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Preface

Algebra has played a central and a decisive role in formulating and solving the
problems in all branches of mathematics, science, and engineering. My earlier plan
was to write a series of three volumes on algebra covering a wide spectrum to cater
the need of students and researchers at various levels. The two initial volumes have
already appeared. However, looking at the size and the contents to be covered, we
decided to split the third volume into two volumes, Algebra 3 and Algebra 4.
Algebra 3 concentrates on the homological algebra together with its important
applications in mathematics, whereas Algebra 4 is about Lie algebras, Chevalley
groups, and their representation theory.

Homological algebra has played and is playing a pivotal role in understanding
and classifying (up to certain equivalences) the mathematical structures such as
topological, geometrical, arithmetical, and the algebraic structures by associating
computable algebraic invariants to these structures. Indeed, it has also shown its
deep intrinsic presence in dealing with the problems in physics, in particular, in
string theory and quantum theory. The present volume, Algebra 3, the third volume
in the series, is devoted to introduce the homological methods and to have some of
its important applications in geometry, topology, algebraic geometry, algebra, and
representation theory. It contains category theory, abelian categories, and homology
theory in abelian categories, the n-fold extension functors EXT"(—, —), the torsion
functors TOR,(—,—), the theory of derived functors, simplicial and singular
homology theories with their applications, co-homology of groups, sheaf theory,
sheaf co-homology, some amount of algebraic geometry, E'tale sheaf theory and
co-homology, and the f-adic co-homology with a demonstration showing its
application in the representation theory. The book can act as a text for graduate and
advance graduate students specializing in mathematics.

There is no essential prerequisite to understand this book except some basics in
algebra (as in Algebra 1 and Algebra 2) together with some amount of calculus and
topology. An attempt to follow the logical ordering has been made throughout the
book.

vii



viii Preface

My teacher (Late) Professor B. L. Sharma, my colleague at the University of
Allahabad; my friends: Prof. Satyadeo, Prof. S. S. Khare, Prof. H. K. Mukherji, and
Dr. H. S. Tripathi; my students: Prof. R. P. Shukla, Prof. Shivdatt, Dr. Brajesh
Kumar Sharma, Mr. Swapnil Srivastava, Dr. Akhilesh Yadav, Dr. Vivek Jain, and
Dr. Vipul Kakkar; and above all the mathematics students of Allahabad University
had always been the motivating force for me to write a book. Without their con-
tinuous insistence, it would have not come in the present form. I wish to express my
warmest thanks to all of them.

Harish-Chandra Research Institute, Allahabad, has always been a great source
for me to learn more and more mathematics. I wish to express my deep sense of
appreciation and thanks to HRI for providing me all infrastructural facilities to write
these volumes.

Last but not least, I wish to express my thanks to my wife Veena Srivastava who
had always been helpful in this endeavor.

In spite of all care, some mistakes and misprints might have crept and escaped
my attention. I shall be grateful to any such attention. Criticisms and suggestions for
the improvement of the book will be appreciated and gratefully acknowledged.

Prayagraj, Uttar Pradesh, India Ramji Lal
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Chapter 1 ®)
Homological Algebra 1 i

This is the first chapter which develops the basic language of homological algebra.
It introduces categories, abelian categories, and the homology theory in an abelian
category. Further, it also introduces the bi-functor EXT (—, —).

1.1 Categories and Functors

The category theory gives us a unified, general, and abstract setting for mathematical
structures such as groups, rings, modules, vector spaces, topological spaces, etc.
Quite often, in mathematics, the concrete results are expressed in the language of
category theory. The Godel-Bernays axiomatic system for sets is the most suitable
axiomatic system for the category theory. As described in Chap. 2 of Algebra 1, class
is a primitive term in this axiomatic system instead of sets. Indeed, sets are simply
the members of classes. The classes which are not sets are termed as proper classes.

Definition 1.1.1 A category X consists of the following:

1. Aclass Obj X called the class of objects of X.
2. For each pair A, B in Obj X, we have a set Morys (A, B) called the set of mor-
phisms from the object A to the object B. Further,

MorE(A,B)ﬂMorE(A/, B') £ W@onlyif A = Aland B = B'.

3. For each triple A, B,C in ObjX, we have a map - from Mors(B, C) X
Mors (A, B)to Morg (A, C) called the law of composition. We denote the image
-(g, f) of the pair (g, f) under the map - by g f. Further, the law of composi-
tion is associative in the sense that if f € Mors(A, B), g € Mors(B, C) and
h € Morg(C, D), then (hg) f = h(gf).

© Springer Nature Singapore Pte Ltd. 2021 1
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4. Foreach A € ObjX, there is an element /4 in Morg (A, A) suchthat fI4 = f
for all morphisms f from A, and I4,g = g¢ for all morphisms g to A.

If f e Mors(X,Y), then X is called the domain of f and Y is called the co-

domain of f. We also represent the morphism f by X EA Y.

Clearly, for each object A of X, I, is the unique morphism, and it is called the
identity morphism on A. The category X is called a small category if ObjX is a
set.

Example 1.1.2 We have the category SET whose objects are sets, the morphisms
from a set A to a set B are precisely the maps from A to B, and the composition
law is the composition of maps. This is termed as the category of sets. G P denotes
the category whose objects are groups, the morphisms from a group H to a group
K are precisely homomorphisms from H to K, and the composition law is the
composition of maps. AB denotes the category of abelian groups whose objects
are abelian groups, morphisms are homomorphisms, and the composition law is the
composition of maps. RI NG will denote the category whose objects are rings, the
morphisms are ring homomorphisms, and the composition law is the composition
of maps. The category of topological spaces is denoted by 7 O P. Thus, the objects
of T O P are topological spaces, and the morphisms are continuous maps, and again
the composition law is the composition of maps.

Example 1.1.3 Let R be a ring with identity. Then Mod-R (R-Mod) denotes the
category whose objects are right (left) R-modules, the morphisms are module homo-
morphisms, and the composition law is the composition of maps.

Example 1.1.4 A group G can also be treated as a category having a single object
G. The elements of the group can be taken as morphisms from G to G, and the
composition law is the binary operation of G.

Example 1.1.5 Let f and g be homotopic maps from a topological space X to a
topological space Y. Let & and k be homotopic maps from a topological space Y to
a topological space Z. Then hof and kog are homotopic. Thus, we have a category
[T O P] whose objects are topological spaces, morphisms are homotopy classes [ f]
of maps, and the composition law is given by [g][f] = [gof]. This category is
termed as the homotopy category.

Example 1.1.6 We have the category W ST of well-ordered sets whose objects are
well-ordered sets, morphisms are order-preserving maps, and again the composition
law is the composition of maps. In particular, we have the category w of all finite
ordinals. Clearly, w is a small category.

Example 1.1.7 Let X be a set, and < be areflexive and transitive relation on X. Then
(X, <) can be treated as a category whose objects are elements of X. Moryx(x, y)
is @ if x %_ y, and Morx(x, y) is the singleton {i;} if x <y. If x <yand y <z,
then iji 1 = iZ. In particular, every poset (partially ordered set) can be treated as
a category. A partially ordered set (D, <) is called a directed set if for each pair
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a,b € D, thereis an element ¢ € D such thata < ¢ and also b < c. Thus, a directed
set can also be treated as a category.

Definition 1.1.8 Let X be a category. A morphism f from A to B is said to be a
monomorphism (epimorphism) if it can be left (right) cancelled in the sense that
fg = fh(gf = hf)implies that g = h. A morphism f from A to B is said to
be an isomorphism if there is a morphism g from B to A such that gf = I4 and
fg = Ip. Clearly, such a morphism g is unique, and it is called the inverse of f.
The inverse of f, if exists, is denoted by f~!.

Remark 1.1.9 Inthe category SET of sets,amorphism f fromaset Atoaset Bisa
monomorphism (epimorphism) if and only if it is an injective (surjective) map. Also
in the category G P, a morphism f from a group H to a group K is a monomorphism
if and only if f is injective (prove it). Clearly, an isomorphism is a monomorphism
as well as an epimorphism. However, a morphism which is a monomorphism as
well as an epimorphism need not be an isomorphism. For example, consider the
category Haus of Hausdorff topological spaces. The inclusion map from Q to R is a
monomorphism as well as an epimorphism (it is an epimorphism because Q is dense
in R) in this category. However, it is not an isomorphism.

Let X be a category. An object I of X is called an initial object if Mors (I, A)
is a singleton set for all object A in £. An object J of X is called an final object if
Mors (A, J) is a singleton set for all object A in X. An object 0 of X is called a zero
object if it is initial as well as a final object. The category SET has no initial object.
Every object in the category of singleton sets is a zero object. A poset considered
as a category has a initial object if and only if it has the least element. It has a final
object if and only if it has the largest element. All singleton sets are final objects in
SET. In the category G P of groups, all trivial groups are zero objects. If I and I
are two initial objects in a category X, then there is a unique morphism f from I to
I, and a unique morphism g from / to /. But, then g f and I; are both morphisms
from I to I. Since [ is an initial object g f = I;. Similarly, fg = I;. Thus, I and
I are isomorphic objects. It follows that an initial object, if exists, is unique up to
isomorphisms. Similarly, final and zero objects are also unique up to isomorphisms
provided they exist.

Proposition 1.1.10 Ler X be a category with O and O as zero objects. Let X and Y
be objects in X. Let ix o denote the unique morphism from X to 0, and ix (v denote
the unique morphism from X to 0. Let iy y denote the unique morphism fromQtoY,
and iy y denote the unique morphism from 0’ to Y. Then iy yix o = io.yix.o-

Proof Since iy yix,oand ix o are morphisms from X to 0’, and 0’ is a zero object, it
follows that

lo,0ix,0 = Ix,00-

Similarly,
ly,ylo,o = loy-
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Hence igyix,o = io,yiooix,o = lo,vixo-f
Definition 1.1.11 The unique morphism iy yix o from X to Y is called the zero

morphism, and it is denoted by Oy y.

Corollary 1.1.12 If f is a morphism from Y to Z, and g is a morphism from Z to
X, then

fOxy = Oxzand xyg = Ozy.
Proof Since 0 is a zero object, fipy = io z. Hence
fOxy = fioyixo = iozixo = Oxz.
Similarly, Ox yg = Ozy.

Definition 1.1. 13 Let X be acategory witha zero object. Let X EA Y be amorphism.
A morphism K - X is called a kernel of X EA Y if

OKY

KS5xLhy ="y

and whenever
i

Ogr
KoHxly =™y,

there exists a unique morphlsm J from K’ to K such that i J =i

Dually, a morphism Y % L is called a co-kernel of X > v if
xLySL=x%1L,

and whenever
xLhySLrr =x™rL,

there exists a unique morphism g from L to L’ such that uyv = v/'.

Proposition 1.1.14 I[f K % Xand K’ 5N X are both kernels of the morphism X EA
Y, then there is a unique isomorphism j from K to K' suchthati'oj = i.IfY 5L

and Y 5 L' are both co-kernels of the morphism X EA Y, then there is a unique
isomorphism p from L to L’ such that pov = v'.

Proof Since K’ L Xisa kernel there is a unique morphism j from K to K’ such
that i'oj = i.Next, since K — X is also a kernel, there is a unique morphism ;'

from K’ to K suchthatioj’ = i’. But, theni’ojoj’ i’. Again, since K’ 5N Xisa
kernel,andi’ojoj’ = i’ = i’oIK/,itfollowsthatjoj’ = Ig/. Similarly, j'oj = Ig.
This proves that j is an isomorphism. Similarly, the rest of the assertion follows. g
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Proposition 1.1.15 A kernel of a morphism is always a monomorphism. A co-kernel
is always an epimorphism.

Proof Let K -~ X be a kernel of X EA Y. Let np and i be morphisms from Z to K
such that ion = iopu. Then foion = 0zy = foiou. Since K % X is a kernel

of X EA Y,andion = iou,n = p.This shows thati can be left cancelled. Hence,
it is a monomorphism. The second part follows similarly. f

Remark 1.1.16 A monomorphism need not be a kernel of a morphism. Indeed, a
morphism « from H to G in the category G P of groups is a kernel of a morphism
if and only if « is an injective homomorphism such that «(H) is a normal subgroup
of G (prove it). Also an epimorphism need not be a co-kernel of a morphism. For
example, the inclusion map Q to R in the category TG of Hausdorff topological
groups is an epimorphism but it is not a co-kernel. Note that it is also not a kernel,
though it is a monomorphism.

Example 1.1.17 In the category G P of groups, kernels and co-kernels exist. A
monomorphism in G P need not be a kernel; however, an epimorphism is always a
co-kernel. Every morphism f in G P is uniquely expressible as f = gh, where g is
monomorphism and 4 is an epimorphism. Indeed, # is a co-kernel of a kernel of f.
However, g need not be a kernel of a co-kernel of f. In the categories AB, Mod -R,
and R-Mod, every monomorphism is a kernel, every epimorphism is a co-kernel,
and every morphism f is expressible as f = gh, where g is a co-kernel of a kernel
of f and g is akernel of a co-kernel of f. Also a morphism in any of these categories
is isomorphism if and only if it is a monomorphism as well as an epimorphism.

Let X be a category, and A be an object of X. Then Mors (A, A) is amonoid with
respect to the composition of morphisms. The members of Mors (A, A) are called
the endomorphisms of A. The monoid Mory (A, A) is denoted by End(A). An iso-
morphism from A to A is called an automorphism of A. The set of all automorphisms
of A is denoted by Aut(A), and it is a group under composition of morphisms.

Let X be a category. We say that a category I is a subcategory of ¥ if (i) ObjT" C
Objx; (ii) for each pair A, B € ObjI’, Morr(A, B) C Morxs (A, B); and (iii) the
law of composition of morphisms in I' is the restriction of the law of composition
of morphisms in X to I'. The subcategory I' is said to be a full subcategory if
Morr(A, B) = Morg(A, B) for all A, B € ObjI". AB is a full subcategory of
GP.

Functors

Definition 1.1.18 Let ¥ and I' be categories. A functor F from X to I' is an
association which associates to each member A € Obj X, amember F(A) of ObjT,
and to each morphism f € Morxs (A, B), a morphism F(f) € Morr(F(A), F(B)
such that the following two conditions hold:
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(1) F(gf) = F(g)F(f) whenever the composition g f is defined.
(1) F(Iy) = IF(A) forall A € ObJE

Let X be a category. Consider the category X whose objects are same as those
of ¥, Mors.(A, B) = Moryg(B, A), and the composition f¢gin X° is same as g f
in X. The category X is called the opposite category of X. A functor from X to a
category I' is called a contra-variant functor from ¥ to I'.

If ¥ is a category, then the identity map /op;s from ObjX to itself defines a
functor called the identity functor. Composition of functors are functors.

Example 1.1.19 Let H be a group. Denote its abelianizer H/[H, H] by Ab(H).
Let f be a homomorphism from H to a group K. Then f induces a homomorphism
Ab(f) from Ab(H) to Ab(K) defined by Ab(f)(h[H, H]) = f(h)[K, K]. This
defines a functor Ab from the category G P of groups to the category AB. This
functor is called the abelianizer functor.

Example 1.1.20 Let H be a group. Denote the commutator [H, H] of H by
Comm(H). If f is a homomorphism from H to K, then it induces a homomor-
phism Comm (f) from Comm(H) to Comm(K) defined by

Comm(f)(la, b]) = [f(a), f(b)]. This defines a functor Comm from the category
G P to itself. This functor is called the commutator functor.

Example 1.1.21 We have a functor 2 from the category G P of groups to the cate-
gory SET of sets which simply forgets the group structure and retains the set part
of the group. More explicitly, Q2((G, 0)) = G. Such a functor is called a forgetful
functor. There is another such functor from the category RI N G of rings to the cate-
gory AB of abelian groups which forgets the ring structure, but retains the additive
group part of the ring. There is still another forgetful functor from the category 7O P
to the category SET which forgets the topological structure, and retains the set part
of the space.

Example 1.1.22 Let f be a map from a set X to a set Y. Then f induces a unique
homomorphism F(f) from the free group F(X) to the free group F(Y) whose
restriction to X is f. This gives us the functor F from the category SET to the
category G P. This functor is called the free group functor.

Example 1.1.23 Let X be a category, and A be an object of . Foreach B € Obj X,
we put Mors(A, —)(B) = Mors(A, B), and for each morphism f from B to
C, we have a map Morg (A, —)(f) from Mors (A, B) to Mors (A, C) defined by
Mors (A, =)(f)(g) = fg.Itis easily verified that Mory (A, —) defined above is
a functor from X to the category SET of sets. Similarly, we have a contra-variant
functor Mory(—, A) from the category X to the category SET of sets.

Example 1.1.24 There is a very useful and important functor, viz, the fundamental
group functor 7; from the category 7O P* of pointed topological spaces to the
category G P of groups. It has tremendous application in geometry and topology.
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Definition 1.1.25 Let X be a category. A functor X from a directed set (D, <)
considered as a category to the category X is called a directed system in ¥. We
denote this directed system by (X, D). An inverse system in X is a contra-variant
functor from the directed category (D, <) to X.

Let (X, D) be a directed system in a category X. For a € D, denote X (o) by
X,. For a < 3, denote X (i?) by £9. Then (i) fora < 8 <, f; £ = £ and (ii)
f& = Ix,. Thus, a directed system in = consists of the following: (i) a directed
set (D, <), (ii) a family {X, | « € D} of objects in X, and (iii) a family { (f €
Mors (X, Xg) | o < B} of morphisms such that fgfa’ = fJand f& = Ix,.Also,
an inverse system in X consists of the following: (i) a directed set (D, <), (ii) a family
{X. | « € D}, and (iii) a family {ff € Morx(Xg, X,) | a < 8} of morphisms with
f& = Iy, suchthat fJ = f0fl.

Example 1.1.26 Let{X, | « € A}beafamily of sets such that for any two members
X, and X g of the family, there is amember X, of the family such that X, Ux 5 € X,.
Then the family is a directed set under the inclusion relation. Let i denote the
inclusion map from X, to Xz provided that X, € X3. This gives us a directed
system in the category SET. Similarly, a family {G, | o € A} of groups such that
for any two members G, and G of the family, there is a member G, of the family
such that G, and G are subgroups of G, defines a directed system in the category
GP.

Example 1.1.27 The set N of natural numbers is a directed set with usual ordering.
Let p be a prime. For eachn € N, consider the cyclic group Z/ p"Z. For eachn < m,
we have a homomorphism v}, from Z/p™Z to Z/p"Z given by v/ (a + p"7Z) =
a + p"Z. This defines an inverse system in the category A B of abelian groups.

Definition 1.1.28 Let (X, D) be a directed system in a category . An object U in
¥ together with a family {g, € Mors(X,, U) | a € D} is called a direct limit of
the directed system if the following hold:

(i) For o < B, g3 f) = ga-

(ii) If V is an object in X together with {h, € Mors(X,, V) | « € D} with h/gff =
h, for each o < 3, then there is a unique morphism g from U to V such that
h, = pg, foreach o € D.

Dually, let (X, D) be an inverse system in a category X, i.e., X is a contra-variant
functor from the directed category D to X. An object U in X together with a family
{ga € Morg(U, X,) | a € D is called an inverse limit of the inverse system if the
following hold:

(i)Fora < B3, fP95 = ga.
(1) If V is an object in X together with {h, € Mors(V, X,) | « € D with ffhg =
h, for each o < 3, then there is a unique morphism p from V to U such that
hy, = gapforeach a € D.

Evidently, a direct limit of a directed system is unique up to isomorphism. More
explicitly, if U together with a family {g, € Mors(X,,U) |ao € D} and V in &
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together with a family {h, € Morg(X,, V) | @ € D} are both direct limits of the
directed system, then there is a unique isomorphism g from U to V such that b, =
11gq foreach o € D. The unique direct limit of the directed system (X, D) is denoted
by Lim_, (X, D). Similarly, inverse limit of an inverse system, if exists, is unique,
and it is denoted by Lim . (X, D).

Theorem 1.1.29 In the categories SET, GP, AB, Mod-R, and T O P, the limits
and the inverse limits exist.

Proof We prove their existence in SET and G P. The proofs of their existence in
the rest of the categories are similar, and they are left as exercises. Let (X, D) be a
directed systemin SET. Let [ [, ., Xo = U,cp Xa % {a} denote the disjoint sum
of the family {X, | « € D} of sets, and j, the natural inclusion map from X, to
[{,cp Xao foreach a € D. Let R be the equivalence relation on [ [, X, generated
by the set of ordered pairs of the types (j,(a), jg(f(f(a))), aceX,,a<p LetU
denote the quotient set (] [,.;, Xa)/R, and g, = v0j,, Where v is the quotient map.
We show that U together with the family {g, | « € D} of maps is a direct limit of
(X, D). Clearly, gso ff = g, forall « < 3. Let V be a set together with the family
{ho : Xo = V | @ € D} of maps such that hgof(f = h, for all & < (3. We have a
unique map 4 from [ [, ., X, to V given by h(x,, @) = hqa(x,), wWhere x, € X,
and o € D. Since hgof? = h,, for a < 3, the generators of the equivalence relation
R belong to the kernel of f. From the fundamental theorem of maps (see Algebra
1), we have a unique map % from U to V such that h,oh = Ja- This shows that U
together with the family {g, | @ € D} of maps is a direct limit of (X, D).

Next, we prove the existence of direct limits in G P. Let (X, D) be a directed
system in G P. Let G denote the free product *,cp [ | X, of the family {X,, | « € D}
of groups, and j, the natural inclusion homomorphism from X, to *.ep [ [ X, for
each « € D. Let H be the normal subgroup of *,cp [ | X generated by the set of
elements of the types ji, (@)~ js(f’(a)), a € X,, o < 3. Let U denote the quotient
group *4ep | [ Xo/H, and g, = voj,, where v is the quotient map. We show that
U together with the homomorphisms g,, a € D is a direct limit of (X, D).

Clearly, gsof” = g,.Let V be a group together with homomorphisms 7., from
X, to V, a € D such that hgof? = h, for « < 3. From the universal property of
the free product, we have a unique homomorphism % from #,cp [[ X, to V given
by h(x,) = ha(x,), where x, € X, and o € D. Since h‘gof[“f = h,fora < f3, the
generators of the normal subgroup H belong to the kernel of f. From the fundamental
theorem of homomorphism, we have a unique homomorphism 4 from U to V such
that ho,oh = g,. This shows that U together with the family {g,, | « € D} is adirect
limit of (X, D).

Now, we show the existence of inverse limits in SET and G P. Let (X, D) be an
inverse system in SET (G P). Then X is a contra-variant functor from the directed
category D to SET (G P). Thus, we have a family {X, | « € D} of sets (groups)
together with the family { f(f : X3 = X, | o < B} of maps (homomorphisms) such
that £ = Ix, and £/ f] = f7.Consider the Cartesian (direct) product [],.p Xa
of the family {X, | a € ‘D} of sets (groups). Let p, denote the «y;, projection. Con-
sider the subset (subgroup) U = {x € ]_[aeD Xo | f(f(pﬁ(x)) = pa(x) | a <}
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of I—[%D X . We show that U together with the family {g, = p.|lv | @ € D} is the
inverse limit of the inverse system.

Let V be a set (group), and {h, : V — X, | « € D} be a family of maps (homo-
morphisms) such that f’ohs = h,, for all « < 3. We have the unique map (homo-
morphism) & from V to [ [, ., Xa givenby p,(h(v)) = ha(v). Clearly, h(V) C U.
This shows that U together with the family {g, = pa.|v | @ € D} of maps (homo-
morphisms) is an inverse limit of the inverse system.

Thus, if (X, D) is adirected system of sets, then Lim_, (X, D) istheset{a, | a, €
X, a € D} of equivalence classes, where a, = b_j if and only if there isay € D
with o <, B <~ suchthat fJ(a,) = f](bp).If (X, D) is a directed system of
groups, then the group operation - in Lim_, (X, D) is given by a,, - b_d = ¢,, where
¢y = [l f]bp,a <, B<n.

Let F be a functor from a category X to a category I'. The functor F is said
to be faithful if for each pair A, B € Obj X, the induced map f +— F(f) from
Mors (A, B) to Morr(F(A), F(B)) is injective. The functor F is said to be a full
functor if these induced maps are surjective. The forgetful functor from GP to SET
is faithful but it is not full. The abelianizer functor Ab is not faithful. A functor F is
said to be an isomorphism from the category X to the category I if there is a functor
G from I' to X such that GoF = Iy and FoG = Ir.

Let ¥ and I" be categories. Then ¥ x I' represents the category whose objects
are pairs (A, B) € ObjX x ObjTI", and a morphism from (A, B) to (C, D) is a pair
(f, g), where f is a morphism from A to C in X, and ¢ is a morphism from B to
D in I'. The composition law is coordinate-wise. This category is called the product
category.

A functor from ¥° x X to a category I' is called a bi-functor from X to I". It can
be easily observed that the association M ory, which associates to each object (A, B)
of Obj (X’ x X), the set Mors (A, B) defines a bi-functor from X to SET. Indeed,
amorphism from (A, B) to (C, D)in £° x X isapair (f, g), where f is amorphism
in ¥ from C to A and g is a morphism in ¥ from B to D, and then Morx(f, g)
is the map from Mors (A, B) to Mors(C, D) given by Mors(f, g)(h) = ghf.In
particular, Hom defines a bi-functor from the category of groups to the category
SET of sets.

Natural Transformations

Definition 1.1.30 Let F and G be functors from a category X to a category I'. A
natural transformation n from F to G is a family {ns € Morr(F(A), G(A)) | A €
Obj X} of morphisms in I such that the diagram
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F(A)__a LG(4)
F(f) G(/)
P " .G(B)

is commutative for all morphisms f in X.

Example 1.1.31 Let v¢ denote the quotient homomorphism from G to G/[G, G].
Then the family {vg | G € ObjG P} defines a natural transformation v from the
identity functor I p to the abelianizer functor Ab. Here Ab is treated as a functor
from GP to GP.

Example 1.1.32 For each set X, we have the inclusion map iy from X to Q(F (X)),
where F is the free group functor and €2 is the forgetful functor. Evidently, the fam-
ily {ix | X € ObjSET} of maps defines a natural transformation from the identity
functor Igg7 to the functor QoF on the category SET of sets.

Let F and G be two functors from a category X to a category I'. A natural
transformation 7 from F to G is called a natural equivalence if 14 is an isomorphism
from F(A) to G(A) forall A € ObjX. This is equivalent to say that there is a natural
transformation p from G to F such that paons = Ir) and ngopa = Ig(a) for all
objects A of . A functor F from X to I is called an equivalence from X to I' if
there is a functor G from I" to X such that FoG and GoF are naturally equivalent
to the corresponding identity functors. Notice that there is a difference between
isomorphism and equivalence between categories. An equivalence need not be an
isomorphism. However, equivalent categories have same intrinsic properties.

Let F be a functor from a category X to a category I'. Let f be a morphism from C
to Ain X, and g be a morphism from B to D in I". This defines amap Morr (F(f), g)
from the set Morr(F(A), B) to Morp(F(C), D) given by Morr(F(f), g)(h) =
ghF(f).Inturn, we getafunctor Morr (F (—), —) from the product category ¥ x I
to the category SET of sets. Similarly, given a functor G from I' to X, we have
another functor Mory (—, G(—)) from the product category ° x I" to the category
SET of sets. We say that F is left adjoint to G, or G is right adjoint to F if
there is a natural isomorphism 7 from the functor Morr(F(—), —) to the functor
Mors(—, G(—)). More explicitly, for each object A in ¥ and each object B in
I', we have a bijective map 1, p from Morr(F(A), B) to the set Mors (A, G(B))
such that Mors (f, G(9))na.s = nc.pMorr(F(f), g) for all morphisms (f, g) in
%? x I" (look at the corresponding commutative diagram).

Example 1.1.33 Consider the category SET of sets, and the category G P of groups.
We have the free group functor F from the category SET to the category G P.
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More explicitly, for each set X, we have the free group F(X) on the set X. We
also have the forgetful functor 2 from GP to SET. From the universal property
of free group, every group homomorphism f from F(X) to G is determined, and
it is uniquely determined by its restriction to X. This gives us a bijective map nx ¢
from Hom(F(X), G) to Map(X, Q2(G)). It is easy to observe (using the universal
property of a free group) that 7, thus obtained, is a natural equivalence. Hence, the
free group functor F is left adjoint to the forgetful functor 2.

Example 1.1.34 We have the forgetful functor 2 from the category A B of abelian
groups to the category G P of groups. We also have the abelianizer functor Ab from
G P to AB. It can be easily verified that Ab is left adjoint to €2.

Example 1.1.35 Let (X, xo) be a pointed topological space. Consider the quo-
tient space of X x I in which the subset X x {0} | J X x {1} U{xo} x I of X x I
is identified to a single point. This quotient space is called the Reduced suspen-
sion of (X, xo) and it is denoted by S(X, x¢). The equivalence class determined by
(x, t) is denoted by [x, ¢]. We have the special point [x,0] = [y, 1] = [xo,?]
of S(X, x9). Further, we have the reduced suspension functor X from the cat-
egory T OP* of pointed topological spaces to itself which is given by putting
(X, x0) = (S(X,xp),[x,0]) and Z(f)([x,t]) = [f(x),t], where f is a mor-
phism from (X, xq) to (Y, yo). Similarly, we have the function space Q(X, xo) =
(X, x0)!"D with the compact open topology, where (X, xo)!*" denotes the set
of all continuous maps from (7, I ) to (X, xo). The space 2(X, xp) is called the
loop space of X based at xp and its members are called loops at xo. We have
the constant loop oy in (X, xo). 2 also defines a functor from 7 O P* to itself
which is called the Loop Functor. For each pair ((X, x¢), (¥, y9)) of pointed
topological spaces, define a map 7)(x, x,),(v,y,) from Morr.p-(Z(X, xo), (¥, ¥0)) to
Morrep((X, x0), Q(Y, yo)) by putting nx xy),v,yo) (f)(x) = f([x,]). It can be
easily seenthatn = {n(x x,), v,y | (X, X0), (Y, yo) € ObjTop*}isanatural isomor-
phism between the functors Morr,p-(3(=), —) to Moryop(—, 2(—)). This shows
that ¥ is left adjoint to 2.

