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Preface

Mathematica’s diversity makes it particularly well-suited to performing many of the calculations
encountered when solving elementary ordinary differential equations. In some cases,
Mathematica’s built-in functions can immediately solve a differential equation; in other cases,
Mathematica can be used to perform the calculations encountered when solving a differential
equation. Since one goal of the traditional differential equations course is to introduce the student
to basic methods and algorithms and for the student to gain proficiency in them, nearly every topic
covered includes typical examples solved by both traditional methods and Mathematica.
Consequently, we feel that we have addressed one issue frequently encountered when
implementing computer assisted instruction. In addition to the above, Differential Equations with
Mathematica uses Mathematica (o establish well-known algorithms for solving elementary
differential equations.

All Mathematica calculations were completed using Versions 2.0 and 2.1 of Mathematica. If you
are using an earlier or later version of Mathematica, your results may not appear in a form
identical to those found in the book: some commands in Versions 2.0 and 2.1 are not available in
earlier versions of Mathematica; in later versions some commands will certainly be changed, new
commands added, and obsolete commands removed. In general, however, the text is computer
independent. All people who have access to Mathematica can use thig text with equal success,

keepmg in mind that results may not physically look identical to those illustrated in the text. In
addition, the following conventions are used:

U EXAMPLE denotes examples primarily completed by traditional methods although
Mathematica may be used to perform some calculations; and

B EXAMPLE denotes examples primarily completed using Mathematica although
traditional methods may be illustrated concurrently or used to perform some
calculations.
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commands used in the text, and a list of mathematical and Mathematica references.
Appropriate uses of Differential Equations with Mathematica include:
1) a handbook which addresses some ways 0 use Mathematica for computation of explicit or

numerical solutions of a variety of familiar ordinary differential equations; and
2) a supplement for beginning courses in ordinary and/or partial differential equations.

vii
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Preface viii

Adequate prerequisites to using this text successfully would include basic familiarity with
Mathematica and a standard first-year calculus course. In most cases, commands used in the text
are briefly discussed when first introduced; a glossary of commands is included at the end of the
text.

We have enjoyed working on Differential Equations with Mathematica and wish to express our
thanks to the folks who have supported us and made our work easier to do. In particular, we’d like
to thank our editor, Charles Glaser, and production editor, Elizabeth Tustian, at Academic Press in
addition to Brad Horn of Wolfram Research, Inc all of whom have been most helpful during this
project.

Martha L. Abell

James P. Braselton
November, 1992
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Chapter 1: Introduction to Differential Equations

§1.1 Purpose

The purpose of Differential Equations with Mathematica is twofold. First, we introduce and briefly
discuss in a very standard manner all topics typically covered in an undergraduate course in ordinary
differential equaiions as well as some suppiemeniary topics such as Laplace transforms, Fourier series, and
partial differential equations which are not. Second, we illustratc howMathematica is used to enhance the

study of differeniial equations not only by eliminating the compuiational difficulties, but also by overcoming
the visual limitations associated with the solutions of differential equations. In each chapter, we first briefly
present the material in a manner similar t0 most differential equations texts and then illustrate how
Mathematica can be used to solve some typical problems. For example, in Chapter 2, we introduce the

topic of first-order equations. So as not to trivialize the subject, we do not simply make use ofMathematica

commands such as DSolwve which solve the differential equations for us. Instead, we show how to solve
the problems by hand and then show how Mathematica can be used to perform the same solution
procedures. In Chapter 3, we discuss some applications of first-order equations. In this chapter, since we
are experienced and understand the methods of solution covered inChapter 2, we make use of DSolve and

similar commands to obtain the desired solutions. In doing so, we are able to emphasize the applications
themselves as opposed to becoming bogged down in the calculations. You will notice that throughout a
majority of Differential Equations with Mathematica even numbered chapters introduce a particular topic
while odd numbered chapters cover some applications of the topic of the previous chapter.

The advantages of using Mathematica in the study of differential equations are numerous, but perhaps the
most useful is that of being able to produce the graphics associated with solutions of differential equations.
This is particularly beneficial in the discussion of applications since many physical situations are modeled
with differential equations. For example, when we solve the problem of the motion of a pendulum, we can
actually watch the pendulum move. The same is true for the motion of a mass attached to the end of a
spring as well as many other problems. In having this ability, the study of differential equations becomes
much more meaningful as well as interesting.

§1.2 Definitions and Concepts

A differential equation is an equation which contains the derivative or differentials of one or more
dependent variables with respect t0 one or more independent variables. If the equation contains only
ordinary derivatives (of one or more independent variables) with respect to a single independent variable,
then the equation is called an ordinary differential equation.

UEXAMPLE 1.1
Determine which of the following are examples of ordinary differential equations.

1
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Chapter 1: Introduction to Differential Equations 2

@ o X ) PP ousny, © (y-Tdx+xcos(y)dy=1, @ W =IY

dx— y*cos(y) Cox
2 2
© Xy"+xy H(x2—n?)y =0, () %—t“:gT‘l
Solution:

and (e) are ordinary differential equations. The equations in parts (d)

and (I) are not since they contain parual derivatives. Some of these equations are well- known. The
equationg in parts (d) and (f) are the heat equation and the wave equation, respectively, and will be

Guealilly 1 Palis W) and W) al L0 LTESPICLLIVLLY

solved in Chapter 12, Also, the equation in part (e) is Bessel’s equation which will be solved in
Chapter 6 and discussed in other chapters as well. l

The equations in parts

-\
_/
~
=5
=
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If the equation contains partial derivatives of one or more dependent variables, then the equation is called a
partial differential equation.

QEXAMPLE 1.2
Determine which of the following are examples of partial differential equations.
du _Jdu _ 2’u , d’u du_ d’u
@ugr =35 ®uu+u=u,, (€ 37+ oy - 0. D 3=
Solution

All of these equations are partial differential equations. In fact, the equation in part (¢) is known as
Laplace’s equation and will be discussed in detail in Chapter 12. H

Differential equations can be categorized into groups of equations which may be solved in similar ways.
The first level of classification, distinguishing ordinary and partial differential equations, was discussed
above. We extend this classification system with the following definition. The highest derivative in the
differential equation is called the order of the equation.

UEXAMPLE 1.3
Determine the order of each of the following differential equations.
4

Cdy . x (Y
@) G = oy’ (d) \dx} =y+X

(© (y — 1)dx + xcos(y)dy = 1 ©y+E=1

Solution:
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Chapter 1: Introduction to Differential Equations 3

(a) The order of this equation is first-order since it only includes one first order derivative; (b) This
equation is classified as second order since the highest order derivative is of the second order. Hence,
Laplace’s equation is a second order partial differential equation; (¢)This equation is first order since we
can solve for dy/dx; (d) This equation is classified as first order since the highest order derivative is the
first derivative. Raising that derivative to the fourth power does not affect the order of the equation; (e)
Again, we have a first order equation since the highest order derivative is the first derivative. B

The next level of classification is based on the following definition:

A linear ordinary differential equation (of order n) is of the form

2,008+, ()9 () E+a,(x)y =1(x)

where the functions a(x), j=0,1.....n, and f(x) are given.
If the equation does not meet the requirements of this equation, then the equation is said to benonlinear. A
similar dassification is followed for partial differential equations.

+"'+az(

UEXAMPLE 14

Determine which of the following differential equations are linear.
dy _ d’ Y dy _

@ 3 @ o tyax =X
d’u .

(b) dx2+u:e (e) d—§+xzyzx

X _
(©) (y=1)dx + xcos(y)dy = 1 ) o sin(x)=0
Solution:

(a) This equation is linear since the nonlinear term ¥ is the function f(x) in the general formula above;
(b)This equation is also linear. Using u as the dependent variable name does not affect the linearity;

(¢) Solving for == dy we have dy __1- Since the right-hand side of this equation is a function
d dx ~ x cos( )
of y,the equation is nonlinear. (d) The coefficient of the term g—z isy and, thus, is not a function of

x. Hence, this equation is nonlinear. (¢) This equation is linear. The term ¥ is merely the coefficient
function. (f) This equation, know as the pendulum equation because it models the motion of a
pendulum, is nonlinear since it involves a function of x, the dependent variable in this case. This
function is cos(x). W
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Chapter 1: Introduction to Differential Equations 4

§1.3 Solutions of Differential Equations

When faced with a differential equation, the goal is to determine solutions to the equation. Hence, we state
the following definition.

A solution of a differential equation on a given interval is a function which is continuous on the interval and
has all the necessary derivatives which are present in the differential equation such that when substituted
into the equation yields an identity for all values on the interval.

U EXAMPLE 1.5
Verify that the given function is a solution to the corresponding differential equation.

(2) % =3y, y(x)=¢*
(b) % +16u =0, u(x)=cos(4x)

© y"+2y' +y =0, y(x)=xe~

Solution:
(a) Differentiating we have g—z =3¢*. Hence, S—Z =13y.
2
(b) Two derivatives are required in this case. g—g =—4sin(4x) and dlel =—4cos(4x). Therefore,

d’u
dx?
(¢) Differentiating with the Product Rule we find that y' =¢* and y" =—2¢™*+ xe ™. Hence,
V'Y +y=2e +xe*+ Z(e’x — xe”‘) +xe*=0. A
In the example above, the solution is given as a function of the independent variable. In these cases, the

solution is said to be explicit. In solving some differential equations an explicit solution cannot be
determined. In this case, the solution is said to beimplicit.

+4u=—4cos(4x)+4cos(4x)=0.

U EXAMPLE 1.6
Verify that the given implicit solution satisfies the differential equation.

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 1: Introduction to Differential Equations 5

Solution: 2x* +y* - 2xy + 5x =0
dy 2y—-4x-5
Differential Equation: Ix = 2y——2x
Solution:
e e - . _ dy
Using implicit differentiation with the implicit solution to determine o We have

dy [ dy dy 2y—-4x-5 e .
4x +2y—=— Zky +x —’J +5=0, so ——==————_ Hence, the given implicit solution
dx dx dx 2y —2x

satisfies the differential equation. l

Most differential equations have more than one solution. We illustrate this property in the following
example.

QEXAMPLE 1.7
Verify that the given solution which depends on an arbitrary constant satisfies the differential equation.
(a) Solution: y = C sin x (b) Solution: y =G, sinx+C, cos X
112 dz
Differential Equation: ‘C‘l }2’ +y=0 Differential Equation: :i 32’ +y=0
X X
Solution:
: . . dy 'y :
() Differentiating we obtain d_x =Ccosxand I =—C sin x. Therefore,
2
d’y +y=—C sin x+Csinx=0;
dx?
- dy . d’y _ . o
(b) Similarly, we have x C, cosx — C, sinxand o —C, sinx —C, cos x. Substituting into
X X

the differential equation, we have % +y=-C, sinx —C, cos x+C, sinx+C, cosx=0. W
X

§1.4 Initial and Boundary Value Problems
In many applications of differential equations, we are not only presented a differential equation but one or

more auxiliary conditions as well. The number of the conditions typically equals the order of the equation.
For example, if we consider the first-order equation which models the exponential growth of a population

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 1: Introduction to Differential Equations 6

dx

dt
where x(0) represents the population at time t. The solution of this equation is x(t) = ké&. Since this solution
depends on an arbitrary constant, we call this thegeneral solution. However, in a problem such as this, we,
usually know the initial population. Therefore, we must determine the one solution which satisfies the given
initial condition. Suppose that x(0) = 10, then substitution into the general solution yields k = 10. Therefore
the solution to the initial value problei

(dx

oy

is x(t) = 10 e*. Notice that this first-order equation requires one auxiliary condition to eliminate the unknown
coefficient in the general solution.

U EXAMPLE 1.8
The general solution to the first-order equation which determines the velocity of an object of massm =1
subjected (o air resistance equivalent to the instantaneous velocity of the object:

dv
dt

7l aien x pammacanta tha Alian ralanite To o H) — ot TF 4 it1al

178 walan: ~
WICIC V\L} LTOUPLOSUIIL LT UUJUDL S VClUL/lLy iS VAL — JL'I' Lo L1l UIC 1 itiaL YUIULILY U

then determine the solution which satisfies this initial condition.

Solution:
Substituting into the general solution, we have v(0) = 32+ ¢ = 0. Hence, ¢ =— 32, and the solution to the.
initial value problem is v(t) =32+ 32¢'. W

=32—

Since first-order equations involve a single auxiliary condition which is usually referred to as an initial
condition, we distinguish between initial and boundary value problems through the following example.

QEXAMPLE 1.9
Consider the second order differential equation which models the motion of a mass with m=1 attached to
the end of a spring with spring constant k = 1 given by X"+ x =0, where x(t) represents the distance of the,
mass from the equilibrium position x =0 at time t. The general solution of this differential equation is
x(0) = Acos(t) + Bsin(t). Since this is a second order equation, we need two auxiliary conditions to
determine the unknown constants.
(a) Suppose that the initial position of the mass is x(0) = 0 and the initial velocity X(0) = 1. Then this
constitutes an initial value, because we have two auxiliary conditions at the same value of t, namely t = 0.
Determine the solution of this initial value problem.
(b) On the other hand, suppose that we know the position at two different values of t such as x(0) = 0 and

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 1: Introduction to Differential Equations 7

x(1/2) = 4. Since the conditions are given at different values of t, we call this a boundary value
problem. Use the given boundary conditions to determine the solution to this problem.

Solution:

(a) Since we need the first derivative of the general solution, we calculate X(t) = —Asin(t) + Bcos(t).
Now, substitution yields x(0) = A = 0 and, thus, X(0) = B = 1. Hence, the solution is x(t) = sin(t).

(b) Substitutioninto the general solution givesusx(0) = A = Qand x(m/2) = B = —4. Therefore, the solution
to the boundary value problem is x(t) = —4sin(t). W
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Chapter 2: First-Order Ordinary Differential
Equations

Mathematica commands used in Chapter 2 include:

Apart Evaluate PlotPoints
AxesOrigin ExpandAll PlotRange
Cancel GraphicsArray PowerExpand
Collect ImplicitPlot ReplaceAll
ContourPlot Integrate Show
Contours NDSolve Simplify
ContourShading NIntegrate Solve
D Part Table
DisplayFunction Partition TableForm
DSolve Plot

§2.1 Separation of Variables

A differential equation that can be written in the form g(y)y= f(x) is called a

d
separable differential equation. Rewriting g(y)y'= f(x) in the form g(y)d—z =f(X)yields

g(y)dy = f(x)dx so that f o(y)dy = f f(x)dx +C, C a constant.

U EXAMPLE 2.1
. dy 2y"-2y. . .
Show that the equation I =———= isgseparable and solve by separation of variables.
X X
Solution:
d 2 vz _ 2
The equation d—y et ) is separable since it can be written in the form
X X
dy dx L . N
2y”2—2 = —. To solve the equation, integrate both sides and simplify.
2y  x

dy  rdx . 1 dy  rdx
Observe that IM_I?WI is the same as IWW—J‘;+CI.

—d
To evaluate the integral on the left-hand side, letu=1-y?so du= Zy—ﬁﬁ . We then obtain

8
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Chapter 2: First-Order Ordinary Differential Equations 9

—du = Id—x + C, so that—Ln(u) =Ln (x) + C;. Recall that— Ln (u) = Ln(l). Then
u X

u
1_ Cx (Where C=e" )and resubstituting we obtain that o Cxis the general
u v _ B
solution of the equation dy = 2y -2y .
dx X
B EXAMPLE 2.2
d *+8
Solve y’' = o X

dx  (x*=5x+6)y*cos(y)’

Solution:

We first (ry to solve the equation with DSolwve by defining the equation and then entering the correct
command. However, in this case DSolve is unable to solve this nonlinear equation, so we rewrite the
equation

5 x> +8
in the form y°cos(y)dy= dx. To solve the equation,we must integrate both the
J \NJ /¥ ~ 2 o
X°—5x+6
left- and right-hand sides
e SeparableEquations
tnf = 1]

equation=y"' [x]==(x"2+8)/
((x"2-5x+6) y[x]"2 Cos[rIx]])

Gutf 7f= 7
2
y'x] = 8+ %) Seclyix]]
(6 -5 %+ %) v[x] J
Inf&f-= )

DSolve[equation,y[x],x}

Sclve: ifun:
Warning: Inverse functions are being used by Solve,
so0 some solutions may not be found.

G/ = ’
(8 + xz) Secly[x]]

DSolve([y' [x] == 5
(6 -5 x+ 27) y[x]

 ¥lx1, x]
2 1

2
In the following, we define 1hs to be y? cos(y) and rhs to be %4_86
X" —=JX+

Integrate 0 integrate 1hs (with respect to y) and rhs (with respect to x). We interpret the result to

and then use

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 2: First-Order Ordinary Differential Equations 10

2
mean that the general solution of the equation y? cos(y)dy = % dx is

2y cos(y)+ (y* —2)sin (y) =x+Ln (x-3)-12Ln(x-2) + C.

nfttf=

l1hs=y“2 Cos[y];
rhs={x"2+8) /({x"2-Dx+6) ;

indp 2t
S

Integrate[lhs,y]
Gutf 12/ =
2y Cos[y] + (-2 + ¥2) Sin[y}

nft3)=
Integrate[rhs x]

outf 13/ =
X + 17 Log[-3 + %] - 12 Log[-2 + x]

Apart command can be used to compute the partial fraction decomposition of — c
X —5x+

17 12

x—3 x=2'

whichis 1+

lnf 1] =
Apart[(x~2+8) /(x~2-52+6) ]

Qutf ! /=
17 12
Trx 2 +x

1+

B EXAMPLE 2.3

2

. dy X .
Solve the equation — = subject to y(0) =0.
a dx  v9—x%¢’ cos(y) ! Y

Solution:
Proceeding as in the previous example, we first define the equation and attempt to useDSolve 10 solve

the equation.
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11

E[[==————=—— SeparableEquations
lnf th=

equation=y° [x]==x"2/
(Sqrt[9-x"2] Exply[x]] Cos[¥[x]])

owtf /=

Sec[y[x]]
23
Sqre(9 - x°]

inf2f=
DSolve[{equation,y[0]==0} . 7[x],.x]}
Solve::ifun:

Warrning: Inverse functions are being used by Solve,
s0 some solutions may not be found.

gutz) =

DSolve[({y' [x] == x” Seoly[x]] y[0] == 0}, y[x], x]
Y] gorere - %) ' '

Since DSolve is unsuccessful, we rewrite the equation in the form

2 X2

o P X - PP s - PR - - P
e’ cos(y) dy = ———dx , define 1hs to be ¢ cos(y), rhs to be ———, and then use
Y dy=—r— y =

X‘Z
Integrate (0 compute Ie’ cos(y)dy, J.ﬁ dx , and name the results s1hs and srhs,
—X

respectively.
nfef=
lhe=Exp[y] Cos(y];
rhs=x"2/Sqrt[9-x"2];
'af 3=
slhs=Integrate[lhs,¥y]
Gutf 3/ =
Ef Cosly] . EY sin[y]
Z + Z
lof 4=
srhs=Integrate[rhs, x]
Sutf /=
N X
~(x Sqrt[9 - xZ]) . 9 ArcSln[E]
]

We interpret the results to mean that the general solution of the equation is

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 2: First-Order Ordinary Differential Equations 12

sl XY oz
y@WWHMMW)an(Q Wox
2 = 3 +¢. Therefore, to solve the problem we need to find
the value of ¢ for which y(0)=0. We begin by defining sol to be the general solution of the equation.

Inf &)=
sol=slhsa=srhs+c |
Gul{ 5=
% Sqrt(9 - x2) . 9 ArcSin[g]
2 2 i

EY Cos(y] . EY Sinly] __ o
Z Z ==

and then using Solve to find the value of ¢ to make the equation true when x=0 and y=0.

inf6/)=
cval=Solve[sol /. y-»0 /. x-30,c]

Gutf6/=
e = 1)

The resulting value of ¢ is % so we conclude that the desired solution is
a1 E _ )
& (cos(y)+sin(y)) B 1+9sin (3) XV9—-x ‘
2 2
tnf 7=
solution=sol /. cval{[1]]

Guif 7f=

. X
B! cos[y] + EY gin[y] __ 1 _x Sqre[s - x21 . 9 Arofin(z]
2 P =3 7 3

The equation solution may be graphed with the command ImplicitPlot which is contained in
the package ImplicitPlot which is located in the Graphics folder (or directory).
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Inf8f=
<<braphics ImplicitPlot"”

nf /=
graphone=ImplicitPlot[solution,{x,-3,3},.{y,—1,4}1]

4

e,
T
-,
2\-¥_ﬁ

0
-2
-4

-3 -2 -1 0 1 2 3
Gutf =
-ContowrGraphios—

~y 1 3 th dAnaal 1, ttamnt to 1 t al
An alternate method of solution is to use the command NDSolve to attempt to locate a numerical

solution of the problem on a given interval. In this case, we attempt t0 use NDSolve t0 locate a
numerical approximation of the solution for 0 < x < 2.75. However, the resulting solution is only valid
on the interval [0,2.36544].

lnf2f=
altsol=EDSolve|[{equation,y[0]==0},¥[x],{x,0,2.75}]
NDSclve: :mxst: ]
Maximum number of steps reached at the point 2,36544.
OutfSf=
{{¥ix] -» InterpolatingFunction[{0., 2.36544}, «<>][x]}}
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Inf6/=
graphtwo=Plot [Evaluate[¥[x] /. altsol],{x,0,2.36}]

1.
1

12BN O = D on

L= I = I <= B = ]

e

—

0.3 1 1.5 2

Guf6]=
-Graphics-

Finally, both solutions are displayed simultaneously as aGraphicsArray. Note the values of x used
with each graph when comparing the two plots.

lnf16/)=
Show[6raphicsArray[ {graphone ,graphtwo}}]

4
—

B ON Q0 =B o

OOoOO0O0O =

-2

-4
-3-2-10 1 2 3

Outf16/=
-Graphicsarray-

§2.2 Homogeneous Equations

A differential equation that can be written in the form M(x, y)dx + N(x, y)dy = 0 where
M(tx, ty) = 'M(X, y) and N(tx, ty) = N(x, y) is called a homogeneous differential
equation (of degree n).
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U EXAMPLE 24

Show that the equation (x2 + yx)dx —y’dy = 0 is homogeneous.

