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INTRODUCTION 

The challenge of well-posed problems transcends national boundaries, 

ethnic origins, political systems, economic doctrines, and religious 

beliefs; the appeal is almost universal. Why? You are invited to formulate 

your own explanation. We simply accept the observation and exploit it 

here for entertainment and enrichment. 

This book is a new, combined edition of two volumes first published 

in 1970. It contains nearly two hundred problems, many with extensions 

or variations that we call challenges. Supplied with pencil and paper and 

fortified with a diligent attitude, you can make this material the starting 

point for exploring unfamiliar or little-known aspects of mathematics. 

The challenges will spur you on; perhaps you can even supply your own 

challenges in some cases. A study of these nonroutine problems can 

provide valuable underpinnings for work in more advanced mathematics. 

This book, with slight modifications made, is as appropriate now as it 

was a quarter century ago when it was first published. The National Council 

of Teachers of Mathematics (NCTM), in their Curriculum and Evaluation 

Standards for High School Mathematics (1989), lists problem solving as its 

first standard, stating that "mathematical problem solving in its broadest 

sense is nearly synonymous with doing mathematics." They go on to say, 

"(problem solving] is a process by which the fabric of mathematics is 

identified in later standards as both constructive and reinforced." 

This strong emphasis on mathematics is by no means a new agenda 

item. In 1980, the NCTM published An Agenda for Action. There, the NCTM 

also had problem solving as its first item, stating, “educators should give 

priority to the identification and analysis of specific problem solving strate- 

gies ....{and] should develop and disseminate examples of 'good problems' 
and strategies." It is our intention to provide secondary mathematics 
educators with materials to help them implement this very important 
recommendation. 

ABOUT THE BOOK 

Challenging Problems in Geometry is organized into three main parts: 
"Problems," "Solutions," and "Hints." Unlike many contemporary 
problem-solving resources, this book is arranged not by problem-solving 
technique, but by topic. We feel that announcing the technique to be used 
stifles creativity and destroys a good part of the fun of problem solving. 
; The problems themselves are grouped into two sections. Section I, 
A New Twist on Familiar Topics," covers five topics that roughly 
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parallel the sequence of the high school geometry course. Section II, 
"Further Investigations," presents topics not generally covered in the high 
school geometry course, but certainly within the scope of that audience. 
These topics lead to some very interesting extensions and enable the reader 
to investigate numerous fascinating geometric relationships. 

Within each topic, the problems are arranged in approximate order of 
difficulty. For some problems, the basic difficulty may lie in making the 
distinction between relevant and irrelevant data or between known and 
unknown information. The sure ability to make these distinctions is part 
of the process of problem solving, and each devotee must develop this 

power by him- or herself. It will come with sustained effort. 
In the "Solutions" part of the book, each problem is restated and then 

its solution is given. Answers are also provided for many but not all of 

the challenges. In the solutions (and later in the hints), you will notice 

citations such as "(#23)" and "(Formula #5b)." These refer to the 

definitions, postulates, and theorems listed in Appendix I, and the 

formulas given in Appendix II. 

From time to time we give alternate methods of solution, for there is 

rarely only one way to solve a problem. The solutions shown are far from 

exhaustive, and intentionally so, allowing you to try a variety of different 

approaches. Particularly enlightening is the strategy of using multiple 

methods, integrating algebra, geometry, and trigonometry. Instances of 

multiple methods or multiple interpretations appear in the solutions. Our 

continuing challenge to you, the reader, is to find a different method of 

solution for every problem. 

The third part of the book, "Hints," offers suggestions for each 

problem and for selected challenges. Without giving away the solution, 

these hints can help you get back on the track if you run into difficulty. 

USING THE BOOK 

This book may be used in a variety of ways. It is a valuable supplement 

to the basic geometry textbook, both for further explorations on specific 

topics and for practice in developing problem-solving techniques. The 

book also has a natural place in preparing individuals or student teams for 

participation in mathematics contests. Mathematics clubs might use this 

book as a source of independent projects or activities. Whatever the use, 

experience has shown that these problems motivate people of all ages to 

pursue more vigorously the study of mathematics. 

Very near the completion of the first phase of this project, the 

passing of Professor Charles T. Salkind grieved the many who knew and 

respected him. He dedicated much of his life to the study of problem 

posing and problem solving and to projects aimed at making problem 
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solving meaningful, interesting, and instructive to mathematics students 

at all levels. His efforts were praised by all. Working closely with this 
truly great man was a fascinating and pleasurable experience. 

Alfred S. Posamentier 

1996 
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PREPARING TO 
SOLVE A PROBLEM 

A strategy for attacking a problem is frequently dictated by the use of 
analogy. In fact, searching for an analogue appears to be a psychological 
necessity. However, some analogues are more apparent than real, so 
analogies should be scrutinized with care. Allied to analogy is structural 
similarity or pattern. Identifying a pattern in apparently unrelated 

problems is not a common achievement, but when done successfully it 
brings immense satisfaction. 

Failure to solve a problem is sometimes the result of fixed habits of 

thought, that is, inflexible approaches. When familiar approaches prove 

fruitless, be prepared to alter the line of attack. A flexible attitude may 
help you to avoid needless frustration. 

Here are three ways to make a problem yield dividends: 

(1) The result of formal manipulation, that is, "the answer," may or may 

not be meaningful; find out! Investigate the possibility that the 

answer is not unique. If more than one answer is obtained, decide on 

the acceptability of each alternative. Where appropriate, estimate the 

answer in advance of the solution. The habit of estimating in advance 

should help to prevent crude errors in manipulation. 

(2) Check possible restrictions on the data and/or the results. Vary the 

data in significant ways and study the effect of such variations on the 

original result. 

(3) The insight needed to solve a generalized problem is sometimes 

gained by first specializing it. Conversely, a specialized problem, 

difficult when tackled directly, sometimes yields to an easy solution 

by first generalizing it. 
As is often true, there may be more than one way to solve a problem. 

There is usually what we will refer to as the "peasant's way" in contrast to 

the "poet's way"—the latter being the more elegant method. 

To better understand this distinction, let us consider the following 

problem: 

If the sum of two numbers is 2, and the product of these 

same two numbers is 3, find the sum of the reciprocals 

of these two numbers. 
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Those attempting to solve the following pair of equations simultane- 

ously are embarking on the "peasant's way" to solve this problem. 

x +Aye= ae 

xy = 3 

Substituting for y in the second equation yields the quadratic equation, 

x2 —2x +3 = 0. Using the quadratic formula we can findx =1+1 V2. 

a 
By adding the reciprocals of these two values of x, the answer 3 appears. 

This is clearly a rather laborious procedure, not particularly elegant. 

The "poet's way" involves working backwards. By considering the 

desired result 

and seeking an expression from which this sum may be derived, one 

should inspect the algebraic sum: 

catia 
xy 

The answer to the original problem is now obvious! That is, since 

Kety a=) 2 andexys— 3; a a =& This is clearly a more elegant 

solution than the first one. 

The "poet's way" solution to this problem points out a very useful 

and all too often neglected method of solution. A reverse strategy is 

certainly not new. It was considered by Pappus of Alexandria about 320 
A.D. In Book VII of Pappus' Collection there is a rather complete 

description of the methods of "analysis" and "synthesis." T. L. Heath, in 

his book A Manual of Greek Mathematics (Oxford University Press, 

1931, pp. 452-53), provides a translation of Pappus' definitions of these 
terms: 

Analysis takes that which is sought as if it were 

admitted and passes from it through its successive 

consequences to something which is admitted as the 
result of synthesis: for in analysis we assume that 
which is sought as if it were already done, and we 
inquire what it is from which this results, and again 
what is the antecedent cause of the latter, and so on, 
until, by so retracing our steps, we come upon 
something already known or belonging to the class of 
first principles, and such a method we call analysis as 
being solution backward. 
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But in synthesis, reversing the progress, we take as 

already done that which was last arrived at in the 

analysis and, by arranging in their natural order as 

consequences what before were antecedents, and 

successively connecting them one with another, we 

arrive finally at the construction of that which was 

sought: and this we call synthesis. 

Unfortunately, this method has not received its due emphasis in the 
mathematics classroom. We hope that the strategy recalled here will serve 

you well in solving some of the problems presented in this book. 

Naturally, there are numerous other clever problem-solving strategies 

to pick from. In recent years a plethora of books describing various 

problem-solving methods have become available. A concise description of 

these problem-solving strategies can be found in Teaching Secondary 

School Mathematics: Techniques and Enrichment Units, by A. S. 
Posamentier and J. Stepelman, 4th edition (Columbus, Ohio: Prentice 

Hall/Merrill, 1995). 
Our aim in this book is to strengthen the reader's problem-solving 

skills through nonroutine motivational examples. We therefore allow the 

reader the fun of finding the best path to a problem's solution, an 

achievement generating the most pleasure in mathematics. 
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PROBLEMS 

SECTION I 
A New Twist on Familiar Topics 

1. Congruence and Parallelism 

The problems in this section present applications of several topics 

that are encountered early in the formal development of plane Euclidean 

geometry. The major topics are congruence of line segments, angles, 

and triangles and parallelism in triangles and various types of quadri- 

laterals. 

1-1 In any AABC, E and D are interior points of AC and BC, 
respectively (Fig. 1-1). AF bisects 2 CAD, and BF bisects Z CBE. 

Prove mZ AEB + mZADB = 2mZ AFB. 

Challenge 1 Prove that this result holds if E coincides with C. 

Challenge 2 Prove that the result holds if £ and D are exterior points 

on extensions of AC and BC through C. 



2 PROBLEMS 

1-2 In AABC, a point D is on AC so that AB = AD (Fig. 1-2). 

mZ.ABC — mZ ACB = 30. Find mZ CBD. 

A 
1-2 

C B 

1-3 The interior bisector of 7B, and the exterior bisector of 7C of 

AABC meet at D (Fig. 1-3). Through D, a line parallel to CB 
meets AC at L and AB at M. If the measures of legs LC and MB 
of trapezoid CLMB are 5 and 7, respectively, find the measure of 

base LM. Prove your result. 

Challenge- Find LM if AABC is equilateral. 

1-3 A 

C B 

1-4 In right AABC, CF is the median to hypotenuse AB, CE is the 
bisector of Z ACB, and CD is the altitude to AB (Fig. 1-4). 
Prove that 2 DCE = ZECF. 

Challenge Does this result hold for a non-right triangle? 

B 

Cc A 

1-5 The measure of a line segment PC, perpendicular to to hypotenuse 
AC of right AABC, is equal to the measure of leg BC. Show BP 
may be perpendicular or parallel to the bisector of ZA. 
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1-6 Prove the following: if, in AABC, median AM is such that 
mZBAC is divided in the ratio 1:2, and AM is extended through 

M to D so that ZDBA is a right angle, then AC =! AD 
(Fig. 1-6). ; 

Challenge Find two ways of proving the theorem when mZA = 90. 

1-7 In square ABCD, M is the midpoint of AB. A line perpendicular 
to MC at M meets AD at K. Prove that Z2BCM = ZKCM. 

Challenge Prove that AKDC is a 3-4-5 right triangle. 

1-8 Given any AABC, AE bisects ZBAC, BD bisects ZABC, 
CP 1 BD, and CO AE (Fig. 1-8), prove that PQ is parallel to 
AB. 

Challenge Identify the points P and Q when AABC is equilateral. 

1-9 Given that ABCD is a square, CF bisects ZACD, and BPQ is 

perpendicular to CF (Fig. 1-9), prove DQ = 2PE. 

D Q Cc A B 

7 

‘haa 

1-10 Given square ABCD with mZEDC = mZECD = 15, prove 

AABE is equilateral (Fig. 1-10). 
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1-11 In any AABC, D, E, and F are midpoints of the sides AC, AB, 

and BC, respectively (Fig. 1-11). BG is an altitude of AABC. 

Prove that ZEGF = ZEDF. 

Challenge 1 Investigate the case when AABC is equilateral. 

Challenge 2 Investigate the case when AC = CB. 

1-12 

D E 

1-12 In right AABC, with right angle at C, BD = BC, AE = AC, 

EF 1 BC, and DG 1 AC (Fig. 1-12). Prove that DE = EF + DG. 

1-13 Prove that the sum of the measures of the perpendiculars from 

any point on a side of a rectangle to the diagonals is constant. 

Challenge If the point were on the extension of a side of the rectangle, 

would the result still hold? 

1-14 The trisectors of the angles of a rectangle are drawn. For each 

pair of adjacent angles, those trisectors that are closest to the 

enclosed side are extended until a point of intersection is estab- 

lished. The line segments connecting those points of intersection 

form a quadrilateral. Prove that the quadrilateral is a rhombus. 

Challenge 1 What type of quadrilateral would be formed if the 
original rectangle were replaced by a square? 

Challenge 2. What type of figure is obtained when the original figure 
is any parallelogram? 

Challenge 3 What type of figure is obtained when the original figure 
is a rhombus? 

1-15 In Fig. 1-15, BE and AD are altitudes of AABC. F, G, and K 
are midpoints of AH, AB, and BC, respectively. Prove that 
ZFGK is a right angle. 
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A 

E 

1-15 

G 

B D x Cc 

1-16 In parallelogram ABCD, M is the midpoint of BC. DT is drawn 
from D perpendicular to MA as in Fig. 1-16. Prove that CT = 
CD: 

Challenge Make the necessary changes in the construction lines, and 
then prove the theorem for a rectangle. 

A if 

B 

M 

1-16 

C D 

1-17 Prove that the line segment joining the midpoints of two opposite 

sides of any quadrilateral bisects the line segment joining the 

midpoints of the diagonals. 

1-18 Inany AABC, X YZ is any line through the centroid G (Fig. 1-18). 

Perpendiculars are drawn from each vertex of AABC to this 

line. Prove CY = AX + BZ. 

C 

1-19 In any AABC, CPQ is any line through C, interior to AABC 

(Fig. 1-19). BP is perpendicular to line CPQ, AQ is perpendicular 

to line CPQ, and M is the midpoint of AB. Prove that MP = MQ. 
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Challenge Show that the same result holds if the line through C is 

exterior to AABC. 

1-20 In Fig. 1-20, ABCD is a parallelogram with equilateral triangles 

ABF and ADE drawn on sides AB and AD, respectively. Prove 

that AFCE is equilateral. 
F 

1-21 If a square is drawn externally on each side of a parallelogram, 

prove that 

(a) the quadrilateral determined by the centers of these squares 

is itself a square 
(b) the diagonals of the newly formed square are concurrent with 

the diagonals of the original parallelogram. 

Challenge Consider other regular polygons drawn externally on the 

sides of a parallelogram. Study each of these situations! 

2. Triangles in Proportion 

As the title suggests, these problems deal primarily with similarity 
of triangles. Some interesting geometric proportions are investigated, 
and there is a geometric illustration of a harmonic mean. 

Do you remember manipulations with proportions such as: if 
ihe eg th ab Chg S ‘4 
b~ q ‘en, = —,— ? They are essential to solutions of many 
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2-1 In AABC, DE || BC, FE || DC, AF = 4, and FD = 6 (Fig. 2-1). 
Find DB. 

Challenge 1 Find DB if AF = m, and FD = My. 

Challenge 2 FG || DE, and HG || FE. Find DB if AH = 2 and 
HF = 4. 

Challenge 3. Find DB if AH = m, and HF = mp. 

2-2 In isosceles AABC (AB = AC), CB is extended through B to P 
(Fig. 2-2). A line from P, parallel to altitude BF, meets AC at D 
(where D is between A and F). From P, a perpendicular is drawn 

to meet the extension of AB at E so that B is between E and A. 

Express BF in terms of PD and PE. Try solving this problem 

in two different ways. 

Challenge Prove that BF = PD + PE when AB = AC, P is between 

Band C, D is between C and F, and a perpendicular from P 

meets AB at E. 

2-3 The measure of the longer base of a trapezoid is 97. The measure 
of the line segment joining the midpoints of the diagonals is 3. 

Find the measure of the shorter base. 

Challenge Find a general solution applicable to any trapezoid. 

2-4 In AABC, D is a point on side BA such that BD: DA = 1:2. 

E is a point on side CB so that CE: EB = 1:4. Segments DC 

and AE intersect at F. Express CF:FD in terms of two positive 

relatively prime integers. 
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Challenge Show that if BD:DA = m:n and CE:EB = r:s, then 

GE r\ {m+n 

loll) 
2-5 In AABC, BE is a median and O is the midpoint of BE. Draw 

AO and extend it to meet BC at D. Draw CO and extend it to 
meet BA at F. If CO =.15,.OF =:5,,and AO = 12, findsthe 

measure of OD. 

Challenge Can you establish a relationship between OD and AO? 

2-6 In parallelogram ABCD, points E and F are chosen on diagonal 

AC so that AE = FC. If BE is extended to meet AD at H, and 
BF is extended to meet DC at G, prove that HG is parallel to AC. 

Challenge Prove the theorem if E and F are on AC, exterior to the 

parallelogram. 

2-7 AM is the median to side BC of AABC, and P is any point on 
AM. BP extended meets AC at E, and CP extended meets AB at 
D. Prove that DE is parallel to BC. 

Challenge Show that the result holds if P is on AM, exterior to 

AABC. 

2-8 In AABC, the bisector of ZA intersects BC at D (Fig. 2-8). 
A perpendicular to AD from B intersects AD at E. A line segment 
through E and parallel to AC intersects BC at G, and AB at H. 
If AB = 26, BC = 28, AC = 30, find the measure of DG. 

Challenge Prove the result for CF L AD where F is on AD exterior 
to AABC. 

2-8 Cc 

2-9 
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2-9 In AABC, altitude BE is extended to Gso that EG = the measure 
of altitude CF. A line through G and parallel to AC meets BA 
at H, as in Fig. 2-9. Prove that AH = AC. 

Challenge 1 Show that the result holds when 24 is a right angle. 

Challenge 2. Prove the theorem for the case where the measure of 

altitude BE is greater than the measure of altitude CF, 
and G is on BE (between B and E) so that EG = CF. 

2-10 In trapezoid ABCD (AB || DC), with diagonals AC and DB 

intersecting at P, AM, a median of AADC, intersects BD at E 

(Fig. 2-10). Through £, a line is drawn parallel to DC cutting AD, 

AC, and BC at points H, F, and G, respectively. Prove that 

HE = EF = FG. 

2-10 

2-11 A line segment AB is divided by points K and L in such a way that 
(AL)? = (AK)(AB) (Fig. 2-11). A line segment AP is drawn 
congruent to AL. Prove that PL bisects 7 KPB. 

p 

2-11 

Challenge Investigate the situation when 7 APB is a right angle. 

2-12 P is any point on altitude CD of AABC. AP and BP meet sides 

CB and CA at points Q and R, respectively. Prove that 2QDC = 

ARDC. 
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2-13 In AABC, Z is any point on base AB (Fig. 2-13). CZ | is drawn. 

A line is drawn through A parallel to (He, meeting BC at XA 

line iS drawn through B parallel to CZ meeting AC at Y. Prove 
1 it 

thatyt+er-a@ 

2-13 

A z B 

Challenge Two telephone cable poles, 40 feet and 60 feet high, 

respectively, are placed near each other. As partial support, 

a line runs from the top of each pole to the bottom of the 

other. How high above the ground is the point of inter- 

section of the two support lines? 

2-14 In AABC, mZA = 120. Express the measure of the internal 

bisector of 7A in terms of the two adjacent sides. 

Challenge Prove the converse of the theorem established above. 

2-15 Prove that the measure of the segment passing through the point 

of intersection of the diagonals of a trapezoid and parallel to the 

bases with its endpoints on the legs, is the harmonic mean be- 

tween the measures of the parallel sides. The harmonic mean of 

two numbers is defined as the reciprocal of the average of the 
reciprocals of two numbers. The harmonic mean between a and 
b is equal to 

= = Stabe 
2 ~ a+b 

2-16 In CIABCD, Eis on BC (Fig. 2-16a). AE cuts diagonal BD at G 
and DC at F. If AG = 6 and GE = 4, find EF. 

A B 

2-16a 
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Challenge 1 Show that AG is one-half the harmonic mean between 
AF and AE. 

Challenge 2. Prove the theorem when E is on the extension of CB 
through B (Fig. 2-16b). 

2-16b 

3. The Pythagorean Theorem 

You will find two kinds of problems in this section concerning the 

key result of Euclidean geometry, the theorem of Pythagoras. Some 

problems involve direct applications of the theorem. Others make 

use of results that depend on the theorem, such as the relationship 

between the sides of an isosceles right triangle or a 30-60-90 triangle. 

3-1 In any AABC, E is any point on altitude AD (Fig. 3-1). Prove 
that (AC)? — (CE)? = (AB) — (EB)’. 

A 

3-1 

Cc D B 

Challenge 1 Show that the result holds if E is on the extension of 

AD through D. 

Challenge 2. What change in the theorem results if E is on the extension 

of AD through A? 

3-2 In AABC, median AD is perpendicular to median BE. Find AB 

if BC = 6 and AC = 8. 
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Challenge 1 Express 4B in general terms for BC = a, and AC = b. 

Challenge 2. Find the ratio of AB to the measure of its median. 

3-3 On hypotenuse AB of right AABC, draw square ABLH ex- 

ternally. If AC = 6 and BC = 8, find CH. 

Challenge 1 Find the area of quadrilateral HLBC. 

Challenge 2 Solve the problem if square ABLH overlaps AABC. 

3-4 The measures of the sides of a right triangle are 60, 80, and 100. 

Find the measure of a line segment, drawn from the vertex of the 

right angle to the hypotenuse, that divides the triangle into two 

triangles of equal perimeters. 

3-5 On sides AB and DC of rectangle ABCD, points F and E are 
chosen so that AFCE is a rhombus (Fig. 3-5). If AB = 16 and 

BC = 12, find EF. 

A B 

3-5 

D Cc 
E 

Challenge If 4B = a and BC = 6b, what general expression will give 

the measure of EF? 

3-6 A man walks one mile east, then one mile northeast, then another 

mile east. Find the distance, in miles, between the man’s initial 

and final positions. 

Challenge How much shorter (or longer) is the distance if the course 
is one mile east, one mile north, then one mile east? 

3-7 If the measures of two sides and the included angle of a triangle 
are 7, V 50, and 135, respectively, find the measure of the segment 
Joining the midpoints of the two given sides. 

Challenge 1 Show that when mZA = S5s 

EF = 5/6? +c? + bev/2, 
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where E and F are midpoints of sides AC and AB, 
respectively, of AABC. 

NOTE: a, b, and c are the lengths of the sides opposite 
ZA, ZB,and ZC of AABC. 

Challenge 2. Show that when mZA = 120, 

1 = 
EF = 5 V/b? + c? + bev/1. 

Challenge 3. Show that when mZA = 150, 

EF = 5/8? + c? + bev. 

Challenge 4 On the basis of these results, predict the values of EF for 

mZA = 30, 45, 60, and 90. 

3-8 Hypotenuse AB of right A ABC is divided into four congruent 

segments by points G, E, and H, in the order A, G, E, H, B. If 

AB = 20, find the sum of the squares of the measures of the line 

segments from C to G, E, and H. 

Challenge Express the result in general terms when AB = c. 

3-9 In quadrilateral ABCD, AB = 9, BC = 12, CD = 13, DA = 14, 

and diagonal AC = 15 (Fig. 3-9). Perpendiculars are drawn from 

Band D to AC, meeting AC at points P and Q, respectively. Find 

3-10 In AABC, angle C is a right angle (Fig. 3-10). AC = BC = 1, 

and Dis the midpoint of AC. BD is drawn, and a line perpendicular 

to BD at P is drawn from C. Find the distance from P to the inter- 

section of the medians of AABC. 

Challenge Show that PG = eve when G is the centroid, and c is 

the length of the hypotenuse. 
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3-11 A right triangle contains a 60° angle. If the measure of the 

hypotenuse is 4, find the distance from the point of intersection 

of the 2 legs of the triangle to the point of intersection of the angle 

bisectors. 

3-12 From point P inside AABC, perpendiculars are drawn to the 

sides meeting BC, CA, and AB, at points D, E, and F, respectively. 

If BD = 8, DC = 14, CE = 13, AF = 12, and FB = 6, find 

AE. Derive a general theorem, and then make use of it to solve 

this problem. 

3-13 For AABC with medians AD, BE, and CF, let m= AD + 

BE+ CF, and let s= AB+ BC+ CA. Prove that ss > 

Se m> iS. 

3-14 Prove that = (a? + b? + c?) = m2 + m,” + m-.”. (m. means 

the measure of the median drawn to side c.) 

Challenge 1 Verify this relation for an equilateral triangle. 

Challenge 2 The sum of the squares of the measures of the sides of a 

triangle is 120. If two of the medians measure 4 and 5, 

respectively, how long is the third median? 

Challenge 3 If AE and BF are medians drawn to the legs of right 

AABC, find the numeral value of ay ee ; 

4. Circles Revisited 

Circles are the order of the day in this section. There are problems 
dealing with arc and angle measurement; others deal with lengths of 
chords, secants, tangents, and radii; and some problems involve both. 

Particular attention should be given to Problems 4-33 thru 4-40, 
which concern cyclic quadrilaterals (quadrilaterals that may be in- 
scribed in a circle). This often neglected subject has interesting applica- 
tions. If you are not familiar with it, you might look at the theorems 
that are listed in Appendix I. 
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4-1 Two tangents from an external point P are drawn to a circle, 
meeting the circle at points A and B. A third tangent meets the 
circle at T, and tangents PA and PB at points Q and R, respec- 
tively. Find the perimeter p of APQR. 

4-2 AB and AC are tangent to circle O at B and C, respectively, and 
CE is perpendicular to diameter BD (Fig. 4-2). Prove (BE)(BO) = 

(AB)(CE). 

Challenge 1 Find the value of AB when E coincides with O. 

Challenge 2. Show that the theorem is true when E is between B and O. 

AB BO 
Challenge 3. Show that VBE = VED’ 

4-3 From an external point P, tangents PA and PB are drawn to a 

circle. From a point Q on the > major (or minor) arc AB, per- 

pendiculars are drawn to AB, PA, and PB. Prove that the per- 

pendicular to AB is the mean proportional between the other 

two perpendiculars. 

Challenge Show that the theorem is true when the tangents are 

parallel. 

4-4 Chords AC and DB are perpendicular to each other and intersect 

at point G (Fig. 4-4). In AAGD the altitude from G meets AD 

at E, and when extended meets BC at P. Prove that BP = PC. 

Challenge One converse of this theorem is as follows. Chords ING 

and DB intersect at G. In AAGD the altitude from G meets 

AD at E, and when extended meets BC at P so that BP = 

PC. Prove that AC L BD. 
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4-5 Square ABCD is inscribed in a circle. Point E is on the circle. 

If AB = 8, find the value of 

(AE)? + (BE)? + (CE)” + (DE)’. 

Challenge Prove that for ABCD, a non-square rectangle, (AE)? + 

(BE)? + (CE)? + (DE)* = 2d’, where d is the measure 

of the length of a diagonal of the rectangle. 

4-6 Radius AO is perpendicular to radius OB, MN is parallel to AB 

meeting AO at P and OB at Q, and the circle at M and N 

(Fig. 4-6). If MP = »/56, and PN = 12, find the measure of the 

radius of the circle. 

mM A 

4-7 Chord CD is drawn so that its midpoint is 3 inches from the 
center of a circle with a radius of 6 inches. From A, the midpoint 

of minor are CD, any chord AB is drawn intersecting CD in M. 
Let v be the range of values of (4B)(AM), as chord AB is made to 
rotate in the circle about the fixed point A. Find v. 

4-8 A circle with diameter AC is intersected by a secant at points B 

and D. The secant and the diameter intersect at point P outside 

the circle, as shown in Fig. 4-8. Perpendiculars AE and CF are 
drawn from the extremities of the diameter to the secant. If 

EB = 2, and BD = 6, find DF. 

Challenge Does DF = EB? Prove it! 

4-9 A diameter CD of a circle is extended through D to external 
point P. The measure of secant CP is 77. From P, another secant 
is drawn intersecting the circle first at A, then at B. The measure 
of secant PB is 33. The diameter of the circle measures 74. 
Find the measure of the angle formed by the secants. 

Challenge Find the measure of the shorter secant if the measure of the 
angle between the secants is 45. 
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4-10 In AABC, in which AB = 12, BC = 18, and AC = 25a 
semicircle is drawn so that its diameter lies on AC, and so that it 
is tangent to AB and BC. If O is the center of the circle, find the 
measure of AO. 

Challenge Find the diameter of the semicircle. 

4-11 Two parallel tangents to circle O meet the circle at points M and 
N. A third tangent to circle O, at point P, meets the other two 

tangents at points K and L. Prove that a circle, whose diameter is 

KL, passes through OQ, the center of the original circle. 

Challenge Prove that for different positions of point P, on MN, a 

family of circles is obtained tangent to each other at O. 

4-12 LM isa chord of a circle, and is bisected at K (Fig. 4-12). DKJ is 
another chord. A semicircle is drawn with diameter DJ. KS, 

perpendicular to DJ, meets this semicircle at S. Prove KS = KL. 

Challenge Show that if DK/ is a diameter of the first circle, or if 

DKJ coincides with LM, the theorem is trivial. 

Ss 
4-12 

D 

i 

4-13 A ABC is inscribed in a circle with diameter AD. A tangent to the 

circle at D cuts AB extended at E and AC extended at F. If 

AB = 4, AC = 6, and BE = 8: find CF: 

Challenge 1 Find mZ DAF. 

Challenge 2. Find BC. 

4-14 Altitude AD of equilateral A ABC is a diameter of circle O. If the 

circle intersects AB and AC at E and F, respectively, find the ratio 

of EF: BC. 

Challenge Find the ratio of EB: BD. 
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4-15 Two circles intersect in A and B, and the measure of the common 

chord AB is 10. The line joining the centers cuts the circles in P 

and Q. If PQ = 3 and the measure of the radius of one circle is 

13, find the radius of the other circle. 

Challenge Find the second radius if PQ = 2. 

4-16 ABCD is a quadrilateral inscribed in a circle. Diagonal BD 

bisects AC. If AB = 10, AD = 12, and DC = 11, find BC. 

Challenge Solve the problem when diagonal BD divides AC into two 
segments, one of which is twice as long as the other. 

4-17 A isa point exterior to circle O. PT is drawn tangent to the circle 

so that PT = PA. As shown in Fig. 4-17, C is any point on circle 

O, and AC and PC intersect the circle at points D and B, re- 
spectively. AB intersects the circle at E. Prove that DE is parallel 
to AP. 

A 6 

4-17 V7 

P \ 

SN ae 
Challenge 1 Prove the theorem for A interior to circle O. 

Challenge 2 Explain the situation when 4 is on circle O. 

4-18 PA and PB are tangents to a circle, and PCD is a secant. Chords 
AC, BC, BD, and DA are drawn. If AC = 9, AD = 12, and 

BD = 10, find BC. 

Challenge If in addition to the information given above, PA = 15 
and'PC =+9) find 4B: 

4-19 The altitudes of AABC meet at O. BC, the base of the triangle, 
has a measure of 16. The circumcircle of A ABC has a diameter 
with a measure of 20. Find AO. 

4-20 Two circles are tangent internally at P, and a chord, AB, of the 



Circles Revisited 19 

larger circle is tangent to the smaller circle at C (Fig. 4-20). PB 
and PA cut the smaller circle at Eand D, respectively. If AB = 15, 
while PE = 2 and PD = 3, find AC. 

Challenge Express AC in terms of AB, PE, and PD, 

4-21 A circle, center O, is circumscribed about AABC, a triangle in 

which ZC is obtuse (Fig. 4-21). With OC as diameter, a circle is 

drawn intersecting AB in D and D’. If AD = 3, and DB = 4, 

find CD. 

Challenge 1 Show that the theorem is or is not true if mZC = 90. 

Challenge 2 Investigate the case for mZC < 90. 

4-22 In circle O, perpendicular chords AB and CD intersect at E so 
that AE = 2, EB = 12, and CE = 4. Find the measure of the 

radius of circle O. 

Challenge Find the shortest distance from E to the circle. 

4-23 Prove that the sum of the measure of the squares of the seg- 

ments made by two perpendicular chords is equal to the square 

of the measure of the diameter of the given circle. 

Challenge Prove the theorem for two perpendicular chords meeting 

outside the circle. 

4-24 Two equal circles are tangent externally at T. Chord TM in circle 

O is perpendicular to chord TN in circle Q. Prove that MN || OQ 

and MN = O@. 

Challenge Show that MN = ./2(R2 +4 r2) if the circles are unequal, 

where R and ¢ are the radii of the two circles. 
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4-25 From point A on the common internal tangent of tangent circles 

O and O’, secants AEB and ADC are drawn, respectively (Fig. 

4-25). If DE is the common external tangent, and points C and B 

are collinear with the centers of the circles, prove 

(a) mZ1 = mZ2, and 
(b) ZA is a right angle. 

Challenge 1 Prove or disprove that if BC does not pass through the 
centers of the circles, the designated pairs of angles are 

not equal and ZA is not a right angle. 

Challenge 2 Prove that DE is the mean proportional between the 

diameters of circles O and O’. 

4-26 Two equal intersecting circles O and O’ have a common chord 
RS. From any point P on RS a ray is drawn perpendicular to RS 
cutting circles O and O’ at A and B, respectively. Prove that AB 

is parallel to the line of centers, 00! , and that AB = OO’. 

4-27 A circle is inscribed in a triangle whose sides are 10, 10, and 12 

units in measure (Fig. 4-27). A second, smaller circle is inscribed 

tangent to the first circle and to the equal sides of the triangle. 

Find the measure of the radius of the second circle. 

Challenge 1 Solve the problem in general terms if AC = a, BC = 2b. 

Challenge 2 Inscribe a third, smaller circle tangent to the second 
circle and to the equal sides, and find its radius by 
inspection. 

Challenge 3 Extend the legs of the triangle through B and C, and 
draw a circle tangent to the original circle and to the 
extensions of the legs. What is its radius? 
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4-28 A circle with radius 3 is inscribed in a square. Find the radius of 
the circle that is inscribed between two sides of the square and 
the original circle. 

Challenge Show that the area of the small circle is approximately 3% 
of the area of the large circle. 

4-29 AB is a diameter of circle O, as shown in Fig. 4-29. Two circles 
are drawn with AO and OB as diameters. In the region between 
the circumferences, a circle D is inscribed, tangent to the three 

previous circles. If the measure of the radius of circle D is 8, find 
AB. 

Challenge Prove that the area of the shaded region equals the area of 

circle E. A 

: 

B 

IN O 5 B 

4-30 A carpenter wishes to cut four equal circles from a circular piece 

of wood whose area is 9 square feet. He wants these circles of 

wood to be the largest that can possibly be cut from this piece of 

wood. Find the measure of the radius of each of the four new 

circles. 

Challenge 1 Find the correct radius if the carpenter decides to cut 

out three equal circles of maximum size. 

Challenge 2. Which causes the greater waste of wood, the four circles 

or the three circles? 

4-31 A circle is inscribed in a quadrant of a circle of radius 8 (Fig. 4-31). 

What is the measure of the radius of the inscribed circle? 

Challenge Find the area of the shaded region. 

4-32 Three circles intersect. Each pair of circles has a common chord. 

Prove that these three chords are concurrent. 

Challenge Investigate the situation in which one circle is externally 

tangent to each of two intersecting circles. 



22 PROBLEMS 

4-33 

4-34 

4-35 

4-36 

The bisectors of the angles of a quadrilateral are drawn. From 

each pair of adjacent angles, the two bisectors are extended until 

they intersect. The line segments connecting the points of inter- 

section form a quadrilateral. Prove that this figure is cyclic (i.e., 

can be inscribed in a circle). 

In cyclic quadrilateral ABCD, perpendiculars to AB and CD are 
erected at B and D and extended until they meet sides CD and 

AB at B’ and D’, respectively. Prove AC is parallel to B’D’. 

Perpendiculars BD and CE are drawn from vertices B and C of 

A ABC to the interior bisectors of angles C and B, meeting them 

at D and E, respectively (Fig. 4-35). Prove that DE intersects AB 

and AC at their respective points of tangency, F and G, with the 

circle that is inscribed in AABC. 

A line, PQ, parallel to base BC of AABC, cuts AB and AC at P 
and Q, respectively (Fig. 4-36). The circle passing through P and 

tangent to AC at Q cuts AB again at R. Prove that the points R, 
Q, C, and B lie on a circle. 

Challenge Prove the theorem when P and R coincide. 

A B 

4-37 In equilateral A ABC, D is chosen on AC so that AD = ; (AC), 
and E is chosen on BC so that CE = ; (BC) (Fig. 4-37). BD and 
AE intersect at F. Prove that Z.CFB is a right angle. 
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Challenge Prove of disprove the theorem when AD = -— ; (AC) and 

CE =— ; (BC). 

4-38 The measure of the sides of square ABCD is x. F is the midpoint 
of BC, and AE | DF (Fig. 4-38). Find BE. 

D Cc 
BAe 

peri x 
Cc 

4-39 If equilateral AABC is inscribed in a circle, and a point P is 

chosen on minor arc AG. prove that PB = PA + PC. 

4-40 From point A, tangents are drawn to circle O, meeting the circle 

at B and C (Fig. 4-40). Chord BF || secant ADE. Prove that FC 
bisects DE. 

5. Area Relationships 

While finding the area of a polygon or circle is a routine matter 

when a formula can be applied directly, it becomes a challenging task 

when the given information is “indirect.” For example, to find the area 

of a triangle requires some ingenuity if you know only the measures of 

its medians. Several problems here explore this kind of situation. The 

other problems involve a comparison of related areas. To tackle these 

problems, it may be helpful to keep in mind the following basic rela- 

tionships. The ratio of the areas of triangles with congruent altitudes 

is that of their bases. The ratio of the areas of similar triangles is the 

square of the ratio of the lengths of any corresponding line segments. 

The same is true for circles, which are all similar, with the additional 

possibility of comparing the lengths of corresponding arcs. Theorem 

#56 in Appendix I states another useful relationship. 

5-1 As shown in Fig. 5-1, Eis on AB and C is on FG. Prove DABCD 

is equal in area to DIEFGD. 
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G 

Challenge Prove that the same proposition is true if E lies on the 

extension of AB through B. 

5-2 The measures of the bases of trapezoid ABCD are 15 and 9, and 

the measure of the altitude is 4. Legs DA and CB are extended to 

meet at E. If F is the midpoint of AD, and G is the midpoint of 

BC, find the area of AFGE. 

Challenge Draw GL || ED and find the ratio of the area of AGLC to 
the area of AEDC. 

5-3 The distance from a point A to a line BC is 3. Two lines / and I’, 

parallel to BC, divide AABC into three parts of equal area. 

Find the distance between / and /’. 

5-4 Find the ratio between the areas of a square inscribed in a circle 

and an equilateral triangle circumscribed about the same circle. 

Challenge 1 Using a similar procedure, find the ratio between the areas 

of a square circumscribed about a circle and an equilat- 

eral triangle inscribed in the same circle. 

Challenge 2 Let D represent the difference in area between the cir- 

cumscribed triangle and the inscribed square. Let K 

represent the area of the circle. Is the ratio D:K greater 

than 1, equal to 1, or less than 1? 

Challenge 3 Let D represent the difference in area between the 
circumscribed square and the circle. Let T represent the 

area of the inscribed equilateral triangle. Find the ratio 
Dilx 

5-5 A circle O is tangent to the hypotenuse BC of isosceles right 
AABC. AB and AC are extended and are tangent to circle O at E 
and F, respectively, as shown in Fig. 5-5. The area of the triangle 
is X?, Find the area of the circle. 
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5-5 

Challenge Find the area of trapezoid EBCF. 

5-6 PQ is the perpendicular bisector of AD, AB | BC, and DC L BC 
(Fig. 5-6). If AB = 9, BC = 8, and DC = 7, find the area of 
quadrilateral APQB. 

A 
P 

5-6 D 

B c 

5-7 A triangle has sides that measure 13, 14, and 15. A line per- 

pendicular to the side of measure 14 divides the interior of the 

triangle into two regions of equal area. Find the measure of the 

segment of the perpendicular that lies within the triangle. 

Challenge Find the area of the trapezoid determined by the per- 

pendicular to the side whose measure is 14, the altitude to 

that side, and sides of the given triangle. 

5-8 In AABC, AB = 20, AC = 22;, and BC = 27. Points X and Y 
are taken on AB and AC, respectively, so that AX = AY. If the 

area of AAXY = 5 area of AABC, find AX. 

Challenge Find the ratio of the area of ABXY to that of ACXY. 

5-9 In AABC, AB = 7, AC = 9. On AB, point D is taken so that 

BD = 3. DE is drawn cutting AC in E so that quadrilateral 

BCED has ; the area of AABC. Find CE. 
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Challenge Show ae if BD = “¢, and the area of quadrilateral 

BCED = ~ K, where "K is the area of AABC, then 

CE =} (eam). 
m(n — 1) 

5-10 An isosceles triangle has a base of measure 4, and sides measuring 

3. A line drawn through the base and one side (but not through 

any vertex) divides both the perimeter and the area in half. Find 

the measures of the segments of the base defined by this line. 

Challenge Find the measure of the line segment cutting the two sides 

of the triangle. 

5-11 Through D, a point on base BC of AABC, DE and DF are drawn 
parallel to sides AB and AC, respectively, meeting AC at E and 
AB at F. If the area of AEDC is four times the area of ABFD, 
what is the ratio of the area of AAFE to the area of AABC? 

Challenge Show that if the area of AEDC is k” times the area of 

ABFD, then the ratio of area of AAFE to the area of 

AABC is k: (1 + k)?. 

5-12 Two circles, each of which passes through the center of the other, 

intersect at points M and AN (Fig. 5-12). A line from M intersects 

the circles at K and L. If KL = 6, compute the area of AKLN. 

M 

Challenge If 7 is the measure of the radius of each circle, find the least 

value and the greatest value of the area of AKLN. 

5-13 as the area of a triangle whose medians have measures 39, 42, 

5-14 The measures of the sides of a triangle are 13, 14, and 15. A second 
triangle is formed in which the measures of the three sides are the 
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same as the measures of the medians of the first triangle. What is 
the area of the second triangle? 

3 Challenge 1 Show that K(m) = i K where K represents the area of 

AABC, and K(m) the area of a triangle with sides ma, 
My, m., the medians of AABC. 

Challenge 2 Solve Problem 5-13 using the results of Challenge 1. 

5-15 Find the area of a triangle formed by joining the midpoints of 
the sides of a triangle whose medians have measures 15, 15, and 18. 

Challenge Express the required area in terms of K(m), where K(m) is 

the area of the triangle formed from the medians. 

5-16 In AABC, E is the midpoint of BC, while F is the midpoint of 
AE, and BF meets AC at D. If the area of AABC = 48, find the 

area of AAFD. 

Challenge 1 Solve this problem in general terms. 

Challenge 2 Change AF = 5 AE 10 AF = 5 AE, and find a general 

solution. 

5-17 In AABC, D is the midpoint of side BC, E is the midpoint of 
AD, F is the midpoint of BE, and G is the midpoint of FC (Fig. 
5-17). What part of the area of AABC is the area of AEFG? 

: 1 1 1 
Challenge Solve the problemif BD = 3 BC, AE = 3 AD, BE 3 BE, 

and GC = 5 FC. 

A 

5-17 5-18 

B c 

5-18 In trapezoid ABCD with upper base AD, lower base BG, and legs 

AB and CD, Eis the midpoint of CD (Fig. 5-18). A perpendicular, 

EF, is drawn to BA (extended if necessary). If EF = 24 and 

AB = 30, find the area of the trapezoid. (Note that the figure is 

not drawn to scale.) 
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Challenge Establish a relationship between points F, A, and B such 

that the area of the trapezoid ABCD is equal to the area of 

AFBH. 

5-19 In ABCD, a line from C cuts diagonal BD in E and AB in F. 

If F is the midpoint of AB, and the area of ABEC is 100, find the 

area of quadrilateral AFED. 

Challenge Find the area of AGEC where G is the midpoint of BD. 

5-20 P is any point on side AB of ABCD. CP is drawn through P 
meeting DA extended at Q. Prove that the area of ADPA is 
equal to the area of AQPB. 

Challenge Prove the theorem for point P on the endpoints of side BA. 

5-21 RS is the diameter of a semicircle. Two smaller semicircles, RT 

and TS, are drawn on RS, and their common internal tangent AT 

intersects the large semicircle at A, as shown in Fig. 5-21. Find 

the ratio of the area of a semicircle with radius AT to the area of 

the shaded region. 

R Ss T 

5-22 Prove that from any point inside an equilateral triangle, the sum 
of the measures of the distances to the sides of the triangle is 
constant. 

Challenge In equilateral AABC, legs AB and BC are extended 
through B so that an angle is formed that is vertical to 
Z ABC. Point P lies within this vertical _angle. From P, 
perpendiculars are drawn to sides BC, AC, and AB at 
points Q, R, and S, respectively. Prove that PR — (PQ + 
PS) equals a constant for AABC. 
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Further Investigations 

6. A Geometric Potpourri 

A variety of somewhat difficult problems from elementary Euclidean 
geometry will be found in this section. Included are Heron’s Theorem 
and its extension to the cyclic quadrilateral, Brahmagupta’s Theorem. 
There are problems often considered classics, such as the butterfly 
problem and Morley’s Theorem. Other famous problems presented are 

Euler’s Theorem and Miquel’s Theorem. 

Several ways to solve a problem are frequently given in the Solution 

Part of the book, as many as seven different methods in one case! 

We urge you to experiment with different methods. After all, ‘the right 

answer’ is not the name of the game in Geometry. 

6-1 Heron’s Formula is used to find the area of any triangle, given 

only the measures of the sides of the triangle. Derive this famous 

formula. The area of any triangle = \/s(s — a)(s — 6)(s — c), 

where a, b, c are measures of the sides of the triangle and s is the 

semiperimeter. 

Challenge Find the area of a triangle whose sides measure 6, 4/2, +/50. 

6-2 An interesting extension of Heron’s Formula to the cyclic 

quadrilateral is credited to Brahmagupta, an Indian mathematician 

who lived in the early part of the seventh century. Although 

Brahmagupta’s Formula was once thought to hold for all 

quadrilaterals, it has been proved to be valid only for cyclic 

quadrilaterals. 

The formula for the area of a cyclic quadrilateral with side 

measures a, b, c, and d is 

K = V(s — ays — bs — cs — 4), 

where s is the semiperimeter. Derive this formula. 
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Challenge 1 Find the area of a cyclic quadrilateral whose sides 

measure 9, 10, 10, and 21. 

Challenge 2 Find the area of a cyclic quadrilateral whose sides 

measure 15, 24, 7, and 20. 

6-3 Sides BA and CA of AABC are extended through A to form 

6-4 

6-5 

6-6 

thombuses BATR and CAKN. (See Fig. 6-3.) BN and RC, 

intersecting at P, meet AB at S and AC at M. Draw MQ parallel 

to AB. (a) Prove AMQS is a rhombus and (b) prove that the area 

of ABPC is equal to the area of quadrilateral ASPM. 

Two circles with centers A and B intersect at points M and WN. 

Radii AP and BOQ are parallel (on opposite sides of AB). If the 

common external tangents meet AB at D, and PO meets AB at 

C, prove that 7 CND is a right angle. 

In a triangle whose sides measure 5’’, 6’’, and 7’’, point P is 2” 

from the 5” side and 3” from the 6” side. How far is P from the 

7” side? 

Prove that if the measures of the interior bisectors of two angles 

of a triangle are equal, then the triangle is isosceles. 

In circle O, draw any chord AB, with midpoint M. Through M 
two other chords, FE and CD, are drawn. CE and FD intersect 
AB at Q and P, respectively. Prove that MP = MQ. (See Fig. 
6-7.) This problem is often referred to as the butterfly problem. 

AABC is isosceles with CA = CB. mZ ABD = 60, mZ BAE = 
50, and mZC = 20. Find the measure of ZEDB (Fig. 6-8). 
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( 

6-8 

6-9 Find the area of an equilateral triangle containing in its interior a 
point P, whose distances from the vertices of the triangle are 3, 4, 
and 5. 

6-10 Find the area of a square ABCD containing a point P such that 
PA = 3,78 = 7, and PD = 5: 

Challenge 1 Find the measure of PC. 

Challenge 2. Express PC in terms of PA, PB, and PD. 

6-11 If, on each side of a given triangle, an equilateral triangle is 

constructed externally, prove that the line segments formed by 

joining a vertex of the given triangle with the remote vertex of the 

equilateral triangle drawn on the side opposite it are congruent. 

Challenge 1 Prove that these lines are concurrent. 

Challenge 2. Prove that the circumcenters of the three equilateral 

triangles determine another equilateral triangle. 

6-12 Prove that if the angles of a triangle are trisected, the intersections 

of the pairs of trisectors adjacent to the same side determine an 

equilateral triangle. (This theorem was first derived by F. Morley 

about 1900.) 

6-13 Prove that in any triangle the centroid trisects the line segment 

joining the center of the circumcircle and the orthocenter (i.e. 

the point of intersection of the altitudes). This theorem was first 

published by Leonhard Euler in 1765. 
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Challenge 1 The result of this theorem leads to an interesting problem 

first published by James Joseph Sylvester (1814-1897). 

The problem is to find the resultant of the three vectors 

OA, OB, and OC acting on the center of the circumcircle 

O of AABC. 

Challenge 2. Describe the situation when AABC is equilateral. 

Challenge 3. Prove that the midpoint of the line segment determined 

by the circumcenter and the orthocenter is the center of 

the nine-point circle. The nine-point circle of a triangle 

is determined by the following nine points; the feet of the 

altitudes, the midpoints of the sides of the triangle, and 

the midpoints of the segments from the vertices to the 

orthocenter. 

6-14 Prove that if a point is chosen on each side of a triangle, then the 

circles determined by each vertex and the points on the adjacent 

sides pass through a common point (Figs. 6-14a and 6-14b). This 

theorem was first published by A. Miquel in 1838. 