Yoneda Lemma and Yoneda Embedding

Let ¥ and Q2 be small categories. Since ¥ and 2 are small categories, the class of
all natural transformations from ¥ to 2 forms a set. Thus, we have the category Q*
whose objects are functors from X to €2, and Morg= (F, G) is the set of all natural
transformations from F to G. This category is called a functor category.

We have a functor E, from ¥ x QF to Q which is given by E, (A, F) = F(A).
This functor is called the evaluation functor.

Lemma 1.1.36 (Yoneda Lemma). For each object (A, F) in & x SETZ, we have
a bijective map na p from Morsgr=(Mors (A, —), F) to the set F(A) defined by
Na,r(©) = Ox(1y).
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Proof All that we need to show is that the map 74 r defined in the statement of
the lemma is a bijective map for all objects (A, F) in ¥ x SETZ. Suppose that
Na.r(®) = na p(P). Then®4(14) = Pa(14). Since ® and P are natural transfor-
mations from Morys (A, —) to F, for each morphism f € Mory (A, B), the diagram

Mors(A, A) __©a/®a pa)
Mor(14, f) F(f)
Y @B/(I)B Y
Mors(A, B) > F'(B)

is commutative. Hence
Op(f) =O@pMor(Ila, fYIp) = F(f)®a(a) = F(/HPaa) = Pp(Mor(ly, )p) = Pp(f).

This shows that ® = &. It follows that 14 is injective. To prove that 14 g is sur-
jective, let x € F(A). For each B € Obj %, define the map ®p from Mors (A, B)
to F(B) by Op(f) = F(f)(x). Let g be a morphism from B to C. Let f €
Mors (A, B). Then

OcMor(ly, 9)(f)) = Oclgof) = F(gof)(x) = F(@F(HH(x) = F(gOp(f).

This shows that the diagram

Mors(A,B) __©5 LF(B)
Mor(14,9) F(g)
Y Oc Y
Morg (A, C) > F(C)

is commutative forall g € Mors (B, C). Thus, ® = {®p | B € ObjX}is anatural
transformation from Mors (A, —) to F. Evidently, ®4(14) = F(I4)(x) = x.This
shows that 74 is a bijective map. fi

Corollary 1.1.37 Let ¥ be a small category. Let A and B be objects in X.
Then we have a bijective map na g from Morsgrs(Mory (A, —), Mors (B, —)) to
Mory (B, A) defined by s p(®) = ©Os(la). Further, if O4(l4) = f € Mory
(B, A), then the map ®¢ from Morg(A, C) to Morg(B, C) is given by O¢c(g) =
gof.
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Proof 1f we take F = Morg(B, —), then the first part of the result follows from
the Yoneda lemma. Again from the proof of the Yoneda lemma, it follows that
Oc(g) = Mor(B, —)(9)(f) = gof.4

Products and Co-products in a Category

Definition 1.1.38 Let A and B be objects in a category X. A product of A and B in
¥ is atriple (P, f, g), where P is an object of the category X, f is morphisms from
P to A, and g is a morphism from P to B such that given any such triple (P’, f’, ¢'),
there is a unique morphism ¢ from P’ to P such that f¢ = f'andg¢ = ¢'.

It is easily observed from the definition that if (P, f, g) and (P’, f’, ¢') are two
products of A and B, then there is an isomorphism ¢ from P’ to P suchthat f¢ = f’
and g¢ = ¢'. Thus, the product, if exists, then it is unique up to natural isomorphism.
The product of A and B is usually denoted by A x B.

In the category SET of sets, the Cartesian product A x B with the corresponding
projection maps is the product in the category SET. Similarly, the direct product
H x K of the groups H and K together with the corresponding projection maps is
the product of H and K in the category G P.

Dually, we have the following.

Definition 1.1.39 Let A and B be objects in a category X. A co-product of A and
B in X is atriple (U, f, g), where U is an object of the category X, f is morphisms
from A to U, and g is a morphism from B to U such that given any such triple
(U’, f', ¢'), there is a unique morphism ¢ from U to U’ such that ¢f = f’ and
bg =g

Itis easily observed from the definition thatif (U, f, g) and (U’, f’, ¢') are two co-
products of A and B, then there is an isomorphism ¢ from U to U’ with¢ f = f’and
¢g = ¢'. Thus, the co-product, if exists, then it is unique up to natural isomorphism.
The co-product of A and B is usually denoted by A [ B orby A & B.

In the category SET of sets, the disjoint union (A x {0}) | J(B x {1}) of A and B
with the natural inclusion maps is the co-product of A and B in the category SET.
Similarly, the free product H x K of the groups H and K together with the natural
inclusion maps is the co-product of H and K in the category GP (see Exercise
10.4.11 of Algebra 1).

Pullback and Pushout Diagrams

Definition 1.1.40 Let X be a category. Let f € Morg(A,C), and g € Mory
(B, C). A commutative diagram
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y v
B J C

is said to be a pullback diagram of the pair (f, g) of morphisms if given any com-
mutative diagram

D K A

A 4 Y
B J C

there exists a unique morphism ¢ from D to P such that h¢ = pand k¢ =

Dually, a pushout diagram is obtained by reversing the arrows in the definition
of pullback diagram. The reader is advised to formulate the definition of pushout
diagram.

In general, pullback and pushout need not exist in a category. However, they exist
in the category SET of sets, and also in the category G P of groups: Let f be a
morphism from A to C, and g be a morphism from B to C in the category SET /G P.
Consider the product A x B in the category SET/GP.Let P = {(a,b) € A x B |
f(a) = g(b)}. Let h denote first projection from P to A, and k denote the second
projection from P to B. This gives us a pullback diagramin SET /G P. Similarly, we
describe pushout diagrams in the category SET, and also in the category G P. Let f
be amap (group homomorphism) from C to A and g be a map (group homomorphism)
from C to B. Consider the disjoint union (direct sum) X = (A x {0}) (J(B x {1})
(A® B) of A and B. Let R be the equivalence relation (normal subgroup) of X
generated by {((f(c), 0), (g(c), 1)) |[ce C ({(f(c) —g(c)) | ¢ € C}).Let D denote
the quotient X /R and v the quotient map. Let i denote the map from A to D given
byi(a) = [a,0]and ] denote the map from B to D given by ](b) [0, b]. Then
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B > D

is the required pushout diagram.

Free Objects in a Category

A concrete category is a pair (X, A), where X is a category and A is a faithful
functor from X to the category SET of sets.

The pairs (GP, 2), (AB, 2), (Mod — R, 2), and (T O P, Q2) are all examples
of concrete categories, where in each pair 2 denotes the forgetful functor from the
respective category to the category SET of sets.

Let (X, A) be a concrete category, and X be a set. A pair (U, i), where U is an
object in ¥ and i a map from X to A(U) is called a free object on X if for any pair
(V, j), where V is an object in ¥ and j is a map from X to A(V), there is a unique
morphism ¢ from U to V such that A(¢)oi = j.

Proposition 1.1.41 If (U, i) and (V, j) are free objects on X, then there is a unique
isomorphism ¢ from U to V such that A(p)oi = j.

Proof Since (U, i) is a free object on X, there is a unique morphism ¢ from U to V
such that A(¢)oi = j. Again, since (V, j) is a free object on X, there is a unique
morphism v from V to U such that A())oj = i. In turn, A(¢p)oi = i. Also
A(ly)oi = i.Since (U, i) is a free object on X, ¢ = [y. Similarly, ¢pip = Iy.
This shows that ¢ is an isomorphism.

A concrete category may not have a free object on any set. For example, the category
of fields with forgetful functor has no free object on any set (why?). However, in
most of the important concrete categories, there are free objects on each set.

Proposition 1.1.42 Let (X, A) be a concrete category. Then free object exists on
each set if and only if A has a left adjoint F.

Proof Suppose that F is a functor from the category of sets to X which is left adjoint
to A. Let 1 be a natural isomorphism from Mors (F(—), —) to Morsgr(—, A(—)).
Take i = mx rx)(IF(x))- Then i is a map from X to A(F(X)). We show that the
pair (F(X), i) is a free object on X. Let V be an object of ¥, and j be a map from
X to A(V). We have to show the existence of a unique morphism p from F(X)
to V such that A(p)oi = j. The fact that n is a natural isomorphism gives us
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morphism (77X,V)_l (j) from F(X)to V. Take p = (nx,v)‘l(j). In turn, we have a
morphism (Ix, p) in SET? x X from (X, F (X)) to (X, V), and so also the following
commutative diagram:

Mors(F(X), F(X)_XF0)  _ Morspr(X, A(F(X)))

Mors(F(=),=)(Ix,p) Morspr(—, A(=))(Ix, p)

' nx,v \

Mors(F(X),V M orser(X, A(V))

Evidently,
J = nx,y(Mors(F(=), —)Ux, p)(Urx)) = Morsgr(—, A(=)Ux, p)(nx,rxyUFx)) = A(p)oi.

Clearly, p is unique with this property.

Conversely, suppose that free object exist on each set. Let F be an association
from Obj(SET) to Obj(X) together with maps ix from X to A(F (X)) such that
(F(X),ix) is a free object on X. Let Y be a set and f a map from X to Y. Then
iyof is amap from X to A(F(Y)). Since (F(X), ix) is a free object on X, there is
a unique morphism F(f) € Mors(F(X), F(Y)) such thatiyof = F(f)oix.Itis
easily observed that F' is a functor from SET to ¥ which is left adjoint to A. f

The left adjoint F to the functor A in a concrete category (X, A), if exists, is also
called a free functor.

Example 1.1.43 In the concrete category (G P, 2), for each set X, there is a free
object (F(X), ix) on X, where F(X) is free group on X. For the construction, see
Chap. 10 of Algebra 1. In the concrete category (Mod — R, 2) also, for each set X,
there is a free object (F(X), ix) on X and it is called the free R-module on X. For
the construction, see Chap. 7 of Algebra 2.

Definition 1.1.44 Let (X, A) be a concrete category. A pair (U, xg), where U is an
object of ¥ and xy € A(U), is called a universal free object in (X, A) if for any
pair (V, x), where V is an object of ¥ and x € A(V), there is a unique morphism ¢
from U to V such that A(¢)(xg) = x.

Observe that, universal free object, if exists, is unique up to isomorphism. In
(GP,Q),(Z,1) (and also (Z, —1)) is universal free object. In (Mod — R, 2), (R, 1)
is universal free object. Indeed, in most of the important concrete categories, all
objects can be obtained from a universal free object by certain universal constructions.
For example, every group is quotient of co-product of certain copies of the additive
group Z of integers.
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Definition 1.1.45 An object P in a category X is called a projective object if given
any epimorphism (3 from B to C and a morphism f from P to C, there is a lifting
morphism f of f from P to B in the sense that Sof = f. An object I in the
category X is called an injective object if given any monomorphism « from A to B
and a morphism f from A to I, f can be extended to a morphism f from B to I in
the sense that foa = f.

The axiom of choice ensures that every object in SET is projective as well as
injective object.

Proposition 1.1.46 Let ¥ and T be categories. Let F be a functor from ¥ to T’
which is left adjoint to a functor G from I to 2. Suppose that G takes epimorphisms
to epimorphisms. Then F takes projective objects to projective objects.

Proof Letnbeanatural isomorphism from the functor Morr (F(—), —) to Mors (—,
G(—)). Let P be a projective object in X. We have to show that F'(P) is a projective
objectin I". Let 3 be an epimorphism in I" from B to C and f a morphism from F(P)
to C. Under the hypothesis, G () is an epimorphism from G (B) to G(C) and np 5 (f)
is a morphism from P to G(C). Since P is projective in X, there is a morphism g
from P to G(B) such that G(6)og = np s(f). But then 50(77;,13(9)) = f. This
shows that P is projective. fi

Corollary 1.1.47 Let (X, A) be a concrete category such that A takes an epimor-
phisms to surjective maps. Then every free object is projective. |

In particular, free objects in the concrete categories (G P, 2), (Mod — R, Q2) are
projective objects.

Exercises

1.1.1 Show that the composition of any two monomorphism (epimorphism) is a
monomorphism (epimorphism).

1.1.2 Describe monomorphisms and epimorphisms in the category of Hausdorff
topological groups.

1.1.3 Let X be a category. Fix an object A in X. Let £4(24) denote the class of
all monomorphisms (epimorphisms) with co-domain (domain) A. Leta: K — A
(0:A— K)and 3: L — A (B : A — L) be members of £, (X4 ). We say that
« < ( if there is a morphism ~ from K to L such that 3y = «. Show that the
relation < is reflexive and transitive on ¥, (X4). We say that « is equivalent to 3
if @« < and also 8 < a. We write a & 3 if « is equivalent to 3. Show that & is an
equivalence relation on ¥4 (X4 ). An equivalence class [a] is called a subobject(
quotient object of A).

1.1.4 Show that any two left adjoints to a functor are naturally isomorphic.
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1.1.5 Show that the left adjoint to the forgetful functor from the category T O P of
topological spaces to the category SET of sets exists. Describe it. Describe a free
topological space.

1.1.6 Let TYCH denote the category of Tychonoff spaces, and C O M P denote the
category of compact Hausdorff space. Let 3(X) denote the Stone—Cech compacti-
fication of a Tychonoff space X. Show that 3 defines a functor from the category
TYCH to COMP, and it is a left adjoint to the forgetful functor from COM P to
TYCH.

1.1.7 Let F denote the forgetful functor from the category RING of rings with
identities to the category A B of abelian groups. Does there exist a left adjoint to F'?
If so describe it.

1.1.8 A magma (L, o) with identity is called a right loop if the equation Xoa = b
has a unique solution for all a, b € L. Thus, every group is a right loop. We have
a category RL of right loops whose objects are right loops and morphisms are the
operation-preserving maps. Clearly G P is a full subcategory of RL. Show that the
forgetful functor F from G P to RL has a left adjoint and describe it.

1.1.9 There are three forgetful functors from the category HG of Hausdorff topo-
logical groups. (i) The forgetful functor from HG to SET, (ii) the forgetful functor
from HG to G P, and (iii) the forgetful functor from HG to Haus. Determine if
they have adjoints, and if so, interpret them.

1.1.10 Show that the forgetful functor from the category of fields to the category of
commutative integral domains has an adjoint. Describe it.

1.1.11 Show that the forgetful functor from the category of complete metric spaces
to the category of metric space has an adjoint. Describe it. This adjoint functor is
called the completion.

1.1.12 Show that the forgetful functor from the category of R-modules to the cate-
gory of abelian groups has an adjoint. Describe it.

1.1.13 Let X be acategory. Consider the category ¥ x SET*. Define an association
Ev fromthe class of objects of ¥ x SETT totheclassof setsby Ev(A, F) = F(A).
Further for a morphism ( f, ) from (A, F) to (B, G), define the map Ev(f, n) from
Ev(A, F) = F(A)t0 Ev(G, B) = G(B)by Ev(f.n) = G(f)ona = 1z0F(f).
Show that E'v is a functor. The functor E'v is called an evaluation functor.

1.1.14 Define an association A from the class of objects of & x SET¥ to the class
of objects in SET by A(A, F) = Morsgr=(Mors(A, —), F). Again, for each
morphism (f,n) from (A, F) to (B, G), define a map A(f,n) from A(A, F) to
A(B, G) by

A(f,mM(®) == no®oMor(f, =) = {nco®coMor(f,Ic) | C € ObjX},



1.1 Categories and Functors 19

where © is a natural transformation from Mors (A, —) to F. Show that A is a functor.
Is there a natural isomorphism from A to Ev? Support.

1.1.15 Let R be a commutative ring with identity. Let Spec(R) denote the set of all
prime ideals of R. Let A be an ideal of R. Let V (A) denote the set of all prime ideals
of R containing A. Consider

Tspec(ry = (Spec(R) — V(A) | Aisanideal of R}.

Show that Tsp,..(r) is a topology on Spec(R). This topology is called the Zariski topol-
ogy. Let f be aring homomorphism (all ring homomorphisms are assumed preserve
identities) from R to S. Then f defines a map Spec(f) from Spec(S) to Spec(R)
by Spec(f)(p) = f~'(p). Show that Spec(f) is a continuous map. Further, show
that Spec defines a contra-variant functor from the category of commutative rings to
the category of topological spaces. Does it have any adjoint? Support.

1.1.16 Use the axiom of choice to show that the category V ECT of vector spaces
over a field is equivalent to the category SET of sets. Are they isomorphic?

1.1.17 Treat a group G as a category. Describe products, co-products, pullback
diagrams, and pushout diagrams if they exist?

1.1.18 Let f,g € Mors (A, B). A morphism k from K to A is called an equalizer
(also called difference kernel) of the pair ( f, ¢g) if the following hold: (i) fk = gk,
(ii) given any morphism &’ from K’ to A satisfying fk’ = gk’, there exists a unique
morphism g from K’ to K such that kyy = k’. Show that equalizer of a pair of
morphisms is a monomorphism. Dually, introduce the concept of co-equalizer (co-
kernel), and prove that it is an epimorphism.

1.1.19 Show that equalizers and co-equalizers exist in the categories SET, GP,
and R — Mod. Describe them.

1.1.20 Let ¥ be a category with a zero object. Suppose that equalizers and co-
equalizers exist in the category X. Show that the kernels and the co-kernels also
exist.

In each of the following three exercises, X is a category with zero object in which
kernel and co-kernel exist.

1.1.21 Let f: A — B be a morphism. Let p: B — P and g : B — Q be co-
kernels of f.Letk : K — B be a kernel of ¢g. Show that & is also a kernel of p.

1.1.22 Let f be a morphism in X. Show that co-ker (ker(co-kerf)) ~ co-kerf,
and ker (co-ker (kerf)) ~ kerf.

1.1.23 Let f : A — B be a morphism. Show that f = gh, where g: C — B is
a kernel of a co-kernel of f, and & is a morphism from A to C. Suppose also that
f = ¢g'I',where ¢ : D — B is akernel of a co-kernel of f, and &’ is a morphism
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from A to D. Show that there is a unique morphismk : C — D suchthat g’k = gand
kh = h’ (observe that k is an isomorphism). In particular, the factorization of f is
unique up to certain equivalence. Show by means of an example that / in the above
factorization need not be an epimorphism. Further, assume that ¥ has equalizers
and every monomorphism is a kernel. Show that g in the above factorization is an
epimorphism.

1.1.24 Let X be a category. Let {X, | « € A} be afamily of objects in X. An object
P together with a family of morphisms {p, € Mors (P, X,) | « € A} is called a
product of the family if given any object Q and a family f,, € Mors (0, X,) | @ €
A}, there exists a morphism p € Mors(Q, P) such that f,ou = p, foralla € A.
Show that the product of an arbitrary family of objects in the categories SET, G P,
and R-Mod exist. Dually, formulate the definition of a co-product of an arbitrary
family of objects, and show that they also exist in the categories SET, G P, and
R-Mod.

1.1.25 Show that the co-product of a family of free objects in a concrete category
is a free object on some set. Show also that co-products of projective objects are
projective.

1.1.26 Let (X, 2) be a concrete category such that Q2 preserves epimorphisms. Let
(U, i) be a free object on some set. Let 3 be an epimorphism in X from B to C, and
h a morphism from U to C. Show that & can be lifted to a morphism / from U to B
in the sense that Sh = h.

1.1.27 Let (X, 2) be a concrete category. (U, xo) be a universal free object in
(2, 2). Suppose that co-product of an arbitrary family of objects exist in ¥. Show
that every free object in (X, €2) is co-product of certain copies of U.

1.1.28 Complete the proof of the remaining cases in Theorem 1.1.29.

1.1.29 Show that every object A of the category SET is the direct limit of the
directed system of finite subsets of A. Characterize an object G in G P which is the
direct limit of the directed system of finite subgroups of G.

1.1.30 Show that inverse limit exist in the category T O P G of Hausdorff topological
groups.

1.1.31 A topological group G is called a pro-finite group if it is inverse limit of an
inverse system of finite Hausdorff topological groups. Show that a pro-finite group
is compact Hausdorff totally disconnected topological group.

1.1.32 Let G be a group, and
A = {H | His anormal subgroup of G of finite index}.

Show that A is a directed set under the containment 2O relation. If H, K € A and
H 2 K, then we have a natural homomorphism fJ from G/K to G/H. Show that
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this defines an inverse system of finite groups. Describe the inverse limit G* of this
inverse system. Thus, G* is a pro-finite group, called the pro-finite completion of G.
Show that the family {vy : G — G/H | H € A} induces a homomorphism v from
G to G*. Show that the image v(G) is dense in G*. When can v be an embedding?

1.1.33 Describe the pro-finite completion Z* of the additive group Z.

1.1.34 Fix a prime p. For each n € N, we have a finite groups Z,» = Z/p"Z. For
n < m, we have a homomorphism f," from Z ,» to Z .. This gives an inverse system
of finite topological groups in the category of topological groups. The pro-finite
group Zp), thus obtained, is called the additive group of p-adic integers. Describe
the group and show that it has an integral domain structure, called the ring of p-adic
integers. The field Q,) of quotients of Z,) is called the field of p-adic numbers .

There is another way to describe Q) as follows: Define a map d, from Q x Qto
R* ({0} by putting d,,(r, r) = 0and puttingd,,(r, s) = (%)”P(”‘), wherer —s =
p""9% with k and I co-prime to p, if  # 5. Show that (Q, d,,) is a metric field in
the sense that d, is a metric (called the p-adic metric) on Q and the field operations
are continuous. Show that the completion of this metric space has the structure of a
metric field which is isomorphic to Q).

1.1.35 Let L be a Galois extension (not necessarily finite) of a field K, and G(L/K)
the Galois group (see Chap. 8, Algebra 2). Let

A = {F|FCLandFis finite Galois extension of K}.

Show that A is directed set under the inclusion relation. For F, F' € A with F C F’,
we have the restriction homomorphism j If " from G(F’ /K) to G(F/K). Thus,
{G(F/K) | F € A} together with {jf | F C F'}is an inverse system of finite dis-
crete groups. Show that the restriction maps from G(L/K) to G(F/K) forall F € A

Lim

induces an isomorphism from G(L/K) to — pcp (G(F/K)). Thus, G(L/K) is a
pro-finite group. The topology, thus obtained, is called the Krull topology.

1.1.36 Let L be a Galois extension (not necessarily finite) of a field K, and G(L/K)
the Galois group. Let S(G(L/K)) denote the set closed subgroups of G(L/K), and
SF(L/K) the set of intermediary fields. Let F € SF(L/K). Show that G(L/F) €
SG(L/K).Defineamap x from SF(L/K)toS(G(L/K))byx(F) = G(L/F),and
amap 7 from S(G(L/K))to SF(L/K)byn(H) = F(H),where F(H) denote the
fixed field of H. Show that y and 7 are inclusion-reversing maps which are inverses
of each other. The result is termed as the fundamental theorem of Galois theory for
infinite extensions (see Chap. 8, Algebra 2).

1.1.37 Let G be a first countable (not necessarily Hausdorff) topological group.
Call a sequence {x, | n € N} to be a Cauchy sequence in G if for all neighborhood
U of the identity e, there is a natural number ny such that n, m > ny implies that
x,'x,, € U. Show that every convergent sequence is a Cauchy sequence. Call G
to be complete topological group if every Cauchy sequence is convergent. Assume,
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further, that G is abelian. Let C (G) denote the set of all Cauchy sequences in G.
Letx = {x,|neN}and y = {y,|n € N} be Cauchy sequences in G. Show
thatx +y = {x, + y, | n € N} is also a Cauchy sequence, and é(G) is an abelian
group with respect to +. Let N(G) denote the subgroup of C(G) consisting of those
sequences which converge to 0, and G denote the quotient group C(G) / N(G). The
group G is called the completion of the topological group G. Show that completion
defines functor from the category of first countable topological groups to the category
of complete topological groups.

1.1.38 Let
G =G6026126:2-2G6,2Gu41 2"+

be a chain of subgroups of an abelian group G. Show that G is a topological group
with {G, | n > 0} as fundamental system of neighborhood of the identity e of G.

Show that each G, is a clopen subgroup of G. Let G denote the inverse limit of the
inverse system {(G/G,, v,) | n € N}, where v, is the obvious homomorphism from

G/G, to G/G,_,. Show that G is isomorphic to G.

1.1.39 Let R be aring and A is an ideal of R. We have a chain
R=RDADA*D...2A" DA O...

of ideals of R. Show that there is a unique topological ring with {A" | n > 0} as a
fundamental system of neighborhood of 0. The topology on R thus obtained is called
the A — adic topology on R. The completion R of this topological ring is called the
A-adic completion. Let R and R’ be rings with ideals A and A’, respectively. Let
f be a homomorphism from R to R’ such that f(A) € A’. Show that f induces a
homomorphism from the A-adic completion Rto R

1.2 Abelian Categories

The category A B of abelian groups and the category Mod-R of modules over a ring
R are special type of categories in which morphism sets are equipped with abelian
group structures such that the composition laws are bi-additive. There are many such
categories. The purpose of this section is to introduce an abstract theory for such
categories.

Definition 1.2.1 A category ¥ with a zero object together with abelian group struc-
tures on Mors (A, B) for all A, B € Obj(X) is called an additive category if the
composition law from Mors (B, C) x Mor,(A, B) to Mors (A, C) is bi-additive.

The categories AB and R-Mod are additive categories whereas G P is not an
additive category.
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Proposition 1.2.2 Let ¥ be an additive category. Let P together with morphisms
p1: P — Aand p,: P — B represent a product of A and B. Then there exist
unique morphismsi; : A — P and i, : B — P such that

(i) piiy = I, poiy = Ipand
(ii) i1p1 +iapy = Ip.

Also P together with morphismsi; : A — P andi, : B — P represent a co-product
of A and B. Conversely, let P be an object together with morphisms pi, p», i1, and
i satisfying the conditions (i) and (ii) above. Then the triple (P, p1, p;) represents
the product, and the triple (P, i1, i) represents the co-product of A and B.

Proof Suppose that the triple (P, p;, p») represent a product of A and B. We have
morphism /4 from A to A, and since X has zero object, we have the zero homo-
morphism 04 p from A to B. From the definition of product, we have a unique

homomorphism i; from A to P such that p;i; = I, and pyi; = 04 p. Similarly,
we have a morphism i, from B to P such that p,i, = Ip and pji, = 0Op 4.
Next,

pi(iip1 +i2p2) piiip1 + piiap2 P1,

and also
paitp1 + paiaps = pa.

pa(iip1 +i2p2)

Also piIp = p;, and ppIp = p,. From the universal property of a product,
i1p1 +iapa = Ip.

Now, we show that the triple (P, i1, i,) represents a co-product of A and B. Let
Jj1i:A— Qand j, : B— Q be morphisms. Then j; p; + j»p» is a morphism from
P to Q such that (jip; + jop2)iy = ji and (jip1 + jap2)ia = jo. Let ¢pis a
morphism from P to Q such that ¢i; = j; and ¢i, = j,. Then ¢ = ¢lp =
¢(i1p1 +i2p2) = jip1+ j2p2. Thus, jip1 + jap2 is a unique morphism from P
to O such that (jip1 + jap2)it = Jji and (jip1 + j2p2)ia = jo. This shows that
the triple (P, iy, i) represents a co-product of A and B.

Conversely, let P be an object together with morphisms p1, p», i1, and i, satisfying
the conditions (i) and (ii) of the proposition. Then as above, triple (P, i1, i;) represents
a co-product of A and B, and triple (P, p;, p») represents a product of A and B.

Corollary 1.2.3 In an additive category, an object P is a product of A and B if and
only if it is a co-product of A and B. {

An additive category X is said to be an exact category if any pair of objects in X
has a product and so also a co-product.

Definition 1.2.4 An exact category X is termed as an abelian category if the fol-
lowing hold:

(i) Every morphism has a kernel as well as a co-kernel.
(i) Every monomorphism is a kernel and every epimorphism is co-kernel.
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Evidently, opposite category X° of an abelian category X is again an abelian
category. Thus, every theorem in an abelian category has a dual theorem in which
arrows are reversed.

The category AB and the category R-Mod are examples of abelian categories.

Proposition 1.2.5 Let X be an abelian category. Let o : A — B be a monomor-
phism, and 7 : B — C be a co-kernel of 0. Then o is a kernel of T. Dually, if
o : A — B is an epimorphism, and 7 : K — A is a kernel of o, then o is a co-
kernel of T.

Proof Let 0 : A — B be a monomorphism, and 7 : B — C be a co-kernel of o.
Since ¥ is an abelian category, 0 : A — B is a kernel of a morphism y : B — D.
Then po = 04 p. Since 7 is a co-kernel of o, there is a unique morphism v from C
to D such that vt = p.Letp: L — B be a morphism such that 7p = 0 ¢. Then
up = vtp = 0p p. Since o is a kernel of y, there is a unique morphism 7 from L
to A such that on = p. This shows that o is kernel of 7. Similarly, the rest of the
assertion can be proved. f

Corollary 1.2.6 Let A be an object in an abelian category X. Let S(A) denote the
class of subobjects (see Exercise 1.1.3) of A, and Q(A) denote the class quotient
objects of A. Then ker induces a map ker from Q(A) to S(A) defined by ker ([c]) =
[kero], and coker induces a map coker from S(A) to Q(A) defined by coker ([c]) =
[cokera] which are inverses of each other. t

The following result is immediate (see Exercise 1.1.23).