Solution:
Let M(x, y) =x*+y x and N(x, y) =—¥*. Since

homogeneous of degree 2. B

Homogeneous equations can be reduced to separable equations by either the substitution y=ux or x=vy.
U EXAMPLE 2.5

Solve the equation (x> —y*)dx +x y dy =0.

Solution:

In this case, let M(x, y) = x> — y?and N(, y) = X y. Then, M(tx, ty) = M(X, y)

and N(tx, ty) = éN(x, y) which means that (x* —y”)dx+xy dy=0isa

homogeneous equation of degree 2.

Assume x =vy.

Then, dx =v dy +y dvand

directly substituting into the equation and simplifying yields

0= (x2 —yz)dx+xy dy = (sz2 —yz)(v dy+ydv)+ vyydy
=v’y> dy— y*vdy+ vy’ dv—y’ dv+vy’dy
=(Vy’ =y v+vy’ )y +(vy -y’ )dv
=y’v’ dy+y*(v’ —1)dv. Dividing

‘—1)d
this equation by y*v? yields the separable differential equationd—y + M =0.
y v

J
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d
We solve this equation by putting it in the form Yy = (# = (LS - l)dv and
y v Vv

integrating: Ln(y) = ;—% —Ln(v)+C,;sothat Ln (vy)= V—% +C,and yy=Ce™"

—
('D
\_/
%
55
(@]
@
v
1l
el
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|
< |
fovl
:
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;
o
©®
s
¢
w2
=y
5
=
.
=
)
_
=
o=t
¢
=
&
fovl
¢
3
=
&
g
e
&
o,
=
w2
i
1
@
@

is the general solution of the equation (x> —y?)dx +x y dy =0.

B EXAMPLE 2.6

Solve the equation (x"°y*” +x)dx +(x*°y"* +y)dy =0.

Solution:

T 213 173 P T g, _ < A PR " Gt e
[X, y} X ! y ! +y and then coix 1pute VI(LX, y) Note that Mathemaiica does not autom

compute (ab)” =ab® so the command PowerExpand is used to convert (tx)” *( ) o

txl/3y2/3

Sl HomogeneousEquations
lnf2f=
cape([x_,¥y_]=x~{1/3)y*(2/73)+x;
capulx__ ¥ _J=x~{(2/3)y*(1/3)+Y;
3=
capaft x,t y]
Guif3f=
tx + (t x)“s (t 1!)2’#3
iof 4f=
stepone=PowerExpand [capa[t x, t ¥]]
Ouif =
tx+t x1!3 Y2!3

To see that M(tx,ty)=tM(X,y), the command Collect is used to collect together the terms of stepone
containing the same powers of t.
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inf 5=
steptwo=Collect[stepone ,t]

Gutf5f=
b (x s L1173 Ym)

that the equation is homogeneous of degree one
/af6/=
stepthree=PowerExpand [capn[t x, ¢t ¥]]
Jutf6/=
" x2/3 YIIS rby
inf Zf-=
stepfour=Collect [stepthree ,t]
Guif 7/=
v o2 1%,

T tha NOaTaea iq0110 i anaaofis
111 uiisS CasSC, uiC COINITAN0 LUoO4ALVE IS5 USTCU SUCCCSSIU

nf8&/=

so0ls=DSolve|
capa[x,y[x]]+capn[x, y[x]]y’[x]==0,
rixl.x]

Sutf &/ =

(-2 Y c[1])3)134}
33/4 ’
4/3 3.1/4
I((-3x +4 CIN7)
{rix] - 274 Y.
B, C[1])3)114
=7 3,
4/3 3.1/4

pix] oy LB X w4 cinty T
{rix] 7

{{r[x] ->

4
{ylx) - (L2 X

However, we can obtain the same results by repeating the established algorithm to solve the
homogeneous equation. We begin by defining 1eq (o be the left-hand side of the equation. Note that
the symbol Dt [x] corresponds to dx and the symbol Dt [y] corresponds (o dy.
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lnféf-=

Clear|[x,y,n])

il 1G)-=

leqone=capn[x,¥] Dtix]+capn[x,y]Dt([y]

Guif 10/ =

1/3 273 2/3 13
(x + = r")Dt[xHCx b3 + ¥) Dt(y]

Then set y=ux. Note that by the product rule, dy=udx+xdu. Then set legtwo t0 be the value of
legone after ail products, inciuding those of the form (aby, are expanded.

infttf=

y=u x

ouif /=
w X

/ﬁff.? o=
leqtwo=leqone//PowverExpand //Expanddll

Guiftaf=
ul’® 5% py x° Dtu

s’ Fasl o s 1
% [w] + w3 1+
u2}3 x Dtx] + u4/3 ¥ Dtx] + u” x Dt{x]

We then combine together terms that share the factorsu, x, Dt [u], or Dt [x] and name the result
legthree. Note that we can consider leqthree (0 be equivalent o the mathematical expression
(u“3 + u)xzdu + (l +u*”? +u*’ +u’ )x dx.

Inf ¢ 3/ -=
leqthree=Collect [leqtwo,{n x Dt[u] Dt[x]}]

Ouif 13/ = jl

1/3 2
(w + w) x Db{u] +
2/3 4/3 2
(1l + 0 + U + W) x Dtx}
At thig noint. we mugt solve the senarable eguation (113 1)
S PO, WO IMUST SCIVE e SEparav.e cquauon \u T U

Note that the expression Leqthree, corresponding to (u“ 4+ u)xzdu + (1 +u”” +u”” +u’)x dx,

consists of parts. Namely, the first part of Leqthree, obtained with the command leqthree[[1]],
is u*r(1/3)x*2Dt[u]; the second part of legthree, obtained with the command
legthree[[2]], is (1+u”(2/3)+u”(4/3)+u”2)xDt [u]. Similarly, each part of leqgqthree
is composed of subparts. legthree[[1,2]] yields the second part of the first part of leqgqthree
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which is x*; leqthree[[2,1]] yields the first part of the second part of legthree which is
1+u?*Hu*4u?,

inf 1=
leqthree[[1,2])]
guif 1 /=

xz

tnf 15 =
leqthreef[[2,1]]

ol 1 5=

2/3 4/3 2
1 +u +u +u

Since the equation we must solve iS equivalent to leqthree=0, we divide leqthree by
legthree[[1,2]] and legthree[[2,1]].

leqfoar=Cancel |
Apart[leqthree/
(leqthree[[1 ,2] ]leqthree[[2,1]])]
]

Guif t8)= 3

“1,3 Jii AR DEfxl
b etiodt i Y 1S
473 X
1 +u

The result is equivalent to noticing that the separable equation

(u”)x’du+(1+u” +u*? +u’)x dx =0 is equivalent to the equation

173

u—du+ldx =0 which is the same as 4" Ly
1+u*? X 1+u*? du——; X

Again, noticing that leqfour is composed of parts we can avoid unnecessary retyping and compute the
173

integrals J- 1:_17 duand J- %dx by observing that

173
is the product of the first and second

1+u*?

parts of the first part of Leqfour and — is the first part of the second partof Leqfour.
X
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‘aft 7f-=
Clear([x,un,y]

first=Integrate[
leqfour([[1,1]]leqfour[[1,2]],u]
ouif 1 3/=
4/3

2 Toall + n
3 Logll

4
Il t G =

i PSS

second=Integrate[leqfour[[2,1]],x]

Gqutf 1 9=
Log[x]

173
. . . . u 1 .
Hence, the general solution of the differential equation —1 e du+—dx=0is
+u X

3Ln(1+u*?)
4

However, since y=ux, u=y/x so we resubstitute for u into the solution and simplify. Finally, we are able
to conclude that the general solution of the desired equation is

+ Ln(x) = ¢, ¢ any constant

4737314
C
i| =—, ¢ any constant.
X
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inf 1=
u=y/x
Gulf t i =
¥

X

inf 15f=
first==—second+censtan
Juif 1 5/=
3 Loglt + ()%

5 == gonstant - Log[x]

infrsf =
solution=Exp[first]==
const Exp[-secomd]//Simplify

oulftes=
1+ (5)4!3)314 — cozst

AN RARN AN 1100% w O[]

§2.3 Exact Equations

A differential equation that can be written in the form M(x,y)dx+N(x,y)dy=0 where

oN

ox

oM

—— is called an exact differential equation.

dy

UEXAMPLE 2.7

Show that the equation 2xy’dx +(1+ 3x’y”)dy = 0 is exactand that the equation x”y dx + 5xy* dy =0

is not exact.

QW _4s . __
D01UUOIlL;

equation. On the other hand, the equation x*y dx + 5xy* dy = 0 iS not exact since

dy

Slnceg (2xy*) =6xy? = % (1+3xy?), the equation 2xy’dx +(1+3x’y*)dy = 0 is an exact

(x’y)=x2#5y? = % (5xy?) Note, however, that x2y dx + 5xy? dy =0 is separable. ll
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U EXAMPLE 2.8

Solve(2x sin (y)+4e*) dx +(x? cos(y)—1) dy = Osubject 0 y(0) = 5.

Solution:

The equation (2x sin (y)+4e*) dx +(x* cos(y)—1) dy =0 is exact since

9 (2x sin (y)+4ex)=2x cos (y)= 9 (x2 cos(y)—1). Let f(x,y) be a function

dy\ \J/ J \J/ ox \ \J/ J ey

with ?—f =2x ¢in (v)+4ex and _—f =x2 ¢co8(v)—1. Then. f(x.v)= fzg in(ydx = x2gin(v) + o(y)
he dX J dy Dadaiet \ >0 /7 J e \J I+ » \J/ e\J/

Since g—)f( =x2?cos(y)—1 and 3—}{ =x2cos(y) + g(y), x>cos(y)—1=x2cos(y) +g’(y) so

g’(y)=-land thus g(y)=-y+C,. Therefore {(X,y)=x2sin(y)—y+C, and x?sin (y)—-y=C

is the general solution of the equation(2x sin (y)+4ex) dx +(x2 cos(y)—1) dy =0.

Since our solution requires that y(0) = % we obtain that 0? sin(%) —% =Csothat C= —%.
M amafnea tha Aaciead cnliitinm 1o w2 ot <) <r 1
1HCICIOLIC, UIC UCSITCU SULUUVUIL IS A~ Elll\y) - y - _7 .

In ihis case, we can graph ihe resuliing soluiion using ihe buili-in command ContourPlot by
observing that the level curve of the graph of the function of two variables

. 1 . . . .
x*sin(y)—y + 5 corresponding (o zero is the graph of the equation x?sin(y) -y = —21-.

In this case, the equation is graphed on the square[-4m,4n] x [-4m,4x]. The option
ContourShading->False is included to prevent the space between the resulting contours from
being shaded; the option Contours—>{0} specifies that the contour graphed correspond (o zero; and
the option PlotPoints—>90 is included to assure that 90 points are sampled so that the result is a
smoother graph.
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Hl=———

inftf=

ContourPlot[x*2 Sin[y]-y+1/2,
{x,—4Pi , 4Pi} ,{y,-4Pi ,4Pi},
Contours->{0},
PlotPoints->90,
ContourShading->False]

ExactEquations ——__EEIEI

10}

e YRy Yy 4

Gutf li=
~ContowGraphics-

1100% w|a[ &

B EXAMPLE 2.9

Find the general solution of the equation (—1+ ey + y cos(x y)) dx +(1+e x+x cos (xy))dy=0.
Solution:

Webeginby definingm(x,y) =-1+ €Yy +y cos(x y),n (X, y) = 1 + &YX + x cos(x y) and then
trying to use DSolve (o solve the equation.
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ExactEquations

a[x_,y_]=-1+Exp[x y]y+¥ Cos[x ¥];
n[x_,y_J=1+Exp[x y]x+x Cos[x 7];

lnfdtf-=
equation=D5olve|[
sz yix]l+nlx,¥(x]] ¥ [x]==0,7[x].x]

Solve: :ifun:
Warning: Inverse functions are being vsed by Solve
so some solutions may not be found.
outfali=
DSolve[-1 + £ ¥ix] ¥(x] + Cosx y[x]] y[x] +
X ¥[x .
(1 + BTNy o cosx yIx1D) ¥ [x] == 0, yIx],

x]

Since DSolve is unsuccessful, we show that the equation is exact since %—I}III = g—g

g
g
*
—

bnf 43/ =
stepone=Integrate[mn[x,¥].x]

Duti 43/ = ]
E* Y - x + sin[x y]

The result means that the desired solution is of the form €Y — x + sin (xy) + g(y). Therefore, we define
steptwo 1o be the derivative of stepone + g[y] with respect to y.

infddf-=
steptwo=D[stepone+gly]).y]

Guif il =
EYxq+x Cos(x y] + g'(¥]

Since %(stepone+ glyl) =n(x, y), we use the Solwve command to find the value of g’(y).
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LT
stepthree=Solve[steptwo==n[x,y),0°'[¥]]
Gutf 45 )=

{H{g'l¥] —» 1}y

Therefore g(y) =y + ¢ and the general solution of the equation is &

—X+y+sin(xy)=c.

nfdef =

stepfour=Integrate[g ' [y] /. stepthree[[11].¥7]
Gutf46/=

¥

inf )=

solution=stepone+stepfour

Gutf47/=

Yo + ¥y + Sin(x y]

In this case, we can graph various solutions with the commandContourPlot by observing that level

of the function €Y — X + y + sin (xy) correspond (o graphs of €Y —x +y + sin (xy) = ¢ for

various values of c.

nf38=

ContourPlot [solution,{x ,-Pi Pi},
{y.,-Pi,Pi},
Contours—»>20,
PlotPoints—»30,
PlotBange->{-10,10},
Contour Shading—>False]

197
/r//-’}d"—'—
//

J100% v]o T

-

]

>

i T8/ =
~Contouwrfraphics-
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§2.4 Linear Equations

A differential equation that can be written in the form g—i +p(X)y =q(x)is called a first—order

linear differential equation

It g—z +p(x)y = q(x), then /"™ g—z + eI PO (x)y = eI P¥%q(x). By the Product rule

s

and Fundamental Theorem of Calculus, cfix (eJ 7 mdxy} =l % +el™*p(x)y so

(;l—x [ef ? (x)dxy) —el’ “%q(x). Integrating, we obtain N %y = J-eI PO g(x)dx and

p(x)dx
C J'p(x)dx . J.ej q(x)dx
dividing by e yields y=——7——
Ip(x)dx
€
UEXAMPLE 2,10
Find tha canaral enlntinn nf v d_y 1y =Y ein (v)
10 uiC ZON0THAL SUIUUUVI U1 A X e A SIL \A .
Solution:

Dividing the equation by x yields g—;’ + % y= sin(x)(where p(x)= %and qx)= sin(x)). Then,
1
ej?dx =el"M =x, for x >0, and(;i—x(x y)= xg—;’ +y=x sin(x)soxy= Ix sin (x)dx.
Using the Integration by Parts formula, Iu dv =uv-vdu, with u=xand dv = sin(x), we obtain

du=dx and v=—cos(x) SOX y = Jx sin (X)dx = —x cos(X) +Icos(x)dx =—x cos(x)+sin (x)+C.

S o . dy -, .. o
1nercrore, ine gencral Soluton o1 ine equauon Xd_;( +2y =X 8In (X) Ior X > VY 18

_ =X cos(x) +sin(x)+C
y= X .

To graph the solution of the equation for various values of ¢, we first definey (as a function of ¢) and
then create a table of values ofy [¢] forc=-3, -2, -1, 0, 1, 2, 3 and name the resulting table sols.
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£ LinearEquations =E|
il ti=
ylc_)=(-x Cos[x]+Sin[x]+c)/x
Gutf tf=

o - x Cos[x] + 8in[x])
X

inf 7):=
sols=!able[y[c],{c,-3,3,l}|;

Ttien sols is graphed on the interval [;01,5/2 7). 0 is avoided since the solutions are undefined when
x=0 but the option AxesOrigin->{0, 0} is included to guarantee that the x- and y-axes intersect at
the point (0,0). Notice that the solution corresponding to ¢=0 is not unbounded, like the other solutions,
near x=0.

Inf 8=

Plot(Evaluate[sols] {x,.01,5/2Pi},
AxesDrigin->{0,0}]

i\

-2
-4
-6

Duif8f=
~Graphics-

[ -

—X COS(X) +8in(x)
X

In fact, even thoughy [0] = is undefined when x =0,

LiIHY [0]= Lir? —X cos(x) +sin(x) = Lirrnl(—cos(x) + mj =-1+1=0. Consequently,

even though Mathematica generates appropriate error messages (which are not completely displayed in
this case) when the P1lot command is entered, the resulting graph is correctly displayed.
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Inf o=
Plot[y[0],{x,0,2Pi}]

1
Power::infy: Infinite expression -- encount
0.

Infinity::indet:
Indeterninate expression 0. ComplexInfir
encountered. ]

-1

Gutf Gf =

-Graphics-
Fiaaananana: | 1 T TdINNT - I
[ g U v I\e

2@

0

B EXAMPLE 2.11

Compare the solutions of g_?;’ +y = f(x)subject to y(0) = 0 where f(x) =X, sin(x), cos(x), and ¢*.

Solution:
Mathematica is able (o compute the solution of any first-order linear differential equation

:il_z +p(X)y = q(x) as long as it can compute the integrals Jp(x)dx and J-eI PO (x)dx.

[[==———== LinearEquations

il 7=
DSolve[y  [x]+pIx] FIxl==qlx].7I[x].x]
Juif 1 7/ =
{{y[x] -»
C[1] + Integrate[ETobeFatelplx], x] 1 . 214y
EIntegrate[p[x], x]
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In this case, p(x) = 1 and q(x) =X, sin(X), c0s(x), and €.

To compute each solution, the table funs is first defined and then the Table and DSolve commands
are used to find the solution of the differential equation

y+y=funs[[i]] subject to y(0)=0fori=1,2, 3, and 4, where funs[ [i] ] represents the ith
element of the list of functions funs.

The resulting list of functions is named sols and is expressed in TableForm.

7 R

funs={x,8in[x],Cos[x] ,ExpIx]};

Inf50f =

sols=Table[
DSolve[{y  [x]+¥[x]==funs[{i]], ¥[0]==0},
ri=],x].{i,1,4}];

TableForm|[sols]

Gutf 50/ Tableform=

vix] - -1 + E¥ 4 x

yIx] - 1 - - Cog[x] + Sin[x])
2 E
-1 Cos[x $in[x
yixi - =L, Coglx] , Sizla]
2 E
X
rix] - ':*1'* + g_
2E

Observe that the first element of sols is the list:

{y[x] —>-1+E*+x} which can be obtained with the command sols[[1]]. To evaluate the
expression —1+E™>+x for explicit values of x, we must either reenter the expression or extract it from
sols. One way of extracting the expression—1+E*+x from the list sols is (0 enter

y[x] /. sols[[1]] which replaces y [®] by the value —~1+E>+x or to enter sols[[1,1,2]].

To graph each of the explicit solutions in sols, we must extract the explicit solutions. One way of
extracting the solutions is to create a table of values of y[x] where y[x] is replaced by the rule
specified in the ith element of sols as done in the following command. The resulting list of functions is

named toplot for future use. Alternatively, sols[[1i,1,2]] explicitly yields the ith function in the
list of solutions sols.
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fﬂfé"‘:ﬁ’."
toplot=Table([y[x] /. sols[[i,1]],{i,1,4}]
Gutf 28f =
-1 + ¥, x, 1 - Co;[x] . Sin[x],
2E
. X
=t , Coslx]  Sinx] -t _E,

Finaliy, each function in toplot is graphed on the intervai [, 27tj. The resuiting four graphics objects
are displayed as a graphics array for easy comparison.

lnf 6/ =
gli_):=Plot({toplot{[i]],{x,—Pi,2Pi},
DisplayFunction->Identity];
graphs=Partition[Table[g[i], {i, 1,4}].,2];
Show[6raphicsArray[graphs]]

D 48] =
-Graphicsarray-

B EXAMPLE 2.12

d_y 4x

Find the general solution of ]

y:(l+x2)3ex.