Challenge 1 Prove in Fig. 6-14a,mZBFM = mZCEM = mZADM; 

or in Fig. 6-14b, m2 BFM = mZCDM = mZGEM. 

Challenge 2 Give the location of M when AF = FB = BE = EC = 

CDE DA. 

6-14a 
A 

\ EMS 7 

Sw 
6-15 Prove that the centers of the circles in Problem 6-14 determine a 

triangle similar to the original triangle. 

Challenge Prove that any other triangle whose sides pass through the 
intersections of the above three circles, P, Q, and R (two 
at a time), is similar to AABC. 
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Te Ptolemy and the Cyclic Quadrilateral 

One of the great works of the second Alexandrian period was a 
collection of earlier studies, mainly in astronomy, by Claudius Ptole- 
maeus (better known as Ptolemy). Included in this work, the A/magest, 
is a theorem stating that in a cyclic (inscribed) quadrilateral the sum 

of the products of the opposite sides equals the product of the diagonals. 

This powerful theorem of Ptolemy enables us to solve problems which 

would otherwise be difficult to handle. The theorem and some of its 
consequences are explored here. 

7-1 Prove that in a cyclic quadrilateral the product of the diagonals is 

equal to the sum of the products of the pairs of opposite sides 

(Ptolemy’s Theorem). 

Challenge 1 Prove that if the product of the diagonals of a quadrilateral 

equals the sum of the products of the pairs of opposite 

sides, then the quadrilateral is cyclic. This is the converse 

of Ptolemy’s Theorem. 

Challenge 2 To what familiar result does Ptolemy’s Theorem lead 

when the cyclic quadrilateral is a rectangle? 

Challenge 3. Find the diagonal, d, of the trapezoid with bases a and b, 

and equal legs c. 

7-2 E is a point on side AD of rectangle ABCD, so that DE = 6, 

while DA = 8, and DC = 6. If CE extended meets the cir- 
cumcircle of the rectangle at F, find the measure of chord DF. 

(See Fig. 7-2.) 

7-2 

Challenge Find the measure of FB. 
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7-3 On side AB of square ABCD, right A ABF, with hypotenuse AB, 

is drawn externally to the square. If AF = 6 and BF = 8 find 

EF, where E is the point of intersection of the diagonals of the 

square. 

Challenge Find EF, when F is inside square ABCD. 

7-4 Point P on side AB of right A ABC is placed so that BP = PA = 2. 
Point Q is on hypotenuse AC so that PQ is perpendicular to AC. 

If CB = 3, find the measure of BQ, using Ptolemy’s Theorem. 

(See Fig. 7-4.) 

Challenge 1 Find the area of quadrilateral CBPQ. 

Challenge 2 As P is translated from B to A along BA, find the range 
of values of BQ, where PQ remains perpendicular to CA. 

7-4 

7-5 If any circle passing through vertex A of parallelogram ABCD 

intersects sides AB, and AD at points P and R, respectively, and 

diagonal AC at point Q, prove that (AQ)(AC) = (AP)(AB) + 

(AR)(AD). (See Fig. 7-5.) 

Challenge Prove the theorem valid when the circle passes through C. 

7-6 Diagonals AC and BD of quadrilateral ABCD meet at E. If 

AE = 2, BE = 5, CE = 10, DE = 4, and BC = %, find AB. 

Challenge Find the radius of the circumcircle if the measure of the 

distance from DC to the center O is 25 : 

7-7 If isosceles AABC (AB = AC) is inscribed in a circle, and a 
. . Las 

point P is on BC, prove that oe = oe 
given triangle. eRe 

a constant for the 
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7-8 If equilateral A.ABC is inscribed in a circle, and a point P is on 
BC, prove that PA = PB + PC. 

7-9 If square ABCD is inscribed in a circle, and a point P is on Bo 
PA+PC_ PD 
Pee Dame A 

prove that 

7-10 If regular pentagon ABCDE is inscribed in a circle, and point P 
is on BC, prove that PA + PD = PB + PC + PE. 

7-11 If regular hexagon ABCDEF is inscribed in a circle, and point P 
is on BC, prove that PE + PF = PA + PB + PC + PD. 

Challenge Derive analogues for other regular polygons. 

7-12 Equilateral AADC is drawn externally on side AC of AABC. 
Point P is taken on BD. Find mZ APC such that BD = PA + 
PB + PC. 

Challenge Investigate the case where AADC is drawn internally on 

side AC of AABC. 

7-13 A line drawn from vertex A of equilateral A ABC, meets BC at D 
: P 1 1 1 

and the circumcircle at P. Prove that Pp ~ PB of PC 

Challenge 1 If BP = 5 and PC = 20, find AD. 

Challenge 2. If mBP:mPC = 123,. finde the radius “of the circle in 

challenge I. 

7-14 Express in terms of the sides of a cyclic quadrilateral the ratio of 

the diagonals. 

Challenge Verify the result for an isosceles trapezoid. 

7-15 A point P is chosen inside parallelogram ABCD such that 

Z.APB is supplementary to ZCPD. Prove that (AB)(AD) = 

(BP)(DP) + (AP)(CP). 

7-16 A triangle inscribed ina circle of radius 5, has two sides measuring 

5 and 6, respectively. Find the measure of the third side of the 

triangle. 

Challenge Generalize the result of this problem for any triangle. 
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8. Menelaus and Ceva: 

Collinearity and Concurrency 

Proofs of theorems dealing with collinearity and concurrency are 

ordinarily clumsy, lengthy, and, as a result, unpopular. With the aid of 

two famous theorems, they may be shortened. 

The first theorem is credited to Menelaus of Alexandria (about 

100 A.D.). In 1678, Giovanni Ceva, an Italian mathematician, pub- 

lished Menelaus’ Theorem and a second one of his own, related to it. 

The problems in this section concern either Menelaus’ Theorem, 

Ceva’s Theorem, or both. Among the applications investigated are 

theorems of Gerard Desargues, Blaise Pascal, and Pappus of Alex- 

andria. A rule of thumb for these problems is: try to use Menelaus’ 

Theorem for collinearity and Ceva’s Theorem for concurrency. 

8-1 Points P, Q, and R are taken on sides AC, AB, and BC (extended 

if necessary) of AABC. Prove that if these points are collinear, 

AQ_ BR CP 

OR> ROw Pte 

This theorem, together with its converse, which is given in the 

Challenge that follows, constitute the classic theorem known as 
Menelaus’ Theorem. (See Fig. 8-1a and Fig. 8-1b.) 

8-1b 

C R 

Challenge In A ABC points P, _Q, and R are situated respectively on 
sides AC, AB, and BC (extended when necessary). Prove 

that if ee eee 

then P, Q, and R are collinear. This is part of Menelaus’ 
Theorem. 

8-2 Prove that three lines drawn from the vertices A, B, and C of 
AABC meeting the opposite sides in points L, M, and N, re- 

: : ‘ AN BL CM Spectively, are concurr le Me ss Ae ¥ ent if and only if WE LC’ MA Ly 
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This is known as Ceva’s Theorem. (See Fig. 8-2a, and Fig. 8-2b.) 

8-2a A 8-2b 

C B é L 

8-3 Prove that the medians of any triangle are concurrent. 

8-4 Prove that the altitudes of any triangle are concurrent. 

Challenge Investigate the difficulty in applying this proof to a right 

triangle by Ceva’s Theorem. 

8-5 Prove that the interior angle bisectors of a triangle are concurrent. 

8-6 Prove that the interior angle bisectors of two angles of a non- 

isosceles triangle and the exterior angle bisector of the third angle 

meet the opposite sides in three collinear points. 

8-7 Prove that the exterior angle bisectors of any non-isosceles triangle 

meet the opposite sides in three collinear points. 

8-8 In right AABC, P and Q are on BC and AC, respectively, such 

that CP = CQ = 2. Through the point of intersection, R, of AP 

and BQ, a line is drawn also passing through C and meeting AB 

at S. PO extended meets AB at T. If the hypotenuse AB = 10 and 

AC = 8, find TS. 

Challenge 1 By how much is 7S decreased if P is taken at the midpoint 

of BC? 

Challenge 2. What is the minimum value of TS? 

8-9 A circle through vertices B and C of AABC meets AB at P and 
Lae eas = h OCU. (ROVAC) 
AC at R. If PR meets BC at Q, prove that OB ~ (PB\AB) 

(See Fig. 8-9.) 

Challenge Investigate the case where the points P and R are on the 

extremities of BA and CA, respectively. 
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8-10 

8-11 

8-13 

8-14 

Challenge Complete the expressions for rite and 

xX — Lae 
In quadrilateral ABCD, A AB and C CD meet at P, while AD and BC 

meet at Q. Diagonals AC he BL meet PO at X and Y, respec- 
IME 

tively (Fig. 8-10). Prove that = oe 

v4 

Prove that a line drawn through the centroid, G, of A ABC, cuts 

sides AB and AC at points M and N, respectively, so that 

(AM)(NC) + (AN)(MB) = (AM)(AN). (See Fig. 8-11.) 

In AABC, points L, M, and N lie on BC, AC, and AB, respect- 

ively, and AL, BM, and CN are concurrent. 

PL PM . PN 
LBM CN 

BP. CP 
Mt CN’ 

(a) Find the numerical value of 3 

(b) Find the numerical value oe AL 7+4 

Congruent line segments AE and AF are taken on sides AB and 

AC, respectively, of AABC. The median AM intersects EF at 
QE AC 

point Q. Prove that Cras 

ee: BC, AL, BM, and CN are concurrent at P. Express the ratio 

pr, in terms of segments made by the concurrent lines on the sides 

of AABC. (See Fig. 8-2a, and Fig. 8-2b.) 

a, 
PM “"" PN 
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8-15 Side AB of square ABCD is extended to P so that BP = 2(AB). 
With M, the midpoint of DC, BM is drawn meeting AC at Q. 
PQ meets BC at R. Using Menelaus’ theorem, find the ratio ©’ . 
(See Fig. 8-15.) a 

Challenge 1 Find a , when BP = AB. 

CR Challenge 2. Find RE’ when BP = k- AB. 

SKI 
8-16 Sides AB, Be Cp. and DA of quadrilateral ABCD are cut by a 

straight line at points K, L, M, and N, respectively. (See Fig. 8-16.) 
P Pe OM a 

eT Cue RB Nd MD 

Challenge 1 Prove the theorem for parallelogram ABCD. 

Challenge 2 Extend this theorem to other polygons. 

8-17 Tangents to the circumcircle of AABC at points A, B, and C 

meet sides BC, AC, and AB at points P, Q, and R, respectively. 

Prove that points P, Q, and R are collinear. (See Fig. 8-17.) 

8-18 A circle is tangent to side BC, of AABC at M, its midpoint, and 

cuts AB and AC at points R, R’, and S, S’, respectively. If RS and 

R’S’ are each extended to meet BC at points P and P’ respectively, 

prove that (BP)(BP’) = (CP)(CP’). (See Fig. 8-18.) 
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Challenge 1 Show that the result implies that CP = BP’. 

Challenge 2 Investigate the situation when AABC is equilateral. 

8-19 In AABC (Fig. 8-19) P, 2, and R are th the midpoints of the sides 

AB, BC, and AC. Lines AN, BL, and CM are concurrent, meeting 

the opposite sides 1 in N, L, and M, respectively. If PL meets BC 

aud. MO meets AC at I, and RN meets AB at H, prove that H, J, 

and J are collinear. 

8-20 AABC cuts a circle at points E, E’, D, D’, F, F’, as in Fig. 8-20. 

Prove that if 4D, BF, and CE are concurrent, ifhen AD ABFS 

and CE’ are also concurrent. 

8-21 Prove that the three pairs of common external tangents to three 

circles, taken two at a time, meet in three collinear points. 

8-22 AM is a median of AABC, and point G on AM is the centroid. 

AM is extended through M to point P so that GM = MP. 

Through P, a line parallel to AC cuts AB at QO and BC at ee 

through P, a line parallel to AB cuts CB at f N and AC at Ieee 

and a line through P and parallel to CB cuts AB at P3. Prove that 
points P;, Py, and Pg are collinear. (See Fig. 8-22.) 
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8-23 If AA,B,C, and AA,B,Cz are situated so that the lines joining 
the corresponding vertices, AAS BiB, and rGs. are con- 
current (Fig. 8-23), then the pairs of corresponding sides intersect 
in three collinear points. (Desargues’ Theorem) 

Challenge Prove the converse. 

8-24 A circle inscribed in A ABC is tangent to sides BC, CA, and AB at 
points L, M, and N, respectively. If MN extended meets BC at P. 

BP 

waPC 
(b) prove that if NL meets AC at Q and ML meets AB at R, then 

P, Q, and R are collinear. 

BL 
(a) prove that ic = 

8-25 In AABC, where CD is the altitude to AB and P is any point on 
DC, AP meets CB at Q, and BP meets CA at R. Prove that 

mZRDC = mZQDC, using Ceva’s Theorem. 

8-26 In AABC points F, E, and D are the feet of the altitudes drawn 

from the vertices A, B, and C, respectively. The sides of the peda] 

AFED, EF, DF, and DE, when extended, meet the sides of 

AABC, AB, AG and BC (extended) at points M, N, and L, 

respectively. Prove that M, N, and L are collinear. (See Fig. 8-26.) 

8-27 In AABC (Fig. 3-27), L, M, and WN are the feet of the altitudes 

from vertices A, B, and C. Prove that the perpendiculars from A, 

B, and C to MN, LN, and LM, respectively, are concurrent. 

Challenge Prove that PL, QM, and RN are concurrent. 

8-28 Prove that the perpendicular bisectors of the interior angle bi- 

sectors of any triangle meet the sides opposite the angles being 

bisected in three collinear points. 
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8-29 Figure 8-29a shows a hexagon ABCDEF whose pairs of opposite 

sides are: [AB, DE], [CB, EF], and [CD, AF]. If we place points 

A, B, C, D, E, and F in any order on a circle, the above pairs of 

opposite sides intersect at points L, M, and N respectively. Prove 

that L, M, and N are collinear. Fig. 8-29b shows one arrangement 

of the six points, A, B, C, D, E, and F on a circle. 

8-29a B 

Challenge 1 Prove the theorem for another arrangement of the points 

A, B, C, D, E, and F on a circle. 

Challenge 2 Can you explain this theorem when one pair of opposite 

sides are parallel? 

8-30 

8-30 Points 4, B, and C are on one line and points A’, B’, and C’ are 
on another line (in any order). (Fig. 8-30) If AB’ and A4’B meet 
at C’’, while AC’ and 4’C meet at Be and BC’ and B’C meet at 
A’’, prove that points A”, B’”, and C” are collinear. 
(This theorem was first published by Pappus of Alexandria about 
300 A.D.) 
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9. The Simson Line 

If perpendiculars are drawn from a point on the circumcircle of a 
triangle to its sides, their feet lie on a line. Although this famous line 
was discovered by William Wallace in 1797, careless misquotes have, 
in time, attributed it to Robert Simson (1687-1768). The following 
problems present several properties and applications of the Simson 
Line. 

9-1 Prove that the feet of the perpendiculars drawn from any point on 

the circumcircle of a given triangle to the sides of the triangle are 

collinear. (Simson’s Theorem) 

Challenge 1 State and prove the converse of Simson’s Theorem. 

Challenge 2. Which points on the circumcircle of a given triangle lie 

on their own Simson Lines with respect to the given 

triangle? 

9-2 Altitude 4D of AABC meets the circumcircle at P. (Fig. 9-2) 

Prove that the Simson Line of P with respect to A ABC is parallel 

to the line tangent to the circle at A. 

Challenge Investigate the special case where BA = CA. 

9-3 From point P on the circumcircle of A ABC, perpendiculars PX, 

PY, and PZ are drawn to sides AC, AB, and BC, respectively. 
’ 

Prove that (PA)(PZ) = (PB)(PX). 

9-4 In Fig. 9-4, sides AB, BC, and CA of AABC are cut by a trans- 

versal at points Q, R, and S, respectively. The circumcircles of 

AABC and ASCR intersect at P. Prove that quadrilateral APSQ 

is cyclic. 
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9-5 In Fig. 9-5, right AABC, with right angle at A, is inscribed in 

circle O. The Simson Line of point P, with respect to AABC, 

meets PA at M. Prove that MO is perpendicular to PA. 

Challenge Show that PA is a side of the inscribed hexagon if 

mZAOM = 30. 

9-6 From a point P on the circumference of circle O, three chords are 

drawn meeting the circle at points A, B, and C. Prove that the 

three points of intersection of the three circles with PA, PB, and 

PC as diameters, are collinear. 

Challenge Prove the converse. 

9-7 P is any point on the circumcircle of cyclic quadrilateral ABCD. 

If PK, PL, PM, and PN are the perpendiculars from P to sides 
AB, BC, CD. and DA, respectively, prove that (PK)(PM) = 

(PL)(PN). 

9-8 In Fig. 9-8, line segments 4B, BC, EC, and ED form triangles 
ABC, FBD, EFA, and EDC. Prove that the four circumcircles of 

these triangles meet at a common point. 

Challenge Prove that point P is concyclic with the centers of these 

four circumcircles. 

9-9 The line joining the orthocenter of a given triangle with a point on 
the circumcircle of the triangle is bisected by the Simson Line 
(with respect to that point). 

9-10 The measure of the angle determined by the Simson Lines of two 
given points on the circumcircle of a given triangle is equal to 
one-half the measure of the arc determined by the two points. 
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Challenge Prove that if three points are chosen at random on a circle, 
the triangle formed by these three points is similar to the 
triangle formed by the Simson Lines of these points with 
respect to any inscribed triangle. 

9-11 If two triangles are inscribed in the same circle, a single point on 
the circumcircle determines a Simson Line for each triangle. 
Prove that the angle formed by these two Simson Lines is con- 
stant, regardless of the position of the point. 

9-12 In the circumcircle of AABC, chord PQ is drawn parallel to 

side BC. Prove that the Simson Lines of A ABC, with respect to 

points P and Q, are concurrent with the altitude AD of AABC. 

10. The Theorem of Stewart 

The geometry student usually feels at ease with medians, angle bi- 

sectors, and altitudes of triangles. What about ‘internal line segments’ 

(segments with endpoints on a vertex and its opposite side) that are 

neither medians, angle bisectors, nor altitudes? As the problems in this 

section show, much can be learned about such segments thanks to 

Stewart’s Theorem. Named after Matthew Stewart who published it in 

1745, this theorem describes the relationship between an ‘internal line 

segment’, the side to which it is drawn, the two parts of this side, and 

the other sides of the triangle. 

10-1 

10-1 A classic theorem known as Stewart’s Theorem, is very useful as 

a means of finding the measure of any line segment from the 

vertex of a triangle to the opposite side. Using the letter designa- 

tions in Fig. 10-1, the theorem states the following relationship: 

a?n + b2m = c(d? + mn). Prove the validity of the theorem. 
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Challenge If a line from C meets AB at F, where F is not between A 

and B, prove that 

(BC)?(AF) — (AC)*(BF) = AB[CF)* — (AF)(BF)]. 

10-2 In an isosceles triangle with two sides of measure 17, a line 

measuring 16 is drawn from the vertex to the base. If one segment 

of the base, as cut by this line, exceeds the other by 8, find the 

measures of the two segments. 

10-3 In AABC, point E is on AB, so that AE = 5 EB. Find CE if 
UC = 345 CBte Sade BE-nG. 

Challenge Find the measure of the segment from E to the midpoint 

of CB. 

10-4 Prove that the sum of the squares of the distances from the vertex 

of the right angle, in a right triangle, to the trisection points along 
: 5 

the hypotenuse, is equal to 9 the square of the measure of the 

hypotenuse. 

Challenge 1 Verify that the median to the hypotenuse of a right 

triangle is equal in measure to one-half the hypotenuse. 

Use Stewart’s Theorem. 

Challenge 2. Try to predict, from the results of Problem 10-4 and 

Challenge 1, the value of the sum of the squares for a 

quadrisection of the hypotenuse. 

10-5 Prove that the sum of the squares of the measures of the sides of 

a parallelogram equals the sum of the squares of the measures of 

the diagonals. 

Challenge A given parallelogram has sides measuring 7 and 9, and a 

shorter diagonal measuring 8. Find the measure of the 
longer diagonal. 

10-6 Using Stewart’s Theorem, prove that in any triangle the square of 
the measure of the internal bisectors of any angle is equal to the 
product of the measures of the sides forming the bisected angle 
decreased by the product of the measures of the segments of the 
side to which this bisector is drawn. 
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Challenge 1 Can you also prove the theorem in Problem 10-6 without 
using Stewart’s Theorem? 

Challenge 2. Prove that in AABC, t, = oS /2, when Z BAC is a 
right angle. 

10-7 The two shorter sides of a triangle measure 9 and 18. If the internal 

angle bisector drawn to the longest side measures 8, find the 
measure of the longest side of the triangle. 

Challenge Find the measure of a side of a triangle if the other two sides 

and the bisector of the included angle have measures 12, 

15, and 10, respectively. 

10-8 In a right triangle, the bisector of the right angle divides the 

hypotenuse into segments that measure 3 and 4. Find the measure 

of the angle bisector of the larger acute angle of the right triangle. 

10-9 In a 30-60-90 right triangle, if the measure of the hypotenuse 

is 4, find the distance from the vertex of the right angle to the 

point of intersection of the angle bisectors. 
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SOLUTIONS 

1. Congruence and Parallelism 

1-1 Jn any AABC, E and D are interior points of AC and BC, re- 

spectively (Fig. S1-la). AF bisects ZCAD, and BF bisects Z CBE. 

Prove mZAEB + mZADB = 2mZAFB. 

mZAFB = 180 — [(x + w) + (y + 2)] (13) (1) 

mZAEB = 180 — [(2x + w) + z] (13) 
mZADB = 180 — [(2y + z) + w] (13) 
mZ AEB + mZ ADB = 360 — [2x + 2y + 2z + 2w] 

2mZ AFB = 2[180 —-(x*x*+y+2z+4+ w)] (twice I) 

2nZ AFB = 360 — [2x + 2y + 2z + 2w] 

Therefore, mZ AEB + mZADB = 2mZAFB. 

B 

Challenge 1 Prove that this result holds if E coincides with C (Fig. 

S1-15). 

PROOF: 

We must show that mZ AEB + mZADB = 2mZAFB. 

Let m2 CAR =mZFAD@= x. 
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Since Z ADB is an exterior angle of AAFD, 

mZADB = mZAFD + x (#12). 

Similarly, in AAEF, 

mZAFD = mZAEB + x (#12). 

mZADB + mZAEB + x = 2mMZAFD + x, 

thus, mZ AEB + mZADB = 2mMZAFB. 

1-2 In AABC, a point D is on AC so that AB = AD (Fig. S1-2). 

mZABC — mZACB = 30. Find mZCBD. 

mZCBD = mZABC — mZABD 

Since AB = AD, mZ ABD = mZADB (#5). 

A 
$1-2 

D 

C B 

Therefore, by substitution, 

mZCBD = mZABC — mZADB. (1) 
But mZ ADB = mZCBD + mZC (#12). (il) 

Substituting (II) into (1), we have 

mZCBD = mZABC — [mZCBD + mZC]. 

mZCBD = mZABC — mZCBD — mZC 

Therefore, 2nZCBD = mZ ABC — mZACB = 30, and 

HWAICBID = iS). 

COMMENT: Note that 72ZACB is undetermined. 

1-3 The interior bisector of ZB, and the exterior bisector of ZC of 
AABC meet at D (Fig. S1-3). Through D, a line parallel to CB 
meets AC at L and AB at M. If the measures of legs LC and MB 
of trapezoid CLMB are 5 and 7, respectively, find the measure of 
base LM. Prove your result. 
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mZ1 = mZ2 and mZ2 = mZ3 (#8). 

Therefore, m2Z1 = mZ3 (transitivity). 

In isosceles ADMB, DM = MB (#5). 

Similarly, mZ4 = mZ5 and mZ5 = mZLDC (#8). 

Therefore, mZ4 = mZLDC (transitivity). 

‘hus, im. isosceles 2. DLC. DIE = CL (75). 

Since DM = DL + LM, by substitution, 

MB = LC + LM, or LM = MB — LC. 

Since (UC = Sanne Wd3 = 7, IY = 2. 

Challenge Find LM if AABC is equilateral. 

ANSWER: Zero 

1-4 In right AABC, CF is the median drawn to hypotenuse ABS CE 

is the bisector of ZACB, and CD is the altitude to AB (Fig. S1-4a). 
Prove that 2DCE = ZECF. 

B 

D 
$1-4a E 

F 

C A 
1 

METHOD I: In right AABC, CF = 5 4B = FA (#27). 

Since ACFA is isosceles, ~FCA = ZA (#5). (1) 

In right ABDC, ZB is complementary to 7BCD. 

In right AABC, ZB is complementary to ZA. 
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Therefore, 2BCD = ZA. (II) 

From (I) and (I), ZFCA & ZBCD. (IIT) 

Since CE is the bisector of ZACB, ZACE = ZBCE. (IV) 

In right AABC, PC L CA and PC = BC and AE bisects ZA. 

By subtracting (III) from (IV), we have 7DCE = ZECF. 

METHOD II: Let a circle be circumscribed about right AABC. 

Extend CE to meet the circle at G; then draw FG (Fig. S1-4b). 

Cc 

s14b IK | 

B 

Since CE bisects ZACB, it also bisects 4GB. Thus, G is the 

midpoint of AGB, and FG 1 AB. Since both FG and CD are 
perpendicular to AB, 

FG || CD (#9), and ZDCE & ZFGE (#8). (1) 

Since radius CF & radius FG, ACFG is isosceles and 

ZECF & ZFGE. (11) 

Thus, by transitivity, from (I) and (I), 2 DCE = ZECF. 

Challenge Does this result hold for a non-right triangle? 

ANSWER: No, since it is a necessary condition that BA pass 
through the center of the circumcircle. 

1-5 The measure of a line segment PC, perpendicular to hypotenuse AC 

of right AABC, is equal to the measure of leg BC. Show BP may 

be perpendicular or parallel to the bisector of ZA. 

CASE I: We first prove the case for BP || AE (Fig. S1-5a). 

In right AABC, PC L AC, PC = BC, and AE bisects ZA. 
<CEA is complementary to ZCAE, while Z BDA is comple- 
mentary to Z DAB (#14). 

Since 2CAE XY Z DAB, ZBDA = ZCEA. However, ZBDA & 
LEDC (#1). Therefore, ZCED& ZCDE, and ACED is 
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isosceles (#5). Since isosceles triangles CED and CPB share the 
same vertex angle, they are mutually equiangular. Thus, since 
ZCED = ZCPB, EA || PB (#7). 

$1-5a C $1-5b 

1D 

: 
CASE 11: We now prove the case for AE | BP (Fig. S1-5b). 
#ZCPF is complementary to ZCFP (#14). Since ZCFP = 

ZBFA (#1), ZCPF is complementary to 2 BFA. However, in 

ACPB, CP = CB and ZCPB = ZCBP (#5); hence, Z.CBP is 
complementary to Z BFA. But ZCBP is complementary to 

ZPBA. Therefore, 2BFA = ZFBA (both are complementary 

to ZCBP). Now we have AFAB isosceles with AD an angle 
bisector; thus, 4D | BFP since the bisector of the vertex angle 
of an isosceles triangle is perpendicular to the base. 

1-6 Prove the following: if, in AABC, median AM is such thatmZBAC 
is divided in the ratio 1:2, and AM is extended through M to D 

so that ZDBA is a right angle, then AC = 5 AD (Fig. S1-6). 

Let mZ BAM = x; then mZ MAC = 2x. Choose point P on 

AD so that AM = MP. 

Since BM = MC, ACPB is a parallelogram (#21f). Thus, 

BEI=FAC, 

Let T be the midpoint of AD making BT the median of right 

AABD. 
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1-7 

M 
A B A M_U- 

S1-7a [es ie [pease ‘ 
8 K 

It follows that BT = 5 AD, or BT = AT (#27), and, conse- 

quently, mZTBA = x. ZBTP is an exterior angle of isosceles 

ABTA. Therefore, mZ BTP = 2x (#12). However, since BP || AC 

(21a), mZ CAP = mZBPA = 2x (#8). Thus, ATBP is isosceles 

with BT = BP. 

Sincesa Tis 5 AD and Bl =. BP.= AC AG = 5 AD. 

QUESTION: What is the relation between points P and D when 

mZA = 90? 

In square ABCD, M is the midpoint of AB. A line perpendicular 

to MC at M meets AD at K. Prove that Z2BCM ~ ZKCM. 

METHOD I: Draw ML || AD (Fig. S1-7a). Since AM = MB and 
AD || ML || BC, KP = PC (#24). Consider right AKMC; MP 
is a median. Therefore, MP = PC (#27). Since A MPC is isosceles, 

mZ1 = mZ2. However, since ML || BC, mZ1 = mZ3 (#8), 
thus, mZ2 = mZ3; that is, Z2BCM 2 ZKCM. 

D c G D C 

METHOD 11: Extend KM to meet CB extended at G (Fig. S1-7b). 
Since AM = MB and m2 KAM = mZ MBG (right angles) and 
mZAMK = mZGMB, AAMK& ABMG (A:S.A.). Then; 
KM = MG. Now, AKMC & AGMC (S.A.S.), and ZBCM = 
ZKCM. 

METHOD 111: Other methods may easily be found. Here is one 
without auxiliary constructions in which similarity is employed 
(Fig. S1-7c). 

AME Be 58; where BC tne 
“AMK is complementary to ZBMC, and ZBCM is com- 
plementary to 7BMC (#414). 



Congruence and Parallelism 55 

D CG 

Therefore, right AMAK ~ right ACBM, and AK = +s. 
In right AMAK, MK = °%* (455), while in right ACBM, 
Mees te (#55). 

- v5 
: MK 4 1 MB F < 

Therefore, since Wie > NE =e right AMKC ~ right 

Z 

ABMC (#50), and Z2BCM = ZKCM. 

1-8 Given any AABC, AE bisects ZBAC, BD bisects Z ABC, 
CP L BD, and CQ 1 AE, prove that PQ is parallel to AB. 

Extend CP and CQ to meet AB at S and R, respectively (Fig. 
S1-8). It may be shown that ACPB= ASPB, and ACQA = 

AROQA (AS.A,). 
It then follows that CP = SP and CQ = RQ or P and Q are 

midpoints of CS and CR, respectively. Therefore, in ACSR, 

PO || SR (#26). Thus, PQ || AB. 

Challenge Jdentify the points P and Q when AABC is equilateral. 

ANSWER: P and Q are the midpoints of CA and CB, 

respectively. 
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1-9 Given that ABCD is a square, CF bisects ZACD, and BPQ 1 CF 

(Fig. S1-9), prove DQ = 2PE. 

D R Q Cc 

"ti 
$ 1-9 

B 

Draw RE || BPO. Since E is the midpoint of DB (#21n) in 
ADQB, DR = QR (#25). Since RE 1 CF (#10), ARGC = 
AEGG, and ZCRG = ZCEG. 

Therefore, RQPE is an isosceles trapezoid (#23), and PE = QR. 

2RQ = DQ and, therefore, DQ = 2PE. 

1-10 Given square ABCD with mZEDC = mZECD = 15, prove 

AABE is equilateral. 

METHOD I: In square ABCD, draw AF perpendicular to DE 
(Fig. S1-10a). Choose point G on AF so that mZFDG = 60. 
Why does point G fall inside the square? mZ AGD = 150 (#12). 

Since mZ EDC =mZECGD = 15;mZDEC = 150.(713); thes; 

ZAGD = ZDEC. 

Therefore, AAGD = ADEC (S.A.A.), and DE = DG. 

In right ADFG, DF = 5 (DG) (#55c). 

Therefore, DF = 5 (DE), or DF = EF. 

Since AF is the perpendicular bisector of DE, AD = AE (#18). 
A similar argument shows BC = BE. Therefore, AE = 

BE = AB (allare equal to the measure of a side of square ABCD). 

B A B 

$1-10b 15° 

15s 

=a C D eS Cc 

° 1535 155 
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METHOD II: In square ABCD, with mZ EDC = mZECD 
draw AAFD on AD such that mZFAD = mZFDA 
Then draw FE (Fig. S1-10b). 

AFAD = AEDC (A.S.A.), and DE = DF. 

Since ZADC is a right angle, mZFDE = 60 and AFDE is 
equilateral so that DF = DE = FE. Since mZ DFE = 60 and 
mZAFD = 150 (#13), mZAFE = 150. Thus, mZFAE = 15 
and mZ DAE = 30. 

Therefore, mZ EAB = 60. In a similar fashion it may be proved 

that mZ ABE = 60; thus, AABE is equilateral. 

METHOD IiI: In square ABCD, with mZ EDC = mZECD = 15, 

draw equilateral A DFC on DC externally; then draw EF (Fig. 

S1-10c). 

EF is the perpendicular bisector of DC (#18). 

Since AD = FD and mZADE =mZFDE = 715, AADE = 
AFDE (S.A:S.). 

Since mZ DFE = 30, mZ DAE = 30. 

Therefore, mZ BAE = 60. 

In a similar fashion, it may be proved that mZ ABE = 60; thus, 

AABE is equilateral. 

iI 

15. I 

$1-10c $1-10d 

; H J 

ae pe <a 
/ it @iee 

/ 5 : au 15 15 

WF 

METHOD IV: Extend DE and CE to meet BC and AD at K and H, 

respectively (Fig. S1-10d). In square ABCD, mZKDC = 

mZHCD = 15, therefore, ED = EC (#5). 
Draw AF and CG perpendicular to DK. 

In right A DGC, mZGCD = 75 (#14), whilemZADF = 75 also. 

Thus, AADF = ADCG, and DF = CG. mz. GEC-= 30 (#12). 
1 

In AGEC, CG = 5 (EC) (#55c). Therefore, CG = 5 (ED), or 

DF = 5 (ED). 
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1-11 

1-12 

Since AF is the perpendicular bisector of DE, AD = AE (#18). 

In a similar fashion, it may be proved that BE = BC; therefore, 

AABE is equilateral. 

In any AABC, D, E, and F are midpoints of the sides AC, AB, 

and BC, respectively. BG is an altitude of AABC (Fig. S1-11). 

Prove that ZEGF = ZEDF. 

$1-11 

GF is the median to hypotenuse CB of right ACGB, therefore, 

GF = 5 (CB) (#21). 

DE = 5 CB (#26), therefore, DE = GF. 

Join midpoints E and F. Thus, EF || AC (#26). 

Therefore, DGFE is an isosceles trapezoid (#23). 

Then 2 DEF 2 ZGFE. 

Thus, AGFE & ADEF (S.A:S.), and ZEGF 2 ZEDF. 

In right AABC, with right angle at C, BD = BC, AE = AC, 

EF | BC, and DG 1 AC. Prove that DE = EF + DG. 

Draw CP 1 AB, also draw CE and CD (Fig. S1-12). 

mZ3+mZ1+ mZ2 = 90 

mZ3 + mZ1 = mZ4 (#5) 



1-13 

1-14 
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By substitution, mZ4 + mZ2 = 90: 
but in right ACPE, mZ4 + mZ1 = 90 (#14). 
Thus, 71 = Z2 (both are complementary to 24), and right 
ACPE = right ACFE, and PE = EF. 

Similarly, mZ9 + mZ7 + mZ6 = 90, 

na arn 2 ain 25 (25): 

By substitution, mZ5 + mZ6 = 90. 

However, in right ACPD, mZ5 + mZ7 = 90 (#14). 

Thus, 26 = 27 (both are complementary to 25), and right 

ACPD = right ACGD, and DP = DG. 

Since DE = DP + PE, we get DE = DG + EF. 

Prove that the sum of the measures of the perpendiculars from 

any point on a side of a rectangle to the diagonals is constant. 

Let P be any point on side AB of rectangle ABCD (Fig. S1-13). 

PG and PF are perpendiculars to the diagonals. 

Draw AJ perpendicular to DB, and then PH perpendicular to AJ. 

Since PH/JF is a rectangle (a quadrilateral with three right angles), 

we get PF = HJ. 

Since PH and BD are both perpendicular to AJ, PH is parallel to 
BD (#9). 

Thus, ZAPH = ZABD (#7). 

Since AE = EB (#21f, 21h), ZCAB& ZABD (#5). Thus, by 
transitivity, ZEAP = ZAPH; also in AAPK, AK = PK (#5). 

Since ZAKH & ZPKG (#1), right AAHK = right APGK 

(SsAc A.) Hence #41 = PG and, by addition, PF + PG = 

HJ + AH = AJ, a constant. 

The trisectors of the angles of a rectangle are drawn. For each 

pair of adjacent angles, those trisectors that are closest to the 
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enclosed side are extended until a point of intersection is established. 

The line segments connecting those points of intersection form a 

quadrilateral. Prove that the quadrilateral is a rhombus. 

As a result of the trisections, 

isosceles AAHD =& isosceles A BFC, and 

isosceles AAGB & isosceles A DEC (Fig. S1-14a). 

Since AH = HD = FB = FC, and AG = GB = DE = CE, 

and LHAG™ ZGBF = ZFCE™ ZHDE = = tight angle, 
AHAG & AFBG & AFCE = AHDE (S.A:S.). 

Therefore, HG = FG = FE = HE, and EFGH is a rhombus 

(#21-1). 

Challenge 1 What type of quadrilateral would be formed if the original 

rectangle were replaced by a square? 

Consider ABCD to be a square (Fig. S1-14b). All of the 

above still holds true; thus we still maintain a rhombus. 

However, we now can easily show AA HG to be isosceles, 

mZAGH = mZAHG =s75: 

Similarly, mZBGF = 75. mZAGB = 120, since 

MAGAB = 72G BAs— a0: 

Therefore, mZ HGF = 90. We now have a rhombus 

with one right angle; hence, a square. 

1-15 In Fig. S1-15, BE and AD are altitudes of AABC. F, G, and K 
are midpoints of AH, AB, and BC, respectively. Prove that ZFGK 

is a right angle. 

In AAHB, GF || BH (#26). 
And in AABC, GK || AC (#26). 
Since BE | AC, BE 1 GK, 
then GF | GK (#10); that is, ZFGK is a right angle. 
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$ 1-16 A ip 

B 
D K 

1-16 Jn parallelogram ABCD, M is the midpoint of BC. DT is drawn 

from D perpendicular to MA (Fig. S1-16). Prove CT = CD. 

Let R be the midpoint of AD; draw CR and extend it to meet 

TD at P. Since AR = 5 AD, and MC = 5 BC, AR = MC. Since 
AR || MC, ARCM is a parallelogram (#22). Thus, CP || MT. 
In AATD, since RP || AT and passes through the midpoint of 
AD, it must also pass through the midpoint of TD (#25). Since 

MT || CP, and MT 1. TD, CP TD (#10). Thus, CP is the 
perpendicular bisector of TD, and CT = CD (#18). 

1-17 Prove that the line segment joining the midpoints of two opposite 

sides of any quadrilateral bisects the line segment joining the 

midpoints of the diagonals. 

ABCD is any quadrilateral. K, L, P, and Q are midpoints of AD, 
BC, BD, and AC, respectively. We are to prove that KL bisects PQ. 

Draw KP and OL (Fig. S1-17). 

In AADB, KP = 5 AB, and KP || AB (#26). 
1 Taw er Piven 

Similarly, in AACB, QL = 5 AB, and QL || AB (#26). 

By transitivity, KP = QL, and KP || QL. It then follows that 

KPLQ is a parallelogram (#22), and so PM = QM (#21f). 
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1-18 Jn any AABC, XYZ is any line through the centroid G. Per- 

pendiculars are drawn from each vertex of AABC to this line. 

Prove CY = AX + BZ. 

Draw medians CD, AF, and BH. 

From E, the midpoint of CG, draw EP L XZ. 

Also draw DO 1 XZ (Fig. S1-18). 
Since ZCGY = ZOGD (#1), and EC = EG = DG (#29), 
AQGD = APGE, and QD = EP. 
AX || BZ (#9), therefore, QD is the median of trapezoid AXZB, 

and QD = 5(AX + BZ) (#28). 

GYa= AGAXCL BZ) i! 
2 Nile 

EP =5CY (#25, #26), _ therefore, 
(transitivity), and CY = AX + BZ. 

1-19 In any AABC, CPQ is any line through C interior to A ABC. 

BP is perpendicular to line CPQ, AQ is perpendicular to line CPQ, 

and M is the midpoint of AB. Prove that MP = MQ. 

Since BP 1 CG and AQ | CG, BP | AQ, (#9). 

Without loss of generality, let dQ > BP (Fig. S1-19a). 

Extend BP to Eso that BE = AQ. 

Therefore, AEBQ is a parallelogram (#22). 

Draw diagonal EQ. 

EQ must pass through M, the midpoint of AB, since the diagonals 
of the parallelogram bisect each other. Consequently, M is also 
the midpoint of EQ. 

In right AEPQ, MP is the median to hypotenuse EQ. 
1 Therefore, MP = 5£Q = MQ (#27). 
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Challenge Show that the same result holds if the line through C is 
exterior to AABC. 

Extend PB through B to Eso that BE = AQ (Fig. S1- -19b). 
Since AQ || PE (#9), quadrilateral AEBQ is a parallelo- 
gram (#22). 

Thus, if M is the midpoint of AB, it must also be the 
midpoint of QE (#21f). 

Ae at 1 Z Therefore, in right AQPE, MP = 5 EQ = MQ (#27). 

~$1-19b 

1-20 Jn Fig. S1-20, ABCD is a parallelogram with equilateral triangles 

ABF and ADE drawn on sides AB and AD, respectively. Prove 

that AFCE is equilateral. 

In order to prove AFCE equilateral, we must show AAFE = 

ABFC = ADCE so that we may get FE = FC = CE. 

Since AB = DC (#21b), and AB = AF = BF (sides of an equi- 

lateral triangle are equal), DC = AF = BF. Similarly, AE = 

DE = BC. 

We have ZADC = ZABC. 

mZEDC = 360 —-mZADE — mZADC = 360 — mZABF — 

mZABG = mMZFEBC, 

Now mZ BAD = 180 — mZADC (#214), 

and mZFAE = mZFAB + mZBAD + mZDAE = 120 + 

mZBAD = 120 + 180 — mZADC = 300 — mZADC = 

mZEDC. 

Thus, AAFE = ABFC = ADCE (S.AS.), and the conclusion 

follows. 
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1-21 Jf a square is drawn externally on each side of a parallelogram, 

prove that 

(a) the quadrilateral, determined by the centers of these squares, 

is itself a square 

(b) the diagonals of the newly formed square are concurrent with 

the diagonals of the original parallelogram. 

(a) ABCD is a parallelogram. 

Points P, Q, R, and S are the centers of the four squares ABGH, 

DAIJ, DCLK, and CBFE, respectively (Fig. S1-21). 

PA = DRand AQ = QD (each is one-half a diagonal). 

ZADC is supplementary to 7 DAB (#21d), and 

ZIAH is supplementary to Z DAB (since ZJAD = ZHAB= 
right angle). Therefore, ZADC = ZJAH. 

Since mA RDC =. mz ODA = me BAP ai Odin 5 

ZRDQ= ZQAP. Thus, ARDQ= APAQ (S.A:S.), and 
OR =" OP; 

In a similar fashion, it may be proved that QP = PS and PS = 
RS. 

Therefore, PORS is a rhombus. 

Since ARDQ © APAQ, ZDOR& ZAOP; 
therefore, 2PQR & ZDQA (by addition). 

Since 2 DQA & right angle, ZPQR & right angle, and PORS 
is a Square. 
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(b) To prove that the diagonals of square PORS are concurrent 

with the diagonals of parallelogram ABCD, we must prove that 

a diagonal of the square and a diagonal of the parallelogram 

bisect each other. In other words, we prove that the diagonals of 

the square and the diagonals of the parallelogram all share the 

same midpoint, (i.e., point O). 

ZBAC = ZACD (#8), and 

jive PVN) SS [LINE 1D) = AS\2 NRA, ZIDANE SS ZIAEAL 

Since ZAOP = ZCOR (#1), and AP = CR, AAOP ~ ACOR 
(S.A.A.). 

Thus; AO = CO, and PO = RO. 

Since DB passes through the midpoint of AC (#2If), and, 

similarly, OS passes through the midpoint of PR, and since AC 
and PR share the same midpoint (i.e., O), we have shown that 

AC, PR, DB, and QS are concurrent (i.e., all pass through 
point O). 

2. Triangles in Proportion 

2-1 In AABC, DE || BC, FE || DC, AF = 4, and FD = 6 (Fig. 

S2-1). Find DB. 

B 

AF _ AE dor AE’ 
In AADC, Fn = FC (#46). So, ae (1) 

; AD AES 
However in AABC, a EG (#46), 
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and — = <=: (II) 

From (1) and (II), 7 = 5p: Thus, DB = 15. 

Challenge 1 Find DB if AF = m, and FD = m3. 

ANSWER: DB = os (m, + m2) 

Challenge 2. In Fig. S2-1, FG || DE, and HG || FE. Find DB if 

AH = 2 and HF = 4. 

ANSWER: DB = 36 

Challenge 3. Find DB if AH = m, and HF = mg. 

m 

ANSWER: DB = a (m, + m2)? 
1 

2-2 In isosceles AABC (AB = AC), CB is extended through B to P 

(Fig. S2-2). A line from P, parallel to altitude BF, meets AC at D 

(where D is between A and F). From P, a perpendicular is drawn 

to meet the extension of AB at E so that B is between E and A. 

Express BF in terms of PD and PE. Try solving this problem in 

two different ways. 

METHOD I: Since A ABC is isosceles, ZC & Z ABC. 

However, Z2PBE = ZABC (#1). 

Therefore, 72C & ZPBE. 

Thus, right ABFC ~ right APEB (#48), and _ = 2 

In APDC, since BF is parallel to PD, 2 = Po ee — (#49). 
Using a theorem on proportions, we get 
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PD — BF _PB+BC—BC_ PB 
Bite y i BC we 

PD — 
Therefore, Sy er Te 

Thus, PD — BF = PE, and BF = PD — PE. 

METHOD I: Since PD is parallel to BF, and BF is perpendicular to 
AC, PD is perpendicular to AC (#10). 

Draw a line from B perpendicular to PD at G. 

ZABC = ZACB (#5), and ZABC = ZPBE (#1); 

therefore, ZACB = ZPBE (transitivity). 

ZEand ZFareright angles; thus, APBE and ABCF are mutually 

equiangular and, therefore, ZEPB = ZFBC. 

Also, since BF || PD, ZFBC ~ Z DPC (#7). 

By transitivity, 72GPB(Z DPC) = ZEPB. 

Thus, AGPB = AEPB (A.A.S.), and PG = PE. 

Since quadrilateral GBFD is a rectangle (a quadrilateral with 

three right angles is a rectangle), BF = GD. 

However, since GD = PD — PG, by substitution we get, 

BF = PD — PE. 

The measure of the longer base of a trapezoid is 971. The measure 

of the line segment joining the midpoints of the diagonals is 3 

(Fig. S2-3). Find the measure of the shorter base. (Note that the 

figure is not drawn to scale.) 

A B 
aw ees 

H 

ae. 
METHOD I: Since E and F are the midpoints of DB and AC, 

respectively, EF must be parallel to DC and AB (#24). 

Since EF is parallel to DC, AEGF ~ ADGC (#49), and 

GC eC. 

age GC 97 
However, since DC = 97 and EF = 3, Tie 

GC-GF_ 91-3 . FC _ 94 
(Ef ge OL) DP Then, 
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94 GA 91 
Since FC = FA a= a bay aa 

: GA _ AB. Since AAGB ~ AFGE (#48), oo = Se 

Thus, > = © and AB = 91. 

a —— 1 
METHOD II: Extend FE to meet AD at H. In AADC, HF = 5 (DC) 
(#25, #26). 

Since DC = 97, HF = % 
fs 

7 

Since EF GMB 2 

In AADB, HE = : Vis (#25, #26). 

Hence, AB = 91. 

Challenge Find a general solution applicable to any trapezoid. 

ANSWER: b — 2d, where b is the length of the longer base 

and d is the length of the line joining the midpoints of the 

diagonals. 

2-4 In AABC, D is a point on side BA such that BD:DA = 1:2 

(Fig. S2-4). E is a point on side CB so that CE:EB = 1:4. Seg- 

ments DC and AE intersect at F. Express CF:FD in terms of 
two positive relatively prime integers. 

Draw DG || BC. 
AADG ~ AABE (#49), and 4> = 
Then DG = 5 (BE). 
But A DGF ~ ACEF (#48), and == = 2. 

Since EC = ; (BE), & Spee a 

= (BE) 

$2-5 
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2-5 In AABC, BE is a median and O is the he midpoint of BE E (Fig. 
S2-5). Draw AO and extend it to meet BC at D. Draw CO and 

extend it to meet BA at F. If CO = 15, OF = 5, and AO = Be 

find the measure of OD. 

Draw EH parallel to AD. Since E is the midpoint of AC, EG = 
1 : : : : = 
= 5 (AO) = 6 (#25, #26). Since H is the midpoint of CD, GH = 

5 : (OD) (#25, #26). In ABEH, OD is pg to EH and O is 

the midpoint of BE; therefore, OD = = 5 EH (#25, #26). 

Then OD = 5[EG + GH}, so OD = oon Gormpse 

Note that the measures of CO and OF were not necessary for the 
solution of this problem. 

Challenge Can you establish a relationship between OD and AO? 

ANSWER: OD = 5 AO, regardless of the measures of CO, 

OF, and AO. 

2-6 In parallelogram ABCD, points E and F are chosen on diagonal 

AC so that AE = FC (Fig. S2-6). If BE is extended to meet AD 

at H, and BF is extended to meet DC at G, prove that HG is 

parallel to AC. 

$2-6 

A D 

In CABCD, AE = FC. 

