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Preface

Algebra has played a central and a decisive role in formulating and solving the
problems in all branches of mathematics, science, and engineering. My earlier plan
was to write a series of three volumes on algebra covering a wide spectrum to cater
the need of students and researchers at various levels. The two initial volumes have
already appeared. However, looking at the size and the contents to be covered, we
decided to split the third volume into two volumes, Algebra 3 and Algebra 4.
Algebra 3 concentrates on the homological algebra together with its important
applications in mathematics, whereas Algebra 4 is about Lie algebras, Chevalley
groups, and their representation theory.

Homological algebra has played and is playing a pivotal role in understanding
and classifying (up to certain equivalences) the mathematical structures such as
topological, geometrical, arithmetical, and the algebraic structures by associating
computable algebraic invariants to these structures. Indeed, it has also shown its
deep intrinsic presence in dealing with the problems in physics, in particular, in
string theory and quantum theory. The present volume, Algebra 3, the third volume
in the series, is devoted to introduce the homological methods and to have some of
its important applications in geometry, topology, algebraic geometry, algebra, and
representation theory. It contains category theory, abelian categories, and homology
theory in abelian categories, the n-fold extension functors EXTnð�;�Þ, the torsion
functors TORnð�;�Þ, the theory of derived functors, simplicial and singular
homology theories with their applications, co-homology of groups, sheaf theory,
sheaf co-homology, some amount of algebraic geometry, E'tale sheaf theory and
co-homology, and the ‘-adic co-homology with a demonstration showing its
application in the representation theory. The book can act as a text for graduate and
advance graduate students specializing in mathematics.

There is no essential prerequisite to understand this book except some basics in
algebra (as in Algebra 1 and Algebra 2) together with some amount of calculus and
topology. An attempt to follow the logical ordering has been made throughout the
book.
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My teacher (Late) Professor B. L. Sharma, my colleague at the University of
Allahabad; my friends: Prof. Satyadeo, Prof. S. S. Khare, Prof. H. K. Mukherji, and
Dr. H. S. Tripathi; my students: Prof. R. P. Shukla, Prof. Shivdatt, Dr. Brajesh
Kumar Sharma, Mr. Swapnil Srivastava, Dr. Akhilesh Yadav, Dr. Vivek Jain, and
Dr. Vipul Kakkar; and above all the mathematics students of Allahabad University
had always been the motivating force for me to write a book. Without their con-
tinuous insistence, it would have not come in the present form. I wish to express my
warmest thanks to all of them.

Harish-Chandra Research Institute, Allahabad, has always been a great source
for me to learn more and more mathematics. I wish to express my deep sense of
appreciation and thanks to HRI for providing me all infrastructural facilities to write
these volumes.

Last but not least, I wish to express my thanks to my wife Veena Srivastava who
had always been helpful in this endeavor.
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Chapter 1
Homological Algebra 1

This is the first chapter which develops the basic language of homological algebra.
It introduces categories, abelian categories, and the homology theory in an abelian
category. Further, it also introduces the bi-functor EXT (−,−).

1.1 Categories and Functors

The category theory gives us a unified, general, and abstract setting for mathematical
structures such as groups, rings, modules, vector spaces, topological spaces, etc.
Quite often, in mathematics, the concrete results are expressed in the language of
category theory. The Gödel–Bernays axiomatic system for sets is the most suitable
axiomatic system for the category theory. As described in Chap.2 of Algebra 1, class
is a primitive term in this axiomatic system instead of sets. Indeed, sets are simply
the members of classes. The classes which are not sets are termed as proper classes.

Definition 1.1.1 A category � consists of the following:

1. A class Obj� called the class of objects of �.
2. For each pair A, B in Obj�, we have a set Mor�(A, B) called the set of mor-

phisms from the object A to the object B. Further,

Mor�(A, B)
⋂

Mor�(A′, B ′) �= ∅ only i f A = A′ and B = B ′.

3. For each triple A, B,C in Obj�, we have a map · from Mor�(B,C) ×
Mor�(A, B) toMor�(A,C) called the law of composition.We denote the image
·(g, f ) of the pair (g, f ) under the map · by g f . Further, the law of composi-
tion is associative in the sense that if f ∈ Mor�(A, B), g ∈ Mor�(B,C) and
h ∈ Mor�(C, D), then (hg) f = h(g f ).

© Springer Nature Singapore Pte Ltd. 2021
R. Lal, Algebra 3, Infosys Science Foundation Series,
https://doi.org/10.1007/978-981-33-6326-7_1
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2 1 Homological Algebra 1

4. For each A ∈ Obj�, there is an element IA in Mor�(A, A) such that f IA = f
for all morphisms f from A, and IAg = g for all morphisms g to A.

If f ∈ Mor�(X,Y ), then X is called the domain of f and Y is called the co-

domain of f . We also represent the morphism f by X
f→ Y .

Clearly, for each object A of �, IA is the unique morphism, and it is called the
identity morphism on A. The category � is called a small category if Obj� is a
set.

Example 1.1.2 We have the category SET whose objects are sets, the morphisms
from a set A to a set B are precisely the maps from A to B, and the composition
law is the composition of maps. This is termed as the category of sets. GP denotes
the category whose objects are groups, the morphisms from a group H to a group
K are precisely homomorphisms from H to K , and the composition law is the
composition of maps. AB denotes the category of abelian groups whose objects
are abelian groups, morphisms are homomorphisms, and the composition law is the
composition of maps. RI NG will denote the category whose objects are rings, the
morphisms are ring homomorphisms, and the composition law is the composition
of maps. The category of topological spaces is denoted by T OP . Thus, the objects
of T OP are topological spaces, and the morphisms are continuous maps, and again
the composition law is the composition of maps.

Example 1.1.3 Let R be a ring with identity. Then Mod-R (R-Mod) denotes the
category whose objects are right (left) R-modules, the morphisms are module homo-
morphisms, and the composition law is the composition of maps.

Example 1.1.4 A group G can also be treated as a category having a single object
G. The elements of the group can be taken as morphisms from G to G, and the
composition law is the binary operation of G.

Example 1.1.5 Let f and g be homotopic maps from a topological space X to a
topological space Y . Let h and k be homotopic maps from a topological space Y to
a topological space Z . Then hof and kog are homotopic. Thus, we have a category
[T OP] whose objects are topological spaces, morphisms are homotopy classes [ f ]
of maps, and the composition law is given by [g][ f ] = [gof ]. This category is
termed as the homotopy category.

Example 1.1.6 We have the category WST of well-ordered sets whose objects are
well-ordered sets, morphisms are order-preserving maps, and again the composition
law is the composition of maps. In particular, we have the category ω of all finite
ordinals. Clearly, ω is a small category.

Example 1.1.7 Let X be a set, and≤ be a reflexive and transitive relation on X . Then
(X,≤) can be treated as a category whose objects are elements of X . MorX (x, y)
is ∅ if x � y, and MorX (x, y) is the singleton {i yx } if x ≤ y. If x ≤ y and y ≤ z,
then i zyi

y
x = i zx . In particular, every poset (partially ordered set) can be treated as

a category. A partially ordered set (D,≤) is called a directed set if for each pair
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a, b ∈ D, there is an element c ∈ D such that a ≤ c and also b ≤ c. Thus, a directed
set can also be treated as a category.

Definition 1.1.8 Let � be a category. A morphism f from A to B is said to be a
monomorphism (epimorphism) if it can be left (right) cancelled in the sense that
f g = f h (g f = h f ) implies that g = h. A morphism f from A to B is said to
be an isomorphism if there is a morphism g from B to A such that g f = IA and
f g = IB . Clearly, such a morphism g is unique, and it is called the inverse of f .
The inverse of f , if exists, is denoted by f −1.

Remark 1.1.9 In the category SET of sets, a morphism f from a set A to a set B is a
monomorphism (epimorphism) if and only if it is an injective (surjective) map. Also
in the categoryGP , a morphism f from a group H to a group K is a monomorphism
if and only if f is injective (prove it). Clearly, an isomorphism is a monomorphism
as well as an epimorphism. However, a morphism which is a monomorphism as
well as an epimorphism need not be an isomorphism. For example, consider the
category Haus of Hausdorff topological spaces. The inclusion map from Q to R is a
monomorphism as well as an epimorphism (it is an epimorphism because Q is dense
in R) in this category. However, it is not an isomorphism.

Let � be a category. An object I of � is called an initial object if Mor�(I, A)

is a singleton set for all object A in �. An object J of � is called an final object if
Mor�(A, J ) is a singleton set for all object A in �. An object 0 of � is called a zero
object if it is initial as well as a final object. The category SET has no initial object.
Every object in the category of singleton sets is a zero object. A poset considered
as a category has a initial object if and only if it has the least element. It has a final
object if and only if it has the largest element. All singleton sets are final objects in
SET . In the category GP of groups, all trivial groups are zero objects. If I and Ĩ
are two initial objects in a category �, then there is a unique morphism f from I to
Ĩ , and a unique morphism g from Ĩ to I . But, then g f and II are both morphisms
from I to I . Since I is an initial object g f = II . Similarly, f g = IĨ . Thus, I and
Ĩ are isomorphic objects. It follows that an initial object, if exists, is unique up to
isomorphisms. Similarly, final and zero objects are also unique up to isomorphisms
provided they exist.

Proposition 1.1.10 Let � be a category with 0 and 0′ as zero objects. Let X and Y
be objects in �. Let iX,0 denote the unique morphism from X to 0, and iX,0′ denote
the unique morphism from X to 0′. Let i0,Y denote the unique morphism from 0 to Y ,
and i0′,Y denote the unique morphism from 0′ to Y . Then i0,Y iX,0 = i0′,Y iX,0′ .

Proof Since i0,0′ iX,0 and iX,0′ are morphisms from X to 0′, and 0′ is a zero object, it
follows that

i0,0′ iX,0 = iX,0′ .

Similarly,
i0′,Y i0,0′ = i0,Y .
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Hence i0,Y iX,0 = i0′,Y i0,0′ iX,0 = i0′,Y iX,0′ . �

Definition 1.1.11 The unique morphism i0,Y iX,0 from X to Y is called the zero
morphism, and it is denoted by 0X,Y .

Corollary 1.1.12 If f is a morphism from Y to Z, and g is a morphism from Z to
X, then

f 0X,Y = 0X,Z and X,Y g = 0Z ,Y .

Proof Since 0 is a zero object, f i0,Y = i0,Z . Hence

f 0X,Y = f i0,Y iX,0 = i0,Z iX,0 = 0X,Z .

Similarly, 0X,Y g = 0Z ,Y . �

Definition 1.1.13 Let� be a categorywith a zero object. Let X
f→ Y be amorphism.

A morphism K
i→ X is called a kernel of X

f→ Y if

K
i→ X

f→ Y = K
0K ,Y→ Y,

and whenever

K ′ i ′→ X
f→ Y = K ′ 0K ′ ,Y→ Y,

there exists a unique morphism j from K ′ to K such that i j = i ′.
Dually, a morphism Y

ν→ L is called a co-kernel of X
f→ Y if

X
f→ Y

ν→ L = X
0X,L→ L ,

and whenever

X
f→ Y

ν ′→ L ′ = X
0X,L′→ L ,

there exists a unique morphism μ from L to L ′ such that μν = ν ′.

Proposition 1.1.14 If K
i→ X and K ′ i ′→ X are both kernels of the morphism X

f→
Y , then there is a unique isomorphism j from K to K ′ such that i ′oj = i . If Y

ν→ L

and Y
ν ′→ L ′ are both co-kernels of the morphism X

f→ Y , then there is a unique
isomorphism μ from L to L ′ such that μoν = ν ′.

Proof Since K ′ i ′→ X is a kernel, there is a unique morphism j from K to K ′ such
that i ′oj = i . Next, since K

i→ X is also a kernel, there is a unique morphism j ′

from K ′ to K such that ioj ′ = i ′. But, then i ′ojoj ′ = i ′. Again, since K ′ i ′→ X is a
kernel, and i ′ojoj ′ = i ′ = i ′oIK ′ , it follows that joj ′ = IK ′ . Similarly, j ′oj = IK .
This proves that j is an isomorphism. Similarly, the rest of the assertion follows. �
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Proposition 1.1.15 A kernel of a morphism is always a monomorphism. A co-kernel
is always an epimorphism.

Proof Let K
i→ X be a kernel of X

f→ Y . Let η and μ be morphisms from Z to K

such that ioη = ioμ. Then f oioη = 0Z ,Y = f oioμ. Since K
i→ X is a kernel

of X
f→ Y , and ioη = ioμ, η = μ. This shows that i can be left cancelled. Hence,

it is a monomorphism. The second part follows similarly. �

Remark 1.1.16 A monomorphism need not be a kernel of a morphism. Indeed, a
morphism α from H to G in the category GP of groups is a kernel of a morphism
if and only if α is an injective homomorphism such that α(H) is a normal subgroup
of G (prove it). Also an epimorphism need not be a co-kernel of a morphism. For
example, the inclusion map Q to R in the category TG of Hausdorff topological
groups is an epimorphism but it is not a co-kernel. Note that it is also not a kernel,
though it is a monomorphism.

Example 1.1.17 In the category GP of groups, kernels and co-kernels exist. A
monomorphism in GP need not be a kernel; however, an epimorphism is always a
co-kernel. Every morphism f in GP is uniquely expressible as f = gh, where g is
monomorphism and h is an epimorphism. Indeed, h is a co-kernel of a kernel of f .
However, g need not be a kernel of a co-kernel of f . In the categories AB, Mod -R,
and R-Mod, every monomorphism is a kernel, every epimorphism is a co-kernel,
and every morphism f is expressible as f = gh, where g is a co-kernel of a kernel
of f and g is a kernel of a co-kernel of f . Also a morphism in any of these categories
is isomorphism if and only if it is a monomorphism as well as an epimorphism.

Let� be a category, and A be an object of�. Then Mor�(A, A) is a monoid with
respect to the composition of morphisms. The members of Mor�(A, A) are called
the endomorphisms of A. The monoid Mor�(A, A) is denoted by End(A). An iso-
morphism from A to A is called an automorphism of A. The set of all automorphisms
of A is denoted by Aut (A), and it is a group under composition of morphisms.

Let� be a category. We say that a category � is a subcategory of� if (i) Obj� ⊆
Obj�; (ii) for each pair A, B ∈ Obj�, Mor�(A, B) ⊆ Mor�(A, B); and (iii) the
law of composition of morphisms in � is the restriction of the law of composition
of morphisms in � to �. The subcategory � is said to be a full subcategory if
Mor�(A, B) = Mor�(A, B) for all A, B ∈ Obj�. AB is a full subcategory of
GP .

Functors

Definition 1.1.18 Let � and � be categories. A functor F from � to � is an
association which associates to each member A ∈ Obj�, a member F(A) of Obj�,
and to each morphism f ∈ Mor�(A, B), a morphism F( f ) ∈ Mor�(F(A), F(B)

such that the following two conditions hold:
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(i) F(g f ) = F(g)F( f ) whenever the composition g f is defined.
(ii) F(IA) = IF(A) for all A ∈ Obj�.

Let � be a category. Consider the category �o whose objects are same as those
of �, Mor�o(A, B) = Mor�(B, A), and the composition f g in �o is same as g f
in �. The category �o is called the opposite category of �. A functor from �o to a
category � is called a contra-variant functor from � to �.

If � is a category, then the identity map IObj� from Obj� to itself defines a
functor called the identity functor. Composition of functors are functors.

Example 1.1.19 Let H be a group. Denote its abelianizer H/[H, H ] by Ab(H).
Let f be a homomorphism from H to a group K . Then f induces a homomorphism
Ab( f ) from Ab(H) to Ab(K ) defined by Ab( f )(h[H, H ]) = f (h)[K , K ]. This
defines a functor Ab from the category GP of groups to the category AB. This
functor is called the abelianizer functor.

Example 1.1.20 Let H be a group. Denote the commutator [H, H ] of H by
Comm(H). If f is a homomorphism from H to K , then it induces a homomor-
phism Comm( f ) from Comm(H) to Comm(K ) defined by
Comm( f )([a, b]) = [ f (a), f (b)]. This defines a functorComm from the category
GP to itself. This functor is called the commutator functor.

Example 1.1.21 We have a functor � from the category GP of groups to the cate-
gory SET of sets which simply forgets the group structure and retains the set part
of the group. More explicitly, �((G, o)) = G. Such a functor is called a forgetful
functor. There is another such functor from the category RI NG of rings to the cate-
gory AB of abelian groups which forgets the ring structure, but retains the additive
group part of the ring. There is still another forgetful functor from the category T OP
to the category SET which forgets the topological structure, and retains the set part
of the space.

Example 1.1.22 Let f be a map from a set X to a set Y . Then f induces a unique
homomorphism F( f ) from the free group F(X) to the free group F(Y ) whose
restriction to X is f . This gives us the functor F from the category SET to the
category GP . This functor is called the free group functor.

Example 1.1.23 Let� be a category, and A be an object of�. For each B ∈ Obj�,
we put Mor�(A,−)(B) = Mor�(A, B), and for each morphism f from B to
C , we have a map Mor�(A,−)( f ) from Mor�(A, B) to Mor�(A,C) defined by
Mor�(A,−)( f )(g) = f g. It is easily verified that Mor�(A,−) defined above is
a functor from � to the category SET of sets. Similarly, we have a contra-variant
functor Mor�(−, A) from the category � to the category SET of sets.

Example 1.1.24 There is a very useful and important functor, viz, the fundamental
group functor π1 from the category T OP� of pointed topological spaces to the
category GP of groups. It has tremendous application in geometry and topology.
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Definition 1.1.25 Let � be a category. A functor X from a directed set (D,≤)

considered as a category to the category � is called a directed system in �. We
denote this directed system by (X, D). An inverse system in � is a contra-variant
functor from the directed category (D,≤) to �.

Let (X, D) be a directed system in a category �. For α ∈ D, denote X (α) by
Xα. For α ≤ β, denote X (iβα) by f β

α . Then (i) for α ≤ β ≤ γ, f γ
β f β

α = f γ
α and (ii)

f α
α = IXα

. Thus, a directed system in � consists of the following: (i) a directed
set (D,≤), (ii) a family {Xα | α ∈ D} of objects in �, and (iii) a family { f β

α ∈
Mor�(Xα, Xβ) | α ≤ β} ofmorphisms such that f γ

β f β
α = f γ

α and f α
α = IXα

. Also,
an inverse system in� consists of the following: (i) a directed set (D,≤), (ii) a family
{Xα | α ∈ D}, and (iii) a family { f β

α ∈ Mor�(Xβ, Xα) | α ≤ β} of morphisms with
f α
α = IXα

such that f γ
α = f β

α f γ
β .

Example 1.1.26 Let {Xα | α ∈ �} be a family of sets such that for any twomembers
Xα and Xβ of the family, there is amember Xγ of the family such that Xα

⋃
Xβ ⊆ Xγ .

Then the family is a directed set under the inclusion relation. Let iβα denote the
inclusion map from Xα to Xβ provided that Xα ⊆ Xβ . This gives us a directed
system in the category SET . Similarly, a family {Gα | α ∈ �} of groups such that
for any two members Gα and Gβ of the family, there is a member Gγ of the family
such that Gα and Gβ are subgroups of Gγ defines a directed system in the category
GP .

Example 1.1.27 The set N of natural numbers is a directed set with usual ordering.
Let p be a prime. For each n ∈ N, consider the cyclic groupZ/pnZ. For each n ≤ m,
we have a homomorphism νn

m from Z/pmZ to Z/pnZ given by νn
m(a + pmZ) =

a + pnZ. This defines an inverse system in the category AB of abelian groups.

Definition 1.1.28 Let (X, D) be a directed system in a category �. An object U in
� together with a family {gα ∈ Mor�(Xα,U ) | α ∈ D} is called a direct limit of
the directed system if the following hold:
(i) For α ≤ β, gβ f β

α = gα.
(ii) If V is an object in� together with {hα ∈ Mor�(Xα, V ) | α ∈ D}with hβ f β

α =
hα for each α ≤ β, then there is a unique morphism μ from U to V such that
hα = μgα for each α ∈ D.

Dually, let (X, D) be an inverse system in a category �, i.e., X is a contra-variant
functor from the directed category D to �. An object U in � together with a family
{gα ∈ Mor�(U, Xα) | α ∈ D is called an inverse limit of the inverse system if the
following hold:
(i) For α ≤ β, f β

α gβ = gα.
(ii) If V is an object in � together with {hα ∈ Mor�(V, Xα) | α ∈ D with f β

α hβ =
hα for each α ≤ β, then there is a unique morphism μ from V to U such that
hα = gαμ for each α ∈ D.

Evidently, a direct limit of a directed system is unique up to isomorphism. More
explicitly, if U together with a family {gα ∈ Mor�(Xα,U ) | α ∈ D} and V in �
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together with a family {hα ∈ Mor�(Xα, V ) | α ∈ D} are both direct limits of the
directed system, then there is a unique isomorphism μ from U to V such that hα =
μgα for eachα ∈ D. The unique direct limit of the directed system (X, D) is denoted
by Lim→(X, D). Similarly, inverse limit of an inverse system, if exists, is unique,
and it is denoted by Lim←(X, D).

Theorem 1.1.29 In the categories SET , GP, AB, Mod-R, and T OP, the limits
and the inverse limits exist.

Proof We prove their existence in SET and GP . The proofs of their existence in
the rest of the categories are similar, and they are left as exercises. Let (X, D) be a
directed system in SET . Let

∐
α∈D Xα = ⋃

α∈D Xα × {α} denote the disjoint sum
of the family {Xα | α ∈ D} of sets, and jα the natural inclusion map from Xα to∐

α∈D Xα for each α ∈ D. Let R be the equivalence relation on
∐

α∈D Xα generated
by the set of ordered pairs of the types ( jα(a), jβ( f β

α (a))), a ∈ Xα,α ≤ β. Let U
denote the quotient set (

∐
α∈D Xα)/R, and gα = νojα, where ν is the quotient map.

We show that U together with the family {gα | α ∈ D} of maps is a direct limit of
(X, D). Clearly, gβof β

α = gα for all α ≤ β. Let V be a set together with the family
{hα : Xα → V | α ∈ D} of maps such that hβof β

α = hα for all α ≤ β. We have a
unique map h from

∐
α∈D Xα to V given by h(xα,α) = hα(xα), where xα ∈ Xα

andα ∈ D. Since hβof β
α = hα forα ≤ β, the generators of the equivalence relation

R belong to the kernel of f . From the fundamental theorem of maps (see Algebra
1), we have a unique map h from U to V such that hαoh = gα. This shows that U
together with the family {gα | α ∈ D} of maps is a direct limit of (X, D).

Next, we prove the existence of direct limits in GP . Let (X, D) be a directed
system inGP . LetG denote the free product ∗α∈D

∏
Xα of the family {Xα | α ∈ D}

of groups, and jα the natural inclusion homomorphism from Xα to ∗α∈D
∏

Xα for
each α ∈ D. Let H be the normal subgroup of ∗α∈D

∏
Xα generated by the set of

elements of the types jα(a)−1 jβ( f β
α (a)), a ∈ Xα,α ≤ β. Let U denote the quotient

group ∗α∈D
∏

Xα/H , and gα = νojα, where ν is the quotient map. We show that
U together with the homomorphisms gα,α ∈ D is a direct limit of (X, D).

Clearly, gβof β
α = gα. Let V be a group together with homomorphisms hα from

Xα to V , α ∈ D such that hβof β
α = hα for α ≤ β. From the universal property of

the free product, we have a unique homomorphism h from ∗α∈D
∏

Xα to V given
by h(xα) = hα(xα), where xα ∈ Xα and α ∈ D. Since hβof β

α = hα for α ≤ β, the
generators of the normal subgroup H belong to the kernel of f . From the fundamental
theorem of homomorphism, we have a unique homomorphism h from U to V such
that hαoh = gα. This shows thatU together with the family {gα | α ∈ D} is a direct
limit of (X, D).

Now, we show the existence of inverse limits in SET and GP . Let (X, D) be an
inverse system in SET (GP). Then X is a contra-variant functor from the directed
category D to SET (GP). Thus, we have a family {Xα | α ∈ D} of sets (groups)
together with the family { f β

α : Xβ → Xα | α ≤ β} of maps (homomorphisms) such
that f α

α = IXα
and f β

α f γ
β = f γ

α . Consider the Cartesian (direct) product
∏

α∈D Xα

of the family {Xα | α ∈ D} of sets (groups). Let pα denote the αth projection. Con-
sider the subset (subgroup) U = {x ∈ ∏

α∈D Xα | f β
α (pβ(x)) = pα(x) | α ≤ β}
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of
∏

α∈D Xα. We show thatU together with the family {gα = pα|U | α ∈ D} is the
inverse limit of the inverse system.

Let V be a set (group), and {hα : V → Xα | α ∈ D} be a family of maps (homo-
morphisms) such that f β

α ohβ = hα for all α ≤ β. We have the unique map (homo-
morphism) h from V to

∏
α∈D Xα given by pα(h(v)) = hα(v). Clearly, h(V ) ⊆ U .

This shows that U together with the family {gα = pα|U | α ∈ D} of maps (homo-
morphisms) is an inverse limit of the inverse system. �

Thus, if (X, D) is a directed system of sets, then Lim→(X, D) is the set {āα | aα ∈
Xα,α ∈ D} of equivalence classes, where āα = b̄β if and only if there is a γ ∈ D
with α ≤ γ, β ≤ γ such that f γ

α (aα) = f γ
β (bβ). If (X, D) is a directed system of

groups, then the group operation · in Lim→(X, D) is given by āα · b̄β = c̄γ , where
cγ = f γ

α (aα) f γ
β (bβ), α ≤ γ, β ≤ γ.

Let F be a functor from a category � to a category �. The functor F is said
to be faithful if for each pair A, B ∈ Obj�, the induced map f �→ F( f ) from
Mor�(A, B) to Mor�(F(A), F(B)) is injective. The functor F is said to be a full
functor if these induced maps are surjective. The forgetful functor from GP to SET
is faithful but it is not full. The abelianizer functor Ab is not faithful. A functor F is
said to be an isomorphism from the category � to the category � if there is a functor
G from � to � such that GoF = I� and FoG = I� .

Let � and � be categories. Then � × � represents the category whose objects
are pairs (A, B) ∈ Obj� × Obj�, and a morphism from (A, B) to (C, D) is a pair
( f, g), where f is a morphism from A to C in �, and g is a morphism from B to
D in �. The composition law is coordinate-wise. This category is called the product
category.

A functor from �o × � to a category � is called a bi-functor from � to �. It can
be easily observed that the association Mor� which associates to each object (A, B)

of Obj (�o × �), the set Mor�(A, B) defines a bi-functor from � to SET . Indeed,
a morphism from (A, B) to (C, D) in�o × � is a pair ( f, g), where f is a morphism
in � from C to A and g is a morphism in � from B to D, and then Mor�( f, g)

is the map from Mor�(A, B) to Mor�(C, D) given by Mor�( f, g)(h) = gh f . In
particular, Hom defines a bi-functor from the category of groups to the category
SET of sets.

Natural Transformations

Definition 1.1.30 Let F and G be functors from a category � to a category �. A
natural transformation η from F to G is a family {ηA ∈ Mor�(F(A),G(A)) | A ∈
Obj�} of morphisms in � such that the diagram
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F (A) �ηA G(A)

�

G(f)

G(B)F (B) �
ηB�

F (f)

is commutative for all morphisms f in �.

Example 1.1.31 Let νG denote the quotient homomorphism from G to G/[G,G].
Then the family {νG | G ∈ ObjGP} defines a natural transformation ν from the
identity functor IGP to the abelianizer functor Ab. Here Ab is treated as a functor
from GP to GP .

Example 1.1.32 For each set X , we have the inclusion map iX from X to�(F(X)),
where F is the free group functor and � is the forgetful functor. Evidently, the fam-
ily {iX | X ∈ Obj SET } of maps defines a natural transformation from the identity
functor ISET to the functor �oF on the category SET of sets.

Let F and G be two functors from a category � to a category �. A natural
transformation η from F toG is called a natural equivalence if ηA is an isomorphism
from F(A) toG(A) for all A ∈ Obj�. This is equivalent to say that there is a natural
transformation ρ from G to F such that ρAoηA = IF(A) and ηAoρA = IG(A) for all
objects A of �. A functor F from � to � is called an equivalence from � to � if
there is a functor G from � to � such that FoG and GoF are naturally equivalent
to the corresponding identity functors. Notice that there is a difference between
isomorphism and equivalence between categories. An equivalence need not be an
isomorphism. However, equivalent categories have same intrinsic properties.

Let F be a functor from a category� to a category�. Let f be amorphism fromC
to A in�, and g be amorphism from B to D in�. This defines amapMor�(F( f ), g)

from the set Mor�(F(A), B) to Mor�(F(C), D) given by Mor�(F( f ), g)(h) =
ghF( f ). In turn,we get a functorMor�(F(−),−) from the product category�o × �

to the category SET of sets. Similarly, given a functor G from � to �, we have
another functor Mor�(−,G(−)) from the product category �o × � to the category
SET of sets. We say that F is left adjoint to G, or G is right adjoint to F if
there is a natural isomorphism η from the functor Mor�(F(−),−) to the functor
Mor�(−,G(−)). More explicitly, for each object A in � and each object B in
�, we have a bijective map ηA,B from Mor�(F(A), B) to the set Mor�(A,G(B))

such that Mor�( f,G(g))ηA,B = ηC,DMor�(F( f ), g) for all morphisms ( f, g) in
�o × � (look at the corresponding commutative diagram).

Example 1.1.33 Consider the category SET of sets, and the categoryGP of groups.
We have the free group functor F from the category SET to the category GP .
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More explicitly, for each set X , we have the free group F(X) on the set X . We
also have the forgetful functor � from GP to SET . From the universal property
of free group, every group homomorphism f from F(X) to G is determined, and
it is uniquely determined by its restriction to X . This gives us a bijective map ηX,G

from Hom(F(X),G) to Map(X,�(G)). It is easy to observe (using the universal
property of a free group) that η, thus obtained, is a natural equivalence. Hence, the
free group functor F is left adjoint to the forgetful functor �.

Example 1.1.34 We have the forgetful functor � from the category AB of abelian
groups to the category GP of groups. We also have the abelianizer functor Ab from
GP to AB. It can be easily verified that Ab is left adjoint to �.

Example 1.1.35 Let (X, x0) be a pointed topological space. Consider the quo-
tient space of X × I in which the subset X × {0}⋃

X × {1} ⋃{x0} × I of X × I
is identified to a single point. This quotient space is called the Reduced suspen-
sion of (X, x0) and it is denoted by S(X, x0). The equivalence class determined by
(x, t) is denoted by [x, t]. We have the special point [x, 0] = [y, 1] = [x0, t]
of S(X, x0). Further, we have the reduced suspension functor � from the cat-
egory T OP� of pointed topological spaces to itself which is given by putting
�(X, x0) = (S(X, x0), [x, 0]) and �( f )([x, t]) = [ f (x), t], where f is a mor-
phism from (X, x0) to (Y, y0). Similarly, we have the function space �(X, x0) =
(X, x0)(I, İ ) with the compact open topology, where (X, x0)(I, İ ) denotes the set
of all continuous maps from (I, İ ) to (X, x0). The space �(X, x0) is called the
loop space of X based at x0 and its members are called loops at x0. We have
the constant loop σ0 in �(X, x0). � also defines a functor from T OP� to itself
which is called the Loop Functor. For each pair ((X, x0), (Y, y0)) of pointed
topological spaces, define a map η(X,x0),(Y,y0) from MorTop� (�(X, x0), (Y, y0)) to
MorTop� ((X, x0),�(Y, y0)) by putting η(X,x0),(Y,y0)( f )(x) = f ([x, t]). It can be
easily seen that η = {η(X,x0),(Y,y0) | (X, x0), (Y, y0) ∈ ObjT op�} is a natural isomor-
phism between the functors MorTop� (�(−),−) to MorTop� (−,�(−)). This shows
that � is left adjoint to �.

Yoneda Lemma and Yoneda Embedding

Let � and � be small categories. Since � and � are small categories, the class of
all natural transformations from � to � forms a set. Thus, we have the category ��

whose objects are functors from � to �, and Mor��(F,G) is the set of all natural
transformations from F to G. This category is called a functor category.

We have a functor Ev from � × �� to � which is given by Ev(A, F) = F(A).
This functor is called the evaluation functor.

Lemma 1.1.36 (Yoneda Lemma). For each object (A, F) in � × SET� , we have
a bijective map ηA,F from MorSET� (Mor�(A,−), F) to the set F(A) defined by
ηA,F (�) = �A(IA).
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Proof All that we need to show is that the map ηA,F defined in the statement of
the lemma is a bijective map for all objects (A, F) in � × SET� . Suppose that
ηA,F (�) = ηA,F (	). Then�A(IA) = 	A(IA). Since� and	 are natural transfor-
mations from Mor�(A,−) to F , for each morphism f ∈ Mor�(A, B), the diagram

MorΣ(A, A) �ΘA/ΦA F (A)

�

F (f)

F (B)MorΣ(A, B) �
ΘB/ΦB�

Mor(IA, f)

is commutative. Hence

�B ( f ) = �B (Mor(IA, f )(IA)) = F( f )�A(IA) = F( f )	A(IA) = 	B (Mor(IA, f )(IA)) = 	B ( f ).

This shows that � = 	. It follows that ηA,F is injective. To prove that ηA,F is sur-
jective, let x ∈ F(A). For each B ∈ Obj�, define the map �B from Mor�(A, B)

to F(B) by �B( f ) = F( f )(x). Let g be a morphism from B to C . Let f ∈
Mor�(A, B). Then

�C (Mor(IA, g)( f )) = �C (gof ) = F(gof )(x) = F(g)F( f )(x) = F(g)�B( f ).

This shows that the diagram

MorΣ(A, B) �ΘB F (B)

�

F (g)

F (C)MorΣ(A, C) �
ΘC�

Mor(IA, g)

is commutative for all g ∈ Mor�(B,C). Thus, � = {�B | B ∈ Obj�} is a natural
transformation from Mor�(A,−) to F . Evidently,�A(IA) = F(IA)(x) = x . This
shows that ηA,F is a bijective map. �

Corollary 1.1.37 Let � be a small category. Let A and B be objects in �.
Then we have a bijective map ηA,B from MorSET� (Mor�(A,−), Mor�(B,−)) to
Mor�(B, A) defined by ηA,B(�) = �A(IA). Further, if �A(IA) = f ∈ Mor�
(B, A), then the map �C from Mor�(A,C) to Mor�(B,C) is given by �C(g) =
gof .
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Proof If we take F = Mor�(B,−), then the first part of the result follows from
the Yoneda lemma. Again from the proof of the Yoneda lemma, it follows that
�C(g) = Mor(B,−)(g)( f ) = gof . �

Products and Co-products in a Category

Definition 1.1.38 Let A and B be objects in a category �. A product of A and B in
� is a triple (P, f, g), where P is an object of the category �, f is morphisms from
P to A, and g is a morphism from P to B such that given any such triple (P ′, f ′, g′),
there is a unique morphism φ from P ′ to P such that f φ = f ′ and gφ = g′.

It is easily observed from the definition that if (P, f, g) and (P ′, f ′, g′) are two
products of A and B, then there is an isomorphismφ from P ′ to P such that f φ = f ′
and gφ = g′. Thus, the product, if exists, then it is unique up to natural isomorphism.
The product of A and B is usually denoted by A × B.

In the category SET of sets, the Cartesian product A × B with the corresponding
projection maps is the product in the category SET . Similarly, the direct product
H × K of the groups H and K together with the corresponding projection maps is
the product of H and K in the category GP .

Dually, we have the following.

Definition 1.1.39 Let A and B be objects in a category �. A co-product of A and
B in � is a triple (U, f, g), where U is an object of the category �, f is morphisms
from A to U , and g is a morphism from B to U such that given any such triple
(U ′, f ′, g′), there is a unique morphism φ from U to U ′ such that φ f = f ′ and
φg = g′.

It is easily observed from the definition that if (U, f, g) and (U ′, f ′, g′) are two co-
products of A and B, then there is an isomorphismφ fromU toU ′ withφ f = f ′ and
φg = g′. Thus, the co-product, if exists, then it is unique up to natural isomorphism.
The co-product of A and B is usually denoted by A

∐
B or by A ⊕ B.

In the category SET of sets, the disjoint union (A × {0})⋃
(B × {1}) of A and B

with the natural inclusion maps is the co-product of A and B in the category SET .
Similarly, the free product H � K of the groups H and K together with the natural
inclusion maps is the co-product of H and K in the category GP (see Exercise
10.4.11 of Algebra 1).

Pullback and Pushout Diagrams

Definition 1.1.40 Let � be a category. Let f ∈ Mor�(A,C), and g ∈ Mor�
(B,C). A commutative diagram
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P �h A

�

f

B C�
g�

k

is said to be a pullback diagram of the pair ( f, g) of morphisms if given any com-
mutative diagram

D �μ A

�

f

B C�
g�

ν

there exists a unique morphism φ from D to P such that hφ = μ and kφ = ν.

Dually, a pushout diagram is obtained by reversing the arrows in the definition
of pullback diagram. The reader is advised to formulate the definition of pushout
diagram.

In general, pullback and pushout need not exist in a category. However, they exist
in the category SET of sets, and also in the category GP of groups: Let f be a
morphism from A toC , and g be a morphism from B toC in the category SET/GP .
Consider the product A × B in the category SET/GP . Let P = {(a, b) ∈ A × B |
f (a) = g(b)}. Let h denote first projection from P to A, and k denote the second
projection from P to B. This gives us a pullback diagram in SET/GP . Similarly, we
describe pushout diagrams in the category SET , and also in the category GP . Let f
be amap (group homomorphism) fromC to A and g be amap (group homomorphism)
from C to B. Consider the disjoint union (direct sum) X = (A × {0})⋃

(B × {1})
(A ⊕ B) of A and B. Let R be the equivalence relation (normal subgroup) of X
generated by {(( f (c), 0), (g(c), 1)) | c ∈ C ({( f (c),−g(c)) | c ∈ C}). Let D denote
the quotient X/R and ν the quotient map. Let î denote the map from A to D given
by î(a) = [a, 0] and ĵ denote the map from B to D given by ĵ(b) = [0, b]. Then
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C �f A

�

î

B D�
ĵ�

g

is the required pushout diagram.

Free Objects in a Category

A concrete category is a pair (�,�), where � is a category and � is a faithful
functor from � to the category SET of sets.

The pairs (GP,�), (AB,�), (Mod − R,�), and (T OP,�) are all examples
of concrete categories, where in each pair � denotes the forgetful functor from the
respective category to the category SET of sets.

Let (�,�) be a concrete category, and X be a set. A pair (U, i), where U is an
object in � and i a map from X to �(U ) is called a free object on X if for any pair
(V, j), where V is an object in � and j is a map from X to �(V ), there is a unique
morphism φ from U to V such that �(φ)oi = j .

Proposition 1.1.41 If (U, i) and (V, j) are free objects on X, then there is a unique
isomorphism φ from U to V such that �(φ)oi = j .

Proof Since (U, i) is a free object on X , there is a unique morphism φ fromU to V
such that �(φ)oi = j . Again, since (V, j) is a free object on X , there is a unique
morphism ψ from V to U such that �(ψ)oj = i . In turn, �(ψφ)oi = i . Also
�(IU )oi = i . Since (U, i) is a free object on X , ψφ = IU . Similarly, φψ = IV .
This shows that φ is an isomorphism. �

A concrete category may not have a free object on any set. For example, the category
of fields with forgetful functor has no free object on any set (why?). However, in
most of the important concrete categories, there are free objects on each set.

Proposition 1.1.42 Let (�,�) be a concrete category. Then free object exists on
each set if and only if � has a left adjoint F.

Proof Suppose that F is a functor from the category of sets to� which is left adjoint
to �. Let η be a natural isomorphism from Mor�(F(−),−) to MorSET (−,�(−)).
Take i = ηX,F(X)(IF(X)). Then i is a map from X to �(F(X)). We show that the
pair (F(X), i) is a free object on X . Let V be an object of �, and j be a map from
X to �(V ). We have to show the existence of a unique morphism ρ from F(X)

to V such that �(ρ)oi = j . The fact that η is a natural isomorphism gives us
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morphism (ηX,V )−1( j) from F(X) to V . Take ρ = (ηX,V )−1( j). In turn, we have a
morphism (IX , ρ) in SET o × � from (X, F(X)) to (X, V ), and so also the following
commutative diagram:

MorΣ(F (X), F (X)) �ηX,F (X) MorSET (X, Λ(F (X)))

�

MorSET (−, Λ(−))(IX , ρ)

MorSET (X, Λ(V ))MorΣ(F (X), V ) �
ηX,V�

MorΣ(F (−), −)(IX , ρ)

Evidently,

j = ηX,V (Mor�(F(−),−)(IX , ρ)(IF(X)) = MorSET (−,�(−))(IX , ρ)(ηX,F(X)(IF(X)) = �(ρ)oi.

Clearly, ρ is unique with this property.
Conversely, suppose that free object exist on each set. Let F be an association

from Obj (SET ) to Obj (�) together with maps iX from X to �(F(X)) such that
(F(X), iX ) is a free object on X . Let Y be a set and f a map from X to Y . Then
iY o f is a map from X to �(F(Y )). Since (F(X), iX ) is a free object on X , there is
a unique morphism F( f ) ∈ Mor�(F(X), F(Y )) such that iY o f = F( f )oiX . It is
easily observed that F is a functor from SET to � which is left adjoint to �. �

The left adjoint F to the functor � in a concrete category (�,�), if exists, is also
called a free functor.

Example 1.1.43 In the concrete category (GP,�), for each set X , there is a free
object (F(X), iX ) on X , where F(X) is free group on X . For the construction, see
Chap.10 of Algebra 1. In the concrete category (Mod − R,�) also, for each set X ,
there is a free object (F(X), iX ) on X and it is called the free R-module on X . For
the construction, see Chap.7 of Algebra 2.

Definition 1.1.44 Let (�,�) be a concrete category. A pair (U, x0), where U is an
object of � and x0 ∈ �(U ), is called a universal free object in (�,�) if for any
pair (V, x), where V is an object of � and x ∈ �(V ), there is a unique morphism φ
from U to V such that �(φ)(x0) = x .

Observe that, universal free object, if exists, is unique up to isomorphism. In
(GP,�), (Z, 1) (and also (Z,−1)) is universal free object. In (Mod − R,�), (R, 1)
is universal free object. Indeed, in most of the important concrete categories, all
objects canbeobtained fromauniversal free object by certain universal constructions.
For example, every group is quotient of co-product of certain copies of the additive
group Z of integers.
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Definition 1.1.45 An object P in a category� is called a projective object if given
any epimorphism β from B to C and a morphism f from P to C , there is a lifting
morphism f of f from P to B in the sense that βo f = f . An object I in the
category � is called an injective object if given any monomorphism α from A to B
and a morphism f from A to I , f can be extended to a morphism f from B to I in
the sense that f oα = f .

The axiom of choice ensures that every object in SET is projective as well as
injective object.

Proposition 1.1.46 Let � and � be categories. Let F be a functor from � to �

which is left adjoint to a functor G from � to �. Suppose that G takes epimorphisms
to epimorphisms. Then F takes projective objects to projective objects.

Proof Let η be a natural isomorphism from the functorMor�(F(−),−) toMor�(−,

G(−)). Let P be a projective object in �. We have to show that F(P) is a projective
object in�. Let β be an epimorphism in� from B toC and f amorphism from F(P)

toC . Under the hypothesis,G(β) is an epimorphism fromG(B) toG(C) and ηP,B( f )
is a morphism from P to G(C). Since P is projective in �, there is a morphism g
from P to G(B) such that G(β)og = ηP,B( f ). But then βo(η−1

P,B(g)) = f . This
shows that P is projective. �

Corollary 1.1.47 Let (�,�) be a concrete category such that � takes an epimor-
phisms to surjective maps. Then every free object is projective. �

In particular, free objects in the concrete categories (GP,�), (Mod − R,�) are
projective objects.

Exercises

1.1.1 Show that the composition of any two monomorphism (epimorphism) is a
monomorphism (epimorphism).

1.1.2 Describe monomorphisms and epimorphisms in the category of Hausdorff
topological groups.

1.1.3 Let � be a category. Fix an object A in �. Let �A(�
A) denote the class of

all monomorphisms (epimorphisms) with co-domain (domain) A. Let α : K → A
(α : A → K ) and β : L → A (β : A → L) be members of �A (�A ). We say that
α ≤ β if there is a morphism γ from K to L such that βγ = α. Show that the
relation ≤ is reflexive and transitive on �A (�A). We say that α is equivalent to β
if α ≤ β and also β ≤ α. We write α ≈ β if α is equivalent to β. Show that ≈ is an
equivalence relation on �A (�A ). An equivalence class [α] is called a subobject(
quotient object of A).

1.1.4 Show that any two left adjoints to a functor are naturally isomorphic.
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1.1.5 Show that the left adjoint to the forgetful functor from the category T OP of
topological spaces to the category SET of sets exists. Describe it. Describe a free
topological space.

1.1.6 Let TYCH denote the category of Tychonoff spaces, and COMP denote the
category of compact Hausdorff space. Let β(X) denote the Stone–Cech compacti-
fication of a Tychonoff space X . Show that β defines a functor from the category
TYCH to COMP , and it is a left adjoint to the forgetful functor from COMP to
TYCH .

1.1.7 Let F denote the forgetful functor from the category RI NG of rings with
identities to the category AB of abelian groups. Does there exist a left adjoint to F?
If so describe it.

1.1.8 A magma (L , o) with identity is called a right loop if the equation Xoa = b
has a unique solution for all a, b ∈ L . Thus, every group is a right loop. We have
a category RL of right loops whose objects are right loops and morphisms are the
operation-preserving maps. Clearly GP is a full subcategory of RL . Show that the
forgetful functor F from GP to RL has a left adjoint and describe it.

1.1.9 There are three forgetful functors from the category HG of Hausdorff topo-
logical groups. (i) The forgetful functor from HG to SET , (ii) the forgetful functor
from HG to GP , and (iii) the forgetful functor from HG to Haus. Determine if
they have adjoints, and if so, interpret them.

1.1.10 Show that the forgetful functor from the category of fields to the category of
commutative integral domains has an adjoint. Describe it.

1.1.11 Show that the forgetful functor from the category of complete metric spaces
to the category of metric space has an adjoint. Describe it. This adjoint functor is
called the completion.

1.1.12 Show that the forgetful functor from the category of R-modules to the cate-
gory of abelian groups has an adjoint. Describe it.

1.1.13 Let� be a category.Consider the category� × SET� . Define an association
Ev from the class of objects of� × SET� to the class of sets by Ev(A, F) = F(A).
Further for a morphism ( f, η) from (A, F) to (B,G), define the map Ev( f, η) from
Ev(A, F) = F(A) to Ev(G, B) = G(B) by Ev( f, η) = G( f )oηA = ηBoF( f ).
Show that Ev is a functor. The functor Ev is called an evaluation functor.

1.1.14 Define an association � from the class of objects of � × SET� to the class
of objects in SET by �(A, F) = MorSET� (Mor�(A,−), F). Again, for each
morphism ( f, η) from (A, F) to (B,G), define a map �( f, η) from �(A, F) to
�(B,G) by

�( f, η)(�) = = ηo�oMor( f,−) = {ηCo�CoMor( f, IC) | C ∈ Obj�},
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where� is a natural transformation fromMor�(A,−) to F . Show that� is a functor.
Is there a natural isomorphism from � to Ev? Support.

1.1.15 Let R be a commutative ring with identity. Let Spec(R) denote the set of all
prime ideals of R. Let A be an ideal of R. Let V (A) denote the set of all prime ideals
of R containing A. Consider

TSpec(R) = {Spec(R) − V (A) | A is an ideal o f R}.

Show that TSpec(R) is a topology on Spec(R). This topology is called theZariski topol-
ogy. Let f be a ring homomorphism (all ring homomorphisms are assumed preserve
identities) from R to S. Then f defines a map Spec( f ) from Spec(S) to Spec(R)

by Spec( f )(p) = f −1(p). Show that Spec( f ) is a continuous map. Further, show
that Spec defines a contra-variant functor from the category of commutative rings to
the category of topological spaces. Does it have any adjoint? Support.

1.1.16 Use the axiom of choice to show that the category V ECT of vector spaces
over a field is equivalent to the category SET of sets. Are they isomorphic?

1.1.17 Treat a group G as a category. Describe products, co-products, pullback
diagrams, and pushout diagrams if they exist?

1.1.18 Let f, g ∈ Mor�(A, B). A morphism k from K to A is called an equalizer
(also called difference kernel) of the pair ( f, g) if the following hold: (i) f k = gk,
(ii) given any morphism k ′ from K ′ to A satisfying f k ′ = gk ′, there exists a unique
morphism μ from K ′ to K such that kμ = k ′. Show that equalizer of a pair of
morphisms is a monomorphism. Dually, introduce the concept of co-equalizer (co-
kernel), and prove that it is an epimorphism.

1.1.19 Show that equalizers and co-equalizers exist in the categories SET , GP ,
and R − Mod. Describe them.

1.1.20 Let � be a category with a zero object. Suppose that equalizers and co-
equalizers exist in the category �. Show that the kernels and the co-kernels also
exist.

In each of the following three exercises, � is a category with zero object in which
kernel and co-kernel exist.

1.1.21 Let f : A → B be a morphism. Let p : B → P and q : B → Q be co-
kernels of f . Let k : K → B be a kernel of q. Show that k is also a kernel of p.

1.1.22 Let f be a morphism in �. Show that co-ker(ker(co-ker f )) ≈ co-ker f ,
and ker(co-ker(ker f )) ≈ ker f .

1.1.23 Let f : A → B be a morphism. Show that f = gh, where g : C → B is
a kernel of a co-kernel of f , and h is a morphism from A to C . Suppose also that
f = g′h′, where g′ : D → B is a kernel of a co-kernel of f , and h′ is a morphism
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from A to D. Show that there is a uniquemorphism k : C → D such that g′k = g and
kh = h′ (observe that k is an isomorphism). In particular, the factorization of f is
unique up to certain equivalence. Show by means of an example that h in the above
factorization need not be an epimorphism. Further, assume that � has equalizers
and every monomorphism is a kernel. Show that g in the above factorization is an
epimorphism.

1.1.24 Let� be a category. Let {Xα | α ∈ �} be a family of objects in�. An object
P together with a family of morphisms {pα ∈ Mor�(P, Xα) | α ∈ �} is called a
product of the family if given any object Q and a family fα ∈ Mor�(Q, Xα) | α ∈
�}, there exists a morphism μ ∈ Mor�(Q, P) such that fαoμ = pα for all α ∈ �.
Show that the product of an arbitrary family of objects in the categories SET , GP ,
and R-Mod exist. Dually, formulate the definition of a co-product of an arbitrary
family of objects, and show that they also exist in the categories SET , GP , and
R-Mod.

1.1.25 Show that the co-product of a family of free objects in a concrete category
is a free object on some set. Show also that co-products of projective objects are
projective.

1.1.26 Let (�,�) be a concrete category such that � preserves epimorphisms. Let
(U, i) be a free object on some set. Let β be an epimorphism in � from B to C , and
h a morphism from U to C . Show that h can be lifted to a morphism h from U to B
in the sense that βh = h.

1.1.27 Let (�,�) be a concrete category. (U, x0) be a universal free object in
(�,�). Suppose that co-product of an arbitrary family of objects exist in �. Show
that every free object in (�,�) is co-product of certain copies of U .

1.1.28 Complete the proof of the remaining cases in Theorem 1.1.29.

1.1.29 Show that every object A of the category SET is the direct limit of the
directed system of finite subsets of A. Characterize an object G in GP which is the
direct limit of the directed system of finite subgroups of G.

1.1.30 Show that inverse limit exist in the category T OPG ofHausdorff topological
groups.

1.1.31 A topological group G is called a pro-finite group if it is inverse limit of an
inverse system of finite Hausdorff topological groups. Show that a pro-finite group
is compact Hausdorff totally disconnected topological group.

1.1.32 Let G be a group, and

� = {H | H is a normal subgroup of G of f ini te index}.

Show that � is a directed set under the containment ⊇ relation. If H, K ∈ � and
H ⊇ K , then we have a natural homomorphism f KH from G/K to G/H . Show that
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this defines an inverse system of finite groups. Describe the inverse limit G� of this
inverse system. Thus,G� is a pro-finite group, called the pro-finite completion ofG.
Show that the family {νH : G → G/H | H ∈ �} induces a homomorphism ν from
G to G�. Show that the image ν(G) is dense in G�. When can ν be an embedding?

1.1.33 Describe the pro-finite completion Z� of the additive group Z.

1.1.34 Fix a prime p. For each n ∈ N, we have a finite groups Zpn = Z/pnZ. For
n ≤ m, we have a homomorphism f mn from Zpm to Zpn . This gives an inverse system
of finite topological groups in the category of topological groups. The pro-finite
group Z(p), thus obtained, is called the additive group of p-adic integers. Describe
the group and show that it has an integral domain structure, called the ring of p-adic
integers. The field Q(p) of quotients of Z(p) is called the field of p-adic numbers .

There is another way to describe Q(p) as follows: Define a map dp from Q × Q to
R+ ⋃{0} by putting dp(r, r) = 0 and putting dp(r, s) = ( 1

p )
νp(r,s), where r − s =

pνp(r,s) k
l with k and l co-prime to p, if r �= s. Show that (Q, dp) is a metric field in

the sense that dp is a metric (called the p-adicmetric) on Q and the field operations
are continuous. Show that the completion of this metric space has the structure of a
metric field which is isomorphic to Q(p).

1.1.35 Let L be a Galois extension (not necessarily finite) of a field K , andG(L/K )

the Galois group (see Chap.8, Algebra 2). Let

� = {F | F ⊆ L and F is f ini te Galois extension of K }.

Show that� is directed set under the inclusion relation. For F, F ′ ∈ �with F ⊆ F ′,
we have the restriction homomorphism j F

′
F from G(F ′/K ) to G(F/K ). Thus,

{G(F/K ) | F ∈ �} together with { j F ′
F | F ⊆ F ′} is an inverse system of finite dis-

crete groups. Show that the restrictionmaps fromG(L/K ) toG(F/K ) for all F ∈ �

induces an isomorphism from G(L/K ) to
Lim→ F∈� (G(F/K )). Thus, G(L/K ) is a

pro-finite group. The topology, thus obtained, is called the Krull topology.

1.1.36 Let L be a Galois extension (not necessarily finite) of a field K , andG(L/K )

the Galois group. Let S(G(L/K )) denote the set closed subgroups of G(L/K ), and
SF(L/K ) the set of intermediary fields. Let F ∈ SF(L/K ). Show that G(L/F) ∈
SG(L/K ). Define amapχ from SF(L/K ) to S(G(L/K )) byχ(F) = G(L/F), and
a map η from S(G(L/K )) to SF(L/K ) by η(H) = F(H), where F(H) denote the
fixed field of H . Show that χ and η are inclusion-reversing maps which are inverses
of each other. The result is termed as the fundamental theorem of Galois theory for
infinite extensions (see Chap.8, Algebra 2).

1.1.37 Let G be a first countable (not necessarily Hausdorff) topological group.
Call a sequence {xn | n ∈ N} to be a Cauchy sequence in G if for all neighborhood
U of the identity e, there is a natural number nU such that n,m ≥ nU implies that
x−1
n xm ∈ U . Show that every convergent sequence is a Cauchy sequence. Call G
to be complete topological group if every Cauchy sequence is convergent. Assume,
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further, that G is abelian. Let Ĉ(G) denote the set of all Cauchy sequences in G.
Let x = {xn | n ∈ N} and y = {yn | n ∈ N} be Cauchy sequences in G. Show
that x + y = {xn + yn | n ∈ N} is also a Cauchy sequence, and Ĉ(G) is an abelian
group with respect to +. Let N̂ (G) denote the subgroup of Ĉ(G) consisting of those
sequences which converge to 0, and Ĝ denote the quotient group Ĉ(G)/N̂ (G). The
group Ĝ is called the completion of the topological group G. Show that completion
defines functor from the category of first countable topological groups to the category
of complete topological groups.

1.1.38 Let
G = G0 ⊇ G1 ⊇ G2 ⊇ · · · ⊇ Gn ⊇ Gn+1 ⊇ · · ·

be a chain of subgroups of an abelian group G. Show that G is a topological group
with {Gn | n ≥ 0} as fundamental system of neighborhood of the identity e of G.

Show that each Gn is a clopen subgroup of G. Let ˆ̂G denote the inverse limit of the
inverse system {(G/Gn, νn) | n ∈ N}, where νn is the obvious homomorphism from

G/Gn to G/Gn−1. Show that Ĝ is isomorphic to ˆ̂G.

1.1.39 Let R be a ring and A is an ideal of R. We have a chain

R = R ⊇ A ⊇ A2 ⊇ · · · ⊇ An ⊇ An+1 ⊇ · · ·

of ideals of R. Show that there is a unique topological ring with {An | n ≥ 0} as a
fundamental system of neighborhood of o. The topology on R thus obtained is called
the A − adic topology on R. The completion R̂ of this topological ring is called the
A-adic completion. Let R and R′ be rings with ideals A and A′, respectively. Let
f be a homomorphism from R to R′ such that f (A) ⊆ A′. Show that f induces a
homomorphism from the A-adic completion R̂ to R̂′.

1.2 Abelian Categories

The category AB of abelian groups and the category Mod-R of modules over a ring
R are special type of categories in which morphism sets are equipped with abelian
group structures such that the composition laws are bi-additive. There are many such
categories. The purpose of this section is to introduce an abstract theory for such
categories.

Definition 1.2.1 A category � with a zero object together with abelian group struc-
tures on Mor�(A, B) for all A, B ∈ Obj (�) is called an additive category if the
composition law from Mor�(B,C) × Morσ(A, B) to Mor�(A,C) is bi-additive.

The categories AB and R-Mod are additive categories whereas GP is not an
additive category.
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Proposition 1.2.2 Let � be an additive category. Let P together with morphisms
p1 : P → A and p2 : P → B represent a product of A and B. Then there exist
unique morphisms i1 : A → P and i2 : B → P such that

(i) p1i1 = IA, p2i2 = IB and
(ii) i1 p1 + i2 p2 = IP .

Also P together with morphisms i1 : A → P and i2 : B → P represent a co-product
of A and B. Conversely, let P be an object together with morphisms p1, p2, i1, and
i2 satisfying the conditions (i) and (ii) above. Then the triple (P, p1, p2) represents
the product, and the triple (P, i1, i2) represents the co-product of A and B.

Proof Suppose that the triple (P, p1, p2) represent a product of A and B. We have
morphism IA from A to A, and since � has zero object, we have the zero homo-
morphism 0A,B from A to B. From the definition of product, we have a unique
homomorphism i1 from A to P such that p1i1 = IA and p2i1 = 0A,B . Similarly,
we have a morphism i2 from B to P such that p2i2 = IB and p1i2 = 0B,A.

Next,
p1(i1 p1 + i2 p2) = p1i1 p1 + p1i2 p2 = p1,

and also
p2(i1 p1 + i2 p2) = p2i1 p1 + p2i2 p2 = p2.

Also p1 IP = p1, and p2 IP = p2. From the universal property of a product,
i1 p1 + i2 p2 = IP .

Now, we show that the triple (P, i1, i2) represents a co-product of A and B. Let
j1 : A → Q and j2 : B → Q be morphisms. Then j1 p1 + j2 p2 is a morphism from
P to Q such that ( j1 p1 + j2 p2)i1 = j1 and ( j1 p1 + j2 p2)i2 = j2. Let φ is a
morphism from P to Q such that φi1 = j1 and φi2 = j2. Then φ = φIP =
φ(i1 p1 + i2 p2) = j1 p1 + j2 p2. Thus, j1 p1 + j2 p2 is a unique morphism from P
to Q such that ( j1 p1 + j2 p2)i1 = j1 and ( j1 p1 + j2 p2)i2 = j2. This shows that
the triple (P, i1, i2) represents a co-product of A and B.

Conversely, let P be anobject togetherwithmorphisms p1, p2, i1, and i2 satisfying
the conditions (i) and (ii) of the proposition.Then as above, triple (P, i1, i2) represents
a co-product of A and B, and triple (P, p1, p2) represents a product of A and B. �

Corollary 1.2.3 In an additive category, an object P is a product of A and B if and
only if it is a co-product of A and B. �

An additive category � is said to be an exact category if any pair of objects in �

has a product and so also a co-product.

Definition 1.2.4 An exact category � is termed as an abelian category if the fol-
lowing hold:

(i) Every morphism has a kernel as well as a co-kernel.
(ii) Every monomorphism is a kernel and every epimorphism is co-kernel.
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Evidently, opposite category �0 of an abelian category � is again an abelian
category. Thus, every theorem in an abelian category has a dual theorem in which
arrows are reversed.

The category AB and the category R-Mod are examples of abelian categories.

Proposition 1.2.5 Let � be an abelian category. Let σ : A → B be a monomor-
phism, and τ : B → C be a co-kernel of σ. Then σ is a kernel of τ . Dually, if
σ : A → B is an epimorphism, and τ : K → A is a kernel of σ, then σ is a co-
kernel of τ .

Proof Let σ : A → B be a monomorphism, and τ : B → C be a co-kernel of σ.
Since � is an abelian category, σ : A → B is a kernel of a morphism μ : B → D.
Then μσ = 0A,D . Since τ is a co-kernel of σ, there is a unique morphism ν from C
to D such that ντ = μ. Let ρ : L → B be a morphism such that τρ = 0L ,C . Then
μρ = ντρ = 0L ,D . Since σ is a kernel of μ, there is a unique morphism η from L
to A such that ση = ρ. This shows that σ is kernel of τ . Similarly, the rest of the
assertion can be proved. �

Corollary 1.2.6 Let A be an object in an abelian category �. Let S(A) denote the
class of subobjects (see Exercise 1.1.3) of A, and Q(A) denote the class quotient
objects of A. Then ker induces a map ker from Q(A) to S(A) defined by ker([σ]) =
[kerσ], and coker induces amap coker from S(A) to Q(A) defined by coker([σ]) =
[cokerσ] which are inverses of each other. �

The following result is immediate (see Exercise 1.1.23).

Proposition 1.2.7 Let � be an abelian category. Every morphism f is factorizable
as f = gh, where g is a monomorphism (and so a kernel) and h an epimorphism
(and so a co-kernel). Further, the factorization is unique in the sense that if f = g′h′,
where g′ is anmonomorphism and h′ a epimorphism, then [g] = [g′] and [h] = [h′].
�

Definition 1.2.8 The subobject [g] described in the above proposition is called the
image of f and the quotient object [h] is called the co-image of f .

Proposition 1.2.9 Amorphism in an abelian category is an isomorphism if and only
if it is a monomorphism and also an epimorphism.

Proof Let � be an abelian category and σ a morphism in � from A to B. Suppose
that σ is a monomorphism and also an epimorphism. Let τ : K → A be a kernel of
σ. Then στ = 0K ,B = σ0K ,A. Since σ is a monomorphism, τ = 0K ,A. Again,
since τ is a kernel K = 0 is a zero object. Since every epimorphism in an abelian
category is a co-kernel, σ is a co-kernel. Suppose that σ is a co-kernel of ρ : C → A.
Then σρ = 0C,B . Since 00,A is a kernel of σ, ρ = 00,A0C,0 = 0C,A. Hence, σ is co-
kernel of 0C,A. Since IA0C,A = 0C,A, there is a unique morphism η : B → A such
that ησ = IA. Similarly, there is a unique morphism ξ : B → A such that σξ = IB .
Consequently, η = η(σξ) = (ησ)ξ = ξ. This shows that σ is an isomorphism. The
converse is already seen to be true in any category. �
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Proposition 1.2.10 Equalizers and co-equalizers exist in an abelian category.

Proof Let α and β be morphisms from A to B in an abelian category�. Then α − β
is also a morphism from A to B. Let γ : K → A be a kernel of α − β. We show that
γ is an equalizer of the pair (α,β). Since (α − β)γ = 0, αγ = βγ. Next, γ′ be
a morphism from K ′ to A such that αγ′ = βγ′. Then (α − β)γ′ = 0. Since γ is
kernel of α − β, there is a unique morphism η from K ′ to A such that γη = γ′. This
shows that γ is an equalizer. Similarly, we can prove the existence of co-equalizers.
�

Proposition 1.2.11 Let � be an abelian category. Let α : A → C and β : B → C
be morphisms. Then a pullback diagram of the pair (α,β) exists. Dually, if α : C →
A and β : C → B be morphisms, then a pushout diagram of the pair (α,β) exists.

Proof Let α : A → C and β : B → C be morphisms. Consider the morphisms αp1
and β p2 from P to C , where the triple (P, p1, p2) is a product of A and B. Let
η : K → P be an equalizer of αp1 and β p2. Then αp1η = β p2η. Let D be an
object together withmorphisms q1 : D → A and q2 : D → B such thatαq1 = βq2.
From the definition of a product, there exists a unique morphism φ from D to P such
that p1φ = q1 and p2φ = q2. Thus, αp1φ = β p2φ. Since η is an equalizer of
αp1 and β p2, there is a unique morphism ψ from D to K such that p1ηψ = q1 and
p2ηψ = q2. This shows that

K �p1η A

�

α

B C�
β�

p2η

is a pullback diagram of the pair (α,β). Similarly, we can show the existence of a
pushout diagram. �

An abelian category � together with (i) an association which associates to each
pair A and B of objects in �, a triple (P, f, g) which represents a product of A and
B; (ii) an other association which associates to each subobject [α] of an object A (see
Exercise 1.1.3), a unique monomorphism σ in the class [α], and an other association
which associates to each quotient object [β] of an object A, a unique epimorphism
τ in the class [β] is called a selective abelian category.

Thus, in a selective abelian category, every subobject of an object A is determined
uniquely by an object B, and a unique monomorphism i from B to A. This morphism
will be termed as inclusion morphism. Similarly, a quotient object of A is uniquely
determined by an object B and an epimorphism η from A to B.

Using the axiom of choice, we can treat each small abelian category as selective
abelian category. The category of R-modules is a selective abelian category. Indeed
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any subobject of an R-module A is uniquely determined by a submodule B of A,
and any quotient object is uniquely determined by a quotient module. To play more
with objects, often, we shall assume our abelian category to be a selective abelian
category.

Definition 1.2.12 A chain

X = · · · dn−2→ Xn−1
dn−1→ Xn

dn→ Xn+1
dn+1· · ·, n ∈ Z

of morphisms in an abelian category � is called an exact sequence at the nth stage
if imagedn−1 ≈ kerdn (equivalently, [imagedn−1] = [kerdn]). More explicitly, it
is exact at the nth stage if and only if

Xn−1
dn−1→ Xn = Xn−1

μn−1→ Kn
νn−1→ Xn,

where μn−1 is an epimorphism and νn−1 is a kernel of dn . It is said to be an exact
sequence if it is exact at each stage. A finite exact sequence of the type

0 → A
α→ B

β→ C → 0

is called a short exact sequence.

Thus,

0 → mZ
i→ Z

ν→ Zm → 0

is a short exact sequence in the category AB of abelian groups.

Proposition 1.2.13 (i) A sequence 0 → A
α→ B in an abelian category � is an

exact sequence if and only if α is a monomorphism.

(ii) A sequence B
β→ C → 0 in � is an exact sequence if and only if β is an

epimorphism.
(iii) A sequence 0 → A

α→ B → 0 in � is an exact sequence if and only if α is an
isomorphism.

(iv) A sequence 0 → A
α→ B

β→ C → 0 in � is an exact sequence if and only if α
is a monomorphism, and β is a co-kernel of α.

Proof (i) Suppose that 0 → A
α→ B is exact. Since 0 → A is a monomorphism and

0 → 0 is an epimorphism, it follows that 0 → A is its image. From the exactness, it
follows that 0 → A is a kernel of α. Let β and γ be morphisms from K to A such
that αβ = αγ. Then α(β − γ) is the zero morphism from K to B. Again, since
0 → A is a kernel of α, 00,A0K ,0 = β − γ. This means β − γ = 0K ,A. In turn,
β = γ. This shows that α is a monomorphism. Conversely, suppose that α is a
monomorphism. We show that 00,A is a kernel of α. Let β : K → A be a morphism
such thatαβ = 0K ,B . Alsoα00,A0K ,0 = 0K ,A = αβ. Sinceα is a monomorphism,
00,A0K ,0 = β. This shows that 00,A is a kernel of α.
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(ii) This statement is the dual statement of (i).
(iii) Follows from (i), (ii), and Proposition 1.2.9.
(iv) Follows from (i), and the definition of co-kernel. �

Definition 1.2.14 A functor F from an abelian category � to an abelian category
� is called an additive functor if the induced map FA,B from Mor�(A, B) to
Mor�(F(A), F(B)) is a group homomorphism for all A, B ∈ Obj�.

Thus, the forgetful functor from a category Mod- R of R-modules to the category
Mod-Z of Z-modules is a faithful additive functor. This is not a full functor.

Example 1.2.15 Let � be an abelian category, and D be an object of �. Let α be a
morphism from A to B. We have a homomorphism α� from the group Mor�(D, A)

to the group Mor�(D, B) defined by α�( f ) = α f . Clearly, (IA)� = IMor�(D,A)

and (βα)� = β�α� for all morphism α and β for which βα is defined. This gives us
a functor Mor�(D,−) from the category � to the category AB of abelian groups
defined by Mor�(D,−)(A) = Mor�(D, A) and Mor�(D,−)(α) = α�.

Similarly, we have a functor Mor�(−, D) from the category �0 to the cat-
egory AB of abelian groups defined by Mor�(−, D)(A) = Mor�(A, D) and
Mor�(−, D)(α) = α�, where α�( f ) = f α.

It is easily observed that the above two functors are additive functors.

Definition 1.2.16 An additive functor F from an abelian category � to an abelian
category � is called a left exact functor if given any exact sequence of the type

0 → A
α→ B

β→ C in�,

the induced sequence

0 → F(A)
F(α)→ F(B)

F(β)→ F(C) in �

is also exact. It is said to be a right exact functor if given any exact sequence of the
type

A
α→ B

β→ C → 0 in �,

the induced sequence

F(A)
F(α)→ F(B)

F(β)→ F(C) → 0 in �

is also exact. The functor F is said to be an exact functor if it is left as well as right
exact functor.

Proposition 1.2.17 Let � be an abelian category, and D be an object of �. Then
the functor Mor�(D,−) is a left exact functor from � to AB, and the functor
Mor�(−, D) is left exact from �0 to AB.
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Proof We prove the left exactness of Mor�(D,−). The other part can be proved
similarly. Let

0 → A
α→ B

β→ C

be an exact sequence in �. Then α is a monomorphism and it is the kernel of β. We
have to show that the sequence

0 → Mor�(D, A)
α�→ Mor�(D, B)

β�→ Mor�(D,C)

is an exact sequence of abelian groups. Suppose that α�( f ) = α f = 0D,B =
α0D,A. Since α is a monomorphism, f = 0D,A. This shows that α� is injective.
Further, β�oα� = (βα)� = (0A,C)� is the zero map. Hence, imageα� ⊆ kerβ�.
Next, let f ∈ kerβ�. Thenβ f = 0D,C . Sinceα = kerβ, there is a uniquemorphism
g from D to A such that α�(g) = αg = f . This shows that imageα� ⊇ kerβ�. �

Now, we state (without proof) a very important and useful result known as the
full embedding theorem. The proof can be found in the “Theory of categories” by
B. Mitchell.

Theorem 1.2.18 (Freyd–Mitchell) Let � be a small abelian category. Then there is
a ring R with identity, and an exact faithful and full functor F from� to the category
Mod-R of R-modules. �

Evidently, under the embedding, all kernels, co-kernels, images, exact sequence,
and commutative diagrams correspond. Indeed, all limits of finite directed systems,
and inverse limits of finite inverse systems correspond. However, projective and
injective objects need not correspond. Almost all important and useful diagram lem-
mas and theorems in abelian categories follow from the corresponding results in
a category of modules. Diagram chasing is easier in the category of modules (see
Chap.7, Algebra 1) than arguing by using arrows in an abelian category. However,
we illustrate a proof of the short five lemma by using arrows in an abelian category.

Proposition 1.2.19 Consider the following commutative diagram:

0 �

0 �

A

D
�

f

�α

γ�

B

E
�

g

�β

δ�

C

F

h

�

�

�

0

0
where rows are exact, vertical arrows aremorphisms, and the extreme vertical arrows
f and h are isomorphisms in an abelian category �. Then the middle vertical arrow
g is also an isomorphism. �
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Proof Let η : K → B be a kernel of g. Then hβη = δgη = 0K ,F . Since h is a
monomorphism, βη = 0K ,C . Since α = kerβ, there is a unique morphism ρ from
K to A such that αρ = η. In turn, γ f ρ = gαρ = gη = 0K ,E = γ f 0K ,A. Since
γ and f are monomorphisms, ρ = 0K ,A. This means that η = 0K ,A. Since η is
a kernel of g, K is a zero object and η is a zero morphism. This shows that g is a
monomorphism. Similarly, looking at the co-kernel of g, we can show that g is an
epimorphism. From Proposition 1.2.9, g is an isomorphism. �

Exercises

1.2.1 Show that the category of finite abelian groups is an abelian category. Show
that the inclusion functor is exact faithful and full embedding into the category of
Z-modules. Show that the category of torsion abelian groups is also abelian, whereas
the category of torsion-free abelian groups is not abelian.

1.2.2 Let R be a noetherian ring. Show that the category of finitely generated R-
modules is an abelian category. What happens if R is not noetherian.

1.2.3 Prove the five lemma in an abelian category without using the full embedding
theorem.

1.2.4 Show that an object P (I ) in an abelian category � is projective (injective)
object if and only if the functorMor�(P,−) (Mor�(−, I ) is an exact functor from�

(�0) to AB. Describe the projective and the injective objects, if any, in the categories
of Exercise 1.2.1.

1.2.5 Show by means of an example that even under an exact faithful and full
embedding projective and injective objects need not correspond.

1.3 Category of Chain Complexes and Homology

In the light of the full embedding theorem, in this section, we shall restrict our
attention in the categories of right R-modules. Indeed, in the category of modules
over rings, homological results are proved by chasing certain commutative diagrams.
One picks up suitable elements at suitable places and then chase their images and pre-
images to establish the desired result. This technique, however, does not make sense
in an abelian category. The results can be established in an abelian category, otherwise
by using the axioms of abelian category, but usually the proofs will be cumbersome.
Using full embedding theorem, these results follow from the corresponding results
in the category of modules. However, the existence and construction of certain types
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of objects such as free objects, projective, and injective objects cannot be deduced
from their existence and constructions in the category of modules. Unless stated
otherwise all the modules considered in this section are right modules. The basic
theory of modules including the structure theory of finitely generated modules over
a principal ideal domain, projective and injective modules, hom, tensor, and exterior
powers has been studied in detail in Chap.7 of Algebra 2. The reader is advised to
visit this chapter of Algebra 2. A chain

X = · · · dX
n+2→ Xn+1

dX
n+1→ Xn

dX
n→ Xn−1

dX
n−1→ · · · , n ∈ Z

of R-module homomorphisms is called a chain complex in the category of R-
modules if dX

n od
X
n+1 = 0 (equivalently, imagedX

n+1 ⊆ kerdX
n ) for all n. It is said to

be a finite chain complex if Xn = {0} for all but finitely many n. It is said to be
positive chain complex if Xn = {0} for all n < 0. A chain complex in the opposite
category of Mod-R is called a co-chain complex of R-modules. Thus, a co-chain
complex X � of R-modules is a co-chain

X � = · · · δn−2→ Xn−1 δn−1→ Xn δn→ Xn+1 δn+1→ · · · , n ∈ Z

of R-module homomorphisms such that δnoδn−1 = 0 for all n ∈ Z. A chain complex
X can also be treated as a co-chain complex by putting Xn = X−n , and δn = dX−n
for all n.

Let

X = · · · dX
n+2→ Xn+1

dX
n+1→ Xn

dX
n→ Xn−1

dX
n−1→ · · · , n ∈ Z,

and

Y = · · · dY
n+2→ Yn+1

dY
n+1→ Yn

dY
n→ Yn−1

dY
n−1→ · · · , n ∈ Z

be chain complexes of R-modules. A set f = { fn ∈ HomR(Xn,Yn) | n ∈ Z} is
called a chain transformation if the following diagram is commutative:

�

�

Xn+1

Yn+1
�

fn+1

�dX
n+1

dY
n+1�

Xn

Yn

�

fn

�d
X
n

dY
n�

Xn−1

Yn−1

fn−1

�

�

�

More explicitly, dY
n fn = fn−1dX

n for all n.
If f = { fn ∈ HomR(Xn,Yn) | n ∈ Z} is a chain transformation from a chain

complex X to a chain complex Y and g = {gn ∈ HomR(Yn, Zn) | n ∈ Z} is a chain
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transformation from a chain complex Y to a chain complex Z , then gof = {gno fn ∈
HomR(Xn, Zn) | n ∈ Z} is easily seen to be a chain transformation. IX = {IXn | n ∈
Z} is the identity chain transformation on X . This gives us a category CHR of chain
complexes of R modules. It is easy to observe that CHR is also an abelian category.
Evidently, a chain transformation f from a chain complex X to a chain complex Y is
a monomorphism (epimorphism) if and only if fn is injective (surjective) for each n.
A chain complex X is a subchain complex of Y if Xn is a submodule of Yn for each
n and the inclusion maps define a chain transformation. If X is a subchain complex
of Y , then dY

n induces a homomorphism νn from Yn/Xn to Yn−1/Xn−1 defined by
νn(y + Xn) = dY

n (y) + Xn−1. This gives us a chain complex

Y/X = · · · νn+2→ Yn+1/Xn+1
νn+1→ Yn/Xn

νn→ Yn−1/Xn−1
νn−1→ · · · , n ∈ Z.

The chain complex Y/X obtained above is called the quotient chain complex of Y
modulo X . Let

X = · · · dX
n+2→ Xn+1

dX
n+1→ Xn

dX
n→ Xn−1

dX
n−1→ · · · , n ∈ Z

be a chain complex of R modules. Then dX
n+1(Xn+1) ⊆ kerdX

n for each n. We denote
dX
n+1(Xn+1) by Bn(X), and it is called the module of n-boundaries of X . We also
denote kerdX

n by Cn(X), and call it the module of n-cycles of X . The quotient
module Cn(X)/Bn(X) is denoted by Hn(X), and it is called the nth homology
of the chain complex X . Let f = { fn | n ∈ Z} is a chain transformation from
X to Y . Then dY

n fn = fn−1dX
n for all n. This means that fn(Cn(X)) ⊆ Cn(Y ),

and fn(Bn(X)) ⊆ Bn(Y ). Thus, f induces a homomorphism Hn( f ) from Hn(X) to
Hn(Y ) defined by Hn( f )(a + Bn(X)) = fn(a) + Bn(Y ). If a ∈ Cn(X), then the
element a + Bn(X) of Hn(X) will be denoted by [a]. Thus, Hn( f )[a] = [ fn(a)].
It is easily observed that Hn(gof ) = Hn(g)oHn( f ) and Hn(IX ) = IHn(X) for all
n. For each n, Hn defines a functor from CHR to Mod-R. The chain complex X is
exact if and only if Hn(X) = {0} for all n.
Exact Homology Sequence
Let

E ≡ 0 → X
f→ Y

g→ Z → 0

be a short exact sequence of chain complexes. Thenwehave the commutative diagram
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0

�

0

�

0

�

0

�
�

�

�

Xn+1

�
Yn+1

Zn+1

�

fn+1

gn+1

�
dX

n+1

dY
n+1

dZ
n+1

�

�

Xn

Yn

Zn

�

�

fn

gn

�
dX

n

dY
n

dZ
n

�

�

Xn−1

�

Xn−2

�

�

�

dX
n−1

�

�Yn−1

�
Zn−1

dY
n−1

dZ
n−1

Yn−2

�
Zn−2

fn−1

gn−1

fn−2

gn−2

� �

� � � �
0 0 0 0

(1)

where rows are chain complexes and columns are short exact sequences of R-
modules. Let z be an element of Cn(Z). Then dZ

n (z) = 0. Since gn is surjec-
tive, there is an element y in Yn (not necessarily unique) such that gn(y) = z.
In turn, gn−1(dY

n (y) = dZ
n (gn(y)) = dZ

n (z) = 0. Hence, dY
n (y) belongs to ker

gn−1. Since the columns are exact, there is a unique element x in Xn−1 such that
fn−1(x) = dY

n (y). Further, fn−2(dX
n−1(x)) = dY

n−1( fn−1(x)) = dY
n−1(d

Y
n (y)) = 0.

Since fn−2 is injective, dX
n−1(x) = 0. This shows that x is an element of Cn−1(X).

The choice of x depends upon the choice of y. Let y′ be another element of Yn
such that gn(y′) = z = gn(y), and x ′ be an element of Cn−1(X) such that
fn−1(x ′) = dY

n (y′). Since gn(y − y′) = 0, y − y′ = fn(u) for some u in Xn .
Now, fn−1(dX

n (u)) = dY
n ( fn(u)) = dY

n (y − y′) = fn−1(x − x ′). Since fn−1 is
injective, x − x ′ = dX

n (u) or equivalently, x + Bn−1(X) = x ′ + Bn−1(X). This
shows that [x] = x + Bn−1(X) is independent of the choice of y, and it depends
only on z in Cn(Z). As such, we get a map ηE

n from Cn(Z) to Hn−1(X) defined
by ηE

n (z) = [x], where fn−1(x) = dY
n (y) with gn(y) = z. It is easily observed

that ηE
n is a homomorphism. Further, if z in Bn(Z), then there is w in Zn+1 such

that dZ
n+1(w) = z. Since gn+1 is surjective, there is an element v in Yn+1 such that

gn+1(v) = w. Take y = dY
n+1(v). Then gn(y) = z, and 0 = dn(y) = fn−1(0).

This shows that Bn(Z) ⊆ kerηE
n . Hence, ηE

n induces a homomorphism ∂E
n from

Hn(Z) to Hn−1(X) given by ∂E
n [z] = [ηE

n (z)]. The homomorphism ∂E
n is called a

connecting homomorphism also called the Bockstein homomorphism associated
with the short exact sequence E of chain complexes.

Theorem 1.3.1 Let
E ≡ 0 → X

f→ Y
g→ Z → 0

be a short exact sequence of chain complexes of R-modules. Then we have the
following long exact homology sequence:
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→ Hn+1(Z)
∂E
n+1→→ Hn(X)

Hn( f )→ Hn(Y )
Hn(g)→ Hn(Z)

∂E
n→ Hn−1(X) →

of R-modules, where ∂E
n is the connecting homomorphism. Further, the correspon-

dence which associates the above long exact sequence to E is natural in the sense
that if

E ′ ≡ 0 → X ′ f ′→ Y ′ g′→ Z ′ → 0

is another short exact sequence of chain complexes together with a triple (α,β, γ)

of chain transformations such that the diagram

0 �

0 �

X

X ′�

α

�f

f ′
�

Y

Y ′�

β

�g

g′
�

Z

Z ′

γ

�

�

�

0

0
then the following diagram is commutative:

�

�

Hn+1(Z)

Hn+1(Z ′)

∂E
n+1

∂E′
n+1�

Hn+1(γ)

�

�

Hn(X)

�
Hn(X ′)

Hn(α)

�

�

Hn(f)

Hn(f ′)

Hn(Y )

Hn(Y ′)

�

�

Hn(g)

Hn(g′)

Hn(Z)

�

Hn(γ)

�

Hn(β)

Hn(Z ′)

�

�

∂E
n

∂E′
n

Hn−1(X)

�

Hn−1(α)

Hn−1(X ′)

�

�

Proof The proof is by chasing the diagram given by (1). Let [z] ∈ Hn+1(Z), where
z ∈ Cn+1(Z). We show that Hn( f )(∂E

n+1([z])) = 0. By definition ∂E
n+1([z]) = [x],

where fn(x) = dY
n+1(y) for some y with gn+1(y) = z. Evidently, Hn( f )([x]) =

[ fn(x)] = [dY
n+1(y)] = 0. Thus, image∂E

n+1 ⊆ ker Hn( f ). Let [x] be an element
Hn(X) such that Hn( f )[x] = [ fn(x)] = 0. Then there is an element y ∈ Y n+1 such
that dY

n+1(y) = fn(x). Clearly, z = gn+1(y) ∈ Cn+1(Z), and ∂E
n+1([z]) = [x]. This

establishes the exactness at Hn(X). Now, we prove the exactness at Hn(Y ). Since
Hn is a functor and gof = 0, Hn(g)oHn( f ) = Hn(gof ) = Hn(0) = 0. This
shows that imageHn( f ) ⊆ ker Hn(g). Next, let [y] be an element of ker Hn(g),
where y ∈ KerdY

n . Then gn(y) = dZ
n+1(z) for some z ∈ Zn+1. Since gn+1 is surjec-

tive, there is an element y′ ∈ Yn+1 such that gn+1(y′) = z. In turn, gn(dY
n+1(y

′)) =
dZ
n+1(gn+1(y′)) = dn+1(z) = gn(y). This shows that y − dY

n+1(y
′) ∈ kergn . Since

kergn = image fn , there is an element x ∈ Xn such that fn(x) = y − dY
n+1(y

′).
Further, fn−1(dX

n (x)) = dY
n ( fn(x)) = dY

n (y − dY
n+1(y

′)) = 0. Hence x ∈ Cn(X).
Evidently, Hn( f )[x] = [ fn(x)] = [y]. This proves the exactness at Hn(Y ). Sim-
ilarly, chasing the diagram, we can prove the exactness at Hn(Z). The rest of the
statement follows from the functoriality of the homology functors Hn and the natu-
ral construction of the connecting homomorphisms. �

Corollary 1.3.2 Let

E ≡ 0 → X
f→ Y

g→ Z → 0
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be a short exact sequence of chain complexes of R-modules. Then we have the
following:

(i) If Z is exact, then Hn(X) is isomorphic to Hn(Y ) for all n.
(ii) If X is exact, then Hn(Z) is isomorphic to Hn(Y ) for all n.
(iii) If Y is exact, then Hn(X) is isomorphic to Hn+1(Z) for all n. �

Mapping Cone
Let f be a chain transformation from a chain complex X to a chain complex
Y . We construct a chain complex C( f ) as follows: Take C( f )n = Xn−1 ⊕ Yn .
Define dC( f )

n from C( f )n by d
C( f )
n (x, y) = (−dX

n−1(x), d
Y
n (y) + fn−1(x)). Clearly,

dC( f )
n odC( f )

n+1 = 0. The chain complex C( f ), thus obtained, is called the mapping
cone of f (the terminology has its justification in topology). Let X+ denote the chain
complex given by X+

n = Xn−1 and dX+
n = dX

n−1. We have the short exact sequence

E( f ) ≡ 0 → Y
i→ C( f )

j→ X+ → 0,

in(y) = (0, y) and jn(x, y) = x . It is evident that Hn(X+) = Hn−1(X). Further,
it is also easy to observe that ∂E

n = Hn−1( f ). From Theorem 1.3.1, we obtain the
following natural long exact homology sequence:

→ Hn(Y )
Hn(i)→ Hn(C( f ))

Hn( j)→ Hn−1(X)
Hn−1( f )→ Hn−1(Y ) →

Chain Homotopy
Let f and g be two chain transformations from a chain complex X to a chain complex
Y . A family s = {sn : Xn → Yn+1 | n ∈ Z} of module homomorphisms is called a
chain homotopy from f to g if

dY
n+1osn + sn−1od

X
n = fn − gn

for all n ∈ Z. We say that f is chain homotopic to g if there is a chain homotopy
from f to g.

Proposition 1.3.3 If f and g are chain transformations from X to Y which are chain
homotopic, then Hn( f ) = Hn(g) for all n.

Proof Let s be a chain homotopy from f to g. Let [a] ∈ Hn(X), where a ∈
Cn(X). Then dX

n (a) = 0. Hence fn(a) − gn(a) = dY
n+1(sn(a)). This means that

Hn( f )([a]) = [ fn(a)] = [gn(a)] = Hn(g)([a]). �
Remark 1.3.4 The converse of the above proposition is not true, i.e., Hn( f ) =
Hn(g) for all n need not imply that f is chain homotopic to g.

We shall adopt the notation f ∼ g to say that f is chain homotopic to g. Clearly,
f ∼ f . Indeed, 0 is chain homotopy from f to f . If s is a chain homotopy from f to
g, then −s is a chain homotopy from g to f . Let s be a chain homotopy from f to g,
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and t a chain homotopy from g to h, then s + t is a chain homotopy from f to h. Thus,
∼ defines an equivalence relation on the set Hom(X,Y ) of all chain transformations
from X to Y . A chain transformation f from X to Y is said to be a chain equivalence
if there is a chain transformation g from Y to X such that gof ∼ IX and f og ∼ IY .
If f is a chain equivalence, then Hn( f ) is an isomorphism from Hn(X) to Hn(Y ) for
all n.

Proposition 1.3.5 Let f and g be chain homotopic transformations from X to Y ,
and f ′ and g′ be chain homotopic transformations from Y to Z. Then f ′of is chain
homotopic to g′og.

Proof Let s be a chain homotopy from f to g, and s ′ be a chain homotopy from f ′
to g′. Then

dY
n+1osn + sn−1od

X
n = fn − gn (1.2)

and
dZ
n+1os

′
n + s ′

n−1od
Y
n = f ′

n − g′
n (1.3)

for all n. Composing (1.2) with f ′
n from left , and (1.3) with gn from right, we obtain

f ′
no(d

Y
n+1osn + sn−1od

X
n ) = f ′

no fn − f ′
nogn (1.4)

and
(dZ

n+1os
′
n + s ′

n−1od
Y
n )ogn = f ′

nogn − g′
nogn (1.5)

for all n. Adding (1.4) and (1.5), we get that

f ′
nod

Y
n+1osn + f ′

nosn−1od
X
n + dZ

n+1os
′
nogn + s ′

n−1od
Y
n ogn = f ′

no fn − g′
nogn.

Using the fact that f ′ and g are chain transformations, we find that

dZ
n+1o( f

′
n+1osn + s ′

nogn) + ( f ′
nosn−1 + s ′

n−1ogn−1)od
X
n = f ′

no fn − g′
nogn

for all n. This shows that t = {tn = ( f ′
n+1osn + s ′

nogn) : Xn → Zn+1} is a homotopy
from f ′of to g′og. �

Let [X,Y ] denote the set of homotopy classes of chain transformations from X
to Y . Let [ f ] denote the homotopy class of chain transformations determined by f .
Thus, [ f ] = {g | f ∼ g}. The above proposition allows us to have a composition
law · : [Y, Z ] × [X,Y ] → [X, Z ] given by [g] · [ f ] = [gof ]. This also gives us a
category [CH ] whose objects are chain complexes, and Mor[CH ](X,Y ) = [X,Y ].
The composition law is given as above. The category [CH ] will be termed as the
homotopy category of chain complexes.

Let X and Y be chain complexes. Denote the Cartesian product∏∞
r=−∞ Hom(Xr ,Yr−n) by Hom[X,Y ]n . An element of Hom[X,Y ]n is a family

{ fr : Xr → Yr−n | r ∈ Z} of homomorphisms. Define a map δn from Hom[X,Y ]n
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to Hom[X,Y ]n+1 by δn( fr ) = dY
r−no fr + (−1)n+1 fr−1odX

r . It is easily observed
that δn+1oδn = 0. This gives us a co-chain complex Hom[X,Y ] of abelian groups
described as above.

Every R-module A can be treated as a chain complex as follows: Define
A0 = A, and An = {0} for all n �= 0. Indeed, we can regard the category
of R-modules as a subcategory of the category CH of chain complexes. Under
this identification Hom[X, A]n = ∏∞

r=−∞ Hom(Xr , Ar−n) = Hom(Xn, A), and
δn = (−1)n+1(dX

n+1)
�. Thus, δn(α) = (−1)n+1αodX

n+1. The justification for mul-
tiplying with (−1)n+1 will follow later. The members of kerδn are called the n
co-cycles of X with coefficient in A, and it is denoted by Cn(X, A). The members
of the image of δn−1 are called the n co-boundaries of X with coefficient in A.
The submodule of n co-boundaries is denoted by Bn(X, A). The quotient module
Cn(X, A)/Bn(X, A) is denoted by Hn(X, A), and it is called the nth co-homology
of X with coefficient in A. Clearly, Hn(−, A) defines a contra-variant functor from
the categoryCH of chain complexes of R-modules to the category of abelian groups.
Similarly, Hn(X,−) defines a functor from the category of R-modules to the cat-
egory of abelian groups. In a later section, we shall try to find relations between
Hn(X, A), Hn(X), and A.

Now, we give some important examples having their applications in topology and
geometry.

Simplicial Complex and Homology

An abstract simplicial complex is a pair (�, S), where� is a nonempty set, and S is
a set of finite nonempty subsets of� such that every nonempty subset of a member of
S is also a member of S. The members of � are called the vertices, and the members
of S are called the faces of the simplicial complex. If σ ∈ S and τ ⊆ σ, then τ is
called a face of σ. The members of S are also called the simplexes of the simplicial
complex. An element σ of S containing p + 1 elements is called a p-simplex.

A simplicial map from a simplicial complex (�, S) to a simplicial complex
(�′, S′) is a map f from � to �′ such that f (σ) ∈ S′ for all σ ∈ S. Thus, we
have a category SC of simplicial complexes, where morphisms are simplicial maps.
A simplicial complex (�′, S′) is said to be a simplicial subcomplex of (�, S) if
�′ ⊆ � and the inclusion map i from � to �′ is a simplicial map. It is said to be
a full simplicial subcomplex if S

⋂
℘(�′) = S′. More explicitly, a subsimplicial

complex (�′, S′) of (�, S)will be termed as a full simplicial subcomplex ifwhenever
σ ∈ S and σ ⊆ �′, σ ∈ S′. Let σ̄ denote the set of all faces of the simplex σ ∈ S.
Then (σ, σ̄) is a full subcomplex of (�, S). Similarly, let σ̇ denote the set of all
proper faces of σ. Then (σ, σ̇) is a subcomplex of (σ, σ̄). Obviously, it is not a full
subcomplex.

Let (�1, S1) and (�2, S2) be subcomplexes of a simplicial complex (�, S). Then
(�1

⋂
�2, S1

⋂
S2) is also a subcomplex, and it is called the intersection (�1, S1)

and (�2, S2). A simplicial complex (�, S) will be termed as direct sum of its
subcomplexes (�1, S1) and (�2, S2) (in symbol (�, S) = (�1, S1) ⊕ (�2, S2))
if �1

⋂
�2 = ∅ and every simplex σ of (�, S) can be uniquely expressed as

σ = ρ
⋃

τ , where ρ ∈ S1 and τ ∈ S2.
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Proposition 1.3.6 If (�1, S1) is a full simplicial subcomplex of (�, S), then there is
a simplicial subcomplex (�2, S2) of (�, S) such that (�, S) = (�1, S1) ⊕ (�2, S2).

Proof Take�2 = � − �1 and S2 = ℘(�2)
⋂

S. Since (�1, S1) is a full simplicial
subcomplex of (�, S), (�, S) = (�1, S1) ⊕ (�2, S2). �

An ordered p-simplex of (�, S) is a p-simplex σ together with a total order in
σ. More explicitly, an ordered p-simplex in (�, S) is a pair (σ,α), where σ is a
p-simplex and α is a bijective map from {0, 1, 2, . . . , p} to σ. An element v ∈ σ is
less than w ∈ σ if v = α(i), w = α( j) for some i < j . Let (σ,α) be an ordered
p-simplex in (�, S). Then for each i, 0 ≤ i ≤ p, we have an ordered p − 1-simplex
(σi ,αi ), whereσi = σ − {α(i)} and themapαi from {0, 1, . . . , p − 1} toσi is given
byαi ( j) = α( j) for j ≤ i − 1 andαi ( j) = α( j + 1) for j ≥ i . The ordered p − 1
simplex (σi ,αi ) defined above is called the i th face of the ordered p-simplex (σ,α).

Let �p(�, S) denote the free abelian group on the set of all ordered p-simplexes
of �. We have a homomorphism dp from �p(�, S) to �p−1(�, S) defined by

dp((σ,α)) =
p∑

i=0

(−1)i (σi ,αi ),

where (σi ,αi ) is the i th face of the ordered p-simplex (σ,α). It is evident that
((σ j )i , (α j )i ) = ((σi ) j−1, (αi ) j−1) for all i < j . Further,

(dp−1odp)((σ,α)) = dp−1(
∑p

i=0(−1)i (σi ,αi )) =∑p
i=0(−1)i

∑p−1
j=0 (−1) j ((σi ) j , (αi ) j ).

In turn,

(dp−1odp)((σ,α)) =∑
0≤i≤ j≤p−1(−1)i+ j ((σi ) j , (αi ) j ) + ∑

p≥i> j≥0(−1)i+ j ((σi ) j , (αi ) j ).

Using the identity ((σ j )i , (α j )i ) = ((σi ) j−1, (αi ) j−1), it follows that (dp−1odp) =
0. This gives us a chain complex�(�, S). This chain complex�(�, S) is called the
the ordered simplicial chain complex associated with the simplicial complex (�, S).
�(�, S) is a nonnegative chain complex with �0(�, S) the free abelian group on
the set �̇ of 0-simplexes. Any element of �0(�, S) is a finite sum

∑
v∈� αv{v},

where αv ∈ Z and all but finitely many αv are 0. The map ε from �0(�, S) to Z
defined by ε(

∑
v∈� αv{v}) = ∑

v∈� αv is a surjective homomorphism. The map ε
is called the augmentation map of the chain complex �(�, S). Let (σ,α) be an
ordered 1-simplex in (�, S), where σ = {v,w}, α(0) = v, and α(1) = w. Then
d1((σ,α)) = {w} − {v}. Hence εd1 = 0. Thus, we have another chain complex
�̃(�, S) given by

�̃(�, S) ≡ · · · dp+1→ �p(�, S)
dp→ · · · d2→ �1(�, S)

d̃1→ Ker ε −→ 0,
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where d̃1 is the homomorphism induced by d1. The chain complex �̃(�, S) is called
the reduced order chain complex of (�, S). The qth homology Hq(�(�, S)) of
�(�, S) is denoted by Hq(�, S), and it is called the qth-order homology of (�, S).
The qth homology Hq(�̃(�, S)) of �̃(�, S) is denoted by H̃q(�, S), and it is called
the reduced qth-order homology of (�, S). Evidently, Hq(�(�, S)) = H̃q(�, S)

for all q ≥ 1. Further, since Z is free abelian, �0(�, S) = Ker ε ⊕ Z, and hence
H0(�(�, S)) = H̃0(�, S) ⊕ Z.

A simplicial complex (�, S) is said to be a connected simplicial complex if any
pair of distinct vertices belong to a simplex. Maximal connected simplicial subcom-
plexes of (�, S) are called the connected components of (�, S). It is clear that the
connected components of (�, S) form a partition of �. Let {(�i , Si ) | i ∈ I } be the
family of all connected components of (�, S). Evidently, (�, S) = ⊕∑

i∈I (�i , Si ),
and �(�, S) = ⊕∑

i∈I �(�i , Si ). In turn, �(�, S) = ⊕∑
i∈I �(�i , Si ), and

�̃(�, S) = ⊕ ∑
i∈I �̃(�i , Si ). Since the homology commutes with the direct sum,

Hq(�, S) = ⊕ ∑
i∈I Hq(�i , Si ), and H̃q(�, S) = ⊕ ∑

i∈I H̃q(�i , Si ).

Proposition 1.3.7 If (�, S) is a connected simplicial complex, then H0(�, S) ≈ Z.

Proof Since ε is surjective, it is sufficient to show that Image d1 = Ker ε. Already,
Image d1 ⊆ Ker ε. Let

∑n
i=1 λi {vi } be a member of Ker ε. Then

∑n
i=1 λi = 0.

Let v0 be a member of �. Then

n∑

i=1

λi {vi } − (

n∑

i=1

λi )v0 =
n∑

i=1

(vi − v0).

Without any loss, we may assume that vi �= v0 for all i . Since (�, S) is connected,
for each i we have an ordered 2-simplex (σi ,αi ), where σi = {v0, v1} and αi is
the map which takes 0 to v0 and 1 to vi . Evidently

∑n
i=1 λi (σi ,αi ) is a member of

�1(�, S) whose image under d1 is
∑n

i=1 λi {vi }. �
The following corollary is immediate from the above result.

