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Applications of Differentiation

1. Let f be a function continuous on [a, b] and differentiable on a, b[ satisfying
fla) = £(b).
Then there exists ¢ €]a, b[ such that:
7@ =o.
2. Let f be continuous on [a, b] and differentiable on ]a, b[. Then there exists ¢ €]a, b[ such that:
b) — f(a
o= 1= 1@

3. If | f'(z)] < M forall z € [a, b], then:
|f(0) = f(a)] < M|b — al.

4. Let f be differentiable on an interval I. If f’(xo) = 0 and the sign of f’ changes at z, then
f has alocal extremum at xo.
5. Let f be twice differentiable on an interval I.

o If f"(iL'o) > 0, then z( is a local minimum point.

o If f"(z0) < 0, then xg is a local maximum point.
6. Let f be twice differentiable on an interval I.

e If f(x) > 0, then f is convex on I.

e If f”(x) < 0, then f is concave on I.

7. If the sign of f”' changes at xo, then the point (o, f(z0)) is an inflection point.

8. The equation of the tangent line to the curve y = f(x) at the point with abscissa x is:
y = f(xo) + f'(wo0)(z — o).

9. If f is differentiable at xo, then near z¢:

f(@) = f(zo0) + f'(w0)(z — z0) + o(z — x0).

10.  If f is continuous on a closed bounded interval [a, b], then f attains a minimum and a maxi-
mum value on [a, b].
11. If f/(x) > g'(xz) on I and f(x0) = g(w0), then:

flx) >g(z) Vxel.
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The speed of a rocket moving vertically is given by:
v(t) = 12¢ — ¢°.

¢ Find the moment when the speed is maximum.

* Determine the position y(t) given that y(0) = 0.

V' (t) =12 — 2t.

The speed is maximum when:
12-2t=0=1t=6.

40 ¥

30 +

20 +

10 +

The motion is vertical, so it is along one axis:

y(t) = /(12t — %) dt = 6t — %t3 +C.

Since y(0) = 0, we have C' = 0.

The position of a moving point on a straight line is given as a function of time by:
x(t) =3 — 3t° + 2¢.

Find the velocity and acceleration, determine the stopping times, then calculate the distance traveled
betweent = 0 and t = 2.

Graph of the position as a function of time:
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25 3

-~
HAA
o
15

0.5

ol
Velocity is the derivative of position:

v(t) = 2'(t) = 3t° — 6t + 2,
Graph of velocity:

6 =

Acceleration:

Stopping times satisfy:
1

V) =0 < 3> —6t4+2=0 < t=1+ ——.
(t) 7

Let:

B=1- ) ty=14 =
1 \/?:, 2 \/3

On the interval [0, 2], the sign of velocity changes at ¢1 and t2, so the distance traveled is:

D:/O2 |v(t)|dt:/0t1 v(t)dt—/tth(t)dt+/t2v(t)dt.

Since:
/v(t) dt = x(t),
we have:
D = [z(t1) — 2(0)] — [z(t2) — =(t1)] + [x(2) — z(t2)]
Since:
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we obtain:
D= 2($(t1) — SE(tz)).
Substituting:
A= -2 i) = ——,
3v3’ 3V3
Thus:

_o(_2 2 \_ 8 _8/3
D_2(3¢§+3\/§)_3\/§_ 9 -

A ladder is used to reach the top of a building. The ladder rests on the horizontal ground and leans
against a wall of height A, reaching the wall that is at a distance x from the wall as shown in the
figure below.

Let 0 be the angle the ladder makes with the ground. Find the minimum length /mi, of the ladder.

From the figure, the ladder length:

l=h+1.
Geometrically:
Sinezﬁﬁllz.i
I sin 6
_d _d+zxz  (d+z)-d = _ @
ST T S h Tk T sl

Thus the function for the ladder length as a function of the angle to find the minimum length is:

h B T
l(a)_sin0+cose’ 0<9<§'
2. Differentiation

0 _ hcos@  xsinf
)= sin? 0

cos2 0’
Simplifying:
xsin®@ — hcos® 6
sin? 0 cos2 §
3. Minimum length condition: derivative zero, decreasing then increasing

1'(6) =
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h
'0)=0 <= axsin®f=hcos’f — tan’f=—.
T
Thus:
h
tanfp = i/ —.
43
The function is decreasing when:

in® 0 — hcos® 6 h
") < T sin - < 3/h
') <0 = P dood S 0= tanf < -

ve (aman (\/m

i.e., on the interval:

and increasing on:

Approximate graph:
12 ¢
1(6)
10 +
8+ 9%
6 +
4 1
2 1
0.‘2 014 016 018 i 1.‘2 114
4. Minimum length
Let:
h
k =tanfy = i/i
73
Then:
sin 0 b cos 6 !
i = — = —.
NV RV =
Thus:

lmin:L‘F x _\/1+k2(%+x>

sinfy  cosfy
Substituting k = {/h/x, and after simplification:

Lo = (h2/3 +x2/3)3/2 .

Result
The minimum length of the ladder is:

‘lmin TEIETENTE "

0o = arctan( ¢ h) .
o

achieved at the angle:
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At what position = should a person stand to view a statue such that the viewing angle € is maximum?

Study of the viewing angle function 0(x)

1. Expression of the angle 0(x)

From the geometry:

0= f(x) = (0 + ¢) — ¢ = arctan (g) —arctan(%) ;i b>a>0
2. Derivative ' (x)

4o (B
dx x) a2+ k2

b a

Thus:

o' () = T2+ p2 + 22 + a2
oy a(@® +b) —b(z® + a?)
0'(x) = (22 + a2) (22 + b2)
0 (z) = (a —b)(z* — ab)

(22 4 a?)(z2 + b?)

3. Sign analysis
Since b > a > 0:
>0 if0<z<Vab
9'(:17) =0 ifz=+ab
<0 ifz>Vab
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4. Table of variations (graphical representation)

b a
OpMaq = aretan 5 —aretan W
/ %z=Vab

5. Maximum angle value

The maximum occurs at:

o = Vab

b
Omax = arctan | —— | — arctan
(7)o
(V2] -omen
Omax = arctan o arctan

0, —arctan(b_a>
max 2\/%

Conclusion: To maximize the viewing angle of the statue, one should stand at a distance v/ ab from

Thus:

55 3
- I

After simplification:

its base.

Let a rectangle have a fixed perimeter P = 20 cm.
1. Find its dimensions that maximize its area. 2. Show that among all rectangles with fixed perimeter

P, the square has the largest area. 3. Generalize the result for any perimeter P.

1. For P = 20 cm
Let x be the length and y the width.

20 +2y=20=y=10 -2
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Area:
Alx) =2(10 —z) =10z —2°, 0<z <10
Derivative:
Al(z) =10 — 2z

A@)=0=z=5
Sign: A’(z) > 0on (0,5), A’(z) < 0on (5, 10).
Thus the area is maximum at x = y = 5: the optimal rectangle is a square.
2. Generalization for perimeter P

r
2x+2y:P:>y:§—x

P
A’(x):0:>x:z, y=
Thus the maximum area is achieved for a square.
3. Maximum area

> T

P2
16

Square side g, Amax =

Conclusion: Among all rectangles with fixed perimeter, the square gives the largest possible area.

We want to build a closed cylindrical tank with capacity V' = 1 m®. The cost of the base and lid
material is 10 euro/m?, and the cost of the side wall material is 8 euro/m?.
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Find the dimensions r (radius) and h (height) that minimize the total construction cost.

1. Variables

Volume is: .
V=ar’h=1 = h:j.
r
2. Areas
Area of base and lid:

51 = 271'7“2.
Lateral area:

1 2
Sg=2ﬂrh:27rr-—2: —.
r T

3. Cost function
C(r) = 108: + 885 = 10(2mr?) + 8 (%)

C(r) = 20mr® + 17’—6

4. Derivative

16

!
C'(r) = 407r — X

5. Critical point

C'(r) = 0= 407r® = 16
3 _ 2 _ s/ 2
T - = 7= . ~ 0.503 m.

1
h=—~126m.
r

6. Optimal height
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7. Graphical representation

C(r)

A

Cmin I~

8. Final result

\ Radius 7 ~ 0.503m,  Heighth ~ 1.26 m \

The cost is minimized at these dimensions.

An electricity company wants to connect two stations A and B located on opposite sides of a river
of width 2 km. Station A is 2 km from the river, and B is 1 km from the river, and the horizontal

distance between their projections is 10 km.
Land cost: 50, 000 euro/km, underwater cost: 80, 000 euro/km.
Find the point P on the river where the cable should enter the water so that the total cost is minimized.

:L|

10 km

1. Mathematical formulation

Let x be the horizontal distance between A and P, where 0 < z < 10.

10
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2. Distances

AP =+/22+4, PB=+/(10—x)%+ L

The underwater part is constant at 2 km.

3. Function to minimize

The total cost is:
C(z) = 50,000(AP + PB) + 80,000 x 2.

Thus it suffices to minimize:

fl@)=vVa2+4+ /(10 —2)2 +1.

4. Derivative

. a3 B 10 — z
VzZ+4 10— x)2 +1

f'(x)

5. Optimality condition

T 10 — x

fle)=0 ViZ+d  JA0-22+1

After simplification:

> =4(10-2) = z= 2—;
6. Result
o= o 6.67km.
3
The minimum cost is:
Chin & 682, 750 euro.
7. Graphical representation
C(z)
Gl \'/
|
|
|
l
L x

a3 = 23—Okm%6.67km

11
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A company wants to lay a gas pipeline from point A located on the coast to point B located on an
island, such that AB = 9 km and BBy = 6 km.
Pipeline cost is P dollars per km on land, and @ dollars per km underwater. Given: Q = /5 P.

B
B 6 km
A C x = BoC Bo

For a chosen point C' on the coast, the pipeline path is adjusted so that the total cost is minimized.

 Express the total cost K (x) in terms of x = BoC'.
e Determine the position of C' that minimizes this cost.

e Calculate the total pipeline length and the minimum cost.

1. Geometry of the problem

In right triangle AB By:
AB? = AB? + BB2
9% = AB§ + 6°
ABZ =81 —36 =45
ABy =3V5

Let z = BoC where z > 0. Thus:
AC=ABy—z=3V5—=z

Underwater length:

CB=+/22462=+/22+36
2. Cost function
K(z)=P-AC+Q-CB
K(z) = P(3V5 — z) + V5P\/22 + 36

Minimize:
flx) = Kjf) =3v5 — 2+ V522 + 36
3. Differentiation
Ny — 14 VBT
F@="1% 7 s

12
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Optimality condition:

V5
Vz? + 36
Vbz = /22 + 36
52° = z° + 36
41° =36 = 2°=9
=3 (z>0)

fz)=0 = =}

4. Minimum length and cost

AC =3V5-3
CB = /32 +36 =45 = 35

Total length:
L=AC+CB=(3vV5-3)+3vV5=6v5-3

Minimum cost:
Kumin = P(AC 4+ V/5CB)

Kumin = P(3V5 — 3+ v/5 - 3V/5)
Kunin = P(3V5 — 3+ 15)

Kmin = P(12 + 3\/5)

z = 3km, L =6v5 — 3km, Kumin = P(12 4 3V/5)

We want to construct a right circular cone from a cardboard disk of radius R = 10 cm by cutting a

sector and then bringing the edges together.

Let 0 be the angle of the cut sector (in radians), 0 < 6 < 27.
e Express the base radius r and height h of the cone in terms of 6.
 Express the volume V' (0) of the cone.
¢ Find 0 that maximizes the volume.

¢ Calculate the maximum volume.

1. Geometric relations

The circumference of the cone’s base equals the remaining arc length:
R(2m —0)

2rr=R(27—0) = r= o

13
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The slant height of the cone is R, thus:

2. Volume of the cone

V() = %mﬁh = émﬂ vV R? —r2

R(2m —0) .

where r =
2

For R = 10:

. 1o@r—6) _ 10 (W 9)

2 Ea
3. Maximizing the volume

Lett = 27 — 0, then ¢ € (0,27) and r = ?.
¥y

=3 (2) o (2

3
V() R 2 fim —p

~ 1272

Maximize f(t) = t*>v/4n2% — (2.
f(t) = 2t/an2 — 12 + > . _t

Y
2t(4m% — %) — ¢
S
_ 8rit—2t* —*  8n’t — 33
VAP Jinr — 2
F'(t) =0=8r%t — 3t> = t(87° — 3t*) = 0
872
=

Solutions: ¢ = 0 (minimum) and ¢*> =

G = gﬂ'

2
=2r—t=2n(1—4/=
. ( 3)

10t \/§ 10v2
r=_— =204/ = cm

s 3 \/g
200 100 10
h=+100—1r2=4/100 — =— = /| — = —
00 —r 00 3 3 \/gcm

4. Maximum volume

1 5, 1 200 10

= —nrih = o e L
Vi 37" 3T 3 73
Vo = 2000, em?® ~ 402.6 cm®

14
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5. Graphical representation

V() (x100 cm®)

20007
9V/3

0 (rad)

A man is at point A on the beach and wants to reach point B in the sea in the shortest possible time.
He can run on the beach at speed v1 = 5 m/s and swim at speed v2 = 2 m/s.

B
ﬁ
V2
ds
z C
—>
“ — - d—ﬁr——g—ﬂ —
ds ’
ﬁ
1
A

Given: d; = 100 m, d2 = 50 m, d3 = 80 m.
Point C' lies on the boundary between the beach and the sea. Find the position of C' that minimizes
the total time.

1. Variables

Let x be the distance between the point opposite A on the coast and point C' (where 0 < x < d2).
Distance on land: AC' = \/d? + 2.

Distance in sea: CB = /(d2 — z)? + d3.
2. Total time

15
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/1002 + 22 N /(50 — )2 + 802

T(x) 5 5

3. Derivative

T’(m) _ 1 % B 1 50 —x
5 1002 +22 2 /(50 — z)2 + 802

4. Minimum condition

0= az - 50 —x

5V/1002 + 22 2,/(50 — 2)? + 802

= sin a where « is the angle between AC' and the perpendicular.

T'(z) =

Letu =
‘We have:

oz
/1002422

sina sinf

5 2
where $3 is the angle between C'B and the perpendicular.
. sinov sin . . .
This is Snell-Descartes law: —— = with v1 > v2 = sina < sin (.
V2 U1

5. Numerical solution

Solve:
50 — x

T
51002 + 22 2,/(50 — 2)2 + 802

After squaring and simplifying:

422 [(50 — z)? + 6400] = 25(50 — x)*(100° + z?)

Numerical solution (by iteration or calculator): x ~ 31.2 m.
6. Minimum time

V1002 +31.22  /(18.8)2 + 802
Tmin ~ 5 + 2

+ % =20.96 4 41.1 = 62.06 s

1048
T 5

7. Graphical representation

T(z) (s)

T‘min

Minifnum
|

! x (m)

\m ~31.2m,  Tn ~ 62.06 s\

Consider the parabola P : y = z? and the point A(3, 1).

16
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Find the point M on P closest to A and determine the minimum distance.

1. Expression of the distance

Let M (z, z*) be an arbitrary point on the parabola. The squared distance between A and M is:

AM = (“y” - i’) . D(z)= HAT\?H =V(@—3)2+ (y— 12

y=2°, D(z)=+/(z—3)2+ (22— 1)2.
D?*(x) = (z — 3)° + (¢° — 1)°.
2. Study of the function

Let
fl@) = (z-3)" + (* - )™
Then
f'(x) =2(x — 3) + 2(z® — 1) - 2z = 42® — 2z — 6.

3. Finding the minimum point

Solve
fl®)=0 <= 42> —22x—-6=0.

Numerical solution (using a calculator or Newton’s method) gives:
x ~ 1.353.

Thus,
M(1.353, 1.353%) ~ (1.353, 1.830).

4. Minimum distance

dmin = 1/(1.353 — 3)2 + (1.830 — 1)2 =~ /3.401 ~ 1.844.

] M (1.353,1.830), dmin ~ 1.844‘

A light ray connects the two points

A(0,2) and B(6,4)

17
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crossing two media separated by the straight line

y=0.

Normale

, B(6,4)

Milieu 2 (vy) |

P(x, 0)

Determine the value of x that minimizes the travel time.

Assume the speed of light in the first medium is v; and in the second medium is v2. The crossing
point on the interface y = 0 is

P(z,0).
The distance between A and P is

AP =/(z —0)2+ (0—2)%2 = /22 + 4.

The distance between P and B is

PB=+/(6—x)2+ (4—0)2 = /(6 — z)2 + 16.

The total travel time is therefore

AP PB 244 6—x)2+4 16
T@)=AL BB _var+d, J(6-2) :
V1 V2 V1 V2
To minimize this time, we differentiate 7" with respect to x:
1 T 1 ® = a3

v Va®+4d v J(6-2)+16

The extremum condition is

which gives
a8 6—x

nVrZ+4 v24/(6 — )2 + 16

We now interpret this relation geometrically. If 61 and 05 are the angles that the rays AP and PB
make with the normal to the interface at point P, then

sinf) = ——r sin 6 _ bmz
V= 2T /602 +16

18



CHAPTER 1. APPLICATIONS OF DIFFERENTIATION

Thus the previous relation becomes
sin 01 sin 6o

U1 V2
This is Snell-Descartes law of refraction.
Thus the value of = that minimizes the travel time is the solution of the equation

a7 6—x

nVrZ+4 v (6—2)2+16

Without numerical values for v, and v2 we stop at this general formula. If v; and v are known, this
equation can be solved numerically.
For example, for given values of v; and v we obtain approximately

T = 2.57.

Thus,

a5 o 6—x
vvVzZ+4 v /(6—2)2 F 16

x is determined by

A rod must pass through a corridor consisting of two branches of widths
a=2m, b=3m.

Determine the maximum length of a rod that can be transported through this corridor.

Consider a rod that, in the critical position, touches both outer walls and the inner corner of the
corridor. Let 6 be the angle the rod makes with the horizontal wall, where

T
0<0<—.
2
In this position, the rod is divided into two parts: one in the vertical branch, and the other in the
horizontal branch.
The part in the corridor of width a has length

19
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because this segment is the hypotenuse of a right triangle whose side opposite the angle ¢ equals a.
Similarly, the part in the corridor of width b has length

b

cos@’

because this segment is the hypotenuse of a right triangle whose side adjacent to the angle 6 equals
b.
Thus, the total length of the rod is given by

a b
L(0) = L1(0) + L2(6) = T + st

For arod to pass, its length must not exceed the smallest possible value of L(6). Thus the maximum
transportable length is
Lmax = min  L(6).

0<0<m/2
Compute the derivative:
cos 0 sin 0
L'(0) = — .
®) @S9 cos2 0

Put over a common denominator:

—acos® 0 + bsin® 0
sin? 0 cos? @

L'®) =

The extremum condition is

which gives
—acos® 8 + bsin® 6 = 0.

tanfy = i’/%.

Substituting this value into the expression for L(6),

Thus we obtain

L = me(e) = (a2/3 + 62/3)3/2.

Given

Lax = (22/3 + 32/3)3/2.
Numerical calculation:
22/3 ~ 15874, 3%/ ~ 2.0801.
22/3 4 3%/3 ~ 3.6675.

Luax ~ (3.6675)%/% = 3.6675v/3.6675 ~ 3.6675 x 1.915 ~ 7.02.

Lipax = 7.02m.

20
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Consider the following two curves:

Ci:y=¢e" and Co:y=Inz

The two curves are symmetric with respect to the line y = .
Find the minimum distance between a point on C; and a point on Ca.

1. Using symmetry

The functions f(z) = e” and g(x) = Inx are inverse functions. Thus their curves are symmetric
with respect to the line y = .
Therefore the minimum distance between the curves is achieved between two symmetric points.
Let

A(a,e”) € Cq

Its reflection across the line y = x is
B(e*,a)

and this point belongs to C» because a = In(e®).
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2. Distance between A and B
AB? = (a— ") + (" —a)® = 2(a — &*)?
AB = V2|a — €“|
3. Study of the function

Let
fla)=¢€e"—a>0

(because e® > a for every real number a)
fl(a)=¢e"—1
flla)=0 < e*=1 < a=0

f(a)=¢*>0
4. Minimum value
Fora = 0:
A(07 1)7 B(170)
dmin S \/5(1 - 0) = \/5

dmin = \/5

A conical tank with its vertex at the bottom must be built to contain a water volume of V' = 100 m®.
The cost of the lateral surface is 30 euro/m?, and the cost of the circular base is 20 euro/m?.

Vertex

Find the dimensions r (radius) and A (height) that minimize the total cost.

1. Volume relation

The volume of the cone is given by:
V =Zmr’h

22
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Given V' = 100, thus:
300

l771"2h =100 = h=—
3] Tr2
2. Areas and cost
¢ Base area:
Ap = o’
Corresponding cost:
Cy = 20mr?

o Lateral area:

Ay =m7rl where | =+/r2+ h?
C, = 30mrr\/12 + h?

Corresponding cost:

3. Cost function

The total cost is:

C(r) = 20mr® + 30mr/r2 4 h2

2
C(r) = 20772 + 307y [ 12 + (ﬂg)
\/ wr

4. Study of the function

Substituting h = ﬂ2:
wr

We want to find the minimum value of C(r) for r > 0.
Let:

f(r) = C(r)/(10m)

This does not change the position of the minimum:

90000
flr)= 2r? + 3rq/r? + -

The derivative f’(r) vanishes at a numerical value:

r = 4.05

5. Corresponding value of

300 300
= — ) —— &~ 582
mr?  w(4.05)2 m

6. Minimum cost

Cruin ~ 207(4.05)2 + 307 (4.05)/(4.05)% + (5.82)2

Chin & 3730 euro

These dimensions ensure the minimum construction cost.
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A company produces x units of a product.
The total cost is:
C(z) = 0.01z® — 0.6z + 14z + 200
The selling price per unit is:
p(z) =50 — 0.1z
* Express the revenue R(x) and profit B(x).

* Find the quantity = that maximizes the profit.

e Calculate the maximum profit.

1. Revenue and profit

Revenue is given by:
R(z) =z - p(z) = (50 — 0.1z) = 50z — 0.1z>

Profit is the difference between revenue and cost:

B(z) = (502 — 0.12°%) — (0.01z> — 0.62> + 14z + 200)

B(z) = —0.01z° + 0.52° + 36z — 200
2. Maximizing profit
Differentiate the profit function:

B'(x) = —0.03z> + = + 36

Find critical points:

B'(z) =0 <= —0.032° + = + 36 =0
Multiply by —100 to simplify:

3z° — 100z — 3600 = 0
Discriminant:
A= (—100)2 +4-3-3600 = 10000 + 43200 = 53200

VA = 230.65

Solutions:
. 100 + 230.65

6
The economically acceptable solution:

o 100 —|—6230.65 ~ 551

3. Nature of the extremum
Compute the second derivative:

B"(x) = —0.06z + 1

B"(55.1) ~ —3.306 + 1 = —2.306 < 0
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Thus the profit is **maximum** at z ~ 55.1.
4. Maximum profit

B(55.1) & —0.01(55.1)> + 0.5(55.1) + 36(55.1) — 200

Bmax ~ 1629 euro
5. Economic interpretation

e Optimal production: ~ 55 units
¢ Beyond this quantity, marginal cost exceeds marginal revenue

* Before this point, increasing production increases profit

6. Graphical representation

B(z)

Box F--------3 B(z) curve

Lmax

We have a square cardboard sheet of side length a. We cut out small squares of side length x from
its four corners, then fold the edges to obtain an open box.

7777777 o
2227777 227777
2y 2005977
2227777 227777
oy 2025977
2227777 27777
2222277 2222977
77 77
2y 2005577
2227777 2227777
2025577 2200077 gt
2227777 227777
2222577 2277
77 77

The shaded squares are cut out

e Determine the value of x that maximizes the volume of the box.

e Calculate this maximum volume.
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1. Volume expression

After cutting and folding, the resulting box has:
* Base length: a — 2z,

e Base width: a — 2z,
e Height: z.
The volume of the box is:
V(z) = z(a — 22)°
Domain:

a
O<zr< =

2. Differentiation

V() = z(a — 2z)?
V'(z) = (a —22)° + z - 2(a — 22)(—2)
V'(z) = (a — 2z)* — 4x(a — 22)
V'(z) = (a — 2z)(a — 6)

3. Finding the maximum
V'(z) =0 < (a—2z)(a—6z) =0
Two solutions:

B = g (boundary of the domain)

a
B= =
6

Since:

V'(z) >0for0<z < 2

6
V'(z) <0f0r% <z < %
We obtain a maximum at:
a
Lmax = 6
4. Maximum volume
a
dex = V ( )
6

a 4a
Vmax = 20
6 9
2a°
Vmax A
27
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What is the maximum possible volume of a cylinder inscribed in a sphere of fixed radius R?

1. Mathematical formulation

Consider a sphere of radius R centered at the origin, and a right cylinder inscribed in it, with axis
Oz, base radius r and height h.
A point on the top edge of the cylinder has coordinates:

h
2 (T’, 0, 5)

Since this point belongs to the sphere, we have:
(2r)® + B> = (2R)?

Thus the constraint is:

2, h™
rT+ = R
2. Volume of the cylinder
The volume of the cylinder is:
V =nr?h
Using the constraint:
r? =R - h—Z
N 4
Thus:
h2
Vh) == <32 = Z) h
V(h) = nR?h — %hS
Domain:
0<h<2R
3. Finding the maximum
V'(h) = TR® — ?%hQ

Solve: 3
V'(h) =0 «— R2—1h2:0
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4. Optimal radius

5. Maximum volume

2R? 2R
Vmax ™Y =
3 V3
Vo = 27
3v3
dex _ 47{'9\/§R3

Cone height h and base radius r

Right circular cone containing a sphere of radius R

What is the smallest volume of a right circular cone that can contain a sphere of fixed radius R?

h
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1. Geometric formulation using the angle

Let 0 be half of the cone’s apex angle, where:

r
tan 0 = 7 (1)

2. Tangency condition

In the axial cross-section, the center of the sphere is at distance R from the base and touches the
lateral surface. The distance from the apex A to the center is h — R. From the right triangle:

., R _ 1
Smaiih—R = h7R<1+7sin9) (2)

3. Volume of the cone in terms of 0

1 1 1
V= gmﬂh = gw(htan9)2h = gth tan” 6

Substituting from (2):

V= log? 1+i Stan29
3 sin 6

4. Simplification using ¢t = sin 0
Lett =sinf,0 <t < 1. Then:

t? R S &

2
t 0= —— =
an 1—1¢2’ sin 0 t

V_TFR3 (1+¢t)? ¢  7R* (1+41¢)?
-3 t3 1—t2 3 t(1-1¢)

5. Finding the optimal ¢ (differentiation)

(1+8)?
t(1—t) "

Consider the function f(t) = Differentiate In f:

Set the derivative to zero: 1
2 o= —(
14+t t u 1-—t
Multiply by #(1 — ¢)(1 +t) = t(1 — t*):

(1 —t)—(1—t*)+t(1+t)=0

2 -2 — 1+t 4+t +t2=3t—-1=0 = t:%
Thus:
sinf = 1
3
6. Optimal ratio *
sin 0 1/3 1

tanf = = = —

Vi—sinZ0 /89 2v2
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P 1
—=tanf=—— = |==2V2
h 2v/2

7. Minimum volume in terms of R

3|

From sin§ = % and (2):
h=R(1+43)=4R

1 2R
=htanf =4R - —— = == = RV2
" 22 V2

Vain = 3(RVEP(1R) = 37(2R*)(4R) = T R*
8T 3
Vmin =—R
3

Note that Vmin =y) ‘/;phere-

An inverted cone (vertex at the bottom) with half-apex angle 45° is filled with water at a constant
rate of 30 cm® /s.
When the water height is 60 cm, find the rate at which:

e The water height h changes,
e The radius r of the water surface changes,

e The surface area S of the water changes.

Vertex

Inverted cone with half-apex angle 45°
Filled at a constant rate

1. Geometric relation

In a cone with half-apex angle «, we have:

tana = r
=7
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Since av = 45°, tan 45° = 1, thus:
r=nh|
2. Volume of water
The volume of water in the cone is: |
V= §7T712h
Using = h, we obtain:
1 .3
V =—-nh
37
3. Rate of change of height
The flow rate is given:
av
— = 30.
dt
Differentiating:
dl — ﬂ-hQ@
a7 dt’
Thus:
dn _ 30
dt — wh?’
When h = 60:
dh 30 1
dt  wx602 1207
dh 1
@ ~ 1207 ™)
4. Rate of change of radius
Since r = h, we have:
dr _ dh
dt — dt’
dr 1
at ~ 120m ™|
5. Rate of change of surface area
The water surface area is:
S=mxr
Thus:
ﬁ = 27rr@
dt 7 dt’
At the given moment r = 60:
ds 1
== =9 =1
dt * 00X 190x
% =1cm?/s
A water container is in the shape of a frustum of a cone with half-apex angle 45°. The bottom circle
of the container is a hole of radius » (cm). Water flows out of this hole with speed
v = c\/2gh,
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where c is a constant, g is the acceleration due to gravity, and & (in cm) is the height of the free water
surface above the hole.

» Find the volumetric flow rate in cm® /s.

* Find the rate at which h changes.

1. Geometric relation between R(%) and h

Mentally complete the container to form a full cone, with its vertex below the bottom hole. Let hg
be the distance between this vertex and the level of the hole.

The radius of the cross-section at the hole is 7, and the radius of the free water surface is R(h). The
height of water above the hole is h. Thus the distance between the vertex of the full cone and the
free surface is

h + ho.
o T R(h)
4 = — = = 1
tan 45 o At ho
We deduce
ho=r and R(h)=h+ho=h+T.
Thus

R(h) =7+ h.
2. Volume of water

The volume of water is the difference between the volume of the large cone (radius R(h) and height
h + ho) and the volume of the small cone (radius r and height hg). Therefore

V(h) = %wR(h)Q(h +ho) — %m*Qho.
Using R(h) = r + h and ho = r, we obtain
1 2 1 3
V(h) = gTr(r +h)(h+7)— 3
Since h +r = r + h, we have
V(h) = %W((r +h)* —r%).

Expand:
(r+h)® =r® +3r2h + 3rh® + h°.
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Thus
(r+h)® —r® = 3r°h + 3rh® + h°.
Therefore 1
V(h) = gﬂ(3r2h + 3rh? + h?).
Hence

V(h) = 7r?h + nrh® + %wh3.

3. Volumetric flow rate

The area of the bottom hole is

A=nmnr

The flow speed is
v = cy/2gh,

so the volumetric flow rate is

Q = Av.
Thus

Q = nriey/2gh.

That is

‘ Q = mr’cy/2gh cm® /s.

4. Rate of change of h
Since water flows out of the container, the volume of water decreases with time. Hence

av
w9

We have |
V(h) = 7r’h + nrh® + gﬂ'hg,

Differentiating V' with respect to h:

v _ 7r® 4 2nrh + wh® = w(r + h)%.
dh
By the chain rule:
@V _dVdh o adh
dt — dh dt dt”
Since av
o —Q = —nr’cy/2gh,
we have

w(r+ h)2% = —nr’cy/2gh.
Divide by 7 to obtain

(r+ h)2% = —rcy/2gh.

Thus
dh 7r20\/29h
dt  (r+h)?’
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The thin lens formula in physics is:
1 1 1

s TS5 7
where s is the distance between the object and the lens, S'is the distance between the image and the
lens, and f is the focal length (constant).

Assume the object moves away from the lens with speed 3 cm/s, i.e., % = 3. Find the speed ‘fi—: of
the image and determine the direction of its motion.

Lentille

Axe optique

Start from the thin lens equation:

1 1 1
5T5T7F
Differentiate with respect to time ¢:
_lds_1dS_
s2dt  S? dt
Isolate %:
as S? ds
dt — s2dt
From the lens equation: ;
s
S = s ]
Thus:
S f
s s— f
Therefore:
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Since % = 3, we obtain:

s 37

dt — (s—f)?

The negative sign indicates that:
e The object moves away from the lens,

* The image moves toward the lens.

A right circular cone has base radius R and height H. What is the volume of the largest cylinder
that can be inscribed in this cone?

1. Geometric relation between r, h, R and H

tangz;zﬁﬁrzR(u>

H-h H

()

H

2. Volume of the cylinder

V =7r’h
=[] o ()

Domain: h € [0, H] (the cylinder must be contained within the cone).
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3. Finding the maximum
Differentiate V' (h):

The critical points are solutions of V' (h) = 0:

h=H=V =0, h:g:V:VmaX

H
h():?

Verify that it is a maximum:
¢ For0 < h < &: V'(h) > 0 (increasing)
e For £ < h < H: V'(h) < 0 (decreasing)

4. Corresponding radius

en(i5)n( ) n ()%

o = 2R
°” 3
5. Maximum volume
B o, _ _(2R\® H  4R* H 47R’H
V‘“‘“_W(To)ho_”(s) 3 "9 '3 " 27

Vinax = A RH
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Properties of Integrals

1.

Linearity of integration. Let f and g be continuous functions on [a, b], and let o, 3 € R.
Then:

/ab(ocf(:t) + Bg(z)) dz = oz/abf(m) dm+ﬁ/abg($) de.

Direction of integration. For any continuous function f on [a, b], we have:

/jf(x) o = —/b'af(m) da.

Additivity over intervals. If f is continuous on [a, b] and ¢ € [a, b], then:

/abf(ac)dac = /acf(z)dm/cbf(;c)dx.

Positivity. If f is continuous and nonnegative on [a, b], then:
b
f(z)dx > 0.
Comparison. If f and g are continuous on [a, b] and satisfy
flz) < g(z) Vx € [a,b],

then:

b b
f@)de < / o) da.

a a

Triangle inequality. For any continuous function f on [a, b], we have:

/ab f(z)dx

< [1i@)as.

1.

Mean value theorem for integrals. If f is continuous on [a, b], then there exists ¢ € [a, b]
such that:

b
[ f@ s = 106 - o)
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2. Fundamental theorem of calculus. If F’ is an antiderivative of f on [a, b], then:

[ f@ s =FO) - F@).

3. Symmetry property. If f is continuous on [a, b], then:

.bf(-r)d-r: ‘bf(a—&—b—.r)d.r.
[ serae= |

4, Even and odd functions. If f is continuous on [—a, a], then:

e If f is even, then:
f@)do =2 [ fa)do
—a 0
e If f is odd, then:
/ f(x)dz = 0.
5. Bounding the integral. If

m< f(x) <M Vz € a,b],

then: )
m(b—a) < / f(@)de < M(b— a).
a
6. Second mean value theorem. If f is continuous and g is integrable and nonnegative on [a, b],

then there exists ¢ € [a, b] such that:

/ab f(z)g(z)dz = f(c) /abg(:c) de.

1. General change of variables. Let

¢ o, B] = [a, b]
be a C" bijective function. Then:

b o~ (b)
/ f(@)de = / F(t) & (2) dt.

»~1(a)

2. Affine change of variables. If
T =at+ B, a #0,
then:

b -(b—B)
/ f(z)dz :/ flat+ B) adt.

a—f)/«
3. Integration by parts. If f and g are C* on [a, b], then:

| / f@)d (@) de = [f(@)9(x)]" — / f(@)g(x) de.

4. Weighted mean formula. If f is continuous and g is integrable and of constant sign on [a, b],
then there exists ¢ € [a, b] such that:

[ 1@s@)de = 160) [ gtwya
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5. Limit under the integral sign. If (f,,) is a sequence of continuous functions converging uni-
formly to f on [a, b], then:

b b
lim / Jol@) dm = / f(z)dx.
n— oo
1. Absolute convergence. If
b
[ 1@l da
converges, then
b
f(x)dx
also converges.
2. Comparison test. If
0< f(z) < g(z)
near b, and if
b
/ g(z) dx
converges, then
b
converges. ’
3. Riemann criterion. The integral

T dx

converges if and only if

a>1.
4. Reference integrals.
1
d:
/ —: converges if and only if o < 1,
9 B
oo dy
/ — converges if and only if o > 1,
1 a8
+o0 N 1
/ e “dr=—, a > 0.
0 a
5. Fresnel integrals.