Proposition 1.2.7 Let X be an abelian category. Every morphism f is factorizable
as f = gh, where g is a monomorphism (and so a kernel) and h an epimorphism
(and so a co-kernel). Further, the factorization is unique in the sense thatif f = g'h’,
where ¢’ is an monomorphism and h' a epimorphism, then [g] = [¢'land[h] = [h'].

il

Definition 1.2.8 The subobject [g] described in the above proposition is called the
image of f and the quotient object [%] is called the co-image of f.

Proposition 1.2.9 A morphism in an abelian category is an isomorphism if and only
if it is a monomorphism and also an epimorphism.

Proof Let X be an abelian category and ¢ a morphism in X from A to B. Suppose
that o is a monomorphism and also an epimorphism. Let 7 : K — A be a kernel of
o.Then o7 = Og p = 00k 4. Since o is a monomorphism, 7 = 0Ok 4. Again,
since 7 is a kernel K = 0 is a zero object. Since every epimorphism in an abelian
category is a co-kernel, o is a co-kernel. Suppose that o is a co-kernel of p : C — A.
Thenop = Oc¢ p.Since Oy 4 isakernel of 0, p = 09 40c0 = O¢ 4. Hence, o is co-
kernel of Oc 4. Since 140c.4 = Oc 4, there is a unique morphism 7 : B — A such
thatno = I4. Similarly, there is a unique morphism¢ : B — A suchthatof = I.
Consequently, 7 = n(c€) = (no)€ = £. This shows that o is an isomorphism. The
converse is already seen to be true in any category. i
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Proposition 1.2.10 Equalizers and co-equalizers exist in an abelian category.

Proof Let o and 3 be morphisms from A to B in an abelian category X. Then o — (3
is also a morphism from A to B.Lety : K — A be a kernel of a — 3. We show that
~ is an equalizer of the pair («, ). Since (a« — 8)y = 0, ay = B~. Next, v be
a morphism from K’ to A such that oy’ = (~'. Then (o — 8)y' = 0. Since 7 is
kernel of o — 3, there is a unique morphism 7 from K’ to A such that yn = ~’. This
shows that v is an equalizer. Similarly, we can prove the existence of co-equalizers.

il

Proposition 1.2.11 Let X be an abelian category. Let a« : A — C and 3 : B — C
be morphisms. Then a pullback diagram of the pair («, 3) exists. Dually, if o : C —
A and B : C — B be morphisms, then a pushout diagram of the pair («, 3) exists.

Proof Leta: A — Cand (3 : B — C be morphisms. Consider the morphisms ap;
and Bp, from P to C, where the triple (P, p;, p») is a product of A and B. Let
7n: K — P be an equalizer of ap, and Bp;. Then apinp = Bpyn. Let D be an
object together with morphisms g; : D — Aand g, : D — B suchthatag; = [¢».
From the definition of a product, there exists a unique morphism ¢ from D to P such
that pj¢ = ¢q; and pr¢ = q». Thus, ap;¢p = [Bpr¢. Since 7 is an equalizer of
ap; and 3 p,, there is a unique morphism ¢ from D to K such that p;m) = ¢; and
panY = q». This shows that

K yZui LA
pa2m «
A ﬂ Y
B C

»-

is a pullback diagram of the pair («, 3). Similarly, we can show the existence of a
pushout diagram.

An abelian category X together with (i) an association which associates to each
pair A and B of objects in X, a triple (P, f, g) which represents a product of A and
B; (ii) an other association which associates to each subobject [a] of an object A (see
Exercise 1.1.3), a unique monomorphism ¢ in the class [«], and an other association
which associates to each quotient object [3] of an object A, a unique epimorphism
7 in the class [3] is called a selective abelian category.

Thus, in a selective abelian category, every subobject of an object A is determined
uniquely by an object B, and a unique monomorphism i from B to A. This morphism
will be termed as inclusion morphism. Similarly, a quotient object of A is uniquely
determined by an object B and an epimorphism 7 from A to B.

Using the axiom of choice, we can treat each small abelian category as selective
abelian category. The category of R-modules is a selective abelian category. Indeed
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any subobject of an R-module A is uniquely determined by a submodule B of A,
and any quotient object is uniquely determined by a quotient module. To play more
with objects, often, we shall assume our abelian category to be a selective abelian
category.

Definition 1.2.12 A chain

dy_ dy—1 dy, dyy1
X=--5X,5X, 23X, -",nel

of morphisms in an abelian category X is called an exact sequence at the nth stage
if imaged, | = kerd, (equivalently, [imaged,_] = [kerd,]). More explicitly, it
is exact at the nth stage if and only if

dy— Hn—1 Vn—1
X1 —> Xy = X1 —> K, > Xy,

where 1, is an epimorphism and v,_; is a kernel of d,,. It is said to be an exact
sequence if it is exact at each stage. A finite exact sequence of the type

0>A%BLc5o0

is called a short exact sequence.

Thus,

0—>mZ—i>Zl>Zm—>0

is a short exact sequence in the category A B of abelian groups.

Proposition 1.2.13 (i) A sequence 0 — A 5 B in an abelian category X is an
exact sequence if and only if o is a monomorphism.

(ii) A sequence B ﬁ) C — 0 in X is an exact sequence if and only if (3 is an
epimorphism.

(iii) A sequence 0 — A % B — 0in X is an exact sequence if and only if o is an
isomorphism.

B8
(iv) A sequence 0 — A 5 B5 C— 0in X isan exact sequence if and only if
is a monomorphism, and 3 is a co-kernel of .

Proof (i) Suppose that0 — A 5 Bisexact. Since 0 — A is a monomorphism and
0 — 0is an epimorphism, it follows that 0 — A is its image. From the exactness, it
follows that 0 — A is a kernel of . Let 3 and  be morphisms from K to A such
that 8 = a~. Then a(3 — =) is the zero morphism from K to B. Again, since
0 — A s akernel of a, 0p 40x0 = B — . This means 5 —y = Ok 4. In turn,
(8 = ~. This shows that « is a monomorphism. Conversely, suppose that « is a
monomorphism. We show that O 4 is a kernel of «. Let 3 : K — A be a morphism
suchthat a8 = Ok p. Also a0y 40k 0 = Ok .4 = af.Since ais a monomorphism,
00,40x,0 = (. This shows that Og 4 is a kernel of a.
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(i) This statement is the dual statement of (i).
(iii) Follows from (i), (ii), and Proposition 1.2.9.
(iv) Follows from (i), and the definition of co-kernel. #

Definition 1.2.14 A functor F' from an abelian category X to an abelian category
Q is called an additive functor if the induced map F4 p from Moryz(A, B) to
Morg(F(A), F(B)) is a group homomorphism for all A, B € Obj X.

Thus, the forgetful functor from a category Mod- R of R-modules to the category
M od-Z of Z-modules is a faithful additive functor. This is not a full functor.

Example 1.2.15 Let ¥ be an abelian category, and D be an object of X. Let a be a
morphism from A to B. We have a homomorphism a, from the group Mors (D, A)
to the group Morx (D, B) defined by a,.(f) = af. Clearly, (Ia)x = Ipmorg(D.4)
and (Ba), = B.a, for all morphism «v and 3 for which B« is defined. This gives us
a functor Mory (D, —) from the category X to the category AB of abelian groups
defined by Mors (D, —)(A) = Mors (D, A) and Morg(D, —)(a) = a.

Similarly, we have a functor Mors(—, D) from the category X° to the cat-
egory AB of abelian groups defined by Mors(—, D)(A) = Mors(A, D) and
Mors(—, D)(a) = «*, where o*(f) = fa.

It is easily observed that the above two functors are additive functors.

Definition 1.2.16 An additive functor F from an abelian category X to an abelian
category €2 is called a left exact functor if given any exact sequence of the type

0>AS3 B cinx,

the induced sequence

0 FA) S rB) ™Y Fo)ing

is also exact. It is said to be a right exact functor if given any exact sequence of the
type
i
ASBS C—>0inz,

the induced sequence

FM 'Y FrB) ™ Fc) - 0ing

is also exact. The functor F is said to be an exact functor if it is left as well as right
exact functor.

Proposition 1.2.17 Let ¥ be an abelian category, and D be an object of ¥. Then
the functor Mors (D, —) is a left exact functor from ¥ to AB, and the functor
Mors,(—, D) is left exact from X° to AB.
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Proof We prove the left exactness of Mory (D, —). The other part can be proved
similarly. Let

0>A3BLC

be an exact sequence in . Then « is a monomorphism and it is the kernel of 3. We
have to show that the sequence

0 — Morg(D., A) % Morg(D. B) 2 Mors(D, C)

is an exact sequence of abelian groups. Suppose that o, (f) = af = Opp =
a0p. 4. Since « is a monomorphism, f = 0p 4. This shows that «, is injective.
Further, 8,00, = (Ba), = (04.¢)« is the zero map. Hence, imagea, C ker[f3,.
Next,let f € ker3,.Then3f = Op ¢.Since« = kerf3, thereis aunique morphism
g from D to A such that o, (9) = ag = f. This shows that imagea, 2 ker(,. o

Now, we state (without proof) a very important and useful result known as the
full embedding theorem. The proof can be found in the “Theory of categories” by
B. Mitchell.

Theorem 1.2.18 (Freyd-Mitchell) Let X be a small abelian category. Then there is
aring R with identity, and an exact faithful and full functor F from X to the category
Mod-R of R-modules. t

Evidently, under the embedding, all kernels, co-kernels, images, exact sequence,
and commutative diagrams correspond. Indeed, all limits of finite directed systems,
and inverse limits of finite inverse systems correspond. However, projective and
injective objects need not correspond. Almost all important and useful diagram lem-
mas and theorems in abelian categories follow from the corresponding results in
a category of modules. Diagram chasing is easier in the category of modules (see
Chap.7, Algebra 1) than arguing by using arrows in an abelian category. However,
we illustrate a proof of the short five lemma by using arrows in an abelian category.

Proposition 1.2.19 Consider the following commutative diagram:
0+ A _%B _Hc _, 0
f g h
D _1E _4F
—_— —_— —_— —_—
where rows are exact, vertical arrows are morphisms, and the extreme vertical arrows

f and h are isomorphisms in an abelian category X. Then the middle vertical arrow
g is also an isomorphism. §



1.2 Abelian Categories 29

Proof Letn: K — B be a kernel of g. Then hn = dgn = Ok p. Since h is a
monomorphism, 17 = Ok ¢. Since & = ker 3, there is a unique morphism p from
K to Asuchthatap = n.Inturn,vfp = gap = gn = Og g = 7f0k.a. Since
v and f are monomorphisms, p = Ok 4. This means that = Ok 4. Since 7 is
a kernel of g, K is a zero object and 7 is a zero morphism. This shows that g is a
monomorphism. Similarly, looking at the co-kernel of g, we can show that g is an
epimorphism. From Proposition 1.2.9, g is an isomorphism. f

Exercises

1.2.1 Show that the category of finite abelian groups is an abelian category. Show
that the inclusion functor is exact faithful and full embedding into the category of
Z-modules. Show that the category of torsion abelian groups is also abelian, whereas
the category of torsion-free abelian groups is not abelian.

1.2.2 Let R be a noetherian ring. Show that the category of finitely generated R-
modules is an abelian category. What happens if R is not noetherian.

1.2.3 Prove the five lemma in an abelian category without using the full embedding
theorem.

1.2.4 Show that an object P (/) in an abelian category X is projective (injective)
objectif and only if the functor Morg (P, —) (Morg(—, I) is an exact functor from X
(2% to AB. Describe the projective and the injective objects, if any, in the categories
of Exercise 1.2.1.

1.2.5 Show by means of an example that even under an exact faithful and full
embedding projective and injective objects need not correspond.

1.3 Category of Chain Complexes and Homology

In the light of the full embedding theorem, in this section, we shall restrict our
attention in the categories of right R-modules. Indeed, in the category of modules
over rings, homological results are proved by chasing certain commutative diagrams.
One picks up suitable elements at suitable places and then chase their images and pre-
images to establish the desired result. This technique, however, does not make sense
in an abelian category. The results can be established in an abelian category, otherwise
by using the axioms of abelian category, but usually the proofs will be cumbersome.
Using full embedding theorem, these results follow from the corresponding results
in the category of modules. However, the existence and construction of certain types
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of objects such as free objects, projective, and injective objects cannot be deduced
from their existence and constructions in the category of modules. Unless stated
otherwise all the modules considered in this section are right modules. The basic
theory of modules including the structure theory of finitely generated modules over
a principal ideal domain, projective and injective modules, hom, tensor, and exterior
powers has been studied in detail in Chap.7 of Algebra 2. The reader is advised to
visit this chapter of Algebra 2. A chain

@ o dk, o ar @y

n—1

X=Xy —->X,>X,.1—>-,nel

of R-module homomorphisms is called a chain complex in the category of R-
modules if dod\,, = 0 (equivalently, imaged),, C kerd)) for all n. It is said to
be a finite chain complex if X,, = {0} for all but finitely many 7. It is said to be
positive chain complex if X,, = {0} for all n < 0. A chain complex in the opposite
category of Mod-R is called a co-chain complex of R-modules. Thus, a co-chain

complex X* of R-modules is a co-chain

511—2 611—1 o 6n+]
X =...5 xS xn S xS L neZ
of R-module homomorphisms such that §"08"~! = Oforalln € Z. A chain complex
X can also be treated as a co-chain complex by putting X" = X_,,and " = d*,
for all n.
Let
dri(JrZ drﬁ»l d/i( d;{,]
X = .= Xn+1 - X, > Xyt > -, neL,
and
s Ay o d) 4
Y=...5Yyu—>Y,>Y1—> - ,ne’l

be chain complexes of R-modules. A set [ = {f, € Homg(X,,,Y,) | n € Z} is
called a chain transformation if the following diagram is commutative:

ax dX
—_— Xn+1 L—i_LXn—7L Xn—l R

fn+1 fn fnfl
dy dr
—_— Yn+1 ﬂLYn—TL Yn—l —_

More explicitly, dY f, = f,_1dX for all n.
If f = {f, € Homg(X,,Y,) | n € Z} is a chain transformation from a chain
complex X to a chain complex Y and g = {g, € Homg(Y,,, Z,) | n € Z} is a chain
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transformation from a chain complex Y to a chain complex Z, then gof = {g,of, €
Homgp(X,, Z,) | n € Z}is easily seen to be a chain transformation. Ix = {Ix, | n €
Z} is the identity chain transformation on X. This gives us a category C Hg of chain
complexes of R modules. It is easy to observe that C Hg, is also an abelian category.
Evidently, a chain transformation f from a chain complex X to a chain complex Y is
a monomorphism (epimorphism) if and only if f;, is injective (surjective) for each n.
A chain complex X is a subchain complex of Y if X, is a submodule of Y, for each
n and the inclusion maps define a chain transformation. If X is a subchain complex
of Y, then d,f induces a homomorphism v, from Y,/ X, to Y,_/ X, — defined by
v,(y+ X,) = d,f (y) + X,—1. This gives us a chain complex

Vn+1 Un Vn—1

Y/X = L Vit / X1 3 Y /Xy B Yt/ Xuor 5o n e Z

The chain complex Y/ X obtained above is called the quotient chain complex of Y
modulo X. Let

dX dX dX dX
n+2 n+1 n n—1 7
X = = xn+1 - Xn - xnfl — -, ne

be a chain complex of R modules. Then d,f‘H (Xut+1) S kerdf for each n. We denote
d,f‘H(X,lH) by B,(X), and it is called the module of n-boundaries of X. We also
denote kerdX by C,(X), and call it the module of n-cycles of X. The quotient
module C,(X)/B,(X) is denoted by H,(X), and it is called the nth homology
of the chain complex X. Let f = {f, |n € Z} is a chain transformation from
X to Y. Thend) f, = f,-1d for all n. This means that f,(C,(X)) € C,(Y),
and f,(B,(X)) € B,(Y). Thus, f induces a homomorphism H, (f) from H,(X) to
H, (Y) defined by H,(f)(a + B,(X)) = fu(a)+ B,(Y). If a € C,,(X), then the
element a + B, (X) of H,(X) will be denoted by [a]. Thus, H,(f)[la] = [f.(a)].
It is easily observed that H,(gof) = H,(9)oH,(f) and H,(Ix) = Iy, (x) for all
n. For each n, H, defines a functor from C Hg to Mod-R. The chain complex X is
exact if and only if H,(X) = {0} for all n.

Exact Homology Sequence
Let

E=0>X5v%27250

be a short exact sequence of chain complexes. Then we have the commutative diagram
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fn+1 fn fnfl fn72

Gn+1 9n Gn—1 9n—2
A zZ Y Z Z

7 dn+1 z dn"Z d \
—_— “ntl— Ln —-Ln—1 »Lin—2

.

0 0 0 0

where rows are chain complexes and columns are short exact sequences of R-
modules. Let z be an element of C,(Z). Then dnZ (z) = 0. Since g, is surjec-
tive, there is an element y in Y, (not necessarily unique) such that g,(y) = z.
In turn, g,—1(d} (y) = d?(g.(y)) = d?(z) = 0. Hence, d! (y) belongs to ker
Jgn—1. Since the columns are exact, there is a unique element x in X,,_; such that
fumr(x) = d! (y). Further, f,_2(d} ,(x)) = d!_,(fp1(0) = d¥_,(d) () = 0.
Since f;,,— is injective, d,fil(x) = 0. This shows that x is an element of C,,_; (X).
The choice of x depends upon the choice of y. Let y’ be another element of Y,
such that g,(y') = z = g¢,(y), and x’ be an element of C,_;(X) such that
fao1(x) = d)(y). Since g,(y —y") = 0, y—y = fu(u) for some u in X,.
Now, ﬁl—l(df(u)) = d:(‘ﬁl(u)) = d,f(y - y/) = fn—l(x —.X/). Since fn—l is
injective, x — x’ = d,f‘ (u) or equivalently, x + B,_{(X) = x’+ B,_;(X). This
shows that [x] = x + B,_;(X) is independent of the choice of y, and it depends
only on z in C,(Z). As such, we get a map nf from C,(Z) to H,_;(X) defined
by nE(z) = [x], where f,_1(x) = dY(y) with g,(y) = z. Itis easily observed
that nf is a homomorphism. Further, if z in B, (Z), then there is w in Z,,; such
that anH(w) = z. Since g, is surjective, there is an element v in Y, such that
gn1(v) = w.Takey = d), (v). Then g,(y) = z,and 0 = d,(y) = f,-1(0).
This shows that B,(Z) C kernk. Hence, n% induces a homomorphism 9% from
H,(Z) to H,—1(X) given by 0f[z] = [nf(z)]. The homomorphism JF is called a
connecting homomorphism also called the Bockstein homomorphism associated
with the short exact sequence E of chain complexes.

Theorem 1.3.1 Let

Y

E=0>Xx3v% 7250

be a short exact sequence of chain complexes of R-modules. Then we have the
Jfollowing long exact homology sequence:
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’ " o
e H (2 5 500 ™ B ™ 2 B H (X))

of R-modules, where OF is the connecting homomorphism. Further, the correspon-
dence which associates the above long exact sequence to E is natural in the sense
that if

F=0>X5Lv%z 50

is another short exact sequence of chain complexes together with a triple («, 3, Y)
of chain transformations such that the diagram

o, x _Ly _972 _, 0

a B Y

Iy 9z _ . 0

then the following diagram is commutative:

—»Hn+1(Z?éa—lb-Hn(Xg—IﬂHn(Y)}In—(gh)-Hn(Z) ﬁ anl(X) —>

Hpi1(7) mmw Hﬂ%lfmwl H,i(a)

—>Hn+1(Z/a)f+—1>Hn(X/) ( >}] (Y/) n—(ghl-)I{n(Z/)%» anl(X/)—v-

0o__, X

Proof The proof is by chasing the diagram given by (1). Let [z] € H,+1(Z), where
7 € Cy11(Z). We show that H, (f)(0 +1([z])) = 0. By definition BlfH([z]) = [x],
where f,(x) = d +1(y) for some y with g,.1(y) = z. Evidently, H,(f)([x]) =
[fn(0)] = [dnH(y)] = 0. Thus, image@,ﬂl C kerH,(f). Let [x] be an element
H,(X) suchthat H,(f)[x] = [f,(x)] = 0.Then there is an element y € Y"*! such
thatd),, (v) = f,(x).Clearly,z = g,+1(y) € Coy1(2),and 9%, ([z]) = [x]. This
establishes the exactness at H,(X). Now, we prove the exactness at H,(Y). Since
H, is a functor and gof = 0, H,(9)oH,(f) = H,(gof) = H,(0) = 0. This
shows that imageH, (f) C ker H,(g). Next, let [y] be an element of ker H,(g),
where y € Kerd) . Then g,(y) = d, +1(z) for some z € Z, ;. Since g, is surjec-
tive, there is an element y’ € Y, such that g,.1(y") = z.Inturn, g, (dn a0 =
an+1 (Ggn1Y)) = dyy1(z) = g,(y). This shows that y — dnYJrl (y') € kerg,. Since
kerg, = image f,, there is an element x € X, such that f,(x) = y — d,f:rl(y/).
Further, f,_i(df (x)) = dY(f,(x)) = dY(y —d} (")) = 0.Hencex € C,(X).
Evidently, H,(f)[x] = [f.(x)] = [y]. This proves the exactness at H,(Y). Sim-
ilarly, chasing the diagram, we can prove the exactness at H,(Z). The rest of the
statement follows from the functoriality of the homology functors H, and the natu-
ral construction of the connecting homomorphisms.

Corollary 1.3.2 Let
E=0->x>-v%z-0
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be a short exact sequence of chain complexes of R-modules. Then we have the
following:

(i) If Z is exact, then H,(X) is isomorphic to H,(Y) for all n.
(ii) If X is exact, then H,(Z) is isomorphic to H,(Y) for all n.
(iii) If Y is exact, then H,(X) is isomorphic to H,.1(Z) for all n.

Mapping Cone

Let f be a chain transformation from a chain complex X to a chain complex
Y. We construct a chain complex C(f) as follows: Take C(f), = X,—1 ®Y,.
Define dy /" from C(f), by de " (x, y) = (=d*_,(x). d’ (y) + fo_1(x)). Clearly,
ds v odnc ﬂ) = 0. The chain complex C(f), thus obtained, is called the mapping
cone of f (the terminology has its justification in topology). Let X ™ denote the chain
complex givenby X;* = X,_; and d¥ T = dX |. We have the short exact sequence

E(f)=0—Y5C() S x>0,

i.(y) = (0,y)and j,(x,y) = x.Itis evident that H,(X") = H,_{(X). Further,
it is also easy to observe that 8f = H,_i(f). From Theorem 1.3.1, we obtain the
following natural long exact homology sequence:

- 20 ™ Hco) ™ B0 " B () >

Chain Homotopy
Let f and g be two chain transformations from a chain complex X to a chain complex
Y. Afamilys = {s, : X, = Y41 | n € Z} of module homomorphisms is called a
chain homotopy from f to g if

d,{_HOSn + sn—IOd,i( = fo — Un
for all n € Z. We say that f is chain homotopic to g if there is a chain homotopy
from f to g.

Proposition 1.3.3 If f and g are chain transformations from X to Y which are chain
homotopic, then H,(f) = H,(g) for all n.

Proof Let s be a chain homotopy from f to g. Let [a] € H,(X), where a €
Cn(X). Then d¥(a) = 0. Hence f,(a) — g,(a) = d),(sy(a)). This means that
H,(f)([a]) = [fu(@)] = [gu(a)] = H,(g)([al). 8

Remark 1.3.4 The converse of the above proposition is not true, i.e., H,(f) =
H, (g) for all n need not imply that f is chain homotopic to g.

We shall adopt the notation f ~ g to say that f is chain homotopic to g. Clearly,
f ~ f.Indeed, O is chain homotopy from f to f.If s is a chain homotopy from f to
g, then —s is a chain homotopy from g to f. Let s be a chain homotopy from f to g,
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and ¢ achain homotopy from g to &, then s + ¢ is a chain homotopy from f to k. Thus,
~ defines an equivalence relation on the set Hom (X, Y) of all chain transformations
from X to Y. A chain transformation f from X to Y is said to be a chain equivalence
if there is a chain transformation g from Y to X such that gof ~ Ix and fog ~ Iy.
If f is a chain equivalence, then H, (f) is an isomorphism from H,(X) to H,(Y) for
all n.

Proposition 1.3.5 Let f and g be chain homotopic transformations from X to Y,
and f' and g’ be chain homotopic transformations from 'Y to Z. Then f'of is chain
homotopic to g og.

Proof Let s be a chain homotopy from f to g, and s’ be a chain homotopy from f’
to ¢’. Then
d;_HOS,l + Sn—IOd,f = fu—0n 1.2)

and

zZ / ’ Y
dn-Hosn + Sn—IOdn

fa— 9 (1.3)

for all n. Composing (1.2) with f, from left , and (1.3) with g, from right, we obtain
£10(dy 1080 + sum10d)) = frofs = f,09, (1.4)

and
(dF 05, +s)_0d))og, = fl0gn — 40 (1.5)

for all n. Adding (1.4) and (1.5), we get that
flod). 05, + fios,_10d) + df, 05,09, + s,_10d) 0gy = fi0fn — G40Gn.
Using the fact that f" and g are chain transformations, we find that
anJrlO(fy:Jr]OSn + Sr/logn) + (f,:OSn,1 + S;710gn,1)0d}f = f;;ofn - g;zogn

for all n. This shows thatt = {t, = (f,:Hos,, + s,09,) : X, = Z,11}is ahomotopy
from f'of to g'og.

Let [X, Y] denote the set of homotopy classes of chain transformations from X
to Y. Let [ f] denote the homotopy class of chain transformations determined by f.
Thus, [f] = {g | f ~ g}. The above proposition allows us to have a composition
law - : [Y, Z] x [X, Y] — [X, Z] given by [g] - [f] = [gof]. This also gives us a
category [C H] whose objects are chain complexes, and Moricy)(X,Y) = [X, Y].
The composition law is given as above. The category [C H] will be termed as the
homotopy category of chain complexes.

Let X and Y be chain complexes. Denote the Cartesian product
T2 Hom(X,,Y,_,) by Hom[X, Y]". An element of Hom[X, Y]" is a family

{fy : X, > Y,_, | r € Z} of homomorphisms. Define a map 6" from Hom[X, Y]"
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to Hom[X, YI"t! by 6" (f,) = dY_,of, + (—1)""! f,_j0dX. It is easily observed
that "*'06" = 0. This gives us a co-chain complex Hom[X, Y] of abelian groups
described as above.

Every R-module A can be treated as a chain complex as follows: Define
Ay = A, and A, = {0} for all n # 0. Indeed, we can regard the category
of R-modules as a subcategory of the category C H of chain complexes. Under
this identification Hom[X, A]" = ]_[roifoo Hom(X,, A,_,) = Hom(X,, A), and
" = (—1)”+l(d,f+l)*. Thus, 6" (o) = (—l)”“aodfﬂ. The justification for mul-
tiplying with (—1)"*! will follow later. The members of kerd" are called the n
co-cycles of X with coefficient in A, and it is denoted by C" (X, A). The members
of the image of 6"~! are called the n co-boundaries of X with coefficient in A.
The submodule of n co-boundaries is denoted by B"(X, A). The quotient module
C"(X,A)/B"(X, A) is denoted by H" (X, A), and it is called the nth co-homology
of X with coefficient in A. Clearly, H"(—, A) defines a contra-variant functor from
the category C H of chain complexes of R-modules to the category of abelian groups.
Similarly, H" (X, —) defines a functor from the category of R-modules to the cat-
egory of abelian groups. In a later section, we shall try to find relations between
H"(X, A), H,(X), and A.

Now, we give some important examples having their applications in topology and
geometry.

Simplicial Complex and Homology

An abstract simplicial complex is a pair (X, S), where ¥ is a nonempty set, and S is
a set of finite nonempty subsets of X such that every nonempty subset of a member of
S is also a member of S. The members of ¥ are called the vertices, and the members
of S are called the faces of the simplicial complex. If o € S and 7 C o, then 7 is
called a face of 0. The members of S are also called the simplexes of the simplicial
complex. An element o of S containing p + 1 elements is called a p-simplex.

A simplicial map from a simplicial complex (X, S) to a simplicial complex
(X', 8) is a map f from ¥ to ¥’ such that f(o) € S’ for all o € S. Thus, we
have a category SC of simplicial complexes, where morphisms are simplicial maps.
A simplicial complex (X', §’) is said to be a simplicial subcomplex of (2, §) if
3’ C ¥ and the inclusion map i from ¥ to X’ is a simplicial map. It is said to be
a full simplicial subcomplex if S (g (X’) = §’. More explicitly, a subsimplicial
complex (X', §’) of (X, S) will be termed as a full simplicial subcomplex if whenever
ceSand o C Y, o€ 8. Let 6 denote the set of all faces of the simplex o € S.
Then (o, o) is a full subcomplex of (X, S). Similarly, let o denote the set of all
proper faces of o. Then (o, ¢) is a subcomplex of (o, ). Obviously, it is not a full
subcomplex.

Let (X1, S1) and (2, S>) be subcomplexes of a simplicial complex (X2, S). Then
(21 22, S1() S2) is also a subcomplex, and it is called the intersection (21, S;)
and (X, S»). A simplicial complex (X, S) will be termed as direct sum of its
subcomplexes (X1, S;) and (X5, S3) (in symbol (2,S5) = (X1, 1) & (X2, $2))
if £, 22 = @ and every simplex o of (X, S) can be uniquely expressed as
o = plJ7,where p € Sy and 7 € S,.
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Proposition 1.3.6 If (X1, S1) is a full simplicial subcomplex of (X, S), then there is
a simplicial subcomplex (X,, S2) of (£, S) such that (2, S) = (X1, S1) & (22, $).