Corollary 1.3.8 H0(�, S) is the direct sum of as many copies of Z as many con-
nected components of (�, S). �

Let f be a simplicial map from a simplicial complex (�, S) to a simplicial com-
plex (�′, S′). For each p ≥ 0, we have a homomorphism �p( f ) from �p(�, S) to
�p(�

′, S′) given by�p( f )(σ,α) = 0 if f is not injective onσ, and�p( f )(σ,α) =
( f (σ), f oα) if f is injective. It is clear that �( f ) = {�p( f ) | p ≥ 0} is a chain
transformation from �(�, S) to �(�′, S′). Evidently, � defines a functor from the
category SC of simplicial complexes to the category of chain complexes of abelian
groups. In turn, for each n, Hn defines a functor from the category of SC of simplicial
complexes to the category of abelian groups.

Let Ap(�, S) denote the set of all ordered p-simplexes of (�, S). Define a relation
∼ on Ap(�, S) by (σ,α) ∼ (τ ,β) if σ = τ and αβ−1 is an even permutation in
Sp+1. Evidently, ∼ is an equivalence relation. The equivalence class determined by
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(σ,α) is denoted by [σ,α], and it is called an oriented p-simplex in (�, S). For
each p-simplex σ, there are exactly two equivalence classes. Let �p(�, S) denote
the abelian group generated by the set of oriented p-simplexes [σ,α] subject to
the relation [σ,α] + [σ,β] = 0 whenever [σ,α] �= [σ,β] (equivalently, whenever
αβ−1 is an odd permutation). Evidently, �p(�, S) is a free abelian of rank equal
to the cardinality of the set of p-simplexes. Using the induction on p, the following
proposition can be easily verified.

Proposition 1.3.9 If [σ,α] + [σ,β] = 0, then

∑p

i=0
(−1)i [σi ,αi ] +

∑p

i=0
(−1)i [σi ,βi ] = 0.

�

Thus, we have a homomorphism dp from �p(�, S) to �p−1(�, S) given by

dp([σ,α]) =
∑p

i=0
(−1)i [σi ,αi ].

As in case of order simplexes, it can be shown that dp−1dp = 0. This gives us a
chain complex

�(�, S) ≡ · · · dp+1→ �p(�, S)
dp−1→ · · · d2→ �1(�, S)

d1→ �0(�, S) −→ 0.

The simplicial complex �(�, S) is called the oriented chain complex associated
with the simplicial complex (�, S). Here also, we have an augmentation map ε
from �0(�, S) to Z given by ε(

∑n
i=1 λi [vi ]) = ∑n

i=1 λi . Clearly, ε is a surjective
homomorphism. Again, we have a reduced oriented chain complex

�̃(�, S) ≡ · · · dp+1→ �p(�, S)
dp→ · · · d2→ �1(�, S)

d̃1→ Ker ε −→ 0,

where d̃1 is the homomorphism induced by d1. Thus, � defines another functor from
the category SC to the category of nonnegative chain complexes of abelian groups.

For each (�, S), we have a chain transformation μ(�,S) = {μp | p ≥ 0} from
�(�, S) to �(�, S) given by μp((σ,α)) = [σ,α]. We state the following theorem
without proof. The reader is referred to the Algebraic topology by Spanier for the
proof.

Theorem 1.3.10 μ(�,S) defined above is a chain equivalence, and μ is a natural
equivalence between the functors � and �. �

In turn, Hq(�(�, S)) ≈ Hq(�(�, S) for each q. We denote Hq(�(�, S)) by
Hq(�, S), and call it the qth simplicial homology of the simplicial complex (�, S).

We compute simplicial homologies of some simple simplicial complexes.

Example 1.3.11 Take � = {v0, v1, v2}, and



40 1 Homological Algebra 1

S = {{v0}, {v1}, {v2}, {v0, v1}, {v0, v2}, {v1, v2}}.

Clearly, the pair (�, S) defines a simplicial complex. The orientation (v0, v1, v2)

defines unique orientation of the simplicial complex. Clearly,
∧

p(�) = {0} for all
p < 0.

∧
0(�) is the free abelian group generated by the vertices v0, v1, and v2. Note

that we identify the zero simplex {vi } by the vertex vi itself. Thus, every element of∧
0(�) is uniquely expressible as α0v0 + α1v1 + α2v2, where αi ∈ Z. Next,

∧
1(�)

is the free abelian group generated by the set (v0, v1), (v1, v2), (v0, v2) of oriented
1-simplexes. Also

∧
p(�) = {0} for all p ≥ 2. Evidently, dp = 0 for all p �= 1,

and d1 is given by

d1(α(v0, v1) + β(v1, v2) + γ(v2, v0)) = αv0 − αv1 + βv1 − βv2 + γv2 − γv0 = (α − γ)v0 + (β − α)v1 + (γ − β)v2.

It follows that

B0(
∧

(�)) = imaged1 = {α0v0 + α1v1 + α2v2 | α0 + α1 + α2 = 0},

and Z0(
∧

(�)) = kerd0 = ∧
0(�). The augmentation map ε from

∧
0(�) to Z

given by ε(α0v0 + α1v1 + α2v2) = α0 + α1 + α2 is a surjective homomorphism
whose kernel is B0(

∧
(�)). By the fundamental theorem of homomorphism, H0(�)

is isomorphic to the additive group Z. Also

Z1(
∧

(�)) = kerd1 = {α(v0, v1) + β(v1, v2) + γ(v2, v0)) | α = β = γ},

and B1(
∧

(�)) = {0}. Clearly, Z1(∧(�)) is isomorphic to Z. Thus, H1(�) is also
isomorphic to the additive group Z.

We shall have more examples in Chap.3.

Singular Chain Complex, and Singular Homology

The topological subspace

�q = {α = (α0,α1, . . . ,αq) ∈ Rq+1 |
q∑

i=0

αi = 1} of Rq+1

is called the standard q-simplex. In particular, the standard 0-simplex �0 is the
single point 1 ∈ R. For i, 0 ≤ i ≤ q, the subspace

�
q
i = {α ∈ �q | αi = 0}

is called the i th face of �q . Further, for each i , the map ∂i from �q−1 to �q defined
by

∂i (α0,α1, . . . ,αq−1) = (α0,α1, . . . ,αi−1, 0,αi+1, . . . ,αq−1)

is a homeomorphism from �q−1 to �
q
i , and it is called the i th face map of �q .
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Let X be a topological space. A continuous map σ from �q to X is called a
singular q-simplex in X . Thus, a singular 0-simplex can be simply viewed as a point
in X . Let Sq(X) denote the free abelian group generated by the set of all singular
q-simplexes in X . In particular, S0(X) is the free abelian group on X . Define a map
dq from Sq(X) to Sq−1(X) defined by

dq(σ) =
q∑

i=0

(−1)iσo∂i .

It can be easily shown that dq−1odq = 0 for all q. This gives us a chain complex

S(X) ≡ dq+1→ Sq(X)
dq→ Sq−1(X)

dq−1→ · · · d1→ S0(X) → 0.

This chain complex is called the singular chain complex of X . The qth homology
of S(X) is called the qth singular homology of X , and it is denoted by Hq(X).

We have a surjective homomorphism ε from S0(X) to Z given by ε(
∑n

i=1 ai xi ) =∑n
i=1 ai . Evidently, εod1 = 0. Thus, ε is an augmentation map of the singular chain

complex. It is also clear that S0(X) = Ker ε ⊕ Z. We have the reduced singular
chain complex S̃(X) of X given by

S̃(X) ≡ · · · dn+1→ Sn(X)
dn→ · · · d2→ S1(X)

d̃1→ Ker ε −→ 0,

where d̃1 is the homomorphism induced byd1. Theqth homologyof S̃(X) is called the
reduced qth singular homology of X , and it is denoted by H̃q(X). Clearly, Hq(X) =
H̃q(X) for all q ≥ 1 and H0(X) = H̃0(X) ⊕ Z.

If f is a continuous map for a topological space X to a topological space Y , and
σ is a singular q-simplex in X , then f oσ is a singular q-simplex in Y . In turn, it
induces a homomorphism Sq( f ) from Sq(X) to Sq(Y ). Evidently, S( f ) = {Sq( f )}
is a chain transformation from S(X) to S(Y ) which respects the augmentation maps.
Indeed, S is a functor from the category of topological spaces to the category of chain
complexes of abelian groups. Consequently, for each n, we have the nth singular
homology functor Hn from the category of topological spaces to the category of
abelian groups.

Given a subspace Y of X , we get a short exact sequence

0 −→ S(Y )
i→ S(X)

ν→ S(X)/S(Y ) −→ 0

of chain complexes. The chain complex S(X)/S(Y ) is denoted by S(X,Y ), and it is
called the singular chain complex of the pair (X,Y ), where Y is a subspace of X . The
nth homology of S(X,Y ) is denoted by Hn(X,Y ), and it is called the nth singular
homology of the pair (X,Y ). From Theorem 1.3.1, we have a long exact sequence
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· · · ∂n+1→ Hn(Y )
Hn(i)→ Hn(X)

Hn(ν)→ Hn(X,Y )
∂n→ · · ·

associated with the pair (X,Y ).
Let A be an abelian group. The nth co-homology group Hn(X, A) of the co-chain

complex Hom(S(X), A) is called the nth singular co-homology of the space X with
coefficient in A. Further, for an abelian group Awe have a chain complex Sn(X) ⊗ A.
The nth homology Hn(X, A) = Hn(S(X) ⊗ A is called the singular homology of
X with coefficient in A.

Let X be a topological space, and {Xα | α ∈ �} be the family of all path com-
ponents of X . Then X = ∐

α∈� Xα is disjoint topological sum of {Xα | α ∈ �}.
Since �q is path connected, and a continuous image of a path connected space is
path connected, every singular q-simplex in X is a singular q-simplex in a unique
Xα. As such, S(X) = ⊕∑

α∈� S(Xα). Since homology functor commutes with the
direct sum functor, we have the following proposition.

Proposition 1.3.12 Let {Xα | α ∈ �} be the family of all path components of topo-
logical space X. Then Hq(X) = ⊕ ∑

α∈� Hq(Xα) for each q. �

Proposition 1.3.13 Let X be a path connected space. Then H0(X) ≈ Z.

Proof By definition H0(X) = S0(X)/Image d1. Since the augmentation map ε is
surjective, it is sufficient to show that Image d1 = Ker ε. Already Image d1 ⊆
Ker ε. Let

∑n
i=1 ai xi be a member of Ker ε. Then

∑n
i=1 ai = 0. Let x0 be a

member of X . Then
∑n

i=1 ai xi = ∑n
i=1 ai (xi − x0). Since X is path connected, for

each i , we have a continuous map σi from �1 to X such that σi ((0, 1)) = xi and
σi ((1, 0)) = x0. Evidently, d1(

∑n
i=1 aiσi ) = ∑n

i=1 ai xi . �

Corollary 1.3.14 Let X be a topological space. Then the oth singular homology
H0(X) is direct sum of as many copies of Z as many path components of X. �

In the third chapter, we shall further study simplicial and singular homologies
together with some of their applications in topology and geometry.

Co-homology of Groups

Let G be a group, and A be a Z(G)-module. Let Sn(G, A) denote the set of all maps
f from Gn = G × G × · · · × G︸ ︷︷ ︸

n

to A for which f (g1, g2, . . . , gn) = 0 whenever

gi = e for some i . We take G0 = {e}. Clearly, Sn(G, A) is an abelian group with
respect to pointwise addition. Evidently S0(G, A) is the trivial group. Define a map
dn from Sn(G, A) to Sn+1(G, A) by

dn( f )(g1, g1, . . . , gn+1) =
g1 · f (g2, g3, . . . , gn+1) + ∑n

i=1(−1)i f (g1, g2, . . . , gi−1, gigi+1, gi+2, . . . , gn+1)+
(−1)n+1 f (g1, g2, . . . , gn).

We may easily observe that dn( f )(g1, g1, . . . , gn+1) = 0 whenever any gi = e.
Further, it is straightforward to verify that dn is a homomorphism and dn+1odn = 0
for all n. This gives us a co-chain complex
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S(G, A) = {0} → S1(G, A)
d1→ S2(G, A)

d2→ · · · Sn−1(G, A)
dn−1→ Sn(G, A)

dn→ · · ·

of abelian groups. The nth co-homology of S(G, A) is denoted by Hn(G, A), and it
is called the nth co-homology of the group G with coefficient in A.

Let us look at the low-dimensional co-homology groups. Clearly, S1(G, A)

is the set of maps from G to A which preserve identity. If f ∈ S1(G, A), then
d1( f )(g1, g2) = g1 · f (g2) − f (g1g2) + f (g1). Thus, the group Z1(G, A) = kerd1
of all one co-cycles is the group of all crossed homomorphisms (see Chap.10, Alge-
bra 2) from G to A. Evidently, B1(G, A) = {0}. Hence, H 1(G, A) is the group of
all crossed homomorphisms from G to A. In particular, if A is a trivial G-module,
then H 1(G, A) = Hom(G, A).

Let us describe H 2(G, A). The map d2 from S2(G, A) to S3(G, A) is given by

d2( f )(g1, g2, g3) = g1 · f (g2, g3) − f (g1g2, g3) + f (g1, g2g3) − f (g1, g2).

Thus, the group Z2(G, A) = kerd2 is precisely the group FAC(G, A) of factor
systems of central extensions of A by G (see Chap.10, Algebra 2). Further, two
factor systems are equivalent if and only if they differ by a boundary. It turns out that
H 2(G, A) is the group of equivalence classes of central extensions of A by G. The
higher dimensional co-homology groups will be discussed in the next chapter.

Remark 1.3.15 The theory of co-homology groups arouse from topological con-
siderations. To each groupG, Eilenberg andMacLane associated a topological space
(a cw-complex) K (G, 1) whose first fundamental group is G and all higher homo-
topy groups are trivial. Indeed, such a cw-complex is unique up to homotopy type.
The singular co-homology groups of K (G, 1) with coefficient in an abelian group A
are precisely the co-homology groups Hn(G, A) of G with coefficient in the trivial
G-module A.

Exercises

1.3.1 Find the simplicial homologies of the simplicial complex (�, S), where� =
{v0, v1, v2} and S is the set of all nonempty subsets of �.

1.3.2 Find the simplicial homologies of the simplicial complex (�, S), where� =
{v0, v1, v2, v3} and S is the set of all proper nonempty subsets of �.

1.3.3 Let (�1, S1) and (�2, S2) be simplicial subcomplexes of a simplicial complex.
Show that

�(�1
⋂

�2, S1
⋂

S2)
(i1,−i2)→ �(�1, S1) ⊕ �(�2, S2)

j1+ j2→
�(�1

⋃
�2, S1

⋃
S2) −→ 0
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is a short exact sequence of chain complexes of abelian groups, where i1, i2, j1, and
j2 are the corresponding inclusion simplicial maps. Establish the long exact sequence

· · · ∂n+1→ Hn(�1

⋂
�2, S1

⋂
S2)

(Hn (i1),−Hn (i2))→ Hn(�1, S1) ⊕ Hn(�2, S2)
Hn ( j1)+Hn ( j2)→ Hn(�1

⋃
�2, S1

⋃
S2)

∂n→ · · · .

The above exact sequence is called the Mayer–Vietoris exact sequence.

1.3.4 Consider the simplicial complex (�, S), where � = {v0, v1, v2, v3, v4} and
S = {{v0}, {v1}, {v1}, {v2}, {v3}, {v4}, {v0, v1}, {v0, v2}, {v1, v2}, {v0, v3},
{v0, v4}, {v3, v4}}. Express (�, S) as union of two proper subsimplicial complexes,
and then use the above Mayer–Vietoris exact sequence to compute Hn(�, S).

1.3.5 Compute H 2(Z3, Z2) by treating Z2 as trivial Z3-module.

1.3.6 (Snake lemma) Consider the following commutative diagram:

0 �

0 �

A

C

α1

α2�
f

�

�

M

N

g
�

�

�

B

D

β1

β2
h

�

�

�

0

0
where the rows are exact. Using Theorem 1.3.1 show that the induced sequence

0 → ker f → kerg → kerh → coker f → cokerg → cokerh → 0

is exact.

1.3.7 Show that the category of chain complexes in an abelian category is itself an
abelian category.

1.3.8 Let X and Y be chain complexes in an abelian category�. Show that Hn(X ⊕
Y ) ≈ Hn(X) ⊕ Hn(Y ) for each n, where⊕ denotes the co-products in the respective
categories.

1.3.9 Let � be an abelian category, and (D,≤) be a directed set. Let { f β
α ∈

Mor�(Xα, Xβ) | α,β ∈ D, and α ≤ β} be a directed system of chain complexes

in �. Show that Hn(
Lim→ Xα) ≈Lim→ Hn(Xα) for each n.

1.3.10 Let R be a principal ideal domain and X be a chain complex of R-modules.
For each n, show that there is a chain complex Fn of free R-modules and a chain
transformation f n from Fn to X such that (i) Hm(Fn) = 0 for m �= n and (ii)
Hn( f n) is an isomorphism from Hn(Fn) to Hn(X).
Hint: Take Fn

n to be a free R-module on Cn(X)with f nn the homomorphism from Fn
n

to Xn with imageCn(X), Fn
n+1 = ( f nn )−1(Bn(X)), f nn+1 the induced homomorphism

from Fn
n+1 to Xn+1, dFn

n+1 to be the inclusion map, and Fn
m = 0 for all m different

from n and n + 1.
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1.3.11 Let R be a principal ideal domain and X be a chain complex of R-modules.
Use the above exercise to show the existence of a chain complex F of free R-
modules together with a chain transformation f from F to X such that Hn( f ) is an
isomorphism for each n.

1.3.12 Let � be a selective abelian category (in particular, category of modules). A
pseudo-chain complex (see “Pseudo-co-homology of general extensions” by Lal and
Sharma;Homology,Homotopy andApplications, vol 12, no 2) is a chain (X,Y, d) =
{(Xn,Yn, dn) | n ∈ Z},whereYn is a subobject Xn in�, anddn is amorphism from Xn

to Xn−1 such that dn−1dn/Yn = 0 for each n. Hn(X,Y, ) = Ker dn/dn+1(Yn+1) is
called the nth pseudo-homology of (X,Y, d). A family f = { fn ∈ Mor�(Xn, X ′

n) |
n ∈ Z} is called a pseudo-chain transformation if (i) fn(Yn) ⊆ Y ′

n and (ii) f ′
n−1dn =

d ′
n fn for all n. Let PC� denote the category of all pseudo-chain complexes. Show
that F(X,Y ) = {(F(X,Y )n, d̃n) | n ∈ Z} is a chain complex, where F(X,Y )n =
Yn

⋂
d−1
n (Yn−1) and d̃n is the restriction of dn to F(X,Y )n . Show further that F

defines a reflector functor from PC� to the category C� of chain complexes in �

such that Hn(F(X,Y )) ⊆ Hn(X,Y ).

1.3.13 Refer to the above exercise. Show thatG(X,Y ) = {(Yn + Ker dn, d̃n) | n ∈
Z} is a chain complex in �. Show further that G is a functor such that Hn(X,Y ) =
Hn(G(X,Y )) for all n.

1.4 Extensions and the Functor EXT

In Chap.10 of Algebra 2, we studied extensions of groups by groups, and described
the group of equivalence classes of central extensions of an abelian group A by a
group G as second co-homology group H 2(G, A). Here, in this section, we shall
study onefold extensions of an R-module A by another R-module B by imitating the
corresponding description of extensions of a group by another group as described in
Chap.10, Algebra 2, and then describe the EXT functor. The functors ExtnR(B, A)

of equivalence classes of n-fold extensions of an R-module A by an R-module B as
a co-homology group Hn

R(B, A) will be discussed in the next chapter.
Let A and B be left R-modules. An exact sequence

0 −→ A
α→ M1

d1→ M2
d2→ M3 · · · dn−1→ Mn

β→ B −→ 0

of R-modules is called an n-fold extension of A by B. In particular, a short exact
sequence

0 −→ A
α→ M

β→ B → 0

is called a onefold extension of A by B. A onefold extension will be simply termed
as an extension of A by B.

We say that an extension
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E1 ≡ 0 −→ A
α1→ M

β1→ B −→ 0

of A by B is equivalent to an extension

E2 ≡ 0 −→ A
α2→ N

β2→ B −→ 0

of A by B if there is a homomorphism φ from M to N such that the diagram

0 �

0 �

A

A

α1

α2�
IA

�

�

M

N

φ
�

�

�

B

B

β1

β2
IB

�

�

�

0

0
is commutative. From the five lemma, φ is an isomorphism.

We use the notation E1 ≡ E2 to say that the extension E1 is equivalent to the
extension E2. Evidently, the relation ≡ is an equivalence relation on the class of all
extensions of A by B.

Let
E ≡ 0 −→ A

α→ M
β→ B −→ 0

be an extension of A by B. Let t be a section of the extension E . More explicitly, let
t be a map from B to M such that βot = IB with t (0) = 0. Then

β(t (x) + t (y)) = β(t (x)) + β(t (y)) = x + y = β(t (x + y)).

This shows that t (x) + t (y) − t (x + y) belongs to the kerβ = imageα. Hence,
there is a unique member f t (x, y) in A such that

t (x) + t (y) − t (x + y) = α( f t (x, y)) (1.6)

Thus, for a given choice of the section t , we get a map f t from B × B to A given
by Equation 1. Since t (0) = 0,

f t (0, x) = f t (x, 0) = 0 (1.7)

for all x ∈ B. Since (t (x) + t (y)) + t (z) = t (x) + (t (y) + t (z)) and t (x) + t (y) =
t (y) + t (x), we have

f t (y, z) − f t (x + y, z) + f t (x, y + z) − f t (x, y) = 0 (1.8)

and
f t (x, y) = f t (y, x) (1.9)



1.4 Extensions and the Functor EXT 47

for all x, y, z ∈ B. Next, for r ∈ R and x ∈ B, β(t (r x)) = r x = rβ(t (x)) =
β(r t (x)). This shows that t (r x) − r t (x) ∈ kerβ. Since kerβ = imageα and α is
injective, there is a unique element gt (r, x) ∈ A such that

α(gt (r, x)) = t (r x) − r t (x) (1.10)

Using (1.6) and (1.10),

t (r x + sx)

= −α( f t (r x, sx)) + t (r x) + t (sx)

= −α( f t (r x, sx)) + α(gt (s, x)) + α(gt (r, x)) + r t (x) + st (x) (1.11)

On the other hand,

t (r x + sx) = t ((r + s)x) = α(gt (r + s, x)) + (r + s)t (x) (1.12)

Equating (1.11) and (1.12), we get

f t (r x, sx) = gt (r, x) − gt ((r + s), x)) + gt (s, x) (1.13)

Again using (1.6) and (1.10),

t (r x + r y)

= −α( f t (r x, r y)) + t (r x) + t (r y)

= −α( f t (r x, r y)) + α(gt (r, x)) + α(gt (r, y)) + r t (x) + r t (y) (1.14)

On the other hand,

t (r x + r y) = t (r(x + y)) = α(gt (r, x + y)) + r t (x + y)

= α(gt (r, x + y)) + −rα( f t (x, y)) + r t (x) + r t (y) (1.15)

Equating (1.14) and (1.15),

r f t (x, y) − f t (r x, r y) = gt (r, x + y) − gt (r, x) − gt (r, y) (1.16)

Further, using (1.10),

α(gt (rs, x)) + rst (x) = t ((rs)x) = t (r(sx)) = α(gt (r, sx)) + r t (sx) =
α(gt (r, sx)) + rα(gt(s, x)) + rst (x).

Hence,
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rgt(s, x) − gt (rs, x) + gt (r, sx) = 0 (1.17)

for all r, s ∈ R and x ∈ B. The above discussion prompts us to have the following
definition.

Definition 1.4.1 Let R be a ringwith identity. A factor system over R is a quadruple
(B, A, f, g), where B and A are R-modules, f is a map from B × B to A, and g is
a map from R × B to A such that the following hold:

(i) f (0, x) = f (x, 0) = 0 for all x ∈ B.
(ii) f (y, z) − f (x + y, z) + f (x, y + z) − f (x, y) = 0 for all x, y, z ∈ B.
(iii) f (x, y) = f (y, x) for all x, y ∈ B.
(iv) f (r x, sx) = g(r, x) − g((r + s), x)) + g(s, x).
(v) f (r x, r y) − r f (x, y) = g(r, x) − g(r, x + y) + g(r, y).
(vi) rg(s, x) − g(rs, x) + g(r, sx) = 0 for all r, s ∈ R and x ∈ B.

In particular, it follows from (iv), (v), and (vi) that g(0, x) = 0 = g(r, o) =
g(1, x) for all r ∈ R and x ∈ B.

Thus, for every pair (E, t), where E is an extension of an R-module A by an
R-module B and t a section of E , we have an associated factor system Fac(E, t) =
(B, A, f t , gt ) described as above. Conversely, to every factor system � = (B, A,

f, g), we associate the extension Ext (�) as follows: Define a binary operation +
on A × B by

(u, x) + (v, y) = (u + v + f (x, y), x + y).

It is easily seen that (A × B,+) is an abelian group.Define the externalmultiplication
· from R × (A × B) to A × B by

r · (u, x) = (ru + g(r, x), r x).

It can be further shown that A × B togetherwith the above operations is an R-module,
and we get an extension

Ext (�) ≡ 0 −→ A
α→ A × B

β→ B −→ 0

of A by B, where α(u) = (u, 0) and β(u, x) = x . The section t given by t (x) =
(0, x) is such that Fac(Ext (�)) = �. Further, given an extension

E ≡ 0 −→ A
α→ M

β→ B −→ 0

of A by B, together with a section t of E , the map η from A × B to M defined by
η(a, x) = α(a) + t (x) induces an equivalence from Ext (Fac(E, t)) to E .

Let EXTR denote the category whose objects are extensions

1 −→ A
α→ M

β→ B −→ 1
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of R-modules, and a morphism between two extensions E1 and E2 given by the short
exact sequences

0 −→ A1
α1→ M1

β1→ B1 −→ 0

and
0 −→ A2

α2→ M2
β2→ B2 −→ 0

is a triple (λ,μ, ν), whereλ is a homomorphism from A1 to A2,μ is a homomorphism
from M1 to M2, and ν is a homomorphism from B1 to B2 such that the following
diagram is commutative:

0 �

1 �

A1

A2

α1

α2�
λ

�

�

M1

M2

μ
�

�

�

B1

B2

β1

β2
ν

�

�

�

0

0
The category EXTR is called the category of Schreier extensions of R-modules.

The isomorphisms in this category are called the equivalences
of extensions.

Now,wedescribe the category EXTR of extensions as a categoryof factor systems.
Let (λ,μ, ν) be a morphism from the extension E1 to the extension E2 given by the
commutative diagram

0 �

1 �

A1

A2

α1

α2�
λ

�

�

M1

M2

μ
�

�

�

B1

B2

β1

β2
ν

�

�

�

1

1
Let t1 be a section of E1, and t2 be a section of E2. Let Fac(E1, t1) = (B1, A1, f t1 ,
gt1) and Fac(E2, t2) = (B2, A2, f t2 , gt2) be the corresponding factor systems.
Let x ∈ B1. Then μ(t1(x)) ∈ M2 and β2(μ(t1(x))) = ν(β1(t1(x))) = ν(x) =
β2(t2(ν(x))). Thus, μ(t1(x)) − (t2(ν(x))) ∈ kerβ2 = imageα2. In turn, we have
a unique φ(x) ∈ A2 such that α2(φ(x)) = μ(t1(x)) − (t2(ν(x))). Equivalently,

μ(t1(x)) = α2(φ(x)) + t2(ν(x)) (1.18)

Since t1(0) = 0 = t2(0), it follows that

φ(0) = 0 (1.19)

Now, using the commutativity of the diagram and Eq.1.18, we have

μ(t1(x) + t1(y)) = μ(α1( f
t1(x, y)) + t1(x + y)) =

α2(λ( f t1(x, y)) + μ(t1(x + y)) = α2(λ( f t1(x, y)) + α2(φ(x + y)) + t2(ν(x + y)) =
α2(λ( f t1(x, y)) + α2(φ(x + y)) + t2(ν(x) + ν(y)).
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On the other hand, since μ is a homomorphism, using again Eq.1.18,

μ(t1(x) + t1(y)) = μ(t1(x)) + μ(t1(y)) = α2(φ(x)) + t2(ν(x)) + α2(φ(y))+
t2(ν(y)) = α2(φ(x)) + α2(φ(y)) + t2(ν(x)) + t2(ν(y)) =

α2(φ(x)) + α2(φ(y)) + α2( f t2(ν(x), ν(y))) + t2(ν(x) + ν(y)).

Equating the two expressions for μ(t1(x) + t1(y)), and observing that α2 is an injec-
tive homomorphism, we obtain the following identity:

λ( f t1(x, y)) + φ(x + y) = φ(x) + φ(y) + f t2(ν(x), ν(y)) (1.20)

Next, from Eq. (1.10),

α1(g
t1(r, x)) = t1(r x) − r t1(x).

Hence, α2(λ(gt1(r, x))) = μ(α1(g
t1(r, x)))

= μ(t1(r x) − r t1(x)) = μ(t1(r x)) − rμ(t1(x))
= α2(φ(r x)) + t2(ν(r x)) − rα2(φ(x)) − r t2(ν(x))
= α2(φ(r x)) − rα2(φ(x)) + t2(rν(x)) − r t2ν(x)
= α2(φ(r x) − rφ(x)) + α2(g

t2(r, x))
= α2(φ(r x) − rφ(x) + gt2(r, x)).
Since α2 is injective,

λ(gt1(r, x)) = φ(r x) − rφ(x) + gt2(r, x) (1.21)

Thus, a morphism (λ,μ, ν) between extensions E1 and E2 together with choices
of sections t1 and t2 of the corresponding extensions induces a map φ from B1 to A2

such that the triple (ν,φ,λ) satisfies (1.19), (1.20), and (1.21). Such a triple may be
viewed as a morphism from the factor system (B1, A1, f t1 , gt1) to (B2, A2, f t2 , gt2).

Let (λ1,μ1, ν1) be a morphism from an extension

E1 ≡ 0 −→ A1
α1→ M1

β1→ B1 −→ 0

to an extension
E2 ≡ 0 −→ A2

α2→ M2
β2→ B2 −→ 0,

and (λ2,μ2, ν2) be that from the extension E2 to

E3 ≡ 0 −→ A3
α3→ M3

β3→ B3 −→ 0.

Let t1, t2 and t3 be corresponding choice of the sections. Then as in (1.14)

μ1(t1(x)) = α2(φ1(x)) + t2(ν1(x))
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and
μ2(t2(u)) = α3(φ2(u)) + t3(ν2(u)),

where φ1 is the uniquely determined map from B1 to A2, and φ2 is that from B2 to
A3. In turn,

μ2(μ1(t1(x))) = μ2(α2(φ1(x))) + μ2(t2(ν1(x))) =
μ2(α2(φ1(x))) + α3(φ2(ν1(x))) + t3(ν2(ν1(x))) =

α3(λ2(φ1(x))) + α3(φ2(ν1(x))) + t3(ν2(ν1(x))) = α3(φ3(x)) + t3(ν2(ν1(x))),

where φ3(x) = λ2(φ1(x)) + φ2(ν1(x)). It follows that the composition (λ2 ◦
λ1,μ2 ◦ μ1, ν2 ◦ ν1) induces the triple (ν2 ◦ ν1,φ3,λ2 ◦ λ1), where φ3(x) = λ2

(φ1(x)) + φ2(ν1(x)) for each x ∈ B1.
Prompted by the above discussion,we introduce the categoryFACSwhose objects

are factor systems, and a morphism from (B1, A1, f 1, g1) to (B2, A2, f 2, g2) is a
triple (ν,φ,λ), where ν is a homomorphism from B1 to B2 , λ a homomorphism
from A1 to A2, and φ a map from B1 to A2 such that

(i) φ(0) = 0.
(ii) λ( f 1(x, y)) + φ(x + y) = φ(x) + φ(y) + f 2(ν(x), ν(y)).
(iii) λ(g1(r, x)) = φ(r x) − rφ(x) + g2(r, x).

The composition ofmorphisms (ν1,φ1,λ1) from (B1, A1, f 1, g1) to (B2, A2, f 2, g2)
and the morphism (ν2,φ2,λ2) from (B2, A2, f 2, g2) to (B3, A3, f 3, g3) is the triple
(ν2 ◦ ν1,φ3,λ2 ◦ λ1), where φ3 is given by φ3(x) = φ2(ν1(x)) + λ2(φ1(x)) for
each x ∈ B1.

The following theorem is a consequence of the above discussion.

Theorem 1.4.2 Let tE be a choice of a section of an extension E of an R-module
by another R-module (such a choice function t exists because of axiom of choice).
Then for the association Fac which associates to each extension E the factor system
Fac(E, tE ) is an equivalence between the category EXTR of extensions and the
category FACS of factor systems. More explicitly, Fac which associates the factor
system Fac(E, tE ) to an extension E is a functor from EXTR to FACS, and the
association Ext which associates the extension Ext (�) to a factor system � is a
functor from the category FACS to EXTR such that ExtoFac and FacoExt are
naturally equivalent to the corresponding identity functors. �

Fix a pair A and B of R-modules. We try to describe the equivalence classes of
extensions of A by B. Let M be an extension of A by B given by the exact sequence

E ≡ 0 −→ A
α→ M

β→ B −→ 0.

Let (λ,μ, ν) be an equivalence from this extension to another extension M ′ of A′ by
B ′ given by the exact sequence

E ′ ≡ 0 −→ A′ α′→ M ′ β′→ B ′ −→ 0.
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Then it follows that M ′ is also an extension of A by B given by the exact sequence

E ′′ ≡ 0 −→ A
α′◦λ→ M ′ ν−1◦β′→ B −→ 0

such that (IA,μ, IB) is an equivalence from E to E ′′. Also, (λ, IM ′ , ν) is an equiva-
lence from E ′′ to E ′.

As such, there is no loss of generality in restricting the concept of equivalence on
the class ER(B, A) of all extensions of A by B by saying that two extensions

E1 ≡ 0 −→ A
α1→ M1

β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ M2
β2→ B −→ 0

in E(B, A) are equivalent if there is an isomorphism φ from M1 to M2 such that the
diagram

0 �

0 �

A

A

α1

α2�
IA

�

�

M1

M2

φ
�

�

�

B

B

β1

β2
IB

�

�

�

0

0
is commutative. Indeed, for any extension E in EXTR which is equivalent to a
member E ′ of E(B, A), there is a member E ′′ of E(B, A) such that E is equivalent
to E ′′ in the category EXTR and E ′′ in ER(B, A) is equivalent to E ′ in the sense
described above.

Let FACR(B, A) denote the set {( f, g) | (B, A, f, g) is a f actor system}.
Let ( f, g) and ( f ′, g′) be members of FACR(B, A). It is easy to verify that
( f + f ′, g + g′) ∈ FACR(B, A), and FACR(B, A) is an abelian group with respect
to this addition. Evidently, the extension Ext (0) associated with the zero factor sys-
tem (0, 0) is the direct sum extension

0 −→ A
i1→ A × B

p2→ B −→ 0.

The following proposition is an easy straightforward verification.

Proposition 1.4.3 Let φ be a map from B to A such that φ(0) = 0. Define a map
μφ from B × B to A by

μφ(x, y) = φ(y) − φ(x + y) + φ(x),

and a map νφ from R × B to A by

νφ(r, x) = φ(r x) − rφ(x).
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Then (μφ, νφ) ∈ FACR(B, A), and we have an exact sequence

0 −→ HomR(B, A)
i(B,A)→ Map(B, A)

∂(B,A)→ FACR(B, A), (1.22)

where Map(B, A) is the group of zero-preserving maps from B to A, and ∂(B,A) is
given by ∂(B,A)(φ) = (μφ, νφ). �

Remark 1.4.4 The map ∂ can be viewed as an obstruction map in the sense that φ
is a homomorphism if and only if ∂(φ) = (0, 0).

Let EXTR(B, A) denote the class of equivalence classes of extensions of A by
B (a prior, there is no reason to believe that it is a set). The equivalence class deter-
mined by the extension E will be denoted by [E]. Let E be an extension of A by
B and t a section of E . As observed earlier, E is equivalent to Ext (Fac(E, t)),
and hence [E] = [Ext (Fac(E, t))]. Thus, we have a surjective map η(B,A) from
FACR(B, A) to EXTR(B, A) given by η(B,A)(�) = [Ext (�)] (in particular, it
follows that EXTR(B, A) is a set for each pair of modules A and B).

Proposition 1.4.5 Let � and �′ be members of FACR(B, A). Then
η(B,A)(�) = η(B,A)(�

′) if and only if � + image∂(B,A) = �′ + image∂(B,A).
Consequently, η(B,A) induces a bijective map η(B,A) from the group
FACR(B, A)/ image∂(B,A) to E XTR(B, A) defined by

η(B,A)(� + image∂(B,A)) = [Ext (�)].

Proof Suppose that � = ( f, g) and �′ = ( f ′, g′). Suppose further that � +
image∂(B,A) = �′ + image∂(B,A). Then there is a map φ from B to A with φ(0) =
0 such that ( f − f ′, g − g′) = (μφ, νφ). Thus,

f (x, y) = f ′(x, y) + φ(y) − φ(x + y) + φ(x)

and
g(r, yx) = g′(r, x) + φ(r x) − rφ(x)

for all x, y ∈ B and r ∈ R. The extension Ext (�) is given by

Ext (�) ≡ 0 −→ A
α→ M

β→ B −→ 0,

where M = A × B with module operations given by

(a, x) + (b, y) = (a + b + f (x, y), x + y)

and
r(a, x) = (ra + g(r, x), r x).

Similarly, the extension Ext (�′) is given by



54 1 Homological Algebra 1

Ext (�) ≡ 0 −→ A
α→ M ′ β→ B −→ 0,

where M ′ = A × B with module operations given by

(a, x) + (b, y) = (a + b + f ′(x, y), x + y)

and
r(a, x) = (ra + g′(r, x), r x).

It is easily seen that the map ρ from M to M ′ given by ρ(a, x) = (a + φ(x), x) is
a module homomorphism. Evidently, (IA, ρ, IB) is an equivalence between Ext (�)

and Ext (�′). This shows that � + image∂(B,A) = �′ + image∂(B,A) implies that
η(B,A)(�) = η(B,A)(�

′). Conversely, suppose that η(B,A)(�) = η(B,A)(�
′). Then

there is a homomorphism ρ from M to M ′ such that (IA, ρ, IB) is an equiva-
lence between Ext (�) and Ext (�′). Thus, there is a map φ from B to A such
that ρ(a, x) = (a + φ(x), x). Evidently, φ(0) = 0. Since ρ is a homomorphism,
( f, g) + ∂(B,A)φ = ( f ′, g′). The rest is evident. �

Clearly, HomR and Map are bi-functors from the category of R-modules to the
category AB of abelian groups. Let (β,α) be a morphism from (B, A) to (D,C)

in (Mod − R)o × Mod − R. More explicitly, let β be a module homomorphism
from D to B and α a module homomorphism from A to C . Let ( f, g) be a member
of FACR(B, A). Then it can be easily seen that (αof o(β × β),αogo(IR × β)) is
a member of FACR(D,C). The map FACR from FACR(B, A) to FACR(D,C)

given by FACR( f, g) = (αof o(β × β),αogo(IR × β)) is a homomorphism of
groups. This defines another bi-functor FACR from the category of R-modules
to the category AB of abelian groups. Clearly, the inclusion i defines a nat-
ural transformation from HomR to Map, and ∂ defines a natural transforma-
tion from Map to FACR . In turn, we have a bi-functor FACR/ image∂ from
the category of R-modules to the category AB of abelian groups defined by
FACR/ image∂(B, A) = FACR(B, A)/ image∂(B,A). Further, for each object
(B, A) of (Mod − R)o × Mod − R, the bijective map η(B,A) introduced in Proposi-
tion 1.4.5 induces an abelian group structure on EXTR(B, A) such that EXTR also
becomes a bi-functor fromMod -R to AB, and η defines a natural isomorphism from
FACR/ image∂ to EXTR . �

Now, we describe the abelian group structure of EXTR(B, A), and also the bi-
functor EXTR independently.

Proposition 1.4.6 Let f be a homomorphism from an R-module D to an R-module
B, and

E ≡ 0 −→ A
α→ M

β→ B −→ 0

be an extension of A by B. Then there is an extension f �(E) of A by D together with
a morphism (IA,μ, f ) from f �(E) to E. Further, such an extension is unique up to
equivalence.
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Proof We have the pullback diagram

P �ν D

�

f

M B�
β�

μ (1)

where P = {(m, d) ∈ M × D | β(m) = f (d)} is the submodule of M × D, μ is
the first projection, and ν is the second projection. Let χ be a homomorphism from
A to P given by χ(a) = (α(a), 0). Then we get an extension f �(E) of A by D
given by

f �(E) ≡ 0 −→ A
χ→ P

ν→ D −→ 0.

Evidently, (IA,μ, f ) is a morphism from f �(E) to E . Further, let

E ′ ≡ 0 −→ A
χ′→ P ′ ν ′→ D −→ 0

be an extension of A by D, and (IA,μ′, f ) be a morphism from E ′ to E . Since

P ′ �ν ′
D

�

f

M B�
β�

μ′

is a commutative diagram, and the diagram (1) is a pullback diagram, there is a
homomorphism φ from P ′ to P such that (IA,φ, ID) is a morphism from E ′ to
f �(E). By the five lemma this is an equivalence. �

Let
E1 ≡ 0 −→ A

α1→ M1
β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ M2
β2→ B −→ 0

be equivalent extensions of A by B. Suppose that (IA, ρ, IB) is an equivalence from
E1 to E2. Then the extension f �(E1) of A by D is given by
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f �(E1) ≡ 0 −→ A
χ1→ P1

p2→ D −→ 0,

and the extension f �(E2) of A by D is given by

f �(E2) ≡ 0 −→ A
χ2→ P2

p2→ D −→ 0,

where P1 is the submodule ofM1 × D givenby {(m, d) ∈ M1 × D | β1(m) = f (d)}
and P2 is the submodule of M2 × D given by P2 = {(m, d) ∈ M2 × D | β2(m) =
f (d)}. Clearly, the map ρ from P1 to P2 given by ρ(m, d) = (ρ(m), d) defines an
equivalence (IA, ρ, ID) from f �(E1) to f �(E2). This defines amap EXTR(−, A)( f )
from EXTR(D, A) to EXTR(B, A) which is given by EXTR(−, A)( f )([E]) =
[ f �(E)]. It is straightforward to see that EXTR(−, A)(IA) = IEXTR(A,A), and

EXTR(−, A)(gof ) = EXTR(−, A)( f )oEXTR(−, A)(g).

This ensures that EXTR(−, A) is a contra-variant functor from the category of R-
modules to the category AB of abelian groups.

Dually, we have the following.

Proposition 1.4.7 Let f be a homomorphism from an R-module A to an R-module
C, and

E ≡ 0 −→ A
α→ M

β→ B −→ 0

be an extension of A by B. Then there is an extension f�(E) of C by B together with
a morphism ( f,μ, IB) from E to f�(E). Further, such an extension is unique up to
equivalence.

Proof Consider the quotientmodule P = (C × M)/L ,where L = {( f (a),−α(a))

| a ∈ A}. We have the pushout diagram

A �α M

�

i2

C P�
i1�

f

where i1(c) = (c, 0) + L , and i2(m) = (0,m) + L . Suppose that (c, 0) ∈ L . Then
there exists an elementa ∈ A such that c = f (a) and0 = −α(a). Sinceα is injective,
a = 0. Hence c = 0. This shows that i1 is injective homomorphism. Further, suppose
that (c,m) + L = (c′,m ′) + L . Thenm − m ′ = −α(a) = f (a) for some a ∈ A.
This means that β(m) = β(m ′). In turn, we have a surjective homomorphism β
from P to B given by β((c,m) + L) = β(m). Now,
kerβ = {(c,m) + L | β(m) = 0}
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= {(c,α(a)) + L | c ∈ C, a ∈ A}
= {(c + f (a), 0) + L | c ∈ C, a ∈ A}
= imagei1.
Thus, we get an extension f�(E) of C by B given by

f�(E) ≡ 0 −→ C
i1→ P

β→ B −→ 0.

Evidently, ( f, i2, IB) is a morphism from E to f�(E). Now, let

E ′ ≡ 0 −→ C
χ→ P ′ ξ→ B −→ 0

be an extension of C by B together with a morphism ( f, ρ, IB) from E to E ′. We
have the following commutative diagram:

A �α M

�

ρ

P ′C �
χ�

f

Since
A �α M

�

i2

C P�
i1�

f

is a pushout diagram, we have homomorphism φ from P to P ′ such that (IC ,φ, IB)

is a morphism from f�(E) to E ′. By the five lemma it is an equivalence. �

Let
E1 ≡ 0 −→ A

α1→ M1
β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ M2
β2→ B −→ 0

be equivalent extensions of A by B. Suppose that (IA, ρ, IB) is an equivalence from
E1 to E2. The extension f�(E1) of C by B is given by
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f�(E1) ≡ 0 −→ C
i1→ P1

β1→ B −→ 0,

and the extension f�(E2) of C by B is given by

f�(E2) ≡ 0 −→ C
i1→ P2

β2→ B −→ 0.

Here P1 is the quotient module (C × M1)/L1, where L1 = {( f (a),−α1(a)) | a ∈
A}, and P2 is the quotient module (C × M2)/L2, where L2 = {( f (a),−α2(a)) |
a ∈ A}. The maps β1 and β2 are given by β1((c,m1) + L1) = β1(m1) and
β2((c,m2) + L2) = β2(m2) Clearly, the map ρ from P1 to P2 given by ρ((c,m) +
L1) = (c, ρ(m)) + L2 induces an equivalence (IA, ρ, IB) from f�(E1) to f�(E2).
In turn, we have a map EXTR(B,−)( f ) from EXTR(B, A) to EXTR(B,C) given
by EXTR(B,−)( f )([E]) = [ f�(E)]. Evidently, EXTR(B,−)(IA) = IEXTR(A,A),
and

EXTR(B,−)(gof ) = EXTR(B,−)(g)oEXTR(B,−)( f ).

As such, EXTR(B,−) defines a functor from the category of R-modules to the
category AB of abelian groups. Further, if ( f, g) is amorphism from (B, A) to (D,C)

in the category (Mod − R)o × Mod − R, then EXTR( f, g) = EXTR(D,−)(g)o
EXTR(−, A)( f ) is a map from EXTR(B, A) to EXTR(D,C). It can be easily
observed that

EXTR((h, k)o( f, g)) = EXTR(h, k)oEXTR( f, g),

whenever (h, k) and ( f, g) are composable morphisms in (Mod − R)o × Mod − R.
Also EXTR(IB, IA) = IEXTR(B,A). Thus, EXTR introduced above is a bi-functor
from the category of R-modules to the category of sets. It can also be verified that η
(introduced in Proposition 1.4.5) is a natural isomorphism from FACR/ image∂ to
EXTR .

Next, we introduce the addition � in EXTR(B, A), called the Baer sum, so that
EXTR(B, A) becomes an abelian group, and, in turn, EXTR turns out to be a bi-
functor from the category of R-modules to the category of abelian groups. Let

E1 ≡ 0 −→ A
α1→ M1

β1→ B −→ 0

and
E2 ≡ 0 −→ A

α2→ M2
β2→ B −→ 0

be extensions of A by B. Consider the extension E1 × E2 given by

E1 × E2 ≡ 0 −→ A × A
α1×α2→ M1 × M2

β1×β2→ B × B −→ 0.
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Let �B denote the diagonal homomorphism from B to B × B given by �(b) =
(b, b), and ∇A denote the co-diagonal homomorphism from A × A to A given by
∇A(a, b) = a + b. This gives an extension (∇A)�((�B)�(E1 × E2)) of A by B. We
denote this extension by E1 � E2. Let (IA,φ, IB) be an equivalence from E1 to E ′

1
and (IA,ψ, IB) be an equivalence from E2 to E ′

2. Clearly, (IA×A,φ × ψ, IB×B) is an
equivalence from E1 × E2 to E ′

1 × E ′
2.Hence, (∇A)�((�B)�(E1 × E2)) is equivalent

to (∇A)�((�B)�(E ′
1 × E ′

2)). This shows that E1 � E2 is equivalent to E ′
1 � E ′

2. Thus,
we have a binary operation � on EXTR(B, A) given by [E1] � [E2] = [E1 � E2].

Finally, we show that the bijective map η(B,A) from the group
FACR(B, A)/ imege∂(B,A) to the group (EXTR(B, A),�) is an isomorphism. The
reader may recall the earlier constructions. Let � = (B, A, f, g) and �′ =
(B, A, f ′, g′) be members of FACR(B, A). Then � + �′ = (B, A, f + f ′, g +
g′). We need to show that [Ext (� + �′)] = [Ext (�)] � [Ext (�′)]. By the con-
struction, there is an extension

E ≡ 0 −→ A
α→ M

β→ B −→ 0

of A by B and a section t such that ( f, g) = ( f t , gt ), and also an extension

E ′ ≡ 0 −→ A
α′→ M ′ β′→ B −→ 0

of A by B and a section t ′ such that ( f ′, g′) = ( f t
′
, gt

′
). Evidently, the commutative

diagram

P �p B

�

ΔB

B ×M B× M ′ �
β × β′�

i

is a pullback diagram, where P is the submodule {(m,m ′) ∈ M × M ′ | β(m) =
β′(m ′)} of M × M ′, the map p is given by p(m,m ′) = β(m), and i is the inclusion
map. In turn, ��

B(E × E ′) is given by

��
B(E × E ′) ≡ 0 −→ A × A′ α×α′→ P

p→ B −→ 0.

Let P denote the quotient module (A × P)/L , where L = {(a + b,−((α(a), 0) +
(0,α′(b))) | (a, b) ∈ A × A}. We have the following pushout diagram:
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A × A �α × α′
P

�

ν

A P�
i�

∇A

where i(a) = (a, (0, 0)) + L and ν((x, y) = (0, (x, y)) + L . In turn, E � E ′ =
(∇A)�(�

�
B(E × E ′)) is given by

E � E ′ ≡ 0 −→ A
i→ P

p→ B −→ 0,

where p((a, (x, y)) + L) = p((x, y)). We have a section s of E ⊕ E ′ which is
given by s(x) = (0, (t (x), t ′(x))) + L . Now,

(0, (t (x) + t (y), t ′(x) + t ′(y))) + L = s(x) + s(y) =
i( f s(x, y)) + s(x + y) = ( f s(x, y), (t (x + y), t ′(x + y))) + L

and

(0, (gt (r, x), gt
′
(r, x))) = (0, (t (r x) − r t (x), t ′(r x) − r t ′(x))) + L =

s(r x) − rs(x) = i(gs(r, x)) = (gs(r, x), (0, 0)) + L .

Hence (− f s(x, y), (t (x) + t (y) − t (x + y), t ′(x) + t ′(y) − t ′(x + y))) and
(−gs(r, x), (gt (r, x), gt

′
(r, x))) belong to L . This shows that

f s(x, y) = t (x) + t (y) − t (x + y) + t ′(x) + t ′(y) − t ′(x + y) = f t (x, y) + f t
′
(x, y),

and
gs(r, x) = (gt (r, x) + gt

′
(r, x)

for all x, y ∈ B and r ∈ R. It follows that η(B,A)(� + �′) = ηB,A(�) � ηB,A(�)′.
This shows that (EXT R(B, A),�) is an abelian group, and η(B,A) is natural isomor-
phism from FACR(B, A)/ image∂(B,A) to the group EXTR(B, A).

Since the extension associated with a trivial (zero) factor system is a split exten-
sion, it follows that [E] represents 0 in EXTR(B, A) if and only if E is a split
extension.

Recall that a module P over R is projective if any one (and hence all) of the
following equivalent conditions is satisfied:

1. If β is a surjective homomorphism from B to C and f a homomorphism from P
to C , then there exists a homomorphism f from P to B such that βo f = f .

2. Every short exact sequence of the type
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0 −→ A
α→ M

β→ P −→ 0

splits.
3. P is direct summand of a free R-module.

In turn, we have the following corollary:

Corollary 1.4.8 Amodule P over R is projective if and only if E XTR(P, A) = {0}
for every module A. �

Further, recall that a module I over R is injective if and only if very short exact
sequence of the type

0 −→ I
α→ M

β→ B −→ 0

splits.

Corollary 1.4.9 A module I over R is injective if and only if E XTR(A, I ) = {0}
for every module A. �

Also recall that every module is submodule of an injective module.

Obstructions and Extensions of Homomorphisms

Proposition 1.4.10 Let A be a submodule of M and B be the quotient module M/A.
Then a homomorphism f from A to C can be extended to a homomorphism f from
M to C if and only if f�(E) is a split exact, where E is the extension

E ≡ 0 −→ A
i→ M

ν→ B −→ 0.

Proof Suppose that f is extended to a homomorphism f from M to C . Then the
homomorphism φ from M to C × B defined by φ(x) = ( f (x), ν(x)) is such that
( f,φ, IB) is a morphism from E to the direct sum extension

0 −→ C
i1→ C × B

p2→ B −→ 0.

FromProposition 1.4.7, it follows that f�(E) is a split extension. Conversely, suppose
that we have a split extension

E ′ ≡ 0 −→ C
μ→ M ′ ν→ B −→ 0

together with a morphism ( f,φ, IB) from E to E ′. Then there is a homomorphism
s from M ′ to C such that soμ = IC . Clearly, soφ is the extension of f . �

Dually, we have the following proposition.

Proposition 1.4.11 Let β be a surjective homomorphism from M to B, and f be a
homomorphism from D to B. Then f can be lifted to a homomorphism f from D to
M in the sense that βo f = f if and only if f �(E) is a split exact, where E is the
extension

E ≡ 0 −→ Kerβ
i→ M

β→ B −→ 0.
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Proof Suppose that there is a lifting f of f . Then we have a homomorphism
(Ikerβ,ψ, f ) from the split extension

0 −→ Kerβ
i1→ Kerβ × D

p2→ D −→ 0

to E , where ψ(a, x) = a + f (x). From Proposition 1.4.6, it follows that f �(E) is
split extension. Conversely, suppose that f �(E) splits. Let (Ikerβ, ρ, f ) be a mor-
phism from f �(E) to E and t is a splitting of f �(E). Then ρot is the required
lifting. �

Theorem 1.4.12 Let
E ≡ 0 −→ A

α→ B
β→ C −→ 0

be a short exact sequence of R-modules, and D be an R-module. Then we have the
exact sequences

0 −→ HomR(C, D)
HomR (−,D)(β)−→ HomR(B, D)

HomR (−,D)(α)−→

HomR(A, D)
∂E−→ EXTR(C, D)

EXTR (−,D)(β)−→ EXTR(B, D)
EXTR (−,D)(α)−→

EXTR(A, D)

and

0 −→ HomR(D, A)
HomR (D,−)(α)−→ HomR(D, B)

HomR (D,−)(β)−→
HomR(D,C)

∂E−→ EXTR(D, A)
EXTR (D,−)(α)−→ EXTR(D, B)

EXTR (D,−)(β)−→
EXTR(D,C)

of abelian groups, where ∂E is the natural connecting homomorphism given by
∂E ( f ) = [ f�(E)] and ∂E is the natural connecting homomorphism given by
∂E ( f ) = [ f �(E)].
Proof We prove the exactness of the first sequence. Dual arguments will prove
the exactness of the second sequence. The proofs of the exactness at HomR(C, D)

and also at HomR(B, D) are already established in Algebra 2 (Theorem 7.2.11),
and indeed, it also follows from Proposition 1.2.17 and the fact that the cat-
egory of modules is an abelian category. However, for the sake of complete-
ness, we prove it here also. Let f be a member of ker HomR(−, D)(β). Then
f oβ = HomR(−, D)(β)( f ) = 0. Since β is surjective, f = 0. This proves
the exactness at HomR(C, D). Since HomR(−, D) is a contra-variant functor,
HomR(−, D)(α)oHomR(−, D)(β) = HomR(−, D)(βoα) = 0. Thus, image
HomR(−, D)(β) is contained in ker HomR(−, D)(α). Let f ∈ ker HomR(−, D)(α).
Then f oα = 0. Since imageα = kerβ, f is zero on kerβ. By the fundamental
theorem of homomorphism, there is a homomorphism f from B to D such that
HomR(−, D)(β)( f ) = f oβ = f . This proves the exactness at HomR(B, D).

Now, we prove the exactness at HomR(A, D). Let f ∈ HomR(B, D). Then
HomR(−, D)(α)( f ) = f oα.Hence∂E (HomR(−, D)(α)( f )) = [( f oα)�(E)] =
[ f�(α�(E))]. By Proposition 1.4.10, α�(E) is split exact. Hence f�(α�(E)) is also
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split exact. This shows that ∂E (HomR(−, D)(α)( f )) = 0. Thus, imageHomR

(−, D)(α) is contained in ker∂E . Let f ∈ ker∂E . Then ∂E ( f ) = [ f�(E)] = 0. In
other words, f�(E) is a split exact sequence. It follows from Proposition 1.4.10
that there is a homomorphism f from B to D such that f oα = f . Hence,
f ∈ imageHomR(−, D)(α). This proves the exactness at HomR(A, D).
Next, we prove the exactness at EXTR(C, D). Let f ∈ HomR(A, D). Then

∂E ( f ) = [ f�(E)], and EXTR(−, D)(β)([ f�(E)]) = [β�( f�(E))]. We have a
homomorphism ( f, ρ, IC ) from E to f�(E). Clearly, ρ is a lifting of β. By Proposi-
tion 1.4.11, β�( f�(E)) is split exact. Thismeans that EXTR(−, D)(β)(∂E ( f )) = 0.
Thus, image∂E is contained in ker EXTR(−, D)(β). Now, let [E ′] be a member of
ker EXTR(−, D)(β), where

E ′ ≡ 0 −→ D
α′→ M

β′
→ C −→ 0.

Then β�(E ′) is a split exact sequence. Suppose that

β�(E ′) ≡ 0 −→ D
χ→ L

η→ B −→ 0.

Let (ID,φ,β) be the morphism from β�(E ′) to E ′, and t be a map from B to L which
is a splitting of β�(E ′). Then β′φtα = βα = 0. From the exactness of E ′, we get
a homomorphism f from A to D such that α′ f = φtα. Evidently, ( f,φt, IC ) is
a morphism from E to E ′. By Proposition 1.4.7, ∂E ( f ) = [ f�(E)] = [E ′]. This
proves the exactness at EXTR(C, D).

Finally, we prove the exactness at EXTR(B, D). Since EXTR(−, D) is a contra-
variant functor, EXTR(−, D)(α)oEXTR(−, D)(β) = EXTR(−, D)(βoα) = 0.
This shows that imageEXTR(−, D)(β) ⊆ ker EXTR(−, D)(α). Let [Ẽ] be a mem-
ber of ker EXTR(−, D)(α), where

Ẽ ≡ 0 −→ D
φ→ L

ψ→ B −→ 0.

Then
α�(Ẽ) ≡ 0 −→ D

φ′→ L ′ ψ′→ A −→ 0

splits. Let (ID, ρ,α) be the morphism from α�(Ẽ) to Ẽ , and t be a splitting homo-
morphism of α�(Ẽ). Then ψoρot = α. Let M denote the image of ρot . By the
first isomorphism theorem, ψ induces a surjective homomorphism ψ from L/M to
C which is given by ψ(x + M) = β(ψ(x)). Since φ′(D)

⋂
t (A) = {0}, it follows

that φ(D)
⋂

M = {0}. Thus, we have an injective homomorphism φ from D to
L/M given by φ(y) = φ(y) + M , and the extension

Ē ≡ 0 −→ D
φ→ L/M

ψ→ C −→ 0

of D by C . Again, since (ID, ν,β) is a morphism from Ẽ to Ē , we see that
EXTR(−, D)(β)([Ē]) = [β�(Ē)] = [Ẽ]. Evidently, EXTR(−, D)(β)([Ē]) =
[Ẽ]. This completes the proof of the exactness of the first sequence. �
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Proposition 1.4.13 If R is a principal ideal domain, then the exact sequences in
Theorem 1.4.12 remain exact if we add zero in the right. More explicitly, if α is an
injective homomorphism from A to B and D is an R-module, then the homomorphism
EXTR(−, D)(β) from EXTR(B, D) to E XTR(A, D) is surjective. Also if β is a sur-
jective homomorphism from B to C and D is an R-module, then the homomorphism
EXTR(D,−)(α) from EXTR(D, B) to E XTR(D,C) is surjective.

Proof Let α be an injective homomorphism from A to B and D be an R-module.
Let F be a free R-module and β be a surjective homomorphism from F to B. Let
P = β−1(α(A)). Then β induces a surjective homomorphism β from P to A given
by β(x) = α−1(β(x)). Evidently, kerβ = kerβ. Put K = kerβ. We have the
following commutative diagram:

0 �

0 �

K

K

i

i�
IK

�

�

P

F

i
�

�

�

A

B

β

β
α

�

�

�

0

0
where rows are exact. Since submodule of a freemodule over a principal ideal domain
is free, it follows that P and K are free. In turn, by Corollary 1.4.8, EXTR(P, D) =
{0} = EXTR(K , D). Using Theorem 1.4.12, we obtain the following commutative
diagram:

Hom(K, D)

Hom(K, D)

IHom(K,D)
�

�

�

EXTR(B, D)

EXTR(A, D)

∂

∂
EXTR(−, D)(α)

�

�

�

0

0
where the rows are exact. Evidently, both the connecting homomorphisms ∂ are sur-
jective, and the left-hand vertical arrow is bijective. This shows that EXTR(−, D)(α)

is surjective. The second part can also be established similarly. �

Universal Coefficient Theorem for Co-homology

Let
X ≡ dn+2→ Xn+1

dn+1→ Xn
dn→ Xn−1

dn−1→

be a chain complex of R-modules, and A be an R-module. The co-chain complex
Hom(X, A) of the chain complex X with coefficient in A is given by

Hom(X, A) ≡δn−2→ Hom(Xn−1, A)
δn−1→ Hom(Xn, A)

δn→ Hom(Xn+1, A)
δn+1→ ,

where δn( f ) = (−1)n+1d�
n+1( f ) = (−1)n+1 f odn+1,Cn(X) stands for the module

of n-cycles of X , and Bn(X) stands for the module of n-boundaries of X . Thus, the
nth homology Hn(X) = Cn(X)/Bn(X). Also Cn(X, A) denotes the module of n
co-cycles of Hom(X, A), and Bn(X, A) denotes the module of n co-boundaries of
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Hom(X, A). Thus, the nth co-homology Hn(X, A) of X with coefficient in A is
given by Hn(X, A) = Cn(X, A)/Bn(X, A). Note that Cn(−,−), Bn(−,−), and
Hn(−,−) are all functors from (CHR)o × Mod − R) to the category AB of abelian
groups (CHR denotes the category of chain complexes of R-modules).

Let f be a member of Cn(X, A). Then f is a homomorphism from Xn to A such
that 0 = δn( f ) = (−1)n+1 f odn+1. This means that Bn(X) ⊆ ker f . Hence, f
induces a homomorphism f from Hn(X) to A given by f (x + Bn(X)) = f (x).
Further, if f ∈ Bn(X, A), then f = (−1)ngodn for some g ∈ Hom(Xn−1, A). But,
then f (x) = 0 for all x ∈ Cn(X). This gives us a natural homomorphism μ from
Hn(X, A) to Hom(Hn(X), A) which is given by μ( f + Bn(X, A))(x + Bn(X)) =
f (x).

Theorem 1.4.14 (Universal coefficient theorem) Let X be a chain complex of free
R-modules over a principal ideal domain R. Let A be an R-module. Then for each
n, we have a split exact sequence

0 −→ EXTR(Hn−1(X), A)
ρ→ Hn(X, A)

μ→ Hom(Hn(X), A) −→ 0,

where μ is the map given by μ( f + Bn(X, A))(x + Bn(X)) = f (x) and ρ is to be
introduced during the proof. The splitting is natural in A.

Proof For simplicity, let us denote by Cn (instead of Cn(X)) the module of n-
cycles, and by Bn the module of n-boundaries. Further, denote Xn/Cn by Dn , and
Hn(X) by Hn . Then Dn is isomorphic to Bn−1. Since Xn−1 is free and submod-
ule of a free module over a principal ideal domain is free, Dn is free for all n.
In turn, EXTR(Dn, A) = 0 for all n (Corollary 1.4.8). Also Cn is free, and so
EXTR(Cn, A) = 0. We have the following two short exact sequences:

E ≡ 0 −→ Cn
i→ Xn

ν→ Dn −→ 0

and
E ′ ≡ 0 −→ Dn+1

dn+1→ Cn
ν̃→ Hn −→ 0,

where ν and ν̃ represent the respective quotient maps and ˜dn+1 is the homomor-
phism induced by dn+1. Applying Theorem 1.4.12 to these two exact sequences and
fitting the co-chain complex Hom(X, A) suitably in between, we get the following
commutative diagram with exact rows and columns except the middle row:
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0

�
Hom(Dn, A)

�
ν�

Hom(Xn, A)

�
i�

Hom(Cn, A)

�
0

0

�

Hom(Cn−1, A)

�i�

Hom(Xn−1, A)

�
d�

n

�
δn−1

→

→

�EXTR(Hn−1, A) → 0
∂

�Hom(Xn+1, A) → ..

0 →Hom(Hn, A) �
ν̃�

�Hom(Dn+1, A) →

0

�

�ν�

δn

d�
n+1

We chase the above diagram to establish the result. Let f be a homomorphism
from Hn = Cn/Bn to A. Then, we have a homomorphism h from Cn to A given by
h(x) = f (x + Bn), and ν̃�( f ) = h. Since i� is surjective, there is a homomorphism
g from Xn to A such that i�(g) = g/Cn = h = ν̃�( f ). Now,

δn(g) = ν�d�
n+1i

�(g) = ν�d�
n+1ν̃

�( f ) = 0.

Hence g ∈ Cn(X, A). Clearly, μ(g + Bn(X, A))(x + Bn) = h(x) = f (x + Bn)

for all x ∈ Cn . Thus,μ(g + Bn(X, A)) = f . This shows thatμ is surjective. Further,
since the middle column is split exact, there is a homomorphism t from Hom(Cn, A)

to Hom(Xn, A) such that i�ot = IHom(Cn ,A). In turn, we have a homomorphism s
from Hom(Hn, A) to Hn(X, A) given by s( f ) = t ν̃�( f ) + Bn(X, A). Evidently,
s is natural in second component and μos = IHom(Hn ,A).

Now, we introduce the homomorphism ρ and establish the exactness at EXTR

(Hn−1(X), A) and also at Hn(X, A). To define ρ, let [E] ∈ EXTR(Hn−1, A). Since
∂ is surjective, there is an element f ∈ Hom(Dn, A) such that ∂ f = [E].
Now, from the commutativity of the two bottom rows, δn = ν�d�

n+1i
�. Hence

δnν�( f ) = ν�d�
n+1i

�ν�( f ) = 0. This shows that ν�( f ) ∈ Cn(X, A). Further, if
g is another element of Hom(Dn, A) such that ∂(g) = [E] = ∂( f ), then ∂(g −
f ) = 0. By the exactness of the top row, there is an element h ∈ Hom(Cn−1, A)

such that d�
n(h) = g − f . Also, since i� is surjective, there is an element k ∈

Hom(Xn−1, A) such that i�(k) = h. Hence ν�(g − f ) = ν�(d�
n i

�(k)) = δn−1(k).
Thus, ν�(g) + Bn(X, A) = ν�( f ) + Bn(X, A). This ensures that we have a map ρ
from EXTR(Hn−1, A) to Hn(X, A) defined by ρ([E]) = ν�( f ) + Bn(X, A), where
∂( f ) = [E]. Evidently, ρ is a homomorphism. This introduces the homomorphism
ρ.

Suppose that ρ([E]) = 0. Then there is an element f ∈ Hom(Dn, A) such that
∂( f ) = [E] and ν�( f ) ∈ Bn(X, A). Hence, there is an element k ∈ Hom(Xn−1, A)

such that δn−1(k) = ν�( f ). But, then ν�(d�
n i

�(k)) = ν�( f ). Since ν� is injective,
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d�
n(i

�(k)) = f . In turn, it follows that [E] = ∂ f = ∂d�
n(i

�(k)) = 0. This shows
that ρ is injective.

Finally,we prove the exactness at Hn(X, A). Let [E] ∈ EXTR(Hn−1, A). Then by
definition, ρ([E]) = ν�( f ) + Bn(X, A), where ∂( f ) = [E]. Again, by definition
μ(ρ([E])) = h, where h ∈ Hom(Hn, A) such that i�(ν�( f )) = ν�(h) (the reader
may easily distinguish the two different ν�). Since i�ν� = 0, and ν̃� is injective, it
follows that μ(ρ([E])) = h = 0. This shows that imageρ ⊆ kerμ. Next, let g +
Bn(X, A) be a member of kerμ, where g ∈ Cn(X, A). Then by definition of μ, 0 =
μ(g + Bn(X, A)) = i�(g). Since the middle column is exact, there is an element
f ∈ Hom(Dn, A) such that ν�( f ) = g. Take [E] = ∂ f . By definition ρ([E]) =
g + Bn(X, A). This completes the proof of the universal coefficient theorem. �

Corollary 1.4.15 If X is a chain complex of vector spaces over a field F and V a
vector space over F, then Hn(X, V ) is isomorphic to Hom(Hn(X), V ).

Proof The result follows, since every module over a field is free. �

Remark 1.4.16 We may observe that the proof of the universal coefficient theorem
goes well if X is a chain complex of R-modules such that Cn and Bn are projective
for all n.

Recall (see Algebra 2, Chap.9) that a ring R is semi-simple ring if and only if all
R-modules are projective (or equivalently, injective). For example, the group algebra
F(G), where G is a finite group such that characteristic of F does not divide | G |.
Thus, we have the following corollary.

Corollary 1.4.17 Let X be a chain complex of R-modules, where R is semi-simple.
Let A be an R-module. Then Hn(X, A) is isomorphic to Hom(Hn(X), A). �

Exercises

1.4.1 Compute EXTZ(Z, Z), EXTZ(Zm, Z), EXTZ(Z, Zm), and EXTZ(Zn, Zm).

1.4.2 Show that
(i) EXTR(⊕�α∈�Aα,C) ≈ ∏

α∈� EXTR(Aα,C) and
(ii) EXTR(A,

∏
α∈� Bα) ≈ ∏

α∈� EXTR(A, Bα).

1.4.3 Compute EXTZ(Zm, A) and EXTZ(A, Zm) for an abelian group A.

1.4.4 Show that EXTZ(Q/Z, Z) is an extension of Z by EXTR(Q, Z).

1.4.5 Establish the exactness of the following sequence:

0 −→ HomZ(Q, Q)
ν�→ Hom(Q, Q/Z)

∂→ EXTZ(Q, Z) −→ 0.

Assuming that EXTZ(Q, Z) ≈ R, show that Hom(Q, Q/Z) ≈ R.

1.4.6 Suppose that Hom(A, Z) = {0} = EXTZ(A, Z). Show that A is the trivial
group.

1.4.7 Prove the second part of Theorem 1.4.12.



Chapter 2
Homological Algebra 2, Derived Functors

In this chapter, we introduce the concept of derived functors in an abelian category
and develop its basic theory which is essential for the subsequent developments. The
n-fold extension functors EXT n

R and the functors Tor Rn are introduced as derived
co-homology and homology functors. We also establish the Kunneth formula and
conclude the chapter with a basic introduction to spectral sequences.

2.1 Resolutions and Extensions

Let � be an abelian category. A nonnegative chain complex

P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d1→ P1
d1→ P0 −→ 0

in � is called an acyclic chain complex if Hn(P) = {0} for all n ≥ 1. It is said to be
a projective (free) chain complex if each Pi is projective (free). Dually, a nonnegative
co-chain complex

I ≡ 0 −→ I 0
d0→ I 1

d1→ I 2
d2→ · · · dn−1→ I n

dn→ · · ·

in � is called an acyclic co-chain complex if Hn(I ) = {0} for all n ≥ 1. It is said
to be an injective co-chain complex if each I i is injective.

If P is an acyclic chain complex in �, then

P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0

ν→ H0(P) −→ 0

is exact. Further, if B is an object in � and there is an isomorphism η from H0(P)

to B, then we have an exact sequence
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P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0

ε→ B −→ 0,

where ε = ηoν. This exact sequence is called a resolution of B. If in addition each
Pi is projective (free), then we say that P is a projective (free) resolution of B. We
also express it by saying that P is an acyclic projective (free) chain complex over B
or the acyclic projective (free) chain complex P is a projective resolution of B.

If I is an acyclic co-chain complex in �, then

I ≡ 0 −→ H 0(Q)
i→ I 0

d0→ I 1
d1→ · · · I 2

d2→ · · · dn−1→ I n
dn→ · · ·

is exact. Further, if A is an object in � and there is an isomorphism ρ from A to
H 0(I ), then we have an exact sequence

I A ≡ 0 −→ A
τ→ I 0

d0→ I 1
d1→ · · · I 2

d2→ · · · dn−1→ I n
dn→ · · · ,

where τ = ioρ. This exact sequence is called a co-resolution of A. If in addition
each I i is injective, then we say that I is an injective co-resolution of A. We also
express it by saying that I is an acyclic injective co-chain complex over A or the
acyclic injective co-chain complex I is an injective resolution of A.

An abelian category� is said to have enough projectives if for every object B in
�, there is a projective object P in � together with an epimorphism β from P to
B. Dually, � is said to have enough injectives if for every object A in �, there is
an injective object I in � together with a monomorphism α from A to I . Thus, the
category Mod-R of R-modules has enough projectives as well as enough injectives
(see Sect. 7.2 of Algebra 2). An abelian category need not have enough projectives
(injectives) (see Exercises2.1.3–2.1.5).

Theorem 2.1.1 Let � be an abelian category with enough projectives. Then for
every object B in �, there is a projective resolution of B. Dually, if � has enough
injectives, then for every object A in �, there is an injective co-resolution over A.

Proof Suppose that σ has enough projectives, and B is an object of �. Using induc-
tion, we construct projective objects Pn together with morphism dn from Pn to Pn−1

so that
· · · dn+1→ Pn

dn→ Pn−1
dn−1→ · · · d2→ P1

d1→ P0
ε→ B −→ 0

is a projective resolution of B. Since � has enough projectives, there is a projective
object P0 together with an epimorphism ε from P0 to B. Let K0

ε0→ P0 be a kernel
of ε. Again, since � has enough projectives, we have a projective object P1 and an
epimorphism ε1 from P1 to K0. Take d1 = ε0ε1. Evidently, imaged1 = kerε, and

P1
d1→ P0

ε→ B −→ 0
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is exact. Now, suppose that Pn and dn have already been constructed. Let Kn
εn→ Pn

be a kernel of dn . Since � has enough projectives, there is a projective object Pn+1

and an epimorphism εn+1 from Pn+1 to Kn . Take dn+1 = εnεn+1. This proves the
existence of a projective resolution. Dually, we can prove the second statement. �

Theorem 2.1.2 Let

P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0

ε→ B −→ 0

be a projective resolution of B. Let

X ≡ · · · αn+1→ Xn
αn→ Xn−1

αn−1→ · · · α2→ X1
α1→ X0

η→ C −→ 0

be a resolution of C. Let φ be a morphism from B to C. Then φ can be lifted to
a chain transformation f = { fn | n ∈ N

⋃{0}} from P to X which is unique up to
chain homotopy.

Proof We construct a chain transformation f = { fn | n ∈ N
⋃{0}} by induction on

n. Since P0 is projective, and η is an epimorphism from X0 toC , there is a morphism
f0 from P0 to X0 such that φε = η f0. By Proposition1.2.7,

X1
α1→ X0 = X1

ρ1→ K0
η1→ X0,

where ρ1 is an epimorphism and η1 is the image of α1. Since X is exact, imageα1 is
kerη. Thus, K0

η1→ X0 = kerη. Further, η f0d1 = φεd1 = 0. Hence, there is a mor-
phism ξ1 from P1 to K0 such that η1ξ1 = f0d1. Since P1 is projective and X1

ρ1→ K0

is an epimorphism, there is a morphism f1 from P1 to X1 such that ρ1 f1 = ξ1. In
turn, α1 f1 = η1ρ1 f1 = η1ξ1 = f0d1. This completes the construction of f1.

Assume that fn has already been defined, n ≥ 1. Again, by Proposition1.2.7,

Xn+1
αn+1→ Xn = Xn+1

ρn+1→ Kn
ηn+1→ Xn,

where ρn+1 is an epimorphism and ηn+1 is the image of αn+1. Since X is exact,

imageαn+1 is kerαn . Thus, Kn
ηn+1→ Xn = kerαn . Further, by the induction assump-

tion, αn fndn+1 = fn−1dndn+1 = 0. Hence, there is a morphism ξn+1 from Pn+1 to

Kn such that ηn+1ξn+1 = fndn+1. Since Xn+1
ρn+1→ Kn is an epimorphism and Pn+1 is

projective, there is a morphism fn+1 from Pn+1 to Xn+1 such that ρn+1 fn+1 = ξn+1.
In turn,

αn+1 fn+1 = ηn+1ρn+1 fn+1 = ηn+1ξn+1 = fndn+1.

This shows the existence of a required chain transformation.
Let g = {gn | n ∈ N

⋃{0}} be another chain transformation from P to X .We have
to show the existence of a chain homotopy s = {sn | n ∈ N

⋃{0}} from f to g. Again,
we do it by induction on n. Now, η f0 = φε = ηg0. Thus, η( f0 − g0) = 0. Since
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K0
η1→ X0 = kerη, there is a morphism t0 from P0 to K0 such that η1t0 = f0 − g0.

Since ρ1 is an epimorphism from X1 to K0 and P0 is projective, there is a morphism
s0 from P0 to X1 such that ρ1s0 = t0. In turn,

α1s0 = η1ρ1s0 = η1t0 = f0 − g0.

This completes the construction of s0. Further, α1 f1 = f0d1 and α1g1 = g0d1.
Hence α1( f1 − g1) = ( f0 − g0)d1 = α1s0d1. This shows that α1( f1 − g1 − s0d1) =
0. Suppose that

X2
α2→ X1 = X2

ρ2→ K1
η2→ X1,

where ρ2 is an epimorphism and K1
η2→ X1 = kerα1. Hence, there is a morphism t1

from P1 to K1 such that η2t1 = f1 − g1 − s0d1. Since P1 is projective and X2
ρ2→ K1

is an epimorphism, there is a morphism s1 from P1 to X2 such that ρ2s1 = t1. In turn,

α2s1 = η2ρ1s1 = η2t1 = f1 − g1 − s0d1.

Equivalently, α2s1 + s0d1 = f1 − g1.
Assume that sm, m ≤ n − 1 has already been introducedwith the required proper-

ties. Imitating the construction of s1, we can construct sn such that αnsn + sn−1dn =
fn − gn . This shows the existence of a chain homotopy from f to g. �

The following theorem is the dual of the above theorem, and it can be proved by
using dual of the arguments used in the proof of the above theorem.

Theorem 2.1.3 Let

I ≡ 0 −→ A
τ→ I 0

d0→ I 1
d1→ · · · I 2

d2→ · · · dn−1→ I n
dn→ · · ·

be an injective co-resolution of A. Let

Y ≡ 0 −→ D
η→ Y 0 γ0→ Y 1 γ1→ · · · Y 2 γ2→ · · · γn−1→ Y n γn→ · · ·

be a co-resolution of D. Let ψ be a homomorphism from D to A. Then ψ can be
extended to a co-chain transformation f = { fn | n ∈ N

⋃{0}} from Y to I which is
unique up to co-chain homotopy. �

Corollary 2.1.4 Any two projective (injective) resolutions (co-resolutions) of B (A)
are chain (co-chain) equivalent.

Proof Let P and P ′ (I and I ′) be two projective (injective) resolutions (co-
resolutions) of B (A). From Theorem2.1.2 (Theorem2.1.3), there are chain (co-
chain) transformations f and f ′ from P (I ) to P ′ (I ′) and from P ′ (I ′) to P (I ),
respectively. Then f ′of and IP (II ) are two chain (co-chain) transformations from
P (I ) to P (I ). Again, from Theorem2.1.2 (Theorem2.1.3), f ′of is chain (co-chain)
homotopic to IP (II ). Similarly, f o f ′ is chain (co-chain) homotopic to IP ′ (II ′). �
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Few remarks are in offing:

Remark 2.1.5 1. Let � be an abelian category with enough projectives. Let ℘(�)

denote the category whose objects are positive projective acyclic chain complexes
in �, and morphisms are chain homotopy classes of chain transformations. Theo-
rem2.1.2 asserts that the functor H0 from ℘(�) to � gives an equivalence between
the category ℘(�) and �. More explicitly, using the axiom of choice, we have an
association � from Obj� to Obj℘(�) such that �(B) is an acyclic projective chain
complex over B. Then from Theorem2.1.2, for any morphism β from B to D, we
have a unique chain homotopy class �(β) of chain transformations from �(B) to
�(D) which lifts β. This defines a functor � from � to ℘(�) such that H0o� and
�oH0 are naturally equivalent to the corresponding identity functors.

2.We have the functor Hom(−,−) from the category℘(�)0 × � to the category
of positive co-chain complexes of abelian groups defined as follows:

Hom(P, A) ≡ 0 −→ Mor�(P0, A)
d�
1→ Mor�(P1, A)

d�
2→ · · · d�

n→
Mor�(Pn, A)

d�
n+1→ · · · ,

where
P ≡ · · · dn+1→ Pn

dn→ Pn−1
dn−1→ · · · d2→ P1

d1→ P0 −→ 0

is a positive acyclic projective chain complex in�.Next, if f is a chain transformation
from P ′ to P , and α is a morphism from A to C , then f � = { f �

n | n ∈ N
⋃{0}} is a

co-chain transformation from Hom(P, A) to Hom(P ′,C).
3. In turn, for each n ≥ 0, we have a functor Hn(−,−) from ℘0

� × � to the
category AB of abelian groups. Using the equivalence given in 1, we obtain a bi-
functor Hn(−,−) from the category � to AB. In particular, for each n, we have
a bi-functor Hn

�(−,−) from the category � to the category AB of abelian groups
given by Hn

�(B, A) = Hn(�(B), A), where � is as in 1. In particular, if we fix an
object A in �, then we have contra-variant functors Hn

�(−, A) from � to AB, and
if we fix an object B in �, then we get a functor Hn

�(B,−) from � to AB. If � is
the category of R-modules, then we denote these functors by Hn

R(B, A).
Dually,
4. Let � be an abelian category with enough injectives. Let �(�) denote the

category whose objects are positive injective acyclic co-chain complexes in �, and
morphisms are homotopy classes of co-chain transformations. Theorem2.1.3 asserts
that the functor H 0 from �(�) to� gives an equivalence between the category �(�)

and �. More explicitly, using the axiom of choice, we have an association � from
Obj� to Obj�(�) such that�(A) is an acyclic injective positive co-chain complex
over A. Then fromTheorem2.1.3, for anymorphismα from A toC , we have a unique
homotopy class�(α) of co-chain transformations from�(A) to�(C)which extends
α. This defines a functor� from� to �(�) such that H 0o� and�oH 0 are naturally
isomorphic to the corresponding identity functors.
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5. Further, we have the functor Hom(−,−) from the category �0 × �(�) to the
category of positive co-chain complexes of abelian groups defined as follows:

0 −→ Hom(B, I ) ≡0 −→ Mor�(B, I 0)
d0

�→ Mor�(B, I 1)
d1

�→ · · · dn
�→

Mor�(B, I n+1)
dn+1

�→ · · · ,

where

I ≡ 0 −→ I 0
d0→ I 1

d1→ · · · dn−1→ I n
dn→ · · ·

is a positive acyclic injective co-chain complex in�. Next, if f is a co-chain transfor-
mation from I to I ′ and α is a morphism from A to C , then f� = { f n� | n ∈ N

⋃{0}}
is a co-chain transformation from Hom(B, I ) to Hom(B, I ′).

6. In turn, for each n ≥ 0, we have a functor Hn(−,−) from �0 × �(�) to the
category AB of abelian groups. Using the equivalence given in 3, we obtain another
bi-functor Hn(−,−) from the category � to AB. In particular, for each n, we have
a bi-functor Hn

�(−,−) from the category � to the category AB of abelian groups
given by Hn

�(B, A) = Hn(B,�(A)), where � is as in 3. In particular, if we fix an
object A in �, then we have a contra-variant functor Hn

�(−, A) from � to AB, and
if we fix an object B in �, then we get a functor Hn

�(B,−) from � to AB. If � is
the category of R-modules, then we denote these functors by Hn

R(B, A).

To compute Hn
�(B, A), we need to take a suitable acyclic projective chain complex

P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0 −→ 0

over B, and then compute Hn(Hom(P, A)). Dually, to compute Hn
�(B, A), we need

to take a suitable positive acyclic injective co-chain complex

I ≡ 0 −→ I 0
d0→ I 1

d1→ · · · dn−1→ I n
dn→ · · ·

on A, and then compute Hn(Hom(B, I )). Soon we shall show that if � has enough
projective and also enough injectives, then the bi-functors Hn

�(−,−) and Hn
�(−,−)

are naturally isomorphic.

Proposition 2.1.6 Suppose that the abelian category � has enough projectives.
Then H 0

�(B, A) is naturally isomorphic to Mor�(B, A). If � has enough injec-

tives, then H 0
�(B, A) is naturally isomorphic to Mor�(B, A). In particular, if � has

enough projective and also enough injectives, then H 0
�(B, A) is naturally isomorphic

to H 0
�(B, A).

Proof Suppose that the choice �(B) of acyclic projective chain complex over B is

�(B) ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0 −→ 0.
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Then

Hom(�(B), A) ≡ 0 −→ Mor�(P0, A)
d�
1→ Mor�(P1, A)

d�
2→ · · · d�

n→
Mor�(Pn, A)

d�
n+1→ · · · .

Hence H 0
�(B, A) = kerd�

1 . Since the functor Mor�(−, A) is a left exact functor
from �o to AB, and

P1
d1→ P0

ε→ B −→ 0

is exact, we have the exact sequence

0 −→ Mor�(B, A)
ε�→ Mor�(P0, A)

d�
1→ Mor�(P1, A).

Hence, kerd�
1 is naturally isomorphic to Mor�(B, A). The rest of the statements can

be proved by using the dual arguments. �

Proposition 2.1.7 Let P be a projective object and I be an injective object in �.
Then Hn

�(P, A) = 0 = Hn
�(B, I ) for all objects A and B in � and n ≥ 1. Dually,

Hn
�(P, A) = 0 = Hn

�(B, I ) for all objects A and B in � and n ≥ 1.

Proof Let P be a projective object, then every projective acyclic chain complex over
P is chain equivalent to

· · · 0 −→ 0 · · · −→ 0 −→ P −→ o.

Evidently, Hn
�(P, A) = 0 for all objects A and for all n ≥ 1. Let I be an injective

object in �. Then the functor Mor�(−, I ) is an exact functor. Let

�(B) ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0 −→ 0

be an acyclic projective chain complex over B. Take any n ≥ 1. Suppose that f ∈
kerd�

n+1. Then f dn+1 = 0. From Proposition1.2.7, we have the factorization

Pn+1
dn+1→ Pn = Pn+1

kn+1→ Ln+1
hn+1→ Pn,

where hn+1 = imagedn+1 = kerdn and kn+1 is an epimorphism (co-image of dn+1).
Similarly, we have the factorization

Pn
dn→ Pn−1 = Pn

kn→ Ln
hn→ Pn−1,

where hn = imagedn = kerdn−1 and kn is an epimorphism (co-image of dn). Now,
f dn+1 = f hn+1kn+1 = 0. Since kn+1 is an epimorphism, f hn+1 = 0. In turn, there
is a morphism φ from Ln to I such that φkn = f . Since hn is a monomorphism and
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I is injective, φ can be extended to a morphism ψ from Pn−1 to I such that ψhn = φ.
Thus, ψdn = f . This means that f ∈ imaged�

n . This completes the proof of the fact
that Hn

�(B, I ) = 0. Dually, we can prove the rest of the statement. �

Proposition 2.1.8 Let � be an abelian category with enough projectives. Let

E ≡ 0 −→ B
β→ C

γ→ D −→ 0

be a short exact sequence in �. Then for each n, there is a natural connecting
homomorphism ∂n

E from Hn
�(B, A) to Hn+1

� (D, A) such that

�(E, A) ≡ · · · ∂n−1
E→ Hn

�(D, A)
Hn(−,A)(γ)→ Hn

�(C, A)
Hn(−,A)(β)→ Hn

�(B, A)
∂n
E→ · · ·

is a long exact sequence which is natural in E as well as in A. More explicitly,
� given above defines a functor from the category EXT o

� × � to the category of
long exact sequences of abelian groups, where EXT� denote the category of onefold
extensions in �.

Proof Let

�(D)
εD→ D → 0 ≡ · · · dD

n+1→ PD
n

dD
n→ PD

n−1

dD
n−1→ · · · dD

2→ PD
1

dD
1→ PD

0
εD→ D −→ 0

be a projective resolution of D, and

�(B)
εB→ B → 0 ≡ · · · dB

n+1→ PB
n

dB
n→ PB

n−1

dB
n−1→ · · · dB

2→ PB
1

dB
1→ PB

0
εB→ B −→ 0

be that of B. Since PD
0 is a projective object and γ is an epimorphism, we have a

morphism φ from PD
0 toC such that γφ = εD . Let (PC

0 , i1, i2) denote the co-product
of PB

0 and PD
0 , where i1 is a morphism from PB

0 to PC
0 and i2 is a morphism from

PD
0 to PC

0 . In turn, from Proposition1.2.2, we get morphisms p1 from PC
0 to PB

0 and
also a morphism p2 from PC

0 to PD
0 such that

(i) p1i1 = IPB
0
, p2i2 = IPD

0
, and

(ii) i1 p1 + i2 p2 = IPC
0
.

Further, from the definition of the co-product, there is a morphism εC from PC
0 to

C such that εCi1 = β and εCi2 = φ. We have the commutative diagram
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0 �

0 �

PB
0

B

i1

β�
εB

�

�

PC
0

C

εC
�

�

�

PD
0

D

i2

γ
εD

�

�

�

0

0

(1)

where the rows are exact with top row split exact. Since εB and εD are epimorphisms,
εC is also an epimorphism. Proceeding inductively, we get a projective resolution

�(C)
εC→ C → 0 ≡ · · · dC

n+1→ PC
n

dC
n→ PC

n−1

dC
n−1→ · · · dC

2→ PC
1

dC
1→ PC

0
εC→ C −→ 0

ofC , where (PC
n , i1, i2) is co-product of PB

n and PD
n , and dC

n is the unique morphism
from PC

n to PC
n−1 defined by the properties d

C
n i1 = i1dB

n−1 and d
C
n i2 = i2dD

n−1. In turn,
we have the split short exact sequence

0 −→ �(B)
i1→ �(C)

p2→ �(C) −→ 0

of projective positive acyclic chain complexes. Applying the contra-variant functor
Mor�(−, A), we obtain a short exact sequence

0 −→ Hom(�(D), A)
p�
2→ Hom(�(C), A)

i�1→ Hom(�(B), A) −→ 0

of co-chain complexes of abelian groups. Using Theorem1.3.1 for short exact
sequences of co-chain complexes, we obtain the desired long co-homology exact
sequence. �

The following proposition is the dual of the above proposition, and it can be
proved by using dual arguments.

Proposition 2.1.9 Let � be an abelian category with enough injectives. Let

E ≡ 0 −→ A
α→ A′ α′→ A′′ −→ 0

be a short exact sequence in �. Then for each n, there is a natural connecting

homomorphism δE
n from Hn

�(B, A′′) to Hn+1
� (B, A) such that

	(B, E) ≡ · · · δn−1
E→ Hn

�(B, A)
Hn(−,A)(α)→ Hn

�(B, A′)
Hn(−,A′)(β)→ Hn

�(B, A′′)
δnE→

· · ·
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is a long exact sequence which is natural in B as well as in E. More explicitly, 	

given above defines a functor from the category �o × EXT� to the category of long
exact sequences of abelian groups. �

Proposition 2.1.10 Let � be an abelian category with enough projectives. Let

E ≡ 0 −→ A
α→ A′ α′→ A′′ −→ 0

be a short exact sequence in �, and B be an object in �. Then for each n, we have
a natural connecting homomorphism ∂n

E from Hn
�(B, A′′) to Hn+1

� (B, A) such that

�t (B, E) ≡ · · · ∂n−1
E→ Hn

�(B, A)
Hn(B,−)(α)→ Hn

�(B, A′) Hn(B,−)(α′)→ Hn
�(B, A′′)

∂n
E→

· · ·

is a long exact sequence which is natural in B as well as E. More explicitly,�t given
above defines a functor from the category �o × EXT� to the category of long exact
sequences of abelian groups.

Proof Let

�(B)
εB→ B → 0 ≡ · · · dB

n+1→ PB
n

dB
n→ PB

n−1

dB
n−1→ · · · dB

2→ PB
1

dB
1→ PB

0
εB→ B −→ 0

be a projective resolution of B. Since PB
n is projective for each n, the sequences

0 −→ Mor�(Pn, A)
α�→ Mor�(Pn, A

′)
α′

�→ Mor�(Pn, A
′′) −→ 0

are exact for each n. It follows that

0 −→ Hom(P, A)
α�→ Hom(P, A′)

α′
�→ Hom(P, A′′) −→ 0

is a short exact sequence of co-chain complexes of abelian groups. The result follows
from Theorem1.3.1. �

Dually, we have the following proposition whose proof can be given by using
dual arguments.

Proposition 2.1.11 Let � be an abelian category with enough injectives. Let

E ≡ 0 −→ B
β→ B ′ β′→ B ′′ −→ 0

be a short exact sequence in �, and A be an object in �. Then for each n, we have

a natural connecting homomorphism δnE from Hn
�(B, A) to Hn+1

� (B ′′, A) such that
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	t (E, A) ≡ · · · δn−1
E→ Hn

�(B ′′, A)
Hn(−,A)(β′)→ Hn

�(B ′, A)
Hn(−,A)(β)→ Hn

�(B, A)
δnE→

· · ·

is a long exact sequence which is natural in E as well as A. More explicitly,	t given
above defines a functor from the category EXT o

� × � to the category of long exact
sequences of abelian groups. �

Finally, we prove the following theorem.

Theorem 2.1.12 Let � be an abelian category with enough projectives and also
with enough injectives. Then the bi-functors Hn

�(−,−) and Hn
�(−,−) from � to

AB are naturally isomorphic for all n.

Proof We define natural isomorphisms ηn−,− from the bi-functor Hn
�(−,−) to

Hn
�(−,−) by the induction on n. By Proposition2.1.6, H 0

�(−,−) and H 0
�(−,−)

both are naturally isomorphic to the bi-functor Mor�(−,−). This gives us natural
isomorphism η0−,− from H 0

�(−,−) to H 0
�(−,−). We construct η1−,− as follows. Let

B and A be objects in �. Since � has enough injectives, we have a short exact
sequence

E ≡ 0 −→ A
α→ I

β→ C −→ 0,

where I is an injective object. By Proposition2.1.10, we have a long exact sequence

�t (B, E) ≡o → Hom(B, A)
α�→ Hom(B, I )

β�→ Hom(B,C)
∂0
E→

H 1
�(B, A)

H 1(B,−)(α)→ H 1
�(B, I ) · · · ∂n−1

E→ Hn
�(B, A)

Hn(B,−)(α)→
Hn

�(B, A′) Hn(B,−)(α′)→ Hn
�(B, A′′)

∂n
E→ · · · ,

and by Proposition2.1.9, we have a long exact sequence

	(B, E) ≡ o → Hom(B, A)
α�→ Hom(B, I )

β�→ Hom(B,C)
δ0E→

H 1
�(B, A)

H 1(B,−)(α)→ H 1
�(B, I ) · · · δn−1

E→ Hn
�(B, A)

Hn(B,−)(α)→ Hn
�(B, I )

Hn(B,−)(β)→
Hn

�(B,C)
δnE→ · · ·

of abelian groups. By Proposition2.1.7, Hn
�(B, I ) = 0 = Hn

�(B, I ) for all n ≥ 1.
Thus, we have the following commutative diagram:
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Hom(B, A) �

Hom(B, A)

�
IHom(B,A)

�

Hom(B, I )

Hom(B, I )

β�α�

α� β��
IHom(B,I )

�

�

Hom(B,C)

Hom(B,C)

IHom(B,C)

�

�

�

H1
�

(B, A)

H1
�

(B, A)

∂0E

δ0E �

�

�

0

0

where rows are exact. Evidently, ker∂0
E = kerδ0E . This determines a unique mor-

phism η1
B,A from H 1

�(B, A) to H 1
�(B, A) so that the above diagram remains com-

mutative with the last vertical arrow as η1
B,A. Since the connecting homomorphisms

∂0
E and δ0E are natural transformations between the corresponding functors, {η1

B,A}
is a natural isomorphism. Now, assume that ηn

B,A has already been defined for
all B and A and n ≥ 1. We need to construct ηn+1

B,A . Again, by Proposition2.1.7,

Hk
�(B, I ) = 0 = Hk

�(B, I ) for all k ≥ 1, and we get the following commutative
diagram:

0

0

�

�

Hn
�(B,C)

Hn
�(B,C)

ηnB,C
�

�

�

Hn+1
� (B, A)

Hn+1
� (B, A)

∂n
E

δnE �

�

�

0

0

where the rows are exact. We take ηn+1
B,A to be the unique isomorphism which makes

the above diagram commutative. Since the connecting homomorphisms are natural
transformations between the corresponding functors, and ηn

B,A is assumed to be a
natural isomorphism, {ηn+1

B,A } is a natural isomorphism. �

Hn
� and n-Fold Extensions

For the sake of simplicity, in rest of the section, we shall again restrict our self to
the category Mod − R of right R-modules. However, every thing can be done in
any abelian category with enough projectives and enough injectives. Note that the
category of modules has enough projectives and enough injectives.

Again, let � denote the choice functor from the category Mod − R of modules
over R to the category ℘(R) of acyclic projective chain complexes in Mod − R.
Indeed, in the category Mod − R, for each R-module B, we have the canonical
choice of free acyclic chain complex �(B) over B. Let

�(B)
ε→ 0 ≡ · · · dn+1→ Pn

dn→ Pn−1
dn−1→ · · · d2→ P1

d1→ P0
ε→ B −→ 0
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be the corresponding projective resolution of B. Further, let

E ≡ 0 −→ A
α→ M

β→ B −→ 0

be an extension of A by B. From Theorem2.1.2, we have a homomorphism f0 from
P0 to M and a homomorphism f1 from P1 to A such that the following diagram is
commutative:

P2 �

0 �

P1

A

d1d2

α��
f1

�

�

P0

M

f0
�

�

�

B

B

ε

β
IB

�

�

�

0

0

(2)

Consider the co-chain complex

Hom(�(B), A) ≡ 0 −→ Hom(P0, A)
d�
1→ Hom(P1, A)

d�
2→ Hom(P2, A)

d�
3→ ....

Clearly, H 0
R(B, A) = H 0(�(B), A) = kerd�

1 . Again, since Hom(−, A) is a left
exact functor,

0 −→ Hom(B, A)
ε�→ Hom(P0, A)

d�
1→ Hom(P1, A)

is exact. Hence, H 0
R(B, A) is naturally isomorphic to Hom(B, A). Evidently, f1

appearing in the commutative diagram 2 is a member of C1(�(B), A). This gives
us an association �B,A from the class EXTR(B,A) of extensions of A by B to the
group H 1

R(B, A) given by�B,A(E) = f 1 + B1(�(B), A), where E and f1 are given
as above.

Next, suppose that an extension

E ′ ≡ 0 −→ A
α′→ M ′ β′→ B −→ 0

is equivalent to the extension E . Without any loss of generality, we may assume that
(IA,μ, IB) is an equivalence from E to E ′. Then the diagram
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P2 �

0 �

P1

A

d1d2

α′��
f1

�

�

P0

M ′

μof0
�

�

�

B

B

ε

β
IB

�

�

�

0

0

(3)

is commutative. This shows that �B,A(E) = f1 + B1(�(B), A) = �B,A(E ′). Thus,
�B,A induces a map �B,A from the group EXTR(B, A) to the group H 1

R(B, A).
Finally, we have the following theorem.

Theorem 2.1.13 The map �B,A from EXTR(B, A) to H 1
R(B, A) defined above is

an isomorphism.