Since ZBEC & ZHEA (#1), and ZHAC & ZACB (#8), 
AE HE 

AHEA ~ ABEC (#48), and e4-pe = BE 

EG: FG 
Similarly, ABFA ~ AGFC ie and 7 EF ~ BF. 

However, since FC = AE, im = = == (transitivity). 

Therefore, in AHBG, HG || EF a or HG || AC. 
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2-7 AM is the median to side BC of AABC, and P is any point on AM 

(Fig. S2-7). BP extended meets AC at E, and CP extended meets 

AB at D. Prove that DE is parallel to BC. 

Extend APM to G so that PM = MG. Then draw BG and CG. 

Since BM = MC, PG and BC bisect each other, making BPCG 
a parallelogram (#21f). Thus, PC || BG and BP || GC (#21a), or 

BE || GC and DC || BG. It follows that DP || BG. 
2 AD AP 

Therefore, in AABG, Dee PG (#46). (1) 

Similarly, in AAGC where PE || GC, <5 = 2- (#46). I) 

From (I) and (II), 43 = “a. 

Therefore, DE is parallel to BC, since in AABC, DE cuts sides 
AB and AC proportionally (#46). 

2-8 In AABC, the bisector of ZA intersects BC at D (Fig. S2-8). A 

perpendicular to AD from B intersects AD at E. A line segment 

through E and parallel to AC intersects BC at G, and AB at H. 
If AB = 26, BC = 28, AC = 30, find the measure of DG. 

41= 22 (#8), Z1 & Z5 (angle bisector), 

therefore, 722 = 45. 

In AAHE, AH = HE (#5). 

In right AAEB, 24 is complementary to 25 (#14), and Z3 is 
complementary to 22. 

Since 22 & 45, 23 is complementary to ZS. 

Therefore, since both 23 and 24 are complementary to 25, 
they are congruent. Thus, in ABHE, BH = HE (#5) and, there- 
fore, BH = AH. In AABC, since HG || AC and His the midpoint 
of AB, G is the midpoint of BC (#25), and BG = 14. 
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2-10 

Triangles in Proportion 71 

In AABC, AD is an angle bisector, therefore, 

AB BD 
lee ae Gall) 

Let BD = x; then DC = 28 — x. By substituting, 

26 
Fh ee 13e= 

Since BG = 14, and BD = 13, then DG = 1. 

In AABC, altitude BE is extended to G so that EG = the measure 
of altitude CF. A line through G and parallel to AC meets BA 
at H (Fig. S2-9). Prove that AH = AC. 

c 

$2-9 

H B 
F 

Since BE 1 AC and HG || AC, HG 1 BG. 

ZH = ZBAC (#7) 

Since ZAFC is also a right angle, AAFC ~ AAHGB (#48), 

> 

AC BH 
and FC GB : (1) 

In ABAG, AE || HG; 

AH BH 
therefore, — = Gp (#46). (If) 

AH 
From (I) and (1D), a = GE 

Since the hypothesis stated that GE = FC, it follows that 

AC = AH. 

In trapezoid ABCD (AB || DC), with diagonals AC and DB 

intersecting at P, AM, a median of AADC, intersects BD at E 

(Fig. S2-10). T Through E, a line is drawn parallel to DC cutting 

AD, AC, and BC at points H, F, and G, respectively. Prove that 

HE = EF =FG; 
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In AADM, since HE || DM, AAHE ~ AADM (#49). 

Therefore, ee =. In AAMC, since EF || MC, 
DM 

AAEF ~ AAMC (449). Therefore, == = 4 - (#49). Therefore, ——- aie 

In ADBC, ene EG || DC, ABEG ~ ABDC (#49). 
BG 

Therefore, << Dc a= = 

BG EG _ AE ye 
But Bc = = (#24); yee Gin TFT (transitivity). 

EF EG 
It then follows that = D a =a ne (1) 

But, since M is the midpoint of DC, DM = MC, and 
DC = 2MC. e89) 

ere : BE EG 
Substituting (II) in (I), we find that HE = EF, and MC = XMO’ 

Thus, EF = 5 (EG) and EF = FG. 
We therefore get HE = EF = FG (transitivity). 

2-11 A line segment AB is divided by points K and L in such a a way 

that (AL)? = (AK)(AB) (Fig. S2-11). A line segment AP is 

drawn congruent to AL. Prove that PL bisects ZKPB. 

P 

$2-11 

L 

Since AP = AL, (AL)? = (AK)(AB) may be written (AP)? = 

(AK)(AB), or, as a proportion, — FR aR 
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AKAP ~ APAB (#50). 

It then follows that 2PKA = Z BPA, and ZKPA = ZPBA. 
Since 7 PKA is an exterior angle of AKPB, 

mZPKA = mZKPB + mZPBK (#12). 

ZPKA = ZBPA may be written as 

mZPKA = mZBPL + mZKPL + mZAPK. (1) 

Since AP = AL, in AAPL, 

mZALP = mZKPL + mZAPK (#5). (689) 

Considering 7 PKA as an exterior angle of AKPL, 

mZPKA = mZALP + mZKPL (#12). (111) 

Combine lines (1) and (III) to get 

mZ_BPE mi KEE 4m ZAPK = mn Z ALP mZKPL. 

Therefore, mZ BPL + mZAPK = mZALP (by subtraction). 

(IV) 
Combine lines (IJ) and (IV) to get 

mZKPL + mZAPK = mZBPL + mZAPK. 

Therefore, mZKPL = mZBPL (by subtraction), and PL bisects 
VEN GA, 

P is any point on altitude CD of AABC (Fig. S2-12). AP and 
BP meet sides CB and CA at points Q and R, respectively. Prove 

that ZQDC = ZRDC. 

$ 2-12 

Draw RUS || CD, and QVT || CD. 
RU AU 

AAUR ~ AAPC (#49), 80 Ge = Gp’ 



74 SOLUTIONS 

2-13 

a AU 
AASU ~ AADP (FA9), 80 5 = Gp’ 

RU US d RU_ CP 
Therefore, Gp = pp» 89d Gs = pp 

one BV 

VT BV 
ABTV ~ ABDP (#49), 80 5H = pp’ 

VT eae - Cre 
Therefore, ae PD pag and = = eRe 

RU _ 1; 
Us = ca and 1 +2 ee e+ 

U+US _ QV+VT_ 
theref ores RU = OV 

RS’ OE GRSwee RU 

RU OQV’OQT OV 

Since RS || CD || OT, as =——— > (#24). 

ARPU ~ AVPQ (448), and = = a 
PQ 

Therefore, 22 = ?* (transitivit erefore, OF = pr (transitivity). 

ZRSD = ZQTD = right angle, ARSD ~ AQTD (#50); 

ZSDR = ZTDQ, ZRDC= ZQDC (subtraction). 

In LABC, Z is any point on base AB as shown in Fig. S2-13a. 

CZ is drawn. A line is drawn through A parallel to CZ meeting BC 

at X. A line is drawn through B parallel to CZ meeting AC at Y. 

la that — eae ee BY ae oe 
Consider AA YB; since CZ || BY, AACZ ~ AAYB (#49), and 
AZ _ AB. 

Zameen 

Consider ABXA; since CZ || AX, ABCZ ~ ABXA (#49), and 
BZ AB. 

Claeys 

_ kez ART An eee By add = . 
Y aCdluOn.! G7 cla ex = ny eon 

But = ee 
ut AZ + BZ = AB, therefore, CZ = + AX 

Dividi as-pts: ividing by (AB) we obtain 7 By * AX 
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$2-13b 

Challenge Two telephone cable poles, 40 feet and 60 feet high, re- 
spectively, are placed near each other. As partial support, 

a line runs from the top of each pole to the bottom of the 

other, as shown in Fig. S2-13b. How high above the ground 

is the point of intersection of the two support lines? 

Using the result of Problem 2-13, we immediately obtain 
the following relationship: 

1 1 1 1 100 1 

Vo a ra Xk (2400 2 

Therefore, X = 24. Thus, the point of intersection of the 

two support lines is 24 feet above the ground. 

2-14 In AABC, mZA = 120 (Fig. S2-14). Express the measure of 

the internal bisector of ZA in terms of the two adjacent sides. 

$2-14 i < 

| + beck 
y wA eas ! 

li 
! 
! 
| 

Draw a line through B parallel to AD meeting CA at E, and a 

line through C parallel to AD meeting BA at F. 

Since ZEAB is supplementary to ZBAC, mZEAB = 60, as 

does the measure of its vertical angle, Z FAC. 

Now, mZBAD = mZEBA = 60 (#8), 
mZACF = 60 (#8). 

and mZDAC = 
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2-15 

Therefore, AEAB and AFAC are equilateral triangles since they 

each contain two 60° angles. 

Thus, 4B = EB and AC = FC. 

From the result of Problem 2-13, we also know that 

1 1 1 

AD 7 EB FC. 
1 1 

1D ede ee By substitution 

1 AC + AB 
Combining fractions, ~~ AD ~ (AB)\AC) 

(AB)(AC) Therefore, AD = AC iAB 

Prove that the measure of the segment passing through the point 

of intersection of the diagonals of a trapezoid and parallel to the 

bases, with its endpoints on the legs, is the harmonic mean between 

the measures of the parallel sides. (See Fig. S2-15.) The harmonic 

mean of two numbers is defined as the reciprocal of the average 

of the reciprocals of two numbers. The harmonic mean between 

a and b is equal to ey Tees 
2 ae b 

A B 

$2-15 

F G 

D c 

In order for FG to be the harmonic mean between AB and DC 

it must be true that FG = 

1 
=, Dias 

i 
ae rom the result of Problem 2-13, — “an AB 5 fey 

1 1 
FE = bi pias Similarly, EG = 1 

AB ' DC AB DC 
Therefore, FE = EG. Thus, since FG = 2FE, 

2 
FG = Ty» and FG is the harmonic mean between AB 

AB ' CD 
and CD. 
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2-16 In parallelogram ABCD, E is on BC. AE cuts diagonal BD at G 
and DC at F, as shown in Fig. S2-16. If AG = 6 and GE = 4, 
find EF. 

A 

$2-16 

D f-----------> F 

GD 
AFDG ~ AABG (#48), and © a = ae 

ABGE ~ ADGA (#48), and 22 = “2. 

Therefore, by transitivity, - a 

By substitution, 2 aera 7 and EF = 5. 

NOTE: AG is the mean proportional between GF and GE. 

3. The Pythagorean Theorem 

3-1 In any AABC, E is any point on altitude AD (Fig. S3-1). Prove 

that (AC)? — (CE)? = (AB)? — (EB)?. 

A 

c 5 B 

By the Pythagorean Theorem (#55), 

for AADC, (CD)? + (AD)? = (AC)?; 

for AEDC, (CD)? + (ED)? = (EC)?. 

By subtraction, (4D)? — (ED)? = (AC)? — (EC)’. (1) 

By the Pythagorean Theorem (#55), 
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for AADB, (DB)? + (AD)? = (AB)?; 

for AEDB, (DB)? + (ED)? = (EB)?. 

By subtraction, (AD)? — (ED)? = (AB)? — (EB)”. (II) 
Thus, from (I) and (II), 

(AC)? — (EC)? = (AB)? — (EB). 

NOTE: For E coincident with D or A, the theorem is trivial. 

3-2 In AABC, median AD is perpendicular to median BE (Fig. S3-2). 

Find AB if BC = 6 and AC = 8. 

Let AD = 3x; then AG = 2x and DG = x (29). 

Let BE = 3y; then BG = 2y and GE = y (#29). 

By the Pythagorean Theorem, 

for ADGB, x? + (2y)? = 9 (#55); 

for AEGA, y” + (2x)? = 16 (#55). 

By addition, 5x? + Sy? = 25; 

therefore, x? + y? = 5. 

However, in ABGA, (2y)? + (2x)? = (AB)? (#55), 

or 4y” + 4x? = (AB)?. 

Since x? + y? = 5, 4x? + 4y? = 20. 

By transitivity, (4B)? = 20, and AB = 2\/5. 

Challenge 1 Express AB in general terms for BC = a, and AC = b. 

2 2 

ANSWER: AB = , ae 

Challenge 2 Find the ratio of AB to the measure of its median. 

ANSWER: 2:3 
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3-3 On hypotenuse AB of right AABC, draw square ABLH externally 
(Fig. S3-3). If AC = 6 and BC = 8, find CH. 

Draw CDG perpendicular to AB. 

In right AABC, AB = 10 (#55), and 42 = 4° (451). 
Substituting in this ratio, we find AD = 3.6; therefore, DB = 6.4. 

; AD CD 
In right AABC, Gp = jp (51a); 

therefore, CD = 4.8. 

Since DG = 10, CG = 14.8. HG = AD = 3.6. 

In right AHGC, (HG)? + (CG)? = (AC)? (#55), and HC = 
2/58. 

Challenge 1 Find the area of quadrilateral HLBC. 

ANSWER: 106 

Challenge 2 Solve the problem if square ABLH overlaps AABC. 

ANSWER: 2\/10 

3-4 The measures of the sides of a right triangle are 60, 80, and 100 

(Fig. S3-4). Find the measure of a line segment, drawn from the 

vertex of the right angle to the hypotenuse, that divides the triangle 

into two triangles of equal perimeters. 

A 

$3-4 

D 

Let AB = 60, AC = 80, and BC = 100. If AABD is to have 

the same perimeter as AACD, then AB+ BD must equal 

AC + DC, since both triangles share AD; that is, 60 + BD = 

80 + 100 — BD. Therefore, BD = 60 and DC = 40. 

Draw DE perpendicular to AC. 
ED 

Right AEDC ~ right AABC (#49); therefore, Tis Tel 

ene : ED _ 40 q 
By substituting the appropriate values, we have —, = jog, an 

ED = 24. 
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By the Pythagorean Theorem (#55), for AEDC, we find EC = 32; 

then, by subtraction, AE = 48. Again using the Pythagorean 

Theorem (#55), in AAED, AD = 24/5. 

On sides AB and DC of rectangle ABCD, points F and E are 

chosen so that AFCE is a rhombus, as in Fig. S3-Sa. If AB = 16 

and BC = 12) find EF: 

$3-5a 

METHOD I; Let AF = FC = EC = AE = x (#721-I). 

Since AF = xand AB = 16, BF = 16 — x. 

Since BC = 12, in right AFBC, (FB)? + (BC)? = (FC)? (#55), 

or (16 — x)? + (12)? = x?,and x = >- 

Again by applying the Pythagorean Theorem (#55) to AABC, 
we get AC = 20. 

Since the diagonals of a rhombus are perpendicular and bisect 

each other, AEGC is a right triangle, and GC = 10. 

Once more applying the Pythagorean Theorem (#55), 

in AEGC, (EG)? + (GC)? = EON 

(EG)? + 100 = “and EG = © 

Thus, FE = Sie 15. 

METHOD II: Since x = (see Method I), EC = *- 
Draw a line through B parallel to EF meeting DC at H (Fig. 
S3-5b). : 

A B 

$3-5b 
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Since quadrilateral BFEH is a parallelogram (#21a), and FB = 

AB — AF = 2, EH =1- Therefore, HC = 9, 
In right ABCH, (BH)? = (BC)? + (HC)? (#55), so that 
BH =915: 

Therefore, EF = BH = 15 (#21b). 

Challenge Jf AB = a and BC = b, what general expression will give 
the measure of EF ? 

b Aue 2 Be 

ANSWER: Nike + 62 

3-6 A man walks one mile east, then one mile northeast, then another 

mile east (Fig. S3-6). Find the distance, in miles, between the man’s 

initial and final positions. 

(finish) 
F 

Let S and F be the starting and finishing positions, respectively. 

Draw FD L SA, then draw FC || AB. 

In rhombus ABFC, CF = BF = AC = 1 (#21-l); also SA = 1. 

In isosceles right AFDC, FD = CD = Me (#55b). 

Applying the Pythagorean Theorem (#55) to right A DSF, 

(FD)? + (SD)? = (SF)? 
J/2\2 WaN2 , 
() me (2 a v=) = (SF) 

V5 + 2/2 = SF. 

Challenge How much shorter (or longer) is the distance if the course is 

one mile east, one mile north, then one mile east? 

ANSWER: The new course is shorter by 1/5 + 2\/2 — V/5. 

3-7 If the measures of two sides and the included angle of a triangle are 

7, \/50, and 135, respectively, find the measure of the segment 

joining the midpoints of the two given sides (Fig. S3-7). 
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A G E H B 

Draw altitude CD. Since mZCAB = 135, mZDAC = 45, 

therefore, AADC is an isosceles right triangle. If AC = \/50 = 
5/2, then DA = DC = 5 (#55b). 

In ADBC, since DB = 12 and DC = 5, BC = 13 (#55). 

13 
Therefore, EF = 5 (BC = (#26). 

Challenge 4 On the basis of these results, predict the values of EF when 

mZA = 30, 45, 60, and 90. 

Wenn (0 ie 5 Ve? He oe eee 

Ne ge 5 Ve ys yeas 

when mZA = 60, EF = 5 Ve? + c? = bev1; 

when mZA = 90, EF = 5 v/b? + c? — beV/0. 

3-8 Hypotenuse AB of right AABC is divided into four congruent 

segments by points G, E, and H, in the order A, G, E, H, B (Fig. 

S3-8a). If AB = 20, find the sum of the squares of the measures 
of the line segments from C to G, E, and H. 

METHOD I: Since AB = 20, AG = GE = EH = HB = 5. Since 

the measures of AC, CB, and CG are not given, AABC may be 
constructed so that CG is perpendicular to AB without affecting 
the sum required. 

Since CG is the altitude upon the hypotenuse of right AABC, 

when mZA 

5 CG 
ee Tt omar 76: 

By applying the Pythagorean Theorem to right A HGC, we find 

(CG)* + (GH)? = (HC)? (#55), 
or 75 ++: 100:=8175 ="(HO@)2. 
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Since CE = GH (#27), (CE)? = (GH)? = 100. Therefore, 

(CG)? + (CE)? + (HC)? = 75 + 100 + 175 = 350. 

METHOD II: In Fig. S3-8b, C/ is drawn perpendicular to AB. 

Since AB = 20, CE = 10 (#27). Let GJ = x, andJE = 5 — x. 

In ACJG and ACIJE, (CG)? — x? = 107 — (5 — x)? (#55), 
or (CG)? = 75 + 10x. (1) 
Similarly, in ACJH and ACJE, 

(CH)* — (10 = x) =107.—" (5. — x), 

on( GH )7=.175 —10x. (Il) 

By addition of (I) and (II), (CG)? + (CH)? + (CE)? = 
75 + 10x + 175 — 10x + 100 = 350. 

Notice that Method II gives a more general proof than Method I. 

Challenge Express the result in general terms when AB = c. 

2 Tc 
ANSWER: iar 

Cc 

$3-8b f 

A G UIE: H 

3-9 In quadrilateral ABCD, AB = 9, BC = 12, CD = 13, DA = 14, 

and diagonal AC = 15. Perpendiculars are drawn from B and D 

to AC, meeting AC at points P and Q, respectively (Fig. S3-9). 

Find PQ. 

Consider AACD. If we draw the altitude from C to AD we find 

that CE = 12, AE = 9, and ED = 5 (#55e). 

Therefore, AABC = AAEC (SS.S.). 

Thus, altitude BP, men extended passes through E. In AABC, 
2. 

a= 4 ae 7 (#51b), and “3 eyes 3 - therefore, AP = 
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Now consider AAQD, where PE || QD (#9). 
Pa 

AE AP eT ashe 3 
ED = PO (#46), and 5 = PO? thus, PO = 3. 

3-10 In AABC, angle C is a right angle (Fig. S3-10). AC and BC are 

each equal to 1. D is the midpoint of AC. BD is drawn, and a line 

perpendicular to BD at P is drawn from C. Find the distance from 

P to the intersection of the medians of AABC. 

Applying the Pythagorean Theorem to ADCB, 

(DC)? + (CB)? = (DB)? (#55). 

i +1 = (DB)?, DB = 5v5 

Since the centroid of a triangle trisects each of the medians (#29), 

1 soy ak 1 DG = 5 (DB) = 3 (5V35) = 5 v5 

Consider right A DCB where CP is the altitude drawn upon the 

hypotenuse. 
DEC 

Therefore, DCo t DP (#51b). 

1 1 

REE eeh 
int FDP S ~ 10 
2 

Thus, PG = DG — DP, and 

1 1 1 
EGR ee tN 

3-11 A right triangle contains a 60° angle. If the measure of the hypotenuse 
is 4, find the distance from the point of intersection of the 2 legs of 
the triangle to the point of intersection of the angle bisectors. 
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In Fig. S3-11, AB = 4, mZCAB = 60; therefore mZB = 30 
and AC = 2 (#55c). Since AE and CD are angle bisectors, 
mZCAE = 30, and mZACD = 45. From the point of inter- 
section, /, of the angle bisectors draw FI AC. Thus, the angles 
of AAJF measure 30°, a and 90°. 

Let AF = y. Since y = s(ADV3 (#55d), then AJ = 

Pps (#55c). 

Since mZ FCI = 45, FC = FI = (2 — y) (#5). 

Therefore, (2 — y) = Be ,and y = (3 — 1/3). 

HencesFC=" 2) —-y) = 4/3-— 1: 

Then CI = (FC)\V/2 = V/2(3 — 1), and CI = \/6 — v/2 (#55a). 

se and 

From point P inside A ABC, perpendiculars are drawn to the sides 

meeting BC, CA, and AB, at points D, E, and F, respectively 
(Fig. 83-12). If, BD = 8, DG = 14, CE = 13, AF = 12, and 

FB = 6, find AE. Derive a general theorem, and then make use 

of it to solve this problem. 

The Pythagorean Theorem is applied to each of the six right 

triangles shown in Fig. S3-12. 

(BD)? + (PD)? = (PB)*, (FB)? + (PF)? = (PB)’; 
therefore, (BD) + (PD)? = (FB)? + (PF). (I) 

(DC)? + (PD)? = (PC)’, (CE)? + (PE)? = (PC)’; 
therefore, (DC)” + (PD)? = (CE)? + (PE)’. (IL) 

(EA)? + (PE)? = (PA)’, (AF)? + (PF)? = (PA)’; 

therefore, (EA)? + (PE)? = (AF)? + (PF)’. (III) 

Subtracting (II) from (I), we have 

(BD)? — (DC)? = (FB)? + (PF)? — (CE)? — (PE)’. (IV) 
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3-13 

Rewriting (III) in the form (EA)? = (AF)? + (PF)? — (PE)’, 

and subtracting it from (IV) we obtain 

(BD)? — (DC)? — (EA)? = (FB)? — (CE)? — (AE), oF 

(BD)? + (CE)? + (AF)? = (DC)? + (EA)? + (FB)’. 

Thus, if, from any point P inside a triangle, perpendiculars are 

drawn to the sides, the sum of the squares of the measures of 

every other segment of the sides so formed equals the sum of the 

squares of the measures of the other three segments. 

Applying the theorem to the given problem, we obtain 

82 + 13? + 12? = 6? + 147 + X?, 145 = X?, V/145 = 

A 

$3-13 

E E 

B D C 

For AABC with medians AD, BE, and CF, let m = AD + 

BE + CF, and lets = AB + BC + CA (Fig. S3-13). Prove that 
3 3 
> SS te 4 S 

BG + GA > AB,CG + GA > AC, and BG + CG > BC (#41). 

By addition, 2(BG + GC + AG) > AB+ AC + BC. 

Since BG + GC + AG = = (BE + CF + AD) (#29), 

Pe ote 2 
by substitution, 2 ( m) 254 OF sm > S; therefore; wr > +s. 

24B + FG > BGs ; BC + GD > CG.= = AC + GE> AG (#41) 

By addition, = 5 (AB i BC + AC) + FG t.GD—-. GE BG —- 
CG + AG. 

eae 1 1 2 1 
Substituting, 5 s + 3m = 37755 > ;m, m <a Ss. 

3 3 
Thus, 5s > m> 45. 

2 3 3-14 Prove that 4 (@” + b? 4+ c?) = m,? + my? + m,”. (m, means 
the measure of the median drawn to side Cc.) 
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In AABC, medians AE, BD, CF, and GP | AB are drawn, as in 
Figg. Sa-14a-, Lec GP = hander =k. 

Since AF = -e thene4P = - — k. 

Apply the Pythagorean Theorem (#55), 
: 2 c 2 a 2 2 in AAGP, h? + (§—k) = (Fm), 

or h? + & — ck + k? = om,2. (1) 

In ABGP, h? + (S+k) = (Fm), 

or hh? + St ck +k? = 3 my?. (II) 

x 4 Adding (1) and (II), 24? + “= + 2k? = Sm,? + 5m’, 
2 

or 2h? + 2k? = 21m,” + Sms? — 5: (111) 

2 1 zi However, in AFGP, h? + k? = ic me) : 

Therefore, 2h? + 2k? = 5 m,?. (IV) 
By substitution of (IV) into (III), 

Dn ge ry CRs ea Ce 
g Me = 9a + gly 2 
8 4 

Therefore, c? = 9 Ma Hig Hi iakeady (ite 

ee 8 8 4 
Similarly, b? = 9 Ma + 5 Me™ Sys 

8 8 
and a? = 5 my + g Me™ aan iis 

4 
By addition, a? + b? + c? = 3 (ima” + m,? + m-.”), 

or ; (a? + b? + c?) = mg? + my? + m.”. 
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Challenge 2 

Challenge 3 

The sum of the squares of the measures of the sides of a 

triangle is 120. If two of the medians measure 4 and 5, 

respectively, how long is the third median? 

From the result of Problem 3-14, we know that 

ma? + ms? +m,” = 5 (a? +b? +c’). 

This gives us 52 + 4? + m? = 3 (120). 

So m? = 49, and m = 7. 

If AE and BF are medians drawn to the legs of right 
2 2 

AABC, find the numerical value of Se (Fig. 

S3-146). 

$3-14b 

A B 

Use the previously proved theorem (Problem 3-14) that 

the sum of the squares of the measures of the medians 
3 

equals 4 the sum of the squares of the measures of the 

sides of the triangle. 

(4E)* + (BF)* + (CD)* 

= 5((4C)? + (CB)? + (48)) 
By the Pythagorean Theorem (#55), 

(AC) (CB) = (AB) (Il) 

Also, (CD) = 5 (AB) (#27). (III) 

By substituting (II) and (III) into (1), 

(AE)? + (BF)? + (5.4B) = 3[(4B)? + (4B)%}, 
or (AE)? + (BF)? = 5 (AB)? — 3 (AB)®. 

(AE)? + (BE)? 5 
Then (AB)? = 



Circles Revisited 89 

4. Circles Revisited 

4-1 Two tangents from an external point P are drawn to a circle, 
meeting the circle at points A and B. A third tangent meets the 
circle at T, and tangents PA and PB at points Q and R, respectively. 
Find the perimeter p of APQR. 

We first consider the case shown in Fig. S4-la where AQ = QT 
and BR = RT (#34). 

Therefore, p = PQ + QT + RT+ PR=PQ+ QA+4+ BR+ 
PR = PA + PB. 

We next consider the case shown in Fig. S4-lb where AQ = QT 

and BR = RT (#34). 

Therefore, p = PA + AQ+ QT + RT+ RB+ PB 

PACTRORE ROR “22 B 

=9PA -> PBA 2OR:. 

$4-la $4-1b $4-2 

Q ; R 

4-2 AB and AC are tangent to circle O at B and C, respectively, and 
CE is perpendicular to diameter BD (Fig. S4-2). Prove (BE)(BO) = 

(AB)(CE). 

Draw AO, BC, and OC, as in Fig. S4-2. We must first prove 

AO L BC. Since AB = AC (#34), and BO = OC (radii), AO is 
the perpendicular bisector of BC (#18). Since ZABD is a right 
angle (#32a), 23 is complementary to 22. In rightQAPB, 21 

is complementary to 72. Therefore, 71 = 23. 

Thus, right ABEC ~ right AABO, and 

a7 = Ge, oF (BE)(BO) = (AB)(CE). 
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AB BO 
Challenge 3. Show that VBE = VED =D 

A BO 

We have proved that $= = Gp: (1) 

Since ABCD is a right triangle (#36), 

(CE)” = (BE)(ED) (#5la). Then CE = BEV ED. (Il) 

AB BO 
From (1) and (II) we get BE ~ /BEJED (IIT) 

1 
By multiplying both sides of (III) by VBE We get: 

4-3 From an external point P, tangents PA and PB are drawn to a 

circle (Fig. S4-3a). From a point Q on the major (or minor) arc 

AB, perpendiculars are drawn to AB, PA, and PB. Prove that 

the perpendicular to AB is the mean proportional between the other 

two perpendiculars. 

PA and PB are tangents; OD | PA, OE | PB, and OC 1 AB. 

Draw QA and OB. 

mZDAQ = 5mAQ (#38); mZQBA = ,mAO (436) 

Therefore, m2 DAQ = mZ QBA (transitivity), 

Eis EL) right ADAQ ~ right ACBQ (#48), and Ga = Ge 

mZ QBE = 5 m@B (#38); mZ QAB = 5 mOB (#36) 

Therefore, mZ QBE = mZ QAB (transitivity), and 

right AQBE ~ right AQAC (#48) so that a = a 
: D é ae : We therefore obtain oa = (transitivity). In Fig. S4-3a, point 



4-4 

4-5 
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Q is on the major arc of circle O. Fig. S4-3b shows Q on the 
minor arc. Note that the proof applies equally well in either case. 

Chords AC and DB are perpendicular to each other and intersect 
at point G (Fig. S4-4). In AAGD the altitude from G meets AD 
at E, and when extended meets BC at P. Prove that BP = PC. 

In right AAEG ZA is complementary to Z1 (#14), and 22 is 

complementary to 21. Therefore, 2A = 22. 

However, 72 = 24 (#1). Thus, 2A & 24. 

Since 7A and ZB are equal in measure to ; mDC (#36), they are 

congruent. Therefore, 74 = ZB, and BP = GP (#5). 

Similarly, 2D = 43 and 72D = ZC so that GP = PC. 

UHUSSCr =2PB:; 

EE: 
$4-4 $4-5 

AES 

Wey DN Ere 

Square ABCD is inscribed in a circle (Fig. S4-5). Point E is on 

the circle. If AB = 8, find the value of (AE)? + (BE)? + (CE)? + 
(DE)?. 

In this problem we apply the Pythagorean Theorem to various 

right triangles. DB and AC are diameters; therefore, A DEB, 
A DAB, AAEC, and AABC are right triangles (#36). 

In ADEB, (DE)? + (BE)? = (BD)’; 

in A DAB, (AD)? + (AB)? = (BD)? (#55). 

Therefore (DE)? + (BE)? = (AD)? + (AB)”. 

In AAEC, (AE)? + (CE)? = (AC)?; 

in AABC (AB)? + (BC)? = (AC)? (#55). 

Therefore, (AE)? + (CE)? = (AB)? + (BC)’. 

By addition, (AE)? + (CE)? + (DE)” + (BE)? = (AB)’ + 
(BC)? + (AD)? + (AB)?. Since the measures of all sides of 

square ABCD equal 8, 

(AE)? + (CE)? + (DE)? + (BE)? = 4(87) = 256. 
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4-6 

To generalize, (AE)? + (CE)? + (DE)” + (BE)? = 4s? where 

s is the measure of the length of the side of the square. Interpret 

this result geometrically! 

In Fig. S4-6, radius AO is perpendicular to radius OB, MN is 
parallel to AB meeting AO at P and OB at Q, and the circle at 
M and N. If MP = \/56, and PN = 12, find the measure of the 

radius of the circle. 

Extend radius AO to meet the circle at C. We first prove that 

MP = NQ by proving AAMP = ABNQ. 

Since AAOB is isosceles, ZOAB = ZOBA (#5), and trapezoid 

APQB is isosceles (#23); therefore, AP = QB. Since MN || AB, 
ZMPA = ZPAB (#8), and Z2NQB= ZQBA (#8). Thus, by 

transitivity, 2MPA => ZBON. MA = BN (#33). Therefore, 

MAB = NBA and ZAMN& ZBNM (#36). Therefore, 

AAMP = ABNQ (S.A.A.), and MP = QN. 

Let PO="a,and radius OA = r- Thus, AP = pean. 

(AP)(PC) = (MP)(PN) (#52) 

(r — a)(r + a) = (\/56)(12) 

r? — a? = 12,/56 (1) 

We now find a” by applying the Pythagorean Theorem to isosceles 
right APOQ. 

(PO)? + (QO)? = (PQ)?, so a? + a? = (12 — +/56)?, and 

a? = 100 — 12/56. 

By substituting in equation (1), 

r? = 12\/56 + 100 — 12\/56, and r = 10. 

M A 

NX $ 4-6 IS $4-7 C 

W B 

\n 



4-7 

4-8 
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Chord CD is drawn so that its midpoint is 3 inches from the center 
of a circle with a radius of 6 inches (Fig. S4-7). From A, the mid- 
point of minor arc CD, any chord AB is drawn intersecting CD in 
M. Let v be the range of values of (AB)(AM), as chord AB is 
made to rotate in the circle about the fixed point A. Find vy. 

(AB)(AM) = (AM + MB)(AM) = (AM)? + (MB)(AM) = 

(AM)? + (CM)(MD) (#52) 
E is the midpoint of CD, and we let EM = x. In AOED, ED = 
\/27 (#55). Therefore, CE = ./27. 

(CM (MD) = (\/27 + x)(\/27 — x), andin AAEM, (AM)? = 
9 + x?, (#55). 

(AB)(AM) = 9 + x? + (\/27 + x)(V/27 — x) = 36 
Therefore, v has the constant value 36. 

QUESTION: Is it permissible to reason to the conclusion that 

v = 36 by considering the two extreme positions of point M, 

one where M is the midpoint of CD, the other where M coincides 

with C (or D)? 

A circle with diameter AC is intersected by a secant at points B 

and D. The secant and the diameter intersect at point P outside the 

circle, as shown in Fig. S4-8. Perpendiculars AE and CF are 

drawn from the extremities of the diameter to the secant. If 

EB = 2)and BD =~ 6; fiid DF. 

METHOD I: Draw BC and AD. ZABC = ZADC = right angle, 

since they are inscribed in a semicircle. mZ FDC + mZEDA = 

90 andmZFCD + mZFDC = 90; therefore, ZEDA = ZFCD, 

since both are complementary to Z FDC. 
Fi ; ; Dia EG 

Thus, right ACFD ~ right ADEA (#48), and =] = Ep 

or (EA)(FC) = (DF)(ED). (1) 
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Similarly, mZEAB + mZEBA = 90 and mZFBC + 

mZEBA = 90; 

therefore, ZEAB = ZFBC, since both are complementary to 
3 : EB EA 

ZEBA. Thus, right AAEB ~ right ABFC, and FC FB? 

or (EA)(FC) = (EB)(FB). (iI) 

From (I) and (II) we find (DF)(ED) = (EB)(FB). 

Substituting we get (DF)(8) = (2)(DF + 6), and DF = 2. 

METHOD II: By applying the Pythagorean Theorem (#55), 

in AAED, (ED)? + (EA)? = (AD)’; 

in A DFC, (DEY AEC) =4(De)4 

(ED)* + (DF)? = (AD)? + (WC) — (EAy + OC) 

In AAEB, (EB)? + (EA)? = (AB)?; 
in ABFC, (BF)? + (FC)? = (BC)?. 

(EB) + (BF) = (AB) -— (BCy — (EA) 7- C),) 

Since (AD)? + (DC)? = (AC)? = (AB)? + (BC)?, 

we get (ED)? + (DF)? = (EB)? + (BF)?. (1) 

Let DF = x. Substituting, (8)? + x? = (2)? + (x + 6)”, 

64 + x? = 44 x? 4+ 12x + 36, and x = 2. 

Challenge Does DF = EB? Prove it! 

From Method I, (I) and (II), (DF)(ED) = (EB)(FB). 

Then, (DF)(EB + BD) = (EB)(BD + DF), 

and (DF)(EB) + (DF)(BD) = (EB)(BD) + (EB)(DF). 

Therefore, DF= EB; 

From Method II, (1), 

(ED)* + (DF)? = (EB)? + (BF)?. 

Then, (EB + BD)? + (DF)? = (EB)? + (BD + DF)?, 

and (EB)? + 2(EB)(BD) + (BD)* + (DF)? = (EB)? + 
(BD)” + 2(BD)(DF) + (DF)?. 

Therefore, EB = DF. 
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4-9 A diameter CD of a circle is extended through D to external 
point P. The measure of secant CP is 77. From P, another secant 
is drawn intersecting the circle first at A, then at B. (See Fig. 
S4-9a.) The measure of secant PB is 33. The diameter of the circle 
measures 74. Find the measure of the angle formed by the secants. 
(Note that the figure is not drawn to scale.) 

B 

$4-9b 

Cc hs P (@ IN P 

ee 

since GD = 74 and PC°—77,.2D .—.3. Since (PA)(PB) = 

(EDK PC) Gp o4)) (PA)(33)"= (3) 7),.and PA = 7. 

‘Uherefore,, BA!—926, Draws OE ! AB Then, AE = BE = 13 

(#30). Since OD = 37 and. PD = 3;,,0P = 40. 

In right APEO, PE = 20 and PO = 40. 

Therefore, mZ EOP = 30:and mZP = 60 G55c). 

Challenge Find the measure of secant PB when mZCPB = 45 (Fig. 

S4-9b). 

In right APEO, OE = 20\/2 (#55b). 

Since OB = 37, in right ABEO, BE = »/569 (#55). 

Therefore, PB = 20\/2 + 1/569. 

4-10 In AABC, in which AB = 12, BC = 18, and AC = 25, a 

semicircle is drawn so that its diameter lies on AC, and so that it 

is tangent to AB and BC (Fig. S4-10). If O is the center of the 
circle, find the measure of AO. 

B 
$4-10 “A~ E 

D D 

SS ae 
x O 

Draw radii OD and OE to the points of contact of tangents AB 

and BC, respectively. OD = OE (radii), and mZBDO = 

mZBEO = 90 (#32a). Since DB = BE (#34), right ABDO = 
right ABEO (#17), and 2DBO = ZEBO. 
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— |: AB & BE 
In AABC, BO bisects ZB so that 0 OG (#47). 

et AO 22 Xethe ended 
se 25 —x 

Challenge Find the diameter of the semicircle. 

ANSWER: — AERA, 13.4 
6 

4-11 Two parallel tangents to circle O meet the circle at points M and 

N. A third tangent to circle O, at point P, meets the other two 

tangents at points K and L (Fig. S4-11). Prove that a circle, 

whose diameter is KL, passes through O, the center of the original 

circle. 

Draw KO and LO. If KL is to be a diameter of a circle passing 
through O, then 7 KOL will be an angle inscribed in a semicircle, 

or a right angle (#36). 

Thus, we must prove that 7 KOL is a right angle. It may easily 

be proved that OK bisects ZMKP and OL bisects ZPLN 
(Problem 4-10). 

Since mZ MKP + mZNLP = 180 (#11), we determine that 

mZOKL + mZOLK = 90 and mZ KOL = 90 (#13). 

It then follows that Z KOL is an inscribed angle in a circle whose 

diameter is KL; thus, O lies on the new circle. 

$4-11 

4-12 LM is a chord of a circle, and is bisected at K (Fig. S4-12). DKJ 
is another chord. A semicircle is drawn with diameter DJ. KS, 
perpendicular to DJ, meets this semicircle at S. Prove KS = KL. 

Draw DS and SJ. 

4 DSJ is a right angle since it is inscribed in a semicircle. Since 
SK is an altitude drawn to the hypotenuse of a right triangle, 
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a = =" (#5la), or 

(SK)? = (DK)(KJ). (1) 

However, in the circle containing chord LM, DJ is also a chord 
and (DK)(KJ) = (LK)(KM) (452). 

Since LK = KM, (DK)(KJ) = (KL)?. (II) 

From lines (I) and (II), (SK)? = (KL)?, or SK = KL. 

E 

4-13 Triangle ABC is inscribed in a circle with diameter AD, as shown 
in Fig. S4-13. A tangent to the circle at D cuts AB extended at E 

and AC extended at F. If AB = 4, AC = 6, and BE = 8, find CF. 

Draw DC and BD. 

ZABD = ZACD=— right angle, since they are inscribed in 

semicircles itis, 

In right AADE, “= = “© (4516); 
: oA 

thus, (AD)? = (AE)(AB). 

Aa 

> AD 

thus, (AD)? = (AF)(AC). 

In right AADF, 4. = <2 (451b); 

By transitivity, (AE)(AB) = (AF )(AC). 

By substitution, (12)(4) = (6 + CF)(6), and CF = 2. 

Challenge 1 Find mZ DAF. 

ANSWER: 30 

Challenge 2. Find BC. 

ANSWER: 2(./6 + 1) 
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4-14 Altitude AD of equilateral AABC is a diameter of circle O. If 

the circle intersects AB and AC at E and F, respectively, as in 

Fig. S4-14, find the ratio of EF :BC. 

METHOD I: Let GD = 1, and draw ED. 

ZAED is a right angle (436). mZ ABD = 60 and AD 1 BC; 

therefore, mZ BAD = 30, and mZ ADE = 60 (#14). 

Because of symmetry, AD | EF. Therefore, mZGED = 30. 

In AGED, since GD = 1, we get ED = 2 (#55c), and EG = 

/3 (#554). 
In AAEG (30-60-90 triangle), since EG = \/3, we get AG = 3. 

AG EF 
AAEF ~ AABC (#49), and 45 = 5a° 

Since AG:AD = 3:4, the ratio EF: BC = 3:4. 

METHOD II: AEOG is a 30-60-90 triangle. Therefore, OG = 

5 OE = 40D; thus, 0G = GD, and AG = 3 AD. However, 
AAEF ~ AABC (#49). Therefore, EF = 5 BC, or EF:BC = 
3:4, 

Challenge Find the ratio of EB: BD. 

ANSWER: 1:2 

S$ 4-14 S$ 4-15a Ns 

KX NY 
4-15 Two circles intersect in A and B, and the measure of the common 

chord AB = 10. The line joining the centers cuts the circles in P 
and Q (Fig. S4-15a). If PQ = 3 and the measure of the radius of 
one circle is 13, find the radius of the other circle. (Note that the 
illustration is not drawn to scale.) 

Since O’A = O’B and OA = OB, OO’ is the perpendicular bi- 
sector of AB (#18). 

Therefore, in right AATO, since AO = 13 and AT = 5, we find 
OT = 12 (#55). 
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Since OQ = 13 (also a radius of circle O), and OT = 12, LOe= el 
We know that PQ = 3. 

In Fig. S4-15a, PT = PQ — TQ; therefore, PT = 2. Let O’A = 
OP and. Pi =e 0! sap 

Applying the Pythagorean Theorem in right A ATO’, 

(AT)? + (TO')? = (AO’)?. 

Substituting, 5? + (r — 2)? = r?, andr = =. 

Inebioess tobe ie— PO 7: theretore, PT — 4, Avain, let 

OA = O Pe= there rOs— 7S 4. 

Applying the Pythagorean Theorem in right A ATO’, 

(AT)? + (TO’)? = (AO’)?. 

Substituting, 5? + (r — 4)? = r?, andr = 

Challenge Find the second radius if PQ = 2. 

ANSWER: 13 

S$ 4-15b 

4-16 ABCD is a quadrilateral inscribed in a circle. Diagonal BD bisects 
AC, as in Fig. S4-16. If AB = 10, AD = 12, and DC = I], 

find BC. 
las 1 = 

mZ DBC = ,m(DC); mZ DAC = 5 m(DC) (#36). 
Therefore, 2 DBC = Z DAC, and ZCEB= Z DEA (#1). 

Thus, ABEC ~ AAED (#48), and 

tae (I) 

ee 1 a 

Similarly, mZCAB = 5 m(CB), and mZCDB = 5, m(CB) (#36). 

Therefore, ZCAB& ZCDB, and ZAEB= ZDEC (#1). 
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DC DE 
Thus, AAEB ~ ADEC (#48), and AB = effi (11) 

DC 
But AE = CE; hence, from (I) and diye oS SSE 

ren 11 _ 120 
Substituting, a = jo? an nd CB = il 

Challenge Solve the problem when diagonal BD divides AC into two 
segments, one of which is twice as long as the other. 

ANSWER: CB = = ot AL = 5 AC 

CB=, if AE = %AC 

4-17 A is a point exterior to circle O. PT is drawn tangent to the circle 

so that PT = PA. As shown in Fig. S4-17a, C is any point on 

circle O, and AC and PC intersect the circle at points D and B, 
respectively. AB intersects the circle at E. Prove that DE is parallel 
to AP. 

PC a PG AP 
PT = Bp (#53). Since b= Ar a atera 

Since Gis and ABPA share the same angle (i.e., Z APC), 

and the sides which include this angle are proportional, AAPC ~ 

ABPA (#50). Thus, ZBAP  ZACP. However, since ZACP 

is supplementary to Z DEB (#37), and Z AED is supplementary 

to ZDEB, ZACP = ZAED. 

By transitivity, 2BAP ~ ZAED so that DE || AP (#8). 

Challenge 1 Prove the theorem for A interior to circle O. 

As in the proof just given, we can establish that 7 BAP = 

Z ACP. See Fig. S4-17b. In this case, Z DEB = ZACP 
(#36); therefore, Z2BAP ~ Z DEB, and DE is parallel 
to AP (#7). 

GC 
sae $4-17b 

Al) 
Gia SY 
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Challenge 2. Explain the situation when A is on circle O. 

ANSWER: DE reduces to a point on PA; thus we have a 
limiting case of parallel lines. 

4-18 PA and PB are tangents to a circle, and PCD is a secant. Chords 
AC, BC, BD, and DA are drawn, as illustrated in Fig. S4-18. If 
AC = 9, AD = 12, and BD = 10, find BC. 

1 —~ fan 

mZPBC = 5 m(BC) (#38). mZPDB = 5 m(BC) (#36). 

‘Theretores 2 BO EDR: 

Thus, A DPB ~ ABPC (#48), and £4 = 72. (I) 

Since PA = PB (#34), by substituting in (I) we get a = re , 

Similarly, ADAP ~ AACP (#48), and 4€ = 2. (II) 

From (I) and (II), 4= = £4 and 3 =“, or CB = 75: 

Challenge Jf in addition to the information given above, PA = 15 and 

PC = 9, find AB. 

ANSWER: AB = 1; 

A 

$4-18 

4-19 The altitudes of AABC meet at O (Fig. S4-19a). BC, the base 

of the triangle, has a measure of 16. The circumcircle of AABC 

has a diameter with a measure of 20. Find AO. (Figure not drawn 

to scale.) 

METHOD I: Let BP be a diameter of the circle circumscribed about 

A ABC. Draw PC and PA. Draw PT perpendicular to AD. 

Since Z BCP is inscribed in a semicircle, it is a right angle (#36). 

Therefore, since BP = 20 and BC = 16, we get, by the Pythag- 

orean Theorem, PC = 12. 

ZBAP is a right angle (#36). 
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Therefore, ZPAO is complementary to ZEAO. 

Also, in right AEAO, ZEOA is complementary to ZEAO (#14). 

Thus, ZPAO & ZEOA; hence, EC || AP (#8). 

Since AD L BC and PC 1 BC (#36), AD || PC (#9). 

It then follows that APCO is a parallelogram (#21la), and AO = 

PC =a12: 

$4-19b 

METHOD II: The solution above is independent of the position 

of point A on the circle. But we may more easily do this problem 

by letting AD be the perpendicular bisector of BC, in other words 
letting AABC be isosceles (AB = AC). Our purpose for doing 

this is to place the circumcenter on altitude AD as shown in 

Fig. S4-19b. 

The circumcenter P is equidistant from the vertices (AP = BP), 

and lies on the perpendicular bisectors of the sides (#44). 

Since altitude AD is the perpendicular bisector of BC, Plies on AD. 

Since the circumdiameter is 20, AP = BP = 10. 

In APBD, since BP = 10 and BD = 8, then PD = 6 (#55). 

Thus! AD = 16. 

Z DAC is complementary to Z DCA, and 

Z DBO is complementary to Z BCA (#14). 

Therefore, 7 DAC = DBO: 
AD ee aie LOS ie, us, right AACD ~ right ABOD (#48), and BD OD 

Substituting, 
8 

> =-77; then OD = 4, and by subtraction, 
Wey tee 

Two circles are tangent internally at P, and a chord, AB, of the 
larger circle is tangent to the smaller circle at C. PB and PA cut 
the smaller circle at E and D, respectively (Fig. S4-20). If AB = 15, 
while PE = 2 and PD = 3, find AC. 
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Draw ED and the common external tangent through P. 
1 a 1 ES 

mz PED — > m(PD) (#36), mZTPD = 3 m(PD) (#38). 

Therefore, ZPED = ee (1) 

Similarly, es = 5m(PA) (#36). 

mZTPA = > 5 m(PA) (38), 

Therefore, ZPBA = ZLTPA. (ID) 

Thus, from @ a ue “PED = Sa ee and ED || BA (#7). 

In APBA, — = A (#46). Thus = Now draw CD. (III) PA 

mZPDC = ; m(PC) (#36), while mZ PCB = 5m(PC) (#38). 

iherefore, ZPDC = PCB. 

SincemZPCD = 5 m(PD) (#36), and mZTPD = 5 m(PD) (#38), 
ZPCD = ZTPD. Since, from (II), Z2PBA = ZTPD, ZPCD = 

ris 

LPBA. 

Thus, APBC ~ APCD (#48), and ai: ~ sO 

Since, in APBA, PC bisects 2 BPA, — = —- = 447). 
a 

From (un, 2 ee biG. 
2 

Since AB = 15, BC = AB — AC = 15 — AC; therefore, ie 

15 — AC 
iC as ; and AC = 9. 

Challenge Express AC in terms of AB, PE, and PD. 