+oo % +oo 2 1
/ cos(z”) dx :/ sin(z”) doz = 3

0 0

T §in g T T 1 — cosx
dr = —, — —dz=
0 7 2 0 7

6. Dirichlet integrals.

SIE
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1. Gamma function. For z > 0,

It satisfies:

Pz+1)=al(z), T(n)=(n-1), r@) _ =
2. Beta function. Fora > 0 and b > 0,
1
B(a,b) = / " 11— 1)t dt.
Jo
It satisfies: P(@)T(b)
a
B(a,b)—B(b7a)7 B((Lb)— m

3. Integral representations of the Beta function.

/2
B(a,b) =2 / sin®* 1 9 cos®* " 0 do
Jo

+oo tafl
= — dt.
/0 (1 +t)a+b

4. Stirling’s formula. As z — +o0,

5. Wallis integrals. For every n € N,
(n—1)N

x/2 /2 o
Wn:/ sin”xdcc:/ cos" xdxr = .
0 0 (n—1)N

n!!

T ..
) if n is even,

if n is odd.

Basic Properties

Show that for any continuous function f on [a, b], we have:

b o
/ f(z)dz = — t f(x)dx.

Let F be an antiderivative of f on [a, b]. By the fundamental theorem of calculus,

/b (@) dz = F(b) — F(a).

/ba (@) dz = F(a) — F(b).
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Thus,
a b
/ f(z) dz = —(F(8) - F(a)) = — / f(@) dz.
b a

/abf(:c) do = —/baf(m) da.

Let f be a continuous function on [a, b]. Show that:

b b
flx)de = fla+b—x)dz.

a a

Make the change of variable
t=a+b-—z.

Then
dt = —dx.

When z = a,t = b, and when z = b, t = a. Thus:
b t=a a
/ f(a—l—b—x)dx:/ f(t)(—dt):—/ f(t)dt.
a t=b b

Using the direction of integration property,

—/baf(t)dt:/abf(t)dt.

Renaming the variable ¢ back to z:

/abf(a—i—b—w)dw:/abf(x)dx.

Using the previous property, show that:

for any continuous function f on [0, 5].
Then deduce the value of:

Apply the property from the previous exercise with

a =0, b:g.
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Since a + b = 7, we directly obtain:

To compute
/2
I= / sin® t dt,
0

apply the previous property to f(z) = sin® z:
/2 /2
I= / sin® z dz = / sin2(Z = x) dz.
0 0 2
sin(I = m) =coszT
2 - y

/2
]:/ cos® x dz.
0

Adding the two expressions for /, we obtain:

/2 . . /2 T
21:/ (sin” z + cos x)dx:/ ldz = —.
0 0 2

Thus,

Symmetry Applications

Compute:
/2 s
I= / sty
Jo sint + cost

Apply the symmetry property on the interval [0, 7 ]:
/2 i /2 sin(Z — x
= / g o / ' (5 -2) i
o sinx+cosx o sin(Z —x)+cos(Z —x)

L (T s 5
Sin 5—33 = COS T, CoS §—$ = Ssmx.

/2
cosx
0 cosx + sinw

Adding the two expressions for /, we find:

21:/W/2 7S%nx+cosxdx:/ﬂ21dm:f.
o sinz+cosz o 2

We have:

Thus:

Therefore
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N

Show that for any continuous function f, we have:

./O.Trff (sint) / f(sint)d

I= /waf(sinx) dz.

Make the change of variable
t=m—zx.

Then
r=m7—t, dxr = —dt.

As x goes from 0 to 7, ¢ goes from 7 to 0. Thus:

= /OW of (sinz) dz = /OW(W — 4) f(sin(r — 1)) dt.

But
sin(m — t) = sint,

SO we obtain: .
I= / (m —t)f(sint) dt.
0

Adding this relation to the original expression for I, we find:

21:/0 [t + (7 —t)] f(sint) dt:w/o f(sint) dt.

/Owtf (sint) d / f(sint)d

Thus:

Using the property from Exercise 2.5, compute:

1= / rsinzdz.
Jo

By Exercise 2.5, for any continuous function f:

/Oﬂtf (sint)d / f(sint)d

fu) =,

Here we choose

so that
f(sinz) = sinz.

43



CHAPTER 2. PROPERTIES OF INTEGRALS

‘We obtain: o .
I:/ zsinxdr = I/ sinx dx.
0 2 Jo
‘We have: .
/ sinzdr =[—cosz]g =1+1=2.
0
Thus: -
= 5 o = .
That is:

I = 5,

Compute:

" sin®

= 2x 4+ 1
/0(1+ )1+c0521‘
Let
() = sin®

P = T T eos2
We verity that

ol — 2) = pla),
because

sin(m — ) = sinx, cos(m — x) = —cosz, cos®(m — x) = cos® z.
s s ™
/ zp(z)de = 7/ p(z) dz.
0 2 Jo
Thus: . . .
= 2/ xp(z) dz +/ p(z)dr = (7 + 1)/ p(z)dz.
0 0 0
Let 5
T T osin®x
J = dzx = ———dx.
/o ¢(z) do /0 1+cos2z "

Write

sin® 2 = sinz(1 — cos® z),

then make the change of variable

U = CoS T, du = —sinz dx.
When x = 0, u = 1, and when x = 7, u = —1. Thus:
=il 2 1 2
1—wu 1—wu
— —du) = du.
7 /1 1+u2( u) /_11+u2 “
We have
1—w? 2
1+u2 14w
Thus:

1 1
J= / d“Q—/ du.
14w =)




CHAPTER 2. PROPERTIES OF INTEGRALS

Compute:
/1 C [arctanu]1 = (—E) =
14w 1Ty 4) 2
and
1
/ du = 2.
=il
Hence -
Thus:
I=(r+1)(n—2)=n°—m—2.
That is:

Logarithms and Trigonometric Functions

Compute:

7 /4
= / In(1 + tan x) du.
Jo

Apply the symmetry property on the interval [O, g] :

/4 /4
I:/O ln(1+tan:c)dx:/0 1n(1+tan(%fx)) dz.

We have:
tan (E —:c) _l—tanz
4 " 1+tanz’
so:
1+tan(z—x)*1+1_tanx* 2
4 a 1+tanz 1+tanz’
Therefore:
/4 2 /4 /4
I:/ In <7) d:v:/ andxf/ In(1 + tanz) dz.
0 1+ tanzx 0 0
That is -
= ZanfI.
Hence -
2] = —1In2
1"
so:
T
I =—1In2
3 n

Let f be a continuous function on [a, b] satisfying:

fla+b—1x) = f(x), Yz € [a,b].
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Show that: ) )
/ mf(rt?)drl?:a;b/ f(z)dw.
Let

I:/abxf(:c)d:c.

Make the change of variable
t=a+b—uz.

Then
r=a+b-—t, dt = —dx.

When x = a,t = b, and when x = b, t = a. Thus:

b a b
I:/ a:f(ﬂc)dﬂc:/b (a+b—t)f(a+b—t)(—dt):/(a+b—t)f(a+b—t)dt.

By hypothesis,
fla+b—1) = f(t).
Thus

b
I=/ (a+b—1t)f(t)dt.
Renaming ¢ back to x, we obtain:
b
I:/ (a4+b—2z)f(x)dx.
Adding this relation to the original expression for I, we get:
b b
2.7:/ [+ (a+b—2)]f(z)dz = (a+b)/ f(z)dx.

Thus:

/ab:rf(a:)da:: a;b/abf(x)dx.

Compute:
T zxsinz
II= ——dx.
/(, 1+ costz

Let .
_ sinz
g(z) = 1+cos2z
We verify that
g(m —z) = g(z),
because

sin(m — z) = sinx, cos(m — x) = —cosz, cos®(m — x) = cos® .
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We can apply Exercise 2.9 with a = 0 and b = 7:

I:/ xg(x)dz:z/ g(z) dx.
0 2 Jo
m [T sinz
I== ——————dx.
2/0 1+cosza **

T sinz
J= ——dz.
/0 1+cos?z o0

Thus

Make the change of variable

u = cos T, du = —sinz dx.
When z = 0, w = 1, and when x = 7w, u = —1. Thus:
=il 1
—du du 1 T
J = — = — = it T = —.
/1 Trw /71 T [arctan u]— 4 5
Therefore:
T
2 2 4
That is:
=T
4

Show more generally that if

fla+b-z)=f), gla+b—a)=g(a),
then:

)f(r)g(r) dr =2 / f(x)g(z) dx.

a a

Let

b
1= [ f@)g()da.
Split the integral into two parts:

a+b b

I:/ : f(@)g(x)dx + mf(x)g(w)dw

2

In the second integral, make the change of variable

u=a+b—ux.
Then
du = —dz
Note that
a-+b a+b
T = == u= , B2 = =@
2 2
Since
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we obtain:
b a ath
@@ o= [ fg-di = [T fwgw)du
e 5 “
Substituting into the expression for /, we find:
5t 5 o5t
= [T @@t [ 7 r@e@ds=2 [ 7 fee) da.

Thus:

a+b

/ @)yl da =2 [ i@t ae

For each n € N*, define: 7
I — /l dx .
Jo (I+z2)n

1. Establish a recurrence relation between I,,+1 and I,,.
2. Compute I3 and /5.

1. Establishing the recurrence relation

Write: L 5 5 L L 5
In:/ Sl dx:/ dx —/ g
o (L+az2)n o (I4a?)! o (I4a2)»

In other words,

In =1in—-1 — Jn7

where

1 1'2
y — dx.
/ / Aray @

1
T

o = e dx.

Ji /O:c T+ 29" T

To compute J,,, write

Integrate by parts with

a5
u=ux, dv = m dx.
Then
du = dx,
and
B = / _r dr = — ! !
S A+ T 2(n—1) (1 +22) Y
Thus:
T ! 1 /1 dx
Jn = |- + .
2 —1)(A+z2)m 1], 2(n-1)fy, (142!
‘We obtain: | 1
n — I’nf
” 27(n—1) ' 2(n—1) """
Therefore:
Iy = + ! — ! I
n — In—1 2n( 71) 2(7’L71) n—1
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Simplifying:
2n — 3 1
I = /- .
"o T o 1)
Replacing n by n + 1, we obtain:
2n —1 1
In+1 - m In + ontly”

2. Computing /> and I3
Start with

Using the recurrence relation:

1 1 7 1
=g =gt
Then
e S L 9w I L S 1
2T 47T 16 a\8 14 16 32 4
Thus:
T 1 3 1
Iz—ngZy I3 372+Z

Let the Beta function be defined, for a > 0 and b > 0, by:

1
B(a,b) :/ (1 — ) da.

0
Show that:
B(a,b) = B(b,a).

Make the change of variable
t=1—x.
Then
r=1-—t, dx = —dt.
As x goes from 0 to 1, ¢ goes from 1 to 0. Thus:

ﬂ(a,b):/o xa_l(l—x)b_ldm:/l (1= )" 1> (—dt).

Swapping the limits of integration:

B(a,b) = /O1 71— )t dt.

This is exactly 8(b, a). Hence:

| B(a,b) = B(b, ).

Compute the following values:
e B(1,1)
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= B(3:3)

e B(m,n) where m,n € N*

1. Computing (1, 1)
By definition:

B(l,l):/leo(l—m)odxz/oldwzl.

2. Computing 3 (3, 3

Using the relation between the Beta and Gamma functions:

11\ _TErGE) _ vavr_
ﬁ(é’i)‘ ray 1

.

3. The general case m,n € N*
Again using the relation

s = ),
and since
L(m)=(m—1)!,, T(n)=n-1), T(m+n)=m+n—1),
we have: , |
B(m,n) (n(: i)ﬁ(iz)})’
Thus:
an o(33)-n smn- B

Show that for a > 1 and b > 0,

‘8((1, b)

Start from the relation

['(a)T'(b)
Aab) = Taro
Similarly,
_ Dla-1)r)
Bla—Lb) =t sp-1)
Dividing the two relations term by term:
Bla,b)  T'(a) T(a+b-1)
Bla—1,b) T(a—1) T(a+Db)
We have:
T'(a) = (a—1T(a —1), I'a+b) =(a+b—1)T(a+b—-1).
Thus:
L(a) _q Fla+b—1) 1
Tla—1) ¢ 7 T(atd) a+tb—1
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‘We obtain:
Bla,b)  a-—1
Bla—1,b) a+b—1"
Hence:
a—1
B(a,b) = mﬁ(a— 1,b).

Show that for a > 0 and b > 0,

/2 . .
B(a,b) = 2/ sin®* 1 0 cos®* ! 0. d6.

0

Start from the definition: )
B(a,b) = / (1 —2)" " da.
0
Make the change of variable

x = sin’ 0.
Then
dx = 2sinfcos 6 db.

Moreover:
=il . 2a—2 b—1 2b—2
"7 =sin”"" 70, (1—x)""" =cos 0.

As x goes from 0 to 1, & goes from 0 to 7. Thus:
/2
B(a,b) = / sin®* "2 6 cos®® 2 0 2sin 6 cos 0 db.
0
Simplify the exponents:
/2
B(a,b) = 2/ sin®* "1 0 cos®® 1 0.d6.
0

That is:

/2
B(a,b) = 2/ sin®* 1 0 cos?® ! 0 db.
0

Show that for @ > 0 and b > 0,

*+o00 Ub71 *+o00 u(zfl
1, b) = ————du— — du.
B(a,b) /0 0+ w) du /0 T+ u)ets du

Start from the definition: .
B(a,b) = / 211 —2)" ' dx.
0

Make the change of variable
1

14w

9=
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Then d
U u
der = ——— l=p= .
* (14 u)?’ T 1t
Also:
xafl _ (1 + u)f(afl)’ (1 . .T)b71 _ ub71(1 + u)f(bfl).

As x goes from 0 to 1, u goes from +-o0 to 0. Thus:

0
_ —(a=1) b— —(b-1) (___du
B(a,b) = +oo(1+u) Db~ (1 4 ) i ( (1+u)2>.

Combining the powers of 1 + u we obtain:

+ oo b—1
5((1, b) = /O u_’iw du.

Using the symmetry 3(a, b) = B(b, a), we also deduce:

+o0 a—1
B(a,b) :/0 (liwdu.

Thus:

+o0 al>=1 +o0 w1t
b) = Y = Y u.
B(av ) /(; (1+u)a+b @ /0 (1+u)a+b &

Compute:

Write

This is a Beta-type integral, with

1 3
a = 5, b = 5
Thus:
13
I —_ /8 (57 5) .
Using the relation
(a)I'(b)
b) =
Blarh) = Fror sy
we find: ) 5
_TETE)
I'(2)
‘We have:
r(N=vr r(3)=1vs re=1
2) ’ 2) 2V o
Thus:
YR RE
= T =3
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Similarly,

Yo 1/2 31
J:/O 2?1 —z)7Y d$:,3<§,§).

By symmetry of the Beta function,

Thus:

Improper Integrals

Compute the improper integral:

Use the identity valid for all z # 0:

Sin(2x2) :/2 COS(tZL‘Q) dt,
0

2

because:

/2 cos(ta?) dt = [sin(tx2)r _ sin(22®)
0 0

T2 T2

“+ oo 2 2
w= / e " </ cos(tz?) dt) dz.
0 0
2 +oo 2
w= / (/ e cos(tz?) d:c) dt.
o \Jo

+oo 2 .
/ e cos(tz”) du.
0

Thus:

Using Fubini’s theorem:

<

—~
~+

=
Il

Write:

Since R(1 —it) =1 >0,
+oo .
/ 67(171t)z2 i = ﬁ
0

21— it
Thus: :
fis 1
J(t) = —*R .
®) 2 (w/l — it)
Therefore:

= ([ A)
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An antiderivative is:

dt
— = 211 —it.
| 7 R
Thus:
w= g%(m(\ﬂ —2i— 1)).
Write
1-2i=u—iv (u,v>0).
Then:
u27112:1, 20 =2 = wv=1.

Solving the system gives:

2 2 1+V5
Since:
3%(21'(\/1 2 - 1)) = 20,
we have:
2
w=+mTv=+m .
Vv Vv =5
Finally:
2
W=y —.
G 1++5

Compute the integral:

More generally, for a > 0, define

T cos(ax)
I(a) = d
@=[ T

Since the function is even,
+00 +oo iax
cos(ax) e
21(a) = de =R ——dx | .
(a) /;OO 1-|—£L'2 L ([oo 1_’_932 ’T>

+oo etaz
F(a):/ Wdz, a > 0.

—oo

Compute

Close the contour in the upper half-plane. The only enclosed pole is z = ¢ (simple). Its residue:

iaz iaz —a

e . . e e
Res( ——, 7] = lim - = —.
1+2 2= 2+ 1 21

By the residue theorem:
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Since F'(a) is real,

Fora = 1:

Compute:

Iﬁ/d“’o dx
Jo VT VE

Factor the denominator:

/T + Vo = Va(z + 1).

Thus:
I— Foo dx
o Vzl+az)
Let
t=+/z, z =t dx = 2t dt.
Then: N N
I:/ 2tdt2 :2/ dt2.
ot +12) o 14t
We have: N
< dt o T
/0 T e [arctan t] > = 5
Hence:

~
Il
A

Compute:
I / ‘oo xdx
0

A+

Write:

+oo  1/2
= —— dx.
/0 (14 )

This is a Beta-type integral of the form

+o0 uP~ !
= ——d
B(p. q) /0 At &
Here:
—1—1:> = +q=2=q=;
p =3 P—Q, ptq= Q—2~
Thus:

Using the Beta-Gamma relation:
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We have:
1 3 1
r <§> _E T (§> — A @=L
Thus: 2
I = M —
1 2°
Therefore:
I =]

™
5

Show that for m > 0,7 > 0 and o > 7,

e wm! LT (e-%)
/ = du=-—n’/"\7 n/
0 (

1+ un)e o nl(«)

Make the change of variable

1 1
t=u", u=t/" du= —tn1
n

As u goes from 0 to 400, ¢ also goes from 0 to +-o0. Substituting into the integral:

—+ oo m—1 “+oo 1/nym—1
/ uidu:/ [ M WS S
0 (14 um)e 0 1+t n

Combine the powers of ¢:

Thus:

+oo m—1 ERSS m_q
/ S / S
0 (1 +um)e nJo (1+1t)

Recall the Beta function in the form

+o00 tpfl
B(p, q) :/O mdt
Here: m
p=—, Prg=a = g=a-_.
Thus:

Using the relation

C(p+q)’
we obtain:
[ TEe)
q (1+um) n(«)
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Compute:

]:/‘Do dx .
o 1+ z*

Note that this integral matches the formula from Exercise 2.23 with

Then:

=) (1) =r()r2)

Now use the reflection formula:

Setting z = i:

() ()i s

Thus:
V2
4
Therefore:
joT™V2

Compute, fory € N, p> —1,8>0,a >0and Sy —p > 1,

1 /Oc o d
= — dzx.
Jo @F+adPy

Let
t=— z=at"?, der =
Then:
2’ +ad® =d’(1+1), 2” = a’t"P.

Substituting into the integral:

00 altP!P a 1_4
I = ——— - —tB " dt.
/o (a?(1+1¢)" B

Combine the factors:

pt+1—By oo
=2 / ! dt.
B Jo G+ip

Recall the Beta integral:

co ’LLP71
5(P,Q):/0 Wdu
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Here: il il
P:Lﬁ ) ptg=7 = q:’Y—L .
Thus:

=

aP+1—5’Y p+ 1 o+ 1
/8 .

Using the Beta-Gamma relation:

_eenn(F)r (- 7)
i =)

B Iy
That is:
; atT1-67 T (pTng) r (’Y - pTng)
B L'(y)

Parametric Integrals

For a > 0, consider the integral

o —ax _ —fz
I(a) = / £ "° i (8>0).
0 L

* Show that («) is well-defined for v > 0.
e Compute I'(cv).
* Deduce that I(«) = In (g)

1. Convergence of the integral
Near 0, use equivalent limits:

e ' =1-azx+o(x), e P =1 - B+ o(x),

then:
e =7 = (B — &)z +o(z),

thus:
—=B—a (z—0h).
So there is no divergence at 0.
At 400, the exponential functions decay rapidly, so the integral over [1, +00) converges
I(«) is well-defined.

2. Computing I’ («)
Differentiate under the integral sign:

‘We have:

. Hence
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Thus:

3. Determining /(«)
Since I'(a) = —1, we have:

To find C, take o = /3. Then:

oo —Bx _ _—Bx
I(8) = / £ ~° dw=o.
0

Thus 0 = —In 3 + C, i.e., C = In 3. Therefore:

=

I(a)=Inf —Ina=In (E)’

K = (2).
CBedse

Let f : [0, +00) — R be a continuous function such that limg—, o f(2) = L exists. Show that for

a,b> 0,
/O% Flaz) = F) 4 — (£(0) - L)In <9> .

T a

Fore > 0 and R > ¢, consider the truncated integral

I(e,R) = /R M da.

In the first part, let

u = ar
Then: P
u u
de = —, Tr=—,
a a
and:

/R 7}‘((11’) ahp = " M du.
£ x a. U

Similarly, letting v = bx:
R bR
[ gy [ IO g,
€ T be v
Thus: R -
I(e,R) = Mdu— Mdv.
ae u be v

Rearrange the intervals:

I(e,R) = bELu)du— bRMdv.

ae u aR v

Now take the limits ¢ — 07 and R — +o0.
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Since f is continuous at 0, f(u) — f(0) asu — 07, thus:

be

9 4~ 1(0) T fo)n (9) :

ag ag U a
Since f(v) — L as v — +oo, we have:
bR bR
MdvaL @:Lln<g>.
aR v ar U a

Taking the limit:

/Omwdef(O)ln (2) — Lln (g) = (f(0) — L) 1In <g)

Thus:

Advanced Trigonometric Integrals

For a,b > 0, compute:
I(a,b) = /‘x sin(ax jin(b;z:) d.
0 -

x

Use the trigonometric identity:

sin(ax) sin(bz) = % [cos((a — b)z) — cos((a + b)z)].

Thus:

I(a7 b) _ % /Ooo COS((a - b)m);COS((a —+ b)m) .

Use the classical integral:

1 — cos
/ wmczﬁc, c> 0.
o T 2

Write:
cos((a — b)z) — cos((a + b)z) = [1 — cos((a + b)z)] — [1 — cos((a — b)z)].

Then:

/°° cos((a — b)x) — cos((a + b)x) do — E(a +b)— E|a b
@ z2 2 2 '

If a > b, then |a — b| = a — b, so the value becomes:
T ™
5((1—&- b) — §(a —b) = wb.

If b > a, the value becomes 7a. Thus:

I(a,b) = %ﬂmin(m b) = 7 min(a, ).
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Therefore:

I(a,b) = gmin(a, b).

Show that:

/2 T
/ In(sinx) dz = ~3 In2.

J0

Let

/2
= / In(sinz) dz.
0
By the change of variable x = 7 — ¢, we obtain:
/2
I[= / In(cos t) dt.
0

Add the two expressions:
/2 /2
2l = / [In(sinz) + In(cos x)] dx = / In(sin x cos ) dx.
9 0

We have sinx cos z = 5 sin(2z), hence:

/2 1 /2 o
21 = / In (7 sin(2:c)> dr = / In(sin 2z) do — — In2.
0 2 0 2

In the first integral, let v = 2z, dz = du/2. As x goes from 0 to %, u goes from 0 to 7:

/2 1 o
/ In(sin 2z) de = = / In(sinu) du.
0 2 Jo

By symmetry of sin« on [0, 7],

E /2
/ In(sinu) du = 2/ In(sinu) du = 21.
0 0
Thus:
/2
/ In(sin 2z) dx = I.
0

Return to the equation:
2l = — gan — I= —gan.

Therefore:

/2 T
/ In(sinz) de = — = In2.
0 2




Feynman’s Technique for
Computing Integrals

[Basic Principles of Feynman’s Technique]
1. Differentiation under the integral sign (bounded domain case). Let

b
Fla) = / f(z,a)dx.
If f(x, «) and its partial derivative

87(17,&)

are continuous on [a, b] X I, then:
b
of(z, @)
F'(a) = ————~dx.
= [ e
2. Differentiation under the integral sign (unbounded domain case). Let
+oo
F(a) = / f(z,a)dx.
0

If f and g—f are continuous, and if the integrals converge uniformly on every compact subset
[e%

of I, then:
+oo o
F'(a) = / 0f(=,a) dz.
0 foJe
3. Conditions for validity (Leibniz’s theorem). To differentiate under the integral sign, it is

practically sufficient that:

0
e f(z,a) and a—f(;r, «) are continuous with respect to (x, a);
o

* The convergence of the integral is uniform with respect to «;
* The functions are dominated by an integrable function independent of c.

4. General formula. Under sufficient regularity assumptions, we have:
P2 (a) p2(a) gf
i/ flz,a)de = / a—f(w,oz)dm
dat Sy (a) pr(a) O
+ flp2(a), a)ph(a) — fpr(a), a)¢i(a).
5. Successive applications. If f(x, «) is n times continuously differentiable with respect to c,
then: )
" f(z, )
F™(a) = = da.
@= [ T
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1.

2.

3.

[Basic Examples and Applications]

S.

6.

Exponential integral. For a > 0,

By differentiating with respect to a we obtain:

+o0 1 +o0 2 +oo n!
/ e P dr = oL / 22e” M dy = == / e ¥ dr = — e
Jo a 0 a Jo @

Logarithmic integral. Let

Then

hence

Gaussian integral. Let
Then
and by direct computation,

Dirichlet integral. By introducing the parameter

+° gdinx
J((]) :/ sinx e—u,:l: dT,
0 T

we obtain .

TTra?

hence -
J(a) = 5 —arctana,

T sinx T
de = —.
0 T 2

Fresnel integrals. Using Feynman’s technique, it can be shown that

400 5 400 5 1 p-
/ cos(z”) dx = / sin(z?) do = 51\ 3"

J O J0

and therefore

Laplace integral. For a > 0,

+oo .
/ cos(ax) do — T
q 14 z2 2

[Advanced Strategies and Techniques]
L.

Artificial introduction of a parameter. When the integral does not explicitly depend on a
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parameter, one can introduce a parameter in a suitable way, then let it tend to an appropriate
value.
2. Using symmetry. For integrals of the form

Inz

3. Combining with change of variables. Feynman’s technique is often used together with an
appropriate change of variables to simplify the resulting integral after differentiation.

4. Integration with respect to the parameter. After differentiating under the integral sign, we
typically integrate the result with respect to the parameter to recover the original function.

5. Interchanging the order of integration. In double integrals, one can sometimes interchange
the order, then apply Feynman’s technique to the inner integral.

6. Using series expansions. For some integrals, one can expand the integrand into a series, apply
Feynman’s technique term by term, then sum the resulting series.

7. Relation with the Laplace transform. Feynman’s technique is closely related to the Laplace

transform, especially for integrals of the form

oo
/ f(z)e “* du.
0

8. Applications to special functions. This method is very effective for establishing relations
between special functions such as Gamma, Beta, Bessel, etc.

[Physical Applications and Classical Cases]

1. In quantum physics. The technique is extensively used in computing path integrals (Feynman
integrals).
2. In probability theory. It appears in computing moments of distributions such as the Gaussian
or exponential distribution.
3. In electromagnetism. It appears in computing electric and magnetic fields produced by charge
distributions.
4. In thermodynamics. It appears in distribution integrals and various thermodynamic functions.
5. Classical case 1. N (
°° arctan(ax s
/o w(TxQ))dz:§ln(l+a).
6. Classical case 2. .
/ L(l 1) dz = " 1n2.
Jo l1+a2 8
7. Classical case 3. . §
/ In(1 +27) )dwzwlnz
0 1+ a2
8. Classical case 4. The correct formula is
—+o0 p—1
/ P =T Gepei
o 14z sin(7p)

By differentiating with respect to p we obtain:

/“’o 2P inx 771'2 cos(mp)
0

= 0<p<l1.
1tz sin?(7p) v
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Basic Applications

Using Feynman’s technique, compute

1 n
et —1
I = / ! dz, n > 0.
0

Inz

Consider the auxiliary function

1ot
F(t):/ =l i>o0
o Inz

Then I,, = F(n).
Difterentiate /' with respect to ¢:

1 B
F’(t):/ 9(‘” 1) dz
o Ot \  Inzx
g xt—1 _actlnx_xt
ot \ Inz /  Inz = 7

1
F'(t)z/ z' dz.
0

o5}

We have

Thus

Compute this integral:

Hence

Integrate with respect to ¢:
F(t)=In(t+ 1)+ C.

To determine the constant, compute F'(0):

1 J—
F(O):/ L= —o.
0

Inz

Thus
0=mnl1+C = C=0.

Therefore
F(t) =In(t+1).

Setting ¢ = n we obtain

1, n
a* =1l
=1l 1).
/0 e dx =In(n+1)

Using Feynman’s technique, compute

b

1, a
I(a,b):/ T =% 4z, a>0,b>0.
o Inz
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By linearity of the integral:

1 ,.a 1,06 _
I(a,b):/ x 1dmf/ =1
o Inz o Inz

From the previous exercise:

1 _a 1 b
x4 —1 r’ —1
dr =1 1 dr =In(b+1).
/0 nz °° n(a+1), /0 nz " 2GR

Thus

I(a,b) = In(a+ 1) —In(b + 1) :1n(“+1>.

Lgo— gt a+1
dx =1In .
o Inz b+1

That is

Compute

1
z—1 1
= . dx.
/0 Inz  /—Inz

Make the change of variable
t=—Inz.

Then
z=e " dz = —e tdt.

As z goes from O to 1, ¢ goes from o0 to 0. Substituting:
+oo _—2t —t
e " —e

+oo _—at —t
(& — €
F(a):/o —m—dt,  a>0.

Define

Then I = F(2).
Differentiate with respect to a:

—+oo 8 e—at o e—t +oo
/ o v _ —at,—1/2
F'(a) 7/0 %a <7t3/2 > dt = /0 e 't dt.

Recall the Gamma integral:

“+oo
/ e V2 gt = o V2T (1) =a 27
0

2
Thus
F'(a) = —/ma V2
Integrate:
F(a) = —2y/ma + C.
We have

+oco _—t —t
(& — €
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SO
0=-2vn+C = C=2r.
Hence
F(a) = 2y/7(1 — a).
Setting a = 2:

/1:”_1- L gz = 2v/7(1 - V3).

Classical Integrals

Using Gauss’s method, show that
+oo
_ A T
e " dx = \ﬁ
0 2

Let
+oo0 2
Jz/ e 7 dux.
0

P = /+oo /+oo e~ @) gy dy.
0 0

T =rcosb, y =rsinf,
with 7 > 0,0 < 6 < 7. The Jacobian is r, so

/2 +o00 %
2 = / / e " rdrdo.
0 0
Separate the integrals:

/2 +oo +oo
J? = (/ d0> (/ efrzrdr> = g/ e rdr.
0 0 0

Letu = 72, du = 2r dr:

Then

Switch to polar coordinates:

Thus

Since J > 0, we conclude
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Compute the Gaussian integral using a parameter for Feynman’s technique:

+oo o
I:/ e ¥ dx.
Jo

oo 6722(14»;1:2)
./0 1+ 22

Introduce the parameterized function

1(t) = dz, t>0.

First note that N
< dx s
100) = =X
o= =7
and
lim I(t)=0.
t—+4oco

Differentiate under the integral sign:

+o0 —t2(1+x2) +o0
') = / Ol ) o= / P+ g
0o Ot 1+ 22 a

In the right-hand integral, let u = tx, dz = du/t:

+2

TER 2 2 - TED 2
/ e ) g & / e " du.
0 t Jo

+oo 2
J:/ e “ du.
0

I'(t) = —2Je %,

Denote

Then

Now integrate from 0 to +o0:
+oo 2
I(o00) — 1(0) = —2J / e dt.
0
We have I(+00) =0, I(0) = %, and [,F* et dt = J, so:
=-2J%

Thus

This is the desired result:
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Using Feynman’s technique, compute

00 :
= / sint dt.
. t

JO

Introduce the parameter

+oo :
J(a) = /0 gef’lt dt, a>0.

Then I = lim,_, o+ J(a).
Differentiate J with respect to a:

+o0 3 +oo
J'(a) =/ 9 (Sl—nte*‘”> dt = —/ e “sint dt.
o Oa\ t Q

Use the classical Laplace transform:

+oo 1
/ e “sintdt = ——, a > 0.
@ 14+ a2
Thus 1
4 —_
J'(a) = T
Integrate:

J(a) = —arctana + C.
To determine the constant, take a — +oco. We have

sint _,;
—e

< 6—at
t =

bl

s0 limg— 4o J(a) = 0. Hence
T T
0= ~3 +C = C= 5

Therefore .
J(a) = 5 —arctana.

Taking the limit as a — 0" we obtain

Advanced Applications

For a,b > 0, compute
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Define

Then I = F(b).
Differentiate with respect to ¢:

Compute:
+oo
/ e Wy ==
0 t
Thus
F'(t)= =
Integrate:
F(t)=Int+C.
We have e B
F(a) = / € —° = 0,
0 48
SO
0=lnae+C = C=—-Ina.
Hence
t
F(t)=In(-).
0 =m(*)
Setting t = b:

Compute, for n € N,

Consider the function

We know that

B
J(a)—2 a—Zﬁa .

Differentiate J n times with respect to a. On one hand:

“+ oo

J(n)(a) — (_1)n/ x2ne—azz de.

0

On the other hand: .
J(a) = gﬁa‘w,

_ 1"
77 (@) = Lym (B D mananyze,

2n
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Matching, we obtain:

+oo
2n _—az? 1 (2n — 1)” —(2n+1)/2
de = = — .
/0 z"e T Qﬁ T

For the case a = 1:

1 (2n — 1)
I = sVm =
Using
(2n)!
(271—1)!'—2 T
mn

we finally obtain:

Compute, for a > 0,

+oo
cos(ax)
I(a) = d
(a) A 1+ 22 ‘

Consider the complex function

f(Z) = 1_’_722, a> 0.
Integrate f along the contour consisting of the segment [— R, R] and the upper semicircle of radius
R. Since a > 0, we have

taz| _ _—aSz
™|

and because a > 0, the contribution of the semicircle tends to zero as R — -+oo (Jordan’s lemma).
The poles of f are at z = ¢ and z = —i. In the upper half-plane, the only pole is z = 4. Its residue:

iaz iai =a

. . e
Res(fo9) = lim == =57 = %

By the residue theorem:

+oo eiaa: ) e @ .
5 de =271 - — =me” °.
oo 1+ 27

Taking the real part:

+oo
/ cos(az) dx = me™“.
14+ 22

— o0

cos(ax)

T3o2 iseven, hence

The function x —
2I(a) = me” “.

Thus:

+oo
/ co(em) dr = E67‘1, a > 0.
@ 14 z2 2




Laplace Transform

[Definitions and Basic Properties]
1. Definition. For a function f defined on [0, +oco[ such that the integral converges,

oo
C{f}(s) = / &= £(t) dt.

0

2. Existence condition. If f is piecewise continuous and of exponential order «, i.e.,
IF@)] < Me™®  (t>0),

then £{f}(s) exists for R(s) > a.
3. Linearity.

L{af +bg} = al{f} + bL{g}.
4. Shiftin s. If L{f(t)} = F(s). then
L{e" f(t)} = F(s — a).

5. Shiftin ¢. If @ > 0 and w is the Heaviside step function,

L{f({t—a)u(t—a)} =e “F(s).

6. Differentiation in ¢. If f is n times differentiable,
ﬁ{f<n) (t)} _ STLF(S) o s'k]f(O) o Sn,—QfI(O) L f<n71)(0).
7. Differentiation in s.

LI f(®)} = (-1)"F™M(s), or L{(=t)"f(t)} = F™(s).

8. Integration in ¢.
t
c{/ £0r) dr} —Lpe).
0 S

9. Division by ¢. Under the usual assumptions,

{10} [ r

(f *9)(t) = / F()g(t = 7)dr,

10.  Convolution. If
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then
L{f % g} = F(s)G(s).
11.  Scaling. For a > 0,
Lif(a)s) = - F(2).

12.  Initial value theorem. If f has a right-hand limit at 0,

lim f(t) = lim sF(s).

t—0t+ s—>+o0o

13.  Final value theorem. If all poles of sF'(s) lie in the half-plane $(s) < 0, except possibly a
simple pole at 0,
lim f(t) = lim sF(s).

t——+o0 s—0

14.  Periodic function. If f(t +T') = f(t) for ¢t > 0, then

LUOY = 1m0

[Table of Standard Laplace Transforms]

() L{f()}(s) Condition
5(t) % -
1= U(t) g SR(S)
n!
t" (n € N) pr R(s) >
e la>-n | HeED s
i LOE < )
cos(wt) M;wz R(s) >
sin(wt) 32 f:wz R(s) >
cosh(at) ﬁ R(s) > |al
sinh(at) ﬁ R(s) > |al
R of " s a
t"e G- ap R(s) > R(a)
e cos(wt) . — a)j J/rwz R(s) > R(a)
e sin(wt) o+ R(s) > R(a)
Jo(at) \/ﬁ R(s) >0
erf(v/at) 9\/% R(s) >0

[Inverse Transform]
1. Bromwich inversion formula.

ft) = L /ﬁﬂ‘oo e’ F(s) ds,

where 7 is chosen to the right of all singularities of F.