Proof Let

E ≡ 0 −→ A
α→ M

β→ B −→ 0,

and
E ′ ≡ 0 −→ A

α′→ M ′ β′→ B −→ 0

be extensions of A by B such that�B,A([E]) = f1 + B1(�(B), A) and�B,A([E ′]) =
f ′
1 + B1(�(B), A), where the diagrams

P2 �

0 �

P1

A

d1d2

α��
f1

�

�

P0

M

f0
�

�

�

B

B

ε

β
IB

�

�

�

0

0

and

P2 �

0 �

P1

A′

d1d2

α′��
f ′
1

�

�

P0

M ′

f ′
0

�

�

�

B

B

ε

β
IB

�

�

�

0

0



2.1 Resolutions and Extensions 83

are commutative. Recall the construction of E 	 E ′. Let T = {(m,m ′) ∈ M × M ′ |
β(m) = β′(m ′)}, L = {(a + b, (−α(a),α′(b))) | (a, b) ∈ A × A}. Then T is a sub-
module of M × M ′, and L is a submodule of A × T . Take � = (A × T )/L . Let i
be the map from A to � given by i(a) = (a, (0, 0)) + L , and p be a map from � to
B defined by p((a, (m,m ′)) + L) = β(m) (note that β(m) = β′(m ′)). Then

E 	 E ′ ≡ 0 −→ A
i→ �

β→ B −→ 0.

Let φ be the map from P0 to � defined by φ(x) = (0, ( f0(x), f ′
0(x))) + L . Then the

following diagram is commutative:

P2 �

0 �

P1

A

d1d2

i��
f1 + f ′

1

�

�

P0

�

φ
�

�

�

B

B

ε

p
IB

�

�

�

0

0

This shows that �B,A([E] 	 [E ′]) = f1 + f ′
1 + B1(�(B), A) = �B,A([E]) +

�B,A([E ′]). It remains to show that �B,A is bijective. Suppose that �B,A([E]) = 0.
Then there is amap η from P0 to A such that ηod1 = f1. In turn,we have the following
commutative diagram:

0 �

0 �

kerd1

A

i

α��
f1/kerd1

�

�

P0

M

f0
�

�

�

B

B

ε

β
IB

�

�

�

0

0

We also have a homomorphism η from P0 to Awhich is lifting of f1/kerd1. It follows
from Proposition1.4.10 that E is split exact. This shows that [E] = 0.

Finally, we prove that �B,A is surjective. Let f + B1(�(B), A) ∈ H 1
R(B, A),

where f ∈ C1(�(B), A). Then f od2 = 0. Thus, f can be treated as a map from
kerd1 to A. Take E = f�(Ê), where

Ê ≡ 0 −→ kerd1
i→ P0

ε→ B −→ 0.

Evidently, �B,A(E) = f + B1(�(B), A). �

Corollary 2.1.14 The family {�B,A} defines a natural isomorphism between the
bi-functors EXTR(−,−) and H 1

R(−,−). �
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More generally, let 
XT n
R (B, A) denote the class of n-fold extensions of A by

B. Thus, an arbitrary member of 
XT n
R (B, A) is an exact sequence

E ≡ 0 −→ A
α→ M1

χ1→ M2
χ2→ · · · χn−1→ Mn

β→ B −→ 0.

Let

E ′ ≡ 0 −→ A
α′→ M ′

1

χ′
1→ M ′

2

χ′
2→ · · · χ′

n−1→ M ′
n

β′→ B −→ 0

be another n-fold extension of A by B. We say that E ≺ E ′ if for each k, 1 ≤ k ≤ n,
there is a homomorphism fk from Mk to M ′

k such that f1α = α′, fk−1χk = χ′
k fk ,

and β′ fn = β (look at the corresponding commutative diagram). For n = 1, ≺ is
an equivalence relation. However, for n ≥ 2, ≺ is reflexive and transitive but it is
not a symmetric relation. Let ≈ denote the equivalence relation generated by ≺.
Let EXT n

R (B, A) denote the quotient 
XT n
R (B, A)/ ≈. It is easy to observe that

EXT n
R (B, A) is a set. Indeed, by the induction on n, one can construct a set Xn(B, A)

of n-fold extensions of A by B so that each member of 
XT n
R is equivalent to a

member of Xn(B, A). The equivalence class determined by an n-fold extension E
of A by B will be denoted by [E].

Let E be an n-fold extension of A by B as given above. Let D be an R-module and
γ be a homomorphism from D to B. Let the triple (Ln, pn,χ) denote the pullback
of the pair (β, γ) of homomorphisms, where pn is a homomorphism from Ln to Mn

and χ is a homomorphism from Ln to D. Since β is an epimorphism, χ is also an
epimorphism. The zero homomorphism 0 from Mn−1 to D and the homomorphism
χn−1 fromMn−1 toMn are such that γ0 = 0 = βχn−1. From the universal property of
pullback,wehave a unique homomorphismμ fromMn−1 to Ln such that pnμ = χn−1.
Evidently, kerχ = imageμ and kerμ = imageχn−2. Thus, we have an extension
γ�(E) of A by D given by

γ�(E) ≡ 0 −→ A
α→ M1

χ1→ M2
χ2→ · · · χn−2→ Mn−1

μ→ Ln
χ→ D −→ 0.

Suppose that E ≺ E ′, where E and E ′ are given as above. Then, for each k, 1 ≤ k ≤
n, there is a homomorphism fk from Mk to M ′

k such that f1α = α′, fk−1χk = χ′
k fk ,

and β′ fn = β. Suppose that (L ′
n, p

′
n,χ

′) be the pullback of the pair (β′, γ) of homo-
morphisms, where p′

n is a homomorphism from L ′
n to M ′

n and χ′ is a homomorphism
from L ′

n to D, and

γ�(E ′) ≡ 0 −→ A
α′→ M ′

1

χ′
1→ M ′

2

χ′
2→ · · · χ′

n−2→ M ′
n−1

μ′→ L ′
n

χ′→ D −→ 0.

Since β′ fn pn = β pn = γχ and (L ′
n, p

′
n,χ

′) is the pullback of the pair (β′, γ), the
universal property of a pullback ensures the existence of a unique homomorphism hn
from Ln to L ′

n such that p
′
nhn = fn pn . Already, f1α = α′, fk−1dk = dk fk for all k ≤

n − 1. Also, hnμ = μ′ fn−1, and χ′hn = χ = IDχ. This shows that γ�(E) ≺ γ�(E ′).
Since≈ is the smallest equivalence relation containing≺,wefind that E ≈ E ′ implies
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that γ�(E) ≈ γ�(E ′). This induces a map EXT n
R (−, A)(γ) from EXT n

R (B, A) to
EXT n

R (D, A) defined by EXT n
R (−, A)(δ)([E]) = [γ�(E)]. It is easy to observe that

EXT n
R (−, A)(δγ) = EXT n

R (−, A)(γ)oEXT n
R (−, A)(γ), and EXT n

R (−, A)(IB) =
IEXT n

R (B,A). This defines a contra-variant functor EXT n
R (−, A) from the category of

R-modules to the category SET of sets.
The dual considerations give a co-variant functor EXT n

R (B,−) from the category
of R-modules to the category SET . These two functors can be easily seen to be
compatible to give a bi-functor EXT n

R (−,−) from the category of R-modules to the
category SET .

Let E1 and E2 be n-fold extensions of A by B. We have the direct sum n-fold
extension E1 × E2 of A × A by B × B. As in case of EXTR(B, A), the n-fold
extension (∇A)�(	

�
B(E1 × E2)) of A by B is denoted by E 	 E ′. If E1 ≈ E ′

1 and
E2 ≈ E ′

2, then as above it can be shown that E1 	 E2 ≈ E ′
1 	 E ′

2. This defines the
sum	 on EXT n

R (B, A) by [E] 	 [E ′] = [E 	 E ′]. The sum	 defined is again called
the Baer sum.

Theorem 2.1.15 EXT n
R (B, A) is a group with respect to the Baer sum 	, and the

bi-functors EXT n
R (−,−) and Hn

R(−,−) from Mod − R to AB are naturally iso-
morphic.

Proof Let

E ≡ 0 −→ A
α→ M1

χ1→ M2
χ2→ · · · χn−1→ Mn

β→ B −→ 0

be a member of 
XT n
R (B, A). Let

�(B)
ε→ 0 ≡ · · · dn+1→ Pn

dn→ Pn−1
dn−1→ · · · d2→ P1

d1→ P0
ε→ B −→ 0

be the choice of projective resolution of B. From Theorem2.1.2, we have a chain
transformation f = { fk | k ≥ 0} from �(B)

ε→ 0 to E which is unique up to chain
homotopy. More explicitly, we have the commutative diagram

Pn+1 �

0 �

Pn

A

dndn+1

α��
fn

�

�

Pn−1

�
M1

fn−1

�

�

dn−1

χ1

· · ·

· · ·

�

�

d2

χ2

P1

�
f1

Mn−1

�

�

d1

χn−1

P0

�
f0

Mn

�

�

ε

β

B

�
IB

B

�

�

0

0

where the rows are exact. Consider the co-chain complex Hom(�(B), A). Since
fndn+1 = 0, fn ∈ Cn(�(B), A). If g = {gk | k ≥ 0} is another chain transformation
from �(B)

ε→ 0 to E , then there is a chain homotopy s = {sk, k ≥ 0} from f to
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g. Thus, there is a homomorphism sn−1 from Pn−1 to A such that sn−1dn = fn −
gn . This shows that fn + Bn(�(B), A) = gn + Bn(�(B), A). Thus, we have a map
�B,A from
XT n(B, A) to Hn(�(B), A) = Hn

R(B, A) defined by�B,A(E) = fn +
Bn(�(B), A). Let

E ′ ≡ 0 −→ A
α→ M ′

1

χ′
1→ M ′

2

χ′
2→ · · · chi ′n−1→ M ′

n
β′→ B −→ 0

be another member of 
XT n(B, A) such that E ≺ E ′. Then for each k, 1 ≤ k ≤ n,
there is a homomorphism φk from Mk to M ′

k such that the diagram

0 �

0 �

A

A

α

α′�
IA

�

�

M1

�
M ′

1

φ1

�

�

χ1

χ′
1

· · ·

· · ·

�

�

χ2

χ′
2

Mn−1

�
φn−1

M ′
n−1

�

�

χn−1

χ′
n−1

Mn

�
φ0

M ′
n

�

�

β

β′

B

�
IB

B

�

�

0

0

is commutative. In turn, the diagram

Pn+1 �

0 �

Pn

A

dndn+1

α′��
fn

�

�

Pn−1

�
M ′

1

ψn−1

�

�

dn−1

χ′
1

· · ·

· · ·

�

�

d2

χ2

P1

�
ψ1

M ′
n−1

�

�

d1

χ′
n−1

P0

�
ψ0

M ′
n

�

�

ε

β′

B

�
IB

B

�

�

0

0

is commutative, where ψk = φk fn−k . This shows that �B,A(E ′) = fn + Bn(�(B),

A) = �B,A(E). Since the equivalence relation ≈ is generated by ≺, it follows that
�B,A(E) = �B,A(E ′) whenever E ≈ E ′. Thus, �B,A induces a map �B,A from
EXT n

R (B, A) to Hn
R(B, A) defined by �B,A([E]) = [�B,A(E)]. As in the proof

of Theorem2.1.13, it follows that �B,A([E] 	 [E ′]) = �B,A([E]) + �B,A([E ′]).
To prove that �B,A is bijective, we construct its natural inverse �B,A. Let fn +
Bn(�(B), A) be a member of Hn

R(B, A), where fn ∈ Cn(�(B), A). Since fndn+1 =
0 and imagedn+1 = kerdn , fn is zero on kerdn . Also imagedn = kerdn−1. We may
treat dn as a map from Pn to kerdn−1. From the fundamental theorem of homomor-
phism,we have a unique homomorphism fn from kerdn−1 to A such that fnodn = fn .
We have an n-fold extension


(�(B)) ≡ 0 −→ kerdn−1
i→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0

ε→ B −→ 0
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of kerdn−1 by B, and fn is a homomorphism from kerdn−1 to A. Let the triple
(M1, i1, i2) denote the pushout of the triple (kerdn−1, fn, i). Let ˆdn−1 denote the
obvious map from M1 to Pn−2. We have the n-fold extension

fn�(
(�(B))) ≡ 0 −→ A
i1→ M1

ˆdn−1→ Pn−2
dn−2→ · · · d1→ P0

ε→ B −→ 0

of A by B. Let f ′
n be anothermember ofCn(�(B), A) such that f ′

n + Bn(�(B), A) =
fn + Bn(�(B), A). Then fn − f ′

n belong to Bn(�(B), A). Hence, there is a homo-
morphism sn−1 from Pn−1 to A such that fn − f ′

n = sn−1dn . Thus, fn = f ′
n + tn−1,

where tn−1 is the restriction of sn−1 to kerdn−1. Again, we have an n-fold extension

f ′
n�

(
(�(B))) ≡ 0 −→ A
i ′1→ M ′

1

ˆd ′
n−1→ Pn−2

dn−2→ · · · d1→ P0
ε→ B −→ 0

of A by B. Clearly, i ′1o fn = ηoi , where η is the homomorphism from Pn−1 to M ′
1

given by η(x) = i ′2(x) + i ′1(sn−1(x)). Since the triple (M1, i1, i2) is a pushout of the
triple (kerdn−1, fn, i), there is a unique homomorphism ρ from M1 to M ′

1 such that
ρoi1 = i ′1 and ρoi2 = i ′2. In turn, we have the commutative diagram

0 �

0 �

A

A

i1

i ′1�

IA

�

�

M1

�
M ′

1

ρ

�

�

ˆdn−1

ˆdn−1
′

Pn−2

Pn−2

�

�

dn−2

dn−2

· · ·

�

IPn−2

· · ·

�

�

d1

d1

P0

�

IP0

P0

�

�

ε

ε

B

�

IB

B

�

�

0

0

This means that fn
�
(
(�(B)))] = f ′

n
�
(
(�(B)))]. Thus, we have amap�B,A from

Hn
R(B, A) to EXT n

R (B, A) given by �B,A( f n + Bn(�(B), A)) = [ fn�
(
(�(B)))].

Evidently, �B,A is the natural inverse of �B,A. In turn, it also follows that EXT n
R

(B, A) is an abelian group with respect to 	. �
The above theorem justifies the notation EXT n

R (B, A) for Hn
R(B, A) which is

adopted in the literature. Thus, the easiest way to compute the group EXT n
R (B, A) of

n-fold extensions of A by B is to start with a projective resolution�(B)
ε→ B → 0 of

B, and then find the nth co-homology Hn
R(Hom(�(B), A) or to start with an injective

resolution 0 → A
η→ �(A) of A, and then find Hn

R(B,�(A)) (see Theorem2.1.12).

Corollary 2.1.16 Let

E ≡ 0 −→ B
β→ C

γ→ D −→ 0
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bea short exact sequence in R-modules, and A bean R-module. Then for eachn, there
is a natural connecting homomorphism ∂n

E from EXT n
R (A, D) to E XT n+1

R (A, B)

such that

≡ · · · ∂n−1
E→ EXT n

R (A,B)
EXT n

R (−,A)(β)→ EXT n
R (A,C)

EXT n
R (−,A)(γ)→

EXT n
R (A, D)

∂n
E→ · · ·

is a long exact sequence which is natural in E as well as in A. �

Corollary 2.1.17 Let

E ≡ 0 −→ B
β→ C

γ→ D −→ 0

be a short exact sequence of R-modules. Then for each n, there is a natural connecting
homomorphism ∂n

E from EXT n
R (B, A) to E XT n+1

R (D, A) such that

≡ · · · ∂n−1
E→ EXT n

R (D,A)
EXT n

R (−,A)(γ)→ EXT n
R (C, A)

EXT n
R (−,A)(β)→

EXT n
R (B, A)

∂n
E→ · · ·

is a long exact sequence which is natural in E as well as in A. �

Exercises

2.1.1 Let
0 → A → M → B → 0

be a short exact sequence in an abelian category �. Suppose that A and B both have
finite projective resolution. Show that M also has a finite projective resolution.

2.1.2 Let R be a principal ideal domain. Show that EXT n
R (B, A) = 0 for all n ≥

2. In particular, EXT n
K [X ](B, A) = 0 for all n ≥ 2, where K is a field. Show that

EXT 2
K [X,Y ](B, A) need not be 0. Is EXT n

K [X,Y ](B, A) = 0 for all n ≥ 3?

2.1.3 What are projective (injective) objects in the category of finite abelian groups?
Does it have enough projectives (injectives). Support.

2.1.4 Show that the category of finitely generated Z-modules have enough projec-
tives. Does it have nontrivial injectives?

2.1.5 Show that the category of torsion Z-modules have enough injective. Does it
have nontrivial projectives?

2.1.6 Show that

(i) EXT n
R (B ⊕ C, A) ≈ EXT n

R (B, A) ⊕ EXT n
R (C, A) and
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(ii) EXT n
R (B, A ⊕ C) ≈ EXT n

R (B, A) ⊕ EXT n
R (B,C).

2.1.7 Show that P is projective if and only if EXTR(P, A) = 0 for all R-modules
A.

2.1.8 Show that I is injective if and only if EXTR(B, I ) = 0 for all R-modules B.

2.1.9 Show that a right R-module I is injective if and only if EXTR(R/A, I ) = 0
for all right ideals A of R.
Hint: Use suitably the Zorn’s lemma.

2.1.10 Compute (i) EXTZ(Zm, A) and (ii) EXTZ(Zm,Zn).

2.1.11 Let B be an R-module. We say that the projective dimension PdR(B) of B
is ≤ n if EXTm

R (B, A) = 0 for all R-modules A and for all m ≥ n + 1. Show that
the following conditions are equivalent:

(i) PdR(B) ≤ n.
(ii) EXT n+1

R (B, A) = 0 for all modules A.
(iii) There is a projective resolution of B of length n.
(iv) For all projective resolution

· · · → Pm
dm→ Pm−1

dm−1→ · · · d2→ P1
d1→ P0

ε→ B → 0

of B, imagedn is projective.

2.1.12 State and prove the dual of the above exercise.

2.1.13 The smallest m (if exists) such that PdR(B) ≤ m is called the projective
dimension of B. Similarly, we define the injective dimension I dR(A) of A. Show
that PdR(B ⊕ C) = Max(PdR(B), PdR(C)) and I dR(B ⊕ C) = Max(I dR(B),

I dR(C)).

2.1.14 Let R be a ring and B be an R-module. Then B ⊗R R[X ] is a right R[X ]-
module which we denote by B[X ]. Show that PdR(B) is finite if and only if
PdR[X ](B[X ]) is finite, and then PdR(B) = PdR[X ](B[X ]).
2.1.15 Let R be a ring. Define the right projective dimension r Pd(R) of R to be
sup{Pd(B) | B is a right R − module}, and the right injective dimension r I d(R)

to be sup{I d(B) | B is a right R − module}. Show that r Pd(R) = r I d(R). This
common number is called the right global dimension of R, and it is denoted by
rgd(R). Similarly, one can define left global dimension by considering left R-
modules. In general, rgd(R) may be different from lgd(R). However, for rings
which are left as well as right noetherian the equality holds.
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2.2 Tensor and Tor Functors

In the previous section, we introduced the functors EXT n
R (−,−) as derived func-

tors of the Hom(−,−) functor. In this section, we introduce the derived functors
Tor Rn (−,−) of the tensor functor.

Torsion Products

Before introducing the concept of torsion product, we recall the concept of tensor
product and also some of its basic properties (see Chap.7, Algebra 2). Let M be a
right R-module, and N be a left R-module. Recall that the tensor product M ⊗R

N of M and N is an abelian group generated by the set {m ⊗ n | m ∈ M, n ∈ N }
of formal symbols subject to the following relations: (i) (m + m ′) ⊗ n = m ⊗ n +
m ′ ⊗ n, (ii) (m ⊗ (n + n′) = m ⊗ n + m ⊗ n′, and (iii) mα ⊗ n = m ⊗ αn for all
m,m ′ in M; n, n′ in N , and α ∈ R. Recall further that a map f from M × N to an
abelian group A is called a balanced map if the following three conditions hold:

(i) f (m + m ′, n) = f (m, n) + f (m ′, n);
(ii) f (m, n + n′) = f (m, n) + f (m, n′); and
(iii) f (mα, n) = f (m,αn) for all m,m ′ in M; n, n′ in N , and α ∈ R.

Thus, the map η from M × N to M ⊗R N defined by η(m, n) = m ⊗ n is a
balancedmap. The tensor product M ⊗R N is completely described by the following
universal property:

“If f is balanced map from M × N to an abelian group L , then there is a unique
homomorphism f from M ⊗R N to L subject to f (m ⊗ n) = f (m, n).”

Definition 2.2.1 Let R and S be rings with identities. An abelian group M which
is a left R-module, and also a right S-module is called a Bi − (R,S) module if
(a · x) · b = a · (x · b) for all x ∈ M , a ∈ R, and b ∈ S.

Observe that if R is a commutative ring with identity, then a left R-module M is
also a right R-module (define x · a = a · x). In fact, it is a bi-(R, R) module.

Proposition 2.2.2 Let M be a right R-module and N a bi-(R, S) module. Then
M ⊗R N has unique right S-module structure defined by (x ⊗ u) · b = (x ⊗ (u · b)).
If M is bi-(S, R) module and N a left R-module, then M ⊗R N is a left S-module.

Proof Let M be a right R-module and N be a bi-(R, S)-module. Let b ∈ S. Define
a map fb from M × N to M ⊗ N by fb(x, u) = x ⊗ ub. It is easy to observe (using
the fact that N is a bi-(R, S)-module) that fb is a balanced map. From the universal
property of the tensor product, we have a unique homomorphismφb fromM ⊗R N to
itself defined by the property φb(x ⊗ u) = x ⊗ ub. Define an external multiplication
on M ⊗R N by elements of S from right by z · b = φb(z) for all z ∈ M ⊗R N ,
and b ∈ S. Since φb is a homomorphism for all b ∈ S, and φb1b2 = φb2oφb1 for all
b1, b2 ∈ S, it follows that M ⊗R N is a right S-module with respect to the external
multiplication defined above. The rest can be proved similarly. �

In particular, we have the following corollary.
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Corollary 2.2.3 If R is a commutative ring, then M ⊗R N is a both-sided R-
module. �

Proposition 2.2.4 Let M and N be bi-(R, R) modules. Then we have a unique
isomorphism f from M ⊗R N to N ⊗R M such that f (x ⊗ y) = y ⊗ x.

Proof The map φ from M × N to N ⊗R M defined by φ(x, y) = y ⊗ x is a bal-
anced (in fact bilinear) map. From the universal property of the tensor product,
we have a unique homomorphism f subject to the condition f (x ⊗ y) = y ⊗ x .
Similarly, we have a unique homomorphism g from N ⊗R M to M ⊗ N subject to
the condition g(y ⊗ x) = x ⊗ y. Clearly, gof (x ⊗ y) = x ⊗ y for all x ∈ M and
y ∈ N . Since {x ⊗ y | x ∈ M, y ∈ N } is a set of generators of M ⊗R N , it follows
that gof = IM⊗R N . Similarly, f og is also the identity map. This shows that f is an
isomorphism. �

In particular, we have the following corollary.

Corollary 2.2.5 Let R be a commutative ring, and M and N be R-modules. Then
M ⊗R N is isomorphic to N ⊗R M. �

Proposition 2.2.6 Let M be a right R-module, N a bi-(R, S)-module, and L a left
S-module. Then there is a unique isomorphism φ from (M ⊗R N ) ⊗S L to M ⊗R

(N ⊗S L) subject to the condition φ((x × y) ⊗ z) = x ⊗ (y ⊗ z) for all x ∈ M, y ∈
N, and z ∈ L.

Proof Let x ∈ M . The map (y, z) � (x ⊗ y) ⊗ z defines a balanced map from
N × L to (M ⊗R N ) ⊗S L . Hence, there is a unique homomorphism φx from N ⊗S

L to (M ⊗R N ) ⊗S L subject to the condition φx (y ⊗ z) = (x ⊗ y) ⊗ z. The map
(x, u) � φx (u), where u ∈ N ⊗S L , is also a balanced map from M × (N ⊗S L) to
(M ⊗R N ) ⊗S L . Thus, there is a unique homomorphismφ fromM ⊗R (N ⊗S L) to
(M ⊗R N ) ⊗S L subject to the condition φ(x ⊗ (y ⊗ z)) = (x ⊗ y) ⊗ z. Similarly,
we have a unique homomorphism ψ from (M ⊗R N ) ⊗S L to M ⊗R (N ⊗S L) sub-
ject to the condition ψ((x ⊗ y) ⊗ z) = x ⊗ (y ⊗ z). It is clear that φ and ψ are
inverses of each other. �

Remark 2.2.7 The above result, in particular, says that if R is a commutative
ring with identity and M1, M2, · · · , Mn are R-modules, then the tensor prod-
uct of M1, M2, · · · , Mn taken in same order with respect to any two bracket
arrangements is naturally isomorphic. Thus, we can define the tensor product
M1 ⊗R M2 ⊗R · · · ⊗R Mn unambiguously. It is universal with respect to n-linear
maps in the sense that if φ is an n-linear map from M1 × M2 × · · · × Mn to an R-
module L , then there is a unique homomorphism ψ from M1 ⊗R M2 ⊗R · · · ⊗R Mn

to L subject to ψ(x1 ⊗ x2 ⊗ · · · ⊗ xn) = φ(x1, x2, · · · , xn).

Proposition 2.2.8 Let R be a ring with identity and A be a left (right) R-module.
Then there is an R-isomorphism ρA from R ⊗R A (A ⊗R R) to A defined by ρA(a ⊗
x) = ax (ρA(x ⊗ a) = xa). Further, if f is a homomorphism from A to B, then the
diagram



92 2 Homological Algebra 2, Derived Functors

R ⊗R A �IR ⊗ f ) R ⊗R B)

�

ρB

BA �
f�

ρA

is commutative.

Proof The map (a, x) � ax is clearly a balance map from R × A to A. Hence,
there is a unique homomorphism ρA from R ⊗R A to A such that ρA(a ⊗ x) = ax .
Indeed, ρA is a R-homomorphism. Also the map ξA from A to R ⊗R A defined by
ξA(x) = 1 ⊗ x is a homomorphism. Now, (ξAoρA)(a ⊗ x) = ξA(ax) = 1 ⊗ ax =
1a ⊗ x = a ⊗ x . Thus, ξAoρA = IR⊗R A. Similarly, ρAoξA = IA. This shows that ρA

is an R-isomorphism. The commutativity of the diagram is evident. �

Proposition 2.2.9 Let {Mα | α ∈ �} be a family of right R-modules and N be a
left R-module. Then there is a unique isomorphism φ from (⊕�α∈�Mα) ⊗R N to
⊕�α∈�(Mα ⊗R N ) such that φ( f ⊗ n)(α) = f (α) ⊗ n. Similar result holds if N is
a right R-module and Mα is left R-module for each α.

Proof The map φ from (⊕�α∈�Mα) × N to ⊕�α∈�(Mα ⊗R N ) defined by
φ(( f, n))(α) = f (α) ⊗ n is easily seen to be a balanced map. Hence, there is a
unique homomorphism φ such that φ( f ⊗ n)(α) = f (α) ⊗ n. The inverse map is
an obvious map. The proof of the second part is similar. �

Remark 2.2.10 A free left R-module is isomorphic to direct sum of several copies
of R, which are also bi-(R, R) modules. Thus, a free left (right) R-module is also a
free bi-(R, R) module.

Corollary 2.2.11 Tensor product of free left R-modules is a free left R-module. In
turn, the tensor product P ⊗ Q of a projective right R-module P with a projective
left R-module Q is a projective bi-(R, R)-module.

Proof Since a free left R-module is direct sumof somany copies of R, and since R ⊗
R is isomorphic to R, the first part of the result follows from the above proposition.
Further, let P be a projective bi-(R, R) module and Q a projective left R-module.
Then there exists a right R-module L and a left R-module M such that P ⊕ L is
a free R-module, and Q ⊕ M is also a free R-module. Since tensor products of
free R-modules are free R-modules, (P ⊕ L) ⊗ (Q ⊕ M) is a free R-module. From
the previous proposition, (P ⊗ Q) ⊕U is free, whereU = (P ⊗ M) ⊕ (L ⊗ Q) ⊕
(L ⊗ M). Hence, P ⊗ Q is a projective module. �
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Let f be a homomorphism from a right R-module M to a right R-module M ′,
and g be a homomorphism from a left R-module N to a module N ′. Then the
map f × g from M × N to M ′ ⊗R N ′ defined by ( f × g)(m, n) = f (m) ⊗ g(n)

is easily observed to be a balanced map. In turn, it induces a homomorphism
f ⊗ g from M ⊗R N to M ′ ⊗R N ′ subject to ( f ⊗ g)(m ⊗ n) = f (m) ⊗ g(n). This
homomorphism f ⊗ g is called the tensor product of f and g. If further f ′ is a
homomorphism from the right R-module M ′ to another right R-module M ′′ and
g′ is a homomorphism from the left R-module N ′ to another left R-module N ′′,
then ( f ′of ) ⊗ (g′og) = ( f ′ ⊗ g′)o( f ⊗ g). Also IM ⊗ IN = IM⊗N . Thus, we have
a functor − ⊗ − from the product category (Mod − R) × (R − Mod) to the cat-
egory AB of abelian groups which is given by (− ⊗ −)(M, N ) = M ⊗R N , and
(− ⊗ −)( f, g) = f ⊗ g. This functor is called tensor functor. In particular, for a
fixed right R-module M , we have a functor M ⊗ − from the category of left R-
modules to the category AB of abelian groups given by (M ⊗ −)(N ) = M ⊗R N
and (M ⊗ −)(g) = IM ⊗ g, and for a fixed left R-module N , we have a functor
− ⊗ N from the category of left R-modules to the category AB of abelian groups
given by (− ⊗ N )(M) = M ⊗R N and (− ⊗ N )( f ) = f ⊗ IN .

Evidently, tensor products of epimorphisms are epimorphisms. However, tensor
products of two monomorphisms need not be a monomorphism.

Let

X ≡ · · · dX
n+1→ Xn

dX
n→ Xn−1

dX
n−1→ · · ·

be a chain complex of right R-modules and

Y ≡ · · · dY
n+1→ Yn

dY
n→ Yn−1

dY
n−1→ · · ·

be a chain complexes of left R-modules. We define the tensor product X ⊗R Y of the
chain complexes X and Y as follows: put (X ⊗R Y )n = ⊕�p+q=n X p ⊗R Yq . Define
a homomorphism dX⊗RY

n from (X ⊗R Y )n to (X ⊗R Y )n−1 by defining

dX⊗RY
n (x ⊗ y) = dX

p (x) ⊗ y + (−1)px ⊗ dY
q (y),

where x ∈ X p, y ∈ Yq , p + q = n. It is easily seen that X ⊗R Y is a chain complex
of abelian groups. This chain complex is called the tensor product of X andY . Further,
let f = { f p | p ∈ Z} be a chain transformation from a chain complex X of right R-
modules to a chain complex X ′ of right R-modules, and g = {gq | q ∈ Z} be a chain
transformation from a chain complex Y of left R-modules to a chain complex Y ′ of
left R-modules. Then for each n, we have a homomorphism ( f ⊗ g)n from (X ⊗R

Y )n to (X ′ ⊗R Y ′)n given by ( f ⊗ g)n(x ⊗ y) = f p(x) ⊗ gq(y), where x ∈ X p and
y ∈ Yq , p + q = n. It can be checked easily that f ⊗ g = {( f ⊗ g)n | n ∈ Z} is a
chain transformation from X ⊗ Y to X ′ ⊗ Y ′. Thus, tensor product defines a functor
from the product category CHR ×R CH to the category CHZ, CHR denotes the
category of chain complexes of right R-modules, RCH denotes the category of chain
complexes of left R-modules, and CHZ denotes the category of chain complexes of
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abelian groups. In a latter section, we shall discuss the relationship between the
homologies of X , the homologies of Y , and the homologies of X ⊗R Y .

Treating a left R-module A as a chain complex (A0 = A, and An = {0} for all
n �= 0), we get the chain complex X ⊗R A. Here (X ⊗R A)n = Xn ⊗R A, and dX⊗R A

n
is given by

dX⊗R A
n (x ⊗ a) = dX

n (x) ⊗ a + (−1)nx ⊗ d A
n (a) = dX

n (x) ⊗ a.

The nth homology Hn(X ⊗ A) of X ⊗ A is denoted by Hn(X, A), and it is termed
as the nth homology of X with coefficient in A.

Tensoring is a right exact functor in the sense of the following theorem.

Theorem 2.2.12 Let

A �
α

B �
β

C � 0

be an exact sequence of right R-modules and D be a left R-module. Then the sequence

A ⊗R D �

α ⊗ ID

B ⊗R D �

β ⊗ ID

C ⊗R D � 0

is exact. Also if

A �
α

B �
β

C � 0

is an exact sequence of left R-modules and D is a right R-module. Then the sequence
is

D ⊗R A �

ID ⊗ α

D ⊗R B �

ID ⊗ β

D ⊗R C � 0

Proof Sinceβ is surjective, and the tensor products of surjective homomorphisms are
surjective, β ⊗ ID is surjective. Thus, we need to show that kerβ ⊗ ID = imageα ⊗
ID . Again, since βoα = 0, we have 0 = (β ⊗ IDoα ⊗ ID) = (βoα) ⊗ ID . Hence,
imageα ⊗ ID ⊆ kerβ × ID . Put imageα ⊗ ID = L . By the fundamental theoremof
homomorphism, we have a unique homomorphism φ from (B ⊗R D)/L to C ⊗R D
defined by φ((b ⊗ d) + L) = β(b) ⊗ d. It is sufficient to show that φ is an isomor-
phism. We construct its inverse. If β(b) = β(b′), then b − b′ belongs to kerβ =
imageα. Hence, (b ⊗ d) − (b′ ⊗ d) = (b − b′) ⊗ d is in L . This ensures that we
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have a map (c, d) � b ⊗ d + L from C × D to (B ⊗R D)/L where β(b) = c.
This is a balanced map (verify). Hence, we have a unique homomorphism ψ from
C ⊗R D to (B ⊗R D)/L such that ψ(c ⊗ d) = b ⊗ d + L , where β(b) = c. Now
(φoψ)(c ⊗ d) = φ(b ⊗ d + L) = β(b) ⊗ d = c ⊗ d. This shows that φoψ is the
identity map. Similarly, ψoφ is also the identity map. This proves that φ is an iso-
morphism, and so L = kerβ ⊗ ID . Similarly, the second statement follows. �

Consider the homomorphism f from Z to Z defined by f (a) = 5a. Then f is
injective but f ⊗ IZ5 from Z ⊗Z Z5 to itself is the zero map, for f ⊗ IZ5(m ⊗ a) =
f (m) ⊗ a = 5m ⊗ a = m ⊗ 5a = 0. Since Z ⊗Z Z5 ≈ Z5 is nontrivial, f ⊗ IZ5 is
not injective. This shows that tensoring is not left exact. However, we have the
following proposition.

Proposition 2.2.13 If

o −→ A
α→ B

β→ C −→ 0

is a split exact sequence, then

0 −→ A ⊗R D
α⊗ID→ B ⊗R D

β⊗ID→ C ⊗R D −→ 0

is also a split exact sequence.

Proof If s is a homomorphism from B to A such that soα = IA, then (s ⊗ ID)o(α ⊗
ID) = IA ⊗ ID = IA⊗D . This shows thatα ⊗ ID is injective, and the result follows. �

Example 2.2.14 Let A be an abelian group. ThenZm ⊗Z A is isomorphic to A/mA:
Consider the exact sequence

0 �
α

Z � Z �
ν

Zm � 0

where α is the multiplication by m. Taking tensor product with A, and observing
the fact that tensoring is right exact, we see that Zm ⊗Z A is isomorphic to (Z ⊗Z

A)/kerν�. Again, kerν� = imageα�. The isomorphism f from Z ⊗Z A to A given
by f (n ⊗ a) = na takes imageα� tomA. The assertion follows from the fundamental
theorem of homomorphism. In particular, Zm ⊗ Zn is isomorphic to Zd , where d is
g.c.d of m and n.

Definition 2.2.15 A left (right) R-module D is called a flat module if − ⊗R D
(D ⊗R −) is also left exact functor. More explicitly, D is said to be a flat module if
f ⊗ ID (ID ⊗ f ) is injective whenever f is an injective homomorphism.

Proposition 2.2.16 Let P be a projective left (right) R-module. Then P is a flat
module.
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Proof FromProposition2.2.8, it follows that R is a flat left (right) R-module. Further,
since a free R-module is direct sumof several copies of R and since the tensor product
respects direct sum, it follows that every free R-module is flat. Let P be a projective
left R-module. Then there is a projective left R-module Q such that P ⊕ Q is free.
Let f be an injective homomorphism from a right R-module A to a right R-module
B. Then we have the following commutative diagram:

A ⊗R P �f ⊗ IP B ⊗R P

�

IB ⊗ i1

B ⊗ (P ⊕ Q)A ⊗ (P ⊕ Q) �
f ⊗ IP⊕Q�

IA ⊗ i1

Since the vertical arrows and the bottom arrow are injective, the top row is also
injective. This proves that P is flat. �

Let

0 −→ A �
α

B �
β

C � 0

be an exact sequence of abelian groups and D be an abelian group. Let us
examine the kerα ⊗ ID , where A, B, C , and D are abelian groups (Z-modules).
As observed above, α ⊗ ID need not be injective. Indeed, if a ∈ A is such that
α(a) = mb for some m ∈ N and b ∈ B and d ∈ D is such that md = 0, then
(α ⊗ ID)(a ⊗ d) = mb ⊗ d = b ⊗ md = 0, whereas a ⊗ d may not be zero in
A ⊗ D. Further, if β(b) = β(b′), then b′ − b = α(a′) for a unique a′ ∈ A. In turn,
α(a + ma′) = mb + mα(a′) = mb′. Also (a + ma′) ⊗ d = a ⊗ d. Thus, the above
kernel element a ⊗ d with md = 0 depends only on the element β(b) = c ∈ C
with α(a) = mb. Evidently, mc = 0. More explicitly, a triple (c,m, d), where
c ∈ C , d ∈ D, and mc = 0 = md, determines an element a ⊗ d of the kerα ⊗ ID ,
where α(a) = mt (c), t being a section of the extension. Let us denote the set
{(c,m, d) ∈ C × Z × D | mc = 0 = md} by X . Define the map φ from X to the
kerα ⊗ ID by φ((c,m, d)) = a ⊗ d, where α(a) = mt (c).

Let (c,m, d) and (c,m, d ′) be two members of X . Then (c,m, d + d ′) also
belongs to X . By definition of φ, φ((c,m, d)) = a ⊗ d, φ((c,m, d ′)) = a ⊗ d ′, and
φ((c,m, d + d ′)) = a ⊗ (d + d ′) = (a ⊗ d) + (a ⊗ d ′), whereα(a) = mt (c). This
shows that



2.2 Tensor and Tor Functors 97

φ((c,m, d + d ′)) = φ((c,m, d)) + φ((c,m, d ′)). (2.1)

Suppose that (c,m, d) and (c′,m, d) are members of X . Then (c + c′,m, d)

also belongs to X , and φ((c + c′,m, d) = u ⊗ d, where α(u) = mt (c + c′). Fur-
ther, φ((c,m, d)) = a ⊗ d, whereα(a) = mt (c), and φ((c′,m, d)) = a′ ⊗ d, where
α(a′) = mt (c′). Since β(t (c) + t (c′)) = β(t (c + c′)), there is an element v ∈ A
such that t (c) + t (c′) = α(v) + t (c + c′). Hence, if we take u = a + a′ − mv, then
α(u) = mt (c + c′′). This shows that φ((c + c′,m, d) = u ⊗ d = (a + a′ − mv) ⊗
d = a ⊗ d + a′ ⊗ d. This shows that

φ((c + c′,m, d)) = φ((c,m, d)) + φ((c′,m, d)). (2.2)

Next, suppose that mnc = 0 = nd, then it can be easily seen that

φ(c,mn, d) = φ(mc, n, d). (2.3)

Finally, if mc = 0 = mnd, then again it follows that

φ(c,mn, d) = φ(c,m, nd). (2.4)

The above discussion prompts us to have the following definition.

Definition 2.2.17 LetC and D be abelian groups. Then the abelian group generated
by the set X = {(c,m, d) ∈ C × N × D | mc = 0 = md} of symbols subject to the
relations

(i) (c,m, d + d ′) = (c,m, d) + (c,m, d ′),
(ii) (c + c′,m, d) = (c,m, d) + (c′,m, d),
(iii) (c,mn, d) = (mc, n, d) whenever mnc = 0 = nd, and
(iv) (c,mn, d) = (c,m, nd) whenever mc = 0 = mnd

is called the torsion product of C and D, and it is denoted by Tor(C, D).

Proposition 2.2.18 Let C and D be abelian groups. Then

(i) (0,m, d) = 0 = (c,m, 0) for all m ∈ Z, c ∈ C, and d ∈ D.
(ii) (c, 0, d) = 0 for all c ∈ C and d ∈ D.

Proof (i) Since (0,m, d) = (0 + 0,m, d) = (0,m, d) + (0,m, d), (0,m, d) = 0
for all m ∈ Z and d ∈ D. Similarly, (c,m, 0) = 0 for all m ∈ Z and c ∈ C .

(ii) (c, 0, d) = (c, 0 · 0, d) = (0c, 0, d) = (0, 0, d) = 0. �

Corollary 2.2.19 If C is torsion free or D is torsion free, then T or(C, D) = 0.

Proof Suppose that C is torsion free. Then the generating set X of Tor(C, D) is
{(0,m, 0) | m ∈ Z}⋃{(c, 0, d) | c ∈ C and d ∈ D}. From the previous proposition
X = {0}. �
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Proposition 2.2.20 Tor(C, D) is naturally isomorphic to T or(D,C).

Proof The map τ from the generating set X of Tor(C, D) to Tor(D,C) given by
τ (c,m, d) = (d,m, c) respects the defining relations. Hence, it induces a homo-
morphism τ from Tor(C, D) to Tor(D,C) whose restriction to X is τ . Simi-
larly, we have map ρ from the generating set Y = {(d,m, c) | d ∈ D, m ∈ Z, c ∈
C, and md = 0 = mc}of Tor(D,C) toTor(C, D)which respects the defining rela-
tions. In turn, ρ induces a homomorphism ρ from Tor(D,C) to Tor(C, D) whose
restriction to Y is ρ. Clearly ρoτ is identity map on X . Hence, ρoτ = ITor(C,D).
Similarly, τoρ = ITor(D,C). �

Proposition 2.2.21 (i) T or(C ⊕ A, D) ≈ Tor(C, D) ⊕ Tor(A, D) and
(ii) T or(C, A ⊕ D) ≈ Tor(C, A) ⊕ Tor(C, D).

Proof (i) It is easily seen that the association (c ⊕ a,m, d) → (c,m, d) ⊕ (a,m, d)

induces the required isomorphism. Similarly, (ii) follows. �

Thus, to compute Tor(C, D) for finitely generated abelian groups, it is sufficient
to compute Tor(Zm,Z) and Tor(Zm,Zn). FromCorollary2.2.19, Tor(Zm,Z) = 0.

If f is a homomorphism from C to A and g a homomorphism from D to B,
then the map ( f, g) from the generating set X of Tor(C, D) to Tor(A, B) given by
( f, g)(c,m, d) = ( f (c),m, g(d)) respects the defining relations for Tor(C, D). As
such, it induces a unique homomorphism Tor( f, g) from Tor(C, D) to Tor(A, B)

whose restriction to X is ( f, g). Evidently, Tor(IC , ID) = ITor(C,D), and Tor
( f ′, g′)oTor( f, g) = Tor( f ′of, g′og), where f ′ is a homomorphism from A to
A′ and g′ a homomorphism from B to B ′. Thus, we have a functor Tor(−,−)

from AB × AB to AB which is given by Tor(−,−)(C, D) = Tor(C, D) and
Tor(−,−)( f, g) = Tor( f, g).

Proposition 2.2.22 Let A be an abelian group. Then there is an isomorphism φA

from Tor(Zm, A) to the m-torsion Am = {a ∈ A | ma = 0} of A. Further, φA is
natural in A in the sense that if f is a homomorphism from A to B, then the following
diagram is commutative:

T or(Zm, A) �Tor(Zm, f ) Tor(Zm, B)

�

φB

BmAm �
fm�

φA
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where fm is the restriction of f to Am.

Proof Define the map φA from Am to Tor(Zm, A) by φA(a) = (1,m, a). Evidently,
φA is a homomorphism from Am to Tor(Zm, A). We construct its inverse ψA. The
generating set X of Tor(Zm, A) is

{(r , t, a) | tr = 0 ∈ Zm, and ta = 0}.

Suppose that (r , t, a) ∈ X . Then tr = 0 ∈ Zm . This means m divides tr . Also,
{(r , t, a) = (1, r t, a) = (1,m, r t

m a).Define amap ξA from X to Am by ξA((r , t, a)) =
tr
m a. Clearly, ξA respects the defining relation, and so it defines a homomorphism ψA

from Tor(Zm, A) to Am whose restriction to X is ξA. Evidently, ψA is the inverse of
φA. The commutativity of the diagram in the statement of the theorem follows from
the definitions of φA and of φB . �

Corollary 2.2.23 Tor(Zm,Zn) is isomorphic toZd , where d is the greatest common
divisor of m and n.

Proof Clearly, (Zn)m = {a ∈ Zn | ma = 0}. The map η from Zd to (Zn)m defined
by η(r) = nr

d is an isomorphism. �

Corollary 2.2.24 Tor(C, D) = 0 for all abelian group C if and only if D is torsion
free. In particular, T or(C, D) = 0 if C or D is projective Z-module. �

Let
E ≡ 0 −→ A

α→ B
β→ C −→ 0

be an exact sequence of abelian groups, and D be an abelian group. Let t be a
section of the above short exact sequence. As described in Definition2.2.17, we
have amapφ from the generating set X = {(c,m, d) ∈ C × Z × D | mc = 0 = md}
of Tor(C, D) to A ⊗ D defined by φ((c,m, d)) = a ⊗ d, where α(a) = mt (c).
Further, it respects the defining relations. Hence, it defines a homomorphism ∂E

from Tor(C, D) to A ⊗ D whose restriction to X is φ. This homomorphism is again
called a connecting homomorphism. The functoriality of the Tor and the tensor
functors implies that the connecting homomorphism is natural in E and also in D.
The following proposition is an easy verification.

Proposition 2.2.25 Let E be the short exact sequence of abelian groups as given
above, and m be a natural number. Let ηA denote the isomorphism from A ⊗ Zm

to A/mA given by ηA(a ⊗ r) = r A + mA. Let t be a section of E. Then we have
a map χE from Cm to A/mA given by χ(c) = a + mA, where mt (x) = α(a) such
that following commutative diagram is commutative:
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Tor(C,Zm) �∂E A ⊗ Zm

�

ηA

A/mACm �
χE�

φC

�

Theorem 2.2.26 Let
E ≡ 0 −→ A

α→ B
β→ C −→ 0

be an exact sequence of abelian groups, and D be an abelian group. Then we have
the following natural (in E and in D) exact sequence of abelian groups:

0 −→ Tor(A, D)
Tor(α,ID)→ Tor(B, D)

Tor(β,ID)→ Tor(C, D)
∂E→ A ⊗ D

α⊗ID→
B ⊗ D

β⊗ID→ C ⊗ D −→ 0.

Proof In the light of Theorem2.2.12, we need to show the exactness at A ⊗ D,
Tor(C, D), Tor(B, D), and at Tor(A, D). Suppose that D = Z. Then we have the
following commutative diagram:

A �α B

�

g

B ⊗ ZA ⊗ Z �
α ⊗ IZ�

f

where f is the isomorphism given by f (a) = 1 ⊗ a and g is the isomorphism given
by f (b) = 1 ⊗ b. It follows that α ⊗ IZ is injective. Hence, the sequence
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0 −→ A ⊗ Z
α⊗IZ→ B ⊗ Z

β⊗IZ→ C ⊗ Z −→ 0

is exact. Since Tor(A,Z) = Tor(B,Z) = Tor(C,Z) = 0, the result is verified for
D = Z.

Next, suppose thatD = Zm . FromProposition2.2.22,wehaveφBoT or(α, IZm ) =
αmoφA and φCoTor(β, IZm ) = βmoφB . From Proposition2.2.25, ηAo∂E = χEoφC .
Again, ηBoα ⊗ IZm = αmoηA, where αm is the homomorphism from A/mA to
B/mB defined by αm(a + mA) = α(a) + mB. Since φA, φB, φC , ηA, and ηB

are isomorphisms, it is sufficient to observe that the following sequence is exact:

0 → Am
αm→ Bm

βm→ Cm
χE→ A/mA

αm→ B/mB.

This verifies the result for D = Zm . Since tensor functor ⊗ and the torsion functor
respect the direct sum, the result follows for all finitely generated abelian groups.
The result follows if we observe that torsion and the tensor functors commute with
direct limit, homology functor commutes with direct limit, and every abelian group
D is direct limit of its finitely generated subgroups. �

Remark 2.2.27 The reader can easily observe that the above discussions (including
the definitions) and the results hold good for modules over principal ideal domains.

Let C and D be a Z-modules. Since submodule of a projective Z-module is a
projective, we have a projective presentation

�(C)
ε→ C → 0 = E ≡ 0 −→ P1

i→ P0
ε→ C −→ 0

ofC , where P1 = kerε. Further, every projective resolution ofC is chain equivalent to
the above projective resolution. FromTheorem2.2.26, and the fact that T or(P, D) =
0 whenever P is projective, we get the following exact sequence:

0 −→ Tor(C, D)
∂E→ P1 ⊗ D

i⊗ID→ P0 ⊗ D
ε⊗ID→ C ⊗ D → 0.

Also
�(C) ⊗ D ≡ 0 −→ P1 ⊗ D

i⊗ID→ P0 ⊗ D −→ 0.

Thus,

H0(�(C), D) = (P0 ⊗ D)/ imagei ⊗ ID = (P0 ⊗ D)/kerε ⊗ ID ≈ C ⊗ D,

and
H1(�(C), D) = kerα ⊗ ID ≈ Tor(C, D).

This prompts us to define the nth torsion product Tor Rn (C, D) of a right R-module
C with a left R-module D as follows.
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Consider the category℘(Mod − R)whose objects are positive projective acyclic
chain complexes of right R-modules and morphisms are homotopy classes of chain
transformations. Let � be the choice functor from Mod − R to ℘(Mod − R)which
is an equivalence (see Remark2.1.5). Suppose that

�(C)
ε→ C → 0 ≡ · · · dn+1→ Pn

dn−1→ Pn−1 · · · d2→ P1
d1→ P0

ε→ C −→ 0,

and D is a left R-module. The nth homology Hn(�(C), D) of �(C) with coefficient
in D is denoted by Tor Rn (C, D), and it is called the nth torsion product of C with
D. In the light of Remark2.1.5, Tor Rn (−,−) is a functor from the product category
Mod-R × R-Mod to the category AB of abelian groups. It follows from the earlier
discussion that TorZ0 (C, D) is naturally isomorphic to C ⊗Z D, and TorZ1 (C, D) is
naturally isomorphic to Tor(C, D).

Proposition 2.2.28 The functor T or R0 (−,−) is naturally isomorphic to the functor
− ⊗R −.

Proof Let C be a right R-module and D be a left R-module. Consider the choice
projective resolution

�(C)
ε→ C → o ≡ · · · d3→ P2

d2→ P1
d1→ P0

ε→ C −→ 0

of C . Since tensoring is a right exact functor, we have the exact sequence

P1 ⊗R D
d1⊗ID→ P0 ⊗R D

ε⊗ID→ C ⊗R D −→ 0.

In turn, ker(εID) = image(d1 ⊗ ID). Thus, we have an isomorphism μC,D from
Tor R0 (C, D) = (P0 ⊗ D)/ imaged1 ⊗ ID to C ⊗R D given by μC,D(x ⊗ d +
imaged1 ⊗ ID) = ε(x) ⊗ d. We show that μC,D is natural in C and D. Let φ be
a homomorphism from C to C ′ and ψ be a homomorphism from D to D′. Let

�(C ′) ε′→ C ′ → o ≡ · · · d ′
3→ P ′

2

d ′
2→ P ′

1

d ′
1→ P ′

0
ε′→ C ′ −→ 0

be the choice projective resolution of C ′, and �(φ) = [ f ], where f = { fn : Pn →
P ′
n | n ≥ 0} is a chain transformation from �(C) to �(C ′) which lifts φ. Evidently,

(φ ⊗ ID)oμC,D = μC ′,D′o( f0 ⊗ ψ). Thus, μC ′,D′oTor(φ,ψ) = (φ ⊗ ψ)oμC.D . This
proves the naturality of μ. �

Proposition 2.2.29 If D is a flat left R-module, then T or Rn (C, D) = 0 for all n ≥ 1.

Proof Consider the choice projective resolution

�(C)
ε→ C → o ≡ · · · d3→ P2

d2→ P1
d1→ P0

ε→ C −→ 0
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of C . Suppose that n ≥ 1. We have the following sequence:

0 −→ kerdn
i→ Pn

dn→ Pn−1.

Further, since kerdn = imagedn+1, dn+1 may be treated as a surjective homomor-
phism from Pn+1 to kerdn . Since D is flat, we have the exact sequence

0 −→ kerdn ⊗R D
i⊗ID→ Pn ⊗ D

dn⊗ID→ Pn−1 ⊗ D.

Since tensoring is right exact, imagedn+1 ⊗ ID = (i ⊗ ID)(kerdn ⊗R D) = ker(dn
⊗ ID). By definition,

Tor Rn (C, D) = (Kerdn ⊗ ID)/(imagedn+1 ⊗ ID) = Hn(�(C), D) = 0.

�

Corollary 2.2.30 If C is projective right R-module or if D is a projective left R-
module, then T or Rn (C, D) = 0 for all n ≥ 1.

Proof Suppose that D is a projective left R-module. By Proposition2.2.16, D is
flat. From the above proposition, Tor Rn (C, D) = 0 for all n ≥ 1. Suppose that C is
projective, then

0 −→ 0 −→ · · · −→ 0 −→ C
IC→ C −→ 0

is a projective resolution of C . Evidently, Tor Rn (C, D) = 0 for all n ≥ 1. �

Proposition 2.2.31 Let

E ≡ 0 −→ A
α→ B

β→ C −→ 0

be a short exact sequence of left R-modules, and D be a right R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms ∂n(E) from
Tor Rn (D,C) to T or Rn−1(D, A) such that the following sequence is exact.

· · · ∂n+1(E)→ Tor Rn (D, A)
Tor Rn (ID ,α)→ Tor Rn (D, B)

Tor Rn (ID ,β)→ Tor Rn (D,C)
∂n(E)→ · · · .

Proof Consider the choice projective acyclic chain complex �(D) over D. Since
every projective module is flat, we have the short exact sequence

0 −→ �(D) ⊗R A
I�(D)⊗α→ �(D) ⊗R B

I�(D)⊗β→ �(D) ⊗R C −→ 0

of chain complexes. The result follows if we apply Theorem1.3.1 to the above short
exact sequence of chain complexes. �
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Proposition 2.2.32 Let

E ≡ 0 −→ A
α→ B

β→ C −→ 0

be a short exact sequence of right R-modules, and D be a left R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms ∂n(E) from
Tor Rn (C, D) to T or Rn−1(A, D) such that the following sequence is exact:

· · · ∂n+1(E)→ Tor Rn (A, D)
Tor Rn (α,ID)→ Tor Rn (B, D)

Tor Rn (β,ID)→ Tor Rn (C, D)
∂n(E)→ · · · .

Proof As in the proof of Proposition2.1.8, we have a split short exact sequence

0 −→ �(A)
i1→ �(B)

p2→ �(C) −→ 0

of positive acyclic projective chain complexes of right R-modules, where �(A) is
projective chain complex over A,�(B) is projective chain complex over B, and�(C)

is projective chain complex over C . In turn, we have the short exact sequence

0 −→ �(A) ⊗R D
i1⊗ID→ �(B) ⊗R D

p2⊗ID→ �(C) ⊗R D −→ 0

of chain complexes of abelian groups. The result follows if we apply Theorem1.3.1
to the above short exact sequence of chain complexes. �

Next, consider the category ℘(R-Mod) (see Remark2.1.5) whose objects are
positive acyclic projective chain complexes of left R-modules, and morphisms are
homotopy classes of chain transformations. Again, let �̃ denote the choice functor
from R-Mod to ℘(R-Mod). Let D be a left R-module, and C be a right R-module.
Then, as above, we have a functor Tor Rn (−,−) from the product category (Mod-
R) × (R-Mod) to AB which is given by Tor Rn (C, D) = Hn(C, �̃(D) = Hn(C ⊗
�̃(D)).

Imitating the proofs of Proposition2.2.28, Proposition2.2.29, Corollary2.2.30,
Proposition2.2.31, and Proposition2.2.32, respectively, we can establish the follow-
ing five results.

Proposition 2.2.33 The functor T or R0 (−,−) is naturally isomorphic to the functor
− ⊗R −.

Proposition 2.2.34 If D is a flat left R-module, then T or Rn (C, D) = 0 for all n ≥
1. �

Corollary 2.2.35 If C is projective right R-module or if D is a projective left R-
module, then T or Rn (C, D) = 0 for all n ≥ 1. �

Proposition 2.2.36 Let



2.2 Tensor and Tor Functors 105

E ≡ 0 −→ A
α→ B

β→ C −→ 0

be a short exact sequence of right R-modules, and D be a left R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms ∂n(E) from
Tor Rn (C, D) to T or Rn−1(A, D) such that the following sequence is exact.

· · · ∂n+1(E)→ Tor Rn (A, D)
Tor Rn (α,ID)→ Tor Rn (B, D)

Tor Rn (β,ID)→ Tor Rn (C, D)
∂n(E)→ · · · .

�

Proposition 2.2.37 Let

E ≡ 0 −→ A
α→ B

β→ C −→ 0

be a short exact sequence of left R-modules, and D be a right R-module. Then for
each n we have a natural (in E and D) connecting homomorphisms ∂n(E) from
Tor Rn (D,C) to T or Rn−1(D, A) such that the following sequence is exact.

· · · ∂n+1(E)→ Tor Rn (D, A)
Tor Rn (ID ,α)→ Tor Rn (D, B)

Tor Rn (ID ,β)→ Tor Rn (D,C)
∂n(E)→ · · · .

�

Theorem 2.2.38 The functors T or Rn (−,−) and Tor Rn (−,−) are naturally isomor-
phic.

Proof The proof is by the induction on n. For n = 0, it follows from Proposi-
tion2.2.28 and Proposition2.2.33 that Tor R0 (−,−) and Tor R0 (−,−) are naturally
isomorphic. Let us again denote this natural isomorphism by μ0(−,−). Consider the
choice projective resolution

�(C)
ε→ C → o ≡ · · · d3→ P2

d2→ P1
d1→ P0

ε→ C −→ 0

of C . We have the short exact sequence

E ≡ 0 −→ kerε
i→ P0

ε→ C −→ 0.

From Corollaries 2.2.29 and 2.2.34, and the fact that P0 is projective, it follows that
Tor R1 (P0, D) = 0 = Tor R1 (P0, D). Further, fromPropositions2.2.32 and 2.2.36, we
have the following commutative diagram:
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0

0

�

�

Tor R1 (C, D)

Tor R1 (C, D)

�

�

�

Tor R0 (kerε, D)

Tor R0 (kerε, D)

∂1(E)

∂1(E)

�

μ0(kerε, D)

�
Tor R0 (i, ID)

Tor R0 (i, ID)

�

Tor R0 (P0, D)

Tor R0 (P0, D)

�

μ0(P0, D)

Since the connecting homomorphisms ∂1(E) and ∂1(E) are natural injections, and
the vertical map μ0(kerε, D) is a natural isomorphism, we have a unique natural iso-
morphism μ1(C, D) so that the above diagram remains commutative with the first
vertical arrow as μ1(C, D). Assume that μn(−,−) is a natural isomorphism from
Tor Rn (−,−) to Tor Rn (−,−). Since Tor Rn (P0, D) = 0 for all n ≥ 1, using Proposi-
tions2.2.32 and 2.2.36, we have the following commutative diagram:

0

0

�

�

Tor Rn+1(C, D)

Tor Rn+1(C, D)
�

�

�

Tor Rn (kerε, D)

Tor Rn (kerε, D)
∂n+1(E)

∂n+1(E)

�

μn(kerε, D)

�

�

0

0

The connecting homomorphisms are natural isomorphisms, and by the assumption,
μn(kerε, D) is also a natural isomorphism. Evidently, we have a unique natural
isomorphism μn+1(C, D) from Tor Rn+1(C, D) to Tor Rn+1(C, D) which makes the
above diagram commutative. This completes the proof. �

Exercises

2.2.1 Show that A ⊗Z A = 0 implies that A = 0.

2.2.2 Show that TorZ(Q/Z, A) is isomorphic to the torsion part of A.

2.2.3 Describe the torsion product TorZ(Z(p), A), where p is a prime.

2.2.4 Describe TorZ(Q, A) for a finite abelian group A.

2.2.5 Characterize an abelian group A such that TorZ(A, B) = 0 for all abelian
groups B.

2.2.6 Show that TorZ(A, B) is isomorphic to TorZ(Tor(A), Tor(B)).

2.2.7 Show that EXT n
R (A,−) = 0 implies that Tor Rn (A,−) = 0.
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2.2.8 Describe natural transformations from EXTZ(Zm,−) to EXTZ(Zn,−).

2.2.9 Describe natural transformations from − ⊗R B to − ⊗R C .

2.2.10 Let R be a principal ideal domain. Show that EXTR(A,−) is a right exact
functor.

2.2.11 Check if η = {ηA,F | A ∈ � and F ∈ SET�} is a natural equivalence.
2.2.12 Show that the Tor functor preserves direct limits.

2.3 Abstract Theory of Derived Functors

So far, we introduced and studied the bi-functors EXT n
R (−,−) and Tor Rn from the

category of R-modules to the category AB of abelian groups as derived functors of
Hom and tensor functors. There are many other important abelian categories with
enough injectives or with enough projectives such as the category of sheaves of mod-
ules over ringed spaces, category of vector bundles, and also additive functors such
as section functors. The corresponding derived functors have very significant appli-
cations in geometry, topology, and representation theory. Some of these applications
may also appear in the following chapters of this book. We shall quickly develop the
general theory of abstract-derived functors. The proofs of the results are mostly the
imitations of the corresponding results for EXT n

R (−,−) and Tor Rn (−,−) functors.
Let � be an abelian category with enough projectives. Consider the category

℘(�) of positive projective acyclic chain complexes, where morphisms are homo-
topy classes of chain transformations, and also a choice functor � from the category
� to ℘(�) (see Remark2.1.5). Note that � is an equivalence. Let � be abelian
category. Let F be an additive functor from � to �. Thus, the map f �→ F( f ) from
Mor�(A, B) to Mor�(F(A), F(B)) is a homomorphism of groups. Let C be an
object of �, and

�(C)
ε→ C → 0 ≡ · · · dn+1→ Pn

dn→ · · · d1→ P0
ε→ C −→ 0

be the choice projective resolution of C . Then we have the chain complex F(�(C))

in � given by

F(�(C)) ≡ · · · F(dn+1)→ F(Pn)
F(dn)→ · · · F(d1)→ F(P0) −→ 0.

This gives us a functor LnF from � to � defined by LnF(C) = Hn(F(�(C))). The
functor LnF is called the nth left − derived functor of F .

Thus, EXT n
R (A,−) is the nth left-derived functor of HomR(A,−), and Tor Rn

(A,−) is the nth left-derived functor of A ⊗R −.
Suppose that � and � are small abelian categories with � having enough projec-

tives. Let �� denote the category whose objects are additive functors from � to �
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and the morphisms between two functors are natural transformations. We have taken
� and � to be small categories so that the class of natural transformation between
two functors becomes a set (in general, �� need not be a category). We define
the evaluation functor Ev from �� × � to � as follows: define Ev(F, A) = F(A),
and Ev(η, f ) = G( f )oηA = ηBoF( f ), where (η, f ) is a morphism from (F, A) to
(G, B) in the category �� × �.

Now, we define the left-derived functors of the evaluation functor Ev as follows:
let F and G be two objects in �� . Let η be a natural transformation from F to G.
Then for each A ∈ Obj�, η induces a chain transformation ηA from F(�(A)) to
G(�(A)) such that the diagram

F(�(A)) �ηA G(�(A))

�

G(�( f ))

G(�(B))F(�(B)) �
ηB�

F(�( f ))

is commutative, where f ∈ Mor�(A, B). This gives us a morphism

Ln(η, f ) = Hn(ηBoF(�( f )) = Hn(G(�( f )oηA)

from LnF(A) = Hn(F(�(A))) to LnG(B) = Hn(G(�(B))). Thus, we have a func-
tor Ln(−,−) from �� × � to � defined by Ln(−,−)(F, A) = LnF(A), and
Ln(−,−)(η, f ) = Ln(η, f ). The functor Ln(−,−) is called the nth left-derived
functor of the evaluation functor Ev . Fixing F , we get the left-derived functor
LnF = Ln(F,−) of F .

Proposition 2.3.1 Let P be a projective object in �. Then LnF(P) = 0 for all
n ≥ 1, and L0F(P) = P for all additive functors F.

Proof The result follows if we observe that

· · · 0 −→ 0 −→ · · · −→ 0 −→ P
IP→ P −→ 0

is a projective resolution of P , and as such, all projective resolutions of P are chain
equivalent to the above projective resolution. �

Recall that a functor F is said to be a right exact functor if given any short exact
sequence
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0 −→ A
α→ B

β→ C −→ 0

in �, the sequence

F(A)
F(α)→ F(B)

F(β)→ F(C) −→ 0

is also exact in �. It is said be a left exact functor if

0 −→ F(A)
F(α)→ F(B)

F(β)→ F(C)

is exact. It is said to be an exact functor if

0 −→ F(A)
F(α)→ F(B)

F(β)→ F(C) −→ 0

is exact.

Proposition 2.3.2 Let F be a right exact additive functor from � to �, where �

and � are as above. Then the functor L0F is naturally equivalent to F. Indeed, if
we denote the subcategory of�� consisting of right exact functors by R�� , then the
functor L0(−,−) restricted to R�� × � is naturally equivalent to the evaluation
functor Ev restricted to R�� × �.

Proof Let

�(A)
ε→ A → 0 ≡ · · · dn+1→ Pn

dn→ · · · d1→ P0
ε→ A −→ 0

be the choice projective resolution of A. Since F is right exact,

F(P1)
F(d1)→ F(P0)

F(ε)→ F(A) −→ 0

is an exact sequence.Evidently, L0F(A) = H0(F(�(A))) = F(P0)/ imageF(d1) =
F(P0)/kerε is isomorphic to F(A), and the isomorphism is natural in A. It is also
easy to observe that the isomorphism is natural in F also. �

Proposition 2.3.3 Let F be a right exact additive functor from � to �, where �

and � are as above. Let

�(A)
ε→ A → 0 ≡ · · · dn+1→ Pn

dn→ · · · d1→ P0
ε→ A −→ 0

be the choice projective resolution of A. Then for each n, we have a natural morphism
φF
n from LnF(A) to F(Kerdn−1) such that the sequence

0 −→ LnF(A)
φF
n→ F(Kerdn−1)

F(i)→ F(Pn−1)

is exact.
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Proof We have the following commutative diagram:

dn+2
�

dn+2
�

Pn+1

Pn+1

dn+1

dn+1�

IPn+1

�

�

Pn

Pn

IPn

�

�

�

Kerdn−1

Pn−1

d̃n

dn

i

�

�

�

0

Pn−2

dn−1

where the rows are exact. Here, d̃n is the obvious morphism induced by dn . Applying
the functor F , we get the following commutative diagram:

F(Pn+1)

F(Pn+1)

F(dn+1)

F(dn+1)�

IF(Pn+1)

�

�

F(Pn)

F(Pn)

IF(Pn )

�

�

�

F(Kerdn−1)

F(Pn−1)

F(d̃n)

F(dn)

F(i)

�

�

�

0

F(Pn−2)

F(dn−1)

Since the functor F is right exact, the top row is exact, whereas the bottom row
is a chain complex. By definition LnF(A) = Ker F(dn)/ImageF(dn+1). Using
the full embedding theorem, it is sufficient to prove the result by assuming that
the above diagram is that of R-modules for some R. Now, we chase the diagram.
Since the top row is exact, we get an injective homomorphism φF

n from LnF(A) =
Ker F(dn)/ImageF(dn+1) to F(Kerdn−1) defined by φF

n (x + ImageF(dn+1)) =
F(d̃n)(x). Since F(i)oF(d̃n) = F(dn), it follows that Ker F(i) = ImageφF

n . This
proves the exactness of

0 −→ LnF(A)
φF
n→ F(Kerdn−1)

F(i)→ F(Pn−1).

�

In particular, applying the above result to the right exact functor − ⊗R D from the
category Mod-R of right R-modules to the category AB of abelian groups, we get
the following corollary.

Corollary 2.3.4 Given a projective resolution

· · · dn+1→ Pn
dn→ · · · d1→ P0

ε→ A −→ 0

of a right R-module A, we have natural injective homomorphism φD
n from Tor Rn

(A, D) to Kerdn−1 ⊗R D such that the sequence
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0 −→ Tor Rn (A, D)
φD
n→ Kerdn−1 ⊗R D

i⊗ID→ Pn−1 ⊗R D

is exact.

Similarly, if F is a left exact functor, then we have the following.

Proposition 2.3.5 Let F be a left exact additive functor from � to �, where � and
� are as above. Let

�(A)
ε→ A → 0 ≡ · · · dn+1→ Pn

dn→ · · · d1→ P0
ε→ A −→ 0

be the choice projective resolution of A. Then for each n, we have a morphism ψF
n−1

from F(Kerdn−1) to Ln−1F(A) such that the sequence

F(Pn)
F(d̃n)→ F(Kerdn−1)

ψF
n−1→ Ln−1F(A) −→ 0

is exact, where d̃n is the obvious morphism induced by dn. �

In particular, we have the following corollary.

Corollary 2.3.6 Let A and D be right R-modules, and

· · · dn+1→ Pn
dn→ · · · d1→ P0

ε→ A −→ 0

be a projective resolution of A. Then for each n we have a surjective homomorphism
ψD
n−1 from Hom(A, Kerdn−1) to E XT n−1

R (A, D) such that the sequence

Hom(A, Pn)
d̃n→ Hom(A, Kerdn−1)

ψD
n−1→ EXT n−1

R (A, D) −→ 0

is exact, where d̃n is the obvious homomorphism induced by dn. �

Imitating the proofs of Propositions2.2.31 and 2.2.32, we can establish the fol-
lowing two propositions giving the two long exact sequences of left-derived functors
of an additive functor F .

Proposition 2.3.7 Let

E ≡ 0 −→ A
α→ B

β→ C −→ 0

be a short exact sequence in �, and F be an additive functor from � to �. Then
for each n, we have a natural (in E and D) connecting homomorphism ∂n(E) from
LnF(C) to Ln−1F(A) such that the following sequence is exact.

· · · ∂n+1(E)→ LnF(A)
Ln(IF ,α)→ LnF(B)

Ln(IF ,β)→ LnF(C)
∂n(E)→ · · · .

�
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Proposition 2.3.8 Let

E ≡ 0 −→ F
μ→ G

ν→ H −→ 0

be a short exact sequence in the category R(��) of right exact functors from� to�,
and A be an object in �. Then for each n we have a natural (in E and A) connecting
homomorphisms ∂n(E) from LnH(A) to Ln−1F(A) such that the following sequence
is exact.

· · · ∂n+1(E)→ LnF(A)
Ln(μ,IA)→ LnG(A)

Ln(ν,IA)→ LnH(A)
∂n(E)→ · · · .

�

Dually, we introduce the right-derived functors RnF of an additive functor F
from � to �. We assume that � has enough injectives. Let A be an object of �, and

0 −→ A
η→ �(A) ≡ 0 −→ A

η→ I0
d0→ I1

d1→ · · · dn−1→ In
dn→ · · ·

be the choice injective co-resolution of A. We get a co-chain complex

0 −→ F(I0)
F(d0)→ F(I1)

F(d1)→ · · · F(dn−1→ F(In)
F(dn)→ · · · .

In turn, we get a functor RnF from � to � defined by

RnF(A) = Hn(F(�(A))) = Ker F(dn)/ImageF(dn−1).

The functor RnF , thus obtained, is called the nth right − derived functor of F .
Indeed, if � and � are small categories, then the functor Rn(−,−) from �� × � to
� is called the right-derived functor of the evaluation functor Ev . In addition to that,
if we denote by L�� the category of left exact functors from � to �, then as in the
case of left-derived functors, R0(−,−) is naturally equivalent to Ev when restricted
to L�� × �.

Suppose, now that F is an additive contra-variant functor from � to �. Then F is
an additive functor (co-variant) from �o to �. The left-derived LnF of F is defined
to be the nth left-derived functor of F considered as a functor from �o to �. Thus,
LnF is also a contra-variant functor from � to �. Now, a projective resolution of A
in �o is in fact an injective resolution of A in �. Let

0 −→ A
η→ �(A) ≡ 0 −→ A

η→ I0
d0→ I1

d1→ · · · dn−1→ In
dn→ · · ·

be the choice injective co-resolution of A in � (and so a projective resolution �o).
We get a chain complex
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F(�(A)) ≡ · · · F(dn)→ F(In)
F(dn−1)→ F(In−1)

F(dn−2)→ · · · F(d1)→ F(I1)
F(d0)→ F(I0) −→ 0

in �. In turn,

LnF(A) = Hn(F(�(A))) = Ker F(dn−1)/ImageF(dn).

If f is a morphism from A to B, then F(�( f )) is a chain transformation from
F(�(B)) to F(�(A)) in the category �, and so we get a morphism LnF( f ) from
LnF(B) to LnF(A).

Similarly, we can define the right-derived functors of a contra-variant functor F
from � to �. Again, F is a co-variant functor from �o to �. An injective resolution
of an object A in �o is in fact a projective resolution of A in �. Let

�(A)
ε→ A −→ 0 ≡ dn+1→ Pn

dn→ · · · d1→ P0
ε→ A −→ 0

be the choice projective resolution of A. Then the co-chain complex F(�(A)) is
given by

0 −→ F(P0)
F(d1)→ F(P1)

F(P2)→ · · · F(dn)→ F(Pn)
F(dn+1)→ F(Pn+1)

F(dn+2)→ · · · .

Thus, thenth right-derived RnF of the contra-variant functor F is givenby RnF(A) =
Ker F(dn+1)/ImageF(dn). Evidently, RnF is also a contra-variant functor.

We prove the analogue of Proposition2.3.3.

Proposition 2.3.9 Let F be a contra-variant left exact functor from � to �, where
� has enough projectives (and so �o has enough injectives). Let

dn+1→ Pn
dn→ · · · d1→ P0

ε→ A −→ 0

be a projective resolution of A. Then for each n there is a morphism φF
n from

F(Kerdn−1) to RnF(A) such that the sequence

F(Pn−1)
F(i)→ F(Kerdn−1)

φF
n→ RnF(A) −→ 0

is exact.

Proof We have the following commutative diagram:
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dn+2
�

dn+2
�

Pn+1

Pn+1

dn+1

dn+1�

IPn+1

�

�

Pn

Pn

IPn

�

�

�

Kerdn−1

Pn−1

d̃n

dn

i

�

�

�

0

Pn−2

dn−1

where the rows are exact, and d̃n is the obvious morphism induced by dn . Since F
is a left exact contra-variant functor, applying F to the above diagram, we get the
following commutative diagram:

F(Pn−2)

0
�

F(dn−1)
�

�

F(Pn−1)

F(Kerdn−1)

F(dn)

F(d̃n)�

F(i)

�

�

F(Pn)

F(Pn)

IF(Pn)

�

�

�

F(Pn+1)

F(Pn+1)

F(dn+1)

F(dn+1)

IF(Pn+1)

�

where the bottom row is exact, and the top row is a co-chain complex. Clearly, F(d̃n)
induces an epimorphism φF

n from F(Kerdn−1) to
Ker F(dn+1)/ImageF(dn) = RnF(A). It also follows from the commutativity of
the diagram that Kerφn = ImageF(i). �

In particular, we have the following corollary.

Corollary 2.3.10 Let � be an abelian category with enough projectives. Let A and
B be objects in �. Let

· · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0

ε→ A −→ 0

be a projective resolution of A. Then we have a natural surjective homomorphism
φB
n from Mor�(Kerdn−1, B) to E XT n

�(A, B) such that

Mor�(Pn−1, B)
Mor�(i,IB )→ Mor�(Kerdn−1, B)

φB
n→ EXT n

�(A, B) −→ 0

is exact sequence of abelian groups.

Proof The result follows immediately if we apply the above proposition to the left
exact contra-variant functor Mor�(−, B). �
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Derived Functors and EXTn
�

Let� be an abelian category with enough projectives. Let P̂(�) denote the category
of positive projective acyclic chain complexes with morphisms as chain transforma-
tions (note the difference between P̂(�) and ℘(�)). Let F be an additive functor
from � to �. Let

P ≡ · · · dn+1→ Pn
dn→ Pn−1

dn−1→ · · · d2→ P1
d1→ P0 −→ 0

be an object in P̂(�). For n ≥ 1, put L̃n F(P) = Ker F(i), where i represents the
kernel of dn−1. For n = 0, put L̃0F(P) = H0(P). If f = { fn | n ≥ 0} is a chain
transformation from P to P ′, where

P ′ ≡ · · · d ′
n+1→ P ′

n

d ′
n→ P ′

n−1

d ′
n−1→ · · · d ′

2→ P ′
1

d ′
1→ P ′

0 −→ 0,

then fn−1 induces a morphism ˜fn−1 from Kerdn−1 to Kerd ′
n−1 such that i fn−1 =

˜fn−1i ′. In turn, F(i)F( fn−1) = F( ˜fn−1)F(i ′), and so F( ˜fn−1) induces a morphism
from L̃n F(P) = Ker F(i) to L̃n F(P ′) = Ker F(i ′). We denote this induced homo-
morphism by L̃n F( f ). Thus, L̃n F defines a functor from P̂(�) to �.

In addition, suppose that F is right exact. Then from Proposition2.3.3, it follows
that LnF(A) is naturally isomorphic to L̃n F�(A) for all choice functors � from �

to ℘(�), and for all objects A. In turn, it also follows that if f is chain homotopic
to f ′, then L̃n F( f ) = L̃n F( f ′). In this case, L̃n F can be treated as a functor from
� to AB which is same as LnF .

In general, it is not so clear that the functor L̃n F from P̂(�) to� induces a functor
� to�. However, in what follows, we shall show that L̃n F induces a functor from�

to AB whenever F is an additive functor from� to AB. More explicitly, if� = AB,
then whenever f and g are homotopic chain transformations from P to P ′ in P̂(�),
L̃n F( f ) = L̃n F(g).

Theorem 2.3.11 Let � be an abelian category with enough projectives. Let � be
the choice equivalence from � to ℘(�). Let F be an additive functor from � to AB.
Then for each n, there is an isomorphism ηA,F from MorAB� (EXT n

�(A,−), F) to
L̃n F�(A), where AB� denotes the category of additive functors from � to AB.

Proof Let

�(A)
ε→ A −→ 0 ≡ · · · dn+1→ Pn

dn→ Pn−1
dn−1→ · · · d2→ P1

d1→ P0
ε→ A −→ 0

be the choice projective resolution of A. In what follows, Kerdn−1 will be denoted
by Kn−1. Let A be an object in �, and F be an additive functor from � to AB. Let
� = {�B ∈ Hom(EXT n

�(A, B), F(B)) | B ∈ Obj�} be a natural transformation
from EXT n

�(A,−) to F . Then the following diagram:
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EXT n
�(A, Kn−1) ��Kn−1 F(Kn−1)

�

F(i)

F(Pn−1)EXT n
�(A, Pn−1) �

�Pn−1�

EXT n(I, i)

is commutative. Here i denotes the corresponding monomorphism and I denotes the
corresponding identity morphism. For each object D in �, Mor�(−, D) is a left
exact contra-variant additive functor from the category � to the category AB. Using
Corollary2.3.10, we obtain the following commutative diagram:

Mor�(Pn−1, Kn−1)

Mor�(Pn−1, Pn−1)

�

Mor(i, I )

Mor(i, I )

Mor(I, i)

�

�

Mor�(Kn−1, Kn−1)

Mor�(Kn−1, Pn−1)

φ
Kn−1
n

φ
Pn−1
n�

Mor(I, i)

�

�

EXTn
�

(A, Kn−1)

EXTn
�

(A, Pn−1)

EXTn (I, i)

�

�

�

0

0

with exact rows. From the above commutative diagram, it follows that

EXT n(I, i)φKn−1
n (IKn−1) = φPn−1

n Mor(I, i)(IKn−1) =
φPn−1
n Mor(i, I )(IPn−1) = 0.

Thus, �Pn−1(EXT n(I, i))(φKn−1
n (IKn−1) = 0. From the commutativity of the ear-

lier diagram F(i)(�Kn−1(φ
Kn−1
n (IKn−1))) = 0. This shows that �Kn−1(φ

Kn−1
n (IKn−1))

belongs to L̃n F(�(A)). Define a map ηA,F from
MorAB� (EXT n

�(A,−), F) to L̃n F�(A) by

ηA,F (�) = �Kn−1(φ
Kn−1
n (IKn−1)).

It is easily observed that ηA,F is a homomorphism.
Now, we construct the natural inverse of ηA,F . Let χ be an element of L̃n F�(A).

We show the existence of a unique � in MorAB� (EXT n
�(A,−), F) such that

ηA,F (�) = χ. Now, χ ∈ F(Kn−1) such that F(i)(χ) = 0. For each B ∈ Obj�,
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we need to define a homomorphism �B from EXT n
�(A, B) to F(B) so that

� = {�B | B ∈ Obj�} becomes a natural transformation from EXT n
�(A,−) to

F with �Kn−1(φ
Kn−1
n (IKn−1) = χ. Again, from Corollary2.3.10, for each object B in

�, we have a functorial exact sequence

Mor�(Pn−1, B)
Mor�(i,IB )→ Mor�(Kn−1, B)

φB
n→ EXT n

�(A, B) −→ 0.

Let h ∈ EXT n
�(A, B). Since φB

n is surjective, there is an element σ ∈ Mor�
(Kn−1, B) such that φB

n (σ) = h. Further, σ gives the following commutative dia-
gram:

Mor�(Pn−1, Kn−1)

Mor�(Pn−1, B)

�

Mor(i, I )

Mor(i, I )

Mor(I, σ)

�

�

Mor�(Kn−1, Kn−1)

Mor�(Kn−1, B)

φ
Kn−1
n

φB
n�

Mor(I, σ)

�

�

EXTn
�

(A, Kn−1)

EXTn
�

(A, B)

EXTn (I, σ)

�

�

�

0

0

with exact rows. Clearly, σ = Mor�(I,σ)(IKn−1). Using the commutativity of the
above diagram, we see that h = EXT n

�(I,σ)(φ
Kn−1
n (IKn−1)). Again, the requirement

for � to be a natural transformation forces that the diagram

EXT n
�(A, Kn−1) ��Kn−1 F(Kn−1)

�

F(σ)

F(B)EXT n
�(A, B) �

�B�

EXT n(I,σ)

should be commutative. Thus, we are forced to define

�B(h) = �B(EXT n
�(I,σ)(φKn−1

n (IKn−1))) =
F(σ)(�Kn−1(φ

Kn−1
n (IKn−1))) = F(σ)(χ).

We need to show that the definition of �B(h) is independent of the choice of σ.
Suppose that φB

n (τ ) = h = φB
n (σ). Then φB

n (σ − τ ) = 0. This means that (σ − τ ) ∈
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kerφB
n . From the exactness, we see that there is morphism ψ from Pn−1 to B such

that ψoi = (σ − τ ). But then, F(σ)(χ) − F(τ )(χ) = F(ψ)(F(i)(χ)). Since χ ∈
L̃n F(�(A)) and L̃n F(�(A)) = ker F(i), it follows that F(σ)(χ) = F(τ )(χ). This
completes the definition of �.

Now, it remains to show that � is a natural transformation. Let f be a morphism
from B to C . We need to show that F( f )F(�B(h)) = �C(EXT n(I, f )(h)) for all
h ∈ EXT n

�(A, B). By definition �B(h) = F(σ)(χ), where φB
n (σ) = h. From the

commutativity of the diagram

Mor�(Kn−1, B) �φB
n E XT n

�(A, B)

�

EXT n(I, f )

EXT n
�(A,C)Mor�(Kn−1,C) �

φC
n�

Mor(I, f )

it follows that EXT n
�(I, f )(h) = φC

n ( f oσ). Hence, by definition of �C ,

�C(EXT n(I, f )(h)) = F( f oσ)(χ) = F( f )(F(σ)(χ)) = F( f )(�B(h)).

�

Since MorAB� (EXT n(A,−), F) is independent of the choice functor�, we have
the following corollary.

Corollary 2.3.12 L̃n F�(A) is independent of the choice of a projective resolution
of A, and L̃n F(A) can be treated as functor from � to AB. �

We have a functor � from � × AB� to AB defined by �(A, F) = MorAB�

(EXT n
�(A,−), F). If α is a morphism from A to B in �, and μ is a natural trans-

formation from F to G, then �(α,μ) is defined as follows: if � is a natural trans-
formation from EXT n

�(A,−) to F , then �(α,μ)(�) is the natural transformation
from EXT n

�(B,−) to G given by

�(α,μ)(�) = {�(α,μ)(�)(C) = μCo�CoEXT n(α, IC ) | C ∈ Obj�}.

We have another functor 	 from � × AB� to AB defined by 	(A, F) = L̃n F(A).
The following corollary is a straightforward (some what painstaking) verification,
and it is left as an exercise.

Corollary 2.3.13 The family {ηA,F | (A, F) ∈ � × AB�} defines a natural equiv-
alence between � and 	, where ηA,F is as given in Theorem2.3.11. �
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Corollary 2.3.14 If F is an additive right exact functor from � to AB, then
MorAB� (EXT n

�(A,−), F) is naturally equivalent to LnF.

Proof Follows from Corollary2.3.10 and Corollary2.3.12. �

Corollary 2.3.15 Let B be a right R-module, and A be a left R-module. Then
the group of natural transformations from EXT n

R (A,−) to B ⊗R − is naturally
isomorphic to T or Rn (B, A).

Proof Take F to be the right exact additive functor B ⊗R −, and apply the above
corollary. �

Proposition 2.3.16 Let � be an abelian category with enough projectives. Then for
any pair of objects (A, B) in �, we have a surjective map �A,B from Mor�(B, A)

to MorSet� (EXT�(A,−), EXT�(B,−) defined by �A,B(α) = EXT�(α,−).

Proof Let α ∈ Mor�(B, A). Evidently, for each morphism h from C to D, the
diagram

EXT�(A,C) �EXT�(α, IC ) EXT�(B,C)

�

EXT�(IB, h)

EXT�(B, D)EXT�(A, D) �
EXT�(α, ID)�

EXT�(IA, h)

is commutative. This shows that

EXT�(α,−) = {EXT�(α, IC ) | C ∈ Obj�}

is a natural transformation from EXT�(A,−) to EXT�(B,−). Let

· · · d2→ P1
d1→ P0

ε→ A −→ 0

be the choice projective resolution of A. We have the short exact sequence

E ≡ 0 −→ K0
i→ P0

ε→ A −→ 0,

where K0 is the kernel of ε. From Corollary2.1.16, we have the exact sequence
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· · · Mor(I,i)→ Mor�(B, P0)
Mor(I,ε)→ Morσ(B, A)

∂1
E→ EXT�(B, K0)

EXT�(I,i)→
EXT�(B, P0)

EXT (I,ε)→ · · · .

Again, by definition L̃1EXT�(B,−)(A) = Ker EXT�(I, i) = Image∂1
E . Thus, ∂

1
E

can be treated as a surjective map from Mor�(B, A) to
L̃1EXT�(B,−)(A). From Theorem2.3.11, the map ηA,EXT�(B,−) is a bijective map
from MorSet� (EXT�(A,−), EXT�(B,−)) to L̃1EXT�(B,−)(A). In turn, we get
a surjective map η−1

A,EXT�(B,−)o∂
1
E from Mor�(B, A) to

MorSet� (EXT�(A,−), EXT�(B,−)). Indeed, it can be checked that �A,B =
η−1
A,EXT�(B,−)o∂

1
E . �

Exercises

2.3.1 Let {Fn | n ≥ 0} be a sequence of additive functors from the category Mod-R
of right R-modules to the category AB of abelian groups, and D be a left R-module
such that

(i) F0 is naturally isomorphic to the functor − ⊗R D.
(ii) For each short exact sequence

E ≡ 0 −→ A
α→ B

β→ C −→ o

of right R-modules, and for each n, there is a connecting homomorphism ∂E
n from

Fn(C) to Fn−1(A) such that the sequence

· · · ∂E
n+1→ Fn(A)

Fn(α)→ Fn(B)
Fn(β)→ Fn(C)

∂E
n→ · · ·

is exact.

(iii) Fn(P) = 0 for all projective modules P .

Use induction on n to show that Fn is naturally isomorphic to Tor Rn (−, D) for all n.

2.3.2 Let {Fn | n ≥ 0} be a sequence of additive functors from the category Mod-R
of right R-modules to the category AB of abelian groups, and A be a right R-module
such that

(i) F0 is naturally isomorphic to the functor HomR(A,−).
(ii) For each short exact sequence
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E ≡ 0 −→ B
β→ C

γ→ D −→ o

of right R-modules, and for each n, there is a connecting homomorphism ∂E
n from

Fn(D) to Fn−1(B) such that the sequence

· · · ∂E
n+1→ Fn(B)

Fn(β)→ Fn(C)
Fn(γ)→ Fn(D)

∂E
n→ · · ·

is exact.

(iii) Fn(I ) = 0 for all injective modules P .

Use induction on n to show that Fn is naturally isomorphic to EXT n
R (A,−) for all

n.

2.3.3 Let f and g be homotopic chain transformations from a chain complex X
of right R-modules to a chain complex X ′ of right R-modules. Let f ′ and g′ be
homotopic chain transformations from a chain complex Y of left R-modules to a
chain complex Y ′ of left R-modules. Show that f ⊗ g is chain homotopic to f ′ ⊗ g′.
Deduce that the tensor products of chain equivalences are chain equivalences.

2.3.4 Let

�(A)
εA→ 0 ≡ · · · d A

n+1→ PA
n

dA
n→ · · · d A

1→ PA
0

εA→ A −→ 0

and

�(B)
εB→ 0 ≡ · · · dB

n+1→ PB
n

dB
n→ · · · dB

1→ PB
0

εB→ B −→ 0

be choice projective resolutions of A and B, respectively. Treating B as a chain
complex and εB as a chain transformation, describe the chain transformation I�(A) ⊗
εB from �(A) ⊗ �(B) to �(A) ⊗ B.

The following set of exercises are designed to show that Hn(�(A) ⊗ �(B)) is
isomorphic to Tor Rn (A, B).

2.3.5 For each m ≥ 0, show that we have a truncated chain subcomplex Xm of
�(A) ⊗ �(B) defined by

Xm
n = ⊕

m∑

k=0

PA
k ⊗ PB

n−k .

Further, show that
Xm
n = Xm−1

n ⊕ PA
m ⊕ PB

n−m .

Show that Hn(Xm) is isomorphic to Hn((�(A) ⊗ �(B)) for all m ≥ n + 1.

2.3.6 Show that the quotient chain complex Xm/Xm−1 is given by

PA
m ⊗ PB

n

I⊗dB
n→ PA

m ⊗ PB
n−1

I⊗dB
n−1→ · · · I⊗dB

1→ PA
m ⊗ PB

0 .
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2.3.7 For eachm ≥ 0, againwe have a truncated chain subcomplex Ym of�(A) ⊗ B
given by Ym

n = Pn ⊗ B for n ≤ m, and Ym
n = 0 for n ≥ m + 1. Show that I�(A) ⊗ εB

restricted to Xm is a chain transformation from Xm to Ym . Deduce that I�(A) ⊗ εB

induces the commutative diagram

0 �

0 �

Xm−1

Ym−1

i

i�

�

�

Xm

Ym
�

�

�

Xm/Xm−1

Ym/Ym−1

ν

ν �

�

�

0

0

of chain complexes, where the rows are exact. Further, use Theorem1.3.1 to get the
following commutative diagram:

�

�

Hn+1(Xm/Xm−1)

Hn+1(Ym/Ym−1)

�

∂

∂

�

�

Hn (Xm−1)

Hn (Ym−1)

�

�

�

Hn (Xm )

Hn (Ym )

�

�

�

Hn (Xm/Xm−1)

Hn (Ym/Ym−1)

�

�

�

∂

∂

where the rows are exact.

2.3.8 Show that Hn(Ym) is isomorphic to Hn((�(A) ⊗ B)) for all m ≥ n + 1.

2.3.9 Show that the chain complex Ym/Ym−1 is the chain complex which is zero in
all dimensions except in the dimension m in which it is PA

m ⊗ B.

2.3.10 Using the fact that PA
m is projective show that the chain transformation I�(A) ⊗

εB induces chain transformation from Xm/Xm−1 to Ym/Ym−1 which, in turn, induces
isomorphisms between their homologies.

2.3.11 Apply the induction, and use Exercises2.3.10 and 2.3.7 to deduce that
I�(A) ⊗ εB induces isomorphism from Hn(Xm) to Hn(Ym) for all n and m. Fur-
ther, use Exercise2.3.8 to deduce that Hn(�(A) ⊗ �(B)) is naturally isomorphic to
Tor Rn (A, B).
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2.4 Kunneth Formula

The Eilenberg–Zilber theorem, an important result in algebraic topology, asserts
that the singular chain complex of the product of two topological spaces is chain
equivalent to the tensor product of their singular chain complexes. This prompts us
to discuss the problem of describing homologies (and co-homologies) of the tensor
product X ⊗ Y of two chain complexes X and Y in terms of the homologies (and
co-homologies) of X and the homologies (co-homologies) of Y . This section mainly
concerns to this problem.

Let X be a chain complex of right R-modules and Y be a chain complex of left
R-modules. Recall that Cn(X) denotes the module of n-cycles, and Bn(X) denotes
the module of n-boundaries of X . Usually, we shall denote the element x + Bn(X)

of Hn(X) by [x]. Let (x, y) ∈ Cp(X) × Cq(Y ). Since dp+q(x ⊗ y) = dX
p (x) ⊗ y +

(−1)px ⊗ dY
q (y) = 0, x ⊗ y ∈ Cp+q(X ⊗ Y ). If x ∈ Bp(X), then there is an element

x ′ ∈ X p+1 such that dX
p+1(x

′) = x . But then, x ⊗ y = dX
p+1(x

′) ⊗ y = dX⊗Y
p+1+q(x

′ ⊗
y). This means that x ⊗ y ∈ Bp+q(X ⊗ Y ). Similarly, x ∈ Cp(X) and y ∈ Bq(Y )

imply that x ⊗ y ∈ Bp+q(X ⊗ Y ). We have a map λp,q from Hp(X) × Hq(Y ) to
Hp+q(X ⊗ Y ) given by λp,q([x], [y]) = [x ⊗ y]. It can be seen easily that λp,q is
a balanced map. Thus, λp,q induces a homomorphism λ̄p,q from Hp(X) ⊗ Hq(Y )

to Hp+q(X ⊗ Y ) given by λ̄p,q([x] ⊗ [y]) = [x ⊗ y]. In turn, we get a homomor-
phism λn from ⊕ ∑

p+q=n Hp(X) ⊗ Hq(Y ) to Hn(X ⊗ Y ) whose restriction on

Hp(X) ⊗ Hq(Y ) is λ̄p,q . The homomorphism λn is called the homology prod-
uct at the dimension n. In particular, if A is a right R-module treated as a chain
complex, then d A⊗RY

n (a ⊗ y) = (−1)na ⊗ dY
n (y), and the homology product λn is a

homomorphism from A ⊗R Hn(Y ) to Hn(A ⊗R Y )given by λn(a ⊗ [x]) = [a ⊗ x].
More generally, let X be a chain complex of right R-modules such that the bound-
ary map dX

n is zero for all n, and let Y be a chain complex of left R-modules.
Then, for each n, (X ⊗R Y )n = ⊕ ∑

p∈Z X p ⊗ Yn−p. Since dX
p = 0 for all p, dX⊗RY

n
is a homomorphism from ⊕ ∑

p∈Z X p ⊗ Yn−p to ⊕ ∑
p∈Z X p ⊗ Yn−1−p given by

dX⊗RY
n = ⊕ ∑

p∈Z(−1)p IX p ⊗ dY
n−p. Note that Hp(X) = X p for each p. The homol-

ogy product λn is given by λn(x ⊗ [y]) = [x ⊗ y], where x ∈ X p = Hp(X) and
y ∈ Cn−p(Y ). Under some very stringent restrictions, λn will turn out to be an iso-
morphism.

Lemma 2.4.1 Let X be a chain complex of flat right R-modules such that the bound-
ary map dX

n is zero for all n. Let Y be a chain complex. Then the homology product
λn is an isomorphism for all n.
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Proof We have the following commutative diagram:
0

�
Cn−p(Y )

�
i

Yn−p

�
dY
n−p

Yn−1−p

0

�

Bn−p(Y )

�˜dY
n+1−p

Yn+1−p

�
i

�
dY
n+1−p

0 → �Hn−p(Y ) → 0
νn−p

where rows and columns are exact, and ˜dY
n+1−p is the map induced by dY

n+1−p. Since
X p is flat right R-module, taking the tensor product with X p, we get the following
commutative diagram:

0

�
X p ⊗R Cn−p(Y )

�
i

X p ⊗R Yn−p

�
(−1)p IX p ⊗ dYn−p

X p ⊗R Yn−1−p

0

�

X p ⊗R Bn−p(Y )

�
(−1)p IX p ⊗ ˜dYn+1−p

X p ⊗ Yn+1−p

�
i

�
(−1)p IX p ⊗ dYn+1−p

0 � �X p ⊗R Hn−p(Y ) → 0

IX p ⊗ νn−p

where the rows and the columns are exact. Summing over p ∈ Z, we obtain the
following commutative diagram:
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0

�
Cn (X ⊗R Y )

�
i

(X ⊗R Y )n

�
dX⊗RY
n

(X ⊗R Y )n−1

0

�

Bn(X ⊗R Y )

�˜dn+1
X⊗RY

(X ⊗R Y )n+1

�
i

�
dX⊗RY )
n+1

0 → � ⊕ ∑
p Hp(X) ⊗R Hn−p(Y ) → 0

νn

where rows and the columns are exact. Evidently, νn induces an isomorphism νn
from Hn(X ⊗R Y ) to⊕ ∑

p Hp(X) ⊗R Hn−p(Y )which is, indeed, the inverse of the
homology product λn . �

Treating a right R-module A as a complex X such that X0 = A, and Xn = 0 for
n �= 0, we obtain the following corollary.

Corollary 2.4.2 Let A be a flat right R-module. Then the homology product λn from
A ⊗R Hn(Y ) to Hn(A ⊗ Y ) is an isomorphism. �

More generally, we have the following Kunneth formula.

Theorem 2.4.3 (Kunneth Formula). Let X be a chain complex of right R-modules
such that Cn(X) and Bn(X) are flat modules for all n. Then for each n, we have a
short exact sequence

0 −→ ⊕
∑

p+q=n

Hp(X) ⊗ Hq(Y )
λn→ Hn(X ⊗ Y )

μn→

⊕
∑

p+q=n−1

Tor R1 (Hp(X), Hq(Y )) −→ 0,

where λn is the homology product and μn is a natural homomorphism.

