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Hints on using 
this book 

This book contains lessons called Programs. Each Program has been written in 

such a way as to make learning more effective and more interesting. It is like 

having a personal tutor because you proceed at your own rate of learning and 

any difficulties you may have are cleared before you have the chance to 

practise incorrect ideas or techniques. 

You will find that each Program is divided into numbered sections called 

frames. When you start a Program, begin at Frame 1. Read each frame carefully 

and carry out any instructions or exercise that you are asked to do. In almost 

every frame, you are required to make a response of some kind, testing your 

understanding of the information in the frame, and you can immediately 

compare your answer with the correct answer given in the next frame. To 

obtain the greatest benefit, you are strongly advised to cover up the following 

frame until you have made your response. When a series of dots occurs, you 

are expected to supply the missing word, phrase, number or mathematical 

expression. At every stage you will be guided along the right path. There is no 

need to hurry: read the frames carefully and follow the directions exactly. In 

this way, you must learn. 

Each Program opens with a list of Learning outcomes which specify 

exactly what you will learn by studying the contents of the Program. The 

Program ends with a matching checklist of Can You? questions that enables 

you to rate your success in having achieved the Learning outcomes. If you 

feel sufficiently confident then tackle the short Test exercise which follows. 

This is set directly on what you have learned in the Program: the questions are 

straightforward and contain no tricks. To provide you with the necessary 

practice, a set of Further problems is also included: do as many of these 

problems as you can. Remember, that in mathematics, as in many other 

situations, practice makes perfect — or more nearly so. 
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Useful background 
information 

Symbols used in the text 
= is equal to a tends to 

eS is approximately equal to #2 is not equal to 

> is greater than = is identical to 

> is greater than or equal to < is less than 

n! fACtOTiAlT — lend 5 ee ES is less than or equal to 

|k| modulus of k, i.e. size of k ore) infinity 

irrespective of sign Lim limiting value as n — oo 

Se summation hae 

Useful mathematical information 
1 Algebraic identities 

(a+b)? =a? +2ab+b* (a+b)? =a? +3a7b + 3ab? + bP 

(Gab) = a = 2ab fb? ~ (aby =a 2 3a°b + 3ab— 

(a+b)* =a‘ + 4a*b + 6a*b* + 4ab* + b* 

(a—b)* =a‘ —4a*b+ bab" — Aab* + b* 

a*—b*=(a—b)(a+b) a@—b=(a—b)(a’?+ab+b’) 

a® + b® = (a+b)(a* — ab+b’) 

2 Trigonometrical identities 

(a) sin? @+cos? 6 =1; sec? @ = 1+ tan? 6; cosec”@ = 1 + cot? 6 

(b) sin(A + B) = sinAcosB + cosA sin B 

sin(A — B) = sinA cos B — cosA sin B 

(A + B) = cosAcosB — sinA sin B 

( ) cos(A — B) = cosAcosB+sinA sin B 

tan A + tan B 

cele a 1 —tanAtanB 

Nee tan A — tan B 

el Be 1+tanAtanB 

(c) lettA=j=B=6 -. sin2@=2sin@cosé 

cos 26 = cos? 6 — sin? 6 = 1 — 2sin? 6 = 2cos”6—1 

22 0 
fan oo eee 

1 — tan“ @ 

xi 



we Useful background information 

(d) Let 0 =$ xy sing = 2sin$cos$ 

cos # = cos? sin? <4 asin®£ = 2cos?S— 1 

2tan$ 

ane te 
2; 

(e) sin C+ sinD = 2sin< + cos“ >= 

sie Re eae 2 an 

cos C + cosD = 2c0s“ + cos“ 5 > 

cosD — cos = 2sin< +? sin = * 

(f) 2sin Acos B = sin(A + B) + sin(A — B) 

2cosAsinB = sin(A + B) — sin(A — B) 

2cosAcos B = cos(A + B) + cos(A — B) 

2sin A sin B = cos(A — B) — cos(A + B) 

(g) Negative angles: sin(—0) = —siné 

cos(—é) = cosé 

tan(—0) = —tané 

(h) Angles having the same trigonometrical ratios: 

(i) Same sine: 6 and (180° — @) 

(ii) Same cosine: 6 and (360° — 6), i.e. (—@) 

(iii) Same tangent: 6 and (180° + @) 

(i) asinéd+bcosé = Asin(@+ a) 

asin@ — bcos@ = Asin(@ — a) 

acos@+ bsin@ = Acos(@ — a) 

acos @ — bsin@ = Acos(@ + a) 

= Va* + b 

where b 

a= tan’ = (0 < a =< 90") 
r 

3 Standard curves 

(a) Straight line 

dy ees 
Slope, m= 

ae be peer 
R mz —m 

Angle between two lines, tan @ =—~— 
1+mmo 

For parallel lines, mz = m, 

For perpendicular lines, m,m2 = —1 



Useful background information | xiii 

Equation of a straight line (slope = m) 

(i) Intercept c on real y-axis: y = mx +c 

(ii) Passing through (x1, y1): y— y1 = m(x — x1) 

Vat 
(ii) Joining (x1, and (x2, y2): = § (%1, 1) (X2, y2) eon ees 

(b) Circle 

Centre at origin, radiusr: x7 +y* =r’ 

Centre (h, k), radius r: Ce ea Veen) eet 

General equation: KOPP Ve exe ety Ces O 

with centre (—g, —f): radius = ,/g2 + f2 —c 

Parametric equations: x =rcos@, y=rsin@ 

(c) Parabola 

Vertex at origin, focus (a,0):  y? = 4ax 

Parametric equations : x= at?) y= 2at 

(d) Ellipse 
x2 2 

Centre at origin, foci (+ V a2 + b2, 0): 7 + po 

where a = semi-major axis, b = semi-minor axis 

1 

Parametric equations: x = acos6, y = bsin@ 

(e SS Hyperbola 
2 

Centre at origin, foci (+v az + b2, 0): _ = 5 = 

Parametric equations: x = asec, y = btané 

2 
ih 

Rectangular hyperbola: 

Centre at origin, vertex + (=, =) xy = ak eC g , a) De /2, e y @ 

ie vec where c = 

Parametric equations: x = ct, y=c/t 

4 Laws of mathematics 

(a) Associative laws — for addition and multiplication 

a+(b+c)=(a+b)+c 

a(bc) = (ab)c 

(b) Commutative laws — for addition and multiplication 

a+b=b+a 

ab = ba 

(c) Distributive laws — for multiplication and division 

a(b+c) = ab + ac 

paw Bee (provided a # 0) 
a aoa 
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Preface 

It is now nearly 40 years since Ken Stroud first developed his approach to 

personalized learning with his classic text Engineering Mathematics, now in its 

sixth edition. That unique and hugely successful programmed learning style is 

exemplified in this text and I am delighted to have been asked to contribute to 

it. I have endeavored to retain the very essence of his style that has 

contributed to so many students’ mathematical abilities over the years, 

particularly the time-tested Stroud format with its close attention to 

technique development throughout. 

The first Program deals with a review of the elements of functions of a real 

variable and the next two Programs introduce complex numbers and their 

polar form. Program 4 introduces the hyperbolic trigonometric functions and 

ends by displaying their relationships to the circular trigonometric functions 

via the complex domain. Program 5 discusses the concept of a complex 

mapping and considers translations, magnifications and rotations; the 

Program culminates in the bilinear transformation. Programs 6 and 7 develop 

the elements of partial differentiation and multiple integrals necessary to 

begin the discussion of the complex calculus that is introduced in Program 8 

and which culminates in Program 9 with the calculus of residues. 

To give the student as much assistance as possible in organizing their study 

there are specific Learning outcomes at the beginning and Can You? 

checklists at the end of each Program. In this way, the learning experience is 

made more explicit and the student is given greater confidence in what has 

been learned. Test exercises and Further problems follow, in which the 

student can consolidate their newly-found knowledge. 

This is a further opportunity that I have had to work on the Stroud books, 

having made additions to both the Engineering Mathematics and Advanced 

Engineering Mathematics texts. It is as ever a challenge and an honor to be able 

to work with Ken Stroud’s material. Ken had an understanding of his students 

and their learning and thinking processes which was second to none, and this 

is reflected in every page of this book. As always, my thanks go to the Stroud 

family for their continuing support for and encouragement of new projects 

and ideas which are allowing Ken’s work an ever wider public. 

Huddersfield Dexter J Booth 

June 2007 
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Functions 

Learning outcomes 

When you have completed this Program you will be able to: 

Identify a function as a rule and recognize rules that are not functions 

Determine the domain and range of a function 

Construct the inverse of a function and draw its graph 

Construct compositions of functions and de-construct them into their 
component functions 

Develop the trigonometric functions from the trigonometric ratios 

Find the period, amplitude and phase of a periodic function 

Distinguish between the inverse of a trigonometric function and the 
inverse trigonometric function 

Solve trigonometric equations using the inverse trigonometric 

functions and trigonometric identities 

Recognize that the exponential function and the natural logarithmic 
function are mutual inverses and solve indicial and logarithmic 

equations 

Find the even and odd parts of a function when they exist 

Construct the hyperbolic functions from the odd and even parts of 
the exponential function 

Evaluate limits of simple functions 



2 Complex Variables 

Processing numbers 

| 4 The equation that states that y is equal to some expression in x, written as: 

vay) 
has been described with the words ‘y is a function of x’. Despite being widely 

used and commonly accepted, this description is not strictly correct as will be 

seen in Frame 3. Put simply, for all the functions that you have considered so 

far, both x and y are numbers. 

Take out your calculator and enter the number: 

5 this is x, the input number 

Now press the x? key and the display changes to: 

25 this is y, the output number where y = x? 

The function is a rule embodied in a set of instructions within the calculator that 

changed the 5 to 25, activated by you pressing the x” key. A diagram can be 

constructed to represent this: 

x 

The box labelled f represents the function. The notation *2 inside the box 

means raising to the power 2 and describes the rule — what the set of instructions 

will do when activated. The diagram tells you that the input number x is 

processed by the function f to produce the output number y = f(x). So that 

y = f(x) is the result of function f acting on x. 

So, use diagrams and describe the functions appropriate to each of the 

following equations: 

1 
Uc, (b) y=x-6 

(c) y= 4x (Cys Sit) 

Just follow the reasoning above, the answers are in the next frame 



Functions 

(a) Function f produces the reciprocal of the input 

(b) Function f subtracts 6 from the input 

(c) Function f multiplies the input by 4 

(d) Function f produces the sine of the input 

Let’s now expand this idea 

Functions are rules but not all rules are functions 3 | 

A function of a variable x is a rule that describes how a value of the variable x is 

manipulated to generate a value of the variable y. The rule is often expressed 

in the form of an equation y = f(x) with the proviso that for any input x there 

is a unique value for y. Different outputs are associated with different inputs — 

the function is said to be single valued because for a given input there is only 

one output. For example, the equation: 

y in ae 

expresses the rule ‘multiply the value of x and add three’ and this rule is the 

function. On the other hand, the equation: 

y =x which is the same as y = +x 

expresses the rule ‘take the positive and negative square roots of the value of x’. 

This rule is not a function because to each value of the input x > 0 there are 

two different values of output y. 



ee Complex Variables 

The graph of y = +,/x illustrates this quite clearly: 

VA 
6 

-6 

If a vertical line is drawn through the x-axis (for x > O) it intersects the graph 

at more than one point. The fact that for x = 0 the vertical line intersects the 

graph at only one point does not matter — that there are other points where the 

vertical line intersects the graph in more than one point is sufficient to bar 

this from being the graph of a function. Notice that y = x? has no real values of 

vitor <0! 
Also note that your calculator only gives a single answer to x? because it is, 

in fact, calculating \/x. 
So, which of the following equations express rules that are functions? 

(a) y= 5x74 2x-4 

(b) y= 7x3 — 3x7} 

Next frame 

| 4 (a) y = 5x? + 2x4 does not 

(b) y = 7x — 3x7! does 

(a) y= 5x? + 2x4 does not express a function because to each value of x 

(x>0) there are two values of x4, positive and negative because 
1 

“4 = (x3)? = +x, Indeed, any even root produces two values. x 

(b) y = 7x3 — 3x-! does express a function because to each value of x (x 4 0) 
there is just one value of y. 



Functions ca 5 

All the input numbers x that a function can process are collectively called the 

function’s domain. The complete collection of numbers y that correspond to 

the numbers in the domain is called the range (or co-domain) of the function. 

For example, if: 

y = V1 —x? where both x and y are real numbers 

the domain is —1 < x < 1 because these are the only values of x for which y has 

a real value. The range is 0 < y < 1 because 0 and 1 are the minimum and 

maximum values of y over the domain. Other functions may, for some 

purpose or other, be defined on a restricted domain. For example, if we 

specify: 

(the function is defined only for the restricted set of = ee 
oa mS a x-values given) 

the domain is given as —2 < x < 3 and the range as —8 < y < 27 because —8 

and 27 are the minimum and maximum values of y over the domain. 

So the domains and ranges of each of the following are: 

1 ee =X. mmGe | a a th alae em 1) ete Gero) 
OS S6 

The answers are in the next frame 

(ayiyee ee 5x 4 5 

domain —5<x<4,range —125<y< 64 

(es 
domain — oo < x < w, range O< y < co 

1 
(c) Y Ge Tyee) Oss 5550 

domain 0'= x =< land 19% =< 6, 

range — co < y < =0.5, 0.025 < y < © 

Because 

(a) The domain is given as —5 < x < 4and the range as —125 < y < 64 because 

—125 and 64 are the minimum and maximum values of y over the 

domain. 
(b) The domain is not given and is assumed to consist of all finite values of x, 

that is, —co < x < oo. The range values are all positive because of the even 

power. 
(c) The domain is 0 < x < 1 and 1 < x < 6 since y is not defined when x = 1 

where there is a vertical asymptote. To the left of the asymptote 

(0 <x <1) the y-values range from y = —0.5 when x =0 and increase 

negatively towards —co as x — 1. To the right of the asymptote 1 <y <6 

the y-values range from infinitely large and positive to 0.025 when x = 6. If 

you plot the graph on your spreadsheet this will be evident. 
Next frame 

ee 
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6 Functions and the arithmetic operations 

Functions can be combined under the action of the arithmetic operators 

provided care is taken over their common domains. For example: 

2 
, O<x<5 then, for example 

x+3 
If f(x) =x2-1, —2<x<4 and g(x)= 

(a) h(x) = f(a) + 8() =? -1 + ists Sp 

because g(x) is not defined for —2 <x <0 and f(x) is not defined for 

4<x<5s00<x <4 is the common domain between them. 

HS3) 2 2 (b) Bs ane ns ely O<x<4andxF/l 

because g(x) is not defined for —2 <.x < 0, f(x) is not defined for4 <x <5 

and k(x) is not defined when x = 1. 

So if: 

2X. 
BC) ame where —3<x<3andx#1 and 

4x—8 rea 
= FOr Yeo THe h(x ye ——— 15 ee ee g(x) == 0<x< =a 

The answer is in the next frame 

7 Heya te = 2x09) where Oe 3k ee 
BO eal) 48) 

Because when x = 1 or 2, h(x) is not defined; when —3 < x < 0, g(x) is not 

defined; and when 3 < x < 6, f(x) is not defined. 

| 8 Inverses of functions 
The process of generating the output of a function is assumed to be reversible 

so that what has been constructed can be de-constructed. The effect can be 

described by reversing the flow of information through the diagram so that, 
for example, if: 

Vez A) kero 

the flow is reversed by making the output the input and retrieving the original 
input as the new output: 
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The reverse process is different because instead of adding 5 to the input, 5 is 
now subtracted from the input. The rule that describes the reversed process is 
called the inverse of the function which is labelled as either f—! or arcf. That is: 

ee —p dae! 

The notation f~' is very commonly used but care must be taken to remember 
that the —1 does not mean that it is in any way related to the reciprocal of f. 

Try some. Find f~'!(x) in each of the following cases: 

@ fX)=6 Ob) fa=8 © fe)=F 
Draw the diagram, reverse the flow and find the inverse of the function in each case 

Because 

(a) 

(b) 

The inverses of the arithmetic operations are just as you would expect: 

addition and subtraction are inverses of each other 

multiplication and division are inverses of each other 

raising to the power k and raising to a power 1/k are inverses of each other 

Now, can you think of two functions that are each identical to their inverse? 

Think carefully 

1 10 | 
f(x) =x and f(x) == 

Because the function with output f(x) = x does not alter the input at all so the 

he we 
inverse does not either, and the function with output f(x) = is its own 

> 
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inverse because the reciprocal of the reciprocal of a number is the number: 

ats 
ee 

Let’s progress 

11° Graphs of inverses 

The diagram of the inverse of a function can be drawn by reversing the flow of 

information and this is the same as interchanging the contents of each 

ordered pair generated by the function. As a result, when the ordered pairs 

generated by the inverse of a function are plotted, the graph takes up the 

shape of the original function but reflected in the line y = x. Let’s try it. Use 

your spreadsheet to plot y = x? and the inverse y = x3. The spreadsheet that is 

used in this text is the Microsoft Excel spreadsheet which is a component of 

Microsoft Office. The version used is Excel 2002 and it is assumed that later 

versions will exhibit the same features exemplified here. 

What you are about to do is a little involved, so follow the 

instructions to the letter and take it slowly and carefully 

| 12 The graph of y=x° 

Open up your spreadsheet 

Enter = 121 in cellfAL 

Highlight Al to A24 

Click Edit-Fill-Series and enter the step value as 0.1 

The cells Al to A24 then fill with the numbers —1.1 to 1.2. 

In cell B1 enter the formula =A1%3 and press Enter 

Cell B1 now contains the cube of the contents of cell Al 

Make B1 the active cell 

Click Edit-Copy This copies the contents of B1 to the Clipboard 
Highlight B2 to B24 

Click Edit-Paste This pastes the contents of the Clipboard to B2 
to B24 

Each of the cells B1 to B24 contains the cube of the contents of the adjacent 
cell in the A column. 

Highlight the block of cells Al to B24 

Click the Chart Wizard button to create an 

XY (Scatter) graph with joined-up points 
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The graph you obtain will look like that depicted below: 

—2 

—1.5 4+ 

Now for the graph of y = x: 

1 
The graph of y= x° 13 

Keep the data you already have on the spreadsheet, you are going to use it: 

Highlight cells Al to A24 

Click Edit-Copy This copies the contents of Al to A24 to the 

Clipboard 

Place the cursor in cell B26 

Click Edit-Paste This pastes the contents of the Clipboard from 

B26 to B49 

The cells B26 to B49 then fill with the same values as those in cells Al to A24 

Highlight cells B1 to B24 

Click Edit-Copy This copies the contents of B1 to B24 to the 

Clipboard 

Place the cursor in cell A26 

Click Edit-Paste Special 

In the Paste Special window select Values and click OK 

The cells A26 to A49 then fill with the same values as those in cells B1 to 

B24. Because the cells B1 to B24 contain formulas, using Paste Special 

rather than simply Paste ensures that you copy the values rather than the 

formulas. 
What you now have are the original ordered pairs for the first function 

reversed in readiness to draw the graph of the inverse of the function. 

Notice that row 25 is empty. This is essential because later on you are going to 

obtain a plot of two curves on the same graph. 
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For now you must first clear away the old graph: 

Click the boundary of the graph to display the handles 

Click Edit-Clear-All 

and the graph disappears. Now, to draw the new graph: 

Highlight the block of cells A26 to B49 

Click the Chart Wizard button to create an XY (Scatter) graph with 

joined-up points 

The graph you obtain ca 
will look like that 

depicted to the right: 

Same shape as the 

previous one but a 

different orientation. 

Now for both the graph of y = x° and y = x3 together 

1 

| 14 The graphs of y= x? and y=x3 plotted together 

Clear away the graph you have just drawn. Then: 

Highlight the block of cells Al to B49 

Click the Chart Wizard button to create an XY (Scatter) graph with 

joined-up points 

The graph you obtain 

will look like that 

depicted to the right: 

=2 
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Now you can see that the two graphs are each a reflection of the other in the 
line y = x. To firmly convince yourself of this: 

Place the cursor in cell A51 and enter the number —1.1 
Enter the number —1.1 in cell B51 

Enter the number 1.2 in cell A52 

Enter the number 1.2 in cell B52 

You now have two points with which to plot the straight line y = x. Notice 
again, row SO this time is empty. 

Clear away the last graph. Then: 

Highlight the block of cells Al to B52 

Click the Chart Wizard button to create an XY (Scatter) graph with 
joined-up points 

The graph you obtain will look like that depicted below: 

=k} 

As you can see, the graphs are symmetric about the sloping line y = x. We say 

they are reflection symmetric about y=x because each one could be 

considered as a reflection of the other in a double-sided mirror lying along 

this line. 

Now you try one. Use the spreadsheet to plot the graphs of y = x’ and its 

inversely = x2, You do not need to start from scratch, just used the sheet you 

have already used and change the contents of cell B1 to the formula =A1‘2, 

copy this down the B column to B24 and then Paste Special these values 

into cells A26 to A49. 
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15 27 

Sis cE 

The graph of the inverse of the square function is a parabola on its side. 

However, as you have seen earlier, this is not a graph of a function. If, 

however, the bottom branch of this graph is removed, what is left is the graph 

of the function expressed by y = \/x which is called the inverse function because 

it is single valued. 

Plot the graph of y = x* — x2 + 1 by simply changing the formula in B1 and 

copying it into cells B2 to B24. So: 

(a) What does the inverse of the function look like? 

(b) Is the inverse of the function the inverse function? 

16 
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Because 

(b) The inverse of the function is not single valued so it cannot be a 

function. The inverse function would have to be obtained by removing 

parts of the inverse of the function to obtain a function that was single 
valued. 

At this point let us pause and summarize the main facts so far on functions 

and their inverses 

B Summary 

1 A function is a rule expressed in the form y = f(x) with the proviso that 17 

for each value of x there is a unique value of y. 

2 The collection of permitted input values to a function is called the domain 

of the function and the collection of corresponding output values is called 

the range. 

3 The inverse of a function is a rule that associates range values to domain 

values of the original function. 

‘a Review exercise 

1 Which of the following equations expresses a rule that is a function: 18 

Ey yw 

(b) y= vx3 

2 Given the two functions f and g expressed by: 

43 0 
f(x) = 2x — 1 for ~2<x<4and g(x) = >_,, for3<x<s, 

find the domain and range of: 

(a) h(x) = f(x) — 8) 
2f (x) 

DY KA) == (b) K(x) = — Fy 

3 Use your spreadsheet to draw each of the following and their inverses. Is 

the inverse a function? 

(ayy xe Use the data from the text and just change the formula 

(b) y=—3x Use the data from the text and just change the formula 

(c) y= vVx3_ Enter 0 in cell Al and Edit-Fill-Series with step value 0.1 
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4 9 1 (a) y= 6x —2 expresses a rule that is a function because to each value of x 

there is only one value of y. 

(b) y = Vx3 expresses a rule that is a function because to each value of x 

there is only one value of y. The surd sign \/ stands for the positive 

square root. 

5 z : : 
(jiy= ( 5 3) expresses a rule that is not a function because to each 

x 

positive value of the bracket there are two values of y. The power Si2 

represents raising to the power 5 and taking the square root, and there 

are always two square roots to each positive number. 

2a) hi) =f (ek) = for 3 <x <4 because g(x) is not 
4 

x—2 

defined for —2 < x < 3 and f(x) is not defined for 4< x < 5. Range 

de Hes, 

2f(x) (2x -1)(x- 2) (Db) K(x) = = {ors =< 4: Caer) 2 
Range —7 < k(x) < —S/2. 

3 (a) y= x° has an inverse y = x. This does not express a function because 

there are always two values to an even root (see Frame 4). 

(b) y = —3x has an inverse y = -=. This does express a function because 

there is only one value of y to each value of x. 
. 2 Sogn 

(c) y= vx? has an inverse y = x3 because Vx? represents the positive 
3 c . 

value of y = x2. The inverse does express a function. 

Now let’s move on 

Composition — ‘function of a function’ 

20 Chains of functions can be built up where the output from one function forms 

the input to the next function in the chain. Take out your calculator again and 
this time enter the number: 

[4 
Now press the [| key — the reciprocal key — and the display changes to: 

029 the reciprocal of 4 

NS Now press the | y2| key and the display changes to: 

0.0625 the square of 0.25 
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Here, the number 4 was the input to the reciprocal function and the number 
0.25 was the output. This same number 0.25 was then the input to the 
squaring function with output 0.0625. This can be represented by the 
following diagram: 

2 

1/4 = 0.25 (0.25) = 0.0625 

Notice that the two functions have been named a and b, but any letter can be 

used to label a function. 

At the same time the total processing by f could be said to be that the 

number 4 was input and the number 0.0625 was output: 

So the function f is composed of the two functions a and b where 

BUX i= 7 Di) = 4 and, £0) — ok It is said that f is the composition of a 

and b, written as: 

{/=be@ 

and read as bof a. Notice that the functions a and b are written down 

algebraically in the reverse order from the order in which they are given in the 

diagram. This is because in the diagram the input to the composition enters 

on the left, whereas algebraically the input is placed to the right: 

f(x) =boa(x) 
So that f(x) = bo a(x), which is read as f of x equals b of a of x. An alternative 

notation, more commonly used, is: 

f(x) = bla(x)] 
and f is described as being a function of a function. 

Now you try. Given that a(x) = x +3, b(x) = 4x find the functions f and g 

where: 

(a) f(x) = bia(x)] 

(b) g(x) = alb(x)| 

Stick with what you know, draw the boxes and see what you find 
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21 E F(x) = 4x>- 12 

( 

Because 

4(x + 3) =4x + 12 

(a) 

Notice how these two examples show that b[a(x)] is different from a[b(x)}. That 

is, the order of composition matters. 

Now, how about something a little more complicated? Given the three 

functions a,b and c where a(x) = x3, b(x) = 2x and c(x) = tanx, find each of 

the following as expressions in x: 

(a) f(x) =a(ble(x)]) (Bb) g(%) = c(a[b®)]) © =A(x) = a(ale(x))) 

Remember, draw the boxes and follow the logic 

22 (a) f(x) = 8tan3x 
(b) g(x) = tan(8x’) 
(c) h(x) = tan’x 

Because 

(a) 

(c) 

How about working the other way? Given the expression f(x) for the output 
from a composition of functions, how do you decompose it into its 
component functions? This is particularly easy because you already know 
how to do it even though you may not yet realize it. 

Let’s look at a specific example first 
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Given the output from a composition of functions as f(x) = 6x —4 ask 

yourself how, given a calculator, would you find the value of f(2)? You would: 

enter the number 2 the input x 
multiply by 6 to give 12 the first function a =" 6x input times 6 
subtract 4 to give 8 the second function b(x) =6x—4 input minus 4 

so that f(x) = bla(x)]. The very act of using a calculator to enumerate the 

output from a composition requires you to decompose the composition 

automatically as you go. 

Try it yourself. Decompose the composition with output f(x) = (x +5)’. 

Get your calculator out and find the output for a specific input 

[feo = bia(x)] where a(x) = x + 5 and b(x) = | 23 

Because 

Notice that this decomposition is not unique. You could have defined 

b(x) = x? in which case the composition would have been f(x) = b(b[a(x)]). 

Just to make sure you are clear about this, decompose the composition with 

Output f(x) — "Ss sin 22-7). 

Use your calculator and take it steady, there are four functions here 

f (x) = d{c(bla(x)])| where a(x) = 2x 24 

DX) =x, Cx sinx-and d(x) = "3% 

Because 

x 2x 2x+7 sin(2x + 7) 3 sin(2x + 7) 

Let’s keep going 
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| 25 _Inverses of compositions 

As has been stated before, the diagram of the inverse of a function can be 

drawn as the function with the information flowing through it in the reverse 

direction: 

The diagram permits the inverse of a composition of functions to be found. 

For example, consider the function f with output f(x) = (3x—S)%. By 

decomposing f you find that: 

f(x) = c(bla(x)]) where a(x) = 3x, b(x) =x —S and c(x) = x3. Each of the three 

functions a, b and c has its respective inverse as: 

i A68 = 

eps 

Cm bar 

and from the diagram you can see that f—!(x) = a~!(b-![c~!(x)]) = (x3 + $)/3. 
Notice the reversal of the order of the components: 

f(x) =c(bla(x)]), f°) =a (be *(x))) 

Now you try this one. Find the inverse of the function f with output 

f(x) = ay 

26 f71(x) = 4x3 = 2 

Because 

Answer in the next frame 

Now try the following exercises 
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1 Given that a(x) = 4x, b(x) = x2, c(x) = x — 5 and d(x) = yX find: 

Ss wm pat) — Re I Spe a = Ss 

(c) F(x) = ble(ble(x)))] 

2 Given that f(x) = (2x — 3)° - 3, decompose f into its component func- 
tions and find its inverse. Is the inverse a function? 

Take it steady — you will find the solutions in the next frame 

1 (a) f(x) = a[b(c[d(x)))] = 4(vx — 5)” 28 
(b) f(x) = a(ald(x)]) = lovx 

(c) FX) = Ble(bic(x)))) = (45)? 25)? = x* — 200° 140%? = 400% 4- 400 

2 f =bocoboaso that f(x) = bi{c(b[a(x)])] where a(x) = 2x, b(x) = x — 3 and 

C(x) =x2. The inverseis /_“(x)=—a | (D-*(e *|b-*(x)})) so that: 

Ga s)yr3 
Ys 

b-1(x) =x +3 and c"!(x) = x3. The inverse is a function. 

f(x) = ab (cea) = where a(x) = x/2, 

So far our work on functions has centered around algebraic functions. This is 

just one category of function. We shall now move on and consider other types 

of function and their specific properties. 

Next frame 

Trigonometric functions 

Rotation 29 

The trigonometric ratios are initially defined for the two acute angles in a 

right-angled triangle. These definitions can be extended to form trigonometric 

functions that are valid for any angle and yet retain all the properties of the 

original ratios. Start with the circle generated by the end point A of a straight 

line OA of unit length rotating anticlockwise about the end O as shown in the 

diagram over the page: 
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sind 

For angles @ where 0 < 6 < 7/2 radians you already know that: 

sin @ 5 = AB since OA = 1 

That is, the value of the trigonometric ratio sin@ is equal to the height of 

A above B. The sine function with output sin@ is now defined as the height 

of A above B for any angle 6 (0 < @ < 00). 

sin 0 

Notice that when A is below B the height is negative. The definition of the sine 

function can be further extended by taking into account negative angles, 

which represent a clockwise rotation of the line OA giving the complete graph 

of the sine function as in the diagram below: 

sin 0 
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As you can see from this diagram, the value of sin@ ranges from +1 to —1 

depending upon the value of 6. You can reproduce this graph using a 

spreadsheet — in cells A1 to A21 enter the numbers —10 to 10 in steps of 1 and 

in cell B1 enter the formula =sin(A1) and copy this into cells B2 to B21. Use 

the Chart Wizard to draw the graph. 

Just as before, you can use a calculator to find the values of the sine of an 

aielew sO (Ne sINeOlloo 15 eee eee 

Remember to put your calculator in degree mode 

0.4540 to 4 dp 30 

and the sine Ol 9/4 Tadians 1S mses ence er 

Remember to put your calculator in radian mode 

31 
By the same reasoning, referring back to the first diagram in Frame 29, for 

angles 6 where 0 < 6 < 7/2 radians: 

OB 
cos @ OA OB since OA 

This time, the value of the trigonometric ratio cos@ is equal to the distance 

from O to B. The cosine function with output cosé@ is now defined as the 

distance from O to B for any angle 0 (—co < @ < ov). 

cos @ 

Notice that when B is to the left of O the distance from O to B is negative. 

Again, you can reproduce this graph using a spreadsheet — in cells Al to 

A21 enter the numbers —10 to 10 in steps of 1 and in cell B1 enter the 

formula =cos (A1) and copy this into cells B2 to B21. Use the Chart Wizard to 

draw the graph. 

A calculator is used to find the values of the cosine of an angle. So the cosine 

Ole 27 2 IS Bey kr 

Remember to put your calculator in degree mode 
ce rrmnnemntmmmermeennsumttenetumenmeuncemtttcccemeneiamme A, 
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| 32 | 0.0349 to 4 dp | 

and the cosine of 2m/3 radiaiis 1S (eee 

Remember to put your calculator in radian mode 

33 20% 

Now to put these two functions together 

| 34 The tangent 

The third basic trigonometric function, the tangent, is defined as the ratio of 

the sine to the cosine: 

Because cos @ = 0 whenever @ is an odd multiple of 7/2, the tangent is not 

defined at these points. Instead the graph has vertical asymptotes as seen 
below: 

tan @ 

| 
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| 1 
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You can plot a single branch of the tangent function using your spreadsheet. 
Enter —1.5 in cell Al and Edit-Fill-Series down to A21 with step value 0.15, 
then use the function =tan (AJ) in cell B1 and copy down to B21. Use the 
Chart Wizard to create the graph. 
Make a note of the diagram in this frame and the diagrams in Frames 29 

and 31. It is essential that you are able to draw sketch graphs of these 
functions. 

For the sine and cosine functions the repeated sinusoidal wave pattern is 
easily remembered, all you then have to remember is that each rises and falls 
between +1 and —1 and crosses the horizontal axis: 

(a) every whole multiple of a for the sine function 

(b) every odd multiple of 7/2 for the cosine function 
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The repeated branch pattern of the tangent function is also easily remembered, 

all you then have to remember is that it rises from —co to +00, crosses the 

horizontal axis every even multiple of 7/2 and has a vertical asymptote every 
odd multiple of 7/2. 

Just as before, you can use a calculator to find the values of the tangent of an 

ansley sOmnemangsent Gf3339 1S. ..6- eee 

Remember to put your calculator in degree mode 

35 
and the tangent of —67/5 radians is ............ 

Remember to put your calculator in radian mode 

| -0.7265 to 4 dp | 36 | 

Now to look at some common properties of these trigonometric functions 

Period 37 

Any function whose output repeats itself over a regular interval of the input is 

called a periodic function, the regular interval of the input being called the 

period of the function. From the graphs of the trigonometric functions you can 

see that: 

Both the sine and cosine functions repeat themselves every 27 radians so both 

are periodic with period 27 radians. The tangent function repeats itself every 

radians so it is periodic with period 7 radians. Finding the periods of 

trigonometric functions with more involved outputs requires some manipula- 

tion. For example, to find the period of sin 36 note that: 

sin 39 = sin(36 + 27) 

It is tempting to say that the period is, therefore, 27 but this is not the case 

because there is a smaller interval of @ over which the basic sinusoidal shape 

repeats itself: 

Z 2 
sin 36 = sin(3@ + 27) = sin3 (0 fe +) so the period is e 

sin 36 certainly repeats itself over 27 but within 27 the basic sinusoidal shape is 

repeated three times. 

Sore Perlod. Of COS 40 18 (eaeras.<-or 

Answer in the next frame 
a 
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38 
NA 

Because 

z T 
cos 46 = cos(4@ + 27) = cos4 (0 + 7) = CUS 4(0 - 5) 

And the periodio£. tan! S0i= weeunenteeiae 

Answer in the next frame 

39 m 

Because 

tan 56 = tan(56 + 7) = tan 5(6 + 7/5) 

Now, try another one, The period. Of sit(¢/ 3) ==. aor eee 

Just follow the same procedure. The answer may surprise you 

40 

Because 

sin(9/3) = sin(6/3 + 27) = sing (0 + 67) 

The answer is not 27 because the basic sinusoidal shape is only completed over 

the interval of 67 radians. If you are still not convinced of all this, use the 

spreadsheet to plot their graphs. Just one more before moving on. 

The period of cos(¢/2.4- 1/3) = -ksaccu.s oo 

Just follow the procedure 

44 
Because 

cos(0/2 + 1/3) = cos(6/2 + 7/3 + 2m) = cos (5 [0 + 4r] + n/3) 

The 7/3 has no effect on the period, it just shifts the basic sinusoidal shape 7/3 
radians to the left. 

Move on 
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Amplitude 42 

Every periodic function possesses an amplitude that is given as the difference 

between the maximum value and the average value of the output taken over a single 
period. For example, the average value of the output from the cosine function 

is zero (it ranges between +1 and —1) and the maximum value of the output is 

1, so the amplitude is 1-—O=1. 

So the amplitude of 4cos(20 — 3) is............ 

Next frame 

43 
Because 

The maximum and minimum values of the cosine function are +1 and —1 

respectively, so the output here ranges from +4 to —4 with an average of 

zero. The maximum value is 4 so that the amplitude is 4-0 = 4. 

Periodic functions are not always trigonometric functions. For example, the 

function with the graph shown in the diagram below is also periodic: 

=H 

The straight line branch between x = 0 and x = 1 repeats itself indefinitely. 

For 0 < x < 1 the output from f is given as f(x) = x. The output from f for 

iset<e2 matchesthe output fon0 << 1) Thais: 

(xe 1) =f @)for 0 <x) 

Souor examples (1s) = 70:3 + Wr 7 (0.5) = 0:5 

The output from f for 2 <x <3 also matches the output for O<x< 1. 

That is: 

fi Xe) AA LOT Ors, Xia 

So that, for example, f(2.5) = f(0.5 + 2) =f(0.5) =0.5 

This means that we can give the prescription for the function as: 

fixe Xero Xa 

f(x +n) =f (x) for any integer n 
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For a periodic function of this type with period P where the first branch of the 

function is given for a < x < a+ P we can say that: 

f(x) = some expression in x fora<x<a+P 

f(x + nP) = f(x) 
Because of its shape, the specific function we have considered is called a 

sawtooth wave. 

The amplitude of this sawtooth wave is ..........-. 

Remember the definition of amplitude 

ad 1 
2 

Because 

The amplitude is given as the difference between the maximum value and the 

average value of the output taken over a single period. Here the maximum value 

of the output is 1 and the average output is 5, so the amplitude is 

La 1/21/72. 
Next frame 

45 Phase difference 
The phase difference of a periodic function is the interval of the input by 

which the output leads or lags behind the reference function. For example, the 

plots of y = sinx and y = sin(x + 7/4) on the same graph are shown below: 

a5 

| y =sin(x +5) y=sinx 4 

“1 

ce 
The diagram shows that y = sin(x + 7/4) has the identical shape to y = sinx 
but is leading it by 7/4 radians. It might appear to lag behind when you look at 
the diagram but it is, in fact, leading because when x = 0 then sin(x + 7/4) 
already has the value sin 7/4, whereas sin x only has the value sin 0. It is said 
that y = sin(x + 7/4) leads with a phase difference of 7/4 radians relative to the 
reference function y = sin x. A function with a negative phase difference is 
said to lag behind the reference function. So that y = sin(x — 7/4) lags behind 
y =sinx with a phase difference of —7/4. 

So the phase difference of y = sin(x — 7/6) relative to y = sinx is 

Next frame ee 
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46 
The graph of y = sin(x — 7/6) lags behind y = sin x by 7/6 radians. 

Because 

The phase difference of y = cosx relative to the reference function y = sin x 
are areata 

Think how cos x relates to sin x 

a7 
cosx = sin(x + 7/2) and sin(x + 7/2) leads sinx by 7/2 radians. 

Because 

Finally, try this. The phase difference of y = sin(3x + 7/8) relative to y = sin 3x 
US ie peered 

Take care to compare like with like — plot the graph if necessary 

7/24 radians 48 

Because 

sin(3x + 7/8) = sin(3[x + 7/24]) and sin(3[x + 7/24]) leads sin 3x by 

n/24 radians. 

Now for inverse trigonometric functions 

Inverse trigonometric functions 4g 

If the graph of y = sin x is reflected 

in the line y = x, the graph of the 

inverse of the sine function is what 

results: 
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However, as you can see, this is not a function because there is more than one 

value of y corresponding to a given value of x. If you cut off the upper and 

lower parts of the graph you obtain a single-valued function and it is this that 

is the inverse sine function: 

sin'x 

In a similar manner you can obtain the inverse cosine function and the inverse 

tangent function: 

cos' x tan’'x 

Vv 

As in the case of the trigonometric functions, the values of these inverse 

functions are found using a calculator. 

So that: 

(a)aSina(O,5 heures 

(Sita (35) = 

(©) Secs "(L.0) == on fae (sec @ = 1/ cos 8) 

Next frame for the answer 

(a) 30° (b) — 74.05° (c) 84.26° 

Because 

(c) If sec '(10) = @ then sec@ = 10 = = so that cos@ = 0.1 and 
os@é 

6 =cos~'(0.1) = 84.26° 

, 1 
So remember sec! 6 = cos a 

Similar results are obtained for cosec”!@ and cot~! 6: 

1 1 cosec’!@ = sin- Fe and cot~!@ = tan7! : 

Now to use these functions and their inverses to solve equations 
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Trigonometric equations o1 

A simple trigonometric equation is one that involves just a single trigono- 

metric expression. For example, the equation: 

sin 3x = O is a simple trigonometric equation 

The solution of this equation can be found from inspecting the graph of the 

sine function sin @ which crosses the 6-axis whenever 6 is an integer multiple 

of x. That is, sina = 0 where n is an integer. This means that the solutions to 

sin 3x = O are found when: 

3x = nm so that x=", n =0, ae tl, SEZ, oes 

So the values of x that satisfy the simple trigonometric equation: 

COS)2.X2— seal Gren 

Next frame 

Sigil — iO), Sa Sees, oa 

Because 

From the graph of the cosine function you can see that it rises to its 

maximum cos@=1 whenever @ is an even multiple of z, that is 

0—0, 22x, +4x. Consequently, cos2x—1 when 2x—2na so: that 

50 —Wirig, (ese, Beye aac 

Just look at another. Consider the equation: 

2sin 3x = V2 

: yor ol 
This can be rewritten as sin 3x = rea Dh From what you know about the 

1 
right-angled isosceles triangle, you can say that when @ = then sin@ = Fi. 

However if you look at the graph of the sine function you can see that 
1 

between 6 = O and @ = 2r there are two values of 6 where sin @ = —=, namely 
V2 

a 

=— and —. 0 zeae 4 
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sin x 

Consequently: 

Are pot when 3x = +2nn and when 3x =" £ 2nn, n=0, el 
V2 a | 

So the values of x that satisfy 2 sin 3x = V2 are: 

i, Pa na 2nt 
X= +37 and x=7=—— VAM (f= (0), se il, SEM, cae 

1 
So, the values of x that satisfy cos 4x = 3 ATE .--ee eee 

Next frame 

(las rey ei) SIS) 

Because 

From the graph of the cosine function you see that when cos @ = ; 

6 =" 4 2nr or =>" + Ane where n =0, eel ie 

COS xX 

i 1 T 57 
So that when cos4x =>, 4x = 3 + 2nn or 4x = + 2nr. That is: 

T nw om nt 
= — + —_— = —— — = 3 29 and x i2* 5 where 77 0; 2: lye Oe 

ennai erin 
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Equations of the form acos x+ bsin x=c 54 

A plot of f(x) = acos x + bsin x against x will produce a sinusoidal graph. Try 

it. Use your spreadsheet to plot: 

f(x) =3cosx + 4sin x against x for —10 < x < 10 with step value 1. The result 
is shown below: 

6 £ 

This sinusoidal shape possesses an amplitude and a phase, so its equation must 

be of the form: 

f(x) = Rsin(x + 8) or f(x) = Rcos(x + @) 

Either form will suffice — we shall select the first one to find solutions to the 

equation: 

3cosx+4sinx=5 

That is: 

Rsin(x+ 6) =5 

The left-hand side can be expanded to give: 

Rsin@cosx + Rcos@sinx = 5 

Comparing this equation with the equation 3 cos x + 4sin x = S enables us to 

say that: 

3 = Rsiné and 4 = Rcos#@ 

Now: 

Resin aWe R= COSat 3 Rew Tita es Si 

so that R = 5. This means that 5 sin(@ + x) = 5 so that: 

sin(@ + x) = 1 with solution @+ x = : + 2nr 

Thus: 

x=5-O42nn 
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Rsin@ 

Rcos@ 
solution to the original equation as: 

Now, =tané =; so that @ = tan! (3) =0.64 rad. This gives the 

LS 5 — 0.64 + 2nz = 0.93 + 2nz radians to 2 dp 

Notice that if we had assumed a form f(x) = Rcos(x + ¢) the end result would 

have been the same. 

55 Try this one yourself. 

The solutions to the equation sinx — V2cosx = 1 are............ 

Next frame for the answer 

56 
Because 

Letting R sin(x + 6) = 1 we find, by expanding the sine, that: 

Rsinxcos@+ Rsin@cosx = 1 

Comparing this equation with sin x — /2 cos x = 1 enables us to say that: 

Rcos@ = 1 and Rsin@é = —V2 

where R2cos?6 + R2sin26 = R? = 12 + (- 2)" =3 so that R= V3. 

This means that V3 sin(x + @) = 1 so that sin(x + 0) = = giving: 
V3 

x+60=sin! (=) = 0.6155 + 2nz radians 
V3. 

That is, x = 0.6155 + 2nn — @ rad. Now: 

Rsind 
= tan@ = —V2 so that 6 = tan"! (v2) = —0.9553 rad, 

giving the final solution as x = 1.571 + 2nz radians. 

At this point let us pause and summarize the main facts so far on 
trigonometric functions and equations 

[F| Summary 

57 1 The definitions of the trigonometric ratios, valid for angles greater than 0° 
and less than 90°, can be extended to the trigonometric functions valid 
for any angle. 

2 The trigonometric functions possess periods, amplitudes and phases. 
3 The inverse trigonometric functions have restricted ranges. 
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‘a Review exercise 

1 Use a calculator to find the value of each of the following (take care to 58 | 

ensure that your calculator is in the correct mode): 

(a) sin(37/4) (b) cosec(—7/13) (c) tan(125°) 
(d) cot(—30°) (e) cos(—52/7) (f) sec(187/11) 

2 Find the period, amplitude and phase (in radians) of each of the 

following: 

(a) f(@) =3sin 90 (b) f(@) = —7 cos(5@ — 3) 
(c) f(@) = tan(2 — 0) (d) f(@) = —cot(30 — 4) 

3 A function is defined by the following prescription: 

f(x) =—x+4, Os xX35 f(x+3) =f(x) 

Plot a graph of this function for —9 < x < 9 and find: 

(a) the period 

(b) the amplitude 

(c) the phase of f(x) + 2 with respect to f(x) 

4 Solve the following trigonometric equations: 

(a) tan4x=1 

(b) sin(x + 2m) + sin(x — 27) = : 

(c) 2cot@+3cot¢=1.4 

COLD cond — OY 

(d) 18cos* x + 3cosx—1=0 

(e) 3sinax— cos" x = sin 2x 

(f) cosx + V3sinx = V2 for0 <x <2 

1 Using your calculator you will find: 59 

(a) 0.7071 (b) =4:1786 (c) — 1.4281 
(d) —1.7321 (ce) —0.6235 (H2/4072 

2 (a) 3sin96 = 3sin(90 + 27) = 3sin9(0+ 27/9) so the period of f(6) is 

27/9 and the phase is 0. The maximum value of f(#) is 3 and the 

average value is 0, so the amplitude of f(@) is 3. 

(b) —7 cos(50 — 3) = —7 cos(56 — 3 + 2x) = —7 sin 5(6 + 2n/5 — 3/5) so the 

period of f(@) is 27/5, the phase is —-3/5 and the amplitude is 7. 

(c) tan(2 — 6) = tan(2 — 0+ 7) = tan(—@+ 2+ 7) so the period of f(@) is x 

and f(@) leads tan(—@) by the phase 2 with an infinite amplitude. 

(d) —cot(30 — 4) = cot(—30 + 4 + m) = cot 3(—@ + 4/3 + 1/3) so the period 

of f (0) is 7/3 and f(@) leads cot(—36) by the phase 4/3 with an infinite 

amplitude. 

Sy EI 3 (b)s1:5 (c) O 



4 (a) 

(Cc wa 

Complex Variables 

hi ara?) = il Waa () = ree nr radians. Since tan 4x = 1 then 4x = : =— 1T 

Ona - ype 
: eG ae a 

LHS = (sin x cos 2x + sin 27 cos x) + (sin x cos 2m — sin 27 cos x) 

== 2 SIX COS 2a 

ead, SIL because cos 2m = 1 

= 1/2 right-hand side 

1 , 
Therefore sinx = 1/4 so x = sin“! (3) = 0.2526 + 2nz radians. 

Multiplying the second equation by 3 yields: 

2cotéd+3cot¢=1.4 

Scot J cotg = 0.6 adding yields 5 cot 6 = 2.0 so that 

Zz, 
6=cot7! (5) = 1.1903 + nz radians. 

Also, substituting cot @ = 0.4 into the first equation gives 

1.4-0.8 
— 0.2 so that ¢ = cot !(0.2) = 1.3734 + nz radians. COua— 

(d) This equation factorizes as (6 cos x — 1)(3cosx + 1) =0 so that: 

cosx = 1/6 or — 1/3. Thus x = +1.4033 + 2nz radians-er 

X= 1.9106 2. Zr radians: 

(e) This equation can be written as 3 sin? x — cos? x = 2sin x cos x. 

(f) 

That is: 3 sin? x — 2sin x cos x — cos” x = 0. 

That is (3 sin x + cos x)(sin x — cos x) = 0 

so that 3sinx + cosx = 0 or sinx — cosx = 0. 

If 3sinx+cosx =0 then tanx = —1/3 and so x = —0.3218 + nr 

and if sinx—cosx = 0 then _tanx = 1 and so x =7/4 = nz. 

To solve cosx + /3sinx = V2, write Rsin@ = 1 and Rcos@ = V3. The 
equation then becomes: 

Rsin@cosx +Rcosé@sinx = V2 

That is: 

Rsin(@ +x) = V2 

Now: 

R? sin? 9 + R? cos” 9 = R? = 1? + (V3)? = 4 
so that R = 2. This means that 2 sin(@ + x) = V2 so that: 

; ] : : 1 3r 
sin(@ + x) = —= with solution @ =—+2 ——— ( ) ¥5) +X 4 nr Or 0+xX q tenn 

Thus: 

; 3 
@= 7 —x+2nn or 0 =" x4 2nn 
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Rsiné 1 
Now tail) =—= SO (ato = tans (=) =" tad. This gives = = 6) 

Rcosé V3 6 

the solution to the original equation as: 

TT 
a — 

as Sve. ar far 
a = a Li 

6a 2 Pacle abo pede. 
| | S ~ 

| | ! | within the range O < x < 2r. 