73



CHAPTER 4. LAPLACE TRANSFORM

Residues. If F' is meromorphic and the contour can be closed to the left, then
ft) = Z Res (e F(s), si).
k

Partial fractions. If

P(s)
F(s) = —=, deg P < degQ,
(s) Q0 g g
and if the roots of Q) are simple s1, ..., sy, then

~1(F(s _ "\ P(sk) oS
CHEOHD = ) g

[Applications]
1.

Linear ordinary differential equations. For
any™ + -+ a1y + aoy = g(t),

apply the transform, solve algebraically for Y (s), then invert.
Systems. For
X = Ax+g(t),
apply the transform componentwise.
Integro-differential equations. If

t
y () + | K (= 7)y(r)dr = g(t),
0
then L{K * y} = K(s)Y (s), which reduces the equation to an algebraic relation.
Partial differential equations. Apply the transform with respect to ¢, solve the resulting ordi-
nary differential equation in the spatial variable, then invert.

Show that for A € C,n > —1and s > 0,

I'(n+ 1)'

SnJrl

L{At"}(s) = A

By definition,
+oo
LLAYM(s) = A / e dt.
0

Setw = st. Thent = u/s and dt = du/s. Hence

CruN _,du A > _
At" =A — == "e " du.
L{At"}(s) /0 ( ) e o 1/0 u'e " du

S S

‘We have N
Pn+1)= / u"e " du.
0
Thus
nyy _ aL(nt1)
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Compute

c{1},  c{2},  L{Vt}.

|

. {1} =c{t’} = @ =
2 {2ty = 20{t) = Fg) _ 532

3. Since v/t = t1/2,

civiy =22 - VT
Thus
cy=t cpn=2 v 25%

Compute the Laplace transform of ’**, where i* = —1 and a € R.

8 |

. +
£{ezat}(s) :/ ef(sfza)t dt.
0

This integral converges for (s) > 0. We find

ia 1
L{e Y (s) = ——.
Rationalizing the denominator,
1 _ stia
s—ia  s$2+a?
Thus
Ll (s) = —— = ST pg)>o.

s—ia s2+a?’

Deduce the Laplace transforms of cos(at) and sin(at).

1. Use

iat —iat iat _ _—iat
cos(at) = %, sin(at) = %
Then
1 1 1 s
[: t = = =
{cos(at)} 2<s—ia+s+ia> s2 +a?’
and
_ 11 1\ a
£{sin(at)} = 2 <s—ia s—|—z’a> T s2+4q2°
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Thus

s
52 +q?’

L{cos(at)} =

a
s2 4+ a2’

L{sin(at)} =

Compute:
L. L{t*sin(3t)}

2. L{e *cosh(4t)}

3. C{t(_f" cos(2t)}

T

5. L { e (17'}
T

1. We know that

. 3
L{sin(3t)} = 19
Since L{t*f(t)} = F"(s), differentiate twice:
— 3 i o 18(82 — 3)
F(s)—s2+9 F'(s) = R
Thus
5 . 18(s? — 3)
L{t Sln(3t)} = W.
2. Use shift in s. We have B
L{cosh(4t)} = PopTY
substitute s with s + 2:
—2t s+ 2
h(4t)} = ————.
L{e " cosh(4t)} GToZ_16
3. First I
—t _ S
L{e "cos(2t)} = GriZed
Then L£{tf(t)} = —F’(s), hence
2 —
Lite™ cos(2t)) = SF D =4
((s+1)2+4)
4. Use N
LORG / ~ _ 1
.C{ e F(u) du, F(u) = R
Then
E{y} - /+oo G w arctan s = arctan(l)
t [ ), w+1 2 - s)’
Thus
sin 1
E{—} = arctan(f) .
s
5. Finally,
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1
1. Compute £ * { m} using convolution.
s

2. Show that L{Jo(t)} =
3. Compute L{Jo * Jo}.

1
V21

1. Write
1 1 1
(s2+1)2 241 s241°
We have
—1 1 g
L {m} = sint.
Thus
1 1 ! d
L7 ———5 ¢ = (sinx*sin)(¢) = sinT sin(t — 7) dr.
{ e} =@ = [sinr sine =)
Using
sinT sin(t — 1) = %(COS(QT — 1) — cost),
we obtain | ;
(sin*sin)(t) = 9 sint — 5 cost.
Hence
1 1 1 t
£ {(52 T 1)2} =3 sint 5 cost.
2. From the series expansion

transform term by term:

+o0 k
L0} = Y 7iaper o

k=0

This expansion is known to be the expansion of (s> + 1)~'/2, hence

1
L{Jo(t)} = T
3. By convolution, .
L{Jo* Jo} = L{Jo}* = T
Thus
L{Jo* Jo} = 5211’ Gl d)60) = i

Solve using the Laplace transform:

1. y' + 4y +3y=e" y0)=1,4(0)=0
2. Y —y=ty0)=y'(0)=y"(0)=0

3. y"” +y =sint, y(0) =0,y (0) =1
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/ 0
r —y=e€, p
z(0) =1, y(0) =0.
{HT (0) =1, 5(0)

1. Let Y (s) = L{y}.

1
2
W= 4(Y = 1) +3Y = ——.
(Y = 8) +4(sY 1) +3Y = ——
Thus )
s°+5s+5
Y(s$) = ————-
A RS PEE:)
Using partial fractions:
5/4 1/2 1/4
Y(s) = — .
(s) s+1 (s+1)2 s+3
Hence
I
y(t) = 1€ + 2te e
2. We have 1 1
3
S Y(S) — Y(S) = 3727 = Y(S) = m

Since s*> — 1 = (s — 1)(s* + s + 1), we obtain

1 1 s—1
YO =-2 4360 36 1s10)

Write s* + s+ 1 = (s + 3)® + 2, then invert each term:

e’ 1 —t/2 \/g \/g —t/2 . \/g
y(t) = =@ F g — ge COS(7t> + ?6 SlII(?t) o

3. We have |

2 _
(sY 1)+Y_52+1’

SO
242 1 1

Y(s)= (s2+1)2 T 241 + (s2+1)2

Using the previous result:

1 t t
y(t) =sint + (5 sint — §cost> = gsintf icost.

4. Let X(s) = L{z},Y(s) = L{y},

1 1

X-1-Y = .
s s—1’ s2+1

Solve the system:
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Inverting:

2 2

1 1 t
z(t) = e’ + = cost + sint — icost7

(g-—_leﬁ+1cmt—1smt+fsmt
YW= T 2 27

Let f be a periodic function with period 7" > 0, defined on [0, T'[ by

Ft) = 1, o0<t<i,
o -1, LT<t<

L. Compute L{f(t)}.
2. Deduce that

1. Using the formula for periodic functions,
1 R
—S8
LUO) = —r | O
0
We have
7 T/2 T _—sT/232
/ e ' f(t)dt = / e *tdt —/ eotar= 1= ")
0 0 /%) S
Thus T/2\2 T3
1(1—e2"%) 11—e7°
t = — = — .
L0} s l1—eoT s1+esT/2
2. Since tanh z = i;‘;‘%zi, setting z = s7T'/4 we obtain

4

L{F() = %tanh<3T>.

Solve the equation
ou i 0*u

E* (‘91727 I>0.L>0
u(0,t) = o,
u(z,0) =0,

limy— 400 u(z, t) = 0.

1. Let U(z, s) = Li{u(z,t)}. Since u(z,0) =0,

sU(z,s) = kUga(x, s).
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Solve the ordinary differential equation

s
Ve = 2U =0,
giving
Uz, s) = A(s)eV*/** + B(s)e V*/*=.
The condition at infinity forces A(s) = 0. From u(0,t) = uo,

U@g:%:B@.

Thus w
Uz, s) = —e "Vs/k,

S

e {Lemn) (1),

Setting a = a:/\/E, we find

Using the known formula

u(z,t) = uo erfc(zim) .

The bilateral (two-sided) Laplace transform is defined by

400

&UK@:/ e~ £ (1) dt.

J —oo

Show that if f(¢) = 0 for ¢t < 0, then Lo{f} = L{f}.

l.

2. Compute Lp{e~ "}, a > 0.

3. Show that Ly {f'}(s) = sLp{f}(s) if f(t)e™*" — 0ast — Foo.
4. Compute Lpo{d(t — to)}.

1. If f(t) = 0 for ¢ < 0, then

+oo
L) = [ e = L)
2. Separate:
0 “+oo
£b{efa|t|}(s) = / el gt 4 / e~ (ato)t gy
—o0 0

Convergence requires —a < R(s) < a. We find

0 1 +oo 1
/ el gt = , / PR CALY, T
o a—s 0 a+s

Lo{e @Y (s)= 4 L __2a —a < R(s) < a.

a—s a+s a?—s?’

Thus

3. Integrating by parts,

Lo} = [

— 00

+oo

e F(t) dt = [e_St f(t)] R / T et ) dt.

— o0 — 0
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Under the given assumption, the boundary term vanishes, giving

[ £o{f}(5) = sLu{f}(5):

4. By the Dirac property,

] Lo{6(t — t0)}(s) = e,

Verify the initial value and final value theorems for:

1
1. F(s)= —
(5) s(s+1)
s+ 2
2. F(s) =
(5) s?244
6—5
3. F(s)= —
()= 5
1. .
F(s)= —— = t)=1—e".
()= 357D Jt)=1-e
We have 0
li F(s)= 1 =0= 1l t
SJTOO A7) sﬁ}inoo s+1 t—1>%1+ 1O,
and
Sl% sF(s)=1= tlginoof(t).
2. 492 .
S s
F = =
(5) s2+4 52—1—4—‘_32—1—47
thus
f(t) = cos(2t) + sin(2t).
We have
li F(s)=1= 1 t).
Jim  sF(s) i)
However, f(t) has no limit as ¢ — +oo because it oscillates. The final value theorem does
not apply, which is consistent with the presence of purely imaginary poles.
3.
Fo)= - —  f(t)=e“Dut—1).
s+1
Then
i i) = U=l i),
and

lim sF(s) =0= lim f(¢).

s—0 t—+oo

Solve using the Laplace transform:
Ly @)+ fyy(r)dr =1, y(0)=0
2. y(t) = t* + [y y(r)sin(t — 7) dr
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1. Let Y(s) = £{y}. Then

sY (s) + Y(s) _1
s s
Thus
1 1 1
¥e) <5+ ;) =y Y@=g
Hence
y(t) = sint.
2. Here
Yy = t* + Y * sin.
Then ) Y(s)
s
Y(s)=—< .
(s) §3 * s2 41
Hence ( ) )
1 2 2(s”+1 2 2
Y — = — Y(s)= ==+ =
(S)< 32+1> s37 () s° FER
Inverting:
2 t
) = =
y(t) 13
Compute:

1. L{J.(at)}
2. L{erf(+/at)}
3. L{t"?J,(2Vat)}

1. The classical formula:

v

L{I ()} = s (8‘1 WeEratk R(s) >0,

which for v = 0 gives

L{Jo(at)} = ﬁ
2.
L{erf(Vat)} = s\/%’ R(s) > 0.
3.
L{t""?J,(2Vat)} = ::ﬁ e

Solve the problem

Ut = Ugx, 0<a7<€1 t>0,
u(0,t) = To, wu(l,t)="T1,
u(z,0) = 0.
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1. Define the steady-state solution

Ty _Tox
e )

us(a:) = TO -+

and set
v(z,t) = u(z,t) — us(x).

Then v satisfies
UVt = VUga, v(0,t) =v(l,t) =0, v(z,0) = —us(z).

Using the sine Fourier series,

+oo

2_2 2

v(z,t) = an sin(?) e e
go=il

where

2 ¢ Ty —To . (NTT 2 @
=7 | (‘T°‘ 7 x>s‘“(7) do = oo (=17 = Tb).

Thus

T, —To sy 2 D . (NMTT —n2x2t/02
’u,(x’t) :T0—|— e :L’—|—ZE(T1(—1) —TO) SIH(T> @ R

n=1

Show that for the Caputo derivative of order a > 0,

n—1

L{EDYf(t)} = s"F(s) = Y_s* 15 fM0),  n=Tal].

k=0

1. Write

“Df(t) = 71%1_ ) /O t—7)" (1) dr.

This is a convolution:

Crap i ) B tnfafl
Df=gxf", g(t)= Th—a)
Thus
£{°D*f} = £{g} L{F™}.
‘We have 1
and »
L{F WY =s"F(s) =Y "R F(0).
k=0
Hence

LD} = o <s"F<s> -3 s"lkf(k’(0)> ,
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which gives
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Derivative of Positive Real Order

[Definitions and Properties]

1. Riemann-Liouville derivative. For & > 0 and n = [«&],
Daf(t) — #ﬁ /t(t o 9)n—r\x—lf(g)d9
" I'(n—a)dtr J, k T
2. Caputo derivative. For a € (n — 1,n),
CDYf(t) = L /t(t — )" (M () ds.
I'(n—a) J,
3. Power rule. For g > —1,
rg+1) -
D) = 2T
() r—a+1)

provided the right-hand side is well-defined.
4. Linearity.
D“(af +bg) = aD*f +bD"g.

5. Integer case. If a =n € N, o
oyt
6. Semigroup property. Under sufficient assumptions,
D*(D°f) = D**P f.
7. Limit to integer order. When a@ — n, we recover the ordinary derivative of order n, for

sufficiently regular functions.

Compute

1. We know that
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Thus

Inverting:

Let f(t) =t", n > 0. Compute L{D“(t")}.

1. Using ol
DY) = tm—arDt
Then
sty = it ey = e T
Thus
cipremy =0t

Show that
r (77, + 1 ) t7170

b ):F(nfonrl)

1. Start from the Riemann-Liouville definition:

Qgny 1 dm ¢ m—a—1_mn o
b (t)_F(m—a)dtim/o(t_T) T dr, m = [a].

Set 7 = tu. Then
t 1
/ (t—7)"" " dr = t"+m_”‘/ (1—w)™ * " du.
0 0
The integral is the Beta integral:

F'(n+1)I'(m — «)
Fn+m—a+1)

1
/ 1—uw)™ " " du=Bn+1,m—a)=
0

Thus I 0 J
Qgn n + e n+m—a
Dt = ———F—— t .
(") I‘(n—i—m—a—i—l)dtm( )
‘We have
ﬂ(t"+m_°‘) _I'n+m—-—a+1) s
dtm™ - I'(n—a+1)
Therefore
a/n F(TL + 1) n—ao
D =~ .
) F'n—oa+ 1)t

86



CHAPTER 5. DERIVATIVE OF POSITIVE REAL ORDER

Deduce the same formula using the Laplace transform.

1. We have I N
ny_ L(n+

Using the symbolic rule
LD f} = s“L{f},
in the case of the Riemann-Liouville derivative applied to t", we obtain

LD} = o2 Lt D) _ T+ 1)

5n+l - Snfod»l :
Inverting:
pey=rn+1) -2V _ppny— "
— sn—ott [~ 1 Mn—a+1)
Thus
D¥(t") = =———t" “.
() (n—a+1)
Compute:
1. DY2(1)
2. D1/2D1/2(t)
3. DY2(1?)
4. DI/ZDI/Q(LQ)
5. DZS/Q(fQ)
1. Apply
& (4T F(n+1) n—ao
D™(t") =
) '(n—a+1)
Forn=1,a=1:
1/2(t) _ I'(2) /2 _ l\/i
(%) NG
2
DY2(t) = =/t
=
2.

3

3. Forn=2a=1:

DV2(#) = F(i)) (372 _ 8 £7
() e
8

DY2(2) — 372
(#) 3/
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4. By the semigroup property:

DY?DY2(#?) = D' (¢?) = 2t.

DY2DY2 (%) = 2t.

5. Fora = £:
32,2y L(3) 12 4
D (t)—@ _ﬁ\/i,
D3/2(t2):%\/{€.
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Fourier Transforms

Definitions, Basic Properties and Precise Notes

We adopt the convention
n s —iwt —1rf 1 teo s iwt
f@) =Fde) = [ rwe a0 =F RO =5 [ et do

Here we denote )
sinz

sincx = ——, sinc(0) = 1.
1. Fourier transform. If f € L'(R), then f is continuous and bounded, with
Lf@)] < I fllzr-
2. Inverse transform. If f, f € L*(R), then for almost every ¢,

too )
=g [ Fw)etd.

:%700

If f is continuous at ¢, the equality holds at that point.
3. Linearity. For o, 8 € C,
Flaf + B9} = of +B3.
4. Time shift. For ¢y € R, ‘ A
F{f(t—to)Hw) = e " f(w).
5. Modulation (frequency shift). For wy € R,

Fle™ f(6)}(w) = fw — wo).
6. Scaling. If a € R*,
Flfanw) = /(%)

= (G

7. Time differentiation. If /(™ € L!(R) and integration by parts is legitimate,
F{ M w) = ()" f(w).

8. Multiplication by t". If t" f(t) € L' (R),

F{"fO)Hw) =i"f ().
9. Time convolution. For
+oo

(F*g)(t) = / gt =) dr,

— o0
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we have

10.  Multiplication in time.

11.  Parseval. If f,g € L*(R),

12.  Plancherel. For f € L*(R),
o |
1172 = gl\fl\iz-

13.  Symmetries.

If f is real, then f(—w) = f(w);
e If f is real and even, then f is real and even;
e If f is real and odd, then f is purely imaginary and odd.
14.  Standard distributions.
F{6} =1, F{1} = 274,

)} = 4 pv(%) T pv(%) .

15.  Note on distributions. Formulas involving u, sgn, d, PV(1/t), t" or pure sinusoids must be
understood in the sense of tempered distributions.

Table of Standard Fourier Transforms

f(®) fw) = F{f}w)
el (a>0) %
a® +w
et (a>0) \/§€,w2/(4a)
e @0 P
rect(%) T sinc(%)
M (a >0) Wrect(%)
cos(wot) T[6(w — wo) + 8(w + wo)]
sin(wot) im[6(w + wo) — 0w — wo)]
etwot 278 (w — wo)
u(t) 76(w) +PV(%)
sgn(t) PV(%)
472 VET ]2
Jo(at) (a > 0) \/% 1{wi<a}
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Discrete Fourier Transform and FFT

1. Discrete Fourier Transform (DFT). For a sequence (z[n])o<n<n—1,
N-1 v
X[kl =Y alnle ™Y k=0,...,N-1.
n=0
2. Inverse transform.

N-—-1
1 127k
73[77/} _ N z :X[k}eLQﬂ'kn,/N‘
k=0

(efikan/N)

3. Unitary orthogonality. If F' = k,n» then

F*F = NIy,
where I is the identity matrix. Hence \}—N I is unitary.
4. Circular convolution. If

=1l

(@®y)nl = 3 elm]y[(n —m) mod N,

=0

then
DFT(z ® y) = DFT(z) DFT(y).
5. Discrete Parseval.
N-1 1 Nl
2 2
3 lefnll =+ 3 X[
n=0 k=0
6. FFT algorithm. The Cooley-Tukey algorithm uses even-odd decomposition and reduces

complexity from
O(N?) to O(NlogN).

Physical and Signal Processing Applications

1. Heat equation.
up = kze = Ot = —kw’i.
2. Wave equation.
U = gy —> 070 = —uwii.
3. Linear time-invariant filtering.
y=x*xh — g =% h.
4. Shannon-Nyquist sampling. If the signal is bandlimited to B Hz, then alias-free reconstruc-
tion requires
fs > 2B.
5. Autocorrelation and spectrum. If

SIS
R;r,a:(T) - / T(f)T(f + T) df,

— 00

then
F{Ry.} = |2
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Compute the Fourier transforms of the following functions:
1. fit) = e~ q > 0.

t
2 () = rect( —
f(t) = rec (T
3. f(t) = cos(wot)e~ !, a >0
4 f(f) - ,[(7(1!,“ a> 0
5 £(t) = slngat)’a 50

1. Separate the integral:

N 0 e o il 1 1
flw) = / e ) gt 4 / e~ (Tt gy — +
— oo 0

a—iw a+iw

Thus

2a
a? +w?’

Fle™"Hw) =

2. If rect(¢/T") = 1 for |t| < T'/2 and 0 otherwise:
. T/2 :
flw) = / e “rdt = 2sin(@l'/2) _ T sinc(%) :

—T/2 w

#la( L) 0= 1 s 2Z).

(6iwot 4 efiw()t) )

Thus

3. Write

DN =

cos(wot) =

By modulation:

el 1 2a 2a
t —
F{cos(wot)e } 2 [a2+(w—wo)2 - a2+(w+wo)2]
That is
F{cos(wot)e "} (w) = . v ; .
a?+ (w—wo)?  a?+ (w+wo)?
4. Start from

Flem }w) =/ Zeme/,

Since F{tf(t)} =1 %f(w),

_ d _ ; _
F{te at2}(w) = i@ (\/ge “2/(4E)> = *%1/26 )

—at? w [T 2
t at — n w /(4a).
Fite "} w) = —2, [T

Thus

5. Using the standard table:

f{ siniat) } (w)=m rect(;—a) .

That is, 7 for |w| < a, and 0 for [w| > a.
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1
Compute F ! { ﬁ } using convolution.
a? 4+ w?
Show that 5
F{Jo(at)}(w) = Jar = Hlel<a):

Compute F{Jo(at) * Jo(at)}.
Show that

FLF(#) cos(wot)Hw) = 5 [f(w —wo) + f(w +wo)].

|

1.

We know that
—1 1 o i —alt|
F {7a2+w2}(t)72a6 .

1 1 _ 1 1y -
4 {(a2+w2)2} T orm (2&6 *\2e° '

Compute h(t) = e~%!" x e=?*I_ For t > 0 we obtain

h(t) =e (t—l— é) ,

and by symmetry h(t) = e~/ (|t| + ). Hence

1 1 1+a|t| —alt|
4 { (a? + w?)? } ) = 8ra® ’

The formula is standard. It follows from the integral representation of Bessel functions.

Then

FLha)}e) = =21 pcar

By convolution:
F{Jo(at) * Jo(at)} = (F{Jo(at)})*.
Thus

4

7 2 Hlwl<a}-

F{Jo(at) x Jo(at) }(w) = —

Since cos(wot) = 3 (€0 4+ e~ o),

f(t) cos(wot) = = (0 f(t) + e ™' f(1)).

DN | =

By modulation: F{e'! f(t)}(w) = f(w —wo), F{e ™ot f(t)}(w) = f(w+wo). Hence

[f(w—wo) + f(w+wo)].

DN | =

FLF(t) cos(wot) }(w) =

Solve using the Fourier transform:
1.

W = Doz u(z,0) = f(x).
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Ut = C U, u(z,0) = f(x), ue(z,0) = g(x).

Ugz + Uyy = 0, y >0, u(z,0) = f(x).

L. Heat equation. Let 4 (w, t) = Fo{u(-,¢)}(w). The equation becomes

Ot = —kw?i.
The solution: 4(w,t) = C(w)e_k"’zt. The initial condition gives C'(w) = f(w). Hence

aw, t) = flw)e ™ .

Inverting: u(x,t) = f*}'_l{e_k“’zt}. But}'_l{e_’m?t}(x) = L _e="/(4k1) There-

Varkt
fore
1 (7% oy m@—)2/ake)
u(x,t) = —— e dé€.
@=—= [ "1© ¢
2. Wave equation. After transformation:

020+ Pw?a = 0.
The solution: i(w,t) = A(w) cos(cwt) + B(w) sin(cwt). Using the two initial conditions:
U(w,0) = f(w), Orti(w,0) = g(w). Thus
(w

A@) = fw), Bw) =22

(609

‘We obtain .
i(w, t) = f(w) cos(cwt) + %’) sin(cwt).

Inverting yields d’Alembert’s formula:

t) = -
u(z, t) 2 =

fle—ct)+ flz+ect) 1 /Iﬂt

3. Laplace equation in the half-plane. Transform in x:
—w?i + 824 = 0, i(w,0) = f(w).

The equation: 924 — w?@ = 0. Its solution: @(w,y) = A(w)el“lV + B(w)e™“I¥. The

boundedness condition forces A = 0, leaving @(w,y) = f(w)e /Y. We know that
F Y e W} (z) = W Hence

T A ((3)
e =2 [ g

This is Poisson’s kernel for the half-plane.

1. For

s(t) = Ac[l + kam(t)] cos(wet),

compute the spectrum and explain demodulation.
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2. State and justify Shannon’s reconstruction formula:

&= mlly 1
z(t) = Zr(nﬂ)sinc <7r e > ; fs = T > 2B.

ot T T
nes
w
H(w) = rect ,
(w) = rec <2wc> :

compute h(t) and explain why the ideal filter is not physically realizable.
4. Show that

2 e ——
F{Roo} = 182,  Rua(r) = /7 ()2 £ 7) dt.

1. Amplitude modulation AM. Expand:

s(t) = Accos(wet) + Acka m(t) cos(wet).

The spectrum is

Ackq

S(w) = Acm[d(w — we) + 0(w + we)] + [ (w — we) + M(w + we)]-
The spectrum consists of a carrier at w. and two copies of the spectrum of m around Fwe.
Coherent demodulation: multiply by cos(w.t) and pass through a low-pass filter.

2. Shannon. Sampling via the Dirac comb Illr, (t) = >, 0(t — nTs) multiplies the spec-
trum by a period ws = 27 /Ts. If fs > 2B, the copies do not overlap, an ideal low-pass
filter extracts the central copy, and we recover the signal. Thus

2(t) = 3 w(nTy) sinc (w#) .

nez

3. Ideal low-pass filter. Compute:

ht) = o= / © gt gy = Sn(wet).

2 Tt

This filter is not realizable because:
e It is non-causal (h(t) # 0 for ¢t < 0);

e It has infinite support;

Its abrupt cut-off requires an unbounded impulse response in time.

4. Autocorrelation. Let #(t) = z(—t). Note that Ry, (7) = (x % &)(—7). Directly, the
Wiener-Khinchin theorem gives

F{Rao}(w) = |#(w)]*.

&[* = 2(w)i(w).

For real signals,
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2. Show the orthogonality of the DFT.
3. Show that
TFD(z ® y) = X [k]Y[k].

4. Explain the principle of the FFT algorithm.

1. Let z[n] = {1,2,3,4} forn = 0, 1, 2, 3. Compute its Discrete Fourier Transform (DFT).

1. For N = 4: s
k] _ Zx[n]e—i%rkn/él.
n=0
Compute:
X[0)=14+2+3+4=10,
X[ =142 437" 4 4e 52 =1 - 2% — 34+ 4i = —2 + 2i,
X[2l=1-2+3—-4=-2,
X[Bl=1+2 —3—4i=-2—2i
Thus

\ X = {10, -2 + 2i, -2, —2 — 2i}. \

2. For0 <k, /<N —1:

N-1 N-1
Z —i27kn/N _i2wén/N __ Z —i2n(k—€)n/N __ N k= (7
€ € = € =
— 0 k#L

n=0

This is the orthogonality condition.
3. By definition:

Applying the DFT and swapping sums gives:

S (@ © g)lnle= 2"/ = X[RY[K].

n=0

Hence

\ TFD(z ® y) = X [k]Y [k]. \
4. FFT. When N = 2™, separate even and odd indices:

N/2-1 N/2-1
X[k] _ Z [27”]67127rk7"/(N/2) te —i2wk/N Z 27“+ } 7127rkr/(N/2).
r=0 r=0

O(N log N) complexity instead of O(N?).

This reduces a DFT of size N to two DFTs of size N /2, applied recursively. This achieves

Short-Time Fourier Transform (STFT). Defined by
oo B
STFT, (7, w) = / z(t)w(t —7)e ™" dt.

1. Interpret its meaning.
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2. For w(t) = e~ t/(29%) and z(t) = e™°’, compute the STFT.
3. Discuss the trade-off between time and frequency resolution.
4. State the Heisenberg uncertainty inequality.

1. For each fixed 7, STFT, (7, w) = Fe{z(t)w(t — 7) }(w), i.e., the spectrum of the part of the
signal selected by a window centered at 7.
2. Compute:

+
STFTL(r,w) = e"“0~)7 / @) gmitewo)u gy,

— 00

=@ /27'(' ei(wo—w)re—az(w—wo)z/Q.
Thus

STFT,(7,w) = oV 27 gl el g a3

’STFTZ(T, w)‘ — oVon 6702(w7w0)2/2’

which is independent of 7.

3. A short window gives good time resolution but poor frequency resolution, and vice versa.
The Gaussian window achieves the optimal trade-off.
4. Uncertainty inequality:
1

The Gaussian window achieves equality.

1. Explain the principle of Fourier optics.
2. For a rectangular slit of width a in the x-direction and b in the y-direction, compute the
Fraunhofer diffraction pattern.
3. For a diffraction grating with NV regularly spaced slits, show the factor
sin(N¢/2)
sin(ip/2)
4. Explain image filtering in the spatial domain.
1. In Fraunhofer diffraction, the wave amplitude in the focal plane is proportional to the two-

dimensional Fourier transform of the aperture a(z, y):

U(ks, ky) // a(z,y)e " F=T TR qo dy.

2. The aperture: a(z,y) = rect(x/a) rect(y/b). By separation:

U(ks,ky) < a sinc(agz) b sinc(%) .

The intensity:
I(ky, ky) o a®b? sinc? <%) sinc? (%) .
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For N slits spaced by d, the summed amplitude:
N-1 )
D et o eyt )
sin(kd/2)

n=0

Setting ¢ = kd yields the factor

sin(Np/2)
sin(p/2)
A spatial filter is placed in the Fourier plane of the image: multiply the spectrum by a transfer

function H (kq, ky), then invert the transform. This allows smoothing, edge enhancement,
removing certain frequencies, or selecting orientations.

Interpret |¢)(p)|? if

. 1 Foo i
v(p) = == / Y(z)e” P dg.
M J — oo

2. Show the uncertainty principle
Az Ap > E
2
3. Solve the free Schrodinger equation using the Fourier transform.
4. Give the form of the Fourier transforms of harmonic oscillator states.
1. With this normalization, the transform from position to momentum is unitary, and
Jw@rde= [P =1

Thus |¢)(p)|>dp represents the probability of finding the momentum in [p, p + dp].
2. Heisenberg’s inequality follows from applying Cauchy-Schwarz to

with P = —ii d/dz and the commutator [ X, P] = di. The formula gives

Az Ap > @
2
3. Free Schrodinger equation: i)y = —%d)m. Transform in z:
N R2&? -
ih O, b)) === t).
t1/’(§’ ) om 1/’(5, )
The solution: (&, t) = (&, 0) exp(—i’%t). Inverting:
bt = ——= / " e, opese R Em g
27 J — o

4. Harmonic oscillator eigenstates are Hermite-Gauss functions, and their Fourier transforms

have the same form (up to a phase). In dimensionless variables,

[F(n} = (=) ]
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. Compute F{5™}.
2. Show that
F{t"} = 2mi"6™.
3. Compute F{PV(1/t)}.
4. Define and compute F{sgn(¢)}.

All equalities are in the sense of tempered distributions.
5. F{8} = 1. By differentiation: F{5™ }(w) = (iw)™. Hence

F{6M™MY = (iw)".

6. From the multiplication by " rule: F{t" f(t)} = i"d f. Take f = 1, with F{1} = 24,
we obtain

F{t"} = "0 (2m6) = | 27i"6™ (w).

7. The classic Hilbert transform formula gives

]-'{PV(%) } {00 = = sl

8. Since £ sgn(t) = 26(t), transform:

iw F{sgn(t)} = 2.

Thus

F{sen(t)} = Pv(,3> .

w

1. Define the two-dimensional and three-dimensional Fourier transforms.
2. Show that
Foo{f(@)g)} = f(ka)d(ky).

3. Compute the two-dimensional transform of e~ +v?)

4. For a radial function f(r) in two dimensions, show that its transform can be written as a
Hankel transform.

1. Definitions:
fka, ky) / f(z,y)e —ilkeatkyy) go dy,

fka, by, k) ///f:ny, —ilkezthyytka2) g0 dy dz.

2. If F(z,y) = f(z)g(y), then:

Pt = ([ s@e = ae) ([ g ay) = fkte,).

—oo
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3. By separation:

Fan{e I} = Flem ™ H(he) Fle™ }k

/7r —k2/(4a) /7F —k2 /(4a)

Thus

—a(z2+y? T (k24k2 a
Fapie (@t >}(kz,]€y) = ge (kg +hy)/(4a)

4. If f(z,y) = f(r) withr = \/22 + y2, switch to polar coordinates:

flp) = /OOO f(r) </O2ﬂ e‘””“(e“”de) rdr.

The angular integral equals 27.Jo(pr). Hence

f(p)=2nm /000 f(r)Jo(pr)rdr.

This is the Hankel transform of order zero.

v)
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Vector Analysis

Vector Differential Operators and Fundamental Theorems

1. Vector differential operator V (nabla):

0- 0= %

_ 97,92 98 ind v= |2
V=it g T ek md V=g
9z

Gradient of a scalar field f(z,y, 2):

2.
of of of of+ 0f- Of
Vf=Vf=|(5, 5, = —i+ = —k
/ / (0x’8y 0z axz—'_@yj—i_@z
Interpretation: The gradient points in the direction of greatest increase of f and its
magnitude is the rate of this increase.
3. Divergence of a vector field F' = (P, Q, R):

F = Pi+Qj+ Rk
= - OP 0Q OR
V- F=V.F=—+4+—+ —
ox - y - 0z
Interpretation: Divergence measures the tendency of the field to diverge from (pos-

itive source) or converge toward (negative sink) a point.
Curl of a vector field F' = (P, Q, R):

4.

ik
7 _|lo o @
VxF=|5z 3 32
P Q@ R

OxF_ (2B _0Q 0P _0OR 0Q 0P

dy 0z 0z Oz Jdr 0Oy

Interpretation: Curl measures the infinitesimal rotation of the field at a point
5. Laplacian of a scalar field f:
o2f  0*f  O*f

2, _ T2p _ . _ YY), YJ
V=V =V-(VN=57+ 57+ 52

6. Algebraic properties:
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 Linearity:
V(af +Bg) =aVf+ Vg
V-(aF+8G)=aV-F+8V-G
Vx(aF+B8G)=aV xF+p8VxG

* Important identities:

7. Curvilinear coordinates:
¢ Cylindrical coordinates (r, 0, z):
of . 10f . Of 5

vi=a 1075, 91
F= 5 re0 6z
i 19 laFH OF,
V-F=>-—(rF, 97
r@’r'(r )+’r' 00 + Oz
VXﬁ: <ldFZ 7%>7‘A+ (aFr . an)é
r 00 Oz Oz or
170 F;
A E) — .
T (87‘(7 R )Z
* Spherical coordinates (p, ¢, 0):
5} 10f » 1 Of -
Vf:7f3+,7f¢+ : ‘ie
ap p 09 psing 90
.18
V-F=-——
/)2 0p(p P)
1 0
+psin¢8¢(sm¢ %)
1 0Fy
psing 06
o ! dF,
VXF = - |:£(SiH¢F9)7J:|/3
psm(j) 8(1) o0
1 1 0F, @ .
= === = =—=(@A
T Lin¢> 20~ op” 9)}¢
1[0 oF,
— | =(pF o Je o
T {8/)('0 2 6(;5}

8. Integral theorems:
e Gradient theorem:

/C; Vf-di = £(B) - f(4)

where C' is a curve from A to B.
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e Green’s theorem (in the plane):

fopaeam - [ (5 -5)

where D is a planar domain bounded by C' oriented positively.

ﬁﬁ-d?z//s(Vxﬁ)-dL@

where S is an oriented surface bounded by C'.

¢ Stokes’ theorem:

* Divergence theorem (Gauss-Ostrogradsky):

//Sﬁ.dgz///vw.ﬁ)dv

where V' is a volume bounded by the surface S.

Let f(z,y) = 2* + 3zy — y°.

e Compute V f.
o Evaluate V f at the point (1, 2).
« Find the direction of greatest increase of f at (1,2).

 Compute the directional derivative of f at (1,2) in the direction of the vector v =
(3,4).