Proof Let C(X) denote the subchain complex of X , where C(X)n = Cn(X) and the
boundary maps are 0 maps. Let D(X) denote the chain complex D(X)n = Dn(X) =
Xn/Cn(X) ≈ Bn−1(X) with zero boundary maps. We have the obvious quotient
chain transformation ν from X to D(X) giving the short exact sequence

0 −→ C(X)
i→ X

ν→ D(X) −→ 0

of chain complexes. Since D(X) is chain complex of flat modules, taking the tensor
product with the chain complex Y , we obtain the following short exact sequence:
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0 −→ C(X) ⊗R Y
i⊗IY→ X ⊗R Y

ν⊗IY→ D(X) ⊗R Y −→ 0

of chain complexes of abelian groups. Using Theorem1.3.1, we get the long exact
sequence

· · · Hn+1(ν⊗IY )→ Hn+1(D(X) ⊗R Y )
∂n+1→ Hn(C(X) ⊗R Y )

Hn(i⊗IY )→
Hn(X ⊗R Y )

Hn(ν⊗IY )→ Hn(D(X) ⊗ Y )
∂n→ Hn−1(C(X) ⊗R Y )

Hn−1(i⊗IY )→ · · ·

of abelian groups, where ∂n is a connecting homomorphism. In turn, for each n, we
get the following short exact sequence:

0 −→ Coker∂n+1
Hn(i⊗IY )→ Hn(X ⊗R Y )

Hn(ν⊗IY )→ Ker∂n −→ 0 (2.5)

of abelian groups, where Hn(i ⊗ IY ) is the homomorphism induced by Hn(i ⊗ IY )

and Hn(ν ⊗ IY ) is the homomorphism induced by Hn(ν ⊗ IY ). Now, we view the
connecting homomorphism ∂n+1 in the above long exact sequence from a different
angle. For each p ∈ Z, we have the following short exact sequence:

Ep ≡ 0 −→ Dp+1(X)
dX
p+1→ Cp(X)

νp→ Hp(X) −→ 0,

where dX
p+1 is themap induced by the boundarymap dX

p+1, and νp is the quotient map.
Since Cp(X) is flat module for all p, Tor R1 (Cp(X), Hn−p(Y )) = 0. Thus, for each
p and for each n, the long exact sequence of Tor functors gives the exact sequence

0 −→ Tor R1 (Hp(X), Hn−p(Y ))
∂
Ep
1→ Dp+1(X) ⊗R Hn−p(Y )

dX
p+1⊗I→ (2.6)

Cp(X) ⊗R Hn−p(Y )
νp⊗I→ Hp(X) ⊗R Hn−p(Y ) −→ 0,

where I denotes the corresponding identity maps (observe that Hp+1(D(X)) =
Dp+1(X) and Hp(C(X)) = Cp(X)). Taking the sum over p ∈ Z, we obtain the exact
sequence

0 −→ ⊕
∑

p∈Z
Tor R1 (Hp(X), Hn−p(Y ))

⊕ ∑
p ∂

Ep
1→ (2.7)

⊕
∑

p

Hp+1(D(X)) ⊗R Hn−p(Y )
⊕ ∑

p d
X
p+1⊗I→

⊕
∑

p

Hp(C(X)) ⊗R Hn−p(Y )
⊕ ∑

p νp⊗I→ ⊕
∑

p

Hp(X) ⊗R Hn−p(Y ) −→ 0.
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Further, looking at the definition of connecting homomorphism, we show that the
diagram

⊕∑
p Hp+1(D(X)) ⊗R Hn−p(Y ) �⊕ ∑

p d
X
p+1 ⊗ I ⊕∑

p Hp(C(X)) ⊗R Hn−p(Y )

�
Hn (C(X) ⊗R Y )Hn+1(D(X) ⊗R Y ) �

∂n+1�

λn+1 λn

is commutative, where λ represents the corresponding homology products. Let us
denote the element x + Cp+1(X) in Hp+1(D(X)) by x̄ (note that Hp+1(D(X)) =
X p+1/Cp+1(X) ). Let

∑r
i=1 x̄i ⊗ [yi ] be a member of Hp+1(D(X)) ⊗R Hn−p(Y ),

where xi ∈ X p+1 and yi ∈ Cn−p(Y ). Then

λn+1

(
r∑

i=1

x̄i ⊗ [yi ]
)

=
[

r∑

i=1

xi ⊗ yi

]

.

Now, the element
∑r

i=1 xi ⊗ yi ∈ X p+1 ⊗R Yn−p is such that (ν ⊗ I )(
∑r

i=1 xi ⊗
yi ) = [∑r

i=1 xi ⊗ yi ]. Next,

dX⊗RY
n+1

(
r∑

i=1

xi ⊗ yi

)

=
r∑

i=1

dX
p+1(xi ) ⊗ yi = i ⊗ IY

(
r∑

i=1

dX
p+1(xi ) ⊗ yi

)

.

Thus, from the definition of the connecting homomorphism (see Theorem1.3.1),

∂n+1

([
r∑

i=1

xi ⊗ yi

])

=
[

r∑

i=1

dX
p+1(xi ) ⊗ yi

]

.

Again, by definition,

λn

(
r∑

i=1

[dX
p+1(xi )] ⊗ [yi ]

)

=
[

r∑

i=1

dX
p+1(xi ) ⊗ yi

]

.

This shows that the diagram is commutative. It also follows from Lemma2.4.1
that λn+1 and λn are isomorphisms. Thus, we have an isomorphism λn from
Coker(⊕ ∑

p d
X
p+1 ⊗ I ) toCoker∂n+1 givenbyλn(x ⊗ [y] + Image ⊕ ∑

p d
X
p+1 ⊗

I ) = [x ⊗ y] + Image∂n+1, x ∈ Cp(X), and y ∈ Cn−p(Y ). FromEq. (2.6),wehave

an isomorphism χn from ⊕ ∑
p Hp(X) ⊗R Hn−p(Y ) to Coker(⊕∑

p d
X
p+1 ⊗ I )
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given by χn([x] ⊗ [y]) = x ⊗ [y] + Image(⊕ ∑
p d

X
p+1 ⊗ I ). Evidently, Hn(i ⊗

IY )o(λn)
−1oχn is the homology product λn in the statement of the theorem.

Replacing n by n − 1, the homomorphism λn from ⊕ ∑
p Hp+1(D(X)) ⊗R

Hn−1−p(Y ) to Hn(D(X) ⊗R Y ) induces an isomorphismλn from Ker(⊕ ∑
p d

X
p+1 ⊗

I ) to Ker∂n . Again, from (2.6), we have an isomorphism ρn−1 from Ker(⊕ ∑
p d

X
p+1

⊗ I ) to ⊕ ∑
p T or

R
1 (Hp(X), Hn−1−p(Y )). Taking μn = ρn−1o(λn)

−1oHn(ν ⊗ IY ),
we obtain the desired exact sequence of the Kunneth formula. Also, note that μn is
natural. �

Corollary 2.4.4 Let X be a chain complex of right R-modules such that Hn(X), and
Cn(X) are projective modules for all n. Let Y be a chain complex of left R-modules.
Then the homology product is an isomorphism.

Proof Since Hn(X) is projective, the sequence

0 −→ Bn(X)
i→ Cn(X)

ν→ Hn(X) −→ 0

is split exact. Since Cn(X) is projective, Bn(X) is also projective. Since a projec-
tive module is flat, Tor R1 (Hp(X), Hn−p(Y )) = 0. The result follows from the above
Kunneth formula. �

Theorem 2.4.5 Let R be a principal ideal domain and X be a chain complex of
torsion-free R-modules. Let Y be a chain complex of R-modules. Then we have split
short exact sequence

0 −→ ⊕
∑

p+q=n

Hp(X) ⊗ Hq(Y )
λn→ Hn(X ⊗ Y )

μn→

⊕
∑

p+q=n−1

Tor R1 (Hp(X), Hq(Y )) −→ 0,

where λn is the homology product and μn is a natural homomorphism.

Proof Since Xn is torsion free, Cn(X) and Bn(X) are also torsion free. In particu-
lar, Cn(X) and Bn(X) are flat modules. The exactness of the short exact sequence
follows from Theorem2.4.3. We need to show that the sequence splits. From Exer-
cise1.3.11, there are chain complexes X̃ and Ỹ of free R-modules together with a
chain transformation f from X̃ to X and g from Ỹ to Y such that Hn( f ) and Hn(g)

are isomorphisms for each n. We have two extensions Ẽ and E of abelian groups
given by

Ẽ ≈ 0 −→ ⊕
∑

p

Hp(X̃) ⊗R Hn−p(Ỹ )
λn→ Hn(X̃ ⊗R Ỹ )

νn→

⊕
∑

p

T or R1 (Hp(X̃), Hn−1−p(Ỹ )) −→ 0
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and

E ≈ 0 −→ ⊕
∑

p

Hp(X) ⊗R Hn−p(Y )
λn→ Hn(X ⊗R Y )

νn→

⊕
∑

p

T or R1 (Hp(X), Hn−1−p(Y )) −→ 0.

Using the naturality of the homology product λn and of νn , we obtain a morphism
(⊕ ∑

p Hp( f ) ⊗ Hn−p(g), Hn( f ⊗ g),⊕ ∑
p T or(Hp( f ), Hn−1−p(g))) from Ẽ to

E . Since Hn( f ) and Hn(g) are isomorphisms for all n, the extreme two maps are
isomorphisms. Thismeans that Ẽ and E are equivalent. Thus, it is sufficient to assume
that X and Y are chain complexes of free R-modules. Since submodule of a free R-
module over a principal ideal domain is free, Cn(X) and Dn(X) are also free. Thus,
Xn = Cn(X) ⊕ Dn(X). We have a map φn from Xn to Hn(X) given by φn((c, d)) =
[c] which vanishes on the boundaries. Similarly, we have a homomorphism ψn from
Yn to Hn(Y ) which extends the map y �→ [y] and it vanishes on the boundaries. This
gives us a homomorphism (φ ⊗ ψ)n from (X ⊗ Y )n to ⊕ ∑

p Hp(X) ⊗R Hn−p(Y )

given by (φ ⊗ ψ)n(x ⊗ y) = φp(x) ⊗ ψn−p(y), x ∈ X p, and y ∈ Yn−p. Since φn

and ψn vanish on the boundaries, (φ ⊗ ψ)n is zero on Bn(X ⊗R Y ). Thus, (φ ⊗
ψ)n induces a homomorphism (φ ⊗ ψ)n from Hn(X ⊗R Y ) to ⊕ ∑

p Hp(X) ⊗R

Hn−p(Y ) which is the left inverse of the homology product λn . This shows that the
sequence splits. �

Earlier (Theorem1.4.14) in Sect. 1.4, we established the universal coefficient the-
orem for co-homology. Following is the universal coefficient theorem for homology,
and it follows immediately from the Kunneth formula.

Corollary 2.4.6 (Universal coefficient theorem for homology) Let R be a principal
ideal domain. Let X be a chain complex of torsion-free R-modules, and A be an
R-module. Then for each n, we have a split exact sequence

0 −→ Hn(X) ⊗R A
λn→ Hn(X ⊗ A)

νn→ Tor R(Hn−1(X), A) −→ 0.

�

Exercises

2.4.1 Let X and Y be chain complexes of torsion-free abelian groups, and f be a
chain transformation from X to Y such that Hn( f ) is an isomorphism for all n. Show
that Hn( f ⊗ IA) is also an isomorphism for all n and for all abelian groups A.

2.4.2 Let X be a chain complex of finitely generated free abelian groups, and A be
an abelian group. Show that Hom(X,Z) ⊗Z A is chain equivalent to Hom(X, A).
In turn, deduce the existence of the natural short exact sequence given below:

0 −→ Hn(X,Z) ⊗Z A
λn→ Hn(X, A)

νn→ Tor(Hn+1(X,Z), A) −→ 0.
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2.4.3 Let X be a chain complex of finitely generated abelian groups. Show that the
Betti number of Hn(X) is the dimension of the vector space Hn(X ⊗Z Q).

2.4.4 Let X and Y be a chain complex of vector spaces over a field F . Show that
Hn(X ⊗ Y ) is isomorphic to ⊕∑

p Hp(X) ⊗ Hn−p(Y ).

2.4.5 Let (X,Y ) and (X ′,Y ′) be pseudo-chain complexes (see Exercise1.3.12) of
R-modules, where R is a principal ideal domain and Xn is torsion free for all
n. Take (X ⊗R X ′)n = ⊕ ∑

p+q=n X p ⊗ X ′
q and (Y ⊗R Y ′)n to be the submod-

ule of (X ⊗R X ′)n generated by Ker dp ⊗R Y ′
q

⋃
Yp ⊗R X ′

q

⋃
Yp ⊗R Y ′

q , p +
q = n (since Xn is torsion-free Ker dp ⊗R Y ′

q

⋃
Yp ⊗R X ′

q

⋃
Yp ⊗R Y ′

q , p + q =
n can be treated as a subset of X p ⊗R X ′

q ). Define d̃n(x ⊗ y) = dp(x) ⊗ y +
(−1)px ⊗ dq(y), p + q = n. Show that ((X ⊗R X ′)n, (Y ⊗R Y ′)n) together with
d̃n defined above is a pseudo-chain complex. Define the pseudo-homology prod-
uct λn from ⊕ ∑

p+q=n Hp(X,Y ) ⊗R Hq(X ′,Y ′) to Hn((X,Y ) ⊗R (X ′,Y ′)) by
λn([x] ⊗ [y]) = [x ⊗ y]. Use the functor G introduced in Exercise1.3.13, and the
Kunneth formula to show that the pseudo-homology product is a monomorphism.
Can we interpret the co-kernel?

2.5 Spectral Sequences

Spectral sequence is a tool for computations of homologies and co-homologies.
For example, it enables us to approximate the homology of group with the help
of homologies of a normal subgroup H and the homologies of the corresponding
quotient group. This section is devoted to a very brief introduction to the theory of
spectral sequences.

Recall that aZ bi-graded R-module E is a family {Ep,q | p, q ∈ Z} of R-modules.
Amorphism from aZ bi-graded R-module E to aZ bi-graded R-module E ′ is a fam-
ily f = { f p,q ∈ HomR(Ep,q , E ′

p,q) | p, q ∈ Z} of homomorphisms. Evidently, we
have an abelian category ofZ bi-graded R-modules. A boundary operator on E of bi-
degree (−r, r − 1) is a family dE = {dE

p,q ∈ HomR(Ep,q , Ep−r,q+r−1) | p, q ∈ Z}
of homomorphisms such that dE

p,qod
E
p+r,q−r+1 = 0 for all p, q ∈ Z. The homol-

ogy H(E) of E is a Z bi-graded R-module {Hp,q(E) | p, q ∈ Z}, where Hp,q =
KerdE

p,q/ImagedE
p+r,q−r+1. To the pair (E, dE ), we can associate a chain com-

plex (T (E), dT (E)), where T (E)n = ⊕ ∑
p+q=n Ep,q and for x ∈ Ep,q , dT (E)

n (x) =
dE
p,q(x). Evidently, Hn(T (E)) = ⊕ ∑

p+q=n Hp,q(E).

Definition 2.5.1 A spectral sequence is a triple (Er , dr ,λr ), r ≥ 2, where Er =
{Er

p,q | p, q ∈ Z} is a Z bi-graded R-module, dr is boundary operator on Er of bi-
degree (−r, r − 1), and λr is a Z bi-graded isomorphism from H(Er ) to Er+1. E2

is called the initial term of the spectral sequence.

Remark 2.5.2 Note that dr+1 has nothing to do with λr .
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A morphism from an spectral sequence E = {(Er , dr ,λr ) | r ≥ 2} to an spec-
tral sequence E ′ = {(E ′r , d ′r ,λ′

r ) | r ≥ 2} is a sequence f r = { f rp,q ∈ HomR(Ep,q ,

E ′
p,q) | p, q ∈ Z}, r ≥ 2 of bi-graded homomorphisms of bi-degrees (0, 0) such that

d ′
p,q f

r
p,q = f rp−r,q+r−1d

r
p,q , λ

′
r H( f r ) = f r+1λr for all r ≥ 2 and p, q ∈ Z.

Without any loss of generality, we may assume that Er+1 = H(Er ) and λr is
the identity map for each r . Thus, λr may be omitted from the definition. In turn, a
morphism f = { f r | r ≥ 2} is uniquely determined by f 2.

Spectral Sequences and Filtrations

Let (Er , dr ), r ≥ 2 be a spectral sequence of R-modules. Then E3 = H(E2). For
each p, q ∈ Z, E3

p,q = Ker d2
p,q/Image d2

p+2,q−1. Denote Ker d2
p,q by C2

p,q , and
Image d2

p+2,q−1 by B2
p,q . Thus, E

3
p,q = C2

p,q/B
2
p,q . This gives us a chain

0 = B1 ⊆ B2 ⊆ C2 ⊆ C1 = E2

of Z bi-graded R-modules such that E2 = C1/B1, d2 is such that and E3 = C2/B2.
The boundary operator d3 on E3 = C2/B2 which is of bi-degree (−3, 2). Further,
E4 = H(E3). Thus, E4

p,q = Ker d3
p,q/Image d3

p+3,q−2. Suppose that Ker d3
p,q =

C3
p,q/B

2
p,q and Image d3

p+3,q−2 = B3
p,q/B

2
p,q . Again, we have enlarged chain

0 = B1 ⊆ B2 ⊆ B3 ⊆ C3 ⊆ C2 ⊆ C1 = E2

ofZ bi-graded R-modules such that E4 = (C3/B2)/(B3/B2) is naturally isomorphic
to C3/B3. Without any loss, we may take E4 = C3/B3. Proceeding inductively, we
get a chain

0 = B1 ⊆ B2 ⊆ B3 ⊆ · · · Bn ⊆ Bn+1 ⊆ · · · · · · ⊆ · · ·Cn+1 ⊆ Cn ⊆ · · · ⊆ (2.8)

C3 ⊆ C2 ⊆ C1 = E2

of Z bi-graded R-modules such that Er = Cr−1/Br−1 and dr is a homomorphism
from Cr−1/Br−1 to itself of bi-degree (−r, r − 1) with Ker dr = Cr/Br−1 and
Image dr = Br/Br−1. Since Ker dr = Cr/Br−1, Image dr is canonically isomor-
phic to Cr−1/Cr . In turn, we have a canonical isomorphism φr from Cr−1/Cr to
Br/Br−1 such that

dr = Cr−1/Br−1 νr→ Cr−1/Cr φr→ Br/Br−1 ir→ Cr−1/Br−1,

where νr is the quotient map and ir is the inclusion map.
Conversely, suppose that we have a chain (2.8) together with isomorphisms φr

from Cr−1/Cr to Br/Br−1. Then we have a spectral sequence {(Er , dr ) | r ≥ 1},
where dr = ir oφr oνr .

Further, it is evident that B∞ = ⋃∞
r=1 B

r is a submodule of C∞ = ⋂∞
r=1 C

r . The
Z bi-graded module E∞ = C∞/B∞ is called the term of the spectral sequence at
infinity. We also write that LimEr = E∞. We treat Er as approximations of E∞.
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Let E and E ′ be spectral sequences, and f be a morphism from E to E ′. Let

0 = B1 ⊆ B2 ⊆ B3 ⊆ · · · Bn ⊆ Bn+1 ⊆ · · · · · · ⊆ · · ·Cn+1 ⊆ Cn ⊆ · · · ⊆
C3 ⊆ C2 ⊆ C1 = E2

and

0 = B ′1 ⊆ B ′2 ⊆ B ′3 ⊆ · · · B ′n ⊆ B ′n+1 ⊆ · · · · · · ⊆ · · ·C ′n+1 ⊆ C ′n ⊆ · · · ⊆
C ′3 ⊆ C ′2 ⊆ C ′1 = E ′2

be the corresponding filtrations. Then f 2 is a Z bi-graded homomorphism from
E2 = C1 to E ′2 = C ′1 of bi-degree (0, 0) such that f 2(Cr ) ⊆ C ′r and f 2(Br ) ⊆ B ′r ,
and it is such that d ′r f r = f r dr for all r , where f r is the induced homomorphism
from Cr−1/Br−1 to C ′r−1/B ′r−1. In turn, f induces a Z bi-graded homomorphism
f ∞ of bi-degree (0, 0) from E∞ to E ′∞.
We say that a spectral sequence E = {Er | r ≥ 2} bounded below if for each

n ≥ 0, E2−p,n+p is eventually 0. More explicitly, for each n there is an integer λ(n)

such that E2−p,n+p = 0 for all p ≥ λ(n). Thus, a first quadrant spectral sequence
(a spectral sequence {Er | r ≥ 2} with Er

p,q = 0 whenever p < 0 or q < 0) is a
sequence which is bounded below.

Theorem 2.5.3 (Mapping theorem) Let f be a morphism from a spectral sequence
E to a spectral sequence E ′ such that f k0 is an isomorphism from Ek0 to E ′k0 . Then
f r is an isomorphism from Er to E ′r for all r ≥ k0. If in addition to that, E and E ′
are bounded below, then f ∞ is an isomorphism from E∞ to E ′∞.

Proof Since d ′r f r = f r dr for all r , it follows that f k0+1 = H( f k0) is also an iso-
morphism. By the induction, it follows that f r is an isomorphism for all r ≥ k0.
Now, suppose that E and E ′ are bounded below. Let a′ + B ′∞

p,q be a member of
E ′∞

p,q = C ′∞/B ′∞
p,q , where C

′∞
p,q = ⋂∞

r=2 C
′r
p,q and B ′∞ = ⋃∞

r=2 B
′r
p,q . Since E and E ′

are bounded below, then for p, q ∈ Z, there exists k1 ≥ k0 such that drp,q = 0 = d ′r
p,q

for all r ≥ k1. This means that Ck1
p,q = C∞

p,q and C
′k1
p,q = C ′∞

p,q . Let a
′ ∈ C ′∞

p,q = C ′k1
p,q .

Then a′ + B ′k1 belongs to E ′k1+1
p,q = C ′k1

p,q/B
′k1
p,q . Since f k1+1 is an isomorphism,

there is an element a ∈ Ck1
p,q such that f k1+1(a + Bk1

p,q) = a′ + B ′k1
p,q . It follows

that f ∞(a + B∞
p,q) = a′ + B ′∞

p,q . This shows that f ∞ is surjective. Suppose that
f ∞(a + B∞

p,q) = 0, where a ∈ C∞
p,q = Ck1

p,q . Then f 2(a) ∈ B∞
p,q . This means that

f 2(a) ∈ B ′k2
p,q for some k2 ≥ k1, and so f k2(a + Bk2

p,q) = 0. Since f k2 is an isomor-
phism, a ∈ Bk2

p,q . Hence a + B∞
p,q = 0. It follows that f ∞ is injective. �

Let � be a selective abelian category. Let A be an object in �. A filtra-
tion F of an object A is a family {Fp(A) | p ∈ Z} of subobjects of A such that
Fp(A) ⊆ Fp+1(A) for all p ∈ Z. The pair (F, A) is called a Z-filtered object in
�. We have a category Fill� whose objects are Z-filtered objects (F, A), and
a morphism from (F, A) to (F ′, A′) is a morphism f from A to A′ such that
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f (Fp(A)) ⊆ F ′
p(A

′) for each p. To each filtered object (F, A) of�, we can associate
a Z-graded object GF(A) = {GF(A)p = Fp(A)/Fp−1(A) | p ∈ Z} in �. Indeed,
this defines a functor from the category Fill� to the category of Z-graded objects
in �. If in addition A = {An | n ∈ Z} is also a Z-graded object in � and F is a
filtration on Z-graded object A, then we have an associated Z bi-graded module
GF(A) = {GF(A)p,q = Fp(Ap+q)/Fp−1(Ap+q) | p, q ∈ Z}. Here p is called the
filtration degree and q is called the complimentary degree.

In particular, let us take � to be the category CHR of chain complexes of right
R-modules. Let

(F, A) = · · · i p−2→ Fp−1(A)
i p−1→ Fp(A)

i p→ Fp+1(A)
i p+1→ · · ·

be a Z-filtered chain complex of right R-modules, where

A ≡ · · · dn+1→ An
dn→ An−1

dn−1→ · · ·

is a chain complex of right R-modules, and i p denotes the inclusion chain transfor-
mation from Fp(A) to Fp+1(A). Let H(A) denote the Z-graded homology module
{Hn(A) = Zn(A)/Bn(A) | n ∈ Z} of A. We can also treat i p as an inclusion chain
transformation from Fp(A) to A. Let Fp(H(A)) denote the image of H(i p). Thus,
Fp(H(A)) is the Z-graded submodule {(Zn(A)

⋂
Fp(An) + Bn(A))/Bn(A) | n ∈

Z} of H(A) (note that (Zn(A)
⋂

Fp(An) + Bn(A))/Bn(A) ≈ (Zn(A)
⋂

Fp(An))/

(Bn(A)
⋂

Fp(An)). This gives us a filtration

· · · ⊆ Fp−1(H(A)) ⊆ Fp(H(A)) ⊆ Fp+1(H(A)) ⊆ · · ·

of Z-graded homology module H(A) of A. In particular, we have the Z bi-graded
module �(F, A) = {�p,q = Fp(Hp+q(A)) | p, q ∈ Z} associated with the filtered
chain complex (F, A).

A filtration F of a chain complex A is said to be a bounded filtration if for each n,
there are integers λn and μn with λn < μn such that Fλn (An) = 0 and Fμn (An) = An .

Theorem 2.5.4 To every filtered chain complex (F, A), we can associate a spectral
sequence {(Er , dr ) | r ≥ 1} such that E1

p,q ≈ Hp+q(Fp(A)/Fp−1(A)). Further, if the
filtration F is bounded, then the spectral sequence converges to theZ-graded homol-
ogy module H(A) of A in the sense that E∞

p,q = Fp(Hp+q(A))/Fp−1(Hp+q(A)).

Proof Put
Zr
p,q = Fp(Ap+q)

⋂
d−1
p+q(Fp−r (Ap+q−1)),

and
Br
p,q = dp+q+1(Z

r−1
p−1,q+1), r ≥ 1.

Evidently, Br
p,q ⊆ Zr

p,q . Let E
r denote the Z bi-graded module
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{Er
p,q = (Zr

p,q + Fp−1(Ap+q))/(B
r
p,q + Fp−1(Ap+q)) | p, q ∈ Z}.

The boundary operator d on A induces a boundary dr on Er of bi-degree (−r, r − 1)
given by

drp,q(a + Br
p,q + Fp−1(Ap+q)) = dp+q(a) + Br

p−r,q+r−1 + Fp−r−1(Ap+q−1).

Evidently, E1
p,q = Hp+q(Fp(A)/Fp−1(A)). It is straightforward, of course a little

painstaking, to verify that {(Er , dr ) | r ≥ 1} is a spectral sequence with the desired
property. I leave the details. �

Exact Couples

An exact couple in the category of right R-modules is a quintuple EC = {D, E;α,

β, γ}, where D and E are R-modules, α is a homomorphism from D to D, β is a
homomorphism from D to E , and γ is a homomorphism from E to D such that the
triangle

D �α

�
�

�
��

D

E

γ

�
�

�
��

β

is exact in the sense that Ker β = Image α, Ker γ = Image β, and Ker α =
Image γ.

A morphism from an exact couple from EC = {D, E;α,β, γ} to an exact couple
E ′
C = {D′, E ′;α′,β′, γ′} is a pair (φ,ψ), where φ is a homomorphism from D to

D′, and ψ is a homomorphism from E to E ′ such that φα = α′φ, β′φ = ψβ, and
γ′ψ = φγ. This gives us a category ECR of exact couples of right R-modules.

Given an exact couple EC as above, take d = βγ. Then d is a homomorphism
from E to E . Since γβ = 0, d2 = 0. Let E1 denote the homology module H(E) =
(Ker d)/(Image d) of E . Take D1 = α(D), and α1 the homomorphism from D1

to D1 which is restriction of α. Now, we define a homomorphism β1 from D1 to
E1 and a homomorphism γ1 from E1 to D1 as follows. Suppose that α(x) = α(x ′).
Then x − x ′ belongs to Ker α = Image γ. Hence, β(x) − β(x ′) = β(γ(u)) for
some u in E . This means that β(x) + Image d = β(x ′) + Image d. In turn, we
get a homomorphism β1 from D1 to E1 given by β1(α(x)) = β(x) + Image d.
Next, let u be a member of Ker d. Then β(γ(u)) = 0, and so γ(u) is a member
of Ker β = Image α = D1. Further, if u ∈ Image d, then u = β(γ(v)) for some
v ∈ E . But, then γ(u) = 0. Thus, we have a homomorphism γ1 from E1 to D1 given
by γ1(u + Image d) = γ(u).
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Theorem 2.5.5 The quintuple E1
C = {D1, E1;α1,β1, γ1} defined above is an exact

couple of R-modules.

Proof Exactness at the right-hand D1: Let x = α(d) be a member of D1. Then, by
definition, β1(α1(x)) = β1(α(α(d))) = β(α(d)) + Image d = 0. This shows that
β1α1 = 0. Thus, Image α1 ⊆ Ker β1. Let x = α(y) belongs to Ker β1, where y ∈
D. By definition,β1(x) = β(y) + Image d = 0. Thismeans thatβ(y) ∈ Image βγ.
Thus, β(y) = β(γ(u)) for some u ∈ E . Hence y − γ(u) is a member of Ker β =
Image α. Suppose that y − γ(u) = α(v), where v ∈ D. Then x = α(y) = α(y) −
α(γ(u)) = α2(v) = α1(α(v)) is a member of Image α1. This proves the exactness
at right-hand D1.

Exactness at E1: Let x = α(y) be a member of D1, where y ∈ D. Then, by
definition, β1(x) = β(y) + Image d (note that β(y) ∈ Ker d). Again, by definition,
γ1(β1(x)) = γ(β(y)) = 0. This shows that Image β1 ⊆ Ker γ1. Let u + Image d
be an element of Ker γ1, where u ∈ Ker d. Then γ(u) = γ1(u + Image d) =
0. By the exactness, there is an element x ∈ D such that u = β(x). By definition
u + Image d = β1(α(x)). This shows that u + Image d is a member of Image β1.

Exactness at the left-hand D1: Let u + Image d be a member of E1, where u ∈
Ker d. By definition, α1(γ1(u + Image d)) = α1(γ(u)) = α(γ(u)) = 0. Hence
Image γ1 ⊆ Ker α1. Now, suppose thatα(x) ∈ Ker α1. Thenα(α(x)) = α1(α(x))
= 0. From the exactness in EC , α(x) = γ(u) for some u ∈ E . Since β(α(x)) = 0,
β(γ(u)) = 0. This means that u ∈ Ker d. In turn, γ1(u + Image d) = α(x). This
shows that Ker α1 ⊆ Image γ1. �

The exact couple E1
C is called the derived exact couple of EC .

The following corollary is evident.

Corollary 2.5.6 Let EC be an exact couple as given above. Iterating, we get a
sequence {(En, dn) | n ≥ 1} of modules En with boundary operators dn on En such
that H(En, dn) = En+1 for all n. �

More generally, an exact couple of Z bi-graded R-modules is a quintuple EC =
{D, E;α,β, γ}, where D and E are Z bi-graded R-modules, α is a Z bi-graded
homomorphism from D to D of bi-degree (m, n), β is aZ bi-graded homomorphism
from D to E of bi-degree (p, q), and γ is a Z bi-graded homomorphism from E to
D of bi-degree (r, s) such that the triangle

D �α

�
�

�
��

D

E

γ

�
�

�
��

β
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is exact in the sense that Ker β j,k = Image α j−m,k−n , Ker γ j,k = Image β j−p,k−q ,
and Ker α j,k = Image γ j−r,k−s for all j, k ∈ Z. As in the above theorem, we have
the derived exact couple

E1
C = {D1, E1;α1,β1, γ1}

of Z bi-graded R-modules, where D1 = α(D), α1 is the restriction of α to D1, E1

is the homology module H(E) = Ker βγ/Image βγ, β1 is given by β1(α(x)) =
β(x) + Image βγ (note thatα(x) ∈ D1

j,k implies that x ∈ Dj−m,k−n), and γ1 is given
by γ1(u + Image βγ) = γ(u). Evidently, α1 is a Z bi-graded homomorphism of bi-
degree (m, n), β1 is a Z bi-graded homomorphism of bi-degree (p − m, q − n),
γ1 is of bi-degree (r, s), and the boundary operator d = βγ on E1 is of bi-degree
(p + r, q + s). Iterating, we get a sequence

{Ek
C = {Dk, Ek;αk,βk, γk}, k ≥ 1}

of derived couples of Z bi-graded modules, where αk is of bi-degree (m, n), βk is of
bi-degree (p − km, q − kn), and γk is of bi-degree (r, s). Further, dk = βk−1γk−1

is a boundary operator on Ek of bi-degree (p − (k − 1)m + r, q − (k − 1)n + s).
Also H(Ek, dk) = Ek+1. In particular, if (m, n) = (1,−1), (p, q) = (0, 0), and
(r, s) = (−1, 0), then

Ek
C = {Dk, Ek;αk,βk, γk}

is an exact couple of Z bi-graded modules, where αk is of bi-degree (1,−1), βk is
of bi-degree (−k, k), γk is of bi-degree (−1, 0), and the boundary operator dk is of
degree (−k, k − 1). Also H(Ek) = Ek+1. In turn, it gives us an spectral sequence
{(Ek, dk) | k ≥ 2}.

Let A be a chain complex of right R-modules and F be a filtration on A. Then
for each p ∈ Z, we have a short exact sequence

0 −→ Fp−1(A)
i p−1→ Fp(A)

νp→ Fp(A)/Fp−1(A) −→ 0

of chain complexes. In turn, we have a long exact homology sequence

· · · ∂n+1→ Hn(Fp−1(A))
Hn(i p−1)→ Hn(Fp(A))

Hn(νp)→ Hn(Fp(A)/Fp−1(A))
∂n→ · · · ,

where ∂n is a natural connecting homomorphism. Let D denote the Z bi-graded
module {Dp,q | p, q ∈ Z}, where Dp,q = Hp+q(Fp(A)), and E denote the Z bi-
graded module {Ep,q | p, q ∈ Z}, where Ep,q = Hp+q(Fp(A)/Fp−1(A)). Let α
denote the Z bi-graded homomorphism {αp,q | p, q ∈ Z} from D to D of degree
(1,−1), where αp,q = Hp+q(i p) is the homomorphism from Dp,q = Hp+q(Fp(A))

to Dp−1,q+1 = Hp+q(Fp+1). Let β denote the Z bi-graded homomorphism {βp,q |
p, q ∈ Z} from D to E of degree (0, 0), where βp,q = Hp+q(νp) is a homomor-
phism from Dp,q = Hp+q(Fp(A)) to Ep,q = Hp+q(Fp(A)/Fp−1(A)). Let γ denote



2.5 Spectral Sequences 137

the Z bi-graded homomorphism {γp,q | p, q ∈ Z} from E to D of degree (−1, 0),
where γp,q = ∂p+q is a homomorphism from Ep,q = Hp+q(Fp(A)/Fp−1(A)) to
Dp−1,q = Hp−1+q(Fp−1(A)). The above long exact homology sequence ensures that
{D, E;α,β, γ} is an exact couple. In turn, it induces, as above, a spectral sequence
which can be easily seen to be the spectral sequence introduced in Theorem2.5.4.

In Sect. 3.2, we shall further use the spectral sequence arguments to establish an
important theorem of Hurewicz.

Exercises

2.5.1 Let E = {(Er , dr ) | r ≥ 1} and E ′ = {(E ′r , d ′r ) | r ≥ 1} be spectral
sequences. Let Ẽ = {(Ẽr , d̃r | r ≥ 1}, where Ẽr

p,q = ⊕ ∑
k+m=p,l+n=q E

r
k,l ⊗ E ′

m,n

and d̃r is the usual tensor product of dr and d ′r . Show that Ẽ is a spectral sequence.

2.5.2 Develop the theory of spectral sequences, as above, in a selective complete
and co-complete abelian category.

2.5.3 Let� be a selective complete and co-complete abelian category. Let (S, T ) be
a pair ofZ bi-graded objects in�, where T is aZ bi-graded subobject of S. A pseudo-
boundary operator on (S, T ) of bi-degree (−r, r − 1) is aZ bi-gradedmorphism d =
{dp,q ∈ Mor�(Sp,q , Sp−r,q+r−1) | dp,qdp+r,q−r+1(Tp+r,q−r+1) = 0, p, q ∈ Z}. Let
H(S, T ) denote the Z bi-graded homology object {Hp,q(S, T ) = Kerdp,q/

dp+r,q−r+1(Tp+r,q−r+1) | p, q ∈ Z}} of (S, T ). Let

F(S, T ) = {Fp,q(S, T ) = d−1
p,q(Tp−r,q+r−1)

⋂
Tp,q | p, q ∈ Z}.

Show that d induces a Z bi-graded boundary operator on F(S, T ) of bi-degree
(−r, r − 1) such that H(F(S, T )) is naturally isomorphic to aZ bi-graded subobject
of H(S, T ).

2.5.4 A sequence E = {(Er , dr ,λr ) | r ≥ 1}, where Er = (Sr , T r ) is a pair ofZ bi-
graded object in � with T r as a graded subobject, dr as a pseudo-boundary operator
on Er of bi-degree (−r, r − 1), λr as an isomorphism from H((Sr , T r )) inducing
isomorphism from H(F(Sr , T r )) will be termed as a pseudo-spectral sequence.
Show that a pseudo-spectral sequence determines the following data:

1. Towers

0 = B0 ⊆ B1 ⊆ B2 ⊆ · · · Bn ⊆ Bn+1 ⊆ · · · · · · ⊆ · · ·Cn+1 ⊆ Cn ⊆ · · · ⊆
C3 ⊆ C2 ⊆ C1 ⊆= E1

and

0 = V 0 ⊆ V 1 ⊆ V 2 ⊆ · · · V n ⊆ V n+1 ⊆ · · · · · · ⊆ · · ·Un+1 ⊆ Un ⊆ · · · ⊆
U 3 ⊆ U 2 ⊆ U 1 ⊆ U 0 = E1,
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with the condition Ui ⊆ Ci , V i ⊆ Bi and V i = Ui
⋂

Bi = Vi , Ur−1 ⋂
Cr =

Ur for each i .
2. Isomorphisms φr from Cr−1/Cr to Br/Br−1 such that φr i r (Ur−1/Ur ) =

j r (V r/V r−1) for each r , where ir is the obvious injective homomorphisms
from Ur−1/Ur to Cr−1/Cr and j r is the obvious injective homomorphisms
from V r/V r−1 to Br/Br−1.
Conversely, show that the above data determines a pseudo-spectral sequence
which in turn determines this data.

2.5.5 Establish the mapping theorem for pseudo-spectral sequences.



Chapter 3
Homological Algebra 3: Examples
and Applications

This chapter is devoted to associate homological invariants with mathematical struc-
tures, and to have some important applications in topology, geometry, and group
theory. We assume that the reader is familiar with the basics in metric spaces and
topology together with some amount of calculus .

3.1 Polyhedrons and Simplicial Homology

In this section, we associate simplicial homology with polyhedrons.

Simplicial Complex and Polyhedrons

Recall the basic definitions and terminologies regarding simplicial complexes from
Sect. 1.3 of Chap.1. Throughout this section, we shall restrict our attention to those
simplicial complexes (�, S)which are locally finite in the sense that for each vertex
v ∈ �, there are only finitely many simplexes σ ∈ S such that v ∈ σ. Indeed, mostly,
we shall be interested in finite simplicial complexes (complexes forwhich� is finite).
Thus, SC stands for the category of locally finite simplicial complexes. A simplicial
complex (�, S) is called a finite simplicial complex if � is finite.

We define a functor from the category SC of simplicial complexes to the category
T OP of topological spaces as follows. Let (�, S) be a simplicial complex. Let
| (�, S) | denote the set consisting of all maps α from � to [0, 1] such that (i)
{v ∈ � | α(v) �= 0} is a simplex and (ii)

∑
v∈� α(v) = 1. The number α(v) is called

the vth barycentric coordinate of α. Evidently, any α ∈| (�, S) | is 0 at all but
finitely many vertices in �. We have a metric d on | (�, S) | defined by

d(α,β) = +
√

∑

v
(α(v) − β(v))2.
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If σ is a simplex of (�, S), then | (σ, σ̄) | can be identified with the subspace

{α ∈| (�, S) | | α(v) �= 0 ⇒ v ∈ σ}

of | (�, S) |. This subspace is denoted by | σ |, and it is termed as a closed simplex.
Similarly, | (σ, σ̇) | is denoted by | σ̇ |. Evidently, | σ̇ | is a boundary of | σ |. The
subset < σ > = | σ | − | σ̇ | is an open subspace of | σ |, and it is called an open
simplex. Recall that the standard q-simplex �q is the convex hull of the standard
basis {e0, e1, . . . , eq} of Rq+1. More explicitly, �q is the subspace

�q =
{
a =

∑q

i=0
aiei ∈ R

q+1 | ai ≥ 0 and
∑

ai = 1
}

of Rq+1 with the Euclidean metric. If σ = {v0, v1, . . . , vq} is a q-simplex in (�, S),
then we have an isometry φq from standard q-simplex �q to | σ | given by
φq(a)(vi ) = ai , 0 ≤ i ≤ q, and φq(a)(v) = 0 if v /∈ σ.

Thus, | σ | is a compact ( and so also a closed) subset of | (�, S) |. Since (�, S)

is locally finite, it follows easily that a subset A of | (�, S) | is a closed subset if and
only if A

⋂ | σ | is a closed subset of | σ | for all simplexes σ of (�, S). In particular,
a map f from | (�, S) | to a topological subspace X is continuous if and only if f
restricted to each closed simplex is continuous.

For a fixed v ∈ �, consider the map φv from | (�, S) | to [0, 1] defined by
φ(α) = α(v). Evidently,φv is a continuousmap.Henceφ−1

v ((0, 1]) = {α ∈| (�, S) |
| α(v) �= 0} is an open subset of | (�, S) |. This set is called the star of v, and it is
denoted by St (v). Thus,

St (v) = {α ∈| (�, S) | | α(v) �= 0}.
Proposition 3.1.1 Let (�, S) be a locally finite simplicial complex. Then | (�, S) |
is locally compact.

Proof Let α be a member of | (�, S) |. Then there is a v ∈ � such that α ∈ St (v).
Let F = {σ ∈ S | v ∈ σ}. Since (�, S) is locally finite, F is a finite set. Evidently,
St (v) ⊆ ⋃

σ∈F | σ |. Since St (v) is open, and the finite union of compact sets is
compact, it follows that

⋃
σ∈F | σ | is a compact neighborhood of α. �

Proposition 3.1.2 | (�, S) | is compact if and only if � is finite.

Proof If � is finite, then S is also finite. In turn, | (�, S) | = ⋃
σ∈S | σ | is compact.

Conversely, suppose that | (�, S) | is compact. The family {< σ > = | σ | − | σ̇ |
| σ ∈ S} is a family of nonempty sets. Using the axiom of choice, we obtain a map
c from S to | (�, S) | such that c(σ) ∈< σ >. Since < σ >

⋂
< τ > �= ∅ implies

that σ = τ , it follows that c is an injective map. Put X = {c(σ) | σ ∈ S}. Clearly,
A

⋂ | σ | is finite for all subsets A of X , and for all σ ∈ S. This means that every
subset of X is closed in | (�, S) |. Thus, X is a discrete subset of | (�, S) |. Since
| (�, S) | is compact, X is finite. Hence S is finite. This shows that � is finite. �
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Example 3.1.3 Consider the simplicial complex (�, S) of Example1.3.11. The
space | (�, S) | can be identified to the subspace of R3 consisting of the points
on the boundary of the triangle {(x, y, z) ∈ R

3 | x, y, z ≥ 0 and x + y + z = 1} of
R

3.
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Example 3.1.4 Consider the simplicial complex (�, S), where� = {v0, v1, v2} and
S is the set of all nonempty subsets of �. Then | (�, S) | can naturally be identified
with the triangle described in the above example.

Remark 3.1.5 For an abstract simplicial complex (�, S), not necessarily locally
finite, we have a coherent topology Tc on | (�, S) |, where a subset F of | (�, S) |
is closed if and only if F

⋂ | σ | is closed in | σ | for all simplexes in (�, S). Equiv-
alently, a map f from | (�, S) | to a topological space X is continuous with respect
to the coherent topology Tc if and only if f restricted to | σ | is continuous for all
simplexes σ. Thus the topology Tc is finer than the metric topology Td defined above.
In fact, Tc is a metric topology if and only if (�, S) is locally finite, and then Tc = Td ,
where d is the above metric on | (�, S) |.

Let f be a simplicial map from (�, S) to (�′, S′). Consider the map | f | from |
(�, S) | to | (�′, S′) | defined by | f | (α)(v′) = ∑

v∈ f −1(v′) α(v) if v′ ∈ f (�) and 0
otherwise. Clearly, | f | restricted to each closed simplex is continuous. In turn, | f |
is a continuous map from | (�, S) | to | (�′, S′) |. Thus, | − | defines a functor from
the category SC to the category LCT OP of locally compact Hausdorff topological
spaces.
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Linear Structure in Simplicial Complexes

Let (�, S) be a simplicial complex. For any α ∈| (�, S) |, there is a simplex σ such
that α ∈| σ |. The smallest σ such that α ∈| σ | is called the carrier of α. Clearly,
σ is the carrier of α if and only if α ∈< σ >. Let α1,α2, . . . ,αn be members of
a closed simplex | σ |, and λ1,λ2, . . . ,λn be nonnegative real numbers such that∑n

i=1 λi = 1. Then
∑n

i=1 λiαi belongs to | σ |. Thus, a closed simplex | σ | is closed
under the convex linear combination of members of | σ |. However, | (�, S) | need
not be closed under the convex linear combination of its members. Suppose that∑n

i=1 λi = 1 and α = ∑n
i=1 λiαi belongs to | (�, S) |, where αi ∈| (�, S) |. Let σ

be a carrier of α. Then α ∈< σ >. In turn, αi (v) �= 0 implies that v ∈ σ for each i .
Thus, αi ∈| σ | for each i .

Let v be a member of �. Then σv = {v} is a 0-simplex in (�, S). Consider the
map v̂ from � to [0, 1] given by v̂(v) = 1 and v̂(w) = 0 for w �= v. Evidently,
| σv | = {v̂} = < σv >. For any simplex σ,

| σ | =
{∑

v∈σ
λvv̂ | λv ≥ 0, and

∑

v∈σ
λv = 1

}
,

and

< σ > =
{∑

v∈σ
λvv̂ | λv > 0, and

∑

v∈σ
λv = 1

}
=

⋂

v∈σ
St (v).

Let (�1, S1) and (�2, S2) be simplicial complexes. Let f be a map from | (�1, S1) |
to | (�2, S2) |. In general,∑v∈�1

α(v) f (v̂) need not be amember of | (�2, S2) | even
ifα ∈| (�1, S1) | (give an example). Amap f from | (�1, S1) | to | (�, S2) | is called
a linearmap if

∑
v∈�1

α(v) f (v̂) is a member of | (�2, S2) | for eachα ∈| (�1, S1) |,
and then f (α) = ∑

v∈�1
α(v) f (v̂). Evidently, ifφ is a simplicial map from (�1, S1)

to (�2, S2), then | φ | is a linear map.

Subdivision and Simplicial Approximation

Let (�1, S1) and (�2, S2) be simplicial complexes. A continuous map f from |
(�1, S1) | to | (�2, S2) | may not be induced by a simplicial map. A simplicial map
φ from (�1, S1) to (�2, S2) is called a simplicial approximation to f if f −1(<

σ2 >) ⊆| φ |−1 (| σ2 |) for all σ2 ∈ S2. More precisely, if f (α) ∈< σ2 >, then | φ |
(α) ∈| σ2 | for all σ2 ∈ S2. In particular, if v is a vertex in �1 such that f (v̂) = ŵ

for some w ∈ �2, then φ(v) = w. Thus, if φ is a simplicial map, then φ is the only
simplicial approximation of | φ |.
Theorem 3.1.6 Let φ be a map from �1 to �2, where (�1, S1) and (�2, S2) are
simplicial complexes. Then φ is a simplicial approximation of f if and only if
f (St (v)) ⊆ St (φ(v)) for each v ∈ �1.

Proof Suppose thatφ is a simplicial approximation of f . Letα be amember of St (v).
Then α(v) �= 0. There is a unique simplex σ2 ∈ S2 such that f (α) ∈< σ2 >. Since
φ is a simplicial approximation of f , | φ | (α) belongs to | σ2 |. Again, since φ is a
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simplicial map and α(v) �= 0, | φ | (α)(φ(v)) �= 0. This means that φ(v) is a vertex
of σ2. Since f (α) ∈< σ2 >, f (α)(φ(v)) �= 0. This shows that f (α) ∈ St (φ(v)).

Conversely, suppose thatφ is amap from�1 to�2 such that f (St (v)) ⊆ St (φ(v))

for each v ∈ �1. We first show that φ is a simplicial map. Let σ = {v0, v1, . . . , vq}
be a simplex of (�1, S1). Clearly, < σ >⊆ St (vi ) for each i . Under the assump-
tion, f (< σ >) ⊆ St (φ(vi ) for each i . This means that there is a simplex τ ∈ S2
such that φ(vi ) ∈ τ for each i . Since the subset of a simplex is a simplex, φ(σ)

is a simplex in (�2, S2). This shows that φ is a simplicial map. Finally, we show
that φ is a simplicial approximation of f . Let σ2 be a simplex of (�2, S2), and
α ∈ f −1(< σ2 >). Then f (α) ∈< σ2 >. Suppose that α ∈< σ1 >. Then for each
v ∈ σ1, α ∈ St (v). Since f (St (v)) ⊆ St (φ(v)), f (α) ∈ St (φ(v)) for each v ∈ σ1.
Since f (α) ∈< σ2 >, φ(v) ∈ σ2 for each v ∈ σ1. Since φ is already seen to be a
simplicial map, | φ | (| σ1 |) ⊆| σ2 |. In particular, | φ | (α) belongs to | σ2 |. Thus,
f −1(< σ2 >) ⊆| φ |−1 (| σ2 |) for each σ2 ∈ S2. This shows that φ is a simplicial
approximation of f . �

In general a continuous map f from | (�1, S1) | to | (�2, S2) | need not have any
simplicial approximation from (�1, S1) to (�2, S2). However, if (�1, S1) is finite, we
shall construct a simplicial complex (�′

1, S
′
1) together with a linear homeomorphism

ρ from | (�′
1, S

′
1) | to | (�1, S1) | and a simplicial map ψ from (�′

1, S
′
1) to (�2, S2)

which is a simplicial approximation of f oρ.

Definition 3.1.7 Let (�, S) be a simplicial complex. A simplicial complex (�′, S′)
is called a subdivision of (�, S) if the following hold.

(i) �′ ⊆| (�, S) |.
(ii) For all σ′ ∈ S′, there is a simplex σ ∈ S such that σ′ ⊆| σ |.
(iii) The linear map λ from | (�′, S′) | to | (�, S) | given by

λ
(∑

v′∈σ′ αv′ v̂′) =
∑

v′∈σ′ αv′v′

is a homeomorphism .

Example 3.1.8 Consider the simplicial complex (�, S), where� = {v0, v1, v2} and
S is the set of all nonempty subsets of�. Let�′ be the subset {v̂0, v̂1, v̂2, 1

4 v̂0 + 1
4 v̂1 +

1
2 v̂2} of | (�, S) |. Let us denote 1

4 v̂0 + 1
4 v̂1 + 1

2 v̂2 by α3. Take S′ =
{{v̂0}, {v̂1}, {v̂2}, {α3}, {v̂0, v̂1}, {v̂0, v̂2}, {v̂1, v̂2}, {v̂0,α3}, {v̂1,α3}, {v̂2,α3}, {v̂0, v̂1,
α3}, {v̂0, v̂2,α3}, {v̂1, v̂2,α3}}. It is easily seen that (�′, S′) is a subdivision of (�, S).
See the figure below.
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It is evident that a subdivision of a subdivision of (�, S) is a subdivision of (�, S).
We are interested in a uniform and special type of subdivisions termed as barycentric
subdivisions. Let (�, S) be a simplicial complex and σ = {v0, v2, . . . , vq} be a q-
simplex. Recall that the element b(σ) = 1

q+1

∑q
i=0 v̂i is called the barycenter of the

simplex σ. Let �bd denote the set of all the barycenters of the simplexes in (�, S).
Let

Sbd = {{b(σ0), b(σ1), . . . , b(σq)} | σi i s a f ace of σi+1}.

More explicitly, to each ordered simplex σ = {v0, v1, . . . , vq} in (�, S), there is a
unique q-simplex

{

v̂0,
1

2
(v̂0 + v̂1),

1

3
(v̂0 + v̂1 + v̂2), . . . ,

1

q + 1
(v̂0 + v̂1 + · · · + v̂q)

}

in Sbd . Then (�bd , Sbd) is simplicial complex. For example, consider the simpli-
cial complex (�, S), where � = {v0, v1, v2} and S is the set of nonempty sub-
sets of �. Denote b({v0, v1}) = 1

2 (v̂0 + v̂1) by α0,1, b({v0, v2}) = 1
2 (v̂0 + v̂2) by

α0,2, b({v1, v2}) = 1
2 (v̂1 + v̂2) by α1,2, and b({v0, v1, v2}) = 1

3 (v̂0 + v̂1 + v̂2) by
α0,1,2. Then �bd = {v̂0, v̂1, v̂2,α0,1,α0,2,α1,2,α0,1,2}, and Sbd = {{v̂0}, {v̂1}, {v̂2},
{α0,1}, {α0,2}, {α1,2}, {α0,1,2}, {v̂0,α0,1}, {v0,α0,1,2},
{α0,1,α0,1,2}, {v0,α0,1,α0,1,2}, {α0,1, v1}, {v1,α0,1,2}, {α0,1, v1,α0,1,2}, {v1,α1,2},
{α1,2,α0,1,2}, {v1,α1.2,α0,1,2}, {α1,2, v2}, {v2,α0,1,2}, {α1,2, v2,α0,1,2}, {v2,α0,2},
{α0,2,α0,1,2}, {v2,α0,2,α0,1,2}, {v0,α0,2}, {v0,α0,2,α0,1,2}}.
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The linear map λ from | (�bd , Sbd) | to | (�, S) | induced by the inclusion map
from (�bd , Sbd) to | (�, S) | can easily be seen to be a homeomorphism. Thus, we
have the following theorem.

Theorem 3.1.9 (�bd , Sbd) is a subdivision of (�, S). �

The subdivision (�bd , Sbd) of (�, S) is called the barycentric subdivision
of (�, S). The nth iterated barycentric subdivision of (�, S) will be denoted by
(�n

bd , S
n
bd). Since the composite of linear homeomorphisms are linear homeomor-

phisms, for each n, we have a linear homeomorphism from | (�n
bd , S

n
bd) | to | (�, S) |

which is induced by a map from �n
bd to | (�, S) |.

Recall the metric d on | (�, S) | defined by

d(α,β) = +
√

∑

v∈�
(α(v) − β(v))2.

Evidently, d(v̂, ŵ) = √
2 for any distinct pair of vertices in �. Further, since α(v)

and β(v) are nonnegative,

∑

v∈�
(α(v) − β(v))2 ≤

∑

v∈�
α(v)2 +

∑

v∈�
β(v)2.

Again, since
∑

v∈� α(v) = 1 = ∑
v∈� β(v),

∑

v∈�
α(v)2 ≤ 1 ≥

∑

v∈�
β(v)2.

It follows that d(α,β) ≤ √
2 for all α,β ∈| (�, S) |. Thus, the diameter diam(|

(�, S) |, d) = √
2 provided that � contains more than one elements. In fact, diam |

σ | = √
2 for all q-simplexes σ ∈ S, q ≥ 1. Given an equivalent metric d̃ (a metric d̃

on | (�, S) | which induces the same topology as the topology induced by the usual
metric on | (�, S) |) on | (�, S) |, sup{diam | σ | | σ ∈ S} is called the mesh of
(�, S) relative to the metric d̃. Thus, mesh(�, S) relative to the usual metric d on
| (�, S) | as given above is

√
2. If (�′, S′) is a subdivision of (�, S) and λ is the

corresponding linear homeomorphism from | (�′, S′) | to | (�, S) |, then the usual
metric d on | (�, S) | induces the metric dλ on | (�′, S′) | (equivalent to the usual
metric d ′ on | (�′, S′) |) through the map λ. More explicitly,

dλ

(∑

v′∈�′ αv′ v̂′,
∑

v′∈�′ βv′ v̂′) = d
( ∑

v′∈�′ αv′v′,
∑

v′∈�′ βv′v′),

where αv′ , βv′ ≥ 0, the subsets {v′ ∈ �′ | αv′ �= 0} and {v′ ∈ �′ | βv′ �= 0} of �′
are members of S′, and also

∑
v′ αv′ = 1 = ∑

v′ βv′ . From now onward, with-
out any reference, mesh(�′, S′) of a subdivision of (�, S) will always mean the
mesh of (�′, S′) relative to dλ. Observe that the metric dλ and the usual met-
ric d on | (�′, S′) | are different, and of course, they induce the same topol-
ogy on | (�′, S′) |. Evidently, diam(| (�′, S′) |, dλ) = diam(| (�, S) |, d) = √

2.
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If σ′ ∈ S′, then there is a simplex σ ∈ S such that σ′ ⊆| σ |. In turn, λ(| σ′ |) ⊆| σ |,
and hence mesh(�′, S′) ≤ mesh(�, S) = √

2.
Recall that a subset X of Rn is called a convex subset if t x + (1 − t)y belongs

to X for all x, y ∈ R
n and t ∈ [0, 1]. Clearly, intersections of a family of convex

sets are convex sets. Thus, for any subset S of Rn , we have the smallest convex set
containing S. This is called the convex hull of S.

Proposition 3.1.10 Let X denote the convex hull of the set {w0, w1, . . . , wq} of
points in R

q+1. Let x be a member of Rq+1. Then

sup{|| x − u || | u ∈ X} = sup{|| x − wi || | 0 ≤ i ≤ q}.

Proof Suppose that
∑q

i=0 λi = 1, λi ≥ 0. Then

|| x − ∑q
i=0 λiwi || = || ∑q

i=0 λi (x − wi ) ||≤ ∑q
i=0 λi (sup{|| x − wi || | 0 ≤

i ≤ q}) ≤ sup{|| x − wi || | 0 ≤ i ≤ q}.
�

Corollary 3.1.11 If X is the convex hull of the set {w0, w1, . . . , wq} of points in
R

q+1, then
diamX = sup{|| wi − w j || | 0 ≤ i, j ≤ q}.

Proof From the above proposition, it follows that

sup{|| ∑q
i=0 λiwi − ∑q

i=0 μiwi || | λi ,μi ≥ 0,
∑q

i=0 λi = 1 = ∑q
i=0 μi } =

sup{|| ∑q
i=0 λiwi − w j || | 0 ≤ j ≤ q} = sup{|| wi − w j || , 0 ≤ i, j ≤ q}.

�

A simplicial complex (�, S) is said to be of infinite dimension if for each q there
is a q-simplex. It is said to be of finite dimension m if there is an m-simplex but
there is no m + 1-simplex.

Proposition 3.1.12 Let (�, S) be a simplicial complex of dimension m. Then
(�bd , Sbd) is also of dimension m, and

mesh(�bd , Sbd) ≤ m

m + 1

√
2.

In turn,

mesh(�n
bd , S

n
bd) ≤

(
m

m + 1

)n √
2.

Proof By definition, a simplex σ′ in (�bd , Sbd) is of the form

{

v̂0,
1

2
(v̂0 + v̂1), . . . ,

1

q + 1
(v̂0 + v̂1 + · · · + v̂q)

}

,
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where {v0, v1, . . . , vq} is a q-simplex of (�, S). This shows that (�bd , Sbd) is of
dimension m. Indeed, (σ′, σ̄′) is the barycentric subdivision (σbd , ¯σbd) of the sim-
plicial subcomplex (σ, σ̄) of (�, S). We have the linear isometric isomorphism ψσ

from (| (σ, σ̄) |, d) to �q given by ψσ

( ∑q
i=0 λi v̂i

) = ∑q
i=0 λi ei . Thus, the diameter

of (| (σ′, σ̄′) |, dλ) is the same as the diameter of the image of λoψσ in�q . Evidently,
the image of λoψσ is the convex hull of

{

e0,
1

2
(e0 + e1), . . . ,

1

q + 1
(e0 + e1 + · · · + eq)

}

.

From the above corollary,

diam((| (σ′, σ̄′) |, dλ)) = sup

{

|| 1

r + 1

( ∑r

i=o
ei

) − 1

s + 1

( ∑s

i=o
ei

) || | 0 ≤ r < s ≤ q

}

.

Again, applying the above corollary,

sup

{

|| 1

r + 1

(∑r

i=o
ei

) − 1

s + 1

( ∑s

i=o
ei

) || | 0 ≤ r < s ≤ q

}

= sup

{

|| e j − 1

s + 1

( ∑s

i=o
ei

) || | 0 ≤ j ≤ q

}

= sup

{
1

s + 1
sums

i=0 || e j − ei || | 0 ≤ j ≤ q

}

≤ s

s + 1
sup{|| e j − ei || | 0 ≤ i, j ≤ q}

= s

s + 1

√
2.

Since s ≤ m implies that s
s+1 ≤ m

m+1 , it follows thatmesh(�bd , Sbd) ≤ m
m+1

√
2. The

rest of the assertion follows by the induction. �

From now onward, the space | (�′, S′) | of a subdivision (�′, S′) of (�, S) will
be identified with the space | (�, S) | through the linear homeomorphism induced
by the inclusion map i from (�′, S′) to | (�, S) |.

Recall that an open cover {Uα | α ∈ �} of a topological space X is said to be a
refinement of an open cover {Vγ | γ ∈ �} if for eachα ∈ �, there is a γ ∈ � such that
Uα ⊆ Vγ . Also observe that if (�, S) is a simplicial complex, then {St (v) | v ∈ �}
is an open cover of | (�, S) |.
Proposition 3.1.13 Let (�, S) be a finite simplicial complex, and (�′, S′) be a
simplicial complex. Let f be a continuous map from | (�, S) | to | (�′, S′) |, and
{Uα | α ∈ �} be an open cover of | (�′, S′) |. Then there is a natural number N such
that {St (w) | w ∈ �N

bd} is a refinement of { f −1(Uα) | α ∈ �}.
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Proof Since (�, S) is finite, | (�, S) | is compact metric space. Hence, the open
cover { f −1(Uα) | α ∈ �} of | (�, S) | has a Lebesgue number δ (a number δ such
that d(x, y) < δ implies that x, y ∈ f −1(Uα) for some α ∈ � (see “Topology and
Modern Analysis” by G. F. Simons for its existence)). Suppose that the dimension
of (�, S) is m. Choose N sufficiently large so that ( m

m+1 )
N < δ

2 . Then from the

previous proposition, mesh(�N
bd , S

N
bd) < δ

2 . Let w be a member of �N
bd . Let μ and

ν be members of St (w). Since mesh(�N
bd , S

N
bd) < δ

2 , d(μ, ŵ) < δ
2 > d(ŵ, ν). In

turn, d(μ, ν) < δ. This shows that diam(St (w)) < δ for all w ∈ �N
bd . Hence for

each w ∈ �N
bd , there is an α ∈ � such that St (w) ⊆ Uα. �

Corollary 3.1.14 (Simplicial approximation theorem) Let (�, S) be a finite sim-
plicial complex, and (�′, S′) be a simplicial complex. Let f be a continuous map
from | (�, S) | to | (�′, S′) |. Then there is a natural number N and a simplicial
approximation φ from �N

bd to �′ of f from | (�N
bd , S

N
bd) | = | (�, S) | to | (�′, S′) |.

Proof Since {St (u) | u ∈ �′} is an open cover of | (�′, S′) |, from the above propo-
sition, there is a natural number N such that {St (w) | w ∈ �N

bd} is a refinement
of { f −1(St (u)) | u ∈ �′}. Thus, for each w ∈ �N

bd , there is a φ(w) ∈ �′ such
that St (w) ⊆ f −1(St (φ(w))). This gives us a map φ from �N

bd to �′ such that
f (St (w)) ⊆ St (φ(w)). From Theorem3.1.6, it follows that φ is a simplicial approx-
imation of f . �

Subdivision Chain Map

Let (�, S) be a simplicial complex. For each p ≥ 0, we shall define a homomor-
phism sdp from �p(�, S) to �p(�bd , Sbd) such that sd = {sdp | p ≥ 0} is an
augmentation-preserving chain transformation from �(�, S) to �(�bd , Sbd). The
chain map sd will be termed as a subdivision chain map. This we do by induction
on p. By definition, �0(�, S) is the free abelian group on the set {{v} | v ∈ �} of
oriented 0-simplexes.We define sd0 to be the unique homomorphism from�0(�, S)

to �0(�bd , Sbd) which maps {v} to {v̂}. Clearly, sd0 respects the augmentation
maps. Given a 1-simplex σ = {v0, v1}, we have two ordered 1-simplexes (v0, v1)

and (v1, v0) associated with σ. Indeed, they have different orientations also, and so
[v0, v1] �= [v1, v0]. Define a map φ1 from A1(�, S) to �1(�bd , Sbd) by

φ1(v,w) =
[
1

2
(v̂ + ŵ), ŵ

]

−
[
1

2
(ŵ + v̂), v̂

]

.

Evidently, φ1(v,w) + φ1(w, v) = 0. Thus, φ1 induces a homomorphism sd1 from
�1(�, S) to �1(�bd , Sbd) defined by

sd1[v,w] =
[
1

2
(v̂ + ŵ), ŵ

]

−
[
1

2
(ŵ + v̂), v̂

]

.

Further,
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d1sd1[v, w] = d1

([
1

2
(v̂ + ŵ), ŵ

])

− d1

([
1

2
(ŵ + v̂), v̂

])

= [ŵ] − [v̂] = sd0d1[v, w]

for all v,w ∈ �. This shows that d1sd1 = sd0d1. For convenience, [v0, v1, . . . , vq ]
is also denoted by v0 · [v1, . . . , vq ]. More generally, if

∑
i ni [σi ,αi ] is an element of

�q(�, S), and v is a vertex such that v · [σi ,αi ] is defined for all i , then
∑

i ni (v ·
[σi ,αi ]) is denoted by v · ( ∑

i ni [σi ,αi ]
)
. Thus,

sd1[v,w] = 1

2
(v̂ + ŵ) · {ŵ} − 1

2
(ŵ + v̂) · {v̂}.

Suppose that sdq is already defined for all q < p satisfying the condition dqsdq =
sdq−1dq for all q < p. Let [σ,α] be an oriented p-simplex. Suppose that [σ,α] �=
[σ,β]. It can be verified that

b(σ) ·
∑p

i=0
(−1)i sdp−1([σi ,αi ]) + b(σ) ·

∑p

i=0
(−1)i sdp−1([σi ,βi ]) = 0.

This ensures the existence of a unique homomorphism sdp from �p(�, S) to
�p(�bd , Sbd) subject to

sdp([σ,α]) = b(σ) ·
∑p

i=0
(−1)i sdp−1([σi ,αi ]) = b(σ) · sdp−1(dp([σ,α])).

In turn,

dpsdp([σ,α]) = dp(b(σ) · sdp−1(dp([σ,α]))
= sdp−1(dp([σ,α])) − b(σ) · dp−1(sdp−1(dp([σ,α])))

= sdp−1(dp([σ,α])) − b(σ) · sp−2(dp−1(dp(σ,α]))) = sdp−1(dp([σ,α]))

for all oriented p-simplex [σ,α]. This shows that dpsdp = sdp−1dp. Thus, sd is a
chain transformation and it is called the subdivision chain map.

We shall show that sd induces isomorphisms on the corresponding simplicial
homology groups. For the purpose, we define simplicial map χ from (�bd , Sbd) to
(�, S) such that �(χ)osd and sdo�(χ) are chain equivalent to the corresponding
identity chain transformations. By definition, �bd = {b(σ) | σ ∈ S}. The axiom of
choice gives us a map χ from �bd to � such that χ(b(σ)) ∈ σ. Let σ′ be a simplex
of (�bd , Sbd). By definition, there is an ordered simplex (σ,α) = (v0, v1, . . . , vq) in
(�, S) such that σ′ = {v̂0, 1

2 (v̂0 + v̂1), . . . ,
1

q+1 (v̂0 + v̂1 + · · · + v̂q)}. Indeed, there
is a natural ordering in σ′ induced by the order α on σ. Clearly, χ(σ′) ⊆ σ, and
hence χ(σ′) is a simplex in (�, S). This shows that χ is a simplicial map. Indeed,
χ is a simplicial approximation of the tautological identity map on | (�bd , Sbd) |
= | (�, S) |. Let σ be a q-simplex in S. By the induction, define elements χi (σ) ∈
σ for each i, 0 ≤ i ≤ q as follows: Take χ0(σ) = χ(b(σ)), and χ1(σ) = χ(b(σ −
{χ0(σ)})). Assume that χi (σ), i < q, has already been defined. Define χi+1(σ) =
χ(b(σ − ⋃i

j=1{χ j (σ)})). This gives us an oriented q-simplex [σ,χ], where χ(i) =
χi (σ).
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Proposition 3.1.15 �(χ)osd and sdo�(χ) are chain homotopic to the correspond-
ing identity chain transformations.

Proof Consider �(χ)osd. We show that �q(χ)osdq = I�q (�,S) for all q. By defini-
tion, sd0({v}) = {v̂} and �0(χ)({v̂}) = �0(χ)({b({v})}) = {χ(b({v}))} = {v}. This
shows that�0(χ)osd0 = I�0(�,S). Any oriented p-simplex [σ,α] can be represented
by [v0, v1, . . . , vp], where α(i) = vi . Let [v0, v1] be an oriented 1-simplex. By def-
inition, sd1([v0, v1]) = [b({v0, v1}), b({v1})] − [b({v0, v1}), b({v0})]. Thus,
�1(χ)(sd1([v0, v1]))
= �1(χ)([b({v0, v1}), b({v1})] − [b({v0, v1}), b({v0})])
= �1(χ)([b({v0, v1}), b({v1})]) − �1(χ)([b({v0, v1}), b({v0})])
= [χ(b({v0, v1})),χ(b({v1}))] − [χ(b({v0, v1})),χ(b({v0}))]
= [χ(b({v0, v1})), v1] − [χ(b({v0, v1})), v0]
= [v0, v1]
for all choices ofχ (observe that [v1, v0] = −[v0, v1]). This shows that�1(χ)osd1 =
I�1(�,S).

Assume that �qosdq = I�q (�,S) for all q < p. We prove it for p. Let [σ,α] =
[v0, v1, . . . , vp] be an oriented p-simplex. Suppose that b(σ) = vk . Then
�p(χ)(sdp([σ,α]))
= �p(χ)(b(σ) · ∑p

i=0(−1)i sdp−1([σi ,αi ]))
= �p(χ)(b(σ) · (−1)ksdp−1([σk,αk]))
= (vk · (−1)k�p−1(sdp−1([σk,αk]))
= (−1)kvk · [σk,αk] (by the induction hypothesis)
= [σ,α].

This shows that �p(χ)osdp = I�p(�,S) for all p.
Finally, we show that sdo�(χ) is chain homotopic to I�(�sd ,Sbd ). By the induction

on q, we define chain homotopy t = {tq , q ≥ 0} from I�(�bd ,Sbd ) to sdo�(χ). By
definition, �0(�bd , Sbd) is the free abelian group on {{b(σ)} | σ ∈ S}, and

(sd0o�0(χ))({b(σ)}) = sd0({χ(b(σ))}) = { ˆχ(b(σ))}.

We have a unique homomorphism t0 from �0(�bd , Sbd) to �1(�bd , Sbd) given by
t0[({b(σ)})] = [ ˆχ(b(σ)), b(σ)]. Hence

d1(t0([{b(σ)}]) = d1([ ˆχ(b(σ)), b(σ)]) = [{b(σ)}] − [ ˆχ(b(σ))] =
I�0(�bd ,Sbd )([{b(σ)}]) − (sd0o�0(χ))([{b(σ)}]).

Assume that tq has already been defined for all q < p satisfying the condition

dq+1tq + tq−1dq = I�q (�bd ,Sbd ) − sdqo�q(χ).

We define tp such that the above identity is satisfied for all q ≤ p. Let [σ′,α′] be an
oriented p-simplex of (�bd , Sbd). Then, using the induction assumption,
dp(I�p(�bd ,Sbd ) − sdpo�p(χ) − tp−1dp([σ′,α′]))
= dp([σ′,α′]) − dp(sdp(�p(χ)([σ′,α′]))) − (dpotp−1odp)([σ′,α′]))
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= dp([σ′,α′]) − dp(sdp(�p(χ)([σ′,α′]))) − ((I�p−1(�bd ,Sbd ) − sdp−1o�p−1(χ) −
tp−2odp−1)odp)([σ′,α′])
= dp([σ′,α′]) − dp(sdp(�p(χ)([σ′,α′]))) − ((I�p−1(�bd ,Sbd ) − sdp−1o�p−1(χ)

(dp([σ′,α′]))))
= 0, since sdpo�p(χ) is a chain transformation. This means that I�p(�bd ,Sbd ) −
sdpo�p(χ) − tp−1dp([σ′,α′])) is a cycle in the acyclic chain complex �(σ′, |
σ′|). Define tp([σ′,α′])) by the requirement that dp+1(tp([σ′,α′])) = I�p(�bd ,Sbd ) −
sdpo�p(χ) − tp−1dp([σ′,α′]). Extend tp, by linearity, to a homomorphism from
�p(�bd , Sbd) to itself. We denote this extended homomorphism by tp itself. Evi-
dently,

dp+1tp + tp−1dp = I�p(�bd ,Sbd ) − sdpo�p(χ).

This completes the construction of the chain homotopy t . �

Corollary 3.1.16 For each q, Hq(sd) and Hq(�(χ)) are inverses to each other. In
particular, Hq(�

n
bd , S

n
bd) ≈ Hq(�, S) for all n ≥ 0 and q ≥ 0. �

Let X be a topological space. A triangulation of X is a pair ((�, S), f ), where
(�, S) is a simplicial complex and f is a homeomorphism from | (�, S) | to X . A
topological space may not admit any triangulation, and it may admit more than one
nonisomorphic triangulations. A topological space X is called a polyhedron if it
admits a triangulation.

Example 3.1.17 Consider the simplicial complex (�, S), where
� = {v0, v1, . . . , vq} and S is the set of nonempty subsets of �. Then | (�, S) | is
naturally identified with the subspace

�q =
{
(a0, a1, . . . , aq) ∈ R

q+1 | ai ≥ 0 and
∑q

i=0
ai = 1

}
ofRq+1.

Evidently,�q is homeomorphic to the disk Dq of dimension q. Thus, Dq is a polyhe-
dron for all q. Also ifwe take S to be the set of proper subsets of� = {v0, v1, . . . , vq},
the | (�, S) | is naturally identified with the boundary of�q , and it is homeomorphic
to the sphere Sn−1. Thus, Sn−1 is also a polyhedron.

Example 3.1.18 Let� = Z
n, n ≥ 1. Let us denote the vector (x1, x2, . . . , xn) ofZn

by x . There is a partial order≤ on� defined by putting x ≤ y if xi ≤ yi for all i . For
each m ∈ Z, let m denote the vector (m,m, . . . ,m) ∈ Z

n , and Tm = {m + ε | ε ∈
{0, 1}n}. Note that Tm ⋂

Tm+1 = {m + 1} and Tm ⋂
Tn = ∅ whenever | m − n |≥ 2.

Let Sm denote the set of all totally ordered subsets of Tm . Let S = ⋃
m∈Z ℘(Sm).

Evidently, S is a set of finite subsets of�, and also all subsets ofmembers of S are in S.
Thus, (�, S) is a simplicial complex. Observe that (�, S) is a locally finite simplicial
complex. It is easily observed that a map α from� to [0, 1] is a member of | (�, S) |
if and only if there is a m ∈ Z such that α is 0 on � − Sm and

∑
a∈Sm α(a) = 1. The

mapφ from | (�, S) | toRn defined by φ(α) = ∑
x∈Zn α(x)x can be easily seen to be

a homeomorphism. Thus, the pair ((�, S),φ) is a triangulation of Rn . In particular,
R

n is a polyhedron.
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Example 3.1.19 Acylinder S1 × [0, 1] is obtained by identifying onepair of parallel
sides of a rectangle. It is homeomorphic to an open prism
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The above picture gives the simplicial complex (�, S), where
� = {v0, v1, v2, w0, w1, w2} and
S = {{v0}, {v1}, {v2}, {w0}, {w1}, {w2},
{v0, v1}, {v0, v2}, {v1, v2}, {w0, w1}, {w0, w2}, {w1, w2},
{v0, w0}, {v0, w1}, {v0, w0, w1}, {v1, w1},
{v0, v1, w1}, {v0, w2}, {v0, w0, w2}, {v2, w2},
{v0, v2, w2}, {v1, v2, w1}, {v2, w1}, {v2, w1, w2}},
and which is a triangulation of an open and hollow prism. In turn, it gives a triangu-
lation of a cylinder. Thus, a cylinder is a polyhedron. The scheme of triangulation
may easily be demonstrated by the following figure.
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Example 3.1.20 A torus T of genus 1 is the surface obtained by identifying parallel
sides of a rectangle. A scheme for triangulation of a torus is demonstrated by the
following figure.
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The reader is asked to write the corresponding simplicial complex. Thus, a torus is
also a polyhedron.

A polyhedron may have several nonisomorphic triangulations. For example,
(�, S) and (�′, S′) are triangulations of the circle S1, where � = {v0, v1, v2}, S =
{{v0}, {v1}, {v2}, {v0, v1}, {v0, v2}, {v1, v2}} and �′ = {v0, v1, v2, v3}, S′ =
{{v0}, {v1}, {v2}, {v3}, {v0, v2}, {v1, v2}, {v0, v3}, {v3, v1}.

We state the following theorem without proof. For the proof, the reader may refer
to the “Algebraic topology” by Spanier.

Theorem 3.1.21 Let (�, S) be a simplicial complex. Then φ = {φq | q ≥ 0} is a
chain equivalence from �(�, S) to the singular chain complex S(| (�, S) |) of |
(�, S) |, where φq is a homomorphism from �q(�, S) to Sq(| (�, S) |) defined by
φq(,α))(a)(α(i)) = ai , 0 ≤ i ≤ q and φq((σ,α))(a)(v) = 0 if v /∈ σ, where a =
(a0, a1, . . . , aq) ∈ �q . �

Corollary 3.1.22 Let X be a polyhedron with triangulation ((�, S), f ). Then
Hq(X) ≈ Hq(�, S) for all q. In particular, if ((�′, S′), f ′) is another triangula-
tions X, then Hq(�, S) ≈ Hq(�

′, S′) for all q.

Proof Since f is a homeomorphism from | (�, S) | to X , S( f ) is a chain iso-
morphism from S(| (�, S) |) to S(X). From the above theorem, we have a chain
equivalence φ from �(�, S) to S(| (�, S) |). In turn, we have a chain equivalence
S( f )oφ from �(�, S) to S(X). It follows that Hq(S( f )oφ) is an isomorphism from
Hq(�, S) to Hq(X) for all q. The rest is immediate consequence. �

Let X be a polyhedron with a triangulation ((�, S), f ). Without any loss, we can
term Hq(�, S) as the qth simplicial homology of X . Thus, simplicial homologies and
the singular homologies of a polyhedron are the same. To compute the homologies
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of a polyhedron X , either we triangulate it suitably and then compute the simplicial
homologies or use some results of singular homology theory to compute it.

A topological pair is a pair (X, A), where X is a topological space and A is a
subspace of X . We have a category �p whose objects are topological pairs, and a
morphism from a topological pair (X, A) to a topological pair (Y, B) is a continuous
map f from X to Y such that f (A) ⊆ B. A topological space X can also be treated
as a topological pair (X,∅). Thus, T OP can be treated as a full subcategory of �p.
By convention we put S(∅) = 0. We can extend the singular chain complex functor
S to the category �p of topological pairs by defining S(X, A) = S(X)/S(A), and
also the singular homology functors Hn by putting Hn(X, A) = Hn(S(X, A)). We
identify S(X,∅) = S(X)/S(∅) by S(X), and Hn(X,∅) by Hn(X). Every topological
pair (X, A) gives a short exact sequence

0 −→ S(A)
S(i)→ S(X)

S( j)→ S(X, A) −→ 0

of chain complexes of abelian groups, where j is the identity map from X to X
treated as a map from the topological pair (X,∅) to (X, A). The corresponding long
exact homology sequence is given by

· · · ∂n+1→ Hn(A)
Hn(i)→ Hn(X)

Hn( j)→ Hn(X, A)
∂n→ · · · .

This exact sequence will be termed as long exact sequence associated with the topo-
logical pair (X, A).

Let (X, A) be a pair, and (Y, B) be a subpair in the sense that Y is a subspace of X
and B ⊂ A. The inclusionmap i from (Y, B) to (X, A) is said to be an excisionmap if
Y − B = X − A. Thus, the inclusionmap i from (X1, X1

⋂
X2) to (X1

⋃
X2, X2) is

an excision map.We say that a pair {X1, X2} of subspaces of a space X is an excisive
couple if the inclusion chain transformation i from S(X1) + S(X2) to S(X1

⋃
X2)

induces isomorphisms on their homology groups.

Proposition 3.1.23 {X1, X2} is an excisive couple if and only if inclusion map i
from (X1, X1

⋂
X2) to (X1

⋃
X2, X2) induces isomorphism on the corresponding

singular homologies.

Proof The excision map i induces chain transformation S(i) from S(X1)/S(X1⋂
X2) to S(X1

⋃
X2)/S(X2). Evidently, S(X1

⋂
X2) = S(X1)

⋂
S(X2). By the

second isomorphism theorem (for chain complexes), we have a chain isomorphism
φ from S(X1)/S(X1

⋂
X2) to S(X1) + S(X2)/S(X2). Clearly, ĩ oφ = S(i), where

ĩ is the chain transformation induced by the inclusion chain transformation i from
S(X1) + S(X2) to S(X1

⋃
X2). Further,we have the following commutative diagram



3.1 Polyhedrons and Simplicial Homology 155

0 �

0 �

S(X2)

S(X2)

�
I

�

�

S(X1) + S(X2)

S(X1
⋃

X2)

i

�

�

�

(S(X1 + S(X2))/S(X2)

S(X1
⋃

X2)/S(X2)

�

�

�

0

0

ĩ

where the rows are short exact sequences of chain complexes. Using the long exact
homology sequences and the five lemmas, it follows that i induces isomorphisms on
the homology groups if and only if ĩ induces isomorphism on the homology groups.
Since ĩ oφ = S(i), it follows that {X1, X2} is an excisive couple if and only if S(i)
induces isomorphisms on the singular homology groups. �

Proposition 3.1.24 (Mayer–Vietoris sequence) Let {X1, X2} be an excisive couple
with X1

⋃
X2 = X. Then we have the long exact sequence

· · · ∂n+1→ Hn(X1

⋂
X2)

(Hn(i1),−Hn(i2))→ Hn(X1) ⊕ Hn(X2)
Hn( j1)⊕Hn( j2)→ Hn(X)

∂n→ · · · ,

where i1, i2, j1, and j2 are the corresponding inclusion maps.

Proof We have the short exact sequence of

0 −→ S(X1

⋂
X2)

(S(i1),−S(i2))→ S(X1) ⊕ S(X2)
S( j1)+S( j2→ S(X1) + S(X2) −→ 0

of chain complexes, where i1, i2, j1, and j2 are corresponding inclusion maps. In
turn, we get the long exact homology sequence

· · · ∂n+1→ Hn(X1
⋂

X2)
(Hn(i1),−Hn(i2))→ Hn(X1) ⊕ Hn(X2)

Hn( j1)+Hn( j2)→
Hn(S(X1) + S(X2))

∂n→ · · · .

Since {X1, X2} is an excisive couple, the inclusion map i from S(X1) + S(X2)

to S(X1
⋃

S(X2)) = S(X) induces isomorphism on homology groups. Substitut-
ing Hn(X) for Hn(S(X1) + S(X2)) with suitable maps, we get the desired exact
sequence. �

We state the following theorem without proof, and the proof can be found in the
“Algebraic topology” by Spanier.

Theorem 3.1.25 Let X1 and X2 be subspaces of X such that X = X0
1

⋃
X0
2 . Then{X1, X2} is an excisive couple. �
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Corollary 3.1.26 Let U, and A be subspaces of X such that Ū ⊆ A0. Then {X −
U, A −U } is an excisive couple, and the inclusion map i from (X −U, A −U ) to
(X, A) induce isomorphism on their homologies.

Proof Since Ū ⊆ A0, X − A0 ⊆ X − Ū ⊆ X −U . Since X − Ū is open, (X −
U )0 ⊃ X − A0. This means that (X −U )0

⋃
A0 = X . From the above theorem,

it follows that {X −U, A} is an excisive couple. Further, from Proposition3.1.23, it
follows that the inclusion map i from (X −U, A −U ) to (X, A) induces isomor-
phism on their homologies. �

Let f and g be maps from a topological pair (X, A) to a topological pair (Y, B).
Recall that f is said to be homotopic to g if there is a continuous map H from X ×
[0, 1] to Y such that (i) H(A × [0, 1]) ⊆ B, (ii) H(x, 0) = f (x), and (iii) H(x, 1) =
g(x) for all x .We use the notation f ∼ g to say that f is homotopic to g. For example,
themap H from D2 × [0, 1] to D2 defined by H(z, t) = zeitθ is a homotopy from the
identity map on (D2, S1) to the rotationmap through an angle θ, where D2 represents
the 2-disk {z ∈ C | | z |≤ 1}.
Proposition 3.1.27 The relation∼ is an equivalence relationon the set Map((X, A),

(Y, B)) of all maps from the topological pair (X, A) to (Y, B).

Proof Let f be amember ofMap((X, A), (Y, B)). Themap H from (X, A) × [0, 1]
to (Y, B) given by H(x, t) = f (x) is a continuous map, and it is a homotopy from
f to f . Hence f ∼ f . Suppose that f ∼ g. Then there is a homotopy H from f to
g. Then the map H ′ from (X, A) × [0, 1] to (Y, B) given by H ′(x, t) = H(x, 1 − t)
is a homotopy from g to f . This shows that g ∼ f . Suppose that f ∼ g and g ∼ h.
Let H be a homotopy from f to g and K is a homotopy from g to h. Define a map
H̃ from (X, A) × [0, 1] to (Y, B) by
H̃(x, t) = H(x, 2t) for 0 ≤ t ≤ 1

2 , and
H̃(x, t) = H ′(x, 2t − 1) for 1

2 ≤ t ≤ 1.
Since the restrictions of H̃ to the closed subsets X × [0, 1

2 ] and X × [ 12 , 1] of X ×
[0, 1] are continuous, it follows that H̃ is continuous. Evidently, H̃ is a homotopy
between f and h. This shows that ∼ is transitive. �

Proposition 3.1.28 Let f and g be homotopicmaps from (X, A) to (Y, B), and let f ′
and g′ be homotopic maps from (Y, B) to (Z ,C). The f ′of and g′og are homotopic
maps from (X, A) to (Z ,C).

Proof Let H be a homotopy from f to g, and H ′ be a homotopy from f ′ to g′.
Evidently, f ′oH is a homotopy from f ′of to f ′og. Also the map H̃ from X × [0, 1]
to Z defined by H̃(x, t) = H ′(g(x), t) is a homotopy from f ′og to g′og. From the
above proposition, it follows that f ′of is homotopic g′og. �

The above proposition allows us to have a category [�p] whose objects are topo-
logical pairs, and the morphisms are homotopy classes of maps between topological
pairs. This category is called the homotopy category of topological pairs. Two topo-
logical pairs (X, A) and (Y, B) are said to be of the same homotopy type if they are
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isomorphic objects in [�p]. More explicitly, the topological pairs (X, A) and (Y, B)

are of the same homotopy type if there is a map f from (X, A) to (Y, B), and a map
g from (Y, B) to (X, A) such that gof and f og are homotopic to the corresponding
identity maps.

Again, we state an important theorem without proof, and the proof can be found
in “Algebraic topology” by Spanier.

Theorem 3.1.29 If f and g are homotopic maps from a topological pair (X, A) to
a topological pair (Y, B), then S( f ) and S(g) are homotopic chain transformations.
In particular, Hn( f ) = Hn(g) for all n. �

Corollary 3.1.30 If (X, A)and (Y, B)areof the samehomotopy type, then Hn(X, A)

is isomorphic to Hn(Y, B) for all n.

Proof Let f be a map from (X, A) to (Y, B), and g be a map from (Y, B) to
(X, A) such that gof and f og are homotopic to the corresponding identity maps.
Also IHn(X,A) = Hn(I(X,A)) = Hn(gof ) = Hn(g)oHn( f ), and IHn(Y,B) = Hn(IY ) =
Hn( f og) = Hn( f )oHn(g). This shows that Hn( f ) is an isomorphism. �

In the light of the above theorem, the singular chain complex functor S and
the singular homology functors Hn may be treated as functors from the homotopy
category [�p] of topological pairs.
Proposition 3.1.31 Let f be a continuous map from | (�1, S1) | to | (�2, S2) |,
where (�1, S1) and (�2, S2) are simplicial complexes. Let φ be a simplicial approx-
imation of f . Then f is homotopic to | φ |.
Proof Letα be amember of | (�1, S1) |. Then there is a unique simplexσ2 ∈ S2 such
that f (α) ∈< σ2 >. Since φ is a simplicial approximation of f , | φ | (α) ∈| σ2 |.
Since | σ2 | is convex, t f (α) + (1 − t) | φ | (α) belongs to | σ2 |. In turn, we get a
continuous map H from | (�1, S1) | ×[0, 1] to | (�2, S2) | given by

H(α, t) = t f (α) + (1 − t) | φ | (α).

Evidently, H is a homotopy between f and | φ |. �

A topological space X is said to be a contractible space if it is of the same
homotopy type as the singleton space.

Example 3.1.32 Consider the Euclidean space Rn . Let c denote the constant map
fromR

n to {o} and i denote the inclusion map from {o} toRn . Then coi is the identity
map on {0}, and the map H from R

n × [0, 1] to R
n defined by H(x, t) = (1 − t)x

is a homotopy from IRn to ioc. This shows thatRn is contractible. Similarly, the disk
Dn is contractible.

Proposition 3.1.33 If X = {x0} is a singleton space, then Hn(X) = 0 for all n ≥ 1
and H0(X) = Z.
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Proof If X is a singleton space, then there is only one singular q-simplex for all
q ≥ 0. Thus, Sq(X) = Z for all q ≥ 0. It is also evident from the definition that dq is
zero map if q is odd, and dq is isomorphism for even q. This shows that H0(X) = Z,
and Hq(X) = 0 for all q ≥ 1. �

The following corollary is immediate fromCorollary3.1.30, and the above propo-
sition.

Corollary 3.1.34 If X is a contractible space, then Hn(X) = 0 for all n ≥ 1 and
H0(X) = Z. �

Thus, Hn(R
m) = Hn(Dm) = 0 for all n ≥ 1 and H0(R

m) = H0(Dm) = Z.

Proposition 3.1.35 Let pn denote the north pole (0, 0, . . . , 1) of Sn, and ps denote
the south pole (0, 0, . . . ,−1) of Sn. Then Sn − {pn, ps} and Sn−1 are of the same
homotopy type.

Proof Wehave the injectivemap i from Sn−1 to Sn − {pn, ps}givenby i((x1, x2, . . . ,
xn)) = (x1, x2, . . . , xn, 0). We also have the retraction map r from Sn − {pn, ps} to
Sn−1 givenby r((x1, x2, . . . , xn, xn+1)) = ( x1√

1−x2n+1

, x2√
1−x2n+1

, . . . , xn√
1−x2n+1

). Clearly,

roi = ISn−1 . Further, the map H from (Sn − {pn, ps}) × [0, 1] to Sn − {pn, ps}
defined by

H((x1, x2, . . . , xn, xn+1), t) = (x1, x2, . . . , xn, (1 − t)xn+1)
√
1 − x2n+1 + (1 − t)2x2n+1

is a homotopy from the identity map on Sn − {pn, ps} to the map ior . This shows
that Sn − {pn, ps} and Sn−1 are of the same homotopy type. �

Proposition 3.1.36 Sn−1 and R
n − {0} are of the same homotopy type.

Proof We have inclusion map i from Sn−1 to R
n − {0} , and the retraction map r

from R
n − {0} to Sn−1 defined by r(x) = x

|x | . The map H from (Rn − {0}) × [0, 1]
to (Rn − {0}) defined by

H(x, t) = t x + (1 − t)
x

| x |
is a homotopy from the identity map to ior . �

Exercises

3.1.1 Show that one point join of two polyhedrons is a polyhedron.

3.1.2 Let X and H be compact polyhedrons. Show that X × Y is also a compact
polyhedron.
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3.1.3 Is every compact metric space a polyhedron? Support.

3.1.4 Get a triangulation of the real projective space RP2.

3.1.5 Let (�, S) be the simplicial complex of Example1.3.11. Let �′ denote
{w0, w1, w2}, where w0 = v̂0+v̂1

2 , w1 = v̂0+v̂2
2 , w2 = v̂1+v̂2

2 , and S′ denote the set
of nonempty subsets of �′. Is (�′, S′) a subdivision of (�, S)? Support. Is | (�, S) |
homeomorphic to | (�′, S′) |?
3.1.6 Which of the following spaces are polyhedrons?

(i) The subspace (0, 1) of R.
(ii) The subspace [0, 1) of R.
(iii) The subspace [0, 1] of R.
(iv) The subspace { 1n | n ∈ N} ⋃{0} of R.

3.2 Applications

Theorem 3.2.1 For n ≥ 1,

Hq(S
n) ≈

{
Z i f q ∈ {0, n}
0 otherwise.

Also

Hq(S
0) ≈

{
Z ⊕ Z i f q = 0

0 otherwise.

Proof Since S0 = {1,−1} is a discrete space containing two points, from Proposi-
tions1.3.12 and 3.1.33, it follows that H0(S0) ≈ Z ⊕ Z and Hq(S0) = 0 for q �= 0.

Now, suppose that n = 1. The simplicial complex (�, S) in Example1.3.11 gives
a triangulation of S1. From Corollary 3.1.22, Hq(�, S) ≈ Hq(S1) for each q. Thus,
from Example1.3.11, it follows that H0(S1) ≈ Z ≈ H1(S1), and Hq(S1) = 0 for
q /∈ {0, 1}.

Suppose that n ≥ 2. Since Sn − {pn} and Sn − {ps} are open sets such that
Sn = (Sn − {pn})⋃

(Sn − {ps}), it follows that {Sn − {pn}, Sn − {ps}} is an exci-
sive couple. We have the corresponding Mayer–Vietoris long exact sequence

· · · (Hq ( j1),Hq ( j2))→ Hq(Sn − {pn}) ⊕ Hq(Sn − {ps}) Hq ( j1)+Hq ( j2→ Hq(Sn)
∂q→

Hq−1(Sn − {pn, ps}) (Hq−1(i1),−Hq−1(i2))→
Hq−1(Sn − {pn}) ⊕ Hq−1(Sn − {ps}) Hq−1( j1)+Hq−1( j2)→ · · · .

Further, Sn − {pn} is homeomorphic toRn . Indeed, the map φ from Sn − {pn} toRn

defined by
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φ(x1, x2, . . . , xn, xn+1) =
(

x1
1 − xn+1

,
x2

1 − xn+1
, . . . ,

xn
1 − xn+1

)

can easily be seen to be a homeomorphism. Similarly, Sn − {ps} is homeomorphic to
R

n . Thus, Sn − {pn} and Sn − {ps} are contractible. In turn, Hq(Sn − {pn}) = 0 =
Hq(Sn − {ps}) for each q ≥ 1. Substituting in the Mayer–Vietoris sequence, we find
that

Hq(S
n) ≈ Hq−1(S

n − {pn, ps})

for all q ≥ 2. Further, Sn − {pn, ps} is homeomorphic to R
n − {0}. From Propo-

sition3.1.36, Rn − {0} is of the same homotopy type as Sn−1. Hence, Hq(Sn) is
isomorphic to Hq−1Sn−1 for all q ≥ 2. Consider H1(Sn), and the part

· · · −→ H1(Sn − {pn}) ⊕ H1(Sn − {ps}) H1( j1)+H1( j2)→ H1(Sn)
∂1→

H0(Sn−1)
(H0(i1),−H0(i2))→ H0(Sn−1) ⊕ H0(Sn−1) −→ · · ·

of theMayer–Vietoris sequence. Evidently, (H0(i1),−H0(i2)) is themapwhich takes
a to (a,−a), and so it is injective. Already, H1(Sn − {pn}) ⊕ H1(Sn − {ps}) = 0.
Hence H1(Sn) = 0. We have established the result for q = 1 and for all n. Since
Hq(Sn) is isomorphic to Hq−1Sn−1 for all q ≥ 2, the result follows by the induction
on q. �

Corollary 3.2.2 Sn and Sm are of the same homotopy type if and only if n = m.

Proof Suppose that n �= m. Then Hn(Sn) ≈ Zwhereas Hn(Sm) = 0. The result fol-
lows from Corollary3.1.30. �

Corollary 3.2.3 (Invariance of dimension) Rn is homeomorphic to R
m if and only

if n = m.

Proof Suppose thatφ is a homeomorphism fromR
n toRm . Suppose that φ(0) = b ∈

R
m . Then we have the homeomorphism ψ fromR

n toRm given by ψ(x) = φ(x) − b
such thatψ(0) = 0. In turn,ψ induces a homeomorphism fromR

n − {0} toRm − {0}.
Further, by Proposition3.1.36, Rn − {0} is of the same homotopy type as Sn−1.
Thus, Sn−1 is of the same homotopy type as as Sm−1. From the above proposition,
n − 1 = m − 1. �

Corollary 3.2.4 Sn−1 is not a retract of Dn.

Proof Suppose that n = 1. Since S0 is disconnected discrete space on two elements
and D1 is connected, there is no retraction from D1 to S0. Next, suppose that n ≥ 2
and there is a continuous map r from Dn to Sn−1 such that roi = ISn−1 . Then

Hn−1(Sn−1)
IHn−1(Sn−1)→ Hn−1(Sn−1) = Hn−1(Sn−1)

Hn−1(i)→ Hn−1(Dn)
Hn−1(r)→

Hn−1(Sn−1).

Since Hn−1(Sn−1) ≈ Z and Hn−1(Dn) = {0}, we arrive at a contradiction. �
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Corollary 3.2.5 For n ≥ 1,

Hq(D
n, Sn−1) ≈

{
Z i f q = n
0 otherwise.

Proof For the pair (Dn, Sn−1), we have the long exact homology sequence

· · · ∂q+1→ Hq(Sn−1)
Hq (i)→ Hq(Dn)

Hq ( j)→ Hq((Dn, Sn−1))
∂q→ Hq−1(Sn−1)

Hq−1(i)→
Hq−1(Dn)

Hq−1( j)→ · · · .

Suppose that q ≥ 2. Since Dn is contractible, the above long exact sequence gives
the exact sequence

· · · 0 −→ Hq(D
n, Sn−1)

∂q→ Hq−1(S
n−1) −→ 0 · · · .

Hence Hq(Dn, Sn−1) ≈ Hq−1(Sn−1). From the Theorem 3.2.1, it follows that
Hq(Dn, Sn−1) = Z if q = n, and it is 0 otherwise. Suppose that q = 1. Then the
above exact sequence gives us the exact sequence

· · · 0 −→ H1(D
n, Sn−1)

∂1→ H0(S
n−1)

H0(i)→ H0(D
n).

If n > 1, then H0(Sn−1) ≈ Z ≈ H0(Dn) and H0(i) is an isomorphism. It follows that
H1(Dn, Sn−1) = 0. Suppose that n = 1. Observe that H0(S0) ≈ Z ⊕ Z, H0(D1) ≈
Z, and the homomorphism H0(i)(a, b) = a + b. Hence Ker H0(i) ≈ Z. From the
above exact sequence, it follows that H1(D1, S0) ≈ Z. The proof is complete. �

Proposition 3.2.6 Let �Dn denote the diagonal {(x, x) ∈ Dn × Dn}. We have a
continuous map φ from Dn × Dn − �Dn to Sn−1 such that φ(x, y) = y for all
y ∈ Sn−1.

Proof Let (x, y) be a member of Dn × Dn − �Dn . Consider the line r(t) = (1 −
t)x + t y joining x to y. There is a unique nonnegative real number tx,y such that
r(tx,y) belongs to Sn−1. This gives us a continuous map λ from Dn × Dn − �Dn to
[0,∞] given by λ(x, y) = tx,y (obtain the explicit formula for tx,y in terms of x and
y). Evidently, tx,y = 1whenever y ∈ Sn−1. In turn, themapφ from Dn × Dn − �Dn

to Sn−1 defined by
φ((x, y)) = (1 − tx,y)x + tx,y y

is a continuous map with the desired property. �

Corollary 3.2.7 (Brouwer fixed-point theorem) Let f be a continuous map from Dn

to Dn. Then there is a fixed point of f . More explicitly, there is an element x ∈ Dn

such that f (x) = x.
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Proof Suppose that f (x) �= x for each x ∈ Dn . Then, we have a continuous map
ψ from Dn to Dn × Dn − �Dn defined by ψ(x) = ( f (x), x). Clearly, the con-
tinuous map r = φoψ from Dn to Sn−1 is a retraction. This is a contradiction to
Corollary3.2.4. �

Let A be a finitely generated abelian group. From the structure theorem for finitely
generated abelian groups,

A ≈ Z ⊕ Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
m

⊕Zn1 ⊕ Zn2 ⊕ · · · ⊕ Znr ,

where ni/ni+1 for all i . The numberm of infinite cyclic summands is called the rank
A and n1, n2, . . . , nr are called the torsion numbers of A. The rank of A is denoted
by r(A). Evidently, r(A) = DimQ(A ⊗Z Q).