Proof Take I, = £ — Zjand S, = p(X3) () S. Since (X4, Sy) is a full simplicial
subcomplex of (¥, §), (%, 5) = (X1, S1) & (X2, $2). 8

An ordered p-simplex of (X, S) is a p-simplex o together with a total order in
o. More explicitly, an ordered p-simplex in (X, S) is a pair (o, a)), where o is a
p-simplex and « is a bijective map from {0, 1,2, ..., p} to 0. Anelement v € o is
lessthan w € o if v = a(i), w = «a(j) forsomei < j. Let (o, ) be an ordered
p-simplex in (X, ). Then foreach i, 0 <i < p, we have an ordered p — 1-simplex
(0i, o), whereo; = o — {a(i)}and the map o; from {0, 1, ..., p — 1} to o; is given
bya;(j) = a(j)forj <i—1landa;(j) = a(j + 1)forj > i.Theordered p — 1
simplex (o}, ;) defined above is called the ith face of the ordered p-simplex (o, o).

Let ,(X, S) denote the free abelian group on the set of all ordered p-simplexes
of X. We have a homomorphism d,, from ©,(X, S) to ,_1(X%, S) defined by

V4
dp((o, ) = Y (=D)(o1, o),

i=0

where (o0;, ;) is the ith face of the ordered p-simplex (o, o). It is evident that
()i, (j)i) = ((07)j—1, (a;)j—1) forall i < j. Further,

(dp-10d)) (7, @) = dp 1 (L]y(=1) (01, ) =
YL (=D Y (=1 ((00);. () ).

In turn,

 dpyody)((o, ) = o
D 0<i<jcp1 (D0, (@) ) + X0 nin iso(=D' T ((01) , (@) ).

Using the identity ((0);, (oj);) = ((0i)j-1, (o) j—1), it follows that (d,_0d,) =
0. This gives us a chain complex Q2 (X, §). This chain complex Q (X, §) is called the
the ordered simplicial chain complex associated with the simplicial complex (X, §).
(X, S) is a nonnegative chain complex with (X, S) the free abelian group on
the set ¥ of 0-simplexes. Any element of Qy(X, S) is a finite sum Zvez ay{v},
where «, € Z and all but finitely many «, are 0. The map e from Qy(%, S) to Z
defined by €(}_, .5 au{v}) =", 5 @y is a surjective homomorphism. The map e
is called the augmentation map of the chain complex Q (%, S). Let (o, a) be an
ordered 1-simplex in (X, S), where 0 = {v, w}, ®(0) = v, and a(1) = w. Then
di((c,@)) = {w}— {v}. Hence ed; = 0. Thus, we have another chain complex
Q(z, S) given by

dp+l dp dy d~1
QE, == Qy(X,95) > = QZE,85) - Kere — 0,
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where d, 1 is the homomorphism induced by d;. The chain complex Q( 3, S) is called
the reduced order chain complex of (X, S). The gth homology H,(Q2(Z, §)) of
Q(X, ) is denoted by H, (X, §), and it is called the gth-order homology of (£, 9).

The gth homology H, (Q(E S)) of Q(E S) is denoted by H (%, 8), and it is called
the reduced gth-order homology of (X, S). Evidently, H,(2(X%, S)) = Hq(E, S)
for all ¢ > 1. Furth~er, since Z is free abelian, Q¢(X, S) = Ker € @ Z, and hence
Hy(R(X2,S8)) = Hy(=,S) DZ.

A simplicial complex (X, S) is said to be a connected simplicial complex if any
pair of distinct vertices belong to a simplex. Maximal connected simplicial subcom-
plexes of (X, S) are called the connected components of (X, §). It is clear that the
connected components of (X, S) form a partition of X. Let {(X;, S;) | i € I} be the
family of all connected components of (X2, ). Evidently, (2, §) = & Zie (X, S,
and Q(X,8) = @) ;. E;, S). Inturn, Q(E,S) = @), i, i), and
Q.8 =@ Dier Q(;, Si). Since the homology commutes with the direct sum,
Hy(2,8) = @) ;. Hy(Zi, S;),and Hy (2, 8) = @), Hy (%, S)).

Proposition 1.3.7 If (X, S) is a connected simplicial complex, then Hy(X, S) ~ Z.

Proof Since ¢ is surjective, it is sufficient to show that Image d; = Ker €. Already,
Image di € Ker e. Let 3_;_, \;{v;} be a member of Ker €. Then Y ;_; \; = 0.
Let vy be a member of X. Then

D vk = Q- Mo = D (v — v).
i=1 i=1 i=1

Without any loss, we may assume that v; # vy for all i. Since (X, §) is connected,
for each i we have an ordered 2-simplex (o;, «;), where o; = {vg, v;} and q; is
the map which takes O to vy and 1 to v;. Evidently Z:’:I i (i, ;) is a member of
Qi (X, S) whose image under d; is ) ;_; Ai{v;}. o

The following corollary is immediate from the above result.

Corollary 1.3.8 Hy(Z, S) is the direct sum of as many copies of Z as many con-
nected components of (2, S).

Let f be a simplicial map from a simplicial complex (X, §) to a simplicial com-
plex (%', §"). For each p > 0, we have a homomorphism £,(f) from ,(X2, S) to
Q,(X’, §') givenby Q,(f)(o, ) = 0if fisnotinjectiveonc,and 2,(f) (0, o) =
(f(0), foa) if f is injective. It is clear that Q(f) = {2,(f) | p = 0} is a chain
transformation from Q (X, S) to Q(X’, §'). Evidently, Q defines a functor from the
category SC of simplicial complexes to the category of chain complexes of abelian
groups. In turn, for each n, H, defines a functor from the category of SC of simplicial
complexes to the category of abelian groups.

Let A, (X, S) denote the set of all ordered p-simplexes of (X, §). Define arelation
~on A,(%,S) by (c,a) ~ (r,B)ifc = 7 and aB~! is an even permutation in
S,+1. Evidently, ~ is an equivalence relation. The equivalence class determined by
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(o, @) is denoted by [0, ], and it is called an oriented p-simplex in (X, S). For
each p-simplex o, there are exactly two equivalence classes. Let A”(X, S) denote
the abelian group generated by the set of oriented p-simplexes [0, a] subject to
the relation [0, a] + [0, 5] = 0 whenever [0, o] # [0, §] (equivalently, whenever
af~ ! is an odd permutation). Evidently, A (X, S) is a free abelian of rank equal
to the cardinality of the set of p-simplexes. Using the induction on p, the following
proposition can be easily verified.

Proposition 1.3.9 If[o,a] + [0, (] = O, then

Y Dol + Y (= 1lop Bi] = 0,

g
Thus, we have a homomorphism d,, from A ,(X, S) to A,_;(Z, S) given by
dplo,al) = 3" (~1lor, ayl.
As in case of order simplexes, it can be shown that d,,_;d, = 0. This gives us a

chain complex

dp+| dp—l dy dy
A, == Ay, 8 — = Ai(X,5) = Ao(%,5) — 0.

The simplicial complex A(X, S) is called the oriented chain complex associated
with the simplicial complex (X, S). Here also, we have an augmentation map e
from Ay(X, S) to Z given by e(D_;_; Ni[v;]) = >/, A\i. Clearly, € is a surjective
homomorphism. Again, we have a reduced oriented chain complex

P+l

- d d, d dy
AZ, == Ay)Z, 8= = A(2,5) > Kere — 0,

where d, is the homomorphism induced by d;. Thus, A defines another functor from
the category SC to the category of nonnegative chain complexes of abelian groups.

For each (X, §), we have a chain transformation px sy = {up | p > 0} from
Q(X, S)to A(X, S) givenby u,((0, @) = [o, a]. We state the following theorem
without proof. The reader is referred to the Algebraic topology by Spanier for the
proof.

Theorem 1.3.10 (s ) defined above is a chain equivalence, and |1 is a natural
equivalence between the functors 2 and A.

In turn, H,(2(XZ, S)) =~ H,(A(X, S) for each g. We denote H,(A(X, S)) by
H, (%, S), and call it the gth simplicial homology of the simplicial complex (X, S).
We compute simplicial homologies of some simple simplicial complexes.

Example 1.3.11 Take ¥ = {vg, vy, v2}, and
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S = {{vo}, {v1}, {v2}, {vo, v1}, {vo, v2}, {v1, v2}}.

Clearly, the pair (X, S) defines a simplicial complex. The orientation (v, v, v2)
defines unique orientation of the simplicial complex. Clearly, /\ ,(2) = {0} forall
p < 0. A\((2) is the free abelian group generated by the vertices vo, vi, and v,. Note
that we identify the zero simplex {v;} by the vertex v; itself. Thus, every element of
o (%) is uniquely expressible as cgvg + v + v, where o; € Z. Next, A\ [ (X)
is the free abelian group generated by the set (vg, vy), (vy, v2), (vo, v2) of oriented
1-simplexes. Also /\p(E) = {0} for all p > 2. Evidently, d, = Oforall p # 1,
and d, is given by

di(a(vo, v1) + B(vr, v2) +7(v2, v0)) = avg — avy + v — Bz +yv2 — v = (a =NV + (B — @)vr + (v — B)va.
It follows that
Bo(/\(E)) = imaged, = {apvo + a1V + Vs | ap + a1 + ax =0},

and Zo(/\(X)) = kerdy = /\;(X). The augmentation map € from A (%) to Z
given by e(apvy + v + @) = ag + a) + oy is a surjective homomorphism
whose kernel is Bo(/\ (X)). By the fundamental theorem of homomorphism, Hy(X)
is isomorphic to the additive group Z. Also

Zl(/\(z)) = kerd; = {a(vy, v1) + B, v2) +7(v2, W) | v = B =7},

and B1(/\(2)) = {0}. Clearly, Z;(A(X)) is isomorphic to Z. Thus, H;(X) is also
isomorphic to the additive group Z.

We shall have more examples in Chap. 3.
Singular Chain Complex, and Singular Homology

The topological subspace
q
AT = (@ = (. ar.....0p) R [ Y 0y = 1}of R
i=0

is called the standard q-simplex. In particular, the standard O-simplex A° is the
single point 1 € R. Fori, 0 <i < g, the subspace

Al = {ae A | o =0}
is called the ith face of A4. Further, for each i, the map 0; from A%~ to A7 defined
by

8[(040,0[1, '~-3aq71) = (040,041, ‘~-3ai71701 A4, ...,Oéqfl)

is a homeomorphism from A9~! to AY, and it is called the ith face map of AY.
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Let X be a topological space. A continuous map o from A? to X is called a
singular q-simplex in X. Thus, a singular 0-simplex can be simply viewed as a point
in X. Let S,(X) denote the free abelian group generated by the set of all singular
g-simplexes in X. In particular, Sy(X) is the free abelian group on X. Define a map
d, from S, (X) to S;_1(X) defined by

q
dy(0) = Y (~1)o0d;.
i=0

It can be easily shown that d,_jod, = 0 for all g. This gives us a chain complex

dyy1 dq dg—1 d,
SX)=— §;(X) = S-1(X) = -+ = Sp(X) — 0.

This chain complex is called the singular chain complex of X. The gth homology
of S(X) is called the gth singular homology of X, and it is denoted by H, (X).

We have a surjective homomorphism e from Sy(X) to Z given by e(}_/_, a;x;) =
> ¢_, a;. Evidently, eod; = 0. Thus, € is an augmentation map of the singular chain
complex. It is also clear that So(X) = Ker € @ Z. We have the reduced singular
chain complex S(X) of X given by

S(X)E-“dl:r)] Sn(X)ﬁ.-.gSl(X)gKere—)O,

where d; is the homomorphism induced by d; . The gth homology of S(X) is called the
reduced gth singular homology of X, and it is denoted by I:Iq (X). Clearly, H,(X) =
H,(X) forallg > 1 and Hy(X) = Hy(X) ® Z.

If f is a continuous map for a topological space X to a topological space Y, and
o is a singular g-simplex in X, then foo is a singular g-simplex in Y. In turn, it
induces a homomorphism S, (f) from S, (X) to S,(Y). Evidently, S(f) = {S,;(/)}
is a chain transformation from S(X) to S(Y) which respects the augmentation maps.
Indeed, S is a functor from the category of topological spaces to the category of chain
complexes of abelian groups. Consequently, for each n, we have the nth singular
homology functor H, from the category of topological spaces to the category of
abelian groups.

Given a subspace Y of X, we get a short exact sequence

0 —> S(¥) 5 S(X) % S(X)/S(¥Y) —> 0

of chain complexes. The chain complex S(X)/S(Y) is denoted by S(X, Y), and it is
called the singular chain complex of the pair (X, Y), where Y is a subspace of X. The
nth homology of S(X, Y) is denoted by H, (X, Y), and it is called the nth singular
homology of the pair (X, Y). From Theorem 1.3.1, we have a long exact sequence
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On H, (i H, Oy
LMy a0 ™ vy S

associated with the pair (X, Y).

Let A be an abelian group. The nth co-homology group H" (X, A) of the co-chain
complex Hom(S(X), A) is called the nth singular co-homology of the space X with
coefficientin A. Further, for an abelian group A we have a chain complex S, (X) ® A.
The nth homology H,, (X, A) = H,(S(X) ® A is called the singular homology of
X with coefficient in A.

Let X be a topological space, and {X, | o € I'} be the family of all path com-
ponents of X. Then X = [[, . X, is disjoint topological sum of {X, | a € T'}.
Since A? is path connected, and a continuous image of a path connected space is
path connected, every singular g-simplex in X is a singular g-simplex in a unique
X,. Assuch, S(X) = &), or S(X4). Since homology functor commutes with the
direct sum functor, we have the following proposition.

Proposition 1.3.12 Ler {X,, | « € '} be the family of all path components of topo-
logical space X. Then Hy(X) = @), .r H;(X,) for each q.

ael

Proposition 1.3.13 Let X be a path connected space. Then Hy(X) =~ 7Z.

Proof By definition Hy(X) = So(X)/Image d;. Since the augmentation map e is
surjective, it is sufficient to show that Image di = Ker e. Already Image d; <
Ker €. Let >/, a;x; be a member of Ker €. Then ) ;_;a; = 0. Let xo be a
member of X. Then ) ;_, a;x; = Y ._, a;(x; — xo). Since X is path connected, for
each i, we have a continuous map o; from A' to X such that 0;((0, 1)) = x; and
0;((1,0)) = xp. Evidently, d, (er»lzl a;o;) = Z?:l a;x;.

Corollary 1.3.14 Let X be a topological space. Then the oth singular homology
Hy(X) is direct sum of as many copies of Z as many path components of X. §

In the third chapter, we shall further study simplicial and singular homologies
together with some of their applications in topology and geometry.

Co-homology of Groups

Let G be a group, and A be a Z(G)-module. Let " (G, A) denote the set of all maps

ffromG" = G x G x---x G to A for which f(g1, g2,...,9,) = 0 whenever
—_—

gi = e for some i. We take G = {e}. Clearly, S"(G, A) is an abelian group with

respect to pointwise addition. Evidently S°(G, A) is the trivial group. Define a map

d" from S"(G, A) to "t (G, A) by

d" (g1, 91, .-, In+1) =
91 (92,935 s Gnt1) + 2t (=D f(91, 92 -+ Gim15 GiGit15 Git2s - > Gnt 1)+
D" (g1, 9200 gn).

We may easily observe that d"(f)(g1, g1, ..., gut1) = 0 whenever any g; = e.
Further, it is straightforward to verify that " is a homomorphism and d"*'od" = 0
for all n. This gives us a co-chain complex
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S(G, A) = {0} —> SY(G, A) 4, S2G, A5 .G, A) B G )G

of abelian groups. The nth co-homology of S(G, A) is denoted by H" (G, A), and it
is called the nth co-homology of the group G with coefficient in A.

Let us look at the low-dimensional co-homology groups. Clearly, S'(G, A)
is the set of maps from G to A which preserve identity. If f € S'(G, A), then
di(f)(g1,92) = g1+ f(g2) — f(g192) + f(g1)- Thus, the group Z' (G, A) = kerd,
of all one co-cycles is the group of all crossed homomorphisms (see Chap. 10, Alge-
bra 2) from G to A. Evidently, B'(G, A) = {0}. Hence, H'(G, A) is the group of
all crossed homomorphisms from G to A. In particular, if A is a trivial G-module,
then H'(G, A) = Hom(G, A).

Let us describe H%(G, A). The map d? from S*(G, A) to S*(G, A) is given by

d* ()91, 92, 93) = g1~ f(g2. 53) — (9192, 3) + f (g1, 9293) — f(g1, G-

Thus, the group Z>(G, A) = kerd? is precisely the group FAC(G, A) of factor
systems of central extensions of A by G (see Chap. 10, Algebra 2). Further, two
factor systems are equivalent if and only if they differ by a boundary. It turns out that
H?*(G, A) is the group of equivalence classes of central extensions of A by G. The
higher dimensional co-homology groups will be discussed in the next chapter.

Remark 1.3.15 The theory of co-homology groups arouse from topological con-
siderations. To each group G, Eilenberg and MacLane associated a topological space
(a cw-complex) K (G, 1) whose first fundamental group is G and all higher homo-
topy groups are trivial. Indeed, such a cw-complex is unique up to homotopy type.
The singular co-homology groups of K (G, 1) with coefficient in an abelian group A
are precisely the co-homology groups H" (G, A) of G with coefficient in the trivial
G-module A.

Exercises

1.3.1 Find the simplicial homologies of the simplicial complex (X, S), where ¥ =
{vo, v1, v2} and S is the set of all nonempty subsets of X.

1.3.2 Find the simplicial homologies of the simplicial complex (X, S), where ¥ =
{vo, v1, v2, v3} and S is the set of all proper nonempty subsets of X.

1.3.3 Let (X, ;) and (2,, S>) be simplicial subcomplexes of a simplicial complex.
Show that
QEI NSNS S Qe 5 @ QS s 'S
QEUZ, S US) —0
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is a short exact sequence of chain complexes of abelian groups, where iy, iy, ji, and
J» are the corresponding inclusion simplicial maps. Establish the long exact sequence

On Hy (i), —Hy (i Hy (jO)+Hy (j2 On
I )22 ) S ST s s @ Hy(mr 80 TSP s (s Uso B

The above exact sequence is called the Mayer—Vietoris exact sequence.

1.3.4 Consider the simplicial complex (X, S), where ¥ = {vy, vy, v2, v3, v4} and

S = {{vo}, {ui}, {vi}, {2}, {va}, {wa}, {vo, vi}, {vo, v}, {v1, v2}, {vo, v3},
{vo, v}, {v3, v4}}. Express (X, §) as union of two proper subsimplicial complexes,
and then use the above Mayer—Vietoris exact sequence to compute H, (X, S).

1.3.5 Compute H?(Zs, Z) by treating Z, as trivial Z3-module.

1.3.6 (Snake lemma) Consider the following commutative diagram:

oA _wm ﬂLR . 0
Pl gl
L N ﬁin .0

where the rows are exact. Using Theorem 1.3.1 show that the induced sequence
0 — kerf — kerg — kerh — cokerf — cokerg — cokerh — 0

is exact.

1.3.7 Show that the category of chain complexes in an abelian category is itself an
abelian category.

1.3.8 Let X and Y be chain complexes in an abelian category . Show that H,, (X &
Y) =~ H,(X) ® H,(Y) for each n, where & denotes the co-products in the respective
categories.

1.3.9 Let ¥ be an abelian category, and (D, <) be a directed set. Let { ff €
Mors(X®, X% | a, p € D, and o < (3} be a directed system of chain complexes

Lim Lim

in X. Show that H,(— X%) ~— H"(X“) for each n.

1.3.10 Let R be a principal ideal domain and X be a chain complex of R-modules.
For each n, show that there is a chain complex F" of free R-modules and a chain
transformation f” from F" to X such that (i) H,(F") = 0 for m # n and (ii)
H,(f") is an isomorphism from H,, (F") to H,(X).

Hint: Take F)! to be a free R-module on C,,(X) with f' the homomorphism from F);
to X, withimage C,(X), F,', | = (fn")’1 (By (X)), f,y1 theinduced homomorphism
from F!' | to X,11, df}, to be the inclusion map, and F, = O for all m different

fromn and n + 1.
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1.3.11 Let R be a principal ideal domain and X be a chain complex of R-modules.
Use the above exercise to show the existence of a chain complex F of free R-
modules together with a chain transformation f from F to X such that H, (f) is an
isomorphism for each n.

1.3.12 Let X be a selective abelian category (in particular, category of modules). A
pseudo-chain complex (see “Pseudo-co-homology of general extensions” by Lal and
Sharma; Homology, Homotopy and Applications, vol 12,no 2)isachain (X, Y, d) =
{(Xy, Yu,d,) | n € Z},where Y, isasubobject X,, in ¥, and d,, is amorphism from X,
to X,_1 suchthatd, id,/Y, = Oforeachn. H,(X,Y,) = Kerd,/d, 1(Y,11) is
called the nth pseudo-homology of (X, Y, d). A family f = {f, € Mors(X,. X)) |
n € Z} is called a pseudo-chain transformation if (i) f,(¥,,) € Y, and (ii) f,_,d, =
d,, f,, for all n. Let PCy denote the category of all pseudo-chain complexes. Show
that F(X,Y) = {(F(X,Y),,d") | n € Z} is a chain complex, where F(X,Y), =
Y. N dn_1 (Y,_1) and d" is the restriction of d, to F(X,Y),. Show further that F
defines a reflector functor from PCy to the category Cx of chain complexes in X
such that H,(F(X,Y)) € H,(X,Y).

1.3.13 Referto the above exercise. Show that G(X, Y) = {(Y, + Kerd,,d") | n €
Z} is a chain complex in ¥. Show further that G is a functor such that H,(X,Y) =
H,(G(X,Y)) for all n.

1.4 Extensions and the Functor EXT

In Chap. 10 of Algebra 2, we studied extensions of groups by groups, and described
the group of equivalence classes of central extensions of an abelian group A by a
group G as second co-homology group H?(G, A). Here, in this section, we shall
study onefold extensions of an R-module A by another R-module B by imitating the
corresponding description of extensions of a group by another group as described in
Chap. 10, Algebra 2, and then describe the EXT functor. The functors Extj (B, A)
of equivalence classes of n-fold extensions of an R-module A by an R-module B as
a co-homology group Hy (B, A) will be discussed in the next chapter.
Let A and B be left R-modules. An exact sequence

dy— g
0—ASMEME M. .5 M, B0

of R-modules is called an n-fold extension of A by B. In particular, a short exact
sequence

O—>A—Q>M£>B—>0

is called a onefold extension of A by B. A onefold extension will be simply termed
as an extension of A by B.
We say that an extension
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E=0— A% M3 B —0
of A by B is equivalent to an extension

EE=0-—>A%NEBB S0

of A by B if there is a homomorphism ¢ from M to N such that the diagram

(0%

0, A __ "M ﬁlJ? .0
Qv

0, A __°N ﬁif; R

is commutative. From the five lemma, ¢ is an isomorphism.

We use the notation E| = E; to say that the extension E; is equivalent to the
extension E;. Evidently, the relation = is an equivalence relation on the class of all
extensions of A by B.

Let

E=0-—435M2 B0

be an extension of A by B. Let ¢ be a section of the extension E. More explicitly, let
t be a map from B to M such that Sor = Ig withr(0) = 0. Then

Bt(x)+1(y) = BUX) + L) = x+y = Be(x+y)).

This shows that #(x) + #(y) — ¢ (x + y) belongs to the ker3 = imagea. Hence,
there is a unique member f’(x, y) in A such that

t)+t(y) —tx+y) = al(f'(x,) (1.6)

Thus, for a given choice of the section 7, we get a map f' from B x B to A given
by Equation 1. Since #(0) = 0,

f10,x) = fi'(x,0) =0 (1.7)

forallx € B.Since (¢ (x) + t(y)) +t(z) = t(x)+ (t(y) +t(z))andt(x) +1(y) =
t(y) + t(x), we have

{2 = ffx+y,0+ ffx,y+2)— fl(x,y) =0 (1.8)

and

flxy) = f'(y.x) (1.9)
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for all x,y,z € B. Next, forr e Rand x € B, B(t(rx)) = rx = rf(t(x)) =
B(rt(x)). This shows that t (rx) — rt(x) € ker(3. Since ker3 = imagec and « is

injective, there is a unique element ¢’ (r, x) € A such that
a(g'(r,x)) = t(rx) —re(x)

Using (1.6) and (1.10),

t(rx +sx)
= —a(f'(rx,sx)) + t(rx) + t(sx)
= —a(f'(rx,sx)) + a(g'(s,x)) + alg'(r,x)) + rt(x) + st(x)

On the other hand,
t(rx +sx) = t((r +s)x) = alg'(r +s,%)) + (r+s)t(x)
Equating (1.11) and (1.12), we get
flrx,sx) = ¢'(r,x) — ' ((r+5),%) + g'(s,x)
Again using (1.6) and (1.10),

t(rx +ry)
= —a(f'(rx,ry)) + t(rx) + t(ry)
= —a(f'(rx,ry)) + alg'(r,x)) + alg'(r,y)) + rt(x) + rt(y)

On the other hand,

trx+ry) = tr(x+y) = g (rnx+y) + rt(x+y)
= a(g'(nx+y) + —ra(f'(x,y) + rt(x) + re(y)

Equating (1.14) and (1.15),
rff(x,y) — flrx,ry) = g'(nx+y) — g'(r,x) — ¢'(r,y)

Further, using (1.10),

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

a(g'(rs,x)) +rst(x) = t((rs)x) = t(r(sx)) = alg'(r,sx)) +rt(sx) =

alg'(r, sx)) + ra(g' (s, x)) + rst(x).

Hence,



48 1 Homological Algebra 1
rg'(s,x) —g'(rs,x) +g'(r,sx) = 0 (1.17)

forall r,s € R and x € B. The above discussion prompts us to have the following
definition.

Definition 1.4.1 Let R be aring with identity. A factor system over R is a quadruple
(B, A, f,9), where B and A are R-modules, f is a map from B x B to A, and g is
amap from R x B to A such that the following hold:

@ f0,x) = f(x,0) = Oforallx € B.

() f(y.2) — fx+y, )+ fx,y+2)— f(x,y) = Oforallx, y,z € B.

@ii) f(x,y) = f(y,x)forallx,y € B.

(iv) f(rx,sx) = g(r,x) — g((r +5),x)) + g(s,x).

V) flrx,ry) — rf(x,y) = g(r,x) — glr,x+y) + g, y).

(vi)rg(s,x) —g(rs,x)+ g(r,sx) = Oforallr,s € Rand x € B.

In particular, it follows from (iv), (v), and (vi) that g(0,x) = 0 = g(r,0) =
g(l,x) forallr € Rand x € B.

Thus, for every pair (E, t), where E is an extension of an R-module A by an
R-module B and ¢ a section of E, we have an associated factor system Fac(E,t) =
(B, A, f', g") described as above. Conversely, to every factor system ¥ = (B, A,
f, g), we associate the extension Ext(X) as follows: Define a binary operation +
on A x B by

(u,x) + (v,y) = W+v+ flx,y),x+y).

Itiseasily seenthat (A x B, +) is an abelian group. Define the external multiplication
-from R x (A x B)to A x B by

r-(u,x) = (ru+g(@r, x), rx).

It can be further shown that A x B together with the above operations is an R-module,
and we get an extension

Ext() =0 — A3 AxB %> B — 0

of A by B, where a(u) = (u,0) and S(u, x) = x.The section ¢ given by #(x) =
(0, x) is such that Fac(Ext(¥X)) = X. Further, given an extension

« I3

E=0—A—> M —> B — 0
of A by B, together with a section ¢ of E, the map n from A x B to M defined by

n(a, x) = «a(a) + t(x) induces an equivalence from Ext(Fac(E,t)) to E.
Let E X Ty denote the category whose objects are extensions

1l —>AS M2 B 1
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of R-modules, and a morphism between two extensions E; and E; given by the short

exact sequences
a B

0 — A, > My - B — 0
and

0—)A212>M2£2)B2—)0

isatriple (A, u, ), where A is ahomomorphism from A to A,, 1 is ahomomorphism
from M| to M, and v is a homomorphism from B; to B, such that the following
diagram is commutative:

A

aq

0 > Al ~]\/[1 ~Bl _ 0
Qg B2

> A » Mo . B ., 0

The category E X Ty is called the category of Schreier extensions of R-modules.
The isomorphisms in this category are called the equivalences
of extensions.

Now, we describe the category E X Tk of extensions as a category of factor systems.
Let (A, i, v) be a morphism from the extension E| to the extension E, given by the
commutative diagram

a A
0o A M "B 1

Y

1—> AQ —_— V2 D2
Let ¢ be a section of Ey, and 1, be a section of E,. Let Fac(Ey, t;) = (By, Ay, f1,
g") and Fac(E,, 1) = (Ba, Aa, f, g”) be the corresponding factor systems.
Let x € By. Then p(t1(x)) € My and Ba(u(ti(x))) = v(Bi(ti(x) = v(x) =
B2(t(v(x))). Thus, u(t (x)) — (,(v(x))) € ker(3, = imageas;. In turn, we have
aunique ¢(x) € A, such that ar(¢(x)) = u(t;(x)) — (t2(v(x))). Equivalently,

(i (x)) = a2(g(x)) + n(v(x)) (1.18)
Since t1(0) = 0 = 1(0), it follows that
@0) =0 (1.19)
Now, using the commutativity of the diagram and Eq. 1.18, we have
ptr () + 1)) = plar(ffx, )+ +y) =

A1 (x, ) + plti (x +3) = (A (x, ¥) + a2(d(x + ) + 2 ((x +y) =
a1 (x, ) + 2(B(x + ) + @(x) + v(y).
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On the other hand, since p is a homomorphism, using again Eq. 1.18,

pti(x) + 0 () = ptr () + pt(y) = (o) + @) + w(o(y)+
L) = (X)) + a(e() + LX) + Lw(y) =
@ (P(x)) + 2 (@) + ax (f2w(x), v(y))) + LW (x) +v(y)).