Solution:
In this case, DSolve computes the general solution of the equation.
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El

Infté)=

so0l=DSolve|
¥ [x]-4x/(x"2+1) rx]==(1+x"2)"*3Exp[x],
¥ix].x]

outf 15/=
fylxl - (1 + 22 B -2 F n+ P y

LinearEquations

2. cunn

Nevertheless, we can also use the general method to directly construct a solution. We begin by
—4x dx
computing ¢’ ***1  and naming the result int fac:

nf 7=
cy[x_]:=—4x/(x"2+1)

tnf 1&f-=
stepone=Integrate[cy[x]. x]

QU 18/ =
-2 Log[l + le

inf 9=
intfac=Expf[stepone]}//Simplify

Duif ! of=
(1 + x2y72

;2 ;2 from above; for later
(l +x2) (1+x2?)
use, we name the result steptwo. Finally, we are able to construct the general solution

To compute J- (1+x?) e*dx, we use the fact that int fac =

e*(3-2x+x’)+c _ steptwo +c[i]

V(=S ntfac = (1+x2)[e*(3—2x +x*) +c]. We then name the
1
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inf20f =

steptwo=Integrate[intfac (1+x"2)*3 Exp[x].x]
outf 26/=

X (3-2x+ 10

taf ot =

sol=(steptwos+c[i])/intfac // Simplify

Gulf 2t /=

. 2.2 % .. . 2. .
(1 +x)" (E" (3 =2Zx+x")+c[i])

Finally, we will graph the solution for various values of ¢ [ i ]. The following command creates the
table of functions obtained by replacinge [ 1 ] by i fori=-2, —1,0,1, and 2. The resulting table of
functions is named soltab and is not displayed since a semicolon is placed at the end of the command.
laf 23 =

scltab=Table[sol /. c[i]-»>i,{i,-2,2}];

soltab is graphed on the interval [-1,1] with the commandsPlot and Evaluate.

inf2354=
Plot[Evaluate[soltab] ,{x,-1,1}]
v\ IZERSi
12
10
8
6
-1 -0.9 0.2 1
Guif 23/ =
~Graphics-

T 100%_w [@

B EXAMPLE 2.13

3n

Graph the solution of the equation dy + ;)y =e™ cos(x) subject to y(0)=0 fo1r_—27C <x< 5

dx  2+sin (x
Solution:

Since Mathematica cannot compute j ﬁdnx(x) , DSolwv e cannot be used to produce a general
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solution of the equation.

LinearEquations S=—————=—x5|

Em :
inf =
Integrate[x/(2+S5in[x]) ,x]
00!;' = ]
X
I.&:U.=t¢{§=:=§?§T§T, x} 1]

However, since the desired solution is given by the formula

tdt

[ 5L
J-ge 02+Sm(t)e‘s cos(s)ds
y(x)= S , the solution can be numerically calculated for any value of x
eJ 02+sin(t)

using the built-in command NIntegrate. The following commands define 1 £ [ x]

. . X _
to be an approximation of [~ _tdt  humIx] tobean approximation of [ ot £lElg—t cos(t)dt,
702 +sin(t) JO

and sol [x], the desired approximation of the solution, to be

Inf3f=
if{x_}:=if{x]=FIntegrate[t/(2+85in[t]),{t,0,x}]}
infdf-=
nus[x_]:=NIntegrate[Exp[if{t]] Exp[-t]Cos[t],
{t,o,x}]
Inf5/ =
sol[x_)]:=num{x]/Exp{if[x]]
-7 3n
<x<

We can then use the Plot command to graph sol [x] for 5
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Inf&f =
Plot[sol[x],{x,-Pi/2,3Pi/2}]

0.3

Ouif 8/ =
-Graphics—

An alternative solution is to use the command NDSolve t0 approximate a solution of the equation on
the desired interval. In this case, the resulting solution is expressed as an interpolating function, which
has domain [-1.5708,4.71239], and namedaltsol.

lnfth=
altsol=FbSoive{{y [xj+x Fix]j/(E+Fin{x]j)==
Exp[-x] Cos[x],¥[0]==0},rix],
{x,-Pis2,3Pi/2}]

auef 1/=
{{r[x) -> InterpolatingFunction{{-1.5708, 4.71239},
< 1{x]}}

We can then graph the result.

infaf=
Plot[y[x] 7. altsol,{x,-1.57,4.71}}

0.5

Guifof=
~Braphics-

PR T 0n% w [Qf 1
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§2.5 Some Special First-Order Differential Equations

ABernoulli equationisa nonlinear equation of the form y+p(x)y = q(x)y".

Ifne {0,1},letw=y™. Then, ((ii_w =(1-n)y™ g_y and substituting into the equation
X X

n
y4p(x)y = g(x)y" yields — dw +n(x)v"w = g(x)v" multinlying by 1-n vields
J P\ M\ J J l_n dX M\ T bt AV ) i > J yn
me uncar equauona +(1—N)p(X)wW =(q(X).
B EXAMPLE 2.14

Solve (2) y” — 2y = % and (b) y’ +%y =sin(3x)y’.

Solution:
Both (a) and (b) are Bernoulli equations with n=3 and —1, respectively. For (a), letting

2x sin(3x)
y

w =y V=y?changes y’ -2y = into the linear equation 2w'—2w = 2x sin(3x)

. [1ax
and dividing by 2 yields w—w = x sin(3x). Integrating we obtain ¢’ "= and, computed below,

. 4 —5x)sin(3x)—3(—1+5x) cos(3x
Ix e™sin(3x)dx = ( )sin(3x) (x )coS(3%)
50¢
[EC]===——==—== Bernoullitrample
tnf 1 42) =
stepone=Integrate[x Exp[-x] Sin[3x],.x]
Gl 143/ =
3 (1 +5x) Cos[3x] (4-5ux) Sin[3 x}
50 EX so EX
Therefore the general solution of W-w = x sin(3x) is

)= (4 —5%)8in(3x) — 3(—1+ 5%) cos(3x) +oe

oo =] (4 -5x%)sin(3x)—3(-1+5x)cos(3x)+¢ e ™ .

w(x
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Inf 15/ =

steptwo=stepone+ec Exp[-x]

Gl P43 =
ta__3(1+5x)Cos[3x]+(4—5x) Sin{3 x)
E* 50 EX 50 £

V2 2
e

Finally y(x)=w(x)"? =| (4 —5x)sin(3x) — 3(—1+ 5x) cos(3x) +¢ |

inf 1df-=

solutionone=steptwo”(1./2)//PowexExpand

Gutf t df=

Squ’.[c— 3@ + S x) Cosi3 x] .
¥

50 EX
(4 - 5 x) Sin|3 x]]

50 £¥ ]

2X $ING3X) 1116 the linear equation

For (b), letting w =y =y? changes y’ —2y =

taf 145 =
solationtvo=steptwo”(-172)//PowerExpand ;

/nf 15 )=

cs=Range[-5,7]

Outf 1 45/ =

{-SJ _41 -SJ _2; '1: UJ 1; 2: 3; 41 5! 6! 7}
inf 147f=

tographone=Table[solutionone F. c->cs5[[1]],
{i,1,13}];
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Inf 148} -=
Plot[Evaluate[tographonel}, {x,0,7},
PlotRange->{0,1}]

Plot: :plnr:
CompiledFunction[<<3=>](x]

Plot::plnr: )
ConpiledFunctionf«<<3>>][ x])

0.291667.

is not a machine-size real number at

is not a machine-size real number at

o
[

R AN

Plot[Evalunate{tographtwo],{x,0,5},
PlotRange—>{0,15}]

Plot::plnr:
CompiledFunction[ «<3>>][ x]

a 1 2 3 5 6 ? i
Gutf 1 48/ = 7
-Graphics— i
Il 148/ =
tographtwo=Table[solutioatwo /. c->os[[i]],

i, 1,13}];
Il 150/.=

is not a machine-size real number at

]
|
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\

10

8.

i ~ \ )=
NN D
i

0 1 2 3 4 g
ouif 150/ =
—Graphics-

Equations of the form f(x y—y) = g(y') are calledClairaut equations.

A general solution of f(xy'—y) = g(y") is given by f(x ¢ — y) = g(c), ¢ any constant

B EXAMPLE 2.15
Solve the equation 2(xy’(x) - y(x))" = (y'(x))" —y'(x)..
Solution:
We identify the equation as a Clairaut equation with f(x)=2x+ 1 and g(x)=x*>-x. We begin by defining {
and g:

[EC0===—=—=—=—= cClairautErample

tof 757 -=
Clear[£f,qg,h]
£flx_]=2x"2+1;
gix_}=x"2-x;

and then computing f(x ¥ (x) — v(x)) and g(V'(x)) to verify that the equation is a Clairaut equation
of this form.
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inf P65 )= ]
1hs=£f[x y'[x]-r[x]]

Gutf 76/ = _ ]
1+ 2(-¥[x] +x r'[x})2 -
tnf 77f= ]“
rhe=g{y" [x]]

QU7 = ]
-y ix] + ¥ [x]? 4

An implicit solution is given by f(x ¢ —y) = g(¢), ¢ any constant, which is the equation
1 +2(cx —y)? =% —c, computed below and named implicit.

Inf 78/:=
implicit=£[x c-y]==glc]

Ouif 78/ =

1+2(cx- y)z == —C + 02

Explicit solutions are calculated by solving the equatio is named
explicit

Inf 8=

explicit=Solve[implicit,y]

Sutf 8udtf =

2312 Sqri[-1 - ¢ + 92] +4cx
{{1’ k4 ry } ’
3/2 2
-(2 Sqrt[-1 - ¢ + o + 40 x
{y - ( qrt[ 1 1) 1}

v—1-c+¢c?is not defined when —1 — ¢ + ¢ < 0 which is when ¢ is in (approximately) the
interval (—.62,1.62).

inf85f =

Solve[-1-c+c"2==0]//X

Gutf 85/ =

{{c -> 1.61803}, {c -> -0.618034}}

The explicit solutions are extracted from explicit with the commands explicit[[1,1,2]] and
explicit[[2,1,2]] as shown on the next page:
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tnf 87/ =

explicit([[1,1,2]]

explicit[[2,1,2]]

Gutf8s/=

23"2 Sqrt[-1 - o + 02] +4¢cx
4

We will graph the explicit solutions for various values of ¢. We begin by using Range and Union (0

create the list of numbers -5, 4, -3, 2, -1,2, 4, 6, 8, 10, 12, and 14. Note that none of these numbers

lies in the interval (—.62,1.62).

inf88/=
cs=Union[Range[-3,-1] ,Range[2,14,2]]
Outf88/=

(-5, -4, =3, -2, -1, 2, 4, 6, 8, 10, 12, 14}

We then create a table of functions, tograph, which consists of replacing ¢ in each explicit solution by
the ith element of es for i=1, 2, 3, 4, 5, 6, 7, and 8. Since the resulting list is a list of ordered functions,

we remove parentheses with the commandFlatten so that the result is a list of functions:

Inf&a =
{i,1,8)]//Flatten

oulreel=
(Sart[232) - 20 x —Sqre(282) - 20 x
1 . g ’

Sqrt[152] - 16 x -Sqrt[152] - 16 x
q : ) ’

»

Sqrt (B8] ~ 12 x -Sqrt[88] - 12 x
4 ! 4

4
-3/2 . 3/72 -3/2 _
-2 -43x 2 + & x -2 + 8 x
4 ! 4 * 4 !
Sqrt[88] + 16 ¥ -Sqrt[88)] + 16 x
4 ! 4 4

Sqrt[232) + 24 x -Sqrt[232] + 24 x)
4 ! 4

Sqrt[40] - 8 x -Sqrt[40] - 8 x 2272 - 4 x
ry : 3 :

tograph=Table[y /. explicit /. c->ecs[[i]],

’

which is then graphed on the interval [-2,2]. In this case, the optionPlotRange—>{-15, 15} is used

to indicate that the range of y-values displayed is [-15,15].
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inf 90/ =
plotsols=Flot [Evaluate[tograph] ,{x -2 ,2},
PlotRange->{-13,153}]

Gulf 9o f=
-Graphics-

Another solution, not obtainable from the general solution and called asingular solution, is obtained by
differentiating both 1hs and rhs with respect to X.

nf @t =
d1hs=DI1hs x]

ouifetf=

4 x (-yix] + x y'[xD) ¥ [x]

tnf §2f=
drhs=D[rhs x]

owf 9] =

-y Ix] + 2 y'x] ¥ x]

We obtain the equation 4x y'X)(x y(X) — y(x)) = y'(X)(2y'(x) — 1). Factoring yields the equation
V(1 -4x y(x) - 2y'(x) + 4x2y'(x)) = 0. If y’(x) # 0 (note that in the general solution obtained
above, Y'(x) =0), then 1 — 4x y(X) — 2y (X) + 4x%¥'(x) = 0. 1- 4x y(x) — 2¥'(X) + 4x%'(x) is then

exiracted from stepone with stepone[[1]11].

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 2: First-Order Ordinary Differential Equations 42

InfQ3/-=
stepone=Factor [dlhs-drhs]

Sulf 93/ =
(1 -4 x y[x] -2 ¥y [x] v 4 ¥ ixD) ¥ ]

infadf-=
stepone[[1]]

Qulf 4=

i -4 xy[x] -2y [(x]+ 4 x2 ¥ ix] i
We then use DSolve (o solve 1 —4x y(x) — 2y'(x) + 4x%y’(x) = 0 and name the resulting list
singular.

tnf Q5] =

singular=D5olve [stepone[[1]]==0,7[x],x]

Oulf 5=

{{x[x] - ; + Sqre[-1 + 2 x°] €[1]1)
The solution %+ C,v/2x? —1 is extracted from singular with the command
singulari(1,1,2]] and named sol.

tnf )=

sol=singular[[1,1,2]]

out{ 95/ =

5+ sart[-1 + 2 %2 ¢[1]

d
Since sol must satisfy the equation 2(xy'(x) — y(xX))? = (¥ (X))* — y'(X),we compute = sol and
X

(;1_22 sol, naming the results dsol and d2sol, respectively:
X
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infa7f=
dsol=D[singular[[1,1,2]],x]

Guife7f=
1, _2x¢[)

Sqre[-1 + 2 xQ]

inf48/-=
d2sol=D[singular[[1,1,2]],{x,2}]
quif e8/=

o), acn)

(-1 + 2 299°7% sqrt[-1 + 2 €]

and then replace y [x] by sol, y '[x] by dsol, and y “[x] by d2sol in the equation lhs==rhs.
We then solve the resulting equation, tosolve, for C[1] and name the resulting list of solutions

roots.
inf 83f =
tosolve=lhs==rhs /. {y[x]->s0l,¥"[x]->dsol,
¥ ' [=z]-3d2501}
Sulaaf =
1+ 2 Power[5X - Sqre(-1 + 2 ¥ et +
x (g —22EUL 9y o
Sqre[-1 + 2 %7}
1 2 Cl1 1 2 Cit 2
"(ﬁ)“_“f—[]“g—*(ﬁ"—'x_[—‘l_{')
sqré[-1 + 2 x7] Sqre[-1 + 2 ¥7)
lnl 106 -=
roots=Solrve[tosolre ,C[1]]
outf 194/ =
(CI1] => Sartl3]y, (Cl1] > -sqre(3))

Therefore the singular solutions are y(x) = % + \/g V2x* -1.

In the following, we obtain the singular solutions by replacing the constants in the listsingular by the
values obtained in roots and name the resulting list singgraphs.
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inf1otf=
singgraphs=singular /. roots//Flatten

auif101/=
X 5 2
{y[x] —> 3t Sqrt[E] Sqré[-1 + 2 x7],

ylx] - ; - Sqrt[gl Sqrt[-1 + 2 %2}

The explicit solutions are extracted from singgraphs with the commands singgraphs[[1, 2] ]
and singgraphs[[2,2]].

al e

/ﬁf’&.&? o=

singgraphs|[1,2]]

Outf 102/ =

%+ sare(3] Sare(-1 + 2 €]

inf 183)-=

singgraphs([[2,2]]

Gl 193/ =

X . 2T m s . - 2.

z — Sqrt[z] sqre{-i + 2 x7]
MTha cinncrilan cnlirtinnme ana st Aafizanad o5
1110 bulguh:u SULUUUILD dalC 11UL UCLLIICU WL
(-.708,.708).

inf 1 o=

Solve[-1+2x°2==0}//0

Ouif 1O =

{{x -> 0.707107}, {x -> —0.707107}}

Finally, we graph the singular solutions on the intervals (.708,3) and (—3,—.708) and then show the resulting
graphs simultaneously.
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inf 107 -=
pone=Plot [Evaluate | {singgraphs|[[1,2]],
singgraphs[[2,2]11}1,
ix,.708,3},
DisplayFunction->Identity];
ptwvo=Plot [Evaluate|{singgraphs[[1,2]],
singgraphs[[2,2]]}],
{x,-3,-.708},
DisplayFunction->Identity];
Show[pone ,ptwo,
PisplayFunction->$DisplayFunction]

T\\Kf

oul 1o =
-Graphics-

Equations of the form y =x f(y) + g(y") are called Lagrange equations.
Let p=y'(x). Then, differentiating y = x f(y/) + g(y") with respect to x yields
y=xf'(y)y"+ f(y") + g'(y")y”and substituting p into the equation yields

e 9P ey AP _ dp, o , . dx . .
p=x1{’(p) o f(p)+g’(p) s f(p)+ i | x £(p)+ g’(p) |- Solving for O yields the linear
equation dx _XT(P)+&'(P) whichis equivalent to d_X+ {"(p) X= g

dp p—f(p) dp f(p)-p p-f(p)
B EXAMPLE 2.16
. _(dy : dy g 5 dy ’
Solve the equation y = X(d_x) + 3(&) 2 )
Solution:

We begin by observing that the equation is a Lagrange equation with f(x)=x and g(x)=3x*>-2x> and then
defining fand g.
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_dy : o (dy Y Ay Y (dyY . -
Let p= dX.Then, differentiating y—x( dx) +3 Ix 2 Ix with respect to x, substituting

dy o dx L dx X( £(p) ) __ g
ax by p, and solving for b yields the equation dp p—t(p) ) p-f(p) Below we compute

' __ _sz name the resuit stepone, and then compuie and simplify £(p)
p—f(p) p-p p—1f(p)

and name the resuit stepthree.

=6

E[ [==——==— LograngeExample
/ﬂf."’ o=
flx_l=x"2;
g[x_]=3x2-2x"3;
tnf3/-=
stepone=—£° [p]/(p—£[P]1)
uif3/=
-2 p
Z
P-P
fnf 4=
stepthree=g" [p]/(p-£[p])//Cancel

Gutf /=
6

Bz
<

jsteponedp 1

= —(p Y name the result steptwo, compute

We then compuie ¢

steponedp

I steptwo stepthree dp= J-6ej =6p—6p” +2p°, and name the result

stepfour.

inf5f=

steptwo=Exp[Integrate [stepone,p]]
Q5] =

-1 + )

8=
stepfour=Integrate[steptwo stepthree,p]

ouifs/=

6p-6 p2 + 2 p3
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. dx f"(p) J dx 2p .
Then the general solution of ——x =—— X=61is
g dp (p—f(p) dp p-p’

[ 2
x(p) = stepfour +cC steptwo= Ie PP o6dp+ce I - dp
p —-p

—of _1\2_Lﬁﬂ_ﬁﬂ2_L'7n3
Cy 1) TOp—0p" +4p°.

p
Since y(p) = x(p)f(p) + g(p) we obtain y(p) =3p> —2p° +p*(c(p—1)* + 6p—6p* +2p°).

nf 7f=

x[p_J=stepfour+c steptwo

Guif 7/=

0(—1+p)2+6p—6p2+2p3

inf&f=

rip_l=x(p] fIpl+alp]

Tt/ 8f'=

3pP-2p° +pf (e (-1 +p 46 p-6p°+2p)

(x(D)
Below we graph the parametric equations i;;;; for various values of ¢ by first defining csone

to be the set of numbers —10, -8, ..., 8, 10, then defining tographone (0 be a list of the functions

{x(p),y(p)} in which ¢ is replaced by the ith element of ecsone for i=1,2, ..., 11, and then finally
graphing the list of functions tographone with ParametricPlot.
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nf 1=

csone=Range [-10,10,2] ;
tographone=Table[{x[p].¥[P]} /.

c—rcsone[[1i]],

{i,1,11}];
ParametrioPlot [Evaluate [tographone],

(0,374,374} ]
‘M

e MI

M>..al 3 s T
Gt i fr=
-Braphics-

A Ricatti equation is a nonlinear equation of the form y+a(x)y* + b(x)y + ¢(x) =0
W 1 e W (WE)  aewe)
Let y(x) W(x) 230" Then, y’(x)= 2O 0] (a(x)) W(X)

substituting into the equation y” +a(x)y> + b(x)y + ¢(x) = Oyields the second - order equation

(W), bW ), o
a(x)w(x) +e(0=0.

(W) 2w |
(a(x)) w(x) a(x)(w(x))’

W”(X) 3
a(x)W(x)  a(x)(w(x))’

Multiplying the equation by a(x)w(x) we obtain

(X)W (X) +b(x)w’(x) +a(x)c(x)w(x) = 0 and simplifying

yields the second - order equation w (21 ((X)) b(x)jw +a(x)c(x)w =0,
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U EXAMPLE 2.17
2(1—x +x>—2x* +x*) 1 B
1+x2 +x* Yt

Convert the Ricatti equation y” + (x* + x> +1)y? +

to a second-order equation.
Solution:
2(1—x+x?-2x> +x*)

and
1+ x? +x* ’

We begin by identifying a(x) =x* +x? +1, b(x) =

R S . _wx) 1 ) .
c(x) = TR Letting y(x) = W(x) 2(%) yields the second-order equation
, [ axd+2ox 20-x+x2-2x3+xY)) 1 _ o
w -[X4+X2 +1 1+x2 +x* w +(X +X +1)mw—0 wh1ch51mp11ﬁes

tow’— 2w +w=0.