Exponential and logarithmic functions 

Exponential functions 60 

The exponential function is expressed by the equation: 

V=e Of y—exp() 

where e is the exponential number 2.7182818.... The graph of this function 

lies entirely above the x-axis as does the graph of its reciprocal y = e *, as can 

be seen in the diagram: 

_ 

6 6 

The value of e* can be found to any level of precision desired from the series 

expansion: 

x 
C= eax: ae cae 

In practice a calculator is used. The general exponential function is given by: 

y =a" where a> 0 

and because a = e'™“ the general exponential function can be written in the 

form: 

y=erns 

Because Ina < 1 when a < e you can see that the graph increases less quickly 

than the graph of e* and if a > e it grows faster. > 
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The inverse exponential function is the logarithmic function expressed by 

the equation: 

y = log, x 
with the graph shown in the diagram: 

When the base a of the logarithmic function takes on the value of the 

exponential number e the notation y = In x is used. 

Indicial equations 

An indicial equation is an equation where the variable appears as an index and 

the solution of such an equation requires the application of logarithms. 

Example 1 

Here is a simple case. We have to find the value of x, give that 12° = 35.4. 

Taking logs of both sides — and using log(A") = nlog A we have 

(2x) log 12 = log 35.4 

Ike: (2x) 1:0792)== 1.5490 

2.1584x = 1.5490 

we 1.5490 

2.1584 

(oe O77 tomesinne 

al OO 

Example 2 

Solve the equation 43%? = 26**! 

The first line in this solution is ............ 
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(3x — 2) log 4 = (x + 1) log 26 61 

*, (3x — 2)0.6021 = (x + 1)1.4150 

Multiplying out and collecting up, we eventually get 

94 ad. ares to 4 sig fig 

62 
Because we have (3x — 2)0.6021 = (x + 1)1.4150 

1.8063x — 1.2042 = 1.4150x + 1.4150 

(1.8063 — 1.4150)x = (1.4150 + 1.2042) 

O39 TNs 972. 

_ 2.6192 

arocoie 
*. X = 6.694 to 4 sig fig 

= 6.6936 

Care must be taken to apply the rules of logarithms rigidly. 

Now we will deal with another example 

Example 3 63 

Solve the equation 5.4**3 x 8.27*-! = 4.8% 

We recall that log(A x B) = logA + logB 

Therefore, we have log{5.4**3} + log{8.2% 1} = log{4.8*"} 

Pe (x + 3) log 5.4 + (2x — 1) log 8.2 = 3xlog 4.8 

You can finish it off, finally getting 

5 RS ee ERTS to 4 sig fig 

64 
Here is the working as a check: 

(x + 3)0.7324 + (2x — 1)0.9138 = (3x)0.6812 

0.7324x + 2.1972 + 1.8276x — 0.9138 = 2.0436x 

(0.7324 + 1.8276)x + (2.1972 — 0.9138) = 2.0436x 

*. 2.5600x + 1.2834 = 2.0436x 

(2.5600 — 2.0436)x = —1.2834 

0.5164x = —1.2834 

0.5164 

Finally, here is one to do all on your own. b> 
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Example 4 

Solve the equation 7(14.3**5) x 6.47 = 294 

Work right through it, giving the result to 4 sig fig. 

65 
Check the working: 

7(14.3**°) x 6.4% = 294 

*. log7 + (x + 5) log 14.3 + (2x) log 6.4 = log 294 

0.8451 + (x + 5)1.1553 + (2x)0.8062 = 2.4683 

0.8451 + 1.1553x + 5.7765 + 1.6124x = 2.4683 

(1.1553 + 1.6124)x + (0.8451 + 5.7765) = 2.4683 

2.7677x + 6.6216 = 2.4683 

2./677x = 2.4683 — 6.6216 = —4.1533 

4.1533 

x = —1.501 to 4 sig fig 

| 66 Some indicial equations may need a little manipulation before the rules of 

logarithms can be applied. 

Example 5 

Solve the equation 27* — 6 x 2*+.8=0 

Because 22* = (2%)* this is an equation that is quadratic in 2*. We can, 

therefore, write y = 2* and substitute y for 2* in the equation to give: 

y’ -6y+8=0 

which factorizes to give: 

aay =a) 0 

so that y= 2 or y=4. That is 2*= 2 or 2* =4 so that x=1 orx =2. 

Try this one. Solve 2 x 377-6 x 3*+4=0. 

The answer is in Frame 67 
a ne ee ee Ae alee Ee 
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x = 0.631 to 3 dp or x=0 67 

Because 37% = (3*)* this is an equation that is quadratic in 3*. We can, 

therefore, write y = 3* and substitute y for 3* in the equation to give: 

Zy by +4—=0 

which factorizes to give: 

(2 4) Yew tO 
SOithatv— 20n yy le i auises, = 2,003 —alesouthiat ey 108s == 10s 2 Okey — U0: 

log 2 
ag 0.631503 dp or 0) siivatal Sexe 

And now to the final topic of Part I 

Odd and even functions 

If, by replacing x by —x in f(x) the expression does not change its value, f is 68 

called an even function. For example, if: 

f(x) =x? then f(—x) = (—x)? = x* = f(x) so that f is an even function. 

On the other hand, if f(—x) = —f(x) then f is called an odd function. For 

example, if: 

f(x) =x? then f(—x) = (—x)* = —x3 = —f(x) so that f is an odd function . 

Because sin(—@) = —sin@ the sine function is an odd function and because 

cos(—#) = cos 6 the cosine function is an even function. Notice how the graph 

of the cosine function is reflection symmetric about the vertical axis through 

6=0 in the diagram in Frame 31. All even functions possess this type of 

symmetry. The graph of the sine function is rotation symmetric about the 

origin as it goes into itself under a rotation of 180° about this point as can be 

seen from the third diagram in Frame 29. All odd functions possess this type of 

antisymmetry. Notice also that tan(—@) = — tan @ so that the tangent function, 

like the sine function, is odd and has an antisymmetric graph (see the diagram 

in Frame 34). 
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| 69 Odd and even parts 
Not every function is either even or odd but many can be written as the sum of 

an even part and an odd part. If, given f(x) where f(—x) is also defined then: 

fx) = 4 Fo) iSiastee aioe 
Furthermore fe(x) is called the even part of f(x) and 

is even and f/,(%) = 

fo(x) is called the odd part of f(x). 

For example, if f(x) = 3x* — 2x +1 then 

Fl=X) = BI) 1 x 

so that the even and odd parts of f(x) are: 

i 24 2x41 
f(x) = 2 ee ia Mais 5 Ries | 

eo ee 2x 4 pees H2xt+1)_ 4, 

So, the even and odd parts of f(x) = x3 —2x? —3x+4are............ 

Apply the two formulas; the answer is in the next frame 

70 f(x) =—2x2 +4 
eee os 

Because 

eax pe atttiox 

Gia 2x Bx Ai 72 (sal? ae) 
7 2; 

_ x8 — 2x — 3x4+4—23 — 2x7 43x44  -2x2+4-2x744 

~ Dy * 2 

= 2y™ a 

and 

5 eee fiestas) 

_ (x3 = 2x? — 3x + 4) — ((—x)? — 2(-x)? - 3(-x) +4) 
? 

_ 38 =x? —3x+44+2x° 42x? -3x-4 23 —3x 423 — 3x 

. 2 2 

= x — 3x 

Make a note here that even polynomial functions consist of only even powers and 
odd polynomial functions consist of only odd powers. 

so the oddiand even parts of ( (4) 7 = 44s arte 

Answer in next frame 
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fx) BBM GNSS RTL 5x° 71 

Because 

Even polynomial functions consist of only even powers and odd 

polynomial functions consist of only odd powers. Consequently, the even 

part of f(x) consists of even powers only and the odd part of f(x) consists of 
odd powers only. 

Now try this. The even and odd parts of fi) = are goat teee 

Next frame 

72 

Because 

fe(x) = f(x) ao 

mz! 1 1 Rl 1 i| ) 

So eerninersy eae (cee +1 
Ojala Z 

2 (x—1)(x+1)) 2(x-1)(x4+)) 

1 

1 G—DG4D 

and 

fo(Xx) =e f(x) oe 

1 1 1 =3( 1 * 1 ) 

= (ap op) =3 (Cua 1) 
Oye et eh al Ox 

— 2fx=1)(e+1)) 2(¢-1)~%+4+1) 
x 

“SVG + 1) 

Next frame 
sessment LULL CNC CT 
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| 73 Odd and even parts of the exponential function 

The exponential function is neither odd nor even but it can be written as a 

sum of an odd part and an even part. 

_ exp(x) + exp(—x) iy exp(x) — exp(—x) Fa ae 
Thateis,<CR DA 5 and. €xp.(%))— 5 

two functions are known as the hyperbolic cosine and the hyperbolic sine 

respectively: ' 

—Xx _ p=X 

Gagne = as and san = 

Using these two functions the hyperbolic tangent can also be defined: 

irk allay fs Siac 
ex + ex 

No more will be said about these hyperbolic trigonometric functions here. 

Instead they will be looked at in more detail in Program 4. 

The logarithmic function y = log, x is neither odd nor even and indeed does 

not possess even and odd parts because log,(—x) is not defined. 

| 74 Limits of functions 

There are times when a function is not defined for a particular value of x, say 

X= Xo but it is defined for values of x that are arbitrarily close to xo. For 

example, the expression: 

x -1 
ee 

is not defined when x = 1 because at that point the denominator is zero and 

division by zero is not defined. However, we note that: 

x? -1— (x-1)(x4+1) 

, 22% od f(x) 

We still cannot permit the value x = 1 because to do so would mean that the 

cancellation of the x — 1 factor would be division by zero. But we can say that 

as the value of x approaches 1, the value of f(x) approaches 2. Clearly the 
value of f(x) never actually attains the value of 2 but it does get as close to it as 
you wish it to be by selecting a value of x sufficiently close to 1. We say that 

2 

=x-+1 provided that x 4 1 

the limit of 
x 
yu 35% approaches 1 is 2 and we write: 

The answer is in the next frame en ee ee a ee A ee ee Le 
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Because 

X29 

Xan 3 

(xX + 3)(x — 3) 

x+3 

= x — 3 provided x 4 —3 

[ik)= 

So that: 

2 
Lim (; *) == 6 
x—-3 x ae a 

The rules of limits 

Listed here are a number of simple rules used for evaluating limits. They are 

what you would expect with no surprises. 

If Lim f(x) = A and Lim g(x) = B then: 
X—Xo x=X0 

Lin (f (x) 22 2(X)) = "Lim f(x) =: Lim ¢(x) = A + B 
xX Xo x—Xo X—XO 

Lim (f (x)g(x)) = Lim f(x) Lim g(x) = AB 
X— Xo X— Xo xX—Xo 

F(x) Lim f(x) 

im—— = *—°_____—— provided Lim g(x) =B 40 ssrA att 5G) MEL Meola tA 
X— XQ 

Lim f(e(x)y\ = p(Lim s)) = f(B) provided f(g(x)) is continuous at xo 
X—X0 X—X0 

So you try these for yourself: 

@) Lim(x?—sinx) (©) Lim 
(b) Lim (x* sin x) (d) Limcos(x’ — 1) 

XT x1 

The answers are in the next frame 

75 
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76 | Gye (by cy 2, weed | 

Because: 

(a) Lim (x? — sinx) = Lim x? —Limsinx = -O0=7 
xT x71 x7 

(Dye lin (x> sim x) =. Limi” Lars si en OO 
Pee xT XT 

(t ; Lim tan x 1 
é an x xm /4 

L ee = V2 
©) ped (sinx) Lim sinx 1//2 

x71 /4 

(d) Lim cos (x? — 1) =1COS (im Ge 1)) =cosu= 1 
Xl x1 

All fairly straightforward for these simple problems. Difficulties do occur for 

the limits of quotients when both the numerator and the denominator are 

simultaneously zero at the limit point but those problems we shall leave for 

later. 

At this point let us pause and summarize the main facts so far on 

exponential and logarithmic functions as well as on odd and even functions 

la) Summary 

77 1 Any function of the form f(x) = a“ is called an exponential function. 

The exponential function f(x) =a* and the logarithmic function 

g(x) = log, x are mutual inverses: f—!(x) = g(x) and g—!(x) = f(x). 

3 If f(—x) =f (x) then f is called an even function and if f(—x) = —f(x) then 

f is called an odd function. 

4 Itf(x)= He can be defined it if called the even part of f(x) and if 

fo(x) = fx) silet can be defined it is called the odd part of f(x). 

5 The limit of a sum (difference) is equal to the sum (difference) of the 
limits. 

The limit of a product is equal to the product of the limits. 

The limit of a quotient is equal to the quotient of the limits provided the 
denominator limit is not zero. 

ee RE nae RO A RON eee et re Senco nsec cients 
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‘a Review exercise 

1 Solve the following indicial equations giving the results to 4 dp: 78 

(@pl34 =84" (b)2.8"4 09 44 = 6.3% 

(G) e790 x 7 140 

2 
2 Evaluate (a) Lim as) (b) Lim (3x — tan x) 

eI x24+3x+2 xon/4 

(c) Lim (2x? cos[3x — 1/2]) 
x7 /2 

1 (a) 13%=8.4 19 
Taking logs of both sides gives: 3x log 13 = log 8.4 so that: 

y — 1088-4 _ 0.9242... 
BS loss S 3341842 

(Db) 2.89 x 9A = 68= 

Taking logs: 

(2x + 1) log 2.8 + (2x — 1) log 9.4 = 4x log 6.3 

= 0.277 to 3 dp 

Factorizing x gives: 

x(2 log 2.8 + 2log 9.4 — 4log 6.3) = log 9.4 — log 2.8 

So that: 

log 9.4 — log 2.8 

*~Flog2.8 + 2log9.4 — 4log6.3 
0.078 le = 0447 lee 

. =-1.7 d 
2(0.4471...) + 2(0.9731...) — 4(0.7993...) 4 to 3 dp 

(c) 7% 49x 7*—14=0 
This equation is quadratic in 7* so let y = 7* and rewrite the equation 

as: 

y* — 9y + 14 = 0 which factorizes to (y — 2)(y— 7) =0 

With solutions = 2:01) = /ithat is 7* = 2 or 7 = 7 

log 2 
SALES ay gcc: We MLO ARSL aa 



2 (a) 

(b) 

(Cc) 

Complex Variables 

ae pes ash ahr ea by 
Fat NRO ORE 2) sesets \ de LG EZ) 

baa The cancellation is permitted 
= lin ‘ 

Foheg) Nea Oe since x 4 —1 

es = 

Lim (3x —tanx) = Lim (3x) — Lim (tan x) 
x7 /4 x—7/4 x7 /4 

_ 3a an A. Oot 1 

ae 4 4 

Lim (2x? cos[3x — 1/2]) = Lim (2x?) Lim (cos[3x — /2]) 
x1 /2 x7 /2 x7 /2 

Dp, 2 

= x cos Lim [3x — 2/2] 
4 xn /2 

p, 2 

= a x cos[37/2 — 7/2] 

2n2 
ate aAcos = 
oa amt! 

You have now come to the end of this Program. A list of Can You? questions 

follows for you to gauge your understanding of the material in the Program. 

These questions match the Learning outcomes listed at the beginning of the 

Program so try the Test exercise. Work through the questions at your own pace, 

there is no need to hurry. A set of Further problems provides additional valuable 

practice. 



Functions 

&4 Can You? 

Checklist 1 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: 

e Identify a function as a rule and recognize rules that are not 
functions? 

Yes 

Determine the d omain and range of 

Yes 

Construct the 

Yes 

into their component functions? 

Yes 

ratios? 

Yes 

Find the period, amp 

Yes 

No 

a function? 

No 

inverse of a function and draw its graph? 

No 

Construct compositions of functions and de-construct them 

No 

Develop the trigonometric functions from the trigonometric 

No 

litude and phase of a periodic function? 

No 

Distinguish between the inverse of a trigonometric function 
and the inverse trigonometric function? 

Yes | 

functions? 

Yes | 

No 

Solve trigonometric equations using the inverse trigonometric 

No 

Recognize that the exponential function and the natural 
logarithmic function are mutual inverses and solve indicial 

and logarithmic equations? 

Yes | 

Find the even and odd 

Yes | 
= 

parts of the exponential function? 

Yes 

Evaluate limits of simple functions? 

Yes 

No 

parts of a function when they exist? 

No 

Construct the hyperbolic functions from the odd and even 

No 

No 

81 
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Test exercise 1 

| 82 1. Which of the following equations expresses a rule that is a function? 
3 

Z 

fe 

nn 

N 

Ne) 

10 

@y=-% (b) y=xX4+x4+1 (© y=(v¥) 
Given the two functions f and g expressed by: 

fx) = for2<x<4 and g(x) =x—1forO0<x<3 

find the domain and range of functions h and k where: 

3h (x) 
(a) h(x) = 2f(x) — 3g(x) (Bb) K(x) = ian) 

Use your spreadsheet to draw each of the following and their inverses. Is the 

inverse a function? 

@) yas" by yS==8 © y= sex 
Given that'a(y) = 5x, bx) =x-, oc) =x 3 and digi 4/4 fed: 

(a) F(x) =alb(cld(x))] —(b) F(x) = a(ala(x))) 
(C) F(X) = blc(b[c(x)))] 

Given that f(x) = (5x — 4)° — 4 decompose f into its component functions and 

find its inverse. Is the inverse a function? 

Use a calculator to find the value of each of the following: 

(a) sin(—320°) (b) cosec(z/11) (c) cot(—7/2) 

Find the period, amplitude and phase of each of the following: 

(a) f(@) = 4cos 70 (b) f(@) = —2sin(20 — 1/2) 

(c) f(@) = sec(30 + 4) 

A function is defined by the following prescription: 

FQ)=9 S770 B33 

[Ores —f(%) 
Plot a graph of this function for —6 < x < 6 and find: 

(a) the period 

(b) the amplitude 

(c) the phase of f(x) + 2 with respect to f(x) 

Solve the following trigonometric equations: 

(a) tan(x+ 7) + tan(x — 7) =0 

(b) 6sin? x — 3 sin? 2x + cos? x = 0 

(c) 3sinx —5cosx =2 

Find the value of x corresponding to each of the following: 

() pale | (D) Sexp(sx) = ¢ 

(C) Rea 4s (d) log, x = 4 

(e) log, (x — 3) = 0.101 (fy) a LOO = x 
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11 

12 

13 

Solve for x: 

(a) 4*#25*+1 — 39 000 (b) e — 5e°+6=0 
(Oplog 0 =. (d) 5log(x”) = Slog2 — 4log3 
(e) In(x!/?) = Inx+1n3 

Find the even and odd parts of f(x) = a*. 

Evaluate: 

x*— 8x +16 
a) Lim | —————_ j 1 
(a) Lim (| (b) PLEO oe) 

E 2 — 9x2 Wh A a Sle A araal)! (Bae af SP ork 2) 
: Pele keel 

©) Linea = 5) 

Further problems 1 

1 Do the graphs of f(x) = 3logx and g(x) = log(3x) intersect? 

Z Let f(x) = In (; +). 

(a) Find the domain and range of f. 

2x 
(b) Show that the new function g formed by replacing x in f(x) by Tat is 

given by g(x) = 2f(x). 

Describe the graph of x? — 9y? = 0. 

Two functions C and S are defined as the even and odd parts of f where 

f (x) = a*. Show that: 

(a) [C()’ — [S@)FP = 1 
(b) S(2x) = 28(x)C(x) 
Show by using a diagram that, for functions f and g, (f og) =P of. 

Is it possible to find a value of x such that log,(x) = a* for a > 1? 

Given the three functions a, b and c where a(x) = 6x, b(x) = x — 2 and c(x) = x? 

find the inverse of: 

(a) f(x) =a(b[c(x)])  (b) f=coboc (©) f=becoaoboc 

Use your spreadsheet to plot sin@ and sin2@ on the same graph. Plot from 

6 = —5 to 0= +5 with a step value of 0.5. 

The square sine wave with period 2 is given by the prescription: 

il @OfRRr<1 

ail oe) 
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11 

i 

13 

14 

Complex Variables 

Plot this wave for —4 < x < 4 on a sheet of graph paper. 

The absolute value of x is given as: 

Ix] = x iit 32 220) 

et iti 0 

(a) Plot the graph of y = |x| for —2<x <2. 

(b) Find the derivative of y. 

(c) Does the derivative exist at x = 0? 

Use the spreadsheet to plot the rectified sine wave f(x) =|sinx| for 

—10 < x < 10 with step value 1. 

Use your spreadsheet to plot f(x) = ~~ for — 40 < x < 40 with step value 4. 

(You will have to enter the value f(0) = 1 specifically in cell B11.) 

Solve the following giving the results to 4 sig fig: 
(a) 6.87 | = 52x-7 

(Dee So Ge 

(yest 2 88 6A a 

Evaluate each of the following limits: 

‘ (x? — 1/4) sin(cos x) 
ee 

we ( Keane ) Boies (exp Aan) 

x-—2 
(O)MRLing 0s (sin ( )) 

Pa 6 3 
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Learning outcomes 

When you have completed this Program you will be able to: 

Recognize i as standing for V—1 and be able to reduce powers of i to +i 
Ofc 

Recognize that all complex numbers are in the form 

(real part) + i(imaginary part) 

Add, subtract and multiply complex numbers 

Find the complex conjugate of a complex number 

Divide complex numbers 

State the conditions for the equality of two complex numbers 

Draw complex numbers and recognize the parallelogram law of 

addition 

Convert a complex number from Cartesian to polar form and vice 
versa 

Write a complex number in its exponential form 

Obtain the logarithm of a complex number 

= 

y 

a 

: 

‘ 



52 - Complex Variables 

Introduction 

1 Ideas and symbols 

The numerals and their associated arithmetic symbols were devised so that we 

could make written calculations and records of quantities and measurements. 

When a grouping of symbols such as V—1 arises to which there is no 

corresponding quantity we must ask ourselves why? Why does the grouping of 

symbols occur if there is no quantity associated with it? Often, the only way to 

answer to such a question is to accept the grouping of symbols and carry on 

manipulating with it to see if any new ideas are forthcoming that will help 

answer the question. This we shall now do. 

By the way, because V—1 can have no quantity associated with it we call it 
an imaginary number. This is to distinguish it from those numbers to which 

we can associate quantities; these we call real numbers. This is a most 

unfortunate choice of words because it gives the idea that those numbers we 

call ‘real’ are somehow more concrete and proper than their ethereal and 

elusive cousins that we call ‘imaginary’. In fact all numbers are constructs of 

the human mind and imagination; no one type is more concrete or proper 

than any other and the numerals we use to describe numbers of any type are 

just symbols that permit us to manipulate numbers and so communicate ideas 

of number from one mind to another. When we put those numbers to use as 

in counting or measuring it is easy to confuse the idea of number and the real 

world to which that number is applied. 

It may be thought that there are some quadratics that cannot be factorized 

into two linear factors. In fact all quadratics can be factorized into two linear 

factors but with the present state of your knowledge you may not always be 

able find them. This will now be remedied. 

Read on and see how 

The symbol / 

| 2 Quadratic equations 

The solutions of the quadratic equation: 

The answers are in the next frame 



Complex numbers a: 

X= ieand x=-1| 3 

Because: 

x? — 1 = 0can be written as x? = 1 by adding 1 to each side of the equation. 
The solution is then given as: 

x=12=4+V1l=lor -1 

Try this next one. 

The solutions to the quadratic equation: 

x74+1=0 

are: 

Ket etc ees BIG eee eee 

Again, the answers are in the next frame 

te Ven ey 4 

Because 

x? + 1=0 can be written as x* = —1 by subtracting 1 from each side of the 

equation. The solution is then given as: 

ia (1) =+V-1=v-lor -v-1 

This notation is rather clumsy so we denote V—1 by the symbol i. This means 

that we can write the solution of the equation x? + 1 = 0 as: 

Mee eee AL Caen eee 

Next frame 

50 ==) Enaral 2 = 7) 5 | 

Because 

i=vV—1 andso —i=—v-l 

Let’s take a closer look at quadratic equations in the next frame 
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| 6 We have already seen that the general quadratic equation is of the form: 

b+ Vb* — 4ac 
ax + bx +c =O with solution x =— 

2a 

For example, if: 

2x? +9x +7 =0, then we have x = 2, b=9, and c =7 and so: 

—9+/81-—56 -94+V25 -9+5 
x= a = ‘ 

4 4 4 

ee eee 
py ae! f 

ee ON == Bed 

That was straightforward enough, but if we solve the equation 

5x? —6x+5=0 in the same way, 

OcEvioo— LOOM Gor —62 
Wersele xi 10 10 

and the next stage is now to determine the square root of —64. 

lis ie (a) ts} 

(Deo 
(c) neither? 

7 
It is, of course, neither, since +8 and —8 are the square roots of 64 and not of 

Next frame 

—64, In fact: 

V—64 = V-1 x 64= V-1 x V64 = 87 an imaginary number 

Similarly: 

V—36 = V-1V36 = 6i 

V-7=V-1V7 =2.646i 

So /—25 can be written as............ 

We now have a way of finishing off the quadratic equation we started in 
Frame 6. 

6+ /36—-100 6+V—64 
10 ute 

ite UO Ocin 1 

5x? —6x+5=0 therefore x = 

ote OD 
x = —_ 

10 

", X= 0.6 + 0.81 or x = 0.6 — 0.8 
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Just try one yourself to make sure that you have followed all this. The solution 

of the quadratic x? + x + 1 = 0 equation is 

Because: 

x7 +x+1=0 sothat a=1,b=1andc=1 

= lee ei 
D ee ae 

Sl Sie aaa! 
2, 2; 

Now let’s look a little closer at that number i. 

Therefore x = 

thats. — 

Move to the next frame 

Powers of / 

Positive integer powers 10 

Because i represents /—1, it is clear that: 

Note especially the third result: i* = 1. Every time a factor i 4 occurs, it can be 

replaced by the factor 1, so that i raised to a positive power is reduced to one of 

the four results +i or +1. For example: 

The answers are in the next frame 
EEE 
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11 (a) = 1 

(b) #2 =1 

(Cc). i) = =i 

Because: 

eS (i4)'° Pee (en =4 

gen 

Now for negative powers in the next frame 

| 12 Negative integer powers | 

Negative powers follow from the reciprocal of i. Because 

“2 (it | 

1 
we see that by dividing both sides by i that i= eta =i + so that: 

Note again the last result. Every time a factor i~* occurs, it can be replaced by 

the number 1, so that i raised to a negative power is reduced to one of the four 
results +i or +1. For example: 

jhe G7 2 Cie oI 

deere) te a1) (et 
pete) ise (Une lee 1 

PE Oe ie OH 

So, in the same way: 

(tO ere eee 

(DO) it) a ee 

COT ein hve eed 

The answers are in the next frame 

13 (a) p32 =] 



Complex numbers 

Because: 

Complex numbers 

In Frame 8 we saw that the quadratic equation 5x? —6x+5=0 had two 

solutions, one of which was x = 0.6 + 0.87. This consists of two separate terms, 

0.6 and 0.87 which cannot be combined any further — it is a mixture of the real 

number 0.6 and the imaginary number 0.87. This mixture is called a complex 

number. 

The word ‘complex’ means either: 

(a) complicated, or 

(b) mixture 

Answer in the next frame 

15 
A complex number is a mixture of a real number and an imaginary number. 

The symbol z is used to denote a complex number. 

In the complex number z = 3 + 5i the number 3 is called the real part of z and 

is denoted as Re(z). The number 5 is called the imaginary part of z and is 

denoted Im(z). 

So Re(3 + 5i) = 3 and Im(3 + 57) =5 

Notice: the imaginary part of a complex number is a real number so that: 

Im(3 + 5i) = 5 and net Si 

So, a complex number z = Re(z) + Im(z)i. 

In the complex number z = 2 + 7i the real and imaginary parts are 

Re(Z)) = hone come sos EW Ava lh NGG ATO A neil pe ere cnet 

Go to the next frame 

| Re(z) =2 and Im(z) =7 (not 7i!) | 16 | 

Complex numbers have many applications in engineering and science. To use 

them, we must know how to carry out the usual arithmetical operations. 
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1 Addition and subtraction of complex numbers 

This is easy, as a few examples will show: 

(4+ 5i) + (3 — 21) 

Although the real and imaginary parts cannot be combined, we can remove 

the brackets and total up terms of the same kind: 

(4+ 51) + (3 — 21) = 44+ 51+ 3 —2i= (4+ 3)+i(5 — 2) 

= 7+ 31 

Another example: 

(44 7i) — (2 — Si) = 44+ 7i-24+5i=(4-—2)+i(7+5S) 

=2+ 121 

So in general, (a + ib) + (c+ id) = (a+c)+i(b+d) 

Now you do this one: 

(5 + 7i) + (3 — 41) — (6 — 31) =............ 

17 
since (5 + 7i) + (3 — 4i) — (6 — 33) 

= 4/i- 4) OL 

=(8+3-6)+i(7 —-44+3) =2+4 6i 

Now you do these in the same way: 

(A) INGE Sta 40) (2 7 ihe. eas 

and “(b)'" (355i) = (S41) (62 = 31) 2 Fw eee. 

18 (a) 4+i  (b) 127 

Here is the working: 

(a) (6+ Si) — (4 —3i) + (2 —7i) 

=64+51-44314+2—7i 

= (6-—4+42)+i(5+3-7)=4+i 

(b) (3+ 5i) — (5 — 4i) — (-2 — 3i) 

=34+5i-54+414+2+43i (Take care with signs!) 

=(3-S$+4+2)+i(8+4+3) 

= Oita 27 el 21 

This is very easy then, so long as you remember that the real and the 
imaginary parts must be treated quite separately — just like x’s and y’s in an 
algebraic expression. 

On to Frame 19 a Se a Sits Pe! wire eee Pee ae lies 
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2 Multiplication of complex numbers 19 

Take as an example: (3 + 4i)(2 + Si) 
These are multiplied together in just the same way as you would determine 

the product (3x + 4y)(2x + Sy). 

Form the product terms of 

ee anette (a) the two left-hand terms 

(3 TE di), e- re 5) (b) the two inner terms 

etete (c) the two outer terms 

©) (d) the two right-hand terms 

= 6+ 8i+ 15i+ 20i” 

=6+23i—20 (since i? = —1) 

el Ay 

Likewise, (4 — 5i)(3 + 2i)............ 

227i 20 

Because 

(4—51)(3 + 27) = 12 — 157+ 8i — 10/7 

iW. (2 = si) 

= 227i 

If the expression contains more than two factors, we multiply the factors 

together in stages: 

(34-402 —5DG'=2/) = (6 + 8i— 157— 201-)(1 = 2) 
= (6 — 7i+ 20)(1 — 2i) 
= (26 = Til on 

Finish it off 

21 
Because 

(26 — 7i)(1 — 2i) 

= 26 — 7i — 52i+ 14i” 
=26 = 591 — 14 =127— 591 

Note that when we are dealing with complex numbers, the result of our 

calculations is also, in general, a complex number. 

Now you do this one on your own. 

Gre8i Sea sh e.delriae 
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22 
rene italics 

(5 + 8i)(5 — 8i) = 25 + 40i — 40: — 64:7 

= 25 +64 

= 89 

In spite of what we said above, here we have a result containing no i term. The 

result is therefore entirely real. 

This is rather an exceptional case. Look at the two complex numbers we 

have just multiplied together. Can you find anything special about them? If 

so, what is it? 

When you have decided, move on to the next frame 

23 They are identical except for the middle sign in the brackets, 

i.e. (5S + 8i) and (5 — 81) 

A pair of complex numbers like these are called conjugate complex numbers 

and the product of two conjugate complex numbers is always entirely real. 

Look at it this way: 

(a+b)(a—b)=a?—b’ Difference of two squares 

Similarly 

(GS -=8iiS 3S) =o —(Si) = 5 —8 1° 

= 5*+8* Sum of two squares 
= 25-04 — 69 

Without actually working it out, will the product of (7 — 6i) and (4 + 3i) be 

(a) a real number 

(b) an imaginary number 

(c) a complex number? 

| 24 | A complex number | 

since (7 — 6i)(4 + 3i) is a product of two complex numbers which are not 

conjugate complex numbers or multiples of conjugates. 

Remember: Conjugate complex numbers are identical except for the signs in 
the middle of the brackets. 

(4 + 5i) and (4 — Si) are conjugate complex numbers 
(a + ib) and (a — ib) are conjugate complex numbers 

but (6+ 2i) and (2+ 6i) are not conjugate complex numbers 
(S — 3i) and (—S + 3i) are not conjugate complex numbers 

So what must we multiply (3 — 2i) by, to produce a result that is entirely real? 
eee 



Complex numbers 

3 + 2i) or a multiple of it. | 

because the conjugate of (3 — 2i) is identical to it, except for the middle sign, 

i.e. (3 + 2i), and we know that the product of two conjugate complex numbers 
is always real. 

Here are two examples: 

(3= 2) (3-21) = 32 — (21/7 = 9 = 47" 
=94+4=13 

(22572271) =22= (7iP= 4 34972 
=4+449 = 53 

... and so on. 

Complex numbers of the form (a+ ib) and (a —ib) are called ............ 

complex numbers.* 

Now you should have no trouble with these: 

(a) Write down the following products 

(i) (4 —31)(4+4 3i) (ii) (4+ 7i)(4 — 7i) 

(iii) (a + ib)(a — ib) (iv) (x —iy)(x + iy) 

(b) Multiply (3 — Si) by a suitable factor to give a product that is entirely 

real. 
When you have finished, move on to Frame 27 

Here are the results in detail: 

(a) i) (4—31)(4+4 31) = 44 — 3477 =164+9= PI) 

(ii) (4471)(4—7i = 42 —- 7272 =16+49= |65 

ii) (a + ib) (a — ib) = a? —i7b? =| a? +b? 

Gv SV) a ey? 

(b) To obtain a real product, we can multiply (3 — Si) by its conjugate, i.e. 

(3 + 5i), giving: 

(315i) Gras) a3" — 57179425 134 

Now move on to the next frame for a short review exercise 

*Note: By convention numerals are written before i whereas other symbols are written after. 

61 

25 

26 

27 
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r | Review exercise 

8 1 eSimplifviayy 2) (bn ce 

2 Simplify: 

(a) 2 9i) — (2 — 6i) + (3 — 4i) 

(b) (6 — 3i)(2 + 5i)(6 — 2i) 

(c) a aie 

(d) (S — 4i)(S + 4i) 

3 Multiply (4 — 37) by an appropriate factor to give a product that is entirely 

real. What is the result? 

When you have completed this exercise, move on to Frame 29 

29 Here are the results. Check yours. 

1 @) @=@yp=B 

(b) 2° = (i4)?i2 = 12(-1) = 

r= == 7 | 

2a) 6290 = 6)+8—47 
=5-91-24614+3-4i 

=(5—243)41(6—9 —4) =| 6—71 

(D6 —3i(2- + 516 eat) 

= Qe Ore SOL 5i7)\6 2221) 

SPA BAN Ges) 

= 162 + 144i — 541+ 48 =| 210+ 90i 

(c) (4—3i)? =16— 241-9 

-[7=ai 
(d) (5 — 4i)(5 + 4i) 

= 25 — 161? = 25 + 16 =|41| 

3 A suitable factor is the conjugate of the given complex number: 

(4 —31)(4 +31) = 16 +9 =[25] 

All correct? Right. 

Now move on to the next frame to continue the Program 
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Now let us deal with division. 30 

Division of a complex number by a real number is easy enough: 

S—41 5 4, ‘ = = 3 — 3! = 1.67 — 1.331 (to 2 dp) 

But how do we manage with es sa 
ear 

If we could, somehow, convert the denominator into a real number, we could 
divide out as in the example above. So our problem is really, how can we 
convert (4 + 3i) into a completely real denominator — and this is where our 
last piece of work comes in. 

We know that we can convert (4 + 3i) into a completely real number by 

MUluplying it by ise wearer. 

31 
i.e. the same complex number but with the opposite sign in the middle, in this 
case (4 — 3i). 

But if we multiply the denominator by (4 — 3i), we must also multiply the 

numerator by the same factor: 

TEVA] =AAIA SI 28 B7i= 120 16 — 371 
AEST Aoi — 31) lO 150 0a IRS 
16937 
——— i= 0.64 1 481 os ose Oe 

and the job is done. To divide one complex number by another, therefore, we 

multiply numerator and denominator by the conjugate of the denominator. 

This will convert the denominator into a real number and the final step can 

then be completed. 

Thus, to simplify ey we shall multiply top and bottom by ............ 

| the conjugate of the denominator, i.e. (1 — 2/) 32 | 

If we do that, we get: 

eroie a — ol) leet) ase os — 10 

142i WL PZ S21 +4 
—6-—13i -6 13 : int = i= —12—2.6 z 5 5 i 12, i 

;  Ot2i 
Now here is one for you to do: Simplify 1-3) 

When you have done it, move on to the next frame 



Complex Variables 

33 
Because 

Se OM UE Ue Coat eh ee 03411i 

1-—3i (1-—3%)(1 +33) 14+9 10 

Now do these in the same way: 

4 — Si Fae! (2 + 3i)(1 — 2i) 

Ravowerray +h) sargusasgnier WC) 344i 
When you have worked these, move on to Frame 34 to check your results 

34 Here are the solutions in detail: 

4—Si (4—Si)(2+i) Bein ai oma 

Se ee eee 
355i Bono 30) eee eee ea 
Sa 7 6 Seam) DS Ons seed (b) 

(24 Sine) ead 6) Bt 
(Ce i er 

Wis =aG 245 
© (G4 4G S45 
24 = 351 48 02025 

Gun ione & 25 

=| 0.8 — 1.4 

And now you know how to add, subtract, multiply and divide complex numbers 

(c) 

Equal complex numbers 

35 Now let us see what we can find out about two complex numbers which we are 
told are equal. 

Let the numbers be a+ ib and c + id 

Then we have a+ib=c+id 

Rearranging terms, we get a—c=i(d—b) 

In this last statement, the quantity on the left-hand side is entirely real, while 
that on the right-hand side is entirely imaginary, i.e. a real quantity equals an 
imaginary quantity! This seems contradictory and in general it just cannot be 
true. But there is one special case for which the statement can be true. That is 
WCU esos eee 
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36 
a—c=i(d—b) 

can be true only if a—c=0, i.e. a=c 

and if d—b=0,ie.b=d 

So we get this important result: 

If two complex numbers are equal 

(a) the two real parts are equal 

(b) the two imaginary parts are equal 

For example, if x + iy = 5 + 4i, then we know x = 5 and y= 4 

and if @> ib=6— 31, then @—.....-24 ANCIDi=l ee eee 

37 
Be careful to include the sign! 

Now what about this one? 

If (a+ b) + i(a — b) =7 + 2i, find the values of a and b. 

Well now, following our rule about two equal complex numbers, what can 

we say about (a + b) and (a — b)? 

38 
since the two real parts are equal and the two imaginary parts are equal. 

This gives you two simultaneous equations, from which you can determine 

the values of a and b. 

So what are they? 

39 
Kore wtblo= 7 |) t=O 2. a4 

== |= 2 IDSA 

We see then that an equation involving complex numbers leads to a pair of 

simultaneous equations by putting 

(a) the two real parts equal 

(b) the two imaginary parts equal 

This is quite an important point to remember. 
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Graphical representation of a complex number 

| 40 Argand diagram 

So far we have looked at the algebra of complex numbers, now we want to 

look at the geometry. A real number can be graphically represented as a point 

on a line — the real line. By using a Cartesian coordinate system a pair of real 

numbers can be graphically represented by a point in the plane. In 1806, the 

French mathematician Jean-Robert Argand devised a means of representing a 

complex number using the same Cartesian coordinate system. He plotted the 

pair of real numbers (a, b) of z = a + ib as a point in the plane and then joined 

that point to the origin with a straight line. 

I 
I 
I 
| 
] 
| 

a 

This straight line is then the graphical representation of the complex number 

z=a-+ib and the plane it is plotted against is referred to as the complex 

plane. The entire diagram is called an Argand diagram. The two axes are 

referred to as the real and imaginary axes respectively but note that it is real 

numbers that are plotted on both axes. 

Draw an Argand diagram to represent the complex numbers: 

(a) Z7] =2+31 (b) Z2 = —34 2i 

(c) z3=4—-3i (d) z4=—4—-5Si 

Label each one clearly 
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Here they are. Check yours. 41 

Z,=4-3i 

Z,= -4 - 5i 

Note once again that the end of each complex number is plotted very much 

like plotting x and y coordinates. 

The real part corresponds to the x-value. 

The imaginary part corresponds to the y-value. 

Move on to Frame 42 

Graphical addition of complex numbers 

If we draw the two complex numbers z; = 5 + 2i and Zz = 2 + 3ion an Argand 42 | 

diagram we can then construct the parallelogram formed from the two 

adjacent sides z; and zz as shown. 

i} 

i} 

i) 

1 

Gu ex 

| 

i 
| 
| 

| 
U 

Ougeniionio £3584 

If the diagonal of the parallelogram OP represents the complex number 

z=a-+ ib, the values of a and DP are, from the diagram: 

Next frame 



Complex Variables 

RE ee: ba2ta=5 | 

Therefore OP = 7= 7 + 51, 

Since Zz; + Zz = (9 + 21) + (2+ 37) 

=7+5Si 

zee 

we can see that on an Argand diagram the sum.of two complex numbers 

Ziq 2 See LV CL DYE Cinne are aee ae of the parallelogram formed from the two 

adjacent sides z; and Zp. 

44 
How do we do subtraction by similar means? We do this rather craftily 

without learning any new methods. The trick is simply this: 

Next frame 

Z1 — Zz = 2 + (—Zz) 

That is, we draw the lines representing z, and the negative of z2 and add them 

as before. The negative of zz is simply a line with the same magnitude (or 

length) as zz but in the opposite direction. 

e.g. If z} =5+2iand z2 =2+3i 

OA = 2; =5+2i 

OP = —Z2 = —(2 + 3i) 

Then OQ = Z; + (—Z2) 

=2Z1 —Z2 

Determine on an Argand diagram 

(4 + 2i) + (—2 + 3i) — (—1+ 6i) 

45 

OAR ee 

OM A = te BY 

OG — lr 61 

Then’ OP = 2) 42> 

0Q=%24+22-23=3-i 
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Polar form of a complex number 

It is convenient sometimes to express a vy 46 
complex number a+ib in a different 

form. On an Argand diagram, let OP be a 
complex number a + ib. Let r = length of ib 
the complex number and @ the angle 

made with OX. 0 a ae 

Then r2 = a* +b? r= Va2+b2 

b 
and tan6é = A 6 = tan! 

Also i ECOSoran Ga pi eSinie 

Since z= a+ ib, this can be written 

Z=Tcosé=irsin d i.e. Z=r(cosé@ + isin @) 

This is called the polar form of the complex number a + ib, where 

b 
r= Va? +b? and @= tan! 

Let us take a numerical example. 

Next frame 

To express z = 4 + 3i in polar form. 47 

First draw a sketch diagram (that always helps). 

We can see that: 

(a) 7% = 47 +37 =164+9=25 

r= 

3 
(be taniG— ris 0.75 

6 = 36°52’ 

0 

z=a+ib=r(cos@+ isin 6) 

So in this case z = 5(cos 36°52’ + isin 36°52’) 

Now here is one for you to do. 

Find the polar form of the complex number (2 + 33). 

When you have finished it, consult the next frame 
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Z = 3.606(cos 56°19’ + isin 56°19’) 

Here is the working: 

Z=2+3i=r(cosé + isin 9) 

r?=44+9=13 r=3.606 (to 3 dp) 

tan => = 1.5 Ge SHLD 

Z = 3.606(cos 56°19’ + isin 56°19’) 

xy 

We have special names for the values of r and 6: 

zZ=a+ib=r(cosé + isin é@) 

(a) ris called the modulus of the complex number z and is often abbreviated to 

‘mod z’ or indicated by |z|. 

Thus if z = 2 + 5i, then |z| = V 22 +54 = 744+ 25 = V29 

(b) 6 is called the argument of the complex number and can be abbreviated to 

ale" Z 

SO Al Zea ol, TCI al Zo ee eee 

49 
Z—=2 +51) Then atea= 0 = tan-!> = 60 12. 

Warning: In finding 0, there are of course two angles between 0° and 360°, the 

b 
tangent of which has the value - We must be careful to use the angle in the 

correct quadrant. Always draw a sketch of the complex number to ensure you 
have the right one. 

e.g. Find arg z when z = —3 — 4i 

6 is measured from OX to OP. We first 

. find E, the equivalent acute angle from 

the triangle shown: 

tanE => = 13330 oA E538" 

Then in this case: 

6 = 180° +E = 233°8' arg z= 233°8' 

Now you find arg (—5 + 2i) 

Move on when you have finished a a ee a OD Pee ce Sule Oe WN Nee NS 
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| EN 4 — 158°12' | 50 

at 

Dy; 
tan B= = 04 7, E=21°48' 

In this particular case, 6 = 180° — E 

mp O15 8 "12: 

Complex numbers in polar form are always of the same shape and differ only 

in the actual values of r and 6. We often use the shorthand version r|@ to 

denote the polar form. 

e.g. Ii Z=—5-- 21 r= /25 +4 =v 29 — 5.385 and from above 0 = 158712’ 

The full polar form is z = 5.385(cos 158°12' + isin 158°12’) and this can 

be shortened to z = 5.385|158°12' 

Express in shortened form, the polar form of (4 — 33) 

Do not forget to draw a sketch diagram first. 

z = 5|323°8' 51 

i= 47-3" r=5 

tan E = 0.75 Ere 36.52) 

= 0 = 3600 EF 3323-8! xy 

7 = 9(COS 32a 6 -HiSin 323 9) 

= 3|323°8' 

Of course, given a complex number in polar form, you can convert it into 

basic form a + ib simply by evaluating the cosine and the sine and multiplying 

by the value of r. 

e.g. Z = S(cos 35° + isin 35°) = 5(0.8192 + 0.5736i) 

z = 4.0960 + 2.8680: (to 4 dp) 

Now you do this one. 

Express in the form a+ ib, 4(cos65° + isin 65°) 

7 E9052 3, 6252: | 52 

Because 

Z = 4(cos 65° + isin 65°) = 4(0.4226 + 0.90631) = 1.6905 + 3.62521 (to 4 dp) 

If the argument is greater than 90°, care must be taken in evaluating the 

cosine and sine to include the appropriate signs. > 
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e.g. If z= 2(cos210° +isin210°) the complex number lies in the third 

quadrant. 

Ys €08 210° =— cos 30; 

SG yer ee! sin 210° = — sin 30 
—— a Then z= 2(-—cos30° — isin 30°) 

! Po : = 2(—0.8660 — 0.5i) 

! ; EIS 
Tan Cos 

Here you are. What about this one? 

Express z = 5(cos 140° + isin 140°) in the form a + ib 

What do you make it? 

53 
Here are the details: 

cos 140° = — cos 40° 

sin 140° = sin 40° 

Z = 5(cos 140° + isin 140°) 

= 5(— cos 40° + isin 40°) 

5(—0.7660 + 0.64287) 

= —3.830 + 3.214: (to 3 dp) 

Fine. Now by way of revision, work out the following: 

(a) Express —5 + 47 in polar form 

(b) Express 3|300° in the form a + ib 

When you have finished both of them, check your results with those in Frame 52 

Here is the working: 54 g 
(a) 77 = 4% +57 =16425=41 

f= 6.403 (to: 3 dp) 

tanE=0.8 .. E=38°40' 

* §@=141°20’ 

—5 + 4i = 6.403(cos 141°20' + isin 141°20') =] 6.403|141°20' 
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(b) 3|300° = 3(cos 300° + isin 300°) 

cos 300° = cos 60° Sin {” All 

sin 300° = — sin 60° oo 
3|300° = 3(cos 60° — isin 60°) 60° x 
= 3(0.500 — i0.866) (to 3 dp) 

=| 1.500 — i2.598 Tan Cos 

Move to Frame 55 

We see then that there are two ways of expressing a complex number: 55 

(a) in standard form Z=a+ib 

(b) in polar form Z=r(cosé + isin 6) 

where r= v/a? + b2 

and 6= tan! 

If we remember the simple diagram, 

we can easily convert from one system to 
the other: 

So on now to Frame 56 

Exponential form of a complex number 

There is still another way of expressing a complex number which we must deal 56 

with, for it too has its uses. We shall arrive at it this way: 

Many functions can be expressed as series. for example, 

ye ye gt 35 
2 > Aon mace art st? ha op saree EN 

cache a xe x?) x’ Sik 
Sia se = 5 31+ 5] at 91 ed clyde eee 

et x2 x4 x6 
CcOsSx4= = Oi ibd onGlal < ha ees 

You no doubt have hazy recollections of these series. You had better make a 

note of them since they have turned up here. 
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57 If we now take the series for e* and write i@ in place of x, we get: 

ANZ. *\3 +\4 
9 Daal) eto) e’ =1+i10+ DI fe 3 ae I ole oe eels ees 

; i 2 Q2 rf 63 i 4 64 

=1+i0+ 4. ar cf eae 
2! 3! 4! 

es ele ie 
=1+10 aI Bias a Perot, Cee 

62 04 3 9 

=(1-5+5- Savtavre oie evoke ) +i(o 311 5) ete ouiiste olden tte ) 

=cos@+isiné 

Therefore, r(cos@+isin@) can now be written as re’. This is called the 

exponential form of the complex number. It can be obtained from the polar 

quite easily since the r value is the same and the angle @ is the same in both. It 

is important to note, however, that in the exponential form, the angle must be 

in radians. 

Move on to the next frame 

58 The three ways of expressing a complex number are therefore: 

(a) z=a+ib 

(b) z= r(cos6@ + isin @) Polar form 
(c) z=r-e” Exponential form 

Remember that the exponential form is obtained from the polar form: 

(a) the r value is the same in each case 

(b) the angle is also the same in each case, but in the exponential form the 

angle must be in radians. 

So, knowing that, change the polar form 5(cos60° +isin60°) into the 
exponential form. 

Then turn to Frame S59 

59 Sek 

Because we have 5(cos 60° + isin 60°) f=5 

d= 60° = _ radians 

Exponential form is Se" 

And now a word about negative angles: 

We know e” = cos@ + isin 

If we replace @ by —@ in this result, we get 

e~” — cos(—0) + isin(—6) 

= cos @ —isin@ 
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So we have 

e” — cosé+isiné 

e-” — cos@ —isiné 

Make a note of these 

Logarithm of a complex number 60 

There is one operation that we have been unable to carry out with complex 

numbers before this. That is to find the logarithm of a complex number. The 

exponential form now makes this possible, since the exponential form 

consists only of products and powers. 

For, if we have: 

ae 

then we can Say: 

Inz=Inr+i0 

e.g. If z= 6.42e!57 then 

hn = hn G2 5 Is 

= 1.864 1.57i (to 2 dp) 

and the result is once again a complex number. 