(AB)(PD) 
ANSWER: AC = PE + PD 

4-21 A circle, center O, is circumscribed about AABC, a triangle in 

which ZC is obtuse (Fig. S4-21). With OC as diameter, a circle 

is drawn intersecting AB in D and D’. If AD = 3, and DB = 4, 

find CD. 
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Extend CD to meet circle O at E. In the circle with diameter OC, 

OD is perpendicular to CD (#36). In circle O, since OD is 

perpendicular to CE, CD = DE (#30). Again in circle O, 

(CD)(DE) = (A D)(DB) (#52). 

Since CD = DE, (CD)” = (3)(4), and CD = VJ12 = 23. 

C 

4-22 In circle O, perpendicular chords AB and CD intersect at E so 
that AE = 2, EB = 12, and CE = 4 (Fig. S4-22). Find the 

measure of the radius of circle O. 

From the center O, drop perpendiculars to CD and AB, meeting 
these chords at points F and G, respectively. Join O and D. 

Since (AE)(EB) = (CE)(ED) (#52), ED = 6. 

OF bisects CD (#30), and CD = 10; therefore, FD = 5. 

Similarly, since AB = 14, then GB = 7 and GE = 5. 

Quadrilateral EFOG is a rectangle (a quadrilateral with three 

right angles is a rectangle). Therefore, GE = FO = 5. 

Applying the Pythagorean Theorem to isosceles right AFOD, 

we find DO = 5,/2, the radius of circle O. 

Challenge Find the shortest distance from E to the circle. 

ANSWER: 5\/2 — 1/26 

4-23 Prove that the sum of the squares of the measures of the segments 
made by two perpendicular chords is equal to the square of the 

measure of the diameter of the given circle. 

Draw AD, CB, diameter COF, and BF as illustrated in Fig. 
S$4-23. 

Since AB 1 CD, ACEB is a right triangle, and c2 + b? = y? 
(#55). In right AAED, a? + d? = x?. (#55) 
By addition, a? + b? + c? + d? = x? + y?, 
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In right ACBF, y? + z? = m?, 
24 is complementary to 22 (#14), and Z3 is complementary to 
ZN: 

However, 72 = 21 (#36); therefore, 74 = 23. Thus; ADF = 
err aes aN aS 

BFD, and AD = BF; hence, x = z. 

Therefore, y? + x? = m?, and a? + b? + c? + qd? = m?. 

M K! N 

$4-24 Qy, 

B 

4-24 Two equal circles are tangent externally at T. Chord TM in circle 

4-25 

O is perpendicular to chord TN in circle Q (Fig. S4-24). Prove 
that MN || OQ and MN = OQ. 

Draw the line of centers OQ, MO, and NQ; then draw the 
common internal tangent KT meeting MN at K. 

mZKTN = 5mNT and mZKTM = 5 mMT (438). 

MLRTN +f ZKTM. = mZMTN = 90. 

Therefore, 5mNT + 5mMT == YO). 

or mNT + mMT = 180. 

Thus, mZ MOT + mZNOT = 180 (#35), and MO || NO (#11). 

Since MO = NQ (radii of equal circles), MNQO is a parallelo- 

gram (#22). 

It then follows that MN = OQ and MN || OO. 

As illustrated, from point A on the common internal tangent of 

tangent circles O and O’, secants AEB and ADC are drawn, 

respectively. If DE is the common external tangent, and points 

C and Bare collinear with the centers of the circles, prove 

(a) mZ1 = mZ2, and 
(b) ZA is a right angle. 
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(a) Draw common internal tangent AP (Fig. S4-25). 

For circle O’, (AP)? = (AC)(AD) (#53); 

for circle O, (AP)? = (AB)(AE) (#53). 
AC = TAB 

Therefore, (AC)(AD) = (AB)(AE), or 7 = Gp 

Thus, AADE ~ AABC (#50), and mZ1 = mZ2. 

(b) METHOD 1: Draw DP and PE. GE = GP and DG = GP (#34). 

Therefore, in isosceles ADGP, 23 = 24; and in isosceles 

AEGP, Z25= 26. Since mZ3 +mZ4+ mZ5 + mZ6 = 

180,mZ4 + mZ5 = 90 = mZ DPE. 

Since mZ CDP = 90 and mZPEB = 90 (#36), in quadrilateral 

ADPE ZA must also be a right angle (#15). 

METHOD 11: Draw DO’ and OE. DO’ 1 DE and EO 1 DE 
(#32a). Therefore, DO’ || OF, and mZ DO’B + mZEOC = 180. 

Thus, mDP + mEP = 180 (#35). 

However, mZ DCP = 5mDP, and mZ EBP = 5 mEP (#36). 

By addition, mZDCP + mZEBP = 5 (mDP + mEP) = 
5 (180) = 90. Therefore, mZ BAC = 90 (#13). 

4-26 Two equal intersecting circles O and O' have a common chord 
RS (Fig. S4-26). From any point P on RS a ray is drawn per- 
pendicular to RS cutting circles O and O’ at A and B, respectively. 
hese that AB parallel to the line of centers OO’, and that AB = 

OY. 

Draw OA and O’B; then draw AE | OO’ and BD L 
ae PAB | RS and the line of centers OO’ L RS, A || OO’ 4 8 
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Consider AAOE and ABO’D. Since AB || OO’D, AE = BD 
(#20), and AO = O’B since they are radii of equal circles. 

Thus, right AAOE =& right ABO’D (#17). 

Therefore, ZAOE =~ ZBO'D, and AO || O’B (#7). 

It follows that ABO’O is a parallelogram (#22). 

Thus, AB = OO’ (#21b). 

A circle is inscribed in a triangle whose sides are 10, 10, and 12 units 

in measure (Fig. S4-27). A second, smaller circle is inscribed 

tangent to the first circle and to the equal sides of the triangle. Find 

the measure of the radius of the second circle. 

Draw AO’OF, OE, and O’D. OE 1 AC and O'D 1 AC (#32a). 
CF = CE = 6 (#34) 

Since AC = 10, AE = 4. In right AAFC, AF = 8 (#55). 

Right AAEO ~ right AAFC (#48), and 22 = “. 

Substituting, Se = 7 and OE = 3. 

Therefore, GF = 6, and AG = 2. 

Leto D'="0'G=7. Tien OAT=2—r 

Since O’D || OE (#9), right AADO’ ~ right AAEO, and 

OES MELEE 
O'A OA 

Since in right AAEO, AE = 4 and OE = 3, AO = 5 (#55). 

gy 
r — —e 

LHUS ip = a end 4 

Challenge 1 Solve the problem in general terms if AC = a, BC = 2b. 

b(a — 5)3!? 
ANSWER: 1 = (psi 
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Challenge 2 Inscribe still another, smaller circle, tangent to the second 

circle and to the equal sides. Find its radius by inspection. 

1 
ANSWER: 4 un 16 

Challenge 3. Extend the legs of the triangles through B and C, and draw 

4-28 

4-29 

a circle tangent to the original circle and to the extensions 

of the legs. What is its radius? 

ANSWER: 12 

A circle with radius 3 is inscribed in a square, as illustrated in 

Fig. S4-28. Find the radius of the circle that is inscribed between 

two sides of the square and the original circle. 

Since OA bisects right angle A, A DAO and AEAO’ are isosceles 
right triangles. Let EO’ = x; then AO’ = xv/2 (#55a). 

Since O’F = x and OF = 3,0OA =3+x+ xv2. 
But in AADO, AO = 3\/2 (455a). It then follows that 3\/2 = 

3/2 —3 - 
aT 30 2ve). 3+x+ x /2, and x = 

AB is a diameter of circle O (Fig. S4-29). Two circles are drawn 
with AO and OB as diameters. In the region between the circum- 
ferences, a circle D is inscribed tangent to the three previous 
circles. If the measure of the radius of circle D is 8, find AB. 

Let radius AE = x. Since CD = 8, DE= AE+ CD=x+ 8. 
URS by applying the Pythagorean Theorem in ADEO, 
(EO)" + (DO)? = (DE)?, x7 WO) = 8) anid 
DO = 4\/x + 4. 
However, DO + CD = CO = OA = AE+ EO. 
Substituting, 4,/x + 4+ 8 = exnandsx =) 127 
Therefore, AB = 4x = 48. 



Circles Revisited 109 

4-30 A carpenter wishes to cut four equal circles from a circular piece 
of wood whose area is equal to 9x square feet. He wants these 
circles of wood to be the largest that can possibly be cut from this 
piece of wood. Find the measure of the radius of each of the four 
new circles (Fig. S4-30). 

Let the length of the radius of the four small circles be x. By 

joining the centers of the four small circles, we get a square whose 

side equals 2x and whose diagonal equals 2x\/2 (#55a). There- 

fore, the diameter of circle O equals 2x + 2x,/2, and its radius 

equals x(1 + /2). Since the area of circle O is 97, the radius is 3. 
zs 2 = 

herefore, x(.-- 4/2) =3,and x = Welt 3(./2 — 1) feet. 

Challenge 1 Find the correct radius if the carpenter decides to cut out 

three equal circles of maximum size. 

ANSWER: 3(2\/3 — 3) 

Challenge 2. Which causes the greater waste of wood, the four circles 

or the three circles? 

ANSWER: Three circles 

4-31 A circle is inscribed in a quadrant of a circle of radius 8, as shown 

in Fig. S4-31. What is the measure of the radius of the inscribed 

circle? 

Draw radii PC and PD to points of tangency with AO and BO. 
Then PC L AO, PD L OB (#32a). 

Since Z AOB is aright angle, PCOD is a rectangle (a quadrilateral 

with three right angles is a rectangle). Moreover, since radius 

PC = radius PD, PCOD is a square. 

Let PC = PD = r;thenCO = OD = r,and OP = rv2 (#55a), 

while PT = r. Therefore, OT = r+prv/2, but OT = 8 also; 

thus, r + r\/2 = 8, and r = 8(/2 — 1), (approximately 3;) : 

QUESTION: Explain why OT goes through P. 
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Challenge Find the area of the shaded region. 

4-32 

$4-32 

4-33 

ANSWER: 16[4(\/2 — 7) + 3(rV/2 — 2)] 

Three circles intersect. Each pair of circles has a common chord 

(Fig. S4-32). Prove that these three chords are concurrent. 

Let chords AB and CD intersect at P. These are the common 
chords for circles O and Q, and circles O and R, respectively. 

Circles R and Q intersect at points E and F. Draw EP and 

extend it. 

Assume that EP does not pass through F. It therefore meets 

circles Q and R at points X and Y, respectively. 

In circle O, (AP)(PB) = (CP)(PD) (#52). 

Similarly, in circle Q, (AP)(PB) = (EP)(PX) (#52). 

By transitivity, (CP)(PD) = (EP)(PX). 

However, in circle Ro (CP NPD CEP YP Y ) i452) 

It then follows that X and Y must be the same point and must lie 

both on circle Q and circle R. 

Thus, EP will meet the intersection of circles Q and Rat F. 

The bisectors of the angles of a quadrilateral are drawn. From each 

pair of adjacent angles, the two bisectors are extended until they 

intersect, as shown in Fig. S4-33. The line segments connecting the 
points of intersection form a quadrilateral. Prove that this figure 
is cyclic (i.e., can be inscribed in a circle). 

mZBAD + mZADC + mZ DCB + mZCBA = 360 (#15); 
1 

poate ich 120 + 5mZADC + ;mZ DCB a 
1 

> mZCBA = 7 (360) = 180. Substituting, 

mZEDC + mZECD + mZGAB + mZABG = 180. (I) 
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Consider AABG and A DEC. 

mZEDC + mZECD + mZGAB + mZABG 

+ mZAGB + mZ DEC = 2(180) (II) 

Now, subtracting (I) from (II), we find that 

mZAGB + mZ DEC = 180. 

Since one pair of opposite angles of quadrilateral EFGH are 

supplementary, the other pair must also be supplementary, and 

hence quadrilateral EFGH is cyclic (#37). 

In cyclic quadrilateral ABCD, perpendiculars AB and CD are 

erected at B and D and extended until they meet sides CD and AB 

at B’ and D’, respectively (Fig. S4-34). Prove AC is parallel to 

BAe 

Draw BD. Consider cyclic quadrilateral ABCD. 

ZACD & ZABD (Z DBD’) (436) (1) 

Since Z D’BB’ = ZD’DB’ & right angle, quadrilateral D’BB’D 

is also cyclic (#37). 

Therefore, 2 DB’ D’ = Z DBD’ (#36). (iI) 

Thus, from (I) and (II), ZACD = Z DB’D', and AC || B’D’ (#7). 

Perpendiculars BD and CE are drawn from vertices B and C of 

AABC 10 the interior bisectors of angles C and B, meeting them 

at D and E, respectively (Fig. S4-35). Prove that DE intersects 

AB and AC at their respective points of tangency, F and G, with 

the circle that is inscribed in AABC. 
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Let a, b, and c respresent the measures of angles 4, B, and C, 

respectively. Draw AO. Since the angle bisectors of a triangle are 

concurrent, AO bisects Z BAC. Also, FO = GO, and AF = AG 

(434); therefore, AO 1 FG at N (#18). 

Now, in right AAFN, mZGFA = 90 — 5 (#14). (1) 
Since CO and BO are angle bisectors, in A BOC, 

mZBOC = 180 — 5 (b + ¢) (#13). (11) 

However, b + c = 180 — a (#13). 

Therefore, from (II), mZ#BOC = 180 — 5 (180 —a)= 90+ 4 

Since Z BOD is supplementary to Z2BOC, mZ BOD = 90 — 5 

But ZDBO is complementary to ZBOD (#14); therefore, 

mZ DBO = 5. Since m2 DBF = mZ DBO — mZFBO, 

tab). (IIL) 

ZBFO = ZBDO = right angle; therefore, quadrilateral BDFO 

is cyclic (#36a), and Z2FDO= ZFBO (#36). Thus, mZ FDO = 3 : 

It then follows that mZFDB = 90 + - (IV) 

Thus, in A DFB, mZ DFB = 180 — (mZFDB + mZ DBF). (V) 

By substituting (III) and (IV) into (V), 

mZDFB = 180 ~ [90 +3 +5(a—6)] = 90—$- (VI) 
Since AFB is a straight line, and mZGFA = 90 — A = mZ DFB 

(See (I) and (VI)), points D, F, and G must be collinear (#1). 

In a similar manner, points E, G, and F are proved collinear. 

Thus, points D, F, G, and E are collinear, and DE passes through 
F and G. 
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A line, PQ, parallel to base BC of AABC, cuts AB and AC at P 
and Q, respectively (Fig. S4- 4-36). The circle passing through P and 
tangent to AC at Q cuts AB again at R. Prove that the points 
R, Q, C, and B lie on a circle. 

Draw RQ. mZ2 = = 5 (mPQ) (#36); also mZ3 = = 5 (mPQ) (#38); 
therefore,43.— 23, and 23 = 25 (#7). 

By transitivity we find that 22 > 25. ButmZ2 + mZ4 = 180. 

Therefore, mZ4 + mZ5 = 180. Since one pair of opposite 

angles of a quadrilateral are supplementary, the other pair of 

opposite angles must also be supplementary, and the quadrilateral 

is cyclic. Thus, R, Q, C, and B lie on a circle. 

4-37 

4-38 

In equilateral A ABC, D is chosen le AC so that AD = 5 (AC), 

and E is chosen on BC so that CE = = 5 (BC) (Fig. S4-37). BD and 

AE intersect at F. Prove that ZCEB i is a right angle. 

Draw DE. Since AD = CE and AC = ABand ZACB= ZCAB, 
AACE & ABAD (S.A.S.), and mZABD = mZCAE = x. 

Since mZ FAB = 60 — x,mZAFB = 120 (#13). 

Then mZ DFE = 120 (#1). Since mZ ACB = 60, quadrilateral 

DCEF is cyclic because the opposite angles are supplementary. 

In ACED, CE = 3 (CD) and mZC = 60; therefore, ZCED is 
a right angle (#55c). 

Since Z DFC is inscribed in the same arc as ZCED, 

ZCED = Z DFC & right angle. Thus, 7 CFB = right angle. 

The measure of the sides of square ABCD is x. F is the midpoint 

of BC, and AE L DF (Fig. 54-38). Find BE. 
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4-39 

4-40 

Draw AF. Since CF = FB, and DC = AB, right ADCF = right 

AABF (S.A.S.). Then m2 CDF = mZBAF = a. 

Z.AEF & ABF & right angle; therefore, quadrilateral AEFB is 

cyclic (#37). 

It follows that mZ BAF = mZ BEF = a since both are angles 

inscribed in the same arc. 

Since Z DAE and ZCDF are both complementary to ZADE, 

mZ DAE = mZCDF = a. 

Both ZBEA and ZBAE are complementary to an angle of 

measure a; therefore, they are congruent. Thus, AABE is 

isosceles, and AB = BE = x (#5). 

A= B 

If equilateral SABC is inscribed in a circle, and a point P is chosen 

on minor arc AO prove that PB = PA + PC (Fig. S4-39). 

Choose a point Q on BP such that PQ = QC. 

Since AABC is equilateral, mAB = mBC = mCA = 120. 

Therefore, mZ BPC = 5mBC = 60 (#36). 
Sincewin’ APOC. PO=. 0G, ‘and Gmz.BPG.— 60 TVOPG tis 
equilateral. 

mZPQC = 60, mZ BOC = 120, and mZ APC = 

[208 Therefore, APG ==." BOG 

ae = QCand ZCAP = ZCBP as both are equal in measure to 

7 MPC (#36). 

Thus, ABQC = AAPC (S.A.A.), and BQ = AP. Since BQ + 
QP = BP, by substitution, AP + PC = PB. 

From point A, tangents are drawn to circle O, meeting the circle 
at B and C. Chord BF || secant ADE, as in Fig. S4-40. Prove that 
FC bisects DE. 
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METHOD I: Draw BC, OB, and OC. 

mZBAE = 5 (mBFE — mBD) (440) 

Since BD = FE (#33), mZ BAE = 5 mBF. 

However, mZ BCF = 5 mBF (#36). 

Therciore-= BAL =*7R Chor 4 BAG — 2 BCG. 

It is therefore possible to circumscribe a circle about quadrilateral 

ABGC since the angles which would be inscribed in the same arc 

are congruent. Because the opposite angles of quadrilateral 

ABOC are supplementary, it, too, is cyclic. 

We know that three points determine a unique circle, and that 

points A, B, and C are on both circles; we may therefore conclude 

that points A, B, O, G, and C lie on the same circle. Since ZACO 

is a right angle (432a), AO must be the diameter of the new circle 

(#36). Z AGO is then inscribed in a semicircle and is a right angle 

(#36). As OG L DE, it follows that DG = EG (#30). 

METHOD II: Draw BG and extend it to meet the circle at H; draw 

CH. 

mZAGC = 5 (mDC + mFE) (#39) 
=~ LoS ——s aa 1 aa 

Since FE& BD (#33), mZAGC = 5 (mDC + mBD) = 5 (mBC). 

mZABC = 5 (mBC) (#38), and mZ BFC = 5 (mBC) (#36). 

Therefore, ZAGC = ZABC= ZBFC. 

Now we know a circle may be drawn about A, B, G, and C, since 

ZABC and Z AGC are congruent angles that would be inscribed 

in the same arc. 

It then follows that ZCAG & ZCBG since they are both in- 

scribed in arc (CG). abi si: < as 

In circle O, mZCAG (ZCAE) = 5 (mCH + mHE — mCD) 

(#40). 
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However, mZCBG = 5mCH (#36); therefore, HE = CD. 

Thus, CH || AE || BF (#33). 

Since FEH & BDC, ZHBF = ZCFB (#36). 
Thus, BG = GF (#5), and BO = FO. 

Therefore, OG is the perpendicular bisector of BF (#18). 

Then OG L DE (#10), and OG must bisect DE (#30). 

5. Area Relationships 

5-1 As shown in Fig. S5-1, E is on AB and C is on FG. Prove that 
parallelogram ABCD is equal in area to parallelogram EFGD. 

Draw EC. Since AEDC and DIABCD share the same base (DC) 

and a common altitude (from E to DC ), the area of AEDC is 

equal to one-half the area of DIA BCD. 

Similarly, AEDC and CJEFGD share the same base (ED), and 
the same altitude to that base; thus, the area of A EDC is equal 

to one-half the area of DEF DG. 

Since the area of AEDC is equal to one-half the area of each 

parallelogram, the parallelograms are equal in area. 

D 

5-2 The measures of the bases of trapezoid ABCD are 15 and 9, and 
the measure of the altitude is 4. Legs DA and CB are extended to 
meet at E, as in Fig. S5-2. If F is the midpoint of AD, and G is 
the midpoint of BC, find the area of AFGE. (The figure is not 
drawn to scale.) 

METHOD I: FG is the median of trapezoid ABCD, and 
15 +9 

EG =e = 12S) 
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Since AEFG ~ AEDC (#49), 5 = 55° (I) 
1 

KH = 4and AJ = > KH = 2 (#24). Therefore, 

15a 12 

1 1 Hence, the area of AEFG = 7 (FG )(EJ) =. (12)(8) = 48. 

METHOD II: Since AEFG ~ AEDC (#49), 

Area of AEFG (FG)? (12)?_—s:'16 
Area of AEDC (DC)? (15)2.—«25 

(5) (fave G)aaen 2 
Thus, NERO E SEGRE 

(5) ooen) (5)ase 49) 

Therefore, EJ = 8, and the area of AEFG = 48. 

Challenge Draw GL || ED and find the ratio of the area of AGLC 
to the area of AEDC. 

16 
ey (Formula #5a). 

ANSWER: 1:25 

5-3 The distance from a point A to a line BC is 3. Two lines | and lg 

parallel to BC, divide ABC into three parts of equal area, as 

shown in Fig. S5-3. Find the distance between | and I’. 

Line / meets AB and AC at G and H, and line /’ meets AB and AC 
at J and K. Let AE = x. 

AAGH ~ AAJK ~ KABC (#49) 

Since / and /’ cut off three equal areas, 

the area of AAGH = ; the area of AAJK, 

and the area of AAGH = ; the area of AABC. 

Since the ratio of the areas is AAGH: AAJK = 1:2, 

the ratio of the corresponding altitudes is AE: AF = 1:\/2. 
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5-4 

Similarly, another ratio of the areas is AAGH: AABC = 1:3. 

The ratio of the corresponding altitudes is AE:AD = 1:/3. 

Since AE = x, AD = x\/3. However, AD = 3, so xV/3 = 

orx = V3. 

Similarly, AF = x\/2 = V6. Since EF = AF — AE, EF = 

V6 — V3. 

Find the ratio between the area of a square inscribed in a circle, 

and an equilateral triangle circumscribed about the same circle 

$54 yx 

PANVZES 
In order to compare the areas of the square and the equilateral 

triangle we must represent their areas in terms of a common unit, 

in this instance, the square of the radius r of circle O. 
Since the center of the inscribed circle of an equilateral 

triangle is also the point of intersection of the medians, EA = 

3r (#29). 

The area of AEFG = 3r2\/3 (Formula #5f). 

Since the diagonal of square ABCD is equal to 2r, 

Y, 

Br)?>f3 _ —— 

the area of square ABCD = ; (2r)? = 2r? (Formula #4b). 

Therefore, the ratio of the area of square ABCD to the area 

of equilateral triangle EFG is 
Dre 2 2/3 : 
eH = 373 = = approximately 7:18. 

Challenge 1 Using a similar procedure, find the ratio between the area 
of a square circumscribed about a circle, and an equilateral 
triangle inscribed in the same circle. 

16\/3 

9 
ANSWER: 
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Challenge 2. Let D represent the difference in areas between the circum- 
scribed triangle and the inscribed square. Let K represent 
the area of the circle. Is the ratio D:K greater than one, 
equal to one, or less than one? 

ANSWER: Slightly greater than one 

Challenge 3. Let D represent the difference in areas between the circum- 

scribed square and the circle. Let T represent the area of 

the inscribed equilateral triangle. Find the ratio D:T. 

ANSWER: Approximately 2:3 

5-5 A circle O is tangent to the hypotenuse BC of isosceles right 

AABC. AB and AC are extended and are tangent to circle O at E 
and F, respectively, as shown in Fig. S5-5. The area of the triangle 

is X?. Find the area of the circle. 

jz fs A 
SES A) S<] 

F 

OD extended will pass through A (#18). 

Since the area of isosceles right AABC = X*, AB = AC = 
X\/2 (Formula #5a). 

BC = 2X (#55a). Since mZOAF = 45, AADC is also an 

isosceles right triangle, and AD = DC = X. 
DC AC 

AADC ~ SAFO (#48), and oF = G4 ° 

Let radii OF and OD equal r. 

Fee ee id pee eed, 
r r+ X 

Hence, the area of the circle = rX7(3 + 24/2) (Formula #10). 

Challenge Find the area of trapezoid EBCF. 

ANSWER: x7(/2 + 5) 



120 SOLUTIONS 

5-6 In Fig. S5-6a, PQ is the perpendicular bisector of AD, AB L BC, 

and DC L BC. If AB = 9, BC = 8, and DC = 7, find the area 
of quadrilateral APQB. 

METHOD I: To find the area of APQB we must find the sum of 

the areas of AABQ and APAQ. Let BQ = x. 

By the Pythagorean Theorem 

9? + x? = AQ”, and 7? + (8 — x)? = QD’. 

But AQ = QD (#18); 

therefore, 81 + x? = 49 + 64 — 16x + x”, and x = 2. 

Thus, AQ = 1/85. 

Draw ED 1 AB. Since EDBC is a rectangle, DC = EB = 7, 
and AE = 2. 

In AAED, (AE)? + (ED)? = (AD)?, and AD = 2V/17. 

Since AP = \/17 and AQ = 1/85, we can now find PQ by 
applying the Pythagorean Theorem to AAPQ. 

(\/85)? — (\/17)? = PQ?, and PQ = 2,/17. 

We may now find the area of quadrilateral A4PQB by adding. 

The area of AABQ = 5 (9)(2) = 9. (Formula #5a) 

The area of AAPQ = 5 (x/17)(2V/17) = 17. 

Therefore, the area of quadrilateral APQB = 26. 

METHOD It: Draw HPF || BC (Fig. S5-6b). Then AAPH & 
A DPF. Since HF = 8, HP = PF = 4. 

Draw PG 1 BC. Since PG is the median of trapezoid A DCB, 
1 

PG=7 ABE, DG) ne Thus, AH = FD = |. 



Area Relationships 121 

In Method I we found BQ = 2; therefore, since BG = 4, 
QG = 2. The area of quadrilateral APQB is area of rectangle 
HPGB — area of APGQ + area of AAPH 

1 1 = (48) — G)@8) + Ga) = 26. 

5-7 A triangle has sides that measure 13, 14, and 15. A line perpen- 
dicular to the side of measure 14 divides the interior of the triangle 

into two regions of equal area (Fig. S5-7). Find the measure of the 

segment of the perpendicular that lies within the triangle. 

DISE 

lt ABC, AB = 137 AC = 15, sand BC = 14: therefore, 

AD = 12 (#55e), BD = 5, DC = 9. 

FE || AD 
4 Since FE || AD (#9), AFEC ~ AADC (#49), and a = 2 = 5° 

It follows that EC = ~£*?. 

Now the area of AABC = ; (14)(12) = 84 (Formula #5a). 

The area of right AFEC is to be ; the area of AABC, or 42. 

Therefore, the area of right AFEC = 5 (FE)(EC) = 42. 

Substituting for EC, 

1 3(FE) or 42 = 5 (FE) (Ge) Bandine=t 44/7. 

Challenge Find the area of trapezoid ADEF. 

ANSWER: 12 

5-8 Given AABC with AB = 20, AC = 22,, and BC = 27. Points 

X and Y are taken on AB and AC, respectively, so that AX = AY 
1 

(Fig. S5-8). If the area of AAXY = 5 area of AABC, find AX. 
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The area of AABC = ; (AB)(AC) sin A (Formula #5b) 

= 520) (225) sin A 
= (225) sin fs 

However, the area of AAXY = = 3 AXV(A Y) sin A. 

Since AX = AY, the area WAXY = = 5 (AX)? sin A. 

SS the area of re =z 5 the area Be AABC, 

5 (AX)? sin A = 5 (225) sin “AI AnGwA Aaa ales 

Challenge Find the ratio of the area of ABXY to that of ACXY. 

Area of ABXY 5 1 : 
Draw BY and CX. on oP RAY Cs ee they 

share the same altitude (i.e., from Y to AB). 

Se area Of ACA Tg a2 aah 

MMALY © arewot A Awe eae to ae 
area of ABXY _ 2 

areaof ACXY 3 
Therefore, the ratio 

$5-8 $5-9 

B Cc B Cc 

5-9 In AABC, AB = 7,AC = 9. On AB, point D is taken so that 

BD = 3. DE is drawn cutting AC in E so that quadrilateral BCED 
5) 

has - the area of AABC. Find CE. 

In Fig. $5-9, AD = 4 while AB = 7. 

If two triangles share the same altitude, then the ratio of their 
areas equals the ratio of their bases. 

Since AA DC and AABC share the same altitude (from C to AB), 

the area of AADC = ; area of AABC. 

Since the area of quadritatera DECB = = > area of AABC, the 

area of ADAE = = “area of AABC. 



5-10 

Area Relationships 123 

Thus, the ratio of the areas of A DAE and AADC equals 1:2. 
Both triangles DAE and ADC share the same altitude (from D to 
AC ); therefore, their bases are also in the ratio 1:2. 

Tome 
SincéAC = 9 AE = 4; , aS does CE. 

An isosceles triangle has a base of measure 4, and sides measuring 

3. A line drawn through the base and one side (but not through any 

vertex) divides both the perimeter and the area in half, as shown in 

Fig. S5-10. Find the measures of the segments of the base defined 

by this line. 

Cc 

Ab AC =) and BGs= 45 lie DC =~ex thenghD="4 — x. 

Since the perimeter of ABC = 10, EC + DC must be one-half 

the perimeter, or 5. Thus, EC = 5 — x. 

Now the area of AEDC = 5 (x)(5 — x)sin C (Formula #5b), 
1 2 

and the area of AABC = 5 (4)(3) sin C. 

Since the area of A EDC is one-half the area of AABC, 

5 (5 — x) sin C = AE (4)(3) sin C], and 

5x — x” = 6. 

Solving the quadratic equation x* — 5x + 6 = 0, we find its 

roots to be x = 2 and x = 3. 

If x = 2, then EC = 3 = AC, but this cannot be since DE may 

not pass through a vertex. 

Therefore, x = 3. Thus, BC is divided so that BD = 1, and 

DG =,3. 

Challenge Find the measure of DE. 

ANSWER: 1/5 
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5-11 Through D, a point on base BC of AABC, DE and DF are drawn 

parallel to sides AB and AC, respectively, meeting AC at E and 

AB at F (Fig. S5-11). If the area of AEDC is four times the area 

of ABFD, what is the ratio of the area of AAFE to the area of 

AABC? 

METHOD Toe ee AECD (#48), and the 
Area of AECD 4 JD 

ratio of the corresponding altitudes is ~~ - (The ratio of the 
CG 

corresponding linear parts of two similar ee ie equals the 

square root of the ratio of their areas.) 
JD HG 1 

JD = HG (#20); therefore, GO Gas 

HG4°GCe + 1422 0 HCe 3 
BNO er ae eC eee 

: f AAB ; 
Thus, the ratio of age OBE Pe (The square of the ratio of 

areaof AEDC 4 

corresponding linear parts of two similar polygons equals the 

ratio of the areas.) 

The ratio of area of AABC to area of AEDC to area of AFBD = 

Ona le 

Area of CJAEDF = area of AEDC, and the ratio of area of 

COAEDF to area of AABC = 4:9. 

But since area of AAFE = ; area of CJAEDF, area of AAFE: 
area of AABC = 2:9. 

METHOD II: Since FD || AC, ABFD ~ ABAC (#49), and 
since ED || AB, ADEC ~ ABAC (#49). 

Therefore, ABFD ~ ADEC. 

Since the ratio of the areas of ABFD to ADEC is 1:4, the ratio 
of the corresponding sides is 1:2. 
Let BF = x,and FD = y; then ED = 2x and EC = 2y. 
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Since AEDF is a parallelogram (#21a), 

FD = AE = y,and ED = AF = 2x. 

Now, area of AAFE = 5 (2x)(y) sin A, (1) 

and area of AABC = 5 (3x)(3y) sin A (Formula #5b). au) 
Thus, the ratio of the area of AAFE to the area of AABC = ~ 
(from (1) and (II)). 

The problem may easily be solved by designating triangle ABC 
as an equilateral triangle. This approach is left to the student. 

5-12 Two circles, each of which passes through the center of the other, 

intersect at points M andN. A line from M intersects the circles at 

K and L, as illustrated in Fig. S5-12. If KL = 6 compute the area 
of AKLN. 

Draw the line of centers OQ. Then draw ON, OM, ON, and OM. 
Since ON = OQ = QN = OM = QM, ANOQ and AMOQ 
are each equilateral. 

mZNQO = mZMQO = 60, so mZNQM = 120. 
Therefore, we know that in circle O, mZ NLM = 60 (#36). 

Since mNCM = 240, in circle Q, mZNKM = 120 (#36). 
Since Z NKL is supplementary to 2NKM, mZ NKL = 60. 

Thus, ALKN is equilateral (#6). 

The area of AKLN = UTvs = 9,/3 (Formula #5e). 

Challenge Jf r is the measure of the radius of each circle, find the least 

value and the greatest value of the area of AKLN. 

ANSWER: The least value is zero, and the greatest value is 

3r32n/3 
4 

5-13 Find the area of a triangle whose medians have measures 39, 42, 

45 (Fig. S5-13). 
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Let AD = 39, CE = 42, BF = 45; then CG = 28, GE = 14, 

AG = 26, GD = 13, BG = 30, and GF = 15 (#29). Now extend 

AD to K so that GD = DK. Quadrilateral CGBK is a paral- 

lelogram (#21f). 

CK = BG = 30 (#21b). GD = DK = 13; therefore, GK = 26. 

We may now find the area of AGCK by applying Hero’s formula 

(Formula #5c), or by noting that the altitude to side GC must 

equal 24 (#55e). 

In either case, the area of AGCK = 336. 

Consider the area of AGCD which equals 5 the area of 

AACD (#29). However, the area of AACD = = the area of 

the area of 
Dl pope wile 

AABC. Therefore, the area of AGCD equals 

AABC. But the area of AGCK is twice the area of AGCD, and 

thus the area of AGCK = 5 the area of AABC. Then, since the 

area of ACGK = 336, the area of AABC = 3(336) = 1008. 

5-14 The measures of the sides of a triangle are 13, 14, and 15. A second 

triangle is formed in which the measures of the three sides are the 

same as the measures of the medians of the first triangle (Fig. 

S5-14a). What is the area of the second triangle? 

Let ABi—4134Gy=" 15. and-BC = 14: 

In AABC, thé altitude to side BC equals 12 (#55e). 

5 (BC)(AD) 
5 (14)(12) = 84. 

Another possible method to find the area of A. ABC would be to 
apply Hero’s formula (Formula #5c) to obtain V/(21)(6)(7)(8). 
Breaking the expression down into prime factors we have 

VIO3 Ys 2° 752-2) =e ee 

Therefore, the area of AABC 
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Let us now consider A ABC and its medians, AF, BJ, and CK. 
Extend GF its own length to H. 

GCHB is a parallelogram (#2If). 

Now os AGHC. ns = BG = (BI) (F210, #29). 

GC = = CK, and GF = 5 AF (429); but GH = = AF. 

Since 4 measure of each side of AGHC = ; times the measure 

of each side of the triangle formed by the lengths of the medians, 

AGHC ~ A of medians. The ratio of their areas is the square 

of their ratio of similitude, or ; : 

We must now find the area of AGAHC. 

Since AF is a median, area of AAFC = ; area of AABC = 42. 

The area of AGCF = 5 area Oh AAFC = 14. 

However, the area of AGHC = twice the area of AGCF = 28. 

; : area of AGHC 4 
Since the ratio of SS, 

area of triangle of medians 9 

28 4 

area of triangle of medians 9’ 

and the area of triangle of medians = 63. 

Challenge 1 Show that K(m) = 7K where K represents the area of 

AABC, and K(m) represents the area of a triangle with 

sides Ma, Mp, Me, the medians of AABC. (See Fig. S5-146.) 

34m, H 

Let K(5 m) represent the area of ABGH. 

72 1 
We have already shown that au . = 3 K. 

an 

gy Z 
Therefore, K(m) = if a = 
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5-15 Find the area of a triangle formed by joining the midpoints of the 

sides of a triangle whose medians have measures 15, 15, and 18 

(Fig. S5-15). 

METHOD I: AE = 18, BD = CF = 15 

In AABC, FD || BC (#26), and in AAEC, AH = HE (#25). 

Since 4E = 18, HE = 9. Since GE = 6 (#29), GH = 3. GD = 

5 (#29). Since BD = CF, AABC is isosceles, and median 

AE. BC, so AE |. FD G10). 

Thus, in right AHGD, HD = 4 (#55). 

Since FH = HD =A, ED §$. 

Hence, the area of AFDE = 5 (FD)(HE) 
1 = 39) = 

METHOD II: Since the area of the triangle formed by the three 

medians is ; the area of AABC (see Problem 5-14), and the area 

of the triangle formed by the three medians is equal to 108, the 

area of AABC is 5 (108) = 144. 

Since the area of AAFD = area of ABFE = area of ACDE = 

area of AFDE, area of AFDE = 7 (144) = 

Challenge Express the required area in terms of K(m), where K(m) 

is the area of the triangle formed from the medians. 

1 
ANSWER: 3 K (m) 

5-16 In AABC, E is the midpoint of BC, while F is the midpoint of 
AE, and BF meets AC at D, as shown in Fig. S5-16. If the area 
of AABC = 48, find the area of AAFD. 
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The area of AABE = : the area of AABC (#56). 

Similarly, the area of AABF = ; the area of AABE (#56). 

Therefore, since the area of AABC = 48, 

the area of “WABF = 12. 

Draw EG || BD. In AEAG, AD = DG (#25). 

Similarly, in ABCD, DG = GC (#25). 

Therefore, AD = DG = GC, or AD = 3 (AC). 

Since AABD and AABC share the same altitude (from B to AC) 

and their bases are in the ratio 1:3, 

the area of AABD = ; area. of ABC = 16: 

Thus, the area of AAFD = area of AABD — area of AABF = 4. 

Challenge 2 Change AF = AE to AF = 5 AE, and find a general 

solution. 

ANSWER: The area of AAFD = 3g the area of AABC. 

5-17 In AABC, D is the midpoint of side BC, E is the midpoint of AD, 
F is the midpoint of BE, and G is the midpoint of FC. (See Fig. 

S5-17.) What part of the area of A ABC is the area of AEFG? 

A 

$ 5-17 

Draw EC. 

Since the altitude of A BEC is 3 the altitude of A BAC, and both 
1 

triangles share the same base, the area of ABEC = 5 area of 

ABAC. 

Now, area of AEFC = ; area of ABEC, 

and area of AEGF = ; area of AEFC (#56); 

therefore area of AEGF = ’ area of ABEC. 
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Thus, since area of ABEC = ; area of AABC, 

we find that area of AEGF = : area of AABC. 

Challenge Solve the problem if BD = 

and GC = 5 FC. 
5 BC, ABE 

ANSWER: The area of AEGF = a the area of ABAC. 

5-18 In trapezoid ABCD with upper base AD, lower base BC, and 

legs AB and CD, E is the midpoint of CD (Fig. S5-18). A per- 
pendicular, EF, is drawn to BA (extend BA if necessary). If 
EF = 24 and AB = 30, find the area of the trapezoid. (Note that 

the diagram is not drawn to scale.) 

Draw AE and BE. Through E, draw a line parallel to AB meeting 
BC at H and AD, extended at G. 

Since DE = EC and ZDEG=> ZHEC (#1) and ZDGE=> 

ZCHE (#8), ADEG = ACEH (A\S.A.). 

Since congruent triangles are equal in area, the area of parallelo- 

gram AGHB = the area of trapezoid ABCD. The area of AAEB 

is one-half the area of parallelogram AGHB, since they share the 

same altitude (EF) and base (AB). Thus, the area of AAEB = ; 

area of trapezoid ABCD. The area of AAEB = : (30)(24) = 360. 

Therefore, the area of trapezoid ABCD = 720. 

Challenge Establish a relationship between points F, A, and B such 

that the area of trapezoid ABCD is equal to the area of 
AFBH. 

ANSWER: A is the midpoint of BF. 
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5-19 Jn CJABCD, a line from C cuts diagonal BD in E and AB in F, 
as shown in Fig. S5-19. If F is the midpoint of AB, and the area 
of ABEC is 100, find the area of quadrilateral AFED. 

Draw AC meeting DB at G. In AABC, BG and CF are medians; 

therefore, FE = 5 (EC) (#29). 
If the area of ABEC = 100, then the area of AEFB = 50, since 
they share the same altitude. 

AABD and AFBC have equal altitudes (#20), but AB = 2(FB) 

Therefore, the area of A ABD is twice the area of AFBC. Since 

the area of AFBC = 150, the area of AABD = 300. But the 

area of quadrilateral AFED = the area of AABD — the area of 

AFBE; therefore, the area of quadrilateral AFED = 300 — 

50" 250: 

Challenge Find the area of AGEC. 

ANSWER: 50 

5-20 P is any point on side AB of DIABCD. CP is drawn through P 
meeting DA extended at Q, as illustrated in Fig. S5-20. Prove 
that the area of ADPA is equal to the area of AQPB. 

Since A DPC and CJABCD have the same altitude and share 

the same base, DC, the area of ADPC = ; area of parallelogram 

ABCD. 

The remaining half of the area of the parallelogram is equal to 

the sum of the areas of A DAP and APBC. 

However, the area of A DBC is also one-half of the area of the 

parallelogram. 

The area of ACQB = the area of ACDB. (They share the same 

base, CB, and have equal altitudes since DQ || CB.) 

Thus, the area of ACQB equals one-half the area of the parallelo- 

gram. 



132 SOLUTIONS 

Therefore, the area of ADAP + the area of APBC = the area 

onAGOB: 

Subtracting the area of APBC from both sides, we find the area 

of ADAP = the area of APQB. 

5-21 RS is the diameter of a semicircle. Two smaller semicircles, RT 

and 7S! are drawn on RS, and their common internal tangent AT 

intersects the large semicircle at A, as shown in Fig. S5-21. Find 

the ratio of the area of a semicircle with radius AT to the area of 

the shaded region. 

Draw RA and SA. In right ARAS (#36), AT L RS (#32a). 
AT Riel 

SAT Sh 

The area of the semicircle, radius 

AT = 5 (AT)? = 5 (RT)(ST). 

The area of the shaded region 

xf/l 2 1 2 1 - 

=3[G8s) - Gar) -Gsr)] 
= 7 [(RS)? — (RT)? — (ST)? 

Therefore or (AT)? = (RT)(ST) (#51a). 

oity (RTRs Lt STt ees Tp geet OST) 

= *{(RT)(ST)]. 

Therefore, the ratio of the area of the semicircle of radius AT to 
the area of the shaded region is 

3 (RT )(ST) : 
= 

4 (RT )(ST) 
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5-22 Prove that from any point inside an equilateral triangle, the sum of 
the measures of the distances to the sides of the triangle is constant. 
(See Fig. S5-22a.) 

METHOD I: In equilateral AABC, PR 1 AC,PQ 1 BC, PS 1 AB, 
and AD L BC. 

Draw a line through P parallel to BC meeting AD, AB, and AC 
at G, E, and F, respectively. 

PQ = GD (#20) 

Draw ET 1 AC. Since AAEF is equilateral, AG = ET (all the 
altitudes of an equilateral triangle are congruent). 

Draw PH || AC meeting ET at N. NT = PR (#20) 

Since AEHP is equilateral, altitudes PS and EN are congruent. 

Therefore, we have shown that PS + PR = ET = AG. 

Since PQ = GD, PS + PR+ PQ = AG+ GD = AD, 

a constant for the given triangle. 

$5-22b 

METHOD II: In equilateral AABC, PR 1 AC, PQ 1 WLTE, FRAME 
AB, and AD L BC. 

Draw PA, PB, and PC (Fig. S5-22b). 

The area of AABC 

area of AAPB + area of ABPC + area of ACPA 

5 (AB\PS) + 5 (BC\PQ) + 5 (AC)PR). (Formula #5a) 

li 

Since AB = BC = AC, 

the area of AABC = 5 (BC)[PS + PO,+ PR. 
1 

However, the area of AABC = 3 (BC (AD); 

therefore, PS + PQ + PR = AD, 
a constant for the given triangle. 
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Challenge Jn equilateral AABC, legs AB and BC are extended through 

B so that an angle is formed that is vertical to ZABC. 

Point P lies within this vertical angle. From P, perpendiculars 

are drawn to sides BC, AC, and AB at points Q, R, and S, 
respectively. See Fig. S5-22c. Prove that PR — (PQ + PS) 

equals a constant for AABC. 

Draw EPF || AC thereby making AEBF equilateral. Then 
draw GBH || PR. Since PGHR is a rectangle, GH = PR. 
A special case of the previous problem shows that in 

AEBF, PQ + PS = GB. Since GH — GB = BH, then 

PR — (PQ + PS) = BH, a constant for AABC. 
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6. A Geometric Potpourri 

6-1 Heron’s Formula is used to find the area of any triangle, given 
only the measures of the sides of the triangle. Derive this famous 
formula. The area of any triangle = \/s(s — a)(s — b)(s — o), 
where a, b, c are measures of the sides of the triangle and s is the 
semiperimeter. 

First inscribe a circle in A ABC and draw the radii OD, OE, and 

OF to the points of contact. Then draw OB, OC, and OA. Let a 
line perpendicular to BO at O meet, at point P, the perpendicular 

to BC at C. Extend BC to K so that CK = AD (Fig. S6-1). 

ro 

4e- = 
é v 

Since ABOP and ABCP are right triangles with BP as 

hypotenuse, it may be said that 7 BOP and Z.BCP are inscribed 

angles in a circle whose diameter is BP. Thus, quadrilateral BOCP 

is cyclic (i.e., may be inscribed in a circle). It follows that ZOBPC 

is supplementary to 2 BOC (#37). 

If we now consider the angles with O as vertex, we note that 

ZDOA& ZAOE, ZCOE= ZFOC, and ZBOD = ZBOF. 

(This may be proved using congruent triangles.) Therefore, 

mZBOF + mZFOC + mZDOA = 5 (360), or ZDOA is 



136 SOLUTIONS 

supplementary to 2 BOC. Thus, Z DOA = Z BPC because both 

are supplementary to the same angle. It then follows that right 

ADOA ~ right ACPB (#48) and that 

oe = Te. ©) 
Since ZOGF & ZPGC, right AOGF ~ right APGC (#48) and 

However OF = DO. Therefore, from (1) and (II) it follows that 

ee. (III) 

Since AD = CK, it follows from (III) that 20 = Ze. 
Using a theorem on proportions we get 

IBXE! == (ELE GGA EG BK EG 

CK. ‘TiahGs saw ORt errGs 

Thus, (BK)(FG) = (CK)(FC). (IV) 

By multiplying both sides of (IV) by BK, we get 

(BK)?(FG) = (BK)(CK)(FC). (V) 

In right ABOG, OF is the altitude drawn to the hypotenuse. 

Thus by (#5la), (OF)? = (FG)(BF). (VI) 

We are now ready to consider the area of AABC. We may 

think of the area of AABC as the sum of the ao of AAOB, 

ie and ae Thus, the area of AABC = 5 (OD)(AB) > 

5 (OE(AC) += 5 (OF (BC). Since OD = OE = OF (the radu 

of circle O), 
1 
> (OF (AB + AC + BC) = (OF): (semiperimeter of AABC). 

Since BF = BD, FC = EC,and AD = AE, BF + FC + AD = 
half the perimeter of AABC. Since AD = CK, BF+ FC + 

CK = BK which equals the semiperimeter of A. ABC. Hence, the 
area of AABC = (BK)(OF). 

(Area of AABC)? = (BK)?(OF)?. 

(Area of AABC)? = (BK)?(FG)(BF). From (VI) 
(Area of AABC)? = (BK)(CK)(FC)(BF). From (V) 

Area of AABC = \/(BK)(CK)(BF)(FC). 
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Let s = semiperimeter = BK, a = BC, b = AC, and c = AB. 
Then s — a = CK,s — b = BF,and s — c = FC. Wecan now 
express Heron’s Formula for the area of AABC, as it is usually 
given. 

Area AABC = \/s(s — a)(s — b)(s — c) 

Challenge Find the area of a triangle whose sides measure 6, \/2, \/'50. 

ra PS Sy 

K = VG + 3V2GBV2 — 3B + 2VDB — 2V2) 
K = V/[9(2) — 9119 — 4Q)] 

kan =3 

6-2 An interesting extension of Heron’s Formula to the cyclic quadri- 

lateral is credited to Brahmagupta, an Indian mathematician who 

lived in the early part of the seventh century. Although Brah- 

magupta’s Formula was once thought to hold for all quadrilaterals, 

it has been proved to be valid only for cyclic quadrilaterals. 

The formula for the area of a cyclic quadrilateral with side 

measures a, b, c, and d is 

K = V(s — a)(s — b)(s — c)(s — 4), 

where s is the semiperimeter. Derive this formula. (Fig. S6-2.) 

D 

First consider the case where quadrilateral ABCD is a rect- 

angle with a = cand b = d. Assuming Brahmagupta’s Formula, 

we have 

area of rectangle ABCD 

= (5 — als —b)(s = os = d) 
= /(at+b—ajat+b— ba+b—ajatb— b) 

\/a2b2 

ab, which is the area of the rectangle as found by the 

usual methods. 

ll 

I 
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Now consider any non-rectangular cyclic quadrilateral ABCD. 

