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PREFACE 

When Dover Publications agreed to reprint our textbook Theoretical Me- 

chanics of Particles and Continua, we decided to write a short additional vol- 

ume on Nonlinear Mechanics that would include material that each of us has 

used in recent graduate classes. This supplement focuses on various aspects of 

nonlinear phenomena in both fluids and discrete systems of particles. We start 

with the onset of hydrodynamic instabilities, particularly the Rayleigh-Bénard 

convective instability in a fluid heated from below. The associated nonlinear 

Lorenz equations provide a simple model for the chaotic behavior far beyond 

the onset of convection. We then study the logistic map, which illustrates period 

doubling as a different route to chaotic dynamics. Finally we consider hamil- 

tonian systems, where the familiar action-angle variables provide a convenient 

and flexible tool. Two solvable models form the basis for a qualitative discussion 

of the celebrated Kolmogorov-Arnold-Moser (KAM) theorem on the stability of 
a separable hamiltonian system subject to periodic perturbations. In these ex- 

amples, we rely on the general aspects of nonlinear dynamical systems such as 

fixed points and their stability. In addition, various numerical methods play an 

important role, especially the Poincaré surface of section. A set of problems 

has been included, some for each section. We are most grateful to M. E. Peskin 

for allowing us to use his unpublished lecture notes on hamiltonian systems. 

Throughout this work, we have very much enjoyed developing the material and 

hope that students will find it a valuable addition to our earlier textbook. 

Alexander L. Fetter 

John Dirk Walecka 

October 1, 2005 
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Part I 

Introduction 



1 Motivation 

The book Theoretical Mechanics of Particles and Continua was originally pub- 

lished by McGraw-Hill Book Co. in 1980 [Fe80a]. Subsequently, Dover Publica- 

tions reprinted it in 2003 [Fe03]. The original preface to [Fe80a] states: 

We intend this frankly as a textbook and aim to provide a lucid and 

selfcontained account of classical mechanics, together with appropri- 

ate mathematical methods. 

Over the years, many colleagues and students have told us how much they liked 

using this text. 
The first section of [Fe80a] starts with the sentence: 

Although Newton’s laws of motion are easily stated, their full im- 

plications involve subtle and complicated nonlinear phenomena that 

remain only partially explored. 

Since 1980 the advent of powerful inexpensive computers has revolutionized 

this exploration. Currently anyone with a desktop computer can simply pick 

appropriate initial conditions and numerically integrate a set of nonlinear or- 

dinary differential equations, or, equivalently, iterate a set of nonlinear finite- 

difference equations. These numerical investigations have discovered many fas- 

cinating and unexpected phenomena, such as chaos and fractals (see, for exam- 

ple, [Za85, Gu90, Mc94, Ot02]). Simultaneously, powerful mathematical meth- 
ods have been developed to describe nonlinear mechanics (see, for example, 

[Ar89, Li92, Pe92, Jo98}). 
The preface to [Fe03] further states: 

We have each taught particle and continuum mechanics many times 

over the years, both at Stanford and at William and Mary, and en- 
joyed having this book available as a text. ... In the past several 

times that we have taught the course, each of us has supplemented 

this material with additional lectures on more modern topics such as 

nonlinear dynamics, the Lorenz equations, and chaos. We hope that 

this supplemental material will also be available in published form at 
some point. 

When Dover reprinted the original version [Fe03], the authors considered prepar- 
ing a revised second edition but decided that it was more valuable to have the 
text immediately available for the use of students and instructors. Thus arose 
the idea for a supplement that would provide a bridge from [Fe80a] to contempo- 
rary (typically nonlinear) mechanics. We re-emphasize that this material serves 
as a textbook from which one can learn. Indeed, we claim no originality and are 
definitely not experts on these topics. 

The second half of [Fe80a] focuses on continuum mechanics with chapters on 
Sound waves in fluids, Surface waves on fluids, Heat conduction, and Viscous 
fluids. A natural extension is to use this material as a basis for discussing non- 
linear continuous systems, which we proceed to do in Part II of this supplement. 



The Euler equation for an ideal incompressible fluid simplifies considerably 
for irrotational flow because the velocity field (a vector) is then derivable from 
a scalar velocity potential. In this case, the Euler equation can be integrated 
to yield Bernoulli’s equation. Part II starts with a linearized stability analysis 
describing two classic physical problems: the onsets of (1) the Rayleigh-Taylor 
gravitational instability for two fluids with the heavier on top, and (2) the 

Kelvin-Helmholtz shear instability where the fluids are gravitationally stable but 

undergo relative transverse motion. This material provides a nice introduction, 
for it simply amplifies three problems appearing in the original text [Fe80b].! 

The Navier-Stokes equation adds viscosity to the description of these fluids. 

Typically, a viscous fluid undergoes rotational motion with nonzero vorticity 

(the curl of the velocity). In addition, the vorticity itself diffuses at a rate 
determined by the kinematic viscosity. The Navier-Stokes equation is solved 

for some simple physical configurations in [Fe80a]. Inclusion of heat flow, both 

conduction and convection, leads to still richer physical phenomena. If the fluid 

is heated from below, the decrease in density associated with thermal expansion 

substantially affects the dynamics, and the resulting buoyant force eventually 

initiates convection. This convective instability of a viscous fluid heated from 

below is known as the Rayleigh-Bénard problem. The simplest approximation is 

to retain only the leading linear temperature dependence in the density (known 

as the Boussinesq approximation). We analyze the resulting set of coupled 

nonlinear dynamical equations in some detail, obtaining the conditions for the 

onset of the striking convective roll instability and deducing properties of the 

linearized solutions (see, for example, [Ch81, La87, Bo00}). 

The coupled physical amplitudes-that obey the nonlinear Boussinesq equa- 

tions can be expanded in a complete set of spatial normal modes [Sa62]. If the 
resulting system of coupled nonlinear equations is truncated to retain only the 

first two modes, then an appropriate redefinition of variables yields the equations 

first derived by Lorenz as a model for weather [Lo63, Sp82]. These celebrated 
and remarkable Lorenz equations constitute a discrete dynamical system with 

three dependent variables and one control parameter. As we shall see explicitly, 

their solution mimics the much more complicated Rayleigh-Bénard problem with 

an infinite number of degrees of freedom. The numerical solution to these three 

coupled, first-order, nonlinear, ordinary differential equations provided one of 

the first observations of the phenomenon of chaos. Today, it is a simple matter 

for students to solve these equations on a desktop computer and investigate 
their properties. Indeed, this system exemplifies much of what makes modern 

mechanics so enjoyable and fascinating. 
For pedagogical reasons, we take an extended path to the Lorenz equations, 

exploring some interesting physical phenomena along the way. Part IT concludes 

with a direct derivation based on a simplified physical situation where the low- 

lying modes indeed decouple and the relevant motion of the fluid is readily 

observed [Yo85]. Properties of the solutions to the Lorenz equations are analyzed 

in detail in Part III. 

1Note to the dedicated reader: we here provide the solutions to those problems. 



The first half of [Fe80a] deals with particle mechanics, and Part Ill of this 

supplement returns to the study of systems with a finite number of degrees of 

freedom. It begins by introducing the Duffing oscillator. This typical and im- 

portant nonlinear oscillator augments the familiar quadratic harmonic oscillator 

potential energy with a quartic term. It exhibits very characteristic behavior 

(spontaneous symmetry breaking and bifurcation) as the sign of the quadratic 

term passes through zero (note that this behavior goes well beyond the usual 

stable harmonic oscillator). 

The Duffing oscillator also provides a prelude to the discussion of coupled 

nonlinear systems. Suppose that the quadratic oscillator potential yields a sta- 

ble frequency wo. If the nonlinear quartic term is small, it is natural to seek a 

perturbative solution to the equation of motion, expanding in the strength of 

the quartic term. Unfortunately, the first-order correction has a term that not 

only oscillates but also increases linearly with t. Such behavior indicates that 

a resonant driving term leads to a secular growth in the coordinate. This con- 

clusion violates a theorem that the dynamical motion for this problem remains 

bounded for all ¢. It indicates that the straightforward perturbative analysis 

fails when wot ~ 1. A more powerful improved analysis includes a simultaneous 

shift in the frequency wo — w, which eliminates the secular term and allows 

the perturbative approach to hold for much longer times. This calculation il- 

lustrates the importance of resonance in driving the perturbations of nonlinear 

systems. We present some numerical results for this interesting system. 

A different and particularly useful prototype for periodic nonlinear motion 

is the planar pendulum that is familiar from freshman physics. We initially use 

the usual dynamical variables (p,q) = (pe, @), with @ the angle measured from 
the down position and pg the angular momentum (Fig. 1.1). The full equations 

of motion are highly nonlinear. This simple physical system is remarkably rich, 

for it has both unstable and stable equilibrium points (up and down) and both 

libration (oscillation) and rotation (over the top) types of motion. It serves to 
introduce the concept of a fixed point corresponding to stationary coordinates. 

In addition, the linearized stability analysis about the fixed points leads to the 

notion of a separatrix formed by an orbit through an unstable fixed point. In 
this example, the solutions have a qualitatively different character on the two 
sides of the separatrix. In the elementary analysis, of course, the equations are 
linearized about the stable fixed point where the pendulum hangs down, and one 
finds simple harmonic motion. With an additional damping term, the system 
will decay back to this stable fixed point; in this case the fixed point is known 
as an attractor. 

The action-angle variables (J, ) will be seen to simplify and unify the dy- 
namics of nonlinear periodic hamiltonian systems. We start by studying such a 
system with one degree of freedom. For both rotational and librational motion, 
the action J is a constant, and the angle variable increases linearly with the time. 
No matter how complicated the dynamics, the dynamical trajectory in this two- 
dimensional (J,¢) phase space is simply uniform motion along a straight line. 
As particular and important examples, we develop the action-angle description 
of the simple harmonic oscillator and the pendulum. 



Fig. 1.1. Sketch of phase-space orbits for a simple pendulum with (p,q) = (po, 6). 

The closed orbits describe stable oscillations (librations); for small displace- 
ments, energy conservation implies that they form ellipses. The top orbit is a 

rotation where the pendulum goes over the top and the angle increases continu- 

ously. The origin is a stable fixed point, and the crossing points on the q axis at 

tm are unstable fixed points where the pendulum points up; an orbit through 

them is known as a separatrix. Since 6 is an angle, the figure is periodic in g 

with period 27. 

Figure 1.1 is a sketch of the phase-space orbits for the simple pendulum 

with (p,q) = (pe,@). It illustrates a typical phase space for a hamiltonian 

system, where the number of coordinates is necessarily even. The concept of 

phase space is more general, however, and applies to any system of coupled 

first-order differential equations. As an important and interesting example, 
we consider the Lorenz equations. They are a discrete first-order dynamical 

system with three dependent variables and a real non-negative parameter r 

that represents the rate of heating in the Rayleigh-Bénard problem. We first 

find the fixed points of the Lorenz equations, whose location depends explicitly 

on r. The linearized solutions around each fixed point serve to characterize 

the stability for the associated small-amplitude motion. As the parameter r 

increases, the solutions of the Lorenz equations progress from (1) static thermal 
conduction to (2) steady convective flow, followed by (3) periodic oscillations, 
and then (4) chaotic motion. Remarkably, far into the chaotic regime, one finds 
intervals of periodic motion and period doubling where the frequency decreases 

discontinuously by powers of two. We examine various numerical solutions, 

which readers can easily reproduce and extend for themselves. Two theorems 

are proven concerning the phase-space convergence of the solutions to the Lorenz 

equations [Sp82]: (1) a phase orbit eventually enters a bounded ellipsoid, and 
(2) the phase-space volume shrinks along a phase trajectory. 

Finite-difference equations appear frequently as approximations to differen- 

tial equations, although they are identical only in the limit of vanishing finite- 

difference spacing. Great insight into the general behavior of the solutions to the 



Lorenz equations is obtained from one very simple nonlinear difference equation 

In+1 = pin(1— In) (1.1) 

where p is a parameter and z lies in the interval 0 to 1. This system is known 

as the logistic map. In 1976, May summarized its behavior in a widely read 

article [Ma76] and emphasized its relevance to biology, economics and social 

sciences. The analysis was subsequently extended in some detail by Feigenbaum 

[Fe78, Fe80]. The logistic map has also been analyzed by Kadanoff in a very 

accessible article [Ka83]. Here we present some numerical results, as well as 

simple analytical results that clearly illustrate the stable fixed point, bifurcation, 

period doubling, and chaos. In particular, the characteristic features of chaos 

are: 

e apparently random behavior 

e actual determinism 

e extreme sensitivity to initial conditions 

The many-body problem of the planets in their keplerian orbits around the 

sun involves coupled nonlinear systems, each one of which would be separable 

and periodic if there were no other planets [Ar89a]. As a basis for subsequent 

discussion, we review the Hamilton-Jacobi theory of separable periodic sys- 

tems, relying on the action-angle variables (J,¢). These particular canonical 

variables provide a very useful basis to characterize the dynamics of such cou- 

pled hamiltonian systems. Our previous action-angle description of a single 

periodic system (for example, the planar pendulum) is then extended to sepa- 
rable, integrable periodic systems with two degrees of freedom. Although the 

full dynamical phase space is four dimensional, the conservation of energy for 

each system restricts the dynamical motion to a two-dimensional toroidal phase 
space.” 

We then turn to the problem of the coupled motion of separable periodic 
systems. As a very simple introductory model [Ru86, Pe99], we consider the 

periodic motion of a single system with an additional time-dependent interaction 

eV (J, ¢, t) (1.2) 

where € is a small dimensionless parameter and V is time periodic with period 
27 in the (rescaled) time. Such a perturbation deforms the originally straight 
trajectories in the (J,@) plane by corrections of order ¢. It is remarkable that 
an additional canonical transformation containing a term of order € to new 
action-angle variables (J, ) can re-straighten the action-angle orbits throughout 
most of phase space. This procedure will fail, however, near one or more of a 
denumerably infinite set of points determined by the resonance condition 

mu(J)—-n = 0 ; m,n integers (1.3) 

* Along the way we provide a proof of Liouville’s theorem, which states that for a hamil- 
tonian system the multidimensional phase-space volume is preserved along a phase trajectory. 



where w(J) is the uncoupled angular frequency. For a given pair of integers m 
and n, this equation defines a resonant value J, of the action. 

A direct analysis of the new hamiltonian in the vicinity of a resonance leads 
to a pendulum equation in the new action-angle variables with all the associated 
behavior described above in Fig. 1.1. We shall observe that “near” means to 
distances ~ ,/e. Thus in the phase space of the new action-angle variables 
(J, ), one has “undisrupted” regions where the trajectories are straight lines to 

order €, and “disrupted” regions centered on the resonant values of the action 

J, where the plots look like those in Fig. 1.1. In the latter regions, the phase 
space contains islands of stability and separatrix crossings on the axis. For a 
given J,, the size of the disrupted region is |J — J,| ~ /é. 

A conceptually similar problem is two weakly coupled degrees of freedom, 

each undergoing periodic motion [Pe99]. For given total energy, and given value 

of some other combination of (Ji, Jz), the periodic coordinates (¢1, ¢2) in the 

uncoupled problem lie in a closed surface (a “two-torus” ) and are linear functions 
of the time. If the ratio of uncoupled frequencies w;(J1)/w2(J2) is incomensu- 
rate, the phase trajectory eventually covers the whole torus, coming arbitrarily 

close to any given point; in contrast, if this ratio is rational, the trajectory even- 

tually closes on itself. For different initial conditions, the two actions and the 

corresponding two frequencies change, leading to a set of nested tori determined 
by the actions (Ji, J2). 

Now turn on a coupling term 

eV (Ji, Ja, $1, 62) (1.4) 

As the actions change, the corresponding frequencies change. The condition 

w;/w2 = n/m that gives commensurate frequencies again will lead to a res- 

onant disruption of the phase space, with disrupted tori sandwiched between 

undisrupted ones. This behavior is readily seen computationally, where multidi- 

mensional phase trajectories are studied with Poincaré sections constructed by 

recording those points where the phase trajectory passed through a particular 

plane. 

How large is the total disrupted region? Is it finite, or does it fill all of 

phase space? The answer is given by the KAM theorem. We do not prove this 

theorem, but we are now at least in a position to understand it. The KAM 

theorem states that, for sufficiently small ¢, the sum of all disrupted regions is 

a small fraction of the total phase space that vanishes as ¢ — 0. For a careful 

description of this celebrated theorem and the subtleties associated with its 
proof, see, for example, [Ar89a, Li92, Sc94, Jo98a, Ot02a]. 

For two degrees of freedom with constant energy, the phase-space motion re- 
mains confined by adjacent undisrupted tori until €¢ grows sufficiently to destroy 

the structure of phase space. For three or more degrees of freedom, the situa- 

tion becomes more complicated. One can find chaotic trajectories that extend 

throughout phase space as well as islands of stability. This behavior is observed 

computationally through the Poincaré sections. 

We very much hope that this supplement on nonlinear dynamics will enable ~ 

readers to approach the literature on contemporary mechanics and carry out 



their own computational explorations of this fascinating new subject that lies 
at the interface between physics and mathematics. 
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Part II 
Nonlinear Continuous Systems 
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2 Linearized stability analysis 

Chapter 10 in [Fe03] is titled Surface waves on fluids. If the fluid is incompress- 

ible and the motion irrotational, then the basic equation of hydrodynamics with 

a pressure force and gravity can be integrated over all space to yield Bernoulli’s 

Eq. (54.6) in the interior of the fluid® 

0m 14, p 
a — U +-= (6) 2.1 

ot e 2” af p Sat 

Here v = —V@® is the velocity field, p is the pressure, p the mass density, and 

U = gz is the gravitational potential. Since the fluid is incompressible, the 

continuity equation 0p/dt + V - (pv) = 0 implies that the velocity potential 
satisfies Laplace’s equation everywhere in the interior 

V?h=0 (2.2) 

On any fixed boundary, the normal component of the fluid velocity must vanish 

n-Ve=0 ; fixed boundary (2.3) 

The hydrodynamic equations are intrinsically nonlinear. To motivate the 

subsequent material, we examine the stability of two familiar physical systems 

by linearizing the relevant equations about a steady equilibrium configuration. 
As in previous analyses, we consider the normal-mode solutions to the linearized 

equations. 

Rayleigh-Taylor instability 

Suppose that one has two fluids, one on top with properties labeled by (1) 

and the other on the bottom with properties labeled by (2), in a closed container 
(Fig. 2.1). This is the configuration considered in Problem 10.8 in [Fe03]; for a 
generalization to viscous fluids, see [Ch81a]. 

Fig. 2.1. Sketch of physical configuration in Problem 10.8. 

3Equations and figures with a prefix greater than 15 refer to [Fe03]. 

10 



Let the displacement of the interface in the vertical direction be labeled by ¢. 

If the fluid does not move, then the pressure just arises from the piled up fluid, 

and integration of Newton’s law in the z direction provides the static pressure 

for this configuration [these equations are direct generalizations of Eq. (53.5) 
for the present case of two superposed fluids] 

PL) = pig(hi — 2) ;¢<zsh 
Pp = pig(hi —¢) + p2g(6 — 2) ;—he<z<c (2.4) 

The pressure is continuous across the interface; the corresponding force, which 

arises from the gradient of the pressure, is not. Of course, given such a con- 

figuration, the fluid will move and there will be a velocity field. Assume that 

the surface displacement is small, and work to first order in the displacement 

¢ and velocity v. There will be a first-order induced pressure dp in the fluids 

that drives the velocity field, and Bernoulli’s equations in the interior of the two 

fluids read 

O® 
gee = —pi —6pi—piU 

O® 
aia a —p) — dp2 — p2U (2.5) 

Now take the difference of these two equations across the interface where U = gC, 

and use the continuity of the pressure there 

8B, 0®, 3 
|-a + p2 a iA7 9(p2 — pr)¢ (2.6) 

Since ® is already of first order, the left hand side can be evaluated at z = 0.4 

To first order, the vertical velocity 0¢/0t of the interface is just the vertical 

component of the fluid velocity, and one has the boundary condition at the 

interface [Eq. (54.20)] 

Me nd Means se AS (2.7) 

evaluated at z = 0. Hence the partial time derivative of Eq. (2.6) yields the 
dynamical equation for the interface re-expressed in terms of the velocity po- 

tentials - entl 628, 670, ne o® (2 8) 

Pa Pl pe =e m)e 

where all quantities are now evaluated at z = 0 (the preceding equation ensures 

that either ®, or ®2 can be used on the right hand side). Note that the pressure 

4Note that any constant term in Bernoulli’s equation, appearing, for example, from the 

choice of zero in the potential or pressure, can be removed with a gauge transformation 

© — ©-+constant x t. We assume that this has been done so that now ® is explicitly of first 

order. 

11 



change dp has disappeared from this relation; it does not have to be known 

eetactane to find the solution! In this way, the problem reduces to finding 

solutions to Laplace’s equation in the upper and lower fluids that satisfy the 

fixed surface boundary conditions, along with Eq. (2.8) at the interface. The 

surface profile then follows from Eq. (2-6) 

We simplify the physical icmbigucaiicen and look for simple harmonic surface 

waves that are independent of y and propagate in the = direction (Fig. 2.1); 

a general solution can be obtained by superposing such waves. The reader 

can easily confirm that the following velocity potentials satisfy the conditions 

Egs. (2.2) and (2.3) 

cosh/k(z — A,)) 

sinh! & (-Ay)) 

cosh[k(z + A2)) 
ahi) exp; Fs (kx — we 

where the real part is taken at the end of the analysis. The quantity @p is some 

small, first-order (complex) amplitude and the coefficients are chosen to yield 

the same vertical velocity at the interface, as indicated in Eq. (2.7). Substituting 
these amplitudes into the dynamical equation (2.8) determimes the dispersion 

relation w(k) that fixes the allowed frequency for a given wavenumber &, which 

we assume to be positive. The time dependence cancels upon substitution (these 

are normal modes), and the result is® 

= gk(e2 — pr) 
wi(k) = p2 coth(kha) + a; coth(kA;) 

This is the answer given in Prob. 10.8. 

How are these results to be interpreted? If the bottom fluid is heavier, so that 
2 > i, then Eq. (2.10) shows that w?(k) is positive for all &. This implies that 
the small-amplitude disturbance is a propagating surface wave, and that the 

static situation is stable against small perturbations. arch enign= iit arse 
limiting cases 

Ti If kh > 1 and kh2 > 1 (short wavelengths), EER ENTER 
gents approach 1, and the dispersion relation becomes 

w? ~ Ge (er — mr) 2¥) Qt (2) 
This result has the same form as that found in Eq. (54.34) for waves on a 
deep fluid (but now involving the relative fluid density) 

2. Rafe Bere Se RY ek Rpm . eae Lay he 
gents approach the inverse arguments, and the dispersion relation becomes 

9% (pa — pr) 
PO aia rol a1) 

$,(z,z,t) = Gp = expfi(kx — wt) ] 

$2(z,z,t) = é)} (2.9) 

(2.10) 

Liye psc eat oe Spee net This behavior ensures that a) shold strictly be interpreted [A ecnarg nian rete: pina 

12 



This result has the same form as that found in Eq. (54.33) for waves on a 
shallow fluid. 

To understand both the general behavior and these particular limits, note that 

a solution of Laplace’s equation cannot have spatial oscillations in all directions, 

because the sum of the curvatures must vanish. In particular, Eq. (2.9) shows 

that the wave amplitude oscillates in the x direction and decays exponentially 

away from the interface like ~ exp(—|kz|). Consequently, the oscillatory mo- 
tion is confined to a surface region of thickness ~ k~1 = \/2z7, where X is the 
wavelength. In the short-wavelength limit, the confining planes are many wave- 

lengths away and play no role, so that Eq. (2.11) is independent of h,; for long 
wavelengths, in contrast, the motion is essentially independent of z, and the 

boundaries predominate, as seen in Eq. (2.12). 

Suppose, on the other hand, that the heavier fluid is on top so that p2 < p1. 

Then Eq. (2.10) implies that w?(k) <0 for all k. In this case, we define 

w?(k) = yg oe (2.13) 

If Eq. (2.13) holds, then these solutions behave like 

exp (ikx) exp (+7x«t) > (2.14) 

In particular, the solution proportional to exp(+7xt) grows exponentially with 
time and soon violates the condition of a small, first-order disturbance. This so- 

lution illustrates the Rayleigh-Taylor gravitational instability. When the heavier 

fluid is on top, the initial static solution is unstable with respect to modes with 

any wave number k. The corresponding growth rate is y,, which increases with 

increasing k; thus short-wavelength disturbances grow faster than those with 

long wavelengths. 
The effect of surface tension can be readily included in these results. If 7 is 

the surface tension of the interface (see Fig. 54.6), then there is an additional 
pressure difference across the interface given by Eq. (54.77)® 

Po - pi =—TV7¢ (2.15) 

Hence there will now be an additional term in the difference in Eq. (2.6) 

ae, AB, 2 
Pima + Pa ie g(p2 — pi)¢ -—TV°C (2.16) 

For the configuration in Fig. 2.1, the last term becomes —7 67¢/da. A partial 
time derivative then leads to the appropriate extension of Eq. (2.8) 

0? 070, oO? Od 
p2a2 ed Pla Pe alos =i) = er ee (2.17) 

Note this term can actually be written as —TV2 ¢ = —1(0?/dx? + 67/Ay?)¢(a, y,t) since | 

¢ only depends on these variables. 
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Substitution of the solution in Eq. (2.9) yields the generalization of Eq. (2.10) 

3 3) eee, OR Pace Pl eta 2.18) 
aie p2 coth(kh2) + p1 coth(kh1) ( 

For the simplified case of a vacuum-fluid interface [p: = 0 and (p2,h2) = (p, h)}, 

one obtains the dispersion relation given in Prob. 10.9 

gkp +k 

pcoth(kh) 

When the heavier fluid is below the lighter fluid (p2 > 1), Eq. (2.18) shows 
that surface tension simply enhances the stability, and w?(k) remains positive 

for all k. When the heavier fluid is on top (p2 < pi), however, the situation 
becomes more interesting. In this case, the numerator of Eq. (2.18) indicates 

that surface tension stabilizes waves with sufficiently large k (namely, sufficiently 

small wavelengths’), for w?(k) becomes positive above a critical value of k given 

by 

3 

wa(ky (sk i: =) tanh(kh) (2.19) 

pe = (ei = 2) : (2.20) 

For k? < k2, the growth rate is determined by 

— po)k — rk? ik g(p1 — p2)k — Tk (2.21) 
p2 coth(kh2) + pi coth(kh1) 

Assume, to simplify the algebra, that the bounding surfaces are far away with 

(hi, h2) — 00, so that the denominator can be replaced by p2+ 1. The resulting 
yz vanishes at ko and at k = 0. In between, 77 clearly has a maximum at k, 
given by 

aa 1 as wer — ea) = i (2.22) 

with a maximum value of 

27k? y gee 

caer ae) 
As expected from the previous example with no surface tension, k? and +2 both 
become large as 7 — 0. 

A classical system in thermal equilibrium has all normal modes excited with 
random amplitudes and phases. In this case, one expects that modes with wave 
number k, (or nearby values) will dominate the time dependence because they 
have the largest growth rate y,. Hence the initial distortions of the surface will 
increase like 

exp (ik,x) exp (+%ct) (2.24) 

TRecall k = 2m/2. 
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Note that this remarkably simple analysis provides both a characteristic time 

scale yz + for the growth of the instability and a characteristic wave number k, (so 
that the initial surface distortion should have a ripple pattern with wavelength 
Ac = 21 /Kc). 

Kelvin-Helmholtz instability 

We now extend the previous analysis to the case where the two fluids each 
move with constant uniform horizontal velocities u, and uz respectively.2 The 

new feature here is that the velocity potential contains a zeroth-order part aris- 

ing from the uniform flow, as well as the perturbation from the small-amplitude 

distortion. For simplicity, it is convenient to assume that both u; and up are 

in the x direction.° In addition, we assume that each fluid is semi-infinite, so 

that (Ay, hg) — OO. 

Since the fluid is incompressible, the velocity potential continues to satisfy 

Laplace’s equation (2.2). For a wave propagating along the x direction, the 
relevant solutions are 

®,(z, z, t) 

®o(z, z, t) 

I —ux + Gyo e~ ** exp [i (kx — wt) 

—ugz + Boo e** exp [i (kx — wt)] (2.25) 

Here ©j9 and ®g9 are small first-order amplitudes, and the real part is implied 

throughout. The resulting velocity components are 

Uz1 = -F = uy —ik®19e7** exp [i (kx — wt)] 

0®; —kz . oi gee k ®y9e—™* exp [i (kx — wt)| (2.26) 

with similar expressions for the second fluid. In addition, the surface profile 

itself is a traveling wave with 

C(x, t) = Cp exp [i (kx —wt)] - (2.27) 

Bernoulli’s equation. (2.1) in medium 1 involves v?/2, which leads to the 
linearized quantity 

u? — ikus®ie7*” Bulg — wt) (2.28) 

Here, the constant zeroth-order contribution u?/2 can be climinated with a 

gauge transformation. 
To incorporate the uniform flow, it is convenient to retain explicitly the 

three first-order amplitudes ®j9, 29 and ¢o, instead of eliminating ¢o as in 

8A horizonal velocity has u = (uz, Uy, 0). 
9A treatment with arbitrary u, and ug shows that the criterion for the onset of instability 

in Eq. (2.42) merely involves the more general vector difference |u2 — u;|*. 
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Eq. (2.8). The resulting linearized Bernoulli’s equation for fluid 1, evaluated at 

the interface, yields 

0 4) 
—p1 (5 + Uj 5) 1 (2, es 0, t) aa —dpi(z, z=0, t) = p19¢(2, t) (2.29) 

where 5p;(z, z = 0,t) now contains all first-order corrections.!° In the present 

case of a traveling surface wave, we find 

6p1 = pi[—i(w — kur) ®i0 — 9Co] exp [i (ka — wt)] 

= 6pio exp [i (kx — wt)] (2.30) 

where 
6pio = —p1 [a (w — kui) Pip + 960] (2.31) 

is a small first-order amplitude. 
Bernoulli’s equation for the second fluid yields a similar pressure 

bpp = dpeoexp |i (kx — wt)| 

ép20 — pe [i (w — kuz) ao + 960] (2.32) 

Surface tension determines the difference in the pressure dp2 — dp; across the 

interface according to Eq. (2.15), which here yields 

—ipe (w — kuz) B29 — paglo + ips (w — kur) Bio + pigdo = Tk?G (2.33) 

This equation provides one relation between the three amplitudes ®g9, ®i9 and 

Co. 
The boundary condition at the interface must now be revised and extended. 

It is shown in Eq. (54.19) in [Fe03] that the correct boundary condition for the 
motion of the fluid at the surface is 

m= -— = Sv Ve (2.34) 

The right hand side contains the hydrodynamic (or substantive) derivative of 
the displacement, where v is the total velocity. In the present case of a wave 
propagating along x, Eq. (2.26) shows that the last term becomes u;0¢/Ozx to 
first order, where 7 = 1 or 2 for the upper or lower fluid. Hence the surface 
boundary condition is now different on the two sides of the interface 

0%) O¢ ac 
Uzi a= 0 Ae = Fee id Fi 

=) EOS ees v2 = ieee as uaa (2.35) 

1°Note that this approach differs from that in Eqs. (2.5); it clearly has no effect on the final 
difference in Eq. (2.33). 
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Use of Eqs. (2.25) and (2.27) yields the following two relations for the coupled 
amplitudes 

k®0 =f (w = kuy) Go 

k®o0 = ) (w = kuz) Co (2.36) 

A combination with Eq. (2.33) shows that the angular frequency must satisfy 
the dispersion relation 

p2 (w — kue)? + pr (w — ku)? = g(p2 — pi)k + Tk? (2.37) 

This relation is the basis for Prob. 10.10. It evidently reduces to Eq. (2.18) 
when uj; = u2 = 0 [after taking the limits (h1, hz) — oo]. 

How do we interpret these results? Consider the case where p2 > pi so that 

the heavier fluid is on the bottom. This configuration is gravitationally stable 
if the fluids are initially at rest (namely if u; = 0 and ug = 0). Here, the 

dispersion relation in Eq. (2.37) provides a quadratic equation for the angular 
frequency 

Se tC CC 2 _ 2k(prui + pau2) |, K*(orui + p2uz) _ gk(p2— pi) _ _Th® 

(2.38) 

With a little algebra, the solution to this quadratic equation is obtained as 

w(k) = K(pvt + pati2) , | gk(p2 — pi) Thos ok evel ua) 1/2 

papi Pit p22 Prt pa (p1 + pe)? 
(2.39) 

The configuration will be stable if w is real for all k, for then the small-amplitude 

normal modes will simply be propagating surface waves. The condition for real 

w is that the expression inside the square root be positive 

= ay) s 
p1p2(u1 — U2) oe p1) +kr (2.40) ES 

pi + p2 

This inequality is always satisfied at small enough or large enough k (large 

enough or small enough wavelength). The minimum value of the right hand 

side is evidently reached at 

k?2 = g(p2 ~ pr) (2.41) 
c T = = 

Insertion of this value on the right hand side in Eq. (2.40) yields the inequality 

47 9(p2 cx p1)(pr1 ae p2)? a (2.42) 4 
Ue Ub < 
(u1 2) pip3 
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If the relative velocity of the fluids satisfies this inequality (so that the relative 

velocity is not too large), then there is no value of k that violates the inequality 

in Eq. (2.40). Hence the configuration is stable for all k, which means for all 

normal-mode excitations. This is the answer given in Prob. 10.10. 

If the inequality in Eq. (2.42) is violated, then w(k) becomes complex, and 

the configuration is unstable with respect to some normal-mode excitations. 