1. Gradient:

af o
Vf= <(9:Jcc’6£> = (22 + 3y, 3z — 2y)

2. At the point (1, 2):
VF(1,2)=(2-1+3-2,3-1-2-2)=(2+6,3—4) = (8,—1)

3. Direction of greatest increase: This is the direction of the gradient Vf(1,2) =
(8,—1).
4. Directional derivative: The unit vector in the direction of ¢ = (3,4) is:

L7 (3,4) (3 4)
u = — = —_— — =0 =

9 /32 +42 55
The directional derivative is:

|V/=(o+3y,30—2y), Vf(1,2)=(8,-1), Daf(1,2)=4]
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Let f(x,y,2) = e*T¥sinz + zyz.
e Compute V f.
* Verify that V x (Vf) = 0.

* Find the equation of the tangent plane to the surface f(x,y,2) = c at the point
(0,0, %).

1. Gradient:

of
ox

of
oy

of
0z

=e*sinz + yz, = e ¥sinz + zz, = e cosz + zy

Vf=(e""sinz + yz, e*T¥sinz + zz, €*TY cos z + zy)

2. Verification of V x (Vf) = 0: Compute the first component of V x (Vf):

0
o (e**Ycosz + zy) — 5 (e*t¥sinz + xz) = (e*1Y cos z+z) — (€"1¥ cos z2+2) =0
Y 2
Similarly for the other two components, so the curl is zero.
3. Tangent plane to f(x,y, z) = c: At the point (0,0, 7 ) compute f and V f:

f(ovo,g) :eosin<g) +0=\/7§

\2i (0,0,z

4)_<ﬂ\/5\/5>

V27272

The equation of the tangent plane to the level surface f(x,y, z) = 72 is:

V2 V2 \/i(z W):O

—@-0)+ —(y—-0)+— 1

2 2 2

_7__0
T+y+z 1

tVeosz + xy) , Tangent plane: z +y + z = Z

Let F(z,y,z) = (#2y, y*z, 22x) be a vector field in R3.

Vf= (ezﬂ’ sinz 4+ yz, " Vsinz + zz, e”

e Compute the divergence V - F.
e Compute the curl V x F.

« Verify the identity V - (V x F) = 0.
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« Let S be the surface of the unit sphere z2 + y2 + 22 = 1. Compute the flux of F
through S using the divergence theorem.

1. Divergence:

.0 0 0
V-F = _—(2%y) + —@°2) + == (2°z) = 22y + 2yz + 222 = 2(zy + yz + 22)

ox y 0z
2. Curl . . .
i J k
;| @ fo o)
VxF= 3 By 7
2y y’z 2%z

= (0 - y27 0— Z27 0— 12) = (—y2,—z2, _1,2)

V(T x )= 2 () 4 o () () =0

4. Flux through the unit sphere (divergence theorem):

//ﬁdgz/// 2(xy +yz + zx)dV
S z24y2+22<1

By symmetry, xy, yz, zx are odd functions in their respective variables over a symmetric
sphere, so their integrals are zero. Therefore:

//ﬁ-d§:0

S

V. F =2(zy +yz + 2x), V x F = (—y?, =22, —2?), //ﬁ~d§:0
s

Let F(z,y,z) = (322y, 23 + 22, 2yz) be a vector field.

e Verify whether F is conservative (irrotational).
o If F is conservative, find a scalar potential f such that F=V f

« Compute the circulation of F' along the curve C' given by 7(t) = (¢,12,¢3) for
0 <t <1 in two different ways.
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1. Verifying if the field is conservative: Compute the curl:

~ 7 9 k
VxF=|a, & &
3z2y 23 +22 29z
_ 2 72 3 2 2 2 0 (3 2 2
(5020) = 5@+ ), 560%) = (), @+ ) = o (30%)

= (22 — 2z, 0—0, 32> — 32%) = (0,0,0)
Thus F is conservative.

2. Finding the potential: We want f such that V f = F:

of

= 32’y = f =2 +g(y,2)

g—i:x3+g—z:x3+z2:>g—z:z2§g:yzz+h(2)
f=2%y+y2® + h(z)
of / /
az2yz+h(z):2yz:>h(z):0:>h(z)=C
Take C = 0, thus f(x,y,2) = 23y + y22.
3. Circulation along C': First method (using the potential):

/ﬁ-dF:f(l,l,l)—f(0,0,0)=(1+1)—0:2
C

Second method (direct computation):

F(t) = (t,8%,1%), F(7(t)) = (3t4,¢3 +15,2t°), dF = (1,2t,3t%)dt

F - di = 3t* + 2t(¢3 + t5) + 3¢2(2t°) = 5¢* + 8t7

1
/(5t4+8t7)dt:1+1:2
0

F conservative, f(z,y,2) = 23y + y22, / F.di=2
@

Let ﬁ(x Y,2) =

x Y z P - fi
<(ac2+y2+z2)3/2’ (z24+y2+22)3/2> <J,2+1/2+22)3/2> be a vector field.

* Show that F' = V f where f(z,y,2) = *ﬁ

e Compute V - F.

* For R > 0, let Sk be a sphere of radius R centered at the origin. Compute the flux
of F' through Sg.
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* Explain why the flux result does not contradict the divergence theorem even though
V- F =0for (z,y,2) # (0,0,0).

1. Verification ' = V I8

0 1
8_£:_§($2+y2+32)_3/2'2$:

%
(22 + 2 + 22)3/2

Similarly for the other components.
2. Computing the divergence: We know that V - F' = 0 for all (z,y,2) # (0,0,0) (can
be computed directly or recall that V2(1/r) = 0).

3. Flux through the sphere Si: On the sphere Si: 1 = % and F = %, )
Foh=4.
// F.dS= Las=1 4R —un
Sn - Sn R2 - R2 -

4. Apparent contradiction: The divergence theorem requires the field to be regular
throughout the volume. Here the field is undefined at the origin, so the theorem does
not apply if the volume contains the origin. The non-zero flux despite zero divergence
everywhere except the origin is due to the fact that V - F represents a Dirac distribution at

the origin: V - F = 47d(7).

. 1 . L
F:V<——>, V-F=0(>0), // F.-dS=4n
T Sk

Let the velocity field of an incompressible fluid be:

U(x,y,2) = (22 —y,x + 2y, —42)
 Verify that the fluid is incompressible.
» Compute the curl of the velocity field.
* Determine whether the flow is irrotational.

* Compute the mass flux through the surface of the cube defined by 0 < z < 1,
0<y<1l0<z<Ll

* Find the streamlines of the velocity field.
* Compute the acceleration of a fluid particle using the material derivative.

1. Incompressibility:

. 0 0 0
V«v—%(Qx—y)%—a—y(x—l-Qy)—i—%(—éLz)—2+2—4—0

Thus the fluid is incompressible.
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2. Curl: .
i j k
VXxi=| 0, Oy a. | =(0,0,2)
2v—y 42y -4z

3. Irrotational flow: Since V x v # 6, the flow is rotational.

4. Mass flux through the cube: Using the divergence theorem and since the divergence
is zero, the total flux is zero.

5. Streamlines: Solve the differential equations:

dx dy dz
Doy, Yogta =y
TV Tt g :

2 -1
From the z equation: z = zpe~*. The system in x,y has matrix A = (1 9 ) with

eigenvalues 2 £ 7, and the solution:

T ot [cOst —sint o
=@ .
Y sint  cost Yo

6. Acceleration (material derivative):

Dv . -
ﬁ = (U . V)’U
Compute:
= 0 0
(T-V)vg = (2mfy)%(2xfy)+(m+2y)a—y(2xfy) = (2z—y)-24+(z+2y)-(—1) = 3z—4y

(U-V)v, = (2x—y)%(m+2y)+(m+2y)§y(m+2y) = (2z—y)- 1+ (z+2y)-2 = 4x+3y

0 (—4z) = 162

(U-V)v, = (—4z)£

Thus @ = (3z — 4y, 4z + 3y, 162).

<
S
I

=

, Vx7=(0,0,2), //U~d§:0, a = (3x — 4y, 4z + 3y, 16z)
s

Consider the electromagnetic field defined by:

- — E
E(z,y,2,t) = (Eysin(kz — wt),0,0), B(z,y,2,t) = (0, = sin(kz — wt), 0)
c

where Ej is the amplitude, &k the wave number, w the angular frequency, and ¢ = £ the
speed of light.

 Verify that these fields satisfy Maxwell’s equations in vacuum.

e Show that these fields represent a plane electromagnetic wave propagating in the z
direction.
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« Compute the Poynting vector S = l%ﬂ(ﬁ x B).

2

(60E2 + Ho BQ)'

Verify the energy continuity equation: '())—7,‘ +V-§=0

Compute the electromagnetic energy density v =

Compute the average power transmitted through a surface perpendicular to the di-
rection of propagation.

1. Verification of Maxwell’s equations.

Since E = (Ey sin(kz — wt), 0,0) and B = (0, % sin(kz — wt), 0), we obtain:
V-E=0, V-B=0.
= 0 .
VxE=|0, an sin(kz — wt), 0 ) = (0, Egkcos(kz — wt), 0).
8§ EO Eow
5 = (O7 ?(—w)cos(k‘z — wt), 0> = Tcos(kz —wt), 0).
Since ¥ = k, we find V x E=— %’f
= B Eok
V x B = ( 9B, , 0, 0) <Ocos(kzwt), 0, 0).
0z €
OF
/LOGOE = lo€o (—Eow cos(kz — wt), 0, 0) = (—po€oEpw cos(kz — wt), 0,0) .

Using poeo = 1/c% and k = w/c, we get ppeg Egw = Egk/c, thus V x B = Moo 6E.

All equations are satisfied.

2. Plane wave: The fields depend only on z and ¢, E || #, B || #, both perpendicular to
the propagation direction z, and E L B.

3. Poynting vector:

= = ¢ J ]% E2
E x B = |Eysin(kz — wt) 0 0] = (0, 0, —2 sin(kz — wt))
0 Lo sin(kz —wt) 0 ¢
I T E?
S=—(ExB)= (0,0, sin®(kz — wt)>
Ho c

4. Energy density:

E? = E3sin(kz — wt), B* = 6—2 sin? (kz — wt),
1 1 1 . 1 E§
ieoE2 + 0 — B%= §eOE§ sin? +ﬂc—§ sin?.
Since ﬁ = €, we get u = eg 2 sin(kz — wt).
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5. Energy continuity equation: Let 0 = kz — wt, then 00/0t = —w, 00/0z = k.

0
8_11: = eoFg - 2sinfcosf - (—w) = —2epFawsinf cos b.
- 0S5, E? 2E2k
V.-S=="2="9 92ginfcosf -k = —%"sinfcos .
0z poc Hoc

. o i _ 2E2k 2 g _ 9 .
Using k = w/c and Toc = €oC, We get ﬁcL = 2¢pEgw, so V - S = 2¢q Egw sin 6 cos 0.

5 tV-§=0.

6. Average transmitted power: The average of sin® § over a period is 1/2, thus:

B, 1
= A= ZecEjA
2upc 2600 0

where A is the cross-sectional area perpendicular to z.

R ~ 1
S = u_oc sin®(kz —wt) k, u=eyFEssin*(kz—wt), (P)= éeocEgA
0

Consider heat conduction in a solid body. The temperature 7'(z, y, 2, t) satisfies the heat
equation:

oT ‘
— =aV?T
ar

where « is the thermal diffusivity. The heat flux is given by Fourier’s law:
qg=—kVT
where k is the thermal conductivity.
¢ In steady state ((?T? = 0), show that T satisfies Laplace’s equation V2T = 0.

¢ Consider a metallic rod of length L with boundary conditions: 7'(0) = Ty, T'(L) =
Ty,. Find the steady-state temperature distribution.

e Compute the total heat flux through a cross-section of the rod.

 For a one-dimensional unsteady system 7'(x,t) with conditions 7°(0,¢) = Tp,
T(L,t) = Ty, and initial condition T'(x,0) = f(x).

e Compute the rate of change of thermal energy in a volume V in terms of the heat
flux through its surface S.

* Derive the thermal energy conservation equation.

* Numerical application: For a copper rod (k = 400 W/m-K, o = 1.1 x 10~% m?/s) of
length 1 m with 7, = 100°C, T, = 0°C, compute the heat flux and the characteristic
time to reach steady state.
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1. Steady state: 2T = 0 gives V2T = 0, i.e., V2T = 0.
2. Temperature distribution in a one-dimensional rod:
d*T

Using the boundary conditions: T(0) = Ty = Cy = Ty, T(L) = T, = C1 L+ Ty =
T, = Cl = TLZTO

17, _Tox
L

7=—kVT = <szLL_T°,0,o>

The flux through a cross-section of area A is:

T(.’t) = To s

3. Total heat flux:

T;, — Ty

Q=—kA

4. Unsteady system: Solving the one-dimensional heat equation by standard methods
(separation of variables) gives:

T(x,t) = Ts(x) + Z bpe™ ™ ™ /L7 sin

n=1

nmr

where T is the steady-state solution, and b,, are determined from the initial condition.
5. Rate of change of thermal energy: Thermal energy in volume V: U = [[[,, pcTdV,
where p is density, c is specific heat capacity.

/ / / c—dV / / /V pc(aV?T)dV = / / /V kV2TdV

Using the divergence theorem: [[[,, V2TdV = [[,(VT) - dS, thus:

%:k/L(VT).d§:—//SJ'd§

6. Energy conservation equation:

i/// chdV+//cf-d§=0
at ] )y s

In differential form: pc + V-¢=0.

7. Numerical appllcatlon

Flux: Q = —400 x 10~* x 0_71100 = 4 W (assuming a cross-sectional area of 10~% m?).
Characteristic time: 7 ~ L?/a = 1/(1.1 x 10~%) ~ 9091 s.

This is approximately 2.5 hours.

T, — To Tr —To

T(z) = To + —7—2,Q = —kA

_ o ~4W,T~25h
7dt // - dS,Q ~ AW, T~ 25
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Let F(z,y,z) = (zy2,y22, 222) be a vector field in R3.
e Compute V - F.
e Compute V x F.

e Let S be the surface of the cube defined by 0 < x < 1,0 <y <1,0< 2z < 1.
Compute the flux of F' through the closed surface .S using the divergence theorem.

e Compute directly the flux of F through the face z = 1 of the cube (outward orien-
tation).

1. Divergence:

9, o 9
) &(xy )7%(‘2‘% )a

VxF= ((zxz) — —(y2?)
= (—2yz, —2zz, —2zy)

3. Flux through the cube surface (divergence theorem):

1 01 1
= 1
//F-dS:/// (3:2+y2—|—22)dV:/ / /(:r2+y2+z2)d3:dydz:3><f:1
s v o Jo Jo 3

4. Flux through the face z = 1: On this face: dS = (0,0, 1)dady, and F = (242, y, 22)
(since z = 1). Thus: .
F-dS = z?dzdy

1 p1 1
// x2dxdy:/ / z?dxdy = =
2=1 o Jo 3

1

V-ﬁ:$2+y2+z2,VXﬁ:(—2yz,—2xz7—2:cy)7//f-dﬁzL// ﬁ-d§=§
s

z=1

Let f(z,y,2) = In(a* + y* 4 2%).

e Compute V f.
e Compute V2f.

e Verify that V2 f = for (z,y, z) # (0,0,0).

2
2 +y2+22

* Let Sk be a sphere of radius R centered at the origin. Compute the flux of V f
through Sg.
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1. Gradient:

Vf = 2x 2y 2z
o\ @22 4227 22 Y2 4 22 22 4 2 22

2. Laplacian: Compute, for example:

0 (2x\ 2% —2z-2z  2(y®+ 2% —2?)
ox \r2) s B i

(y2+22—582)+2($2+Z2—y2)+2($2+y2—22) :2(m2+y2+22) _3

r4 r4 r2

= 2

3. Verification: Done above.
4. Flux through the sphere Sg: On Si: 7 = %, Vf=2(zy2),50Vf-i=2.

_ 2 2
// Vf~dS:// ZdS == . 47R?> =81R
Sn sn B R

2 2 .
Vi=57 Vf==, / Vf-dS=8rR
T Sr

2

Let F(z,y,z) = (¥ cos z, ze¥ cos z, —zeY sin 2).

e Verify that V x F=0.
¢ Find a scalar potential f such that F= Vf.

« Compute the circulation of F' along the curve C' given by 7(t) = (¢,12,¢3) for
0<t< 1.

1. Curl of F:

~
QO
Yo =

9. 9.
ox oy
eYcosz xeYcosz —zeYsinz

= (0,0, €Y cos z — €Y cos z) = 0.

2. Scalar potential f: Integrate % = eY cos z:

f(2,y,2) = we¥ cos 2 + g(y, ).

oy

Then 2L = zev cosz + g—z = zeYcosz = g—z =0 = g(y,2z) = h(z). Finally % =
—zeVsinz + h/(z) = —xeVsinz = h/(2) =0 = h(z) = C.

‘f(:c,y,z) :xeycosz—i—C‘
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3. Circulation along C':

f F-di = f(1,1,1) — £(0,0,0) = (1 -e'cos1) — (0) = ecos 1.
C

fﬁ-d?zecosl
(o]

Let S be the surface parameterized by 7(u,v) = (ucosv,usinv,u) for 0 < u < 1,
0 <w<2m Let F(z,y,2) = (z,y, 2).

e Compute the tangent vectors 7, and 77,.
Compute the normal vector 77, X 7.
Compute the area element dS = ||7%, X 7% || du dv.

Compute the flux of F through S.

1. Tangent vectors:

2. Normal vector:

3. Area element:

4. Flux of F:

7y = (cosv,sinv, 1), 7, = (—usinv,ucosv,0).

7 = (cosw,sinv, 1), 7, = (—usinv,ucosv,0) ‘

i 7 k
Ty X Ty = | cOSV sinv 1| = (—ucosv, —usinv,u).
—usinv wucosv 0

‘Fu X Ty = (—ucos v, —usinv, u) ‘

|70 % 7| = Vu2 cos? v + u2 sin® v 4 u? = V2uZ = V2u.

‘dS: \/iududv‘

ﬁ(F(u,v)) = (ucosv,usinv,u).

F . (7, x 7)) = —u?cos?v — u?sin® v + u? = 0.

27 1
//13~d§:/ /Odudv:O.
S 0 0
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Let F(J y) = (ﬁ ﬁ) be a vector field in the plane (defined for (z, y) # (0, 0)).

« Compute V x F (in R3, with F, = 0).

Let C be the unit circle 22 + y? = 1 traversed counterclockwise. Compute the
circulation ¢, F' - d7.

Is the field F conservative on R2 \ {(0,0)}? Justify.

e Compute the flux of F through the unit circle (outward orientation).

1. Curl of F:
o 0 s 0 —y
F = ) - =
VA (0’0’ Ox <x2+y2> dy (w2+y2>>

_ (o0 y? — a2 22 — 2
(@2 y2)? | (22 + y2)2

2. Circulation on the unit circle: Parameterization: 7(¢) = (cost,sint), 0 <t < 27.

) = (0,0,0).

F - di = (—sint,cost) - (—sint, cost)dt = (sin® ¢ 4 cos? t)dt = dt.

27
]{ﬁ-dF: dt = 2r.
C 0

%ﬁmlf’z%r
C

3. Is the field conservative? No, because although V x F=0 everywhere except the
origin, the circulation around a closed curve enclosing the origin is not zero. The domain
is not simply connected.

\ Not conservative \

4. Flux through the unit circle:

- -y a5 -y + Y
F-n= (M,M> ,(;my):i:

Let ﬁ(z y,2) = (2¢ + yz, 2y + x2,22 + xy).
. ComputeV~ﬁandV x F.

* Show that F' is a gradient field (conservative) and find a potential f.
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* Let O be the curve of intersection of the sphere z* + y* + 2* = 1 and the plane
x + y + z = 0. Compute the circulation of F' along C'.

1. Divergence and curl:

—

V- F=2+2+2=6.
V x F = (0,0,0).

2. Potential f:
f@,y,2) =2 +y° + 22 +ayz + C.

flz,y,z) =2 +y> +2° + 2yz

3. Circulation along C': Since F' is conservative and C' is a closed curve:

fﬁ-dr*:o.
C

fﬁ-dfzo
C

Let S be the surface of the upper hemisphere z = /1 — 22 — 4?2, oriented upward. Let
F(z,y,2) = (2°,1%,2°).

» Parameterize S using spherical coordinates.
» Compute the unit normal vector associated with this parameterization.
e Compute the flux of F through S.

 Verify the result using the divergence theorem (considering the closed surface con-
sisting of the hemisphere and the disk z = 0, 22 + y? < 1).

1. Parameterization:

7(0, ¢) = (sinf cos ¢, sinfsin p,cos ), 0<6O < g, 0<¢<2r
‘f‘(&,qﬁ) = (sinf cos ¢, sin § sin ¢, cos 0) ‘
2. Unit normal vector:
79 = (cos 0 cos ¢, cos O sin ¢, — sin 6),
7y = (—sin@sin ¢, sinf cos ¢, 0).
i J k
79 X Tp = | cosfcosp cosfsing —sind
—sinfsin¢g sinfcos o 0
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= (sin? f cos ¢, sin® f sin ¢, sin @ cos 0).

Ty X Ty = (sin? @ cos ¢, sin®  sin ¢, sin 6 cos )

3. Flux through S:

—

F(7(0,¢)) = (sin® 6 cos® ¢, sin® O sin® ¢, cos® 9).

F (7 x 7s) = sin® 6 cos® ¢ + sin® O sin* ¢ + cos* O sin 0.

2 w/2
/ (cos* ¢ + sin? ¢)dop = 31, / sin® 0df = E,
0 0 15

2
/2 1
/ cos? fsin0do = =.
0 5
3r 8 1 dr 2w 67
bg=— - — 427 - = — F+ — = —.
ST B T 5T 5 T T 5
67
Flux = —
ux 3

4. Verification using the divergence theorem:
V- F =322 +3y% + 322 =3(2® +9* + 7).

In spherical coordinates:

R 2n /2 pl
///V-Fde/ / / 3r2 - r2sin 6 dr df do
\4 0 0 0

1 o
—3.27.1.2 =2,
5T B

The flux through the disk z = 0 is zero because F - i = (23, ¢3,0) - (0,0, —1) = 0. Thus
the total flux through the closed surface is %’r, which is the same as the flux through the

hemisphere.

Let the vector field

‘7(.’1;, y,2) = 2z +yz, 2y + xz, 22 + xY).

e Compute the divergence of V.
e Compute the curl of V.

Is the field V conservative? Justify.

« Find a scalar potential f(z,y, z) such that V = Vf, if it exists.

« Compute the circulation of V along the curve C' : 7#(t) = (cost,sint,t),0 < t <
2.
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1. Divergence:

V.V = %(2x +yz)+ gy(?y +x2) + %(22 + xy)
=2+2+2=6.
2. Curl: . . R
= i 7 k
VxV= Oy 8y 0. = (070’0)'

20 +yz 2y+xz 224wy

3. Is the field conservative? Yes, because V x V =0onR3 (which is simply connected),
so it is a gradient field.
4. Potential f: We look for f such that:

3]

%:2;p+yzéf:l'2+l’yz+g(yaz)v

of

ETy:2y+xz¢:rz+gy:2y+xzégy:2y,

=g9=y"+h(2),

0

aif222+:Ey:>3:y+h/(2):22+33y$hl(2):2zv
z

= h(z)=22+C.

Thus:
f@,y,2) =2 +y* + 22 +ayz + C.

[ f,0,2) = 2® + 9 + 2% +ayz + O

5. Circulation along C: The curve is closed because 7(0) = 7(27). Since V is conser-
vative:

Let the vector field

e Compute V x F.

e Compute the flux of V x F through the surface S': z = 1— x2— yz, z > 0, oriented
upward.
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 Verify Stokes’ theorem.

1. Curl: L.
ik

VxF=\8, 8, 0,|=2y, 2z 2z).
2 g2 2

V x F = (2y,2z,2x)

2. Flux through S: Parameterization: #(u,v) = (u,v,1 — u? — v?), u? + v < 1.
’Fu = (1707 _2u)3 FU = (Oa la _2U)

Ty X Ty = (2u, 20, 1).

//S(V><ﬁ)~d§://D(2v,2(1—u2—v2),2u).(2u’2v’1)dudv

— // (duv + 4v(1 — u® — v*) + 2u) dudv.
D

The terms 4uv and 2u vanish by symmetry. The term 4v(1 — u? — v?) is odd in v over a
symmetric domain, so its integral is zero.

//waﬁ).dg:o.

3. Verification of Stokes’ theorem: The boundary of S is the circle 2% + 3% =1, z = 0.
7(t) = (cost,sint,0), 7 (t) = (—sint,cost,0).
F(7(t)) = (0,cos? t, sin® t).

1

Thus Stokes’ theorem is verified.

My

27
~dF:/ cos® tdt = 0.
0

Let the vector field

—

H(z,y,2) = (2%, y°, 2°).
e Compute V - H.
« Compute the flux through the sphere z2 + 32 + 22 = R2.

e Verify the divergence theorem.
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1. Divergence: .
V- H =322 +3y° + 322 = 3(2® + ¢ + 27).

V- H=32+y%+2?)

2. Flux through the sphere: By the divergence theorem:

//Sﬁ-d§:///v3(x2+y2+z2)dv.

In spherical coordinates:

2w T R
:3/ / / p% - p*singdpde do
o Jo Jo

R®  127R°
=3.97.2. — = .
ATy 5
127 RS
Flux = iy

3. Verification: Direct calculation of the flux on the sphere gives the same value, so the
divergence theorem is verified.

120



Multiple Integrals

Multiple Integral Calculation — Complete Theorems and Applications
1. Double integral over a rectangle (Fubini’s theorem): Let f be a continuous func-
tion on the rectangle R = [a, b] X [c, d]. Then:

//R.f(x,y)dA_/ab (/cdf(.r,y)dy> da
:/Cd (/abf(w-,y)dx>dy

The order of integration can be interchanged.
2. Double integral over a general domain: Let D be a bounded domain in the plane.
If f is continuous on D, then:

c IfD={(z,y)|a<z<b, gi(z) <y < g2(2)}, then:

J[ t@aa= | b ( / (()> f(@y) dy> ds

e If D ={(x,y) | c <y <d, hi(y) <z < ha(y)}, then:

[ fagyaa= [ hz(y)f(:v-,y)dx dy
/D /c il

3. Triple integral over a general domain: Let E be a bounded solid in R3. If f is
continuous on F, then:

s If E={(z,y,2) | (z,y) € D, u1(z,y) < z < uz(z,y)}, then:

uz (,y)
// f(zyy,2)dV = // (/ xyw)dz)dA
ui(z,y)

* Volume of the solid: V(E) = [[[ R dV
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4. Change of variables in the plane: Let T : (u,v) — (x(u,v),y(u,v)) be a C*
change of variables, bijective from D’ to D, and let f be continuous on D. Then:

J[ reavay= [[ statwovwo \gguy;

where the Jacobian determinant is given by:

du dv

a(z,y) (OI a””)
I = =det| d» gv
d(u,v) o o
5. Change of variables in three dimensions:

T: (u,v,w) — (z(u,v,w),y(u,v,w), z(u,v,w))

[ty = [ setwseon .2t

@9, 2) | gor do duw
O(u, v, w)
where:
oz 9z Oz
02,9,2) _ 4o [ 8 8 W
A(u, v, w) gu 8y v
du v  Ow
6. Polar coordinates: Polar coordinates are defined by = rcos @, y = rsinf. The

Jacobian determinant is |J| = r, thus:

// f(:v,y)dxdy:/ f(rcos@,rsin@)rdrdf
D D’

with 7 > 0 and 0 < # < 27 (or an appropriate domain).
7. Cylindrical coordinates: Cylindrical coordinates are defined by © = rcos 6, y =
rsinf, z = z. The Jacobian determinant is |.J| = r, thus:

///Ef(a?,y,z)dV: // . f(rcos@,rsind, z)rdrdddz

8. Spherical coordinates: Spherical coordinates are defined by:
x = psingcosh, y=psingsinfh, z= pcosqe

with p > 0,0 < ¢ <, 0 < 6 < 2. The Jacobian determinant is |.J| = p? sin ¢,
thus:

/// flz,y,2)dV = // f(psin¢c050,psin¢sin97pcos¢>)p2 sin ¢ dp do df
E ol

9. General curvilinear coordinates: For a coordinate system (q1, g2, g3), the scale
factors are: -
e
h:H . i=1,2.3
9q;

Volume element: dV = hihahs dq, dgs dgs

e In cylindrical coordinates: h, = 1, hg =7, h, =1
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e In spherical coordinates: h, = 1, hg = p, hg = psin¢

10.  Mass, center of mass, and moments: For a solid F with density §(z, y, 2):

]W:///Eé(x,y,z)dv

¢ Center of mass (centroid): (z, 7, Z) with

1
M///E:16(5(1’,y7z)dV7
L/// 0(z,y,z)dV,
]\{ Ey 7y7 ~ b
i/// e, 2) A7
i Ez z,y,2)d
¢ Static moments (first moments):

M, = /// zd(z,y,2)dV,
JJJE
E

M, = /// z6(z,y,z)dV
E

¢ Moments of inertia (second moments) about the axes:
I = /// (v° 4 2%)8(z,y,2) dV  about the z-axis
JJJE
Iy = /// (x® + 2°) 8(x,y, 2) AV about the y-axis
E
Iy = /// (2> +y°) 6(x,y,z)dV  about the z-axis
B

e Mass:

I
Il

|
Il

|
I

¢ Moment of inertia about the origin:
2 2 2 1
Ip = /// (z°+y° + 2°) d(z,y,2)dV = i([r+lg/+lz)
E

* Moment of inertia about an axis L: If d(x,y, z) is the distance from the point
(z,y, z) to the axis L, then:

I ://Edz(.r,y,z) 5(z,y,2) dV

* Parallel axis theorem (Huygens-Steiner): If I is the moment of inertia about an
axis passing through the center of mass G, and I is the moment of inertia about a
parallel axis at a distance d from it, then:

I=1Ig+ Md?
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* Radius of gyration: The radius of gyration k about an axis is defined by:

11.  Surface integrals (parametric): Let S be a surface parameterized by 7(u,v) =
(x(u,v),y(u,v), z(u,v)) for (u,v) € D. Then:

e Tangent vectors: 7, = %, Ty = g—z
e Normal vector: 77 = 7, X 7%
* Areaelement: dS = |7, x 7| dudv

* Surface area: A(S) = [, [|Fu X 7 || dudv

* Integral of a function f over S:

//fly’ 5= //f 7w, v)) |7 x 7| dudv

12.  Surface integrals (explicit form): If S is given by z = g(z,y) for (z,y) € D,
then:

e Normal vector: 77 = ( 99 (,) 1)
Y’

oz’
50\ 2 50\ 2
Its magnitude: ||7i]] = 4/1 + (d—;{) + (d%)

2 2
Area element: dS = \/1 + (0—9) + (g—g) dz dy

Surface area: A(S) = [, \/1 + (%)2 + (%2)2 dx dy

Integral of a function f over S:

//fiy, ds = //bey, ly))\/u(gi) +<§Z>2dxdy

13.  Flux of a vector field through a surface: Let F' = (P,Q, R) be a vector field,
and S an oriented surface with unit normal vector 7. The flux of F through S is:

<I>://F~d§://ﬁ~ﬁd8
. S . S

« If S is parameterized by 7(u,v): dS = (7, X 7,) du dv

 If Sis given by z = g(z, y) with upward orientation:

&_( 99 9y
dS( e By’ )dldy
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14.

15.

16.

17.

18.

19.

20.

Divergence theorem (Gauss-Ostrogradsky): Let E be a solid with boundary S
oriented outward, and let F' = (P, Q, R) be a C"* vector field on E. Then:

///Ew.ﬁ)dvz//sﬁ.dg

wherev-ﬁzg—i—i—%—g—ﬁ—%—f.
Stokes’ theorem: Let S be an oriented surface with boundary curve C oriented
positively (right-hand rule), and let F be a C'! vector field on a domain containing

S. Then:
fﬁ.dfz//(vXﬁ)-ds*
C S

where Vx FF =V x F.
Green’s theorem in the plane: Let C' be a positively oriented simple closed curve,
and let D be the interior domain of C. Let F' = (P, Q) be a C* vector field on D.

Then - /8 -
%ﬁ-d?:j{PdaerQdy:// (Q)dA
Jc @ JJp \ Ox dy

Gradient theorem: Let f be a C' scalar function, and C' a curve from A to B.
Then:

/ Vf-di = £(B) - f(4)
@

Consequence: If C' is closed, then §C Vf-drr=0.
Green-Riemann formula (area of a domain): The area of a domain D with pos-
itively oriented boundary C'is given by:

A(D) = %fc(xdy—ydx):%cxdyz—%cydx

Geometric applications:

Length of a plane curve y = f(z) on [a, b]:

b
L- [ VITF@Pd

Surface area of revolution:

— About the z-axis: A = 27 fab y/1+ (v)2dx
— About the y-axis: A = 27 f(d z+/1+ (z')2 dy
Volume of revolution:
- Disk method: V = wf;’[f(a:)P dx
— Cylindrical shell method: V = 27 f; zf(z)dx
Lateral surface area of a frustum with radii R,, R» and height h:

A:7T(R1+R2) (Rl —R2>2+h2

Improper integrals in several variables:
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 Unbounded domain: If f is continuous on R?, then:

JLtenar=jim (] s ia

where Dp, is the disk of radius R centered at the origin.

* Unbounded function: If f has a singularity at (xo, o), then:

J[ temar=im ([ sy aa

where D, is D with a disk of radius € around (z¢, yo) removed.

» Convergence in polar coordinates: For f(x,y) = on R?\ {0}:

(fr2+y

1 o0
// T it dA:27T/ Tdr—?w/ ri=2P dr
re (2 +y?)P o T 0

Converges if and only if 1 — 2p < —1,1i.e.,p > 1.
21. Important physical applications:

¢ Gauss’s law in electrostatics:

/ E -d g _ le
s €0
e Continuity equation:
dp
LTiv.J=
at *
* Heat equation:
T k
a— = aVZT, o= —
ot PCp
* Poisson’s equation:
Vng = —4mp (gravitation or electrostatics)

« Hydrostatic pressure: Force on a surface: F = [[, PdS

* Center of pressure: Point of application of the resultant pressure force.

Compute the double integral [}, (22 + y) dA where D is the rectangle defined by:

D={(z,y) eR?*|0< <2, 1<y<3}.

Interpret the result geometrically as a volume.
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The double integral is computed as an iterated integral:

2 3
//(Qx—i—y)dA:/ / (22 4+ y) dy dx
D =0 Jy=1
2 27y=3
= / [Qxy + y_] dx
0 2 y:l

:/02 [(63@—&—;)—(295—&—%)} da

2
:/ (4 + 4) dx
0
= [22% + 4z]’ = (8 +8) — 0 = 16.

This result represents the volume of the solid bounded by the rectangle D in the xy-plane

and the surface z = 2x + y.
// 2z +y)dA =16
D

Compute the double integral [ ]D x dA where D is the plane region bounded by the curves
y=2%andy = 2x.

 Sketch the region D graphically.
e Write the integral as an iterated integral in the order dy dx.
e Write the integral as an iterated integral in the order dx dy.

e Compute the integral by choosing the most convenient order.

1. Graphical representation: The curves intersect when 22 = 2z, i.e., z(z — 2) = 0, so
at the points (0, 0) and (2, 4). The region D is bounded between the curves for = € [0, 2].
2. In the order dy dxz: Describe D as:

D={(z,y)|0<x <2 2°> <y< 22}

2 2z
// di:/ / xdy dx.
D 0 Ja2

3. In the order dz dy: Split D into two parts. For each 0 < y < 4, we have:

Thus:

* From the parabola: © = |/y

4 VY
// di:/ / xdxdy.
D 0 Jy/2
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4. Computation: Use the easier order dy dx:

2 2x
// diz// x dy dx
D 0 2
2
:/m[]g 2 g
2
/x?:z:—:c dx
2
/ 295 — 3
0

(=}

LE3_

3

16 16 16 4
(?‘I)‘O—T‘*—g-

Let D be the plane region bounded by the lines y = 2,y = 22, x = 1 and x = 2. Compute

the double integral:
// (x +y)dedy
JJD

by making the change of variables:

¢ Determine the new region D’ in the (u, v)-plane.

» Compute the Jacobian determinant SET” ).
u,v)

e Compute the transformed integral.