Proposition 3.2.8 Let A be a finitely generated abelian group and B be a subgroup
of A. Then B is also finitely generated and r(A) = r(B) + r(A/B).

Proof We have the short exact sequence

0 −→ B
i→ A

ν→ A/B −→ 0.

Since Q is a torsion-free abelian group, the sequence

0 −→ B ⊗Z Q
i⊗IQ→ A ⊗Z Q

ν⊗IQ→ (A/B) ⊗Z Q −→ 0

is the exact sequence of Q-vector spaces. Hence

r(A) = DimQA ⊗Z Q = DimQB ⊗Z Q + DimQ(A/B) ⊗Z Q =
r(B) + r(A/B).

�

Let A = {Aq | q ∈ Z}be afinitely generated graded abelian group in the sense that
Aq is finitely generated abelian group for each q and Aq = 0 for all but finitely many
q. Then the number

∑∞
q=0(−1)qr(Aq) is called the Euler–Poincare characteristic

of A and it is denoted by χ(A).

Theorem 3.2.9 (Euler–Poincare) Let

� ≡ · · · dq+1→ �q
dq→ �q−1

dq−1→ · · ·

be a finitely generated chain complex of abelian groups. Then H(�) = {Hq(�) |
q ∈ Z} is a finitely generated graded abelian group and χ(�) = χ(H(�)).

Proof Since �q is a finitely generated abelian group, Cq(�), Bq(�), and Hq(�) =
Cq(�)/Bq(�) are finitely generated. From the above proposition,
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r(Cq(�)) = r(Hq(�)) + r(Bq(�)).

Again, since �q/Cq(�) ≈ Bq−1(�),

r(�q) = r(Cq(�)) + r(Bq−1(�)).

From the above two equations, it follows that

r(�q) = r(Hq(�)) + r(Bq(�)) + r(Bq−1(�)).

Multiplying by (−1)q and summing over q, we find that χ(�) = χ(H(�)). �

Let X be a topological space such that the graded singular homology group
H(X) = {Hq(X) | q ≥ 0} is a finitely generated graded abelian group. The rank
of Hq(X) is called the qth Betti number, and it is denoted by bq(X). The tor-
sion numbers of Hq(X) are called the qth torsion numbers of X . The Euler–Poincare
characteristicχ(H(X)) = ∑n

q=0(−1)qbq(X) of H(X) is called theEuler–Poincare
characteristic of X , and it is denoted by χ(X). These are all invariants of the space
up to homotopy.

Thus, the Euler–Poincare characteristic χ(X) of any contractible space is 1. From
Theorem3.2.1, it follows thatχ(S2n) = 2 andχ(S2n+1) = 0. Since the cylinder S1 ×
[0, 1] is of the same homotopy type as S1, the Euler characteristic of a cylinder is 0.

Proposition 3.2.10 Suppose that {X1, X2} is an excisive couple. Then

χ(X1

⋃
X2) = χ(X1) + χ(X2) − χ(X1

⋂
X2).

Proof From Theorem 3.1.24, we have the following exact sequence:

· · · Hq+1( j1)⊕Hq+1( j2→ Hq+1(X1
⋃

X2)→ ∂q+1→ Hq(X1
⋂

X2)
(Hq (i1),−Hq (i2))→

Hq(X1) ⊕ Hq(X2)
Hq ( j1)+Hq ( j2)→ Hq(X1

⋃
X2)

∂q→ · · · ,

where i1, i2, j1, and j2 are the corresponding inclusion maps. Denote the above exact
sequence by E . From Theorem3.2.9, the Euler–Poincare characteristic of an exact
sequence is 0. Hence

0 = χ(E) =∑
q(−1)q [r(Hq(X1

⋂
X2)) − (r(Hq(X1)) + r(Hq(X2))) + r(Hq(X1

⋃
X2))].

This shows that

χ(X1

⋃
X2) = χ(X1) + χ(X2) − χ(X1

⋂
X2).

�
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Consider the torus T = S1 × S1. Clearly, {X1, X2} is an excisive couple, where
X1 = S1 × {eiθ | 0 ≤ θ ≤ 3π

2 } and X2 = S1 × {eiθ | π
2 ≤ θ ≤ 2π}. Also X1

⋂
X2 is

of the same homotopy type as S1 and X1
⋃

X2 = T . From the above identity, it
follows that χ(T ) = 0. Similarly, it can be shown that the Euler characteristic of the
double torus (the surface obtained by removing the interior of disks on the surfaces
of the two different tori and then gluing them along the boundary of the disks) is −2.

We state the following theorem of Eilenberg–Zilber without proof. This theorem
together with the Kunneth formula can be used very effectively to compute the
singular homologies of the product of two spaces.

Theorem 3.2.11 (Eilenberg–Zilber) Let X and Y be topological spaces. Then
S(X × Y ) is chain equivalent to S(X) ⊗ S(Y ). �

Thus, if Hq(X) or Hq(Y ) is torsion free, then by the Kunneth formula (Theo-
rem2.4.3), Hn(X × Y ) = ∑

p+q=n Hp(X) ⊗ Hq(Y ), and χ(X × Y ) = χ(X)χ(Y ).
In particular, χ(S2 × S2) = 4.

Proposition 3.2.12 Let X be a compact polyhedron having a triangulation
((�, S), f ), where | � | = n. Then

χ(X) =
∑n

q=0
(−1)qλq ,

where λq is the number of q-simplexes in (�, S).

Proof By the Euler–Poincare theorem, χ(H(�(�, S))) = χ(�(�, S)). Since
Hq(X) = Hq(�(�, S)) for each q, χ(X) = χ(H(�(�, S))) = χ(�(�, S)). Fur-
ther, by the definition, �q(�, S) is the abelian group generated by the set of
oriented q-simplexes [σ,α] subject to the relation [σ,α] + [σ,β] = 0 whenever
[σ,α] �= [σ,β]. Hence r(�q(�, S)) is the number λq of q-simplexes in (�, S). It
follows that χ(X) = ∑n

q=0(−1)qλq . �

Corollary 3.2.13 If (�, S) is a simplicial complex giving a triangulation of S2, then
V − E + F = 2, where V is the number of vertices, E is the number of edges,
and F is the number of faces. �

A simple polyhedron is a solid object in R
3 whose surface is homeomorphic to

S2, and which is built by several two-dimensional convex polygonal faces in such a
manner that the intersection of two distinct faces is an edge and the intersection of
two edges is a vertex of a polygon. It is said to be a regular simple polyhedron if all
the polygonal faces are congruent and the polygonal angles at the vertices are the
same. A regular simple polyhedron is also called a platonic solid. For example, the
solid regular tetrahedron
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are platonic solids. It is known from ancient Greek times there are threemore platonic
solids, viz., regular octahedron, dodecahedron, and icosahedron. We shall see soon
that these constitute all platonic solids (Figs. 3.1, 3.2, and 3.3).

Theorem 3.2.14 (Euler) Suppose that V is the number of vertices, E is the number
of edges, and F is the number of the polygonal faces describing the surface S of a
simple solid polyhedron. Then

V − E + F = 2.

Proof Suppose that there is a polygonal face A on the surface which is not a triangle,
andwhich has n vertices,m edges, and of course 1 face.We subdivide A into triangles
by taking a vertex v0 at the centroid of the face and joining the vertex v0 with other
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Fig. 3.1 Octahedron

Fig. 3.2 Icosahedron

Fig. 3.3 Dodecahedron
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vertices of the polygon through edges. In this subdivision of A into triangles, the
number of vertices is n + 1, the number of edges is 2m, and the number of faces is
m. Since n + 1 − 2m + m = n − m + 1, it follows that the number V − E + F
is invariant under this subdivision. Proceeding inductively, we may assume that all
polygonal faces are triangles which give a triangulation of S2. The result follows
from Corollary3.2.13. �

Let S be a regular simple polyhedron. Suppose that every vertex is common to
m edges, and every face has n edges, n ≥ 3. Since any two faces have exactly one
common edge, and an edge has exactly two vertices,

mV = 2E = nF,

where V is the number of vertices, E is the number of edges, and F is the number
of faces. Thus, V = nF

m , and E = nF
2 . By the Euler theorem

nF

m
− nF

2
+ F = 2.

Hence F(2n − mn + 2m) = 4m. Since m > 0, (2n − mn + 2m) > 0. Sincem ≥
2 and n ≥ 3, 2m > n(m − 2) ≥ 3m − 6. In turn, m ≤ 5. Suppose that m = 5. Then
F(2n − 5n + 10) = 20. The only possible solution is (m, n, F) = (5, 3, 20).
Further, for m = 4, the only possible solution is (m, n, F) = (4, 3, 8). For m = 3,
the possible solutions are (3, 4, 6) and (3, 5, 12). Thus, there are at themost 5 platonic
solids corresponding to (3, 3, 4), (3, 4, 6), (4, 3, 8), (3, 5, 12), and (5, 3, 20). Indeed,
in each case, we have a platonic solid which is unique up to similarity. Associated
with (3, 3, 4), we have a regular tetrahedron. For (3, 4, 6), we have a cube. We
have a regular octahedron associated with (4, 3, 8) which is obtained by joining the
centroids of the faces of a cube. For (3, 5, 12), we have a regular dodecahedron
with 12 congruent regular pentagonal faces such that each vertex is common to 3
pentagons. Finally, we have a regular icosahedron associated with (5, 3, 20) having
20 triangular faces with each vertex common to 5 triangles. The construction of the
last two platonic solids can be found in “Geometry” by Michele Audin.

The above discussion establishes the following interesting and important theorem.

Theorem 3.2.15 There are exactly five platonic solids, viz., regular tetrahedron,
cube, regular octahedron, dodecahedron, and icosahedron. �

Lefschetz Fixed-Point Theorem

Proposition 3.2.16 Let W be a subspace of a vector space V over a field F. Let f
be an endomorphism of V such that f (W ) ⊆ W. Then

Trace( f ) = Trace( f/W ) + Trace( f̄ ),

where f̄ is the endomorphism of V/W given by f̄ (x + W ) = f (x) + W.
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Proof Let {x1, x2, . . . , xr } be a basis of W . Extend it to a basis {x1,
x2, . . . , xr , xr+1, . . . , xn} of V . Suppose that f (x j ) = ∑n

i=1 αi j xi . By definition,
Trace( f ) = ∑n

i=1 αi i . Evidently, Trace( f/W ) = ∑r
i=1 αi i . Again, since {xr+1 +

W, xr+2 + W, . . . , xn + W } is a basis of V/W and f̄ (xr+l + W ) = ∑n−r
t=1 α(r+t)(r+l)

(xr+t + W ),Trace( f̄ ) = ∑n
i=r+1 αi i . This shows thatTrace( f ) = Trace( f/W )+

Trace( f̄ ). �

Let M be a finitely generated abelian group, and f be an endomorphism of
M . Then f induces an endomorphism f̃ of M/T (M) given by f̃ (a + T (M)) =
f (a) + T (M). Since M/T (M) is a finitely generated free abelian group, we can
talk of the trace of f̃ . The trace of f̃ is also called the trace of f , and it is denoted
by tr( f ). We have the split short exact sequence

0 −→ T (M)
i→ M

ν→ M/T (M) −→ 0.

SinceQ is a divisible abelian group, T (M) ⊗Z Q = 0. In turn, ν ⊗ IQ is an isomor-
phism from the Q-vector space M ⊗Z Q to M/T (M) ⊗Z Q. It is also evident that
tr( f ⊗ IQ) = tr( f̃ ⊗ IQ) = tr( f ).

Proposition 3.2.17 Let f be an endomorphism of a finitely generated abelian group
M, and let N be a submodule of M such that f (N ) ⊆ N. Let f̄ denote the endo-
morphism of M/N given by f̄ (x + N ) = f (x) + N. Then

tr( f ) = tr( f/N ) + tr( f̄ ).

Proof Since Q is a torsion-free Z-module, we have the exact sequence

0 −→ N ⊗Z Q
i⊗IQ→ M ⊗Z Q

ν⊗IQ→ M/N ⊗Z Q −→ 0.

Further, f ⊗ IQ is an endomorphism of theQ-vector space M ⊗Z Q such that ( f ⊗
IQ)(N ⊗Z Q) ⊆ N ⊗Z Q. From the above proposition,

tr( f ) = Trace( f ⊗ IQ) = Trace( f/N ⊗ IQ) + Trace( f̄ ⊗ IQ) =
tr( f/N ) + tr( f̄ ).

�

Let A = {Aq | q ∈ Z} be a finitely generated Z-graded abelian group in the sense
that all Aq are finitely generated and Aq = 0 for all but finitely many q ∈ Z. Let
f = { fq | q ∈ Z} be a graded endomorphism of A of degree 0. Then the number
L( f, A) = ∑

q∈Z(−1)q tr( fq) is called the Lefschetz number of f . In particular,
L(IA, A) is the Euler–Poincare characteristic χ(A) of A.

Theorem 3.2.18 (Hopf Trace Formula) Let

A ≡ 0 −→ An
dn→ An−1

dn−1→ · · · d2→ A1
d1→ A0 −→ 0
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be a finite chain complex of finitely generated abelian groups. Let f = { fq | 0 ≤ q ≤
n}bea chain transformation from A to itself. Then L( f, A) = L(H( f ), H(A)).More
explicitly,

∑n
q=0(−1)q tr( fq) = ∑n

q=0(−1)q tr(Hq( f )).

Proof Let Zq denote the group of q-cycles, and Bq denote the group of q-boundaries.
Then fq(Zq) ⊆ Zq , and fq(Bq) ⊆ Bq . Also Aq/Zq ≈ Bq−1, and Zq/Bq ≈ Hq(A).
Thus, from the Proposition 3.2.16, we have the identities:

tr( fq) = tr( fq/Zq) + tr( fq−1/Bq−1),

and
tr( fq/Zq) = tr(Hq( f )) + tr( fq/Bq).

Substituting the value of tr( fq/Zq) from the second equation to the first equation,
we obtain

tr( fq) = tr(Hq( f )) + tr( fq/Bq) + tr( fq−1/Bq−1).

Multiplying the last equation by (−1)q and summing over q from 0 to n, we obtain
the desired result. �

Let X be a topological space such that the graded homology group H(X) =
{Hq(X) | q ≥ 0} is finitely generated. Let f be a continuous map from X to itself.
Then the Lefschetz number L(H( f ), H(X)) is called the Lefschetz number of
f , and it is denoted by L( f, X). In particular, if X is a compact polyhedron of
dimension n and f is a continuous map from X to itself, then the Lefschetz number
L( f, X) = ∑n

q=0(−1)q tr(Hq( f )) is defined. The following fixed-point theorem due
to Solomon Lefschetz (1884–1972) which he established in 1926 is one of the most
important fixed-point theorems.

Theorem 3.2.19 (Lefschetz fixed-point theorem) Let f be a continuous map from
a compact polyhedron X to itself such that L( f, X) �= 0. Then f has a fixed point.

Proof Since X is a compact polyhedron, there is a finite simplicial complex (�, S)

of dimension n, together with a homeomorphism φ from | (�, S) | to X . Con-
sider the continuous map ψ = φ−1of oφ from | (�, S) | to itself. The map f has
a fixed point x ∈ X if and only if (φ−1of oφ)(φ−1(x)) = φ−1(x). Thus, f has a fixed
point if and only if ψ has a fixed point. Further, Hq(ψ) = Hq(φ

−1)Hq( f )Hq(φ) =
(Hq(φ))−1Hq( f )Hq(φ). Hence tr(Hq(ψ)) = tr(Hq( f ). In turn, L( f, X) = L(ψ, |
(�, S) |). It is sufficient, therefore, to assume that X = | (�, S) | and f = ψ. Sup-
pose thatψ has no fixed point.We need to show that L(ψ, | (�, S) |) = 0. Let d be the
usual metric on | (�, S) |. Since ψ is continuous, and the metric d is also continuous
on the product, the map x �→ d(x,ψ(x)) is a continuous map from | (�, S) | to the
space {x ∈ R | x ≥ 0} of nonnegative real numbers. Since | (�, S) | is compact and
d(x,ψ(x)) > 0 for all x , there is a positive real number ε such that d(x,ψ(x)) ≥ ε
for all x ∈| (�, S) |. Let N be sufficiently large so that the mesh of (�N

bd , S
N
bd)

with respect to the metric dλ on | (�N
bd , S

N
bd) | induced by the usual metric d on
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| (�, S) | through the linear homeomorphism λ from | (�N
bd , S

N
bd) | to | (�, S) | is

less than ε
3 . Again consider ξ = λ−1oψoλ. Since ψ has no fixed point, ξ also has no

fixed point. Also Hq(ξ) = (Hq(λ))−1oHq(ξ)oHq(λ). Thus, it is sufficient to show
that the Lefschetz number L(ξ, | (�N

bd , S
N
bd) |) is 0. Let η be a simplicial map from

((�N
bd)

m
bd , (S

N
bd)

m
bd) to (�N

bd , S
N
bd) which is a simplicial approximation of ξ (Corol-

lary3.1.14). We have the following commutative diagram:

�(�N
bd , S

N
bd) ��(ηosd)

�(�N
bd , S

N
bd)

�
S(| (�N

bd , S
N
bd) |)S(| (�N

bd , S
N
bd) |) �

S(| η |)�

φoμ(�,S) φoμ(�,S)

where μ(�,S) is the chain equivalence described in Theorem1.3.10, and φ is the
chain equivalence described in Theorem3.1.21. Further, by Proposition3.1.31,
and Theorem3.1.29, S(| η |) and S(ξ) are chain homotopic. In turn, Hq(| η |) =
Hq(ξ) for all q. From the above commutative diagram, tr(Hq(ξ)) = tr(Hq(ηosd)).
Thus, L(ξ, | (�N

bd , S
N
bd) |) = ∑n

q=0(−1)q tr(Hq(ηosd)). From the Hopf trace for-
mula,

∑n
q=0(−1)q tr(Hq(ηosd)) = ∑n

q=0(−1)q tr(ηqosdq)). It is sufficient, there-
fore, to show that tr(ηqosdq) = 0 for all q. Let [σ,α] be an oriented q-simplex
in (�N

bd , S
N
bd). Since η is a simplicial approximation of ξ, for each α ∈| (�, S) |,

there is a simplex σ ∈ SN
bd such that | η | (α) and ξ(α) are members of | σ |. Hence

dλ(| η | (α), ξ(α)) < ε
3 for each α ∈ SN

bd . Let σ be a simplex in (�N
bd , S

N
bd). Suppose

that α ∈| η | (| σ |)⋂ | σ |. Then α = | η | (β) for some β ∈| σ |. In turn,

dλ(β, ξ(β)) ≤ dλ(β, | η | (β)) + dλ(| η | (β), ξ(β)) = dλ(β,α) + dλ(| η |
(β), ξ(β)) ≤ 2 ε

3 < ε.

This is a contradiction, and hence | η | (| σ |)⋂ | σ | = ∅ for all simplexes in SN
bd .

Let [σ,μ] be an oriented q-simplex in (�N
bd , S

N
bd). Consider sdq([σ,μ]). Let [τ , ν]

be an oriented q-simplex in ((�N
bd)

m, (SN
bd)

m
bd)which appears in the chain sdq([σ,μ])

with nonzero coefficient. Then τ ⊆| σ |. It follows, from the previous observation,
that | η | (τ ) is disjoint from | σ |. Thus, in the chain sdq([σ,μ]), the coefficient
of [σ,μ] is zero. This means that tr(ηqosdq) = 0. This completes the proof of the
Lefschetz fixed-point theorem. �

Corollary 3.2.20 Let X be a compact contractible polyhedron. then any continuous
map f from X to itself has a fixed point.

Proof If X is a contractible polyhedron, then H0(X) ≈ Z and Hq(X) = 0 for all
q ≥ 1. Further, given any continuous map f from X to X , H0( f ) is an isomorphism.
Hence L( f, X) = ±1. From the Lefschetz fixed-point theorem, f has a fixed point.
�
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The Brouwer fixed-point theorem (Corollary3.2.7) follows as a particular case of
the above corollary.

Let f be a continuousmap from Sn to Sn, n ≥ 1. Then Hn( f ) is a homomorphism
from Hn(Sn) to itself. Since Hn(Sn) is an infinite cyclic group, there is a unique integer
m such that Hn( f )(a) = am for all a ∈ Hn(Sn). This number m is called the degree
of f , and it is denoted by deg( f ). Thus, Hn( f )(a) = adeg( f ) for all a ∈ Hn(Sn). The
following proposition relates the Lefschetz number and the degree of a continuous
self map on Sn .

Proposition 3.2.21 Let f be a continuous map from Sn to itself. Then L( f, Sn) =
1 + (−1)ndeg( f ).

Proof Since tr(Hn( f )) = deg( f ), the result is immediate from Theorem3.2.1. �

Corollary 3.2.22 If a continuous map f from Sn to itself has no fixed point, then
deg( f ) = (−1)n+1. In particular, the degree of the antipodal map A from Sn to itself
( A(x) = −x) is (−1)n+1. �

Theorem 3.2.23 There is a continuous map f from Sn to itself such that x is orthog-
onal to f (x) for all x ∈ Snif and only if n is odd.

Proof Suppose that there is a continuous map f from Sn to itself such that x and
f (x) are orthogonal to each other for all x ∈ Sn . Then

((|| t x + (1 − t) f (x) ||)2 = t2 + (1 − t)2 �= 0

for all t ∈ [0, 1]. Thus, we have a continuous map H from Sn × [0, 1] to Sn given
by

H(x, t) = t x + (1 − t) f (x)

|| t x + (1 − t) f (x) || .

Clearly, H is a homotopy from ISn to f . Hence L( f, Sn) = L(ISn , Sn) = 1 + (−1)n .
If n is even, then L( f, Sn) = 2 �= 0. By the Lefschetz fixed-point theorem, f has
a fixed point x ∈ Sn . This is a contradiction, for < x, f (x > = 0. Hence n is odd.
Conversely, suppose that n = 2m + 1 is odd. Then the map f from S2m+1 to itself
defined by

f ((x1, x2, . . . , x2m+1, x2m+2)) = (x2,−x1, . . . , x2m+2,−x2m+1)

is a continuous map with the required property. �

Consider the subspace T (Sn) = {(v,w) ∈ Sn × R
n+1 |< v,w > = 0} of Sn ×

R
n+1. T (Sn) togetherwith the projectionmap p from T (Sn) to Sn is called the tangent

bundle of Sn . A continuous section s to the projection map p is called the tangent
vector field over Sn . Thus, a tangent vector field to Sn determines and is uniquely
determined by a continuous map φ from Sn to R

n+1 such that < v,φ(v) > = 0 for
all v ∈ Sn .
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Corollary 3.2.24 Everywhere nonvanishing tangent vector field on Sn exists if and
only if n is odd.

Proof If there is a nowhere-vanishing tangent vector field on Sn , then there is a
continuous map φ from Sn to R

n+1 such that < v,φ(v) > = 0 and φ(v) �= 0 for all
v ∈ Sn . In turn, we have a continuous map ψ from Sn to itself given by φ(v)

||v|| such that
< v,ψ(v) > = 0 for all v ∈ Sn . From Theorem3.2.23, n is odd. Conversely, if n is
odd, we have a nowhere vanishing tangent vector field φ given by

φ((x1, x2, . . . , x2m+1, x2m+2)) = (x2,−x1, . . . , x2m+2,−x2m+1).
�

We say that a set {φ1,φ2, . . . ,φr } of tangent vector fields on Sn is an orthonormal
set of tangent vector fields if < φi (v),φ j (v) > = δi j for all v ∈ Sn , where δi j is
the Kronecker delta. Thus, for all odd n, we have at least a singleton set {φ} of
orthonormal tangent vector fields. It is natural to ask the following question:

What are odd n for which there is an orthonormal set {φ1,φ2, . . . ,φn} of tangent
vector fields on Sn?
Note that in this case, {φ1(v),φ2(v), . . . ,φn(v)} will form an orthonormal basis of
the tangent space Tv(Sn) to Sn at v for all v ∈ Sn . This problem is faithfully related
to the existence of an orthogonal multiplication on Rn+1 (equivalently, the existence
of a nondegenerate multiplication on Sn). We demonstrate it as follows.

An orthogonal multiplication onRn+1 is a bilinear map μ fromR
n+1 × R

n+1 to
R

n+1 such that
|| μ(x, y) || = || x |||| y ||

for all x, y in R
n+1. Evidently, x �= 0 �= y implies that μ(x, y) �= 0. For example,

the usual multiplication on R, the complex multiplication on R
2, the quaternionic

multiplication on R4, and the octonion multiplication on R8 are all orthogonal mul-
tiplications. Observe that an orthogonal multiplication is always continuous.

Proposition 3.2.25 Let μ be an orthogonal multiplication onRn+1. For each x �= 0,
the map μx from R

n+1 to itself defined by μx (y) = μ(x, y) is a linear automorphism
of Rn. Further, if x is a unit vector, then μx is an orthogonal transformation.

Proof Evidently,μx is a linear transformation. Suppose thatμ(x, y) = μ(x, z). Then
μ(x, y − z) = 0. Hence || x |||| y − z || = 0. Since x �= 0, y = z. This shows thatμx

is an injective linear transformation. Since Rn+1 is finite dimensional, μx is a linear
automorphism. Further, if x is a unit vector, then || μx (y) || = || x |||| y || = || y ||
for each y. This shows that μx is an orthogonal transformation. �

Proposition 3.2.26 Let μ be an orthogonal multiplication on R
n+1. Let u be a unit

vector of Rn+1. We can deform μ to another orthogonal multiplication μ̃ on R
n+1

such that u is the identity of the multiplication μ̃.
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Proof Define μ̃(x, y) = μ(x,μ−1
u (y)). Since μu is a linear isomorphism, μ̃ is a bilin-

ear map. Again, since μu is an orthogonal transformation, || μ̃(x, y) || = || x |||| y ||
for all x, y in Rn+1. Finally, μ̃(u, y) = μ(u,μ−1

u (y)) = μu(μ
−1
u (y)) = y for all y in

R
n+1. This shows that u is the identity for μ̃. �

Proposition 3.2.27 Suppose that there is an orthogonal multiplication μ on R
n+1.

Then there exists an orthonormal set of tangent vector fields of Sn containing n
elements.

Proof In the light of the above proposition, we may assume that en+1 is the identity
of μ. For each i, 1 ≤ i ≤ n, consider the map φ from Sn to itself given by φi (v) =
μ(ei , v). Clearly, φi is continuous for each i . Further, since en+1 is the identity of the
multiplication,

|| (μ(ei , v) − v)) ||2 = || (μ(ei , v) − μ(en+1, v)) ||2 = || μ(ei − en+1, v) ||2 = 2.

Again, since μ(ei , v) and v are unit vectors, it follows that < φi (v), v > = 0 for all
v ∈ Sn . This means that each φi is a unit tangent vector field on Sn . Next,

|| φi (v) − φ j (v) ||2 = || (μ(ei , v) − μ(e j , v)) ||2 = || μ(ei − e j , v) ||2 = 2

for all i �= j . Again, since φi (v) and φ j (v) are unit vectors, it follows that <

φi (v),φ j (v) > = 0. This shows that {φi | 1 ≤ i ≤ n} is an orthonormal set of vector
fields on Sn . �

R
n together with the orthogonal multiplication with identity is also called a real

normed algebra. It follows from the above result and Corollary3.2.22 that if an
orthogonal multiplication on R

n exists, then n = 1 or n = 2m is even. We already
have normed algebra structure on R, R2, R4, and R

8. They are the algebra of real
numbers, the algebra of complex numbers, the division algebra of quaternions, and
the algebra of octonions. Indeed, Adams in 1960 showed that the above mentioned
normed algebras are all normed division algebras over the field of real numbers.
Thus, on S1 all maximal orthonormal sets of tangent vector fields are singletons.

Next, consider Sn . Suppose that n + 1 = (2a + 1)2b, where b = c + 4d, a, b, c
and d are integers with 0 ≤ c ≤ 3. Let ρ(n) = 2c + 8d. Again, Adams in 1962 (Vec-
tor fields on spheres, Ann of math 1962) established that a maximal orthonormal set
of vector fields on Sn contains exactly ρ(n) − 1 elements. For example, if n = 1, then
c = 1 and d = 0, and a maximal orthonormal set of vector fields contains exactly
1 element. Indeed, z �→ z̄ and z �→ −z̄ are the only tangent vector fields on S1. If
n = 3, then ρ(4) = 4, and hence a maximal orthonormal set of vector fields on S3

contains 3 elements. Determine one such orthonormal set. For n = 7, again ρ(8) = 8,
and so a maximal orthonormal set of vector fields on S7 contains 7 elements.

A flow on a space X is a continuous action of the additive groupR of real numbers.
More explicitly, a flow on X is a continuous map φ from X × R to X such that (i)
φ(x, s + t) = φ(φ(x, s), t), and (ii) φ(x, 0) = x for all x ∈ X and s, t inR. Thus, on
a locally compact Hausdorff space X , a flow is simply a continuous homomorphism
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from R to the group Homeo(X) of homeomorphisms of X , where Homeo(X) is
equipped with the compact open topology. A point x ∈ X is called a fixed point of
the flow if φ(x, t) = x for all t ∈ R.

Theorem 3.2.28 Let X be a compact polyhedron whose Euler characteristic χ(X)

is nonzero. Then any flow on X has a fixed point.

Proof Let φ be a flow on X . Fix t ∈ R. Then the map φt from X to X given by
φt (x) = φ(x, t) is a continuous map, and the map H from X × I to X given by
H(x, s) = φ(x, st) is a homotopy from IX to φt . In turn, L(φt , X) = L(IX , X) =
χ(X) �= 0. By Lefschetz fixed-point theorem, φt has a fixed point for all t ∈ R. Let
Fn denote the fixed point set of φ 1

2n
. Then Fn is a nonempty closed subset of X , and

Fn+1 ⊆ Fn for all n. Let F = ⋂
n Fn . Since X is compact, F is a nonempty closed

set. Thus, φ 1
2n
fixes each point of F for each n. Since φ is an action, each point of F

is fixed by φ m
2n
for each m, n. Again, since the set of dyadic rational numbers forms

a dense set, and the map t �→ φt is a continuous map, F is a fixed point set of the
flow φ. �

Jordan–Brouwer Separation Theorem

It appears evident that if we take a homeomorphic copy A of S1 embedded in S2,
then S2 − A is decomposed into two connected components B andC whose common
boundary is A. However, a rigorous mathematical proof of this fact is not so easy. It
requires some amount of mathematical work. More generally, we have the following
theorem.

Theorem 3.2.29 (Jordan–Brouwer separation theorem) Let A be a copy of Sn−1

embedded as a homeomorphic subspace of Sn. Then Sn − A = B
⋃

C, where B
and C are connected components of Sn − A such that A is the common boundary of
B and C.

We need some more results to establish this theorem.

Lemma 3.2.30 Let A be a subspace of Sn which is homeomorphic to I k, 0 ≤ k ≤ n,
where I = [0, 1]. Then the reduced homology H̃q(Sn − A) = 0 for all q.

Proof The proof is by the induction on k. If k = 0, then I 0 is a point, and so Sn −
A is homeomorphic to R

n . Since R
n is contractible, H̃q(Sn − A) = 0 for all q.

Assume that the result is true for all k, 0 ≤ k < m, 1 ≤ m ≤ n. We prove it for
m + 1. Let φ be a homeomorphism from I m+1 to A. Suppose that H̃q(Sn − A) �= 0.
Let a be a nonzero member of H̃q(Sn − A). We construct a sequence {[αr ,βr ]}
of closed subintervals of I = [0, 1] such that (i) αr ≤ αr+1 ≤ βr+1 ≤ βr for each
r , (ii) βr − αr = 1

2r , and (iii) H̃q(ir )(a) �= 0, where ir is the inclusion map from
Sn − A to Sn − φ(I m × [αr ,βr ]). We do it by the induction on r . Take α0 = 0 and
β0 = 1. Let B = φ([I m × [0, 1

2 ]) andC = φ([I m × [ 12 , 1]). Clearly, A, B, andC are
closed subsets of Sn and A = B

⋃
C . Evidently, Sn − A = (Sn − B)

⋂
(Sn − C),

and (Sn − B)
⋃

(Sn − C) = Sn − (B
⋂

C) = Sn − φ(I m × { 12 }). By the induction
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hypothesis, H̃q(Sn − (B
⋂

C)) = 0 for all q. Since Sn − B and Sn − C are open,
{Sn − B, Sn − C} is an excisive couple, we have the corresponding Mayer–Vietoris
exact sequence

−→ H̃q+1(Sn − (B
⋂

C)) −→ H̃q(Sn − A)
(H̃q (i1),−H̃q (i ′1))→

H̃q(Sn − B) ⊕ H̃q(Sn − C)
j1+ j ′1→ H̃q(Sn − (B

⋂
C)) −→ · · · ,

where i1 is the inclusion map from Sn − A to Sn − B and i ′1 is the inclusion map
from Sn − A to Sn − C . Since the extreme terms are 0, (H̃q(i1),−H̃q(i ′1)) is an iso-
morphism. Again, since a �= 0, H̃q(i1)(a) �= 0 or H̃q(i ′1)(a) �= 0. If H̃q(i1)(a) �= 0,
take α1 = 0 and β1 = 1

2 , and if not, take α1 = 1
2 and β1 = 1. Evidently, the required

conditions are satisfied. Assume that we have already constructed the closed inter-
vals [αt ,βt ] for all t ≤ r with the required conditions. We construct the closed
interval [αr+1,βr+1] so that the required conditions are satisfied. Let At denote
φ(I m × [αt ,βt ]), t ≤ r . Let D = φ(I m × [αr ,αr + 1

2r+1 ]) and E = [αr + 1
2r+1 ,βr ].

Again, using theMayer–Vietoris sequence for the excisive couple {Sn − D, Sn − E},
we obtain that H̃q(ir+1)(a) �= 0 or H̃q(i ′r+1)(a) �= 0. If H̃q(ir+1)(a) �= 0, takeαr+1 =
αr and βr+1 = αr + 1

2r+1 , and if not, take αr+1 = αr + 1
2r+1 and βr+1 = βr . It is clear

that {[αt ,βt ] | t ≤ r + 1} satisfies the required condition. By the induction, the con-
struction of the sequence {[αm,βm]} with the required condition is complete. Since

(βm − αm) = 1
2m ,

Lim→ αm =Lim→ βm = α(say). Put Ar = φ([I m × [αr ,βr ]). Then we
have the chain A ⊇ A1 ⊇ A2 ⊇ · · · ⊇ Ar ⊇ Ar+1 ⊇ · · · of the closed subsets of
Sn such that

⋂∞
r=1 Ar = φ(I m × {α}) is isomorphic to I m . Further, Sn − A ⊇

Sn − A1 ⊇ Sn − A2 ⊇ · · · ⊇ Sn − Ar ⊇ Sn − Ar+1 ⊇ · · · is a chain of open sub-
sets of Sn such that

⋃∞
r=1(S

n − Ar ) = Sn − φ(I m × {α}). Since �q is compact for
each q, any singular q-chain σ in Sn − φ(I m × {α}) is a singular q-chain in Sn − Ar

for some r . It follows that H̃q(Sn − φ(I m × {α})) = Limr H̃q(Sn − Ar ) and the
sequence H̃q(ir )(a) represents a nonzero element of H̃q(Sn − φ(I m × {α})). This is
a contradiction, since H̃q(Sn − φ(I m × {α})) = 0. This shows that H̃q(Sn − A) = 0.

�

Corollary 3.2.31 Let A be a subspace of Sn which is homeomorphic to Sk for some
k, 0 ≤ k ≤ n − 1. Then H̃q(Sn − A) = 0 for all q �= n − k − 1 and H̃n−k−1(Sn −
A) ≈ Z.

Proof The proof is by the induction on k. Suppose k = 0. Then A ≈ S0 consists of
two points. Then Sn − A is of the same homotopy type as Sn−1. Since H̃q(Sn−1) = 0
for all q �= n − 1 and H̃n−1(Sn−1) ≈ Z, the result follows for k = 0. Assume that the
result holds for all k < m ≤ n − 1. We prove it for m. Let φ be a homeomorphism
from Sm to A. Let A+ = φ(Sm+) and A− = φ(Sm−), where Sm+ denotes the upper
closed m-hemisphere and Sm− denotes the lower closed m-hemisphere. Evidently,
A+, A−, and A are closed subsets of Sn such that A+

⋃
A− = A, A+

⋂
A− =

φ(Sm+
⋂

Sm−) ≈ Sm−1. Applying theMayer–Vietoris sequence for the excisive couple
{Sn − A+, Sn − A−}, we obtain the following exact sequence:
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−→ H̃q+1(Sn − A+) ⊕ H̃q+1(Sn − A−)
j1+ j ′1→ H̃q+1(Sn − (A+

⋂
A−))

∂q+1→
H̃q(Sn − A)

(H̃q (i1),−H̃q (i ′1))→ H̃q(Sn − A+) ⊕ H̃q(Sn − A−) −→ · · · ,

where i1 is the inclusion map from Sn − A to Sn − A+ and i ′1 is the inclusion
map from Sn − A to Sn − A−. Since A+ and A− are isomorphic to I m , it fol-
lows (Lemma3.2.30) that extreme two terms are 0. Hence H̃q+1(Sn − (A+

⋂
A−))

is isomorphic to H̃q(Sn − A). Since (A+
⋂

A−)) is isomorphic to Sm−1, by the
induction assumption, it follows that H̃q(Sn − A) = 0 for all q �= n − m − 1 and
H̃n−m−1(Sn − A) ≈ Z. �

Proof of the Jordan–Brouwer Separation theorem. Let A be a subspace
of Sn which is homeomorphic to Sn−1. Then A is a closed subset of Sn , and
from the above Corollary, H̃0(Sn − A) ≈ Z and H̃q(Sn − A) = 0 for q �= 0. Thus,
Sn − A = B

⋃
C , where B and C are path components of Sn − A. Further, since

Sn − A is an open subset of Sn , it is locally path connected. Hence B and C are con-
nected components of Sn − A. Finally, we need to show that A = bd(B) = bd(C).
Now, since B is open, bd(B) = cl(B)

⋂
cl(Sn − B) ⊆ cl(B) − B. Again, sinceC is

open and B
⋂

C = ∅, bd(B) ⊆ cl(B) − C . Thus, bd(B) ⊆ cl(B) − (B
⋃

C) ⊆ A.
Similarly, bd(C) ⊆ A. Finally, we need to show that A ⊆ (cl(B)

⋂
cl(C)). Let

x ∈ A, and let U be an open neighborhood of x in Sn . We need to show that
U

⋂
cl(B) �= ∅ �= U

⋂
cl(C). Since A is homeomorphic to Sn−1 and U

⋂
A is an

open subset of A, there is a subset D of U
⋂

A such that A − D is homeomorphic
to I n−1. By Lemma3.2.30, H̃q(Sn − (A − D)) = 0 for all q. Hence Sn − (A − D)

is path connected. Let b ∈ B and c ∈ C . Clearly, b, c both are in Sn − (A − D).
Let σ be a path in Sn − (A − D) from b to c. Since b and c are in different path
components B and C of Sn − A, σ(I )

⋂
D �= ∅. This means that D contains a point

of cl(B) and also a point of cl(C). In turn, U
⋂

cl(B) �= ∅ �= U
⋂

cl(C). Thus,
x ∈ cl(B)

⋂
cl(C). �

Theorem 3.2.32 (Invariance of domain) Let U be an open subset of Sn, and let V
be a subspace of Sn which is homeomorphic to U. Then V is also an open subset of
Sn.

Proof Let φ be a homeomorphism from U to V . Let y ∈ V , and x be the unique
element of U such that φ(x) = y. Then there is a neighborhood A of x contained
in U which is homeomorphic to I n whose boundary B is homeomorphic to Sn−1.
Evidently, φ(A) is homeomorphic to I n and φ(B) is homeomorphic to Sn−1. From
the above Jordan–Brouwer separation theorem, Sn − φ(B) has two path compo-
nents. By Lemma3.2.30, Sn − φ(A) is path connected. Evidently, φ(A) − φ(B),
being homeomorphic to the interior of I n , is path connected. Since Sn − φ(B) =
(Sn − φ(A))

⋃
(φ(A) − φ(B)), it follows that Sn − φ(A) andφ(A) − φ(B) are com-

ponents of Sn − φ(B). Since Sn − φ(B) is open, φ(A) − φ(B) is open. Clearly,
y ∈ φ(A) − φ(B) ⊆ V . This shows that V is an open subset of Sn . �

Corollary 3.2.33 Let U be an open subset of Rn which is homeomorphic to a sub-
space V of Rn. Then V is an open subset of Rn.
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Proof R
n can be treated as an open subspace of its one point compactification Sn .

Hence U is an open subspace of Sn and V is a subspace of Sn which is contained in
R

n and which is homeomorphic to U . From the above theorem, V is an open subset
of Sn which is contained in Rn . This means that V is an open subset of Rn . �

Corollary 3.2.34 Let φ be an injective continuous map from Sn to itself. Then φ is
a homeomorphism.

Proof Since Sn is compact Hausdorff, φ(Sn) is a closed subset of Sn which is home-
omorphic to Sn . From the earlier theorem, φ(Sn) is also open. Since Sn is connected,
φ is surjective. �

Observe that the above corollary is not true for Rn . However, it follows that a
bijective continuous map from R

n to itself is a homeomorphism.

Borsuk–Ulam Theorem

Consider the Euclidean spaceRn+1. The map A fromR
n+1 to itself given by A(x̄) =

−x̄ is called the antipodal map. Evidently, A is an orthogonal transformation onRn+1

of determinant (−1)n+1. A subset X of Rn+1 is said to be invariant under antipodal
map A if A(X) = X . For example, Sn, Dn+1, and the cube İ n = {x̄ ∈ R

n+1 | max{|
xi |} = 1} are A-invariant subspaces of Rn+1. Let X and Y be A-invariant subspaces
of Rn+1. A continuous map f from X to Y is called an antipodes preserving map
(also called an odd map) if f (Ax̄) = A( f (x̄)) for each x̄ ∈ X . Thus, the antipodal
map A is an antipodes preservingmap. Themap f from İ n to Sn given by f (x̄) = x̄

|x̄ |
is an antipodes preserving map. If m ≤ n, then the inclusion map i from Sm to Sn

given by i(x0, x1, . . . , xm) = (x0, x1, . . . , xm, 0, 0, . . . , 0) is antipodes preserving
continuous map. However, we shall establish the theorem of Borsuk–Ulam which
asserts that such a map from Sm to Sn for m > n does not exist.

There are several equivalent formulations of the theorem of Borsuk–Ulam.

Theorem 3.2.35 The following statements are equivalent:

1. If m > n, then there is no antipodes preserving continuous map from Sm to Sn.
2. There is no antipodes preserving continuous map from Sn to Sn−1 for any n ∈ N.
3. Given a natural number n and a continuous map f from Sn to R

n, there is an
element x̄ ∈ Sn such that f (−x̄) = f (x̄).

4. Given a natural number n and a continuous antipodes preserving map f from Sn

to Rn, there is an element x̄ ∈ Sn such that f (x̄) = 0̄.

Proof (1 ⇒ 2). Evident.
(2 ⇒ 1). Assume 2. Suppose that m > n and f is a continuous antipodes pre-

serving map from Sm to Sn . Let i be the inclusion map from Sn+1 to Sm given by
i((x0, x1, . . . , xn+1)) = (x0, x1, . . . , xn+1, 0, 0, . . . , 0). Then i is an antipodes pre-
serving continuous map, and so f oi is an antipodes preserving continuous map from
Sn+1 to Sn . This is a contradiction to 2.

(2 ⇒ 3). Assume 2. Let f be a continuous map from Sn to R
n . Suppose that

f (−x̄) �= f (x̄) for all x̄ ∈ Sn . Then the map g from Sn to Sn−1 given by
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g(x̄) = f (x̄) − f (−x̄)

|| f (x̄) − f (−x̄) ||
is such that g(−x̄) = −g(x̄) for all x̄ ∈ Sn . This is a contradiction to 2.

(3 ⇒ 4). Assume 3. Let f be a continuous antipodes preserving continuous map
from Sn toRn . From 3, there is an element x̄ ∈ Sn such that f (−x̄) = f (x̄). Since f
is antipodes preserving, f (−x̄) = − f (x̄). This means that f (x̄) = − f (x̄). Hence
f (x̄) = 0̄.
(4 ⇒ 2). Assume 4. Let f be a continuous antipodes preserving continuous map

from Sn to Sn−1. Then f can also be treated as a continuous antipodes preserving
continuous map from Sn toRn . By 4, there is an element x̄ ∈ Sn such that f (x̄) = 0̄.
This is a contradiction, since 0̄ /∈ Sn−1. �

We state the following theorem without proof. The proof can be found in the
Algebraic topology by Spanier.

Theorem 3.2.36 Let f be an antipodes preserving continuous map from Sn to itself.
Then deg( f ) is an odd integer. �

Theorem 3.2.37 (Borsuk–Ulam Theorem) All the statements of Theorem3.2.35 are
true.

Proof Since all the statements of Theorem3.2.35 are equivalent, it is sufficient to
prove 1. Let f be an antipodes preserving continuous map from Sm to Sn , wherem >

n. Let i denote the inclusion map from Sn to Sm . Then i is an antipodes preserving
continuousmap, and hence io f is an antipodes preserving continuousmap from Sm to
it self. Since Hm(Sn) = 0, Hm(i) = 0. Thismeans that Hm( f oi) = Hm( f )oHm(i) =
0. This is a contradiction, since deg( f oi) is odd. �

Corollary 3.2.38 Sn cannot be embedded in Rn.

Proof Let f be a continuous map from Sn to Rn . From the Borsuk–Ulam theorem,
and Theorem 3.2.35 (3), there exists x̄ ∈ Sn such that f (−x̄) = f (x̄). Hence f
cannot be injective. �

Following are some interesting and important consequences of the Borsuk–Ulam
theorem.

1. Treat the Earth as a sphere S2. Let T (x̄) denote the temperature, and P(x̄)
denote the pressure at x̄ . Then the function f from S2 to R

2 defined by
f (x̄) = (T (x̄), P(x̄)) is a continuous function. From the theorem of Borsuk–
Ulam, there are diametrically opposite two places x̄ and −x̄ where temperature
and pressure are the same.

2. (Lusternik–Schnirelmann Theorem) Let {X1, X2, . . . , Xn, Xn+1} be a covering
of Sn consisting of closed subsets of Sn . Then there is an element x̄ ∈ Sn and an
Xi such that both the antipodal points x̄ and −x̄ belong to Xi .
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Proof Observe that for any subset A of Sn , the distance function x̄ �→ d(x̄, A) from
Sn to R is a continuous function. Also A is closed if and only if d(x̄, A) = 0
implies that x̄ ∈ A. Thus, the function f from Sn to R

n defined by f (x̄) =
(d(x̄, X1), d(x̄, X2), . . . , d(x̄, Xn)) is a continuous function. By the Borsuk–Ulam
theorem, there is an element x̄ ∈ Sn such that f (−x̄) = f (x̄). This means that
d(x̄, Xi ) = d(−x̄, Xi ) for all i ≤ n. If d(x̄, Xi ) = 0 = d(−x̄, Xi ) for some i , then
x̄ and −x̄ belong to Xi . Suppose that d(x̄, Xi ) > 0 for all i ≤ n, then d(−x̄, Xi ) >

0 for all i ≤ n. This means that x̄ /∈ Xi and −x̄ /∈ Xi for each i ≤ n. Since
{X1, X2, . . . , Xn, Xn+1} is a covering of Sn , x̄ ∈ Xn+1 and −x̄ ∈ Xn+1. �

Hurewicz Theorem, An Application of Spectral Sequence

Our aim is to use spectral sequence (Sect. 2.5) arguments to establish an important
theoremdue toHurewiczwhich relates the fundamental groups and homology groups
of a space.

Let X be a path connected space with a base point x0 ∈ X . Recall (see Exam-
ple1.1.35) the loop space �(X, x0) of all continuous loops in X around x0. A path
in �(X, x0) from a loop σ to a loop τ is, in fact, a homotopy H from σ to τ .
Let π1(X, x0) = π0(�(X, x0)) denote the set of all path components of �(X, x0).
Thus, π1(X, x0) is the set of homotopy classes of loops in X around x0. A homo-
topy class of loops determined by σ will be denoted by [σ]. Let σ and τ be mem-
bers of �(X, x0). Define a map σ 	 τ from I to X by putting (σ 	 τ )(t) = 2t for
t ∈ [0, 1

2 ] and (σ 	 τ )(t) = 2t − 1 for t ∈ [ 12 , 1]. Clearly, σ 	 τ ∈ �(X, x0). The
notation σ ≈ τ will mean that σ is homotopic to τ . If σ ≈ σ′ and τ ≈ τ ′, then it
can be seen easily that σ 	 τ ≈ σ′ 	 τ ′. Thus, we have a product · in π1(X, x0) given
by [σ] · [τ ] = [σ 	 τ ]. It can be verified that π1(X, x0) is a group with respect to this
operation. The homotopy class [e0] is the identity, where e0 is the constant loop given
by e0(t) = x0 for all t . The inverse of [σ] is [σ−1], where σ−1(t) = σ(1 − t). The
group π1(X, x0) is called the first fundamental group or the homotopy group of
X based at x0. Further, π1(�(X, x0), e0) is called the second fundamental group of
X based at x0 and it is denoted by π2(X, x0). Inductively, we can define all higher
fundamental groups πn(X, x0). It can be seen that πn(X, x0) is abelian for all n ≥ 2.
Let σ ∈ �(X, x0). Then σ is a 1-singular simplex in S1(X). Indeed, σ represents a
1-cycle and determines an element of H1(X,Z) which we denote by σ̂. If σ ≈ τ ,
then it can be easily observed that σ̂ = τ̂ . This defines a map χ from π1(X, x0) to
H1(X,Z). Since X is path connected, χ is surjective. It can also be shown that χ is a
homomorphism whose kernel is the commutator [π1(X, x0),π1(X, x0)] of π1(X, x0)
(seeAlgebraic Topology byGreenberg orAlgebraic Topology bySpanier for details).
Thus, H1(X,Z) is naturally isomorphic to the abelianizer of the fundamental group
π1(X, x0). In particular, if π1(X, x0) is abelian, then π1(X, x0) ≈ H1(X, x0). If X
is path connected and π1(X, x0) = {0} = π0(�(X, x0)), then �(X, x0) is path con-
nected. In turn, π2(X, x0) = π1(�(X, x0), e0) ≈ H1(�(X, x0),Z).

A continuous map E
p→ B is called aHurewicz Fibration if it has the homotopy

lifting property with respect to any space X in the following sense:
“Given a homotopy H from X × I to B and a continuous map f ′ from X to E such
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that H(x, 0) = pof ′(x) for each x ∈ X , there is a continuous map Ĥ from X × I
to E such that Ĥ(x, 0) = f ′(x) for each x and poĤ = H”.

A continuous map E
p→ B is called a Weak Fibration or a Serre fibration if

it has the homotopy lifting property with respect to any cube I n, n ≥ 0. Thus, a
Hurewicz fibration is a Serre fibration. For an element, b ∈ B, p−1(b) is called the
fiber over b.

Example 3.2.39 1. The exponential map exp from R to S1 given by exp(x) =
e2πi x is a fibration. Indeed, it is a covering projection.

2. SO(n + 1) acts transitively on Sn in an obvious manner. The map p from
SO(n + 1) to Sn given by p(A) = en+1A is a continuous map which is a weak
fibration. The fiber p−1(en+1) ≈ SO(n).

3. Let X be a path connected space and x0 ∈ X . Let P(X, x0) denote the space
of all paths with initial point x0. The map p from P(X, x0) to X defined by
p(σ) = σ(1) is a fibrationwith fiber p−1(x0) = �(X, x0). This fibration is called
the path space fibration.

We state (without proof) the following theorem due to Serre. The proof can be
found in the “Algebraic Topology” by Spanier.

Theorem 3.2.40 (Serre) Let E
p→ B be a Serre fibration with fiber F = p−1(b).

Suppose that π1(B) = {0} = π0(F). Then there is a first quadrant spectral sequence
{(Er , dr ) | r ≥ 2} ( Er

p,q = 0whenever p < 0 or q < 0) converging to E∞ such that
E2

p,q = Hp(B, Hq(F)) for all p, q and for each n, there is a descending chain

Hn(E) = An,o ⊇ An−1,1 ⊇ · · · ⊇ A0,n ⊇ A−1,n+1 = {0}

of abelian groups with E∞
p,q = Ap,q/Ap−1,q+1 for each p, q. In particular, Hn(E) =

{0} if and only if E∞
p,q = 0 for all p, q with p + q = n. Further, if we take the

coefficients of the homologies in a field, then the above chain is a chain of vector
spaces and so Hn(E) = ⊕ ∑

p+q=n E
∞
p,q .

A path connected space X is said to be an n-connected space if πr (X, x0) = 0
for all r ≤ n. Using the above theorem of Serre, we shall establish the following
important theorem due to Hurewicz.

Theorem 3.2.41 (Hurewicz) Let X be an n-connected space, n ≥ 1. Then the
reduced homology group Ĥr (X) = 0 for all r ≤ n and πn+1(X, x0) ≈ Hn+1(X) =
Hn+1(X, x0).

Proof The proof is by the induction on n. Assume that n = 1. By the hypothesis, 0 =
π0(X, x0) and also 0 = π1(X, x0) = π0(�(X, x0), e0). This means that Ĥ0(X) = 0
and also H1(X, x0) = π1(X, x0)/[π1(X, x0),π1(X, x0)] = 0. Also �(X, x0) is path
connected. Now, since π2(X, x0) is abelian,

π2(X, x0) = π1(�(X, x0), e0) ≈ H1(�(X)).
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Thus, it remains to show that H2(X) ≈ H1(�(X)). Consider the path space fibration

(P(X, x0), e0)
p→ (X, x0), where p(σ) = σ(1). The fiber is p−1(x0) = �(X, x0).

The fibration p satisfies the hypothesis of Theorem3.2.40. Hence, we have a first
quadrant spectral sequence {(Er , dr ) | r ≥ 2} (Er

p,q = 0 whenever p < 0 or q < 0)
such that E2

p,q = Hp(X, Hq(�(X, x0))) for all p, q and for each n, we have a finite
descending chain

Hn(P(X, x0)) = An,0 ⊇ An−1,1 ⊇ · · · ⊇ A0,n ⊇ A−1,n−1 = 0,

where E∞
p,q = Ap,q/Ap−1,q+1 for all p, q. The path space P(X, x0) is contractible,

since the map H from P(X, x0) × I to P(X, x0) given by H(σ, s)(t) = σ(st) is a
homotopy from the constant map σ �→ e0 to the identity map IP(X,x0). Consequently,
Hn(P(X, x0)) = 0 for alln > 0.Thismeans that E∞

p,q = 0 for all p, q with p, q > 0.
Now,

H2(X,Z) = E2
2,0

d2
2,0→ E2

0,1 = H0(X, H1(�(X, x0)) = H1(�(X, x0)) =
π1(�(X, x0)) = π2(X, x0).

It is sufficient, therefore, to show that d2
2,0 is an isomorphism. Suppose it is contrary.

Since it is a first quadrant spectral sequence, E3
0,1 �= 0 and E3

2,0 �= 0. Since dr = 0 for
r ≥ 3, E∞

0,1 = E3
0,1 �= 0 and E∞

2,0 = E3
2,0 �= 0. This is a contradiction to the observed

fact that E∞
p,q = 0 for p, q > 0. This establishes the result for n = 1.

Assume the result for n ≥ 1. Let X be an n + 1-connected space. Then �(X, x0)
is n-connected. By the induction assumption, Ĥr (�(X, c0)) = 0 for all r ≤ n and
πn+1(�(X, x0), e0) ≈ Hn+1(�(X, x0)). Now,πn+2(X, x0) ≈ πn+1(�(X, x0), e0) ≈
Hn+1(�(X, x0)). It is sufficient, therefore, to show that Hn+1(�(X, x0)) ≈ Hn+2(X).
By the induction hypothesis, Hq(�(X, x0)) = 0 for all 0 < q < n + 1. Conse-
quently, by the universal coefficient theorem for homology (Corollary2.4.6),

E2
p,q = Hp(X, Hq(�(X, x0))) ≈

Hp(X) ⊕ Hq(�(X, x0)) ⊕ Tor(Hp−1(X), Hq(�(X, x0))) = 0

for all 0 < q < n + 1. Thus, the differentials dr , 2 ≤ r ≤ n, have no impact on p
axis for all p ≤ n + 1. Further, dn+1 also does not disturb the entries. Since P(X, x0)
is contractible, E∞

p,q = 0 except when p = 0 = q. This means that Hr (X) = 0 for

all r, 1 ≤ r ≤ n + 1 and consequently Hn+2(X)
dn+2→ Hn+1(�(X, x0)) is an isomor-

phism. This completes the proof. �

Exercises

3.2.1 Show that S2 is not of the same homotopy type as S1 × S1.

3.2.2 Find χ(S1 × S1 × S1).
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3.2.3 Find χ(S1 ∨p S1).

3.2.4 Let X be a compact polyhedron, and f be a map from X to itself which is
homotopic to a constant map. Show that f has a fixed point.

3.2.5 LetG be a path connected Hausdorff topological group. Let g ∈ G. Show that
the left multiplication Lg by g is homotopic to the identity map. Hint: Consider the
map H from G × [0, 1] to G defined by H(x, t) = σg(t)x , where σg is a path from
e to g.

3.2.6 Let G be a Compact group which is a polyhedron. Show that χ(G) = 0.
Deduce that if Sn has a topological group structure, then n is odd. In particular, S2

cannot be given a topological group structure.

3.2.7 Let A be an n × n orthogonal matrix. Treating A as a map from Sn−1 to itself,
find its degree, n ≥ 2.

3.3 Co-homology of Groups

The origin of the co-homology theory of groups lies in the work of Hurewicz in
Topology. Around the mid-1930s, Hurewicz introduced the concept of higher homo-
topy groups πn(X), n ≥ 2 of spaces, and studied path connected CW complexes
all of whose higher homotopy groups are trivial. Such spaces are called aspherical
spaces. He established that two aspherical spaces X and Y are of the same homotopy
type if and only if π1(X) ≈ π1(Y ). With the work of Eilenberg–MacLane, it also
became clear that for any group π, there is a path connected CW complex K (π, 1)
(unique up to homotopy) called an Eilenberg–MacLane space which is aspherical
with a fundamental group π. Indeed, K defines a faithful functor from the cate-
gory of groups to the category of homotopy classes of aspherical spaces. Thus, the
homology and co-homology theory of spherical spaces is basically the homology and
co-homology theory of groups. We shall denote Hq(K (π, 1), A) by Hq(π, A) and
Hq(K (π, 1), A) by Hq(π, A). Evidently, H0(π) = π and H1(π) = πab. For q ≥ 2,
the algebraic description of Hq(π, A) and Hq(π, A) is by no means evident. Hopf

was the first to give an algebraic description of H2(π) as H2(π) = R
⋂[F,F]
[R,F] , where

1 −→ R −→ F −→ π −→ 1

is a presentation of π (see also Chap.10, Algebra 2). Finally, Eilenberg andMacLane
gave an algebraic description of homologies and co-homologies of groups during
the mid-1940s. Interestingly, the low-dimensional homologies and co-homologies
agreed with those given by Schur, Schreier, and Brauer in terms of crossed homo-
morphisms and factor systems (see Chap.10, Algebra 2). With that, co-homology
theory of groups became an important object of study having its application in alge-
bra, number theory, and topology. This section is devoted to a very brief description
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of co-homology theory of groups, and we shall use the algebraic definition of co-
homology groups. For group theoretic interpretations of low-dimensional homology
and co-homology groups, we refer to Chap.10 of Algebra 2.

LetG be a group. Consider the integral group ringZ(G). Let A be aZ(G)-module.
By the definition, the nth homology group of G with coefficient in A is given by
Hn(G, A) = TorZ(G)

n (Z, A), and the nth co-homology with coefficient in A is given
by Hn(G, A) = EXT n

Z(G)(Z, A), where Z is treated as a trivial G-module.
Let G be a group. A left G-module is an abelian group (A,+) together with an

externalmultiplication · ofG on A such that (i) e · a = a, (ii) g · (a + b) = g · a + g ·
b, and (gh) · a = g · (h · a) for all g, h ∈ G and a, b ∈ A (here e denotes the identity
of the group G). Thus, a left G-module (A,+) is essentially a homomorphism
φ from G to Aut (A,+) given by φ(g)(a) = g · a, g ∈ G and a ∈ A. Similarly, a
right G-module can be defined. Further, a left G-module structure on an abelian
group (A,+) is essentially a left Z(G)-module structure on (A,+) given by the
relation

( ∑
g∈G αgg

) · a = ∑
g∈G(αg(g · a)) (observe that all the sums are finite).

In turn, a Z(G)-module (A,+) is essentially a ring homomorphism φ from Z(G)

to the ring End(A,+) such that φ(G) ⊆ Aut (A,+). Every abelian group (A,+)

is a Z(G)-module given by
(∑

g∈G αgg
) · a = ∑

g∈G(αg)a. This Z(G)-module
A is called the trivial Z(G)-module structure on A. In particular, the trivial Z(G)-
module structure on Z is given by

( ∑
g∈G αgg

) · n = ∑
g∈G(αg)n for all n ∈ Z.

Consider the map ε from Z(G) to Z given by ε
( ∑

g∈G αgg
) = ∑

g∈G αg . This
map is called the augmentation map. Treating Z(G) as Z(G)-module, it is easily
observed that the augmentation map ε is Z(G) homomorphism from Z(G) to Z, and
indeed, it is also a ring homomorphism. The kernel kerε of ε is a two-sided ideal of
Z(G). It is denoted by I (G), and it is called the augmentation ideal of G. Thus,
I (G) = {∑

g∈G αgg | ∑
g∈G αg = 0

}
.

Let us describe H	(−,−) and H 	(−,−) as bi-functors. Let G and G ′ be groups,
and α be a group homomorphism from G to G ′. Let B be a G ′-module. Then
B can also be treated as a G-module by defining g · b = α(g) · b. Let � denote
the category whose objects are pairs (G, A), where G is a group and A is a G-
module. A morphism from a pair (G, A) to (G ′, A′) is a pair (α, f ), where α is
a group homomorphism from G to G ′ and f is a group homomorphism from A
to A′ satisfying f (g · a) = α(g) · f (a). More explicitly, f is a G-homomorphism,
where A′ is treated as a G-module through the homomorphism α. Let (α, f ) be
a morphism in � from (G, A) to (G ′, A′). Let F be a G-free resolution of the
trivial G-module Z, and let F ′ be a G ′ free resolution of the trivial G ′-module
Z. Then F ′ can be treated as a chain complex of G-modules through the homo-
morphism α. Evidently, F ′ treated as a chain complex of G-modules is acyclic
and so it is a resolution (it may not be projective) over the trivial G-module
Z. From Theorem2.1.2, the identity IZ can be lifted to a chain transformation
α̃ = {αn | n ≥ 0} from F to F ′. Also, f is a G-homomorphism when A′ is also
treated as a G-module. Hence α ⊗G f = {αn ⊗ f | n ≥ 0} is a chain transforma-
tion from the chain complex F ⊗G A to the chain complex F ′ ⊗G ′ A′ of abelian
groups. In turn, for each n, we have a homomorphism Hn(α, f ) = Hn(α ⊗G f )
from Hn(G, A) to Hn(G ′, A′). It can be easily observed that Hn(IG, IA) = IHn(G,A),
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and Hn(βoα, gof ) = Hn(β, g)oHn(α, f ). This introduces the bi-functor H	(−,−).
Similarly, we can introduce the contra-variant bi-functor H 	(−,−).

Proposition 3.3.1 (i) (I (G),+) is a free abelian group with basis S = {g − 1 |
g ∈ G − {1}}.

(ii) If X is a set of generators of the group G, then {1 − x | x ∈ X} generates I (G)

as a G-module.

Proof (i) Evidently, S is Z-linearly independent. We need to show that S generates
I (G) as a group. Let

( ∑
g∈G αgg

)
be a member of I (G). Then

∑
g∈G αg = 1.

Hence
∑

g∈G αgg = ∑
g∈G αg(g − 1). This shows that S generates (I (G),+).

(ii) We need to show that g − 1 ∈< X >, where < X > denote the submodule gen-
erated by X . For each x ∈ X , x−1 − 1 = −(x−1(x − 1). Hence x−1 − 1 ∈<

X > for each x ∈ X . Thus, we may assume that X is closed under inver-
sion. Every element g of G is expressible as g = x1x2 · · · xr . We prove the
assertion by the induction on r . If r = 1, it is evident. Assume the result
for r . Suppose that g = x1x2 · · · xr xr+1. Then g − 1 = x1x2 · · · xr xr+1 − 1 =
x1(x2x3 · · · xr+1 − 1) + (x1 − 1). By the induction assumption, x2x3 · · · xr+1 −
1 ∈< X >. Hence g − 1 ∈< X >. �

Proposition 3.3.2 Let H be a subgroupof G. Then (Z(G),+) is a freeZ(H)-module
of rank [G, H ].
Proof Given x ∈ G, Hx is a left Z(H)-submodule of Z(G) which is isomorphic to
Z(H) considered as a Z(H)-module. If S is a right transversal to H in G, then Z(G)

considered as a Z(H)-module is the direct sum ⊕∑
x∈S Hx . The result follows. �

Corollary 3.3.3 Every projective Z(G)-module is also a projective Z(H)-module.
�

Low Dimensional Homology and Co-homology

Proposition 3.3.4 H0(G, A) ≈ A/I (G)A.

Proof Bydefinition, H0(G, A) = TorZ(G)
0 (Z, A). FromProposition2.2.28, TorZ(G)

0
(Z, A) = Z ⊗Z(G) A. We have the short exact sequence

0 −→ I (G) −→ Z(G)
ε→ Z −→ 0.

Since tensoring is a right exact functor, we have the exact sequence

I (G) ⊗Z(G) A
i⊗IA→ Z(G) ⊗Z(G) A

ε⊗IA→ Z ⊗Z(G) A −→ 0.

It follows that Z ⊗Z(G) A is isomorphic to (Z(G) ⊗Z(G) A)/ imagei ⊗ IA. Fur-
ther, we have the isomorphism φ from Z(G) ⊗Z(G) A to A give by φ(r ⊗ a) = ra.
Thus, Z ⊗Z(G) A is isomorphic to A/I (G)A. This shows H0(G, A) is isomorphic to
A/I (G)A. �
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In particular, if A is a trivial G-module, then H0(G, A) ≈ A.

Proposition 3.3.5 H 0(G, A) is isomorphic to the submodule AG = {a ∈ A | ga =
a f or all g ∈ G} of A.
Proof By definition, H 0(G, A) = EXT 0

Z(G)(Z, A). By Proposition2.1.6, EXT 0
Z(G)

(Z, A) is isomorphic to HomZ(G)(Z, A). Define a map χ from HomZ(G)(Z, A)

to A by χ(α) = α(1). Evidently, χ is an injective homomorphism. Further, if
α ∈ HomZ(G)(Z, A), then gα(1) = α(g1) = α(1). Thus, image χ ⊆ {a ∈ A | ga =
a f or all g ∈ G}. Also, if ga = a for all g ∈ G, then the map α from Z to A given
by α(n) = na is easily seen to be a member of HomZ(G)(Z, A) such that χ(α) = a
This shows that H 0(G, A) ≈ AG . �

In particular, if A is a trivial G-module, then H 0(G, A) ≈ A.

Proposition 3.3.6 H1(G, A) is isomorphic to the kernel of i	, where i	 is the homo-
morphism from I (G) ⊗Z(G) A to A given by i	(r ⊗ a) = ra, r ∈ I (G), a ∈ A.

Proof Bydefinition, H1(G, A) = TorZ(G)(Z, A). Consider the short exact sequence

0 −→ I (G)
i→ Z(G)

ε→ Z −→ 0.

Since Z(G) is a free Z(G)-module, TorZ(G)(Z(G), A) = 0. Now, taking the tensor
product by A from right, and using Theorem2.2.26, we get the exact sequence

0 −→ TorZ(G)(Z, A)
∂→ I (G) ⊗Z(G) A

i⊗IA→ Z(G) ⊗Z(G) A
ε⊗IA→ −→ 0.

The result follows if we observe that the map φ from Z(G) ⊗Z(G) A to A given by
φ(r ⊗ a) = ra is an isomorphism. �

Corollary 3.3.7 If A is a trivial G-module, then H1(G, A) is isomorphic to I (G)/

I (G)2 ⊗Z(G) A.

Proof If the action of G on A is trivial, then r · a = 0 for all r ∈ I (G) and a ∈ A.
Further, we have the exact sequence

0 −→ I (G)2
i ′→ I (G)

ν→ I (G)/I (G)2 −→ 0

of Z(G)-modules, where i ′ is the inclusion map. Tensoring with A, we get the exact
sequence

I (G)2 ⊗Z(G) A
i	→ I (G) ⊗Z(G) A

ν	→ I (G)/I (G)2 ⊗Z(G) A −→ 0

of groups. Now, in I (G) ⊗Z(G) A,

(x − 1)(y − 1) ⊗ a = (x − 1)y ⊗ a − (x − 1) ⊗ a = (x − 1) ⊗ ya − (x − 1) ⊗ a = 0.

This shows that i	 is zero map. The result follows from the Proposition 3.3.6. �
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Proposition 3.3.8 The group I (G)/I (G)2 is isomorphic to Gab.

Proof By Proposition3.3.1(i), I (G) is a free abelian group on the set S = {g −
1 | g ∈ G − {1}}. Hence we have a unique group homomorphism φ from I (G) to
Gab given by φ(g − 1) = g[G,G]. Since (g − 1)(h − 1) = (gh − 1) − (g − 1) −
(h − 1), it follows that φ(g − 1)(h − 1) = 0 for all g, h ∈ G. Thus, φ induces a
homomorphism φ̄ from I (G)/I (G)2 toGab. Define a map ψ fromG to I (G)/I (G)2

by ψ(g) = (g − 1) + I (G)2. Again, since (g − 1)(h − 1) = (gh − 1) − (g − 1) −
(h − 1), it follows that ψ is a homomorphism. Further, since I (G)/I (G)2 is an
abelian group, ψ induces a homomorphism ψ̄ from Gab to I (G)/I (G)2 which is the
inverse of φ̄. �

Corollary 3.3.9 If A is a trivial G-module, then H1(G, A) is isomorphic toGab ⊗ A.
In particular, H1(G,Z) is Gab. �

Now, we look at H 1(G, A). By definition, H 1(G, A) = EXTZ(G)(Z, A).We have
the exact sequence

0 −→ I (G)
i→ Z(G)

ε→ Z −→ 0

ofZ(G)-modules. Applying the functor HomZ(G)(−, A), using Theorem1.4.12, and
observing that EXTZ(G)(Z(G), A) = 0, we obtain the exact sequence

0 −→ HomZ(G)(Z, A)
ε	→ HomZ(G)(Z(G), A)

i	→ HomZ(G)(I (G), A)
∂→

EXTZ(G)(Z, A) −→ 0.

Hence EXTZ(G)(Z, A) ≈ HomZ(G)(I (G), A)/Ker∂ = HomZ(G)(I (G), A)/

image i	. Evidently, HomZ(G)(Z(G), A) ≈ A through the map f �→ f (1). Now,
we interpret HomZ(G)(I (G), A). Define a map η from HomZ(G)(I (G), A) to the
set Map(G, A) of all maps from G to A by η(φ)(g) = φ(g − 1). Since I (G) is
generated by S = {g − 1 | g ∈ G − {1}}, η is an injective map. Further,

η(φ)(gh) = φ(gh − 1) = φ(g(h − 1) + g − 1) = φ(g − 1) + gφ(h − 1) =
gη(φ(h)) + η(φ)(g)

for all g, h ∈ G. Thus, η(φ) is a crossed homomorphism (see Algebra 2, def 8.6.17)
from G to A in the sense of the following definition.

Definition 3.3.10 Let G be a group, and A be a G-module. A map χ from G to A
is called a crossed homomorphism or a derivation if

χ(gh) = gχ(h) + χ(g)

for all g, h ∈ G.
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If A is a trivial G-module, then a crossed homomorphism is precisely a homomor-
phism. Further, if A is a G-module (not necessarily trivial) and a ∈ A, then the
map χa from G to A given by χa(g) = ga − a can easily be seen to be a crossed
homomorphism. This crossed homomorphism is called the inner crossed homo-
morphism or the inner derivation determined by a. The set Cross(G, A) of all
crossed homomorphisms from G to A is a group under the usual pointwise addition,
and the subset I cross(G, A) of all inner crossed homomorphisms form a subgroup
of Cross(G, A).

Theorem 3.3.11 H 1(G, A) is isomorphic to Cross(G, A)/I cross(G, A).

Proof It follows from the above discussion that H 1(G, A) is isomorphic to HomZ(G)

(I (G), A)/ image i	. Thus, it is sufficient to show that HomZ(G)(I (G), A)/ image i	

≈ Cross(G, A)/I cross(G, A). Further, it also follows from the above discussion
that themapη from HomZ(G)(I (G), A) toCross(G, A)definedbyη(φ)(g) = φ(g −
1) is an injective homomorphism. Let χ be a member ofCross(G, A). Since I (G) is
a free abelian group on S = {g − 1 | g ∈ G − {1}}, we have a group homomorphism
φ from I (G) to A given by φ(g − 1) = χ(g). Now

φ(g(h − 1)) = φ(gh − 1 − (g − 1)) = φ(gh − 1) − φ(g − 1) =
χ(gh) − χ(g) = gχ(h) = gφ(h − 1).

This shows that φ ∈ HomZ(G)(I (G), A) such that η(φ) = χ. In turn, it follows that
η is an isomorphism from HomZ(G)(I (G), A) to Cross(G, A). Let φ be a member
of image i	. Then φ is the restriction of a G-homomorphism ψ from Z(G) to A. The
homomorphism ψ is uniquely determined by ψ(1) = a ∈ A. But then φ(g − 1) =
ψ(g1) − ψ(1) = ga − a. This shows that η(image i	) = I cross(G, A). The result
follows from the first isomorphism theorem. �

Corollary 3.3.12 If A is a trivial G-module, then H 1(G, A) is isomorphic to
Hom(G, A) ≈ Hom(Gab, A) ≈ Hom(H1(G,Z), A).

Proof If A is a trivial G-module, then every crossed homomorphism is a homomor-
phism and every inner crossed homomorphism is the trivial homomorphism. The
result follows. �

Remark 3.3.13 The above corollary is a special case of the universal coefficient
Theorem1.4.14.

Let A be a G-module. This amounts to have a homomorphism σ from G to Aut (A)

with σ(g)(a) = g · a. In turn, we have the semi-direct product A �σ G of A with G
in relation to the G-module structure σ on A. The set part of A �σ G is the Cartesian
product A × G and the binary operation · is given by (a, g) · (b, h) = (a + g · b, gh).
We get the split short exact sequence

Eσ ≡ 0 −→ A
i1→ A �σ G

p2→ 1,
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where i1(a) = (a, 1), p2(a, g) = g. A splitting t of this exact sequence is given by
t (g) = (0, g).

Proposition 3.3.14 We have a bijective map η from the group Cross(G, A) of all
crossed homomorphisms from G to A to the set Spli t Eσ of all splittings of Eσ .

Proof Any section s of Eσ is given by s(g) = (χ(g), g), where χ is a map from G
to A such that χ(1) = 0. Further, s is a splitting of Eσ if and only if

(χ(gh), gh) = s(gh) = s(g)s(h) = (χ(g), g)(χ(h), h) =
(χ(g) + g · χ(h), gh).

Hence s is a splitting if and only if χ ∈ Cross(G, A). The result follows. �

The first temptation is to compute Hn(F, A) and Hn(F, A) for free groups. Low-
dimensional homology and co-homology groups have already been discussed.

Theorem 3.3.15 Let F be a free group on X. Then the augmentation ideal I (F) is
a free Z(F)-module with basis X − 1 = {x − 1 | x ∈ X}.
Proof To show that I (F) is a free Z(F)-module with basis X − 1, we need to show
that anymap f from X − 1 to aZ(F)-module A can be uniquely extended to aZ(F)-
homomorphism from I (F) to A. By Proposition3.3.1, X − 1 is a set of generators
for the Z(F)-module I (F). Thus, if the extension exists, it is unique. We show the
existence of the extension. Since F is a free group on X , we have a unique group
homomorphism f̃ from F to A �σ F given by f̃ (x) = ( f (x − 1), x). Clearly f̃ is
a splitting of

Eσ ≡ 0 −→ A
i1→ A �σ F

p2→ F −→ 1.

From Proposition3.3.14, the map φ from F to A given by φ(x) = f (x − 1) is
a crossed homomorphism from F to A. Again by Proposition3.3.1(i), f can be
extended to a group homomorphism f̌ from I (F) to A. As in the proof of Theo-
rem3.3.11,

f̌ (g(h − 1)) = f̌ (gh − 1 − (g − 1)) = f̌ (gh − 1) − f̌ (g − 1) =
φ(gh) − φ(g) = g · φ(h) = g · f̌ (h − 1).

This shows that f̌ is Z(F)-homomorphism from I (F) to A which is an extension of
f . �

Corollary 3.3.16 Let F be a free group. Then for all F-modules A and n ≥ 2,
Hn(F, A) = 0 = Hn(F, A).

Proof By definition, Hn(F, A) = EXT n
Z(F)(Z, A) and Hn(F, A) = TorZ(F)

n (Z, A).
The result follows from the observation that

0 −→ I (F)
i→ Z(F)

ε→ Z −→ 0
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is a projective resolution of the trivial F-module Z. �

In particular, if G is an infinite cyclic group, then Hn(G, A) = 0 = Hn(G, A) for
n ≥ 2. Our next aim is to compute the homologies and the co-homologies of cyclic
groups, and then to compute the homologies and co-homologies of the direct sum
of two groups in terms of homologies and the co-homologies of individual groups.
This, in turn, will enable us to compute the homologies and the co-homologies of all
finitely generated abelian groups.

Let G = < g > be a cyclic group of order m generated by g, and let A be a G-
module. For each n ≥ 0, put Xn = Z(G). Let σ denote the map from Z(G) to Z(G)

given byσ
( ∑m−1

r=0 αrg
r
) = (1 − g)

(∑m−1
r=0 αrg

r
)
, and τ themap fromZ(G) toZ(G)

given by τ
( ∑m−1

r=0 αrg
r
) = (1 + g + g2 + · · · + gm−1)

( ∑m−1
r=0 αrg

r
)
. Evidently, σ

and τ are Z(G)-homomorphisms.

Proposition 3.3.17 The chain

X ≡ · · · τ→ X2n+1
σ→ X2n

τ→ · · · σ→ X2
τ→ X1

σ→ X0
ε→ Z −→ 0

is a projective resolution of the trivial G-module Z.

Proof Since (1 − g)(1 + g + g2 + · · · + gm−1) = (1 − gm) = 0 = (1 + g + g2 +
· · · + gm−1)(1 − g), it follows thatστ = 0 = τσ. It is also evident that εσ = 0. Thus,
image τ ⊆ Ker σ, image σ ⊆ Ker τ , and image σ ⊆ Ker ε. Finally, we need to
show that Kerσ ⊆ image τ , Kerτ ⊆ image σ, and also Ker ε ⊆ image σ.

Let
∑m−1

r=0 αrg
r be a member of Ker ε. Then

∑m−1
r=0 αr = 0. Hence

∑m−1

r=0
αrg

r =
∑m−1

r=0
αrg

r − ( ∑m−1

r=0
αr

)
1 = −(1 − g)

∑m−1

r=1
(αr br ),

where br = gr−1 + gr−2 + · · · + 1. This shows that
∑m−1

r=0 αrg
r belongs to the image

of σ. Consequently, Ker ε = image σ.
Now, let

∑m−1
r=0 αrg

r be amember of Ker σ. Then (1 − g)(
∑m−1

r=0 αrg
r ) = 0. This

amounts to say that
∑m−1

r=0
(αr − αr−1)g

r = 0.

It follows that αr = α0 for all r . Hence
∑m−1

r=0 αrg
r = α0

∑m−1
r=0 gr , and it belongs

to the image of τ . Consequently, Ker σ = image τ . Similarly, we can show that
Ker τ = image σ. �

Corollary 3.3.18 Let G = < g > be a cyclic group of order m which is generated
by g, and let A be a G-module. Then

(i) H 0(G, A) is isomorphic to the subgroup {a ∈ A | g · a = a f or all g ∈ G},
(ii) H 2n+1(G, A) = Ker τ 	/ image σ	 = H 1(G, A) is isomorphic to the sub-

quotient group B/C of A, where B = {a ∈ A | ∑m−1
r=0 gr · a = 0} and C =

{g · a − a | a ∈ A} , n ≥ 0.
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(iii) H 2n(G, A) = Ker σ	/ image τ 	 = H 2(G, A) is isomorphic to the subquotient
group D/E, where D = {a ∈ A | g · a = a} and E = (∑m−1

r=0 gr
) · A, n ≥ 1.

Proof By definition, Hn(G, A) = Hn(HomZ(G)(X, A)). Thus, H 0(G, A) =
HomZ(G)(Z, A). Evidently, HomZ(G)(Z, A) is a subgroup of HomZ(Z, A). In fact an
element f ∈ HomZ(Z, A) is a member of HomZ(G)(Z, A) if and only if g · f (1) =
1. Further the map φ from HomZ(Z, A) to A given by φ( f ) = f (1) is a group iso-
morphism such that φ(HomZ(G)(Z, A)) = {a ∈ A | g · a = a}. This proves (i). (ii)
and (iii) follow immediately if we observe that φ(Ker τ 	) = B, φ(image τ 	) =
C, φ(Ker σ	) = D, and φ(image τ 	) = E . �

Corollary 3.3.19 Let G = < g > be a cyclic group of order m which is generated
by g, and let A be a G-module. Then

(i) H0(G, A) is isomorphic to A/I (G)A,
(ii) H2n+1(G, A) = Ker σ	/ image τ	 = H1(G, A) is isomorphic to the subquo-

tient group D/E of A, where D and E are as in the above corollary.
(iii) H2n(G, A) = Ker τ	/ image σ	 = H2(G, A) is isomorphic to the subquotient

group B/C, where B and C are as in the above corollary.

Proof (i) follows from Proposition3.3.4. By definition, Hn(G, A) = Hn(X ⊗Z(G)

A). The mapψ fromZ(G) ⊗Z(G) A to A given byψ
(∑

g∈G αgg ⊗ a
) = ∑

g∈G αgg ·
a is a group isomorphism. (ii) and (iii) follow immediately if we observe that
ψ(Ker σ	) = D, ψ(image τ	) = E, ψ(Ker τ	) = B, and ψ(image σ	) = C . �

Corollary 3.3.20 If G is a cyclic group of order m, and A is a trivial G-module,
then

(i) H 0(G, A) ≈ A,
(ii) H 2n+1(G, A) ≈ {a ∈ A | ma = 0}, n ≥ 0,
(iii) H 2n(G, A) ≈ A/mA, n ≥ 0,
(iv) H0(G, A) ≈ A,
(v) H2n+1(G, A) ≈ A/mA, n ≥ 0, and
(vi) H2n(G, A) ≈ {a ∈ A | ma = 0}. �

For any group G, Hn(G,Z) is denoted by Hn(G) and Hn(G,Z) is denoted by
Hn(G), where Z is treated as a trivial G-module.

Corollary 3.3.21 If G is a finite cyclic group and A is a finite G-module, then
| H 2n+1(G, A) | = | H 2n(G, A) |.
Proof By the fundamental theorem of homomorphism, HomZ(G)(Z(G), A)/Kerσ	

≈ image σ	 and HomZ(G)(Z(G), A)/Kerτ 	 ≈ image τ 	. Thus, | HomZ(G)

(Z(G), A)/Kerσ	 | = | image σ	 | and | HomZ(G)(Z(G), A)/Kerτ 	 | =
| image τ 	 |. Eliminating | HomZ(G)(Z(G), A) |, we obtain the desired result. �
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Theorem 3.3.22 Let G be a group, and A be a trivial G-module. Then for each
n ≥ 1, we have the following natural short exact sequences

0 −→ Hn(G) ⊗Z A
λn→ Hn(G, A)

νn→ TorZ(Hn−1(G), A) −→ 0,

and

0 −→ EXTZ(Hn−1(G), A)
ρn→ Hn(G, A)

μn→ Hom(Hn(G), A) −→ 0.

Further, these sequences split.

Proof First observe thatZ(G) ⊗Z(G) Z is isomorphic toZ. Hence if F is a freeZ(G)-
module, then F ⊗Z(G) Z is a freeZ-module. Further, sinceZ is bi-(Z(G),Z)-module,
(F ⊗Z(G) Z) ⊗Z A is naturally isomorphic to F ⊗Z(G) A and HomZ(F ⊗Z(G) Z, A)

is naturally isomorphic to HomZ(G)(F, A). Let

P ≡ · · · dn+1→ Pn
dn→ · · · d2→ P1

d1→ P0
d0=ε→ Z −→ 0

be a free G resolution of the trivial G-module Z. Then

P ⊗Z(G) Z ≡ · · · (dn+1)	→ Pn ⊗Z(G) Z
(dn)	→ · · · (d2)	→ P1 ⊗Z(G) Z

(d1)	→
P0 ⊗Z(G) Z

(d0)	=ε	→ Z ⊗Z(G) Z −→ 0

is a chain complex of free abelian groups. From the above observation, the chain com-
plex (P ⊗Z(G) Z) ⊗Z A of abelian groups is naturally chain isomorphic to the chain
complex P ⊗Z(G) A, and the co-chain complex HomZ((P ⊗Z(G) Z), A) is naturally
co-chain isomorphic to HomZ(G)(P, A). Further, from Corollary2.4.6 (universal
coefficient theorem for homology), we have a natural short exact sequence

0 −→ Hn((P ⊗Z(G) Z) ⊗Z A)
λn→ Hn((P ⊗Z(G) Z) ⊗Z A)

νn→
TorZ(Hn−1(P ⊗Z(G) Z), A) −→ 0

which splits (nonnaturally). Using the chain isomorphism from (P ⊗Z(G) Z) ⊗Z A
to P ⊗Z(G) A, and the definition of the homology groups, we obtain the short exact
sequence

0 −→ Hn(G) ⊗Z A
λn→ Hn(G, A)

νn→ TorZ(Hn−1(G), A) −→ 0,

which splits but not naturally. Similarly, using Theorem1.4.14 (universal coefficient
theorem for co-homology), we obtain natural short exact sequence

0 −→ EXTZ(Hn−1(G), A)
ρn→ Hn(G, A)

μn→ Hom(Hn(G), A) −→ 0,

which also splits naturally. �
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Let K and L be groups. Let A be a K -module, and B be an L-module. Then
A ⊗Z B can be given a K × L-module structure by defining (k, l) · (a ⊗ b) =
ka ⊗ lb (verify). Again, if f is a K -homomorphism from A to A′ and g an L-
homomorphism from B to B ′, then we have a K × L-homomorphism f ⊗ g from
A ⊗Z B to A′ ⊗Z B ′ given by ( f ⊗ g)(a ⊗ b) = f (a) ⊗ g(b). Indeed, ⊗Z defines
a functor from the product category K -Mod × L-Mod to the category K × L-
Mod of K × L-modules. Further, the K × L-module Z(K ) ⊗Z Z(L) is isomor-
phic Z(K × L) considered as Z(K × L)-module. Indeed, the map φ from Z(K ×
L) to Z(K ) ⊗Z Z(L) defined by φ

(∑
(k,l)∈K×L αk,l(k, l)

) = ∑
(k,l)∈K×L αk,l k ⊗ l

(observe that
(∑

k∈K αkk
) ⊗ (

∑
l∈L βl l) = ∑

(k,l)∈K×L αkβl(k ⊗ l)) is easily seen
to be an isomorphism. In turn, the Z(K × L)-module (Z(K )r ⊗ Z(L)s) is isomor-
phic to the Z(K × L)-module Z(K × L)rs . More generally, if � is a free K -module
and � be a free L-module, then � ⊗Z � is a free Z(K × L)-module.

Using Theorem2.4.5 (Kunneth formula), we establish the following.

Theorem 3.3.23 Let K and L be groups. Then for each n ≥ 1, we have the following
natural short exact sequence

0 −→ ⊕∑
p+q=n Hp(K ) ⊗Z Hq(L)

λn→ Hn(K × L)
μn→

⊕ ∑
p+q=n−1 Tor

Z(Hp(K ), Hq(L)) −→ 0

which splits but not naturally.

Proof Let

F ≡ · · · dn+1→ Fn
dn→ Fn−1

dn−1→ · · · d2→ F1
d1→ F0

ε→ Z −→ 0

be a K -free resolution of the trivial K -module Z, and let

F ′ ≡ · · · d ′
n+1→ F ′

n

d ′
n→ F ′

n−1

d ′
n−1→ · · · d ′

2→ F ′
1

d ′
1→ F ′

0
ε′→ Z −→ 0

be an L-free resolution of the trivial L-module Z. Evidently, Fn and F ′
n are free

Z-modules, H0(F) = Z = H0(F ′) and Hn(F) = 0 = Hn(F ′) for all n ≥ 1. By The-
orem2.4.3 (Kunneth formula) Hn(F ⊗Z F ′) = 0 for all n ≥ 1, and H0(F ⊗Z F ′) =
Z ⊗Z Z ≈ Z. Thus, from the discussion prior to the statement of the theorem, it
follows that F ⊗Z F ′ is a free K × L resolution of the trivial K × L-module Z.
Furthermore, we have a natural isomorphism from (Fp ⊗Z F ′

q) ⊗K×L Z to (Fp ⊗K

Z) ⊗Z (F ′
q ⊗L Z) given by ((x ⊗ y) ⊗ n) �−→ (x ⊗ n) ⊗ (y ⊗ 1). This, in turn,

gives us a natural chain isomorphism from the chain complex (F ⊗Z F ′) ⊗K⊗L Z

to (F ⊗K Z) ⊗Z (F ′ ⊗L Z). Evidently, F ⊗K Z and F ′ ⊗L Z are chain complexes
of free abelian groups. Again applying Theorem2.4.3 (Kunneth formula) and using
the definition of the homology groups, we obtain the desired result. �
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Remark 3.3.24 Using the above two theorems, we can compute the integral homol-
ogy and co-homology groups of finitely generated abelian groups with the coefficient
in a trivial module. In particular they are finitely generated abelian groups.

Example 3.3.25 We compute the integral homology Hn(K × L) and the integral
co-homology group Hn(K × L), where K is a cyclic group of order k and L is a
cyclic group of order l. From Proposition3.3.4, H0(K × L) = H0(K × L ,Z) ≈ Z.
Suppose that n ≥ 1. From Corollary3.3.20, for a cyclic group G of order m,
H0(G) ≈ Z, H2r+1(G) ≈ Zm , and H2s(G) = Zm , s ≥ 1. Suppose that n = 2r + 1,
r ≥ 0. Suppose that p + q = 2r + 1. If p = 0 , then Hp(K ) ⊗Z Hq(L) ≈ Z ⊗Z

Zl ≈ Zl , and if q = 0, then Hp(K ) ⊗Z Hq(L) ≈ Zk ⊗Z Z ≈ Zk . Next, if p �=
0 �= q, then either p is even or q is even. In turn, Hp(K ) ⊗Z Hq(L) = 0. This
means that ⊕ ∑

p+q=n Hp(K ) ⊗Z Hq(L) ≈ Zk × Zl ≈ K × L . Now, suppose that
p + q = n − 1 = 2r . If p = 0, then TorZ(Hp(K ), Hq(L)) ≈ TorZ(Z,Zl) = 0,
and if q = 0, then TorZ(Hp(K ), Hq(L)) ≈ TorZ(Zk,Z) = 0. Again, if p �= 0 �=
q, p + q = 2r , then p and q both are even or both are odd. If both are even, then
TorZ(Hp(K ), Hq(L)) = TorZ(0, 0) = 0. Suppose that p = 2s + 1 and q = 2t + 1
both are odd. Then TorZ(Hp(K ), Hq(L)) ≈ TorZ(Zk,Zl) ≈ Zd , where d is the
g.c.d. of k and l. Further, the pairs (s, t) such that 2s + 2t + 2 = 2r is r in number.
Hence, from Theorem3.3.23, we get the split exact sequence

0 −→ Zk × Zl
λn→ Hn(K × L)

μn→ Z
r
d −→ 0,

where n = 2r + 1 is odd. Thus,

H2r+1(K × L) ≈ Zk × Zl × Z
r
d .

In particular, H1(Zk × Zl) ≈ Zk × Zl . Using the same argument we can show that

H2r (K × L) ≈ Z
r
d ,

where r ≥ 0.

Theorems3.3.22 and 3.3.23 express the homologies and the co-homologies of the
direct product of groups in terms of the homologies and the co-homologies of the
individual groups. Our next aim is to express the homologies and the co-homologies
of the free product of groups in terms of the homologies and the co-homologies of
the individual groups.

Theorem 3.3.26 Let G = K 	 L denote the free product of K and L. Let A be a left
G-module. Then for n ≥ 2,

(i) Hn(G, A) ≈ Hn(K , A) ⊕ Hn(L , A), and
(ii) Hn(G, A) ≈ Hn(K , A) ⊕ Hn(L , A), where A is treated as a K -module and also

as an L-module through the natural inclusion homomorphism.

Before proving this theorem, we establish some elementary facts.
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Proposition 3.3.27 Let K be a subgroup of a group G. Let A be a left K -module,
and B be a left G-module. Then

EXT n
Z(G)(Z(G) ⊗Z(K ) A, B) ≈ EXT n

Z(K )(A, B).

Proof Let

F ≡ · · · dn+1→ Fn
dn→ · · · d2→ F1

d1→ F0
d0→ A −→ 0

be a free Z(K ) resolution of A. Since Z(G) is a free Z(K )-module, Z(G) ⊗Z(K ) F
is a Z(G)-free resolution of Z(G) ⊗Z(K ) A. Applying the functor HomZ(G)(−, B)

on the resolutionZ(G) ⊗Z(K ) F , and using the natural isomorphisms from HomZ(G)

(Z(G) ⊗Z(K ) Fn, B) to HomZ(K )(Fn, B), we find that the co-chain complex
HomZ(G)(Z(G) ⊗Z(K ) F, B) is co-chain isomorphic to HomZ(K )(F, B). In turn,
EXT n

Z(G)(Z(G) ⊗Z(K ) A, B) = Hn(HomZ(G)(Z(G) ⊗Z(K ) F, B)) is isomorphic to
Hn(HomZ(K )(F, B)) = EXT n

Z(K )(A, B). �

Proposition 3.3.28 Let G denote the free product K 	 L of K and L. Let A be a
left G-module. Then we have a natural (see the remark below for explicit meaning
of being natural) isomorphism from Cross(G, A) to Cross(K , A) ⊕ Cross(L , A).

Proof If χ ∈ Cross(G, A), then χ/K ∈ Cross(K , A) and χ/L ∈ Cross(L , A).
Evidently, the map φ from Cross(G, A) to Cross(K , A) ⊕ Cross(L , A) defined
by φ(χ) = (χ/K ,χ/L) is a natural homomorphism. We construct the inverse of φ.
Let (χ1,χ2) ∈ Cross(K , A) ⊕ Cross(L , A). The G-module structure on A deter-
mines the semi-direct product A � G. Evidently, A � K and A � L are subgroups
of A � G. The crossed homomorphism χ1 determines a homomorphism f1 from K
to A � K ⊆ A � G such that p2of1 is the inclusion map i1 from K to G. Similarly,
χ2 determines a homomorphism f2 from L to A � G such that p2of2 is the inclusion
map i2 from L to G. From the universal property of the free product, we obtain a
homomorphism f from G to A � G such that p2of is the identity map IG on G. In
turn, it gives an element χ ∈ Cross(G, A). Define ψ((χ1,χ2)) = χ thus obtained.
Evidently, χ/K = χ1 and χ/L = χ2. This shows that ψ is the inverse of φ. �

Remark 3.3.29 Let K and L be groups. Every K 	 L-module structure on A deter-
mines and is determined uniquely by a K -module and an L-module structure on
A. This is because every homomorphism from K 	 L to Aut (A,+) determines and
is determined uniquely by a pair (φ, ψ), where φ is a homomorphism from K to
Aut (A,+) and ψ is a homomorphism from L to Aut (A,+). Let � denote the cat-
egory whose objects are triples (K , L , A), where K and L are groups and A is a
K -module as well as an L-module. A morphism from (K , L , A) to (K ′, L ′, A′) is
a triple (φ,ψ, f ), where φ is a group homomorphism from K ′ to K , ψ is a group
homomorphism from L ′ to L , and f is a group homomorphism from A to A′ such
that

f ((φ 	 ψ)(g′) · a) = g′ · f (a), g′ ∈ K 	 L , a ∈ A.
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The composition of morphisms are defined in the obvious manner. We have the func-
tors Cross(− 	 −, −) and Cross(−,−) ⊕ Cross(−,−) from � to the category
AB of abelian groups defined by Cross(− 	 −, −)(K , L , A) = Cross(K 	 L , A)

and (Cross(−,−) ⊕ Cross(−,−))(K , L , A) = Cross(K , A) ⊕ Cross(L , A). A
more precise way of expressing the above proposition is to say that these two functors
are naturally isomorphic. It is evident from the proof of the above proposition that
φ = {φ(K ,L ,A)} is a natural isomorphism, where φ(K ,L ,A)(χ) = (χ/K ,χ/L).

Corollary 3.3.30 Let K and L be groups. Then the Z(K 	 L)-module I (K 	 L)

is naturally isomorphic to the Z(K 	 L)-module (Z(K 	 L) ⊗Z(K ) I (K )) ⊕ (Z(K 	

L) ⊗Z(L) I (L)).

Proof For any group G and a G-module A, HomZ(G)(I (G), A) is naturally iso-
morphic to Cross(G, A) (see the proof of Theorem3.3.11). In turn, using Proposi-
tion3.3.28, we get the following chain of natural isomorphisms:

HomZ(K	L)(I (K 	 L), A) ≈ Cross(K 	 L , A) ≈
Cross(K , A) ⊕ Cross(L , A) ≈ HomZ(K )(I (K ), K ) ⊕ HomZ(L)(I (L), A) ≈

HomZ(K	L)(Z(K 	 L) ⊗Z(K ) I (K ), A) ⊕ HomZ(K	L)(Z(K 	 L) ⊗Z(L) I (L), A) ≈
HomZ(K	L)((Z(K 	 L) ⊗Z(K ) I (K )) ⊕ (Z(K 	 L) ⊗Z(L) I (L)), A).

Thus, the functors HomZ(K	L)(I (K 	 L),−) and HomZ(K	L)((Z(K 	 L) ⊗Z(K )

I (K )) ⊕ (Z(K 	 L) ⊗Z(L) I (L)),−) from the category of Z(K 	 L)-modules to the
category of abelian groups are naturally isomorphic. This shows that the Z(K 	 L)-
module I (K 	 L) is naturally isomorphic to the Z(K 	 L)-module (Z(K 	 L) ⊗Z(K )

I (K )) ⊕ (Z(K 	 L) ⊗Z(L) I (L)). �

Proposition 3.3.31 Let G be a group, and A be a left G-module. Then for n ≥ 2,
Hn(G, A) is naturally isomorphic to EXT n−1

Z(G)(IG, A), and for n ≥ 1, Hn(G, A) is

naturally isomorphic to T orZ(G)
n−1 (I (G), A).

Proof By definition, Hn(G, A) = EXT n
Z(G)(Z, A). Consider the short exact

sequence

0 −→ I (G)
i→ Z(G)

ε→ Z −→ 0

of Z(G)-modules. Using Corollary2.1.17, we get the long exact sequence

· · · EXT n−1
Z(G)(Z(G), A)

EXT n−1
Z(G)(−,A)(i)→ EXT n−1

Z(G)(I (G), A)
∂n−1→

EXT n
Z(G)(Z, A)

EXT n
Z(G)(−,A)(ε)→ EXT n

Z(G)(Z(G), A) · · · .

Since Z(G) is a free Z(G)-module, EXT r
Z(G)(Z(G), A) = 0 for all r ≥ 1. Hence for

n ≥ 2, we get the exact sequence

0 −→ EXT n−1
Z(G)(I (G), A)

∂n−1→ EXT n
Z(G)(Z, A) −→ 0, n ≥ 2.
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This shows that for n ≥ 2, Hn(G, A) is naturally isomorphic to EXT n−1
Z(G)(IG, A).