With increasing (u; — u2)?, the onset of this Kelvin-Helmholtz instability will 

first occur for k = kc, with vanishingly small growth rate. If the inequality is 

slightly violated, one gets a band of unstable modes in the vicinity of k,., and 

the central one will grow most rapidly. Once again this analysis yields both the 

time scale for the growth rate of this instability and its spatial pattern. There 

are several interesting limiting cases 

1. If there is no surface tension (r = 0), then the system is unstable for 

arbitrarily small relative transverse velocities. 

2. If the upper fluid is near vacuum (p1 ~ 0) with positive 7, then the bottom 

fluid is always stable no matter how large w2 becomes. 

3. This analysis applies to moving air and stationary water, where p; ~ 

1.3 x 10-3 g cm~3 and pe = 1.0 g cm~°. The measured value tT © 75 
dyne/cm and g + 980 cm s~? yield the critical air speed ui. © 650 cm/s, 

which is 23 km/hr or 15 mi/hr. It is known that the onset of white caps 
on the ocean occurs near this wind speed [Ch81b]. 

For a stationary configuration, Bernoulli’s Eq. (2.1) implies that an increase in 
velocity at a fixed height implies a decrease in pressure (and vice versa). The 
physics of this Kelvin-Helmholtz instability is that an increase in the velocity 

difference between the fluids eventually produces a surface “lift” that neither 
gravity nor surface tension can compensate. 

3  Rayleigh-Bénard problem: basic formulation 

Chapter 11 in [Fe03] is on Heat conduction, as found typically in solids. As 
discussed in Chap. 12 there, heat transfer in a fluid can also occur through 
convection. In the absence of internal heat sources, and with the neglect of 
viscous heating, the temperature in isobaric incompressible fluid flow satisfies 
Eq. (60.48) 

oT 
rout ee KV?T (3.1) 

Here the thermal diffusivity « is defined in Eq. (57.13) as & = ktn/pcp where 
kth is the thermal conductivity, and Cp is the constant-pressure heat capacity 
per unit mass. 

: Chapter 12 in [Fe03] is on Viscous fluids, where the Navier-Stokes equation 
is derived. It states that for incompressible flow in a gravitational field f = —gi, 
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the fluid velocity satisfies Eq. (60.27) 

Ch oA im th a 2 ress re NaN = “ging Sieg kleake (3.2) 

where v is the kinematic viscosity (see Table 60.1). 
We shall here concentrate on the particular problem of the onset of convec- 

tion in a fluid heated from below. In this case, thermal expansion of the hotter 

fluid at the bottom creates an unstable density gradient (the Rayleigh-Taylor 

instability discussed in Sec. 2 above for the simpler case of a nonviscous fluid). 
For a viscous fluid, however, the onset of the convective instability arises from a 

balance between the buoyant force on the lower less dense fluid and the viscous 

force that acts to maintain the static equilibrium. To include this physical effect, 

the driving term from the pressure —(1/p)Vp in Eq. (3.2) must incorporate the 
density change caused by the heating of the fluid. Otherwise, we continue to 

assume incompressible flow, so that 

V-v=0 (3.3) 

We now have five coupled, nonlinear differential equations for the five functions 

(v,p,T).11 Various solutions to these equations under simplifying assumptions 

are examined in [Fe03]. In this section, we investigate some additional conse- 
quences of these general equations. 

PDD DOA 
Fig. 3.1. Sketch of the physical configuration considered in this section: a fluid 

between two fixed horizontal surfaces a distance h apart, heated from below. 

We focus here on the physics of a particular configuration, that of a fluid 

confined between two parallel horizontal surfaces separated by a distance h and 

with the lower surface maintained at a higher temperature Tp + AT than the 

upper one at To (Fig. 3.1). Initially, at small enough h and AT, the heat flow 

between the plates will be purely conductive. In this case, the fluid is at rest, and 

11 These partial differential equations are first-order in time and second-order in space. 
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the velocity field v will vanish. For this static conductive state, the equilibrium 

temperature T°(z) obeys Laplace’s equation [see Eq. (3.1)] and varies linearly 

with the distance between the plates 

AT 
T°(z) =To+ a (h — z) (3.4) 

The general expression for the conductive heat flux j, is given by Eq. (57.11) 

jn = —ktn VT (3.5) 

For the static configuration in Fig. 3.1 and Eq. (3.4), this quantity will be given 

by 
; TAN ESS 
Jh = kin 2 (3.6) 

Suppose now that AT is increased. At a critical value R, of the dimensionless 

Rayleigh number R = gh?G AT/v« [see Eq. (3.23) below], convection will set 
in. This extra convective mass and energy transfer increases the total heat flow 
relative to that in the pure conductive state, and the excess heat transfer will 

grow from zero with increasing R — R, > 0. One can define the dimensionless 

Nusselt number 

ees ae = ko, ATTh ; Nusselt number (3.7) 

where (jj°t), now includes both conductive and convective heat transfer. If N is 
plotted against R, the conductive state for R < R, appears as the horizontal line 

N = 1. For R> Re, however, the line N(R) has a finite slope characterizing the 
combined conductive and convective regime (see Fig. 5.1 below). This change in 
slope provides a clear experimental means of distinguishing these distinct states 

and the transition between them. Ultimately, the flow becomes turbulent for 
Rule: 

Boussinesq approximation and thermal expansion 

For small changes in the density, it is convenient to write 

p = po[1 — B(T — Tp) (3.8) 

where po = p(To) is the density at some reference temperature Ty (chosen as 
that of the upper plate). Here, @ is the thermal expansion coefficient 

lhe al mel ee a 

Rocher ley (ar), pat 
and the last equality follows from the definition of the mass density p=M/V. 
The physical constant ( is typically positive and of order 1073 (°C)~} (for water 
at 20°C, experiments give 3 ~ 2x 1073 (°C)~! [Ch81c]). The thermally induced 
change in the density is of order Apin ~ poBAT. 
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There is also a change in the density arising from the change in pressure, for 
example 

a malt (02 - he Po 
Ppress (a0) = (Se) (@—pe) 7 (3.10) 

where c, is the speed of sound. Since the change in pressure from the bottom 

to the top in Fig. 3.1 is |Ap| = pogh, one has 

[Appress| < |Apin| 
é h 

provided = < PAT (3.11) 
s 

This inequality is always satisfied for small enough h and large enough c2, which 
we assume to hold.!? 

We now focus on the pressure driving term in the Navier-Stokes equation 

(3.2). For small temperature gradient, we use Eq. (3.8) to rewrite this contri- 
bution as 

1 1 “Vv eee ee ee, 
p” ~ polt-B(—To)] ” 

1 T7 
we Up ele, (3.12) 

Po Po 

To leading order, the pressure p in Eq. (3.2) simply reflects the piled-up fluid, 
so that we can set Vp/po ~ —gzZ in the correction (second) term. In this way, 
Eq. (3.12) takes the form 

J 1 * 
-Vp = —Vp- B(T —To) gz (3.13) 
p Po 

A combination with Eq. (3.2) yields a modified form of the Navier-Stokes equa- 
tion that incorporates the buoyancy force arising from the thermal expansion 

ad +(v-V)v = -<Vp + 98 (T —To)%— 92+ vV?v (3.14) 
0 

Equations (3.1), (3.3), and (3.14) provide five coupled, nonlinear equations 
for the five quantities (v, p,T).13 They constitute the Boussinesq approximation 

to the Rayleigh-Bénard problem. These equations depend on three separate and 

independent physical parameters of the fluid (v,«,@). The only assumptions 

are those involved in Eqs. (3.1)-(3.3), along with the linear dependence of p/po 

on the small temperature difference in Eq. (3.8). In addition, the quantities 

12Note that the compressibility (1/p) (@p/Op) is very small for a nearly incompressible fluid, 

in which case the speed of sound is correspondingly large. 

13Note that thermal expansion induces negligible corrections to Eq. (3.3) of order BAT $ 

10-3. 
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(AT, h) enter through the appropriate boundary conditions that will be specified 

below.!4 
The Boussinesq equations have an elementary static solution representing 

uniform heat conduction with v = O and a linear temperature profile T(z) 

given by Eq. (3.4). The corresponding pressure p°(z) follows from the modified 

Navier-Stokes equation (3.14) with the static linear temperature distribution 

T°(z). An elementary calculation gives 

p°(z) = po + pag (h~ 2) — PORE (h— 2)? (3.15) 
where 7 is the pressure at the upper surface. The first two terms are the 

usual linear pressure dependence for a uniform fluid, and the last is a quadratic 

correction that reflects the density variation induced by thermal expansion. As 

expected from the physics, the decreased density near the bottom acts to reduce 

the pressure there, but the correction is small, since GAT < 0.01. 

Given the static conductive solution of the Boussinesq equations discussed 

above, we now investigate variations around this configuration and write 

Vo eV Exe) 

p = p°(z) + 6p(x,t) 
T = 1°(z)+6T(x,t) (3.16) 

Here v, dp and 6T are the deviations (for the moment, they need not be small, 

although we shall indeed consider the linearized small-amplitude behavior be- 
low). 

Since p°(z) and T°(z) together obey the coupled Navier-Stokes and heat- 
conduction equations, substitution of the relations (3.16) into Eq. (3.14) readily 
yields 

dv Ov 1 : Tee aa vee = FV Pt gb RST + VV (3.17) 

Correspondingly, the heat conduction equation (3.1) takes the form 

06T UE 
pe ER FOP = «V*6T (3.18) 

No assumption has yet been made about the velocity field v, other than incom- 
pressible flow 

V-v=0 (3.19) 

It is important to recognize that these equations still contain quadratic nonlinear 
convective terms involving v and 6T. By construction, the static solution to 
these equations is now explicitly given by 

v=0 bn =0 6T=0 _ ; static solution (3.20) 

14For a different but essentially equivalent derivation of the same equations, see, for exam- 
ple, [La87a]. 
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with the corresponding static expressions for the temperature and pressure given 
in Eqs. (3.4) and (3.15). In the next three sections, we shall investigate the 
stability of the conductive state, the transition to the convective state, and the 
nature of the ensuing convective state. 

Linearized perturbation equations 

The Boussinesq equations can now be linearized about the static solution. 
It is straightforward to verify that they then take the form 

Apel Se —Voébw + g826T + 0V2v 

oot e@ AT: 9 
wars —= he vz = KV 6T 

Viv = 0 (3.21) 

where, for convenience, we follow {[La87b] and redefine the pressure variation as 

dw = aP (3.22) 
Po 

We proceed to rewrite these equations in dimensionless form. Introduce the 

following two dimensionless ratios 

gh? BAT 
R= ar ; Rayleigh number 

P= . ; Prandtl number (3.23) 

The dimensions are readily verified starting from the dimensions of (here / is 

length and ¢ is time) 

[? i? w= ([F]: w= [Els wan = om 
Introduce also the following units of length, time, temperature, and pressure 

h = unit of length 
h? 

7 = unit of time 

aout = PAT = unit of temperature 

2 
a7 = unitof pressure =~ (3.25) 

In terms of these units, after some algebra, Eqs. (3.21) become _ 

a = -Véw+V?v+ R26T 

06T 
vis ra = V*6T + Uz 

Veins keO (3.26) 
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These are the dimensionless, linearized Boussinesq equations for the Rayleigh- 

Bénard problem posed through Eqs. (3.1)-(3.3) and Fig. 3.1. There are now 

five coupled differential equations that are linear in the five functions (v, dw, 6T) 

describing variations around the static solution in Eqs. (3.4) and (3.15). The 

fluid is characterized by the two dimensionless parameters (R, P) in Eq. (3.23). 

The third equation above (V -v = 0) is simply a constraint on the velocity field 

(similar to V -B = 0 in Maxwell’s equations). To define the problem, we must, 

of course, specify the boundary conditions, which we proceed to do. 

Boundary conditions 

Suppose one simply has rigid walls at the two surfaces z = 0 and z = 1 

(dimensionless units) in Fig. 3.1. Then the normal component of the fluid 
velocity must vanish there. If the walls are of the “non-slip” variety, then the 

tangential components of the fluid velocity must also vanish there. Suppose, 

further, that these walls are externally maintained at a fixed temperature so that 

6T is forced to vanish on them. In this case, the surface boundary conditions 

are 

v = 0 

Od) eau + gee): de (3.27) 

The first relation actually represents six boundary conditions since it implies 

that (vz, Vy, Vz) = 0 on each of the two surfaces. 
Now everywhere in the fluid, the condition of incompressibility requires that 

Viv = Seay 0 (3.28) 

Since v, = vy = 0 for all (z,y) on the non-slip surface, one has 0v,/Oz = 
Ov, /Oy = 0 on each wall. Equation (3.28) then implies the additional condition 
on the rigid non-slip walls 

Ov, 
ae = 0 gO (3.29) 

In summary, for-rigid, non-slip surfaces with fixed temperatures the boundary 
conditions are 

Ovz 

ES eee 
Ur = Vv = 0 

To = 0 eee Oe (3.30) 

Equations (3.30) provide five boundary conditions on each fixed surface. 
For mathematical convenience, it is often useful to imagine a free surface 

that can move laterally to eliminate any tangential stress but is still fixed in 
the z direction and held at a fixed temperature (as seen below, this slightly 
unphysical model allows a complete analytical solution of the Rayleigh-Bénard 
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problem). The model still requires the boundary conditions that v, = 0 and 
dT = 0 everywhere on the surfaces. As a consequence of the first relation, 
it follows immediately that Ov,/Ox = Ov,/Oy = 0 everywhere on these free 
surfaces. 

For an incompressible viscous fluid, the stress tensor in Eq. (60.23b) takes 
the form 

Oz; i Ox; 
Ti; = poviv; + pdiy — 1 ( (3.31) 

Ov; Ov; ) 

where T;; is the ith component of the force per unit area on a surface oriented 

along the jth direction [see Eq. (60.4)]. In the case of a viscous fluid, the term 

proportional to the viscosity 7 can lead to a tangential shear on the surface. For 

a free surface, the appropriate boundary condition is that the tangential stresses 

Tzz and Ty, must vanish, which ensures that the x and y components of the 

force must vanish on the bounding surfaces (here oriented in the z direction). 
These arguments imply the following conditions on a free surface 

Ovz a 

ee ak ae : 
Ov,  Ovz 

ae _ = . 2 Txz n(Se+S) 0 (3.32) 

A combination of the two conditions yields (a similar argument holds for T,,) 

We Oey 
O27 7) BO 

Now take 0/0z of Eq. (3.28) and interchange the order of partial derivatives. 
This procedure gives the final boundary condition on a free surface 

070, 

Oz? 

In summary, for Ronen AEE Sree surfaces at fixed temperatures the boundary 

conditions are 

0 (3.33) 

= 0 (3.34) 

= 07 v, Ed 

DAS 7, es 

Da i OY ontinrg 
Oz Oz vai 
6T = 0 fom we; Lame (3.35) 

Equations (3.35) again yield five boundary conditions on each surface. It is, 

of course, also possible to have different boundary conditions, fixed or Bi on 

each of the two surfaces. = 
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4 Rayleigh-Bénard problem: linearized theory 

of convective instability 

We next seek normal-mode solutions to the linearized Eqs. (3.26). The coupled 

unknown functions must have a common time dependence, which then cancels 

from the equations upon substitution. Instead of oscillations with a frequency 

w (as found in Sec. 2), we here anticipate real exponential behavior and assume 

v(x,t) = vi(x)e” 

dw(x,t) = w(x)e” 

6T (x,t) = 1(x)e” (4.1) 

This set of coupled equations will be seen to yield a self-adjoint eigenvalue prob- 

lem for the parameter ‘y, which can be proved to be real directly from the equa- 

tions themselves. As expected from the behavior of other eigenvalue problems, 

there will be a set of normal modes, and the general solution can be obtained 

by linear superposition. From the discussion in Sec. 2, we know that a negative 

value of the time constant 7y implies exponential decay of the deviation back to 

the static solution, while a positive value of y implies exponential growth away 

from the static solution and indicates instability. We proceed to demonstrate 

that + is real. 

Proof that solutions are not oscillatory 

After substitution of Eqs. (4.1) into Eqs. (3.26) and cancellation of the com- 
mon factor e”, they take the linear and time-independent form 

yv(x) = —Vw(x) + V?v(x) + Rr(x)z 

yPr(x) = V?r(x) +(x) 

V-v(x) = 0 (4.2) 

The first two equations can be considered a generalized eigenvalue equation 
for a two-component vector with elements [v(x),7(x)], since acting with the 
operators on the right hand side yields the eigenvalue 7 times the same vector 
(apart from the term —Vw and an additional constant factor P in the second 
component). The last equation constrains the allowed velocity field v(x). Note 
that the amplitudes [v(x), 7(x)] will depend on the coordinate x, which is similar 
to the general Sturm-Liouville eigenvalue problem studied in Secs. 40 and 41. 
Nevertheless, we are in a position to determine some important properties of 
+ [La87b]. 

Assume, for the purposes of this discussion, that the system in Fig. 3.lisina 
cavity with rigid, non-slip walls and that v thus vanishes on all the boundaries. 
Assume, in addition, that all of the walls are held at the appropriate temperature 
so that rT = 0 on all the walls. 

Now suppose that (7,v,w,7) are complex. Dot the first of Eqs. (4.2) into 
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v* and integrate over the cavity volume 

rf @rl\v\? = - | @arv* -Vwt / dzv* -V2v + / d°a Rrvt (4.3) 
vol vol vol vol 

Next carry out the following steps: 

1. Use the constraint V - v = 0 to write 

v*-Vw=V-(wv*) (4.4) 

The divergence theorem converts the resulting volume integral to a surface 

integral over the walls, where the integrand vanishes due to the boundary 
conditions; 

2. For the same reason, one can write 

v*-V2yv = -v*-(VxV xv) 

= V-[v*x(Vxv)]-|V x v/? (4.5) 

The integral of the first term can again be transformed into a surface 
integral over the walls, where it vanishes. 

The result is 

rf dz|v|? = / d’x [-|V x v|? + Rrv3] Hy (4-6) 
vol vol 

Note that the pressure w no longer appears. 

Similarly, multiply the second of Eqs. (4.2) by r* 

1P | @z|r? = i Bat*V?r+ / da t* vz (4.7) 
vol vol vol 

Write 

PV2r = V-(r*V7) -—|V 7)? (4.8) 

The divergence theorem transforms the integral of the first term into a surface 
integral, which vanishes because 7 = 0 there, giving the result 

1P | Bz |r\? = / Bx [—|Vr|? + r*vz] (4.9) 
vol vol - 

Subtract their complex conjugates from each of Eqs. (4.6) and (4.9) 

(y-7") / Bax |v? 
vol 

Q-P f #elrP 
vol 

R ‘| d?x [rut — T* vz] 
vol 

- a da [rut — r* vz] (4.10) 
vol 
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Now multiply the second equation by R and add to the first 

(¥-7") / dn (|v? + RP|r["] =0 (4.11) 
vol 

Since the integral is positive definite, one concludes that 

y=7 (4.12) 

Hence 7 is real.!° z 

Since 7 is real, one can also take (v, 7) real in Eqs. (4.6) and (4.9). Multiply 

Eq. (4.9) by R and add it to Eq. (4.6): 

7 / dex [v? + RPr?] = if d?x [-(V xv)? —R(Vr)?+2Rrvz] (4.18) 
vol vol 

Equivalently, we can solve for 7 

i 
In 

ho = / Che [-(V x v)? — R(Wr)? + 2Rr ve] 
1 

ae / @x [v? + RP 7?) (4.14) 
vol 

which provides an explicit expression for y in terms of [v(x),7(x)]. As noted 
above, the pressure variation w(x) no longer appears in these expressions. 

It is instructive to observe that the above relation serves as a variational 
principle for y. Consider the variations (dv, 67) about the solutions (v,7) and 
require that be stationary under these variations 

6h, vB él; — 612 
6y = —- sk = —— 4. Leetls ae ia 

Now the components of dv are not all independent since there is a constraint 

on the velocity field 

0 (4.15) 

V-(v+dév) = V-(6v) = 0 (4.16) 

This constraint can be incorporated into the variational principal through a 
Lagrange multiplier.‘” Multiply Eq. (4.16) by an arbitrary function w(x) and 
integrate over the volume; the result is still zero 

/ ‘Pow - (bv) =0 (4.17) 

15A similar result is established for free surfaces in [Ch81c]. 
16 Just take Re of Eqs. (4.2). 
17 Alternatively, if one does not use a Lagrange multiplier to impose the constraint, then the 

only thing one can deduce from the corresponding Eq. (4.20) is that Rr2 + V2v — qv = Vw 
where w is simply some function of x, for then Eqs. (4.18) and (4.17) imply that the overall 
variation 6 still vanishes. 
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Next integrate by parts [analogous to Eq. (4.4)]. The total divergence can be 
integrated out to the surface where it vanishes due to our boundary conditions, 
yielding 

-{ d°x(6v) Vw =0 (4.18) 
vol 

Now add Eq. (4.18) to the numerator in Eq. (4.15). 
Consider the variation d7(x). With the aid of some algebra and judicious 

use of the divergence theorem and boundary conditions, Eq. (4.15) then gives 

/ dx [V?r +, — Py] br =0 (4.19) 
vol 

If this expression is required to vanish for all 6r(x), one reproduces the second 
of Eqs. (4.2). Next, consider the variation 6v(x). Somewhat more extensive 
algebra yields 

Hh dx [—-Vw+ Rr2+ Vv — yw] -dv =0 (4.20) 
vol 

If this expression is now required to vanish for all dv(x), then the first of 
Egs. (4.2) is reproduced. It is still necessary to impose the third of Eqs. (4.2) 
as a constraint 

V-v=0 (4.21) 

The presence of the Lagrange function w(x) gives us the flexibility to do so. We 

learn from this exercise that the only role of the pressure term is to guarantee 

the constraint of incompressibility in Eq. (4.21)! 
We observe from Eq. (4.14) that if R is small, then both J; and ¥ are negative. 

From Eqs. (4.1) and our previous discussion, this indicates that all perturbations 

decay and the static, conductive solution is stable. As R grows, there will be 
a value R, at which J; and 7 first vanish. For values of R greater than Re, 

y will become positive, indicating that at least some perturbations will grow 

exponentially. Hence the conductive state of the system will now be unstable, 

and a transition to convection will set in. The condition y = 0 determines the 

critical value Re. 

Vorticity and the eigenvalue equation 

One important concept in hydrodynamics is the vorticity ¢, defined as 

¢=Vxv Z (4.22) 

In this context, Kelvin’s circulation theorem in a nonviscous fluid, stated in 
Eq. (48.61), can be interpreted as a conservation law for the vorticity enclosed 
in any closed path that moves with the fluid. Equivalent differential forms of 

the same physics are studied in Probs. 9.5 and 9.6. . 

The situation is more subtle in a viscous fluid, for Prob. 12.2 shows that the 

vorticity in this case obeys a generalized diffusion equation, with the kinematic 
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viscosity v as the characteristic diffusion constant. More generally, the vorticity 

will be seen to play an important role in the current Rayleigh-Bénard problem. 

Take the curl of the Navier-Stokes equation—the first of Eqs. (4.2) 

y(Vxv) = V2(V xv) +RV x (72) 

or yC = V°6+RVTX2 (4.23) 

Since V x (Vw) = 0, the pressure has disappeared from this relation. 

It is valuable to repeat this procedure, namely take the curl of Eq. (4.23), 

and use 

Vx(Vxv) = V(V-v)-V?v = —V*v 

Vx(Vx(r2z)] = V x) — V?(r2) (4.24) 

Hence 

yV2v = Viv—-RV ($) + RV?(7z) (4.25) 

Now take the z component of this relation. The result is that the first two of 

Eqs. (4.2) can be recast in the still-exact form 

yV?u, = V40,+RViT 

yPr = V*r+uz (4.26) 

Here 

FY. a? g? 
DS _ 2 Vi = bat * Oy = V — 53 (4.27) 

is the transverse part of the Laplacian. Note that the problem has been re- 

duced to two coupled equations for (vz,7) together with the previously dis- 

cussed boundary conditions at the surfaces. The pressure has disappeared, but 

the equations are now of higher order in spatial derivatives. 

With the development in Sec. 2 as a guide, let us examine normal-mode ex- 

citations in the xz direction. Translational invariance in the x direction suggests 

that plane waves « e*?” are the appropriate eigenfunctions, since 0/Oxz then 

yields ig when applied to such functions. Thus we seek solutions in the form 

vy (xyz) = vaiy(z)ee 

T(¢,z) = 7(z)e'* (4.28) 

Acting on these functions, one has 

d? 2 2 
Mn Stadt To 
Vi = -¢ (4.29) 



Thus, upon substitution of Eqs. (4.28) and cancellation of the e*#*, Eqs. (4.26) 
become ordinary differential equations in z 

d? 2 d? 2 2 
dokaas 4 es ee vz(z) = Raq'r(z) 

d? 

ee Es Py) T(z) = —v,(z) (4.30) 

This set of equations still represents a linear eigenvalue problem for the 

real quantity y(P,q,R). These equations must be combined with the boundary 

conditions in either Eqs. (3.30) or (3.35) 

Rigid walls Free walls 

T=0 T=0 

V1) v0 

dvz dv, 
ai ia 0 (4.31) 

The pressure w and the transverse velocities (vz, vy) have now been eliminated 
from the problem. Given v,, the latter quantities can be reconstructed from 

V -v = 0 and the boundary conditions (see later). The pressure, which is rarely 
needed, can then be reconstructed from the Navier-Stokes equation. 

Since - = 0 marks the onset of instability, we concentrate on this value, so 

that Eqs. (4.30) then take the simpler form 

(4- 2) ot) = Rgq’r(z) 

(4 a 2) o(2) eonibpee,’ ;y=0 (4.32) 

Furthermore, 7 can be eliminated by letting (d?/dz? — q?) act on the first equa- 
tion and substituting the second 

3 

(4- 2 ve(2) = —Rq?ve(2) (4.33) 

When combined with appropriate boundary conditions, this equation will de- 

termine the critical Rayleigh number R, for the onset of convection. Note that 

the Prandtl number P no longer appears and thus does not affect the critical 

value of the Rayleigh number Re. 

This equation for v, is now a sixth-order differential ecient in z. In addi- 

tion to the boundary conditions in Eq. (4.31), there is an additional boundary 

condition on v, arising from the condition that r = 0 on both bounding surfaces. 

From the first of Eqs. (4.32), we require : 

2 2 

(S ss rs ve(z)=0 — ; on boundaries (4.34) 
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along with v, = 0 and either dv,/dz = 0 or d?v,/dz? sz () 

For general (g, R), one cannot find a solution to the differential equation 

that satisfies all six boundary conditions. If g is specified, Eq. (4.33) becomes 

an eigenvalue problem for R with a discrete set of eigenvalues Rp(q) where 

n=1,2,-:-. We select the lowest eigenvalue Ri(q) and then seek its minimum 

with respect to g, which will occur at a critical wave number g-. The result of 

this procedure will yield 

Ri(qc) = Re ; the critical Rayleigh number 

dec ; the critical wave number (4.35) 

These are the values at which the static, conductive state in the Boussinesq 

approximation to the Rayleigh-Bénard problem first undergoes the convective 

instability. We proceed to discuss the solution to the problem as posed here. 

Free-free boundary conditions: exact solution 

Remarkably, it is possible to find an eract elementary solution in the case 

of tangentially-free bounding surfaces. Although this problem is slightly un- 
physical in most cases, it is much simpler than the task of solving the problem 

with rigid boundary conditions. The principal effect of the more realistic rigid 

boundaries is to modify the numerical details, leaving the basic physical picture 

unchanged.}8 
We re-summarize the basic equations for the perturbation around the static, 

conductive configuration in Fig. 3.1. The z component of the fluid velocity must 
satisfy 

d? p) : 2 
FP} = vz(z) — —Rq vz(z) (4.36) 

The corresponding free boundary conditions are 

Ope eS 10. 

dv, 

dz2 v 

dengan 
rir Per UNe) = 0 ;z=0,1 (4.37) 

Take as solution 

vz(z) = fa(z) = sin(nzz) Fee Oe re (4.38) 

On the boundaries, one can readily check that 

fn(z) = 0 

d? fn(z) 
a Po = =n 1" fa(z) a 

(SB -#) 

18We return to this question in the next subsection. 

0 ;z=0,1 (4.39) 
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In fact, all even derivatives of f,(z) vanish on the two boundaries. Substituting 
this solution into Eq. (4.36), one finds 

(—1)°(n?x? ir q°)* fa(z) 2 —Rq fa(z) (4.40) 

Thus Eq. (4.36) will be satisfied in the fluid interior if the Rayleigh number R 
is one of the eigenvalues defined by 

__ (n?x? + g?)3 
= 

Recall from Eq. (4.28) that g is the wave number of the normal mode in the x 

direction, which we can take to lie in the plane of Fig. 3.1. 

Let us focus on the lowest eigenvalue Ri(q) = (1? + q?)3/q?. It is clear 
by inspection that Ri(qg) diverges for both large and small q?, so that it has a 
minimum at some intermediate finite value g?. To minimize this expression, set 
its derivative equal to zero 

dRrong Sark Bon (Ft GI) ats 9 
oe @ q 7 

2 
T 

G@ = zs (4.42) 

In summary, for the mode satisfying free-free boundary conditions with mini- 

mum Rayleigh number R(q-) 

cis alte) = sin (rz) & 

vz(z,z) = cos(q-x)vz(z) = cos(q-2) sin(7z) 
7 

=. == = £041; .. Qc /2 

Nee anys /e  2.808E 
Qe 

2 4 

Rica Rigas a = 657.5--- (4.43) 

where the real part is now made explicit. Recall that lengths here are measured 

in units of h, and the dimensionless Rayleigh number R = gh?GAT/(v«) is 
defined in Eq. (3.23). For R < Re, all modes decay and the stationary conductive 

state is stable. For R = R, the mode with gq = q, just becomes unstable, and 

for R > R-, this convective mode with wavelength 4, will be the first to grow 

exponentially with time.!9 
The corresponding temperature perturbation can be obtained from the sec- 

ond of Egs. (4.32) 

cos (q- £) sin (7z) TGs) has «meagan eee ee) 

19 As shown in the problems, an explicit solution of Eq. (4.30) demonstrates this behavior 

in detail. 
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The transverse velocity vz(x, z) for this solution (there is no vy) can be deter- 

mined from the relation 

huts Oz «(Oz e 

os = - ore = —1cos(q- x) cos (7Z) 

Uz(t,2) = a sin. (qc Z) cos (77) (4.45) 

The solution evidently satisfies the tangential boundary condition in Eqs. (3.35) 

Ovz 

Oz 

It is instructive to examine some of the properties of this first unstable mode 

about the static conductive state in Fig. 3.1 

= 0 ;z=0,1 (4.46) 

vz(z,z) = vocos(g-Z) sin (7z) 

Uz(2,2)0 = 7 sin (gq £) cos (772) 
c 

T(ce2) = et cos (gc x) sin (77z) (4.47) 

Here vp is some small, first-order amplitude, and the critical wave number q, = 

m//2, wavelength A, = 2m/qc = 2/2, and Rayleigh number R, = 2714/4 are 
given in Eqs. (4.43). A few key values of the vertical velocity are 

U:(2,.2), == ma0 ;z=0,1 

= 0 5 2 ub fos t= Ae/4, 3Ac/4, «=: 

= Up s Poel (2 ware Of ADA. =: - 

= —U pa = 1/2 eX, / 2 SAG a. (4.48) 

Some corresponding values of the transverse velocity are 

Uz(@, 2) ee alas cos (1z) 72 = A/4 
c 

= 0 ; £=A,/2 (4.49) 

Note that v? everywhere in the interior of the fluid satisfies 

vieo= vit? 
= v6 [2sin? (q- 2) cos? (mz) + cos? (qo 2) sin” (1z)] 

mde al) = (4.50) 

It vanishes at the center and corners of each half cell. Since V-v = 0, the 
flow lines in the fluid will be continuous and closed, making it relatively easy to 
sketch the streamlines. This situation is illustrated in Fig. 4.1. 
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Fig. 4.1. Sketch of the flow pattern for the first unstable mode of the static con- 

ductive configuration in Fig. 3.1. It is a convective mode, with cells containing 

pairs of opposite convective rolls whose size in dimensionless units is noted in 

the figure. All lengths here are measured in units of h. 

The vorticity lies along y 

Cea eV 

Cy (4.51) 

and the definition of the curl yields 

secre 
sy aol 6 
2 

= 1" sin (¢_ Z) sin (7z) + gcVo Sin (gc Z) sin (77z) 

¢. = 

= at + q?) sin (q- x) sin (72) (4.53) 

This quantity takes the values 

oes at + @) (251/24; = Ad/4,Bdo/4 > 

= get +q@) 3; 2=1/2 ; 2£=3-/4, 7Ac/4 om (4.54) 

Its magnitude is maximized at the center of each cell, and it reverses sign in 

going from cell to cell, as one might have surmised from Fig. 4.1 (note that ¥ 

points into the plane). 

Rigid-rigid boundary conditions: sketch of exact solution 

We are able to find a simple analytic solution for free-free boundary con- 

ditions. In this case, the fluid has a nonzero tangential velocity at the walls 

(Fig. 4.1), and the surface simply accommodates this velocity. In the case of 

rigid-rigid boundary conditions, however, the tangential components of the ve- 

locity must vanish at the surface. Although the fluid tries to accommodate 
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the convective rolls illustrated in Fig. 4.1, the solution evidently becomes more 

complicated. One is faced with solving a linear, sixth-order differential equation 

with constant coefficients 

& ; : be? 
(sa = ) v.(z) = —R g° vz(z) (4.55) 

subject to the six boundary conditions 

vz, = 0 

dv, z _ 9 

dz 
2 2 

(= = ) vz(z) = 0 ey #3! (4.56) 

on each horizontal bounding surface. 