And ify =.3.6e- 0 other, li 7 == pee ace nee to 3 dp 

Inz =1n3.8 — 0.2361 =| 1.335 — 0.236 

Finally, here is an example of a rather different kind. Once you have seen it 

done, you will be able to deal with others of this kind. Here it is. 

Express e!~'"/4 in the form a + ib 

Well now, we can write: 

el-in/4 as ele-in/4 

= e(cos 7/4 — isin 1/4) 

; 1 iz} 

22 
g ns 

= pee 

This brings us to the end of this Program, except for the Can You? checklist 

and the Test exercise. Before you do them, read down the Summary that 

follows in the next frame and review any points on which you are not 

completely sure. 
Move to Frame 62 

i — 
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i Summary 
62 1 Powers of i 

ive Sal, Pe =i a 

Sf | eo ae ad 

A factor i turns a number through 90° in the positive direction. 

2 Complex numbers 

; a =real part 
Z=a+ib : : 

y b =imaginary part 

| 
! 

To) 
1 

a = 
0 yaad x 

3 Conjugate complex numbers (a + ib) and (a — ib) 

The product of two conjugate numbers is always real: 

(a+ ib)(a — ib) = a® +b? 

4 Equal complex numbers 

Ifa+ib=c-+ id, then a=c and b=d. 

5 Polar form of a complex number 

ZG Ap 

= r(cos6 + isin @) 

=r|0 

£= via tbe Gia tan {7 

also a= eos 03D — sing 

r= the modulus of z written ‘mod z’ or |z| 

@= the argument of z, written ‘arg z’ 

6 Exponential form of a complex number 

z=r(cos@ + isin@) = re! ; 
ot - @ in radians 

and r(cos @ — isin @) = re 

7 Logarithm of a complex number 

z=re® -. Inz=Inr+i0 

orif z=re~# Inz = Inr—i@ 
eee 
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&%4 Can You? 

Checklist 2 63 
Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Recognize i as standing for V—1 and be able to reduce the 

powers of i to +i or +1? to 
Yes L| | No 

e Recognize that all complex numbers are in the form 
(real part) + i(imaginary part)? to 
Yes | No 

e Add, subtract and multiply complex numbers? to 
Yes No 

e Find the complex conjugate of a complex number? to 
Yes No 

e Divide complex numbers? (30) to 
Yes No 

e State the conditions for the equality of two complex numbers? to 
Yes No 

e Draw complex numbers and recognize the parallel law of 
addition? t 
Yes | L No 

e Convert a complex number from Cartesian to polar form and 

vice versa? to 

Yes [ No 

e Write a complex number in its exponential form? (46 ) to 
Yes [| el No 

e Obtain the logarithm of a complex number? 
Yes No 
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g& Test exercise 2 

64 You will find the questions quite straightforward and easy. 

1 Simplify: (a) ® = (b) ® (oie (a) ait 

2 Express in the form a + 1b: 

(a) (4 —7i)(2 + 3i) (b) (-1+i)° 

(c) (5 + 2i)(4 — 5i)(2 +31) (d) oo 

3 Find the values of x and y that satisfy the equation: 

(x+y) +i(x—y) =14.8+4 6.21 

4 Express in polar form: 

(2) i3aeor (b) = 62631 (c) —4-Si 

5 Express in the form a + ib: 

(a) 5(cos 225° + isin 225°) (b) 4|330° 

6 Express in exponential form: 

(a) z1 =10|37°15' and  (b) z, = 10/322°45' 
Hence find In z; and In Zp. 

7 Express z = e!+'"/2 in the form a + ib. 

Now are you ready to start Part 2 of the work on complex numbers 

4, Further problems 2 

65 1 :=s«Simplify: 

F ; = (2 — 3i)(3 + 21) cos 3x + isin 3x 
a) (SF 4niS 4 71)(2 = 31 b : = 
cud M M ) (5) (4 — 31) z cos x + 1sin x 

+3i 2 : 
2 2 = i ib. xpress (4-5) ate ; in the form a + ib 

o HZ : 1 : exp in the f i — S 5 Z ) 243i) 1 2F xpress Z in the form d + 1D. 

‘ 2th... ; ; 1 
4 ifz= <7 find the real and imaginary parts of the complex number z + -. 

= Zz 

: ; rae) Ce mi 4) ag ‘ : A : ; 
5 Simplify (2 + Si)" +—,—~—— — i(4 — 6i), expressing the result in the form a + ib. 
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6 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

; : i lee 
If 271 = 241, Zo = —2 + 43 and Ae lee evaluate z3 in the form a + ib. 

3 a eae 
If Z1, Z2, Z3 are represented on an Argand diagram by the points P, Q, R, 
respectively, prove that R is the foot of the perpendicular from the origin on to 
the line PQ. 

Points A, B, C, D, on an Argand diagram, represent the complex numbers 9 + i, 
4+ 13i, -8+ 8i, —3 —4i respectively. Prove that ABCD is a square. 

If (2 + 3i)(3 — 4i) = x + iy, evaluate x and y. 

If (a+b) + i(a — b) = (2 + Si)? + i(2 — 33), find the values of a and b. 

If x and y are real, solve the equation: 

iA ok Al 

l+iy x+3y 

a+ ib pie ae}, li z= aaah where a, b, c and d are real quantities, show that (a) if z is real 

then = ; and (b) if z is entirely imaginary then ‘ = = 

Given that (a + b) + i(a — b) = (1+ 1)? + i(2 +1), obtain the values of a and b. 

Express (—1 + i) in the form re” where r is positive and —1 < 0 <7. 

Find the modulus of z = (2 — i)(5 + 12i)/(1 + 2i)°. 

If x is real, show that (2 + 7je*)* + (2 — ie! -39 js also real. 

3 1 il 
Given that Zz] =Ri+R-+iwL; Z2=Ro; z3 =——; and z4=R,+—— and 

iwC3 iwC4 

also that z;Z3 = Z2Z4, express R and L in terms of the real constants R,, Ro, Ra, C3 

and GE 

If z =x + iy, where x and y are real, and if the real part of (z + 1)/(z +i) is equal 

to 1, show that the point z lies on a straight line in the Argand diagram. 

2223 
» die = 1, 

Jigy = JES 
When Zz] =2+ 31, Zz, =3 —4i, z3 =—5+12i, then Z=z,+ 

E when I = 5 + 6i. 

Ry + twL Ro 

Rn hes 
CR2R3 

= POR: +1 

If 7 where Rj, Ro, R3, R4, w, L and C are real, show that 
wC 

If z and Z are conjugate complex numbers, find two complex numbers, z = Z; 

and z = 22, that satisfy the equation: 

32Z + 2(z —Z) = 39+ 12i 

On an Argand diagram, these two numbers are represented by the points P and 

Q. If R represents the number 1i, show that the angle PRQ is a right angle. 

79 
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Learning outcomes 

When you have completed this Program you will be able to: 

Use the shorthand form for a complex number in polar form 

Write complex numbers in polar form using negative angles 

Multiply and divide complex numbers in polar form 

Use DeMoivre’s theorem 

Find the roots of a complex number 

Demonstrate trigonometric identities of multiple angles using 
complex numbers 

Solve loci problems using complex numbers 
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Introduction 

In the previous program on complex numbers, we discovered how to 4 

manipulate them in adding, subtracting, multiplying and dividing. We also 

finished by seeing that a complex number a + ib can also be expressed in polar 

form, which is always of the form r(cos @ + isin 6). 

You will remember that values of r and 6 can easily be found from the 

diagram of the given complex number: 

\ 
Paap y, r=/a+ be , 

! 
b | 

and tan@=— ©. 6= tan? Z ib 
a a 

0 ese ahs 
O a XG 

To be sure that you have taken the correct value of 6, always draw a sketch 

diagram to see which quadrant the complex number is in. 

Remember that @ is always measured from ............ 

i.e. the positive x-axis. 2 

Right. As a warming-up exercise, do the following: 

Express z = 12 — Si in polar form 

Do not forget the sketch diagram. It ensures that you get the correct value 

for 0. 

When you have finished, and not before, move on to Frame 3 to check your result 

13(cos 337°23! + isin 337°23’) 3 

Here it is, worked out in full: 

r2 = 127+ 57 = 1444 25 = 169 

5 ie = 1B) 

tan f= 5 =OAlG7 bee oes 7 

In this case, @=1360°— FE = 360° — 22°37 ~. &=337 23: 

z=1(cos@ +isin 0) = 13(cos 337°23’' + isin 337°23’) 

Did you get that right? Here is one more, done in just the same way: 

Express —5 — 4i in polar form. 

Diagram first of all! Then you cannot go wrong. 

When you have the result, on to Frame 4 
Sa cnn arse entteemnmtmnmemmetentmeeammenamnenemmemanememneneeenesumeeeeneeeeenenenmmememmememmnemmmeanmmmemmnemmmnanl 
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z = 6.403(cos 218°40' + isin 218°40)) | 

Here is the working: check yours. 

r= 5% +47=25+416=41 

Sh) 41 6.403 (109 Gp) 

Wea Wh = : =(O.82) E= 3840 

In this case, 9 = 180° + E = 218°40’ 

So z= —5 — 4i = 6.403(cos 218°40! + isin 218°40’) 

Shorthand notation of polar form 
Since every complex number in polar form is of the same structure, i.e. 

r(cos@+isin@) and differs from another complex number simply by the 

values of r and 6, we have a shorthand method of quoting the result in polar 

form. Do you remember what it is? The shorthand way of writing the result 

above, i.e. 6.403(cos 218°40’ + isin 218°40’) is ............ 

5 6.403 |218°40' 

Correct. Likewise: 

D7 2(COS 322,15 (sin 322,15") VIS Witte! 7A 522714) 

5(cos 105° + isin 105°) is written 5|105° 

Tei: Sea ‘ : 7s 
3.4 (cost + isin *) is written 3.4 fF 

They are all complex numbers in polar form. They are all the same structure 

and differ one from another simply by the values of 

| 6 [ +] and [@ | 

Now let us consider the following example. 

Express Z = 4 — 37 in polar form. 

First the diagram: 

From this: 

r=) 

8 
tan E = = OAS 2, Td, = BY? 

C= 360186 O24 ook 

Z=4 — 3i = 5(cos 323°8’ +- isin 32550) 

or in shortened form,z=............ 
a SE eal oe SE ease Nae Sr Se thaw Won a ET 
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Zz = 5[323°8' 7 

Negative angles 

In the previous example, we have: 

Z = 5(cos 323°8' + isin 323°8’) 

But the direction of the complex number, 

measured from Ox, could be given as —36°52’, 

the minus sign showing that we are measuring 

the angle in the opposite sense from the usual 

positive direction. 

We could write z = 5(cos|[—36°52'] + isin[—36°52’]). But you already know that 

cos[—6] = cos @ and sin|—6] = —sin9. 

P= 9(COS36 52 = 75i1N' 36°52) 

i.e. very much like the polar form but with a minus sign in the middle. This 

comes about whenever we use negative angles. In the same way: 

Zz = 4(cos 250° + isin 250°) 

= 4(cos[—110°] + isin[—110°]) 

z = 4(cos 110° — isin 110°) 

since cos(—110°) = cos 110° 

and sin(—110°) = —sin 110° 

It is sometimes convenient to use this form when the value of @ is greater than 

180°, i.e. in the 3rd and 4th quadrants. 

Here are some examples: 

Z = 3(cos 230° + isin 230°) 

= 3(cos 130° — isin 130°) 

Similarly: Z = 3(cos 300° + isin 300°) = 3(cos 60° — isin 60°) 

Zz = 4(cos 290° + isin 290°) = 4(cos 70° — isin 70°) 

Z = 2(cos215° + isin 215%) = 2(cos 145° — isin 145°) 

and y= 60S Care Sita 10") 22 r.. veces 
Sn Sn TS nnn Tenner TTnTTT TTT ererenetsnnennsnstntnmmsetantnueneaetanenemmnnsmne amnmmnnmmtntnemntentmsaeuneaenetammenieteenninmeeinentatnmmeseeinsieueetenetietemncnseeseenmsnetunmmusmennusenenmmnenceneaettll 
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z = 6(cos 50° — isin 50°) 

Because COS S110" —coso0: 

and sin310° = —sin 50° 

A moment ago we agreed that the minus sign comes about by the use of 

negative angles. To convert a complex number given in this way back into 

proper polar form, i.e. with a ‘+’ in the middle, we simply work back the way 

we came. A complex number with a negative sign in the middle is equivalent 

to the same complex number with a positive sign, but with the angles made 

negative. 

e.g. Z = 4(cos 30° — isin 30°) 

= 4(cos|—30°] + isin{[—30°]) 

= 4(cos 330° + isin 330°) and we are back in proper polar form. 

You do this one: Convert z = 5(cos 40° — isin 40°) into proper polar form. 

Then on to Frame 10 

10 z = 5(cos 320° + isin 320°) 

Because 

Zz = S(cos 40° — isin 40°) = 5(cos|—40°] + isin{—40°}) 

=5(cos 320° + isin 320°) 

Here is another for you to do. 

Express z = 4(cos 100° — isin 100°) in proper polar form. 

Do not forget, it all depends on the use of negative angles. 

11 Z = 4(cos 260° + isin 260°) 

Because 

z = 4(cos 100° — isin 100°) = 4(cos[—100°] + isin[—100°)) 

= 4(cos 260° + isin 260°) 

We ought to see how this modified polar form affects our shorthand notation. 



The polar form 

Remember, 5(cos 60° + isin 60°) is written 5|60° 
y 5L60° 

How then shall we write 5(cos 60° — isin 60°)? 2 

We know that this really stands for 60° 
5(cos[—60°] + isin[—60°]) so we could write a) 4 ae 
5|—60°. But instead of using the negative angle 60° 
we use a different symbol, i.e. 5|—60° becomes 5 

S160 5 [60° 

Similarly, 3(cos 45° — isin 45°) = 3|—45°=............ 

3/45" 12 

This is easy to remember, 

for the sign i \_ resembles the first quadrant and indicates 

measuring angles nN i.e. in the positive direction, 

while the sign | J resembles the fourth quadrant and indicates 

measuring angles os i.e. in the negative direction. 

€o7(COs 15> + 1Sin 15) 1s-waitten | 15° 

but (cos 15° — isin 15°), which is really (cos[—15°] + isin[—15°]) 

is written [15° 

So how do we write (a) (cos 120° + isin 120°) 

and (b) (cos 135° — isin 135°) 

in the shorthand way? 

(a) [120° (b) [135° 13 

The polar form at first sight seems to be a complicated way of representing a 

complex number. However it is very useful, as we shall see. Suppose we 

multiply together two complex numbers in this form: 

Let z; =1,(cos@, + isin 6,) and zz = r2(cos 62 + isin 62) 

Then z1Z2 = 1r1(cos 6; + isin 6; )r2(cos 62 + isin 62) 

= 1112(COS 0; COS O2 + isin 0; COs O2 + icos 6; Sin 62 + i? sin 0 sin 62) 

Rearranging the terms and remembering that i? = —1, we get 

Z1Z2 = T112[(COS 61 COS 62 — sin 6; sin 62) + i(sin 6; COs 62 + COs 4; sin 42)| 

Now the brackets (cos 6; cos 02 — sin @; sin 42) 

and (sin 0 cos 62 + Cos 6; sin 62) 

ought to ring a bell. What are they? 
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14 cos 6; Cos 62 — sin 6; sin 62 = cos(#; + 42) 

sin 6; Cos 62 + cos 6; sin 62 = sin(; + 62) 

In that case, 2)Z2 = rf2[cos(O, + 42) + isin(A + 62)]. 

Note this important result. We have just shown that 

r(cos 6, + isin 01) - r2(cos 02 + isin 42) = rr2[cos(@1 + 62) + isin(#1 + 62)| 

i.e. To multiply together two complex numbers in polar form, 

(a) multiply the r’s together, 

(b) add the angles, 6, together. 

It is just as easy as that! 

e.g. 2(cos 30° + isin 30°) x 3(cos 40° + isin 40°) 

= 2 x 3(cos(30° + 40°] + isin[30° + 40°]) 

= 6(cos 70° + isin 70°) 

So if we multiply together S(cos 50° + isin 50°) and 2(cos 65° + isin 65°) we 

Gla Reyne 

15 | 10(cos 115° + isin 115°) | 

Remember, multiply the r’s; add the 6’s. 

Here you are then; all done the same way: 

(a) 2(cos 120° + isin 120°) x 4(cos 20° + isin 20°) 

= 8(cos 140° + isin 140°) 

(b) a(cos@+isin 6) x b(cos ¢ + isin ¢) 

= ab(cos|6 + ¢| + isin[@ + ¢]) 

(c) 6(cos 210° + isin 210°) x 3(cos 80° + isin 80°) 

= 18(cos 290° + isin 290°) 

(d) 5(cos 50° + isin 50°) x 3(cos[—20°] + isin[—20°]) 

= 15(cos 30° + isin 30°) 

Have you got it? No matter what the angles are, all we do is: 

(a) multiply the moduli, (b) add the arguments. 

So therefore, 4(cos 35° + isin 35°) x 3(cos 20° + isin 20°) = 

16 12(cos 55° + isin 55°) 

Now let us see if we can discover a similar set of rules for division. 

a. +61 
We already know that to simplify er we first obtain a denominator that is 

entirely real by multiplying top and bottom by 
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| the conjugate of the denominator, i.e. 3 — 4i | 17 

r1(COs 0; + isin 6;) 

rp(COs 62 + isin 62) 
(Cos @; +isin@;) (cos; + isin 6;)(cos 62 — isin 62) 

1(COS 62 + isin 62) —12(COsS 42 + isin 2)(cos 62 — isin 62) 

__ 1 (COS 4; COS O2 + isin 4; COs 62 — icos 6; sin 62 + sin 4; sin 62) 

Right. Then let us do the same with 

io) (cos? 62 + sin? 62) 
3 [(COs 0; COs 62 + sin 6; sin 62) + i(sin 6; Cos 02 — cos 6; sin 62)| 

& T2 1 

= “* [cos( — 62) +isin(0; — 62)] 
2 

SOmMOmiVISION RN tMenrtLenS eee 

| divide the r’s and subtract the angle 18 

6(cos 72° + isin 72°) 

8 D(cos41° + isin 41°) 

That is correct. 

= 3(cos 31° + isin 31°) 

So we now have two important rules: 

If z} = (cos 6; +isin6,) and zz = r2(cos 42 + isin 42) 

then (a) 21Z2 = Mr2(cos(O; + 62) + isin(A1 + 42)| 

and (b) hes DF e08(04 — 42) + isin(@, — 2)| 
Z2 2 

The results are still, of course, in polar form. 

Now here is one for you to think about. 

If z} = 8(cos 65° + isin 65°) and zz = 4(cos 23° + isin 23°) 

Cheney 2 (iz zs ee ee and (b) — = See ree 
wy 

(a) 21Z2 = 32(cos 88° + isin 88°) 1 9 

(b) — — 2(cos 42° + isin 42”) 
2 
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Of course, we can combine the rules in a single example: 

5(cos 60° + isin 60°) x 4(cos 30° + isin 30°) 

é- 2(cos 50° + isin 50°) 
20(cos 90° + isin 90°) 

~ 2(cos 50° + isin 50°) 
= 10(cos 40° + isin 40°) 

What does the following product become? 

4(cos 20° + isin 20°) x 3(cos 30° + isin 30°) x 2(cos 40° + isin 40°) 

Result in next frame 

20 24(cos 90° + isin 90°) 

i.e. (4 x 3 x 2)[cos(20° + 30° + 40°) + isin(20° + 30° + 40°)| 

= 24(cos 90° + 1 sin 90°) 

Now what about a few review examples on the work we have done so far? 

Move to the next frame 

‘a Review exercise 

1 Work all these questions and then turn on to Frame 22 and check your results. 

1 Express in polar form, z = —4 + 2i. 

2 &xpress in true polar form, z = 5(cos55° — isin 55°). 

3 Simplify the following, giving the results in polar form: 

(a) 3(cos 143° + isin 143°) x 4(cos.57° + isin 57°) 

(b) 10(cos 126° + isin 126°) 

2(cos 72° + isin 72°) 

4 Express in the form a + ib: 

(a) 2(cos 30° + isin 30°) 

(b) 5(cos 57° — isin 57°) 

Solutions are in Frame 22. Move on and see how you have fared 

y= 274 44=-4416=20 

* r=4,.472 

tans =O: 92 eae oe 

0 = 153°26' 

Z= —4+ 2i = 4.472(cos 153°26' + isin 153°26’) 
p> 
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2 z=S(cos55° — isin 55°) = 5[cos(—55°) + isin(—55°)] 

= S(cos 305° + isin 305°) 

$3 (a) 3(cos 143° + isin 143°) x 4(cos 57° + isin 57°) 

= 3 x 4[cos(143° + 57°) + isin(143° + 57°) 

= 12(cos 200° + isin 200°) 

10(cos 126° + isin 126°) 

Z2(cos 72° + isin 722) 
(b) 

10 
= = [cos(126° — 72°) + isin(126° — 72°) 

= S(cos 54° + isin 54°) 

4 (a) 2(cos30° + isin 30°) 

= 2(0.866 + 0.5i) = 1.732 +i 

(b) 5(cos 57° — isin 7°) 

= 5(0.5446 — 0.83877) 

=v 2541937 
Now continue the Program in Frame 23 

Multiplication and division of the polar form 

Now we are ready to go on to a very important section which follows from our 93 | 

work on multiplication of complex numbers in polar form. 

We have already established that: 

if Z1 =11(Cos 6; + isin @,) and Zz = r2(CcOs 62 + isin 2) 

then Z1Z2 = 112[Cos(6; + 62) + isin(6; + 2)| 

So if Z3 = 173(COS 03 + isin 63) then we have 

212223 = 112|COS(A; + 02) + isin(@, + 62)|r3(cos 63 + isin 03) 

212223 = M1121%3[(COS(A; + O2 + 63) + isin(A + 42 + 43)] 24 

because in multiplication, we multiply the moduli and add the arguments 

Now suppose that Zz, Zz, z3 are all alike and that each is equal to 

z=r(cos@+ isin 6). Then the result above becomes: 

212223 = 2 =r-r-r(cos(d+6+6) +isin(@+ 6+ 6)| =r>(cos36 + isin 36) 

or z> = [r(cos@ + isin @)}* = r3(cos@ + isind)* = r3(cos 36 + isin 36) 

That is, if we wish to cube a complex number in polar form, we just cube the 

modulus (r value) and multiply the argument (@) by 3. 

Similarly, to square a complex number in polar form, we square the 

modulus (r value) and multiply the argument (@) by ............ 
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25 i.e.[r(cos @ + isin @)|* = r2(cos 26 + isin 26) 

Let us take another look at these results: 

[r(cos 6 + isin 6)|” = r?(cos 26 + isin 26) 

(r(cos 0 + isin 0)|° = r3(cos 36 + isin 38) 

Similarly: 

[r(cos @ + isin 0)|* = r*(cos 46 + isin 40) 

[r(cos@ + isin @)) =r°(cos50+isin5@) and so on 

In general, then, we can say: 

ir(cos@ isin O)\) =. aweeweess 

26 [r(cos @ + isin @)]" =| r"(cos né + isin n6) 

De Moivre’s theorem 

This general result is very important and is called DeMoivre’s theorem. It says 

that to raise a complex number in polar form to any power n, we raise the r to 

the power n and multiply the angle by n: 

e.g. [4(cos 50° + isin 50°]? = 4?[cos(2 x 50°) + isin(2 x 50°)] 

= 16(cos 100° + isin 100°) 

and [3(cos 110° + isin 110°)|° = 27(cos 330° + isin 330°) 

and in the same way: 

icoss7)-Eisino 7) =e ees 

27 16(cos 148° + isin 148°) | 

Roots of a complex number 

This is where the polar form really comes into its own! For DeMoivre’s 

theorem also applies when we are raising the complex number to a fractional 

power, i.e. when we are finding the roots of a complex number. 

e.g. To find the square root of z = 4(cos 70° + isin 70°) 

We have Vz = Z = [4(cos 70° + isin 70°)}? Leon ; 

= 43 (cos + isin a 
2 2 

= 2(cos 35° + isin 35°) 
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It works every time, no matter whether the power is positive, negative, whole 
number or fraction. In fact, DeMoivre’s theorem is so important, let us write it 
down again. Here goes: 

If z= 7r(cos@ + isin @)) then 27 =...) .5...1.: 

Z=r(cos@+isin@), then | z” = r"(cosné + isin né) 28 

for any value of n. 

Look again at finding a root of a complex 

number. Let us find the cube root of 

z = 8(cos 120° + isin 120°). Here is the given 

complex number shown on an Argand 

diagram: 

Z=8)4202 

Of course, we could say that 6 was ‘1 revolution + 120°’: the vector would still 

be in the same position, or, for that matter (2 revs + 120°), (3 revs + 120°) etc. 

i.e. Z=8|120° or 8|480° or 8|840° or 8|1200° etc. and if we now apply 

DeMoivre’s theorem to each of these, we get: 

2-833 oa) or 83 eel OURS ene Olga ae etc. 
3 3 

Bo 120; Pees 480 ae ee 840 ore 1200 

3 3 3 3 

If we simplify these, we get: 

zi = 2|40° or 2|160° or 2|280° or 2|400°etc. 

If we put each of these on an Argand diagram, as follows: 

oe 2 | 460" 280° 
40 

we see we have three quite different results for the cube root of z and also that 

the fourth diagram would be a repetition of the first. Any subsequent 

calculations merely repeat these three positions. 

Make a sketch of the first three vectors on a single Argand diagram 
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30 Here they are. The cube roots of z = 8(cos 120° + isin 120°): 

We see, therefore, that there are 3 cube roots of a complex number. Also, if 

you consider the angles, you see that the 3 roots are equally spaced round the 

diagram, any two adjacent complex numbers being separated by ............ 

degrees. 

31 120° 

That is right. Therefore all we need to do in practice is to find the first of the 

roots and simply add 120° on to get the next — and so on. 

Notice that the three cube roots of a complex number are equal in modulus 

Les. . (or length) and equally spaced at intervals of =e 

Now let us take another example. On to the next frame 

32 To find the three cube roots of z = 5(cos 225° + isin 225°) 

The first root is given by 

Tj = 73 = O85 COS as aah isin—3— 

= 1.71(cos 75° + isin 75°) 

2 = 

We know that the other cube roots are the same length (modulus), i.e. 1.71, 

Pal crea ea Be and separated at intervals of 

So the three cube roots are: 

Vig) — 11 ie 

Z2 = JAMO 

Zvi MSs 

It helps to see them on an Argand diagram, so sketch them on a combined 
diagram. 
etree neg aepnnrenee nee 
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Here they are: 

Z3 

We find any roots of a complex number in the same way: 

(a) Apply DeMoivre’s theorem to find the first of the n roots. 

(b) The other roots will then be distributed round the diagram at regular 

intervals of a= : 

A complex number, therefore, has: 
ie) 

2 square roots, separated by e08 

3 cube roots, separated by ay 

4 fourth roots, separated by 

S TLE rOOts, separated DY .c..sc.a1e-- ele: 

And now: To find the 5 fifth roots of 12|300° 

oa 1|300° 1 
Z= 12)\3008 = 72 12> 5 = 125|60° 

Now, 123 = 1.644 to 3 dp and so the first of the 5 fifth roots is therefore 

Z1 = 1.644|60° 

The others will be of the same modulus, i.e. 1.644, and equally separated at 
12) 

Wen 2. intervals of ia 

So the required 5 fifth roots of 12|300° are: 

Z, = 1.644|60° Z2 = 1.644|132° z3 = 1.644|204° 

Zq4 = 1.644|276° z5 = 1.644|348° 

Sketch them on an Argand diagram, as before. 

34 
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35 
Z, = 1.644| 60° 

y= 1 644/052 

z3 = 1.644|204° 
z4 = 1.644|276° 
Z5 = 1.644|348° 

Although there are 5 fifth roots of a complex number, we are sometimes asked 

to find the principal root. This is always the root which is nearest to the positive 

X-axis. 

In some cases, it may be the first root. In others, it may be the last root. The 

only test is to see which root is nearest to the positive x-axis. If the first and 

last root are equidistant from the positive x-axis, the principal root is taken to 

be the first root. 

In the example above, the principal root is therefore ............ 

36 zs = 1.644/348° 

Good. Now here is another example worked in detail. Follow it. 

We have to find the 4 fourth roots of z = 7(cos 80° + isin 80°) 

The first root z; = 74 eS = 74|20° 

Since 74 = 1.627 to 3 dp 
Z1 = 1.627|20° 

The other roots will be separated by intervals of = = 90% 

Therefore the 4 fourth roots are: 

Zia lO Aor Zo Oe Or 

Z3= I fey 7 PANO LA = 1.627 290° 

And once again, draw an Argand diagram to illustrate these roots. 
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ty 

Zio 

Zp O27 10% 

0 x Zoos OZ TNZOO. 

Z4—=— 1.027290" 

And in this example the principal fourth root is ............ 

Z, = 1.627(20° 

since it is the root nearest to the positive x-axis. 

Now you can do one entirely on your own. Here it is. 

Find the three cube roots of 6(cos 240° + isin 240°). Represent them on an 

Argand diagram and indicate which is the principal cube root. 

When you have finished it, move on to Frame 39 and check your results 

ZOLA 80s 

Zot 200" 

Zea = 1.847/320° 

Principal root: Zz = 1.817/320° 

Here is the working: 

z=6|240° 721-6 “ = 1.817|80° 

360° 
Interval between roots = ac ale 

Therefore the roots are: 

Z, = 1.817|80° Se ANZOO! Zine oleale 20s 

The principal root is the root nearest to the positive x-axis. In this case, then, 

the principal root is z3 = 1.817|320° 
On to the next frame 
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40 Expansions of sin n@ and cos n@, where nis a positive integer 

By DeMoivre’s theorem, we know that: 

cosn@ + isinnd = (cos 6 + isin é@)” 

The method is simply to expand the right-hand side as a binomial series, after 

which we can equate real and imaginary parts. 

An example will soon show you how it is done: 

To find expansions for cos 36 and sin 36. 

We have: 

cos 34 + isin 30 = (cos@ + isin 9)* 

=(c+is)* _ where c = cosé 
S= sing 

Now expand this by the binomial series — like (a + b)* so that 

COSS0e-1SiN 30 = Oe eas. 

41 C 4130S — 3cs- — 1S* 

Because 

cos 30 + isin 30 = c? + 3c?(is) + 3c(is)* + (is)* 

=O B05 3cs 1S since 7 = —1 

=(Goe acs) acs = 5) P= Hi 

Now, equating real parts and imaginary parts, we get 

COS00 =e aeehee eee 

and SIDGO Sse ck arieeen 

42 cos 30 = cos? @ — 3 cos @ sin? é 

sin 30 = 3 cos” @sin @ — sin’ @ 

If we wish, we can replace sin? @ by (1 — cos? @) 

and cos? 6 by (1 — sin’ @) 

so that we could write the results above as: 

a0). fe pee (all in terms of cos @) 

BUM 3G) Raa oi nao (all in terms of sin 6) 

Lerner 
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cos 36 = 4cos* @ — 3cos@ 43 

sin 30 = 3sin6 — 4sin? 6 

Because 

cos 30 = cos* @ — 3.cos 6(1 — cos” 6) 

= cos? 6 — 3cos@ + 3cos* 4 

=4'cos’ @ = 3.cos 0 

and 

sin 36 = 3(1 — sin’ 4) sin @ — sin? 6 

= 3sin@ — 3sin’ 6 — sin’ 6 

= 3sin@— 4sin’ 0 

While these results are useful, it is really the method that counts. 

So now do this one in just the same way: 

Obtain an expression for cos 46 in terms of cos @. 

When you have finished, check your result with the next frame 

cos 46 = 8cos* 6 — 8cos?6+1 44 

Working: cos 46 + isin 4 = (cos 6 + isiné@)* 

=(c+is)*, 
= ct + 4c3(is) + 6c?(is)* + 4c(is)* + (is)* 

=C ides = 60s" 4s) 5" 

Shc e 6C1S vies dCs — 4c5 ) 

Equating real parts: cos 40 = c* — 6c’s? + s* 

aC mocilc)s(l=c) 

SCis6e Hb6Ce4 PaaS 

= 8c* — 8c? +1 

= 8cos* 6 — 8cos*@+1 

Now for a different problem. 
On to the next frame 
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45 Expansions for cos”@ and sin”, in terms of sines and cosines 

of multiples of 0 

=cosé+isind Let Wi 

1 -1 

Zi 
then = 7 =cosé—isiné 

1 es 
is Z+~ = 2c0s0 and z—— = 2isin@ 

Also, by DeMoivre’s theorem: 

z" = cosné + isinné 

il We 
and == z" =cosné —isinné@ 

Z 
il 1 - 

4 ZN +, = 2cos ng BuaKa) 7A" eer 2isin né 

Let us collect these four results together: z = cos 6 + isin é 

1 
i SiG 

Z 

ge _ 2h = 2isinndg 
gn 

Make a note of these results in your record book. 

Then move on and we will see how we use them 

46 We shall expand cos? 6 as an example. 

1 
From our results: z + : = 2 COSi0 

ili 3 

: (2cosé)* = (2+2) 
Z 

il 
=Z2+4 32(2) ce 32(25) — 

Z ge) ae 
1 1 

Lgl 

Now here is the trick: we rewrite this, collecting the terms up in pairs from the 

two extreme ends, thus: 

: 1 1 
(2 cos 6)? = (2 fe a) +3 (2 + 7) 

z: z 

And, from the four results that we noted: 
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1 
[eb reost 2 + = 2¢08 36 47 

*. (2cos6)* = 2cos 30 +3 x 2cos 

8 cos? § = 2.cos 36 + 6cosé 

4cos? 6 = cos 36 + 3cos@ 

1 
cos? @ = 7 (C08 38 + 3 cos 8) 

Now one for you: 

Find an expression for sin? 0. 

Work in the same way, but, this time, remember that 

1 
A si ande a BS ——WAKSbOW/ICp 

Zz VAL 

When you have obtained a result, check it with the next frame 

sin’ 9 = = [cos 40 — 4cos 26 + 3] 48 | 

Because we have: 

ik yf 1 ve 
Z——=2isind; z’ ——=2isinné 

Ye zn 

*, (2ising)* = (z 2) 

ie 
Now: Figs = 2cosné 

- 16sin* 6 = 2cos 40 — 4 x 2cos 20+ 6 

sin* 9 = 5 [cos 40 — 4cos 26 + 3] 

They are all done in the same way: once you know the trick, the rest is easy. 

Now let us move on to something new 
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Loci problems 

Complex Variables 

49 We are sometimes required to find the locus of a point which moves in the 

Argand diagram according to some stated condition. Before we work through 

one or two examples of this kind, let us just review a couple of useful points. 

You will remember that when we were representing a complex number in 

polar form, i.e. z=a+ib=r(cos@+isin@), we said that: 

(a) r is called the modulus of z and is written ‘mod z’ or |z| and 

(b) 6 is called the argument of z and is written ‘arg z’. 

b 
Also r= a2 + b2 and 6 = tan {7} 

so that |z| = a2 + b2 and argz = tan 1 {7 

Simuilatly, it Z= x=, ty then Z| = 

and arg z = 

| 90 |z| = \/x2 + y2 and argz = tan '{7 

Keep those in mind and we are now ready to tackle some examples. 

Example 1 

If z=x-+ iy, find the locus defined 
aS) {Z|-—=0. 

Now we know that in this case, 

i = Vr 
The locus is defined as ,/x2 + y2 = 5 

- 2 25 

This is a circle, with center at the 

origin and with radius 5. 

ty 

OE 

Foctis)| 2i'=5 
<= LELXe Yo — 25 

That was easy enough. Move on for Example 2 
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Example 2 51 

If z=x-+ iy, find the locus defined as argz =. 

I j s = il we . = a cell n this case: arg z = tan be ee tal Gt 4 

= aay te ey) 2 = aye ee es a ee lie 

So the locus arg z = 5 is therefore the straight line y= x and y > 0. 

All locus problems at this stage are fundamentally of one of these kinds. Of 

course, the given condition may look a trifle more involved, but the approach 

is always the same. 

Let us look at a more complicated one. Next frame 

Example 3 52 

If z=x- iy, find’ the equation of the locus z 

Since Z = x + iy: 

Z+1=x+iyt+1=C41)4+iyanlaHrn 

z—-1l=x+iy-1=(«-1)+i=nr|b2 = 22 

Zl tae ees 

Pts 1 ra\02” fe ! : 

= ere [Zi a+iy +2 

Ty |Z2| 

(x—1)°+y? 

All that now remains is to multiply across by the denominator and tidy up the 

result. So finish it off in its simplest form. 

The answer is in the next frame 
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53 [ 3x? 10x +3 +3y?=0 | 

We egy oaelaiilas 
ae Uigaay a 

So therefore (x+1)+y = 4 (x — We +y¥} 

x Ox Ly =40 2 ly) 

= 4x” — 8x4+4+44y’ 

*, 3x*=10x+3+43y =0 

4 

This is the equation of the given locus. 

Although this takes longer to write out than either of the first two examples, 

the basic principle is the same. The given condition must be a function of 

either the modulus or the argument. 

Move on now to Frame 54 for Example 4 

54 Example 4 

If z= x + iy, find the equation of the locus arg(z”) = — 
mA 

Ze i = 7, = — Fi id +i=rl@ |. argz=6@=tan 1h 

one = 
x 

‘. By DeMoivre’s theorem, z? = r7|20 
T 

arg(z*) = 26 = = 

i tan 29 = tan(—7) =-] 

ected 

" 1—tan26 — 

* 2tané=tan?6-1 
2 

But tang => gh as es 
x ieee 

QV SR ee? xy 

In that example, the given condition was a function of the argument. Here is 
one for you to do: 

If z=x + iy, find the equation of the locus arg(z + 1) = 7 

Do it carefully; then check with the next frame ren ete eoeppper leer tag eS ue 
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y = V3(x+1) fory >0 Lote) 

Here is the solution set out in detail. 

If z=x + iy, find the locus arg(z + 1) =5. 

Z=X+iy 2. Z+1=x+iv+1=(x+1)+iy 

iV —1 V aes : YW = c= arg(z+ 1) = tan ia} Ate ae as, V3 

y=V3(x+1) fory>0O 

And that is all there is to that. 

Now do this one. You will have no trouble with it. 

If z=x + iy, find the equation of the locus |z — 1| = 5 

When you have finished it, move on to Frame 56 

56 
Here it is: z= x + iy, given locus |z— 1] =5 

zZ—1=x+iy-1=(x-1)+ji 

fen || Sa (eos) ey? 15 ee i) ee eS 

x —2x4+1+y? =25 Be 2x yd 

Every one is very much the same. 

This brings us to the end of this Program, except for the final Can You? 

checklist and Test exercise. Before you work through them, read down the 

Summary (Frame 57), just to refresh your memory of what we have covered in 

this Program. 

So on now to Frame 57 

BE Summary 

Polar form of a complex number 57 

z=a+ib=r(cos6é+isiné@) =r|@ 

T= Mod Z| = vy a2 ab 

6 =argz=tan“! Fa 
xy 
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Negative angles 

yx z = r(cos|—6] + isin[—4]) 

cos[—6] = cos é 

sin{[—6] = — sin é 

- z=r(cosé—isindé) =rl0 

3 Multiplication and division in polar form 

Ilit Zq 14 \Ouy Z2 = 12 |02 

then Z1Z2 = 111%2|91 + 92 

r 
gS ees 
Zee) 

4 DeMoivre’s theorem 

If z=r(cos@+isin@), then z” = r"(cosné + isin né@) 

5 Loci problems 

lf 2x iy, Zl aaj xe ey 

ate z= tan * {7} 

That’s it! Now you are ready for the Can You? checklist 

in Frame 58 and the Test exercise in Frame 59 

4 Can You? 

| 58 Checklist 3 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Use the shorthand form for a complex number in polar form? to (6 } 
Yes [ | 2 ik [| No 

e Write complex numbers in polar form using negative angles? to 
Yes fet Bs a i a No 

e Multiply and divide complex numbers in polar form? to 
Yes [ a k a Ee No 

e Use DeMoivre’s theorem? to 
Yes ? a ; = is No 

e Find the roots of a complex number? to 
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Frames 
e Demonstrate trigonometric identities of multiple angles using 
complex numbers? to 
Yes No 

e Solve loci problems using complex numbers? to 
Yes | No 

& Test exercise 3 

1 Exptess in polar form, z = —5 — 33. 59 

2 Express in the form a + ib: 

(a) 2|156° 

(b) 5[37° 

3 If z; = 12(cos 125° + isin 125°) and 

Z2 = 3(cos 72° + isin 72°), find (a) z,z2 and (b) = giving the results in polar 

form. 

4 If z=2(cos25° +isin 25°), find z? in polar form. 

5 Find the three cube roots of 8(cos 264° + isin 264°) and state which of them is 
the principal cube root. Show all three roots on an Argand diagram. 

6 Expand sin 46 in powers of siné and cos 8@. 

7 Express cos*@ in terms of cosines of multiples of 6. 

8 If z=x-+iy, find the equations of the two loci defined by: 

(a) |Z—4|/=3 (b) arg(z +2) == 

Further problems 3 

1 If z=x+iy, where x and y are real, find the values of x and y when 60 

S77 ee 

ee ees 
2 In the Argand diagram, the origin is the center of an equilateral triangle and 

one vertex of the triangle is the point 3 + /3i. Find the complex numbers 

representing the other vertices. 

3 Express 2+3i and 1—2i in polar form and apply DeMoivre’s theorem to 

evaluate ea Express the result in the form a + ib and in exponential form. 
1—2i © > 
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11 

12 

13 

14 

15 

16 

17 

18 

19 

Complex Variables 

Find the fifth roots of —3 + 3i in polar form and in exponential form. 

Express 5+ 12i in polar form and hence evaluate the principal value of 

</(5 + 12i), giving the results in the form a + ib and in the form re”. 

Determine the fourth roots of —16, giving the results in the form a + ib. 

Find the fifth roots of —1, giving the results in polar form. Express the principal 

root in the form re’. 

Determine the roots of the equation x* + 64 = 0 in the form a + ib, where a and 

b are real. 

; ea. ae ee 
Determine the three cube roots of Li giving the result in modulus/argument 

form. Express the principal root in the form a + ib. 

Show that the equation z? = 1 has one real root and two other roots which are 

not real, and that, if one of the non-real roots is denoted by w, the other is then 

w*. Mark on the Argand diagram the points which represent the three roots and 

show that they are the vertices of an equilateral triangle. 

Determine the fifth roots of (2 — Si), giving the results in modulus/argument 

form. Express the principal root in the form a + ib and in the form re’. 

Solve the equation z” + 2(1 + i)z +2 =0, giving each result in the form a + ib, 

with a and b correct to 2 places of decimals. 

Express e!~'"/2 in the form a + ib. 

Obtain the expansion of sin 70 in powers of sin @. 

Express sin® x as a series of terms which are cosines of angles that are multiples 
OLX. 

z—2 
If z = x + iy, where x and y are real, show that the locus ae | = 2isacircle and 

determine its center and radius. 

—1 
If z = x + iy, show that the locus arg =} = = is a circle. Find its center and 

radius. 

If z= x + iy, determine the Cartesian equation of the locus of the point z which 
moves in the Argand diagram so that 

[zs Qt? =6 lz 2? 40, 

If z= x + iy, determine the equations of the two loci: 

=3 and (b) arg\+} =5 
ey z+2 
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20 Ifz=x-+ iy, determine the equations of the loci in the Argand diagram, defined 
by: 

Zz+2 z—1 1 
ae | = 2 and (b) arg 2} ~) (a) 

21 Prove that: 

, ; 5. 
(a) if |Z; + 2Z2| = |z1 — Z2|, the difference of the arguments of z; and Zz is 3 

‘ 4+2Z2| _7 - 
(b) if arg\ 2 = aI =o then |z1| = |Z2| 

22 If z=x-+ iy, determine the loci in the Argand diagram, defined by: 

(a) z+ 21/7 —|z—2i" = 24 

(b) |z + ik|? + |z — ik|? = 10k? (k > 0) 



Program 4 2 Frames 1 to 54 : 

Hyperbolic functions 

Learning outcomes 

When you have completed this Program you will be able to: 

e Define the hyperbolic functions in terms of the exponential function 

e Express the hyperbolic functions as power series 

e Recognize the graphs of the hyperbolic functions 

e Evaluate hyperbolic functions and their inverses 

e Determine the logarithmic form of the inverse hyperbolic functions 

e Prove hyperbolic trigonometric identities 

e Understand the relationship between the circular and the hyperbolic 
trigonometric functions 

108 
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Introduction 

The cosine of an angle was first defined as the ratio of two sides of a right- 
angled triangle — adjacent over hypotenuse. In Program 1 you learnt how to 
extend the definition of a cosine to any angle, positive or negative. You might 
just check that out to refresh your memory by re-reading Frame 29 of 
Program 1. 

Now, in Frames 46 to 59 of Program 2 you learnt how a complex number of 

unit length could be written in either polar or exponential form, giving rise to 
the equations: 

cos@+isiné@ =e” 

cos @ —isin@d =e” 

If these two equations are added you find that: 

elf 4 eid 

2 2 
2cos6 =e + e-” so that cosé = 

If 6 is replaced by ix in this last equation you find that: 

, eX 4 @ —iix eX 4 e*% 

CS eae ae as a 

where the right-hand side is entirely real. In fact, you have seen this before in 

Frame 73 of Program 1pgoto 115 

, itis the even part of the exponential function which is called the hyperbolic 

cosine: 

x a 

COs a so that cosix = coshx 

The graph of y=coshx is called a catenary from the Latin word catena 

meaning chain because the shape of the graph is the shape of a hanging chain. 

Move on to Frame 2 and start the Program 

You may remember that of the many functions that can be expressed as a y. | 

series of powers of x, a Common one is e*: 

Gene a we: 
e SSeS ray et 

If we replace x by —x, we get: 

x Pe 

e*=1-x4 ar 

and these two functions e* and e “ are the foundations of the definitions we 

are going to use. 
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(a) If we take the value of e*, subtract e *, and divide by 2, we form what is 

defined as the hyperbolic sine of x: 

ex—e* 

2, 

This is a lot to write every time we wish to refer to it, so we shorten it to sinh x, 

the h indicating its connection with the hyperbola. We pronounce it ‘shine x’. 

= hyperbolic sine of x 

ex —e-* 

= sinh 2 sinn x 

(DE EN . 

So, in the same way, ee would be written as ............ 

[3 
In much the same way, we have two other definitions: 

x =e 

(b) SS = hyperbolic cosine of x 

= cosh x [pronounced ‘cosh x’] 

e*—e™* ; 
(c) ee hyperbolic tangent of x 

= tanh x [pronounced ‘than x’} 

We must start off by learning these definitions, for all the subsequent 

developments depend on them. 

So now then; what was the definition of sinh x? 

Here they are together so that you can compare them: 

; eae 
Sieve 

2, 

e*+e%* 
Cosh 

2 
ex —e- 

tanh x= —_—$— 
ex + e =X. 

Make a copy of these in your record book for future reference when necessary. 
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We started the program by referring to e* and e * as series of powers of x. It 

should not be difficult therefore to find series at least for sinh x and for cosh x. 

Let us try. 

(a) Series for sinh x 

25 Ss 3ee yA 
x*—] x 

— Die aia mal dic 

ma Zh 
If we subtract, we get: 

e*—e* Se ee 

Divide by 2: 

CASES seer alegeliaall sere 
2 jG a): 

(b) If we add the series for e* and e *, we get a similar result. What is it? 

When you have decided, move on to Frame 6 

Because we have: 

ae apes iis < 
C= ani las ele g AS 

2 3 4 > BE hte Ss 
e = Levies, 3) 4 

2x2 2x4 
x: =e ae ae, € eer = 2. at a 

ex+e* 2 x4 

a7 ee 

Move on to Frame 7 

So we have: Te | 

as Ve ENO mG 
sin Lies trea nay ta ear 

x2 x4 x6 
coshx=14+54+5+5+-.. | 

Note: All terms positive: sinh x has all the odd powers 

cosh x has all the even powers > 
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We cannot easily get a series for tanh x by this process, so we will leave that 

one to some other time. 
Make a note of these two series in your record book. Then, cover up what 

you have done so far and see if you can write down the definitions of: 

(UMESTTIIE Ys ee eee sas 

(D) PCOS HXtaoe aay rary tee 

(OUR CATU ee arte No looking! 

e* —e* had Ys ex —e-* 
inh x = ————;;_ coshx = —_——_-;_ tanh x = ———— 
i 2 2 Cee 

All correct? Right. 

Graphs of hyperbolic functions 

| 9 We shall get to know quite a lot about these hyperbolic functions if we sketch 

the graphs of these functions. Since they depend on the values of e* and e ~*, 

we had better just refresh our memories of what these graphs look like. 

y =e" and y =e ~* cross the y-axis at the 

point y=1 (e®?=1). Each graph then 
approaches the x-axis as an asymptote, 

getting nearer and nearer to it as it goes 

away to infinity in each direction, with- 

out actually crossing it,. 

So, for what range of values of x are e* 

and e * positive? 

10 | and e * are positive for all values of x | 

Correct, since the graphs are always above the x-axis. 

At any value of x, e.g. x = x1, 

e*+e~* . 
cosh — =a i.e. the value of cosh x 

is the average of the values of e* and e~ 

at that value of x. This is given by P, the 
mid-point of AB. 

If we can imagine a number of ordinates (or verticals) like AB and we plot 
their mid-points, we shall obtain the graph of y = coshx. 

Can you sketch in what the graph will look like? eee 
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Here it is: 11 

We see from the graph of y = cosh x that: 

(a) coshO = 1 

(b) the value of cosh x is never less than 1 

(c) the curve is symmetrical about the y-axis, i.e. 

cosh(—x) = cosh x 

(d) for any given value of coshx, there are two values of x, equally spaced 

about the origin, i.e. x = +a. 

Now let us see about the graph of y = sinhx in the same sort of way. 

(es es gs =X x 

sinh x = ———— ek y 12 
2 \ 

\ 

On the diagram: . sy 
1% 

CA = e* ! 

Cheer | 

RA=e oe ee ee Te epee ewe 
ex —e-* 

ee a. | 

The corresponding point on the graph of y=sinhx is thus obtained by 

standing the ordinate BP on the x-axis at C, i.e. P}. 

Note that on the left of the origin, BP is negative and is therefore placed 

below the x-axis. 

So what can we say about y = sinh x? 
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13 

From the graph of y = sinhx, we see: 

(a) sinh.O==0 

(b) sinhx can have all values from —oo to +00 

(c) the curve is symmetrical about the origin, i.e. 

sinh(—x) = —sinhx 

(d) for a given value of sinh x, there is only one real value of x. 