In Chapter 4 we will learn how to find an exact solution of w'—2w” + w = 0. For now, we use
NDSolve (0 approximate a solution of

2(1-x+x?-2x> +x*) N 1
1+x2 +x* Y e x

yH(x+x2+1)y? + 7 = Osubject t0 y(0) =0 on the

2

We first define the appropriate coefficient functions for this particular Ricatti equation.

=l =R

nf 1 3=
a[x_)=x"4+x"2+1;
blx_]1=2(1-x+x2-2x"3+x™M) /(1+x"2+x™4) ;
c[x_Jl=1/(x"+x"2+1);
approx=EDSolve[{
Y [x]+a[x]y[x]"2+b[x]r[x]+c[x]==0,
Y[0]==0},
![xl:{l;_l,le}l

Q13 =

{{rix] -
InterpolatingFunction|{-0.5, 1.}, <»){x1}}

interval [_—1, l}.

Ricattitnample

The solution which results is then plotted below withPlot.
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inf 1 o=
Plot|yix] 7. approx, {x -1/2,1}]
1
0.5
-0.4-0.2 4 0.6 0.8 1
-0.5
B ™
Sl 1=
-Graphics-

sy T T100% w JG] .
§2.6 Theory of First Order Equations

In order to understand the types of initial value problems which yield a unique solution, the following

theorem is stated. At this point. the nroof is omitted

AVAVLVALL 15 OSUQRIAAL, £330 WD UL WV PIUVL 15 VLG,

Thnnrnm mv{cfnnnn 0“{] IT“I‘I‘!IIDI’\DCC\'
Theorem (Existence and Uniqueness):
Consider the initial value problem

Y =1x,y), y(%) = Yo
of . . . . .
Iff andg are continuous functions on the rectangular region R: a<x<b, c<y<d containing the point

(Xo» Yo), then there exists an interval|x- x0| < hcentered at X, on which there exists one and only one
solution to the differential equation which satisfies the initial condition.

U EXAMPLE 2.18

Solve the initial value problem
dy _x

dx vy
y(0)=0.
Does this result contradict the Existence and Uniqueness Theorem?

Solution:
This equation can be solved by separation of variables which yields the equation ydy = x dx which is
easily solved (o determine the family of solutions y* — x> =C. Hence, if x =y =0, then C = 0.
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Therefore, two solutions pass through (0,0), y = x and y = —x. The problem is also solved with
Mathematica below.

=E|

[EJJ&==—=——=— Uniqueness

Infs8f-=
ivp=DSolve[{¥’ [x)==x/7[x],7[0]==0},¥[x],x]

58 =
{{ylx] ~> sqre(x2]y, (ylx] > -Sqre(xZ]})

inf 704 =
ivp[1,1,2]]

Dl 704 =
Sqré (x2]

inf7ti=
ivp[[2,1,2]]

qulf 21/=
-5qrt [x2 ]

inf 78] = 1
Plot[{ivpli1,1,2]]),ivpl[2,1,2]]},{x,~1,1},
AspectRatio—>1] ]
1
0.5
-1 -0.5 0.5 1
-0.5
-1 i
Ouif 751 = i
~Graphi A
ERRRRRRERARE T Ti60% vIE

Although more than one solution satisfies this initial value problem, the Existence and Uniqueness
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Theorem is not contradicted since the function X is not continuous at the point (0,0).H
y

B EXAMPLE 2.19
Verify that the initial value problem
b_,
dx 7
y(0)=1
has a unique solution.
Solution:

Notice that in this case, the function f(x,y)=y. Hence, both f and g—f are continuous on all
y
regions containing (0,1). Therefore, there exists a unique solution to the differential equation
which also satisfies the initial condition y(0)=1. This is illustrated below with Mathematica.
First, the general solution to the differential equation is determined, and several of these curves are

plotted.

HIE

[J===————=———= Uniqueness

Inf 73)= 113!
de=DSolvely' [x]==y[x].¥[x].x]
Guif 73/ =

({ylx] -> E* C[11}}
The constant C[1] in the solution is replaced by a so that particular values can be substituted for a in
the formula.

inf 74f=
de[[1,1,2]17.C[1]-»n

Dudf 7ef =

s B

Below, a table of solutions for values of a on the interval [0.25,2] using increments of 0.25 is created in
family.
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Il 757 =

family=Table[
de[1,1,2]]7.C[1]->2,{a,.25,2,.25}]

outf 751 =
{0.25 £%, 0.5 £, 0.75 £X, 1. E¥, 1.25 E¥, 1.5 £,
1.75 £, 2. B}

The graphs of the functions in £amily are plotied below. Notice that only one of these curves passes
rhrnngh the pr\int (0.1

UG, NJLLIU Vg L Jo

Inf 75/-=
Plot[Evaluate(family],{x,-1,1}]

)
\N

1
-
1
[=]
an
(=]
(L]
S

Gl 76/ =
-Graphics-

To further verify that this initial value problem has a unique solution,DSolve is used to solve the initial
value problem.

nf77)=
ivp2=DSolve[{¥  [x]}==r[x],¥[0])==1} ,¥[x], 2]

ouif77)=
({ylx] -» E)}
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Differential Equations

Mathernatica commands used in Chapter 3 include:

Apart Evaluate PlotPoints
AspectRatio FindRoot PlotRange
AxesOrigin GraylLevel PlotStyle
Cancel Integrate PlotVectorField
ContourPlot Limit ReplaceAll
Contours ListPlot Show
ContourShading Log Solve

D N Table
DisplayFunction Part

DSolve Plot

§3.1 Orthogonal Trajectories

Two lines L, and L,, with slopes m, and m,, respectively, are perpendicular if the respective slopes

satisfy the relationship m, = __1 Hence, two curves C, and C, are orthogonal at a point if the
m,
respective tangent lines (o the curves at that point are perpendicular.

B EXAMPLE 3.1
Use the definition of orthogonality to verify that the curves given by y = x and y =y1-x* are
orthogonal at the point ﬂ,ﬂ .
22
Solution:
o . : . =X - V2 .
The derivatives of the functions are givenby y =1 andy’ = ik Substitution of x = - into the
-X

R

second formula for y' yields —22 =-1. Hence, the relationship is verified. The orthogonality
(2
2

54
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is illustrated below with Mathematica by plotting these two curves on a small interval centered at

=2
2

First, this particular value of x is entered asa for convenience.
g0 OrthogonalTrajectories =E |

taf t] = T
a=8Sqrt[2)/2

Fa PRy N

Gutf iy=
—
Sqre(2]

Then, the two curves are plotted on the small interval [a-.05,a+.05] to illustrate that they meet at a right
angle.

/a‘?,.-r.? -

Plot[{=,Sqrt[1-x"2]},{x,a-.05 ,a+.035},
AspectRatio—»>1]

\ N A /
(a3

0.66 0.68 02 0.74

0.68

Q.85

Sadl ok _
WL F=

—Graphics—

]
B EXAMPLE 3.2

Find the family of orthogonal trajectories of the family of ellipses ¥ —xy + y*> =¢2
Sketch the family and the orthogonal trajectories.
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Solution:
We first determine the differential equation satisfied by the family of ellipses. Implicit differentiation

yields _(x —Xy+y*=c?) or 2X-y—X — dy +2y y—0 Hence, (2y- x) —y—2x, SO
dx dx dx
dy _y-2x
dx 2y—x
Below in sol, implicit differentiation is carried out with Mathematica (0 yield the desired formula for y’

by differentiatine the eguation yz_vv(v)J_(v(v\\z with regnect to X and then on]vw\n the resultine

Uy Vi ViiuGuiiig U juQuUin A AUL LUOPUAL WU A QIS Wb DLV LIV LUS UL UL

equation for y'(x)

il 3h=
501=Solve[D[x"2-x y[x]+¥[x}"2==0,x]),¥" [x]}]
Ouif 3f =
ty 121 - Gy,
This formula is extracted with the commandsol[[1,1,2]].
inf =
sol[[1,1,2]] J’
Gutf i = j
2 x - y[x]
STz ) _H

dy —X+2y

dx  2x- y

This is a homogeneous first-order equation which cannot be solved directly withDSolve as indicated
below.

First, the right-hand side of the differential equation is defined as oxrth below for use in the next step.
Then, we attempt to solve the equation with DSolve. Unfortunately, DSolve is unable to solve the
equation.

Therefore, the family of orthogonal trajectories satisfies —

inl5/-=
orth=-1/sol[[1,1,2]]
Ouif5/=

=% + 2 y[x]
2 x - y[x]
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lnf6f-=
ds=DSolve[¥y [x]==0orth,¥[x] ,x]

oufél=
Dsolvely' [x] == ;‘,‘#},"[i’;] yix], %]

v

However, it can be solved by making the substitution v = ? Note that by using the chain rule, we have

dy _ _dv - . . N Lo Gy =X +2y

k= YotV By substitution, we have the differential equationinvolving v: x Ve oy y which

is separable. This leads to 22_ Vv = d_X The integral of the left-hand side of the equation is found
Vi1 X

below with Mathematica.
The symbol Log [x] represents the natural logarithm function, Ln(x).
Inf 10/ =

Integrate[(2-v)}/(v"2-1),v]

Qw1 0/ =
Log(-1 + ¥] _ 3 Log{l + v}
2 I

Therefore, we have the following equation which must be simplified with logarithmic properties.
1
jLog[—l +v]— %Log[l +v]=Log[x]+C

Substitution of v = % and simplification yields

3
Log %_ 1} - Log[% + 1} =2Log[x]+C

Log

=Ax? or —Xz(y_f) =
(y+x)

Ax? where A=constant. Therefore, the orthogonal
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trajectories are given by = =A. The family of ellipses and the orthogonal trajectories are

y-x)
plotted below with Mathematica.
The family of orthogonal trajectories is plotied below incpl with ContourPot. Note that we avoid
the discontinuity at the origin. The option ContourShading—>False allows us to view the contour
levels more easily. ContourPlot merely plots the solutions for different values of the constant A. In
addition, the option Contours may be used to select particular values of A.
nftth=
cpl=ContourPlot[{(y-x)/(¥y+x)"3,

{x,.01,1} {y,.01,1},
If
0.8¢
A

ContourShading->False,
\\ / e

ContourSmocothing-:Yrue ]

0.

.h

0.2}

0

] 0.2 0.4 0.6 0.8 1

il 1=
—Contouwrbraphics—

The family of ellipses is also plotted below in cp2  with ContourPlot. Again, the
ContourShading->False option setting is used so that the contour levels can be seen more easily.
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Inf 1) =

op2=ContourPlot [x"*2-x ¥y+¥~2,{x,.01,1} ,{(¥,.01,1},
ContourShading->False]

i
X0

0.4

0.2} /
0 /
o 02 04 06 08 1

Gulf 12/ =
~ContouwrGraphics-

Finally, the two families are then viewed together with Show.

nf13)=
Showrfcpl ,cp2]

1f \\\;::

0.6¢

0.4}

N %%
0

0 0.2 0.4 0.6 0.8 1
v 13/=
-Graphics-
MABABARERARIRF 1 TR D0Y, w KD
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§3.2 Direction Fields

The geometrical interpretation of solutions to first-order differential equations of the form

dy _

ax fx,y)
is important to the basic understanding of problems of this type. Suppose that a solution to this equation is a
function y=¢i(x). Hence, the solution is merely the graph of the functiony. Therefore, if (x,y) is a point on
this graph the slope of the tangent line is given by f(x,y) A set of short line segments representing the
tangent lines can be consirucied for a large number of poinis. This collection of line segments is known as
the direction field for the differential equation and provides a great deal of information concerning the
behavior of the family of solutions. Mathematica is quite useful in overcoming the tedious task of drawing
the direction field. The graphics packagePlotField.mmust be opened first in order to take advantage of

these useful commands. We illustrate this procedure in the following examples.

B EXAMPLE 3.3
Find the direction field associated with the differential equation

d

Solution:

Thn grinenanmiota A sl gonn otina smanl-aogn 30 1aad Arntnnan A DT altra A eaTlE T A s

1 llbl,, LllC appu)puaw wviarierrialicud pcud\agc iS lUdUW lllC Lulllllialiu g Lo Ve&.»I-UJ-L' iergan LllCll UC
employed to plot this field. Notice that the argument of this command is a two-dimensional vector.
Hence, the first component is arbitrarily taken (o be 1 and the second component is f(x,y) from the
differential equation. The direction field is plotted over the rectangular region [-1,1k[-1,1].
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tnf tf=
<<braphics*PlotField"
lnf &=

pl=Plot¥ectorField[{1 ,Exp[-x]-2 ¥},
(xa‘_‘l 31,3{11_1- ,l}]

L
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To compare the direction field with the solutions to the differential equation, DSolve is used (O
calculate these solutions. For convenience, the output list is named sol so that solutions can be easily
extracted with the commandsol[[1,1,2]].

3= W
s0l=DSolve[r [x]+2y[x}==Exp[-x].7[x].x]}
Guif3/= h

X
Hrix - B30,
E

inf =
solf[1,1,2]]

Gquifdf=
B+ 2[1]

EZ X ]

g 1 L
— L

A table of solutions is constructed below by replacingC[1] in sol[[1,1,2]] by a for a=2, -1.5,
-1,-5,0,.5,1, 1.5, and 2 and named table.
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tnf5f=
tabla=Table[sol[[1,1,2]])/.C[1]->»,
{s,-2.2,.5}1
Gutf5]=
(—2 +E* 1.5+ B -1 + B -0.5+E
* -y 14 ’
‘EE X g2 X 22 F3 32 X
0. +E* 05+ E 1. +E 1548 2 +E,
Eﬁx Bax"nﬁi Eﬁx’nﬁx
’F‘hnon anhitinng ara nlattad halaw
VOV DULIULIVLLD Al tuuuw UVIVU VY.,
InfE) =

P2=Plot [Evaluate[tadbla], (x,-2,2)}]

\
—=

/ LA S

outfs)=

T e
-STAPLA TS

The two plots are shown simultaneously to illustrate that the vectors in the direction field are tangent to
the solutions to the differential equation.

tnf 7fe=
Show[pl ,p2]

e e T, v P e e W w3

AR e
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§3.3 Population Growth and Decay

Suppose that the rate at which a population y(t) changes is proportional to the amount present.
Mathematically, this statement is represented as the first-order initial value problem

d
& =% yO=y
ara v ig tha initial v\r\f\nlqﬁ

vvhulu Yo tne mitai PG

decreases (decay) if k < 0. Problems of this nature

aqg woll ag radingactiva davcav in nhy
as weu as 1raGioacCiive uciay inpn

piy
the work of the English clergyman a

tha nonnlatiny
UiV PpUpP UL ation

n such fields as cell population growth in biology
1 oy

S€1
alintendiinad ahave ie known ag tha althyia modal diia to
C1 INWOGUCCA ao0 Ve 18 KNOWT aS Ui viaitnus imoac: Guc to

>

B EXAMPLE 34
The population of the United States was recorded as 5.3 million in 1800. Use the Malthus model to
approximate the population if k was experimentally determined to be 0.03. Compare these results to the
actual population. Is this a good approximation?

Solution:

For convenience, the Malthus model is solved in general for all values of r and y. This enables us 0
refer to this solution in other problems without solving the differential equation again. The solutionpop
which is a function of t, r, and y, is extracted from the output list of peq with the command

pealll,1,2]].
£
tnft 4] =

peq=DSolve[{y"[t]== T y[t],7[0]==70},7[t],¢]
Gttt =

(yle] - E ¥ yoyy

inftEf =

peall1,1,2]] ]
outf 12/ = ]

Erhyo

EE
o
:
u

Population

1
e

]
J

inf 13/ =
poplt_,r_,¥0_]=peq[[1,1,2]] i

ouif 13/ =

Ert’yﬂ

This function is then plotted with r = 0.03 and y, = 5.3. For comparison, the census figures for the
population of the United States for the years 1800-1900 are entered in the listpdata and plotted with
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ListPlot. The two plots are then displayed with Show.

inf =
poplt,.03,35.3}

outf t =

53 EO.DS t

inf15f=

popplot=Flot[pop[t,.03,5.3],{¢t,0,100},
DisplayFunction->Identity];

inft8)=
pldate={{0,5.3),{10,7.2},{20,9.6) ,{30,12.9},
{40,17.0} ,{50,23.2),{60,31.4},

{70,38.6},
{86,50.2) ,{90,63.0) ,{100,76.2}}:

laft 7f-=

dataplot=ListPlot[pdata,
DisplayFunction->Identity];

Notice that the accuracy of the approximation diminishes over time. Hence, another model which better
approximates the population is needed.

inf 18/ =
Show][popplot ,dataplot,
DisplayFunction—->$DisplayFunction]

100
80
&0
40
20

20 40 60 g0 100

Gutf 78/ =
-Graphics-

The logistic equation (or Verhulst equation) is the equation
Y'(O=(r — ay(1)y (1)) subject to the condition y(0) =y, where r and a are constants.
This equation was first introduced by the Belgian mathematician Pierre Verhulst to study population growth.
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B EXAMPLE 3.5
Use Mathematica to determine the general solution of the logistic equation. Approximate the population
using r = 0.03, a = 0.0001, and y, = 5.3. Compare this result with the census values given inpdata in
the previous example.

Solution:

This example is solved similarly to the previous example involving the Malthus model in that the general
solution is found which depends on the parameters r, a, and y,. First, DSolve is used to determine the
general solution of the equation y'(t) = (r — ay(t)) y(t) subject to y(0) =y, in de2.

de2=DSolve[{¥y [t]==(r-a ¥[t]) ¥[t]l,
y[0)==y0} ,y[t], %]

Guilf 18/ =

{yte] » —=—F——4

inf 20f-=
de2[[1,1,2]]}

e s
SIS S =

Ertr
rt r_

-4 +4a k + 0B

[

and defined as the function logistic.

S =
logistic[r_,a_,¥y0_,t_]=de2[[1,1,2]]
Ll 2] =
4 ¢ r
rt r
-a +akE + i

This function is determined for the values of r, a, and y, indicated above.

f'#f A A
logistic[.03,.0001,5.3,t]
0#![ Ll =

0.03 2% ¢
0.00556038 + 0.0001 E

0.03 t
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Using Limit, we see that the population in this case approaches 300.

inf 23 =
Liwmit[logistic[.03,.0001,5.3,t]},t—>Infinity]
Oyt 23f=

300.

In order to compare the approximated population obtained with the actual population obtained through
the census, we first plot the approximated population below inpopplot2.

f.v?/ .?4_;’."

popplot2=Plot [logistic[.03,.0001,5.3,¢t],
{t,0,100}
PlotRange-> {0,100},
DisplayFunction->Tdentity];

Note that when this graph is displayed below with Show along with that of the actual population values
found in pdata, the approximation is more accurate than that obtained with the Malthus model.

InfE5)-=
Show[popplotZ dataplot,
DisplayFunction->$DisplayFunction]

100
80
60
40
20

0 20 40 60 80 100

Gutf25) =
~Graphics-

B EXAMPLE 3.6
Use Mathematica (o investigate: (a) the behavior of the solution when the initial population is varied,
and (b) the behavior of the solution when values of r and a are varied.

Solution:

(a) First, we investigate the behavior of the curve as the value of y, assumes the values of 0.1, 0.2, and
0.4 which are located between 0 and 3. Plots which correspond to these values are created in different
levels of gray in plotl, plot2, and plot3 below. These three graphs are then displayed
simultaneously with Show. Notice that the curves which correspond to larger values of y, approach the
limiting population r/a more quickly.
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taf 28/ -=
ploti=Plot[logistic[3,1,.01,t],{t,0,5},
PFlotRange->All,
AxesOrigin—>{0,0},
PisplayFunction-»Tdentity];

Inf 27/ =

plot2=Plot[logistic[3,1,.2,¢4].{%t,0,5},
PlotRange—>All,
AxesOrigin—3»{0,0},
PlotStyle-yGraylevell 2],

DisplayFunction->Tdentity]);

nf28/=

plot3=Plot{logistic[3,1,.4,t],{t,0,5},
PlotRange~>all,
AxesOrigin-»{0,0},
PlotStyle—>6raylevel|[.4],
DisplayFunction->Identity];

ff&f P =
Show[plotl ,plot2,plot3,
DisplayFunction-»$PisplayFunction]

'c.nm

|5

_
T I

Gutf 28/ =
-Graphics-

(b) Plots which correspond to solutions which depend on the values of r =3 and a =2 are considered in
this case. The curves that result from the values of y, = 0.5, 1.5, and 3.0 are plotted simultaneously in
varying levels of gray in plot4 below. Note that each curve approaches the limiting population of 1.5
which is the ratio r/a.
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Inf38)-=
plot4=Plot[{logistic[3,2,2.5,¢],
logistic([3,2,1.5,%],
logistic{3,2,.5,t]},
{t,0,5} ,PFlotRange—>all,
PlotStyle—>{6rayLevel[ .21,
6raylevel[0] 6rayLevel].4]}}]

2.3%

0.5

Gulf 30/=
-Graphics-

In plot5 below, the plots for the curves which are determined by r = 3 and k = 0.5 are shown for
various values of a. The values considered for a are a =1, 2, 3. Note that each curve approaches a limit

ofr/fa=3,2, 1, respectively.

nf 3t =
prlot5=Plot[{logistic[3,1,.5,t],
logistic[3,2,.9,t],
logistic{3,3,.5,t]},
{t,o0,5} ,FlotRange—>all,
PlotStyle->{6raylevel].2],
GrayLevel[D] ,6rayLlevel|.4]}1]

3t —
P’
2.5} /
2} /'
L
1.5 {/f_,ﬁ
/1 2 3 4 5
0.5F
Gulf31/=
-Graphics—
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B EXAMPLE 3.7
Assume that there are initially 10 grams of a radioactive substance. If the half-life of this particular
substance is 1 year (half of the substance decays over the first year), then determine the time required for
9 grams of the substance to decay (i.e.,1 gram remain). Also, determine how many grams remain after 6
years.
Solution:
Firgt, the initial value problem, y'(t) = —ky(t) subiect to y(0) =y, is defined and solved in
dl below. The formula is then extracted and used to define decay with the command
decaylt_,k_,v0_1=d1[[1,1,2, 1], afunction which describes the a;
any time €.