The lowest eigenvalue Rj(q) will be associated with the solution that is even 

around the central plane. The equations can then be solved by assuming 

ee 

(w2-¢@)? = —-R¢? (4.57) 

where ps = (gq, R). This gives a cubic equation for u? with six complex roots 

(+1, +y2,+y3), each of which depends on R and g. Based on the even symme- 

try around z = 1/2, the appropriate linear combinations are cosh{;(z — 1/2)] 
for i = 1,2,3. Linear combinations of these three solutions must be chosen to 

match the boundary conditions. This procedure involves some tedious algebra 

and numerical work that will not be reproduced here. The result [Ch81c] is 

Rigid-rigid Free-free 

R. = 1708 R, = 657.5 

Go= 3.117 Qc = 2.221 (4.58) 

where we compare with the numbers obtained above in Eq. (4.43) in the free- 
free case. In [Ch81c] an elegant variational principle is developed for R, for the 
rigid boundary conditions; a single-term approximation yields a numerical value 
that exceeds the above value by = 1/2%. 

We have only considered the case of convection rolls that are periodic along 
one direction. More generally, the linearized Boussinesq equations have other 
more complicated solutions that are periodic in the plane with a regular lattice 
of convection cells [Ch81c] (in fact, Bénard observed hexagonal cells, which > 
occur quite frequently; see, for example, Fig. 1 in [Ch81]). To determine which 
of these various patterns actually appears in any particular situation requires 
the inclusion of the leading nonlinear terms that are omitted in the present _ 
approximation. 

Instead of pursuing this matter, however, we instead turn to more general 
questions. So far we have shown that R = R, characterizes the onset of insta- 
bility from the static conductive configuration to the convective rolls, working 
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exxztily small? We mmst then attack the full nonlinear Boussinesq Eqs. (3.17), 
(3.18), and (3.19), which provide five coupled, nonlinear equations for the five 
quastities (v.ép.51T) representing variations about the static solution. We pro- 
cA to discuss this problem. 

5 Rayleigh-Bénard problem: expansion in 
Fourier modes 

For R > FR. one observes a rich set of phenomena [Bo]. The linearized stability 
analysis of Sec. 4 only identifies the onset of convective instability at R = R, 
and the critical convective wave mumber g = g.. In contrast, it does not allow 
us to follow the time evolution of that mode for R > R,. To study the behavior 

- for Enite (R — B.)/Re, we must extend the analysis to the full nonlinear case 

> 

and include convection. 
We observe that the nonlinear Boussinesq Eqs. (3.17), (3. 18), and (3. 19) can 

be recovered from the linearized versions through the replacement of the partial 
time derivative by the hydrodynamic derivative 

nH —} a +¥v- v = ba GY 

Sass Gan aes hemet, the Pinetdionices ect of 
Eqs. (3.17), (3.18), and (3.19) takes the form [compare Eqs. (3.26)] 

2 ev = ~Viw+V*v + R26T 

(2 +-ver) = VWé8T+, 

V-+ = 0 ae 62) 
‘Bese the units aze those of Ep. (3.25), and the quantities (v, 5.0, 5T) 6T) represent 
"peepee BAAR EWE REET (2A) and (3.15) {note Eq. (3.22)]. 

? coupled, nonlinear, partial differ- é Piading, tho geacrsl solution tox ack of 
a eee teem cn Rear a 



This solution is just one possible Fourier amplitude that is periodic in x with 

period \ = 27/q and satisfies the free-free boundary conditions in z. It suggests 

an expansion of the full solution to the coupled problem as a double Fourier 

series satisfying the same conditions”° 

vz(2,2,t) = MZ. SS Am,n(t) cos (mqz) sin (n7z) 

yg a Bryn (t) sin (mqz) cos (nz) 

Ss xe Cmm,n(t) cos (mz) sin (n7z) (5.4) 

Un(i 2,2) 

5T (x, z, t) 

Equations (5.2) also depend on the pressure w(z, z,t); however, we know from 

the previous discussion that the pressure can be eliminated by taking the curl 

of the Navier-Stokes equation and working with the vorticity. Substitution 
of Eqs. (5.4) into the differential equations will then lead to an infinite set 

of coupled, nonlinear, ordinary differential equations in time for the Fourier 

coefficients. If this set is truncated for some reason, it reduces to a finite set of 

coupled equations that still exhibits the same nonlinearity. Such equations are 
readily integrated on PC’s with currently available mathematics packages. ~ 

We here consider a very simple truncated set of such equations. Start from 

the velocity field of the critical lowest mode, with a time-dependent coefficient 

u(t) 

vz(xz,z,t) = u(t) cos (gz) sin (rz) 

Uz(z,z,t) = — aut sin (gx) cos (7z) (5.5) 

These components satisfy the condition 

Ove  Ovz ide v aE De 0 (5.6) 

The critical wavelength in the linearized case with free-free boundary conditions 
was found to be 

pS ieee . = q-= 4 a V3 ; Ac 2/2 (5.7) 

What about the temperature variation 6T(z, z,t)? In the linearized theory, 
we had 6T « v, from Eq. (4.44), so start with 

6T (a, z, t) = 74(t) cos (gz) sin (1z) (5.8) 

Now recall the Nusselt number in Eq. (3.7), which measures the total heat flux 
between the surfaces in Fig. 3.1. In the discussion in Sec. 3, we observed that 

20In principle, the set of amplitudes can also include vy, and they can also depend on y. 
We here ignore this possibility, although certain instabilities indeed ; oe 

flexibility [Mc75, Cr93}. : indeed require such additional 
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the Nusselt number will show a break in slope at the critical value of R., where 
the convective roll with wavenumber q, first forms. For R < Re, the heat flux 
takes place by conduction and N = 1. For R > Rg, the heat flux also takes 
place by convection and N > 1, increasing with R (Fig. 5.1). 

Ro R 

Fig. 5.1. Sketch of the Nussselt number in Eq. (3.7), which measures the heat 
flux between the surfaces in Fig. 3.1, as a function of the Rayleigh number 

R. See Fig. 14 in [Ch81] for typical experimental data with various fluids and 
non-slip surfaces, which give the experimental value R, = 1700+ 51. 

In order to describe convective heat transfer for R > Re, it will turn out 

that we must add at least one more term to the temperature variation. In the 

last of Eqs. (5.4), we keep the simplest additional Fourier mode that suffices for 
us, that with (m,n) = (0,2) (the particular choice is justified below). Thus we 
look for a solution of the form 

6T (x, z,t) = 71(t) cos (qx) sin (1z) — 72 ms sin (27z) (5.9) 

To understand the presence of the additional term [Mc75], go back to the 

heat flow equation and rewrite it using the fact that V-v = 0 

tye VP = «V°T 

+ V+ (VP -5VT) = 0 

aT | ON bar ae 81 Oe 
aE +Vi- (wT —«ViT)+ a (v.r- Se) =i 0) (5.10) 

Here V , is the transverse gradient. We temporarily revert to dimensional units 

and write for the perturbation in the temperature 

5T (a, z,t) = 71(t) cos (qx) sin (=) — 7(t) sin ( —* (5.11) 
h h 

where (71,72) are expressed in absolute temperature °K. 
As in the linear case, we seek a solution that is periodic in x (and independent 

of y). Introduce an average over the unit cell 

(F(@2)) = 5 sf (aeF(e,2) (5.12) 
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where the wavelength X is the spatial period of the cell structure. Since F(z, z) 

is periodic in z, we have 

(Vi: F(z,z)) = (7) 0 (5.13) 

Here the transverse divergence is integrated out to the surface of the cell, and 

the contributions on opposite sides of the cell cancel because of the periodic 

boundary conditions. 

Now take the cell average of Eq. (5.10), and set 0(T) /Ot = 0 for the steady 

state: 

= ((-7) = ne) 

Si(o,D p= ne (T) = constant ; steady state (5.14) 
@ 

The left hand side of this last relation is the mean total heat flux through the 

cell in the z direction 

| ra) 

d(T) 
Oz 

—K +(v.T) = ape )e) (5.15) 
1 
era 

For the configuration in Fig. 3.1, the temperature is given by 

Tee oe AT (h— 2) +6P (5.16) 

Thus one has 

Le pr AT 0(6T 2 (gp) = (42-28) ga an 
In the steady state, Eq. (5.14) tells us that this quantity is a constant in- 

dependent of z. Now substitute the cell-average of Eq. (5.11), noting that 
(cos (qxz)) = 0, and evaluate the whole expression at both z = (0,h) where 
vz = 0. This procedure gives 

h h 

The first term on the right hand side is the conductive heat flux identified 
previously in Sec. 3, which yields N = 1. The second term now provides a 
description of convection with N > 1. Even though there is no vertical fluid 
velocity at the bounding surfaces, the fluid flow throughout the cell transports 
heat away from the bottom surface and toward the upper surface; in effect, — 
it increases the temperature gradient on each of them. Thus the second term 
in Eq. (5.9) serves the purpose for which it was introduced. Note that the 
additional term in Eq. (5.9) must 

6) 5) Fo nm es > ea (SF + Fn) (5.18) 
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e have the form of one of the additional Fourier modes whose cell-average 
does not vanish (this rules out terms with m # 0); 

e vanish on the two bounding surfaces; 

e give the same stationary convective heat flux out of the bottom surface as 
into the top surface. 

Let us then return to the dimensionless, coupled, nonlinear Eqs. (5.2) and 
look for solutions of the form 

vz(z,z,t) = u(t) cos(qz) sin (7z) 

etek) —Fult) sin (qx) cos (7z) 

6T(z,z,t) = 1(t) cos (gx) sin (mz) — 79(t) sin (27z) (5.19) 

Consider first the heat equation, the second of Eqs. (5.2), and substitute the 
above expression for 6T(z, z,t). Differentiation with respect to t yields 

06T (2 jail 
Ot 

where a dot now indicates the time derivative. Take the remaining terms to the 
right hand side 

= P{i cos (gz) sin (7z) — 72 sin (27z)] (5.20) 

06T 
Cais 5 te ee (5.21) 

This expression can be evaluated with the aid of the following relations 

V?6T = —(n? +q")71 cos (gz) sin (mz) + 42°79 sin (2772) 

Uz = wucos(qgz) sin (7z) 

_ O6T 2 ; 
—Pvz aes —Prur7; sin* (qx) cos (72) sin (17z) 

=P», oe = —Prur, cos? (qz) cos (7z) sin (12) 

+P 2ruT2 cos (gx) sin (rz) cos (27z) (5.22) 

In combining the last two terms to make —Pv- VOT, the term proportional 

to ur; is independent of x because cos? (qx) + sin? (gx) = 1 and the product 
cos (z) sin (z) is simply the second harmonic 4 sin (27z), which matches the 
assumed form in the second term of Eq. (5.9). As is typical of a quadratic 
nonlinearity like v - VdT, the product of two spatial harmonics generates new 

sum and difference harmonics. The following trigonometric identity 

sin(mz)cos(27z) = = sin (3mz) — sin (7z)| (5.23) 

and some algebra then gives 

—-Pv-V6T = —Prun sin (27z) — Prut2 cos (qx) sin (72) 

+Prurt2 cos (qx) sin (37z) (5.24) 
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The last nonlinear term on the right hand side of Eq. (5.24) contains sin (372), 

which represents a coupling to a Fourier mode outside the set considered in 

Eqs. (5.19). We shall simply ignore the coupling to this higher spatial har- 

monic.2! In the next section, we examine a model physical problem where the 

lower harmonics do indeed decouple from the rest. One can now equate the 

result in Eq. (5.20) with the right hand side given by Eqs. (5.21), (5.22) and 

(5.24). With the neglect of the last term in Eq. (5.24), the resulting expression 

contains only cos (qx) sin (rz) and sin(2mz). Since these functions are linearly 

independent, one can simply equate their coefficients and find 

Pr = —-(n?4+¢?)1+u-—Prut 

—Pig = 4n°m- Pour (5.25) 

This gives two coupled, nonlinear, ordinary differential equations in ¢ for the 

three Fourier coefficients (71, 72, u). 
A third relation is obtained from the first of Eqs. (5.2). Make use of the 

following vector identity from Eq. (48.14) 

Dear = -V50 vx (VXV) (5.26) 

to rewrite that equation as 

Ov ee 2 Z 
ee -V bw + 5v VN =f dread ke (5.27) 

Here the vorticity ¢ = V x v = Cy has again been introduced. With our 

truncated set of basis functions, Eq. (4.53) yields 

ead a" + q’) sin (qz) sin (1z) (5.28) 

The curl of Eq. (5.27) eliminates the gradient term (and the pressure!), leading 
to 

0 
= = V7¢+RVx (26T) + Vx (vx) (5.29) 

Some vector algebra establishes the following relations 

O6T 
Vx(z6T) = -——yJy x (Z6T) a 

VxXWXOo= C Viv We VC (5.30) 

21 An alternative, more systematic, procedure is to multiply the full equation [containing 
the term proportional to sin (37z)] separately by each of these two spatial harmonic functions 
cos (qx) sin (z) and sin (27z) and then average over both x and z. In essence, this procedure 
often known as the “Galerkin” method [Be78], projects the full equation onto the desired set 
of basis functions. In the present example, it eliminates the unwanted third harmonic and 
yields the desired coupled nonlinear equations. 

42 



where we use the relations V-v = 0 and V-¢ = 0. Equation (5.29) can thus 
be rewritten 

2 dale rede ae R= VO- R94 (6-Vv-(v- VIC (5.31) 

The y component of this relation then gives?” 

oleae peuple: 
at = V @ = RT = (v : Vi) (5.32) 

Substitution of Eq. (5.28) in this relation yields for the time derivative on 
the left hand side 

Ts tape 
es aa = asin (gz) sin (7z) (5.33) 

The right hand side (r.h.s.) of Eq. (5.32) is 

06T 
rhe. =. Ve— R= —(v-V)¢ (5.34) 

It is analyzed with the use of the following relations 

VO = - main, sin (gx) sin (17z) 

“R= = Rrqsin (gz) sin (rz) 

(v-V)¢ = 0 (5.35) 

where the last one follows from an explicit computation. Thus equating the 

time derivative in Eq. (5.33) with the right hand side, one finds 

“1 = en +q’)u+ (5.36) 
Rq 2 

(x? + q?) 

Within this truncated set, the Navier-Stokes equation leads to a linear relation 

between (u, 71). 
In summary, we have Geriped the following three coupled, nonlinear, first- 

order differential equations in t for the coefficients [u(t), 71(¢), 72(t)] of the trun- 
cated set of Fourier amplitudes in Eq. (5.19) in the Boussinesq approximation 

to the Rayleigh-Bénard problem in Fig. 3.1 

R¢@ : 2 2 
“au = —(n+¢q jut+ @+q)” 

Pr = (2 4+¢@)n+u—Prun 

—Pip => An? = Pe UT Coos (5.37) 

22Note that (¢ - V)v = (¢ 0/dy)v vanishes here. 
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The nonlinear terms involving (uri, u72) in the last two equations arise from 

convective heat transport. Apart from the basic truncation in Eq. (5.19), the 

only approximation here is the neglect of the coupling to the higher spatial 

harmonic sin (372) in the last of Eqs. (5.24), to which we will return in the next 

section. 

It is useful to simplify the form of these equations by a change of variables. 

Introduce a rescaled time s and the ratio r of R to the lowest Rayleigh number 

Ri(q) of the previous linearized problem 

Ps 2 + q?)3 

Thus 

du ne eta —Pu+ Pr(n* + q°) 71 

STi ge ie ee net a CEE 
ds + +g 
ie ee An? A Pr 5 

ds P+@ We+@) Gs 

Then define 

_ V2(n? +4") v2 1 . = See Dee a 11 = Dee ;R2 = Da, (5.40) 

The result is 

= —Pr+Py 

= -—ytrzxr—z 

Zz = —bz+zy (5.41) 

The dot now indicates a derivative with respect to the rescaled time s. In these 
equations 

_ 4? R 
~ eg? Se ena) a 

If we identify g? = q?, where q? describes the periodic convective roll structure 
teas at the onset of instability in the linearized analysis for free-free surfaces 
then 

g = @ = 7/2 
RiGc) (= >Re 7=5.27K4 4 

b = 8/3 (5.43) 

Equations (5.41) are known as the Lorenz equations. They form three first- 
order, coupled, nonlinear differential equations in rescaled time [Eq. (5.38)] for 
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the Fourier coefficients (x, y, z) defined in Eqs. (5.40) and (5.19). The coefficient 
x characterizes the velocity field and (y, z) describe the temperature. There are 

three parameters in these equations (b, P,r). As seen above, b is determined 
entirely by the spatial periodicity 1 = 27/q, and b = 8/3 for g = qc. The Prandtl 

number P is defined in Eq. (3.23) and depends on the ratio of the kinematic 
viscosity to the thermal diffusivity, two intrinsic properties of the fluid. The 

only remaining parameter in the Lorenz equations is then r = R/R(q), where 
the Rayleigh number is defined in Eq. (3.23) and is determined by, among other 
things, the experimental parameter h?AT (Fig. 3.1). It is clear that r may 

be varied, for example, by varying the temperature difference AT between the 

bounding surfaces. The quantity r evidently functions as the control parameter 

in these equations. We examine the solutions to the Lorenz equations as a 

function of r in some detail in the next part of this book. These apparently 
simple equations are, in fact, quite remarkable. 

6 Lorenz equations: direct derivation for simple 

physical configuration 

The Lorenz equations are of sufficient importance that they merit an alterna- 

tive derivation, which also isolates the essential elements and provides addi- 

tional physical insight. We consider a more specific, constrained configuration 

where, with some additional simplifying assumptions, the dynamical equations 

take a relatively tractable form. The mathematical formulation in ‘terms of 
Fourier amplitudes and Fourier coefficients then follows quite directly [Yo85]. 
This configuration has the added advantage that the time development of all 

the dynamical variables in the Lorenz equations can be clearly observed and 

monitored. 
Let us go back to the Navier-Stokes and heat-flow Eqs. (60.27) and (60.48) 

a = p + Vy] = —Vp+pgt+nV’v 

dT oT , : 
see RE Aa MV tee KR VEL. - 6.1 = aE +Vv K (6.1) 

where g = —gZ. These equations assume incompressible, viscous flow in a 

gravitational field and neglect viscous heating. 
Consider the configuration of Fig. 6.1 where the fluid flows in the narrow 

annular channel between two stationary, horizontal, concentric cylinders, the 

channel having a mean radius | measured from the common center. Assume 

that the fluid is heated from below and that both the inner and outer walls are 

maintained at the same fixed temperature Ty(#) where ¢ is the polar angle 

measured from the downward vertical. We study flow that is uniform along the 

axis of the cylinders (namely, independent of y). 

The velocity field for an incompressible viscous fluid flowing along a channel 

of width d with rigid walls is derived in [Fe03] and shown in Fig. 61.1, which we 

sketch in Fig. 6.2. The analytic form is 
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Ql 

Fig. 6.1. Configuration for a direct derivation of the Lorenz equations. The 
fluid is free to move in the narrow region between two fixed, rigid, horizontal, 

concentric cylinders. The fluid is heated from below, and both walls are kept 

at a specified temperature Ty(¢). The fluid velocity is assumed to be uniform 
across the channel, and the effect of viscosity is approximated by a negative 

friction force proportional to that velocity. The temperature of the fluid is also 

assumed uniform across the channel, and the heat flow to and from the walls 

is taken to be proportional to the temperature difference between the fluid and 

the two walls. We study flow that is uniform along the axis of the cylinders 
(namely, independent of y). 

Vv 
Vo ote! oF 2 

v2 = -2 js BOs > v (d/2 Zz (6.2) 

The viscous term 7V*v in the Navier-Stokes equation is negative and describes 
a friction force proportional to the velocity and opposing the flow. We simplify 
this spatially dependent velocity field to one that is uniform across the channel 
and independent.of the azimuthal angle ¢. 

z 

Mf) 

Dok x 
-d/2 0 aeiher 

ve re sbi field for steady viscous flow in a channel with rigid walls [after 
ig. 61.1]. 
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Thus, we assume the approximate form 

a 

v=vu(t)d (6.3) 

which is obtained by a suitable average of the actual velocity field across the 
channel 

(nV?V) channel = —Rpv (6.4) 

Here, 7 is a fluid constant with the dimension of an inverse time (on dimensional 
grounds, it is of order R ~ v/d*). This velocity field evidently satisfies V -v = 
Ov(t)/l0¢ = 0. 

The temperature pattern for fluid flowing in a channel with a specified tem- 

perature at the walls will have a spatial distribution across the channel analogous 

to that shown in Fig. 6.2. For simplicity, we also assume that the temperature 

in the fluid is uniform across the channel, and that the heat flow to and from 

the walls is proportional to the local temperature difference between the fluid 

and the walls 

T = T(¢,t) 

(6V?T )ensnnel a —K[T(¢,t) — Tw()] (6.5) 

where K is a fluid constant that has the dimension of an inverse time (on 
dimensional grounds, K ~ «/d’). 

One special type of density change in the fluid must be included—that as- 

sociated with thermal expansion. When the fluid is heated, its density de- 

creases, and this alteration provides an additional buoyant force on the fluid at 

the bottom of the channel. In the Boussinesq approximation, only the linear 

temperature dependence is retained. Thus the gravitational force term in the 

Navier-Stokes equation will be approximated as 

pg & po{l—AlT(¢,t) -Tol}s (6.6) 

Here @ is the thermal expansion coefficient and To is some reference temper- 

ature. Otherwise, incompressible flow is assumed with p = po. Under these 

simplifying approximations the Navier-Stokes and heat-flow equations for the 

physical configuration in Fig. 6.1 then take the form 

ts E + (vi vyy| _Vp + poll — A(T —Ta)] ¢— Rpov 

sas 4v-VT —K{T —Tw(¢)| ee eens CL) 

Note that the full convective nonlinearity is retained in both equations. 
We now seek a solution to these equations of the form 

= v(t)d 
p= P(¢, t) 

T = T(,t) (6.8) 
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Let dA = ¢dA be an element of transverse area across the fluid channel 

(Fig. 6.1). Dot the following vector operator (270) ga ee do [, dA into the 

first of Eqs. (6.7), and use the following results 

‘ 10 V= ide 

ew Odas # eOa lie wie) dni 6.9 
6. = 35(59-8) : Mee 

Then 

Av(t) = Q(t) ; flow rate 

jie ‘° 7 Oa wh 

= (6.10) 

aa 
Qu. 4 < T 

[4a-w vv 

a ag Pd 
l 

Here Q(t) is an cee ap that gives the flow rate of the fluid through 
the transverse area of the channel. Note that the convective term in the Navier- 

Stokes equation does not contribute for this geometry. Note further that the 

pressure also disappears from the problem since it is single-valued in ¢! For the 
gravitational term use ; 

g:dA = -gdAsing 
27 

ih singdd = 0 (6.11) 
0 

For the second of Eqs. (6.7) use 

Q(t) (4,1) W-V)T¢t) = SPOS (6.12) 
With the use of these results, Eqs. (6.7) become 

dQ(t Ae pat a SX [ 7G,1)sinodd-RQW 
OT (¢,t t) OT (¢,t Ae OTe) = KiTw(6) - 7,1) (6.13) 

The problem has now been reduced to two coupled, nonlinear, partial integro- 
differential equations for the fluid flow rate and temperature (Q(t), T(¢, t)]. The 
nonlinearity enters through the convective part of the heat equation. 

Assume that the temperature i inversion in Fig. 6.1 has a linear z dependence 
and write?% 

Tw(¢) =To +7; cosd Mee Gee (6.14) 

Note that in the thin channel z ~ I(1 — cos ¢). 
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where the zero of temperature is arbitrary. This choice means that the temper- 
ature of the walls is right-left symmetric. 

The physical configuration in Fig. 6.1 is now manifestly periodic in ¢ over 
the interval [0, 27], and one is thus led directly to a Fourier-series representation 
of the solution to the problem posed in Eqs. (6.13). Write 

oO 

T($,t) = To+co(t)+ >_ [sn(t)sin (ng) + cn(t)cos(n¢)} (6.15) 
n=1 

Now substitute this expansion in the second of Eqs. (6.13). Since the functions 
sin (n@) and cos (n@) are linearly independent, one can simply equate their co- 
efficients. For n = 0 one has the elementary solution 

dco 
Fi ee 

co(t) = co(0)e~** ;n=0 (6.16) 

Evidently, this contribution is a transient that dies off exponentially with a 
characteristic decay time K7}. 

For n > 1 one has the pair of equations 

iimeeAlg = aes 
ioe nd) 
— + — = = ; 1 6.17 Ft sr ars” Ken : i> (6.17) 

Multiply the first equation by s, and the second by cp, and add 

dsp dcy, eee) sect) at A ee .18 Sn + ene K(s*, +c) (6.18) 

Now define the positive-definite combination of the square of these Fourier co- 

efficients (the squared amplitude) 

ee me ed (6.19) 

Equation (6.18) then states that 

da?. 
ware = -—2K a2 

az(t) = a2(0)e~2** ;n>l (6.20) 

This contribution is also a transient, and it implies that both (sn,c,) die off 

with time ifn > 1. ‘ 
When Kt > 1, we see that only the n = 1 contribution remains, and there- 

fore the n = 1 contribution decouples from the rest of the problem!4 

T(¢,t) — To+s1(t)sind + ci(t)cos¢ :Kt1 (6.21) 

24Note that this result arises from the specific form of the nonuniform temperature distri- 

bution of the walls Ty = To + Ticos¢. As seen in Eq. (6.23), the control parameter r is 

proportional to T;, which characterizes the magnitude of the temperature nonuniformity. 
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All the long-time physics then resides in the n = 1 contribution. When kKkt>1, 

Eqs. (6.13) thus become?® 

PO = PIA) —R QU) ace 

Bi) _ Wa) = Kal) 

sui) + 2) (6 = K[TM-«a(0)] ;n=l (6.22) 

These have exactly the structure of the Lorenz equations. To recover the previ- 

ous form, introduce the dimensionless parameters 

_— 9ST; 
By ew 1G eg 

R 
P= K 

ae eae? (6.23) 

The first two are the scaled effective Rayleigh number and the Prandtl num- 

bers.2° The last is the dimensionless rescaled time. Introduce also the dimen- 

sionless functions 

r= oi) : flow rate 

y = oe ; temperature variation at ¢ = 1/2 

z= aeeeta ; temperature variation at ¢ = 0 (6.24) 
1 

The first is the fluid flow rate in the channel. From Eq. (6.21), the quantities 
(s1,C,) in the second and third give the temperature variations at ¢ = 7/2 and 
¢ = 0, respectively. 

After some algebra, Eqs. (6.22) then take the familiar form 

= —Pxr+Py 

aS mn 

= —bz+z2y > bss 1 (6.25) 

Here the dot indicates a derivative with respect to the dimensionless time s. 
Apart from the geometrical parameter b = 1 that is specific to the present 
model, these coupled nonlinear equations are precisely the Lorenz Eqs. (5.41). 

25Use [2" sin? odd = m and Jo” sin ¢ cos ¢ dd = 0. 
?6As noted from Eqs. (6.4) and (6.5), to within numerical constants, R ~ v/d? and 

K ~«/d?. With 2T; = AT, Eqs. (6.23) become P ~ v/K and r ~ (gBAT/«v)(d* /41), which 
now compare directly with Eqs. (3.23). 
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Part III 

Discrete Dynamical Systems 
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7 Example of a nonlinear oscillator 

The first part of [Fe03] deals with particle mechanics, the study of dynamical 

systems with a finite number of degrees of freedom. We correspondingly turn 

here to the subject of the nonlinear dynamics of such systems. As groundwork, 

we study the Duffing oscillator, which is a one-dimensional simple harmonic 

oscillator with an additional quartic term in the potential. 

Duffing oscillator: general form 

The Duffing oscillator is a very common example of nonlinear dynamics 

in which the familiar harmonic quadratic potential is augmented by a quartic 

term?” 
1 f 

Vp(q) = smog + gmbq" (7.1) 

This potential provides a one-dimensional model for the theory of second-order 

phase transitions [La80], introduced by Landau in the 1930s and widely used in 
the description of superconducting metals through the Ginzburg-Landau theory. 

It also reappears in the o-model for spontaneously broken chiral symmetry in 

the strong interactions, and in the Higgs mechanism for generating the mass 

of the gauge bosons in the standard model of electroweak interactions (see, 

for example, [Wa04]). The parameter ( is generally assumed to be positive, 
ensuring that Vp(q) remains positive for large |g|. In contrast, the parameter 
a can in principle have either sign, and the potential Vp displays remarkable 

behavior as a is tuned continuously from a positive value through zero to a 

negative value. In the context of phase transitions, one thinks of a(T) as being 

temperature-dependent. Specifically, a(T) vanishes linearly at some critical 

transition temperature T,. Thus a(T.) = 0, and a(T) has the same algebraic 
sign as T — Ty. 

It is helpful to seek the stationary points of Vp defined by the equation 

ee = m(aq+fq*) = 0 (7.2) 

This equation has three roots given by 

q = 0 RU Rie) ees (7.3) 

The first root at the origin represents an allowed physical position for all values 
of a. In contrast, the other roots at q = +,/—a/G are imaginary if a > 0 
(assuming ( > 0), but they become physical positions +,/|a|/@ if a is negative. 

We therefore consider the following distinct possibilities with positive B (see 
Fig. 7.1) 

27We assume for the purposes of this general discussion that m has the dimensions of energy 
[ml? /t?] and that (a, G,q) are dimensionless. 
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DUFFING POTENTIAL 

Potential V,,(q)/m 

Coordinate q 

Fig. 7.1. Duffing Oscillator potential Vp(q)/m = 4aq? + $8q4 for B = 0.05 and 
three values of a = (+1,0,-—1). 

tad >0= 

In this case, Vp has only one stationary point at q = 0, since both the 

quadratic and quartic contributions increase with increasing q?. Thus the 

origin is the absolute minimum of Vp(q). 

Jb. BEEN 

In this case, there are three stationary points, at gq = 0 and +,/|al/@. 

Since the quadratic contribution now decreases with increasing g*, the 

potential Vp(q) decreases symmetrically from the origin, which is a local 

maximum. Vp(qg) reaches symmetric absolute minima at q = +,/|a|/(, 

beyond which the quartic contribution starts to dominate, and Vp(q) even- 

tually becomes positive for large q?. 

3. a=0: 

In this case, the quadratic potential term is absent, so that Vp(q) is very 

flat around the origin, rising rapidly only when Gq* is of order one. For 

this special value of a, the potential provides very small restoring force 

for small |g|, and the oscillation frequency for periodic motion would be 

correspondingly small. 

We see that the qualitative character of the Duffing potential Vp(q) depends 
critically on the sign of the quadratic contribution. Such behavior exemplifies a 

common phenomenon in nonlinear physics. For positive a, there is a single ab- 

solute minimum, but it “bifurcates” at a = 0 into one of two symmetric absolute 
minima for negative a. Thus, the equilibrium position of the system shifts con- 

tinuously from the origin to either of the two minima as soon as a changes sign 

from positive to negative. Without additional physical assumptions, there is no 
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reason to prefer one or the other of the two equivalent positions (this situation 

is known as a “broken symmetry”), but there is an energy barrier of height 

AVp = ima? / between them. Some other aspects of the Duffing potential 

are investigated in the problems. 

Duffing oscillator: perturbed simple harmonic oscillator 

We now return to usual dimensional units and specialize the general Duffing 

potential to consider a one-dimensional simple harmonic oscillator with a small 

additional quartic term (Fig. 7.2) 

1 1 
V(q) = smog + zemq? (7.4) 

We assume here that ¢ is small, although we will allow either sign. The 

corresponding dynamical equation of motion and hamiltonian are 

Gturqteq? = 0 

i= EARN eis tena ee (7.5) 
BE ORT Vile sie nd ie 

V 

E>0 

€=0 

q 

E<0 

Fig. 7.2. Sketch of potential of the perturbed simple harmonic oscillator for 
various values of e. 

The most straightforward approach to finding an analytic solution is to as- 
sume a power series in € and work consistently to a given order. Thus we write 

q(t) = qo(t)+eq(t)+--- (7.6) 
Substitution in the first of Eqs. (7.5) and identification of coefficients of powers 
of € yield the following equations through first order 

Go + w2qo 

ditwen+4@ 

0 ; zero-order 

0 ; first-order (7.7) 

28We focus on the small change in the dynamics for motion near the origin. In this case, 
the motion oe te bounded, so that the negative (and hence unstable) potential for negative 
€ and large ” is irrelevant here; note that the parameter ¢ now has dimensions [1 /t). 
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Assume a set of initial conditions 

q(0) = a 

q(0) = 0 (7.8) 
so that the oscillator starts from rest. The solution to the zero-order simple 
harmonic oscillator equation is 

go(t) = acoswot 

0610) 2 — 8 ; go(0) = 0 (7.9) 

The initial conditions on the remaining contributions to q(t) are 

g(0) = 0 
q(0) = 0 -4=1,2,--: (7.10) 

Substitution of the zero-order result into the second of Eqs. (7.7) gives 

Gi twig = —a*cos* wot (7.14) 

A little algebra establishes the following trigonometric identity 

1 
cos*wot = " (cos 3wot + 3 cos wot) (TaL2) 

Thus Eq. (7.11) can be rewritten as 

: a? a? 
Gitwoqa = seme: wot — 7 008 Swot (7.13) 

This equation describes a harmonically driven oscillator, but note that there are 

driving terms at frequencies of both wo and 3wo. The nonresonant term with 
COs 3wot is easy to handle. In contrast, as we shall see, the resonant contribution 

proportional to coswot leads to secular terms in the coordinate q(t) that grow 

without bound. 
It is readily verified that the solution to Eq. (7.13) satisfying the initial 

conditions in Eqs. (7.10) is 

3 
q(t) = ne So sin Wot + : (cos wot — cos Sunt) (7.14) 

8w6 4 

To order ¢, the total solution for the coordinate q(t) that satisfies the initial 

conditions in Eqs. (7.8) is 

. 1 
q(t) = acoswot — a uot sin wot + 7 (cos wot — cos aunt) + O(e?) (7.15) 

0 

This result cannot be the correct solution for large t, however, since we know 

that the actual solution must remain bounded. This conclusion follows from 

energy conservation”? 

b= ping? + 5mugg? + zema! = constants... ..(7.16) 

291f e <0, the coordinate is bounded provided we are below the barrier (see Fig. 7.2). 
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Evidently, straightforward perturbation theory fails when wot = 1. What 

is wrong? The resonant driving term above has the same resonant frequency 

wo. What we forgot is that the nonlinear oscillator also has a frequency shift 

wo — w. Let us therefore expand 

we) = wo + ewi +> eens, 

so that g(t) has the approximate form a(é) cos [w(e)¢]. To O(e), this time de- 

pendence must also be expanded 

q(t) a(é) cos [w(e)¢] 

a(e) cos [wot + ewit +--+] 

a(e)[coswot — ew it sin wot +--+] (7.18) 

II 

which accounts for the presence of the secular term proportional to ¢ sin wot. 