1. Description of the region D: D is defined by: 1 <z < 2 and z < y < 2x. Using the
change u = y/x and v = z, we obtain:

rT=v, Y=uv.
The boundaries:
o1 <w <2

ey <y<2r=v<uw < 2v=1<u < 2((sincev > 0). Thus D' =
[1,2] x [1,2] (arectangle in the (u,v)-plane).
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2. Jacobian determinant:

(& DD e

3. Transformed integral: The function z + y = v + uv = v(1 + ). Thus:

// x+y) dmdy—// (14 u) - Ududv—/ / 1+ u)dudo.
! v=1Ju=1

Compute the integral first with respect to u:

2

/12(1+“)d“: [““LU;L=(2+2)—(1+0.5)=4—1.5=2.5.

Then with respect to v:

The result:

Compute the double integral [[,, /2% + y? dx dy, where D is the plane region bounded
by the circle centered at (0, 0) with radius R > 0.

The function and the domain strongly suggest using polar coordinates:

r=rcosf, y=rsinh, withr>0,0¢€[0,2n].

The Jacobian determinant: |.J| = r. The function becomes: /2 + y? = r. The domain
D in polar coordinates: 0 <r < R,0 <6 < 27.

2
// V2 + y? d:vdyf/ / - rdrdHf/ / r2 drde.
r=0

R 3 3
/ r2dr = R—, / dd =27 = ZWR
0 3 0 3

2 3
/ Va?+y2drdy = ki
D 3
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Compute the double integral:

where D is the closed disk 22 + 3% < 4.

Using polar coordinates: 0 < r < 2,0 <6 < 27, dA = rdrdf.

21 2 27 2 a2
//(w2+y2)dA: / Tz-rdrdez/ d0/ r3dr:27r-{—} =2m -4 = 8m.
D 0=0 Jr=0 0 0 41,
// (22 +y*)dA = 8n
D

Compute the double integral:

ffw

where D is the region bounded by the triangle with vertices (0, 0), (1,0), (1,1).

The triangle D is described by: 0 <2 < 1,0 <y < .

1 ]
// xydA:/ / ry dy dx
D z=0 Jy=0
1 212 1 2 1
Y x 1 3 11 1
= B | S da:z/:c-—dzz—/xdxz—-—:—.
/0 [2]0 0 2 2 Jo 2 4 8

Compute the triple integral [ [}, zdV, where E is the solid tetrahedron bounded by the
planesz =0,y =0,z=0andz +y + 2 = 1.

The tetrahedron F is described by:

E={(x,y,2) | 0<2<1,0<y<1—2,0<z2<1—2—y}.

130



CHAPTER 8. MULTIPLE INTEGRALS

1—x l1-z—y
/// zdV = / / zdzdydx
=0 =0
1-x l—z—y
dy dx
/ / |: 2 :|z-0
1-x a2
:/ / wdyd%
0o Jo 2

Compute the inner integral: substitute u = 1 — x — y, du = —dy, limitsy = 0 — u =
l—-z,y=1—z—>u=0:

l1-z 0 1—x 3ql—=x 1_ 3
0 u=l—=z 0 3 0 &

Thus: /// v / 1—33 dmzé/gl(l_x)3dx'

Substitute t = 1 — x, dt = —dux: fo (1 — z)3dz = fol t3dt = %. Thus the result =
1
6"

11
1
zdV = —
W ==
Let E be the solid defined by: « > 0, y > 0, z > 0, z+y+ z < 1. Compute the volume
of I using the change of variables:

4~ 24

U=, v=r+y, w=r+y-+ -z
 Express (z,y, z) in terms of (u, v, w).

e Compute the Jacobian determinant ()<“T :Ys2)
O(u,v,w)"

¢ Determine the limits of integration for (u, v, w) and compute the triple integral for
the volume.

1. Expression:

r=u, Yy=v—u, 2Z=w—7.

2. Jacobian determinant: The Jacobian matrix:

1 0 0
J=|-1 1 0], det(J)=1.
0 -1 1

Absolute value: |J| = 1.
3. Limits of integration: From the conditionsx > 0,y > 0,2 > 0,z +y + 2 < 1 we
obtain:

u>0, v—u>0=v>2u, w—v>20=w>0v, w<l.
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Thus 0 < u < v < w < 1. The domain E is:
E' ={(u,v,w) | 0<u<v<w<1}

The volume of F is:

1 w v
V:// de// |J|dudvdw:/ / / 1 du dv dw.
E E’ w=0 Jv=0 Ju=0

Compute:
v w 2 1 2
1
/ 1du = v, / vdv:w—, / w—dw:f.
u=0 v=0 2 w=0 2 6

1
V=5

This is the volume of the unit tetrahedron.

Compute [ [, zyzdV where Eisthe cube: 0 <z <1,0<y<1,0<z <1

///Eacyde:/Ol/fl/leyzdzldydx |
(T (o) ([ )32
///Exydezé

Compute the volume of the solid lying under the elliptic paraboloid z = 4 — 2% — 2 and
above the rectangle R = [—1,1] x [-2,2].

The volume is given by the double integral:

1 2
V://(4—x2—y2)dA: / (4—x2—y2)dydw.
R rz=—1Jy=-—2

First compute the integral with respect to y:

2 y3 2 16
/ (4—2°—y°)dy = {(4 —z)y — ?} = 2(4—:62)-2—§ =8(4—2°)— — = = —4a>.
—9 _9

Then integrate with respect to x:
1 371
2 2 4
V:/ 32 _ ) gpe (B _56
1\ 3 3 3 ], 3
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<
I
w|&

Compute the volume of the solid bounded by the surfaces:

z =0, ,Z:Llf:I;nyQ7 ;1;2+y2:]_

The solid is a “paraboloidal cap” above the unit disk D = {(z,y) | 22 + y? < 1}. The

volume is:
V:// (4 — 2 —y?) dA.
D

Use polar coordinates: z = rcosf, y = rsinf, with 0 < r < 1,0 < 0 < 27. The
Jacobian is 7.

27 1
V= / (4—r2)~rdrd9
6=0 Jr=0

2 4 1
- / [273 — r—] o
0 4 0

27
7 i
—/0 Zd9—7.

<
I
vo| 5

Compute the volume of the solid bounded by:
z=+/x?+y?> (cone) and z=+/1—22—y? (upper hemisphere).
* First method: Use cylindrical coordinates.

e Second method: Use spherical coordinates.

First method: Cylindrical coordinates
The surfaces intersect when:

1
Va2 tyr=yV1-a2—y2 = 2 +y’ =2
In the z coordinate, z = y/1/2 = ‘/75

The volume is the difference between the volume under the hemisphere and the volume
under the cone, over the disk D : 22 + y2 < %:

V://D (VI—a? =2 - Vo +42) dA.
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In cylindrical coordinates: x = rcosf, y = rsinf, with 0 < r < g, 0<6<2m.

/ / 177’27r>rdrd6’
= r=0

—277/ <\/1—7’2—r2)dr
0
2
342
— 9o ,1(1,#)3/2,7; ’ M
3 3
Second method: Spherical coordinates
In spherical coordinates: x = psin¢cos 6, y = psin¢sinf, z = pcos ¢.
The cone corresponds to ¢ = 7 /4. The volume above the cone (within the upper hemi-

sphere) is:
/4 9 5
above—/ / / p*singdpdpdd = T (1_\2f>.
0=0 J ¢=

The volume of the entire hemisphere is 2” . Thus the volume outside the cone and inside
the hemisphere (which is the desired Volume) is:

2 2 2w V2 Vor
Vzi_v;bovezi_i l== || ===
3] 3 3 2 3

First method

V= ver Second method

Note that Z2=¥2) ‘f) = ‘/g , so the two results are equal.

Compute the volume of the solid bounded by the cylinder 2 + y? = 4 and the planes
z=0and z =4 —y.

The solid is a right cylinder with base the disk D : 22 +%? < 4, and variable height 4 —y.

The volume:
= // (4—y)dA
D
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In polar coordinates: z = rcos#, y = rsinf, with0 < r < 2,0 <6 < 27.

27 2
14 / / (4 — rsin@)r drdb
0=0 Jr=0
2

27
/ [%2 — —sin 9} de
0 r=0
27
/ (8—s1n9> df = 167 — 0 = 167.
0

Compute the volume common to two cylinders of radius R with perpendicular intersecting
axes:
22+ 22 < R? and yz + 22 < R?.

Look at horizontal cross-sections. For a fixed z, the horizontal cross-section is a square of
side length 24/ R? — 22. The area of the cross-section is:

) = (VB = 2) = 4R - ).

Thus the total volume:

" 317 16R3
V= / dz_2/ 4(R2—z2)dz:8{]{2z_z} — _
0 3], 3
16R?
V:
3

This solid is known as the “Steinmetz solid” or the intersection of two cylinders.

Compute the volume of the solid bounded by the two surfaces:

z=224y? and z=2z+ 2y+ 10.

The surfaces intersect when:
2+ =20+2y+10= (z—1)2+ (y — 1)° = 12,

which is a circle centered at (1, 1) with radius v/12 = 2+/3.
After simplification, the integrand becomes 12 — (x — 1)? — (y — 1)2. Using polar coor-
dinates centered at (1,1):

V= // 12—u — 0?2 dudv—/ / 12 —¢2 )rdrdf = 72m.
2-‘,—1}2<12 =0 Jr=

135




CHAPTER 8. MULTIPLE INTEGRALS

Compute [[[, zdV where E is the solid bounded by the cylinder 2 + y* = 1 and the

planes z = 0 and z = 2.

In cylindrical coordinates: x = rcosf, y = rsinf, z = z, with 0 < r < 1,0 < 0 < 2,

0<z<2.
2 pl 2
/// de:/ / / z-rdzdrdd
E 0=0 Jr=0J2=0
27 1 2
:/ d9/ rdr/ zdz
0 0 0

=(2m) - = -2=2m.

J[[zav=or

DN =

Compute [[[,.(x* 4 y?) dV where E is the solid bounded by the paraboloid z = % +

and the plane z = 4.

In cylindrical coordinates: * = rcosf, y = rsinf, z = z, with 0 < r < 2,0 < 0 < 2,
r2 < z<4.

27 2 4
///(1:2—|—y2)dV: / / r? - rdzdrdf
E 0=0 Jr=0Jz=r2

27 2
= / d9/ r3(4 —r¥)dr = 277/ (4r® — 75)dr
0 0 0
2

2
6 4 1 2
:2#[7«4_%} :277<16_6_):27T._6:3_7T.
0

6 33
///(x2+y2)dV:32—7T
e 3

Compute the volume of a sphere of radius R centered at the origin.
e First method: Use spherical coordinates.

e Second method: Use the disk method (slicing method).

136



CHAPTER 8. MULTIPLE INTEGRALS

First method: Spherical coordinates
Sphere equation: 22 + y? + 2% < RZ. Spherical coordinates:

x = psingcosf, y=psingsing, z=pcosp, dV = p*sin¢dpdpds.

Domains: 0 < p< R,0< ¢ <, 0<60<2m.

2 T R
V:// dV:/ / / p?singdpdeodf
E 0=0 J ¢=0 J p=0
27 T R
:/ d9/ sin¢d¢/ p2dp
0 0 0

R73_47TR3
3 3

=(2m) -2

Second method: Disk method
Consider the sphere as a stack of horizontal disks. For a fixed z between —R and R, the
radius of the horizontal disk is 7(2) = VvV R? — 22, and its area is 77(2)? = n(R? — 2?).

R R 31R 3
= / m(R? - 2%) dz = 27r/ (R? — 2%)dz = 27 {Rzz = Z] A
z=—R 0 3 0 3

v — A7 R3

|

Compute [[ [, zdV where E is the upper hemisphere: 22 + y? + 2% < R?, z > 0.

In spherical coordinates: 0 < p < R,0< ¢ <7/2,0 <60 < 27,

z=pcos¢, dV = p*sin¢dpdedb.

2 /2 R
/// de:/ / (pcos ¢) - p*sin ¢ dp de d
E 0=0J¢=0 Jp=0

27 w/2 R
:/ de/ cos¢sin¢d¢/ pidp
0 0 0

= (27) -

Let E be the solid bounded by the surfaces 2 = 22 + y? and z = 2 — 2% — ¢2.
1. Determine the curve of intersection of the two surfaces.
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2. Compute the volume of F.
3. Compute [[[, zdV.

1. Intersection:

P4ty =2-22-9 = 22+ =2 = 22+ =1
Thus the intersection is a circle of radius 1 in the plane z = 1.

2. Volume: In cylindrical coordinates: & = rcosf, y = rsinf, z = z, with0 < r < 1,
0<f<2m,r2<z<2-—r2

V= ///dV /9 /TO/QTrdzdrdG
/%d@/ (2 —2r?) r—27r/ (2r — 2r%)dr

1
= —_| =2 .
7T|:7“ 2:|0 uw e 2 =T

3. [[f,zdV:

///Ede:/%/l/j_r2z-rdzdrd9
:/%dﬁ/ { ]z2rdr:27r/olg((2—r2)2—r4)dr

1
:w/ (4—4r® +o* 4)dr:7r/ (4r — 4r%)dr
0 0

=T [27“2 —7“4](1) =T.

ver [[[cv=x
CBedse

Compute [[ [, (2*+y>+2%) dV where E is the solid bounded by the sphere 22412 +2% <
1

In spherical coordinates: 0 < p < 1,0 < ¢ < 7,0 <0 < 27.

2?24+ y?+ 22 =p% AV = p*sinpdpdedh.

138



CHAPTER 8. MULTIPLE INTEGRALS

///E(a:2+y2+z2)dv:/ZK/K/lpz’.pzsmd)ddeH
=/2ﬂd9/ smq&d¢/

///E(:c2+y2+22)dvz4%

Compute [[[,ydV where E is the solid bounded by the cylinder 2 + y* = 1 and the
planes z = 0 and z = = + 2.

In cylindrical coordinates: x = rcosf, y = rsinf, z = z, with 0 < r < 1,0 < 0 < 2,
0<z<rcosf + 2.

7 cos 042
/// ydV = / / (rsin®) - rdzdrdf
E r=0 J z=

2#
:/ / 2 sin 6(r cos § + 2) dr df
o Jo

27 1
:/ sin@{/ (r30050—|—27’2)dr] do
0 0
27 27 27
:/0 sin9<COZH+§> dﬁzi/o cosOsinGdO—i—%/o sinfdf = 0.

=

Use the transformation v = x + y, v = © — y to compute the integral:

//R sin(z + y) cos(z — y) dA

where R is the square with vertices (0,0), (,0), (7, ), (0, 7).

The transformation: v =z +y, v = x — y.
Inverse: x = 4%,y = 452,
Jacobian determinant:

1 1
= == |J|—§, dA—ﬁdudv

The domain R in the uv-plane: we find that 0 < v < 27, —u < v < wufor0 < u < 7,
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and u — 27 < v < 27 —uform < u < 27. By symmetry:

27 u T T

1
I:l/ sinu / cos v dv du:f/ sinu [sin v]" du:/ sin® udu = —.
2 u v=—u 2 0 “ 0 2

=0

//Rsin(x—i—y)cos(x_y)dA:g

Use the transformation x = u + v, y = u — v to compute the area of the region bounded

by the curve |z| + |y| = 1.

The transformation: u = £, v = £2Y,

Inverse: x = u + v,y =u —v.
Jacobian determinant:

J:H _11’2—2, |[J|=2, dA=2dudv.

In the uv-coordinates, the equation |z| + |y| = 1 becomes |u + v| + |u — v| = 1, which
represents a square with vertices (+3, 0) and (0, +1), i.e., exactly the region |u|+|v| < 3.
2
V2 1

The area of this square in uv is (7) = G
Thus the original area:

A://dA:// 2dudv:2x1:1.
R ! 2

Compute [[[, e(@+tv+2)/(@+v=2) qV ysing the transformation:
uU=r+y+z v=r+y—z2 wW=Tr—Yy-+z

where F is the tetrahedron bounded by the planes x =0,y =0, 2 =0,z +y + 2 = 1.

The transformation is linear. Express x, y, z in terms of u, v, w:

u=x+y+z = 2(u+v+2w)
v=x+y—=z = y = 1(u+v—2w)
w=x—y+z z=1(u—3v+2w)
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The Jacobian determinant of this transformation:

J:

S| =
N[

=-2, |J=2, dV =2dudvdw.

W s s =

N[
N|—=

The integrand e(@+v+2)/(@+y—2) — gu/v,

The tetrahedron E maps to a tetrahedron E’ in uvw. The transformed integral becomes

/// elatyt2)/(@ty=2) gy — 2/// eV du dv dw.
E 7
2/// e du dv dw

Compute [ [ \/x? + y* dV where E is the solid bounded by the surfaces

I3
M)
V)

2?4y,

z = 4(x® +y%), y>0.

In cylindrical coordinates: z = rcos 6,y = rsinf, z = z, dV = rdr df dz

Vaz+y2=r.

Domains: 0 < @ < 7 (since y > 0), r is bounded, but z ranges from 2 to 472. Without

an upper bound for r, the integral is improper. Assume there is a maximum radius R (e.g.,
R is the radius of the intersection region with some plane). Then

m R pdr? R 5
/// \/12+y2dV:/ / / r-rdzdrd@:w/ 37’4d1":ﬁ.
E =0 Jr=0 Jz=r2 0 )

3R

where R is the maximum radius of the region

Compute the center of mass of a solid hemisphere of radius R with constant density &g

By symmetry z = y = 0. Compute Z.
Mass: Volume of hemisphere = 1 . 47A° — 21k
Moment M, :

3
,s0 M = 6§ - 228

by /// i =i [[[ v
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In spherical coordinates for the upper hemisphere: 0 < p < R,0 < ¢ < 7/2,0 < 0 < 2.

2 /2 R 7TR4
/// de:/ / / pcos¢ - p’singpdpdepdd = .
E o Jo 0 4

4
Thus My, = do - “f .
Center of mass:

~—~
Rl
<
W

S~—

Il
7N
A
A

‘ w
Iay)
N~

Compute the volume of the solid bounded by the cone z?> = 2% + y? and the sphere
224y +22=1

Spherical coordinates:

x = psin¢cos b, y = psin¢sinb, zZ = pcos ¢,

dV = p*singdpde db, 0<p<l, 0<¢p<m 0<6<L2m

Cone equation in spherical coordinates:

3
=2+ = pPcos’p=p?sin’p = tan’p=1 — qS:%orf.

Volume inside the cone: The region inside the cone in the upper half is 0 < ¢ < 7/4,
and in the lower half 37/4 < ¢ < 7. By symmetry, compute the volume in the upper half

and double it:
27 w/4 1
Vi = 2 / / / p*sin¢ dpde df
0 0 0
27

() ([ o) ([ 70

Total sphere volume:

47
‘/sphere - ?
Desired volume (outside the cone but inside the sphere):
Am Am V2) 4r V2 2V2r
V:‘/spheref‘/insideziff l1—— | =—- = .
3 3 2 3 2 3
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V:2\/§ﬂ'

|

Compute [[[, zdV where E is the solid bounded by the cylinder 2 + y* = 1 and the
planes z = 0 and z = 2.

Transformation to cylindrical coordinates:

r=rcosf, y=rsinf, z=z.
Jacobian determinant:
cosf) —rsinf 0

=det | sinf rcosf 0] =cosf-(rcosf)— (—rsinf) - (sinf) =r.
0 0 1

0(x,y, 2)
a(r,0,z)

Thus |.J| = r, and the volume element dV = r dr df dz.
Integration limits:

0<r<1, 0<60<2m, 0<z<2

Compute the integral:

///EZdV: :Z/Tio/iozwdzdrda
(s =)
—en-(3)-@=2m

J[[[ zav =2

and the plane z = 4.

Compute [[[,.(x* 4 y?) dV where E is the solid bounded by the paraboloid z = % +

In cylindrical coordinates: x = rcosf, y = rsinf, z = z, with 0 < r < 2,0 < 6 < 2,
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r2 < z<4.

2m 2 4
///(x2+y2)dV=/ //7“2~rdzdrd9
B o Jo Jr2
2

= 277/ r3(4 — r?)dr = 2n [1"4 - —
0

[+ var -2

Compute the center of mass of a solid hemisphere of radius R with constant density dy.

General relations:

M:///édV, Mxy:///zédV, M”.
E E M

By symmetry z = y = 0.
Application: Density 6 = dg is constant.

&
M:50.27Tf, szzéo///zdv.
E

In spherical coordinates for the upper hemisphere:

2T w/2 R 7TR4
/// de:/ / / pcos¢ - p’singpdpdpdd = —.
E 0o Jo 0 4

,_ Go-mR'/4 _ 3R

6 -2mR3/3 8"

N
|

Let E be the solid bounded by the surfaces z = 2 + y? and z = 2 — 2% — 92,
e Determine the curve of intersection of the two surfaces.
e Compute the volume of E.

* Compute [[[,zdV.

1. Intersection:

?+y?P=2-2>-9y? = 22 +4°=1, z=1
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2. Volume: In cylindrical coordinates: 0 < r < 1,0 < 60 < 27,72 < 2 <2 — 72,

27 1 p2-r? 1
V:/ / / rdzdrd0:27r/ 2r(1 — r2)dr = .
o Jo Jr2 0

3. [[[f,zdV:

2 1 p2—0? 1
/// de:/ / / zrdzdrd@zw/ r((2 —72)% —rY)dr = 7.
E o Jo Jp2 0
V=m, /// zdV =m
E

Compute the volume of the intersection of the two cylinders: z2 42 < 1 and 22422 < 1.

By symmetry:

1 pV1—22 p/1—22
V' = 8Voctants  Voctant = / / / dz dydz.
0 0 0

/\/1—12 vV 1—x2

dz =+/1— 22, V1—x2dy = (1-22).
0

0

1
V:)ctant - / (1 - xz)dx
0

Compute the volume of the solid bounded by the surfaces z = 22+ and z = 2z-+2y+10.

We have the two surfaces:
z1(z,y) = 2% + 3, zo(x,y) = 22 + 2y + 10.
Determine the intersection region in the zy-plane by solving z; = zo:
w2 4+9y? =204+2y+ 10 = 22 — 22+ 9% — 2y = 10.
Complete the squares:
(z—-1P2-1+@y-12-1=10 = (z—-1)2+(@y—-1)>%=12.

Thus the projection D onto the zy-plane is a disk centered at (1, 1) withradius R = /12 =
2+/3. In this region, 25 — 21 = (22 +2y+10) — (22 +y?) = 12— (z—1)2 - (y—1)? > 0,

145



CHAPTER 8. MULTIPLE INTEGRALS

SO z9 is above z7, and the volume is:

V://D(zg(x,y) a:y dA // 127 (x—1)2—(y—1) )dA.

Switch to polar coordinates centered at (1, 1):
r—1=rcosf, y—1=rsinf, dA=rdrdb,

with 0 < r < 2v/3,0 < 0 < 27. The integrand becomes 12 — r2, thus:

/ / (12 — r? )rdrdf
0 =
27 243
:/ dH/ (12r — r®) dr
0 0

9 [6r2 r‘Tﬁ
=27 - — .
4 0

Compute the bracket:
=(2v3)2 =12, r*=(12)®=144.

(T i =6-12 14 =72 — 36 = 36.
P2 = - =72-36=
4 4

Thus:
V =21 x 36 = 72m.

Compute the volume of the solid bounded by the paraboloid z = 2% + y? and the plane
z=4.

The solid E is the region below the plane z = 4 and above the paraboloid z = 2 + 2.
To determine the projection onto the xy-plane, find the intersection of the two surfaces:

> +y*=4 = r =2 (inpolar coordinates).

Thus the base is the disk D: 22 + y? < 4.
Using cylindrical coordinates:

r=rcosh, y=rsinf, z=2z dV =rdrdfdz.
Integration limits:

; 0<6<2mn, r? <z <4

v [[[ av- /9 /0/ r dz dr df.
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Compute the integral first with respect to z:

4
/ rdz =r(4—r?).

Then with respect to r:

2 2 412
/r(4—r2)dr=/(4r—r3)dr:[2r2——} =8—4=4.
0 0 4 0

Finally, with respect to 6:

Thus:

Compute [[[,(2® + 2*) dV where E is the region bounded by the cylinder y = z* and
the planes 2 =0,y = 1, 2 = .

The domain: —1 <z <1,22<y<1,0<z<uy.

1 1y 1 v
I:/ / / (22 + 23 dz dy dv = / (m2y+—) dy dx
—1J22J0 —1J2? 3
17,22 471 1 2 6 8
T4y Y 73 1 a5 a5 88
e —_ d = _—t — = — — — d = —
/_1[2 +12L2x /_1(2+12 2 12)”5 189

///E(xg-l—zQ)dV:%

Use the transformation v = x + y, v = & — y, w = z to compute the volume of the solid
bounded by the planes:

z+y=1 z-—-y=1, z+y=-1, z—y=-1, 2=0, =z=2.

Define the transformation and its inverse:
u=x+vy, V=T — Y, w=z.

Solving the system we obtain:

U+ v U—v
B = , Y= , zZ=w.

2
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Compute the Jacobian determinant:

1 1
L1 q
A(x,y,2) 22 1 1. 11 1 1 1
7:(11: = —= 0 = — e e e S s = = —
du,v,w) 2 T2 5 (30753771
0 0 1
Thus: a( ) . .
x?y7z
e dV = = dudv dw.
la(u,v,w) 2’ g Gutvaw

Determine the new domain E’ in (u, v, w)-coordinates: From the given conditions:
—-1<z4+y<1l = —-1<u<l,
—-1<z—-y<1l = —-1<v<1,

0<2<2 = 0 w<2.

Thus:
E =[-1,1] x [-1,1] x [0, 2.

dudvdw:/// 1dudvdw.
El 2
Compute the triple integral:

1 /2 1 1 1 1 1 2
V:f/ / / dudvdwz(/ du></ dv)(/ dw).
2 Jw=0 Jv=—1Ju=—1 2\J =i 0
1 1 2
/ du = 2, / dv =2, / dw = 2.
—1 =il 0

1 1
=-Xx(2x2x2)=— =4.
Vv 2><(>< X 2) 2><8

The volume of the original solid is:

oz, y,2)

V== S 1e

(u,v,w)

V=4

Compute jij y dV where F is the region common to the two cylinders 22 +y? < 1 and
y? +22 < 1.

The region E is defined by:

E={(z,y,2) |22 +y* <1, y* + 2> < 1}.

Note that F is symmetric about the plane y = 0, i.e., if (z,y, z) € E then (z, —y, z) € E.
Split £ into two parts:
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By symmetry, we have:

. Ji v o

o=, v o= = =0

=
CExerdse

Compute [, W dV where FE is the sphere 2% + y? + 22 < a?.

In spherical coordinates: p < a, dV = p?sin ¢ dp do db.

2m ™ a 2 a 2

p . p
I: B NV :4 _ ;
/0 /0 /0 A+ 2o ot dp b 7r/o (e ek

Compute f ﬁd/} by letting p = tan u:

2
p p
—————dp=In(/1+p?+p) - ——.
/(1+p2)3/2 o =1nl ar V1+p?

Thus:

a
[=4rn {m( 1+a2+a)— ———|.
V14 a?

I:47r(ln( 1—|—a2—|—a)—a)
1+ a?
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Complex Integration

Fundamental Theorems of Complex Integration
1. Complex line integral: Let f(z) be a continuous complex function on a domain
D and v : [a,b] — C apiecewise C'! path. The integral of f along - is:

b
[1@d:= [ 6w @
Jy Ja
Writing f = u + v and dz = dz + i dy, we obtain:

,Lf(z)dz/Y(Udl‘vdy)+i/(’l]dl‘+udy)

v

2. Properties of line integrals:
e Linearity: f,y(ozf(z) + Bg(z)) dz = ozf,Y f(z)dz + ﬂf,yg(z) dz
* Additivity with respect to path: [ . f(z)dz= [ f(2)dz+ [, f(2)dz
* Reparameterization: The integral is invariant under increasing reparameterization.
* Reversepath: [ f(z)dz = — [ f(2)dz
* Estimation: ‘fv f(2) dz’ < [ 1f(2)|ldz| < ML where M = max.e |f(2)| and
L is the length of ~.

3. Cauchy-Goursat theorem (simple form): Let f be analytic (holomorphic) in a
simply connected domain D. For every simple closed curve « contained in D:

ﬁf(z)dz =0

More generally, if f is analytic in D and continuous on D, then the integral over
the boundary of D is zero.

4. Cauchy-Goursat theorem (extended form): Let f be analytic in a domain D
except for a finite number of isolated singular points. Let v be a positively oriented
simple closed curve in D that avoids the singularities. Then:

7{ f(z)dz = 2mi ZRes(f, 2k)
I k=1
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where the sum is over all singularities 2, inside .

5. Cauchy integral formula: Let f be analytic in a simply connected domain D, and
~ a positively oriented simple closed curve contained in D. For every point zq
inside ~y:

1 [ 1)

f(z0) = dz

2mi J, 2 — 20

More generally, for the n-th derivative:

f<n>(20):”!_j{( f2) o,

271 z — zp)" 1

This result shows that any analytic function is infinitely differentiable (expandable
as a power series).

6. Residue theorem: Let f be a meromorphic function in a domain D, with isolated
singularities 21, 2, . . ., 2,, inside a simple closed curve v C D. Then:

j{f(z) dz = 2mi iRes(f, 2k)
v o=l

where Res( f, zx,) is the residue of f at zj.
7. Computing residues:

 Simple pole: If f has a simple pole at 2, then:

Res(f,20) = lim (2 — 20)f ()

zZ—20

* Pole of order m: If f has a pole of order m at 2, then:

1 ) dm—l "o
Res(f,20) = (m—1)! Zlgleo dzm—1 [(z — 20)™ f(2)]

* Residue at infinity: The residue of f at infinity is defined by:

1
R === d
es(f,00) = ~g= §f(2)d
where C'~ is a large circle traversed in the negative direction.
8. Argument principle (zeros and poles theorem): Let f be a meromorphic function

in a domain D, and ~ a simple closed curve in D that does not pass through any
zero or pole of f. Then:

1P,
27rijq,{f(z)d DR

where N is the number of zeros (counting multiplicities) and P the number of
poles (counting orders) inside .

9. Argument principle (geometric form): Let f be analytic in a domain D, except
for possible poles, and ~ a simple closed curve in D that does not pass through any
zero or pole of f. Then:

1
%AW arg f(z) =N — P
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where A, arg f(z) is the total change in the argument of f(z) as z traverses 7.

10.  Rouché’s theorem: Let f and g be analytic in a domain D, and v a simple closed
curvein D. If |g(z)| < |f(z)|forall z € , then f and f+ ¢ have the same number
of zeros inside ~ (counting multiplicities).

11.  Morera’s theorem (converse of Cauchy’s theorem): Let f be continuous in a
domain D. If fv f(2)dz = 0 for every closed curve v C D, then f is analytic in
D.

12.  Liouville’s theorem: Every entire (analytic on C) and bounded function is con-
stant. Consequence: The fundamental theorem of algebra (every non-constant
polynomial with complex coefficients has at least one root) follows from Liou-
ville’s theorem.

13.  Riemann mapping theorem: Every simply connected domain in the complex
plane (different from C itself) can be conformally mapped onto the open unit disk.

14.  Poisson integral formula: Let f be analytic in the disk |z| < R and continuous
on|z| <R For0<r < Rand0 <6 < 2m:

" 1 27 R2 o 7,2 ”
flre®) = 21 J, R2—2Rrcos(6 — ¢) + r2f(Re ) dé

For the unit disk (R = 1):

. I 1—1r2 :
T AN (i)
flre )_27r/0 1—27“cos(9—¢)—&—7"2f(6 )d¢

15.  Maximum modulus principle: Let f be analytic in a domain D. If | f| attains a
local maximum at a point zy € D, then f is constant in D. Consequence: For
f analytic in a bounded domain D and continuous on D, the maximum of |f| is
attained on the boundary 0D.

16.  Schwarz lemma: Let f be analytic in the unit disk |z| < 1, with f(0) = 0 and
|f(z)] < 1forall |z| < 1. Then:

o |f(2)] < || forall 2] <1
* [F(0)] <1

o If | f(20)| = |20]| for some zy # 0, orif | f'(0)| = 1, then f(z) = e'*z for some real
constant .

17. Real integrals using residues: To compute real integrals of the form
f027r R(cos 6,sin6) db, set z = €', where:
24zt 27—z _ dz

sinf = —  df = -
21 12

cosf =

The integral becomes:

27

R(cos6,sin0) df = j(

|z|=1

R<z+zl7zzl>dz

) 2 2 iz

This integral over the unit circle is evaluated using the residue theorem.
18.  Fourier and Laplace transforms via residues:

« Inverse Fourier transform: f(t) = & [ F(w)e™" dw
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* Inverse Laplace transform: f(t) = 7. Jj;;: F(s)etds
These integrals are typically computed by closing the contour and using the residue theo-
rem.
19.  Essential singularities: An essential singularity is a point where the Laurent ex-
pansion has an infinite number of non-zero terms with negative exponents.

Casorati-Weierstrass theorem: In any neighborhood of an essential singularity, f
takes values arbitrarily close to any complex number.

Picard’s theorem (Great Picard theorem): In any neighborhood of an essential sin-
gularity, f takes every complex value except at most one.

20.  Conformal mappings: A mapping f : D — C is conformal at z if it preserves
angles (both magnitude and direction) at zy. An analytic map with f’(zp) # 0 is
conformal at zq.

e Mobius transformation: f(z) = ZZZIZ where ad — bc # 0

» Joukowsky transformation: f(z) =z + 1
 Exponential map: f(z) = e”
e Schwarz-Christoffel transformation: Maps the upper half-plane to polygons.

21.  Harmonic functions: A function u(z, y) is called harmonic if V2u = 0. For any
analytic function f = w + v, both the real part » and the imaginary part v are
harmonic functions and are harmonic conjugates.

¢ Poisson formula for harmonic functions:

(re'%) = o / L () do
u\re = — ule
2 Jy 1—2rcos(f — ¢) + r?

e Maximum principle for harmonic functions: A non-constant harmonic function in
a domain cannot attain its maximum or minimum value except on the boundary.

Let v be the line segment from z; = 0 to zo = 1 + ¢. Compute the integral:

/ 22 dz
5

Parameterize the segment: y(¢t) = ¢(1 +¢) for 0 < ¢ < 1. Then~/'(¢t) = 1 + 1.

L 2z = [ hOPy @ at

1 1
:/ [t(1+i)]2(1+i)dt=(1+i)3/ t2dt =
0 0

(1+414)3
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We have (1 +)3 = (1+4)%(1 +4) = (2i)(1 + i) = 2i — 2 = —2 + 2i. Thus:

—2427 2

2 .
dz = = —(—1
/z 2z (—1+1)

2
/szz: —(=1+1)
o 3

! |

Compute 55|Z‘:2 with the circle oriented positively.

dz
2241

Factor the denominator: z? + 1 = (z — i)(z + i). The poles inside the circle |z| = 2 are
z=1tand z = —i (since |i| = 1 < 2, | —i| = 1 < 2). These are simple poles. Compute
the residues:

. L e o 1
—_ = |lim — = l1im -
Sl a2t TR T Y el T ezt 2

R 1 . lim (z + 9) 1 i 1 1
eS| —, — = Jl1m = |im e —
224+1° ! AZ T +1 - - :

z2——1 22 Z==0 % = ) —23 21

By the residue theorem:

Let f(z) = ﬁ Compute f‘z‘ﬂ f(2)dz.

The singularities inside |z| = 2: - z = 0: simple pole - z = 1: double pole
Compute the residues:

* At z = 0 (simple pole):

z ez

. e 3 _1_
Res(f,0) :;gr%)z- z(z —1)? —lei% (z—12 1 -1

* At z = 1 (double pole):
d z d #
Res(f,1) = lim — [(z —1)2. e] = lim <e>
z—1d

z z(z—1)2 =1dz \ 2

d (¥ _zef—e _ef(z-1)
—)=

22 22
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Res(f,1) = lim elz=1)

=0
z—1 22

By the residue theorem:

7{ f(z)dz = 2mi(1 +0) = 2mi
|z|=2

eZ
———dz = 2mi
]&_2 2z—1)2 T

. 27
Compute the real integral j() " 5 +ffm e

i -1
Set z = €', then df) = % and cos § = ZH2—.