If we draw y = sinhx and y = coshx on the same graph, what do we get? 

14 y =cosh x 

Note that y = sinhx is always outside y= coshx, but gets nearer to it as x 
increases: 

i.e. aS X — oo, sinhx — coshx 

And now let us consider the graph of y = tanh x. 

Move on 
ee eae ee ee a A TE Sei es ee 
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It is not easy to build y = tanh x directly from the graphs of y = e* andy = e~*. 15 
X _ px 

It, however, we take values of e* and e * and then calculate y = ee and 

plot points, we get a graph as shown: 

We see: 

(a) tanhO =0 

(b) tanh x always lies between y = —1 and y= 1 

(c) tanh(—x) = —tanhx 

(d) as xX > oo, tanhx — 1 

as X — —oo, tanhx — —-1 

Finally, let us now sketch all three graphs on one diagram so that we can 

compare them and distinguish between them. 

Here they are: 16 

One further point to note: 

At the origin, y = sinh x and y = tanhx have the same slope. The two graphs 

therefore slide into each other and out again. 

It is worth while to remember this combined diagram: sketch it in your 

record book for reference. 
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‘a Review exercise 

17 Fill in the following: 

en 3 ee te ’ 

ex*—e* 
(b) ere ek oe 

7 
ex —e* 

(c) 5) Seuss cores ; , 

Results in the next frame. Check your answers carefully 

18 Here are the results: check yours. 

ESO 

(a) = cosh 

y = tanhx 
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(e) 

aya COSTIEX 

i Oosiix 
Vest x 

Now we can continue with the next piece of work 

Evaluation of hyperbolic functions 

The values of sinh x, cosh x and tanh x can be found using a calculator in just 19 | 

the same manner as the values of the circular trigonometric expressions were 

found. However, if your calculator does not possess the facility to work out 

hyperbolic expressions then their values can still be found by using the 

exponential key instead. 

Example 1 

To evaluate sinh 1.275 

he if 
Now sinh x = 5 (e SS Sia eyes Ph eioe en 

1.275 e7 1275. We now have to evaluate e and 

Using your calculator, you will find that: 

1 Lay. 1S: an e = 3.579 and e = 3579 0.2794 

1 
Sine 7 3 — 5 (3.579 — 0.279) 

= 5 (3-300) = 165 

Sint 275 = 1.65 

In the same way, you now find the value of cosh 2.156. 

When you have finished, move on to Frame 20 
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20 Cos 156 =A 

Here is the working: 

Example 2 

cosh 2.156 = atecue He a neny 

1 

1 
= 3 (8-753) =4:3/7 

Pe COSK en OD awe oy 7, 

Right, one more. Find the value of tanh 1.27. 

When you have finished, move on to Frame 21 

21 
Here is the working. 

Example 3 

gl-27 _ 91.27 
tanh 1.27 = eae 

an i 3.561 —0.281 3.280 

3.561+0.281 3.842 

tanh 270.8538 

So, evaluating sinh, cosh and tanh is easy enough and depends mainly on 

being able to evaluate e*, where k is a given number. 

And now let us look at the reverse process. So on to Frame 22 
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Inverse hyperbolic functions 

Example 1 
22 

To find sinh! 1.475, i.e. to find the value of x such that sinhx = 1.475. 

Here it is: sinhy = 147540. xe =e *)=1.475 

ex — + =2. 950) 

Multiplying both sides by e* : (e*)* — 1 = 2.95(e*) 

(e*)? — 2.95(e*) -1=0 

This is a quadratic equation and can be solved as usual, giving: 

pe 2.95 = V2.957 +4 2.95+/8.703 +4 

2 2. 
_ 2.95+ V12.703 2.95 + 3.564 
7 2 ~ 2 
8057 Ore 307 Lari eS 

But e* is always positive for real values of x. Therefore the only real solution is 

PIVEIDMDY: Cais 27 

weet Inst = 211808 

Zo EOS 

Example 2 

Now you find cosh’ 2.364 in the same way. 

cosh | 2.364 = +1.5054 to 4 dp 23 

To evaluate cosh ! 2.364, let x = cosh ! 2.364 
x — 1 

cosh 64 ee a =2.364 e+ >= 4.728 

Because 

(e*)? — 4.728(e*) +1 =0 

aye 4.728 + V 4.7282 — 4 

a 2 

= 5 (4.728 + 4.284...) 

= 4.50605 su080.2219-. ; 

Therefore: 

Veit 45060. or in 02219 

= +1.5054 to 4 dp 

Before we do the next one, do you remember the exponential definition of 

tanh x? Well, what is it? 
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24 ex*—e* 
nhx = ———_ ta Ser 

That being so, we can now evaluate tanh ' 0.623. 

Let x=tanh ! 0.623 .. tanhx = 0.623 

ex —e-* 

 e*—e *=0.623(e* +e") 

*, (1—0.623)e* = (1 + 0.623)e ~ 

One = Té2se— 

= 0.623 

ey = (21075 = 0.7299 

tans 0.023 = 0.730 

Now one for you to do on your own. Evaluate sinh! 0.5. 

25 sinh! 0.5 = 0.4812 

Check your working. 

Let wi sinhs 10.5) 8 arsinhxe: 0.5 
Cee a, 

* (ey =L=e 

Male. gee (Cela) 

pe ee Ea 
2 2 

BSG wal 236) 
7 oe a 
= 1.6180 or — 0.6180 e* = —0.6180 

(oo i G80 =O ae gives no real 

sinh! 0.5 = 0.4812 value of x 

And just one more! Evaluate tanh ! 0.75. 
i cap a a 
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tanh’: 0.75 =0.9730 | 26 

Let x=tanh ‘0.75 © tanhx=0.75 

e*—e™ 
ex + ex 

e—¢ *=0.7/5(e7 +e") 

(1 O:75)e> = (10.7 Ser 

O26 sal oee 

ile 
a 2 ee 

ey = 025 
@ =v 7 = +2.0458 

But remember that e* cannot be negative for real values of x. 

Therefore e* = 2.6458 is the only real solution. 

+ x = In 2.6458 —.0.9730 

tanh! 0.75 = 0.9730 

AURIS) 

Log form of the inverse hyperbolic 

functions 

Let us do the same thing in a general way. a7 

To find tanh! x in log form. 
As usual, we start off with: Lety=tanh''x .. x=tanhy 

pe! 
ee =X). C= et = xe) +e") 
eyvte 

eX(1—x)=e "(1+x) =5(1+2) 

Men Gf Giles 
So that: tanh~' 0.5 = sine} 

1 

v) 

And sintilarlys | 'tanh? (—O.0\== faacee 2 
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Because 

ee im ete lee es 
ERY AUD ea enaryyal( aie te 

1 
= —(—1.3863 5 | 1.3863) 

= —0.6931 . 

Now, in the same way, find an expression for sinh ' x. 

Start off by saying: Let y=sinh’'x .. x=sinhy 

Vey t 
——*— =x el AA et AED Sa oP Ete 

(e’)* — 2x(e”) -1=0 

Now finish it off — result in Frame 29 

sinh | x = In{x + Vx24+1 \ 

Because 

(e”)? — 2x(e”) -1=0 

oy —2Xt Va +4 2xt2Vx7 +1 

a Dy; i D, 

=x+V/x24+1 

ey =x+ Vx2+1 ore’ =x—- Vx2+1 

At first sight, there appear to be two results, but notice this: 

In the second result Vx2+1>x 

‘*, ey =x— (something > x), i.e. negative 

Therefore we can discard the second result as far as we are concerned since 

powers of e are always positive. (Remember the graph of e*.) 

The only real solution then is given by e” = x + Vx2 +1 

y = sinh! x =In{x+ +1} 
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Finally, let us find the general expression for cosh ! x. 30 

Ve ey 
Let y=cosh * x oat = COSD Ry — 

ae Se “. (e%)? — 2x(e”) +1=0 

2x + V4x2 —4 
e” Z x x+vx2-1 

" €? =xX+tVx2—1, and ev ayo Vx2 21 

Both these results are positive, since Vx2 —1 <x. 

i | x—Vx2-1 

eer ee Ke 1 x x2—1 

er Wy gape 

However 

x? — (x2.— 1) 

So our results can be written: 

1 
ey =x+vx2—-1 and e% =——— 

feared 

anes 2 —1 or {x+ve@—1\ 

“y= In{x+ Vx2=T} or In{x4 e 1} 

cosh! x = +In{x + vxz=1} 

Notice that the plus and minus signs give two results which are symmetrical 

about the y-axis (agreeing with the graph of y = coshx). 

Here are the three general results collected together: 31 

sinh! x = In{x ee I \ 

cosh! x = +In{ x aE Ka \ 

tanh! x =5In\3 +} 
2; 1—xX 

Add these to your list in your record book. They will be useful. Compare the 

first two carefully, for they are very nearly alike. Note also that: 

(a) sinh ' x has only one value 

(b) cosh | x has two values. 

So what comes next? We shall see in Frame 32 
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Hyperbolic identities 

32 There is no need to recoil in horror. You will see before long that we have an 

easy way of doing these. First of all, let us consider one or two relationships 

based on the basic definitions. 

(1) The first set are really definitions themselves. Like the trig ratios, we have 

reciprocal hyperbolic functions: 

(a) cothx (i.e. hyperbolic cotangent) = 
tanh x 

(b) sech x (i.e. hyperbolic secant) ame ie 
ia ~ cosh x 

(c) cosechx (i.e. hyperbolic cosecant) = Se 

These, by the way, are pronounced (a) coth, (b) sheck and (c) co-sheck 

respectively. 

These remind us, once again, how like trig functions these hyperbolic 

functions are. 

Make a list of these three definitions: then move on to Frame 33 

33 (2) Let us consider SID DE Ca gee ae a 
coshx 2 ; 2 

Ko 4X 

ae coe tanh x 
ex ++ e —x 

5 sinh x Very much like 
t = 
ts cosh x tané@ = sin? 

cos 

re as, . ie Hes i 
(3) coshx = 5 (e +e ~*); sinhx = 5(e —e ~*) 

Add these results: cosh x + sinh x = e* 

Subtract: cosh x — sinhx =e * 

Multiply these two expressions together: 

(cosh x + sinh x)(cosh x — sinh x) = e* -e 

cosh? x — sinh” x = 1 

{ In trig, we have cos? @ + sin? 6 — 1, \ 

so there is a difference in sign here. 

On to Frame 34 Re i eR ag i ee ee a See 
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(4) We have just established that cosh? x — sinh? x = 1. 34 

sinh? x ad 

cosh?x cosh? x 

~ tanh x = sech-x 

Divide by cosh’ x : 1 

» *sech-x = 1 = tanh-x 

{Something like sec? 9 = 1 + tan? 6, isn’t it?} 
(S) If we start again with cosh” x — sinh* x = 1 and divide this time by sinh? x, 

we get: 

2 
cosh* x 1 

sinh? x sinh? x 

coth? x — 1 = cosech?x 

* cosech?x = coth? x — 1 

In trig, we have cosec?6 = 1 + cot? 6, 
so there is a sign difference here too. 

Move on to Frame 35 

(6) We have already used the fact that 35 

coshx + sinh x = e* and coshx — sinhx =e “* 

If we square each of these statements, we obtain 

(a) eee: poe 

(a) cosh? x + 2sinhxcoshx + sinh? x = e” 36 
2x (b) cosh? x — 2sinh x cosh x + sinh? x = e~ 

So if we subtract as they stand, we get: 

4sinhx coshx = e* — e~ 
e2% —2x 

Pee AS TIEGOS Ieee —— = Shiallay 25% 

sinh 2x = 2sinh x cosh x 

If however we add the two lines together, we get ............ 
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2(cosh? x + sinh? x) = e* +e 

cosh” x + sinh? x = eo oe cosh 2x 

cosh 2x = cosh? x + sinh? x 

We already know that — cosh* x — sinh* x = 1 

cosh? x = 1 + sinh? x 

Substituting this in our previous result, we have: 

cosh 2x = 1 + sinh” x + sinh? x 

cosh 2x = 1 + 2sinh? x 

Or we could say — cosh” x — 1 = sinh” x 

cosh 2x = cosh” x + (cosh? x — 1) 

cosh 2x = 2cosh? x — 1 

Now we will collect all these hyperbolic identities together and compare them 

with the corresponding trig identities. 

These are all listed in the next frame, so move on 

38 Trig identities Hyperbolic identities 

(ly cot = 1) tan cothx = 1/tanhx 

See x WCos x sech x = 1/coshx 

COSEE Vel SIX cosechi x=. (isintry 

(2) cos?x +sin? x =1 cosh? x — sinh? x = 1 

sec? x = 1+ tan? x sech?x = 1 — tanh? x 

cosec?x = 1+ cot? x cosech*x = coth? x — 1 

(2) MESH 2 oes IME COSEY sinh 2x = 2sinhxcoshx 

cos 2x = cos* x — sin? x cosh 2x = cosh? x + sinh? x 

= 1 — 2sin? x = 1+2sinh? x 

= 2cos*x—1 = 2cosh?x-1 

If we look at these results, we find that some of the hyperbolic identities 
follow exactly the trig identities: others have a difference in sign. This change 
of sign occurs whenever sin? x in the trig results is being converted into sinh? x 
to form the corresponding hyperbolic identities. This sign change also occurs 
when sin’ x is involved without actually being written as such. For example, 

tan’ x involves sin? x since tan2.x could be written as aia The change of 

sign therefore occurs with 

tan* x when it is being converted into tanh? x 

cot* x when it is being converted into coth? x 

cosec” x when it is being converted into cosech 2 x 
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The sign change also occurs when we have a product of two sinh terms, e.g. 

the trig identity cos(A +B) =cosAcosB—sinAsinB gives the hyperbolic 

identity cosh(A + B) = coshA coshB + sinh A sinh B. 

Apart from this one change, the hyperbolic identities can be written down 

from the trig identities which you already know. 
For example: 

2tan x 2 tanh x 
Tal a <5 becomes tanh 2x = 

| —tan“x 1 + tanh? x 

So provided you know your trig identities, you can apply the rule to form the 

corresponding hyperbolic identities. 

Relationship between trigonometric and 

hyperbolic functions 

From our previous work on complex numbers, we know that: 

e —cos@+isiné 

and €=" == cose ising 

Adding these two results together, we have: 

PANE ort eee ae 

e 18 ai e 18 

SOntMatcOsig — aie 

x = 

which is of the form Se, with x replaced by (i@) 

Here, then, is our first relationship: 

cos 8 = cosh i6 

Make a note of that for the moment: then on to Frame 42 

127 

39 

40 

41 
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42 If we return to our two original statements: 

e” =cos§+ ising 

e ” =cosd— isin 

and this time subtract, we get a similar kind of result 

43 
SOmm@atamey Siiigs— 

“4 
SOsESUMiiG arsine, 

Make a note of that also 

45 So far, we have two important results: 

(a) coshié = cos é@ 

(b) sinh ié = isin#é 

Now if we substitute 0 = ix in the first of these results, we have: 

cos ix = cosh(i?x) = cosh(—x) .°. cosix = coshx [since cosh(—x) = cosh x] 

Writing this in reverse order, gives: 

cosh x = cos ix Another result to note 

Now do exactly the same with the second result above, i.e. put @ = ix in the 

relationship isin @ = sinhi@ and simplify the result. What do you get? 

46 | isinh x = SIMEN 

Because we have: isin @ = sinh i 

isinix = sinh(i?x) 

= sinh(—x) 

= —sinhx [since sinh(—x) = — sinh x] 

Finally, divide both sides by i, and we have 

Sinix = 1 Sin x 

On to the next frame rt ei apc | 
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Now let us collect together the results we have established. They are so nearly 47 | 

alike, that we must distinguish between them: 

sin ix = isinhx | sinhix = isinx 

COS 1X —'Ccosh vy cosh — cos x 

and, by division, we can also obtain: 

Copy the complete table into your record book for future use. 

Here is an example of an application of these results: 48 

Find an expansion for sin(x + iy). 

Now we know that: 

sin(A + B) = sinAcosB + cosA sin B 

sin(x + iy) = sin x cos iy + cos x sin iy 

so using the results we have listed, we can replace 

COST DY sree uecee ace 

and SINty DY: © ...ceeeoee 

49 
sin(x + iv) =sin x cos iy + cos x siniy 

becomes sin(x + iy) = sinxcoshy +icosx sinh y 

So that: 

Note: sin(x +iy) is a function of the angle (x+ iy), which is, of course, a 

complex quantity. 

Meanwhile, here is just one example for you to work through: 

Find an expansion for cos(x — iy). 
Then check with Frame 50 

| cos(x — iy) = cosxcoshy + isin x sinh y | 50 | 

Here is the working: 

cos(A — B) = cosAcosB + sin A sin B 

cos(x — iv) = cos x cosiy + sin x sin iy 

But cosiy = coshy 

and siniy = isinhy 

cos(x — iy) = cosxcoshy + isin. x sinh y 
tt 
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51 All that now remains is the Can You? checklist and the Test exercise, but 

before working through them, look through your notes, or review any parts of 

the Program on which you are not perfectly clear. 

When you are ready, move on to the next frame 

4 Can You? 

| 52 Checklist 4 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Define the hyperbolic functions in terms of the exponential 

function? to (4) 

Yes No 

e Express the hyperbolic functions as power series? o tz 
Yes No 

e Recognize the graphs of the hyperbolic functions? (3) to 
Yes No 

e Evaluate hyperbolic functions and their inverses? to (26) 
Yes No 

e Determine the logarithmic form of the inverse hyperbolic 
functions? to 
Yes | | No 

e Prove hyperbolic trigonometric identities? to 
Yes ] | No 

e Understand the relationship between the circular and the 
hyperbolic trigonometric functions? to 
Yes; CD a ele NO 
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Test exercise 4 

1 On the same axes, draw sketch graphs of (a) y = sinh x, (b) y = coshx, 53 
(Cc) y tanh 

Po Ihe = 2Csinh sn, find L when H = 63 and C = 50. 

6.3d 
3 Ifv?= 182 tanh" find v when d = 40 and L = 315. 

4 Calculate from first principles, the value of: 

(ayesinhim. 1532 (b) cosh! 1.25 

i 
5 Iftanhx= a find e** and hence evaluate x. 

6 The curve assumed by a heavy chain or cable is: 

= Ccosh~ ‘ C 
If C = 50, calculate : (a) the value of y when x = 109 

(b) the value of x when y = 75. 

Simplif 1+ sinh 2A + cosh 2A 

al silt cosh 
N 

8 Obtain the expansion of sin(x — iy) in terms of the trigonometric and 

hyperbolic functions of x and y. 

§ Further problems 4 

1 Prove that cosh 2x = 1 + 2sinh’ x. 54 

2 Express cosh 2x and sinh 2x in exponential form and hence solve for real values 

of x, the equation: 

2 cosh 2x — sinh 2x = 2 

3 If sinhx = tany, show that x = In(tany + secy). 

4 If a=ccoshx and b=csinhx, prove that 

(a +b)2e-* = a? — Bb? 

5 Evaluate: (a) tanh | 0.75 and (b) cosh ! 2. 

4° = 1 
Prove that tanh”! (7 a i} —Inx. on) 



10 

11 

12 

13 

14 

15 

16 

17 

18 
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i Le 2 
Express (a) cosh 74 and (b) sinh in the form a+ ib, giving a and b to 

4 significant figures. 

Prove that: 

(a) sinh(x + y) = sinh x cosh y + cosh x sinh y 

(b) cosh(x + y) = coshx cosh y + sinh x sinh y 

Hence prove that: 

ene hy = tanh x + tanhy 

Y) = 7+ tanh x tanh y 

is 
Show that the coordinates of any point on the hyperbola a Re 

represented in the form x = acoshu, y = bsinhu. 

Solve for real values of x: 

3 cosh 2x = 3 ++sinh 2x 

il = tigvnlase 
Prove that: pet oes eee 

il = eral 

se 
and coshx = : 

t2 (peie 
iPr tanis prove that sinh x = i cal 

Hence solve the equation: 

7 sinh x + 20 coshx = 24 

If x = In tan{ 3 4 at find e* and e *, and hence show that sinh x = tan @. 

Given that sinh~' x = In{x + Vx2 + 1}, determine sinh '(2+i) in the form 
a+ ib. 

sin 2A sinh 2B x 
If tan— = tan AtanhB, prove that: t —_ ———— 2 P an fan® = T+ cos 2A cosh 2B 

Prove that sinh 3 = 3sinhé + 4sinh? 0. 

higP— 
at { sinh at + sin at 

i =). a 
2) cash ihe ar calculate \ when a = 0.215 and t=5. 

2 2 Xo =a x 
Prove that tanh ! é = In—. 

x2 + a2 a 
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Learning outcomes 

When you have completed this Program you will be able to: 

Recognize the transformation equation in the form 

w= f(z) =u(x,y) + v(x, y) 
Illustrate the image of a point in the complex z-plane under a complex 
mapping onto the w-plane 

Map a Straight line in the z-plane onto the w-plane under the 
transformation w = f(z) 

Identify complex mappings that form translations, magnifications, 
rotations and their combinations 

Deal with the non-linear transformations w = z”, w = 1/z, 

w = 1/(z—a) and w= (az +b)/(cz+d) 



Complex Variables 

Functions of a complex variable 

1 For a function of a single real variable f(x) we can construct the graph of the 

function by plotting points against two mutually perpendicular Cartesian 

axes, the x-axis and the f(x)-axis. For a function of a single complex variable 

w = f(z) = u(x, y) +iv(x, y) we have four real variables, x, y, u and v. For 

example if z = x + iy and f(z) =z” then 

f(z) = (x + iy)’ 
= x? + Dixy + (iy) 

= x* —y? + Dixy 

and so 

u(x, y) =x? -y 
ends Vy) — 2A 

We cannot plot the graph of the function f(z) against a single set of axes 

because to do so we would be required to draw four mutually perpendicular 

axes, which is not possible. Instead, we resort to plotting z-values against x- 

and y-axes in the complex z-plane and to plotting the corresponding values of 

w = f(z) against u- and v-axes in the complex w-plane. Accordingly, values of z 

are plotted on one plane and the corresponding values of f(z) are plotted on 

another plane. So in our example above for a particular value of z, for 

example, z = 4+ 3i 
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Because with z = 4 + 3i, x = 4 and y = 3. Then u = 16 —9 =7 and v= 24. 

O 
u 

Therefore, z (where z= x+iy) and w (where w=u-+ iv) are two complex 

variables related by the equation w = f(z). 

Any other point in the z-plane will similarly be transformed into a 

corresponding point in the w-plane, the resulting position P’ depending on 

(a) the initial position of P 

(b) the relationship w = f(z), called the transformation equation or transforma- 
tion function. 

Complex mapping 

The transformation of P in the z-plane onto P’ in the w-plane is said to be a 

mapping of P onto P’ under the transformation w = f(z) and P’ is sometimes 

referred to as the image of P. 

Example 1 

Determine the image of the point P, z=3-+2i, on the w-plane under the 

transformation w = 3z+ 2 —i. 

w=u+iv=f(z)=3z+2-i 

=3(%-iy)+2—1 

so that, for this example, 

| w= 3x42; V=3y 1 

then the point. (2 = 54-21) transforms onto... ... 
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Because 

Ae ays re, — ne Ra We 

hee Bie? Selly We SY ail Se Beil Lee 

We can illustrate the transformation thus: 

'(w=11+5)) 

Here is another. 

Example 2 

Map the points A (z = —2 +i) and B (z= 3 + 4i) onto the w-plane under the 

transformation w = 2zi + 3 and illustrate the transformation on a diagram. 

This is no different from the previous example. Complete the job and check 

with the next frame. 

A (w=1—4); Bi (wS=5 +6 

Because 

Ww = f(z) = 2iz+3 = 2i(x + iy) +3 = (3 — 2y) + 2ix 

W=U-1 , b= a ey, VS ex 

Arv==—2, vel ~) Aby=3]2] ove H4 9 SOA wea 

Bit=3 yet Biv =3=8 S53 v=S6 7 4 Bw =5 or 

There now follows a short practice exercise. Work all four of the items before 
you check the results. There is no need to illustrate the transformation in each 
case. 

SO move on er ee a 
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Exercise 6 | 

Map the following points in the z-plane onto the w-plane under the 

transformation w = f(z) stated in each case. 

eZ —4 Zune wi Ize 

2 z=-—2-—i underw=iz+3 

3 z=34+2i underw=(1+i)z—-2 

4 z=2+i underw=2’. 

ih We aay Oe wit a2 i 
3 w=-1+5i1 4 w=3+4i 

That was easy enough. Now let us extend the ideas. 

Mapping of a straight line in the z-plane onto the w-plane under 
the transformation w = f(z) 

A typical example will show the method. 

Example 1 

To map the straight line joining A (—2 +7) and B (3 + 6/) in the z-plane onto 

the w-plane when w = 3 + 2iz. 

We first of all map the end points 

A and B onto the w-plane to 

obtain A’ and B’ as in the previous 
cases. 

Because 

(PAHs sb SW Soe 217 

* A’ w=342i(-2+i) =3-4i1-2=1-4i 

(2) BZ == oor 

“Bw 3 + 2i(3 + 61) =3 + 6-12 =—9 + 61 

Then, if we illustrate the transformations on a diagram, as before, we get 
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As z moves along the line A to B in the z-plane, we cannot assume that its 

image in the w-plane travels along a straight line from A’ to B’. As yet, we have 

no evidence of what the path is. We therefore have to find a general point 

w =u -+ iv in the w-plane corresponding to a general point z = x + iy in the 

z-plane. 

w=u+iv= f(z) =342iz 

10 We ive (3 ey) = 2ix 

Because 

w=342i(x + iy) =3 + 2ix — 2y = (3 — 2y) + 2ix 

TRH enol aA 8s 

Rearranging these results, we also have y = - alee 

Now the Cartesian equation of AB is y=x-+3 and substituting from the 
oh 

previous line, we have 5) ee 5+ 3 Which sitmaplities to;.-...-.a0 

11 v=—u=3 

which is the equation of a straight line, so, in this case, the path joining A’ and 
B’ is in fact a straight line. 

Note that it is useful to attach arrow heads to show the corresponding 
direction of progression in the transformation. 

On to the next Se er ee ee 
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Example 2 1 2 

If w =z’, find the path traced out by w as z moves along the straight line 

joining A (2 + Oi) and B (0 + 2i). 

Cartesian equation of AB is 

V=2—X% 

Aw 4 Or ee we 4 On 

Because 

w=22 A: z=2 Loew =2? =4 

B: z= 2i -. Bw = (2i)* = -4 

So we have 

V 

B' A' 

-4 O rh 

Now we have to find the path from A’ to B’. 

The Cartesian equation of AB in the z-plane is y = 2 — x. 

Also w = 22 = (x + iy)” = (x? — y?) + 2ixy 

ieako—yemand y= 2xy 

Substituting y = 2 — x in these results we can express u and v in terms of x. 
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| u= 4x —4; y= 4y— 23° | 

: u+4 
So, from the first of these x = ; 

u+4 oe 
Substituting in the second v= 4 a ) 2( i ) 

1 
= u+4— (u + 8u+ 16) 

1 ve =e (re 16 adie 

Therefore the path is v= as —16) which is a parabola for which at 

i) ee 

Note that a straight line in the z-plane does not always map onto a straight 

line in the w-plane. It depends on the particular transformation equation 

W=f (eZ): 
If the transformation is a linear equation, w = f(z) = az +b, where a and b 

may themselves be real or complex, then a straight line in the z-plane maps 

onto a corresponding straight line in the w-plane. 

Example 3 

A triangle in the z-plane has vertices at A (z = 0), 

B (@=3) and CGC @=]3-2))-.Determine the 

image of this triangle in the w-plane under the 

transformation equation w = (2 + i)z. 

w=u+iv=f(z) =(24+0)z2= (24+1)(x+ iy) = (2x -y) +i(2y +x) 

“Uh 2X ey v=2y+xX 

We now transform each vertex in turn onto the w-plane to determine A’, B’ 

anid Ge 

‘THESE ate WA Se eats » BY 
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C: w=4+7i A: w=0) 9B sw= 6-23: 

The transformation is linear (of the form w= az) so A’B’, B/C’ and C’A’ are 

straight lines and the transformation can be illustrated in the diagram 

All very straightforward. Let us now take a more detailed look at linear 

transformations. 

Types of transformation of the form w= az+ b 

where the constants a and b may be real or complex. 

1 Translation 

Let ag= land b=2—j 16 w— Zz (2 1). 

If we apply this to the straight line joining A 

(0 + i) and B (2 + 3i) in the z-plane, then 

W=X+i+2—1 

=(x+2)+ ify —1) 

so the corresponding end points A’ and B’ in 

the w-plane are 

tet AO ane ee a es ee eee 
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gE w=2; B: w=4+2i 

The transformed line A’B’ is then as shown. 
The broken line (A)(B) indicates the position 

of the original line AB in the z-plane. 

Note that the whole line AB has moved two units to the right and one unit 

downwards, while retaining its original magnitude (length) and direction. 

Such a transformation is called a translation and occurs whenever the 

transformation equation is of the form w = z+ b. The degree of translation is 

given by the value of b — in this case (2 — i), i.e. 2 units along the positive real 

axis and 1 unit in the direction of the negative imaginary axis. 

On to the next frame 

18 2 Magnification 

Consider now w = az + b where b = 0 and a is real, e.g. w = 2z. 

Applying the transformation to the same line 

AB as before, we have 

w=u+iv=2z=2(x+ iy) 

i eX and Avia 

OP ai Boe ot? Ox 

Transforming the end points A (0 +i) and B (2+ 3i) onto A’ and B’ in the 
w-plane, we have 
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| a w=2i B: w=4+6i 

O 2 4 u 

Note that (a) all distances in the z-plane are magnified by a factor 2, and 

(b) the direction of A’B’ is that of AB unchanged. Any such transformation 

w = az where a is real, is said to be a magnification by the factor a. 

So, if we apply the transformation 

w = z/2 to AB shown here, we can map 

AB onto A’B’ in the w-plane and obtain 

Sketch the result 

20 

3 Aotation 

Consider next w = az + b with b = 0 and a complex, 

OC ai S17, 

W=U+W=Z 

= 1X ly) 

=—y+ix 

Oa ee ee 

Transforming the end points as usual, we can sketch the original line AB and 

the mapping A’B’, which gives ............ 
ne eeeannnnnnnnmmnnnanemmensemneneneteanietnnenetmiauaennnaetemeatneetnemeennmeenntnennimtmaenentuaneeietetunnnetietnteteeteenneseninceietiesmnssetenienietietaesmesetnuenesensenoncossoadceunesecemmaccmmnacmemmaunanel 
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21 

A’ is the pointw=—1+0i; _ B’ is the point w = —3 + 2i 

Note AB = 2V2 ABR 2/2 
Slope of AB=m=1 Slope of A’B’ = m, = —1 

mm, = 1(—-1) =—-1 

Therefore in transformation by w = iz, AB retains its original length but is 

rotated about the origin, in this case through 90° in a positive (anticlockwise) 

direction. 

Some degree of rotation always occurs when the transformation equation is 

of the form w = az + b with a complex. 

Move on to the next frame 

22 4 Combined magnification and rotation 

If w = (a + ib)z, the effect of transformation is 

(a) magnification | a+ ib |= Va? + b2 

(b) rotation counter-clockwise through arg(a + ib), i.e. arctan = 

Let us see this with an example. 

Example 

Map the straight line joining A (0 + 2i) and B (4 + 6i) in the z-plane onto the 

w-plane under the transformation w = (3 + 2i)z. 

The working is just as before. Draw the z-plane and w-plane diagrams, which 
give 
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23 
30 
B' (0+ 26/) 
10 

10 

w=(3+4 2i)z 

*. U+iv = (3 + 2i)(x + iy) = (3x — 2y) +: i(2x + 3y) 

“AU=3x—2y -and v=2x+3y 

oe Ot Leak — Oy, 

A: u=—4, v=6 .. A‘: (-44 6i) 

Bez 4-6), Le X= 40 = 6 

~~ Bu O0fv=26 .. BY: (04 26i) 

By a simple application of Pythagoras, we can now calculate the lengths of AB 

and A’B’, and then determine the magnification factor (A‘B’) /(AB). 

AB Pane nctewa SACD ttre pe ae Mi CatlOll <= er eree 

AB=4V2; A'B'=4/26; mag=v13 24 

Because 

AB=~/164-16=v22 —4v2 

A'B’ = V16 + 400 = V416 = 4V26 

4/26 
ee een [8 
4/2 

Also | a+ ib |=|3+2i|=V9+4=V13 .. mag=|a+ib| 

Now let us check the rotation. 

FOmABMEtallo it —) len =40\0—4Os7G04 radians 

For A’‘B’ tané2=5 .. 02 =78° 41’ = 1.3733 radians 

*. magnification = 

* rotation = 62 — 6; = 1.3733 — 0.7854 = 0.5879 

i.e. rotation = 0.5879 radians 

Also arg (a + ib) = arg (3 + 2i) =.....-..... 
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25 | 0.5879 radians | 

Because arg (3 + 2i) = arctan $ = 33° 41’ = 0.5879 radians. 

So, in transformation w = (a+ ib)z = (3 + 21)z 

(a) AB is magnified by |a+ib|, ie. V13 
(b) AB is rotated anticlockwise through arg (a + ib), i.e. arg (3 + 2i) i.e. 0.5879 

radians. 

5 Combined magnification, rotation and translation 

The work we have just done can be extended to include all three effects of 

transformation. 

In general, a transformation equation w = az+b, where a and b are each 

real or complex, results in 

magnification |a|; rotation arga; translation b 

Therefore, if w= (3+i)z+2-i 

Ta er CatlOn eee oer ¥., TOLATION =. sa, van ae ; 

isPaS Lacl Ol eter ee ae 

26 mag = Vv 10 = 3.162; rotation = 18° 26’ = 0.3218 radians; 

translation = 2 units to right, 1 unit downwards 

Because 

(a) Magnification = |3 4-1/9 + | = 10 = 3.162 

1 . 
(b) rotation = arg(3 +i) = arctan 3 = 18° 26’ = 0.3218 radians 

(c) translation = 2 —i, i.e. 2 to the right, 1 downwards. 

Let us work through an example in detail. 

Example 1 

The straight line joining A (—2 — 3i) and B (3 + i) in the z-plane is subjected to 
the linear transformation equation 

w= (14+ 2i)z+3—-4i 

Illustrate the mapping onto the w-plane and state the resulting magnification, 
rotation and translation involved. 

The first part is just like examples we have already done. So, 

(a) transform the end points A and B onto A’ and B’ in the w-plane 

(b) join A’ and B’ with a straight line, since AB is a straight line and the 
transformation equation is linear. 

That can be done without trouble, the final diagram being 
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Check the working. w= (1+2i)z+3-—4i 

A: Z=x+iy 

= —2 —3i 

A’: w=u+iv= (14 2i)(-2- 31) +3 —-4i 

=> 2 — jia-6 3A 

=/7—lli 

By Ze ty. 

=3+i1 

Bs w=u+iv=(1+21)(34+i1)+3-4i 

=34+7i-2+3-4i 

=4+4 3i 

Now for the second part of the problem, we have to state the magnification, 

rotation and translation when w = (1 + 2i)z + 3 — 4i. We remember that the 

‘tailpiece’, i.e. 3 — 4i, independent of z, represents the 

translation 23 

So, for the moment, we concentrate on w = (1 + 2i)z, which determines the 

magnification and rotation. This tells us that 

IMACTHELCALLON =). wets eee 

LOCANONS= OH ee eee 
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29 mag =| a |=|1 + 2i]= V1 +4 = V5 = 2.236 

rotation = arga = arctan ¢ = 63° 26’ = 1.107 radians 

The translation is given by (3-4i), ie. 3 units to the right, 4 units 

downwards. 

We can in fact see the intermediate steps if we deal first with the 

transformation w—(1+2i)z and subsequently with the translation 

W=3 — 41. 

Under w = (1 + 2i)z, Aand B map onto A and B where A is w = 4 — 7i and B is 

w= iP 71. 

Then the translation w = 3 — 4i moves all points 3 units to the right and 4 

units downwards, so that A and B now map onto A’ and B’ where A’ is 
w=7-lliandB’ isw=4+3i. 

Normally, there is no need to analyze the transformation into intermediate 

steps. 

Now for — 

Example 2 

Map the straight line joining A (1 + 2i) and B (4 + i) in the z-plane onto the 

w-plane using the transformation equation 

w = (2 —3i)z-4+Si 

and state the magnification, rotation and translation involved. 

There are no snags. Complete the working and check with the next frame. 
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Here is the complete working. 30 

w = (2—-3i)z—445i 
NS Ye Ie Di 

Be 7 = 4h ei 

O 

Ne = i 

Atw s9(2— 3i)\(1 4 21) 45 i = 2454+6=—4451=44 61 

of se aE 

Bi: w= (2—31)(4+ i) -44+5i=8 -10i+3-—4+45i=7 —Si 

So we have 

Also we have 

(a) magnification =| 2 — 3i |= V4 +9 = V13 = 3.606 

(b) rotation = arg(2 — 3i) = arctan(=3) = —56° 19’ 

= 0.9828 radians clockwise 

(c) translation = —4 + Si i.e. 4 units to left, 5 units upwards 

All very straightforward. Before we move on, here is a short review exercise. 

Exercise 

Calculate (a) the magnification, (b) the rotation, (c) the translation involved 

in each of the following transformations. 

1 w=(1-2i)z+2-3i 4 w=(i-4)z+2i-3 

2 w=(4+4+3i)z-2+5i § w=i12z+4-i 

3 w=(2-3i)z-1-i 6 w=(542i1)z+i(3i — 4). 

Complete all six and then check the results with the next frame. 
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31 Results: 

1 w=(1—-2i)z+2 —-3i 

(a) magnitude =| 1 — 2i |= 1+ 4 = V5 = 2.236 

(b) rotation = arg(1 — 2i) = arctan(—2) = —63° 26’ 

= 1.107 radians clockwise 

(c) translation = 2 — 3i, i.e. 2 units to right, 3 units downwards. 

The others are done in the same way and give the following results. 

No. Magnitude Rotation (rad) Translation 

2 a 0.6435 ac 

3 3.606 0.9828 c 

4 4.123 0.2450 c 

5 2 1.5708 ac 

6 D900 0.3805 ac 

Now let us start a new section, so on to the next frame 

Non-linear transformations 

32 So far, we have concentrated on linear transformations of the form w = az +b. 

We can now proceed to something rather more interesting. 

1 Transformation w = z° (refer to Frame 12) 

The general principles are those we have used before. An example will show 
the development. 

Example 1 

The straight line AB in the z-plane as shown is mapped onto the w-plane by 
w= Zz". 

A As before, we start by transforming the end 
4 points onto A’ and B’ in the w-plane. 

AR MPR E AS ht 09 b 

B RW Se os ee en 
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A’: w=—-16; B': w= 16 

-16 O 16a 

We cannot however assume that AB maps onto the straight line A’B’, since the 

transformation is not linear. We therefore have to deal with a general point. 

WeuUtivez =(x+iy)* =x? + Way yy SPV) aay 

. u=x?-y* and v= 2xy 

The Cartesian equation of AB in the z-plane is y = 4 — x. So, substituting in the 

results of the previous line, we can express u and v in terms of x. 

UD aa a VE as ee 

u=8x—16; v=8x-—2x? 34 

u+ 16 rae i Oe ; 
The first gives x= 8 and substituting this in the expression for v 

SIVES ee eee ee 

v=—du’?+8 35 32 

Because 

u+16 u+16\7 u = = serine (ye es y=8(=5*) -2(5*) u+16—35-4 

2 
v= eS 

a2 

which is an ‘inverted’ parabola, symmetrical about the v-axis, with v = 8 at 

u = 0. The mapping is therefore 

y z-plane 
a A 

V w-plane 
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Example 2 

AB is a straight line in the z-plane joining the origin A to the point B (a + ib). 

Obtain the mapping of AB onto the w-plane under the transformation w = z* 

As always, first map the end points. 

A’: w=0 

B’: w=(a+ib)* = (a? — b’) + 2iab 

(a= ~~ b?) U 

Now to find the path joining A’ and B’, we consider a general point z = x + iy. 

W=utiv=2zZ7 

= (x + iy)? 
= (x7 —y*) + 2ixy 

May and Ves 2xy 

b : : 
The equation of AB is ya We can therefore find u and v in 

of x and hence v in terms of wu. 

terms 
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D 2 : 2 a { * 2b a 
BPromethe expression fori, Xa — (oR = a) tb SS (oe x) u 

2ab 
a ( 5 z a which is of the form v = ku. 

az — b2 

A’B’ is therefore a straight line through the origin. 

0 ax: 0 (a2- b2) U 

Therefore, under the transformation w = 2”, a straight line through the origin 

in the z-plane maps onto a straight line through the origin in the w-plane, 

whereas a straight line not passing through the origin maps onto a parabola. 

This is worth.remembering, so make a note of it 

Example 3 38 

A triangle consisting of AB, BC, CA in the z-plane is mapped onto the w-plane 

by the transformation w = 2’. 

The transformation is w = Z?. 

w= (x+iy)* = (x? —y”) + 2ixy 

=u+ iV 

auth has yA Va XY 

First we can map the end points A, B, C onto AB, y 

C’ in the w-plane. 
2 C 

TE em i 

Bee ere ee 

Care 
A B 
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So we establish 

-4 O =4/ 8 

To find the paths joining these three transformed end points, we consider 

each of the sides of the triangle in turn. 

(a) AB. Equationiol AB isisy= 0" -.cil=d VU 
‘. Each point in AB maps onto a point between A’ and B’ for which 

v = 0, i.e. part of the u-axis. 

Vv 

-4 O -4 Uu 

(b) IBC: Equation of BE 1s y= 22eX 

Substitute in u = x* — y? and v = 2xy and determine v as a function 
of u. 

u? 
u=4x—4, v= 4x-— 2x’; yar | 

Because 

u=x?—y? =x*—(2-—x)* =4x-4 =4ts 

v = 2xy = 2x(2 — x) Sax 2x" 

U4 ute 4\ 2 u2 
2, es D) mais yp ane were ar 

Therefore, the path joining B’ to C’ is an 
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inverted parabola 41 

the u-axis between C’ and A’ 42 

(c) CAs Equation of CAisx —O0) = uy, v—0 
‘. Each point between C and A maps onto the negative part of the 

u-axis between C’ and A’. 

So finally we have 

y z-plane 

a LC 

A B 

0 2 

Mapping of regions 

In this last example, the three lines AB, BC and CA form the boundary ofa 

triangular region and we have seen how this boundary maps onto the 

boundary A’B/C’A’ in the w-plane. What we do not know yet is whether the 

points internal to the triangle map to points internal to the figure in the 

w-plane or to points external to it. 
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In the z-plane, the region is on the left-hand side as we proceed round the 

figure in the direction of the arrows ABCA. The region on the left-hand side as 

we proceed round the figure A’B’/C’A’ in the w-plane determines that the 

transformed region in this case is, in fact, the internal region. 

So 

O BD x a O 4 3 

Therefore, every point in the region shaded in the z-plane maps onto a 

corresponding point in the region shaded in the w-plane. 

43 2. Transformation w = : (inversion) 

Example 1 

A straight line joining A (—i) and B (2+/i) in the 

z-plane is mapped onto the w-plane by the transfor- 

, ; 1 
mation equation w = -—. 

Us 

Proceeding as before 

it 
v—— 

Y, 

‘ 1 
uU-V= ; 

xX+ iy 

cay 
x2 + y2 

(as = 
x2 4 2’ x? + y2 
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Because 

Ate Oh Vis = 1 NS Oy ay = Ih A’isw=i 

Boe 2 ay J Beas; vad Bl isw=2-ti 

So far then we have 

To determine the path A’B’, we can proceed as follows 

wee Fessler es sy al Ly ial as 
7 re eee ati w+V 

——— and 
we + V2 YBa 

The equation of ABis y=x-1 

oo u 
we +y2 w+ v2 

which simplifies into 

% 
Because 

=" u 
pag apg oe ad i aV Stair av 
u-+v ue + Vv 

rey = Ve 0 

We can write this as (u? — u) + (v? — v) = 0 and completing the square in each 
bracket this becomes 

eal aia 
which we recognize as the equation of a 
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46 ib a 1 
circle with center G 3) and radius —— 

2,52 V2 

The path joining A’ and B’ is therefore an arc of this circle. 

But we still have problems, for it could be the minor arc or the major arc. 

apt —iay _ 

= Zi \ / 

or | ; / \ 
\ 

a x = 

B' B' 

To decide which is correct, we take a further convenient point on the original 

line AB and determine its image on the w-plane. 

For instance, tor Kx — [oy 0 

ei <i £ sre: a 

a a 
x2 + y2 

’. K’ is the point w=1 

== | 

The path is, therefore, the major arc A’K’B’ developed in the direction 
indicated. 
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If we consider the line AB of the previous example extended to infinity in each 47 

direction, its image in the w-plane would then be the complete circle. 

Furthermore, the line AB cuts the entire z-plane into two regions and 

(a) the region on the right-hand side of the line relative to the arrowed 

direction maps onto the region inside the circle in the w-plane 

(b) the region on the left-hand side of the line maps onto 

the region outside the circle in the w-plane 48 

Let us now consider a general case. 

Example 2 

Determine the image in the w-plane of a circle in the z-plane under the 

: ; : il 
inversion transformation w = , 

The general equation of a circle is y 

xX +? + 26x 2fy +o=0 

with center (—g, —f) 

and radius ,/g? +f 2—c. 

It is convenient at times to write this as 

A(x? = jy Dx ty EF =0 

in which case 

CeNteniSer ta eercet BGuracUs 1S wean ear 
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49 (Deleon 1 
a iy te agi ns 1)" = —/D2+ E2 — 4AF cone ( DA’ a radius av fb 

Because 

ne DR home te 
5 =e! oA A 

1 1 
As before we have w=— .. Z=— 

Z Ww 

; Py Mie i oe UR pe et —V 

AY iy Ieee eee ey 

Then A(x? + y*) + Dx+ Ey +F =0 

DECOMES se ep ee 

Simplify it as far as possible 

50 A+ Du — Ev + F(u? + v7) =0 

Because we have 

mwa A(ue + v*) Du Ev pe) 

Wivy w+ w24e 
A DiS Fy Far +") =0 

Changing the order of terms, this can be written 

Fu’ +7) +Du—Ev+A=0 

which is the equation of a circle with 

ANWAR, a adocnaoos rd US eee eee 

51 DE 1 
eee eee \c cea 2 ee center ( OF 5) radius = VD + E* —4FA 

1 
Thus any circle in the z-plane transforms, with w = = onto another circle in 

the w-plane. 

We have already seen previously that, under inversion, a straight line also 

maps onto a circle. This may be regarded as a special case of the general result, 

if we accept a straight line as the circumference of a circle of ............ radius. 
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52 
A(x? + y?) + Dx+Ey+F=0 

Because 

If A = 0, this becomes Dx + Ey+F=0 i.e. a straight line 

and also the center ( becomes infinite aes 
BIN” — DIN 

1 
and the radius A \V D2 + E2 — 4AF becomes infinite. 

Therefore, combining the results we have obtained, we have this conclusion: 

Under inversion w = = a circle or a straight line in the z-plane transforms 

onto a circle or a straight line in the w-plane. 

Now for one more example. 

Example 3 

A circle in the z-plane has its center at z=3 and a radius of 2 units. 

1 
Determine its image in the w-plane when transformed by w = = 

Equation of the circle is 

(x—3)'+y?=4 
x*—6x+9+y* =4 

Ae oye 6x5 0) 

1 . F 
Using w = -, we can obtain x and y in terms of u and v. 

a 



Complex Variables 

54 

1 
i 

Ww 
a i) 
ea : 

hs u-+iv 

UW — iV 

y+ y2 
u =" 

x = —— 3 = —— 

w+’ » wey 

Substituting these in the equation of the circle, we get a relationship between 

u and v, which is 

5(u? + v*) — 6u+1=0 

Because the circle is x? + y* —6x+5=0 
uz 

* (y2 + y2)? 

v2 6u 
2 po = 0 

(Wve) uP eve 

wee Beet S=0 
5(ue v-) Sou -+- 1 = 0 

This is of the form A(u? + v?) + Du+ Ev+F =0 

where A'=5, D=—6, F=0, F=1. 

Therefore, the center is 

aNGetiemaciU si Smee 
eases eae NES SEOTE SS (hy SP Ne Ss ee ee ee 
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55 = 2 
ter = (= ius =< center ( 5° 0); radius 5 

; D E 6 3 
Because th t a | i oz e center is ( FA? a) (za °) ee (5.9) 

1 1 
d th aus —— 2 2a ey a) = an e radius ae +E 4AF 10 36+ 0-20 

Nn! NM 

the w-plane using uv = ———- and v = ———_... 

So we finally have 

z-plane 

: 1 
3. Transformation w = —— 

Za 

An extension of the method we have just applied occurs with transformations 

i 
of the form w= ae where a is real or complex. 
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Example 

A circle |z|= 1 in the z-plane is mapped onto the w-plane by w = =o: 

1 
L—L22— 

zZ—2 

x+i : 
y u+iv 

u—iv 2A Cie ald gal cbr aie 
ees eked: 

wey Yip 

Cartesian equation of the circle is x? + y* = 1. 

We then substitute the expressions for x and y in terms of uv and v and obtain 

the relationship between u and v, which is 

o7 307 V7) 40 he O 

Te 

fur 2 By? — Gr yy 

w+ 4ur +7) 4402 49 40 =P V2 

1+4u4+ 40+?) =u+v 

3? 217) 44u+1=0 

This can be expressed as 

Os may Og ru 2 
Because we have {is uN '\ { Mi \ = 

4 il De oe Vd 
u Tage Y +3 0 

(99) =) 
which is a circle with center (- 2 0) and radius 4, 

To determine the direction of development relative to the arrowed direction 
in the z-plane, we consider the mapping of three sample points A, B, C as 
shown onto the w-plane, giving A’, B’, C’. 



Complex mappings oo igs. 

Because 

el a 

We now have one further transformation which is important, so move on to the next 

frame for a fresh start 

az+b 
4 Bilinear transformation w = “<2 59 

cz+d 

: az +b B 
Transformation of the form w= ee WHETC) 2) 0, eC, .dcare, ain general, 

complex. 

Note that 

(a) if cz+d=1, w=az-+bD, i.e. the general linear transformation 

, i.e. the form of inversion just considered. 
: 1 

(b) if az+b=1, WS a 
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Example 

Determine the image in the w-plane of the circle |z| = 2 in the z-plane under 

z+i : 
the transformation w = an and show the region in the w-plane onto which 

the region within the circle is mapped. 