We shall now repeat the previous analysis employing the expansions in 

Eqs. (7.6) and (7.17). We assume that the solution only depends on time through 
the combination 7 = wt and write the full equation of motion in Eq. (7.5) as 

d?q. 
was t+wrgteg = 0 {7s wt (7.19) 

To O(c), substitution of the expansion in Eq. (7.17) into this equation then 
gives 

d*q 3 
Peas | +:-5 = 0 (7.20) 

The expansion in Eq. (7.6) then allows us to identify the new zero-order and 
first-order equations 

d?q 
Wor si weg + 2ewow 

d? i(GS+m) = 0 
d2q d? 2 1 qo 

Wo (3 a8 a) = —2wow a — q (7.21) 

The first equation is the same simple harmonic oscillator. The solution that 
satisfies the initial conditions can be inserted in the second equation to give the 
equations [compare Eqs. (7.9) and (7.13) 

go(t) = acost 

d?q 3 we (53 st a) = (220.1 ~ i’) acosT — 7° cos3r —_ (7.22) 

As before, the resonant driving term proportional to cost in the second 
equation would lead to secular growth in the coordinate, but we now have the 
possibility of eliminating it by a judicious choice in the frequency shift. Take 

pans Tr 
3 su ame (7.23) 
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We can now set T = wot on the r.h.s. of the second equation since we are dealing 
with small corrections. The solution to the remaining equation then follows as 
in Eq. (7.14) 

a? 
qja(t) = —- 3202 (cos wot — cos 3wot) (7.24) 

Hence the full solution through O(c) is found to be 

(t) = acos|{w pete t} — eg. (cos wot — cos 3wot) +--+ (7.25) q 0 Te 3202 S Wo OS 3Wo . 

The approximate anharmonic frequency is given by 

‘3 
WwW = Wot uk (7.26) 

It depends on both e€ and the amplitude a?. If e > 0, the quartic term raises 

the potential and the frequency increases; if ¢ < 0, the quartic term reduces the 
potential and the frequency decreases (see Fig. 7.2). 

If the first term in Eq. (7.25) is expanded in powers of € (which we do not do), 
the previous secular term in Eq. (7.15) is recovered. By keeping this term inside 

the argument of the cos, one has selectively summed all orders in perturbation 

theory to provide a solution for q(t) that holds for times wot > 1. 
To understand the validity of this analysis, one can compare the analytic 

expression in Eq. (7.25) with the result obtained by direct numerical integration 

of the nonlinear differential equation. Introduce the dimensionless variables 

2 q Ea 
Suse wot NYSOTII backs tala oe (7.27) 

The first of Eqs. (7.5) and Eqs. (7.8) then become 

dy 3 
aa? +yt+tAy = 0 

0), ae ;y'(0) = 0 (7.28) 

In this form, numerical integration is readily carried out.*° 
The analytic expression in Eq. (7.25) and Bruel theory result in 

Eq. (7.15) take the form 

y cos | (1 ae >)| - = (cose —cos3z) _; analytic 
8 

« lI cos Z — : [se sin + 7 (cosa — cos 32) ; pert. theory (7.29) 

30The numerical results presented here, and subsequent ones, were obtained with Mathcad11 

using the Runge-Kutta algorithm. 
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The results are compared for a representative value of A = 0.6 in Fig. 7.3. 

Note how well the analytic expression tracks the numerical result, even with a 

relatively large dimensionless coupling constant d = 0.6 for the quartic term, and 

how quickly the perturbation theory expression deviates from it. A small, next- 

order correction to the angular frequency could make the analytic expression 

indistinguishable from the numerical one over this range.?1 

DUFFING OSCILLATOR 

Coordinate 

— re 

Fig. 7.3. Duffing Oscillator. The result from numerical integration of Eqs. (7.28) 
is compared with the analytic and perturbation theory expressions in Eqs. (7.29). 
The ordinate is g/a and the abscissa wot. The curves are for \ = €a?/w% = 0.6. 

The discussion in this section illustrates the crucial role played by resonance 
in nonlinear dynamics. 

8 Phase-space dynamics and fixed points 

We start this discussion with some familiar one-dimensional systems. Recall the 

concept of phase space. Given a system with hamiltonian H(p, q,t), Hamilton’s 
equations are 

aD Oi oc, OL 
i Oq 

dq _ OH cod Galak OH 
i oe Deira to ery (8.1) 

Here the partial derivative implies that all other variables in H are kept constant. 

31Improved approximation schemes are presented in [Be78a, Am03]. 
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For definiteness, consider a time-independent hamiltonian H(p,q), so that 
Hf is a constant of the motion. The instantaneous configuration of the system is 
completely specified by a point [p(t), q(t)] in the (here) two-dimensional phase 
space. Given an initial point {p(0),¢(0)] = (po, qo), Hamilton’s equations then 
provide a set of two coupled, first-order differential equations in the time that 
map out a trajectory in this phase space. In general, that trajectory is unique, 
which remains true near an unstable fixed point, even though the trajectory can 
proceed in different directions along the actual separatrices (as seen in Fig. 1.1). 
Two familiar examples are: 

1. The one-dimensional simple harmonic oscillator 

Hig) = 2+) muge? : ie ea 
p = —mweq 

mg = p (8.2) 

2. The planar pendulum of length 1 

“ine 
H(pg30)2 = Omi + mgl(1 — cos @) 

Pe = —mglsiné 

ml?6 —— ew £17) (8.3) 

Here @ is the angle measured from the vertical, down position. 

The first example provides coupled, linear equations of motion, and the second 

example provides coupled nonlinear equations of motion. Since the hamiltonian 

is the energy in both cases, motion along a particular trajectory satisfies 

2 
hh +: smug? = E = constant ; oscillator 

= +mgl(1—cos#?) = FE = constant ; pendulum — 

2 
Bo 920 ee 92 8.4 
Omi? 2 (eg 

In the first case, the phase-space orbit is an ellipse for all initial conditions, and 
it is easy to see from the equations of motion that the phase point follows the 

orbit in a clockwise direction. For the pendulum with small 0, the phase-space 
orbit is also an ellipse, because the problem then reduces to the symple harmonic 

oscillator. 
Suppose, however, that the pendulum has the following configuration (C= 

+7,p9 = 0), namely pointing straight up and at rest. This configuration is 

clearly a stationary, or fired point, since the time derivatives of both coordinates 

then vanish 

po = 0 
6 = 0 ;90 = +n (8.5) 
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It is also evident that there are two possible trajectories, since the pendulum 

can then either fall forward or backward. 

To investigate these possibilities, let us expand to first order about the sta- 

tionary point 

pe = pe 

6 = +7+60 (8.6) 

In this case, the linearized equations of motion become 

dpe = mgld0 

ml? 60 = Spe (8.7) 

We seek a solution to these equations of the form (we anticipate a real +) 

pp = Ae” - 60 = Be” (8.8) 

The linearized equations then reduce to 

yA-—mglB = 0 

-A+m’yB = 0 (8.10) 

These linear homogeneous algebraic equations will have a nontrivial solution for 

the amplitudes (A, B) only if the determinant of the coefficients vanishes 

Il o ml?7? — mgl 

y = +4/—> = tu (8.11) 

where wo is the angular frequency of the small-amplitude motion for small dis- 

placements around the equilibrium down position (here, wo simply provides 
an inverse time for dimensional purposes). Substitution back into either of 

Kgs. (8.10) then gives the ratio of the amplitudes for these two values of 

ie +m/gli = +ml?w (8.12) 

Each of the trajectories through the fixed point defines a separatriz. If the 
plus sign is chosen in these last two equations, the trajectory moves away from 
the fixed point along a line with slope ml*wo, indicating instability (this result 
applies to both sides of the line). With the minus sign, the orbit moves toward 
the fixed point along a line with slope —ml?w (again, this behavior holds for 
both sides ofthe line). For both branches of the separatrix, the energy is 
E = 2mgl, which is the difference in potential energy from the bottom to the 
top of the pendulum in Eqs. (8.4). These features are evident in Fig. 1.1. The 
behavior of this linearized dynamical system is studied in more detail in the 
problems. 
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If the energy EF is smaller than 2mgl, then the pendulum will oscillate around 
the downward position (@ = 0), and the angle 6 remains bounded. If the energy 
& is larger than 2mgl, then the pendulum goes around in a circle (“over the 
top”), and the angle increases continously. 

These examples have identified two types of periodic motion. When the 

coordinates (p,q) return to the same set of initial conditions (because of energy 

conservation), the trajectory necessarily repeats itself.°? The two types are: 

1. Libration. Here the phase-space orbit is closed and the trajectory cycles 

around that orbit. The coordinate 6 oscillates, continously retracing its 

path. Examples are the two orbits in Eqs. (8.4), provided that the energy 
of the pendulum satisfies E < 2mg]l; 

2. Rotation. Here the phase-space orbit is open and the trajectory repeats 

itself throughout phase space. The coordinate 6 increases (or decreases) 
continuously (note that the hamiltonian and the physical configuration 

are periodic in @ with period 27, so that 6+ 27n is completely equivalent 

to 6 for any integer n). An example is the pendulum orbit for FE > 2mgl. 

In these examples, the separatriz is an orbit through the unstable fixed point 

that divides phase space between these two types of motion (for a pendulum, 

there are two such orbits). All these features of the phase space of the simple, 

planar pendulum were previously illustrated in Fig. 1.1. A more general dis- 

cussion of fixed points of nonlinear dynamical systems is given at the end of 

this section, including the stability of motion near a fixed point. These ideas 

are important in the subsequent analysis of the Lorenz equations and of other 
nonlinear equations. pes 

Action-angle variables 

Action-angle variables provide an alternative dynamical description of peri- 

odic systems. They play a central role in subsequent developments, and we here 

review them within the context of these simple examples. Consider a conserva- 

tive system with 

2 
H(p,q) = = +V(q) = £ ; constant (8.13) 

The corresponding Hamilton-Jacobi Eq. (35.12) is 

1 (as? as 
—_|— = = 0 8.14 aa (Fe) +V + Se (8.14) 

A solution of this partial differential equation provides a function S(q, P, t) that 

generates a canonical transformation to a new set of coordinates (P,Q), both 

of which are constants of the motion [Eqs. (35.10) and (35.11)} 

P = constant 

Q°= ot, 2.8) = constant (8.15) 

32The period of the motion is the time that it takes to complete one cycle. 
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The solution S(q, P,t) also gives 

0S(q, P, t) 
Pia oT 5 

In the present case, one can solve the Hamilton-Jacobi (H-J) equation by as- 

suming P = E and taking 

S(q;E,t) = W(q,E£)—-£t (8.17) 

where W(q, £) is referred to as Hamilton’s characteristic function. Equation 

(35.26) then follows 

(8.16) 

Os chet Pees 5 
Ot 

1 (dW? 
— {| — V ee oh 8.18 a(S) +¥la (8.18) 

Suppose that the motion is periodic, as in the two examples above. Define 

the action as** 

=a p dq (8.19) 
an cycle 

Here the integral is over one complete cycle; it is an area in phase space. Equa- 

tions (8.16) and (8.17) combine to give 

OW (q, E) = ee ae 

I OW (q, E) = 
= on fo ae, eee! = J(E) (8.20) 

Evidently, the g dependence has now been integrated out, leaving E as the only 

variable in J(£). One is free to choose any constant for P in H-J theory. In par- 

ticular, choose J(£) instead of E, and assume that this function can be inverted 
to give E(J) (we shall show below how this is done). Write W = W|q, E(J)}, 
taking J as the new constant. Call this function W(q, J). Consequently 

S{q, E(J), t] W(q, J) — E(J)t 
S(q, J,t) (8.21) 

Now use this function S(q,J,t) to generate a canonical transformation to 
the new variables (J,Q), which are again constants of the motion 

05(q, J, t) 
oq 

ry A5(q, J,t) 

Aer oJ 
OW(e,J) dE 
Pi ep re = Bp ; constant (8.22) 

$8It is convenient to include the factor 1/2m in the definition, so that this equation (and 
subsequent ones based on it) differs from Eq. (36.2) by this factor. 
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Define the angle variable ¢ as*4 

g = Saas yaks (8.23) 

It follows that 

¢? = ut+p 
dE(J) 

h See where Ww a (8.24) 

Thus ¢(t) increases linearly with the time at a rate w, with 7 as the initial value. 

Consider the change in the angle variable as the coordinate executes one 

cycle. As q changes by dg, it follows from Eq. (8.23) that the change in ¢ is 
given by 

_ &W(q, J) 
dp = Aaa Jae (8.25) 

Hence the net change A¢ around the cycle is 

OW (q, J) Ais $ ve $ LaUAC AY 
. cycle ? cycle OgoJ 2 

a dW (q, J) 
= = oS 8.26 

OJ cycle Oq : ( ) 

With the identification of p from Eqs. (8.21) and (8.22), one finds 

) 

ae sis ad sith he 

oe 2nJ = 2 (8.27) 
coal? = 

On the other hand, we know from Eq. (8.24) that the change in angle variable 
around the cycle is A¢é = wr where T is the period of the motion. Hence 

A@ = wr = 2r 

T:. = = ; period (8.28) 

These results have several important features: 

e The angle variable increases linearly with the time [Eq. (8.24)]. No matter 
how complicated the nonlinear dynamics, the angle variable is a pure rota- 
tion, as defined at the beginning of this section. This conclusion holds not 
only for the rotational motion of the pendulum but also for the libration, 
where the angle 6 remains bounded; os 

34In general, ¢ is not a physical angle in the usual sense. 
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Since J is a constant, the trajectory in the (¢, J) phase space is, in fact, 

just a straight horizontal line; 

The angular frequency of the motion is given in Eq. (8.24), 

—1 
Coe dE(J) £ dJ(E) (8.29) 

dJ dE 

where the latter expression explicitly gives w(E), frequently the most use- 

ful form; 

The period of the motion is given in Eq. (8.28), 

Qn dJ(E) _ 2x _ 4 dJ(E) 30 T =: Qn IE (8.30) 

which gives T(£) as an explicit function of E; 

If one is simply interested in the period, it remains only to compute J(£) 

and then E(J); 

e It is clear from the derivation that (J,Q) = (J, 8) are a canonical pair; 
however, (J,¢) also form a canonical pair since 6 and ¢ differ only by a 

linear time shift (see later). 

We proceed to analyze our two examples (simple harmonic oscillator and pen- 

dulum) in terms of action-angle variables. 

Simple harmonic oscillator 

Start from the energy and corresponding momentum 

1 

: y ; p (8.31) 

First compute the action in Eq. (8.19) by integrating around the elliptical trajec- 
tory in the clockwise direction. Let go be the maximum extent of the coordinate, 
so that E = mw§qg/2. There will be four identical contributions to J, one from 
each quadrant, giving 

4/2m [%® i 1 
LOE a oer [ dq \/ E — 5mwpq? ;E = smugai (8.32) 

Let x = q/Qo; then 

2 en 1 
. J(B\S om | day/1.= 22 

0 
2g0V 2mE T E 

© gery (8.33) - 

64 



In this case the inversion is immediate, and we find the obvious result 

E(J) = wod 

dE 
he erp. 0 (8.34) 

This linear relation between J and E is special to the simple harmonic oscillator. 

From Eggs. (8.18) and (8.34), the solution to the H-J equation is (we choose 
to start with the positive root) 

W(q,E) = vam [day E - smug? + Wo(E) 

W(q,J) = Wlg,E(J)] = Vim [da \fu04 - smug? + Wo(J) (8.35) 

where Wo is an integration constant independent of g. The angle variable is 
thus given by Eq. (8.23) as 

= van | a ee (8.36) 

Again introduce x = q/qo, with woJ = mw3q3/2, and choose an orientation of 
the coordinate axes so that ¢ = 0 when (p = pmax, g = 0). Then 

prt ii dx 

do V1 =a? 
= sina - <b =99/g0 (8.37) 

where sin! z is the inverse sine function arcsinz. Inversion of this relation 

yields x = sin ¢ or 

poe eae (8.38) 
MwWo 

The corresponding value of p is obtained from Eq. (8.31) 

1 
p 2m (+07 * smub¢) 

QmuyJ(1—2?) = 2mwoJ cos” d 

/2mwoJ cos (8.39) Pp 

where the sign is chosen so that now both (p,q) are positive when ¢ is in the 

first quadrant. 
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In summary, the familiar simple harmonic oscillator has the less familiar 

description in action-angle variables 

p = vV2mwod cosd 

Es ou. 
Ca mwo 

d = wot (8.40) 

sind 

Although we have derived these results only in the first quadrant for (q,p), 

they are now explicity periodic in ¢ in the interval [0,27] and can thus be 

extended to the entire interval. The phase-space ellipse in (p,q) is recovered, 

and ¢ parametrizes the trajectory around the ellipse, starting with ¢ = 0 at 
(p = Pmax,q = 0), moving in the clockwise direction, and increasing linearly 

with time.*® In this special case, the angle variable ¢ is just the phase wot + ¢o 
of the trigonometric variables p and g. Note that the clockwise sense of motion 

means that ¢ is the negative of the conventional polar angle, which increases in 

the counterclockwise direction following the usual right hand rule. In contrast 

to the closed orbit in (q,p) phase space, the orbit in (¢, J) phase space is simply 
a straight horizontal line that is periodic in ¢ with period 27; the @ coordinate 

for a simple harmonic oscillator increases linearly with time, and the temporal 

period 7 is given by 7 = 277/wp. 

The reader will no doubt consider this a rather complicated way to solve 

the simple harmonic oscillator. The corresponding analysis of the pendulum is 
considerably more challenging and interesting. 

Pendulum 

Start from the hamiltonian and corresponding momentum of the planar pen- 
dulum 

2 
eee a H = 5mE + mgl(1 — cos 8) 

pe = +V2ml2\/E —2mglsin? x ;x = 6/2 (8.41) 

where we have introduced the new angular variable y = 0/2. The action is then 
given by 

it 
mie 2d V2mi?\/ E — 2mgl sin? x (8.42) 

us cycle 

where tn contains the appropriate signs. We proceed to calculate J for the 
two types of motion of the pendulum: 

1) Libration. Write the energy in terms of the maximum angular displace- 
ment of the pendulum yo = 60/2, and introduce the angular frequency of the 

35Note that a rescaling of the coordinates (p,4) > (p/V2muoJ, q./mu9/2J) converts the 
phase space orbit into a circle, with ¢ a polar angle. 
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simple pendulum 

E = 2mglsin? xo sWo. = = (8.43) 

Then compute 

Z 
J= — dx V2ml?,/2mgl Fst ~ im? x 

2m cycle 

4ml?w Xo 
= “a | dx / sin? yo — sin? xX (8.44) 

20 0 

where we have again noted that there are four equal contributions around the 
cycle. 

To proceed, it is convenient to introduce the new variable 

y = siny ; dw = cosxydy 

fre Bn prepei 8.45 hans perp ie) 
Hence, with rz = 7/0, some algebra yields 

ee: 8ml2w Tg ae 

1 — kx? 

cP ep 
E 

T 

2 1 > Spl = 8ml*wo if ie / 1-) [ dx 

™ 0 0 (1 — x2)(1.— kz?) 

k? = w2 = sin’ x0 (8.46) —_— 1 
2mgl = 

This rather complicated rewriting reduces the integral to a standard form in 
terms of elliptic integrals of the first and second kind 

= 8ml?wo 2 2 2 ry Dae E 
J. ae She ) — (1 — k*) K(k*)] ;ke = Imal (8.47) 

Here 

? 1 
K(k*) = @. 
~) I ” (ia ey ka) 

. 1 — kz? ee ore : £(2) = fi de |S (8.48) 

with 0 < k2 <1 to ensure convergence of the integral K(k?).*° 

36 We here follow the notation of Abramowitz and Stegun [Ab64] and of Mathematica [Wo96] 

in writing the arguments of the elliptic integrals as k?. The corresponding Jacobi elliptic 

function is written as sn(y|k?). In contrast, most older books use k as the argument. The 

reader should be careful in comparing results from different sources. 
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For small k? (and thus low energy), the small-amplitude expansion k? +0 

gives [Wo05] 

K(k?) - £(1+5+--) 

E(k?) £ (1-54...) 

E(k?) —(1—) K(k) > S+-.. . k2 +0 (8.49) 

Hence one recovers the small-amplitude libration result that the pendulum re- 

duces to the simple harmonic oscillator 

8ml2wo ak? E = errs ; k? 30 (8.50) 
7 4 Wo 

with oscillation frequency dE/dJ = wo, as seen in Eq. (8.34). 
For general k? < 1 (or E < 2mgl), Eq. (8.47) determines the action J(E£). 

With the following standard formulas [Wo05] 

ON tee SUSE [eattcpamnay 
Ok2——sok2 1 — ke? 

OE E-K 
ie PCE (8.51) 

the anharmonic oscillation frequency of the libration w = dE/dJ = (dJ/dE)~} 
becomes aw 

= 2K (R) ed 
As expected, the frequency decreases continuously with increasing E/(2mgl) = 

k? and approaches 0 as k* — 1~ from below the separatrix. Figure 8.1 shows 

both the scaled frequency (w/wo) and the scaled period (t/t) = woT/2m = 
wo/w) for the pendulum, including both libration (E < 2mgl) and rotation 
(E > 2mgl). These same results also follow directly from the period of one 
cycle as found from the conservation of energy (see problems). 

2) Rotation. Here E > 2mgl and the angle @ increases continously from 0 to 
2m over one complete cycle. Hence 

eT) Oe nie 2 

5 ol dx\/1— k-? sin? y 
0 

2VImiIZE 7/2 9 
eR [ aeytcictciutx pat = 2A, (a0) 

The same manipulations as above reduce this integral to a standard form 

(es avera e(h-?) (8.54) 
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where € is defined in Eq. (8.48). Note that we still define k? = E/(2mgl), so 
that 0 < k~? <1 for any allowed rotational motion. 

SCALED PENDULUM FREQUENCY 

Fig. 8.1. Anharmonic frequency and period for the pendulum, showing both 

libration (E < 2mgl) and rotation (EK > 2mgl). The ordinate is the scaled 
frequency w/wo or the scaled period 7/7) = woT/27 = wo/w, and the abscissa 

is the scaled energy k? = E/2mgl. Both branches in the bottom figure diverge 

near k? = 1 since K(1—e) > In(4/,/é) as € — 0+ [Wo05]. Indeed, each branch 
in either figure is singular near k? = 1 in the sense that the first derivative 
diverges. 

In particular, the high-energy limit is obtained here as k~? = 2mgl/E — 0, 
with the result 

: 2 

i gy amt Te oe V2mI2E ;k-* 30 (8.55) 
7 2 oe 

where we have used Eq. (8.49). This result is simply that for a rigid rotor of 
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moment of inertia m/?, and inversion gives 

J? 

we Qml2 

< = _ ieee. 0 (8.56) 
m 

If the energy is expressed in terms of the angular frequency 6 of rotation, then 

one finds 

1 
E = gle? 

eV mE 
es mlz ml2 

= 6 -k-2 30 (8.57) 

which is the anticipated high-energy result. 
More generally, Eq. (8.54) determines the action J() for rotational motion 

in the allowed range E > 2mgl and hence the rotation frequency for general E. 

A straightforward calculation gives 

= fap TaN Rea 
Mor a Wed dipraa ty \ Ly eee aE AaNE Me 2 

Twok w = KE) (8.58) 

As expected from physical considerations, the frequency tends to 0 as k? — 1+ 

from above the separatrix. In contrast, the frequency increases monotonically 

with increasing E/2mgl > 1 and grows like VE for large E, as seen in Eq. (8.57). 
Figure 8.1 shows both the scaled frequency w/wo and the period T/T) = wo/w 
throughout the range of E/2mgl. 

We note that as k? — 1, the coefficient of 1/K in the angular frequency for 
rotation in Eq. (8.58) is a factor of 2 larger than that for libration in Eq. (8.52).3” 
The origin of this factor is easy to understand if one returns to Fig. 1.1. For 
a libration lying just inside the separatrix, one traverses the entire closed orbit 

(namely, the pendulum swings in both directions through a complete cycle). In 

contrast, a rotation lying just above the separatrix traverses just the upper half 

of an extended (unphysical) libration curve (namely, the pendulum rotates in 
one direction). To mimic the complete libration, one would have to include the 
other rotation curve lying just below the lower separatrix, which moves in the 
opposite direction. 

37For librations with k? = 1 — ¢, one requires K(k”) = K(1 — e) In(4/ Vé) in the angular 
frequency as € — 0. For rotations with k? = 1 + €, one requires K(k~) = K(1 —), which is 
exactly the same expression. 
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Now consider the H-J equations for the pendulum 

i dw ° + l(1 @ 

TEA TT PASS tc 
dw 
ae 2V2ml?\/ E(J) — 2mgl sin? x 

0 
thee 5 (8.59) 

where we use the same substitution y = 0/2 and again choose to start with the 
positive root in the second line. Integration gives 

W(x,J) = 2v2mi?2 ifn dy \/ E(J) —2mglsin? x + Wo(J) (8.60) 

The angle variable ¢ follows as 

OW(x,J) _ dW(x,J) dE(J) po ee ee 
dE dJ OJ 

x a oy! (a 
g \/ E(J)/2mgl — sin? x 

Here Eq. (8.29) has been used in the second line. We again consider two cases: 

1) Libration. With w = sinx and a coordinate system where ¢ = 0 when 

w = 0, the integral becomes 

E(J) 

+ ¢o(J) (8.61) 

soem wy! i BNA Sabic Vs. ah Jee Vie 
= at (¥/¥o | k?) -d¢ = wt (8.62) 

where sn~!(y|k?) is the inverse Jacobi elliptic function®® 

pa eee Gd 
Paty kA) = / a 8.63 eS ore per Rte nee 

and we have defined 

: eo 
y = sin 5 ;%o = sin 5 ) 

= — 8.64 
x 2mgl é ee) 

In the case of libration where k? < 1, one has op = k. 

38This expression has the two evident limiting cases [Wo05], sn—1(y|k?) — sin-!y as k? > 

0, and sn—}(y|k2) — (1/k)sin—! ky as k? — oo, which will prove useful in the subsequent 

analysis. Note also that sn—!(y|1) = 4 In[(1+y)/(1 —y)] = tanh—ly. 
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Equivalently, we can invert Eq. (8.62) to write 

w(t) = ‘sin fu = ksn(wot|k?) (8.65) 

Equations (8.62) and (8.65) determine how the coordinate amplitude p = sin 0 /2 

oscillates in time as the system follows the horizontal straight trajectory (¢ = 

wt, J = constant) in (¢, J) phase space. 
For k? — 0, one has 6 — 0 and [Wo05] sn(y|0) = siny. Hence, in this limit, 

Eq. (8.65) gives 

90 = O@psinwot - k? +0 (8.66) 

This is the familiar result for a simple pendulum. 

For k? — 1, one has sin(0)/2) + 1 and the Jacobi sn function now reduces to 
a hyperbolic tangent [Wo05] sn(y|1) = tanhy. Hence, in this limit, Eq. (8.65) 
gives 

sin = tanh wot : k? 1 (8.67) 

Here, the pendulum starts vertically downward at rest with energy E = 2mgl 

and asymptotically approaches the upward position with characteristic time 

wo’. This behavior agrees with the linearized analysis near the unstable fixed 
point discussed in connection with Eq. (8.11). Note that the pendulum now 
takes an essentially infinite time to go from the initial vertical down position to 

the final vertical up position; correspondingly, the frequency is effectively zero. 

The libration amplitude in Eq. (8.65) is plotted as a function of wot for two 

representative values of k? = E/2mgl in Fig. 8.2. Note that the amplitude 

a(t) = sin{9(t)/2] never reaches 1 for any k? < 1. 
2) Rotation. An analogous calculation in the case of rotation where k? = 

E/2mgl > 1 gives 

w f? dy 

ne ed by AERIS ERT 
= Em (| k-?) -d = wt 

or ap(E) iy = sin“) = sn(wokt|k~?) (8.68) 

Since sn(z|k~?) — sin as k? — oo, one finds 

w /2mgl 0 
| ee wear pm 

4 Wo E 2 

or 6 = 6t ;k? +00 (8.69) 

where the first of Eqs. (8.57) has been employed in obtaining the last equal- 
ity. This is again the familiar high-energy result. The rotation amplitude 
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in Eq. (8.68) is plotted as a function of wot for two representative values of 
k? = E/2mgl in Fig. 8.3. 

Libration Amplitude for Pendulum 

P “=~ 

0.5 

ee 
ae Ss. 

~ oo 

Amplitude y(t) 

0.0 25 5.0 7.5 10.0 12.5 

Scaled time wot 

Fig. 8.2. Libration amplitude ~(t) = sin[0(t)/2] as a function of the scaled 
time wot. The two curves correspond to k? = E/2mgl = 0.05 (dashed) and 
0.98 (solid), with frequencies w/wo * 0.987 and 0.468, respectively, taken from 

Eq. (8.52). Note the increased period and decreased frequency with increasing 
E/2mgl < 1, as well as the increased anharmonicity of the motion. - 

Rotation Amplitude for Pendulum 

a 
= 

Jia Amplitude w(t) 

a AN) 
.0 2.5 5.0 75 10.0 12.5 

Scaled time a, t 

vo i] nd Ss.. 

Fig. 8.3. Rotation amplitude w(t) = sin[6(¢)/2] as a function of the scaled time 
wot. The two curves correspond to k? = E/2mgl = 2.0 (dashed) and 1.02 (solid), 

with frequencies w/wo * 2.396 and 0.943, respectively, taken from Eq. (8.58). 

Note that the absolute value of sin(@/2) now reaches 1 each time the pendu- 

lum is vertically upward. In addition, the frequency increases with increasing 

E/2mgl > 1, while the anharmonicity of the motion decreases. 
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Figures 8.2 and 8.3 show that the motion of the pendulum can be quite 

complicated, although it is explicitly periodic in time. Nevertheless, the corre- 

sponding variables ¢ and J execute a very simple horizontal trajectory in (?, J) 

phase space, at a uniform speed d¢/dt = w. This example illustrates the power 

and importance of the action-angle variables. 

Linearized stability analysis 

We conclude this section on phase space with a more detailed discussion of 

the fixed points of nonlinear dynamical equations and the linearized stability 

for motion near a given fixed point. This treatment generalizes the analysis of 

the motion of a pendulum that is nearly upright, given at the beginning of the 

section. Consider a system whose dynamics is governed by n coupled, first-order 

differential equations in the time (for a general treatment of such equations, see 

[Hi74, Ar80]). These might be Hamilton’s equations (in which case, n would be 
even), but the discussion is more general. Form a vector r = (21, 22,‘** , Zn) 
from the n variables. The equations can be summarized in the form 

dr 
— —— T = Tr t . a f(r,1) (8.70) 

where f is an n-component function of r. It may be interpreted as a velocity 

function for given (r,t). If f(r, t) is independent of t, the equations are said to 
be autonomous. As a function of time, the system traces out some curve r(¢) in 

the n-dimensional configuration (“phase”) space that depends on the starting 
vector 7(0).°9 

As an example, consider an autonomous set with n = 2. In detail, the 

equations under discussion have the form 

a = ¢ = f.(z,y) 

Y= 9 = fyloy) (8.71) 
For such a system, the orbit follows from the ratio of these equations 

ba a 3. et (8.72) 

For example, suppose one has a particle in a force field F(z) so that 

méi = F(z) (8.73) 

Define y = ¢. The second-order equation is then converted to a pair of coupled 
first-order equations 

t= y 

my =_ F(z) (8.73) 

3®Here, we generalize the notion of phase space to include n coupled first-order differential 
equations in the time . For hamiltonian systems, n is even and the structure of Hamilton’s 
equations imposes a very specific form on the function f in Eq. (8.70). 
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The corresponding orbit equation takes the form 

mydy = F(z)dz (8.74) 

which can be integrated to find y(z) for any given F(z). 

Usually one cannot find the orbit r(t) so simply; it is, however, still possible 

to obtain a few general results. In particular, we can investigate the occurences 
of fired points where 

-F = 0 ; fixed points (8.75) 

At these points, the system is stationary. Equation (8.70) then implies that 

these fixed points are characterized by the condition 

fir) = 0 ; fixed points (8.76) 

Suppose that this set of equations has k real roots (r1,1r2,--- ,r~). For each 

of these fixed points, we can study the stability of the system in its vicinity. 

Consider the jth fixed point r;. If some of the nearby trajectories tend toward 
T;, we say that it is an attractor. If all nearby trajectories are attracted to it, 

we say that the jth fixed point is asymptotically stable. 