Similarly, we can establish the second part. �

Proof of Theorem 3.3.26 Using Propositions3.3.31, 3.3.27, Corollary3.3.30, and
finally again Proposition3.3.31 in this order, we obtain the following chain of natural
isomorphisms:

Hn(K 	 L , A) ≈ EXT n−1
Z(K	L)(I (K 	 L), A) ≈ EXT n−1

Z(K	L)((Z(K 	 L)⊗Z(K )

I (K )) ⊕ (Z(K 	 L) ⊗Z(L) I (L)), A) ≈ EXT n−1
Z(K	L)((Z(K 	 L)⊗Z(K )

I (K )), A) ⊕ EXT n−1
Z(K	L)((Z(K 	 L) ⊗Z(L) I (L)), A) ≈

EXT n−1
Z(K )(I (K ), A) ⊕ EXT n−1

Z(L)(I (L), A) ≈ Hn(K , A) ⊕ Hn(L , A).

This proves the statement (i). The statement (ii) can be established in the same way.
�

Bar Resolutions

To compute Hn(G, A) = EXT n
Z(G)(Z, A) and Hn(G, A) = TorZ(G)

n (Z, A), it is con-
venient to have some suitable and useful projective Z(G) resolutions of the trivial
G-moduleZ. Here, we describe an important projectiveZ(G) resolution of the trivial
G-module Z called the Bar resolution.

LetG be a group. For eachn ≥ 1, let us denote (G − {e})n by Xn . For convenience,
an ordered n-tuple (a1, a2, . . . , an), ai ∈ G, will be denoted by [a1, a2, . . . , an].
Thus, Xn = {[a1, a2, . . . , an] | ai ∈ G − {e}}. We denote the singleton {[]} by X0.
Let B(G)n denote the free Z(G)-module with Xn as a basis. Thus, B(G)0 is the free
Z(G)-module on {[]}, and so B(G)0 = Z(G)[] ≈ Z(G). For convenience, we give
meaning to all ordered n-tuples [a1, a2, . . . , an] by identifying it to the identity of
B(G)n whenever ai = e for some i, 1 ≤ i ≤ n. Observe that if ai = e for some i ,
then

a1 · [a2, a3, . . . , an] + ∑n−1
i=1 (−1)i [a1, a2, . . . , aiai+1, ai+2, . . . , an] +

(−1)n[a1, a2, . . . , an−1] = 0.

Thus, since B(G)n is a free Z(G)-module with basis Xn , we have a Z(G)-
homomorphism ∂n from B(G)n to B(G)n−1, n ≥ 1 by

∂n([a1, a2, . . . , an]) = a1 · [a2, a3, . . . , an] +
∑n−1

i=1 (−1)i [a1, a2, . . . , aiai+1, ai+2, . . . , an] + (−1)n[a1, a2, . . . , an−1].

For example, ∂1([a1]) = a1[]. We also have the augmentationZ(G)-homomorphism
∂0 from B(G)0 = Z(G)[] to Z given by ∂0((

∑
g∈G αgg)[]) = ∑

g∈G αg.

Theorem 3.3.32 The chain

B(G) ≡ · · · ∂n+2→ B(G)n+1
∂n+1→ B(G)n

∂n→ · · · ∂2→ B(G)1
∂1→ B(G)0

∂0→ Z −→ 0

is a projective Z(G)-resolution of the trivial Z(G)-module Z.
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Proof For each n, B(G)n is a free Z(G)-module and ∂n is a module homomor-
phism. It is sufficient to establish the exactness of the above sequence treating it
as a sequence of abelian groups. For this purpose, we define a contracting chain
homotopy {sn | n ≥ 0} on B(G) as follows: We have a group homomorphism s−1

from Z to B(G)0 = Z(G)[] given by s−1(n) = n[], and also a group homomor-
phism s0 from B(G)0 to B(G)1 given by s0

( ∑
g∈G αgg[]) = ∑

g∈G αg[g]. Suppose
that n ≥ 1. Then B(G)n is a free abelian group with basis {g · [g1, g2, . . . , gn] |
g, gi ∈ G}. Thus, we have a group homomorphism sn from B(G)n to B(G)n+1 given
by sn(g · [g1, g2, . . . , gn]) = [g, g1, g2, . . . , gn]. In particular, sn([g1, g2, . . . , gn]) =
sn(e · [g1, g2, . . . , gn] = [e, g1, g2, . . . , gn] = 0. Evidently,

∂0s−1 = IZ (3.1)

and
∂n+1sn + sn−1∂n = IB(G)n (3.2)

for all n ≥ 0. In other words, s = {sn | n ≥ −1} is a contracting homotopy on B(G).
From (3.2),

x = ∂n+1(sn(x)) + sn−1(∂n(x))

for all x ∈ B(G)n . This shows that

Ker∂n ⊆ Image∂n+1

for alln.Next,we show that Image∂n+1 ⊆ Ker∂n .Weneed to show that∂n∂n+1 = 0.
We prove it by the induction on n. Composing ∂n from left to Eq. (3.2), we obtain

∂n∂n+1sn + ∂nsn−1∂n = ∂n. (3.3)

Putting n = 0 in the above equation, we get

∂0∂1s0 + ∂0s−1∂0 = ∂0.

Using (3.1), we get that ∂0∂1s0 + ∂0 = ∂0. This shows that ∂0∂1s0 = 0. Since s0 is
surjective, ∂0∂1 = 0. Assume that ∂n−1∂n = 0. By (3.2),

∂nsn−1 + sn−2∂n−1 = IB(G)n−1 .

Composing from right with ∂n , we get

∂nsn−1∂n + sn−2∂n−1∂n = ∂n. (3.4)

Equating (3.3) and (3.4), we get

sn−2∂n−1∂n = ∂n∂n+1sn. (3.5)
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Since ∂n−1∂n = 0, by (3.5), ∂n∂n+1sn = 0. Again, since sn is surjective, it follows
that ∂n∂n+1 = 0. �

The projective resolution B(G) is called the standard bar resolution of trivial
Z(G)-moduleZ. Evidently, B is a contra-variant functor from the category of groups
to the category of acyclic chain complexes over Z.

Corollary 3.3.33 Let A be a G-module. Then Hn(G, A) = Hn(HomZ(G)(B(G),

A)) and Hn(G, A) = Hn(B(G) ⊗Z(G) A). �

The co-chain complex HomZ(G)(B(G), A) is given by

HomZ(G)(B(G), A) ≡ 0 −→ HomZ(G)(B(G)0, A)
δ0→ HomZ(G)(B(G)1, A)

δ1→
· · · δn−1→ HomZ(G)(B(G)n, A)

δn→ HomZ(G)(B(G)n+1, A)
δn+1→ · · · ,

where δn( f ) = f o∂n .
Next, since B(G)n is the free Z(G)-module with basis Xn , HomZ(G)(B(G)n, A)

is naturally isomorphic to the group Map(Xn, A) of maps from Xn to A, and
HomZ(G)(B(G), A) is naturally chain isomorphic to the co-chain complex
Map(X, A) given by

Map(X, A) ≡ 0 −→ Map({[]}, A)
δ0→ Map(X1, A)

δ1→ · · · δn−1→
Map(Xn, A)

δn→ · · · ,

where
δn( f )([x1, x2, . . . , xn+1]) = x1 · f ([x2, x3, . . . , xn+1]) +∑n

i=1(−1)n f ([x1, x2, . . . xi−1, xi xi+1, xi+2, . . . , xn+1]) +
(−1)n+1 f ([x1, x2, . . . , xn]).

Thus, Hn(G, A) = Kerδn/ imageδn−1. The members of Kerδn are called the n-
co-cycles and the members imageδn−1 are called the n-co-boundaries. The group
Kerδn of n-co-cycles is denoted by Zn(G, A), and the group imageδn−1 of co-
boundaries is denoted by Bn(G, A). Thus, Hn(G, A) = Zn(G, A)/Bn(G, A). Evi-
dently, Zn(−,−) and Bn(−,−) also define bi-functors.

Let us again consider H 0(G, A), H 1(G, A), and H 2(G, A). Any element f of
Map({[]}, A) is determinedbyan elementa = f ([]), then δ0( f ) is precisely the inner
crossed homomorphism determined by a = f ([]). More explicitly, δ0( f )([g]) = g ·
a − a. Thus, Z0(G, A) = Kerδ0 ≈ {a ∈ A | g · a = a∀g ∈ G} and B0(G, A) = 0.
This means that H 0(G, A) is isomorphic to the subgroup {a ∈ A | g · a = a∀g ∈
G} as already observed. Evidently, B1(G, A) = imageδ0 = I cross(G, A). Next,
δ1( f )([x, y]) = x · f ([y]) − f ([xy]) + f ([x]). Hence Z1(G, A) = Kerδ1 =
{ f ∈ Map(X1, A) | x · f ([y]) − f ([xy]) + f ([x]) = 0} ≈ Cross(G, A). This
means that H 1(G, A) ≈ Cross(G, A)/I cross(G, A) as already observed.

Now, we describe H 2(G, A). Evidently, B2(G, A) = imageδ1 can be identified
with the group of all maps f from G × G to A for which there is a map h from G to
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A such that h(e) = 0 and f ((x, y)) = x · h(y) − h(xy) + h(x) for all x, y ∈ G.
The map δ2 from Map(X2, A) to Map(X3, A) is given by

δ2( f )([x, y, z]) = x · f ([y, z]) − f ([xy, z]) + f ([x, yz]) − f ([x, y]).

Thus, Z2(G, A) = Kerδ2 can be identifiedwith the group of all maps f fromG × G
to A such that f (1, x) = f (x, 1) = 0 and

f (x, y) + f (xy, z) = σ(x)( f (y, z)) + f (x, yz),

where σ is the homomorphism from G to Aut (A,+) associated with the G-module
structure on A. This means that ( f,σ) is a factor system (see Chap.10, Algebra 2). In
Chap.10 of Algebra 2, we used the notation H 2

σ (G, A) for H 2(G, A), where σ is the
homomorphism from G to Aut (A,+) associated with the G-module structure A.
Further (see p 389, Algebra 2), H 2(G, A) = H 2

σ (G, A) has another group theoretic
interpretation as the group EXTσ(G, A) of equivalence classes of extensions of
A by G under the Baer sum

⊎
. For the detailed study of H 2(G, A) = H 2

σ (G, A)

including its group theoretic interpretation, the Hopf formula, and also the study of
Schur multipliers, the reader is referred to and advised to supplement this section
with Chap.10 of Algebra 2.

For an interpretation of Hn(G, A), n ≥ 3 as n-fold extensions of the group A by
G, the reader is referred to “An Interpretation of theCohomology groups Hn(G, M),”
D.F. Holt, Journal of Algebra, 60 (1979) (see also “Cohomology theory in abstract
groups II” , Eilenberg and Mac Lane, Annals of Math, 48 (1947)).

The computation of co-homology of general linear groups over finite fields by
D. Quillen (see Ann Math. 96 (1972) 552–586) prompted Quillen to define higher
algebraic K-groups in a proper setting. This was indeed, the beginning of higher
algebraic K-theory.

Exercises

3.3.1 Determine HomZ(Q8)(I (Q8), V4), where V4 is the trivial Q8-module.

3.3.2 Determine HomZ(S3)(I (S3), V4), whereV4 is the nontrivial S3-module in obvi-
ous manner.

3.3.3 Determine Hn(Up,Zp), where p is prime and the cyclic group Zp is Up-
module in obvious manner.

3.3.4 Compute Hn(Z2 	 Z3, A), where A is the trivial Z2 	 Z3-module.

3.3.5 Let G be a finite group of orderm. Define a map χ from HomZ(G)(B(G)n, A)

to HomZ(G)(B(G)n−1, A), n > 0 by

χ(φ)([x1, x2, . . . , xn−1]) =
∑

g∈G φ[x1, x2, . . . , xn−1, g].
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Show that
∑

g∈G δn+1(φ)([x1, x2, . . . , xn, g]) = x1 · · · χ(φ)([x2, x3, . . . , xn] +
∑n−1

i=1 (−1)iχ(φ)([x1, x2, . . . , xi xi+1, xi+2, . . . , xn]) +
(−1)nχ(φ)([x1, x2, . . . , xn−1]) + (−1)n+1mφ([x1, x2, . . . , xn]).

Deduce that mCn(G, A) ⊆ Bn(G, A) and mHn(G, A) = 0.

3.3.6 Let G be a group of order m, and let A be a G-module such that for each
a ∈ A there is a unique b ∈ A such that mb = a. Show that mHn(G, A) = 0 for all
n > 0.

3.4 Calculus and Co-homology

The germs of the co-homological concepts were present in the fundamental theo-
rems of calculus and differential equations. This section is devoted to explore this
relationship.

Consider the differential equation

F ′(x) = f (x)

in one variable defined on an open subset U of R, where f is a continuous func-
tion from U to R, and F is an unknown differentiable function. Evidently, from
the fundamental theorem of calculus, we have a solution of the above differential
equation.

Now, consider the first-order differential equation in two variables. All functions
from now onward are taken to be C∞-functions (functions all of whose repeated
partial derivatives of any order are continuous functions). Let U be an open subset
of R2. Let f = ( f 1, f 2) be a C∞-function from U to R

2. Consider the differential
equation

F ′(x, y) = f (x, y) = ( f 1(x, y), f 2(x, y)), (3.6)

where F(x, y) is an unknown C∞-function from U to R and F ′(x, y) denote the
derivative of F at (x, y). This amounts to say that

∂F(x, y)

∂x
= f 1(x, y), (3.7)

and
∂F(x, y)

∂y
= f 2(x, y) (3.8)

onU . In general, the solution to the above equation does not exist. Suppose a solution
exits. Since F is a C∞-function,



3.4 Calculus and Co-homology 201

∂2F(x, y)

∂y∂x
= ∂2F(x, y)

∂x∂y
.

Thus, a necessary condition for the existence of a solution of (3.6) is

∂ f 1(x, y)

∂y
= ∂ f 2(x, y)

∂x
. (3.9)

However, the condition (3.9) is not a sufficient condition. Consider, for example, the
function f = ( f 1, f 2) from U = R

2 − {(0, 0)} to R
2 given by f 1(x, y) = −y

x2+y2

and f 2(x, y) = x
x2+y2 . Evidently, f is a C

∞ function such that

∂ f 1

∂y
= y2 − x2

(x2 + y2)2
= ∂ f 2

∂x
.

Suppose that there is a C∞- function F from U = R
2 − {(0, 0)} to R such that

F ′(x, y) = ( f 1(x, y), f 2(x, y)).

Consider the map φ from R to R given by φ(θ) = F(cosθ, sinθ). Since the maps
θ �→ (cosθ, sinθ) and F are C∞ maps, φ is a C∞ map. By the fundamental theorem
of integral calculus,

∫ 2π

0
φ′(θ)dθ = φ(2π) − φ(0) = F(1, 0) − F(1, 0) = 0.

On the other hand, using the chain rule of derivatives,

φ′(θ) = ∂F

∂x

dx

dθ
+ ∂F

∂y

dy

dθ
= Sin2θ + Cos2θ = 1.

But then ∫ 2π

0
φ′(θ)dθ = 2π �= 0.

This is a contradiction. Hence, the condition (3.9) is not a sufficient condition for
the existence of a solution (observe that f 1dx + f 2dy = 0 is an exact differential
equation on R

2 − {(0, 0)}, and in usual differential equation books, one asserts that
Tan−1( xy ) is a solution. Where is the fallacy?

LetU be an open subset ofR2. Let C∞(U,R2) denote theR- vector space of C∞
functions fromU to R2, and C∞(U,R) denote the R- vector space of C∞ functions
from U to R. Define a map D0 from C∞(U,R) to C∞(U,R2) by

D0(φ)(x, y) =
(

∂φ(x, y)

∂x
,
∂φ(x, y)

∂y

)

= gradφ(x, y),



202 3 Homological Algebra 3: Examples and Applications

and also a map D1 from C∞(U,R2) to C∞(U,R) by

D1( f )(x, y) =
(

∂ f (x, y)

∂y
− ∂ f (x, y)

∂x

)

.

Evidently, D0 and D1 are vector space homomorphisms such that D1D0 = 0, and
we have the finite chain complex

�(U ) ≡ 0 −→ C∞(U,R)
D0→ C∞(U,R2)

D1→ C∞(U,R) −→ 0

ofR-vector spaces. The above chain complex�(U ) is called the deRhamcomplex of
U , and H 0(�(U )) = H 0

dR(U ) and H 1(�(U )) = H 1
dR(U ) are called the deRham co-

homologies ofU . Observe that Hn
dR(U ) = 0 for all n ≥ 2. The following proposition

is immediate.

Proposition 3.4.1 Let U be an open subset of R2. Then H 1
dR(U ) = 0 is necessary

as well as sufficient condition for the condition (3.9) to be the sufficient condition for
Eq. (3.6) to have a solution on U. �

Wehave alreadyobserved thatH 1
dR(R2 − {(0, 0)} �= 0.Weshall see thatH 1

dR(R2 −
{(0, 0)} = R = H 0

dR(R2 − {(0, 0)}.
Further, let U be an open subset of R3. Let f = ( f 1, f 2, f 3) be a C∞ function

from U to R3. Consider the differential equation

∇F(x, y, z) = F ′(x, y, z) = f (x, y, z) =
( f 1(x, y, z), f 2(x, y, z), f 3(x, y, z))

(3.10)

on the open subset U of R3, where F is an unknown C∞ function from U to R. If it
has a solution F , then

∂F

∂x
= f 1,

∂F

∂y
= f 2,

∂F

∂z
= f 3.

In turn,

Curl f =
(

∂ f 3

∂y
− ∂ f 2

∂z
,
∂ f 1

∂z
− ∂ f 3

∂x
,

∂ f 2

∂x
− ∂ f 1

∂y

)

= (0, 0, 0). (3.11)

Thus, (3.11) is a necessary condition for the existence of a solution of (3.10). Again,
it is not a sufficient condition for the existence of a solution. For example, consider
the open set U = R

3 − S1, where S1 = {(x, y, z) | z = 0 and x2 + y2 = 1} is the
copy of the unit circle embedded in R3. Let f = ( f 1, f 2, f 3) be a C∞ map fromU
to R3 given by

f 1(x, y, z) = 2xz

(x2 + y2 − 1)2 + z2
,
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f 2(x, y, z) = 2yz

(x2 + y2 − 1)2 + z2
,

and

f 3(x, y, z) = 1 − x2 − y2

(x2 + y2 − 1)2 + z2
.

It is straightforward to observe that Curl f = (0, 0, 0). Suppose that the C∞ map
F from U to R is a solution to the differential equation (3.10), where f is as above.
Consider the C∞ map σ from the open interval (−π,π) to U given by

σ(t) = (
√
1 + cost, 0, sint).

In turn, we have a C∞ map φ = Foσ from the open interval (−π,π) to R. By the
fundamental theorem of integral calculus, the indefinite integral

∫ π

−π

φ′(t)dt = Limε→0

∫ π−ε

−π+ε

φ′(t)dt = Limε→0(φ(−π + ε) − φ(π − ε)) = 0.

On the other hand, by the chain rule of derivative, we find the φ′(t) = 1 for all
t ∈ (−π,π), and hence

∫ π

−π

φ′(t)dt = Limε→0

∫ π−ε

−π+ε

φ′(t)dt = 2π.

This is a contradiction.
Consider another equation

Curl F̃ = f = ( f 1, f 2, f 3), (3.12)

where f is a given C∞ function from an open subset U of R3 to R
3, and F̃ =

(φ1,φ2,φ3) is an unknown C∞ function fromU toR3. If such a solution exists, then

Curl F̃ =
(

∂φ3

∂y
− ∂φ2

∂z
,
∂φ1

∂z
− ∂φ3

∂x
,
∂φ2

∂x
− ∂φ1

∂y

)

= ( f 1, f 2, f 3).

In turn, we get a necessary condition

Div f = ∂ f 1

∂x
+ ∂ f 2

∂y
+ ∂ f 3

∂z
= 0 (3.13)

to have a solution. One may again see that this is not a sufficient condition.
Let U be an open set of R3. As in the case of R2, we have the chain complex

�(U ) ≡ 0 −→ C∞(U,R)
D0→ C∞(U,R3)

D1→ C∞(U,R3)
D2→ C∞(U,R) −→ 0
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of R-vector spaces, where D0 = Grad, D1 = Curl, D2 = Div. This chain com-
plex �(U ) is again called the de Rham complex of U , H 0(�(U )) = H 0

dR(U ) =
KerD0, H 1(�(U )) = H 1

dR(U ) = KerD1/ImageD0, H 2(�(U )) = H 2
dR(U ) =

KerD2/ImageD1, and H 3(�(U )) = H 3
dR(U ) = C∞(U,R)/ImageD2 are called

the de Rham co-homologies of U . Note that Hn
dR(U ) = 0 for all n ≥ 4.

The following proposition is immediate.

Proposition 3.4.2 The condition (3.11) is a sufficient condition for the existence of
a solution of (3.10) if and only if H 1

dR(U ) = 0. The condition (3.13) is sufficient
condition for the existence of a solution of (3.12) if and only if H 2

dR(U ) = 0. �

Observe that H 1
dR(R3 − S1) �= 0. Now, our aim is to formalize and generalize

the above discussion. Consider the vector space R
n over R. For convenience and

the compatibility with notations of calculus, we denote the standard basis of Rn by
{dx1, dx2, . . . , dxn}. We recall (see Sect. 7.3 of Algebra 2) the concept of exterior
powers and also the exterior algebra E(V ) of a vector space V over R. Let V be a
finite-dimensional vector space overR, andW be another vector space overR. Amap
f from V r to W is called an r -alternating map if (i) f is linear in each coordinate,
and (ii) f (v1, v2, . . . , vn) = 0 whenever vi = v j for some i �= j . This, of course, is
equivalent to say that

f (v1, v2, . . . , vi , vi+1, . . . , v j , v j+1, . . . , vn) =

− f (v1, v2, . . . ,
i

︷︸︸︷
v j , vi+1, . . . ,

j
︷︸︸︷
vi , v j+1, . . . , vn .

The r th exterior power
∧r V of the vector space V is a vector space together with an

r -alternating map f from V r to
∧r V such that given any r -alternating map g from

V r toW , there is a unique linear transformation η from
∧r V toW such that ηof = g.

It follows as usual that the exterior power
∧r V is unique up to isomorphism. The

image f ((v1, v2, . . . , vr )) is denoted by v1 ∧ v2 ∧ · · · ∧ vr . By convention, we take∧0 V to be R. Thus,

(i) v1 ∧ v2 ∧ · · · vi−1 ∧ αvi + βv′
i ∧ vi+1 · · · ∧ vr = α(v1 ∧ v2 ∧ · · · vi ∧ · · · ∧

vr ) + β(v1 ∧ v2 ∧ · · · v′
i ∧ · · · ∧ vr ),

(ii) v1 ∧ v2 ∧ · · · ∧ vr = 0 whenever vi = v j for some i �= j , and

(iii) v1 ∧ v2 ∧ · · · ∧ vi · · · ∧ v j · · · ∧ vr = −v1 ∧ v2 ∧ · · · ∧
i

︷︸︸︷
v j ∧ · · · ∧

j
︷︸︸︷
vi

∧ · · · ∧ vr .

Evidently,
∧r V is generated by {v1 ∧ v2 ∧ · · · ∧ vr | vi ∈ V }, and v1 ∧ v2 ∧

· · · ∧ vr = 0 if and only if {v1, v2, · · · , vr } is linearly dependent. Consequently,∧r V = 0 for r > DimV .
Further, if {e1, e2, . . . , en} is a basis of V , then it can be easily observed (see

Sect. 7.3 of algebra 2) that {ei1 ∧ ei2 ∧ · · · ∧ eir | 1 ≤ i1 < i2 < · · · < ir ≤ n} forms
a basis of

∧r V . In particular, Dim
∧r V =n Cr .

Let E(V ) denote the direct sum⊕ ∑n
r=0

∧r V . The external multiplication · from∧r V × ∧s V to
∧r+s V given by
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(v1 ∧ v2 ∧ · · · ∧ vr ) · (w1 ∧ w2 ∧ · · · ∧ ws) = v1 ∧ v2 ∧ · · · ∧ vr ∧ w1 ∧ w2 ∧ · · · ∧ ws

can be extended to a multiplication on E(V ) with respect to which E(V ) is an
alternating associative algebra over R in the sense ab = −ba for all a, b ∈ E(V ).
Clearly, DimE(V ) = 2DimV .

Now, let us take V to be R
n . As already mentioned, the standard basis will

be denoted by {dx1, dx2, . . . , dxn}. For each p, 1 ≤ p ≤ n. Let us denote the set
{(i1, i2, . . . , i p) | 1 ≤ i1 < i2 < · · · < i p ≤ n} by An

p. For each I = (i1, i2, . . . , i p)

in An
p, we denote dx

i1 ∧ dxi2 ∧ · · · ∧ dxip by dx I . Thus, {dx I | I ∈ An
p} is a basis

of
∧p

R
n . Let U be an open subset of R

n . Let us denote the tensor product
C∞(U,R) ⊗R

∧p
R

n by �p(U ). Thus,

�p(U ) = {∑

I∈An
p

αI dx
I | αI ∈ C∞(U,R)

}
,

and the members of �p(U ) are called p-forms on U . In particular, �0(U ) =
C∞(U,R), �1(U ) = C∞(U,Rn) and so on. Define a map Dp from �p(U ) to
�p+1(U ) by

Dp
(∑

I∈An
p

αI dx
I
) =

∑

I∈An
p

(∑n

i=1

∂αI

∂xi
dxi

) ∧ dx I .

Evidently, Dp is a linear transformation.

Proposition 3.4.3 Dp+1oDp = 0 for all p, and

�(U ) ≡ 0 −→ �0(U )
D0→ �1(U )

D1→ · · · Dp−1→ �p(U )
Dp→ · · · Dn−1→ �n(U ) −→ 0

is a finite chain complex of R-vector spaces.

Proof It is sufficient to show that (Dp+1oDp)(αI dx I ) = 0. Since ∂2αI
∂xi∂x j

= ∂2αI
∂x j∂xi

and dxi ∧ dx j = −dx j ∧ dxi for all i, j ,

Dp+1(Dp(αI dx I )) = Dp+1
( ∑n

i=1
∂αI
∂xi

dxi ∧ dx I
) =

∑n
i=1

( ∑n
j=1

∂2αI
∂x j∂xi

dx j
) ∧ dxi ∧ dx I = −∑n

i=1

( ∑n
j=1

∂2αI
∂x j∂xi

dx j
) ∧ dxi ∧ dx I .

This shows that Dp+1(Dp(αI dx I )) = 0. �

The co-chain complex �(U ) is called the de Rham complex, and H p(�(U )) =
H p

dR(U ) is called the pth de Rham co-homology of U . The members of KerDp are
called the closed p-forms, and the members of imageDp−1 are called exact forms.

Example 3.4.4 (i). Consider the case when n = 0. By convention,R0 is a singleton
{0}, and an open subsetU ofR0 is also {0}. Evidently, D0({0}) ≈ R and de Rham
complex of a singleton is given by
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0 −→ R −→ 0 −→ 0 · · · .

Hence H 0
dR({	}) = R and H p

dR({	}) = 0 for p ≥ 1, where {	} is a singleton set.

(ii). Consider the case when n = 1. Let U = (a, b). The de Rham complex �(U )

of U is given by

�(U ) ≡ 0 −→ C∞(U,R)
D0→ C∞(U,R) −→ 0 −→ · · · ,

where D0( f )(x) = f ′(x), x ∈ (a, b). Evidently, KerD0 is the space of con-
stant functions on U = (a, b). Hence H 0

dR((a, b)) ≈ R. Further, by the funda-
mental theorem of integral calculus, every C∞ function on (a, b) is the deriva-
tive of its integral. Hence H p

dR((a, b)) = 0 for all p ≥ 1. Similarly, if U is the
disjoint union of r open intervals, then H 0

dR(U ) ≈ R
r , and H p

dR(U ) = 0 for all
p ≥ 1. Using the induction, we shall show that H p

dR(Rn) = R for p = 0 and
H p

dR(Rn) = 0 when p ≥ 1.

Consider the category � whose objects are open subsets of finite-dimensional
Euclidean spaces, and morphisms are C∞ maps. Let f be a C∞ map from an open
subset U of Rn to an open subset V of Rm . Let y1, y2, . . . , ym denote coordinate
functions on V , and x1, x2, . . . , xn denote the coordinate function onU . Then y jo f
is a C∞ function from U to R for each j . Let J = ( j1, j2, . . . , jp) ∈ Am

p . Denote

(∑n

i=1

∂(y j1of )

∂xi
dxi

)

∧
(∑n

i=1

∂(y j2of )

∂xi
dxi

)

∧ · · · ∧
(∑n

i=1

∂(y j1of )

∂xi
dxi

)

by d(y J o f ). Evidently, d(y J o f ) is a member of �p(U ). In turn, we get a linear map
�p( f ) from �p(V ) to �p(U ) defined by

�p( f )
( ∑

J∈Am
p

βJ dy
J
) =

∑

J∈Am
p

(βJ o f )d(y J o f ).

It can be easily seen that �( f ) = {�p( f ) | p ≥ 0} is a chain transformation from
�(V ) to �(U ). In turn, we get a contra-variant functor � from � to the category of
chain complexes of vector spaces, and also deRham co-homology functors H p

dR from
� to the category of vector spaces overR. With a little more effort, these functors can
be extended to functors from the category of differentiable manifolds to the category
of vector spaces over R. The reader is referred to “Differential forms in Algebraic
topology” by Bott and Tu for details.

Proposition 3.4.5 LetU beaconnectedopen subset ofRn. Then H 0
dR(U ) ≈ R.More

generally, if U is an open subset of Rn having m components, then H 0
dR(U ) ≈ R

m.

Proof Let f be a member of KerD0. Then ∂ f
∂xi

= 0 on U for all i . Since f is a C∞
function, all repeated partial derivatives of f are 0 on U . By Taylor’s theorem, f is
a locally constant function. The result follows, since U is connected. �
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Proposition 3.4.6 Let U be an open subset of Rn and x0 ∈ U. Let ex0 denote the
function from C∞(U,R) to itself given by ex0( f )(x) = f (x0). Suppose that for each
p > 0, we have a linear transformation sp from �p(U ) to �p−1(U ) such that

(i) s1D0 = ID0(U ) − ex0 , and
(ii) Dp−1sp + sp+1Dp = IDp(U ) for all p > 0.

Then H 0
dR(U ) ≈ R and H p

dR(U ) = 0 for all p > 0.

Proof Let f ∈ KerD0. Then 0 = s1D0 f = f − ex0( f ). Hence f (x) = f (x0) for
all x ∈ U . This shows that H 0

dR(U ) is the space of all constant functions on U .
As such H 0

dR(U ) ≈ R. Next, suppose that p > 0, and ω = ∑
I αI dx I belongs to

KerDp. Then from (ii), Dp−1sp(ω) = ω. Hence ω ∈ imageDp−1. This shows that
H p

dR(U ) = 0 for all p > 0. �

A subset X of Rn is called a star-shaped subspace if there is a point x0 ∈ X such
that for all x ∈ X , the line segment {t x0 + (1 − t)x | t ∈ [0, 1]} joining x0 with x
is contained in X . For example, Rn , upper half-plane Hn+, lower half-plane Hn−, and
R

2 − {(x, 0) | x ≥ 0} are all star shaped, whereas R2 − {(0, 0)} is not star shaped.
Evidently, a star-shaped subspace of Rn is a path connected and so also a connected
subspace.

Theorem 3.4.7 (Poincare Lemma) Let U be a star-shaped open subspace of Rn.
Then H 0

dR(U ) ≈ R and H p
dR(U ) = {0} for all p > 0.

Proof Let U be a star-shaped open subspace of Rn . Without loss of generality, we
may assume thatU is star shaped about 0̄. Thus, t x̄ ∈ U for all x̄ ∈ U and t ∈ [0, 1].
In the light of Proposition3.4.6, it is sufficient to define a linear transformation sp
from �p(U ) to �p−1(U ) for all p > 0 such that

(i) s1D0 = ID0(U ) − e0̄, and
(ii) Dp−1sp + sp+1Dp = IDp(U ) for all p > 0.

Consider the open subset V = U × R of Rn+1. Let ψ be a C∞ map from R to R
satisfying the conditions (i) ψ(t) = 0 for t ≤ 0, (ii) ψ(t) = 1 for t ≥ 1, and (iii)
ψ(t) ∈ [0, 1] for t ∈ [0, 1] (see “Principles of mathematical analysis” by Rudin
for the existence of such a function). This gives us a C∞ map φ from V to U
defined by φ(x̄, t) = ψ(t)x̄ . Let ω = ∑

I∈An
p
αI dx I be a p-form in U . Then by

the definition
�p(φ)(ω) =

∑

I∈An
p

(αI oφ)d(x I oφ).

Now, for fixed I = (i1, i2, . . . , i p), 1 ≤ i1 < i2 < · · · < i p ≤ n,

d(x I oφ) = (ψ(t)dxi1 + ψ′(t)dxi1 ∧ dxn+1) ∧ (ψ(t)dxi2 + ψ′(t)dxi2 ∧ dxn+1)∧
· · · ∧ (ψ(t)dxi p + ψ′(t)dxi p ∧ dxn+1).

Thus,
�p(φ)(ω) = ∑

I∈An
p
αI (ψ(t)x̄)(ψ(t))pdx I +

∑
I∈An

p
αI (ψ(t)x̄)

( ∑p
k=1(−1)p−kdx Jkp−1 ∧ dxn+1

)
,
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where J k
p−1 = I − {ik}. In turn,

�p(ω) =
∑

I∈An
p

αI (ψ(t)x̄)(ψ(t))pdx I +
∑

J∈An
p−1

βJ (x̄, t)dx
J ∧ dxn+1.

Define sp(ω) = ∑
J∈An

p−1
γJ (x̄)dx J , where

γJ (x̄) =
∫ 1

0
βJ (x̄, t)dt.

It is straightforward to verify (left as an exercise) that {sp | p ≥ 1} satisfies the
required conditions (i) and (ii). �

Our next aim is to establish the Mayer–Vietoris exact sequence for de Rham
co-homology. Let U and V be open subsets of Rn . Let W = U

⋃
V . Evidently,

W is an open subset of Rn . If U
⋂

V = ∅, then �(W ) = �(U ) ⊕ �(V ), and so
H p

dR(W ) ≈ H p
dR(U ) ⊕ H p

dR(V ). Suppose thatU
⋂

V is a nonempty set. Let i1 denote
the inclusion map from U

⋂
V to U , and i2 denote the inclusion map from U

⋂
V

to V . Let j1 denote the inclusion map from U to W , and j2 denote the inclusion
map from V to W . All these maps are C∞ maps. Using the contra-variant functor
�, we obtain a co-chain transformation �(i1) from �(U ) to �(U

⋂
V ) , a co-chain

transformation �(i2) from �(V ) to �(U
⋂

V ) , a co-chain transformation �( j1)
from �(U

⋃
V ) to �(U ), and a co-chain transformation �( j2) from �(U

⋃
V ) to

�(V ).

Theorem 3.4.8 (Mayer–Vietoris sequence) Let U and V be open subsets of Rn.
Then we have the short exact sequence

0 −→ �(W )
(�( j1),�( j2))→ �(U ) ⊕ �(V )

�(i1)−�(i2)→ �(U
⋂

V ) −→ 0

of de Rham co-chain complexes of vector spaces, where W = U
⋃

V .

Proof Evidently,�p( j1) and�p( j2) are injective for all p, and they agree onU
⋂

V .
Further, if

( ∑
I∈An

p
αI dx I ,

∑
I∈An

p
βI dx I

)
belongs to the Ker(�(i1) − �(i2)), then

αI = βI on U
⋂

V . In turn, we get a C∞ map γI from W to R whose restriction to
U is αI and whose restriction to V is βI . Clearly,

(�( j1),�( j2))
( ∑

I∈An
p

γI dx
I
) = ( ∑

I∈An
p

αI dx
I ,

∑

I∈An
p

βI dx
I
)
.

Thus, the above sequence is exact at �(W ) and also at �(U ) ⊕ �(V ). We need to
show that �p(i1) − �p(i2) is surjective for all p. Let

∑
I∈An

p
αI dx I be a member

of �p(U
⋂

V ). Then αI is a C∞ map from U
⋂

V to R. Let {χU ,χV } be a C∞
partition of unity of W subordinate to the open cover {U, V } of W . Then χU and
χV are C∞ functions on W such that (i) supp(χU ) ⊆ U , (ii) supp(χV ) ⊆ V , and
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(iii) χU + χV = 1 on W (for the proof of the existence of the partition of unity,
see a book on Analysis or Topology). Since αIχU is zero on (U

⋂
V ) − suppχU ,

we get a C∞ map βI from U to R given by βI (u) = αI (u)χU (u) if u ∈ U
⋂

V ,
and βI (u) = 0 otherwise. Similarly, we get a C∞ map γI from V to R given by
γI (v) = −αI (v)χV (v) if v ∈ U

⋂
V , and γI (v) = 0 otherwise. Evidently,

(�(i1) − �(i2))
(∑

I∈An
p

βI dx
I ,

∑

I∈An
p

γI dx
I
) =

∑

I∈An
p

αI dx
I .

This shows that �p(i1) − �p(i2) is surjective. �

Corollary 3.4.9 Under the hypothesis of the above theorem, we have the following
exact sequence:

· · · ∂ p−1→ HdR(W )
(H p( j1),H p( j2))→ H p

dR(U ) ⊕ H p
dR(V )

H p(i1)−H p(i2)→ H p
dR(U

⋂
V )

∂ p→
· · · .

�

Proof The proof follows from Theorem1.3.1. �

Example 3.4.10 In this example we compute H p
dR(R2 − {(0, 0)}).We expressR2 −

{(0, 0)} as U
⋃

V , where U = R
2 − {(x, 0) | x ≥ 0} and V = R

2 − {(x, 0) | x ≤
0}. Clearly, U and V are star-shaped open subsets of R2. Hence by the Poincare
Lemma,

H 0
dR(U ) = R = H 0

dR(V ),

and
H p

dR(U ) = 0 = H p
dR(V )

for all p ≥ 1. Further, U
⋂

V = H+ ⋃
H−, where H+ is the upper half-plane

and H− is the lower half-plane. Since H+ and H− are star-shaped open sets with
H+ ⋂

H− = ∅,
H 0

dR(U
⋂

V ) = R ⊕ R,

and
H p

dR(U
⋂

V ) = 0

for all p ≥ 1. In turn, using the above Corollary, for p > 0, we get the following
exact sequence:

0 −→ H p
dR(U

⋂
V )

∂ p→ H p+1
dR (R2 − {(0, 0)}) −→ 0.

It follows that H p
dR(R2 − {(0, 0)}) = 0 for all p ≥ 2. Again, from the above Corol-

lary, we get the exact sequence
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0 −→ H 0
dR(R2 − {(0, 0)}) (H 0( j1),H 0( j2)→ H 0

dR(U ) ⊕ H 0
dR(V )

H 0(i1)−H 0(i2)→
H 0

dR(U
⋂

V )
∂0→ H 1

dR(R2 − {(0, 0)}) −→ 0.

Since R
2 − {(0, 0)}, U , V are connected open subsets, H 0

dR(R2 − {(0, 0)}) ≈
H 0

dR(U ) ≈ H 0
dR(V ) ≈ R. Also H 0

dR(U
⋂

V ) ≈ R ⊕ R. Thus, we get the following
exact sequence of vector spaces:

0 −→ R −→ R ⊕ R −→ R ⊕ R
∂0→ H 1

dR(R2 − {(0, 0)}) −→ 0.

The dimension considerations show that H 1
dR(R2 − {(0, 0)}) is of dimension 1. This

shows that H 0
dR(R2 − {(0, 0)}) ≈ R ≈ H 1

dR(R2 − {(0, 0)}).
Finally, we state (without proof) the theorem of de Rham. The detailed discussion
and the proof can be found in the book “Foundations of differentiable manifolds and
Lie groups” byWarner. LetU be an open subset (more generally, a smoothmanifold)
of Rn . Define a map χp from H p

dR(U ) to the singular co-homology H p(M,R) =
HomR(Hp(M,R),R) by χp([ω])([σ]) = ∫

σ ω, where ω is a closed p-form on U ,
σ is a singular chain representing an element of Hp(M,R), and right-hand side
represents the integral of the p-form ω around σ (see calculus by Spivak).

Theorem 3.4.11 (de Rham) χp is an isomorphism for all p.

Remark 3.4.12 The concept of de Rham co-homology can be extended to the cat-
egory of differentiable manifolds. It is introduced by using a differentiable structure
on a manifold. On a manifold, there may be several distinct differential structures.
However, Theorem of de Rham asserts that de Rham co-homology depends only on
the topology of the manifold, and it is independent of the differential structure on
the manifold.

Exercises

3.4.1 Compute H p
dR(R2 − {(0, 0), (1, 1)}) for all p.

3.4.2 Compute H p
dR(U ), where U = {(x, y) ∈ R

2 | 1 < (x2 + y2) < 2}.
3.4.3 Let {Un | n ∈ N} and {Vn | n ∈ N} be twomonotonic decreasing sequences of
open subsets of R2 such that

⋂∞
i=1Un = S1 = ⋂∞

i=1Un . Show that LimH p
dR(Un) =

LimH p
dR(Vn). Define H p

dR(S1) = LimH p
dR(Un). Compute H p

dR(S1).

3.4.4 Let U be an open subset which is covered by finitely many convex open sets.
Show that H p

dR(U ) is finite dimensional.



Chapter 4
Sheaf Co-homology and Its Applications

Sheaf theory and sheaf co-homology are toolswhich are very efficiently used in topol-
ogy, number theory, and algebraic geometry. Indeed, these have been successfully
used in settling some long-standing conjectures. This chapter is devoted to introduc-
ing the language of sheaves, sheaf co-homology, and to have some applications in
topology and algebraic geometry.

4.1 Presheaves and Sheaves

In this section, we introduce and describe the category of presheaves, the category
of sheaves, and the category of modules over ringed spaces.

Let (X, T ) be a topological space. Then (X, T ) can be treated as a category whose
objects are members of the topology T , and for a pair U, V in T , Mor(U, V ) = ∅
if U is not a subset of V , and if U ⊆ V , then Mor(U, V ) = {i VU }, where i VU is the
inclusion map from U to V . Evidently, Mor(U,U ) = {IU }, and iWV oiVU = iWU .
This category is called the category of open subsets of X . A presheaf of abelian
groups on a topological space (X, T ) is a contra-variant functor from the category
T of open subsets of X to the category AB of abelian groups. Thus, a presheaf F of
abelian groups on a topological space X consists of the following: (i) For each open
set U of X , there is an abelian group F(U ). (ii) For each pair of open sets, U and V
withU ⊆ V , there is a homomorphism f UV = F(i VU ) from F(V ) to F(U ) such that

f UU = IU , and f UW = f UV of VW , whenever U ⊆ V ⊂ W.

Let F be a presheaf of abelian groups on a space X . Suppose that F(∅) = A.
Then F induces another presheaf F̃ on X defined as F̃(U ) = Ker f ∅

U and f̃ UV =
f UV |Ker f ∅

V . Evidently, F̃(∅) = 0. Therefore, without any loss, we may assume
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that F(∅) = 0 for any presheaf F . The members of F(U ) are called the sections
on U (the terminology will be justified later). The homomorphism f UV is called the
restriction map from V toU . If s ∈ F(V ), then f UV (s) is called the restriction of the
section s to U , and it is also denoted by s|U .

A presheaf F on X is called a sheaf if the following two conditions hold:
(i) If s, t ∈ F(U ) such that for an open cover {Uα | α ∈ �} of U , the restriction

sα of s to Uα is the same as the restriction tα of t to Uα for each α, then s = t , and
(ii) if {sα ∈ F(Uα) | α ∈ �} is a family of sections such that the restriction of sα

to Uα

⋂
Uβ is the same as the restriction of sβ to Uα

⋂
Uβ for each pair α,β in �,

then there is a section s in F(
⋃

α∈� Uα) such that the restriction of s to Uα is sα for
each α.

Similarly, we can talk of presheaves and sheaves of rings, R-modules, and more
generally presheaves and sheaves of any algebraic structure.

A sheaf of rings is also called a ringed space. All the rings are assumed to be
commutative rings with identities. Further, given a ringed space ϑX on X , a presheaf
FX of abelian groups on X together with left (right) ϑX (U )-module structure on
F(U ) for each U will be termed as presheaf of ϑX -modules if the restriction maps
respect the corresponding module structures. If FX is also a sheaf, then we simply
term it as ϑX -module.

Example 4.1.1 Let X be a topological space, and let A be an abelian group. We
have the constant sheaf F A

X on X defined as follows:

(i) F A
X (U ) = A whenever U is a nonempty open subset of X ,

(ii) F A
X (∅) = 0,

(iii) the restriction map f VU = IA whenever V �= ∅ and it is a zero map other-
wise.Similarly, given a ring R, we have the ringed space ϑR

X on X given by
ϑR
X (U ) = R for all nonempty open sets U and ϑR

X (∅) = {0}. Further, if M is
an R-module, then the constant sheaf FM

X is ϑR
X -module in obvious manner.

Example 4.1.2 Let X be a topological space. For each open subset U of X , take
ϑX (U ) = C(U, R), where C(U, R) is the additive group of real-valued continuous
functions onU . ϑX together with obvious restriction maps from ϑX (U ) = C(U, R)

to ϑX (V ) = C(V, R), V ⊆ U is a presheaf of abelian groups. It follows from the
patching lemma for continuous maps that ϑX is a sheaf. Indeed, since C(U, R) is a
ring for all U , ϑX is also a ringed space. This sheaf is called the sheaf of germs of
continuous functions on X . Further, for each n ∈ N, put ϑn

X (U ) = C(U, R
n), where

C(U, R
n) denote the group of continuous functions fromU toR

n . This together with
the obvious restriction maps forms a sheaf of abelian groups. Observe that ϑn

X (U ) is
a module over ϑX (U ) in an obvious manner, and in turn, ϑn

X is a ϑX -module.

Example 4.1.3 Let M be a C∞ differentiable manifold M . For each open subset
U of M , take ϑM(U ) = C∞(U, R), where C∞(U, R) is the ring of real-valued
C∞ functions onU . This together with the obvious restriction maps from ϑM(U ) to



4.1 Presheaves and Sheaves 213

ϑM(V ), V ⊆ U forms a ringed space. This sheaf is called the sheaf of germs of C∞
functions on M . As in the above example, ϑn

M is an ϑM -module.

Example 4.1.4 Let X be a discrete topological space containing more than one
element. Take F(X) = Z and F(U ) = 0 for all proper open setsU . Then F defines
a presheaf in obvious manner. This presheaf is not a sheaf, for if {Uα | α ∈ �} is an
open cover of X consisting of proper open sets, then the restriction of 1 ∈ Z to Uα

is the same as the restriction of 0 to Uα for each α, but 1 �= 0.

Example 4.1.5 (Spec R) This is an important example which will be referred again
and again. Let R be a commutative ring with identity. Consider SpecR with the
Zariski topology (see Exercise1.1.15). Thus, SpecR = {P | P is a prime ideal
o f R}, and an open set U of SpecR is of the form SpecR − V (A), where A
is an ideal of R and V (A) = {P ∈ SpecR | A ⊆ P}. For each prime ideal P of
R, let RP denote the localization at P . More explicitly, RP is the ring { ah | a ∈
R and h /∈ P} of fractions. For each open subsetU of SpecR, let ϑR(U ) denote the
subring {s ∈ ∏

P∈U RP | s is locally constant} of the Cartesian product∏P∈U RP .
More explicitly, an element s ∈ ∏

P∈U RP is a member of ϑR(U ) if and only if for
each P ∈ U , there is an open subset V of SpecR, and elements a, f ∈ R such that
P ∈ V ⊆ U , f /∈ Q for each Q ∈ V and also s(Q) = a

f . We have an obvious

restriction map j VU from ϑR(U ) to ϑR(V ) whenever V ⊆ U . ϑR together with these
restriction homomorphisms defines a sheaf of rings on SpecR. This ringed space is
denoted by (SpecR,ϑR), and it is called the spectrum of R.ϑR is called the structure
sheaf of SpecR.

Let F be a presheaf of abelian groups on X . Let x ∈ X . Let Nx denote the family of
all open subsets of X containing x . Then (Nx ,≤) is a directed set under the relation
≤ given by V ≤ U if U ⊆ V . In turn, we have a directed system {(F(V ), f UV ) |
V ≤ U, U, V ∈ Nx } of abelian groups. The direct limit Lim→F(V ) of this directed
system is an abelian group called the stalk at x , and it is denoted by Fx . By the
construction of the direct limit, it is clear that Fx is the set {āU | aU ∈ F(U ), U ∈ Nx }
of equivalence classes, where āU = b̄V if and only if there is a W ∈ Nx , W ⊆
U

⋂
V such that f WU (aU ) = f WV (bV ). The operation + in Fx is given by āU +

b̄V = ¯cW , where W = U
⋂

V and cW = f WU (aU ) + f WV (bV ). Evidently, āU
represents the zero element of Fx if and only if there is aW ∈ Nx , W ⊆ U such that
f WU (aU ) = 0. Similarly, if ϑ is a ringed space on X , the stalk ϑx at x is a ring, and
if F is a ϑ-module, then the stalk Fx at x is a ϑx -module for each x ∈ X .

For all x ∈ X , the stalk of the presheaf F A
X of Example4.1.1 at x is the abelian

group A, the stalk of the ringed space ϑR
X of Example4.1.1 is the ring R, and the stalk

of the ϑR
X -module FM is the R-module M . In Example4.1.2, the stalk (ϑX )x is the

ring of germs of continuous real-valued functions at x , and the stalk (ϑn
X )x is the free

(ϑX )x -module of rank n. In Example4.1.3, the stalk (ϑM)x is the ring of germs of
C∞ real-valued functions at x , and the stalk (ϑn

M)x is the free (ϑM)x -module of rank
n. In case of Example4.1.4, Fx = 0 for all x . In Example4.1.5, the stalk ϑR

P of the
ringed space (SpecR,ϑR) at P can be easily seen to be the ring RP . Evidently, RP

is a local ring in the sense that it has the unique maximal ideal { a
f | a ∈ P, f /∈ P}
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consisting of noninvertible elements. A ringed space ϑ on the space X is called a
locally ringed space if all the stalks are local rings. Thus, (SpecR,ϑR) is a locally
ringed space.

Let F and G be presheaves (sheaves) of abelian groups (more generally, of R-
modules) on a topological space X . Then F andG can be thought of as contra-variant
functors from the category of open subsets of X to the category of abelian groups
(R-modules). Similarly, if they are presheaves or sheaves of rings, then they can
be thought of as contra-variant functors from the category of open subsets of X
to the category of rings. A natural transformation η from F to G is also called a
morphism from F toG. Thus, a morphism η from a presheaf (sheaf) F to a presheaf
(sheaf) G is a family {ηU ∈ Hom(F(U ),G(U )) | U is an open subset o f X} of
homomorphisms such that whenever U ⊆ V , the diagram

F(V ) �ηV G(V )

�

gUV = G(i VU )

G(U )F(U ) �
ηU�

f UV = F(i VU )

is commutative, where the vertical maps are corresponding restriction maps. This
gives us the category PrX (ShX ) of presheaves (sheaves) on X . Evidently, ShX is a
subcategory of PrX . The constant sheaf 0 given by 0(U ) = 0 for all U is the zero
object in the category PrX (ShX ).

Let ϑX be a ringed space on X . A ϑX -morphism from a ϑX -module MX to a
ϑX -module NX is a morphism η from the sheaf MX of abelian groups to the sheaf
NX of abelian groups such that ηU is a ϑX (U )-module homomorphism for each U .
This gives us a category ϑX − Mod of left ϑX -modules. Observe that a ringed space
ϑX is a module over itself.

A sub-presheaf K of a presheaf F of abelian groups (R-modules) on X is a family
{K (U ) | K (U ) is a subgroup (R − submodule) of F(U ) f or all U } such that
f VU (K (U )) ⊆ K (V ) whenever V ⊆ U . Similarly, we can talk of sub-presheaf of a
presheaf of rings. Thus, a sub-presheaf is a presheaf at its own right. Observe that a
sub-presheaf of sheaf need not be a sheaf. If a sub-presheaf is also a sheaf, then we
call it a sub-sheaf.

Let ϑX be a ringed space on X , and MX be a left ϑX -module. A sub-sheaf NX

of the sheaf MX of abelian groups is called a ϑX -submodule of MX if NX (U ) is a
ϑX (U )-submodule of MX (U ) for each U . Evidently, NX is a ϑX -module at its own
right.
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Let η be a morphism from a presheaf F on X to a presheaf G on X . Let K
be a sub-presheaf of F . Then the family {ηU (K (U )) | U is open set} together
with the family {gV

U |ηU (K (U )) | V ⊆ U } of restriction homomorphisms defines a sub-
presheaf of G. This sub-presheaf of G is called the image of η, and it is denoted
by Im(η) or η(K ). Observe that the image of a sub-sheaf need not be a sub-sheaf
even if F and G are both sheaves. Let L be a sub-presheaf of G. Then the family
{η−1

U (L(U )) | U is open set} together with the family { f VU |η−1
U (L(U )) | V ⊆ U } of

restriction homomorphisms defines a sub-presheaf of G. This sub-presheaf of G is
called the inverse image of η, and it is denoted by η−1(L). In particular, the inverse
image η−1(0) of the constant zero sheaf 0 is a presheaf of F . This presheaf is called the
kernel of η, and it is denoted by Ker η. Here again, the inverse image of a sub-sheaf
under a presheaf morphism need not be a sheaf. Next, let K be a sub-presheaf of the
presheaf F of R-modules on a space X . The family {F(U )/K (U ) | U is an open set}
of quotient R-modules together with obvious homomorphisms from F(U )/K (U )

to F(V )/K (V ), V ⊆ U induced by f VU forms a presheaf on X . This presheaf is
called the quotient presheaf, and it is denoted by F/K . We have the obvious quotient
morphism ν from F to F/K whose kernel is the sub-presheaf K .

Let ϑX be a ringed space on X . Let η be a ϑX -morphism from a ϑX -module MX

to a ϑX -module NX . Let KX be a ϑX -submodule of MX and LX be a ϑX -submodule
of NX . Then the image η(KX ) = {ηU (KX (U )) | U is open} is a presheaf of ϑX -
submodules of NX but, it need not be a ϑX -submodule of NX as it need not be
a sub-sheaf of the sheaf NX . However, η−1(LX ) = {η−1

U (L(U )) | U is open} is
a ϑX -submodule of MX , and it is called the inverse image of LX . In particular, the
submodule η−1(0X ) is called the kernel of η. If KX is aϑX -submodule ofMX , thenwe
have the quotient ϑX -module MX/KX given by (MX/KX )(U ) = MX (U )/KX (U ).
We have the obvious quotient morphism ν from MX to MX/KX whose kernel is KX .
It is easy to observe that the analogues of the correspondence theorem, fundamental
theorem of morphisms, and the isomorphism theorems hold in the category of ϑX -
modules. Indeed, we shall see that the category ϑX -Mod is an abelian category.

A sub-presheaf K of a presheaf F of rings is called an ideal of the presheaf F if
K (U ) is an ideal of F(U ) for all U . Thus, if K is an ideal of a presheaf F on X ,
then we have a quotient presheaf F/K of rings. The analogues of the fundamental
theorem of homomorphism, correspondence theorem, and isomorphism theorems
hold for presheaves of rings also. Observe that the category of rings is not an abelian
category.

Proposition 4.1.6 (i) Let η be a morphism from a presheaf F on X to a presheaf
G on X. Then Ker η together with the inclusion morphism i from Ker η to F
represents the kernel of the morphism η in the categorical sense in the category
PrX of presheaves on a space X.

(ii) A morphism η from a presheaf F to a presheaf G is a monomorphism in the cat-
egory PrX if and only if ηU is injective for all U. In particular, η is a monomor-
phism if and only if the kernel of η is the constant zero sheaf on X.
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(iii) If F and G are both sheaves, then the inverse image η−1(L) of a sub-sheaf L
of G is a sub-sheaf of F. In particular, Ker η is a sub-sheaf of F.

Proof (i) Evidently, the inclusion morphism i from Ker η to F is such that ηoi is
the zero morphism. Let L be a presheaf and j be a morphism from L to F such
that ηoj is a zero morphism. Then ηUojU is a zero homomorphism from L(U )

to G(U ) for each U . In turn, for each U , we have a unique homomorphism ρU
from L(U ) to K (U ) such that iUoρU = jU for each U . Clearly, ρ = {ρU |
U is open set} is a unique morphism from L to K such that ioρ = j . This
shows that Ker η together with i represents the kernel of η in the category PrX .

(ii) Let η be a morphism from a presheaf F to a presheaf G. Evidently, if ηU is
injective for eachU , then η is a monomorphism. Suppose that ηU is not injective
for some open set U of X . Then ηoi and ηo0 are both zero morphisms from
Ker η to G, but i �= 0.

(iii) Suppose that F and G are sheaves. Let L be a sub-sheaf of G. We need to
show that the presheaf η−1(L) is a sheaf. Let {Uα | α ∈ �} be an open cover
ofU , and {aα ∈ η−1

Uα
(L(Uα)) | α ∈ �} be a compatible family in the sense that

k
Uα

⋂
Uβ

Uα
(aα) = k

Uα

⋂
Uβ

Uβ
(aβ) for all α,β ∈ �, where kVU denotes the restriction

f VU |η−1
U (L(U )). Since F is a sheaf, there is a unique element a ∈ F(U ) such

that f Uα

U (a) = aα for each α. Now gUα

U (ηU (a)) = ηUα
( f Uα

U (a)) = ηUα
(aα)

is a member of L(Uα) for each α. Since L is a sheaf, ηU (a) ∈ L(U ). Thus, we
have a unique a ∈ η−1

U (L(U )) such that kUα

U (a) = aα for each α. This shows
that η−1(L) is a sheaf. �

Similarly, we have the following proposition.

Proposition 4.1.7 (i) Let η be a morphism from a presheaf F to a presheaf G of
abelian groups (R-modules) on X. Then the quotient presheaf G/η(F) together
with the quotient morphism ν from G to G/η(F) represents the co-kernel of the
morphism η in the category PrX of presheaves of abelian groups (R-modules )
on a space X.

(ii) A morphism η from a presheaf F to a presheaf G is an epimorphism in the
category PrX if and only if ηU is surjective for all U. In particular, η is a
epimorphism in PrX if and only if the co-kernel of η is the constant zero sheaf
on X.

(iii) In the category PrX of presheaves of abelian groups (R-modules), a monomor-
phism is a kernel of its co-kernel, and an epimorphism is a co-kernel of its
kernel.

Proof The proofs of (i) and (ii) are similar to the proofs of (i) and (ii) in Proposition
4.1.6. We prove the part (iii) of the proposition. Let η be a monomorphism from a
presheaf F to a presheaf G in the category PrX of abelian groups (R-modules) on
X . Then from Proposition 4.1.6 (ii), ηU is an injective homomorphism from F(U )
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to G(U ) for each open setU . The co-kernel of η is the quotient morphism ν from G
to G/η(F). Already νoη is a zero morphism. Let ρ be a morphism from a presheaf
L to G such that νoρ is a zero morphism. Then ρU (L(U )) ⊆ ηU (F(U )) for each
open set U . Since ηU is injective, we have a unique homomorphism μU from L(U )

to F(U ) such that ηUoμU = ρU . The fact that η is a monomorphism ensures that
the family μ = {μU | U is open} is the unique morphism from L to F such that
ηoμ = ρ. This proves that η is a kernel of its co-kernel. Similarly, it can be shown
that every epimorphism is a co-kernel of its kernel. �

Remark 4.1.8 Amonomorphism in the category of presheaves of rings need not be
a kernel of a morphism.

Theorem 4.1.9 The category PrX of presheaves of abelian groups (R-modules) on
a space X is an abelian category.

Proof From Propositions 4.1.6 and 4.1.7, it follows that in the category PrX , every
morphism has a kernel as well as a co-kernel, every monomorphism is a kernel, and
every epimorphism is a co-kernel. Thus, it is sufficient to show that the category PrX
is an exact category. Let η and ρ be two members of MorPrX (F,G). Then η + ρ
given by (η + ρ)U = ηU + ρU is again a member of MorPrX (F,G). This defines
an addition + in MorPrX (F,G) which makes it an abelian group. It is also easy to
observe that the composition law of morphisms is bi-additive. This shows that PrX
is an abelian category. �

Remark 4.1.10 The category ShX of sheaves of abelian groups and the category
ϑX -Mod of ϑX -modules are also abelian categories. However, the above proof fails
as the image of a sheaf under a morphism need not be a sheaf, and in turn, the image
of a ϑX -module under ϑX -morphism need not be a ϑX -module. We need to sheafify
the image presheaf of the sheaf. The concept of sheafification of a presheaf will be
introduced soon, and then we shall establish the fact that the category ShX of sheaves
of abelian groups and the category ϑX -Mod of ϑX -modules are abelian categories.

Proposition 4.1.11 (i) A morphism η from a presheaf F on X to a presheaf G
on X is an isomorphism if and only if for each open subset U of X, ηU is an
isomorphism.

(ii) A ϑX -morphism from a ϑX -module MX to a ϑX -module NX is an isomorphism
if and only if ηU is a ϑX (U )-isomorphism from MX (U ) to NX (U ).

Proof (i) Suppose that η is an isomorphism. Then there is a morphism ρ from G
to F such that ρoη = IF and ηoρ = IG . Evidently, ρUoηU = IF(U ) and
ηUoρU = IG(U ). This shows that ηU is an isomorphism for each open subset
U of X . Conversely, suppose that ηU is an isomorphism for each U . Since
ηUof UV = gUV oηV for each pair U, V , η−1

U ogUV = f UV oη−1
V for each pair U, V

withU ⊆ V .Thus, η−1 = {η−1
U | U is open subset o f X} is a morphism from

G to F such that η−1oη = IF and ηoη−1 = IG .
(ii) The proof of this part is similar to that of (i). �
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Let η be a morphism from a presheaf F on X to a presheaf G on X . Let x
be an element of X . Suppose that āU = b̄V in Fx . Then there is a W ∈ Nx such
that W ⊆ U

⋂
V and f WU (aU ) = f WV (bV ). Since η is a morphism, gW

U (ηU (aU )) =
gW
V (ηV (bV )). Thus, η induces a homomorphism ηx from Fx toGx given by ηx (āU ) =

ηU (aU ). If ρ is another morphism from the presheaf G to a presheaf H , then it is
clear from the definition that (ρoη)x = ρxoηx . Also (IF )x = IFx . Thus, for each
x ∈ X , we get a functor from the category PrX of presheaves on X to the category
of abelian groups (R-modules) which associates with each presheaf F , the stalk Fx

at x and with each morphism η, the homomorphism ηx . Similarly, given a ringed
space ϑX on X , for each x ∈ X , we have a natural functor from the category ϑX -Mod
of ϑX -modules to the category of (ϑX )x -modules which associates with each ϑX -
module MX , the stalk (MX )x at x , and with a ϑX -morphism η from MX to NX , the
(ϑX )x -homomorphism from (MX )x to (NX )x . In particular, if η is an isomorphism,
then ηx is an isomorphism for each x ∈ X . The following theorem asserts that the
converse of this last statement is also true in the categories ShX and ϑX − mod.

Theorem 4.1.12 (i) A morphism η from a sheaf F on X to a sheaf G on X is an
isomorphism if and only if ηx is an isomorphism from Fx to Gx for each x ∈ X.

(ii) A ϑX -morphism η from MX to NX is an isomorphism if and only if ηx is an
isomorphism for each x ∈ X.

Proof (i) Let η be a morphism from a sheaf F on X to a sheaf G on X such that
ηx is an isomorphism for each x ∈ X . In the light of Proposition 4.1.6, it is
sufficient to show that ηU is bijective for each U . Fix an open subset U of X .
Suppose that a ∈ Ker ηU . Then ηU (a) = 0. Let x be a member of U . Then
ηx (ā) = ηU (a) = 0. Since ηx is an isomorphism, ā = 0 in Fx . This means
that there is a Wx ∈ Nx , Wx ⊆ U such that f Wx

U (a) = 0. Thus, we have an
open cover {Wx | x ∈ U } of U such that f Wx

U (a) = 0 for each x . Since F is a
sheaf, a = 0. This shows that ηU is injective for each open set U .
Next, we show that ηU is surjective for each U . Fix an open subset U of X .
Let b be a member of G(U ). For each x ∈ U , let bx denote the member of Gx

determined by b. Since ηx is surjective for each x , there is an element ax ∈ Fx

such that ηx (ax ) = bx . Suppose that ax = aVx , where Vx ∈ Nx , Vx ⊆ U ,
and aVx ∈ F(Vx ). Then bx = ηx (ax ) = ηVx (aVx ). This means that there is a
Wx ∈ Nx , Wx ⊆ U

⋂
Vx such that

gWx
U (b) = gWx

Vx
(ηVx (aVx )) = ηWx ( f

Wx
Vx

(aVx )). (4.1)

This gives us an open cover {Wx | x ∈ U } of U , the family

{aWx = f Wx
Vx

(aVx ) ∈ F(Wx) | x ∈ U },



4.1 Presheaves and Sheaves 219

and the family

{bWx = gWx
U (b) = ηWx ( f

Wx
Vx

(aVx )) | x ∈ U }.

Now,
ηWx

⋂
Wy ( f

Wx
⋂

Wy

Wx
(aWx ))

= ηWx
⋂

Wy ( f
Wx

⋂
Wy

Wx
( f Wx

Vx
(aVx )))

= ηWx
⋂

Wy ( f
Wx

⋂
Wy

Vx
(aVx ))

= g
Wx

⋂
Wy

Vx
(ηVx (aVx ))

= g
Wx

⋂
Wy

Wx
(gWx

Vx
(ηVx (aVx )))

= g
Wx

⋂
Wy

Wx
(gWx

U (b)) by (1)

= g
Wx

⋂
Wy

U (b)
for all x, y ∈ U . Similarly,

ηWx
⋂

Wy ( f
Wx

⋂
Wy

Wy
(aWy )) (by 1)

= g
Wx

⋂
Wy

U (b)
for all x, y ∈ U . Since ηU is already seen to be injective for all U ,

f
Wx

⋂
Wy

Wx
(aWx ) = f

Wx
⋂

Wy

Wy
(aWy )

for all x, y ∈ U . Since F is a sheaf, there is an element a ∈ F(U ) such that
f Wx
U (a) = aWx for each x . Further, it is clear that

gWx
U (ηU (a)) = gWx

U (b)

for all x ∈ U . Again, since G is a sheaf, ηU (a) = b. This shows that ηU is
surjective for all U .

(ii) This follows from (i) if we observe that MX and NX are also sheaves of abelian
groups and ηx is (ϑX )x -isomorphism if and only if it is a group isomorphism
from (MX )x to (NX )x . �

Remark 4.1.13 It is clear from the proof of the above theorem that a morphism η
in the category ShX (ϑX -Mod) is a monomorphism if and only if ηx is injective for
each x ∈ X .

Our next aim is to show that ShX and ϑX -Mod are abelian categories.

Proposition 4.1.14 (i) Let η be a monomorphism from a sheaf F on X to a sheaf
G on X in the category ShX . Then η(F) is a subsheaf of G which is isomorphic
to the sheaf F.
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(ii) Let F be a subsheaf of a sheaf G. Then the quotient presheaf G/F is a sheaf.
Further, the quotient morphism is an epimorphism which is a co-kernel of the
inclusion morphism i from F to G.

(iii) The homomorphism ηU need not be a surjective homomorphism even if the mor-
phism η from a sheaf F to a sheaf G is an epimorphism in the category ShX .
However, a morphism η in ShX is an isomorphism if and only if it is a monomor-
phism as well as an epimorphism in ShX . In particular, if a monomorphism η
in ShX is an epimorphism, then ηU is surjective for all U.

Proof (i) If η is a monomorphism, then Ker ηU is zero for allU , and in turn, ηU is
an isomorphism from F(U ) to ηU (F(U )) for all U . This means that η induces
an isomorphism from F to η(F), and η(F) is a subsheaf of G.

(ii) The proof is a straightforward verification.
(iii) Let �C denote the sheaf of germs of analytic function on the complex plane C.

More explicitly, for each open subset U of C, �C(U ) is the group of analytic
functions onU , and if V ⊆ U , the restriction homomorphism λV

U from �C(U )

to�C(V ) is given by λV
U ( f ) = f |V . Evidently,�C is a sheaf of abelian groups

on C. We have a morphism D = {DU | U is open} from �C to itself, where
DU is the derivation map from �C(U ) to itself given by DU ( f ) = f ′. If we
take U = C

� = C − {0}, then the map ω given by ω(z) = 1
z belongs to

�C(U ) but there is no function in �C(U ) whose image under DU is ω. Thus,
D is not an epimorphism in PrC. However, we show that D is an epimorphism
in the category ShC. Suppose that μ and ν are morphisms from�C to a sheaf L
on C such that μoD = νoD. LetU be an open subset of C and f be a member
of �C(U ). Then f is analytic on U . For each z ∈ U , there is an open ball Uz

with center z such that Uz ⊆ U . Since f is analytic on Uz and Uz is simply
connected, there is a member gz ∈ �C(Uz) such that DUz (gz) = fz = f |Uz .
In turn, μUz ( fz) = νUz ( fz). Thus, we get an open cover {Uz | z ∈ U } ofU such
that μUz ( fz) = νUz ( fz) for each z ∈ C. Since�C is a sheaf, μU ( f ) = νU ( f ).
This shows that μ = ν.
Clearly, an isomorphism is a monomorphism as well as an epimorphism. Con-
versely, let η be a monomorphism and also an epimorphism from a sheaf F to
a sheaf G in the category ShX . Since η is a monomorphism, ηU is injective for
eachU , and the quotient presheaf G/η(F) is a sheaf. Let ν denote the quotient
morphism from G to G/η(F). Then νoη = 0oη where 0 is the zero morphism
from G to G/η(F). Since η is an epimorphism, ν is the zero morphism. This
shows that ηU is surjective for eachU . Thus, ηU is an isomorphism for eachU .
From Proposition 4.1.11, η is an isomorphism. �

Corollary 4.1.15 (i) Let η be a monomorphism in the category ϑX -Mod from a
ϑX -module MX to a ϑX -module NX . Then the image η(MX ) is a ϑX - submodule
of NX which is isomorphic to MX .
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(ii) If KX is aϑX -submodule of MX , then MX/KX = {MX (U )/KX (U ) | U is open}
is a ϑX -module. Further the quotient morphism is an epimorphism.

(iii) A morphism in the category ϑX -Mod is an isomorphism if and only if it is a
monomorphism as well as an epimorphism.

Proof (i) From the above proposition, η(MX ) is a sub-sheaf of NX as a sheaf
of abelian groups. Further, since η is a ϑX -morphism, ηU (MX (U )) is a ϑX -
submodule of NX (U ) for all U . This shows that η(MX ) is a ϑX -submodule of
NX . Since ηU is injective for all U , MX and η(MX ) are isomorphic.

(ii) Again, from the above proposition, MX/KX is a sheaf of abelian groups. Since
KX (U ) is a ϑX (U )-submodule of MX (U ), MX (U )/KX (U ) is a ϑX (U )-module.
This shows thatMX/KX is a ϑX -module. It is evident that the quotient morphism
ν is an epimorphism in the category ϑX -Mod.

(iii) Suppose that η is a monomorphism and also an epimorphism in the category
ϑX -Mod. Then as in the above proposition, ηU is an isomorphism from MX (U )

to NX (U ). It follows that η is an isomorphism. �

Sheafification

Definition 4.1.16 A sheafification of a presheaf F on a topological space X is a pair
(SF, j), where SF is a sheaf, and j is a morphism from F to SF such that given any
pair (G, ρ), where G is a sheaf and ρ is a morphism from F to G, there is a unique
morphism μ from SF to G such that μoj = ρ.

Theorem 4.1.17 The sheafification of a presheaf F on X exists, and it is unique up
to natural equivalence in the sense that if (SF, j) and (S′F, j ′) are sheafifications
of F, then there is a unique isomorphism μ from SF to S′F such that μoj = j ′.

Proof Firstly, we prove the uniqueness. Let (SF, j) and (S′F, j ′) be sheafifications
of F . Then there is a unique morphism μ from SF to S′F and a unique morphism
μ′ from S′F to SF such that μoj = j ′ and μ′oj ′ = j . In turn, (μ′oμ)oj = j =
ISFoj . Again, from the universal property of sheafification, μ′oμ = ISF . Similarly,
μoμ′ = IS′F .

Now, to prove the existence, we construct the sheafification of a presheaf. Let F
be a presheaf on X . For each open subset U of X , let SF(U ) denote the subgroup
of

∏
x∈U Fx consisting of the members s ∈ ∏

x∈U Fx with the property that for each
x ∈ U , there is an open set Vx with x ∈ Vx , Vx ⊆ U and an element ax ∈ F(Vx ) such
that ax represents s(y) in Fy for each y ∈ Vx . If V ⊆ U , then we have a homomor-
phism S f VU from SF(U ) to SF(V ) given by S f VU (s) = s|V , where s|V denotes the
restriction of s to V (more explicitly, s|V is the projection from

∏
x∈U Fx to

∏
x∈V Fx ).

It follows from the construction that SF together with the family {S f VU | V ⊆ U } of
homomorphisms is a sheaf of abelian groups. Further, for each open subset U of X ,
we have a homomorphism jU from F(U ) to SF(U ) given by jU (s)(x) = sx , where
sx is the member of Fx determined by s ∈ F(U ). It is also clear from the construction
that j = { jU | U is open} is a morphism from F to SF . LetG be a sheaf, and ρ be a
morphism from F to G. For each open subsetU of X , we have a homomorphism μU
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from SF(U ) to G(U ) defined as follows: Let s ∈ SF(U ). Then for each x ∈ U , we
have an open subset Vx together with an element ax ∈ F(Vx ) such that x ∈ Vx ⊆ U
and ax represents s(y) for each y ∈ Vx . In turn, we have an open cover {Vx | x ∈ U }
of U and the family {ρVx (ax ) ∈ G(Vx )}. Since ρ is a morphism and s ∈ SF(U ),

g
Vx

⋂
Vy

Vx
ρVx (ax ) = g

Vx
⋂

Vy

Vy
ρVy (ay) for each x, y ∈ U . Since G is a sheaf, there is a

uniquememberμU (s) inG(U ) such that gVx
U (μU (s)) = ρVx (ax ) for each x ∈ U . This

gives us amorphismμ from SF toG such thatμoj = ρ. Further, ifμ′ is anothermor-
phism from SF toG such thatμ′oj = ρ, then gVx

U (μ′
U (s)) = ρVx (ax ) = gVx

U (μU (s))
for each x . SinceG is a sheaf, μU = μ′

U for eachU . This completes the construction
of a sheafification. �

Corollary 4.1.18 Let F be a presheaf ϑX -module, where ϑX is a ringed space on
X. Let (SF, j) denote the sheafification of F considered as a presheaf of abelian
groups. Then we have a unique ϑX -module structure on SF such that

(i) j is a ϑX -morphism from F to SF, and
(ii) given any ϑX -module G and a ϑX -morphism from F to G, there is a unique

ϑX -morphism ρ from SF to G such that ρoj = η.

Proof LetU be an open subset of X and x ∈ U . Suppose that aU and bU aremembers
of F(U ) such that aU = bU in Fx . Then there is an open setUx , x ∈ Ux ⊆ U such
that aU |Ux = bU |Ux . Letα be amember of ϑX (U ). Since F is a presheaf ϑX -module,
(αaU )|Ux = (αbU )|Ux . This ensures the existence of an external product · from
ϑX (U ) × Fx to Fx given by α · aU = αaU . It can be easily seen that Fx is a ϑX (U )-
module with respect to this product. In turn,

∏
x∈U Fx is also a ϑX (U )-module.

From the definition of SF(U ), it follows that SF(U ) is a ϑX (U )-submodule of∏
x∈U Fx . This makes SF(U ) a ϑX -module such that j is a ϑX -morphism. The rest is

evident. �

Remark 4.1.19 It follows from the construction (also from the universal property
of sheafification) that j is a monomorphism, and jx is an isomorphism from Fx to
(SF)x for each x ∈ X . Evidently, the sheafification of a sheaf is the sheaf itself.

Let η be a morphism from a sheaf F on X to a sheaf G on X . Let η(F) denote the
image presheaf of η, i the inclusion morphism from η(F) to G, and η̂ the obvious
morphism from F to η(F) so that η = ioη̂. Let (Sη(F), j) denote the sheafification
of η(F). From the universal property of sheafification, there is a unique morphism
ρ from Sη(F) to G such that ρoj = i . Let μ denote the morphism joη̂ from F to
Sη(F). Evidently, η = ρoμ. Let φ and ψ be morphisms from Sη(F) to a sheaf L
such that φoμ = ψoμ. This means that φoioη̂ = ψoioη̂. Since η̂ is an epimorphism
in the category PrX , it follows thatφoi = ψoi . Since L is a sheaf, it follows from the
universal property of sheafification thatφ = ψ. This shows thatμ is an epimorphism.
Further, ρxojx = ix for each x ∈ X . Since jx is an isomorphism and ix is injective
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(Remark 4.1.15) for all x , it follows that ρx is injective for all x ∈ X . Since Sη(F) and
G are sheaves, ρ is a monomorphism in ShX (Remark 4.1.12). We have established
the following proposition.

Proposition 4.1.20 Every morphism η in ShX can be expressed as η = ρoμ where
ρ is a monomorphism and μ is an epimorphism. �

Similarly, the arguments used to establish the above proposition can be imitated
to establish the following proposition.

Proposition 4.1.21 Every morphism η in ϑX -Mod can be expressed as η = ρoμ
where ρ is a monomorphism and μ is an epimorphism. �

The morphism Sη(F)
ρ→ G is called the image of η. By the abuse of language,

we also term Sη(F) as the image of η. The epimorphism F
μ→ Sη(F) is called the

co-image of η.

Theorem 4.1.22 The category ShX of sheaves of abelian groups and the category
ϑX -Mod of ϑX -modules are abelian categories.

Proof It follows fromProposition 4.1.6(iii) that everymorphism in ShX has a kernel.
Let η be amorphism from a sheaf F to a SheafG on X . Consider the image Sη(F)

ρ→
G of η. Since ρ is amonomorphism, ρ(Sη(F)) is a subsheaf ofG. In turn, the quotient
G/(ρ(Sη(F))) is a sheaf. We show that the quotient morphism G

ν→ G/(ρ(Sη(F)))

is a co-kernel of η. Evidently, νoη = νoρoμ is a zero morphism, where μ is the
co-image as defined above. Let φ be a morphism from G to a sheaf L such that φoη
is a zero morphism. Then φoρoμ is a zero morphism. Since μ is an epimorphism,
φoρ is a zero morphism. In turn, there is a unique morphism ψ from G/(ρ(Sη(F)))

to L such that ψoν = φ. This shows that every morphism in ShX has a co-kernel.
Let η be a monomorphism from a sheaf F to a sheaf G. Then η(F) is a sheaf, and
so η(F) ≈ Sη(F). Clearly, η is a kernel of the quotient morphism G

ν→ G/η(F).
Thus, every monomorphism is a kernel of its co-kernel.

Next, let η be an epimorphism in the category ShX from a sheaf F to a sheaf G.
We show that the monomorphism ρ from Sη(F) toG is an isomorphism. Let φ andψ
be morphisms from G to a sheaf L such that φoρ = ψoρ. Then φoη = φoρoμ =
ψoρoμ = ψoη. Since η is an epimorphism, φ = ψ. This shows that ρ is also an
epimorphism. It follows from Proposition 4.1.13(iii) that ρ is an isomorphism. Now,
we show that η is the co-kernel of its kernel. Let α be a morphism from a sheaf K to
F which represents the kernel of η. Let β be a morphism from F to L such that βoα
is a zero morphism. Then there is a unique morphism γ from the image presheaf
η(F) to L such that γoη̂ = β, where η̂ is the morphism from F to η(F) induced
by η. Since (Sη(F), j) is a sheafification of the presheaf η(F), we have a unique
morphism δ from Sη(F) to L such that δoj = γ. Consequently, we have the unique
morphism δoρ−1 fromG to L such that (δoρ−1)oη = δoμ = δojoη̂ = γoη̂ = β.
This shows that η is a co-kernel of the kernel of η.
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Finally, as in Theorem 4.1.9, we observe that ShX is an exact category. This
completes the proof of the fact that ShX is an abelian category.

Similar arguments establish the fact that ϑX -Mod is an abelian category. �

Let (X,ϑX ) be a ringed space. Let MX and NX be ϑX -modules. The set
HomϑX (MX , NX ) of all ϑX -morphisms from MX to NX is a ϑX (X) = �X (ϑX )-
module with respect to the operations + and · given by

f + g = { fU + gU ∈ HomϑU (MX (U ), NX (U )) | U is open subset o f X},

and
α · f = {α|U · f |U | U is open subset o f X},

where f, g ∈ HomϑX (MX , NX ) and α ∈ ϑX (X). It can be easily observed that
HomϑX (−,−) is a functor from (ϑX − Mod)o × ϑX − Mod to the categoryϑX (X) −
Mod of ϑX (X)-modules. As usual, HomϑX (MX ,−) and HomϑX (−, NX ) are left
exact functors from the category ϑX − Mod to the category of ϑX (X)-modules.

We have another functor SHomϑX (−,−) from the category (ϑX − Mod)o ×
ϑX − Mod to the category ϑX − Mod of ϑX -modules which is termed as sheaf
hom functor, and which is defined as follows: For an open subset U of X put

SHomϑX (MX , NX )(U ) = HomϑX |U (MX |U , NX |U ),

where ϑX |U , MX |U , and NX |U are the restrictions of ϑX , MX , andNX to U , respec-
tively. Evidently, SHomϑX (MX , NX )(U ) is a ϑX (U )-module. For V ⊆ U , we have a
restriction homomorphism from HomϑX |U (MX |U , NX |U ) to HomϑX |V (MX |V , NX |V )

which respects the corresponding module structures. It can be checked that SHomϑX

(MX , NX ) introduced is a ϑX -module. Evidently, �X SHomϑX (MX , NX ) ≈ HomϑX

(MX , NX ). It is also easy to observe that SHomϑX (−,−) is a functor from the
category (ϑX − Mod)o × ϑX − Mod to the category ϑX − Mod and the functors
SHomϑX (MX ,−) and SHomϑX (−, NX ) are left exact functors. As in the case of
modules over commutative rings, SHomϑX (ϑX , MX ) is naturally isomorphic to MX .

Let {Mα
X | α ∈ �} be a family of ϑX -modules. Then for each open subset U

of X ,
∏

α∈� Mα
X (U ) and ⊕ ∑

α∈� Mα
X (U ) are ϑX (U )-modules. We have the obvi-

ous restriction homomorphisms from
∏

α∈� Mα
X (U ) to

∏
α∈� Mα

X (V ) and from
⊕ ∑

α∈� Mα
X (U ) to ⊕ ∑

α∈� Mα
X (V ) whenever V ⊆ U . This defines ϑX -modules∏

α∈� Mα
X and⊕ ∑

α∈� Mα
X . The ϑX -module⊕ ∑

α∈� Mα
X is called the direct sum of

the family {Mα
X | α ∈ �}. The direct sum of the family consisting of the ϑX -modules

MX and NX is denoted by MX ⊕ NX . The ϑX -module MX ⊕ NX is the product as
well as the co-product of MX and NX in the category ϑX -Mod of ϑX -modules. As in
the case of modules over rings, we have

(i) HomϑX (⊕
∑

α∈� Mα
X , NX ) ≈ ⊕ ∑

α∈� HomϑX (M
α
X , NX ),

(ii) HomϑX (NX ,⊕ ∑
α∈� Mα

X ) ≈ ⊕ ∑
α∈� HomϑX (NX , Mα

X ),
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(iii) SHomϑX (⊕
∑

α∈� Mα
X , NX ) ≈ ⊕ ∑

α∈� SHomϑX (M
α
X , NX ), and

(iv) SHomϑX (NX ,⊕ ∑
α∈� Mα

X ) ≈ ⊕ ∑
α∈� SHomϑX (NX , Mα

X ).

Let S be a set, and (X,ϑX ) be a ringed space. The direct sum of S copies of the

ϑX -module ϑX is denoted by
S⊕ ϑX . Thus,

S⊕ ϑX (U ) is the ϑX (U )-module consisting
of maps from S to ϑX (U ) which vanish at all but finitely many points of S. Since

ϑX (U ) is a commutative ring,
S⊕ ϑX is isomorphic to

T⊕ ϑX if and only if S and T

have the same cardinalities. If S = {1, 2, · · · , n}, then S⊕ ϑX is denoted by ϑn
X .

Thus, ϑn
X is isomorphic to ϑm

X if and only if n = m. A ϑX -module MX is called a free

ϑX -module if MX is ϑX -isomorphic to
S⊕ ϑX for some set S. If MX is ϑX -isomorphic

to ϑn
X , then we say that it is a free ϑX -module of rank n.
Let (X,ϑX ) be a ringed space. A ϑX -module MX is called a locally free ϑX -

module if for each x ∈ X , there is an open neighborhood U of x such that MX |U is
a free ϑX |U -module. Let U and V be open subsets such that MX |U is a free ϑX |U -
module, MX |V is a free ϑX |V -module, andU

⋂
V �= ∅. Then the rank of MX |U is the

same asMX |V . This enables us to define the rank r of a locally free ϑX -moduleMX to
be the function r from X to a set of cardinal numbers as follows. Let x be a member
of X . Let U be an open neighborhood of x such that MX |U is a free ϑX |U -module.
Define r(x) to be the rank of MX |U . Evidently, the rank of a locally free ϑX -module
is a locally constant function. Thus, if X is a connected space, then the rank of a
locally free ϑX -module is constant. A locally free ϑX -module of constant rank 1 is
also termed as an invertible sheaf .

Let MX and NX be ϑX -modules. For each open subset U of X , we have ϑX (U )-
module MX (U ) ⊗ϑX (U ) NX (U ). Further, for V ⊆ U , we have the restriction homo-
morphism fromMX (U ) ⊗ϑX (U ) NX (U ) toMX (V ) ⊗ϑX (V ) NX (V )which respects the
ϑX (U ) and ϑX (V )-module structures. This defines a presheaf which associates with
each open subsetU the ϑX (U )-moduleMX (U ) ⊗ϑX (U ) NX (U ). The sheaf associated
with this presheaf is a ϑX -module which is denoted by MX ⊗ϑX NX , and it is called
the tensor product of MX and NX . As in the case of modules over rings, we can show
that tensoring by a fixed ϑX -module is a right exact functor from ϑX -Mod to itself,
and also one can show that SHomϑX (−,−) and − ⊗ϑX − are adjoint functors.

Let (X,ϑX ) be a ringed space. Let MX and NX be a locally free ϑX -modules of
rank 1 . Let x be amember of X . Then there is a neighborhoodUx and a neighborhood
Vx of x such that MX |Ux ≈ ϑX |Ux and NX |Vx ≈ ϑX |Vx . Consequently, MX |Ux

⋂
Vx ≈

ϑX |Ux
⋂

Vx and NX |Ux
⋂

Vx ≈ ϑX |Ux
⋂

Vx . Thus, (MX ⊗ϑX NX )|Ux
⋂

Vx ≈ ϑX |Ux
⋂

Vx .
This shows that MX ⊗ϑX NX is also a locally free ϑX -module of rank 1. Let
[MX ] denote the class of locally free ϑX -modules which are ϑX -isomorphic to
MX . The class of all locally free ϑX -modules of rank 1 do not form a set. How-
ever, {[MX ] | MX is a locally f ree ϑX − module of rank 1} is a set. We
denote this set by Pic(ϑX ). We have the operation · on Pic(ϑX ) defined by
[MX ] · [NX ] = [MX ⊗ϑX NX ]. It is easily observed that (Pic(ϑX ), ·) is a semi-
group with [ϑX ] as an identity. If MX is a locally free ϑX -module of rank 1, then
the dual ϑX -module M�

X = SHomϑX (MX ,ϑX ) is also a locally free ϑX -module of
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rank 1. Further, as in the case of modules over commutative rings, it can be shown
that M�

X ⊗ϑX MX ≈ SHomϑX (MX , MX ) ≈ ϑX . Thus, [M�
X ] · [MX ] is the identity of

Pic(ϑX ). This shows that Pic(ϑX ) is a group. This group is called the Picard group
of the ringed space ϑX . In the next section, we shall describe the Picard group as a
sheaf co-homology.

Sheaf Spaces

There is another naturally equivalent formulation of the concept of sheaves in terms
of sheaf spaces. More explicitly, we describe another category SpX termed as the
category of sheaf spaces of abelian groups (rings, modules) on a topological space
X which is naturally isomorphic to the category ShX of sheaves of abelian groups
(rings, modules). Sometimes it is convenient to view a sheaf as a sheaf space. Recall
that a continuous map p from a topological space E to a topological space X is called
a local homeomorphism if for each u ∈ E , there is an open subsetU of E containing
u and open subset V of X containing p(u) such that p induces homeomorphism
from U to V . A local homeomorphism need not be surjective. However, a local
homeomorphism is always an open map.

Definition 4.1.23 A pair (E, p), where p is a surjective continuous local homeo-
morphism from a topological space E to a topological space X with given abelian
group structure on the fiber p−1(x) for each x ∈ X , is called a sheaf space of abelian
groups over the space X if the subtraction map (x, y) �→ x − y from the subspace
E + E = {(x, y) ∈ E × E | p(x) = p(y)} of E × E to E is continuous. Sim-
ilarly, we can talk of a sheaf space of rings or sheaf space of R-modules or more
generally sheaf space of sets.

Evidently, the map x �→ −x is a homeomorphism from E to E , and the addition
map (x, y) �→ x + y from E + E to E is continuous. Since p is a local homeomor-
phism, the fibers are discrete subspaces of E .

We have a category SpX whose objects are sheaf spaces of abelian groups over
the space X , and a morphism from a sheaf space (E, p) to a sheaf space (E ′, p′) over
X is a continuous map η from E to E ′ such that (i) póη = p, and (ii) η|p−1({x})
is a group homomorphism from the group p−1({x}) to the group p′−1({x}) for each
x . This category is termed as the category of sheaf spaces of abelian groups over X .

Let (E, p) be a sheaf space of abelian groups over the space X . LetU be an open
subset of X . A continuousmap s fromU to E is called a section overU if pos = IU .
Let�(E, p)(U ) denote the set of all sections of (E, p) overU . If s, t ∈ �(E, p)(U ),
then s + t defined by (s + t)(x) = s(x) + t (x) is also a member of �(E, t)(U ).
This defines an addition + on �(E, t)(U ), and it becomes an abelian group with
respect to this operation. We have an obvious restriction map from �(E, p)(U ) to
�(E, p)(V )whenever V ⊆ U , and the patching lemma for continuous maps ensures
that �(E, p) is a sheaf of abelian groups. A morphism φ from a sheaf space (E, p)
to a sheaf space (E ′, p′) induces a morphism �(φ) = {�(φ)U | U is open subset}
from the sheaf �(E, p) to the sheaf �(E ′, p′), where �(φ)U (s) = póφo′s. It is
easily observed that � is a functor from SpX to the category ShX . We shall see that
the functor � is an equivalence from the category SpX to the category ShX .



4.1 Presheaves and Sheaves 227

Let F be a presheaf of abelian groups on a topological space X . Let EF denote the
disjoint union

∐
x∈x Fx of stalks of F . We have the projection map pF from EF to X

which maps Fx to x for each x ∈ X . For each open subsetU of X , let χU denote the
map from F(U ) to the set of sections of pF onU defined by χU (s)(x) = sx , where
sx is the element of Fx determined by s.We give the largest topology on EF so that for
all open subsetsU of X , all the members of χU (F(U )) are continuous. This amounts
to say that EF is a topological space with {χU (s)(U ) | s ∈ F(U ) and U is open}
as a basis for the topology on EF . It follows from the construction that pF is a
surjective local homeomorphism. Let u, v ∈ Fx . Suppose that χU (s)(U ), s ∈ F(U )

is a basic open subset of EF containing u + v. Then χU (s)(x) = u + v. Let r
and t be members of F(U ) such that χU (r)(x) = u and χU (t)(x) = v. Then
χU (r + t)(x) = u + v = χU (s)(x). This means that there is an open subset V
containing x such that V ⊆ U and χV (r + t)(y) = χV (s)(y) for each y ∈ V . Thus,
χV (r)(V ) + χV (t)(V ) ⊆ χU (s)(U ). It follows that the addition + from EF + EF

to EF is continuous. We have established the following proposition.

Proposition 4.1.24 For any presheaf F of abelian groups , (EF , pF ) is a sheaf space
of abelian groups. �

Let η be amorphism froma presheaf F of abelian groups to a presheafG of abelian
groups on a space X . Then for each x ∈ X , we have a homomorphism ηx from Fx to
Gx . This gives us a map η̂ from EF to EG given by η̂(u) = ηx (u), where u ∈ Fx .
Let u be a member of Fx , and χU (t)(U ) be a basic neighborhood of η̂(u) = ηx(u),
where t ∈ G(U ). ThenχU (t)(x) = ηx (u). Now, u = χU (s)(x) for some s ∈ F(U ).
In turn, χU (ηU (s))(x) = η̂(χU (s)(x)) = η̂(u) = χU (t)(x). Hence, there is an
open set V containing x such that V ⊆ U and (ηU (s)|V )(y) = χV (t |V )(y) for all
y ∈ V . Evidently, ηU (s)|V = ηV (s|V ). Thus, η̂(χV (s|V )(V )) ⊆ χV (t |V )(V ) ⊆
χU (t)(U ). It follows that the inverse image of a basic open subset of EG under the
map η̂ is open, and hence, η̂ is continuous. Consequently, η̂ is a morphism from
(EF , pF ) to (EG, pG). If η is a morphism from F to G and ρ is a morphism from G
to H , then ˆρoη = ρ̂oη̂ and ÎF = IEF . Summarizing the above discussion, we get
a functor � from PrX to SpX given by �(F) = (EF , pF ) and �(η) = η̂.

Now, we describe the functor �o� from PrX to ShX . Each s ∈ F(U ) deter-
mines a section ŝ of �(F) on U . In turn, we get a homomorphism ιFU from F(U )

to �(�(F))(U ) given by ιFU (s) = ŝ. It can be easily checked that ιF = {ιFU |
U is open} is a morphism from F to (�o�)(F).

Proposition 4.1.25 For any presheaf F, (�(�(F)), ιF ) is a sheafification of F.

Proof Let η be a morphism from the presheaf F to a sheaf G. We need to show that
there is a unique morphism ρ from �(�(F)) to G such that ρoιF = η. LetU be an
open subset of X , and let s be a member of (�o�)(F)(U ). Then s is a continuous
section of pF on U and s(U ) is an open subset of EF . In turn, s(U ) is a union of
a family of basic open neighborhoods of EF . Consequently, for each x ∈ U , there
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is an open neighborhood Ux of x and a member sx of F(Ux ) such that Ux ⊆ U
and χUx (sx )(Ux ) ⊆ s(U ). This gives us an open cover {Ux | x ∈ U } of U . Further,
since s and χUx (sx ) are injective, χUx (sx )(z) = s(z) for each z ∈ Ux . Now, for each
z ∈ Ux

⋂
Uy ,

χUx
⋂

Uy (sx |Ux
⋂

Uy)(z) = χUx (sx )(z) = s(z) = χUy (sy)(z) = χUx
⋂

Uy (sy |Ux
⋂

Uy)(z).

This means that sx |Ux
⋂

Uy = sy|Ux
⋂

Uy for all x, y ∈ U . Since η is a morphism
from F to G,

ηUx (sx )|Ux

⋂
Uy = ηUy (sy)|Ux

⋂
Uy

for each x, y ∈ U . Since G is a sheaf, we have a unique member denoted by ρU (s) ∈
G(U ) such that ρU (s)|Ux = ηUx (sx ) for each x ∈ U . This gives us a morphism ρ =
{ρU | U is open} from (�o�)(F) to G such that ρoιF = η. Let μ be a morphism
from (�o�)(F) toG such that μoιF = η. Then μU (s)|Ux = ηUx (sx ) = ρU (s)|Ux

for each x ∈ U . SinceG is a sheaf, μU = ρU for eachU . This shows the uniqueness
of ρ. �

Corollary 4.1.26 The functor � when restricted to the category ShX of sheaves is
an equivalence from ShX to SpX .

Proof Let F be a sheaf on X . From the above proposition, we have a unique natural
isomorphism ρF from (�o�)(F) to F . Evidently, ρ = {ρF | F is a shea f on X}
is a natural isomorphism from �o� to the identity functor IShX on ShX . Similarly,
�o� is naturally isomorphic to the identity functor ISpX on SpX . �

Exercises

4.1.1 Describe the presheaves and sheaves of abelian groups on a discrete space.
Describe sheaf space associated with a presheaf on a discrete space. Describe the
sheafification of the presheaf of Example4.1.4.

4.1.2 Describe the ringed spaces (SpecZ,ϑZ), and (SpecC[X ],ϑC[X ]).

4.1.3 Show that the sheafification functor S from the category PrX of presheaves
on X to the category ShX of sheaves on X is a retraction from ShX to PrX .

4.1.4 Describe the finite products and co-products in the categories PrX and ShX .

4.1.5 Let X be a topological space and A be an abelian group. Consider A with
the discrete topology. For each open set U of X , let F(U ) denote the group of all
continuous functions from U to A. Show that F = {F(U ) | U is open} together
with restriction maps defines a presheaf. Consider the sub sheaf G of F for which
G(U ) is the group of constant functions from U to A. Is the quotient presheaf F/G
a sheaf? If not describe its sheafification.
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4.1.6 Let f be a continuous map from a topological space X to a topologi-
cal space Y . Let F be a presheaf on X . Show that { f�F(U ) = F( f −1(U )) |
U is open subset o f Y } together with the obvious restriction map defines a presheaf
f�F on Y . The presheaf f�F is called the direct image of f . Show further that the
image f�F of a sheaf F is also a sheaf. Show also that the association F �→ f�F is
a functor from ShX to ShY .

4.1.7 Let f be a continuous map from a topological space X to a topological space
Y . Let G be a presheaf on Y . Consider the sheaf space �G = (EG, pG) associated
with the presheafG. Let E denote the subspace {(u, v) ∈ X × EG | f (u) = pG(v)}
of the product space X × EG . Let p denote the first projection on X . Show that (E, p)
is a sheaf space over X and the fiber p−1({x}) is the group G f (x). The sheaf �(E, p)
is called the inverse image of G under f and it is denoted by f �(G). Show further
that �(E, p)(U ) = Lim f (U )⊆V G(V ).

4.1.8 Show that f � in the above exercise defines a functor from ShY to ShX . Show
further that f� and f � are adjoint to each other.

4.1.9 Show that f� is left exact whereas f � is exact.

4.1.10 Let Y be a subspace of X and F be a sheaf on Y . For each y ∈ Y , show that
the stalk (i�Y )y of i�Y at y is the same as the stalk Fy of F at y. If x is an exterior
point of Y , then show that the stalk (i�Y )x of i�Y at x is 0. Deduce that if Y is a closed
subset of X , then (i�Y )y = Fy for all y ∈ Y and (i�F)x = {0} for all x outside Y .
Such a sheaf is termed as a sheaf on X which is obtained by extending F by zero
outside Y . Let F̂ be a sheaf on X such that F̂x ≈ (i�F)x for all x . Can we conclude
that F̂ ≈ i�F? Support.

4.1.11 Let U be an open subset of X and F be a sheaf on U . Define a presheaf F ′
on X by taking F ′(V ) = F(V ) whenever V ⊆ U and F ′(V ) = 0 otherwise. Let
j�F denote the sheaf on X associated with the presheaf F ′. Show that j�F satisfies
the following properties.

(i) J�F |U = F .
(ii) ( j�F)x = Fx for all x ∈ U and ( j�F)x = 0 for all x ∈ X −U .
(iii) j�F is unique with the properties (i) and (ii) in the sense that if F̂ is a sheaf on X

such that F̂ |U = F, F̂x = Fx for all x ∈ U , and F̂x = 0 for all x ∈ X −U ,
then F̂ = j�F .