We begin in very much the same way as 

before by expressing u and v in terms of x 

and y. 

60 x*4+y?-1 
u= A = 

x2 + y2 —2y+4+1? ui x* + y2—2y+1 

Because 

we ue ee 
Z=—i x+i(y—1) 

_ xtily t+ DHx- iy} 
A Pity LX i 1) 

xX +ixiyt+1—-y+1)+y*-1 

r x +(y—1) 
_ x+y? —1+4 2ix 
— x2 4+y2—2y 41 

oe ye scree and v= KAA V2 = DY 1 x? + y2 —2y+1 
u 

But the equation of the circle is x? + y” = 4, so these expressions simplify to 

61 3 2x 
(Pr a) Le 

5 — Dy nee 
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By ou se 62 

: Su rie Pee Because, from the first, y = and substituting in the second gives x = a 
2u : 2u 

Dye (SUS) 
But x7 +)? = = UXT yo— 4 oe re te 4a 4 

which can be simplified to ............ 

9(u? + v*) — 30u+9=0 63 

Because 

Ov? + 25u* — 30u+9=16u? .. 9(u2+Vv”)—30u+9=0. 

Dividing through by 9, we can now rearrange this to 

which, you will recognize, is a circle in the w-plane with 

center. sestitieess ANG etaGil Sas 

: 4 | 
center = (5. 0) ee tacts — : 6 

To find the direction of development, we map three sample points A, B, C 

onto A’, B’, C’ as usual. 
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4 Si tee th is /, = yr ', ey ae c sta ey oe (Chay 5 5! 

Because 

Q, dei (2 ee ee aa oe es oe , 
= ' = = = S A Ne wah mee 5 5 sts! i.e 

B: z= 2i DAT Se 
2i-—1 i 

=) Deen (Da) ao ee 
Oe Or tay ORG 5 eae 

So an anticlockwise progression in the z-plane becomes a clockwise 

progression in the w-plane with this particular example. 

Now we can complete the problem, for the region inside the circle in the 

Z- Diane mans O10 yee eae en ee in the w-plane. 

66 the region outside the circle | 

Because the enclosed region in the z-plane is on the left-hand side of the 

direction of progression. The region on the left-hand side of the direction of 

progression in the w-plane is thus the region outside the transformed circle. 

z-plane 
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And that brings us successfully to the end of this Program. We shall pursue the 

topic further in the succeeding Program. Meanwhile, all that remains is to 

check down the Summary and the Can You? checklist before working 

through the Test exercise. All very straightforward. The Further problems 

will give you valuable additional practice. 

Bp Summary 

1 Transformation equation 67 

Z=x+I1y wW=u-+ iv 

The transformation equation is the relationship between z and w, i.e. 

W = fiz). 

2 Linear transformation w =az-+b where a and b are real or complex. A 

straight line in the z-plane maps onto a corresponding straight line in the 

w-plane. 

3 Types of transformation w=az+b 

(a) magnification — given by |a| 

(b) rotation — given by arg a 

(c) translation — given by b. 

4 Non-linear transformation 

(a) w=2" 
A straight line through the origin maps onto a corresponding straight 

line through the origin in the w-plane. A straight line not passing 

through the origin maps onto a parabola. 

(bia : (inversion) 

A straight line or a circle maps onto a straight line or a circle in the 

w-plane. 

A straight line may be regarded as a circle of infinite radius. 

az+ Pi: 3 : 
(©) 7 (bilinear transformation) — with a, b, c, d real or 

cz + 

complex. 

5 Mapping of a region depends on the direction of development. Right-hand 

regions map onto right-hand regions: left-hand regions onto left-hand 

regions. 
cee anmmnpeemnnmnntneeeneiinenenamnmammemammaummnaatd 
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4 Can You? 

Check this list before and after you try the end of Program test. 

69 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Recognize the transformation equation in the form 

w = f(z) =u(x,y) + iv(x,y)? : (i Jani (2) 

Yes LJ LJ LI LJ No 

e Illustrate the image of a point in the complex z-plane under a 
complex mapping onto the w-plane? to 
Yes | | | No 

e Map a straight line in the z-plane onto the w-plane under the 

transformation w = f(z)? to 
Yes | No 

e Identify complex mappings that form translations, 
magnifications, rotations and their combinations? to 
Yes | | No 

Deal with the non-linear transformations w = z*, w = 1/z, 

= 1/(z—a) and w= (az+b)/(cz+ 4d)? (22) to (66 ) 
Yes No 

Test exercise 5 

1 Map the following points in the z-plane onto the w-plane under the 

transformation w = f(z). 

(eZ = 32321 W227 — 6} (c) Zz=i(1-—i)j; w=(2+i)z-1 

(b) 2524 w=i4 471 (d) z=i-2; w= (1—i)(z4 3). 

Map the straight line joining A (2 — 7) and B (4 — 3i) in the z-plane onto the 

w-plane using the transformation w = (1 + 2i)z + 1 — 3i. State the 

magnification, rotation and translation involved. 

A triangle ABC in the z-plane as shown is mapped onto the w-plane under the 
transformation w = z?. 

y Determine the image in the w-plane and indicate the 
A mapping of the interior triangular region ABC. 
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4 Map the straight line joining A (z = i) and B (z = 3 + 4i) in the z-plane onto the 

w-plane under the inversion transformation w = a 
Z 

Sketch the image of AB in the w-plane. 

5 The unit circle|z|= 1 in the z-plane is mapped onto the w-plane by w = =e 
Z—2i 

Determine (a) the position of the center and (b) the radius of the circle 

obtained. 

: : : Z+2i 
6 The circle! z|= 2 is mapped onto the w-plane by the transformation w = aCe 

Determine the center and radius of the resulting circle in the w-plane. 

& Further problems 5 

1 A triangle ABC in the z-plane with vertices A (—1—i), B(2+ 2i),C (-1+2i)is JQ 

mapped onto the w-plane under the transformation w = (1 — i)z+ (1 + 2i). 

Determine the image A’B/C’ of ABC in the w-plane. 

2 The straight line joining A (1 + 27) and B (4 — 3i) in the z-plane is mapped onto 

the w-plane by the transformation equation w = (2 + Si)z. Determine (a) the 

images of A and B, (b) the magnification, rotation and translation involved. 

3 Map the straight line joining A (—2 + 3i) and B (1 + 2i) in the z-plane onto the 

w-plane using the transformation equation 

w = (-34+1)z+2+441. 

State the magnification, rotation and translation occurring in the process. 

Transform the square ABCD in the z-plane 

onto the w-plane under the transformation 
2 We 

5 Map the square ABCD in the z-plane onto the 

w-plane using the transformation w = 22? + 2. 
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12 

13 
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The triangle ABC in the z-plane is mapped 

onto the w-plane by the transformation 

w = 2iz? +1. Determine the image of ABC 

in the w-plane. 

A circle in the z-plane has its center at the point (— 3 — i) and radius 7. Show that 

its Cartesian equation can be expressed as 

20° +7) + 3x + 4y —3 =0 
Determine the image of the circle in the w-plane under the inversion 

; ] 
transformation w = oe 

The transformation w = ey is applied to the circle |z|=2 in the z-plane. 

Determine 

(a) the image of the circle in the w-plane 

(b) the region in the w-plane onto which the region enclosed within the circle 

in the z-plane is mapped. 

The circle |z|= 4 is described in the z-plane in a counter-clockwise manner. 

and state 
: el 

Obtain its image in the w-plane under the transformation w = 5 

the direction of development. 

Tio 
The bilinear transformation w = ; 

Z+2i 

z-plane. Determine the equation of the image in the w-plane and state its center 

and radius. 

is applied to the circle |z|=3 in the 

The unit circle |z|= 1 in the z-plane is mapped onto the w-plane under the 

: z—1 : : oe : 
transformation w = Teng Determine the equation of its image and the region 

onto which the region within the circle is mapped. 

Obtain the image of the unit circle |z|= 1 in the z-plane under the transfor- 
P Zr ol 

mation w = se 
Z—2i : 

The circle |z| = 2 is mapped onto the w-plane by the transformation w = * z a 
zZ—4 

Determine 

(a) the image of the circle in the w-plane 

(b) the mapping of the region enclosed by |z| = 2. 

Show that the transformation equation w = — where z=x+iy, a=1+4i 
Z = 

and b = 2 + 3i, transforms the circle (x — 3)* + (y— 5)” =5 intoa straight line 
through the origin in the w-plane. 

<=-scaeessstsheheeshSssssUSisnsmesssssurtnusnsnnrssrsessasannrnssiuunsinanmms 



Partial differentiation 

Learning outcomes 

When you have completed this Program you will be able to: 

e Find the first partial derivatives of a function of two real variables 

e Find second-order partial derivatives of a function of two real variables 

e Calculate errors using partial differentiation 
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Partial differentiation 

1 First partial differentiation 
The volume V of a cylinder of radius r and height 

h is given by 

V=nrh 

i.e. V depends on two quantities, the values of r 

and hi. 

If we keep r constant and increase the height h, the volume V will increase. In 

these circumstances, we can consider the derivative of V with respect to h — 

but only if r is kept constant. 

i.e EA is written ale 
~~ (dh, constant on 

; a eee oe 
Notice the new type of ‘delta’. We already know the meaning of by and ax 

C 

Now we have a new one, Ae - is called the partial derivative of V with respect 

to h and implies that for our present purpose, the value of r is considered as 

petng kept. 4a. tee 

[ 2 
OV 

V =arh. To find pp’ We differentiate the given expression, taking all symbols 
(6 

yy 

oh 
Of course, we could have considered /: as being kept constant, in which 

case, a change in r would also produce a change in V. We can therefore talk 

except V and /1 as being constant .’. ar -1= ar" 

Ne eee i wee ; 2 
about OF which simply means that we now differentiate V = mr-h with respect 

C 

to r, taking all symbols except V and r as being constant for the time being. 

4 
gpl A day 

Or 

In the statement V = mr?h,V is expressed as a function of two variables, r 
and h. It therefore has two partial derivatives, one with respect to 
and One With tes pect tose nana: 
a 
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| One with respect to r; one with respect to h | 3 | 

Another example: 

Let us consider the area of the curved surface of 

the cylinder A = 2arh 

Aisa function of rand h, so we can find = and 

OA / 
To find or we differentiate the expression for A with respect to r, keeping all 

other symbols constant. 

OA 
To find on We differentiate the expression for A with respect to h, keeping all 

other symbols constant. 

So, if A= 27h, then = Se ed Bh, 8 N06 bee Renee toe 

OA OA 4 | 
ae 27h and ah 2anr 

Of course, we are not restricted to the mensuration of the cylinder. The same 

will happen with any function which is a function of two independent 

variables. For example, consider z = xy’. 

Here z is a function of x and y. We can therefore find 7 and > 

(a) To find = differentiate with respect to x, regarding y as a constant. 

Partial differentiation is easy! For we regard every independent variable, 

except the one with respect to which we are differentiating, as being for the 

time. Deine Wires ans 
int cata Ey i a tp SE ce =a RR RP el rns 
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5 
Here are some examples. ‘With respect to’ is abbreviated to w.r.t. 

Example 1 

u=x2+xy+y 

(a) To find a we regard y as being constant. 

Partial diff w.r.t. x of x” = 2x 

Partial diff w.r.t. x of xy = y (y is a constant factor) 

Partial diff w.r.t. x of Ne =—a(() (y? is a constant term) 

Ou 
ee) ae X+y 

(b) To find e we regard x as being constant. 

Partial diff w.r.t. y of x7 = 0 (x* is a constant term) 

Partial diff w.r.t. y of xy = x (x is a constant factor) 

Partial diff w.r.t. y of y? = 2y 

Another example in Frame 6 

| 6 Example 2 

zZ=x3 +y> — 2xy 

Ofer ee 
ay + 0 — 4xy = 3x° — 4xy 

OZ 
— = 0 +3 = 2x" = 3y* — 2x" By TOY = Ok OV AX 

And it is all just as easy as that. 

Example 3 

Z = (2x — y)(x + 3y) 

This is a product, and the usual product rule applies except that we keep 

At ogi HOE 
y constant when finding By! and x constant when finding - 

( 

OZ 
By = (2X —y)(L +0) + (+ 3y)(2 — 0) = 2x — y + 2x + 6y = 4x + Sy 

OZ 
By Ot YO cee ats Sy) =) Ge By ie ye oy 
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Here is one for you to do. 

OZ OZ 
If z= (4x -2 inde ioe Z = (4x — 2y)(3x + Sy), find x and By 

Find the results and then move on to Frame 7 

OZ Oz 
oR 24x + 14y; a 14x —20y 

Because z = (4x — 2y)(3x + Sy), i.e. product 

a 
5 = (4x — 2y)(3 +0) + (3x + Sy)(4-0) 

= 12x — 6y + 12x + 20y = 24x + 14y 

Fp = (Ax = 29)(0-4 5) + Bx-+ 5y)(0 ~2) 

= 20x — 10y — 6x — 10y = 14x — 20y 

There we are. Now what about this one? 

Example 4 

eee Andes ares 
XY) Ox Oy 

Applying the quotient rule, we have: 

OZ a ¥)\(2— 0) — (2x — yp) (L+ O) 3y 

Ox” (x+y) (x+y? 
Oz (x+y)(O0—1)-—(2x-y)(0+1) —3x 

and —= 7 = 5 
oy (x+y) (x+y) 

That was not difficult. Now you do this one: 

ifr ene finde and <2 
x—2y Ox Oy 

When you have finished, on to the next frame 
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Here is the working: 

(a) To find ms we regard y as being constant. 

dz (x—2y)(5+0) — (5x +y)(1 — 0) 

oe (x — 2y)’ 
OV st Se ey 

ace. (x —2y)? 

(b) To find = we regard x as being constant. 

dz (x—2y)(0+ 1) —(5x+y)(0—2) 

"Oy (x — 2y)? 
Ue S2yq lOeeeZy ally 

(= 2y/? (x — 2y)? 
In practice, we do not write down the zeros that occur in the working, but this 

is how we think. 

Let us do one more example, so move on to the next frame 

| 9 Example 5 

0 
lie7 Sill 3X— 2) end ~ and 

Here we have what is clearly a ‘function of a function’. So we apply the usual 

procedure, except to remember that when we are finding: 

OZ 
(a) Ay! we treat y as constant, and 

OZ 
(b) —, we treat x as constant. 

oy 
Here goes then. 

)) d) 
= = cos(3x ++ 2y) x =o (ae + 2) = cos(3x + 2y) x 3 = 3 cos(3x + 2y) 

( 

p, ) 
Mea = C0S(3xX + 2y) x yp OX + 2y) = cos(3x + 2y) x 2 = 2.cos(3x + 2y) 
Oy 

There it is. So in partial differentiation, we can apply all the ordinary rules of 
normal differentiation, except that we regard the independent variables other 
than the one we are using, as being for the time being 

ce eee ee ee Oe ee ee ee ee ee eee 
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10 
Fine. Now here is a short exercise for you to do by way of review. 

In each of the following cases, find ue and 
yy 

1 z=4x" + 3xy +5y” dae tan( 3.47) 

2 Z=(3x+ 2y)(4x — Sy) + ga 

Finish them all, then move on to Frame 11 for the results 

Here are the answers: 11 

OZ OZ 
1 4s 5y” —= = Z = 4x + 3xy + Sy Ox 8x-HSy ay xe LOy, 

2 Z=(3x+2y)(4x — Sy) OE Mes ee ee se: M y i a Oy ue 

Oz 2 Oz 2 3 z=tan(3x + 4y) aaa 3 sec” (3x + 4y) a 4 sec*(3x + 4y) 

Ay eh sin(3x + 2y) 

4 
OZ Ve 3X COS(3X =F Zy) = sin(3x + 2Zy) Oz __ 2ycos(3x + 2y) — sin(3x + 2y) 

Ox x2y Oy xy? 

If you have got all the answers correct, turn straight on to Frame 15. If you 

have not got all these answers, or are at all uncertain, move to Frame 12. 

Let us work through these examples in detail. 12 

10Z = 457 4 3xy 4-5” 

To find = regard y as a constant: 

me Nees : a lew 
ag td tO: i.e. 8x + 3y Ripe ee 

Similarly, regarding x as constant: 

Fp 0+ ax + 10y, Leyox-- 10y. te = BX + 10y 

Quis (3X 4-2Zy (AX — oy) Product rule 

O = = (3x + 2y)(4) + (4x — 5y)(3) 

= 12x + 8y + 12x — 15y = 24x — 7y 

Lae (3x + 2y)(—S) + (4x — Sy)(2) 
oy 

= —15x — 10y + 8x — 10y = —7x — 20y 

Move on for the solutions to 3 and 4 
PIII an rmrnpmetnmetnettanseaetetteenenimumennmmetataauaniatmmentnemnusmouseneseuetaeumuncecenieatetemetiien tA AAA GAA AARNE 
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13 3 z=tan(3x+ 4y) 

= = sec?(3x + 4y)(3) = 3 sec?(3x + 4y) 

> = sec?(3x + 4y)(4) = 4sec?(3x + 4y) 

_ sin(3x + 2y) 
4 Z= A 

dz  xycos(3x + 2y)(3) — sin(3x + 2y)(y) 
Ox x2y2 

eek cos(3x + 2y) — sin(3x + 2y) 
= “i 

par oar 
Now have another go at finding Dy in the same way. 

Then check it with Frame 14 

14 Hereitis: 

_ sin(3x + 2y) 
See as 

Oz __ xycos(3x + 2y) - (2) — sin(3x + 2y) - (x) 
5 Oy a x2y2 

_ 2ycos(3x + 2y) — sin(3x + 2y) 
= 2 

That should have cleared up any troubles. This business of partial differentia- 

tion is perfectly straightforward. All you have to remember is that for the time 

being, all the independent variables except the one you are using are kept 

constant — and behave like constant factors or constant terms according to 

their positions. 

On you go now to Frame 15 and continue the Program 

| 15 Second partial differentiation 

Right. Now let us move on a step. 

Consider z = 3x? + 4xy — 5y” 

OZ OZ 
Then we = 6x + 4y and aa = 4x — 10y 

OX Oy : 

OZ 
The expression ie 6x + 4y is itself a function of x and y. We could therefore 

find its partial derivatives with respect to x or to y. 
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(a) If we differentiate it partially w.r.t. x, we get: 

dO (dz tye. Ae OZ a 
ax ‘a and this is written x2 (much like an ordinary second derivative, 

but with the partial 0) 

ee ab 

This is called the second partial derivative of z with respect to x. 

(b) If we differentiate partially w.r.t. y, we get: 

aaa and this is written 

Note that the operation now being performed is given by the left-hand of 

the two symbols in the denominator. 

2 

Oy - OX 

Pz Od (dz 6) 
SoS SS Se ee 
Oy - Ox we ay tal 

So we have this: 16 

Zz = 3x? + Axy — Sy” 
Oz Oz 
—= — = 4x-10 x 6x + 4y ay me Vy 

Oe _ 
Ox2 

ewal e 
Oy - Ox 

0 
Of course, we could carry out similar steps with the expression for m on the 

right. This would give us: 

eas 
Oy? 
2 OZ ar 

Ox - Oy 

Note that Oz means 2 ae} need ord ote tha Bae By Aa By Seas Maas 
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oy 
BxNDy means 7 

17 OZ a) {=I 

Collecting our previous results together then, we have: 

Z = 3x? + 4xy —5y” 
OZ Oz 
pias — = 4y¥— 10 Ax 6x + 4y ay V 

Ox? Oy? 

Ca Oe 

Oy -Ox Ox- Oy 

Oz Oz 
We see in this case, that . There are then, two first derivatives 

Oy - Ox ~ Ox. Oy 
and four second derivatives, though the last two seem to have the same value. 

Here is one for you to do. 

OL 02 OZ Oz “Oz az ees 2 3 £; If z= 5x? + 3x*y + 4y”, find ax’ Oy’ Ox2! By2! Ox. Oy and By BE 

When you have completed all that, move to Frame 18 

1 8 Here are the results: 

Z=5x> + 3x*y + 4y3 

OZ Oz eT Eee Cle ee Oe: 2 ax DX Oxy, ay 3x* + 12y 

OFZ GAZ 

O7 Oz peat Oy ae 
Oy - Ox “ Ox - OV a 

Again in this example also, we see that aie ik Now do this o 
P Oy- Ox Ox. OY iets 

It looks more complicated, but it is done in just the same way. Do not rush at 
it; take your time and all will be well. Here it is. Find all the first and second 
partial derivatives of z = xcosy — ycosx. 

Then to Frame 19 
re SN en EN ae IS ta i ee a pe 
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Check your results with these. 19 

Z = xXCOSy — ycosx 

When differentiating w.r.t. x, y is constant (and therefore cos y also). 

When differentiating w.r.t. y, x is constant (and therefore cos x also). 

So we get: 

OZ 7 OZ ; 
Ay COSY +y- sinx St Ve ars 

Oz Ou 
Bye Y COSX ay? — = COSY, 

Oz GZ 
0 ee pup ee 

Oz OZ 
And i = 

pe Caged Oy-Ox Ox- dy 

In fact this will always be so for the functions you are likely to meet, so that 

there are really three different second partial derivatives (and not four). In 
2 

= it is a useful check to find cs Z practice, if you have found By separately. 

They should give the same result, of course. 

What about this one? 20 

OV 02, 2Ee 2 2 lf Vi InG@ = ), prove that oe oe 

This merely entails finding the two second partial derivatives and substituting 

them in the left-hand side of the statement. So here goes: 

V = In(x? + y”) 
av 1 
Ox (x2 +2) ae 

_ 2x 

x? + y2 

PV (x2 +y7)2 — 2x- 2x 

Ox? (x2 + y?)? 
_ 2 Dye AR 2y” — 2x? (a) 

Coriay Deen 
2 

Now you find as in the same way and hence prove the given identity. 
y 

When you are ready, move on to Frame 21 
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@V  2y? — 2x? 
21 We had found that —~ = se Sea 

ONE Oat V”) 
So making a fresh start from V = In(x? + y’), we get: 

OV aa (a2) eed 
PV (x? +y*)2 —2y- 2y 

Oe ie ey 
_ 2x? + 2y? — 4y? z 2x? — 2y* (b) 

2+ yy GP +P 
Substituting now the two results in the identity, gives: 

OV OV 2a ie = Lye 

OREN ce) eae 
2y” — 2x* + 2x? — 2y* _ 

(x? + y?) 
Now on to Frame 22 

22 Here is another kind of example that you should see. 

Example 1 

OVe OV. = 2 2 Boe te AB we li V =/(x" --y*), show that a an 

Here we are told that V is a function of (x? + y”) but the precise nature of the 

function is not given. However, we can treat this as a ‘function of a function’ 

and write f’(x” + y”) to represent the derivative of the function w.r.t. its own 
combined variable (x? + y?). 

wep Vee a 8" ON Oo Bee, a ne 8 
Wig, ORY eee ae) ee fk ex 

QV aa oN Ofek a. a ee 
Dy Sel MG ey") ip de Jee TIRE Se hey. 

OVI OV Se ero 2 9 ot oa 7 man ih +y°):-2y—y-f'(x* +y*)- 2x 

= 2xy- f'(x" + y?) — xy - f(x? +”) 
a) 

Let us have another one of that kind in the next frame 
a tees ect tan dn dtr Nico wt nonin al last, lll nies 
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Example 2 23 

fiz = rt. i show that # 5 0 

Much the same as before: 

F sti ara Cdn 
lise hg a a f' 

=) 

And one for you, just to get your hand in: 

If V =f(ax+ by), show that - i =) 

When you have done it, check your working against that in Frame 24 

Here is the working; this is how it goes. 94 

V = f(ax+ by) 

Oe es a 
D opy a hr by lew lax by) 

=f'(ax+by)-a=a-fi(axt+by) a) 
Oz 0 
ef! -_— b By f' (ax + by) een Vv) 

= f'(ax + by)-b=bD.- f'(ax + by) (b) 

me ie OVI eS es, Dee 
De ae nm f'(ax + by) — ab - f'(ax + by) 

=A) 

Move on to Frame 25 
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a5 So to sum up so far. 

Partial differentiation is easy, no matter how complicated the expression to be 

differentiated may seem. 

To differentiate partially w.r.t. x, all independent variables other than x are 

constant for the time being. 

To differentiate partially w.r.t. y, all independent variables other than y are 

constant for the time being. 

So that, if z is a function of x and y, i.e. if z= f(x,y), we can find: 

Oz Oz 

ax oy 
O7z Oz 

dx? ay? 
O7z O7Z Aiea, AY oa 

Oy -Ox Ox- Oy ; Oy- Ox Ox- OY 

Now for a review exercise 

r | Review exercise 

26 1 Find all first and second partial derivatives for each of the following 

functions: 

QB ke 2 Dey eae 

(Di eZ sin xy 

(c) Z= Aaa) 

ae 

2 If z=In(e* +e”), show that as nes zd 
Ox. Oy 

OZ, 202 
23 lit AS eo (Cay), — — y— jn its si f(xy), express xa Voy in its simplest form. 

When you have finished, check with the solutions in Frame 27 

a7 1 (a) Z=3y7 + 2xy + 4y" 

OZ Oz 
By = OX + 2 EN cee 

O-z 02z 

Ox2 all Oy? = 

Ong OF 

Oy Ox Ox: Oy 4 
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(b) z= sin xy 

il COS X ola Aye! y ie X COS XY 

ET ae Ue ee aye y a —x* sin xy 

Oz On 
= y(—x sin xy) + cos xy = x(—y sin xy) + cos xy 

Oy - Ox Ox - OY 

= COS Xy — xy sin xy = COs xy — xy sin xy 

ee) (Cjez — = 

OZ _ (x—y)l-—(x+y)1 = —2y 

a (x—y) (x-y)? 
OZ _ (x—y)1—(x+y)(-1) __ 2 

y (x-y) ear 
Oz (—2) Ay 

= (—2y) = 

oe ayy Ty 
Oz —2 4x 
Ry = 2x ( ao = : 
y (x—y) (x —y) 

Of Se EAS 
Oy - Ox (x — ye 

202 yy)" Sayx 7) 
Ca) 

2 ay 

Gay) Gay 
ZY AV ie ey 

(x-y)" CF 
@z — (x—y)?(2) —2x-2(x—-y)1 

Ox- Oy CE oy 

ey ey) 
(x—y)" 

Z 4x 

(x-y)’  (x-yy 
ee 

(x-y)° (x-y)° 



188 Complex Variables 

2 Z=—Inile ee) 

oe _ 
Ox 

OZ 

1 o Os 1 

5p 

Oz 

Ox 

a3 fe = x 

OZ 
om 

Oz _ 
Oy 

OZ 

OZ 

2 2a Sy alah ol, 
ex + ev OV eae 

OZ ease. qa ey 

Oy ete e+e 

a ce ee 

Lee eS 

2 
Oy 

f(xy) 

x-f'(xy) -y + f(xy) 

x f'(xy) x 

OZ 15 Vag = EE OY) + xf xy) — PVF y) 
OZ 

OS RAS Gn 

That was a pretty good review test. Do not be unduly worried if you made a 

slip or two in your working. Try to avoid doing so, of course, but you are doing 

fine. Now on to the next part of the Program. 

So far we have been concerned with the technique of partial differentiation. 

Now let us look at one of its applications. 

So move on to Frame 28 

Small increments 

28 If we return to the volume of the cylinder with which 

we started this Program, we have once again that 
IV 

V = ar*h. We have seen that we can find Oke with h 
; Or 
Oa 

constant, and Ph with r constant. 

OV OV 2 
or 2 th; Oh uve 

Now let us see what we get if r and h both change 

simultaneously. 
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If r becomes r + é6r, and h becomes h + 6h, let V become V + 6V. Then the new 

volume is given by: 

V + 6V = n(r+ 6r)*(h + 6h) 

= n(r* + 2ré6r + [5r]*)(h + 6h) 

= n(r°h + 2rhér + hldr]? + r75h + 2rér6h + [6r]*5h) 

Subtract V = xr*h from each side, giving: 

6V = x(2rhér + hlor]? + r°6h + 2r6r6h + [5r]6h) 

~ m(2rhor + r26h) since 6r and 6h are small and all the remaining 

terms are of a higher degree of smallness. 

Therefore 

6V = 2nrhér + nr?6h, that is: 
OV OV 

6V & apt ae Dh oe 

Let us now do a numerical example to see how it all works out. 

On to Frame 29 

A cylinder has dimensions r=5cm, h=10cm. Find the approximate 29 

increase in volume when r increases by 0.2 cm and h decreases by 0.1 cm. 

Well now 

OV OV 
= 2 —_ = —_ = 2 V — areal so Ar 2ath Dh ar 

In this case, when r = 5 cm, h= 10 cm so 

OVee 7 OV. Vgentipn aoe 
Gen oe re es Pho 7 TI DOT, 

6r = 0.2 and 6h = —0.1 (minus because h is decreasing) 

. OV OV 

6V = 100n(0.2) + 25n(—0.1) 
=—207 = 207 = 1/7 oT 

*. 6V = $4.98 cm* 

ie. the volume increases by 54.98 cm?* 

Just like that! 
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30 This kind of result applies not only to the volume of the cylinder, but to any 

function of two independent variables. Here is an example: 

If z is a function of x and y, i.e. z = f(x,y) and if x and y increase by small 

amounts 6x and éy, the increase 6z will also be relatively small. If we expand 6z 

in powers of 6x and dy, we get: 

6z = Adx + Béy + higher powers of 6x and dy, 

where A and B are functions of x and y. 

If y remains constant, so that dy = Q, then: 

6z = Aéx + higher powers of 6x 

6Z OZ 
= A, So that if 6x => 0, this becomes A= — 

Ox Ox 

Similarly, if x remains constant, making 6y — O gives B = He 
oy 

. = aOR + ay + higher powers of very small quantities which can be 

ms y ignored 

6Z = a + oF, ax" ay” 

31 So, if z= f(x,y) 
OZ OZ 

6Z. = ay of Bp 

This is the key to all the forthcoming applications and will be quoted over and 

over again. 

The result is quite general and a similar result applies for a function of three 

independent variables. For example: 

If z=f(%,y,w) 
Pa Rare OZ Oz 

th = en 6Z Axe “i eed + awe 

If we remember the rule for a function of two independent variables, we can 

easily extend it when necessary. 

Here it is once again: 

: : Dz Os 
If z= f(x,y) then 6z = —6x + —6 f(xy) at + By? 

Copy this result into your record book in a prominent position, such as it 

deserves! 
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Now for a couple of examples 32 

Example 1 

V 
ihe ees R and V = 250 volts and R = 50 ohms, find the change in I resulting 

from an increase of 1 volt in V and an increase of 0.5 ohm in R. 

Ol Ol 
PF 1Vi,R J“, 6f = f(V,R) 6. ayoY + 5peR 

Ole! wel V 

av. R OR R2 
; 1 V 

5 Of = 7, 6V — a OR 

So when R= 50; V = 250, 6V = and. oR=10:5: 

if 250 
OF = 55 (1) — 75000" 5) 

aye 
50m 20) 

a0 = UNS) == SOs) 

i.e. 1 decreases by 0.03 amperes 

Here is another example. 33 

Example 2 

wse 
lf a , find the percentage increase in y when w increases by 2 per cent, 

s decreases by 3 per cent and d increases by 1 per cent. 

Notice that, in this case, y is a function of three variables, w, s and d. The 

formula therefore becomes: 

a by = = ow 6s + +o bd 

We have 

Oy s?. dy _ 3ws* dy 4ws 
Ow ad wos OAR od 

s° 3ws? —4ws? 
¢ Oy =o 7A 6S + 5 bd 

Now then, what are the values of dw, 6s and 6d? 

2 —3 1 
j = —°: SS} 6d ais 2? Is it true to say that é6w 100’ 6s 100’ 100 

If not, why not? 

Next frame 
en Te ee ee eee 
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34 | No. It is not correct | 

; 2 , : _ 2 mizw 
Because éw is not 00 of a unit, but 2 per cent of w, i.e. dw = 100 of w= 00 

—3 —3s5 d 
imi = —— == =.——. N that we have cleared that Similarly, és 100 of s 100 and éd 700" NOW a 

point up, we can continue with the problem. 

ne s? ( 2w 3ws- /—35 4ws3 ( d 

¥=a4\j00) 7 ad* \100) 4 \100 

7 ws? ( 2 ws ( 9 ws3 ( 4 

~ d4* \100 d* \100 d* \100 

*: ws? { 2 9 4 

~ d* 1100 100 100 

rl 
=r{-a59} ==11 percent of y 

i.e. y decreases by 11 per cent 
: 2 

Remember that where the increment of w is given as 2 per cent, it is not 00 

of a unit, but iat of w, and the symbol w must be included. 
100 

Move on to Frame 35 

35 Now here is an exercise for you to do. 

P =w’hd. If errors of up to 1 per cent (plus or minus) are possible in the 

measured values of w, h and d, find the maximum possible percentage error in 

the calculated values of P. 

This is very much like the previous example, so you will be able to deal with 

it without any trouble. Work it right through and then go on to Frame 36 and 
check your result. 

. OP OP OP 
P=w’hd. - Se ee Ry tae ee 36 w *, OP =. Ow +5: bh +=, 6d 

OP ee hee Or eee 
Aw owns an 4 ae 

6P = 2whd -d6w+wd-d6h+w?h- dd 

Ww h 

Meine oO ate oal00 
w h d 

6P = 2whd( +—_ *d( +-— *h( +—_ wh ( aa) +w a(t ia) “a Ww (£359) 

2w*hd  w2dh  w*hd 

100 100 100 

The greatest possible error in P will occur when the signs are chosen so that 
they are all of the same kind, i.e. all plus or minus. If they were mixed, they 
would tend to cancel each other out. 
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eee gers 4 BO LE Vay, ei Tae ivalton | att, (9S ye 700 00 t 100 +P(355) 
.. Maximum possible error in P is 4 per cent of P 

Finally, here is one last example for you to do. Work right through it and then 

check your results with those in Frame 37. 

The two sides forming the right-angle of a right-angled triangle are denoted by 

a and b. The hypotenuse is h. If there are possible errors of +0.5 per cent in 

measuring a and b, find the maximum possible error in calculating (a) the area 

of the triangle and (b) the length of h. 

(a) 6A =1 per cent of A 37 

(b) 6h = 0.5 per cent of h 

Here is the working in detail: 

a-b OA OA 

OA DE OAR a a b a Ce ce ee ge ee pee 
Hea pp 0 900 200 

b a a b b 

6A =5 (565) +5(+755) 
a-b\ 1 1 il 

So 550+ 300] = *4-700 
p64 = 1 per cent.of A 

(b) h= Va? +B? = (a? +b?) 

oh =o 6a 42 5b 

Also fa=+8; bh=45 

h=—— (+50)+ z (+359) 
~ fq? + pe ( 200/ Vaz + b2 \ 200 

ft Tae b? 

~~ 200 a2 + b2 

1 1 ele gh ee ee = +500 a2+b + 50 (”) 

on = 015 per cent ol 
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That brings us to the end of this particular Program. We shall meet partial 

differentiation again in the next Program when we shall consider some more 

of its applications. But for the time being, there remain only the Can You? 

checklist and the Test exercise. 
So on now to Frames 38 and 39 

"4 Can You? 

| 38 Checklist 6 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Find the first partial derivatives of a function of two real 

variables? 

Yes | 
O° 

No 

e Find second-order partial derivatives of a function of two real 
variables? to 
Yes No 

e Calculate errors using partial differentiation? to 
Ves No 

& Test exercise 6 

39 Take your time over the questions; do them carefully. 

1 Find all first and second partial derivatives of the following: 

(2p 4s = oye ty. 

(D)PZ = cos(2x =, 3y) 
ee) 2, 

(Cc) z= eo © 

(d) z= x7 sin(2x + 3y) 

2 (a) If V=x*+y*+2z?, express in its simplest form 

OV OV 
Dew or 

OV 
4 4 

OX Oy OZ 

_ : Ort 
(b) If z=f(x+ay)+F(x—ay), find xe By? 

Fn a Ore 
a a CBee pare 

Oy? Ox 

Pz 
and —, and hence prove that 
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3 
2 

The power P dissipated in a resistor is given by P = = 

If E = 200 volts and R = 8 ohms, find the change in P resulting from a drop of 

5 volts in E and an increase of 0.2 ohm in R. 

ie kHLV~, where k is a constant, and there are possible errors of +1 per cent 

in measuring H, L and V, find the maximum possible error in the calculated 

value of 0. 

That’s it 

Further problems 6 

1 

10 

11 

1 OZ ger OZ 
if z=———_. — be Ev yao a ; Z=3 ee show that 1a + Voy 2zZ(1 + Z) 

4 OV 02V 
Prove that, if V = In(x? + y?), then art Ge 0. 

2 2 
If z = sin(3x + 2y), verify that aaa thes 5 = 6z. 

If u Mists ey show that ple an eis 0. 
(x2 + y2 422)2 OxmeaOy, 7z 

Show that the equation —, ios a = 0, is satisfied b : ax2 * ay? J 
len tehea ek vs Sa. (Y: = 2 Be = (7 Zee la] Xo y +, tan (<) 

OZ Z 
If z= e*(xcosy — ysiny), show that Axe “I oe 0. 

ru Ou Pu 
= i = 25—, = 0. If u = (1 +x) sinh(5x — 2y), verify that 4a 2 a+ oN eies as aye 

Beery 50°2 OZ ORE a 
lbz= f(s), show that x? x 7 + Oxy aut OP 

f y h bitrary function, show that pied “ ae Zz Ifz=(x+y)-f(=),w ere f is an arbitrary j Dn Mare 

Eh? ah oe 
In the formula D = 121 v3)’ h is given as 0.1 + 0.002 and v as 0.3 + 0.02. 

Express the approximate maximum error in D in terms of E. 
2 

The formula z = alin is used to calculate z from observed values of 

x and y. If x and y have the same percentage error p, show that the percentage 

error in z is approximately —2p(1 + 2z). 

40 
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13 

14 

15 

16 

17 

18 

19 

20 
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In a balanced bridge circuit, R; = R2R3/R4. If R2,R3,R4 have known tolerances 

of +x per cent, +y per cent, +z per cent respectively, determine the maximum 

percentage error in R;, expressed in terms of x, y and z. 

The deflection y at the center of a circular plate suspended at the edge and 
A 

uniformly loaded is given by y = ae , where w = total load, d = diameter of 

plate, t = thickness and k is a constant. 

Calculate the approximate percentage change in y if w is increased by 

3 per cent, d is decreased by 25 per cent and t is increased by 4 per cent. 

The coefficient of rigidity (n) of a wire of length (L) and uniform diameter (d) is 

AL 
given by n= where A is a constant. If errors of +0.25 per cent and +1 per 

Gee 
cent are possible in measuring L and d respectively, determine the maximum 

percentage error in the calculated value of n. 

If k/ko = (T/To)" - p/760, show that the change in k due to small changes of a 
per cent in T and b per cent in p is approximately (na + b) per cent. 

kwP 
d®,’ 

where k is a constant. If w increases by 2 per cent, / by 3 per cent, and 

d decreases by 2 per cent, find the percentage increase in y. 

The deflection y at the center of a rod is known to be given by y= 

The displacement y of a point on a vibrating stretched string, at a distance x 
from one end, at time tf, is given by 

OP a ory 
Ot2 x2 

Show that one solution of this equation is y = Asin™. sin(pt +a), where 
c 

A, p, c and a are constants. 

If y = A sin(px + a) cos(gt + b), find the error in y due to small errors 6x and ét in 
x and t respectively. 

Show that ¢ = Ae *"/? sin pt cos qx, satisfies the equation 

Od 1 {os > 
Op : . Pe 

Of t Kh. provided that p~ = c"q a 
Ox2 2 

Egret: aV 
Oka ove * 922 

1 O7V OV 
, and that (b) the equation — = 

rem oy ae De ge 
is satisfied by V = tan (rE). 

s 

Show that (a) the equation = 0 is satisfied by 

V= 

i ee, os) ys eee 
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Learning outcomes 

When you have completed this Program you will be able to: 

Evaluate double and triple integrals and apply them to the 
determination of the areas of plane figures and the volumes of solids 

Understand the role of the differential of a function of two or more 

real variables 

Determine exact differentials in two real variables and their integrals 

Evaluate the area enclosed by a closed curve by contour integration 

Evaluate line integrals and appreciate their properties 

Evaluate line integrals around closed curves within a simply 

connected region 

Link line integrals to integrals along the x-axis 

Link line integrals to integrals along a contour given in parametric 

form 

Discuss the dependence of a line integral between two points on the 

path of integration 

Determine exact differentials in three real variables and their integrals 

Demonstrate the validity and use of Green’s theorem 

SS 

< 

S 

< 
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Introduction 

| 1 You will no doubt recognize the following. 

1 Double integrals 

[| re yaray 
vi vx 

is a double integral and is evaluated from the inside outwards, i.e. 

A double integral is sometimes expressed in the form 

[av | re, ryax 
¥1 XI 

in which case, we evaluate from the right-hand end, i.e. 

ete? 
Se 

18 pe 

CS Ss Ss 

Triple integrals 

Triple integrals follow the same procedure. 

Z2 py2 p%2 

| | | f(x, y, Z) dx dy dz is evaluated in the order 
Z1 vyi YX 
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3 Applications 

(a) Areas of plane figures 

Area of element 6A = éxéy 

y=yo 
Area of strip= S— dxéy 

Val 

X=b ( y=y2 

Area of all such strips ~ 5~ iS oxy} 
xX=ad Y= 

b py2 

If ox + Oand gy 0,4 =| | dy dx 
a Jy 

(b) Areas of plane figures bounded by a polar curve r = f (6) and radius vectors at 

Ge A, and 6 = A> 

Small arc of circle of radius r, 

0=0, subtending angle 60 at centre. 

Re AT Ce—arOu) 

Area of thin sector = r 60 or 

0=62 ¢ T=f(9) 

+. Total area of all such sectors ~ Sy { ror | 

62 pr=f (0) 
ms If 6r 0 and a 0, A=| | r dr dé 

6, JO 
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(c) Volume of solids 

yal 

y=y2 ( 2=f Y) 
Volume of slice ~ 3 S > éxéy «| 

ey Vez Sa 6x dy 6Z 

Then, if 6x — 0, déy — 0, 6z — 0, 

X2 py2 pZ=f(X, y) 
i | | | dz dy dx 

x, Jy, JO 

liz (x; 7), this becomes 

X2 py2 

v=| | Fe »dyar 
1 41 
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4 Review examples As a means of ‘warming up’, let us work through one or 2 | 
two straightforward examples on the previous work. 

Example 1 

Find the area of the plane figure bounded by the curves y; = (x —1)* and 
y2 = 4— (x — 3). 

The first thing, as always, is to sketch the curves — each of which is a parabola — 

and to determine their points of intersection. 

Points of intersection: (x — 1)? = 4 — (x — oy 

go es ee coi 8) eee ce 8/0 

CK a i Oe ek On ey —1 3, 

Now we have all the information to determine the required area, which is 

Because 

xX=3 py2 x=3 y=4—(x—3)? 

A=| | dydx = | | _ dydx 
x=1 Jy 

3 

=| 44 Ce al 1)?} dx = -2| (x? — 4x +3) dx 
1 1 

e 3 

= -2|7, ao Xee 3x = 22 square units 
1 

Now for another. 
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Example 2 

A rectangular plate is bounded by the x and y axes and the lines 

x = 6and y = 4. The thickness t of the plate at any point is proportional to 

the square of the distance of the point from the origin. Determine the total 

volume of the plate. 

First of all draw the figure and build up the appropriate double integral. Do 

not evaluate it yet. The expression is therefore 

Thickness t of plate at P is 

Ck Or ke 

Element of area = éy 6x 

‘. Element of volume at P = k(x? + y”) dy 6x 
x=6 py=4 

~, Total volume V = | | k(x? + y”) dy dx 
x=0 Jy=0 

Now we can evaluate the integral. We start from the inside with 

y=4 

| k(x? + y”) dy, 
V—2 

remembering that for this integral (volume of the strip) x is constant. This 

DIVEST Ee oes se 

| 5 64 
Ke | Ae ( ate 3 ) 

Because 

4 37 ¥=4 

k| (+P )dy =k] Py 7 =k (42 +5) 
JO 3 y=0 3 

6 
Then V= k| (49° + >) xa eee 

0 
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| V = 416k cubic units 6 | 

That was easy enough. Notice that an alternative interpretation of this 

problem could be that of a uniform lamina with a variable density 

p =k(x* + y”) at any point (x, y). Now for one in polar coordinates. 

Example 3 

Express as a double integral the area enclosed by one loop of the curve 

r = 3cos 26 and evaluate the integral. 

Consider the half loop shown. Q= 

io cos 26 7 

Area of element =r ér 60 

r=3 cos 20 

-, Area of sector ~ Se r br 60 
r=0 

0=1/4 r=3 cos 20 

.. Area of half loops S> 5° réré0 
o20° pr=0 

If 6r — O and 60 — O, 

d=1/4 pr=3 cos 20 

A= | | r dr dé 
6=0 r=0 

Now finish it off to find the area of the whole loop, which is 
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ign square units 

Because 

d=n/4 pr=3 cos 20 

Av | | r dr dé 
0=0 r=0 

m/4 [72 3.cos 20 

= dé 
0 

7/ 

ll 
So a 

4 

cos’ 26d0 
—— (=) 

(1 + cos 40) dé 
—— So 3 

Ss 
Ay 

PLO WLO No S— 
D> 

wn as =) ay D> 

ear | 

3 Ea we 

— OV 

This is the area of a half loop. 

Oi ; 
Required area = “g Square units 

Now here is another. 

Example 4 

Find the volume of the solid bounded by the planes z= 0, x = 1,x=3,y=1, 

y = 2 and the surface z = x” y”. 

As always, we start off by sketching the figure. When you have done that, 

check the result with the next frame. 
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We now build up the integral which will give us the volume of the solid. 

Element of volume 6V = 6x dy 6z 

Z=x2y" 

Volume of column = S~ 6x 6éy 6z 
Z=0 

x=3 | y=2 zx?" 

Volume of solid + }~ 6x by 6Z 
x=1 { y=1 z=0 

When 6x — 0, éy — 0, 6z > 0, 

oy 2 pay 

ees | | | dz dy dx 
X= y= Zz—0 

Evaluating this, i= eerie ere 

r 
Because, starting with the innermost integral 

x=3 py=2 Keys 3 2 

v =| | | dy dx = | | x7y* dy dx 
kl Jy 0 1 Ji 

3 2310" Bia 
=( FS dx =| Fax=203 

1 3 y=1 1 3 

Now that we have reviewed the basics, let us move on to something rather different 
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Differentials 

11 It is convenient in various branches of the calculus to denote small increases 

in value of a variable by the use of differentials. The method is particularly 

useful in dealing with the effects of small finite changes and shortens the 

writing of calculus expressions. 

We are already familiar with the diagram from which finite changes éy and 

6x in a function y = f(x) are depicted. 

y y=f(x) 

0 Xo Xot dx xX 

The increase in y from P to Q = MQ = é6y =f (xo + 6x) — f (x0) 

If PT is the tangent at P, then MQ = MT +TQ. Also a =f () 
B3 

*. MT = f' (x0) 6x 

Po MOk= OV =f (x5) ox O) 

and, if Q is close to P, then dy = f’(x9)6x 

We define the differentials dy and dx as finite quantities such that 

dy = f"(xo) dx 

y= (x) 

Note that the differentials dy and dx are finite quantities — not necessarily zero 
— and can therefore exist alone. 

Note too that dx = 6x. 
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From the diagram, we can see that 

dy is the increase in y as we move from P to Q along the curve. 
dy is the increase in y as we move from P to T along the tangent. 

As Q approaches P, the difference between dy and dy decreases to zero. The use 
of differentials simplifies the writing of many relationships and is based on the 
general statement dy = f’(x) dx. 

For example 

(anv x, then dy = 5x4 dx 

(eect) oem NCCC) 3 COSO.CCx 

(Caves then dy = 4e* dx 

(diy cosh 24 sthenidy — 2 sinhixdy 

Note that when the left-hand side is a differential dy the right-hand side must 

also contain a differential. Remember therefore to include the ‘dx’ on the 
right-hand side. 

The product and quotient rules can also be expressed in differentials. 

d dv du 
Fit (uv) = Ua + ae becomes d(uv) =udv+vdu 

. du 5 dv 
OF (UN peuedyiaen dy uy _vdu—udv 

dx Gi - v2 asada (>) " v2 

SORie ey = CaS 4y) ed) eet eens sue 

20 
andiit sy = — Vissi ee icicke, 

y=e*sin4x, dy =2e(2cos4x-+ sin 4x) dx 12 

cos 2t 
unas eal dy = — 4 {tsin 2t-+ cos 2t} dt 

That was easy enough. Let us now consider a function of two independent 

variables, z = f(x, y). 

Whiz = "F(x, Vithen Zp Gz aif (x S50X, Vast Oy) 

*, 6z=f(x+ 6x, y+ dy) — F(X, y) 

Expanding 6z in terms of 6x and 6y, gives 

6z = Aéx + Béy + higher powers of 6x and 6y, 

where A and B are functions of x and y. 

If y remains constant, i.e. dy = 0, then 

6Z 
6z = A 6x + higher powers of 6x ix A 

OZ 
*. If 6x — O, then A = — 

Ox 
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Similarly, if x remains constant, i.e. bx = Other 

6Z 
6z = Béy + higher powers of dy... i =~ B 

OZ 
. a5y B ae . If by > 0, then ay 

a OZ O Zan ; are 
- §6z =— 6x + — dy + higher powers of small quantities 

Ox Oy 

OZ OZ . = Sagi nae 

202, Rey y 

In terms of differentials, this result can be written 

OZ OZ 
nya then dz = —dx+—d liz py), taen dz Fe 3p y 

The result can be extended to functions of more than two independent 

variables. 

Oz Oz Oz 
Iie) (X, Va), = — dx +—dy+—d 24x, VW) 0. OZ x +3 i w 

Make a note of these results in differential form as shown. 

Exercise 

Determine the differential dz for each of the following functions. 

1 g=x4y7 

2a asiney 

3 z=(2x-1)e¥” 

4 z=x’+2y’?+3w? 

Biz = x27 

Finish all five and then check the results. 

13 1 dz=2(xdx+ydy) 

2 dz=x*(3sin 2ydx + 2x cos 2y dy) 

3 dz=e’{2dx + (6x — 3)dy} 

4 dz=2(xdx + 2ydy + 3wdw) 

5 dz=x’y(3ywdx + 2xwdy + xy dw) 

Now move on 
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Exact differential 14 

We have just established that if z = f(x, y) 

Oz OZ 

We now work in reverse. 