Extend DA and CB to meet at P, forming ADCP. Let PC = x 
and PD = y. By Heron’s Formula, area of A DCP 

=iV@Fyt+ 00 —*xF0%+9—-9R-¥ FO (1) 

Since ZCDA is supplementary to ZCBA (#37), and ZABP is 

also supplementary to 2CBA, ZCDA = ZABP. Then by #48, 

ABAP ~ ADCP. dt) 

area ABAP a? 
From (II) we get Ta Cbs ee 

area ADCP area ABAP x ce a? 

area ADCP area ADCP c2. 2 

area ADCP — area ABAP __ area ABCD c2 — qa? 

area ADCP ~ area ADCP —c? (IIT) 

From (II) we also get 

22 a Se! y —5b 

(ire pte Adie aia (IV) (V) 
By adding (IV) and (V), 

ey) er Oe 

c an a : 

x+y=——(6+4), 

x+tyt+to=>~—(b+c4+d~- a). (VI) 

The following relationships are found by using similar methods. 

y-xte=> 7 @t+et+d-—b) (VII) 

x+y—c=——(@tb+d-—o) (VIII) 

x-yteo=——atbt+c-d) (IX) 

Substitute (VI), (VII), (VIII), and (1X) into (1). Then 

the area of ADCP = 

ie nay VOF e+ d—aateo+d—bx 

(a+b+d—c)a+b+c— ad). 
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Since (III) may be read 

G area of ADCP = —*— (area ABCD), 
> (4) 

c2 

the area of cyclic quadrilateral ABCD = 

A/ (5 ays =! b)s = e)(s =i) 

Challenge 1 Find the area of a cyclic quadrilateral whose sides measure 

9, 10, 10, and 21. 

ANSWER: 120 

Challenge 2. Find the area of a cyclic quadrilateral whose sides measure 
15, 24, 7, and 20. 

ANSWER: 234 

6-3 Sides BA and CA of AABC are extended through A to form 
rhombuses BATR and CAKN. (See Fig. 56-3.) BN and RC, 
intersecting at P, meet AB at S and AC at M. Draw MQ parallel 
to AB. (a) Prove AMQS is a rhombus and (b) prove that the area 

of ABPC is equal to the area of quadrilateral ASPM. 

METHOD I: (a) Let a side of rhombus ATRB = aand let a side of 

rhombus AKNC = b. Since AS || RT, ACAS ~ ACTR (#49) and 
RT IM Oss Pe. 
AS = WG. Since LG. — TA + (AC, we get 

a 2 Oe ae ee 
Ws eb > ab e 
i KN 

Similarly, since AM || KN, ABAM ~ ABKN (#49) and 74, = 

Since KB = KA + AB, we get 

b a+b. eC? II pa AM (II) 

From (1) and (II) it follows that AS = AM. 
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Since OM || CN, ABMQ ~ ABNC (#49) and 

CN BN 

OM ~ BM ety 

Since ABAM ~ ABKN (see above) 

KN BN 

uM 3 BM (Vv) 

Then by transitivity from (III) and (IV), 

CN KN 

QM AM 

However, since CN = KN, it follows that QM = AM. Now 

since AS = AM = QM and AS || OM, ASQM is a parallelo- 
gram with adjacent sides AS and AM congruent. It is, therefore, a 

rhombus. 

METHOD II: Draw AQ. Since MQ || AB|| NC, AMBQ ~ ANBC 

(#49) and 22 = = 
NB 

Since AM || KN, AABM ~ AKBN (#49) and 27 = 
=i 

Therefore by transitivity, 4% XN . But KN & NC (#21-]), and 

therefore KN = NC. Thus, rire MQ and Z1= 22 (#5). 

However, since MQ || AS, 71 = 23 (#8). Thus, 722 = 23 and 

AQ is a bisector of Z BAC. Hence, by #47, 

AB _ BQ. 

AC in oi ey) 

Since ARSB ~ ACSA (448), <2 = 42. But RB & AB (#21-1) 
and therefore RB = AB. By Ue er, 

BS AB = 4. (11) 

From (1) and (I), 2 oc < 7 It follows that SQ || AC. Thus, 
SQMA is a parallelogram (#21a). However, since AM = MQ 
(previously proved), SQMA is a rhombus. 

(b) The area of ABMQ equals the area of AAMQ since they 
both share the same base MQ, and their vertices lie on a line 
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parallel to base MQ. Similarly, the area of ACSQ equals the 
area of f AASQ, since both triangles share base SQ, and 4 and C 
lie on AC which is parallel to SQ. Therefore, by addition, 

area of ABMQ + area of ACSQ = area of AMOS. 

By subtracting the area of SPMQ (ASPQ + AMPQ) from both 
of the above, we get, 

area of A BPC = area of ASPM. 

Two circles with centers A and B intersect at points M M and N. 

Radii AP and BQ are parallel (on n_opposide sides of AB). If the 

common external tangents meet AB at D, and PQ meets AB at 

C, prove that ZCND is a right angle. 

Draw AE and BF, where E and F are the points of tangency of the 

common external tangent of circles A and B, respectively. Then 

draw BN and extend AN through N to K. (See Fig. S6-4.) 

S6-4 

Pi ds ge (#48) and © a =iue However, AP = AN and 

B= 
poe AN 5 1: 

Therefore, CB BN and, in AANB, NC bisects Z ANB (#47). 

In AADE, BF || AE (#9). Therefore, ADAE ~ ADBF (#49) 

and ae = ae However AE = AN and BF = BN. Therefore 

DA AN 
DB = pn and, in AANB, 

ND bisects the exterior angle at N (7 BNK) (#47). 

Since NC and WD are the bisectors of a pair of supplementary 

adjacent angles, they are perpendicular, and thus ZCND is a 

right angle. 

6-5 Ina triangle whose sides measure 5", 6’, and 7’, point P is 2” from 

the 5! side and 3” from the 6" side. How far is P from the 7’ side? 
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There are four cases to be considered here, depending upon the 

position of Point P which can be within any of the four angles 

formed at Vertex A. (See Figs. S6-5, a-d.) In each case the area 

of AABC = 6,/6 (by Heron’s Formula), and, 

AB = 5 BC =7 PD=3 
AC = 6 PF = 2 PE = x. 

CASEI: In Fig. S6-Sa, 

area AABC = area AAPC + area AAPB + area ABPC. 

— 1 1 1 (66) = 5 3)(6) + 5 QE) + 5M) 
2(6\/6) = 18 + 10 + 7x 

12,/6 — 28 

fi 

CASE II: In Fig. S6-Sb, 

area A ABC = area AAPB + area ABPC — area AAPC. 

1 1 1 6V6 = 525) + 5M — 5 
12\/6= 10 4i7x.— 18 

12/6 + 8 
7 

x = 

oe 

CASE Ill: In Fig. $6-5Sc, 

area AABC = area ABPC + area AAPC — area AAPB. 

66 = 5 (007) + 5 OO — 5 QE) 
12\/6 = 7x +48 = 10 

(ws = 
x = 7 
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CASE IV: In Fig. S6-Sd, 

area A ABC = area ABPC — area AAPC — area AAPB. 
1 1 il 6V6 = 5 (x)(7) — 5 36) — 5 2N5) 

12076 =" x18 = 10 

12,/6 + 28 

6-6 Prove that if the measures of the interior bisectors of two angles 

of a triangle are equal, then the triangle is isosceles. 

METHOD I (DIRECT): AE and BD are angle bisectors, and AE = 
BD. Draw 4 DBF = ZAEB so that BF=> BE; draw DF. Also 

draw FG | AC, and AH 1 FH. (See Fig. S6-6a.) By hypothesis, 

AE = DB, FB=> EB, and Z28= Z7. Therefore AAEB= 

A. DBF (2), DEF = AB, and mZ1 = mZ4., 

mZx =mZ2 + mZ3 #12) 

mZx = mZ1 + mZ3 (substitution) 

mZx = mZ4 + mZ3 (substitution) 

mZx = mZ7 + mZ6 (#12) 

mZx = mZ7 + mZS (substitution) 

mZx = mZ8 + mZ5 (substitution) 

Therefore, mZ4 + mZ3 = mZ8 + mZS (transitivity). 

Thus mZz = mZy. 

Right AFDG & right AABH (#16), DG = BH, and FG = AH. 

Right AAFG & right AFAH (#17), and AG = FH. 

Therefore, GFHA is a parallelogram (#21b). 

mZ9 = mZ10 (from AABH and AFDG) 
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mZ DAB = mZ DFB (subtraction) 

mZ.DFB = mZEBA (from ADBF and AAEB) 

Therefore, mZ DAB = mZEBA (transitivity), and AABC is 

isosceles. 

METHOD II (INDIRECT): Assume AABC is not isosceles. Let 

mZ ABC > mZACB. (See Fig. S6-6b.) 

BF & CE (hypothesis) BC BC 

mZ ABC > mZACB (assumption) CF > BE 

Through F, construct GF parallel to EB. 

Through E, construct GE parallel to BF. 

BFGE is a parajlelogram. 

BF & EG, EG & CE, AGEC is isosceles. 

mZ(g + 9’) = mZ(c + c’) butmZg = mZb 

mZ(b + g')=mZ(c +c’) Therefore, mZg’ < mZc’, since 

mZb> MZ: 

In AGFC, we have CF < GF. But GF = BE. Thus CF < BE. 

The assumption of the inequality of m2 ABC and mZACB 

leads to two contradictory results, CF > BE and CF < BE. 

Therefore A ABC is isosceles. : 

$6-6b A S6-6c 

/ 
Ul 

| 

1 
' 
ied 

' 

| = Saba 
ss 4H 

METHOD Ill (INDIRECT): In AABC, assume mZB> mZC. 
BE and DC are the bisectors of 2B and ZC respectively, and 
BE = DC. Draw BH || DC and CH || DB; then draw EH, as in 
Fig. S6-6c. DCHB is a parallelogram (#21a). 

Therefore, BH ~ DC & BE, making ABHE isosceles so that, 
by #5, mZBEH = mZ BHE. (I) 
From our assumption that mZB > mZC, 
mZCBE>mZBCD and CE> DB. Since CH = DB, 
CE > CH which, by #42, leads to mZ CHE > mZCEH. (11) 
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In ACEH, by adding (I) and (Il), mZ BHC > mZ BEC. 
Since DCHB is a parallelogram, mZ BHC = mZ BDC. 

Thus, by substitution, mZ BDC > mZ BEC. 

In ADBI and AECI, mZ DIB = mZEIC. 

Since mZ BDC > mZ BEC, mZ DBI < mZECI. 

By doubling this inequality we get mZB< mZC, thereby 
contradicting the assumption that mZB > mZC. 

Since a similar argument, starting with the assumption that 
mZB < mZC, will also lead to a contradiction, we must con- 

clude that mZB = mZC and that AABC is isosceles. 

METHOD IV (INDIRECT): In A ABC, the bisectors of angles ABC and 

ACB have equal measures (i.e. BE = DC). Assume that 

mZABC < mZACB; then mZABE < mZACD. 

We then draw ZFCD congruent to ZABE. (See Fig. S6-6d.) 
Note that we may take F between B and A without loss of 

generality. 

In AFBC, FB > FC (#42). Choose a point G so that BG 

FC. Then draw GH || FC. Therefore, 2BGH & ZBFC (#7) and 
ABGH = ACFD (#3). It then follows that BH = DC. 

Since BH < BE, this contradicts the hypothesis that the angle 

bisectors are equal. A similar argument will show that it is im- 

possible to have mZACB < mZABC. It then follows that 

mZACB = mZ ABC and that AABC is isosceles. 

6-7 In circle O, draw any chord AB, with midpoint M. Through M_ two 

other chords, FE and CD, are drawn. CE and FD intersect AB at 

Q and P, respectively. Prove that MP = MQ. This problem is 

often referred to as the butterfly problem. 
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METHOD I: With M the midpoint of AB and chords FME and 

CMD drawn, we now draw DH || AB, MN 1 DH, and lines MH, 

QH, and EH. (See Fig. S6-7a.) Since MN L DH and DHA || AB, 

MN 1 AB (#10). 
MN, the perpendicular bisector of AB, must pass through the 

center of the circle. Therefore MN is the perpendicular bisector 

of DH, since a line through the center of the circle and per- 

pendicular to a chord, bisects it. 

Thus MD = MH (#18), and AMND © AMNH (417). 

mZ DMN = mZHMN, so mZx = mZy (they are the com- 

plements of equal angles). Since AB || DH, mAD = mBH. 

ia 5 (mAD + mCB) (#39) 

mZx = 5 (mBH + mCB) (substitution) 

Therefore, mZy = 5 (mBH + mCB). 

But mZCEH = 5 (mCAH) (#36). Thus, by addition, 

mZy + mZCEH = 5 (mBH oe mCB - mCAH). 

Since mBH + mCB + mCAH = 360,mZy + mZCEH = 180. 
It then follows that quadrilateral MQEH is inscriptible, that is, 

a circle may be circumscribed about it. 

Imagine this circle drawn. Zw and Zz are measured by the same 
Pa 

arc, MQ (#36), and thus mZw = mZz. 

Now consider our original | circle mZv = mZz, since they are 

measured by the same arc, FC (#36). 

Therefore, by transitivity, mZv = mZw, and AMPD = 
AM@QH (A,S.A.). Thus, MP = MQ. 

METHOD II: Extend EF through F. 
Draw KPL || CE, as in Fig. S6-7b. 

mZPLC = mZECL (#8), 

th ~ ee erefore APML ~ AQMC (#48), ie = ba 

mZK = mZE (#8), 

therefore AK ae efore MP ~ AKEMQ (#48), and A= - MO 

(PL.KP) _ (MP)? 
(CON QE) ~ (MOY? (I) 

By multiplication, 
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Since mZ D = mZE (#36), and mZK = mZE (#8), mZ D = 
mZK. 

Also mZKPF = mZDPL (#1). Therefore, AKFP ~ ADLP 

(#48), and = = FP 
y BIE IGE 

(BL)CKP) = (DP)\(EP), dp 

‘ (MP)? (PL)(KP : 
In equation (1), (MO? = soc ; we Substitute from equation 

(MP)? (DP)(EP) 
(II) to get (oe = (COVOE) 
Since (DP)(FP) = (AP)(PB) and (CQ)(QE) = (BQ)(QA) (#52), 

(MP)? (AP)(PB) (MA — MP)(MA + MP) (MA)? — (MP)? 

(MQ)? ~ (BQ)(Q4) ~~ (MB — MQ)(MB + MQ) — (MB)? — (MQ)? 

and so 

Then (MP)2(MB)2 = (MQ)2(MA)?. 
But MB = MA. Therefore (MP)? = (MQ)?, or MP = MQ. 

es 

G = 

METHOD I: Draw a line through E parallel to AB meeting the 
circle at G, and draw MN L GE. Then draw PG, MG, and DG, 
as in Fig. S6-7c. 

mZGDP(ZGDF) = mZGEF (#36). (1) 
mZPMG = mZMGE (48). (11) 

S6-7b 

Since the perpendicular bisector of AB is also the perpendicular 

bisector of GE (#10, #30), 

then GM = ME (#18), and mZGEF = mZMGE (#5). (IIT) 

From (I), (II), and (IID), mZGDP = mZPMG. (IV) 

Therefore, points P, M, D, and G are concyclic (#36a). 

Hence, mZPGM = mZPDM (#36 in the new circle). (V) 

However, mZ.CEF = mZPDM (ZFDM) (#36). (VI) 

From (V) and (VI), mZPGM = mZQEM (ZCEF). 

From (II), we know that mZPMG = mZMGE. 
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Thus, mZQME = mZMEG (#8), and m2 MGE = mZMEG 

(#5). 
Therefore, mZPMG=mZQME and APMG= AQME 

(A.S.A.). It follows that PM = QM. 

METHOD IV: A reflection in a line is defined as the replacement of 

each point by another point (its image), symmetric to the first 

point with respect to the line of reflection. 

Let D’F’ be the image of DF by reflection in the diameter 
through M. D’F’ meets AB at P’. (See Fig. S6-7d.) 

mZEMA = 5 (mFA + mBE) (#39) () 

mZFMA = mZF'MB (reflection and AB 1 MO) 

mF'B = mZFA (reflection) 

Therefore, by substitution in (1), 

oN 

mZF'MB = 5 (mE'B + mBE) = 5 mFE. (I) 

However, mZF’CE = 5mEE (#36). (IIT) 

Therefore, from (II) and (III), mZF’MB = mZF'CE. 

Thus quadrilateral F’CM@Q is cyclic (i.e. may be inscribed in a 

circle), since if one of two equal angles intercepting the same arc 

1s inscribed in the circle, the other is also inscribed in the circle. 

mZMF'Q(mZ MF'D’) = mZMCQ (ZMCE) (#36) (IV) 
mZMCE = mZ DFE (#36) (V) 

mZ DFE = mZ D'F'M (reflection) (VI) 

mZ D'F'M = mZP'F'M (VII) 

By transitivity from (IV) through (VID, mZMF’'Q = 
mZMF'P’. Therefore P’, the image of P, coincides with Q; and 
MP = MQ, since MO must be the perpendicular bisector of PQ, 
as dictated by a reflection. 
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METHOD V (PROJECTIVE GEOMETRY): In Fig. S6-7e, let K be the 
intersection of DF and EC. 

Let J be the intersection of FC and DE. 

Let N be the intersection of 4B and KI (not shown). 

K1 is the polar of M with respect to the conic (circle, in this 
case). Therefore, M, A, B, N form a harmonic range. 

MB BN : : epee 
Thus, MAINA: and since MB = MA, N is at infinity. 

Hence 4B | KI. Now, KE, KM, KD, K/ is a harmonic pencil. 

Therefore Q, M, P, N is a harmonic range, and a = a. 

Since N is at infinity, MQ = MP. 

Note that this method proves that the theorem is true for any 
conic. 

C 

S6-8b 

6-8 AABC is isosceles, with CA = CB.mZABD = 60,mZBAE = 

50, and mZC = 20. Find the measure of ZEDB. 

METHOD I: In isosceles A ABC, draw DG || AB, and AG meeting 

DB at F. Then draw EF. (See Fig. S6-8a.) 

By hypothesis, mZ ABD = 60, and by theorem #8, mZAGD = 

mZ.BAG = 60. Thus mZ AFB is also 60, and AAFB is equi- 

lateral. AB = FB (equilateral triangle), AB = EB, and EB = FB 

(#5). AEFB is therefore isosceles. 



150 SOLUTIONS 

Since mZEBF = 20, mZBEF = mZ BFE = 80. As 

mZ.DFG = 60, mZGFE = 40. GE = EF (equal sides of isos- 

celes triangle), and DF = DG (sides of an equilateral triangle). 

Thus DGEF is a kite, i.e., two isosceles triangles externally sharing 

a common base. DE bisects 2 GDF (property of a kite), therefore 

mZEDB = 30. 

METHOD II: In isosceles AABC, mZ ACB = 20, mZCAB = 80, 

mZABD = 60, and mZEAB = 50. 

Draw BF so that mZ ABF = 20; then draw FE, Fig. S6-8b. 

In AABE, mZ AEB = 50 (#13); 

therefore, A ABE is isosceles and AB = EB (#5). (1) 

Similarly, AFAB is isosceles, since mZ AFB = mZFAB = 80. 

Thos, 4 Be PB; (11) 

From (I) and (II), EB = FB. Since mZFBE = 60, AFBE is 

equilateral and EB = FB = FE. (IIT) 

Now, in ADFB, mZFDB = 40 (#13), and mZFBD = 

mZABD — mZABF = 60 — 20 = 40. 

Thus, ADFB is isosceles, and FD = FB. (IV) 

It then follows from (III) and (IV) that FE = FD, 

making AFDE isosceles, and mZ FDE = mZFED (45). 

Since mZ AFB = 80 and mZEFB = 60, then mZAFE, the 

exterior angle of isosceles AFDE, equals 140, by addition. 

It follows that mZADE= 70. Therefore, mZEDB = 

mZADE — mZFDB = 70 — 40 = 30. 

METHOD III: In isosceles AABC, mZ CAB = 80, mZ DBA = 60, 
mZACB = 20, and mZ EAB = SO. 

Extend BA to G so that AG = AC. 

Draw DF || AB. (See Fig. S6-8c.) 

$6-8¢ 
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In AEAB, mZ AEB = 50; therefore AB = EB (#5). 

Since mZ CAB, the exterior angle of AAGC, is 80, mZCGA = 
mZGCA = 40 (#5). The angles of ABCG and AABD measure 
80, 60, and 40 respectively; therefore they are similar, and 

eae. 
AB. BC. 

However, AD = FB, AB = EB, and BC = AC = AG. 

FB BG : 
By substitution, — eR AG Applying a theorem on proportions, 

EB EE BG = AG” ED el 

yo aise le AG 
AB 

Since DF || AB, in ae ba tr (ai 

DES 
Since AG = Vere —_ riven 

In ACDB, mZ DCB = mZ DBC = 20. Therefore DC = DB: 

FE DF 
It follows that eye 

Consider AFDB. It can now be established, as a result of the 

above proportion, that DE bisects ZFDB. 

Yet mZFDB = mZABD = 60 (#8). 

Therefore; mZEDB = 30: 

METHOD IV: With B as center, and BD as radius, draw a circle 

meeting BA at F and BC at G, as in Fig. S6-8d. 

mZFAD = 100,mZADB = 40, and mZ AEB = 50 (#13). 

Thus, AFBD is equilateral, since it is an isosceles triangle with a 

60° angle. 
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mZF = 60, and mZFDA = 20. BD = CD (isosceles triangle), 

BD = DF (equilateral triangle), and so CD = DF. BA = BE 

(isosceles triangle), BF = BG (radii), and so FA = GE (sub- 

traction). ADBG is isosceles and m2 DGB = mZBDG = 80. 

mZ.DGC = 100. Thus we have ADCG & AFDA (S.A.A.), and 

FA = DG, since they are corresponding sides. Therefore 

DG = GE, and mZGDE = mZGED = 50. 
But we have ascertained earlier that m2 BDG = 80. 

Therefore, by subtraction, mZEDB = 30. 

S6-8e A Axo 

METHOD V: Let ABA3A4...A 18 be a regular 18-gon with center 

C. (See Fig. S6-8e.) Draw 43415. By symmetry 434,5 and AA, 

intersect on CB at E. mZ EAB = 50 = 5 mA-B. Consider the 

circumcircle about the 18-gon. 

1 mZA3A154q = 5 (mAsdo) = 30 (436), 
and mZ.A1sCAis = mAysAig = 60 (#35). 

Therefore mZA,5FC = 90 (#13). 

However CAi5 = CAj; therefore AA15CAj3 is equilateral and 
CF = FAjs. Thus 43415 is the perpendicular bisector of CAG 
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Since C4;g = CB, and 4,34 = AB, CA is the perpendicular 
bisector of A,B (#18), and DA;g = DB (#18). As mZC = 
m7 DBC =220 CD =, DB. 

It then follows that DA;gs = CD, and thus D must lie on the 

perpendicular bisector of CA,s. In other words, 43A15 passes 
through D; and 4,5, D, E, As, are collinear. 

Once more, consider the circumcircle of the 18-gon. 

mZA,5A3B = 5 (mA,sB) = 50 (436), while 

mZCBA3 = 80, and mZ DBC = 20. 

Thus in A DBAs, mZEDB = 30 (#13). 

METHOD VI (TRIGONOMETRIC SOLUTION 1): In isosceles AABC, 

mZCAB = 80,mZ DBA = 60,mZACB = 20 and mZEAB = 

a0; Let AC = a, EB = 6b, BD = c. (See Fig. S6-8f.) 

In AAEC the law of sines yields ma mur Ces a 
an CAE ab = 

sin 130 sin (180 — 130) ; > 
A 30... 1 = 2 sin 50 = 2cos 40. (I) 

2 

Since mZ AEB = 50 (#13), AABE is isosceles and AB = AE. 

: B in 80 In AABD the law of sines yields 7% = “@9 4° or £ = 
sin ZADB°' 6 ~ sin40 

sin 2(40) _ 2 sin 40 cos 40 

sin40 sin 40 
= 2cos 40. (II) 

Therefore, from (I) and (IJ), ay = (transitivity). 

mZ DBE = mZC = 20. Thus, AAEC ~ ADEB, (#50) and 

mZBDE = mZEAC = 30. 

S6-8t S6-8g 
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6-9 

SOLUTIONS 

METHOD VII (TRIGONOMETRIC SOLUTION 1): In isosceles AABC, 

mZABD = 60,mZBAE = 50, and mZC = 20. 

Draw AF || BC, take AG = BE, and extend BG to intersect AF 

at H. (See Fig. S6-8g.) 

Since mZ BAE = SO, it follows that mZ ABG = 50. 

Since AF || BC, mZCAF = mZC = 20; thus mZBAF = 100 
and mZ AHB = 30. 

We know also that mZ ADB = 40. Since mZ ABD = 60, and 

mZABC = 80, mZ DBC = 20: pa AGAH = Z DBC. 

sin ZBAD 
By applying the law of sinesin AA DB,®. 3 = sin ZADB?°! BD = 

sin 80 (AB) sin 2(40) _ (AB)(2) sin 40 cos 40 

AB (e 10) = sin 40 sin 40 = 2(AB) cos 40 

(I) 
AH _ sin ZABH 

AB sin ZAHB’ 

= 2ABcos 40. (11) 

Nowconsider AABH. Again, by the law of sines =~ 

sin =) _ ABcos 40 

sin30/ 1 
2 

From (1) and (II), BD = AH and ABDE = AAHG (S.A.S) 
It thus follows that m2 BDE = mZGHA = 30. 

or AH = AB( 

S6-9a 

Find the area of an equilateral triangle containing in its interior a 

point P, whose distances from the vertices of the triangle are 3, 4, 

and 5. 

METHOD I: Let BP = 3, CP = 4, and AP = 5aRotate AABCan 

its plane about point 4 through a counterclockwise angle of 60°. 
Thus, since the triangle is equilateral and mZBAC = 60 (#6), 
AB falls on AC, AP’ = 5, C’P’ = 4, and CP’ = 3 (Fig. S6-9a). 
Since AAPB = AAP'C and mZa = mZb, mZPAP' = 60. 

Draw PP’, forming isosceles APAP’. Since mZ PAP’ = 60, 
APAP" is equilateral and PP’ = 5. Since PB = P’C = 3, and 
PC = 4, APCP’ is a right triangle (455). 

The area of AAPB + AAPC equals the area of AAP’C + 
AAPC, or quadrilateral APCP’. 
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The area of quadrilateral APCP’ = the area of equilateral 
A APP’ + the area of right APCP’. 

The area of equilateral AAPP’ = v3 (Formula #5e), 

and the area of right APCP’ = 5 (3)(4) = 6 (Formula #5d). 

Thus the area of quadrilateral APCP’ = ee 110: 

We now find the area of ABPC. Since mZ BCC’ = 2(60) = 
Pand m<_PCcr’ =o), m27PCB + mZP'CC’ = 30. 

Since mZP’CC’ = mZPBC, then mZPBC + mZPCB = 30 

(by substitution), and mZ BPC = 150. 

The proof may be completed in two ways. In the first one, we 

find that the area of ABPC = 5 (3)(4) sin 150° = 3 (Formula 

#5b), and the area of AABC = area of (quadrilateral APCP’ + 

Appcy= PYF 4643= 7% 19, 

Alternatively, we may apply the law of cosines to ABPC. There- 

fore, (BC)? = 37 + 47 — 2-3-4cos 150° = 25 + 12/3. 

Thus, the area of AABC = 3 (BC)?/3 = 4: 25V3 + 9. 

METHOD II: Rotate AP through 60° to position AP’; then draw 

CP’. This is equivalent to rotating A ABP into position AACP’. 

In a similar manner, rotate ABCP into position ABAP’”’, and 

rotate ACAP into position ACBP”. (See Fig. S6-9b.) 

Consider hexagon AP’CP” BP’” as consisting of AABC, AAP'C, 

ABP"C, and AAP’ B. From the congruence relations, 

area A ABC = area AAP’C + area ABP’C + area AAP’ B. 

Therefore area AABC = ; area of hexagon AP’CP” BP’. 

Now consider the hexagon as consisting of three quadrilaterals, 

PAP'C, PCP’ B, and PBP’’’A, each of which consists of a 3-4-5 

right triangle and an equilateral triangle. 

Therefore, using formula #5d and #5e, the area of the hexagon = 

| Desa Lt ae a8 5 3(5-3-4) + 5-5°V3 + 4-434 7° 3°V3 7 
= 18+ 5: 25V3. 

i _- 

Therefore, the area of AABC = 9 + ae D5. F3. 
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$6-10 
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6-10 Find the area of a square ABCD containing a point P such that 

PA = 3, PB = 7, and PD = 5. 

Rotate ADAP in its plane 90° about A, so that AD falls on AB 
(Fig. S6-10). 
AAPD & AAP'B and AP’ = 3 and BP’ = 5.mZPAP’ = 90. 

Thus, APAP’ is an isosceles right triangle, and PP’ = 3./ 2. 

The area of APP’B by Heron’s Formula (Formula #5c) is 

Ger lene we a lesa 5 
Also, the area of APP’B = = 5 (PB)(PP’) sin Z BPP’ (Formula 

#5b). 

Therefore, a = 56V20) sin Z BPP’, ae = sin 7 BPP. ang 

mZ_ BPP = ie 
In isosceles right A APP’, mZ APP’ = 45, 

therefore mZ APB = 90. By applying the Pythagorean Theorem 

to right A APB we get (AB)” = 58. 

Thus the area of square ABCD is 58 (Formula #4a). 

Challenge 1 Find the measure of PC. 

ANSWER; 1/65 

Challenge 2. Express PC in terms of PA, PB, and PD. 

ANSWER: (PC)? = (PD)? + (PB)? — (PA)?. 

6-11 If, on each side of a given triangle, an equilateral triangle is con- 
structed externally, prove that the line segments formed by joining 
a vertex of the given triangle with the remote vertex of the equi- 
lateral triangle drawn on the side opposite it are congruent. 
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IngAADC, “AD ="AG, and m AAFB, AB = AF (equilateral 
triangles). Also, mZ DAC = mZFAB (Fig. S1-11). mZCAB = 
mZCAB, and therefore, mZCAF = mZ DAB (addition). By 
S.A.S., then, ACAF ~ ADAB, and thus, DB = CF. 

Similarly, it can be proved that ACAE & ACDB, thus yielding 
id Ee 2 DB: 

TLbereforesA B=" DB = CF. 

Challenge 1 

Challenge 2 

Prove that these lines are concurrent. 

Circles K and L meet at point O and A. (Fig. S6-11). 

Since mADC = 240, and we know that mZAOC = 

5 (mADC) (#36), mZAOC = 120. Similarly, mZAOB = 
1 oN 

5 (mAFB) = 120. 

Therefore mZCOB = 120, since a complete revolu- 

tion — 360": 

Since mCEB = 240, ZCOB is an inscribed angle and 

point O must lie on circle M. Therefore, we can see that 

the three circles are concurrent, intersecting at point O. 

Now join point O with points A, B, C, D, E, and F. 

mZDOA = mZAOF = mZFOB = 60, and therefore 

DOB. Similarly, COF and AOE. 
Thus it has been proved that AE, CF, and DB are 

concurrent, intersecting at point O (which is also the point 

of intersection of circles K, L, and M). 

Prove that the circumcenters of the three equilateral 

triangles determine another equilateral triangle. 

Consider equilateral A DAC. 

Since AK is ; of the altitude (or median) (#29), we obtain 

the proportion AC:AK = V3:1. 

Similarly, in equilateral AAFB, AF:AL = V3:1. 

Therefore, AC: AK = AF: AL. 

mZ.KAC = mZLAF = 30, mZCAL = mZCAL 

(reflexivity), and mZKAL = mZCAF (addition). 

Therefore, AKAL ~ ACAF (#50). 

Thus, CF:KL = CA:AK = V3:1. 

Similarly, we may prove DB:KM = V3:1, and 

ABM LAs 3 il 
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Therefore, DB:KM = AE:ML = CF:KL. But since 

DB = AE = CF, as proved in the solution of Problem 

6-11, we obtain KM = ML = KL. Therefore, AKML is 

equilateral. 

$6-11 S6-12a 

6-12 Prove that if the angles of a triangle are trisected, the intersections 

of the pairs of trisectors adjacent to the same side determine an 
equilateral triangle. (This theorem was first derived by F. Morley 

about 1900.) 

METHOD I: We begin with the lower part of AABC, with base 
AB and angles 3a, 3b, and 3c, as shown. Let AP, ART, BOQ, 
and BRS be angle-trisectors. Point P is determined by making 

mZARP = 60+ 6 and point Q is determined by making 

mZBRQ = 60+ a. (See Fig. S6-12a.) mZARB = 180 — 
b — a (#13) 

Therefore mZPRQ = 360 — (180 — b — a) — (60 4+ 5) — 

(60 + a) = 60. 

mZAPR = 180 — a — (60 + b) (#13) 

mZAPR = 180 — 60 —a— b = 120 — (a+ 5) 

However, since 3a + 36 + 3c = 180, then a+ b+ c = 60, 

anda+ b= 60—. 

Thus mZ APR = 120 — (60 — c) = 604+ ¢. 

Similarly, it can be shown that mZ BOR = 60 + c. 

Now, drop perpendiculars from R to AP, BO, and AB, 
meeting these sides at points G, H, and J, respectively. 

RG = RJ, since any point on the bisector of an angle is equi- 
distant from the rays of the angle. 

Similarly, RH = RJ. Therefore, RG = RH (transitivity). 
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ZRGP and Z RHQ are right angles and are congruent. 
From the previous discussion mZ APR = mZRQB, since they 
are both equal to 60 + c. 

Thus AGPR = AHQR (S.A.A.), and RP = RQ. 

This makes APRQ an equilateral triangle, since it is an isosceles 
triangle with a 60° vertex angle. 

mZARP = 60 + 5 (it was so drawn at the start). Z SRA is an 
exterior angle of AARB and its measure is equal to a+ b. 

Therefore, by subtraction, we obtain mZ3 = 60+ 5 — 

(a + b) = 60 — a. Similarly, mZ1 = 60 — b. 

Through point P, draw line /, making mZ4 = mZ3, and 

through point Q, draw line m making mZ2 = mZ1. Since 

mZAPR = 60+ c; and mZ4 = 60 — a, we now obtain, 

by subtraction, mZ5 = 60+ c — (0—a)=a-+. 

By subtracting the measure of one remote interior angle of a 

triangle from the measure of the exterior angle of the triangle, we 

obtain the measure of the other remote interior angle. Thus, the 

measure of the angle formed by linesk and/ = (a+ c)—a=c. 

Similarly, the measure of the angle formed by lines m and 

n = (6+ c) — b = ¢, while the angle formed by the lines k and 

n = 180 — 3a — 3b = 3c. 

If we can now show that lines k, /, m, and n are concurrent, 

then we have been working properly with AABC. (See Fig. 

S6-12b.) Since AQTR and ARP@Q are each isosceles, it can easily 

be proved that PT bisects Z QTR. Since P is the point of inter- 

section of two of the angle bisectors of AkATm, we know that 

the bisector of Zkm (the angle formed by lines k and m) must 

travel through P, since the interior angle bisectors of a triangle 

are concurrent. Consider Fig. S6-12b. Since g is one of the tri- 

sectors of ZC, mZkg = c. g must also pass through P, since all 

the bisectors of AkATm must pass through P. 

It was previously shown that Zk/ = c. Therefore, / is parallel 

to g, and both pass through point P. Thus, / and g are actually the 

same line. This proves lines k, /, and m to be concurrent. 

Similarly, in AnBS/, the bisector of Z/n and m are parallel and 

pass through point Q. 

Thus, 7 is concurrent with / and m. Since we have proved that 

lines k, /, m, and n concurrent, it follows that we have properly 

worked with AABC. 

This proof is based upon that given in an article by H. D. 

Grossman, American Mathematical Monthly, 1943, p. 552. 
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$6-12b C S6-12¢ 

ae [o) Z 

------ 7 

SF ana 

A 
G 3 : 

METHOD II: Let a = ., b= , and c = 3° In Fig. S6-12c, tri- 

sectors of ZA and ZB of AABC meet at R and F. 

Construct mZ ARP = 60 + b, (1) 

and mZBRQ = 60 + a, qd) 

where P and Q lie on AF and BF, respectively. 

mZAPR = 180 — (60 + b) —a = 60+ ¢ (#13) (IIT) 

Similarly, mZ BOR = 180 — (60 + a) — b= 60+ c (#13). 

(IV) 
Draw HR | AF at H, and JR 1 BF at J. Since R is the point of 
intersection of the interior angle bisectors of AAFB, R is the 

center of the inscribed circle, and HR = JR. From (III) and (IV), 

mZAPR = mZBQR. Therefore, APHR = AQJR (S.A.A.), 

and PR=-OR: (V) 
mZARB = 180 — (a+ b) (#13) (VI) 

From (1), (ID, and (VID, mZPRO = 360 — mZARP — 
mZBRO — mZ ARB, 
or mZPRQ = 360 — (60 + b) — (60 + a) — [180 — (a+ b)] = 
60. Therefore, APQR is equilateral. (VID) 

We must now show that PC and QC are the trisectors of ZC. 

Choose points D and E of sides AC and BC respectively, so that 

AD = ARand BE = BR. It then follows that ADAP 2 ARAP 

and AEBQ ~ ARBOQ (S.A5S.). 
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Thus, DP = PR = PQ = RO = OF, (VIII) 
and mZ DPQ = 360 — mZ DPA — mZ APR — mZRPQ, 
or mZ DPQ = 360 — (60 + c) — (60 + c) — 60 [from (II) 
and (VII)]. Theretore*771Z DPO =) 180"— 2c. (1X) 
In a like fashion, we may find mZEQP = 180 — 2c. (X) 
Thus, mZ DPQ = mZEQP. It is easily proved that quadrilateral 
DP QE is an isosceles trapezoid and is thus inscriptible. 

In the circle passing ig through J D, P, Q, and E, from (VIII) we 

know that mDP = mPO = mOQE. So from any point N on the 

circle, mZPNQ = mZ QNE (#36). 

Since from (IX), mZ DPQ = 180 — 2c, mZDNQ = 2c 

(#37). Also, since, from (X), mZ EQP = 180 — 2c, mZ ENP = 

2e (#37). Therefore, mZPNQ = c, as does mZDNP and 

mZENQ. Thus, from any point on the circle, line segments issued 

to points D and £ form an angle with measure equal to 3c. 

C lies on the circle, and PC and QC are the trisectors of ZC. 
We have thus proven that the intersections of angle trisectors 

adjacent to the same side of a triangle determine an equilateral 

triangle. 

Prove that, in any triangle, the centroid trisects the line segment 

joining the center of the circumcircle and the orthocenter (i.e. the 

point of intersection of the altitudes). This theorem was first 

published by Leonhard Euler in 1765. 

Let M be the midpoint of BC. Chg Fig. S6-13.) G, the centroid, 
a a 

lies on AM so that TP ie = (429). (1) 

The center of the ey eee 

point O, lies on the perpendicular bisector of BC (#44). (ID) 
HG 2 

Extend OG to point H so that Coane (111) 

AG HG 
From (I) and (ID, Gy; = Go’ 

Therefore, AAHG ~ AMOG (#50), and mZ HAG = mZOMG. 

Thus, AA || MO, and since MO 1 BC and AH 1 BC, AH 
extended to BC is an altitude. a 

The same argument will hold if we use a side other than BC. 

Each time the point H obtained will lie on an altitude, thus 

making it the orthocenter of A ABC, because, by definition, the 

point of concurrence of the three altitudes of a triangle is the 

orthocenter. 
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Challenge 1 (Vector Geometry) 

The result of this theorem leads to an interesting problem 

first published by James Joseph Sylvester (1814-1897). 

The problem is to find the resultant of the three vectors OA, 

OB, and OC, acting on the center of the circumcircle O of 

AABC. 

OM is one-half the resultant of vectors OB and OC. 

Shoe” NaHGe AMOG there — ee 

AH = 2(0M ). Thus AH represents the whole resultant of 

vectors OB and OC. 

Since OH is the resultant of vectors OA and AH, OH is the 

resultant of vectors OA, OB, and OC. 

COMMENT: It follows that OG = 3 (OA + OB + OC). 
$6-13 $6-14a 

wan 
6-14 Prove that if a point is chosen on each side of a triangle, then the 

circles determined by each vertex and the points on the adjacent 

sides, pass through a common point (Figs. 6-14aand 6-14b). This 

theorem was first published by A. Miquel in 1838. 

CASE I: Consider the problem when M is inside A ABC, as shown 

in Fig. S6-14a. Points D, E, and F are any points on sides Ete: 

ILE’ and AB, respectively, of AABC. Let circles Q and R, de- 

termined by points F, B, E and D, C, E, respectively, meet at M. 

Draw FM, ME, and MD. In cyclic quadrilateral BFME, 

mZFME = 180 — mZB (#37). Similarly, in cyclic quadrilateral 
CDME, mZ DME = 180 — mZC. 

By addition, mZFME + mZ DME = 360 — (mZB+ mZC). 

Therefore, mZFMD = mZB + mZC. 

However, in AABC, mZB + mZC = 180 — mZA. 
Therefore, mZFMD = 180 — mZA and quadrilateral AFMD 
1s cyclic. Thus, point M lies on all three circles. 
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CASE 11: Fig. S6-14b illustrates the problem when M is outside 
AABC. 

Again let circles Q and R meet at M. Since quadrilateral BFME 
is cyclic, mZ FME = 180 — mZB (#37). 

Similarly, since quadrilateral CDME is cyclic, mZ DME = 
180 — mZ DCE (#37). 

By subtraction, 

mZFMD = mZFME — mZ DME = mZ DCE — mZB. (I) 

However, mZ DCE = mZ BAC + mZB (#12). (II) 

By substituting (II) into (1), 

mZFMD = mZBAC = 180 — mZFAD. 

Therefore, quadrilateral ADMF is also cyclic and point M lies 

on all three circles. 

$6-14b 

(KE 
G 

Prove that the centers of the circles in Problem 6-14 determine a 

triangle similar to the original triangle. 

Draw common chords FM, EM, and DM. PQ meets circle Q at 
N and RO meets circle Q at L. (See Fig. S6-15.) Since the line of 

centers of two circles is the perpendicular bisector of their 

common chord, PQ is the perpendicular bisector of FM, and 

therefore PQ also bisects FM (#30), so that mEN = mNM. 

Similarly, OR bisects EM so that mML = mLE. 

Now mZNQL = (mNM + mML) = 5 (mFE) (#35), and 

mZEBE = 5 (mFE) (#36). 

Therefore, mZNQL = mZFBE. 

In a similar fashion it may be proved that mZ QPR = mZBAC. 

Thus, APOR ~ AABC (#48). 
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7. Ptolemy and the Cyclic Quadrilateral 

7-1 Prove that in a cylic quadrilateral the product of the diagonals is 

equal to the sum of the products of the pairs of opposite sides 

(Ptolemy’s Theorem). 

S7-1a 

METHOD I: In Fig. S7-la, quadrilateral ABCD is inscribed in 

circle O. A line is drawn through A to meet CD at P, so that 

mZBAC = mZ DAP. (1) 

Since quadrilateral ABCD is cyclic, Z ABC is supplementary 

to ZADC (#37). However, ZADP is also supplementary to 

ZADC. 

Therefore, mZ ABC = mZADP. (II) 

Thus, ABAC ~ ADAP (#48), (IIT) 

AB BC (AD)(BC) 
and AD = pp: % DP = ag poe (IV) 

AC | 
From (1), mZ BAD = mZCAP, and from (ie - = Ps 

T is pA et herefore, AABD ~ AACP (#50), and CP AG 

(AC)(BD) Or CRS (V) 

CP="CD— "DP. (VI) 

Substituting (IV) and (V) into (VJ), 

(AC)(BD) ee). 
Fire oD se 

Thus, (AC)(BD) = (AB)(CD) + (AD)(BC). 
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METHOD II: In quadrilateral ABCD (Fig. S7-1b), draw ADAP 
on side AD similar to ACAB. 

Thus, uP AD = PD’ (I) 

and (AC)(PD) = (AD)(BC). (II) 

Since mZ BAC = mZPAD, then antep = ites D. There- 

fore, from (I), ABAP ~ ACAD (#50), and 44 = 2 

or (AC)(BP) = (AB)(CD). (LIL) 

Adding (II) and (III), we have 

(AC)(BP + PD) = (AD)(BC) + (AB)(CD). (IV) 

Now BP + PD > BD (#41), unless P is on BD. 
However, P will be on BD if and only if mZ ADP = mZ ADB. 
But we already know that mZ ADP = mZACB (similar tri- 

angles). And if ABCD were cyclic, then mZ ADB would equal 

mZ ACB (#36a), and mZ ADB would equal mZ A DP. Therefore, 

we can state that if and only if ABCD is cyclic, P lies on BD. 
This tells us that Brat Daa BD: (V) 

Substituting (V) into (IV), (AC)(BD) = (AD)(BC) + (AB)(CD). 

Notice we have proved both Ptolemy’s Theorem and its converse. 

For a statement of the converse alone and its proof, see Challenge 1. 

Challenge 1 Prove that if the product of the diagonals of a quadrilateral 

equals the sum of the products of the pairs of opposite sides, 

then the quadrilateral is cyclic. This is the converse of 

Ptolemy’s Theorem. 

Assume quadrilateral ABCD is not cyclic. 

If CDP, then mZADP ¥ mZABC. 

If C, D, and P are not collinear then it is possible to have 

mZ.ADP = mZ ABC. However, then CP < CD + DP 

(#41) and from steps (IV) and (V), Method I, above. 

(AC)(BD) < (AB)(CD) + (AD)(BC). 

But this contradicts the given information that 

(AC)(BD) = (AB)(CD) + (AD)(BC). Therefore, quad- 

trilateral ABCD is cyclic. 
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Challenge 2. To what familiar result does Ptolemy’s Theorem lead when 

the cyclic quadrilateral is a rectangle? 

By Ptolemy’s Theorem applied to Fig. S7-1c 

(AC)(BD) = (AD)(BC) + (AB)(DC). 

However, since ABCD is a rectangle, 

AC = BD, AD = BC, and AB = DC (#21g). 

Therefore, (AC)? = (AD)? + (DC)?, which is the 
Pythagorean Theorem, as applied to any of the right 

triangles of the given rectangle. 

Challenge 3. Find the diagonal d of the trapezoid with bases a and b, 

and equal legs c. 

ANSWER: d = 1/ab + c? 

A S7-1c 

A 

B iA 

D 

7-2 E is a point on side AD of rectangle ABCD, so that DE = 6, 
while DA = 8, and DC = 6. If CE extended meets the circum- 

circle of the rectangle at F, find the measure of chord DF. 

Draw AF and diagonal AC. (See Fig. S7-2.) Since ZB is a right 
angle, AC is a diameter (#36). 

Applying the Pythagorean Theorem to right A ABC, we obtain 
AC = 10. 

Similarly, in isosceles right ACDE, CE = 6\/2 (#55a), and in 

isosceles right AEFA, EF = FA = \/2 (#55b). Now let us apply 
Ptolemy’s Theorem to quadrilateral AFDC. 

(FC)(DA) = (DF)(AC) + (AF)(DC) 
Substituting, (6/2 + /2)(6 + 2) = DF(10) + (/2)(6), 

56\/2 = 10(DF) + 6/2, 
5\/2 = DF. 

Challenge Find the measure of FB. 

ANSWER: 54/2 
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7-3 On side AB of square ABCD, a right AABF, with hypotenuse 
AB, is drawn externally to the square. If AF = 6 and BF = 8, 
find EF, where E is the point of intersection of the diagonals of the 
square. 

In right AAFB, AF = 6, BF = 8, and AB = 10 (#55). (See 
Fig. S7-3.) 

In isosceles right AAEB, AE = BE = 5\/2 (#55a). 

Since mZ AFB = mZAEB = 90, quadrilateral AFBE is cyclic 
(#37). 

Therefore, by Ptolemy’s Theorem applied to quadrilateral 

AFBE, (AF)(BE) + (AE)(BF) = (AB)(EF). 

By substitution, (6)(5\/2) + (5\/2)(8) = (10)\(EF) 
and EF = 74/2. 

Challenge Find EF when F is inside square ABCD. 

ANSWER: +/2 

S73en S7-4 
Cc 

A B 

2a 

B ee A 

OD C fi 

7-4 Point P on side AB of right AABC is placed so that BP = PA = 2. 
Point Q is on hypotenuse AC so that PQ is perpendicular to AC. 

If CB = 3, find the measure of BQ, using Ptolemy’s Theorem. 

Draw PC. (See Fig. S7-4.) 

In right APBC, PC = \/13, and in right AABC, AC = 5 (#55). 
PQ PA “e 2 

Since AAQP ~ AABC (#48), then CRUE? and —- = ae OL 

PQ= 7 Now in right APQC, (PQ)? + (coy? = Ee(CP)7 

Therefore CQ = asl 

Since mZ CBP ~ mZCOP =& 90, quadrilateral BPQC is cyclic 

(437), and thus we may apply Ptolemy’s Theorem to it. 

(BQ)(CP) = (PQ)(BC) + (BP)(QC) 
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Substituting, 

(BOTS) = (2)@) + @(F)- 
Thus, BQ = 3/13. 

Challenge 1 Find the area of quadrilateral CBPQ. 

ANSWER: 5.04 

Challenge 2 As P is translated from B to A along BA, find the range of 

values of BQ where PQ remains perpendicular to CA. 

ANSWER: minimum value, 2.4; maximum value, 4 

7-5 If any circle passing through vertex A of parallelogram ABCD 

intersects sides AB and AD at points P and R, respectively, and 

diagonal AC at point Q, prove that (AQ)(AC) = (AP)(AB) + 

(AR)(AD). 

Draw RO, QP, and RP, as in Fig. S7-5. 

mZ4 = mZ2 (#36). 

Similarly, mZ1 = mZ3 (#36). 

Since mZ5 = mZ3 (#8), mZ1 = mZS. 

Therefore, ARQP ~ AABC (#48), and since AABC & ACDA, 

ARQP ~ AABC ~ ACDA. 