[J====—==—= RadioactiveDecay

Il 3=
Clear[dl]
d1=DSolve[{y" [t]==-k y[t],y[0]==70},7[t],t]

Guif 2=
(ylt] - E{—"—En

lnf3l=
a1[11,1,2]]
Gl 3/ =

20

Ek t

inf =
decay[t_,k_,y0_]=d1][1,1,2]]
ouif /=

y0

Bt

The solution is then plotted for y, =10 and t = 1 so that the constant of proportionality may be
determined. The value of k appears to be near k =0.7.
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inf5f=
Plot[decay[1,k,10],{k,0,1}]

10
9

a o 3 o

N

e~

e
0.2 0.4 0.6 0.8 1

Qutf 5=
-Graphics-

Hence, this is used as an initial guess with FindRoot to obtain a more accurate value in const. The
k-value is then extracted from the output list of const and used to plot the solution as a function of

time.

gutf6/=

{k -> 0.693147}
iaf 7=
const{[1.,2]]

Gutf 7f=
0.693147

Since we need to determine the value of time when 1 gram remains, we again use theFindRoot with
an initial guess of t =4 obtained from the plot. Hence, approximately 3.32193 years are required for 9
grams of the substance to decay. Finally, t = 6 is used as an argument of the function to see that 0.15625

grams of the substance remain after 6 years.
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inf8l=
Plot[decay[t,const[[1,2]],10],{t,0,10}]

10
8

4
2 \
‘-u.,_‘____

2 4 6 8 10

Duif 8=
~Graphics—

tnfGfo=
FindRoot [decay[t,const[[1,2]],10]==1,{t,4}]

Qulfal=
{t -> 3.52193}

il 1G4-=
decay[6 ,const[[1,2]],.10]

auntf 16/ =
0.15625

§3.4 Newton’s Law of Cooling

Newton’s law of cooling states that the rate at which the temperature T(t) changes in a cooling body is
proportional to the difference between the temperature of the body and the constant temperature T; of the
surrounding medium. This situation is represented as the first-order initial value problem

AT 4(T-T)), T(0)=T,
at

where T, is the initial temperature of the body and k is the constant of proportionality. We investigate
problems involving Newton’s law of cooling in the following examples.

B EXAMPLE 3.8
A pie is removed from a 350° oven. In 15 minutes, the pie has a temperature of 15(°. Determine the
time required to cool the pie to a temperature of 8(P so that it may be eaten.
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Solution:

As has been the case in the earlier examples, the general solution which depends on the parameters of the
problem is determined. Here, the resulting function is called temp, the surrounding temperature
temps, the initial temperature temp0, and the constant of proportionality k. The solution based on the
data indicated in this example is then easily found.

cu Coolinglaw
‘nf F 3=
del=DSolve[{tp [t]==—k (tp[t]-temp§),
',ZP!Q !==|_'.g!l!lj} itp!t_! it'!
(?b'!f'/.ﬁ/:
{{tp[t] —> temps + MBS+ Lenply,
E
taf 1 3=
temp[tempS_,temp0_,k_,t_]=del[[1,1,2]]
Gutf 13/ =
temps + —temps_+ tempO

Ek t

The solution using the parameter values needed for this problem is given below.

lnf tf =
temp[75.350,k,15]

outf 4=
%+ 275

ElS b3

Since the constant k is unknown, it is determined below with Solwve and called k1 for convenience.
Notice that only one value in the output list of this command is a real number. This number is extracted
in the usual manner so that it can used (o determine the time at which the pie reaches its desired
temperature. This is accomplished with FindRoot by, first, plotting the solution to obtain an estimate
of the time at which the temperature is 80 degrees and then using this initial approximation with

TanADAAl Cinna tha valiia of tha fiimoetion caamea to agnial QN naar t — AN tha initial onage of AN 1¢ ngad
£ 10GA0CTC, SHICT ulC Vaiul Ul Ui 1uliCiivll SCULLLS W C{udl OV 1HiITdl L = Ty, ull iiliudl ZUulSs Ul TV 15 Ustu

to achieve the more accurate value of t = 37.1614. (Note that FindRoot could have been used to
determine the constant of proportionality above instead of Solwve in order to avoid the warning
messages which result with Solve.)
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ol 1 5f= N
kl=Solve[temp[75,350,k,15)}==150 k] /70 ]
Solve::ifun:
Warning: Inverse functions are being v
Solve, so some solutions may not be

Gutf 15/ = b
{{k -> 0.0866189}, {k -> 0.0866189 + 0.418879 I},

{k -» 0.0866189 + 0.837758 I},

{k -> 0.0866189 + 1.25664 I},

{k -> 0.0866189 + i.67552 I},

{k -> 0.0866189 + 2.0944 I},

{k -> 0.0866189 + 2.51327 I},

{k -> 0.0866189 + 2.93215 I},

{k —> 0.0866189 - 2.93215 I},

{k -> 0.0866189 ~ 2.51327 I},

{k -> 0.0866189 — 2.0944 I},

{k => 0.0866189 - 1.67552 I},

{k —> 0.0866189 - 1.25664 I},

{k -> 0.086618% - 0.837758 I},

{k -» 0.0866189 - 0.418879 I}}

This number is extracted in the

1

reaches its desired temperature.

tnf re) =
ki1[[1,1.,2]]
Oulf 15)=
0.0866189

This is accomplished with FindRoot by, first, plotting the solution to obtain an estimate of the time at
which the temperature is 80 degrees and then using this initial approximation withFindRoot. Since

the value of the function seems to equal 80 near t =40, the initial guess of 40 is used to achieve the more
accurate value of t = 46.264. (Note that FindRoot could have been used to determine the constant of
proportionality above instead of Solwve in order to avoid the warning messages which result with
Solve.)
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laft 7f=
Plot [temp[75,350 k1[[1,1,2]],t],{t,0,50}1

350
300

150 \

109 —
P
10 20 30 40 50

quift 7=
-Graphics-

lnf 18 -=
FindRoot [temp[75,350,k1[[1,1,2]],t]}==80,
{t,40})

Gutf 18/ =
it —» 46 264}

£be;

Q<a

B EXAMPLE 3.9

In the investigation of a homicide, the time of death is often important. Newton’s law of cooling can be
used to approximate this time. For example, the normal body temperature of most healthy people is 98.6
degrees. Suppose that at the time that a body is discovered, its temperature is 82 degrees. Two hours
later, it is 75 degrees. If the temperature of the surroundings is 65 degrees, what was the time of death?
Solution:

This problem is solved similarly to the previous example. First, the value of the constant of
proportionality is found with Solwve. The real number given in the output list is extracted to obtain a

value which is used to plot the solution in order to approximate the time at which the temperature of the
body is 98.6.
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Inf8f=
k2=Solve[temp[65,82,k,3]==75,k] /X

Solve: :ifun:
Warning: Inverse functions are being t
Solve, so some solutions may not be ]

Gulf S/ =
{4k —x 0176878}, {k - 0.176876 + 2.0944 T}
{k -» 0.176876 — 2.0944 I}}

’

Since the time at which the body was discovered was taken to be t = 0, the curve must be plotted over
negative values of t. This plot reveals that death occurred near t =3.

InfSf=
Plot[temp[65,82 ,k2[[1,1,2]],t],{t,-5,3}1]
105¢
100f
SISE
90f
5.
=
-4 -2 2
Guif af=
-Braphics-

Hence, this is the initial guess used with FindRoot (0 obtain the value of t = -3.85192. We conclude
that the person died almost 4 hours prior to being discovered.

tnf 1 8f=

FindRoot [temp[65,82 ,%k2[[1.1,2]],t]==98.6,
{t,-3}1

Gutl 1 0f =

{t —> -3.85192)

§3.5 Free-Falling Bodies

Newton’s second law of motion states that the rate at which the momentum of a body changes with respect
to time is equal to the resultant force acting on the body. Since the body’s momentum is defined as the
product of its mass and velocity, this statement is modeled as
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d _
a(mV) =F

where m and v represent the body’s mass and velocity, respectively, and F is the sum of the forces acting on
the body. Since m is constant, differentiation leads to the well-known equation

dV

dt ’
TarnAss <n orhhinntad +n thhn Fawnna A ,\ o~ +. thanen 140 sralanitsr to Aatnwernimnad ey cnlsrion o~ thhn AZFCAmnntinl
11 ulC VLUY Id buUJCb CU LU UIC 101CC UU g y UICIL ILd VOIUCL y I ut:tt:uuulc:u Uy bUqulg UIC U111CIClilidl
equation
m dv _ =mgor —=¢g
dt dt

where g = 32 ft/s? (English system) and 9.8 m/s> (metric system). This differential equation is applicable
only when the resistive force due to the medium (such as air resistance) is ignored. If this offsetting
resistance is considered, the equation becomes

dv
m—=mg-—
a - e Fe
where F;, represents this resistive force. Note that down is assumed to be the positive direction. The

resistive force is typically proportional to the body’s velocity or the square of its velocity. Hence, the

differential eanation ic linear or nonlinear haced on whether or not the recictance of the medinm ig taken into

VLIV VL GRL VUG L 10 UVGAL UL UVLUGUGL UGSV UL VY LUV UL UL WD LUSIOUGRIIVT UL WV AUV UL 15 AL 1S

account.

B EXAMPLE 3.10
Compare the effects that air resistance has on the velocity of an object of mass m=0.5 which is released
with an initial velocity of v,=0. Consider FR=16V? and Fz=16v.

Solution:
First, after simplification, the differential equation to be solved with E=16v? is
dv

a =-32-v*, v(0)=0.

We attempt (o use DSolwve (0 solve the initial value problem. Unfortunately, DSolwve is unable to yield
the result. Therefore, another approach must be taken which involves separation of variables.
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Bl

Ell FallingBodies

=
s012=DSolve[{r" [t ]==g-(c/m)(¥[t])*2,r[0]==70)
, .t

Solve: :tdep:
The equations appear to involve transce
functions of the wvariables in an esst
non-algebraic way. N

auifef =

DSolve[{v' [t] == g - , ¥[0] == v0}, v[t],
t] N

c v[t]2
m

This separated equation is
1
1_—\,2dV—32dt.
Mathematica can be used to aid in the integration by partial fractions as illustrated below:
The solution is found below

=

2 (1nft+v]~Infi - V|) =3204C,
L Lekd B TR

2

i— =K, exp(641)

_ Kiexp(64t)—1
K exp(64t)+1°
Application of the initial condition gives K;=1, so the solution is
e exp(641)-1
T exp(64t) +1°
This solution is entered below as rv[t] and then plotted in rplot on the interval [0,.5]. (The display
of the plot is suppressed.)
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{nf 3=
Apart{1/(1-v~2)]

outf3/=
-1 1
I T+ T +D

Inf5/=

rplct=Flot{rvit],{t,0,.5} ,FiotRange—>Aalil,
Blsplayfunct1unF)Identlty]

Gquilfs=

-Graphics-

Next, DSolve is used to solve the problem with F;=16v.

laf 7=
deq=DSolve[{¥" [t]==32-32¥[t],r[0]==0},¥v[L] %]

owif 7/ =

gzt

-
-
q
—
o
—
[}
v
-
-
-

The solution is extracted from the output list; and also plotted on the interval [0,

display of this Ivolv t is also suppressed.)
inf 8= ]

deq[[1,1,2]]

Gutlfes=
{ g2t

lnf Qf:=

plot2=Plot[deq[[1,1,2]),{t,0,.3},
PlotRange-—->&11,
PlotStyle->6raylevel].2],
DisplayFunction->Xdentity] _

1 L

Gl af =
-Graphics-

—

Both solutions are then displayed together with Show. Notice that since the velocity values are on the
interval [0,1], more resistance is offered when F=16v is used. The graph of this function is the darker
of the two curves. In this case, the object reaches its limiting velocity of 1 more quickly than in the case

with Fe=16v? (the lighter curve).
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inf1o/-=

Show([rplot plot2,
DisplayFunction-»$DisplayFunction]

1
0.8
0.6

0.4

A~
V.24

0.1 02 03 0.4 0.5

Guif 10)=
=Braphics-

B EXAMPLE 3.11

U e

Determine the general solution (for the velocity and the position) of the differential equation which

o AL oo

Solution:

R L] P\

models the upward moiion of an object of mass m when direcied upward with an initial velocity of y
from an initial position y, assuming that the air resistance equals cv.

This initial value problem is solved below withDSolwve. Notice that the result is named sol so that a
function, called velocity, which depends on the parameters m, ¢, g, and v,, may be defined easily.

203 FallingBodies =E
iaf = o
sol=DSolve[{¥'[t]==—g-(c/m)¥[t],v[0]==v0},

v ’
Gutf 7 =
g m

F— 4 ¥0

(el - (L0 + E&'—tm”

A"ﬂf 13 =
velocity[m_,c

Guif 13/ =

an, ¥0
m [

g
-+ (e ©/m

_.¥0_,t_]=s0l[[1,1,2]]
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For example, the velocity function for the case with

1 1
m,c—m,g—?’z, and V0—48
is found below. Similarly, this function can be employed to investigate numerous situations without the

need to solve the differential equation each time.

m-=

inf 1 3=
velocity[1/7128,17160,32 ,46,¢)
w2 5=

88
2@ 875

s

-40 +

The position function is easily determined by integrating the velocity function. This is accomplished
below with DSolwve using the initial position y,. As with the previous case, the output is namedpos so
that the position formula may be extracted from the output list for later use.

inftdf-=

pos=DSolve [
{y [t]==velocity[m,0,q,¥0,t],y[0]==y0},

Tit],t] |
uif i tf= 3
2
gm mt mvd migm+ e vl)
trie) » L - I5= 0 B2 - S
o c¢” E
¥0})} JdJ
inft5)= 17
position(m_,c_,g_,¥0_,y0_,t_J]=pos[[1,1,2]] i
Gutf 15/ = b

gmz_gmt._'_mvn m(gm+cvld)

- 0
Zotcbtim 7
2 [ [ c2 E(o ) /m

c

The position and velocity functions are plotted below using the parameters listed above as well as y =0.
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inftéf=
Plot[{velocity[1/128,1/160,32 48 ,t],
position[1/128,1/160,32,48,0,¢t]},{t,0,2
PlotStyle—» {Graylevel].2] 6raylevel[0]}
~
40F ™\
\,
30 \\
N
20 N
10 S
o H\‘
-10 0.5 1 \x,‘\_{fi 2
-20 S
outf 16/ =
-Graphics-

.
1

Solve is then used to determine the time at which the object reaches its maximum height. This time
occurs when the derivative of the position is equal to zero. Since warning messages appear,FindRoot
is then used to illustrate that the derivative of position equals zero at the time at which velocity equals

7arn for thaca naramatare
LIV 1UL UIUDU Pal ALV

nft 7=

root=Solve|

Solve: :ifun:

oulf17)=

{{t -> 0.995572}, {t -» 0.985572 + 1.5708 I},
{t -» 0.985572 + 3.14159 I},
{t -» 0.985572 - 1.5708 I}}

D[position[1/126,1/160,32,468,0,t],t]==0,t]//0

Warning: Inverse functions are beihg us
Solve, so0 some solutions may not be f

'lT

]

inf 18/ =

FindRoot [velooity[1/128,1/160,32,48 ,t]==0,
2131

ouif 18/ =

{t -3 0.985572}

Below, we compare the effects that varying the initial velocity and position has on the position function.

Suppose that we use the same values used earlier for m,

¢, and g. However, we let =48 in one function

and v=36 in the other. We also let y,=0 and y,=6 in these two functions, respectively. Note that the
darker curve corresponds to the second function listed below in thePlot command.
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Inf30/-=
Plot[{position[1/128,1/160,32 .48,0,t],
position[1/128,1/160,32,36,6,t]1},{t,0,2},
PlotStyle->{6raylevel].2] ,6raylevel[0]}]
20 .

/4 ~
15 7 “\

10 A"' ' \\\
5 !! \
2

0.5 1 1.5

guif30)=
~Braphics—

The following plot demonstrates the effect that varying the initial velocity only has on the position
function. The values of v, used are 48, 64, and 80. The darkest curve corresponds to ,=48. Notice that
as the initial velocity is increased the maximum height obtained by the object is increased as well.

nf3if=
Plot[{position[1/128,1/160,32,48,0,t],
position(1/128,1/160,32,64,0,t],
position[1/128,1/160,32,80,0,t]1},{%,0,2},
PlotStyle—> {6raylevel[0] ,6raylevel|.2],
6raylevel] .41}]

...........
..........

40 Pl

Gt 3=
-Graphics—

The graph below indicates the effect that varying the initial position and holding all other values constant
has on the position function. We use values of 0, 10, and 20 for y, Notice that the value of the initial

position vertically translates the position function.
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Inf3Ef=
Plot[{position[1/128,1/160,32 ,48,0,t],
position[1/128,1/160,32 ,48,10,¢],
position[1/128,1/160,32,48 20,t]1},{t,0,2},
PlotS5tyle->»{6rayLevel[0] ,6raylevel] . 2],
GrayLevel[.4]}1]
40 .,-"" ............... -
e pals
s} e .
7/ ~ "‘\-..‘
N A .
20¢ // e
rd
10f
0.5 1 1.5 2
Quif 35f=
-Graphics-
B EXAMPLE 3.12

Investigate the motion of the object if E;=0 (i.e., if air resistance is ignored). Solve for the velocity and
position as functions of time, initial velocity, and initial position. Compare these results with those of
the previous example which involved air resistance. Also, compare the effects that varying the initial
velocity and initial position has on these functions.

Solution:
Since we ignore all resistance forces due to the medium, we have the following initial value problem to
solve:

dv

E = _ga V(O) =V

This is done below in de2.

Inf 1 9f-=

de2=DSolve[{¥ [t]==—g,v[0]==v0} ,¥[L] L]
Ouif 1 8=

{{v[t] => (g t) + vO}}

The function vel2 is then defined by extracting the appropriate formula from the previous output. In
order to compare these results to those of the problem in which E;=cv, we consider the following values:

1 _ 1 _ _
m, C—m, g—32, and V0—48

which were also used in Example 3.10. The velocity function vel2 for the problem involving no air

m=
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resistance is given below.

lnf 20t =
vel2fm_,c_,g_,v0_,t_]=de2[[1,1,2]]

Juif 20/ =
-(g t) + v0

infel) =
vel2[1/128,1/160,32,48,¢]

Gutf 2=
48 - 32 t

Next, the position function pos2 is determined by using DSolwve to solve the necessary initial value
problem. Note that we are simply integrating the velocity function given invel2 and applying the
initial condition, y(0)=y,.

/ﬁ'f D=

pos2=DSolve|
{r [tl=7“12[l.0.9.'0.t] ,¥[0]==x0},
4

202 =
LAy £

2
{{y[t] = %2 + t v0 + y0}}

The position function position2 is then defined by extracting the formula from the output above.

InfE5f-=
positicnZ2([e_,c_,g9_,v0_,¥0_,t_]=pos2[[1,1,2]]
Guife3f =

2
:L%tl + t v0 + y0

The position functions for the case with F;=0 and that when Fy,=cv are plotted below using the
parameter values indicated earlier. Note that the lighter curve is that corresponding to E=cv.
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/#f.?-iy:'-‘
Plot[{position[l1/128,1/160,32,48,0,t],
position2[1/128,1/160,32,48,0,t])},{t,0,3)},
FlotStyle->{6rayLevel[.2] ,6raylevel[D]}]
30

20 .x""m""q\,_-

0 T
10 / \
*~,
e N

-10 AN

-20 “

Gulf 2=
-Graphics-

Note that these two curves differ in shape. We know that by looking at the formula for the position
function in which air resistance is neglected, that the corresponding curve is a parabola. This is verified
below. The result in noairv represents the t-value at which the object reaches its maximum height, and
the resull in noairpos represents the (-value at which the object reaches the ground. Hence, equal
amounts of time (t = 1.5) are necessary for the object to achieve its maximum and then return to its

minimum.

lnfE54=

noairv=FindRoot [
vel2[1/7128,1/160,32,48 ,t]==0,{%,1._5}]

Guif 25 =

{t -» 1.5}

ST

noairpos=FindRoot [
position2[1/128,1/160,32,48,0,t]==0,

{t.3}1
Gulf 25/ =
{t - 3.}

On the other hand, the result in airwv is not one half of the result in airpos. Hence, this curve is not a
parabola. In fact, more time is required for the object to return to the ground (the horizontal axis) than to

move from its initial position to its maximum height.
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infez)-=

airv=FindBRoot [
velocity[1/128,1/160,32,48,t]==0,{t,1.5}]

Guif e 7=

(t -> 0.985572)

r’l’?{' ¢°€f'=
airpos=FindBao

tf
position[1/128,1/160,32,48,0,t]==0,{t,3}]
Qy&f’_?&f:

{t -> 2.32028)

inf2ef-=
2 airv[[1,2]] ==airpos[[1,2]]

ouif2a)=
False

|
We now combine several of the topics discussed in this section o solve the following problem.

