpret C* as R* and solve the following extremal problem: Maximize

F:R*— R:(x, Y1, X2, y2) —> exp (x] — x2)
under the condition that (x1, y1, X2, ¥2) is a zero of the function
h(x1 vy X2, y2) =7 + 37 + x5 +y; — L.

This can be done using Lagrange multipliers.

9.7 Exercisesin Chap.7

Hints to exercise 7.14: Find a function that maps D biholomorphically onto the
open unit disc and remember which function is unbounded on every sequence
approaching the boundary of the unit disc.
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Hints to exercise 7.15: If K C U is a compact set and if the inverse image
F~Y(K) were unbounded you could find an unbounded sequence

(2)jen © FTHEKD.
What would that say about K when you think of the required property of f?
Hints to exercise 7.22: Use Bochner’s Theorem.
Hints to exercise 7.23:
1. Let
H = {(z, w) € C?: |z| < |w| < 1}

be Hartogs’ triangle. Determine the boundary O H as a first step. If H were no
domain of holomorphy you could find domains Uy, U C C2, such that Uy is not
contained in H and

W+U,cU NH
and such that to every f € O (H) there would exist some F € O (Uy) such that

fIUz = F|U2~

Once you determined 0 H you know that there is some (a, b) € d HNU]| satisfying
|b| = 1. Consider the holomorphic function

fb:H—>(C:(z,u))r—>L.
w—>b
From this you can construct a contradiction. A similar construction can be
carried out for (a, b) € 0H N Uy with |a| = |b|.
2. Distinguish the casesn = 1 andn > 1. If n > 1 use a convexity argument.
3. Distinguish the casesn = 1 and n > 1. If n = 1 use a topological argument. If
n > 1 show that

GL, (O)\U (n)

is a domain and remember from exercise 1.18 that U (n) is a compact set. Now
you checked the prerequisites for which theorem?

Hints to exercise 7.28: If {z € C*; 1 < |zll, < 1} were holomorphically convex
what else would it be? What does Cartan-Thullen say?
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Hints to exercise 7.29: Consider the two sets
) 1
X =1(z,w) eC 7] < 1, |w| <5 and
2 1
Y =] w) eC ;|z|<§,|w|<1 .

Show that X and Y are holomorphically convex, but X U Y is not. Sketching the
three sets X, Y and X U'Y in absolute space may give you an idea why this is true.
For intersections use the boundary distance function and the theorem of Cartan-
Thullen. Take into account that the intersection may be taken over an arbitrary
number of domains of holomorphy and that this intersection may have an empty set
of interior points.

Hints to exercise 7.30: Proposition 7.7 and the theorem of Cartan-Thullen are
helpful in this exercise.

Hints to exercise 7.38: You won’t find an example among the convex domains, but
maybe among those domains, which are the union of two convex ones.

Hints to exercise 7.39: This is a straightforward exercise, you only need the
definitions of complete Reinhardt domains and of logarithmic convexity.

9.8 Exercisesin Chap. 8
Hints to exercise 8.17: Let R denote a commutative unital local ring. If R is local
with maximal ideal I and x € R is a non-unit, x must lie in I, because otherwise you
could use x to construct a larger ideal than 1. On the other hand, if the non-units of
R form an ideal, which we denote by

J: =R\ R*

then every other ideal of R, which contains J, must coincide with R. Find out why!

Hints to exercise 8.21: The formula ord (fg) = ord f + ord g helps a lot in this
exercise. The minimal set My of generators of mF can be described as

M= {z"; neN', |ul=k}.
Carry out the details. If p (k, n) denotes the number of generators we have

pk,n)y=#{neN"; ur+-+p, =k},
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which is a combinatorial problem. Play with this number and have a look at some
examples. You will probably find a pattern which can be proved by induction.

For the proof that m is a principal ideal if and only if n = 1 define (in a little
informal manner)

N (m) :={znear0; g (z) =0 forall g € m}

and keep in mind that holomorphic functions of more than one variable never have
isolated zeroes.

Hints to exercise 8.22:
1. It is clear (hopefully!) that 9 € T and R, € T. To show that is T is closed

under arbitrary unions is easy. In order to show that T is closed under finite
intersections keep in mind that every U; € U has the form

—
Uj=m"

for some k;j € Ny and that mF C m! whenever k > 1. What does this imply for a
finite intersection

un---nu,?
3. Let 0 € Ry, denote the zero function. Clearly,

0Oe ﬂmk =:S.
k>0

If f € S what can you say about ord (f)?

4. If f,g € Ryand f # g then f — g ¢ S by part 3) of this exercise. Hence, there
must be some ko > 1 such that

f¢g+mko
What does this imply for

(f +mk°> N (g —i—mko)?