AC AB AD 
Then RP ~ RO PO (I) 

Now by Ptolemy’s Theorem, in quadrilateral ROPA 

(AQ)(RP) = (RQ)(AP) + (PQ)(AR). (i) 

By multiplying each of the three equal ratios in (1) by each 

member of (II), 

(40)(RP)(45) = (RO)(AP)(25) + (POMAR)(SS) : 
Thus, (4Q)(AC) = (AP)(AB) + (AR)(AD). 
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7-6 Diagonals AC and BD of quadrilateral ABCD meet at E. If 

AE = 2, BE = 5, CE = 10, DE = 4, and BC = > , find AB. 
: 5 BE CE > 

In Fig. S7-6, since = ine oe (1) 

15 

BE BC 5 2 
AAED ~ ABEC (#50). Therefore, Wh Petia Ce es oe Pe 

Thus, AD = 3. 

Similarly, from (1), AAEB ~ A DEC (#50). dip 

AE AB lee yea 
Therefore, DE DG? a DC: Thus, DC = 2(AB). 

Also, from (II), m2 BAC = mZBDC. Therefore, quadrilateral 

ABCD is cyclic (#36a). 

Now, applying Ptolemy’s Theorem to cyclic quadrilateral ABCD, 

(AB)(DC) + (AD)(BC) = (AC)(BD). 

Substituting, we find that AB = 5/171. 

Challenge Find the radius of the circumcircle of ABCD if the measure 

of the distance from DC to the center O is 25° 

ANSWER: 7 
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7-7 If isosceles AABC (AB = AC) is inscribed in a circle, and a 

“ap PA AC 
point P is on BC, prove that PB 4 PC = BC’? constant for the 

given triangle. 

Applying Ptolemy’s Theorem in cyclic quadrilateral ABPC 

(Fig. S7-7), (PA)(BC) = (PB)(AC) + (PC)(AB). 

Since AB = AC, (PA)(BC) = AC(PB + PC), 

PA AC 

and 5B 4 PC ~ BC 

S77 S74 S7-9 , 

B D 

\ 
B G Nees AS 

Pp P 

7-8 If equilateral A ABC is inscribed in a circle, and a point P is on 

BC, prove that PA = PB + PC. 

Since quadrilateral ABPC is cyclic (Fig. S7-8), we may apply 

Ptolemy’s Theorem. (PA)(BC) = (PB)(AC) + (PC)(AB) (I) 

However, since AABC is equilateral, BC = AC = AB. 

Therefore, from (1), PA = PB + PC. 

An alternate solution can be obtained by using the results of 
Problem 7-7. 

7-9 If square ABCD is inscribed in a circle, and a point P is on BC, 

rove that ae ee P PB+ PD PA 

In Fig. S7-9, consider isosceles AABD (AB = AD). Using the 
PA AD results of Problem 7-7, we have yess ae (1) 

eae seg PD DC 
Similarly, in isosceles A.A DC, PALPC AC. (iI) 

: AD JOXE: Since AD = DC and DB = AC, 55 = Ge" (111) 
From (1), (IJ) and (IID, 

PA PD PA + PC PD 

PB PD ~~ PasoPC yO tpp app ae 
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7-10 If regular pentagon ABCDE is inscribed in a circle, and point P 

7-12 

is on BC, prove that PA + PD = PB+ PC + PE. 

In quadrilateral A BPC, (PA)(BC) = (BA)(PC) + (PB)(AC), (1) 
by Ptolemy’s Theorem. (See Fig. $7-10.) 

In quadrilateral BPCD, (PD)(BC) = (CD)(PB) + (PC)(BD). (II) 
Since BA = CDand AC = BD, by adding (1) and (II) we obtain 

BC(PA + PD) = BA(PB + PC)+ AC(PB+ PC). (ID 

However, since A BEC is isosceles, based upon Problem 7-7, 

CE PE (PE)BC) _ > 
BC PB+PC’ © (pB+ PC) ~ CE = AC. (IV) 

Substituting (IV) into (III), 

PE)(B BC(PA + PD) = BA(PB + PC) + a (PB + PC). 

But BC = BA. Therefore PA + PD = PB+ PC + PE. 

If regular hexagon ABCDEF is inscribed in a circle, and point P 

is on BC, prove that PE + PF = PA + PB + PC + PD. 

Lines are drawn between points A, E, and C to make equilateral 

A AEC (Fig. S7-11). Using the results of Problem 7-8, we have 

PE = PA + PC. (I) 

In the same way, in equilateral ABFD, PF = PB + PD. (Il) 

Adding (I) and (I), PE + PF = PA + PB + PC + PD. 

Equilateral AADC is drawn externally on side AC of AABC. 

Point P is taken on BD. Find mZAPC such that BD = PA + 

PB + PC. 
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7-13 

Point P must be the intersection of BD with the circumcircle of 

AADC. Then mZ APC = 120 (#36). (See Fig. S7-12.) 

Since APCD is a cyclic quadrilateral, then by Ptolemy’s Theorem, 

(PD)(AC) = (PA)(CD) + (PC)(AD). (1) 

Since AADC is equilateral, from (I), PD = PA + PC. dy) 

However, BD = PB + PD. (IIT) 

Therefore by substituting (II) into (II), BD = PA + PB + PC. 

S7-12 $7-13 a 

i) 
and the circumcircle at P. Prove that pp = pa t FC" 
As shown in Fig. S7-13, ae oa = mZPBC (#36). Since 

pee is equilateral, mZ BPA = = 5 (mAB) = 60, and mZCPA = 

5 (mAC) = 60 (#36). Been: Bvorpe = ms CPA: 

PG 
Thus, AAPC ~ ABPD, aide — = pp? 

or (PA)(PD) = (PB)(PC). (1) 
Now, PA = PB + PC (see Solution 7-8). (II) 
Substituting (II) into (1), 

(PB)(PC) = PD(PB + PC) = (PD)(PB) + (PD)(PC). (ID 

Now, dividing each term of (III) by (PB)(PD)(PC), we obtain 

Pes. 1 

PD ~ PC PB 

Challenge 1 If BP = 5 and PC = 20, find AD. 

ANSWER: 21 

Challenge 2 If mBP:mPC = 1:3, find the radius of the circle in 
challenge I. 

ANSWER: 10\/2 
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7-14 Express in terms of the sides of a cylic quadrilateral the ratio of 
the diagonals. 

On the circumcircle of quadrilateral ABCD, choose points P and 
Q so that PA = DC, and QD = AB, as in Fig. S7-14. 

Applying Ptolemy’s Theorem to quadrilateral ABCP, 

(AC)(PB) = (AB)(PC) + (BC)(PA). (D) 
Similarly, by applying Ptolemy’s Theorem to quadrilateral 

BCDQ, (BD)(QC) = (DC)(QB) + (BC)(QD). (II) 
Since PA + AB = DC + QD, mPAB = mODC, and PB = 
oe 

eee 

Similarly, since mPBC = mDBA, PC = AD, and since mOCB = 

mACD, QB = AD. 
Finally, dividing (1) by (II), and substituting for all terms con- 

AC _ (AB)(AD) + (BC)(DC) | 
BD ~~ (DC)(AD) + (BC)(AB) 

taining Q and P, 

$7-14 $7-15 - 

B 

. : ee NY 
G 

7-15 A point P is chosen inside parallelogram ABCD such that ZAPB 

is supplementary to ZCPD. 

Prove that (AB)(AD) = (BP)(DP) + (AP)(CP). (Fig. $7-15) 

On side AB of parallelogram ABCD, draw AAP’B = ADPC, 
sodhat»=DP = AP", CPs "BP; (1) 

Since ZAPB is supplementary to ZCPD, and mZBP’A = 

mZCPD, Z APB is supplementary to Z BP’A. Therefore, quadri- 

lateral BP’ AP is cyclic. (#37). 

Now, applying Ptolemy’s Theorem to cyclic quadrilateral 

BP’ AP, (AB)(P’P) = (BP)(AP’) + (AP)(BP’). 

From (1), (AB)(P’P) = (BP)(DP) + (AP)(CP). dt) 

Since mZ BAP’ = mZCDP, and CD || AB, (#21a), PD || P’A. 

Therefore PDAP’ is a parallelogram (#22), and P’P = AD (#21b). 

Thus, from (II), (AB)(AD) = (BP)(DP) + (AP)(CP). 
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ee Pa oe 
\ 

\ 
i) 
\ 

7-16 A triangle inscribed in a circle of radius 5, has two sides measuring 

5 and 6. Find the measure of the third side of the triangle. 

METHOD I: In Fig.S7-16a, we notice that there are two possibilities 

to consider in this problem. Both AABC, and AABC’ are in- 

scribed in circle O, with AB = 5, and AC = AC’ = 6. We are 

to find BC and BC’. 

Draw diameter AOD, which measures 10, and draw DC, DB, 
and DC’. mZ AC’ D = mZ ACD = mZ ABD = 90 (#36). 

Consider the case where ZA in AABC is acute. y 

In right AACD, DC = 8,and inright AABD, BD = 5\/3 (#55). 

By Ptolemy’s Theorem applied to quadrilateral ABCD, 

(AC)(BD) = (AB)(DC) + (AD)\(BC), 
or (6)(5\/3) = (5)(8) + (10)(BC), and BC = 3/73 — 4. 

Now consider the case where ZA is obtuse, as in AABC’. 

In right AAG*D DC" =18 G55). 

By Ptolemy’s Theorem applied to quadrilateral ABDC’, 

(AC’)(BD) + (AB)(DC’) = (AD)(BC’), 
(6)(5\/3) + (5)(8) = (10)(BC’), and BC’ = 3\/3 + 4. 

METHOD I: In Figs. $7-16b and S7-16c, draw radii OA and OB. 
Also, draw a line from A perpendicular to CB(C’B) at D. 

Since AB = AO = BO = 5,mZAOB = 60 (#6), so mAB = 60 
(#35). Therefore, mZ ACB (ZAC’B) = 30 (#36). 

In right AADC, (right AADC’), since AC(AC’) = 6, 
CD(C’D) = 3/3, and AD = 3 (#55c). 

In right AADB, BD = 4 (#55). 
Since BC = CD — BD, then BC = 3\/3 — 4 (in Fig. $7-16b). 
In Fig. S7-16c, since BC’ = C’D + BD, then BC’ = 3\/3 + 4. 
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Challenge Generalize the result of this problem for any triangle. 

bV/4R? — c? + cr/4R? — B? 
ANSWER: @ = aR , Where R is the 

radius of the circumcircle, and the sides b and c are known. 

8. Menelaus and Ceva: 

Collinearity and Concurrency 

8-1 Points P, Q, and R are taken on sides AC, AB, and BC (extended 
if necessary) of AABC. Prove that if these points are collinear, 

AQ BR CP 
then QB RC Deo —l. 

This theorem, together with its converse, which is given in the 

Challenge that follows, constitutes the classic theorem known as 

Menelaus’ Theorem. 

METHOD I: In Fig. S8-1a and Fig. S8-1b, points P, Q, and R are 

collinear. Draw a line through C, parallel to AB, meeting line 

segment PQR at D. 

A DCR ~ AQBR (#49), therefore Fl = a , Or 

DC = (QB)(RC) | (1) 
ra BR 

(le 
APDC ~ APQA (#49 or #48), therefore we = py 

(AQ)(CP) ll 
DC = T= yee (II) 

B)(RC AQ)(CP From (I) and (Ij, ©22RO _ AONE”, 
AQ BR CP 

and (QB)(RC)(PA) = (AQ)(CP)(BR), or |oR RC’ Pal 

S8-1a S8-1b A 
Pp Q ‘ 

Q D 
A / B R 

‘3 C 

B Cc R 
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A BR 
Taking direction into account in Fig. S$8-1a, are RC? and 

ani 
CP are each negative ratios, and in Fig. S8-1b c is a negative 
PA 

AQ CP. 
ratio, while OB and pa are positive ratios. 

AQ | BR | CE F : ‘ 
dihneretore. OB RC PA™ —1, since in each case there is an odd 

number of negative ratios. 

S$8-1c S$8-1d 

METHOD II: In Fig. S8-1c and Fig. S8-1d, PQR is a straight line. 

Draw BM | PR, AN L PR, and CL 1 PR. 

Since ABMQ ~ AANQ (#48), = =<. (1) 

Also ALCP ~ ANAP (#48), and $= =. (11) 

AMRB ~ ALRC (#49), and 35 = F- (Il) 

By multiplying (1), (ID, and (IJ), we get, numerically, 

AQ CP BR _ AN LC BM 
OB PA RO we BM. AN gs EG E 

AQ. CP. BR. : 
In Fig. S8-1c, oss negative, => pas negative, and 2 cis negative. 

AQ CP BR _ Therefore, OB PA RC™ —l. 

AQ. GPS 13yike = : 
In Fig. S8-1d, OB IS positive, 57 PA iS positive, and 2G cis negative. 

Therefore sey cE aes cE 

TRIGONOMETRIC FORM OF MENELAUS’ THEOREM: In Figs. S8-la 
and S8-1b, AABC is cut by a transversal at points Q, P, and R. 
AQ _ area AQCA 
BQ ~ area AQCB’ since they share the same altitude. 

By Formula #5b, “= AQCA _ (QC)(AC)sin ZQCA 

area AOCB~ (QC)(BC) sin ZQCB 
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AQ _ ACsin ZQCA 
Therefore, BO — BCs ZOCB’ (1) 

Pree BR AB sin ZBAR 

Similarly, Ge = 4Csin ZCAR? (II) 

and P& = BCsin ZPBC | a) 
PA AB sin ZPBA 

Multiplying (1), (II), and (IID), 

AO BReEG (AC)(AB)(BC (sin Z QCA)(sin ZBAR)(sin Z PBC) 

BQ CR PA (BC)(AC)(AB\sin ZQCB)sin ZCAR\sin ZPBA) — 

A ’ However, —-— BO'CR PA™ —1 (Menelaus’ Theorem). 

(sin Z QCA)(sin Z BAR)(sin ZPBC) 

> (sin ZOCB)(sin ZCAR)(sin ZPBA) I. 
Thus 

Challenge Jn AABC points P, 16}; and R are situated respectively on 

sides AC, AB, and BC (extended when necessary). Prove 

that if 

AQP ERS CENSE 
Opn CePAs wn 

then P, Q, and R are collinear. This is part of Menelaus’ 

Theorem. 

In Fig. S8-la and Fig. S8-1b, let the line through R and Q 

meet AC at P’. 

Then, by the theorem just proved in Problem 8-1, 

AQ BR CP’ sas =i] QB RC P'A 

However, from our hypothesis, 

CP. ees 
Therefore, or Ee and P and P’ must coincide. 

8-2 Prove that three lines drawn from the vertices A, B, and C of 

AABC meeting the opposite sides in points L, M, and N, respec- 

tively, are concurrent if and only if 

AN BL CM oI, 
NB LC MA 

This is known as Ceva’s Theorem. 



178 SOLUTIONS 

METHOD I: In Fig. $8-2a and Fig. S8-2b, AL, BM, and CN meet 

in point P. 

4 “s = en: » (share same altitude) (1) 

APBL 
Similarly, 72 = = (1) 

area APCL 
area AABL area APBL 

Therefore from (I) and (II), ST RLCT aa eA 

BL area AABL — area APBL area AABP 

UbUS se; (t= 5 ee AACE = aten, A PCL rea. AACPS (IIT) 
es CM _ area ABMC _ area APMC | 

Similarly, MA area ABMA area APMA 

CM area ABMC — area APMC area ABCP 
Therefore, AA aren A Bach PA ee (IV) 

AN _ area AACN area AAPN 

Also, NB area ABCN area ABPN | 

teret AN __ area AACN — area AAPN _ area AACE ; (V 

Therefore, NB area ABCN — area ABPN area ABCP ) 

By multiplying (III), (1V), and (V) we get 

BEMCMAAN 

LC’ MA NB™ !- (VI) 

Since in Fig. S8- se all the ratios are positive, (VI) is positive. 
AN : a CM. 3 <i 

In Fig. S8- abe ra and Np ate negative, while ua 1S Positive. 

Therefore, again, (VI) is positive. 

Since Ceva’s Theorem is an equivalence, it is necessary to 

prove the converse of the implication we have just proved. Let 

BM and AL meet at P. Join PC and extend it to meet AB at N’. 
Since AL, BM, and CN’ are concurrent by the part of Ceva’s 
Theorem we have already proved, 

BL CM AN’ _ 
LOR\igaeN 3 a 

BL CM | AN 
However, — er, our hypothesis is — Le Maen ee 

AN’ AN 
Th —— = —_ : inci erefore, N’B = NB? SO that N and N’ must coincide. 

S8-2a A $8-2b 

A 
N 
ci M P 

B ee ee 
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METHOD II: In Fig. S8-2c and Fig. S8-2d, draw a line through A, 
parallel to BC meeting CP at S and BP at R. 

AAMR ~ ACMB (#48), therefore “= 48. 

ABNC ~ AANS (#48), therefore =~ = <2. a 

ACLP ~ ASAP (#48), therefore = = “2. (al 

ABLP ~ ARAP (#48), therefore 2 = “7. (AV) 

From (III) and (IV), £2 = 22, or & = 24. (V) 
By multiplying (1), (ID), and (V), 

AM | BND CL AR CB SA AN BL CM 

MC. Ndi BL CBaSA. Rd, ee OF NRLEC..M4 a 

For a discussion about the sign of the resulting product, see 

Method I. The converse is proved as in Method I. 

$8-2c S8-2d N 

METHOD I: In Fig. S8-2e and Fig. S8-2f, draw a line through A 

and a line through C parallel to BP meeting CP and AP at S and 

R, respectively. 

A ASN ~ ABPN (#48 or #49), and 4% = 2. (1) 

A BPL ~ ACRL (#48 or 49), and 72 = op (II) 

APAM ~ ARAC, 4 = = (449), and CA = RO. ay 

APCM ~ ASCA, CM = *© (#49), and CA = (450. (IV) 

From (lnend (LV). cron =: ane orem = 3E- (WV) 

By multiplying (1), (II), a (CY), 

AN BL CM AS | BP RC 

NBULGuMAL=eBP CR-AS 7 I. 
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This proves that if the lines are concurrent, the ratio holds. 

The converse is proved as in Method I. 
N 

S8-2e A S$8-2f 

METHOD Iv: In Figs. S8-2a and S8-2b, BPM is a transversal of 

AACL., 

/ AP LB CM _ _ Applying Menelaus’ Theorem, PL BG. MALT I; 

Similarly in A ALB, CPN may be considered a transversal. 

AND BERLE 
Thus, In ‘Cia ve —l. 

N BE CM 
Bymulplicaicme es y multiplication, 5° Gr id 

The converse is proved as in Method I. 

TRIGONOMETRIC FORM OF CEVA’S THEOREM: As shown in n in Fig. $8-2a 

and Fig. S8-2b, AABC has concurrent lines AL, BM, and CN. 

BL ABAL re = ne ALic. (Problem 8-2, Method I) 
1 = (ALM AB) sin ZBAL 
GE sin AB sin Z BAL 
aan a (Formula #5b) 
5 (AL)(AC) sin PAC 

ve CB sin ZCBM AN aa AC sin ZACN 
Similar = ll a ly, 74 = aBsin ZABM 2"4 We = BCsin ZBCN 

te BLSOM MAN te 
By m y multiplying, — iC MA NES 

(AB)(BC)(AC)(sin 2 BAL)(sin ZCBM)(sin Z ACN) | 

(AC)(AB)(BC (sin ZLAC)(sin Z ABM )(sin ZBCN) 

BL CM AN 
However, s Np = ince by Ceva’s Theorem — iC’ MA’ NB ie 

i 
(sin Z BAL)(sin ZCBM)(sin Z ACN) 

(sin ZLAC)(sin ZABM)(sin ZBCN) _ 

The converse is also true, that if 
(sin Z BAL)(sin ZCBM)(sin Z ACN) 
(sin ZLAC)(sin ZABM)(sin Z BCN) ra 1, then lines AL, BM, eae 
CN are concurrent. 
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8-3 Prove that the medians of any triangle are concurrent. 

In AABC, AL, BM, and CN are medians, as in Fig. S8-3. 

Therefore, AN = NB, BL = LC, and CM = MA. 

So (AN)(BL)(MC) = (NB)(LC)(MA), 

(AN )(BL (CM) 
"(NBL MA) = 1 

Thus, by Ceva’s Theorem, AL, BM, and CN are concurrent. 

Bees 
8-4 Prove that the altitudes of any triangle are concurrent. 

In AABC, AL, BM, and CN are altitudes. (See Fig. S8-4a and 
Fig. S8-4b.) 

c 

AN AC AANC ~ AAMB (#48), and “= <5 - (I) 

BL AB ABLA ~ ABNC (#48), and = = a" (I) 

CM BC ACMB ~ ACLA (#48), and Fa = Ge" (IID) 

By multiplying (1), (II), and (III), 

AN BLOM ACV AB’ BC © 
Nils NE LOe OAR BBC. ACK 

Thus, by Ceva’s Theorem, altitudes AL, BM, and CN are con- 

current. 

iP, 

$8-4a 

8-5 Prove that the interior angle bisectors of a triangle are concurrent. 
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In AABC, AL, BM, and CN are interior angle bisectors, as in 

FigeS8-5. 
d= “ AN _ G 

Therefore, = “ < (447), 5 = 5 (GAD) a p #47). 

Thus, by multiplying, 

AN BL CM _ 

NB LC MA 

AC AB. Bear. 

“eeBC AC Ale 

Then, by Ceva’s Theorem, AL, BM, and CN are concurrent. 

$8-5 

A 

B T Cc 

8-6 Prove that the interior angle bisectors of two angles of a non- 

8-7 

isosceles triangle and the exterior angle bisector of the third angle 

meet the opposite sides in three collinear points. 

In AABC, BM and CN are the interior angle bisectors, while 
AL pe the ees ae at A. (see Fig. mis Sy. 
AM a 
S10 = aa GAD: aa = 2 GAT), and S = AE (447). 
eA by ae oatall 

AM BN CL _ AB BC AC _ , 
MC NA_ BL BC VAC ABI 

CL —CL AM BN CL H wees ee ee A ee OWEVEl, FF = ap therefore MC NA LB lL: 

Thus, by Menelaus’ Theorem, NV, M, and L must be collinear. 

eae 
Cc (é 

Prove that the exterior angle bisectors of any non-isosceles triangle 
meet the opposite sides in three collinear points. 



Menelaus and Ceva: Collinearity and Concurrency 183 

In AABC, the bisectors of the exterior angles at 4, B, and C meet 
the opposite sides (extended) at points N, L, and M respectively 
(Fig. Me e 

(GL AC ae = ag GAD. Sag = Se G47), and BY — 42 (yan, 
(VE, oy BN HE Al 

Therefore . : = ee. 4B = —1], since all three AL, (BM. (GN ABS BGSAG 

ratios are negative. 

Thus, by Menelaus’ Theorem, L, M, and WN are collinear. 

$8-7 

B 

8-8 In right AABC, P and Q are on BC and AC, respectively, such 

that CP = CQ = 2. Through the point of intersection, R, of AP 

and BQ, a line is drawn also Iso passing through C and meeting AB 

at S. PQ extended meets AB at T. If hypotenuse AB = 10 and 

AC = 8, find TS. (See Fig. S8-8.) 

In right A ABC, hypotenuse AB = 10, and AC = 8, so BC = 6 

(#55). = 

In AABC, since AP, BQ, and CS are concurrent, 
AQ CP BS _ 
OCaEBwS ts 2 1, by Ceva’s Theorem. 

: : BS 
Substituting, ea =I, and BS = 4. 

Now consider A ABC with transversal QPT. 

AG CP BL 
OCHRE WIA 

Since we are not dealing with directed line segments, this may be 

restated as (AQ)(CP)(BT) = (QC)(PB)(AT). 

Substituting, (6)(2)(BT) = (2)(4)(BT + 10). 

hen bie=— 0 eandi 7S =) 247 

Challenge 1 By how much is TS decreased if P is taken at the midpoint 

of BC? ; 

ANSWER: 24 — 75 ah oy 

—1 (Menelaus’ Theorem). 
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Challenge 2. What is the minimum value of TS? 

8-9 

8-10 

ANSWER: TS = 0 

A circle through vertices B and C of AABC meets AB at P and 
QC _ (RO(AC) 

AC at R. If PR meets BC at Q, prove that ~ QB ~ (PB)(AB) 

Consider A ABC with transversal OPR. (See Fig. S8-9.) 

REPAPMOB 
AR PB CO” —1 (Menelaus’ Theorem) 

— QC _ RC AP. Then, considering absolute values, OB AR PB (I) 

AP AG 
However, (AP)(AB) = (AR)(AC) (#54), or ST emer Tc (II) 

ca QC _ (RC)AC) | By substituting (II) in (1), we get OB (PB\AB) 

In quadrilateral ABCD, AB and CD meet at P; while AD and BC 

meet at Q. Diagonals AC and BD meet PQ at X and Y, respectively. 
PX Pye : 

Prove that X07) YO: (See Fig. S8-10.) 

Consider APQC with PB, QD, and CX concurrent. By Ceva’s 
PA OB GD 

Theorem, XO BC DP = == 1s (1) 

Now consider APQC with DBY as a transversal. By Menelaus’ 
Ive CON WEND) 

Theorem, YO BC DP Li (II) 

Therefore, from (I) and (II) — Fo 

S8-10 

>» 
tbe 
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$8-11 A 

P 

8-11 Prove that a line drawn through the centroid, G, of AABC, cuts 

8-12 

sides AB and AC at points M and N, respectively, so that 

(AM)(NC) + (AN)(MB) = (AM)(AN). 

In Fig. S8-11, line MGN cuts BC at P. Gis the centroid of AABC. 

Consider NGP as a transversal of AAKC. 

NC AG PK 5 
NEES tCh —1, by Menelaus’ Theorem. 

AG NC 2PK NC PC Since Gy = j = (429), AN NCPEE ON GN GOP (I) 

Now taking GME as a transversal of AAKB, 

MB AG PK > 
ein BP —1 (Menelaus’ Theorem). 

AG _ MB 2PK MB) SEB Since 42 = = (#29), aM PB 1 or 794 = OPK’ 
. MB BG PB By adding (I) and (II), %< + 4% = “CTS. 

Since PC = PB + 2BK,thenPC + PB = 2(PB + BK) = 2PK. 
Th (AM)(NC) + (AN)(MB) ae 

aS (AM)(AN) ae a 
and (AM)(NC) + (AN)(MB) = (AM)(AN). 

In AABC, points L, M, and N lie on BC, AC, and AB, respectively, 
and AL, BM, and CN are concurrent. (See Fig. S8-12.) 

4 ; PL PM PN 
(a) Find the numerical value of AL +. AT; aL on 

AP 
(b) Find the numerical value of 5; + gy + GN’ 

(a) Consider APBC and AABC. Draw altitudes PE and AD 

of APBC and AABC, respectively. Since PE || AD (#9), 
PE PL APEL ~ AADL (449), and 35 = Gr’ 
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Therefore the ratio of the altitudes of APBC and AABC is ne : 

The ratio of the areas of two triangles which share the same 

base is equal to the ratio of their altitudes. 

140, area APBC : 

AL area AABC @) 
ae PM area ACPA 

Similarly, BM area AABC’ ay 

PN area AAPB 
and CN a area A ABC ; 

ay 

PL PM a 
By adding (1), (II), and (III), aT + Bm <5 CN 

area APBC area ACPA area A APB 

= aieh AMON area A ABG Soares AABGE (IV) 

(b) cae gen oe v) 
ee * aMS Blatt ae va 

on 3 a eS x (VII) 

By adding (V), (VI), and (VID), 

AP . BP . CP PL BP. PN 
tent ew 3 -letemtel 

However, from (IV), a + ae my = |. 

BP. CP 
BM +t CN = 

(VIIL) 

Substituting into (VII), <> + 2. 

S$8-12 

N 

a 
D 

8-13 Congruent line segments AE and AF are taken on sides AB and AC, 
respectively, of AABC. The median AM intersects EF at point OQ: 

OE AC 
Prove that ~= = ——. 

QF AB 



8-14 
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For AB = AC, the proof is trivial. Consider AB # AC. 

Extend FE to meet BC (extended) at P. FE meets median AM 
at Q, as in Fig. S$8-13. 

Consider AM as a transversal of APFC. 

PO VEA CM _ 
OF AC’ MP = —1, by Menelaus’ Theorem. (1) 

Taking AM as a transversal of APEB, we have 

QE AB MP_ 
PQ EA BM Cy 

é 3 QE FA Pale CM 
By multiplying (1) and (IJ), we obtain OF AGSEAN BM o = |, 

OE AC 
However, since FA = EA and BM = CM, OF up 

In AABC, ING BM, and CN are concurrent at P. Express the 
AP . 

ratio 5, in terms of segments made by the concurrent lines on the 

sides of A ABC. 

In the proof of Ceva’s Theorem (Problem 8-2, Method I), it was 

established that 
BL area AABP 

LC area AACP’ (it) 
CM area ABCP 

MA area AABP ; (Iv) 

AN area A ACP 

and NB i area ABCP (¥) 

AP _ area A ABP (VI) 

PL area ALBP 
AP area AACP 

and pr = area ALCP (yl) 
Therefore from (VI) and (VII), 

AP area AABP _ area AACP 

PL area ALBP area ALCP 
area AABP + area AACP area AABP area AACP 

= area ABCP a sane ABCP area ABCP 

A From (IV) and (V), 42 = 24 4“ for Fig. $8-14a; 
AP MA AN ; 

and PL = CME LNB” for Fig. S8-14b. 
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S8-14a $8-14b 

A 

N M e 

ol 7 aot B C L 

Thus, we have established the ratio into which the point of con- 

currency divides any cevian (i.e. the line segment from any vertex 

to the opposite side). 

8-15 Side AB of square ABCD is extended to P so that BP = 2(AB). 

With M the midpoint of DC, BM is drawn meeting AC at Q. PQ 

meets BC at R. Using Menelaus’ Theorem, find the ratio — 

D M (s 

Applying Menelaus’ Theorem to AABC (Fig. S8-15) with 

transversal PRO, <. na or = —1. (1) 

Since mZ BAC = mZMCA (#8), and mZMQC = mZAQB 

(#1), AMQC ~ ABQA (#48), and = = 3. (11) 

But 2(MC) = DC = AB, ee - -. (111) 

From (II) and Bins : at (IV) 

Since BP = 2(AB), 2 i = For a = =: (V) 

Substituting (IV) and (V) into (1), $5 - 2°" = —l,or Gh =3- 

Challenge 1 Find ~ when BPE ene 

ANSWER: | 

Challenge 2 Find * when BP = k(AB). 

et! 
ANSWER: 

2k 
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8-16 Sides AB, BC, CD and DA of quadrilateral ABCD are cut by a 
Straight line at points K, L, M, and N respectively. Prove that 
BL AK DN CM 1 

Cie RBs NAL SAID 
Draw diagonal AC meeting KLNM at P. (See Fig. $8-16.) 
Consider KLP as a transversal of A ABC. 

BL AK CP 
LC’ KB Pa ~ —! (Menelaus’ Theorem) (I) 

Now consider MNP as a transversal of AADC. 

DN CM PA _ DNACIS phaC? 
NA MD cp —! Then, ya° wp = — pa’ (II) 

BL AK DN CM 
Substituting (II) into (1), we get 

TC» KBeNA MD 

$8-16 S$8-17 

8-17 Tangents to the circumcircle of AABC, at points A, B, and C, 

meet sides BC, AC, and AB at points P, Q, and R respectively. 

Prove that points P, Q, and R are collinear. 

In Fig. S8-17, since both Z BAC and Z QBC are equal in measure 

to one-half mBC (#36, #38), mZ BAC = mZQBC. Therefore, 
AQ BA (AQ)? (BA)? 

AABOQ ~ ABCQ (#48), and BO ~ BC’ (BO)? = (BC! (1) 

However, (BQ)? = (4Q)(CQ) (453). a) 
By substituting (II) into (1), we get oe E rane (III) 

Similarly, since ZBCR and Z BAC are equal in measure to 

one-half mBC (#36, #38), mZBCR = mZBAC. Therefore, 
Gramecuee (GR). (BC)? ACRB ~ AARC (#48), and & = 75. ot SEs = Gey’ OV) 

However, (CR)? = (AR)(RB) (#53). (V) 
Mee RB (BC)? ; 

By substituting (V) into (IV), 4p = (acy ’ (VI) 

Also, since ZCAP and Z ABC are equal in measure to one-half 

mAC. (436, #38), mZCAP = mZABC. Therefore, 
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8-18 

AP AC __ (AP)? _ (AC)? 
ACAP ~ AABP and BP = BA’? ° (BP)? = (BA)? (VII) 

However, (AP)? = (BP)(PC) (#53). (VIIT) 

; ; PC 3 (AC)? 
By substituting (VIII) into (VID), BP = (BA)? (1X) 

Now multiplying (III), (VI), and (1X), 

AQ : ae ; Fe _ (BA)? ; (BC)? : (ACN s \—1| 

Fe AR| |BP| (BC)? (AC)? (BA)? ; 
AGRE RECT 

Therefore; —— CO AR’ BP = — 1, since all the ratios on the left side 

are negative. Thus, by Menelaus’ Theorem, P, Q, and R are 

collinear. 

A circle is tangent to side BC of AABC at M, its midpoint, and 

cuts AB and AC at points R, R’, and S, S’, respectively. If RS and 

R’S’ are each extended to meet BC at points P and P’ respectively, 

prove that (BP)(BP’) = (CP)(CP’). 

Consider RSP as a transversal of AABC (Fig. S8-18). 

ch BR AS = —1, (Menelaus’ Theorem) 

BP BR AS. I 

ONCE OARS CS () 
Now consider R’S’P’ as a transversal of A ABC. 

CeiCBR (AS! 21 CRAG EAR (CSS 
BP? 4R00CS’ °°" pp eee aS (ID) 

AR’ Sa 
However, (AS’)(AS) = (AR’)(AR) (452), or ASR: (IIT) 

Also, (BM)? = (BR)(BR’) and (MC)? = (CS)(CS’) (#53). 
But BM = MC; therefore CSB = (CS)/)(CS") 

vaey BR 

RCS (lV) 
By substituting ae a ine into (II), we get from (1), 

BR AS _ BP 
BP = PRESMURIN «CP 

Therefore, (BP)(BP’) = (CP)(CP’). 
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8-19 In AABC, P, P,Q, and R are re the midpoints of the sides AB, BC, and 
AC. Lines AN, BL, and CM are concurrent, meeting the opposite 
sides in N, L, and M, respectively. If PL meets BC at cf MO meets 

AC at I, and RN meets AB at H, prove that H, I, and J are 
collinear. 

AH CR BN 
HB RA NC™ —1, by Menelaus’ Theorem. 

However, RA = CR. 

AH NC 
Therefore, FB ~ BN’ (1) 

Consider PLJ as a transversal of A ABC. 
CLUVAP a BY E 
TA PB JOT —1 (Menelaus’ Theorem) 

BJ LA | 
However AP = PB, therefore in =e (ID) 

Now consider MQ/ as a transversal of AABC 

Cl BQ AM _ ; 
TA’ OC’ MB —1 aes Menelaus’ Theorem) 

B 
Since BQ = OC, 5, = — (IIT) 

By multiplying (1), (II), and (II), we get 

AH BJ Cl _ _ NC LA, MB. 
HEBSICVIA = BN CL AM 

However, since AN, BL, and CM are concurrent, 

NC LA MB 
BN y CL Ve 1 (Ceva’ S Theorem). 

AH | BJ. CI 
—— + —— - — = — ’ Theorem, H, Therefore, Fa je 14 1, and by Menelaus 

I, and J are collinear. 
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8-20 AABC cuts a circle at points E, E’, D, D’, F, F’, as in Fig. S8-20. 

Prove that if AD, BF, and CE are concurrent, then AD’, BF’, 

and CE’ are also concurrent. 

$8-20 

Since AD, BF, and CE are concurrent, then 

AE BD CF =a De’ Fa = | (Ceva’s Theorem). (I) 

(AE)(AE’) = (AFY(AF’) (#54), or Se= 45° 

(BE’)(BE) = (BD)(BD’) (#54), or oe = a (II) 

(CD'X\CD) = (CF(CF) (54), or = Ep AV) 

By multiplying (II), (III), and (IV), we get 

AE BD (Chay AF BE CD 

AE. BE © CD AE SE Dia Cr: 

AE BD CF But from (I parietal Sete ah (1) we know that AF BE CD l 

ANS BES GD — 
> AE’ BD’ CF’ = 1, and by Ceva’s Theorem, AD’, 

BF’, and CE’ are concurrent. 

Therefore 

8-21 Prove that the three pairs of common external tangents to three 
circles, taken two at a time, meet in three collinear points. 
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In Fig. S8-21, common external tangents to circles A and B meet 

at R, and intersect the circles at points D, E, F, and G. 

Common external tangents to circles A and C meet at Q, and 

intersect the circles at points H, J, J, and K. 

Common external tangents to circles B and C meet at P, and 

intersect the circles at points L, M, N, and S. 

AR AD 
and RB BE’ (I) 

Similarly, BL 1 PL, CM . PL and BL || CM, so that 
BP BL APBL ~ APCM (49), and 3 = 2 (Il) 

Also AH L QOH, and CK | QH, and AH || CK, so that 

ee (11) AQAH ~ AQCK, (#49), and Toman 

By multiplying (1), (11), and (III), we get 

AR BP QC AD BL CK (IV) 

Since AH = AD, CK = CM, and BL = BE, 

AR BP QC _ 
Re PC AG 1. (Note that they are all negative ratios.) 

Thus, by Menelaus’ Theorem, P, Q, and R are collinear. 
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8-22 AM is a median of AABC, and point G on AM is the centroid. 

AM is extended through M to point P so that GM = MP. 

Through P, a line parallel to AC cuts AB at Q, and BC at P;; 

through P, a line parallel to AB cuts CB at N and AC at P»; 

and a line through P and parallel to CB cuts AB at P;. Prove that 

points Py, Po, and P3 are collinear. 

In Fig. S8-22, since PP,Q || AC, ACMA ~ AP,MP (#48), and 
CM _ AM _ 3 
MP, = MP = 1 {#29)- () 

Similarly, AAMB ~ APMN, and 

MN MP 1 uty 
CM MB 

From (1) and (ID), MP) eMN (IIT) 

However, since CM = MB, from (III), MP; = MN, 

and -CN = PyB. (IV) 

Thus, PNGP, is a parallelogram (#21f). 

Since NG || AC, in ACMA, = 22 = * (446), 
CN 2 

Therefore, Wao id 

—— =>, CP2 CN 1 
In Oat orate sit || AB, Bal ink as (#46). (V) 

we 1 1 
Similarly, BG NE (VI) 

Also in AAPPs, since MB || PPs, 4°! = 4% — * (446). (VIN) 
Multiplying (V), (VI), and (VID, we get 

CP 2 ; BP, ; AP3 1 1 

P2A PiC PB (3)()@ ao 
taking direction into account. Thus, by Menelaus’ Theorem, 
points P;, Ps, and Ps are collinear. 
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8-23 If AA,B,C, and AA>2B.Cog are situated so that the lines Joining 

the corresponding vertices, AGAG Babe and Gc. are concurrent, 

then the pairs of corresponding sides intersect in three collinear 
points. (Desargues’ Theorem) 

In Fig. S8-23, lines GAs. BiB, GiG. all meet at P, by the 

hypothesis. 

Lines B2C2 and B,C, meet at A’; lines AC, and A,C, meet 

at B’; and lines BjA,y and B,A, meet at C’. 

Consider A’C,B, to be a transversal of APB Co. Therefore, 

PB, 5 BoA’ ‘ C2C, 

BiB2 A’C2 CiP 

Similarly, considering C’B,A, as a transversal of APB2Ao, 

PA, ; A2C’ : BB, 

AiA2 C’B2 BiP 

And taking B’A,C, as a transversal of APA »5Co, 

EG, : C2B’ . A2A, 

CiC2 B’A2 AiP 

By multiplying (1), (II), and (III), we get 

Bilis 426 Cin = 

= —I1 (Menelaus’ Theorem). (I) 

= —1. (Menelaus’ Theorem) (II) 

= —]1. (Menelaus’ Theorem) (IIT) 

ak: J LE Te. 

Thus, by Menelaus’ Theorem, applied to AA2BoC2, we have 

points A’, B’, and C’ collinear. 

8-24 A circle inscribed in A ABC is tangent to sides BC, CA, and | AB at 

points L, M, and N, respectively. If MN extended meets BC at P, 

BP — 50? oS 

(b) prove that if NL meets AC at Q and ML meets AB at R, then 

P, Q, and R are collinear. 

(a) By Menelaus’ Theorem applied to AABC with transversal 

AN BP MC 5 
RN Mipepcu ye = —1 (Fig. S8-24). 

BL 
(a) prove that ic = 
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8-25 

However, AN = AM, NB = BL, and MC = LC (#34). (J) 
AN BP LG BL BP 

By substitution, —- Or PCs AN —1,so fa PCe (II) 

: AN AR MC G 
(b) Similarly, “= — <F> and [a= — We (111), (IV) 

By multiplication of (II), (III) and (IV), we get 

BL AN MC _ —BP —~AR_ —OC_ 
LC iNEO AM GaP, ORE? yed0 

BL AN MC 
However from (1), ae CAT AM E 

BP AR QC _ 
Therefore, PC’ RB AQ —l, and points P, Q, and R are 

collinear, by Menelaus’ Theorem. 

Another method of proof following equation (II) reasons in 
AN BL. MC 

this fashions.From. (1), 475° sa°=,, — |. Therefore, by Cevas 

Theorem, AL, BM, and CN are concurrent. Since these are the 

lines joining the corresponding vertices of AABC and ALMN, 

by Desargues’ Theorem (Problem 8-23), the intersections of the 

corresponding sides are collinear; therefore P, Q, and R are 

collinear. 

In AABC, where CD is the altitude to AB and P is any point on 

DC, AP meets CB at Q, and BP meets CA at R. Prove that 

mZRDC = mZQDG, using Ceva’s Theorem. 

Extend DR and DQ through R and Q, respectively, to meet a 
line through C, parallel to AB, at points G and H, respectively 
(Fig. S8-25). 

$8-25 

ACGR ~ AADR (#48), and & = SC. (1) 
Similarly, ABDQ ~ ACHQ, and ie = an (II) 

‘ CR AD B However, in AABC ri oa = 1 (Ceva’s Theorem). (III) 
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By substituting (I) and (II) into (III), we get 
GC AD DB GC 
ADs DE. Che 1, Of Gp = 1. Thus, Ed Eb 

Since CD is the perpendicular bisector of GH (#10), 
AGCD = AHCD, and mZGDC = mZ HDC, 

ormZRDC.= mZQODC, 

In LKABC, points F, E, and D are the feet of the altitudes drawn 

from the vertices A, B, and C, respectively. The sides of the pedal 

AFED, EF, DF, and DE, when extended, meet the sides of 

AABC, AB, AC, and BC at points M, N, and L, respectively. 

Prove that M, N, and L are collinear. (See Fig. S8-26.) 

METHOD I: In Problem 8-25, it was proved that the altitude of a 

triangle bisects the corresponding angle of the pedal triangle. 
Therefore, BE bisects Z DEF, and mZ DEB = mZ BEF. (I) 

Z DEB is complementary to Z NED. (11) 

Therefore since MEF is a straight line, 
ZNEM is complementary to 2 BEF. (IID) 

Therefore from (I), (II), and (III), mZNED = mZNEM, or 

NE is an exterior angle bisector of AFED. It then follows that 
NF EF 
ND = DE Wi*))- (IV) 

Similarly, FL is an exterior angle bisector of AFED and 

LE EF 

Also, DM is an exterior angle bisector of AFED and so 

ee = 32 (HAT) (V1) 
MF DF 

By multiplying (IV), (V), and (VI), we get 
NF LD ME _ EF DF DE _ _y 
ND LE MF DE EF DF 

taking direction into account. 

Thus, by Menelaus’ Theorem, M, N, and L are collinear. 
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8-27 

METHOD I: Let D, E, F and C, B, A be corresponding vertices of 

A DEF and ACBA, respectively. Since AF, CD, and BE are 

concurrent (Problem 8-4), the intersections of the corresponding 

sides DE and BC, FE and BA, and FD and CA, are collinear by 

Desargues’ Theorem (Problem 8-23). 

In AABC, L, M, and N are the feet of the altitudes from vertices 

A, B, and C. Prove that the perpendiculars from A, B, and C to 

MN, LN, and LM, respectively, are concurrent. 

As shown in Fig. S8-27, AL, BM, and CN are altitudes of A ABC. 
AP | NM, BO 1 NL, and CR 1 ML. 

In right ANAP, sin ZNAP =~ = cos ZANP. (1) 
Since mZBNC = mZ BMC = 90, quadrilateral BNMC is 

cyclic (#36a). 

Therefore, 2 MCB is supplementary to 72BNM. 

But Z ANP is also supplementary to 2 BNM. Thus, mZ MCB = 

mZANP, and cos 2MCB = cos ZANP. (II) 

From (I) and (IJ), by transitivity, 

sin ZNAP = cos Z2MCB. (111) 

Now, in right AAMP, sin ZMAP = = = cos ZAMP. (IV) 

Since quadrilateral BNMC is cyclic, Z NBC is supplementary to 

ZNMC, while ZAMP is supplementary to 2 NMC. Therefore, 

mZNBC = mZAMP and cos ZNBC = cos Z AMP. (V) 

From (IV) and (V), it follows that sin Z MAP = cos Z NBC. (VI) 

in ZNAP ZMCB From (II) and (VI), <*> S2A™ _ cos <M (VID) 

In a similar fashion we are able to get the following proportions: 

sin ZCBQ cos Z BAC 

sin ZABQ ~ cos ZACB 

sin ZACR cos Z ABC 

and sin ZBCR cos ZBAC_ (1X) 

By multiplying (VII), (VIII), and (IX), we get 
sin ZNAP _ sin £CBQ. sin ZACR _ 
sin ZMAP sin ZABQ- sin ZBCR 

cos ZACB cos ZBAC _ COs ZABC 

cos ZABC cos ZACB~ cos ZBAC ik 

Thus, by Ceva’s Theorem (trigonometric form) AP, BQ, and CR 
are concurrent. 

(VIII) 
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8-28 Prove that the perpendicular bisectors of the interior angle bisectors 
of any triangle meet the sides opposite the angles being bisected 
in three collinear points. 

Let AA’, BB’, and CC’ be the bisectors of angles A, B, and C, 
respectively, terminating : at the opposite side. The perpendicular 

bisector of 4A’ meets AC, AB, and CB at points M, M’ , and Pi, 

respectively ; the perpendicular bisector of BB’ meets CB, AB, 

and AC at points L, L’, and Po, respectively ; ¢ and the perpendic- 

ular bisector of CC’ meets AG, CR: and AB at points N, N’, 

and P3, respectively. (See Fig. S8-28.) 

Draw B’L. Since B’L = LB (#18), mZ LB’B = mZLBB' (#5). 

However, mZABB’ = mZLBB’'; therefore mZLB’'B = 

mZ ABB’, and B’L || AB (#8). 
CB’ a GE 

Then iia Te (#46). (I) 

GP 
However, mZB’P2L’ = mZBP»L’,and > oe = — = (G47). (II) 

CB a CP 2 
Therefore, Vie & ae (IIT) 

Similarly, since B’L’ || CB, — =-=—= = Zig (IV) 

Thus, multiplying (III) and (IV), we get (V) 

CP, _ a 
AP 2 ie C2 

40 bp PAM pnAP ys Since A’M’ M | AC, A = A inate os BP, (VI) 

CA’ b CM CP, 
And since A’M || AB, Die df SAAD, (VII) 

Now, multiplying (VI) and (VII), we get 

22 VII 
BP, 6? ( ) 

AP. De 
In a similar fashion we obtain rio Bre (IX) 

By multiplying (V), (VIID, and (1X), we get 

CP2 BP, . AP3 a? , ee ae 2s) 

AP; CP, BP; c2 6? a? 

taking direction into account. Therefore, by Menelaus’ Theorem, 

P,, Pz, and P3 are concurrent. 
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8-29 Figure 8-29a shows a hexagon ABCDEF whose pairs of opposite 

sides are: [AB, DE], [CB, EF], and [CD, AF]. If we place points 
A, B, C, D, E, and F in any order on a circle, the above pairs of 

opposite sides intersect at points L, M, and N. Prove that L, M, 

and N are collinear. 

Pairs of opposite sides (see Fig. S8-29a) AB and DE meet at L, 
CB and EF meet at M, and CD and AF meet at N. (See Fig. 
S8-29b.) Also AB meets CN at X, EF meets CN at Y, and EF 
meets AB at Z. Consider BC to be a transversal of A XYZ. Then 

ZB eX 
BY. — oe = —1, by Menelaus’ Theorem. (1) 

Now taking AF to be a transversal of A XYZ, 
ZA YF XN 

AX FZINYoo cunt aD 
Also since DE is a transversal of A XYZ, 

SGd) = Ve SAE aoe 2s 1. (I) 
By multiplying (1), (II), and (II1), we get 

DMs XN ZL _ (ZB)(ZA) , (XD)(XC) , (YE)(YF) 1 IV 
MZ NY LX (EZ)(FZ) (AX)(BX) (DY)CY) 5 aka ( ) 
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(ZB)(ZA) However, (EZ)(FZ) = ih (V) 

(XD\XC) __ 
(Axy(BX) ~ }s wD 
(YE)(YF) 

and (DY\(CY) = 1 (#52). (VII) 

By substituting (V), (VI), and (VII) into (IV), we get 

YM XN ZL 
ZEN LY ap oe ss 

Thus, by Menelaus’ Theorem, points M, N, and L must be 
collinear. 

$830 C" 

8-30 Points A, B, and C are on one line and points A’, B’, and C’ are 

on another line (in any order). If AB’ and A’B meet at C”, while 

AC’ and A’C meet at B”’, and BC’ and B/C meet at A”, prove 
that points A’’, B’’, and C” are collinear. 