To illustrate the method, we return to the example n = 2 with two variables 

z and y. Expand the dynamical equations in the vicinity of this fixed point 

= 2j+462 

y = yy 
ee Ofz 
 —— 3, 2+ — By 

ge ee ote he Ar et By oY (8.77) 

Here the derivatives are evaluated at r;, and only the first terms in the Taylor 
series expansion about the fixed point have been retained. We assume that all 
quantities are real. These equations can be recast in matrix form as 

Serre AS: (8.78) 

where 

* ict iel abia\ B=: ér = ( i) ; 6 ( oy 

_ [ Of2/62 Ofz/Oy ss 

2 ( 6f,/Oz Hear 
Z (8.79) 

Take linear combinations (6X, 6Y) of (6x, dy) of the form 
= 

= M's (8.80) 
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where 

SRave ee (8.81) 

and M7? is a real, constant 2 x 2 matrix. Upon substitution of Eq. (8.78), the 

time derivative of Eq. (8.80) yields 

6R = M“*AMSR (8.82) 

Now choose the matrix M to diagonalize A, which can be done using the 

technique in Sec. 22. First find the eigenvalues of A 

det|A—AZ| = 0 (8.83) 

Here, this real quadratic equation for has either real, or complex conjugate 

roots. The matrix M that diagonalizes A is just the modal matrix formed from 

the eigenvectors as columns. Thus A acquires diagonal form Ap 

ar ‘s < Ai O MAM = Ap = "(Bo 5 ) (8.84) 
where (Aj, A2) are the eigenvalues of A. 

The solution to Eqs. (8.82) then takes the form*® 

mo = [BO] = (ROR ] em 
The eigenvalues (A1, A2) thus describe the linear stability about the fixed point. 
If the eigenvalues are real,*! then the solutions will grow or decay according to 

the signs of (\1, 2). With complex conjugate eigenvalues of the form a + iw, 
the solutions will oscillate at frequency w, and the magnitude of the solution 

will grow or decay depending on the sign of a. In terms of the original variables 

ér (the small displacement from the fixed point), the general solution is a linear 

combination of the various exponentials (here, e*!* and e?"). 
As an example, consider the following (dimensionless) second-order nonlinear 

differential equation 

@-= ¢*-g+e¢ (8.86) 

As before, this second-order equation can be converted to two coupled first-order 
equations 

Up fe(z,y) 

yo-st+e =| f(x,y) (8.87) 

40 Alternatively, one can simply write 

r(t) = e4r(0) 

eft = L+ Att SA +. 

41It is proved in Sec. 22 that if A is symmetric, the eigenvalues must be real. 
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The fixed points are located by equating the right hand side of these equations 
to zero 

Tey 
Peete Yo Soche -,0 (8.88) 

There are two solutions (x,y) = (0,0) and (x,y) = (1,0). The matrix A in 
Eq. (8.79) is readily computed at the general point (x,y) to be 

A(z,y) = Gas a) (8.89) 

At the origin, the eigenvalues are \ = + 1. Hence one of the solutions grows like 

e’, indicating that the origin is an unstable fixed point. At the point (1,0), the 

eigenvalues are \ = +7. Hence the solutions oscillate like e+, indicating that 
while this fixed point is stable, it is not attracting.‘ 

With this background, we proceed to an analysis of the three coupled, first- 

order, nonlinear Lorenz equations derived in Part II. 

9 Lorenz model 

In this section we examine the solutions to the Lorenz Eqs. (5.41) and (6.25) 

= —Pr+Py 

y = -ytrz—2z 

Zz = —bz+a2y (9.1) 

where we focus on these nonlinear first-order differential equations as illustra- 

tions of more general nonlinear phenomena. Nevertheless, it is helpful to recall 

that the variables (x,y,z) have a direct physical interpretation, as discussed 

in the model configuration of Sec. 6 [see Eqs. (6.24) and Fig. 6.1], where z(t) 
is the flow rate and y(t) and z(t) are temperature variations at two different 
angular positions. Alternatively, for the Rayleigh-Bénard problem discussed in 

Sec. 5, z(t) is the amplitude of the lowest spatial harmonic of the convective 
velocity whereas y(t) and z(t) are amplitudes of two different spatial harmonics 
of the nonlinear convective temperature (the deviation from the conductive so- 
lution, which has a uniform gradient). In addition, r is the dimensionless scaled 

Rayleigh number, which serves as the control parameter that characterizes the 

external applied “stress” on the system. 
For numerical analysis, we must also choose specific values for the dimen- 

sionless parameters (P,b). The quantity b is a function of the geometry, and 
here we use Eq. (5.43) with b = 8/3. The other dimensionless parameter is the 
Prandtl number P = v/k, the ratio of the kinematic viscosity v to the thermal 
diffusivity «. Since the critical Rayleigh number in Sec. 5 is independent of P, 

42We leave it as a problem to find the behavior at a general point near the fixed points in 

Fig. 1.1. 
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our results will not be particularly sensitive to this quantity, and we somewhat 

arbitrarily choose P = 10. Thus we take*? 

P = 10 ; b= 8/3 (9.2) 

which are the parameters studied by Lorenz [Lo63]. 

With these specific numbers, the numerical results nicely illustrate the points 

that we want to make. Near the onset of convection at the convective instability, 

they reproduce the behavior studied in Sec. 4, but they also make good physical 

sense for much larger values of the Rayleigh number, where the analytical theory 

becomes impossible. In addition, we can readily compare with the results of 

other studies (see, for example, [Yo85]). Existing mathematics packages on 
PCs are sufficiently powerful that readers can carry out investigations of other 

parameter sets on their own. Thus we shall study the following equations: 

—10z + 10y 

—y+rz—2£z 

z= -s2 tay (9.3) 

The only parameter remaining in these Lorenz equations is the effective Rayleigh 

number r given in Eqs. (5.42) and (6.23). 
These coupled, nonlinear, differential equations can be solved numerically 

by simply picking a set of starting values (xo, yo, 20) and stepping forward in 

the (rescaled) time.*4 We shall subsequently do so. First, however, we use the 
analysis of the preceeding section to obtain some analytical results. We find the 

fixed points and carry out a linearized stability analysis about each fixed point. 

Stationary solutions and fixed points 

The stationary fixed points are defined by 

¢=-y=2=0 (9.4) 

Setting the right hand side of Eqs. (9.3) equal to zero, one obtains the conditions 

y 

y = re—27z 
3 

z= gry (9.5) 

There are two sets of solutions: 

1. The static conductive state at the origin with 

zc=y=2e= 0 (9.6) 

43 As noted in a problem, however, the chaotic behavior that we exhibit occurs only for 
P > 6+1 [L063]. Fluids with small Prandtl numbers do, in fact, behave quite differently (see, 
for example, [Mc75, Cr93]). Note that the present choice of b differs from that in Eq. (6.25), 
where we had b = 1. 

44See Eqs. (5.38) and (6.23) for the definition of the dimensionless time. 
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2 The teaty omvective tate Acne ty 

z= r—-i 

= y = 2JfHr-1)/3 (9.7) 

We proceed to make 2 limesrine’ wtability analbysie for ace soleation. 

Linearized stability analysis 

Limezrizztion A Eng. (92) shout the fed point 2 the origin in Eqs. (96) 
lea 

tt = -Wizr+ Why 

wy = —by+riz 

. jet gp (98) 
3 

We seek 2 solettion where 21) quantities have 2 time dependeme ~ 2*. Substi- 
tation then leads to the linear, homogeneous, eigenvalue equctions 

(A+W)iz-Wty = 0 
—+riz+(r+1jhy = O 

A+8/2)éz = 0 (99) 

These equstions wil have 2 soxtrival sation for the variations only £ the 
rain. A ete CAAA eb, Wath, ease 

+ 8/8) F + 114+ 1911 — -rj = 0 

Ma = Phy 

a pe A 



-1.289 + 0.084i | -1.289 - 0.0841 

2.000 || -1.212 + 1.810i | -1.212 - 1.810i 

10.00 || -0.595 + 6.170i | -0.595-6.170i | -12.476 

24.00 || -0.023 + 9.490i | -0.023- 9.490i | -13.622 

+0.008 + 9.6721 
+1.158 + 18.14 

+0.008 - 9.672i 

+1.158 - 18.141 

Table 9.1: Some representative eigenvalues for the linearized stability analysis 

around the fixed point representing the stationary convective state as a function 

of the parameter r. They are obtained as solutions to Eq. (9.14). 

Note the “broken symmetry” associated with the + sign. A given convective 

roll can rotate in either of two directions. Additional physical information is 

needed to choose which solution is appropriate. In this convective regime, the 

fluid velocity tcony is explicitly nonzero. Equations (9.3) are readily linearized 

about this new fixed point. If one again seeks a solution where all amplitudes 
have the time dependence ~ e**, one is led to 

(A+10)dz—106y = 0 
—dz+ (A +1) dy+ V8(r—1)/36z = 0 

FV 8(r —1)/3 62 = V8(r —1)/3 dbyt+ (A+ 8/3)6z = 0 (9.13) 

These linear, homogeneous, algebraic equations will again have a nontrivial 

solution for the variations only if the determinant of the coefficients vanishes. 
A little algebra leads to the eigenvalue equation 

41 80 8 1 
far) = 4 a+ (4 Gr) at ry = 0 (9.14) 

Inspection of f(A,r) shows that it approaches +oo for 4 — +oo, so that 
there is necessarily one real root for any r. If r = 1, one root is 0 and the other 
two are negative (—11 and —8/3). For small positive r—1, f(A,r) has three 
negative roots. As r increases, however, the whole cubic curve rises, and the 
local minimum with the two rightmost negative roots eventually crosses the real 
axis. For this special value of r, these two roots become degenerate, and they 
then move into the complex plane as a complex conjugate pair for larger r. 

This cubic equation f(A, r) = 0 can be solved numerically for any r, and the 
three solutions for some characteristic values of r are given in Table 9.1.45 One 
observes 

45Note if one finds a complex root 1, then 2 = Aj also provides a solution. 
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For 1 < r © 1.346, the cubic equation has three negative real roots whose 
positions depend on r, implying stability of this convective state. Small 
variations around the convective state will decay exponentially back to it. 

As r increases through the value ~ 1.346, the two real roots (Ai and A2) 
nearest the origin become degenerate and then move into the complex 
plane as a complex conjugate pair A, + i);. 

For larger values of r between ~ 1.346 and = 24.7, the eigenvalue 3 
remains real and negative; the real part A, of the other two eigenvalues 
also remains negative (although these latter two roots have imaginary 
parts +,;). In this range of r, the convective fixed point is stable, and 
small variations will oscillate back to it with decaying amplitude (Fig. 9.1); 

Stability of convective fixed point with r=15 

Velocity x(t) 
ee 
ty | | 

Time t 

Fig. 9.1. Illustration of stability of convective fixed point with r = 15. From 
numerical solution to Lorenz Eqs. (9.3) with (xo, yo, zo) = (10, 10, 22). 

As shown in the problems, the cubic equation can be solved exactly to 
determine the point beyond which small perturbations around the con- 

vective solution start to grow exponentially (namely, where \, = 0). 
Straightforward analysis [Lo63] yields the critical scaled Rayleigh number 

r* = P(P+b+3)/(P—b-—1) = 470/19 = 24.737 for the present parameters 
b = 8/3 and P = 10. At this critical Rayleigh number, the correspond- 
ing eigenvalues are +i\; = +7,/2bP(P + 1)/(P —b-—1) © +9.6251 and 
A3 = —(P +641) = —41/3 > —13.667. 

For r greater than r* ~ 24.7, two of the eigenvalues have a positive real 

part, implying that the convective state is unstable, namely that the in- 

stability will grow (Fig. 9.2). The linearized analysis predicts how the 
small variations will grow initially (but note in Fig. 9.2 that the velocity 

eventually even reverses direction). This instability indicates a transition — 
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from the steady convective rolls found in Sec. 4 to ones that are time 

dependent. Such behavior is not surprising, because there are no stable 

fixed points in this regime of r. Analytical studies of this transition are 

intricate because they involve small perturbations of a state with spatial 

periodicity, similar to the Bloch states for electrons in a one-dimensional 

periodic crystal lattice. 

e For values of r >> 24.7, our linearized stability analysis about the fixed 

points provides little useful information. 

Instability of convective fixed point with r=28 

TIAL 
10 

Velocity x(t) 

= o 
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Time t 

Fig. 9.2. Illustration of instability of convective fixed point with r = 28. From 

numerical solution to Lorenz Eqs. (9.3) with (zo, yo, 20) = (10, 10, 27). 

We observe in Fig. 9.2 that the instability soon turns into apparently random 

motion, with the velocity oscillating around a mean flow and then repeatedly 

reversing its overall direction. The motion is not random, of course, since the 

trajectory follows reproducibly from the given set of initial conditions. As the 

time increases, the exact pattern becomes more and more sensitive to these 

starting conditions. One might expect to see this behavior become even more 

pronounced for very large r; however, there are some surprises. For certain 

intervals of large r, one finds fascinating, rather complex, periodic motion! 

Periodic oscillatory solutions 

Upon exploration of the numerical integration of the Lorenz equations for 
intervals of large r, regularities can appear out of the apparently random motion. 

Figure 9.3 shows the velocity x(t) as a function of t for r = 148.5. In this case, 
one observes periodic motion where the velocity undergoes a fascinating, regular, 
reversal and oscillation. Since the solution x(t) = [x(t), y(t), z(t)] is a vector in 
the (here) three-dimensional phase space, one can actually plot the periodic 
orbit in that space. It can also be investigated through the projection of the 
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orbit onto a two-dimensional plane, and Fig. 9.4 shows that projection on the 
(z,x) plane. The rather involved orbit shows a lovely regularity.*® 

Example of periodic solution for r=148.5 

Velocity x(t) 

Time t 

Fig. 9.3. Illustration of periodic oscillatory solution with r = 148.5. From nu- 

merical solution to Lorenz Eggs. (9.3) with (zo, yo, 20) = (20, 54, 104). 

z(t) vs. x(t) for periodic solution with r=148.5 

_ 

_ 

Temperature z(t) 

-30 -10 10 30 

Velocity x(t) 

Fig. 9.4. Plot of z(t) vs. x(t) for periodic oscillatory solution with r = 148.5. 
From numerical solution to Lorenz Eqs. (9.3) with (Zo, yo, 20) = (20, 54, 104); 
integrated to t = 4. 

If the value of r is decreased slightly to r = 147.5, close inspection shows that 

the orbit is actually a union of two congruent orbits slightly separated in (a, z) 

space, and it takes just twice as long for the system to complete one full orbit 

— the period is doubled. The change in orbit is not dramatic, but readers can 

46 This orbit is stable against small deviations from the initial conditions. To get a nice plot, 

we have started it off near one of its stable values. 
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investigate this period doubling for themselves.4” Rather than provide more 

graphs here, we prefer to wait until the next section where a simple model 

illustrates much of this behavior in a more transparent fashion. 

Chaotic solutions 

Let us lower the value of r back down to r = 28 (Fig. 9.2). A recalculation of 

the numerical solution for the velocity x(t) with a slightly different set of initial 

conditions yields the result shown in Fig. 9.5,4° 

Chaotic solution for r=28 

Velocity x(t) 

Fig. 9.5. Illustration of chaotic solution with r = 28. From numerical solution 

to Lorenz Eqs. (9.3) with (xo, yo, zo) = (10, 10, 18). 

This solution appears to produce a random z(t), yet it is reproduced with 

a finer and finer integration mesh. Another slight shift in initial conditions, 

however, yields a completely different pattern. For this value of r, the solution 

is chaotic, where chaos is characterized by a trajectory: 

e that is never stationary or periodic; 

e whose general pattern with reversals and oscillations does not depend on 

the initial conditions or integration technique; 

e whose detailed structure depends crucially on both; 

e that appears to be completely random, yet follows by integration from a 
given set of initial conditions; 

e that is extremely sensitive to those initial conditions. 

47 As we shall show in the next section, the period can be most readily extracted from a 
temporal Fourier transform of the motion. 

48In the graphs, we are currently limited by the number of plotting points available; the 
underlying numerical calculations are carried out to high accuracy. 
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This sensitivity to initial conditions is quantified by the “Liapunov exponent” 
that characterizes how two initially nearby trajectories evolve in time [Jo98b, 
Ot02c] (they converge or diverge exponentially according to the sign of the 
Liapunov exponent). 

Although the velocity x(t) appears to have a completely erratic behavior, 
a plot of the corresponding phase orbit of the temperature z(t) against the 
velocity z(t) reveals a certain regularity, as shown in Fig. 9.6. The phase orbit 
is collapsing to a small region in phase space where the temperature and velocity 
are locked together. We proceed to prove two theorems on the solutions to the 
Lorenz equations that help one to understand this behavior. 

z(t) vs. x(t) for chaotic solution with r=28 
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Fig. 9.6. Plot of z(t) vs. x(t) for chaotic solution with r = 28. From numerical 
solution to Lorenz Eqs. (9.3) with (zo, yo, 20) = (10, 10, 18); integrated to t = 16. 

Two theorems on phase-space convergence of solutions 

We prove two theorems on solutions to the Lorenz equations [Sp82]: 

1) The phase point x(t) eventually enters a bounded ellipsoid E(x, y, z). 

To prove this assertion, introduce the Liapunov function L(z, y, z) 

L(z,y,2) = rx? + Py? + P(z—2r)? (9.15) 

For any given value of L, this quadratic form defines an ellipsoid in (z, y, z) 
phase space centered at z= y = 0, z= 2r. oe 

Compute the total time derivative of L with the aid of the Lorenz Eqs. (9.1) 

dL 

dt 
Qrre + 2Pyy + 2P(z — 2r)z 

2rz[P(y — x)] + 2Py(ra — y — xz) + 2P(z — 2r)(zy ~ bz) 

—2P ira? + y? + (2-1)? br (9.16) 
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Define another ellipsoid D(z, y, z) by*® 

ro? +y?+b(z—r)? = br’? (9.17) 

where the right hand side is a constant independent of time. For any point 

(x, y, z) outside of D, the right hand side of Eq. (9.16) is negative and thus 

dL 
ee 0 ; (x,y, z) outside of D (9.18) 

In this region, the numerical value of the quadratic form that defines the ellipsoid 

L(x, y, z) decreases with time. 
Let E(z, y, z) be the smallest ellipsoid L that contains the ellipsoid D. Then 

a phase trajectory that starts at any point x(t) which lies on L and outside of 

E satisfies dL/dt < 0. The ellipsoid ZL on which the phase orbit x(t) lies then 
shrinks until the trajectory moves inside the surface E and stays there. This is 

the first theorem. 

2) The volume in phase space shrinks along a phase trajectory. 

Consider a small volume V of N initial starting points in phase space. The 

mean density of points is n = N/V. For each point, the instantaneous velocity 

is 

v = (4,9,2) (9.19) 

which gives a velocity field in the volume V. The divergence of this velocity can 

be calculated with the aid of the Lorenz Eggs. (9.1) 

_ Ot dy 0% 
Sie itera By ae 

= -—(P+b+1) (9.20) 

Now the total number of points is conserved, and hence there is a continuity 
equation for the number density®° 

On 
a tV (nv) = 0 (9.21) 

Thus the total, or substantive, derivative of n is given by 

dn On 
pr pp tn = —n(V-v) (9.22) 

It follows from V = N/n with fixed N that 

ra Vrs 1dn 

Vdt = ndt 
= V-v = -(P+6+1) (9.23) 

49Note that the ellipsoids D(a, y, z) and L(x ' i y, z) have different shapes and different . 
Recall also that here r is the scaled Rayleigh unseen: : eal 

50 Just as with charge and current conservation in electricity and magnetism or mass con- 
servation in hydrodynamics. 

86 



= — = 

Integration of this relation yields 

V(t) = V(0)e~(P+otU# (9.24) 

This is the stated result. The phase space volume shrinks with time along a 
phase trajectory. Note that this theorem says nothing about the shape of the 
volume element. Indeed, the chaotic (exponential) divergence of nearby trajec- 
tories means that the shape of the volume element must change dramatically 
for large times [Ot02c]. 

We have actually observed this behavior in all our examples. The phase 
volume shrinks in the case of: 

© asymptotically stable conductive or convective fixed points where all nearby 
orbits flow into the fixed point; 

* stable periodic orbits that eventually traverse a given curve in phase space; 

® chaotic orbits that collapse to lie on a surface inside the bounded ellipsoid 
in phase space. 

In the last case, the surface is often said to form a strange attractor.) 

10 Model finite-difference equation: logistic map 

We have seen that the nonlinear Lorenz equations exhibit many fascinating 

phenomena such as stable and unstable fixed points, periodic solutions, period 

doubling, and chaos. Most of these properties are generic to nonlinear problems. 

To illustrate and clarify this behavior, we turn to a very simple model finite- 

difference equation known as the logistic map. 

Consider the following first-order, nonlinear differential equation in a single 

variable 

seu = AN-ypN? - (10.1) 

514 proof exactly analogous to that above yields Liouville’s theorem in the case of hamil- 
tonian dynamics. For simplicity, consider a single particle in three dimensions. In the six- 
dimensional phase space of (zx, y,z, Pz, Py, Pz), the velocity of the point is given by 

v = (,9,2,Pz,Py,Pz) 

The divergence of this velocity follows with the aid of Hamilton’s equations as 

Ot, , Opi - 

EEA pero) sat aac) } 0 ~ 4 \ G25, Op) Op; \Ox,) J rE 

The same proof then leads to vite 

dV 
— = 0 S 

dat = 

Hamiltonian dynamics thus conserves the phase-space volume along a phase trajectory — this 

is Liouville’s theorem. We return to this topic in a later section. 
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where (A, 4) are constants, both assumed here to be positive. If » = 0, this 

is an elementary growth equation with solution N = N (O)e**. If wp # 0, the 

second term serves to limit the growth as N approaches the value A/p from 

below. With the definition N = (A/) 2, this equation can be rewritten as 

dx Nees A Fakes Az(1— 2) ; N= (3) z (10.2) 

Evidently, there are two fixed points, at z = 0 and x = 1. Linear stability 

analysis shows that z = 0 is an unstable fixed point with solutions that grow 

like e>*. In contrast, z = 1 is a stable fixed point with solutions that decay like 

6x(t) = x(t) — 1 = 6x(0)e~™* for small 5x(0). 
In fact, this nonlinear ordinary differential Eq. (10.2) is sufficiently simple 

that it can be solved exactly. Rearrange the equation as 

1 f 
€E + =) du = se\dt (10.3) 

Given an initial value x(0) between 0 and 1, the nonlinear differential Eq. (10.2) 
is then readily integrated to give 

(0 At 

a(t) = Tae (10.4) 

This exact solution has several interesting features. 

1. For small (0) < 1, the solution initially grows exponentially 

x(t) = 2(0)e** + O[z(0)?] (10.5) 

This growth illustrates the unstable behavior near the fixed point x = 0; 

2. As At increases, the exponential growth saturates because of the denomi- 

nator in Eq. (10.4). This behavior reflects the factor 1 — x in Eq. (10.2); 

3. For all initial values 0 < x(0) < 1, the solution approaches 1 from below, 
with 

a(t) ~ 1— [x(0)~? — 1] e~** (10.6) 

for At > 1. If c(0) = 1—€ is close to 1 with e < 1, this solution 1 —ce~** 
illustrates the behavior near the stable fixed point x = 1. 

Logistic map 

Let us convert Eq. (10.1) to a finite-difference equation, which is the way it 
is actually integrated numerically 

Njz1 = Nj +(ANj-—pN?) At 3 7 =0,1,---,n-1 
No = N(0) (10.7) 
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Now define 

(MAt)N; = (1+AAt)z; = pa; (10.8) 

Then Eg. (10.7) takes the form 

Ziti = p2z;(1—z;) ;7=0,1,---,n-1 

zo = 2(0) (10.9) 

This simple two-term recursion relation is known as the logistic map. Its iterated 

solution, considered as a function of the parameter p, has a much richer and more 

complex behavior than the solution to the corresponding differential equation 

[they become equivalent only in the limit (At = t/n — 0)]. 

Power spectrum 

To examine the properties of the iterated solution, it is convenient to focus 

on the function z(t) defined at the discrete set of points (%9,21,-+- , Zn) 

z(t) = = Im (t — m) (10.10) 
m=0 

The Fourier transform of z(t) is given by 

co n 

/ diz(tje* “= Ne Im exp(imw) » (10.11) 
mo m=0 — 

and it will be convenient to use the conventional frequency v instead of the 

angular frequency w = 27v. The quantity P(v) is defined by the absolute value 
squared of the Fourier transform 

POPS | [« Dettatl 

where the total time interval in Eq. (10.10) is T =n. This definition gives 

2 

; w = 2nv (10.12) 

P(v) = 55 Lm exp (27iv m) 
m=0 

(10.13) 

The function P(v) is said to provide the power spectrum of the solution z(t). 

Clearly, it probes the frequencies v and corresponding periods tT = 1/v v contained 

in the function x(t). 
In fact, we first calculate the complex quantity 

= ntmenln(ch)s| m=0 

ee eae (10.14) 
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which is proportional to the Fourier transform of z(t) evaluated at the discrete 

frequencies v = k/(n +1). What we shall plot are the quantities |c,|?. To use 

the common and efficient numerical method known as the fast Fourier transform 

(FFT), the integer (n + 1) must be an integer power of 2, of the form®? 

n+1 = 2! ; q integer (10.15) 

This power spectrum probes the frequencies vy = k/(n + 1) and periods 7 = 

1/v = (n+ 1)/k of the iterated sequence. Thus if the solution in Eq. (10.10) 

repeats itself after every second term, it has a strong \c.|? at a period 2 and 

frequency 1/2; if it repeats only after every fourth term, it has a strong \cx|? at 

a period 4 and frequency 1/4, etc. 

Numerical analysis 

It is the simplest of tasks to iterate Eqs. (10.9) on a PC. We proceed to show 

some representative numerical results. The iterated sequences for values of the 

parameter p = 2 and p = 3.3 are shown in Figs. 10.1(a) and 10.1(b). 

Iteration of logistic map for p=2, q=4 Iteration of logistic map for p=3.3, q=4 

0.8 

s 06 

GY 

: =e 

0.4 

' ne 5 10 
Term j Term j 

Figs. 10.1(a, b). Plot of x; vs. j for iteration of the logistic map for: (a) p = 2.0; 
and (b) p = 3.3. Here (xo,q) = (0.82, 4), where q determines the number of 
points in the sequence. 

In the first case, the iterated solution quickly approaches a fixed value x; = 0.5. 
In the second case, the solution performs periodic oscillation between x; = 0.82 
and x; = 0.48, with a period of r = 2. 

The result of increasing the value of p slightly to p = 3.5 is shown in 
Fig. 10.2(a). There is now a four-cycle oscillation between the values (0.88, 0.38, 
0.83, 0,50) with period of r = 4. The period has doubled. If the value of p is 
increased again to p = 4, the result is shown in Fig. 10.2(b). The iterated values 
of x; appear to be completely random — the situation is chaotic. 

52In Mathcad11, the expression in Eq. (10.14) is calculated i ‘ E as a fast F 
fft(x) of the data set {x} = (xo, 21,--+ , rn). en ae 
53The results shown in these two fi in Fi i gures, as well as in Fig. 10.2(a), t as Git tages g (a), are stable against changes 
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Iteration of logistic map for p=3.5, q=4 Iteration of logistic map for p=4, q=5 
1.0 

1.0 

Term j Term j 

Figs. 10.2(a, b). Plot of x; vs. j for iteration of the logistic map for (a) p = 3.5 
with (Zo, q) = (0.82, 4); and (b) p = 4 with (zo, q) = (0.82, 5). 

Let us next investigate the power spectrum. Figure 10.3 shows the quantity 

|cx|? as a function of the frequency v = k/(n +1) as calculated from Eq. (10.14) 
for the two cases in Figs. 10.1(b) and 10.2(a). 

Power spectrum for p=3.3 and q=9 Power spectrum for p=3.5 and q=9 

Power Spectrum IC, |? Power Spectrum IC, 7 

0.1 0.3 05 0.6 5 0.2 0.3 0.4 

Toca k/(n+1) once vo k/(n+1) 

Figs. 10.3(a, b). Plot of |cx|? vs. v = k/(n +1) for the two cases: (a) as shown 
in Fig. 10.1(b), with p = 3.3 and (xo,q) = (0.82, 9); and (b), as shown in 
Fig. 10.2(a) with p = 3.5 and (zo, q) = (0.82, 9). 

In Fig. 10.3(a), essentially all the strength lies at the period tT = 2 (frequency 
v = 1/2) corresponding to the two-cycle oscillation seen in Fig. 10.1(b). In 
Fig. 10.3(b), the period doubling to 7 = 4 (frequency v = 1/4) observed with 
the four-cycle oscillation in Fig. 10.2(a) is identified — although this takes a 

little more examination, as the remaining dominant contribution at v = 1/2 

has been suppressed in preparing this figure (note that the Sone scale ends 

at 0.4). 
Figure 10.4 shows the power spectrum for the chaotic case in Fig 10.2(b). 

Within the fluctuations, which depend sensitively on the initial conditions and 

number of iteration points n + 1 = 2%, the quantity \cx|? is an essentially flat 
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function of frequency k/(n + 1). No underlying periodicity is evident. 

Power spectrum for p=4 and q=12 

Power Spectrum IC, |? 

Frequency v = k/(n+1) 

Fig. 10.4. Plot of |cx|? vs. v = k/(n +1) for the case in Fig. 10.2(b), with p = 4 
and (zo, q) = (0.82, 12). Only every tenth point is plotted here. 

Extended numerical analysis of this type leads to the “phase diagram” for 

the logistic map shown in Fig. 10.5. 

two-cycle oscillation 

bifurcation 

3 345354 4 

Fig. 10.5. Sketch of stability lines x* as a function of the parameter p in the 
logistic map as determined from numerical analysis. Note the expanded scale. 
For a numerical plot of this diagram with a linear scale, see Fig. 7.29 of [Jo98]. 

- ‘The plot shows the stable values of x as a function of p. These are: 

e For values of p < 1, the iteration converges to a value x* = 0; 
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e For 1 < p <3, the iteration converges to a value x* given by 

A 1 
Hip -1<p<3 (10.16) 

This behavior is illustrated in Fig. 10.1(a); 

e At p=3, there is a bifurcation; 

e For 3 < p < 3.449---, there is a two-cycle oscillation with period r = 2 
(frequency v = 1/2) between the indicated values of x*,,, and x*,,, [see 
Fig. 10.1(b)]; 

e At p ~3.449---, there is a second pair of bifurcations; 

e For 3.449 < p < 3.54, there is a four-cycle oscillation with period 7 = 4 
(frequency v = 1/4) between the values (x+,--- ,z{) shown in the figure 
[see Fig. 10.2(a)]; 

e This pattern keeps repeating [Fe78, Fe80]. There is a sequence of values 
Pn for which the 2” cycle becomes stable, with a limiting value of poo = 
3.5699 - - -; 

e Above this value, one observes irregular chaotic behavior, but in certain 

ranges, odd regularities are found. For example, at p ~ 3.81, a three-cycle 

periodic structure appears. Upon blow-up of small regions, a self-similar, 

or fractal, pecuckite is observed. The whole picture is very complex and 

fascinating;*4 

e At p =4, chaos is clearly evident [see Fig. 10.2(b)]. 

Can we understand some of these phenomena in more detail? Let us inves- 

tigate the problem using analytical methods, which turn out to give a valuable 

perspective. 

Some analytic results 

Kadanoff has written a very nice review article, intended for a general physics — 

audience; when combined with our previous discussion, it helps one to nee 

stand much of this behavior [Ka83]. 
Let us look for fized points of the recursion relation. These would be values 

z* that are reproduced upon iteration so that 

a* = pa2*(1—2*) (10.17) 

This equation has two solutions 

Crass 60 spay 

2 = 1— a (10.18) 
p 

54For a detailed account of these phenomena, see, for example, [Jo98b, Ot02b]. 
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The first solution indicates a fixed point at the origin. Consider the lin- 

earized theory near the origin. The linearized form of the recursion relation in 

Eq. (10.9), as well as its immediate solution, are 

Lj+1 = Px 
Ss (10.19) 

This solution evidently goes to zero as j — oo provided p < 1. In this range 

of p, the origin is a stable fixed point. If p = 1, this linearized solution remains 

constant near zo as j — oo, and the linearized solution diverges if p > 1, 

indicating that the fixed point then becomes unstable. 
Consider the second fixed point in Eq. (10.18) with p > 1. Let us linearize 

about this value, writing x; = x* + 62; 

1 1 
6444 = p (2-142) ax, Jats p p J 

= (2—p) da; (10.20) 

This implies that any variation will iterate to zero provided®® 

a pene E 
Lop ceo (10.21) 

The second fixed point is stable for values of p lying in this range. For values of 

p > 3, the second fixed point is clearly unstable. 

The above fixed point is one where the value of z is reproduced upon a single 

iteration. Suppose instead that the value of x repeats only after two iterations. 
Define 

F,(z) = pz(l—z) (10.22) 

The logistic map is then of the form 

tj+1 = F,(z;) (10.23) 

and the condition for the previous fixed point in Eq. (10.17) is 

ringmy 2p (ax) (10.24) 

For the new type of fixed point, we therefore require 

a* = FO(e*) = F,| F,(2*)] (10.25) 

or, in the present case 

z* = plpa*(1—a*)] [1 — px*(1 — 2*)] (10.26) 

5Evidently the variation will oscillate to zero in the range 2 < p <3. 
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This relation is a quartic equation for x*. Two of the roots will be our previous 
solutions in Eq. (10.18), since by Eq. (10.24) they obviously satisfy Eq. (10.25); 
it turns out, however, they now represent unstable fixed points. These roots 
can be factored from the above quartic equation, which can then be written in 
factored form as 

z* [e* - (1 - -)| [p°a*? — p?(1+p)z*+p(1+p)] = 0 (10.27) 

The remaining quadratic equation has the roots®® 

te = p(l+e)teVe-d oF) (10.28) 

At p = 3, one has ri = 2/3 = 1 — 1/p reproducing the previous fixed point. 
For p > 3, in contrast, the two roots r+ are both real and distinct. It is readily 

established that these new roots z+ satisfy®” 

F(t) = x 

Flr) re (10.29) 

This result explains the period 7 = 2 oscillation. Such an analysis locates the 

values of z3,,, = 24 and 7%, = z_ in Fig. 10.5. A linear stability analysis 
about these new fixed points, which we leave as a problem, then determines 

that this period-two oscillation is stable for 3 << p<1+ J/6 = 3.4494---. The 

analysis can be extended to the higher cycles and clearly becomes more and 

more intricate, but it is conceptually well defined. 