Any expression dz = P dx + Qdy, where P and Q are functions of x and y, is an 
exact differential if it can be integrated to determine z. 

Vi Oz 
P= ax and Qi ay 

GO) cael atc 00" ore Oz OF 
—_—_ = — = s th = . Now ap oy oe and ay yoy and we know that VOTO OF 

Therefore, for dz to be an exact differential i -3 and this is the test 

we apply. 

Example 1 

dz = (3x? + 4y”) dx + 8xy dy. 

If we compare the right-hand side with Pdx + Qdy, then 

OP eas 2 Dewi, Chew Pit AVC on, ay 8y 

Pore ayy ne nee, 

OB Ok *. dz is an exact differential 
Oy Ox 

Similarly, we can test this one. 

Example 2 

dz = (1 + 8xy) dx + 5x? dy. 

EFOMetaiSnWerlLh Cee 

| dz is not an exact differential | 15 | 

Because dz = (1 + 8xy) dx + 5x? dy 

ar _ cual = 18x ; 8x lk aye 
OQ RZ he Oe=ax ae 10x 

OP 0Q 
— = ., dzis not an exact differential. 
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Exercise 

Determine whether each of the following is an exact differential. 

1 dz=4x3y? dx + 3x*y? dy 

2 dz= (4x3y + 2xy3) dx + (x4 + 3x2y”) dy 

3 dz=(15y7e3* + 2xy*) dx + (10ye** + xy) dy 

4 dz = (3x2e" — 2y%e3*) dx + (2x3e*” — 2ye3*) dy 

5 dz = (4y> cos 4x + 3x” cos 2y) dx + (3y? sin 4x — 2x? sin 2y) dy. 

16 | 1 Yes 2 Yes 3 No 4 No 5 Yes | 

We have just tested whether certain expressions are, in fact, exact differentials 

-— and we said previously that, by definition, an exact differential can be 

integrated. But how exactly do we go about it? The following examples will 

show. 

Integration of exact differentials 

OZ OZ 
Z x + Qdy where On and Q By 

: z= |Pax and also z= | Qdy 

Example 1 

dz = (2xy + 6x) dx + (x? + 2y) dy. 

a) 
P= = 2xy + 6 Me z= |(2xy + 6x) dy 

. Z=x*y + 3x* + f(y) where f(y) is an arbitrary function of y only, and is 
akin to the constant of integration in a normal integral. 

0 2 

Also Q=F=1 +29 je tee [ia + 29°) ay 
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4 17 | 
Zexy+ - + F(x) where F(x) is an arbitrary function of x only 

So the two results tell us 

Zaxy 3x Ey) (1) 
4 

and z= xy +h + F(x) (2) 

For these two expressions to represent the same function, then 
yt 

f(y) in (1) must be et already in (2) 

and F(x) in (2) must be 3x” already in (1) 
4 

ie z= xy + 3x 45 

Example 2 

Integrate dz = (8e* + 2xy”) dx + (4cos 4y + 2x?y) dy. 

Argue through the working in just the same way, from which we obtain 

18 
Here it is. dz = (8e** + 2xy”) dx + (4cos 4y + 2x*y) dy 

P= = Soe ee a= [ise + 2xy”)dx 

 Z=2e™ + xy? + Fly) (1) 

Q= 5 Bd cos 44s ee | cos 4y + 2x”y) dy 

 z=sin4y + x2y? + F(x) (2) 

For (1) and (2) to agree, f(y) = sin 4y and F(x) = 2e* 

 Z=2e%4x7y* + sin 4y 
They are all done in the same way, so you will have no difficulty with the 

short exercise that follows. On you go. 

Exercise 

Integrate the following exact differentials to obtain the function z. 

1 dz = (6x? + 8xy3) dx + (12x7y” + 12y3) dy 

2 dz= (3x2 +2xy + y) dx + (x? + 2xy + 3y”) dy 

3 dz=2(y+1)e%* dx + (e* — 2y) dy 

4 dz= (3y’ cos 3x — 3sin 3x) dx + (2y sin 3x + 4) dy 

5 dz=(sinhy + ysinhx)dx + (xcoshy + cosh x) dy. 

Finish all five before checking with the next frame. 
Dee ee 
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19 1 z=2x3 4+ 4x’y? + 3y* 

2 z=xX4+xy4+2y7+y¥ 

3 z=e*(1+y)-y* 

4 z=y’sin3x + cos 3x + 4y 

§ z=xsinhy+ycoshx. 

In the last one, of course, we find that the two expressions for z agree without 

any further addition of f(y) or F(x). 

We shall be meeting exact differentials again later on, but for the moment let us deal 

with something different. On then to the next frame 

Area enclosed by a closed curve 

20 One of the earliest applications of integration is finding the area of a plane 

figure bounded by the x-axis, the curve y = f(x) and ordinates at x = x; and 

X= X2. 

If points A and B are joined by another curve, y = F(x) 



Integration 

Combining the two figures, we have 

It is convenient on occasions to arrange the limits so that the integration 
follows the path round the enclosed area in a regular order. 

For example 

X2 

| F(x) dx gives Az as before, but integrating from B to A along c2 with 
xX] 

Vey) ee: | f(x) dx, is the integral for A; with the sign changed, i.e. 

— Une result A= Aj —7n= | 
JX, 

: 21 

is F(x) dx + i f(x) ax} 
Xj X2 

i.e. i — -{ 

If we proceed round the boundary in a counter-clockwise manner, the enclosed 

area is kept on the /eft-hand side and the resulting area is considered positive. If 

we proceed round the boundary in a clockwise manner, the enclosed area 

remains on the right-hand side and the resulting area is negative. 
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The final result above can be written in the form 

A= = fy dx 

where the symbol | indicates that the integral is to be evaluated round 

the closed boundary in the positive (i.e. counter-clockwise) direction 

ee — py ds - -{ | F(x) dx + [ fx) ax} 
JX) x2 

(along c;) (along cz) 

Let us apply this result to a very simple case. 

Example 1 

Determine the area enclosed by the graphs of y = x° and y = 4x for x > 0. 

First we need to know the points of intersection. These are 

22 

We integrate in a counter-clockwise manner 

cq: y=x3, limits x=0 to x=2 

Coy = Ao ee IIS Xe Date oe), 
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| A = 4 square units | 23 

Because 

cane ec) 
{Ell} 

Another example. 

Example 2 

Find the area of the triangle with vertices (0, 0), (5, 3) and (2, 6). 

Ms : B (2,6) The equation of 

DAIS cattle: 

BAS PPro tees ts 

OB Asie nee. ee 
3 A 6, 3) 

° 2 5 x 

zn B 
6 

Co Te jeiatie celia, at otel is Joie 

C3 
3 A Write down the component integrals with 

appropriate limits. 

C4 

5 

[ dears [ie —oar+ | 
5 2 

0 25 A= —fydx=-{ sxx} 

The limits chosen must progress the integration round the boundary of the 

figure in a counter-clockwise manner. Finishing off the integration, we have 
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26 A = 12 square units 

The actual integration is easy enough. 

The work we have just done leads us on to consider line integrals, so let us make a 

fresh start in the next frame 

Line integrals 

27 

0 x 

If a field exists in the x-y plane, producing a force F on a particle at K, then F 

can be resolved into two components 

F, along the tangent to the curve AB at K 

F, along the normal to the curve AB at K. 

The work done in moving the particle through a small distance és from K to L 
along the curve is then approximately F;, 4s. So the total work done in moving 
a particle along the curve from A to B is given by 

| 28 Lim SF és = [FR ds from A to B 
é6s—0 

This is normally written F, ds where A and B are the end points of the 
JAB 

Curve, or as | F, ds where the curve c connecting A and B is defined. 
JC 

Such an integral thus formed is called a line integral since integration is 
carried out along the path of the particular curve c joining A and B. 

a r= | Feds = | F, ds 
JAB Cc 

where c is the curve y = f(x) between A (X1, ¥1) and B (xz, yo). 

There is in fact an alternative form of the integral which is often useful, 

so let us also consider that 



Integration are 

Alternative form of a line integral 29 

It is often more convenient to integrate with respect to x or y than to take arc 
length as the variable. 

If F, has a component 

P in the x-direction 

Q in the y-direction 

then the work done from K to L can 

be stated as P 6x + Q 6y. 

[ie F,ds = [,@ dx + Q dy) 

where P and Q are functions of x and y. 

In general then, the line integral can be expressed as 

Rez | Feds = | way + Qdy) 

where c is the prescribed curve and F, or P and Q, are functions of x and y. 

Make a note of these results — then we will apply them 

to one or two examples 

Example 1 30 

Evaluate | (x + 3y)dx from A (0, 1) to B (2, 5) along the curve y = 1 4 x?. 
Cc 

The line integral is of the form 

| (P dx + Qdy) 
Cc 

where, in this case, Q = 0 and c is the 

curve y=1+x?. 
O 1 g x 

It can be converted at once into an ordinary integral by substituting for y and 

applying the appropriate limits of x. 

2 
|| (Pdx + Qay) = | (x + 3y) dx = | Cees axe x 

(© Cc 0 

xe ‘ei 
= F342 | = 16 

2 0 

Now for another, so move on 
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31 Example 2 

Evaluate J = | (x* + y) dx + (x — y”) dy from A (0, 2) to B (3, 5) along the curve 
Cc 

Via 2X, 

I=] (Pdx+Qdy) 
JC 

PH=x*+yH=x7424+x=x7 4x42 

Q=x-y =x— (44+ 4x+2’) 

= —(x* + 3x +4) 

Alsoy=2+x .. dy=dx and the limits are x = 0 tox = 3. 

32 eels 

Because 

pa [ (GP 4x4 2)de— (2 43x44) aq 
0 

3 3 

| —(2x+2)dx= x? - 2x 15 
0 0 

Here is another. 

Example 3 

Evaluate =| (0? +2y) de +ay ay} from O (0,0) to B (1, 4) along the 
Cc 

curve y = 4x?. 

In this case, c is the curve y = 4x?. 

l= one 

Substitute for y in the integral and apply 
the limits. 

Then ee 
0.5 1 x 

Finish it off: it is quite straightforward. 
nner 



Integration 

$3 
Because 

=| {02 + 2y)dx + ay ay} Va Ax dy 8x dx 

Also x* + 2y =x? +8x* =9x?; xy = 4x3 

i= I {9x? dx + 32x4 dx} = i (9x* + 32x*) dx = 9.4 

They are all done in very much the same way. 

Move on for Example 4 

Example 4 34 

Evaluate I = | {(x? + 2y) dx + xy dy} from O (0, 0) to A (1, 0) along line y = 0 
Cc 

and then from A (1, 0) to B (1, 4) along the line x = 1. 

(1) OAS c7 is thelinie y — Oana dy,—.04 Sulpstitut- 

ing y = O and dy = Oin the given integral gives 

1 371 1 

Joa =| x dx = | == 
0 0 

Because 

4 

ie i {(1 + 2y)(0) + y dy} 

974 

210 

Then I = Joa + Ian =4+ 8 = 83 DS 8s 

If we now look back to Examples 3 and 4 just completed, we find that we have 

evaluated the same integral between the same two end points, but ............ 
innit 
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36 | along different paths of integration | 

If we combine the two diagrams, we have 

where c is the curve y = 4x” and cj +2 
are the lines y= 0 and x = 1. 

The results obtained were 

Ike = 92and Ie ie, — 83 
x Cc, 1 

Notice therefore that integration along two distinct paths joining the same 

two end points does not necessarily give the same results. 

37 Let us pause here a moment and list the main properties of line integrals. 

Properties of line integrals 

1 | Fas a | {P dx + Q dy} 

No | Fas & =| Fas and | {Pax + Qdy} = -[, (ras + Qdy} 

i.e. the sign of a line integral is reversed when the direction of the 
integration along the path is reversed. 

3 (a) Fora path of integration parallel to the y-axis, i.e. x = k, 

dy) ae | IEG Wa Y) a ie = | Qdy. 
cS c 

(b) For a path of integration parallel to the x-axis, i.e. y = k, 

dy=0. «. | Qay=0 4 Ie = | Pax. 
(© c 

4 Ifthe path of integration c joining A to B is divided into two parts AK and 
KB, then [- = Tap = Jax + Tp. 

5 In all cases, the function y = f(x) that describes the path of integration 
involved must be continuous and single-valued — or dealt with as in 
item 6 below. 

6 If the function y = f(x) that 

describes the path of integra- 

tion c is not single-valued for 

part of its extent, the path is 

divided into two sections. 

y =fi(x) from A to K 

y = fo(x) from K to B. 

Make a note of this list for future reference and review 
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Example 38 

Evaluate I || (x+y)dx from A (0, 1) to B (0, —1) along the semi-circle 
LG 

Rae yeti forw = 0: 

The first thing we notice is that 

the function y = f(x) that describes the 39 

path of integration c is not single-valued 

For any value of x, y= +V1 — x”. Therefore, we divide c into two parts 

() y=v l= x from’A to'K 

(2) y= —v1-— x? from K to B. 

As usual, J = | (P dx + Q dy) and in this particular 
Cc 

40 | 

2 1=| pax=| (2 ! vi=#) dx + | (x — V1 — x2) dx 

= [ wt VinP x4 V-Max =2[ v= was 
0 0 

Now substitute x = sin @ and finish it off. 
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At a 
NIA 

Because 

1 
1=2| V1—x2dx x=sin@d .. dx=cosédé 

0 

V1 —x2 =cosé 

Limits: x =0,0=0; x=1, 0 

n/2 om /2 

=a cos? add = | (1 + cos 26) dé 
JO 0 

sin 26)"/7 

= moe) 
pee 

2 

Now let us extend this line of development a stage further. 

| 42 Regions enclosed by closed curves 

A region is said to be simply 

connected if a path joining A and 

B can be deformed to coincide 

with any other line joining A and 

B without going outside the re- 

gion. 

Another definition is that a re- 

gion is simply connected if any 

closed path in the region can be 

contracted to a single point with- 

out leaving the region. 

Clearly, this would not be satis- 

fied in the case where the region 

R contains one or more ‘holes’. 

The closed curves involved in problems in this Program all relate to simply 
connected regions, so no difficulties will arise. 
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Line integrals round a closed curve 43 
We have already introduced the symbol } to indicate that an integral is to be 

evaluated round a closed curve in the positive (counter-clockwise) direction. 

y 

Positive direction (counter-clockwise) line integral 

denoted by } 

O 
x 

y Cc 

Negative direction (clockwise) line integral denoted 

by — f 

O 
x 

With a closed curve, the y-values on the path c cannot be single-valued. 

Therefore, we divide the path into two or more parts and treat each separately. 

X4 Xo xX 

(1) Use y=fi(X) for ALB (2) Use y = fo(x) for BMA. 

Unless specially required otherwise, we always proceed round the closed curve 

counter-clockwise direction 44 

Example 1 

Evaluate the line integral J = } (x? dx — 2xy dy) where c comprises the three 
c 

sides of the triangle joining O (0, 0), A (1, 0) and B (0, 1). 

First draw the diagram and mark in cj, C2 and c3, the proposed directions of 

integration. Do just that. 



Car 

45 

46 

47 

Complex Variables 

y 

1B 

C3 C2 

A 

O 
Cy 1 x 

The three sections of the path of integration must be arranged in a counter- 

clockwise manner round the figure. Now we deal with each part separately. 

(a) OAs ce; isthe liney = 0, dy: 

Then I = for dx — 2xy dy) for this part becomes 

J X16. al 1 
=| 2ar= == “== 

ey sl nee es 

(b) AB2 Gos theliney=1—y 2.-dy ==dx 

1 re ee (evaluate it) 

i 

Because cz is the liney=1—x .. dy=—dx. 

0 0 

I= | (9? de + 2x(1 — 2) dx} = | (2 42x — 242) ae 
1 J1 

0 350 

=| (2x — x”)dx = _ 8 he pee 
1 3 1 

Note that counter-clockwise progression is obtained by arranging the limits in 
the appropriate order. 

Now we have to determine J; for BO. 

(c) BO: c3 is the line x = 0 

BECAUSE fOTsC yet eee mean came amet ane Joay coon ()) ae ee) 

Finally, [= +h +h =1-24+0=-1 SST Bases 

Let us work through another example. 



Integration oo oom) 

Example 2 

Evaluate | y dx when c is the circle x? + y” = 4. 
G 

V+y=4 9 yp=tV4—xH2 

y is thus not single-valued. Therefore use 

y=v4-x2 for ALB between x=2 and 
x=-—2 and y=—v4-x? for BMA between 
= —— 2 an X02. 

yi =| veRax+ | VE 

= [vera = -2f va-Pan 

D 
=-4| V4 — x2 dx. 

0 

To evaluate this integral, substitute x = 2 sin 6 and finish it off. 

I =—4n 48 

Because 

¥=2sin6 ~. dx=2coséd@ |. V4—x2 =2cosé 

IbeaaV IR 20) a8 Oa OTe) : 

m/2 m/2 

i | 2cos 6 2cos0d0 = -16 | cos* 6 dé 
0 0 

1/2 : 26 m/2 

=-8| (1 + c0s 20) d0= 8/0445 | sat} 
0 0 

Now for one more 

Example 3 

Evaluate I = } {xy dx + (1+y”) dy} where c is the boundary of the rectangle 
Cc 

joining A (1, 0), B (3, 0), C (3, 2) and D (1, 2). 

First draw the diagram and insert Cj, C2, C3, C4. 

Mat Oi GS ee cc ee 
nn scatman 
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49 

Now evaluate I; for AB; Iz for BC; Iz for CD; I4 for DA; and finally J. 

Complete the working and then check with the next frame 

Here is the complete working. 

T= (xy dx+ (1+?) dy} 

(a) ABS Cimisty = ON dv iOF oti 

(Di BG Gals = 3) ard 

2 3 2 

h=| atyydy=|y+4] 43 n= 43 
(0) 3 0 

(CCD AG is ya 2 dy — 

il il 

2 i] 2x dx = >| = —8 =o 
3 3 

(GE IDA CANS os een) 

oO) 
a i= 

Wid 

3 O 

(1+y*)dy = y+ =-42 °Ib=-—4 
J2 2 

Finally 

l=h+h+h+h 

=O0p4e- 8 -4ee—g 9 fee 

Remember that, unless we are directed otherwise, we always proceed 
round the closed boundary in a counter-clockwise manner. 

On now to the next piece of work 
tte ep 
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Line integral with respect to arc length 51 

We have already established that 

i= | Feds =| {Pdx + Qdy} 
JAB AB 

where F, denoted the tangential force along the curve c at the sample point 

K (x, y). 
The same kind of integral can, of course, relate to any function f(x, y) which 

is a function of the position of a point on the stated curve, so that 

i= | f (ay) ds: 

This can readily be converted into an integral in terms of x. If és is an 

element of arc length then 

6S | by i 2 2 2 o —< 4/1 |, (ds) (6x)" + (6y)” and so ay + (2) 

d / 2 

In the limit as 6x — 0, se 1+ ( t) . Therefore 
dx x 

d 
T=| fe, y)ds=| fx nea 

Zz i f(x, y)\/1 4 (2 ax (1) 

a.| a 

Example 

Evaluate I =| (4x + 3xy) ds where c is the straight line joining O (0, 0) to 

Avtel, 2). 
c 

Cis the line y= 2x Uy 
als 

X=1 1 

2 | (4x + 3xy)ds = | (4x + 3xy)(v/S) dx. But pe 2x 
0 
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52 
Because 

1 1 

I= | (4x + 6x2)(V/5) dx = 2V'5 | (2x + 3x”) dx =4V5 
0 JO 

Try another. 

The path length of the parabola defined by y = x” betwen the values x = 0 and 

x = 2 is given by the integral 

i= | CS Se specs to 3 dp 
¢ 

53 3.393 to 3 dp 

Because 

2 dy 

[=| d= 1+ (St) ax 
fe e=()) dx 

2) 
= | Wil 4k Breabe 

x=0 

Let w= 1 + 2x so that du = 2dx and so 

=| wi fy 
(=i 

=35?"|, 
og 1/2 =5 (125 = 1) 

SOU tO Up 

| 54 Parametric equations 

When x and y are expressed in parametric form, e.g. x = f(t), y= g(t), then 

ds dev au fd el dx\* /dy\? 
a= (2) +(2) ae a= /(®) +(3) dt 

and result (1) above becomes 

[ flex yas = i f(x, yy (2) 4 (2 dt (2) 

Make a note of results (1) and (2) for future use 

fe 
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Example 
95 

Evaluate I = 4xyds where c is defined as the curve x=sint, y =cost 
ic 

between t = 0 and t = 

We have x=sint .. o = cost 

dy = 0s es y = cos al sint 

ds _ Gace 

ds a 56 
Ep 1 

Because 

ds dx\? dy 2 eae ep es eS tele past No 2 arr o dt ((@) +(3) COSA ES SSiln a —sl 

to dy a, 
ie if = , —_ a — i [ f(x » (2) +(}) dt | 4sint costdt 

m/4 7/4 

=2| sin 2rat = -2| °° = babes teal 
0 0 

Dependence of the line integral on the path of integration 

We saw earlier in the Program that integration along two separate paths 

joining the same two end points does not necessarily give identical results. 

With this in mind, let us investigate the following problem. 

Example 

Evaluate I = } {3x*y* dx + 2x*y dy} between O (0, 0) and A (2, 4) 
Cc 

(aysalong cj 1e. y= 77 

(b) along cz i.e. y = 2x 

(c) along c3 i.e. x = O from (0, 0) to (0, 4) and y = 4 from (0, 4) to (2, 4). 

Let us concentrate on section (a). 

First we draw the figure and insert relevant information. 

iSieives meaeree ele 
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57 | 

(a) I= | {3x7y dx + 2x°y dy} 

The pataicg iss Ue ahi — Pas 

2 2 
el | (3x7x* dv 2x 2x dx) | (3x° + 4x*) dx 

0 0 
2 

SS 

ee eee Al 

58 
Because wither. Wee zke Umea te 

2 2 

"Ip =| {3x2 4x? dx + 2x° 2x2 dx} = 20x* dx 
JO JO 

2 

=4|35] = 12870 Le 
0 

(c) In the third case, the path cz is split 

x = 0 from (0, 0) to (0, 4) 

y = 4 from (0, 4) to (2, 4) 

Sketch the diagram and determine Js. 

= 
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1 2 x 

Frome) 70) 10 (0,4) x=0° = dx=0 =i, —0 
2 

From(0,/-4) to (2, 4) “y=4° S-dy=0 2Uiby= 48 | x7dx = 128 
0 

oo (= WAS 

On to the next frame 

In the example we have just worked through, we took three different paths 

and in each case, the line integral produced the same result. It appears, 

therefore, that in this case, the value of the integral is independent of the path 

of integration taken. 

How then does this integral perhaps differ 

from those of previous cases? 

Let us investigate 

We have been dealing with I = 

On reflection, we see that the integrand 3x*y? dx + 2x%y dy is of the form 
P dx + Q dy which we have met before and that it is, in fact, an exact differential 

of the function z = xy”, because 
OZ 2.2 Dies 
ves y~ and ee y 

Provided P, Q and their first partial derivatives are finite and continuous at all 

points inside and on any closed curve, this always happens. If the integrand of 

the given integral is seen to be an exact differential, then the value of the line 

integral is independent of the path taken and depends only on the coordinates of the 

two end points. 

{3x7y? dx + 2x3y dy} 
(oe 

Make a note of this. It is important 
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Complex Variables 

If I =| {Pdx + Qdy} and (Pdx + Qdy) is an 
Cc 

exact differential, then 

le Fale, 

If we reverse the direction of cz, then 

I, = ly 

i.e. Ic, ale = O 

O 
x 

Hence, if (Pdx + Q dy) is an exact differential, then the integration taken round a 

closed curve is zero. 

*. If (Pdx + Qdy) is an exact differential, (Pax +Qdy)=0 

Example 1 

Evaluate I =| {3y dx + (3x + 2y) dy} from A (1, 2) to B (3, 5). 
€ 

No path is given, so the integrand is probably an exact differential of some 
oP OQ 

nection Z=jiGe. ve Invtac ay Dx 

We have already dealt with the integration of exact differentials, so there is 

no difficulty. Compare with J = | {P dx + Qdy}. 
Cc 

Pao =3y a z= |3ydx = 3xy + Fl) (1) 

Q= 5 = 3x+2y *, Z= | (x+2y) dy = 3xy+ y* 4 F(x) (2) 

For (1) and (2) to agree 
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FO) =") Fx) =0 64 

Hence z = 3xy + y? 

( 
- r= | {3y dx + (3x + 2y) dy} =| d(3xy + y”) 

c (1, 2) 

= |3xy+ a 

Slee Dey oe 
= 60 

Example 2 

Evaluate I = | {(x? + ye*) dx + (e +y) dy} between A (0, 1) and B (1, 2). 
Cc 

As before, compare with | {P dx + Qdy}. 
i 

pad Eyres? ee 
aig Fake + ye* ZS Seeks whos om 

OZ 
=i pe metic VAS — Sere er en decir 

Continue the working and complete the evaluation. 

When you have finished, check the result with the next frame 

z= 4+ ye +F0) ~ | 
y 

Z= ye’ +5 + F(x) 

2 3 
For these expressions to agree, iy) = = F(x) = = 

x3 y? (1, 2) 

Then [= Pye" +] 
: 2 J(0, 1) 

5 
=—+2 gt 2e 

So the main points are that, if (Pdx + Qdy) is an exact differential 

(a)-l= | (P dx + Qdy) is independent of the path of integration 
Cc 

(b= | (P dx + Qdy) is zero when c is a closed curve. 
Cc 

On to the next frame 
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| 66 Exact differentials in three independent variables 

A line integral in space naturally involves three independent variables, but the 

method is very much like that for two independent variables. 

dw = Pdx + Qdy + Rdz is an exact differential of w = f(x, y, Z) 

OP 300, “OP TOR, “ORs a0) f 
OV BOX: te Fe ROE OY OZ 

If the test is successful, then 

(a) (P dx + Qdy + Rdz) is independent of the path of integration 

(b) | (P dx + Qdy + Rdz) is zero when c is a closed curve. 
e: 

Example 

Verify that dw = (3x*yz + 6x)dx + (x3z — 8y)dy + (x%y + 1)dz is an exact diffe- 

rential and hence evaluate | dw from A (1, 2, 4) to B (2, 1, 3). 
G 

First check that dw is an exact differential by finding the partial derivatives 

above, when P = 3x*yz + 6x; Q = xz — 8y; and R= x*y +1. 

WAV MENTE 5 Sec g a8 ones 

OP OQ 
— = 27. ——_ = 2 7: a ay OKC: x Fo ule ay ax 

OP OR OP OR 
ee 8 eae ——— 2 Z — = — 

OZ ee OX 4 ; Oe. ay 

) Go . OR .0aQ 
Oy / On a OV 02 

*. dw is an exact differential 

Now to find w. pig oe on OW 
Ox Oy OZ 

Ow ae oh 
* ay: = 3x*yz + 6X SW | (3x“yz + 6x)dx 

=X yz + 3x7 427 (y,2) 

os = x°z-—8 Mohn bee: dy y ala gs mars 

= x°zy — 4y” + F(x,z) 
Ow 3 emt 
a eee te w= | (x°y+1)dz 

=x*yZ+Z+8(x,y) 
For these three expressions for z to agree 

BO Se 4 ent reer Petal aie A rae enn rpc Pee ae eee 
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[r (y,2)=—4y"; F(x,z) =z; g(x, y) = 32x" 

Wek yore ox 4) 7 
(2, 1,3) 

7 ve + 3x2 — 4y? 4 | 
(1,2, 4) 

69 
@ 53) 

Because 

i= xyz HE = GT ae | 
(1,2, 4) 

= (244+ 12—-443)—-(8+3-16+4) = 36 

The extension to line integrals in space is thus quite straightforward. 

Finally, we have a theorem that can be very helpful on occasions and which 

links up with the work we have been doing. 

It is important, so let us start a new section 

Green’s theorem 

Let P and Q be two functions of x and y M 70 

that are, along with their first partial 

derivatives, finite and continuous inside 

and on the boundary c of a region R in the 

x-y plane. yP O - 

If the first partial derivatives are continuous within the region and on the 

boundary, then Green’s theorem states that 

OP OQ 
— ——— ] dxdy = —» (Pdx d 

Ale a) 4 p saree 

That is, a double integral over the plane region R can be transformed into a 

line integral over the boundary c of the region — and the action is reversible. 

Let us see how it works. 
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Example 1 

Evaluate [ = | {(2x — y) dx + (2y + x) dy} around the boundary c of the ellipse 
Cc 

x? + Oy? = 16. 

The integral is of the form I = | {P dx + Qdy} where 

OP 
oy ~ 

aa 2Xkea 

AQ 

[EB 
and) QO 2y--x 

71 the area of the figure 

In this case, then, I = 2A where A is the area of the ellipse 

x7 +9y7=16 ie ee 

4 
a= 4; d= = 

A=nab =~" 

o2 [I =2A=-* 

To demonstrate the advantage of Green’s theorem, let us work through the 
next example (a) by the method of line integrals, and (b) by applying Green’s 
theorem. 
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Example 2 

Evaluate I = } {(2x + y) dx + (3x — 2y) dy} taken in counter-clockwise manner 
Cc 

round the triangle with vertices at O (0, 0), A (1, 0) and B (1, 2). 

T= {(2x-+y) dx + (3x — 2y) dy} 

O 

(a) By the method of line integrals 

There are clearly three stages with ci, C2, cz. Work through the complete 

evaluation to determine the value of J. It will be good review. 

When you have finished, check the result with the solution in the next frame 

roo, 72 

(Aye Cis oe CV) 

1 il 

ice | et ae 
JO (0) 

(2) cis x=) dx 0 

(Sees ieee Oy eK 

0 
a ee | {4x dx + (3x — 4x)2 dx} 

1 
0 0 

=| 2x 0X = >| =) oe) Loe 
1 1 

P=hth4+h=14+24+(-1)=2 .. l=2 

Now we will do the same problem by applying Green’s theorem, so move on 
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73 (b) By Green’s theorem 

T=} {(2x+ y)dx-+ (3x — 2y) dy} 
JC 

oP A oe 

OP OQ 

ii |, ies oa Sag 

Pia Weis LS oho ocn ovens 

Ri 2k ay. 

14 [=2 

Because 

r=-| | (—3)dxay 

=2| | axay = 2 
R 

= 2. the area of the triangle 

= 2 41=2. 2 f=2 

Application of Green’s theorem is not always the quickest method. It is 

useful, however, to have both methods available. If you have not already done 

so, make a note of Green’s theorem. 

OP oO) eel 
ie \(F - =) dxdy = } (Pax + Qdy) 

75 Example 3 

Evaluate the line integral J = | {xy dx + (2x — y) dy} round the region bounded 
Cc 

by the curves y = x” and x = y” by the use of Green’s theorem. 

Points of intersection are O (0, 0) and A (1, 1). 

P and Q are known, so there is no difficulty. 
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Bed 76 

Here is the working. 

1=$ {yar + (2x — y) dy} 

} (Pas + Qdy} = -IG-3) dx dy 

: p= @—2)(vE— 4) ax 

= -| a en dx 
0 
eT a a ene TE 
Fe feos SR FAO 

Before we finally leave this section of the work, there is one more result to 

note. 

In the special case when P = y and Q = —x 

OP OQ 
a and a 

Green’s theorem then states 

if ja — (—1)}dxdy = -$ (Pdx + Q dy) 

—1 

ie, 2| [axay=—$ (y dx — xdy) 
R c 

= (xdy ~ yay 
JC 

Therefore, the area of the closed region 

A=| [axay=54 (x dy — ydx) 
R 2 € 

Note this result in your record book. Then let us see an example 
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77 Example 1 

Determine the area of the figure enclosed by y = 3x” and y = 6x. 

Points of intersection: 

3x7 =6x .. x=Oor2 

Area A =34 (x dy — ydx) 
Cc 

We evaluate the integral in two parts, i.e. OA along c; 

and AO along c2 

24 =| (xdy—ydx) + | (xdy—ydx)=h+h 
c; (along OA) C2 (along AO) 

eV cisy = ox edly ox. dy 

2 2 2 
ei =| (6x7 dy 370 dx) >| 3x7 dx -|s =8 

0 0 0 

y= s 

Similatlye ot tee ae 

78 TE ea0 

Because 

ois y= 6x ~~ edy=6dx 

0 
Kt ig | (6xdx—6xdx)=0° > ib =0 

2 

. l=h+k=8+0=8 .,. A=4 square units 

Finally, here is one for you to do entirely on your own. 

Example 2 

Determine the area bounded by the curves y = 2x, y= x3 + 1 and the axis 
2 == or 5 SO), 

Complete the working and see if you agree with the working in the next frame 
LLL CL 



Integration 

Here it is. 
79 

y = 2x’; y=x° +1; yaa) 

Point of intersection 

Oey eee ee 1 

Area A=54 (x dy — ydx) 
2 Jc 

ae Ae (x dy — ydx) 

(a) OA: crisy=2x? +, dy= 6x2 dx 

1 
fe =| (dy — ydx) = | (Gx dye 2 dx) 

Cy 0 

uy il 

= | avtar= [x4 = So lt=A 
0 0 

(b) ABs: eos yea) 3) dy Si3x2dx 
0 0 

Bae | (3x° dx — (8° + 1) dx} = | CEs Sabla 
1 1 
x4 ® 

(C) BOP ecs isa 0S dx=0 

v=0 

h=| (xdy —ydx) =0 fe es) 
Y= 

) 2A=thelh+h+k=1+5+0=13 

*. A =} square units 

And that brings this Program to an end. We have covered some important 

topics, so check down the Summary and the Can You? checklist that follow 

and review any part of the text if necessary, before working through the Test 

exercise. The Further problems provide an opportunity for additional 

practice. 
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IF) Summary 

80 1 Differentials dy and dx 

(a) 

(Db) i Za ae} dz = 5 d+ 5 dy 

I Z2=fX9,W)s dz= = +5 y+ = aw 

(c) dz = Pdx+Qdy, where P and Q are functions of x and y, is an 

eee OF ar OO) 
exact differential if Dn oe 

Line integrals — definition 

1=| fix y)ds= | (Pax + Qay) 
G ce 

Properties of line integrals 

(a) Sign of line integral is reversed when the direction of integration 
along the path is reversed. 

(b) Path of integration parallel to y-axis, dx=0O -, I. = | Qdy. 
Cc 

Path of integration parallel to x-axis, dv=0 ©. I, = P dx. 
JC 

(c) The y-values on the path of integration must be continuous and 
single-valued. 

Line of integral round a closed curve | 

Positive direction’ counter-clockwise 

Negative direction (f clockwise, ieg = -*p. 
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5 Line integral related to arc length 

i |. Fas = [pa + Qdy) 

= | f(x, y)4/1+ (er dx 

With parametric equations, x and y in terms of t, 

1=| F(x y)ds= [ F(x, ») | ae (aa dt 
6 Dependence of line integral on path of integration 

In general, the value of the line integral depends on the particular path of 

integration. 

7 Exact differential 

If Pdx + Qdy is an exact differential where P, Q and their first derivatives 

are finite and continuous inside the simply connected region R 

OP ~ 0Q 
(a) ay Fh 

(a)y l= | (Pdx+Qdy) is independent of the path of integration 

where ¢ lies entirely within R 

(Cc) | (Pdx+Qdy) is zero when c is a closed curve lying 

: entirely within R. 

8 Exact differentials in three variables 

If Pdx+Qdy+Rdz is an exact differential where P, Q, R and their first 

partial derivatives are finite and continuous inside a simply connected 

region containing path c 

OP OQ OP “OK OK nt0Q 

OV Ox Or Ox ayOy OZ (a) 

(b) | (P dx + Qdy + Rdz) is independent of the path of 
c 

integration 

(Cc) } (P dx + Qdy + Rdz) is zero when c is a closed curve. 
Cc 

9 Green’s theorem 

{= OQ 

Lay Ox } la } (Pax + Qdy) = | 
JR. 

and, for a simple closed curve 

} (xdy ~ yx) = Z|" 

where A is the area of the enclosed figure. 
cS 

dxdy =2A 



4 Can You? 

Complex Variables 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: 

e Evaluate double and triple integrals and apply them to the 

determination of the areas of plane figures and the volumes of 

solids? 

Yes La | eet LJ No 

e Understand the role of the differential of a function of two or 

more real variables? 

Yes | | No 

e Determine exact differentials in two real variables and their 

integrals? 

Yes No 

e Evaluate the area enclosed by a closed curve by contour 

integration? 

Yes No 

e Evaluate line integrals and appreciate their properties? 

Yes No 

e Evaluate line integrals around closed curves within a simply 

connected region? 

Yes No 

e Link line integrals to integrals along the x-axis? 

Yes No 

e Link line integrals to integrals along a contour given in 

parametric form? 

Yes ial [ | y i No 

e Discuss the dependence of a line integral between two points 

on the path of integration? 

Yes ie [call L] el el No 

e Determine exact differentials in three real variables and their 

integrals? 

Yes ral L] LJ a L] No 

e Demonstrate the validity and use of Green’s theorem? 

Yes: (ols Eee vey eae NG 

Frames 

D> wa 

GD» 

>» @ 

> @ 

»@ 

2 » @ 

> SH 

) » 

(25) © (65) 

= » 

TD » @ 
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Test exercise 7 

1 Determine the differential dz of each of the following. 82 

(ajezi=x COs sy, (b)'2—c sin 4x, (c) 2 — xy 

2 Determine which of the following are exact differentials and integrate where 

appropriate to determine z. 

(a) dz = (3x7y* + 8x) dx + (4x3? — 15y7) dy 

(b) dz = (2xcos 4y — 6sin 3x)dx — 4(x* sin 4y — 2y) dy 

(c) dz = 3e**(1 — y) dx + (e* + 3y”) dy. 

3 Calculate the area of the triangle with vertices at O (0, 0), A (4, 2) and B (1, S). 

Evaluate the following. 

(a) I= f.{(x? — 3y)dx+xy? dy} from A (1,2) to B (2, 8) along the curve 

y= 2x") 

(b) I = {.(2x + y) dx from A (0, 1) to B (0, — 1) along the semicircle x? + y? =1 

for x > 0. 

(c) I= $.{(1 + xy) dx + (1 +x?) dy} where c is the boundary of the rectangle 

joining A (1, 0), B (4, 0), C (4, 3) and D (1, 3). 

(d) I = {.2xyds where c is defined by the parametric equations x = 4cos@, 

y =4sin6@ between 6 = 0 and =3. 

(e) I= f.{(8xy + y?) dx + (4x? + 3xy) dy} from A(1, 3) to B(2, 1). 

(f) T= ${(3x+y) dx + (y—2x)dy} round the boundary of the ellipse 

Aye = ot 

5 Apply Green’s theorem to determine the area of the plane figure bounded by 

the curves y = x° and y = yx. 

6 Verify that dw = (2xyz + 2z — y”)dx + (xz — 2yx)dy + (xy + 2x)dz is an exact 

differential and find the value of 

| dw where 
(es 

(a) c is the straight line joining (0, 0, 0) to (1, 1, 1) 

(b) c is the curve of intersection of the unit sphere centered on the origin and 

the planex+y+z=1. 

a 
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Complex Variables 

| 83 1. Showthat I = {.{xy?w? dx + x°yw? dy + x’y?w dw} is independent of the path of 
integration c and evaluate the integral from A (1, 3, 2) to B (2, 4, 1). 

a 

OW 

4 

on 

7 

8 

10 

Determine whether dz = 3x?(x? + y”) dx + 2y(x3 + y*) dy is an exact differential. 
If so, determine z and hence evaluate |. dz from A (1, 2) to B (2, 1). 

xdy — ydx 

ie + Vea 
of the segment formed by the arc of the circle x? + y* =4 and the chord 

V=2—xX Torx 0. 

Evaluate the line integral i=4 } where c is the boundary 
Cc 

Show that 

I= [ {(3x? siny + 2sin 2x + y>) dx + (x3 cosy + 3xy?) dy} 

is independent of the path of integration and evaluate it from A (0,0) to 

Evaluate the integral J = {. xy ds where c is defined by the parametric equations 

x = cos’ t, y = sin’ t from t = 0 to t=5. 

xdx ydy 
x2 —y2 x2 — y2 

evaluate z = f(x, y) from A (3, 1) to B (S, 3). 

Verify that dz= for x? >y? is an exact differential and 

The parametric equations of a circle, center (1, 0) and radius 1, can be expressed 
as x = 2cos” 6, y = 2cos@sin 68. 

Evaluate I = {.{(x +y)dx+x?dy} along the semicircle for which y > 0 from 
© (0,0) to A (2,0). 

Evaluate ¢ {x3y? dx + x?y dy} where c is the boundary of the region enclosed by 
the curve y = 1 — x2, x =0 and y = 0 in the first quadrant. 

Use Green’s theorem to evaluate 

ie | {(4x + y) dx + (3x — 2y) dy} 

where c is the boundary of the trapezium with vertices A (On) B (S81 )) Gas) 
ance) (les), 

Evaluate I = |_{(3x2y* + 2 cos 2x — 2xy) dx + (2x3y + 8y — x2) dy} 
(a) along the curve y = x? — x from A (0, 0) to B (2, 2) 

(b) round the boundary of the quadrilateral joining the points (1, 0), (3, 1), 
(2, 3) and (0, 3) 
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11. Verify that dw =Tax+7d Faz is an exact differential and find the 

value of 

| aw 
(S 

where Cc is the straight line joining (0, 0, 1) to (1, 2, 3) for either region z > 0 or 

205 
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Complex calculus 

Learning outcomes 

When you have completed this Program you will be able to: 

Appreciate when the derivative of a function of a complex variable 
exists 

Understand the notions of regular functions and singularities and be 

able to obtain the derivative of a regular function from first principles 

Derive the Cauchy—Riemann equations and apply them to find the 
derivative of a regular function 

Understand the notion of an harmonic function and derive a 

conjugate function 

Evaluate line and contour integrals in the complex plane 

Derive and apply Cauchy’s theorem 

Apply Cauchy’s theorem to contours around regions that contain 
singularities 

Define the essential characteristics of and conditions for a conformal 
mapping 

Locate critical points of a function of a complex variable 

Determine the image in the w-plane of a figure in the z-plane under a 
conformal transformation w = f(z) 

Describe and apply the Schwarz—Christoffel transformation 

248 



Complex calculus 

In Program 7 we introduced the ideas of mapping from one complex plane to 4 : 
another and considered some of the more common transformation functions. 
Now we pursue our consideration of the complex variable a little further. 

Differentiation of a complex function 

In differentiation of a function of a single real variable, y = f(x), the derivative 

of y with respect to x can be defined as the limiting value of es as 

6x tends to zero. 

Uy CES Nel Mears ete 4) 
ep {i oe fo) = [1 1m ox 

6x0 

i.e. 

x X+6X XxX 

In considering the differentiation of a function of a complex variable, 

w = f(z), the derivative of w with respect to z can similarly be defined as the 

limita enya Oley, ute, tae as 6z tends to zero. 

(w+ow)—w . f(z+6z)—f(z) 2 
-—_—__—_— ie. 

6Z 6Z 

Now, of course, we are dealing in vectors. 

Z-plane 

If P and Q in the z-plane map onto P’ and Q’ in the w-plane, then 

P’Q’ 0 (Wo ale ow) = Me) = f (Zo aia 6Z) — f (Zo) 

Ow 
Therefore, the derivative of w at P’ (z = Zo) is the limiting value of ae as 

: dw ; f (Zo + 6z) — feo p (=) 
e. || =L — im 7 Owe eae Lim | ie ne) 

If this limiting value exists — which is not always the case as we shall see — the 

function f(z) is said to be differentiable at P. 



Complex Variables 

Also, if w = f(z) and f’(z) has a limit for all points zo within a given region 

for which w = f(z) is defined, then f(z) is said to be differentiable in that 

region. From this, it follows that the limit exists whatever the path of 

approach from Q (z = Zo + 6z) to P (z = Zo). 

Regular functions and singularities 

A function w = f(z) is said to be regular (or analytic) at a point z = Zo, if it is 

defined and single-valued, and has a derivative at every point at and around 

Zo. Points in a region where f(z) ceases to be regular are called singular points, 

or singularities. 

A function of a complex variable that is analytic over the entire finite 

complex plane is called an entire function. Examples of entire functions are 

polynomials, e’, sinz and cos z. 

We have introduced quite a few new definitions, so let us pause here while 

you make a note of them. We shall be meeting the various terms quite often. 

3 In those cases where a derivative exists, the usual rules of differentiation 

apply. For example, the derivative of w = z” can be found from first principles 

in the normal way. 

w=2? 7. w+éw=(z+6z)? = 2? + 2262 + 627 

, 6W= 2767+ 62-7, ow = 2a + 8 

dw 
aaa Lim (2z + 6z) = 2z and does not depend on the path along which 6z 

6z—0 

tends to zero. 

That was elementary. Here is a rather different one. 

Example 

To find the derivative of w = zz where z = x + iy and Z = x — iy. 

We have w=2Z .. w+6w= (z+ 6z)(Z+6z) from which 

owl 
Bp 

| 4 Linea 
oxen pete 

Because 

w + dw = (z+ 6z)(Z + 6Z) = zZ + 26z + 26Z + 626z 

= oe éb 1Z 
’. OW=76Z4+ 26Z+6z6Z .. Oe a eds 

OZ OZ 

, ; = : ow. 
Now since z= x + iy and z = x — ly, we can express br in terms of x and y. 

Z 

OW 

bz 
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Because 

Z= XH Iy Be eae ee OZ OX IOV. 

Z=xX—ly .. 6Z=6x- iby " 6z 6x + iby 

Warez : : Then ee of a + 6Z gives the expression quoted above. 

Q Zo + 82) 

The next step is to reduce 6z to 

zero. But 6z consists of 6x + idy 

and so reducing 6z to zero can be 

done in one of two ways. 

(1) First let 6y — O and afterwards 

let 6x — 0. 

éw ; Le as 
If dv +0, br tT AT) Ox 

Then aes Limix— ty + x ty + ox! 
dZ 6x0 
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On the other hand, we could have reduced 6z to zero in the second way. 

(2) First let 6x +0 and afterwards let 

” = 

P 

O 
x 

éw ;  , { OX — 1éy ; 
ee yn 6x — 16 We have 45 ae iy + (x+y) {aN x — 16y 

If 6x 0 = x — iy + (x + iy)(-1) — iby = —2yi — iby 

Then ous = Lim {—2yi — iby} = —2yi 
dz b6y—0 

d F 
So, in the first case, a = 2x and in the second case ad = —i2y. 

These two results are clearly not the same for all values of x and y —- with one 

exception, i.e. 

v4 WG ie =e 

Therefore w = zz is a function that has no specific derivative, except at z = 0 - 

and there are others. It would be convenient, therefore, to have some form of 

test to see whether a particular function w = f(z) has a derivative f’(z) at 

Z= Zo. This useful tool is provided by the Cauchy—Riemann equations. 

Cauchy-Riemann equations 

The development is very much along the same lines as in the previous 

example. If w = f(z) =u + iv, we have to establish conditions for w = f(z) to 
have a derivative at a given point z = Zo. 

w=u+iv .. dw=6u-+ idv; Z=xX+iy .. 6z=6x+ iby 

Then f'(e) = Ge = Lim {HEEY Li eed (1) 
by 

(a) Let 6x — 0, followed by é6y > 0 

Then from (1) above, f'(z) = ue ee et A, 
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dw ov _du 8 
dz Ody dy 

Because 

by—0 

sip il La aialo) 6 f(z) = Lim | Be a { Vv Ou mov ,Ou 2) 

5y0 idy dy dy Oy oy 

We use the ‘partial’ notation since u and v are functions of both x and y. 

Or (b) Let dy — 0, followed by 6x — 0. 

LIS IVES eae nee 

dw us Ou ‘ Ad 9 

AZ = OX LOX 

Because 

re ma (Bf) 3 
If the results (2) and (3) are to have the same value for f’(z) irrespective of the 

path chosen for 6z to tend to zero, then 

OURO VOl OL! 10 
ar i 1 

Equating real and imaginary parts, this gives 

Ou OV ae Ov Ou 

Ox Oy Bee | Siayy. 

These are the Cauchy—Riemann equations. 

So, to sum up: 

A necessary condition for w = f(z) = u + iv to be regular at z = Zo is that u, v 

and their partial derivatives are continuous and that in the neighbourhood 

Ol 125 

Ou OV OV Ou 
—=— and = 
Oxee OY. Ox oy 

Make a note of this important result — then move on to the next frame 
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We said earlier that where a function fails to be regular, a singular point, or 

singularity occurs, for example where w = f(Z) is not continuous or where the 

Cauchy-Riemann test fails. 

Exercise 

Determine where each of the following functions fails to be regular, i.e. where 

singularities occur. 

1 
1 w=272-4 4 WE ea 

Zz Pa 
255 = abe 5 W=ZZ | 

J waits 6 w= 

Finish all six: then check with the next frame 

12 Conclusions: 

1 Putting z=x+iy, the Cauchy-Riemann conditions are satisfied every- 

where. Therefore, no singularity in w = z? — 4. 

2 The function becomes discontinuous at z = 2. Singularity at z = 2. 

3. The function is discontinuous at z = —1. Singularity at z= —1. 

4 Singularities at z= 2 and z=3. 

5 We have already seen that w = zz has no derivative for all values of z apart 

from z = 0. All points on w = zz are singularities. 

6 Singularity occurs where x? + y? =0, ie.x=Oandy=0.. z=0. At all 
other points the Cauchy—Riemann equations do not hold. 

Harmonic functions 

13 If a function of two real variables f(x, y) satisfies Laplace’s equation 

OF, y) . OF (e, y) ws 

Ox? Oy? 

then we say that f(x, y) is an harmonic function. It is relatively straightforward 

to demonstrate that the real and imaginary parts of an analytic function are 
both harmonic. 
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Let f(z) = u(x, y) + iv(x, y) be an analytic function in some region of the 
z-plane. Because f(z) is analytic the Cauchy-Riemann equations hold true. 
That is 

Ou OV Ou OV 
—=— and —= 
Ox Oy Oy Ox 

Differentiating the first with respect to x and the second with respect to y 

shows us that 

Fu eon. co Og O- Van Veal! 

0x2 Oxdy Oy2— AyOx— Axdy— OX 

Cu OU 
and so Awe) + ay al) 

By a similar reasoning 

6... 2 .. 

OX oy S 

Ova Vee ‘ 14 

Because 

ig ou re CE Ot Vee av 

Ox2 — OxOy Oy2  OyOx Oxdy —- Ox? 