4.1.12 Let F be a sheaf on X , and Y be a closed subset of X . Show that the sequence

0 −→ j�(F |X−Y ) −→ F −→ i�(F |Y ) −→ 0

of sheaves is exact.
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4.1.13 Let X be a topological space and {Uα | α ∈ �} be an open cover of X . For
eachα ∈ �, let Fα be a sheaf onUα. Suppose that for each ordered pair (α,β) ∈ �2,
we have a sheaf isomorphism φ(α,β) from Fα|Uα

⋂
Uβ

to Fβ |Uα

⋂
Uβ

such that

(i) φ(α,α) = IFα
, and

(ii) φ(α,γ)|Uα

⋂
Uβ

⋂
Uγ

= φ(β,γ)|Uα

⋂
Uβ

⋂
Uγ
oφ(α,β)|Uα

⋂
Uβ

⋂
Uγ

for all triple (α,β, γ) ∈ �3. Show that there is unique sheaf FX on X together with
a sheaf isomorphism φα from FX |Uα

to Fα such that

φβ |FX |Uα
⋂

Uβ
o(φα|FX |Uα

⋂
Uβ

)−1 = φ(α,β)

for all (α,β) ∈ �2. The sheaf FX thus obtained is termed as the sheaf obtained by
gluing the sheaves Fα, α ∈ � through the isomorphisms φ(α,β), (α,β) ∈ �2.
Hint. Put

FX (U ) = {s ∈
∏

α∈�

Fα(U
⋂

Uα) | φ(α,β)|U ⋂
Uα

⋂
Uβ

(sα|U ⋂
Uα

⋂
Uβ

) = sβ |U ⋂
Uα

⋂
Uβ

}.

4.1.14 Use the above exercise to show that a locally free ϑX -module of rank 1
determines, and it is uniquely (up to isomorphism ) determined by an open cover {Uα |
α ∈ �} together with the family {φ(α,β) | (α,β) ∈ �2}, where φ(α,β) is a ϑX |Uα

⋂
Uβ
-

isomorphism from ϑX |Uα

⋂
Uβ

to itself.

4.1.15 As in the case of modules over commutative rings, introduce the tensor
algebra, exterior algebra, and symmetric algebra of modules over ringed spaces.
Derive some of its basic properties.

4.1.16 Show that a locally free ϑX -module MX of finite rank is reflexive in the sense
that M��

X ≈ MX .

4.1.17 Let MX be a locally free ϑX -module of rank 1. Show that SHomϑX

(MX , MX ) ≈ ϑX .

4.2 Sheaf Co-homology and Čech Co-homology

Now, we start to develop homological algebra in the abelian category ShX of sheaves
over a space X , and also in the abelian category ϑX -Mod of ϑX -modules. We say
that a chain

· · · −→ Fn+1
αn+1→ Fn

αn→ Fn−1 −→ · · · (1)

ofmorphisms in the category PrX / ShX orϑX -Mod is exact at Fn if the image ofαn+1

is the kernel of αn in the category PrX / ShX or ϑX -Mod. Explicitly, this means that
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(αn+1)U (Fn+1(U )) = ker (αn)U for each open setU of X in case it is exact in PrX ,
and in case it is exact in ShX /ϑX -Mod, (ρn+1)U (Sαn+1(Fn+1)(U )) = ker (αn)U
for each U , where (Sαn+1(Fn+1), jn+1) is a sheafification of αn+1(Fn+1) and ρn+1

is the unique morphism from Sαn+1(Fn+1) to Fn such that ρn+1 jn+1 is the inclusion
morphism in+1 from αn+1(Fn+1) to Fn .

The sequence (1) is said to be exact if it is exact at all places. As usual, an exact
sequence in PrX /ShX /ϑX -Mod of the form

0 −→ F
α→ G

β→ H −→ 0

is called a short exact sequence in PrX /ShX /ϑX -Mod. For each open subsetU of X ,
we have a functor �U from PrX /ShX /ϑX -Mod to the category AB of abelian groups
given by �U (F) = F(U ). Also for each x ∈ X , we have another functor �x from
PrX /ShX /ϑX -Mod to the category AB given by �x (F) = Fx , where Fx is the stalk
at x . We wish to describe the effect of these functors on the exact sequence, and in
particular on short exact sequences. Recall that a functor � from an abelian category
� to an abelian category �′ is said to be an exact functor if it takes a short exact
sequence in � to a short exact sequence in �′. It is said to be a left exact functor if
given any short exact sequence

0 −→ A
α→ B

β→ C −→ 0

in �, the sequence

0 −→ �(A)
�(α)→ �(B)

�(β)→ �(C)

is exact in �′. Similarly, we can talk of the right exact functor.

Proposition 4.2.1 Let X be a topological space. Then

(i) for each open subset U of X, �U is an exact functor from PrX to AB,
(ii) for each open subset U of X, �U is a left exact functor from ShX/ϑS-Mod to

AB, and
(iii) a chain

F
α→ F ′ β→ F ′′

of morphisms in the category ShX of sheaves of abelian groups is exact if and only
if the sequence

Fx
α→ F ′

x
β→ F ′′

x

of homomorphisms on the stalk at x is exact for each x ∈ X.
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In particular, for each x ∈ X, the functor �x which associates the stalk Fx with a
sheaf F is an exact functor from ShX to AB.

Proof (i) Suppose that

0 −→ F
α→ F ′ β→ F ′′ −→ 0

is an exact sequence in PrX . Then α is a monomorphism, β is an epimorphism
which is a co-kernel of α. From Proposition 4.1.6(ii), αU is injective, and from
Proposition 4.1.7, βU is surjective and Ker αU = image βU . This shows that
�U is an exact functor for each open set U .

(ii) As in the case of presheaves, αU in injective, and ker βU = image αU for all
open sets U . However, βU need not be surjective (Proposition 4.1.14 (iii)).

(iii) Recall that

F
α→ F ′ ≡ F

α̂→ αF
j→ S(αF)

ρ→ F ′,

whereαF is the presheaf image ofα, α̂ is the natural morphism induced byα, j is the
sheafification morphism, and ρ is the unique monomorphism from the sheafification
S(αF) of αF to F ′. Further, S(αF)

ρ→ F ′ is the image of α. Thus, to say that

F
α→ F ′ β→ F ′′

is exact is to say that

0 −→ S(αF)
ρ→ F ′ β→ F ′′

is exact. Further, since jx is a natural isomorphism from Fx to S(αF)x for each x , it
is sufficient to show that

0 −→ F
α→ F ′ β→ F ′′

is exact if and only if

0 −→ Fx
αx→ F ′

x
βx→ F ′′

x

is exact for each x ∈ X .
Suppose that

0 −→ F
α→ F ′ β→ F ′′

is exact. Sinceα is a monomorphism,αx is injective homomorphism for each x ∈ X .
Again, since βoα is a zero morphism, βxoαx = (βoα)x is the zero homomorphism
for each x ∈ X . This shows that image αx ⊆ ker βx for each x ∈ X . Let ax be a
member of ker βx . Let aU be a member of F ′(U ) which represents ax . Then βU (aU )

represents the zero element of F ′′
x . Hence there is a neighborhood Vx of x such that

Vx ⊆ U and βU (aU )|Vx = 0. In turn, βVx (aU |Vx ) = 0. From (ii), there is an element
bVx ∈ F(Vx ) such that αVx (bVx ) = aU |Vx . Let bx be the member of Fx represented
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by bVx . Then αx (bx ) is the element of F ′
x which is represented by aU |Vx ∈ F ′(Vx ).

Evidently, the element represented by aU |Vx in F ′
x is the element represented by aU .

Hence αx (bx ) = ax . This shows that

0 −→ Fx
αx→ F ′

x
βx→ F ′′

x

is exact.
Conversely, suppose that the sequence

0 −→ F
α→ F ′ β→ F ′′

of morphisms is such that

0 −→ Fx
αx→ F ′

x
βx→ F ′′

x

is exact for each x ∈ X . It follows (seeRemark 4.1.13) thatα is amonomorphism. Let
U be an open subset of X . Let sU be amember of F(U ). For each x ∈ U , let sx denote
the element of Fx represented by sU . Then (βxoαx )(sx) = 0. Evidently, (βxoαx )(sx)
is the element of F ′′

x represented by βU (αU (sU )). Hence βU (αU (sU )) represents the
zero element of F ′′

x for each x ∈ U . Thus, for each x ∈ U , there is an open neighbor-
hood Vx of x such that Vx ⊆ U and (βVx oαVx )(sU |Vx ) = (βU (αU (sU )))|Vx = 0.
Since F ′′ is a sheaf, (βUoαU )(sU ) = 0. This shows that image αU ⊆ ker βU . Next,
let t be a member of ker βU . Then βU (t) is the zero element of F ′′(U ). Hence
βx (tx ) = 0 for each x ∈ U , where tx denotes the element of F ′

x represented by t .
Since

0 −→ Fx
αx→ F ′

x
βx→ F ′′

x

is exact, there is an element sx in Fx such that αx (sx) = tx . Let Vx be an open
neighborhood of x and sVx ∈ F(Vx ) which represents sx . Evidently, αVx (sVx ) and
t |Vx represents the same element tx in F ′

x . Since F ′ is a sheaf, there is an open
neighborhoodWx of x such thatWx ⊆ Vx and alsoαWx (sVx |Wx ) and t |Wx represent the
same member of Fy for each y ∈ Wx . Consider the family {sWx | x ∈ U }. Evidently,
αWx

⋂
Wy (sWx |Wx

⋂
Wy ) and αWx

⋂
Wy (sWy |Wx

⋂
Wy ) represent the same member tz for

each z ∈ Wx
⋂

Wy . Since αz is injective for all z, it follows that sWx |Wx
⋂

Wy =
sWy |Wx

⋂
Wy for all pairs x, y ∈ U . Since F is a sheaf, there is a unique member

s ∈ F(U ) such that s|Wx = sWx for all x ∈ U . Clearly, αU (s) = t . This proves that

0 −→ F
α→ F ′ β→ F ′′

is exact. The rest is evident. �
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Theorem 4.2.2 Let (X,ϑX ) be a ringed space. Then the category ϑX -Mod of ϑX -
modules has enough injectives.

Proof Let (X, MX ) be a ϑX -module, where (X,ϑX ) is a ringed space. For each
x ∈ X , the stalk (MX )x of (X, MX ) at x is a (ϑX )x -module. Since every module over
a ring can be embedded in an injective module (Algebra 2, Theorem 7.2.40), there is
an injective (ϑX )x -module Ix and an injective (ϑX )x -homomorphism ix from (MX )x
to Ix . Further, for each open neighborhoodU of x , Ix is aϑX (U )-module with respect
to the scalar product given by s · a = sx · x , where s ∈ ϑX (U ), a ∈ Ix , and sx is the
element of (ϑX )x represented by s. For each open set U of X , let IX (U ) denote the
ϑX (U )-module

∏
x∈U Ix . We have the obvious projection map from IX (U ) to IX (V )

whenever V ⊆ U . This gives us a ϑX -module (X, IX ). We show that (X, IX ) is an
injective ϑX -module. Let j = { jU | U is open subset o f X} be a monomorphism
from a ϑX -module NX to a ϑX -module LX . This is equivalent (Remark 4.1.13 )
to say that for each x ∈ X , jx is an injective (ϑX )x -homomorphism from (NX )x to
(LX )x . Let ρ = {ρU | U is open subset o f X} be a ϑX -morphism from NX to IX .
Since Ix is an injective (ϑX )x -module, ρx can be lifted to a (ϑX )x -homomorphism ηx
from (LX )x to Ix . In turn, we get a homomorphism ηU from LX (U ) to IX (U ) given
by ηU (s)(x) = ηx (sx ), x ∈ U . Evidently, η = {ηU | U is open subset o f X} is
a ϑX -morphism from LX to IX such that ηoJ = ρ. This shows that (X, IX ) is an
injective object in ϑX -Mod.

Further, for each open set U , we have a ϑX (U )-homomorphism iU from MX (U )

to IX (U ) defined by iU (s)(x) = ix (sx ), where sx denotes the element of (MX )x
determined by the element s ∈ MX (U ). Since ix is injective for each x andMX and IX
are sheaves, it follows fromProposition 4.2.1 that i = {iU | U is open subset o f X}
is an embedding. �

Corollary 4.2.3 The category ShX has enough injectives.

Proof The proof follows from the above theorem as a particular case if we observe
that ShX is isomorphic to the category ϑZ

X -Mod, where ϑZ

X is the constant ringed
space given by ϑZ

X (U ) = Z for all open sets U . �

From Proposition 4.2.1(ii), the global section functor �X from the category ShX

to the category of abelian groups is a left exact functor. The pth right-derived functors
Rp�X of the global section functor �X is called the pth sheaf co-homology functor
on X . We denote this functor by H p(X,−). If F is a sheaf on X , then H p(X, F) is
called the pth sheaf co-homology of X with coefficient in the sheaf F . Thus, given
an injective co-resolution

0 −→ F
ε→ I0

d0→ I1
d1→ · · · dn−1→ In

dn→ · · ·

of F , H p(X, F) is the pth co-homology of the co-chain complex

0 −→ �X (I0)
�X (d0)→ �X (I1)

�X (d1)→ · · · �X (dn−1)→ �X (In)
�X (dn)→ · · ·
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of abelian groups. Evidently, H 0(X, F) = �X (F) = F(X), and for injective sheaf
I , H p(X, I ) = 0 for all p ≥ 1. Using the dual of Proposition 2.3.8, in the category
ShX , we obtain the following.

Proposition 4.2.4 Let

0 −→ F
α→ F ′ β→ F ′′ −→ 0

be a short exact sequence in ShX . Then we have the associated long exact co-
homology sequence

· · · Hn−1(X,β)→ Hn−1(X, F ′′) ∂n−1→ Hn(X, F)
Hn (X,α)→ Hn(X, F ′) Hn (X,β)→ Hn(X, F ′′) ∂n→ · · ·

of abelian groups. �

Flasque Sheaves
It was Godement who introduced the notion of flasque sheaves in his book on Sheaf
Theory to give a convenient description of the sheaf co-homology with the help of
the flasque resolution (also termed as the Godement resolution) of sheaves.

Definition 4.2.5 Let (X,ϑX ) be a ringed space. A ϑX -module FX on a space X is
called a flasque ϑX -module if for each open set U , the restriction homomorphism
from FX (X) to FX (U ) is a surjective homomorphism. In particular, a sheaf F of
abelian groups on X is called a flasque sheaf if for each open set U of X , the
restriction homomorphism f UX from F(X) to F(U ) is a surjective homomorphism.

Proposition 4.2.6 Let (X,ϑX ) be a ringed space. Let (X, FX ) be a flasque ϑX -
module. Then for each open subset U of X, FU = FX |U is a flasque ϑU = ϑX |U -
module. Conversely, suppose that FX is a ϑX -module on X with the property that
every point x ∈ X has an open neighborhoodUx such that FUx = FX |Ux is a flasque
ϑUx = ϑX |Ux -module. Then FX is a flasque ϑX -module.

Proof Suppose that FX is a flasque ϑX -module on a space X . Let U be an open
subset of X . Let V be an open subset contained inU . Let s be a member of FU (V ) =
FX |U (V ) = FX (V ). Since FX is a flasque ϑX -module, there is a member t ∈ FX (X)

such that f VX (t) = s. But, then f VU ( f UX (t)) = f VX (t) = s. This shows that f VU
is surjective. By definition, it follows that FU = FX |U is a flasque ϑU = ϑX |U -
module.

Conversely, let FX be a ϑX -module on X with the property that every point x ∈ X
has an open neighborhoodUx such that FUx is a flasque ϑUx -module and s ∈ FX (U ),
where U is an open subset of X . We have to show the existence of an element
t ∈ FX (X) such that t |U = s. Let � denote the set

{(W, τ ) | W is open, U ⊆ W, τ ∈ FW (W ) = FX (W ), and, τ |U = s}.

We obtain a partial order ≤ on � by putting (W1, τ1) ≤ (W2, τ2) if W1 ⊆ W2

and τ2|W1 = τ1. Evidently, (U, s) ∈ �, and so (�,≤) is a nonempty poset. Let
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{(Wα, sα) | α ∈ �} be a chain in �. Put V = ⋃
α∈� Wα. Since FX is a sheaf, there

is a unique element ŝ ∈ FV (V ) = FX (V ) such that ŝ|Wα
= sα for all α ∈ �. This

means that (V, ŝ) is an upper bound of the chain. ByZorn’s lemma, (�,≤) has amax-
imal element (W0, s0) (say). Suppose that W0 �= X . Let x ∈ X − W0 and Ux be an
open neighborhood of x such that FUx = FX |Ux is a flasque ϑUx = ϑX |Ux -module.
Since FUx is a flasque ϑUx -module, we have an element t ∈ FUx (Ux ) = FX (Ux )

such that f Ux
⋂

W0

Ux
(t) = f Ux

⋂
W0

W0
(s0). Thus, the member t ∈ FX (Ux ) and the mem-

ber s0 ∈ FX (W0) are such that t |Ux
⋂

W0 = s0|Ux
⋂

W0 . Since FX is a ϑX -module,
there is a member t̂ ∈ FX (Ux

⋃
W0) = FUx

⋃
W0(Ux

⋃
W0) such that t̂ |W0 = s0

and t̂ |Ux = t . This means that (Ux
⋃

W0, t̂) ∈ � and (W0, s0) ≤ (Ux
⋃

W0, t̂). This
is a contradiction to the maximality of (W0, s0). HenceW0 = X , and it follows that
FX is a flasque ϑX -module. �

In particular, we have the following corollary.

Corollary 4.2.7 A sheaf F on a space X is a flasque sheaf if and only if FU = F |U
is a flasque sheaf on U for all open sets U of X. �

Proposition 4.2.8 Let (X,ϑX ) be a ringed space. Then any injective ϑX -module
(X, MX ) is a flasque ϑX -module. In particular, any injective sheaf F on X is a
flasque sheaf.

Proof For each open subset U of X , we have the ringed space ϑX |U on U . Let ϑ̂U

denote the sheaf j�(ϑX |U ) (see Exercise4.1.11 ) which is the sheaf ϑX |U extended
to X by 0 outside U . Evidently, (X, ϑ̂U ) is a ϑX -module in an obvious way. Indeed,
if V is an open subset of X contained in U , then ϑ̂U (V ) = ϑX (V ) is a ϑX (V )-
module, and if V � U , then again ϑ̂U (V ) = 0 is a ϑX (V )-module. These module
structures also respect the restriction maps. Further, if (X, NX ) is a ϑX -module, then
any ϑX -homomorphism f from ϑ̂U to NX is uniquely determined by the element
f (1) ∈ NX (U ), where 1 is the identity of the ring ϑ̂U (U ) = ϑX (U ). This means that
HomϑX (ϑ̂U , NX ) is naturally isomorphic to NX (U ) for all open sets U and for all
ϑX -modules NX . Evidently, these natural isomorphisms respect the restriction maps.
Let V and U be open subsets of X with V ⊆ U . Then we have the natural inclusion
ϑX -homomorphism iUV from ϑ̂V to ϑ̂U . Since MX is an injective ϑX -module, iUV
induces a surjectiveϑX -homomorphism fromHomϑX (ϑ̂U , MX ) toHomϑX (ϑ̂V , MX ).
In turn, it follows that the restriction map from MX (U ) to MX (V ) is surjective. From
Proposition 4.2.6, it follows that MX is a flasque ϑX -module. �

Corollary 4.2.9 For every ϑX -module MX , we have a flasque co-resolution over
MX . �

Our next aim is to show that sheaf co-homology can be computed with the help
of flasque co-resolutions.

Proposition 4.2.10 Let

0 −→ NX
α→ MX

β→ LX −→ 0
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be an exact sequence of ϑX -modules. Suppose that NX is a flasque ϑX -module. Then

0 −→ NX (U )
αU→ MX (U )

βU→ LX (U ) −→ 0

is exact for all open sets U.

Proof By Proposition 4.2.6, NX |U is a flasque ϑU = ϑX |U -module, and also

0 −→ NX |U α|U→ MX |U β|U→ LX |U −→ 0

is an exact sequence of ϑU -modules. Thus, it is sufficient to show that

0 −→ NX (X)
αX→ MX (X)

βX→ LX (X) −→ 0

is exact. In the light of Proposition 4.2.1(ii), we need to show that βX is surjective.
Let s be a member of LX (X). For each x ∈ X , let sx denote the element of (LX )x
determined by s. By Proposition 4.2.1(iii),

0 −→ (NX )x
αx→ (MX )x

βx→ (LX )x −→ 0

is exact for each x . Hence, there is an open neighborhood V of x and an element
t ∈ MX (V ) such that βx (tx ) = sx . This means that βV (t) ∈ LX (V ) and s ∈ LX (X)

determine the same element of (LX )x . Consequently, there is an open neighborhood
Ux of x such that Ux ⊆ V and βUx (t |Ux ) = s|Ux . Now, consider the set

� = {(U, u) | U is open, u ∈ MX (U ), and βU (u) = s|U }.

It follows from our previous discussion that � �= ∅. We obtain a partial order ≤ on
� by putting (U, u) ≤ (V, v) if U ⊆ V and v|U = u. This gives us a nonempty
poset (�,≤). As in the proof of Proposition 4.2.6, every chain in (�,≤) has an
upper bound. By Zorn’s lemma, it has a maximal element (U0, u0) (say). Suppose
thatU0 �= X . Let x be a member of X −U0. Using our earlier arguments, we obtain
an open neighborhood W of x together with an element w ∈ MX (W ) such that
βW (w) = s|W . Evidently, s|W ⋂

U0 = βW
⋂

U0(w|W ⋂
U0) = βW

⋂
U0(u0|W ⋂

U0).
Hence, (u0|W ⋂

U0 − w|W ⋂
U0) ∈ ker βW

⋂
U0 . Since ker βW

⋂
U0 = image αW

⋂
U0 ,

there is an element w′ of NX (W
⋂

U0) such that αW
⋂

U0(w
′) = u0|W ⋂

U0 −
w|W ⋂

U0 . Since NX is a flasque ϑX -module, there is an element w′′ of NX (X) such
that w′′|W ⋂

U0 = w′. Put ŵ = w + αW (w′′|W ). Evidently, ŵ is a member of
MX (W ) such that ŵ|W ⋂

U0 = u0|W ⋂
U0 . Since MX is a sheaf, we have an element

ˆ̂w of MX (W
⋃

U0) such that ˆ̂w|W = ŵ and ˆ̂w|U0 = u0. Clearly, (W
⋃

U0, ˆ̂w) ∈ �

and (U0, u0) ≤ (W
⋃

U0, ˆ̂w). This is a contradiction to the maximality of (U0, u0).
Hence U0 = X . This completes the proof. �
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Corollary 4.2.11 If F is a flasque sheaf on a space X, and

0 −→ F
α→ G

β→ H −→ o

is an exact sequence of sheaves on X, then for each open set U,

0 −→ F(U )
αU→ G(U )

βU→ H(U ) −→ o

is exact. �

Corollary 4.2.12 Let

0 −→ NX
α→ MX

β→ LX −→ o

be an exact sequence of ϑX -modules, where NX and MX are flasque ϑX -modules.
Then LX is also a ϑX -module.

Proof Let U be an open subset of X and s ∈ LX (U ). Since NX is a flasque ϑX -
module,

0 −→ NX (U )
αU→ MX (U )

βU→ LX (U ) −→ o

is exact. Hence there is a member t of MX (U ) such that βU (t) = s. Again, since
MX is flasque, there is an element t̂ of MX (X) such that t̂ |U = t . Thus, the element
βX (t̂) of LX (X) is such that βX (t̂)|U = s. �

Corollary 4.2.13 Let F be a flasque sheaf of abelian groups on X. Then the sheaf
co-homology H p(X, F) of X with a coefficient in F is zero for all p ≥ 1.

Proof We prove the result by induction on p. Observe that H 0(X, F) = F(X). Let
F be a flasque sheaf, and

0 −→ F
ε→ I0

d0→ I1
d1→ I2

d2→ · · ·

be an injective co-resolution of F . We have a short exact sequence

0 −→ F
ε→ I0

d̂0→ Im d0 −→ 0, (4.2)

where Im d0 denote the image of d0 and d̂0 is the obvious morphism induced by d0.
We have also an exact sequence

0 −→ Im d0
i→ I1

d1→ I2
d2→ I3

d3→ . (4.3)

Since F is a flasque sheaf, by Corollary 4.2.11, we have the short exact sequence
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0 −→ �X (F)
�X (ε)→ �X (I0)

�X (d̂0)→ �X (Im d0) −→ 0. (4.4)

Again, since �X is a left exact functor, we have also the exact sequence

0 −→ �X (Im d0)
�X (i)→ �X (I1)

�X (d1)→ �X (I2). (4.5)

It follows that ker �X (d1) = image �X (d0). This shows that H 1(X, F) =
ker �X (d1)

image �X (d0)
= �X (Im d0)

image �X (d0)
= �X (image d0)

�X (image d0)
= 0. This proves the result for p = 1.

Assume that the result is true for m ≥ 1. Since F and I0 (being injective) are flasque
sheaves, it follows from Corollary 4.2.12 that Im d0 is a flasque sheaf. Further, we
have the long exact co-homology sequence

∂ p−1→ H p(X, F)
H p(X,ε)→ H p(X, I0)

H p(X,d̂0)→ H p(X, Im d0)
∂ p→

× H p+1(X, F)
H p(X,ε)→ H p+1(X, I0)

H p+1(X,d̂0)→ · · ·

associated with the short exact sequence (1). Since I0 is injective, Hq(X, I0) = 0 for
all q ≥ 1. It follows that H p+1(X, F) ≈ H p(X, Im d0) for all p ≥ 1. Since Im d0
is flasque, by the induction hypothesis Hm(X, Im d0) = 0. Hence Hm+1(X, F)

= 0. �

The following corollary is immediate.

Corollary 4.2.14 Flasque sheaves are acyclic for the global section functor and the
sheaf co-homology can be computed by using flasque resolutions. �

Now, consider the global section functor �X from the category ϑX -Mod to the
category of abelian groups (forget the ϑX -module structure). A ϑX -module MX can
be treated as a sheaf of abelian groups. Indeed, we have the forgetful functor � from
the category ϑX -Mod to the category ShX . Under this forgetful functor, injective
objects correspond and also a flasque ϑX -module corresponds to a flasque sheaf.
Consequently, we have the following proposition.

Proposition 4.2.15 The pth right-derived functor R p�X of the global section func-
tor �X from ϑX -Mod to AB is the same as the composite of the forgetful functor
� with the sheaf co-homology functor H p(X,−). More explicitly, R p�X (MX ) is
naturally the same as H p(X, MX ). �

Čech Co-homology

Čech co-homology is another important toolwhich has an enormous amount of appli-
cations in algebraic topology, differential geometry, and also in algebraic geometry.
It has its connection with sheaf co-homology. Indeed, it agrees and gives us a conve-
nient and practical method to compute sheaf co-homology for some important and
special types of sheaves, viz., quasi-coherent sheaves. We describe it as follows.

First, we associate a nonnegative co-chain complex Č�(X, F,U) of R-modules
and the pth co-homology module Ȟ p(X, F,U) with a triple (X, F,U), where X is
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a topological space, F is a presheaf/sheaf on X , and U is an open covering of X .
Č�(X, F,U) is termed as the Čech co-chain complex and Ȟ p(X, F,U) is termed
as pth Čech co-homology associated with the triple (X, F,U). In turn, we look at a
directed system (D,≤) of open covers of X , where each open cover is equivalent to
an open cover in D, and then introduce the pth Čech co-homology Ȟ p(X, F) of X
with values in a presheaf/sheaf F as Lim→U∈D Ȟ p(X, F,U).

Recall that a pair (�, A), where � is a set and A is a map from � to the power set
℘(X) of X is called a family of subsets of X . The image A(α) of α ∈ � under the
map A is denoted by Aα, and the family (�, A) is also denoted by {Aα ⊆ X | α ∈ �}.
Sometimeswe say that themap A itself is a family of subsets of X . If X is a topological
space and Aα is an open subset of X for each α ∈ �, then it is said to be a family of
open subsets of X . If in addition to this

⋃
α∈� Aα = X , then we say that it is an open

cover of X . Thus, given a subset � of the power set ℘(X) of X , the pair (�, i℘(X)

� )

is a family of subsets of X , where i℘(X)

� is the inclusion map from � to ℘(X). This
family may also be denoted by {A | A ∈ �}. Incidentally, the class � of all families
of subsets of X is not a set. We overcome this logical difficulty as follows.

We say that a family (�, A) of subsets of X is equivalent to the family (�, B) of
subsets of X if there is a map η from � to � and a map ρ from � to � such that
Aα = Bη(α) and Bγ = Aρ(γ) for all α ∈ � and γ ∈ �. This defines an equivalence
relation on �. Let ˆ℘(X) denote the set {(�, i℘(X)

� ) | � ⊆ ℘(X)} of families of
subsets of X . Then any family (�, A) of subsets of X is equivalent to a unique family
(A(�), i℘(X)

A(�) ) of subsets of X in the set ˆ℘(X). Thus, without any ambiguity and
without any loss of generality, we can talk of a set of all families (up to equivalence)
of subsets of X . We can also talk of a set of all open covers (up to equivalence) of a
topological space X .

Consider a fixed triple (X, F,U), where X is a topological space, F is a
presheaf/sheaf of R-modules on X , and U = {Uα | α ∈ �} is an open cover of X .
For each p ≥ 0, let I p denote the set �p+1 = {α = (α0,α1, · · · ,αp) | αi ∈ �}
of ordered p + 1-tuples of members of the indexing set �. For each α ∈ I p,
let Uα denote the open set Uα0

⋂
Uα1

⋂ · · ·⋂Uαp . Again, for each i, 0 ≤ i ≤ p
and α ∈ I p, let σi (α) denote the element of I p−1 obtained by removing the i th

entry from α. Thus, σi (α0,α1, · · · ,αp) = (β0,β1, · · · ,βp−1), where β j = α j

for all j < i and β j = α j+1 for all j ≥ i . Symbolically, we denote σi (α) by
(α0,α1, · · · , αi−1, α̂i , αi+1, · · · , αp). This gives us a map σi from I p to I p−1

for each i, 0 ≤ i ≤ p, p ≥ 1.
Let Č p(X, F,U) denote the R-module

∏
α∈I p F(Uα). Thus, Č p(X, F,U) is the

module of all maps f from I p to
⋃

α∈I p F(Uα) such that f (α) ∈ F(Uα) for all
α ∈ I p. The R-module Č p(X, F,U) will be termed as the R-module of Čech p-
co-chains on X associated with the open covering U of X and with a coefficient in
the presheaf/sheaf F on X . Thus, Č0(X, F,U) = ∏

α∈� Uα and Č1(X, F,U) =∏
(α,β)∈�2 F(Uα

⋂
Uβ) and so on. For each p ≥ 1, we have a unique homomorphism

ď p−1 from Č p−1(X, F,U) to Č p(X, F,U) given by

ď p−1( f )(α) =
∑p

i=0
(−1)i f (σi (α))|Uα

,
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where α ∈ I p. Thus,

ď0( f )((α0,α1)) = f (α1)|Uα0

⋂
Uα1

− f (α0)|Uα0

⋂
Uα1

and

ď1( f )((α0, α1,α2)) = f ((α1, α2))|Uα0

⋂
Uα1

⋂
Uα2

− f ((α0, α2))|Uα0

⋂
Uα1

⋂
Uα2

+ f ((α0, α1))|Uα0

⋂
Uα1

⋂
Uα2

.

In turn,
(ď1oď0)( f )((α0,α1,α2))

= ď0( f )((α1,α2))|Uα0

⋂
Uα1

⋂
Uα2

− ď0( f )((α0,α2))|Uα0

⋂
Uα1

⋂
Uα2

+ ď0( f )((α0,α1))|Uα0

⋂
Uα1

⋂
Uα2= ( f (α2)|Uα1

⋂
Uα2

− f (α1)|Uα1

⋂
Uα2

)|Uα0

⋂
Uα1

⋂
Uα2− ( f (α2)|Uα0

⋂
Uα2

− f (α0)|Uα0

⋂
Uα2

)|Uα0

⋂
Uα1

⋂
Uα2+ ( f (α1)|Uα0

⋂
Uα1

− f (α0)|Uα0

⋂
Uα1

)|Uα0

⋂
Uα1

⋂
Uα2= f (α2)|Uα0

⋂
Uα1

⋂
Uα2

− f (α1)|Uα0

⋂
Uα1

⋂
Uα2

− f (α2)|Uα0

⋂
Uα1

⋂
Uα2

+
f (α0)|Uα0

⋂
Uα1

⋂
Uα2

+ f (α1)|Uα0

⋂
Uα1

⋂
Uα2

− f (α0)|Uα0

⋂
Uα1

⋂
Uα2= 0

for all (α0,α1,α2) ∈ I 2. This means that ď1oď0 = 0. More generally, it can be
easily checked that ď poď p−1 = 0 for all p ≥ 1. This gives us a co-chain complex

Č�(X, F,U ) ≡ 0 −→ Č0(X, F,U )
ď0→ Č1(X, F,U )

ď1→ · · · ďn−1→ Čn(X, F,U )
ďn→ · · ·

of R-modules. The co-chain complex Č�(X, F(U )) is termed as Čech co-chain com-
plex associated with the open coveringU and with a coefficient in the presheaf/sheaf
F . The pth co-homology of Č�(X, F,U ) denoted by Ȟ p(X, F,U ) is called the pth
Čech co-homology of X associated with the open coveringU and with a coefficient
in the presheaf/sheaf F .

Proposition 4.2.16 If F is sheaf, then Ȟ 0(X, F,U ) ≈ �X (F) ≈ H 0(X, F) for
all open covers U = {Uα | α ∈ �} of X. More generally, for any presheaf F,
Ȟ 0(X, F,U ) ≈ �X (SF) ≈ H 0(X, SF), where SF is the sheafification of F.

Proof A member s of �X (F) determines a unique member ŝ of Č0(X, F,U )

given by ŝ(α) = s|Uα
. Evidently, ď0(ŝ)((α,β)) = ŝ(β)|Uα

⋂
Uβ

− ŝ(α)|Uα

⋂
Uβ

=
s|Uβ

⋂
Uα

− s|Uα

⋂
Uβ

= 0. Thus, we have a homomorphism φ from �X (F) to

Ȟ 0(X, F,U ) defined by φ(s) = ŝ. Since F is a sheaf, φ is injective. Let t
be a member of Ȟ 0(X, F,U ). Then t ∈ Ker ď0. This means that the family
{t (α) ∈ F(Uα) | α ∈ �} is such that t (α)|Uα

⋂
Uβ

= t (β)|Uα

⋂
Uβ

for all pairs α,β
in �. Since F is a sheaf, there is a unique s in �X (F) such that ŝ = t . This shows
that φ is an isomorphism. Similarly, the rest of the assertion follows. �

The Čech co-chain complex Č�(X, F,U ) associated with the open cover U
and the presheaf/sheaf F is a huge co-chain complex. We have a convenient, nat-
ural, and smaller co-chain subcomplex Č�

alt (X, F,U ) of Č�(X, F,U ) consisting
of alternating Čech co-chains such that the inclusion is a chain equivalence from
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Č�
alt (X, F,U ) to Č�(X, F,U ). A p-Čech co-chain f is called an alternating p-

Čech co-chain if (i) f (α0,α1, · · · ,αp) = 0 whenever αi = α j for some i �= j ,
and (ii) f (ατ (0),ατ (1), · · · ,ατ (p)) = − f (α0,α1, · · · ,αp) for all transpositions τ .
Let Č p

alt (X, F,U ) denote the submodule of Č p(X, F,U ) consisting of alternating
Čech p-co-chains. Then it can be easily seen that

Č�
alt (X, F,U ) ≡ 0 −→ Č0

alt (X, F,U )
ď0→ Č1

alt (X, F,U )
ď1→ · · · ďn−1→ Čn

alt (X, F,U )
ďn→ · · ·

is a co-chain subcomplex of Č�(X, F,U ). Indeed, this co-chain subcomplex is chain
equivalent to Č�(X, F,U ). In turn, the pth co-homology of Č�

alt (X, F,U ) is the
same as Ȟ p(X, F,U ).

Fixing an open coverU of X , we get functors Ȟ p(X,−,U ) from the category of
presheaves/sheaves to the category of abelian groups. However, it need not describe
a genuine co-homology theory with coefficients in presheaves/sheaves. Indeed, for
a short exact sequence

0 −→ F
α→ F ′ β→ F ′′ −→ 0

of sheaves on X ,wemaynot have a connectinghomomorphism∂ p from Ȟ p(X, F,U )

to Ȟ p+1(X, F,U ) so that the sequence

· · · ∂ p−1→ Ȟ p(X, F,U )
Ȟ p(X,α,U )→ Ȟ p(X, F ′,U )

Ȟ p(X,β,U )→ Ȟ p(X, F ′′,U )
∂ p→ Ȟ p+1(X, F,U )

Ȟ p(X,α,U )→ · · ·

is exact. For example, if U = {X} and F is a sheaf, then the above sequence need
not be exact as �X is not an exact functor.

Next, we make our discussions independent of a particular open covering by
passing through a limit.

Definition 4.2.17 Let U = {Uα | α ∈ �} and V = {Vμ | μ ∈ �} be open cover-
ings of a topological space X . We say that V is a refinement of U if there is a map
χ from � to � such that Vμ ⊆ Uχ(μ) for all μ ∈ �. The map χ is called a refinement
map.

Proposition 4.2.18 Let V = {Vμ | μ ∈ �} be an open coverings of a topological
space X which is a refinement of an open covering U = {Uα | α ∈ �} of X with a
refinement map χ. Let F be a presheaf/sheaf on X. Then for each p ≥ 0, χ induces
a homomorphism χp from Ȟ p(X, F,U ) to Ȟ p(X, F, V ). Further, if χ′ is another
refinement map, then χp = χ′

p for each p.

Proof For each p ≥ 0,χ induces amapχp from Č p(X, F,U ) to Č p(X, F, V )which
is given by

χp( f )((μ0,μ1, · · · ,μp)) = f (χ(μ0),χ(μ1), · · · ,χ(μp))|Vμ0

⋂
Vμ1

⋂··· ⋂ Vμp
.

Evidently, the family {χp | p ≥ 0} defines a chain map from Č�(X, F,U ) to
Č�(X, F, V ). This, in turn, induces a homomorphism χp from Ȟ p(X, F,U ) to
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Ȟ p(X, F, V ) for each p. Further, if χ′ is another refinement map, the fact that
F is a presheaf implies that χp = χ′

p for each p. In turn, χp = χ′
p for each p. �

Let (X, T ) be a topological space. Let � denote the set {(�, i T�) | � ⊆ T,
⋃

A∈�

A = X, and iT� is the inclusion map} of open covers of X . Note that any open
cover of X is equivalent to a unique member of �. For simplicity, we shall denote
the open cover (�, i T�) of X by � itself. We have a partial order ≤ on � given by
� ≤ �′ if �′ is a refinement of �. This is, indeed, equivalent to say that there is a
map λ from �′ to � such that A ⊆ λ(A) for all A ∈ �′. Let � and �′ be members
of �. Consider the subset �

∧
�′ = {A⋂

B | A ∈ � and B ∈ �′} of T . Clearly,
�

∧
�′ is a member of� such that� ≤ �

∧
�′ and�′ ≤ �

∧
�′. This shows that

(�,≤) is a directed system of open coverings of X . Consequently, given a presheaf F
on X , we get a directed system {Č�(X, F, �) | � ∈ �} of co-chain complexes of R-
modules and the directed system {Ȟ p(X, F, �) | � ∈ �} of co-homology modules
for each p ≥ 0. The Lim�∈� Ȟ p(X, F, �) is called the pth Čech co-homology of
X with a coefficient in the presheaf F , and it is denoted by Ȟ p(X, F).

The following proposition is immediate from Proposition 4.2.16.

Proposition 4.2.19 Ȟ 0(X, F) ≈ �X (SF). �

Proposition 4.2.20 Let � be a member of �. Then Č�(X,−, �) defines an exact
functor from the category PrX to the category of co-chain complexes of abelian
groups.

Proof Let

0 −→ F
α→ F ′ β→ F ′′ −→ 0

be a short exact sequence in PrX . It follows from Proposition 4.2.1(i) that

0 −→ F(U )
αU→ F ′(U )

βU→ F ′′
U −→ 0

is exact for each open set U . Thus, for each p + 1-tuple (U0,U1, · · · ,Up) in � p+1,
we have a short exact sequence

0 −→ F(U0
⋂

U1
⋂

· · ·
⋂

Up)
αU0

⋂
U1

⋂···⋂Up→ F ′(U0
⋂

U1
⋂

· · ·
⋂

Up)
βU0

⋂
U1

⋂···⋂Up→
× F ′′(U0

⋂
U1

⋂
· · ·

⋂
Up) −→ 0.

In turn, for each p ≥ 0, we get a homomorphism αp from Č p(X, F, �) to Č p

(X, F ′, �), and a homomorphism β p from Č p(X, F ′, �) to Č p(X, F ′′, �) such that

0 −→ Č p(X, F, �)
αp→ Č p(X, F ′, �)

β p→ Č p(X, F ′′, �) −→ 0

is exact. Evidently, {αp | p ≥ o} is a chain transformation from Č�(X, F, �) to
Č�(X, F ′, �) and {β p | p ≥ o} is a chain transformation from Č�(X, F ′, �) to
Č�(X, F ′′, �). Hence
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0 −→ Č�(X, F, �)
α�→ Č�(X, F ′, �)

β�→ Č�(X, F, �) −→ 0

is an exact sequence of co-chain complexes. �

Corollary 4.2.21 Given a short exact sequence

0 −→ F
α→ F ′ β→ F ′′ −→ 0

in PrX , for each p ≥ 0, we get a natural connecting homomorphism ∂ p from
Ȟ p(X, F ′′) to Ȟ p+1(X, F) such that the sequence

· · · ∂ p−1→ Ȟ p(X, F)
Ȟ p(X,α)→ Ȟ p(X, F ′)

Ȟ p(X,β)→ Ȟ p(X, F ′′) ∂ p→ · · ·

is exact.

Proof Applying the functor Lim�∈�(−) to the short exact sequence

0 −→ Č�(X, F, �)
α�→ Č�(X, F ′, �)

β�→ Č�(X, F, �) −→ 0

of co-chain complexes, we obtain the short exact sequence

0 −→ Č�(X, F)
α�→ Č�(X, F ′)

β�→ Č�(X, F) −→ 0

of the co-chain complex of abelian groups. Applying Theorem 1.3.1, we get the
desired exact sequence. �

Our next aim is to relate Čech co-homology and sheaf co-homology. Let (X, T )

be a topological space, and let � be a member of �. Let F be a sheaf on X . For
each open subset U of X , let �|U denote the open cover {U⋂

A | A ∈ �} of U and
Č p(U, F |U, �|U) denote the group of Čech p-co-chains of U associated with the
open covering �|U and the sheaf F |U. For each p ≥ 0, we have a sheaf Č p(F, �) on
X given by Č p(F, �)(U) = Č p(U, F |U, �|U) together with the obvious restriction
homomorphisms.The co-boundarymap ď p induces a sheafmorphism ď p(F, �) from
Č p(F, �) to Č p+1(F, �). Further, we have a sheafmorphism ε = {εU | U ∈ T } from
F to Č0(F, �), where εU is given by εU(s)(U

⋂
A) = s|U⋂

A.

Proposition 4.2.22 Given a sheaf F on X, for every open covering � of X in �,
we have a co-resolution of F given by

0 −→ F
ε→ Č0(F, �)

ď0(F,�)→ Č1(F, �)
ď1(F,�)→ · · · ď p−1(F,�)→ Č p(F, �)

ď p(F,�)→ · · · .

Proof The fact that F is a sheaf implies that ε is a monomorphism and the image of
ε is ker ď0(F, �). In the light of Proposition 4.2.1(iii), it is sufficient to show that

Č+(F, �) ≡ Č0(F, �)x
ď0(F,�)x→ Č1(F, �)x

ď1(F,�)x→ · · · ď
p−1(F,�)x→ Č p(F, �)x

ď p(F,�)x→ · · ·
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is exact for all x ∈ X . For that, we define a chain homotopy χ = {χp | p ≥ 1}
from IČ+(F,�) to 0Č+(F,�). We define a homomorphism χp from Č p(F, �)x to

Č p−1(F, �)x as follows: Let ax be a member of Č p(F, �)x . Suppose that sV ∈
Č p(F, �)(V ) = Č p(V, F |V , �|V ) represents ax , where V is an open neighbor-
hood of x . Define a homomorphism χ

p
V from Č p(F, �)(V ) to Č p−1(F, �)(V ) by

putting
χ

p
V (sV )(U0,U1, · · · ,Up−1) = sV |V ⋂

U0
⋂

U1
⋂··· ⋂Up−1 .

If sW ∈ Č p(F, �)(W ) = Č p(W, F |W , �|W ) also represents ax , then it is clear that
χ

p
V (sV ) and χ

p
W (sW ) represent the same element in Č p−1(F, �)x . Thus, we have a

homomorphism χ
p
x from Č p(F, �)x to Č p−1(F, �)x by putting χ

p
x (ax ) to be the

element of Č p−1(F, �)x which is represented by χ
p
V (sV ), where sV represents ax .

From the construction, it is clear that

ď p+1
x χp

x + χp+1
x ď p

x = IČ p(F,�)x
= IČ p(F,�)x

− 0Č p(F,�)x

for each p and each x ∈ X the result follows. �

Corollary 4.2.23 Let F be a flasque sheaf on X. Then Ȟ p(X, F, �) = 0 for all
open covering � of X and for all p ≥ 1.

Proof Since F is a flasque sheaf, by Corollary 4.2.13, H p(X, F) = 0. Since the
restrictions of flasque sheaves are flasque sheaves and since the direct products of
flasque sheaves are flasque sheaves, Č p(F, �) are flasque sheaves for all p ≥ 0. By
Proposition 4.2.14, the sheaf co-homologyH p(X, F) of X with values in a sheaf
F can be computed with the help of the co-resolution of F given in the previous
proposition. Thus, H p(X, F) is the pth co-homology of the co-chain complex

�X Č
�(F, �) ≈ 0 −→ �X Č

0(F, �)
ď0(F,�)→ �X Č

1(F, �)
ď1(F,�)→ · · · ď

p−1(F,�)→ �X Č
p(F, �)

ď p(F,�)→ · · · .

Evidently, �X Č p(F, �) = Č p(X, F, �). Hence Ȟ p(X, F, �) = Ȟ p(X, F) = 0
for all p ≥ 0. �

Let F be a sheaf on X . Let � be an open covering in �. Let

0 −→ F
η→ I0

d0→ I1
d1→ · · · d p−1→ Ip

d p→ · · ·

be an injective co-resolution of F . By Proposition 4.2.22, we have a co-resolution

0 −→ F
ε→ Č0(F, �)

ď0(F,�)→ Č1(F, �)
ď1(F,�)→ · · · ď p−1(F,�)→ Č p(F, �)

ď p(F,�)→ · · ·

of F . From Proposition 2.1.3, there is a co-chain transformation f (F, �) =
{ f p(F, �) | p ≥ 0} from Č+(F, �) to I such that f 0(F, �)oε = η, where

Č+(F, �) ≡ Č0(F, �)
ď0(F,�)→ Č1(F, �)

ď1(F,�)→ · · · ď p−1(F,�)→ Č p(F, �)
ď p(F,�)→ · · ·
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and

I ≡ I0
d0→ I1

d1→ · · · d p−1→ Ip
d p→ · · · .

Applying the section functor �X , and then taking co-homologies, we obtain natural
homomorphisms H p( f (F, �)) from Ȟ p(X, F, �) to H p(X, �). Further, if �′ is
a refinement of � and χ is a refinement map, then it can be easily observed that
H p( f (F, �))oχp = H p( f (F, �)). In turn, taking the direct limit, we obtain a
natural homomorphism H p

F from Ȟ p(X, F) to H p(X, F) which is functorial in F
and also in X .

Proposition 4.2.24 H 0
F and H 1

F are isomorphisms.

Proof From Proposition 4.2.16, Ȟ 0(X, F, �) is naturally isomorphic to H 0(X, F).
It follows that Ȟ 0(X, F) = Lim�∈� Ȟ 0(X, F, �) is isomorphic to H 0(X, F).

Next, we show that H 1
F is an isomorphism. Since ShX has enough injectives, F

can be embedded in an injective sheaf F ′. In turn, we get a sequence

0 −→ F
α→ F ′ β→ F ′′ −→ 0

which is exact in PrX . From Corollary 4.2.21, we have a long exact sequence

0 −→ Ȟ 0(X, F)
Ȟ 0(X,α)→ Ȟ 0(X, F ′)

Ȟ 0(X,β)→ Ȟ 0(X, F ′′) ∂0→ Ȟ 1(X, F)
Ȟ 1(X,α)→

× Ȟ 1(X, F ′)
Ȟ 1(X,β)→ Ȟ 1(X, F ′′) ∂1→ · · · .

Further, we have the exact sequence

0 −→ F
α→ F ′ β̂→ SF ′′ −→ 0

in ShX , where SF ′′ denote the sheafification of F ′′ and β̂ is the morphism induced
by β. In turn, from Proposition 4.2.4, we have a long exact sequence

0 −→ H 0(X, F)
H 0(X,α)→ H 0(X, F ′)

H 0(X,β̂)→ H 0(X, SF ′′) ∂0→ H 1(X, F)
H 1(X,α)→

× H 1(X, F ′)
H 1(X,β̂)→ H 1(X, SF ′′) ∂0→ · · · .

The homomorphisms H p
F , H p

F ′ , and H
p
F ′′ , p ≥ 0,make the diagram involving the rel-

evant long exact sequences commutative. Further, fromProposition 4.2.16, H 0
F , H 0

F ′ ,
and H 0

F ′′ are isomorphisms. Since F ′ is flasque (being injective), it follows from
Proposition 4.2.23 that Ȟ 1(X, F) = 0. Also from Corollary 4.2.13, it follows that
H 1(X, F ′) = 0. Chasing the said commutative diagram, we obtain that H 1

F is an
isomorphism. �

However, for p ≥ 2, H p
F need not be injective, and it may not be surjective also.

We state (without proof) a sufficient condition under which H p
F is an isomorphism
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for all p ≥ 0. Recall that an open covering� is termed as a locally finite covering if
every point x ∈ X has an open neighborhoodU which intersects only a finitely many
members of �. A Hausdorff topological space X is called a Paracompact Space
if every open cover has a locally finite refinement. For example, a metric space is a
paracompact space.

Theorem 4.2.25 If X is a paracompact space, then H p
F is an isomorphism for each

p ≥ 0. �

Further, the following theorem expresses a singular co-homology group H p(X, A)

of a space X with a coefficient in a module A as a sheaf co-homology and also as a
Čech co-homology.

Theorem 4.2.26 Let X be the second countable topological manifold, and A be a
R-module. Then H p(X, A) ≈ Ȟ p(X, FA) ≈ H p(X, FA), where FA is the constant
sheaf with FA(U ) = A for all U �= ∅ and FA(∅) = {0}. �
The proofs of the above two theorems can be found in “Algebraic Topology” by
Spanier.

Let (X,ϑX ) be a ringed space. We have sheaf ϑ�
X of abelian groups defined by

ϑ�
X (U ) = ϑX (U )�, where ϑX (U )� is the group of units of ϑX (U ) and the restriction

homomorphisms are those induced by the restriction homomorphisms in ϑX . The
following proposition describes the Picard group of a ringed spaces as sheaf co-
homology.

Proposition 4.2.27 Pic((X,ϑX )) ≈ H 1(X,ϑ�
X ).

Proof Let MX be a locally free ϑX -module of rank 1. Let � be an open cover of X
together with ϑX |U -isomorphism φU from ϑX |U to MX |U for each U ∈ �. For each
pair (U, V ) ∈ �2, we have a ϑX |U ⋂

V -isomorphism φ−1
U oφV from ϑX |U ⋂

V to itself.

In turn, it determines a unique element φ̂(U,V ) ∈ ϑX |�U ⋂
V given by (φ−1

U oφV )(a) =
φ̂(U,V )a, a ∈ ϑX |U ⋂

V . Consequently, we get an element φ̂ = {φ̂(U,V ) | (U, V ) ∈
�2} of Č1(X,ϑ�

X , �). Further, since

(φ−1
V oφW )|U ⋂

V
⋂

Wo(φ−1
W oφU )|U ⋂

V
⋂

Wo(φ−1
U oφV )|U ⋂

V
⋂

W = IϑX |U ⋂
V

⋂
W ,

we have

ď1(φ̂)(U, V,W ) = φ̂(V,W )|U ⋂
V

⋂
W (φ̂(U,W ))−1|U ⋂

V
⋂

W φ̂(U, V )|U ⋂
V

⋂
W = 1.

(Note that we are using multiplicative notation for ϑ�
X .) This shows that φ̂ ∈ ker d̂1.

In turn, it determines an element ρ(φ̂) of Ĥ 1(X,ϑ�
X , �). For each U ∈ �, let ψU be

another choice of ϑX |U -isomorphism from ϑX |U to MX |U . Then for each U ∈ �,
there is an element αU ∈ ϑX (U ) such that φU (a) = αUψU (a) for all a ∈ ϑX (U ).
Clearly,α = {αU | U ∈ �} is amember of Ĉ0(X,ϑ�

X , �) such that d̂0(α) = ψ̂−1φ̂.
This shows that ρ(φ̂) = ρ(ψ̂). If η = {ηU | U ∈ T } is an isomorphism from MX
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to NX , and φU is a ϑX |U -isomorphism from ϑX |U to MX |U , then ψU = η|UoφU is
a ϑX |U -isomorphism from ϑX |U to NX |U . As before ρ(φ̂) = ρ(ψ̂). Consequently,
ρ induces a map ρ from Pic(X,ϑX ) to Ȟ 1(X,ϑ�

X , �) given by ρ([MX ]) = ρ(φ̂),
where φ is described as above. It can be easily checked that ρ is a homomorphism.
It further induces a homomorphism ρ̂ from Pic(X,ϑX ) to Ȟ 1(X,ϑ�

X ) which can be
seen to be an isomorphism (see Exercises4.1.13 and 4.1.14). The result follows from
Proposition 4.2.24. �

Exercises

4.2.1 LetZS1 denote the constant sheaf on S1 givenbyZS1(U ) = Z for all nonempty
open subsets of S1. Show that H 1(S1, ZS1) ≈ Z.

4.2.2 Compute H 1(S1, FS1), where FS1 is the sheaf of germs of real-valued contin-
uous functions on S1.

4.2.3 Let X be a topological space, and FX be a sheaf of abelian groups on X . Let
Y be a closed subset of X . Let FX |Y (U ) = {s ∈ FX (U ) | s represents 0 in (FX )x
f or each x /∈ Y

⋂
U }. Show that the association U �→ FX |Y (U ) defines a subsheaf

FX |Y of FX . The subsheaf FX |Y is called the sub-sheaf of FX with support in Y . Show
further that the functor �X |Y from ShX to AB given by �X |Y (F) = �X (FX |Y ) is a
left exact functor. The right-derived functors {Rp�X |Y , p ≥ 0} of �X |Y are called
the sheaf co-homology functors on X with support in Y , and they are denoted by
{H p

Y (X,−). We term H p
Y (X, FX ) as the sheaf co-homology of X with coefficient in

FX and with support in Y .

4.2.4 Let Y be a closed subset of X which is contained in an open subset U of X .
Show that H p

Y (X, FX ) is naturally isomorphic to H p
Y (U, FX |U ).

4.2.5 Let Y and Z be closed subsets of X . Show that

0 −→ FX |Y ⋂
Z

(i1,i2)→ FX |Y ⊕ FX |Z
j1+ j2→ FX |Y ⋃

Z −→ 0

is a short exact sequence of sheaves on X , where i1, i2, j1, and j2 are natural inclu-
sions. Deduce that the Mayer–Vietoris sequence

−→ H p
Y

⋂
Z (X, F)

(H p(i1),H p(i2))→ H p
Y (X, F) ⊕ H p

Z (X, F)
H p( j1)+H p( j2)→ H p

Y
⋃

Z (X, F)

∂ p→ H p+1
Y

⋂
Z (X, F) −→ · · ·

is exact.

4.2.6 Show that the natural homomorphism from Ȟ 2(X, FX ) to H 2(X, F) is injec-
tive.

4.2.7 Discover a nonzero element of H 1(C�, CC� ), where CC� is the constant sheaf
on C

� given by CC� (U ) = C for all nonempty open subsets U of C
�.
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4.3 Algebraic Varieties

Our aim is to have some applications of sheaf co-homology in algebraic geometry.
The present section and the following section are devoted to introducing the basics
in algebraic geometry,viz., the theory of algebraic varieties, the theory of schemes,
and their relationships.

We recall some basic definitions and properties of affine and projective vari-
eties. Let K be an algebraically closed field. The set Kn is called the affine n-set
over K . The affine n-set Kn is also denoted by An

K . In vector notation, an ele-
ment (α1,α2, · · · ,αn) ∈ Kn is denoted by α. A polynomial f (X1, X2, · · · , Xn)

in K [X1, X2, · · · , Xn] will be denoted by f (X), and f (α1,α2, · · · ,αn) will be
denoted by f (α). Let Map(Kn, K ) denote the set of all maps from Kn to K .
Evidently, Map(Kn, K ) is a commutative algebra over K . We have the evalua-
tion map êv from the polynomial ring K [X1, X2, · · · , Xn] to Map(Kn, K ) given by
êv( f (X))(α) = f (α). Evidently, êv is an algebra homomorphism which is injec-
tive provided that K is infinite (Corollary 7.7.3, Algebra 1). In particular, if K is
algebraically closed, then êv is injective. The members of the image of êv are called
the polynomial functions. They are also called the regular functions on An

K .
We have a map V from the power set ℘(K [X1, X2, · · · , Xn]) of

K [X1, X2, · · · , Xn] to the power set ℘(Kn) of Kn defined by V (A) = {α ∈
Kn | f (α) = 0 f or all f (X) ∈ A}, where A is a subset of K [X1, X2, · · · , Xn].
Thus, V (A) is the set of all common zeros of A. Evidently, V (A) = V (< A >),
where < A > is the ideal generated by A. Recall that for an ideal B of a com-
mutative ring R with identity, the subset {a ∈ R | an ∈ B f or some n ∈ N} of
R is an ideal of R. This ideal is denoted by

√
B and it is called the radical

of B. Clearly, V (A) = V (
√

< A >). Note that V (∅) = An
K , V ({1}) = ∅,⋂

α∈� V (Aα) = V (
⋃

α∈� Aα), and V (A1)
⋃

V (A2) = V (A1A2). Thus, the fam-
ily {V (A) | A ⊆ K [X1, X2, · · · , Xn]} of zero sets of polynomials forms a fam-
ily of closed sets for a unique topology on Kn (Exercise7.7.1, Algebra 1). This
topology is called the Zariski topology on the affine n-set An

K , and An
K with the

Zariski topology is called the affine n-space. A set of the form V (A) is called
an affine algebraic subset. An ideal A of a ring is called a radical ideal if√
A = A. Since

√√
< A > = √

< A >, V defines a surjective map from the
set of radical ideals of K [X1, X2, · · · , Xn] to the set of all closed subsets of An

K .
We have the map I from the set of all subsets of An

K to the set of radical ideals
of K [X1, X2, · · · , Xn] defined by I (Y ) = { f (X) | f (α) = 0 f or all α ∈ Y }.
Note that I (Y ) = I (Y ). If K is an algebraically closed field, the Hilbert Null-
stellensatz asserts that I V (A) = √

< A >. Thus, if K is an algebraically closed
field, then V defines an inclusion reversing bijective map from the set of all radical
ideals of K [X1, X2, · · · , Xn] to the set of all affine algebraic subsets of An

K . Also,
V (I (Y )) = Y , where Y is the closure of Y in the Zariski topology.

A topological space X is said to be irreducible if it cannot be expressed as the
union of two proper closed subsets. A subset Y of a topological space X is said to
be irreducible if it is irreducible as a subspace of X . It can be easily verified that the



250 4 Sheaf Co-homology and Its Applications

closure of an irreducible set is irreducible, while an open subspace of an irreducible
space is always irreducible and also dense. An irreducible closed subset of An

K is
called an affine subvariety. An open subset of an affine variety is called a quasi-
affine variety. Thus, a quasi-affine variety is also irreducible. If Z is an irreducible
closed subset of a space Y , then an element z ∈ Z is called a generic point of Z if
{z} = Z .

Proposition 4.3.1 An affine algebraic subset Y of An
K is an affine subvariety of An

K if
and only if I (Y ) is a prime ideal of K [X1, X2, · · · , Xn]. In particular, An

K = V ({0})
is an affine variety.

Proof Suppose that Y is an affine subvariety of An
K . Suppose that f (X)g(X) ∈

I (Y ). Then Y ⊆ V ({ f (X)g(X)}) = V ({ f (X)})⋃
V ({g(X)}). In turn, Y =

(Y
⋂

V ({ f (X)}))⋃
(Y

⋂
V ({g(X))}). Since Y is irreducible, Y

⋂
V ({ f (X)}) =

Y or Y
⋂

V ({g(X)}) = Y . This means that f (X) ∈ I (Y ) or g(X) ∈ I (Y ). It fol-
lows that I (Y ) is a prime ideal. Conversely, suppose that P = I (Y ) is a prime ideal,
where Y is a closed subset of An

K . Suppose that Y = V (P) = Y ′ ⋃ Z ′, where Y ′
and Z ′ are closed sets. Then P = I (Y ) = I (Y ′)

⋂
I (Z ′). Since P is a prime ideal,

P = I (Y ′) or P = I (Z ′). Since Y ′ and Z ′ are closed, Y = V (I (Y ′)) = Y ′ or
Y = V (I (Z ′)) = Z ′. This shows that Y is irreducible. �

Let Y be an affine algebraic set in An
K . The difference ring

K [X1, X2, · · · , Xn]/I (Y ) is called the coordinate ring of Y and it is denoted by
�(Y ). Since I (Y ) is a radical ideal, the coordinate ring �(Y ) is a reduced ring
in the sense that it has no nonzero nilpotent elements. Indeed, the coordinate ring
�(Y ) is finitely generated reduced commutative algebra over K . Conversely, let
R = K [α1,α2, · · · ,αn] be a finitely generated commutative algebra generated
by {α1,α2, · · · ,αn} which is reduced as a ring. Then we have surjective algebra
homomorphism η from K [X1, X2, · · · , Xn] to R given by η( f (X)) = f (α)whose
kernel A is a radical ideal. Thus, R is isomorphic to the coordinate ring �(Y ) of Y ,
whereY = V (A). Further, it follows fromProposition 4.3.1 thatY is an affine variety
if and only if its coordinate ring is an integral domain. A function φ from Y to K is
called a regular function on Y if there is a polynomial f (X) ∈ K [X1, X2, · · · , Xn]
such that φ(α) = f (α) for all α ∈ Y .

Proposition 4.3.2 Every regular function from an affine algebraic subset Y of An
K

to K = A1
K is continuous.

Proof Let φ be a regular function from Y to K . By definition, there is a polynomial
f (X) ∈ K [X1, X2, · · · , Xn] such thatφ(α) = f (α) for allα ∈ Y . All proper closed
subsets of A1

K are finite subsets of K − {0}. Thus, it is sufficient to observe that
φ−1({a}) = {α ∈ Y | f (α) = a} = Y

⋂
V ({ f (X) − a}) is a closed subset of Y

for all nonzero elements a of K . �

The set of all regular functions on Y is denoted by ϑ(Y ). Evidently, ϑ(Y ) is a
ring under obvious addition and multiplication. The evaluation map ev induces a
surjective homomorphism from K [X1, X2, · · · , Xn] to ϑ(Y ) whose kernel is I (Y ).
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Thus, the coordinate ring �(Y ) of Y is also naturally isomorphic to the ring ϑ(Y ) of
regular functions on Y .

A map η from an affine algebraic subset Y to an affine algebraic subset Z over K
is called an affine morphism (also called a polynomial map) if φoη ∈ ϑ(Y ) for all
φ ∈ ϑ(Z). This is equivalent to say that η induces a homomorphism η� from ϑ(Z)

to ϑ(Y ) given by η�(φ) = φoη. This gives us the category of affine algebraic sets
over K . It can be easily seen that ϑ defines a contra-variant equivalence from this
category to the category of finitely generated reduced commutative algebras over K .
In turn, ϑ also induces a contra-equivalence from the category AV of affine varieties
over K to the category of finitely generated commutative algebras over K which are
integral domains.

Recall that a ring R is called a Noetherian ring if it satisfies the ascending chain
condition for ideals. On the same lines, a topological space X is called a Noetherian
space if it satisfies ascending chain condition for open sets or equivalently it satisfies
the descending chain condition for closed sets.

Proposition 4.3.3 Let Y be an affine algebraic set. Then �(Y ) is a Noetherian ring
and Y is a Noetherian space. In particular, An

K is a Noetherian space.

Proof By the Hilbert basis theorem, K [X1, X2, · · · , Xn] is Noetherian. Since the
quotient of a Noetherian ring is a Noetherian ring, �(Y ) is Noetherian. Let

Y1 ⊇ Y2 ⊇ · · · ⊇ Yr ⊇ Yr+1 ⊇ · · ·

be a descending chain of closed subsets of Y . Then we have an ascending chain

I (Y1)/I (Y ) ⊆ I (Y2)/I (Y ) ⊆ · · · ⊆ I (Yr )/I (Y ) ⊆ I (Yr+1)/I (Y ) ⊆ · · ·

of ideals of �(Y ). Since �(Y ) is Noetherian, there is a natural number m such that
I (Yr )/I (Y ) = I (Yr+1)/I (Y ) for all r ≥ m. It follows that I (Yr ) = I (Yr+1) for
all r ≥ m. Hence Yr = V (I (Yr )) = V (I (Yr+1)) = Yr+1 for all r ≥ m. �

Proposition 4.3.4 Let X be a Noetherian space. Then every nonempty closed set Y
of X can be expressed as

Y = Y1
⋃

Y2
⋃

· · ·
⋃

Yn,

where each Yi is irreducible and Yi � Y j for all i �= j . Further, this representation
is unique up to rearrangements.

Proof We first show that for every nonempty nonirreducible closed subset Y of X ,
there is an irreducible closed subset Y1 and a proper closed subset Z1 of Y such
that Y = Y1

⋃
Z1. Let Y be a nonempty nonirreducible closed subset of X . Then

there are proper closed subset Y1 and Z1 of Y such that Y = Y1
⋃

Z1. If Y1 is
irreducible, we are done. If not, there are proper closed subsets Y2 and Z2 of Y1 such
that Y1 = Y2

⋃
Z2. If Y2 is irreducible, then Y = Y2

⋃
(Z2

⋃
Z1) and we are done.
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If not proceed. Since X satisfies the descending chain condition for closed sets, this
process terminates after finitely many steps giving an irreducible closed subset Yr of
Y together with closed subsets Zr , Zr−1, · · · , Z1 of Y such that

Y = Yr
⋃

(Zr

⋃
Zr−1

⋃
· · ·

⋃
Z1),

and we are done.
Next, we show that every nonempty closed subset Y of X is expressible as the

union of finitely many irreducible closed sets. Let Y be a nonempty closed subset of
X . If Y is irreducible, then there is nothing to do. Suppose that Y is not irreducible.
From our earlier observation, there is an irreducible proper closed subset Y1 and a
nonempty proper closed set Z1 of Y such that Y = Y1

⋃
Z1. If Z1 is irreducible, then

there is nothing to do. Suppose that Z1 is not irreducible. Again, from our previous
observation, there is an irreducible closed subset Y2 of Z1 ( and so of Y ) and a closed
subset Z2 such that Z1 = Y2

⋃
Z2. In turn, Y = Y1

⋃
Y2

⋃
Z2, where Y1 and Y2

are irreducible. If Z2 is irreducible, then again we are done. If Z2 is not irreducible,
proceed as above. This process terminates after finitely many steps expressing Y as
the union of finitely many irreducible closed sets, because of the descending chain
condition for closed sets in X .

Now, suppose that
Y = Y1

⋃
Y2

⋃
· · ·

⋃
Yn,

where each Yi is irreducible. Removing Yi from the above representation whenever
Yi ⊆ Y j , and proceeding inductively we arrive at a representation of Y of the desired
type. Now to establish the uniqueness of the representation, suppose that

Y = Y1
⋃

Y2
⋃

· · ·
⋃

Yn = Y ′
1

⋃
Y ′
2

⋃
· · ·

⋃
Y ′
m,

where Yi and Y ′
k are irreducible, Yi � Y j , and Y ′

k � Y ′
l for all i �= j and k �= l. We

use induction on max(m, n) to show that m = n, and after some rearrangement
Yi = Y ′

i for all i . Ifmax(m, n) = 1, thenm = 1 = n and Y = Y1 = Y ′
1. Assume

the induction hypothesis. Clearly,

Y ′
1 = (Y1

⋂
Y ′
1)

⋃
(Y2

⋂
Y ′
1)

⋃
· · ·

⋃
(Yn

⋂
Y ′
1).

Since Y ′
1 is irreducible, Yi

⋂
Y ′
1 = Y ′

1 for some i . After rearranging, we may assume
that Y1

⋂
Y ′
1 = Y ′

1. This means that Y ′
1 ⊆ Y1. Again, using the same argument for

Y1 we see that Y1 ⊆ Y ′
k for some k. But then Y ′

1 ⊆ Y ′
k . Hence k = 1 and Y ′

1 = Y1.
Clearly,

Y − Y1 = Y2
⋃

Y3
⋃

· · ·
⋃

Yn = Y ′
2

⋃
Y ′
3

⋃
· · ·

⋃
Y ′
m .

By the induction hypothesis, m = n and after some rearrangement Yi = Y ′
i for all

i . �
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Corollary 4.3.5 Every affine algebraic set has a unique representation as a union
of finitely many affine algebraic varieties as described in the above proposition. �

Definition 4.3.6 Let X be a topological space. Then sup{n ∈ N
⋃{0} | there is a

chain Y0 ⊂ Y1 ⊂ Y2 ⊂ · · · ⊂ Yn of distinct irreducible closed sets}, if exists, is
called thedimension of X . The dimension of X is denoted by dimX . If the supremum
does not exist, then we say that X is of infinite dimension.

Since the singletons are the only irreducible closed subsets of a discrete space,
a discrete space is 0 dimensional. An infinite co-finite space is of dimension 1. In
particular the dimension of A1

K is 1 whenever K is infinite.

Definition 4.3.7 Let P be a prime ideal of a commutative ring R. The height ht (P)

of the prime ideal P is defined to be sup{n ∈ N
⋃{0} | there is a chain P0 ⊂ P1 ⊂

P2 ⊂ · · · ⊂ Pn = P of distinct prime ideals}. The Krull dimension of R is
defined to be the supremum of heights of prime ideals of R.

Thus, the height of a nonzero prime ideal of a PID is 1, and hence the Krull dimension
of a PID is 1. Evidently, the Krull dimension of a field is 0. The following theorem
is useful in computing the Krull dimension of a ring, and its proof can be found in
“Introduction to Commutative Algebra” by Atiyah and Mcdonald.

Theorem 4.3.8 Let R be an integral domain which is finitely generated algebra over
a field K . Then we have the following:

(i) The Krull dimension of R is the transcendence degree of the field extension K (R)

over K , where K (R) is the field of fractions of R.
(ii) Given any prime ideal P of R, the Krull dimension of R is ht (P) + DimR/P.

�

Corollary 4.3.9 The Krull dimension of K [X1, X2, · · · , Xn] is n.
Proof Since the transcendence degree of K (X1, X2, · · · , Xn) over K is n, the result
follows. �

Proposition 4.3.10 The dimension of the affine algebraic set Y over K is the same
as the Krull dimension of the coordinate ring �(Y ) of Y .

Proof Observe that the correspondence Y �→ I (Y ) is a bijective inclusion reversing
map from the set of all irreducible closed subsets of An

K to the set of all prime ideals
of K [X1, X2, · · · , Xn]. Consequently, we have a bijective inclusion reversing map
Z �→ I (Z)/I (Y ) from the set of irreducible closed subsets of an affine algebraic set
Y to the set of prime ideals of �(Y ). The result follows. �

Corollary 4.3.11 The dimension of An
K is n.

Proof The proof follows from the above proposition and the corollary. �

The proof of the following theorems can also be found in “Introduction to Com-
mutative Algebra” by Atiyah and Mcdonald.
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Theorem 4.3.12 Let f be an element of a Noetherian ring which is neither a zero
divisor nor a unit. Let P be a minimal prime ideal containing f . Then ht (P) = 1.
�

Theorem 4.3.13 Let R be a Noetherian integral domain. Then R is a UFD if and
only if every prime ideal of R of height 1 is a principal ideal. �

Corollary 4.3.14 An affine subvariety Y of An
K is of dimension n − 1 if and only

if Y is a hyper-surface V ({ f (X)}), where f (X) is an irreducible polynomial in
K [X1, X2, · · · , Xn].
Proof Suppose that Y = V ({ f (X)}), where f (X) is an irreducible polynomial in
K [X1, X2, · · · , Xn]. Then I (Y ) is the prime ideal generated by f (X). It follows
from Theorem 4.3.12 that ht (I (Y )) = 1. By Proposition 4.3.10, dimY is the Krull
dimension of �(Y ). Finally by Theorem 4.3.8, the Krull dimension of �(Y ) is n − 1.

Conversely, Let Y be an affine subvariety of An
K of dimension n − 1. Then the

Krull dimension of�(Y ) = K [X1, X2, · · · , Xn]/I (Y ) is n − 1. This means that the
height of the prime ideal I (Y ) in K [X1, X2, · · · , Xn] is 1. Since K [X1, X2, · · · , Xn]
is UFD, it follows fromTheorem 4.3.13 that I (Y ) is a principal ideal< f (X) > gen-
erated by an irreducible polynomial f (X). Evidently, Y = V (I (Y )) = V ({ f (X)}.
�

Projective Varieties
Let K be an algebraically closed field. Define a relation ≈ on An+1

K − {0} by putting
α ≈ β if there is a λ ∈ K − {0} such that λα = β. Clearly, ≈ is an equivalence
relation. The equivalence class determined byα = (α0,α1, · · · ,αn)will be denoted
by α̂. We shall term α as a homogeneous coordinate of α̂. The quotient set thus
obtained is denoted by Pn

K , and it is called the projective n-set over K . The points in
Pn
K can be viewed as affine lines in An+1

K passing through the origin. For each i, 0 ≤
i ≤ n,wehave an injectivemapηi from An

K to Pn
K givenbyηi (α1,α2, · · · ,αn) = β̂i ,

where βi = (α1,α2, · · · αi−1, 1,αi ,αi+1, · · · ,αn). We shall denote the image of
ηi in Pn

K by Ui . It can be easily observed that
⋃n

i=0Ui = Pn
K .

Recall that a ring R together with the internal direct sum decomposition
⊕ ∑

n∈N⋃{0} Rn of the abelian group (R,+) is called a graded ring if RnRm ⊆ Rn+m .
The members of Rn are called the homogeneous elements of R of degree n. Evi-
dently, every element a ∈ R − {0} can be uniquely expressed as a = am1 + am2 +
· · · + amr , where ami ∈ Rmi − {0},m1 < m2 < · · · < mr . An ideal A of R is called a
homogeneous ideal if whenever a = am1 + am2 + · · · + amr ,m1 < m2 < · · · < mr

is a member of A, each ami ∈ A. Equivalently, an ideal A of R is a homogeneous
ideal if (A,+) is the direct sum ⊕∑

n∈N⋃{0} Rn
⋂

A. It can be easily seen that the
sum, intersection, and product of homogeneous ideals are homogeneous. The radical
of a homogeneous ideal is also homogeneous. A homogeneous ideal P is a prime
ideal if and only if whenever the product of two homogeneous elements belongs to
P , at least one of them is in P .

The most important example of a graded ring in which we shall be inter-
ested is the polynomial ring K [X0, X1, · · · , Xn]. Let Md denote the vector sub-
space of K [X0, X1, · · · , Xn] generated by the the monomials of degree d. Then
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K [X0, X1, · · · , Xn] = ⊕∑
d≥0 Md . Let f (X) be a homogeneous polynomial of

degree d. Then f (λα) = λd f (α) for all λ ∈ K . Thus, given a homogeneous poly-
nomial f (X) andα ≈ β, f (α) = 0 if and only if f (β) = 0. Let S be a set of homo-
geneous polynomials. The set V (S) = {α̂ | f (α) = 0 f or all f ∈ S} is called
a projective algebraic set. If A is a homogeneous ideal of K [X0, X1, · · · , Xn],
then V (A) is defined to be V (S), where S is the set of all homogeneous elements
in A. Evidently, V (S) = V (< S >) for all sets of homogeneous elements. Since
K [X0, X1, · · · , Xn] is Noetherian, a homogeneous ideal A is generated by finitely
many polynomials. Taking the homogeneous components of the generating set of
polynomials, we can find a finite set S = { f1(X), f2(X), · · · , fr (X)} of homo-
geneous polynomials in A such that V (A) = V (S). As in the case of affine n-set
An
K , the family of projective algebraic subsets of Pn

K forms a family of closed sets
for a topology on Pn

K . This topology is called the Zariski topology, and Pn
K with

this topology is called the Projective n-space. Irreducible closed subsets of Pn
K

are called projective varieties. Open subsets of projective varieties are termed as
quasi-projective varieties.

Proposition 4.3.15 For each i, 0 ≤ i ≤ n, the map ηi from An
K to Pn

K is a homeo-
morphism on to the image Ui = Pn

K − V ({Xi }).
Proof We have already seen that ηi is an injective map. Evidently, the image of ηi
is contained in Pn

K − V ({Xi }). Further, let α̂ be an element of Pn
K − V ({Xi }), where

αi �= 0. Then α̂ = β̂, where β j = α j

αi
. Clearly, β̂ is in the image of ηi . This shows

that ηi is a bijective map from An
K toUi . Evidently, eachUi is an open subset of Pn

K .
Further, it is a straightforward verification to show that ηi and its inverse are closed
maps. �

Corollary 4.3.16 Any projective (quasi-projective) subvariety of Pn
K can be covered

by open subsets U0,U1, · · · ,Un, each being homeomorphic to affine (quasi-affine)
subvarieties of An

K . �

Let Y be a projective algebraic subset of Pn
K . The homogeneous ideal I (Y )

is defined to be the ideal of K [X0, X1, · · · , Xn] generated by the set { f (X) |
f (X) is homogeneous and f (α) = 0 f or all α̂ ∈ Y }. The difference ring
K [X0, X1, · · · , Xn]/I (Y ) is called the homogeneous coordinate ring of Y , and
it is denoted by �h(Y ).

Unlike ideals, the projective algebraic set V (A) determined by a proper homo-
geneous ideal may be an empty set. For example, V ({Xr

0, X
r
1, · · · , Xr

n+1}) = ∅ for
r > 0. Thus, if A is a proper homogeneous ideal which containsMr , r > 0 (for exam-
ple, A = M+ = ⊕ ∑

r>0 Mr ), then V (A) = ∅. Observe that M+ is a maximal
ideal of K [X0, X1, · · · , Xn] but unlike the affine case, it corresponds to no points in
Pn
K . Of course, it corresponds to 0 in An+1

K . This homogeneous ideal is termed as an
irrelevant maximal ideal for the projective n-space. The following proposition is an
analogue of Nullstellensatz for homogeneous polynomials.

Proposition 4.3.17 Let A be a proper homogeneous ideal of K [X0, X1, · · · , Xn],
and f (X) be a homogeneous polynomial of positive degree such that f (X) ∈
I (V (A)). Then f (X) ∈ √

A.
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Proof As already observed, there is a finite set { f1(X), f2(X), · · · , fr (X)} of
homogeneous elements of A such that A = < { f1(X), f2(X), · · · , fr (X)} > and
V (A) = V ({ f1(X), f2(X), · · · , fr (X)}). Since f (X) ∈ I (V (A)), f (X) ∈ I ({α ∈
An+1
K | fi (α) = 0 f or all i}. From the Hilbert Nullstellensatz,

f (X) ∈
√

< { f1(X), f2(X), · · · , fr (X)} > = √
A. �

Proposition 4.3.18 Let A be a homogeneous ideal of K [X0, X1, · · · , Xn]. Then the
following conditions are equivalent:

1. V (A) = ∅.
2.

√
A = K [X0, X1, · · · , Xn] or

√
A = M+.

3. Mr ⊆ A for some r > 0.

Proof Assume 1. Since V (A) = ∅, any homogeneous polynomial f (X) belongs
to I (V (A)). In particular, Xi ∈ I (V (A)) for each i . From the above proposition,
Xi ∈ √

A for each i . Since
√
A is also homogeneous, M+ ⊆ √

A. Since M+ is a
maximal ideal,

√
A = K [X0, X1, · · · , Xn] or

√
A = M+.

2. For each i , there is a natural number ri such that X
ri
i ∈ A. Take r = max{ri , 0 ≤

i ≤ n}. Then Xr
i ∈ A for all i . Since A is homogeneous, Mr ⊆ A.

3. Then {Xr
i | 0 ≤ i ≤ n} ⊆ A. Hence V (A) ⊆ V ({Xr

i | 0 ≤ i ≤ n}). Evidently,
V ({Xr

i | 0 ≤ i ≤ n}) = ∅. �
Corollary 4.3.19 Let A be a homogeneous ideal in K [X0, X1, · · · , Xn] such that
the projective algebraic set V (A) is a nonempty set. Then I (V (A)) = √

A.

Proof By definition, I (V (A)) is generated by the set of homogeneous polynomials
f (X) such that f (α) = 0 for all α̂ ∈ V (A). Since V (A) �= ∅, f (X) is of positive
degree. From Proposition 4.3.17, f (X) ∈ √

A. This shows that I (V (A)) ⊆ √
A.

Since A is homogeneous,
√
A is homogeneous. This means that

√
A is generated

by the set of homogeneous polynomials in
√
A. Again, since V (A) �= ∅, √

A is
properly contained in M+. Let f (X) be a homogeneous polynomial in

√
A. Then

( f (X))r ∈ A for some r > 0. Evidently, ( f (X))r is also homogeneous. This means
that ( f (α))r = 0 for all α̂ ∈ V (A). In turn, f (α) = 0 for all α̂ ∈ V (A). By the
Hilbert Nullstellensatz, f (X) ∈ I (V (A)). �

Corollary 4.3.20 V defines a bijective correspondence from the set of all homo-
geneous radical ideals different from M+ to the set of all projective algebraic sets.
Further, under this correspondence, prime homogeneous ideals and projective alge-
braic varieties correspond. In particular, Pn

K is a projective variety. �

Though the concept of variety is more general and abstract, for the time being,
a variety will mean a quasi-affine or a quasi-projective variety. Our next aim is to
introduce the concept of morphisms between varieties, and in turn, the category of
varieties.
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Definition 4.3.21 Let Y be an quasi-affine subvariety of An
K . A map φ from Y to

A1
K is called a regular function at a point p in Y if there is an open subset U of Y

containing p together with a pair of polynomials f (X), g(X) in K [X1, X2, · · · , Xn]
such that g(q) �= 0 for all q ∈ U and φ(q) = f (q)

g(q)
for all q ∈ U . We say that it is a

regular function on Y if it is regular at each point of Y .

We shall see soon that this definition of regular function agrees with our earlier
definition of regular functions from affine varieties.

Proposition 4.3.22 Every regular function from a quasi-affine sub variety Y of An
K

to A1
K is continuous.

Proof Let Y be a regular function from a quasi-affine variety Y to A1
K . Let p be

a member of Y . We show that φ is continuous at p. Suppose that φ(p) belongs
to A1

K − {a}. Since φ is regular at p, there is an open subset U of Y containing
p and polynomials f (X) and g(X) in K [X1, X2, · · · , Xn] such that g(q) �= 0 for
all q ∈ U and φ(q) = f (q)

g(q)
. In particular, f (p)

g(p) �= a. Evidently, φ((Y − V ( f (X) −
ag(X)))

⋂
U ) ⊆ A1

K − {a}. This means that φ−1(A1
K − {a}) is open for all a ∈ K .

Since the family {A1
K − {a} | a ∈ K } forms a subbasis for the topology of A1

K , it
follows that φ is continuous at p. �

Now, we introduce the notion of regular functions on a quasi-projective variety.
Let f (X) and g(X) be homogeneous polynomials in K [X0, X1, · · · , Xn] of the

same degrees. Then f (X)

g(X)
defines a map φ from Pn

K − V (g(X)) to A1
K given by

φ(α̂) = f (α)

g(α)
.

Definition 4.3.23 Amapφ from a quasi-projective sub variety Y of Pn
K to A1

K is said
to be a regular function at p̂ ∈ Y if there is anopen subsetU ofY containing p̂ together
with a pair of homogeneous polynomials f (X) and g(X) in K [X0, X1, · · · , Xn] of
the same degrees such that g(q̂) �= 0 for all q̂ ∈ U and φ(q̂) = f (q)

g(q)
. We say that φ

is regular on Y if it is regular at each point of Y .

As in Proposition4.3.22, we can easily show that a regular function on a quasi-
projective variety is continuous.

Proposition 4.3.24 Let φ and ψ be two regular functions on a variety Y which agree
with a nonempty open subset U of Y . Then φ = ψ.

Proof Evidently, φ and ψ agree on the closed set (φ − ψ)−1{0} which contains U .
Thus, φ and ψ agree on the closure of U . Since an open subset of an irreducible
closed set is dense, φ = ψ on Y . �

Proposition 4.3.25 Let Y be a variety. Then the sum and the product of regular
functions on Y are regular functions, and the set ϑ(Y ) of regular functions on Y is
a commutative integral domain with respect to the addition and multiplication of
regular functions. It is also a commutative algebra over K .
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Proof Let Y be a quasi-affine variety. Let φ and ψ be regular functions on Y . Then
for each point p of Y , there is an open subset U of Y containing p together with
polynomials f (X), g(X), h(X), and k(X) such that for each q ∈ U , g(q) �= 0 �=
k(q), φ(q) = f (q)

g(q)
, and ψ(q) = h(q)

k(q)
. In turn, we have polynomials u(X) =

f (X)k(X) + g(X)h(X), v(X) = g(X)k(X), and w(X) = f (X)h(X) such that
(φ + ψ)(q) = u(q)

v(q)
and (φψ)(q) = w(q)

v(q)
. This shows that φ + ψ and φψ are regular

functions. The result for the projective variety also follows for, if f (X), g(X) are
homogeneous of the same degrees and h(X), k(X) are homogeneous of the same
degrees, then u(X), v(X), and w(X) are also homogeneous of the same degrees.
Next, suppose that φ · ψ = 0, where φ and ψ are regular functions. Suppose that
φ(P) �= 0 at some point P of Y . Sinceφ is continuous, there is an open neighborhood
W of P such that φ(Q) �= 0 for all Q ∈ W . But then ψ(Q) = 0 for all Q ∈ W .
Thus, the zero regular function and the regular function ψ agree on a nonempty open
setW . From Proposition 4.3.24, ψ = 0. This shows that ϑ(Y ) is an integral domain.
The scalar multiplication on ϑ(Y ) is defined in an obvious way. �

Let Y be a variety over an algebraically closed field K . For each open subset U
of Y , we have a finitely generated K algebra ϑY (U ) of regular functions defined on
U . This together with natural restriction homomorphisms defines a natural sheaf ϑY

of finitely generated K algebras over Y .

Definition 4.3.26 A continuous map η from a variety Y over K to a variety Y ′ over
K is called a morphism from Y to Y ′ if for every open subset U ′ of Y ′ and for
every regular function φ from U ′ to A1

K , the map (φoη)|η−1(U ′) from η−1(U ′) to
A1
K is a regular function on η−1(U ′). Evidently, the composition of two morphisms

is a morphism. This gives us a category V AR of varieties over K . Two varieties
Y and Y ′ are said to be isomorphic if there is an isomorphism from Y to Y ′ in
this category. Thus, a morphism η from a variety Y over K to a variety Y ′ over
K induces naturally a morphism (η, η�) from the ringed space (Y,ϑY ) to (Y ′,ϑY ′),
where η

�

U ′ is the homomorphism from ϑY ′(U ′) to (η�ϑY )(U ′) = ϑY (η−1(U ′)) given
by η�

U (φ) = φoη|η−1(U ).

One of the guiding problems in algebraic geometry is to classify varieties up to
isomorphism. As usual, one is always in search of invariants of varieties, and uses
them to roam around this problem.

Proposition 4.3.27 ϑ defines a contra-variant functor from the category V AR to
the category of commutative algebras over K . In particular, ϑ(Y ) is an invariant of
Y .

Proof Given any morphism η from Y to Y ′, we have a map ϑ(η) from ϑ(Y ′) to ϑ(Y )

givenbyϑ(η)(φ) = φoη. It canbe easily seen thatϑ(η) is an algebra homomorphism.
Evidently, ϑ(ρoη) = ϑ(η)oϑ(ρ) and ϑ(IY ) = Iϑ(Y ). �

Local Ring of a Variety at a Point
Let Y be a variety, and let P be a point in Y . Let us denote the set of germs of the
regular functions on Y at P by ϑY,P . More explicitly, ϑY,P is the set
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{(U,φ) | U is open set containing P and φ is regular f unction on U }

of equivalence classes, where (U,φ) = (V,ψ) if and only if there is an open
set W such that P ∈ W ⊆ U

⋂
V and φ|W = ψ|W . It can be seen easily

that (U,φ) + (V,ψ) = (U
⋂

V,φ|(U ⋂
V ) + ψ|(U ⋂

V )), (U,φ) · (V,ψ) =
(U

⋂
V,φ|(U ⋂

V ) · ψ|(U ⋂
V )), and α((U,φ)) = (U,αφ) define operations

in ϑY,P with respect to which it is a commutative algebra over K . The ring ϑY,P

is called the local ring of Y at P . We have a map χ from ϑY,P to K given by
χ((U,φ)) = φ(P). Evidently, χ is a surjective homomorphism whose kernel MY,P

is a maximal ideal of ϑY,P . Suppose that (U,φ) ∈ ϑY,P − MY,P . Then φ(P) �= 0.
Since φ is continuous at P , there is an open neighborhood W of P contained in U
such that φ(Q) �= 0 for all Q ∈ W . Evidently, the map ψ from W to K given by
ψ(Q) = (φ(Q))−1 is a regular function on W . Clearly, (W,ψ) · (U,φ) is the iden-
tity (Y, 1) of ϑY,P , where 1 is the constant function. This shows that ϑY,P is a local
ring in the sense that it has unique maximal ideal consisting of noninvertible ele-
ments. We have the natural embedding ι from ϑ(Y ) to ϑY,P given by ι(φ) = (Y,φ).
We can treat ϑ(Y ) as a subring of ϑY,P through this embedding. Indeed, ϑY,P can
be naturally identified with the localization of ϑ(Y ) at the prime ideal consisting of
those regular functions on Y which vanish at P .

Function Field of a Variety

Let Y be a variety. Let K (Y ) denote the set

{(U,φ) | U is nonempty open subset o f Y and φ is regular f unction on U }

of equivalence classes, where (U,φ) = (V,ψ) if there is a nonempty open subset
W contained in U

⋂
V such that φ|W = ψ|W . The members of K (Y ) are called

the rational functions on Y . Let (U,φ) and (V,ψ) be members of K (Y ). Then U
and V are nonempty open subsets of Y . Since Y is irreducible, U

⋂
V �= ∅. As

in the case of ϑY,P , we have addition + and the multiplication · in K (Y ) given
by (U,φ) + (V,ψ) = (U

⋂
V,φ|(U ⋂

V ) + ψ|(U ⋂
V )), and (U,φ) · (V,ψ) =

(U
⋂

V,φ|(U ⋂
V ) · ψ|(U ⋂

V )), with respect to which it is a commutative ring.
Let (U,φ) be a nonzero element of K (Y ). Then φ is nonzero on U . Since φ is
continuous, there is a nonempty open subset W contained in U such that φ(Q) �= 0
for all Q ∈ W . Evidently, the function ψ from W to K given by ψ(Q) = φ(Q)−1

is a regular function on W . It is easy to observe that (W,ψ) · (U,φ) is the identity
(Y, 1) of K (Y ). This shows that K (Y ) is a field. This field is called the function field
of Y .

Evidently, ϑY,P is a subring of K (Y ). In turn, ι is an embedding of ϑ(Y ) to K (Y ).
We show that K (Y ) is naturally isomorphic to the field F(ϑ(Y )) of fractions of ϑ(Y ).
The map ι is an embedding of the integral domain ϑ(Y ) into the field, and hence
it induces an injective homomorphism ι from F(ϑ(Y )) to K (Y ) which is given by

ι( φ
ψ
) = (Y,φ)(Y,ψ)

−1
. First let us suppose thatY is a quasi-affine variety. Let (U,φ)

be a nonzero member of K (Y ). Then there is an open setW contained inU together
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with polynomials f (X) and g(X) such that φ(α) = f (α)

g(α)
for all α ∈ W . We have

regular functions μ and ν on Y given by μ(α) = f (α) and ν(α) = g(α). Clearly,
(U,φ) = ι(μ

ν
). This shows that ι is an isomorphism. IfY is a quasi-projective variety,

then we can take polynomials f (X) and g(X) to be homogeneous polynomials of
the same degrees, and the proof goes as above. Observe that the function field K (Y )

is also an invariant of the variety.

Proposition 4.3.28 Let Y ⊆ An
K be an affine variety, where K is an algebraically

closed field. Then (i) there is a natural isomorphism η from the coordinate ring �(Y )

to the ring ϑ(Y ) of regular functions on Y , and (ii) the function field K (Y ) of Y is a
field extension of K in a natural manner with the transcendence degree equal to the
dimension of the variety Y .

Proof A member f (X) + I (Y ) of �(Y ) gives a map f̂ from Y to K defined by
( f̂ )(α) = f (α). Evidently, ( f̂ ) ∈ ϑ(Y ). The map η from �(Y ) to ϑ(Y ) defined by
η( f (X) + I (Y )) = ( f̂ ) is easily seen to be an injective homomorphism from the
ring �(Y ) to the ring ϑ(Y ). Let φ be a member of ϑ(Y ). Then for each point P ∈ Y ,
we have an open subset UP of Y together with a pair fP(X) and gP(X) of polyno-
mials in K [X ] such that gP(α) �= 0 and φ(α) = fP (α)

gP (α)
for all α ∈ UP . Evidently,

UP ⊆ Y − V ({gP(X)}) for each P ∈ Y . Since Y is compact, we have finitely many
points P1, P2, · · · , Pr in Y such that Y = ⋃r

i=1UPi = ⋃r
i=1(Y − V ({gPi (X)}) =

Y − ⋂r
i=1 V ({gPi (X)}) = Y − V ({gP1(X), gP2(X), · · · , gPr (X)}). This means that

Y
⋂

V ({gP1(X), gP2(X), · · · , gPr (X)}) = ∅. By the Hilbert Nullstellensatz, I (Y )+
< {gP1(X), gP2(X), · · · , gPr (X)} > = K [X ]. Hence there is a polynomial h(X) ∈
I (Y ) and polynomials h1(X), h2(X), · · · , hr (X) in K [X ] such that

1 = h(X) + h1(X)gP1(X) + h2(X)gP2(X) + · · · + hr (X)gPr (X).

Thus, h1(X)gP1(X) + h2(X)gP2(X) + · · · + hr (X)gPr (X) restricted to Y is the con-
stant function 1 on Y . Multiplyingwithφ, we obtain thatφ(α) = p(α) for allα ∈ Y ,
where p(X) is the polynomial h1(X) fP1(X) + h2(X) fP2(X) + · · · + hr (X) fPr (X).
This shows that η(p(X) + I (Y )) = φ. The rest follows fromTheorem 4.3.8, Propo-
sition 4.3.10, and the fact that η is an isomorphism. �

Tangent Space and Singularities

Let Y ⊆ An
K be an affine variety, where K is an algebraically closed field. Let a ∈ Y .

We say that a vector v ∈ Kn is a tangent vector toY at the point a if d f (a+tv)

dt |t=0 = 0
for all f ∈ I (Y ). This is equivalent to say that every polynomial f in I (Y ) is of the
form

f = w1(X1 − a1) + w2(X2 − a2) + · · · + wn(Xn − an) + g,

wherew1v1 + w2v2 + · · · + wnvn = 0 and g ∈ (Ma)
2, Ma being the maximal ideal

determined by the point a. The set Ta(Y ) of tangent vectors to Y at the point a forms
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a vector space over K , which, of course, depends on a particular embedding of Y in
an affine space.

Ler R be a commutative K -algebra, and M be a K -space which is also an R-
module. A K -linear map d from R to M is called a derivation if d(ab) = d(a)b +
ad(b) for all a, b ∈ R. Each v ∈ An

K determines amap Dv from K [X1, X2, · · · , Xn]
= �(An

K ) to itself which is given by

Dv( f ) = v1
∂ f

∂X1
+ v2

∂ f

∂X2
+ · · · + vn

∂ f

∂Xn
.

Evidently, Dv is a derivation on the K -algebra K [X1, X2, · · · , Xn]. To say that v is
a tangent vector to Y at a point a ∈ Y is to say that Dv( f )(a) = 0 for all f ∈ I (Y ).
We have a �(Y )-module structure on (K ,+) given by ( f + I (Y ))α = f (a)α. This
module is denoted by Ka . Since Dv( f )(a) = 0 for all f ∈ I (Y ), it induces a K -
linear map D̂v from �(Y ) to Ka given by D̂v( f + I (Y )) = Dv( f )(a). It is easy
to observe that D̂v is a derivation. The map ρ from Ta(Y ) to Der(�(Y ), Ka) given
by ρ(v) = D̂v is an K -linear map. Let d be a member of Der(�(Y ), Ka). Suppose
that d((Xi − ai ) + I (Y )) = vi , 1 ≤ i ≤ n. We show that d = D̂v = ρ(v), where
v = (v1, v2, · · · , vn). Since d(1) = d(1 · 1) = d(1)1 + 1d(1), it follows that
d(1) = 0. In turn, d(α) = 0 for all constant polynomials α. Further,

d(((xi − ai ) + I (Y ))(((X j − a j ) + I (Y )))) = d(((Xi − ai ) + I (Y )))(X j − a j )|a
+ (Xi − ai )|ad(((X j − a j ) + I (Y ))) = 0

for all i, j . Using induction, we can show that d(( f + I (Y ))) = 0, whenever f
is a polynomial in {(X1 − a1), X2 − a2), · · · , (Xn − an)} of degree at least 2. Let
f + I (Y ) be a member of �(Y ). The Taylor representation of f at a is given by

f = f (a) +
n∑

i=1

(Xi − ai )
∂ f

∂Xi
|a + g,

where g is a polynomial in {(X1 − a1), X2 − a2), · · · , (Xn − an)} of degree at least
2. It follows that d( f + I (Y ) = D̂v( f + I (Y )). This shows that ρ is a surjective
linear transformation.

The above discussion prompts us to have the following definition.

Definition 4.3.29 Let Y be an affine variety over an algebraically closed field K ,
and a ∈ Y . Then Der(�(Y ), Ka) is called the Tangent space to Y at the point a.

Note that the definition of the tangent space is independent of the embedding. We
also view and interpret the tangent space from a different angle as follows.

Proposition 4.3.30 There is a natural K -isomorphism from Der(�(Y ), Ka) to
HomK ( Ma

(Ma)2
, K ), where Ma = { f + I (Y ) | f (a) = 0} is the maximal ideal of

�(Y ) determined by the point a.
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Proof Letd ∈ Der(�(Y ), Ka). Evidently,d|Ma is a linear transformation fromMa to
Ka such that (Ma)

2 ⊆ Ker d|Ma . Thus, d induces a linear transformation d̂ from Ma
(Ma)2

to K (note that Ka is the same as K considered as a vector space over K ). This gives us
a natural vector space homomorphism μ from Der(�(Y ), Ka) to HomK ( Ma

(Ma)2
, K )

given by μ(d) = d̂ . We show that μ is an isomorphism. Suppose that d̂ = 0.
Then d|Ma is a zero transformation from Ma to Ka . Using the Taylor expansion
about a, we observe that any f ∈ K [X1, X2, · · · , Xn] can be uniquely expressed as
f = f (a) + f +, where f + ∈ Ma . Clearly, d( f + I (Y )) = d( f + + I (Y )) = 0.
This shows that μ is injective. Next, let φ be a homomorphism from Ma

(Ma)2
to K . Then

φ is induced by a homomorphismψ fromMa to K such thatψ((Ma)
2) = {0}. Define

a map d from �(Y ) to K by putting d( f + I (Y )) = ψ( f +). It can be seen that
d ∈ Der(�(Y ), Ka). Evidently μ(d) = φ. This shows that μ is an isomorphism. �

As such, without any loss, we can also term the dual space HomK ( Ma
(Ma)2

, K ) of
Ma

(Ma)2
as the tangent space of Y at the point a.

In general, Dim Ta(Y ) ≥ Dim Y . We say that a is a nonsingular point of Y if
Dim Ta(Y ) = Dim Y . A point which is not nonsingular is called a singular point. A
variety Y is said to be a nonsingular variety if all points of Y are nonsingular. It can
be checked that the set Sing(Y ) of singular points of Y forms a proper closed subset
or equivalently, the set of nonsingular points of an affine variety forms a nonempty
open set.