Finally, consider the behavior for p = 4, which we have already seen to be 

chaotic.5® For this special value of p, change variables in the recursion relation 
and define 

5 aa 5 (1 — cos 26}) (10.30) 

With the aid of the trigonometric identity cos2x = 1—2 sin? y, the recursion 

56The “star” is implied on these roots; it is omitted for notational simplicity. 

57These relations must hold, for let 

Fo(z+) = 2g 

where ag is some value of x other than those previously found in Eqs. (10.18). Upon insertion 

of this expression in Eq. (10.23), one has = 

F,(tg) = Fp[Fp(r+)] C+ 

and one more iteration gives 

F[Fp(zg)| = Fo(t+) = 2g a 

Hence zy is a new fixed point that is neither r+ nor a previous root; hence, it must be x_. 

58Note that the maximum value of z(1 — 2) in the interval (0, 1] is 1/4; thus p = 4 is the 

largest value of the parameter p for which the iterated = is restricted to this interval. 
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relation Eq. (10.9) becomes 

1 1 
(1 —cos276;41) = 45(1 — cos 2783) 5(1 + cos 270; ) 

= sin? 276; 

= (1 — cos 476;) (10.31) 

The solution to this new recursion relation is given by 

6; = 276 (10.32) 

where the second line follows exactly as in Eq. (10.19). 
One observes from Eq. (10.30) that either of the two following replacements 

yields exactly the same 2; 

6; .— 0; +integer 

6; — 6; (10.33) 

Now any real number 6; has the following structure 

6; = XXX---XXX.yyyy::: (10.34) 

The integer part of this number “X XX --- XX X” is irrelevant since it can be 

transformed away by the first of Eqs. (10.33)! Thus the answer depends only 

on the decimal “.yyyy---” part of 0;. Hence the answer is extremely sensitive 
to the initial conditions and round-off error. 

The translation and reflection invariances in Eqs. (10.33) imply that any 
value of 0; can be mapped into the interval 

u: 
uses Oj ees 3 (10.35) 

We can thus confine our considerations to this region of 0;. The mappings of 
Eq. (10.32) that then keep us in this interval are 

9541 = 20; ,0<6j <5 

9341 = —(26; —1) 
1 1 

= 1-20; : 7 <6; 3 (10.36) 

Now consider the resulting sequences 6; generated with these relations starting 
from a representative set of initial values 

ree sa eee 
0 3 Ege ag Wm? 

Sat a2 12 
5 2565 ake) 

ee et 1 
9 » Q’ Q’ Q’ 9’ 9? 9° (10.37) 

One observes: 
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e The first sequence yields a fixed point; 

e The second sequence is a periodic two-cycle; 

e The third sequence is a periodic three-cycle; 

e Similar observations show that the chaotic region p = 4 contains sequences 
with all possible periods. 

This is the result that we found empirically in Fig. 10.4. 

11 Liouville’s theorem revisited 

Dynamical systems with a finite number of degrees of freedom can follow various 

scenarios when they become increasingly chaotic. We have illustrated some of 
them with the Lorenz equations (three coupled, first-order, nonlinear, ordinary 

differential equations) and with the logistic map (a first-order, nonlinear, finite- 

difference equation). To provide a different and very important example, we 

now return to hamiltonian dynamics from Sec. 8. 

It is a remarkable formal result that the dynamical evolution of a hamiltonian 

system is itself a canonical transformation. To demonstrate this assertion, con- 
sider first a special form of the generator of the transformation in Eqs. (35.4) 

So(q,P) = Sone (11.1) 

Here o = 1,---,n runs over all the generalized coordinates. It follows from 

Eqs. (35.4) that 

OSo(q, P) 
Fl cal, Pocrece -yaroes Py P. qe 

OS0(q; P) = ———_ = qs 1122 

Thus Spo is the generator of the identity transformation. 
Next take the following modified generator 

S(q, P,t) -= _So(q,P) + Hat 

DidePe + H(p,q,t) dt (11.3) 

which differs from the generator So of the identity EEO by the infin- 

itesimal quantity H dt. It follows from Eqs. (35.4) that - 

fee 0S(q, P, t) dag [ee 2) dt 
Do el Oqe a Me Bee 5) 

o 

OH (p,q, t) 
=— any f eee Po + ana =F : 

dp = o 11.4 ro ee Gets ( ! 
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The first line shows that P, differs from p, by contributions of order dt. Hence 

one can replace P, * pz in the last term since it already contains the explicit 

factor dt. Hamilton’s Eq. (32.30) has then been invoked in arriving at the final 

result. Thus, to first order in dt 

dpe = 9+ —<dt P; Po + —7d 

PP =) p(t 420t) ; to first order (11.5) 

To this order, the new momentum is simply the old momentum displaced for- 

ward in time from t to t+ dt, which follows from Taylor’s theorem. Similarly, 

Os OH 
a. ae SS 11.6 

Qo = Api oe ape C1 
and in like fashion 

OH (p,q,t) ee dee 

dda 

Qs "=" de(t + dt) ; to first order (ti 

Here the other Hamilton’s Eq. (32.29) has been used in the second line. The 
new canonical coordinates (P,,Q,) thus are simply the dynamical evolutions 

of the original canonical variables (p,,q.), to first order in dt. In a well-defined 

sense, the hamiltonian H in Eq (11.3) is the generator of this infinitesimal time 
translation. 

This result has one central implication. Consider the 2n-dimensional phase 

space (Po,gc), ¢ =1,--- ,n. Start at some point [p,(0),q,(0)] att = 0. As the 
system evolves, this point traces out a path in phase space. Consider a small 

volume element in phase space at the initial point 

dV = dp,---dpndq-:::dan (11.8) 

or, if we take a small finite volume element 

Vol = [wv = [ow +++ dpndqi -+- dan (11.9) 

A remarkable theorem, due to Liouville, states that this volume is invariant 

along the dynamical trajectory. Although its shape may change, the volume 
itself does not.°? We give a proof following [Wa89]. 

After an infinitesimal time interval dt, the multidimensional volume element 
has changed to 

dvV' = dP,--- dP,dQ1---dQn 

O(P, Q) dp,:--d ey! Dane | ie : 

*°The theorem is actually more general; the volume is invariant under any canonical trans- 
formation, although we do not prove this result here. For a concise and elegant general proof 
that relies on basic properties of jacobian determinants, see [La60}. 
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where the factor in front is the 2n x 2n jacobian determinant for the transfor- 
mation 

OP;/Op, 90Q1/8p1 +++ OPn/Op, OQn/Op; 
a(P, Q) OP; /Oq1 0Q;/0q1 seeris OP, /0q1 OQn/Oq 

SO wae : : (11.11) 
OP;/Opn 9Q1/Opn +++ OPn/Opn 0Qn/OPn 

OP;/Oqn 8Q1/Oqn +++ OPn/Oqn OQn/Oan 

The elements in this determinant are readily evaluated to order dt from the 
transformation in Eqs. (11.4) and (11.7) 

odes O?H OP. O?H 
= d¢. —- ———dt ‘ ee eit 

Opp < Opp0Ga O4p 099940 

Fp einen ; = dt (11.12 
4p ° " 84pOD. Opp OppOpe oa) 

In evaluating the determinant in Eq. (11.11), each term containing a nondiagonal 
element as a factor contains at least one other nondiagonal element as a factor. 
Since all these elements are proportional to dt, these terms are therefore at least 

of second order in dt and do not contribute to first order. To this order, there 

remains then only the contribution from the diagonal elements 

a(P, Q) ( eH ) ( eH p 
= 1 — ——dt 1+ dt | + O(dt* 

O(p, q) I] Ops 0Ge P 09c ODe ( ) 

14 07H a O°H 

= Opc0Ge  OPe Ge 

1 + O(dt?) (11.13) 

I ) dt + O(dt?) 

where the order of the partial derivatives has been interchanged in the second 

line, the two terms then canceling. Thus the jacobian determinant is one, and 

the theorem holds for infinitesimal time displacements. It remains to extend it 

to finite times, which can be done as follows. 

Write the time development of the volume element as 

dV = J(t,t)dV (11.14) 

with the initial condition 

SEAS eee pss (11.15) 

For infinitesimal time displacements, we have just shown vas 

a ‘ OS 
I(tt+d) = J(t,t)+ Fz 

Lt 

a(t", t) 
= 14—~— dt 

Ot t"=t 

= 1 (11.16) 
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Thus 

OJ (t,t) = 0 11.17) 
Ot > gear ( 

for any t. 
Now in Eq. (11.14), consider an arbitrary third time ¢’ ’ lying between t and 

t’. Then going from t to t” one has 

av" = J(t,t’)dV (11.18) 

and from t” to t’ 

dv’ = J(t",t)dv” (11.19) 

The overall effect is 

dV = (ee td Ea 

=\ JG) I(t )dV 

J(t,t')dV (11.20) 

where the second line follows since J is just a scalar function. Thus 

JG Va eed het: oh te oes) (11.21) 

because J(t, t’’)J(t”, t’) must be the same as J(t, t’) for any t” between t and ?’. 
Differentiate this relation with respect to the final time ¢’, and then set t” = ¢’ 

a(t,t) » Os(t",t’) 
at! Al Sareea (oe 

OF a a, (11.22) 

where Eq. (11.17) has been invoked in the final result. This relation holds 
for arbitrary t’ and provides a first-order differential equation for the jacobian 

determinant. For t’ = t, one has the initial condition J(t,t) = 1 of Eq. (11.15), 
so that 

Jit) ae 1 ; arbitrary t’ (11.23) 

Hence from Eq. (11.14) 

AV = av. ; arbitrary t’ (11.24) 

which is the result to be proven. 
For any hamiltonian system, one concludes that the magnitude of the volume’ 

element in phase space does not change in the course of its motion along a phase 
orbit. This is Liouville’s theorem. 

80The reader may indeed feel that we have spent an inordinate amount of time on Liouville’s - 
theorem. As justification, we recall that this result is one of the cornerstones of classical 
statistical mechanics, so that a clear understanding is important [Wa89]. Note that the Lorenz 
equations, which are not a hamiltonian system, illustrate another possible situation, namely, 
the continuous shrinking of the phase volume seen in Eq. (9.24). 

100 



12 Action-angle variables revisited 

The subsequent analysis in this book will be based on action-angle variables, as 
employed in Sec. 8. We start the discussion with a rather complete review of 
the action-angle variables for 2 many-body collection of n separable, periodic 
systems from Sec. 36. In the following Sec. 13, we consider periodic, one-body 

- perturbations of these systems and then in Sec. 14, we introduce couplings 
among these originally independent degrees of freedom. 

Separable, periodic hamiltonian systems 

Consider n generalized coordinates and a time-independent hamiltonian. In 
this case, the Hamilton-Jacobi generating function S has a simpler form given 
by Eq. (35.25) and obeys the associated partial differential equation given by 

Eqs. (35.26) 

S(q1,--- ,Gn; 01,°°- ,On,t) ar W(91,°°* sGn; 015°" ;On) — ant 

OW Ow ) jf (ec alle =m = E 12.1 (= IGn ve Gn 1 ( ) 

Here (01,02,--- ,@,) are a set of n independent nonadditive integration con- 
| gtante for the Hamilton-Jacobi equation, with a; = E. In the special case of 

n separable, integrable systems, the Hamilton-Jacobi characteristic function W 

takes the form in Eqs. (35.27) and (36.1) 

W(q1,--* sGns @15°°* sOn) on Wi(n,o1,° ss * Qn) +---+ 

= WrlGn; O14," -* ,Qn) (12. 2) 

aga oc oc aoe Ut Goruss ob ibis sopacaied pemcemtiae 
function by Eqs. (35.14) and (35.19) ~ 

De = OS(q,--- 19n; C1;°** Ont) 

—s-, 

OW (q1,-"- 5 1s Cay*** ;On) = Bi 
=> pa bce Le thea se Ee a 

rides ie ses if afi = Ss ified yte 7 

aca of te si om tio ate em is 



It is assumed that these last relations are invertible so that one can express 

ape =) er Ofece ashy) aN ge) RS enh (12.5) 

As in Sec. 8, we then use these relations to introduce a new set of constants in 

the Hamilton-Jacobi generating function® 

S(qiy:** Qn Jiys*' yunit) = W(q,°": Qn) Ji,+*° Jn) ia hagas BAI: 

Wil(n, Ji,°*: Jn) + -+++ Waldn, Jy,°° sn) 

BE (Ie nay t (12.6) 

From Hamilton-Jacobi theory it follows that [see Eqs. (36.10) and (36.12)] 

B= PS (gus-++ dns Says Inst) Bo aI, 

OW (d1y*** 19a Jty-+"In) _ OE(S1"*+ sn) , 
OTe OJ¢ 

= constant : o.= Laue 0250) 

The angle variables (now denoted ¢,) are defined by 

OW (a1,° "* 5Qn, Ji, ems Jn) = —S 12.8 
Po OJe ( ) 

It follows from Eq. (12.7) that they satisfy 

do = Wott Bo 

eS OE ices Jn) Frilthe 
We = cae) me: ;o= i > (12.9) 

The angle variables all increase linearly with the time, and each system is peri- 
odic in the relevant ¢,. 

Now assume that after a (in general long) period of time At, all the individual 
systems have executed some integral number of periods, which implies that the 

frequencies are commensurate. This is an inessential assumption, since if it were 

not true, the physical parameters in the problem could be varied in a completely 

negligible manner until the ratio of all the frequencies is indeed rational.°2 What 
is the corresponding change in the angle variables over the time period At? Since 
the {J,} are constants of the motion, the angle variables in Eq. (12.8) change 
only because the coordinates {q,} change, which is described by the differential 
relation 

Ob 
d o = —d 

Wa, °° Qn Ji,° a Jn) 
X Sees ALN Rens (12.10) 

62I¢ is really H(Ji,+-+ , Jn), but we omit the bar here as superfluous. 
83We make the assumption because we believe that it clarifies the presentation. 
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where Eq. (12.8) has been introduced in the second line. A change in the order 
of partial derivatives, and the use of Eq. (12.6) reduces this equation to 

WG Ga diesen Jn 
dé, = ye (1 »Qn V1 In) 

~ OJe0qy dq. 

= OW (qr, Ji,-*° Jn) 

With the identification of p, from Eq. (12.3), this relation becomes 

do, = Bb So pad (12.12 tur RE Pr dqy 12) 

Consider the entire time period At, during which each degree of freedom q, 

experiences an integral number n, of periods 7,, so that® 

At 17 °@=l,-** .n (12.13) 

The total change in the angle variable ¢,, which is linear in the time, is 

Ad,) = Ww, net so 1. nN (12.14) 

On the other hand, the total change in the same angle variable can be obtained 

by integrating Eq. (12.12) (recall that the {J,} are constants of the motion) 

re) 
A¢e = Die Df dq) 

a] 
= AE: 2, Panads 

= 22> oo see act) (12.15) 

This result demonstrates that each system is 27-periodic in its angle variable. 
A comparison of the two expressions for Ag, in Eqs. (12.14) and (12.15) leads 
to the conclusion that 

Wels = 20 

OE (Ji, oie Jn) 
= -o7=1,---,n 12.16 We Ode ’ se ( ) 

These relations express the fundamental time periods of each of the separable, 

periodic systems in terms of a partial derivative of the energy expressed in n terms 

of the individual actions. We give two examples: 

64Note that there is no summation convention on repeated indices used in this section. 
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Simple harmonic oscillators. Consider a collection of n simple harmonic 

oscillators, with individual angular frequencies woz, 9 = 1,:++ ,n, and hamil- 

tonian 

H = Joh, a)o 

pean ear 
h(p,q) = 5 + 5mwog (12.17) 

Here the notation h(p,q)o implies that all quantities in the one-body hamil- 

tonian are evaluated as appropriate for the oth system. Now assume a separated 

characteristic function of the form in Eq. (12.2). The Hamilton-Jacobi equation 

then becomes 

dw 1 (dW\* 1 
h( — = —(— =mweq? 12.18 
(a) ae Tepe ae 

The individual energies E, are conserved, and they can be taken as the separa- 

tion constants, giving 

eles dW) OR ae a 
2m \ dq pad 

doze 
com 

The problem has now been reduced to that of the one-body oscillator ana- 

lyzed in Sec. 8, and from Eq. (8.34) one has for each individual oscillator 

Ez 

E (12.19) 

Es = (woJ)e (12.20) 

Hence for the collection of oscillators 

E(Jt,-++ Jn) = SY wod)e (12.21) 

Thus from Eq. (12.9) 

on OE(Ji,-++ , Jn) 

OJe 

=i. Whe 5 Oldies 9 (12.22) 

The angular frequencies of the angle variables in the many-body action-angle 
analysis are just the individual oscillator frequencies — not a very surprising 
result. The separated n-body characteristic function now has the form 

W(a,- ** Qn) Ji,: aa Jn) = SeWaldee) (12.23) 

o 
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The angle variables each develop in time according to Eq. (12.9) 

be = wet+ Bh ‘o=1,---,n (12.24) 

Their relation to the coordinate gg is obtained from Eqs. (12.23) and (8.36) 

OW (q1y-** 14ns Jay +++ Jn) 
OJe 

OW. (do ’ Jo) 
= ea Pret ee a (12.25) 

and the one-body analysis in Sec. 8 then leads to the results in Eqs. (8.40)® 

be 

Po(t) = V(2mwoJ)> cos ¢,(t) 

PAO (=) earont) 

Gc(t) = wWoet+ Bo 10) saulan- 1b (12.26) 

Pendulums. For a collection of pendulums, each undergoing small-amplitude 

libration, Eq. (8.66) tells us that the analysis is exactly the same as for the 
oscillators. Here the angular frequency of each individual pendulum is given by 

Woe = 1/g/l,. For librations of arbitrary amplitude, the more general one-body 

analysis of Sec. 8 applies to each pendulum. 

If the n pendulums all undergo rotation in the high-energy limit,®* then 
Eq. (8.56) implies that the only modification oe the oscillator split is to 
replace Eqs. (12.21) and (12.22) by 

J? 

E(Ji,:+: Jn) an Sales 

Lie OE(Ji,-++ In) 
end OJ 

cain (Oe) et) Re ee Bee ml2 z ? ? ’ 

Each angular frequency w, now depends explicitly on the corresponding action 

(and is precisely the associated angular velocity 0,). The angle variables are 
again given by Eq. (12.24) and (12.25), and the one-body analysis leads to the 
result in Eq. (8.69) that 

6,(t) = 0,t+6,(0) jy o=de ym (12,28) 

for each coordinate in this high-energy limit. Results for rotations of any energy 

Ez > 2meglq follow as in Sec. 8. 

65 We restore an arbitrary origin and write ¢ = wt + f. 
» 86Tn a limit, the physics very clear. For simplicity consider a single pendulum with 

6 > Jg/l. Then p = ml?6 is large and constant, so that J = (2m)~* § pdd = p. The energy 

then ote E = ml?62/2 = J?/(2ml?). 
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We note that although the action-angle variables (Jo, ¢¢) are not the canon- 

ical pairs here, they differ from the canonical pairs (Jc, Bo) only by the time 

translations in Eqs. (12.9), and they do satisfy Hamilton’s equations with the 

hamiltonian 

AUG Jn) SEW ees) (12.29) 

Thus 

dbp MEOH Saez, J) 
Ate ade reg 
dds OH(Ii,-°- In) Se ee oe eee 12.30 
dt Obs ey 

Phase plots and motion on tori 

We next turn to the topic of the phase-space orbits of separable, periodic 

hamiltonian systems. We start with the simplest case of two such systems, and 

for definiteness consider two oscillators with hamiltonians and energies 

1 
h(p,q)1 = Sm Pi + gmvia = 

1 1 
h(p,q)2 = z—pst+=mw3qgg = Er (12.31) 

2M 2 

The oscillator frequencies are here simply denoted as (w1,w2). Phase space for 

this two-body system is four dimensional (qi, p1,q2,p2). Since the individual 

energies are conserved, there are two constraints, and thus the orbit actually 

lies on a two-dimensional surface in this four-dimensional space. To visualize 

this surface, start with the (qi, pi) plane, where particle 1 follows an elliptical 

trajectory in the clockwise direction (compare Fig. 1.1). There is a similar 
trajectory in the (q2,p2) plane for particle 2, and the combined motion is the 
union of these two orbits. 

Fig. 12.1. Phase-space particle orbits: left—motion of particle (1) in the hor- 
izontal (q1,p1)plane (compare Fig. 1.1); right—motion of particle (2) in the 
(q2,p2) plane whose origin lies at the instantaneous position of particle (1) and 
which is oriented normal to the orbit of particle (1) 
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For definiteness, assume that (J/mw), > (J/mw)2 and (Jmw); > (Jmw)2, 
which means that both dimensions of orbit 2 are smaller than those of orbit 1 
[see Eqs. (12.26)]. 

Now introduce the coordinate systems shown in Fig. 12.1, where the (q2, P2) 
plane is perpendicular to the (q1, p) plane with the po axis along the normal to 
the (qi, p1) plane. In addition, orient the normal to the (q2, P2) plane along the 
orbit of particle 1 and locate the origin of the (q2, p2) plane at the instantaneous 
position of particle 1. As time evolves, the phase-space ellipse for particle 2 
Sweeps out a torus or doughnut. The phase-space orbit of the two-particle 
system lies on this toroidal surface. This geometry is illustrated in Fig. 12.2.67 

Fig. 12.2. Illustration of torus in (q1,71,92,p2) phase space for two separable 

periodic oscillator systems as a union of the phase space particle orbits in 

Fig. 12.1. It is assumed here that (J/mw), > (J/mw)2 and (Jmw), > (Jmw)2 
[see Eqs. (12.26)]. 

The angular frequency for motion around the doughnut is w;, and the an- 

gular frequency for motion through the hole is w2. The combined trajectory is 
a helical spiral traced on the surface of this torus (one can think of a helix on a 
cylinder like a barber pole that is then wrapped around to form a ring). If the 

ratio w2/w is rational, the helical orbit winding around the torus will eventually 
close on itself (see later). If the ratio is irrational, the orbit will never close; 
nevertheless, it will eventually come arbitrarily close to any point on the torus. 

67When viewed from above, the left hand side of Fig. 12.1 has the same right-handed 
(q1, pi) coordinate system and clockwise orbit as in Fig. 1.1. Define the normal to the plane 
as fy = qi X pi. The view from above is then opposite to the normal. When viewed from 
below the plane, (namely along the normal fi), the (q1, 1) coordinate system becomes left- 
handed and the orbit moves counterclockwise (try it). In forming the union of the orbits in 
Fig. 12.1, there are four possibilities: normal to the first plane up or down and normal to the 
second plane aligned or opposed to the trajectory of particle (1). We are, of course, free to 
define the (q1, 71, 92,2) phase space in any manner we wish, as long as the coordinates are 
linearly independent. In preparing Fig. 12.2, we have chosen this union to present a phase- 
space drawing in a perspective that clarifies the coordinates and the subsequent toroidal 

phase-space orbit of the combined systems. Here the configuration in the left hand side of 

Fig. 12.1 is obtained by viewing the horizontal plane in Fig. 12.2 from below (note that as 

drawn, the normal fi; is down), and the right hand side is obtained by viewing the vertical 

plane from behind (opposite to the normal fi2 = 42 x po). 
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The time evolution of the orbit is given most simply in terms of the action-angle 

variables of Eqs. (8.40) and (12.26) 

Do(t) = (2mwJ)¢ cos bo (t) 

Qo(t) = (=) sin $,(t) 

go(t) = wet+ Bo ;o0=1,2 (12.32) 

As the actions (J;, Jz) change, so do the size and shape of the torus. 

Suppose one treats this problem numerically. Hamilton’s equations provide 

four coupled first-order differential equations 

po = —mwin 

mg = Pi 

p2 = —Mqw3 dQ 

meg2 = po (12.33) 

These equations can be recast in the form 

Pi 

r(t) = Mr(t) ‘r= of (12.34) 

q2 

Here M is a matrix of physical constants, and r(t) is a four-component vector 

that has some trajectory in the four-dimensional phase space. Given the initial 
condition r(0), one can simply step forward in time and determine the orbit. 

Visualization in four dimensions is difficult. One way to view the result is to 
record the points where the orbit intersects a given two-dimensional surface (or 

plane). This is known as a Poincaré surface of section. For example, suppose 

that every time the vector r(t) comes within some small distance of the “sur- 
faces” where pi; = 0 and p2 = 0, one records the remaining two coordinates 

(91,92). This provides a series of intersection points in the (q1,q2) plane. It 
is easy to see what the result will be from Fig. 12.2. The condition po = 0 
confines one to the (qi,p1) plane slicing the torus, and then p; = 0 leaves one 

on the q; axis. If go1 and qo2 denote the maximum coordinate displacement of 
the oscillators, the orbit will intersect the q; axis only at the points (go1 + go2) 

and (—go1 + qo2). Thus the result of the numerical calculation is to fill in these 
four corners of a rectangle, leaving the rest of the rectangle empty. It is easy 
to understand this result physically, since the condition (pi = 0, po = 0) means 
each oscillator is at its turning point, and there are just four possibilities. 

If the components of the four-dimensional vector r(t) are plotted in the 
coordinate system of Fig. 12.2, the orbit actually lies on the two-dimensional 
surface of the indicated three-dimensional torus. One can also compute Poincaré 
surfaces of section here. For example, suppose one just records those points 
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within some small distance of pp = 0, so that the orbit intersects the (91, P1) 
plane slicing the torus. Where will the points lie? The intersection of the orbit 
with that plane will evidently lie on two ellipses (just the inner and outer curves 
obtained with a horizontal slice through the middle of the doughnut normal 
to its symmetry axis); midway between these two ellipses is the physical orbit 
(91,71) for the first oscillator. Again this result is evident physically, since in 
this case one simply samples the orbit of the first oscillator when the second one 
has its maximum positive or negative displacement. 

Clearly, these ideas can be extended to calculations of more complicated 
problems in higher numbers of dimensions. One can conceptually speak of 
nested tori with different actions in n dimensions (as we shall do). It is always 
possible to generate Poincaré surfaces of section numerically for the intersection 

of an orbit with a given plane. If the problem is complicated enough, however, 
the interpretation of the surfaces of section may parallel the story of the blind 

men and the elephant (namely the description looks very different to observers 
in different regions of phase space). 

A simpler, and more direct, analysis of the motion for the problem at hand is 

obtained in the four-dimensional action-angle phase space (Ji, ¢1, J2, ¢2) where 

gd. = i-fi = wit 

d2 = ¢2—fo = unt (12.35) 

Both (Ji, J2) are constants of the motion, and the orbit lies in the (1, ¢2) 

plane. Furthermore, since the orbit is periodic with period 27 for each angle 

variable, ® all values of (¢1,¢2) can be mapped into the interval (0, 27] for both 
angle variables. Since the motion is periodic in these variables, the values at 
each pair of parallel boundaries must coincide. The surface of the torus has 

been mapped into a square in the (¢;, ¢2) plane with opposite sides identified, 
which is topologically equivalent. The time evolution of the orbit in this space 

is given by Eqs. (12.35). When the orbit leaves one edge of the region, the 27 

translations imply that it returns to the region at the opposite edge with the 

same value.®? The situation is illustrated in Fig. 12.3. Again, if the ratio w2/w 
is commensurate, the orbit eventually closes on itself. If not, it comes arbitrarily 

close to any given point. dei 

A slightly different but equivalent picture is to imagine the whole (¢1, ¢2) 

plane covered with a square grid that is the periodic extension of the square in 

Fig. 12.3. In this extended domain, the orbit is simply a straight line with slope 

w2/w that starts at the origin (¢1 = 0, ¢2 = 0). As this continuous orbit crosses 

a boundary between adjacent squares, it executes the motion illustrated by the 

discontinuous orbit in Fig. 12.3. This extended description makes especially 

clear the distinction between rational and irrational values of the ratio w2/w. 

If the ratio is rational, the straight-line trajectory eventually crosses another 

grid point, and the orbit then exactly repeats the same motion. If the ratio is 

68Note that the constant shift by @ does not affect the periodicity. ; 

69This motion is identical with that found in the computer game Pacman that was played 

on a TV screen. 
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irrational, the orbit will never exactly cross another grid point, but it will clearly 

come very close to some of them. Such a situation is said to be “quasiperiodic”. 

Fig. 12.3. Angle phase space (¢1,¢2) for two separable periodic systems with 

given (Ji, J2). The trajectory is given by Eq. (12.35). The orbit is periodic with 

period 27 in both the horizontal and vertical directions. Here ¢ = ¢ — @, and it 

is assumed that wo/w, < 1. 

While our illustration has been for two oscillators, the action-angle phase 

space has the additional great advantage that it also holds for systems such 

as pendulums that exhibit both librational and rotational types of periodic 

motion. Despite the significantly more complicated dynamical motion in the 

original canonical (q,p) variables, these systems still have the same straight-line 

angle orbits shown in Fig. 12.3. 

( J IF orbit 

Fig. 12.4. Action-angle phase space (\/J2/Ji, ¢1) for two separable periodic 
systems with specified initial conditions (Ji, 31, 62). The trajectory is given 
by Eqs. (12.35). The first orbit is periodic with period 27 in the horizontal 
direction. The second orbit, obtained through Eq. (12.36), is also 27-periodic. 

For the present problem, one can make an even simpler phase-space plot. 
_ Assume that the physical parameters of each system are given, including the 
angle (oscillator) frequencies (wi, w2). Assume also that the initial conditions 
(Ji, $1, 62) are specified. Then the dynamical evolution of this collection of two 
separable, periodic systems is completely specified by \/Jo/Ji [Eqs. (12.32)] 
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and ¢1(t) [Eqs. (12.35)]; evidently 

$2(t) = (2) $1 (t) (12.36) 

In a two-dimensional coordinate system with \/J2 / J, as ordinate and 1 as ab- 
scissa, the orbit is simply a horizontal straight line! This situation is illustrated 
in Fig. 12.4.7° 

13 Perturbation of periodic hamiltonian systems 

In the previous section we examined the behavior of separable, periodic hamil- 

tonian systems and saw how action-angle variables provide the most direct and 

concise description of the dynamics. We now turn to the problem of the coupling 

among such systems. We shall focus first on the effect of adding a perturbation 
to one of them so that its hamiltonian becomes 

H(p,q,t) = Ho(p,q) +eV(p,4q,t) (13.1) 

where € is a small control parameter. In order to examine the effects of this 

perturbation, it is necessary to review some of the essential features of Hamilton- 

Jacobi theory for a single system as presented in Sec. 35. 

Hamilton-Jacobi theory revisited 

Consider first the problem with e = 0. A canonical transformation from the 

pair of coordinates (p,q) to the new pair (P, Q) is obtained from the generating 

functions So(q, P,t), where we now use a subscript zero for this unperturbed 
part of the problem. The corresponding momentum p and coordinate Q are 

obtained from this generating function through Eqs. (35.4) 

OSo(q, FE ’ t) 

Oq 
OSo (q, is ’ t) 

OP 

The new hamiltonian is given by Eq. (35.6) 

Q= (13.2) 

OS0(4; ae t) 
Ho(P,Q,t) ae Ho(p,q, t) + at (13.3) 

70Tf the number w2/w is rational, it can be written as the ratio of two integers [2 /Iy. Let 

wit = 2m;. Then wot = (w2/wi)wit = 27J2. After this time, all the angle variables in 

Eqs. (12.35) have gone through an integer number of 27 periods, and all the coordinates have 

thus returned to their initial values. The motion then exactly repeats itself. If the ratio w2/w1 

is irrational, this exact repetition will never happen. 
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Since the transformation is canonical, Hamilton’s equations are preserved 

Q a. OHO(P, Q, t) 

i. OP 

: dHd(P, O78) 
= -——— 13.4 

If one makes the clever choice of So so that 

H(P, Q,t) = 0 (13.5) 

then the new set of canonical variables (P,Q) will be constants of the mo- 

tion. The condition that the generating function produces this result is just the 

Hamilton-Jacobi Eq. (35.12) 

Ho (F201) aie hal = 0 (13.6) 

Now add a perturbation eV(P, Q, t) as in Eq. (13.1), but retain the canonical 

transformation generated by So(q, P,t).”! In this case Eq. (13.3) becomes 

OSo = (13.7) H(P,Q,t) = Ho( Fat) +2V(P,Q,)+ 
We define 

H(P,Q,t) = Ho(P, Q,t) a Ay (P, Q,t) (13.8) 

with H;(P,Q,t) = eV(P,Q,t). Use of Eqs. (13.5) and (13.6) then reduces these 
relations to 

A(PiQ) eV(P,Q,t) 
Hy (P,Q, t) (13.9) 

Hamilton’s equations, which are preserved under the canonical transformation, 
now read 

Q OF, (P,Q, t) 

oP 

P = aes (13.10) 

The canonical coordinates (P, Q) are no longer constants of the motion; instead, 
they are driven by the perturbation H;(P,Q,t) in Eq. (13.9). Evidently, the 
role of the canonical transformation generated by So(q, P, t) has been to remove 
Ho(P, Q,t) from the dynamics.72 

71One can, as in Sec. 8, apply Hamilton-Jacobi theory to the full one-body hamiltonian. 
We focus here on developing perturbation theory in the small parameter e. 