2y OfY 
and so nye se ay2 =a) 

The functions u(x, y) and v(x, y) are called conjugate functions. In addition, the 

curves u = constant, v = constant are orthogonal. 

Example 1 

Show that the real and imaginary parts of the function defined by f(z) = z are 

harmonic. 

(2) a 
= (x+iy)’ 
= (x? — y*) + idxy 

and so u = x* — y” and v = 2xy and therefore 

2 2 B21 2 
a + a Se ri nr ey and ay xP = Re ee 
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15 

Because 

a= sO ou 2 and men sO a= -2 

therefore 4 4 i ==) 

and 

a = Dy SO FY =0 nd a sO 0 

therefore Zs ay " =. 

Example 2 

Show that u(x, y) = x*y — yx is an harmonic function and find the function 

v(x, y) that ensures that f(z) = u(x,u) + iv(x, y) is analytic. That is, find the 

function v(x, y) that is conjugate to u(x, y). 

ae oe ae ee 

Ie au, Bu _ 
Ox Oye 

Because 

OU age 3 Pu GUM ae 5 Pu 
[Pics Vere Vets SO Byz = OX and apne — 3y°x so as 6xy 

Ou ou 
therefore Bxz aie aye =a) 

This means that u(x, y) = xy — y°x is harmonic. 

Now, if f(z) = u(x,u) + iv(x, y) is analytic then u(x, y) and v(x, y) satisfy the 
patter she tee ete equations. 
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Cauchy-—Riemann | 17 

That is 

Cum) _ OV 
eae ot by 

and 

Cle OV By 78 3Px=— 5 

O 
Integrating ey = 3x’y — y? with respect to y gives 

Seo eales 18 
4 

Because 

OV 
—=3x’y—y and so x is treated as a constant and the integral of y” 
oy 
is y"*1/(n +1). 

Did you miss the constant term in the form of a(x)? Because x is treated as a 
constant, the integration determines y up to an expression involving x. Differentiate 

the result with respect to y and you will reclaim the original form for ay’ 

Now, differentiating this expression with respect to x gives 

OV 2 1 9 

Ox 

Because 

v(x, y) = sie ~*~ 7 +a(x) and so es = 3xy” + a'(x) and this is equal to 

ou ay’ Now -5 = —x3 + 3y’x and so 
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a'(x) = —x? giving a(x) = — 

By" : 

yy 
Therefore v(x, y) = 

Because 

0 Ou 
Comparing - = 3xy” + a’(x) and ie —x3 + 3y?x 

where _ = 5 then it is seen that a’(x) = —x?. 

4 Bey? yh yd 
Therefore a(x) = -= + C giving v(x, y) = 7" 2 a ae a 

Try one for yourself. 

Example 3 

Given u(x, y) =e * cosy, show that u(x, y) is an harmonic function and find 

the function v(x, y) that ensures that f(z) = u(x, y) + iv(x, y) is analytic. That 

is, find the function v(x, y) that is conjugate to u(x, y). 

Cee One 
Ox2 Oy2 =e Safieirefie) is rata ea: wie -a 

21 Pu Fu _ 4 
Ox2 Oy? 

Because 

U—€ * COSY so - —e*cosy and ace —@ - cusy 
i. fe as y Ox2 ‘7 

Ou ie ¢ Ou es ai eee sai! 
Also By =-—e *siny so ay? =e. Cosi. Unererore Axe tes = O, that is 

u(x, y) is harmonic. The conjugate function v(x, y) is then 

bb op a es areata rte 

22 v=-e“*siny+C 

Because 
5 ay 

By the Cauchy—Riemann equation a = a“ =-—e*cosy. Integrating with 
¢ 

respect to y gives v= —e “siny + a(x). Differentiating this with respect to x 
‘ OV ea j 

gives a e“ siny + a(x). 

+ OV OU a ee Now, by the other Cauchy-Riemann equation pick ae “siny, so that 
* be 

a(x) = 0 giving a(x) = C. Therefore, v = —e* siny + C. 

Now we shall look at complex integration. Move to the next frame ne ee en Senne aa ed Maa ae el ae ey 
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Complex integration 

At the beginning of this Program, we defined differentiation with respect to z 
in the case of a complex function, since z is a function of two independent 
variables x and y, i.e. z= x+iy. Complex integration is approached in the 
same way. 

Z=x+iy and w=f(z)=u+iv where wand vare also functions of x and y. 

Also dz=dx+idy and dw=du+idv 

[waz =| ple) de = [w+ ivy(ax + fay) 

= |{(uax—vdy) + i(vax +uay)} 

[re Oe = [wax —vdy)+ i|(wax +udy) 

That is, the integral reduces to two real-variable integrals 

|(uax —vdy) and Jovrax +udy) 

Note that each of these two integrals is of the general form (pax +Qdy) 

which we met before during our work on line integrals and, in the complex 

plane, this rather neatly leads us into contour integration. 

Let us make a fresh start 

Contour integration — line integrals in the z-plane 24 

If z moves along the curve’c in-the 

z-plane and at each position z has 

associated with it a function of z, i.e. 

f(z), then summing up f(z) for all such 

points between A and B means that we 

are evaluating a line integral in the 

z-plane between A (z=2Z;) and B 

(2= 729) along the Curve ¢-1.e. we ate 

y Z-plane 

evaluating | f(z) dz where c is the particular path joining A to B. 
G 

The evaluation of line integrals in the complex plane is known as contour 

integration. Let us see how it works in practice. 
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95 Example 

Evaluate the integral | f(z) dz where f(z) = (z— i)” and c is the straight line 
JC 

joming ANZ = 0) to B(zZ— 1-21), 

| . 

ji | LoXo WY, (AZ ax roy 
| 

fae Si Se rigshrer 0) size) 

ath [te —y* + 2y — 1) + i(2xy — 2x)}{dx + idy} 

£02 = yoy = l\dx—\2xy — 2a) are 

+i] {(2xy ~ 2x) dx + ay oy yy 

Now the equation of AB is y = 2x. .. dy = 2dx and substituting these in the 

expression for I, between the limits x = 0 and x = 1, gives 

So, oh ere Finish it. 

| 26 jh Aid ri 

Because 

il 
| {(x2 — 4x? + 4x — 1) dx — (4x2 — 2x)2 dx} 

0 

1 

ie i| {(4x? — 2x) dx + (2x? = 8x” 4+ 8x — 2) dx} 
0 

1 1 

= (ix 8x = 1) dea i| (2ye Ox OCs 
JO 0) 

and this, by elementary integration, gives J = 4 (—2 +i). 

Now you will remember that, in general, the value of a line integral depends 
on the path of integration between the end points, but that the line integral 

(Pdx + Q dy) is independent of the path of integration in a simply connected 

OF Oo 
region if s = i throughout the region. 

In our example 

Tie i ay ya) dx (2xy — 2x) dy} 

+i |{(2xy — 2x) dx + (x? -y* + 2y-1)dy}=ht+ih 

If we apply the test to I;, we get ............ 
TSE eee rerrteenrsessssees 
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OP AQ 27 
Oy Ox 

Because 

for h = |{(@? =»? + 2y 1) dx — (2xy 2x) dx} = |(Pax + Qay) 

oP 
Oe Xen Lh ye 

4 oy fs » OP WOO 
ns Oy Ox 

Q = =2xyre 2x Fd oo = 2y +2 

Similarly 

TOF. — {2x = 2x) dx + (x? —y* 4+ 2y — 1)dy} = [vax + Qdy) 

Oe aa PS h oles 
ay eee 

Oe ee ya ey lee oe = 2x 

Therefore, in this example, the value of the line integral is independent of the 
path of integration. 

Just to satisfy our conscience, determine the value of the line integral 

between the same two end points, but along the parabola y = 2x”. 

As before we have 

r= |{@? -? +2y 1) dx — (2xy — 2x) dy} 

+i |(2xy — 2x) dx + (2? -¥? + 2y—1) ay} 

Substituting y = 2x” and dy = 4x dx, the evaluation gives 
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28 To (e2e)) 
Wl Re 

We have 

1 

1=| {(x2 — 4x4 + 4x? — 1) dx — (4x? — 2x)4xdx} 
0 

1 

+i| {(4x3 — 2x) dx + (x? — 4x* + 4x7 — 1)4x dx} 
0 

we 1 

= | (—20x* + 13x” — 1) dx + i| (—16x° + 24x° — 6x) dx 
0 0 

The rest is easy enough, giving I = 4(—2 +i) which is, of course, the same 

result as before. Note that all results in Frames 25-28 can be obtained very 

easily by integrating the function of z with respect to z. 

For example, the integral | f(adz where f(z) = (@— i)” and c is the straight 
[e 

line joining A (z = 0) to B (z = 1+ 2i) can be evaluated as 

Now on to the next frame 

29 Cauchy’s theorem 

We have already seen that if w=f(z) where, as usual, w=u+iv and 

zZ=x+iy, then dz = dx +idy and 

[re 6bA [tu + iv)(dx + idy) 

(udx — vdy) +i (vdx +udy) 

If c is a closed curve as the path of integration, then 

| ((Z) dz = $ (u dx —udy) + if (vax +udy) 
Cc 
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Applying Green’s theorem to each of the two integrals on the right-hand side 
in turn, we have 

(a) } (udx vey) = [| (-#-F) dx dy 

where S is the region enclosed by the curve c. 

Also, if f(z) is regular at every point within and on c, then the Cauchy- 

Riemann equations give 

Ou Ov Ov Ou 
ay ine and therefore — pre By = 

= } (udx ~vdy) = 0 (1) 

(b) Similarly, with the second integral, we have 

} (vdx + udy) = 0 30 | 
Cc 

Because 

frac way ff (-) m 
Again, if f(z) is regular at every point within and on c, then the Cauchy-— 

Riemann equations give 

Ou Ov Ou Ov 
apar By and therefore aie By = 

: } (vdx + udy) =0 (2) 
(es 

Combining the two results (1) and (2) we have the following result. 

If f(z) is regular at every point within and on a closed curve c, then 

| f(z) dz=90 
Cc 

This is Cauchy’s theorem. Make a note of the result; 
then we can see an example 

a EU UU 
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31 Example 1 

Verify Cauchy’s theorem by evaluating the integral | 
Cc 

f(z) dz where f(z) = 27 

around the square formed by joining the points z= 1, Za 2) pee al; 

zZz=1+41. 

LES -ly 

z= x* —y* + idxy 

dz =dx+idy 

| F(Z) dz | gt Vag | {x? — y* + i2xy}{dx + idy} 

= | { (x? — y*) dx — 2xy dy} + if {2xy dx + (x” — y*) dy} 

We now take each of the sides in turn. 

(A)eADa ey = OF dy —10 

(b) BC xe 20 dx — 0 

fle) dz = | 
1 

(—4ydy) + if _ ?) dy 
1 Bail 

[-2y*|_ + ily 0 o (0) 

’ a 
=-—24 i(4 ;) = 2+ 1 

Continuing in the same way, the results for the remaining two sides are 

el 

0 

II 

Pt eet ee ani Civee..Re ee 

Because 

(CDs vet oy dye 0 

»] 1 

(C= idx +i| 2x dx 
J2 

CANO b a 
JCD J2 

x3 1 ahh 

=o] pe] = 4-3 
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(D8 eel dy = (0) 

So, collecting the four results, ; TAZ) OZ a eee Pe 
€ 

7 fiz) dz 0 oe 

Because 

} fe) dz =a: (-24+ 4) “= (-5- 3i) + (1 -33] =0 

Example 2 

A region in the z-plane has a boundary c consisting of 

(a) OA joining z= 0 tow =2 

(b) AB a quadrant of the circle |z|= 2 from z= 2 to z = 2i 

(c)' BO joining z=27 to z ="0. 

Verify Cauchy’s theorem by evaluating the integral | be de ey 
€ 

(1) along the arc from A to B 

(2) along BO and OA. 

y 
9 B 

f(z)=2+1=(x+iy +1 
= (Re yD) ay. 

A Gy ee eZ Xe ay. 

0 9 X 

So the general expression for |r AK abe Sees: Magik 
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34 [t@2 = y? +1) + aay Hx + dy) 

=|{@? —y? +1)dx — 2xydy}+ i| (2xyax + (x* —y* +1)dy} 

(Arc AB, Y¢y2=4 3 yt 4 ay yea ae 

1 2-1/2 Tiss: OY aig ea) (—2x) dx 7. aly ae a 

me f(z) dz 
B i 

ies 2 Asay? 4 1)dx = 2xvV Axe (<= Jax} 
— x2 

0 i= 

+i| {axviqsdy + (? 4 +x 1)( Jax} 
2 =F. 

0 a ee 
= (4x? — 3) dx +i naa deat, 

2 2 V4—x2 3 

0 3 11x-4 
Now we must attend to ; = | nut GaSe 

2 V4—x2 
Substituting x = 2sin 0 and dx = 2cos 6d@ with appropriate limits we have 

35 pee 
3 

Because 

; i (Pang ens 
1 Teosh )2coseao 

n/2 

m/ 2, 

= | (32 sin? 6 — 22 sin) dé 

y) wee GA ° 
=32-— [22 cos | = 22.= 

(3)(1) s 3 3 
pray) 2 

i d SSNS SS Sa j |. fede = 45 -Fi= -F7 +i) 
(2) Along BO and OA. Complete this section on your own in the same way. 
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36 

Because we have 

HOP ve) 6s abe a0) 

[,fowe= [tena [Eel =e 
Collecting the results together, therefore 

A } f(z) dz = i Fiz\dz-+ | f(z) dz =0 
BO+OA 

which, once again, verifies Cauchy’s theorem. 

Just by way of review, Cauchy’s theorem actually states that 

If f(z) is regular at every point within and on 37 

a closed curve c, then } f(z)dz=0 
Cc 

In our examples so far, f(z) has been regular and no problems have arisen. Let 

us now consider a case where one or more singularities occur within the 

region enclosed by the curve c. 

Deformation of contours at singularities 

If c is the boundary curve (or contour) of a region and 

f(z) is regular for all points within and on the contour, 

then the evaluation of | f(z) dz around the contour 
Cc 

c is straightforward. 

; 1 : 
However, if f(z) = ——, where a is a complex constant, and point A corres- 

zZ—a 
ponds to z =a, then at A, f(z) ceases to be regular and a singularity occurs at 

that point. 
> 
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We can isolate A in a very small region within a 

contour c; and then f(z) will be regular at all points 

within the region c and outside c;. But the original 

region is now no longer simply connected (it now has 

Cc a ‘hole’ in it) and this was one of our initial conditions. 

However, all is not lost! We select a suitable point B 

on the contour c and join it to the inner contour Cc. If 

we now consider the integration [re dz starting from 

a point K and proceeding counter-clockwise, the path 

of integration can be taken as KBLMNBDEK. 

Therefore 

[re dz =I = Ig + Ip, + Iu + Ine + Ippex = ------------ 

Ea 
The function f(z) is now regular at all points within and on the deformed 

contour. Remember that the inner contour c; can be made as small as we 

wish. 

Note that Ijg = —Ipi, being in opposite directions, and 

these therefore cancel out. 

The previous result then becomes 

Ik + Iumn + Ippex = O Ee. Ixg + Ippex + Juan = 0 

But Jp + Ippex = { 
JC 

f(z)dz and hun ce 

} fe) z) dz +h £2 f(z 

} fe posieindre 

' 2 pfede=$ f(z) dz 

3é 
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The process can, of course, be extended to cases with more than one such 
singularity. 

we) : 

The corresponding result then becomes 

} f(z) dz = 7 f (Z) z+ FiZidzewnete 
C2 

Now let us apply these ideas to an example. 

Example 1 

Consider the integral } Fr) dz where f(z) =*, evaluated round a closed 
c 

contour in the z-plane. 

YW 

We first check the function f(z) =< for 

singularities and find at once that 

Ce Se eros 

39 
At z= 0, F(Z) = = ceases to be regular 

and a singularity occurs at that point 

The actual position of the closed contour is not specified in the problem, so 

there are two possibilities: either the contour does enclose the origin, or it 

does not. 

Let us consider them in turn. 

(a) The contour does not enclose the origin. 

No difficulty arises here and 

by Cauchy’s theorem 

Cc 
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40 } f(z) dz =0 

(b) If the contour does enclose the origin, 

the singularity must be taken into 

account. Then 

7 (Zz 7 i (Zz). az = 7 *dz 

and we attend to evaluating | ay, 
Cy Z 

where Cc, is a small circle of radius r 

entirely within the region bounded 

byc: 

If we take an enlarged view of the small 

circle c;, we have z=x+iy which can be 

expressed i pOlan TOs peepee and in 

exponential ior: ress 

41 Z=r (cos@+ isin @) 

Using z= re then dz = ire’d@ and | 
Cy 

Complete it 

42 mi 

Because 

ee VAs 1 : e270 

| 5a | -gatire”}0 = | idd = 2ni 
3, Z g re” Jo 

1 ; il 
} 7dz=4 —dz = 2ni 
cZ Cy Z 

So we have: 

pa 
(a) | zz =0 if the contour c does not enclose the origin 

(e 

wat Aire 
(b) f zz =2ni if the contour c does enclose the origin. 

Cc 

These two constitute an important result, so note them well i eS AR ec 
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Example 2 43 

Consider the integral } f(z) dz whete f(z) = = Weta eer) 
(e Zz 

Again, a singularity clearly occurs at z = 0 and again also we have two possible 
cases. 

(a) If the contour c does not enclose the origin, then by Cauchy’s theorem 

| jnzidz — 0: 
Cc 

(b) If the contour c does enclose the origin, then we proceed very much as 
before. 

Using z=re, dz=ired@ and z” = re”? 

Then $ Fe) dz =4 F(z) dz 
Cy 

21 1 4 

= i iene } dé 

Titel 

4 20 
a Ge: | e-i(n-l)o gg 

0 

Finish it off 

Because 

1 ma! —i(n—1)2n 7? = dZ= tre feo! —1} 

= aayt {ost — 1)2n —isin(n — 1)2x — 1} 

=0 since cos(n—1)27=1 Ad 

sin(n — 1)2x7 =O 

So | + az =0 for all positive integer values of n other than n = 1, where 
gn 

(& 

c is any closed contour. 

The particular case when n = 1 we have seen in Example 1. 

Now we can easily cope with this next example. 
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Example 3 

Consider f f(z) dz where f(Z) = 
Jc (Z = aie 

This is a simple extension of the previous piece of work. Here we see that a 

singularity occurs at z = a and yet again we have two cases to consider. 

{ORT eel) Zee 

(a) z-plane 

If the contour c does not enclose z = a, 

then by Cauchy’s theorem 

} f(2)az =) 

If c encloses A (z=a) we consider 

separately the cases when 

GQ) nel and) (2) nS 

dz Cyeiini =, } fe) GZ= 

Puttingz—-a=w .. dz=dw ~. | : dz=> (dw 
cZ—a c 

and this we have already established has a value ............ 

45 mi 

(CA bar eon p fede=$ 

So collecting our results together, we have the following. 

1 
dz =} dw = 0 for ae al 

j 1 
For f PizZidz, where f(z) = tee N= 1,2, 3;.-2 and 1S a, c1oseu : 7 

contour 

} Welken EG = (0) 1 Q (z = a)” = n 7 

ea ()) n=1andc does not enclose z = a 

= 271 n=1andc does enclose z = a. 

You will notice that this is a more general result and includes the results 
obtained from Examples 1 and 2. Make a note of it, therefore: it is quite important. 

Then on to Example 4 
ee eee 
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Example 4 46 

Finally, we can go one stage further and consider the contour integral of 
z—i-4 

(z+ i)(z— 2) 

First we express f(z) in partial fractions 

Laan A te B 

(z+i)(z—2) z+i z-2 

functions such as f(z) = 

One quick way of finding A and B is by the ‘cover up’ method. 

(a) To find A, temporarily cover up the denominator (z+ i) in the partial 

: A : ; Za laA : ; 
fraction ——~ and in the function ——~——— and substitute z+i=0, 

Z+i [2 + i](z — 2) 
i.e. Z = —i in the remainder of the function. 

la ie le 
A = ——=2 ..A=2 

-—i-2 2 

B 
(b) To find B, cover up the denominator (z — 2) in the partial fraction z-2 

and in the function @+iz—2] and substitute z — 2 = 0, i.e. z = 2 in the 

remainder of the function. 

1 47 

Because 

2—i-4 

ute 2+i 
Dee 

Sap ee 

=| 

Therefore the function f(z) becomes 

z—-i-4 2 1 

OF enge Dc iee? 

Now we can see that there are singularities at ............ 
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48 | gel aoe ZS | 

Denote the singularities by L and M. 

Wessjean et nema 
pine barr 

So we now have four cases to consider, depending on whether L, M, neither, or 

both, are enclosed within the contour c. 

(a) Neither L nor M enclosed 

Then, once again, by Cauchy’s theorem 

i }dz=0 

(b) L enclosed but not M 

ee Then, in this case 

on ‘(z) dz = 2(2ri) — 0 = 4 

(c) M enclosed but not L 

y c Here 

O | f(z) dz = 0 — (2ni) = —2zi 
x JC 

=1¢L 
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(d) Both L and M enclosed 

In this case 

Because, when both L and M are enclosed 

pfaan— $y 2(-7) ~ Zool 
= 2(2ni) — 2ni 

— eT 

The key is provided by the results we established earlier. 

Ut eel 

if m= 1 and c does not enclose z=a 

= igi if m= 1 and c does enclose z= a. 

Now for something somewhat different. 
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Conformal transformation (conformal mapping) 

A mapping from the z-plane onto the w-plane is said to be conformal if the 

angles between lines in the z-plane are preserved both in magnitude and in 

sense of rotation when transformed onto the corresponding lines in the w- 

plane. 

w-plane y z-plane C V 

O 

O 

The angle between two intersecting curves in the z-plane is defined by the 

angle a (0 < a < z) between their two tangents at the point of intersection, 

and this is preserved. 

z-plane 

51 angles are preserved both in magnitude 

and in sense of rotation 

Conditions for conformal transformation 

The conditions necessary in order that a transformation shall be conformal are 

as follows. 

1 The transformation function w = f(z) must be a regular function of z. 

That is, it must be defined and single-valued, have a continuous 

derivative at every point in the region and satisfy the Cauchy—Riemann 

equations. 

ee acaligijon LW ee : : . 
2 The derivative Abs must not be zero, i.e. f(z) 4 0 at a point of intersection. 
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Critical points 

A point at which f’(z) = 0 is called a critical point and, at such a point, the 
transformation is not conformal. 

So, if w=f(z) is a regular function, then, except for points at which 
f’(z) = 0, the transformation function will preserve both the magnitude of the 
angle and its sense of rotation. 

Now for a short exercise by way of practice. 

Exercise 

Determine critical points (if any) which occur in the following transforma- 

tions w = f(z). 

1 f(z) = (2-1) 5 f(z) = (2z+3) 
De ee 6 f(z)=2+6z+9 

1 so ASH 
3 fZ)=5 Ticats 

4 f@=z+- 8 f(z) =(2+3)(z-i. 
Finish the whole set before checking with the results in the next frame. 

52 

All that is required is to differentiate each function and to find for which 

values Of 2, [/(2) =O: 

Now one or two simple examples on conformal mapping. 

Example 1 

Linear transformation w = az +b, a#0, a and b complex. 

(1) Cauchy—Riemann conditions satisfied. 

(Q(z) "a “ie not zero”) no critical points: 

Therefore, the transformation w=az+b provides conformal mapping 

throughout the entire z-plane. 

Example 2 

Non-linear transformation w = 2”. 

First check for singularities and critical points. These, if any, occur at 
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53 no singularities; critical point at z = 0 

Because 

(Ze 22 sce f (Zp= Oat z=; 

Therefore, the transformation is not conformal at the origin. | 

If we choose to express z in exponential form z=x+iy= re”, then 

w= 22 =7*e!" i.e. ris squared and the angle doubled. 

y v A 

So ABCD, a section of an annulus of inner and outer 

radii r; and rz respectively, will be mapped onto 

54 

The angles at the origin are doubled, but notice that the right angles at A, B, C, 

D are preserved at A’, B’,C’, D’, i.e. the transformation there is conformal. 

Example 3 

Consider the mapping of the circle |z| = 1 under the transformation 
4 

Ww=Z+ ie onto the w-plane. 

First, as always, check for singularities and critical points. We find 
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95 | singularity at Z=0; critical points at z= + 2 | 

A singularity occurs at z=0, i.e. f’(z) does not exist at z—0. Also 
4 

Ava aes eet (2, sigs aay (20 bz eee 2) 

Therefore the transformation is not conformal at z = 0 and at z = +2. 

In fact, if we carry out the transformation w = z + zon the unigeircla|7) = 1) 

Complete it: it is good review 

56 
' 

ah ieee tis 
the ellipse 52 a 32 tl 

Because 

, 4 
Wage Ua IVs lok 

: 4 
=X-- ly + ; 

x+iy 

14 ; (x — iy) 
=x+ly+ ay 

4x apts 4y 
dices 7 24 y2! yh x2 + y2 

|z| = x+y =1 U = x(1 4) = 5x; Uv Sy(E 4) = =3y 

Xo ATI ee, 

flim gy? 
Then x*+y*=1 gives sitar! 

The image of the unit circle is therefore an ellipse with center at the origin; 

semi major axis 5; semi minor axis 3. 

Now let us move on to a new section 
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57 Schwarz-Christoffel transformation 

Example 1 

Consider a semi-infinite strip on BC as base, the ¥ 

arrows at A and D indicating that the ordinate 

boundaries extend to infinity in the positive y- 

direction and that progression round the bound- é 2 

ary is to be taken in the direction indicated. 

B Cc 
O a re 

NZ 
Let us apply the transformation w = — c0s = to the shaded region. 

Zz 
Then w=u+iWv= Sti 

n(x +i 

1X imy oth eo RY 
COS COs == Sl sin 

a a a a 

Now cosié=coshé and sini#é =isinhé. 

" w=u-+iv 

TX TT per tbe iO See AG 

= — cos cosh™ + isin™ sinh ™ 
a a a a 

; TX 8 TX en 
: cos con v=sin sinh ™ 

a a a a 

So B and C map onto B’ and C’ where 

Because 

(ly at Bex=O°Vv= 0 2 d= (leis y= ON) 

Fa he G2 1.1 ak Gina aki PA 9 RG Ey Bin a CH ONES SK 

So we have 
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Now we map AB, BC, CD onto the w-plane giving A’B’, B/C’, C’D’. 

(APA bie — U =. 0A’ Bs u = —cosh@; v=0 

.. As y decreases from oo to O, u increases from —oo to —1. 

(b) BC: y=0 .. BC: u = — cos; v=0 

.. As x increases from 0 to a, u increases from —1 to 1. 

(c) CD: In the same way you can map CD and C’D’ in the w-plane and the 

mapping then becomes—..........-: 

Because 
T 

CD:x=a .. CD: u=cosh~; v=0. 
a 

Therefore, as y increases from 0 to ov, u increases from 1 to oo. 

Notice the direction of the arrows. These correspond to the directed travel 

round the boundary shown in the z-plane. 

The shaded region in the z-plane is on the left-hand side of the boundary as 

traversed. This maps onto the left-hand side of the image on the w-plane, i.e. 

the entire upper half of the plane. 
d 

NOt ene weet (0) and Cea), = 0; 
abe Tw! a dz 

Therefore, the conformal property does not hold at these points. The internal 

angle at B and at C is 5 while at B’ and C’ it is 7. 

281 

99 
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Example 2 

Consider an infinite strip in the z-plane bounded by the real axis and z = ai 

Note the arrows. The boundary comes 

from +oo0 (A) and continues to — co (C); 

then returns from — oo (D) to + 00 (F). 

The strip can be considered as a closed figure with the left- and right- hand 

vertices at infinity. 

We now map the infinite strip onto the w-plane by the transformation 
Wie e72/4_ 

' w=u+iv=e™/*, from which 

Because 

eee ae 
= em(xtiy)/a 

= e™/4 piny/a 

1 ee du 

= e™/4 (cos as +isin “) 
a a 

me Se 

2 u = eM! cos v = 0/4 sin 
a 

Now we map points B and E onto B’ and E’. 

(1) BX = 0) = ae ei al a) 

(Zyts— 0, V=O0 8 be gel ve 0 

1.e. 
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Now we map the lines AB, BC, DE, EF onto the w-plane. 

(4) ABI V=@ 2. u = er!" yp =0 

.. AS x decreases from +00 to 0, u increases from —co to —1. 

A' B' E' 

=| O { Uu 

(D)SBG Sy =a) cu =e!" y=. (as for AB) 

.. As x decreases from 0 to —oo, u increases from —1 to 0. 

61 

Because 

COE 0 ON EEN) 

*. As x increases from —oo to O, u increases from O to 1. 

(d) EE? y SO peru Se 4,.¥ =O0i(s fon DE) 

‘. As x increases from 0 to +o0, u increases from 1 to +00. 

Notice that C and D map to the same point, namely u = v= 0. 

Finally, what about the shaded region in the z-plane? This maps onto 
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| 62 | the upper half of the w-plane | 

because it is on the left-hand side of the directed boundary in the z-plane. 

The previous two examples have been simple cases of the application of the 

Schwarz-Christoffel transformation under which any polygon in the z-plane 

can be made to map onto the entire upper half of the w-plane and the 

boundary of the polygon onto the real axis of the w-plane. 

The process depends, of course, on the right choice of transformation 

function for any particular polygon, which can be defined by its vertices and 
the internal angle at each vertex. 

The Schwarz-Christoffel transformation function is given by 

dz _ 
dw 

Ge Aa W west ee ae teh" era wae 

A(w = 4,)°/"" (Ww — up)!" Ow — ua)" 

where A and B are complex constants, determined by the physical properties 
of the polygon. 

This is not as bad as it looks! 

Make a careful note of it: then we will apply it 
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Here it is again. 63 

dz = 

dw 

2A ow Sp) ws ee (West c= wee B 

AW ate” (Wy)! aw i) 

where A and B are complex constants. 

Three other points also have to be noted. 

1 Any three points 1, uz, u3 on the u-axis can be selected as required. 

2 It is convenient to choose one such point, u,, at infinity, in which case 

the relevant factor in the integral above does not occur. 

3 Infinite open polygons are regarded as limiting cases of closed polygons 

where one (or more) vertex is taken to infinity. 

Open polygons 

¥ We have already introduced these in Examples 1 and 

2 of this section. 

In Example 1, the semi-infinite strip is a case of a 

triangle with one vertex that is 

taken to infinity in the y-direction 64 

In Example 2, the infinite strip is a 

case of a double triangle, or quad- 

rilateral, with two vertices taken to 

infinity. 

O x 

An open polygon with n sides with one vertex at infinity will have (n — 1) 

internal angles. 

An open polygon with n sides with two vertices at infinity will have (n — 2) 

internal angles. 

Now for an example to see how all this works. 
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65 Example 3 

To determine the transformation that will map the semi-infinite strip ABCD 

onto the w-plane so that the images of B and C occur at u= —1 andu=1, 

respectively, and the shaded region maps onto the upper half of the w-plane. 

In this case, B’ is uw, = —1 and C’ is up = 1. 

The corresponding internal angles are: 

at B (z= ia), «1 =5 andat C(z=0), a=. 

So we have 

dz 
ae 1)(%/2)/"-1 (yw —_ 1)("/2)/"-1_ where A is a complex constant 

Awe) wi)? 

= A(w? —1) 1? 

Srey? 
1—w?2 

Z= | ss dw = a 

66 z= Karcsinw+B 

Py ee ee  w=sin— =Te SW sin 

Now we have to find B and K. 

(a) We require B (z = ia) to map onto B’ (w = —-1) 

=—1 icine 
K 

ia-B_ ott ae = aa ., i2a—2B = —Kr (1) 

(b) We also require C (z = 0) to map onto C’ (w=1) .. 1= sino 

Bog 
ee —2B=Knr (2) 

Then fromeclyarc2) se Ae fa secon on ear 
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: Sa) 2 al ese am izn 
Csi Si COS 

ame ge 2 a 

But cosi@ — cosh@ =. w= cosh — 

To verify that this is the required transformation, let us apply it to the figure 
given in the z-plane. 

We will do that in the next frame 

We have 68 

: TZ x+i 
W=Uu+iv= cosh — = Set 

1 cosh cosh 2" La aE sinh~" * sinh “= 

But coshié = cosh @ and sinh i@é = isin @ 

A XT 1 Pore SGI 1 
- ee eos cos ein 

a a a a 
XT 5 ; Pine us 

33 u = cosh~cos._; v =sinh~ sin~ 
a a a a 

First map the points B and C onto B’ and C’ in the 
w-plane. 

Because 

Bea OV =e Dae COS == 1, VY. = Oey abe een 

es 0 Or Gee al yO Ss Gus ye 0. 

Now we map AB, BC, CD in turn. 
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(A)tABIE Y= de 2% u = —cosh —, vA) 

*. As x decreases from oo to O, u increases from —oo to —1. 

(b)) BG; 

(CmeD: 

WiilichisiSWetase sete oe 

Complete the working and show the mapped region 

Because we have 

(DS Gee () eee u= cose, Vi) 

.. As y decreases from a to 0, u increases from —1 to 1. 

CD ye0y ee u = cosh, ¥VeaO 

*, As x increases from 0 to oo, u increases from 1 to oo. 

In each plane, the shaded region is on the left-hand side of the boundary. 

We will now finish with one further example. 

So move on 

Example 4 

Determine the transformation function w = f(z) that maps the infinite sector 
in the z-plane onto the upper half of the w-plane with points B and C mapping 
onto B’ and C’ as shown. 

The transformation function w = f(z) is given by 
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At B, a = 3. Ata Gace —a eee 

With that reminder, you can now work through on your own, just as we did 

before, finally obtaining 

w=2 73 

Check with the working. 

dz 
—— =A — 9\(2/3)/7-1 Vi tak 
dw (w 0) (w 1) 

= Aw-2/3(w —1)° 

= Aw 2/3 

| p=sAwi* +B 

= Kwi/3 +B 

To find B and K 
=. 3 

ie — 3 = =D Se pee ; = Z 3 (a) AtB: z=0 AtB: w=0 «. 0=( ) a R=0 8 w= (5) 
va 

(Di GAG Coeze Lent  V e tae Net 

- the transformation function is w = z° 

Finally, as a check — and a little more valuable practice — apply the function 

w =z to the region shaded in the z-plane. 

w=ut+iv=(xtiy) =x? + 3x2(iy) + 3x(iy)? + (iv)? 



Bo 8 Complex Variables 

Now we map AB, BC, CD onto A’B’, BC, Cpe 

AB: y=V3x .. u=x>—9x3 = -8x?, v=0 

- As x decreases from co to O, u increases from — oo to 0. 

You can now deal with BC and CD in the same way and finally show the 

transformed region. 

SO WG CCU Tac .a eer 

75 Here is the remaining working. 

Bea Ogi — x eae 

‘ As x increases from 0 to 1, u increases from 0 to 1. 

Chey =O a VSO 

* As x increases from 1 to ov, u increases from 1 to oo. 

a Afi Ly base Siro Ss 
We WE y ys Lee ff A yn 

doit SEN EMM 

The shaded region is to the left of the directed boundary in the z-plane. This 

therefore maps onto the region to the left of the directed real axis in the w- 

plane, i.e. the upper half of the plane. 
We have just touched on the fringe of the work on Schwarz— Christoffel 

transformation. The whole topic of mapping between planes has applications 

in fluid mechanics, heat conduction, electromagnetic theory, etc. and it is at 

times convenient to solve a problem relating to the z-plane by transforming to 

the upper half of the w-plane and later to transform back to the z-plane. The 

transformation function can be operated in either direction. 

So we have 

And that is it. The Summary follows and the Can You? checklist. Then on to 

the Test exercise and the Further problems for additional practice. 
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=| Summary 

1 Differentiation of a complex function 76 

w=f(z) “=f'\2)= Lim i waits faa) 

2 Regular (or analytic) function 

w = f(z) is regular at Zo if it is defined, single-valued and has a derivative at 

every point at and around z = Zo. 

3 Singularities or singular points — points at which f(z) ceases to be regular. 

4 Cauchy-Riemann equations test whether w = f(z) has a derivative f'(z) at 

Be Liye W =i — Zz) where — x. ty. 

Then 2 as WV and ane me 
Ox Oy Ox Oy 

5 If a function of two real variables f(x, y) satisties Laplace’s equation 

OF(% y) HF Y) 
On Oy” 

then f(x, y) is an harmonic function. The real and imaginary parts of an 

analytic function are both harmonic and form a conjugate pair of 

functions. 

=) 

6 Complex integration 

| waz = | revaz = [ux —vdy) +i |(vas + udy) 

Contour integration — evaluation of line integrals in the z-plane. N 

8 Cauchy’s theorem If f(z) is regular at every point within and on closed 

curve c, then ; fiZ) dzZ=20) 
(e 

9 Deformation of contours 

e 

(a) (b) 

(a) Singularity at A 

(b) Restored to a closed curve 

(©) } Flade = f(z) dz. 

p= MN ePaper & For f f(z) dz where f(z) = Geant 

i 
| cape =() ie Weal 

=0 if n= 1 and c does not enclose z =a 

—2ni if n=1andc does enclose z= 4a. > 
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10 Conformal transformation — mapping in which angles are preserved in size 

11 

and sense of rotation. 

Conditions 
1 w=f(z) must be a regular function of z. 

PA WBA CAN WCE ao # 0 at the point of intersection. 
Z 

If f(z) = 0 at z = Zo, then Zo is a critical point. 

Schwarz-Christoffel transformation maps any polygon in the z-plane onto 

the entire upper half of the w-plane and the boundary of the polygon onto 

the real axis of the w-plane. 

dz y il a2/n—1 
tA (We | es (Wie HD dw (w uy) ( 2) ( n) 

1 Any three points u;, U2, u3 can be selected on the u-axis. 

2 One such point can be chosen at infinity. 

3 Infinite open polygons are regarded as limiting cases of closed 

polygons. 

an/n-1 

(4 Can You? 

| 7 Checklist 8 

Check this list before and after you try the end of Program test. 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Appreciate when the derivative of a function of a complex 
variable exists? to 

Yes | | | [ No 

Understand the notions of regular functions and singularities 
and be able to obtain the derivative of a regular function from 
first principles? 

Vestas alsa a tpilslleter se lie eel litpeelt ite IND 

Derive the Cauchy—Riemann equations and apply them to find 
the derivative of a regular function? 

Ver A ee el el sao 

Understand the notion of an harmonic function and derive a 

conjugate function? 

Yes i 5 al i No 

Evaluate line and contour integrals in the complex plane? 

Yes [ : i= a ] No 

Derive and apply Cauchy’s theorem? 

Yes | =| le a iE No 
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e Apply Cauchy’s theorem to contours around regions that 

contain singularities? to 
Yes LJ No 

e Define the essential characteristics of and conditions for a 
conformal mapping? (50 } and (31) 
Yes No 

e Locate critical points of a function of a complex variable? (1 ) and (52 ) 
Yes No 

e Determine the image in the w-plane of a figure in the z-plane 
under a conformal transformation w = f(z)? to 
Yes LI No 

e Describe and apply the Schwarz—Christoffel transformation? to 
Yes No 

Text exercise 8 

1 Determine where each of the following functions fails to be regular. 78 

patie ” z—2 
(a) w=z°+4 Ch ene ai 

woot etal 

NOES sera Sra iy yoeepz 
(c) w= e2z+4 

2 Demonstrate that each of the following is harmonic and obtain the conjugate 

function. 

(a) u(x, y) =sinhxcosy 

(b)-u(xy y) = 4y(1 + 3x). 

3 Verify Cauchy’s theorem by evaluating | f(z) dz where f(z) =z? round the 
Cc 

rectangle formed by joining the points z= 2+i,z=2+ 4i, z= 4i, Z=1. 

3z—6-i1 
4 Evaluate the integral | f(z)dz where f(z) =. round the contour 

c (Z oa i)(Z = 3) 

[Z| "2. 

5 Determine critical points, if any, at which the following transformation 

functions w = f(z) fail to be conformal. 

Qweaz (d) waz4e 

(b) w=2 —3z (e) w=e) 

() wae () wae 218 > 
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Determine the Schwarz—Christoffel transformation function w = f(z) that will 

map the semi-infinite strip shaded in the z-plane onto the upper half of the 

w-plane, so that the image of B is B’ (w = —1) and that of C is C’ (w = 0). Obtain 

the image of the point D. 

Verify Cauchy’s theorem for the closed path c consisting of three straight lines 

joining A (1+), B (3 + 3%), C (—1+4 3i) where f(z) = z—1+#i. 

1 
If z = 2 + iy is mapped onto the w-plane under the transformation w = f(z) = = 

show that the locus of w is a circle with center w = 0.25 and radius 0.25. 

Determine the image in the w-plane of the circle |z—2|=1 in the z-plane 

under the transformation w = (1 —i)z +3. 

The unit circle |z|=1 in the z-plane is generated in a counter-clockwise 

manner from the point A (z= 1) and is transformed onto the w-plane by 
Z 

z-2 
Determine the locus of w and the direction in which it is generated. 

w= 

Find the conjugate function of each of the following. 

G@) quCRYy) = 7 = oy 

(Duy) oxy xe 

(uy) = 2y= 1) 
(Cex ey e-Y” cos 2xy. 
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6 

10 

11 

12 

13 

14 

Wa P= Bi 
Evaluate | Zz) dz wh = ue ) ere f(Z) cca 

the two cases when 

(a) cis the path |z| = 2 

(b) cis the path |z—1|=1. 

around the closed contour c for 

5Z+1 

ee eta , evaluate } f(z)dz along the contours 
Cc 

@ z-11= © =5 © =3. 

If z=x + iy and w = f(z), show that, if eae 
3zZ — Si 

Evaluat dz, wh = valua e} F@) z, where f(z) Cad 

the rectangle formed by the lines z = 1, z = 3i, z= —2, z= -i. 

ee a 
If = a BAe Te Ty 
triangle joining the points z= 2, z=i, z= —1 —i. 

is entirely real, then |w| = |z|. 

, around the perimeter of 

evaluate ; f(z) dz along the contour c where c is the 
Cc 

il 
(a) For the transformation w = z + = state (1) singularities, (2) critical points. 

(b) Apply w=z cS to map the circle |z| = 2 onto the w-plane. 

Find the images in the w-plane of (a) the line y = 0 and (b) the line y = x that 

result from the mapping w = oa Show that the curves intersect at the points 

(+1, 0) in the w-plane and determine the angle at which they intersect. 

1st Z) 

1-z 

onto the w-plane. Determine also the image in the w-plane of the region 

bounded by |z| = 1 and inside the circle. 

Use the transformation w = to map the unit circle |z| = 1 in the z-plane 

Determine the transformation that will 

map the semi-infinite strip shown, onto 

the upper half of the w-plane, where the 

imace of Bis BD (w= —1) and that of Cis 

Cw = .1). 



Residues 

Learning outcomes 

When you have completed this Program you will be able to: 

Expand a function of a complex variable about the origin in a 
Maclaurin series 

Determine the circle and radius of convergence of a Maclaurin series 

expansion 

Recognize singular points in the form of poles of order n, removable 

and essential singularities 

Expand a function of a complex variable about a point in the complex 
piane in a Taylor series, transforming the coordinates with a shift of 
origin 

Expand a function of a complex variable about a singular point in a 
Laurent series 

Recognize the principal and analytic parts of the Laurent series and 
link the form of the principal part to the type of singularity 

Recognize the residue of a Laurent series and state the Residue 
theorem 

Calculate the residues at the poles of an expression without resort to 
deriving the Laurent series 

Evaluate certain types of real integrals using the Residue theorem 

i 

i 
B 

| 
‘ 
% 

i 
r 

WT EV eS 

Ts ee 

TS IRN OE GEES 

SEV 

CUES 

IIS SE OS RSIS SS RESP TE Re SRN Ce a ER OD NS a CS EE ED 

Me 
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Maclaurin series 

You will recall that the Maclaurin series expansion of the function of a real 1 | 
variable x with output f(x) is given as 

1 WM n 

Eo 710) xf, (0) ele Peres - ee eae 

This is an infinite series expansion of f(x) about the point x = 0. Because the 

series on the right-hand side of this equation contains an infinite number of 

terms, the right-hand side may only converge for a restricted set of values of x. 

Consequently, this expansion is only valid for that restricted set of values. For 

example, the expression f(x) = (1 —x)' has the Maclaurin series expansion 

Ga = Meas ee Ee eee 

Because 

f(x) = (1 —x)7! and so f(0) = (1-0) '=1 

f'(x) =(1-x) and so f’(0)= (1-0) *=1 

fF (j= 2(L—= x). andso.f (0)\— 241 0) =2 

f(x) = 31(1 —x)~* and so f(0) = 31(1 — 0) * =3! 

f(x) = nl(1 — x) and so f™(0) = nl(1 — 0)" =n! 

Therefore, substituting into the Maclaurin series expansion, we find 

"(0 m0 ‘(OQ 

fee 
| | | 

Bete pene ee, 2 FP. 
2! 3! n! 

= | ey ay ne er sg ae GUO Me ona 

Ratio test for convergence 

This same result could also be derived by using the binomial theorem or even 

by performing the long division of 1 by 1— x. However, performing the 

algorithmic procedure is one thing, but knowing that the result of the 

procedure is valid is another. To determine the validity of the expansion we 

resort to convergence tests, and in this case we use the ratio test. To refresh 

your memory, the ratio test for the infinite series 

f (x) = do(x) + ai(x) + a2(x) + 43(X) +--+ + an(X) +°°- 

is that given 

al 
Lim 

An(X) n—oo 

= thenif 2 <1 the series converges 

L=1 the series diverges 

L =1 the test fails and an alternative 

convergence test is required. > 
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Applying the ratio test to the Maclaurin series expansion 

f= ee ee ae 

tells us that 

Tie series CONVelses 100 rarer tae 

Whe series diverves 108 taney 

SITES CCS Lf SSC CyTaeene eee neces 

| 3 The series converges for -1<x<1l 

The series diverges for x << —l orx>1 

Uiettestidils tore — ae) 

Because 

a x ; n+1 ‘ 

Lim CCS Lim = Litt |X =| 1080 
noo | 4n (x) ‘pare || SO” n—-0o 

if |x| < 1, that is —1 < x < 1, the series converges and so the expansion is valid 

|x| > 1, that is x < —1 or x > 1, the series diverges and so the expansion is 

invalid 

|x| = 1, that is x = +1, the ratio test fails to give a conclusion. 

By inspection, when x = 1 the series clearly diverges and when x = —1 the sum 

of terms alternates between 1 and 0 as each successive term is added. Clearly 

the series does not converge and so, therefore, it must diverge when x = —1. 

Everything that has been said about the Maclaurin series expansion of an 
expression involving a real variable x can equally be said about an expression 
involving a complex variable z. That is, if f(z) is a function in the complex 
variable z, analytic at z = 0, then the Maclaurin series expansion is 

" Ui 

FOES TGs 
So, the Maclaurin series expansion of f(z) = sinzis............ 
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(=1)" 72001 

omar \ 

Because 

f(z) = sinz and so f(0) = sin0 =0 

f'(z) =cosz and so f'(0) = cos0 = 1 

f"(z) =—sinz and so f”(0) = —sin0 =0 

f'"(z) = —cosz and so f"”"(0) = —cos0 = —1 

Therefore 

f2) =f(0) + 260) +2 LO)... 
ye ea ey) 2! cad 
= 2 JAle Vics yA 

ol) @5! (2n + 1)! 

Furthermore, applying the ratio test tells us that this series expansion is valid 
fOGere ee ee 

all finite values of z 5 

Because 

Pe el eal) ee aL 
eece| Ant Z) | hee, (—1)"z2"+1 /[2n + 1)! 

= Lim a =0<1 
FT ceo (2 (ne) 

So the expansion is valid for all finite values of z. 

Try this one. The Maclaurin series expansion of f(z) = In(1 + z) is 

De ee 4 eee Pee 
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Because 

f(z) =In(1 +z) and so f(0) = (1+ 0) =90 

f'(z) =(1+z)7' and so f'(0) =(1+ 0)" =1 

f'(Zy=—(L +z) and so (Oye (1 a) | 

f(z) = 2(1+z) ° and so f””(0) = 2(1 +0) ° =2 

f(z) = -31(1 +z) * and so f (0) = -31(1 +0) * = -3! 

\ f(z) = (-1)"*4nl(1 +z)” and so f (0) = (-1)"**nl(1 + 0)" 

== (e1yal 

Therefore 

2 73 eye? 

In +2)=Z- 7 +a er 7 Sia 

This series is valid for 

7 
Because 

ay n+2-n4+1 

Lim i = Lit eu eee = j ME = Lim ee e |\z| 
noo | 4n(Z) | n4oo| (—1)"*?z"/[n] noo | + 1 

So if |z| < 1 the series converges and so the expansion is valid 

|zZ| > 1 the series diverges and so the expansion is invalid 

|zZ| = 1 the ratio test fails 

We shall look at the case |z| = 1 a little later. 

Move to the next frame 
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Radius of convergence 

We have just seen that the Maclaurin expansion of In(1 + z) is valid for |z| < 1. 8 
This inequality defines the interior of a circle of radius 1 centered on the 
origin, namely z = 1e’. 

This means that the expansion is valid for all z-values lying within this circle. 

The radius of the circle within which a series expansion is valid is called the 

radius of convergence of the series and the circle is called the circle of convergence. 

Example 

To find the infinite series expansion and radius of convergence of the 

expression 7 (2) — we progress in stages, noting that 
(=3710 

z = Auk yA aw 
(5 32)" 

We expand (1 — stay first. 

By the binomial theorem, the expansion of (1 — 3z) * is 

(lke 3a habe cater deri 

(32) ge 167.4927 77 10874-40520 cae 9 

Because 

a—3ay= (14 OV (S32) oe 

= (1 He Gee ete ee A(z) G37) 

4 (=1)"(n +. 1)(-3)"2" +...) 

=1+46z+ 272? + 108z> + 40524 +...4+ (n+ 1)3"Z" +... 

and so 

Bl 3z)) = 267 +2724 108z- 40524. (n£1)3"2 +... 

The radius of convergencens thencin...<...-- 
a  — 
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10 1/3 

Because 

The general term of the expansion is a,(z) = (n+ 1)3"z"*! and so the ratio 

test tells us that 

; a Z Ape gnt+lyn+2 
Lim n+1( ) = ( ) 5 

N—0o dn (Z) n—00 (n at ISS arAlo 

So, if |3z| < 1, that is |z| < 1/3, then the series converges and the expansion 

is valid. The radius of convergence is therefore 1/3. 