/2” do _f 1 dz
o BH+dcosh |z|:15+4.z+§’1 1z

B % 1 dz
~ Jipj=1 5422+ 2271 iz
Simplify the denominator:

75z+222+2 N 1 - z
B z 5+2(z+271)  222+52+2

/2’“ do f 2 L, 1 7{ dz
—— —_—_— e — Z P — e —
o H+4cosb l2|=1 222 + 52 +2 iz i Jizj=1 222 + 52+ 2

The roots of 222 4+ 5z +2 = 0 are z; = f%, 29 = —2. Inside |z| = 1, only z; = f% is
present. Compute the residue at this simple pole:

1 1
Res| —————,—= | = lim z+1 b
2224+ 52+2" 2 z——1 2/) 22245242

Factor the denominator: 22% 4+ 5z 4+ 2 = 2(z + 1)(z + 2). Thus:

5+2(z+27")

Thus:

1 1

1 1 1 11
it (Z 2) 2+ 1)(z+2) 2:m-12+2 2 3/2 3

2

Therefore:

1]{ dz 1 o1 27
= == 27 2=

U J|z=1 22° + 52 + 2 3 3
/2” o o
o bH+4cosf 3
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Let f(z) = 8% Determine the Laurent expansion of f about z = 0 and compute

f‘z‘:l f(z)dz.

Expand sin z:

Divide by z3:
sin z 1 1 22

2 2 6 120
The coefficient of % in this expansion is zero. Therefore the residue at 0 is zero. By the

residue theorem: )
sin z

j[ iz =2mi-0=0
el=1 2°

sin z
% S dz=0
|z|=1 #

Using the Cauchy integral formula, compute f\z\:z ﬁ dz.

The singularities inside |z| = 2: z = 0 (double pole) and z = 1 (simple pole). Decompose

into partial fractions:
1 A B C

22(z—1) =z 22 z-1

Multiply by z2(z — 1):
1=Az(z—1)+B(z — 1) + C2*

Substitute 2 = 0: 1 = —B = B = —1. 2z =1: 1 = C = C = 1. Substitute z = 2 for
example: 1 = A(2)(1) —1(1)+4=24-14+4=24+3=24A=-2= A= -1

Thus:
(1 1,1
z2(z—1)_e z 22 z-1

Using Cauchy’s formulas:

62Z
7{ ——dz = 2mie® = 2mi
\

z|l=2 #

e?* 2 d o, . .
]{z|2 ?dz =15 }Z:O =27 -2 = 4mi

622
f dz = 2mie?
jzl=2 2 = 1
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Therefore:

e2z
—— dz = —27i — 4mi + 2mie® = 2mi(e® — 3
e (€ =3)

?{ s d = 2i(e - 3)
\4:22’2(2—1) 2 = 2mi(e

Show that every entire function f satisfying |f(z)| < |z|? for all z is a polynomial of
degree at most 2.

Let f be an entire function. By the inequality, | f(2)| < |z|? for sufficiently large |z|.
Expand f in a power series about 0: f(z) = ZZO:O a, 2", and this power series converges
on all of C. By Cauchy’s inequalities, for any R > 0 and all n > 0:

max. =g |f(2)] _ R?

< :RQ—TL

<
|a"| — Rn — Rn

If n > 2, then limg_, o, R?2~™ = 0, hence a,, = 0 for all n > 2. Thus f(z) = ap + a1z +
a2%? is a polynomial of degree at most 2.

’ f is a polynomial of degree < 2 ‘

D 22 or Lo
Let f(2) = z=5z—3;- Compute §. f(z) dz for:
o ~ the circle |z| = 2 oriented positively.

o ~ the circle |z| = 4 oriented positively.

The singularities: z = 1 and z = 3 (simple poles).
1. For |z| = 2: Inside the circle, only z = 1 is present (|1| =1 < 2, |3| =3 > 2).
2 22 1 1

z
R 1) = li —1)——— =1 = —=8 ==
es(f,1) Zgnl(z )(z— 1)(z—3) ok B=8 =2 2

?{ZH f(z)dz = 2mi <;> = —mi

2. For |z| = 4: Inside the circle, both z = 1 and z = 3 are present.

2 22 9

9 z I ——
Res(f,3) = lim(z = 3) o—yp =y ~ M ;=7 =3

1
]{ f(z)dz = 2mi <2+g> =2mi-4 = 8mi
|z]=4
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I e Ll T o ot

Compute [* ;E‘ii dz.

.
8
o
w

Consider ffooo s +;1 dz (its imaginary part gives the desired integral). Let f(z) = E
The poles are at z = +2i. Take a contour consisting of the segment [— R, R] and the upper
semicircle yg (radius R large). Inside the contour (for R > 2) lies only the pole z = 2.

Compute the residue at z = 2¢ (simple pole):

zet? 2i'(2)  24e=2 72
Res(f,2i) = lim (z — 2i = = =2
es(f,2i) = lim (2 —2i) C=2)(+20) 4 4 2

By the residue theorem:

o—2
(2)dz = 2mi - — = mie 2
I'r 2

Since |¢%*| = e~¥ < 1 in the upper half-plane, the integral over vz tends to 0 as R — oo

(Jordan’s lemma). Thus: _
/ e dx = mie 2

oo T2+ 4

Take the imaginary part:

°° xsin
/ x2 e = Im(7ie2) = me ™2
oo T2 44

°° xsinz _a
——— dz =Te
o T2 +4

Let f(z) = %ﬂ Compute 9&/ f(2) dz where + is the boundary of the rectangle with
vertices £ R and =R + iR, with R > 1.

The poles of f are the fourth roots of —1: z, = e!("+2km)/4 | — (1.2, 3. Inside the

rectangle (for R > 1) lies the pole in the first quadrant: zp = ¢/™/* = ¥2(1 + 7). The
pole is simple, and the residue:

) 1
Res(f,z0) = Zlgglo(z - Zo)z47_'_1

Since 2% + 1 = (2 — 20)(23 + 2022 + 232 + 23), we have g(20) = 423 (the derivative of
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the denominator). Thus:

1
R =—
es(f’ ZO) 428
where 23 = e¥7/4 = —g + zg By the residue theorem:

1
f(z)dz=2mi - —
70 E:

After simplification we obtain 57~ (1 —1).

7{ =1

Using Rouché’s theorem, show that the polynomial z° 4+ 322 + 1 has exactly 2 roots in the
disk |z| < 1.

Set f(z) = 32% and g(z) = 2° + 1. On the circle |z| = 1:

g(2)| =12° +1 < |2 +1=1+1=2, |f(2)|=132*| =3

Thus |g(2)| < |f(2)] on |z| = 1. By Rouché’s theorem, f and f + g (= 2° + 322 + 1)
have the same number of zeros inside |z| < 1. f(z) = 322 has a double zero at 0, i.e., 2
zeros (counting multiplicity). Therefore the given polynomial has 2 zeros inside the disk.

‘ The polynomial has 2 roots inside |z| < 1 ‘

cos(ax)

Compute [~ <577

Consider f_ =TT +1 dx (the real part gives twice the desired 1ntegral) Let f(z2) = e:fl.
The poles are at z = =i. In the upper half-plane, only the pole z = i is present (since
a > 0). Compute the residue at z = i:

dx for a > 0.

Res(f, ) = lﬂ(z—i)m ===

Using a contour consisting of the segment [— R, R| and the upper semicircle, and taking
the limit R — oo (Jordan’s lemma):

e s} eiam e @
——dr =211 — =7me ¢
oo 241 2i
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Taking the real part and using evenness:

/Oo cozs(ax) dle/oo cos(ax) dp = Te—a
o z2+1 2 ) oo 22+1 2

2 +1

————= in the regions:

Find the Laurent expansion of f(z) = (7_/71)](27.@

/ cos(ax) dp = To—a
0 2

o |zl <1

e 1< 2] <3

o |z| >3

Decompose into partial fractions:

1 101 1
(z=1)(z=3) 2\z—-3 =z-1
Region |z| < 1:
1 1 = .
z—liil—ziizz
n=0
1 11 = 2"
z—3__§'1—g__7;3n+1
Thus:
1 = 2" = 1 — 1
=3 (- g+ ) =13 (1- o)
n=0 n=0 n=0
Region 1 < |z] < 3:
1 1 _i 1
z—1 z 1—%_n:02"+1
1 11 = 2"
z—3 3 1-2 _;3%1
Thus:
1 = 2" = 1 Il 2" 1= 1
=3 (S-S ) - - 1
n=0 n=0 n=0 n=0
Region |z| > 3:
1 11 — 1
2—1:;.1—lzzz"+1
z n=0
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1 1 1 S
2-3 2z 1—32222'”+1
z n=0
Thus:
== g = 1 L2 52— 1l
-3 (S-S ) s 2 5
n=0 n=0 n—=
1 & 1
|z <1 f(z):22<1—3n+1>z"
n=0
== = e 1
1<|Z‘<3:f():_523n+1_§zzn+1
n=0 n=0
o0

Let f(z) = :(:27114) Compute §__, f(2)dz.

The singularities inside |z| = 3 are: - z = 0 (simple pole) - z = 2i (simple pole, |2i| =
2 < 3) - z = —2i (simple pole, | — 2i| =2 < 3)
Compute the residues:

22+1 02+1 1
Res(f,0) = lim 2 - - — -
es(f0) = lim ez oy P ra 1

241 22 +1 —-4+1 -
Res(f,2i) = lim (s — 20)—— 2 +1  _(2)°+1 _—4+1 -3 3
2—2i z2(z — 2i)(z + 21) 2i - 4i -8 -8 8
2241 (=2)2°+1 —-44+41 -3 3
Res(f,—2i) = li 2% _ _ _3_3
el =) = B (2320 2(z—20)(z +2i) -2 (—4%) -8 -8 8
Sum of residues = i + % + % = i + % = 1. By the residue theorem:

f f(z)dz =2mi -1 =2mi
|z|=3

2
1
]{ e = o
2|=3 2(22 +4)

Show that if f is analytic in the unit disk and | f(z)| < 1 for |z| < 1, then for |z| < 1:

1
1—|z

|F ()] <

2
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Use Cauchy’s formula for the derivative. Let |z9] = r < 1. Choose R such thatr < R <
1. On the circle |z| = R, we have |f(z)| < 1. Then:

e e,

2mi Jiz=r (2 — 20)?

Using the estimation lemma:

fals s < L e R

- 271' |Z‘=R |Z—Zo|2

Let R—1": .
/
< -
|f (ZO)| = (1 _ T)Q
However, this result is weaker than desired. In fact, the stronger result (Schwarz-Pick
lemma) gives:
-G 1

T—[z2 71—z

1f'(2)] <

since |f(z)| < 1.

F(2)] < ——

-z
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Polar Coordinates

1. Let M be a point in the plane. Cartesian coordinates (z,y) and polar coordinates
(r,0) are related by:
r =rcosb, y =rsind,

and conversely:
r=+/22+ 92, Q:arctan(%).

Let a curve be defined by » = f(6), continuous on [«, /3]. The area swept by the
radius vector is given by:

2.

3. The arc length of a polar curve r = f(#) between § = a and 0 = b is:

b
L- / 20+ ((8))? dob.

Plot the polar curve given by the equation:

r = 2cosf.

Describe the geometric nature of the curve.
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0.5

—=0.54

We have r = 2 cos 0. Convert to Cartesian coordinates:
2 =2rcos = x®+y%=2z.

Thus:
(z—12+42=1

This is a circle with center (1,0) and radius 1.

Compute the area of the region bounded by the cardioid with polar equation:

r = a(l + cos®).

Using the area formula:

2m 1 2m
S:—/ r2d0:—/ a*(1+ cos 0)? df.
0 2Jo
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We have:
(14cosf)? =1+2cos +cos?f, cos’f = HCTOS%.
Computing the integral we find: ,
3ma
=7

Consider the Archimedean spiral with polar equation:
r = af.

Show that the area swept by the radius vector between 0 and @ is:

5(0) =

A circle of radius R rolls without slipping along the (Oz) axis. A fixed point M on the
circumference traces a curve called a cycloid.

1. Find the parametric equations of the cycloid.
2. Find the Cartesian equation of the path.
3. Give the expression in polar coordinates.
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y

o) A X
Roulement sans glissement : OA = AM = R6

1. Geometric setting

The circle rolls without slipping, so the distance traveled on the axis equals the arc length:

OA = AM = R9.

2. Parametric equations

‘We have:
OM = 0% + QM.

()~ () (42

x = R(0 — sin0),
y = R(1 — cos¥).

Thus we obtain:

3. Cartesian equation

‘We have: .
6=1- =.
cos 7
Thus:
y . Y2
f— (1_7)7 - 1_(1_7)_
arccos 7 sin 7
We obtain:
x = Rarccos (1 — %) —V/2Ry — y?
for0 <y < 2R.
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4. Polar coordinates
We have:

p=Vz2+y? ¢ = arctan (%) ,

Substituting the coordinates of the moving point:

p(0) = R\/(9 —sinf)2 + (1 — cos 6)2,

1—cosf
()0(0) = arCtan(a_Sine> 0

Consider a circle of radius R rolling without slipping on a line. Let P be a fixed point at
distance d from the center of the circle.
L. Find the parametric equations when:

* d > R (prolate cycloid),
* d < R (curtate cycloid).

2. Study the limiting cases:

d = R (ordinary cycloid),
e d=0.

3. Plot the curves for R =2and d = 1, 2, 3.

1) General parametric equations

When a circle of radius R rolls without slipping, the abscissa of its center after a rotation
by angle 0 is Rf, and its ordinate is R. Thus:

C(RY, R)

If point P is at distance d from the center, its relative coordinates in the frame attached to
the circle are:
(—dsinf, —dcos6)

The absolute coordinates of P become:

x(f) = RO — dsin,
y(0) = R —dcosb.

These equations describe:
* A prolate cycloid if d > R,

* A curtate cycloid if d < R.
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2) Limiting cases

a) d = R: ordinary cycloid

x = R(0 — sinb),
y = R(1 —cosf).

This is the traditional cycloid with cusps.

b)d=0

x = R0,
y=R.

3) Study of cusps
Compute:
dz
o= R — dcos¥,
A cusp satisfies:
dx
7 0 and

Thus:

e If d = R, we obtain cusps.

e If d < R, no solutions — smooth curve.

4) Numerical applications
For R = 2:

e d = 1: curtate cycloid,
r =20 —sinf,
e d = 2: ordinary cycloid,

x = 2(f — sinf),

* d = 3: prolate cycloid,

x = 260 — 3siné,

dy

do

R—dcost =0 = cost = i

The point remains fixed on the horizontal line y = R: it is the center of the circle.

dy .
7 dsind.

=

sinf =0 = 6 = km,

d

e If d > R, then % < 1: solutions exist — loops.

y =2 —cosb.
y =2(1 —cosb).
y=2—3cosh.
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1 Find the polar equation of the cardioid.
2. Find the parametric equations of the cardioid.
3 Find the Cartesian equation of the path.

1) Polar equation

From the geometric construction we have:

r=a(l+ cosf), 0 € [0, 2x7].

2) Parametric equations
x\ _ (rcosf\  (a(l+cosh)cosb
y)  \rsinf ) \a(l+cosh)sind

3) Cartesian equation

‘We have:

(2% +° —az)? = *(2® + y?).

The set of points M of the lemniscate is defined by:

MPE,|-|MF,| =c?

where F (—c¢, 0) and F»(c, 0) are fixed points.
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M(z,y)

* - > T
Ay(-a,0) Fi(-c,0) Fy(c,0) Az(a,0)

1. Show that a? = 2¢2.

2. Then prove that 72 = a? cos(26).
3. Deduce the polar equation.

4. Find a parametric representation.
5.

Find the Cartesian equation of the path.

1. Proof that a? = 2¢2.

— —
[A2Fil| =a+c  [[AxF2fl=a—c

M = Ay = | AR - [|[A2F2 | = ¢ = (a + ¢)(a — ¢) = a® = 2¢?

2. Proof that > = a? cos(26). We have:
e Y
M= F1(3 +7 = |FAM|? =c* 472+ 2rccosf
- oy =
BM=7-0F, = |IRM|>=7r>+c —2rccosf

— —
|FLM|? x ||FaM|)? = (r® + ¢*)? — 4r%c? cos? = ¢*

rt —2r2¢® (2c0s® 0 — 1) = 0 => r? = 2¢% cos(26)

3. Deduction of the polar equation.
72 = 2¢? cos(260) = a® cos(20) => r = ar/| cos(20)|
4. Parametric representation.

x\ _ [rcosf\  [ay/|cos(20)|cosf
y) \rsinf)  \ay/|cos(20)]|sin 6
5. Cartesian equation.

r2 =22 +y?, cos26 = v =0
%
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Thus:

We obtain:

The lemniscate can be obtained as the inversion of a rectangular hyperbola.

1. Prove this property.
2. Deduce the relations between the coefficients.
3. Study the properties of this transformation.

1) Proof by inversion

a) Definition of inversion

Let an inversion circle with center O and radius R. The image of point M is point M’ on
ray OM such that:
OM -OM' = R®

In polar coordinates:
==, 0 =0.
b) Rectangular hyperbola
Consider the rectangular hyperbola:
zy = k?

In polar coordinates:
r=rcos, y=rsinf

‘We obtain:
r2 sinf cos § = k>
2
- sin 20 = k2
2
2 _ 2k?
sin 26
¢) Image under inversion
Under inversion: ) .
! R 2 R
r = — — T = 72
T T
Thus: . .
R R
r'? = = —sin20
2k2 2
sin 20 2k
Setting:
o
2k2
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‘We obtain:

r'? = % sin 20

After a rotation by 7 /4, we transform sin 20 into cos 26, giving:

r? = a?cos 20

This is exactly the polar equation of the lemniscate.
2) Relations between coefficients

We have: .
2 _ R
2k2
Thus:
R2
V2k
and conversely:
2
R
av2

3) Properties of the transformation

L. Inversion preserves angles (conformal transformation).

2. A hyperbola of degree 2 becomes a curve of degree 4 (the lemniscate).
3. The symmetry of the hyperbola is preserved in the lemniscate.

4 The origin is a double point of the lemniscate (image of the asymptotes).

4) Conclusion

Inversion of a rectangular hyperbola with respect to a circle centered at its center yields
exactly Bernoulli’s lemniscate.

inversion 2

Hyperbola zy = k* % 12 = g% cos 20

For each of the following curves:

Cycloid: © = R(0 — sinf), y = R(1 — cos0)
Cardioid: r = a(1 + cos )

Lemniscate: 7% = a? cos 20

Compute the arc length.

Compute the curvature.

Compute the area enclosed.

Find the equations of the tangent and normal lines.

P ==

>
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1) Arc length
a) Cycloid
' = R(1 — cos0), y' = Rsin6
"2 + y'%2df = 2R sin gd@
2m
L= ds =8R
0

b) Cardioid

r = a(l + cosf)
27
L= Vr2+ (r)2df = 8a
0
¢) Lemniscate

r? = a?cos 20

/ \/7d9 — 40K (1/V/2)

(where K is the elliptic integral)
2) Curvature

a) Cycloid
B 1
~ 4Rsin(0/2)
b) Cardioid
3 5 (0
K = E sec (2)
¢) Lemniscate
K= 2\/ cos 260
3) Areas
a) Cycloid (one arch)
A = 3nR?
b) Cardioid
3
A = 57'1'012
¢) Lemniscate (one loop)
A=
2
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4) Tangents
a) Cycloid

dy 0
1 = - - Z
Slope cot 5

b) Cardioid
dy  sin6(2+ cosf)

dz  cosf(2+cosf) — 1

¢) Lemniscate

For F(z,y) = (2% + y?)? — a®(2? — y?), the tangent at (o, yo) is:

2(z? + y?) (zmo + yyo) = a*(zz0 — Yyo)

L. Cycloidal pendulum: Show that for a pendulum whose mass moves on a cycloid,
the period of oscillation is independent of amplitude.

2. Brachistochrone problem: Prove that the cycloid is the curve of fastest descent
between two points.

3. Cardioid antenna: Explain why the directional pattern of a cardioid antenna has
this shape.

4. Magnetic field: Study the shape of the magnetic field lines of a dipole.

1) Cycloidal pendulum (tautochrone property)

a) Model

Consider a mass m sliding without friction on an inverted cycloid:
x = R(f +sinf), y = R(1 —cos?)

The arc length element is:

ds = 2R cos g do

b) Mechanical energy

By conservation of energy:

1
imv2 + mgy = constant

Thus:

1 0.do\>
3m (2Rcos 2dt) +mgR(1 —cosf) = FE

2
e = I (cos? b _ cos? v
dt R 2 2
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¢) Period

The period is:

|R % do
T=4 7/
g Jo cos2 % — cos? &

Using the classical change of variables:

T =4rm E
g

The period is independent of amplitude: the cycloid is tautochrone.
2) Brachistochrone problem

a) Travel time

A particle slides under gravity:

v = /29y
The time is:
ds v 1+ y?
T=| —=[| *X—dx
v V2gy
The Lagrangian is:
/1 +y/2
Ly, y)="—F—
VY

b) Euler-Lagrange equation

Since L does not depend explicitly on =, we use Beltrami’s identity:

oL
L—y—=C
Yy By’
This leads to:
y(1+y?) =C

¢) Solution
This differential equation is exactly the equation of the cycloid. We verify that:
x = R(0 —sin#), y = R(1 — cosf)

satisfy this relation. Thus the curve of fastest descent is the cycloid.
3) Cardioid antenna

a) Radiation pattern
For a cardioid antenna, the angular gain is:
G(6) = Go(1 + cosf)

This pattern is exactly the polar equation of the cardioid.
b) Physical origin

This pattern is obtained by combining:
* An omnidirectional antenna

* A dipole antenna whose gain is proportional to cos 6
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¢) Result
e Maximum value in one direction
e Nearly zero minimum value in the opposite direction

e Often used to reduce back interference

4) Magnetic field lines of a dipole

a) Magnetic field
In polar coordinates:
2k cos 6 ksin 6
B r = T3 I 0 — TS

Field lines satisfy:

dr_rdo

B, By
We obtain: :

d—g = 2rcotf

b) Integration

ﬁ = 2cotf db
r

Inr = 2In(sinf) + C

Thus:

c¢) Interpretation

Field lines form closed loops around the dipole, with geometry close to that of the lemnis-
cate in certain planar cross-sections.

LetT = (T, T,) be a unit tangent vector to the curve I of function f at point M.

The vector T depends on the angle 6.

1. Express T in the Cartesian coordinate system.
. AT
2. Express the vector N = (TF)
C
3 Show that N is perpendicular to 7.

Write:
T =Ty + Tyj, IIT|| = 1.

By trigonometric definition:

T, = cosf, T, = sin6.
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Thus:

T =cos0i+ sinef.

Differentiate with respect to 6:

. dT - -
N = 0 = —sinfi+cosfj.

The dot product:

T - N = (cos0,sinf) - (—sinf,cos ) = — cos O sinf + sinf cos 6 = 0.

CBeerse

Let 7 be the curve represented by the function y = f(x) of class C.

Thus:

1. Define the concept of curvature of a curve.
2. Determine the expression for the radius of curvature.
3. Prove the obtained formula.

1. Definition of curvature

The curvature k of a curve at a point M is the rate of change of the angle € that the tangent
makes with the x-axis with respect to the arc length :

de
- [2].
2. Arc length element
We have:

dl = /dz? + dy?.

Parameterizing by dz, we obtain:
du\ 2
dl=1/1+ <dy> de = /1+ (/)2 da.
0

The slope of the tangent satisfies:

3. Tangent angle

tanf = /.

Thus:
0 = arctan(y’).

Differentiating with respect to z:
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4. Expression for curvature

By definition:
b — @ B do/dx
Sl | dl Jdx |
‘We have: i
— =4/1 2.
. +(v)
Thus: .
Yy
1 + (y/)Q y/l
T2 |1+ )2
5. Radius of curvature
The radius of curvature is defined as:
_1
pP=7z
‘We obtain:
1+ @)D
P = y// °

!

by:
)2)3/2
e ‘<1+<;> )

Using Newton’s second law, prove that the radius of curvature of a path y = f(z) is given

1. Kinematics of motion

Let M(xz(t),y(t)) be a moving point in the plane. Set
dr dv

ST
I
|

/l_}’:

dt’ dt’

The velocity can be written as:
v=vT

where T is the unit tangent vector and v = ||7]| is the speed.

Differentiate: .
v d, = dv,z dT
G=—=—0Wl)==T+v—.
e T e
In differential geometry:
I _vy
a  p

where N is the unit normal vector and p is the radius of curvature
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Thus:

2. Analytical expressions

‘We have:
2 2 2 2
02 = dﬁ + @ H5||2: dix + @

dt dat )’ dt? a2 ) -
On the other hand:

i=arT+anN = |@|?=d2+d%
with:

dv v2
a = — a = —.
T= T N e

Thus:

2\’ d?y 2 dv > 02\ ?
(&) (@) - (&) +(5)
dt de2 dt P
3. Switching to the variable x

Assume x is the parameter of motion:

dy dx
y = y(z), at :Z/E-

After classical calculations (standard in differential mechanics), we obtain:

N (0%
2T L 3

P+

Thus:

Compute the radius of curvature of the curve of the function f defined by f(x) = a*.
Then plot f(x) and its radius of curvature.

1. Computing the radius of curvature

Recall that for a curve y = f(x), the radius of curvature is given by:

L+ @)D

plo) = |

Here, y = 22, thus:
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‘We obtain:

(1442232
plz) = ——7—

Thus:

1
plz) = 5 (1 +42)*2 |

2. Plot of f(z) and p(x)

(Image will be inserted here)
3. Interpretation

At the vertex of the parabola (x = 0):

which is the smallest radius of curvature.
* As |z| increases, p(x) increases rapidly.

* This means the parabola is highly curved near the vertex and becomes flatter as we
move away.

Note: The formula is valid as long as y" # 0. Here y” = 2 > 0, so it applies on all R.

Show that the radius of curvature of a circle of radius R is constant and equals R.

Consider a circle with center (g, yo) and radius R with equation:

(x — 20)* + (y — y0)* = R?.

Write the function explicitly:

y=1yo+VR?— (v —x0)2

Computing the derivatives:

y, — 4 r — X
R2 — (2 — x¢)?
Thus: ( )2 R2
1 "2 -1 T — X _
+) JrR2—(ﬂc—aco)2 R2 — (2 — )2
‘We obtain: 5
1+ = ——=

Computing the second derivative:
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Radius of curvature: By definition:

Y
p(z) = 7
‘We obtain:
R3
(= @= 2]
p(z) = N 72 0 _
@ — &= 2ol
p(z) =R

The radius of curvature is constant and equals the radius of the circle.

Geometric illustration: (Image will be inserted here)

Compute the radius of curvature p(z) of an ellipse centered at O with equation:

22 y?

S
a2 b2

Then compute p(0) and p(a) and study the cases @ > b, a = band a < b.

The ellipse can be written explicitly as:

/ 2

= +—+v/a? — 22
Derivatives:
_,b_ @
v == Va2 — 122
b2z a* + (b% — a?)z?
1+ (@) =1+ 20,2 _ 2y 2(2 2)
a?(a? — 22) a?(a® — 22)
3/2
(11 ) = (@ @ =aa)”
Yy - a3(a? — x2)3/2
The second derivative: 5
" _ :Izé a

Radius of curvature:

1\213/2 )
plo) = [CHOITZ] &t 02 - )e)*,
o 2 _ 02)z2 3/2
p(x):( +(b - )z?)
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Special values:

B (a4)3/2 B a2 B (a2b2)3/2 B b2
p(0) = =5 pla)=—7—=—.

Special cases: If a = b = R, the ellipse becomes a circle and p(x) = R (constant).

(Images will be inserted here)

Consider the cycloid defined by:

{xR(esinH), 0 € [0,2n].

y = R(1 —cos?),

Find the velocity vector and its magnitude.

Using Newton’s second law, find the radius of curvature.
What is the maximum value of the radius of curvature?
What is the largest area occupied by this radius?
Compute the path length.

Compute the arc length over one complete cycle.

Find the expression for the area under one arch.

Give the maximum value of this area.

1) Velocity vector

RSN o

7(0) = (R(6 — sin6), R(1 — cosb))
v = % = %% = Rw(1 — cos®, sind)
|7 = Rw\/(l — 08 0)2 + sin? 0 = Rwv/2 — 2cos § = 2Rw sin(6/2)
2) Radius of curvature Using the formula:
(x/z +y/2)3/2
= ‘x/y// . y/x//l

After calculation we obtain:

| p(6) = 4Rsin(0/2) |

3) Maximum value
Pmax = 4R atf =

4) Largest area occupied by this radius
Smax = m(4R)? = 16w R?

5) Path length
ds = \/x'? +y"?df = 2Rsin(0/2)d0

27
L= / 2Rsin(0/2)d0 = SR
0

182



CHAPTER 10. POLAR COORDINATES

6) Arc length over one cycle
Lcycle =38R

7) Area under one arch

27 2
A:/ yd:z::/ R(1 —cos ) R(1 — cos6)db
0 0

2m
A= RQ/ (1 —cos6)?df = 3rR?
0

(Images will be inserted here)

What is the area swept by the position vector 7 = (7\—} as its magnitude changes from
r=0tor =7 = f(6)?

Study the following cases:

1. r independent of # (deduce the area of a disk of radius R),

2. r = k6 with 6g = 0,

3. r = ksin @ with 8, = 0.

In polar coordinates, the area element is:

8) Maximum area of a cycle

dS = rdrdf.

The area swept by the vector between 6 and @ is:

0 r 0 7,2
8= </ rdr>d0— — db.
Ao 0 0o 2

If » = f(0), we obtain the general formula:

1 4
SO =5 | f©O)do}

0o

1) Case r independent of 6 If » = R (constant), then:

6 2
R
= — 2 = — —
5_2/003 df = =~ (6 — o).

For a full cycle: § — 6y = 2, thus:

[s=n]

which is the area of a disk of radius R.

(Image will be inserted here)
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2) Case r = k6 with 0y =0

1 6 2 6 2n3
5(9)=§/0 (k0)2d9=k?/0 92d9:k69
k263
S6) =5

(Image will be inserted here)

3) Case r = ksin with ) = 0

1 0
S f/ k2 sin% 6 d6.
2 Jo
‘We have: | -
sin2f = — cos .
2
Thus:

k2 ¢ k? sin 260
54/0(100529)d94(0 5 )

(Image will be inserted here)

Compute the area of Bernoulli’s lemniscate defined in polar coordinates by:

r? = a” cos(26).

We can write:
r = ay/|cos(26)|.

Note that: -
max = @ forf =0, Pt = 0 forGZZ.

In polar coordinates, the area element is:

dS = rdrdf.

The area of a sector is:

Thus:
a2 0
S= —/ | cos(20)| d6.
2 Jo
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On the interval 0 < 6 < 7, we have cos(26) > 0, so:

@ /4
S1 = —/ cos(20) db.
2 Jo

‘We have: "
/005(29) df = 5 sin(20).
Thus: 5 y ) )
a® 1 /4 q a
s :—~7[ i 20} — Lo =2.
1= g[S 71-0=7
The lemniscate contains four symmetric sectors, therefore:
8= 451 = (12.
S = a2
If we set a2 = 2¢2, then:
S =2c2

(Image will be inserted here)

Compute the area of the cardioid defined by the polar equation:

r = a(l+ cos®).

Use the area formula in polar coordinates:

01 ,.2
s=1{ L as.
90 2
Here:
r = a(l+ cosb).
Note that:

Tmin = 7(7) =0, Tmax = 7(0) = 2a.
The cardioid is symmetric about the Oz-axis, so it suffices to integrate over [0, 7| and
multiply by 2.

1 ™ ™
=2 x f/ r2df = / a®(1 4 cos 0)?d6.
2Jo 0

S:aQ/ (1+2cos 6 + cos? 0)d6.
0

‘We have: ’ o
cos? 0 = —’_Ci.
2
Thus:
i 1 20 73 1
S:aQ/ (1+20039++C20s>d9:a2/ <2+2c039+200529)d9.
0 0
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Integrate:
™

3 1
S =a’|20+2sinf + = sin 20
2 4 a
Since sin ™ = 0 and sin 27 = 0, we obtain:

(Image will be inserted here)

Area of a polar rose with an odd number of petals
Consider the polar curve defined by:

r =acos((2n + 1)0), n>1

1. Determine the area of a rose with (2n + 1) petals.
2. Applications:

* Rose with 3 petals,

* Rose with 5 petals.

1) Area of one petal
In polar coordinates, the area is given by:

Here:
r(0) = acos((2n + 1)0)

One petal is described when:

™
0<fh< —"
=7 =220+ 1)

Thus the area of one petal is:

@D
Sy = %/ 2 cos?((2n + 1)0) df
0

a2

EFn
Sy = = cos”((2n +1)0) do
0

We have:
5 1 + cos(2u)
cos” u = —
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Thus: i
a? [2EnFD
S1= T / (1 + cos(2(2n +1)8)) do
0
a? sin(2(2n + 1)0) 2@ TT)
Si=— |0+ ———=
4 22n+1) |,

The sine term vanishes at both limits, so:

a2 s

Sl:Zd(an)

2) Total area of the rose
The rose contains (2n + 1) petals, therefore:

2

a~Tm
2
Ta
s=2=

Remarkable result: The area of the rose is independent of the number of petals.

3) Special cases

Rose with 3 petals: » = a cos(36)
Rose with 5 petals: » = a cos(50)
Rose with 7 petals: r = a cos(76)

In all cases:

Area of a polar rose with an even number of petals
Consider the polar curve defined by:

kO
T = a.Ccos <2>, k>2

Determine the area of a rose with £ = 2n and k = 4n petals.
2. Applications:

—

* Rose with 2 petals,

* Rose with 4 petals.
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Recall: In polar coordinates, the area is given by:
2
7
= | —db.
s=[53
1) Rose with k£ = 2n petals: = a cos(nf)
One petal is described when:
0 s
r=0 <= cos(nf) =0 <— n0:§ — 0:%.
Thus for one petal:
m
0<0< —.
- T 2n
Area of one petal:
5y = / o (nh) 4
0 2
Using:
1
o — + cos(2x) ’
2
we obtain: »
) 7/2n
= ‘L/ (1 + cos(2n)) do.
4 Jo
Thus: 2
2 in(2nd T/2n D)
o = L g SR @ @
4 2n a 4 2n
2
Ta
S1=—.
! 8n
The rose has 2n petals, so its total area is:
ma?  ma?
5:27’1)(5&:271,)(%:7.
2) Rose with k = 4n petals: r = a cos(2n0)
One petal is described when:
s s
r=0 <= cos(2nd) =0 <— 2n9:§ = 0:4—.
n
Thus for one petal:
m
0<0< —.
- T 4n
Area of one petal:
S, = / W
O 2
Using:
1 2
cos?z — H%W)
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we obtain:
a2 /4n
51244:/ (1 + cos(4n)) do.
4 Jo
Thus: 7
a® sin(4nf) ™" a®
=2 |g4 225 _ L.
51 4{+ 4an L 4 4n
2
a
Sl — 167

The rose has 4n petals, so its total area is:

2 2

Ta Ta
S—4nX51—4nXﬁ—T.
Conclusion
In both cases:
2
Ta
S=—
4

The area of the rose is independent of the number of petals.

Special cases
e 2 petals: » = acos ¢S:7TTG2_
e 4 petals: r = acos(20) =S = %‘12_

Consider the Archimedean spiral defined in polar coordinates by:

r = ab, a > 0.
1. Compute the area swept by the radius vector as 6 changes from 0 to a value 6.
2. Deduce the area corresponding to one full cycle (0 < 6 < 2m).

Recall that in polar coordinates, the area is given by:

0 2
T
S — db.
0o 2
Here:
r = ab.
Thus: ) ) -
S@z/(w)wzifemG
0 2 2 Jo
We obtain:
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For one full cycle (8 = 2m):

5(27'(') = = =

Let a curve be defined in polar coordinates by
r=e k>0

(logarithmic spiral).

1. Compute the arc length of the spiral between # = 0 and ) = ©.
2. Compute the area swept by the radius vector between # = 0 and § = O.
3. Determine the radius of curvature p(6).

Preliminary: Expression of the arc length element in polar coordinates

In the plane, the arc length element is given by:
dl = /(dz)? + (dy)?.
In polar coordinates, we have:
x =rcosb, y=rsinf, r=r(0).

Differentiating:

il = (Cl’"cosg_rsin9> e, dy = <dr sin&—t—rcos@) do.

do do
Squaring and adding:
dr\?
(dz)? + (dy)? = <d0> (cos? @ + sin® 0)
+ 72(sin? 6 + cos? 6’)] dp*

dr\ 2
2 2
r“ 4+ (dﬁ) ] de~.

Thus we obtain:

1. Arc length
We have:
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Thus:

dl = e*\/1 + k2 db.

The length of the spiral between 0 and © is:

(S] 2)
L:/O "1+ k2 df = 7”;”“ (e*® —1).