(This theorem was first published by Pappus of Alexandria about 

300 A.D.) 

In Fig. S8-30, B’C meets A’B at Y, AC’ meets A’B at X, and B’C 
meets AC’ at Z. 

Consider C’’AB’ as a transversal of AX YZ. 

‘ZB ae ACA Oe 
YR’ ZA xc" = —1 (Menelaus’ Theorem) (1) 

Now taking A’B’C as a transversal of AX YZ, 

TA eX 8 GZ Coe Ss (Il) 

ACS 2B Vee 

BA"C’ is also a transversal of A XYZ, so that 

YBUZAL XG sa EF zee no! (II) 
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Multiplying (1), (II), and (III) gives us equation (IV), 

VC. XB N ZA Ze a ee XA | ZC. YB 
: ‘ : i . = —], 

XC” ZB" YA" YB’ XA’ ZC’ ZA YC XB 

Since points A, B, C and 4’, B’, C’ are collinear, we obtain the 

following two relationships by Menelaus’ Theorem when we con- 

sider each line a transversal of A XYZ. 

ye xa zo ~ —! (Vv) 
Ame Gace: 

74 Coxe oe ae 
Substituting (V) and (VJ) into (IV), we get 

VE VIEL ; LAS 

X CL Bae Ag 
= =25/ 

Thus, points A”, B’’, and C” are collinear, by Menelaus’ Theorem. 

9. The Simson Line 

9-1 Prove that the feet of the perpendiculars drawn from any point on 

the circumcircle of a given triangle to the sides of the triangle are 
collinear (Simson’s Theorem). 

METHOD I: From any point P, on the circumcircle of AABC 

perpendiculars PX, PY, and PZ are drawn to sides BC, AC, and 
AB, respectively (Fig. $9-1a). Since ZPYA is supplementary to 

ZPZA, quadrilateral PZA ¥ is cyclic (437). Draw PA, PB, and PC. 

Therefore, mZPYZ = mZPAZ (#36). (I) 

Similarly, since ZPYC is supplementary to ZPXC, quadrilateral 

PXCY is cyclic, and mZPYX = mZPCB. (Ii) 

However, quadrilateral PACB is also cyclic, since it is inscribed 
in the given circumcircle, and therefore 

mZPAZ(mZPAB) = mZPCB (#36). (II) 

From (I), (ID, and (IM), mZPYZ = mZPYX, and thus points 
X, ¥, and Z are collinear. The line through X, Y, and Z is called 
the Simson Line of A ABC with respect to point P. 
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7 arse FA 

vif 

A 

METHOD II: From any point P on the circumcircle of AABC 

(inside > ZACB), perpendiculars PX, PY, and PZ are drawn to 

sides BC, AC, and AB, , Tespectively. (See Fig. S9-1b.) Draw 

circles with PA and PB as diameters. Since mZPYA = 

mZPXB = mZPZA = 90, points Y and Z lie on the circle with 

PA as diameter (#37). Also points X and Z lie on the circle with 

PB as diameter (#36a). 

since m2_PXC = mZPYC = 90, in quadrilateral XPYC, ZC 

is supplementary to Z XPY (#15). 

However ZC is also supplementary to Z APB (#37). 

Therefore, mZ XPY = mZAPB. (1) 

By subtracting each member of (I) from mZ BPY, 

we get mZ BPX = mZAPY, (It) 

Now mZ BPX = mZ BZX (#36), 

and mZ APY = mZAZY (#36). (III) 

Substituting (IID into (II), mZBZX = mZAZY. 

Since AZB is a straight line, points X, Y, and Z must be collinear, 

making ZBZX and ZAZY vertical angles. 

METHOD III: From any point, P, on the circumcircle of AABC, 

PX, PY, and PZ are drawn to the sides BOeAG: _and AB, re- 

spectively. PZ extended meets the circle at K. Draw CK as shown 

in Fig. S9-1c. 

Since mZ PZB = mZPXB = 90, quadrilateral PZXB is cyclic 

(#36a), and so Z PBC is supplementary to Z2PZX (#37). 

However ZKZX is supplementary to ZPZX; 

therefore, mZ PBC = mZKZX. (1) 

But mZ PBC = mZPKC (#36). 609) 
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Thus from (I) and (Il) mZKZX = mZPKC, and XZ || KC (#8). 

Since quadrilateral PACK is cyclic, PKC is supplementary 

to ZPAC (#37). However, ZPAY is also supplementary to 

ZPAC. Therefore, mZPKC = mZPAY. e889) 

Since mZ PYA & mZPZA = 90, quadrilateral PYAZ is cyclic 

(#37), and mZPZY = mZPAY. (IV) 

From (III) and (IV), mZPKC = mZPZY and ZY || KC (#7). 
Since both XZ and ZY are parallel to KC, X, Y, and Z must be 

collinear, by Euclid’s parallel postulate. 

Challenge 1 State and prove the converse of Simson’s Theorem. 
If the feet of the perpendiculars from a point to the sides 

of a given triangle are collinear, then the point must lie 

on the circumcircle of the triangle. 

Collinear points X, Y, and Z, are the feet of perpen- 

diculars PX, PY, and PZ to sides BC, AC, and AB, 
respectively, of AABC (Fig. S9-1d). Draw PA, PB, and 
PC. 

Since mZPZB=~mZPXB=9, quadrilateral 

PZXB is cyclic (#36a), and Z PBX is supplementary to 

ZPZX (#37). However, ZPZX is supplementary to 

ZPZY, since X, Z, and Y are collinear. 

Therefore, mZ PBX = mZPZY. (I) 

Since ZPZA is supplementary to ZPYA, quadri- 

lateral PZA Y is also cyclic (#37), and 
mZPAY = mZPZY (#36). (II) 
From (I) and (Il), mZPBX = mZPAY or mZPBC= 
inZaPAnye 

Therefore ZPBC is supplementary to ZPAC and 
quadrilateral PACB is cyclic (#37); in other words point 
P lies on the circumcircle of AABC. 
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Another proof of the converse of Simson’s Theorem 

can be obtained by simply reversing the steps shown in 

the proof of the theorem itself, Method II. 

Challenge 2. Which points on the circumcircle of a given triangle lie 

on their own Simson Lines with respect to the given 
triangle? 

ANSWER: The three vertices of the triangle are the only 

points which lie on their own Simson Lines. 

9-2 Altitude AD of AABC meets the circumcircle at P. Prove that the 
Simson Line of P with respect to A ABC is parallel to the line 
tangent to the circle at A. 

Since PX, and PZ are perpendicular respectively to sides AC, and 
AB of AABC, points X, D, and Z determine the Simson Line of 

P with respect to AABC. 

Draw PB (Fig. S9-2). 

Consider quadrilateral PDBZ, where mZPDB = mZPZB = 

90, thus making PDBZ a cyclic quadrilateral (#37). 

In PDBZ, mZ DZB = mZ DPB (#36). (1) 

However, in the circumcircle of AABC, mZGAB = 5 (mAB) 

(438), and mZ DPB (ZAPB) = 5 (mAB)(}36). 

Therefore, mZGAB = mZ DPB. (II) 

From (I) and (II), by transitivity, mZDZB = mZGAB, and 

thus Simson Line XDZ || tangent GA (#8). 
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9-3 

9-5 

SOLUTIONS 

From point P on the circumcircle of AABC, perpendiculars PX, 

PY, and PZ are drawn to sides AC, AB, and BC, respectively. 

Prove that (PA)(PZ) = (PB)(PX). (See Fig. S9-3.) 

Since mZPYB XY mZPZB = 90, quadrilateral PYZB is cyclic 

(#36a), and mZPBY = mZPZY (#36). (1) 

Since MZ PXA & mZPYA = 90, quadrilateral PXAY is cyclic 

(#37), and mZPXY = mZPAY. (II) 

Since X, Y, and Z are Se be Simson Line), 

APAB ~ APXZ (#48), and 55 or (PA)(PZ) = (PB)(PX). 
=r 

Sides AB, BC, and CA of A ABC are cut by a transversal at points 

Q, R, and S, respectively. The circumcircles of AABC and ASCR 

intersect at P. Prove that quadrilateral APSQ is cyclic. 

Draw perpendiculars PX, PY, PZ, and PW to AB, AC, OR, and 

Ie, respectively, as in Fig. S9-4., 

Since point P is on the circumcircle of AABC, points X, Y; 

and W are collinear (Simson’s Theorem). 

Similarly, since point P is on the circumcircle of ASCR, points Y, 

Z, and W are collinear. 

It then follows that points X, Y, and Z are collinear. 

Thus, P must lie on the circumcircle of AAQS (converse of 

Simson’s Theorem), or quadrilateral APSQ is cyclic. 

In Fig. S9-5, AABC, with right angle at A, is inscribed in circle O. 
The Simson Line of point P, with respect to AABC meets PA at M. 
Prove that MO is perpendicular to PA. 
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In Fig. S9-5, PZ, PY, and PX are perpendicular to lines AB, AC, 
and BC, respectively. __XYZ is the Simson Line of AABC and 
point P, and meets PA at M. Since ZBAC is a right angle, 
AZPY isa rectangle (it has three right angles). Therefore, M is 
the midpoint of PA (#2If). It then follows that MO is perpendic- 
ular to PA (#31). 

S$9-5 

From a point P on the circumference of circle O, three chords are 
drawn meeting the circle in points A, B, and C. Prove that the three 

points of intersection of the three circles with PA, PB, and PC 
as diameters, are collinear. 

In Fig. S9-6, the circle on PA meets the circle on PB at X, and the 
circle on PC at Y, while the circle on PB meets the circle on PC 

ate 

Draw AB, BC, and AC, also PX, PY, and PZ. In the circle on 
PA, ZPXA is a right angle (#36). Similarly, ZPYC and ZPZC 
are right angles. Since PX, PY, and PZ are drawn from a point 

on the circumcircle of AABC perpendicular to the sides of 

A ABC, X, Y, and Z determine a Simson Line and are therefore 

collinear. 

P is any point on the circumcircle of cyclic quadrilateral ABCD. 

If PK, PL, PM, and PN are the perpendiculars from P to sides 

AB, BC, CD: and DA, respectively, prove that (PK)(PM) = 

(PL)(PN). 

Draw DB, AP, and CP, as shown in Fig. 9-7. Draw PS 1 BD. 

Since mZ ANP ~ mZ AKP = 90, quadrilateral AKPN is cyclic 

(#37), and mZ NAP = mZNKP (#36). (1) 
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NSK is the Simson Line of AABD with respect to point P. 

Also mZ NAP (Z DAP) = mZPCM (ZPCD) (#36). (II) 

Since mZ PLC XX mZPMC = 90, quadrilateral PLCM is cyclic 

(#37), mZPCM = mZPLM (#36), (IIT) 

and LMS is the Simson Line of A DBC with respect to point P. 

From (I), (II), and (II), mZPLM = mZNKP. (IV) 

Since ZLCM is supplementary to 7 BCD, and Z BAD is sup- 

plementary to 2 BCD (#37), mZLCM = mZ BAD. (V) 

However, ZLPM is supplementary to 2 LCM, therefore, from 

(V), ZLPM is supplementary to Z BAD. (VI) 

Since quadrilateral AKPN is cyclic, 

Z.NPK is supplementary to 7 BAD. (VII) 

From (VJ) and (VII), mZLPM = mZNPK. 

Thus, ALPM ~ AKPN (#48), and $2 = 57, or (PK)(PM) = 
(PL)\(PN). 

$9-7 

9-8 Line segments AB, BC, EC, and ED form triangles ABC, FBD, 
EFA, and EDC. Prove that the four circumcircles of these triangles 

meet at a common point. 

Consider the circumcircles of A ABC and AFBD, which meet at 
B and P. 

From point P draw perpendiculars PX, PY, PZ, and PW to 
BC, AB, ED, and EC, respectively (Fig. S9-8). Since P is on the 
circumcircle of AFBD, X, Y, and Z are collinear (Simson Line). 
Similarly, since P is on the circumcircle of AABC, X, Y, and W 
are collinear. Therefore X, Y, Z, and W are collinear. 
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Since Y, Z, and W are collinear, P must lie on the circum- 
circle of AEFA (converse of Simson’s Theorem). By the same 
reasoning, since X, Z, and W are collinear, P lies on the circum- 
circle of AEDC. Thus all four circles pass through point P. 

9-9 The line joining the orthocenter of a given triangle with a point on 

the circumcircle of the triangle is bisected by the Simson Line, (with 

respect to that point). 

METHOD I: As in Fig. S9-9a, point P is on the circumcircle of 

AABC. PX, PY, and PZ are perpendicular to BC, AG, and AB, 

respectively. Points X, Y, and Z are therefore collinear and define 

the Simson Line. Let J be the orthocenter of AABC. PG meets the 

Simson Line at Q and BC at H. PJ meets the Simson Line at M. 

Draw HJ. 
Since mZPZB =~ mZPXB= 90, quadrilateral PZXB is 

cyclic (#36a), 

and mZPXQ (ZPXZ) = mZPBZ (#36). (1) 

In the circumcircle, mZPBZ = mZPGA (#36). (II) 

Since PX || AG (#9), mZPGA = mZ QPX (#8). (111) 

From (J), (II), and (ID, 

WOE AO =A Or X. (IV) 

Therefore, PO = XQ (#5). Since ZQXH is complementary to 

ZPXOQ, and ZQHX is complementary to ZQPX (#14), 

mZQOXH = mZQHX, _and XO = HQ (#5). Thus @Q is the 

midpoint of hypotenuse PH of right APXH. 
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Consider a circle passing through points B, J, and C. BC, the 

common chord of the new circle and the original circle, is the 

perpendicular bisector of line segment JG. To prove this last 

statement, it is necessary to set up an auxiliary proof (called a 

Lemma), before we continue with the main proof. 

S$9-9b 

LEMMA: Draw altitudes BE, and CF; also draw BG, CJ, and CG. 
(See Fig. S9-9b.) 

JD 1 BC, therefore mZJDB = mZGDB = 90 (V) 

ZJBC (ZEBC) is complementary to ZC (#14). (VI) 

mZGBC = mZGAC (Z DAC) (#36). Therefore, since ZGAC 

(Z DAC) is complementary to ZC (#14), 

ZGBC is complementary to ZC. (VII) 

Thus, from €VI), .and: (VID; mZJBC = m2ZGBC 5 Hence 

ABJD = ABGD,; therefore JD = GD, and BC is the per- 

pendicular bisector of JG. 

Continuing with the main proof, we can now say that HJ = HG 

(#18), and mZ HJG = mZHGI (#5). (VII) 

ZJHD is complementary to Z HJD. 

But mZHJD = mZHGD (IX), and mZ HGD = mZ QPX (IID, 

and mZ QOPX = mZPXQ (IV). 

Therefore, ZJHD is complementary to Z Q.XP. 

However, 2 QXH is complementary to Z Q XP; therefore 

mZJHD = mZQXH. 

Thus JH is parallel to the Simson Line X YZ (#7). 
Therefore, in APJH, since Q is the midpoint of PH, and QM is 
parallel to JH, M is the midpoint of PJ, (446). 
Thus the Simson Line bisects PJ at M. 
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METHOD II: In Fig.S9-9c, point P is on the circumcircle of A ABC. 
PX, PY, and PZ are perpendicular to sides BG AC, and AB, 
respectively. Therefore points X, Y, and Z are collinear and define 
the Simson Line. PY extended meets the circle at K. Let J be the 
orthocenter of AABC. The altitude from B meets AC at E and 

the circle at V. PJ meets the Simson line at M. Draw a line parallel 
to KB, and through the orthocenter, J, meeting PYK at L. 

Since PK || NB B (#9), KBJL is a parallelogram, and LJ = KB 

(#21b). Also PN = KB (#33), and PN = KB. Therefore LJ = 

PN and trapezoid PNJL is isosceles. 

Consider a circle passing through points A, J, and C. The 

common chord AC is then the perpendicular bisector of JN. (See 

Method I Lemma.) Thus E is the midpoint of JN. Since AC is 

perpendicular to both bases of isosceles trapezoid PNJL, it may 

easily be shown that Y is the midpoint of PL. 
Since quadrilateral AYPZ is cyclic (#37), mZKBA = 

mZKPA = mZYPA = mZYZA (#36), and KB is parallel to 

Simson Line XYZ (#8). Now, in APLJ, M, the point of inter- 

section of PJ with the Simson Line, is the midpoint of PJ (#25). 

The measure of the angle determined by the Simson Lines of two 

given points on the circumcircle of a given triangle is equal to 

one-half the measure of the arc determined by the two points. 

In Fig. S9-10, XYZ is the Simson Line for point P, and UVW is 

the Simson Line for point Q. Extend PX and QW to meet the 

circle at M and N, respectively. Then draw AM and AN. 
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9-11 

Since MZPZB = mZPXB = 90, quadrilateral PZXB is cyclic 

(#36a), and mZZXP = mZZBP (#36). (I) 

Also mZ.ABP = mZ AMP (#36), or mZZBP = mZAMP. (II) 

From (I) and (II), mZZXP = mZ AMP, and 2 XYZ || AM. (11) 

In a similar fashion it may be shown that U UVW || AN. 

Hence, if T is the point of intersection of the two Simson Lines, 

then mZ XTW = mZMAN, since their corresponding sides are 

parallel. Now, m2 MAN = 5 (mMN), but since PM || ON (#9), 
—_ 1 —S 

mMN = mPQ (#33), and therefore m2 MAN = 3 (mPQ). Thus, 

DWATA = 5 (mPQ). 

If two triangles are inscribed in the same circle, a single point on 
the circumcircle determines a Simson Line for each triangle. Prove 

that the angle formed by these two Simson Lines is constant, regard- 

less of the position of the point. 

Triangles ABC and A’B’C’ are inscribed in the same circle. (See 

Fig. S9-11.) From point P, perpendiculars are drawn to AB and 

A’B’, meeting the circle at M and M’, respectively. From Solu- 

tion 9-10 (III), we know that the Simson Lines of point P with 

respect to AABC and A4A’B’C’ are parallel to MC and M’C’, 
respectively. We may now consider the angle formed by MC 

and M’C’, since it is congruent to the angle formed by the two 

Simson Lines. The angle a formed by MC and M’C’ = 

5 (mio - mCC’) (#40). In Fig. S9-11, APFD ~ mee G48), 

and mZM'PM = AEE: Now, mZM’'PM = = 5 (mM) 

(#36), while mZB'EB = = 5 (mBB’ + mad’) G7): Theor 

mMM! = mBB’ + mAA’. ray mia = - 5 (mBB’ + mAA' — 

mCC’). Since CC Ce BB’, and AA’ are Hat GeAE of the position 
of point P, the theorem is proved. 
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9-12 In the circumcircle of AABC, chord PQ is drawn parallel to side 
BC. Prove that the Simson Lines of AABC, with respect to points 
P and Q, are concurrent with the altitude AD of AABC. 

As illustrated in Fig. S9-12, M,M2Mz is the Simson Line of 

point P, and N,N2N3 is the Simson Line of point Q. 

Extend PM, and QN, to meet the circle at points M and N, 

respectively. In Solution 9-10 (III), it was proved that AM || Sim- 
son Line M,M.2Mz3 and AN || Simson Line N\N2N3. 

Draw altitude AD, cutting M,M.M3 and N,N.N3, at points 
T and S. 

Since MM, || AD|| NN2 (#9), quadrilaterals ATM2M, and 
ASN2N are parallelograms, (#21a). Therefore, MM2 = AT 

and NN» = AS (#21b). (1) 

However, since PM || ON, mMN = mPQ, and MN = PQ. As 
MP PO (#10), then quadrilaterals MNQP and M2N2QP are 
rectangles, 

and MM, = NNz. (II) 

From (I) and (II), AT = AS. 

Therefore, altitude AD crosses Simson Lines M,M2Mz3 and 

N,N2N3 at the same point. Thus, the Simson Lines are concurrent 

with the altitude AD. 
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10. The Theorem of Stewart 

10-1 A classic theorem, known as Stewart's Theorem, is very useful as a 

means of finding the measure of any line segment from the vertex 

of a triangle to the opposite side. Using the letter designations in 

Fig. S10-1, the theorem states the following relationship: 

an + b?m = c(d? + mn). 

Prove the validity of the theorem. 

$10-1 

‘In AABC, let BC = a, AC = b, AB= cc, CD = d. Point D 
divides AB into two segments; BD = m and DA = n. Draw 

altitude CE = hand let ED = p. 

In order to proceed with the proof of Stewart’s Theorem we 

first derive two necessary formulas. The first one is applicable to 

ACBD. We apply the Pythagorean Theorem to ACEB to obtain 

(CB)? = (CE)? + (BE). 
Since BE = m — p, a? = h? + (m — p)?. (1) 

However, by applying the Pythagorean Theorem to ACED, we 

have (CD)? =.(CE)*-+ (ED)*, of kh? = d? — pe 

Replacing h? in equation (I), we obtain 

atta? hp Gn 
a® = qd? — p* + m? — 2mp + p’?. 

Thus, a? = d? + m? — 2mp. (11) 

A similar argument is applicable to ACDA. 

Applying the Pythagorean Theorem to ACEA, we find that 

(CA)? = (CE)? + (EA)?. 
Since EA = (n + p), b? = h? + (n + p)?. (i) 
However, h? = d? — p?, substitute for h? in (III) as follows: 

bf Sd? Pee) 
b? = d? p27 ne np +p 
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hus b= din? 2np. (IV) 

Equations (II) and (IV) give us the formulas we need. 

Now multiply equation (II) by 7 to get 

a°n = d’n + m?n — 2mnp, (V) 

and multiply equation (IV) by m to get 

b?m = d’m + n?m + 2mnp. (VI) 

Adding (V) and (VI), we have 

a°n + b?m = d?n + d?m + m?n + n?m + 2mnp — 2mnp. 

Therefore, a?n + b?m = d?(n + m) + mn(m + n). 

Since m+n=c, we have a’n+ b*m = d?c + mnc, or 

a’n + b?m = c(d? + mn). 

$10-2 

B D C 

In an isosceles triangle with two sides of measure 17, a line measur- 
ing 16 is drawn from the vertex to the base. If one segment of the 

base, as cut by this line, exceeds the other by 8, find the measures 

of the two segments. 

In Fig. S10-2, AB = AC = 17, and AD = 16. Let BD = x so 

that DC = x + 8. 

By Stewart’s Theorem, 

(AB)?(DC) + (AC)?(BD) = BC[(AD)* + (BD)(DC)]. 

Therefore, 

(17)?(x + 8) + (17)?(x) = (2x + 8)[(16)* + x(x + 8)} 

and x = 3. Therefore, BD = 3 and DC = II. 
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$10-3.  C 

A E B 

10-3 In AABC, point E is on AB, so that AE = 5 EB. Find CE if 
AC = 4, CB = 5, and AB = 6. 

METHOD I: By applying Stewart’s Theorem to AABC (Fig. S10-3), 

we get 

(AC)?(EB) + (CB)?(AE) = AB[(CE)” + (AE)(EB)]- 

Therefore, (4)?(4) + (5)?(2) = 6[(CE)” + (2)(4)], 
114 = 6(CE)? + 48, and CE = v/11. 

METHOD II: Since AACE and AACB share the same altitude, and 

AE = , AB, the area of AACE = ; the area of AACB. 

By Heron’s Formula, 
il 1 LSthiN FON 3 5 
3 the area AACB = 5 NE )G)G) = me (1) 

Let CE = x. Then the area of AACE 

(SSI 
= V—@? — 36)? — 4). (I) 

Let y = x”. From (1) and (II), 

V7 = 4V—0? = Wy + 149). 
Therefore, y? — 40y + 319=0, and y=11 or, y = 29 
(reject). Therefore, CE = +/11. 
COMMENT: Compare the efficiency of Method II with that of 
Method I. 

Challenge Find the measure of the segment from E to the midpoint of 
CB. 

{igs 
ANSWER: 5 /29 

10-4 Prove that the sum of the squares of the distances from the vertex 
of the right angle, in a right triangle, to the trisection points along 

: 5 the hypotenuse is equal to 9 the square of the measure of the 

hypotenuse. 
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Applying Stewart’s Theorem to Fig. $10-4, 

using p as the internal line segment, 

2a7n + b*n = c(p? + 2n?); (1) 
using q as the internal line segment, 

a*n + 2b*n = c(q? + 2n?). (Il) 
By adding (I) and (II), we get 

3a7n + 3b7n = c(4n? + p? + q?). 

Since a? + b? = c?, 3n(c?) = c(4n? + p? + q?). 

Since! an ite, 67s (2n) 72> paid = 
a 28 2 pide: ON gat But 2n = 33 therefore, p* + q* = c* — é ) = noe 

B (6 
$10-4 C' $10-5 

a b Ss 

B A 
ee 

c D 

10-5 Prove that the sum of the squares of the measures of the sides of a 
parallelogram equals the sum of the squares of the measures of the 

diagonals. 

In Fig.S10-5, consider AABE. 

Draw altitude BF. 
(AB)? = (BE)* + (AE)? — 2(AE)(FE), (I) 

and (BC)? = (BE)? + (EC)? + 2(EC)(FE). (II) 
[See the proof of Stewart’s Theorem, Solution 10-1, equations (II) 

and (IV).] 
Since the diagonals of ABCD bisect each other, AE = EC. 

Therefore, by adding equations (1) and (II), we get 

(AB)? + (BC)? = 2(BE)? + 2(AE)”. (III) 

Similarly, in ACAD, 

(CD)? + (DA)? = 2(DE)? + 2(CE)?. (IV) 

By adding lines (III) and (IV), we get 

(AB)? + (BC)? + (CD)? + (DA)? 
= 2(BE)? + 2(AE)* + 2(DE)? + 2(CE)’. 

Since AE = EC and BE = ED, 

(AB)? + (BC)? + (CD)? + (DA)? = 4(BE)? + 4(4E)’, 

(AB)? + (BC)? + (CD)? + (DA)? = (2BE)? + AE)’, 

(AB)? + (BC)? + (CD)? + (DA)? = (BD)? + (AC)’. 
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Challenge A given parallelogram has sides measuring 7 and 9, and a 

shorter diagonal measuring 8. Find the measure of the 

longer diagonal. 

ANSWER: 14 

E 

10-6 Using Stewart’s Theorem, prove that in any triangle the square of 

the measure of the internal bisector of any angle is equal to the 

product of the measures of the sides forming the bisected angle 

decreased by the product of the measures of the segments of the 

side to which this bisector is drawn. 

By Stewart’s Theorem we obtain the following relationship: 
2 b2 

c’n + b?m = a(ta? + mn), or te? + mn = a 

as illustrated by Fig. $10-6. 

But, = = ™ (#47), therefore cn = bm. 

Sabine in the above equation, 

9 __ chm -- thn ebm my) 
ic mn = ei = ee = cb. 

Hence, tg? = cb — mn. 

Challenge 1 Can you also prove the theorem in Problem 10-6 without 
using Stewart's Theorem? 

As in Fig.S10-6, extend AD, the bisector of Z BAC, to 
meet the circumcircle of AABC at E. Then draw BE. 
Since mZ BAD = ae and mZE = mZC (#36), 

AE 
AABE ~ AADC, ani as = GR? ° 

(AC)(AB) = (AD)(AE) = (AD)(AD + DE) 

= (AD)? + (AD\DE). =) 
However, (4D)(DE) = (BD)(DC) (#52). dp 

T 
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Substituting (II) into (1), we obtain 

(AD)* = (AC)(AB) — (BD)(DC), 

or, using the letter designations in Fig. $10-6, 
to” = cb — mn. 

10-7 The two shorter sides of a triangle measure 9 and 18. If the internal 
angle bisector drawn to the longest side measures 8, find the measure 
of the longest side of the triangle. 

Let AB = 9, AC = 18, and angle bisector AD = 8. (See Fig. 
, BD AB 1 

S10-7.) Since Done Cuae GA) we: can Jet) BD: = 9m = x, so 

that DC = n = 2x. From the solution to Problem 10-6, we know 
that ta? = be — mn, or (AD)? = (AC)(AB) — (BD)(DC). 

Therefore, (8)? = (18)(9) — 2x”, and x = 7. 
Thus, BCG*= 3x = 21. 

Challenge Find the measure of a side of a triangle if the other two sides 

and the bisector of the included angle have measures 12, 15, 

and 10, respectively. 

ANSWER: 18 
$10-7 $10-8  , 

A 

es 
B D (G 

G E B 

10-8 Ina right triangle, the bisector of the right angle divides the hypote- 

nuse into segments that measure 3 and 4. Find the measure of the 

angle bisector of the larger acute angle of the right triangle. 

In right A ABC, with right angle at C, and angle bisector CD, 

AD = 3 while DB = 4. (See Fig. S$10-8.) 

i SIO ee GE “ A. 
Since Che DE 4 (#47), AC = 3x, and CB = 4x. 

By the Pythagorean Theorem, applied to AABC, 

7 
Oxy 4x)" = -eand x = ri 

28 HO weCe 
Thus, AC = 4 and CB = =~ Also, 4g = Eg (#47). 
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SOLUTIONS 

7 

i CE 
28 

5 

The proof may be concluded using either one of the following 

methods. 

METHOD I: From Solution 10-6,(AE)” = (AC)(AB) — (CE)(EB). 

Substituting, we have (AE)? = ‘ )(1) — (3)(G) : 

21/5 
and Ae = ion. 

aad Substituting, we get > ? Thus CE =" — 5 and EB = 

= (5, 

METHOD II: By the Pythagorean Theorem, applied to AACE, 
21/5 | Dens 2 2 Be (AE)? = (AC)? + (CE)?; therefore, AE = 5 

$10-9 c 

A D B 

Ina 30-60-90 right triangle, if the measure of the hypotenuse is 4, 
find the distance from the vertex of the right angle to the point of 

intersection of the angle bisectors. 

In AABC (Rig. $10-9), if AB = 4, then AC = 2 (#55c). 

In AACE, since mZ.CAE = 30, CE = =e (1) 

and AE = & - In AACE, ae = = 2 (#47). (It) 

If we let AG = y, then from equation (II), we find GE = Wit 

Since AG eIGH =k ere and pepe = 
2/3 — 2. Thus, AG = 2/3 — 2, (11) 
and GE = 2 — Bo (IV) 
From Solution 10- eae know that 

(CG)? = (AC)(CE) (4G \(GES. (V) 
Substituting (I), (II), and (IV) into (V), we get 

(CG) 7 <= Rona 

Therefore, CG = ~/8 — 4/3 = V6 — V2. 
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1-9 

HINTS 

Express angles AFB, AEB, and ADB in terms of Z.CAF, ZCBE, 
ZABE, and ZBAD. Then apply Theorem #13. 

Consider 7A DB as an exterior angle of ACDB. 

Examine the isosceles triangles. 

METHOD I: Use Theorem #27 to show AFCA is isosceles. 

METHOD I: Circumscribe a circle about AABC, extend CE to 
meet the circle at G. Then draw GF. 

To show BP is parallel AE, use Theorem #7, after using Theorems 
#14 and #5. To show BP is perpendicular AE, use Theorems #14 

and #5 to prove that the bisector of ZA is also the bisector of the 

vertex angle of an isosceles triangle. 

Extend AM through M to P so that AM = MP. Draw BT; T is 
the midpoint of AD. Then show that ATBP is isosceles. Use 

Theorems #21, #27, #12, and #8. 

METHOD I: Draw a line through M parallel to BC. Then use 

Theorems #27 and #8. 

METHOD II: Extend KM to meet CB extended at G; then prove 
AKMC = AGMC. 

Extend CP and CQ to meet AB at S and R, respectively. Prove 
that P and Q are the midpoints of CS and CR, respectively; then 

use Theorem #26. 

From E, the point of intersection of the diagonals of square 

ABCD, draw a line parallel to BPQ. Use Theorems #25, #10, and 

#23. 
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1-10 

1-11 

1-12 

1-13 

1-14 

1-15 

1-16 

1-17 

1-18 

1-19 

1-20 

METHOD I: Draw AF DE, and draw DG, where G is on AF and 

mZFEDG = 60. Then show that AF is the perpendicular bisector 

of DE. Apply Theorem #18. 

METHOD i: Draw AAFD on side AD so that mZFAD = 

mZFDA = 15; then draw FE. Now prove mZ EAB = 60. 

METHOD 1: Draw equilateral A.DFC externally on side DC; 
then draw EF. Show that mZ BAE = 60. 

METHOD Iv: Extend DE and CE to meet BC and AD at K and H, 
respectively. Draw AF and CG perpendicular to DK. Now prove 

AF is the perpendicular bisector of DE. 

Join E and F, and prove that DGFE is an isosceles trapezoid. 

Draw CD, CE, and the altitude from C to AB; then prove tri- 
angles congruent. 

Draw a line from one vertex (the side containing the given point) 

perpendicular to a diagonal of the rectangle; then draw a line 

from the given point perpendicular to the first line. 

Prove various pairs of triangles congruent. 

Use Theorems #26 and #10. 

Draw a line through C and the midpoint of AD; then prove that 
it is the perpendicular bisector of TD. 

Prove that the four given midpoints determine a parallelogram. 
Use Theorem #26. 

Draw median CGD. From D and E (the midpoint of CG) draw 
perpendiculars to XYZ. Show QD is the median of trapezoid 

AXZB. Then prove QD = EP = sGY. 

Extend BP through P to Eso that BE = AQ. Then draw AE and 
BQ. Prove that EMO Q is a diagonal of parallelogram AEBQ. 
Use Theorem #27. 

Prove AAFE ~ ABFC & ADCE. 
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2-2 

2-3 

2-5 

2-6 

2-7 

2-10 

Hints 223 

(a) Prove four triangles congruent, thereby obtaining four equal 
sides; then prove one right angle. 
(b) Prove that one diagonal of the square and one diagonal of 
the parallelogram share the same midpoint. 

Consider AADC, then AABC. Apply Theorem #46. 

METHOD I: Prove ABFC ~ APEB; then manipulate the resulting 
proportions. 

METHOD II: Draw a line from B perpendicular to PD at G. Then 
prove AGPB = AEPB. 

Prove two pairs of triangles similar and equate ratios. Alterna- 

tively, extend the line joining the midpoints of the diagonals to 

meet one of the legs; then use Theorems #25 and #26. 

Draw a line through D parallel to BC meeting AE at G. Obtain 
proportions from AADG ~ AABE and ADGF ~ ACEF. 

Draw a line through E parallel to AD. Use this line with Theorems 

#25 and #26. 

Prove AHEA ~ ABEC, and ABFA ~ AGFC; then equate 

ratios. 

Extend APM to G so that PM = MG; also draw BG and GC. 
Then use Theorem #46. 

Show H is the midpoint of AB. Then use Theorem #47 in AABC. 

Prove AAFC ~ AHGB. Use proportions from these triangles, 

and also from AABE ~ ABHG; apply Theorem #46. 

Use proportions resulting from the following pairs of similar 

triangles: 

AAHE ~ AADM, AAEF ~ AAMC, and ABEG ~ ABDC. 
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2-11 

2-12 

2-13 

2-14 

2-15 

2-16 

3-1 

3-2 

3-3 

3-4 

3-5 

3-6 

HINTS 

Prove AKAP ~ APAB. Also consider ZPKA as an exterior 

angle of AKPB and AKPL. 

From points R and Q, draw perpendiculars to AB. Prove various 

pairs of triangles similar. 

Prove AACZ ~ AAYB, and ABCZ ~ ABXA; then add the 

resulting proportions. 

Draw lines through B and C, parallel to AD, the angle bisector. 

Then apply the result of Problem 2-13. 

Use the result of Problem 2-13. 

Prove AFDG ~ AABG, and ABGE ~ ADGA. 

Apply the Pythagorean Theorem #55 in the following triangles: 

AADC, AEDC, AADB, and AEDB. 

Use Theorem #29; then apply the Pythagorean Theorem to 

A DGB, AEGA, and ABGA. (G is the centroid.) 

Draw a line from C perpendicular to HL. Then apply the Py- 

thagorean Theorem to AABC and AHGC. Use Theorem #51. 

Through the point in which the given line segment intersects the 

hypotenuse, draw a line parallel to either of the legs of the right 

triangle. Then apply Theorem #55. 

METHOD I: Draw AC meeting EF at G; then apply the Pythagorean 
Theorem to AFBC, AABC, and AEGC. 

METHOD I: Choose H on EC so that EH = FB; then draw BH. 
Find BH. 

Use the last two vectors (directed lines) and form a parallelogram 
with the extension of the first vector. Also drop a perpendicular 
to the extension of the first vector. Then use the Pythagorean 
Theorem. The Law of Cosines may also be used. 
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Draw the altitude to the side that measures 7. Then apply the 
Pythagorean Theorem to the two right triangles. 

METHOD I: Construct AABC so that CG L AB. (Why can this 
be done?) Then use Theorem #55. 

METHOD II: Draw altitude CJ. Apply the Pythagorean Theorem 
tOLAGIGCAUNIEC and AJHC. 

Extend BP to meet AD at E; also draw a perpendicular from C 
to AD. Use Theorems #51b and #46. 

Use Theorems #55, #29, and #5lb. 

From the point of intersection of the angle bisectors, draw a line 

perpendicular to one of the legs of the right triangle. Then use 

Theorem #55. 

Apply the Pythagorean Theorem to each of the six right triangles. 

Use Theorems #41, and #29. 

Draw a perpendicular from the centroid to one of the sides; 

then apply Theorem #55. 

Use Theorem #34. 

Draw AO, BC, and OC. Prove ABEC ~ AABO. 

Draw QA and QB; then prove ADAQ ~ ACBQ, and AQBE ~ 

AQAC. (D, C, and E are the feet of the perpendiculars on PA, 

AB, and PB, respectively.) 

Show that AGPB is isosceles. 

Apply the Pythagorean Theorem to A DEB, A DAB, AAEC, and 

AABC. 

Extend AO to meet circle O at C; then draw MA. Use Theorem 

#52 with chords AOC and MPN. 
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Use Theorem #52 with chords AB and CD. 

Draw BC and AD. 

METHOD I: Show ACFD ~ ADEA, and AAEB ~ ABFC. 

METHOD I: Use the Pythagorean Theorem in AAED, ADFC, 

AAEB, and ABFC. 

From the center of the circle draw a perpendicular to the secant 

of measure 33. Then use Theorem #54. 

Draw radii to points of contact; then draw OB. Consider OB as 
an angle bisector in AABC. Use Theorem #47. 

Draw KO and LO. Show that 2 KOL is a right angle. 

Draw DS and SJ. Use Theorems #5la and #52. 

Draw BD and CD. Apply Theorem #51b. 

METHOD I: Draw ED. Use Theorems #55c and 55d. Then prove 

AAEF ~ AABC. 

METHOD II: Use only similar triangles. 

Use Theorems #18 and #55. 

Prove ABEC ~ AAED, and AAEB ~ ADEC. E is the inter- 

section of the diagonals. 

Use Theorems #53, #50, #37, and #8. 

Prove ADPB ~ ABPC, and ADAP ~ AACP. 

METHOD wd Draw diameter BP of the circumcircle. Draw PT L 

altitude 4D; draw PA and CP. Prove APCO is a parallelogram. 

METHOD II: Let AB = AC. (Why is this permissible?) Then 
choose a point P so that AP = BP. Prove AACD ~ ABOD. 

Draw PC, ED, and DC. Show that PC bisects Z BPA. 

Draw DO and CDE where E is on circle O. Use Theorems #30 
and #52. 
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From O draw perpendiculars to AB and CD; also draw OD. Use 
Theorems #52 and #55. 

For chords AB and CD, draw AD and CB. Also draw diameter 
CF and chord BF. Use Theorem #55; also show that AD = FB. 

Draw MO, NO, and the common internal tangent. Show MNQO 
is a parallelogram. 

(a) Draw common internal tangent AP. Use Theorem #53. Also 
prove AADE ~ AABC. 

(b) METHOD I: Apply Theorem #15 in quadrilateral A DPE. 

METHOD II: Show AABC is a right triangle. 

Draw OA and O’B; then draw AE | OO’ and BD 1 OO’. Prove 
ABO’O is a parallelogram. 

Prove AAEO ~ AAFC ~ AADO’. 

Extend the line of centers to the vertex of the square. Also draw 
a perpendicular from the center of each circle to a side of the 

square. Use Theorem #5Sa. 

Apply the Pythagorean Theorem to ADEO. E is the midpoint 

of AO. 

Find one-half the side of the square formed by joining the centers 

of the four smaller circles. 

Draw radii to the points of contact. Use Theorem #55. 

Use an indirect method. That is, assume the third common chord 

is not concurrent with the other two. 

Show that the opposite angles are supplementary. 

Show that quadrilateral D’BB’D is cyclic. 

Show that ZGFA & ZDFB after proving BDFO cyclic. 

Show Z BRQ is supplementary to 2 BCQ. 
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Draw DE. Show quadrilateral DCEF is cyclic. Then find the 

measure of ZCED. 

Draw AF. Show quadrilateral AEFB is cyclic. What type of 

triangle is AABE? 

Choose a point Q on BP such that PQ = QC. Prove ABQC = 
LARC: 

METHOD I: Draw BC, OB, and OC. Show quadrilateral ABGC 
is cyclic, as is quadrilateral ABOC. 

METHOD II: Draw BG and extend it to meet the circle at H. 
Draw CH. Use Theorems #38, #18, and #30. 

Draw EC and show that the area of A DEC is one-half the area 

of each of the parallelograms. 

METHOD I: In AEDC draw altitude EH. Use Theorems #28, #49, 
and #24. 

METHOD II: Use the ratio between the areas of AEFG and 

(NEN) Ga 

Compare the areas of the similar triangles. 

Represent the area of each in terms of the radius of the circle. 

Prove AADC ~ AAFO. 

METHOD I: Draw a line through D and perpendicular to AB. 
Then draw AQ and DQ. Use the Pythagorean Theorem in various 
right triangles. 

METHOD II: Draw a line through P parallel to BC and meeting 
AB and DC (extended) at points H and F, respectively. Then 
draw a line from P perpendicular to BC. Find the desired result 
by adding and subtracting areas. 

Draw the altitude to the line which measures 14. Use similarity 
to obtain the desired result. 
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Use Formula #5b with each triangle containing ZA. 

Draw DC. Find the ratio of the area of A DAE to the area of 
JX ANIOXE. 

Use Formula #5b with each triangle containing the angle be- 
tween the specified sides. 

METHOD I: From points C and D draw perpendiculars to AB. 

Find the ratio between the areas of DAEDF and AABC. 

METHOD II: Use similarity and Formula #5b for triangles con- 
taining ZA. 

Draw the line of centers O and Q. Then draw NO, NO, MO, and 
MQ. Determine the type of triangle AKLN is. 

Extend one of the medians one-third its length, through the side 

to which it is drawn; then join this external point with the two 

nearest vertices. Find the area of one-half the parallelogram. 

Use Theorem #55e or Formula #5c to find the area of AABC. 

Thereafter, apply #29. 

METHOD I: Draw the medians of the triangle. Use Theorems #26, 

#25, #29, and #55. 

METHOD II: Use the result of Problem 5-14. 

Draw a line through E parallel to BD meeting AC at G. Use 
Theorems #56 and #25. 

Draw EC. Compare the areas of triangles BEC and BAC. Then 
use Theorem #56 and its extension. 

Through £, draw a line parallel to AB meeting BC and AD 

(extended) at points H and G, respectively. Then draw AE and 

BE. Find the area of AAEB. 

Draw diagonal AC. Use Theorem #29 in AABC. To obtain the 

desired result, subtract areas. 

Draw QB and diagonal BD. Consider each figure whose area 

equals one-half the area of parallelogram ABCD. 
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Draw AR and AS. Express both areas in terms of RS, RT, and 

TS. Also use Theorems #32a, and #5la. 

METHOD I: In equilateral A ABC, draw a line through point P, 

the internal point, parallel to BC meeting AB and AC at Eand F, 

respectively. From E draw ET 1 AC. Also draw PH || AC where 

H is on AB. Show that the sum of the perpendiculars equals the 

altitude of the equilateral A ABC, a constant for the triangle. 

METHOD Il: Draw PA, PB, and PC; then add the areas of the three 
triangles APB, APC, and BPC. Show that the sum of the per- 

pendiculars equals the altitude of equilateral A ABC, a constant 

for the triangle. 

Draw the radii of the inscribed circle to the points of tangency of 

the sides of the triangle. Also join the vertices to the center of the 

inscribed circle. Draw a line perpendicular at the incenter, to 

one of the lines drawn from the incenter to a vertex. Draw a line 

perpendicular to one of the sides at another vertex. Let the two 

perpendiculars meet. Extend the side to which the perpendicular 

was drawn through the point of intersection with the perpendicular 

so that the measure of the new line segment equals the semi- 

perimeter of the triangle. 

Extend a pair of non-parallel opposite sides to form triangles with 

the other two sides. Apply Heron’s Formula to the larger triangle. 

Then compare the latter area with the area of the quadrilateral. 

nade CN KN 
a) METHOD I: Use simil ee (a) imilar triangles to get OM = AM* Also 

prove AS = AM. Use Theorem #21-1 to prove rhombus. 

METHOD Il: Use similar triangles to show AQ is an angle bisector. 
Use #47 to show SQ || AC, also show AM = MQ. 

(b) Compare the areas of ABMQ and AAMQ, also of ACSQ 

and AASQ. 

Draw AE and BF, where E and F are the points of tangency of 
the common external tangent with the two circles. Then draw AN 
(extended) and BN. Use #47 twice to show that CN and DN 
bisect a pair of supplementary adjacent angles. 

First find the area of the triangle by Heron’s Formula (Formula 
#5c). Then consider the area of the triangle in terms of the tri- 
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angles formed by joining P with the vertices. (Use Formula #5a). 
Do this for each of the four cases which must be considered. 

METHOD I: In AABC, with angle bisectors AE = BD, draw 
4 DBF = ZAEB, BF = BE, FG 1 AC, AH 1 FH, where G 
and H lie on AC and BF, respectively. Also draw DF. Use 
congruent triangles to prove the base angles equal. 

METHOD II: (indirect) In A ABC, with angle bisectors CE = BF, 
draw GF || EB externally, and through E draw GE || BF. Then 
draw CG. Assume the base angles are not congruent. 

METHOD Ill: (indirect) In A ABC, with angle bisectors BE XY DC, 
draw parallelogram BDCH; then draw EH. Assume the base 
angles are not congruent. Use Theorem #42. 

METHOD IV: (indirect) In A ABC, with angle bisectors BE and DC 
of equal measure, draw ZFCD = ZABE where F is on AB. 

Then choose a point G so that BG = FC. Draw GH || FC, where 
H is on BE. Prove ABGH & ACFD and search for a con- 

tradiction. Assume mZC > mZB. 

METHOD I: Draw DH || AB and MN | DH, where H is on the 
circle; also draw MH, QOH, and EH. Prove AMPD ~ AMQH. 

METHOD II: Through P draw a line parallel to CE, meeting EF, 
ooo : CIP) 2 

extended through F, at K, and CD at L. Find the ratio — ; 

METHOD II: Draw a line through E parallel to AB, meeting the 

circle at G. Then draw GP, GM, and GD. Prove APMG & 
AQME. 

METHOD Iv: Draw the diameter through M and O. Reflect DF 

through this diameter; let D’F’ be the image of DF. Draw CF’, 

MF’, and MD’. Also, let P’ be the image of P. Prove that P’ 

coincides with Q. 

METHOD V: (Projective Geometry) Use harmonic pencil and 

range concepts. 

METHOD 1: Draw DG || AB, where G is on CB. Also draw AG, 

meeting DB at F, and draw FE. Prove that quadrilateral DGEF 

is a kite (i.e. GE = FE and DG = DF). 

METHOD 11: Draw BF so that mZ ABF = 20 and F is on AC. 

Then draw FE. Prove AFEB equilateral, and AFDE isosceles. 
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METHOD 11: Draw DF || AB, where F is on BC. Extend BA 

through A to G so that AG = AC. Then draw CG. Use similarity 

and theorem #47 to prove that DE bisects ZFDB. 

METHOD IV: With B as center and BD as radius, draw a circle 

meeting BA, extended, at F and BC at G. Then draw FD and 

DG. Prove AFBD equilateral, and A DBG isosceles. Also prove 

ADCG = AFDA. 

METHOD Vv: Using C as center, AC and BC as radii, and AB asa 

side, construct an 18-sided regular polygon. 

METHOD VI: (Trigonometric Solution I) Use the law of sines in 

A AEC and AABD. Then prove AAEC ~ ADEB. 

METHOD VII: (Trigonometric Solution II) Draw AF || BC. Choose 
a point G on AC so that AG = BE. Extend BG to meet AF at H. 

Apply the law of sines to AADB and AABH. Then prove 

ABDE = AAHG. 

METHOD I: Rotate the given equilateral A ABC in its plane about 

point A through a counterclockwise angle of 60°. Let P’ be the 

image of P. Find the area of quadrilateral APCP’ (when B is to 

the left of C), and the area of A BPC. 

METHOD II: Rotate each of the three triangles in the given equi- 

lateral triangle about a different vertex, so that there is now one 

new triangle on each side of the given equilateral triangle, thus 

forming a hexagon. Consider the area of the hexagon in parts, 

two different ways. 

Rotate ADAP in its plane about point A through a counter- 

clockwise angle of 90°. Express the area of APP’B (P’ is the 

image of P), in two different ways using Formula #5c, and Formula 

#5b. Investigate APAP’ and AAPB. 

Prove a pair of overlapping triangles congruent. 

Challenge 1 Draw two of the required lines. Draw the third line as 
two separate lines drawn from the point of intersection 
of the latter two lines, and going in opposite directions. 
Prove that these two smaller lines, in essence, combine to 
form the required third line. 
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Challenge 2 Use similarity to obtain three equal ratios. Each ratio 

6-12 

6-13 

6-14 

7-2 

7-3 

7-4 

is to contain one of the line segments proved congruent 
in Solution 6-11, while the measure of the other line 
segment in each ratio is a side of AKML where K, M, 
and L are the circumcenters. 