3(n + 2)Z 

(n+ 1) me 
= Lim 

n—co 

Move to the next frame 

Singular points 

11 Any point at which f(z) fails to be analytic, that is where the derivative does 

not exist, is called a singular point (also called a singularity). For example 

1 

is analytic everywhere in the finite complex plane except at the point z= 1 

where not only is the derivative f’(z) not defined but neither is f(z). 

Accordingly, the point z = 1 is a singular point. There are different types of 

singular points, for now we shall look at just two of them. 

Poles 

If f(z) has a singular point at zo and for some natural number yn, 

Lim {(z — zo)"f(z)} =L #0 then the singular point is called a pole of order n. 
Z+Lo 

For example 

Yd 

(z+4 2 

has a singular point at z = —4 and because 

Lim { (2 “a 4)*F(z)} = Lim {22} =-8 40 
z——4 z——4 

the singularity is a pole of order 2 (also called a double pole). 
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Removable singularities 

If f(z) has a singular point at zo and Lim {f(z)} exists then the singular 
Z—Zo 

point is called a removable singularity. For example 

sin Z 
Z) = ——— fa=— 

; ; Be SLIM Z. 
has a singular point at z=0. However, Lim {= =l'vandyso the 

z—0 

singularity at z=0O is a removable singularity. We can see this from the 

Maclaurin series expansion of f(z) where 

Sitez el Fini The MV 
f(z) = =2(z Se ie ot me 

: : : sin Z : 
While we cannot substitute z=O into Ee kts we can define 

f(O) = 1 in complete consistency with the series expansion. In this sense the 

singularity at z = 0 is removable by virtue of the fact that we can assign a value 

to f(z) at the singularity which is consistent with the series expansion. 

Move to the next frame 

Circle of convergence 

When an expression is expanded in a Maclaurin series, the circle of 12 | 

convergence is always centered on the origin and the radius of convergence 

is determined by the location of the first singular point met as |z| increases 

from |z| = O. For example, the Maclaurin series expansion of f(z) = In(1 + Z) is 

zz 73 jt 
In(l +z) =z 713 bees ale - aM gia 

which is valid inside the circle of convergence |z| = 1. The first singular point 

met by this function as |z| increases from zero is at z = —1, for at that point 

In(1 + z) is not defined and the series 

1 ies 1 

Ol n 

diverges — it is the negative of the harmonic series. Hence the radius of 

convergence is 1. When z = 1, substitution into the series expansion gives 

ql n+1 

ras ) +.--- 
1 

lau 7A = 1 8 - es 2 
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The right-hand side is the alternating harmonic series which we know 

converges by the alternating sign test which states that if the magnitude of the 

terms decreases and the signs alternate then the series converges. Now we 

know that it converges to In2. Notice that the circle of convergence is 

identified by the location of the first singularity as |z| increases from |z| = 0. 

This does not mean that the function is singular at all points on the circle of 

convergence. 
There are times when it is desirable to have a series expansion of an 

expression that is singular at the origin. Because the Maclaurin expansion 

requires the function to be analytic everywhere within the circle of 

convergence which is centered on the origin, we cannot use that method. 

Fortunately, we do have a method of expanding a function about any point in 

the complex plane — this is Taylor’s expansion. 

Move to the next frame 

Taylor’s series 

13 Provided f(z) is analytic inside and on a simple closed curve c, the Taylor 

series expansion of f(z) about the point zo which is interior to c is given as 

2 UA 

f(z) =f (Zo) + (2 — Zo) f (Zo) + (Z — Z0)"f'" (Zo) eels 
21 

pee ie (") (Zo) 

where here, the point Zo is the center of 

the circle of convergence. The circle of 

convergence is given as |z — Zo| = R. That 

iS Z—Z) = Re or z = Z + Re® where R is 
the radius of convergence. 

Notice that Maclaurin’s series is a 

special case of Taylor’s series where 
Zo = 0. 

Example 

1 
Expand f(z) = ai 

the values of z for which the expansion is valid. 
The simplest way of doing this is to perform a coordinate transformation 

that moves the origin of the new coordinate to the point z = 1 and then derive 
the series about the new origin. To do this we define a new complex variable 
u=zZ—1so that z=u+1 and so 

in a Taylor series about the point z=1 and find 

1 1 1 uy —! 
— b — ot Tet) aa Fae ecomes ee (2+u) 5 (1+ ) 5 
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The expansion of this expression can now be derived using either Maclaurin 
or, as here, the binomial theorem to obtain 

Soebroto Sedge. 
Dati ia uF 

a a4 Weeiei 6a ey 
Transforming back to the original variable z gives 

Vee ez le 1) 
7? A 8 16 

a mn OT 

|z — 1| = 2. Consequently, this series expansion is valid provided z is inside the 

circle defined by 

The circle of convergence is given by E|=1 that is 

zZ—1 = 2e" that is z=1+42e" 

By the same reasoning, the Taylor series expansion of f(z) = cosz about the 

point z= 7/3 is 

2 

14 5 (2~ vite—n/a) EPP 5 va SEP , EA... 

Because 

If u=z—n/3 then 

cos z = cos(u+ 7/3) 

= cosucos 7/3 — sinusin 1/3 

=5 (cosu- v3sinu) 2 

=3(1-$+9--|-v3e-F4+5-~]) 

a5 (1G 4h vant VIG VIE.) 

=3(1-vau-F 484 eG 32...) 

=3(1- vat a ae 

ear... for Z < 00 



Complex Variables 

Laurent’s series 

15 Sometimes a valid series expansion of a function is required within a specific 

region of the complex plane that contains a singular point. In this case we 

cannot avoid the singular point as we did with Taylor’s series by expanding 

about an alternative non-singular point, because then we move away from 

part of the specified region. To accommodate this case we can use the Laurent 

series expansion which provides a series expansion valid within an annular 

region centered on the singular point. 

Let f(z) be singular at z= zo and let c; and co be two concentric circles 
centered on Zo. Then if f(z) is analytic in the annular region between c; and co 
and if c is any concentric circle lying within the annular region between c, 
and cz we can expand f(z) as a Laurent series in the form 

a_2 (gE 
On —s ——- 2 “e. eA) ee Be eee + do + a1(Z— Zo) + d2(Z — Zo)~ + 

= op Ay(Z — Zo)" 
n=—oo 

where da, = : 1 F(Z) j dz 
21 é (Z = Zo)"* 

Example 
3Z 

Expand : 2! in a Laurent series about the point z = 2 and determine the 
ee — 

nature of the singularity at z = 2. 

ce? e°7(3z — 10 
ear — @ 2) and f(z) : ap ) so f(Z) is analytic everywhere except at 

a Zz — 

z= 2. The first thing we must do is to transform the coordinate system by 
shifting the origin to the point z = 2 by defining u = z — 2 so that z=u +2. 
Then 

ee e3(u+2) : eu 
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Now we can expand using the Maclaurin series expansion 

zope i , Bw, But, Bu)? a, 
3! 4! 5! 

3 9 9 Drees liz 2) 

5 | oN > 

i 

ate: poe 2'u4 3!u4 4lu4 5!u4 

1 DY Bil DAL } 

3u oe (cin one eae 

+ + 

ut “ x eI FHXy 

ee pfortaey tery tag 8" 40 
This series converges for all finite z except z = 2 at which point there is a pole 
of order 4. 

Essential singularity 

The part of the Laurent series that contains negative powers of the variable is 

called the principal part of the series and the remaining terms constitute what 

is called the analytic part of the series. If, in the principal part the highest power of 

1/z is n, then the function possesses a pole of order n; and if the principal part 

contains an infinite number of terms, the function possesses an essential 

singularity. 

Now you try one 

1 
The Laurent series expansion of z” COS — about the point z = 0 16 

Pee ct 17 
x “IED ARE +--- valid for all z 40 

at which point there is an essential singularity 

Because 

1 
fay = 24 cos* and ¥(z)"2Z cos te sin— and so f(z) is analytic everywhere 

except at z = 0. Expanding about z = 0 gives 

z, 4 6 Peost=2(1 (1/z)” , (1/2) Yet... 
2! 4) 6! 

egg i 1 

~*~ 91" giz? 6izt * 
valid for all z 40, at which point there is an essential singularity because 

there is an infinity of terms in the principal part of the series. 
Zz : ; Pose ee TEE 

Try another. The Laurent series expansion of (+ 2)@+4) valid for 

Pad a rs Ceara ee 
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Because 

zi 2 1 

(z+2)(z+4) z+4 2z+2 
(separating into partial fractions) 

if an emmlie 2 Pe Lec DIZ) 
Ze en we can wri Bok SAS ; 

and because |z| > 2, that is, |2/z| < 1, we can now use the binomial theorem 

1 1 ‘| 202955 iL eeeZ ores 
= = i ae a alee = = choy 3 

z+2 z(1+2/z) Zz Ti ED EOP EE Te ee 

and if |z| < 4 then 

2 i 1 Zuavaee v7 = galt bea sap FAtAe O(CaRz/A\ avails 4 16ae4 
sil z 2 

OOM SF 39. S128 

Note the expansion of (1 + z/4) | which is valid for |z/4| < 1, that is |z| < 4. 

The first expansion for |z| > 2 is still valid for |z| < 4 since 4> 2 and the 

second expansion for |z| < 4 is still valid for |z| > 2 since 2 < 4. Conse- 

quently, if 2 < |z| < 4, then, by subtracting the first series from the second 

Z oe i 

(ze 2)\(z$4) 744° 742 

feng foe 4 eg 
i (g-st3- at} ‘ \e-ata-gt} 
_ Ss See Pant eles Bee ing ee 5 
OTs te ae ee nae a 

Take care here! You may be tempted to think that this displays an essential 

singularity at z = 0. This is not the case because the expansion is only valid 

inside the annular region 2 < |z| < 4 centered on the origin. Consequently, 

the point z = 0 is outside this region and the series expansion is invalid at 

that point. 

The series expansion of the same function valid for |z| < 2 is 
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MED. To | 
Because 

1 il 1 ee ae 

If | <2 then 5 = sae 54} 2°4 ate 
ye ee 

eR ty aK 
We have already seen that if |z| < 4 then 

2 LZ zee az" 

2 lee ey Oak as 
This is still valid for |z| < 2 since 2 < 4. Conseqently, if |z| < 2, then, by 

subtracting the first series from the second 

iz 2 1 

Ceri ae 74 7 PD 
ORG sa sabe th yan Aaa 

To Shee Ds. aie. CG 

AQ Ge le? 

“op Se 
Notice that for different regions of convergence we obtain different series 

expansions. Furthermore, each series expansion is unique within its own 

particular radius of convergence. 

Try one more just to make sure that you can derive these expansions. 

Le a 
The Laurent series of ee about the point z = 6 is 

The —_ 

ho ee ValiGh OTs ese eed EWC DOIN LNeTe 1S 1 a eer 

Gs Ga 20 
—--- valid for all z 4 6 

ah 4! 6! 

at which point there is a removable singularity 

Because 

If we let uv = z — 6 then 

1. COS|Z = 6) . L= Cosy 

1 We ue ue 

arate (1 TL CAN )} 
url feu Hat 

Bovis scloaty 
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This is valid for all finite values of z 4 6 at which point there is a removable 

singularity which can be removed by defining 

a auezZ 101 as e Notice that here the principal part has 
zZ—6) 

no terms, so that the Laurent series is identical to the Taylor series. 

Next frame 

Residues 

a1 In the Laurent series 

(gh) a_, 2 
Z)=-e-+ + ag + 41(Z — Zo) + d2(Z — Zo)” +--- f(Z) an i(Z =Zq)-4ed2 0) 

the coefficient a_; is referred to as the residue of f(z) for reasons that will soon 

become apparent. Recall the integral in Frame 45 of Program 8 which states 

that if the simple closed contour c has Zo as an interior point, then 

dz 2 
; C2 = 27 16n1 

€ 

We 7 1 
OME ue Applying this fact to the where the Kronecker delta 6, = 

Laurent series of f(z) yields 

f frae=f) 4 eH a + do + a1(Z — Zo) 
(7m) (22a) 

y dala — Z9)” +e+-| dz 

da_2 dz a_, dz 
= s+ +} aodz 

c(Z — Zo) ele 20) c 

+4 a(z.— 20) dz +4 Ga(zeaze) dzsh 
Cc 

+++ +04 2mia_) +0+0+0+--- 

== itl 

II 

That is, provided f(z) is analytic at all points inside and on the simple closed 
contour C, apart from the single isolated singularity at zo which is interior to c, 
then 

$ Fe) dz = 2ria_; 

Hence the name residue for a_, because it is all that remains when the Laurent 
series is integrated term by term. This statement is called the Residue theorem 
and it has many far reaching consequences — we shall see some of these later. 
For now, just try an example. 
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=) 

If c is a circle, centered on the origin and of radius 3, then 

f zZdz * 
ah shereee <etetet eter ¢ 

= —2ni 
} zdz ‘ 22 

(z+2)(z +4) 

Because 

The circle |z| = 3 lies within the annular region 2 < |z| < 4 and we have 

already found the Laurent series for the integrand valid for 2 < |z| < 4 in 
Frame 18, namely 

Z Zz 1 

Ca Die Ge 74 ge 
Npe Sexepie OR) OBL Ei eh 4 ae a: 

me er a see 

Here the residue is a_j3=—1 and so be = 2ei(-1) = —2r 
¢(Z+ 2)(z+ 4) 

where Cc lies entirely within the region of convergence. 

The Residue theorem extends to the case where the contour contains a finite 

number of singularities. If f(z) is analytic inside and on the simple closed 

contour c except at the finite number of points Zo, 21, Z2,..., each with a 

; : : : : (02) =) 
Laurent series expansion and each with corresponding residues a_,, @_,, 
(2) 
Gia yee thier! 

(0 (1) (2) : : hae 
| fiz) dz = 2rid 2 +a,+ a} = 2ni{sum of residues inside c} 

(6; 

What could be more straightforward? 

Next frame 
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Calculating residues 

93 When evaluating these integrals the major part of the exercise is to find the 

residues, and it would be very tedious if we had to find a Laurent series for 

each and every singularity. Fortunately there is a simpler method for poles. If 

f(z) is analytic inside and on the simple closed contour c except at the interior 

point Zp at which there is a pole of order n, then 

n—-1 

a_,; =Lim | Lead ((z rte) 
peg | = Ld Zee 

Example 
3Z 

G2 — int 

f(z) has a pole of order 2 (a double pole) at z = —2 and two poles of order 1 

(simple poles) at z= +1. 

Find the residues at all the poles of f(z) = 

Stat ’ indi Sys 
At z = —2 the residue is a_; = Lim ((z + 2)°f(z)) 

z-2 

234 Dia as 

(4—1)° 3 
Na 7a— se leh CakeSiCiUl Cal Saanee esa 

24 1 
6 

Because 

Shit a’ is 
av OZ). \ (e4 2\" (2 7) 

The zeroth derivative of an expression 

is the expression itself 

: De 
SL eee 

z1 eter 

Laine 

5(G)(2), 26 
PN v2 =) ol ale TRASIGHOKE TS, oa cu sooce 

1 qi-1 
ACZ = [the residues 4-7 = Lim ((z vi) 



Residues 2 ale 

3 25 
Z, 

Because 

1-1 

At z = —1 the residue is a_, = Lim FF Z Diag (z+ vray] 

= Ibitit a a 
Zod | AZO \ (7a 22 (7 = 1) 

= az | 
z3-1 |(Z+2)°(z—1) 

és 28 

(1)°(-2) 
ae 

ae 

Move to the next frame 

Integrals of real functions 

The Residue theorem can be very usefully employed to evaluate integrals of 26 | 

real functions that cannot be evaluated using the real calculus. Even when an 

integral is susceptible to evaluation by the real calculus, the use of the residue 

calculus can often save a great amount of effort. We shall look at three types of 

real integral and in each case we shall proceed by example. 

2n 

Integrals of the form | F(cos@, sin@) dé 
0 

Example 
2 1 

Evaluate | AGas Ges dé. 

To evaluate this integral we make use of the exponential representation of a 

complex number of unit length, namely z = e”,and the exponential form of 

the trigonometric functions 

Cee ee rs ane ee 

2 sj 2, a 21 T tee 

and finally dz = ie’ dé = iz dé so that dé = dz/iz 

id 

COSC). — 
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Using these relations we can transform the real integral from O to 27 into a 

contour integral in the complex plane where the contour c is the unit circle 

centered on the origin. That is 

20 d 

| pops 9-4 Se as 
9 4cos?—5 SAE GA iZ 

boas eis 

1 
eee agith 
, 1 

if Ca 
1 

The complex integrand has two simple poles, one at z= 3 which is inside 

the contour c and another at z = 2 which is outside the contour c. Using the 

Residue theorem 

: il 

if zai?) 

Thewresidue atz = 1/245 

Lim {2 Dieser as ieee 

dz = —i x 2ni x {residue at z= 1/2} 

so that 

(ere if : d 
9 4cos8-5°  ~=— ss, (22 —1)(z —2) 

= —i x 2ni x {residue at z= 1/2} 

= —2r/3 

Now you try one 
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vale 27 
V3 

Because 

27 * 

| re dae | dz/iz where ¢ is the unit circle centered 
0 2+ cosé epgee 2a) on the origin. 

if 2 dz 

e227 +4z+1 

if 2dz 

c(z+2—V3)(z+2+ V3) 

The integrand has two simple poles, one at z = —2 + 3 which is inside c and 
another at z = —2 — V3 which is outside c. Therefore 

if eg ix Qni {resid t 2473 - mi X idue at z= — 
c(z+2—V3)(z+2+ V3) ss j 

The residue is 

2 
Li 2A A/3 

tim f(s laa 

2 1 
Li fe NS tim | ek Tesi 

[ oe if ais ee 
0 2+ cosé c(z+2— V3)(z+2+ V3) Wea 

a  nlne ak 
-. Wer roy a 

Integrals of the form | F(x) dx 28 

Example 

Evaluate reas 

To evaluate this integral we must consider the integral f 

the contour shown in the figure, so that 

1 dz a ' ; ar 
| So or Ue | qa | ; = 2ni{sum of residues inside c} 
ae wolae pa al be fo 

Notice that along the real axis between —R and R, 

z=x. Provided R > 1 we can evaluate this integral 

using the Residue theorem. That is 

1 
5 dz where c is 

a, 

| ae dz = 2ni x {sum of residues inside c} 
~1+2z4 
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29 a 
a2, 

Because 

The integrand 
ri/4 

Ta pi Possesses four simple poles at z=e™/*, e°m/4, 
ay 

es/4 e77/4 of which only the first two are inside c. 

1 
The residue at z= e™/4 is Lim (z = ele x i} 

z—erl/4 1 == Li 

; 1 
= Lim ste by L’Hopital’s rule 

z—er/4 

e-37i/4 

The residue at z= @°"/* is Lim rages 1 

z—+e3ni/4 nel +z4 

1 

i. ee 4z3 { by L’Hopital’s rule 

en omt/4 e7mi/4 

Therefore 

: = j 1 —37i/4 —ni/4 
f aa 2 = Dri x {5 (¢ +e ) 

j 3m 3m 1 1 

Now e737/4 = cos—— — isin = , 

A ele 
—ni/4 __ TO ae (ene ee qe 

(e ay edeey Ja 7a an 

boa de = Dri x {3 (
—) b= 

We now look at the components of this integral in the next frame 

30 We now recognize that 

| ! a= [ : dx + | : dz 
Jol +z* Jip l+x4 i eluctawe 

because z = x along the real line. 

rOO 

Now we let K increase indefinitely and take limits, so that 

7 dx + Lim ul 
oil il 

Limo ———._ dz = dz— 
as 7 1+ z+ Joco 1 + Reso if 1-+z* : J/2 

because the value of the contour integral is independent of the value 

of R. We shall now proceed to show that Lim | ‘ca7 Wz =1(), 
S R- oo JS 
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Writing z = Re’ so that, on S, dz = Re” dé, the limit of the integral becomes 
; Re? 

Lim | pigaw 09 = 0 
Notice that the requirement that ensures that the integral along the semicircle 
vanishes in the limit is equivalent to the requirement that the degree of the 
denominator be at least two degrees higher than the numerator. 

Now you try one. 

eo x2 dx | Seen 

i 31 
2 

Because 

; Za 
Consider the integral bara where the contour c is the same 

CV = 

semicircular contour as in the previous example. Here the integrand has two 

double poles at z=i and z= ~-i but only the pole at z =i is inside the 
contour. The residue at z =i is 

5 ee 2 Ze ae EO a=) 
a ee » ayrere run (z+i4 

Therefore 

f oz 2ni( ) a Bee eye) es ee 
c(z2+1)* 4) 2 

Taking limits 

Zdz erat 2 dz T 
Lim =| eat at LIVI py PAE a5 
R00 Jc (Z* + 1) —co (X241)° R00 Js (z2 + 1) 

Where, in the second integral on the right-hand side, the degree of the 

denominator is two higher than the degree of the numerator, and so 

pee peak 2 
Lim | ee = Q, therefore | 35-45 e 

s ( as(x2 ete 4 R-00 Vi + 1) 
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32 Integrals of the form | F(x) (gus dx 

These integrals are often referred to as Fourier integrals because of their 

appearances within Fourier analysis. 

Example 

oO 
cos kx 
ute dx where a > 0 and k > O. Evaluate | 

wes 

ikz 

To evaluate this integral we consider the contour integral tare” 
c 

where c is the semicircular contour of the previous problems and whose 

integrand possesses two simple poles at z = ai and z = —ia of which only the 

first is inside the contour. Consequently 

elkz . 

| Pisce? 17 = 27t\ Tesidue at 2 10), eee 
c 

33 ae 

Because 

The residue at z = ai is 

: : elkz . elkz eK(ia) ie~k4 

Lim 4 (Z— ia) 3 7 = Lim —>=—— = and so 
pant a+Z zaia \Z+ia 2ia 2a 

eikz ; ie 4 qe Ka 

TE = ——_ 
a ae 2a a 

Taking limits as R — oo 

eikz loc) eikz elkz 

Lim oe eo: da ere ED dz + Lim 5 aes) dz = 
es 5g)8? hz sa? + 22 Roo. R00 

In the second integral on the right-hand side, the degree of the 
denominator is two higher than the degree of the numerator, and so 

elkz love) ikx x —ka 

Lim | =, dz =.0, therefore | aa Ly . That is 
Rico Js 42 +2 99 A* + X2 a 

cos kx + isin kx me ka ; 
| a = = 2ni{residue at z = ia}. 
Re Ga tex. a 

Consequently 

oe COB KY me ka f : 
ee: x= rr 2m Im{residue at z = ia} and 

eS ITMICY : P 
5 Ux = 0 = 2nRe{residue dteaeeta) 

Ly Gl ane 
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Notice that e” is easier to use than coskx = (e* + e—**) /2, and it also gives 
the solution to the related integral with cos kx replaced with sin kx. 

Finally, to finish off the Program, here is one for you to try. 

\, COS 7X S 

weg Xe + XE 1 

| o | 34 

dz where c is the semicircular contour of the previous 

Because 

inz 
Consider Picea 

problem. The integrand is singular at the simple poles z = (-1+ V3i) Wee 

where only z= (-—1+ V3i)/2 is inside the contour. The residue at 
z = (-1+ V3i)/2 is then 

city {e-E) } 
eltZ 

= Lim : 
z+(-14+-V3i)/2 ti a ale ore 
git(-1+v3i)/2 

V3i 
e-in/2 e—Vv3n/2 

oe ce 
—V3n/2 ; 

ee ve since e 7/2 = —j 

Therefore 

eltZ e-V3n/2 Qme-V31/2 

bo rn ty See Eee cal 
ef 241 V3 V3 

that is 

f elnz oe f cos 7z + isin 7z ie pe 

(22+z4+1 © 224+2z+1 V3 

and so 

sin 7z Qne~V37/2 
Bi COS ane ta by peep Tate 

(224+Z4+1 Jo 27 +Zz+1 V3 

Note that, again, the contribution from the contour integral along the 

semicircle is zero. 

The Summary now follows. Check it through in conjunction with the Can 

You? checklist before goint on to the Test exercise. The Further problems 

provide additional practice. 
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a : = A Complex Variables 

) Summary 

1 Maclaurin series 

The Maclaurin series expansion of a function of a complex variable z is 

* 1 O Mr O 

fy=f(0) 2p) +2, ai 
Ratio test for convergence 
The ratio test for convergence of a series of terms of a complex variable 

f (Z) = ao(z) + ay (Z) + a2(Z) + a3(Z) +--+ +4n(Z) +-°- 

is that given 

An+1 (Z) = 
Lim 

An(Z) n—-oco 

then if L < 1 the series converges and so the expansion is valid 

L > 1 the series diverges and so the expansion is invalid 

L = 1 the ratio test fails to give a conclusion. 

Radius and circle of convergence 

The radius of the circle within which a series expansion is valid is called 

the radius of convergence of the series and the circle is called the circle of 

convergence. The radius of convergence can be found using the ratio test 

for convergence. 

Singular points 

Any point at which f(z) fails to be analytic, that is where the derivative 
does not exist, is called a singular point. 

Poles 

If f(z) has a singular point at zo and for some natural number n 

Lim {(z — Zo)"f(z)} =L 40 

then the singular point (also called a singularity) is called a pole of order 

n. 

Removable singularity 

If f(z) has a singular point at zo but Lim {f(z)} exists then the singular 
ZZ 

point is called a removable singularity. ; 

Circle of convergence 

When an expression is expanded in a Maclaurin series, the circle of 

convergence is always centered on the origin and the radius of convergence is 

determined by the location of the first singular point met as z moves out 
from the origin. 
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6 Taylor’s series 

Provided f(z) is analytic inside and on a simple closed curve c, the Taylor 
series expansion of f(z) about a point zo which is interior to c is given as 

2en 

f(2) = feo) + (2 - z0)f (zo) +270 od |. 
pe Le 

where, here, the expansion is about the point zo which is the center of the 

circle of convergence. The circle of convergence is given as |z — zo|=R 

where R is the radius of convergence. Maclaurin’s series is a special case of 
Taylor’s series where Zo = 0. 

Laurent’s series 

The Laurent series expansion provides a series expansion valid within an 

annular region centered on the singular point. 

Let f(z) be singular at z = zp and let c, and cz be two concentric circles 

centered on Zo. Then if f(z) is analytic in the annular region between c; 

and cz and c is any concentric circle lying within the annular region 

between c; and cz we can expand f(z) as a Laurent series in the form 

a_2 a_j 2, 
(fy OE a =} ap Eh) a CAA = A) |= (C4 PAG) Se 8 f(z) eat tee (z — 0) + a2(z ~ 20) 

= 1 f (Z) = An(Z — Zo)" where a = sf Sa po: n ) n Oni fs (z ag zo) 

Residues 

In the Laurent series 

dz @ 
f(z) =>: + age = ay + di (Z — Zo daz & Zh) aes 

(Zz9) ee (2-420) 

the coefficient a_; is referred to as the residue of f(z). 

Residue theorem 

Provided f(z) is analytic at all points inside and on the simple closed 

contour c, apart from the single isolated singularity at zo which is interior 

to c, then 

| (2) dz = 2ria_; 

The Residue theorem extends to the case where the contour contains a 

finite number of singularities. If f(z) is analytic inside and on the simple 

closed contour c except at the finite number of points Zo, Zi, Z2,--- each 

with a Laurent series expansion and each with corresponding residues 

(0) (1) (2) 
2,02 @lreainen 

(0) (1) (2) 
; (Zaz 2rid 8 +a_,.+a,+°: } 
€ 



322 Complex Variables 

10. Calculating residues 

, 1 q™1 

a_j4= Lim (m—D!dz"-t ((z = Zo) f(z)) 

11. Real integrals 

The Residue theorem can be very usefully employed to evaluate integrals 

of real functions. 

21 

Integrals of the form F(cos 6, sin @) dé 
JO 

Use z= el” and the exponential form of the trigonometric functions 
el 4 ei 7 4 7-l oF eB 7 71 ee 

= Silo = — -—and dz =te’d@ = iz dé 
2 Z 21 2i 

so that dé = dz/zi. Convert the integral into a contour integral around the 

unit circle centered on the origin and use the Residue theorem. 

COS) = 

lo-e) 
sin x 

Integrals of the form | cos x F(x) dx and i F(x) { 
—0Oo —0O 

Consider integrals of the form } F(2 dz and } F(a)e dz respectively, 
(E Cc 

where the contour c is a semicircle with the diameter lying along the real 

axis. The principle is that the integral can be evaluated by the Residue 

theorem and then the contour can be expanded to cover the required 

extent of the real axis, the integration along the semicircle giving a zero 

contribution. 

4 Can You? 

| 36 Checklist 9 

Check this list before and after you try the end of Program test 

On a scale of 1 to 5 how confident are you that you can: Frames 

e Expand a function of a complex variable about the origin in a 

Maclaurin series? to 
Yes ae ee es i No 

e Determine the circle and radius of convergence of a Maclaurin 

series expansion? to 
Yes Cal dca UC No 

e Recognize singular points in the form of poles of order n, 
removable and essential singularities? 
Yes ee Se i le No 



Residues 

e Expand a function of a complex variable about a point in the 
complex plane in a Taylor series, transforming the coordinates 
with a shift of origin? to 
Yes L] No 

e Expand a function of a complex variable about a singular point 
in a Laurent series? 

es No 

e Recognize the principal and analytic parts of the Laurent series 
and link the form of the principal part to the type of 
singularity? to 
Yes | No 

e Recognize the residue of a Laurent series and state the Residue 
theorem? and 
Ves No 

e Calculate the residues at the poles of an expression without 
resort to deriving the Laurent series? to 
Yes No 

e Evaluate certain types of real integrals using the Residue 
theorem? to 
Yes iz | No 

Test exercise 9 G 

1 Expand each of the following in a Maclaurin series and determine the radius 37 | 

and the circle of convergence in each case. 

(a) f(z) =e 
(b) f(z) =In(1 + 4Z). 

2 Determine the location and nature of the singular points in each of the 

following. 

oy 
(a) f(Z) Wee Se 

(b) f(z) =2el”” 
(c) f(z) = zsin(1/z) 

1 €08 Z 
(de F 2) = 

3 Expand f(z) = sinzina Taylor series about the point z = 7/4 and determine the 

radius of convergence. 



Complex Variables 

4 Expand each of the following in a Laurent series. In (a) and (c) determine the 

nature of the singularity from the principal part of the series. 

(a) f(z) = (S — Z) cos : 3 about the point z = —3 
Zits 

De, 
2 a i 1 3 (b) f(z) CRANES valid for 1 < |z| < 

1 
c AOU ten Ollie ees (c) F(Z) AG e2e P 

5 Calculate the residues at each of the singularities of 

3z-—1 

nS Z4(z-P 1) (z— 1). 

6 Evaluate each of the following integrals. 
27 dé Sie 
9 9cosé— 13 

ey dx 

ty) | == | 

6 i cos 3x 

op X4 +. 2x2 41 

Further problems 9 

| 38 =1:«=sOFor each of the following find the Maclaurin series expansion and determine 

the radius of convergence. 

(a) sinhz 

(b) tanz 

1+2Z 
(c) in(5*2) 

(d) a’, where a > O 

1527 

(Ga37)). 
(e) 

2 By using the appropriate Maclaurin series expansions, show that 

(a) (cosz)’ =—sinz 

e+e? 

Ps 

(©) (ee) ae 

(D) COS 



Residues 

3 Given the series expansion for (1+ z)~' 

(a) show by integration that this is compatible with the series expansion for 
In(1 + z) 

(b) by differentiation find Ser 'nz” and ae Vn? 2". 
n=1 

4 Use the ratio test to test each of the following for convergence. 

(2n)! yn (cos n7)z" 

2 ier ) y cere 2n—1 
uy n=0 

b 
es 3n CPS ieee 

5 Find the Taylor series about the point indicated of each of the following. 

(a) e”? about the point z = 2 

(b) cosz about the point z = 7/6 

(c) (z- SS +o) about the point z= 3 

(d) (2z — 5a. about the point z = 1/3 

(e) (2z—5)~' about the DOME Zc. 

6 Find the series expansion of zlnz valid for |z — 1| < 1. 

7 Find the circle of convergence of each of the following when expanded in a 

Taylor series about the point indicated. 

(a) e *cos(z — 2) about the point z = 1 

(b) cae 6) about the point z = 0 

z—2 : _5 
(c) PGE s about the point z 

2 
(d) ar about the point z = 0. 

8 Locate and classify all of the singularities of each of the following. 

(a) wlZcal)) 

z2(z2 —1)° 

(byez 



Complex Variables 

9 Find the Laurent series about the point indicated of each of the following. 

(a) “sin (;) about the point z = 0 

1 

2z—3 
(b) about the point z = 3/2 

(c) a about the point z = 3. 

10 Find the Laurent series of a ee that is valid for 
(z+2)(z+5) 

(a) 2 |Z =< 5 

(b) |z|>5 
(c) |z| =< 2: 

11. Evaluate each of the following integrals. 

(a) — 

9 2+ sin? 
20 dé 

dé 21 

(c) | (gia owcose where 0<a<1 

I sin? 6d 
(d) 

(e) 

dx 

cy in x2 +6x+13 

i x2dx 

90 X* + 6x2 + 13 

oo ox? dx 

(g) 

(h) 

(i) 

(j) 

x” sin 1x dx k ere ek 
(kK) Joo X* + 6x2 + 13 

ce sin 7x 
ls rae J aoa hate Xo 1 



Answers 

Test exercise 1 (page 48) 

1 (a) does not, (b) and (c) do 

2 
2 (a) HS ae ot domain 2 < x < 3, range —-4 <x < 00 

(b) k(x) = ae aT ; domain 2 < x < 3, range —co < x < —0.3 

4 (a) f x) =S(vx+3)" (b) f(x) =25Vx (0) f(x) = ((x+3)* +3)4 
5 A cece HAC x)])] where a(x) = x — 4, b(x) = 5x and c(x) = x3 

FG) = be [a (ca *(x)))|: a) =x +4, B10) = x/5,01R) = xt 
at 4 ae 

5 

6 (a) 0.6428 (b) 3.5495 (c) 0 7 (a) period 27/7, amplitude 4, phase 0 

(b) period x, amplitude 2, phase 0 relative to cos 20 
(c) period 27/3, amplitude oo, phase 4/3 8 (a) 3 (b) 4.5 (Cc) 0 9 (a) tun 
(b) £35.26° +n x 360°, +30° +n x 360° (c) 1.38142nn radians 10 (a) 0 

(by 13 (e)P 3.9949 “(d)625. (ce) 4.2618 “(f) 4.6052) 11) (a) 2 

(b) 0.6931, 1.0986 (©) 6 (d) 432/81 (e) 1/9 12 f(x) =% 5 cee 

BG) — 13 (a) 0 (b) 6 (c) —5/28 (d) -1/9 (e) 2/4 

Further problems 1 (page 49) 

1 =v3 2 (a) domain —1 <x = 1, tance oo —f ) 00 
3 the two straight lines y = x/3 and y = —x/3 

6 yes; consider a= V2 andx=2asanexample 7 (a) f-!(x) = (= A 2) 
6 

) F(a) = (#+2)" © fe) = (S22) 

10 (b) f'(x) = chs : .; (c) f’(0) does not exist 

13 (a) —5.702 (b) 0.8594 (c) —2.792 14 (a) 0 (b) -4-(c) 1/2 

Test exercise 2 (page 78) 

DG (bei (called) 1) 2 Vila) 29-2) (Db) 2c LI esennidy tees 
3 x=105,y=43 4 (a) 5.831|59°3’ (b) 6.708|153°26’ (c) 6.403|231°24' 

Se (a) —3.5355(1-+ 1) ib) 3.464—21 6 (a) 10°?! 
(b) 10¢e-°-5% -2°303 470.650, 2.303 —0.650i 7 ie 

Further problems 2 (page 78) 

1 (a) 1154+ 133i (b) 2.524+0.64i (c) cos2x+isin2x 2 (22—/75i)/41 

3) 0256-0: 171g 49) 0.70.9 U5 24.4 4.22.81 564 1216108 x= 18,,y = 1s) 

9Fg— 2, P= =20) 10 x42, Vo 23/27 12 4215, b=—-25 13/27 

327 



328. - Answers 

14 2.6 16 R=(R2C3—RiC4)/C4, L=R2R4C3 18 E= (1811+ 1124i) /34 

20 2+3i, -2+3i 

Test exercise 3 (page 105) 

1 5:831)210°58', 2) (a) =1:827--0:8137 (b) 3.993 — 3.0091 

3 (a) 36[197° (b) 4|53° 4 8|75° 5 2(|88°, 2|208°, 2|328°; 
principal root = 2|328° 

2|328° 

6 sin4@=4sind@cos@—8sin?@cos@ 7 cost # = 5 [cos 40 + 4.00826 + 3 

7 
8 (a) x*+y?-8%+7=0 (b) Pa oen 

Further problems 3 (page 105) 

1 x=0.27,y=053 2 -34 V3i; -2V3i . 
3° 31606/56°19), 22361296°34 242 = 71 61 75.665" 
4 ESO Os 99°, [ala (2432, lewis) 1336s el.7279i e2-9845t e~ 204201 e790 78541) 

5 73 08992361" 46 4/2(1 4), Vell a, volta 

36°, 1/1082, 1/180", 1|252° 1|324°; 608285! (82 pa =4 and x= 24-3 464i 
102°18’, 1|222°18', 1|342°18'; 0.953 — 0.304i 

10) eAO1S8° 22), 13022" 1202022), No 74°22) 84g 22%) 

principal root = 1.36 — 0.33i = 1.401e~-°97! 
12 —0.3640.55i, —1,64 —2.557) 13 =ié i.e. 2.7181 to 3 dp 
14 sin76 =7s—56s* + 1125° — 645” (s =sin@) 

N — 

‘© = 

1 
15 32 [10 — 15 cos 2x + 6 cos 4x — cos 6x] 

20 10 
16 x yy +x + 4 = 0; center (-+.0), radius 8/3 

1 ol 3 
my 4), radius /2 

18 x°+y?=16 19 (a) 2x24+2y?—-x-1=0 (b) x2 +y?+2x+2y=0 
20 (a) x +y?—4x=0 (b) x? +y?+x-2=0 22 (a) y=3 (b) P+y? = 4K 

17 x*+y? — (14+ V3)x- (1+ V3)y + V3 =0, center ( 



Answers 

Test exercise 4 (page 131) 

2 Of229 9S 19-409 4°9(a) 1.2125 A(b)t0.6931 FS ox = 0.3466 
6 (a) y=224 (b) x=+48.12 7 -cothA 8 sinxcoshy—icosxsinhy 

Further problems 4 (page 131) 

25 x—=0,x%—0549 5 (a) 0.9731 (b) £1317 7, @) 0.9895 £0.2498) 

(b) 0.4573 +0.5406i 10 x=0,x= sin2 12 x=0.3677 or —1.0986 

14 1.528+0.427i 17 1.007 

Test exercise 5 (page 170) 

1 (a) w=6-2i (b) w=3-2i1 (C) W=3i (dA) W=2 

2 Magnification = 2.236; rotation = 63° 26’; translation = 1 unit to right, 

3 units downwards 

3 

Vix sul i) 

4 

Minor arc of circle, center 
il 1 1 

—-=,-= ius —~=0.7071, ( 3! 5) radius 17) 

between A’ (—i) and B (0.12 — 0.16i) 

2 a al 
Send )ecenter (« 4) Ve 3) (b) radius 3 

eee 
6 center (« = = 0); radius 3 
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Further problems 5 (page 171) 
1 Triangle A’B’C’ with A’ (—1 + 2i), B’ (5 + 2i), C’ (2 + Si) 
2 Ka)A'(—8 £91) B (23 4140) 

(b) Magnification = /29 = 5.385; rotation = 68°12’; translation = nil 

3 Straight line joining A’ (5 — 7i) to B’ (—3 — i); magnification = 3.162; 

rotation = 161° 34’ counter-clockwise; translation = 2 to right, 4 upwards 

4 v 
AUB Ve0 

21C' y2 
, ' a Pe BCs Z 

2 Vv 
ABM =—-—] CD ae 4 

ey B Ae eV =U 
-1 O 1 u 

5 

A’B’ and C’D’: v=—(4u—w’) 

B’C’ and DAT = 
Hl RB] Re 

(u? — 4u) 

2 

GUAR Sy B23 10 C7 Gi) A’B’: u=2-; 

Pe ee é fs HK. ey. 
— 8 CA: w=) 7 circle, center (5 si), radius — 

1 D 
8 (a) circle, center (5 _ oi), radius 3 (b) region outside the circle in (a) 

9 circle, center €E -f oi), radius 1; clockwise development 

DP 
10 circle, u+y2— = Le = 0, center (5 + oi), radius - 

u 1 1 
ii Varclerirceys— Fe O, center (; + 0i), radius 7 region inside this circle 

12 circle, center (- , a 0i), radius : 



Answers 

. 3 
13 (a) circle, center (=. 0), radius a developed clockwise 

(b) region outside the circle in (a) 

u 140) ==" 
pees 

Test exercise 6 (page 194) 

OF > Yee OFA MGs Pz 
1 (a) aa 12x57 19y Dy = —10xy + 9y x2 24x aye = —10x + 18y 

Oz Oz Oz Oz 
=-10 = ao = —2si ae! ae Memes 10y_ (b) Dx 2sin(2x + 3y) By 3 sin(2x + 3y) 

Oz Pz Pz a —4 cos(2x + 3y) ay = —9cos(2x + 3y) ines = —6c0s(2x + 3y) 

Oz OZ OZ Bo yarn ied 2 Weta Sas Pao 6cos(2x + 3y) (Cc) = 2xe* By 2ye* 

Og Peary Oz Dap? OZ ay? ae Del a (0x2 es 2 -¥" (2y2 = ay, x2 (2X 1) ay? 2e 7 (2y" — 1) Ba ae 4xye* 

Oz = —Ayye’-Y (d) we = 2x? cos(2x + 3y) + 2xsin(2x +3 
Ox- Oy y Ox > Tay) PES Cage 
Oz Dir 90 
a2 = (2 — 4x*) sin(2x + 3y) + 8x cos(2x + 3y) 

Oz pi Oz 2 ie Toes —6x* sin(2x + 3y) + 6x cos(2x + 3y) by © 3x* cos(2x + 3y) 

O°? _ 932 sin(2x + 3p) <%= ~6x? sin(2x + 3y) + 6x c0s(2x + 3y) aye ”) Ox: By é ~ 
2 (a) 2V 3 P decreases 375 W 4 2:2.5% 

Further problems 6 (page 195) 

10 +0.67E x 10° approx. 12 +(x+y+z)% 13  y decreases by 19% approx. 
14 +4.25% 16 19% 18 déy=y{dx- pcot(px +a) — é6t-qtan(qt + b)} 

Test exercise 7 (page 245) 

1 (a) dz=4x> cos 3y dx — 3x*sin3ydy (b) dz = 2e?”{2cos 4x dx + sin 4x dy} 

(c) dz =xw?{2ywdx+xwdy+3xydw} 2 (a) z=x3y* + 4x? — Sy3 

(b) z= x? cos 4y + 2cos3x+4y? (c) not exact differential 
3 9square units 4 (a) 278.6 (b) a/2 (c) 22.5 (d) 48 (e) -21 

(f) -54x 5 Area = 3, square units 6 (a) 2 (b) 0 

Further problems 7 (page 246) 

T Leg On 1 
felt? ons yee SE) 4 sin +4) GS c-ageG « ane 

2 
7 2—nx/2 8 : 9 14 10 (a) 39.24 (b)0 11 

Test exercise 8 (page 293) 

1 (a) regular at all points (b) z= —S (c) regular at all points 

(d)e2— = ieand 2 S44 (e)ez = 0, where:z =x 4 iy 

2 (a) v(x, y)=coshxcosy+C (b) v(x, y) = 6(y? — x7) -—4x+C 4 4ni 

331 
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5 (a)z=0 (b) z=+1 (© nocritical point (d) z=+V2 (e) z=0 

Z 
(f) no critical point 6 w=cosh a [Dye ye Al 

Further problems 8 (page 294) 
it 

3 circle, center (5, —2), radius V2 4 circle, center (-3: 0), 

radius =i counter-clockwise 5 (a) v(x, y) =2y(x-—1)+C 

(b) v(x, y) = 3x2y —y3 —2xyt+y+C (©) v(x, y) =x27-2x-y?+C 

(d) v(x, y) =e” sin2xy+C 6 (a) 10mi (b) 6ri 7 (a) 0 (b) 47 

(c) 107i 9 2ri 10 107i 11 (a) (1)z=0 (2)z=H1 

(b) ellipse, center (0, 0), semi major axis 3, semi minor axis 3 

12 (a) W4+v=1 (b) w2+(v—1)* =2;0=45°. 13 Unit circle becomes the 

real axis on the w-plane. Region within the circle maps onto the upper half 

as 
1 == 5) plane 14 w=sin Be 

Test exercise 9 (page 323) 

Ug ae ro 
1 (a) f(@)=1l+z+5 +a +... +34... valid for |z| < oo 

2 3 n+1 n 4 is 
(b) f(z) =42- EE 

for |z| << 1/4 2 (a) pole of order 5 atz=—1 (b) essential singularity at 

z=0 (c) essential singularity atz=O (d) removable singularity at z=0 

1 (z—71/4)* (z—72/4)° 
3 =—{1 = Sear Tied oe ee 

Gani). ans) 
AI |e, 

4 (a) f(z)=—-—(z2+3)+8+ 

essential singularity 

+ eis valid for |z| < co 

1 4 Lee al hoe 

2(Z43) . (ga )3)\4. 24(z28) e3(een 3) 

3 1 Le Shi | ae ae ae 
b ~ a Ba ee = (b) f(z) 5 ina es eT peas (hori estan ae 

1 3 3s 5 82) Wi5ie=2)3 
(© VA) 

. (c) f(z) Span 16eeD eso A ai, Gai ae 

order 2 5 double pole at z = 0; residue —4, double pole at z = —1, residue 7/2, 
single pole at z= 1, residue 1/2 6 (a) —n/6 (b) 2n/V3 
(c) 2ne~ 

Further problems 9 (page 324) 

ees gontl 
1G) 2 ee (a) +a tat + BaD » [Z| S00 

Ze 27°" 17 ez 
b - (0) 2+ 4575 + azg 4: Al< 7/2 

5 QP 2 gent 

Cc ee | (C) { eg ars rge ll< 
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10 

11 

z(Ina)* z3(Ina)? z"(In a)" 
IN eer 

Se 272" , 162z" cL O7 5/3: 
GDh | ele cs eee 
eee 2506250 Z z(z — 1) 
RY eh tly) GA Cai 

(a) convergent for |z| <oo (b) convergent for |z| < 1 
(c) convergent for |z| <1 (d) convergent for |z| <1 (e) convergent for |z| < co 

(a) at rz 2) 4 oo 

(d) 1+ zing tp en, \Z|'< CO 

(e) 

2! 3! nl 

(o) ¥3_@=n/6)_v3(z@=7/6)" | (z@—n/6)* | V3(z— 1/6)" 
2 2 2x2! 2% 3! Dt 

Bune 

(Cc) (z—3)sin6+ (z—3)*cos6 ae eee 

awe 2 

pale oe (d) -1a2(8) (z — 1/3) 
3 n+1 

+4(35) @-1/3)? +... +2"(=) e-1ay+..f 

(Oi Se(ce 3) AG 2 Go 

Gay 2 a taal) = 
a ORGS Ones higitsed 1g seit tee acs 
(b) |z|=V6 (c) |z—5|=1 (@) z=co 8 (a) poles of order 2 at z=0 and 
z= —1, removable singularity atz=+1 (b) essential singularity at z= 0 

(a) J : SS : ! SS |z| > 0 
Le ES PE SL 

(c) aS Os ere aCe ee aad 2 — 9 rire ty Oe ans eal 

( Tor ea ie 22, 22 227 
Ane oe net as po5 

Tees 46. 242 ( 1 17 1092? 5932! 

+--- (©) —39+799 — qooo + T0000 Vi, EE zt 

21 2m 
(a) 2n/V3 (b) Veae (c) ja? — 1] 

(g) 7/V13/8—3/8 (h) 7/4 (i) 2x/V3. (i) 20/3 (kK) 0 (I) O 

(dian 4 (2) lee (2 Een 2 
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Algebraic identities ix 

Alternating sign test 304 

Amplitude 25 
Analytic function 250 
Arc length 227 
Area enclosed by a closed curve 212 

Areas of plane figures 199 
Argand diagram 66 

Argument 70 

Bilinear transformation 165 

Calculating errors 192 

Calculating residues 312 

Catenary 109 
Cauchy-Riemann equations 252, 254 

Cauchy’s theorem 262 

Chart Wizard 8 

Circle of convergence 301, 303 

Closed curves 222 

Line integral 223 

Regions enclosed 222 

Co-domain 5 
Complex function 249 

Analytic 250 

Cauchy-—Riemann equations 252 

Differentiation 249 

Regular 250 

Singularities 250 

Complex integration 259 

Cauchy’s theorem 262 

Contour integrals 259 

Complex mapping 135 

Combined magnification and 

rotation 144 

Combined magnification, rotation & 

translation 146 

Magnification 142 

Non-linear transformations 150 

Rotation 143 

Straight line in the z-plane 137 

Translation 141 

w=az+b 141 

w=(az+b)/(cz+d) 165 

We ya) Aes) 

Wily Za 

WZ 150 
Complex numbers 51, 57 

Addition 58 

Argand diagram 66 

Argument 70 

Conjugate 60 

Division 89 

Equality 64 
Exponential form 73 

Graphical addition 67 

Graphs 66 
Imaginary part 57 

Logarithm 75 

Modulus 70 

Multiplication 59, 89 

Polar form 69 
Principal root 94 

Real part 57 
Roots 90 

Subtraction 58 

Complex plane 66 

Complex variable 134 

Complex w-plane 134 

Composition of a function 14 

Conformal transformation 276 

Conjugate complex numbers 60 

Conjugate functions 255 

Contour 267 

Contour integration 259 

Convergence 297 

Alternating sign test 304 

Circle 303 

Radius 301 

Ratio test 297 

coshx 109 

Critical points 277 

Deformation of contours 267 

DeMoivre’s theorem 90 

Differentiable 249 

Differentials 206 

Exact 209 

Differentiation of a complex function 249 
Domain 5 
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Entire function 250 
Equations 

Cauchy-Riemann 252 
Indicial 36 
Laplace 254 

Parametric 228 

Quadratic 52 

Trigonometric 29, 31 

Essential singularities 307 
Even functions 39 
Exact differential 209 

Integration 210 
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