72This observation plays a key role in subsequent developments. 
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Since So(q, P,t) depends only on the one-body hamiltonian Ho(p,q,t), the 
analysis of it proceeds exactly as in Sec. 8. In particular, for a conservative 
periodic system with Ho(p, q), the new canonical momentum P can be identified 
with the action J, and the new coordinate Q (identical to 3) with the angle ¢ 
according to Eqs. (8.20), (8.22), and (8.24) 

P= J 
O*%= P= ¢-w(J)t 

w(J) = aol) (13.11) 

The canonical transformation is from (p,q) to (J, 8), and Eq. (13.10) shows 
that J and 8 become weakly time dependent through terms of order e. 

We now make the following observation. Write the perturbation as eV (J, ¢, t). 
Since ¢ and J are held constant in the partial differentiation, one can employ 

the rule for the differentiation of an implicit function to give 

dF, (J, ¢, t) ee OH, (J, ¢, t) Og 

0p 0¢ «OB 
a OA, (J, Q, t) haliao pais (13.12) 

and thus the second of Eqs. (13.10) becomes 

; OF, (J, ¢,t) 
eat) esi oa a J 6 (13.13) 

To obtain a dynamical equation for ¢, use the assumed functional form 

Ai, (J, ¢,t) = Mi [J, B+w(J )t, t], and the requirement that the partial derivative 
is to be carried out at fixed Q = G and t. One finds from the first of Eqs. (13.10) 

dg _ OHy|J, B+ w(J)t, 4 
diay. OJ ; 

0H, (J, 9, t) 4 DA, bt) dw(J) 
So st 13.14 ad Acmemen tid SS 

By definition, however, the total time derivative of B= ¢—w(J)t in Eqs. (13.11) 

is given by 

dw(J) dJ 
eT 13.1 w(J) qi di t : (13.15) 

These two expressions for d@/dt can now be equated. The secular terms (those 

explicitly proportional to t) cancel with the aid of Eq. (13.13), and thus one has 

for the time derivative of the angle variable 

¢ = w(s) + A e8 ; (13.16) 
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Now Eo(J) has no ¢ dependence, and its derivative with respect to J is just w 

OEo(J) _ BES hp ee Sage oll w(J) (13.17) 
OJ 

Thus Hamilton’s Eqs. (13.10), originally written in terms of (J, 8), can be rewrit- 

ten in terms of (J, ¢) as 

5 _ OH bt) 
dg 

_ _ OH(J,¢,t) 

fs iaeae 
H(J, ¢,t) ao Eo(J) + eV(J, 4, t) (13.18) 

We draw the following important conclusion: Even though the coordinates 

(J, ¢) are not the familiar canonical pair (J, 8) that arise in solving the Hamilton- 

Jacobi equation, they differ from them only by the time translation in Eq. (13.11). 

Since t is held constant in the partial differentiation, the pair (J, ¢) does preserve 

Hamilton’s equations with the hamiltonian in Eq. (13.18) [compare Eqs. (12.30)]. 
This latter observation strongly suggests that (J, ) also provide a canonical pair 

of variables. 
This conclusion is easily verified. Consider the transformation [compare 

Eqs. (34.1)] from the Hamilton-Jacobi variables (J, 3) to a new set (J, ¢) 

Jie | 

od w(J)t + B (13.19) 

so that J is always equal to J. It is easy to evaluate the Poisson bracket 

[J, dlp in terms of the old variables (J, 3), which readily yields [J, ¢]pg = —1.78 
As noted in Eqs. (37.1) and (37.9), this Poisson bracket is the criterion for a 
canonical transformation, so that the variables (J,) [the same as (J,¢)| are 
indeed a canonical pair. 

To confirm that this transformation is canonical, we can also exhibit the 
following generator of a canonical transformation from the old variables (J, 3) 
to new ones (J, ) (and it again turns out that J = J): 

So(B,J,t) = BI+Eo(J)t (13.20) 

Equations (13.2) give the relations’4 

2 080(8, J, t) rash SE) vie oe Bed (13.21) 

_ The Poisson bracket as defined in Eq. (37.1) is given by 

: es aJ(J, B, OJ (J, B,t) d¢(J, B, O¢(J, B,t) _ 95(J,B,t) B, t) O¢(J, B, t) 
lJ, dps hgntle Segnee DL tack a7 aad abo OR ss se 

74The correspondence is (p,q) — (J, 8) and (P,Q) > (J, ¢). 
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so that J is unchanged, and 

o = 2808 St) _ 5, IEo(J) 
NERS cen UG i) aT + ag B+w(J)t (13.22) 

since w(J) = dEo(J)/dJ. Equation (13.22) is just the usual relation ¢ = B+ 
w(J)t. The corresponding new hamiltonian is (here, we follow the notation of 
Eqs. (13.18)] 

A(J,¢,t) = Fs bth = Eo(J)+eV(J,¢,t) (13.23) 
B 
Ot 

which is just the last of Eqs. (13.18). By construction, the new hamiltonian 

equations are the first two of Eqs. (13.18). 
In direct analogy with the discussion in Sec. 32, Hamilton’s Eqs. (13.18) can 

be derived from a modified Hamilton’s principle 

sf ae sf eH dee no (13.24) 

As in Sec. 34, one can then add a total time derivative to the integrand that 
generates a transformation to a new hamiltonian and new set of action-angle 

variables while preserving this form of Hamilton’s equations. The preceding 
discussion shows explicitly that this transformation is canonical. 

Equations (13.18) will form the starting point for our subsequent analysis of 

the effects of the coupling of separable, periodic hamiltonian systems. We give 
an example. 

Direct perturbation analysis of the anharmonic oscillator 

Consider the anharmonic oscillator of Sec. 7 with hamiltonian 

of Sd 1 
(p,q) 5 + smog” +€ re (13.25) 

The relation between the coordinates (p, q) and the pair (J, ¢), as generated by 

So(q, J, t) for the simple harmonic oscillator, is given by Eqs. (8.40) 

p = vV2muoJ cosd 

q = eee sin d 
mwWo 

@ = wott+f y (13.26) 

The expression for Eo(J) is given by Eq. (8.34) ‘. 

Eo(J) Seats (13.27) 
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The hamiltonian in Eq. (13.25) can thus be written in terms of (J, ¢) as” 

AJ, ?) = wod+ eV(J, ?) 

2 2 

Vd.o)e= 7 (=) sintd = sin‘ (13.28) 

Note the following important features of V(J, ¢): 

It is explicitly periodic in the angle variable ¢ with period 27; 

e It is thus (necessarily) nonlinear in its dependence on ¢; 

e In this problem, it contains no further explicit t dependence. 

Hamilton’s Eqs. (13.18) now follow from this hamiltonian as 

2 
J = 2h sin® ¢ cos@ 

Mw 

. 2 
@ = wot gous sin’ ¢ (13.29) 

mwG 

The result is a set of coupled, nonlinear equations in the time ¢ for the action- 

angle pair (J,@), with a coupling strength e«. If e = 0, the solution to these 

equations is just that in Eqs. (13.11) with constant (J,@) and w = wo. The 
corresponding (J, @) phase-space orbit is just a horizontal straight line (compare 

Fig. 13.1). If « ¢ 0, the couplings in Eqs. (13.29) introduce oscillations of 
amplitude O(¢) about this line. 

We can be more quantitative by considering the average of these two dy- 

namical Eqs. (13.29) over one cycle of the angle variable ¢. Specifically, let 

(vos): xe (Qrr)et Rd do-++. It is easy to see that (sin? ¢ cos¢) = 0, so that 

(J) vanishes. Thus the perturbed orbit includes small oscillations of J around 
its unperturbed value, but there is no net change over one cycle. In contrast, 

(sin* ¢) = 3/8, so that the net change in ¢ now becomes 

(9) ll eS S - < 

3a? 
Wo + ee (13.30) 

where we use relation J + Eo/wo and the initial condition Ey = Zmuga?. By 
definition, the net increase in the angle variable @ over one cycle is 27. In the 
present situation, it is also given approximately by (¢) 7, which differs from wor 

75Note that sin‘ ¢ in the perturbation V(J, ¢) can be expressed as a Fourier series in exp img 
with m = 0, +2, +4, corresponding to the structure seen in Eq. (13.42) below. 
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by a correction of order e. Comparison with Eq. (8.28) shows that the perturbed 
angular frequency is 

Whigs | Wort (13.31) 

to first order in ¢. This expression is exactly the same as that found in Eq. (7.26) 
by eliminating the secular term from the equation of motion. 

Model one-body problem with time-periodic perturbation 
To investigate the coupling of separable, periodic systems we start with 

a model one-body problem with a periodic, time-dependent interaction [Ru86, 
Pe99}. In effect, we assume that another system with a different period has a 
close-lying orbit that interacts with the first one and affects its motion. Thus we 

add a one-body perturbation of the form eV(J,¢,t) to the hamiltonian Eo(J) 

of the first system and assume the following:”® 

e As in the previous example, it is assumed that V(J, ¢, t) is periodic in the 
angle variable ¢ with period 27; 

e It is assumed that V(J,¢,t) is periodic in the time ¢ with period 7). In 
fact, one can rescale the time dependence according to 

2 eens (13.32) 
T2 

so that it is no loss of generality to assume that V is 27-periodic in t as 

well. 

It is clear from Eqs. (13.18) that the perturbation eV (J, ¢,t) will put ripples on 
the straight-line, horizontal action-angle phase-space orbits obtained with e = 0 

(Fig. 13.1). 
We have seen in Sec. 8 that it is possible to obtain the simple (J, ¢) or- 

bit in the unperturbed problem by carrying out a canonical transformation 

So(q, J, t) that eliminates Ho(p,q) from the problem and leaves the time devel- 
opment of the coordinate in terms of the angle variable ¢ and the constant of 

the motion J (the action). In the present case of a perturbed one-body problem 
with Eq. (13.18), we can ask whether it is possible to find a further canonical 
transformation to a new set of variables (J,¢) that eliminates the wrinkles in 
the perturbed problem and restores the straight-line trajectory through O(e) (see 

Fig. 13.1). Can one straighten out the wrinkles? For most values of the para- 

meters, we will find that it is indeed possible to carry out this procedure, but 

there are always special cases where one cannot do so. 
“ 

76Note that with these assumptions, V (J, ¢, t) will necessarily be nonlinear in both ¢ and t 

[see Eq. (13.42)}. 
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J EO EA )+ EV 

o> o> o> 
(a) (b) (Cc) 

Fig. 13.1. (a) Unperturbed action-angle (J, ¢) phase space. (b) Effect of adding a 
time-periodic perturbation of the form in Eq. (13.18) on originally unperturbed 
one-body action-angle (J,@) phase space. (c) Result of additional canonical 
transformation to new variables (J, ¢) that will straighten the wrinkles to O(e?). 

We seek a transformation from (J,¢) to (J,¢) where the new hamiltonian 

is simply 

H(J,¢) = Eo(J) + O(e?) (13.33) 

We know from Eq. (11.1) that the generator of the identity transformation is 

Jo. We include an additional contribution to the generator of O(¢) that should 
produce this new hamiltonian. Thus we look for a new generating function 

Si(J, 9, t) = Jo+eG(J, 9, t) (13.34) 

such that 

H(J, 9) Fo(J) + €V(J, ¢,t) + see!) 

Eo(J) + O(e?) (13.35) 

As in Eq. (13.2), the new variables for this transformation are related to the old 
ones by”? 

i OST iQ, 17 to og ps OG( I, 4,4) 
slate a RO diag eared 
: dS1(J, ¢,t AG(J, o,t 

These equations can be rewritten as 

7s s dG(J, $, t) A bone can Haeira rere 6 

ee: dG(J, ¢,t) ME Dna Tals Sremer, gan (13.37) 

™7The correspondence in Eqs. (13.2) is (p,q) — (J,¢) and (P,Q) — (J,¢); here, for nota- 
hie clarity, we simply rearrange the order in which the variables are written in the generating 
unction. 

118 



The transformed hamiltonian in Eq. (13.35) is expressed in terms of these 
transformed variables as 

H(J,¢) = By (J+252) + ev (J+ 088 agit) + a 

2 .  _dE(J) OG aG 
= Eo(J)+e WJ ae t VI Ot) eae 

+e ter 6 t) - vid.) 

+ |B (J + x) Oe pee Se ) a | (13.38) 

Here the right hand side of the first equality has simply been rewritten as an 
identity by adding and subtracting the same terms. Now it is clear that each of 

the last two lines is explicitly of O(e?). With the realization that 

Bae Si (13.39) 
the condition that the terms of O(e) be eliminated in the second of Eqs. (13.38) 
reduces to”® 

OG(J, 9, t) 
+V(J,¢,t) + OE w(J) 22.8 0 (13.40) 

Since Hamilton’s Eqs. (13.18) are preserved under the canonical transforma- 
tion, the new hamiltonian of Eq. (13.33) gives 

H(J,¢) = Eo(J) + O(¢?) 
< ie Hee) d) = 0 + O(c?) 

i 2 wie = w(J) + O(e?) (13.41) 

Thus the orbits in the (J, ¢) plane have indeed been straightened through O(e) 
(see Fig. 13.1). It remains to find the solution to Eq. (13.40). 

Since V(J, ¢, t) is periodic with period 27 in both ¢ and the (rescaled) time 
t, one can, with no loss of generality, make the double Fourier series expansion 

V(F,6,t) = S_Vin(J)eime (13.42) 
m,n 

For most problems of interest, there will be only a few terms in this sum. ae 

amplitudes Vmn(J) are now known quantities. One can assume that Voo(J) = 

for any such constant term is readily included in Eo(J). We shall keep - 

781f this condition holds for all ¢, it will also be true when ¢ is replaced by ¢. 
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omission of this term in mind by putting a prime on the double sum. This form 

of V suggests that one look for a solution to Eq. (13.40) with the same basic 

structure 

G(J,4,t) = Y> Gmn( Jee (13.43) 
m,n 

Substitution of these expansions in Eq. (13.40) yields 

> { fimw(J) — in|Gmn(J) + Vinn(T)pemee™ = 0 (13-44) 

The linear independence of the exponentials implies that their coefficients must 

vanish. Thus 

eae en) 
Gmn(J) = mu(J)—n 

G(J,¢,t) = Sr ome) etme (13.45) 

Now if 

mu(J)-n = 0 ; any (m,n) in sum (13.46) 

there is a problem, for the denominator in Eq. (13.45) then vanishes. If this 
were never to happen, then Eq. (13.45) provides an explicit solution for the 

generator, and the action-angle orbits in (J, ¢) have been straightened to O(e?), 
as indicated in Eqs. (13.41) and Fig. 13.1. Typically, however, w(J) will depend 
on J, and as J varies, one will always run into problems with the vanishing 

denominator.”? 

Resonant disruption of phase space 

In order to understand the consequences of a vanishing denominator, we ex- 

amine a simple model where the interaction has only a single Fourier component 

H(J,¢,t) = Ep(J)+ef(J) cos(m¢ — nt) (13.47) 

and assume that the action J is close to the resonant value J, where®° 

mu(J-)-n = 0 ' (13.48) 

Now perform the following: 
1). Carry out a new canonical transformation on this hamiltonian with the 
generator®! 

SQ) ee (¢ e =) (13.49) 

~7Tt is only for the linear oscillator that w = wo is independent of J. 
8°Note that the condition w(J,) = n/m implies that the angular frequency takes a certain 

rational value. 

*} This canonical transformation is unrelated to that with the generator G in Eq. (13.34). 
To avoid any possible confusion, we here use tildes to denote the transformed variables. 
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The transformed variables are 

= Sib) 4 nt = ese Gar (13.50) 

This transformation leaves J unchanged and simply moves ¢ relative to ¢ by a 
linear shift in the time. The new hamiltonian is then 

H(J,6,1) = H(J,9,1)+ 2280 (13.51) 
where the right hand side is re-expressed in terms of the new variables. Thus 
we have (here we can simply set J = J) 

H(J,¢) = Eo(J) + €f(J) cosmd — "= -J=J (13.52) 

2). Make a series expansion in J near the resonant value J, 

Eo(J) = Eo(Jr) + (FH). (J — Jr) + ; (SR). (J = Jp)? +> 

= Eq (Jp) +0(de)(I = Jp) + 50" (Ie)(I — Ie) + 
f(J) = fOr) +f (Sr (I-Sr) ters er(isos) 

It is sufficient to retain only the first term in the last expression since its con- 
tribution in Eq. (13.52) is already of O(e). Insertion of these expansions in 
Eq. (13.52) and the use of Eq. (13.48) gives 

H(J,¢) = Eo(Jr)+ so! (Ie) — J,)? + ef (Jp) cosmo — ~ Jr + +++ (13.54) 

The canonical transformation in Eq. (13.49) has eliminated the linear term in 
(J — J) in this expression to O(e). 

The new hamiltonian in Eq. (13.54) has a simple structure 

Hii 5 (INI Syne ey IP cose? (13.55) 

where the symbol = implies that the (irrelevant) constant terms have been 

dropped. This is just the pendulum hamiltonian, and one can write it as 

WMT 2 Tf? g 
H(J,¢) = ay + Mog cosme 

ia = J — Jy 

1 
Mog = €f(Jr) ;w(Jr) = i (13.56) 
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Here Mo is an effective mass (we use Mo to distinguish it from the integer m), 

and it is assumed here that the last two quantities are positive. The canonical 

transformation preserves Hamilton’s equations in the new variables (J,¢) = 

(J, ¢), which are equivalent to (7, ¢) since only a constant shift in J is involved. 

One recovers the equations of motion for the simple pendulum. 

ile s 7? Ac 
H(J,~) = 37 + Mogcosme 

CTs esn¢ 
are Mog msinmd¢ 

do 1 
BRON aay we 2S 13.57 = Fo ( ) 

and all the one-body analysis of Sec. 8 then applies. _ 
With the signs as given, the pendulum is up at mo = £27k, and it is down 

at md = +n(2k +1) where k = 0,1,2,---. It is evidently unstable at J = 0 (or 

J = J,) in the up case and stable in the down case. Thus at J = J, 

¢ = ge No ae en, ; down and stable 
mm’ m 

2 4 
=5 Oy fil os ; upand unstable (13.58) 

This leads to the simple and elegant (J,¢) phase-space plot for J ~ J, shown - 
in Fig. 13.2 for the particular case m = 3. 

J 

Jr 

= 8) T/3 27/3 TC 
~~ 

o —> 

Fig, 13.2, Action-angle (J, @) phase-space plot, with hamiltonian of Eq. (13.47), 
for J = J, and m = 3; based on Egg. (13.57) and (13.58). Here ¢ = ¢ — nt/m. 

We are now in a position to sketch the full set of (J, ) phase-space orbits 
for the model problem in Eq. (13.47), and the result is shown in Fig. 13.3. 
Here J is not conserved, so the curves cannot be labeled with J. Away from 
J = Jy, one gets simple oscillatory wiggles that can be smoothed out through 

~O(€) with the canonical transformation in Eq. (13.45), as previously discussed. 
Near J;, however, the perturbation in Eq. (13.47) causes an essential disruption 
of phase space, and one has stable and unstable fixed points with islands of 
stability immersed in the plots. 
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Jr 

8) 1/3 27/3 

o —> 

= 15 

Fig. 13.3. Sketch of the action-angle (J,¢) phase-space orbits with the hamil- 
tonian of Eq. (13.47) for J near the resonant value J, and m = 3. 

The physical interpretation is the following. Consider a separable periodic 

system. The addition of the model nonlinear one-body time-periodic perturba- 

tion in Eq. (13.47), caused, for example, by a second interacting orbit, can lead 

to a resonance where 

dEo(J) 
wr) = can =< (13.59) 

Here the integer m characterizes the periodic @ dependence of the perturbation, 

and n the periodic t dependence of the perturbation. At the resonant action 

J,, the stable fixed points of Eq. (13.58) will occur in the angle variable of 
Eq. (13.50) ; 

= n 

g = Piet = ¢ —w(J,)t 

stable — +=, 7, a (13.60) 

In the vicinity of these stable fixed points, which occur on each side of ¢=0 

[or ¢ = w(J,)t], there are trapped orbits in the effective pendulum potential 
where the action and angle variables (J,¢) perform small oscillations around 
the stable values.82 There will similarly be a periodic array of unstable fixed 

points. This structure yields the disrupted region of phase space. For values of 

the action away from J,, the originally uniform orbital motion in Eq. (13.11) 
is perturbed in a smooth manner, and phase space is undisrupted. The two 

phase-space regions are divided by the two separatrix orbits passing through 

the unstable fixed points. 
A basic question concerns the size of the disrupted regions in phase space. 

This size can be estimated by studying the orbit that goes through the unstable 

82The strength of the trapping potential is « ¢ [Eq. (13.56)], but in classical mechanics, 
“trapped is trapped.” In a statistical ensemble of particles over the perturbed single-particle 

orbits, there will be a one-dimensional periodic array of trapped islands of particles at the 

resonant frequency w(J,) and angular locations ¢gtabie- They look like beads on a necklace. 
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fixed points, for the disrupted orbits and islands of stability are all are enclosed 

by the separatrix. Go back to the hamiltonian near J; in Eq. (13.54) 

Aioel ie 50! (Se\(I ~ J)? + ef (Jr) cosmd (13.61) 

Equation (13.61) describes a conservative system, so one can label the or- 

bits by the value of H. At an unstable fixed point, J = J, and cosm¢ = 1 

(Eq. (13.58)]. Therefore®? 

HY = e7;) ; unstable fixed point 

Si = i (Je)(J — Je)? + €f (Jr) Cosme (13.62) 

This relation can be solved to find the separatrix curves J(¢) 

2ef(Jr)(1 fab j= pa AOE een 
where + describe the upper and lower separatrix, respectively. The “size” of 

the stable island is evidently « ./eé 

\J—-J,p| «x we ; size of stable island (13.64) 

With a typical nonlinear system, w(J) varies with J. If there are terms with 
additional values of (m,n) contained in the sum in Eq. (13.42), then additional 
resonances at w(J;) = n/m will occur. Thus phase space breaks into two 
different types of regions — resonant and nonresonant. The disrupted, resonant 

regions correspond to the (rational) values of w(J-) = n/m for (m,n) in the 
sum, while the smooth, nonresonant regions fill the rest of phase space. The 

situation is sketched schematically in Fig. (13.4). In most of phase space, one 
gets smooth regular motion. 

(13.63) 

Fig. 13.4. Schematic sketch of one-body action-angle phase space with time- 
-periodic perturbation of Eq. (13.42), showing smooth, nonresonant and dis- 
rupted, resonant regions. 

83We restore the equality. 
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Overlap of disrupted regions 

To estimate the extent of the phase-space disruption, it is necessary to have 
some criterion to ensure that the disrupted regions do not overlap. Assume that 
we are dealing with a finite set of Fourier components (m,n) in the perturbation 
in Eq. (13.42). Start from w(J,) = n/m. There will then be some finite spacing 
A(n/m) for these ratios. The next resonance at J;+ AJ; will occur at (n/m)! = 
n/m+ A(n/m). Thus 

w(Ir+AJp) = — +ul(T) AT +e 
n n 
—+A(=) pee (13.65) 

Hence one has for the spacing between adjacent resonances 

A(n/m) 

w'(J;) 

An expression for the width of the disrupted regions can be obtained from 
Eq. (13.63)84 

(13.66) 

SJ, = 2 d 

The condition that the disrupted regions not overlap is that their width be less 

than their spacing 

(13.67) 

63, ici AT, 

lew" KIN? < = ea(2) (13.68) 
This inequality is known as the Chirikov criterion: it ensures that the disrupted 

regions do not overlap (Ch79, Ru86, Pe99]. For a finite set of Fourier components 
(m,n) in the perturbation in Eq. (13.42), this criterion is always satisfied as 

e— 0. 
Of course, all these arguments are based on the nonlinear one-body problem 

with the time-periodic perturbation in Eq. (13.42). The extension of these ideas 
to the actual coupling of separable period systems, and to higher dimensions, is 

the topic of the final section. 

14 Coupled separable periodic hamiltonian 

systems 

In Sec. 13, we discussed the dynamics of a a single nonlinear periodic system 

with a perturbation eV(J,¢,t) that is 27-periodic in both (¢,t). This one- 

body perturbation serves to model the effect of a second nearby system with 

84Note it is assumed that Vimn(J) © f(J) and w’(J) > 0 in this argument. 
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a different period. We now turn to the more realistic problem of two weakly 

coupled separable, periodic systems [Ru86, Pe99].°° 

Two weakly coupled degrees of freedom 

With the discussion in Sec. 12 as background, we assume an uncoupled, 

zero-order action-angle hamiltonian of the form 

2 

Ho(Ji,J2) =>) Boles (14.1) 
o=1 

Here, the two actions J; and Jz are constants of the motion, and Ho and the 

dynamics are separately periodic in each angle variable (¢1, 2) with period 27. 

The phase trajectory therefore lies in the four-dimensional space (Ji, J2, $1, ¢2). 

The entire system is conservative, and one can work at fixed total energy E. 

This constraint confines the motion to a three-dimensional subspace. Within 

this subspace of given E, we can choose as coordinates the angles (¢1, ¢2) and 
some nontrivial combination of (J, J2), say J2/J1. 

The unperturbed Hamilton’s equations for this two-body system are®® 

; — OHo(Ji, Je) _ eg 
Jo Odo ae i 

OH (Ji, J2) OEo(Jo)o  _ 
Po OJe OJ We (Je) (14.2) 

These equations yield a phase trajectory that is a simple flow in any given plane 

of fixed J2/J1, as illustrated in Fig. 14.1. In each plane the motion advances at 
an angle determined by the particular ratio w2/wy. 

Fig. 14.1. Sketch of the phase-space trajectories for the conservative system of 
two uncoupled, separable periodic systems in the subspace of fixed total E = Eo 
with action-angle coordinates (¢1, ¢2, Jo/J1). 

85In general, a time-independent separable hamiltonian system with N degrees of freedom 
can be reduced to a time-dependent periodic one with N — 1 degrees of freedom [Jo98a]. 

86In this case, E = Ey = >2_, Eo(Jo)o- 
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Fig. 14.2. An orbit in one of the planes in Fig. 14.1. It is periodic with period 
27 in both the vertical and horizontal directions. 

Each plane, which we further represent in Fig. 14.2, is topologically equiv- 

alent to a two-torus. Thus the situation can also be viewed as a collection of 

nested tori, with coordinates defined as in Fig. 14.3. On any given torus, we 
have 

J, = bk = 0 

wi(J1) 
w2(J2) (14.3) 

= )\ 
1 gah ima 

Fig. 14.3. Schematic redrawing of Fig. 14.1 as a series of nested tori (compare 

Fig. 12.2). 

Q.. -Q- we re 
et 

We note the following features of this result: 

e Within the subspace of given total energy E, the initial conditions de- 

termine how E is divided between the two uncoupled dynamical systems 

E = Eo: + Eo. Correspondingly, this apportionment fixes the actions 

J;(Eo1) and Jo(Eo2), which in turn give both the ratio of the actions 

J2/ J, and the ratio of frequencies w2(J2)/w1(J1); 

e If the ratio w2/w is irrational (namely, the frequencies are incommensu- 

rate), the motion is called “quasiperiodic” because there are two different 
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fundamental frequencies. In this case, the trajectory eventually covers the 

entire surface of the particular torus in question; 

e If the ratio is rational, so that 

mw;—nw2 = 0 (14.4) 

for some specified integer pair (m,n), then the orbit will eventually close 

on itself and the entire motion is periodic; 

e For any finite set of specified integer pairs (m, 7), as relevant in the follow- 

ing discussion, the relation in Eq. (14.4) will be satisfied only on special 

tori. 

Now suppose one turns on a weak perturbative interaction between the sys- 

tems, of the form 

Hy, = -eV(Ji, Jo, 1, $2) (14.5) 

As in our previous examples, V is assumed to be 27-periodic in both angle 

variables (¢1, ¢2). The two-body extension of Hamilton’s Eqs. (13.18) is now 

OH (Ji, Ja, $1, $2) 

ods gag ode 
5 Fa, OH (Ji, Jo, $1, $2) : = 
bg. = aaa Or Ge ee 

2 

H(Ji, J2,¢1,¢2) = > Eo(Jo)o + €V(Ji, Ja, 61, $2) (14.6) 
o=1 

In contrast to the one-body model considered in Sec. 13, the coupling term 

EV (Ji, Jo, 1, $2) in the present hamiltonian has no explicit time dependence. 

If ¢ = 0, the equations of motion reduce to Eqs. (14.3). If e 4 0, the coupling 

term €V puts ripples on the orbits in Figs. 14.1 and 14.3.8” The question arises, 
can one again find a canonical transformation that smooths out the wrinkles 

through O(c) (compare Fig. 13.1)? 
Similar to Sec. 13, we attempt to accomplish this goal with a canonical 

transformation of the form®® 

2 

Si(Ji, J2,¢1,¢2) = SY Jobe + eG(Si, Jo, $1, $2) (14.7) 
o=1 

The two-body extension of the condition in Eq. (13.40) that the terms of O(c) 

; Ssinee (J1, J2) now vary, the ripples take the trajectories out of the surfaces of fixed J2/J1. 
In Sec. 13, the time dependence of the transformation function in Eq. (13.34) served to 

mimic the coupling to another periodic system. Here, in contrast, the coupling involves simply 
i two angle variables (¢1, 42), and the generating function S is assumed to be independent 
of t. 
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disappear from the transformed hamiltonian is 

2 - - 

(5 IGS: Ja, $1562) ro. we (Jo) EO + VS, Jesbiyd2) = 0 (14.8) 

Since V is assumed to be periodic with period 27 in both angle variables, it has 
a double Fourier series expansion®® 

Vij, Ja, 91, $2) — Venn (Jt, J2)e** ena (14.9) 

m,n 

This periodicity suggests that G has the same form, with no explicit dependence 
on the time t 

G( Ji, Jz, $1, $2) = S_ Ginn (Jr, Joe eines (14.10) 

m,n 

As in Egs. (13.45), substitution in Eq. (14.8) leads to the solution 

iVinn(J1, J2) 
m(J;) <n 1u2(J2) 

d iVmn(J1, J2) img; ,—ind2 
Si gm 14.11 

ye m1 (J) — rw2(J2) ( ) 

Gmn(J1, J2) 

G(Ji, Jo, 1, $2) 

m,n 

This result provides an explicit solution that smooths out the wrinklés through 

Ole), except when (i) the denominator vanishes, and (ti) the corresponding fac- 
tor Vinn(J1, J2) is nonzero. The condition that the denominator vanish 

muw(J,-) —nwe(Jor) = 0 (14.12) 

is precisely Eq. (14.4). At that frequency ratio 

w(Ji,) a n Bian (14.13) 

there will again be a resonant disruption of phase space. 

Resonant disruption of phase space 

As in the previous section, we keep just one term in Eq. (14.9) and ask what 

happens in the vicinity of the resonance. Consider the model 

. 

H(J:,Jo,¢1,2) = ~Eo(Je)o + f (Ji, J2) cos (mg; — nbz) (14.14) 
o=1 

The prime in the sum again indicates that any (0,0) term can be incorporated into Ho; 

we assume that such 2 term is absent. 
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for (Ji, Jo) © (Jir, Jar). At resonance, we have the condition 

Ga(Jir) pa a: (14.15) 
w2(J2 -) m 

Introduce a new canonical transformation generated by [compare Eq. (13.49)] 

Si(Ji, Ja,¢1,¢2) = (: = ~ 42) Jy + bade (14.16) 

The transformed variables are 

as, = 0S, ~ n= 

Ji Ob, Ji 2 Ode ye Sa 

oe as, n oy 05, 
== = = ee : => ——_—_— = 14.17 1 adi pi wees $2 Ady $2 ( ) 

and the new hamiltonian is 

H(ji, Jo,91,¢2) = H(di,J2,¢1, ¢2) 
2 

ay Eo(Je)o + ef (Ji, J2) cos (m¢1 _ n¢2) (14.18) 

Cit 

with the right hand side expressed in the new variables. 

Now expand each one-body term in the unperturbed hamiltonian around 

the resonant action, as in Eq. (13.53) 

FiS) SRE a Tae se! (Je)(I — Jn)2tees (14.19) 

which makes the J dependence explicit. Substitution of this expansion and 

Eqs. (14.17) into Eq. (14.18) then gives the new hamiltonian 

£5 big alld ad 1 £ 
H(Ji, Jo, $1,¢2) = Eo(Jir)1 +wi(Jir)(Ji — Jar) + guilJir)(A —Jir)? + 

2 1 ie 2 
Eo(Jar)2 + w2(Jar) (Jo— = Sy Jar) + 509(Jar) (a- 4, - Jor) + 
ef (das; Jor) cosmdy (14.20) 

= n 

Use of the resonance condition in Eq. (14.15) eliminates the linear term in J; 
from this expression, so that 

LW BSS Sagk ie 1 t 
(Ji, Ja, ¢1,¢2) = Eo(Jir)i +wi(Jir)(—Jir) + geile) —Jir)? + 

3 1 £ O 2 
Eo(Jar)2 + wo(Jar) (is - Jar) + 52(Jar) (ia _ ~ di —J2 -| 4 

ef (Jir, Jar) cosmdy (14.21) 

The quantity f(J1,J2) can again be evaluated at resonance because it enters multiplied 
gE. 
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The canonical transformation in Eq. (14.16) preserves the form of Hamilton’s 
equations. In terms of the new variables, they now read 

diy OH (Hi, Ja, b1,¢2) ois eg = ef irs Jar)m sind 

Oa aienony OH es 
dt Od 

ddy OH = n LP eT BF = Milar)(Si~ Sar) - Tuh(dar) (h- 2 Fi — dar) 
dé OH _ ; wer tes 
dies ae w2(Jar) + w9(Jor) (- =F, — Jor) (14.22) 

The second equation implies that Jz is a constant of the motion. From Eqs. (14.17) 
J2 is expressed in terms of (Jj, Jz) by 

pete Sy} (14.23) 
m 

Evaluation of this expression at resonance yields 

Joba Tee (14.24) 
m 

With this fixed value for Jp, Hamilton’s equations take the simple form [note 

that Jj = J; and ¢2 = ¢2 from Egs. (14.17)| 

os = ef(Jir,J2r)msinmd¢y 
- 
“ = adJy 

fe = unlJor) + O51 /bheh—A, (14.25) 
where (a,b) are constants given by 

Aur) + (2) wh(dar) 
ao BETTE (14.26) 

a 

b 

The first two of Eqs. (14.25) are just the pendulum equations for (b1, 6J;) [com- 

pare Eqs. (13.56) and (13.57)]. They may be solved together to produce the 

familiar phase-space orbits (compare Figs. 13.2 and 13.3). To zero order in ¢, 

the angle ¢2 grows at a constant mean rate w2(J2,)t, but this simple behavior is 

modified by the small variations of O(e) arising from the previously determined 

6Ji(t). Here f 

da = hi- ~ da : 

UP OT aE er, ME LET» (14.27) De Ss 2 an 1 2r m 
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so that the action Jo also experiences small perturbations of order € from 6J;(t). 