Equating the two expressions for p(#; (x) + #1(y)), and observing that o is an injec-
tive homomorphism, we obtain the following identity:

A"+ oG +y) = 6(x) + o) + f2W(x), v(y) (1.20)

Next, from Eq. (1.10),
ai1(g"(r,x)) = n(rx) —rt(x).

Hence, ax(A(g" (r, x))) = plai(g" (r, x)))

= p(t(rx) —riy(x)) = pt(rx)) — ru(t(x))

= a(P(rx)) + L(W(rx)) — raa(¢(x)) — riz(v(x))
= a(¢(rx)) — raz(o(x)) + L(rv(x)) — rihv(x)
= a(p(rx) — ro(x)) + az (g™ (r, x))

= a(p(rx) —ro(x) + g=(r, x)).

Since oy is injective,
Ag" (r, %)) = ¢(rx) — ré(x) + g*(r, x) (1.21)

Thus, a morphism (A, p, v) between extensions E; and E; together with choices
of sections #; and #, of the corresponding extensions induces a map ¢ from B; to A,
such that the triple (v, ¢, A) satisfies (1.19), (1.20), and (1.21). Such a triple may be
viewed as a morphism from the factor system (By, Ay, f', g") to (Ba, Az, f72, g?).

Let (A1, pt1, v1) be a morphism from an extension

0—>A13>M1E>Bl—>0

E,

to an extension
a I
EzEO—)A2—2)M2—2>Bz—>O,

and (\y, 2, 1) be that from the extension E; to
E3EO—>A313>M3£3>B3—>0.
Let 71, 1, and 3 be corresponding choice of the sections. Then as in (1.14)

p (1 (x) = o2(p1(x)) + 1(x))
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and

p2(t2(u)) = az(g2(u)) + t3(12(u)),

where ¢, is the uniquely determined map from B, to A,, and ¢; is that from B, to
As. In turn,

2 (p1(t1(x))) = pa(az(@1(x))) + pa(t2(v1(x))) =
H2(a2(@1(x))) + a3(d2(v1 (X)) + 132 (11 (x))) =
a3 (M2 (¢1(x))) + a3(p2 (1 (X)) + 132 (11(x))) = a3(P3(x)) + t3(12(v1(x))),

where ¢3(x) = A(@1(x)) + ¢2(v(x)). It follows that the composition (A, o
AL, o o iy, 2 o vy) induces the triple (v, o vy, @3, Ay 0 A1), where ¢3(x) = X\,
(61(x)) 4+ ¢P2(v1(x)) for each x € By.

Prompted by the above discussion, we introduce the category FACS whose objects
are factor systems, and a morphism from (B;, Ay, f!, g') to (Ba, As, f2,¢?) is a
triple (v, ¢, A), where v is a homomorphism from B; to B, , A\ a homomorphism
from A; to A,, and ¢ a map from B, to A, such that

D) @) = 0.
(i) A (L 9) + x4+ y) = () + () + f2w(x), v(y)).
(i) M(g' (r, x)) = ¢(rx) — ro(x) + g*(r, x).
The composition of morphisms (v, ¢1, A1) from (B, Ay, flogYHto(Ba, As, £2, ¢%)
and the morphism (12, ¢,, \;) from (B,, A,, fz, gz) to (B3, As, f3, g3) is the triple
(2 0vy, @3, A2 0 A1), where ¢3 is given by ¢3(x) = ¢2(v1(x)) + Aa(@1(x)) for
each x € B;.

The following theorem is a consequence of the above discussion.

Theorem 1.4.2 Let tg be a choice of a section of an extension E of an R-module
by another R-module (such a choice function t exists because of axiom of choice).
Then for the association Fac which associates to each extension E the factor system
Fac(E, tg) is an equivalence between the category EXTr of extensions and the
category FACS of factor systems. More explicitly, Fac which associates the factor
system Fac(E, tg) to an extension E is a functor from EXTg to FACS, and the
association Ext which associates the extension Ext(X) to a factor system X is a
functor from the category FACS to EXTg such that ExtoFac and FacoExt are
naturally equivalent to the corresponding identity functors. §

Fix a pair A and B of R-modules. We try to describe the equivalence classes of
extensions of A by B. Let M be an extension of A by B given by the exact sequence

E=0-—4A35M253% B 0.

Let (A, p, v) be an equivalence from this extension to another extension M’ of A’ by
B’ given by the exact sequence

E=0-—>ASMm2 B o
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Then it follows that M’ is also an extension of A by B given by the exact sequence

, vTlof
—

E'=0— A% M B — 0
such that (1, i1, Ig) is an equivalence from E to E”. Also, (A, Iy, V) is an equiva-
lence from E” to E’.

As such, there is no loss of generality in restricting the concept of equivalence on
the class Eg(B, A) of all extensions of A by B by saying that two extensions

ay 5y

Ek=0— A > M - B — 0

and

E,=0—> A3 M3 B —o0

in E(B, A) are equivalent if there is an isomorphism ¢ from M, to M; such that the
diagram

aq B

O—»- A —>M1—>-B E— 0

I I
Al (6] (z)l ﬂgBl

B A —»MQ —»B B 0
is commutative. Indeed, for any extension E in EXTgr which is equivalent to a
member E’ of E(B, A), there is a member E” of E(B, A) such that E is equivalent
to E” in the category EXTg and E” in Egx(B, A) is equivalent to E’ in the sense
described above.

Let FACR(B, A) denote the set {(f,g) | (B, A, f,9) is a factor system}.
Let (f,g) and (f’,¢) be members of FACg(B, A). It is easy to verify that
(f+ f,g+4g) e FACRr(B, A),and FACg(B, A) is an abelian group with respect
to this addition. Evidently, the extension Ext(0) associated with the zero factor sys-
tem (0, 0) is the direct sum extension

O—>A2>AXB£2>B—>0.

The following proposition is an easy straightforward verification.

Proposition 1.4.3 Let ¢ be a map from B to A such that $(0) = 0. Define a map
u? from B x B to A by

1, y) = o) — dx+y) + o),

and a map v® from R x B to A by

1/¢’(r, x) = ¢o(rx) — ro(x).
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Then (12, v?) € FACg(B, A), and we have an exact sequence

i o
0 — Homg(B,A) = Map(B,A) =’ FACg(B, A), (1.22)
where Map (B, A) is the group of zero-preserving maps from B to A, and O(p, 4 is
given by dp 4 (¢) = (u’, ). 4
Remark 1.4.4 The map 0 can be viewed as an obstruction map in the sense that ¢
is a homomorphism if and only if 9(¢) = (0, 0).

Let EXTr(B, A) denote the class of equivalence classes of extensions of A by
B (a prior, there is no reason to believe that it is a set). The equivalence class deter-
mined by the extension E will be denoted by [E]. Let E be an extension of A by
B and t a section of E. As observed earlier, E is equivalent to Ext(Fac(E,t)),
and hence [E] = [Ext(Fac(E,t))]. Thus, we have a surjective map g, 4) from
FACRg(B, A) to EXTgr(B, A) given by 1. 4)(X) = [Ext(X)] (in particular, it
follows that EXTr (B, A) is a set for each pair of modules A and B).
Proposition 1.4.5 Let ¥ and ' be members of FACg(B, A). Then
Ne.a(X) = nw.a(X) if and only if ¥ +imagedp.ay = T’ +imagedp, a).
Consequently, 1p, 4y induces a bijective map 7)g ) from the group
FACRg(B, A)/imageOp ) to EXTg(B, A) defined by

n(B,A)(Z =+ imagea(B,A)) = [EXI(Z)]
Proof Suppose that ¥ = (f,¢9) and X' = (f’, ¢). Suppose further that ¥ +
imaged oy = %'+ imaged(g, 4 . Then there is a map ¢ from B to A with ¢(0) =
0 such that (f — f', g —g¢) = (u?,v?). Thus,

fy) = flx ) + () — dx +y) + $(x)

and
g(r,yx) = ¢'(r,x) + ¢(rx) — ré(x)

forall x, y € B and r € R. The extension Ext(X) is given by
Ext(S) =0 — A S M5 B o,
where M = A x B with module operations given by
(a,x) + (b,y) = (a+b+ flx,y),x+Y)

and
r(a,x) = (ra+g(r, x),rx).

Similarly, the extension Ext(X’) is given by



54 1 Homological Algebra 1

Ext(S) =0 — A S M 5 B — o0,

where M’ = A x B with module operations given by
(@x) + (b,y) = (a+b+ f'(x,9),x+)

and
r(a,x) = (ra+g(r,x),rx).

It is easily seen that the map p from M to M’ given by p(a, x) = (a + ¢(x), x) is
a module homomorphism. Evidently, (14, p, Ip) is an equivalence between Ext(X)
and Ext(X’). This shows that ¥ + imageO;p 4y = X' + imaged g, ) implies that
NB.A(Z) = n.a)(X). Conversely, suppose that 7z 4)(X) = 7p,4)(X’). Then
there is a homomorphism p from M to M’ such that (I, p, Ip) is an equiva-
lence between Ext(X) and Ext(X’). Thus, there is a map ¢ from B to A such
that p(a, x) = (a + ¢(x), x). Evidently, #(0) = 0. Since p is a homomorphism,
(f,9) + 0m.a¢ = (f',g). The rest is evident. §

Clearly, Homp and Map are bi-functors from the category of R-modules to the
category AB of abelian groups. Let (5, «) be a morphism from (B, A) to (D, C)
in (Mod — R)° x Mod — R. More explicitly, let 5 be a module homomorphism
from D to B and o a module homomorphism from A to C. Let ( f, g) be a member
of FACg(B, A). Then it can be easily seen that (cofo(B x 3), aogo(Ig X (3)) is
a member of FACg(D, C). The map FACg from FACg(B, A) to FACg(D, C)
given by FACg(f,g9) = (aofo(B x ), aogo(Ig x (3)) is a homomorphism of
groups. This defines another bi-functor FACy from the category of R-modules
to the category AB of abelian groups. Clearly, the inclusion i defines a nat-
ural transformation from Hompg to Map, and O defines a natural transforma-
tion from Map to FACg. In turn, we have a bi-functor FACg/imaged from
the category of R-modules to the category AB of abelian groups defined by
FACg/imaged(B,A) = FACg(B, A)/imaged s, 4. Further, for each object
(B, A) of (Mod — R)° x Mod — R, the bijective map 7z, 4y introduced in Proposi-
tion 1.4.5 induces an abelian group structure on EXTg(B, A) such that EX Ty also
becomes a bi-functor from Mod -R to A B, and 7 defines a natural isomorphism from
FACgr/imaged to EXTg. §

Now, we describe the abelian group structure of EXTg(B, A), and also the bi-
functor £ X Ty independently.

Proposition 1.4.6 Let f be a homomorphism from an R-module D to an R-module
B, and

«

E=0-—>A3%5M2B o0

be an extension of A by B. Then there is an extension f*(E) of A by D together with
a morphism (14, i, f) from f*(E) to E. Further, such an extension is unique up to
equivalence.
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Proof We have the pullback diagram
P v »D

[ f (1)

Y Y
M 5 B
where P = {(m,d) e M x D | B(m) = f(d)}isthe submodule of M x D, y is
the first projection, and v is the second projection. Let x be a homomorphism from

A to P given by x(a) = («a(a),0). Then we get an extension f*(E) of A by D
given by

ffEY=0—A>P3%D—0.

Evidently, (14, u, f) is a morphism from f*(E) to E. Further, let

E=0—A%P %D —0

be an extension of A by D, and (14, ¢/, f) be a morphism from E’ to E. Since

/

P v D

/ A
M 5 2]

is a commutative diagram, and the diagram (1) is a pullback diagram, there is a

homomorphism ¢ from P’ to P such that (14, ¢, Ip) is a morphism from E’ to

f*(E). By the five lemma this is an equivalence. #

Let

El=0—A%mm 2 B0

and

E,=0— A% M3 B0

be equivalent extensions of A by B. Suppose that (14, p, Ip) is an equivalence from
E| to E;. Then the extension f*(E;) of A by D is given by
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ffE)=0—> A3 P8 Do,

and the extension f*(E;) of A by D is given by

ffE)=0— A3 P,8B D0,

where Pj is the submodule of M; x D givenby {(m,d) € My x D | f1(m) = f(d)}
and P, is the submodule of M, x D givenby P, = {(m,d) € My, X D | Bo(m) =
f(d)}. Clearly, the map p from P; to P, given by p(m,d) = (p(m), d) defines an
equivalence (14, p, Ip) from f*(E}) to f*(E,). This definesamap EXTr(—, A)(f)
from EXTgr(D, A) to EXTr(B, A) which is given by EXTr(—, A)(f)((E]) =
[f*(E)]. It is straightforward to see that EXTr(—, A)({4) = Igxre(a,a), and

EXTg(—, A)(gof) = EXTr(—, A)(f)OEXTr(—, A)(g).

This ensures that EXTg(—, A) is a contra-variant functor from the category of R-
modules to the category A B of abelian groups.
Dually, we have the following.

Proposition 1.4.7 Let [ be a homomorphism from an R-module A to an R-module
C, and
E=0—A3M32B 0

be an extension of A by B. Then there is an extension f,(E) of C by B together with
a morphism (f, i, Ip) from E to f,(E). Further, such an extension is unique up to
equivalence.

Proof Considerthe quotientmodule P = (C x M)/L,where L = {(f(a), —a(a))
| a € A}. We have the pushout diagram

A a M
f i
Y 7 Y
C ' P
wherei;(c) = (¢,0)+ L,and i;(m) = (0, m) + L. Suppose that (¢, 0) € L. Then
there exists anelementa € A suchthatc = f(a) and0 = —a(a). Since avis injective,

a = 0. Hence ¢ = 0. This shows that #; is injective homomorphism. Further, suppose
that (c,m) + L = (¢/,m’)+ L. Thenm —m’ = —a(a) = f(a)forsomea € A.
This means that 3(m) = S(m’). In turn, we have a surjective homomorphism B
from P to B given by B((c,m) + L) = [(m). Now,

ker = {(c,m)+ L | f(m) = 0}



1.4 Extensions and the Functor EXT 57
= {(c,a(@)+L|ceC, aec A}

= {(c+ f(@),00+L|ceC, ac A}

= imagei;.

Thus, we get an extension f,(E) of C by B given by
fEY=0-—cCc Pl o
Evidently, (f, i, Ip) is a morphism from E to f,(E). Now, let
E=0—C3>P 5B —0

be an extension of C by B together with a morphism (f, p, Ig) from E to E’. We
have the following commutative diagram:

A @ M
f p
Y Y
c X p
Since
A @ M
f 12
\ 7 \
c ' P

is a pushout diagram, we have homomorphism ¢ from P to P’ such that (I¢, ¢, Ip)
is a morphism from f,(E) to E’. By the five lemma it is an equivalence. f

Let

a; Bi

EfL=0— A > My > B — 0

and

Er=0-—> A3 M3B -0

be equivalent extensions of A by B. Suppose that (1,4, p, Ig) is an equivalence from
E| to E,. The extension f,(E}) of C by B is given by
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B

fE)=0—C5% P4 B o

and the extension f,(E») of C by B is given by

A

f*(Ez)EO—>Ci>P2°—>B—>O.

Here P is the quotient module (C x M;)/L, where L| = {(f(a), —a(a)) |a €
A}, and P; is the quotient module (C x M;)/L,, where L, = {(f(a), —az(a)) |
a € A}. The maps E and E are given by E((c,m1)+L1) = [i(m;) and
Ba((c,ma) + Ly) = Ba(my) Clearly, the map p from P, to P, given by p((c, m) +
Ly) = (c, p(m)) + L, induces an equivalence (14, p, Ig) from f,(E) to fi(E>).
In turn, we have a map EXTg(B, —)(f) from EXTgr(B, A) to EXTg(B, C) given
by EXTr(B, -)(/)(E]) = [f.(E)]. Evidently, EXTr(B, —)(Ix) = Irxre(s.4)»
and
EXTx(B, —)(gof) = EXTr(B, =)(9)oEXTr(B, =)(f).

As such, EXTg(B, —) defines a functor from the category of R-modules to the
category A B of abelian groups. Further, if ( f, ¢) is amorphism from (B, A) to (D, C)
in the category (Mod — R)° x Mod — R, then EXTr(f,g9) = EXTr(D, —)(g)o
EXTgr(—, A)(f) is a map from EXTg(B, A) to EXTr(D, C). It can be easily
observed that

EXTr((h,k)o(f,9)) = EXTr(h, k)oEXTg(f,9),

whenever (h, k) and (f, g) are composable morphisms in (Mod — R)° x Mod — R.
Also EXTr(Ig, In) = Igxry(s,.4)- Thus, EXTy introduced above is a bi-functor
from the category of R-modules to the category of sets. It can also be verified that i
(introduced in Proposition 1.4.5) is a natural isomorphism from FACg/image0 to
EXTg.

Next, we introduce the addition W in EXTr(B, A), called the Baer sum, so that
EXTr(B, A) becomes an abelian group, and, in turn, EX T turns out to be a bi-
functor from the category of R-modules to the category of abelian groups. Let

El=0— A% M2 B0
and ;
E,=0— A3 M, 3B —0

be extensions of A by B. Consider the extension E| x E, given by

apxan B X2

Ey\xEy,=0— AXA - My xM, — BxB — 0.
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Let Ap denote the diagonal homomorphism from B to B x B given by A(b) =
(b, b), and V4 denote the co-diagonal homomorphism from A x A to A given by
Va(a,b) = a—+ b. This gives an extension (V4),((Ag)*(E| X E;)) of Aby B. We
denote this extension by E; W E5. Let (14, ¢, Ig) be an equivalence from E| to E|
and (14, v, Ip) be an equivalence from E; to E%. Clearly, (Iaxa, ¢ X 9, Ipxp) is an
equivalence from E; x E;to E} x E}.Hence, (V4).((Ap)*(E; x E,))isequivalent
to (V4).((Ap)*(E} x E})). This shows that E; & E, is equivalent to E| & E’,. Thus,
we have a binary operation W on EXTr(B, A) given by [E ] W [E>] = [E1 W E,].
Finally, we show that the bijective map 7, 4, from the group
FACRg(B, A)/imegedp, 4 to the group (EXTg(B, A), W) is an isomorphism. The
reader may recall the earlier constructions. Let ¥ = (B, A, f,g) and &' =
(B, A, f',¢g) be members of FACgr(B, A). Then T+ %' = (B,A, f+ f',g+
g'). We need to show that [Ext(X + ¥')] = [Ext(X)] W [Ext(Z')]. By the con-
struction, there is an extension

E=0-—5>A3SM2B 50

of A by B and a section ¢ such that (f, g) = (f’, ¢'), and also an extension

E=0-—A4a3%Mm2% 850

of A by B and a section ' such that (f', ¢') = (f*, ¢"). Evidently, the commutative
diagram

P D . B

1 Ap

Y x 3 Y
Mx]\//’ﬁ b »B x B

is a pullback diagram, where P is the submodule {(m,m’) € M x M’ | f(m) =
B'(m")} of M x M’, the map p is given by p(m, m") = 3(m), and i is the inclusion
map. In turn, A%, (E x E') is given by

, axa
i

AS(EXE)=0— AxA P2 B —o.

Let P denote the quotient module (A x P)/L,where L = {(a + b, —((a(a), 0) +
(0, a'(b))) | (a,b) € A x A}. We have the following pushout diagram:
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Ax A ax« L P
VA 14
Y E Y
A P

where i(a) = (a, (0,0)) + L and v((x, y) = (0,(x,y))+L.Inturn, EW E’ =
(Va) (AR (E x E")) is given by

EWE =0 — A 5> P 5% B — 0,

where p((a, (x,y)) + L) = p((x,y)). We have a section s of E @ E’ which is
given by s(x) = (0, (¢(x), t'(x))) + L. Now,

O, @)+t ')+ () + L = sx) + s(y) =
W y) + se+y) = (), a4y, Gc+y) + L

and

O, (4" (. ). g () = (O, (t(rx) = rt(x), 1 (rx) —rt' () + L =

s(rx) — rs(x) = i(g°(r,x)) = (¢°(r,x),(0,0) + L.

Hence (— f*(x, y), (t(X) +1(y) —t(x +y),t'(x) +1'(y) —t'(x +y))) and
(=g*(r, x), (¢"(r, x), ¢ "(r, x))) belong to L. This shows that

ey = 1@+ 1) — 1+ )+ @)+ G) =1+ y) = o)+ ),

and /
grx) = (g rx)+g (rx)

forall x, y € B and r € R. It follows that g 4)(X + ') = g a(X) Wnp a(2).
This shows that (EXT®(B, A), W) is an abelian group, and 7(B.4) 1s natural isomor-
phism from FACg(B, A)/imaged g, 4y to the group EXTg(B, A).

Since the extension associated with a trivial (zero) factor system is a split exten-
sion, it follows that [E] represents O in EXTg(B, A) if and only if E is a split
extension.

Recall that a module P over R is projective if any one (and hence all) of the
following equivalent conditions is satisfied:

L. If § is a surjective homomorphism from B to C and f* a homomorphism from P
to C, then there exists a homomorphism f from P to B such that fof = f.
2. Every short exact sequence of the type
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0—-aA3mM2pPp o

splits.
3. P is direct summand of a free R-module.

In turn, we have the following corollary:

Corollary 1.4.8 A module P over R is projective if and only if EXTg(P, A) = {0}
for every module A. 4

Further, recall that a module I over R is injective if and only if very short exact
sequence of the type

0—13mMm2 B o0

splits.
Corollary 1.4.9 A module I over R is injective if and only if EXTgr(A,I) = {0}
for every module A. 4

Also recall that every module is submodule of an injective module.
Obstructions and Extensions of Homomorphisms

Proposition 1.4.10 Let A be a submodule of M and B be the quotient module M / A.
Then a homomorphism f from A to C can be extended to a homomorphism f from
M to C if and only if f,(E) is a split exact, where E is the extension

E=0—A->M%3% B — 0.

Proof Suppose that f is extended to a homomorphism f from M to C. Then the
homomorphism ¢ from M to C x B defined by ¢(x) = (f(x), v(x)) is such that
(f, ¢, Ig) is a morphism from E to the direct sum extension

0—C5% cxB % B —o.

From Proposition 1.4.7, it follows that f, (E) is a split extension. Conversely, suppose
that we have a split extension

E=0—-—>C5M2%B >0

together with a morphism (f, ¢, Ig) from E to E’. Then there is a homomorphism
s from M’ to C such that sop = I¢. Clearly, so¢ is the extension of f. fi

Dually, we have the following proposition.

Proposition 1.4.11 Let (3 be a surjective homomorphism from M to B, and f be a
homomorphism from D to B. Then f can be lifted to a homomorphism f from D to
M in the sense that Bof = f if and only if f*(E) is a split exact, where E is the
extension

i Iv]
EEO—>Ker6—l>M‘—>B—>O.
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Proof Suppose that there is a lifting f of f. Then we have a homomorphism

(Ixer, ¥, f) from the split extension

0—>Kerﬂﬂ>Ker/)’><D£2>D—>0

to E, where 1)(a, x) = a + f(x). From Proposition 1.4.6, it follows that f*(E) is
split extension. Conversely, suppose that f*(E) splits. Let (/k.3, p, f) be a mor-
phism from f*(E) to E and t is a splitting of f*(E). Then pot is the required
lifting. g

Theorem 1.4.12 Let

I
E=0—A3B5C—0

be a short exact sequence of R-modules, and D be an R-module. Then we have the
exact sequences

Homg(—, D)) Homg(—,D)(q)

0 — Hompg(C, D) Hompg (B, D) —

EXTg(—,D)(B) EXTR(=,D)(a)
— —

oF
Homg(A, D) 2> EXTR(C, D)
EXTg(A, D)

EXTg(B, D)

and

Hompg(D,-)(c) Hompg(D,—)(8)
— —

0 — Hompg(D, A) Hompg (D, B)

J EXTr(D,—
Homg(D,C) B EXTg(D, Ay =X TRED@

EXTg(D,C)

EXTgr(D,—)(3
EXTr(D, B) “XREDO

of abelian groups, where OF is the natural connecting homomorphism given by
OF(f) = [f.(E)] and O is the natural connecting homomorphism given by

Ie(f) = [f*(E)]

Proof We prove the exactness of the first sequence. Dual arguments will prove
the exactness of the second sequence. The proofs of the exactness at Homg(C, D)
and also at Hompg(B, D) are already established in Algebra 2 (Theorem 7.2.11),
and indeed, it also follows from Proposition 1.2.17 and the fact that the cat-
egory of modules is an abelian category. However, for the sake of complete-
ness, we prove it here also. Let f be a member of ker Homg(—, D)(3). Then
foB = Homg(—, D)(3)(f) = 0. Since (3 is surjective, f = 0. This proves
the exactness at Homgz(C, D). Since Homg(—, D) is a contra-variant functor,
Hompg(—, D)(o)oHomg(—, D)(8) = Homg(—, D)(Boa) = 0. Thus, image
Hompg(—, D)(B)iscontainedinker Homg(—, D)(«).Let f € ker Homg(—, D)(«).
Then foa = 0. Since imagea = ker[3, f is zero on ker (3. By the fundamental
theorem of homomorphism, there is a homomorphism f from B to D such that
Hompg(—, D)(B)(f) = fo = f.This proves the exactness at Hom (B, D).
Now, we prove the exactness at Homgz(A, D). Let f € Homg(B, D). Then
Homg(—, D)(a)(f) = foa.Henced* (Homg(—, D)(@)(f)) = [(foa).(E)] =
[ f«(a(E))]. By Proposition 1.4.10, o (E) is split exact. Hence f, (. (E)) is also
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split exact. This shows that OF (Homg(—, D)(a)(f)) = 0. Thus, imageHompg
(—, D)(a) is contained in kerOF . Let f € kerOF. Then 0F(f) = [f.(E)] = 0.In
other words, f,(E) is a split exact sequence. It follows from Proposition 1.4.10
that there is a homomorphism f from B to D such that foa = f. Hence,
f € imageHompg(—, D)(«). This proves the exactness at Homg(A, D).

Next, we prove the exactness at EXTr(C, D). Let f € Homg(A, D). Then
OE(f) = [f(E)), and EXTr(—, DYB)(L(E)) = [B(f(E))]. We have a
homomorphism (f, p, I¢) from E to f,(E). Clearly, p is a lifting of 3. By Proposi-
tion 1.4.11, B*(f.(E)) is split exact. This means that EX Tx(—, D)(8)(OF (f)) = 0.
Thus, imaged® is contained in ker EX Tr(—, D)(3). Now, let [E'] be a member of
ker EXTgr(—, D)(3), where

P

E=0—D%M5%c—o

Then 5*(E") is a split exact sequence. Suppose that

#EY=0-—D 5L LB o0

Let (Ip, ¢, ) be the morphism from 3*(E’) to E’, and ¢ be a map from B to L which
is a splitting of 5*(E’). Then 8'¢ta = [a = 0. From the exactness of E’, we get
a homomorphism f from A to D such that o f = ¢ta. Evidently, (f, ¢t, I¢) is
a morphism from E to E'. By Proposition 1.4.7, 0% (f) = [f.(E)] = [E’]. This
proves the exactness at EXTx(C, D).

Finally, we prove the exactness at EXTg (B, D). Since EXTr(—, D) is a contra-
variant functor, EXTg(—, D)(a)oEXTgr(—, D)(8) = EXTg(—, D)(Boa) = O.
This shows that image EXTg(—, D)(8) C ker EXTr(—, D)(c). Let [E] be amem-
ber of ker EXTg(—, D)(«), where

E=0—D31L % B _— 0.

Then .
Oé*(E~)EO—>Di>L,—w>A—>O

splits. Let (I, p, o) be the morphism from a*(E) to E, and ¢ be a splitting homo-
morphism of o*(E). Then vopot = o. Let M denote the image of pot. By the
first isomorphism theorem, v induces a surjective homomorphism v from L/M to
C which is given by E(x + M) = B((x)). Since ¢'(D) (1(A) = {0}, it follows
that (D) (M = {0}. Thus, we have an injective homomorphism ¢ from D to
L/M given by ¢(y) = ¢(y) + M, and the extension

b

E=0—D3 /M5 Cc—0

of D by C. Againl since (Ip, v, 0) is a~morphism from E to E, we see that
EXTr(—, D)Y(B)(ED) = [B*(E)] = [E]. Evidently, EXTg(—, D)(O)(IE]) =
[E]. This completes the proof of the exactness of the first sequence.
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Proposition 1.4.13 If R is a principal ideal domain, then the exact sequences in
Theorem 1.4.12 remain exact if we add zero in the right. More explicitly, if a is an
injective homomorphism from A to B and D is an R-module, then the homomorphism
EXTgr(—, D)(B) from EXTgr(B, D) to EXTgr(A, D) is surjective. Also if 3 is a sur-
Jective homomorphism from B to C and D is an R-module, then the homomorphism
EXTr(D, —)(a) from EXTgr(D, B) to EXTr(D, C) is surjective.