5. Let (fj)/.>1 be a Cauchy sequence in R, and U = m? € U. Then there is some
no € N such that

ord (fx — fi) = p
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forallk,1 > ngy. Consider the power series representation of the f; :

fi=> cp.

veNn

Ifwe fix v € N" with |v| < p that implies that the sequence of coefficients

(Cmv)m>ny

must become stationary. Now you can define a limit function f € R, by a certain
power series, which satisfies

ord(fy = f)=p

forall k > ng.
6. Consider the partial sum

and show that the products
(= f)Sm
converge to 1 in the Krull topology as m — oo.
Hints to exercise 8.29: Play with the power series representation of f € R.

Hints to exercise 8.41: Clearly, it suffices to show this for s = 2. The general
case then follows by induction. If at least one of the w1, w> is not a Weierstrass
polynomial, say w1, we have

w1 (0, z,) = ZZI + 71 (0, z4)

with r1 (0, z,) # 0. This can be used to show that the product w1 - w> cannot be a
Weierstrass polynomial either. If w1, wy both are Weierstrass polynomials then it is
only an exercise in multiplying two Weierstrass polynomials in the correct fashion
to see that their product is also a Weierstrass polynomial.
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Hints to exercise 8.42:

1. f € R, represents a function that is holomorphic in a neighbourhood U of
0 € C". Since f is z,—general of order 1, we can deduce

f(O):Oandaa—f(O)yéO.

-n

Carry out the details why this is true. The Implicit Function Theorem then implies
that there are an open neighbourhood V.C C"~! of 0 € C"~! and a unique
function

p:V—C
satisfying (v, ¢ (v)) € U forallv € V,¢ (0') = 0 and
f, o) =0forallveV.

By exercise 8.29 we can write f (z) in the form

(', zn) ka

k>0

Now regard
f(E ) = f (e ()

with 7' sufficiently close to 0 € C"~1,
2. By exercise 8.29 we can write

() =) fi ()

k>0

Show that f is z,—general of order 1 and decompose f according to the
Weierstrass Preparation Theorem. The rest follows quite easily.

Hints to exercise 8.56: I should be clear that J is an ideal. If it is not clear to you
prove it. Assume J was finitely generated, say by

f],...,erO(C).

Then there would be natural numbers ki, ..., k, such that for j = 1,...,r we
would have

fj (k) =0 forall k > k;.
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Put kmax := max {ky, ..., k.}. Then every f € J would satisfy
f (k) =0forall k > kmax.
Can this be true?

Hints to exercise 8.57: Show that the prime elements of O (C) are exactly the
polynomials of degree one. What would this imply if O (C) were a factorial ring?

Hints to exercise 8.58:

1. Note that f is a Weierstrass polynomial, hence, it is prime in Ry if and only if it
is prime in Ry [z2]. Ry is a factorial ring, hence, the sets of irreducible elements
and of prime elements coincide. If f were reducible it could be decomposed into
a product of normed polynomials

hi, hy € Ry [z2],

none of which is a unit. After some computations including degrees you may find
out that the existence of a facorization f = hi1ho would imply that p and q must
both be even. Is that possible?

2. Consider the following functions

lj (z1,22, p) =22 — 218 (p),

where

27i

Cj(P)5=€7j, j=1,...,p

denote the p-th roots of unity. What can you say about the 1;? What can you do
with them?

Hints to exercise 8.64: Write it down using the definitions of vanishing ideal and
zero set of an ideal. It is easy.

Hints to exercise 8.65:

L]
1. You should first show that every analytic germ Y satisfies the equation

o)
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Hilbert’s Basis Theorem helps here. With this in mind, if J (X > is not a prime

ideal it is not too hard to construct a decomposition

X=XUX
L] L] L]
into proper analytic subgerms. Vice versa, if X = X1 U X, is a proper
L]

decomposition of X, then by

o)

for every analytic germ Y you can show that there are polynomials

s a(8)- a2 (5) o)

such that gh € J <}.(> ,butg ¢ J (5() h ¢ <).() , hence, J ().() is not a
prime ideal.

2. You don’t really think that X is irreducible, do you? The decomposition is easily
found.

Hints to exercise 8.74: Since C has no zero divisors, the equivalence
f@=0 [f"@@=0
holds for every m € N. Keep this in mind.
Hints to exercise 8.75: In R := Z an ideal J is prime if and only if J is of the
formJ = pZ for some prime number p. Does the same hold for radical ideals? For
instance, consider the ideal
J:=6%Z

Hints to exercise 8.76: If the proposition were false this would mean that to every
prime ideal p there would be some

m=m(p) eN

such that f™ € p. What set must f itself then be an element of? And what other
property would the powers ™ then have for certain m € N? Take into account
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that Qg is a commutative ring with 1 and an integral domain. Check what you have
learned about such rings so far.

Hints to exercise 8.79:

1. Put f (z,w) :==z> —w3. Then X = N (f) , hence, by Hilbert’s Nullstellensatz

I (x) — rad (f) .

L[]
What if <f> were a prime ideal in Og? For those who are not completely
familiar with ring theory: in a factorial ring the subsets of prime elements and of
irreducible elements coincide.

2. Itis easy to see that Y is not an irreducible germ, but the zero set of a holomorphic
Sfunction g that can be factored into irreducible elements of Oy.
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