B EXAMPLE 3.13
An object of mass m = 1 is dropped from a height of 50 feet above the surface of a small pond. While
the object is in the air, the force due to air resistance is v. However, when the object is in the pond, it is
subjected to a buoyancy force equivalent to 6v. Determine how much time is required for the object to
reach a depth of 25 feet in the pond.

Solution:

This problem must be broken into two parts: an initial value problem for the object above the pond, and
an initial value problem for the object below the surface of the pond. The initial value problem above
the pond’s surface is easily found to be

dv _
d_t =32-v
v(0)=0.

However, to define the initial value problem to find the velocity of the object beneath the pond’s surface,
the velocity of the object when it reaches the surface must be known. Hence, the velocity of the object
above the surface must be determined by solving the initial value problem above. This is done below
with Mathematica In order to find the velocity when the object hits the pond’s surface the position
function of the object must be found by integrating the velocity function. This, too, is done below with
DSolve. In d1 and p1, below, we obtain the velocity and position functions, respectively, for the
object above the pond.
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E)====————— FallingBodies =E|
Inf 33 =
d1=DSolve[(v" [t]==32—v[t],v[0}==0} v [t], t]
Gulf33/=

(tvit] - 32 - 32y
E

laf 3=
pl=DSolve[{y" [t]==a1[[1,1,2]],7[0]==0},
yit1,¢]
Gulf 34/ =
(rit] - 32 + 2 432 ¢y
E

This time appears to be 2.5 seconds.

The position function is plotted below. The value of t such that the object has traveled 50 feet is needed.

Inf55/=
Plot[pl[[1,1,2]],{(t,0,5}]

120 4
100 /
80

60
40
20

1 2 3 4 S

ol 35/=
~Graphics-

A more accurate value of the time at which the object hits the surface is found below withFindRoot.
The velocity at this time is then determined by substitution into the velocity function. This result is

called v1 for convenience.
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ol 5=
time=FindRoot[p1[[1,1,2]]==50,{t,2.5}]

Gutf 36/ =
{t -> 2.47864}

tnf 37 )=
vi=d1[[1,1,2]}/.t—>time[[1,2]]

Gulf 357/ =
29.3166

The initial value problem which determines the velocity of the object beneath the surface of the pond is
solved below in d2 with DSolwe. Then the Position function is found inp2.

1ol 3G =
d2=DSolve[{¥" [t]==32-6¥[t],v[0]==¥1},v[t] L]
Gulf 38/ =

1 23,983
(il - 52+ B8,

E

inf3ef-=
P2=DSclve[{y" [t]==42][[1,1,2]],7[0]==0},¥[t] t] |
Guif 38/ =

3.99721 16 t
{{y[t] —> 3.99721 - E_“"_ + =h

This position function is then plotted to determine when the object is 25 feet beneath the surface of the
pond. This time appears to be near 4 seconds.
tafd0f-=
Plot{p2[[1,1,2]],{t,0,5}]
30
25
20
15
10

1 2 3 4 5

Gutf Lo/ =
—Graphics—

FindRoot is used below with an initial guess of 4 (0 obtain a more accurate approximation of the
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t-value at which the object is 25 feet beneath the pond’s surface. Finally, the time required for the object
to reach the pond’s surface is added to the time needed for it to travel 25 feet beneath the surface to see
that approximately 6.41667 seconds are required for the object to travel from a height of 50 feet above
the pond to a depth of 25 feet below the surface..

nfts=
time2=FindRoot[p2[[1,1,2]])==25,{t,4}] |
Guifii=

{t =-> 3.93802}

IRf L3 -
time[[1,2]]+time2[[1,2]]

Gutf 42 =
6.41667

U L L

jMamaany | 5100% w |G
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Mathematica commands used in Chapter 4 include:

Coefficient Exponent PlotRange
ColumnForm GraphicsArray ReplaceAll
ComplexExpand Integrate Roots
ContourPlot LegendreP Short
Contours Length Show
ContourShading Map Simplify
D MatrixForm Solve

Det Module Sum
DisplayFunction NDSolve Table
DSolve NIntegrate TableForm
Evaluate Part Trig
Expand Plot Variables

§4.1 Preliminary Definitions and Notation

Definitions:
An ordinary differential equation of the form

iak(X)yﬂ‘)(X) = 8,(X)Y(X) + a, 1, (Xy* X+ A+a(X)Y (X) + a(x)y(x) = {(x)

is called an nth order ordinary linear differential equation. If f(x) is identically the zero function, the
equation is said to be homogeneous; if f(x) is not the zero function, the equation is said to be
nonhomogeneous; and if the functions a(x),i=0, 1, 2, ... , n are constants, the equation is said to have
constant coefficients.

Definition:
Let £,(x), £,(x), f;(x), ... ,f, (%), and f (x) be a set of n functions at least n — 1 times differentiable.

Let S = {fi(x),5,(x),5(X),... .f,_;(X),f,(x)} be a set of n functions. S islinearly dependent

on an interval I means there are constants G, C,... , C,, not all zero, so that Z ¢ fi(x) =0 for
k=1

every value of x in the interval L. S islinearly independent means that S is not linearly dependent

90
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UEXAMPLE 4.1
Show that S = {cos(2x),sin(2x),sin(x)cos(x) } is linearly dependent

Solution:
S is linearly dependent since for every value of x, 0- cos(2x) + 1 - sin(2x) — 2 - sin(x)cos(x)=0. H

Definition:
Let S={fi(x), (%), §(x),..., (%), £ (x)} be a set of n functions for which each is differentiable
atleastn — 1 times. The Wronsklan of S, denoted by
W(S) = W(f,(x), £,(%), £5(x) £, (%), £.(x)), is the determinant
\~7 AL\ RIS A3 2]y o009 —1\2)s An\2J )y VRN A Kl
LG LK) L)
I CVR AYC NI Wge ol
FO00 57000 - 1,000
O EXAMPLE 4.2
If S = {sin(x),cos(x)}, compute W(S).
Solution:
sin(x cos X
W(S)= | d ; ,( ) (x) | |sin(x)  cos(x)|_ —sin®(x)—cos’(x)=—1. W
|d—(s1n(x)) (cos(x))| |cos(x)  —sin(x)|
Theorem:

Let S = {f; X),5,(x),f5; X),... , f,_:(X), f,(X) } be a set of n functions each differentiable at least n — 1 times
on an interval L.
IfW(S) # 0 for at least one value of x in the interval I, S is linearly independent.

U EXAMPLE 4.3
Show that S = {e‘, xer, xze‘}is linearly independent

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 4: Higher Order Differential Equations 92

Solution:
The Wronskian of S is
e xe* x’e’ e xe* x2e*
W)= %(ex) d%;(xex) %(Xzex) =" (x+De (2x2+2x)e‘
> (v d? (o dE (e €7 (X+2)et (X7 +4x+2)e’
Bl arbe) Ftee)

(x+De* (x*+2x)e*

3 e (x2 + 2x)ex
-¢ (x+2)e* (x* +4x+2)e

. e (x+1)e*
e~ (x2 +4X + 2)6‘

X

e’ (x+2)"

+x%e"

= e*[(x +D(x” +4x+2)e”™ - (x +2)(x* + 2x)ezx] - xex[(x2 +4x+2)e™ - (x* +2x)ezx]
+x’e [(x+2)e” - (x+1)e” |

=2e™.
Since the Wronskian of S is not zero, we conclude that S linearly independent.ll

B EXAMPLE 4.4
Determine whether each set is linearly independent or linear independent:
(a) {l —2sin’(x), cos(2x)} ; and
(b){LegendreP[1, x],LegendreP[2, x] , LegendreP[3, x]}.
Solution:
For (a) we first define rowone to be the list {1 —~2sin’(x), cos(2x)}:
E==————— Ironskian === 5|
inf 4= :I]

rowone={1-28in([x]"2,Cos[2x]}
outf = b
{1 -2 Sin[x]z, Co=[2 x]} JJ '

and then define rowtwo 0 be the list {—4cos(x)sin(x),-2sin(2x)} obtained by differentiating
each element of rowone. matrix is then defined to be the 2 x2 matrix {rowone, rowone}

and displayed in traditional matrix formwith the commandMatrixForm
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lnf A5 =

rowtwo=D[rowone ,x]

Guif 45)=

{-4 Cos[x] Sin[x], -2 Sin[2 x|}
lnfd7f=

natrix={rowone ,rowtwo};
HatrixForam[eatrix]

DUl L7 MetriForm=

1 - 2 Sin[x)? Cos[2 x]
-4 Cos{x] Sin[x] -2 Sin[2 x|

| SISGRISNE— | J) IS Ry S [y SE——

The Wronskian of {1 —28in*(x), cos(Zx)} is the determinant of matrix which is computed
and simplified below. Since the Wronskian of {1 —2sin*(x), COS(ZX)} is zero, we can conclude that

{1 —2sin’(x), cos(2x)} is linearly dependent.

lnf 4G =
sronskian=Det [watrix]

Oulf 48/ =

4 Cos(x] Cos[2 x] Sin(x] - 2 Sin[2 x] +
4 sin[x]? sin(2 x]

infdqf-=

Expand [sronskian ,Trig->True]

Gutf ¥8f=
0

The Legendre polynomial of order n, P,(x), is a solution of the second order differential equation
2 1
(1- xz)d—z —2x Y 4 n(n+1)y = 0 which satisfies j P (x)P_(x)dx=0 if n#m.
dx dx -1
The Mathematica command LegendreP [n, x] returns the Legendre polynomial of order n.
For (b) , we define row[1] (0 be a table of the first three Legendre polynomials P;(x), P,(x) , and P; (x),

X, 3x22— L and 5X32— 3X | respectively.
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Inf50/-=
row[l]=Table [Legendrel[n,x],{n,1,3}]
Jutf 50 =
-1 4+ 3 x2 -3 x4+ 5 x3
{ X 4 2 ’ 2 }

We then define row [2] to be the derivative of each term of row[1] and row[3] to be the derivative
of each term of row[2]. Note that row[3]could also be obtained by computing the second derivative

of each term of row[1].

Inf51/:=
rov[2]=D[row[1],x]

quif51/=

=3+ 15 x2
{1, 3x, =52
nf32)=
row[3]=D[row[2]. x]

5@%&5? =
{0, 3, 19 x}

matrix is then defined to be the 3 x 3 matrix with first row row[1], second row row[2] and third row
row[3] and displayed in matrix form with MatrixForm. Then the Wronskian of

3x> -1 5%’ -3x
X’ ’—
2

} is the determinant of mat rix.

Inf54f:=
watrix=Table[row[i], {i,1,3}];
HatrixForm([matrix]
Dutf S ropirivForm=

_1+3x2 —3x+'.:'>x3
b4 2 2

-3 + 15 x2

1 3 x 2
1] 3 15 x

Since the determinant of matrix is not identically zero, we conclude that the set

2 3
{x, % , SXT—&(} is linearly independent.
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I 55 )=
Det [matrix]

Outf55/=

B EXAMPLE 4.5
In the following example, the commandwronskian is defined to compute the Wronskian of a list of
functions in the variable x. wronskian [list] computes the Wronskian of the list 1ist by
1. Defining the variables n, r, andmatrix local to the function wronskian;
2. Defining n (0 be the length of 1ist. The length of 1ist is the number of elements of 1ist;
3. Defining r[1] to be 1ist and then r [k] to be the derivative of x [k—=1]. r [1] corresponds
to the first row of the matrix whose determinant will be computed to yield the Wronskian oflist;
r[k] corresponds to the kth row of the matrix;
4. Definingmatrix tobe atable of the listsx[1], r[2], ..., r[n];and
5. Computing and simplifying the determinant ofmat rix.

WWronskian

Ll

Inf72) =

wronskian[list_]:=
Hodule[{n,r ,matrix},
n=Length[list];
r[i]=list;
rik_]:=r[k]=D[r[k-1],x];
matrix=Table[r[i}, {i,1,n}];
Expand [Det [matrix] ,Yrig-:¥rue]
]

We then use wronskian (0 show that the functions
1 — 2sin’(x) and cos(2x) are linearly dependent while the set of functions sin(x), cos(x), and sin(2x)
are linearly independent as is the set of functions sin (x), sin(2x), sin(3x), sin(4x).
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Inf Pif-=

sronskian[{1-25in[x]“2,Cos[2x]}]

Duitf 74/=

0

lnf 75 =

wronskian|{Sin[x] ,Cos[x],5in[2x]}]

Oulf 75f=

3 S5in[2 x)

Inf76/=

vronskian[{Sin[x], 5in{2x],5in[3x],5in[4x]}]

outf 76/=

189 - 315 Cos[2 x] + 180 Cos[4 x| - wﬂ +
15 Cos[8 x] - 3———C°5éw x)

One way (0 see that 189 — 315¢c0s(2x) + 180cos(4x) —

function is to graph it on a suitable interval. Alternatively, since

135 cos(6x)
2

+15¢08(8%) — M is not the zero

189 — 315c08(2x) + 180c0s(4x) 22 C080%) | 1500(8x) — 2908U0X) 1 value 768 when x =2 itis

2 2

not the zero function. &

Aset S = {i(x), {(x), [;(X),... ,[, _1(X), [,(X)} of n linearly independent non-trivial solutions
of the nth order linear homogeneous equation

a,(X)y"(x) + a, 1 (XY" PR+ 42, (X)yP(X) + a(x) =0

is called a fundamental set of solutions of the equation.

Observe that if S ={f,(x)} " is a fundamental set of solutions of

Zai(x)ym(x) =a, ()Y (x) +a, (XY " (X)+..+a,(x)y (X) +a,(x)y(x)+ 0 and {c,}
i=0

is a set of n numbers, then f(x) =Zcif1(X)Cifi(X) is also a solution of Zai(x)y@(x)y(‘)(x):o.

i=1 i=0

The following two theorems tell us that under reasonable conditions the nth order homogeneous equation

,(X)YI(X) + a,_;(X)y" VE)+...+a,(X)yP(x) + a5(x) =0 has a fundamental set of n solutions.

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 4: Higher Order Differential Equations

Theorem:
If a, (x) is continuous on an open interval I fori =0, 1...., n, then the nth order linear homogeneous

equation Z a; (X)y¥(x) = 0 has a fundamental set of solutions on I.

i=0
Theorem:

n
N (DY
A

R o M P ) N 1 1o 1 . A W 7
Any set oI n + 1 solutions oI the nth order linear homogeneous equation L a,(x)y
i=0

(x)=0is

linearly dependent.

UEXAMPLE 4.6

Show that S ={e’5 *, e’x} is a fundamental set of solutionsof the equation y'(x) + 6y'(x) + 5y(x) = 0.
Solution:

Since — — (e’sx) +6 i(e’sx) +5e =25¢ —30e ™ +5¢ ™ =0and
dx dx
d2
dx?
set of solutions of the equation y’(x) + 6y'(x) + Sy(x)= 0.l

(e") +6 % (e*) +5¢*=e ™ —6e™ +5¢ =0, we conclude that S is a fundamental

§4.2 Solutions of Homogeneous Equations with Constant Coefficients

If S= {f . (x)} ; is a fundamental set of solutions of the nth order linear homogeneous equation

where {ci }fl:lis a set of n arbitrary constants.
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U EXAMPLE 4.7
Show that y(x), ¢c;e™ cos(4x) + ¢, €™ sin (4x) is a general solution of
y'+2y + 17y =0.

Solution:

First, vy = €™ (¢, cos(4x) + 4¢,c08(4x) — 4¢,sin(4x) — ¢, sin(4x)) and

vy’ = e™*(=15¢,c08(4x) — 8¢,c08(4x) + 8¢,sin(4x) — 15¢,8in(4x)).

Computing and simplifying v’ + 2y + 17y vields zero.

Liis easy to verify that €* cos(4x) and e™ sin(4x) are inearly independent and, consequently,

we can conclude that y(x) is a general solution nfy” + 2}7' +17y=0.

LG CULIVIUAT WAL A/ 15 G gLl Gl SULLUVIL UL

In the following, we use Mathematica (0 graph the solution for various values of ¢; and ¢, by first
defining the general solution y as a function of ¢, and ¢,:

ECJ GeneralSolution iE)
nf18)=
Clear([y]
yi{ci_,c2_}]=Exp[-x] (cl Cosf4x]+c2 Sin[4x])
ountf18/=
cl Cos[4 %] + 2 Sin[4 x]

Ex

nf 16/ =
vals={{0,1),{1,0} ,{2,1},{1,-2}};

Then, Map is used to compute the value of y[{cl,c2}] for each element of the list vals. The
resulting list of functions is named funcs:

fﬁf .?0_.’.” ]
funcs=Hap[y,vals} ]
Guntf 20/ = 7
{Sin[4 x)] Cos[4 x) 2 Cos|4 x] + Sin[4 x)
B ! = ! B ‘
Cos{4 x] - 2 §in(4 xl}
=X

Finally, the list of functions funcs is graphed on the interval [-1,1]:
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fﬁf.?iv:*
Plot [Evalunate[fones], {x,-1,2}]

Oulf e8] =
~-Graphics- 1

Qi

B EXAMPLE 4.8
Show that (a)y = ¢;e* cos(2x) + ¢,e* sin(2x) is a general solution of y'— 2y’+ 5y =0; and

(b) y = ¢,e*+ c,e° + ¢5x%e* 18 a general solution of y”— 3y”+ 3y'—y =0.

Solution:
For (a) we begin by clearing all prior definitions of y and then defining y. Note thatc[1] and c¢[2] in
the definition of y correspond to the constants ¢; and ¢,, respectively.

EC]

inf26/=
Clear{y]

Inf2tf=
y=c[1]Exp[x]1Co=[2x]+c[2]Exp[x]5in[2x]

0!!!'{4",}:
E* c[1) Cos[2 x] + EX o[2] Sin[2 x]

FundamentaiSet

2

o y-2 (f_x y + Sy and name the result stepone:

Then compute
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Il 23, =

stepone=D[y, {x,2}]1-2D{y ,x]+57

Ouif 2=

-3 E¥ o[1] Cos[2 x] + 4 EX c[2] Cos[2 x] -
4 EX c[1] Sin[2 ] - 3 EX o[2] Sin[2 x] +
S (EX c[1] Cos[2 x) + E c[2] Sin[2 x]) -
2 (E¥ o[1] Cos[2 x] + 2 EX ¢[2] Ces[2 x] -

< t'x Aalf1] CielT o1 & ‘.’x sfD1 QinlTF w
&L & Cla) wiiije@«a )] v+ L Cla) eilija &

fﬂf 2T, _/ =
Simplify[stepone)
Gutf 23/ =

0

inf &=
sols={Exp[x],x Exp[x],x"2 Exp[x]},;

{af 25 -=
Clear|y]

and then use Sum (0 define y:

/ﬂff‘ﬁf:':
y[x_]=Sum[c[ilsels[[i]},{i,1,3}]

ouilfes =
EX of1] + E* x o[2] + EX x° of3]

777

and finally compute and simplify y”'— 3y”+ 3y’ y:
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o2zt =
¥ " UIx]-3y° " [x]+37" [x]-¥x]
gutfezi=
3 E* o[2] + 6 E* o[3] + 6 EX x o[3) +
3 (X of1] + ¥ o[2) + EX x o[2] + 2 EX x o[3) +
X x% o[3]) - 3

(E* c{1] + 2 EX o[2] + E
Ex 2 [

-ran
X G|v}

¥ % o{2] + 2 EX o[3] +
4 E" ® c[3] + )

Inf 8=
¥y ' Ix]-3y" " [x]+3¥ " [x]-¥[x]//Simplify

Gutl 28l =
o

panan T D007 wiG] ]

[QI<CE

ahoarantoamricoten arnsiatinn AF tha nth Ardar Ao s an A PR LI L o AR, I, [, S Yk Jy

cnaracteristic equation 01 the nth order nomogeneous Linear difterential equation with
n

Annatant annffiniante o vOe) o @D adavfey a1 awviey—= VYV a vy =0

LULIDLALIL VULLLIVIULIW Cln)’ \A} . d.n7 .y \A}'l' Tal.y \A} T .y\A} — L,U—k)' \ay v

k=0
The general solutions of the nth order homogeneous linear differential equation with constant coefficients
are determined by the solutions of its characteristic equation.

Letay” +by’+ cy=0be ahomogeneous second order equation with constant coefficients and

let m; and m, be the solutions of the characteristic equation an? + bm + ¢=0.
(i) If m, = m, and both m, and m, are real, a general solution of ay”+ by’+ cy =0 is
myt mpt,

y(t)=ce™' +c,e™";
(if) If m; = m, and both m, and m, are real, a general solution of ay”+ by’+ cy = 0 is
y(t)=ce™"' +¢c,e™";and
(i) If m; = o + B, B =0, and m;= m,, a general solution of ay”’+ by’+ cy =01is
y() =cie =Lt cos(Bt) + c,e e sin( Bt).