METHOD I: Begin by fixing two angles of the given triangle to yield 

the desired equilateral triangle. Then prove a concurrency of the 

four lines at the vertex of the third angle of the given triangle. 

METHOD II: This method begins like Method I. However, here we 

must prove that the lines formed by joining the third vertex of the 

given triangle to two of the closer vertices of the equilateral 

triangle are trisectors of the third angle (of the original triangle). 

In this proof an auxiliary circle is used. 

Use similarity to prove that the orthocenter must lie on the line 

determined by the centroid and the circumcenter. The necessary 

constructions are a median, altitude, and perpendicular bisector 

of one side. 

Draw the three common chords of pairs of circles. Show that the 

three quadrilaterals (in the given triangle) thus formed are each 

cyclic. (Note that there are two cases to be considered here.) 

Draw the three common chords of pairs of circles. Use Theorems 

#30, #35, #36, and #48. 

METHOD I: A line is drawn through A of cyclic quadrilateral 

ABCD, to meet CD, extended, at P, so that mZBAC = 

mZ DAP. Prove ABAC ~ ADAP, and AABD ~ AACP. 

METHOD II: In quadrilateral ABCD, draw ADAP (internally) 

similar to ACAB. Prove ABAP ~ ACAD. (The converse may 

be proved simultaneously.) 

Draw AF and diagonal AC. Use the Pythagorean Theorem; then 

apply Ptolemy’s Theorem to quadrilateral AFDC. 

Use the Pythagorean Theorem; then apply Ptolemy’s Theorem to 

quadrilateral AFBE. 

Draw CP. Use the Pythagorean Theorem; then apply Ptolemy’s 

Theorem to quadrilateral BPQC. 
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Draw RO, OP, and RP. Use similarity and Ptolemy’s Theorem. 

Prove that ABCD is cyclic; then apply Ptolemy’s Theorem. 

Apply Ptolemy’s Theorem to quadrilateral ABPC. 

Apply Ptolemy’s Theorem to quadrilateral ABPC. 

Apply the result obtained in Problem 7-7 to AABD and AA DG 

Apply Ptolemy’s Theorem to quadrilateral ABPC, and quadri- 

lateral BPCD. Then apply the result obtained in Problem 7-7 to 

LBEG: 

Apply the result of Problem 7-8 to equilateral triangles AEC and 

BFD. 

Consider BD in parts. Verify result with Ptolemy’s Theorem. 

Use the result of Problem 7-8. 

Choose points P_and Q on the circumcircle of quadrilateral 

ABCD (on are AD) so that PA = DC and QD = AB. Apply 

Ptolemy’s Theorem to quadrilaterals ABCP and BCDQ. 

On side AB of parallelogram ABCD draw AAP’B = ADPC, 
externally. Also use Ptolemy’s Theorem. 

METHOD I: Draw the diameter from the vertex of the two given 

sides. Join the other extremity of the diameter with the remaining 

two vertices of the given triangle. Use Ptolemy’s Theorem. 

(Note: There are two cases to be considered.) 

METHOD II: Draw radii to the endpoints of the chord measuring 

3: Then draw a line from the vertex of the two given sides per- 

pendicular to the third side. Use Theorem #55c. Ptolemy’s 

Theorem is not used in this method. (Note: There are two 

cases to be considered.) 

METHOD I: Draw a line through C, parallel to 4B, meeting POR 
at D. Prove that ADCR ~ AQBR, and APDC ~ APQA. 



8-2 

Huntsi255 

METHOD II: Draw BM LP PR, AN 1 PR, angee ne PR, where 
M, N, and L are on POR. Prove that ABMQ ~ AANQ, 
ALCP ~ ANAP, and AMRB ~ ALRC. 

METHOD I: Compare the areas of the various triangles formed, 
which share the same altitude. (Note: There are two cases to be 
considered.) 

METHOD II: Draw a line through 4, parallel to BC, meeting CP 

at S, and BP at R. Prove that AAMR ~ ACMB, ABNC ~ 

AANS, ACLP ~ ASAP, and ABLP ~ ARAP. (Note: There 

are two cases to be considered.) 

METHOD III: Draw a line through A and a line through C parallel 

to BP, meeting CP and AP at S and R, respectively. Prove that 
AASN ~ ABPN, and ABPL ~ ACRL; also use Theorem #49. 

(Note: There are two cases to be considered.) 

METHOD Iv: Consider BPM a transversal of A ACL and CPN a 

transversal of A ALB. Then apply Menelaus’ Theorem. 

Apply Ceva’s Theorem. 

Use similarity, then Ceva’s Theorem. 

Use Theorem #47; then use Ceva’s Theorem. 

Use Theorem #47; then use Menelaus’ Theorem. 

Use Theorem #47; then use Menelaus’ Theorem. 

First use Ceva’s Theorem to find BS; then use Menelaus’ Theorem 

to find TB. 

Use Menelaus’ Theorem; then use Theorem #54. 

Use both Ceva’s and Menelaus’ Theorems. 

Consider NGP a transversal of AAKC, and GMP a transversal of 

AAKB. Then use Menelaus’ Theorem. 

Draw AD BG, and PE 1 BC, where D and E lie on BC. For 

both parts (a) and (b), neither Ceva’s Theorem nor Menelaus’ 

Theorem is used. Set up proportions involving line segments and 

areas of triangles. 
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Extend FE to meet CB at P. Consider AM as a transversal of 

APFC and APEB; then use Menelaus’ Theorem. 

Use one of the secondary results established in the solution of 

Problem 8-2, Method I. (See III, IV, and V.) Neither Ceva’s 

Theorem nor Menelaus’ Theorem is used. 

Use Menelaus’ Theorem and similarity. 

Use Menelaus’ Theorem, taking KLP and MNP as transversals 

of AABC and AADC, respectively where P is the intersection of 

AC and LN. 

Use Theorems #36, #38, #48, and #53, followed by Menelaus’ 

Theorem. 

Taking RSP and R’S’P’ as transversals of A ABC, use Menelaus’ 

Theorem. Also use Theorems #52 and #53. 

Consider RNH, PLJ, and MOQJI transversals of AABC; use 
Menelaus’ Theorem. Then use Ceva’s Theorem. 

Use Ceva’s Theorem and Theorem #54. 

Draw lines of centers and radii. Use Theorem #49 and Menelaus’ 

Theorem. 

Use Theorems #48, #46, and Menelaus’ Theorem. 

Use Menelaus’ Theorem exclusively. 

(a) Use Menelaus’ Theorem and Theorem #34. 

(b) Use Menelaus’ Theorem, or use Desargues’ Theorem 

(Problem 8-23). 

Extend DR and DQ through R and Q to meet a line through C 
parallel to 4B, at points G and H, respectively. Use Theorem #48, 
Ceva’s Theorem and Theorem #10. Also prove AGCD & 
AHCD. 

METHOD I: Use the result of Problem 8-25, Theorem #47, and 
Menelaus’ Theorem. 
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METHOD II: Use Desargues’ Theorem (Problem 8-23). 

Use Theorem #36a and the trigonometric form of Ceva’s Theorem. 

Use Theorems #18, #5, #46, and #47. Then use Menelaus’ Theorem. 

Consider transversals BC, AN, and DE of A XYZ. Use Menelaus’ 
Theorem. 

Consider transversals C’’A4B’, A’B’C, BAC’ of AXYZ. Use 

Menelaus’ Theorem. 

METHOD I: Prove quadrilaterals cyclic; then show that two angles 

are congruent, both sharing as a side the required line. 

METHOD II: Prove quadrilaterals cyclic to show that two congruent 

angles are vertical angles (one of the lines forming these vertical 

angles is the required line). 

METHOD III: Draw a line passing through a vertex of the triangle 

and parallel to a segment of the required line. Prove that the 

other segment of the required line is also parallel to the new line. 

Use Euclid’s parallel postulate to obtain the desired conclusion. 

Discover cyclic quadrilaterals to find congruent angles. Use 

Theorems #37, #36, and #8. 

Prove X, Y, and Z collinear (the Simson Line); then prove 

APAB ~ APXZ. 

Draw the Simson Lines of AABC and ASCR; then use the 

converse of Simson’s Theorem. 

Show that M is the point of intersection of the diagonals of a 

rectangle, hence the midpoint of AP. Then use Theorem #31. 

Draw various auxiliary lines, and use Simson’s Theorem. 

Use Simson’s Theorem, and others to prove ALPM ~ AKPN. 

Use the converse of Simson’s Theorem, after showing that various 

Simson Lines coincide and share the same Simson point. 
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METHOD I: Extend an altitude to the circumcircle of the triangle. 

Join that point with the Simson point. Use Theorems #36, #8, #14, 

#5, #36a, #37, #7, and #18. Also use Simson’s Theorem. 

METHOD II: An isosceles (inscribed) trapezoid is drawn using one 

of the altitudes as part of one base. Other auxiliary lines are 

drawn. Use Theorems #9, #33, #21, #25, and Simson’s Theorem. 

Prove that each of the Simson Lines is parallel to a side of an 

inscribed angle. Various auxiliary lines are needed. 

Use a secondary result obtained in the proof for Problem 9-10, 

line (II). Then show that the new angle is measured by arcs 

independent of point P. 

Use the result of Solution 9-10, line (III). 

Draw altitude CE; then use the Pythagorean Theorem in various 

right triangles. 

Apply Stewart’s Theorem. 

METHOD I: Use Stewart’s Theorem. 

METHOD II: Use Heron’s Formula (Problem 6-1). 

Apply Stewart’s Theorem, using each of the interior lines separate- 

ly. Also use the Pythagorean Theorem. 

Use a secondary result obtained in the proof of Stewart’s Theorem 

[See the solution to Problem 10-1, equations (II) and (IV).] 

Apply Stewart’s Theorem and Theorem #47. 

Use the result obtained from Problem 10-6. 

METHOD I: Use Theorems #47, and #55, and the result obtained 
from Problem 10-6. 

METHOD II: Use Theorems #47 and #55. 

Use Theorems #47 and #55, and the result obtained from Problem 
10-6. 
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APPENDIX I Selected Definitions, Postulates, and Theorems 

If two angles are vertical angles then the two angles are congruent. 

Two triangles are congruent if two sides and the included angle 

of the first triangle are congruent to the corresponding parts of 

the second triangle. (S.A.S.) 

Two triangles are congruent if two angles and the included side 

of the first triangle are congruent to the corresponding parts of 
the second triangle. (A.S.A.) 

Two triangles are congruent if the sides of the first triangle are 

congruent to the corresponding sides of the second triangle. 

(35.57) 

If a triangle has two congruent sides, then the triangle has two 

congruent angles opposite those sides. Also converse. 

An equilateral triangle is equiangular. Also converse. 

If a pair of corresponding angles formed by a transversal of two 

lines are congruent, then the two lines are parallel. Also converse. 

If a pair of alternate interior angles formed by a transversal of 

two lines are congruent, then the lines are parallel. Also converse. 

Two lines are parallel if they are perpendicular to the same line. 

If a line is perpendicular to one of two parallel lines, then it is 

also perpendicular to the other. 
If a pair of consecutive interior angles formed by a transversal of 

two lines are supplementary, then the lines are parallel. Also 

converse. 
The measure of an exterior angle of a triangle equals the sum of 

the measures of the two non-adjacent interior angles. 

The sum of the measures of the three angles of a triangle is 180, 

a constant. 
The acute angles of a right triangle are complementary. 
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The sum of the measures of the four interior angles of a convex 

quadrilateral is 360, a constant. 

Two triangles are congruent if two angles and a non-included 

side of the first triangle are congruent to the corresponding parts 

of the second triangle. 

Two right triangles are congruent if the hypotenuse and a leg of 

one triangle are congruent to the corresponding parts of the other 

triangle. 
Any point on the perpendicular bisector of a line segment is 

equidistant from the endpoints of the line segment. Two points 

equidistant from the endpoints of a line segment, determine the 

perpendicular bisector of the line segment. 

Any point on the bisector of an angle is equidistant from the 

sides of the angle. 

Parallel lines are everywhere equidistant. 

The opposite sides of a parallelogram are parallel. Also converse. 

The opposite sides of a parallelogram are congruent. Also 

converse. 
The opposite angles of a parallelogram are congruent. Also 

converse. 
Pairs of consecutive angles of a parallelogram are supplementary. 

Also converse. 

A diagonal of a parallelogram divides the parallelogram into two 

congruent triangles. 

The diagonals of a parallelogram bisect each other. Also converse. 

A rectangle is a special parallelogram; therefore 21a through 21f 

hold true for the rectangle. 

A rectangle is a parallelogram with congruent diagonals. Also 
converse. 

A rectangle is a parallelogram with four congruent angles, right 

angles. Also converse. 

A rhombus is a special parallelogram; therefore 21a through 21f 

hold true for the rhombus. 
A rhombus is a parallelogram with perpendicular diagonals. 
Also converse. 
A rhombus is a quadrilateral with four congruent sides. Also 
converse. 
The diagonals of a rhombus bisect the angles of the rhombus. 
A square has all the properties of botha rectangle and a rhombus; 
hence 21a through 21m hold true for a square. 
A quadrilateral is a parallelogram if a pair of opposite sides are 
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both congruent and parallel. 
The base angles of an isosceles trapezoid are congruent. Also 
converse. 
If a line segment is divided into congruent (or proportional) 
segments by three or more parallel lines, then any other trans- 
versal will similarly contain congruent (or proportional) seg- 
ments determined by these parallel lines. 

If a line contains the midpoint of one side of a triangle and is 

parallel to a second side of the triangle, then it will bisect the third 
side of the triangle. 

The line segment whose endpoints are the midpoints of two sides 

of a triangle is parallel to the third side of the triangle and has a 

measure equal to one-half of the measure of the third side. 

The measure of the median on the hypotenuse of a right triangle 

is one-half the measure of the hypotenuse. 

The median of a trapezoid, the segment joining the midpoints of 

the non-parallel sides, is parallel to each of the parallel sides, and 

has a measure equal to one-half of the sum of their measures. 

The three medians of a triangle meet in a point, the centroid, 

which is situated on each median so that the measure of the 

segment from the vertex to the centroid is two-thirds the measure 

of the median. 
A line perpendicular to a chord of a circle and containing the 

center of the circle, bisects the chord and its major and minor 

arcs. 
The perpendicular bisector of a chord of a circle contains the 

center of the circle. 
If a line is tangent to a circle, it is perpendicular to a radius at the 

point of tangency. 
A line perpendicular to a radius at a point on the circle is tangent 

to the circle at that point. 
A line perpendicular to a tangent line at the point of tangency 

with a circle, contains the center of the circle. 

The radius of a circle is only perpendicular to a tangent line at the 

point of tangency. 
If a tangent line (or chord) is parallel to a secant (or chord) the arcs 

intercepted between these two lines are congruent. 

Two tangent segments to a circle from an external point are 

congruent. 

The measure of a central angle is equal to the measure of its 

intercepted arc. 
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The measure of an inscribed angle equals one-half the measure 

of its intercepted arc. 

A quadrilateral is cyclic (i.e. may be inscribed in a circle) if one 

side subtends congruent angles at the two opposite vertices. 

The opposite angles of a cyclic (inscribed) quadrilateral are 

supplementary. Also converse. 

The measure of an angle whose vertex is on the circle and whose 

sides are formed by a chord and a tangent line, is equal to one- 

half the measure of the intercepted arc. 

The measure of an angle formed by two chords intersecting inside 
the circle, is equal to half the sum of the measures of its inter- 
cepted arc and of the arc of its vertical angle. 

The measure of an angle formed by two secants, or a secant and 

a tangent line, or two tangent lines intersecting outside the circle, 

equals one-half the difference of the measures of the intercepted 

arcs. 
The sum of the measures of two sides of a non-degenerate 

triangle is greater than the measure of the third side of the 

triangle. 

If the measures of two sides of a triangle are not equal, then the 

measures of the angles opposite these sides are also unequal, the 

angle with the greater measure being opposite the side with 

the greater measure. Also converse. 

The measure of an exterior angle of a triangle is greater than the 

measure of either non-adjacent interior angle. 

The circumcenter (the center of the circumscribed circle) of a 

triangle is determined by the common intersection of the per- 

pendicular bisectors of the sides of the triangle. 

The incenter (the center of the inscribed circle) of a triangle is 

determined by the common intersection of the interior angle 

bisectors of the triangle. 
If a line is parallel to one side of a triangle it divides the other two 
sides of the triangle proportionally. Also converse. 
The bisector of an angle of a triangle divides the opposite side 
into segments whose measures are proportional to the measures 
of the other two sides of the triangle. Also converse. 
If two angles of one triangle are congruent to two corresponding 
angles of a second triangle, the triangles are similar. (A.A.) 
If a line is parallel to one side of a triangle intersecting the other 
two Sides, it determines (with segments of these two sides) a 
triangle similar to the original triangle. 
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Two triangles are similar if an angle of one triangle is congruent 
to an angle of the other triangle, and if the measures of the sides 
that include the angle are proportional. 

The measure of the altitude on the hypotenuse of a right triangle 
is the mean proportional between the measures of the segments 
of the hypotenuse. 

The measure of either leg of a right triangle is the mean propor- 

tional between the measure of the hypotenuse and the segment, 

of the hypotenuse, which shares one endpoint with the leg con- 

sidered, and whose other endpoint is the foot of the altitude on the 

hypotenuse. 

If two chords of a circle intersect, the product of the measures of 

the segments of one chord equals the product of the segments of 

the other chord. 

If a tangent segment and a secant intersect outside the circle, the 

measure of the tangent segment is the mean proportional between 

the measure of the secant and the measure of its external segment. 

If two secants intersect outside the circle, the product of the 

measures of one secant and its external segment equals the product 

of the measures of the other secant and its external segment. 

(The Pythagorean Theorem) In a right triangle the sum of the 

squares of the measures of the legs equals the square of the 

measure of the hypotenuse. Also converse. 

In an isosceles right triangle (45-45-90 triangle), the measure of 

the hypotenuse is equal to \/2 times the measure of either leg. 

In an isosceles right triangle (45-45-90 triangle), the measure of 

either leg equals one-half the measure of the hypotenuse times /2. 

In a 30-60-90 triangle the measure of the side opposite the 30 

angle is one-half the measure of the hypotenuse. 

In a 30-60-90 triangle, the measure of the side opposite the 60 

angle equals one-half the measure of the hypotenuse times /3. 

In a triangle with sides of measures 13, 14, and 15, the altitude to 

the side of measure 14 has measure 12. 

The median of a triangle divides the triangle into two triangles of 

equal area. An extension of this theorem follows. A line segment 

joining a vertex of a triangle with a point on the opposite side, 

divides the triangle into two triangles, the ratio of whose areas 

equals the ratio of the measures of the segments of this “opposite” 

side. 
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APPENDIX II Selected Formulas 

1 The sum of the measures of the interior angles of an n-sided 

convex polygon = (n — 2)180. 

2 The sum of the measures of the exterior angles of any convex 

polygon is constant, 360. 

3. The area of a rectangle: 

K = bh. 

4a The area of a square: 

K = s?. 

4b The area of a square: 

_!1 Kew. 

5a_ The area of any triangle: 

I ; bh, where b is the base and / is the altitude. 

5b The area of any triangle: 

K = ; ab sin C. 

5c The area of any triangle: 

K = Vs(s — a)(s — by — 0), where s = 5(a + b + 0). 

5d_ The area of a right triangle: 
1 

1S 5 hile, where / is a leg. 

Se The area of an equilateral triangle: 
s24/3 A : 

K= res where s is any side. 

Sf The area of an equilateral triangle: 
h?/3 : : 

ICS 7 , Where A is the altitude. 

6a The area of a parallelogram: 
K = bh. 
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6b The area of a parallelogram: 

10 

11 

12 

13 

Ke—sabisiniG- 

The area of a rhombus: 

fem 5 dy dy. 

The area of a trapezoid: 
1 

K= 5 Ahi + bo). 

The area of a regular polygon: 
1 : i 3 

K= 2D, where a is the apothem and p is the perimeter. 

The area of a circle: 
d? ; : 

K = cr? = or , where d is the diameter. 

The area of a sector of a circle: 

K= a5 ar”, where n is the measure of the central angle. 

The circumference of a circle: 

C= 2nr. 

The length of an arc of a circle: 

jie ae 
~ 360 

245 

2nr, where nis the measure of the central angle of the arc. 
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ORDINARY DIFFERENTIAL EQUATIONS, Morris Tenenbaum and Harry 

Pollard. Exhaustive survey of ordinary differential equations for undergraduates in 

mathematics, engineering, science. Thorough analysis of theorems. Diagrams. 

Bibliography. Index. 818pp. 5% x 8%. 64940-7 Pa. $18.95 

STATISTICAL MECHANICS: Principles and Applications, Terrell L. Hill. 

Standard text covers fundamentals of statistical mechanics, applications to 

fluctuation theory, imperfect gases, distribution functions, more. 448pp. 5% = 8%. 
65390-0 Pa. $11.95 

ORDINARY DIFFERENTIAL EQUATIONS AND STABILITY THEORY: An 

Introduction, David A. Sanchez. Brief, modern treatment. Linear equation, 

stability theory for autonomous and nonautonomous systems, etc. 164pp. 5% x 84. 
63828-6 Pa. $6.95 

THIRTY YEARS THAT SHOOK PHYSICS: The Story of Quantum Theory, 
George Gamow. Lucid, accessible introduction to influential theory of energy and 
matter. Careful explanations of Dirac’s anti-particles, Bohr’s model of the atom, 
much more. 12 plates. Numerous drawings. 240pp. 5% x 8%. 24895-X Pa. $6.95 

THEORY OF MATRICES, Sam Perlis. Outstanding text covering rank, non- 
singularity and inverses in connection with the development of canonical matrices 
under the relation of equivalence, and without the intervention of determinants. 
Includes exercises. 237pp. 5% x 8%. 66810-X Pa. $8.95 

GREAT EXPERIMENTS IN PHYSICS: Firsthand Accounts from Galileo to 
Einstein, edited by Morris H. Shamos. 25 crucial discoveries: Newton’s laws of 
motion, Chadwick’s study of the neutron, Hertz on electromagnetic waves, more. 
Original accounts clearly annotated. 370pp. 5% x 8%. 25346-5 Pa. $10.95 

INTRODUCTION TO PARTIAL DIFFERENTIAL EQUATIONS WITH AP- 
PLICATIONS, E.C. Zachmanoglou and Dale W. Thoe. Essentials of partial 
differential equations applied to common problems in engineering and the 
physical sciences. Problems and answers. 416pp. 5% x 84. 65251-3 Pa. $11.95 

BURNHAM’S CELESTIAL HANDBOOK, Robert Burnham, Jr. Thorough guide 

to the stars beyond our solar system. Exhaustive treatment. Alphabetical by 
constellation: Andromeda to Cetus in Vol. 1; Chamaeleon to Orion in Vol. 2; and 

Pavo to Vulpecula in Vol. 3. Hundreds of illustrations. Index in Vol. 3. 2,000pp. 
6% x OY. 23567-X, 23568-8, 23673-0 Pa., Three-vol. set $44.85 

CHEMICAL MAGIC, Leonard A. Ford. Second Edition, Revised by E. Winston 
Grundmeier. Over 100 unusual stunts demonstrating cold fire, dust explosions, 
much more. Text explains scientific principles and stresses safety precautions. 
128pp. 5% x 8. 67628-5 Pa. $5.95 

AMATEUR ASTRONOMER'’S HANDBOOK, J.B. Sidgwick. Timeless, compre- 
hensive coverage of telescopes, mirrors, lenses, mountings, telescope drives, 
micrometers, spectroscopes, more. 189 illustrations. 576pp. 5% x 8%. (Available in 
U.S. only) 24034-7 Pa. $11.95 
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SPECIAL FUNCTIONS, N.N. Lebedev. Translated by Richard Silverman. Fa- 
mous Russian work treating more important special functions, with applications 
to specific problems of physics and engineering. 38 figures. 308pp. 5% x 8%. 

60624-4 Pa. $9.95 

OBSERVATIONAL ASTRONOMY FOR AMATEURS, J.B. Sidgwick. Mine of 
useful data for observation of sun, moon, planets, asteroids, aurorae, meteors, 
comets, variables, binaries, etc. 39 illustrations. 384pp. 5% x 8%. (Available in U.S. 
only) 24033-9 Pa. $8.95 

INTEGRAL EQUATIONS, F.G. Tricomi. Authoritative, well-written treatment 
of extremely useful mathematical tool with wide applications. Volterra Equations, 
Fredholm Equations, much more. Advanced undergraduate to graduate level. 
Exercises. Bibliography. 238pp. 5% x 8%. 64828-1 Pa. $8.95 

POPULAR LECTURES ON MATHEMATICAL LOGIC, Hao Wang. Noted 
logician’s lucid treatment of historical developments, set theory, model theory, 
recursion theory and constructivism, proof theory, more. 3 appendixes. Bibli- 
ography. 1981 edition. ix + 283pp. 5% x 8%. 67632-3 Pa. $8.95 

MODERN NONLINEAR EQUATIONS, Thomas L. Saaty. Emphasizes practical 
solution of problems; covers seven types of equations. “. . . awelcome contribution 
to the existing literature. . . .’—Math Reviews. 490pp. 5% x 8%. 64232-1 Pa. $11.95 

FUNDAMENTALS OF ASTRODYNAMICS, Roger Bate et al. Modern approach 
developed by U.S. Air Force Academy. Designed as a first course. Problems, 
exercises. Numerous illustrations. 455pp. 5% x 8%. 60061-0 Pa. $9.95 

INTRODUCTION TO LINEAR ALGEBRA AND DIFFERENTIAL EQUA- 
TIONS, John W. Dettman. Excellent text covers complex numbers, determinants, 
orthonormal bases, Laplace transforms, much more. Exercises with solutions. 
Undergraduate level. 416pp. 5% x 8%. 65191-6 Pa. $10.95 

INCOMPRESSIBLE AERODYNAMICS, edited by Bryan Thwaites. Covers theo- 
retical and experimental treatment of the uniform flow of air and viscous fluids past 
two-dimensional aerofoils and three-dimensional wings; many other topics. 654pp. 
5% X BY. 65465-6 Pa. $16.95 

INTRODUCTION TO DIFFERENCE EQUATIONS, Samuel Goldberg. Excep- 

tionally clear exposition of important discipline with applications to sociology, 

psychology, economics. Many illustrative examples; over 250 problems. 260pp. 

5% x BY. 65084-7 Pa. $8.95 

LAMINAR BOUNDARY LAYERS, edited by L. Rosenhead. Engineering classic 

covers steady boundary layers in two- and three-dimensional flow, unsteady 

boundary layers, stability, observational techniques, much more. 708pp. 5% x 8. 

65646-2 Pa. $18.95 

LECTURES ON CLASSICAL DIFFERENTIAL GEOMETRY, Second Edition, 

Dirk J. Struik. Excellent brief introduction covers curves, theory of surfaces, 

fundamental equations, geometry on a surface, conformal mapping, other topics. 

Problems. 240pp. 5% x 8%. 65609-8 Pa. $8.95 
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ROTARY-WING AERODYNAMIGS, W.Z. Stepniewski. Clear, concise text covers 

aerodynamic phenomena of the rotor and offers guidelines for helicopter per- 

formance evaluation. Originally prepared for NASA. 537 figures. 640pp. 6% x 944. 
64647-5 Pa. $15.95 

DIFFERENTIAL GEOMETRY, Heinrich W. Guggenheimer. Local differential 

geometry as an application of advanced calculus and linear algebra. Curvature, 

transformation groups, surfaces, more. Exercises. 62 figures. 378pp. 5% x 8%. 
63433-7 Pa. $9.95 

INTRODUCTION TO SPACE DYNAMICS, William Tyrrell Thomson. Com- 

prehensive, classic introduction to space-flight engineering for advanced under- 
graduate and graduate students. Includes vector algebra, kinematics, transforma- 

tion of coordinates. Bibliography. Index. 352pp. 5% x 8%. 65113-4 Pa. $9.95 

A SURVEY OF MINIMAL SURFACES, Robert Osserman. Up-to-date, in-depth 
discussion of the field for advanced students. Corrected and enlarged edition covers 
new developments. Includes numerous problems. 192pp. 5% x 8%. 

64998-9 Pa. $8.95 

ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Indispensable 
reference for modern gear manufacture covers conjugate gear-tooth action, gear- 
tooth profiles of various gears, many other topics. 263 figures. 102 tables. 546pp. 
5% x 84. 65712-4 Pa. $14.95 

SET THEORY AND LOGIC, Robert R. Stoll. Lucid introduction to unified 
theory of mathematical concepts. Set theory and logic seen as tools for conceptual 
understanding of real number system. 496pp. 5% x 84. 63829-4 Pa. $12.95 

A HISTORY OF MECHANICS, René Dugas. Monumental study of mechanical 
principles from antiquity to quantum mechanics. Contributions of ancient Greeks, 
Galileo, Leonardo, Kepler, Lagrange, many others. 671 pp. 5% x 8}. 

65632-2 Pa. $14.95 

FAMOUS PROBLEMS OF GEOMETRY AND HOW TO SOLVE THEM, 
Benjamin Bold. Squaring the circle, trisecting the angle, duplicating the cube: 
learn their history, why they are impossible to solve, then solve them yourself. 
128pp. 5% x 8%. 24297-8 Pa. $4.95 

MECHANICAL VIBRATIONS, J.P. Den Hartog. Classic textbook offers lucid 
explanations and illustrative models, applying theories of vibrations to a variety of 
practical industrial engineering problems. Numerous figures. 233 problems, 
solutions. Appendix. Index. Preface. 436pp. 5% x 8%. 64785-4 Pa. $11.95 

CURVATURE AND HOMOLOGY, Samuel I. Goldberg. Thorough treatment of 
specialized branch of differential geometry. Covers Riemannian manifolds, topol- 
ogy of differentiable manifolds, compact Lie groups, other topics. Exercises. 3 15pp. 
5% X 81. 64314-X Pa. $9.95 

HISTORY OF STRENGTH OF MATERIALS, Stephen P. Timoshenko. Excel- 
lent historical survey of the strength of materials with many references to the 
theories of elasticity and structure. 245 figures. 452pp. 5% x 8% 61187-6 Pa. $12.95 
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GEOMETRY OF COMPLEX NUMBERS, Hans Schwerdtfeger. Illuminating, 
widely praised book on analytic geometry of circles, the Moebius transformation, 
and two-dimensional non-Euclidean geometries. 200pp. 5% x 84. 

63830-8 Pa. $8.95 

MECHANICS, J.P. Den Hartog. A classic introductory text or refresher. Hundreds 
of applications and design problems illuminate fundamentals of trusses, loaded 
beams and cables, etc. 334 answered problems. 462pp. 5% x 84. 60754-2 Pa. $10.95 

TOPOLOGY, John G. Hocking and Gail S. Young. Superb one-year course in 
classical topology. Topological spaces and functions, point-set topology, much 
more. Examples and problems. Bibliography. Index. 384pp. 5% x 84. 

65676-4 Pa. $10.95 

STRENGTH OF MATERIALS, J.P. Den Hartog. Full, clear treatment of basic 

material (tension, torsion, bending, etc.) plus advanced material on engineering 
methods, applications. 350 answered problems. 323pp. 5% x 8%. 60755-0 Pa. $9.95 

ELEMENTARY CONCEPTS OF TOPOLOGY, Paul Alexandroff. Elegant, 
intuitive approach to topology from set-theoretic topology to Betti groups; how 
concepts of topology are useful in math and physics. 25 figures. 57pp. 5% x 8%. 

60747-X Pa. $3.95 

ADVANCED STRENGTH OF MATERIALS, J.P. Den Hartog. Superbly written 
advanced text covers torsion, rotating disks, membrane stresses in shells, much 
more. Many problems and answers. 388pp. 5% x 84. 65407-9 Pa. $10.95 

COMPUTABILITY AND UNSOLVABILITY, Martin Davis. Classic graduate- 
level introduction to theory of computability, usually referred to as theory of 
recurrent functions. New preface and appendix. 288pp. 5% x 8% 61471-9 Pa. $8.95 

GENERAL CHEMISTRY, Linus Pauling. Revised 3rd edition of classic first-year 
text by Nobel laureate. Atomic and molecular structure, quantum mechanics, 
statistical mechanics, thermodynamics correlated with descriptive chemistry. 
Problems. 992pp. 5% x 8%. 65622-5 Pa. $19.95 

AN INTRODUCTION TO MATRICES, SETS AND GROUPS FOR SCIENCE 
STUDENTS, G. Stephenson. Concise, readable text introduces sets, groups, and 
most importantly, matrices to undergraduate students of physics, chemistry, and 
engineering. Problems. 164pp. 5% x 8. 65077-4 Pa. $7.95 

THE HISTORICAL BACKGROUND OF CHEMISTRY, Henry M. Leicester. 

Evolution of ideas, not individual biography. Concentrates on formulation of a 

coherent set of chemical laws. 260pp. 5% x 8%. 61053-5 Pa. $7.95 

THE PHILOSOPHY OF MATHEMATICS: An Introductory Essay, Stephan 

Korner. Surveys the views of Plato, Aristotle, Leibniz & Kant concerning proposi- 

tions and theories of applied and pure mathematics. Introduction. Two appen- 

dices. Index. 198pp. 5% x 8%. 25048-2 Pa. $8.95 

THE DEVELOPMENT OF MODERN CHEMISTRY, Aaron J. Ihde. Authorita- 

tive history of chemistry from ancient Greek theory to 20th-century innovation. 

Covers major chemists and their discoveries. 209 illustrations. 14 tables. Bibliog- 

raphies. Indices. Appendices. 851pp. 5% x 8%. 64235-6 Pa. $18.95 
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DE RE METALLICA, Georgius Agricola. The famous Hoover translation of 

greatest treatise on technological chemistry, engineering, geology, mining of early 

modern times (1556). All 289 original woodcuts. 638pp. 6% x 11. 
60006-8 Pa. $18.95 

SOME THEORY OF SAMPLING, William Edwards Deming. Analysis of the 

problems, theory and design of sampling techniques for social scientists, industrial 

managers and others who find statistics increasingly important in their work. 61 

tables. 90 figures. xvii + 602pp. 5% x 8%. 64684-X Pa. $15.95 

THE VARIOUS AND INGENIOUS MACHINES OF AGOSTINO RAMELLI: A 
Classic Sixteenth-Century Illustrated Treatise on Technology, Agostino Ramelli. 
One of the most widely known and copied works on machinery in the 16th century. 
194 detailed plates of water pumps, grain mills, cranes, more. 608pp. 9 x 12. 

28180-9 Pa. $24.95 

LINEAR PROGRAMMING AND ECONOMIC ANALYSIS, Robert Dorfman, 
Paul A. Samuelson and Robert M. Solow. First comprehensive treatment of linear 
programming in standard economic analysis. Game theory, modern welfare 
economics, Leontief input-output, more. 525pp. 5% x 8. 65491-5 Pa. $14.95 

ELEMENTARY DECISION THEORY, Herman Chernoff and Lincoln E. Moses. 
Clear introduction to statistics and statistical theory covers data processing, 
probability and random variables, testing hypotheses, much more. Exercises. 
364pp. 5% x 8%. 65218-1 Pa. $10.95 

THE COMPLEAT STRATEGYST: Being a Primer on the Theory of Games of 
Strategy, J.D. Williams. Highly entertaining classic describes, with many illus- 
trated examples, how to select best strategies in conflict situations. Prefaces. 
Appendices. 268pp. 5% x 8%. 25101-2 Pa. $7.95 

CONSTRUCTIONS AND COMBINATORIAL PROBLEMS IN DESIGN OF 
EXPERIMENTS, Damaraju Raghavarao. In-depth reference work examines 
orthogonal Latin squares, incomplete block designs, tactical configuration, partial 
geometry, much more. Abundant explanations, examples. 41 6pp. 5% x 84. 

65685-3 Pa. $10.95 

THE ABSOLUTE DIFFERENTIAL CALCULUS (CALCULUS OF TENSORS), 
Tullio Levi-Civita. Great 20th-century mathematician’s classic work on material 
necessary for mathematical grasp of theory of relativity. 452pp. 5% Xx 8. 

63401-9 Pa. $11.95 

VECTOR AND TENSOR ANALYSIS WITH APPLICATIONS, A.I. Borisenko 
and I.E. Tarapov. Concise introduction. Worked-out problems, solutions, exer- 
cises. 257pp. 5% x 8%. 63833-2 Pa. $8.95 
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THE FOUR-COLOR PROBLEM: Assaults and Conquest, Thomas L. Saaty and 
Paul G. Kainen. Engrossing, comprehensive account of the century-old combina- 
torial topological problem, its history and solution. Bibliographies. Index. 110 
figures. 228pp. 5% x 8%. 65092-8 Pa. $6.95 

CATALYSIS IN CHEMISTRY AND ENZYMOLOGY, William P. Jencks. 
Exceptionally clear coverage of mechanisms for catalysis, forces in aqueous 
solution, carbonyl- and acyl-group reactions, practical kinetics, more. 864pp. 
5% X 8%. 65460-5 Pa. $19.95 

PROBABILITY: An Introduction, Samuel Goldberg. Excellent basic text covers set 
theory, probability theory for finite sample spaces, binomial theorem, much more. 
360 problems. Bibliographies. 322pp. 5% x 8%. 65252-1 Pa. $9.95 

LIGHTNING, Martin A. Uman. Revised, updated edition of classic work on the 
physics of lightning. Phenomena, terminology, measurement, photography, 
spectroscopy, thunder, more. Reviews recent research. Bibliography. Indices. 
320pp. 5% x 8%. 64575-4 Pa. $8.95 

PROBABILITY THEORY: A Concise Course, Y.A. Rozanov. Highly readable, 
self-contained introduction covers combination of events, dependent events, 
Bernoulli trials, etc. Translation by Richard Silverman. 148pp. 5% x 84. 

63544-9 Pa. $6.95 

AN INTRODUCTION TO HAMILTONIAN OPTICS, H. A. Buchdahl. Detailed 
account of the Hamiltonian treatment of aberration theory in geometrical optics. 
Many classes of optical systems defined in terms of the symmetries they possess. 

Problems with detailed solutions. 1970 edition. xv + 360pp. 5% x 8%. 
67597-1 Pa. $10.95 

STATISTICS MANUAL, Edwin L. Crow, et al. Comprehensive, practical 

collection of classical and modern methods prepared by U.S. Naval Ordnance Test 
Station. Stress on use. Basics of statistics assumed. 288pp. 5% x 8%. 

60599-X Pa. $7.95 

DICTIONARY/OUTLINE OF BASIC STATISTICS, John E. Freund and Frank 
J. Williams. A clear concise dictionary of over 1,000 statistical terms and an outline 
of statistical formulas covering probability, nonparametric tests, much more. 
208pp. 5% x 8%. 66796-0 Pa. $7.95 

STATISTICAL METHOD FROM THE VIEWPOINT OF QUALITY CON- 
TROL, Walter A. Shewhart. Important text explains regulation of variables, uses 

of statistical control to achieve quality control in industry, agriculture, other areas. 

192pp. 5% x 8%. 65232-7 Pa. $7.95 

THE INTERPRETATION OF GEOLOGICAL PHASE DIAGRAMS, Ernest G. 

Ehlers. Clear, concise text emphasizes diagrams of systems under fluid or 

containing pressure; also coverage of complex binary systems, hydrothermal 

melting, more. 288pp. 6% x 9/4. 65389-7 Pa. $10.95 

STATISTICAL ADJUSTMENT OF DATA, W. Edwards Deming. Introduction to 

basic concepts of statistics, curve fitting, least squares solution, conditions without 

parameter, conditions containing parameters. 26 exercises worked out. 271pp. 

5% X BY. 64685-8 Pa. $9.95 
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TENSOR CALCULUS, J.L. Synge and A. Schild. Widely used introductory text 

covers spaces and tensors, basic operations in Riemannian space, non-Riemannian 

spaces, etc. 324pp. 5% x 8%. 63612-7 Pa. $9.95 

A CONCISE HISTORY OF MATHEMATICS, Dirk J. Struik. The best brief 

history of mathematics. Stresses origins and covers every major figure from ancient 

Near East to 19th century. 41 illustrations. 195pp. 5% = 8%. 60255-9 Pa. $7.95 

A SHORT ACCOUNT OF THE HISTORY OF MATHEMATICS, W.W. Rouse 

Ball. One of clearest, most authoritative surveys from the Egyptians and Phoeni- 

cians through 19th-century figures such as Grassman, Galois, Riemann. Fourth 

edition. 522pp. 5% x 8%. 20630-0 Pa. $11.95 

HISTORY OF MATHEMATICS, David E. Smith. Nontechnical survey from 
ancient Greece and Orient to late 19th century; evolution of arithmetic, geometry, 
trigonometry, calculating devices, algebra, the calculus. 362 illustrations. 1,355pp. 
5% x 8k. 20429-4, 20430-8 Pa., Two-vol. set $26.90 

THE GEOMETRY OF RENE DESCARTES, René Descartes. The great work 
founded analytical geometry. Original French text, Descartes’ own diagrams, 
together with definitive Smith-Latham translation. 244pp. 5% x 8%. 

60068-8 Pa. $7.95 

THE ORIGINS OF THE INFINITESIMAL CALCULUS, Margaret E. Baron. 
Only fully detailed and documented account of crucial discipline: origins; 
development by Galileo, Kepler, Cavalieri; contributions of Newton, Leibniz, 
more. 304pp. 5% x 8%. (Available in U.S. and Canada only) 65371-4 Pa. $9.95 

THE HISTORY OF THE CALCULUS AND ITS CONCEPTUAL DEVELOP- 
MENT, Carl B. Boyer. Origins in antiquity, medieval contributions, work of 
Newton, Leibniz, rigorous formulation. Treatment is verbal. 346pp. 5% x 8. 

60509-4 Pa. $9.95 

THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, translated with introduc- 
tion and commentary by Sir Thomas L. Heath. Definitive edition. Textual and 
linguistic notes, mathematical analysis. 2,500 years of critical commentary. Not 

abridged. 1,414pp. 5% x 8%. . 60088-2, 60089-0, 60090-4 Pa., Three-vol. set $31.85 

GAMES AND DECISIONS: Introduction and Critical Survey, R. Duncan Luce 
and Howard Raiffa. Superb nontechnical introduction to game theory, primarily 
applied to social sciences. Utility theory, zero-sum games, n-person games, 
decision-making, much more. Bibliography. 509pp. 5% x 8%. — 65943-7 Pa. $12.95 

THE HISTORICAL ROOTS OF ELEMENTARY MATHEMATICS, Lucas 
N.H. Bunt, Phillip S. Jones, and Jack D. Bedient. Fundamental underpinnings of 
modern arithmetic, algebra, geometry and number systems derived from ancient 
civilizations. 320pp. 5% x 84. 25563-8 Pa. $8.95 

CALCULUS REFRESHER FOR TECHNICAL PEOPLE, A. Albert Klaf. Covers 
important aspects of integral and differential calculus via 756 questions. 566 
problems, most answered. 431 pp. 5% x 84. 20370-0 Pa. $8.95 
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CHALLENGING MATHEMATICAL PROBLEMS WITH ELEMENTARY 
SOLUTIONS, A.M. Yaglom and I.M. Yaglom. Over 170 challenging problems on 
probability theory, combinatorial analysis, points and lines, topology, convex 
polygons, many other topics. Solutions. Total of 445pp. 5% x 8%. Two-vol. set. 

Vol. 1 65536-9 Pa. $7.95 
Vol. II 65537-7 Pa. $7.95 

FIFTY CHALLENGING PROBLEMS IN PROBABILITY WITH SOLU- 
TIONS, Frederick Mosteller. Remarkable puzzlers, graded in difficulty, illustrate 
elementary and advanced aspects of probability. Detailed solutions. 88pp. 5% x 8%. 

65355-2 Pa. $4.95 

EXPERIMENTS IN TOPOLOGY, Stephen Barr. Classic, lively explanation of 
one of the byways of mathematics. Klein bottles, Moebius strips, projective planes, 
map coloring, problem of the Koenigsberg bridges, much more, described with 
clarity and wit. 43 figures. 210pp. 5% x 8%. 25933-1 Pa. $6.95 

RELATIVITY IN ILLUSTRATIONS, Jacob T. Schwartz. Clear nontechnical 
treatment makes relativity more accessible than ever before. Over 60 drawings 
illustrate concepts more clearly than text alone. Only high school geometry needed. 
Bibliography. 128pp. 6% x 9%. 25965-X Pa. $7.95 

AN INTRODUCTION TO ORDINARY DIFFERENTIAL EQUATIONS, Earl 
A. Coddington. A thorough and systematic first course in elementary differential 
equations for undergraduates in mathematics and science, with many exercises and 
problems (with answers). Index. 304pp. 5% x 8%. 65942-9 Pa. $8.95 

FOURIER SERIES AND ORTHOGONAL FUNCTIONS, Harry F. Davis. An 
incisive text combining theory and practical example to introduce Fourier series, 
orthogonal functions and applications of the Fourier method to boundary-value 
problems. 570 exercises. Answers and notes. 416pp. 5% x 8%. 65973-9 Pa. $11.95 

AN INTRODUCTION TO ALGEBRAIC STRUCTURES, Joseph Landin. 
Superb self-contained text covers ‘“‘abstract algebra’’: sets and numbers, theory of 

groups, theory of rings, much more. Numerous well-chosen examples, exercises. 

247pp. 5% x 8%. 65940-2 Pa. $8.95 

Se ee ES 

Prices subject to change without notice. 

Available at your book dealer or write for free Mathematics and Science Catalog to Dept. GI, 

Dover Publications, Inc., 31 East 2nd St., Mineola, N.Y. 11501. Dover publishes more than 175 

books each year on science, elementary and advanced mathematics, biology, music, art, 

literature, history, social sciences and other areas. 
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DOVER BOOKS ON 
MATHEMATICS 

ARITHMETIC REFRESHER, A. Albert Klaf. (21241-6) $7.95 
CaLcuLus REFRESHER, A. Albert Klaf. (20370-0) $8.95 
THEORY OF APPROXIMATION, N.I. Achieser. (67129-1) $8.95 
ON ForMALLY UNDECIDABLE PROPOSITIONS OF PRINCIPIA MATHEMATICA AND 

RELATED Systems, Kurt Godel. (66980-7) $4.95 

MEtHopDs OF APPLIED MaTHEMATICS, Francis B. Hildebrand. 
(67002-3) $10.95 

Sl regan AND Locic, Mark Kac & Staislaw M. Ulam. (67085-6) 

MATHEMATICAL METHODS AND THEORY IN GAMES, PROGRAMMING, AND 
Economics, Samuel! Karlin. (67020-1) $18.95 

Survey or Matrix THEORY AND Matrix INEqua.iTies, Marvin Marcus & 
Henryk Minc. (67102-X) $6.95 

ABSTRACT ALGEBRA AND SOLUTION BY RapicaLs, John E. & Margaret W. 
Maxfield. (67121-6) $8.95 

ELEMENTS OF THE TOPOLOGY OF PLANE SETs OF Points, M.H.A. Newman. 
(67037-6) $6.95 

THE QUALITATIVE THEORY OF ORDINARY DIFFERENTIAL EQuaTIons: AN 
INTRODUCTION, Fred Brauer and John A. Nohel. (65846-5) $8.95 

FOuRIER SERIES AND ORTHOGONAL Functions, Harry F. Davis. 
(65973-9) $11.95 

TENSORS, DIFFERENTIAL FORMS, AND VARIATIONAL PRINCIPLES, David 
Lovelock and Hanno Rund. (65840-6) $9.95 

ESSENTIAL CALCULUS WITH APPLICATIONS, Richard A. Silverman. 
(66097-4) $9.95 

Topo.tocy, John G. Hocking and Gail S. Young. (65676-4) $9.95 

NuMBER THEORY AND ITs History, Oystein Ore. (65620-9) $9.95 

DISTRIBUTION THEORY AND TRANSFORM ANALYsIs, A.H. Zemanian. 
(65479-6) $11.95 

INTRODUCTION TO NUMERICAL ANALYsIS, F. B. Hildebrand. 
(65363-3) $15.95 

Firry CHALLENGING PROBLEMS IN PROBABILITY WITH SOLUTIONS, Frederick 

Mosteller. (65355-2) $4.95 

HANDBOOK OF MATHEMATICAL Functions, Milton Abramowitz and Irene 
A. Stegun. (61272-4) $24.95 

TENSOR ANALYSIS ON MANIFOLDS, Richard L. Bishop and Samuel I. 

Goldberg. (64039-6) $8.95 

Paperbound unless otherwise indicated. Prices subject to change 
without notice. Available at your book dealer or write for free catalogues 

to Dept. 23, Dover Publications, Inc., 31 East 2nd Street, Mineola, N.Y. 

11501. Please indicate field of interest. Each year Dover publishes over 

200 books on fine art, music, crafts and needlework, antiques, 

languages, literature, children’s books, chess, cookery, nature, 

anthropology, science, mathematics, and other areas. f 
Manufactured in the U.S.A. 



Challenging Problems 
in Geometry 
Alfred S. Posamentier 
Charles T: Salkind 

Designed for high-school students and teachers with an interest in mathematical 
problem-solving, this volume offers a wealth of nonroutine problems in geometry 
that stimulate students to explore unfamiliar or little-known aspects of mathematics. 

Included are nearly 200 problems dealing with congruence and parallelism, the 
Pythagorean theorem, circles, area relationships, Ptolemy and the cyclic quadri- 
lateral, collinearity and concurrency and many other subjects. Within each topic, 
the problems are arranged in approximate order of difficulty. Detailed solutions 
(as well as hints) are provided for all problems, and specific answers for most. 

Invaluable as a supplement to a basic geometry textbook, this volume offers both 
further explorations on specific topics and practice in developing problem-solving 
techniques. 
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