Let Y and Y ′ be affine varieties over an algebraically closed field K . Let φ be
a morphism from Y to Y ′. Then φ induces a K -algebra homomorphism �(φ) from
�(Y ′) to �(Y ) which is given by �(φ)( f ′) = f ′oφ. Let y ∈ Y and y′ = φ(y).
Then, we have a linear map dφy from Ty(Y ) = Der(�(Y ), Ky) to Ty′(Y ′) =
Der(�(Y ′), Ky′) which is given by dφy(d)( f ′) = d(�(φ)( f ′)) = d( f ′oφ). The
map dφy is called the differential of φ at y. Indeed, we have a functor � from
the category V AR� of pointed varieties over an algebraically closed field K to the
category V ECTK of vector spaces over K which associates with each pointed variety
(Y, y) the tangent space Ty(Y ), and with each morphism φ from (Y, y) to (Y ′, y′),
the linear map �(φ) = dφy described above.

A Noetherian local ring R with the maximal ideal M is said to be a regular
local ring if the dimension of M/M2 considered as a vector space over R/M is the
dimension of the ring R. It may be mentioned here that every regular local ring is a
UFD. Let Y be a variety. It is clear from the above discussion that a point y of Y is a
nonsingular point if and only if the local ring ϑY,y of Y at the point y is a regular local
ring. Thus, a point y of Y is a nonsingular point of Y if DimϑY,y/MY,y MY,y/M2

Y,y =
DimϑY,y = Dimϑ(Y ) = DimY .

Example 4.3.31 Let α be a point in An
K , where K is an algebraically closed field.

Then the local ring ϑAn
K ,α of An

K at α is the subring { f (X)

g(X)
| g(α) �= 0} of the

function field K (X) with the unique maximal ideal MAn
K ,α = { f (X)

g(X)
| f (α) =

0 and g(α) �= 0}. Clearly, {(Xi − αi ) + (MAn
K ,α)2 | 1 ≤ i ≤ n} is a basis of the vec-

tor space MAn
K ,α/(MAn

K ,α)2 over the field ϑAn
K ,α/MAn

K ,α. Thus, the dimension of the
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vector space MAn
K ,α/(MAn

K ,α)2 over the field ϑAn
K ,α/MAn

K ,α is the same as the dimen-
sion of An

K . This means that the affine variety An
K is a nonsingular variety.

Further, consider the projective variety Pn(K ). Clearly, Pn(K ) = ⋃n
i=0 Ai ,

where Ai = Pn
K − V ({Xi }) is an open subset of Pn

K . Note that Ai is isomorphic to
the affine variety An

K for each i . Since dimPn
K = n, it follows that all points of Pn

K
are nonsingular points. This ensures that Pn

K is also a nonsingular projective variety.

Exercises
The field K considered in the following exercises are algebraically closed fields.

4.3.1 Show that the coordinate ring�(V ({Y 2 − X})) of V ({Y 2 − X}) is isomorphic
to the polynomial ring in one variable over K . Describe the function field of V ({Y 2 −
X}), and also the local ring at the point (1, 1).

4.3.2 Describe the coordinate ring and the function field of V (XY − 1), where
XY − 1 ∈ K [X,Y ]. Also describe the local ring at (1, 1).
4.3.3 Let Y be a subspace of a topological space X . Show that DimY ≤ DimX .
Show further that if Y is a closed subspace of a finite-dimensional subspace X such
that DimY = DimX , then Y = X .

4.3.4 Let V (A) be an affine variety in An(K ) of dimension r , and H = V ({ f (X)})
be a hyper-surface in An(K )which does not containV (A). Show that each irreducible
component of H

⋂
V (A) is of dimension r − 1.

4.3.5 Let A be an ideal of K [X1, X2, · · · , Xn]which is generated by a set containing
r elements. Show that every irreducible component of V (A) has dimension≥ n − r .

4.3.6 Give an example of an irreducible polynomial in f (X,Y ) in R[X,Y ] such
that V ({ f (X,Y )}) is not irreducible.
4.3.7 Show that a product exists in the category of varieties by actually constructing
it.

4.3.8 An algebraic variety G together with a group structure on G is termed as
an algebraic group, also termed as Group variety, if the map (a, b) �→ ab−1 is a
morphism from G × G to G. If in addition G is an affine variety, then we term it as
an affine algebraic group. Similarly, we have the concept of the Ring variety. Let G
be an algebraic group and X be a variety. Show that Mor(X,G) has a natural group
structure. If R is a ring variety, show that Mor(X, R) has a natural ring structure.

4.3.9 Show that A1
K is an algebraic group with respect to the usual addition. This

algebraic group is denoted byGa . Similarly, A1
K − {0} is also an algebraic groupwith

respect to the usual multiplication, and it is denoted by Gm . Also observe that A1
K

is a ring variety with respect to the usual addition and multiplication. Show further
that the ring Mor(X, A1

K ) is isomorphic to the ring ϑ(X) of regular functions on X .
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4.3.10 Let K be a field. Treat the general linear group GL(n, K ) as an affine alge-
braic subvarietyV ({XDet [Xi j ] − 1})of An2+1

K ,where XDet [Xi j ] − 1 is the polyno-
mial in n2 + 1 variables {Xi j | 1 ≤ i ≤ n, 1 ≤ j ≤ n}⋃{X}. Show that GL(n, K )

is an affine algebraic group. A closed subgroup of GL(n, K ), is called a linear
algebraic group.

4.3.11 Describe SL(n, K ) as an algebraic group over K . DescribeU (n) and SU (n)

as linear algebraic groups over C.

4.3.12 Develop the basic theory of algebraic groups such as isomorphism theorems,
and also the basic language of solvable and nilpotent algebraic groups.

4.3.13 Find the ring ϑ(Y ) of regular functions of Y and also the local rings ϑY,P

at different points of Y , where Y = V (X2 − X2
1) ⊆ A2

K . Do the same for Y =
V ({X2

2 − X3
1 + X1}) ⊆ A2

K . Show that both are nonsingular curves.

4.3.14 Show that (0, 0) is a singular point of Y = V ({X2
2 − X3

1}) ⊆ A2
K , whereas

all other points are nonsingular points.

4.3.15 Show that an irreducible curve V ({ f (X1, X2}) ⊆ A2
K has only finitely many

singular points.

4.3.16 Show that the singular points of a variety form a proper closed set. Deduce
that every algebraic group is a nonsingular variety.

4.4 Schemes

The ringed spaces (SpecR,ϑR) are the building blocks of schemes. The ringed space
(SpecR,ϑR) is also called the spectrumof R.Wefirst discuss the topology of SpecR.
If R is an integral domain, then {0} is a prime ideal, and so it is a member of SpecR.
Since every prime ideal contains {0}, the only closed set of SpecR containing {0}
is the whole space SpecR. Thus, SpecR need not be T1- space. Clearly, SpecR is
a T1- space if and only if all prime ideals are maximal ideals. Indeed, the closed
points in SpecR are precisely maximal ideals of R. Thus, for an integral domain R,
SpecR is T1-space if and only if R is a field, and in that case SpecR is a singleton
space. Usually, SpecR is non-Hausdorff (characterize rings R for which SpecR is
Hausdorff).

Let f be a non-nilpotent element of R. The open subset D( f ) = SpecR −
V ({ f }) = {P ∈ SpecR | f /∈ P} is called a principal open subset of SpecR.

Proposition 4.4.1 The set {D( f ) | f is a non − nilpotent elemnt of R} of prin-
cipal open sets form a basis for the topology of SpecR.

Proof Let SpecR − V (A) be an open subset of SpecR containing a prime ideal
P . Then A is not a subset of P . Let f ∈ A − P . Since P is a prime ideal, f is
non-nilpotent and V (A) ⊆ V ({ f }). Thus, P ∈ D( f ) ⊆ SpecR − V (A). �



4.4 Schemes 265

Proposition 4.4.2 SpecR is compact.

Proof Since the set of principal open subsets of SpecR forms a basis for the topology
of SpecR, it is sufficient to show that any open cover of SpecR consisting of principal
open sets has a finite subcover. Suppose that {D( fα) | α ∈ �} is an open cover of
SpecR. Then V (A) = ∅, where A is the ideal generated by the set { fα | α ∈ �}.
Since every proper ideal is contained in a maximal ideal (Theorem 7.5.31, Algebra
1), it follows that A = R. Thus, there exist a1, a2, · · · , ar in R and α1,α2, · · · ,αr

in � such that
1 = a1 fα1 + a2 fα2 + · · · ar fαr .

But, then
V ( fα1)

⋂
V ( fα2)

⋂
· · ·

⋂
V ( fαr ) = ∅.

Consequently, D( fα1)
⋃

D( fα2)
⋃ · · ·⋃ D( fαr ) = SpecR. �

Let f be a non-nilpotent element of R. Then S = { f n | n ∈ N
⋃{0}} is a multi-

plicative closed subset of R. The localization S−1R is denoted by R f . Thus, R f is the
set { a

f n | a ∈ R and n ∈ N
⋃{0}} of equivalence classes, where a

f n = b
f m , n,m ≥ 0

if and only if there is a natural number r such that f r (a f m − b f n) = 0. We have
the obvious addition and multiplication in R f with respect to which R f is a ring.

Proposition 4.4.3 Let f be a non-nilpotent element of R. Then the subspace D( f )
of SpecR is homeomorphic to SpecR f .

Proof Let P be amember of D( f ). Then P is a prime ideal of R such that f /∈ P . Let
P̂ denote the subset { a

f n | a ∈ P, n ≥ 0} of R f . Clearly, P̂ is an ideal of R f . Suppose

that a
f n

b
f m ∈ P̂; a, b ∈ R; and n,m ≥ 0. Then ab

f n+m = c
f r for some c ∈ P, r ≥ 0.

This means that f t (ab f r − c f n+m) = 0 for some t ≥ 0. Hence ab f t+r ∈ P . Since
f t+r /∈ P and P is a prime ideal, a ∈ P or b ∈ P . This shows that a

f n ∈ P̂ or b
f m ∈

P̂ . Hence P̂ is a prime ideal of R f . Define a map φ from D( f ) to SpecR f by
φ(P) = P̂ . Suppose that P̂ = Q̂, where P, Q are prime ideals of R such that
f /∈ P

⋃
Q. Let a ∈ P . Then a

1 ∈ Q̂. Hence there is an element b ∈ Q and n ≥ 0
such that a

1 = b
f n . In turn, f m(a f n − b) = 0 for some m ≥ 0. This means that

f n+ma ∈ Q. Since Q is a prime ideal and f n+m /∈ Q, a ∈ Q. This shows that P ⊆ Q.
Similarly, Q ⊆ P . Thus,φ is an injectivemap. Let℘ be a prime ideal of R f . Consider
P = {a ∈ R | a

1 ∈ ℘} = ι−1(℘), where ι is the homomorphism from R to R f given
by ι(a) = a

1 . Since ℘ is a prime ideal of R f and
f
1 is an invertible element of R f ,

f
1 /∈ ℘. This means that f /∈ P . Since ℘ is a prime ideal of R f , P is a prime ideal of
R. Hence P ∈ D( f ). If a ∈ P , then a

1 ∈ ℘. Since ℘ is an ideal of R f , a
f n = a

1
1
f n

belongs to ℘. Thus φ(P) = P̂ ⊆ ℘. Evidently, ℘ ⊆ P̂ . Thus, φ(P) = ℘. This
shows that φ is a bijective map. Finally, we need to prove the continuity of φ and
its inverse. A closed subset of D( f ) is of the form D( f )

⋂
V (A), where A ⊆ R.

Clearly, φ(D( f )
⋂

V (A)) = V (ι(A)) is a closed subset of SpecR f . Also for any
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subset B of SpecR f , φ−1(V (B)) = D( f )
⋂

V (φ−1(B)) is closed in D( f ). This
shows that φ is an homeomorphism. �

The following corollary follows from Proposition 4.4.2 and Proposition 4.4.3.

Corollary 4.4.4 D( f ) is an open compact subspace of SpecR. �

Proposition 4.4.5 Consider the spectrum (SpecR,ϑR) of the ring R. Then the stalk
ϑR
P at P is isomorphic to RP for all P ∈ SpecR.

Proof Recall Example4.1.5. Fix P ∈ SpecR. By definition,

ϑR
P = Lim→{(ϑR(U ), j VU ) | V ⊆ U, P ∈ V }.

Thus,ϑR
P is the group {sU | sU ∈ ϑR(U ), P ∈ U } of equivalence classes, where sU =

tV if and only if there is an open subsetW of SpecR such that P ∈ W ⊆ (U
⋂

V ) and
sU |W = tV |W . Let U be an open subset of SpecR containing P and sU ∈ ϑR(U ).
Then there is an open neighborhood V of P together with elements a, f ∈ R such
that V ⊆ U , for each Q ∈ V , f /∈ Q and sU (Q) = a

f ∈ RQ . Define a map χU from

ϑR(U ) to RP by putting χU (sU ) = sU (P) = a
f ∈ RP . It is easily observed that

χU is a ring homomorphism for each open setU containing P , and sU (P) = tV (P)

whenever sU = tV . This defines a homomorphism χ from ϑR
P to RP by putting

χ(sU ) = sU (P). Let a
f be a member of RP . Then P ∈ D( f ). The map sD( f ) from

D( f ) to
∏

Q∈D( f ) RQ given by sD( f )(Q) = a
f ∈ RQ is a member of ϑR(D( f )) such

that χ(sD( f )) = a
f . This shows that χ is surjective homomorphism.

Next, we show that χ is injective. Suppose that χ(sU ) = χ(tV ), where s(U ) ∈
ϑR(U ) and t (V ) ∈ ϑR(V ). It follows from the definition of ϑR that there exists an
open set W together with a, b ∈ R, f, g /∈ P

⋃
Q such that P ∈ W ⊆ U

⋂
V and

for each Q ∈ W , sU (Q) = a
f in RP and tV (Q) = b

g
in RQ . Since χ(sU ) = χ(tV ),

sU (P) = tV (P). This means that a
f = b

g
in RP . Hence, there is an element c /∈ P

such that c(ag − b f ) = 0. But then a
f = b

g
for all Q ∈ W

⋂
D(c). Consequently,

sU |(W ⋂
D(c)) = tV |(W ⋂

D(c)). By definition sU = tV . �

Proposition 4.4.6 Let R be a ring. Then ϑR(D( f )) is isomorphic to R f for all
non-nilpotent elements f of the ring R.

Proof Define a map η from R f to ϑR(D( f )) by taking η( a
f n )(Q) to be the element

of RQ which is represented by a
f n , Q ∈ D( f ). Clearly, η is a homomorphism.

Suppose that η( a
f n ) = 0. Then for each Q ∈ D( f ), a

f n represents 0 elements of
RQ . Hence for each Q ∈ D( f ), there is an element hQ /∈ Q such that hQa = 0.
Let A denote the annihilator of a. Then hQ ∈ A − Q. This means that Q /∈ V (A) for
each Q ∈ D( f ). Hence D( f )

⋂
V (A) = ∅. Thus, f belongs to each prime ideal

containing A. In turn, f ∈ √
A (Proposition 7.5.39, Algebra 1), and so f n ∈ A for

some n ∈ N. Consequently, f na = 0, and a
f n represents zero in R f . This shows

that η is injective.
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Next, we show that η is surjective. Let s be a member of ϑR(D( f )). We need
to show the existence of an element a ∈ R and an element n ∈ N

⋃{0} such that
the element s(Q) in RQ is represented by a

f n for each Q ∈ D( f ). By definition, s
is an element of

∏
P∈D( f ) RP such that for each P ∈ D( f ), there is an open sub-

set UP of D( f ) containing P together with elements aP , bP in R such that for
each Q ∈ UP , bP /∈ Q and aP

bP
represents the element s(Q) of RQ . It further means

that UP ⊆ D(bP). Since {D(g) | g is non − nilpotent element o f R} is a basis
for the topology of SpecR, we may assume that UP = D(gP) ⊆ D(bP). In turn,
V (< bP >) = V (bP) ⊆ V (gP) = V (< gP >). Hence

√
< gP > ⊆ √

< bP >.
Consequently, (gP)n = abP for some n ∈ N and a ∈ R. Thus, aP

bP
= aaP

(gP )n
.

Put hP = (gP)n and cP = agP . Then D(gP) = D(hP) and s(Q) is repre-
sented by cP

hP
in RQ for each Q ∈ D(hP). More explicitly, we have an open cover

{D(hP) | P ∈ D( f )} of D( f ) together with a family {cP | P ∈ D( f )} of members
of R such that s is represented by cP

hP
on D(hP) for each P ∈ D( f ). Since D( f ) is

compact (Corollary 4.4.4), we have a finite subset {P1, P2, · · · , Pr } of D( f ) such
that D( f ) = D(hP1)

⋃
D(hP2)

⋃ · · · ⋃ D(hPr ) and s on D(hPi ) is represented bycPi
hPi

for each i, 1 ≤ i ≤ r . Further, D(hPi hPj ) = D(hPi )
⋂

D(hPj ) for each pair

i, j . Thus, the element s restricted to ϑR(D(hPi hPj )) is represented by
cPi
hPi

and also

by
cPj
hPj

. Earlier, we have seen that the map η from RhPi hPj
to ϑR(D(hPi hPj )) given

by η( a
(hPi hPj )

n )(Q) = a
(hPi hPj )

n in RQ is an injective map. As already observed,

η(
cPi
hPi

) = η(
cPj
hPj

). Hence
cPi
hPi

= cPj
hPj

in RhPi hPj
for each pair i, j . In turn, there is

a ni j ∈ N such that (hPi hPj )
ni j (hPj cPi − hPi cPj ) = 0. Take N = max{ni j }. Then

(hPj )
N+1((hPi )

NcPi ) − (hPi )
N+1((hPj )

NcPj ) = 0 for all i, j . Put (hPi )
NcPi = dPi

and (hPi )
N+1 = kPi . Then D(kPi ) = D(hPi ) = D(gPi ) and kPj dPi = kPi dPj for

all i, j . This shows the existence of members dP1 , dP2 , · · · , dPr of R together with
non-nilpotent elements kP1 , kP2 , · · · , kPr such that
(i) D( f ) = D(kP1)

⋃
D(kP2)

⋃ · · ·⋃ D(kPr ),

(ii) on each D(kPi ), s is represented by
dPi
kPi

, and
(iii) kPj dPi = kPi dPj for all i, j .
From (i), it follows that V (< {kPi | 1 ≤ i ≤ r} >) ⊆ V ( f ). Consequently, f ∈√

< {kPi | 1 ≤ i ≤ r} >, and so there is a natural number n together with elements
α1,α2, · · · ,αr of R such that

f n = α1kP1 + α2kP2 + · · · + αr kPr .

Take
a = α1dP1 + α2dP2 + · · · + αr dPr .

Evidently, akPj = f ndPj for each j . This means that a
f n and

dPj
kPj

represent the same

element of RQ for each Q ∈ D(kPj ). Consequently, s is represented by
a
f n on D( f ).

This shows that η( a
f n ) = s. �
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Corollary 4.4.7 Let R be a ring. Then ϑR(SpecR) ≈ R.

Proof The proof follows from the above proposition if we observe that SpecR =
D(1) and the fact that R1 = R. �

Example 4.4.8 We describe the spectrum (SpecZ,ϑZ) of the ring Z of integers.
Every nonzero prime ideal is uniquely expressible as pZ, where p is a positive
prime. Thus, the set SpecZ can be identified with the set P

⋃{0} in a natural manner,
where P denotes the set of positive primes. Again, since every prime ideal contains
the prime ideal {0}, it follows that the singleton {0} is dense in SpecZ ≈ P

⋃{0}.
Since every nonzero prime ideal of Z is a maximal ideal, all singleton subsets, and
so all finite subsets of P , are closed. Every nonzero ideal of Z is of the form mZ,
m �= 0, and a prime ideal pZ contains mZ if and only if p divides m. Thus, the
proper closed subsets of SpecZ are precisely finite subsets of P . It is also clear
that any open subset of SpecZ is of the form D(m), where m0 is a product of
distinct primes. From Proposition 4.4.6, ϑZ(D(m)) = Z(p1 p2···pr ) = { ab | (pi , b) =
1 f or each i}, where p1, p2, · · · , pr are distinct primes dividing m. In the same
way, we can describe (SpecR,ϑR) for a principal ideal domain R. In particular, we
can describe (SpecK [x],ϑK [x]) which is termed as an affine line over K , and it is
also denoted by A1

K . If K is an algebraically closed field, then A1
K can be identified

with K , where open sets are precisely compliments of finite subsets of K �.

Example 4.4.9 In this example, we describe the affine plane A2
K = (SpecK [x, y],

ϑK [x,y]) over an algebraically closed field K . Here also the singleton subset of A2
K

containing the prime ideal {0} is dense in A2
K . The point {0} is called the generic

pointof A2
K . Further, given a point (α,β) in K 2, the ideal M(α,β) generated by the

pair of elements x − α and y − β is a maximal ideal of K [x, y]. Since K is an
algebraically closed field, the zero set of every proper ideal is a nonempty set. Thus,
every maximal ideal of K [x, y] is of the form M(α,β), and so the set of closed points
of A2

K can be faithfully identified by K 2. It is also clear that K 2 treated as a subspace
of A2

K is the affine variety whose closed sets are precisely the algebraic subsets. Apart
from these, given a prime ideal P generated by an irreducible polynomial f (x, y),
the closure {P} of the singleton {P} is the set of all prime ideals containing P , and
it is precisely {P}⋃{M(α,β) | f (α,β) = 0}. The point P is termed as the generic
point of {P}.

Ringed spaces which appear locally as a spectrum of rings are termed as schemes.
We make it more precise as follows.

Definition 4.4.10 A morphism from a ringed space (X,ϑX ) to a ringed space
(Y,ϑY ) is a pair ( f, f �), where f is a continuous map from X to Y and f � is a
morphism from the sheaf ϑY to the sheaf f�ϑX . More explicitly, f � is the family
{ f �

U ∈ Hom(ϑY (U ),ϑX ( f −1(U ))) | U is open subset o f Y } of ring homomor-
phisms which respect the restriction maps. This defines the category RS of ringed
spaces.
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Let ( f, f �) be a morphism from a ringed space (X,ϑX ) to a ringed space (Y,ϑY ).
For each x ∈ X , the directed family {U | U is an open set containing x} is co-
final in the directed family { f −1(V ) | V is an open set containing f (x)}. In
turn, the restriction map induces a homomorphism jx from the stalk ( f�ϑX ) f (x) =
Lim→ϑX ( f −1(V )) to the stalk (ϑX )x = Lim→ϑX (U ). Also the morphism f �

from the sheaf ϑY to the sheaf f�ϑX induces a homomorphism f �

f (x) from the stalk
(ϑY ) f (x) to the stalk ( f�ϑX ) f (x). We have the induced composite homomorphism
f �
x = jxo f

�

f (x) from (ϑY ) f (x) to (ϑX )x .
Recall that a ringed space (X,ϑX ) is called a locally ringed space if all the stalks are

local rings. Amorphism from ( f, f �) from a locally ringed space (X,ϑX ) to a locally
ringed space (Y,ϑY ) is called a local morphism if the induced homomorphism f �

x

from the stalk (ϑY ) f (x) to the stalk (ϑX )x is a local homomorphism (recall that a
homomorphism from a local ring R to a local ring S is called a local homomorphism
if the inverse image of themaximal ideal of S is that of R). This gives us a subcategory
LRS of locally ringed spaces whose objects are locally ringed spaces andmorphisms
are local morphisms. An isomorphism in LRS is called a local isomorphism.

An affine scheme is a locally ringed space (X,ϑX )which is locally isomorphic to
(SpecR,ϑR) for some ring R. We have the category ASCH of affine schemes which
is a subcategory of LRS. Further, a scheme is a ringed space (X,ϑX )which is locally
an affine scheme. More explicitly, a ringed space (X,ϑX ) is termed as a scheme if
for all x ∈ X , we have an open subset U containing x such that the induced ringed
space (U,ϑU = ϑX |U ) is an affine scheme. The category of schemes is denoted by
SCH . Thus, ASCH ⊆ SCH ⊆ LRS ⊆ RS.

Proposition 4.4.11 Spec defines a contra-variant equivalence from the category
RI NG of rings to the category ASCH of affine schemes.

Proof Let f be a homomorphism from a ring R to a ring S. Then f defines a map f̂
from SpecS to SpecR by putting f̂ (Q) = f −1(Q), where Q is a prime ideal of S.
Evidently, f̂ −1(P) = {Q ∈ SpecS | f −1(Q) = P}. Thus, f̂ −1(V (A)) = {Q ∈
SpecS | f −1(Q) ∈ V (A)} = {Q ∈ SpecS | f −1(Q) ⊃ A} = {Q ∈ SpecS | Q ⊃
f (A)} = V ( f (A)). This shows that f̂ is a continuous map. Next, we introduce a
morphism f̂ � from the sheafϑR to the sheaf f̂�ϑS so that ( f̂ , f̂ �)becomes amorphism
from the affine scheme (SpecS,ϑS) to the affine scheme (SpecR,ϑR). Let U be an
open subset of SpecR. Then f̂ −1(U ) = {Q ∈ SpecS | f̂ (Q) = f −1(Q) ∈ U }.
For any Q ∈ SpecS, f induces a homomorphism fQ from R f −1(Q) to SQ . Let
s be a member of ϑR(U ). Then the map f̂ �

U (s) from f̂ −1(U ) to
∏

Q∈ f̂ −1(U ) SQ
defined by f̂ �(s)(Q) = fQ(s( f −1(Q))) can be easily seen to be a member of
ϑS( f̂ −1(U )) = ( f̂�ϑS)(U ). This gives us a homomorphism f̂ �

U from ϑR(U ) to
( f̂�ϑS)(U ). It can be easily seen that the family f̂ � = { f̂ �

U | U is open in SpecR}
respects the corresponding restriction maps, and hence it is a morphism from ϑR to
f̂�ϑS . Evidently, the homomorphism induced by f̂ � on the stalk at Q is the localiza-
tion map which associates a

x in R f −1(Q) with the element f (a)

f (x) in SQ . Clearly, this is a
local homomorphism. This gives us a contra-variant functor Spec from the category
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of rings to the category ASCH which associates with each ring R the affine scheme
(SpecR,ϑR) and with each homomorphism f from R to S, Spec( f ) = ( f̂ , f̂ �).

Using the axiom of choice, we observe that the category ASCH is equivalent to
its full subcategory whose objects are of the form (SpecR,ϑR). Thus, we need to
show that any local morphism from (φ,φ�) and (SpecS,ϑS) to (SpecR,ϑR) is of
the form ( f̂ , f̂ �) for some homomorphism f from R to S. Now, (φ�ϑ

S)(SpecR) =
ϑS(φ−1(SpecR)) = ϑS(SpecS). By Corollary 4.4.7, ϑR(SpecR) is naturally iso-
morphic to the ring R and ϑS(SpecS) is naturally isomorphic to S. Hence φ

�

SpecR
gives us a homomorphism f from R to S in a natural manner. From the relevant def-
initions, it follows that φ(Q) = {a ∈ R | φ

�

SpecR(a) ∈ Q} = f −1(Q) = f̂ (Q).

This shows that φ = f̂ . In turn, it follows that f̂ � = φ�. �

Example 4.4.12 (i) For every ring R, we have a unique morphism from (SpecR,

ϑR) to (SpecZ,ϑZ) which is induced by the unique ring homomorphism from
Z to R. Indeed, for every scheme (Y,ϑY ), we have a unique morphism from
the scheme (Y,ϑY ) to (SpecZ,ϑZ). In other words, (SpecZ,ϑZ) is the terminal
object in the category SCH .

(ii) Let K be a field. Then SpecK is the singleton space {x0}, where x0 represents the
prime ideal {0} of K . Evidently, ϑK (SpecK ) = ϑK ({x0}) ≈ K . A morphism
(φ,φ�) from (SpecK ,ϑK ) to a scheme (X,ϑX ) determines a unique point x =
φ(x0) of X . Further, for an open subset U of X , (φ�ϑ

K )(U ) = ϑK (φ−1(U )).
Thus, (φ�ϑ

K )(U ) = K if x ∈ U , and it is an trivial ring {0} otherwise. This
means that φ� is uniquely determined by the nonzero homomorphism from the
stalk (ϑX )x to K . Since (ϑX )x is a local ring with the maximal ideal (MX )x , it
is determined uniquely by the unique injective homomorphism from the field
(ϑX )x/(MX )x to the field K . The field (ϑX )x/(MX )x is called the residue field
of X at x , and it is denoted by kX (x). Thus, a morphism from (SpecK ,ϑK ) to
(X,ϑX ) is uniquely determinedby apoint x ∈ X and an injective homomorphism
from the residue field kX (x) to K .

More generally, we have the following.

Proposition 4.4.13 Given a scheme (Y,ϑY ) and a ring R, we have a natural map
φY,R from MorSch((Y,ϑY ), (SpecR,ϑR)) to HomRI NG(R,ϑY (Y )).

Proof Given a morphism ( f, f �) from (Y,ϑY ) to (SpecR,ϑR), we have the homo-
morphism f �

SpecR from R ≈ ϑR(SpecR) to ϑY (Y ). Put φY,R(( f, f �)) = f �

SpecR . The
naturality of φY,R is easy to observe. �

Definition 4.4.14 A scheme (X,ϑX ) is said to be

(i) a connected scheme if the space X is connected,
(ii) an irreducible scheme if X is an irreducible space,
(iii) a reduced scheme if ϑX (U ) is a reduced ring for each open subset U of X ,
(iv) an integral scheme if ϑX (U ) is an integral domain for each open subset U of

X ,
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(v) a Noetherian scheme if X is compact, and it can be covered by finitely many
open setsU1,U2, · · · ,Ur such that (Ui ,ϑX |Ui ) is isomorphic to (SpecRi ,ϑ

Ri )

for each i , where each Ri is a Noetherian ring.

Example 4.4.15 Let R be a commutative ring. Suppose that Spec R is discon-
nected. Then we have a pair A, B of proper ideals such that V (A)

⋂
V (B) = ∅

and V (A)
⋃

V (B) = SpecR. Consequently, A
⋂

B = {0} and A + B = R.
Using the Chinese remainder theorem, we see that R ≈ R

A × R
B , where R/A and

R/B are nonzero rings. Conversely, if R ≈ R1 × R2, where R1 and R2 are nonzero
rings, then SpecR is disconnected. Indeed, V (R1 × {0} is a proper clopen subset
of SpecR. Thus, the affine scheme (SpecR,ϑR) is connected if and only if R is
indecomposable.

Example 4.4.16 Suppose that the radical P = √
R of R is a prime ideal. Then every

closed subset of SpecR containing P is SpecR. This means that SpecR cannot be
expressed as a union of two proper closed sets. This means that (SpecR,ϑR) is an
irreducible affine scheme. The converse is also easy to observe.

Proposition 4.4.17 An affine scheme (SpecR,ϑR) is a reduced scheme if and only
if R is a reduced ring.

Proof Suppose that (SpecR,ϑR) is a reduced scheme. Then R ≈ ϑR(SpecR) is a
reduced ring. Conversely, suppose that R is a reduced ring. Let s ∈ ϑR(U ), where
U is an open subset of SpecR. Then by the definition s ∈ ∏

P∈U RP such that for all
P ∈ U , there is an open neighborhood V of P together with elements a, f ∈ R such
that f /∈ Q for all Q ∈ V and s(Q) is the member of RQ represented by a

f . Suppose

that sn = 0. Then s(Q)n = ( a
f )

n = an

f n represents 0 in RQ for all Q ∈ V . This
means that there is an element h /∈ Q such that han = 0 in R. Evidently, hn /∈ Q
and hnan = 0 in R. Since R is reduced, ha = 0. This means that s(Q) represented
by a

f is the zero element of RQ . Thus, ϑR(U ) is a reduced ring for all open subsetU
of R. �

Imitating the proof of the above proposition, we can easily establish the following
proposition.

Proposition 4.4.18 An affine scheme (SpecR,ϑR) is an integral scheme if and only
if R is an integral domain. �

If φ is a homomorphism from a ring A to a ring B, then B is an A-algebra with
respect to the scalar product · given by a · b = φ(a)b (note that all rings consid-
ered are commutative rings with identities). If in addition B is a finitely generated
A-algebra, then φ is termed as a homomorphism of finite type. A morphism (φ,φ�)

from an affine scheme (SpecB,ϑB) to (SpecA,ϑA) is said to be amorphism of finite
type if B is a finitely generated algebra over A with respect to the ring homomor-
phism from A to B induced by (φ,φ�). Observe that a finitely generated A-algebra
need not be finitely generated as an A-module. For example, the polynomial algebra
K [X1, X2, · · · , Xn] is a finitely generated K -algebra but it is an infinite-dimensional
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vector space over K . A homomorphism φ from A to B is termed as a finite homo-
morphism if B turns out to be a finitely generated module over A. Thus, a morphism
(φ,φ�) from the affine scheme (SpecB,ϑB) to (SpecA,ϑA) is termed as a finite
morphism if the induced homomorphism from A to B is a finite homomorphism.
More generally, we have the following.

Definition 4.4.19 A morphism (φ,φ�) from a scheme (X,ϑX ) to a scheme (Y,ϑY )

is called a morphism of locally finite type if for each y ∈ Y , there is an open neigh-
borhoodU of y togetherwith a ring A and a local isomorphism (ρ, ρ�) from (U,ϑU =
ϑY |U ) to (SpecA,ϑA) such that φ−1(U ) has an open cover {Vα | α ∈ �} together
with rings {Bα | α ∈ �} and local isomorphisms (φα,φ�

α) from (Vα,ϑVα
= ϑX |Vα

) to
(SpecBα,ϑBα) for each α such that Bα is a finitely generated A-algebra with respect
to the homomorphism from A to Bα induced by the local morphism ρoφ|Vα

oφ−1
α

from (SpecBα,ϑBα) to (SpecA,ϑA). If in addition to that the family {Bα | α ∈ �}
is finite, then (φ,φ�) is termed as a morphism of finite type. A morphism (φ,φ�)

from a scheme (X,ϑX ) to a scheme (Y,ϑY ) is called a finite morphism if for
each y ∈ Y , there is an open neighborhood U of y together with rings A and B
and local isomorphisms (ρ, ρ�) from (U,ϑU = ϑY |U ) to (SpecA,ϑA) and (η, η�)

from (φ−1(U ),ϑX |φ−1(U )) to (SpecB,ϑB) such that the homomorphism from A to
B induced by ρoφ|φ−1(U )oη−1 is a finite morphism.

Thus, the morphism from (SpecK [x1, X2, · · · , Xn],ϑK [X1,X2,··· ,Xn ]) to
(SpecK ,ϑK ) which is induced by the embedding of K into K [X1, X2, · · · , Xn] is a
morphism of finite type. The morphism from (SpecZ[√2],ϑZ[√2]) to (SpecZ,ϑZ)

induced by the inclusion homomorphism from Z to Z[√2] is a finite morphism (as
Z[√2] is a finitely generated Z-module).

Definition 4.4.20 Amorphism (φ,φ�) froma scheme (X,ϑX ) to a scheme (Y,ϑY ) is
termed as open immersion if φ(X) = U is an open subset of Y and (φ,φ�) induces
isomorphism from (X,ϑX ) to (U,ϑU = ϑY |U ). A scheme (Y,ϑY ) is called a closed
subscheme of (X,ϑX ) if Y is a closed subset of X , and (i, i �) is an epimorphism from
(Y,ϑY ) to (X,ϑX ). A morphism (φ,φ�) from (Y,ϑY ) to (X,ϑX ) is called a closed
immersion if (φ,φ�) induces an isomorphism from (Y,ϑY ) to a closed subscheme
of (X,ϑX ).

Thus, given a ring R and a non-nilpotent element f of R, the morphism from
(SpecR f ,ϑ

R f ) to (SpecR,ϑR) which is induced by the inclusion ring homomor-
phism i from R to R f is an open immersion. If R is a ring and A is an ideal of R,
then the morphism from (SpecR/A,ϑR/A) to (SpecR,ϑR) which is induced by the
quotient map ν from R to R/A is easily seen to be a closed immersion.

The Pullback (see Definition 1.1.40) exists in the category SCH of schemes.
Although the proof and the constructions are straightforward, it is lengthy and
painstaking. We shall outline the proof and leave the details to be filled by the reader
as an exercise.

Let φ be a homomorphism from a ring R to a ring A and ψ be a homomor-
phism from R to a ring B. Then A and B both can be treated as R-algebras
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with respect to the scalar products given by a · x = φ(a)x, a ∈ R, x ∈ A and
a · y = ψ(a)y, a ∈ R, y ∈ B. Consider the tensor product A ⊗R B which is
an R-module. Clearly, the map χ from A × B × A × B to A ⊗R B given by
χ(a, b, c, d) = (ac) ⊗ (bd) is R-linear in each coordinate. In turn, this induces
an R-homomorphism χ from (A ⊗ B) ⊗R (A ⊗R B) to A ⊗R B. Consequently,
we have an R-bilinear map η from (A ⊗R B) × (A ⊗R B) to A ⊗R B given by
η(a ⊗ b, c ⊗ d) = (ac) ⊗ (bd). Thus, we have a product · in A ⊗R B given by
(
∑r

i=1(ai ⊗ bi )) · (
∑s

j=1(c j ⊗ d j )) = ∑r
i=1(

∑s
j=1((aic j ) ⊗ (bid j ))) with respect

to which it is a commutative ring with identity 1 ⊗ 1. We have also the scalar prod-
uct given by α(

∑r
i=1(ai ⊗ bi )) = ∑r

i=1((αai ) ⊗ bi ) = ∑r
i=1(ai ) ⊗ (αbi )) with

respect to which A ⊗R B is an R-algebra. Further, we have an R-homomorphism i1
from A to A ⊗R B given by i1(a) = a ⊗ 1 and also an R-homomorphism i2 from
B to A ⊗R B given by i2(b) = 1 ⊗ b such that the diagram

R �φ A

�

i1

A ⊗R BB �
i2�

ψ

is commutative. If we have another commutative diagram

R �φ A

�

j1

CB �
j2�

ψ

of R-homomorphisms, then we have the unique R-homomorphism μ from A ⊗R B
to C given by μ(a ⊗ b) = j1(a) j2(b) such that μoi1 = j1 and μoi2 = j2. This
means that Pushout exists in the category of commutative ringswith identities. Since a
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contra-variant equivalence takes a Pushout diagram to a Pullback diagram, it follows
fromProposition 4.4.11 that Pullback exists in the category ASCH of affine schemes.
Using Proposition 4.4.13, it further follows that a Pullback diagram in ASCH is also
a Pullback diagram in SCH . Thus, we have the following proposition.

Proposition 4.4.21 Let (X,ϑX )
(φ,φ�)→ (S,ϑS), and (Y,ϑY )

(ψ,ψ�)→ (S,ϑS) be mor-
phisms, where (X,ϑX ), (Y,ϑY ) and (S,ϑS) are affine schemes. Then the pullback of
the pair ((φ,φ�), (ψ,ψ�)) exists in the category SCH of schemes. �

Next, let (X,ϑX )
(φ,φ�)→ (S,ϑS), and (Y,ϑY )

(ψ,ψ�)→ (S,ϑS) be morphisms, where
(Y,ϑY ), and (S,ϑS) are affine schemes. By definition,we have the family {(Xi ,ϑXi ) |
i ∈ I } of open affine subschemes of (X,ϑX ) such that {Xi | i ∈ I } is an open cover
of X . From the above proposition, the pullback of the pair ((φ|Xi ,φ

�|Xi ), (ψ,ψ�))

of morphisms exists for each i ∈ I . Let Xi ×S Y together with the morphism
(ηi , η

�

i ) from (Xi ×S Y,ϑXi×SY ) to (Xi ,ϑXi ) and the morphism (ρi , ρ
�

i ) from (Xi ×S

Y,ϑXi×SY ) to (Y,ϑY ) represent the pullback of the pair ((φ|Xi ,φ
�|Xi ), (ψ,ψ�)).

For i �= j , let Ui j denote η−1
i (Xi

⋂
X j ). It can be easily verified that (Ui j ,ϑUi j =

ϑXi×SY |Ui j ) together with morphisms (ηi |Ui j , η
�

i |Ui j ) and (ρi |Ui j , ρ
�

i |Ui j ) represents the
pullback of the pair ((φ|Xi

⋂
X j ,φ

�|Xi
⋂

X j ), (ψ,ψ�)). Since the pullback, if exists, is

unique up to natural isomorphisms, we have a unique isomorphism (φi j ,φ
�

i j ) from
(Ui j ,ϑUi j ) to (Uji ,ϑUji )which respects the corresponding projectionmorphisms.We

take (φ j i ,φ
�

j i ) to be the inverse of (φi j ,φ
�

i j ). It can be further checked that for each
triple i, j, k with i �= j �= k �= i , the isomorphisms {φpq | p, q ∈ {i, j, k}} are com-
patible in a natural sense. Gluing (Exercise4.1.13) the family {(Xi ×S Y,ϑXi×SY ) |
i ∈ I } with the help of the family {(φi j ,φ

�

i j ) | i, j ∈ I, i �= j} of isomorphisms,

we obtain a scheme (X ×S Y,ϑX×SY ) together with a morphism (p1, p
�
1) from

(X ×S Y,ϑX×SY ) to (X,ϑX ), and a morphism (p2, p
�
2) from (X ×S Y ),ϑX×SY ) to

(Y,ϑY ) which represents the pullback of the given pair ((φ,φ�), (ψ,ψ�) of mor-
phisms. Using the same argument after interchanging the role of X and Y , we observe

that the pullback of (X,ϑX )
(φ,φ�)→ (S,ϑS), and (Y,ϑY )

(ψ,ψ�)→ (S,ϑS) for arbitrary
(X,ϑX ) and (Y,ϑY ), exists provided that (S,ϑS) is an affine scheme.

Finally, let (X,ϑX )
(φ,φ�)→ (S,ϑS) and (Y,ϑY )

(ψ,ψ�)→ (S,ϑS) be morphisms, where
(X,ϑX ), (Y,ϑY ), and (S,ϑS) are arbitrary schemes. Let {(Si ,ϑSi ) | i ∈ I } be a fam-
ily of open affine subschemes of (S,ϑS) such that {Si | i ∈ I } is an open cover of
S. Let φ−1(Si ) = Xi and ψ−1(Si ) = Yi . From what we proved, the pullback of

the pair of morphisms (Xi ,ϑXi )
(φ|Xi ,φ�|Xi )→ (Si ,ϑSi ) and (Yi ,ϑYi )

(ψ|Yi ,ψ�|Yi )→ (Si ,ϑSi )

exists for each i ∈ I . Let (Xi ⊗Si Yi ) together with morphisms (ηi , η
�

i ) and (ρi , ρ
�

i )

represent the pullback. It can be observed that (Xi ⊗Si Yi ) together with mor-
phisms (ηi , η

�

i ) and (ιoρi , (ιoρi )�) represents the pullback of the pair of morphisms

(Xi ,ϑXi )
(φ|Xi ,φ�|Xi )→ (S,ϑS) and (Yi ,ϑYi )

(ψ|Yi ,ψ�|Yi )→ (S,ϑS), where ι is the inclusion
morphism from (Yi ,ϑYi ) to (Y,ϑY ). Again using the earlier argument, we find that the
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pullback of the pair of morphisms (X,ϑX )
(φ,φ�)→ (S,ϑS) and (Y,ϑY )

(ψ,ψ�)→ (S,ϑS)

exists. This establishes the following theorem.

Proposition 4.4.22 Pullback exists in the category SCH of schemes.More precisely
(see Definition 1.1.40), given schemes (X,ϑX ), (Y,ϑY ), and (S,ϑS) together with
morphisms (φ,φ�) from (X,ϑX ) to (S,ϑS) and (ψ,ψ�) from (Y,ϑY ) to (S,ϑS),
there is a scheme (X ×S Y,ϑX×SY ) together with a morphism (p1, p

�
1) from (X ×S

Y,ϑX×SY ) to (X,ϑX ) and a morphism (p2, p
�
2) from (X ×S Y,ϑX×SY ) to (Y,ϑY )

giving the commutative diagram

(X ×S Y,ϑX×SY ) �(p1, p
�
1) (X,ϑX )

�

(φ,φ�)

(S,ϑS)(Y,ϑY ) �
(ψ,ψ�)�

(p2, p
�
2)

such that given any commutative diagram

(Z ,ϑZ ) �(ρ, ρ�)
(X,ϑX )

�

(φ,φ�)

(S,ϑS)(Y,ϑY ) �
(ψ,ψ�)�

(η, η�)

in the category SCH, there is a unique morphism (χ,χ�) from (Z ,ϑZ ) to (X ⊗S

Y,ϑX×SY ) such that (p1, p
�
1)(χ,χ�) = (ρ, ρ�) and (p2, p

�
2)(χ,χ�) = (η, η�). �

Example 4.4.23 (i) Let (φ,φ�) be a morphism from a scheme (X,ϑX ) to a scheme
(Y,ϑY ). Let y be a member of Y which is in the image of φ. The identity map
from kY (y) to kY (y) determines a unique natural morphism (ηY

y , (ηY
y )�) from

(Spec kY (y),ϑkY (y)) to (Y,ϑY ) (see Example4.4.12 (ii)). Consider the pullback
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X ×Y Spec kY (y) of the pair ((φ,φ�), (ηY
y , (ηY

y )�)) of morphisms. Let ι denote
the inclusion map from φ−1({y}) to X , and j denote the constant map from
φ−1({y}) to Spec kY (y). Evidently, φoι = ηY

y oj . From the universal property
of pullback, we get a unique morphism (ρ, ρ�) from (φ−1({y}),ϑX |φ−1({y})) to
X ×Y Spec kY (y) which respects the projection morphisms. Using again the
universal property of pullback, it can be seen that (ρ, ρ�) is an isomorphism.
This prompts us to term X ×Y Spec kY (y) as a fiber of φ at y.

(ii) Consider (Spec Z,ϑZ). Evidently, the stalk at the generic point {o} is the field
Q of rational numbers. Let (φ,φ�) be a surjective morphism from a scheme
(X,ϑX ) to (Spec Z,ϑZ). Thus, the fiber X ⊗Spec Z k{0}

Spec Z
of (φ,φ�) at the

generic point of (Spec Z,ϑZ) is a scheme over Q, and it is denoted by XQ. Also
the fiber X ⊗Spec Z k{pZ}

Spec Z
of (φ,φ�) at the closed point {pZ} of (Spec Z,ϑZ) is

a scheme over Zp, and it is denoted by X p. This fiber X p is called the reduction
mod p of the scheme (X,ϑX ).

Observe that a topological space X is a Hausdorff space if and only if the diagonal
	 = {(x, x) | x ∈ X} is a closed subspace of the product space X × X . However,
for a scheme (X,ϑX ), X is rarely Hausdorff. To capture some of the properties which
are analogous to the properties of Hausdorff spaces, we introduce a special type of
schemes as given in the following definition .

Definition 4.4.24 Let (φ,φ�) be a morphism from a scheme (X,ϑX ) to a scheme
(Y,ϑY ). Let (X ×Y X,ϑX×Y X ) together with projection morphisms (p1, p

�
1) and

(p2, p
�
2) represent the pullback of the pair ((φ,φ�), (φ,φ�)) of morphisms. From the

universal property of pullback, we get a unique morphism (	,	�) from (X,ϑX ) to
(X ×Y X,ϑX×Y X ) such that 	op1 and 	op2 are identity morphisms. The morphism
(	,	�) is called the Diagonal morphism. The morphism (φ,φ�) is called a sep-
arated morphism if (	,	�) is a closed immersion. We also say that (X,ϑX ) is
separated over (Y,ϑY ) through the morphism (φ,φ�). A scheme (X,ϑX ) is called a
separated scheme if it is separated over (Spec Z,ϑZ).

Proposition 4.4.25 A morphism from an affine scheme to an affine scheme is a
separated morphism.

Proof If ρ is a surjective ring homomorphism from a ring S to a ring R, then the
induced morphism from (Spec R,ϑR) to (Spec S,ϑS) is easily seen to be a closed
immersion. Let (φ,φ�) be a morphism from (Spec R,ϑR) to (Spec S,ϑS) which
is induced by a homomorphism η from S to R. Then R is an S-algebra through the
homomorphism η, and (Spec (R ⊗S R),ϑR⊗S R) together with obvious projection
morphisms induced by the homomorphisms i1 and i2 from R to R ⊗S R represents the
pullback of the pair ((φ,φ�), (φ,φ�)) ofmorphisms. The diagonalmorphism (	,	�)

from (Spec R,ϑR) to (Spec (R ⊗S R),ϑR⊗S R) is induced by the co-diagonal homo-
morphism ∇ from R ⊗S R to R given by ∇(a ⊗ b) = ab. The result follows, since
∇ is a surjective ring homomorphism. �

Corollary 4.4.26 An affine scheme is a separated scheme. �
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Proposition 4.4.27 Amorphism (φ,φ�) from (X,ϑX ) to (Y,ϑY ) is a separated mor-
phism if and only if the image of the associated diagonal map 	 is a closed subset
of X ⊗Y X.

Proof Suppose that (φ,φ�) is a separated morphism. Then the induced diagonal
morphism (	,	�) is a closed immersion. In particular the image of 	 is closed.
Conversely, suppose that the image of	 is closed. We need to show that (	,	�) is a
closed immersion. Since	(X) is closed,weneed to show that	 is a homeomorphism
from X to the image	(X), and	� is a surjective morphism from the sheaf ϑX×Y X to
	�ϑX . If (p1, p

�
1) is the first projection morphism from X ×Y X to X , then p1o	 =

IX . This shows that	 induces homeomorphism from X to	(X). For each point x of
X , there is an affine neighborhoodU of x such that φ(U ) is a subset of an affine open
subset V of Y . In turn, U ×V U is an affine open neighborhood of 	(x). From the
above proposition (	,	�) restricted toU is a closed immersion ofU intoU ×V U .
This shows that 	� is surjective in a neighborhood of x . �

We have the concept of proper maps and that of universally closed maps in the
category of topological spaces. We describe their counterparts in the category SCH
of schemes.

Let (S,ϑS) be a scheme. We have a category SCHS whose objects are mor-

phisms (X,ϑX )
(φ,φ�)→ (S,ϑS) from schemes to the scheme S, and a morphism from

(X,ϑX )
(φ,φ�)→ (S,ϑS) to (Y,ϑY )

(ψ,ψ�)→ (S,ϑS) is a morphism (η, η�) from (X,ϑX ) to
(Y,ϑY ) such that (η, η�)(ψ,ψ�) = (φ,φ�). The category SCHS is termed as the cat-

egory of schemes with the base scheme S. If (S′,ϑS′)
(ρ,ρ�)→ (S,ϑS) is a fixed object

in SCHS , then for any object (X,ϑX )
(φ,φ�)→ (S,ϑS) of SCHS , we have an object

(X ×S S′,ϑX×S S′)
(p2,p

�
2)→ (S′,ϑS′) in SCHS′ . Indeed, this defines a functor from the

category SCHS to SCHS′ . This is called the base extension functor. For a ring R,
we shall denote SCHSpecR by SCHR .

Definition 4.4.28 A morphism (φ,φ�) from (X,ϑX ) to (S,ϑS) is called a closed
morphism if the map φ is a closed map. It is said to be universally closedmorphism
if for any morphism (ψ,ψ�) from (S′,ϑS′) to (S,ϑS), the projection (p2, p

�
2) from

(X ×S S′,ϑX×S S′) to (S′,ϑS′) is a closed morphism. A universally closed separated
morphism of finite type is called a proper morphism.

Example 4.4.29 Let K be a field. The obvious morphism from (Spec K [X ],ϑK [X ])
to (Spec K ,ϑK ) is a separated morphism (Proposition 4.4.25) of finite type. How-
ever, it is not proper. Clearly, (Spec K [X ] ×Spec K K [X ],ϑSpec K [X ]×Spec K K [X ]) is
the affine plane (Spec K [X,Y ],ϑK [X,Y ]). The projection morphism is the surjective
morphism from the affine plane to the affine line (Spec K [T ],ϑK [T ]) which is not
a closed morphism. Indeed, V (< XY − 1 >) is the closed subset of Spec K [X,Y ]
consisting of the set {< {X − α,Y − β} >| αβ = 1}⋃{< XY − 1 >} of prime
ideals containing < XY − 1 >. The image of this closed set under the projection
morphism is Spec K [T ] − {0} which is not a closed set.
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Recall that a functor F from a category� to a category � is called a fully faithful
functor if the induced natural map from Mor�(A, B) to Mor�(F(A), F(B)) is
bijective. Our next aim is to describe a natural fully faithful functor �̂ from the
category V ARK of varieties over an algebraically closed field K to the category
SCHK of schemes over K . This we do by adding generic points to varieties.

Theorem 4.4.30 There is a natural fully faithful functor from the category V ARK

of varieties over an algebraically closed field K to the category SCHK of schemes
over K .

Proof Let Y be a variety over an algebraically closed field K . For any closed subset
Z of Y , let �(Z) denote the set of all nonempty irreducible closed subsets of Z .
Let Y1 and Y2 be closed subsets of Y . Evidently, (�(Y1)

⋃
�(Y2)) ⊆ �(Y1

⋃
Y2).

Further, let Z be a nonempty irreducible closed subset contained Y1
⋃

Y2. Then
Z = (Z

⋂
Y1)

⋃
(Z

⋂
Y2). Since Z is irreducible, Z

⋂
Y1 = Z or Z

⋂
Y2 = Z .

This means that Z ⊆ Y1 or Z ⊆ Y2. Thus, (�(Y1)
⋃

�(Y2)) = �(Y1
⋃

Y2). It is
also evident that

⋂
α∈� �(Yα) = �(

⋂
α∈� Yα), where {Yα | α ∈ �} is a family of

closed subsets of Y . This shows that the family {�(Z) | Z is a closed subset o f Y }
forms a family of closed sets for a unique topology on �(Y ). Define a map η from
Y to �(Y ) by η(y) = {y}. Clearly,

η−1(�(Z)) = {u ∈ Y | {u} ⊆ Z} = {u ∈ Z | {u} ⊆ Z} = Z .

This shows that η is continuous. Further, the correspondence (Y − Z) �→ (�(Y ) −
�(Z)) defines a bijective correspondence between the set of open subsets of Y to
the set of open subsets of �(Y ). Put �̂(Y ) = (�(Y ), η�ϑY ). We first show that
�̂(Y ) is a scheme. Since every variety is a finite union of open affine subvarieties,
it is sufficient to assume that Y is an affine variety. Let R denote the ring ϑ(Y ) of
regular functions on Y .We have amap ρ from Y to SpecR defined by ρ(P) = MY,P ,
where MY,P is the maximal ideal of ϑ(Y ) consisting of the regular functions on Y
vanishing at P . Clearly, ρ is a homeomorphism from Y to the subspace of specR
consisting of closed points. Now, for each point P ∈ Y , the stalk of ϑR at ρ(P) is
the localization of R at the maximal ideal MY,ρ(P). Thus, for each P ∈ Y , we have
a natural homomorphism χP from the stalk RMY,ρ(P)

at ρ(P) to K . For each open
subset U of specR and an element s ∈ ϑR(U ), we have a map μs from ρ−1(U ) to
K given by μs(P) = χPs, where s represents the element of RMY,ρ(P)

determined
by s. It can be easily seen that μs is a regular function on ρ−1(U ). In turn, we get
a homomorphism ρ

�

U from ϑR(U ) to ϑY (ρ−1(U )) given by ρ
�

U (s) = μs . Further,
the irreducible closed subsets of Y are in bijective correspondence with the points in
specR, and it follows that (SpecR,ϑR) is isomorphic to �̂(Y ) = (�(Y ), η�ϑY ).
This shows that �̂(Y ) is a scheme. Treating the elements of K as constant functions
on Y , we see that �̂(Y ) is a scheme over K . The rest of the statements can be easily
verified. �

It can be further checked that the scheme �̂(Y ) is an integral separated scheme
of finite type over K for any variety Y over an algebraically closed field K . This
prompts have the following definition.
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Definition 4.4.31 A integral separated scheme of finite type over an algebraically
closed field K is called an abstract variety over K . If in addition it is proper over
K , then we term it as a complete abstract variety.

Thus, an affine or a projective variety Y over an algebraically closed K can be
viewed as an abstract variety given by �̂(Y ).

Exercises

4.4.1 Give a proof of Proposition 4.4.18.

4.4.2 Discuss the categorical properties of the category of schemes.

4.4.3 Show that (SpecZ,ϑZ) is a terminal object in the category of schemes. Does
it have an initial object?

4.4.4 Describe Spec( Z[X,Y ]
(Y 2−X3−5) ).

4.5 Weil Conjectures and l-adic Co-homology

M. Artin and Grothendieck introduced étale co-homology, and, in particular, the l-
adic co-homology theory needed to prove theWeil conjectures. Indeed,Grothendieck
proved it partially, and it was finally settled by Deligne. The l-adic co-homology was
further used to construct Deligne–Lusztig virtual characters of finite groups of Lie
types in terms of maximal tori T and a character θ of T , and thereby settling the
conjectures of Macdonald. The purpose of this section is to introduce the l-adic
co homology theory and demonstrate as to how Deligne and Lusztig used it to
describe the characters of finite groups of Lie types.

The Weil Conjectures

Let X be a nonsingular projective variety defined over a finite field Fq containing
q elements. For r ≥ 1, let X (Fqr ) denote the set of rational points over Fqr . The
sequence {| X (Fqr ) | r ≥ 1} reflects some important arithmetical properties of the
scheme associated with X . Weil associated a power series Z(X, t) with X which is
defined as

Z(X, t) = exp(
∑∞

r=1
| X (Fqr ) | t

r

r
).

The function Z(X, t) is called the zeta function of X . Evidently, Z(X, t) ∈ Q[[t]],
where Q[[t]] denotes the power series ring over Q. The power series Z(X, t) can
also be expressed by

d

dt
(logZ(X, t)) =

∑∞
r=1

| X (Fqr ) | tr−1

with Z(X, o) = 1.
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Example 4.5.1 Let K denote the algebraic closure of the prime field Zp. We try
to describe the zeta function Z(Pn

K , t) of the projective space Pn
K . Evidently, P

n
K is

defined over any finite field Fq , where q is a power of p. By definition, the rational

points of Pn
K over Fqr constitute the projective space Pn

Fqr
= (Fqr )n+1−0

≈ , whereα ≈ β

if and only if there is a nonzero member λ ∈ Fqr − 0 such that λα = β. Thus,

| Pn
Fqr | = (qr )n+1 − 1

qr − 1
= 1 + qr + (qr )2 + · · · + (qr )n.

Hence

d

dt
(logZ(Pn

K , t)) =
∞∑

r=1

| Pn
(Fqr ) | tr−1 = 1

1 − t
+ q

1 − qt
+ q2

1 − q2t
+ · · · + qn

1 − qnt
.

Integrating and putting Z(Pn
K , 0) = 1, we obtain

Z(Pn
K , t) = 1

(1 − t)(1 − qt)(1 − q2t) · · · (1 − qnt)
.

Looking at the the zeta functions of a few more nonsingular projective varieties
(e.g., elliptic curves), A. Weil made the following conjectures.
Let X denote the nonsingular projective variety of dimension n defined over a finite
field Fq containing q = pm elements. Then the following hold:
1. The zeta function Z(X, t) is a rational function over Z.
2. Let Y be a variety defined over a ring R of algebraic integers such that X is
obtained by reducing Y modulo a prime ideal ℘ of R containing p. Let YC denote
the complex manifold obtained by treating the variety Y over C. Let Bi denote the
ith Betti number of YC (with the usual topology on the complex space). Then

Z(X, t) = P1(t)P3(t) · · · P2n−1(t)

P0(t)P2(t) · · · P2n(t) ,

where Pi (t) is a polynomial in Z[t] of degree Bi , and it is expressible as

Pi (t) =
∏Bi

j=1
(1 − αi j t),

where αi j are algebraic integers with | αi j | = q
i
2 for all i .

3. Z(X, q−nt−1) = (−q
n
2 t)χ(YC)Z(X, t), where χ(YC) is the Euler characteristic∑2n

i=0(−1)i Bi of YC.
Example4.5.1 verifies the Weil conjectures for the projective n space.
Our next aim is to demonstrate as to how the Weil conjectures follow from the

existence of certain co-homology theory on varieties.
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Theorem 4.5.2 Suppose that we have co-homology functors {Hr | r ≥ 0} from the
category of nonsingular projective varieties defined over finite fields of characteristic
p to the category of finite-dimensional vector spaces over a field of characteristic 0
and which satisfy the following properties:

(i) Dim X = n implies that Hr (X) = 0 for all r unless 0 ≤ r ≤ 2n.
(ii) Dim H 2n(X) = 1, and we have a perfect pairing � from Hr (X) × H 2n−r (X)

to H 2n(X) in the sense that � is bilinear and the map χ from Hr (X) to
Hom(H 2n−r (X), H 2n(X)) given by χ(a)(b) = �(a, b) is an isomorphism.

(iii) If X is obtained from a variety Y over a ring of algebraic integers in the
manner described in the statement of theWeil conjectures, then Dim Hr (X) =
Dim Hr (YC, C), where Hr (YC, C) is the singular co-homology of YC in the
dimension r with a coefficient in the field C of complex numbers.

(iv) Let F denote theFrobenius morphism from X to itself given by Fq(a0, a1, · · · ,

an) = (aq0 , a
q
1 , · · · , aqn ), where q = pt . Then F is compatible with �, and

| X (Fqm ) | = | XFm | =
∑2n

r=0
(−1)r T r(Hr (Fm)),

where Fm is the mth power of F (note that Fm is the Frobenius morphism
associated with qm ), X Fm

is the fixed-point set of Fm, and Tr denotes the trace
function.

(v) The eigenvalue of H 2n(F) is qn (note that H 2n(F) is multiplication by a scalar)
and the eigenvalues of Hr (F) are algebraic integers αi j , 1 ≤ j ≤ Br with
| αi j | = q

r
2 , 0 ≤ r ≤ 2n, where Br denotes the dimension of Hr (X).

Then the Weil conjectures hold good.

Proof From (iv) and (v) of the hypothesis of the theorem,
d
dt logZ(X, t)
= ∑∞

m=0 | X (Fqm ) |
= ∑∞

m=0(
∑2n

r=0(−1)r T r(Hr (Fm)))tm−1

= ∑∞
m=0(

∑2n
r=0(−1)r

∑Br
j=1(αr j )

m)tm−1

= ∑2n
r=0(−1)r

∑Br
j=1

αr j

1−αr j t
.

Integrating and using the fact that Z(X, 0) = 1, we obtain that

Z(X, t) = P1(t)P3(t) · · · P2n−1(t)

P0(t)P2(t) · · · P2n(t) ,

where Pr (t) is a polynomial in Z[t] of degree Br , and it is expressible as

Pr (t) =
∏Br

j=1
(1 − αr j t).

This proves 1 and 2 of the Weil conjectures.
Now, we use the the perfect pairing � to establish part 3 of the Weil conjectures.

Since Dim H 2n(X) = 1, Br = Dim Hr (X) = Dim H 2n−r (X) = B2n−r and
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since F is compatible with the cup product �, αi jα(2n−i) j = qn for all i and j ≤ Bi .
Now,
Pr (

1
qnt ) = ∏Br

j=1(1 − αr j

qn t )

= 1
(qnt)Br (−1)Br

∏Br
j=1 αi j

∏Br
j=1(1 − qnt

αr j
)

= (−1)Br 1
(qnt)Br det H

r (F)
∏Br

j=1(1 − α(2n−r) j )

= (−1)Br 1
(qnt)Br det H

r (F)P2n−r (t).

Substituting the values of Pr ( 1
qnt ) in the expression for Z(X, 1

qnt ), simplifying, and

observing that det Hr (F) · det H 2n−r (F) = (qn)Br , we obtain that

Z(X,
1

qnt
) = (−1)χ(YC)(q

n
2 t)χ(YC)Z(X, t).

This establishes the Weil conjectures. �

As already mentioned, M. Artin and Grothendieck introduced a co-homology
theory satisfying the hypothesis of the theorem. Now, we shall introduce it.

Étale Sheaf Theory and Co-homolgy

The concept of étale sheaf, and, in turn, that of étale co-homology was introduced by
Grothendieck in order to introduce a suitable co-homology theory needed to establish
the Weil conjectures.

Definition 4.5.3 Let (X,ϑX ) be a separated scheme of finite type over an alge-
braically closed field K . A morphism ( f, f �) from a scheme (U,ϑU ) to (X,ϑX ) is
called an étale if (i) f −1({x}) is finite for each closed point x of X , and (ii) for each
closed point x of X and y ∈ f −1({x}), the local homomorphism f �

x from the stalk

ϑX,x to the the stalk ϑY,y induces isomorphism f̂ �
x from the MX,x -adic completion

ˆϑX,x of ϑX,x to the MU,y-adic completion ˆϑU,y of ϑU,y (see Exercise1.1.39 for the
definition of A-adic completion associated with an ideal A).

Example 4.5.4 If U is an open subset of X , where (X,ϑX ) is a separated scheme
of finite type over an algebraically closed field K , then (i, i �) is an étale morphism
from (U,ϑ|U ) to (X,ϑX ). However, there may be an étale morphism from a subset
(not necessarily open) of X (give an example).

We develop the theory of étale sheaves in the manner in which the sheaf theory
was developed by replacing the inclusion morphisms between open subsets of X
by the étale morphisms into X . Let (X,ϑX ) be a separated scheme of finite type
over an algebraically closed field K . We have a category Xét of étale morphisms in
to X whose objects are étale morphisms U

ρ→ X and a morphism from U
ρ→ X to

V
η→ X is a morphism U

h→ V of schemes such that ηoh = ρ. An étale presheaf
F of abelian groups (rings) is a contra-variant functor from Xét to the category of
abelian groups (rings). More explicitly, for each étale morphism U

ρ→ X , we have

an abelian group (ring) F(U
ρ→ X) and to each morphism U

hη
ρ→ V from U

ρ→ X

to V
η→ X , there is a homomorphism F(hη

ρ) from F(V
η→ X) to F(U

ρ→ X) such
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that F(hμ
η0h

η
ρ) = F(hη

ρ)oF(hμ
η ) and F(I ρ

ρ ) = I
F(U

ρ→X)
. A morphism from an

étale presheaf F to an étale presheaf G is a natural transformation χ from F to G.

More explicitly, χ is the family {F(U
ρ→ X)

χρ→ G(U
ρ→ X) | U ρ→ X ∈ Obj Xét }

of homomorphisms such that G(hρ
η)oχρ = χηoF(hρ

η).
Now, we introduce the notion of étale sheaf in an analogous manner as we intro-

duced the notion of sheaf.

Definition 4.5.5 An étale presheaf F on X is called an étale sheaf if given any

étale morphism U
ρ→ X together with a finite family {Uα

φα→ U | α ∈ �} of étale
morphisms such that

⋃
α∈� φα(Uα) = U , and also the family {sα ∈ F(Uα

ρoφα→ X) |
α ∈ �} of elements satisfying the condition

F(Uα ×U Uβ
ρoφαop1→ X)(sα) = F(Uα ×U Uβ

ρoφβop2→ X)(sβ)

for all α,β ∈ �, where Uα ×U Uβ denotes the fiber product and p1, p2 the natural

projections, then there exists a unique s ∈ F(U
ρ→ X) such that F(Uα

φα→ U )(s) =
sα for all α ∈ �.

As in the case of sheaf theory, with a little care, we can construct the étale sheafi-
fication functor ÉS from the category ét PrX of étale presheaves of abelian groups
on X to the category ét ShX of étale sheaves of abelian groups. More explicitly, we
have a functor ÉS from ét PrX to ét ShX which is adjoint to the forgetful functor
from ét ShX to ét PrX . Even more, we can observe that ét PrX and ét ShX are abelian
categories with enough injectives. The global section functor � from ét ShX to AB

given by �(F) = F(X
IX→ X) is a left exact functor. The r th derived functor of �

is denoted by Hr (Xét ,−) and it is called the rth étale co-homology functor on X .
Hr (Xét , F) is termed as the rth étale co-homology of X with a coefficient in the
étale sheaf F . More explicitly, given an étale sheaf F and the injective resolution

0 −→ F
ε→ I0

d0→ I1
d1→ · · · dn−1→ In

dn→ · · ·

of F , Hr (Xét , F) is the rth co-homology of the co-chain complex

0 −→ �(I0)
�(d0)→ �(I1)

�(d1)→ · · · �(dn−1)→ �(In)
�(dn)→ · · · .

Recall that a geometric point of a scheme X is a morphism σ̂ from Spec k̂ to
X , where k̂ is an algebraically closed field. Observe that Spec k̂ is a single point.

The image xσ̂ of σ̂ is called the center of the geometric point σ̂. Let Spec k̂
σ̂→

X be a geometric point of X . A pair (U
ρ→ X, Spec k̂

η→ U ) is called an étale
neighborhood of σ̂ if ρoη = σ̂. Define a relation ≤ on the family Nσ̂ of all étale
neighborhoods of σ̂ by putting
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(U
ρ→ X, Spec k̂

η̂→ U ) ≤ (V
λ→ X, Spec k̂

μ̂→ U )

if and only if there is a morphism ν from V to U such that ρoν = λ. In turn, for
each étale sheaf F of abelian groups on X , we have the directed family

{F(U
ρ→ X) | (U

ρ→ X, Spec k̂
η̂→ U ) is étale neighborhood σ̂ in X}

of abelian groups. The direct limit of this directed system of abelian groups is called
stalk of F at the geometric point σ̂, and it is denoted by Fσ̂ .

Étale Co-homology with Compact Support

Recall (Definition 4.4.28) that a scheme X over a field K is said to be universally
closed if for any scheme Y over K , the projection p2 from X ×K Y to Y is a closed
morphism. Itmay be observed that a scheme X overC is universally closed if and only
if the associated complex space is compact with usual topology. Before introducing
the étale co-homology with compact support, we state (without proof) the following
theorem due to Nagata.

Theorem 4.5.6 (Nagata’s Compactification Theorem) Let X be a separated scheme
of finite type over an algebraically closed field K . Then there exists a universally
closed separated scheme X̃ of finite type over K together with a monomorphism i
from X to X̃ such that i(X) is open in X̃ and i is an isomorphism from X to i(X). �

Let X be a separated scheme of finite type over an algebraically closed field K .
Let X̃ and i be as described in the above Nagata compactification theorem. Let F
be an étale sheaf of torsion abelian groups on X . Consider the étale sheaf i�F on
X̃ which is the sheafification of the étale presheaf î F on X̃ defined as follows: Put
î F(U

ρ→ X̃) = F(U
η→)X provided that ηoi = ρ and 0 otherwise. We have the

obvious restriction morphisms. Evidently, i�F is the étale sheaf of torsion abelian
groups on X̃ . Let σ̂ be a geometric point of X̃ . Then i�Fσ̂ ≈ Fτ̂ if there is a geometric
point τ̂ in X such that ioτ̂ = σ̂, and it is 0 if there is no such τ̂ . It can be shown
that if X̂ together with j is another compactification of X , then Hr (X̃ ét , i�F) is
naturally isomorphic to Hr (X̂ ét , j�F). The rth, étale co-homology Hr

c (Xét , F) of X
with compact support and with a coefficient in the torsion étale sheaf F is defined as

Hr
c (Xét , F) = Hr (X̃ ét , i�F),

where (X̃ , i) is a Nagata compactification of X . In particular, if X is a universally
closed separated scheme of finite type over an algebraically closed field K , then
Hr

c (Xét , F) = Hr (Xét , F).

l-adic Co-homology

Let lbe a positive prime integer.Recall (Exercise1.1.34) the ringZ(l) of l-adic integers

which is the inverse limit of the inverse system {Zlr
νs
r→ Zls | r ≥ s}, where νs

r is the



4.5 Weil Conjectures and l-adic Co-homology 285

obvious ring homomorphism. As mentioned in Exercise1.1.34, Z(l) is an integral
domain. The field Q(l) is called the field of l-adic numbers. Evidently, Q(l) is a field
extension of Q. Q(l) will denote the algebraic closure of Q(l).

By definition of inverse limit, for each r , we have a unique ring homomorphism
φr from Z(l) to Zlr such that r ≥ s implies νs

r oφ
r = φs . In turn, each Zlr is a Z(l)-

module. Now, for each r , let Ẑlr denote the constant étale sheaf on X of Z(l)-module

given by Ẑlr (U
ρ→ X) = Zlr . This gives us an inverse system

· · · ν̂r+1
r+2→ Ẑlr+1

ν̂r
r+1→ Ẑlr

ν̂r−1
r→ · · · ν̂1

2→ Ẑl −→ 0

of torsion étale sheaves on X . For each m, we have two inverse systems

· · · Hm (ν̂r+1
r+2 )→ Hm(Xét , Ẑlr+1 )

Hm (ν̂rr+1)→ Hm(Xét , Ẑlr )
Hm (ν̂r−1

r )→ · · · Hm (ν̂12 )→ Hm(Xét , Ẑl) −→ 0

and

· · · Hm
c (ν̂r+1

r+2 )→ Hm
c (Xét , Ẑlr+1 )

Hm
c (ν̂rr+1)→ Hm

c (Xét , Ẑlr )
Hm
c (ν̂r−1

r )→ · · · Hm
c (ν̂12 )→ Hm

c (Xét , Ẑl) −→ 0

of Z(l)-modules. The inverse limit Lim←Hm(Xét , Ẑlr ) is denoted by Hm(X, Z(l)),
and Lim←Hm

c (Xét , Ẑlr ) is denoted by Hm
c (X, Z(l)). Evidently, Hm(X, Z(l)) and

Hm
c (X, Z(l)) are Z(l)-modules. The Q(l)-vector space Hm(X, Z(l)) ⊗Z(l) Q(l) is called

mth l-adic co-homology of X , and it is denoted by Hm(X, Q(l)). Further, the Q(l)-
vector space Hm

c (X, Z(l)) ⊗Z(l) Q(l) is called mth l-adic co-homology of X with
compact support, and it is denoted by Hm

c (X, Q(l)).
For the purpose of applications in the representation theory, we need to con-

sider vector spaces over algebraically closed fields. As such, we shall be interested
in the co-homologies Hm(X, Q(l)) = Hm(X, Q(l)) ⊗Q(l) Q(l) and Hm

c (X, Q(l)) =
Hm

c (X, Q(l)) ⊗Q(l) Q(l).

Some Properties of l-adic Co-homology with Compact Support

We state the following theorem (without proof) which describes some important
properties of l-adic co-homology with compact support. Some of them follow from
the properties of co-homology functors and the properties of Lefschetz numbers.
However, the proof can be found in S.G.A 4, S.G.A 41

2 , and S.G.A(5). The reader
may also refer to Lusztig’s “Representations of Chevalley Groups”, CBMSRegional
Conference Series in Mathematics, (AMS)39(1970). These properties will be used
in Chap. 5 of Algebra 4 which deals with the representations of finite groups of Lie
types.

Theorem 4.5.7 1. Hm
c (−, Q(l)) defines a contra-variant functor from the category

whose objects are schemes and morphisms are finite morphisms. In particular,
we have a representation ρ of Aut (X) on the space Hm

c (X, Q(l)) given by ρ(σ) =
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(Hm
c (σ))t (note that an automorphism of a scheme is a finite morphism). Further,

Hm
c (X, Q(l)) may be nonzero only when 0 ≤ m ≤ 2DimX.

2. If X is an affine space An
K , then H 2n

c (X, Q(l)) ≈ Q(l) and Hm
c (X, Q(l)) = {0}

for m �= 2n.
3. Let p be a prime and q = pr . Let A be a set of polynomials in Fq [X1, X2, · · · ,

Xn]definedover theGalois field Fq . Let K beafield extensionof Fq , andY (K ) =
V (A) denote the variety determined by A over K . The map F from Y (K ) to
Y (K ) given by F(α1,α2, · · · ,αn) = (α

q
1 ,α

q
2 , · · · ,α

q
n) is called the Standard

Frobenius map. Evidently, Y (K )F = Y (Fq). More generally, an Fq structure
on a scheme (X,ϑX ) is a scheme (X0,ϑX0)over Fq togetherwith an isomorphism
from (X,ϑX ) to the fiber product X0 ×Spec Fq Spec K of the schemes (X0,ϑX0)

and (Spec K ,ϑK ) over (Spec Fq ,ϑFq ). Let F0 denote the morphism (IX0 , F
�
0 )

from (X0,ϑX0) to itself given by (F�
0 )U (a) = aq for all a ∈ ϑX0(U ) and for all

open subsets U of X0. The morphism F0 × 1 from X0 ×Spec Fq Spec K to itself
induces a morphism F from (X,ϑX ) to itself. This morphism is called the Fq-
Frobenius map on (X,ϑX ).
Grothendieck Trace Formula. Let l be a prime different from p. Then

| XF | =
∑2n

r=0
(−1)r trace(F, Hr

c (X, Q(l))),

where DimX = n and F is the Fq-Frobenius map described above. Evidently,
Fm is the Fqm -Frobenius map. Observe that this was an essential requirement
(hypothesis (iv) of Theorem 4.5.2.) to establish a part of the Weil conjectures.

4. If g is an automorphism of X of finite order, then the Lefschetz number L(g, X)

given by

L(g, X) =
∑2DimX

m=0
(−1)mTrace(g, Hm

c (X, Q(l)))

is an integer which is independent of l.
5. Let X and Y be algebraic varieties and f be a morphism from X to Y such

that each fiber f −1({y}) is an affine variety isomorphic to An
K . Let g and g′ be

automorphisms of X and Y , respectively, which are of finite orders. Suppose that
f og = g′of . Then L(g, X) = L(g′, X).

6. Let {Xi | 1 ≤ i ≤ n} be a pairwise disjoint finite family of locally closed subsets
of X such that X = ⋃n

i=1 Xi . Let g be an automorphism of X of finite order
such that g(Xi ) = Xi for each i . Then

L(g, X) =
∑n

i=1
L(g, Xi ).

Further, suppose that
⋃m

i=1 Xi is closed for eachm ≤ n. Let G be a finite group of
automorphismsof X such that each Xi is invariant underG.Let Hr

c (Xi , Q(l))
 be
a subspace of Hr

c (Xi , Q(l)) affording an irreducible character 
 of G. Suppose
that Hr

c (Xi , Q(l))
 = 0 for all r and i . Then Hr
c (X, Q(l))
 = 0 for all r .
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7. Let {Xi | 1 ≤ i ≤ n} be a pairwise disjoint finite family of closed subsets of X
such that X = ⋃n

i=1 Xi . Let g be an automorphism of X of finite order such
that for each pair i, j , there is a g ∈ G such that g(Xi ) = X j . Let H =
{g ∈ G | g(X1) = X1} be the subgroup of G. Then the generalized character
g �→ L(g, X) of G is induced by the generalized character h �→ L(h, X1) of H
in the sense that

L(g, X) = 1

| H |�x∈G,xgx−1∈H L(xgx−1, X1)

.
8. Let X be an affine variety and G be a finite group of automorphisms of X. Then

Hm
c (X/G, Q(l)) ≈ Hm

c (X, Q(l))
G,

where Hm
c (X, Q(l))

G is the subspace of the fixed points of the action of G on
Hm

c (X, Q(l)). Further, if f is a G-equivariant automorphism of X of finite order
and g is an automorphism of X/G such that νof = f og, then

L(g, X/G) = 1

| G |
∑

x∈GL( f og, X).

9. If X and Y are algebraic varieties, then we have the Kunneth formula

Hm
c (X × Y, Q(l)) = ⊕

∑

r+s=m
(Hr

c (X, Q(l)) ⊗ Hr
c (X, Q(l))).

Further,
L(g × g′, X × Y ) = L(g, X)L(g′,Y ),

where g and g′ are automorphisms of X and Y , respectively, which are of finite
orders.

10. Let g be an automorphism of X of finite order. Suppose that g = su = us,
where the order of s is a co-prime to p and order of u is a power of p, p being
a prime. Let Xs denote the fixed-point set of s. Then

L(g, X) = L(u, Xs).

In particular, if Xs = ∅, then L(g, X) = 0.
11. If X is finite and g is an automorphism of X, then L(g, X) = | X g |.
12. If G is a connected algebraic group which acts as a group of automorphisms of

X, then the induced action of G on Hm
c (X, Q(l)) is the trivial action. �

Hypotheses (ii) and (iii) of Theorem 4.5.2 are also satisfied by the l − adic co-
homology.

The fact that l − adic co-homology satisfies hypothesis (v) of Theorem 4.5.2 was
established by Deligne settling the conjectures of Weil.
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Application to the Representations of Finite Groups of Lie Types

The Lefschetz number of automorphisms of schemes/varieties plays a very important
role in the Deligne–Lusztig representation theory of finite groups of Lie type and
we introduce it. In the discussions to follow, we shall leave the proofs of certain
assertions in the discussions to follow. The reader may refer to “Linear Algebraic
groups” by Armand Borel for the details and the proofs.

Recall that an algebraic varietyG together with a group structure onG is called an
algebraic group if themap (a, b) → ab−1 fromG × G toG is a morphism of variety.
Thus, for example, GL(n, K ) is an algebraic group over K (see Exercises4.3.8–
4.3.10). A sub-algebraic group of a general linear group is called a linear algebraic
group. Let G be a connected Linear algebraic group over an algebraically closed
field K . A maximal closed connected solvable subgroup of G is called a Borel
subgroup of G. Clearly, a connected linear algebraic group G has a Borel subgroup
and any closed connected solvable subgroup is contained in a Borel subgroup. For
example, the subgroup B(n, K ) of upper triangular matrices in GL(n, K ) forms a
Borel subgroup of GL(n, K ). Let B be a Borel subgroup of G. Then the quotient
variety G/B is a projective variety. Every projective variety X is a complete variety
in the sense that for every variety Y , the second projection p2 from X × Y to Y is a
closed map. Thus, G/B is a complete variety. We state (without proof) the following
fixed-point theorem due to Borel.

Theorem 4.5.8 (Borel fixed-point theorem) Suppose that G is a connected solvable
algebraic group acting on a complete variety X. Then there is a fixed point of the
action. �

Corollary 4.5.9 Let G be a connected linear algebraic group. Then any two Borel
subgroups of G are conjugate to each other. The set � of all Borel subgroups of G
has a structure of projective variety isomorphic to G/B.

Proof Let B1 and B2 be Borel subgroups of G. Then G/B2 is a complete variety
on which the connected solvable subgroup B1 acts through left multiplication. From
the Borel fixed-point theorem, it has a fixed point x B2 (say). Then bx B2 = x B2 for
all b ∈ B1. This means that x−1B1x ⊆ B2. Since x−1B1x is also a Borel subgroup,
x−1B1x = B2. Thus, any two Borel subgroups of G are conjugate. In turn, if B is
a Borel subgroup of G, then the map gB �→ gBg−1 is a natural bijective map from
G/B to �. The last assertion also follows. �

Since the product of closed connected solvable normal algebraic subgroups of G
is a closed connected solvable normal algebraic subgroup, G has the largest closed
connected solvable normal algebraic subgroup. This subgroup is called the radical of
G and it is denoted by R(G). A connected linear algebraic group G is called a semi-
simple algebraic group if R(G) is trivial. An element a of a linear algebraic groupG
is called a unipotent element of G if all its eigenvalues are 1. A subgroup consisting
of unipotent elements is called a unipotent subgroup. Thus, the subgroupU (n, K )

of uni-upper triangular matrices in GL(n, K ) is a unipotent subgroup. Observe that
all unipotent subgroups are nilpotent. It can also be shown that every connected
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linear algebraic group G has the largest unipotent closed normal subgroup. This
subgroup is called the unipotent radical ofG and it is denoted by Ru(G). Evidently,
Ru(G) ⊆ R(G). A connected linear algebraic group G is called a reductive group if
Ru(G) is trivial. Thus, a semi-simple group is reductive. However, a reductive group
need not be semi-simple. For example, the diagonal subgroup T of GL(n, C) is a
reductive group which is not semi-simple. GL(n, C) is also reductive but it is not
semi-simple.

Now, let us recall the Jordan–Chevalley decomposition (see Theorem 6.3.17,
Corollary 6.3.19, and Corollary 6.3.21 in Algebra 2): If T is a linear transformation
on a finite-dimensional vector space V over an algebraically closed field K (or
at least all characteristic roots of T are in K ), then it can be expressed uniquely as
T = Ts + Tn , where Ts is semi-simple (i.e., V has a basis consisting of eigenvectors
of Ts), Tn is nilpotent, and Ts and Tn commute. Further, there are polynomials g(X)

and h(X)without constant terms such that g(T ) = Ts and h(T ) = Tn . In particular,
a square matrix A with entries in K can be expressed uniquely as A = As + An ,
where As is diagonalizable, An is nilpotent, and As and An commute. Further, there
exist polynomials g(X) and h(X) without constant terms such that As = g(A), and
An = h(A). If in addition A is nonsingular, then As is also nonsingular, and as such
A = As(I + A−1

s An). Since A−1
s An is nilpotent, Au = I + A−1

s An is unipotent
in the sense that all its eigenvalues are 1. Thus, every nonsingular matrix A can be
uniquely expressed as A = As Au , where As is semi-simple, Au is unipotent, and As

and Au commute. This decomposition is called the multiplicative Jordan–Chevalley
decomposition.

Let G be a linear algebraic group over K and η be an embedding of G into
GL(n, K ). Let x be an element of G such that η(x) is semi-simple in GL(n, K ).
Then for any other embedding μ of G, μ(x) is again a semi-simple element. This
allows us to call an element x of G to be a semi-simple element of G if η(x) is
a semi-simple element for some embedding η. Similarly, we have the concept of
unipotent elements in a linear algebraic group. We have the Jordan decomposition
for an arbitrary linear algebraic G. More explicitly, every element x ∈ G is uniquely
expressible as x = xsxu , where xs is semi-simple, xu is unipotent, and xs and xu
commute. xs is called the semi-simple part and xu is called the unipotent part of
x . Further, under an algebraic homomorphism of groups, semi-simple and nilpotent
parts are preserved.

An algebraic group of the form K � × K � × · · · × K �

︸ ︷︷ ︸
n

is called a Torus of rank n.

Thus, the subgroup D(n, K ) of diagonal matrices is a torus in GL(n, K ). Clearly, a
connected linear algebraic group has amaximal torus, and amaximal Torus subgroup
is contained in a Borel subgroup. If B is a Borel subgroup containing a maximal
torus T and U is a unipotent radical of B, then B = U � T and all maximal torus
contained in B are conjugate in B. Since any two Borel subgroups are conjugate, it
follows that all maximal tori are conjugate.

LetG be a closed connected reductive algebraic subgroup ofGL(n, K ), where K
is an algebraically closed field of characteristic p. Fix q = pm . Evidently, [ai j ] ∈ G
implies that [bi j ] ∈ G, where bi j = aqi j . The morphism F from G to G defined by



290 4 Sheaf Co-homology and Its Applications

F([ai j ]) = [bi j ], where bi j = aqi j , is called the Fq -StandardFrobeniusmorphism
onG. F is said to be aFrobeniusmorphism if somepower of F is a standardFrobenius
morphism. The morphism L from G to G given by L(g) = g−1F(g) is called the
Lang map. A theorem of Lang asserts that L is a surjective morphism. Evidently,
GF = L−1({1}) is finite, and it is called a finite group of Lie type. More generally,
a theorem of Lang–Steinberg asserts that if F is a surjective homomorphism from G
to G such that GF is finite, then L is surjective. The group GF , also termed as finite
Chevalley group, has another alternative description (Chap. 4, Algebra 4).

For convenience and simplicity in arguments, we restrict our attention to the
connected reductive algebraic group GL(n, K ), where K is an algebraically closed
field of characteristic p. However, everything can be done on an arbitrary connected
linear reductive algebraic group G over an algebraically closed field K . Evidently,
GF = GL(n, Fq), where F is the Fq -Frobenius map on GL(n, K ). A group iso-
morphic to K � ⊗ K � × · · · × K �

︸ ︷︷ ︸
r

for some r is called a torus of rank r . A subgroup

of GL(n, K ) which is isomorphic to a torus is called a toral subgroup. Thus, the
diagonal subgroup T of GL(n, K ) is a toral subgroup of GL(n, K ) of rank n, and
indeed, it is a maximal toral subgroup of GL(n, K ). All conjugates of T are max-
imal toral subgroups of GL(n, K ), and conversely, any maximal toral subgroup
of GL(n, K ) is conjugate to T . Let Pn denote the group of permutation matrices.
Then Pn is a subgroup of GL(n, K ) such that PnT = T Pn , where T is the max-
imal torus D(n, K ). Indeed, T Pn = NGL(n,K )(T ) = T � Pn (prove it). Thus,
NGL(n,K )(T )/T ≈ Sn ≈ NGL(n,K )(T g)/T g for all g ∈ GL(n, K ). Consequently, for
all maximal toral subgroup T̂ of GL(n, K ), NGL(n,K )(T̂ )/T̂ is isomorphic to Sn
(for arbitrary connected linear reductive algebraical group G, NG(T )/T is isomor-
phic to a subgroup of Sn). The group NGL(n,K )(T )/T is called the Weyl group of
GL(n, K ). Further the subgroup B+(n, K ) of upper triangular matrices inGL(n, K )

is a maximal solvable subgroup of GL(n, K ). Obviously all conjugates, in particu-
lar, the subgroup B−(n, K ) is also a maximal solvable subgroup of GL(n, K ). Con-
versely, all maximal solvable subgroups of GL(n, K ) are conjugate to each other.
A maximal solvable subgroup of GL(n, K ) is a Borel subgroup. Thus, B+(n, K )

is a Borel subgroup of GL(n, K ). The subgroup U+(n, K ) of uni-upper triangular
matrices in GL(n, K ) is a unipotent subgroup which is a maximal unipotent sub-
group of GL(n, K ). Observe that U+(n, K ) is unipotent radical of B+(n, K ), and
B+(n, K ) = TU+(n, K ). A subgroup H of GL(n, K ) is said to be an F-stable
subgroup if F(H) = H . The standard maximal torus T is F-stable. The Borel sub-
group B+(n, K ) is F-stable. In general, a maximal torus T g need not be F-stable.
To say that T g is F-stable is to say that F(gT g−1) = gT g−1. This is equivalent to
say that g−1Fg ∈ NGL(n,K )(T ).

Let T̂ be an F-stable maximal torus of GL(n, K ). Since T̂ is a solvable subgroup
of GL(n, K ), it is contained in a Borel subgroup B̂ of GL(n, K ). Note that B̂ need
not be F-stable. If T̂ lies in an F-stable Borel subgroup, then we call it amaximally
split torus. Let Û denote the unipotent radical of B̂. Consider the Lang map L
from GL(n, K ) to GL(n, K ). Evidently, GL(n, Fq) = GL(n, K )F = L−1({1}).
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Since F is amorphism and Û is an algebraic subset ofGL(n, K ), L−1(Û ) is an affine
variety over K . Let X̂ be the scheme associatedwith L−1(Û ). Let g ∈ GL(n, Fq) and
x ∈ L−1(Û ). Then L(gx) = (gx)−1F(gx) = x−1g−1F(g)F(x) = x−1F(x) ∈ Û .
This shows that gx ∈ L−1(Û ). HenceGL(n, Fq) acts on X̂ from left. Next, if t ∈ T̂ F

and x ∈ L−1(Û ), then L(xt) = (xt)−1F(xt) = t−1x−1F(x)F(t) ∈ t−1Û t = Û ,
since Û is normal in B̂. Hence xt ∈ L−1(Û ). This shows that T̂ F acts on X̂ from
right. Since (gx)t = g(xt), it induces a (GL(n, Fq), T̂ F ) bi-module structure on
the l − adic co-homology Hr

c (X̂ , Q(l)).
Let θ be an irreducible representation of T̂ F (see Chap.9 of Algebra 2 for the

basic language of representations) over the field C of complex numbers. Then θ is
a homomorphism from T̂ F to C

� (θ is also an irreducible character). Evidently, the
image of themembers of T̂ F are algebraic integers inC. SinceQ(l) is an algebraically
closed field containingQ, θ can be realized as a homomorphism from T̂ F toQ(l)

�
. Let

Hr
c (X̂ , Q(l))θ denote the Q(l)-subspace {v ∈ Hr

c (X̂ , Q(l)) | vt = vθ(t)∀t ∈ T̂ F } of
Hr

c (X̂ , Q(l)). Clearly, Hr
c (X̂ , Q(l))θ is a GL(n, Fq)-submodule of Hr

c (X̂ , Q(l)). Let
ρr denote the corresponding representation of GL(n, Fq) and χr the character asso-
ciated with ρr . Thus, χr (g) = Trace ρr (g), g ∈ GL(n, Fq). We have a generalized
character RT̂ ,θ of GL(n, Fq) given by

RT̂ ,θ(g) =
∑2Dim X̂

r=0
(−1)rχr (g).

There may be several Borel subgroups containing an F-stable maximal torus. For
example, B+(n, K ) and B−(n, K ) are Borel subgroups containing T . It appears
that the generalized character RT̂ ,θ depends on the choice B̂ of a Borel subgroup

containing T̂ . Indeed, it is independent of the choice B̂ of aBorel subgroup containing
T̂ . The generalized character RT̂ ,θ of GL(n, Fq) associated with a maximal F-

stable torus T̂ and a character θ of T̂ F is called the Deligne–Lusztig Character of
GL(n, Fq) associated with the pair (T̂ , θ).

The following are a few among several properties and facts aboutDeligne–Lusztig
characters which make it extremely useful, interesting, and applicable.

1. If an F-stable maximal torus T̂ is a split torus in the sense that there is an
F-stable Borel subgroup B̂ containing T̂ , then RT̂ ,θ = I nd

GL(n,Fq )
BF θ̂, where θ̂ is the

obvious character induced by θ on T̂ F ≈ B̂ F/Û F .
2. Every irreducible character of GL(n, Fq) is a constituent of some Deligne–

Lusztig character. More explicitly, given any irreducible character χ of GL(n, Fq),
there is an F-stable maximal torus T̂ together with a character θ of T̂ F such that
< χ, RT̂ ,θ > �= 0.

3. The constituents of R1
T̂
are called unipotent characters and they are important

objects in the representation theory.
Deligne-Lusztig characters will be studied further in detail in Chap. 5 of Algebra

4.
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Exercises

4.5.1 This exercise is meant to determine the conjugacy classes of elements of
GL(2, Fq).
(i) Show that {aI | a ∈ F�

q } is the set of all distinct singleton conjugacy classes of
elements GL(2, Fq), where I denotes the identity matrix.
(ii) For a ∈ F�

q , put

Aa =
[
a 1
0 a

]

.

Show that Aa is conjugate to Ab if and only if a = b. Show further that the centralizer
CGL(2,Fq )(Aa) of Aa consists of the matrices of the type

[
u v

0 u

]

,

u ∈ F�
q and v ∈ Fq . Deduce that the conjugacy class Aa determined by Aa contains

q2 − 1 elements.
(iii) For a, b ∈ F�

q , a �= b, put

Aa,b =
[
a 0
0 b

]

.

Show that Aa,b is conjugate to Ac,d if and only if {a, b} = {c, d}. Show further
that the centralizer CGL(2,Fq )(Aa,b of Aa,b is precisely the diagonal subgroup of
GL(2, Fq). Deduce that the conjugacy class Aa,b contains q(q + 1) elements.
(iv) Assume that q is odd. Let ξ be a generator of the cyclic group F�

q . Show that for
any a ∈ Fq and b ∈ F�

q , the matrix

Ba,b =
[
a bξ
b a

]

is a member of GL(2, Fq). Show that Ba,b is conjugate to Bc,d if and only if a = c
and b = ±d. Show that X2 − ξ is an irreducible polynomial in Fq [X ]. Let ς be a
root of X2 − ξ in the quadratic extension Fq2 of Fq . Show that the map η from F�

q2

to GL(2, Fq) given by η(a + bς) = Ba,b is an injective homomorphism of groups.
Deduce that H = {Ba,b | (a, b) ∈ Fq × F�

q } is a cyclic subgroup of GL(2, Fq)
of order q2 − 1. Show further that H = CGL(2,Fq (Ba,b) for all (a, b) ∈ Fq × F�

q .
Deduce that the number of conjugates to Ba,b is q2 − q.

Counting and summing up the number of elements in the conjugacy classes
described above and comparing themwith the order ofGL(2, Fq) gives the complete
list of conjugacy classes of GL(2, Fq). There are four types of conjugacy classes
described above, and in total there are q2 − 1 conjugacy classes of GL(2, Fq).
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4.5.2 Modify the arguments in the above exercise to find the complete list of con-
jugacy classes of GL(2, Fq), where q is even.

4.5.3 Consider GL(2, Fq), where q is odd. Let F denote the algebraic closure of
Fq , and F denote the Fq -Frobenius. Let T denote the standard maximal torus, viz.,
the diagonal subgroup of GL(2, F) consisting of the diagonal matrices. Evidently,
T is F-stable. Describe the variety L−1(U ) and the respective X̂ , where L is the
Lang map, U is the group of uni-upper triangular matrices in GL(2, F). Determine
R1
T by giving its values on each of the conjugacy classes of GL(2, Fq) described in

Exercise 4.5.1, where 1 is the trivial character of T F . Is it a genuine character? If
so check it for irreducibility. Let ξ denote a generator of the cyclic group F�

q , and

ρ the homomorphism from F�
q to Q(l)

�
given by ρ(ξ) = ζ, where ζ is a primitive

q − 1 root of unity in Q(l). Determine Rχ
T , where χ is the character of T F given by

χ(Diag(a, b)) = ρ(a)ρ(b), a, b ∈ F�
q .

4.5.4 Consider SL(2, Fq), where q is odd. Show the following:

(i) There are exactly two distinct singleton conjugacy classes, viz., {I } and {−I }.
(ii) Show that E1

12, E
ξ
12, −E−1

12 , and −E−ξ
12 all determine distinct conjugacy classes

containing q2−1
2 elements each.

(iii) Show that there are q−3
2 distinct conjugacy classes determined by the elements

of the type

[
a 0
0 a−1

]

,

a �= ±1 each containing q2 + q elements.
(iv) Show that there are q−1

2 distinct conjugacy classes determined by the elements
of the type [

a b
ξb a

]

,

a �= ±1 each containing q2 − q elements.
Finally, counting the number of elements, show that these are the only conjugacy

classes of SL(2, Fq), and so there are q + 4 distinct conjugacy classes of elements
of SL(2, Fq).

4.5.5 As in Exercise 4.5.3, determine virtual character R1
T , where T is the standard

F-stable maximal torus, and 1 is the trivial character of T F . Is it a genuine character?

4.5.6 Describe the Deligne–Lusztig generalized characters ofGL(2, q) by comput-
ing their values on each conjugacy class.
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C
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Chain complex, 30
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Chain transformation, 30
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É tale sheaf, 283
Euler–Poincare characteristic, 163
Evaluation functor, 11, 18, 108
Exact couple, 134
Exact forms, 205
Exact functor, 27
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Excisive couple, 154

F
Fibration, 179
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Finite morphism, 272
Finite type, 272
Flasque sheaf, 235
Flat module, 95
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Free functor, 16
Free group functor, 6
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Free resolution, 70
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Frobenius map, 286
Frobenius morphism, 281, 290
Full embedding theorem, 28
Fully faithful functor, 278
Function field, 259
Functor, 5
Functor category, 11
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Integral scheme, 270
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Irreducible scheme, 270
Irreducible space, 249

J
Jordan Brouwer separation theorem, 174

K
Kernel of a morphism, 4
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Krull topology, 21

L
l -adic co-homolgy, 285
Lang map on G, 290
Lefschetz fixed-point theorem, 169
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Left-derived functor, 107
Linear algebraic group, 264
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Local ring of a variety, 259

M
Mapping cone, 34
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p-adic metric, 21
Paracompact Space, 247
p-forms, 205
Picard group, 226
Platonic solid, 164
Polyhedron, 151
Presheaf, 211
Product in a category, 13
Pro-finite completion, 21
Pro-finite group, 20
Projective algebraic set, 255
Projective object, 17
Projective resolution, 70
Projective space, 255
Projective varieties, 255
Proper morphism, 277
Pullback diagram, 14
Pushout diagram, 14

Q
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Reductive group, 289
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Scheme, 269
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Simplicial map, 36
Singular co-homology, 42
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Small category, 2
Snake lemma, 44
Spectral sequence, 130
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Subobject, 17
Sub-sheaf, 214

T
Tangent space, 261
Tangent vector, 260
Torn , 102
Torsion product, 90, 97
Triangulation, 151

U
Unipotent characters, 291
Unipotent element, 288
Unipotent radical, 289
Unipotent subgroup, 288
Universal coefficient theorem, 65, 129
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Universally closed, 277
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Weyl group, 290

Y
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