Proof Let « be an injective homomorphism from A to B and D be an R-module.
Let F be a free R-module and [ be a surjective homomorphism from F to B. Let
P = 7 '(a(A)). Then 3 induces a surjective homomorphism 3 from P to A given
by B(x) = a~'(B(x)). Evidently, ker3 = ker[3. Put K = ker[3. We have the
following commutative diagram:

i s

o , K __,p A __, 0

1 K l 7 l (67 l
i B
0 - K > B > 0
where rows are exact. Since submodule of a free module over a principal ideal domain
is free, it follows that P and K are free. In turn, by Corollary 1.4.8, EXTr(P, D) =
{0} = EXTr(K, D). Using Theorem 1.4.12, we obtain the following commutative

diagram:

0
Hom(K,D) | EXTz(B,D) ___, 0

[Hom(K,D)l EX%R(_: D)(a) l

Hom(K,D_, EXTr(A,D) ___, 0
where the rows are exact. Evidently, both the connecting homomorphisms 0 are sur-
jective, and the left-hand vertical arrow is bijective. This shows that EX T (—, D)(c)
is surjective. The second part can also be established similarly. f

Universal Coefficient Theorem for Co-homology

Let
d 2 d 1 d,, d,|
X=X, =5 X, 3 X, 5

be a chain complex of R-modules, and A be an R-module. The co-chain complex
Hom(X, A) of the chain complex X with coefficient in A is given by

n—2 n—1 n n+1
Hom(X, A) =2 Hom(X,_1, A) > Hom(X,, A) > Hom(Xns1, A) o>,

where 6"(f) = (=D)""'d;,(f) = (=1D)""! fod,41, C,(X) stands for the module
of n-cycles of X, and B, (X) stands for the module of n-boundaries of X. Thus, the
nth homology H,(X) = C,(X)/B,(X). Also C"(X, A) denotes the module of n
co-cycles of Hom(X, A), and B"(X, A) denotes the module of n co-boundaries of
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Hom(X, A). Thus, the nth co-homology H" (X, A) of X with coefficient in A is
given by H"(X, A) = C"(X, A)/B"(X, A). Note that C"(—, —), B"(—, —), and
H"(—, —) are all functors from (C Hg)° x Mod — R) to the category A B of abelian
groups (C Hg denotes the category of chain complexes of R-modules).

Let f be a member of C"(X, A). Then f is a homomorphism from X,, to A such
that 0 = 6"(f) = (—=1)"' fod,41. This means that B,(X) C kerf. Hence, f
induces a homomorphism ? from H,(X) to A given by ?(x + B, (X)) = f(x).
Further, if f € B"(X, A),then f = (—1)"god, for some g € Hom(X,—, A). But,
then f(x) = O for all x € C,(X). This gives us a natural homomorphism . from
H"(X, A) to Hom(H,(X), A) which is given by u(f + B"(X, A))(x + B,(X)) =
f ).

Theorem 1.4.14 (Universal coefficient theorem) Let X be a chain complex of free
R-modules over a principal ideal domain R. Let A be an R-module. Then for each
n, we have a split exact sequence

0 — EXTr(H,_1(X),A) 5 H"(X,A) 5 Hom(H,(X),A) — 0,

where p is the map given by u(f + B,(X, A))(x + B,(X)) = f(x) and p is to be
introduced during the proof. The splitting is natural in A.

Proof For simplicity, let us denote by C, (instead of C, (X)) the module of n-
cycles, and by B, the module of n-boundaries. Further, denote X, /C, by D,, and
H,(X) by H,. Then D, is isomorphic to B,_;. Since X,_; is free and submod-
ule of a free module over a principal ideal domain is free, D, is free for all n.
In turn, EXTg(D,, A) = 0 for all n (Corollary 1.4.8). Also C, is free, and so
EXTg(C,, A) = 0. We have the following two short exact sequences:

E=0—C,>X,5% D, —0

and
; dyy1 v
E =0— Dn+1 g Cn - H, — 0,

where v and ¥ represent the respective quotient maps and d,; is the homomor-
phism induced by d,,1;. Applying Theorem 1.4.12 to these two exact sequences and
fitting the co-chain complex Hom (X, A) suitably in between, we get the following
commutative diagram with exact rows and columns except the middle row:
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dr Y 0
— Hom(C,_1, A)_"yHom(D,,A) __yEXTr(H, 1,A) —0

Sk

1 *

v
61171 v 5"
— Hom(X,_1,A__yHom(X,, Al yHom(X,1,A) — .

Sk

) *

14
~ \

r d*
0 -Hom(H,,A) __,Hom C’n,A)_ntlHom(DnH,A) —

| |

0 0

We chase the above diagram to establish the result. Let f be a homomorphism
from H, = C,/B, to A. Then, we have a homomorphism % from C, to A given by
h(x) = f(x+ Bp),andv*(f) = h.Sincei* is surjective, there is a homomorphism
g from X, to A such thati*(g) = ¢g/C, = h = U*(f). Now,

0"(9) = v, i*(9) = v'd; 0" (f) = 0.

Hence g € C"(X, A). Clearly, u(g + B" (X, A))(x + B,) = h(x) = f(x+ By)
forallx € C,. Thus, u(g + B"(X, A)) = f.Thisshows that j is surjective. Further,
since the middle column is split exact, there is a homomorphism ¢ from Hom(C,, A)
to Hom(X,, A) such that i*ot = Iyum(c, ). In turn, we have a homomorphism s
from Hom(H,, A) to H"(X, A) given by s(f) = tv*(f) + B"(X, A). Evidently,
s is natural in second component and (oS = Inom(H,,A)-

Now, we introduce the homomorphism p and establish the exactness at EXTg
(H,—1(X), A) and also at H" (X, A). To define p, let [E] € EXTg(H,—, A). Since
0 is surjective, there is an element f € Hom(D,, A) such that 0f = [E].
Now, from the commutativity of the two bottom rows, §" = v*d} 411" Hence
o"v*(f) = vd; i*v*(f) = 0. This shows that v*(f) € C"(X, A). Further, if
g is another element of Hom(D,, A) such that (g) = [E] = 9(f), then (g —
f) = 0. By the exactness of the top row, there is an element # € Hom(C,_1, A)
such that d;(h) = g— f. Also, since i* is surjective, there is an element k €
Hom(X,_1, A) such thati*(k) = h.Hence v*(g — f) = v*(d:i*(k)) = " 1(k).
Thus, v*(g) + B" (X, A) = v*(f) + B"(X, A). This ensures that we have a map p
from EXTg(H,—1, A)to H" (X, A) defined by p([E]) = v*(f) + B"(X, A), where
O(f) = [E]. Evidently, p is a homomorphism. This introduces the homomorphism
p-

Suppose that p([E]) = 0. Then there is an element f € Hom(D,,, A) such that
O(f) = [Elandv*(f) € B"(X, A).Hence, thereis anelementk € Hom(X,,_, A)
such that 6"~'(k) = v*(f). But, then v*(dyi*(k)) = v*(f). Since v* is injective,
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d;(i*(k)) = f.Inturn,itfollowsthat [E] = 0f = 0d,(i*(k)) = 0. This shows
that p is injective.

Finally, we prove the exactness at H" (X, A).Let[E] € EXTgr(H,—, A). Thenby
definition, p([E]) = v*(f) + B"(X, A), where O(f) = [E]. Again, by definition
w(p(LE])) = h,where h € Hom(H,, A) such that i*(v*(f)) = v*(h) (the reader
may easily distinguish the two different v*). Since i*»* = 0, and 7" is injective, it
follows that u(p([E])) = h = 0. This shows that imagep C kerp. Next, let g +
B"(X, A) be amember of keru, where g € C"(X, A). Then by definition of p, 0 =
u(g + B"(X, A)) = i*(g). Since the middle column is exact, there is an element
f € Hom(D,, A) such that v*(f) = g. Take [E] = Of. By definition p([E]) =
g+ B"(X, A). This completes the proof of the universal coefficient theorem. &
Corollary 1.4.15 If X is a chain complex of vector spaces over a field F and V a
vector space over F, then H" (X, V) is isomorphic to Hom(H,(X), V).

Proof The result follows, since every module over a field is free. f

Remark 1.4.16 We may observe that the proof of the universal coefficient theorem
goes well if X is a chain complex of R-modules such that C,, and B, are projective
for all n.

Recall (see Algebra 2, Chap.9) that a ring R is semi-simple ring if and only if all
R-modules are projective (or equivalently, injective). For example, the group algebra
F(G), where G is a finite group such that characteristic of F does not divide | G |.
Thus, we have the following corollary.

Corollary 1.4.17 Let X be a chain complex of R-modules, where R is semi-simple.
Let A be an R-module. Then H" (X, A) is isomorphic to Hom(H,(X), A).

Exercises
1.4.1 Compute EXTy(Z,7), EXTy(Zy, 7)), EXTy(Z, Z,), and EX Ty (Zy, Z,).

1.4.2 Show that
(i) EXTr(®ZaecaAa, C) = [ cp EXTr(Aq, C) and
(i) EXTr(A, [Tpen Ba) = [loca EXTr(A, B,).

1.4.3 Compute EXTyz(Zy,, A) and EXTz(A, Z,,) for an abelian group A.
1.4.4 Show that EXT;(Q/Z, Z) is an extension of Z by EXTr(Q, 7).

1.4.5 Establish the exactness of the following sequence:

0 —> Homz(Q,Q) 5 Hom(Q,Q/Z) > EXT,(0Q,7) —> 0.

Assuming that EXT7(Q, Z) ~ R, show that Hom(Q, Q/Z) ~ R.

1.4.6 Suppose that Hom(A,Z) = {0} = EXTyz(A, Z). Show that A is the trivial
group.
1.4.7 Prove the second part of Theorem 1.4.12.
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In this chapter, we introduce the concept of derived functors in an abelian category
and develop its basic theory which is essential for the subsequent developments. The
n-fold extension functors EX T} and the functors Tor[f are introduced as derived
co-homology and homology functors. We also establish the Kunneth formula and
conclude the chapter with a basic introduction to spectral sequences.

2.1 Resolutions and Extensions

Let ¥ be an abelian category. A nonnegative chain complex

dyy1 dy, dy—1 d; d;
P=...-P,—>P_—> --+—> P> P—0

in X is called an acyclic chain complex if H,(P) = {0} foralln > 1. Itis said to be
aprojective (free) chain complex if each P; is projective (free). Dually, a nonnegative
co-chain complex

dﬂ dl dZ dn—] dr
I=0—1"S'S P25 S5

in ¥ is called an acyclic co-chain complex if H" (/) = {0} for all n > 1. It is said
to be an injective co-chain complex if each I is injective.
If P is an acyclic chain complex in X, then

d,,+1 d,, dn—l

P tp Sp M S p Y p S Hy(P) — 0

is exact. Further, if B is an object in X and there is an isomorphism 7 from Hy(P)
to B, then we have an exact sequence

© Springer Nature Singapore Pte Ltd. 2021 69
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dni1 d, dp—1 dp d, €
p=...2p 3P 5 ... 5P —>P—B—0,

where € = nov. This exact sequence is called a resolution of B. If in addition each
P; is projective (free), then we say that P is a projective (free) resolution of B. We
also express it by saying that P is an acyclic projective (free) chain complex over B
or the acyclic projective (free) chain complex P is a projective resolution of B.

If I is an acyclic co-chain complex in X, then

. 0 1 2 n—1 n
I=0—HOQ SIS S s S pd

is exact. Further, if A is an object in X and there is an isomorphism p from A to
H(I), then we have an exact sequence

dU dl d2 dn—l dn
'=0—A5>0°S51'S ... P25 .. 5 5

where 7 = iop. This exact sequence is called a co-resolution of A. If in addition
each I' is injective, then we say that I is an injective co-resolution of A. We also
express it by saying that I is an acyclic injective co-chain complex over A or the
acyclic injective co-chain complex 7 is an injective resolution of A.

An abelian category X is said to have enough projectives if for every object B in
3, there is a projective object P in X together with an epimorphism 3 from P to
B. Dually, X is said to have enough injectives if for every object A in X, there is
an injective object I in X together with a monomorphism « from A to 1. Thus, the
category Mod-R of R-modules has enough projectives as well as enough injectives
(see Sect.7.2 of Algebra 2). An abelian category need not have enough projectives
(injectives) (see Exercises2.1.3-2.1.5).

Theorem 2.1.1 Let ¥ be an abelian category with enough projectives. Then for
every object B in X, there is a projective resolution of B. Dually, if ¥ has enough
injectives, then for every object A in X, there is an injective co-resolution over A.

Proof Suppose that o has enough projectives, and B is an object of X. Using induc-
tion, we construct projective objects P, together with morphism d,, from P, to P,_
so that

dny1 d, dy—1 dy d €
8 3pP, S . 3P 3 Ph—>B—0

is a projective resolution of B. Since X has enough projectives, there is a projective

object Py together with an epimorphism ¢ from P, to B. Let K = Py be a kernel
of e. Again, since X has enough projectives, we have a projective object P; and an
epimorphism €; from P to K. Take d| = €q¢;. Evidently, imaged, = kere, and

Plﬂ)P()—f)B—>O
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is exact. Now, suppose that P, and d,, have already been constructed. Let K, - p,
be a kernel of d,,. Since X has enough projectives, there is a projective object P,y
and an epimorphism €,,; from P, to K,. Take d,, |, = €,€,+1. This proves the
existence of a projective resolution. Dually, we can prove the second statement. f

Theorem 2.1.2 Let

dyyi dy_ dy

p=..."ph%p S p AP SB 0

be a projective resolution of B. Let

Qpil Q Qp—1 [e%) [e3] n
X=..-2X,3X01> - =X —-X—-C—0

be a resolution of C. Let ¢ be a morphism from B to C. Then ¢ can be lifted to
a chain transformation f = {f, | n € N|J{0}} from P to X which is unique up to
chain homotopy.

Proof We construct a chain transformation f = {f,, | n € N J{0}} by induction on
n. Since Py is projective, and 7 is an epimorphism from X to C, there is a morphism
fo from Py to X such that ¢e = 1 fy. By Proposition 1.2.7,

m

X]gX():X]gKo—>X0,

where p; is an epimorphism and 7, is the image of . Since X is exact, imageaq is
kern. Thus, K, 2 Xo = kern. Further, 1 fod) = ¢ed; = 0. Hence, there is a mor-
phism &; from P; to K such that £ = fod;. Since P; is projective and X 2 Ky
is an epimorphism, there is a morphism f; from P; to X; such that p; fj = ¢;. In
turn, a1 f1 = mip1fi = mé = fodi. This completes the construction of f;.
Assume that f, has already been defined, n > 1. Again, by Proposition 1.2.7,

Qnt1 1 Mn+1

Pn+
Xn+1 — Xn :Xn+1 g Kl‘l e XI‘H

where p,4; is an epimorphism and 7, is the image of a,4;. Since X is exact,
imageay, 11 is keray,. Thus, K, g X, = keray,. Further, by the induction assump-
tion, «y, fudyr1 = fu—1dud,+1 = 0. Hence, there is a morphism &, from P, to
K, such that n,.1&,+1 = fudut1. Since X, ! K, is an epimorphism and P, is
projective, there is a morphism f,,;1 from P, to X, 41 such that p,41 fur1 = Ent1-
In turn,

il fry1 = 77n+1pn+1fn+l = 77n+1£n+1 = fudut1.

This shows the existence of a required chain transformation.

Letg = {g, | n € N{J{0}} be another chain transformation from P to X. We have
to show the existence of a chain homotopy s = {s,, | n € N J{0}} from f to g. Again,
we do it by induction on n. Now, 1 fy = ¢e = ngo. Thus, n(fy — go) = 0. Since



72 2 Homological Algebra 2, Derived Functors

Ky o Xo = kern, there is a morphism #, from Py to K such that 0ty = fyo — go.
Since p; is an epimorphism from X to Ky and Py is projective, there is a morphism
so from Py to X such that p;sy = #;. In turn,

a1so = mp1So = Nito = fo — go.

This completes the construction of sy. Further, o) f1 = fodi and o191 = god,.
Hence a1 (f1 — g1) = (fo — go)d1 = asod;. This shows that o (f; — g1 — sod)) =
0. Suppose that

N3 X =x58kK 353X,

where p; is an epimorphism and K % x | = kera;. Hence, there is a morphism #
from P; to K such that mt; = f1 — g1 — sod,. Since P is projective and X, et K
is an epimorphism, there is a morphism s; from P; to X, such that pys; = #;. In turn,

sy = 1mp1st = Mt = f1 — g1 — Sodi.

Equivalently, as| + sod; = f1 — g1-

Assume thats,,, m < n — 1 has already been introduced with the required proper-
ties. Imitating the construction of s, we can construct s, such that a,s,, + $,—1d,, =
Jfn — gn. This shows the existence of a chain homotopy from f to g.

The following theorem is the dual of the above theorem, and it can be proved by
using dual of the arguments used in the proof of the above theorem.

Theorem 2.1.3 Let

d() d] d2 dnfl dr
I=0—ASI"S 'S .25 ... S S
be an injective co-resolution of A. Let
n 0 ,\/() 1 ,YI ) ,},2 ,\/n—] n ,7/1
Y=0—D—->Y' Y - ... Y > ... > Y'—>...

be a co-resolution of D. Let b be a homomorphism from D to A. Then i) can be
extended to a co-chain transformation f = {f, | n € N|U{0}} from Y to I which is
unique up to co-chain homotopy. i

Corollary 2.1.4 Any two projective (injective) resolutions (co-resolutions) of B (A)
are chain (co-chain) equivalent.

Proof Let P and P’ (I and I') be two projective (injective) resolutions (co-
resolutions) of B (A). From Theorem?2.1.2 (Theorem?2.1.3), there are chain (co-
chain) transformations f and f’ from P (I) to P’ (I') and from P’ (I’) to P (1),
respectively. Then f’of and Ip (I;) are two chain (co-chain) transformations from
P (I)to P (I). Again, from Theorem 2.1.2 (Theorem2.1.3), f’of is chain (co-chain)
homotopic to Ip (I7). Similarly, fof’ is chain (co-chain) homotopic to Ip: (I}/). #
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Few remarks are in offing:

Remark 2.1.5 1. Let ¥ be an abelian category with enough projectives. Let g (X)
denote the category whose objects are positive projective acyclic chain complexes
in ¥, and morphisms are chain homotopy classes of chain transformations. Theo-
rem?2.1.2 asserts that the functor Hy from g (X) to X gives an equivalence between
the category g (X) and X. More explicitly, using the axiom of choice, we have an
association I" from Obj X to Objp (X) such that I'(B) is an acyclic projective chain
complex over B. Then from Theorem2.1.2, for any morphism ( from B to D, we
have a unique chain homotopy class I'(3) of chain transformations from I'(B) to
I'(D) which lifts 3. This defines a functor I" from X to g (X) such that HyoI" and
I"'o Hy are naturally equivalent to the corresponding identity functors.

2. We have the functor Hom (—, —) from the category g (£)° x X to the category
of positive co-chain complexes of abelian groups defined as follows:

dr d;
Hom(P,A) = 0 — Mors(Py, A) = Mors(P;, A) 3.3

dy
Mors(P,, A) — ---,

where
dny1 d, dy—1 d. d
P=...83p3pP 5 ...3P3P—0

is a positive acyclic projective chain complex in X. Next, if f is a chain transformation
from P’ to P, and « is a morphism from A to C, then f* = {f} | n e N|J{0}} is a
co-chain transformation from Hom (P, A) to Hom(P’, C).

3. In turn, for each n > 0, we have a functor H"(—, —) from 5@% X % to the
category AB of abelian groups. Using the equivalence given in 1, we obtain a bi-
functor H" (—, —) from the category ¥ to AB. In particular, for each n, we have
a bi-functor H{ (—, —) from the category X to the category AB of abelian groups
given by H{ (B, A) = H"(I'(B), A), where I is as in 1. In particular, if we fix an
object A in X, then we have contra-variant functors Hy. (—, A) from X to AB, and
if we fix an object B in X, then we get a functor Hg. (B, —) from X to AB. If ¥ is
the category of R-modules, then we denote these functors by Hy (B, A).

Dually,

4. Let ¥ be an abelian category with enough injectives. Let J(X) denote the
category whose objects are positive injective acyclic co-chain complexes in X, and
morphisms are homotopy classes of co-chain transformations. Theorem 2.1.3 asserts
that the functor H° from J(X) to X gives an equivalence between the category J(X)
and X. More explicitly, using the axiom of choice, we have an association A from
Obj ¥ to Obj3I(X) such that A(A) is an acyclic injective positive co-chain complex
over A. Then from Theorem 2.1.3, for any morphism « from A to C, we have a unique
homotopy class A («) of co-chain transformations from A (A) to A(C) which extends
. This defines a functor A from X to J(X) such that H%0 A and Ao H® are naturally
isomorphic to the corresponding identity functors.
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5. Further, we have the functor Hom(—, —) from the category X° x J(X) to the
category of positive co-chain complexes of abelian groups defined as follows:

n

d? d} d
0 — Hom(B,I) =0 — Morg(B,1°) = Mors(B,1') = ... 5
du+l
Mors(B, ") & ... |

where
dU dl dn—] dan
I=0—I"S1'S ... 5SS

is a positive acyclic injective co-chain complex in . Next, if f is a co-chain transfor-
mation from 7 to I’ and « is a morphism from A to C, then f, = {f" | n € N[ J{0}}
is a co-chain transformation from Hom(B, I) to Hom(B, I').

6. In turn, for each n > 0, we have a functor H"(—, —) from X% x J(Z) to the
category A B of abelian groups. Using the equivalence given in 3, we obtain another
bi-functor m(—, —) from the category X to AB. In particular, for each n, we have
a bi-functor H_g(—, —) from the category X to the category AB of abelian groups
given by H_g(B, A) = H"(B, A(A)), where A is as in 3. In particular, if we fix an
object A in ¥, then we have a contra-variant functor H_g(—, A) from X to AB, and
if we fix an object B in X, then we get a functor H_g(B, —) from X to AB.If X is
the category of R-modules, then we denote these functors by H_;(B, A).

To compute Hs, (B, A), we need to take a suitable acyclic projective chain complex

dny1 d, dy—1 d. d
P = -~~—+>Pn—'>Pn,1—> —2>P1—1>P0—>0

over B, and then compute H" (Hom (P, A)). Dually, to compute H_g(B, A), we need
to take a suitable positive acyclic injective co-chain complex

dO dl dn—] ar
I=0——1"S 'S .S S

on A, and then compute H" (Hom (B, I)). Soon we shall show that if X hﬁ enough
projective and also enough injectives, then the bi-functors H¢: (—, —) and H (—, —)
are naturally isomorphic.

Proposition 2.1.6 Suppose that the abelian category ¥ has enough projectives.
Then HX(B, A) is naturally isomorphic to Mors (B, A). If ¥ has enough injec-

tives, then Hg (B, A) is naturally isomorphic to Mors (B, A). In particular, if ¥ has
enough projective and also enough injectives, then Hg (B, A) isnaturally isomorphic

to HY(B, A).
Proof Suppose that the choice I'(B) of acyclic projective chain complex over B is

dy n dy
re=--“psp % .. %p%p o
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Then

dr dz
Hom(T'(B), A) = 0 —> Mors(Py, A) = Mors (P, A) = --- =

d/:+l
Mors(P,, A) — ---

Hence H‘E)(B, A) = kerd;. Since the functor Mors(—, A) is a left exact functor
from X? to AB, and

P4 PSS B—0

is exact, we have the exact sequence

* d*
0 —> Mors (B, A) = Mors(Py, A) — Mors (P, A).

Hence, kerd; is naturally isomorphic to Mors (B, A). The rest of the statements can
be proved by using the dual arguments. g

Proposition 2.1.7 Let P be a projective object and I be an injective object in X.
Then Hy (P, A) =0 = H{ (B, I) for all objects A and B in ¥ and n > 1. Dually,
H_g(P, A) =0= H{(B, 1) for all objects A and B in ¥ andn > 1.

Proof Let P be a projective object, then every projective acyclic chain complex over
P is chain equivalent to

0—0---—0— P —o0.

Evidently, Hg. (P, A) = 0 for all objects A and for all n > 1. Let / be an injective
object in X. Then the functor Mory (—, I) is an exact functor. Let

rBy=.--"p%p % ... %p%p_o0

be an acyclic projective chain complex over B. Take any n > 1. Suppose that f €
kerd; . Then fd,,; = 0. From Proposition 1.2.7, we have the factorization

d/x+l kn+| hn+|
Pn+l - PnZPn-H — Ln+1 — Pna

where h, | = imaged, | = kerd, and k, is an epimorphism (co-image of d,,+ ).
Similarly, we have the factorization

d, ky hy
P,—-P,_1=P,—L,— P,_4,

where h, = imaged, = kerd,_; and k, is an epimorphism (co-image of d,,). Now,
fdu+1 = fhysiky,p1 = 0. Since k4 is an epimorphism, fh,; = 0. In turn, there
is a morphism ¢ from L, to I such that ¢k, = f. Since 4,, is a monomorphism and
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I is injective, ¢ can be extended to a morphism v from P,_; to I such that ¢h, = ¢.
Thus, ¢d, = f. This means that f € imaged,;. This completes the proof of the fact
that Hg (B, I) = 0. Dually, we can prove the rest of the statement. f

Proposition 2.1.8 Let X be an abelian category with enough projectives. Let

E=0—B2Cc3D—0

be a short exact sequence in X. Then for each n, there is a natural connecting
homomorphism 0%, from H{ (B, A) to H;':'H (D, A) such that
1

n -, ~ n -, f3 3”
Hy (D, A) Ao H(C, A) @ HL(B, A) =5 -

-

QEA)= - >
is a long exact sequence which is natural in E as well as in A. More explicitly,
Q given above defines a functor from the category EXT3 x X to the category of
long exact sequences of abelian groups, where E X Ts, denote the category of onefold
extensions in X.

Proof Let

D)3 D—->0= L PnDd—’fi PP, % PlDd—'D> PPE D—0
be a projective resolution of D, and

I'B)X B—>0= Y Pan—'i PnB_ld”iEI s P]Bd—'[; PEEB—0

be that of B. Since P? is a projective object and v is an epimorphism, we have a
morphism ¢ from POD to C such that v¢ = ep. Let (PC, i1, i) denote the co-product
of P and PP, where i, is a morphism from P’ to P{ and i, is a morphism from
PP to PE. In turn, from Proposition 1.2.2, we get morphisms p; from P{ to PE and
also a morphism p; from P to PP such that

1) piip = IPOB, paly = Ipon, and
(i) i1py +i2p2 = Ipc.

Further, from the definition of the co-product, there is a morphism ec from P{ to
C such that eci; = ( and eci, = ¢. We have the commutative diagram
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i i
0 — » P} — P — 3P — » 0

€8 l 6cl €p l (D
B g

0_ . B _,Cc ___,D __, 0

where the rows are exact with top row split exact. Since eg and € are epimorphisms,
€c is also an epimorphism. Proceeding inductively, we get a projective resolution

€ i e c 4 pc 4 PC 55
rC) S c—o=...% pcd pc o5 & pe CCc-—50

of C, where (PE, i, i) is co-product of P and PP, and d¢ is the unique morphism
from PC to P | defined by the properties d€i; = ndB . and di, = ird" |.Inturn,
we have the split short exact sequence

0— I'(B) L 1) B T(C) — 0

of projective positive acyclic chain complexes. Applying the contra-variant functor
Morys(—, A), we obtain a short exact sequence

0 — Hom(I'(D), A) ﬁz) Hom((I'(C), A) i) Hom((I'(B),A) — 0

of co-chain complexes of abelian groups. Using Theorem1.3.1 for short exact
sequences of co-chain complexes, we obtain the desired long co-homology exact
sequence. i

The following proposition is the dual of the above proposition, and it can be
proved by using dual arguments.

Proposition 2.1.9 Let ¥ be an abelian category with enough injectives. Let

E=0-—ASASA —0

be a short exact sequence in X. Then for each n, there is a natural connecting
homomorphism 5E from H_g(B, A" to H%"H (B, A) such that

A YB) -

A(B, E) = H"(B A TP OFm B, Ay HI(B,A") %
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is a long exact sequence which is natural in B as well as in E. More explicitly, A
given above defines a functor from the category ¥° x EXTx to the category of long
exact sequences of abelian groups. t

Proposition 2.1.10 Let ¥ be an abelian category with enough projectives. Let
E=0—A3A4%4 0

be a short exact sequence in X, and B be an object in X. Then for each n, we have
a natural connecting homomorphism 0%, from H{. (B, A”) to Hg“ (B, A) such that
an—1

"(B._)(a n(B.—)( pA
QB E) = - 5 HAB,A) O g, Ay TS grg, Ay S

is a long exact sequence which is natural in B as well as E. More explicitly, Q' given
above defines a functor from the category £° x E XTx to the category of long exact
sequences of abelian groups.

Proof Let
d? d? dr db dP
r'B)2B—-0=...8posps 5 .3 pELpblp 50

be a projective resolution of B. Since P? is projective for each n, the sequences

0 —> Mors(P,, A) % Mors(Py, A) S Mors(P,, A”) —> 0
are exact for each n. It follows that
0 —> Hom(P,A) S Hom(P,A') S Hom(P,A") — 0

is a short exact sequence of co-chain complexes of abelian groups. The result follows
from Theorem1.3.1. #

Dually, we have the following proposition whose proof can be given by using
dual arguments.

Proposition 2.1.11 Let ¥ be an abelian category with enough injectives. Let

E=0—B2B% B o0

be a short exact sequence in X, and A be an object in X. Then for each n, we have

a natural connecting homomorphism 0%, from H_)':’(B, A) fo Hg“ (B”, A) such that
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0 A)(ﬂ)

AN(E,A) = --- £> HI(B", A) HAG) T

HEL(B'. A)" HI(B, A) 5%

is a long exact sequence which is natural in E as well as A. More explicitly, A' given
above defines a functor from the category EXTyY x X to the category of long exact
sequences of abelian groups. i

Finally, we prove the following theorem.