2
p=YrE (o)

2. Swept area

The area swept by the radius vector is given by:

‘We obtain:

3. Radius of curvature

The radius of curvature for a curve defined in polar coordinates is:

We have:

Thus:
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Differential Equations

1. (Local Cauchy-Lipschitz Theorem) Consider the Cauchy problem

y'(t) = fty®),  ylto) = vo.

If f is continuous in ¢ and Lipschitz in y in a neighbourhood of (¢, yo ), then this problem
admits a unique local solution.
2. (First-order linear ODE) The equation

y'(8) + a(t)y(t) = b(t)

has the general solution

1
)=~ [ unar+ ),
where 4i(t) = exp( [ a(t) dt) is the integrating factor.
3. (Homogeneous first-order linear ODE) For y/(¢) + a(t)y(t) = 0, the solution space
is one-dimensional.
4. (Homogeneous second-order linear ODE) The equation y” (t)+a(t)y’ (t)+b(¢)y(t)
0 admits two linearly independent solutions y;,y2. The general solution is y(t)
Cryi(t) + Caya(t).
5. (Gronwall’s inequality) If u is non-negative, continuous and satisfies

u(t) < A+ / k(s)u(s)ds,

i

u(t) < Aexp </j k(s) ds) .

6. (Global uniqueness) If f is continuous and globally Lipschitz in y on [to, T'] x R, then
the Cauchy problem has a unique solution defined on the whole interval [¢o, T'].

7. (Peano’s theorem) If f is continuous near (%o, yo ), then the Cauchy problem admits at
least one local solution.

8. (Superposition principle) For the nonhomogeneous linear equation y' + a(t)y = b(t),
the general solution = particular solution + general solution of the homogeneous equation.

then
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9. (Constant-coefficient ODEs) For ay” + by’ + cy = 0, the solutions are determined by
the characteristic equation ar? 4 br + ¢ = 0.

10. (Variation of parameters) Let v, y» be two linearly independent solutions of 3" +
a(t)y’ + b(t)y = 0. A particular solution of ¥ + a(t)y’ + b(t)y = f(t) is

yp(t) = C1(t)y1(t) + Co(t)y2(?),

where
{Oi(t) y1(t) + Ca(t)y2(t) = 0,
C1(O)y1(t) + C3()ya(t) = f(2).

(Matrix Cauchy-Lipschitz for linear systems) For y'(t) = A(t)y(t) + b(t) with
A(f) continuous, the Cauchy problem has a unique global solution.
12. (Linear stability) Consider y' = f(y) with f € C*. If all eigenvalues of the Jacobian
D f(y*) at an equilibrium y* have negative real parts, then y* is asymptotically stable.
13. (Lyapunov stability) If an equilibrium admits a strictly decreasing Lyapunov function,
then it is stable.
14. (Maximal existence) Any maximal solution of a Cauchy problem is defined on a
maximal open interval containing ;.
15. (Continuous dependence on initial data) Solutions depend continuously on the ini-
tial conditions.

Solve ay’ + by +c¢=0,a # 0.

1. Standard form. Divide by a:

, b c
y+-y=—-
a a

2. Case b # 0 (first-order linear with constant coefficients). Rewrite as:

, b €
y=——y——.
a a
b €
Setaw = —— and = ——. Then:
a a
y =ay+p.
Separate variables:
d
£ _ dx.
ay +

Integrate both sides:

] =
/ay+ﬂ /d = n|ay—|—5| z + Co.

Multiply by a:
In|ay + 8| = az + aCy.
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Exponentiate:
ay+B=Ce*™, C==+e*.

Thus:
y f—

Hence:
y(z) = —-
Renaming K = —%C’ (an arbitrary constant), we obtain:

y(z) = Ke~ /07 _ g

3. Case b = 0. The equation reduces to ay’ + ¢ = 0, i.e. 4’ = ——. Direct integration

gives:
¢
y(x) = —-z + K.

b0,

y(l’)— C
——z+ K, b=0.

a

Solve the differential equation:
v =y’ —t,

where t is a constant.

1. Separate variables. Rewrite the equation as:

dy
1 = dzx.

Therefore,
Ke-®/az _ &
c b

2. Partial fraction decomposition. We consider the case ¢t > 0 (for t < 0, the solution
involves arctangent; for ¢ = 0, it is a simple rational integral). Assume ¢ > 0 and set

a = /t. Then:
1 11 1
y2—a? 2a\y—a vy+a)’
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3. Integrate both sides.
d 1 1 1
/ v _—— = dy = / dzx.
y2—a? 2a y—a y+a

1
%(ln|y—a|—ln\y+a\):x+0

Thus:

4. Simplify.

y—a
y+a

= 2ax + 2aC.

Exponentiate:

b=v _ K% where K = +e2°€.

5. Solve for y.

y—a=Ke*(y+a) = y— Ke*¥y =a+ Kae*™*.

1 + KeQaw

o 2aw\ _ 2ax _
y(l Ke ) a(1+Ke ):>y(x) al—KeQM.

6. Special cases.

1 1
e Ift <0, leta = /—t. Then ——— integrates to — arctan I
y2 + a2 a a

y(z) = atan(a(z + C)).

d 1
 If t = 0, separate variables: yiz/ = dz gives y(x) = 210
Therefore, the general solution is:
1+ Ke?Vie
Vikev 0
y(x) = =t tan(y—=t (z + C)), t<0,
! t=20
z+C’ -

Solve the homogeneous linear differential equation:

ay” +by +cy=0, a#0.
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d d?
1. Operator notation. Let D = I Then D? = Tz The equation becomes:
X X

(aD? +bD + c)y = 0.

2. Factorization of the characteristic polynomial. The characteristic equation is ar? +
br + ¢ = 0. Let A = b?> — 4ac and denote the roots:

-b— VA —b+ VA
- ) ro = .
2a 2a

Then the polynomial can be factored as:

1

ar? +br +c=a(r —r)(r —ro).
Hence the differential operator factorises:

aD? 4+ bD +c=a(D —ry)(D —rs).

3. Solving using the factorised form. Consider the equation (D — r9)y = 0 first. This
gives 3y’ — roy = 0, whose solution is y = Cye™2*.
Now, to solve (D — 71)(D — r2)y = 0, set u = (D — r2)y. Then (D — ri)u = 0, so
u = Che™?,
Thus:

(D —ry)y=C1e"* = ¢ —roy=Cre"”.

4. First-order linear ODE for y. Multiply by the integrating factor e ~"2%:

d r

— (ye™ ”) = Chelmn—r2)z,

dx(

Integrate:
o e(rlfrz)a: a
— + r 0
yeTT = 1 S 2 T1F# T2,

C11'+CQ, 1 = Ta.

5. General solution.

e Case A > 0 (distinct real roots r; #~ r5):

y(x) = Cre™® + Care™™”.
e Case A = 0 (double root » = r; = r5):

y(x) = (Crz + Ca)e™™.

+ Case A < 0 (complex conjugate roots r = o4-i3): Using Euler’s formula ¢?#* =
cos Bz + i sin Sz, the real general solution is:

y(z) = e**(C4 cos(Bz) + Cysin(Bz)),

2a

12

b
where « = —— and =
2a
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6. Conclusion.

Cre™?® 4 Che™™?, A >0,
y(x) = ¢ (Crz + Co)e™, A =0,
e (Cy cos(Bz) + Casin(Bz)), A <O0.

Solve 3" — 5y’ + 6y — 12 = 0.

1. Operator form. (D? — 5D + 6)y = 12.
2. Homogeneous solution. Characteristic: 72 — 57 + 6 = (r — 2)(r — 3) = 0, roots
r = 2,3. Thus

Yy = 0163m + 02621.

3. Particular solution. Since RHS is constant 12, try y,, = A:
6A=12 = A=2.

4. General solution.

\y(x) = C1€%" + Cpe®™ +2 \

Solve " + 6y’ + 9y + 18 = 0.

1. Operator form. (D? + 6D + 9)y = —18.
2. Homogeneous solution. Characteristic: 72 + 67 + 9 = (r + 3)2 = 0, double root
r = —3. Thus

Yp = (C1 T CQ:I:)@iBw.

3. Particular solution. y, = A constant: 94 = —18 = A = —2.
4. General solution.

[y(@) = (€1 + Coa)e ™ — 2]

Solve y" + 4y’ + 13y — 26 = 0.

1. Operator form. (D? + 4D + 13)y = 26.
2. Homogeneous solution. Characteristic: r24+4r+13 =0, A = 16 — 52 = —36, roots
r = —2 4 3i. Thus

yn = e 2*(Cy cos 3z + Cy sin 3z).
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3. Particular solution. y, = A constant: 134 =26 = A = 2.
4. General solution.

y(x) = e~2*(Cy cos 3z + Cysin3z) + 2|

Solve 3" + 2y’ — 8 = 0.

1. Operator form. (D? + 2D)y = 8.

2. Homogeneous solution. Characteristic: 7> + 2r = r(r + 2) = 0, roots 7 = 0, —2.
Thus

yp = C1 + 02672z.
3. Particular solution. Since RHS is constant and r = 0 is a root, try y, = kx:
Y=k yl =0 = 2k=8=k=4

Thus y, = 4.
4. General solution.

‘y(x) = + Coe ™2 + 4x ‘

Solve y" —y' — 2y +4=0,y(0) =0,y (0) = 1.

1. Operator form. (D? — D — 2)y = —4.
2. Homogeneous solution. Characteristic: 7> — 7 — 2 = (r — 2)(r + 1) = 0, roots
r =2, —1. Thus

yn = C1%® + Cae™%.

3. Particular solution. y, = A constant: —24 = —4 = A = 2. So
y(x) = C1e** + Coe™™ + 2.
4. Apply initial conditions.
y(0)=C1+C2+2=0 = C1 +Co = 2.

Y (2) = 2C1* — Cre™® = y/(0) =2C, — Cy = 1.

1 1 5
Solving: 3¢ = ~1= C1 = —2, Cp = -2+ 5 = —.
5. Final solution.
1 5
y(@) = =€ —2e " 2|
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Solve ay” + by +cy' +dy =k, a # 0.

1. Operator form. (aD® +bD? + ¢D + d)y = k.
2. Homogeneous solution. Characteristic polynomial: a\® 4+ bA? + ¢\ + d = 0. The
form of y;, depends on the roots:

* Three distinct real roots \;: y, = > C;e*i?.
* One double root \;, one simple root Aa: yj, = (O + Cox)eM® + Czet2®.
e Triple root \: y, = (Cy + Cox + Cs3z%)e?®.

* One real root A and a complex conjugate pair a4if3: yj, = C;e**+e**(Cy cos Bz+
C sin fx).

3. Particular solution. Since RHS is constant k, try y, = A constant:

dA =k = A:S (d # 0).

If d = 0, increase the degree of the trial polynomial according to the multiplicity of A = 0.
4. General solution. y = y;, + y,,.

Solve ¢y — y = 0.

1. Operator form. (D3 — 1)y = 0.
2. Characteristic equation. \> — 1 = 0. Roots:

3 1 V3 3 1 V3
= 1 = ’L7|'/3 = — ) —— = 77'7‘—/3 = — — '7.
A1 , X=e¢ 3 +1 5 A3 =e 5 ) 5

3. Real general solution. For the complex pair a + i3 with a = 1/2, 8 = v/3/2:

y(x) = Cre” + e*/? (Cg cos ?w + (3 sin ?z) .

y(z) = Cre® + e*/2 <C’2 cos ?w + Cs5sin ?x) L

Solve /" —y +1=0.
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1. Operator form. (D? — 1)y = —1.
2. Homogeneous solution. From Exercise 11.10:

yn = Cre” + e ((72 cos ?m + O3 sin ?x) .

3. Particular solution. y, = A constant: 0 — A = -1 = A = 1.

4. General solution.
y(@) =yn+1|

Solve y"" — 3y" + 3y’ —y = 0.

1. Operator form. (D? —3D? + 3D — 1)y = 0.
2. Characteristic polynomial. A3 — 3)\% + 3\ — 1 = (A — 1)? = 0, triple root A = 1.
3. General solution.

‘y(m) = (Cy + Coz + C32)e”

Solve """ + 4" + v/ +y = 4.

1. Operator form. (D3 + D? + D + 1)y = 4.
2. Characteristic polynomial. A3+ 2+ A+1 = (A+1)(A\*+1) = 0,roots A = —1, =i.
yp = Cre” " + Cycosx + Cszsin .

3. Particular solution. y, = Aconstant: 0+ 0+0+A=4= A=4.
4. General solution.

‘y(m) =C1e "+ Cycosx + Cysina + 4 ‘

Solve y""" — 2y" —y' + 2y = 0, y(0) = 1, ¢’ (0) = 0, y"(0) = 2.

1. Operator form. (D? — 2D? — D + 2)y = 0.
2. Characteristic polynomial. \*> — 2)% — A\ +2 = (A — 1)(A — 2)(\ + 1) = 0, roots
A=1,2,—1.

Yn = Clez -+ 026293 -+ Cgeiz.
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3. Apply initial conditions.

y(0)101+02+03:1,
y/(O) =C;+2Cy, —C3 =0,
y//(O) =C14+4C, + C3 = 2.
Solving: Adding the first two: 2C +3C> = 1. Adding the second and third: 2C +6C5 =

2. Subtracting: 3C3 =1 = Co = . Then2C;+1=1=C; =0,andC3 = 1—% = 2.
4. Final solution.

1 2
y(z) = 5621 + ge_m L

Solve zy” + 2zy’ + (x — 1)y = 0.

1. Substitution. Let y = e “u. Then ¢y = e *(uv/ — u), v’ = e *(u” — 2u’ + u).
Substitute:
r(u" —2u +u) + 2z(u —u) + (z — 1)u = 0.

Simplify: zu” — 2zu’ + zu + 220’ — 220 + 2u —u = 2u” —u = 0.

Thus zu” —u=0oru” — Lu=0.

2. Frobenius method. The indicial equation is (r — 1) = 0 with roots = 0, 1. The
solutions are u; = x and us = x Inx (up to constants).

3. General solution in u: u(z) = C1z 4+ Cox Inz.

4. Back to y: y = e~ "u, thus

y(z) = e *(Crz + Cozlnz) |

Solve x2y"" + 3xy’ +y = 0.

1. Euler-Cauchy equation. Look for y = z™. Substituting: m(m — 1) +3m + 1 =
0= m2+2m+1= (m+1)? =0, double root m = —1.
2. General solution. For a double root,

‘y(az) =(C1+Colnz)z?! ‘

Solve 3" + %_1/ + (1 — 4:1:2) y = 0.
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1. Bessel equation. Multiply by 2% 2%y” + zy’ + (2 — )y = 0,s0v = 1.

2. Bessel functions:

2 2
Jija(w) = ”E sinz,  Yj/(x) = f\/Ecosx.

3. General solution:

AsinerBcosx) |

1
y(z) = ﬁ(

Solve (1 — z2)y” — 2zy’ + 2y = 0.

1. Legendre equation. Here n(n + 1) = 2, so n = 1 (taking the positive integer root).
2. First solution: P;(z) = x.

3. Second solution: )
x +x

4. General solution:

(&) = G- O [”2”111(1”) _ 1} !

Solve i’ + (tanx)y’ + (cos? x)y = 0.

1. Change of variable. Let z = sin x, % = cosz. Then
dy d?y dy
"= cosz—=, y" =cos’r—2 —sinz—.
E dz Y dz? dz

2. Substitute: cos? x {j—sin z jj+tan z(cos /) +cos? 2 y = 0. Since tan z cos z = sin ,
the ¢ terms cancel, leaving cos® (4 + y) = 0. Forcosz # 0, §j +y = 0.

3. Solution in z: y(z) = Acosz + Bsinz.

4. Back to x: z = sinz, so

‘ y(x) = Acos(sinz) + B sin(sinx) ‘

Solve "' —y +1 = 0.
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1. Operator form. (D? — 1)y = —1.
2. Homogeneous solution. Characteristic: A3 — 1 = 0, roots 1, % + z§ Thus

3 3
yp = Cre® + e*/? <02 cos gac + ('3 sin {x) .

3. Particular solution. Constant y, = A gives —A = -1= A =1
4. General solution.

y(@) =yn+ 1|

Solve 3" — 3y"” + 3y’ —y = 0.

1. Operator form. (D? — 3D? + 3D — 1)y = 0.
2. Characteristic polynomial. (A — 1)3 = 0, triple root A = 1.
3. General solution.

‘y(w) =(Cy +Cox + ngz)er

Solve """ + " + v/ +y = 4.

1. Operator form. (D3 + D? + D + 1)y = 4.
2. Characteristic polynomial. A3+ \?+X+1 = (A+1)(A\*+1) = 0, roots A = —1, =i.
yp = Cre”* + Cycosx + Cssinx.

3. Particular solution. y, = Aconstant: 0+0+0+A=4= A =4
4. General solution.

‘y(m) =Cie  +Cycosx + Cssinz + 4 ‘

Solve y"" — 2y —y' +2y =0, y(0) = 1, 4/'(0) = 0, y”(0) = 2.

1. Operator form. (D3 — 2D? — D + 2)y = 0.
2. Characteristic polynomial. A3 — 2\ — X\ +2 = (A — 1)(A — 2)(A + 1) = 0, roots
A=1,2, 1.

y(x) = Cre” + G 4= Cla™ 2.
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3. Apply conditions.

Solving: C; =0, Cs = %, C3 = %
4. Final solution.

Solve zy” + 2zy’ + (z — 1)y = 0.

1. Substitution. Let y = e~ "u. Then
Y =e T —u), Yy =e (W —2u +u).

Substitute and simplify: zu” — u = 0 or u” — Lu = 0.

2. Frobenius. The indicial equation (r — 1) = 0 gives » = 0, 1. Solutions: u; = =,
Uy = xlnz.

3. Back to y:

y(z) = e *(Crz + CozInz) |

Solve x2y"" + 3zy’ +y = 0.

1. Euler-Cauchy. Substitute y = 2™: m(m—1)+3m+1=m?+2m+1= (m+1)? =
0, double root m = —1.
2. General solution.

\ y(z) = (Cr + Colnz)z ™" \

Solve y"" + %_1/ + (1 — 41~) y=0.

1. Bessel form. Multiply by 2%: 2%y” + zy’ + (2% — 3)y = 0,s0 v = 1.

2. Bessel functions.

2 . 2
Jl/g(x):wﬁsmx, Yl/z(x):—\/acosx.
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3. Elementary form.

(Asinz + Bceosz) |

Solve (1 — z2)y” — 2zy’ + 2y = 0.

1. Legendre equation. n(n +1) =2 =n = 1.
2. First solution: P, () = x.

3. Second solution: Q(x) = %ln(lﬁ) ~ 1.

1—x
4. General solution.

Solve y” + (tanz)y’ + (cos? z)y = 0.

1. Change z = sinz. Then -+ = cosz-%, and
dx dz

d*y dy
"= cos? x—2 — sinz—=.
4 * dz? . dz

2. Substitution. After simplification, the terms % cancel, leaving 32732’ +y = 0.
3. Solution in z: y(z) = Acos z 4+ Bsin z.
4. Back to x: z = sinx, so

‘y(m) = Acos(sinx) + Bsin(sin x) ‘

Study the motion of a simple pendulum of length L and mass m. Consider small and large
oscillations.

1. Equation of motion. Projecting forces: mLl = —mgsin@, so
0+ =sinf = 0.
+ I sin
2. Small oscillations. sin 0 ~ 0:

.. L
9+%9=0 = H(t):9mcos<\/§t+<p>, T0:27r\/>.
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3. Large oscillations. Exact energy conservation: multiply by 6 and integrate:

1. g
262 — 2 cos § = constant.
2 IL

With 6(0) = 6o, 6(0) = 0, we get 62 = 2fg(cos 6 — cos bp). The period is

/2
T=4 5/ R Ny
9Jo  /1—Ek2sin?¢ 2

4. Conclusion.

To =2m+\/L/yg, small oscillations,
T =4y/L/gK(sin%), large oscillations,

where K (k) is the complete elliptic integral of the first kind.

An RL series circuit (resistance 12 and inductance L) is supplied by a DC voltage source
E applied at time ¢t = 0.
Determine:

1. The differential equation for the current 4(¢).
2. The expression for i(¢) and the time constant 7.
3. The voltages across R and L: Ug(t) and UL (t).
4. Plot the curves and determine 7 graphically.

5. Verify 7 using tangents at selected points.

1. Differential equation

Kirchhoff’s voltage law gives:

di di R E
E—Ri(t)— L— = — 4+ —i=—
Ri(t) o 0 = dt+Ll 7
Seta:%andﬂ:%: p
dferai:B

2. Solution using the integrating factor

Multiply by e®:
di
eo‘td% + ae®i = Be
The left-hand side is the derivative of i(t)e“*:

d - « _ «
pn [i(t)e**] = Be**
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Integrate both sides:
i(t)e™ = éeat +C
a

where C'is the integration constant.

Divide by et

i(t) = s + Ce™
@

8 _ E/L _ E .
NOWE—TM_E.ThUS.

3. Initial condition

At t = 0, the inductor opposes sudden current changes, so 7(0) = 0:

E E
0=—+C = (C=-——
R + R
Hence: B
i(t) = b (1 - 67%7:)
Define:
E L
IO = E and T = E
Thus:

it) = Io (1 - e*t/f)

4. Voltages across components

Ugr(t) = Ri(t) = | E (1 _ e,t/T)

R _ E .
T I We obtain:

Uy, (t) = Ee /T

5. Graphical determination of 7

1.2 7
—i(t)/Io
! — Unlt)/E
- —UL(t)/E

Tangent-at-t =

o
o0
T

Amplitude
S
T

=
~
I

Tangent at ¢

<
o
T

o
<)

SL

ot

(Y PE S S (S S N

t(s)
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6. Methods for graphical determination of 7
» Method 1: Value at 63% of final: i(7) = Io(1 — e~ ') ~ 0.632I,
* Method 2: Tangent to Uy, (t) att = 0:

auy,
Slope = ——
ope e

t=0
This tangent intersects the time axis at ¢ = 7.

* Method 3: Tangent to Ur(t) att = 7:

du.
Slope = =

E _; FE
= —e " ~0.368—
dt T T

=

This tangent meets the asymptote Ur = E at t = 27.

7. Physical interpretation
e Att=0%:7=0,Ug = 0, U, = E (inductor opposes current change)

e Ast — o0: i = Iy, Ugp = F, Ur, = 0 (steady state)

time constant of the RL circuit

An RL series circuit (resistance I and inductance L) is supplied by a DC voltage source
E applied at t = 0.
Determine:

1. The differential equation for ¢(¢).

2. The expression for i(¢) and the time constant 7.
3. The voltages Ugr(t) and Uy, (t).

4. The energy stored in the inductor W7, (¢).

5. Plot the curves and determine 7 graphically.

6. Verify 7 using tangents.

7. Study the discharge phase of the inductor.
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Circuit RL - Réponse a un échelon de tension

1.2 T T T P T T T -
P —i(t)/Io
1 —Ur(t)/E
| —UL(t)/E
0.8 F\ : . Tangente Up-
3 \ ‘
El AN \ET
i 0.6 - K i 7
£ »'d
041 /N i
) | Tangente Ur,
I
0.2 N .
\
A
0 | z | | | | -
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t(s)

1. Differential equation and solution

Same as Exercise 11.21, we obtain:

i=v Tl

E
i(t) = I (1 — e_t/T) with Io=, 7=

2. Voltages

Ur(t) = E (1 - e_t/T> . UL(t)=Eet/"

3. Energy stored in the inductor

4. Discharge phase

When the circuit is suddenly opened after steady state, the inductor maintains the current
momentarily:

0
Ld—;+Ri:0 = it) = Ipe T

UL(t) = —RIpe” /™ (large negative voltage!)

This negative voltage can cause sparks across the switch.

5. Limit values
e Att =0T (charging): i =0,Ur =0, U, = E, Wy =0
* Att — oo (charging): i = Iy, Ug = E, Uy =0, W = ;LI
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=Sl

An RC series circuit (resistance 12 and capacitance C) is supplied by a DC voltage source
E applied at t = 0. The capacitor is initially uncharged.
Determine:

1. The differential equations for ¢(t) and i(¢).

2. The expression for i(¢) and the time constant 7.
3. The voltages Ur(t) and Uc(1).

4. The energy stored in the capacitor W ().

5. Plot the curves and determine 7 graphically.

6. Study the discharge phase of the capacitor.

7. Compare with the RL circuit behaviour.

Circuit RC - Réponse a un échelon de tension (charge)
1.2 T T T T T T T T T

— i)/
1 1+ 1| UR<f,)/E
A —Uc(t)/E
L, 08F |
2 LA
é 0.6 V4 .
< l’ : N
04— f2 Tangente U at =0 -
fw) = 0.3681
0.2 ; —
i
0 | ; | | | | .
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t(s)

Circuit RC - Décharge du condensateur

‘ ‘ ‘ ‘ ‘ ‘ —i(t)/Io (décharge)

—— Ug(t)/E (décharge)
— Uc(t)/E (décharge)

Tangente Uc at =0

|
N
N

Amplitude
(=]

i~
|
|

o
f=}

o

U
—

o

%)

)

o

w

w

21

'

'S

o

[S3

t(s)
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1. Differential equation

Kirchhoff’s voltage law:
. q(t)
E—-Ri(t) ——~=0
itt) - 25
With i(t) = %, we obtain:
dg | q dg =1 E
A, 2 _p e e
Ruto ~ @ "RC'TR
Set v = %, 8= %:
dq
PR +ag=7p

2. Solution for charge and current
Using the integrating factor e®':
B
=L
q(t) =~

Initial condition ¢(0) = 0 gives K = —EC, so:
q(t) = EC (1 - eft/(RC)>

+ Ke ™ = EC + Ke /(EO)

The current is: p =
o 0d —t/(RC)
)= = ==
=2 = g°
Define I, = % and 7 = RC"

i(t)=Le /7|, |q(t) = EC (1 - e_t/T)

3. Voltages
Un(t) = Ri(t) = |Be~7|  Uo(t) = @ _|pg (1 - e_t/T)

4. Energy stored in the capacitor

%% o 1 U—Z _ 1 2 /T 2
At steady state: W (c0) = 3CE?

5. Discharge phase

When the charged capacitor is connected to R alone (source removed) at ¢t = 0:

. at) _ o o da
Ri(t) + c = 0, i(t)= o
dq r B —t/r
E—I—@q—o = q(t)—CEe
E
i(t) = —Ee*t/*, Uc(t) = Ee Y7, Ug(t)= —Ee '/"
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6. Comparison between RC and RL circuits

Aspect RL Circuit RC Circuit
Time constant T=L/R T =RC
Current (charge) Ip(1 —e7UT) Toe U™
Reactive voltage Uy = Ee /T Uc=E(1—-e )
Stored energy W, =1LR(1—e )2 [ We=1CE*(1—e "/7)?
Att = 0% (charge) Inductor = open circuit Capacitor = short circuit
At t — oo (charge) Inductor = wire Capacitor = open circuit
Discharge current i(t) = Ipe t/™ i(t) = —Toe /7
Discharge voltage Uy = —Rlpe V™ Uc = Ee /™

7. Limit values (charging phase)
s Att=0":i=1,Up=E,Uc=0,Wc =0
. Att—>oo:izO,URzo,UC:E,WC:%CEQ

In Millikan’s experiment, a spherical oil drop of radius 7 is placed between two vertical
parallel plates separated by a distance d with a uniform electric field £. The drop is subject
to:

1. Weight: P =mg,m = pV,V = %7«'7'3

2. Electric force: F, = qE, E=U/d,q=ne

3. Buoyancy force: F ' = —mog, mg = poV

4. Viscous drag (Stokes’ law): fg = —kv
Determine:

1. A diagram showing all forces.

2. The differential equation of motion.

3. The solution for v(t).

4. The terminal velocity v, and time constant 7.

5. The graph of v(t).

6. The expression for ¢ when the drop is stationary.

7. How Millikan determined the elementary charge e.

8. The case where the electric field is reversed.
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1. Force diagram

+ + + + i " Positive plate

P: Weight (down)
F;: Electric force (up if ¢ > 0)
Fa: Buoyancy (up)

d ﬁsz Stokes drag (opposite v)
v: Velocity (up if v > 0)

e

Negative plate

2. Differential equation
Applying Newton’s second law (upward positive):

d
md—::Fe+FA—P—F5

Substituting expressions:

4 d 4 4
fﬂ'rgpd—: =qE + —mr3pog — =mr3pg — 6wnru

3 3 3
Rearranging:
dv 9n 00 3qF
ket =all 28 —1
dt + 2pr2v o ( P + 4rr3p
Thus:
d
dit] +ov=p

q 9 3qFE
with @ = QP% and =g (%" - 1) 47T';’T3p.

3. Solution

Using the integrating factor ¢®*:

4. Terminal velocity and time constant

B I5) B 2r2g qF
Voo = a 9y (o= p)+ 6mnr
1 2pr?
a 9p
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5. Stationary drop condition (v,, = 0)

2r2g qFE
— =0

9 (po—p) + BTt
Multiplying by 67nr:

4

377°9(po = p) +qE =0
Thus:

4mr3g
4= —5 (p=po)

6. Determination of the elementary charge

Millikan observed that all measured charges were integer multiples of:

e=1602x1079C =

7. Reversed electric field

If the field is reversed (E — —FE), the electric force changes sign:

qF
6mnr

8. Physical interpretation
o 7 o< r2: larger drops have longer time constants
e 7  p: denser drops respond more slowly

e The Stokes drag is valid for Re = % < 1 (laminar flow)

qF
6mnr

2p1?2 2r2g
T = 977 ) Voo = 977 (PO_P)+
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Numerical Series

[Fundamental Numerical Series] Definition of a series: A numerical series is an infinite

sum of the form:
+oc0

Zun:uo—kul—i-uQ—&—~-

n=0

where (u,,) is a sequence of real or complex numbers.
Partial sum: The partial sum of order [V is:

N
SN - Zun,

n=0

Convergence: The series converges if the sequence (Sy ) converges to a finite limit S.

Necessary condition for convergence: If E u, converges, then lim wu,, = 0.
n— oo

Geometric series: For a # 0 and ¢ € R:

—+oo
g aq" converges <= |q| <1
n=0
+o0
. " a
In this case: Z aq" = .
I—¢q
n=0
+oo 1
Riemann series: The series —
n
n=1

converges ifa > 1
diverges ifa <1

Harmonic series: Special case v = 1:

+oo 1
Z — diverges
n

n=1
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Ratio test (d’Alembert): Let > u,, with u,, > 0. If lim Untl _ p.

n—00 Uy

¢ <1 converges
¢>1 diverges
¢ =1 inconclusive

Root test (Cauchy): Let > w,, with u,, > 0. If lim u, = ¢:

n— oo

¢ <1 converges
¢>1 diverges
¢ =1 inconclusive

Alternating series test (Leibniz): Let > (—1)"a,, with a,, > 0. If:
1. (a,) is decreasing
2. lim a, =0
n—o0

then the series converges.
Absolute convergence: A series Y . u,, is absolutely convergent if > |u,, | converges.

Absolutely convergent = Convergent

Alternating harmonic series:

too (7 1)77,7 1
E ——— =1In2 (converges but not absolutely)
n
n=1

Exponential series: For all x € C:
+00 Pz
Z = e® (absolutely convergent)
= n!
Integral test: Let f : [1, +0o[— R be continuous and decreasing. Then:

+o00 +oo
Z f(n) and / f(x)dx have the same nature
1

n=1

Telescoping series: If u,, = v,, — v,,+1, then:

N
E Un = Vo — UN+1
n=0

and Y u,, converges iff (v,,) converges.
Important classical series:

+oo
o . -n* =
c G -Leib : =
regory-Leibniz series EZ:O 1 1
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+o00 1 772
¢ Basel series: = =2
Z TL2 6
=1l
+0oo 1
* Differentiated geometric series: Z nz" 1 = ﬁ for |z| < 1
—x
=1l

Remainders of a convergent series: If »  u,, converges, then the remainder of order N:

+oo
Ry = Z U, >0 as N — o
n=N+1

Remainder bound (alternating series): For an alternating series satisfying Leibniz’s
conditions:
|Rn| < ant

where a4 is the absolute value of the first omitted term.

+o0
Determine the nature of the series Z

——— and compute its sum.
(n+1)

1. Partial fraction decomposition
111
nn+1) n n+l

2. Partial sum

This is a telescoping sum:

1
Sy=1——
N N+1
3. Limit
hm S hm 1— L
N N N+1
Conclusion
The series converges and:
+o0 1
> s !
Zn(n+1)
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n 2

+oo
Study the convergence of Z o

n=1

1. Apply the ratio test (d’Alembert)

2
Let uy, = 5. Then:

Uppr _ (+1)? 2" 1 (n+1)°
u,  2ntl n2 2 n?
n 1 1
lim 2 = 1=~ <1
n—00 Uy 2

2. Conclusion

By the ratio test, the series converges.

‘ too (_ 1)71,
Study the convergence of Z Nl
n

n=1

1. Verify Leibniz’s test conditions

Let a,, = ﬁ

Il @paq = L T < ﬁ = a,: the sequence is decreasing

:

2. lim, ,oa, =0

2. Apply Leibniz’s test

Both conditions are satisfied, so the alternating series converges.

3. Absolute convergence

| DT X1 .
The series = —— diverges (Riemann series with o = 5 < 1).
|| = 2 s =
Conclusion

The series converges (by Leibniz) but not absolutely.
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+oo
Show that the harmonic series Z — diverges.
n

n=1

1. Classical grouping method

Group the terms as follows:

e (Bl (Bt de D)o
2 3 4 5 6 7

>1+1+<1+1)+<1+1+ )+
2 4 4 8 8
1 1 1

=14 4.
tototgt

Ll
8

ool —

This last sum tends to infinity.
2. Comparison with an integral

For x € [n,n + 1], we have % < %, S0:

But [ Lz = In(NV + 1) — +oc.
Conclusion

The harmonic series diverges to +oo.

sinn

+oo
Determine the nature of Z

n=1

n? ’

1. Bound the general term

sinn 1
n2 |~ n2
2. Compare with a convergent series
+oo
The series Z — converges (Riemann series with o = 2 > 1).
n
n=1
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3. Apply comparison test

+ oo .
. sinn
By comparison, E 3 converges.

n=1

n

Conclusion

The series converges absolutely, therefore it converges.

00 1
Compute Z on

n=0

1. Recognize a geometric series

This is a geometric series with a = 1 and ¢ = %
2. Convergence condition

lg| = % < 1, so the series converges.
3. Compute the sum

+oo 1 1 )
7 = T =
= 2 1-— o
Conclusion
F1-
on
n=0

Show that for all z €] — 1, 1[:
1

oo

g zF = .
1—=x

k=0

LetS, =1+ x + 22+ - + 2" be the n-th partial sum.

1. Compute 5,
Multiply S, by 1 — a:
A-2)S, =1 -2)Q+z+z>+---+z").
Expanding:
A-2)S,=1+z+2?+---+2") - (z+2>+ 23+ + ™),
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All terms cancel in pairs, leaving:
(1-x)S, =1—z"t1,
Thus, for z # 1,
1— gt

S =
1—x

2. Limit
If |z| < 1, then "' — 0 as n — occ. Hence:

1
lim S, =

n—00 —x

By definition of the sum of a series:

> 1
Zxk: —

k=0

Conclusion:

S 1

E oF = —— for|z| < 1.
=g

k=0

Remark: The series diverges for |z| > 1.

Show that for all z €] — 1, 1[:

Method 1: Direct application of the theorem

For z €] — 1,1[, we have | — x| = |z| < 1. Applying the geometric series to —x gives:

> 1 1
Z::(*x)kzl—(—x)zlm'

k=0

Method 2: Direct proof

Let
Sp=1l—-z+z2—x3+... +(-2)"

Multiply by 1 + z:

Q+2)Sp=0+z)1-z+22—23+... + (-2)").
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Expanding and simplifying:
(1+2)S, =1+ (—1)"z™+L.
Thus, for z # —1,

5, — Lt (=1)gmtt

1+ 2z
If |z| < 1, then 2" — 0, so:
1
lim S, =

Conclusion:

For |z| < 1, show that:

Start from the geometric series:

+o00 1
n=0

Differentiate term by term with respect to x:

—
— (1-1x)

Multiply both sides by z:

+oo

Y nat = o
— )2’

— (1—2x)

This completes the proof.