In (iii) above, m, is the complex conjugate of m,: m, = o/ —ip = ot +ip.

The following three examples illustrate each of the above situations.
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UEXAMPLE 4.9
Solve v+ 3y"— 4y 0 subjectto y(0)=1and y'(0)=—1.

Solution:

The characteristic equation of '+ 3y— 4y = 0is m? + 3m — 4 = (m + 4)(m — 1) = 0. Since the
solutions of the characteristic equation are m =—4 and m = 1, the general solution of

v+ 3y"- 4y =0is y(x) = ¢; €+ ¢, €. Since Y'(X) ="—4c,e* + ¢,e¥, applying the initial

¢, +c,=1

conditions y(0) = 1 and y'(0) = -1 yields the system of equations { 4 . Then, ¢,;=

¢ +c,=-1

i 2

N

and (a:% so the desired solution is y(x) = 2 gy % .l
5

UEXAMPLE 4.10
Solvey” + 2y +y=0.
Solution:
The characteristic equation of Y’ + 2y” + y =0 is m?>+ 2m + 1 = (m + 1)>= 0. Since the
solution of the characteristic equation is m =—1 with multiplicity two, the general solution of
V+2y +y=0isyX)=¢, e*+ c,xc*. I
U EXAMPLE 4.11
Solvey” + 4y + 20y =0.
Solution:
The characteristic equation of ¥+ 4y” + 20y = 0 is m? + 4m + 20 = 0. Completing the square yields
m?+4m + 20 =(m + 2*+ 16 = 0 so the solutions of the chacteristic equation are m =2+ 4i. Note

that the quadratic formula can be used to solve n? + 4m + 20 = 0 as well.
Since the solutions of the characteristic cquation are complex conjugates, the general solution of
V'+ 4y"+20y = 0 is y(x) = € =(¢,c08(4x) + ¢,sin(4x)). W

More generally, let a,m" + a,_m™+...+ & m + 8,= zn:akmk = () be the characteristic equation

of the nth order homogeneous linear differential equation with real constant coefficients

Y00 + 8,1y U+ 21y (0) + agy(x) = Ky U (1) = 0.
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In the same manner as in the case for a second order homogeneous equation with real constant coefficients,a
general solution is also determined by the solutions of the characteristic equation. Instead of stating an exact
rule for the numerous situations encountered, we illustrate how a general solution is found in the following
examples.

UEXAMPLE 4.12

Solve 4y""— 12y""+ 21y’- 26y = 0 subject to the initial conditions y(0) =0, ¥(0) =-1, and

y'(O=1

Solution:

AR va SRR

In this case, the characteristic equation is 4m’— 12m?+ 21m — 26 = 0. Factoring yields the equation
(m-2) (4m*- 4m + 13) = 0 and then applying the quadratic formula yields the three roots
m=2or m= %+\/§i or m:%—\/gi.

In this case, each root has multiplicity one so a general solution of the equation is

y(X) = ¢, e+ e¥%(c, cos (V/3X) + ¢, sin (1/3%)).

To calculate the values of ¢, ¢,, and ¢;that satisfy the initial conditions, observe that

y0)=¢, +¢,=0,y(0)=2¢, + %eﬁ 3¢;=-1,and y"(0) = 4c,— % 4+ V3c=1

¢, +¢,=0
yields the linear system of three equations in three unknowns: { 2¢, + 3 C, + \/503 =-1L

11
401—102 +x/§c3 =1

11

AL

3

Q _Q . .
The solution of this systemis ¢ = 2, ¢,= 2, and ¢;= Therefore, the desired solution

sy (x) =%62X+ e"’z(;_?cos( \3x) + %(«/gx))‘ [ |

The command DSolwve can be used to solve nth order linear homogeneous differential equations with
constant coefficients as long as n is smaller than 5. In cases when the roots of the characteristic equation are
symbolically complicated, approximations of the roots of the characteristic equation can be computed with
the command NRoots.

H EXAMPLE 4.13
Find the solution of each problem:

Differential Equations with Mathematica by Martha L. Abell and James P. Braselton



Chapter 4: Higher Order Differential Equations 104

(@) 3y"+2y -5y =0;

(b) 2y” + 5y’+ 5y = 0 subject to the initial conditions y(0) = 0 and y'(0) = %; and

(©) v’ +4y" + 4y =0 subject to the initial conditions y(0) = 0 and y(0) =_71‘

Solution:

Fa) 2o aondarmd sootia e T T

(a) is so1ved using Dsolve .

E(J===—————= ConstantCoefficients
Inft3/= ]
solution=DSolve[3y" " [x]|+2¥" [x]-Tr[x]==0,Y[x].x]

et 13/= ]

gE|

(yIx] - E(%';—E + E* ¢z

When Dsolve is used to solve (b), the resulting solution is expressed as a complex exponential. To see
that the solution is real, we use ComplexExpand.

Inf18/=

solution=DSolve[{2y" " [x]+5y  [x]+5¥[x]==0,
y[0]==0,y" [0]==1/2},y[x],x]

outft8f=

(yx] -> (I (_E((-s - T Sqrt[15]) x)/4
p((-5 + T Sqre[15]) ®)/4yy , oovpisy

Notice that solution is a nested list. solution[[1, 1, 2]] yields the second element of the first

element of the first element of solution. In other words, solution[[1,1,2]] yields the

expression corresponding to the desired solution. ComplexExpand is used to expand
solution[[1,1,2]] assuming that x is real. The result is clearly a real-valued function.

Inft 8/ =
sisp=solw
outf ! /=
2 Sin[Sgrtiisl X,
(5 x)/4

Sqrt[1S] E

Finally, the solution is graphed on the interval [-5t/2 ,7T].
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af2tf =
Plot [simp,{x ,-Pi/2,Pi}]

Gl =
=Graphics-

Similarly Dsolwve successfully solves (c).

Inf 28 =
solution=DSolve{y’' ' [x]+4y ' [x])+4y[x]==0,y[D]==1,
¥ [0]==-1/2},7[x],x]

Juif28i=

{{rix] - —Eg'x—}}

The result is then graphed on the interval [-1,1]. Note that the command
Plot[solution[[1,1,2]],{x,-1,1}] would produce the same result.

Inf29/= " i
Plot|r[x}] /. solution,{x,-1,1}]
0.75
0.5
0.25
i .
- = 0.5
! / 9.3 -0.25 !
-0.5 .
oulfPef =
~Graphics-
[MMMNMN i E100% w iG] B -
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As stated above, in cases when eitherDSolwve is slow or does not work, other techniques can frequently be
used.

H EXAMPLE 4.14
Find the general solution of(a)y”+ 3y”"+2y’+ 6y = 0; and (b) y* — 8y®+ 30y? — 56y® + 49y = 0,
and (¢) graph the solution of ¥+ 3y” + 2y"+ 6y = 0 subject to the conditions y(0) =0, y(0) = 1, and

y’(0) =—1 on the interval [-1,1].

Solution:

Using x instead of m, we obtain that

the characteristic equation for y”+ 3y”+ 2y'+ 6y = 0is x> +3x2 +2x + 6 = 0. In this case,we use

Solve (0 solve the equation. Note, however, that eitherNRoots or Roots could also be used to solve

the equation in this case.

g [=—=———=———=—— ConstantCoefficients

nfttf)=

Solve[x*343x*2+2x4+6==0]

ottt =

£{x —» -3}, {xz > T Sqrt[2]}, {x —» -I Sqrt[2]}}

Since the solutions of the characteristic equation are -3, 2, and —+/2i, we conclude that the general
solution is y = ¢,e 3+ ¢,cos(+/2 t) + ¢, Sin(+/2 ©).

Similarly, the characteristic equation of y* —8y® + 30y® — 56yY + 49y =0 is

x4 8x* + 30x% — 56x + 49 = 0. The solutions are obtained with Solve:

laf 1) =
Solve[x"-8x°3+30x°2-56x+49==0]

gﬂffff-_
{{x -> 4+2 125 xt[3 Y, {x - LZM}__

&
(x> 4% 2 IZSqrt[S]}, (x > 42 IQSqrt[3l}}

Therefore the general solution of ¥ — 8y® + 30y?-56y® + 49y = 0 is
y=¢* [c1 cos(«/gt) +c, sin(\/gt)] +e* [03 cos(\/gt) +c, sin(\/gt)].

777

In (a) we found that the general solution of Y+ 3y”+ 2y'+ 6y = 0 is
y=c, €3 +¢, cos(V2 1) + ¢;sin(+/2 t). Applying the conditions y(0) =0, y(0)=1, and y"(0) =— 1
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¢, +¢,=0
: : : . -1 1 442
yields the system of equationsq -3¢, + \/503 =1 which has solution ¢, =—,¢, =—,and ¢, =——.
— 11 11 11
9¢,—¢c,=-1
-1 1 4 .

Therefore the solution to the problem is y = —e > +—cos{+/2t) + V2 sin{v/2t) which can be

p Y= 1oy {V2t) which canbe

graphed on the interval [-1,1] with thePlot function.
As an alternative we use NDSolve to obtain a numerical solution of y”
the conditions y(0) =0, y'(0) = 1, and y”(0) =1 on the interval [-1,1]:

+ 3y”+ 2y'+ 6y = 0 subject to

inf 1) =
solution=EDSolve [
{r"""[x]+3y " [x]+2y" [x]+6¥[x]==0,
r[0]==0,y"[0]==1,y" " [0]==-1},¥[x],{x,-1,1}]
Outf t 4=
{{y[x] -» InterpolatingFunction{{-1., 1.}, <>][x]}}

and then we graph the result:

infi5)=
Flot[¥[(x] /. solutionm,{x,-1,1}]
" //'/—
-1 -0.9 0.5 1
-0.5
-1
-1.5
-2
ouvif 1 5f'=
-Graphics-

In this case, the solution found in (a) could be used to obtain an exact solution to the equation. In
addition, notice that the result of NDSolwve is a list, named solution. Explicitly, the interpolating
function can be obtained with the commandsolution[[1,1,2]]:

laf t8f=
solutionf[1,1,2]]

QU t6f=
InterpolatingFunctionf{-1., 1.}, <> ][x]

BRG] 100% v |G
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§4.3 Nonhomogeneous Equations with Constant Coefficients: The Annihilator
Method

A particular solution, y,(x), of the differential equation f(x,y’(x),...,y"(x),y™(x)) = g(x)

is a specific function (which contains no arbitrary constants) that satisfies the equation.
The general solution to the nonhomogeneous equation

Tk

3,YO) + 2, YO UX) b 4y (X) +20y(0) = Y, y® (x) = g0 I8 Y(X) = Y(X) = (0 + Y,(X),
k=0
where y,(x) is the general solution of the corresponding homogeneous equation
a,yO(x)+a, ;YO VX)+...+a,Y (X)+ay(X)= Z a,y*(x) =0, and y,(x) is a particular
k=0

solution to the nonhomogeneous equation.

d’y

P

Recall that the n - th order derivative of a functiony is D'y =

Thus, the linear nth order differential equation with constant coefficients

A, YO+ 8, YO P(X)+... 48, Y (X)+ apy(X) = Z a, y* (x)=g(x) can be expressed in
k=0

operator notation

a,y"(X) + 2, Y P+ 42,y (X) + ay(X) = a,D°y(x) + a, . D" y(x)+..+2,Dy(X) + agy(x)
= (a,D" +a, D"'+...+aD+a,)y(x) = gXx).

The expression p(D) = a,D* + a,,D*! +..4+a;D + a, is called an nth order differential operator.
The differential operator p(D) is said to annihilate a function f(x) if p(D)(f(x)) = 0 for all x.

U EXAMPLE 4.15
Find a differential operator that annihilates (a) ¥ (b) xe™; and (¢) ¢*sin(x) and €* cos (X).
Solution:
The differential operator D? annihilates x?since D*x*=0;
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the differential operator (D + 3) annihilates xe=* since

(D+3)4(xe™) = (D? + 6D+ 9) (xe™) = D*(xe™*) + 6D(xe—-3x)+ I(xe™)

=(— 6>+ 9xe3* )+ 6(¢>* — 3xe) + 9xe*=0; and

the differential operator D?— 2D + 2 annihilates both ¢ sin(x) and e* cos(x) since

(D*-2D +2) (e sin(x)) = D*(e* sin(x)) — 2D(e*sin(x)) + 2(e* sin(x))

=2¢* cos(X) — 2(e* sin(X) + €* cos(X)) + 2¢* sin(x) =0 and

(D?-2D + 2)(e* cos(x)) = D?(e*cos(x)) — 2D(e* cos(X)) + 2(e* cos(X))

=—2¢* 8in 8(X) — 2(e* cos(X) — e* sin(X)) + 2¢e* cos(x) =0. M

ARADYT T' A 1L
AALVID L. %4.19

how that (a) (D+3)* annihilates x%¢*; (b) D’— 4D + 13 annihilates ¢ cos(3x); and

() (D + 3)X(D?-4D + 13) annihilates x*¢ >+ e** cos(3x).

Solution:
We begin by defining a function ann [q, £] which computes q(D)(f(x)) for the differential operator g.
ann is defined as follows:

1. The variables var, exp, ¢, val, and p are declared local to the functionann;
2. gqis expanded and the result is namedp;
3. The variable inp is named var;
4. expis defined to be the degree of p;
5. e[ 0] is defined to be the constant term of p obtained by evaluating p when the value of the
variable of pis 0;
6. For i greater than zero, ¢[1] is defined to be the coefficient of exp in p; and
exp d

7. The value of Z cli] Ff (x)is computed which corresponds to the value of q(D)(f(x)).
i=0 X
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S[)======= (therMethods(Annihilator} ===

inf 1=
annfq_,£f_]:=
Hodule[{var ,exp,c, val p},

p=Expandq];

var=Yariables|[p];
exp=Exponent[p,var[[1]]}];

c[0]=p 7. var[[1]]->0;
cfi_]:=Coefficient[p,var[[1]],1];
val=Sum[c[i] D[£,{x,i}].{i,0.exp}]
1

We then use ann to compute (D+ 3)* (x’¢*) and name the result one:

inff t =
one=ann[(d+3)"3 ,x"2 Exp[-3x}]

Guift 1=

19 4 v
A e R

2
2 v
+* = + 27 (— - )+
3 X E§ X E§ X ES X

Qv
= K

Simplifying one shows that (D + 3y (x’%¢™) =0.

nf 1 af=
Simplify[one]

gdlff- /. .?j =
0

Similarly ann and Simplify are used to compute then simplify (D? — 4D + 13)(e*cos(3x))

and (D + 3)* (D? — 4D + 13) (x%¢* + e*c0s(3x)):
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inf t3)=

two=annf(d*2-4d+13) ,Exp[2x] Cos[3x]]//Simplify

outf 1 3=

0

Inf b tf=

threg—ann{(d:3)"2(d*2_4d:13)

Exp([2x] Cos[3x]]1//5i
ot 14/=
0
[T i T .

In general
(i) The differential operator D annihilates each of the functions 1, x, ¥, ... , x";

(ii) The differential operator (D —)" annihilates each of the functions &=, xe™ ,... , x*'e*; and

(iii) The differential operator [D? — 20D + (02 + p?)]* annihilates each of the functions ¢* cos(Bx) ,

xe™ coS(BX) ,... , X"'e® cos( Bx) , €™ sin(Px), xe™ sin(Px),... , X" e sin(Bx).
Therefore, the homogeneous linear nth order differential equation with constant coefficients can be
expressed as p(D)y = g(x). When g(x) is a function of one of the above forms, another differential operator

q(D) which annihilates g(x) can be determined.

Suppose that the differential operator q(D) annihilates g(x). Then applying q(D) to the nonhomogeneous
equation yields q(D)p(D)y = q(D)g(x) = 0. The form of the particular solution is found by solving the

homogeneous equation q(D)p(D))y =0.

U EXAMPLE 4.17

Solve y"+2y"- 3y = 4e* — sin (x) subject to the conditions y(0) =0 and ¥ (0) = 1.

Solution:

In operator notation, the equation y” + 2y ” — 3 y = 4e*— sin (x) is the same as

(D?+2D - 3) y = 4e*—sin (x).

Notice that by (ii), (D — 1) annihilates 4¢* and by (iii), (D? + 1) annihilates sin (x).
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Applying (D — 1) and (D? + 1) to the equation (D?+ 2D — 3)y = 4¢* —sin(x)
yields D - 1)D*+ 1) (D*+2D-3)y=D - D@D+ 1) (4e* —sin (x)) =0.
The auxiliary equation of
D-1)D?+ 1)(D?*+2D-3) y=yD +y¥-4y> + 4y ” 5y, +3y =0
ism’ + m*—4m® +4m? - Sm + 3 = (m - 1)(m? + 1) (m? + 2m - 3)

=(m - 1 (m*+ D(m +3)=0
which has roots m = 1 (with multiplicity two), m =+i, and m =-3.
First observe that y, = ¢,e* + ¢,e* is a general solution of the corresponding
homogeneous equation y”'+2y’— 3y = 0 and

y(X)= ¢, +C,e 7 + ¢,xe™ +¢, cos(X) +¢, sin(X) is a general solution of

YO +y@ 4y§<3) +4y"-5y'+3y = OyépTherefore a particular solution of

¥+ 2y— 3y = 4¢*— sin (x) can be found of the form y, = csxe* + ¢,08 (X) + ¢58in (X).
Since y,” = ;X € + ¢3e* — ¢, 8in (X) + ¢ cos (x) and

yp' = cixe* +2¢,€F — €,¢08 (X) — 5 8in (X),we obtain

(C3Xe* + 2¢56*— €, €08 (X) — Cs Sin (X)) + 2(C;X €* + ¢ € ¢, 8in (X) + C5 o8 (X))

=3(C5X €* + ¢4€08 (X) + Cs sin (X)) =4¢*— sin (x). Simplifying yields the equation

Ao aXx 1 Mo Ao ongflw) L (00 _ An ) qginfw) = Aax _ qinfv) and agnatine ocnafficiantg

-ru:;,\., o \L/L/S -rL/4} L/UD\A} o \ sz/4 —r\/5} blll\A} -_ Tv Dlll\A} aliu U\:lual,llls vuULvlLLIviIvIIL
4C3 =4 1 1

yields the system ¢ 2¢ —4¢, =0 whichhas solutions ¢;=1,¢, = 0 and ¢; = 5

-2¢,—4c,=-1

c0s(X) N sin(x)

0 and a general solution of '+ 2y— 3y = 4¢*— x sin (X)

Therefore y, = xe* +

cos(X) N sin(x) ’

i8S y(X)= ¢, + C.67* + X€* +
10 5
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-1

Since y(0) = % +¢,+¢,=0and y'(0) = g +¢,-3¢c,=1,¢,= r and ¢, = 41—0 and thus the desired

—e* e™ cos(x) sin(x
+ +xe* + ()+L..

solution is y(X)= it s
Y 40 10 5

B EXAMPLE 4.18

Solve y” (x) —y"(x) — 7y'(x) + 15y(x) = X’ + ¢ c0os(3x).

Solution:

In this case, we first use DSolve to compute the general solution of the equation and name the result

gensol.

O

Bl

OtherMethods(Annihilator)

=E|

inf20/=

gensol=DSolve[y ' "[x]-¥" "'[x)-7¥ ' [x]+157[x]==
x"2 Exp[-3x]+Exp[2x]) Cos[3x],
rix].x]

ouif2of=
2 3
37 » + 5 x + X Cl1]

4394 E°* 3BE* 7wE* B

2 x
E2 X €3] Cos[x] - S E gos 3 x] _

272

3 2 ¥ gin[3 x],
B R

{{r[x] -»

E2 ¥ ¢[2] Sinfx] -

Alternatively, we use Mathematica to help construct a solution via the annihilator method.

In operator notation, the equation y”(x) — y"(x) — 7y'(x) + 15y(x) = x%¢™* + ¢*cos(3x) can be
written as (D°— D? - 7D + 15) y(x) = X’¢>* + e**¢c0s(3x). Since (D + 3 annihilates x%¢*

and D? — 4D + 13 annihilates ¢* cos(3x), applying (D + 3) and D*> - 4D + 13 to the equation

yields (D + 37(D*— 4D + 13)(D°~ D>~ 7D + 15)y(x) =0.

The corresponding homogeneous equation of Y”(x) — y”(X) — 7¥'(x) + 15y(x) = x%>* + e*c0s(3X)
iSY”(x) — v (x) -7y (x) + 15y(x) = 0 which has auxiliary equation & — d>*—7d + 15 =0. In this
case, roots is used to find the solutions of & — d*—7d + 15 =0 and the auxiliary equation of

(D +3)(D*- 4D + 13)(D? - D*-7D + 15)y(x) = 0,(d + 3P(d*-4d + 13)(F-d*-7d + 15) =0.