Theorem 2.1.12 Let ¥ be an abelian category with enough projectives and also
with enough injectives. Then the bi-functors Hy.(—, —) and H{.(—, —) from X to
AB are naturally isomorphic for all n.

Proof We define natural isomorphisms 7" _ from the bi-functor Hg(—, —) to
H_g(—, —) by the induction on n. By Proposition2.1.6, Hg(—, —) and Hg(—, -)
both are naturally isomorphic to the bi-functor Mory (—, —). This gives us natural

isomorphism 7° _ from H2(—, —) to H0 (=, —). We construct ! _ as follows. Let
B and A be ob]ects in X. Since X has enough injectives, we have a short exact
sequence

E=0—a312Cc—0,

where [ is an injective object. By Proposition2.1.10, we have a long exact sequence

‘ a0
Q'(B. E) =0 — Hom(B., A) % Hom(B.I) > Hom(B,C) %
an—1

HLB. D)--- %5 HIB, A)
2 E)

H" (B —)(a')

H! (B —)(@) H" (B —)(@)

Hy (B, A)
n n " aE
HZ(B, A) HL(B,A") =

and by Proposition2.1.9, we have a long exact sequence

a, B By
A(B,E)= 0— Hom(B,A) - Hom(B, I) l) Hom(B,C) =5

HI(B.O@ 7T O H' B 7 B.5(0)

HL(B, A) HL(B.I)--- % HI(B, A) HI(B,I)

Hi(B,C) %

of abelian groups. By Proposition2.1.7, H3 (B, 1) =0 = H_g(B, I) for all n > 1.
Thus, we have the following commutative diagram:
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a B o
Hom(B, A) »-Hom(B, ) »-Hom(B, C) »HL (B, A) > 0
I om(B,A) Igom(B,1) IHom(B,C)

Qix d* 5% _ T
Hom(B, A) — yHom(B,I) — y Hom(B,C) — pHlBA____p 0

where rows are exact. Evidently, kerd% = kerd%. This determines a unique mor-
phism 7y , from Hy (B, A) to Hy(B, A) so that the above diagram remains com-
mutative with the last vertical arrow as 17}3 4~ Since the connecting homomorphisms

9% and 69, are natural transformations between the corresponding functors, {1}, ,}

is a natural isomorphism. Now, assume that 7y , has already been defined for

all B and A and n > 1. We need to construct nngl. Again, by Proposition2.1.7,

H§(B, IH=0= H_é(B, I) for all kK > 1, and we get the following commutative
diagram:

I
0 ____ ,HLB,O) L HIY(B,A) L 0
g c
5)‘!
- E 1
0 L HIB,C) G HIY(B,A) . 0
n+1

where the rows are exact. We take 7jj;", to be the unique isomorphism which makes
the above diagram commutative. Since the connecting homomorphisms are natural
transformations between the corresponding functors, and 7% , is assumed to be a

natural isomorphism, {;*,} is a natural isomorphism. #

H} and n-Fold Extensions

For the sake of simplicity, in rest of the section, we shall again restrict our self to
the category Mod — R of right R-modules. However, every thing can be done in
any abelian category with enough projectives and enough injectives. Note that the
category of modules has enough projectives and enough injectives.

Again, let I' denote the choice functor from the category Mod — R of modules
over R to the category g (R) of acyclic projective chain complexes in Mod — R.
Indeed, in the category Mod — R, for each R-module B, we have the canonical
choice of free acyclic chain complex I'(B) over B. Let

d L
rB)50=---2%p%p % .. 3p8p5B—0
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be the corresponding projective resolution of B. Further, let

3
E=0—A3M5B—0

be an extension of A by B. From Theorem2.1.2, we have a homomorphism f; from
Py to M and a homomorphism f; from P; to A such that the following diagram is
commutative:

dz d 1 €

P P — 3P — 3B O

A

0___ o A M B __, 0

Consider the co-chain complex

d &3 ds
Hom(I'(B), A) =0 — Hom(Py, A) = Hom(P;, A) = Hom(P,, A) = ...

Clearly, Hg(B, A) = HY(I'(B), A) = kerd;. Again, since Hom(—, A) is a left
exact functor,

€ dy
0 — Hom(B,A) — Hom(Py, A) — Hom(Py, A)

is exact. Hence, H,g(B, A) is naturally isomorphic to Hom (B, A). Evidently, fi
appearing in the commutative diagram 2 is a member of C!'(I'(B), A). This gives
us an association Ap 4 from the class EXTgr (B, A) of extensions of A by B to the
group H}(B, A) givenby Ap 4(E) = f! 4+ B'(I'(B), A), where E and f; are given
as above.

Next, suppose that an extension

F=0—sASMmwZEB_—o0

is equivalent to the extension E. Without any loss of generality, we may assume that
(14, i1, Ip) is an equivalence from E to E’. Then the diagram
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dz d] €

P, P 3P B ___, O

l h l Hofo l Ip l (3)
o I}

0___ o A M ___ B __, 0

is commutative. This shows that A 4 (E) = f; + B'(I'(B), A) = A 4(E’). Thus,
Ap 4 induces a map Ap 4 from the group EXT(B, A) to the group H}e(B, A).
Finally, we have the following theorem.

Theorem 2.1.13 The map Ap 4 from EXTg(B, A) to HIIQ(B, A) defined above is
an isomorphism.

Proof Let
E=0—A3M3 B0

and ,
E=0—0A3SMmi B0

be extensions of A by B suchthat Ag A([E]) = fi + BY(T'(B), A)and Ap o([E']) =
fi + BY(I'(B), A), where the diagrams

dy d; €

P, P P B 0

and

P P — 3P — 3B O

0___ o A __ M
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are commutative. Recall the constructionof EW E'. Let T = {(m,m') e M x M’ |
B(m) = m)}, L ={(a+ b, (—ala), D)) ]| (a,b) € A x A}. Then T is a sub-
module of M x M’, and L is a submodule of A x 7. Take Q@ = (A x T)/L. Let i
be the map from A to Q given by i (a) = (a, (0, 0)) + L, and p be a map from 2 to
B defined by p((a, (m,m’)) + L) = $(m) (note that 3(m) = 3'(m’)). Then

EWE =0-—A->Q2B—0.

Let ¢ be the map from P, to €2 defined by ¢(x) = (0, (fo(x), f5(x))) + L. Then the
following diagram is commutative:

dz d] €

P, P P B __, 0

| enl g |

0___ o A __,Q B __, 0

This shows that Ap4([EIW[E']) = fi + f| + BUT'(B), A) = A A([E]) +
Ap A([E']). It remains to show that Az 4 is bijective. Suppose that A 4 ([E]) = 0.
Then there is amap 1 from Py to A such thatnod; = f;. Inturn, we have the following
commutative diagram:

i €
O_>kerd1 _»_P() _»B _— 0

l fl/kerdll fo l ]3 l
o B

0o__ ., A M ___ B __, 0

We also have a homomorphism 7 from P, to A whichislifting of f/kerd, . It follows
from Proposition 1.4.10 that E is split exact. This shows that [E] = 0.

Finally, we prove that Ap 4 is surjective. Let f + B'(I'(B), A) € HA(B, A),
where f € C'(I'(B), A). Then fod, = 0. Thus, f can be treated as a map from
kerd; to A. Take E = f.(E), where

E= O—>kerd1—i>P0—6>B—>0.

Evidently, A o(E) = f + B'(I'(B), A). #

Corollary 2.1.14 The family {Ap s} defines a natural isomorphism between the
bi-functors EXTgr(—, —) and H11e(_’ —). ft
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More generally, let EXTy (B, A) denote the class of n-fold extensions of A by
B. Thus, an arbitrary member of EXTg (B, A) is an exact sequence

E=0—ASM 3 MmS... % u LB —o0
Let
/Xl /XZ . X»tl

0—>A—>M—>M2 M—>B—>O

be another n-fold extension of A by B. We say that E < E’ if foreachk, 1 <k <n,
there is a homomorphism f; from M; to M| such that fia = o/, ficixx = X} fes
and 3 f, = [ (look at the corresponding commutative diagram). For n = 1, < is
an equivalence relation. However, for n > 2, < is reflexive and transitive but it is
not a symmetric relation. Let & denote the equivalence relation generated by <.
Let EXTg (B, A) denote the quotient EXTg (B, A)/ . It is easy to observe that
EXTg (B, A)isaset. Indeed, by the induction on 2, one can construct a set X" (B, A)
of n-fold extensions of A by B so that each member of EXT} is equivalent to a
member of X" (B, A). The equivalence class determined by an n-fold extension E
of A by B will be denoted by [E].

Let E be an n-fold extension of A by B as given above. Let D be an R-module and
~ be a homomorphism from D to B. Let the triple (L,, p,, x) denote the pullback
of the pair (5, v) of homomorphisms, where p, is a homomorphism from L, to M,
and x is a homomorphism from L, to D. Since [ is an epimorphism, Y is also an
epimorphism. The zero homomorphism 0 from M,_; to D and the homomorphism
Xn—1 from M,y to M), are such thaty0 = 0 = (,,_. From the universal property of
pullback, we have aunique homomorphism p from M,,_; to L, such that p, 1 = x,—1.
Evidently, kery = imagep and kery = imagex,—». Thus, we have an extension
v*(E) of A by D given by

VYE)=0—ASME3 MBS .. S M 5L, 5D —o0.

Suppose that E < E’, where E and E’ are given as above. Then, foreach k, 1 <k <
n, there is a homomorphism f; from M to M such that fia = o/, fi—ixx = X} fir
and 3 f,, = . Suppose that (L, p.,, x') be the pullback of the pair (5, ) of homo-
morphisms, where p), is a homomorphism from L/, to M, and x’ is ahomomorphism
from L) to D, and

W(E)—0—>A—>M{§>Mé X7-~-XL>2M 1—>L,’1

X D — 0.

Since B’ fupn = Bpn = vx and (L), p,, x') is the pullback of the pair (&', 7), the
universal property of a pullback ensures the existence of a unique homomorphism 7,
from L, to L) suchthat p/h, = f, p,. Already, fio = o/, fy_1dy = d fi forallk <
n — 1. Also, h,p = ' fu—1,and x'h, = x = Ipx. This shows that v*(E) < v*(E’).
Since ~is the smallest equivalence relation containing <, we find that E ~ E’ implies
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that v*(E) ~ v*(E’). This induces a map EXTy(—, A)(y) from EXTy (B, A) to
EXTg(D, A) defined by EXTR(—, A)(O)([E]) = [v*(E)]. Itis easy to observe that
EXTg(—, A)(07) = EXTR(—, A)(MoEXTR(—, A)(7), and EXTR(—, A)(Ip) =
IexTy(B.4)- This defines a contra-variant functor EXTg (—, A) from the category of
R-modules to the category SET of sets.

The dual considerations give a co-variant functor EX Ty (B, —) from the category
of R-modules to the category SET. These two functors can be easily seen to be
compatible to give a bi-functor EX Ty (—, —) from the category of R-modules to the
category SET.

Let E; and E, be n-fold extensions of A by B. We have the direct sum n-fold
extension E; x E; of A x A by B x B. As in case of EXTr(B, A), the n-fold
extension (V4).(A%(E; x E,)) of A by B is denoted by E W E’. If E; =~ E/ and
E, ~ E}, then as above it can be shown that E; W E; ~ E| & E),. This defines the
sumWon EXTg (B, A)by[E]W[E'] = [E W E']. The sum W defined is again called
the Baer sum.

Theorem 2.1.15 EXT{(B, A) is a group with respect to the Baer sum &, and the
bi-functors EXTR(—, —) and Hg(—, —) from Mod — R to AB are naturally iso-
morphic.

Proof Let
E=0—ASM3MS... % M LB -0
be a member of EXTy (B, A). Let
rB)S0=..."p %p ™ . 8p%pS5SB—50

be the choice of projective resolution of B. From Theorem2.1.2, we have a chain

transformation f = {f; | k > 0} from I'(B) -~ 0 to E which is unique up to chain
homotopy. More explicitly, we have the commutative diagram

dn+l dn dn—l dz d] €
Pn+1 —>Pn _>P,,,1 — —>-P1 — PO —_— B—>- 0
l fn l fn—l l fll fO l IB l
« X1 X2 Xn—1 ﬁ
0 — A —P-Ml —_— —D-Mn—l —>Mn —_— B —_— 0

where the rows are exact. Consider the co-chain complex Hom(I'(B), A). Since
fndnr1 =0, f, € C*(I'(B), A). If g = {gx | kK = 0} is another chain transformation
from ['(B) = 0 to E, then there is a chain homotopy s = {s¢, kK > 0} from f to
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g. Thus, there is a homomorphism s,_; from P,_; to A such that s,_1d, = f, —
gn. This shows that f,, + B"(I'(B), A) = g, + B"(I'(B), A). Thus, we have a map
Ap 4 from EXT"(B, A)to H'(I'(B), A) = Hg(B, A) definedby Ap 4(E) = f, +
B"(I"'(B), A). Let

« X X5 chiy_, oy
E=0—A->M>M>=>-.. 5'"M >B—0

be another member of EXT" (B, A) such that E < E’. Then foreach k,1 <k <n,
there is a homomorphism ¢ from M, to M, such that the diagram

« X1 X2 Xn—1 B
0 e A —>M1 —_— _>_M,,,1 —>Mn — B—»— 0
Iy l ¢ l / Pn-1 l %o l Iy l
« . Xi X2 , Xn—1 , p
0O —~ A M _— - M, M, _, B_, 0

is commutative. In turn, the diagram

dny1 dy dp_1 dy d €
Pn+1 —>Pn _>P,,,1 —_— —>-P1 R PO B ——— B—>- 0
l Jn l ¢n—} l / P l /1/)0 l Iz; l
o Yo x2¥oox Y B
0 —» A M _ - oM, M, _, B_, 0

is commutative, where ¥y = ¢y fu—i. This shows that Ag 4(E") = f, + B"(T'(B),
A) = Ap 4(E). Since the equivalence relation ~ is generated by <, it follows that
Ap A(E) = Ap 4(E’) whenever E ~ E'. Thus, Ap 4 induces a map Ap 4 from
EXTg(B,A) to Hy(B, A) defined by Ap 4([E]) = [Ap,a(E)]. As in the proof
of Theorem?2.1.13, it follows that Ap o([E]W [E']) = Ap A([E]) + Ap A([E']).
To prove that m is bijective, we construct its natural inverse ®p 4. Let f, +
B"(I'(B), A) be amember of Hy (B, A), where f, € C"(I'(B), A). Since f,dy4+1 =
0 and imaged,+\ = kerd,, f, is zero on kerd,. Also imaged, = kerd,_;. We may
treat d,, as a map from P, to kerd,,—;. From the fundamental theorem of homomor-
phism, we have aunique homomorphismﬁ from kerd,_; to A such that Eod,l = fu.
‘We have an n-fold extension

RAB)) = 0 —> kerd, > P, %5 . B p 8 p,5B—0
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of kerd,_; by B, and f, is a homomorphism from kerd,—, to A. Let the triple
(M,, iy, i) denote the pushout of the triple (kerd,_i, f,,i). Let d,_; denote the
obvious map from M; to P,_,. We have the n-fold extension

dn—1 n—2

T MAB) =0 — AL M5 P L% . 4 p 5B 0

of Aby B.Let f, be another member of C"(I"(B), A) suchthat f, + B"(I'(B), A) =
fa+ B"(I'(B), A). Then f, — f, belong to B"(I'(B), A). Hence, there is a homo-
morphism s,_; from P,_; to A such that f, — f, = s,_1d,. Thus, fu= T,{ +t—1,
where ¢, is the restriction of s, to kerd,_;. Again, we have an n-fold extension

— i d;_ d-
TLOAB) =0— A M P,% B 5B 0

of A by B. Clearly, ijof, = noi, where 7 is the homomorphism from P,_; to M|
given by n(x) = i} (x) + i{(s,—1(x)). Since the triple (M}, i1, i») is a pushout of the
triple (kerd,_1, f,, i), there is a unique homomorphism p from M to M| such that
poiy = iy and poiy = i’ In turn, we have the commutative diagram

i dyi dn d; €
0 —>—A —>—M1 —>-Pn72 —_ T — PO e B—»— 0
Is l pl IPn—Z l IPo l Ip l
li dnlll dn72 dl €
0 A oM _ P2 5+ _HP _» B_, 0

This means that f,” (R(A(B)))] = f." (R(A(B)))]. Thus, we have a map ®p 4 from
Hj(B, A) to EXT}(B, A) givenby O 4(f" + B*(I'(B), A) = [f, (R(AB)))].
Evidently, ®p 4 is the natural inverse of Ag 4. In turn, it also follows that EXTg
(B, A) is an abelian group with respect to &. g

The above theorem justifies the notation EXTg (B, A) for Hg(B, A) which is
adopted in the literature. Thus, the easiest way to compute the group EX Ty (B, A) of

n-fold extensions of A by B is to start with a projective resolution I' (B) 5 B — 0of
B, and then find the n'" co-homology Hy(Hom(I'(B), A) or to start with an injective

resolution 0 — A —> A(A) of A, and then find Hgx (B, A(A)) (see Theorem?2.1.12).

Corollary 2.1.16 Let

E = 0—>B£>C1>D—>O
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be a short exact sequence in R-modules, and A be an R-module. Then for eachn, there
is a natural connecting homomorphism 0} from EXTy (A, D) to EXTI'Q"H (A, B)
such that

EXTR(—.A)B) EXTg (=, A)(7)
%

EXT}A,C) 'S

ol
BN EXTR(A,B)

] %
EXT}(A,D) = ---

is a long exact sequence which is natural in E as well as in A. §

Corollary 2.1.17 Let

E=0—B2Cc3D—0

be a short exact sequence of R-modules. Then for each n, there is a natural connecting
homomorphism 0%, from EXT{(B, A) to EXT;;"'l (D, A) such that

EXT}(—,A)B)

! EXTI(—,A)()
S EXTIC, A) TS

= ... > EXTZ(D,A)

] %
EXT} (B, A) = -

is a long exact sequence which is natural in E as well as in A. §
Exercises

2.1.1 Let
0—-A—-M—B—0

be a short exact sequence in an abelian category X. Suppose that A and B both have
finite projective resolution. Show that M also has a finite projective resolution.

2.1.2 Let R be a principal ideal domain. Show that EXT;(B, A) =0 for all n >
2. In particular, EX T,?[X](B, A) =0 for all n > 2, where K is a field. Show that
EXT,%[X!Y](B, A) need not be 0. Is EX Ty (B, A) =0 foralln > 3?

2.1.3 What are projective (injective) objects in the category of finite abelian groups?
Does it have enough projectives (injectives). Support.

2.1.4 Show that the category of finitely generated Z-modules have enough projec-
tives. Does it have nontrivial injectives?

2.1.5 Show that the category of torsion Z-modules have enough injective. Does it
have nontrivial projectives?

2.1.6 Show that
(i) EXT{(B®C,A)~ EXTy(B,A)® EXT};(C, A) and
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(i) EXT!(B,A®C)~ EXT!(B,A) ® EXT!(B, C).

2.1.7 Show that P is projective if and only if EXTg(P, A) = 0 for all R-modules
A.

2.1.8 Show that [ is injective if and only if EXTg(B, I) = 0 for all R-modules B.

2.1.9 Show that a right R-module [ is injective if and only if EXTg(R/A,I) =0
for all right ideals A of R.
Hint: Use suitably the Zorn’s lemma.

2.1.10 Compute () EXTz(Zy,, A) and (i1)) EX Ty (Zyn, Zy).-

2.1.11 Let B be an R-module. We say that the projective dimension Pdg(B) of B
is<nif EXTg (B, A) =0 for all R-modules A and for all m > n + 1. Show that
the following conditions are equivalent:

(i) Pdg(B) <n.

(i) EXT,'{“(B, A) = 0 for all modules A.
(iii) There is a projective resolution of B of length n.
(iv) For all projective resolution

d, dm—1 d d €
e P3P, S .33 PS5B>0

of B, imaged, is projective.
2.1.12 State and prove the dual of the above exercise.

2.1.13 The smallest m (if exists) such that Pdg(B) < m is called the projective
dimension of B. Similarly, we define the injective dimension /dg(A) of A. Show
that Pdr(B & C) = Max(Pdgr(B), Pdgr(C)) and Idr(B & C) = Max(Idgr(B),
1dg(0)).

2.1.14 Let R be aring and B be an R-module. Then B ® R[X] is a right R[X]-
module which we denote by B[X]. Show that Pdr(B) is finite if and only if
Pdgix)(B[X]) is finite, and then Pdg(B) = Pdgx1(B[X]).

2.1.15 Let R be a ring. Define the right projective dimension r Pd(R) of R to be
sup{Pd(B) | Bis aright R —module}, and the right injective dimension r Id(R)
tobe sup{ld(B) | B is a right R — module}. Show that r Pd(R) = r1d(R). This
common number is called the right global dimension of R, and it is denoted by
rgd(R). Similarly, one can define left global dimension by considering left R-
modules. In general, rgd(R) may be different from /gd(R). However, for rings
which are left as well as right noetherian the equality holds.
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2.2 Tensor and Tor Functors

In the previous section, we introduced the functors EX Ty (—, —) as derived func-
tors of the Hom(—, —) functor. In this section, we introduce the derived functors
TorR(—, —) of the tensor functor.

Torsion Products

Before introducing the concept of torsion product, we recall the concept of tensor
product and also some of its basic properties (see Chap.7, Algebra 2). Let M be a
right R-module, and N be a left R-module. Recall that the tensor product M ®p
N of M and N is an abelian group generated by the set {m @ n |m € M,n € N}
of formal symbols subject to the following relations: (i) (im +m') @ n =m ® n +
m@n, () MRMm+n)=mn+men, and (iii) ma ® n = m ® an for all
m,m’ in M;n,n" in N, and o € R. Recall further that a map f from M x N to an
abelian group A is called a balanced map if the following three conditions hold:

(i) fm+m',n)= f(m,n)+ f(m',n);
(i) fm,n+n")y= f(m,n)+ f(m,n’); and
(iii)) f(ma,n) = f(m,an) forallm,m’in M;n,n’ in N, and a € R.

Thus, the map 7 from M x N to M ®g N defined by n(m,n) =m ®@n is a
balanced map. The tensor product M ®g N is completely described by the following
universal property:

“If f is balanced map from M x N to an abelian group L, then there is a unique
homomorphism f from M ®3 N to L subjectto f(m ® n) = f(m, n).”

Definition 2.2.1 Let R and S be rings with identities. An abelian group M which
is a left R-module, and also a right S-module is called a Bi — (R, S) module if
(a-x)-b=a-(x-b)forallx e M,a € R,andb € S.

Observe that if R is a commutative ring with identity, then a left R-module M is
also a right R-module (define x - a = a - x). In fact, it is a bi-(R, R) module.

Proposition 2.2.2 Let M be a right R-module and N a bi-(R, S) module. Then
M ®gr N has unique right S-module structure defined by (x @ u) - b = (x @ (u - b)).
If M is bi-(S, R) module and N a left R-module, then M Qg N is a left S-module.

Proof Let M be aright R-module and N be a bi-(R, §)-module. Let b € S. Define
amap f, from M x N to M @ N by fp(x,u) = x ® ub. It is easy to observe (using
the fact that N is a bi-(R, S)-module) that f, is a balanced map. From the universal
property of the tensor product, we have a unique homomorphism ¢, from M @z N to
itself defined by the property ¢, (x ® u) = x ® ub. Define an external multiplication
on M ®g N by elements of S from right by z-b = ¢,(z) for all ze M Qg N,
and b € S. Since ¢, is a homomorphism for all b € S, and ¢p,p, = ¢p,0¢p, for all
by, by € S, it follows that M ®g N is a right S-module with respect to the external
multiplication defined above. The rest can be proved similarly. g

In particular, we have the following corollary.
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Corollary 2.2.3 If R is a commutative ring, then M ®g N is a both-sided R-
module. #

Proposition 2.2.4 Let M and N be bi-(R, R) modules. Then we have a unique
isomorphism f from M Qg N to N Qg M such that f(x @ y) = y Q x.

Proof The map ¢ from M x N to N @z M defined by ¢(x,y) = y ® x is a bal-
anced (in fact bilinear) map. From the universal property of the tensor product,
we have a unique homomorphism f subject to the condition f(x ® y) =y ® x.
Similarly, we have a unique homomorphism g from N ® g M to M ® N subject to
the condition g(y ® x) = x ® y. Clearly, gof(x ® y) =x ® y for all x € M and
yeN.Since {x ® y | x € M,y € N}is aset of generators of M ®z N, it follows
that gof = Iyg,n. Similarly, fog is also the identity map. This shows that f is an
isomorphism. f

In particular, we have the following corollary.

Corollary 2.2.5 Let R be a commutative ring, and M and N be R-modules. Then
M Qg N is isomorphicto N Qg M.

Proposition 2.2.6 Let M be a right R-module, N a bi-(R, S)-module, and L a left
S-module. Then there is a unique isomorphism ¢ from (M Qg N) Qs L to M Qg
(N ®s L) subject to the condition p((x X y) ®z) =x Q@ (y ® z) forallx e M,y €
N,and z € L.

Proof Let x € M. The map (y,z) ~» (x ® y) ® z defines a balanced map from
N x Lto (M ®r N) ®;s L. Hence, there is a unique homomorphism ¢, from N ®g
L to (M ®r N) ®s L subject to the condition ¢, (y ® z) = (x ® y) ® z. The map
(x,u) ~ ¢y(u), whereu € N ®g L, is also a balanced map from M x (N ®g L) to
(M ®g N) ®g L. Thus, there is a unique homomorphism ¢ from M ®z (N ®g L) to
(M ®g N) ®s L subject to the condition ¢p(x ® (y ® z)) = (x ® y) ® z. Similarly,
we have a unique homomorphism ¢ from (M @z N) ®s Lto M Qg (N Qs L) sub-
ject to the condition Y(x ® y) ®2) = x ® (y ® 7). It is clear that ¢ and ) are
inverses of each other. #

Remark 2.2.7 The above result, in particular, says that if R is a commutative
ring with identity and M, M,,--- , M,, are R-modules, then the tensor prod-
uct of My, M,,---, M, taken in same order with respect to any two bracket
arrangements is naturally isomorphic. Thus, we can define the tensor product
M; ®r M Qg - -- @g M, unambiguously. It is universal with respect to n-linear
maps in the sense that if ¢ is an n-linear map from M| x M, x --- x M, to an R-
module L, then there is a unique homomorphism ¢ from M| @ My Qg - -- Qg M,
to L subject to (x] @ X3 @ - - - @ x,,) = d(X, X2, -+ , Xp).

Proposition 2.2.8 Let R be a ring with identity and A be a left (right) R-module.
Then there is an R-isomorphism pa from R Qg A (A Qg R) to A defined by pa(a ®
x) =ax (pa(x @ a) = xa). Further, if f is a homomorphism from A to B, then the
diagram
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R®r A x® /) »R Qg B)
pA PB

Y f Y

A , B

is commutative.

Proof The map (a, x) ~» ax is clearly a balance map from R x A to A. Hence,
there is a unique homomorphism p4 from R ® A to A such that p4(a ® x) = ax.
Indeed, p,4 is a R-homomorphism. Also the map £4 from A to R ® A defined by
€a(x) = 1 ® x is a homomorphism. Now, (£40p4)(a @ x) = Ex(ax) = 1 @ ax =
la ® x =a ® x. Thus, {40p4 = Igg,a- Similarly, ps0&4 = 4. This shows that p4
is an R-isomorphism. The commutativity of the diagram is evident. #

Proposition 2.2.9 Let {M, | « € A} be a family of right R-modules and N be a
left R-module. Then there is a unique isomorphism 5 from (BXocaMy) Qr N to
DXaer(M, Qr N) such that E(f Q@ n)(a) = f(a) ® n. Similar result holds if N is
a right R-module and M, is left R-module for each o

Proof The map ¢ from (BX,caMy) X N to ©Xpep (M, Qg N) defined by
o((f,n))(a) = f() @ n is easily seen to be a balanced map. Hence, there is a
unique homomorphism 5 such that 5( f ®n)(a) = f(a) ®n. The inverse map is
an obvious map. The proof of the second part is similar. f

Remark 2.2.10 A free left R-module is isomorphic to direct sum of several copies
of R, which are also bi-(R, R) modules. Thus, a free left (right) R-module is also a
free bi-(R, R) module.

Corollary 2.2.11 Tensor product of free left R-modules is a free left R-module. In
turn, the tensor product P ® Q of a projective right R-module P with a projective
left R-module Q is a projective bi-(R, R)-module.

Proof Since a free left R-module is direct sum of so many copies of R, and since R @
R is isomorphic to R, the first part of the result follows from the above proposition.
Further, let P be a projective bi-(R, R) module and Q a projective left R-module.
Then there exists a right R-module L and a left R-module M such that P @ L is
a free R-module, and Q @ M is also a free R-module. Since tensor products of
free R-modules are free R-modules, (P @ L) ® (Q & M) is a free R-module. From
the previous proposition, (P ® Q) @ U is free, where U = (PQ M) ® (L ® Q) ®
(L ® M). Hence, P ® Q is a projective module. f
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Let f be a homomorphism from a right R-module M to a right R-module M’,
and g be a homomorphism from a left R-module N to a module N’. Then the
map f x g from M x N to M’ @g N’ defined by (f x g)(m,n) = f(m) ® g(n)
is easily observed to be a balanced map. In turn, it induces a homomorphism
f®gfromM Qg NtoM' ®r N’ subjectto (f ® g)(m ® n) = f(m) ® g(n). This
homomorphism f ® ¢ is called the tensor product of f and g. If further f’ is a
homomorphism from the right R-module M’ to another right R-module M"” and
g’ is a homomorphism from the left R-module N’ to another left R-module N”,
then (f'of) ® (§'og) = (f' ® ¢)o(f ® g). Also Iy ® Iy = Iygn. Thus, we have
a functor — ® — from the product category (Mod — R) x (R — Mod) to the cat-
egory AB of abelian groups which is given by (— ® —)(M, N) = M ® N, and
(= ® —=)(f, 9) = f ® g. This functor is called tensor functor. In particular, for a
fixed right R-module M, we have a functor M ® — from the category of left R-
modules to the category AB of abelian groups given by (M @ —)(N) = M Qg N
and (M ® —)(g9) = Iy ® g, and for a fixed left R-module N, we have a functor
— ® N from the category of left R-modules to the category AB of abelian groups
givenby (— Q@ N)(M) =M Qg N and (—Q N)(f) = f ® Iy.