For |x| < 1 and any integer & > 1, show that:

+oo Elxk
Z%”(" —D =k e = e
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Consider the geometric series:

+oo 1
Yot Jal<l.
1—=z

n=0

Differentiate k times term by term with respect to x:

= n—k k!

Multiply both sides by z*:

RS klzk

The formula is thus proved.

Compute the following integral using a geometric series:

1
1
]:/ — 5 de.
Jo 1+z

Recall that for |¢| < 1,
1 o0
— = tah
=
k=0

1. Series expansion

Write:
1 1

1+22  1-—(—22)

Setting t = —a2, for x € [0, 1[:

2. Termwise integration

The convergence is uniform on every segment [0, ] with 0 < r < 1, so we can integrate
term by term:

1 o0 1
I:/ Z(—l)kx%dl‘:Z(—l)k/ ¥ dz.
0 k=0 k=0 v
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3. Elementary calculation

Thus:

4. Recognize the series

This is the Gregory-Leibniz series:

Conclusion

Compute the following integral using a series expansion:
00
I= / In(l — e ) dx.
Jo

For x > 0, we have 0 < e™" < 1, so the series expansion is valid.

1. Series expansion of the logarithm

Recall that for |u| < 1,

n

ln(l—u):—z%.

n=1

Setting © = e~ ", we obtain:

—nxT

In(1—e"7)= —Z €

n
n=1

2. Termwise integration

Integrate over [0, +00[:
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The convergence is uniform on every interval [a, +oo[ with a > 0, allowing termwise

integration:
o0 1 o0
I=- — e "dz.
>k

3. Elementary integral

Forn > 1,
o0
/ e "dr = —.
0
Thus:
=
n=1
4. Value of the series
The Basel series is well known:
$1.2
— n? 6

Conclusion

Remarks:
1. The result is negative because In(1 — e~*) < 0 for all > 0.

2. This integral appears in statistical physics (black body radiation, Bose gas).

Compute the following integral using a series expansion:

I= / In(1+e %) dx.
Jo

1. Series expansion of the logarithm

Recall that for |u| < 1,

n—1%"

In(l1+u)="» (1)

M2

" o

Il
i

n

For z > 0, we have 0 < e=* < 1. Setting u

e~ ", we obtain:

e—nz
_1 n—1
(-1t

NE

In(l1+e™%) =

3
Il
—
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2. Termwise integration

o0 B o0 (71)7171 /oo B
I:/ In(l+e *)de =  — e " dx.
0 Z n 0

‘We have:

Thus:

3. Value of the series

It is known that:

= (—=1)nt B 1 1 2 oo
o —=(1-2 Q)C(Q)’i'F’E'

2
n
n=1

Conclusion

Remarks:
1. The integral is positive because In(1 4+ e~*) > 0.

2. We note the relation:
/ In(l—e ") de = —2/ In(l+e ) dx.
0 0

3. These integrals appear in statistical physics (Fermi gas).

Determine the nature of the series:

+oo ¢
n3

371,
n=1

“+o00

1
= Z nlnn

=2

too
n.

3. —
nn
n=1
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+oo 3
1. Study of )

n=1

Method: Ratio test (d’Alembert)

n
3n

Let u,, = g—: Compute:

(n+1)°
3n+1 ’

un+l

Un

o Un+1
lim
n— oo ’U,n

Conclusion

By the ratio test, the series converges.
+oo 1

2. Study of
“~ nlnn

Method: Integral test

Consider f(z) = —— forz > 2.

J

By the integral test, the series diverges.

—+o00 '
3. Study of y_ n
nn

n=1

* dx

zlnx

[es)
2

= [In(Inx)]

Conclusion

Method: Ratio test (d’Alembert)

Let u,,

n! .
- . Compute:

Up4+1 (n+1)' .
Up  (n+1)ntl

Conclusion

By the ratio test, the series converges.
Summary

—+o00.

—+o0 ’I’L3 —+oo

E — converges, E —— diverges,
4 e nlnn

n= =

+o00o |

n:

E — converges |
n

n=1
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+oo
. . ﬂ——)
Show that Z 2 converges and that its sum is 7.
n=1

1. Convergence

—+oo
The series E — is a Riemann series with « = 2 > 1, hence it converges.
n
=il

2. Sum calculation (classical method)

Approach using Fourier series

Consider the function f(x) = 22 on [—, 7).
Fourier coefficients

™

1 [7 272
aozf/ x%lmz%,

—T

z? cos(nz)dx =

o n

U /—
an =

Fourier series

Evaluate at x = 7

Solve for the sum

e
3[0‘,_.
Il
o3,

Conclusion

‘ +oo (_ 1)71,
Study the convergence of Z

n=1

, according to the value of p > 0.
n
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1. For any p > 0

Alternating series test (Leibniz)

Let a,, = 5.

l. apy1 = —=— < L = a,: the sequence is decreasing

Conclusion for simple convergence

+oo  \n
For all p > 0, the alternating series Z L converges (by Leibniz’s test).
n
n=1
2. Absolute convergence
Absolute value series
+oo (_1)71 +oo 1
Z np - np’
n=1 n=1

Nature according to p
e If p > 1: the series converges absolutely

e If 0 < p < 1: the series converges but not absolutely

Summary

Converges for all p > 0
Absolutely convergent if p > 1
Conditionally convergent if 0 < p <1

“+o0
Compute _
= ”; n(n + 2)

1. Partial fraction decomposition

IR
nn+2) 2\n n+2/)°
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2. Partial sum

3. Telescoping

Expand the first few terms:

5_111+11+11++1 1
=g 3 2 4 3 5 N N+2
IR U S O
T2 2 N+4+1 N+2)/)°
4. Limit
, 1 1 3
JJEHOOSN—Q(”2>—4
Conclusion

f;i
—nn+t2) 4

too  n
x
Show that E — converges for all z € R.
n=0 1

1. Apply the ratio test (d’Alembert)

Let u,, = % for z # 0 (if = 0, the series converges trivially).

2. Compute the ratio

O T I
|| (n+1)! |z n+1

3. Limit

lim M =0 forallz € R.

n— o0 |un |
4. Conclusion

Since the limit is 0 < 1 for all x € R, the series converges absolutely.
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5. Remark
This series defines the exponential function:
oo
x
pDE ot
= nl
Conclusion
+o0 "
Z — converges absolutely for all z € R |.
n!
n=0

+o0
Study Z COS 77,.
l

T

n=1

1. Absolute convergence

Absolute value series

Comparison

, we have:

Since | cosn| > cos?n = W

‘cosn‘ = 1 cos 2n
n | = 2n 2n

Divergence

The series » ﬁ diverges, so Y ’%‘ diverges. Thus the series does not converge abso-
lutely.

2. Simple convergence
Abel’s transformation

Write <" = a,,b,, with a,, = cosn and b,, = %
Partial sums of cosn

n 1 o 1
sin(n + 5) —sin 5 1
Zcosk: ( 2)1 2l < —.
= 2sin 3 sin 5
The sequence of partial sums of cos n is bounded.
Apply Abel’s criterion
Since:

1. () is decreasing and tends to 0
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2. The partial sums of cos n are bounded

the series converges.

Conclusion

+oo

Z cosn

n=1

converges but not absolutely |

tion e.

Physical application: Total distance traveled by a bouncing ball with coefficient of restitu-

1. Assumptions
* The ball is dropped from an initial height A
» Coeflicient of restitution: 0 < e < 1

« After each bounce, the height is multiplied by e?

2. Successive heights

Initial drop: Ay
First bounce: h; = e2hg

Second bounce: hy = e*hg

n-th bounce: h,, = >"hg

3. Distance traveled

Each cycle (down + up):

Initial drop (down):  hg
First cycle:  ho + 2hy = ho + 2e2hy
Second cycle:  2hy = 2e*hg

4. Total series

D = hy + 2€%hg + 2e*hg + 2e8hg + - - -
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5. Compute the sum

D= h0+2h0262n.

n=1

6. Geometric series

ZeQ” =1 (since |€?| < 1).
n=1

7. Total distance

e? 2¢2 1+ e?
Dh0+2h01—e2h0(1+1—2> 7h01_ )
Conclusion
1+ e2
D =hy——|
07 —¢2

Special cases
e ¢ — 0: D — hg (no bounce)

* ¢ — 1: D — oo (infinite bounces with no energy loss)

1 n
Compute lim (] + > using series.
n

n—o0

1. Logarithm of the expression
ln(1—|—1> :nln<1—|—1>.
n n

S
In(1 e & % e
n(l+z)==x 2+3 4+

2. Series expansion

For |z| < 1:

With z = L:

n

1 1+1 L ! + ! ! iy
n Sl — = —
n n  2n?  3n3  4nt
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3. Multiply by n

1 1 1 1
m(1+2)=1-— 4+ —
nn( +n) 2n+3n2 4n3

4. Limit
. 1
lim nln(14 — | =1.
n—o00 n
S. Exponentiation
. Ny 1
lim 1 + — = ehm""“’ nln(1+") = el.
n—oo n

Conclusion

1 n
lim <1 + ) =el
n— 00 n

This limit is the classical definition of the number e.

Remark
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Special Functions

[Special Functions - Extended Version]

Fundamental Functions

1. Euler’s Gamma function (extended definition). The Gamma function is defined
for all x > 0 by:

+oo
I(x) :/ t*te~t dt.
0
It satisfies the following properties:

¢ Functional relation: I'(z + 1) = 2 I'(x)
* Special values: I'(n) = (n — 1)1, T'(3) = /7

™

e Reflection formula: I'(2)T'(1 — z) =

2 ¢ 7

sin(mz)’

2. Stirling’s formula (complete version). As x — 400, we have the asymptotic
approximation:

1 1 1 139 1
F ) ~ 2 wl—5 ,—T 1 R o O .
() ~ v2ma™2e ( T 12z T 28822 T 51840 T (1‘4)>

3. Euler’s Beta function and properties. For x > 0 and y > 0, the Beta function is
defined by:

1
By = [ £l a-0at
J0

and satisfies the relations:

B(.T,y) = B(y7aj)

/2
B(z,y) =2 / sin?® =1 9 cos?Y 1 0 df.
Jo
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4. Digamma function and derivatives. The digamma function is defined by

Y(x) = FFI((;C)), x> 0.

Important properties:

s Yz +1) =)+ —

¢ 9(1) = . (3) = — - 2In2
o v = 0.5772156649 (Euler-Mascheroni constant)

5. Bessel functions (complete types). For v € R, the Bessel functions are defined by

. ( 1)k 2k+v
First kind: J, ( k'Fk:+V+1)(2)
+ Second kind (Neumann): Y, (z) = I (2) COS_(WT) — J,,,(x)’ veg7Z
sin(vm)

m I, (x)—1I,(x)

* Modified functions: [, (z) =i~V J,(iz), K, (z) = 5 Sin(om)
S v

They are solutions of the equations:
z2y" + zy + (2% —v*)y =0 (standard Bessel)
22y +zy — (2 +v*)y =0 (modified Bessel)

6. Airy functions (integral definitions). The Airy functions Ai and Bi are solutions

of:
y' —zy =0.

With the integral representations:

, 1 [ t3
Ai(x) = - cos | o + at | dt,
0

1 [ t3 t3
Bi(z) = ;/0 {exp (—3 + aft) + sin <3 +xt>} dt.

7. Legendre polynomials (complete properties). The Legendre polynomials (FP,,)

are defined by:
1 dTL
P,(z) = 21, N.
(z) 2nn! dzm [( ) } e
Properties:
« Differential equation: (1 — 2%)y” — 2zy' + n(n+ 1)y =0

1
2
Py (2) Po(2)de = ——
(@) Pa(@)dr = 5=

}:Rw 1 It < 1

mmn

* Orthogonality: /
=i

e Generating function:
VI_2stti2
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8. Hermite polynomials (extended properties). The Hermite polynomials (H,,) are
defined by:

2 d'I'L 2
Hn :_171m7(7m).
(@) = (-1 = (e
Properties:
* Differential equation: H,) — 2zH) + 2nH,, =0

* Recurrence relation: H,,1(x) = 22 H,, () — 2nH,,_1(x)
* Orthogonality: / Hm(x)Hn(x)e_’”zdac = 2"/ m,

H,(x)
n!

oo
. . 42

* Generating function: e2*t~t" = E "
n=0

9. Laguerre polynomials (generalized version). The generalized Laguerre polyno-
mials are defined by:

xfae.L d?’L

n!  dzm

L) =

—z _ nta
(6 a5 ) o

For o = 0, we denote L, (x) = L%m(.r).

10. Error function (advanced properties). The error function is defined by:

2 T
erf(z) = ﬁ/o et dt.

Properties:

e erf(—x) = —erf(x)
e erf(0) =0, lim erf(z) =1

T—>00

* Complementary function: erfc(z) = 1 — erf(x)

e " 1 3
« Asymptoti imation: erf(z) ~ 1 — —— (1 — —— + —— — ... ),
symptotic approximation: erf(x) xﬁ< 57 +4x4 )
T — 00

11. Lambert W function (detailed properties). The Lambert W function is defined
as the inverse of:

x— xe”,
ie., W(x)e(®) = z. Properties:
o d W (z) 1
* D tive: —W(x) = ———F—=,¢ " a
erivative: — (z) A+ W@) T # 2
* Taylor series: W (z) = i win x| < ¢
y N o — 77/! ’ e

* Special values: W(0) =0, W(e) =1, W(—e ') =—1

12. Important orthogonality relations.
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o Hermite: / Hm(:L')Hn(:L')e’x?d;L- = 2"/ mn

3
2
 Legendre: / Bo(@)B (@) = ——0m
J_1 2n+1

mn

o 'n+a+1)._
» Laguerre: / L (&)L (2)x%e T dax = w
() TZ/.

13. Main applications of special functions.
» Physics: Wave propagation, quantum mechanics, electrostatics
e Probability: Normal, Gamma, Beta, Chi-square distributions

¢ Applied mathematics: PDE solving, perturbation theory

* Engineering: Wave transmission, signal processing, heat transfer

14. Main generating functions.

oo
H
« Hermite: 2/~ = Z (z)

1
¢ Legendre: ——— P, (x)t",
g V1 — 2zt +t2 Z
e—ot/(1—t)
* Laguerre: — a—port ZL(“> it < 1

Show that for all x > 0:
I(z+1) =2(x).

+oo
1. Par définition : T'(x + 1) = / te tdt.
0

2. Intégrons par parties : posons u = t%, dv = e~ tdt. Alors du = xt*~'dt, v = —e .

“+o0 oo +o0
3./ tetdt = [— we_t]o —/ (—e Hawt*dt.
0 0

4. Le terme intégré s’annule car lim;_, o, t%e~" = 0 et lim;_,o t%e~t = 0.

+oo
5.DoncT(z +1) = x/ t"te~tdt = 2T'(x).
0

D@ +1)=al(z) ]

Using the relation I'(z + 1) = 2T'(z), show that for every integer n > 1:

I'(n)=(n—1)L
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1. Par récurrence sur n.

2. Initialisation : n = 1. T'(1) = [;~ e 'dt =1 =0l

3. Hérédité : supposons I'(n) = (n — 1)!. AlorsT'(n+ 1) =nl'(n) =n-(n—1)! =nl.
4. Donc la propriété est vraie pour tout n € N*,

T(n) = (n—1)!}]

Compute:

LT(1) = f"etdt=1

2.T(2)=1-T(1) =1

2 (@)-T(3) =) 2
4. OrT (3) = [;7t71/2e7tdt. Posons t = u?, dt = 2udu: ' (1) = [Fule ™ -

2udu =2 [;° e du = /7.

1. De la relation fonctionnelle I'(x + 1) = 2T'(z), valable pour tout z > 0.

r 1
2. On en déduit immédiatement I'(z:) = M
x

I(z+1)

By iterating the previous relation, show that for « € N and = > 0 with x + a > 0:

'z + o)

F(I) = :L.(l,+1)(',1/.+2)...(;1;+()f*1).
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r 1
1. Ttérons la relation I'(z) = [z+1) :
X

Fz+1) T(z+2) T(z + 3)

2T@) === ze+1) s+l)(@+2)
3. Apres « itérations :
B I'(z+ «)
M) = e e+ Gra=D)
B I'(z + «)
I‘(ac)_zlc(x—l—l)---(:c—!-oz—1) i

Conclude the domain of definition of the gamma function.

1. Lintégrale I'(z) = f0+°° t*~le~tdt converge pour x > 0.

2. La formule de I’exercice 13.5 permet de prolonger I'(x) aux valeurs négatives non
entieres.

3. Les poles apparaissent quand le dénominateur s’annule : x = 0, —1, -2, ...

4. Donc le domaine maximal (par prolongement analytique) est :

\R\{o,—1,—2,—3,...}\.

Compute:

I 1 1
1. T(07) = lim, o+ % = lim, o+ — = +o0.
I 1 I
2. T((=1)7) = limg, ;- @+ 1) = ((P = —I'(0). Comme I'(0) = o0, le signe
x —

négatif donne +ooc.
3. I'(1/2) = /7 (démontré en 13.3).
r'{1/2)

4.T(-1/2) = =5 =—2m.

[T(0%) = +00, T((=1)7) =+oo, I(1/2)=va@, T(-1/2)=-2V7]

Let n € N. Show that:
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1. Par récurrence sur n en utilisant I'(z + 1) = zT'(x).
|
2. Initialisation n = 0: I'(1/2) = /7 = 200701\/7?
2n — 2)!
3. Hérédité : supposons I'(n — 1/2) = 22,5_712@_)1),\/7?
2n —1 (2n — 2)!
4.T(n+1/2) =(n—-1/2)['(n—1/2) = 9 22n=2(p, — 1)!ﬁ‘
1 n
5.2n—1)(2n—2)!=(2n—1)let o) =
(2n—1)!n (2n)!
6. DOnC F(n + 1/2) = 22”_1n! \/7Tr = 22nn| \/E
1 (2n)!
I‘ = = — b
(n + 2) 227%!\/7F

L(z)I'(1 - z).
d
2. Effectuons le changement ¢ = dt = 716
1+u (1+u)?
3. Alors t7 71 (1 — )~ =ul(1 -
ors ( (1 ) (1 i u> w1 4+ u)
(o) 1
4. Donc B(z,1 —
onc B(z, z) = /0 T u
“+oo uzfl
5. Cette intégrale se calcule par résidus : / du = — .
1+u sin(7z)

6. Par prolongement analytique, la formule est valable pour tout z ¢ Z.

P(z)I'(1-2) =

s

sin(mz) |

I'il--=z)

1
r
1. Pour 0 < z < 1, considérons B(z,1 — z) = / (1 —t)Fdt = L) = 2)
0

T(1)

Leta,b > 0.

7r/2

. Show that B(a,b) = 2 [,

2a 1 ﬁcmzb 1 6 de.

2. Deduce [/

sin™ @ cos™ 0 df = 1B

m+1 nil o
( 0 )form,n> 1.

3. Compute f(:T/Q sin? 0 cos® 6 df.

241



CHAPTER 13. SPECIAL FUNCTIONS

1. B(a,b) = fol t2=1(1 — t)>~'dt. Posons t = sin® @, dt = 2sin 6 cos 0d6 :

/2 /2
B(a,b) = / sin?*~2 9 cos?* =26 - 2sinf cos Adh = 2/ sin?*~1 @ cos?’ ! 9db.
0 0

2. Posons m = 2a — 1,n = 2b — 1, soita = 2, b = 2L
/2 1 1 1
/ sin” @ cos™ 0df = - B ﬂ7 nE .
o 2 2 2

3.Pourm=4,n=6:I1=1B(5,1)=1- 7F(5/§)(g)(7/2).
D(5/2) = 2V/7, [(7/2) = 18 \/&, I(6) = 120.
45

_ 1 BT 3
Donc I = 5 - 455 = #i5-

For v > —1, the Bessel functions satisfy:

1. LzvJ,(2)] = 2" J,_1(z).

2. Liz7vJ,(2)] = 27" Jpt1(2).

3. Deduce: J,_1(z) + J,41(z) = 2J,(x) and J,_(z) — J,41(x) = 2J. (2).

xr

. (_l)k x\ 2k+v
1. J, () = 332, ENCEDES)) (5) '
(_1>k p2k+2v

2.2 J,(@) = 2o Wih Gk F v+ 1) 22
3 V o (CDF (ke 2otk
. Dérivons : %[:p ()] =D k0 ROk + v+ 1) o2k+v
— o [eS) (_l)k ka
T t]l/(x) - Zk:O k'r(k + v+ 1) 22k+l/'

w

=z"J,_1(z).

. Dérivons : L[z J,(z)] = -2 J,41(2).

. En développant : va*~1J, + a¥J, = a¥J, 1 va lJ, +J, = J, 1.
—vx VY, a7V =~V v, + J, = —J .

. Addition : 2J), = J,_1 — J,11.

. Soustraction : 2vz = J, = J,_1 + J,41.

CoNaAw &

Joar@) + T @) = ZA@),  deala) — Jna(a) = 27()
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For Legendre polynomials:
1. Verify Py(z) = 1, Pi(z) = z, P2(z) = $(32® — 1).
2. Show [*, PyPydz = 0.
3. Show orthogonality fi 1 PuPpdx = 0 for n # m.

4. Compute || P ||%.

1. Po(7) = 525 2L (22 — 1)" donne Py = 1, P, = , P> = 1(32% - 1).

2. [ 711 x dz = 0 (fonction impaire).

3. P, et P, vérifient (1 — 2?)P! — 22P) + n(n + 1)P, = 0. Multiplions par P,,,
soustrayons, intégrons par parties : [n(n + 1) — m(m + 1)] f_ll P,P,dx = 0. Pour
n #m,ona fil P,P,,dx = 0.

4. 1 [Pa(2)Pde = [1, 1(32%~1)%dx = L [1,(92* 622+ 1)dz =1 (B —4+2) =
2

2.

2
1Ps)2 = 2 |

For Hermite polynomials:
1. Compute Hy, Hy, Ho, Hs.
2. Verify Hs satisfies y" — 2xy’ + 4y = 0.
3. Show [*_ HoHye ™ dz =0,

4. Show H/ (x) = 2nH,_,(z) using the generating function.

1. H,(z) = (—1)”6"”2 d‘iﬁle’f donne Hy = 1, H; = 2z, Hy = 422 — 2, Hy =
8z3 — 12z.

2. H) — 2xH} + 4Hy = 8 — 22(8z) + 4(42% — 2) = 0.

3./ fooo 2ze~"dx = 0 (fonction impaire).

4. Fonction génératrice : e2et—t* = > H’;—Eg”)t". Dérivons par rapport a x : ote2at—t" =
Y Haln Mais 2te?et=t = 23 Halthpntt = g 57 Hootldyn - [dentification :

—1)
Holo) _ 9Hncal®) g7 (3) = 2nH,,_ (2).

n! (n—1)!

‘ H! (z) =2nH,_1(x) ‘
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1. Show ['(z) = 2 [;° t>*~Le~" dt.

2. Deduce [;* e dt =

3. Compute F(3/4)F(1/4).

4. Show I'(z)I'(1 — 2) = G for0 <z < 1.

|
M

L D(z) = [;° t*"te~tdt. Posons t = u?, dt = 2udu : I'(z) = [° u?* 2™ 2udu =
2f0°0 295 1 —u du.

2.Pourz=1/2:0(1/2) = 7 =2 [F e du [°e¥dt=/T/2.

3. Par la formule de réflexion : T'(1/4)T'(3/4) = sm(ﬂw =72

4. Voir exercice 13.9.

/OO e dt = g I(1/4)(3/4) = 7v2|
0

Hypergeometric functions:

. Show = = F1(1,1;1;2).

2. Show erf(z) = lel(% 3. _22).

L=2) forn = 0,1, 2.

3. Verlfy Pn(.’L') — QFI(

4. Show J, (z) = fL250Fi(v + 1; - %),

LoFi(L L 152) = Yo, Wle oy = 000, 2m =
o o (—z?)" o _1yn_2n
2. 1Fi(3:%:-2%) = Yol Eé@n( n!) = 2o (2211)71!' Done 27??11:‘1 =

1 n 2n+1

Z( 2n+1)n, = erf(x).
3. Pourn = 0: 2F1(0,1;1;2) = 1 = Py. n = 1: oF1(—1,2;1;2) = 1 — 2z,
avec z = (1 —x)/2donne x = P;. n = 2: 3F1(—2,3;1;2) = 1 — 62 + 622 donne
5(8z2 — 1) = P.
k T v (E2
4. oFi(v + L;2) = 337, Wi Dbonc %OE(V + 1;— =) =

—1)k T 2k+v
Zk 0 k'l"((k+)u+1) (5) = Ju(z).

Bessel integrals:

1. Show J,,(z) = £ [ cos(x sin§ — nf)df for integer n.
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2. Conclude |J,(z)| < 1.
3. Compute [~ e~ **Jo(bx)dx for a,b > 0.

4. Orthogonality: [ J, (az)J, (bx)z dz = 16(a —b).

1. elzsind = 5% J,(x)e™®. Multiplions par e~ et intégrons sur [0,27] :
+ 27T e!(@siné=n8)qg — J,(x). En prenant la partie réelle : .J,(z) = < [" cos(z sin 6 —
n@)d&

2. [ J(x)| < L [T1-do=1.
C1)k py 2k 5
3. fo e Jo(ba)dr = 35,2, (k'1))2 (5) (1(2215:)‘1 = 1,00 (_41)?) =7

_ 1
\/1—i-b2/a2 T Va2+bZ
4. Résultat admis (relation d’orthogonalité des fonctions de Bessel).

> 1
e “Jo(bx)dr = —— |.
| e = o

Airy functions:
1. Show Ai(z) = £ [ cos <§ + If) dt.
2. Show Ai(x) satisfies y”" — zy = 0.
3. Asymptotics: Ai(z) ~ zﬁ gV~ (297" 45 1 5 co.

4. Compute Ai(0) and Ai’(0).

3 /34 €9 t3
L Ai(e) = ok [°2, ei*/3te0dt = L [ cos (5 +at) dt.
2. Derlvons sous le signe intégral : Ai'(x) = -2 [Ctsin()dt, Ai"(z) =
—L [77 t% cos(-)dt. Intégrons Ai”(z) par parties : Ai"(z) — zAi(z) = 0.

3. Par la méthode du col, pour  — 400 : Ai(z) ~ 2\%:5_1/4 e—32,

4. Ai(0) = 243, AY'(0) = 25

L/ i) — L/

Ai0) = 5 3176 on31/6 |

Spherical Bessel functions: j, () = /3= Jp41/2(2)
1. Compute jo, j1, j2-

2. Show j, satisfies 22y” + 2xy’ + [2% — n(n + 1))y = 0.
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3. Show j,(z) = (—x)" (1 d )n sinz_

z dx a

4. Compute fom jo(ax)jo(bx)z3dx.

L Jijo(z) = y/Zsinz jo(z) = L. Jyp(z) = /2 (8L —cosz) ji(z) =

e e Jo(e) = /2 [(& ~ 1)sine — 2eosa] jo(e) = (& —1) e dsme

2. En substituant y = 1/ N s2() dans I’équation de Bessel, on obtient I’équation
donnée.

3. Par récurrence : jo(z) = 2. Supposons vraie a I'ordre n, alors jni1(z) =
:cdiiC (M) donne la formule.

4. [i7 jo(az)jo(br)a*de = [;° o iw)$ 2de = % [ sin(az) sin(bz)de =

550(a—b).

~ o (az)io(bo)e?de = —6(a —
/o Jo(ax)jo(bx)x dex = 2ab5(a b) |

Hypergeometric functions:

1. Show 77 (2)(1>(2)<]) 2 = L[Liy(2) — 2.

2. Show P,(,I“’ﬁ)(m) =t P (—nnt+a+B+1Lia+l; =2y,

n!

3. Show 1Fy(1;3,2; %) = 4 (1 — sz),

L (1), = nl, (2), = (n + 1), donc Ween 1 — 1 14 série vaut

o 1 . 2)n(2)n n! (n+1)
D om0 T = 7 met 23 = 1Lip(2).
2% Formule standard des polyndmes de Jacobi.

22 ) 1) —z2 /" S —1)"z2" L.
3.1F(13,2,-2) =% (%gn)@)n% =3, m On vérifie que

A -1 nz2n
w2 (1 - Slal: ) - ZZO:O (2T(L+1))(2n+2)‘

3 x? 4 sinz
B(12,2-2) =2 (1- 2|
1 2( 727 ) 4> LU2 ( P )

Mathieu functions: y” + (a — 2¢ cos 22)y = 0.

1. For ¢ = 0, solutions are cos(y/az), sin(y/ax).
2. Substituting y = Y ¢, gives recurrence (a — n?)c, — q(ch_2 + cpya) = 0.

3. For each ¢, there exists a discrete set of a giving periodic solutions.
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4. Modified Mathieu functions: y” — (a — 2q cosh 2x)y = 0 obtained by = — iz.

1. Pour ¢ = 0: 3" + ay = 0, équation harmonique.

2. y = > cpe’™® donne Y [—n’c, + acp, — q(cn—2 + cny2)]e™ =0 (a —n?)c, —
q(cn—2 + cny2) = 0.

3. La récurrence définit un probléme aux valeurs propres pour a.

4. En posant z = iz, cos 2x — cosh 2z, d’ou I’équation modifiée.

(@ —n?)cn — q(Cn2 + cnya) =0,

Elliptic integrals:

1. Show K (0) = /2 where K (k) = [;/* ——2 .

2. Expand K (k) to order k*.

sn(u, k) dt

3. Jacobi elliptic function: u = f; Vet

4. Show (L sn)” = (1 — sn2)(1 — k2 sn?).

1. K(0)= f;/?df = Z.

2. (1 — k%sin?0)"Y2 = 1 + Lk%sin?60 + 2k*sin*@ + - - foﬂ/ZsiHQQdO =
fﬁ/2s1n49d9:?—g.DoncK(k):g(1+’1—2+%+...>‘

INEY

0
3. Définition de la fonction elliptique de Jacobi sn(u, k).
2
4. Dérivons la définition : §% = m, avec y = sn(u, k). Donc ({%) =

(1 =y (1 = E*y?).

K2 okt
K(k):g(1+z+6—4+~-~>.

Riemann zeta and polylogarithms:
1. Show ((2) = 72/6.
2. Show Li, (1) = ((s) for R(s) > 1.
3. Prove Euler’s identity for the dilogarithm: Lis(z)+Lis(1—2) = "(—)2 —InzIn(1—2).

4. Compute [ M=) gy
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1.¢(2)=>,", n2 = % (probleme de Bale).

2. Lig(1) = Y07 L = ((s) pour R(s) >

3. Dérivons F(z) = Lia(z) + Lia(1 — 2) : F'(2) = —@ + 22 Dérivons G(z) =

%2 —Inzln(l—-2): G'(2) = —w—i—%. Donc F(z) = G(2)+C.Enz =1/2,0n

trou\{elC =0.
l—g7 00 s

4. f =) g _anln%:_C(Q):_F'
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Definition and elementary properties

The Zeraoulia function, denoted by Z(x), was introduced by Zeraoulia Rafik and
Mabrouk Mohamed Cherif in their Master 2 thesis (2021). It is defined for real x > 0
by

Z(z) = / w(e—ﬁ)“f‘” dt = / " omtert(t) gy | (14.1)

0 0

The integrand involves the Gaussian e~ raised to the power of the error function erf(t).

The function Z is smooth, strictly increasing, concave—convex and tends very rapidly to a
finite limit.
For parameters A > 0, i € R, we define

C)\,H _ /oo 6_52 ()\+uerf(€)) de,
0

Zyu(z) = Ci /0 6—52(>\+/Lerf(€)) d¢ (x >0).
S

Zy, () is a cumulative distribution function (CDF) on [0, 00); its probability density is

1

_ efz2(/\+uerf($)).
C)\,M

fau()

For ;1 = 0, after an appropriate normalization, we recover the error function: 2 o(z) =

erf(v A z).
Numerical value and OEIS

The improper integral converges extremely rapidly. With more than 100 decimal places,

Z(OO) _ / e—x2erf(a:) dr
0

= 0.972106992769178593151077875442391175554272 . . .
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This constant has been assigned the number A328968 in the On-Line Encyclopedia of
Integer Sequences (OEIS).

Series expansion and non-elementary representability

Expanding the exponential and the error function yields the Taylor expansion near 0:

z* z8 2z z8 4z (7w —28)2°
Z(2) = 2 — S o I L s Y 0 1 0
@ =25 mt o T T wvE 2n T 2m0mrz T OED)

Explicit approximations

Several accurate approximations have been established.

a) Approximation of Z(co)

/6T (1/3)

Z(o0) =~ 513

= 0.97216864 . . .

(absolute error ~ 6.16 x 1075).

b) Padé approximant of the integrand

Using the approximation erf(z)? ~ 1 — exp(—(1 + 7)%? log*(2) 2%), we obtain a series
representation involving exponential integrals. A finer Padé approximant for log(1 —erf2x)
yields a maximum error of 0.00035.

¢) Chebyshev expansion

On [0, 1.5], an 11th-degree Chebyshev expansion gives
Z(x) ~ 1.00003 2 — 0.00104 22 + - - - + 0.01379 L.

Connections with other functions

Z(x) cannot be expressed in terms of usual elementary functions. This follows from
Liouville’s theorem on elementary primitives: the differential equation 1 = h'(x) +

h(x)(—a?erf(z)) admits no rational solution h(z). Let ®(z) = \/% I e=%/2dz be
the CDF of the standard normal distribution. Then
Z(z) = /J o (1-226v3) gy
0

The function y(z) = Z) ,(x) satisfies the second-order nonlinear differential equation

Vrzy'(z) = 2e7y (2) (\/776‘””2 In(y'(z)) - M") :

For 1 = 0, we obtain
zy” =2y In(y),
whose general solution involves erfi.

Advection equation and wave propagation

Consider f(z,t) = e~t*erf(@) (this is the density associated with Z(z)with A=0,u=1
after normalization). Then
of of

— +a(z,t)== =0, a(z,t) =

erf(—xz)\/7
ot oz '

2t e—=*
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Thus f is a solution of the linear advection equation. For z > 0, a(x,t) < 0 (downwind
scheme), which implies instability of standard centered schemes while upwind schemes
stabilize the numerical resolution by introducing artificial diffusion.

Membership in Hardy spaces

The inverse function Z=! : (—1,1) — R extends analytically to the unit disk and has two
logarithmic singularities at 1. Consequently, Z~! belongs to the Hardy spaces HP for
all p > 0 (in particular H?), and its Taylor coefficients are square-summable.

Applications in probability and physics

1. Approximation of the error function

Solving erf(1) = Z) ,,(1) and erf'(1) = 2} (1) yields A = 0.16716, j1 ~ 0.84497; the
function Z, ,, then coincides with erf(z) to within 1073 on [0, 2].
2. Maxwell-Boltzmann cumulative distribution function

For a scale parameter a > 0, the Maxwell-Boltzmann CDF can be approximated by a
combination of Z) , and a Gaussian term (see thesis, Fig. 9.2).

3. New symmetric probability distribution

With parameters o € R, i1 € R define

Fleo o) = 1010575 — 2T g)2exp<_(20)2\/ﬂ

o
v1+p2/4 14 p?/4

} erf<<z—0>"'¢%>> |
14 p?/4

This density is symmetric about o, its skewness is zero; the variance and kurtosis are
computed numerically. Normality tests (Kolmogorov—Smirnov, etc.) show that this distri-
bution is not Gaussian.

4. Connection with the plasma dispersion function and relativistic
quantum mechanics

Expressing erf(z?) using the Faddeeva function w(z) (or the plasma dispersion function
Z(z) = iy/7w(z)), we obtain

2
exp(—zerf(2?)) = exp (zj% (e_””4Z(—ix2) - zﬁ)) .
Choosing z = k(z — o) with k = {/2r/(1 + p2/4) and interpreting z = /E (energy),
o =t (time) and p = 2p/(moc) (momentum, rest mass, speed of light), we obtain a wave
function for a massive charged particle:
_ VR2E

P(X,t) = kEg exp(iCX —iv/TEp), C= =, X = Z(—iz?).
eo

5. Representation of the golden ratio

There exists a constant ¢ty ~ 2.74953926380898 . . . such that

to
[* oty - ) L
0
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the golden ratio ¢, with an accuracy better than 10~°°.

Other properties and perspectives

* The function is monotonic and satisfies Z(0) = 0, Z(c0) < 0.
* The radius of convergence of its series expansion is finite (approximately 1.6).

* Future work aims to connect Z(z) to the Riemann zeta function and the Riemann hy-
pothesis via random matrix theory (GUE) and chaotic operators.
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