Note, however, that Solve could be used just as easily.
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Inf 2=

Roots[d”3-d "2-7d+15==0,d]

G Fef =

d==-3]|d==2-I|}|]d==2+1I

tnlE3f =

Roots[(d+3)“3(4"2~4d+13)(d *3-d*2-74+15)==0,4]

Guif 25f=

d==-3 || d===-3]]d==-3]||da=-3]||
u=-2—Iiid =2+ Ijjd==2-3T1]|j
d==2+31

Therefore a general solution of the equation is of the form

y=ce ™ +e>(c, cos(x) + ¢, sin(x)) +

yh

cxe ™ +ex’e ™ +ex’e ™ +e7 e, (Cos(3X) + ¢, sin)(3X)), where y, is a

yp

particular solution of V" (x) — v"(x) — 7¥'(x) + 15y(x) = x%¢™* + e*cos(3x) and Y, is

LiCUial SOILLIONT D D7

the general solution of the correspondlng homogeneous equation ¥”(x) — y"(x ) 7y'(x) + 15y(x) = 0.
We proceed by first clearing all prior definitions ofy, yh, ¢, funs and ¢s and then defining yh:

Inf63f-=

Clear[y,¥h,yp,c,funs ,cs5]

yhix_J=c[1]Exp[-3x]+
Exp[2x]1(c[2]Cos[x]+0[3]1Sin[x])

0#!/65f=

% (c[2] Cos[x] + c[3] Sin[x])
E

d.PPUd.l lll yy auu naiic LUC chuu J-bulb, LllCll blUdtC a LaUlC Ul leuUb Ul C LJ-] lUl '-r < l < 0 a.uu 11aic ulU

result es, and then finally defining yp by computing the dot product of funs and ¢s:

InfEdf =

funs={x Exp[-3x],x"2 Exp[-3x],
x~3Exp[-3x] ,Exp[2x] Cos[3x],.Exp[2x]
Sin[3x]};

Inf85)=

cs=Table[c[i],{i,4,8)];
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nf86/)=
yplx_]=funs.cs

Guif 88/ =

X c4] x2 c[3] x3 c[6] 2 X

23 = * Ea  * 23 ol E c[?] Cos[3 x] +
£2 ¥ ¢[8] Sin[3 x]

Since we can find numbers ¢,, Cs. ¢, C;,and ¢, o that yplx] satisfies
V(X)) -y (X) - Ty’ (x)" + 15y(x) = x%>* + ¢**c0s(3x), we compute and expand
yp” — yp” - 7yp’ + 15yp and name the result Lhsegn:

nfE 7=
lhseqn=yp" " " [x]-¥p' ' [x]-77p" [x]+
15yp[x}/7Expand
Gt s 7/ =
26 o(4] _ 20 o[S] 52 x o[5]  6ol6] 60 xcl6]
E3 X ES X Es X E3 X 33 X
"'9_"3:_111 - 40 E2 * o[7] Cos[3 x] -
E
24 E2 ¥ c[8] Cos[3 x] + 24 E2 ¥ o[7] Sin[3 x] -
40 E2 X o[8] 8in[3 x|

Equating the coefficients of Lhseqgn and x*¢™* + ¢**cos(3x) yields the system of equations

26¢, —20cs +6¢, =0

52¢,-60c, =0
78¢c, =1 which we solve with solwve and then name the resulting list of
—40c, —24¢, =1
24c¢,-40c, =0
sols.
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inf 88/ =
sols=Solve[{26c[4]-20c[5]+6c[6]==0,
S2c[3]-60c[6]==0,
78c[6]==1,
-40c[7]-240([8]==1,
24c[7]-40c[B]==0)}]

{{c[3] -» i
{{clv] 738’

e[71 = ~(z33), ©I8] => ~(z3)}}

L 37
c|lb] > 75 Cit]) ? 4—394,

Inf6 =
rei=_l=yplx}/. sols[[1]]
Guif 59/ =
37 x s, x> _SE*cos(3x _
4394 E°* 3 E* e p ¥ 272
3 £ * 8in[3 x]
3E Sinls x)

—

Finally, the general solution is obtained by computing the sum ofyp and yh:

Inf 70/ =
y[x_]=yhix]+ypIx]
ouif 70/ =

37 x Sk, _x oll]
4394 E° * 338 E° ¥

5 E% ¥ Cos(3 x] L2 %
272

(o[2] Cos[x] + o[3] Sin[x]} - 575
|l|l|||-|u 1007 w ¢|

3 E2 ® 5in[3 x]
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$4.4 Nonhomogeneous Equations with Constant Coefficients: Variation of Parameters

Let p(x), q(x), and f(X) be continuous on an interval I and let y;(x) and y,(X) be a fundamental set of
solutions for the associated homogeneous equation of
Y (%) +px)y'(®) + qE)y(x) = {(x),y"(x) + pE)y'(x) + g (®)yx) = 0.
Then, y;"(x) + Py, (x) + q(x)y:(x) = 0and y;"(x) + p(x)ys (x) + 4(x)y,(x) = 0.
This relationship is defined below in rule:

S&===——= 0therMethods(DarofParameters)

nf554=
Clear[y,y1,y2,ul ,u2,p,q.£,¥p]

Inf5 7=
rule={yl "[x]+p[x]yl’ [x]+q[x]r1[x]->0,
y2° ' [x]+pix]y2" [x]+qlx]y2[x]->0}

Oulf 56/ =
{qlx] yi[x] + p[x] ¥1'[x] + y1''[x] => 0,
qlx] ¥2[x] + plx] y2'[x] + y2''[x] -» 0}

Let u;(x) and u,(x) be two functions, if they exist, so that v.(3
L\**/ L\ =7

solution Ofy (%) + pR)Y' (%) + q(x)y(x) = f(x)'an
We define yp and ruletwo below:

lnf 5=
yP[x_]=y1[x]ul[x]+¥2[x]u2[x]

Gutf 58/ =
vi[=] yi[x] + u2[x] y2[x]

inf5al-=
roletwo={yl[x] wul"[x]+y2[x] u2°[x]->0}
Puif 56/ =

{yi[x] wi®[x] + y2[x] w2’ [x] -> 0}

The derivative of yp [x] is computed below:

Inf60f =

Diypix].x]

Duif 58/ =

vi[x] ul'[x] + y2[x] v2°'[x] + wl{x]} y1'[x®]) +
w2{x] y2'[x]
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ruletwo isapplied to the derivative of yp [®] and the result is named first.
Infeth=
first=n[yp[x].x] /. ruletwo

Guifs /=
ulfx] y1'[x] + v2(x] ¥2'[x]

Therefore, y, (x)'=y/ (X)u,(x) + ¥, X)uy(x)". y,”(x) is computed below by computing

aroqailtic namaed aacand:
uiv 10duIL 1d Haiiivu S€C L.

second=D[one ,x]

Gutf 65/ =
wl'[x] y1'[x] + u2'[x] ¥2'[%] + wl[x] y1''[x] +
u2[x] y2' ' [x]

Then y,”(x) + p(X)y, (x) + q(x)y,(x) is computed and expanded below. The result

is named stepone.

InlA S, =
i &3S,

stepone=second+p[x] first+q[x]yp[x]//Expand
G635/ =
qix] ul[x] y1[x] + qlx] w2[x] ¥2{x] +

plx] wi[x] y1'[x] + wl'[x] yi'[x] +

plx] vZ[x] y2'[x] + w2’ [x] y2'[x] +

uifx] yi''[x] + w2[x] y&8''[x]

The terms containing u;(x) and u,(X) in stepone are then collected and the result is named steptwo:

InfE4f:= 17
steptwo=Collect [stepone, {ul[x] ,u2[x]}] i

Qutf 5=

ul'[x] yl'[x] + v2'[x] ¥2'[x] +
wl[x] (alx] yi[x] + plx] y1'[x] + y1''[x]) +
u2[x] (q[x] ¥2[x] + plx] ¥2'[x] + y2''[x]) A

InfE85]:=
stepthree=steptwo 7. rule

Guife5i=
ul’{x] y1'[x] + u2'([x] ¥y2'[Xx]
(T 0% v TGl
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Thus y,"+ (X) + p(R)Y, ()+ gR)Y,(x) =y, (), (x) + ¥, (), (x) = f(x). Since

(u, () +y," (Ou,”(x) = £(x)

v,y X) + y,(X)u, (x) =0, we can solve the system{YIy1 GO, (%) +y, (OU,” () = 0

for u,"(x) and u, " (x):

, —y, ()f(x , vy, (X)f(x)
Uy (%) = /yz\( . (/)\ p \and U, (x)= (x) '(1\ (W (x)
yl(X)yZ (X/_y1 (X}ffzkxl Y X))y, (X)—Y, (X)¥,(X)
It follows that u;(x) f —Y,(3)f(x) dx and
1\A) B p; ax ana
Yi(X)Y, (X)) -y, (X)y, (%)
u,(0)f o) the general solution of y (x)+p(x)y ()+G(R)y(x)=f(x)
’ ’ +] -+ —
2 V(XY (X) -y, (X)y,(X) so the general solution of y (X +p(X)y (X)+q(X)y(x)=[(x

isy(X) =yi(X) = y2(X) +y1(X)u;(X)+y(X)uy(X)
—¥,(OI(x) ¥, (%)

=¥ 2! 1 , , dx +y,
ValRyHyRY (X)I V. (X)y, (X) -y, (X)y,(X) v (X)I Yi(X)y, (X) -y, (X)y,(x)

More generally, if we are given the nonhomogeneous equation

YOR) + 8, 10 YUR) b 2Ky (%) + 200 = 3, 3 (Y () = g(x)

and a fundamental set of solutions y;(X),y»(X),....¥.(X) of the associated homogeneous equation

YOX) +2,1(X) Y UX) +..4+ ()Y (X) + ay(X)y(x) = iak (x)y*(x)=0, then

we can extend the above to find u,(X),u,(x),...,u,(X) such that y,(x) Z u, (X)y;(X)is a

i=1
particular solution of the nonhomogeneous equation.
If) u/(x)y,(x)=0, then y,™(x)= Y u,(x)y,"(x) form=0,1,2,...,n—1 and if
i=1 i=1

Y w0y " (x)=0 for m=1,2,...,n-1,then
i=1

¥, 7 (0=} wEy "+ ) u (xy ).
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Yy, (x)=0

’ 7
Therefore we obtain the system of n equations ¢ Z v (o (=0 which, using Cramer’s rule,
v v (n-1) (< ’ (v = ol v\
L{Ji \AJYU AT B\~)

can be solved for u/(x),i=2,...,n.

Let W(71(X), yx(X), ... , Vo(X)) denote the determinant obtained by replacing the mth column of

o
vi(x) oy oy (x) 0
Y1/(X) Y2,(X) = ¥/ (%) | by the column |
V) v, ) ey, ) 0

1

gIW, (v, (x).y,(x).... , y.(x))
W(y, (x),¥, (%).... .y, (%))

y g()W, (y,(x),y,(x)... , y,(x))
wo=] (yl(x)yz(x) 3.0

30=Y 0 (=L 0] £ ol );)Y o "y"(y)f)()x))dx,

Then, by Cramer’s rule, u;'(x) =

dx so

UEXAMPLE 4.19

Solution:
A fundamental set of solutions for the associated homogeneous equations is

1 1 cos(lxj sin(lxj 1
S=<cos| —x |, sin| —x |rand W(S)= 2 2 =—.
) 7 -1 . (1 j 1 (1 j 2
—8in| —X | —cos| —X
2 2 2 2

Jori=1,2, ..

,nhand
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Let u,(x)= j - sin(%x)(sec(%x) * CSC(% XD _ _2J. % +1|dx=-2x+ 4Ln[cos(§)j
cos| - X

Then by Variation of Parameters,

Y, (x)= cos(% x)[—Zx + 4Ln(cos(§]ﬂ + sin(% x)[2x + 4Ln[sin(% ij:| is a particular solution of
7+ 1y sec(l x) + csc(l xj and
YT 2
y=c¢, cos(l x\ +c, sin(l x\ +y_(x)
\2 ) \2 ) 7

(P O e (S e e

is the general solution. l

B EXAMPLE 4.20
Solve v+ 4y'+13y = x cos*(3x).

Solution:
The associated homogeneous equation of the equation Y’ +4y" + 13y =x cos?(3x)isy”"+ 4y + 13y =0
which has characteristic equation n? + 4m+ 13 = 0. Since the symbolsy1, y2, yc, yp, ul, and u2
will ha nigad in congtminting tha enlitinn all nrine dafinitinong ara firet nlaarad and than tha charantariotin
YY1l ULV UdLU 111 vULIDLULL uuuué uiv sviuuvil, ail t}l IVL ULLLITITUULIID ALy 111DL VIVAL VAU dallu LIVl Uiv viidiravivl ipuy
equation is solved for m:

E[[==——=——==—= lariation0fParameters

tnf o=

Clear([y1,y2,yc,yp,ul ,u]
Solve[n 2+4m+13==0]

Gudfdf=

{{fm ~» <2 - 3 I}, {m > -2 + 3 I}}

8

Since the solutions of the characteristic equation are — 2 —3i and —2 + 3i, a fundamental set of solutions of
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v+ 4y"+ 13y = 0 is {€2* cos(3x),e > sin(3x) }. Therefore, we define f(x) = x cog (3x),

v,(X) = €% c0s(3x), and y,(x) = ¢ sin(3x):

18f 5 =

f[x_]=x Cos[3x]"2

Gulf 5=

x Cos[3 x}°

lnf 7fe=
ri[x_]=Exp[-2x]Cos[3x];
¥2[x_]=Exp[-2x]Sin[3x];

and wronksian= yl/(X) yz,(X) =3e*,
v/ (x) v, (x)
Il 8= ]
wronskian=Det[{{yl[x],y2[x]},
{y1°[x],¥2" [x]}}]//5implify
Outf 8/ = 1
3
ik 1

To find a particular solution of v+ 4y'+ 13y = x cos*(3x), we first define

ulprime = _Y2(X)f(x) .
wronskian
laf Qfe=
ulprime=-y2[x] f[x]/wronskian
aulf §f=

—(E% ¥ x Cos[3 x]? Sin[3 x])
3

N

. (oY, (0f(x)
and then deﬁneu1(X)=J ulprimedx= | —2—~—~—~ (x

J wronskian
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inf1of=
ul [x_]=Iantegrate[ulprime,x]

Gulf 1af=
52 x (-4 + 13 x) Cos[3 x] +
676
2 x
3E (-4 + 85 x) Cos[9 x] _
28550
)

B2 * (5 + 26 x) Sin[3 x] _

AL
avas

B2 * (77 + 170'x) Sin[9 x]

86700
Similarly, we define u2prime= M :
wronskian

lafttf=

w2prime=yl[x] f[x]/eromskian

ouifttf=

g2 ¥y Cosi3 x}a

— 2 A

and then define u,(x) = J- u2primedx .
wronskian

()

taf 13, =
uZ[x_]=Integrate[u2prime, x]
Gt 1 &f=

E2 * (5 4+ 26 x) Cos[3 x]
576 +

E2 ¥ (77 + 170 x) Cos(9 x] |
B0

3 B2 * (-4 + 13 x) Sin[3 x] .
T

3 E° ¥ (-4 4+ 85 %) Sin[9 x]
Z6900

Then a particular solution of y'+ 4y'+ 13y = x cos*(3x) is given by

yp(X) = yi(Xu(x) + y(X)uy(X):
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ol 3i=
rpix_J=yi[x] wl[x]+y2(x] u2[x] N
Gl 1 3f=

2% (5, 26 x) Cos[3 x] .
676

E2 X (77 4 170 x) Cos[3 x] .

(sin[3 x] (

3 E2 * (<4 + 12 x) Sin[3 x] N

Do

3£ ¥ (-4 + 85 x) Sin[9 x|

Z8900

(=4 + 13 x) Cos[3 x] ,
G7E

3EX ¥ (-4 485 x) Cos[9 x] _
78300

(S + 26 %) 8in[3 x] _
2028

2 X
+

J) /E

2 x
(Cos(3 x] (&

E2 X

E2 * (77 + 170 x) Sin[9 x]
BE700

3y 7 EZ X

-

and the general solution of y” + 4y" + 13y = 0 is given by y.(X) = ¢y(X) + ¢,¥,(X):

nf 15f=
yolx_l=c[1] yi[x]+c[2] y2[x]
Guitf 1 5=

c¢[1] Cos=(3 x] + e[2] Sin[3 x]
}.'2 X EZ X

i

4

so the general solution of Y+ 4y’+ 13y =x cos*(3x) is given by y(x) = y(x) + y,(X).
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nf16/-=
yix_]=rpix]+rc(x]
ouif 15)=
o[1] Cos[3 x] . o[2] $in[3 x]
22 X + EZ X M
% ¥ (54 2 x) Cos[3 x] |

. E
(5in{3 =] ¢ o

E2 * (77 + 170 %) Cos[ x] .

oo Uy
3 B2 X (.4 4+ 13 x) Sin[3 x] .

T
3 EZ X .
(-4 + 85 x) Sin{[9 x] / EZ X
28900 ) +
B2 * (-4 + 13 x) Cos[3 x]
(Cos[3 x] ( ETE +
2 %
E2 ¥ (-4 + 85 x) Cos[9 x] _
38300
2 % .
E (5 + 26 x) Sin(3 x]
2058 -
E2 * (77 + 170 x) Sin[3 x] S g2 %
86700 »

of functions tograph:

In order to graph various solutions corresponding to different values of g and c,, we first create a table

inf1éf=
yix_l=yrix]+ye[x]
oudf t6f=
o[1] Cos[3 x] , e[2] $in[3 x]
EQ X E2 X
% ¥ (5 + 26 x) Cos[3 x] |
676
2 x
E°* (77 + 170 %) Cos[9 x]
86700 *
2 x .
3 E (-4 + 13 %) Sin[3 x]
&% *
3E ¥ (~4 + 85 x) Sin[9 x]
28500
-4 4+ 13 X) Cos[3 x)
676 +

3 E% * (-4 + 85 x) Cos[9 x] _
26900

B2 * (5 + 26 x) Sin[2 x] _
2028

(Sin[3 x] (&

) s EE ¥,

2 %
(Cos[3 x) (E (

B2 * (77 + 170 x) Sin[9 %]y, ;g2 %
56700 N

and then graph the table tograph on the interval [-1,1]:
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inf? 9=

Plot[Evaluate|[tograph] , {x,-1,1},
PlotRange-3 {-20,20},
PlotPoints->100]

Dutf 1 8/ =
-Graphics-

B EXAMPLE 4.21
—4x
Solve y"—4y = —.
X
Solution:
Proceeding as in the previous example, the characteristic equation of the associated homogeneous
—4x
equation of y"— 4y = © — is m*~4 =0 which we solve for m:
X

[(&========= pariation0fParameters

nf =
Clear[yl,y2,yc,yp,ul ,u2]
Solve[m*2-4==0]

Gt sf =

{{m -> 2}, {m -> -2}}

e%x

Then a fundamental set of solutions of y’—4y =01is {¢*, e} so we define f(x) = >
X

yi(X)= €%, and y,(x)= e
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ol 3f=
f[x_]=Exp[-4x]/x"3

guif3f=
1

24 X xs

il =
yl[x_)=Exp[2x];
Y2[x_)=Exp[-2x];

vi(x)  y,(x)
y/(x) v, (x)

and wronksian=

infof=

wronskian=Det[{{yl[x],¥2(x]},
{x1°[x].¥2" [x]}}]

Gulfsl=

-4

—4x

To find a particular solution of y’'— 4y =

—¥,()f(x)

ulprime= ——
wronskian

we first define

3 k

Inf 7=

ulprime=-y2[x] f[x]/vronskian

Sl 7=
1

and then define u(x) =I ulprimedx=

EACLCIN

wronskian

The function ExpIntegralEi appearing in the resulting output represents thesecond exponential

integral function, Ei (z) = I ”%dt,
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nf Efe-
ul [2_]=Integrate[uliprime,x] B

outf8f=
t 3
T2 T x

g x* , 9 ExpIntegralEi[-6 x]
7

4 £ % 1
yi(x)f(x)

In the same manner as above we defineu 2prime =————~——~-—:
wronsgkian

lnf /=
n2prime=yl[x] £[x]/wroanskian

Guif 8f=
-1

4 E2 X 40

v () 40

and then define u,(x) =J u2prime dx = J- ronskian

inf 1Gf-=
uZ[x_]=Integrate{uiprime, x]

owlf 19/=
1 1

2 x2 X _ ExpIntegralEi[-2 x]
3

4 EZ X

—4x

Then a particular solution of y'— 4y= 18 y,(X) = yi (X (X) + y,(X)u(X):

X3

nfttf=
yplx_]=71[x] ul[x]+y2[x] u2[x} J

auif it/ =

E2 X ¢ 2 x6 . + 2 Eprnteg;alﬂll—G x]) +

_1 —
2 x2
4 22 X

E

ExpIntegralEi[-2 x]
- 2

2 X%
-

E

and the general solution of y'— 4y =0 is y.(X) = ¢; ¥(X) + ¢,y,(X).
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inf 1 2=
yo[x_J=c[l] Exp[-2x]+c[2] Exp[2x])

0&'&" 13 f=

cli]) 2 x
Ez—x + E 6[2]

—x

Therefore the general solution of y'— 4y= < — I8 y(X) = y.(X) + y,(X).
I :

inf13f=
yIx_l=ypIlx]+¥c(x]
vt 13/ =
J—lzzlx +E2 ¥ o2 4+ B2 %
L 3
2 x> > 9 ExpIntegralEi[-6 xly
4 26 X 2
I S |
2 2 X
X _ ExpIntegralEi{-2 x]
R Z
EZ X

These solutions are graphed by creating a table of functions tograph corresponding to the function
y(x) where ¢, and ¢, are replaced by various constants.

inf2of=
tograph=Table