Evidently, tensor products of epimorphisms are epimorphisms. However, tensor
products of two monomorphisms need not be a monomorphism.

Let

dX+1 dy dy
n n n—
X=... > S(n_) Xn—l_)"'

be a chain complex of right R-modules and

dyy dy dy_y
Y=... %y &y 5

be a chain complexes of left R-modules. We define the tensor product X ®pz Y of the
chain complexes X and Y as follows: put (X Qg Y), = ®X 4= Xp ®r Y. Define
a homomorphism dX®*¥ from (X ®z ¥), to (X ®g Y),—1 by defining

A x@y) =dix)®y + (=D’x®d) (y).

wherex € X,,, y € Y,, p+q = n.lItis easily seen that X ®p Y is a chain complex
of abelian groups. This chain complex is called the tensor product of X and Y. Further,
let f ={f, | p € Z} be a chain transformation from a chain complex X of right R-
modules to a chain complex X’ of right R-modules, and g = {g, | ¢ € Z} be a chain
transformation from a chain complex Y of left R-modules to a chain complex Y’ of
left R-modules. Then for each n, we have a homomorphism (f ® g), from (X ®g
Y)pto (X' ®rY'), givenby (f @ 9)n(x @ y) = fp(x) ® g4(y), where x € X, and
vy €Y,, p+ g =n.ltcan be checked easily that f ® g ={(f ® g)n | n € Z} isa
chain transformation from X ® Y to X’ ® Y. Thus, tensor product defines a functor
from the product category C Hgr xg C H to the category C Hz, C Hy denotes the
category of chain complexes of right R-modules, g C H denotes the category of chain
complexes of left R-modules, and C Hz, denotes the category of chain complexes of
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abelian groups. In a latter section, we shall discuss the relationship between the
homologies of X, the homologies of Y, and the homologies of X ®p Y.

Treating a left R-module A as a chain complex (Ag = A, and A, = {0} for all
n # 0), we get the chain complex X ®x A.Here (X ®r A), = X, ®r A, and dX®x4
is given by

A (x@a)=d*(x)®a + (-1)"x ®d*(a) =d*(x) ®a.
The n'" homology H,(X ® A) of X ® A is denoted by H, (X, A), and it is termed

as the n’" homology of X with coefficient in A.
Tensoring is a right exact functor in the sense of the following theorem.

Theorem 2.2.12 Let

A

Y

be an exact sequence of right R-modules and D be a left R-module. Then the sequence
a® Ip B® Ip

AQrD —» B®rD —» C®D _, 0

is exact. Also if

is an exact sequence of left R-modules and D is a right R-module. Then the sequence
is

Ip ® 1D®ﬂ

D®g A ., D®rB — s D®rC _, 0

Proof Since (3is surjective, and the tensor products of surjective homomorphisms are
surjective, 3 ® Ip is surjective. Thus, we need to show that ker 3 ® Ip = imagea ®
Ip. Again, since foa = 0, we have 0 = (6 ® Ipoa ® Ip) = (Boa) ® Ip. Hence,
imagea ® Ip C ker( x Ip.Putimagea ® Ip = L.By the fundamental theorem of
homomorphism, we have a unique homomorphism ¢ from (B ® D)/L to C ®g D
defined by ¢((b ® d) + L) = B(b) ® d. It is sufficient to show that ¢ is an isomor-
phism. We construct its inverse. If G(b) = 3(b’), then b — b’ belongs to ker3 =
imagea. Hence, (b ®d) — (V' ® d) = (b — V') ®d is in L. This ensures that we
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have a map (¢,d) ~>b®d+ L from C x D to (B ®g D)/L where (3(b) = c.
This is a balanced map (verify). Hence, we have a unique homomorphism ¢ from
C ®gr D to (B ®g D)/L such that ¥)(c ® d) = b ®d + L, where 3(b) = c. Now
(o) (c®d) = p(b®d + L) = 3(b) ®d = c ®d. This shows that ¢oy) is the
identity map. Similarly, ¥o¢ is also the identity map. This proves that ¢ is an iso-
morphism, and so L = ker3 ® Ip. Similarly, the second statement follows.

Consider the homomorphism f from Z to Z defined by f(a) = 5a. Then f is
injective but f ® Iz, from Z ®y, Zs to itself is the zero map, for f ® Iz, (m @ a) =
fm)@a=5m®a=mQ5a =0.Since Z ®, Zs ~ Zs is nontrivial, f & Iz, is
not injective. This shows that tensoring is not left exact. However, we have the
following proposition.

Proposition 2.2.13 If

0—>A—a>Bﬁ>C—>O

is a split exact sequence, then

0— A@r D" ¥ Box D" CorD — 0

is also a split exact sequence.

Proof 1f s is ahomomorphism from B to A such that soae = 14, then (s ® Ip)o(a ®
Ip) = 14 ® Ip = I4gp- This shows that o« ® I is injective, and the result follows. #

Example 2.2.14 Let A be an abelian group. Then Z,, ®z A is isomorphicto A/mA:
Consider the exact sequence

Q 1%
0 v Z_ v 77—y T3 0

where « is the multiplication by m. Taking tensor product with A, and observing
the fact that tensoring is right exact, we see that Z,, ®z A is isomorphic to (Z ®z
A)/kerv,. Again, kerv, = imagea,. The isomorphism f from Z ®z A to A given
by f(n ® a) = natakesimagec, tomA. The assertion follows from the fundamental
theorem of homomorphism. In particular, Z,, ® Z,, is isomorphic to Z,, where d is
g.c.d of m and n.

Definition 2.2.15 A left (right) R-module D is called a flat module if — @z D
(D ®g —) is also left exact functor. More explicitly, D is said to be a flat module if
f ®Ip (Ip ® f)is injective whenever f is an injective homomorphism.

Proposition 2.2.16 Let P be a projective left (right) R-module. Then P is a flat
module.
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Proof From Proposition2.2.8, it follows that R is a flat left (right) R-module. Further,
since a free R-module is direct sum of several copies of R and since the tensor product
respects direct sum, it follows that every free R-module is flat. Let P be a projective
left R-module. Then there is a projective left R-module Q such that P & Q is free.
Let f be an injective homomorphism from a right R-module A to a right R-module
B. Then we have the following commutative diagram:

A®g P felr LB ®p P
Iy ®1) Ip ® 1)
Y f® Ipgo Y
AQR(P® Q) »B® (P& O)

Since the vertical arrows and the bottom arrow are injective, the top row is also
injective. This proves that P is flat. {

Let

00— A

Y
Y
Y

be an exact sequence of abelian groups and D be an abelian group. Let us
examine the kera ® Ip, where A, B, C, and D are abelian groups (Z-modules).
As observed above, o ® Ip need not be injective. Indeed, if a € A is such that
a(a) = mb for some m e N and b € B and d € D is such that md = 0, then
(a®Ip)a®@d)=mb®d =bQmd =0, whereas a ® d may not be zero in
A ® D. Further, if (b)) = B(b’), then ¥’ — b = «(a’) for a unique ¢’ € A. In turn,
ala +ma’) = mb + ma(a’) =mb'. Also (a +ma’) ® d = a ® d. Thus, the above
kernel element a ® d with md = 0 depends only on the element 3(b) =c € C
with a(a) = mb. Evidently, mc = 0. More explicitly, a triple (c, m,d), where
ceC,d e D,and mc = 0 = md, determines an element a ® d of the kera ® Ip,
where a(a) = mt(c), t being a section of the extension. Let us denote the set
{(c,m,d) € C xZ x D | mc =0=md} by X. Define the map ¢ from X to the
kera ® Ip by ¢((c,m,d)) = a ® d, where a(a) = mt(c).

Let (¢c,m,d) and (c,m,d’) be two members of X. Then (¢, m,d + d’) also
belongs to X. By definition of ¢, ¢((c,m,d)) =a ®d, ¢((c,m,d")) =a ® d’, and
o((c,m,d+d))=a® (d+d)=(a®d)+ (a ®d'),where a(a) = mit(c). This
shows that
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o((c,m,d +d")) = ¢((c,m,d)) + ¢((c,m,d)). 2.1)

Suppose that (¢, m,d) and (¢’, m, d) are members of X. Then (¢ + ¢’, m, d)
also belongs to X, and ¢((c + ¢/, m,d) = u ® d, where a(u) = mt(c + ¢’). Fur-
ther, ¢((c, m, d)) = a ® d, where a(a) = mt(c), and ¢((¢’, m, d)) = @’ ® d, where
a(a’) = mt(c'). Since B(t(c) +t(c")) = B(t(c + ¢’)), there is an element v € A
such that £ (c) + #(¢') = a(v) + t(c + ¢’). Hence, if we take u = a + a’ — mv, then
a(u) = mt(c + ¢”). This shows that ¢((c + ', m,d) =u ®d = (a +d — mv) ®
d=a®d+ a ®d. This shows that

P(c+ ' m,d)) = ¢((c,m,d)) + ¢((c',m,d)). (2.2)
Next, suppose that mnc = 0 = nd, then it can be easily seen that
o(c,mn,d) = ¢(mc,n, d). (2.3)
Finally, if mc = 0 = mnd, then again it follows that
o(c,mn,d) = ¢(c, m, nd). 2.4)

The above discussion prompts us to have the following definition.

Definition 2.2.17 Let C and D be abelian groups. Then the abelian group generated
by the set X = {(c,m,d) € C x N x D | mc = 0 = md} of symbols subject to the
relations

i) (c,m,d+d") = (c,m,d) + (c,m,d),

() (c+c,m,d) = (c,m,d) + (c',m,d),
(iii) (¢, mn,d) = (mc, n, d) whenever mnc = 0 = nd, and
@iv) (c,mn,d) = (c, m, nd) whenever mc = 0 = mnd

is called the torsion product of C and D, and it is denoted by T or(C, D).

Proposition 2.2.18 Let C and D be abelian groups. Then

(i) (0,m,d)=0=(c,m,0)forallmeZ,ceC,andd € D.
(ii) (c,0,d) =0forallc € Candd € D.

Proof (i) Since (0,m,d) =O0+0,m,d) = (0,m,d)+ (0,m,d), (0,m,d) =0
forallm € Z and d € D. Similarly, (¢, m,0) =0forallm € Zand c € C.
(ii) (¢, 0,d) = (¢,0-0,d) = (0c,0,d) = (0,0,d) = 0.

Corollary 2.2.19 [f C is torsion free or D is torsion free, then Tor(C, D) = 0.

Proof Suppose that C is torsion free. Then the generating set X of Tor(C, D) is
{(0,m,0) | m € Z} | U{(c,0,d) | ¢ € C and d € D}. From the previous proposition
X ={0}. 4
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Proposition 2.2.20 Tor(C, D) is naturally isomorphic to Tor(D, C).

Proof The map 7 from the generating set X of Tor(C, D) to Tor (D, C) given by
T(c,m,d) = (d, m, c) respects the defining relations. Hence, it induces a homo-
morphism 7 from Tor(C, D) to Tor(D, C) whose restriction to X is 7. Simi-
larly, we have map p from the generating set ¥ = {(d,m,c) |d € D, m € Z,c €
C, andmd =0 =mc}of Tor(D, C)toTor(C, D) whichrespects the defining rela-
tions. In turn, p induces a homomorphism p from Tor (D, C) to Tor(C, D) whose
restriction to Y is p. Clearly poT is identity map on X. Hence, poT = Ir,r(c,p)-
Similarly, ?Oﬁ = ITor(D,C)' ﬁ

Proposition 2.2.21 (i) Tor(C @& A, D) =~ Tor(C, D) & Tor(A, D) and
(ii) Tor(C,A® D) ~Tor(C,A)® Tor(C, D).

Proof (i) Itis easily seen that the association (c ® a, m,d) — (c,m,d) & (a,m, d)
induces the required isomorphism. Similarly, (ii) follows.

Thus, to compute T or(C, D) for finitely generated abelian groups, it is sufficient
to compute T or (Zy,, Z) and T or (Z,, Z,). From Corollary 2.2.19, T or (Z,,, Z) = O.

If f is a homomorphism from C to A and g a homomorphism from D to B,
then the map (f, g) from the generating set X of Tor(C, D) to Tor (A, B) given by
(f,9)(c,m,d) = (f(c), m, g(d)) respects the defining relations for Tor(C, D). As
such, it induces a unique homomorphism T or (f, g) from Tor(C, D) to Tor(A, B)
whose restriction to X is (f, g). Evidently, Tor(Ic, Ip) = Iror(c,p), and Tor
(f',gHoTor(f,g) = Tor(f'of, gog), where f’ is a homomorphism from A to
A’ and ¢’ a homomorphism from B to B’. Thus, we have a functor Tor(—, —)
from AB x AB to AB which is given by Tor(—, —)(C, D) = Tor(C, D) and
Tor(—, _)(.ﬁ 9) = Tor(f, 9)-

Proposition 2.2.22 Let A be an abelian group. Then there is an isomorphism ¢
from Tor(Z,,, A) to the m-torsion A,, = {a € A | ma =0} of A. Further, ¢4 is
natural in A in the sense that if f is a homomorphism from A to B, then the following
diagram is commutative:

Tor(Zy, f)

Tor(Z,,, A) »10r(Zy, B)

Pa b
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where f,, is the restriction of f to A,,.

Proof Define the map ¢4 from A,, to Tor(Z,,, A) by ¢4(a) = (1, m, a). Evidently,
¢4 is a homomorphism from A,, to Tor(Z,,, A). We construct its inverse 14. The
generating set X of Tor(Z,,, A) is

(7, t,a) | 1T =0 € Z,,, and ta = 0}.

Suppose that (7, ¢,a) € X. Then 7 = 0 € Z,,. This means m divides #r. Also,
{(F.t,a) = (1,rt,a) = (1, m, “a). Defineamap &, from X to A, by {4((F, 1, @) =
4. Clearly, £ respects the defining relation, and so it defines a homomorphism )4
from T or (Z,, A) to A,, whose restriction to X is {4. Evidently, 14 is the inverse of
@ 4. The commutativity of the diagram in the statement of the theorem follows from

the definitions of ¢4 and of ¢p. ff

Corollary 2.2.23 Tor(Z,,, Z,) is isomorphic to Z,, where d is the greatest common
divisor of m and n.

Proof Clearly, (Z,)n = {a € Z, | ma = 0}. The map n from Z; to (Z,),, defined
by n(r) = “ is an isomorphism.

Corollary 2.2.24 Tor(C, D) = 0 for all abelian group C if and only if D is torsion
free. In particular, Tor (C, D) = 0 if C or D is projective Z-module. |

Let 5
E=0—AS3B5C—0

be an exact sequence of abelian groups, and D be an abelian group. Let 7 be a
section of the above short exact sequence. As described in Definition2.2.17, we
have amap ¢ from the generating set X = {(c,m,d) € C x Z x D | mc = 0 = md}
of Tor(C, D) to A® D defined by ¢((c,m,d)) =a ® d, where a(a) = mt(c).
Further, it respects the defining relations. Hence, it defines a homomorphism Og
from Tor(C, D) to A ® D whose restriction to X is ¢. This homomorphism is again
called a connecting homomorphism. The functoriality of the Tor and the tensor
functors implies that the connecting homomorphism is natural in £ and also in D.
The following proposition is an easy verification.

Proposition 2.2.25 Let E be the short exact sequence of abelian groups as given
above, and m be a natural number. Let s denote the isomorphism from A ® Z,,
to A/mA given by na(a @r) =rA + mA. Let t be a section of E. Then we have
a map xg from C,, to A/mA given by x(c) = a + mA, where mt(x) = a(a) such
that following commutative diagram is commutative:
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Tor(C,Zy) A Ly
dc 1A
Y XE Y
Cn »A/mA

il

Theorem 2.2.26 Let
E=0—A%BACc—0

be an exact sequence of abelian groups, and D be an abelian group. Then we have
the following natural (in E and in D) exact sequence of abelian groups:
) or (B,
0 —> Tor(A, D) " "S™7orB, D) ""S"™ Torc, D) % A @ D "%

BeD & ce D — 0.

Proof In the light of Theorem2.2.12, we need to show the exactness at A @ D,
Tor(C, D), Tor(B, D),and at Tor (A, D). Suppose that D = Z. Then we have the
following commutative diagram:

A @ »B
f g
Y a® Iy Y
AQZ ,B®Z

where f is the isomorphism given by f(a) = 1 ® a and g is the isomorphism given
by f(b) =1 ® b. It follows that o ® Iz, is injective. Hence, the sequence
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0— A2 ¥ B2 coz — 0

is exact. Since Tor(A,Z) = Tor(B,7Z) = Tor(C, Z) = 0, the result is verified for
D =7.

Next, suppose that D = Z,,. From Proposition2.2.22, wehave ¢ goT or (o, I7,) =
a,0p4 and ¢coTor (B, Iz,) = Bnodp. From Proposition2.2.25, 9400 = xgo¢c.
Again, npoa @ Iz, = o’"ona, where o is the homomorphism from A/mA to
B/mB defined by o"(a +mA) = a(a) + mB. Since ¢4, ¢p, ¢dc, na, and np
are isomorphisms, it is sufficient to observe that the following sequence is exact:

Un B "
0> Aw 3 B, 2 Cn 5 A/mAS B/mB.

This verifies the result for D = Z,,. Since tensor functor ® and the torsion functor
respect the direct sum, the result follows for all finitely generated abelian groups.
The result follows if we observe that torsion and the tensor functors commute with
direct limit, homology functor commutes with direct limit, and every abelian group
D is direct limit of its finitely generated subgroups.

Remark 2.2.27 The reader can easily observe that the above discussions (including
the definitions) and the results hold good for modules over principal ideal domains.

Let C and D be a Z-modules. Since submodule of a projective Z-module is a
projective, we have a projective presentation

FrC)SCo>0=E=0—P 5>P5C—0

of C, where P| = kere. Further, every projective resolution of C is chain equivalent to
the above projective resolution. From Theorem 2.2.26, and the fact that T or (P, D) =
0 whenever P is projective, we get the following exact sequence:

0— Tor(C.D)% PL@ D2 P D CoD — 0.

Also ‘
rC)®@D=0— P,®D ' P,@ D — 0.

Thus,
Hy(T'(C), D) = (Py® D)/imagei ® Ip = (Py ® D)/kere ® Ip ~ C ® D,

and
H\(T'(C), D) = kera® Ip =~ Tor(C, D).

This prompts us to define the n'" torsion product Torf (C, D) of a right R-module
C with a left R-module D as follows.
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Consider the category g (Mod — R) whose objects are positive projective acyclic
chain complexes of right R-modules and morphisms are homotopy classes of chain
transformations. Let I" be the choice functor from Mod — R to o (Mod — R) which
is an equivalence (see Remark2.1.5). Suppose that

re)S>c—-0=--%p%p . 2phpS5c—o

and D is a left R-module. The n'" homology H,(I'(C), D) of I'(C) with coefficient
in D is denoted by Tor,f (C, D), and it is called the n' torsion product of C with
D. In the light of Remark 2.1.5, TorR(—, —) is a functor from the product category
Mod-R x R-Mod to the category A B of abelian groups. It follows from the earlier
discussion that TorOZ(C, D) is naturally isomorphic to C ®7 D, and Torlz(C, D)is
naturally isomorphic to Tor (C, D).

Proposition 2.2.28 The functor Torf (—, —) is naturally isomorphic to the functor
— ®r —.

Proof Let C be a right R-module and D be a left R-module. Consider the choice
projective resolution

d d d
rc)>Cc—-o=---3p~P,3P3pP5CcC—0
of C. Since tensoring is a right exact functor, we have the exact sequence

Pror DS Pyor D2 Cor D — 0.

In turn, ker(elp) = image(d; ® Ip). Thus, we have an isomorphism pc p from
Torf(C,D) = (Py® D)/imaged, ® Ip to C Qg D given by pcpx®d+
imaged, @ Ip) = e(x) ® d. We show that pc p is natural in C and D. Let ¢ be
a homomorphism from C to C’ and v be a homomorphism from D to D’. Let

No€ , dy &, d ;€ ’
rey-¢ —-»o=----P,—- P —-P—->C—0

be the choice projective resolution of C’, and I'(¢) = [ f], where f = {f, : P, —
P} | n > 0} is a chain transformation from I'(C) to I'(C’) which lifts ¢. Evidently,

(¢ ® Ip)opc,p = pcr.pro(fo ® ¥). Thus, e poTor (¢, ) = (¢ ® Y)opc.p. This
proves the naturality of . ff

Proposition 2.2.29 If D is a flat left R-module, then TorX(C, D) = 0 foralln > 1.

Proof Consider the choice projective resolution

re)Scoo=--5p3p%p5c—0
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of C. Suppose that n > 1. We have the following sequence:
0 —> kerd, N P, ﬁ) P,_i.

Further, since kerd,, = imaged,+, d,+, may be treated as a surjective homomor-
phism from P, to kerd,. Since D is flat, we have the exact sequence

0—> kerd, ®x D' P,@ D% P,_, @ D.

Since tensoring is right exact, imaged,+1 @ Ip = (i ® Ip)(kerd, Qg D) = ker(d,
® Ip). By definition,

TornR(C, D) = (Kerd, ® Ip)/(imaged,+1 ® Ip) = H,(I'(C), D) = 0.

i

Corollary 2.2.30 If C is projective right R-module or if D is a projective left R-
module, then Torr‘:a (C,D)=0foralln > 1.

Proof Suppose that D is a projective left R-module. By Proposition2.2.16, D is
flat. From the above proposition, Tor,f(C , D) =0 for all n > 1. Suppose that C is
projective, then

0—0—.-.—0—>C5Cc—0

is a projective resolution of C. Evidently, Tor,f(C, D)=0foralln > 1.4

Proposition 2.2.31 Let

E=0-—A3B%c—o0

be a short exact sequence of left R-modules, and D be a right R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms 0,(E) from
Tor,f(D, C) to Tor,fi1 (D, A) such that the following sequence is exact.

TorR(Ip,a) 0, (E)

Onr1(E
L OB Tork(D,C) "% ... .

Tor,f(In.f)
— Torf(D,A) P

Tor®(D, B)

Proof Consider the choice projective acyclic chain complex I'(D) over D. Since
every projective module is flat, we have the short exact sequence

r)®x B 2 T(D)®x C —> 0

(D) ®Q

0—>T(D)®p A%

of chain complexes. The result follows if we apply Theorem 1.3.1 to the above short
exact sequence of chain complexes. fi
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Proposition 2.2.32 Let

E=0-—A3B5c—o0

be a short exact sequence of right R-modules, and D be a left R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms 0, (E) from
Tor,f(C ,D) to Tor,fi1 (A, D) such that the following sequence is exact:

Tor,f (e, Ip

On+1(E) Torf(ﬂ,lp

aﬂ
5 TorR(A, D) ®

" Tor®(B, D) "Torkc, Dy " ...

Proof As in the proof of Proposition2.1.8, we have a split short exact sequence
0— T'A) 5 1B B re) —o

of positive acyclic projective chain complexes of right R-modules, where I'(A) is
projective chain complex over A, I'(B) is projective chain complex over B, and I'(C)
is projective chain complex over C. In turn, we have the short exact sequence

0— TR D"E°T(B) 2z D "3” 1(C)®x D — 0

of chain complexes of abelian groups. The result follows if we apply Theorem 1.3.1
to the above short exact sequence of chain complexes. f

Next, consider the category g (R-Mod) (see Remark2.1.5) whose objects are
positive acyclic projective chain complexes of left R-modules, and morphisms are
homotopy classes of chain transformations. Again, let I" denote the choice functor
from R-Mod to g (R-Mod). Let D be a left R-module, and C be a right R-module.
Then, as above, we have a functor TorR(—, —) from the product category (Mod-
R) x (R-Mod) to AB which is given by TorR(C, D) = H,(C, I'(D) = H,(C ®
I'(D)).

Imitating the proofs of Proposition?2.2.28, Proposition2.2.29, Corollary 2.2.30,
Proposition2.2.31, and Proposition 2.2.32, respectively, we can establish the follow-
ing five results.

Proposition 2.2.33 The functor Tor(ge (=, =) is naturally isomorphic to the functor
— Qr —.

Proposition 2.2.34 [f D is a flat left R-module, then TorR(C, D) =0 for all n >
1. g

Corollary 2.2.35 If C is projective right R-module or if D is a projective left R-
module, then TorR(C, D) =0 foralln > 1. ¢

Proposition 2.2.36 Let
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E=0-—5A5B5%Cc—o0

be a short exact sequence of right R-modules, and D be a left R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms 0, (E) from

TorR(C, D) to Torffl(A, D) such that the following sequence is exact.

Bur(E) —=
D T orR(A, D)

TorR(a,Ip) TorR(B,1p) Ou(E)

TorR(B, D) TorR(C, D)

f
Proposition 2.2.37 Let
E=0—A3B5Cc—0

be a short exact sequence of left R-modules, and D be a right R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms 0, (E) from

Torf (D, C)to Torf_ (D, A) such that the following sequence is exact.

TorR(Ip,a) TorR(Ip,B)
> RN

8/1 1 ———— Y 7’!
B TorR(D, A) TorR(D, B) TorR(D,C) "% ...
f
Theorem 2.2.38 The functors Tor,f (—, —) and TorR(—, —) are naturally isomor-
phic.

Proof The proof is by the induction on n. For n = 0, it follows from Proposi-
tion2.2.28 and Proposition2.2.33 that Tor&(—, —) and Torf(—, —) are naturally
isomorphic. Let us again denote this natural isomorphism by fi(—, —). Consider the
choice projective resolution

rC)Sc—so=---3p8p%pS5c—o0

of C. We have the short exact sequence

E = 0—>kere—i>Po—E>C—>0.

From Corollaries 2.2.29 and 2.2.34, and the fact that P, is projective, it follows that

Torf(Py, D) = 0 = Torf (P, D).Further, from Propositions 2.2.32 and 2.2.36, we
have the following commutative diagram:
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O1(E) Torf (i, Ip)
0 »-Torf(C, D) — yTorf(kere, D) 5 Tof.D
l 1o (kere, D) l 1o (Po, D) l
91(E) Torf (i, Ip)
0 _»TorlR(C, D) _»Tor(f(kere, D) - 5 Tor(f(Po, D)

Since the connecting homomorphisms 0; (E) and 51 (E) are natural injections, and
the vertical map i (kere, D) is a natural isomorphism, we have a unique natural iso-
morphism x;(C, D) so that the above diagram remains commutative with the first
vertical arrow as ) (C, D). Assume that p,(—, —) is a natural isomorphism from
TorR(—, =) to TorR(—, —). Since TorX(Py, D) = 0 for all n > 1, using Proposi-
tions2.2.32 and 2.2.36, we have the following commutative diagram:

an+1(E)

0 — yTorR (C,D) _—_ TorRkere, D) __ 4 0

tn(kere, D) l
5n+1 (E)

0 _ ,Tor® (C,D) __, Torfkere, D) __4 0

The connecting homomorphisms are natural isomorphisms, and by the assumption,
un(kere, D) is also a natural isomorphism. Evidently, we have a unique natural
isomorphism 4+ (C, D) from Tor,ﬁr,(C, D) to Tor,f_H(C, D) which makes the
above diagram commutative. This completes the proof.

Exercises

2.2.1 Show that A ®z A = 0 implies that A = 0.

2.2.2 Show that Torz(Q/Z, A) is isomorphic to the torsion part of A.
2.2.3 Describe the torsion product Torz(Z,), A), where p is a prime.
2.2.4 Describe Torz(Q, A) for a finite abelian group A.

2.2.5 Characterize an abelian group A such that Torz(A, B) = 0 for all abelian
groups B.

2.2.6 Show that Toryz(A, B) is isomorphic to Torz(Tor(A), Tor(B)).
2.2.7 Show that EXT}(A, —) = 0 implies that Torf (A, —) = 0.
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2.2.8 Describe natural transformations from EX 7y (%Z,,, —) to EXTz(Z,, —).
2.2.9 Describe natural transformations from — ®r B to — ®z C.

2.2.10 Let R be a principal ideal domain. Show that EX Tk (A, —) is a right exact
functor.

2.2.11 Checkifp={nsr| A € ¥ and F € SET?¥} is a natural equivalence.

2.2.12 Show that the T or functor preserves direct limits.

2.3 Abstract Theory of Derived Functors

So far, we introduced and studied the bi-functors EX Ty (—, —) and Torf from the
category of R-modules to the category AB of abelian groups as derived functors of
Hom and tensor functors. There are many other important abelian categories with
enough injectives or with enough projectives such as the category of sheaves of mod-
ules over ringed spaces, category of vector bundles, and also additive functors such
as section functors. The corresponding derived functors have very significant appli-
cations in geometry, topology, and representation theory. Some of these applications
may also appear in the following chapters of this book. We shall quickly develop the
general theory of abstract-derived functors. The proofs of the results are mostly the
imitations of the corresponding results for EX Ty (—, —) and Tor,fe (—, —) functors.

Let ¥ be an abelian category with enough 