Note that the first-order change in the ratio J2/Ji from the resonant ratio is 

now 

Gs) eh =. eaepthee fall: 5] 14,28 s(2) 7 ( +3) : ( ) 

Near the resonant ratio (J2/J1), in Figs. 14.1 and 14.3, these results imply 

that one will again see the pendulum phase-space pattern in (¢, 5J1) in a plane 

at fixed ¢2, which effectively serves as a clock. This behavior is illustrated 

in Figs. 14.4 and 14.5. The cross section looks like what we had before in 

Fig. 13.3.9! The disrupted region is again of size ~ ,/é around (J2/J1)r. 
As indicated in Fig. 14.5, this disrupted region will also show up in the nested 

tori of Fig. 14.3. One way to view the physical phenomenon is with a Poincaré 

surface of section. Imagine a transverse surface at constant @2 cutting the tori 

in Fig. 14.5. Let a particular initial phase point execute its motion.°? On each 
cycle, record where it intersects the transverse plane. Repeat for many phase 

points. This Poincaré surface of section will then display both the undisrupted 

regions and the disrupted region of size ~ ,/é, with the associated islands of 

stability (and unstable fixed points), as illustrated in Fig. 14.6. 

Fig. 14.4. Disrupted region in phase space for two separable periodic systems 

with an interaction between them of the form in Eq. (14.14); based on Fig. 14.1. 
Note that ¢: = $1 — (n/m) ¢2 is now used as abscissa. 

A careful reader will note that the model hamiltonian in Eq. (14.14) is sym- 
metric under the interchange (¢1,m) + (¢2,n). Thus the canonical transfor- 
mation in Eq. (14.16) could just as well have been carried out interchanging 
(1,m) « (2,n). In either case, one finds resonant disruption of phase space in 
the single variable md, — n@2 (as seen in Figs. 14.4-14.6), which involves both 
gi and ¢. In addition, the variables (J2,¢2) are driven by the coupling to the 
perturbation 6J; [Eqs. (14.25) and (14.27)], and vice versa. 

°! For the uncoupled case, note that Eqs. (14.3) give déy /dt = w1(J1) — (n/m) we(J2); what 
are sketched in the disrupted regions in Figs. 14.4 and 14.5 are scaled, stable pendulum orbits 
in (1, 6J;) as viewed in the @ direction (see Fig. 12.2 and footnote 67). 

®2Recall that the motion is 27-periodic in ¢2, so that the nested tori in Fig. 14.5 actually 
wrap around to repeat when ¢2 increases by 27. 
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Fig. 14.5. Disrupted region with nested tori and pen surface of section; 
based on Fig. 14.3. Note that this figure uses ¢; = ¢1 — (n/m) do. 

Rea 
, 

pede Ps 

Fig. 14.6. Illustration of intersections of orbits in Poincaré surface of section, 
with disrupted region, as seen in Fig. 14.5. 

It is clear from the present analysis that these results apply to the particular 

problem of two separable, periodic, weakly coupled systems with the model 

interaction in Eq. (14.14) of strength e that retains just one term (m,n) in the 
perturbation of Eq. (14.9). In this case, it has been demonstrated that one can 
smooth out the wrinkles in the action-angle phase space (¢1, ¢2, J2/J1) through 

order € except for a disrupted torus centered on the resonant value of the ratio 
of the actions (J2/Ji),. This value corresponds to the resonant ratio of angular 
frequencies 

w1i(Jir) n 
apes = a (14.29) 

It was observed that the extent of the disrupted torus is hit size ~ /e in this 

phase space. 
At least three important issues arise in trying to extend thénd results: 

e What is the effect of working to higher order in €? 
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e What is the effect of including more terms in the sum in Eq. (14.9), in 

particular, an infinite series of terms? 

e What is the effect of having more than two separable systems? 

The celebrated Kolmogorov-Arnold-Moser (KAM) theorem [Ar89a, Sc94, Jo98a, 

Ot02a] addresses these questions.°° 

The Kolmogorov-Arnold-Moser (KAM) theorem 

We are concerned here with weakly coupled separable periodic systems. We 

have dealt explicitly with the specific case of two systems and worked to lowest 

order in the coupling strength «. The condition in Eq. (14.29) states that the 

disrupted torus occurs when the ratio of angular frequencies is resonant at n/m, 

the rational number obtained from the active (m,n) term in the double Fourier 

series expansion of the perturbation in Eq. (14.9). The KAM theorem addresses 

the effects of keeping the entire series in Eq. (14.9) and keeping all orders in e. 

It is evident that one must address the issue of a phase-space disruption at 

all possible resonant (rational) ratios n/m. Even if a particular torus has an 
irrational ratio, disrupted tori with rational ratios will lie arbitrarily close by. 

Each isolated disrupted region will be of overall extent ~ ,/e. When (m,n) 
become large, do the disrupted regions become smaller? Do the various regions 

overlap as € — 0? Will the disrupted regions exhibit a fractal structure? Are 

most of the tori smooth and undisrupted in this limit, or is the whole phase 

space disrupted and thrown into chaos? What is the total extent of the disrupted 

region in phase space? It is clear that this is a highly sophisticated mathematical 

problem, whose resolution is extremely subtle and goes well beyond the level 

of this supplement. At this point, dedicated readers who wish to pursue the 

mathematics of this problem are referred to some of the more advanced texts 

[Ar89a, Li92, Jo98a, Ot02a]. Even a precise mathematical statement of the 
KAM theorem is inappropriate here. Paraphrased, it asserts that 

For sufficiently small ¢, the sum of all disrupted regions represents 

a small part of phase space. In the limit e — 0, almost all tori 

(excluding those with rational frequency ratios) are preserved. 

Most irrational tori are displaced and deformed by the small perturbation, but 
they remain undisrupted. 

In connection with the third issue above, it is important to emphasize a 
fundamental distinction between hamiltonian systems with N = 2 degrees of 
freedom and those with N > 3. For a hamiltonian system with two degrees 
of freedom, phase space has four dimensions. Conservation of energy restricts 
the motion to a three-dimensional subspace, and a given two-dimensional torus 
divides this space into an inside and an outside. Thus the dynamical motion 
associated with a disrupted torus remains confined by adjacent undisrupted tori 
(compare Fig. 14.5) until € grows large enough to destroy the structure of phase 

®3See [Ar89a] for a fascinating historical discussion of the stability of the solar planetary 
system — a problem that, in part, motivated the theorem. 

134 



space. This behavior is especially evident in numerical studies, as seen, for 
example, in [Jo98a, Ot02a]. 

The situation is intrinsically more complicated for conservative hamiltonian 
systems with N > 3 degrees of freedom [Li92a, Ot02a]. The phase space has 
dimension 2N, and energy conservation restricts the motion to a subspace of 
dimension 2N — 1. A simple closed “hypersurface” of dimension 2N — 2 would 
divide this space into an inside and an outside, but the unperturbed flow of the 

N angle variables occurs on a torus of dimension N, which is less than 2N — 2 

unless N = 2. For any N > 3, this N-dimensional torus does not divide the 

energy-conserving subspace (note the analogous situation of a circle in three 
dimensions, which also fails to divide three-dimensional space). Consequently, 
for N > 3, the disrupted chaotic trajectories can extend throughout phase space. 

We have generally used a separable hamiltonian as our unperturbed system, 

which ensures that there enough independent constants of the motion to obtain 

a complete description of the unperturbed dynamical motion. Such systems 

are known as “integrable.” With increasing perturbation (proportional to ¢), 

however, this simple picture gradually breaks down, as seen in the KAM theo- 

rem.°* More generally, a typical hamiltonian system with N degrees of freedom 

will have fewer than N independent constants of the motion; such a system is 

known as “nonintegrable.”°° It is widely believed that nonintegrable systems 

exhibit chaotic dynamics.°° 
With modern computing capabilities, for example, through Poincaré surfaces 

of section, it is now possible to study all of these fascinating features in prob- 
lems of ever increasing complexity. Interested readers are invited to explore for 

themselves this relatively new and very intriguing field that lies at the interface 

between mathematics and physics. 

24The success of classical statistical mechanics suggests that with larger « and very many 

particles, typical phase-space orbits cover the energy surface sufficiently densely to justify 

ergodic coarse-grain averaging (see [Wa89, Ot02al). 

%5For a more thorough treatment of these concepts, see Secs. 7.1.4 and 7.2.1 of [Ot02]. 

%6Stone has written a very accessible article on an important early (1917) insight by Bin- 

stein concerning the failure of the familiar Sommerfeld-Wilson quantization for nonintegrable 

systems [St05]. Indeed, Einstein indicates that such nonintegrable systems would be ergodic 

(although he does not use these precise words). 
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15 Problems 

1.1s®” Consider the one-dimensional potential 

Viz) = -—+544+- ae!) 

(a) Plot the potential. 
(b) Find and discuss the two points of equilibrium. How many qualitatively 

different types of motion exist? Find the corresponding phase-space trajectories 
for different values of the energy and initial conditions. Indicate the energy for 
each trajectory. Why are these trajectories symmetric with respect to the z 
axis? 

1.2s This problem studies the phase-space orbits for the simple planar pendulum 
shown in Fig. 1.1. 

(a) Derive the hamiltonian H = (p}/2ml) + mgl(1—cos@), where the angle 
@ is measured from the downward vertical. 

(b) For small energy 0 < E < 2magl, verify that the orbits are ellipses. 

(c) For E = 2mgl, show that the separatrix orbits are given by pg = 
+2ml?wo cos 6/2, where wo = 1/g/l. 

(d) Use numerical methods to obtain typical phase-space orbits for E < 2mgl 

(libration) and for E > 2mgl (rotation). 

2.1s Equations (2.9) determine the velocity field throughout the fluid for the 

small-amplitude simple harmonic surface wave studied in the analysis of the 
Rayleigh-Taylor instability. 

(a) Compute and plot this velocity field. 
(b) Show that in the first fluid 

Uz(2;2;t) 
vz (2, 2,t) = coth[k(z — h,)| tan [ka — w(k)t + 6} 

where ®p = po expid. What is the corresponding relation in the second fluid? 

Discuss. 
(c) Show that for this wave the shape of the surface disturbance is given by 

C(z,t) = Qsin[kx —w(k)t + 6] > Co = kpo/w(k) 

2.2s Use Eqs. (2.9) to calculate the pressure everywhere in the fluids for the 
small-amplitude simple harmonic surface wave studied in the analysis of the 

Rayleigh-Taylor instability. 

2.3s Repeat Prob. 2.1s(a) for the small-amplitude simple harmonic surface wave 
studied in the analysis of the Kelvin-Helmholtz instability. In this case, the 

fluids have an unperturbed relative velocity and the velocity potentials are given 

by Eqs. (2.25). 

97We use the notation s to denote problems associated with the supplement to distinguish 

them from those in the main text [Fe03]. 
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2.4s Consider the case of a single moving fluid under a vacuum with p; = 0 and 

(p2, U2) = (p,u). 
(a) Show that the dispersion relation in Eq. (2.38) reduces to 

3 
og? = Fy soap -@ = w-uk 

p 

(b) Make a galilean transformation to the rest frame of the fluid with a 

coordinate transformation = x — ut. Write cos (kx — wt) = cos (kZ — Ht) and 

identify @ as the angular frequency in the rest frame. Hence show that the 

result in (a) is just Eq. (2.19) in the limit of a deep tank (h — oo). 

2.5s In a self-gravitating fluid with mass density p, the gravitational poten- 

tial Bg obeys Poisson’s equation V?@g = 4mGp, where G is the Newtonian 

gravitational constant. The resulting force per unit mass is f = —V9q. 

(a) Use the equation of continuity, the Euler equation for a compressible 
nonviscous fluid and Poisson’s equation given above to find the dispersion re- 

lation w? = c?k? — 4rGpo for small-amplitude longitudinal plane waves in a 
uniform self-gravitating medium with mean mass density pp and speed of sound 
c (this is a generalization of the treatment in Sec. 49 for sound waves). 

(b) What is the physics of this long-wavelength (Jeans) instability for k < kj, 
where ky = \/4mGpo/c? The Jeans wavelength is given by Ay = 27/ky and the 

Jeans mass is defined as M,; = 3 po. It is believed that the early universe 

became neutral when the mass density was po ~ 3 x 1072? g/cm® and the 
temperature was T’ ~ 3x10? K. Assume c* ~ kgT'/m, and show that c ~ 5x 10° 
cm/s. Show that A; ~ 2 x 107° cm ~ 200 light years and that M; ~ 10°M,, 
where M, © 2 x 10°° g is the solar mass. The Jeans instability is believed to 

be associated with the formation of globular clusters, which indeed have these 
typical masses. 

2.6s This problem studies the dispersion relation for transverse waves propagat- 

ing along a vortex with a hollow core of radius a in an ideal fluid. These “Kelvin” 
waves are a direct analog of Prob. 10.10, discussed in detail in Sec. 2, with cen- 
trifugal force replacing gravity as the restoring mechanism (as in Prob. 10.10, the 

presence of unperturbed flow makes the analysis somewhat intricate). Kelvin 
waves have been observed for quantized vortices in both superfluid He [Do91] 
and dilute trapped Bose-Einstein condensates [Br03]. 

(a) Assume that the unperturbed steady velocity is vo(r) = V(r)@ for 
r >a, where V(r) = «/(2mr) and & > 0 (see Prob. 9.6). Prove that the flow is 
both incompressible and irrotational. Find the pressure po throughout the fluid, 
adjusting the constant so that p = 0 at the core. What is the corresponding 
velocity potential Bo? 

(b) Study small perturbations of the form 

@ = Op) + 

v= Vv — VO’ 

Pp = potp’ 
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with the core surface deformed to r = a+n(¢, z,t), where 7 is a small first-order 
quantity (here, r,¢,z are cylindrical polar coordinates). Obtain the following 
two relations between 7 and © evaluated on the unperturbed core: 

V2) «[8" | V(a) a8" 
aur iain 38 |e 

Soi ead a Rn a 
Ot amoeie )  Or| x 

(c) Assume ®'(r, ¢,z,t) = Re{f(r) exp[i(m¢ + kz — wt)|}, where m is an 
integer. Show that f(r) = K),,\(kr), which is a Bessel function of imaginary 
argument that vanishes for large values of kr. Combine the various equations 
to find the dispersion relation 

_ V(@) 
(cae ——— [m + Gm(ka) | 

where 9m(x) = —2 K/,,,()/K\m)(zx) is positive for all integral m. 

(d) Take m = +1. Explain why the corresponding infinitesimal core defor- 
mation 7 cos(+¢ + kz — wt) is simply a small displacement of the circular core 
to a new helical precessing position. For m = —1 and 0 < ka < 1, show that 

there is a low-frequency mode with dispersion relation 

Jeo nh hi a 
oT A laren 8 g 

where c © 0.116 is a constant 
Verify that this mode is counter-propagating, which means that it precesses 

in the clockwise (namely negative) direction at fixed z although the fluid com- 

prising the vortex rotates in the counter-clockwise (namely positive) direction. 

Show that the corresponding low-frequency mode with m = 1 exhibits the same 

behavior. 

3.1s Include the viscous heating term in Eq. (3.1), and state clearly the condi- 
tions under which it can be neglected. 

3.2s Verify the expression for the static conductive pressure p®°(z) in Eq. (3.15). 

3.3s If a fluid rotates with angular velocity 2, an observer at rest in the rotating 

frame finds additional noninertial forces (see Prob. 9.27 for the corresponding 

case of a nonviscous rotating fluid). 
(a) In a rotating nearly incompressible viscous fluid, show that the Navier- 

Stokes equation becomes 

Feit (v-Vyv=f-2Vp+¥V (FI0x r?) + vV?v —2Q xv 

Discuss the physical interpretation of the rotation-dependent terms. 
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(b) Show that the first of the linearized Boussinesq Eqs. (3.21) is altered to 

— =—-Vbw+ g826T + V?v -2N xv 

whereas the other two equations are unchanged. 

(c) In a rotating fluid, the vorticity ¢ = V x v plays an important role. For 

the Rayleigh-Bénard geometry with 2 = 2, show that the z component of 

the vorticity C, obeys the boundary condition: ¢, = 0 at a non-slip surface and 

8¢,/dz = 0 at a free surface (note that ¢, vanishes identically for convection 

rolls in a nonrotating fluid, so that these additional boundary conditions are 

irrelevant in that case). 

4.1s Verify the variational Eqs. (4.19) and (4.20). 

4.2s Consider the second unstable mode with Rayleigh eigenvalue R2(q) in 

Eq. (4.41). Carry out an analysis similar to that for Ri(q), and make a sketch 
analogous to that in Fig. 4.1 for the flow pattern of this mode. 

4.3s In Sec. 4, we considered the onset of convection for the linearized Rayleigh- 
Bénard problem with free-free boundary conditions at the top and bottom sur- 

faces. Specifically, we set -y = 0 and determined the lowest Rayleigh number R 

that satisfied the Eqs. (4.33). 
(a) Now use the more general Eq. (4.30) for the same boundary conditions 

and the same normal-mode amplitudes « e*?” sinnaz. Show that the damping 
constant is given by 

Sy 1 Q\’ 1\*  R¢? 

where Q = n?x? + q? and P is the Prandtl number. Find the condition for 
to be positive (namely for the small-amplitude solutions to grow exponentially 

with time). Show the n = 1 is the relevant eigenfunction with gq. = 7//2 and 
Rea 27H" / 4: 

(b) For this case, assume q = q-(1 +6) and R = R,(1+ €) with small 6 and 
e. Expand 7 in this regime to find y ~ q2(—46? + 3e)/(1+ P). Why can you 
omit terms of order d¢? Discuss the stability and behavior of the conductive 
heat-flow regime for small negative ¢; repeat for small positive e. 

4.4s Verify that with 7 = 0, the z component of Eq. (4.25) is satisfied by the 
solution found in Eqs. (4.47) and contains no new information. Discuss. 

4.5s In a rotating fluid, the velocity and the vorticity are intimately connected. 
For simplicity, assume that the rotation axis 2 is along 2. 

(a) Take the curl of the dynamical equation in Prob. 3.3s(b). Use the di- 
mensionless variables from Sec. 3 to obtain the dimensionless equation for the 
z component of vorticity 

OC. Fe = VG +28 Os 
Oz 
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where 2 = Qh? /v is a dimensionless angular velocity. If 2 = 0, note that the 
vertical vorticity decouples from the rest of the dynamics; otherwise, v, and & 
are intrinsically coupled. 

(b) Take the curl again and obtain the additional dimensionless equation 

fs) OCz C2, 4 
ay v2= Viv + RV2. 6T — 20 = 

(c) Assume that the quantities v,,¢, and 6T have the time dependence 
ox e7* and seek normal modes with the transverse spatial dependence « e*4, 
where q is in the zy plane. Find the coupled equations analogous to Eqs. (4. 30). 
Analysis of these equations for 2. 4 0 turns out to be significantly more intricate 
than for nonrotating fluids (see, for example, [Ch81], Chap. III). 

5.1s Derive the vector identities in Eqs. (5.30). 

5.2s Verify the last of Eqs. (5.35) 

(v ; Vv) ¢(z, z) as 18 

used in deriving coupled equations for the leading Fourier amplitudes in the 

Rayleigh-Bénard problem. Here the velocity is given by Eqs. (5.19) and the 
vorticity by Eq. (5.28). 

5.3s The Nusselt number N is defined in Eq. (3.7). 
(a) Use the dimensional form of Eqs. (5.4) and (5.17) to obtain the general 

result at z = 0 

(b) Repeat the analysis for z = h and compare [note the discussion following 
Eq. (5.18)]. 

6.1s Consider the channel averages introduced in Egs. (6.4) and (6.5). Discuss 
how these averages could be made more precise in order to make a quantita- 

tive connection between the effective fluid constants (R, K) and the thermal 
diffusivity « and kinematic viscosity v (see footnote 26). 

6.2s Suppose the fluid in Fig. 6.1 is very weakly charged with a uniform charge 

density pch = €eop/m, where € is a dimensionless constant and (eo,m) are 
appropriate elementary values of charge and mass, The charged fluid is placed 

in a weak electric field E = Eoz. Assume (€0, Eo) > 0 with Ee9Eo ie <1 and 

work to lowest order in &. . 
a) How are Egs. (6.1) modified? a 
b) How are Egs. (6.22) and (6.25) modified? 

7.1s Duffing’s one-dimensional oscillator obeys a (dimensionless) nonlinear dif- 

ferential equation 

Bt) = —ax(t) —Bx*(t) 
(a) Find the Lagrangian for this problem. 
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(b) For 6 = 0.05, plot the resulting potential V(x) as a function of a and 

x in the range —2 < a < 2 and —-10 < « < 10. A three-dimensional plot 

shows how the shape of the potential changes with the parameter a from a 

single well to a double well. Find the value of a for which this happens (it is 

called a “bifurcation value” and this particular bifurcation point is known as a 

“pitchfork” ). 

(c) For a = —1, 0, and 1, plot the energy in three dimensions as a function 

of x and &. Why does this procedure give the phase-space diagram? 

7.2s A van der Pohl oscillator obeys the (dimensionless) nonlinear equation 

#(t) = [a—a*(t)] a(t) - x(¢) 
where a is a constant. . 

(a) By examining various limiting cases, explain qualitatively how the system 

differs from the damped linear harmonic oscillator. 
(b) For a = 1.0, integrate the equation numerically for several different initial 

conditions. For each case, plot x(t) showing several cycles of oscillations and 

produce the corresponding phase-space trajectory (plot x vs. <). 

(c) How does the attractor differ from that of a damped linear harmonic 
oscillator? 

7.3s For the potential in Eq. (7.4) with initial conditions z(0) = a and <(0) = 0, 
use the conservation of energy to find the period r(£) as a function of the energy. 

(a) How does 7 behave as a function of € for fixed E? 
(b) For small ¢, expand to rederive the result in Eq. (7.26). 

7.4s This problem is preparation for solving more complicated systems of dif- 
ferential equations. 

(a) Rewrite Eqs. (23.7) and (23.8) so that they depend only on the normal- 
mode frequencies w; and wp. 

(b) For w; = 1 and w2 = 1.05, solve the resulting equations numerically for 
the initial conditions in Eqs. (23.41) and (23.42) with a = 1 for some reasonable 
range of t. Plot the resulting (t) and no(t). 

(c) The analytic form of the solutions is given in Eq. (23.49). Plot these 
solutions for the same values of w; and w2 and verify that you have the same 
behavior to prove that your programs are correct. 

(d) For the same frequencies, plot 72 as a function of 7. Use a large range 
of t to see interesting parametric plots (this is a Lissajous figure). 

(e) Repeat (b) and (d) for wo = 2 and for we = V2. Discuss the different 
behaviors. 

8.1s Use the conservation of energy to find the period of the pendulum for 
both libration and rotation. Compare with the results in Eqs. (8.52) and (8.58). 
Which approach is simpler? 

8.2s Suppose the pendulum hamiltonian is replaced by the following 

PG 6 
H(po,0) = Sean + mol (1 ~ cos 5) 
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(a) Plot the potential and discuss the motion qualitatively. 
(b) Write Hamilton’s equations. Find the fixed points and discuss their 

stability. 
(c) Show the action-angle analysis can be recovered from that of the pendu- 

lum with the simple replacement g — g/2. 

8.3s A particle of mass m moves in a symmetric one-dimensional potential V(a). 
(a) Consider a truncated linear potential 

ae Volz| for |z| <1 

Vo for |x| >1 

Sketch the potential and identify the regions where periodic motion occurs. 
For the periodic motions, find the action integral J = (27)~! $ p(x) dx. Hence 
find E(J) and determine the frequency of classical periodic motion as E and J 
increase. 

(b) Use the Sommerfeld-Wilson quantization condition J = nh from Eq. 

(37.11) to estimate the spacing of quantized energy levels in this potential {this 
method is especially accurate for large n—the WKB approximation from ness 

tum mechanics [Gr05] shows that an improved approach is to set J = (n+ 3 )h hj. 
(c) Repeat part (a) for the potential V(r) = Vo 2|x|(1—$|z|) = Vo(2|z|—z?). 

Show that the action integral is 

Hn re alee) 
where \? = E/Vo < 1. Show that the classical oscillation period diverges like 
—In(1—.) as \ > 1. Compare with the behavior in part (a). Explain why this 
logarithmic divergence is typical of periodic motion near a separatrix. 

8.4s Study the linearized stability near the two qualitatively different kinds of 

fixed points in Fig. 1.1. 

8.5s A driven damped harmonic oscillator obeys the equation 

é+or+wer = focos(wat) 

where wy is the resonant frequency, o is a damping constant with dimensions of 

an inverse time, and wg is the driving frequency. 
(a) Solve for the steady-state solution (ignore the transients that eventually 

decay away). Discuss briefly how the solution depends on the detuning between 

Wo and wg and on the damping o. 
(b) Replace the linear harmonic oscillator with a driven etre oscillator 

that obeys the equation (a driven pendulum) 

E+ ob+ we sin x = fo cos(wat) 3 

For the initial conditions 1(0) = 47 and <(0) = 0, investigate the numerical 

solution of this equation and compare with the corresponding numerical pon / 
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of the linear oscillator. In both cases, plot x(t) and the phase-space trajectory 

a(t) vs. &(t). In particular, consider o = 0.01, fo = 0.2, and wo = 1.0 with 

wa = 0.9,1.0,1.1. What happens if wg = 0.5 and wg = 2.0 (along with wg = 1, 

these are examples of resonant driving forces)? What happens for an irrational 

ratio such as wg = 1/\/2? What happens for larger driving force fo? 

8.6s Consider the (dimensionless) nonlinear second-order differential equation 

# = #-a2%+e2 

Convert into two coupled first-order equations, and then 

(a) Find the fixed points. 
(b) Show that the fixed point at the origin is unstable, while the other two 

fixed points are stable, but not attracting. 

9.1s Derive the critical value r* = P(P+6+3)/(P—6-—1) given below Fig. 9.1 
for the onset of oscillatory growth (namely where Red first becomes positive). 

9.2s Write, or obtain, a program to solve the nonlinear coupled Lorenz Eqs. (9.3). 

Use r = 28 and the starting values (Zo, yo, Zo) = (10, 10, 27). 
(a) Reproduce the result in Fig. 9.2. 
(b) Carry the calculation out as far as you can in t. 
(c) Determine when the reproducibility of your result is limited by the toler- 

ances in your calculation (error in the integration algorithm, computer round-off 
error, etc.). 

9.3s Use the program of Prob. 9.2s to extend the results in Fig. 9.6 to higher t, 
and observe the continued shrinking of this phase space. 

9.4s In discussing the periodic orbit arising from the solution to the Lorenz 

Eqs. (9.3) at r = 148.5 it is stated that, “If the value of r is decreased slightly 
to r = 147.5, close inspection shows that the orbit is actually a union of two 

congruent orbits slightly separated in (x, z) space, and it takes just twice as 

long for the system to complete one full orbit — the period is doubled.” Can 
you numerically verify this statement? 

9.5s Repeat the numerical analysis of the Lorenz equations for P = 3 and b = 1, 
and confirm that the behavior for various r is essentially the same as that found 

in Sec. 9 for P = 10 and b = 8/3. What happens if P < 2 and b= 1? 

9.6s Rewrite the equations for the van der Pohl oscillator (Prob. 7.2s) as a pair 
of coupled first-order nonlinear ordinary differential equations. 

(a) Is this a hamiltonian system? How does the volume in phase space 
change with time? What happens as t — 00? 

(b) Repeat for the Duffing oscillator (Prob. 7.1s). 

10.1s Section 10 relies largely on analytic and numerical methods. For an 
illuminating graphical analysis of the logistic map, see [Jo98b, Ot02b]. Write 
an account of this graphical approach to the first two period doublings at p=3 
and p = 3.449---. 
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10.2s Consider the logistic map defined in Eqs. (10.9). 
(a) Write, or obtain, a program to iterate this finite difference equation. 
(b) Reproduce Figs. 10.1-10.2(a), and extend them to higher n. Show that 

the oscillations are stable against the starting value of zo. 
(c) Can you identify an eight-cycle oscillation for p > 3.54? 

10.3s Consider the double bifurcation into a four-cycle oscillation of the logistic 
map as illustrated in Fig. 10.5. 

(a) Find a numerical method to determine that this occurs at p = 3.449--- 
(b) Determine 2min and Zmax at this value of p. 

10.4s Carry out a linear stability analysis about the new fixed points to show 
that the two-cycle oscillation in Fig. 10.5 is stable for 3 < p< 1+ V6 = 
3.4494---. 

11.1s Consider the free one-dimensional motion of a mass point. 

(a) Show that the phase orbit which originates at (p,q) at t = to is given 
parametrically by 

P 

Q 

p(t) 

q(t) 

(b) Show the jacobian determinant of the transformation from (p, q) to (P,Q) 
is unity for all t. 

(c) Consider the time development of a finite right rectangle at t = to in 
(p,q) phase space. Show that although the shape of this region changes with 

time, the phase area is preserved. 

Dp 

q+ = (t— to) 

11.2s Consider the one-dimensional simple harmonic oscillator of Eqs. (8.2). 
(a) Show that the phase orbit which originates at (p,q) at t = to is given 

parametrically by 

P = pit) 

Q 

p COSQ — Mwog sina 

g(t) = mag Sine + cosa ;Q@ = wo(t—to) 

(b) Show the jacobian determinant of the transformation from (p,q) to (P, Q) 
is unity for all t. 

(c) Consider the time development of a finite area at t = to in (p,q) phase 
space. Use the above equations to conclude that this area is unchanged. 

12.1s Consider a system of two uncoupled pendulums. Write the analogs of 

Eqs. (12.17) to (12.26) for the hamiltonian and action-angle ee of this 

system. Z 

12.2s Consider the two uncoupled simple harmonic oscillators of Eqs. (12.32). 

(a) Calculate and plot a few illustrative toroidal orbits in the three-dimensional 

coordinates of Fig. 12.2. 
(b) Make the two-dimensional plots A peice tera to Fig. 12.3. 

145 



13.1s Rewrite Eqs. (13.29) in the dimensionless variables of Eq. (7.27) 

z = —4)z?sin? dcosd 

do = 14+2dzsin*¢ 

where x = wot, A = €a?/w?, and z = J/ma?wo with a the maximum displace- 

ment of the unperturbed oscillator. Here the dot indicates a “time” derivative 

with respect to x. 

(a) Write, or obtain, a program to solve these coupled nonlinear first-order 

differential equations. 

(b) Verify the rippled structure sketched in Fig. 13.1 for small values of 4. 

(c) Discuss what happens for larger A. 

13.2s Generalize the treatment of the anharmonic oscillator in Eq. (13.25) to 
the perturbation e|g|"/n. 

(a) Express the hamiltonian in action-angle variables and evaluate the mean 
hamiltonian H(J) = (H) averaged over the range 0 < ¢ < 27. Use H to obtain 
the perturbed frequency 

E 
w= un + = ( 

DEN AST (nial (2) 
aha) mwo Vl (n/2 +1) 

(b) Reproduce the previous result for n = 4 and find the corresponding shift 
for n = 3. 

(c) Obtain the same results with the method used to obtain Eq. (7.26). 
Which approach is simpler? 

14.1s Generalize the treatment of Eq. (13.28) to the case of two coupled oscil- 
lators with 

Pi i x99 D5 eee 2 2 9g 
Hs os ae riltheod Wh Ge aa ae ga% + EM*WTW5 G7 q> (15.1) 

Transform to action-angle variables (Ji, J2, ¢1, ¢2), and construct the new hamil- 

tonian H(J;, J2,¢1,¢2). Use the mean hamiltonian H(Ji, J2) = (H) averaged 

over the range 0-< ¢1,¢2 < 2m to show that the perturbed frequencies are 

Wy + EWyWoJ2 and & we + Ew weJ1 correct to first order in e. 

14.2s Consider the hamiltonian H(Jj, J2, $1, 2) of Prob. 14.1s. 
(a) Write Hamilton’s equations for the variables (Ji, J2, 1, $2). Make them 

dimensionless. 
(b) Write, or obtain, a program to solve these four coupled nonlinear equa- 

tions. 

(c) Construct the Poincaré surface of section for given values (E,¢2) = 
(E, ¢2)fixea for some set of dynamical trajectories. (Hint: look for trajectories 
in the subspace FE = Egxea.) Discuss. 
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